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Abstract

This thesis focuses on open topological string theory on Calabi-Yau threefolds without com-
pact four-cycles. We first review relevant aspects of topological string theories and gauge
theories. Then we use the refined topological vertex formalism to compute refined open topo-
logical string amplitudes. We find that the refined geometric transition, or in other words,
Higgsing, is the key step in this computation. We find there are different types of refined
open topological branes, and the corresponding refined Ooguri-Vafa formulas encode refined
open BPS invariants. Moreover, we discuss a quiver structure of refined open topological string
amplitudes on toric Calabi-Yau threefolds. In order to physically understand this quiver struc-
ture, we study the corresponding 3d N' = 2 gauge theories and find quivers encode actually
effective mixed Chern-Simons levels of the mirror dual theories. Along the way, we discuss

brane webs for 3d N' = 2 theories and find quiver structure also for nonabelian theories.
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Chapter 1

Overview

The story that we are going to discuss involves many aspects of topological strings and gauge
theories, including geometric engineering, M-theory/type IIB string duality, brane webs and
geometric transition.

Geometric engineering enables to construct gauge theories of various dimensions from
string theory compactified on Calabi-Yau manifolds [1]. In a parallel way, brane systems can
also be used to construct gauge theories. In this thesis, we are only interested in 5d N' = 1
gauge theories and 3d N' = 2 gauge theories that are constructed by M-theory compactified
on Calabi-Yau threefolds. The brane constructions referred to as brane webs, are in type IIB
string theory. Because of M/IIB duality, these brane webs are dual to Calabi-Yau threefolds in
M-theory [2]. The BPS particles of gauge theories are hence realized as M2-branes ending on
Mb5-branes. The summation of all contributions from these M2-branes gives rise to partition
functions of gauge theories.

Topological string theory is powerful enough to compute partition functions of gauge the-
ories [3, 4, 5]. In particular, closed topological strings are related to 5d A/ = 1 gauge theories
and open topological strings are related to 3d N' = 2 gauge theories [6]. Topological string
partition functions are interpreted as gauge theory partition functions, because BPS particles
are identified with M2-brane states through geometric engineering. Topological string meth-
ods for computing string amplitudes therefore can be used to obtain the partition functions of
gauge theories without addressing the difficulty of computing the path integral in the quan-
tum field theory description. In addition, the 3d N/ = 2 theories we consider are obtained by
Higgsing appropriate 5d N' = 1 brane webs [6]. Higgsing could introduce D3-branes, on which
a 3d N = 2 theory lives. Generically, we get 3d-5d coupled theories with the D3-brane as the
surface defect. Higgsing can also be interpreted as the geometric transition in the A-model of
topological string theories.

The geometric transition is the correspondence between open topological strings and closed
topological strings, which is similar to AdS/CFT correspondence, and can be reinterpreted
as the large N transition [7]. Initially, open topological strings are described by the Chern-
Simons theory on a three sphere S* on which we wrap N couples of M5-branes. This U(N)
Chern-Simons theory is equivalent to the closed topological strings on a two sphere S? inside

the resolved conifold on which there is no brane but with magnetic flux around S? which gives
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rise to the Kéhler deformation. By using this geometric transition, the closed topological
string partition functions are related to amplitudes of the Chern-Simons theory that are more
easy to compute [8].

The topological vertex method is formulated in [9] to compute the closed topological
string amplitudes of toric Calab-Yau thereefolds that are represented as toric diagrams. Toric
diagrams consist of several vertices connected by lines, and each vertex denotes a C3 patch.
By putting branes and antibranes on these external lines, vertices are glued to large toric
diagrams. Toric diagrams through M-theory/IIB duality are identical to (p,q)-brane webs
that engineer 5d N = 1 gauge theories in type IIB string theory [2]. If we implement the
geometric transition on a two sphere S? in a toric diagram by tuning its Kihler parameter
(volume of the two sphere) to particular values, then a Lagrangian submanifold with topology
53 emerges, which carries D3-branes in the dual type IIB string theory. In this case we obtain
3d N = 2 theories.

The purpose of the thesis is to study the refined open topological string theory and its
corresponding 3d N = 2 theories. Since the computation of refined open topological strings is
missing in literature, we develop the refined topological vertex by using geometric transition
(Higgsing) to compute refined open string amplitudes. Along the way, we find the relations
between different types of refined open topological branes, as well as corresponding refined
Ooguri-Vafa formulas. We compute the amplitudes for some strip Calabi-Yau threefolds and
find they have quiver structure at refined level. In order to understand the quivers for strip
Calabi-Yau threefolds we implement mirror transformations on sphere partition functions of
the corresponding 3d A/ = 2 theories. By reading off information from effective superpoten-
tials, we find that quivers encode effective mixed Chern-Simons levels. In this process, we
consider a particular type of theories denoted by 74 n. Since toric diagrams are identical
to brane webs, in the end we discuss the 3d brane webs, using vortex partition functions
and quivers. We find many equivalent 3d brane webs, corresponding to different real mass

deformations.

Publications

This thesis is based on the author’s papers:

e S. Cheng, 3d N' = 2 Brane Webs and Quivers, arXiv:2108.03696 (submitted to Journal
of High Energy Physics).

e S. Cheng and P. Sutkowski, Refined open topological strings revisited, arXiv:2104.00713
(submitted to PRD).

e S. Cheng, Mirror Symmetry and Mized Chern-Simons Levels for Abelian 3d N = 2
theories, Phys.Rev.D 104, 046011 (2021), arXiv:2010.15074.

In addition, I have another two papers involving 2d mirror symmetry, 5d gauge theories and

closed topological strings:


https://arxiv.org/abs/2108.03696
http://arxiv.org/abs/2104.00713
https://arxiv.org/abs/2010.15074
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e S. Cheng and S.-S. Kim, Refined topological vertex for a 5d sp(n) gaugetheories with
antisymmetric matter, Phys.Rev.D 104, 086004 (2021), arXiv:1809.00629.

e S. Cheng, F. J. Xu and F. Z. Yang, Off-shell D-brane/F-theory effective superpotentials
and Ooguri-Vafa invariants of several compact Calabi- Yau manifolds, Mod. Phys. Lett.
A 29, no. 12, 1450061 (2014), arXiv:1303.3318.

Outline of the thesis

This thesis consists of six chapters.

In chapter 2, we give a short review of topological string theory. We discuss 2d sigma
models, toric geometry, and geometric transition that relates open topological strings and
closed topological strings. After that, we focus on the topological vertex method and Ooguri-
Vafa formula. In this chapter the discussion on refined Ooguri-Vafa formulas and refined
topological vertex for open topological strings is based on [10].

In chapter 3, we give a short introduction to 3d N/ = 2 gauge theories and discuss the
structure of partition functions as well as effective superpotentials [11]. We also briefly review
3d mirror symmetry and localization results. The second part of this chapter is devoted to
brane constructions of gauge theories. In this chapter, we refer to some results from [11],
including vortex partition functions and quivers for 3d abelian theories.

In chapter 4, we mainly discuss the computation of refined open topological string partition
functions in the presence of a Lagrangian brane on strip Calabi-Yau threefolds. We also
discuss the relations between different types of topological branes and their refined Ooguri-
Vafa formulas. Some non-toric diagrams resulting from Hanany-Witten transitions are also
discussed. This chapter is based on the paper [10].

In chapter 5, we use the 3d mirror symmetry to analyze 3d ' = 2 gauge theories engineered
by strip Calabi-Yau manifolds. The quivers encoded in open topological string partition func-
tions are shown to be the effective mixed Chern-Simons levels of the mirror dual 3d abelian
gauge theories. This chapter is based on the paper [11].

In chapter 6, we discuss the correspondence between 3d brane webs and quivers. It turns
out that there are many equivalent 3d brane webs related by 3d mirror symmetry. These
3d brane webs come from real mass deformations of the massless theories. We show that
nonabelian theories also have quiver structure. This chapter is based on the paper [12].

In the appendix A, we summarize some useful identities.


http://arxiv.org/abs/1809.00629
https://arxiv.org/abs/1303.3318

Chapter 2
Topological string theory

Topological string theories are basically two dimensional supersymmetric sigma models cou-
pled to 2d gravity. There are two types of topological strings called A-model and B-model,
depending on different topological twists [13].

Because of geometric engineering, topological string partition functions are interpreted as
gauge theory partition functions which capture contributions from BPS particles. The de-
generacy numbers of these particles are closed (Gopakumar-Vafa) and open (Ooguri-Vafa)
BPS invariants [3, 14]. In some cases, closed topological strings and open topological strings
are related by geometric transitions [7]. The topological string partition functions on toric
Calabi-Yau threefolds can be computed in the formalism of the topological vertex [9]. Be-
cause of the duality between M-theory and type IIB string theory, the toric diagrams of
Calabi-Yau manifolds that engineer gauge theories through M-theory are identical with the
brane webs in type IIB string theory [2]. Therefore, the topological vertex method can be
used to analyze gauge theories.

In this chapter, we review topological string theories and also mention the connections to
gauge theories. Firstly, we review the 2d NV = (2,2) sigma model, which is the worldsheet
description of topological strings [15], which leads to A-model and B-model after topological
twist. The target spaces of topological strings are Calabi-Yau manifolds. In order to describe
target spaces, we review toric geometry that is used to construct Calabi-Yau manifolds. In
the second part of this chapter, we review the geometric transition between open topological
strings and closed topological strings, which finally leads to the topological vertex method [9].

There are some nice introductions to topological string theories; we refer to [16, 17].

2.1 2d N =(2,2) sigma model

In this section, we give an introduction to the two dimensional sigma model with super-
symmetry N/ = (2,2). After the topological twist, there are two types of theories, namely
A-model and B-model. The relation between these two models is 2d mirror symmetry; see
[13, 15, 18, 19] for more details.
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2.1.1 2d N = (2,2) nonlinear sigma model

The definition of the 2d sigma model is similar to string theory, which is described by the map

from a world-sheet ¥, to a target space X
$:3y—X. (2.1)

The 2d worldsheet has coordinate z € C and its conjugate Z. We denote 9, by 01 and 0Js

by 0_. The Lorentz symmetry is U(1) that acts on the coordinates as z — €'z and acts on

iia@i
)

fermonic coordinates as #F — e 6F — e In the 2d nonlinear sigma model, we

have the chiral superfield
B = §(2,2) + 1 (2, 2)0% + - (2,2)0" + F(2,2)070", (2.2)
satisfying D4+ ® = 0.
To begin with, we show generators and commutators of the supersymmetry algebra. There
are Hamiltonian and momentum operator

H=—i(dy—8_), P=—i(d,+d_), (2.3)

Lorentz rotation operator

M:2za+—2z8_+9+d;l+—0dz+9+d;l+—9dg_, (2.4)
and
Q=2 vito., 0,- -2 _igta,, (2.5)
00+ 00+
Dy = aa% _if78y, Dy= —% ifToy, (2.6)

where Q4+ and @ are supersymmetry generators, transforming as spin % fermions under the

Lorentz group. The commutators between them are

{Qi,@i} =20 =P+ H, (2.7)
{Q+,D+} = 2i0+=-PTH (2.8)
(M, Q4] = FQx, [M,Q.]=FQ., (2.9)
[M,Dy] =FD+, [M,Di]=FDx, (2.10)
(M, H] = —2P, [M,P]= —2H. (2.11)

In addition, there are R-symmetries acting on variables, which can be recombined into the
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vector symmetry U(1)y and axial symmetry U(1)4

Uy : (07,07) = (e7@0%,e0"),  (07,07) = (707,60 ), (2.12)
U(1)a: (0+,§+) — (e‘io‘0+,em§+), (0_,5_) — (e—me—,emé‘), (2.13)
with generators
d d . d _d
_ _pnt _ - + -
Fy=-0 e 0 d9_+9 d9_++0 e (2.14)
d d . d __d
_ ot - + y~
Fp=-0 d9++0 d0—+9 e 0 7= (2.15)
The associated commutators are
[FVaQ:E]:Q:I:a [FV7@:E}:_@:E7 [FAaQﬂ:]:iQia [FAvazl:]:xéj:' (216)

In addition, the chiral superfield carries charges (qy, ga) under R-symmetries.
In the following, we show the Lagrangian description of 2d nonlinear sigma model. The

Lagrangian is given by a Kéahler potential
Sp = /d2zd49 K(®;,0;), (2.17)

where is also called D-term, and the measure is d?zd*6 = dzdzd6+d9~d6+df~. One could also

include the F-term

Sp = /d2zd29 W(®:)|5—g - (2.18)
In this thesis, we do not consider this F-term. The bosonic part of the action is

Sy =— / d229;:0*P 00 59 (2.19)
where ¢ is the scalar in @, and the spacetime metric g;5 is given by

_ BK
déidd’

9ij

(2.20)

Therefore, the target space is a Kihler manifold. The worldsheet metric n*? can be fixed by

conformal transformation
nt"=n"t=2, ptt=n"=0. (2.21)
If we add the fermonic part, then the D-term Lagrangian reads

L= g;5(0:0'0:¢7 + 07¢'02¢7) +iB5(0.0°0:¢) — 9761028 (2.22)
tigi 0 Dy +igg0’ Do — R oF 00, (2.23)
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where

Riii = 9" G5 1900k — 9ijul > (2.24)
Dit)' = 050" + T 070", (2.25)
T = 9" g5 (2.26)

and the field B;; is an anti-symmetric (1, 1)-form that can be added without breaking super-

symmetry. Fermionic fields are sections of bundles on the worldsheet

L e T(KY?2 @ ¢*THOX), o) e T(KY? @ ¢* T X), (2.27)

v e DEP o TX), ¢ e (K’ ¢ TOX), (2.28)

where K is the canonical bundle on the target space X and we split the tangent bundle into
holomorphic and antiholomorphic parts TX = 719X @ T%1 X . The fermions wﬁr and ¢! are

the left and the right moving modes respectively. The supersymmetry variation is

b= Qr+eQ +6,Q,+eQ_, (2.29)
which transforms various fields as follows

2.30
2.31
2.32

5¢>i = ie,wi + ie+wi_ ,

S = el + iyl
P = —_0.0" —ie ! Tk |
Sy, = —e 8¢ — iyl Thyk |
YL = —&,05¢" —ie LTk
o = e 0:0° — el Tk

2.33

(
(
(
(
(2.34
(

)
)
)
)
)
)

2.35

. - . _ - . ——1/2
where fermonic parameters e_,é_ are sections of K~1/2, and e, &, are sections of K 2

2.1.2 A-model and B-model

The supersymmetry cannot be preserved on the worldsheet with genus g # 1. In order to have
convariant spinors on the whole worldsheet of genus g, we need to change the transformations
of fields such that the supersymmetry transformation becomes a scalar on the worldsheet.
One way is to use the topological twist, which redefines a new Lorentz generator by combining

it with R-symmetry generators

Moa=M—Fy, Mg=M — Fyu (2.36)
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Then we have commutators

[MAaQ++©—]:O7 [MAaQ—]:Ov [MAv@—i—]:Ov (2'37)
(Mp,Q+ +Q-1=0, [Mp,Q+—]=0, [Mp,Q_]=0. (2.38)

After the topological twist, the operator Q4 := Q 4 + Q_ becomes a scalar for My, and
Qp = Q L+ Q_ becomes a scalar for Mp. These twisted operators can exist on Riemann
surfaces with any genus. We have two kinds of twists, for which the associated R-symmetries

are different:
A-twist: U(1)y, B-twist: U(1)a. (2.39)

If the R-symmetry is U(1)y, then the target space is a Kéahler manifold, while if the R-
symmetry is U(1)4, the target space is not only a Ké&hler manifold but is also a Calabi-Yau
manifold such that U(1)4 is anomalous [13]. Therefore, there are two types of theories called

A-model and B-model accordingly.

A-model

In the A-twist, the bundles for fields are changed, and we have

*Tl,OX)
*TO,IX)

Yl =i e (K @ ¢*TOX)
YL =1 e (K ®¢*T" X).

el (¢
T=y’ eI(¢

Note that x* and XE become scalars on the worldsheet once weset e = €, = eand é_ = e = 0,

then the supersymmetry variation is
§=eQa=e(Q-+Q,), 6*=0. (2.44)

The variations of scalars ¢’ reduce to
8¢t = iex’, 5¢; = iex{, (2.45)

and the variations of other fields are zero. In the A-model, there is an interesting correspon-

dence between supersymmetry operator and differential operator

Qaeod=0+0, ' <drt, \' < d7, (2.46)
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where 2% and #' are local coordinates on X and d is de Rham differential. The action in this

twist degenerates to
S= i/{QA,V} e (B+ i), (2.47)
b

where V = 27rgi3(¢25¢i + O Yi), and B +iJ € H?(X,C) is the complexified Kéhler form.
Note that the A-model does not depend on the complex structure.
The infinite dimensional space of all maps ¢ : ¥ — X localizes at saddle points of V' = 0,

which are finite dimensional if we perform path integral:

Z = / D¢DYDy e * = Y = el / dodipdy e J1QaVY (2.48)
BeH(X,Z) fixed B

At saddle points V = 0, we have 0¢* = 0 and fields ¢* become holomorphic. These holomorphic
maps are worldsheet instantons. If we consider a genus g # 0 Riemann surface, then the A-
model becomes trivial because of ghost number conservation constraints [13]. In this case,
to obtain nontrivial theory the worldsheet gravity needs to be included, namely including all
metrics on ¥, in the path integral. This is the topological string theory we discuss. Note that
the target space of A-model is a Kéhler manifold. If we couple A-model with 2d gravity, then
the target space should be a Calabi-Yau manifold. Before discussing that, let us first review
the B-model.

B-model

The B-model has a different setting in comparison with the A-model. We have fields

vy e T(¢" TN X) (2.49)
W, e T(K @ ¢*TH0X), (2.50)
¢ e (K @ ¢*TOX), (2.51)
and define scalars
P =+l 0= g —uF). (2.52)

If we set ex = 0 and €1 = ¢, then the supersymmetry variation is

§=eQp=¢Q_+Q,),0*=0. (2.53)
There is a correspondence

nt < dzt, 0; < Qp < 0. (2.54)

9
ozt’
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The action for the B-model is

S:i/{Q,V}JrU, (2.55)

where
V = g (pL06" + plogt) . (2.56)
U= <—9ijJ' - ;Rﬁk,;> oA pFni0,9% . (2.57)

Here U only depends on the complex structure of the target space Y.

At the saddle point V = 0, we have a¢’5 = 0 and 5@5’5 = 0, so fields ¢* map to points
in the Calabi-Yau manifold Y. Hence correlation functions are classical integrals. There is
no worldsheet instanton correction in the B-model. The target space of B-model should be a
Calabi-Yau manifold to be free of U(1)4 anomaly. There is a unique holomorphic (3,0)-form
Q on the target space Y. The complex structure deformations in B-model are elements in
H>L(Y).

2.1.3 2d N = (2,2) linear sigma model

A more general theory is the linear sigma model discussed in [15], which probes the global
moduli space, while the nonlinear sigma model can only probe the large parameter regime.
In this subsection, we review the 2d linear sigma model and discuss in particular its moduli
space.

We can add the vector multiplet

V =(Ag— A0 0 +(Ag+A)0T0 —007 0" — 0010 +i070T @ A_+0 Ay)

N N (2.58)
40 0 (0N +0TA)+076700 D
and write down the Lagrangian
L= Ekln + Egauge + EW + ['FI =
— /d49q>TeQ'Vq> - /d4921922T2 +/d2m/v(q>) +% (—t/dzﬁ 2+c.c.> . (2.59)

where the field strength is ¥ = Dy D_V and the Fayet-Iliopoulos parameter is t = r — 7).
We consider the theory with a gauge group U(1) as an example. Its Lagrangian can be

expanded as

1
L= —2—92(@0? + F3) — |Duo)? — U(o, ¢) +IFy 1 + fermions, (2.60)

10
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where the scalar potential is
1
U(o,¢) = ngD2+Z’Fi’2+‘QiU|2‘¢i|2- (2.61)
i
The D-term and F-term are

D= —g? (Zqi|qbi]2—r> , F . (2.62)

e

The vacua moduli space is defined by U(c,¢) = 0 [15]. We assume r > 0 and o = 0; then
the Coulomb branch moduli space M can be obtained by the D-term after modding out the
U(1) gauge group:

N
Me={ Y aloi =r}/u). (2.63)
i=1

This is a toric Cabi-Yau manifold by definition. This moduli space is identified with the target
space of topological string theory. Note that the R-symmetry U(1)4 is anomaly free only if
> ;@4 = 0; otherwise the measure in the path integral is not invariant. This condition is the
Calabi-Yau condition [15].

We can also consider the effective theory of the linear sigma model by integrating out
matter fields

etSei(X) = / DS B (2.64)

The effective Lagrangian is
Leg = /d49KeH(E,E) +% </ PP Wer(S) + c.c) , (2.65)

and the scalar potential is
Usit(0) = — < gfafT>1 V;V;ff > (2.66)

which gives rise to the vacuum equation

exp (g’f) =1. (2.67)

This equation is also called Bethe equation in the Bethe/gauge correspondence [20]

2.1.4 2d mirror symmetry

A-model and B-model are related by the famous mirror symmetry [13, 21]. In this subsection,

we give a short review on this duality. Note that the mirror symmetry corresponds to the

11
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T-duality between type IIA and type IIB string theories.
The Calabi-Yau manifold X has complex structure parameters and Kéhler deformation

parameters as follows:

complex structure moduli: A*! = dim H*(X), Kahler moduli: A% = dim HYY(X).
(2.68)

Two mirror dual manifolds (X,Y") are target spaces of A-model and B-model respectively,

satisfying
YN (X)) = H2Y(Y), BPN(X)=HYY(Y). (2.69)
In the A-model moduli parameters are Kéhler parameters in the Calabi-Yau manifold X

tr=| B+iJ, I=1,....hRb(X), (2.70)

where 57 € Ha(X) and J is the Kéahler form. In the B-model, moduli parameters are complex

structure parameters of the Calabi-Yau manifold Y:

= Q, I=1,...,K(Y), (2.71)
ar
where ay € H3(Y). In order to connect A-model and B-model, we need to construct the
mirror maps between these parameters, which is defined as
Jor 1

=l I=1,....R%Y (Y H3(Y 2.72
Lo 2m(og21+ ) s v h2N(Y), ar € H3(Y), (2.72)

tr =

where ) is the unique (3,0)-form on Y. In the symplectic basis (a,, 32), the unique three-

form can be written as
Q=X0ay, + Fr,p2. (2.73)

The mirror symmetry can also be extended to open topological strings, which needs the
presence of D-branes [22]. Then one obtains the open-closed mirror symmetry; see [23, 18, 24].
D-branes are boundaries of open strings from the worldsheet perspective. In the A-model,
open strings should end on a Lagrangian submanifold L in the Calabi-Yau manifold X. The
Lagrangian is defined as the submanifold that the dimension of L is a half of X and the
Kahler form w vanishes when it is restricted to L. Such L is a real section of X, and open
topological strings ending on such a manifold L preserve a half of the supersymmetry. On the
other hand, the B-model admits Dp-branes of even dimensions, and supermymmetric branes
should wrap holomorphic submanifolds. In particular, for the mirror Calabi-Yau pair (X,Y")

with a Lagrangian L C X and a holomorphic curve C C Y, D6-branes wrapping R* x L are

12
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mirror dual to D5-branes wrapping R* x C. Hence the open-closed mirror pair is

mirror

(X,L) +—— (Y,C). (2.74)

2.1.5 Topological string theory

Topological string theory is defined as a 2d A = (2, 2) nonlinear sigma model with maps from
worldsheets to a target space ¢ : ¥ — X and then couples to 2d gravity. In order for the 2d
theory to be superconformal, the target space needs to be a Kéhler manifold that satisfies the
Calabi-Yau condition ¢ (TX) = 0. After topological twist, this theory becomes anomaly free

and topological. The partition function sums over all maps ¢ : ¥ — X
/ D¢Dge 1= £(@) (2.75)

where ¢ is the metric on Y. This path integral is an integral over the complex structure
parameters on Y. Moreover, we need to define the free energy for the Riemann surface of any
genus. The free energy is the integral over the moduli space M, of the Riemann surface with
genus g. For genus g = 0, the moduli space is a point, and for g = 1, the moduli space is the

fundamental domain for torus. For higher genus g > 1, free energy is

39—3

e fyn(H ([o) (o)) o

a=1

For more details on this worldsheet description of topological string, see [25, 19].
In string theory, worldsheets of any genus need to be summed up to get a complete string
partition functions. Similarly, in topological string theories, we should to sum up all genus

contributions and get the free energy
o
F=Y Fug22, (2.77)
g=0

where g, is the string coupling and the free energy is defined through the topological string

partition function

F=logZ. (2.78)

2.2 Toric Calabi-Yau threefolds

In this section we give a brief introduction to toric Calabi-Yau manifolds. Toric geometry is
important in our context as it represents Calabi-Yau threefolds in terms of toric diagrams,
which through the duality between M-theory and IIB string theory, are identical to 5-brane
webs in type IIB string theory, and D3-branes on 5-brane webs correspond to Lagrangian
submanifolds [2, 24]. In this section, we first give the definition of Calabi-Yau manifolds and

then discuss toric diagrams. For a nice introduction to toric geometry, see [26].
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Calabi-Yau manifolds. The target space of topological string theory should be Calabi-Yau
manifold X, satisfying the following properties:

e X is a complex manifold with a metric g satisfying g;; = g;z = 0.

e X is a Kihler manifold. Namely, there is a real function K(z, z) such that g;; = 9;0; K,
and the Kéhler form is w = g;;dz; A dz; satistying dw = 0.

e X has a holomorphic n-form Q = f(z1,...,2,)dz1 A -+ Adz,. This is equivalent to the
Calabi-Yau condition ¢;(7'X) = 0, where T'X is the tangent bundle of X.

Typical examples of one dimensional Calabi-Yau manifolds are complex plane C and torus
T2. Two dimensional Calabi-Yau manifolds are K3 surfaces which are defined as hypersurfaces
in P3. Note that the complex projective space P" is not a Calabi-Yau manifold. In this
thesis, we focus on non-compact Calabi-Yau three dimensional complex manifolds (also called

Calabi-Yau threefolds), which are considered as fiber bundles, for instance
O(=3) = P2, 0O(-2,-2) - P! x P!, O(-1)® O(-1) — P*.

2.2.1 Toric diagrams

Toric geometry has been used in many aspects of string theory for constructing Calabi-Yau
manifolds and brane webs. In the following, we give a short introduction to toric diagrams.
Toric geometry represents Calabi-Yau manifolds in terms of toric diagrams. Toric ge-

ometry can be understood by considering C? as building blocks. The n-complex dimen-

sional manifold C™ has complex coordinates (z1,...,2,). We write z; = ]zi\ewi and then
use angular coordinates (|21/%,...,|zx|% 61, ..,0,). Then the Kihler form can be written as
w=Y,dziNdz; = Y, d|z]|*Adb;. Angular coordinates (01, ..., 0,) parameterize n-dimensional

torus T™ = St x---x S, and |z is the radius for i-th circle S'. The space C" can be factorized
as C" = O™F x T™ where O™ denotes the special locus defined as {|z;]?> > 0}, which looks

like a frame, as shown in Figure 2.1. The frame in Figure 2.1 is known as the toric diagram.

|22

Figure 2.1: The frame of special locus for C3, which is known as the toric diagram if we
project the frame to a plane.

Since z; = |z|e, when |z| = 0, the circle S' parameterized by 6; shrinks. Therefore, on
closed surfaces (divisors) of the toric diagram, there is a circle S that shrinks and a torus 72
is left. On edges of toric diagrams, a circle S! is left and two-cycles S* x S! shrink. On the

bulk of toric diagrams, no cycle shrinks and 73 = S' x S x S! is left. In particular, at each
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vertex of toric diagrams all circles shrink. We illustrate the toric diagram of C? in Figure 2.1.

Similarly, we can describe projective spaces such as P*, which satisfies 21|24+ |zp41? = 7

02n+1)-

Each compact (noncompact) polygon in a toric diagram is called a divisor, and corresponds

and the identification (z1,...,2n51) ~ (€¥21,..., ¢

to a compact (noncompact) four-cycle. The compact divisors give rise to vector multiplets,
while noncompact divisors give rise to hypermultiplets in the geometric engineering of 5d
N = 1 gauge theories, see e.g. [27]. Each internal line corresponds to a two-cycle P!, and each
external line corresponds to a disk C. A typical example is O(—2, —2) — P! x P! illustrated
in Figure 2.2, in which the compact divisor represents a four-cycle P! x P!, and there are two

independent compact two-sphere PL.

Pl

]P>1

Figure 2.2: This toric diagram is for the geometry O(—2,—2) — P! x P!, This manifold
contains one compact divisor, four noncompact divisors, four compact two-spheres P!, and
four disks Ry x S*.

Resolved conifold. Conifold geometry is particularly useful in toric diagrams, because it
relates to the geometric transition in topological strings and hypermultiplets in gauge theries.
The toric diagram for the geometry O(—1)®O(—1) — P! is shown in Figure 2.3. This Calabi-
Yau threefold is called resolved conifold'. Sometimes, we also call it local conifold in this thesis
for convenience. The local conifold plays an important role, as it gives rise to BPS particle in
M-theory if we wrap M2-brane on it, or gives rise to hypermultiplets in brane constructions
of gauge theories. In addition, conifold geometry can undergo a geometric transition in the
A-model.

Figure 2.3: Resolved conifold (local conifold).

Geometrically, the conifold is a singular manifold in C* with coordinates (z, v, 2, 1), defined

by a polynomial equation

xy—z2t =0, (2.79)

!The P! is a two-sphere introduced by blowing up the conifold singularity. Note that the conifold itself is a
singularity which is the limit that this two-sphere P! shrinks.
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which can be deformed by turning on a complex structure parameter
xy —zt =p. (2.80)
Then one can change variables to write (2.80) as
il al=r, (2.81)

whose real part is a three-sphere S®. The full geometry including the fiber is a cotangent
bundle 7%S%. On the other hand, the conifold singularity can also be resolved by blowing
up the singularity by introducing a two-sphere P! at the singular point. These two ways of

resolutions are illustrated in Figure 2.4.

deform. ‘ blow up v
< > ¢ P!

Figure 2.4: The P! in the resolved conifold can be wrapped by M2-branes. These two different
resolutions are connected by the geometric transition. The three-sphere S3 in the left diagram
carries a Chern-Simons theory, while the P! in the right diagram carries closed topological
strings [7].

Recall that the volume of P! in the resolved conifold is given by

t =vol(P') = / J+iB. (2.82)
Pl

When ¢t — 0, the P! shrinks to a point. The resolved conifold is obtained by turning on the

Kéhler parameter for P!,

2.2.2 Lagrangian submanifolds

Lagrangian submanifolds are boundaries of open topological strings. The toric geometry
construction of these submanifolds is discussed in [24]. In the following, we give a short
introduction to such submanifolds. If some branes wrap Lagrangian submanifolds, then these
branes are called Lagrangian branes or Aganagic-Vafa branes [24]. In type IIB string theory,
wrapping D3-branes on Lagrangian submanifolds give rise to 3d A = 2 theories.

The Lagrangian submanifold in toric geometry is a real slice of the Calabi-Yau manifold.
For instance, R? C C? with fixed 6; is a Lagrangian submanifold. Generically, the Lagrangian
submanifold is a n-dimensional real space parametrized by |z;|?> and Kihler forms vanish on
it w|z = 0. On toric diagrams, we only consider Lagrangian submanifolds that have topology
C x S'. Lagrangian submanifolds are represented as additional lines attached to some edges
on toric diagrams. For instance, we can find Lagrangian submanifolds in O(—2) @ O(0) — P!

As illustrated in Figure 2.5, blue lines stretching in the bulk denote Lagrangian submanifolds.
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The slopes of these lines correspondes to the charges of Lagrangian branes.

Figure 2.5: The Calabi-Yau threefold O(—2)®O(0) — P! with some Lagrangian submanifolds
denoted by blue lines.

2.2.3 D-terms and brane webs

In this section, we use algebraic polynomials to define toric diagrams, and discuss relations
between toric diagrams and brane webs.

As we discussed in subsection 2.1.3, the D-term in the 2d linear sigma model gives rise to
a toric geometry construction of Calabi-Yau manifolds. The target space of A-model is the
Coulomb moduli space M¢ of a 2d N = (2,2) linear sigma model. We assume that there are
N, + 3 chiral multiplets ®; whose lowest components are scalar fields z; 2. Then D-terms give

rise to a toric Calabi-Yau threefold X in the A-model, defined by linear equations:

X: Y gzl =t", A=1,... N, (2.83)
)

where qZA are charges for coordinates z; under the gauge group U(1)™e and satisfy > qZA =0
which is known as the Calabi-Yau condition; see e.g. [28], and t4 are complexified Kéhler

parameters. The action of the gauge group U(1)™¥¢ on coordinate z; is
Zj — exp (iqlAGA) Zi - (2.84)

Note that the Lagrangian submanifold can also be defined by (2.83) with an additional charge
vector qiL satisfying ) qZL = (0. Because of this property, both open topological strings and
closed topological strings can be considered by toric geometry.

Let us go to the relations between toric diagrams and brane webs. Recall that a toric
Calabi-Yau threefold is fiber bundle with the torus 72 as the fiber and a complex two di-
mensional manifold as the base. Since the M-theory/IIB duality argues that the M-theory
compactified on torus 7?2 is dual to the type IIB string theory compactified on a cycle S'. It
is natural to relate the toric Calabi-Yau manifolds X in M-theory and brane webs in type 1IB
string theory [2]. It turns out that the toric diagrams as the degeneration locus of torus are
mapped to the (p,q)-brane webs in type IIB string theory. For example, the brane web in
Figure 2.2 gives rise to a pure 5d N’ =1 theory with a gauge group SU(2), and the resolved
conifold in Figure 2.3 gives rise to a theory with a gauge group U(1).

Note that at each vertex of the brane web, there are three edges. Because of charge

2These scalar fields are denoted by ¢ in previous sections. Here we denote then by z; as they are coordinates
for toric Calabi-Yau manifolds.
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conservation, the sum of charges for three edges is zero:

3 3
ZPiZO, Z%ZU, (2.85)
i=1 i=1

which is equivalent to the Calab-Yau condition for the corresponding toric diagrams [29]. In
addition, the SL(2,7Z) symmetry of the toric diagrams is the SL(2,Z) symmetry in type IIB
string theory. This symmetry can be used to change the slope of toric diagrams, namely the
charges of 5-branes. More explicitly, we can use this SL(2,7Z) transformation to change the

electric charges of the whole brane web in the way:

(1,0) = (1,0), (p,1) = (p+mn,1), (2.86)
and change the magnetic charges in another way:

(0,1) = (0,1), (1,q9) = (1,q+n), (2.87)

where n can be any integer. These two ways of changing charges can be implemented on
brane webs one after another, leading to equivalent brane webs. In particular, the S-operator
in SL(2,Z) is the S-duality in type IIB string theory, which rotates toric diagrams (brane
webs) by a 90 degree.

