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Abstract

Quantum technologies are expected to revolutionise the world. From fast quantum com-
puters through secure quantum communications to precise quantum sensing, quantum
protocols promise to outperform their classical equivalents. But in order to achieve that
we need robust quantum hardware and protocols which are useful even when that hard-
ware is imperfect. An obvious consideration are losses and inefficiencies but it is equally
important not to make unfeasible assumptions. One such example is generating single
photon states from a source which is naturally multi-photon under the assumption that
the creation of multi-photon components is small.

This thesis proposes two protocols which avoid making this assumption by including
all components of the generated states. With this approach we take advantage of the
possibilities given by multi-photon states, which include ease of generation and robustness
to losses.

The first protocol is an entanglement distribution protocol. We show that the gener-
ated multi-photon bipartite entanglement is robust to very high losses in the transmitting
channels. As an example we analyse the protocol in settings which point towards its poten-
tial application in quantum communications, namely we consider scenarios of Earth-space
transmissions or through very long optical fibres. Our entanglement distribution protocol
achieves a quadratic improvement of transmission rates compared to the typically used
polarization-entangled photon pairs.

The second protocol is designed to provide quantum-enhanced sensitivity in optical
phase measurements. Indeed, the multi-photon bipartite entangled states generated with
our setup are shown to be robust against losses in the interferometer and perform at least
as well as the shot noise limit, the maximal precision achievable with classical light, even
at very high losses. The scheme provides an additional possibility of tuning the multi-
photon states towards the optimal states which is advantageous if the level of noise in the
system is known.

These two examples show that multi-photon technologies are in fact feasible and effi-
cient, and that their properties allow them to outperform protocols based on single photon
states.
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Streszczenie

Technologie kwantowe maja potencjat by zrewolucjonizowaé swiat. Komputery kwan-
towe, komunikacja kwantowa czy pomiary kwantowe to przyktady technologii, ktore —
dzieki zastosowaniu specjalnych protokotéw kwantowych — moga okazaé sie szybsze, bez-
pieczniejsze 1 dokladniejsze niz ich klasyczne odpowiedniki. Jednak, aby je zrealizowac,
potrzebujemy kwantowego hardware’u oraz protokolow, ktore dziatajg nawet wtedy, gdy
ten hardware jest niedoskonaly. Nalezy wzia¢ pod uwage nie tylko straty i ograniczona
sprawnos¢ urzadzen, ale réwniez realistyczna ocene przyjetych zatozer. Jednym z takich
nierealistycznych zatozen jest na przyktad uznanie, ze Zrodta, ktére naturalnie produkuja
stany wielofotonowe, ale w ktorych prawdopodobieristwo powstania par wielofotonowych
jest niewielkie, generuja pojedyncze fotony.

W rozprawie przedstawiamy dwa nowe protokoly, w ktérych uchylamy to zalozenie,
uwzgledniajagc wszystkie sktadowe generowanych stanéw. Dzieki temu mamy mozliwosé
skorzystania z zalet, jakie daja stany wielofotonowe, takich jak na przykitad wzglednie
prosty sposob ich wytwarzania czy odporno$é na straty.

Pierwszym rozwazanym protokotem jest protokot dystrybucji splatania kwantowego.
Pokazujemy, ze wygenerowane wielofotonowe dwumodowe splatanie jest odporne na bardzo
duze straty w kanatach transmisyjnych. Jako przyktad analizujemy protokét pod katem
jego potencjalnego zastosowania w komunikacji kwantowej, a mianowicie rozwazamy sce-
nariusze transmisji Ziemia-przestrzen kosmiczna lub przez bardzo dtugie wtokna optyczne.
Nasz protokot dystrybucji splatania osiaga kwadratowe przyspieszenie transmisji w porow-
naniu do typowych protokotéw opartych na parach fotonéw splatanych polaryzacyjnie.

Drugi protokol zapewnia zwiekszong czutos¢ w pomiarach fazy optycznej. Pokazu-
jemy, ze wielofotonowe dwumodowe stany splatane wygenerowane w naszym uktadzie sa
odporne na straty w interferometrze i dziataja co najmniej na granicy szumu srutowego,
czyli maksymalnej precyzji osiaggalnej za pomoca swiatta klasycznego, nawet przy bardzo
duzych wartos$ciach strat. Schemat daje dodatkowa mozliwo$¢ dostrojenia stanéw wielo-
fotonowych do standéw optymalnych, co jest szczegdlnie korzystne w sytuacji, gdy znana
jest wysokos¢ strat w uktadzie.

Opisane przyktady pokazuja, ze kwantowe technologie wielofotonowe rzeczywiscie sa
osiaggalne i wydajne, a nawet przewyzszaja pod wzgledem wydajnosci i precyzji protokoty
oparte na stanach pojedynczych fotondw.
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Chapter 1

Introduction

At the beginning of the 20th century the quantum theory of matter and energy emerged.
This new theory, which would explain the strange behaviours of particles observed in
experiments, pictured the world we live in as quantized and probabilistic and laid the
foundations for the inventions of the laser and the transistor, the basic building blocks
of a computer. Computers revolutionized the world and hence their appearance, because
it was enabled by building new devices based on the principles of quantum mechanics, is
now referred to as the first quantum revolution [1].

In the first quantum revolution, however, the devices did not use the full capabilities
offered by quantum mechanics. Back then full control of the individual systems was
not possible but nowadays we have the technology to control quantum systems with
unprecedented accuracy and to exploit their properties in completely new ways. This
paves the way for the quantum technologies and a second quantum revolution.

Quantum technologies excite a lot of interest as they promise to provide solutions pre-
viously unthinkable with classical physics. The phenomena that warrant these solutions
are, for example, quantum entanglement and the superposition principle and it is the
application of those effects that distinguishes quantum technologies from their classical
counterparts.

Entanglement refers to a property of a quantum system whereby the state of one
system cannot be considered independently of the another system [2]. This is because the
systems share correlations unexplainable by local hidden variable models [3] when local
measurements are performed. In particular, entanglement leads to stronger correlations
than shared randomness. Entanglement has no classical counterpart and is an important
resource that is often used to achieve quantum advantage.

Entanglement manifests itself as a quantum superposition whenever separable states
are used as the basis. Superposition relates to the fact that any quantum state can be
represented as a sum of two or more distinct states. A quantum object exists thus in
two or more distinct states at the same time and only upon measurement (which can
include interactions with the environment) does the state decay with some probability
into one of its basis states. Thanks to superposition, quantum operations can be done in
parallel which promises exponential acceleration for tasks such as predicting properties
of physical systems, performing quantum principal component analysis or learning about
physical dynamics [4].

Quantum technologies consist of quantum communications and quantum cryptogra-
phy [5], quantum metrology [6] and quantum sensing |7, 8|, quantum computations and
quantum computers [9]. Quantum communications and cryptography promise secure in-
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formation transfer which, unlike its classical counterpart, relies on the inherent laws of
quantum physics to provide unconditional security rather than the hardness of carefully
tailored computational problems. Similarly, quantum metrology and sensing protocols
benefit from quantum effects in order to deliver ultra-precise measurements. Finally,
quantum computations and quantum computers hold promise of outperforming classical
computers in some tasks thanks to the possibility of performing entangling measurements
across multiple copies of quantum states [4].

It is often the case that protocols in quantum technologies are developed prior to the
analysis of their hardware’s actual performance. The implementation of these ideas is
challenging because suitable hardware is still under development. As quantum systems
are very vulnerable to uncontrolled interactions with the environment, knowledge of the
hardware’s realistic performance is crucial in designing feasible protocols for quantum
technologies. This is the approach we take in this thesis. We analyse existing hardware
in terms of its actual performance parameters, and then design protocols which can be
readily implemented. In this way, we avoid making unfeasible assumptions.

Many different systems have been investigated for their potential to act as platforms for
quantum technologies, examples include cold atoms, photons or superconducting materials
to name just a few. All of them have advantages and disadvantages and are more suitable
to particular tasks than the others. In this thesis, I will focus on quantum photonic
hardware as it works particularly well for quantum communications and metrology, the
two fields where my protocols find application. This is because, for a photon, information
can be encoded in a wide variety of degrees of freedom, e.g. polarization, momentum,
energy or photon number. In addition, photons are naturally mobile at room-temperature,
they travel at the speed of light and interact only weakly with their environment over
long distances, which means they will not suffer much from noise or losses. Moreover,
photons can be easily manipulated using linear optical elements, such as beam-splitters,
waveplates or mirrors. Finally, photonic sources and detectors are already in advanced
stages of development including successful integration on chip [10].

A typical quantum photonic setup consists of a source, a detection system and an
interferometer to manipulate the photons but to date, most protocols rely on single photon
states [10, 11]. In this thesis I will show that multiphoton bipartite entangled states can
also be used to build feasible and efficient quantum technologies. I will support my claim
with two protocols, one for quantum communications and one for quantum metrology.

The outline of the thesis is as follows: I will start with a brief overview of the quan-
tum photonics landscape in Chapter 2, introducing the state-of-the-art devices used in
the field. Chapter 3 explains the concepts and methods necessary to follow the appli-
cations described in Chapters 4 and 5. Chapter 4 demonstrates a protocol to distribute
multiphoton entanglement with an application to quantum key distribution and Chapter
5 presents a solution to enhancing optical phase measurements using large photon-number
entangled states. Chapter 6 provides a summary and outlook.



Chapter 2

Overview of the quantum photonics
landscape

This chapter presents the current state-of-the-art of the quantum photonics landscape.
We look into what conditions ideal detectors and sources should satisfy, and what so-
lutions are currently possible. We discuss advantages and disadvantages of the various
implementations, and finally look at their realisations on an integrated platform.

2.1 Detectors

An ideal photon detector should click every time a photon enters the detector and should
not click when a photon does not enter (i.e. it should not produce false signals, so-called
"dark counts”). In addition, it should distinguish exactly the number of photons entering
it and restart its operation immediately after detection [10].

