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Abstract
It is proved that the affine theory of the full Riemann tensor constitutes the extended
theory of gravity. The fundamental object here is a spacetime symmetric connection.
Its physical interpretation is that of a field of local inertial frames. In this approach,
gravity arises, in a natural way, as a local version of Newton’s First Law. A variational
formulation of the theory is presented, based on the results introduced in the article [9],
co-authored by the present author and one of the supervisors. The general framework is
supported by several examples.

A central result of the dissertation is the transition from the affine picture to the
metric picture. A simplified version of this procedure — valid for a specific class of
Lagrangians — was already analyzed in [9]. It was proved there that the non-metricity in
the affine picture can be interpreted as a matter field in the metric picture. This is precisely
Hermann Weyl’s interpretation of electromagnetism (cf. [53]). Here, the transformation
from the full Riemann tensor theory to the conventional metric theory is examined in full
generality for the first time and illustrated using the previously introduced examples.

Streszczenie
W pracy dowodzi się, że teoria afiniczna pełnego tensora Riemanna jest rozszerzoną teorią
grawitacji. Podstawowym obiektem jest tu symetryczna koneksja na czasoprzestrzeni. Jej
interpretacja fizyczna to pole lokalnych układów inercjalnych. W tym ujęciu grawitacja
pojawia się, w sposób naturalny, jako lokalna wersja Pierwszej Zasady Dynamiki Newtona.
Przedstawiono wariacyjne sformułowanie teorii, oparte na wynikach artykułu [9], którego
współautorem jest autor dysertacji i jeden z promotorów. Ogólny schemat teorii jest
poparty przykładami.

Głównym rezultatem rozprawy jest przejście od obrazu afinicznego do obrazu me-
trycznego. Uproszczona wersja tej procedury — zawężona do pewnej klasy lagranżjanów
— została już opracowana w pracy [9]. Udowodniono tam, że niemetryczność w obrazie
afinicznym można interpretować w obrazie metrycznym jako pole materii. Tak właśnie in-
terpretował pole elektromagnetyczne Hermann Weyl (zob. [53]). W niniejszej pracy po raz
pierwszy opisano, w pełnej ogólności, transformację od pełnej teorii tensora Riemanna do
konwencjonalnej teorii metrycznej, ilustrując ją wcześniej wprowadzonymi przykładami.
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Chapter 1

Introduction

1.1 Content
The thesis consists of an introduction, three main chapters, a summary, and an appendix.

The Introduction provides a brief motivation for the research, an overview of the
dissertation, and a description of the conventions, notation, and key geometrical objects
used throughout the work.

Chapter 2: Preliminaries is divided into four sections:

• Origins – discusses variational calculus, the relationship between the affine connec-
tion, inertial reference frames, and the gravitational field, as well as the variational
structure of the metric picture.

• Variational structure in the affine picture – presents the variational formula
for affine Lagrangians.

• Construction of affine Lagrangians – outlines methods for building affine La-
grangians from geometric quantities.

• The scheme of deriving the approximated affine Lagrangians and field
equations – explains the scheme of derivation the field equations.

Chapter 3: Affine Lagrangians demonstrates the application of the above scheme
to four explicit affine Lagrangians.

Chapter 4: Metric Lagrangians presents the passage from the affine picture to the
metric picture at the variational level and derives the corresponding metric Lagrangians
for the previously introduced examples.

The Summary briefly outlines the main results obtained in the thesis and suggests
directions for future research.

The Appendix contains supplementary material on classical electrodynamics, Proca
theory, and Fierz–Lanczos theory, which are used in the main body of the dissertation.

1.2 Motivation
The origins of gravity trace back to the 17th century, when Sir Isaac Newton formulated
the law of universal gravitation and the three laws of dynamics in his renowned work
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Philosophiae Naturalis Principia Mathematica [44]. It is no exaggeration to say that
Newton was one of the greatest scientists of all time, whose work influenced and inspired
generations of physicists and mathematicians. The significance of his contributions can
neither be overlooked nor overstated, as many of the theories and ideas presented therein
remain relevant to this day. For example, the determination of spacecraft or satellite
trajectories is still based on Newtonian gravity.

However, since the 19th century, observations — most notably by the astronomer
Urbain Le Verrier, who discovered the anomalous apsidal precession of Mercury [41] —
have led to the conclusion that Newton’s description of gravity is insufficient.

A major breakthrough came in 1915, when Albert Einstein introduced a new frame-
work in which gravity is associated with the curvature of spacetime (see [15, 16]). This
concept, known as the general theory of relativity, remains one of the most important the-
ories in modern physics. Interestingly, the connection between gravity and geometry was
originally proposed by the mathematician William Clifford in 1876 [13], a fact acknowl-
edged by Einstein himself. Unfortunately, Clifford’s contribution was largely forgotten.
The geometric development and, in particular, the variational formalism of Einstein’s
gravity were further elaborated by David Hilbert in 1915 [23]. In this dissertation, such
an approach is referred to as the metric picture.

In 1919, Attilio Palatini [45] proposed a new formulation in which both the metric
and an affine connection are treated as independent configuration fields. In this setting,
the connection is not assumed a priori to be compatible with the metric structure. In
the vacuum case, the compatibility condition between the connection and the metric
arises as one of the Euler–Lagrange equations, thereby reproducing the Einstein–Hilbert
results. This approach, referred to as the Palatini picture, represents an intermediate
stage between the metric picture and the affine picture presented below — cf. [8, 9].

The next major development was introduced by Jerzy Kijowski in 1978 [31], following
an earlier paper by his colleague Wiktor Szczyrba in 1976 [49] concerning the multisym-
plectic structure of gravity theory. Kijowski discovered that Einstein’s equations can be
derived from a purely affine Lagrangian, depending solely on the connection and its first
derivatives. The metric tensor emerges here as a momentum canonically conjugate to the
Ricci tensor. His initial formulation considered gravity coupled to simple matter models,
such as scalar or electromagnetic fields – cf. [18]. This simplicity consists in the fact that
the Lagrangian of the theory is sensitive to the symmetric Ricci tensor only. A natural ex-
tension includes the full Ricci tensor, comprising both its symmetric and skew-symmetric
parts. The motivation for studying this more general theory lies in the observation that,
when the full Ricci tensor is considered, the affine connection becomes non-metric. In this
case, the non-metricity can be interpreted as a matter field in the metric picture — and
vice versa: matter fields in the metric picture (under suitable conditions) can be reinter-
preted as components of a symmetric but non-metric affine connection — cf. [6, 7, 8, 9].
Interestingly, the idea that matter can influence the metricity of the connection was al-
ready proposed by Hermann Weyl in 1918 [53].

A further generalisation of the affine framework involves the full Riemann tensor,
which a priori contains three independent components: the algebraic trace (i.e., the Ricci
tensor), which splits into symmetric and skew-symmetric parts, and the remaining trace-
less part of the Riemann tensor. These geometric structures are assumed to correspond
to physical fields or phenomena.



1.2. MOTIVATION 9

The symmetric part of the Ricci tensor is naturally associated with gravity. The
affine theory of standard gravity is realised by the (unique, see Chapter 2.4.1) affine
Lagrangian LA = C

√
| detK|, where K is the symmetric Ricci tensor, and C is a global

constant with units of [cm2] (in the geometrised unit system [43]), which naturally pro-
vides room for the cosmological constant Λ (with units of [cm−2]). In this case, the
connection becomes metric due to the field equations.

The skew-symmetric part, being a closed 2-form (as shown later), can be interpreted
as the electromagnetic field or, more generally, the Proca field (a massive spin-1 boson).
Such fields also appear in modern cosmology in connection with so-called dark photons [17,
24, 47]. Interestingly, the only natural candidate for the affine Lagrangian of the full Ricci
tensor R is LA = C

√
| detR| [35]. Furthermore, to link the skew-symmetric Ricci tensor

(which is dimensionless) with the electromagnetic field strength tensor (the Faraday 2-
form, with dimensions [cm]), a coupling constant is necessary — and again, the square
root of the cosmological constant is the natural choice. The affine theory of the full
Ricci tensor was the main topic of the author’s Bachelor Thesis [6]. Interestingly, the
conjecture that the skew-symmetric Ricci tensor is related to the Faraday 2-form was first
proposed by Hermann Weyl in 1918 [53]. This idea is a smooth continuation of the earlier
observation linking non-metricity to matter, because in this case the affine connection
is no longer metric, and the non-metricity is precisely described by the skew-symmetric
Ricci tensor.

The traceless part of the Riemann tensor, however, has no clear physical interpretation
at present. Nonetheless, it has been suggested that it may serve as a model for dark mat-
ter — an elusive component of the universe that has been observed indirectly for decades
but remains poorly understood. Currently, dark matter is often described as an additional
matter field, sometimes in combination with modifications of standard gravity — cf. [4].
This conjecture aligns well with the emergence of effective matter fields from a non-metric
affine connection. Moreover, upon transition to the metric picture, the traceless Riemann
component gives rise to several effective matter fields. One of them is associated with
the Weyl tensor, which is known to describe a massless spin-2 field — cf. [29, 40]. Unfor-
tunately, in this case, there is no obvious “natural” candidate for the affine Lagrangian.
Consequently, various proposals have been put forward and investigated.

Of course, many other well-established extensions of Einsteinian gravity exist. These
include:

1. Lovelock gravity [42], a metric theory involving higher-order terms of the Riemann
tensor;

2. Horndeski gravity [26], a scalar–tensor theory linear in the Ricci tensor;

3. f(R) gravity [5], a class of theories based on functions of the Ricci scalar.

Several other modern approaches are inspired by these models — cf. [2, 10, 11, 20, 21,
22, 25, 48, 51]. Some of them are loosely related to the affine theory of the full Riemann
tensor presented in this dissertation; however, none fully encompass it. This makes the
current study a novel and independent exploration of an extended theory of gravity.
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1.3 Conventions, notation and useful geometric objects

1.3.1 List of symbols

Symbol Meaning / Description Equation

gµν Metric tensor of the four-dimensional Lorentzian manifold
δκµ Four-dimensional Kronecker delta function
ϵκλµν Four-dimensional Levi-Civita symbol
Γκ

λµ General symmetric affine connection coefficients (1.4)
◦
Γκ

λµ Metric connection coefficients (Christoffel symbols) (1.2)
∇ν Covariant derivative with respect to Γκ

λµ (1.3)
◦
∇ν Covariant derivative with respect to

◦
Γκ

λµ (1.1)
◦
□ D’Alembert operator with respect to

◦
Γκ

λµ (2.223)
Nκ

λµ Non-metricity tensor (1.5)
Aµ Algebraic trace of the non-metricity tensor Nκ

λµ (1.7)
Aκ

λµ Algebraically traceless part of the non-metricity tensor Nκ
λµ (1.8)

hk Metric trace of the tensor Aκ
λµ (1.9)

Ãκ
λµ Totally traceless part of the non-metricity tensor Nκ

λµ (1.10)
Rκ

λµν Riemann curvature tensor of the connection Γκ
λµ (1.12)

Rµν Ricci tensor of the connection Γκ
λµ (1.15)

Kµν Symmetric part of the Ricci tensor Rµν (1.16)
Zµν Totally traceless part of the Ricci tensor Rµν (1.37)
R Metric trace of the tensor Rµν (1.37)
Fµν Skew-symmetric part of the Ricci tensor Rµν (1.17)
W κ

λµν Algebraically traceless part of the Riemann tensor Rκ
λµν (1.20)

W κ
ν Metric trace of the tensor W κ

λµν (1.45)
W̃ κ

λµν Totally traceless part of the Riemann tensor Rκ
λµν (1.50)

wκλµν Weyl tensor of the connection Γκ
λµ (1.52)

hκλµν W̃κλµν tensor component (1.53)
Kκ

λµν Kijowski curvature tensor of the connection Γκ
λµ (1.21)

Uκ
λµν Algebraically traceless part of the Kijowski tensor Kκ

λµν (1.27)
◦
Rκ

λµν Riemann curvature tensor of the metric connection
◦
Γκ

λµ (1.28)
◦
R Ricci scalar of the tensor

◦
Rµν (1.39)

◦
Kµν Symmetric part of the Ricci tensor

◦
Rµν (1.30)

◦
Fµν Skew-symmetric part of the Ricci tensor

◦
Rµν (1.18)

◦
Wκ

λµν Algebraically traceless part of the Riemann tensor
◦
Rκ

λµν (1.35)
◦
wκλµν Weyl tensor of the metric connection

◦
Γκ

λµ (1.39)
◦
Kκ

λµν Kijowski curvature tensor of the metric connection
◦
Γκ

λµ (1.29)
◦
Uκ

λµν Algebraically traceless part of the Kijowski tensor
◦
Kκ

λµν (1.36)
L Lagrangian (the scalar density) (2.1)
LH Hilbert Lagrangian associated to the metric Ricci tensor

◦
Kµν (2.41)
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Symbol Meaning / Description Equation

Lmatt Matter Lagrangian (2.51)
Lg Metric Lagrangian (2.53)
LA Affine Lagrangian (2.59)
ϕ Matter field (2.1)
pν Momentum conjugate to ϕ (2.7)
Pλµ

κ Partial derivative of Lmatt with respect to the
◦
Γκ

λµ (2.52)
Rµνκ Linear combination of Pλµ

κ and the metric tensor gµν (2.55)
Yµνκ Linear combination of Rλµκ (4.20)
πµν Metric density and the momentum conjugate to Kµν (2.42)
π λµν
κ Linear combination of the momentum πµν and δκλ (2.43)
◦
Gµν Metric Einstein tensor (2.46)
◦
Gµν Metric Einstein tensor density (2.46)
P λµν

κ Momentum conjugate to Kκ
λµν (2.69)

χµν Momentum conjugate to Fµν (2.78)
Ω λµν

κ Momentum conjugate to Uκ
λµν (2.79)

O ν
κ Metric trace of the momentum Ω λµν

κ (2.89)
Ω̃ λµν

κ Totally traceless part of the momentum Ω λµν
κ (2.124)

◦
∇νO

λµν
κ Totally traceless part of the divergence

◦
∇νΩ

λµν
κ (2.207)

Σ λµν
κ Momentum conjugate to W κ

λµν (2.118)
Σ ν

κ Metric trace of the momentum Σ λµν
κ (2.125)

Σ̃ λµν
κ Totally traceless part of the momentum Σ λµν

κ (2.123)
J µ Divergence of the momentum χµν (2.82)
Λ Cosmological constant (2.126)
V0, V1, . . . V6 Possible contractions of four Riemann tensors and two

Levi-Civita symbols; variants
(2.145-
2.151)

RRRR Symbolical notion of scalar densities of weight “2” which
represents contractions of four Riemann tensors Rκ

λµν with
two Levi-Civita symbols ϵκλµν

(2.160)

KKKK,
KKKF ,
KKKW ,
KKFF ,
KKFW ,
KKWW

Symbolical notion of scalar densities of weight “2” which
represents contractions of symmetric Ricci tensors Kµν ,
skew-symmetric Ricci tensors Fµν and algebraically traceless
part of Riemann tensor W κ

λµν with two Levi-Civita symbols
ϵκλµν

(2.161)

KKK,
KFF ,
KFW ,
KWW ,
KKF ,
KKW

Symbolical notion of tensor densities of weight “2” which
represents contractions of symmetric Ricci tensors Kµν ,
skew-symmetric Ricci tensors Fµν and algebraically traceless
part of Riemann tensor W κ

λµν with two Levi-Civita symbols
ϵκλµν ; they are related with derivatives of the affine
Lagrangian LA with respect to the proper tensors

(2.168)

o(F,W ) Third- and higher-order terms in the tensors Fµν and W κ
λµν (2.161)
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Symbol Meaning / Description Equation

α Global constant coefficient chosen to match the specific
variant V0, V1, . . . , V6

(2.160)

σ Sign of the KKKK contraction specified for each variant (2.164)
γ Positive numerical coefficient related with KKKK

contraction specified for each variant
(2.164)

σK Sign of detK (2.164)
σg Sign of det g; due to the Lorentzian signature, σg = −1 (2.196)
K Symbolical notion of the non-perturbed symmetrical Ricci

tensor Kµν

(2.170)

1

K Symbolical notion of the first-order perturbation of the
symmetrical Ricci tensor Kµν

(2.170)

2

K Symbolical notion of the second-order perturbation of the
symmetrical Ricci tensor Kµν

(2.170)

ggg
1

K,
gggW ,

gg
1

K
1

K,

ggg
2

K,
ggFF ,
ggFW ,
ggWW

Symbolical notion of scalar densities of weight “2” which
represents contractions of metric tensors gµν , first- and

second-order perturbations of the symmetric Ricci tensors
1

K,
2

K, skew-symmetric Ricci tensors Fµν and algebraically
traceless part of Riemann tensor W κ

λµν with two Levi-Civita
symbols ϵκλµν

(2.181-
2.182)

gg
1

K,
ggW ,

g
1

K
1

K,

gg
2

K,

g
1

KW ,
gFF ,
gFW ,
gWW ,
ggF , ggW

Symbolical notion of tensor densities of weight “2” which
represents contractions of metric tensors gµν , first- and

second-order perturbations of the symmetric Ricci tensors
1

K,
2

K, skew-symmetric Ricci tensors Fµν and algebraically
traceless part of Riemann tensor W κ

λµν with two Levi-Civita
symbols ϵκλµν ; they are related with derivatives of the affine
Lagrangian LA with respect to the proper tensors

(2.183-
2.184)

Qµν Difference between Kµν and
◦
Kµν (2.190)

Dκ
λµν Linear part of the difference between Uκ

λµν and
◦
Uκ

λµν (4.23)

Uκ
λµν Sum of

◦
Uκ

λµν and Dκ
λµν (4.41)

Uκ
ν Metric trace of Uκ

λµν (4.42)

Cκ
λµν Linear part of the difference between W κ

λµν and
◦
Wκ

λµν (2.224)
Cκ

ν Metric trace of Cκ
λµν (2.227)

Λeff Effective cosmological parameter (2.191)
CF , CW ,
IFW

Coupling constants from the theory of the full Ricci tensor
with a fixed background field

(3.149-
3.151)

T µν Stress-energy tensor (4.70)
b Born-Infeld coupling constant (4.86)
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Symbol Meaning / Description Equation

fµν Faraday two-form; electromagnetic tensor (A.2)
aµ Electromagnetic potential (A.2)
Fµν Dual electromagnetic tensor; momentum conjugate to aµ (A.6)
T µν Stress-energy tensor density (A.10)
Bµν Proca field (B.1)
bµ Proca potential (B.1)
Bµν Dual Proca tensor; momentum conjugate to bµ (B.5)
m Mass parameter for the Klein-Gordon or Proca equation (B.14)
Lκλµ Lanczos potential (C.5)
Lκλµν Lanczos field (C.22)

1.3.2 Metric structure

In this dissertation, the metric tensor gµν (with Greek indices) is always a four-dimensional
symmetric tensor with signature (− + ++). It is the only object that can raise or
lower indices. It naturally defines the metric connection as:

◦
∇κgµν := gµν,κ −

◦
Γ
σ
κµ gσν −

◦
Γ
σ
κν gµσ = 0 , (1.1)

which implies the well-known formula for Christoffel symbols
◦
Γκ

λµ:

◦
Γ
κ
λµ =

1

2
gκσ (gσλ,µ + gσµ,λ − gλµ,σ) . (1.2)

The circles above the covariant derivative and Christoffel symbols indicate that these
objects are associated with the metric structure, as a non-metric connection will also
appear later.

1.3.3 General affine connection structure

The general affine connection is not necessarily metric. Therefore:

∇κgµν ̸= 0 , (1.3)

however, the connection is symmetric (torsionless):

Γκ
λµ = Γκ

µλ, (1.4)

Such an exclusion is motivated by the following observation: the torsion is, by definition, a
difference between two connections represented by a skew-symmetric tensor (with respect
to the lower indices). It means that the torsion could be algebraically separated from
the connection without any field equations or geometric properties. Therefore, a theory
of a non-symmetric connection from the very beginning is equivalent to the theory of a
symmetric connection interacting with an extra (skew-symmetric) tensor field (cf. [9, 33]).
Importantly, the affine connection has also an independent physical interpretation as a
field of local inertial frames – see Chapter 2.1.2.
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If the theory is associated with not only symmetric affine connection Γ, but also with
the metric structure, there could be defined a difference between general connection Γκ

λµ

and metric connection
◦
Γκ

λµ denoted as non-metricity tensor Nκ
λµ:

Nκ
λµ := Γκ

λµ −
◦
Γ
κ
λµ . (1.5)

Obviously, Nκ
λµ is also symmetric with respect to the lower indices, as Γκ

λµ and
◦
Γκ

λµ

are. The above definition could also be understood as a decomposition of the connection
Γ into the metric part

◦
Γ which satisfies equation (1.1), and the remaining non-metric

part Nκ
λµ.

1.3.4 Non-metricity tensor decomposition

The non-metricity tensor Nκ
λµ can be decomposed into the trace part Aµ and the alge-

braically traceless part Aκ
λµ as follows:

Nκ
λµ = Aκ

λµ +
2

5

(
δκλ Aµ + δκµ Aλ

)
, (1.6)

where

Aµ =
1

2
Nκ

κµ , (1.7)

Aκ
λκ = 0 . (1.8)

The special choice of the trace representation is related to the expression for the skew-
symmetric part of the Ricci tensor (1.33) (see below).

If the metric structure is given, then the “algebraically traceless part” Aκ
λκ could be

non-trivially contracted:

hκ := Aκ
λκg

λκ , (1.9)

and decomposed:

Aκ
λµ = Ãκ

λµ −
1

18

(
δκλ hµ + δκµ hλ − 5gλµ h

κ
)
, (1.10)

where Ã is a totally traceless part.
The final decomposition of the non-metricity tensor Nκ

λµ is the following:

Nκ
λµ = Ãκ

λµ −
1

18

(
δκλ hµ + δκµ hλ − 5gλµ h

κ
)
+

2

5

(
δκλ Aµ + δκµ Aλ

)
. (1.11)

Interestingly, Ã[κλ]µ has the same properties as the Lanczos potential – see Appendix C.1.
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1.3.5 Curvature tensors

Any connection structure induces the curvature. In our case, it is called Riemann curva-
ture tensor Rκ

λµν and is defined as usual [33]:

Rκ
λµν := −Γκ

λµ,ν + Γκ
λν,µ − Γσ

λµ Γ
κ
νσ + Γσ

λν Γ
κ
µσ . (1.12)

This tensor is, by definition, skew-symmetric in the last two lower indices:

Rκ
λµν = −Rκ

λνµ . (1.13)

Moreover, it satisfies the first Bianchi identity :

Rκ
[λµν] = 0 ⇐⇒ Rκ

λµν +Rκ
νλµ +Rκ

µνλ = 0 . (1.14)

The Ricci tensor Rλν is an algebraic trace of the above Riemann tensor:

Rλν := Rκ
λκν = −Γκ

λκ,ν + Γκ
λν,κ − Γσ

λκ Γ
κ
νσ + Γσ

λν Γ
κ
κσ . (1.15)

In general, the Ricci tensor Rµν does not have any symmetry, so it can be decomposed
into a symmetric part Kµν and a skew-symmetric part Fµν :

Kλν := R(λν) = Γκ
λν,κ − Γκ

κ(λ,ν) + Γσ
λν Γ

κ
κσ − Γσ

κλ Γ
κ
νσ , (1.16)

Fλν := R[λν] = −Γκ
κ[λ,ν] . (1.17)

Of course, if the connection is metric and torsionless, the skew-symmetric part Fµν van-
ishes automatically:

◦
Fµν = −

◦
Γ
κ
κ[λ,ν] = ∂[ν|

(
1

2
gκσ gκσ,|λ]

)
= ∂[ν∂λ]

(
log
√

| det g|
)
= 0 . (1.18)

It means that this part will depend only on the non-metricity tensor Nκ
λµ.

The algebraic decomposition of the Riemann tensor Rκ
λµν for its irreducible elements

is the following [9]:

Rκ
λµν =

1

3

(
δκµ Kλν − δκν Kλµ

)
+

1

5

(
2 δκλ Fµν + δκµ Fλν − δκν Fλµ

)
+W κ

λµν , (1.19)

where W κ
λµν denotes the algebraically traceless part of the Riemann tensor:

W κ
κµν = W κ

µκν = 0 , (1.20)

which also satisfies conditions (1.13) and (1.14). Importantly, the tensor W κ
λµν is not

the Weyl tensor, because the metric structure is necessary to define the Weyl tensor,
whereas for the existence of an abstract symmetric connection Γ no metric is needed. The
“extraction” of the Weyl tensor from W κ

λµν is presented in Chapter 1.3.7.

For further purposes, it will be useful to introduce the Kijowski tensor Kκ
λµν (cf. [6,

7, 9, 33, 34, 35]), which is equivalent to the Riemann tensor Rκ
λµν :

Kκ
λµν := −2

3
Rκ

(λµ)ν . (1.21)
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This tensor is symmetric with respect to the first two lower indices:

Kκ
λµν = Kκ

µλν , (1.22)

which makes it much more suitable to describe the relation between derivatives of Γ and
the corresponding canonical momenta – see formula (2.69). It satisfies an analogue of the
first Bianchi identity – cf. (1.14):

Kκ
(λµν) = 0 ⇐⇒ Kκ

λµν +Kκ
νλµ +Kκ

µνλ = 0 . (1.23)

It is easy to prove that the inverse relation between the Riemann tensor and the Kijowski
tensor is given by:

Rκ
λµν = −2Kκ

λ[µν] . (1.24)

The Kijowski tensor Kκ
λµν can also be expressed in terms of the connection Γ:

Kκ
λµν = Γκ

λµ,ν − Γκ
(λµ,ν) + Γσ

λµ Γ
κ
νσ − Γσ

(λµ Γ
κ
ν)σ . (1.25)

The decomposition of the Kijowski tensor Kκ
λµν for irreducible parts is the following:

Kκ
λµν = −1

9

(
δκλ Kµν + δκµ Kλν − 2δκν Kλµ

)
− 1

5

(
δκλ Fµν + δκµ Fλν

)
+ Uκ

λµν , (1.26)

where Kµν and Fµν are components of the Ricci tensor (1.19), whereas Uκ
λµν is the re-

maining algebraically traceless part, related to the tensor W κ
λµν in the same manner as

the Kijowski and Riemann tensors (1.21):

Uκ
λµν = −2

3
W κ

(λµ)ν , W κ
λµν = −2Uκ

λ[µν] . (1.27)

1.3.6 Decomposition of curvature tensors for metric and non-
metric parts

If the affine connection Γ could be decomposed for the metric part
◦
Γ and the non-metricity

tensor N (1.5), then the curvature tensors Rκ
λµν (1.12) and Kκ

λµν (1.25) decompose as
follows [7]:

Rκ
λµν =

◦
R

κ
λµν +

◦
∇µN

κ
νλ −

◦
∇νN

κ
µλ +Nσ

λν N
κ
µσ −Nσ

λµN
κ
νσ , (1.28)

Kκ
λµν =

◦
K

κ
λµν +

◦
∇νN

κ
λµ −

◦
∇(νN

κ
λµ) +Nσ

λµN
κ
νσ −Nσ

(λµN
κ
ν)σ . (1.29)

Analogously, the symmetric Ricci tensor Kµν (1.16) and skew-symmetric Ricci tensor
Fµν (1.17) are decomposed:

Kµν =
◦
Kµν +

◦
∇κN

κ
µν −

◦
∇(µN

κ
ν)κ +Nσ

µν N
κ
κσ −Nσ

κµN
κ
νσ , (1.30)

Fµν = −Nκ
κ[µ,ν] . (1.31)
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The above decomposition of Kµν (1.30) and Fµν (1.31) goes even further, due to the
algebraic decomposition of the non-metricity tensor Nκ

λµ (1.6):

Kµν =
◦
Kµν +

◦
∇κA

κ
µν −

6

5

◦
∇(µAν) − Aσ

ρµA
ρ
νσ +

6

5
Aσ A

σ
µν +

12

25
AµAν , (1.32)

Fµν = Aν,µ − Aµ,ν = −2A[µ,ν] = 2
◦
∇[µAν] . (1.33)

The skew symmetric tensor Fµν depends only on the trace part Aµ of the non-metricity
tensor Nκ

λµ, and is precisely a closed 2-form:

F = dA =⇒ dF = 0 =⇒ ∂[αFµν] = 0 . (1.34)

Interestingly, the algebraically traceless tensors W κ
λµν (1.20) and Uκ

λµν (1.27) depend only
on the algebraically traceless part of the non-metricity tensor Aκ

λµ (1.8):

W κ
λµν =

◦
W

κ
λµν +

◦
∇µA

κ
νλ −

◦
∇νA

κ
µλ +

1

3

(
δκν

◦
∇σA

σ
µλ − δκµ

◦
∇σA

σ
νλ

)
+

+ Aσ
λν A

κ
µσ − Aσ

λµA
κ
νσ +

1

3

(
δκµ A

ρ
νσ A

σ
ρλ − δκν A

ρ
µσ A

σ
ρλ

)
, (1.35)

Uκ
λµν =

◦
U

κ
λµν +

2

3

( ◦
∇νA

κ
λµ −

◦
∇(λA

κ
µ)ν

)
− 2

9

(
δκν

◦
∇σA

σ
λµ − δκ(λ|

◦
∇σA

σ
|µ)ν

)
+

+
2

3

(
Aσ

λµA
κ
νσ − Aκ

σ(λA
σ
µ)ν

)
− 2

9

(
δκ(λA

σ
µ)ρ A

ρ
νσ − δκν A

ρ
σ(λA

σ
µ)ρ

)
. (1.36)

1.3.7 Metric decomposition

The Riemann tensor (1.12) of the general symmetric affine connection Γ was decomposed
with respect to the algebraic traces (1.19). However, the appearance of the metric struc-
ture allows further decompositions, due to the possibility of defining metric traces as
contractions with the metric tensor gµν . The symmetric Ricci tensor Kµν decomposes
automatically:

Kµν = Zµν +
1

4
Rgµν , R := Rµν g

µν = Kµν g
µν , Zµν g

µν = 0 , (1.37)

whereas the skew-symmetric part Fµν does not have any metric traces:

Fµν g
µν = 0 . (1.38)

For the metric Riemann tensor
◦
Rαβµν , there is a so-called Ricci decomposition [52],

which in four dimensions takes the following form:

◦
Rκλµν =

◦
R

6
(gκν gλµ − gκµ gλν) +

1

2

( ◦
Kκµ gλν −

◦
Kκν gλµ +

◦
Kλν gκµ −

◦
Kλµ gκν

)
+

◦
wκλµν ,

(1.39)

where
◦
Kµν is the metric Ricci tensor (which is always symmetric – see (1.18)),

◦
R is the

metric Ricci scalar, and
◦
wαβµν is the metric Weyl tensor. Moreover, the metric Riemann

tensor satisfies additional algebraic conditions:
◦
Rαβµν =

◦
Rµναβ ,

◦
Rαβµν = −

◦
Rβαµν , (1.40)
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as well as a special differential identity, called the second Bianchi identity :

◦
∇[α

◦
Rκλ]µν = 0 =⇒

◦
∇α

◦
Rκλµν +

◦
∇κ

◦
Rλαµν +

◦
∇λ

◦
Rακµν = 0 , (1.41)

which induces, after the contraction with two metric tensors, the contracted second Bianchi
identity :

◦
∇ν

◦
K

ν
µ =

1

2

◦
∇µ

◦
R, (1.42)

whereas the contraction with only one metric tensor generates:

◦
∇κ ◦

wκλµν =
◦
∇[µ

◦
Kν]λ +

1

6
gλ[µ

◦
∇ν]

◦
R. (1.43)

Due to the formula (1.39), the relation between the algebraically traceless metric
Riemann tensor

◦
W (1.19) (remembering that

◦
F µν = 0 (1.18)) and the totally traceless

metric Riemann tensor (Weyl tensor)
◦
wαβµν (1.39) is the following:

◦
Wκλµν =

◦
wκλµν +

◦
R

6
(gκν gλµ − gκµ gλν) +

1

2

( ◦
Kκµ gλν −

◦
Kκν gλµ

)
+

+
1

6

( ◦
Kλν gκµ −

◦
Kλµ gκν

)
. (1.44)

The metric decomposition of the algebraically traceless tensor W κ
λµν is considerably

more involved and was presented in [29]. Nevertheless, it is very instructive to include it
here. Firstly, the tensor W κ

λµν has only one non-trivial metric trace:

W κ
ν := W κ

λµν g
λµ , (1.45)

which is, by definition, algebraically traceless:

W κ
κ = 0 . (1.46)

For the tensor
◦
Wκλµν (1.44), the following trace equals:

◦
Wκν = −4

3

(
◦
Kκν −

◦
R

4
gκν

)
= −4

3

◦
Zκν , (1.47)

what implies that the tensor
◦
Wκν is symmetric and proportional to the traceless metric

Ricci tensor
◦
Zκν (1.37).

The further decomposition of the tensor W κ
λµν is presented in the lemma below:

Lemma 1.3.1. Let W κ
λµν be a tensor satisfying the following algebraic conditions:

W κ
[λµν] = 0 , W κ

λµν = −W κ
λνµ , W κ

κµν = 0 , W κ
µνκ = 0 . (1.48)
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Define:

Wκλµν := gκσ W
σ
λµν , Wκν := Wκλµν g

λµ , (1.49)

and let W̃κλµν denote the totally traceless part of Wκλµν (i.e., traceless both algebraically
and metrically), possessing the same symmetries as Wκλµν. Then the following decompo-
sition holds:

Wκλµν = W̃κλµν −
1

6
gκλ W[µν] +

1

8

(
gκν W(λµ) − gκµW(λν)

)
+

+
1

12

(
gκν W[λµ] − gκµW[λν]

)
+

3

8

(
W(κν) gλµ −W(κµ) gλν

)
+

+
5

12

(
W[κν] gλµ −W[κµ] gλν

)
. (1.50)

Proof. The proof relies on the verification of all presented conditions.

However, the task is not yet completed, because the tensor W̃κλµν can also be decom-
posed into tensors with special algebraic properties. Indeed, it is skew-symmetric in the
last two indices and does not have any specific symmetries in the first two indices. Thus:

W̃κλµν = W̃[κλ]µν + W̃(κλ)µν . (1.51)

Now, there is defined the following tensor:

wκλµν = W̃[κλ]µν + W̃[µν]κλ , (1.52)

which is precisely the Weyl tensor, and the following tensor:

hκλµν = W̃[κλ]µν − W̃[µν]κλ . (1.53)

Therefore:

W̃[κλ]µν =
1

2

(
W̃[κλ]µν + W̃[µν]κλ

)
+

1

2

(
W̃[κλ]µν − W̃[µν]κλ

)
=

1

2
wκλµν +

1

2
hκλµν . (1.54)

1.3.8 Independent components

An important topic related to the presented decomposition concerns the independent
components (sometimes referred to as degrees of freedom) of each element of the Riemann
curvature tensor Rκ

λµν (1.12) of the general symmetric affine connection Γ. Initially, the
Riemann tensor has 80 independent components. This is because it is skew-symmetric in
the last two lower indices, resulting in 6 degrees of freedom in four-dimensional spacetime.
The first lower index does not exhibit any additional symmetry, leading to 4 · 6 = 24
components; however, the Bianchi identities eliminate four of them for each dimension.
Consequently, all three lower indices together carry 20 degrees of freedom, which are then
multiplied by 4 due to the fully independent first upper index.

The Riemann tensor has only one algebraic trace: the Ricci tensor Rµν (1.15), which
is just a 4×4 matrix, and carries 16 degrees of freedom, which splits for 10 degrees for the
symmetric Ricci tensor Kµν (1.16) and 6 for the skew-symmetric Fµν (1.17). As a result,
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the algebraically traceless Riemann tensor W κ
λµν (1.19) has 80 − 16 = 64 independent

components.
When the metric structure is introduced, further decomposition becomes possible, and

the resulting objects need to be defined. This procedure applies trivially to the symmetric
Ricci tensor Kµν (1.37), which has the only one scalar trace R and the traceless part Zµν

with 10− 1 = 9 independent components. As it was shown, the tensor W κ
λµν has a more

complicated structure. Firstly, the metric trace W κ
ν (1.45) has 15 components, because

it is a traceless 4× 4 matrix. Naturally, after lowering the first index, this matrix can be
expressed as the sum of a symmetric part W(µν), with 9 degrees of freedom, and a skew-
symmetric W[µν] part, with 6 degrees of freedom. This implies that the totally traceless
part W̃κλµν has 64− 15 = 49 independent components.