2.3 Open topological string theory

Open and closed topological strings are combined with each other and developed together;
hence it is hard to distinguish them and discuss one type of topological strings independent of
the other one. We prefer to start from the open-closed duality which arises from Chern-Simons
theory and geometric transition [7]. In this section, we also discuss Gopakumar Vafa formula
and Ooguri-Vafa formula that encode BPS invariants [5, 30, 14, 6, 10]. In the end, we give a
review of the refined topological vertex, which is the main tool that we will use in this thesis.

The A-model admits D-branes of odd dimensions inside Calabi-Yau manifolds. The open
topological strings have boundaries ending on D-branes wrapping Lagrangian submanifolds.
A key example is the deformed conifold, namely, the cotangent bundle 7%S3. We wrap N
D-branes on the base S3. In this way, we obtain a topological field theory with a gauge group
U(N). In [31], Witten found that open topological string theory in this case is Chern-Simons
theory. In this section we show how Chern-Simons theory is crucially related to topological

strings.

2.3.1 Geometric transition

We can analyze Chern-Simons theory instead of the open topological string theory. The
geometric transition makes the story complete by connecting open topological strings to closed

topological strings [7].
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To begin with, the Chern-Simons theory on a three-sphere S2 has action
k 2
S:/'H<AAdA+AAAAA>. (2.88)
41 S3 3

In order for it to be gauge invariant, the Chern-Simons level k should be integer. The path

integral of the partition function of Chern-Simons theory is
Z = / DAL (2.89)

In the A-model, geometric transition states that the Chern-Simons theory on S® with a
gauge group U(N) and a level k is equivalent to the closed topological string theory on resolved
conifold O(—1) @ O(—1) — P!, with the identification of parameters

. 2r b= 2miN
k+N’  k+N

Js =igsN, (2.90)
where g, is the string coupling, ¢ is the Kihler parameter of P'. In addition, the U(N) Chern-
Simons theory is constructed by wrapping N D-branes on S3. It can be checked that the
't-Hooft expansion of the Chern-Simons partition function on S is exactly equal to the closed
A-model amplitude on S? to all genus [7], with Ngs = X as the "t-Hooft coupling.

Recall that the Chern-Simons theory on S describes the open topological strings of the A-
model. Hence the geometric transition is an open-closed duality, connecting open topological

strings and closed topological strings.

2.3.2 Chern-Simons correlation functions

One can use Chern-Simons theory to compute topological string partition functions for generic
Calabi-Yau manifolds. In this subsection, we given a review on the computation, following
[14, 8].

We start from the Ooguri-Vafa construction of knots in M-theory [14]. As we have discussed
above, N overlapped branes wrapping on the base S? of deformed conifold 7%S? are described
by Chern-Simons theory. We can probe the dynamics on these branes by another stack of M
overlapped branes which wrap a Lagrangian submanifold L and intersect the base S3 along
a knot K

Lk N =K.

Note that L is along the fiber of tangent bundle 7*S3.
This Ooguri-Vafa brane system describes the Chern-Simons theory with the gauge group
U(N) x U(M). There are two types of Wilson loops along the knot

U="Pefcd cUN), V="pPedAcUM), (2.91)

where A and A are gauge fields on these two stacks of branes respectively. In M-theory, the

open strings connecting these two stacks of branes are lifted to M2-branes with two boundaries,
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which in this case have the topology of annulus. In [14, 8], it is derived that M2-branes lead

to the annulus amplitude

OU,V;r) =exp [— Tr log (1 —e"U® V_l) } (2.92)
> e~
= exp TeU™ TeV ", (2.93)
$ o

where r is the length of this annulus and n is the winding number. The Chern-Simons path

integrals for generic toric geometries can be computed by using this annulus operator.

geo. trans. ﬂ\_/() ,

Figure 2.6: After geometric transitions, the amplitude of closed topological strings become the
correlation function of Chern-Simons theory. In this example, the boundaries of M2-branes
ending on Lagrangian submanifolds L; and Ly are unknots S?.

The procedure of computing topological string amplitudes is the following. Firstly, one
needs to implement geometric transitions on some resolved conifolds and get Lagrangian sub-
manifolds L; which are three-spheres S3. On each of these three-spheres we wrap M5-branes
to get a gauge group, and the M2-branes connecting two stacks of M5-branes contribute to the
annulus operator O(V;,V;). Finally, by taking all annulus operators into account, one ends
up with topological string amplitudes. We use an example to illustrate. The strip Calabi-Yau
threefold described by the left toric diagram in Figure 2.6 captures the closed string amplitude

of the A-model, which is transformed into the correlation function of Chern-Simons theory:

®  _—rn
ZAosed 1op- — (O(V7, Vs 7)) = / DA D AgeSosM)+Ses(A2) oxp [Z S N i
n=1
(2.94)
Moreover, by using the Frobenius formula
TrpV = [ (V)% = " xp(k)TrrV (2.95)
j=1 R

-,

where y (k) is the character of the symmetric group S |r|» the annuls operator can be rewritten

in terms of Young diagram R

O(Vi, Vo) = > TrpVie FIMTrpvy (2.96)
R

where V; is the homolomy of the gauge field on the Lagrangian submanifold ;. By gluing

the annulus operators, one can compute the path integrals of correlation functions for more
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complicated toric diagrams
Ztopstring / [[DAie>i 550V, Va3 71) O(Va, Vi a) ... O(Vay, Vi) (2.97)

which can be represented as the summation over Young diagrams

Ztop-string — N (R [Vi,e Rl Ry) (Ry|Viye 82 Ry) -+ (Ry [V, e 71 FIM Ry ) (2.98)
R1,R>,....Rn,

where Vi, € SL(2,Z) are the operators transferring the Wilson loop Vj;1 to the Wilson loop
V;. In particular, the amplitude for the Hopf link K; U K3 is

Wry Ry = (Trp, V1Trg,Va) . (2.99)
If one of Young diagrams is empty, we get the correlation function for a single unknot
Wr(K) = (TrgV) = sr(Q), (2.100)

where sg(Q) is a Schur function. More explicitly, the Wilson loop of the unknot in represen-

tation R is
_ Sor .
Wr=—5—=dim; R, (2.101)
Soo
and for the Hopf link
S—l
Wy g, = g/ I1Rel/N ZHule (2.102)

Soo

One can represent Wilson loops in terms of Kahler parameters, using

ent/? _ e—nt/2

" = —i————. 2.103
qn/2 _ qfn/2 ( )

Then the annulus amplitude (2.92) is

ent/Z _ e—nt/?

o0
(O(U,V))gs = exp { _ T qin/Q)TrV’" : (2.104)
n=1
where two components /2 and e~™/2 correspond to two disks that are the two hemispheres

of P! in the resolved conifold.

2.4 Topological string invariants

Topological string theories have a target space interpretation in M-theory. The M-theory com-
pactified on Calabi-Yau threefolds through geometric engineering gives rise to supersymmetric

gauge theories. Therefore, topological string partition functions are interpreted as gauge the-
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ory partition functions. In this section, we first discuss the refinement of gauge theories
and then discuss Gopakumar-Vafa formula and Ooguri-Vafa formula that encode degeneracy

numbers of BPS particles.

()-background in gauge theories

In 4d and 5d, supersymmetric gague theories depend on two parameters e¢; and €2, which
are ()-deformation parameters [32, 33]. The -deformations are interpreted as the rotation
symmetry SO(4) acting on spacetime R*. This rotation symmetry is generated by a vector
field on R*. The metric is deformed

ds* = gij (dz'i + V'da') (dz? + V7da?) | (2.105)

and the vector field is 5 9
V=V_" = — 2.106
ozt i ( )

where

|- 0 0 o0
Ol = 061 . (2.107)
0 0 —e 0

If we regard the spacetime as two complex planes R* = C; x Cs, then V can be written as

V =i <Z18a — Z18> + €9 (2288 — 228> . (2108)

21 Z1 22 )

Moreover, V is a Killing vector field acting on the moduli space of k-instantons ./\/l; By
adding this deformation, the integral over moduli space are localized to fixed points. For

instance, the k-instanton partition function

1
Zk:/Mglz > vt (2.109)

fixed points

These fixed points are labeled by Young diagrams [32]. The -deformations are introduced
as a method to perform localization, but immediately it is realized that the (2-deformation is
the graviphoton field strength [32, 33].

2.4.1 Gopakumar-Vafa formula

The topological string theories can also be refined. There are refined formulas for topological
partition functions, which sum up all the contributions of BPS particles. Let us first discuss the
geometric engineering of these BPS particles and then discuss the Gopakumar-Vafa formula.
For details of this construction, see e.g. [30].

The topological string amplitudes can be interpreted as partition functions of 5d N’ = 1

gauge theories which are engineered by the M-theory compactified on noncompact Calabi-Yau
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threefolds X. The BPS particles in 5d gauge theories are engineered as M2-branes wrapped
on holomorphic curves f € Ha(X,Z). The masses of these BPS particles are the areas of
holomorphic curves Ty = | 5w where w = J + iB is the complexified Kahler form on X.
These BPS particles are charged under the little group SO(4) = SU(2)1, x SU(2)r and hence
are classified by spins (jr,jr). In addition, M2-branes have momentums along the circle S*
direction. Therefore, the mass of the M2-brane with momentum n is given by Tz + 2min/gs.
Because of the M-theory/IIB-string duality, BPS particles given by M2-branes carry electric

and magnetic charges, and hence correspond to (p, ¢)-strings in brane webs
M2-branes <> (p, q)-strings . (2.110)

On the Coulomb branch the gauge group is broken to U(1)"e, which can also be interpreted
via the Calabi-Yau geometry X. Each U(1); corresponds to a compact divisor D; C X, and

gauge fields come from the three-form CS) in M-theory
Nc . .
o =3 AP @ (2.111)
i=1

by wrapping a M2-brane on a curve 8

N. N,
S A0 /ﬁwm =3 4D (D), (2.112)
=1 =1

where the term D; - 5 (intersection number) is the electric charge for the BPS particle.
Moreover, we can get 4d A/ = 2 theories by shrinking the circle S' in the 5d spacetime
R* x S'. There is a graviphoton field strength

F = erdat A da? + eada® A dz? , (2.113)

which can be interpreted as the field V' in (2.108). In 5d gauge theories, BPS particles
go around the circle S' and are charged under this field strength F. The Q-deformation
leads to refined partition functions of 5d theories and 4d theories [32, 33]; there should exist
a refinement of topological strings. The original topological string theory is the unrefined
topological string theory that defined at the unrefined limit €; 4+ €2 = 0. Because of geometric

engineering discussed above, we have the equivalence between partition functions in this limit3

21P(g,) = 25 (1, €2) | gumeames - (2.114)

4

However, unrefined partition functions do not capture the full rotation symmetry on R¢, .,

so we prefer to refine it.
Let us go back to M-theory and discuss how the (2-deformation rotates the spacetime

coordinates. In our context, the M-theory compactified on Calabi-Yau threefold X has the

3Note that the gauge theroy partition functions for 5d N = 1 theories and 4d A = 2 theories are usually
called Nekrasov partition functions.

23



CHAPTER 2. TOPOLOGICAL STRING THEORY

spacetime TN x S', where TN is the Taub-NUT space similar to C; x Cy and has two
complex coordinates z; and zo. The Taub-NUT is twisted along the S!. If we go around the

S1, complex coordinates rotate by

(Zla 22) — (qzla t_le) 3 (2115)

where ¢ = €%! and t = e~%2. In order to preserve supersymmetry we need €; + €3 = 0, namely
the unrefined limit ¢ = t. The refinement of topological string is obtained by relaxing this
constraint on €; ». However, in order to preserve supersymmetry, we need R-symmetry U(1)g
acting on X. Since the M-theory partition function is the same as the A-model topological
string partition function on X, the refined M-theory partition function defines the refined
topological strings.

The refined M-theory partition function has a very nice formula. As discussed in [30], the

summation of contributions of BPS particles gives rise to the free energy:

1)0L+0Re—sTB—Zm'ne—Qs(ULeJr—l—aRe,)

_ (Jr.Jr ds Trj,, 'R)(_
F= Z Z Z NJ ! / s : J(2 sinh(se1/2))(—2 sinh(sez/2)) ’

BEH(X,Z) nEZ JL IR

(2.116)

where N éj LJR) i5 the number of BPS particles. The refined closed topological string partition
functions Z = exp(F) take form

chosed(Q7 q, t) —

(71)2jL+2jR+1N(jL»jR)

Jr JR 00
H H H H H ( — tkrtkp+mi— qu kr+mao— QQﬁ> B :

BEH2(X,Z) jL,JR kL=—jL kr=—jr m1,2=1
(2.117)

where the parameters /gt and \F are fugacities for SU(2)r and SU(2)g, and Q3 = e~ Jge

One can write (2.117) in another form

chosed (Q, q, t)

1)2]L+2]RN(JL:JR)XjL((qt)n)XjR £\"
= exXp Z Z Z tn/2 t— n/Z)(qn/Q _ qn/Q()<q> ) Qg (2118)

BEH2(X,Z)n=1]1,jr

Z Z 1)2JL+2JRN(JL jR)X]L((qt)>X]R ((t)) QB] |

1/2 _ $=1/2\(g1/2 _ —1/2
BEH2(X,Z) JL:JR t - )(q q )

= PE

(2.119)

where x;(z) == 27/ + 277t +... 4 27, This formula is called Gopakumar-Vafa (GV) formula

[30]. The integers N éj 97) are called Gopakumar-Vafa invariants or closed BPS invariants.
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2.4.2 QOoguri-Vafa formula

Open topological strings are also related to gauge theories through geometric engineering. In
this subsection, we discuss the Ooguri-Vafa formula encoding open BPS invariants.

The topological branes in the A-model can be lifted to M5-branes wrapping the Lagrangian
submanifold L C X and the spacetime R? x S' € TN x S'. These branes preserve a half of
supersymmetry. Hence the theory on Lagrangian branes has four supercharges and turns out
to be a 3d AV = 2 theory on the spacetime R? x S'. In M-theory interpretation, M2-branes
wrap holomorphic disks in X and end on L. These M2-branes engineer vortex particles in 3d
N = 2 theories.

As we have discussed in section 2.3.2, the annulus amplitude (2.104) is engineered by
the M2-branes stretching between two stacks of M5-branes. In [14], it is found that by us-
ing Schwinger computation and summing up all particles with the representation P on the

boundary, one can get a unrefined formula for the open topological string free energy:

nj

tvf._z§: > }: 7W2 nm)Qﬁﬂka (2.120)

n=1pBeHs(X,L,Z) P]

where P is the Young diagram on the Lagrangian brane. This formula is called unrefined
Ooguri-Vafa (OV) formula. The unrefined Ooguri-Vafa invariants Né p are the degeneracy
numbers of open BPS particles, which can be positive or negative integers.

In the Q-background, there are two types of Lagrangian branes, depending on which C of
TN the M5 brane wraps [34]:

g-brane: L xC,x S', #brane: L xC;xS'. (2.121)

The refined open topological strings are charged under the rotation symmetry SO(2) on R?
and the R-symmetry U(1)g. There are refined open Gopakumar-Vafa formulas e.g. [6, 10].

The t-brane partition function takes form

2]+27‘qn
Zopen(Q’q’ t) = exp ! Z Z Z ( n

B€H2(X,L,Z) jreZ/2n=1

PE[ 3 E: —P () N
1 _1
BEH2(X,L,Z) jreZ/2 (q2 —q 2)
where refined Ooguri-Vafa invariants N éj )
variables e %75 is the Kihler parameter for the relative two-cycle 8 € Hy(X, L,7Z), and Ty
is area of the M2-brane wrapping /3, and R is the radius of S*. We will discuss the relations

are degeneracy numbers of vortex particles. The

between different types of refined open topological branes (Lagrangian branes) in chapter 4.
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In addition, the free energy of open topological strings with multiple boundaries takes form

FEV) =D g2 2 Fy g ooy, )TV TV (2.123)
g=0n;=1

Here Fy p,.... n, (t) is the amplitude for open topological strings with genus g and h boundaries,

and V; is the holonomy along the i-th boundary.

2.5 Topological vertex formalism

We have discussed that Chern-Simons amplitudes are equal to topological string amplitudes
due to the geometric transition. Using the Chern-Simons theory, one can compute the topo-
logical string amplitudes associated to generic toric Calabi-Yau threefolds. This method was
further generalized to the topological vertex method [9], which also has a refined version be-
cause of the 2-deformations, computing the refined topological string amplitudes. Topological
vertex is a powerful method in the A-model, which enables to compute even the amplitudes
of non-toric diagrams, see e.g. [35, 36]. It can be viewed as a reformulation of the localization
method used in supersymmetric gauge theories. In this section, we first mention unrefined

topological vertex, and then focus on the computation details of the refined topological vertex.

2.5.1 Unrefined topological vertex

Figure 2.7: The building block for toric diagrams is C3, on which we can attach Lagrangian
branes.

The idea of topological vertex is simple. One can put brane/anti-brane pairs to a generic
toric diagram, which chop off the Calabi-Yau to building blocks C3 shown in Figure 2.7.
Computing the open topological string amplitude on C3 defines the cubic topological vertex

amplitude

KRy /24RRg /2 WR2TQ1 (Q)WRgQg (9)
WRQ (q) ’

Ri aRY
Cri i (@)= Y, NgtpNo? (2.124)

R7Q17Q2

where N ngz is the tensor product coefficients. Then one can glue these cubic vertices to get

the full topological string amplitude. In this thesis, we only use refined topological vertex.
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Since it reduces to unrefined topological vertex in the limit ¢ = ¢, we only briefly discuss

unrefined topological vertex.

2.5.2 Refined topological vertex

The refined topological string amplitudes can be computed by using refined topological vertex
[30, 37], which is also related to refined Chern-Simons theory [34]. Refined topological vertex
has been developed into a computational method, so in the following we only discuss how to
implement it on toric diagrams. This section follows the notation in [10].

The first step is the assignment of 2-deformation parameters ¢, ¢t and preferred directions.
Recall that the structure of a toric Calabi-Yau manifold can be encoded in a toric diagram,
which consists of trivalent vertices connected by edges (internal lines) and some edges (external
lines) extend from vertices to infinity. In the refined setting we also need to have preferred
directions, which are not unique but lead to the same result. The preferred direction is denoted
by || assigned on parallel lines on toric diagrams, and each vertex should be associated with
one || on one of its connected lines, and other two legs should be assigned with parameters g
and t respectively. Note that the assignment of ¢ and ¢ does not play a role in the computation
of closed topological string amplitudes. Namely, two possible choices of such an assignment
yield the same refined closed string partition functions.

Having made the above choices, we assign to all edges of a toric diagram their directions
(represented by arrows, see e.g. Figure 2.8 and 2.9), and to edges around each vertex we
assign Young diagrams (u,v, A, ...) (for outgoing arrows) or their transpose (u?,v7,AT,...)
(for incoming arrows), as well as framing numbers. Here we change the notation for Young
diagrams from R; to u ---, following the convention in literature. Furthermore, to internal
edges we assign Kéahler parameters (0o, where e in the subscript stands for an appropriate label
of a given leg. Then, each vertex with edges labeled by Young diagrams (u, v, A), contributes

to a topological vertex amplitude defined as

[l A =]ul
T

el 2+l [uT12 - q 2 —p,—v —py—v
Onwlti) =g 27 Z(tg) Y (%) Syt (PG )8, m(a P
n

(2.125)

where s/, are skew Schur functions, t¥ = (t_1/2,t_3/2,t_5/2, ...), and

Zot,a)= ] (1—q”i*jt”f—i+1)_1. (2.126)
(i,5)€Vv

Parameters ¢ = e~ 2 and t = e parametrize the Q-deformation. Note that (2.125) is the

refined version of (2.124). Similarly, each edge contributes to a edge factor

f;(t’q)framing numberLV(Q)’ LI/(Q) _ (_Q)|u\’ (2127)

where f*(t,q) denotes either fP(t,q) for the edges along the preferred direction, or f(t,q) for
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other edges of non-preferred directions, such that

T2 v
2

2(tq) = (—1)Me" -

2
_ vl
2

_l
. o= () 7 ). (2.128)

The assignment of vertex factors and edge factors is illustrated in Figure 2.8 and Figure
2.9; in particular, pink arrows in these figures denote the ordering of diagrams u,v, A at a
given vertex and the ordering of arguments ¢ and ¢ in the function f*(-,-). For more details

see e.g. [38].

Figure 2.8: Assignment of the vertex factor. The direction of arrows on edges can be chosen
arbitrarily, and the associated Young diagram is transposed if the arrow is reversed.

b a

q v t — L)/ (1, anb
>T< (@1, (t0)
b a

Figure 2.9: Factors assigned to an edge along a non-preferred direction (left) and preferred
direction (right). The directions of external legs are specified by vectors a, b, ¢, d, whose cross
products are denoted by a wedge A. Consistency conditions impose that the value a A b is the
same for both blue and red a and b, and similarly ¢ A d is the same for both blue and red ¢
and d.

C

d
t y t
>—Qv—<> = L(Q)f2(t )
’ d

C

Finally, the topological string partition function schematically takes form

Z%P = Z H (edge factor) - H (vertex factor) . (2.129)
He

After summing over Young diagrams along non-preferred directions and many contractions of

Schur functions through Cauchy identities, the above expression generically reduces to
ZP(Qu,t,q) = ZM -z, (2.130)
where ZM is a product of MacMahon functions

ZM =T M*(Qs.t,q), (2.131)

and Z%"™ is the sum over Young diagrams along preferred directions, which has the following

28



CHAPTER 2. TOPOLOGICAL STRING THEORY

structure

> N (Qurt ™ ) Ny (Qust ™1 g7Y)
70 = 32 QU] 1t PHL e e ot e Qe LT (5159
/.L;V. ]'[1,_:[ HN oVo(Q‘7t—1?q_1)
where || Z,(t,q)||> = ZHT (t,q)Z,.(g,t), and N, (Q;t,q) is called the Nekrasov factor

e’} 1 — Q qVi*j t,LL]T*H*I

N#I/(Q;ta Q) = H 1— Q q_j t_i+1 )

ij=1

(2.133)

and half-Nekrasov factors are defined by

N (@it q) = Nog (Qﬁ,t,q) . @it g) = Ny, (Q\/?M> - (2134)

Note that ZM is an overall factor in Z'P and it can be obtained by setting Young diagrams
along preferred directions to 0, i.e. ZM = Z%P| ;.

There may be extra closed string contributions that should be removed by hand, which are
the closed strings stretching between parallel external lines in toric diagrams. These strings are
not charged under the gauge symmetry, and do not satisfy closed Gopakumar-Vafa formula.
More details on such extra closed states can be found in [39, 40, 41, 36].

In the above, we have summarized the formalism of refined topological vertex, following
the notation in [36]. To implement computations, we use the Mathematica notebook schur-

cancellation.nb [42].

Lagrangian brane
t q
q t
q t
t
t q t
q q

Figure 2.10: Choices of preferred direction together with a standard assignment of ¢ and ¢
at the vertex to which a topological brane (Lagrangian brane) is attached. These are the
assignments that we appreciate. The assignment of ¢ and ¢ in the rest of a toric diagram (for
simplicity not shown in this figure) follows uniquely from the above choices. The vertical line
in gray comes from the geometric transitions that produce the open topological branes. We
will discuss this in section ?7?.

We emphasize that in the presence of open topological branes, the assignment of (g,t)
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becomes important [10]. If we change the assignment, we would get a different refined open
topological string amplitude. We summarize all possible standard assignments in Figure 2.10.
The assignment of the rest of toric diagrams can be determined accordingly. We note that
it is possible to exchange the parameters g <> ¢ and get another six assignments. We refer
to opposite assignments of ¢ and ¢ as alternative assignments; for these opposite choices,
definitions of topological brane types and refined open BPS states must be appropriately
adjusted [10].

Refined open topological string partition functions are also independent of preferred direc-
tions. We find these standard assignments by matching the open topological string partition
functions assigned with different preferred directions. By computing specific examples, we find
the threes cases in the top row of Figure 2.10 are equivalent. In addition, the open topological
string amplitudes are invariant under flop transitions of closed Kéahler parameters. By using

this property, we relate the diagrams in the top and bottom rows of Figure 2.10.
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Chapter 3
Gauge theory and brane webs

3d N = 2 gauge theories have nice properties, such as 3d mirror symmetry [43] and various
other dualities [44, 45, 46, 47]. We mainly consider the 3d gauge theories constructed by
Higgsing 5d N' = 1 gauge theories [6, 48]. We have discussed the corresponding M-theory
interpretation in chapter 2, i.e. the geometric engineering using Calabi-Yau three-manifolds.
On the other hand, these gauge theories can also be constructed through brane webs in type
IIB string theory [27, 29, 49, 50, 51, 52]. In this chapter, we review field theory descriptions

for 3d gauge theories and brane constructions. This chapter contains some results from [11].

3.1 3d gauge theories

In this section, we give a short introduction to 3d gauge theories from the aspects of vector and
hyper multiplets, Lagrangians and moduli spaces; see e.g. [44, 45]. In particular, we discuss
the relations between effective superpotentials and holomorphic disk potentials encoded in

open topological string amplitudes [11].

3.1.1 Lagrangian description

3d N = 2 theories have four supercharges with the algebra

{QOUQB}:{QOHQﬂ}:O) {Qa)Qﬁ}:2’YZBPM+226aﬁzu 06,5:172,[,&:0,1,2, (3]—)

where v# = (-1, o', 03) are chosen to be real and symmetric, and Z is the real central charge
corresponding to the momentum Pj3 in dimension reduction from 4d A/ = 1 theories. Note that
supercharge @, and Q, are complex, and the automorphism of this algebra is R-symmetry
U (1) R-

The multiplets in 3d N/ = 2 theories come from the dimensional reduction of the 4d
N = 1 superfields; see [44] for a nice introduction. 3d N/ = 2 gauge theories contain the
vector multiplet V' = (A,, 0, A, D) in the adjoint representation and the chiral multiplet @ =
(¢,7, F'), in which o is a real adjoint scalar field and ¢ is a complex scalar, A and ¢ are
two-component Dirac fermions, D and F' are auxiliary fields. Chiral multiplets could compose

a holomorphic function W(Q;) called superpotential describing the interaction between chiral
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multiplets. More explicitly, the chiral multiplet
Qi = ¢; + 00 + 0°F, (3.2)
and vector multiplets

_ _ _ _ 1 .-
Va = —i660, — Oy*OAS +i6° X, — i670X, + 50292 Dy, a=1,...,rank(G), (3.3)

which satisfy V, = v , and a goes from one to the rank of the gauge group G. The superspace

derivatives are

0 . - 0 .
Da:%—i-wgﬁﬁﬂ, Da:—@—wﬁ’yga - (3.4)

The gauge field strength is in the linear multiplet defined as

_ - L o
S 1= —%eaﬁpapﬂva = 00+ O\ + O0a + 507" 0F epp + 100D, + %9207“(9#& + 02000,
(3.5)

which satisfies D?%, = D?%, = 0. The linear multiplet is the current superfield for the U(1);
topological symmetry, which is associated with each gauge node U(N,) and has a conserved

current

1
js =5+ TF. (3.6)

3d N = 2 gague theories have Lagrangian descriptions, which contains kinetic term,
Chern-Simons term and Fayet-Iliopoulos term. Depending on gauge groups and matter mul-
tiplets, Lagrangians for different theories are slightly different. In the following, we illustrate
Lagrangian and moduli space by reviewing two typical theories that have been discussed in
[45, 53].

U(N,) + NsF

This theory has a gauge group U(N,) and Ny hypermultiplets. We quote the discussion of this
theory from [45]. This theory has global symmetries SU(Ny) x SU(Ngyr) x U(1)a x U(1)7 x
U(1)g. The Lagrangian for this theory is
L= /d40 sy Fey s Sy Z/d4 Q] eV +imit (), (3.7)
g9° Arr o - i b ‘
where the second term is the Chern-Simons term and the third term is the Fayet-Iliopoulos

term. We denote the hypermultiplet @); by F, which has charges ¢; under the gauge symmetry

and m; is its real mass parameter.
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After expanding the superfield in Chern-Simons term, one can obtain
Los = -Te[ada+ 4% 4 (200~ )] (3.8)
47 3

The interaction between U (1) topological symmetry and the U(1) factor of U(N,) gives rise

to the term
Lpr = 71 D¢ (3.9)
I 2 y .

where the Fayet-Iliopoulos (FI) parameter £ can be viewed as the real scalar of a background
vector multiplet for the U(1)p topological symmetry.
In the case of abelian theory N, = 1, after integrating out auxiliary fields, one gets the

scalar potential:
2
U:g2(Zqi|¢)i|2 —§—ka) + 3 (aio +ma) il (3.10)

where ¢; is the complex scalar in the chiral multiplet ); that carries charge ¢; and real mass
m;, and o is the real scalar in the vector multiplet. There are one loop quantum corrections

to Fayet-lliopoulos parameter £ and Chern-Simons level k; therefore effective parameters read
1
e — ¢y B Z gim; sign(m; + ¢;o) , (3.11)
7

1
ket =k + 5 E q¢? sign(m; + q;o). (3.12)
i

The vacua are given by the solutions of U = 0, so we have
> 2mgilil® — €T — ko =0, (mi+ qio)pi =0. (3.13)
i

The Higgs vacuum My is given by the solutions with nonzero vacuum expectation value
(¢i) # 0 which requires m; + g;o = 0. Higgs branch consists of discrete points {o = m;/q;}.
The Coulomb branch My, is defined by (¢;) = 0 and hence the solutions are given by ¢°f =
k*f = 0. There may also other branches; see [45].

U(1)Ne + N;F

This theory has a gauge group U(1)Ve and N ¢ hypermultiplets. This abelian theory has been
discussed in [53]. Its special case is the T4 n theory that we will use for considering mirror
transformation in chapter 5. This abelian theory has a gauge group U(1)"e, vector multiplets
Va(a =1,---,N.) and chiral superfields Q; (i = 1,--- ,N). There are N, linear superfields
Y, = 8 D,DgV, and hence the topological groups are U(1) ;¢ In the following, we quote

the discussion on this theory from [53].
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The Lagrangian of this theory contains terms
L = Lyin+ Lrr+ Lcs + L . (3.14)
The kinetic term for vector multiplets and chiral multiplets reads

Ne
>4 Va

N, Ny
1
Lrin = / a9y 5xi+ Y Qle" . (3.15)
a=1 72 i=1

where the g, is the a-th gauge coupling that has dimension (mass)l/ 2 and g is the charge of
the i-th chiral multiplet under the a-th gauge group.

A real mass parameter can be turned on for each chiral multiplet, which can be interpreted
as weakly gauging the flavor symmetry of the theory and giving a vacuum expectation value

(VEV) to the scalar in the background vector multiplet. Namely

Ny ~
/ a0 Y QI em?q;. (3.16)
=1

Note that there are only Ny — N, independent real mass parameters, and the remaining N,
parameters are set to zero by shifting scalars o,. The 3d superpotential is the gauge invariant

monomial of chiral superfields @;
Ly = /d29 W(Q;) + h.c. (3.17)

In addition, Fayet-Iliopoulos parameters &, have the dimension of mass, whose Lagrangian

term is

Ne
Lpr = Z{a/d%? Va. (3.18)
a=1

The mixed Chern-Simons levels k4 have dimension zero, whose Lagrangian term is

Ne
Los= )Y kab/d49 YoV (3.19)

a,b=1

After integrating out auxiliary fields D; and Fj, one can obtain the scalar potential

Ne Ny Ne 2N Ny oW |2
U=> g2 (D aileil® =Y kaor =& | +D (afoa+ma)leil® +) |5 . (3.20)
a=1 =1 =1 i=1 i=1

In the case W = 0, the effective Chern-Simons term is obtained by integrating out the charged
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fermions:
kSh = kap + = Zqz q;sign(g; - o +my). (3:21)

Note that the theory with k:gg € Z is free of the parity anomaly [44]. The effective Fayet-

Iliopoulos parameters read

Nf

Ne
=Eat+ Y klloy + = Z gimi sign(gi - o +m;) . (3.22)
b=1 i=1

Similarly, the Higgs branch My consists of discrete points {¢fo, + m; = 0}.

Vortex particles
Vortex particles are BPS states on the Higgs branch. Let us analyze the theory U(1) + N;F

to illustrate; see e.g. [45]. We first define new supercharges Q)+

Qs = %(Ql +iQ2), (3.23)

then the algebra (3.1) is written as

{Qia@i}:iipl_‘_PQa {Q:I:v@:F}:POiZ' (324)

We assume the coordinates on the 3d spacetime are (t,z,y). Then supersymmetry transfor-

mations on the vector multiplet read

{Q_X\_} = F5 + 0z0,
{Qe At} =Fo — 0z0,
{Q, A} =Foz + 00 —iD,
{Qe, A} =F.z + 00 +iD,

(3.25)

where the field strength F.; = iF,,, 2 = o + iy, and A = Ay £ 4X3. One can get the
transformations for complex conjugation of these fields by replacing Q+ — @HF Ar — Ag,2—
Z. The supersymmetric variation of the chiral multiplet (); with a charge ¢; and a real mass

m; = 0 are
{Qy . vis} = D.g¢y,

{@—7¢i—} - D2¢i7
{Q i} =iDipi + qio s

- (3.26)
{Q_,Yiy} = —iDidi + qii
{Q—v ¢z+} = E 5
{Q+7 1/% } - ’L )
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where D,, — 0,, —iq;A, and D := %(Dz —iDy).

The half-BPS state is defined as the state that has a central charge Z > 0 and is annihilated
by @Q_ and its complex conjugate Q +. Its anti-BPS state is given by the CPT conjugation
and should be annihilated by @Q_ and @Q,. We consider the BPS equtions for BPS states
annihilated by @_ and @, which are given by (3.25) and (3.26)

Oo=0, F,u+0,0=0, F,;—iD=0,

(3.27)
i0p; + qi(c + Ao =0, D,p;=0, F;=0.