Ideal detectors do not exist but there are measures quantifying how much the per-
formance of a realistic detector varies from the ideal one. These measurable quantities
are: detector’s quantum efficiency (ratio of the output signals to incident photons) 7q,
reset time (which sets the maximum detection rate) 7g, time jitter (which is the fluc-
tuation between the true arrival time of a photon and the electrically registered arrival
time recorded by the system; it sets the minimum time bin size for time stamping photon
arrival events) 7;, dark count rate Cy, and photon-number-resolving (PNR) capability.

The most commonly used detectors are described in the following subsections.

2.1.1 Avalanche photodiodes

Silicon single-photon avalanche photodiodes (SPAD) operate in the Geiger mode, which
means that a single photon incident on the detector triggers an avalanche multiplication
process in the p-n junction of the detector [12]. A schematic diagram of this junction is
shown in Fig. 2.1. The current excited in the depletion layer grows exponentially until it
reaches a steady level. At that point it needs to be quenched by an external circuit and
reset for the detector to continue registering incoming photons. In this reset time (also
called the dead time) the detector is insensitive. There is also a danger of afterpulsing
due to unrecombined free carriers.

The fast increase of the electric current marks the arrival of a photon, however, in
the avalanche process the information about the absorbed energy is lost, and the detector
thus cannot identify the number of photons which triggered the avalanche. This problem
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can be addressed by using a cascaded detection system, where photons enter an array of
beam splitters which divides the beam into single photon components with an accuracy
increasing with the number of beam splitter layers. However, this process is inefficient with
the SPADs as their quantum efficiency is typically limited to ng &~ 65% [13|. Practically,
this implies that the probability of detecting 10 photons simultaneously is less than 1.3%.
At telecom wavelengths this efficiency is even lower due to a reduced quantum efficiency
of a single detection event at that wavelength which comes from silicon being transparent
at the telecom wavelength and other materials not providing such efficient devices.

The advantages of this type of detectors are short reset time (7g < 100 ns) and low
noise (Cq ~ 100 counts per second). Because they are inexpensive, they are a popular
option for many single-photon experiments.

Photon absorption

Anti-reflection coating

p-type

holes

single charge carrier

;..le.emns )

+| Reverse bias

Depletion layer

Catode

Figure 2.1: A schematic diagram of the p-n junction in a single-photon avalanche pho-
todiode (SPAD). The reverse bias voltage sets a very high electric field in the depletion
layer where no free carriers are present. When a single charge carrier is injected into this
layer via the photoelectric effect, it is strongly accelerated and ionizes the atoms in the
depletion layer creating an electron-hole pair. This starts a self-sustaining avalanche mul-
tiplication process, which generates an electric current that grows exponentially until it
saturates to a constant level. The anti-reflection coating increases the device’s efficiency.
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2.1.2 Superconducting nanowire single-photon detector

An improvement on the SPAD in terms of the detection efficiency is the superconducting
nanowire single-photon detector (SNSPD), which can achieve nqg = 98% [14] in the telecom
wavelength range. The principle of operation of these detectors relies on the supercon-
ducting transition. The device consists of a thin loop made of a superconducting material
through which an electric current close to the critical current is passed. When a single
photon hits the detector, the energy absorbed lowers the critical current transitioning the
device to normal resistivity and the voltage spike associated with the current diverting
into a parallel load impedance is filtered and amplified, and registered as a detection.
The detector becomes insensitive to subsequent photons while the current is not flowing
through the superconducting material until it cools down and its resistivity decreases. A
brief explanation of the principle of operation of this detector is provided in Fig. 2.2.

In terms of other properties, the SNSPDs have a timing jitter of & 30 ps, comparable
reset time to SPADs (7 ~ 40 ns) and dark count rates Cy lower than 100 s™'. The su-
perconducting material can be chosen to optimize the performance for a given wavelength
so that the detectors have high efficiencies for a large range of the optical spectrum. The
drawback of SNSPDs is that they require cryogenic temperatures in order to maintain
the superconducting properties of the material. They also do not possess photon-number-
resolving capabilities, although there exist schemes which allow photon-number-resolution
to some degree [15].

a b

Current source Capacitor
|—o Output voltage
Voltage
pulse Photon absorption

= S

Superconducting nanowire

Figure 2.2: a) A schematic diagram of the superconducting nanowire single-photon detec-
tor. Absorption of a photon by the superconducting thin nanowire placed on a substrate
results in local destruction of the superconducting state which spreads via Joule heating
along the whole wire. The resistance grows to a few k(2 and therefore the current diverts
into the parallel load impedance which produces a measurable voltage pulse. During the
response time the detector is insensitive to any other incoming photons as there is no
longer a current flowing in the nanowire. b) Colorized micrograph of a NIST single-
photon detector made of superconducting nanowires patterned on molybdenum silicide.

Credit: Verma/NIST [16].

2.1.3 Transition edge sensor

The first detector that has been shown to be truly photon-number-resolving is the tran-
sition edge sensor (TES), see Fig. 2.3 for a schematic diagram and photo. TES detectors
are very sensitive microbolometers (devices that work by exploiting temperature depen-
dent resistance) that are inherently energy resolving and therefore can be used to, e.g.
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resolve photon number for a monochromatic source of light. For optical applications the
device is usually made with a tungsten film embedded in an optical cavity optimized for
a particular wavelength. The film needs to be cooled down below its superconducting
critical temperature T, ~ 100 mK and a voltage bias is applied in order to raise the tem-
perature of the detector to the superconducting-to-normal transition. The steep slope of
the resistive transition allows for small temperature changes to be measured. When light
is absorbed by the TES, the temperature of the sensor increases and so does the electrical
resistance. The resulting change in the magnetic flux is detected by an array of super-
conducting quantum interference devices (SQUIDs), and then amplified. An integrating
circuit converts this signal to a voltage that is proportional to the photon number. Alter-
natively, a matched filtering technique can be used to determine the photon number [17].
Finally, the device is reset through a thermal link to a cold bath.

Compared to the other two types of detectors, the TES achieves quantum efficiency
as high as the SNSPD, nq > 95% [18], with 98% reported in Refs [19, 20]. They posses
excellent PNR capabilities implementing to a good approximation a projective measure-
ment [21] and resolving up to 29 photons [22]. Moreover, there is active development to
increase this number to the hundreds and this should be attainable in a few years from
now [23]. The disadvantage of the TES, however, is its slow operation. They need ~ 5 us
to reset — at least two orders of magnitude more than SNSPDs — and the time jitter is
7; > 50 ns. In addition, since it is a bolometer device and relies on an analogue process,
it is susceptible to analogue noise, in contrast to SPADs and SNSPDs which are digital.
Still, the TES is to date the most advanced detector and the only one possesing true PNR
capabilities, which makes it desirable in protocols involving multiphoton states.

a
Current bias
Amplifier
- TES SQUID array
Rbias

<100 mK

Figure 2.3: a) The circuit for operating the TES. Components inside the blue box are held
at below 100 mK while the amplification can be performed at room temperature. When
light is absorbed by the TES, the electrical resistance increases and the subsequent change
in the magnetic flux generated by the inductor L is measured by an array of SQUIDs -
very sensitive magnetometers. b) Photo of a TES detector (places at top of the device).
Credit: Dan Schmidt/NIST [24].
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2.2 Photonic sources

An ideal photon source should satisfy the following requirements [10]: (1) the generated
photons must be efficiently collected without being lost so that they can be processed
further, (2) they must be created in a pure quantum state and be indistinguishable from
each other and (3) they must be compatible with the chosen detection strategy.

Efforts to satisfy all these conditions and create the ideal source have led to proposals
coming from diverse physical systems, e.g. quantum dots |25, 26|, trapped ions [27] and
atoms 28], colour centres in diamonds [29, 30] or carbon nanotubes [31]. These methods
are known to be "on-demand" or deterministic as they rely on the use of a single emit-
ter, but in reality they become probabilistic in operation due to emission or extraction
losses [11].

The most advanced on-demand source is the quantum dot [32]. A quantum dot is a
single artificial atom grown in a semiconductor, which allows an exciton (electron-hole
pair) to be produced and emission of a single photon in the resulting process of radia-
tive recombination. Quantum dots have exceptional brightness, that is probability of
providing a single photon per excitation pulse, which has led to demonstrations of new
quantum computation experiments, such as boson sampling [33, 34]. On the other hand,
quantum dots suffer from low coupling efficiency to single-mode fibres, which are the typ-
ical medium of transmitting photons through an optical network, and the difficulty of
generating indistinguishable photons. The latter issue is connected to each quantum dot
being spectrally different from others as a result of structural and environmental inho-
mogeneities, but there are ways to mitigate its effect for example by tuning the emission
spectrum [35], or demultiplexing the emitted photons into different spatial channels and
delaying them so that they can be output simultaneously [36].

Apart from on-demand sources, there are also naturally probabilistic sources based on,
e.g. the spontaneous parametric down conversion (SPDC) process [37, 38, 39] or atomic
ensembles [40]. These sources emit photons in correlated pairs, therefore one photon of
the pair can be used to herald the creation of the other. The best performing sources of
single or entangled photons are those based on SPDC and they are the standard source
in experimental quantum optics nowadays [2]. SPDC sources have been shown to provide
pure, highly indistinguishable photons at room temperature with high efficiency. Since
they also produces multiphoton pairs with non-zero probability, they find applications in
technologies using multiphoton entanglement and this is why I will focus specifically on
the characteristics of SPDC sources in the following subsection.