It is known that the Weyl tensor wκλµν has 10 degrees of freedom (see [29], or Wein-
berg’s book [52], p. 146). The “twin” of the Weyl tensor, hκλµν (1.54), is also skew-
symmetric in the first and second pairs of indices. Moreover, it is skew-symmetric with
respect to the exchange of these two pairs. This implies that it can be represented as a
6× 6 skew-symmetric matrix with 15 degrees of freedom. Consequently, the last compo-
nent W̃(κλ)µν carries 49− 10− 15 = 24 degrees of freedom. All these objects, along with
their respective numbers of independent components, are summarized in the table below:

Tensor Number of independent components

Rκ
λµν 80

Rµν 16
Fµν 6
Kµν 10
R 1
Zµν 9
W κ

λµν 64
W κ

ν 15
W̃κλµν 49
wκλµν 10
hκλµν 15
W̃[κλ]µν 25
W̃(κλ)µν 24

The same analysis for the metric Riemann tensor
◦
Rκ

λµν is presented in [52]. However,
for the sake of completeness, it is also included here:

Tensor Number of independent components
◦
Rκ

λµν
20

◦
Kµν 10
◦
R 1
◦
Zµν 9
◦
wκλµν 10



Chapter 2

Preliminaries

2.1 Origins

2.1.1 Variational calculus

The calculus of variations was an ingenious idea developed at the end of the 17th century
by some of the most influential minds of the time, including Pierre de Fermat, Isaac
Newton, Gottfried Leibniz, Jakob and Johann Bernoulli, and Marquis de l’Hôpital. It was
initially devised to solve the problem of the brachistochrone: the curve (or trajectory)
along which the time of motion in a uniform gravitational field is the shortest. The
core innovation of this method lies in treating entire curves (functions) as “variables” and
finding the one that minimises the time.

Of course, time is not the only quantity that can be minimised. Another example
is the geodesic problem, where the goal is to find the shortest path on a given surface,
minimising the curve’s length. Similarly, in the problem of the catenary (the curve of a
hanging chain), the quantity minimised is energy. In general, the object being minimised
is referred to as the action, typically defined as an integral. This method revolutionised
mathematics and physics and remains in use to this day. Inspired by this approach, Pierre
Louis Maupertuis described it as the principle of least action, popularly denoted as the
Maupertuis principle.

The formalisation and further development of the calculus of variations were initi-
ated by Leonhard Euler, a student of Johann Bernoulli, and continued by Giuseppe Luigi
Lagrangia (better known as Joseph-Louis Lagrange)1. The resulting equations that the
minimising function must satisfy are known as the Euler-Lagrange equations, while the in-
tegrand used to compute the action is called the Lagrangian. Over time, this method was
generalised to describe far more complex systems involving multiple parameters (coordi-
nates), leading to the development of field theory. A classic example of such an applica-
tion is the problem of finding the shape of a stretched membrane. This generalisation has
been successfully applied to many important physical theories, such as electrodynamics
and gravity.

However, after years of study, scientists discovered that, in general, there is not any
true “minimum”. Instead, the method of variations identifies functions corresponding to
critical points (which may be minima, maxima, or saddle points). This observation plays

1T his information was taken from [30, 54].

21
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a crucial role in the variational formulation of general relativity. Therefore, a brief modern
overview of these ideas, as applied to field theory, is presented below2.

Consider a scalar field3 ϕ which depends on coordinates (xµ). Suppose that the La-
grangian of the model depends on the field ϕ and its derivatives ϕ,ν only. Hence, the
action S is defined as an integral (non-oriented) of the Lagrangian L over the region Ω
with measure dµ:

S :=

∫
Ω

L(ϕ, ϕ,ν) dµ . (2.1)

To find the field which “optimises” the action, a one-parameter family of scalar fields ϕ is
considered: ϕ = ϕ(xµ, ϵ), where ϵ is a continuous parameter which distinguishes members
of this family. Hence, the variational calculus relies on finding an extremum of action
with respect to this extra parameter. Like in other typical “optimising” problems, it is
necessary to calculate a derivative and equate it to zero. The derivative with respect to
ϵ deserves a special symbol:

∂

∂ϵ
:= δ , (2.2)

and will be called as a variation. This name very precisely describes the idea of changing
(varying) the functions among the family. As it was written before, to find the extremum,
the variation of action has to vanish:

δS = δ

∫
Ω

L(ϕ, ϕ,ν) dµ = 0 , (2.3)

for any variation δϕ. In general, the variation does not commute with the integral but,
for sufficiently smooth fields, the variation of the integral is equal to the integral of the
variation4. Hence:

δS = 0 ⇐⇒
∫
Ω

δL(ϕ, ϕ,ν) dµ = 0 . (2.4)

The ϵ appears via the field ϕ and its partial derivatives (with respect to coordinates) ϕ,ν ,
then:

δL =
∂L
∂ϕ

δϕ+
∂L
∂ϕ,ν

δϕ,ν . (2.5)

Due to the fact that the parameter ϵ and coordinates (xµ) are mutually independent
objects, the variation δ and partial derivative ∂ν trivially commute:

δϕ,ν =
∂2ϕ

∂ϵ∂xν
=

∂2ϕ

∂xν∂ϵ
= ∂νδϕ . (2.6)

2Those examples and comments were already presented in [9], written by the author of this dissertation
and J. Kijowski – one of the supervisors.

3The scalar behaviour of the field is assumed to simplify the notation. The geometric character of the
field does not affect the final result.

4In modern approach this problem is solved by resigning of “global” point of view and by looking on
this problem locally, where the Lagrangian has an interpretation of the infinitesimal action – see [38].
This idea will be used and described in next parts of this dissertation.
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In classical textbooks, this simple conclusion is called “the fundamental lemma of the
calculus of variation”. Consider the following quantity:

pν :=
∂L
∂ϕ,ν

, (2.7)

which is called a momentum canonically conjugate to the field ϕ. Now, using the integra-
tion by parts in δL (2.5), one has:

δL =
∂L
∂ϕ

δϕ+ ∂ν (p
ν δϕ)− pν,ν δϕ . (2.8)

Integration over the region Ω implies:∫
Ω

δL dµ =

∫
Ω

(
∂L
∂ϕ

− pν,ν

)
δϕ dµ+

∫
Ω

∂ν (p
ν δϕ) dµ =

=

∫
Ω

(
∂L
∂ϕ

− pν,ν

)
δϕ dµ+

∫
∂Ω

pν δϕ , (2.9)

where in the last equality was used the Stokes theorem. In mechanics, the values of
all functions ϕ were fixed at the boundary ∂Ω, therefore δϕ

∣∣
∂Ω

= 0. For example, in
the brachistochrone problem, the demanded function has fixed starting and finishing
points. Hence, posing the boundary conditions guarantees vanishing of the boundary
term ∂ν (p

ν δϕ), and then vanishing of the
∫
Ω
δL dµ is obtained by the vanishing of the

volume (bulk) term, what introduce the famous Euler-Lagrange equations:

∂L
∂ϕ

− pν,ν = 0 . (2.10)

In mechanics, or more generally, in statics, everything works perfectly. Especially, due to
the fact that obtained this way equations are elliptic (like Laplace equation), for whom the
Dirichlet problem (prescribed boundary conditions) is well-posed. The problem appears in
dynamics, where the system is typically described by the hyperbolic equation (like wave
equation), where Dirichlet conditions do not work at all. Furthermore, for arbitrarily
given boundary conditions, the solution does not exist! The presence of this effect is
perfectly visible for the wave equation in two-dimensional spacetime R2 = {(t, x)}:(

∂2

∂x2
− ∂2

∂t2

)
φ = 0 , (2.11)

Implying advanced and retarded coordinates (u, v) = (t− x, t+ x) and twice integrating
it over the rectangle

R = {(u, v) ∈ R2 : u0 ≤ u ≤ u0 + 2δ, v0 ≤ v ≤ v0 + 2ϵ} , (2.12)

is easy to prove that field equation (2.11) for the function φ(u, v) is equivalent to the
following identity

φ(u0 + 2δ, v0 + 2ϵ)− φ(u0 + 2δ, v0)− φ(u0, v0 + 2ϵ) + φ(u0, v0) = 0 , (2.13)
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for any choice of four numbers: {u0, v0, ϵ, δ}. The above equation could be simply re-
transformed to standard spacetime coordinates (t, x) = (v+u

2
, v−u

2
). Then function ϕ(t, x)

satisfies:

φ(t0 + ϵ+ δ, x0 + ϵ− δ)− φ(t0 + δ, x0 − δ)− φ(t0 + ϵ, x0 + ϵ) + φ(t0, x0) = 0 . (2.14)

Putting t0 = 0, x0 = x, δ = x and ϵ = 1−x provides to an identity which must be fulfilled
for any 0 ≤ x ≤ 1:

φ(1, 1− x)− φ(x, 0)− φ(1− x, 1) + φ(0, x) = 0 . (2.15)

Consider the spacetime volume O:

O = {(t, x) : 0 ≤ t ≤ 1 ; 0 ≤ x ≤ 1} . (2.16)

Now, the field equation implies a constraint in space of boundary data: the value of the
field on the upper wall (i.e.: φ(1, ·)) is uniquely given by its value on the remaining three
walls (i.e.: φ(·, 0), φ(·, 1) and φ(0, ·)). There is no solution of the wave equation if the
boundary data do not satisfy the constraint defined by equation (2.15)! Moreover, the
field equation (2.11) is equivalent to this constraint!

Hence, the “brachistochrone” philosophy relies on believing that imposed boundary
conditions will be satisfied by the obtained equations. Unfortunately, if the boundary
data is chosen randomly, then the probability that there is any solution that satisfies this
choice is precisely zero – like the probability of choosing a natural number from all reals.

Of course, the constraint (2.15) is still “relatively manageable” for the simple space-
time rectangle (2.16), whereas for a generic spacetime volume O (e.g., a time slice
{a ≤ t ≤ b;x ∈ R}) it is a much worse, very singular, non-closed subspace in any rea-
sonable topology of boundary data. The conclusion is very simple: the “brachistochrone”
philosophy for theories/problems described by hyperbolic equations totally breaks down.
Although it works perfectly for the elliptic cases.

The situation is hard, but not hopeless. If the boundary term could not be eliminated
in general, then there should be taken a different strategy, called “on shell” philosophy.
This procedure relies on allowing only those fields, which satisfy the Euler-Lagrange sys-
tem (2.10). Due to that, the variation of the Lagrangian (2.8) is restricted to the boundary
term but in agreement with field equations. Therefore, the variation δL (2.8) “on shell”
is equal:

δL = ∂ν (p
ν δϕ) = pν,ν δϕ+ pν δϕ,ν . (2.17)

The corresponding field equations are the following:

pν =
∂L
∂ϕ,ν

, (2.18)

pν,ν =
∂L
∂ϕ

, (2.19)

where the first one is exactly the definition of the momentum (2.7), whereas the second one
is precisely the Euler-Lagrange equation (2.10). From a geometrical point of view, at each
spacetime point, field equations (2.17) can be considered as a symplectic relation (i.e. a
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Lagrangian submanifold) in a symplectic space parameterised by the following “generalised
jets” of fields: (φ, φ,λ, p

λ, pλ,ν). This approach was rigorously defined in [38, 12, 36], but
its strength consists in the fact that it is very well adapted for practical calculations in
both the Lagrangian and Hamiltonian formalism (especially when constraints are present)
and avoids the ridiculous procedure of “imposing the spacetime-boundary conditions”.
Practically, this concept provides to the so-called control theory which relies on splitting
the canonical field variables into two groups: the “control parameters” (those, which
appear under the sign “δ” – in case of (2.17) these are configuration variables φ and their
“velocities” φ,λ) – and the “response parameters” (in case of (2.17) these are momenta pν

and only their “currents” j = pν,ν). Field equations are then considered as the “control –
response relation”. It will be very useful to describe and simplify formalism in the sequel.
Moreover, this procedure provides the conclusion that the Lagrangian could be treated
as a fundamental quantity – in the opposite to the initial case, where the action was a
starting object.

All these techniques were informally present in classical texts, written by Lagrange,
Hamilton, Carathéodory, and other pioneers of the calculus of variations. The example
of classical mechanics, formulated as a symplectic relation:

δL(q, q̇) =
d

dt
(p δq) = ṗ δq + p δq̇ , (2.20)

which is equivalent to:

ṗ =
∂L

∂q
, p =

∂L

∂q̇
, (2.21)

with respect to the canonical symplectic form:

ω =
d

dt
(δp ∧ δq) = δṗ ∧ δq + δp ∧ δq̇ , (2.22)

was first formulated by W.M.Tulczyjew (cf. [38]). Legendre transformation, like the tran-
sition from the Lagrangian to the Hamiltonian picture, is simply described in this formal-
ism as an exchange between control and response parameters: p versus q̇ in (2.22). The
Hamiltonian description is given by:

δH(q, p) = δ(pq̇ − L) = −ṗ δq + q̇ δp , (2.23)

where:

−ṗ =
∂H

∂q
, q̇ =

∂H

∂p
. (2.24)

It is worthwhile to notice that the well-known canonical symplectic form dp ∧ dq has
no natural analogue in field theory (derived from multiple integrals), whereas the form
ω (2.22) has a unique canonical field-theoretical counterpart ∂ν (dpν ∧ dϕ).

2.1.2 Connection, inertial reference frames and gravitational field

The affine connection on the tangent bundle is one of the fundamental constructions in
differential geometry. However, this kind of structure is not irreducible because the tan-
gent bundle, unlike a principal bundle5 or an associated bundle, possesses an additional

5The connection associated with a principal bundle, which is widely used in Yang-Mills field theory,
is not considered in this dissertation.
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structure called a soldering form [39], which links the “vertical directions” with the “hor-
izontal directions”. It is represented by the symmetric part of the connection, whereas
the remaining skew-symmetric part is geometrically a tensor, commonly referred to as
torsion. Due to the intrinsic (canonical) structure of the tangent bundle, a general affine
connection decomposes into two independent parts: the symmetric connection and the
torsion, which, as a tensor, can a priori be treated as an external matter field. The only
irreducible component is the symmetric connection, which will be the main focus of this
chapter.

The best-known example of a symmetric connection is the metric connection (Levi-
Civita connection), which naturally arises in Riemannian geometry. However, the concept
of a symmetric affine connection can also be applied to describe physical phenomena such
as local inertial reference frames (observers) or the gravitational field, which will be shown
below.

All ideas and results presented in this subsection are taken from Kijowski’s text-
book [33] and article [35].

The story begins from Newton’s laws of dynamics, precisely, from the second one,
which could be written in the following way:

ẍk = fk , (2.25)

where ẍk denotes the second derivative with respect to some parameter (e.g., biological
proper time s of a pilot of the spacecraft at the position xk), whereas fk are components
of the force per unit mass. Unfortunately, the above equation is valid only in inertial
frames, which are introduced in the first law of dynamics, because after coordinate trans-
formations, appear extra terms represented by, e.g., Coriolis or centrifugal forces. Indeed,
the transformation from the inertial coordinate system (xk) to arbitrary coordinates (yk),
which we use to parameterise spacetime points, produces:

ẍk =
d2xk

ds2
=

d
ds

(
∂xk

∂yl
ẏl
)

=
∂2xk

∂yl ∂ym
ẏl ẏm +

∂xk

∂yl
ÿl . (2.26)

The transformation matrix ∂xk

∂yl
is locally invertible, so the second Newton’s law equals:

ÿl + Γl
mn ẏ

m ẏn =
∂yl

∂xk
fk , (2.27)

where

Γl
mn :=

∂yl

∂xk

∂2xk

∂ym ∂yn
. (2.28)

Elements Γl
mn of the above array are called the connection coefficients, or shortly, the

connection. If the coordinate system (xk) is inertial and the force fk vanishes, then (yl)

is also inertial if and only if all second derivatives vanish: ∂2xk

∂ym ∂yn
= 0. Although the

inertial reference frame cannot be interpreted with just one coordinate system, due to the
fact that (yl) is a representative of the whole class of coordinate systems, which differ one
by one by linear transformations. Precisely, the mentioned class (which is also known as
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the inertial reference frame) is an equivalence class [(xk)] generated by the equivalence
relation “∼”: {

(xk) ∼ (yk)
}

⇐⇒ ∂2xk

∂ym ∂yn
= 0 . (2.29)

As proved in the textbook [33], chapter 7.3, the above relation is symmetric, reflexive,
and transitive and, whence, is a genuine equivalence relation between coordinate systems.
Any of its equivalence classes can be identified with Newton’s “inertial reference frame”.

For purposes of the theory of gravity, the local version of this relation is necessary:{
(xk) ∼m (yl)

}
⇐⇒ ∂2xk

∂ym ∂yn
(m) = 0 , (2.30)

therefore, any of its equivalence classes at the point m can be called a “local inertial
reference system at m”.

The theory of gravity consists, therefore, in replacing the First Newton’s Law (“There
is a global inertial frame. . . ”) by its local version (“At each spacetime point there is a
local inertial frame. . . ) – cf. [35]. The above symbols Γk

lm (2.28) describe the deviation
of the coordinate system (used for calculations) from the inertial frame. However, the
system of coordinates, which is inertial at the point m, will no longer be inertial in the
neighborhood of that point, emphasizing the necessity of discussing everything locally.

If a coordinate system exists in which the connection coefficients vanish everywhere,
the frame is globally inertial. This crucial observation was used by Einstein to describe the
phenomenon of gravitation. As an example, let us consider an orbiting spacecraft, where
the gravitational field is effectively eliminated due to the circular motion counteracting
the centrifugal force, resulting in a state of weightlessness inside. This implies that, at
every moment, there exists a special inertial frame in which gravity is absent, and the
spacecraft’s trajectory is locally “as straight as possible”.

But globally, since the spacecraft follows a circular trajectory, there is no global inertial
frame in the sense of Newton, and these local inertial frames are different at different
points. These two aspects suggest that the gravitational field curves not only trajectories
but spacetime itself and is fundamentally described by the field of inertial frames, i.e. by
the connection. Below, more mathematical aspects of the connection will be presented,
which will be useful in the sequel.

Let R(M) denote all reference frames on spacetime M, whereas Rm(M) refers to those
at the point m. For the given coordinate system (yk), all geometrical objects (vectors,
tensors, etc.) acquire a coordinate description. The same happens with R(M). However,
the obtained structure is slightly different from the mentioned ones. For the local reference
frame r = [(xk)] ∈ Rm(M), is considered the following table of numbers:

Γl
mn =

∂yl

∂xk

∂2xk

∂ym ∂yn
, (2.31)

where (xk) is a representative of r. As it was mentioned, the above table uniquely char-
acterises the equivalence class r. It implies that two representatives (xk) and (yk) are
related in the following way:

xl = yl +
1

2
Γl

mn y
m yn . (2.32)



28 CHAPTER 2. PRELIMINARIES

In the above equality, there is assumed that both systems are “centred” at the same
point m. This way R(M) stays a fiber bundle over M with coordinates (yl,Γl

mn). It will
be very educative to show how Γl

mn transforms. Introducing a new coordinate system za,
one has:

Γl
mn =

∂yl

∂xk

∂

∂ym

(
∂xk

∂yn

)
=

∂yl

∂za
∂za

∂xk

∂

∂ym

(
∂xk

∂zb
∂zb

∂yn

)
=

=
∂yl

∂za
∂za

∂xk

[(
∂

∂ym
∂xk

∂zb

)
∂zb

∂yn
+

∂xk

∂zb

(
∂

∂ym
∂zb

∂yn

)]
=

=
∂yl

∂za
∂za

∂xk

[(
∂zc

∂ym
∂

∂zc
∂xk

∂zb

)
∂zb

∂yn
+

∂xk

∂zb

(
∂

∂ym
∂zb

∂yn

)]
=

=
∂yl

∂za
∂zc

∂ym
∂zb

∂yn

(
∂za

∂xk

∂2xk

∂zb ∂zc

)
+

∂yl

∂za
∂2za

∂yn ∂ym
. (2.33)

Denoting by

Γ̃a
bc :=

∂za

∂xk

∂2xk

∂zb ∂zc
, (2.34)

the above transformation formula equals:

Γl
mn =

∂yl

∂za
∂zc

∂ym
∂zb

∂yn
Γ̃a

bc +
∂yl

∂za
∂2za

∂yn ∂ym
. (2.35)

It shows that the above transformation law is linear (first order in Γ) but is not homo-
geneous (an extra additive term appears). Thus, the fiber bundle Rm(M) is an affine
bundle.

As it was mentioned before, the connection Γ describes the equivalence class of iner-
tial frames and, ex definitione depends on the chosen coordinate system. Precisely, the
uniform movement in Cartesian coordinates (xk) is given by

ẍk = 0 , (2.36)

whereas the same movement in the spherical coordinates (yk) will be given by

ÿk = −Γk
lm ẏl ẏm , (2.37)

where Γk
lm does not vanish for all k, l,m. Furthermore, the non-vanishing components of

the connection may be associated with the presence of a gravitational field (and conse-
quently, curved spacetime) or with the use of a non-inertial reference frame. This naturally
leads to the question: “Is there a criterion that can distinguish ’fictitious’ forces from the
gravitational field?” This question is, of course, equivalent to the following: “How can we
determine whether the connection is flat?”.

Such a criterion indeed exists, and it is precisely the curvature tensor, which is con-
structed from the connection Γ and its partial derivatives ∂Γ. In this dissertation, two
equivalent curvature tensors are used: the older and more widely known Riemann ten-
sor (1.12), defined as

Rκ
λµν := −Γκ

λµ,ν + Γκ
λν,µ − Γσ

λµ Γ
κ
νσ + Γσ

λν Γ
κ
µσ , (2.38)
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and the less commonly used, yet particularly useful (especially in variational calculus),
Kijowski tensor (1.25), given by

Kκ
λµν = Γκ

λµ,ν − Γκ
(λµ,ν) + Γσ

λµ Γ
κ
νσ − Γσ

(λµ Γ
κ
ν)σ . (2.39)

Among all the symmetric affine connections Γ, there is a special one which is often
discussed in the literature: the Levi-Civita connection, also called the metric connection.
Its connection coefficients

◦
Γκ

νσ are called Christoffell symbols. It is defined as the unique
symmetric connection, which is compatible with the metric structure - see (1.1):

◦
∇κgµν := gµν,κ −

◦
Γ
σ
κµ gσν −

◦
Γ
σ
κν gµσ = 0 . (2.40)

2.2 Variational structure in the metric picture
The metric picture is the most popular description of gravity. The configuration space
is spanned by the second jet of the metric tensor (gµν , gµν,κ, gµν,κλ), which means that
gravity is a “second order” theory. However, derivatives of the metric cannot appear freely,
because partial derivatives of tensors, in general, are not tensors. Precisely, in standard
approaches, all derivatives of the metric tensor appear via the Ricci tensor

◦
Kµν (1.16).

The corresponding Lagrangian is called Hilbert Lagrangian and has the following form:

LH =

√
| det g|
16π

◦
Kµν g

µν . (2.41)

This Lagrangian is a well-known and deeply studied object; however, here are reminded
some useful formulas and properties of it. At first, let us define the following tensor
densities:

πµν :=

√
| det g|
16π

gµν , (2.42)

π λµν
κ := δνκ π

λµ − δ(λκ πµ)ν . (2.43)

Then, the variational formula δLH , which was first fully derived6 in [32], is given by:

δLH = − 1

16π

◦
Gµν δgµν + ∂ν

(
π λµν
κ δ

◦
Γ
κ
λµ

)
= (2.44)

=
◦
Kµν δπ

µν + ∂ν

(
π λµν
κ δ

◦
Γ
κ
λµ

)
, (2.45)

where
◦
Gµν is an Einstein tensor density:

◦
Gµν :=

√
| det g|Gµν =

√
| det g|

(
◦
K

µν − 1

2
gµν

◦
Kαβ g

αβ

)
, (2.46)

6A phrase “fully derived” means that all components of the variational formula were written explicitly.
For example, in famous textbook of Wheeler, Misner,Thorn Gravitation [43] (page 520, formula 21.86) was
calculated only the volume (bulk) part of the variation of the Hilbert Lagrangian density and neglected
the boundary term.
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The metric density
√

| det g| gµν was first used by V.A. Fock in his textbook [19] to
simplify the notation, whereas the incorporation of the gravitational constant (which is
in geometrical units equal to “1”) and 1

16π
factor was proposed by J. Kijowski in [31].

Therefore, the Hilbert Lagrangian (2.41) could be written as:

LH =
◦
Kµν π

µν , (2.47)

what implies the following variational formula:

δLH = δ
(
πµν

◦
Kµν

)
= πµν δ

◦
Kµν +

◦
Kµν δπ

µν , (2.48)

which, compared with the formula (2.45) gives:

πµν δ
◦
Kµν = ∂ν

(
π λµν
κ δ

◦
Γ
κ
λµ

)
. (2.49)

The addition of external matter fields slightly modifies the variational formula in the
metric picture due to its dependence on the metric tensor gµν and, possibly, its derivatives
gµν,κ if covariant derivatives of the field are involved7. Thus, the configuration space has
the following form:

(ϕ, ϕ,α, gµν , gµν,κ) =
(
ϕ, ϕ,α, gµν ,

◦
Γ
κ
λµ

)
=
(
ϕ,

◦
∇αϕ, gµν

)
, (2.50)

what induces the variational formula for the matter Lagrangian Lmatt:

δLmatt =
∂Lmatt

∂gµν
δgµν + Pλµ

κ δ
◦
Γ
κ
λµ +

(
∂Lmatt

∂ϕ
− pν,ν

)
δϕ+ ∂ν (p

ν δϕ) , (2.51)

where

Pλµ
κ :=

∂Lmatt

∂
◦
Γκ

λµ

. (2.52)

Now, the metric Lagrangian Lg, which describes the interaction between geometry and
matter, is simply a sum of the Hilbert and matter Lagrangians:

Lg := LH + Lmatt , (2.53)

and the corresponding variational formula is as follows:

δLg =

(
∂Lmatt

∂gµν
− 1

16π

◦
Gµν

)
δgµν + Pλµ

κ δ
◦
Γ
κ
λµ +

(
∂Lmatt

∂ϕ
− pν,ν

)
δϕ+

+ ∂ν

(
π λµν
κ δ

◦
Γ
κ
λµ + pν δϕ

)
. (2.54)

Of course, the term Pλµ
κ δ

◦
Γ κ

λµ depends on the metric and its derivatives, but it was
proven8 in [7, 9] that:

Pµν
λ δ

◦
Γ
λ
µν = ∂κ (Rµνκ δgµν)−

( ◦
∇κRµνκ

)
δgµν ,

7For details see [9].
8The analogous proof is presented in Chapter 4.1 in Lemma 4.1.2.
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where:

Rµνκ :=
1

2
(Pκµν + Pκνµ − Pµνκ) . (2.55)

The variational formula for the metric Lagrangian (2.54) can be expressed as:

δLg =

[
∂Lmatt

∂gµν
− 1

16π

◦
Gµν −

( ◦
∇κRµνκ

)]
δgµν +

(
∂Lmatt

∂ϕ
− pν,ν

)
δϕ+

+ ∂ν

(
Rκλν δgκλ + π λµν

κ δ
◦
Γ
κ
λµ + pν δϕ

)
. (2.56)

The field equations are determined by the bulk (volume) terms:

δLg

δgµν
= 0 =⇒ ∂Lmatt

∂gµν
=

1

16π

◦
Gµν +

( ◦
∇κRµνκ

)
, (2.57)

δLg

δϕ
= 0 =⇒ ∂Lmatt

∂ϕ
= pν,ν . (2.58)

The first equation corresponds to Einstein’s field equation, while the second one represents
the Euler-Lagrange equation for the matter field ϕ. The remaining boundary term encodes
the symplectic relation between control and response parameters.

2.3 Variational structure in the affine picture

The affine picture was firstly proposed by Jerzy Kijowski in [31], where the affine La-
grangian LA depends on the first jet of the symmetric affine connection (Γ, ∂Γ). The
motivation of such construction was briefly presented in Chapter 2.1.2. Thus, the vari-
ation δLA on shell (cf. Chapter 2.1.1) is given by the boundary term (2.17):

δLA = ∂ν
(
P λµν

κ δΓκ
λµ

)
= ∂νP λµν

κ δΓκ
λµ + P λµν

κ δΓκ
λµ,ν , (2.59)

where P λµν
κ is a momentum canonically conjugated to the connection Γκ

λµ:

P λµν
κ :=

∂LA

∂Γκ
λµ,ν

. (2.60)

Importantly, the connection Γκ
λµ and its first derivatives Γκ

λµ,ν are not tensors. There-
fore, they cannot appear freely in the Lagrangian, which must be a scalar density. The
connection naturally appears in two ways: through curvature tensors or via covariant
derivatives, which are not considered in this approach9.

This affine theory is assumed to be described by “first-order Lagrangians,” meaning
that the affine Lagrangian does not depend on second (or higher) derivatives of the con-
nection Γ. Consequently, derivatives of the connection Γκ

λµ,ν must be arranged in the
Riemann (or equivalently, Kijowski) curvature tensor10.

9The affine theory that includes covariant derivatives of additional matter fields was presented in [9].
10The construction of higher-order curvature tensors is also possible — see [37].
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For practical purposes, as will be seen below, the variational calculus will employ the
Kijowski tensor Kκ

λµν (1.25). Formally, this means that in the configuration space (Γ, ∂Γ),
a map — a coordinate transformation — is introduced:(

Γκ
λµ,Γ

κ
λµ,ν

)
7−→

(
Γκ

λµ, K
κ
λµν

)
. (2.61)

It implies the following simple theorem:

Theorem 2.3.1. The variation (2.59) of the affine Lagrangian LA

(
Γκ

λµ, K
κ
λµν

)
is given

by the following formula:

δLA = ∂ν
(
P λµν

κ δΓκ
λµ

)
=
(
∇νP λµν

κ

)
δΓκ

λµ + P λµν
κ δKκ

λµν , (2.62)

where P λµν
κ satisfies:

P λµν
κ = P µλν

κ , P (λµν)
κ = 0 . (2.63)

Proof. The proof strictly relies on tensor calculus. Firstly, if the Lagrangian depends on
the derivatives of the connection only through the Kijowski tensor Kκ

λµν (1.25), then the
momentum P λµν

κ must satisfy condition (2.63) in order to be well-defined as a deriva-
tive (2.60). Furthermore, as a derivative of the Lagrangian (a scalar density) with respect
to the Kijowski tensor, it must itself be a tensor density. Condition (2.63) represents a
dual symmetry of the Kijowski tensor — see (1.23). If the above condition is not imposed,
a fictitious gauge will emerge. Therefore:

P λµν
κ δKκ

λµν = P λµν
κ δΓκ

λµ,ν − P λµν
κ δΓκ

(λµ,ν)︸ ︷︷ ︸
=0

+

+ P λµν
κ δ

(
Γσ

λµ Γ
κ
νσ

)
− P λµν

κ δ
(
Γσ

(λµ Γ
κ
ν)σ

)︸ ︷︷ ︸
=0

=

= ∂ν
(
P λµν

κ δΓκ
λµ

)
−
(
∂νP λµν

κ

)
δΓκ

λµ+

+
(
P νσλ

κ Γµ
νσ + P λµν

σ Γσ
νκ

)
δΓκ

λµ . (2.64)

Fortunately, terms proportional to δΓκ
λµ combine to the covariant derivative. Indeed:(

∇νP λµν
κ

)
δΓκ

λµ =
(
∂νP λµν

κ −Γσ
νσ P λµν

κ − Γσ
νκ P λµν

σ + Γλ
νσ P σµν

κ +

+Γµ
νσ P λσν

κ +Γν
νσ P λµσ

κ

)
δΓκ

λµ =

=
(
∂νP λµν

κ − Γσ
νκ P λµν

σ + 2Γµ
νσ P λσν

κ

)
δΓκ

λµ . (2.65)

The first underlined term appears because P is a tensor density, whereas the other terms
arise from the definition of the covariant derivative of a tensor. Using the condition (2.63),
the last term equals:

Γµ
νσ P λσν

κ δΓκ
λµ = −Γµ

νσ

(
P σνλ

κ + P νλσ
κ

)
δΓκ

λµ , (2.66)

which implies:

2Γµ
νσ P λσν

κ δΓκ
λµ = −Γµ

νσ P σνλ
κ δΓκ

λµ . (2.67)

Finally,

P λµν
κ δKκ

λµν = ∂ν
(
P λµν

κ δΓκ
λµ

)
−
(
∇νP λµν

κ

)
δΓκ

λµ , (2.68)

which finishes the proof.
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As mentioned earlier, Kκ
λµν is equivalent to the Riemann tensor Rκ

λµν but has different
symmetries (cf. formulae (1.21) and (1.24)). The practical advantage of introducing the
Kijowski tensor now becomes evident: it shares the same symmetry in the first two lower
indices as the connection Γκ

λµ. Consequently, the momentum P λµν
κ remains a proper

tensor density, as it is defined as the derivative of the affine Lagrangian (a scalar density)
with respect to the Kijowski tensor (2.62):

P λµν
κ :=

∂LA

∂Γκ
λµ,ν

=
∂LA

∂Kκ
λµν

. (2.69)

The application of the decomposition (2.62) of the Kijowski tensor Kκ
λµν to the vari-

ation δLA (2.62) induces the “analogue” decomposition of the momentum P λµν
κ :

Lemma 2.3.2. The momentum P λµν
κ (2.69) that satisfies:

P λµν
κ = P µλν

κ , P (λµν)
κ = 0 , (2.70)

decomposes as follows:

P λµν
κ = π λµν

κ − δ(λκ χµ)ν + Ω λµν
κ , (2.71)

where

π λµν
κ = δνκ π

λµ − δ(λκ πµ)ν , (2.72)

πµν = −2

3
P κ(µν)

κ , (2.73)

χµν = −2

5
P κ[µν]

κ , (2.74)

and Ω λµν
κ is the remaining, algebraically traceless part of P λµν

κ .

The proof contains a simple verification of given conditions. Finally, the variation (2.62)
takes the following form:

δLA =
(
∇νP λµν

κ

)
δΓκ

λµ + πµν δKµν + χµν δFµν + Ω λµν
κ δUκ

λµν . (2.75)

The above formula corresponds to the symplectic structure of the theory, where the
field equations (equivalent to the Euler-Lagrange equations — see Chapter 2.1.1) are
as follows:

∂LA

∂Γκ
λµ

= ∇νP λµν
κ , (2.76)

πµν =
∂LA

∂Kµν

, (2.77)

χµν =
∂LA

∂Fµν

, (2.78)

Ω λµν
κ =

∂LA

∂Uκ
λµν

. (2.79)
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These results complete the variational description in the affine picture. The symplectic
formula (2.75) and the field equations (2.76-2.79) have been derived. The only non-trivial
aspect lies in the identification of the momentum πµν with the metric tensor gµν (2.42).
However, this assumption leads to physically acceptable conclusions and corresponds to
the simplest case, where only the symmetric Ricci tensor Kµν is considered.

Moreover, this approach is consistent with the Palatini variational principle, in which
the metric tensor and curvature are treated on equal footing as independent configura-
tions. In such a framework, the metricity of the connection arises naturally for a class
of theories that do not depend on covariant derivatives, such as scalar field theory and
electrodynamics — see [9]. A few examples of affine theories will be presented in the
sequel.