The static configuration giving by setting 9; — 0 and A; = —o, leads to the BPS equations

for vortex particles
FZZZ/L'Da Dz¢i:07 Fl:()? (328)

where D is the D-term. Moreover, vortex particles on the Higgs branch have non-vanishing

magnetic charges ¢; under the topological symmetry U(1);. The fields for vortex particles

¢ = /%eiQJe_‘_...’ Ag=qyj+---, (3.29)

where z = x + iy = |z]e®. The central charge is

take form

& §J .
Z = o d*z F.; = o d22]9 =q8s, (3.30)

where the magnetic charge is the winding number

1

" or

qJ FZCl(F)GZ. (3.31)

Since vortex particles are BPS saturated, their charges are equal to masses |Z| = m = ¢;&;.

Surface defect

One could introduce a surface defect (surface operator) in the 5d ' = 1 gauge theory. On the
surface defect lives the 3d AV = 2 theory. We consider the 3d-5d coupled theories engineered
by toric diagrams (toric Calabi-Yau threefolds) with Lagrangian branes in M-theory. Gauge
theory partition functions count vortex particles and instanton particles that are engineered
by M2-branes. The leading terms of partition functions are propotentials that encode the
information of gauge theories. In this section, we discuss these physical quantities. For a nice
review on surface defects, see e.g. [6, 20]

Surface defects are similar to Wilson lines and ’t Hooft lines. In this thesis, we only consider
the surface defects of co-dimension two, which are half-BPS and supported on spacetime
R? C R*. Recall that the Q-deformation acts as the rotation symmetries SO(2); x SO(2)s of
Rzl X R?Q = R*. The 3d theories preserve the rotation symmetry SO(2) on surface defects.
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Depending on which R, are located surface defects, we get two types of defects, corresponding
to the g-brane and ¢-brane discussed in (2.121).
Surface defect satisfies vortex BPS equations (3.28). The gauge field is singular nearby it

Ag=mdi+---, (3.32)

where the 6 is the angular coordinate for the spacetime perpendicular to surface defect. Hence
the field strength F' = 27mdp + - --. The integral along the normal direction of the surface

defect D, the magnetic charge, is the vortex number

1
m 27r/D , (3.33)

where D = R2 in our context.

Instantons

There are non-perturbative contributions in the bulk theory, which are instantons. Instantons
have origin in the topological term in the Lagrangian. In 4d theories, the Yang-Mills term

reads

0
Sy = —TrF A%F + —TFAF, (3.34)
R4 4g 8

where 7 = % + % in the coupling. If we set the self-dual field strength 't = (F+%F)/2 =0

(instanton equation), then we get instantons with the charge (instanton number)
1
k::2/ TFAF €Z. (3.35)
8 R4

In 5d NV = 1 theories, the topological term comes from 6d (1,0) theories. As discussed in e.g.

[54], the relevant term is
/ BATH(FAF), (3.36)
R6

where B is the B-field B,,,. After the dimensional reduction on a circle S1 € RS, one gets a

gauge field A = |, g1 B, and the topological term in 5d reads

ANTr(FAF) = A, JH, (3.37)
R5 R5
which couples the gauge field to the current J#* = «Tr(F A F) of the conserved topological
symmetry U(1)r, satisfying 9,J* = 0.
Since instantons are one dimensional objects in 5d theories, they are called instanton
particles. Upon the compactification on S', the gauge coupling for the 5d theory on R* x S*
is complexified by picking up a theta angle 8 = fsl A in the term (3.37). Then one gets the
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5d gauge coupling

+ — (3.38)
which contributes to the phase factor q* where the instanton parameter is defined as q = ™.

In addition, the instanton particle has the central charge
Z =mg / d*zJ = moqy, (3.39)

where the U(1); charge q9 is the instanton number, and myq is the effective gauge coupling
mo =1/ ggﬁ. Since there are one-loop quantum corrections from hypermultiplets, we use the
effective gauge coupling ges. As we have reviewed in section 2.4.1, these instanton particles
are engineered by M2-branes wrapping two-cycles, whose magnetic dual objects are magnetic
strings given by M5-branes wrapped on compact four-cycles in Calabi-Yau threefolds. In addi-
tion, the M-theory interpretation of 5d partition functions leads to Gopakumar-Vafa formula
(2.118).

3.1.2 Prepotentials

In this subsection we review properties of prepotentials in 3d and 5d theories, which are the
leading terms of free energy, as found in [55, 56] and discussed in [6].
In the presence of the surface defect, the instanton partition function of the 3d-5d coupled

theory is ramified:

Zjnst :f{ 1, (3.40)
’ M

k,m

where My, ,, is the ramified instanton moduli space with the instanton number k = c3(E) 1

and the vortex number m. The partition function takes form

o0 o
ARES DD I i (3.41)
k=0 m=0

2T is the instanton parameter and z = €% relates to the Fayet-Iliopoulos param-

where q = e
eter &.
The 3d partition function in the Q-background counts vortex particles on R? x S'. We

can expand the vortex partition function and read off the leading term

gvortex _ exp <);\:L) 4+ ... O(h)) , (342)

where the leading term )V is the 3d prepotential [56]. Here, the 2-deformation can be regarded

'Here E is the gauge bundle restricted on the surface defect.
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as a regularization of the 2d gauge theory on R?,

1
vol(R?) —/ 1=—. (3.43)
R2 h
More explicitly, both the bulk spacetime and the surface defect are regularized by the (-
deformation:
2 1 4 1
vol(R*) = 1=—, vol(R*) = 1=—. (3.44)
R2 €1 R4 €1€2
€1 €1,€2
The combined partition function encodes prepotentials [48, 6]
1 w
Zagsql€r,€2) =exp | ——F + — 4+ -+ O(e1,€2) |, (3.45)
€1€9 €1

where F is the prepotential of the bulk 5d A/ = 1 gauge theory and W is the prepotential for
the 3d NV = 2 theory on the surface defect. The 3d theory and the 5d bulk theory considered
in this thesis can be decoupled. As the closed topological string theory corresponds to the
bulk 5d theory and the open topological string theory corresponds to the 3d surface defect
theory, by setting the instanton parameter q or the Fayet-Iliopoulos parameter to zero, we

can end up with only the 3d theory or the 5d bulk theory. Namely,

Z3 1 (2,0, t) = Z°P °P(Q, g, 1) (3.46)
Zg s (@, q, 1) = Z9%°0OP(Q, g, 1) (3.47)

In addition, using the mirror symmetry between A-model and B-model, we can identify

the prepotential with an integral over the Seiberg-Witten differential [48]
P
W= / Asw (3.48)
p*

The Seiberg-Witten curve is the mirror curve in the B-model, which can also be interpreted as
the moduli space of the surface defect. The surface defect is engineered by a D5-brane in the
B-model, which mirrors to a D6-brane wrapping a Lagrangian submanifold in the A-model
[28].

3.1.3 Effective superpotential

The 3d V' = 2 gauge theory compactified on a circle S! can be viewed as a 2d N’ = (2,2) sigma
models with infinite many Kaluza-Klein modes. The effective theories of 2d sigma models are
described by effective superpotentials, see e.g.[15, 18, 20]. It is argued in [57, 58, 59, 60] that
both vortex partition function, sphere partition function and superconformal index have the

same asymptotic expansion in the semi-classical limit A — 0, and the leading term is the
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effective superpotential

AL Zs3 s Lg2xgt ~ /I_ICZJUZ e Wsin—2(&irzi) +O(h) (3.49)
i

Moreover, the leading term plays the role of the 3d prepotential and encodes the effective CS

levels. In particular, the equivariant parameter h is related to the Plank constant A:

Q= l;)i(bqi), h=2mib?, g=c =, (3.50)
There are intricate relations between prepotentials and superpotentials. In the following
part of this subsection we review the discussion in [11]. It turns out that the prepotential is
the disk potential from the open topological string perspective. Refined Ooguri-Vafa formulas
can be used to find the relations between various invariants at different limits.
The 3d gauge theory on the surface defect ]Rzl x S1 has vortex partition function on the
Higgs branch. According to (3.45), this theory has a prepotential given by [55, 56, 61, 62]

: tex
Wr2xg1 = El}g}go €2 log Zp5. Gi (3.51)
where the vortex partition function is equal to the open topological string amplitude. In
addition, the prepotential and quantum integrable system are related [20, 63]. If we relate €;
to the Plank constant i by i = Re;, then the combination of (3.49) and (3.51) reveals the

relation between the prepotential and the effective superpotential:
W2 1 —~
A /del et Wiin=a(kijs &, 7i) (3.52)
i

The prepotential and the holomorphic disk potential are also related. By using the refined
Ooguri-Vafa formula in (2.122) and the definition of prepotential, we find

Whiayoqt = lim ey log Z¥5Hex
R2x S 11630 2108 Lp2y g
1

_ 1t Z Z (_1)2j+2rNéj,r)Liz (e—RTﬁ) ' (3.53)

BEH(X,L,Z) j,rEZ)2

(18

Expanding the polylogarithm function Lis(2) := sz’ one can obtain

1

n

e . i e—nRTﬁ
“RWea,1= > Y. ST (—)FHENY )T’ (3.54)

n=1peHs(X,L,Z) j,reZ/2

which has the same form as the holomorphic disc potential encoding classical Ooguri-Vafa
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invariants in the A-model [14, 24]

3 e —-nRTg
Wopen = Y NFVLig(e 77) Z > NGV : (3.55)

2
n
B€H(X,L,Z) n=1BeHy(X,L,Z)

Therefore, the propotential is equivalent to the holomorphic disk potential
—R WRQX.S'l == Wopen , (356)

and the classical Ooguri-Vafa invariant can be represented as the summation of refined open

BPS invariants
NPV = 3 (~n)FErNGT. (3.57)
Jr€EL/2

Note that the disk potential is classical and can be expressed as an integral in the B-model

Wopen = /ASW /1Ogy - (358)

where is consistent with (3.48), and Agy is the differential one-form on the mirror curve
[24, 28].

We emphasize that the prepotential Wg2, g1 is not complete at the decompactification
limit R — oo. Following the treatment in [64], we define the complete prepotential for 3d
N = 2 theory in this limit

1
lete | __ m
W]lcérilgle ‘ T R£+OO RWR2><51 5 (359)
which takes form
1 i j
el SR DD DR C Vit il (0 (3.60)

BEH(X,L,Z) j,reZ/2

where we used (A.39). Furthermore, refined open BPS invariants can be resummed into
different invariants in various limits. In the Nekrasov-Shatashvili limit € # 0,eo = 0 [56],

using Gopakumar-Vafa formula (4.17) we get

. 1 s _
61212(10 e2log Zp2y g1 = & Z Z 1)%7+2 Ny 2 )Ll ( RTB) , (3.61)
BEH2(X,L,Z) j,reZ/2
which implies that Nj := > (-1D)¥N éj ") are the invariants in Nekrasov-Shatashvili limit

JEL/2
[20]. In the unrefined limit €; = eg, refined formula (2.122) reduces to unrefined formula and

we define N é = Y (-1)*N éj ") as the unrefined invariants.
reZ/2
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3.1.4 3d mirror symmetry

Generically, 3d mirror symmetry is the duality between Higgs branch My and Coulomb
branch My [43]. The mass parameters for hypermultiplets are mirror to the Fayet-Iliopoulos
parameters for vector multiplets. This argument is correct for the 2d mirror symmetry between
A-model and B-model, as well as the 3d mirror symmetry, which is one kind of electric-
magnetic duality, relating different theories. The mirror symmetry in 3d N = 4 theories is
interpreted as the S-duality which exchanges various branes (3.92). In 3d N/ = 2 theories,
since mirror dual theories have equivalent partition functions, the mirror symmetry can be in
principle interpreted as a transformation. In this thesis we appreciate the interpretation that
3d mirror symmetry is a functional Fourier transformation on the path integral of partition
functions [65]. On the other hand, in [66, 57] it is pointed out that 3d mirror symmetry is the
ST-operator in the group SL(2,7Z), such that (ST)? = 1.

To begin with, we consider the 3d N' = 4 SQED, which has a gauge group U(1) and a
hypermultiplet H. Note that each hypermultiplet in A/ = 4 contains two chiral multiplets in
N = 2, namely 1H = 1F + 1AF. The Fayet-Iliopoulos parameter can be promoted to be
a background vector multiplet V associated to the topological symmetry; then its partition

function is
Zsqep|V] = /DVDQ eskin(v)/92+SBF(VvV)+SH(V»Q)7 (3.62)

where Syin (V') and Sg(V, Q) are kinetic terms for vector multiplets and hypermultiplets. The
BF coupling involves a vector multiplet V', an adjoint chiral multiplet ®, a background linear

multiplet ~ and a background chiral multiplet ®:

Spr(V,V) = / d*oVyY — < / d?0ido —|—c.c.> . (3.63)

The partition function of the free hypermultiplet is a function of a background vector multiplet

V associated to the U(1) global symmetry:
Zu|V] = / D Qe u(V:Q) (3.64)
In the infrared g — oo, the theory becomes free, and the mirror dual pair becomes
Zsqep[V] = / DV Br(V:V) / DQ V') = 7y V], (3.65)
which is equivalent to a transformation for the free hypermultiplet:
/ DVeBr(VV) 74 V] = Zu|V]. (3.66)

Therefore, in this case the mirror symmetry is interpreted as a transformation for the hyper
multiplet. This mirror transformation can be used to derive other mirror pairs in literature
[67].
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In N = 4 language the abelian mirror pair that we discussed above is
U(1)+1H+1Adj, W=QQ® +— {q.i},W=0, (3.67)

which can also be represented in A/ = 2 language as the mirror pair between SQED and
XYZ-model:

UQ)+1F +1AF, W=0 +— {X,Y,Z}, W=XYZ. (3.68)

3.1.5 Sphere partition function

The localization is a powerful technique that could compute partition functions of theories
on curved manifolds. Localization method needs to introduce an artificial potential to the
Lagrangian, which does not change the path integral, but could localize the path integral to
finite dimensional contour integrals [68]. The localization of 3d N' = 2 gauge theories on
three-sphere was developed in [69, 70]. In this section we only use their results.

To begin with, the three-sphere is defined as
S3 b P+ b2 m|? =1, 21,20 €C, (3.69)

Note that when b = 1, we return to the standard three-sphere S3. On Coulomb branch, the
sphere partition function only contains the perturbative part and one-loop parts from chiral
multiplets and vector multiples. The higher loops contributions vanishes for supersymmetric
theories. More explicitly, bare Chern-Simons level k and Fayet-Iliopoulos term £ appear in

the perturbative part
exp ( —imka? + 2inéx), (3.70)

where z is the gauge transformation parameter for the gauge group U(1). The one-loop
contributions from the fundamental chiral multiplet F and antifundamental chiral multiplet

AF are given by

s%x—k?-ﬁ-%), s%%—x#—%), (3.71)

where @ = b+ 1/b is the localization parameter and w is the real mass parameter. Note that
chiral multiplets F and AF have charges 1 and -1 respectively under the gauge group U(1).

The charge q appears in the coefficient of the variable x in the one-loop contribution
sp(qr +1iQ/2 + u/2). (3.72)

Now we use examples to illustrate. U(1); + NpF has the sphere partition function

Np . )
Zslfjg(l)k+NF _ /dCE efiﬂkx2+2i7r§xHSb<§ +x+ %) ’ (373)
=1
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and U(1)r + Np F + Nap AF has the sphere partition function

U(1)y+Np F+Nap AF 2 ¢ o 1Q wiy YAF 1Q Uu;
k F AF _ —imkx“+2iméx 1 . J
Z4 —/dm II%C§+x+§)II%Q? x+§j.
=1 7=1
(3.74)

The sphere partition functions for the mirror pair in (3.68) are equivalent

/dme_%myHm(m) = sp(m)H_n(y), (3.75)

where o 0
) m ) m
Hp(z) == s (1"*‘14 + 2> Sb <—x +ZZ + 2) .

This is an identity that can be used to derive other mirror dual pairs [67].

3.2 Brane construction

Gauge theories can also be realized by branes via the Hanany-Witten construction [71]. There
are different types of branes in string theories, carrying charges and gauge fields. Branes
could overlap, intersect and cross other branes, leading to diverse brane configurations. Brane
systems have successfully constructed many supersymmetric gauge theories of various dimen-
sions from 2d to 6d. Particularly, in 5d N' = 1 theories, the corresponding toric diagrams can
be identical with 5d brane webs [27]. We can also have 3d brane webs by Higging 5d brane
webs; see chapter 6. In this section we review basic picture of brane constructions. For a nice

introduction to string theory, D-brane and brane constructions, see e.g. [72, 73, 74, 75].

3.2.1 D-branes and higher form gauge fields

Dp-brane is the brane of p-dimension, which is the source of a (p + 1)-form gauge field in
supergravity. Dp-brane has tension Tp, = 1/ g512™" and along (x',...,2P) directions. The
chiralities of type IIA string theory and type IIB string theory are different. Type IIA string
theory has (1,1) spacetime supersymmetry, while the type IIB string theory has (2, 0) space-
time supersymmetry. For Dp-branes in type IIA string theory, the spacetime supersymmetries
are generated by the left and the right moving worldsheet supercharges ()7, and QQr with op-

posite chirality for spinors
I0...TPe; =¢p, T0...TPep = —¢p. (3.76)
The Dp-branes in type IIB string theory have the same chirality

[0...TPep =¢p, TV .TPep =¢p. (3.77)
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In addition, the supercharges obey I'°T'! .. -FgQLR = (Q1,r- Dp-branes are half-BPS objects,

preserving the following supercharges

eLQr + €rQR (3.78)

with €7, = FI'T'' ... TPep. €1, and e are spinors that have 16 + 16 independent real compo-
nents. In addition, anti-Dp-branes are defined as the Dp-branes that carry opposite Ramond-
Ramond charges and preserve the other half of supercharges.

The solitonic fivebrane NS5-branes are similar to D-branes, preserving a half of super-
215, NS5-branes couple magneti-
cally to the B,(fy) field in the NS-NS sector?. NS5-brane stretches in (z!,---,2°) and pre-
serves the supersymmetry e7,Q 1, + €erQr, where spinors €, g in type ITA string theory satisfy
er, = TOTI2I3TT %y, ep = IO T3 %e R, while the NS5-brane in type IIB string theory
satisfies e;, = TOTI 23T %€, , ep = —IOTII2T3TM4 ¢,

Branes can be regarded as boundaries of open strings. From gauge theory perspective,

symmetries but have much heavier tension Tnxss = 1/g

branes carry electric or magnetic charges, and are sources of higher form gauge fields. Recall
that in the 4d electronic-magnetic field theory, the gauge field A, gives rise to the field strength

F = dA. The associated equations of motion in the presence of monopoles or electrons are

dF = 6®) — magnetic monopole, (3.79)
dx F =6 — electric object . (3.80)

In d > 4 dimensions, there are higher form gauge fields. If the field strength F' is a n-form
field, then *F is a d — n-form field. The higher dimensional charged objects are referred as

branes. The corresponding equations of motions are as follows:

dF™ = s+ magnetic monopole — D(d — n — 2)-brane, (3.81)
dx F = §ld=n+1) 5 electric object — D(n — 2)-brane. (3.82)

The electric charge and magnetic charge are given by flux integrals

%—/ MW,%—/ F (3.83)
D(n—2) D(d—n—-2)

Each higher form gauge field sources two types of charged objects (branes). The NS-NS

(Neveu-Schwarz) fields and Ramond-Ramond fields in string theories source the following

2where the NS stands for Neveu-Schwarz.
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branes:

c®sm2, oMb,

B &F1,  BY NS5,

c 5 p-1), ¢ 2 pr,

cd &po, ) D6, (3.84)
c? 5o, P ps,

c® Sp2, ¥ ™pa,

c¥ 5p3, Y D3,

In particular, we remind that the B-field in NS-NS sectors of string theory is self-dual and its

field strength is denoted by H = dB. Its equations of motion and associated branes are

dH = 6" — NS5-brane, (3.85)
d+ H =6® — Fl-brane, (3.86)

where F1l-brane is the fundamental string in both type IIA and type IIB string theories. The

Fl-brane is special as it can end on any Dp-brane and provides a gauge field A, on the

worldvolume of branes.

3.2.2 M-branes and D-branes

The low energy effective theory of M-theory is a 11 dimensional supergravity (SUGRA) with
32 supercharges and fields:

a metric Gpsny, a higher form gauge field C’](\Z)NP, fermonic fields z/;ff, a=0,1,...,32.

The three-form C](\/SI)NP implies that there are branes of 2 dimensional and 5 dimensional,
namely M2-brane and M5-brane, which are charged electrically and magnetically respectively.
Note that there is no string in M-theory.

The type ITA supergravity is obtained by the dimensional reduction of this 11 dimensional
SUGRA on a circle S*, and has (1, 1) supersymmetry. Then the metric Gy gives the metric
9w, a gauge field A, and a dilaton ¢ = Gip,10. The antisymmetric tensor C](\?[)NP gives
rise to a three-form C,,,\ and a two-form B,,. The fields (g,,, Bu,,$) compose the NS-NS
sector; A, and C,,\ compose the Ramond-Ramond (RR) sector. According to (3.84), the
gauge field A, is sourced by DO-branes and D6-brane, and the higher form gauge field C),,»
is sourced electrically by D2-brane and magnetically by D4-brane. Type IIB supergravity has
(2,0) supersymmetry. The NS-NS sector contains (g, Buv, ¢), and the RR sector contains
(CO, ¢, @), The 4-form C¥ is self dual *dC*®) = dC™ and couples to D3-brane.

We summarize some possible branes in M-theory, type IIA and type IIB string theories as
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follows:
M-theory: M2, M5, (3.87)
type IIA: DO, F1, D2, D4, D6, D8, NS5, (3.88)
type IIB: D(-1), F1, D1, D3, D5, D7, D9, NS5. (3.89)

3.2.3 T-duality and S-duality

The T-duality and S-duality are important dualities, which connect different types of strings
and brane configurations. The T-duality exchanges Kaluza-Klein momentum and winding

number of strings, and also changes the types of branes®:

Dp-brane wrapped on z' «— D(p-1)-brane at a point of z°, (3.90)
type ITA NS5-brane wrapped on ' «— type IIB NS5-brane wrapped on z°. (3.91)

Note that T-duality can be implemented on any z° direction. The T-duality is the duality
between type IIA string theory and type IIB string theory. The type IIA string theory can
be considered as the dimensional reduction of M-theory compactified on a circle S'; in other
words, the M-theory is strong coupling limit of the type ITA string theory. If the M2-brane
wrapps this circle S', one gets a F1 brane. If the M2-brane does not wrap this circle, one gets
a D2-brane. Similarly, if the M5-brane wraps this circle, then we get D4 brane, and if not we
get a NS5-brane.

As we have discussed before, type IIB string theory is dual to the M-theory compactified
on a torus 72 with a complex structure 7 and vanishing area. This M /IIB-duality transfers the
the SL(2,Z) symmetry between field B and C® in type IIB string theory, to the symmetry
acting on (p,q)-brane webs. S-duality is the S-generator in this SL(2,Z) global symmetry,
which also acts on the complex structure of the dual M-theory compactified on a torus T2.
The S-duality is a strong-weak duality 7 — —1/7, exchanging B® « C® and the types of

branes:
F1+< D1, D3+« D3, NS5+ D5, D7—D7. (3.92)

The NS5-brane and D5-brane are united by S-duality and hence we call them (p, ¢)-branes,
where p is the electric charge and ¢ is the magnetic charge, which are charged under B® and
C® respectively. The strings stretching in (p, q)-brane webs are named (p, ¢)-strings which
dual to M2-branes in M-theory. In particular, the (1,0)-string is the F1-brane and the (0, 1)-
string is the D1-brane. In 5d N’ = 1 gauge theories, the D1-brane contributes to instanton
particles, while F1-brane contributes to W-bosons.

Moreover, the type IIB string theory has a complex string coupling

=00+, ga=e?, (3.93)

s

3We quote the following description of T-duality from [73].
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where ¢ is the dilation. This gauge coupling can be regarded as the complex structure of a
torus 72. At the non-perturbative region of type IIB string theory, one can artificially add
such a torus T2 at each point of the complex three manifold to construct a fourfold. This
torus as the fiber has zero volume but a varying complex structure 7 over the base threefold
Bs. This fiber bundle is a Calabi-Yau fourfold X, : 72 — Bs, on which the F-theory lives
[76, 77, 78].

3.2.4 Brane intersections

Brane action

In classical physics, gauge field couples to a electric charge ¢. along its worldline:

ozt
e | A=gqe | Ay——dr =A,J". (3.94)
or
Similarly, B-field couples to a string with charge ¢ on its worldvolume:

dz* dx¥ y
Q/B(Q) = q/BleO'ldOQdZO- = BMVJM (395)

In string theory, we have many Ramond-Ramond (RR) forms. The p + 1-form C®+1) plays
the role of a gauge field and should couple electrically to the world volume of the Dp-brane:

S =y [, (3.96)
Dp-brane

where p, is the electric charge of the brane. In addition, the electric charge and magnetic are
defined as

Hp = /Sd—p—z < F 2 » Hd—p—4 = /Sp+2 F@+? ) (3.97)

where F#+2) = dCP+1) and d = 10 in string theories. Therefore, the action (3.96) gives rise

to a phase

exp(iSint) = exp (z‘up / C‘P“)) = exp(ipp fta—p-1) - (3.98)

Using Dirac quantization condition, one can get a constraint

Hp - Hd—p—4 € 27 .

If including kinetic term and Chern-Simons term to the D-brane action, we have

1

Sbrane = / F(p+2) A *F(p+2) + iup/
Xq

Cp+1) +/ CWPatl) A pld=—pp=2) o p(po—patl)
2 Dp-brane Xq

(3.99)
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where X, is the spacetime and d = 10. This brane action gives rise to the equation of motion

d g FPat2) — Mpa(;(d—pa—l) + Fld=r=2) o peo—patl) (3.100)

from which one can read off possible cases of coupled branes. We show some coupled brane

configurations in the following

type IIA: F1-D2, DO0-D2,
F1—-D4, D2-D4,
F1-D6, D4-D6, D4-D6,
D0 — NS5, D2 - NS5, D4 - NS5, D6 — NS5,
type IIB: F1—D1, (3.101)
F1-D3, D1-D3,
D1 -D5, D3-D5,
F1-D7, D5-D7,
D1 — NS5, D3 — NS5, D5—NS5.

These coupled branes in (3.101) are important for brane construction of gauge theories. In
particular, F1-branes can end on any Dp-brane, and Dp-brane could end on particular types

of branes:

Dp—D(p+2), Dp—D(p+4), Dp—NS5. (3.102)
Branes ending on branes
The Dp-brane stretching in the (z', ..., zP) hyperplane, is located at a point in (2P, ..., 2%).
The open string moves with Neumann boundary conditions on directions (z!,...,z?), while

with Dirichlet boundary conditions on (zP*1, ... 2%) directions. We illustrate the D-brane and

an open string in Figure 3.1. The coupled branes in (3.101) are the brane configurations that
p+1,...,9

J F1
x
Dp L, l’l"“’p

Figure 3.1: A Fl-string ends on a Dp-brane.

D(p+2)
Dp

Figure 3.2: A Dp-brane ends on a D(p + 2)-brane.

lower dimensional branes end on higher dimensional branes. We illustrate the Dp — D(p + 2)
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coupled brane in Figure 3.2.
The brane intersection in M-theory is also important. For a single M2-brane, the three-

form C®) lives on its worldvolume

¥ (3.103)
M2

When a M2-brane ends on a M5-brane, we have the coupling

/ dbz ¢ A HG) (3.104)
M5

where H®) = dB®). The M2-M5 brane intersection is particularly interesting, on which there
is a F1-string coupling with the two form B®). We illustrate this brane configuration in Figure
3.2.4.

M2

0

F1

M5

Figure 3.3: The intersection of M2-brane and Mb-brane is a F1-string.

The supersymmetries on coupled brane configurations may be further broken. For the
Dp-D(p+4) brane system, spinors satisfy e;, = I'°T'!...TPep = T ... TP+4¢R, and hence
there is the constraint ep = I'P*1...TP*4¢x. The total number of supercharges is broken from
32 to 8. One can relate Dp — D(p +4) to Dp — D(p + 2) by compactification on a torus. This
operation does not break supersymmetry as the torus is flat. Performing T-duality n-times
relates Dp—D(p+2) to D(p+n)—D(p+2+n). To reduce the number of supersymmetries from
eight to four, one can add another stack of D-branes, for instance Dp — D(p +2) — D(p + 2)’
with a relative angle between D(p+ 2)-brane and D(p+ 2)’-branes. Note that two NS5-branes
with a relative angle could also break half of the supersymmetry. When this angle vanishes,
the number of supersummetries recovered to eight. In order to get generic Dp — NS5 brane
intersection, one can begin with D3 — D5, which after S-duality becomes D3 — NS5; then one
uses T-duality to map it to Dp — NS5. The transformations between different types of brane

intersectons are summarized as follows:

F1-D3 DI-D3 5 Dp-D(p+2), (3.105)

S
%
D3-D5 2 D3-NS5 % Dp-—NS5. (3.106)
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The corresponding brane configurations are

D3 D3 D(p+2)
F1 S D1 T Dp
—_— —_—
(3.107)
D5 NS5 NS5
D3 S D3 T Dp
e e

3.2.5 Vector multiplets and hypermultiplets

A simple brane configuration for constructing gauge theories is parallel branes. On the world-
volume of N parallel Dp-branes lives a N’ = 4 supersymmetric Yang-Mills theory with a gauge

group U(N), as illustrated in Figure 3.4. When Dp-branes are separated, the open strings

2 Dp Dp Dp
F1

L
Figure 3.4: F1l-strings connect parallel Dp-branes.

between parallel Dp-branes give rise to massive Wi-bosons and the gauge group breaks to
U(1)N. Inversely, when Wy bosons become massless, the gauge group enhances to U(N).
In addition, on Dp-branes there is a gauge field A, ,(u = 0,1,...,p — 1) that comes from
B® = dA®™ since Fl-strings end on Dp-branes, and ¢ — p scalars (xPT1, ..., 2%) describing
the fluctuations of branes along transversal directions. These fields compose the bosonic part
of the vector multiplet. Branes could describe Higgs mechanism. When the distance L be-
tween two parallel branes is not zero, then the gauge group U (N) breaks to U(1)" with several
massive W-bosons. When L = 0, the gauge group gets enhanced to U(NN). Note that there is
no gauge field on the fundamental string.

The configuration that branes end on larger branes, encodes the fields in vector multiplets

and hypermultiplets; hence it is very useful to construct supersymmetric gauge theories. In
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the following, we discuss two basic cases Dp — D(p + 2) and Dp — NS5

D(p+2) NS5

(3.108)

to identify the corresponding multiplets. Note that the gauge theory living on Dp-branes is
p-dimensional.

For the Dp — D(p + 2) brane configuration, the Dp-brane takes direction (2°,z!,...,zP)
and the D(p + 2)-brane takes directions (2%, 2!, ..., zP, 2P+ 2P+2 2P+3). The bosonic part of
the hypermultiplet contains three scalars (zP*!, zP*2, 2P+3) that parameterize the movement
of Dp-brane along the D(p + 2)-brane, and a gauge field A, (1 = p) on the Dp-brane. The
vector multiplet contains the 9 — p scalars along directions (zP*!,...,2%) and a gauge field
A, (p=0,1,...,p—1) on the Dp-brane. In particular, when p = 3, the S-duality exchanges

NS5-brane and D5-brane; therefore in this case the hypermultiplet and vector multiplet are

exchanged.
For the Dp — NS5 brane configuration, the Dp-brane takes direction (20, 2!, ... #P~1 26),
and the NS5-brane takes directions (z°, 2!, ..., 2%). The hypermultiplet contains three scalars

on (z7,2% 28) and the gauge field Ag. The vector multiplet contains 6 — p scalars describ-

ing the movement of the boundary of Dp-brane on the NS5-brane, and the gauge field A,
(b=0,1,...,p— 1) on the spacetime.

3.2.6 Hanany-Witten transitions

Hanany-Witten transition is found in [71], which is the phenomenon that when a brane cross
other branes, some low dimensional branes may be created or annihilated without changing
the underlying gauge theories. This process needs to follow the s-rule [71]. Hanany-Witten
transition is powerful as it provide a way to manipulate brane webs, and many dualities in
gauge theories can be interpreted as Hanany-Witten transitions, such as some dualities in 3d
theories [46, 47].

NS5 NS5 NS5
D(p+2) Dp
> HW Dp §

Figure 3.5: This figure illustrates the Hanany-Witten transitions of a D(p + 2)-brane. When
a flavor D(p + 2)-brane moves to the right and crosses a NS5-brane, there should be one
additional Dp-brane created. The fundamental hypermultiplet is given by the string stretching
the Dp-brane and the D(p + 2)-brane.
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We follow the s-rule in order to preserve supersymmetry. If brane configurations do not
follow the s-rule, then supersymmetry is broken. The s-rule is summarized as the follow: a NS5-
brane and a D(p + 2)-brane are connected by more than one Dp-brane is not supersymmetric.
In other words, there can be at most one Dp-branes connecting a D(p + 2)-brane and a NS5-
brane.

The gauge coupling of the gauge theory is 1/¢% = |t; — ti| . The string stretching between
a left Dp-brane and the right Dp-brane gives a hypermultiplet, whose mass parameter is the
length of this string |z; — x;|. As illustrated in Figure 3.2.6, this fundamental hypermultiplet

T D(p + 2)

———eo D(p+2
T ~  Dp (o )

A\

Dp

t; t]’

Figure 3.6: When the string becomes length zero, the Dp-branes on the two sides of NS5-brane
merge into a single Dp-brane. This phenomenon is consistent with the s-rule.

becomes massless in the limit that two Dp-branes meet, where two Dp-branes join into one.

3.2.7 3d brane construction

In this subsection, we review the 3d brane webs for 3d N = 4,2 theories. We refer to [79] for
more details.

In 3d N = 4 theories, each N' = 4 hypermultiplet can be written as two N = 2 chiral
multiplets Q and Q with charges 1 and -1 respectively. The N/ = 4 vector multiplet consists
a N = 2 vector multiplet V' and an adjoint chiral multiplet ®. The R-symmetry is SU(2)g
corresponding to the rotation symmetry on 2”%°. Vector multiplets are given by open strings
connecting N, D3-branes, and hypermultiplets are given by open strings connecting D3-brane
and D5-branes sandwiching between two parallel NS5-branes. We show the brane construction
for a 3d N' = 4 theory in Figure 3.7.