2.2.1 Spontaneous parametric down conversion

The SPDC process is a three-wave mixing process which can occur in materials with
second-order nonlinear optical susceptibility, ¥, such as, e.g. KDP (potassium dideu-
terium phosphate), BBO (beta barium borate) or LiNbOj (lithium niobate). These ma-
terials react in the presence of an electric field, E(¢), in a nonlinear way. This means
that their polarization, P(t), will depend quadratically on the applied electric field,
P(t) = ¢gxP E?(t), where ¢ is the permittivity of free space. This can lead to a down
conversion process, when a higher-energetic pump photon of momentum k p and frequency
(energy) wp from a laser is converted into two lower-energetic photons (usually referred
to as signal and idler) of frequency w,/; and momentum lgs /i according to the momentum
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b
ks kz
a
Signal (s) ' kP
Pump (P) ) / - Co e e - - -
Idler (i) Wg

wp

Nonlinear X(z) crystal
Wi

Figure 2.4: a) A schematic diagram of the spontaneous down conversion process. A laser
is directed at a nonlinear crystal with x(® nonlinearity. The laser contains so-called pump
photons (blue) which are converted spontaneously into two photons (red) which conserve
momentum (as shown in b) and whose frequencies sum up to the frequency of the pump
photon (as shown in ¢). These two emerging photons are typically called the signal (s)
and idler (i).

and energy conservation laws

kp = ky + ki, (2.1)

wp = Ws + wj,

where P, s,4 stand for pump, signal and idler, respectively. A schematic diagram of this
process is shown in Fig. 2.4.

The above equations are usually known as phase matching conditions [41]. Eq. 2.1
can be satisfied for different combinations of polarization and frequencies depending on
the properties of a given material. In general, when the two output photons have the
same polarization but are orthogonal to the pump, we refer to the process as type-I
SPDC, whereas when the two output photons have orthogonal polarizations, we refer to
it as type-II SPDC. A type-0 phase matching is also possible when all polarizations are
aligned, including the pump photon, but it requires additional engineering involving a
technique known as quasi-phase matching (QPM) [42]. The simplest form of QPM is to
periodically change the sign of the crystal nonlinearity which is referred to as periodic
poling, see Fig. 2.5. QPM can also be applied to type-I and -II SPDC for additional
controllability and loss reduction.

Periodically poled crystals make several orders brighter sources than traditional SPDC
devices [43]. The most popular crystals in this family are periodically poled potassium
titanyl phosphate (PPKTP) and periodically poled lithium niobate (PPLN). They offer
high resistance to laser damage and show high birefringence. Thanks to these qualities
they have been widely used in quantum communications, quantum entanglement tests
and other experiments involving multiphoton states.

The parametric down-conversion process can be realised in two regimes: at the para-
metric approximation when the pump is treated classically and only a fraction of the
photons is converted to the signal and idler fields, and at the high gain regime when the
pump becomes depleted. At the parametric approximation regime, the number of down-
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Periodically poled crystal

Input beam T l T l I l { Strong generated beam

Figure 2.5: Schematic drawing of a periodically poled crystal which enables quasi-phase
matching. The domains of the crystal have periodically alternating orientations so that the
nonlinearity flips sign from +x® to —x® and back. The poling period A determines the
wavelengths for which the quasi-phase matching and therefore efficient down conversion
can be achieved.

converted photons, Nsppc, follows an exponential growth with respect to the applied
pump power. It can be described by the following relation

Nsppc = sinh? g, (2.3)

where ¢ is the parametric gain [44] which depends quadratically on the pump field am-
plitude, g o< |Ep|*.

The parametric approximation regime breaks down at different levels for different
materials. For example, in the case of BBO crystals the pump power required to enter
the high gain regime is tens of milliwatts [45]. At high gain the majority of the pump
power goes into conversion to the signal and idler photons (we say the pump is depleted),
which results in a linear growth in the number of SPDC photons. In this thesis, we will
only consider the non-depletion regime, which corresponds to g ~ 0.1 — 0.5.

The produced photon pairs often carry correlations in frequency and transverse mo-
mentum, which are undesirable because the detection of one photon of the pair will herald
the other one into a mixed state. This prevents interference between independent sources
which is central to many experiments and protocols in quantum physics [46]. The tool
to characterize the amount of correlations between the two modes is the joint spectral
amplitude (JSA) [12]

fws, w;) = aws + w;) P(ws, w;). (2.4)

It is a product of the pump spectral amplitude a(w;+w;), which is typically described by a
Gaussian function and ensures that energy is conserved (Eq. 2.2), and the phase-matching
function ®(ws,w;) which is defined by the optical properties of the nonlinear crystal and
guarantees momentum conservation (Eq. 2.1). More explicitly, they are given as

e (), (25)

for the pump central frequency wy and bandwidth o, and

alwp = ws +w;) =

B (ws, w;) = sinc (%) , (2.6)

for a crystal of length L and where Ak = k(wp)—k(w;) —k(ws) is the wavevector mismatch.
Ideally, Ak = 0 to maximize the phase-matching function. The JSA is a measure of
the modal purity of the SPDC source. When the JSA is decorrelated, i.e. f(ws,w;) =
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f(ws) f(w;), the output state is known to be in a single spectral mode and carries no
spectral correlations, as is desired.

The residual spectral entanglement can be removed by applying a group velocity
matching scheme [47]. It allows control over the joint spectrum of the signal and idler
photons by carefully engineering the relative group velocities of the pump, signal and
idler, and by adjusting the pump laser bandwidth, SPDC crystal length and choosing the
right material. That way, spectral filtering, which introduces losses to the already quite
inefficient SPDC process, is no longer necessary.

Another way of improving the SPDC source and reducing losses is the application
of waveguides rather than bulk crystals to generate entangled photons. Waveguides are
specially engineered crystallographic structures that confine and guide light into a discrete
set of modes. The confinement of the three interacting waves over a small transverse area
leads to extremely high field amplitudes which increase the down conversion rate by a few
orders of magnitude [48]. It also allows efficient coupling to optical fibers and integration
of the source on an optical chip, which will be discussed further in the following section.

With these modifications SPDC is capable of emitting almost-identical, single-mode
and almost-Gaussian modes, paving the way towards an ideal source of entangled or
heralded photon-number states.

2.2.2 Two-mode squeezed vacuum

The natural product of the SPDC process is the two-mode squeezed vacuum (TMSV)
state. The Hamiltonian generating these states takes the form [49]

H = hwata + hwbth + hwpéte + iy ® (abé" — atble), (2.7)

where the ¢ mode contains the pump field and a and b correspond to the signal and
idler modes, respectively. We assume the pump to be a strong coherent state |ye=™r?)
which is unaffected by the wave-mixing process. Thus the parametrically approximated
Hamiltonian is then

HED = hwgala + BwdTb + in(Cre™rtab — ce~™Ptalbh), (2.8)

where ¢ = x?y quantifies the strength of the interaction. In the interaction picture, the
Hamiltonian becomes

Hy = ih(CHelwrmws—wilgh — ceilwr—ws—witgTph). (2.9)
Applying Eq. 2.2 to conserve energy, reduces it to its time-independent form
Hy = ih(¢*ab — Catbh). (2.10)

The evolution under this Hamiltonian for a time ¢t = ¢/, where § is the parametric gain,
corresponds to the following unitary

S(§) = exp[—itit/h] = exp[(gaTbT — g*ab)], (2.11)
which we recognize as the two-mode squeezing operator [50]. We note that this operator

either creates or annihilates photons pair-wise from each mode, thus generating a bipartite
entangled state with strong correlations between the two modes.
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To see this more directly let us apply the squeezing operator to the initially empty
signal and idler modes |0)]0);

[Trnisv) = 5(§)]0)5]0); = 4% =9"4|0) |0),. (2.12)

Writing § = ge?, # can be interpreted as the angle at which the states are squeezed in
the quadrature space. We will assume § = 0. Using the disentangling theorem for the
SU(1,1) Lie algebra [51, 52]

pgatb—g*ab

tit 1 L \atatbth o4
— etanh(g)abeeg In (coshQ(g)>(a a+b b+1)67tanh(g)ab (213>

Y

we can rewrite the equation for the TMSV as

U rnsy) = Osh Ztanh“ )n)s|n);. (2.14)

We observe that only paired states occur in the superposition and the average photon
number in each mode is the same:

(hs) = (n;) = sinh?(g). (2.15)

Interestingly, if each mode is considered independently, the probability of finding n
photons in a single mode follows a thermal distribution, radiating with temperature
T = m, where kg is the Boltzmann constant and w corresponds to either w;
for the idler mode or w, for the signal mode. In other terms, the statistics are super-
Poissonian, which means that the variance ((Af;)?) = sinh?(g) cosh®(g) is larger than
the mean (n; ;) for each of the modes (as the cosh function is always greater than or equal
to 1).

Still, the state exhibits strong photon number correlations, which are manifested by
the linear correlation coefficient, defined as [49]

cov (g, ;)

J (s, i) = ((An)2) 2 ((Any;)2)/2’

where the covariance of the photon numbers is defined as cov(ns, ;) = (nsn;) — (Rs) (7)),
and takes its maximal value for the TMSV state:

J (g, ;) = 1. (2.17)

In a more compact form Eq. 2.14 can be written as
|Wrmsy) = Z V Ann)s|n)i, (2.18)
n=0

where /A, tjggl ()). Plotting the probability A, of detecting n photons in one of the

modes (Fig. 2.6) we see that it decreases exponentially with the vacuum and single-photon
pairs as the most probable states. However, the probabilities follow a geometric progres-
sion with common ratio % = tanh?(g), therefore the SPDC produces a considerable
amount of multi-photon events. The amount increases with the parametric gain g and
thus SPDC is a natural source of multiphoton bipartite entangled states.
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Figure 2.6: Probability of obtaining different numbers of photons in a heralded mode
of the two-mode squeezed vacuum via a photon-number-resolving measurement. The
most probable events are the vacuum and single-photon pairs but multiphoton occurences
should not be neglected. Here, the probability was calculated for parametric gain g = 0.1.