2.3.1 The first field equation and the non-metricity equation

The examples of affine theories which will be discussed in this dissertation will depend only
on the curvature tensor. It means that the introduced configuration space (Γκ

λµ, K
κ
λµν)

– see (2.61) – is restricted only to the Kijowski curvature tensor Kκ
λµν (1.25). Thus, the

first field equation (2.76) is the following11:

∂LA

∂Γκ
λµ

= ∇νP λµν
κ = 0 . (2.80)

Furthermore, using the decomposition of the momentum P λµν
κ (2.71), it could be simply

proved that the above equation is equivalent to

∇κπ
λµ = −2

3
δ(λκ J µ) −∇νΩ

λµν
κ , (2.81)

where

J µ := ∇νχ
µν = ∂νχ

µν = χµν
,ν . (2.82)

The equality of covariant and partial divergences of χµν is proven in the following lemma:

Lemma 2.3.3. The covariant divergence (with respect to any symmetric affine connection
Γ) of a skew-symmetric tensor density χµν is equal to the partial divergence of χµν:

∇νχ
µν = ∂νχ

µν . (2.83)

Proof. The proof is obtained via the explicit calculus:

∇νχ
µν − ∂νχ

µν = −Γκ
κν χ

µν + Γµ
κν χ

κν + Γν
κν χ

µκ = 0 . (2.84)

The first term appears due to the density character of χµν and it simply cancels with the
last term, whereas the second term vanishes due to the contraction of opposed symmetries
between connection Γ and tensor density χ.

11In the paper [9] is presented the affine theory of only symmetric Ricci tensor Kµν with external fields
and then, the right-hand side of the first field equation could be non-zero, due to dependence of the
Lagrangian on covariant derivatives of those external fields.
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According to the discussion about the Hilbert Lagrangian in Chapter 2.2, the fun-
damental relation between the metric tensor gµν and the momentum πµν was presented
in (2.42). Therefore, equation (2.81) describes the deviation from the metricity of the
connection, as the vanishing of the right-hand side of this equation is equivalent to the
metricity condition:

∇κπ
λµ = 0 =⇒ ∇κgλµ = 0 =⇒ Γκ

λµ =
◦
Γ
κ
λµ . (2.85)

Hence, equation (2.81) will be referred to as the non-metricity equation, and it uniquely
induces the decomposition of Γ (1.5) into the metric part

◦
Γ and the non-metricity tensor

N at the very first stage. Specifically, the metric connection
◦
Γ serves as a general solution

of a homogeneous system of equations, whereas the non-metricity tensor N acts as a
particular solution of a non-homogeneous system of equations. Using this decomposition,
equation (2.81) can be reformulated as an algebraic equation for the non-metricity tensor
N , as presented in the theorem below:

Theorem 2.3.4. The non-metricity equation (2.81):

∇κπ
λµ = −2

3
δ(λκ J µ) −∇νΩ

λµν
κ , (2.86)

for the connection Γ is equivalent with the below linear equation for the non-metricity
tensor N := Γ−

◦
Γ:

(
δακ δ

β
λ δ

γ
µ −∆αβγ

κλµ

)
Nαβγ =

8π√
| det g|

[
2

3
gκ(λ Jµ) − gλµ Jκ+

+
◦
∇ν

(
Ω ν

κλµ − 2Ω ν
(λµ)κ + gκ(λO ν

µ) − 1

2
gλµO ν

κ

)]
, (2.87)√

| det g|
8π

∆αβγ
κλµ := 2δγ(λΩ

α β
µ)κ − δγκ Ω

α β
λµ − 2δακ Ω

βγ
(λµ) − 2δα(λ Ω

βγ
µ)κ +

+ 2δα(λ| Ω
βγ

κ|µ) +
1

2
δγκ gλµOαβ − δγ(λ gµ)κ O

αβ+

+ 2gκ(λ Ω
αβγ

µ) − gλµΩ
αβγ

κ , (2.88)

O ν
κ := Ω λµν

κ gλµ . (2.89)

where
◦
Γ is a metric connection which conserves the metric tensor density πµν (2.42):

◦
∇κπ

λµ =
◦
∇κ

(√
| det g|
16π

gλµ

)
= 0 . (2.90)

Proof. The covariant derivatives ∇π and ∇Ω in formula (2.86) are given by the following
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expressions:

∇κ π
λµ =

◦
∇κπ

λµ︸ ︷︷ ︸
=0

−Nσ
σκ π

λµ +Nλ
κσ π

σµ +Nµ
κσ π

λσ =

=

√
| det g|
16π

(
−Nσ

σκ g
λµ +Nλ

κσ g
σµ +Nµ

κσ g
λσ
)
, (2.91)

∇ν Ω
λµν
κ =

◦
∇νΩ

λµν
κ −Nσ

νσ Ω
λµν
κ −Nσ

νκ Ω
λµν
σ +

+Nλ
νσ Ω

σµν
κ +Nµ

νσ Ω
λσν
κ +Nν

νσ Ω
λµσ
κ =

=
◦
∇νΩ

λµν
κ −Nσ

νκ Ω
λµν
σ +Nλ

νσ Ω
σµν
κ +Nµ

νσ Ω
λσν
κ . (2.92)

When the connection is split, the metric tensor can be used to lower and raise indices.
Then, the first field equation (2.86), with the above formulas implemented, takes the
following form:√

| det g|
16π

(−Nσ
σκ gλµ +Nλµκ +Nµλκ) = −1

3
gκλ Jµ −

1

3
gκµ Jλ −

◦
∇ν Ω

ν
κλµ +

−Nλ
νσ Ω

σµν
κ −Nµ

νσ Ω
λσν
κ +

+Nσ
νκ Ω

λµν
σ . (2.93)

In the above expression, the trace of the non-metricity Nσ
σκ appears, which can be derived

by contracting the entire equation with gλµ:

−
√

| det g|
8π

Nσ
σκ = −2

3
Jκ −

◦
∇ν Ω

λµν
κ gλµ︸ ︷︷ ︸
:=O ν

κ

−2Nαβγ Ω
αβγ
κ +Nσ

νκ Ω λµν
σ gλµ︸ ︷︷ ︸
:=O ν

σ

=

= −2

3
Jκ −

◦
∇νO ν

κ − 2Nαβγ Ω
αβγ
κ +Nαβκ Oαβ . (2.94)

Therefore, the formula (2.93) takes the following form:√
| det g|
16π

(Nλµκ +Nµλκ) = −1

3
gκλ Jµ −

1

3
gκµ Jλ +

1

3
gλµ Jκ −

◦
∇ν Ω

ν
κλµ +

+

(
1

2

◦
∇ν O ν

κ +Nαβγ Ω
αβγ
κ − 1

2
Nσνκ Oσν

)
gλµ+

−Nλσν Ω
σν

κµ −Nµσν Ω
σν

κλ +Nσνκ Ω
σ ν
λµ . (2.95)

Rewriting this equation for commuted indices κ → λ → µ → κ, adding two of them and
contracting the third one produces the following result:√

| det g|
8π

Nκλµ =
2

3
gκ(λ Jµ) − gλµ Jκ+

+
◦
∇ν

(
Ω ν

κλµ − 2Ω ν
(λµ)κ + gκ(λ O ν

µ) − 1

2
gλµO ν

κ

)
+

+

√
| det g|
8π

∆αβγ
κλµ Nαβγ , (2.96)

what finishes the proof.
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This demonstrates that deriving the non-metricity tensor N involves inverting the
operator (δ−∆)αβγκλµ , which can be represented as a 40×40 matrix. While it is indeed pos-
sible to invert this operator, doing so is unnecessary in this approach, as only linear terms
are considered. However, one component of the non-metricity tensor can be calculated
explicitly:

Lemma 2.3.5. The equation (2.81):

∇κπ
λµ = −2

3
δ(λκ J µ) −∇νΩ

λµν
κ , (2.97)

for the non-metricity tensor Nκ
λµ implies the following relation:

Nκσ
σ = hκ +

4

5
Aκ = − 80π

3
√
| det g|

J κ , (2.98)

where hκ and Aκ are traces of Nκ
λµ (1.11).

Proof. The proof relies on taking a contraction of indices κ = λ:

∇κπ
κµ = −4

3
J µ − 1

3
J µ −∇ν Ω

κµν
κ︸ ︷︷ ︸
=0

= −5

3
J µ . (2.99)

The left-hand side, up to the formula for ∇κπ
λµ (2.91), is equal:

∇κπ
κµ =

√
| det g|
16π

(−Nσ
σκ g

κµ +Nκ
κσ g

σµ +Nµ
κσ g

κσ) =

√
| det g|
16π

Nµσ
σ . (2.100)

Comparing those two equations with the decomposition formula of the non-metricity
tensor N (1.11) finishes the proof.

Solving the equation (2.81), or equivalently (2.87), with respect to the non-metricity
tensor N , is split into two cases, when the momentum Ω λµν

κ vanishes, or not. Of course,
such splitting correlates with the absence (or the presence) of the traceless part Uκ

λµν of
curvature Kκ

λµν (1.26).

Absence of the traceless part

In this case, the theory does not depend on the traceless tensor Uκ
λµν (cf. decomposition

of the Kijowski tensor (1.26)), which is equivalent to taking Ω λµν
κ = 0 – see (2.79). This

implies that the operator ∆αβγ
κλµ (2.88) in Theorem 2.3.4 automatically vanishes. Thus,

the solution of the non-metricity equation (2.87) is exact and can be written explicitly:

Nκλµ =
8π√
| det g|

(
2

3
gκ(λ Jµ) − gλµ Jκ

)
. (2.101)

The non-metricity tensor N can be decomposed (cf. Chapter 1.3.4), as shown below:
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Lemma 2.3.6. The non-metricity tensor Nκ
λµ (2.101) decomposes as follows:

Aµ =
1

2
Nκ

κµ =
8π

3
√

| det g|
Jµ , (2.102)

Aκ
λµ = Nκ

λµ −
4

5
δκ(λ Aµ) =

8π√
| det g|

(
2

5
δκ(λ Jµ) − gλµ J κ

)
, (2.103)

hκ = Aκ
λµ g

λµ = − 18 · 8π
5
√
| det g|

J κ , (2.104)

Ãκλµ = Aκλµ +
1

18

(
2gκ(λ hµ) − 5gλµ hκ

)
= 0 . (2.105)

Proof. The proof consists of verifying the definitions presented in Chapter 1.3.4: for-
mulae (1.6-1.10).

Interestingly, equation (2.102) implies the “Lorenz gauge condition” for the potential
Aµ, because the current J µ (2.82) is defined as the divergence of a skew-symmetric tensor
density χµν , hence its divergence necessarily vanishes:

◦
∇µA

µ =
8π

3
√

| det g|
◦
∇µJ µ =

8π

3
√

| det g|
∂µJ µ =

8π

3
√
| det g|

∂µ∂νχ
µν = 0 . (2.106)

The covariant derivative of the metric tensor is given by:

∇λgµν = − 16π

3
√

| det g|
(gµν Jλ − gλν Jµ − gλµ Jν) . (2.107)

This implies that the general affine metric structure is not conformal, meaning that it
cannot be expressed for any ωλ:

∄ωλ : ∇λgµν = ωλ gµν . (2.108)

Presence of the traceless part

If the Lagrangian depends on the traceless part Uκ
λµν and the momentum Ω λµν

κ does
not vanish (2.79), then the solution of the equation (2.87) becomes significantly more
complicated. Specifically, the operator (δ−∆)αβγκλµ must be inverted. Given that ∆ (2.88)
is considered a small correction to the identity operator δ, the following equality holds:

(δ −∆)−1 = δ +
∞∑
k=1

∆k , (2.109)

where the right-hand side is known as a Neumann series, which is a natural generalisation
of a geometric series. However, in this dissertation, the non-metricity tensor N is treated
as a small correction or deviation from the metric connection

◦
Γ. Furthermore, the order of

the correction is at least two, corresponding to the first-order expansion in the Neumann
series acting on the right-hand side of the non-metricity equation (2.87):

Nαβγ =
8π√
| det g|

(
δκα δ

λ
β δ

µ
γ +∆κλµ

αβγ +
[
o(∆2)

]κλµ
αβγ

) [2
3
gκ(λ Jµ) − gλµ Jκ+

+
◦
∇ν

(
Ω ν

κλµ − 2Ω ν
(λµ)κ + gκ(λO ν

µ) − 1

2
gλµO ν

κ

)]
, (2.110)
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where [o(∆2)]
κλµ
αβγ represents terms of order ∆2 or higher. The reason for this restriction

relates to the structure of curvature tensors, which contain linear and quadratic terms of
the connection. Additionally, in the Einstein equation, the source of curvature is the stress-
energy tensor, which is also quadratic in matter fields. This implies that the quadratic
terms are the first non-trivial components in describing the interaction between matter
and gravity. However, for describing the dynamics of matter fields and their interactions,
it is sufficient to consider only linear terms. This is because, in the stress-energy tensor,
matter fields appear quadratically, so a second-order correction would result in fourth-
order terms.

The linear part of the non-metricity tensor is denoted as
1

N and is defined as the
zeroth-order term in formula (2.110):

1

Nκλµ =
8π√
| det g|

[
2

3
gκ(λ Jµ) − gλµ Jκ+

+
◦
∇ν

(
Ω ν

κλµ − 2Ω ν
(λµ)κ + gκ(λO ν

µ) − 1

2
gλµO ν

κ

)]
. (2.111)

As in the previous subsection, the above non-metricity tensor can be decomposed:

Lemma 2.3.7. The linearised non-metricity tensor
1

Nκ
λµ (2.111) has the following de-

composition:

1

Aκ =
1

2

1

Nσ
σκ =

4π

3
√

| det g|

(
2Jκ + 3

◦
∇νO ν

κ

)
, (2.112)

1

Aκ
λµ =

1

Nκ
λµ −

4

5
δκ(λ

1

Aµ) =
8π√
| det g|

[ ◦
∇ν

(
Ωκ ν

λµ − 2Ω κν
(λµ)

)
+

+
2

5
δκ(λ Jµ) − gλµ J κ +

1

2

◦
∇ν

(
6

5
δκ(λO ν

µ) − gλµOκν

)]
, (2.113)

1

hκ =
1

Aκ
λµ g

λµ = − 16π

5
√

| det g|

(
9Jκ +

◦
∇νO ν

κ

)
, (2.114)

1

Ãκλµ =
1

Aκλµ +
1

18

(
2gκ(λ

1

hµ) − 5gλµ
1

hκ

)
=

=
8π√
| det g|

◦
∇ν

[
Ω ν

κλµ − 2Ω ν
(λµ)κ +

5

9
gκ(λO ν

µ) − 7

18
gλµO ν

κ

]
. (2.115)

Proof. The proof relies on calculations presented above definitions – see also Chap-
ter 1.3.4.

The explicit formula for the quadratic term
2

N (2.110) is much more complicated, due
to the appearance of ∆ operator:
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2

Nκλµ := ∆αβγ
κλµ

1

Nαβγ =

=
8π√
| det g|

[
2J αΩαλµκ +Oκ(λ Jµ) − JκO(λµ) − J(λOµ)κ+

+ J αOα(λ gµ)κ −
1

2
J α Oακ gλµ + gκ(λ Oµ)α J α − 1

2
gλµOκα J α+

+ 4
( ◦
∇νΩ

ν
[αβ](λ

)
Ωα β

µ)κ − 2
( ◦
∇νΩ

ν
[αβ]κ

)
Ωα β

λµ +

+
( ◦
∇νΩ

ν
[αβ]κ

)
Oαβ gλµ − 2

( ◦
∇νΩ

ν
[αβ](λ

)
Oαβ gµ)κ+

− 2
( ◦
∇νΩ

ν
αβκ

)
Ω αβ

(λ µ) − 2
( ◦
∇νΩ

ν
αβ(λ

)
Ω αβ

µ) κ + 2
( ◦
∇νΩ

ν
αβ(λ|

)
Ω αβ

κ |µ)+

+ 2
( ◦
∇νΩ

ν
αβγ

)
gκ(λΩ

αβγ
µ) −

( ◦
∇νΩ

ν
αβγ

)
gλµΩ

αβγ
κ +

+
( ◦
∇νΩ

ν
καβ

)
Ω αβ

(λ µ) +
( ◦
∇νΩ

ν
(λ|αβ

)
Ω αβ

µ) κ −
( ◦
∇νΩ

ν
(λ|αβ

)
Ω αβ

κ |µ)+

+
1

2

( ◦
∇νΩ

ν
αβγ

)
gλµΩ

αβγ
κ −

( ◦
∇νΩ

ν
αβγ

)
gκ(λ Ω

αβγ
µ) +

+
( ◦
∇νΩ

ν
καβ

)
Ωα β

λµ − 2
( ◦
∇νΩ

ν
(λ|αβ

)
Ωα β

|µ)κ +

+
( ◦
∇νΩ

ν
(λ|αβ

)
Oαβ gµ)κ −

1

2

( ◦
∇νΩ

ν
καβ

)
Oαβ gλµ+

+
( ◦
∇νO ν

α

)
Ωα

λµκ +
1

2

( ◦
∇νO ν

α

)
gκ(λ O α

µ) − 1

4

( ◦
∇νO ν

α

)
gλµO α

κ +

+
1

2

( ◦
∇νO ν

(λ|

)
Oκ|µ) −

1

2

( ◦
∇νO ν

(λ

)
Oµ)κ −

1

2

( ◦
∇νO ν

κ

)
O(λµ)+

+
1

2

( ◦
∇νO ν

α

)
Oα

(λ gµ)κ −
1

4

( ◦
∇νO ν

α

)
Oα

κ gλµ

]
. (2.116)

As mentioned earlier, the above second-order correction will not be considered in the
subsequent analysis, but it was derived to illustrate the complexity of the problem.

2.3.2 The remaining field equations

As it was written before, the variation of an affine Lagrangian δLA (2.75) generates the
relation between momenta and configurations which will play roles of the field equations
– see (2.77-2.79). However, the affine Lagrangian will be constructed as a function of the
Riemann tensor Rκ

λµν (1.19), as a better established object in literature than the Kijowski
tensor Kκ

λµν , whose traceless part W κ
λµν has different symmetries than the traceless part

of the Kijowski tensor Uκ
λµν (1.27). Therefore, it is necessary to introduce the momentum

Σ λµν
κ canonically conjugated to W κ

λµν and find the relation between Σ λµν
κ and Ω λµν

κ .
The simplest option relies on the symplectic relation:

Ω λµν
κ δUκ

λµν = −2

3
Ω λµν

κ δW κ
(λµ)ν = −2

3
Ω λ[µν]

κ δW κ
λµν = Σ λµν

κ δW κ
λµν . (2.117)
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Then:

Σ λµν
κ :=

∂LA

∂W κ
λµν

= −2

3
Ω λ[µν]

κ , (2.118)

or inversely:

Ω λµν
κ = −2Σ (λµ)ν

κ . (2.119)

It shows that momenta Ω and Σ satisfy the dual relation to this one between tensors U
and W (1.27). Of course, as it was for the Riemann tensor and the Kijowski tensor, both
of them, Ω and Σ, contain the same information and are equivalent.

For future purposes, it is useful to present the metric decomposition formulae for the
momenta Ω and Σ:

Lemma 2.3.8. For the tensor densities Σκλµν ,Ωκλµν, which satisfy:

Σκ
[λµν] = 0 , Σκ

λµν = −Σκ
λνµ , Σκ

κµν = 0 , Σκ
µνκ = 0 , (2.120)

Ωκ
(λµν) = 0 , Ωκ

λµν = Ωκ
λνµ , Ωκ

κµν = 0 , Ωκ
µνκ = 0 , (2.121)

Ω λµν
κ = −2Σ (λµ)ν

κ , (2.122)

the following equalities hold:

Σκλµν := Σ λµν
σ gσκ = Σ̃κλµν − 1

6
gκλΣ[µν] +

1

8

(
gκν Σ(λµ) − gκµΣ(λν)

)
+

+
1

12

(
gκν Σ[λµ] − gκµΣ[λν]

)
+

3

8

(
Σ(κν) gλµ − Σ(κµ) gλν

)
+

+
5

12

(
Σ[κν] gλµ − Σ[κµ] gλν

)
, (2.123)

Ωκλµν := Ω λµν
σ gσκ = Ω̃κλµν +

1

8
gκνO(λµ) − 1

8

(
gκλO[µν] + gκµO[λν]

)
+

− 1

16

(
gκλO(µν) + gκµO(λν)

)
− 5

24

(
O[κλ]gµν +O[κµ]gλν − 2O[κν]gλµ

)
+

− 3

16

(
O(κλ)gµν +O(κµ)gλν − 2O(κν)gλµ

)
, (2.124)

where

Σµν := Σµαβνgµν , Oµν := Ωµαβνgµν , (2.125)

and Σ̃κλµν , Ω̃κλµν are totally traceless parts of Σκλµν ,Ωκλµν.

Proof. The equality (2.123) is analogous to the decomposition formula of tensor W κλµν

– see (1.50) in Lemma 1.3.1, whereas (2.124) is obtained from the relation between Ω
and Σ.
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2.4 Construction of affine Lagrangians

As previously discussed, the affine framework lacks a metric structure. Moreover, the
Lagrangian must be a scalar density, making its construction in the affine approach non-
trivial. The available geometrical objects are quite limited, primarily consisting of the
Kronecker delta δαβ , the Levi-Civita symbol ϵαβκλ, and the Riemann tensor Rκ

λµν . With-
out a metric, even a fundamental quantity such as the Ricci scalar cannot be defined.
Consequently, it is both insightful and instructive to revisit the affine formulation of stan-
dard vacuum gravity with a cosmological constant Λ, which can be explored analytically.
This discussion yields several important conclusions and introduces a systematic method
for constructing affine Lagrangians.

2.4.1 Example: affine description of the Λ-vacuum gravity

The standard metric Lagrangian for vacuum with a cosmological constant Λ is given by:

LΛ =

√
| det g|
16π

◦
Kµν g

µν −
Λ
√

| det g|
8π

. (2.126)

The corresponding field equation is the well-known Einstein Λ-vacuum equation:

◦
Gµν = −Λ gµν , (2.127)

or, equivalently:

◦
Kµν = Λ gµν . (2.128)

In the presence of matter fields, it often happens that the metric Lagrangian does not
depend upon the metric covariant derivatives

◦
∇ of the matter fields and involves only

the metric Ricci tensor
◦
Kµν . Then, the affine Lagrangian remains equal numerically to

the metric Lagrangian, but must be expressed in an affine control mode12. The precise
transition from the affine to the metric picture is presented in Chapter 4.1.

As will be seen in the sequel, in this case, field equations imply that the general affine
connection Γ must be the metric connection due to the absence of covariant derivatives,
aligning it with the standard Palatini approach. Consequently, using the field equa-
tion (2.128), the metric tensor must be "replaced" by the curvature. This is somewhat
analogous to the transition from the Lagrangian to the Hamiltonian formulation, where
velocities are replaced by momenta.

Then the affine Lagrangian equals:

LA =

√
|detK|
8πΛ

. (2.129)

The theory described by the above Lagrangian is sometimes called Eddington theory –
cf. [2, 14].

12These calculations were the central focus of the author’s Master’s thesis [7] and were later published
in [9].
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To verify that the affine Lagrangian above reproduces the same theory as the met-
ric Lagrangian (2.126), the corresponding field equations will be explicitly derived. The
general variational formula for the affine Lagrangian (2.75) must be restricted to its de-
pendence on the symmetric Ricci tensor Kµν and connection Γκ

λµ:

δLA =
(
∇νP λµν

κ

)
δΓκ

λµ + πµν δKµν , (2.130)

where the momentum P (2.71) is restricted to

P λµν
κ = π λµν

κ = δνκ π
λµ − δ(λκ πµ)ν , (2.131)

since the remaining terms vanish due to the absence of other components of the Riemann
curvature tensor Rκ

λµν (1.19).

The first field equation (2.80):

∇νP λµν
κ = 0 , (2.132)

stays the metricity equation – see (2.81) and (2.85):

∇νπ
λµν

κ = 0 =⇒ ∇κπ
λµ = 0 =⇒ ∇κgλµ = 0 =⇒ Γκ

λµ =
◦
Γ
κ
λµ . (2.133)

This ensures that, in this theory, the affine connection Γ coincides with the metric con-
nection

◦
Γ.

The second field equation (2.77) establishes a relationship between the Ricci tensor
Kµν and the momentum πµν :

πµν =
∂LA

∂Kµν

=

√
|detK|
16πΛ

(
K−1

)µν
. (2.134)

Recalling how the momentum πµν relates to the metric tensor gµν (2.42), we obtain the
following equalities: √

| det g|
16π

gµν =

√
|detK|
16πΛ

(
K−1

)µν
, (2.135)

detK = Λ4 det g , (2.136)
Kµν = Λ gµν . (2.137)

Since the connection becomes metric due to the first field equation (2.133), the Ricci
tensor is also metric. Thus,

◦
Kµν = Λ gµν , (2.138)

which is precisely the Λ-vacuum Einstein equation (2.128). These simple calculations
confirm that the affine Lagrangian (2.129) and the metric Lagrangian (2.126) describe
the same theory, albeit in different formulations.
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2.4.2 Conclusions

To sum up, the simplest form of the affine Lagrangian is given by the determinant of
the symmetric Ricci curvature (2.129), which corresponds to the standard Λ-vacuum
spacetimes. A natural extension involves taking the determinant of the full Ricci tensor13:

LA =

√
|detR|
8πΛ

=

√
|det(K + F )|

8πΛ
, (2.139)

which, in the weak-field approximation, leads to the Born-Infeld theory (see [3, 6, 7, 8, 35]).
In this formulation, the cosmological constant Λ is also related to the Born-Infeld coupling
constant. Naturally, the next-order approximation recovers the Einstein-Maxwell theory.

The connection between these theories arises from the relation between the skew-
symmetric Ricci tensor Fµν and the Faraday 2-form fµν , up to a suitable constant. This
example will be analysed in Chapter 3.1.

However, there also exist other Lagrangians that lead to the Born-Infeld theory and
the Einstein-Maxwell theory (cf. [35]). Unfortunately, these alternative forms somewhat
compromise the natural simplicity of the model:

LA = C1

√
|detK|+ C2

√
|det(K + F )| . (2.140)

Unfortunately, this type of affine Lagrangians are restricted to tensors with two indices
due to the definition of the determinant. In the approach described above, the dependence
on the Riemann curvature was limited to its trace, namely, the Ricci tensor. As a result,
the interaction with the traceless part of the curvature was initially excluded. Therefore,
a new functional is needed — one that behaves as a scalar density, incorporates the
full curvature, and reduces to the above result as a special case when the traceless part
vanishes. To achieve this, only the Levi-Civita symbol ϵν1ν2ν3ν4 can be used to preserve
the traceless part of the curvature while ensuring the density character of the Lagrangian.
Indeed, the determinant used in the previous examples can be expressed through suitable
contractions with Levi-Civita symbols. Specifically, the determinant of the Ricci tensor
Rµν , represented as a 4× 4 matrix, is defined as follows:

detR =
1

4!
Rµ1ν1 Rµ2ν2 Rµ3ν3 Rµ4ν4 ϵ

µ1µ2µ3µ4 ϵν1ν2ν3ν4 =

=
1

4!
Rα

µ1αν1
Rβ

µ2βν2
Rγ

µ3γν3
Rδ

µ4δν4
ϵµ1µ2µ3µ4 ϵν1ν2ν3ν4 . (2.141)

The crucial issue lies in taking the trace of the Riemann tensor, which is achieved through
an “inner” contraction with the Kronecker delta:

Rα
µ1αν1

:= Rα
µ1βν1

δβα . (2.142)

Therefore, the simplest way to extend this formula is to replace these “inner” contractions
with “mutual” contractions, e.g.:

Rα
µ1βν1

Rβ
µ2γν2

Rγ
µ3δν3

Rδ
µ4αν4

ϵµ1µ2µ3µ4 ϵν1ν2ν3ν4 . (2.143)

13The interaction between fields via the square root of the determinant (2.139) is sometimes referred
to as “determinantal coupling” or “Born-Infeld coupling.” Such interactions also appear in other areas of
theoretical physics — see [1, 28, 50].
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Of course, there are other options, like contracting the upper index with the first lower
index:

Rα
βµ1ν1

Rβ
γµ2ν2

Rγ
δµ3ν3

Rδ
αµ4ν4

ϵµ1µ2µ3µ4 ϵν1ν2ν3ν4 , (2.144)

or, some mixture of those two options. It produces many possible combinations. Happily,
not all of them are independent due to the first Bianchi identity (1.14). The list of all
independent possibilities is presented below:

V0 = Rα
µ1αν1

Rβ
µ2βν2

Rγ
µ3γν3

Rδ
µ4δν4

ϵµ1µ2µ3µ4 ϵν1ν2ν3ν4 , (2.145)

V1 = Rα
µ1βν1

Rβ
µ2γν2

Rγ
µ3δν3

Rδ
µ4αν4

ϵµ1µ2µ3µ4 ϵν1ν2ν3ν4 , (2.146)

V2 = Rα
µ1βν1

Rβ
µ2γν2

Rγ
µ3δν3

Rδ
αµ4ν4

ϵµ1µ2µ3µ4 ϵν1ν2ν3ν4 , (2.147)

V3 = Rα
µ1βν1

Rβ
µ2γν2

Rγ
δµ3ν3

Rδ
αµ4ν4

ϵµ1µ2µ3µ4 ϵν1ν2ν3ν4 , (2.148)

V4 = Rα
µ1βν1

Rβ
γµ2ν2

Rγ
δµ3ν3

Rδ
αµ4ν4

ϵµ1µ2µ3µ4 ϵν1ν2ν3ν4 , (2.149)

V5 = Rα
βµ1ν1

Rβ
γµ2ν2

Rγ
δµ3ν3

Rδ
αµ4ν4

ϵµ1µ2µ3µ4 ϵν1ν2ν3ν4 . (2.150)

Obviously, the example V0 is equivalent to the determinant of the Ricci tensor (2.141).
The other option is based on the following construction:

Cακ
βλ = Rα

βµ1µ2
Rκ

λµ3µ4
ϵµ1µ2µ3µ4 ,

V6 = Cακ
βλ Cβλ

ακ . (2.151)

As above, here also could be taken into account the contraction with respect to the first
or second lower index. The last concept uses the deformation of the trace as a contraction
of the Riemann tensor with the Kronecker delta. It is perturbed by an extra traceless
matrix ∆:

Rµν = Rκ
λµν δ

µ
κ 7−→ Rκ

λµν (δµκ +∆µ
κ) = Rµν +Rκ

λµν ∆
µ
κ . (2.152)

However, this approach allows for many possible forms of the matrix ∆µ
κ — it has fifteen

independent components, and there is no natural object that could be represented by this
matrix. Of course, it could be used in a phenomenological approach, where elements of
∆µ

κ would be “fitted” to some effective models and theories. Therefore, this idea will not
be studied further.

All previous propositions are based on the definition of the determinant of four-
dimensional matrices, which is a weighted scalar density of weight “2” (due to the double
appearance of the Levi-Civita symbol ϵκλµν) and a fourth-order polynomial in the cur-
vature. Therefore, the affine Lagrangian, being the square root of such determinants,
is effectively a standard scalar density (with weight “1”) and a quadratic polynomial in
curvature.

Surprisingly, it is possible to construct an object that a priori satisfies these properties
(a scalar density of weight “1” and a quadratic expression in curvature):

Rα
βκλ R

β
αµν ϵ

κλµν . (2.153)

However, an affine Lagrangian obtained in this way does not generate any dynamics,
since the variation of the above quantity results in a pure divergence. Therefore, no field
equations arise from such a theory. This example is presented in the theorem below:
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Theorem 2.4.1. For the Riemann tensor Rκ
λµν (1.12) of the symmetric affine connec-

tion Γκ
λµ the following equality holds:

δ
(
Rα

βκλ R
β
αµν ϵ

κλµν
)
= −4∂ν

(
Rα

βκλ ϵ
κλµν δΓβ

αµ

)
, (2.154)

where δ denotes the “variation” operator and ϵκλµν is the Levi-Civita symbol.

Proof. The proof is practically straightforward:

δ
(
Rα

βκλ R
β
αµν ϵ

κλµν
)
=2Rα

βκλ ϵ
κλµν δRβ

αµν = −4Rα
βκλ ϵ

κλµν δ
(
Γβ

αµ,ν + Γσ
αµ Γ

β
νσ

)
=

=− 4∂ν
(
Rα

βκλ ϵ
κλµν δΓβ

αµ

)
+ 4Rα

βκλ,ν ϵ
κλµν δΓβ

αµ+

− 4Rα
βκλ ϵ

κλµν
(
Γσ

αµ δΓ
β
νσ + Γβ

νσ δΓ
σ
αµ

)
. (2.155)

All parts proportional to δΓ will be proportional to the covariant derivative of the Riemann
tensor, which is the following:

∇νR
α
βκλ = Rα

βκλ,ν + Γα
νσ R

σ
βκλ − Γσ

νβ R
α
σκλ − Γσ

νκ R
α
βσλ − Γσ

νλ R
α
βκσ . (2.156)

Contraction of the above equality with the Levi-Civita symbol ϵκλµν produces zero on the
left-hand side, due to the second Bianchi identity:

∇[ν|R
α
β|κλ] = 0 , (2.157)

whereas on the right-hand side, some terms vanish due to the symmetry of the connection:

∇νR
α
βκλ ϵ

κλµν︸ ︷︷ ︸
=0 (II Bianchi identity)

= Rα
βκλ,ν ϵ

κλµν +
(
Γα

νσ R
σ
βκλ − Γσ

νβ R
α
σκλ

)
ϵκλµν+

+
(
−Γσ

νκ R
α
βσλ − Γσ

νλ R
α
βκσ

)
ϵκλµν︸ ︷︷ ︸

=0 (symmetry)

. (2.158)

Contraction with the δΓβ
αµ implies:

0 =Rα
βκλ,ν ϵ

κλµν δΓβ
αµ +

(
Γα

νσ R
σ
βκλ − Γσ

νβ R
α
σκλ

)
ϵκλµν δΓβ

αµ =

=Rα
βκλ,ν ϵ

κλµν δΓβ
αµ −Rα

βκλ ϵ
κλµν

(
Γσ

αµ δΓ
β
νσ + Γβ

νσ δΓ
σ
αµ

)
. (2.159)

As a result of the above equality, the initial statement is proven.

2.5 The scheme of deriving the approximated affine La-
grangians and field equations

In the affine theory of full Riemann curvature, the initial Lagrangian takes the form of
the square root of four contracted Riemann tensors with two Levi-Civita symbols —
see (2.145–2.151). Moreover, it is assumed that the skew-symmetric part of the Ricci
tensor Fµν and the traceless part W κ

λµν are small perturbations (with the same weight)
of the symmetric part Kµν . Hence, the initial Lagrangian LF will be restricted to at most
quadratic terms in Fµν and W κ

λµν and will be denoted as LA — the appropriate affine
Lagrangian used in further analysis.

All Lagrangians examined in this dissertation share the same structure. Therefore,
presenting a general procedure for obtaining the quadratic approximation and deriving
the field equations significantly simplifies the content of the following chapters.
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2.5.1 Structure of Lagrangians

Schematically, the affine Lagrangian LA depends on the full Riemann tensor R in the
following way:

LA = α
√
|RRRR| , (2.160)

where α is a constant coefficient chosen to match the specific variant (2.145–2.151) repre-
sented by four contracted Riemann tensors RRRR with two Levi-Civita symbols. How-
ever, to simplify the notation, those Levi-Civita symbols are omitted.

The Riemann tensor decomposes into three irreducible parts – see (1.19) – the sym-
metric part of the Ricci tensor K, the skew-symmetric part of the Ricci tensor F , and the
algebraically traceless part of the Riemann tensor W . Therefore, the expression RRRR
decomposes in the following way:

RRRR =KKKK +KKKF +KKKW+

+KKFF +KKFW +KKWW + o (F,W ) , (2.161)

where o (F,W ) represents higher-order terms in F and W . Thus, collective terms (e.g.,
KKFF ) represent all possible contractions involving the indicated number of components
(e.g., two K and two F , with two Levi-Civita symbols omitted). While this notation may
initially seem unconventional, it helps to manage the complexity of precise calculations
and prevents getting lost in a maze of symbols.

Hopefully, some terms vanish ab initio:

KKKF = 0 , (2.162)

due to the theorem presented below:

Theorem 2.5.1. There does not exist a non-zero contraction involving three symmetric
tensors Kµν, one skew-symmetric tensor Fµν, and two Levi-Civita symbols ϵαβγδ.