NS5 NS5

Figure 3.7: This brane system describes a 3d N/ = 4 theory with a gauge group U(N,) and
some hypermultiplets. The locations of these branes are shown in Table 3.1.

The 3d N' = 4 mirror symmetry is interpreted as the S-duality in (3.92) that exchange
the D5-branes and NS5-branes. Hence the Coulumb branch moduli and Higgs branch moduli

space are exchanged Mg < Myp. The mass parameters and Fayet-Iliopoulos parameters
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NSh | — — — |- — =
D3 | - — - -
D5 | - — - - - -

Table 3.1: The common directions of these branes are x%1:2

N = 4 theories.

, which is the spacetime of 3d

are exchanged as well. In addition, the Coulomb branch is given by D-terms, and the Higgs
branch is given by F-terms.

The brane system for a 3d N/ = 2 theories is shown in Figure 3.8, in which there is a
relative angle between NS5-brane and NS5’-brane in the plane z*°. This angle breaks the
number of supersymmetries from eight to four. The positions of branes is illustrated in Table
3.2.

x D3 /

Figure 3.8: The brane web of the 3d N = 2 gauge theory with a gauge group U(N) and chiral
multiplets (Q;, Qi).

NS5 | — — — |- — —
NS5 | — — — | - - -
D3 |- — — -
D5 |- — - - - -

Table 3.2: The directions of D3-branes, D5-branes and NS5 branes for 3d A/ = 2 brane webs.

Mass parameters, Fayet-Iliopoulos parameters and scalar fields are related to the relative

positions of D3-banes and D5-branes. We summarize them as follows:
e 23, the scalar fields o, in the vector multiplets on D3-branes.

e 23, the position of i-th D5-brane corresponds to the real mass parameter mgeal.

complex

e 247 the position of i-th D5-brane corresponds to the complex mass parameter m,

e 27, Fayet-Iliopulos (FI) parameter is the distance between NS5-barne and NS5’-brane.

e The open strings between D3-brane and i-th D5-brane give rise to a chiral multiplets Q;

and an antichiral multiplets Q;.

In addition, there are two global symmetries U(1)45 and U(1)g g, rotating the coordinates >

8,9

and 2" respectively. We choose the global symmetry to be U(1)gg as U(1)ss5 is broken by

turning on complex mass parameters. This global symmetry is the R-symmetry U(1)g in 3d
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N = 2 theories. There are Coulomb branch and Higgs branch as well, determined by D-term

and F-term respectively.

3.2.8 U(1)p + NgF + NypAF

In this subsection, we show the 3d brane web for U(1)y + Np F + Ny AF in Figure 3.9,
and discuss physical parameters encoded in the web. This theory is interesting, as it can be

obtained by Higgsing 5d N' = 1 brane webs.
NS5

NS5 T D5 AF

63' (07

VA
D3

Figure 3.9: The D3-brane denoted by the blue line is perpendicular to the D5/NS5/NS5’-
brane web. There is a relative angle 6 between NS5-brane and NS5’-brane. This diagram is
the 3d brane web for U(1); + NpF + NorAF in type IIB string theory.

This 3d brane web is dual to a toric Calabi-Yau threefold with a Lagrangian brane through
M-theory/type IIB string duality. The matter content is given by open strings in this brane
web. More explicitly, open strings connecting D3-brane and D5-brane on the left hand side
of the NS5-brane give rise to fundamental chiral multiplets NgF, while the open strings
connecting the D3-brane and D5-branes on the right hand side of NS5-brane give rise to anti-
fundamental chiral multiplets NagpAF. Note that in this brane configuration, there is the
freedom of putting D3-brane on any D5-branes on the left hand side of NS5-brane. These
different positions of D3-branes compose the Higgs branch My determined by the vacua
equation (3.13). In particular, the open string located at the D3-D5-brane intersection is
of length zero, hence the corresponding F is massless; see e.g.[6]. From the gauge theory
perspective, its real mass parameter is absorbed by shifting the kinetic term in (3.16).

The vortex partition function is interpreted as the open topological string amplitude.
Hence implementing the topological vertex on the toric diagram shown in Figure 3.9, one can
obtain its vortex partition function [80, 81, 10, 12, 82, 6], which in the unrefined limit g = ¢

takes form

keff n2

vortex . . (_\/a) 2" (a17Q)n (a27Q)n"'(aNAF7Q)n
ZET e mavar ar(2000 8) = ) g e B

(3.109)

In chapter 5, we discuss its refined version.
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Note that the mass parameter for fundamental chiral multiplet F is associated to 8; and
for antifundamental chiral multiplet AF is associated to «;. Real mass parameters are related
to Kéhler parameters by a; = €™, ; = ¢"™i. The Fayet-Iliopoulos parameter is encoded in
z. We illustrate these parameters in Figure 3.9. The interpretation from M-theory perspective
is that the open strings are given by M2-branes wrapping a chain of P's and a disk. The

associated Kahler parameters are

Nap Np—1

2T T ods?. (3.110)

i=1 j=1

where (n,d;, d;) are degrees for (2, a4, b;), 2 is the open Kéhler parameter, and «;, 3; are closed
Kahler parameters for AF and F respectively. The contributions of chiral multiplets F and

AF to vortex partition functions are terms:

1

AF — (a,q)n, F— Goan

(3.111)

In particular, the term (g, q),,* in the vortex partition function (3.109) arises from the massless
chiral multiplet F located at the D3-D5-brane intersection. In addition, one can decouple chiral

multiplets by sending corresponding D5-branes to infinity.

3.2.9 Quiver generating series

It turns out that open topological string partition function can be written in the form of quiver
motivic generating series. Originally this relation was found in the context of knot invariants
that relate to open topological strings [83, 84]. It is then noticed that quivers also exist for
open topological strings on strip Calabi-Yau threefolds in the presence of Lagrangian branes
[10, 85, 86]. This subsection is based on [11].

In quiver representation theory, the motivic generating series associated to a symmetric

quiver with C;; = C}; takes form

> / ZN C.idid wdl o e de
PCi-(Q'xl xo, ... JTN) = (_q1 2) i,j=1 Cijdid; 1 N (3'112)
’ ’ ’ ’ ’ dl,%zo (Q7 q)dl e (q7 q)dN ’

where x; are variables. It is then shown that this generating series has the following product

decomposition
oo .
1 (1)1, dni
PCz‘j(q;x17x27"‘7‘TN): H HH (1_qn+%xflxz{\1) ' M ? (3113)
di,...,dN=0j€Z n=0

where Qg,  4..; are integer motivic Donaldson-Thomas (DT) invariants [87, 88]. In some
cases, motivic DT invariants can be refined. In particular, for the strip Calabi-Yau threefold

with one Lagrangain brane, refined motivic DT invariants are equal to refined Ooguri-Vafa
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invariants

" =NP" (3.114)
For more details, see section 4.2.1 or [10].

The open partition function (3.109) can be written in terms of the form (3.112):
ZvorteX(Z’a,ﬂ) = ZO 'Pcij($1>"' ,.%'N), (3115)

where Zj relates to one-loop contributions of chiral multiplets that we will discuss in chapter
5. Note that the product decomposition (3.113) is analogous to the product decomposition of
the open topological string partition function (4.17). In chapter 4 we show that refined open
string partition functions for strip Calabi-Yau threefolds can also be written in the quiver form
with appropriate identification of z; with closed and open Kéhler parameters.

More explicitly, to write (3.109) in terms of quiver forms, we need to expand each Pochham-

mer product:

S8

o0
CO o[al n +QC() Z[al}nd +C“[Ctl]d2 x’i ’ 3 1].6
O[ ,q — Y, .
' Z (4,9)n (3.116)

where C..[o;] denotes the coefficients in front of the degrees n, d;. There are two equivalent

ways to expand Pochhammer products:

A\
(5;; 9, (%ﬁ(j ;1) (Bj,l - di: Va) s Sﬁgd (3.119)
(/837 2w WAB) i Q"djW- (3.120)

To get the quiver generating series, we denote the contribution of each ¢-Pochhammer product
by

C(),o[ai] . C()J’[Ozi]
(i @)y = : RO ) Ti) s (3.121)
CZ‘70[C¥¢] . Cm[al]

b

where all the elements denoted by “ in the above matrices are zero, and x; are expansion
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variables. The quiver Cj; is the combination of them
Cij=C.la]+>_ Cilail+ Y _C.[Bj].
i J

The contribution from each F is

0o ... 1 | T — |
(i @n— (|1 -0 |, a), o (| & - |, vaa),
1 .-+ 0 -1 .- 1

and the contribution from each AF is
0o --- 1 -1 - -1

1
(Bjsq),,

VA
| -1 -+ 0

Therefore the quivers for (3.109) are not unique.

o8

(| &), or (| ¢ .o aﬁ(ﬁj)_l)'

(3.122)

(3.123)



Chapter 4

Strip geometry with a Lagrangian

brane

The computation of refined open topological string amplitudes is a challenging problem. Re-
fined BPS invariants associated to the knots on the deformed conifold have been discussed in
[89]. However the computation method of refined invariants has not been found for generic
toric manifolds with Lagrangian branes. In literature, geometric transition is extensively
used in gauge theories [6, 10, 81, 80, 90, 91, 34, 92], which usually gives rise to theories on
surface defects. Inspired by this, we study refined open topological string amplitudes for a
large class of strip Calabi-Yau threefolds, using refined geometric transition (Higgsing) and
Nekrasov factors. More explicitly, we first use refined topological vertex [30, 37, 6] to compute
refined closed partition functions of toric diagrams, and then apply Higgsing. The Higgsing
procedure amounts to giving specific values to some Kéhler parameters, so that refined closed
amplitudes are reduced to refined open amplitudes associated to different types of refined open
Lagrangian branes, from which one can extract refined invariants for open BPS states. We
verify the integrality of these BPS invariants for some toric Calabi-Yau manifolds, and find
different types of refined topological branes are equivalent under an exchange symmetry and
flop transitions. Since refined geometric transitions introduce refined topological branes to
toric diagrams, our methods can be considered as the generalization of the refined topological
vertex formalism.

We focus on strip Calabi-Yau threefolds with nontrivial open topological string sector as
well as non-toric strip Calabi-Yau threefolds that have some overlapped lines on corresponding
toric diagrams. We show that for these manifolds refined open amplitudes take form of quiver
generating series. The underlying quivers encode Donaldson-Thomas invariants [87, 88]. The
existence of quivers in open topological strings was originally found in knot theories [83, 84].
Its relations with 3d gauge theories were conjectured in [93, 94|, and (still in the unrefined
case) were generalized to strip geometries with a Lagrangian brane in [85, 86]. We show that
the refinement does not change the quiver structure. This implies some particular structure
of refined BPS invariants. Namely, open BPS invariants can be expressed in terms of motivic
Donaldson-Thomas invariants.

On the other hand, topological string theories relate to gauge theories, thanks to geometric
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engineering. The open-closed topological string amplitudes encode the partition functions of
5d N' = 1 gauge theories with surface defects [2, 95]. From this viewpoint one can perform
Hanany-Witten transitions that involve the movement of 7-branes. The Hanany-Witten tran-
sitions create or annihilate 5-branes when 7-branes cross other 5-branes [71, 96, 40, 36]. Open
topological string partition functions for brane webs related by Hanany-Witten transitions
should be equivalent. We find that this argument is almost correct upon taking into account
the fact that Hanany-Witten transitions introduce certain open string states, which is a new
phenomenon that does not exist in closed topological strings.

This chapter is based on [10]. In section 4.1 we give an introduction to the refined geometric
transition and discuss its connection to Nekrasov functions. We also discuss refined Ooguri-
Vafa (OV) formulas. In section 4.2 we compute refined open amplitudes for strip geometries,
and extract refined Ooguri-Vafa invariants and quivers. In section 4.3 we discuss Hanany-
Witten transitions for non-toric strip geometries in the presence of an open topological brane.
In section 4.4 we compute refined open amplitudes for toric diagrams with compact four-cycles

and find that open BPS invariants are positive integers.

4.1 Refined geometric transitions and Lagrangian branes

Geometric transition is the open-closed duality in the A-model, connecting open and closed
topological strings, which is accompanied by the transformation of local conifolds in Calabi-
Yau manifolds [7]. As proposed in [6, 97], geometric transitions can be used to introduce
surface defects engineered by Lagrangian branes in the A-model. In this context and from the
viewpoint of 5d N’ = 1 gauge theories, geometric transitions play the role of Higgsing, which
tune the 5d theories to some roots of the Higgs branch. The theory on the defect is the 3d
N = 2 theory.

In the Q-deformed background, rotations of complex coordinates z; and zo are parametrized

respectively by ¢ = e~ and t = e“

(21,22) = (gz1,t ' 22), (4.1)

and correspondingly there are four types of Lagrangian branes. The Lagrangian brane along
21 is called a g-brane, and the Lagrangian brane along 29 is called a {-brane (anti-t-brane);
there exist also their partner ¢-brane and t-brane. In this section we show how to identify
all these branes through analysis of geometric transitions and Nekrasov factors that arise in
topological string partition functions, and discuss relations between them.

The crucial feature of the geometric transition is that closed topological string partition
functions with certain Kéhler parameters tuned to specific values @* can be identified as open
topological string partition functions. The presence of a Lagrangian brane with open modulus

z is identified with one Kéhler parameter () before the transition

chosed(Q’Q*,t’q) — Zopen(z7t’ Q)' (42)
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Lag-brane
Q—Q"

oF

Figure 4.1: Geometric transition turns closed topological strings to open topological strings,
which is interpreted as tuning the Kéhler parameter () of a resolved conifold to some specific
value Q*. Geometric transition (Higgsing) results in a simpler geometry with a Lagrangian
brane with open Kéhler parameter Q). = z. The gray circle represents the remaining part of
the toric diagram.

We illustrate this geometric transition in Figure 4.1, where one particular closed string Kahler
parameter (). is identified as an open Kahler parameter z for a Lagrangian brane after the
geometric transition (or, equivalently, as the FI parameter of vortex particles in the 3d N = 2
gauge theory on the surface defect). In general, such specific values Q* can be determined
through constraints involving the half-Nekrasov factors NBalf’i(Q*,tfl, g~ ') that appear in
closed topological string partition functions. If no Lagrangian brane is created during the

geometric transition, the Kihler parameter Q* = (¢/t)*'/2 is fixed through the constraints

Nttt <\ﬁ; t_l,q_1> = . N <\/? t_l,q_1> = (4.3)
t 0 v#£0 q 0 v#£0

If a single Lagrangian brane is created, the constraints on half-Nekrasov factors take form

11

Nttt (q\/ﬁ; ) #£0  onlyif v={n}a,
t tq
1 11

Ny (t\/g? t,q> #£0  onlyif v={n}s,
i 11

Nhalf— (4 fP. 2 2 0 lyif v=
g <\/; t’q)?’é it =i

1 /¢t 11
Nplb= (= 20 = =) £0 only if v={n}a,
qVq tgq

where v = {n} 4 and v = {n}g denote respectively antisymmetric and symmetric representa-
tions, whose Young diagrams are shown in (A.22). These conditions fix four possible values

of Q* which we identify with four types of Lagrangian branes mentioned above

t
g-brane : Q" = q\/g, t-brane : Q" = t\/;,

(4.5)
_ . _ Lt . «_ 1 /q
g-brane : Q* = N t-brane: Q= —,/-.

tyVt

This identification is consistent with the Lagrangian branes in the refined Chern-Simon theory

[34]. In fact, for these special values of Q*, the above half-Nekrasov factors can be expressed

61



CHAPTER 4. STRIP GEOMETRY WITH A LAGRANGIAN BRANE

in terms of ¢g-Pochhammers (z; q),, = H;-Zol(l — xq"):
pvhalf.+

qg 11
{n}A <q\/;7 tvq) (Q7t) I
phalh+ 1\/5 11 11
{n}S t t7 Rl t q )
phalf— t )
{ﬂ}s <t\/;a t’q) O s
_ (1 /t 11 11
yhalf, \/7 Ly _ (i1
{n}A (q q7 t’q q,t n

For future reference, we also note the following results for v = {n} 4:

- 1 ~ 1
2 T2 2
vi=n, v =n, v =n, Z t7q:77 qu, )
= P =0 7] 00) = o Bt =
1 - t _ 1 q 1
NP Q) = (Q\[;t) N Qe = (@ i)
q n t t/n
and analogous results for v = {n}g:

=n (WP =n® 7N =0 Za) = s Dulat) =
(t;@)n (¢ t)n

t 1

Nhalf,+ t*l —
PQ e = (@

>7 Ni‘alf’*(Q,fl,q*l)Z(Q g'q)n-

Some other useful identities involving Nekrasov factors are listed in appendix A.1.

Having identified four types of Lagrangian branes, we now show that they are related by

two types of operations. First, there is an exchange symmetry ¢ — ¢t~! that relates ¢-brane to

g-brane and g¢-brane to t-brane. Second, g-brane and t-brane are related to their anti-branes

by flop transitions. The flop transition turns out to be the shift of open Kéhler parameters.

We argue that the flop transition preserves for open topological strings, and open topological

branes (Lagrangian branes) are equivalent to their anti-branes in our context. The relations

are summarized in the following diagram:

(g:;t) < (t g

g-brane -« > {-brane
A A
flop/shift flop/shift
Y Y
g-brane < > t-brane

(¢,;t) < (71 q71)

The exchange symmetry ¢ <+ ¢! is a consequence of a relation between half-Nekrasov
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| | ]

QN Lo Qe ——————— 0
eln : geo. trans. “ geo. trans. ———\
q va _— _—
t 7 t\/?
b Qma[E Qi 1y
(a) (b) (©)

Figure 4.2: Geometric transitions can be used to engineer insertions of topological branes upon
a specific choice of Kéhler parameters Q* that appear in Nekrasov factors. In this example,
a toric Calabi-Yau manifold in (a) that engineers SU(2) with three massive fundamental
hypermultiples, which after two geometric transitions and the appropriate choice of Kéhler
parameters is reduced to a double-P! strip geometry with an insertion of a Lagrangian brane
in (c).

factors
-1 - half, — 1
Nhalf,+ (Q;t Lyg 1) :N,,; (Q;q Lt 1)’ (4.10)
which implies the equality of open partition functions

Zq—brane(za Q;t, Q) = Zibrane (Z, Q; q—l’ til) ’

1 (4.11)
Zt—branc(za Q;t, Q) = sz—brane (Zv Q;q ) >

where z is the open parameter and @ are closed Kahler parameters. We verified above relations
in numerous examples. This exchange symmetry was found independently in [34] by the
analysis of the partition function of refined Chern-Simon theory on S2. On the other hand,
the flop transition leads to the following relations between partition functions for topological

branes and anti-branes that involve a shift of the open Kéahler parameter z

1 /t
ZQ-brane (Z \/77 Q;t, q) = Zli-brane (Z, Q;t, Q) )
‘i 1 (4.12)

q
Zt brane <Z t\/;a Q; t, Q) = Zt_—brane (Za Q; t, Q) .

We can also combine the exchange symmetry and the flop transition, which yields the following

relations

t 11
Zf]—brane (Z t\/7) Q; —, ;) = Zi brane (Z’ Q;t, Q) s
e q1 ; (4.13)
Zt-brane (Z q\/§7 Q; 57 ;) = Zq—brane(za Q; t, Q)-

Note that upon taking the unrefined limit ¢ = t we are left with two types of branes, g-brane
and t-brane, which are related by ¢ — 1/¢, and thus can be identified with a topological brane

and its anti-brane.
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Let us illustrate the above considerations in a more involved example, shown in Figure 4.2.
In this case, there are terms Nbflf’_(le;t_l,q_l) and Nfzalf’_(QmQ;t_l,q_l) in the closed
partition function. If we want to introduce a Lagrangian brane at the position where the local
resolved conifold has the Kéhler parameter (),,,, we have to set Q,, = t\/g or %\/g and

Qm, = \/% because of constraints (4.3) and (4.4). This identifies the resulting brane as a

t-brane or a ¢-brane.

Finally, we stress that the above identification of ¢-branes or ¢-branes is defined in the

assignment of ¢ and ¢ to toric legs presented in Figure 2.10. If one changes the assignment

(g,t) <> (t,q) then the the definition of open topological branes are changed.

For future reference, let us classify all possible choices of preferred directions in a local

resolved conifold and the resulting identification of topological branes. First, for a horizontal

preferred direction we get

Q=
SECS

gt
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S5

~+

e

Q=

Q =
Q" =
v
Vi

g-brane v = {n}a
t-brane v = {n}g

t-brane v = {n}g

g-brane v = {n}x

g-brane v ={n}a
t-brane v = {n}g

t-brane v = {n}g

g-brane v = {n}a

(4.14)

(4.15)
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Finally, for the third choice of preferred direction, we get

g-brane v = {n}a
t-brane v = {n}g

(4.16)
t-brane v = {n}g

<

I

+ R
S5

g-brane v = {n}a

Q=
=

Refined Ooguri-Vafa formula

M-theory interpretation of topological strings leads to integrality properties of open BPS
invariants (Ooguri-Vafa invariants) encoded in refined open amplitudes, which however have
not been systematically analyzed in literature. One goal of this chapter is to reveal that
these invariants in M-theory realization also count appropriate BPS states for a wide class of
Calabi-Yau manifolds; see also e.g. [6].

In our context, for a t-brane, the refined open amplitude takes form

25 py(s57)
-1 “NB

Zomwez @t =[] T I (1-abeti @)

B€H2(X,L,Z) s,r€Z/2n=0
ZSN(S ) 7nstn(7’+%)

zexp( Z Z Z n/2 q"?) Qg)

BEH(X,L,Z) s,reZ/2n=1 (4.17)

_1 2sN(577") —st'rﬁ-l
- I 1I PE[ )15 - 2@5]

BEH2(X,L,7) s,r€Z/2 q2z — ¢

_ d (s,7)
- H H PE |:z Qﬂ’ Nﬁ ’ 87 7{| t-brane ’

BEH2(X,L,Z) s,r€Z/2

N

where QP are closed Kihler parameters of Calabi-Yau manifold X, z is the open parame-

(s:7)

ter associated to the Lagrangian brane, and N, 5

Ooguri-Vafa invariants). We introduce a shorter notation PE [deﬁ, N és’r), s, r] . to de-
*k-prane

note plethystic exponents. Note that for a t-brane, the contribution from each open BPS state

are refined open BPS invariants (refined

takes form

25 (o)
)( 1) .

SQUNG sr| = (qTrETEQy, (4.18)
t-brane

Once we presented an integral expansion for a t-brane, we can use (4.11) and (4.12) to
write down analogous expansions for other types of branes. Note that four types of Lagrangian

branes have the same refined open BPS invariants.
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For a g-brane, using the exchange symmetry ¢ — t~! we get its refined formula

Zgbrane = H H ﬁ (1 T et QB)(

BEH2(X,L,Z) s,reZ/2n=0

_1)\2s+1 (57) s -r—3
- II 1II PE[( 2/ M Qﬁ] (4.19)

BEH2(X,L,Z) s,r€Z/2 tz2 —t 2

= PE[1Q NS sr|
H H “ Q B ST g-brane

B€H2(X,L,Z) s,r€Z/2

—I)QSNgS’r)

where

dns (s7) _ S— —r (= 1)25Né5 "
E|2%Q NG s, =(t 2Q5,1/t ) (4.20)
g-brane

We can reformulate the refined Ooguri-Vafa formula for g-brane as follows

)2s+2rt—ns (2) TN(SJ’) ]
t

Zgbrane = €Xp [ Z Z Z

BEH(X,L,Z) s,r€Z/2 n=1 (t% — *%) .
—1)2s+2rp—s(t TN(S,T) .
S| x> p RN
BEH2(X,L,Z) s,r€Z/2 (tz — t‘z)

where we have shifted s and r.

(s,r)

In what follows, we read off open BPS invariants IV 5 from the above product expansions

of open topological string partition functions; for example, a factor (z1/¢t, ¢) encodes the
00 _ 1

Finally, we stress that all formulas presented above are relevant in the assignment of ¢ and

open BPS invariant IV;

t to the lines on toric diagrams presented in Figure 2.10. The alternative assignment is the
opposite assignment of ¢ and ¢, namely exchanging ¢ <+ t. The Ooguri-Vafa formula in the
above should be modified. We consider first the formula (4.17). Exchanging the assignment
of ¢ and t changes the Higgsing value of a t-brane to ¢,/7 and makes it natural to use

s = —s,7" = —r —1, so that (4.17) is transformed into

(_1)23’+1Né5/77,)ts’q—r
1 1
t2 —t 2

Zq-brane(za Q? t? q)a‘lt - H H PE

BEH(X,L,Z) s' 7' €Z)2

which we identify with a partition functon of a g-brane in the alternative assignment (we
stress that it is not equal to the partition function for a g-brane in the standard assignment).
Similarly, after the exchange ¢ <> ¢, the formula (4.19) is turned into the refined Ooguri-Vafa

formula for ¢-brane in the alternative assignment

Jun

Zf—brane(za Qv t» Q)alt. = H H PE

BEH(X,L,Z) s' 7' €L/2

(_1)23’N[g5/vrl)qfs’tr’+%
q% —q 2

Qﬁ] . (423)
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where s = —s, 7’ = —r — 1. We emphasize that refined BPS invariants are always the same in
both standard and alternative assignments, up to a shift of indices s and r. In what follows,

to avoid confusion, we always choose the standard assignment presented in Figure 2.10.

4.2 Strip geometry with a Lagrangian brane

In this section we discuss toric manifolds without compact four-cycles, which are called strip
geometries [98]. Strip geometries enable us to illustrate the Higgsing method that discussed in
the last section. We compute open partition functions for several strip geometries and show
that refined open BPS invariants are non-negative integers, thereby confirming the consistency
of refined open topological string theory. We also represent refined open amplitudes in terms
of quiver generating functions, generalizing the results of [85]. We also show that refined open
BPS invariants for strip geometries have some interesting structures.

Recall that toric diagrams for strip geometries consist of a chain of finite segments that
represent local P!’s, as well as some vertical and horizontal external lines extending to infinity.
We consider the strip geometries that contain only one Lagrangian brane attached either to
a vertical line see Figure 4.3, or to a horizontal line, see Figure 4.5. These two cases are
qualitatively different. In what follows we discuss these two cases in general, and then present
explicit results for some strip geometries. We stress that Figure 4.3 and 4.5 are not drown
precisely, so keep in mind that (p, ¢)-charges should be conserved for each vertex.

In principle we could compute open amplitudes in the above setting directly using refined
topological vertex. However, such computations are quite subtle because of the framing num-
ber and other issues. For this reason we compute refined open partition functions using the
Higgsing method presented in section 4.1. The computations for strip geometries and also
other manifolds are analyzed in subsequent sections, illustrating that this method is indeed
powerful and can be effectively used in complicated diagrams. Moreover, we also extract
refined open BPS invariants encoded in these partition functions and show that they are non-
negative integers, which provides a non-trivial confirmation of correctness and consistency of

the refined Higgsing method.

4.2.1 Refined open amplitudes for strip geometries

In this subsection, we compute refined open topological string amplitudes for strip geome-
tries, and get the refined version in (3.109). To start with, we compute the diagram with
a Lagrangian brane attached to a vertical leg, as shown in Figure 4.3. We denote the open
Kéaahler parameter by z (which is identified with a closed Kéhler parameter @ before the
transition, as in Figure 4.2), and closed Kéahler parameters of the strip geometry are denoted
by Q; for i = 1,...,p 4+ 0. We introduce more appropriate parameters «; = Q1Q2---Q;
where ¢ = 1,...,p labels one of the legs pointing downwards, and 8; = Q1Q2---Q; where
j=1,...,0 labels one of the legs pointing upwards.

As mentioned above, to determine open partition functions we use the method of geometric

transition presented in section 4.1. To this end, we first need to engineer an appropriate mother
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QZ Q4 Qp+o'r
Q| @s

Figure 4.3: A Lagrangian brane (in blue) is attached to a vertical leg. Open topological
strings stretched between this open topological brane and other branes are shown as wavy
lines. This toric diagram is identical to the 3d brane web in Figure 3.9; here we rotate it by
a 90 degree for convenience.

toric diagram, which will produce a Lagrangian brane of our interest after the geometric
transition. We have illustrated this process in Figure 4.2. For a general strip geometry, we

simply need to generalize this approach; see Figure 4.4. We first introduce a horizontal lines

Q",,J szl ll \1 l ’ ’
TTT  TTTT T

Figure 4.4: 1In the left diagram, we introduce a horizontal line, and then resolve intersections
in the middle diagram. After giving appropriate values to @Q,,,, we end up with the strip
geometry in the presence of a Lagrangian brane. Note that the gray line does not contribute
to the open string partition functions, hence we can ignore it from the open topological string
perspective.

intersecting all vertical lines pointing upwards. Each intersection is a local conifold that can

t
are equivalent upon flop transition) for ¢ > 1, while the Q,,, is given a value in (4.5), which

be resolved with Kahler parameter denoted by @,,,, whose value is set to be \/E or \/g (which

results in an appropriate Lagrangian brane on which the Young diagram is either symmetric
{n}g or antisymmetric representation {n}4, depending on the arrow direction for the Young
diagram we choose. This procedure is illustrated in Figure 4.4.

1

In particular, following (4.5) and setting Qm, = \/g , we obtain refined the open partition

function for the g-brane, which takes form

(v/3) (/i) (oo/irt), (s/irt), - (/i)

;s
S0 (), (o), (), (),

oo
ZQ—brane(Z7 O‘i’ﬁj) = Z
n=0

(4.24)

Similarly, the ¢t-brane partition function can be obtained by setting Q.,,, = t\/g , or by using
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-1

equivalence relations in (4.9) and substituting ¢ <» ¢~, which takes form

$ GV (yin), (eayid), (o) (on/as),
),

Zt—brane(zy 7% /Bj) =

3 (L) (aLE) (BLY) (8LE) (8L

Q=

(4.25)

Having found the above open topological partition functions (amplitudes), we can ex-
tract associated open BPS numbers using refined Ooguri-Vafa formulas. In the case of strip
geometries we consider two perspectives: on one hand we analyze the refined Ooguri-Vafa
decomposition, and on the other hand motivic Donaldson-Thomas invariants.

First, we consider refined Ooguri-Vafa forms of open partition function, and show that
for refined Lagrangian branes the corresponding refined BPS invariants have some particular
structures. Using refined Ooguri-Vafa formula, we write refined open amplitudes for strip

geometry in the form

—j n(dm)

- - nt izt (N7 g 1) (D7 INGIN
thrane z,t q H H H H (1—(] 2 (6) z OéB ) R (426)

d=11k=0r€Z/2,jeZ n=0
where N ngl’l) are refined Ooguri-Vafa invariants upon the shift of indices j and r. On the other

hand, note that the dependence on ¢ and ¢ in (4.25) is equivalent to shifting parameters «;

and f;:
t t - t
z=2z *,di:ai *,B‘:ﬁ'*. 4.27
\/; \ﬂ Ty (4.27)

Then the expression (4.25) takes form

e e (@), (@), (35), - (300),
Zitpanel2:1,0) = 7;(3 NG ) () )

which is the same as the unrefined open partition function for the strip geometry. Hence the

refined open amplitudes has another decomposition

Zibrane(2,t, Q) H H H H ( n+% gd&13k>(_1)jN§,1,k _

d=11k=0 jEZ n=0

o (4.29)
o0 oo o0 izt () @0/ 242k (=1)/Ng,,
1;[ Eﬂgﬂ)(uq +j21(5> LR k)

Note that (4.26) should be equal to the second line of (4.29). Hence we derive that for fixed

d, 1, k and j, there is only one value of r

r=n+> 1L)/2+ > kj (4.30)
i i
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for which N ngl’q() is non-zero, and we then get a relation between unrefined Ooguri-Vafa invari-

ants and refined Ooguri-Vafa invariants
NJ _ (_I)QT]A\}(JJ") (4 31)
n, Lk T n,Lk * '

Although it seems that the refinement for open topological strings on strip geometries is
trivial, but explains the negative sign problem of unrefined Ooguri-Vafa invariants. Namely,
the refined Ooguri-Vafa invariants extracted through refined Ooguri-Vafa formula are positive
integers. We verified their positivity by examples in the next section.

In turn, we consider the relation to quivers. It arises from rewriting open partition func-
tions in the form of quiver generating series (3.112); see also [85]. We can rewrite refined open
partition functions in the quiver form using the identities (A.31) and (A.32). After rewriting,
the g-brane partition function (4.24) takes form

t t t Vit Vit
Z'—brane Zaaiuﬁ' :ZO‘PC¢'<t;Z\/77a \/>,"‘,Oé \/771817"'7/6)0) ) 4.32
q ( ]) j q 1 q p q q q ( )
where the z-independent prefactor reads
(cay/5:1),, (oo/5t)  (0ay/5r1) (/1)
ZO — x x x x
(Bit.t) (Betit) (Bott) - (Bobt)

Note that the factor Zy does not satisfy refined Ooguri-Vafa formula. We ignore this factor

(4.33)

Zy for a while, and in the next chapter we argue that Zj actually is the inverse of the one-loop

partition function of the corresponding 3d A/ = 2 theory. The quiver matrix for strip geometry

takes form i i
0 1
110 0]0 0
Cij= 11 0]0
1 0
| 1|0 ... 0|0 ... 1|

Similarly, the partition function (4.25) for ¢-brane can be written in the quiver form (3.112)

as
Zt—brane(zaahﬁj) = ZO : PC»;J‘ (q;z\/%yal\/i7 e 7ap\/%7 Bltv' T 7/80 t> ) (434)

where the extra z-independent factor is

o efid) (oo/id)  (osy/id) o (on/ind).,

0= (4.35)

(31 3) . (B0 d) () o ().

Q=

)

<l
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and the quiver matrix takes form

[ 1 | -1 -1 -1 —1
-1 1 010 0
Cij=|-1/0 ... 1[0 ... 0 |. (4.36)
-1 0
| 1[0 ... 0[O0 ... 0 |

Since there is the equivalence relation (4.9), we only need to consider one particular type of
refined open topological branes and quiver matrices.

Having determined the above quivers, we can then identify Ooguri-Vafa (OV) invariants
Kfil’k with motivic Donaldson-Thomas (DT) invariants Qz%l’k defined via (3.113). Here we
can define the refined motivic DT invariants folrl){ as refined invariants Nrgjlrﬁ in (4.26). The
DT invariants should be non-negative integers [87, 88|, which implies that all refined open
BPS numbers for strip geometries must be non-negative integers too. Our statement is that
for strip geometries with one Lagrangian brane, we have the equivalence between these two

kinds of invariants

OV =DT. (4.37)

The Lagrangian brane on a horizontal line

Z QZ Q4 Qp-l-(r

Figure 4.5: Open strings connect the Lagrangian brane and vertical lines (5-branes).