2.3 Integrated quantum photonics

Photonic sources, detectors or any other optical element must also exist in an integrated
form in order to have technological scalability and miniaturization necessary for real-life
applications. An integrated quantum optical chip will be characterized by its density of
optical components, propagation and coupling losses and the ability and speed of active
reconfiguration [10].

The most popular materials for realizing integrated quantum photonics are glass [53],
lithium niobate [54] and silicon [55]. Each of them posseses different advantages. In glass
it is possible to write 3D interferometric networks of waveguides using a femtosecond
laser [56]. Lithium niobate is well known from classical integrated photonics due to
its excellent electro-optical and nonlinear optical properties and ease of fabrication. It
offers efficiency and high stability [57]. Silicon-based optical chips on the other hand
promise very high density of optical components and even smaller chip size than the
other materials, low loss and compatibility with CMOS microelectronics [58].

The integrated technology allows both detectors and sources to be embedded on an op-
tical chip. The integration of sources is already advanced, e.g. a highly-efficient integrated
SPDC source in the telecom range has been demonstrated in Ref. [59]. In fact, integrated
sources offer better spatial confinement, which enables both high brightness and high
heralding efficiency [60]. This is different to bulk SPDC where these two characteristics
are usually achieved in different modes [61]. The integration of detectors poses more dif-
ficulties. Despite that a couple of works demonstrated the possibility of integrating TES
detectors [62, 63| with efficiencies reaching as high as 88%.

There are still challenges to be overcome in the field of integrated quantum photonics.
These are coupling losses between disparate elements and between on-chip and off-chip
components, waveguide roughness and absorption by the material. Conversely, the com-
plexity of integrated devices, as quantified by the number of interferometers on chip and
the number of added active phase and spectral controls, increases really quickly. In fact,
it is observed to undergo Moore’s law of exponential growth with time [10].
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To summarise, state-of-the-art devices enable realistic generation and detection of
multiphoton states, and therefore protocols based on multiphoton entanglement can be
feasible and should be worth considering.
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Chapter 3

Mathematical methods

This chapter explains some mathematical concepts and transformations common in quan-
tum optics that will be used in the subsequent chapters. The aim is to familiarize the
Reader with the terminology and provide derivations of some results which will be as-
sumed later.

3.1 Kravchuk polynomials and functions

In this section we will introduce the Kravchuk polynomials and functions since they enable
a concise description of some phenomena in quantum optics, as we will see in the later
chapters.

Kravchuk polynomials of degree k, Ky(x;p, N) were introduced by Ukrainian math-
ematician Mikhail Kravchuk as a generalization to the Hermite polynomials [64]. They
are defined over a real variable z € R and are parametrised by a real positive number p,
such that 0 < p < 1. A finite number of these polynomials, N + 1, is known to form an
orthogonal set with respect to the binomial distribution [65]. For N — oo the Kravchuk
polynomials reduce to Hermite polynomials H, () [66].

The Kravchuk polynomials according to Koekoek and Swarttouw [67] are equivalent
to Gauss’ hypergeometric series [66] which we formally introduce in Subsection 3.1.1

1
Ki(x;p, N) = o F1 (—k, —x; —N§5)- (3.1)

This allows us to define the Kravchuk functions ¢,(€p ) (n — N/2,N) in the following way

o0 (0~ NJ2,N) = <—1>k\/ () )pera-pr sy, 62

n
where k,n =0,..., N. These functions satisfy discrete orthonormality and completeness
relations

N
Z gblgp) (n—mn/2, N)gbl(p) (n—N/2,N) = 0y, (orthonormality), (3.3)
n=0

N
Z ¢1(cp) (n — N/2,N) ’(Cp) (n' — N/2,N) = 6 (completeness), (3.4)
k=0
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and thus form a basis of an (/N + 1)-dimensional vector space.

Similarly to the Kravchuk polynomials, the Kravchuk functions can be interpreted as
the finite analogues of the continuous Hermite-Gauss functions H, (x)exp(—z?/2) which
are familiar from the harmonic oscillator wave functions. This is equivalent to saying that
Kravchuk functions are eigenstates of truncated harmonic oscillators.

It has been found that only for p = 1/2, the Kravchuk functions have definite parity,
that is

¢/ (0= N/2,N) = (-1)"¢{ " (N/2 — n, N). (3.5)
Therefore, we will focus on this more interesting case of symmetric Kravchuk functions

and omit p in our notation from now on. The symmetric Kravchuk functions simplify to
the following form

dp(n — N/2,N) = (—1)’f\/2iN (N) (]]Z) o1 (=K, —n; —N; 2). (3.6)

n

Inheriting the symmetry of the hypergeometric function with respect to its first two
parameters, o F(a,b;c;z) = oF1(b, a;¢; z), the Kravchuk function has also the following
symmetry

op(n — NJ/2,N) = (=1)""*p,(k — N/2, N). (3.7)

This property is often referred to as self-duality [65].

3.1.1 The Gauss’ hypergeometric function

Since the Gauss’ hypergeometric function has been mentioned in the previous section, we
will just summarise a few definitions here.

As can be found in Ref. [66], the hypergeometric function is defined by the Gauss
series

o Fila,b;c; 2] = Z (az;(f)”;_’l (3.8)

is the rising factorial related to the falling factorial by this

n=0

n

for |z| < 1 and where (q)
simple formula

n n nfd

(0" = (1@ = (0 () (3.9)

The Gauss series converges to a finite value if at least one of the two arguments a or b is

a nonpositive integer. We will consider the case where all three arguments a,b and c are
nonpositive, whereby the series reduces to

n!
n=0

in(a,b) a\ /b
00
2 T

as the terms for which n > a, b will not contribute to the sum (they will be zero).

(3.10)

B

oFy[—a, —b;—c; 2] = Z —(_C(L)_nc();b)n z"
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7)a
a d
50:50 ZA(1/2) (m,n)|m)e|N —m)q
b C
‘N — n}b

Figure 3.1: A schematic explanation of the operating principle of a (balanced) beam

splitter. n and N — n photons enter the beam splitter at the two output modes and

an entangled state is created at the output with m and N — m photons exiting with
(1/2)

probability amplitude Ay~ (m,n).

3.2 Quantum optical interferometers

As mentioned in the previous chapter, photons offer many advantages for performing
quantum information processing tasks thanks to the ease with which they can be ma-
nipulated by simple optical elements. Here, we focus on simple passive linear-optical
devices which conserve energy and can thus be described by a unitary transformation of
annihilation operators

out

a™ = Upa™, (3.11)

m

where U is a unitary matrix, the indices denote a basis of orthogonal modes and the
Einstein summation convention is assumed.

Two optical elements which will be used in our two selected protocols in the later
chapters, satisfy the above equation. These are the beam splitter and the phase shifter.

3.2.1 The beam splitter

The theory of beam splitters has been develped mostly by Zeilinger [68] and Fearn &
Loudon [69]. The beam splitter coherently transforms two input spatial modes a and b
into two output spatial modes ¢ and d. Below, we will derive this transformation and
show that the probability distribution at the output of a beam splitter can be represented
using Kravchuk functions.

We start with the beam splitter Hamiltonian which takes the form:

Hps = %(aTbe_i“" — ab'e™), (3.12)

where a and b are annihilation operators of the two input modes to the beam splitter,
and ¢ is a phase delay between the transmitted and reflected modes.

The associated unitary to this Hamiltonian is Ups = exp (—iHpsf), where § =
2 arcsin(y/r) with r the reflectivity of the beam splitter, 0 < r < 1.

We will consider the most general case of N photons distributed between the two input
modes a and b. Let us assume that n photons are in mode a and therefore N —n photons
are in mode b, see Fig. 3.1. The input state can then be written as follows

(ah)" _@HY"

V! /(N —n)!

7)ol N —n)p = 10)al0)e- (3.13)
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In the Heisenberg picture, the operator a evolves according to
a(f) = Ulsallps. (3.14)
which is a solution to the Heisenberg’s equation of motion

da(8)
dé

— i[Hps, a(0)]. (3.15)

The same equation can be constructed for b(f)

PO itps.100)]. (316)

Inserting Hpg from Eq. (3.12) and using [a(6), a(6)] = [b(9),b(6)T] = 1, we obtain

da(9) e~ db(0) PR
W =3 b(0), W——Taw). (3.17)

By taking the second derivative of the above equations we end up with a standard har-
monic oscillator equation for both a(f) and b(6)

d?a(0) 1
W= —Za(ﬁ), (3.18)
d?b(0) 1
which, assuming the initial conditions a(0) = a, b(0) = b, has the solutions
a(f) = acos(4) 4+ be " sin(%), (3.20)
b(0) = —ae’ sin(Z) + beos(%). (3.21)

This can be written in a matrix form where we also rename modes a(6),b(0) with the
output modes ¢ and d, respectively

() - (oo ) (o), .

with the inverse transformation being

<Z> B (eiiossigag()g) _ec;:igr)l(g)) (2) : (3.23)

In terms of the reflectivity of the beam splitter, this reads

a\  (V1—-r —e % r\ (c (3.24)
b)  \e¥yr J1-r d)’ '
It turns out that knowing how a and b evolve, we can evolve a™ or b". This is because
Ugps 1s a unitary operator, L{BSU];S = 1, and therefore

U ca"Ups = UL gaUpsUyss)aUpsis)a . . . (Ussyss)alkps
= Ulsaldss) . .. (ULsaldss) (3.25)
= (Utgallss)".
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Let us now substitute the expressions for a(t) and b(t) into Eq. (3.13)

[n)alN =), = m [V1—rch —e\/rd"]"[e ™ /rct + V1 — rdT]N_n]0>a|O>b.
(3.26)

Because the operators ¢ and d commute, we can use the binomial theorem (z + y)" =
o (M)a'y" " to expand the terms in brackets

n)a| N —n)y = T Z( ) V1= rc " = e#y/rdl]" ™

(3.27)