Proof. Since Kµν is symmetric and the Levi-Civita symbol ϵαβγδ is totally skew-symmetric,
the only non-trivial possibility is to contract each Kµν with both Levi-Civita symbols.
Consequently, each Levi-Civita symbol retains one free index, requiring the skew-symmetric
tensor Fµν to be contracted in the same manner as Kµν . Hence:

KKKF ≈ Kµ1ν1 Kµ2ν2 Kµ3ν3 Fµ4ν4 ϵ
µ1µ2µ3µ4 ϵν1ν2ν3ν4 . (2.163)

Of course, permuting the sequence of K and F changes only the sign of the final result,
due to the total skew-symmetry of ϵµ1µ2µ3µ4 . Now, using the skew-symmetry of the tensor
Fµν and the symmetry of the tensors Kµν , it can be shown that the above quantity is
equal to itself with an opposite sign, and therefore, it vanishes.

Moreover, inspired by the above theorem, it is easy to show that the only non-trivial
contraction of four symmetric tensors Kµν with two Levi-Civita symbols ϵαβγδ is propor-
tional to the determinant of K — see formula (2.141):

KKKK = σγ2 detK = σσKγ
2 |detK| = σσK |KKKK| , (2.164)
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where σK := sgn (detK), while the constants σ = ±1 and γ2 depend on the chosen variant
(2.145–2.151) and will be determined later.

This term forms the core of the theory, as it represents the square of the affine La-
grangian of the Λ-vacuum (2.129), around which the quadratic extension in F and W will
be developed. Furthermore, it affects the modulus of RRRR (2.161), which appears in
the formula for the affine Lagrangian (2.160):

|RRRR| = |KKKK + o(F,W )| = |KKKK|
∣∣∣∣1 + o(F,W )

KKKK

∣∣∣∣ =
= |KKKK|

(
1 +

o(F,W )

KKKK

)
= σσK (KKKK + o(F,W )) , (2.165)

where o(F,W ) denotes all terms containing F and W (see (2.161)) and is assumed to
be a small perturbation of the KKKK term. Finally, the affine Lagrangian LA, which
will be used in the sequel, is defined as the restriction of the |RRRR| (2.161) to at most
quadratic terms in F and W under the square root:

LA = α
√

|KKKK +KKKW +KKFF +KKFW +KKWW | =
= α

√
σσK (KKKK +KKKW +KKFF +KKFW +KKWW ) . (2.166)

2.5.2 Einstein equation

The first step contains the derivation of the Einstein equation, which, in the affine pic-
ture, is given by the relation between the momentum π, and the symmetric Ricci ten-
sor K (2.77):

π =
∂LA

∂K
=

1

2LA

∂L2
A

∂K
=

α2σσK

2LA

(KKK +KKW +KFF +KFW +KWW ) .

(2.167)

The objects inside the bracket are matrices (with two upper indices), obtained via taking
the derivative with respect to the Ricci tensor K (which has two lower indices), e.g.:

KKK :=
∂

∂K
(KKKK) , KKW :=

∂

∂K
(KKKW ) . (2.168)

Moreover, these quantities are tensor densities of weight “2” due to the presence of two
Levi-Civita symbols, which are not explicitly written for practical reasons. As it was for
scalar densities, these symbols denote all objects of given structure. Thus, the equation
(2.167) is a complicated, non-linear tensorial equation for K. However, it could be written
in the following way:

2LA

α2σσK

π = KKK +KKW +KFF +KFW +KWW . (2.169)

Now, the weight “2” tensor densities on the right-hand side are in coherence with the
left-hand side, where the standard tensor density π is multiplied by the scalar density LA,
which produces the “double” density character.
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2.5.3 Perturbative method

To solve the Einstein equation (2.169), it is necessary to introduce the perturbation of
the symmetric curvature K as follows:

K = K+
1

K +
2

K , (2.170)

where K corresponds to the non-perturbed solution (Λ-vacuum), whereas
1

K and
2

K contain
the first- and second-order corrections depending on F and W . It should be implemented
into the equation (2.169), but it will make it too long and absolutely messy. Therefore, the
perturbation method is divided into a few steps: at first, the affine Lagrangian LA which
appears on the left-hand side of the Einstein equation is analysed. Next, the right-hand
side which contains the double tensor densities will be expanded. Finally, the solution will
be obtained by deriving the non-perturbed solution, and then, the next-order corrections
related to the “power” of F and W .

Applying the expansion of tensor K (2.170) into the formula of the affine Lagrangian (2.166)
and limiting it to at most quadratic terms produces:

LA = α

∣∣∣∣KKKK+KKK
1

K +KKKW +KK
1

K
1

K +KKK
2

K+

+KK
1

KW +KKFF +KKFW +KKWW

∣∣∣∣1/2 . (2.171)

As before, the expansion is done around the dominating zeroth order term KKKK, which
is proportional to the detK – see formula (2.164):

LA = αγ
√

|detK|
[
1 +

1

2σγ2 detK

(
KKK

1

K +KKKW +KK
1

K
1

K+

+KKK
2

K +KK
1

KW +KKFF +KKFW +KKWW + o(F,W )

)]
, (2.172)

where o(F,W ) denotes the higher-order terms in F and W . The terms appearing on
the right-hand side of the equation (2.169) are expanded (up to the quadratic terms) as
follows:

KKK = KKK+KK
1

K +K
1

K
1

K +KK
2

K ,

KKW = KKW +K
1

KW ,

KFF = KFF ,

KFW = KFW ,

KWW = KWW .

(2.173)

Formulae (2.164), (2.168) imply that double tensor density KKK is a derivative of the
determinant detK with respect to the tensor K. Hence:

KKK :=
∂

∂K
(KKKK) = σγ2 ∂ detK

∂K
= σγ2 (detK) K−1 . (2.174)
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Therefore, the zeroth order solution (non-perturbative) is obtained as a solution of the
equation (2.169), with the applied extensions of the affine Lagrangian (2.172), and double

tensor densities from (2.173), when F , W ,
1

K,
2

K vanish. Thus, the equation (2.169) is
limited to the following form:

2γ

ασσK

√
|detK|π = σγ2 (detK) K−1 . (2.175)

Using the relation between the momentum π and the metric tensor (2.42):

π =

√
| det g|
16πππ

g−1 , (2.176)

the equation (2.175) is equivalent to:

K =
1

8πππαγ
g . (2.177)

The above expression, as it was noticed before, is the Einstein Λ-vacuum equation (2.128),
since

α :=
1

8πππΛγ
, (2.178)

and then:

K = Λ g . (2.179)

Unfortunately, the above “symbolical” notation makes a little confusion, because the quan-
tity π on the left-hand side of (2.176) is a tensor density, whereas πππ on the right-hand
side of (2.176-2.178) is the mathematical constant πππ ≈ 3.14. Such an embarrassment will
not appear in the exact examples, where all tensorial quantities will have indices.

The explicit derivation of the first-order perturbation is impossible in the above
schematic manner. Although, observations presented below will be very useful in the
sequel. The Einstein equation (2.169) extended to the first-order perturbations has the
following form:

KKK
1

K +KKKW

αγ
√

|detK|
π = KK

1

K +KKW . (2.180)

Using the already obtained non-perturbed solution, the components of the above equation
can be written as follows:

1

αγ
= 8πππΛ , KKK

1

K = Λ3 ggg
1

K , (2.181)

π =

√
| det g|
16πππ

g−1 , KKKW = Λ3 gggW , (2.182)

K = Λ g , KK
1

K = Λ2 gg
1

K , (2.183)√
|detK| = Λ2

√
| det g| , KKW = Λ2 ggW . (2.184)
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Then, the equation (2.180) is equivalent to:

1

2

(
ggg

1

K + gggW

)
g−1 = gg

1

K + ggW . (2.185)

As it was mentioned before, such an equation cannot be solved without knowledge of
numerical coefficients and an explicit structure of all symbolical terms. However, in stan-
dard general relativity formulation, the Einstein equation prescribes a relation between
the Ricci tensor (or Einstein tensor) and the stress-energy tensor, which contains only

quadratic terms of fields. This heuristic observation suggests that the linear correction
1

K
should vanish.

In the analogue to the first-order perturbation presented above, the second-order ex-
pansion is given by:

KK
1

K
1

K +KKK
2

K +KK
1

KW +KKFF +KKFW +KKWW

αγ
√
|detK|

π =

= K
1

K
1

K +KK
2

K +K
1

KW +KFF +KFW +KWW , (2.186)

which, after implementing the zeroth order solution K = Λ g (2.179), simplifies to the
following form:

1

2

(
gg

1

K
1

K + Λ ggg
2

K + gg
1

KW + ggFF + ggFW + ggWW

)
g−1 =

= g
1

K
1

K + Λ gg
2

K + g
1

KW + gFF + gFW + gWW . (2.187)

Then, the Einstein equation is given by the formula (2.170), but now K = Λ g,
1

K,
2

K
are functions of g, F and W :

K = Λ g +
1

K(g, F,W ) +
2

K(g, F,W ) . (2.188)

However, the above formula is not precisely the well-known form of the Einstein equa-
tion, due to the general, non-metric Ricci tensor K on the left-hand side. Thus, the
decomposition of the general symmetric Ricci tensor K for the metric part

◦
K and non-

metricity terms has to be implied – see (1.30), then:

◦
K = Λ g +

1

K +
2

K −Q , (2.189)

where Q denotes the difference between the general symmetric Ricci tensor K and the
metric one

◦
K:

Qµν := Kµν −
◦
Kµν =

◦
∇κN

κ
µν −

◦
∇(µN

κ
ν)κ +Nσ

µν N
κ
κσ −Nσ

κµN
κ
νσ . (2.190)
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2.5.4 Effective cosmological parameter

After the derivation of the Einstein equation, there could be discussed a proposition of the
effective cosmological parameter Λeff , which could be defined by the metric Ricci scalar
◦
R (1.37), obtained from the Einstein equation (2.189):

Λeff :=
1

4

◦
R =

1

2

◦
Kµνg

µν = Λ+
1

4

(
1

Kµν +
2

Kµν −Qµν

)
gµν . (2.191)

Of course, such an object can be defined for any theory, whenever the stress-energy tensor
(interpreted as a right-hand side of the Einstein equation) has a non-vanishing trace.

2.5.5 Remaining field equations

The derivation of the remaining field equations for the skew-symmetric part of the Ricci
tensor F (2.78) and the traceless part of the Riemann tensor W (2.118) is as follows:

χ =
∂LA

∂F
=

α2σσK

2LA

(KKF +KKW ) , (2.192)

Σ =
∂LA

∂W
=

α2σσK

2LA

(
KKK+KK

1

K +KKF +KKW

)
, (2.193)

where the tensors written on the right-hand sides of the above equations are obtained via
derivatives of the affine Lagrangian LA (2.172) with respect to the tensors F and W . Due
to the perturbative method, the above equations have to be linear in F and W , because
at least quadratic terms appear in the approximated Einstein equation. Although the
first term on the right-hand side of the formula for Σ contains only zeroth order terms
KKK, therefore, to have a linear formula, the inverse of the Lagrangian LA has to be

expanded to the first order corrections. For other linear terms: KK
1

K, KKF, KKW ,
the inverse of the affine Lagrangian is simply restricted to the inverse of Λ-vacuum affine
Lagrangian (2.129), where K = Λ g via equation (2.179). Therefore, above equations take
the following form:

χ =
σσg

16πΛγ2
√

| det g|
(ggF + ggW ) , (2.194)

Σ =
σσg

16πγ2
√

|det g|

[
1− 1

2σγ2 Λ det g

(
ggg

1

K + gggW

)]
ggg+

+
σσg

16πΛγ2
√

| det g|

(
gg

1

K + ggF + ggW

)
, (2.195)

where σg denotes the sign of the determinant of the metric tensor g. This arises from the
following consideration:

σK = sgn(detK) ≈ sgn(detK) = sgn(Λ4 det g) = sgn(det g) := σg . (2.196)

Of course, the right-hand sides of these equations must satisfy the same properties
as the momenta on the left-hand sides: χ is skew-symmetric, whereas Σ is algebraically
traceless, satisfies the first Bianchi identity, and is skew-symmetric in its last upper indices.
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This is a typical situation in which derivatives with respect to a tensorial object (possessing
certain symmetries) must be taken. Importantly, in formulae (2.194) and (2.195), the
terms ggF , ggW , etc., correspond to the derivatives of the scalar densities ggFF , ggFW ,
etc., with respect to the tensors F and W , respectively.

Some deviations from these rules may occur — in particular, in the case of the Bianchi
identity, which need not be satisfied by the momentum Σ if the Lagrangian depends not
on the full tensor W but only on certain parts of it. This is precisely the situation in
Variant V1, discussed in the sequel, which makes the derivation of Σ non-trivial.

To address this issue, it is necessary to recall the decomposition formula (1.50) for the
tensor W , in order to derive the correct momenta associated with its irreducible parts:

Σκλµν δWκλµν =
5

6
Σµν δW[µν] +

3

4
Σµν δW(µν) + Σ̃κλµν δW̃κλµν , (2.197)

where Σµν = Σµκλνgκλ and Σ̃κλµν denote the totally traceless part of the momentum Σκλµν

(see Lemma 2.3.8 formula (2.123)), which also decomposes in the following way:

Σ̃κλµν δW̃κλµν = Σ̃κλµν δW̃(κλ)µν + Σ̃κλµν δW̃[κλ]µν . (2.198)

Collecting all terms leads to:

Σκλµν δWκλµν =
5

6
Σµν δW[µν] +

3

4
Σµν δW(µν) + Σ̃κλµν δW̃(κλ)µν + Σ̃κλµν δW̃[κλ]µν , (2.199)

which induces the following field equations:

5

6
Σ[µν] =

∂LA

∂W[µν]

, (2.200)

3

4
Σ(µν) =

∂LA

∂W(µν)

, (2.201)

Σ̃(κλ)µν =
∂LA

∂W̃(κλ)µν

, (2.202)

Σ̃[κλ]µν =
∂LA

∂W̃[κλ]µν

. (2.203)

2.5.6 Potential equations

The previous subsection presents the field equations expressed as relations between the
momenta (χ and Ω) and the fields (F and W ), and in this dissertation, these relations are
restricted to the linear case. These fields, as components of the general affine curvature,
contain both metric and non-metric parts — see formulae (1.33), (1.35). Importantly,
by definition, the tensor W also contains terms quadratic in the non-metricity tensor,
which will be neglected under the linearisation assumption. On the other hand, the non-
metricity tensor N is defined in terms of the covariant derivatives of the momenta — see
Theorem 2.3.4. Therefore, these equations can be used to derive a system of second-
order differential equations describing the non-metricity. Schematically, this takes the
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following form:

χ =
∂LA

∂F
= F +W , F =

◦
∇N , Σ ≃ Ω ,

◦
∇χ = J , (2.204)

Σ =
∂LA

∂W
= F +W , W =

◦
W +

◦
∇N , N = J +

◦
∇Ω . (2.205)

Taking covariant divergences and using the definition of non-metricity gives the following
structure:

N = J +
◦
∇Ω =

◦
∇F +

◦
∇W =

◦
∇

◦
∇N +

◦
∇

◦
W . (2.206)

This type of equation will be referred to as a potential equation, due to the fact that
the non-metricity tensor Nκ

λµ decomposes into components involving Aµ and Aκ
λµ (see

Chapter 1.3.4), which act as potentials for the tensors Fµν and W κ
λµν , respectively.

Naturally, the right-hand sides of the field equations depend on the specific variant chosen,
whereas the decomposition of the non-metricity tensor Nκ

λµ does not. Therefore, some
general remarks are presented below.

Firstly, the non-metricity tensor Nκ
λµ decomposes into irreducible parts Aµ, hµ, Ãκλµ

– see Chapter 1.3.4. All of those components, up to the first field equation, depend on
the covariant derivatives of the momenta χ and Ω – see Chapter 2.3.1. To derive the
potential equations, those relations have to be inverted. To do that, there is a needed
extra decomposition formula:

Lemma 2.5.2. The covariant derivative
◦
∇νΩ

λµν
κ decomposes as follows

◦
∇νΩ

λµν
κ =

◦
∇ν

[
O λµν

κ − 1

18

(
δλκ Oµν + δµκ Oλν − 5gλµO ν

κ

)]
, (2.207)

where O ν
κ := Ω λµν

κ gλµ, and
◦
∇νO

λµν
κ is a totally traceless part of

◦
∇νΩ

λµν
κ :

◦
∇νO

λµν
κ gλµ = 0 ,

◦
∇νO

κµν
κ = 0 . (2.208)

Proof. The proof is based on the analogous equality for the algebraically traceless part of
the non-metricity tensor Aκ

λµ (1.10).

Furthermore, combining the decomposition of Ω λµν
κ (2.124) from Lemma 2.3.8 with

the above decomposition of
◦
∇νΩ

λµν
κ (2.207) gives the relation between O λµν

κ and Ω̃κλµν :

Ω̃κλµν = Oκλµν +
5

72

(
gκλO[µν] + gκµO[λν]

)
+

1

144

(
gκλO(µν) + gκµO(λν)

)
+

− 1

8
gκνO(λµ) +

5

24

(
O[κλ]gµν +O[κµ]gλν

)
− 5

36
O[κν]gλµ+

+
3

16

(
O(κλ)gµν +O(κµ)gλν

)
− 7

72
O(κν)gλµ . (2.209)

Due to the above decomposition of
◦
∇νΩ

λµν
κ (2.207), Lemma 2.3.7 can be reformulated

as follows:
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Lemma 2.5.3 (Reformulation of Lemma 2.3.7). The linearised non-metricity tensor
Nκ

λµ (2.111) has the following form:

Nκλµ =
8π√
| det g|

[
◦
∇ν

(
O ν

κλµ − 2O ν
(λµ)κ +

4

9
gκ(λO ν

µ) − 1

9
gλµO ν

κ

)
+

+
2

3
gκ(λ Jµ) − gλµ Jκ

]
. (2.210)

and decomposes as follows:

Aκ =
1

2
Nσ

σκ =
4π

3
√

| det g|

(
2Jκ + 3

◦
∇νO ν

κ

)
, (2.211)

Aκ
λµ = Nκ

λµ −
4

5
δκ(λ Aµ) =

=
8π√
| det g|

◦
∇ν

[
Oκ ν

λµ − 2O κν
(λµ) +

1

45

(
δκλO ν

µ + δκµO ν
λ − 5gλµOκν

)]
+

+
8π

5
√

| det g|
(
δκλJµ + δκµJλ − 5gλµJ κ

)
, (2.212)

hκ = Aκ
λµ g

λµ = − 16π

5
√

| det g|

(
9Jκ +

◦
∇νO ν

κ

)
, (2.213)

Ãκλµ = Aκλµ +
1

18

(
2gκ(λ hµ) − 5gλµ hκ

)
=

8π√
| det g|

◦
∇ν

[
O ν

κλµ − 2O ν
(λµ)κ

]
. (2.214)

Therefore, the inversion of Lemma 2.5.3 is as follows:

Lemma 2.5.4 (Inverse Lemma 2.5.3). The following equalities hold:

J κ = −
3
√

| det g|
400π

(5hκ + 4Aκ) , (2.215)

◦
∇νOκν =

√
| det g|
200π

(5hκ + 54Aκ) , (2.216)

◦
∇νO

λµν
κ = −

√
| det g|
8π

Ã(λµ)
κ . (2.217)

Proof. The most challenging part is finding an explicit inverse formula for the divergence
◦
∇νO

λµν
κ . However, the following symmetrisation resolves this issue:

Ã(κλ)µ =
8π√
| det g|

◦
∇ν

[
O ν

(κλ)µ −O ν
(λ|µ|κ) −O ν

µ(λκ)

]
= − 8π√

| det g|
◦
∇νO

ν
µκλ , (2.218)

which completes the proof.

Moreover, up to the formulae (2.215), the following relation is satisfied:

0 =
◦
∇κJ κ = −

3
√

| det g|
400π

(
5

◦
∇κh

κ + 4
◦
∇κA

κ
)
, (2.219)
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due to the definition of J κ as a covariant divergence of the skew-symmetric tensor density
χµν – see (2.82) and (2.106). It automatically gives a relation between divergences of those
two vector potentials:

◦
∇κh

κ = −4

5

◦
∇κA

κ . (2.220)

On the right-hand sides of the field equations (2.194) and (2.195), the tensors Fµν (1.33)
and W κ

λµν (1.35) appear linearly. Importantly, the tensor W has to be restricted to its
linear part due to the assumptions made. Therefore, it will be necessary to compute their
covariant derivatives. To do this, the following lemma is needed:

Lemma 2.5.5. For any vector field Xµ, tensor Y κλµ and metric connection
◦
Γκ

λµ, the
following equalities hold:( ◦

∇α

◦
∇β −

◦
∇β

◦
∇α

)
Xµ = Xσ

◦
Rµ

σαβ , (2.221)( ◦
∇α

◦
∇β −

◦
∇β

◦
∇α

)
Y κλµ = Y σλµ

◦
Rκ

σαβ + Y κσµ
◦
Rλ

σαβ + Y κλσ
◦
Rµ

σαβ , (2.222)

where
◦
Rµ

σαβ denotes the metric Riemann tensor.

Proof. The proof relies on the definition of covariant derivatives of tensors and the formula
for the metric Riemann tensor – cf. formula (1.12) and take Γ =

◦
Γ.

Finally, the covariant divergence of Fµν (1.33) is the following:

◦
∇νF

µν =
◦
∇ν

( ◦
∇µAν −

◦
∇νAµ

)
=

◦
∇µ

◦
∇νA

ν + Aσ
◦
K

µ
σ −

◦
□Aµ , (2.223)

where
◦
□ denotes the metric D’Alembert operator.

All above formulae were a priori linear, whereas the definition of the tensor W (1.35)
also contains the quadratic terms in potential A. Therefore, it will be useful to introduce
the following tensor:

Cκλµν :=
◦
∇µAκνλ −

◦
∇νAκµλ +

1

3

(
gκν

◦
∇σA

σ
µλ − gκµ

◦
∇σA

σ
νλ

)
, (2.224)

Then, the traceless Riemann tensor W (1.35) equals:

Wκλµν =
◦
Wκλµν + Cκλµν + o

(
A2
)
. (2.225)

and terms o (A2) will be neglected in this subsection. Furthermore, the potential Aκ
µλ

also admits a decomposition (1.10), so the tensor Cκλµν (2.224) takes the form:

Cκλµν =
◦
∇µÃκνλ −

◦
∇νÃκµλ +

1

3

(
gκν

◦
∇σÃ

σ
µλ − gκµ

◦
∇σÃ

σ
νλ

)
− 1

27

(
3gκλ

◦
∇[µhν]+

−4gκ[µ
◦
∇ν]hλ − gκ[µ|

◦
∇λh|ν] + 15gλ[µ

◦
∇ν]hκ + 5gκ[µgν]λ

◦
∇σh

σ
)
. (2.226)
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It is also useful to compute the only non-vanishing metric trace Cκν — cf. the tensor
W κ

ν (1.45):

Cκν := Cκλµνg
λµ =

◦
∇σÃ

σ
κν − 1

3

◦
∇σÃ

σ
κν −

1

27

( ◦
∇κhν + 19

◦
∇νhκ − 5gκν

◦
∇σh

σ
)
. (2.227)

For the tensor W κ
λµν (2.225) there are two kinds of possible divergences due to the

first Bianchi identity (1.14), and skew-symmetry in the last two indices. Therefore:

◦
∇νWκλµν =

◦
∇ν

◦
Wκλµν +

◦
∇νCκλµν =

=
◦
∇ν

◦
Wκλµν +

◦
∇ν

◦
∇µÃ

ν
κλ −

◦
□Ãκλµ +

1

3

( ◦
∇κ

◦
∇σÃ

σ
λµ − gκµ

◦
∇ν

◦
∇σÃ

σν
λ

)
+

− 1

54

[ ◦
∇κ

◦
∇λhµ + 4

◦
∇κ

◦
∇µhλ − 15

◦
∇λ

◦
∇µhκ + 5gλµ

(
3

◦
□hκ −

◦
∇κ

◦
∇σh

σ
)
+

−3gκλ

( ◦
□hµ −

◦
∇µ

◦
∇σh

σ − hσ
◦
Kσµ

)
− gκµ

(
4

◦
□hλ − 4

◦
∇λ

◦
∇σh

σ + hσ
◦
Kσλ

)]
,

(2.228)
◦
∇κWκλµν =

◦
∇κ

◦
Wκλµν +

◦
∇κCκλµν =

=
◦
∇κ

◦
Wκλµν +

◦
∇κ

◦
∇µÃκνλ −

◦
∇κ

◦
∇νÃκµλ +

1

3

( ◦
∇ν

◦
∇σÃ

σ
µλ −

◦
∇µ

◦
∇σÃ

σ
νλ

)
+

− 1

27

(
3

◦
∇λ

◦
∇[µhν] −

◦
∇[µ|

◦
∇λh|ν] + 10gλ[µ

◦
∇ν]

◦
∇σh

σ − 2hσ
◦
Rλσµν+

+15gλ[µ
◦
Kν]σh

σ
)
. (2.229)

The divergences of the metric tensor
◦
Wκλµν (1.44) are the following:

◦
∇ν

◦
Wκλµν =

◦
∇ν ◦

wκλµν −
1

12
gµλ

◦
∇κ

◦
R− 1

12
gµκ

◦
∇λ

◦
R+

1

2

◦
∇λ

◦
Kκµ −

1

6

◦
∇κ

◦
Kλµ =

=
◦
∇λ

◦
Kκµ −

2

3

◦
∇κ

◦
Kλµ −

1

6
gµκ

◦
∇λ

◦
R, (2.230)

◦
∇κ

◦
Wκλµν =

◦
∇κ ◦

wκλµν +
1

12

(
gλν

◦
∇µ

◦
R− gλµ

◦
∇ν

◦
R
)
+

1

6

( ◦
∇µ

◦
Kνλ −

◦
∇ν

◦
Kµλ

)
=

=
2

3

( ◦
∇µ

◦
Kνλ −

◦
∇ν

◦
Kµλ

)
, (2.231)

and the contracted second Bianchi identity (1.42) with the equality (1.43) were used.
Also, divergences of the metric trace Wκν will be useful:

◦
∇νWκν =

◦
∇νWκλµν g

λµ =
◦
∇ν

◦
Wκν +

◦
∇µ

◦
∇νÃ

µν
κ − 1

3

◦
∇ν

◦
∇µÃ

µν
κ+

− 1

27

[
19

◦
□hκ − 4

◦
∇κ

◦
∇µh

µ + hσ
◦
Kσκ

]
, (2.232)

◦
∇κWκν =

◦
∇κWκλµν g

λµ =
◦
∇κ

◦
Wκν +

◦
∇κ

◦
∇λÃ

κλ
ν −

1

3

◦
∇λ

◦
∇κÃ

κλ
ν+

− 1

27

[ ◦
□hν + 14

◦
∇ν

◦
∇λh

λ + 19hσ
◦
Kσν

]
. (2.233)
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Interestingly, the divergences of the tensor
◦
W κν (1.47) simplify upon the contracted

second Bianchi identity (1.42):

◦
∇κ

◦
Wκν =

◦
∇κ

◦
Wνκ = −1

3

◦
∇κ

◦
R. (2.234)

Therefore:

◦
∇νWκν = −1

3

◦
∇κ

◦
R+

◦
∇µ

◦
∇νÃ

µν
κ − 1

3

◦
∇ν

◦
∇µÃ

µν
κ+

− 1

27

[
19

◦
□hκ − 4

◦
∇κ

◦
∇µh

µ + hσ
◦
Kσκ

]
, (2.235)

◦
∇κWκν = −1

3

◦
∇ν

◦
R+

◦
∇κ

◦
∇λÃ

κλ
ν −

1

3

◦
∇λ

◦
∇κÃ

κλ
ν+

− 1

27

[ ◦
□hν + 14

◦
∇ν

◦
∇λh

λ + 19hσ
◦
Kσν

]
. (2.236)



Chapter 3

Affine Lagrangians

Below are presented a few examples of affine Lagrangians and associated field equations
describing different theories. Precisely, Chapter 3.1 contains the simplest non-trivial
theory, where curvature is represented by the full Ricci tensor and coincides with the
Born-Infeld theory. In Chapters 3.3 and 3.4 are presented two theories of the full
Riemann curvature, whereas in Chapter 3.5 is presented a model, where all irreducible
parts of the Riemann curvature appear, but the algebraically traceless part W κ

λµν is
treated as a fixed background field.

3.1 Affine Lagrangian depending on the full Ricci ten-
sor as a model of the unified theory of gravity and
electromagnetism

Results presented in this section were already written in [6, 7, 35], although it will be very
useful to rewrite them in this dissertation too, especially to demonstrate the formalism
developed in Chapter 2.5. Secondly, it is the easiest non-trivial theory in the affine
picture. Finally, those results will be used as a reference theory for other extensions
obtained from variants V1−V6 (2.146–2.151).

3.1.1 Lagrangian

The affine Lagrangian LA (2.160) is defined as a natural extension of the Λ–vacuum La-
grangian – see (2.139). By the scheme from Chapter 2.5, it is given by the square
root of four Riemann tensors contracted with two Levi-Civita symbols, denoted RRRR,
which in this case coincides with the determinant of the full Ricci tensor Rµν (cf. vari-
ant V0 (2.145)):

RRRR = det(Rµν) = det(Kµν + Fµν) = KKKK +KKFF + o(F ) , (3.1)

where o(F ) denotes the high-order terms in F , and

KKKK = detK , (3.2)

KKFF =
1

4
Kµ1ν1 Kµ2ν2 Fµ3ν3 Fµ4ν4 ϵ

µ1µ2µ3µ4 ϵν1ν2ν3ν4 . (3.3)

59
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Therefore, the affine Lagrangian LA (2.166) of this theory is given by:

LA =

√
|KKKK +KKFF |

8πΛ
. (3.4)

The global constant α = 1
8πΛ

– see (3.4) – is already determined. Because the term
KKKK is precisely a determinant of K, constants σ = γ = 1. All of those characteristic
constants are written below:

α =
1

8πΛ
, γ = 1 , σ = 1 . (3.5)

3.1.2 Non-metricity equation

Due to the fact that the Lagrangian (3.4) is not dependent upon the traceless part of the
curvature W κ

λµν , the first field equation, which is used to find the non-metricity tensor
N , is the same as in the Chapter 2.3.1, equation (2.101). To sum up and remind those
results, the non-metricity tensor Nκλµ (2.101) is:

Nκ
λµ =

8π

3
√

| det g|
(
2δκ(λ Jµ) − 3gλµ J κ

)
. (3.6)

Its decomposition is the following – see Lemma 2.3.6:

Aµ =
8π

3
√

| det g|
Jµ , Aκ

λµ =
8π√
| det g|

(
2

5
δκ(λ Jµ) − gλµ J κ

)
, (3.7)

hκ = − 18 · 8π
5
√

| det g|
J κ , Ãκλµ = 0 . (3.8)

To find the remaining field equations, the scheme developed in the previous chapter will
be used.

3.1.3 Einstein equation

The non-perturbed solution (2.179) is purely the Einstein Λ–vacuum equation (2.128),
due to the already chosen global constant α (3.5):

Kµν = Λ gµν . (3.9)

The first-order correction (2.185) provides for the vanishing of
1

K:

1

2

(
ggg

1

K

)
g−1 = gg

1

K , (3.10)

where

ggg
1

K = −
1

Kα
α | det g| , (3.11)

gg
1

K =

(
1

Kµν −
1

Kα
α g

µν

)
| det g| . (3.12)
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Hence:
1

Kµν = 0 . (3.13)

The non-trivial terms appear in the second-order perturbation (2.185):

1

2

(
Λ ggg

2

K + ggFF

)
g−1 = Λ gg

2

K + gFF , (3.14)

where:

ggFF = −1

2
Fαβ F

αβ | det g| , (3.15)

ggg
2

K = −
2

Kα
α | det g| , (3.16)

gg
2

K =

(
2

Kµν −
2

Kα
α g

µν

)
| det g| , (3.17)

gFF =

(
F µα F ν

α − 1

2
Fαβ F

αβ gµν
)

| det g| . (3.18)

The solution is

Λ
2

Kµν = −F µα F ν
α +

1

4
gµν Fαβ F

αβ . (3.19)

Therefore, the Einstein equation obtained via the perturbative method (2.188) is the
following:

Kµν = Λ gµν −
1

Λ

(
Fµα F

α
ν − 1

4
gµν Fαβ F

αβ

)
. (3.20)

However, this equation is not precisely the well-known form of the Einstein equation (2.189),
due to the general, non-metric Ricci tensor Kµν on the left-hand side which decomposes
into the purely metric part

◦
K and the rest Qµν (2.190). Using the exact form of the

non-metricity tensor Nκ
λµ (3.6), the tensor Qµν equals:

Qµν = Kµν −
◦
Kµν = −6

(
8π

3
√

| det g|

)2

Jµ Jν . (3.21)

Moreover, implementing the relation (3.7) between the potential Aµ and the current Jµ

yields:

Qµν = −6AµAν . (3.22)

Finally, the Einstein equation (2.189) is the following:
◦
Kµν = Λ gµν −

1

Λ

(
Fµα F

α
ν − 1

4
gµν Fαβ F

αβ

)
+ 6AµAν , (3.23)

or, using the Einstein tensor
◦
Gµν (2.46):

◦
Gµν = −Λ gµν −

1

Λ

(
Fµα F

α
ν − 1

4
gµν Fαβ F

αβ

)
+ 6

(
AµAν −

1

2
gµν AσA

σ

)
. (3.24)

The right-hand side of this equation corresponds with the stress-energy tensor density of
the Proca field – see Appendix B.
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3.1.4 Effective cosmological parameter

The cosmological parameter Λeff (2.191) associated with this theory is given by

Λeff :=
1

4

◦
Kµνg

µν = Λ+
3

2
AκA

κ . (3.25)

Then, the Einstein equation (3.23) with introduced Λeff (3.25) takes the following form:

◦
Kµν = Λeff gµν + 6

(
AµAν −

1

4
gµν AκA

κ

)
− 1

Λ

(
Fµα F

α
ν − 1

4
gµν Fαβ F

αβ

)
, (3.26)

or, equivalently to equation (3.24), where was used the Einstein tensor
◦
Gµν :

◦
Gµν = −Λeff gµν + 6

(
AµAν −

1

4
gµν AκA

κ

)
− 1

Λ

(
Fµα F

α
ν − 1

4
gµν Fαβ F

αβ

)
. (3.27)

3.1.5 Field equation for the skew-symmetric Ricci tensor

The field equation for Fµν was determined by the symplectic relation (2.78) and derived
schematically in the previous chapter (2.194):

χ =
σ σg

16πΛγ2
√

| det g|
ggF , (3.28)

where

ggF = −F µν | det g| , (3.29)

due to the already calculated term ggFF – see (3.15). The metric signature is assumed
to be Lorentzian, thus, σg = −1. Upon substituting all characteristic constants (3.5), the
above field equation becomes:

χµν =

√
| det g|
16πΛ

F µν , (3.30)

and will be called the constitutive relation between χ and F .

3.1.6 Potential equation

The above expression may appear quite simple, but it encodes a much deeper structure.
The left-hand side, the tensor density χµν , is related to the non-metricity tensor Nκ

λµ via
the current J µ. Specifically, the divergence of χµν equals J µ — see formula (2.82). On the
other hand, the skew-symmetric Ricci tensor Fµν (1.33) is constructed from derivatives
of the trace of non-metricity Aµ, which is also proportional to the current J µ (3.7).
Therefore, taking the covariant derivative of the above expression yields a differential
equation for the potential Aµ. Firstly:

J µ :=
◦
∇νχ

µν =

√
| det g|
16πΛ

◦
∇νF

µν . (3.31)
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Then, replacing the current Jµ by the potential Aµ (3.7), and using the formula for
◦
∇νF

µν (2.223), one has:
◦
□Aµ = Aσ

◦
K

µ
σ − 6ΛAµ . (3.32)

An above equation is known in literature as the Proca equation [46] – the generalisation
of the Klein-Gordon equation for “massive” vector fields, which represent massive bosons,
or is treated as an extension of the standard Maxwellian electromagnetism. Although, to
be precise, in the Proca equation the constant “−6Λ” should be positive and is related to
the mass parameter (B.14):

m2 = −6ℏ2Λ . (3.33)

But even if m2 > 0, the mass interpretation of this constant is not well-posed in curved
spacetimes.