We now consider a different configuration with a Lagrangian brane attached to the hor-
izontal line, as shown in Figure 4.5. Similarly, we first introduce a vertical line, and then

resolve the local conifold. After Higgsing, we get the diagram in Figure 4.5. In this case the
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partition function takes a form of g-Pochhammer products:

t 1 t 1 t 1 t 1

(s0.4) (e8182) (eBofk) - (=Bot.2)
— x x x o

Zt-brane(za 7% 6]) - 7 1 7 1 7 1
(“”ﬁ’a)m(m? 676);"(2%\/;6)00

_ (2’051\/(_7757 Q)OO(ZOQ\/‘.Tt? Q)OO”'(ZO‘P\/qTfa Q)OO (4 38)
(Zt? q)OO(Zﬁltv q)OO(Zﬂ2tv Q)OO T (Zﬂo't7 q)oo ’ '

a2 ) i) () o (i)
T » Qs Pj (Zozl\/%t)w(zm\/g,t)oo... (zap\/gjt)oo

Each g-Pochhammer product corresponds to a BPS invariant, and hence there are finite many

open BPS invariants:

zx

N2V — 1 NOO =1, NGV -1 (4.39)
% ZPj

Expanding all factors in (4.38), we can also determine the associated quivers, which consist
of a finite number of disconnected nodes. Furthermore, open partition functions (4.38), from

the viewpoint of 3d N = 2 theories, represent just a bunch of chiral multiplets.

4.2.2 C3 geometry

Figure 4.6: A geometric transition that transforms a double P! strip geometry with Kihler
parameters Q,, and z into C? with a Lagrangian brane. After the transition, the closed Kihler
parameter z becomes an open Kahler parameter, relating to the FI parameter in the 3d N = 2
theory. The assignment of ¢, ¢, and the preferred direction are shown in the diagram.

In what follows we illustrate the above analysis in specific examples, starting from C3
geometry. First, we compute the closed partition function for the left diagram in Figure 4.6,

which takes form

Zéosed (5 0, ) — M <2Qm\/%’t’q) (4.40)
e M(z%,t,q) 7

where refined MacMahon function M(z,q,t) is defined in (A.1). By comparing the diagram
in Figure 4.6 (left) with (4.14) we find that the Lagrangian brane that can be introduced is

t-brane or g-brane. Imposing Q,, = t\@ and interpreting z as an open Kéahler parameter we
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get
closed t 1
Zt—brane =7 z, Qm =/- ] = . (441)
q (21, @)oo
Similarly, setting @, = % é, we obtain
1/t t
Z(j—brane = chosed <Z; Qm = - > = (Z,t) . (442)
qyV q q 00

Using identities for g-Pochhammer symbols in appendix we confirm that the exchange sym-

metry holds

tesg—1
Zt—brane <(—>—q> Z(j—brane . (443)

We can also write the above open partition functions in terms of the refined Ooguri-Vafa form,

as well as the quiver form (3.112)

1

(21, @)oo

t Vit
Z(j—brane = (Zq7t> = PE[Z, 17 1/27 1/2]q-brane = PC@ <Q; Zq) ) C(i = [1] .
0

Zt—brane = = PE[Z) 1) 1/27 1/2]t—brane = PCt (q; Zt) ) Ct = [0] ’

(4.44)

It follows from (4.17) and (4.19) that in these cases there is only one BPS number N2 -
1. Furthermore, open partition functions for ¢-brane and g-brane can be obtained by using
relations (4.12), which yield

Zi brane = (Z\/tiy t)oo ) Zq (445)

and encode the same BPS invariant.

4.2.3 Resolved conifold

Figure 4.7: Implementing geometric transition (Higgsing) on a triple-P! geometry leads to a
resolved conifold with a Lagrangian brane. In this process the @Q,, is given a value, and z
becomes the open Kéhler parameter.

Following the strategy presented in section 4.1, we first consider the geometry represented

by the left diagram in Figure 4.7, whose closed partition function takes form of a product of
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refined MacMahon functions

elosed (+v/int:0) M (2@ /7. 20) (4.46)
M (2Qm,t,q) M (zQé,t,q) 7 |

where ~ means that we have ignored the closed string contributions that do not depend on
Kéhler parameter z. Geometric transition fixes Q,, = t\/% , and gives rise to the t-brane open

partition function

Zibrane = 254 (z,Qm = t\/§> _ (V49 _ i (Z\/g)n (Q ¢ %)n

(2Qt,9)s = (l l)n (4.47)

= PE[z,1,0,0],PE[Q,1/2,1/2]; = Pe, (q; A, th) .

Similarly, we substitute Q,, = \/% to get a g-brane, which yields the open refined partition

T q
I AW G N QIO N YA
= PE[2,1,0,0];PE[2Q,1/2,1/2]; = Pc, t;zf,z@ﬁ) .

Above we have also provided quiver forms (3.112), in this example we get quiver matrices of

function

Qe+

8

the same form

Cq:

0 0 0 0

1 0
]a Ct:

Lo ] . (4.49)

Moreover, by comparing with (4.17) and (4.19), we read off refined Ooguri-Vafa invariants
NOO =1, NP =1

4.2.4 Resolution of C*/Z,

Another example of a strip geometry with one local P! is O(0) & O(—2) — P!, or equivalently
the resolution of C3/Zy. We consider two topological brane locations, either on a horizontal
or a vertical leg (in our earlier conventions), as shown in Figure 4.8. Partition functions for
these two brane configurations can be obtained by two different geometric transitions. For
the Lagrangian brane on a horizontal line the partition function takes form of a product of a

finite number of quantum dilogarithms. We obtain open amplitudes for ¢-brane and g-brane

@  _ 1 @ (.t t
Z = Z =\|z-,t -t . 4.
bbrane (2t q)oo(2Qt, @)oo T dPrENC <Z‘I’ >oo <ZQ(J’ o0 (450)

(/21/2) _ 1 g N2V <1,

The corresponding open BPS invariants are IV
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Q t Q t
(0)

Figure 4.8: Geometric transitions that produce a Lagrangian brane on the horizontal line (a)
or the vertical line (b) in the resolution of C3/Z,.

On the other hand, the partition function for ¢-brane in the configuration (b) in Figure 4.8

takes form
Z(b)rane: > o = ! y (_ﬁ)_Qndw
t-b nzo( 9, <Q1g 5) (QF: 7)o ndzzo (0, 9),, (¢:9)4 .
1
= ————Fc,(¢; Qt, Q1t) .
(Qlévé)oo Ct(q Q Ql )

The quiver matrix in the representation (3.112) in this case reads

0 -1
o ] (4.52)

In this case there is an infinite number of open BPS invariants, see Table A.1. Note that
for fixed dy and dj, non-zero invariants arise only for one particular value of r, in agreement
with our earlier prediction. As usual, the partition function for a g-brane can be obtained by
exchanging ¢ — 1/t in (4.51)

L CYD PR
qbrane nz% (Qr,t) —( 7 t)oop()q <t;Q\/;,Q1q) (4.53)

with quiver matrix in the representation (3.112)

11
Cp= [ . ] (4.54)
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0
0
_—
Q2 o
Qu
0 0
(]

0

4.2.5 Double-P!

QIQZ QB

0

Figure 4.9: Two strip geometries related by a flop transition produces the same double-P*!
geometry through Higgsing. However the introduced Lagrangian branes are different types.

In turn, we consider the Lagrangian brane in a double-P! geometry (that involves two
local P!’s), either on a horizontal or vertical line. First, by considering the Lagrangian brane
attached to a horizontal line, as shown in Figure 4.9, we illustrate the effect of a flop transition
on the resulting Lagrangian brane. Second, we consider the Lagrangian brane on a vertical
line shown in Figure 4.11, and show that open BPS invariants are non-negative integers.

To start with, we consider the top left diagram in Figure 4.9. This is a strip geometry
with a closed partition function expressed in terms of a finite number of refined MacMahon

functions

M(Ql §7t7Q)M(Q2 éataq)M(Qi'» §7t7Q)M(Q4 éataq)
X
M(Q1Q27 q, t)M(Q2Q37 t, q)M(Q3Q47 q, t)M(Q1Q2Q3Q47 q, t) (455)

x M(Q1Q2Q3\/z,t,q)M(QzQ:anx\/zt,q)-

In order to introduce a Lagrangian brane we perform a geometric transition at the two sphere

M(Q3 \/g’tzq)M(Q4 \/g:t»q)

Q1. In this process we can ignore the terms Q501,00 that capture only closed

chosed —

1

string contributions. Furthermore, following (4.15), we set Q) = q\/% or Z\/g respectively to
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obtain open partition functions for g-brane or ¢-brane with the open Kéhler parameter z = Qo

7 B M (QQ\/%)ta q) M(Q2Q3Q7t7 q>M <Q2Q3Q4\/§7t7 q)
CPrane T UM (Qav/at ta) M (Q2Qs, 1, q) M (Q2Q3Quv/dt, 1, q)

_ (V10 Doo(@2Q3Qav/10, oo _ Pe, (t; Q2v/q, Q2Q3Q4+/q, Q2Q3q) ,

(Q2Q3Qa t)oo 156

L (@5 0) M@yt M (2105005 100) (430
Fhrane TN (Qa/V/at, t,q) M (Q2Qs,t, q) M (Q2Q3Q4/+/d, t, q)

q
= (9l Do =P, <q; Q052 Qz\/f, Q2Q3Q4\/€) :
(Q2\/%,Q)oo(Q2Q3Q4\/%Q)oo
where

1 00 1 00

C,=|0 1 0], Ci=10 0 0 (4.57)
0 0 O 0 0 O

As a check, the above partition functions satisfy the relation (4.11).

On the other hand, we consider the geometry represented by the diagram in the bottom
left in Figure 4.9, which is related to the previous geometry by a flop transition on the two
sphere Q1. Upon the geometric transition it leads to the same double-P! geometry, however
with different types of topological branes: substituting Ql_l = t\/g or %\/% respectively we

obtain ¢-brane or g-brane with open partition functions

M (Qat,a,t) M (Q2Qsy /L.t 0) M (Q2Q5Qut, 0.1)

Zt_brane B M (QQ: qat) M (Q2Q3\/ﬁ7Q7t> M (Q2Q3Q47 qvt) (458)
o (Q2Q3\/T7 Q)oo - .

= o000 g = Fe (@ Q2Qs VT, Qat, Q2Q5Qut) (4.59)

L M@ufaat) M (QaQay/f tq) M (Q:QaQ4/a0.1) .

@-brane = M (Q2,q,t) M (Q2Q3/\/4qt, q,t) M (Q2Q3Q4, ¢, 1) (4.60)

L)oo L)oo
_ (Q25:1)o0(Q2Q3Q4 1) - e, <t; QQ\/%,QQQSQ4\/?7 Q2Q3\/?) . (4.61)
(Q2Q3\/§a t)oo ¢ ! !

where quiver matrices in the representation (3.112) are

1 00 100
Ci=100 01, Cz=10 10 (4.62)
0 00 0 00
There are just three open BPS numbers
(1/2,1/2) _ 0,00 _ (1/2,1/2) _
NQ2 =1, NQ2Q3 =1, NQ2Q3Q4 =1. (4.63)
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To sum up, the geometric transition may produce only two particular types of topological
branes. A flop of the two-cycle that undergoes the geometric transition leads then to another
two types of topological branes. As a check, all relations in (4.9) hold for the partition functions

determined above.

@1

(a) (b)

Figure 4.10: Branes on various vertical legs of a double-P! geometry.

Furthermore, we consider the topological brane on vertical lines. Open partition functions

for the g-brane and t-brane in the diagram (a) in Figure 4.10 take form

w =@ (@i, (@i (i fC i)
Zq—brane_nzzo w0, (Q1Q2$7t> _<Q1Q2;,t>oopcq t;z q,Ql q,Qleq ;

~ EXE te
o —Z( a5t (/1) :(Ql\/}q)mpct@;m@%t)_

t
hrene )n <Q1Q25;5>n (Qleé,%)m

(4.64)
The summation formulae above are special cases of (4.24) and (4.25), and quiver matrices

read

C; = (4.65)

e =)
S O =
_ O
9!
|
|
—
—
@)

We verify that corresponding refined open BPS invariants are indeed positive integers, as
shown in Table A.2. Note that for fixed (do,d1,dz2), non-zero BPS invariants arise only for
one particular value of r, as predicted before.

On the other hand, open partition functions for the topological brane in the diagram (b)
in Figure 4.10 can be obtained by performing geometric transitions and then blowing down

the two-cycle Q3 — 0, as shown in Figure 4.11. In this way we obtain g-brane and t-brane
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Figure 4.11: The geometric transition leads to the diagram (b) in Figure 4.10

partition functions

o i q"('Q1)" (é é’t)n (Qz é,t)

g-brane ~ (t, t)n )
= , (4.66)
n e 1
-5 O (0] (),
brave £~ (4, 9)n

One can now apply the relations (4.12) to get g-brane and ¢-brane partition functions

i(ﬂ)( g)n(%ﬁi)n
B <© \[ ) < \/? t>oo e (t;i\/z’él\/z’%\/z)v (4.67)
sty 52 O Ofid) 0

! = Po,(q; 2Vt Q1vVE QaV1),

Qe+

where Q1 = 1 @1,z = 2 quﬂ . These formulas have a standard form for open partition
functions on a strip geometry, thus the corresponding open BPS invariants are non-negative
integers. The corresponding quiver matrices are

011 1 -1 -1
C,=1100], C;=| -1 1 0 (4.68)
100 1 0 1

4.2.6 Triple-P!

In turn, we consider the topological brane on the vertical line in a triple-P! geometry, as

shown in Figure 4.12. Similarly as before, the geometric transition gives rise to open partition
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——— |

Q_“
:q |

Figure 4.12: A topological brane on a vertical leg in a triple-P'.

functions for g-brane and t-brane

Z s brane = i (Qﬁ)n (Ql\/%’ t)n <Q1Q2Q3\/§, t)n

! = Gin (QlQQé,t)n

i3 t (4.69)
— (Ql\/; tgg; éQiQ;)Q?)\/;» t)OOch <t;Q\/EQ1\/Z, Q1Q2Q3\f> ,
127> -~
oy (o) (00,
=G (@00 1)
(Q1 t,l)n (QlQQQg\/Z71> ' (4.70)
— q q(g@ : 1) 1 p, (q;Q\/f,left,QleQ?)t) ,
1Q2504
where
01 11 L 1
- 1 8 8 8 ’ = j (1) (1) 8 : (4.71)
1 001 -1 0 0 0

We verify that refined open BPS invariants IV ((;’23 da.ds) A€ non-negative integers as expected,

as shown in Table A.3. Note that for fixed (d, d1, d2, d3), non-zero invariants arise only for one
particular value of r. We also conjecture that, for a given d, non-zero open BPS invariants
arise for indices (s,r) that are in the range

1rd

-1
r<s<d+1, 7[ d

2 )

}<r<
5] ST =

(4.72)

and open BPS invariants with the maximal spin s = d + 1 are equal to one.
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4.3 Hanany-Witten transitions

In this section we consider Hanany-Witten (HW) transitions of 7-branes for brane webs (toric
diagrams). Hanany-Witten transitions often lead to overlapped lines, which imply that there
are some shrinking cycles in brane webs. These diagrams with overlapped lines are non-toric
diagrams [96]. Non-toric diagrams in our context can be resolved by blowing up singular
two-cycles, and finally we end up with toric diagrams that contain some local Th-diagrams
[99, 100, 82, 101]. T)-diagram is a particular example of Ty-diagrams that engineer non-
Lagrangian theories [96, 40]. We illustrated T5-diagram in Figure 4.13.

t
i
t
Q1 0
Q3 ‘ v
"
q q

Figure 4.13: Ty-geometry includes three local P!’s that meet in one point.

One aim of this section is to confirm the consistency of refined open topological strings
in processes of Hanany-Witten (HW) transitions. After reinterpreting toric diagrams as five-
branes webs [71, 96], we introduce 7-branes at the end of semi-infinite 5-branes. These 7-brane
can move around a given toric diagram. When such a 7-brane crosses 5-branes, some 5-branes
may be created or annihilated, which is the process referred to as Hanany-Witten transition.
On the level of topological strings, partition functions before and after such a transition should
be equivalent. In this section we verify that this statement is correct for refined open partition
functions for various strip Calabi-Yau threefolds that involve Th-geometry. Furthermore, an-
other interesting phenomenon that involves non-toric diagrams and T5-geometry is T5-tuning
[36], which is a particular Higgsing that we use to obtain the refined open amplitudes for
non-toric brane webs.

To start with, the geometric transitions in Figure 4.14 leads to the refined open amplitude
for Th-diagram and triple-P' geometry. The HW transition of a 7-brane introduced at the
infinity of a 5-brane relates these two geometries. More explicitly, the T>-geometry with one
Lagrangian brane is shown in diagram (c¢). This geometry can be obtained by Higgsing the
toric diagram (a). Furthermore, we can make the Hanany-Witten transition of the 7-brane by
moving it up. When applied to the Th-geometry, HW transition produces a triple-P! geometry
up to an additional open string denoted by the wavy line in the diagram (d). In another way,
this triple-P! geometry can be obtained by Higgsing the diagram (b). In addition, the geometry
in the diagram (b) itself can be obtained from the geometry (a) upon the Hanany-Witten
transition. Therefore, geometric transition and HW transition compose a commute relation
between these four diagrams, relating both open topological strings and closed topological

strings.

81



CHAPTER 4. STRIP GEOMETRY WITH A LAGRANGIAN BRANE

®
t
t / t —i—
Q* Q y Q* Q y Q?
—— @1 —H— Q1
@ Hanany-Witten CEm—
—_—
|/ | Qs
_! .T _l
(a) (0)
l Higgsing Higgsing
®
t
t
Q Q_Q
O Hanany-Witten o
Q2
Q3 Q3

(c) (d)

Figure 4.14: Geometric transition (Higgsing) and Hanany-Witten transition relate the Tb-
geometry (diagram (c)) to a strip Calabi-Yau geometries in the presence of one Lagrangian
brane. The 7-brane is denoted by a gray node.

We stress that geometric transitions and Hanany-Witten transitions have very different
status. Geometric transitions enable us to determine explicitly open partition functions by
giving specific values to certain Kéhler parameters of the mother toric diagrams. For exam-
ple, partition functions for diagram (c¢) and (d) in Figure 4.14 arise respectively from their
mother diagram (a) and (b) upon geometric transitions. On the other hand, Hanany-Witten
transitions change the brane webs significantly and predict that partition functions before and
after the transition should be equivalent.

Let us compute the open partition functions for the diagrams in Figure 4.14 quantitatively.

Closed partition function for the diagram (a) is given by '

ol LslP+lvl? v
70 = S (=)l = QIQE Z,(q, 01211 Zu(g, )2
v

Nl}:alf,*(Q*’ t_l, q—l)NIElalf,*(Q& t_l, q—l)ij (Ql 37 t_l, (]_1) (473)

X
half,— o ’
NI (@iQsyf4471,07)

where the parameter ) plays the role of open Kéahler modulus. Note that geometric transition
tells us that fixing the values of Q* in the term N,}jalf’_(Q*,t_l, g~ ') by following the rules

We ignore here the overall contributions of the form Z™ (2.131), as it does not depend on the open Kahler
parameter Q.
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(a)
get a t-brane and for Q* = %\/g we get g-brane, whose open partition functions are denoted

respectively by Z12 and Z12

t-brane g-brane”

On the other hand, the open amplitude for the diagram (d) in Figure 4.14 can be computed

from section 4.1, the Z™2 becomes the open amplitude for the diagram (c). For Q* = t\/% we

by Higgsing the closed amplitude for the diagram (b) analogously as in section 4.2.6. Again,
7-brane denoted by the dark node does not play a role as the associated external line are
assigned with empty Young diagram. We get the open partition functions for ¢-brane and

g-brane respectively as follows:

E—%iane = i @@ty <Q1\/% q>n (é\/% q>n = FPg, <CI§QQ2t,Q1\/§, Q21\/€7 QlQSf)

= (2:)n(Q1Q3q/t,@)n

3P i (%)n <&\/§t>n (Qzﬁ,t)

Zq-brane - :
n=0 (t, t)n <m7t>n

= PC@ <ta QQQ?? Ql\/av QEI\/@ Q1Q3q> 5
(4.74)

where we also provide quiver forms (3.112) (ignoring @-independent prefactors analogous to
(4.33) and (4.35)) in the following

0111 1 -1 -1 -1
1000 -1 1 0 0

Cy = : Cp = : (4.75)
1000 -1 0 1 0
1001 1 0 0 0

We can now compare partition functions in (4.73) with (4.74). We find that the HW transition
does not change open amplitudes up to a simple factor

3p1 3P
To Zt-brane T — M (476)

AN 2 10 Z'— Tan :
e T (QQat, q)x Fhrare T (QQat o

The factor (QQat,q)t = (QQQ%, %)oo = PE[QQ2,1,1/2,1/2]t brane in the denominator for
the t-brane encodes a single open BPS invariant N&éi’l/ 2 = 1, and represents an open string
of length QQ2, denoted in the diagram (d) by a wavy line. The factor (QQgé,t)oo for the
g-brane has the same interpretation. We note that this additional open string can be easily
identified, as it is not meaningful to have disconnected strings. This additional string with
length Q@2 is connected in the diagram (d), but is not connected in the diagram (c), so this
string exist only in the right diagram (d). Altogether, the relations (4.76) confirm that refined
open topological strings are consistent with Hanany-Witten transitions.

Furthermore, the relations (4.76) immediately imply that open partition functions for T5-
geometry can be also presented in the quiver form — in this case quivers look like the quivers

for triple-P! geometry in (4.75), and in addition have one extra node that represents the
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denominators on the right side of (4.76). It follows that the quiver forms for Th-geometry read

t _ q
z =P <Q;QQ2,QQ2t,Q1\ﬁ7 Q5 1\/?@1@3\[) ,
Vi ! t t (4.77)
t Vi '
Z,?brane Pe, (t;QQaq QQ2— ,Qlf Q3" V4, Q1Q3q>
with quiver matrices
10 0 0 0] [0 0 0 0 0
0O 01 1 1 o 1 -1 -1 -1
C,=10100 0], C;=|0 -1 1 0 o0 |. (4.78)
01 0 0 O 0O -1 0 1 0
| 001 0 0 1 | |0 -1 0 0 0 |

Having determined the open partition functions for T5-geometry, let us discuss some of its
properties. One of them is referred to as Th-tuning found in [36]. In the context of closed
strings this is the statement that after adjusting two of the three Kéhler parameters of the
To-geometry, either as Q1 = Q3 = \/; or \/%, or Qa = Q3 = \/g, or @1 = Q2 = \/Z,
appropriate two parallel external lines of Ts-geometry overlap, and the geometry itself reduces
effectively to two copies of C? in a non-toric conﬁguration Such a process is shown in Figure

4.15. Note that for closed strings, in case (a), @1 and Q3 can be fixed to two equivalent values

Figure 4.15: Th-tuning with a Lagrangian brane: tuning appropriately Kéahler parameters of
Tr-geometry reduces it to two copies of C3, which are non-toric diagrams as some two-cycles
have zero volume.

\/g or y/%; this appears to be a feature of two lines overlapping along the preferred direction.

Note that now in the presence of a Lagrangian brane, the Tb-tuning is slightly broken.
In case (a) the parameters @)1 and Q3 can be fixed to only one value \/g. Similarly as in
the closed string case, once we fix values of two Kéhler parameters as above, the dependence

on third parameter drops out. For example, fixing @1 = Q3 = \/% in the partition function

(4.73), it follows from (4.3) that v = () and hence Ql;‘ = 1. Ultimately, in all configurations
(a), (b) and (c) the t-brane partition function (4.73) reduces to (Q+/qt,q)co, which is indeed
the same as ¢-brane partition function for the geometry C3.

Finally, let us consider more examples to illustrate the effects of Hanany-Witten transitions.
First, consider the process in Figure 4.16, where moving a 7-brane from infinity to the T5-

geometry results in a non-toric structure that involves one additional open string. The open
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|
v

Figure 4.16: Hanany-Witten moving a 7-brane (dark node) from infinity to the T5-geometry
results in a non-toric diagram and one additional open string of length QQy.

G

Figure 4.17: Ty-tuning followed by Higgsing two local P'’s (in the second step) gives to a
non-toric diagram with a Lagrangian brane.

partition function for the Th-geometry has been given in (4.74). To determine the open
partition function after HW transition we engineer its mother toric diagram shown in Figure
4.17. We first compute its closed partition function using refined topological vertex, and then
fix appropriate parameters according to the rules of To-tuning, and fix other Kéhler parameters
in the process of geometric transitions to produce a Lagrangian brane. This process finally

gives rise to the geometry shown in Figure 4.17 (right), which is the same as in 4.16 (right), and

we denote its open partition function by Z;_itg)?;ne. Then, comparing open partition functions
of both geometries in Figure 4.16 we find
right
7T _ t-brane (4_79)

t-brane (Qth, Q)gol )

where the factor (QQit,q)s) = PE[QQ4, 1,1/2,1/2]; prane represents the additional open
string of length Q@ that is produced by the Hanany-Witten transition.

An analogous example, however involving the triple-P! geometry, is shown in Figure 4.18.

3P
Zt—brane
in (4.74). We determine the partition function Z ®)

t-brane

We have computed the open partition function for a t-brane in triple-P! geometry
for the geometry shown in 4.18 in

diagram (b) following Figure 4.19, and again applying T5-tuning and geometric transition to

85



CHAPTER 4. STRIP GEOMETRY WITH A LAGRANGIAN BRANE

an appropriately engineered more complicated geometry. We then find that

: z
Porane = o p— (4.80)
(QQ2Qkt?q71, q)o
where the denominator (QQ2Qrt?q %, q)ot = PE[QQ2Qk, 1,3/2,3/2]s-brane represents the ad-
ditional open string of length QQ2Q introduced by the Hanany-Witten transition in Figure

4.18.

Figure 4.18: Hanany-Witten transition that moves a 7-brane (denoted by a blue dot) from
infinity to the triple-P! geometry results in a non-toric structure with one extra open strings

of length QQ2Q)y.

4o

Figure 4.19: T-tuning (in the first step) followed by geometric transitions on two local P!’s
(in the second step) gives the geometry with a Lagrangian brane shown in Figure 4.18 (right).

Furthermore, let us consider a more complicated process, where anti-fundamental chiral
multiplets are introduced by sandwiching 7-branes between 5-branes, see Figure 4.20. We
choose either to move one 7-brane down to infinity and another 7-brane up to infinity, see
diagram (a) in Figure 4.20, or to move these 7-branes in opposite directions, see diagram
(c). These operations result respectively in diagrams (b) and (d). We expect that their open
partition functions should be equal, up to some factors representing additional open strings
that arise in these different Hanany-Witten transitions. To verify this claim, we compute

refined open partition functions for diagrams (b) and (d) following respectively Figure 4.21

and Figure 4.22. Denoting these open partition functions by Z t(ﬁzmne and Z t(_db)ran > we then find
(b) ()
Zt—brane — Zt—brane (481)

(QQst, )= (QQat,q)x"

This indeed the expected results, where additional open strings represented by (QQst, ¢)=! =
PE[QQ5,1,1/2,1/2]ibrane and (QQat,q)! = PE[QQ2,1,1/2,1/2]tbrane- This result again
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confirms the consistency of refined topological strings with Hanany-Witten transitions.

(c)

Figure 4.20: Hanany-Witten transition that involves moving two 7-branes to infinity, and
produces additional open strings. Note that the shift \/% in Q3Q5\/§ can be derived by

Figure 4.21: Th-tuning on two pairs of lines (in the first step) followed by the geometric
transition on three local P’s (in the second step) engineers the geometry with a Lagrangian
brane shown in Figure 4.20 (b).

4.4 Generic toric diagrams

In this section we consider examples of toric manifolds with compact four-cycles. We focus

on Lagrangian branes in Hirzebruch surfaces and blow up some points. Let us first make the
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Figure 4.22: Geometric transitions on three local P'’s give rise to a Lagrangian brane shown
in Figure 4.20 (d).

Figure 4.23: Introducing local P'’s may produce parallel external lines. In this example,
Lagrangian branes can be engineered at positions A or B.

following remark. Our approach seems to work only for introducing Lagrangian branes on
external parallel lines. In other situations one can blow up some points to produce more local
PYs, see Figure 4.23, which effectively changes the direction of external lines. Finally after
decoupling these introduced lines, we obtain the original refined open partition functions.
The first example we consider is the Hirzebruch surface F3 with a Lagrangian brane.
Its toric diagram is shown in Figure 4.24 (right) and can be obtained through Higgsing the
geometry shown on the left. We just calculate the t-brane partition function, as other types

of Lagrangian branes give rise to the same result upon the exchange symmetry (4.9). We set

¢ Q)9 Om q QJ&/

N Vs 1 V3
7 o
Qr " — Qr -
QB Qm, QB
Q2 Q2

Figure 4.24: Geometric transitions at Q,, and Q,, introduce a Lagrangian brane at one
external line of F3. One can also switch the values of Q,, and Q, to introduce the Lagrangian
brane on the bottom external line.
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Kahler parameters @y, = t\/g and Qp,, = \/% in the left diagram in Figure 4.24, and obtain

1% T v 2
zhereosedm) = Y (—1)lslg 3=+ 12

t-brane
V1,V2,V3

% Q5 QE 12, (a, ) P11 20 (1, )| P Zus 1, )] ¢

N (1) N Q) N3 (@0 Mg (@1yE) N (0101

3§1f,+ (Q1Q2QF\/5> T o (QF) A (QF )

X

I

(4.82)

where N, ,(Q) is a shorthand notation for N,W(Q,tfl,qfl), and Q3 represents the open
Kéhler parameter. Note that the partition function (4.82) contains also closed string contri-

butions

T2 T2
z9oed(12) = S g MEIPAIP QU2 7, (g, 8)[2)) 2, (8 )12 %

V1,v2

NRE- (O N halff(QlQF) NEUEE (0,0Q5) N ha1f+(Q2) (4.83)
Ny (@F)Nyr o, (QF > |

X

The t-brane open partition function of our interest therefore should be

Zopen—closed (IFQ)

Zt—brane (F%) t-brane

7 closed (Fg) (484)

We show the associated open refined BPS invariants in Table A.4. They are indeed non-

negative integers, as expected.

Qm, Qm,
Q1

Figure 4.25: Geometric transitions at Q,, and @, (in the left diagram) produce the Hirze-
bruch surface Fy with a Lagrangian brane (right).

The second example we consider is the Hirzebruch surface Fo with a Lagrangian brane,
illustrated in Figure 4.25 (right). This diagram can be obtained by Higgsing the left diagram
in Figure 4.25, upon fixing Kahler parameters @Q,,, = t\/% and Qp, = \/g. In this way we
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obtain the open-closed partition function

Zopen- Closed(IE‘Q) = Z q*||V3\|2t|\1’2||2+2||’/3T\|2Q25JV3\Q|FV2|+|V3\HZV2 (t, Q)HQHZI@ (g, t)H2><

t-brane
half—i—(Q t\/’) ha1f+ (Q On t\ﬁ)
N+ (Q 05 \[) half—i—(Q \[) s (QBt) Nz (QBE)’

v1,V2,V3

which also contains closed string contributions

_ 2 2 T2 2|0
getmea(gyy — 5~ LA QL1124 (1 )1 2y a1

va,vs Nz, (@Bt) Nz o, (QB%) (50

In this case @ is the open Kéhler parameter, which also appears in the prefactor (2.131)

M(Qlta q, t)M(QlQBt) q, t)

ZM(Ry) = : 4.87
(F2) M(Q1,q,t)M(Q1@QB, ¢, 1) (4.87)
Therefore, the t-brane partition function of our interest should be
ZM F Zopen—closed F
Zt-brane (]FQ) — ( 2) t-brane ( 2) (488)

chosed (]F2)

We show some refined open BPS invariants, in particular the curves wrapping the compact

divisor, in Table A.5. They are non-negative integers, as expected.
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Chapter 5

3d mirror symmetry and mixed

Chern-Simons levels

We have discussed 3d mirror symmetry in section 3.1.4. The 3d mirror symmetry can be
interpreted as a functional Fourier transformation on the path integral of partition functions
[65]. A basic example is the duality between U(1)+ 1F and a free chiral multiplet. This mirror
pair can be used to construct other mirror dual pairs such as SQED-XYZ model. Recently,
using mirror dual pairs to construct mirror dual theories has been implemented in [67]. In
this chapter, we are going to use this basic mirror pair as the building block to find the
mirror dual theories of 3d abelian theories with a gauge group U(1) and some fundamental or
antifundamental chiral multiplets, denoted by U(1)y+ NpF + NarpAF. These abelian theories
are interesting, as they are geometrically engineered by strip Calabi-Yau threefolds in the
presence of a Lagrangian brane. For more details on 3d N' = 2 theories, see e.g.[102, 6, 57, 103].
In order to perform mirror transformations on U(1); + NpF + NopAF, we use a spe-
cial type of theory denoted as T4 y which consists of a bunch of building blocks U(1) + 1F
coupled together by mixed Chern-Simons levels (3.19). The abelian theories with mixed
Chern-Simons levels has been discussed in [53]. We further discuss abelian theories with
mixed Chern-Simons levels and their mirror symmetry transformations in this chapter.
Another motivation is to find a quiver representation. For a generic strip Calabi-Yau
threefold, there is a corresponding quiver which is the same in both refined and unrefined
cases; see chapter 4. These quivers are not very well understood and we need to physi-
cally understand it. It is conjectured in [93] that such quivers encoded in knot polynomials
in Ooguri-Vafa construction [14] are mixed Chern-Simons levels for abelian 3d N' = 2 the-
ories. We find this conjecture is correct in another configuration, namely the 3d N = 2
theories engineered by strip Calabi-Yau threefolds, in which case the knot is trivial but the
background geometry is much more complicated than the resolved conifold. By using mir-
ror transformations, we find the quivers are actually the effective mixed Chern-Simons levels
for mirror dual 74 n theories. The interesting point is that mirror transformations can be
implemented more than one time, and form a very nice group called mirror transformation
group H(7a,n). In particular, mirror transformations sometimes may not give rise to inte-

ger mixed Chern-Simons levels, which implies parity anomaly, hence we should throw away
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these non-integer mixed Chern-Simons levels. We note that the mirror transformation group
gives rise to several different effective mixed Chern-Simons levels, which are related by mirror
transformations. We find that these integer mixed Chern-Simons levels are related by flipping
the sign of effective FI parameters & — —&; which can be interpreted as mirror maps. This
flip has remarkable implication, as it changes positions of D5-branes as we discuss in the next
chapter. In this chapter we focus on mirror transformations and mixed Chern-Simons levels.
In the next chapter, we will discuss the influence of mirror symmetry on 3d brane webs.
This chapter is based on [11]. In section 5.1, we discuss partition functions and mirror
transformations for 74 y theories. In section 5.2, we perform mirror symmetry on abelian
theories engineered by strip Calabi-Yau threefolds, and find mirror dual theories are 74 n
theories. The quivers are therefore interpreted as effective mixed Chern-Simons levels. In

section 5.3, we discuss the application of mirror transformations on knot polynomials.