D (N q_ )[e—w\/?«cf}q[\/1—rd*}]v"qyo>a|o>b.

q=

The operators ¢ and d cannot act on the state |0),]0),. It has to be first transformed by
the beam splitter operator Ups into |0).|0)4. Let us apply Ups to the state in Eq. 3.27

U)o~y = e Z()mcqp[_ewdqn—p

X (N ) VI oo

q=

1 - P i n—p
TN ‘Z(> \/]_—TCT} [—6 \/;dT]
. (N q ) [y /rel ] [V T =7t |00 [0).
—1 nene . Jrn(1 — r)N-
N n!(N—n)!(_l) ‘ =)

ZN () (% ) maper [y iy - )

q:
|

We replace the sum for ¢ with kK =p+ ¢

OSSO0 e

p=0 ¢=0

X
=0
X P+ @)elN —p—q)a-
(3.28)

We notice the second term is zero when k& < p. Therefore, the lower limit can be safely
extended to k = 0. We also note that p < n, and thus N —n + p < N. When £k is above
this limit, kK — p > N — n and the second term is zero, so we can increase the upper limit
to k = N. This allows us to change the order of the summations as the second sum no
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longer depends on p

1 .
_ — __ 1\ e n _ N—n
Ups|n)o|N — n)y —n!(N—n)!( 1)" rm(l—r)
N n
n\ /N —n » 2m—k
—1)Pe R/ (VP RUN — E)K) | N — k)q.
S50
= p_
(3.30)
The amplitude of detecting m, N — m photons behind the beam splitter is then
AG (m,n) = (m|o{N — maUps|n)e| N —n)q
1 .
= (—1)"%™\ /(1 — )N
nI(N — n)!
N2 /m\ /N —n
« ( > (k )(_1)pe—ikw\/ (=) F RN — K)L 60
k=0 p=0 p -b
1 .
= (—1)"e™ /(1 — )N (3.31)
n!(N —n)!
““/n\ /N —-n . .\ 2p—m
X —1)Pe P/ (=L ml(N —m)!
50) (70 e
N n
. N —n
= (-1 nez(n—m)tp an—‘rm 1—r N—-n—m (n> ( ) 1 — 1 p.
(=1) \/(z) A= 2 (o) =) 70

We can now apply the formalism we have developed in section 3.1 to simplify the
formula for the beam splitter amplitude even further. Let us consider the last sum in

Eq. 3.31, which we label . The term (1 — %)p can be expanded using the binomial

theorem , |
== ()(-1) 332

i=0
so that the sum looks like

= () 55

We notice that when p > m, (fi:") is zero and when ¢ > p, the binomial (f) is also zero.

Also n > p, or the first binomial would be zero. These allow us to extend the limits in
the second summation to p = m and to increase the upper and lower limits in the first
summation to m € (i,m), as the terms which are zero will not contribute to the sum.
With this trick it becomes possible to swap the order of the summations

=2 (0G0 534

Another term can be taken out of the second summation by using the identity (Z) (’Z’) =
(DG

=066 55

2 p=i
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Relabelling next the summation index p — m — p
- N [0\ <= /N —n n—i
s=3(-) () ( )( ) 3.36
; r i pz; P m—p—1 (3-36)

The summation can now be evaluated by the Chu-Vandermonde identity [70] 25:0 WIE
(;), where a = N —n,b=p,c= N —i and d = m — i, wherupon it simplifies to

=2 (-0 01

() (7)

Finally, we note that (Z - ) ™ which takes us to

m

= (50

N
= ( )QFl[_n, —m; —N; 1]
m

where we recognised the formula for the hypergeometric function derived in Eq. 3.10.
Substituting Eq. 3.38 into Eq. 3.31, we obtain

AD (m,n) = (—1)nei<n—m>w\/ (N ) (N ) prbm(1 — ) N-nmmy B [, —m; — N3 1. (3.30)

(3.38)

n m

For r = 1/2 we recover Eq. 3.6

, 1 (N\ (N
AL, m) = <—1>"el<"‘m”\/z_fv () Gt mi=nial

= g, (m — X, N).

This way we have shown that for a 50:50 beam splitter the probability amplitude A%/ 2) (m,n)
can be expressed in terms of the Kravchuk function ¢, (m — %, N), where N is the total
number of photons (which is conserved), n, N — n are the numbers of photons input to
the beam splitter and m, N —m are the numbers output from the beam splitter (see also
Fig. 3.1).

3.2.2 Hong-Ou-Mandel interference

As a simple example of the beam splitter transformation we will consider two photons
injected simultaneously to the two input ports of a 50:50 beam splitter. The incident
state is |1>a|1)b and upon the beam splitter transformation it becomes

[1al 1)y 22 A (0,1)]0)e[2)a + A2 (1, D100 + AP (2,1)[2)c]0)a,  (3.41)

where A2 (m, n) is defined in Eq. 3.40. Table 3.1 shows the values for the amplitudes
for each term in Eq. 3.41 assuming the reflected photons acquire a phase shift of ¢ = —7.
The resulting state is thus

[Wes) = (\0> 2)a + 12)c[0)a)- (3.42)

8-
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Figure 3.2: When two photons meet at the beam splitter there are four possible outcomes
of how they emerge. However, if the photons are indistinguishable, the processes where
both photons are reflected or both are transmitted (marked by the red box) interfere
destructively. As a result both photons always leave the beam splitter together.

Apparently, the two photons always emerge together in the same output port. This
effect is in fact a result of the destructive interference of the two processes where either
both photons are transmitted or both are reflected. Fig. 3.2 demonstrates this effect
graphically. The photons must, however, be indistinguishable in all of their degrees of
freedom for this to happen. An experimental demonstration of this effect is famously
known as the Hong-Ou-Mandel (HOM) effect [71].

In the original HOM experiment, the time separation between the two photons striking
a beam splitter was measured. The position of the beam splitter would be changed causing
a slight time delay between the times the photons fell onto the beam splitter. Time
resolving measurements reveal that the photons reflect or transmit independently of each
other causing the detectors which stand behind the beam splitter to click within a short
time of each other. A coincidence between the two output ports could then be observed
with rate [49]

Reoin ~ {1 _ o (55E) ] (3.43)

where c1, and cr, are the distances the two photons travel from the source to the beam
splitter and 7., is the correlation time between the two photons. The data from the
original paper [71] is shown in Fig. 3.3 . As we can see, for 7, — 7, = 0 we have R, = 0,
while for |7, — 75| > Teorr, Reoin Tises to a maximum.

In summary, when the photons arrived at the beam splitter simultaneously or within
a time shorter than the correlation time (which is on the order of a few nanoseconds for
photons), no coincident counts were observed and the coincidence rate made a charac-
teristic ’dip’, now known as the HOM dip. It should be stressed that the origin of the
interference is the temporal indistinguishability of the two photons rather than the fact
that the photons arrive at the beam splitter at the same time, as has been demonstrated
in Ref. [72]. Thus, by reproducing the HOM interference effect an experimentalist can
estimate the degree of indistinguishability of their photons.
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Figure 3.3: Data taken from Ref. [71]. The measured number of coincidences as a function
of the beam splitter displacement ¢(7, — 7). The count does not go to zero exactly for
the experimental data as the beams cannot overlap perfectly at the beam splitter.

3.2.3 Multiphoton HOM

Generalizing the two-photon interference on a beam splitter to multi-photon states, we
observe a similar behaviour - it turns out that when equal numbers of photons enter the
beam splitter at each port, all odd-photon-number components disappear at the output.
In quantum metrology, such output from the beam splitter is called the Holland-Burnett
state [73].

Let us consider a general N-photon state, |n),|/N — n),, entering the beam splitter

N
m)al N =y = Y AV (m, ) |m)e| N — m)a. (3.44)

m=0

Fig. 3.4 and 3.5 depict photon number distributions |A§\1,/2) (m,n)|* for N =4 and N = 10,
respectively. We observe that indeed for n = 2 and n = 5, respectively, the output states
are missing odd-photon-number components and live in a reduced Hilbert space of di-
mension % This will have implications on the amount of entanglement and achievable
quantum Fisher information available through these states, as will be explained in subse-
quent chapters.

Looking at Eq. 3.42 and 3.44 we observe quantum correlations between the two output
modes to the beam splitter. The state in Eq. 3.42 in particular is a 2-photon NOON state
which is a maximally entangled state |74, 75|. Thus the beam splitter is an entangling
device for Fock state inputs and plays a crucial role in creating and manipulating various
multiphoton entangled states [2].
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Figure 3.4: Photon number distributions | Ay (m,n)|* computed for N = 4 and m = 0, 1, 2.
Note that according to Eq. 3.5, |[Ax(m,n)[* = |[Ay(N —m,n)|%
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Figure 3.5: Photon number distributions |Ax(m,n)|?> computed for N = 10 and m =

0,...,5. Note that according to Eq. 3.5, |[Ayx(m,n)|* = |Ax(N — m,n)|?.
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Figure 3.6: Losses are modelled by inserting a beam splitter of reflectivity r into the
pathway of the photons. Photons in mode a are assumed to interfere with vacuum in
mode b. The reflected photons in mode d are traced out and photons in mode ¢ represent
the transmitted mode with a reduced number of photons which follows a Bernoulli trans-
formation.

3.2.4 Modelling losses

A beam splitter can also be useful in modelling photon losses. In many quantum photonic
scenarios, one must consider the effect of photon losses in order to realistically model the
behaviour of a new system. These losses can be modelled well by inserting a beam splitter
into the pathway of the photons, where the reflectivity r of the beam splitter quantifies
the amount of losses. The reflected mode can then be traced out and the transmitted
mode with a reduced number of photons is left, see Fig. 3.6. Below, we shall calculate
how the probability of finding a certain number of photons in a given mode is modified.
We modify Eq. 3.30 so that n photons travel in mode a and 0 photons are present in
mode b

Unsl) 0}, = = (1) WZ ( ) \/ (S50) = el ~ sl
(3.45)

The resulting density matrix is then

s 0) .0t = (1) WZ(”) \/(1 ) (n— )

1 " e\ /rn ela¥
X \/ﬁ(_ \/T—Z \/

X |p,n —p){g,n — q|

q'(n —q)!