To confirm that the above equation does not imply any other constraints, the covariant
divergence of the above equation is derived:

6Λ
◦
∇µA

µ︸ ︷︷ ︸
=0

=
◦
∇µ

(
Aσ

◦
K

µ
σ

)
−

◦
∇µ

◦
□Aµ . (3.34)

Of course, the above divergence term vanishes upon the Lorenz gauge condition (2.106).
Using Lemma 2.5.5, the divergence of the d’Alembert operator

◦
□ is the following:

◦
∇µ

◦
□Aµ =

◦
∇µ

◦
∇α

◦
∇αAµ =

◦
∇α

◦
∇µ

◦
∇αAµ +

◦
∇σAµ

◦
R

α
σµα +

◦
∇αAσ

◦
R

µ
σµα =

=
◦
∇α

◦
∇µ

◦
∇αAµ =

◦
∇α

 ◦
∇α

◦
∇µA

µ︸ ︷︷ ︸
=0

+Aσ
◦
R

µ
σµα

 =
◦
∇α
(
Aσ

◦
Kσα

)
. (3.35)

Therefore, the equation (3.34) vanishes automatically and does not produce any extra
constraints on potential Aµ. It means that Aµ has to satisfy the equation (3.32) with
the Lorenz gauge condition (2.106). A priori, the equation (3.32) is not linear, due to
the quadratic terms in

◦
K (3.23). However, in this equation appears only the contraction

Aσ
◦
K µ

σ , which produces a third-order term, which could be neglected, up to the taken
assumptions. Hence,

◦
Kµν ≈ Λ gµν , and equation (3.32) takes the following (approximated

form):
◦
□Aµ = −5ΛAµ . (3.36)

3.2 Affine Lagrangians depending on the full curvature
The next chapters contain theories represented by proposed variants V1 (2.146) and
V6 (2.151), with derived field equations via the scheme presented in Chapter 2.5. How-
ever, the precise calculations of many formulae are absent, due to the high level of com-
plexity and the length of those formulae. Moreover, most of the expressions presented
below were calculated in Wolfram Mathematica 13.2 with Package xAct‘xTensor‘
version 1.2.0, prepared by Jose M. Martin-Garcia, under the Public Licence. Without
the support of this program, the correct calculations would not be possible.
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3.3 Variant V1

3.3.1 Lagrangian

By the scheme from Chapter 2.5, the affine Lagrangian (2.160) is given by the square
root of four Riemann tensors contracted with two Levi-Civita symbols, denoted as RRRR
(cf. variant V1 (2.146)):

RRRR = Rα
µ1βν1

Rβ
µ2γν2

Rγ
µ3δν3

Rδ
µ4αν4

ϵµ1µ2µ3µ4 ϵν1ν2ν3ν4 = (3.37)

= KKKK +KKKW +KKFF +KKFW +KKWW + o(F,W ) ,

where o(F,W ) denotes high-order terms in F and W , and

KKKK = −88

27
detK , (3.38)

KKKW = −28

27
Kαβ Kγδ Kµ1µ2 W

α
µ3µ4ν

ϵβγµ1µ3 ϵδµ2µ4ν , (3.39)

KKFF = −Fαβ Fγδ Kµ1µ2 Kµ3µ4

[
22

75
ϵαγµ1µ3 ϵβδµ2µ4 +

56

225
ϵαβµ1µ3 ϵγδµ2µ4

]
, (3.40)

KKFW = Fαβ Kγδ Kµ1µ2 W
α
µ3µ4ν

[
8

15
ϵβγµ1µ4 ϵδµ2µ3ν +

28

45
ϵβγµ1µ3 ϵδµ2µ4ν

]
+

+ Fαβ Kγδ Kµ1µ2 W
γ
µ3µ4ν

[
56

45
ϵαδµ1µ3 ϵβµ2µ4ν +

32

45
ϵαβµ1µ4 ϵδµ2µ3ν

]
, (3.41)

KKWW =
2

9
Kαβ Kγδ W

α
µ1µ2µ3

W γ
µ4ν1ν2

ϵβδµ1µ4 ϵµ2µ3ν1ν2+

− 16

9
Kαβ Kγδ W

α
µ1µ2µ3

W µ2
µ4ν1ν2

ϵβγµ1µ4 ϵδµ3ν1ν2+

+
2

3
Kαβ Kγδ W

µ1
µ2µ3µ4

W µ3
ν1µ1ν2

ϵαγµ2ν1 ϵβδµ4ν2 . (3.42)

Therefore, the affine Lagrangian LA (2.166) of this theory is given by:

LA = α
√

|KKKK +KKKW +KKFF +KKFW +KKWW | . (3.43)

The equality (3.38) determines two characteristic constants σ and γ (2.164), whereas the
global constant α (2.178) is fitted to reconstruct the standard Einstein equation with the
cosmological constant Λ for the unperturbed theory:

σ = −1 , γ2 =
88

27
, α =

1

8πΛ

√
27

88
. (3.44)

3.3.2 Non-metricity equation

In this case, the Lagrangian depends upon the whole curvature. Therefore, the non-

metricity tensor Nκλµ is restricted to
1

Nκλµ in Chapter 2.3.1. To make the discussion
self-consistent, obtained results are rewritten below. However, the symbol “1” over other
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letters related to the non-metricity tensor will be omitted. Thus, non-metricity tensor
Nκλµ (2.111) is:

Nκλµ =
8π√
| det g|

[
◦
∇ν

(
Ω ν

κλµ − 2Ω ν
(λµ)κ + gκ(λO ν

µ) − 1

2
gλµO ν

κ

)
+

+
2

3
gκ(λ Jµ) − gλµ Jκ

]
, (3.45)

whereas its decomposition – see Lemma 2.3.7 – is the following:

Aκ =
4π

3
√

| det g|

(
2Jκ + 3

◦
∇νO ν

κ

)
, (3.46)

Aκ
λµ =

8π√
| det g|

[
◦
∇ν

(
Ωκ ν

λµ − 2Ω κν
(λµ)

)
+

1

2

◦
∇ν

(
6

5
δκ(λO ν

µ) − gλµOκν

)
+

+
2

5
δκ(λ Jµ) − gλµ J κ

]
, (3.47)

hκ = − 16π

5
√

| det g|

(
9Jκ +

◦
∇νO ν

κ

)
, (3.48)

Ãκλµ =
8π√
| det g|

◦
∇ν

[
Ω ν

κλµ − 2Ω ν
(λµ)κ +

5

9
gκ(λO ν

µ) − 7

18
gλµO ν

κ

]
. (3.49)

3.3.3 Einstein equation

As in the previous example, the unperturbed solution K must be the Einstein Λ-vacuum
equation (2.179):

Kµν =
1

8πα γ
gµν = Λ gµν . (3.50)

The first-order correction
1

K reads as follows (2.185):

1

2

(
ggg

1

K + gggW

)
g−1 = gg

1

K + ggW . (3.51)

where

ggg
1

K =
88

27

1

Kα
α | det g| , (3.52)

gggW = 0 , (3.53)

gg
1

K =
88

27

(
1

Kα
α g

µν −
1

Kµν

)
| det g| , (3.54)

ggW = 0 . (3.55)

It is quite interesting that, a priori, there appears a term KKKW (3.39), but the Einstein
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equation K = Λ g implies that the associated term gggW vanishes:

gggW = −28

27
gαβ gγδ gµ1µ2 W

α
µ3µ4ν

ϵβγµ1µ3 ϵδµ2µ4ν (3.56)

= −28

27
Wαµ3

µ4ν
ϵαδµ2µ3 ϵ

δµ2µ4ν

= −28

27
Wαµ3

µ4ν
δ[µ4
α δν]µ3

= 0 , (3.57)

because, by definition (1.20), the tensor W is algebraically traceless. Analogously, the
term ggW also vanishes:

ggW =
∂

∂g
(gggW ) = 0 . (3.58)

Thus, as in the theory of the full Ricci tensor (see Chapter 3.1),
1

Kµν vanishes:

1

Kµν = 0 . (3.59)

The first non-trivial corrections appear at the level of the second-order perturba-
tion (2.187):

1

2

(
Λ ggg

2

K + ggFF + ggFW + ggWW

)
g−1 =

= Λ gg
2

K + gFF + gFW + gWW , (3.60)

where:

ggg
2

K =
88

27

2

Kα
α | det g| , (3.61)

ggFF =
356

225
Fαβ F

αβ | det g| , (3.62)

ggFW = −16

45
Fαβ W

αβ | det g| , (3.63)

ggWW =
4

3

(
Wαβ W

βα − Wαβκλ W
κλαβ

)
| det g| , (3.64)

gg
2

K =
88

27

(
2

Kα
α g

µν −
2

Kµν

)
| det g| , (3.65)

gFF = −712

225

(
F µα F ν

α − 1

2
Fαβ Fαβ g

µν

)
| det g| , (3.66)

gFW =
16

45

(
F (µ|
α Wα|ν) + Fαβ W

α(µν)β − Fαβ W
αβ gµν

)
| det g| , (3.67)

gWW =
40

9

(
Wα(µ|γσ W |ν)

γσα −WαβW
β(µν)α

)
| det g|+

+
20

9

(
WαβWβα −Wαβγσ Wγσαβ

)
gµν | det g|+

− 16

9

(
Wα(µW ν)

α +Wαβγ(µW
ν)
γαβ +Wαβ W

(µ|βα|ν)
)
| det g| , (3.68)
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and the tensor W κ
ν is defined as the remaining metric trace of W κ

λµν :

W κ
ν := W κ

λµν g
λµ . (3.69)

Contracting the equation (3.60) with the metric tensor gµν implies:

2

Kα
α = 0 . (3.70)

Then, the second-order correction
2

Kµν equals:

−88

27
Λ

2

Kµν =
712

225

(
F µα F ν

α − 1

4
Fαβ Fαβ g

µν

)
+

− 16

45

(
F (µ|
α Wα|ν) + Fαβ W

α(µν)β − 1

2
Fαβ W

αβ gµν
)
+

− 40

9

(
Wα(µ|γσ W |ν)

γσα −WαβW
β(µν)α

)
+

− 14

9

(
WαβWβα −Wαβγσ Wγσαβ

)
gµν+

+
16

9

(
Wα(µW ν)

α +Wαβγ(µW
ν)
γαβ +Wαβ W

(µ|βα|ν)
)
. (3.71)

Therefore, the Einstein equation (2.188) is the following:

Kµν = Λ gµν +
2

Kµν . (3.72)

However, this equation is not exactly in the standard form of the Einstein equation (2.189),
due to the presence of the general, non-metric, symmetric Ricci tensor Kµν on the left-hand
side, which decomposes into the purely metric part

◦
K and the remainder Qµν (2.190).

Using the explicit form of the non-metricity tensor Nκ
λµ (3.45), the tensor Qµν takes the

form:

Qµν =
8π√
| det g|

◦
∇κ

◦
∇λ

(
Ωκ λ

µν − 2Ω κλ
(µν) − 1

2
gµν Oκλ

)
+

−

(
8π√
| det g|

)2 {( ◦
∇αΩ

κα
µσ

)( ◦
∇βΩ

σβ
νκ

)
− 2

( ◦
∇αΩ

κα
σµ

)( ◦
∇βΩ

σ β
νκ

)
+

+ 2
( ◦
∇αΩ

κα
σµ

)( ◦
∇βΩ

σβ
κν

)
+
( ◦
∇αΩ

α
κµν

)( ◦
∇βOκβ

)
− 1

2

( ◦
∇αO α

µ

)( ◦
∇βO β

ν

)
+

+ 2J σ
◦
∇αΩ

α
σµν +

2

3
JµJν

}
. (3.73)

Then, the Einstein equation (2.189) is the following:

◦
Kµν = Λ gµν +

2

Kµν −Qµν , (3.74)

or, using the Einstein tensor
◦
Gµν (2.46):

◦
Gµν = −Λ gµν +

2

Kµν −
(
Qµν −

1

2
gµν Q

σ
σ

)
, (3.75)
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where

Q α
α = − 8π√

| det g|

( ◦
∇κ

◦
∇λOκλ

)
+

(
8π√
| det g|

)2{( ◦
∇αΩ

κλµα
)( ◦

∇βΩ
β

κλµ

)
+

− 2
( ◦
∇αΩ

κλµα
)( ◦

∇βΩ
β

λµκ

)
− 1

2

( ◦
∇αO α

κ

)( ◦
∇βOκβ

)
+

− 2J κ
( ◦
∇αO α

κ

)
− 2

3
JκJ κ

}
. (3.76)

Due to the fact that the non-metricity tensor Nκ
λµ is quite complicated in this the-

ory (3.45), the simplification presented in the Ricci tensor theory cannot be performed –
cf. (3.23).

3.3.4 Effective cosmological parameter

The cosmological parameter Λeff (2.191) associated with this theory is given by

Λeff :=
1

4

◦
Kµνg

µν = Λ− 1

4
Q α

α , (3.77)

because
2

Kµν is metrically traceless (3.70). Then, the Einstein equation (3.74) with intro-
duced Λeff (3.77) takes the following form:

◦
Kµν = Λeff gµν +

2

Kµν −
(
Qµν −

1

4
gµν Q

σ
σ

)
, (3.78)

or, equivalently to equation (3.75), where the Einstein tensor
◦
Gµν was used :

◦
Gµν = −Λeff gµν +

2

Kµν −
(
Qµν −

1

4
gµν Q

σ
σ

)
. (3.79)

3.3.5 Field equation for the skew-symmetric Ricci tensor

The field equation for Fµν was determined by the symplectic relation (2.78) and was
schematically derived in the Chapter 2.5 in formula (2.194):

χ =
σσg

16πΛγ2
√
| det g|

(ggF + ggW ) , (3.80)

where

ggF =
∂

∂F
(ggFF ) =

712

225
F µν | det g| , (3.81)

ggW =
∂

∂F
(ggFW ) = −16

45
W [µν] | det g| . (3.82)

The metric signature is assumed to be Lorentzian, thus, σg = −1. Upon substituting all
characteristic constants α, σ, γ (3.44), the above formula (3.80) stays:

χµν =
27
√

| det g|
88 · 16πΛ

(
712

225
F µν − 16

45
W [µν]

)
, (3.83)
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and will be called the constitutive relation between χ and F .
In contrast to the theory based on the full Ricci tensor from Chapter 3.1.5, it is

not straightforward to derive an equation for the potential Aµ (3.32), due to the much
more complicated structure of the non-metricity tensor (3.45). Specifically, the presence
of covariant derivatives

◦
∇Ω significantly complicates the calculations.

3.3.6 Field equation for the traceless Riemann tensor

The field equation for W κ
λµν was determined by the symplectic relation (2.118) and was

schematically derived in the Chapter 2.5 in formula (2.195):

Σ =
σσg

16πΛγ2
√

| det g|
(ggF + ggW ) , (3.84)

where

ggF =
∂

∂W
(ggFW ) , ggW =

∂

∂W
(ggWW ) . (3.85)

However, it was split into four equations (2.200–2.203), each corresponding to an indepen-
dent component of the tensor W — see Lemma 1.3.1 and formula (1.50). To simplify
the derivation of these equations, the quantities ggFW (3.63) and ggWW (3.64) above
are rewritten, taking into account the decomposition of W given in (1.50):

ggFW = −16

45
Fαβ W

[αβ] | det g| , (3.86)

ggWW =

(
−2

3
W[αβ]W

[αβ] +
2

3
W(αβ)W

(αβ) − 4

3
W̃[αβ]κλW̃

[κλ]αβ

)
| det g| . (3.87)

Then, implying all characteristic constants (3.44) with σg = −1, the corresponding field
equations (2.200–2.203) are the following:

5

6
Σ[µν] =

∂LA

∂W[µν]

=
27
√

| det g|
88 · 16πΛ

(
−4

3
W [µν] − 16

45
F µν

)
, (3.88)

3

4
Σ(µν) =

∂LA

∂W(µν)

=
27
√

| det g|
88 · 16πΛ

· 4
3
W (µν) , (3.89)

Σ̃(κλ)µν =
∂LA

∂W̃(κλ)µν

= 0 , (3.90)

Σ̃[κλ]µν =
∂LA

∂W̃[κλ]µν

=
27
√

| det g|
88 · 16πΛ

·
(
−8

3

)
W̃ [µν]κλ . (3.91)

It is now clear that the affine Lagrangian (3.43) does not depend on the tensor W̃(κλ)µν .

3.3.7 Potential equations

The first equation is obtained by taking the covariant divergence of χµν (3.83):

◦
∇νχ

µν = J µ =
27
√
| det g|

88 · 16πΛ

(
712

225

◦
∇νF

µν − 16

45

◦
∇νW

[µν]

)
. (3.92)
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Then, applying the formulae for J (2.215),
◦
∇F (2.223), and

◦
∇W (2.235), (2.236), yields

the following equality:

−11Λ

5
(5hµ + 4Aµ) =

◦
∇ν

◦
W

[µν]︸ ︷︷ ︸
=0

+
89

5

( ◦
∇µ

◦
∇σA

σ + Aσ
◦
K

µ
σ −

◦
□Aµ

)
+

− 2

3

(
3

◦
∇ν

◦
∇σÃ

[µν]σ +
◦
∇µ

◦
∇σh

σ + hσ
◦
K

µ
σ −

◦
□hµ

)
, (3.93)

and
◦
W [µν] vanishes due to the symmetry – see formula (1.47).

The second equation appears as a divergence of the momentum Ω (2.119):

◦
∇νΩ

λµν
κ = −2

◦
∇νΣ

(λµ)ν
κ = −2

◦
∇νΣ̃

(λµ)ν
κ − 1

4

◦
∇κΣ

(λµ) +
3

8

( ◦
∇λΣ(κµ) +

◦
∇µΣ(κλ)

)
+

+
5

12

( ◦
∇λΣ[κµ] +

◦
∇µΣ[κλ]

)
− gλµgκσ

◦
∇ν

(
3

4
Σ(σν) +

5

6
Σ[σν]

)
+

+
1

8

◦
∇ν

(
δλκΣ

(µν) + δµκΣ
(λν)
)
+

1

4

◦
∇ν

(
δλκΣ

[µν] + δµκΣ
[λν]
)
=

=
27
√

| det g|
88 · 16πΛ

{
− 8

3

◦
∇ν

(
W̃ [µν]λ

κ + W̃ [λν]µ
κ

)
− 4

9

◦
∇κW

(λµ)+

+
2

3

( ◦
∇λW µ

κ +
◦
∇µW λ

κ

)
+

8

45

( ◦
∇λF µ

κ +
◦
∇µF λ

κ

)
+

− gλµ
◦
∇ν

(
4

3
W ν

κ +
16

45
F ν

κ

)
+

2

9

◦
∇ν

(
δλκW

(µν) + δµκW
(λν)
)
+

− 2

5

◦
∇ν

(
δλκW

[µν] + δµκW
[λν]
)
− 8

75

◦
∇ν

(
δλκF

µν + δµκF
λν
)}

, (3.94)

where the decomposition formula (2.123) of the momentum Σ, and field equations (3.88-
3.91) were applied.

It could be divided into two independent parts: the trace
◦
∇νO ν

κ and the traceless
part

◦
∇νO

λµν
κ (cf. Lemma 2.5.2). The divergence of the trace O ν

κ is the following:

◦
∇νO ν

κ =
27
√

| det g|
88 · 16πΛ

gκσ
◦
∇ν

[
−32

9
W (σν) +

16

5
W [σν] +

64

75
F σν

]
. (3.95)

The substitution of formulae for
◦
∇O (2.216),

◦
∇F (2.223) and

◦
∇W (2.235), (2.236)

induces:

22Λ

45
(5hκ + 54Aκ) =

8

5

( ◦
∇κ

◦
∇σA

σ + Aσ
◦
Kσκ −

◦
□Aκ

)
+

20

9

◦
∇κ

◦
R+

− 1

3

◦
∇λ

◦
∇µ

(
19Ãλµ

κ −
20

3
Ãµλ

κ + Ã λµ
κ

)
+

+
2

81

(
131

◦
∇κ

◦
∇λh

λ + 181hσ
◦
Kσκ + 19

◦
□hκ

)
. (3.96)
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The traceless part
◦
∇νO

λµν
κ (2.207) is much more complicated:

◦
∇νO

λµν
κ =

◦
∇ν

[
Ω λµν

κ +
1

18

(
δλκ Oµν + δµκ Oλν − 5gλµO ν

κ

)]
=

=
27
√

| det g|
88 · 16πΛ

[
−8

3

◦
∇ν

(
W̃ [µν]λ

κ + W̃ [λν]µ
κ

)
− 4

9

◦
∇κW

(λµ)+

+
2

3

( ◦
∇λW µ

κ +
◦
∇µW λ

κ

)
+

8

45

( ◦
∇λF µ

κ +
◦
∇µF λ

κ

)
+

− gλµgκσ
◦
∇ν

(
28

81
W (σν) − 4

9
W [σν] − 16

15 · 9
F σν

)
+

+
2

81

◦
∇ν

(
δλκW

(µν) + δµκW
(λν)
)
− 2

9

◦
∇ν

(
δλκW

[µν] + δµκW
[λν]
)
+

− 8

15 · 9
◦
∇ν

(
δλκF

µν + δµκF
λν
)]

. (3.97)

The application of the formulae for
◦
∇O (2.217),

◦
∇F (2.223), and

◦
∇W (2.228-2.236),

leads to the very long and complicated equation, which could be symbolically written in
the following way:

Ãκλµ = F1(
◦
∇2Ãκλµ,

◦
∇2Aκ,

◦
∇2hκ,

◦
∇

◦
Kµν ,

◦
∇

◦
R) , (3.98)

where F1 denotes a linear function (with respect to all arguments) depending on second-
order derivatives of potentials Ãκλµ, Aκ, hκ and first-order derivatives of the metric curva-
ture components:

◦
R,

◦
Kµν .

The above equations (3.93), (3.96), and (3.98), referred to as “potential equations",
explicitly illustrate how much more complicated the theory becomes when the traceless
part of the Riemann tensor W κ

λµν is included – cf. the potential equation (3.32) for the
theory of the full Ricci tensor.

3.4 Variant V6

3.4.1 Lagrangian

By the scheme from Chapter 2.5, the affine Lagrangian (2.160) is given by the square
root of four Riemann tensors contracted with two Levi-Civita symbols, denoted as RRRR
(cf. variant V6 (2.151)):

RRRR = Rα
βµ1µ2

Rκ
λµ3µ4

ϵµ1µ2µ3µ4 Rβ
αν1ν2

Rλ
κν3ν4

ϵν1ν2ν3ν4 =

= KKKK +KKKW +KKFF +KKFW +KKWW + o(F,W ) , (3.99)
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where o(F,W ) denotes high-order terms in F and W , and

KKKK =
128

27
detK , (3.100)

KKKW =
32

27
Kαβ Kγδ Kµ1µ2 W

α
µ3µ4ν

ϵβγµ1µ3 ϵδµ2µ4ν , (3.101)

KKFF = −Fαβ Fγδ Kµ1µ2 Kµ3µ4

[
32

225
ϵαγµ1µ3 ϵβδµ2µ4 +

64

75
ϵαβµ1µ3 ϵγδµ2µ4

]
, (3.102)

KKFW =
32

45
Fαβ Kγδ Kµ1µ2 W

α
µ3µ4ν

ϵβγµ1µ3 ϵδµ2µ4ν , (3.103)

KKWW = Kαβ Kγδ W
α
µ1µ2µ3

W γ
µ4ν1ν2

[
8

9
ϵβµ1ν1ν2 ϵδµ2µ3µ4 − 8

9
ϵβδµ1µ4 ϵµ2µ3ν1ν2

]
+

− 8

9
Kαβ Kγδ W

µ1
µ2µ3µ4

W µ2
µ1ν1ν2

ϵαγµ3µ4 ϵβδν1ν2 . (3.104)

Therefore, the affine Lagrangian LA (2.166) of this theory is given by:

LA = α
√

|KKKK +KKKW +KKFF +KKFW +KKWW | . (3.105)

The equality (3.100) determines two characteristic constants σ and γ (2.164), whereas the
global constant α (2.178) is fitted to reconstruct the standard Einstein equation with the
cosmological constant Λ for the unperturbed theory:

σ = 1 , γ2 =
128

27
, α =

1

8πΛ

√
27

128
. (3.106)

3.4.2 Non-metricity equation

The discussion about the non-metricity equation is exactly the same as for the variant V1

presented in the Chapter 3.3.2.

3.4.3 Einstein equation

As in the previous example, the unperturbed solution K must be the Einstein Λ-vacuum
equation (2.179):

Kµν =
1

8παγ
gµν = Λ gµν . (3.107)

The first-order correction
1

K reads as follows (2.185):

1

2

(
ggg

1

K + gggW

)
g−1 = gg

1

K + ggW . (3.108)

where

ggg
1

K = −128

27

1

Kα
α | det g| , (3.109)

gggW = 0 , (3.110)

gg
1

K = −128

27

(
1

Kα
α g

µν −
1

Kµν

)
| det g| , (3.111)

ggW = 0 . (3.112)
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As it was in the previous variant, there appears a term KKKW (3.101), but the Einstein
equation K = Λ g implies that the associated terms gggW and ggW vanish – see (3.57).

Thus, as in the theory of the full Ricci tensor (see Chapter 3.1),
1

Kµν vanishes:

1

Kµν = 0 . (3.113)

The first non-trivial corrections appear at the level of the second-order perturba-
tion (2.187):

1

2

(
Λ ggg

2

K + ggFF + ggFW + ggWW

)
g−1 =

= Λ gg
2

K + gFF + gFW + gWW , (3.114)

where:

ggg
2

K = −128

27

2

Kα
α | det g| , (3.115)

ggFF =
832

225
Fαβ Fαβ | det g| , (3.116)

ggFW =
128

45
Fαβ W

αβ | det g| , (3.117)

ggWW =

(
64

9
W(αβ) W

αβ − 32

9
Wαβκλ W

κλαβ+

−16

9
Wαβκλ W

αβκλ +
16

3
Wαβκλ W

βακλ

)
| det g| , (3.118)

gg
2

K = −128

27

(
2

Kα
α g

µν −
2

Kµν

)
| det g| , (3.119)

gFF = −1664

225

(
F µα F ν

α − 1

2
Fαβ Fαβ g

µν

)
| det g| , (3.120)

gFW = −128

45

(
F (µ|
α Wα|ν) + Fαβ W

α(µν)β − Fαβ W
αβ gµν

)
| det g| , (3.121)

gWW =
32

9

(
W

(µ
α βγ W

ν)αβγ + 2W
(µ

αβγ W ν)γαβ+

+ 4W(αβ) W
(µ|αβ|ν) + 2W µ

α W
να + 2W (µ

α W ν)α+

−2W µ
αβγ W βαγν −W µ

αβγ W
ναβγ + gµν Wαβκλ W

βακλ
)
| det g| . (3.122)

and tensor W κ
ν (3.69) is defined as a remaining metric trace of W κ

λµν . Contracting the
equation (3.114) with the metric tensor gµν implies:

2

Kα
α = 0 . (3.123)
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Then, the second-order correction
2

Kµν equals:

128

27
Λ

2

Kµν =
1664

225

(
F µα F ν

α − 1

4
Fαβ Fαβ g

µν

)
+

+
128

45

(
F (µ|
α Wα|ν) + Fαβ W

α(µν)β − 1

2
Fαβ W

αβ gµν
)
+

+
32

9

(
2WαβγµW ν

βαγ +W µ
αβγW

ναβγ − 2W µ
αW

να − 2Wα(µW ν)
α+

−W
(µ

α βγW
ν)αβγ − 2Wαβγ(µW ν)γαβ − 4WαβW

(µ|αβ|ν)+

+W(αβ)W
αβ gµν − 1

2
W(αβ)κλW

αβκλ gµν − 1

2
WαβκλW

κλαβ gµν
)

. (3.124)

Therefore, the Einstein equation (2.188) reads:

Kµν = Λ gµν +
2

Kµν . (3.125)

However, this equation is not exactly in the standard form of the Einstein equation (2.189),
due to the presence of the general, non-metric, symmetric Ricci tensor Kµν on the left-
hand side, which decomposes into the purely metric part

◦
K and the remainder Qµν (3.73),

as already presented in Chapter 3.3.3. Then, the Einstein equation (2.189) takes the
following form:

◦
Kµν = Λ gµν +

2

Kµν −Qµν , (3.126)

or, using the Einstein tensor
◦
Gµν (2.46):

◦
Gµν = −Λ gµν +

2

Kµν −
(
Qµν −

1

2
gµν Q

σ
σ

)
. (3.127)

Due to the fact that the non-metricity tensor Nκ
λµ is quite complicated in this the-

ory (3.45), the simplification presented in the Ricci tensor theory cannot be performed –
cf. equation (3.23).

3.4.4 Effective cosmological parameter

The cosmological parameter Λeff (2.191) associated with this theory is given by

Λeff :=
1

4

◦
Kµνg

µν = Λ− 1

4
Q α

α , (3.128)

and coincides with the expression for Λeff presented in Chapter 3.3.4, since Q α
α depends

only on the non-metricity tensor, which is identical in both theories.

3.4.5 Field equation for the skew-symmetric Ricci tensor

The field equation for Fµν was determined by the symplectic relation (2.78) and was
schematically derived in the Chapter 2.5 in formula (2.194):

χ =
σσg

16πΛγ2
√
| det g|

(ggF + ggW ) , (3.129)
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where

ggF =
1664

225
F µν | det g| , (3.130)

ggW =
128

45
W [µν] | det g| . (3.131)

The metric signature is assumed to be Lorentzian, thus, σg = −1. Upon substituting all
characteristic constants (3.106), the above formula (3.129) stays:

χµν = −
27
√

| det g|
128 · 16πΛ

(
1664

225
F µν +

128

45
W [µν]

)
. (3.132)

and will be called the constitutive relation between χ and F .
In contrast to the theory based on the full Ricci tensor from Chapter 3.1.5, it is

not straightforward to derive an equation for the potential Aµ (3.32), due to the much
more complicated structure of the non-metricity tensor (3.45). Specifically, the presence
of covariant derivatives

◦
∇Ω significantly complicates the calculations.

3.4.6 Field equation for the traceless Riemann tensor

The field equation for W κ
λµν was determined by the symplectic relation (2.118) and was

schematically derived in the Chapter 2.5 in formula (2.195):

Σ =
σσg

16πΛγ2
√

| det g|
(ggF + ggW ) , (3.133)

where

ggF =
∂

∂W
(ggFW ) , ggW =

∂

∂W
(ggWW ) . (3.134)

However, it was split into four equations (2.200–2.203), each corresponding to an indepen-
dent component of the tensor W — see Lemma 1.3.1 and formula (1.50). To simplify
the derivation of these equations, the quantities ggFW (3.117) and ggWW (3.118) above
are rewritten, taking into account the decomposition of W given in (1.50):

ggFW =
128

45
Fαβ W

[αβ] | det g| , (3.135)

ggWW =

(
−16

27
W[αβ]W

αβ +
8

3
W(αβ) W

αβ − 32

9
W̃[αβ]κλW̃

κλαβ+

−64

9
W̃[αβ]κλW̃

αβκλ +
32

9
W̃(αβ)κλW̃

αβκλ

)
| det g| , (3.136)

Then, implying all characteristic constants (3.44) with σg = −1, the corresponding field
equations (2.200–2.203) are the following:
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5

6
Σ[µν] =

∂LA

∂W[µν]

= −
27
√

| det g|
128 · 16πΛ

(
−32

27
W [µν] +

128

45
F µν

)
, (3.137)

3

4
Σ(µν) =

∂LA

∂W(µν)

= −
27
√

| det g|
128 · 16πΛ

· 16
3
W (µν) , (3.138)

Σ̃(κλ)µν =
∂LA

∂W̃(κλ)µν

= −
27
√

| det g|
128 · 16πΛ

· 64
9
W̃ (κλ)µν , (3.139)

Σ̃[κλ]µν =
∂LA

∂W̃[κλ]µν

= −
27
√

| det g|
128 · 16πΛ

(
−64

9
W̃ [µν]κλ − 128

9
W̃ [κλ]µν

)
. (3.140)

In the opposite to the Variant V1, this theory depends upon all components of Wκλµν –
cf. formula (3.90).

3.4.7 Potential equations

The first equation is obtained by taking the covariant divergence of χµν (3.132):

◦
∇νχ

µν = J µ = −
27
√
| det g|

128 · 16πΛ

(
1664

225

◦
∇νF

µν +
128

45

◦
∇νW

[µν]

)
. (3.141)

Then, applying the formulae for J (2.215),
◦
∇F (2.223), and

◦
∇W (2.235), (2.236), yields

the following equality:

Λ (5hµ + 4Aµ) =
◦
∇ν

◦
W

[µν]︸ ︷︷ ︸
=0

+13
( ◦
∇µ

◦
∇σA

σ + Aσ
◦
K

µ
σ −

◦
□Aµ

)
+

+
5

3

(
3

◦
∇ν

◦
∇σÃ

[µν]σ +
◦
∇µ

◦
∇σh

σ + hσ
◦
K

µ
σ −

◦
□hµ

)
, (3.142)

and
◦
W [µν] vanishes due to the symmetry – see formula (1.47).
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The second equation appears as a divergence of the momentum Ω (2.119):

◦
∇νΩ

λµν
κ = −2

◦
∇νΣ

(λµ)ν
κ = −2

◦
∇νΣ̃

(λµ)ν
κ − 1

4

◦
∇κΣ

(λµ) +
3

8

( ◦
∇λΣ(κµ) +

◦
∇µΣ(κλ)

)
+

+
5

12

( ◦
∇λΣ[κµ] +

◦
∇µΣ[κλ]

)
− gλµgκσ

◦
∇ν

(
3

4
Σ(σν) +

5

6
Σ[σν]

)
+

+
1

8

◦
∇ν

(
δλκΣ

(µν) + δµκΣ
(λν)
)
+

1

4

◦
∇ν

(
δλκΣ

[µν] + δµκΣ
[λν]
)
=

= −
27
√

| det g|
128 · 16πΛ

gκσ

{
− 64

9

◦
∇ν

(
W̃ (σλ)µν − W̃ [µν]σλ − 2W̃ [σλ]µν+

+W̃ (σµ)λν − W̃ [λν]σµ − 2W̃ [σµ]λν
)
− 16

9

◦
∇σW (λµ)+

+
8

3

( ◦
∇λW (µσ) +

◦
∇µW (λσ)

)
− 16

27

( ◦
∇λW [µσ] +

◦
∇µW [λσ]

)
+

+
64

45

( ◦
∇λF µσ +

◦
∇µF λσ

)
− gλµ

◦
∇ν

(
16

3
W (σν) − 32

27
W [σν] +

128

45
F κν

)
+

+
8

9

◦
∇ν

(
gσλW (µν) + gσµW (λν)

)
− 16

45

◦
∇ν

(
gσλW [µν] + gσµW [λν]

)
+

+
64

75

◦
∇ν

(
δλκF

µν + δµκF
λν
)}

, (3.143)

where the decomposition formula (2.123) of the momentum Σ, and field equations (3.137-
3.140) were applied.