5.1 3d mirror symmetry and 74 y theory

In order to implement mirror symmetry on 3d gauge theories, it is convenient to work with
sphere partition functions. As we have discussed in subsection 3.1.4, mirror symmetry acts
as functional Fourier transformations on the path integrals of partition functions. Hence we
also refer to mirror symmetry as a mirror transformation. In this section, we first define
Ta,n theories and then write down their sphere partition functions from which one can read
off effective superpotentials encoding mixed Chern-Simons levels. In the second part of this

section, we discuss that there is a mirror transformation group for the 74 x theory.

5.1.1 7Ty n theory

We define the abelian quiver theories as follows:

Tan: (UQL)+1F)EY . (5.1)

)

They consist of N copies of U(1) + 1F theory with real symmetric bare Chern-Simons levels
k;; which couple gauge groups U(1) x U(1) x --- x U(1). In (5.1), & are Fayet-Iliopoulos
parameters and wu; are real mass parameters for chiral multiplets. Note that there is no 3d
superpotential for T4 n theories. For other properties of this theory, see e.g. [104]. The sphere
partition function for 74 y theory reads

—4 T kijxiwj+2 ) wﬁiwi

- N JX\’: N 0 w
AN _ . i g= ) 4
24" = /1H21dxze = i|:|1 sb( o it ) : (5.2)

where @ = b+ 1/b. By shifting x;, one can define shifted Fayet-Iliopoulos parameters é

Uj

1‘@-)-1’1‘—5,

~ 1 N
&i=-Gi—5 Zl kiju; . (5.3)
]:
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which turn 74 n theories into massless theories with sphere partition functions

N

N , .z N )

> —imkijmix;+2imwEims i

ZZ,:?’N = / dx; ei=t Hsb(?Q — xl) , (5.4)
i=1 i=1

where real mass parameters u; have been absorbed into 5} We identify (5.4) as sphere partition

functions of 74 n theories. In this thesis we only consider symmetric Chern-Simons levels

kij = kj;. In addition, if we redefine parameters for each gauge node U(1);

e %)

5.5
oy (5.5)

T; =

then the associated twisted effective superpotentials obtained by taking the semi-classical limit
h — 0 and using (A.37), yield

Ny Ni o peeff
WALy (kijs €, y) = D Lia(yi) + & logyi + ) | = "logyilogy; . (5.6)
i—1 ij—1

where each polylogarithm functions Liy(y;) is contributed by a chiral multiplets F, k:le]H are
effective Chern-Simons (CS) level matrices, and §Z-eff are effective Fayet-Iliopoulos (FI) param-

eters. More explicitly, these parameters are given by

1
K = kij + 50 €L, (5.7)
Ny .
fff:27rb£~i+i7r(1—bQ)Zkij+%. (5.8)
j=1

We remind that for symmetric Chern-Simons terms

ket feff
> 5 loguilogy; =)  =-(logy:)® + ) kijlogyilogy; . (5.9)
7,7 7 i<j

The effective superpotential plays a significant role. The vacua of 3d effective theories are

given by the F-term [20, 63] as follows

y_dWEH
Me: ¥ dv =1, forVi=1,---,N. (5.10)
More explicitly,
F N kot
Mc: e J]y” +vi—1=0, Vi=1,--- N, (5.11)

J=1
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By comparing (5.6) with superpotentials in [85], we conjecture that vortex partition functions

for T4 n theories take form

i > kgdidy g gy
Z}’—Ortex(x') — (_\/a)i,]’ﬂ 1 N ’ (5.12)
AN .%;Fo (¢ Dy -+ (4 Dy
where x; = (—l)kﬁiHr 5", and d; are magnetic flux numbers (vortex numbers) discussed in

section 3.1.1. Vortex partition functions can also be obtained by the factorization property of

sphere partition functions [80, 105].

5.1.2 Mirror transformations

Recall that 3d mirror symmetry can be interpreted as a functional Fourier transformation on
partition functions [65], which is therefore called mirror transformation in this thesis. Here
we discuss how it acts on T4 n theories. We start from the most basic example, namely the

dual pair between U(1);/, + 1F mirrors and a chiral singlet with Chern-Simons level —1/2:

mirror symmetry

U(1)1/2 + 1F 1F7% . (5.13)
Their partition functions are equivalent
17 - (g ] i (1 2 )
/dy 6_7y2627”(TQ_z)y8b(§ — y) = 67(7Q_Z) sb(§ — z) . (5.14)

This is a mathematical identity discussed in [106, 107], which implies that any double-sine

function sp(---) can be replaced by an integral:

] i i im (i 2 i g )
Sb(g _ Z) mirror transformation e,T(TQ,Z) /dy 6_7‘1}2627” (TQfZ) Sb(§ B y) ‘ (515)
Hence the double since function is the basic unit for mirror transformations.

On the other hand, mirror symmetry is interpreted as the ST operation in the SL(2,7Z)
symmetry that acts on the Lagrangian of 3d Chern-Simons theory [66], so one can also use
ST to denote the mirror transformation. We find an interesting property associated to mirror

transformation. If we perform mirror symmetry on U(1)g + 1F only once, we get a new theory
U(1), + 1F:

ST integrate out U(1)

ST: U()p+1F == U1)+ (UQ1)}+1F) U1, +1F, (5.16)

where the old gauge group U(1); was integrated out to get a new theory with Chern-Simons

level ¥ and new FI parameters £. Note that this transformation does not change sphere
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partition functions. If we perform mirror symmetry twice we get another quiver U(1)}, + 1F:

(ST)?: UQ)+1F 25 v@)+ (U@ +1F) 25 U@)+ (U + (U(1)" +F))

integrate out U(1) and U(1)’

U1)pn + 1F. (5.17)

The corresponding partition functions are also equal. However, if we perform mirror transfor-

mation third time, we go back to the original theory

(ST : Uk +1F 25 vy, +17 Loy +17 2L v, +1F,  (5.18)

which is consistent with a property of ST operator (ST)3 = 1.
Analogously we can perform mirror transformations on each building block of T4 n theo-
ries. For instance,

U(1) + 1F U1) + (U(1) + 1F) U(1) + 1F

U(l)+ 1F (ST,ST,,0) Ul) + (UQ) +1F) integrate out U(1) U(1l) +1F

U +1F /o U(1) + 1F U FIF ),
(5.19)

where we perform mirror transformations on the first two gauge nodes. After integrating out
old gauge parameters, we get a seemingly different 7;’17 n theory with Chern-Simons levels k;J
and FI parameters ¢/. In addition, we find that mirror transformations are independent of

each other, which implies the relation for each component
(n;,ng, - n;,---ny) ~ (n;,ny,---n; +3,---ny), Vi=1,--- N (5.20)
where we use a shorthand notation
(n;,ng, - n;,---ny) = ( (ST)™, (ST)"2,-- -, (S’T)”N) . (5.21)
Since k;; is symmetric, one can exchange its rows and columns
kg < kji, ki <> kyj, for VIi=1,--- /N (5.22)

by exchanging parameters z; <> x; for gauge nodes U(1); and U(1);. This yields another

equivalence relation
n; <> n;. (523)

Considering both equivalence relations (5.20) and (5.23), we find that mirror transformations
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form a finite group

H(Ta,N) : {(n1;n2,' -ony) | n; €{0,1,2}, n; >n;ifi<j, Vi,j=1,2,---,N}
{( ) (1707”'70)7"'7(2727"'72)}- (524)

The group addition is given by
(il,ig,--‘ ,iN)+(n1,n2,---ni,~-nN) = (n1—|—i1,n2+i2,~~ ,nN—l—iN). (5.25)

Note that each element (iy,---,iy) can be regarded as a permutation on the finite group
H(Ta,n). We comment that although mirror transformations produce many mirror dual the-
ories with different Chern-Simons levels and FI parameters, the partition functions for these
mirror dual theories are equivalent up to some irrelevant factors. In addition, mirror trans-
formations often give rise to effective mixed Chern-Simons levels keff that contains fractional
(non-integer) numbers. In this case, the associated theories have parity anomaly and should
be thrown away, and only k:f]ff € Z make sense [102, 45].

Let us denote the original theory by TI(0,---,0)]. Mirror transformation (ii,---,in)
acting on it leads to a mirror dual theory 7[(i1,--- ,in)] with superpotential wetls (i, in)

Hence, this is a correspondence

(i1, in) <2220 (g, -+, in)] - (5.26)

Furthermore, based on (5.25), (i1,--- ,iy) gives rise to a map between 7[(n1,--- ,nn)] and
Tlny +1ip, -+ ,ny +ix):

(il, cee ,iN) : T[(nl, ce ,IIN)] — T[(l’ll +1iy,---,ny + iN)] . (5.27)

Hence (iy,---,in) can be viewed as the mirror map between two mirror dual theories. Since

the mirror transformation group is finite, each (i1, --- ,ix) can be regarded as a permutation,

and any 7[(n1,--- ,nN)] can be viewed as the original theory. By acting on the original theory

with the whole group H(74,n), one can obtain a chain of mirror dual theories. Moreover the
parity anomaly imposes constraints kfjﬁ € Z, hence only a subset of mirror dual theories are

consistent. We denote these consistent subset as a class

Class(Tan) :={T[(n; +1i1, -+ ,ny +iy)] with kfjﬂ €L,V (i1, -+ ,in) € H(Tan) }-

(5.28)
To summarize, we argue that there are the following correspondences for any (iy,--- ,iy):
. . one to one . one to one one to one
(i1,---,iy) «— T[(i1, -+ ,in)] ¢——— permutations «———— miror maps.
(5.29)
Each mirror dual theory T[(ny, - -- ,ny)] can be identified by its effective mixed Chern-Simons levels.
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Example

We consider mirror transformations for the theory 742 : (U (1)—|—1F)%§ , whose sphere partition

function is given by

—xl)sb(@ —.7}2) . (5.30)

ZTA,Z — /d.ﬁﬁ'lde e27ri(glxﬁ—fgxg)—i7r(k171x§+2k1’2x11‘2+k2,21‘%)Sb(@ 2

5 2

According to (5.7), Ta 2 theory has effective Chern-Simons levels and FI parameters

eff 1 .
kg =kij+ 505, 4j=12, (5.31)
2 .
=27 +im(1-bQ) ka—i— (5.32)
7j=1
We think of (5.30) as the sphere partition function for the original theory 77(0,0)]. Following
(5.24), we write down its mirror transformation group:

H(n,Q) = {(07 0)7 (17 0)7 (17 1)7 (27 0)7 (27 1)7 (27 2)} ) (5'33)

which corresponds to mirror dual theories { 7710,0],7[1,0],7(2,0],7[1,1],7(2,1],7(2,2] }.

These theories are related by basic mirror transformations (1,0) and (0, 1):

71(2,0)] <2Ys 7102, 1)] -5 772, 2)]

(1,0 (1,0) (1,0)
(0,1) (0,1)

71,0 —— TI(1,1)] —— T[(1, 2)]
(1,0 (1,0) (1,0)

(0.1) (0.1)
71(0,0)] ——= T7((0,1)] —— T1(0,2)] (5.34)
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Each mirror dual theory has an associated effective twisted superpotential Well, (n1n2) - e

show effective mixed Chern-Simons levels for these theories in the following

[ kl 1+ 1 k‘l 2
’ 2 )
7((0,0)] N
| k2 koot g
[ 2k1a-1 2k1,2
2k1,1+1 _W
71@,0)] ki 4k o2k 24ki1(dk22+2)+1 | o
| 21141 4k1,1+2
_ —4k3 5 42k2,2+k1,1 (4k2,2+2)+1 1.2
4ko,2+2 T 2kaot1
710 1) _ 2kia k221 ’
L 2k2 2+1 2k2,2+1
1_21451,1 2]{5171—1
T[(2’ 0) 2k1,2 —4]6%72—2]62,2—‘,-]61,1(4k272+2)_1 3
L 2k171_1 4k‘171—2 ]
[ —4k2 y 42k othe1(dk22—2)—1 2y,
4]{:2,2—2 2k2’2_1
T1(0,2) e Tag—l | )
L 2k2,2—1 =2k, | )
[ 2(—4k? ,—2k o+k1 1 (4k2 2+2)—1) dkio
7-[(1 1) —8k%2+4k2,2+k1,1(8k2,2+4)+2 —4k%,2+2k2,2+k1,1(4k2,2+2)+1
’ k1,2 2(—A4kF o +2k2 o+k1 1 (4k2 2—2)—1) |
| kT 5 +2k2 2tk 1 (4k2 2+2)+1 —8k7 , 4k 2tk 1(8k2,214) 12
[ 2(2k2,2+1) k1.0
21 4ki2+2k2,2—2k171(2k2,2+1)+1 4kf 912k 2—2k11(2k2,0+1)+1
T[( ) ) 4kq 2 4k%2+k1,1(2_41@72)_,_%212_1 s
L 4k%72+2k2,2—2k21,1(2k’2,2+1)+1 4]9%72"!‘2]?2,2—2]61,1(2/62,2-1-1)-1—1
B 4k%72+k}171(2—4]{:2,2)4-2](:2,2—1 4k1 o
T(1,2) 4kT o+k1,1(2—4k2,2)—2k2 o+1 kT 5+k1,1(2—4kz2 2)—2k2 2+1
’ 4k1,2 2(2k1,141) )
| 4kT oFk1,1(2—4ko,2)—2ko2+1  4k] +k1,1(2—4k2,2) 2k 2+1
[ 2—4ks 2 Ak o
—4k? ,—2kg o+k1,1(4dko,2—2)+1  —4k? ,—2ko o+k1,1(4k2,2—2)+1
T1(2,2) : o A
L —4kf¥2—2k2,2+k1,1(41@2,2—2)4—1 —4k%,2—2k2,2+k1,1(4k272—2)+1

One can see that equivalence relations (5.20) and (5.23) are satisfied, and parity anomaly puts

strong constraints on the k;; in (5.35).

Quiver reduction

Giving some specific values to Chern-Simons levels,

k‘fjﬁ may be problematic. This is case

when effective Chern-Simons levels have poles or vanishing determinant for some mirror dual

Ta,n theories

* ok
eff a
b

* 0

We call this phenomenon quiver reduction.
kg2 = £1/2, etc., then the effective mixed

or (5.36)

det kij =0.

ola. ol %

For example, in (5.35), if we set k1 = £1/2,

Chern-Simons levels are problematic. It turns
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out that when quiver reductions appear, the Gaussian formula (A.41) cannot be used as
det A = 0. In this case the contour integrals of sphere partition functions contain some Dirac
delta functions that reduce the rank (dimensions of the contour integral) of gauge groups.

Therefore some gauge nodes are redundant and should be integrated out.

Chern-Simons level decomposition and charge vectors

In this section, we discuss the relations between Chern-Simons levels and charge vectors. We
consider theories with chiral multiplets of arbitrary representations that are specified by their
charges under gauge groups. We note that charge vectors and Chern-Simons level matrices
are exchangeable.

The generic theories with gauge groups U(1); xU(1)2x---x U (1) and N chiral multiplets

have partition functions

N .
i xTK x+2imETx iQ
ng,(K,P):/dxe imxTK x+2iné Hsb(?—P?-x), (5.37)
i=1
where x = (z1;29;--- ;zx) is a N x 1 matrix, and P} are charge vectors for chiral multiples.
We define
P:= (p17p25"' apN)v (538)

where P, = p; and y := PTx
We can change variables, ignore the Jacobian constant, and absorb charge vectors into a

new mixed CS level and FI parameters. Then (5.37) is transformed into

Zgs(K',1) = /d e”yTK’y+2”5’TYﬁs (@ ) (5.39)
Sy ’ - y il b 2 Yi), .

K =P K- PHT, (5.40)

§=Ph-¢. (5.41)

If K is symmetric, then K is also symmetric. Both K and K’ can be decomposed in the

orthogonal basis and have the same eigenvalues A

K=Q'AQ )" =Q"AQ, (5.42)
K=F"!H K- PHY =@ 'A@Q 7, (5.43)
Q =QP. (5.44)

Moreover, using (5.42), one can transform (5.37) into theories with diagonal Chern-Simons levels

but complicated charge vectors

ng(A,QP):/dz —imaTAzi2in (Q)" Hsb<—— (QP)T ) (5.45)
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where x = QT z. We call it charge vector form.
To summarize, one can either transform generic theories (5.37) into 74 n theories (5.39)
with mixed CS level K’ and simple charge vectors 1, or into the charge vector form (5.45)

with diagonal CS level A and complicated charge vectors QP
(K,P) = (K',1) or (A,QP). (5.46)

The associated effective superpotentials for these three forms are equivalent. Hence these
partition functions are supposed to describe the same mirror theory. In addition, we note
that if K is real positive definite, then using Cholesky decomposition K = LTL, (5.37) takes

another form
INT irx'Tx!' 124 L_1TT/N ZQ T\
Zgs(1,(L)TP) :/dx’e—“fx x+2im ((L7)7TE) x HS”(?‘ (L YH)'P)! -x’), (5.47)
i=1
where X’ = L x.

5.2  Mirror transformations on chiral multiplets

In this section, we show that U(1)x + NpF + NarpAF can be transformed into certain 74 n
theory after implementing mirror transformation (1,1,---,1) and integrating out the original
gauge node U(1)g:
(1717"' 71)
U(l)k—i-NFF-f—NAFAF —>7:47NF+NAF’ (548)
This gives rise to an indirect way to perform mirror transformations on chiral multiplets in
U(l)k + NpF + NapAF.
We take U(1) + NF as an example. Applying mirror transformations on each chiral

multiplet NF, one can get a T4 n theory. This process is illustrated in the following

a mirror :‘ ,’ (5.49)

This is particularly interesting, as it implies that mixed Chern-Simons levels emerge from mir-
ror transformations. In addition, if we act the mirror transformation group on this 74 n theory,
we get many others T4 n theories with the same rank but different mixed Chern-Simons levels.

In this section, we analyze sphere partition functions of U(1) + NgF + NorAF and dis-
cuss the consequence of mirror transformations on FI parameters. It turns out that mirror

transformations on chiral multiplets only flip the signs of real mass parameters. We verify this

100



CHAPTER 5. 3D MIRROR SYMMETRY AND MIXED CHERN-SIMONS LEVELS

conclusion by analyzing both sphere partition functions and vortex partition functions. We
find that the vortex partition function of U(1) + NF can be written as the vortex partition
function of T n theory, from which effective Chern-Simons level matrices of the latter can be
obtained by taking semi-classical limit 7 — 1. These mixed Chern-Simons levels are the same
as what we obtain from analyzing sphere partition functions associated to various mirror dual

Ta,n theories.

Sphere partition functions

We take U(1)r + NF theory as an example. Its sphere partition function can be transformed
into that of 74 n theory

Z;]g(l)kJrNF (1,1,-,1) Z;C?,N' (5.50)
b b

The associated sphere partition function for U(1); + NF is

N .
Zgg(l)k-i-NF _ /dCE efiwkx2+2i7r§mHSb(§ +r+ %) ’ (551)
=1

which in the semi-classical limit (5.51) gives the effective superpotential

N
W(e]f{l)k-i-NF =) Lis(XYi) + &7 log X + erﬁ(lOg x)°, (5.52)
=1
kcff:kJrE, feﬁ:l(iTrN—élbwf%—log ﬁy) (5.53)
2 2 =1
X =¥ Y; = —/q ™ (5.54)

The above superpotential is consistent with the fact that the one-loop contribution of each fun-
damental chiral multiplet F to k¢ is 1 /2, and anti-fundamental AF to ket is —1 /2. Moreover,
parity anomaly constrains effective Chern-Simons levels k*f € Z. The mirror transformation
(1,1,---,1) replaces each double sine function sp(---) given by chiral multiplets into a con-
tour integral via (5.15). Hence we get the sphere partition function for the dual T4 n theory
on the right hand side of (5.50):

N . N
—Tmikijyiy;+2mi &y 1Q

N
>
Ta,N Pl
ng’ = /ll |1dyi ehi=1 | | Sb(f2 — yi) , (5.55)

=1
. N .
~ 1 2 - iQ uy 2 1Q
Bools o2 _iQ w_ (-3 (94 my),
Y2 2k N S=7 15 2k+N§ ;(4+4)
where mass parameters u; can also be absorbed into new FI parameters §~Z When k = —N/2,

(5.55) is ill defined because there is a pole in &. We will show in examples in section 5.2.1

that when k = —N/2, this pole can be bypassed and we end up with a mirror pair found by
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Dorey and Tong in [53, 108].

Once a particular T4 n theory with mixed Chern-Simons levels in (5.55) is constructed, one
can get many equivalent mirror dual theories by implementing mirror transformations. After
ruling out the theories with parity anomaly, many integer effective mixed Chern-Simons levels

can be obtained, and each of them corresponds to a mirror dual 74 x theory.
Vortex partition functions
As we have discussed in section 4.2, the open topological string partition function (3.109) can

be written in a quiver generating series (quiver form); see e.g. [81, 85, 10]:

Z;}(Erlt)ix+NFF+NAFAF =Zo- Poij (3717 T me) ) (5.56)
with

Zo — (1, @)oo (02, @) o (AN, @) g (5.57)

(ﬁla Q)oo (527 Q)oo e (IBNF*hq)oo '

Here we show one particular quiver by choosing variables x; as follows

_fh B BNp-1
Pcij(LUO)Ilu'”)xm):PCij <q 2 2,00, QN R ﬁv'”u \;a >7 (558)
where the quiver matrix Cj; is
[ f+1]1 ... 11 ]
1 1 ... 0j]0 ... O
Ci((5.56)) = 1 (0 ... 1({0 ... 0], (5.59)
1 010
| 1 0O ... 0]0 ... 0|

which has size (Np + Nar) X (Np + Nar). Based on various examples in section 4.2, it
can be summarized that the framing number f in open topological strings is related to the

Chern-Simons level

Nr — Nar

fH1=kT=k+ 5

(5.60)

Note that there are several ways to write vortex partition functions in term of quiver generating
series, since there are two equivalent ways to choose variables in (3.123) and (3.124). We have
the freedom of flipping any variable x; — q:z:i_l; this leads to another matrix C{j. All
variables x; can be flipped one after another, and finally one can get a chain of {Cj;}.
Invoking the mirror symmetry, we find a physical interpretation for the quiver structure

(3.115) and Cj;. Recall that (3.115) implies that the vortex partition functions of U(1); +
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NpF + NapAF theories can be rewritten in the quiver form Pg,;(z;). We note that Zj is
actually related to the one-loop part Z1°oP = Zy L on the Higgs branch

N
Z[l]—loop PN _ Hj:Fl (/Bj7q)oo (5 61)
1 N ’ :
() +NpF+Nar TT¥4F (v, q)
and then (3.115) reads
1-1 t
ZU((I);):JrNFFJrNAFAF AU NeF4Nap AF (25 a5 B5) = Poy; (i) - (5.62)
Moreover, vortex partition functions (5.12) of T4 n theories also take a quiver form
ff
Zy s (K5 i) = Py, (@) (5.63)

hence we conjecture that C;; = kfjﬁ and U(1)y + Np F + Nyp AF can be regarded as cer-
tain 74 n theories. Then vortex partition functions of U(1); + NpF + NaopAF theories are

conjectured to be vortex partition functions of corresponding 74 ny theories

1-1 rtex
ZU((l);):+NFF+NAFAF(O‘i>6j) ) le}czlt)ek—&-NFF-i-NAFAF(za O‘i>5j) = ZTA,NF+NAF (). (5.64)

This is verified to be correct in various examples of the following section. We stress that
the one-loop part of 74 n theory on the Higgs branch is trivial, hence the vortex partition
function involves the holomorphic block for T4 n theories, see e.g. [105]. Note that by now
the correspondence between U(1)r + NpF + NapAF and T n theories is a conjecture, based
on the equivalence of vortex partition functions; we can prove this conjecture using sphere
partition functions and mirror transformations (5.50).

There is still one problem left: what are the relations between these equivalent quivers?
The answer is that each Cj; is the k:f]ff of a mirror dual theory, and mirror transformations
relate different quivers. Firstly, mirror transformations relate mirror dual theories

) (1, ANp+N4p)

T[(n17 3 NNp+Nap T[(nl S SPERE s ONL+Nyp T iNF"I‘NAF)] ) (565)

which relates effective mixed Chern-Simons levels

?ﬁ’ (n1, NNL N, ) flipping some z; — x;l k?ﬁ’(nl—i_il N4 N g FINp N ) (5 66)

ij i , .
where x; = a; or 8;. We will show in examples that these equivalent kfjﬁ can be obtained by
performing mirror transformations on sphere partition functions. In terms of vortex partition
function of corresponding T4 n.+n, theories, mirror symmetry acts as flipping closed Kahler
parameters a; — a;l or 3; — B;l(or in other words, changing the sign of real mass parameters
u; — —u;, since the closed Kahler parameters equal to mass parameters and FI parameters

Q; 752, ~ eﬂbui 2~ e2b7r§)'
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5.2.1 Examples
Ul +1F

Ti, (1) — [1] theory is a basic example. Its sphere partition function is given by (3.73). We

shift z and absorb the mass parameter in é and obtain

7T = / dx eQ“if”I*i”st(g —z). (5.67)
The mirror transformation group (7 1) in this case is
H(Tan) ={(0),(1),(2)}, (5.68)
which leads to mirror dual theories
{ 7o), TI(V)], TI(2)] }. (5.69)
Mirror transformation (1) relates them as follows
TI0)] 5 TI(W)] 5 TI2)], (5.70)
namely,
v +1F 2 v+ way +1F) Y v+ 0y + 0@ +1F),  (5.71)

which are the following quivers after integrating out old gauge nodes
(1) / (1) 7

Their sphere partition functions are

S . 9 ZQ
Z;j[O] :/dxe%m&x knix sb(——x),

2
Lz . 2 .
7-[1] . T(Q—2kQ—8i&)x+i(3—2k)mx ZQ
ng = /dx e 2R 55(7 —x), (5.73)
2 T(Q+2kQ+8i€)z+i(3+2k) w2 7
Z7;[ - dre —2+4k sb(g — ac) .
Sy 2

It is obvious that mirror transformations change Chern-Simons levels and FI parameters signif-

icantly. By taking semi-classical limit and using formula (5.6), one can read off Chern-Simons levels
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and FI parameters

Tl0]: (K = % +k, €0 = ol +in(1 - bQ)k + %T ),
e 2k=1 gqy 4wl im(2k —140Q)
Tl (kg BETERRR T 142k 1+ 2k ) (5.74)
off,(2) _ 2 oft,(2) _ 1(=2m + br@Q — 4ibr§)
TR Ok = g €7 = 2k — 1 )

As we discussed before, mirror transformations permute mirror dual theories. The permutation
T10)] = TI(W)], TI(1)] = TI(2)], T(2)] = TI(0)] (5.75)

is given by mirror transformation (1), and the mirror map is

- Can s 342k o i(Q + 2kQ + 8if)
The permutation given by mirror transformation (2) is
TI0)] = TI(2)], T(2)] = TI(V)], T[(1)] = T[(0)], (5.77)
whose corresponding mirror map is the reverse of (5.76)
(k,f) N (k:”,é”) . k// _ -3+ 2k & i(_l + 2k)Q — 85 ) (5.78)

244k T > 4+ 8k

Similarly, one can analyze generic T4 ny theories.

Figure 5.1: Calabi-Yau threefold C? with a Lagrangian brane.

The toric diagram for the theory Ul)y + 1F is shown in Figure 5.1. By (3.109), the open
Kihler parameter for the Lagrangian brane on Calabi-Yau threefold C? is ¢/t1/2z where f
is the framing number. To match it with the FI parameter in the vortex partition function
(5.12), we identify

O _ (—1)kq*§e2bﬂé _ (_1)f+1q*f%lz7 (5.79)

which implies that the framing number f relates to the CS level k, and the open Kéhler

parameter relates to the FI parameter

F=k—1/2, z=q\/4edE, (5.80)
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U(l)g +2F

We turn this theory into a T4 y theory

Z(l)k+2F (1,1) ZTA,Q

59 —Zg", (5.81)

where ZST;"2 is given by (5.55) with N = 2. We perform mirror transformations (nj,ns) €

H(Ta2) and take the semi-classical limit to read off effective superpotentials. For simplicity,
) and find the following

eff,(n1,n2) eff,(n1,n2)
» &

we denote mirror dual theories by T[(n1,ng)] : (k;;”

.82)

results
[k 1 m(2i(k—1+bQ—2ib§)+(b+2bk)u1 —bus)
T1(0,0)] : ( i }fk] ; [ 7r(2i(k71+bQ722gll)g_)li)bu1+(b+2bk)u2 ] ) )
| "Itk T+k 2(1+k)
k=1 1 (2ik+4bE+b(2k—1)ug +bug)
T[(07 1)] : ( i kl] ) [ 7[)77(4&_”?{7_(14_2]@112) ]) ’
| % & 2k
1 1 (Qi — ZbQ + bu1 — bUQ)
Tio2): (|, | L ,
+k 57 (—=2i(bkQ — 2ib + bQ — k — 2) — uz(20k + b) + buy)
__l 1 mb((2k+1)u1+4€—u2)
T1(1,0)] : < lk kk] [ﬂ(b 2%k— 1)u2+4b§+bu1+21k’)] )
| % %
1 L (u1(b—2bk)— 4b£+21bQ bug—41)
TI(1,1)]: < E ]k] [ m(b(2k— 1)u2+4bg )2sz+bu1+4z)] )
| T—% % 2(k-1)
0 -1 i(bQ — 1) — buy + buy
7I(1.2): ; N, )
-1 k s (=2i(k(bQ — 1) — b(Q + 2i&) + 1) + ua(b — 2bk) — buy)
I 1 _ _9)_
T12,0)] k+1 1 , 5T (—2i(bkQ — 216 + bQ — k — 2) — u1(2bk + b) + buz)
I 1 1 (—ZbQ — buy + bug + 2i)
I _ 1 _1)— _
T12.1)] k 1 , 5T (—2i(k(bQ — 1) — b(Q + 2i§) + 1) + u1 (b — 2bk) — buy)
-1 0 7 (ibQ + buy — bug — 1)
(5

Because of the exchange equivalence n; <+ nj, there are only two independent theories. We
choose { T[(2,0)], T[(2,1)] }, which are related by the transformation (0, 1)

(0 1)

T[(2,0)] —= T[(2,1). (5.83)

The toric diagram for U(1); + 2F is shown in Figure 5.2. It follows from (3.109) that the

vortex partition function takes form

f+

o0 n2, —EL \n
Zvortex o Z (_\/a)(f+1) (q 2 Z) 1

Ul)g+2F — )
§ = (¢, Dn (B:49),,

(5.84)

which along with the one-loop part, takes form of the vortex partition function of a 742

theory. However, there are two equivalent forms of (5.84), as we discussed in section 5.2, and
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7

Figure 5.2: The toric Calabi-Yau threefold with a Lagrangian brane, which engineers U (1) +
2F theory.

each form corresponds to the vortex partition function of a particular 74 2 theory

vortex 1-loo vortex
ZTA; = ZU(1)5+2F Z (t)k+2F (5.85)
[e'e) Z kcff (2, O)d dJ Z (/8/ )d2
= Y (v e (5.56)
Pl 0 Dar (0, 9)dy
00 Z keff ,(2, l)d d z (qﬁ )
— —\/q i,j=1 —_— 5.87
2 (Var @00 @ 9a (5:87)
1,d2=

where we have absorbed the framing number and some factors caused by flipping 5 into z. It
can be noticed that (5.86) is the vortex partition function for theory 77(2,0)], and (5.87) is
the vortex partition functions for theory 7(2,1)], and flipping mass parameter 3/,/q — ¢ -1

relates effective Chern-Simons levels

eff,(2,0) flip B eff,(2,1)
k:ij _— kij .

(5.88)

This flipping is interpreted as mirror transformation (0,1), as (2,0) + (0,1) = (2,1).