- %r” zn: i (") (”) (—1)p+qe—i<p—q>w\/ (1) plgl(n — p)!(n — q)!

q

X |p,n —p)(g,n —q|. 50
3.46

Tracing over the reflected mode d, we find that p = ¢ and hence

o (s 0) . 00t} = 3 (1) = 01 (3.47)

p=0
which is the final expression for a mode suffering from transmission losses of size r. This
kind of transformation is known in the literautre as the Bernoulli transformation |76, 77].
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The density matrix formalism is essential as losses reduce the purity of a quantum state
and states become mixed.

3.2.5 The Mach-Zehnder interferometer

From two 50:50 beam spitters and another passive linear-optical device - the phase shifter
- one can build a Mach-Zehnder interferometer. The phase shifter may be represented
by a unitary operator e where 7 is the photon number operator and  is the relative
phase shift between the two interferometer arms. This is a useful interferometer as it
can replace a universal tunable beam splitter, which will be shown below. The variable
reflectivity r is governed by the relative phase shift 6 applied by the phase sensitive
element, § = 2arcsin(y/r). See Fig. 3.7 for a schematic diagram of the Mach-Zehnder
interferometer.

%

50:50 X X 50:50

%%

Figure 3.7: The Mach-Zehnder interferometer consists of two balanced beam splitters and
phase shifters which apply a relative phase shift  between the two arms. This setup can
replace a universal tunable beam splitter with reflectivity r = sin2(§).

For a 50:50 beam splitter, the transformation matrix in Eq. 3.24 takes the following
form

A1 e
Us " = (f f) , (3.48)
VzZoo2
and the unitary operator for the phase shifter can be represented as
ei9/2 0
Z/{O = ( 0 e_ig/g . (349)
Then, the unitary operator for the Mach-Zehnder interferometer takes the form
Unizr = Uss Up U (3.50)
1 e i0/2 1 e
e 0
(2 ) ) () 51)
V2 V2 2 V2
cos(§) e *sin(%)
N (zew sin(¢)  cos(9) ’ (3.52)

which is just a rotated version of the matrix in Eq. 3.23 representing a beam splitter

operation with reflectivity r = sin®(%).
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Chapter 4

Entanglement distribution

Having introduced all the necessary tools in the previous chapter, we procede to demon-
strate the applications of multi-photon bipartite entangled states. In this chapter we
will explain how multi-photon entanglement can be distributed in a way that is resource-
efficient and well-matched with the hardware of quantum photonics and, in addition,
offers quadratic improvement in scaling with distance compared to schemes based on Bell
pairs. Our analysis focuses in particular on scenarios which could be useful in quantum
communications.

4.1 State of the art

Quantum communications is a field which looks into different ways of transferring quan-
tum states from one place to another [5] in order to send information much more efficiently
than permitted by classical communication channels. This advantage is possible by us-
ing entanglement which provides non-local correlations between different parties. The
challenge, however, is to extend the distance between the communicating locations to a
global scale despite losses in the transmitting channels which spoil entanglement. The
classical solution of simply amplifying the signal is impossible for quantum signals due
to the no-cloning theorem [78] and alternative remedies need to be found. A popular
option is to use quantum repeaters [79] but the disadvantage of this approach is the ne-
cessity of numerous intermediate stations, quantum memories and multiple two-photon
Bell pairs, a resource that is often created non-deterministically. Despite rapid advances
in the field [80, 81, 82, 83, 84, 85, 86, 87, 88, 89|, experimental realizations of quantum re-
peaters currently show deterioration with distance which is insufficient for most quantum
communications applications [90].

Another possibility for global quantum communications is to use satellites to distribute
two-photon Bell pairs, which is advantageous thanks to photons travelling the majority
of the distance in free space and thus experiencing less loss than in atmospheric links or
optical fibres, while connecting arbitrarily distant locations. This approach has also seen
much progress recently [91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 90, 102, 103|. Still,
losses continue to be detrimental, with typically only approximately 1 in 10® of produced
Bell pairs surviving the trip and being detected on the ground [97].

From the discussion above, we observe that the majority of the research effort to date
concentrated on the distribution of two-photon Bell pairs. In this chapter, we want to
bring multi-photon entanglement back into the spotlight and present it as a competitor
to the single-photon technology.
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4.2 Proposal for the entanglement distribution proto-
col

We propose a protocol that uses multi-photon bipartite entanglement and photon-number-
resolving (PNR) detectors to establish long-distance near-maximal entanglement distribu-
tion. We show that it is robust to high transmission losses which, remarkably, deteriorate
only its efficiency, but not the amount of generated entanglement, a feature until now
seen only in protocols based on Bell pairs. The protocol has the potential to outperform
other methods of entanglement distribution which have transmission rates scaling as O(n),
where 7 is the channel transmittance. This is particularly true in high loss scenarios, for
example satellite-based Earth-space channels and long fibre networks.

The protocol, shown schematically in Fig. 4.1, starts with Alice and Bob holding
an SPDC source each. The source generates one copy of the TMSV state, as given in
Eq. (2.18), so that the total input state is

|Uin) = [WUrmsy)®?

- Z VA A 1) ay 1) ay @ [1)p, [0, - (4.1)

n,n'=0

The idler beams from each TMSV state, which we call a; and by for Alice and Bob
respectively, are sent to Charlie at a distant location. Charlie interferes the two incoming
beams on a balanced (50 : 50) beam splitter and then detects them with PNR detectors.
Since initially modes a; and as, and b; and by are entangled, and the beam splitter is an
entangling device as we discussed in Section 3.2.3, the signal modes a; and b; become
entangled after the measurement.

Assuming for the time being there are no losses in any of the modes, we infer that
detection of o photons in total in the entangling measurement means that ¢ photons were
distributed between the two idler beams entering the BS and thus that the total number
of photons, S, in the output state shared by Alice and Bob is § = . From Eq. (3.40),
the probability amplitude of detecting & and ¢ — k£ photons behind the beam splitter is

equal to
'A /2 (k n) <k|a2 <0 - k|b2 UBS|n>a2‘O- - n>b2

_ g (- 2 o), (4.2)
which for ¢ = —% becomes
AYD (k) = iF g,k — S, 0). (4.3)
The output state in our protocol is therefore
W) = N (k, 0 HUps| Prnisy )
=N i VA1, 1Yy 0 (s 0= [Uns |12, MYy 1y (4.4)
n,n'=0
where A is the normalization. Since n + n’ = ¢ must hold true, the sum over n’ is

redundant and the summation over n becomes upper bounded

) ZA (k) [, =), (45)
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a . .
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a, 50:50 b, aser
b Alice sends the idler beam a, to Charlie Bob sends the idler beam b, to Charlie

\ J— quantum

Charlie performs
an entangling measurement
and creates an entangled state
in a heralded manner
in signal beams

 ’ classical

Charlie informs Alice Charlie informs Bob
about the measurement outcome about the measurement outcome

Alice and Bob share an entangled state pg’jf) in signal beams a; and b,

Y Y Vime

Figure 4.1: Distribution of multi-photon bipartite entanglement. An explanation of the
protocol as shown by a) a schematic of the setup and b) a sequence diagram. Alice
and Bob locally generate a photon-number entangled two-mode squeezed vacuum state
each, obtained by spontaneous parametric down-conversion (SPDC) — the most ubiquitous
source of quantum light. They send their idler modes as; and by to a remote station
Charlie, who interferes them on a 50:50 beam splitter (BS) and performs a photon-number-

resolving (PNR) detection on the BS output modes d; and ds. This is an entangling
(k,o)
out

measurement by which Charlie creates the heralded mixed state p (or, in the lossless

case, the pure state |\If§’ff:")>) in Alice and Bob’s signal modes a; and b;. The state
and the amount of shared entanglement is parametrised by the outcomes of Charlie’s
measurement, k and ¢ — k. In general, this entanglement is multi-photon, with S > o
(S = o for a pure state) photons in total distributed between Alice and Bob. After Charlie
informs the parties classically of the measurement outcome, Alice and Bob know which

o)

state pgfl’t they possess and may employ it for quantum applications.
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In the above formula, we have dropped the (1/2) superscript for better clarity as we will
only use this notation for 50:50 beam splitters. We now see that |\I!Out ) lives in a Hilbert
space of dimension (0+1) and is parametrized by the entangling measurement readouts
k and o —k which define its photon number statistics. The probability of detecting n
photons in mode a; (and o — n in mode by) is | A, (k,n)|* = |¢r(n — §,0)|*. Example
photon number distributions of this form were given earlier in Section 3 2.3.

It is worth noting that this protocol can also be realised in a delayed-choice scheme.
Then, the measurements taken by Alice and Bob on the signal modes a; and b, precede
the ones performed on the idler modes as; and by at the remote station. By the no-
signalling principle [104], the photon-number statistics observed by Alice and Bob are
again determined by |A, (k, n)|?.