It could be divided into two independent parts: the trace
◦
∇νO ν

κ and the traceless
part

◦
∇νO

λµν
κ – cf. Lemma 2.5.2. The divergence of the trace O ν

κ is the following:

◦
∇νO ν

κ = −
27
√

| det g|
128 · 16πΛ

gκσ
◦
∇ν

[
−128

9
W (σν) +

128

45
W [σν] − 4 · 128

75
F σν

]
. (3.144)

The substitution of formulae for
◦
∇O (2.216),

◦
∇F (2.223) and

◦
∇W (2.235), (2.236)

induces:

−2Λ (5hκ + 54Aκ) = −36
( ◦
∇κ

◦
∇σA

σ + Aσ
◦
Kσκ −

◦
□Aκ

)
+ 25

◦
∇κ

◦
R+

− 5
◦
∇λ

◦
∇µ

(
9Ãλµ

κ − 5Ãµλ
κ + 6Ã λµ

κ

)
+

+
5

9

(
34

◦
∇κ

◦
∇λh

λ + 59hσ
◦
Kσκ + 41

◦
□hκ

)
. (3.145)
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The traceless part
◦
∇νO

λµν
κ (2.207) is much more complicated:

◦
∇νO

λµν
κ =

◦
∇ν

[
Ω λµν

κ +
1

18

(
δλκ Oµν + δµκ Oλν − 5gλµO ν

κ

)]
=

= −
27
√

| det g|
128 · 16πΛ

gκσ

{
− 64

9

◦
∇ν

(
W̃ (σλ)µν − W̃ [µν]σλ − 2W̃ [σλ]µν+

+W̃ (σµ)λν − W̃ [λν]σµ − 2W̃ [σµ]λν
)
− 16

9

◦
∇σW (λµ)+

+
8

3

( ◦
∇λW (µσ) +

◦
∇µW (λσ)

)
− 16

27

( ◦
∇λW [µσ] +

◦
∇µW [λσ]

)
+

+
64

45

( ◦
∇λF µσ +

◦
∇µF λσ

)
− gλµ

◦
∇ν

(
7 · 16
81

W (σν) − 32

81
W [σν] +

128

3 · 45
F κν

)
+

+
8

81

◦
∇ν

(
gσλW (µν) + gσµW (λν)

)
− 16

81

◦
∇ν

(
gσλW [µν] + gσµW [λν]

)
+

+
64

3 · 45
◦
∇ν

(
δλκF

µν + δµκF
λν
)}

. (3.146)

The application of the formulae for
◦
∇O (2.217),

◦
∇F (2.223), and

◦
∇W (2.228-2.236),

leads to the very long and complicated equation, which could be symbolically written in
the following way:

Ãκλµ = F6(
◦
∇2Ãκλµ,

◦
∇2Aκ,

◦
∇2hκ,

◦
∇

◦
Kµν ,

◦
∇

◦
R) , (3.147)

where F6 denotes a linear function (with respect to all arguments) depending on second-
order derivatives of potentials Ãκλµ, Aκ, hκ and first-order derivatives of the metric curva-
ture components:

◦
R,

◦
Kµν .

The above equations (3.93), (3.96), and (3.98), referred to as “potential equations",
explicitly illustrate how much more complicated the theory becomes when the traceless
part of the Riemann tensor W κ

λµν is included – cf. the potential equation (3.32) for the
theory of the full Ricci tensor.

3.5 Theory of the full Ricci tensor with a fixed back-
ground field

3.5.1 Lagrangian

In the previous chapters, affine theories based on the full Riemann tensor were presented.
It was shown that treating the algebraically traceless Riemann tensor W κ

λµν as a dynam-
ical field leads to a highly complex theory with non-trivial equations, whereas the theory
involving only the Ricci tensor, discussed in Chapter 3.1, remains relatively simple. The
tensor W κ

λµν is believed to describe the dark matter field, which at our scale is weak and
slowly varying.

As a simplified model, a theory with a Lagrangian based on the full Riemann tensor
is presented, in which W κ

λµν is treated as a fixed “background” field. This means that
the variational structure corresponds to that of the full Ricci tensor theory, while the
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field equations remain those of the full Riemann curvature theory. Such a model repre-
sents a compromise between a purely mathematical formulation and a phenomenological
description. For further simplification, the following affine Lagrangian will be used:

LA :=
1

8πΛ

√
|detK +KKFF +KKFW +KKWW | , (3.148)

where

KKFF = CF Kµ1ν1 Kµ2ν2 Fµ3ν3 Fµ4ν4 ϵ
µ1µ2µ3µ4 ϵν1ν2ν3ν4 , (3.149)

KKFW = IFW Kµ1ν1 Kµ2ν2 Fµ3αW
α
ν3µ4ν4

ϵµ1µ2µ3µ4 ϵν1ν2ν3ν4 , (3.150)

KKWW = CW Kµ1ν1 Kµ2ν2 W
α
µ3βν3

W β
µ4αν3

ϵµ1µ2µ3µ4 ϵν1ν2ν3ν4 , (3.151)

where CF , IFW and CW are numerical constants. The above theory is precisely a phe-
nomenological generalisation of the theory based on the full Ricci tensor (cf. Chap-
ter 3.1), with corrections drawn from the theory of the full Riemann tensor (cf. Chap-
ter 2.4). In fact, setting CF = 1

4
and IFW = CW = 0 recovers the affine Lagrangian (3.4).

Of course, the above proposition does not encompass all possible forms of interaction
between the curvature tensors Kµν , Fµν , and W κ

λµν , but it is introduced to illustrate the
idea of a background field W κ

λµν coexisting with the dynamical fields Kµν and Fµν .
The global constant α – see (3.4) – is already determined. Because the term KKKK

is precisely a determinant of K, constants σ = γ = 1. All of those characteristic constants
are written below:

α =
1

8πΛ
, γ = 1 , σ = 1 . (3.152)

3.5.2 The non-metricity equation

The non-metricity tensor Nκ
λµ does not depend on the explicit form of the affine La-

grangian but only on the choice of the configuration space — see Chapter 2.3.1. There-
fore, Nκ

λµ is exactly the same as in the theory based on the full Ricci tensor, as presented
in formula (2.101), and it decomposes as in Lemma 2.3.6. The traceless tensor W κ

λµν is
“absent” in the variational sense — it represents a background field and does not contribute
to the symplectic structure. As mentioned earlier, this situation is analogous to standard
electrodynamics, where the metric tensor g is present but treated as a background field,
not interacting even with very strong electromagnetic fields.

3.5.3 Einstein equation

The non-perturbed solution K (2.179) is purely the Einstein Λ–vacuum equation (2.128):

Kµν = Λ gµν . (3.153)

The first-order coefficient
1

K (2.185) vanishes, as in the case of the Ricci tensor theory,
due to the absence of linear terms in the perturbations. Non-trivial corrections appear
only at second order (2.187):

1

2

(
Λ ggg

2

K + ggFF + ggFW + ggWW

)
g−1 =

= Λ gg
2

K + gFF + gFW + gWW , (3.154)
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where:

ggg
2

K = −
2

Kα
α | det g| , (3.155)

ggFF = −2CF Fαβ F
αβ | det g| , (3.156)

ggFW = −2IFW Fαβ W
αβ | det g| , (3.157)

ggWW = −2CW

(
Wαβ W

βα −Wαβκλ W
κλαβ

)
| det g| , (3.158)

gg
2

K =

(
2

Kµν −
2

Kα
α g

µν

)
| det g| , (3.159)

gFF = 4CF

(
F µα F ν

α − 1

2
Fαβ F

αβ gµν
)

| det g| , (3.160)

gFW = 2IFW

(
Fαβ W

α(µν)β + Fα(µW ν)
α − gµν Fαβ W

αβ
)
| det g| , (3.161)

gWW = 4CW

[
Wαβ W

β(µν)α −W
(µ|

κλα Wα|ν)κλ+

+
1

2
gµν
(
Wαβκλ W

κλαβ −Wαβ W
βα
)]

| det g| . (3.162)

As before, contraction with the metric tensor gµν implies vanishing of the trace
2

Kα
α. Thus:

2

Kµν = −4CF

Λ

(
F µα F ν

α − 1

4
Fαβ F

αβ gµν
)
+

− 4CW

Λ

[
Wαβ W

β(µν)α −Wα(µ|κλW
|ν)

κλα − 1

4
gµν
(
Wαβ W

βα −Wαβκλ W
κλαβ

)]
+

− 2IFW

Λ

(
Fαβ W

α(µν)β + Fα(µW ν)
α − 1

2
gµν Fαβ W

αβ

)
. (3.163)

Therefore, the Einstein equation obtained via the perturbative method (2.170) is the
following:

Kµν = Λ gµν +
2

Kµν .

(3.164)

However, this equation is not precisely the well-known form of the Einstein equation (2.189),
due to the general, non-metric Ricci tensor Kµν on the left-hand side which decomposes
into the purely metric part

◦
K and the rest Qµν (2.190). The tensor Qµν is exactly the

same as in the theory of the full Ricci tensor – see (3.22):

Qµν = −6AµAν , (3.165)

due to the “absence” (in the variational sense) of the traceless Riemann tensor W κ
λµν .

Finally, the Einstein equation (2.189) is the following:

◦
Kµν = Λ gµν +

2

Kµν + 6AµAν , (3.166)

or, using the Einstein tensor
◦
Gµν (2.46):

◦
Gµν = −Λ gµν +

2

Kµν + 6

(
AµAν −

1

2
gµν AσA

σ

)
. (3.167)
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3.5.4 Effective cosmological parameter

The cosmological parameter Λeff (2.191) associated with this theory is given by

Λeff :=
1

4

◦
Kµνg

µν = Λ+
3

2
AκA

κ , (3.168)

and coincides with the expression for Λeff presented in Chapter 3.1.4, since Q α
α depends

only on the non-metricity tensor, which is identical in both theories.

3.5.5 Field equation for the skew-symmetric Ricci tensor

The field equation for Fµν was determined by the symplectic relation (2.78) and was
schematically derived in the Chapter 2.5 in formula (2.194):

χ =
σσg

16πΛγ2
√
| det g|

(ggF + ggW ) , (3.169)

where

ggF :=
∂

∂F
(ggFF ) = −4CF F µν | det g| , (3.170)

ggW :=
∂

∂F
(ggFW ) = −2IFW W [µν] | det g| , (3.171)

due to the already calculated terms ggFF (3.156) and ggFW (3.157). The metric
signature is assumed to be Lorentzian, thus, σg = −1. Upon substituting all characteristic
constants (3.152), the above field equation becomes:

χµν =

√
| det g|
8πΛ

(
2CF F µν + IFW W [µν]

)
, (3.172)

and will be called the constitutive relation between χ and F .

3.5.6 Potential equation

The situation is very similar to the theory of the full Ricci tensor presented in Chap-
ter 3.1.6. Indeed, taking the covariant derivative of equation (3.172) yields:

◦
∇νχ

µν = J µ =

√
| det g|
8πΛ

(
2CF

◦
∇νF

µν + IFW

◦
∇νW

[µν]
)
, (3.173)

Then, substituting the current Jµ with the potential Aµ (3.7), and using the formula for
◦
∇νF

µν (2.223), one obtains:

3ΛAµ = 2CF

(
Aσ

◦
K

µ
σ −

◦
□Aµ

)
+ IFW

◦
∇νW

[µν] , (3.174)

or equivalently:

◦
□Aµ = − 3Λ

2CF

Aµ + Aσ
◦
K

µ
σ +

IFW

2CF

◦
∇νW

[µν] . (3.175)
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This formula is a non-homogeneous Proca equation (B.14) with the following mass pa-
rameter:

m2 = −3ℏ2Λ
2CF

. (3.176)

The above potential equation is very similar to the one obtained for the full Ricci tensor
theory — see equation (3.32). The only difference lies in the non-homogeneous term
involving the tensor

◦
∇ νW

[µν]. As before, the metric Ricci tensor is approximated by
◦
Kµν ≈ Λgµν due to the Einstein equation (3.164), leading to:

◦
□Aµ =

(
Λ− 3Λ

2CF

)
Aµ +

IFW

2CF

◦
∇νW

[µν] . (3.177)



Chapter 4

Metric Lagrangians

4.1 Passage from the affine picture to the metric pic-
ture – variational calculus

The variational formulation of the affine theory of the full Riemann curvature was derived
and analysed in Chapter 2.3. Examples of such theories, along with their field equations,
were also presented. Although it would be both interesting and valuable to construct
a corresponding metric theory that reproduces the same field equations and allows for
comparison with other models in the literature, this has so far only been accomplished in
a special case - when the theory depends solely on the symmetric Ricci tensor Kµν . The
most recent treatment of this case can be found in [9], written by the author together
with one of the supervisors, J. Kijowski. The extension of this correspondence to the full
Riemann tensor Rκ

λµν represents a new and, as yet, unpublished result.

The passage to the metric picture starts from reminding the affine symplectic for-
mula δLA (2.62):

δLA = ∂ν
(
P λµν

κ δΓκ
λµ

)
=
(
∇νP λµν

κ

)
δΓκ

λµ + P λµν
κ δKκ

λµν . (4.1)

The first field equation (2.80) ∇P = 0 induces the decomposition of the connection for the
metric part and the non-metricity: Γ =

◦
Γ+N – see Theorem 2.3.4. This decomposition

is used to divide the first boundary term in the following way:

δLA = ∂ν
(
P λµν

κ δΓκ
λµ

)
= ∂ν

(
P λµν

κ δ
◦
Γ
κ
λµ

)
+ ∂ν

(
P λµν

κ δNκ
λµ

)
. (4.2)

Now, implementing the decomposition of the momentum P λµν
κ (2.71), as presented in

Lemma 2.3.2, into the above variation yields:

δLA = ∂ν

(
π λµν
κ δ

◦
Γ
κ
λµ + Ω λµν

κ δ
◦
Γ
κ
λµ − χµν δ

◦
Γ
κ
κµ+

+π λµν
κ δNκ

λµ + Ω λµν
κ δAκ

λµ − 2χµν δAµ

)
. (4.3)

To obtain the metric picture1, the metric tensor gµν must be treated as a control parameter,
whereas here it appears only as a response parameter, encoded in π λµν

κ — see (2.42)
and (2.43).

1The transformation between affine and metric pictures was discussed extensively in [9], albeit for a
slightly different class of theories.

83
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The analysis begins with the part involving the non-metricity tensor, namely the term
∂(π δN), whose Legendre transformation is presented in the following lemma:

Lemma 4.1.1. The following equality holds:

∂ν
(
π λµν
κ δNκ

λµ

)
= ∂κ (Rµνκ δgµν)− δ

[ ◦
∇κR σκ

σ

]
, (4.4)

where:

Rµνκ =

√
| det g|
16π

[
Nκµν −N σ(µ

σ gν)κ +
1

2
(N σκ

σ −Nκσ
σ) g

µν

]
=

=

√
| det g|
16π

[
Aκµν − 6

5
gκ(µAν) +

1

2

(
6

5
Aκ − hκ

)
gµν
]
, (4.5)

◦
∇κR σκ

σ =

√
| det g|
16π

( ◦
∇κN

σκ
σ −

◦
∇κN

κσ
σ

)
=

√
| det g|
16π

◦
∇κ

(
6

5
Aκ − hκ

)
. (4.6)

Proof. The proof relies on the tensorial calculus and starts as follows:

∂ν
(
π λµν
κ δNκ

λµ

)
= δ∂ν

(
π λµν
κ Nκ

λµ

)
− ∂ν

(
Nκ

λµ δπ
λµν

κ

)
. (4.7)

The commutation of δ and ∂ν was discussed in Chapter 2.1.1. Using the definition of
π λµν
κ (2.43), the total variation equals:

π λµν
κ Nκ

λµ =

√
| det g|
16π

(Nνσ
σ −N σν

σ ) , (4.8)

and then:

∂ν
(
π λµν
κ Nκ

λµ

)
=

◦
∇ν

(
π λµν
κ Nκ

λµ

)
= −

◦
∇κR σκ

σ , (4.9)

where the first equality holds due to the vector-density character of the object inside
the bracket, whereas the second one corresponds with the formula (4.6) presented in this
thesis. The second term transforms as follows:

Nκ
λµ δπ

λµν
κ =

(
N ν

λµ − δνλ N
σ
σµ

)
δπλµ . (4.10)

The variation of momentum πλµ (2.42) is the following:

δπλµ = δ

(√
| det g|
16π

gλµ

)
=

√
| det g|
16π

[
1

2
gαβ gλµ − gλα gµβ

]
δgαβ . (4.11)

Hence:

Nκ
λµ δπ

λµν
κ = −

√
| det g|
16π

[
N ναβ −N σα

σ gβν +
1

2
(N σν

σ −N νσ
σ) g

αβ

]
δgαβ =

= −Rαβν δgαβ , (4.12)

what finishes the proof.
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Then, the variation of the affine Lagrangian δLA (4.3) equals:

δLA = ∂ν

(
π λµν
κ δ

◦
Γ
κ
λµ + Ω λµν

κ δ
◦
Γ
κ
λµ − χµν δ

◦
Γ
κ
κµ+

+Rλµν δgλµ + Ω λµν
κ δAκ

λµ − 2χµν δAµ

)
− δ

[ ◦
∇κR σκ

σ

]
. (4.13)

The metric picture on shell is described by the metric Lagrangian Lg, which is defined
as:

Lg := LA +
◦
∇κR σκ

σ , (4.14)

whereas its symplectic structure is given by:

δLg = ∂ν

(
π λµν
κ δ

◦
Γ
κ
λµ + Ω λµν

κ δ
◦
Γ
κ
λµ − χµν δ

◦
Γ
κ
κµ +

+Rλµν δgλµ + Ω λµν
κ δAκ

λµ − 2χµν δAµ

)
. (4.15)

In the “standard” theories, the metric Lagrangian is defined as the sum of the Hilbert
Lagrangian LH and the matter Lagrangian Lmatt, which in this case corresponds to the
assumption that χµν = 0 = Ω λµν

κ , along with the addition of the extra boundary term
∂ν(p

ν δϕ) associated with the matter field ϕ. Such theories were presented and thoroughly
explored in [7, 9]. However, the situation described above is much more complicated.
Therefore, to extract the formula that will be unquestionably responsible for the metric
picture description, several transformations must be performed. First, the formula (4.15)
can be written in the following manner:

δLg = ∂ν

(
P λµν

κ δ
◦
Γ
κ
λµ +Rλµν δgλµ + Ω λµν

κ δAκ
λµ − 2χµν δAµ

)
, (4.16)

where was used the decomposition of the momentum P λµν
κ – see formula (2.71) in

Lemma 2.3.2. Of course, the equality (4.1) holds also for the metric connection
◦
Γ

(as a special example of the affine connection Γ), therefore:

δLg =
( ◦
∇νP λµν

κ

)
δ

◦
Γ
κ
λµ + P λµν

κ δ
◦
K

κ
λµν+

+ ∂ν
(
Rλµν δgλµ + Ω λµν

κ δAκ
λµ − 2χµν δAµ

)
. (4.17)

Next, there is implemented the decomposition of the Kijowski tensor
◦
Kκ

λµν (1.26):

δLg =
( ◦
∇νP λµν

κ

)
δ

◦
Γ
κ
λµ + πµν δ

◦
Kµν + Ω λµν

κ δ
◦
U

κ
λµν+

+ ∂ν
(
Rλµν δgλµ + Ω λµν

κ δAκ
λµ − 2χµν δAµ

)
. (4.18)

Now, the result looks much better, but the work is still not complete. The boundary term
∂(R δg) is addressed first, and its treatment is presented in the following lemma:

Lemma 4.1.2. The following equality holds:

∂κ (Rµνκ δgµν) = Yλµ
κ δ

◦
Γ
κ
λµ +

( ◦
∇κRµνκ

)
δgµν , (4.19)
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where:

Yλµκ := Rκλµ +Rκµλ =

√
| det g|
16π

[
2N (λµ)κ −N σκ

σ gλµ − gκ(λNµ)σ
σ

]
=

=

√
| det g|
16π

[
2A(λµ)κ − 6

5
gλµAκ − h(λgµ)κ

]
. (4.20)

Proof. The proof is purely algebraic, so:

Yλµ
κ δ

◦
Γ
κ
λµ = −Yλµα

◦
Γ
β
λµ δgαβ +

1

2

(
2Yναβ − Yαβν

)
δgαβ,ν =

= −
(
Rαλµ +Rαµλ

) ◦
Γ
β
λµ δgαβ +Rαβν δgαβ,ν =

= ∂ν
(
Rαβν δgαβ

)
−
(
∂ν Rαβν +Rαλµ

◦
Γ
β
λµ +Rαµλ

◦
Γ
β
λµ

)
δgαβ =

= ∂ν
(
Rαβν δgαβ

)
−
( ◦
∇νRαβν

)
δgαβ , (4.21)

what finishes the proof.

Secondly, the boundary term ∂(Ω δA) can be written as:

∂ν
[
Ω λµν

κ δAκ
λµ

]
=
( ◦
∇ν Ω

λµν
κ

)
δAκ

λµ + Ω λµν
κ δDκ

λµν+

−
(
Ω αβλ

κ Aµ
αβ + Ω λµν

σ Aσ
νκ

)
δ

◦
Γ
κ
λµ , (4.22)

where

Dκ
λµν :=

◦
∇νA

κ
λµ −

◦
∇(νA

κ
λµ) −

1

3

◦
∇σ

(
δkνA

σ
λµ − δk(νA

σ
λµ)

)
=

=
2

3

( ◦
∇νA

κ
λµ −

◦
∇(λA

κ
µ)ν

)
− 2

9

◦
∇σ

(
δκνA

σ
λµ − δκ(λA

σ
µ)ν

)
, (4.23)

what is precisely a linear part of the tensor Uκ
λµν (1.36). Of course, the validity of the

equality (4.22) could be proven analogously as it was done in Theorem 2.3.1.
Thirdly, derivatives of potential Aµ will appear only via the skew-symmetric Ricci

tensor Fµν = Aν,µ − Aµ,ν (1.33). Thus:

−2∂ν (χ
µν δAµ) = −2J µ δAµ + χµν δFµν . (4.24)

Then, the variational formula (4.18) takes the following form:

δLg =
( ◦
∇νP λµν

κ + Yλµ
κ − Ω αβλ

κ Aµ
αβ − Ω λµν

σ Aσ
νκ

)
δ

◦
Γ
κ
λµ + δLH+

+ Ω λµν
κ δ

( ◦
U

κ
λµν +Dκ

λµν

)
+
( ◦
∇νΩ

λµν
κ

)
δAκ

λµ − 2∂ν (χ
µν δAµ)+

+

(
1

16π

◦
Gµν +

◦
∇κRµνκ

)
δgµν . (4.25)

Interestingly, it can be shown (using the techniques presented in Theorem 2.3.1) that:

−Ω αβ(λ
κ A

µ)
αβ − Ω λµν

σ Aσ
νκ = ∇νΩ

λµν
κ −

◦
∇νΩ

λµν
κ . (4.26)
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In the same manner, the following equality holds – see the definition of Yλµ
κ (4.20):

Yλµ
κ = ∇νπ

λµν
κ . (4.27)

Whence, the symplectic formula δLg (4.25) drastically simplifies, because:

∂Lg

∂
◦
Γκ

λµ

=
◦
∇νP λµν

κ + Yλµ
κ − Ω αβλ

κ Aµ
αβ − Ω λµν

σ Aσ
νκ =

=
◦
∇νP λµν

κ +∇νπ
λµν

κ +∇νΩ
λµν
κ −

◦
∇νΩ

λµν
κ = ∇νP λµν

κ = 0 , (4.28)

due to the first field equation (2.80). Finally:

δLg = πµν δ
◦
Kµν + Ω λµν

κ δ
( ◦
U

κ
λµν +Dκ

λµν

)
+
( ◦
∇νΩ

λµν
κ

)
δAκ

λµ+

+ χµν δFµν − 2J µ δAµ +
( ◦
∇κRµνκ

)
δgµν . (4.29)

Indeed, the metric tensor gµν and its derivatives, organised into the curvature tensors
◦
Uκ

λµν and
◦
Kµν , are now under control, whereas Aκ

λµ and Aµ play the role of “matter”
potentials. This is compatible with the standard understanding of the metric picture,
although a few comments are still necessary.

The sum
◦
Uκ

λµν +Dκ
λµν in the above variation could look strange, although, it is not

so surprising. Effectively, the same happened with the symmetric Ricci tensor Kµν , but
it was done in parts. Indeed, from formula (4.1) the below quantity could be extracted
and rewritten as follows:

∂ν

[
π λµν
κ δ

( ◦
Γ
κ
λµ +Nκ

λµ

)]
= πµν δ

(
◦
Kµν +

◦
∇κA

κ
µν −

6

5

◦
∇µAν

)
, (4.30)

where the covariant derivatives of Aκ
λµ and Aµ correspond with the linear part in the

formula for Kµν (1.32), thus, it is analogous to the term Ω δ(
◦
U + D). Then, there was

made a Legendre transformation:

∂ν

[
π λµν
κ δ

( ◦
Γ
κ
λµ +Nκ

λµ

)]
= πµν δ

◦
Kµν + δ

[
πµν

(
◦
∇κA

κ
µν −

6

5

◦
∇µAν

)]
+

−
(

◦
∇κA

κ
µν −

6

5

◦
∇µAν

)
δπµν , (4.31)

where was used the equality (2.49) between ∂ν

[
π λµν
κ δ

◦
Γκ

λµ

]
and πµν δ

◦
K µν , and the

decomposition of the non-metricity tensor N (1.6). Next, the Lemma 4.1.1 implies the
following equalities – see formulae (4.5) and (4.6):

δ

[
πµν

(
◦
∇κA

κ
µν −

6

5

◦
∇µAν

)]
= −δ

( ◦
∇κR σκ

σ

)
, (4.32)

−
(

◦
∇κA

κ
µν −

6

5

◦
∇µAν

)
δπµν =

( ◦
∇νRµνκ

)
δgµν , (4.33)
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and finally:

∂ν

[
π λµν
κ δ

( ◦
Γ
κ
λµ +Nκ

λµ

)]
= πµν δ

◦
Kµν − δ

( ◦
∇κR σκ

σ

)
+
( ◦
∇νRµνκ

)
δgµν . (4.34)

To complete this passage, the symplectic formula for the matter Lagrangian Lmatt

must be found. Firstly, from the variation of δLH (2.49), it follows that:

πµν δ
◦
Kµν = δLH +

1

16π

◦
Gµν δgµν , (4.35)

which recovers the standard Hilbert Lagrangian, one of the ingredients of the “typical”
metric Lagrangian. If Ω λµν

κ = 0, corresponding to the theory of the full Ricci tensor
Rµν = Kµν + Fµν , the matter Lagrangian is simply the difference between the metric
Lagrangian Lg and the Hilbert Lagrangian, as is the case for matter fields coupled to
gravity — cf. [7, 8, 9]. However, the presence of the traceless part of the Kijowski tensor
Uκ

λµν slightly changes the situation, because the tensor
◦
Uκ

λµν must also be treated as a
response parameter. This automatically implies that Ω λµν

κ remains a control parameter,
and to maintain consistency of the description, Dκ

λµν must also be switched to a response
parameter:

Ω λµν
κ δ

( ◦
U

κ
λµν +Dκ

λµν

)
= δ

[
Ω λµν

κ

( ◦
U

κ
λµν +Dκ

λµν

)]
−
( ◦
U

κ
λµν +Dκ

λµν

)
δΩ λµν

κ .

(4.36)

But now, the variational description of potential Aκ
λµ will be associated with “Hamilto-

nian” rather than “Lagrangian”, because the symplectic structure has the following form:

−
( ◦
U

κ
λµν +Dκ

λµν

)
δΩ λµν

κ +
( ◦
∇νΩ

λµν
κ

)
δAκ

λµ . (4.37)

Therefore, the extra Legendre transformation has to be implemented:( ◦
∇νΩ

λµν
κ

)
δAκ

λµ = δ
[( ◦

∇νΩ
λµν
κ

)
Aκ

λµ

]
− Aκ

λµ δ
( ◦
∇νΩ

λµν
κ

)
. (4.38)

Now, the momentum Ω λµν
κ plays the role of the matter field, and its dynamics is described

in Lagrangian formalism.
Whence, the matter Lagrangian Lmatt is defined as follows:

Lmatt := Lg − LH − Ω λµν
κ

( ◦
U

κ
λµν +Dκ

λµν

)
−
( ◦
∇νΩ

λµν
κ

)
Aκ

λµ = (4.39)

= LA +
◦
∇κR σκ

σ − πµν
◦
Kµν − Ω λµν

κ

( ◦
U

κ
λµν +Dκ

λµν

)
−
( ◦
∇νΩ

λµν
κ

)
Aκ

λµ ,

whereas the symplectic structure is the following:

δLmatt = −
( ◦
U

κ
λµν +Dκ

λµν

)
δΩ λµν

κ − Aκ
λµ δ

( ◦
∇νΩ

λµν
κ

)
+

+ χµν δFµν − 2J µ δAµ +

(
1

16π

◦
Gµν +

◦
∇κRµνκ

)
δgµν . (4.40)
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However, to obtain the above matter Lagrangian, a Legendre transformation was used,
which requires inverting the relations between Ω λµν

κ and
◦
∇νΩ

λµν
κ on the one hand, and

Uκ
λµν and Aκ

λµν on the other. Technically, this inversion becomes significantly easier when
the irreducible components are taken into account — and this approach will be adopted
in the sequel. Therefore, the variational formula (4.46) must also be refined. To this end,
the following quantities are introduced:

Uκ
λµν :=

◦
U

κ
λµν +Dκ

λµν , (4.41)

Uκ
ν := Uκ

λµν g
λµ . (4.42)

Using the decomposition of Ω λµν
κ (2.124) from Lemma 2.3.8, the following equalities

hold:( ◦
U

κ
λµν +Dκ

λµν

)
δΩ λµν

κ = Uκ
λµν δΩ

λµν
κ = Uκ

λµνδ
(
gκσΩ

σλµν
)
=

= Uκ
λµνΩ

σλµν δgκσ + UκλµνδΩ
κλµν =

=

[
9

8
U αβ
µν O(µν) +

9

16
Uα

νO(βν) +
5

4
U αβ
µν O[µν] +

5

8
Uα

νO[βν]+

+Uα
λµνΩ̃

βλµν
]
δgαβ +

5

8
Uµν δO[µν] +

9

16
Uµν δO(µν)+

+ Ũκλµν δΩ̃
κλµν , (4.43)

where Ũ denotes the totally traceless part of the tensor U. Since the tensor Uκλµν possesses
the same symmetries as the tensor density Ωκλµν , it admits an analogous decomposition
– see Lemma 2.3.8 and equation (2.124):

Uκλµν := Uσ
λµν gσκ = Ũκλµν +

1

8
gκν U(λµ) −

1

8

(
gκλ U[µν] + gκµ U[λν]

)
+

− 1

16

(
gκλ U(µν) + gκµ U(λν)

)
− 5

24

(
U[κλ] gµν + U[κµ] gλν − 2U[κν] gλµ

)
+

− 3

16

(
U(κλ) gµν + U(κµ) gλν − 2U(κν) gλµ

)
. (4.44)

The term Aδ
( ◦
∇Ω
)

is treated analogously. In particular,
◦
∇Ω decomposes as in

formula (2.207) from Lemma 2.5.2:

Aκ
λµ δ

( ◦
∇νΩ

λµν
κ

)
= Ãκ

λµ δ
( ◦
∇νO

λµν
κ

)
+

5

18
Aκ

λµ δ
(
gλµ

◦
∇νO ν

κ

)
=

= Ãκ
λµ δ

( ◦
∇νO

λµν
κ

)
+

5

18
hκ δ

( ◦
∇νO ν

κ

)
−
(
Aκαβ

◦
∇νO ν

κ

)
δgαβ .

(4.45)

Including above equations (4.43) and (4.45), the variation of the matter Lagrangian
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(4.40) takes the following form:

δLmatt =

(
1

16π

◦
Gαβ +

◦
∇κRαβκ + Aκαβ

◦
∇νO ν

κ − 9

8
U αβ
µν O(µν) − 9

16
Uα

νO(βν)+

−5

4
U αβ
µν O[µν] − 5

8
Uα

νO[βν] − Uα
λµνΩ̃

βλµν

)
δgαβ + χµν δFµν − 2J µ δAµ+

− 5

8
Uµν δO[µν] − 9

16
Uµν δO(µν) − Ũκλµν δΩ̃

κλµν+

− Ãκ
λµ δ

( ◦
∇νO

λµν
κ

)
− 5

18
hκ δ

( ◦
∇νO ν

κ

)
. (4.46)

4.1.1 Field equations

The variational formula δLmatt (4.46) generates the following field equations:

1. standard Euler-Lagrange system for the potential Aµ:

∂Lmatt

∂Aµ

= −2J µ ,
∂Lmatt

∂Fµν

= χµν , (4.47)

where:

Fµν =
◦
∇µAν −

◦
∇νAµ , J µ =

◦
∇νχ

µν , (4.48)

cf. formulae for Fµν (1.33) and J µ (2.82);

2. a specific Euler-Lagrange system with constraints for the tensor density Ω λµν
κ :

∂Lmatt

∂
( ◦
∇νO ν

κ

) = − 5

18
hκ ,

∂Lmatt

∂O(µν)
= − 9

16
U(µν) ,

∂Lmatt

∂O[µν]
= −5

8
U[µν] ,

∂Lmatt

∂
( ◦
∇νO

λµν
κ

) = −Ãκ
λµ ,

∂Lmatt

∂Ω̃κλµν
= −Ũκλµν , (4.49)

where:
◦
∇νΩ

λµν
κ =

◦
∇ν

[
O λµν

κ − 1

18

(
δλκ Oµν + δµκ Oλν − 5gλµO ν

κ

)]
, (4.50)

Ωκλµν = Ω̃κλµν +
1

8
gκνO(λµ) − 1

8

(
gκλO[µν] + gκµO[λν]

)
+

− 1

16

(
gκλO(µν) + gκµO(λν)

)
− 5

24

(
O[κλ]gµν +O[κµ]gλν − 2O[κν]gλµ

)
+

− 3

16

(
O(κλ)gµν +O(κµ)gλν − 2O(κν)gλµ

)
, (4.51)

Uκ
λµν =

◦
U

κ
λµν +Dκ

λµν , (4.52)

Dκ
λµν =

2

3

( ◦
∇νA

κ
λµ −

◦
∇(λA

κ
µ)ν

)
− 2

9

◦
∇σ

(
δκνA

σ
λµ − δκ(λA

σ
µ)ν

)
, (4.53)

Uκ
ν = Uκ

λµν g
λµ , (4.54)

Aκ
λµ = Ãκ

λµ −
1

18

(
δκλ hµ + δκµ hλ − 5gλµ h

κ
)
, (4.55)
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cf. formulae for
◦
∇νΩ

λµν
κ (2.207), Ωκλµν (2.124), Uκ

λµν (4.41), Dκ
λµν (4.23), Uκ

ν (4.42),
and Aκ

λµ (1.10);

3. Einstein equation:

∂Lmatt

∂gαβ
=

1

16π

◦
Gαβ +

◦
∇κRαβκ + Aκαβ

◦
∇νO ν

κ − 9

8
U (αβ)
µν O(µν) − 5

4
U (αβ)
µν O[µν]+

− 9

32
Uα

νO(βν) − 9

32
Uβ

νO(αν) − 5

16
Uα

νO[βν] − 5

16
Uβ

νO[αν] − U
(α
λµνΩ̃

β)λµν ,

(4.56)

where the “extra term”
◦
∇R is given by:

◦
∇κRµνκ =

√
| det g|
16π

◦
∇κ

[
Aκµν − 6

5
gκ(µAν) +

1

2

(
6

5
Aκ − hκ

)
gµν
]
, (4.57)

cf. formula (4.5).

The symplectic formula δLmatt (4.46) induces that the configuration space is given by
(Aµ, Fµν ,O(µν),O[µν], Ω̃ λµν

κ ,
◦
∇νO

λµν
κ ,

◦
∇νOµν , gµν) and the matter Lagrangian Lmatt (4.39)

is a function of those quantities.