The relations between Kahler parameters z,q;,3; and gauge theory parameters u;,§
can be obtained by comparing with (5.12) where the variables x; are defined to be z; :=
(— 1)"76‘-{656Ff For T7[(2,0)], the relations between Kéhler parameters and gauge theory param-

eters are given by
( — i z, 5/\f) (( )2k+1q—ﬂ —bru1 (§+k) gbruz /2, —2bmé ’ _ebw(uQ—ul)/\/a) : (5.89)
while for 77[(2,1)] the relations become
(q—%z 7 qﬁ—l) _ ((_l)k-l-lq—}“2;1ebﬂul(%—k)e—brrug/Qe—Qbﬂ-f 7 _\/Z]ebrr(ul—UQ)) _ (5.90)
If u1 = 0, the relations between z, 8 and u;, & simplify to z ~ €207 | 3 ~ ebmu2,

Ul)s+1F + 1AF

The sphere partition function for this theory is

inka 7 u t u
Zé?s)kHFHAS /da: g2rér—ink 28b(§ +x+ %)Sb(g —x+ 32) ) (5.91)
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which after the mirror transformation (1,1) becomes that of T4 2 theories

1F+1AS (1.1 T
+1F4 ( )ZA,Q

(D
Z e,

5 (5.92)

where

. k—1/(.2 2 im(—ikQ—(2k+1)uy —4£—iQ—u9g) im(—ikQ—(2k+1)ug+4£—iQ—uq)
Z@’Q = /dyldyz = {Uat pi=sy - SETD) Sy
b

« sb(§ _ yl)sb@ ). (5.93)

Implementing mirror transformations in #(74,2), we obtain mirror dual theories as follows

Mk 1 (w1 (2bk+b)+4bE+bug+2ik+217)
1+k 14k 2(k+1
71(0,0)] : ( 3= 1#] : [w(m(2ib§+k+1()++u£(2bk+b)+bu1)] )
itk 1+k 2(k+1)
=11 7(20(—2ibE-+bQ+k—2)+b(2k—1)uy —bus)
T1(0,1)] : ( M _If] : [ s (25 b)— A —2ibQ-+buy +40) ] ) ,
L7k TE 2%k
7_[(0 2)] . 1 —1 Wb(iQ—l—ul-i-uz)
SO\ 14k (—2ibkQ — uz(2bk + b) + 4b€ — buy + 2ik)
[ 1 1 (w1 (2bk+b)+4b€ —2ibQ+bua+41)
T1(1,0)] < _i kki] [ﬁ(zz (20bE-LbQ+h—2) L b(2Zh—1Yua— bul)D ;
L & k 2k
M1 wb((2k— 136u1+4£ u2)
— _ 2 1
T[(lal)] : ( E 1] [ ((1—2k uz+4)1£+u1) ]) ’
| F—1 k 2(k—1)
TI(1.2)] 0 1 7 (—ibQ — buy — bug + 1)
SO\ k][5 (—200kQ + ua(b — 20k) + 4bE + buy + 2ik +2i) | )
Fi2.0): k+1 —1]  [—Lim (26kQ — iuy (2bk + b) — 4ib€ — ibuy — 2k)
O -1 1 ’ b (1Q + u1 + u2) ’
& 1] [im(—2i — 2bk) — 4 2ik + 2i
T1(2.1)] k ’ 57 (—2ibkQ + ulﬁb bk) — 4b¢ + byg + 2ik + 2i) ‘ (5.94)
10 7 (—ibQ — buy — bug + 17)

Because of the exchange relation n; <+ n;, there are only two independent mirror theories with
integer effective Chern-Simons level matrices. We identify these theories as { 7[(2,1)], 7[(2,0)] },

which are related by the mirror transformation (0, 2)

(0,2)

T((2,1)] T((2,0). (5.95)

The corresponding toric diagram for U(1)x + 1 F 4+ 1 AF is shown in Figure 5.3. Following

(3.109), its vortex partition function reads

o (_ \(fH)n n
Zvortex Z( \/a) z (CY,(])n (596)

F+1AF — )
VIR EFLAR = oo (4:9)n
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Figure 5.3: The toric diagram for the Calabi-Yau threefold engineering U (1) + 1F + 1AF.

which in combination with the one-loop part equals to the vortex partition functions of
T1[(2,1)] and T(2,0)] theories

_ r71-loop vortex
ITan = ZU(l)kJrlFJrlAF ZU(l)k+1F+1AF

2
e o] Z kffy(z’l)didj zdl adQ
- Z (_\/a)i’j:1 -_ (597)
di da=0 (¢ 0)a, (4, 9)ds
2 X
Tl O (5.98)
= —v/q)"= —_— .
d1,d2=0 (qa Q)dl (Qa Q)dg
1,a2=—

where the second line is for 7[(2,1)] theory and the third line is for 7[(2,0)]. One can see that

flipping the expansion parameter o — /q a~ ! relates two effective mixed Chern-Simons levels

g2 o, pefhz0) (5.99)
and this flipping is caused by the mirror transformation (0, 2).
U(l),+3F
This theory can be turned into a particular T4 3 theory
Dp+3F (L,11) T4
qug)k = 2 (5.100)

Following (5.55), we get the sphere partition function of the corresponding 74 3 theory

3 .
T, Lot —amthe: assass ’LQ
70 = / [T dysesrsimmimsimmn gy (2 g, (5.101)
,j=1
_i(2k=1) 2w 2im _ m(2kQ—4i(k+1)uy —8i§ —3Q+2iua+2iu3)
6+4k 3+2k 3+2k 1k+6
b — % _ i(2k—1) 2in g{ _ | m(2kQ—4i(k+1)us—8i€ —3Q+2iu1 +2iug)
o 3+2k 6+4k 3+2k »SE T 4k+6
2w 27 _i(2k—1) _ m(2kQ—4i(k+1)uz—8i{—3Q+2iu1 +2iu3)
3+2k 3+2k 6+4k 4k+6

(5.102)
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By acting with mirror transformations on the sphere partition function, we get many mirror

dual theories with integer effective Chern-Simons level matrices kfjﬁ »(n1,n2,n3)

1o 1 10 1 1 1 0
T1(0,0,2)]: {0 1 1 |, T[(0,1,2)]: {0 0 -1 |, T[0,20)]:|1 k+3 1|,
11 k+3 1 -1 k+1% 0 1 1
1 1 0] [k+3 11 k+3 1 —1]
T0(0,2,1)]: |1 k+3 -1, T[200]:| 1 1 0|, T{201)]:| 1 1 0],
0 -1 1 101 | -1 0 0
[0 0 -1 ] [0 0 -1 [0 -1 0
T[(17072)]: 0 1 1 ) T[(1,1,2)]2 0 0 -1 ) 7’[(1,2,0)]: -1 k+% L
-1 1 k+1] -1 -1 k—3 L0 1 1]
[0 -1 0 [k+3 -1 1 (k-1 -1 -1
TI(L,2,1)]: | -1 k=3 -1/, T[(2,10)]:| -1 0 o0, T(2LY]:| -1 0 0
0 -1 0 10 1 -1 0 0
(5.103)

Because of the exchange relation n; <+ n;, there are only four independent theories. We choose
{T1(2,0,0)],71(2,0,1)],7[(2,1,0)],7[(2,1,1)]}. Their effective Chern-Simons levels matri-
ces and effective FI parameters are

E+3 11 37 (—2ibkQ — 2b(k + 1)ug — 4b¢ — 4ibQ + bug + bug + 2ik + 7i)
T((2,0,0)] : 1 1 0|, 7 (—1bQ — buy + bus + 21)
1 01 7 (—ibQ — buy + bus + 2i)
[k+1 1 —1|  [ir(—2i0kQ — 2bku; — 46€ + buy — bug + 2ik + i) |
T1(2,0,1)] : 1 1 01, 7 (—ibQ — buy + bus + 2i) ,
L —1 O O_ L W(ibQ*l’bul*bUg*i)
[k+1 -1 1] [ir(—2i0kQ — 2bku; — 4b€ — buy + bug + 2ik + i) |
T((2,1,0)] : -1 0 o0f, 7 (ibQ + buy — bug — 9) ,
1 o 1 | 7 (—ibQ — buy + bus + 2i) |
(k-1 -1 -1 1 (—2ibkQ — 2b(k — 1)uy — 4b¢ + 4ibQ — buy — bug + 2ik — 5i)
T(2,1,1)] : -1 0o 0], 7 (1bQ + buy — bug — 17)
L -1 0 0 W(ibQ"‘bul—b’U@—i)
(5.104)
These four mirror dual theories are related by
0,1,0
7((2.0,0)] — " T((2,1,0)]
l(o,o,l) l(0,0,l) (5.105)
0,1,0
71(2,0,1)] %% 72,11 .

The toric diagram for U(1); + 3 F is shown in Figure 5.4. Using (3.109), its vortex partition
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; B2/ b1

7_2_?1

Figure 5.4: The toric diagram of the Calabi-Yau threefold engineering U(1); + 3F in the

presence of a Lagrangian brane.

function is given by

o (v
AL A 5.106
e = 2 G, (), (5:106)
which can be written in terms of vortex partitions of the four dual theories in (5.105):
_ r71-loo vortex
Loy = ZU(l);f—f-?,F ' U0(1)9}€+3F (5.107)
00 eff,(2,0,0)
= Z (_\/a)z]z1k did; 2% (51/\/21)d2(52/\/§)d3 (5.108)
P (¢ 9)a, (4, 0> (0, @)
o) eff,(2,1,0)
_ Y \@”Zlk Vdid; 21 (g B2 (B ) 5109
dyda.dz=0 (Qa q)d1 (Qa Q)dz (Qa Q) ds
[e'e) eff,(2,0,1) ; _
= Z (_\/a)zgz:1k did; o (Br/ VD)™ (g By ") (5.110)
i (4,01 (¢ @)d> (25 @) as
00 off (2 1,1) _ _
o (q, Dar (¢, D> (¢, D)y

It is obvious that mixed Chern-Simons level matrices for these mirror dual theories are related

by flipping closed Kéhler parameters ;

eff,(2,0,0) flip B eff,(2,1,0)
kij kij
J/ﬂip B2 lﬂip B2 (5112)
keff,(2,0,1) flip 1 keff,(2,1,1) ‘

ij

ij

Therefore, to match with (5.105) the flipping 51 should correspond to mirror transformation

(0,1,0), and flipping 2 corresponds to (0,0,1). This confirms the fact that mirror transfor-

mations are interpreted as flipping Kahler parameter x; of vortex partition functions of 74 n

theories.
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Tong’s mirror pair

When k = —3/2, the dual T4 3 theory given by (5.55) is problematic as there are poles in IZ:U
Nevertheless, it is possible to bypass these poles and end up with a well defined 74 3 theory.
The procedure of addressing this problem is as follows: firstly we do not give values to k& and
act with (2,0,0) on the partition function, and in the end we set k = —3/2. This leads to
a well defined partition function that can be viewed as that of the original theory. This new
original theory T} 5 is given by mirror transformation (1,1,1) + (2,0,0) = (0,1,1). More

explicitly, its sphere partition function is obtained in two steps

ZSUE(l),g/QJrsF (1,1,1) . (2,0,0) Z;t;f,":; ’ (5.113)
where
Z;é’s = /dazldxgdacg etermsb(g - $1)5b(§ - $2)5b(§ - :103) , (5.114)
term := %m’ (2 — 23 —22) -7 (Cj +dug — iu2> To— T <C§ +iug — iug)
- <Q + 2i¢ — %(ul +ug + U3)> —2mi (zo + x3)77 - (5.115)

Furthermore, when acting with the mirror transformation (1,0, 0) on this new original theory
Th 3 one gets T 5((1,0,0)]

U(l),3/2+3F (1,1,1) o (2,0,0) o (1,0,0)

T4,31(1,0,0)]
58 A .

z :
Sp

(5.116)

Here, we encounter quiver reduction for 7} 5[(1,0,0)] that turns out to have a reduced quiver.

Its sphere partition function, after shifting xo — —xo, us — —3iQ + 4 — uy — ug, is

ZA%@[(LO,O)] = /dxgdxg eCS termssb(g + acg)sb(g - xg)sb(g —x9+ 13), (5.117)

CS terms = —im(23 + 23 — xox3) — im(u; — uz)w3 — 1(3Q + 4i & — 2iug — iuz)zs .

The integral dimension for this theory is two and hence the gauge group is U(1) x U(1).
Since (2,0,0) + (1,0,0) = (0,0,0), (5.117) is equivalent to the problematic sphere partition
function given in (5.55) with & = —3/2. The associated bare CS level matrix for (5.117) is

kij = [ ! _5] , (5.118)

1
-1

and the associated chiral multiplets have charges (—1,0), (1,—1), (0,1) respectively. It is

easy to draw its quiver diagram

1IF —U(1) - U(1) - 1F . (5.119)
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Interestingly, we obtain a mirror pair found by Dorey and Tong in [53]

U(1)_3/2 + 3F,
with k = —-3/2,

2 -1
and k°T =0 and krfjﬂr = [ ]
-1 2

1 -1
1IF -U(1)-U(1) - 1F with k;; = 1 21 .
(1,1,1) -5 1

(5.120)

In this case the mirror transformation is (1,1,1). This example illustrates that mirror trans-

formations can be used to derive mirror dual pairs with the help of T4 y theories.

U(1)y +2F + 1AF

The sphere partition function for this theory is

U(1)x+2F+1AF —inka? | (1Q uy iQ ugy  1Q u3
ng( Jorzrs Z/dxe%&x imkz Sb(?‘f‘x—l-?)z?b(?—$+?)Sb(?+x+?).

(5.121)

Due to parity anomaly, the bare CS level k € Z + 1/2. Mirror transformation (1,1,1) turns
this theory into a T4 3

7)1 +2F +1AF (1,1,1) STas (5.122)

s3 s3

The open partition function for Ty 3 is

3 .
T, JP S N (3
ZSSAYS — / H dyz 627Tfiyz ik YiY; Sb(?Q — yz) , (5123)
,j=1
k=1 2 %m _ m((142k)Q—8i€ —4i(1+k)u1 —2iuz +2iu3)
6+4k 3+2k 3+2k 6-+dk
oo — | _ 2w (k=1 2ir 1| im(—i(5+2k) Q486 —2uy —4(1+k)up —2us)
L 3+2k 6+4k 342k R 6+4k
Qim _ %m _i(2k—1) im(—i(1+2k) Q—8E+2uy —2up —4(1+k)us)
3+2k 3+2k 6-+4k 6-+4k
(5.124)
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We list all integer effective CS level matrices obtained by mirror transformations in the fol-

lowing

T1(0,0,2)] :

T[(0,2,1)] :

T(1,2,0)]:

T((2,0,1)]:

1 0 1 10 1 1 -1 0
0o 1 -11, 7T[(0o,,2)]:l0 0 1 |, 71(0,2,0)]: |-1 k+32 -1},
1 -1 k+3] 11 k+3 0o -1 1
1 -1 0] [0 0 -1 0 0 -1
-1 k+3% 1|, Tl(,0,2)]: {0 1 -1 |,7[(,1,2)]:{0 0 1 [,
0 1 0 -1 -1 k+3 -1 1 k-3
1 0] o 1 0 k+2 -1 1
1 k+1 -1, T(x,2,1)]: |1 k-% 1|, T[2,00)]:| -1 1 0},
-1 1 o 1 0 1 0 1
k+4 -1 -1 k+1 11 k—1 1 -1
-1 1 o0|,T7l210]:| 1 0 o, TH2,1]:| 1 0 0
-1 0 0 0 1 -1 0 0
(5.125)

They satisfy exchange equivalence n; <+ nj, so there are only four independent theories

{T](2,0,0)], T[(2,0,1)], T[(2,1,0)], T[(2,1,1)] }. (5.126)
The associated effective Chern-Simons levels and effective FI parameters are
L4k 101 17 (—2ibkQ — 2bkuy — 4b€ — 2ibQ + bua + bug + 2ik + 5i)
T((2,1,0)] : 1 0 of, 7 (—ibQ — buy — bug + 17) ,
! 0 1 m (—ibQ — buy + bus + 27)
(5.127)
k+3 -1 1 17 (—2ibk@Q — 2b(k + L)uy — 4b¢ — 2ibQ — buy + bugz + 2ik + 31)
T1(2,0,0)] : -1 1 of, b (iQ + u1 + uz)
! 0 1 7 (—1bQ — buy + bugz + 21)
(5.128)
[k+1 -1 -1 —Lim (2bkQ — 2ibkuy — 4ib€ — 2bQ — ibug — ibuz — 2k + 3)
T((2,0,1)] : —1 1 0], b (iQ + u1 + u2) ,
L —1 0 O W(le—Fbul —bU3—i)
(5.129)
(k-1 1 -1 17 (—2ibkQ — 2b(k — 1)ug — 4b€ + 2ibQ + bus — bug + 2ik — 1)
T1(2,1,1)] : 1 0 o}, 7 (—ibQ — buy — buy + i)
L —1 0 0 W(ZbQ+bU1 71)’11,37@‘)
(5.130)
These four mirror dual theories are related by mirror transformations
0,2,0
7I(2,1,0)] 2% T7((2,0,0)
l(070,1) l(0,0,l) (5.131)
0,2,0
Tl2,1,1)] —22% T7((2,0,1)].
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The toric diagram for this example is shown in Figure 5.5 and its vortex partition function is

Bl

Figure 5.5: The toric diagram for U(1); 4+ 2F + 1AF. Note that vortex partition function is
invariant under the flop transition on the Kéhler parameter .

2 (=)™ (a,q)
Z(\}czrlt)ex+2 FA1AF = Z n (5132)
g o (¢ Dn (8; ),

which along with one-loop part is equivalent to vortex partition functions of mirror dual

theories mentioned in (5.126)

1-1 Vi X
ITas = ZU((I);)E—FQF—}—I AF’ ZU(Zrlt)Z+2F+1 AF (5.133)
3
00 > EEL0 a0 dido ds
= Y am e O (5.134)
dy g ds—0 (Q7 Q)dl (Q7 Q)dz (q7 q)ds
o0 5 el (2,00, 4 —1\d d
. T 2T Bl O o il AV (5.135)
i (4,0, (¢, D> (2, @)y
3
0 Z k:5’<2’0’1)did" dy —1\d2 —1\ds
= Z (=)= 120 (vae" )™ B7) (5.136)
it (4, D)ar (4, 9)ax (4 @)y
3
0 > ETEIV g digda(, g—1Yds
- Y (v e C Lo (5.137)
b (@, Da, (4, 9)ax (0 @)

It is obvious that flipping o — \/aofl and 8 — /q3 ~! relates their effective Chern-Simons levels

keff,(2,1,0) flip a keff,(2,0,0)

1) )
lﬁip 8 lﬁip 8 (5.138)
kgff,(2,1,1) flip o kgff,(2,0,1)
ij 1j ’

Once again, this confirms that mirror symmetry can be interpreted as flipping closed Kéahler

parameters in vortex partition functions.
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IF — U(1), — U(L)y, — IF

This quiver theory has three chiral multiplets with charges (1,0), (p1,p2), (0,1) respectively.

The associated sphere partition function is given by

I F=UW) ~U(),=1F _ /d%ld%2 ik mad —ikomad+2mi(€121+6232) o

s
ZQ U1 ZQ U ZQ Ul
Sb(? +x1 + ?)Sb(7 +x2 + ?)%(7 +p1x1 + p2r2 + ?) .
(5.139)
After redefining parameters
logY; logY- log(—qgP1tp2—1)/2y, _;
Uy = o8 1, Ug 1= 08 2, uz 1= 0g(~¢ 3 —im(p1 +p2)), (5.140)
br br br

we get the associated effective superpotential in the semi-classical limit

ngfU(l)klfU(l)k271F = Lip(X1Y1) + Lio(X2Y3) + Lio (X' X5°Y3)+

1
2

+ p3
2

1+p%
2

p1p2

(k1 + )og X3 + TlogXllong—i—

1 1
)logXl2 + 5(1@ +

2
> (1 + p)mi + logYy + pilogVs + 2 ky — kjlogg — 4bw;)logX; .

=1
(5.141)
The associated effective CS level matrix is
14p?
k 1 pip2
T . 2l (5.142)
% kQ + 2p2

Similarly as before, mirror transformation (1,1,1) turn this quiver theory into a particular
Ta,3 theory:

ZlF—U(l)kl—U(l)kQ—lF (1,1,1)

Sy

z7as

5 (5.143)
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We list some effective CS level matrices given by mirror transformations

[ 1 1 _ b2
1 2k1lea%+1 2k1§§+p2
T[(O, 2, 2)] | 2p? T 2p? ) (5.144)
p2  _ 2kipatpy  Fapd 1(p3
L 1 2p? p%Q thy+3 (P% T 1)
[0 _ 1 Dp2
1 2k1+§%—1 p2—glk1p2
T1(1,2,2)] T p1 2p3 2p3 ) (5.145)
. k 2 2
5 e Sen-
5 2k +pi+1) p e
T1(2,0,2)] : P2 1 P2 : (5.146)
I p2 3 (2k2+p5+1)
r 2
ki—%+1 -p1 —ipip
T[(za 1, 2)] : —b1 0 —Pp2 ) (5147)
2
—ipip2 —p2 ke —% 43
[ 2k2p3+pi+p3 _2koprtp1  _p1
- A S
. 2kop1+p1 2ka+p5+1 1
T((2,2,0)] : — St 7217%2 R (5.148)
[ 2ka2p?—pi+p3 pi—2kep1 @
B R
. p1—2kapy 2katpy—1 1
T((2,2,1)] : 2 2p§2 1l (5.149)
PL _1
L P2 P2

It is obvious that if the charges p; and ps of the bifundamental multiplet are chosen properly,

there could be many mirror dual theories with integer effective mixed Chern-Simons levels.

5.3 Knot polynomials

We can also apply 3d N = 2 mirror symmetry to knot theory. It is found in [83, 84] that the
HOMFLY-PT polynomials of various knots K can be lifted to the form

N
i > > Cijdid; di ., AN
PR(a,,q) M PO, i 3 (mygpan LN ()
di,....dn=0 (q, Q)dl T (Q7Q)dN

which implies that knots correspond to quivers encoded in matrices C;;. This correspondence
is called knots-quivers correspondence (KQ) in [84]. In addition, some relations need to be

imposed on variables z;, such that

2i—Ci; Cii
2

PK(awxaq) = PQK (:Ul = xaaiq 2 (_t)

.q), (5.151)

where the parameter —t = 1 in the unrefined limit ¢ = ¢. On the other hand, 3d/3d cor-

respondence conjectures that colored HOMFLY-PT polynomials are equivalent to the vortex
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partition functions of some 3d N = 2 theories [6, 57]. Inspired by this and the quiver gener-
ating series (3.112), the authors in [93] conjecture that the lifted knot polynomial P@X (x,t)
is also associated to certain 3d N' = 2 theory T[Qx] with vortex partition functions, which in

the semi-classical limit takes form

dy; 1/~
pUx (x,q) 1=0, /H y—y exp 7 (WT[QK](X, y)+ O(h)) , (5.152)
— , ) Cy;
Wri0w) (%, y) = > Lia(yi) +log ((—1)%x;) logyi + Y #log yilogy; . (5.153)
i i,

By comparing (5.153) with (5.6), we note that the lifted HOMFLY-PT polynomials P9 (x, q)

should be vortex partition functions of T4 ny theories denoted as
Tan: (UL +1F)RN . (5.154)

Therefore Cj; play the role of effective Chern-Simons levels k:f]ﬂr and log ((—1)%z;) play the
role of effective FI parameters ffﬁ. The mirror transformations of T4 y theories enable us to

obtain a chain of equivalent integer matrices {Cj;}.

Trefoil.

We take trefoil as an example, since it is one typical example in the knots-quivers correspon-

dence [84, 93]. The associated knot-quiver matrix Cj; is

+f , (5.155)

N N = = OO
= = = = =
= = e
e e T e S Y
e e T e e S
e e T R e S S
e T e S S Y

e
W N NN~
W N W N
W W NN N
B W W W N

where f is the framing number for trefoil. We assume the original theory 77(0,0,0, 0,0, 0)]

for trefoil has effective Chern-Simons levels
ff, (0,0 1
Cij = ki 00 — s+ 0 (5.156)

and real mass parameters have been absorbed into shifted FI parameters 51 Implementing
mirror transformations H(746) on its sphere partition function, one can get many integer

effective CS level matrices.
Quiver reduction appears in this example as well. We find there is at least one gauge node

left, and it cannot be integrated out. More explicitly, mirror transformation (0,1,1,1,1,1)
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leads to the sphere partition function

T7[(0,1,1,1,1,1
ng[( )l

/ di o~ 3 OH14F+5 ) mia? i w (- LD Q81+ fE+ (14 s+ (1 +NEHHNE+2HNES) ) o

sb(g - x)sz{% +fx— 52)31,(% +(Q+f)z— 53)%(% +(1+flz— §~4)><
Sb(ii2 +(2+f)x_55)5b(%+(2—|—f)$—£6). (5.157)

The corresponding theory has a star shape quiver shown in Figure 5.6, which has one gauge
node U(1) and six chiral multiplets with charges {—1, f,1+ f,1+ f,2+ f,2+ f}. The FI
parameters 52,3,4,5,6 have been turned into mass parameters while & is still a FI parameter.

When f = 0,—1,—2, some double sine functions from chiral multiplets can be moved out of

Figure 5.6: The star shape quiver for a 3d A = 2 theory given by trefoil.

integral, so framing f plays a subtle role here. Moreover, mirror transformation (1,1,1,1,0,1)
also leads to a star shape quiver with one gauge node U(1) and six chiral multiplets with
charges {2+ f,2+ f,2+ f,2+ f,—1,3 4 f}. The corresponding sphere partition function is

7[(1,1,1,1,0,1
ng[( )l

/ do o= S(B0+24f+5 2 mi o bmi o (— 1200 Q- (261 + 260+ 2831284 +265+380) +f (G +Ea+Es +Eaths) ) o

(- + @+ D= E)sn(E + 2+ N = E)n(F+ 2+ 1o - E)x
(@ Na-&)a(G - o= &)u(F+ 6+ N2 -). (5.15%)

In this case, all F1 parameters §1 23456 are turned into real mass parameters.
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Chapter 6

3d brane webs and quivers

As we have discussed in chapter 4, some 3d A/ = 2 theories have brane constructions that
are given by Higgsing 5d theories, see e.g. [6, 48]. These 5d theories can be engineered in
M-theory by Calabi-Yau three-manifolds that are dual to brane webs in type IIB string theory
[27, 29, 49, 50, 51, 52]. In this chapter, we mainly discuss this Higgsing construction and 3d
brane webs. This chapter is based on [12].

3d N = 2 theories can be identified by some physical quantities, such as gauge groups,
matter content, Chern-Simons levels, real mass parameters, etc. These physical quantities
should be encoded in brane webs. For instance, the relative angle § between NS5-brane and
NS5’-brane is related to the Chern-Simons level [109, 110]. Turning on real mass parame-
ters should separate overlapped D5-branes in 3d brane webs, and decoupling chiral multiplets
should change effective Chern-Simons levels. Analogous to 5d A/ = 1 theories discussed in
e.g. [52], one can identify these physical quantities from 3d brane webs. In order to verify
conclusions, we compute vortex partition functions using topological string vertex method.
By computing various 3d brane webs and reading off Chern-Simons levels and real mass pa-
rameters from effective superpotentials, one can know how the brane webs encode data.

We show that there are many equivalent brane webs by turning on real mass parameters,
namely, separating the overlapped D5-branes in 3d brane webs. These equivalent brane webs
compose phases of 3d brane webs. A subset of these phases composes Higgs branch Mpy.
These equivalent 3d brane webs are related by flipping the sign of real mass parameters.
Moreover, flipping the sign of real mass parameters is equivalent to flipping the positions of
Db5-branes. The flipping of D5-branes can be interpreted in terms of 3d mirror symmetry for
the mirror dual T4 n theories, as we have discussed in chapter 5. Since each 3d brane web has
associated mixed Chern-Simons levels, we conjecture that there is a correspondence between
3d brane webs and quiver matrices. Besides, we can also move flavor D5-branes in brane
systems of 3d N' = 2 theories, which also leads to some equivalent brane webs.

In this chapter, we also discuss the nonabelian theories with a gauge group U(N,). By com-
paring with the vortex partition functions of nonabelian theories in [111, 112], we conjecture
that 3d brane webs for nonabelian theories on Higgs branch also have quiver structure.

The organization of this chapter is as follows: in section 6.1, we discuss the relations

between effective Chern-Simons levels and the relative angle between NS5-brane and NS5’-
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brane. In section 6.2, we discus real mass deformations that lead to equivalent 3d brane webs.
We also discuss the movement of D5-branes in this section. In section 6.3 we discuss 3d brane

webs and quivers for nonabelian theories.

6.1 Effective Chern-Simons levels

In [109, 110], it is found that the relative angle 6 between NS5-brane and NS5’-brane is related

to Chern-Simons level

k=-L = tano. (6.1)

q
We note that this angle 8 should relate to effective Chern-Simons levels, since there are one-loop
corrections from chiral multiplets. In this chapter, we mainly discuss effective Chern-Simons

levels for abelian theory, while the conclusion is also applicable to nonabelian theories.

Figure 6.1: In this diagram, all possible locations of D3-branes are denoted by blue nodes. A
D3-brane can be located on any fundamental D5-branes. Hence discrete points {A,B,C,...}
compose the Higgs branch Mpy. Note that each intersection point can be viewed as a local
conifold singularity on the dual toric diagrams in M-duality [2].

For abelian theory U(1)y + NpF + NapAF, the Chern-Simons level receives quantum
corrections from one-loop contributions, see e.g. [44, 45]:
Np  Nar
=4 - - 2 6.2
In particular, the effective Chern-Simons level is zero k¢ = 0 when the D3-brane is located on
any point {A,B,C,---} on the brane web shown in Figure 6.1, since in this case the angle
0 =0.
The range of the relative angle is important. If the angle is too large, there will be an
intersection between NS5-brane and NS5’-brane, which often cause complications. We consider

two cases N > Nap and Np < Nyp in the following.

Nr =2 Nar

The 3d brane webs in this case are illustrated in Figure 6.2. Since N is larger than Nap, the
NS5-brane bends to the right. The range of the relative angle is shown in this figure. We get
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Figure 6.2: The range of the angle  is shown in the web. In this web, the blue node stands
for the D3-brane.

a bound
kT = tan@ € [0, Np — Nar], (6.3)

which along with (6.2) leads to

Nar — Np c _ Np —Nar NF—NAF}

k = tan
an b+ 2 2 2

In particular, if Np = Nap, then k% = k& = 0.
According to (6.4), the bare CS level can be k = £3 for the theory U(1); + 1 F. In Figure
6.3, we illustrate the values of Chern-Simons levels for the theory U(1); + 2F, which has

different relative angles. There are only three choices K = 41,0 in this case.

k=1 k=0 k=-1

Figure 6.3: Note that the SL(2,Z) symmetry of type IIB string theory is preserved in 3d
brane webs, and hence only the relative angle matters.

Np < Nar and decoupling

In this case, the NS5-brane bends to the left and always intersects with NS5’-brane. Note that
intersections are allowed in 3d brane webs, as this kind of intersection can be also regarded
as a local conifold singularity that can be resolved by a blow-up. Intersections can also be
avoided by introducing additional fundamental D5-branes. Finally, one can decouple these

additional fundamental multiplets by sending the associated real mass parameters to infinity.

For the case Np < Nap, we prefer to firstly introduce some fundamental multiplets F
and finally decouple them. For simplicity, we add a particular number of fundamental chiral
multiplets F such that the new effective Chern-Simons level vanishes. We note that there are
two different cases, as illustrated in Figure 6.5. The first case (a) is that we introduce nF above

the original line, while in the second case (b) we introduce nF below it, where n = Nar — Np.
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Figure 6.4: When Np < Nap, there is always an intersection between NS5-brane and
NS5-brane.

i \

(@) (b)

Figure 6.5: The original lines are denoted by dashed brown lines. In the left brane web (a),
we add (Ngp — Np)F to avoid an intersection above the original line, and in the right brane
web (b), we add the same number of F below the original line to avoid intersection.

In both cases the new effective Chern-Simons level vanishes.

In this first case decoupling nF does not change the effective Chern-Simons level, because
if we decouple a fundamental multiplet F by sending the real mass parameter 8 — 0, its
contribution becomes trivial (ﬁ \/g , t);l — 1. The corresponding 3d brane web in this case
is shown in diagram (a) in Figure 6.4 with the Chern-Simons level k°F = 0.

In order to decouple a fundamental multiplet in the second case we need to flip Kéahler

parameter 3, namely

(L) = s

t n

and then send 3~! — 0. This operation leaves a factor (—\/i)*"2 that reduces the effective
Chern-Simons level by one. In this case, we can at most decouple Ngr — Nr number of F

and get a effective CS level
k% >0 — (Ngp — Np) = Np — Nap . (6.6)

This Chern-Simons level corresponds to the diagram (b) in Figure 6.4. Therefore, when Nap >
Np, the range of k°f is

keff ¢ [NF—NAF,O], (6.7)

and the associated bare Chern-Simons level

Nar — Np c ~ Nar — Np NAF_NF}

_ A
= tanf + 5 5 , 5 (6.8)

123



CHAPTER 6. 3D BRANE WEBS AND QUIVERS

We summarize that for both cases Ngp > Nap and Np < Nyp, the Chern-Simons level
falls in the bound

Np — Nar c [_ INF — Nar| |[Np — Nap|

k= tanf —
an 2 2 ) 2 )

(6.9)
which agrees with the bound found by localization methods [112, 113]. This bound is also the
constraint on Chern-Simons levels for Aharony duality [46].

6.2 Real mass deformations

3d N = 2 theories without superpotentials have two kinds of free parameters: real mass
parameters and FI parameters. In this section, we discuss the 3d brane webs obtained by

turning on real mass parameters.

Phases of brane webs

Figure 6.6: The real mass deformation for U(1)x + NpF + N4pAF is illustrated in this figure.
We have assigned the real mass parameters to each D5-brane on the right brane web. The
D3-brane can be located on any fundamental D5-brane.

The procedure of turning on real mass parameters is illustrated in Figure 6.6. Firstly, we
need to pick up a fundamental D5-brane and locate the D3-brane on it. Then we separate
all D5-branes by turning on the real masses. These are various configurations to separate
Db-branes, since some mass parameters are larger than others. We could get many equiva-
lent 3d brane webs. In particular, possible locations of D3-brane compose the Higgs branch
My defined by {o + m; = 0,Vi}. The real mass deformations for AF do not belong to
the Higgs branch. These equivalent brane webs obtained by real mass deformations can be
considered as the phases of 3d abelian theories. Since these phases are physically equivalent,
the corresponding vortex partition functions should be equivalent.

Based on computations, we note that the assignment rule for real mass parameters is
the following: Db5-branes below the original line should be assigned with negative masses,
and Db5-brane above the original line should be assigned with positive masses. The mass
parameter for the original line where D3-brane is located, is zero. If we locate the D3-brane
on other fundamental D5-branes or change the positions of antifundamental D5-branes, then
the assignment of mass parameters will be changed but will still follow the same assignment

rule.
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Note that different phases correspond to the same theory and hence have the same effective
CS level, and the relative angle 6 between NS5-brane and NS5’-brane is independent of the
real mass deformations. Generically, different phases of 3d brane webs cannot be related by
Hanany-Witten transitions or flop transitions. In the following part of this chapter, we com-
pute the vortex partition functions associated to some brane webs and verify the assignment

rule for real mass parameters .

Examples

In this section, we compute vortex partition functions for U(1);+2F and U(1),+2F + 1 AF.
We use the refined topological vertex and the Higgsing method (geometric transitions) that we
have discussed in chapter 4 to produce D3-branes, see also e.g. [6, 10, 81, 80, 11, 90, 91, 34, 92].

U(l), +2F

The Higgs branch of this theory contains two discrete points A and B as shown in the brane

web in Figure 6.7. If we introduce one D3-brane (denoted by the blue node) at phase point

B Q /

Q1
TN

k=0

Figure 6.7: The bare Chern-Simons level for this web is zero. The assignment of refined
parameter t is shown in the web. The short double line || is a notation in topological vertex
method, denoting that the preferred direction.