4.2.1 Entanglement measure: logarithmic negativity

To quantify the amount of entanglement in the output state of the protocol we take the
logarithmic negativity of the state |\11§)’f;f)>. We chose this entanglement measure because
it is easily computable and gives an upper bound to the distillable entanglement, which

reflects the maximal number of Bell states that can be extracted [105, 106, 107]. For a
(k,o)
out

state given by the density operator, here p = |\IlOut ) (Woue |, the logarithmic negativity

is defined as
Ex = log,|[p" |1, (4.6)

where I" denotes the partial transpose operation and ||p"||; is the trace norm of p*'. The
density matrix and its partial transform after inserting Eq. (4.5) are given by

,Oc(,kuf)ZZA k,n)A%(k,m)|n,0 —n) (m,c —m|,

n,m=0

(Péﬁp)m — ZU: Ay (k,n) A% (k,m) [n, 0 —m) (m,o —nl.

n,m=0

(4.7)

To find the trace norm, defined as ||p||; = Try/ptp, we first need to find

((pifzﬁ) )T (45)™ = 2 Aslhn)doem) s — ) (.

n,m=0

® Z A (k,n )AL (k,m') |n' ;0 —m/) (m', o — n/|
n/,m’=0
= > GO AL (k) Ay (k, m) Ay (K, n') A% (k, m!)
n,n’ m,m’=0

X |m,o —n)(m',o—n|

= Z ’Aa<k7n)|2 ‘Ao(kam”? |m70 - n) <m70 - n|

n,m=0

_ <Z\Aa(k,m)\2 Im) <m\> ® (Z\Aa(k,nﬂz o —n) <o—n\> ,
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where in the second step d;; denotes the Kronecker delta equal to 1 for ¢ = 7 and 0

. (ko)) 12 ko) \'2 . . L
otherwise. The operator <pou’t > . (pou’t > is diagonal and therefore, taking its

square root will be equivalent to taking the square root of its eigenvalues

\/((péif)) )T () (i’fla(/ﬁ,m)‘]m><m|>®<i}flg(/€,n)‘]a—n><a—n>.

It remains to calculate the trace of the expression above

Z (Z\A (k,m)]| (alm) m|a> (Z]A (k,n)] b|a—n><a—n\b>)

= (Z\Ag(k,nn) .

Finally, inserting the above formula for the trace norm of p?) into Eq. (4.6), we obtain

Ex (p) = 210g, (imm,nn):mgz (Z o ( — Z,U)D. (4.8)

We observe that the readouts & and 0 —k not only uniquely define the state \\Ifolflf )>,

but also the amount of entanglement in it. The maximum amount of entanglement which
can be created in a Hilbert space of dimension (o + 1) is Ejy;,,, = logy(c + 1). Our
protocol allows one to achieve values close to this maximum, as shown in the lossless case
for 0 = 4 in Fig. 4.2, with the maximal value Ey; =~ 2.3. The decrease in entanglement

for k = Z results from the multiphoton HOM effect, whereupon all odd photon-number
components disappear (see photon number statistics in the last subfigure of Fig. 3.4).
This leads to an effective reduction of the Hilbert space dimension to (§ + 1) and thus
the maximal entanglement, log,(% + 1) or ~ 1.6 at 0 = 4. For comparison, Bell states
have logarithmic negativity, Exy,, = 1, which can be calculated following the steps above

for a Bell pair |Upea) = == 5 (100) + [11)). This is the same as we obtain for o = 1, that is
|\If(k % ) = (|01> + z|10)) where the pm sign is for the two cases k =0 or k = 1.

out

k,o)
H pgut

4.2.2 Protocol efficiency

It is instructive to know how often we may expect to distribute the output state |\Ilolflt0 )>,
i.e. the probability of Charlie measuring k,o — k, in ideal circumstances. To do that we
start with finding the state just after modes ao and b, interfere on the beam splitter

|\IJBS> = Z \% )\TL )\m |n7 m>a1,b1 Z/[BS |n7m>a2,b2 ’

n,m=0

pes = |¥gs) (VUps| = Z VA Am Ap Ag [nm) (p,al,, ,, @ Uss In,m) (p,dl,, 4, Uls.
n,m,p,q=0
(4.9)
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Figure 4.2: The amount of distributed entanglement in the shared state pgflf) as a function

of Charlie’s measurement outcome k,o — k. The entanglement is quantified by the value
of the logarithmic negativity Ey and is calculated for g = 0.1 and a) 0 = 1 and b) 0 = 4
photons detected in total by Charlie. The value of Ey = logy(o + 1) for the maximally
entangled state possible with the same number of photons is shown by the dashed black
line. The dark blue diamonds depict the lossless case (Eq. 4.8). At k = 0/2, as a result
of the multi-photon Hong-Ou-Mandel (HOM) effect, all odd photon-number components
disappear, halving the basis and reducing the maximal entanglement to log,(c/2 + 1).
This is reflected by the dip at £ = 2. The blue squares represent the numerically computed
values for a system where 40 dB losses were experienced by the photons in the idler modes
as and by. It is remarkable that these values match almost exactly the ideal case. This
is one of the two main results of this work. For comparison, the results for two other
scenarios of losses in the system are also shown. The green circles indicate the situation
where the photons in the idler modes as and by experience different losses: 37 dB in
one mode and 40 dB in the other (50% higher attenuation in one arm). The orange
triangles illustrate the situation where a small amount of losses (20%) are present in the
signal modes a; and b; only. Losses in signal modes are detrimental to the amount of
distributed entanglement but can be overcome using the delayed-choice scheme. All non-
ideal cases were computed for 50% detection efficiency at the PNR detectors. Vertical
grid lines separate the photon-number bins.
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We then observe that the probability of measuring k, o — k after the beam splitter will
be independent of the number of photons in the signal modes a1, b;. Thus, we trace out
these modes to find the reduced density matrix for the idler modes as, bo

Paz by = Tray by {Pout} = Z An AmUss [n, m) (n, m|a2,b2 UI];S' (4.10)
n,m=0

The probability of detecting |k, o — k) by Charlie equals
Pko) = Tr{‘k7 o - k) <k70 - k| pa2,b2}

= > Audn (k0 — k| Ups [n,m) (n,m|

n,m=0

Uls |k, o — k) . (4.11)

az,b2

The beam splitter 1nteraction is particle number conserving, therefore ¢ = n + m. In

addition, A\, = == According to Eq. (4.2), (k,o — k| Ugs|n,m) = A,(k,n) which

cosh

leads to the following expression for the probability

Z)\ Xoon| Ao (k,n)|” = Z}A kon)| = Ao (4.12)

cosh2 cosh2
n=0

This probability depends solely on the parametric gain g and o. Since there are o + 1
values of k, the probability to generate an arbitrary o photon state is (o + 1)pk,0).-

The success rate of obtaining a particular total photon number ¢ is then calculated
from multiplying (¢ 4+ 1)p) by the repetition rate of the pump, frp. For example,
assuming g = 0.1 and f,e, = 80 MHz, we would observe events having ¢ = 4 photons in
total with frequency 3.82 Hz and events having 0 = 1 with frequency 1.56 MHz.

4.3 Protocol’s operation in lossy conditions

In reality, the protocol will be subject to losses in photon transmission and device imperfec-
tions. Depending on the application of our protocol, the losses may vary from 0.2 dB/km
for optical fibres to approximately 40 dB for a ground-to-satellite channel [108|. As far
as the PNR devices are concerned, the best PNR detectors are the TESs as discussed
in Section 2.1.3 but their maximum efficiency could drop to 50-60% (by 2-3 dB) if one
included uncorrelated background counts and inefficient coupling.

One of the most promising realisations of quantum communications across large dis-
tances is to use an Earth-space channel between a satellite and the ground. We will
therefore focus on the relevant numbers for this application. Along with the ideal trans-
mission cases, Fig. 4.2 shows the numerical results for scenarios in the analysis of Earth-
space quantum communications which include high losses. The first case is that of bal-
anced idler modes (blue squares), each of which assumes losses of 40 dB (equivalent to
Tas.be =99.99%). The idler modes are the highest source of loss, yet the distributed entan-
glement seems unaffected by them. Our protocol is remarkably tolerant to losses in these
modes. Even though exactly symmetric losses may seem uncommon, in practice losses
may always be made more symmetric by using a reference pulse to estimate the losses
and introducing small arbitrary losses to correct the asymmetry.

If, however, some small asymmetries still remain, we show that the protocol remains
robust in the presence of asymmetry. In our analysis we consider the case where one
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channel has half as much transmittance as the other, which corresponds to 37, 40 dB losses
in modes ay and by, respectively (equivalent to r,, =99.98%, ry,, =99.99%). Another useful

1—7’1,2
1—rg

metric for the unbalanced losses is the relative transmittance € = with € = 0.5 in our
case of interest. The results for this scenario are shown by the green circles in Fig. 4.2.
We observe that significant amount of entanglement remains even with large asymmetry.
This robustness to asymmetry in the transmitting channels ensures the feasibility of our

proposal.

For completeness, we also include in Fig. 4.2 the case of losses in signal modes a; and
by. These are shown by orange triangles. Since photons in these modes would not travel
over long distances but would be measured locally in the laboratory by Alice and Bob as
soon as they are created, we chose to include much smaller losses of 1 dB (equivalent to
Tas.by =20%). We see that the most significant reduction of entanglement quality is due to
signal mode losses. However, they can be reduced by applying a delayed-choice scheme to
our protocol, where Alice and Bob’s measurement precede Charlie’s. In all of these three
cases, losses at the detectors were set to a realistic value of 74, 4, =50%.

We predict to be able to distribute near-maximally entangled states with arbitrar-
ily large losses in the transmitting channels, whether it is an Earth-space channel or a
long optical fibre. Moreover, our protocol’s design is well-matched with the hardware of
quantum photonics. These results were achieved with only natural sources of quantum
light and existing PNR detectors. The real experimental parameters have been taken into
account in all our simulations.

In the subsections below, we will back up our numerical results with analytic deriva-
tions and an extended numerical analysis.

4.3.1 Distribution over symmetric channels

In this subsection we will look at losses which appear only in the idler modes as, by and
which are considered equal, r, = r, = r. We note that the state shared by Alice and Bob

will no longer be the pure state \\I!g’flf)>, but a mixed state pg’f;;’) derived below.