4.2 Passage from the affine picture to the metric pic-
ture – examples

4.2.1 Theory of the full Ricci tensor

The metric picture is obtained via the Legendre transformation from the affine picture,
which was the main topic of the previous section. Specifically, the corresponding matter
Lagrangian Lmatt (4.39) must be derived. However, in this theory, the traceless part Uκ

λµν

does not appear, which simplifies the transition considerably:

Lmatt = LA +
◦
∇κR σκ

σ − LH , (4.58)

where the divergence part
◦
∇R vanishes – see formulae (4.6), (2.102), (2.104), and (2.106):

◦
∇κR σκ

σ =

√
| det g|
16π

◦
∇κ

(
6

5
Aκ − hκ

)
= 2
√

| det g|
◦
∇µ J µ = 0 . (4.59)

Of course, the above quantities have to be written in a proper control mode (Aµ, Fµν , gµν) –
cf. the symplectic formula in the metric picture (4.46). Firstly, the affine Lagrangian (3.4)
equals:

LA =
1

8πΛ

√
|KKKK +KKFF | , (4.60)
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where the terms KKKK and KKFF are defined in equations (3.2–3.3). However, based
on the full analysis presented in Chapter 3.1, and in particular the Einstein equa-
tion (3.20), the above affine Lagrangian takes the form:

LA =
1

8πΛ

√
|Λ4 det g + Λ2 ggFF | =

Λ
√
| det g|
8π

√∣∣∣∣1 + 1

Λ2 det g
ggFF

∣∣∣∣ =
=

Λ
√
| det g|
8π

√∣∣∣∣1 + 1

2Λ2
FµνF µν

∣∣∣∣ . (4.61)

Here, the term ggFF was defined in (3.15).

Next is the Hilbert Lagrangian (2.47), where the value of the metric Ricci curvature
◦
Kµν is derived from the Einstein equation (3.23). Thus:

LH =

√
| det g|
8π

(2Λ + 3AσA
σ) . (4.62)

Then, the corresponding matter Lagrangian (4.58) is the following:

Lmatt =
Λ
√

| det g|
8π

√∣∣∣∣1 + 1

2Λ2
FµνF µν

∣∣∣∣−
√
| det g|
8π

(2Λ + 3AσA
σ) . (4.63)

It could also be approximated (expanded around Λ-vacuum solution) in the following way:

Lmatt ≈ −
√

| det g|
8π

(Λ + 3AσA
σ) +

√
| det g|
32πΛ

Fαβ F
αβ . (4.64)

Field equations

The field equations associated with the matter Lagrangian (4.64) are as follows – cf.
symplectic formula (4.46):

1. standard Euler-Lagrange system for the potential Aµ (4.47), where:

∂Lmatt

∂Aµ

= −
3
√

| det g|
4π

Aµ = −2Jµ , (4.65)

∂Lmatt

∂Fµν

=

√
| det g|
16πΛ

F µν = χµν , (4.66)

which precisely reproduce the non-metricity equation (3.7) and the constitutive
relation (3.30);

2. Einstein equation (4.56), where:

∂Lmatt

∂gµν
= −

√
| det g|
16π

(Λ + 3AσA
σ) gµν +

√
| det g|
64πΛ

Fαβ F
αβ gµν+

+
3
√

| det g|
8π

AµAν −
√

| det g|
16πΛ

F µ
α F

να , (4.67)
◦
∇κRµνκ = 0 , (4.68)

which precisely reproduce the previously obtained Einstein equation (3.24).
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Unification

The structure of the above theory is very similar to the Einstein-Maxwell theory with a
cosmological constant Λ. First, the skew-symmetric Ricci tensor Fµν is, by definition, a
closed 2-form — see (1.33):

Fµν = Aν,µ − Aµ,ν , (4.69)

where Aµ := 1
2
Nσ

µσ is a potential — see (1.7).
Secondly, the constitutive relation (3.30) between the momentum χµν and Fµν , deter-

mined by the symplectic structure, is analogous to linear vacuum electrodynamics — cf.
Appendix A, equation (A.8).

Third argument is based on the Einstein equation (3.20), where the right-hand side
has an identical structure to the stress-energy tensor for electromagnetic fields (cf. for-
mula (A.10)):

T µν = fµαf ν
α − 1

4
gµν fαβ f

αβ . (4.70)

Finally, the matter Lagrangian (4.64) contains a term, which is quadratic in the tensor F
and is very similar to the electromagnetic Lagrangian (A.7):

Led = −
√

| det g|
4

fαβf
αβ . (4.71)

However, there is a difference in the coupling constant, particularly in its sign and unit.
The Faraday 2-form fµν has a length dimension ([cm] in the geometrical unit system [43]),
whereas the skew-symmetric Ricci tensor Fµν is dimensionless. This observation suggests
that the relation between the skew-symmetric Ricci tensor Fµν and the Faraday 2-form fµν
must be the following:

Fµν := ±
√

8π|Λ| fµν , (4.72)

under the assumption that:

Λ < 0 =⇒ Λ = −|Λ| . (4.73)

Of course, the chosen “±” sign does not matter, since only quadratic terms in Fµν appear
in the Lagrangian. Accordingly, this implies an identical relation between the potential
Aµ and the electromagnetic potential aµ (A.2):

Aµ := ±
√

8π|Λ| aµ . (4.74)

To reconstruct the same symplectic structure as in Maxwellian electrodynamics, the mo-
mentum χµν (3.30) should be related to the dual electromagnetic tensor density Fµν (A.8)
as follows:

χµν =

√
| det g|
16πΛ

F µν := ∓ 1√
32π|Λ|

Fµν . (4.75)
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Thus,

χµν δFµν = −1

2
Fµν δfµν , (4.76)

which is precisely the same as in electrodynamics (A.3).

The obtained Einstein equation (3.20) for the general Ricci tensor Kµν takes the form
of the standard Einstein-Maxwell equation with a negative cosmological constant:

Kµν = −|Λ| gµν + 8π

(
fµα f ν

α − 1

4
fαβ f

αβ gµν
)

, (4.77)

whereas the metric Einstein equation (3.24) is more closely related to the Einstein-Proca
theory (B.15), due to the explicit appearance of the potential aµ:

◦
Gµν = |Λ| gµν + 8π

[(
fµα f ν

α − 1

4
fαβ f

αβ gµν
)
+ 6|Λ|

(
aµ aν −

1

2
gµν aσa

σ

)]
. (4.78)

Of course, the unification statements can also be incorporated into the approximated
matter Lagrangian (4.64):

Lmatt ≈
|Λ|
√

|det g|
8π

−
√

| det g|
4

(
fαβ f

αβ + 2
m2

ℏ2
aσ a

σ

)
(4.79)

and as before, it is rather Einstein-Proca than Einstein-Maxwell theory – cf. Appendices
A and B. However, the mass parameter m is very small, and given by the following
formula:

m2

ℏ2
= 6|Λ| , (4.80)

m = ℏ
√

6|Λ| ≈ 2 · 10−94 [cm] ≈ 2.7 · 10−69 [kg] , (4.81)

cf. the formula for the stress-energy tensor density T µν in equation (B.15), or the formula
for the Proca Lagrangian (B.2). The [cm] unit refers to the geometrical unit system
(cf. [43]), whereas [kg] refers to the SI unit system. The value of ℏ in geometrical units
is provided in Appendix B, formula (B.3). The cosmological constant Λ (in geometrical
units), as proposed by Ya. Zel’dovich, is taken to be (cf. [55, 56], or [43], p. 411, Ex. 17.5):

Λ ≈ 10−57 [cm−2] . (4.82)

The effective cosmological parameter Λeff (3.25) is the following:

Λeff = −|Λ| (1− 12π aκa
κ) . (4.83)

Interestingly, the affine formulation of the standard Einstein-Maxwell theory (without
cosmological constant Λ) also can be considered – cf. [18]. However, the electromagnetic
tensor fµν is not related to the skew-symmetric Ricci tensor Fµν , but as an external field.
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Born-Infeld theory

It is very interesting to see what happens if the non-approximated Lagrangian is used in
this passage – cf. variant V0 (2.145) and formula (3.1):

LA =

√
| det(K + F )|

8πΛ
. (4.84)

Then, the non-perturbed solution of the Einstein equation (3.9) and the unification for-
mulae (4.72-4.73) imply:

LA =

√∣∣∣det(Λg ±√8π|Λ| f
)∣∣∣

8πΛ
= −|Λ|

8π

√∣∣∣∣det(g ∓ 1

b
f

)∣∣∣∣ , (4.85)

where

b :=

√
|Λ|
8π

. (4.86)

The Hilbert Lagrangian (4.62) equals:

LH = −
|Λ|
√

| det g|
4π

(1− 12πaµa
µ) = −2b2

√
| det g| (1− 12πaµa

µ) . (4.87)

Then, the matter Lagrangian (4.58) is given by:

Lmatt = LA − LH = −b2

√∣∣∣∣det(g ∓ 1

b
f

)∣∣∣∣+ 2b2
√
| det g| (1− 12πaµa

µ) . (4.88)

The above theory can be viewed as an extension of the standard Born-Infeld electromag-
netism [3], in which the cosmological constant Λ (encoded in b) plays the role of a coupling
constant. This Lagrangian differs slightly from the standard Born-Infeld form, as it also
includes couplings between the gravitational and electromagnetic fields, and additionally
contains potential terms. As a result, it describes a non-trivial interaction between the
gravitational field and a “massive” bosonic field, with the mass parameter m2 given by:

m2 = 6ℏ2|Λ| = 48πℏ2b2 . (4.89)

As it was mentioned before, this mass parameter is very small – see (4.81).

4.2.2 Variant V1

This transition, in the opposite to the previous one, involves non-trivial terms related to
the traceless Riemann tensor W κ

λµν , which is the main source of difficulty.

The first step is to rewrite the affine Lagrangian (3.43) in the proper control mode (cf.
the symplectic formula in the metric picture (4.46)):

LA = α
√

|KKKK +KKKW +KKFF +KKFW +KKWW | , (4.90)
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where the terms KKKK, KKKW , KKFF , KKFW , and KKWW are defined in
equations (3.38–3.42). However, based on the full analysis presented in Chapter 3.3,
and in particular the Einstein equation (3.72), the above affine Lagrangian takes the
form:

LA = α
√

|Λ4σγ2 det g + Λ2 ggFF + Λ2 ggFW + Λ2 ggWW | =

=
Λ
√

| det g|
8π

√∣∣∣∣1 + 1

σγ2Λ2 det g
(ggFF + ggFW + ggWW )

∣∣∣∣ =
=

Λ
√

| det g|
8π

∣∣∣∣1 + 27

88Λ2

(
356

225
FαβF

αβ − 16

45
Fαβ W

[αβ]+

−2

3
W[αβ]W

[αβ] +
2

3
W(αβ)W

(αβ) − 4

3
W̃[αβ]κλW̃

[κλ]αβ

) ∣∣∣∣1/2 . (4.91)

Here, the characteristic constants α, γ2, and σ are given in (3.44), while the terms ggFF ,
ggFW , and ggWW are defined in (3.62), (3.86) and (3.87) respectively.

To obtain the appropriate matter Lagrangian Lmatt (4.39), the tensor W must be
expressed in terms of the momentum Ω, which is equivalent to Σ (2.119) — the momentum
canonically conjugate to W . The momentum Σ is decomposed into four independent
components, generating four field equations (3.88–3.91), all of which can be inverted,
except for the vanishing one (3.90):

W[µν] =
88 · 16πΛ
27
√

| det g|
·
(
−5

8

)
Σ[µν] −

4

15
Fµν , (4.92)

W(µν) =
88 · 16πΛ
27
√

| det g|
· 9

16
Σ(µν) , (4.93)

W̃[µν]κλ =
88 · 16πΛ
27
√

| det g|
·
(
−3

8

)
Σ̃[κλ]µν . (4.94)

Therefore, the affine Lagrangian (4.91) equals:

LA =
Λ
√

| det g|
8π

∣∣∣∣1 + 1

2Λ2
FαβF

αβ − 88 · 200π2

81| det g|
Σ[αβ]Σ

[αβ]+

+
11 · 16π2

| det g|
Σ(αβ)Σ

(αβ) − 88 · 16π2

9| det g|
Σ̃[αβ]κλΣ̃

[κλ]αβ

∣∣∣∣1/2 . (4.95)

Surprisingly, the “mixing” term FαβΣ
αβ vanishes. Finally, replacing the momentum Σ

with the momentum Ω (2.118) yields:

LA =
Λ
√

| det g|
8π

∣∣∣∣1 + 1

2Λ2
FαβF

αβ − 88 · 50π2

81| det g|
O[αβ]O[αβ]+

+
44π2

| det g|
O(αβ)O(αβ) − 88 · 16π2

81| det g|

(
Ω̃κλµνΩ̃

λκνµ + 2Ω̃κλµνΩ̃
νλµκ

)∣∣∣∣1/2 , (4.96)

where Ω̃ denotes the totally traceless part of the momentum Ω – see Lemma 2.3.8 and
formula (2.124).
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The next step in the passage to the metric picture involves deriving the divergence
term

◦
∇R (4.6):

◦
∇κR σκ

σ =

√
| det g|
16π

( ◦
∇κN

σκ
σ −

◦
∇κN

κσ
σ

)
. (4.97)

The second term in the above formula vanishes via Lemma 2.3.5:
◦
∇κN

κσ
σ = − 80π

3
√

| det g|
◦
∇κJ κ = 0 . (4.98)

The remaining part was already derived in Lemma 2.3.7, formula (2.112), so:

◦
∇κN

σκ
σ =

8π

3
√

| det g|

2
◦
∇κJ κ︸ ︷︷ ︸

=0

+3
◦
∇κ

◦
∇νOκν

 =
8π√
| det g|

◦
∇κ

◦
∇νO(κν) . (4.99)

Interestingly, symmetrisation in the above result is not necessary, as the skew-symmetric
part vanishes as a consequence of Lemma 2.3.3. Whence:

◦
∇κR σκ

σ =
1

2

◦
∇κ

◦
∇νOκν . (4.100)

Next, from the Einstein equation (3.74) the Hilbert Lagrangian LH has to be derived:

LH = πµν
◦
Kµν =

√
| det g|
16π

(4Λ−Q α
α ) =

=
Λ
√

| det g|
4π

− 4π√
| det g|

{( ◦
∇αΩ

κλµα
) ◦
∇β

(
Ω β

κλµ − 2Ω β
λµκ

)
+

− 1

2

( ◦
∇αO α

κ

)( ◦
∇βOκβ

)
− 2J κ

( ◦
∇αO α

κ

)
− 2

3
JκJ κ

}
+

1

2

( ◦
∇κ

◦
∇λOκλ

)
.

(4.101)

However, objects like J and
◦
∇

◦
∇O are not allowed in this description — cf. the symplectic

formula (4.46) – just as velocities are forbidden in the Hamiltonian formalism. The current
J is easily eliminated using the formula (3.46) from the non-metricity decomposition:

Jκ =
3
√

| det g|
8π

Aκ −
3

2

◦
∇νO ν

κ , (4.102)

whereas the second-order derivative
◦
∇

◦
∇O is exactly cancelled by the gradient term

◦
∇R (4.100) in the final expression for the matter Lagrangian Lmatt (4.39). Moreover, the
divergence terms

◦
∇Ω must be decomposed too – cf. Lemma 2.5.2 formula (2.207):( ◦

∇αΩ
κλµα

) ◦
∇β

(
Ω β

κλµ − 2Ω β
λµκ

)
=
( ◦
∇αO

κλµα
) ◦
∇β

(
O β

κλµ − 2O β
λµκ

)
+

+
7

18

( ◦
∇αOκα

) ◦
∇β

(
O β

κ

)
, (4.103)
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Thus:

LH =
Λ
√

| det g|
4π

− 4π√
| det g|

{( ◦
∇αO

κλµα
) ◦
∇β

(
O β

κλµ − 2O β
λµκ

)
+

+
25

18

( ◦
∇αO α

κ

)( ◦
∇βOκβ

)}
+

3
√

| det g|
8π

AκA
κ +

1

2

( ◦
∇κ

◦
∇λOκλ

)
. (4.104)

Here, the “mixing” term A(
◦
∇O) vanishes.

The next two steps describe the Legendre transformation between the potential Aκ
λµ

and the momentum Ω λµν
κ . First, the term

( ◦
∇νΩ

λµν
κ

)
Aκ

λµ will be computed using the
expression for Aκ

λµ from the decomposition of the non-metricity tensor given in equa-

tion (3.47), along with the decomposition formula (2.207) for
◦
∇νΩ

λµν
κ from Lemma 2.5.2.

Thus: ( ◦
∇νΩ

λµν
κ

)
Aκ

λµ =
8π√
| det g|

[( ◦
∇σO

λµσ
κ

) ◦
∇ν

(
Oκ ν

λµ − 2O κν
λµ

)
+

+
25

18

( ◦
∇σO σ

κ

)( ◦
∇νOκν

)]
− 3Aκ

( ◦
∇σO σ

κ

)
. (4.105)

To derive the term Ω λµν
κ

( ◦
Uκ

λµν +Dκ
λµν

)
, the tensors

◦
U and D (4.23) must be

expressed in terms of the momentum Ω. Since the pair Ω and U is equivalent to the pair
Σ and W (see (1.27) and (2.119)), the following equality holds:

Ω λµν
κ

( ◦
U

κ
λµν +Dκ

λµν

)
= Σ λµν

κ

( ◦
W

κ
λµν + Cκ

λµν

)
, (4.106)

where Cκ
λµν (2.224) is a linearised part of W κ

λµν , and satisfies:

Cκ
λµν = −2Dκ

λ[µν] . (4.107)

Furthermore, the field equations (2.200-2.203) are linearised – i.e., it includes only terms
linear in W . After the decomposition into the metric term and the remainder (1.35),
this linearisation applies to the potential terms as well, which formed the core of Chap-
ter 3.3.7. Therefore, in light of the above considerations, the following equality holds:

Ω λµν
κ

( ◦
U

κ
λµν +Dκ

λµν

)
= Σ λµν

κ

( ◦
W

κ
λµν + Cκ

λµν

)
= Σ λµν

κ W κ
λµν . (4.108)

Ultimately, the problem reduces to inverting the field equations (3.88-3.91), which
have already been done — see formulae (4.92–4.94). Hence, recalling the symplectic
formula (2.199), the above term Σ λµν

κ W κ
λµν equals:

Σ λµν
κ W κ

λµν =
5

6
Σµν W[µν] +

3

4
Σµν W(µν) + Σ̃κλµν︸ ︷︷ ︸

=0

W̃(κλ)µν + Σ̃κλµν W̃[κλ]µν =

=
88 · 16πΛ
27
√

| det g|

(
−25

48
Σµν Σ[µν] +

27

64
Σµν Σ(µν) −

3

8
Σ̃κλµν Σ̃[µν]κλ

)
− 2

9
Σµν Fµν .

(4.109)
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The last step corresponds to replacing the momentum Σ with the momentum Ω us-
ing (2.119). Then, the required term Ω λµν

κ

( ◦
Uκ

λµν +Dκ
λµν

)
equals

Ω λµν
κ

( ◦
U

κ
λµν +Dκ

λµν

)
= Σ λµν

κ

( ◦
W

κ
λµν + Cκ

λµν

)
= Σκλµν Wκλµν =

=
88 · 16πΛ
27
√

| det g|

[
− 25

3 · 64
Oµν O[µν] +

27

4 · 64
Oµν O(µν)+

− 1

24

(
Ω̃κλµνΩ̃

λκνµ + 2Ω̃κλµνΩ̃
νλµκ

)]
+

1

9
Oµν Fµν . (4.110)

Finally, the matter Lagrangian Lmatt (4.39) has the following form:

Lmatt = LA +
◦
∇κR σκ

σ − LH − Ω λµν
κ

( ◦
U

κ
λµν +Dκ

λµν

)
−
( ◦
∇νΩ

λµν
κ

)
Aκ

λµ =

=
Λ
√

| det g|
8π

∣∣∣∣1 + 1

2Λ2
FαβF

αβ − 88 · 50π2

81| det g|
O[αβ]O[αβ]+

+
44π2

| det g|
O(αβ)O(αβ) − 88 · 16π2

81| det g|

(
Ω̃κλµνΩ̃

λκνµ + 2Ω̃κλµνΩ̃
νλµκ

)∣∣∣∣1/2+
−

Λ
√

| det g|
4π

−
3
√

| det g|
8π

AκA
κ − 88 · 16πΛ

27
√

| det g|

[
− 25

3 · 64
Oµν O[µν]+

+
27

4 · 64
Oµν O(µν) −

1

24

(
Ω̃κλµνΩ̃

λκνµ + 2Ω̃κλµνΩ̃
νλµκ

)]
+

− 4π√
| det g|

{( ◦
∇σO

λµσ
κ

) ◦
∇ν

(
Oκ ν

λµ − 2O κν
λµ

)
+

25

18

( ◦
∇σO σ

κ

)( ◦
∇νOκν

)}
+

+ 3Aκ
( ◦
∇σO σ

κ

)
− 1

9
Oµν Fµν . (4.111)

The expanded form of the above matter Lagrangian is explicitly provided below:

Lmatt ≈ −
√

| det g|
8π

(Λ + 3AκA
κ) +

√
| det g|
32πΛ

FαβF
αβ+

− 4π√
| det g|

{( ◦
∇σO

λµσ
κ

) ◦
∇ν

(
Oκ ν

λµ − 2O κν
λµ

)
+

25

18

( ◦
∇σO σ

κ

)( ◦
∇νOκν

)}
+

+ 3Aκ
( ◦
∇σO σ

κ

)
− 1

9
Oµν Fµν +

11 · 25πΛ
81
√

| det g|
O[µν]Oµν − 11πΛ

4
√
| det g|

O(µν)Oµν+

+
88πΛ

81
√

| det g|

(
Ω̃κλµνΩ̃

λκνµ + 2Ω̃κλµνΩ̃
νλµκ

)
. (4.112)

Field equations

The field equations associated with the matter Lagrangian (4.112) are as follows – cf.
symplectic formula (4.46):
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1. Euler-Lagrange system for the potential Aµ (4.47):

∂Lmatt

∂Aµ

= −
3
√
| det g|
4π

Aµ + 3
◦
∇νOµν = −2J µ , (4.113)

∂Lmatt

∂Fµν

=

√
| det g|
16πΛ

F µν − 1

9
O[µν] = χµν , (4.114)

where the first equation (4.113) reproduces the part of non-metricity equation (3.46).
The second one (4.114) has to be combined with the field equation for O[µν] (4.117),
which is written below.

2. Specific Euler-Lagrange system with constraints for the tensor density Ω λµν
κ (4.49):

∂Lmatt

∂
( ◦
∇νO ν

κ

) = − 100π

9
√

| det g|
◦
∇νOκν + 3Aκ = − 5

18
hκ , (4.115)

∂Lmatt

∂O(µν)
= − 11πΛ

2
√

| det g|
O(µν) = − 9

16
U(µν) , (4.116)

∂Lmatt

∂O[µν]
= − 11 · 50πΛ

81
√

| det g|
O[µν] −

1

9
Fµν = −5

8
U[µν] , (4.117)

∂Lmatt

∂
( ◦
∇νO

λµν
κ

) = − 8π√
| det g|

◦
∇νOκ ν

λµ +
16π√
| det g|

◦
∇νO κν

(λµ) = −Ãκ
λµ , (4.118)

∂Lmatt

∂Ω̃κλµν
=

88πΛ

81
√

| det g|

(
2Ω̃(λ|κν|µ) + 4Ω̃νλµκ

)
= −Ũκλµν , (4.119)

where the first (4.115) and the fourth (4.118) equations reproduce parts of the non-
metricity equation (3.48) and (3.49) respectively. The second equation (4.116) is
compatible with the field equation for Σ(µν) (3.89), whereas the third one (4.117)
combined with the equation (4.114) are compatible with equations for Σ[µν] (3.88)
and χµν (3.83), noting that under the assumed linearisation the equality Uκλµν =
Uκλµν holds – cf. formula (4.41). The traceless part is more complicated, because
the initial momentum Σ̃κλµν (3.91) possesses an additional symmetry — it is skew-
symmetric with respect to the first two indices — which does not translate directly
into the tensor density Ω̃κλµν . Precisely, the momentum Σ̃κλµν naturally decomposes
into Σ̃[κλ]µν and Σ̃(κλ)µν , whereas Ω̃κλµν into Ω̃(κ|λµ|ν) and Ω̃[κ|λµ|ν]. The relation
between those two decompositions is the following:

Σ̃(κλ)µν =
1

3

(
Ω̃(κ|λµ|ν) + 2Ω̃(κλ)νµ

)
=

=
1

3

(
Ω̃(κ|λµ|ν) + Ω̃(κ|λν|µ) + Ω̃(λ|κν|µ) + Ω̃[κ|λν|µ] + Ω̃[λ|κν|µ]

)
, (4.120)

Σ̃[κλ]µν =
1

3

(
Ω̃[κ|λµ|ν] + 2Ω̃[κλ]νµ

)
=

=
1

3

(
Ω̃[κ|λµ|ν] + Ω̃(κ|λν|µ) − Ω̃(λ|κν|µ) + Ω̃[κ|λν|µ] − Ω̃[λ|κν|µ]

)
. (4.121)
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Then, the field equation (3.90) induces the extra symmetry for Ω̃κλµν :

1

3

(
Ω̃(κ|λµ|ν) + 2Ω̃(κλ)νµ

)
= Σ̃(κλ)µν = 0 . (4.122)

The problematic term (from the matter Lagrangian (4.112)) reads:

Σ̃[αβ]κλΣ̃
[κλ]αβ =

1

9

(
ΩκλµνΩ

λκνµ − 2ΩκλµνΩ
µνλκ + ΩκλµνΩ

νλµκ
)
, (4.123)

where the relation between Σ and Ω is used — see (2.118). In formulae (4.96),
(4.110), and (4.112), the following identity is employed:

−2Ω̃κλµνΩ̃
µνλκ = Ω̃κλµνΩ̃

νλµκ . (4.124)

However, the following identity also holds:

−2Ω̃κλµνΩ̃
µνλκ = 2Ω̃κλµνΩ̃

λκνµ + 2Ω̃κλµνΩ̃
λµκν . (4.125)

Inserting both of the above identities (multiplied by 1
2
) into the initial expression

yields:

Σ̃[αβ]κλΣ̃
[κλ]αβ =

1

9

(
2Ω̃κλµνΩ̃

λκνµ + Ω̃κλµνΩ̃
λµκν +

3

2
Ω̃κλµνΩ̃

νλµκ

)
. (4.126)

If this identity is applied in the Legendre transformation, the field equation (4.119)
takes the form:

∂Lmatt

∂Ω̃κλµν
=

88πΛ

81
√

| det g|

(
4Ω̃(λ|κν|µ) + 2Ω̃(λµ)κν + 3Ω̃νλµκ

)
= −Ũκλµν , (4.127)

which is equivalent to equation (3.91), noting that under the assumed linearisation
the equality Ũκλµν = Ũκλµν holds – cf. formula (4.41).

3. The verification that the Einstein equation (4.56) is numerically equivalent with the
formula (3.75) derived in the affine picture, is very complicated and time-consuming,
especially due to the necessity of the invertion of field equations (4.92-4.94) and
highly non-trivial appearance in the Lagrangian. Thus, for this case the calculations
are omitted.

Unification

Even though the above theory is derived from the affine Lagrangian (3.43), which dif-
fers from the affine Lagrangian (3.4) used in the theory based on the full Ricci tensor,
the matter Lagrangian in both theories contains the same terms — see formulae (4.64)
and (4.112): √

| det g|
8π

· 3AκA
κ +

√
| det g|
32πΛ

FαβF
αβ . (4.128)

The above terms suggest that quantities Fµν and Aµ can be interpreted with Bµν and bµ
from Proca theory – see Appendix B – what was already mentioned in Chapter 4.2.1.
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Due to the identical appearance in the matter Lagrangians, the unification procedure is
identical – cf. formula (4.72):

Fµν := ±
√
8π|Λ|Bµν , (4.129)

under the assumption that:

Λ < 0 =⇒ Λ = −|Λ| . (4.130)

The only difference relies on substituting the electromagnetic tensor Fµν by the Proca
field Bµν . Accordingly, this implies an identical relation between the potential Aµ and the
Proca potential bµ (B.1) – cf. formula (4.74):

Aµ := ±
√
8π|Λ| bµ . (4.131)

However, in the Variant V1 appeared an extra skew-symmetric field W[µν], which was
coupled with the skew-symmetric Ricci tensor Fµν – see formulae (3.83) and (3.88). This
field, after the passage to the metric picture, is “replaced” by the tensor density field O[µν]

(4.114), which is not considered in the unification procedure.

To reconstruct the same symplectic structure as in Proca theory (B.4), the momentum
χµν (4.114) should be related to the dual tensor density Bµν (B.5) as follows:

χµν := ∓ 1√
32π|Λ|

Bµν . (4.132)

Then:

Bµν =
√

| det g|Bµν ±
4
√

2π|Λ|
9

O[µν] . (4.133)

The same happens with the current J µ (2.82):

J µ = ∂νχ
µν = ∓ 1√

32π|Λ|
∂νBµν . (4.134)

Consequently, the field equation (4.113) equals:

∂νBµν = −6|Λ|bµ ± 6
√

2π|Λ|
◦
∇νOµν . (4.135)

Together, equations (4.133) and (4.135) produce the non-homogeneous Proca equation –
cf. formula (B.9):

◦
□bµ −

◦
∇µ

◦
∇νb

ν − bσ
◦
K

µ
σ − 6|Λ| bµ = ±

√
2π|Λ|
| det g|

(
50

9

◦
∇νO[µν] + 6

◦
∇νO(µν)

)
. (4.136)

Here, the mass parameter equals

m2

ℏ2
= 6|Λ| . (4.137)
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4.2.3 Variant V6

This transition, as the previous one, involves non-trivial terms related to the traceless
Riemann tensor W κ

λµν , which is the main source of difficulty.

The first step is to rewrite the affine Lagrangian (3.105) in the proper control mode
(cf. the symplectic formula in the metric picture (4.46)):

LA = α
√
|KKKK +KKKW +KKFF +KKFW +KKWW | , (4.138)

where the terms KKKK, KKKW , KKFF , KKFW , and KKWW are defined in
equations (3.100–3.104). However, based on the full analysis presented in Chapter 3.4,
and in particular the Einstein equation (3.125), the above affine Lagrangian takes the
form:

LA = α
√

|Λ4σγ2 det g + Λ2 ggFF + Λ2 ggFW + Λ2 ggWW | =

=
Λ
√

| det g|
8π

√∣∣∣∣1 + 1

σγ2Λ2 det g
(ggFF + ggFW + ggWW )

∣∣∣∣ =
=

Λ
√

| det g|
8π

∣∣∣∣1− 27

128Λ2

(
832

225
FαβF

αβ +
128

45
FαβW

αβ +
64

9
W(αβ) W

αβ+

−32

9
Wαβκλ W

κλαβ − 16

9
Wαβκλ W

αβκλ +
16

3
Wαβκλ W

βακλ

) ∣∣∣∣1/2 . (4.139)

Here, the characteristic constants α, γ2, σ are given in (3.106), while the terms ggFF ,
ggFW , and ggWW are defined in (3.116), (3.135) and (3.136) respectively.

To obtain the appropriate matter Lagrangian Lmatt (4.39), the tensor W must be
expressed in terms of the momentum Ω, which is equivalent to Σ (2.119) — the momentum
canonically conjugate to W . The momentum Σ is decomposed into four independent
components, generating four field equations (3.137–3.140), all of which can be inverted:

W[µν] = − 128 · 16πΛ
27
√

| det g|
·
(
−45

64

)
Σ[µν] +

12

5
Fµν , (4.140)

W(µν) = − 128 · 16πΛ
27
√

| det g|
· 9

64
Σ(µν) , (4.141)

W̃(µν)κλ = − 128 · 16πΛ
27
√

| det g|
· 9

64
Σ̃(µν)κλ , (4.142)

W̃[µν]κλ = − 128 · 16πΛ
27
√

| det g|

(
− 3

32
Σ̃[µν]κλ +

3

64
Σ̃[κλ]µν

)
. (4.143)

Therefore, the affine Lagrangian (4.139) equals:

LA =
Λ
√
| det g|
8π

∣∣∣∣1− 3

2Λ2
FαβF

αβ +
25 · 128π2

9| det g|
Σ[αβ]Σ

[αβ] − 64π2

| det g|
Σ(αβ)Σ

(αβ)+

− (16π)2

9| det g|

(
Σ̃[αβ]κλΣ̃

[κλ]αβ − 2Σ̃[αβ]κλΣ̃
[αβ]κλ + 3Σ̃(αβ)κλΣ̃

(αβ)κλ
)∣∣∣∣1/2 . (4.144)
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As it was in the previous example, the “mixing” term FαβΣ
αβ vanishes. Finally, re-

placing the momentum Σ with the momentum Ω (2.118) yields:

LA =
Λ
√

| det g|
8π

∣∣∣∣1− 3

2Λ2
FαβF

αβ +
25 · 32π2

9| det g|
O[αβ]O[αβ] − 16π2

| det g|
O(αβ)O(αβ)+

− (16π)2

27| det g|

(
1

2
Ω̃κλµνΩ̃

κλµν +
1

2
Ω̃κλµνΩ̃

νλµκ + 2Ω̃κλµνΩ̃
λµνκ − Ω̃κλµνΩ̃

λκνµ

)∣∣∣∣1/2 ,

(4.145)

where Ω̃ denotes the totally traceless part of the momentum Ω.

The next step in the passage to the metric picture involves deriving the divergence
term

◦
∇R (4.6), which is the same as in the Variant V1(see formula (4.100)), since

◦
∇R is

constructed from the non-metricity tensor N , which is identical in both theories. Thus:

◦
∇κR σκ

σ =
1

2

◦
∇κ

◦
∇νOκν . (4.146)

For the same reason, the Hilbert Lagrangian LH is given by the same expression as in the
Variant V1 – see formula (4.104):

LH =
Λ
√

| det g|
4π

− 4π√
| det g|

{( ◦
∇αO

κλµα
) ◦
∇β

(
O β

κλµ − 2O β
λµκ

)
+

+
25

18

( ◦
∇αO α

κ

)( ◦
∇βOκβ

)}
+

3
√

| det g|
8π

AκA
κ +

1

2

( ◦
∇κ

◦
∇λOκλ

)
. (4.147)

Here, the “mixing” term A(
◦
∇O) vanishes.