A, the corresponding vortex partition function obtained by Higgsing (geometric transition)

method is

= (—v” (£q)"
Zg}brane = ;0 (t7t>n(Qléyt>n : (6'10)

n

Here we only show its g-brane partition function for simplicity. Similarly, we can introduce

D3-brane at phase point B and obtain the vortex partition function

= (VA" (ViR Q)"
Z§ rane = ?
e = CN

(6.11)

where we can absorb Kéahler parameter Qfl to () which plays the role of FI parameter.

We note that these two partition functions are equal upon the identification of the mass

'The one-loop contribution (5.61) can also be added.
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parameter
A Q=Q°! B
sz—brane th—brane . (612)
For Z;brane, the real mass parameter is ()1, while for Z(fbrane, mass parameter is Ql_l. This

verifies the argument rule that the real mass parameter above the original line is positive, and
the real mass parameter below the original line is negative. Note that the effective CS levels
for both phase A and phase B are the same k°f = 0 + % = 1, using the formula discussed in

section 6.1.

U(1)p 4+ 2F + 1 AF

Qéz 13 ? QSQ L

ng ’ I /R I SE— AR I,

— = | Q2 Q2 | Qz Qq
— b1 ‘)’l
L v

Qo Q1 \ Q1 ] Q1

m‘}/ '/\ _____________ —_—

1/ Q& Qfl

Figure 6.8: We denote the D3-brane introduced by Higgsing Q),,,, as L;, and the one given by
Higgsing (), as Ly. The Kahler parameters for mass parameters have been denoted on the
brane webs.

We draw brane webs for this theory in Figure 6.8, where the D3-brane is introduced by

Higgsing Q,, and @Qy,,. We first introduce a D3-brane at Q,,, by setting Q.,,, = %\/% and

Qmy = \/% . This is a g-brane whose vortex partition function is

- (2/D)" (@50
I i) — o .
Zianel @) = 2 0 (@0 1). (6.13)

The relations between gauge theory parameters and Kéahler parameters are a; = @1, f1 =

Q1Q2, z= Q¢ . Then this partition function can be written as

zh (z,aaﬁ):i(z §> (al\/g’t>”. (6.14)

g-brane
n=0 (tyt)n (/Blé)t>
n

The D3-brane Ls is introduced by Higgsing Q,, = \/% and Qm, =

function is

é %, whose partition
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The relations between gauge theory parameters and Kéhler parameters are given by a; =

Qg_l , BL= Ql_ngl , Z= %\/% Then the partition function can be written as

o= 32 EV (o),

g-brane
n=0 (tt)n <ﬁ1§7t>
n

(6.16)

Therefore, upon the redefinition of parameters aq and (31, these two partition functions take
the same form

7k

g-brane

(2,0, 8) = Z13 ane( 0, B) (6.17)

which implies that these two brane web configurations Ly and Lo in Figure 6.8 are equivalent.
We remind that the effective CS level k°ff for these two brane webs is zero, which is known by
comparing (6.14) with the generic form (3.109). We confirm again that mass parameters m;

and m; below the original line are negative and above the original line are positive.

6.2.1 Flipping D5-branes

Recall that in 5d N’ = 1 theories, there are many equivalent 5d brane webs that can be re-
lated by Hanany-Witten transitions and flop transitions. For example, the 5d theory with
gauge group SU(2) and two fundamental hypermultiplets has some equivalent 5d brane webs
as illustrated in Figure 6.9. These 5d brane webs can be related by Hanany-Witten transi-

tions, which could move the flavor D5-branes up and down. One would expect that there

Figure 6.9: Some 5d brane webs for the 5d N’ = 1 theory with a gauge group SU(2) and two
fundamental hypermultiplets.

may also be certain physical operations to relate equivalent 3d brane webs given by various
real mass deformations. However, it turns out that Hanany-Witten transitions cannot relate
these equivalent 3d brane webs, even for very simple theory U(1) + 2F shown in Figure 6.10.
Moreover, we cannot directly Hanany-Witten move the D5-branes in 3d brane webs without
causing problems. We should return to their mother 5d brane webs which are the brane
webs before the Higgsing, and then perform Hanany-Witten transition then. However, this
operation makes the brane webs more complicated, and seems difficult to relate equivalent
3d brane webs given by real mass deformations. Fortunately, there is a particular type of
Hanany-Witten transition that can be implemented without complication, which is discussed
in section 4.3; see also [91, 10].

By looking at the vortex partition functions for 3d U(1) + NrpF + N4pAF theories, one
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could find that equivalent 3d brane webs differ only by the assignment of real mass parameters.
For example, the partition functions for the 3d brane webs shown in Figure 6.8 are related by
the operation

L Q1—-Qr', Q1Q2—~Q7'Qy  f
Zq—i)rane(Qi) - — ’ Z(j—%rane(Qi)7 (618)

The operation
{Q1— Q1" Q1Q2— Q7'Qy"} (6.19)
relates 3d brane webs L; and Lo. We can express (6.19) in terms of real mass parameters
{m1 —= —my, mp — —mq}. (6.20)

This implies that flipping the sign of real mass parameters relate two equivalent 3d brane
webs. This can be verified in more examples.

Then, what is a physical interpretation of this flipping from gauge theory perspective? The
answer is that this flipping is caused by mirror symmetry transformation discussed in chapter
5; see also [11]. The mirror symmetry is a duality between theories, which does not change
their partition functions. One can perform mirror symmetry several times and get a chain of
mirror dual theories. We have discussed in chapter 5 that 3d mirror transformations only flip
the sign of some mass parameters for the mirror dual 74 n theories.

For a generic abelian theory U(1) + NpF + NapAF, there are many mass parameters,
and one can flip the sign of any mass parameter. This on the side of brane webs acts as
reflecting the positions of D5-branes up and down the original line, since the positions of
Db5-branes correspond to real mass parameters. By flipping mass parameters in a sequence,

L and

one can obtain all equivalent 3d brane webs. Moreover, flipping parameters a — a~
B — B! changes the quiver matrix Cj; in the quiver generating series (3.112). Hence there

is the correspondence
3d brane webs <+ quiver matrices. (6.21)

Let us look at brane webs for some simple theories and show their quiver matrices to verify

this correspondence. U(1)y + 1F is a trivial theory since it only has one brane web. The first

A

Figure 6.10: Flipping the D5-brane relates equivalent brane webs.

example we discuss is U(1) + 2F, which has two equivalent brane webs as illustrated in Figure

6.10, corresponding to discrete points on Higgs branch. The corresponding quiver matrices
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(effective mixed Chern-Simons levels) are

k11 k-1
+ ] cﬁ?zkeff:[ ] (6.22)

Co=Ri=

The next example is U(1); + 3F, whose brane webs are shown in Figure 6.11. There are in

Figure 6.11: The brane webs for the theory U(1) + 3F are associated with the same effective
CS level k°f = 1.

total four brane webs, which are given by flips:
flip 0: {m1,me}, flip 1: {—m1,ma}, {m1,—ma}, flip 2: {—ms, —mo}. (6.23)

The corresponding quivers are the following:

k+3 11 k+3 -1 1 E+3 1 -1 k-3 -1 -1

1 10/, -1 0 0], 1 10 |, -1 0 0

1 01 10 1 -1 0 0 -1 0 0
(6.24)

The first element Cpg is the effective Chern-Simons level for the fundamental D5-brane
where D3-brane is located; each row or column corresponds to a different D5-brane. We sum-

marize the quiver components associated to D5-branes and classified by their mass parameters

as follows:
0 1 1 -1
z‘>0, Cz i) = s i<0> CZ i) = , 6.25
m () [1 0] m (5) [_1 1] (6:25)
~ 0 1 . -1 -1
m; > 0, Cz](az) = [ 1 1 ] R m; <0, CZJ(OJZ) = [ 1 0 ] s (6.26)

which are obtained from g-Pochhammer products (3.123) and (3.124).
The last example is U(1)g + 2F + 2AF. There are eight equivalent brane denoted by flips:

ﬂip 0: {ml,ﬁll,ﬁlg},
ﬂlp 1: {_m17m17m2}7 {m17_m17ﬁ7’2}7 {mlvmlv_mQ}a

) o : ~ ~ R (6.27)
flip 2: {—mq, =y, ma}, {m1, =1, —a}, {—m1,m1, —a},

ﬂip 3: {—ml, —ml, —ThQ} .
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We show a few of them in Figure 6.12.

my

—my ———f

Figure 6.12: Flipping D5-branes leads to a chain of equivalent 3d brane webs.

6.2.2 Moving D5-branes

NS5 NS5’ NS5 NS5’ NS5 NS5’ NS5 NS5’
D5
o>
o>
— —
D3 D3 D3
(a) (b)

Figure 6.13: There is some freedom in moving flavor D5-branes. In the brane configuration
(a), we move two D5-branes in opposite directions and attach them to NS5-brane and NS5’-
brane separately, while in the brane configuration (b), we attach both flavor D5-branes to the
NS5’-brane.

Moving D5-branes also gives rise to equivalent 3d brane webs. For details about this
movement, see e.g. [47]. In brane construction of 3d N/ = 2 theories, the matter arises from
D5-branes located between NS5-brane and NS5’-brane. Each Db5-brane gives rise to one F
and one AF. These flavor D5-branes can move to either left or right, leading to different
brane webs. We illustrate this by considering brane systems in Figure 6.13. If we move one
D5-brane to the left and another D5-brane to the right, then we get a theory represented by
- - 2. On the other hand, if we move both D5-branes to the right, then
we get a theory denoted by (1) — . Since these two diagrams describe the same theory
U(1) + 2F + 2AF, we have

(+1-0-[i+]) - O-[%2] 629

The corresponding brane systems are actually brane web (a) and web (b) respectively in Figure

6.13, which can be drawn more precisely as brane web (d) and web (e) in Figure 6.14. The

2Here we use circle and box diagrams to denote gauge theories, which are well known as quiver diagrams
in literature. In this notation, the circle with a number N denotes the gauge group U(N), and the box with
number Ng + Nar denotes NpF and NarpAF.
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Q3Q5'Q7!
Q2 Q:
Qs g

Figure 6.14: Some equivalent brane webs for U(2) 4+ 2F + 2AF.

vortex partition functions of these brane webs are the same

Tbrane = i <Q§\/g>n (Ql\/gv t)ﬂ (Qs\/% t)n

n=0 (t,t)n (Q1Q2§,t>n

: (6.29)

where the effective Chern-Simons level is zero. The open strings connecting D3-brane and
D5-branes can be identified from g-Pochhammer products following (3.111). Similarly, we can

flop a Kéhler parameter and perform the Hanany-Witten transition to get the brane web (the

diagram (f) in Figure 6.14) for -O- .

6.3 Nonabelian theories and quivers

Figure 6.15: We illustrate the real mass deformations of the nonabelian theory U(2) + NF +
NArAF in this figure. The mass deformations for higher rank U(NV) theories are similar.

We can turn on the real mass parameters for nonabelian theories. As illustrated in Figure
6.15, the overlapped flavor D5-branes for U(2) + NpF + N4pAF are separated by real mass
deformations. Two D3-branes are located on a pair of D5-branes, corresponding to a vacuum

on the Higgs branch.
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Vortex partition function and brane webs

In [111, 112], vortex partition functions of U(N )i+ NpF + N4rAF have been computed using
the factorization property of superconformal indices, taking the form

o
2 (o () = Y (=) Zgn 1 (a.0(8), 17, k) (6.30)

=0

N
_ ik Min;+un;+iyn?
iy (@, 0(0), 5,7 k) = (—1) (25 (Sim) Z(Momhums+ors)

N i—1 B )
1,_4[1: ﬁ nh zsinh_@Ma—zMé—Qm—i-Z’yk

(6.31)

a=1 j=1 k=0
N N nj—1 o Ngp N nj—1 , . ’
. M;—iMj+2~(k—n; . Mg —iM;j+2vy(k+1
IT 1T II 2sinh—— J; ylk=ni) II TII II 2sinh™===" 12+ y(k+1)
i=1j=1 k=0 a=N+1j=1 k=0

(6.32)

where we did not sum up all vortex partition functions on the Higgs branch moduli space,
and (6.30) is just the vortex partition function on a particular vacuum o (t). According to the
discussion before, the vortex partition functions for all vacua are equivalent upon redefinitions
iM F iM
,t=¢€

of real mass parameters. If we define ¢ = e™27,t =e , T = e, then the partition

function takes form

N
- o T 2 M [n(N 4 p+Np—2N)
Zn 1 (9,0(8), 1,7, 1) =(= /)P o520 glnlh=Nar) (/) ST
N e keff Nar N _
( 1 t/) [T TI(7tita, @)n,
j=1 a=1 j=1
TNy Nap N N N, , (6.33)
<Hti 11 ta) [T (e, q), - II II (£a 9),,
i=1 a=1 i,j=1 7 a=N+1j=1 7
where we use the shorthand notation |n| = YN n; and ||[n]|> = SN, n?. Here k°f =

k+ w is the effective CS level for non-abelian theories, and t;,#; are associated to real
mass parameters.

We note that the vortex partition functions for non-abelian theories are themselves abelian-
ized as (6.33) can be expressed in terms of g-Pochhammer products. Therefore, there should

be corresponding quiver structure. We verify this in the following subsection.

U(2) + 2F + 2AF

We firstly consider U(2) + 2F + 2AF. We implement refined topological vertex and Higgsing
(geometric transition) method discussed in chapter 4 to obtain vortex partition function. The
brane web for this theory is shown in Figure 6.16. We note that in order to agree with
(6.33), the internal line associated to NS5’-brane should be cut, or in other words, the Young
diagrams on these internal lines should be empty. This implies that the we should introduce
two NS5’-branes rather than one. Its 3d brane web is illustrated in Figure 6.17. Since we

consider vortex partition functions on the Higgs branch, the gauge group is broken to U(1)2.
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tj_* tj—w
Q52 Ly Q{Q

Qs A

Q2 @
_H_

@ L \____9{ _______

Qa1

Figure 6.16: We introduce two D3-branes L; and Ls by Higgsing. In topological vertex
method, cutting lines means the associated Young diagrams on internal lines are empty.

NS5

Figure 6.17: The new brane web has a partition function matching with (6.33).

The new brane web that we get also confirms this point.

Using refined topological vertex method, we compute the refined open topological string
amplitude for the toric diagram in Figure 6.16; the more precise web is shown in Figure
6.17. We implement geometric transitions by setting Qp,, = % é s Qmy = %\/% to obtain the
(g, @)-brane amplitude. In this case, Young diagrams on the open topological brane L; and
Ly are antisymmetric, denoted by {n1}y and {ns}y respectively®. By using (A.20) and other
identities in Appendix, we find

Z(q q)- brane(cg17 Q

S (@e/5)" (Qery/D)"™ (@1y/E s Qo517 s (@y /2. 1s (@100, 2. 1,
_ / |

ni,ne=0 ) )”1 (t’ t)"‘2 (QlQQtnl ) t_l)n2 (Q1Q2é T, t)n1
S (VD (Qe /1) (Q1'Qe)™ (@150 (12203 / 5.0 (@3 /5 D3/
n1,n2=0 (t’ t)nl t’ t)nQ (Q1Q22 A ) t)n1 (QleQ 1t7n1 3 t)ng ’

(6.34)

3Here we draw the arrows for Young diagrams towards Lagrangian branes (D3-branes). If we reverse the
directions of arrows, then Young diagrams are transposed.
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which in the unrefined limit ¢ = ¢ takes form

- = MR (Q1 Qe)™ Q1 @)n (Q1Q2Q3, )i (Q2 1 @)y (@3, @y
7(@.q)-brane ’ = a SRt - ’
(@@l = D @@ D (@54 )

(6.35)

which is consistent with (6.33). We note that the Ké&hler parameters above the original lines
have positive powers of ();Q); - - - associated with positive masses, and the Kahler parameters
below the corresponding original lines are given by negative power Q;IQJ-_I -+ with negative
masses. Therefore, the assignment rule found in abelian theories discussed in section 6.2 is
also applicable to nonabelian theories. For nonabelian theories, we need to draw more original
lines.

The strings connecting two separate D3-branes give rise to the term

t 1 1 t
Noyanata (B0 7") = (615’“,) <B ¢, t) , (6.36)
a t nj q U
which in our context comes from Wi-bosons in 3d A/ = 2 nonabelian theories. Using the

identity

—m (O[, q)n—m(aq_l’ q_l)n if n =>m

'@ = , (6.37)
(gt g Hulag g )k, ifn<m

we can split Wi contributions into two parts

(g™, @)@ ™", (6.38)
_ St g D mlag g e (@7 @menlag T g, iEm>n (6.3
(@ g g Dmleag™ a7 (@ Dn-m(a g g e ifn>m
et g D mlag g (_ﬁ)(mffifﬂn*m(l_a) if m>n 10
et g Ymlag g - (_*@(m_ni(ffq_ﬁ:_"(l_"‘_l) it n>m (640

We can also set @, = t\/g s Qmy = t\/g to obtain (t,t)-multiple brane amplitude, which
is equivalent to the (g, q)-brane amplitude through discrete symmetry ¢ — 1/t,t — 1/q

preserved in open topological strings. Therefore,

q—1/t, t—1/q
—

Z(q,q)—brane(Ql’ QQ) Z(t,t)—brane(Ql’ QQ) ) (6.41)

This discrete symmetry transposes the Young diagrams on open topological branes, hence we
have symmetric Young tableaux {n;}g and {ns}g for (¢,¢)-brane. In (A.22), we show Young
diagrams in this notation.

Now, we go to the quiver structure of this nonabelian theory. The terms from W_-boson
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can be expressed as follows in a shorthand notation

ni no di dj

1 n1 -1 -1 3
= (n , , 6) ). 6.42
(Ba™™, q)n, ° 1 <\/?1 (6.42)
di -1 1 1
dj | -1
which enables us to write (6.35) in a quiver form
-1-1
Z(q’q)-brane(Qh QQ)‘q:t =~ PCij (Q£1 ) Q1_1Q£27 Q1Q2 ) Q1Q27 Mv Q1_1Q2_17 Qla Q1Q2Q37 Q2_17 Q3) )
Vi Vi
(6.43)
where quiver matrix C;; reads
niy no d1 d2 d3 d4 d5 d@ d7 dg (6.44)
n [ “1l-1 -1 | 1 1 1 |
ng | —1 1 -1 -1 1 1
d | -1 1 1
do | —1
d 1 -1 1
Cij="" (6.45)
dy -1
ds 1
dg 1
dr 1
dg i 1 |

The missing elements in Cj; are zero.

U(2) + 3F + 2AF

We illustrate the brane web of this theory in Figure 6.18. This web has three fundamental D5-
branes, two antifundamental D5-branes and two D3-branes. These D3-branes can be located
at any pair of fundamental D5-branes.

We locate D3-branes on the first and the third fundamental D5-branes as an example. The
corresponding 3d brane web is shown in Figure 6.18. Note that in the 3d brane web, there is
the freedom of flipping D5-branes up and down the original lines; which relates other phases of
3d brane webs. The effective CS level kf for the 3d brane web in Figure 6.18 is zero. We set
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Ls Q§3 4

Figure 6.18: There are two original lines for two D3-branes. On the Higgs branch Mg, we
need to cut some internal lines in the 5d brane web. The effective Chern-Simons level for this
brane web vanishes k°® = 0, since the relative angle between NS5-brane and NS5’-brane is
Zero.

Qm, = % é s Qs = 3 y Qg = %\/g to obtain the (g, 0, §)-multiple brane open amplitude

© — _"1”3& 7”1& 7713
Z(q,w,q)-brane:m%:()( V)2 (ggll\(/ti))ng(é ﬁ)
(@i 1), (@i t) (/i) (@'eseiyfi )
(Q1Q2§a t>m <Q§1Q11§7 t>n3 <Q1Q2Q3Q4é.t—n37 t>n1 (Qleg_nglet—m, t)n3 .

(6.46)

It is more convenient to extract the corresponding quiver from its unrefined version by setting

q=t

—2 . Qg ni Q n3
7(q,0,q)-brane - (_\/@ s (Q711> (ﬁ)
(P (¢, Dy (4 @)

n1,n3=0

(le q)m (Q1Q2Q37 q)m (Qzlv q)n3 (QQ_IQ?TIQZ17 q)n3
(@1Q2, a),, (Q3'Q;", Q)m (@1Q2Q3Qs- ¢, q),,, (Q1'Q3'Q3'Q '™, q),

3

(6.47)

We can see there is already a mixed effective Chern-Simons level —d; 3. Once again, one can
see that the assignment rule for real mass parameters in section 6.2 also works in this example.

This partition function can be written in the form

—1
7,0,3)-b Qe, Qg Q123 Qip34 1 1 -1 1
7(a,0,q) B PR Pe,; ( Qil ) Q£33 ) Vi Q12,3 Va ) Q172,3747 Q1,Q123, Q1 Q273,47 Q1,2 Q3,4 )

(6.48)
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where we use shorthand notation Q123,.. = Q1Q2Q3 -, and the quiver matrix Cj; is
ny ns dl dg d3 d4 d5 d6 d7 dg dg d10 (6.49)
m [ 11 -1 |1 11 1 |
ng | —1 1 -1 -1 1 1 1
dp | —1 1 1
dy | —1
ds 1 -1 1
dy -1
C.. — . 6.50
EAn R (6.50)
dg 1
dr 1
ds 1
dy 1 1
dip i 1 1 ]

Here n1,n3,dy, - - dig are degrees for variables x?i in the quiver form P, (;).

Ooguri-Vafa invariants

Recall that vortex partition functions for the abelian theory U(1); + NpF 4+ NapAF can
be written in terms of quiver generating series, and refined Ooguri-Vafa (OV) invariants are

actually Donaldson-Thomas (DT) invariants

) _ oUr)
NQJ; =QP" . (6.51)
where Qg = a:‘lil coogm and (dy,...,d,) is unique for each Q3. However, for nonabelian

theories the expansion variables in the quiver generating series (3.112) are not independent,
for instance (6.43) and (6.48). In this case, Ooguri-Vafa invariants are linear combinations of

DT-invariants

(i) G
N =3 gl (6.52)
{(d1yersdm)}
where Qg = z{ - zdn, and (d, ..., dn) is not unique for each Q. One can use the refined

formula (4.17) to extract refined DT invariants le r) 4,, encoded in Pe,;(z;) and then impose

the relations between variables x; to obtain refined OV invariants Ng[;r).
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Identities

A.1 Various identities

Refined MacMahon function can be written as

M(Q,t,Q) = H (1 - Q qltj_l) = exp <_Z Q_n (¥ . _ t_721>> (A]')

n
ij=1 = ez —

L)
|3

N~—

—~
~~
|3

and satisfies relations

M(Q,q,t) =M(Q ',t,q) =M (Q,t7",¢") = M(th‘l, t, q> : (A2)

The plethystic exponent is very useful to extract BPS invariants through Gopakumar-Vafa

formula and Ooguri-Vafa formula. It is defined as

PE[f(a)] = exp [Z ! (“n)] (A.3)
n=1

n

and satisfies PE[f(a)] - PE[f(b)] = PE[f(a) + f(b)].

Schur function has some useful properties:

21,72 [vI=IAl >\
el 2Hu I SMT(qp), Sy/)\(z) _ z v (A.4)

5u,(¢”) =q
0 others.

Besides, there is a factor Z, (t,q) in topological partition functions, defined as follows

Ztg) =[] (1_qw—jtVf—i+1>_l, (A.5)
(3,9)€V

1Zu(t. )1 = 12,2 (0. O 1Zu(t, ) == Z,r (t,0) Zu(a, 1) - (A.6)

Nekrasov factors often appear in topological string partition functions. We summarize their
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definitions and some formulas below

Nou(Qi1,0) = ﬁ e o (A7)
NuQit,0) = H (e e ) I (1-@a = e) . (A8)
(i.j)ev (i,4)En

NPEH(Qst,q) = N@u(Q\/g,t,q) : (A.9)
NpAE(@Q5t,q) := Nyg( Q\/> t,q) (A.10)
Nhalf+ @it Vg ") = Nhalf— Qg 7Y, (A.11)
NS (Qst7 g Y) = Ny (Q\/> tl,ql) : (A.12)
N (Qit7h g 7h) = Nog <Q\[ t —1) : (A.13)
NEEHQ, 7 g7 = (~Q)ME T TN (g (A1)
Nuw (Q;t,q) = Nyryr (Q;;q, t) : (A.15)

Nuw (@7 ,q7Y) = Nyrr (Q% L, t—l) (A.16)

N <Q\[ tL, —1> N,r,r (Q\[ -1 t—1> (A.17)
t 11 ==l ,HuZH? I\V§H2 \|u2|\2,uu2|\2 t 11
N“”( \/;t() o T (Q tQ>

(A.18)

In particular, when Young diagrams are symmetric or antisymmetric, Nekrasov factors can be

written in terms of g-Pochhammer products as follows:

Ninyadnata (@t a7™) = (Q 7™, )y (Qat ™" "2, 67 )y (A.19)
N{nl}s,{nz}s (Q?til’qil) = (thilqinzﬂﬁm (Q q"l,qfl)m , (A.QO)
Ninyo,inys(@:t,0) = (Qt, )n(Qq™", @), (A.21)

where {n}g and and {n}4 denote symmetric and anti-symmetric Young diagrams respectively

(myg= LLLTETT  fnja:= . (A.22)

For more details and notations, see e.g. [10, 36].
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The g-Pochhammer product is extensively used in deriving quivers. It is defined as

n—1

@ a)n=[]01-Qd"), (¢.900=1, (,0h=1—q¢. (A.23)

k=0

One can also define (Q, ¢)oo = [[reo(1l — Q¢F). We summarize some useful identities below

Q@) = (@ n (—vVO)" (VIQ) ™, (A.24)
(Qq_n’Q)n = (Qq_la q_l)na (A.25)
_ —1\n n?-n
@ D)-n=Qa ™ an '=Qq g ' = ( qC?qQ)_l(\ggj) ; (A.26)
2 _1\n n2+n
(tha™h), = (V)" " G, (¢ haY), = ( 1)((1(\;?) , (A.27)
(Qt_lat_l)oo = (Qvt)c:olv (A28)
1@ IS @ e[ @
(Q’Q)oo_nzz:o(%Q)n ‘ p[;nl—q"} ‘PE{l—q}’ (4.29)
= (v (&)’ =1 o Q
(Q7 Q)oo = ZO (q’ Q)n = exp |:_ ; ﬁ 1_ qn:| = PE{ - 17_(]:| ) (A30)
o (a7q)00 _ - o 2nd ad
(0, @) = oD (@, @)oo dZ:O( V) @da’ (A.31)
1L (B Do 1 N ondrar B
Ban = Goae ~ oo =V G (4.82)
0o B ds d;
1 _ (Bqn27n1>q)oo _ _ d?+2(n2—n1)di—2n1dj (ﬁ) IB
(Be™™,@ny  (BI™™, @)oo d%::()( va) (¢, 9)a, (¢, 0)a; ° (4.39)
M(@Qit.q) 19 i _ ) M(@Qit.q) 1 B i _ )
MUQitq) g(l -Qq9q")=(Q¢ MOta) g(l Qqt') = (Qq;t)e - (A.34)
A.2 Double-sine function
The double-sine function is defined as
B mb+n/b+Q/2—ix B 1
s =11 v oprie 9=ty (4.35)

m,n>0

and it satisfies sp(z) sp(—x) = 1. The equivariant parameter ¢ in localization is defined as

g=e' =2V = 2MQ [ — 22 =27ibQ. (A.36)
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In the asymptotic limit & — 0 the double-sine function is

1
2m i b?

sb(z) N e*iﬂ'zz/Qeiﬂ'(27Q2)/Z4 exp < L12(€27rbz)> 7 (A37)

where Lis(2) is the polylogarithm function defined by a power series
= —Zk A
Lig(z) := E . :
is(2) 2 s (A.38)

In the decompactification limit R — +oo, the effective superpotentials of 3d A/ = 2 gauge

theories on spacetime R? x S}% involve

oy B2 LT

P =5 . [P =0(-2) - w = { 0wl (A.39)

T xz <0,

where [z]? is defined in [64] and 6(z) is Heaviside step function. The derivative of Lia(y) is

exp (ydLjy(y)> =7 1 , (A.40)

A.3 Integral formula

When performing mirror transformations, we use the higher dimensional Gaussian integral

formula

1 2m)n 1
/dxexp<—2x-A-x+J-x> = (2m) exp(§J-A71-J>, only if detA #0.

detA
(A.41)

In addition, the Dirac delta function §(k) = 5= [ dz e*® is also useful.

A.4 Open BPS invariants

In this section, we show the refined Ooguri-Vafa invariants for several strip Calabi-Yau threefolds.
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d=1, (dy,dy) | 2r | 2s=1

(1,0) 1 1

d:2, (do,dl) 2r | 2s =3

(1,1) 3 1

d:3, (do,dl) 2r | 2s =95
(2,1),(1,2) ) 1

d:4, (do,dl) 2r 2s=T7 9
(3,1),(1,3) 7 1

(2,2) 7 11

d= 5, (d(), dl) 2r | 2s=9 11 13
(4,1),(1,4) 9 1
(2,3),(3,2) 9 1 11

d=6, (do,dy) | 2r [2s=11 13 15 17 19
)

,3) 11 3 11

d=17, (do,dq) | 2r | 2s=13 15 17 19 21 23 25

(6,1), (1,6) 13 1

(5,2),(2,5) 13 2 2 1 1

(4,3),(3,4) 13 5 5 6 4 3 1 1

d=38, (do,dq) | 2r | 2s=15 17 19 21 23 25 27 29 31 33

(7,1),(1,7) 15 1

(6,2),(2,6) 15 3 3.2 2 1 1

(5,3),(3,5) 15 7 8 10 8 7 4 3 1 1

(4,4) 15 8 12 14 14 10 8 5 3 1 1

d=09, (do,dy) | 2r | 2s=17 19 21 23 25 27 29 31 33 35 37 39 4l
(8,1), (1,8) 17 1

(7,2),(2,7) 17 4 3 3 2 2 1 1

(6,3), (3,6) 17 9 12 15 13 13 9 7 4 3 1 1

(5,4), (4,5) 17| 14 21 30 30 29 22 19 12 9 5 3 1 1

Table A.1: Refined open BPS invariants for the geometry C3/Zs in Figure. 4.8 (b). (do,d1)
are degrees for the term QdOQ‘l’ll.
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d= 1, (do,dl,dg) 2r | 2s =0

(1,0,0) 0 1

d= 2, (do,dl,dg) 2r | 2s =1

(1,1,0) 1 1

d:3, (do,dl,dg) 2r 2s =2

(1,1,1) 2 1

d:4, (do,dl,dg) 2r | 2s =3

(1,2,1) 3 1

d:5, (do,dl,dg) 2r | 2s =4

(2,2,1),(1,2,2) 4 1

d =6, (dy,dy,d2) 2r | 2s=5
(2,3,1),(2,2,2),(1,3,2) | 5 | 1

d=17, (dy,dy,d3) | 2r | 2s=6 8

(3,3,1),(1,3,3) | 6 1

(2,3,2) 6 2 1

d:8, (do,dl,dg) 2r | 2s =7 9

(3,4,1),(1,4,3) 7 1
(3,3,2),(2,4,2),(2,3,3) | 7 1 1

d=9, (do,di,d3) | 2r [ 2s=8 10 12

(4,4,1),(1,4,4) | 8 | 1

(3,3,3) 8 1

(3,4,2),(2,4,3) 8 3 2 1

d =10, (do,d,d2) o2r [2s=9 11 13 15
(4,5,1),(1,5,4) 9 1
(4,4,2),(3,5,2),(2,5,3),(2,4,4) | 9 2 1 1
(3,4,3) 9 3 4 2 1
d=11, (do,dy,d2) | 2r [ 2s=10 12 14 16 18
(5,5,1),(1,5,5) 10 1

(4,4,3),(3,4,4) 10 1 2 1 1
(4,5,2),(2,5,4) 10 4 32 1

(3,5,3) 10 6 6 5 2 1

d =12, (do,dy,ds) or [2s=11 13 15 17 19 21
(5,5,1), (1,5,5) 11 1

(4,4,4) 11 1 1
(5,5,2),(4,6,2),(2,6,4),(2,5,5) | 11 2 2 1 1
(3,6,3) 11 3 33 1 1
(4,5,3),(3,5,4) 11 6 9 7 5 2 1

Table A.2: Refined open BPS invariants for a double-P! strip geometry in Figure. 4.10 (a).

(do,dy,d2) are degrees corresponding to the term zdo Q‘lle
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Table A.3: Open refined BPS invariants for the triple-P' strip geometry in Figure. 4.12.
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(d17d37d3,dp) 27“\28 0
(0,1,0,0) 0 1
(dl,dg,dB,dF) 27“\25 1
(1,1,0,0) 1 1
(dl,dg,dB,dF) 27’\28 1
(1,1,1,0),(1,1,0,1) 1
(d1,da,ds,dg,dr) | 2r\2s | -1 1 3
(2,0,1,0,1) 1 1
(1,0,1,1,1) -1 1
1 1
3 1
(d1,dg2,ds,dp,dF) 2r\2s (-3 -1 0 1 3 5
(2,0,1,1,1) 0 1
1 1
(2,1,1,0,1),(2,0,2,1,0) 3 1
(1,1,1,1,1) 0 1
1 1
(1,0,1,1,2),(1,0,1,2,1) -3 1
-1 1
1 1
3 1
) 1
(d1,da,ds,dp,dp) | 2r\2s | -7 -6 -5 -4 -3 -2 -1 3 4 5 6 7 8 9
(2,1,1,1,1) 1
(2,0,2,1,1) 3 1
(2,1,1,0,2) 3 1
(3,0,2,0,1) 4 1
(2,1,2,0,1)
(2,0,1,1,2) -2 1
(2,0,1,2,1) 0
(1,1,1,1,2) 2
(1,1,1,2,1) 4 1
(1,0,1,1,3) -5 1
(1,0,1,3,1) -3 1
-1 1
1
3 1
5 1
7 1
(1,0,1,2,2) -7 1
-5 1 2 1
-3 1 3 1
-1 1 3
1 1 1
3 3 1
5 1 3 1
7 1 2 1
9 1

Table A.4: Refined open BPS invariants for Hirzebruch surface IF% with a Lagrangian brane.
ds is the degree for open Kéahler parameter (3.
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Table A.5: Open BPS invariants for Hirzebruch surface Fo, with ()1 playing the role of open
Kéhler parameter. The open strings winding around the compact divisor(with the length
Q1Q%Q%), have degrees at least (1,4,2).
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