The next two steps describe the Legendre transformation between the potential Aκ
λµ

and the momentum Ω λµν
κ . First, the term

( ◦
∇νΩ

λµν
κ

)
Aκ

λµ will be derived using the
expression for Aκ

λµ from the decomposition of the non-metricity tensor given in equa-
tion (3.47). Therefore, it is exactly the same as in the Variant V1 – see formula (4.105):( ◦

∇νΩ
λµν
κ

)
Aκ

λµ =
8π√
| det g|

[( ◦
∇σO

λµσ
κ

) ◦
∇ν

(
Oκ ν

λµ − 2O κν
λµ

)
+

+
25

18

( ◦
∇σO σ

κ

)( ◦
∇νOκν

)]
− 3Aκ

( ◦
∇σO σ

κ

)
. (4.148)

The derivation of the term Ω λµν
κ

( ◦
Uκ

λµν +Dκ
λµν

)
was discussed in the previous sub-

section, with the result summarised in equation (4.108), which is rewritten below:

Ω λµν
κ

( ◦
U

κ
λµν +Dκ

λµν

)
= Σ λµν

κ

( ◦
W

κ
λµν + Cκ

λµν

)
= Σ λµν

κ W κ
λµν . (4.149)

Ultimately, the problem reduces to inverting the field equations (3.137-3.140), which
have already been done — see formulae (4.140–4.143). Hence, recalling the symplectic



4.2. PASSAGE – EXAMPLES 105

formula (2.199), the above term Σ λµν
κ W κ

λµν equals:

Σ λµν
κ W κ

λµν =
5

6
Σµν W[µν] +

3

4
Σµν W(µν) + Σ̃κλµν W̃(κλ)µν + Σ̃κλµν W̃[κλ]µν =

= 2Σµν Fµν −
128 · 16πΛ
27
√

| det g|

[
− 75

128
Σµν Σ[µν] +

27

256
Σµν Σ(µν)+

+
3

64

(
Σ̃[αβ]κλΣ̃

[κλ]αβ − 2Σ̃[αβ]κλΣ̃
[αβ]κλ + 3Σ̃(αβ)κλΣ̃

(αβ)κλ
)]

. (4.150)

The last step corresponds to replacing the momentum Σ with the momentum Ω us-
ing (2.119). Then, the required term Ω λµν

κ

( ◦
Uκ

λµν +Dκ
λµν

)
equals

Ω λµν
κ

( ◦
U

κ
λµν +Dκ

λµν

)
= Σ λµν

κ

( ◦
W

κ
λµν + Cκ

λµν

)
= Σκλµν Wκλµν =

= − 128 · 16πΛ
27
√

| det g|

[
− 75

4 · 128
Oµν O[µν] +

27

8 · 128
Oµν O(µν)+

+
1

64

(
1

2
Ω̃κλµνΩ̃

κλµν +
1

2
Ω̃κλµνΩ̃

νλµκ + 2Ω̃κλµνΩ̃
λµνκ+

−Ω̃κλµνΩ̃
λκνµ

)]
−Oµν Fµν . (4.151)

Finally, the matter Lagrangian Lmatt (4.39) has the following form:

Lmatt = LA +
◦
∇κR σκ

σ − LH − Ω λµν
κ

( ◦
U

κ
λµν +Dκ

λµν

)
−
( ◦
∇νΩ

λµν
κ

)
Aκ

λµ =

=
Λ
√

| det g|
8π

∣∣∣∣1− 3

2Λ2
FαβF

αβ +
25 · 32π2

9| det g|
O[αβ]O[αβ] − 16π2

| det g|
O(αβ)O(αβ)+

− (16π)2

27| det g|

(
1

2
Ω̃κλµνΩ̃

κλµν +
1

2
Ω̃κλµνΩ̃

νλµκ + 2Ω̃κλµνΩ̃
λµνκ − Ω̃κλµνΩ̃

λκνµ

)∣∣∣∣1/2+
−

Λ
√

| det g|
4π

+
128 · 16πΛ
27
√

| det g|

[
− 75

4 · 128
Oµν O[µν] +

27

8 · 128
Oµν O(µν)+

+
1

64

(
1

2
Ω̃κλµνΩ̃

κλµν +
1

2
Ω̃κλµνΩ̃

νλµκ + 2Ω̃κλµνΩ̃
λµνκ − Ω̃κλµνΩ̃

λκνµ

)]
+

− 4π√
| det g|

{( ◦
∇σO

λµσ
κ

) ◦
∇ν

(
Oκ ν

λµ − 2O κν
λµ

)
+

25

18

( ◦
∇σO σ

κ

)( ◦
∇νOκν

)}
+

−
3
√

| det g|
8π

AκA
κ + 3Aκ

( ◦
∇σO σ

κ

)
+Oµν Fµν . (4.152)
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The expanded form of the matter Lagrangian is explicitly provided below:

Lmatt ≈ −
√

| det g|
8π

(Λ + 3AκA
κ)−

3
√

| det g|
32πΛ

FαβF
αβ+

− 4π√
| det g|

{( ◦
∇σO

λµσ
κ

) ◦
∇ν

(
Oκ ν

λµ − 2O κν
λµ

)
+

25

18

( ◦
∇σO σ

κ

)( ◦
∇νOκν

)}
+

+
16πΛ

27
√

| det g|

(
1

2
Ω̃κλµνΩ̃

κλµν +
1

2
Ω̃κλµνΩ̃

νλµκ + 2Ω̃κλµνΩ̃
λµνκ − Ω̃κλµνΩ̃

λκνµ

)
+

− 50πΛ

9
√

| det g|
O[αβ]Oαβ +

πΛ√
| det g|

O(αβ)Oαβ + 3Aκ
( ◦
∇σO σ

κ

)
+Oµν Fµν .

(4.153)

Field equations

The field equations associated with the matter Lagrangian (4.153) are as follows – cf.
symplectic formula (4.46):

1. Euler-Lagrange system for the potential Aµ (4.47):

∂Lmatt

∂Aµ

= −
3
√
| det g|
4π

Aµ + 3
◦
∇νOµν = −2J µ , (4.154)

∂Lmatt

∂Fµν

= −
3
√
| det g|
16πΛ

F µν +O[µν] = χµν , (4.155)

where the first equation (4.154) reproduces the part of non-metricity equation (3.46),
which is the same as for the Variant V1 – cf. Chapter 3.4.2. The second one (4.155)
has to be combined with the field equation for O[µν] (4.158), which is written below.

2. a specific Euler-Lagrange system with constraints for the tensor density Ω λµν
κ (4.49):

∂Lmatt

∂
( ◦
∇νO ν

κ

) = − 100π

9
√

| det g|
◦
∇νOκν + 3Aκ = − 5

18
hκ , (4.156)

∂Lmatt

∂O(µν)
= − 11πΛ

2
√

| det g|
O(µν) = − 9

16
U(µν) , (4.157)

∂Lmatt

∂O[µν]
= − 100πΛ

9
√

| det g|
O[µν] + Fµν = −5

8
U[µν] , (4.158)

∂Lmatt

∂
( ◦
∇νO

λµν
κ

) = − 8π√
| det g|

◦
∇νOκ ν

λµ +
16π√
| det g|

◦
∇νO κν

(λµ) = −Ãκ
λµ , (4.159)

∂Lmatt

∂Ω̃κλµν
=

16πΛ

27
√

| det g|

(
Ω̃κλµν + Ω̃νλµκ + 4Ω̃(λµ)νκ − 2Ω̃(λ|κν|µ)

)
=

= −Ũκλµν , (4.160)

where the first (4.156) and the fourth (4.159) equations reproduce parts of the non-
metricity equation (3.48) and (3.49) respectively, which are the same as for the
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Variant V1 – cf. Chapter 3.4.2. The second equation (4.157) is compatible with
the field equation for Σ(µν) (3.138), whereas the third one (4.158) combined with the
equation (4.155) are compatible with equations for Σ[µν] (3.137) and χµν (3.132).
The last field equation (4.160) is equivalent to equation (3.140), noting that under
the assumed linearisation the equality Ũκλµν = Ũκλµν holds – cf. (4.41).

3. The verification that the Einstein equation (4.56) is numerically equivalent with
the formula (3.127) derived in the affine picture, is very complicated and time-
consuming, especially due to the necessity of the invertion of field equations (4.140-
4.143) and highly non-trivial appearance in the Lagrangian. Thus, for this case the
calculations are omitted.

Unification

The unification procedure is essentially the same as for Variant V1 — see Chapter 4.2.2.
The only difference lies in the coupling constants, since in this theory the matter La-
grangian (4.153) differs slightly — cf. formula (4.112):

−
√

| det g|
8π

· 3AκA
κ −

3
√

| det g|
32πΛ

FαβF
αβ . (4.161)

As before, the above terms suggest that the quantities Fµν and Aµ can be interpreted
as Bµν and bµ from Proca theory — see Appendix B. Thus, the unification procedure
proceeds as follows:

Fµν := ±
√

8π|Λ|
3

Bµν , (4.162)

under the assumption:

Λ > 0 =⇒ Λ = |Λ| . (4.163)

The main difference lies in the opposite sign of the cosmological constant Λ. Accord-
ingly, this leads to the same relation between the potential Aµ and the Proca potential
bµ (B.1) — cf. formula (4.131):

Aµ := ±
√

8π|Λ|
3

bµ . (4.164)

As it was in the Variant V1, there appeared an extra skew-symmetric field W[µν], which
was coupled with the skew-symmetric Ricci tensor Fµν – see formulae (3.83) and (3.88).
This field, after the passage to the metric picture, is “replaced” by the tensor density field
O[µν] (4.155), which is not considered in the unification procedure.

To reconstruct the same symplectic structure as in Proca theory (B.4), the momentum
χµν (4.155) should be related to the dual tensor density Bµν (B.5) as follows:

χµν := ∓

√
3

32π|Λ|
Bµν . (4.165)
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Then:

Bµν =
√

| det g|Bµν ∓
√

32π|Λ|
3

O[µν] . (4.166)

The same happens with the current J µ (2.82):

J µ = ∂νχ
µν = ∓

√
3

32π|Λ|
∂νBµν . (4.167)

Consequently, the field equation (4.154) equals:

∂νBµν = −6|Λ|bµ ± 6
√

2π|Λ|
◦
∇νOµν . (4.168)

Together, equations (4.166) and (4.168) produce the non-homogeneous Proca equation –
cf. formula (B.9):

◦
□bµ −

◦
∇µ

◦
∇νb

ν − bσ
◦
K

µ
σ − 2|Λ| bµ = ∓

√
8π|Λ|
3| det g|

(
5

◦
∇νO[µν] + 3

◦
∇νO(µν)

)
. (4.169)

Here, the mass parameter equals:

m2

ℏ2
= 2|Λ| . (4.170)

4.2.4 Theory of the full Ricci tensor with a background field

The passage to the metric picture is very similar to this one presented in Chapter 4.2.1,
due to the “variational absence” of the traceless part of the Riemann curvature. As it
was there, the metric Lagrangian is equal to the affine Lagrangian, whereas the matter
Lagrangian is given by the following formula – see (4.58):

Lmatt = LA − LH . (4.171)

Of course, the above quantities have to be written in a proper control mode – cf., the
symplectic formula in the metric picture (4.46). Firstly, the affine Lagrangian (3.148)
equals:

LA =
1

8πΛ

√
|detK +KKFF +KKFW +KKWW | , (4.172)

where the terms KKFF , KKFW and KKWW are defined in equations (3.149–3.151).
However, based on the full analysis presented in Chapter 3.5, and in particular the
Einstein equation (3.164), the above affine Lagrangian takes the form:

LA =
1

8πΛ

√
|Λ4 det g + Λ2 (ggFF + ggFW + ggWW ) | =

=
Λ
√

| det g|
8π

√∣∣∣∣1 + 1

Λ2 det g
(ggFF + ggFW + ggWW )

∣∣∣∣ =
=

Λ
√

| det g|
8π

∣∣∣∣1 + 2

Λ2

(
CF FµνF

µν + IFW Fαβ W
αβ+

+CW Wαβ W
βα − CW Wαβκλ W

κλαβ
) ∣∣∣∣1/2 . (4.173)
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Here, the terms ggFF , ggFW , and ggWW were defined in (3.156-3.158) .

Next, the Hilbert Lagrangian (2.47) has to be derived, where the value of the metric
Ricci curvature

◦
Kµν is taken from the Einstein equation (3.166). Thus:

LH =

√
| det g|
16π

(4Λ + 6AσA
σ) . (4.174)

Then, the corresponding matter Lagrangian (4.171) is the following:

Lmatt =
Λ
√

| det g|
8π

∣∣∣∣1 + 2

Λ2

(
CF FµνF

µν + IFW Fαβ W
αβ + CW Wαβ W

βα+

−CW Wαβκλ W
κλαβ

) ∣∣∣∣1/2 −
√

| det g|
8π

(2Λ + 3AσA
σ) . (4.175)

It can also be approximated (expanded around the Λ-vacuum solution) as follows:

Lmatt ≈ −
√

|det g|
8π

(Λ + 3AκA
κ) +

√
| det g|
8πΛ

(
CF Fαβ F

αβ + IFW Fαβ W
αβ+

+ CW Wαβ W
βα − CW Wαβκλ W

κλαβ

)
. (4.176)

Field equations

The field equations associated with the matter Lagrangian (4.176) are as follows – cf.
symplectic formula (4.46):

1. standard Euler-Lagrange system for the potential Aµ (4.47), where:

∂Lmatt

∂Aµ

= −
3
√
| det g|
4π

Aµ = −2Jµ , (4.177)

∂Lmatt

∂Fµν

=

√
| det g|
8πΛ

(
2CF F µν + IFW W [µν]

)
= χµν , (4.178)

where the first equation (4.177) precisely reproduce the non-metricity equation (3.7),
which is the same as for the theory of the full Ricci tensor – cf. Chapter 3.5.2.
The second one (4.178) is equivalent with the constitutive relation (3.172);

2. Einstein equation (4.56), which has to be identical with the previously obtained Ein-
stein equation (3.167). To reconcile those two equations, the contractions between
the metric tensor gµν and traceless Riemann tensor W have to be specified. It is
easy to check that those terms are given by the following formulae:

Fαβ W
αβ = Fαβ W

α
κλγ g

κλ gβγ , (4.179)

Wαβ W
βα = Wα

κλβ W
β
µνα g

κλ gµν , (4.180)

Wαβκλ W
κλαβ = Wα

κβλ W
β
ναµ g

κµ gλν . (4.181)
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Then:

∂Lmatt

∂gµν
= −

CF

√
| det g|

4πΛ

(
F µα F ν

α − 1

4
Fαβ F

αβ gµν
)
+

−
CW

√
| det g|

4πΛ

[
Wαβ W

β(µν)α −Wα(µ|κλW
|ν)

κλα +

−1

4
gµν
(
Wαβ W

βα −Wαβκλ W
κλαβ

)]
+

−
IFW

√
| det g|

8πΛ

(
Fαβ W

α(µν)β + Fα(µW ν)
α − 1

2
gµν Fαβ W

αβ

)
. (4.182)

Unification

The unification procedure is essentially the same as for the theory of the full Ricci tensor
— see Chapter 4.2.1. The only difference lies in the coupling constants, since in this
theory the matter Lagrangian (4.176) differs slightly — cf. formula (4.64):

−
√

| det g|
8π

· 3AκA
κ +

√
| det g|
8πΛ

CF Fαβ F
αβ . (4.183)

As before, the above terms suggest that the quantities Fµν and Aµ can be interpreted
as Bµν and bµ from Proca theory — see Appendix B. Thus, the unification procedure
proceeds as follows:

Fµν :=

√
2π

∣∣∣∣ ΛCF

∣∣∣∣Bµν , (4.184)

under the assumption:

CF

Λ
= −

∣∣∣∣CF

Λ

∣∣∣∣ < 0 . (4.185)

Within this theory, the cosmological constant Λ can take either a positive or a negative
value, but it automatically fixes the sign of the coupling constant CF . Accordingly, this
leads to the same relation between the potential Aµ and the Proca potential bµ (B.1) —
cf. formula (4.74):

Aµ :=

√
2π

∣∣∣∣ ΛCF

∣∣∣∣ bµ . (4.186)

As it was in the Variants V1 and V6, there appears an extra skew-symmetric field W[µν],
which is coupled with the skew-symmetric Ricci tensor Fµν – see (4.178). This background
field is not considered in the unification procedure.

To reconstruct the same symplectic structure as in Proca theory (B.4), the momentum
χµν (4.178) should be related to the dual tensor density Bµν (B.5) as follows:

χµν := −

√
1

8π

∣∣∣∣CF

Λ

∣∣∣∣Bµν . (4.187)
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Then:

Bµν =
√

| det g|Bµν +
IFW

CF

√
| det g|
8π

∣∣∣∣CF

Λ

∣∣∣∣W [µν] . (4.188)

The same happens with the current J µ (2.82):

J µ = −

√
1

8π

∣∣∣∣CF

Λ

∣∣∣∣ ∂νBµν . (4.189)

Consequently, the field equation (4.177) equals:

∂νBµν = −3

2

∣∣∣∣ ΛCF

∣∣∣∣ bµ . (4.190)

Together, equations (4.188) and (4.190) produce the non-homogeneous Proca equation –
cf. formula (B.9):

◦
□bµ −

◦
∇µ

◦
∇νb

ν − bσ
◦
K

µ
σ − 3

2

∣∣∣∣ ΛCF

∣∣∣∣ bµ =
IFW

CF

√
| det g|
8π

∣∣∣∣CF

Λ

∣∣∣∣ ◦
∇νW

[µν] , (4.191)

and it corresponds with the already derived equation (3.175). Here, the mass parame-
ter (3.176) equals:

m2

ℏ2
=

3

2

∣∣∣∣ ΛCF

∣∣∣∣ . (4.192)
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Chapter 5

Summary

In this dissertation, the affine theory based on the full Riemann tensor is considered. The
theory is described by the affine Lagrangian LA, which depends on the symmetric affine
connection Γ and its first partial derivatives ∂Γ, but only through the Riemann tensor R:

LA(Γ, ∂Γ) = LA(R) .

The Riemann tensor R algebraically decomposes into three independent components: the
trace, called the Ricci tensor, which itself splits into the symmetric Ricci tensor K and the
skew-symmetric Ricci tensor F , and the remaining traceless part of the Riemann tensor
W . All these objects represent physical fields. Specifically, the symmetric Ricci tensor is
associated with gravity, while the skew-symmetric Ricci tensor and the traceless part are
believed to correspond to electromagnetism and dark matter, respectively.

The variational structure of the theory is examined, and the corresponding field equa-
tions are derived. One of them links the non-metricity of the affine connection with the
dependence of the theory on the skew-symmetric Ricci tensor F or the traceless Riemann
tensor W . In other words, the affine connection remains metric if and only if the affine
Lagrangian LA depends solely on the symmetric Ricci tensor K.

Next, the construction of affine Lagrangians is discussed. The starting point is the
already mentioned special case, in which the Lagrangian depends only on the symmetric
Ricci tensor K. This theory is equivalent to standard Λ-vacuum gravity and is given by

LA =

√
| detK|
8πΛ

.

This model was already studied in the author’s Bachelor thesis [6]. However, as a simple
and elegant example, it is recalled and commented on here as well.

The first generalisation relies on taking the determinant of the full Ricci tensor K+F .
In this case, the Lagrangian has the form

LA =

√
| det(K + F )|

8πΛ
.

It turns out that the skew-symmetric Ricci tensor F can be related to the electromagnetic
Faraday tensor f through a coupling constant (proportional to

√
|Λ|). Thus, this theory
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is closely related to Born-Infeld electromagnetism coupled with Λ-vacuum gravity. This
result was also discussed in the author’s Bachelor thesis, but is recalled here for didactic
purposes.

All these theories are based on Lagrangians proportional to the square root of the
determinant of the Ricci tensor (the trace of the Riemann tensor), which has two indices
and can therefore be represented by a quadratic matrix. To extend the framework to
the full Riemann tensor, which has four indices, the determinant-of-trace construction
was modified. Unfortunately, there exist many possible modifications, leading to slightly
different theories. All identified proposals are listed, but only two of them are examined in
detail. This limitation is due to the highly complicated structure of such models, whose
analysis requires significant space and time. Furthermore, an “intermediate” model is
proposed, in which the Lagrangian explicitly depends on the full Riemann tensor (i.e. on
all of its components), while the traceless part W — the principal source of complexity
— is regarded as a prescribed background field. This framework may be employed as a
phenomenological description of cosmological effects.

The final part of the dissertation concerns the passage from the affine to the more
familiar metric picture. While such a transition was already known in special cases (e.g.
for Lagrangians depending only on the Ricci tensor), for the full Riemann tensor theory
it is presented here for the first time. The main difficulty arises from the traceless part
of the Riemann tensor W . The procedure is illustrated using the previously introduced
examples.

Some of the results presented in this dissertation are ready to be published: specifically,
the complete variational structure of the affine theory of the full Riemann tensor, the
procedure for constructing affine Lagrangians, and the passage to the metric picture where
the non-metricity of the connection appears as extra matter fields coupled to the standard
theory of gravity. This will be done in the near future.

Further research is still ongoing. Initially, the theory based on the full Ricci tensor
with a fixed background field (represented by the traceless part of the Riemann tensor
W ) should be investigated in more depth. The current knowledge of the behaviour of
“dark matter” and of the Universe on cosmological scales is extremely limited and largely
beyond our control, which makes it far more challenging than any other branch of physics.
Moreover, the time scale of human observations is incomparable with the time spans
required for processes such as galaxy collisions or galaxy formation, which are crucial
for a better understanding of phenomena currently interpreted as “dark matter” or “dark
energy”. Therefore, treating the background field W as essentially constant or only very
slowly varying appears to be a promising approach. Of course, the next steps should allow
the “dynamical” interaction between the field W and other fields.

A model was also proposed in which the determinant of the Ricci tensor (as a trace of
the Riemann tensor) is perturbed by an “extra” constant matrix ∆ acting on the Riemann
tensor – see (2.152):

Rµν = Rκ
λµν δ

µ
κ 7−→ Rκ

λµν (δµκ +∆µ
κ) = Rµν +Rκ

λµν ∆
µ
κ . (5.1)

As mentioned, this matrix is traceless and its components can be chosen quite freely,



115

which also makes room for other phenomenological models.
Another interesting and worthy-of-investigation aspect concerns the similarities be-

tween the totally traceless part of the Riemann tensor W̃ and the Lanczos field, which can
be interpreted as a spin-2 field believed to describe the graviton, the hypothetical particle
associated with gravity. Analogously, studying the relation between the skew-symmetric
Ricci tensor F and the electromagnetic tensor f is a natural direction of exploration, espe-
cially the Born–Infeld theory as an intermediate step between standard electrodynamics
coupled with gravity and the unified affine theory of the full Riemann tensor.
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Appendix A

Classical electrodynamics

In classical electrodynamics, the configuration space contains the potential 1-form aµ and
its first derivatives aµ,ν :

δLed (aµ, aµ,ν) = ∂ν (Fµν δaµ) = (∂νFµν) δaµ + Fµν δaµ,ν , (A.1)

where Fµν is a momentum canonically conjugated to aµ. Derivatives of the potential are
organised in Faraday 2-form fµν :

f = da =⇒ fµν = aν,µ − aµ,ν . (A.2)

Hence, the symplectic formula δLed takes the following form:

δLed (aµ, fµν) = (∂νFµν) δaµ −
1

2
Fµν δfµν . (A.3)

The above expression implies the skew-symmetry of the momentum Fµν .
The definition of the Faraday 2-form (A.2) geometrically guarantees the first pair of

Maxwell equations:

df = d2a = 0 , (A.4)

whereas the variational structure generates the second pair of Maxwell equations:

∂Led

∂aµ
= ∂νFµν , (A.5)

and the constitutive relation:

∂Led

∂fµν
= −1

2
Fµν . (A.6)

A.1 Vacuum electrodynamics
The theory in the absence of any medium is described by a Lagrangian that depends only
on the Faraday 2-form [43, 27]:

Led = −
√

| det g|
4

fαβ fµν g
αµ gβν = −

√
| det g|
4

fαβ f
αβ , (A.7)
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where the metric serves as a fixed “background field ”. Then the constitutive relation (A.6)
implies:

Fµν =
√

| det g| fµν , (A.8)

whereas the second pair of Maxwell equations (A.5) is given by the condition:

∂Led

∂aµ
= 0 = ∂νFµν . (A.9)

The symmetric stress-energy tensor density is defined as follows:

T µν := 2
∂Led

∂gµν
=
√

| det g|
[
fµαf ν

α − 1

4
gµν fαβ f

αβ

]
. (A.10)

A.2 Electrodynamics with external sources
The more general case includes the appearance of external sources which affect the elec-
tromagnetic field. Then the Lagrangian of such a system has the following form:

L = Led + Lsource + LI . (A.11)

The simplest example of such a system is charged dust, where the interaction term LI is
given by:

LI =
√

| det g| jµ aµ , (A.12)

where jµ contains the information about the matter. Then, the effective Lagrangian,
which describes the dynamics of electromagnetic fields, is:

Leff := Led + LI = −
√

| det g|
4

fαβ f
αβ +

√
| det g| jµ aµ . (A.13)

The constitutive relation (A.6) stays the same as in the vacuum case:

Fµν =
√

| det g| fµν , (A.14)

but the second part of Maxwell equations (A.5) is:

∂νFµν =
√
| det g| jµ . (A.15)

The right-hand side of the above equation describes the media as a source of electromag-
netic fields and is called a current density vector.



Appendix B

Proca theory

The theory proposed by A. Proca [46] describes the massive bosons with spin-1. Therefore,
it was somehow an extension of the electrodynamics and Klein-Gordon scalar field. The
particle is represented by the vector potential bµ, whose derivatives are combined in the
closed 2-form Bµν :

Bµν := bν,µ − bµν , (B.1)

whereas the field equation is given by the ”Klein-Gordon”-like operator acting on the vector
potential. To analyse such a theory, especially interactions, the Lagrangian formalism is
necessary, thus:

LP = −
√

| det g|
4

(
BµνB

µν + 2
m2

ℏ2
bµb

µ

)
, (B.2)

where m denotes the mass of the boson, whereas ℏ is the reduced Planck constant (or
Dirac constant):

ℏ ≈ 2.6 · 10−66 [cm2] , (B.3)

presented in the geometrical units – for details see the red pages in [43]. The variational
formula is analogous to the electrodynamics one (A.3):

δLP (bµ, Bµν) = (∂νBµν) δbµ −
1

2
Bµν δBµν . (B.4)

Whence, the field equations are the following:

Bµν = −2
∂LP

∂Bµν

=
√

| det g|Bµν , (B.5)

∂νBµν =
∂LP

∂bµ
= −

√
| det g| m

2

ℏ2
bµ . (B.6)

In Lemma 2.3.3 was presented proof that the partial divergence of a skew-symmetric
tensor density is equal to the covariant divergence, so:

∂νBµν =
◦
∇νBµν =

√
| det g|

◦
∇νB

µν =
√
| det g|

◦
∇ν

( ◦
∇µbν −

◦
∇νbµ

)
=

=
√

| det g|
( ◦
∇ν

◦
∇µbν −

◦
□bµ

)
= −

√
| det g| m

2

ℏ2
bµ . (B.7)
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Using the Lemma 2.5.5, where the covariant derivatives commutation formula was pre-
sented, the following equality holds:

◦
∇ν

◦
∇µbν =

◦
∇µ

◦
∇νb

ν + bσ
◦
K

µ
σ . (B.8)

Therefore, the equation for potential b takes the following form:

◦
□bµ −

◦
∇µ

◦
∇νb

ν − bσ
◦
K

µ
σ − m2

ℏ2
bµ = 0 . (B.9)

To simplify it, the covariant divergence has to be taken:

◦
∇µ

◦
□bµ −

◦
□

◦
∇νb

ν −
◦
∇µ

(
bσ

◦
K

µ
σ

)
− m2

ℏ2
◦
∇µb

µ = 0 . (B.10)

The first term was already calculated – see formula (3.35):

◦
∇µ

◦
□bµ =

◦
∇α
(
bβ

◦
Kαβ

)
, (B.11)

therefore, the divergence
◦
∇νb

ν satisfies the Klein-Gordon equation:

◦
□

◦
∇νb

ν +
m2

ℏ2
◦
∇µb

µ = 0 . (B.12)

Of course, assuming the Lorentz gauge:

◦
∇νb

ν = 0 , (B.13)

is in coherence with the above equation and does not produce any contradictions. For
this gauge, the Proca equation (B.9) takes the following form:

◦
□bµ =

m2

ℏ2
bµ + bσ

◦
K

µ
σ . (B.14)

Obviously, for flat spacetimes, the above formula reduces to the “Klein-Gordon equation”
for the vector field.

The symmetric stress-energy tensor density is defined as follows:

T µν := 2
∂LP

∂gµν
=
√

| det g|
(
BµαBν

α − 1

4
gµν Bαβ B

αβ

)
+

+
√
| det g| m

2

ℏ2

(
bµ bν − 1

2
gµν bαb

α

)
. (B.15)



Appendix C

Fierz-Lanczos theory

The Lanczos theory is used to describe the spin-2 particle, as a one-form of the electro-
magnetic potential describes the spin-1 particle. Moreover, the Lanczos field could be
represented by a tensor that has identical properties to the Weyl tensor, which suggests
the relation between the Lanczos potential and the connection (but only in the linearised
case). All details and further references are presented in [29].

C.1 Lanczos potential
The mentioned procedure allows one to extract the Lanczos potential from an affine
symmetric connection Γκλµ (not necessarily metric), where the first index κ is lowered
using the background metric tensor g. Originally, the construction of the Lanczos potential
was based on the linearised symmetric connection (cf. [29]). This linerisation appeared
as a perturbation of the metric structure:

gµν 7−→ gµν + hµν , (C.1)

where hµν is a small tensorial correction. However, the Lanczos field can be formulated
for any perturbation of the metric connection, not necessarily related to the metric tensor
– cf. (1.5).

The difference betwen the symmetric connection Γ and the metric conection
◦
Γ, denoted

as Nκλµ (1.5), has 40 independent components (due to the symmetry in the first two
indices), whereas its totally symmetric part N(κλµ) has 20 independent components. Thus,
their difference:

Ñκλµ := Nκλµ −N(κλµ) , (C.2)

also has 20 components. The next step consists of taking the skew-symmetric part with
respect to the first two indices:

L̃κλµ := Ñ[κλ]µ , (C.3)

followed by taking the “metric trace”:

L̃κ := L̃κλµ g
λµ . (C.4)
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Finally, the Lanczos potential Lκλµ is defined by:

Lκλµ := L̃κλµ −
1

3

(
L̃κ gλµ − L̃λ gκµ

)
. (C.5)

Therefore, the Lanczos potential Lκλµ has 16 from 20 independent components, because
the trace L̃κ took 4 of them. Interestingly, the skew-symmetrisation in formula (C.3) does
not change the number of independent components, but only reorganises them. It means
that this relation could be inverted. Indeed, it holds that:

Ñκλµ =
3

4
L̃κ(λµ) . (C.6)

A similar relation connected Kijowski and Riemann tensors – see formulae (1.21) and (1.24).

C.2 Relation between Lanczos potential and non-metricity
tensor

In this dissertation, the above construction of the Lanczos potential is applied to the
non-metricity tensor N (1.11):

Nκλµ = Ãκλµ −
1

18
(gκλ hµ + gκµ hλ − 5gλµ hκ) +

2

5
(gκλAµ + gκµAλ) . (C.7)

Its totally symmetric part is given by:

N(κλµ) = Ã(κλµ) +
1

6
g(κλ hµ) +

4

5
g(κλAµ) , (C.8)

whereas their difference (C.2) reads:

Ñκλµ =
1

3

(
2Ãκλµ − Ãλµκ − Ãµκλ

)
+

1

3
gλµ hκ +

2

15
(gκλAµ + gκµAλ − 2gλµAκ) . (C.9)

The next quantity, L̃κλµ (C.3), is given by:

L̃κλµ = Ã[κλ]µ −
1

3
gµ[κ hλ] +

4

5
gµ[κ Aλ] , (C.10)

and its trace, L̃κ (C.4), equals:

L̃κ =
1

2
hκ −

6

5
Aκ . (C.11)

Finally, the Lanczos potential (C.5) reduces to:

Lκλµ = Ã[κλ]µ . (C.12)

This means that the decomposition of the non-metricity tensor (C.7) can be written in
the following form:

Nκλµ = Sκλµ + Lκλµ −
1

18
(gκλ hµ + gκµ hλ − 5gλµ hκ) +

2

5
(gκλ Aµ + gκµAλ) , (C.13)
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where

Sκλµ := Ã(κλ)µ , (C.14)

which has 16 independent components.

For the affine theory that does not depend on the traceless part of the Riemann
tensor W κ

λµν , or equivalently, on the traceless part of the Kijowski tensor Uκ
λµν , the

associated Lanczos potential vanishes — see Lemma 2.3.6. However, when the whole
curvature is present, then the associated Lanczos potential equals – see formula (2.115)
in Lemma 2.3.7:

Lκλµ = Ã[κλ]µ =
16π√
| det g|

◦
∇ν

[
Ω ν

[κλ]µ +
1

3
gµ[κ O ν

λ]

]
=

16π√
| det g|

◦
∇νO

ν
[κλ]µ , (C.15)

whereas the last equality is obtained from Lemma 2.5.2.

C.3 Lanczos field
The construction of the Lanczos field bases on the linearised Riemann tensor of the cor-
rections N of the symmetric connection Γ (cf. (1.5) and (1.28)). Therefore, the “linearised
Riemann tensor” is given by:

Rκλµν :=
◦
∇µNκλν −

◦
∇νNκλµ , (C.16)

where the κ index is lowered by the background metric g and
◦
∇ is a covariant derivative

associated with the background metric structure. The next step contains the following
symmetrisation:

rκλµν := R[κλ]µν +R[µν]κλ . (C.17)

Interestingly, an above symmetrisation could be simplified via the following lemma:

Lemma C.3.1. For any tensor Tαβµν which satisfies

Tαβ(µν) = 0 = T(αβ)µν , Tα[κλµ] = 0 , (C.18)

the following identity holds:

Tαβµν = Tµναβ . (C.19)

Proof.

Tαβµν = −Tαµνβ − Tανβµ = Tµανβ + Tναβµ = −Tµνβα − Tµβαν − Tνβµα − Tνµαβ =

= 2Tµναβ + Tβµαν + Tβνµα = 2Tµναβ − Tβανµ = 2Tµναβ − Tαβµν , (C.20)

what finishes the proof.
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It means that:

rκλµν = 2R[κλ]µν . (C.21)

The Lanczos field Lκλµν is a totally traceless part of the above tensor, thus:

Lκλµν := rκλµν −
1

2
(rαµ gνβ − rαν gµβ + gαµ rνβ − gαν rµβ)+

+
r

6
(gαµ gβν − gαν gβµ) , (C.22)

where

rµν := rαµβν g
αβ , r := rαβ g

αβ . (C.23)

C.4 Relation between Lanczos field and algebraically
traceless Riemann tensor

Since the Lanczos potential Lµνκ, related to the non-metricity tensor N , was equal to the
totally traceless part Ã[µν]κ (C.12), the above procedure can be used for the non-metricity
part of the linearised traceless tensor W (1.35), denoted by C (see (2.224)):

Cκλµν := linear
(
Wα

λµν −
◦
W

α
λµν

)
gκα (C.24)

=
◦
∇µAκνλ −

◦
∇νAκµλ +

1
3

(
gκν

◦
∇σA

σ
µλ − gκµ

◦
∇σA

σ
νλ

)
. (C.25)

Hence

rκλµν = C[κλ]µν + C[µν]κλ , (C.26)
rµν = −C(µ|αβ|ν) g

αβ = −C(µν) , (C.27)
r = −C(µν) g

µν = 0 . (C.28)

Finally,

Lκλµν = C[κλ]µν + C[µν]κλ +
1
2

(
C(αµ) gνβ − C(αν) gµβ + gαµ C(νβ) − gαν C(µβ)

)
. (C.29)

An interesting (and nontrivial) inverse problem is how to decompose the linearised
algebraically traceless Riemann tensor C into the Lanczos field and the remaining part.
The decomposition for the totally traceless part and traces is provided in the following
lemma (cf. Lemma 1.3.1):

Lemma C.4.1. If the tensor Cκλµν satisfies

Cκ[λµν] = 0 , Cκλ(µν) = 0 , Cκλµν g
κλ = 0 , Cκλµν g

κµ = 0 , (C.30)

then it admits the decomposition

Cκλµν = C̃κλµν − 1
6
gκλC[µν] +

1
8

(
gκν C(λµ) − gκµC(λν)

)
+ 1

12

(
gκν C[λµ] − gκµC[λν]

)
+ 3

8

(
C(κν) gλµ − C(κµ) gλν

)
+ 5

12

(
C[κν] gλµ − C[κµ] gλν

)
, (C.31)

where C̃κλµν is the totally traceless part and

Cκν := Cκλµν g
λµ . (C.32)
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Proof. The proof is a straightforward verification of the stated identities and symmetries.

The last step is the extraction of the Lanczos field L from C̃. Since C̃ has no definite
symmetry in its first two indices, it can be split into symmetric and skew-symmetric parts:

C̃κλµν = C̃[κλ]µν + C̃(κλ)µν

= 1
2

(
C̃[κλ]µν + C̃[µν]κλ

)
+ 1

2

(
C̃[κλ]µν − C̃[µν]κλ

)
+ C̃(κλ)µν (C.33)

= 1
2
Lκλµν +

1
2
Mκλµν + C̃(κλ)µν , (C.34)

where

Lκλµν = C̃[κλ]µν − C̃[µν]κλ , (C.35)

Mκλµν := C̃[κλ]µν − C̃[µν]κλ. (C.36)

The traceless Riemann tensor Cκλµν has 64 independent components, and its trace
Cκλ has 15, hence C̃κλµν has 49 independent components. The Lanczos field L carries 10
degrees of freedom, so the remaining parts account for 39 independent parameters. These
objects satisfy the algebraic properties

L[κλµν] = 0 , M(κλµν) = 0 . (C.37)
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