A model to include losses in the transmitted channels was presented in Subsection 3.2.4
where additional beam splitters were inserted into the pathways of the photons. A mode
containing n photons will reduce to

myn > 3 (Z)rm Pl — phin — p, (1.13)

where we have used Eq. (3.47) but relabelled p — n — p so that p denotes the number of
photons lost rather than transmitted.

Applying this procedure to the idler modes of the input state |¥;,) and correcting for
the fact that the density matrix is non-diagonal [109] leads to the following input density
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operator

mln nn

TS mz (")(

n,n’ ,;m,m’=0

R GIARR—
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(1 _ T)n+n/f2p r2p
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q q

X |n, m) (' |y b, @ In = pym—q) (0" —p,m’ —ql,,,
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n,n’ ;m,m’'=0

(4.14)

min(n,n’) min(

7m/) / /
X Z (n) (n) (m) (m) (1 _ T)n+n’+m+m’72p*2q r2p+2q
— - p/\p/\a/\q

ay,by & ‘n —p,m—= Q> <TLI - b m' — q|a2,b2 ’

3

After the idler modes interfere on the beam splitter and are projected onto |k, o — k) dondy?
the total photon number in the idler modes is known (assuming the beam splitter itself
and detection is lossless) and equals ¢ = n +m — p — ¢, where n and m are the numbers
of photons generated by Alice and Bob, respectively, and p and ¢ are the numbers of
photons lost on the way to Charlie. This results in the creation of the following state

PG VR SV W W W W P W e I

n,n’ ;m,m’=0

S SO T 6 T

X Aa<k> n— p) A:—(k> ' = D) Oontm—p—q O/ +m' —p—q

o0

= N? Z r7 \/Tn/\n T At T Ay T Ay |n7 m) <n/7 mll

a1,b1
n,n’ ;m,m’=0
min(n,n’) min(m,m’) ( ) (Tl/) (m) (TTL’) (415)
x D
— q q
Ao(k7 n— p) AZ(ka TL - p) 5U,n+m—]7—q 5o,n’+m’—p—q7
= N2 Z T_U\/’I"n/\n TnlAn’ rmAm TmlAm/ |n7 m> <’I’L,, mllal,bl

n,n/ m,m/=0

min(n+m—o,n,n’) , ,
n n m m
X
2 " (p><p><5—0—p><5—0’—p>

p=max(0,n—o,n’—

X Aa(k7n _p) Az*r(kan/ _p)a

where in the second step we have absorbed (1 — r)? into the normalization N? and in
the third the delta functions allowed us to remove the sum over ¢q. The normalizations is
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given by

min(n,n+m— 0’)(

N2_ Z Ay A0 Z

n,m=0 p=max(0,n—0o)

Z) (n+mnzg_p> A (k,n=p)f*. (4.16)

Since the signal modes a1, b; are assumed to be lossless, in principle the total number of
photons in these modes could be infinite. Nevertheless, we will label it as S = n +m =
n' +m’. It then follows that n,n’,m,m’ < S and 0 =S — p — ¢ while S takes the values
from o up to infinity. Replacing m with S —n and m’ with S — n’ the state takes the
form

pOUt =N Z Z \/Tn)‘n T X 757Ny 79 Ag i [0, S =) (', S — n/‘m,ln

S=0 n,n'=0

min(S—o,n,n’)
n\ (n S—n S —n
Xp max();an o’) (p><p)<s_0'_p)<5—0'—p)

X Ay (k,n —p) A%(k,n' — p).

(4.17)
We also notice that \,Ag_,, = CO;\%Q which allows us to simplify Eq. (4.17) to

pout NZZTS o)‘S Z ’TLS—TL)(TL S_n’albl

S=o n,n'=0

. min Sztinn) n n' S—n S —n! (418)
pmaxOn on’ U) p p S—U—p S—U—p

X Ay (k,n —p) (A% (k,n' —p)),

where once again the constant factor Cosllrlzg has been absorbed by the normalization

Z 57y Z mmszm (Z) (Sf;_ >|A (bon — p)[2. (4.19)

n=0 p=max(0,n—0o)

It is then possible to extract from Eq. (4.18) an internal density matrix with fixed S

S
k,S)
pn?t ‘/\/21(; Z ‘n7S—n> <n/7S_n,’a1,b1 X
n,n'=0

min(S—o,n,n’)
n\ [n' S—n S—n
g 2 (p)<p)(5—0—p)(5—0—p) g
p=max(0,n—o,n’'—0o)
X Ag(k,n —p) (As(k,n' —p)),
with

_Z mm(SZm (Z) <Sf;ﬁp>‘/lg(k,n—p)‘2. (4.20)

n=0 p=max(0,n—0)
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By shifting the summation index to p — n — p (which means p is now the number of
photons which have survived the trip), the above equation turns into

_:XS: mnX(U:n) (nﬁp)(s S_nﬂ?)M (k)

int n=0 p=max(0,n+oc—>S)

el |A0(k,p)l2§% (Z) (i :Z) o

p=max(0,n+oc—5S)
(541
S \o+1)

This result was achieved as follows. The Chu-Vandermonde identity zn 0 ( )(S S

o—p
(S ﬁ) is valid as long as 0 < p < ¢ < .S which is satisfied in our case. We then used the

fact that the probabilities |A,(k,p)|* must sum to one, Z;m?naxno nio_g)lAs(k,p)]? = 1.

For S = o, pl(gt %) reproduces the density operator for the lossless case

g

k
P = 3" o —n) (0o =],

n,n'=0

min(c—o,n,n’) n n o—n o—n
o AO0CT )

p=max(0,n—o,n’—0o) (422)
XAU(kvn_p)A:'(kvnl_p)

= Z Ay (k,n) AL (k,n') In,o —n) (0,0 —n'

a1,b1
n,n/=0
k,o
= |\I{out > <\Ilc()ut )| )
as expected. Eq. (4.18) can now be rewritten as
ko) TN (kS e (0,k,9)
pout N Z N2 Pint = N Z Xo,S Pint ’ (423)
S=o int S=0
where X5 = 1977 \g (fﬁ) As a consequence the normalization in Eq. (4.19) also sim-
plifies
IR S+1 Ao
-—_ = ZTS_UAS + — 3 s (424)
NZ = o+1 (1 — rtanh” g)o+2
where we have used the identity Y o 2% (f]:) = (1—x)7722°.

The final expression for the density operator in the case of symmetric losses in the
idler modes is

(0,k,S)
pout Zp |¢T plnt ) (425)

where pg|, is the probability to obtain S photons, given an outcome of |k, o — k) was
obtained at the remote station. We note that Alice and Bob know o after Charlie com-
municates the measurement outcome, but none of them knows S exactly, except that it
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is given by the probability distribution pg,. The probability quantifies the contribution

of pfgf’s) to the final density operator and is given in its full form below
~ S+1
pslo = N?Xo,5 = (rtanh® g)°~7(1 — r tanh® g)”“( j: 1) . (4.26)
o

Provided we are in the limit rtanh®g < 1, the term (rtanh® )~ decreases with S
more rapidly than (S ﬁ) increases, so that pg), is largest for S = o and rapidly decreases,
as is shown in Fig. 4.3. This means that the prlmary component of the mixed state
is pf;jg’“"’ , which is identical to the lossless state U7y ()| a5 has been shown in
Eq. (4.22). Provided that the gain ¢ stays within the non-depletion regime, ¢*> < 1, the
limit 7 tanh?(g) < 1 holds even as r — 1, so that the output state is largely unchanged
p((m |\Ilolf1ta )> (\I/O]flta )| and the entanglement of the final states remains high even in
the presence of arbitrarily high losses in the idler modes. This is reminiscent of a g
correlation function measurement, which is known to be immune to losses [110].

A more thorough analysis conﬁrms these findings further. Fig. 4 4 shows the results of
numerical computations of the logarithmic negativity for the state ,oout . We have analysed
the effect of idler losses ranging from 0 to 100% in steps of 10. In this figure losses are
also given in dB found by applying the formula —10log,,(1 — 7). Indeed, the decrease
of the logarithmic negativity representing the amount of distributed entanglement with
increasing losses in the idler modes is almost imperceptible.

Althou h 1t would be too involving to include imperfect detection in our derivations of
the state pout , 1t is quite straightforward to add losses in our numerical programme. We
considered two scenarios: 95% typical for a TES device [18] and 60% in case the efficiency
dropped due to unusually high uncorrelated background counts or inefficient coupling,
which might be the case for detection in space. As we see in Fig. 4.5, the results are very
similar to those in Fig. 4.4. Therefore, imperfect detection does not significantly affect
the efficiency of the protocol, as it is a minor addition compared to the already large idler

losses (5-40 dB).
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Figure 4.3: The figure shows the multi-photon character of the state pgfl’f) shared by
Alice and Bob. The probability, ps|,, that Alice and Bob share S total photons given
a) o = 1 and b) 0 = 4 photons were measured by Charlie, plotted for a realistic value
of parametric gain, g = 0.1. The blue diamonds depict the case of lossless idler modes
(r = 0), here S is always equal to ¢ because the signal and idler modes have equal photon
numbers and Charlie’s entangling measurement is photon number preserving. The orange
triangles depict idler losses of 3 dB (r = 0.5), as might be present in lab conditions, while
green circles depict 40 dB (r = 0.9999), as in an Earth-space channel or 200 km of optical
fibre. Idler losses introduce higher-order contributions S > ¢ but the primary component
and lower-bound is still S = o since, in the absence of dark counts and background
photons, Charlie cannot measure more photons than were sent to him in Alice and Bob’s
idler modes. Losses in the signal modes may introduce components S < o but these
can be significantly reduced by using a delayed-choice scheme where Alice and Bob’s
measurements precede that of Charlie. Vertical grid lines separate the photon-number
bins.
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Figure 4.4: Logarithmic negativity F of the output state pg’f;t‘”, given in Eq. (4.18), as

a function of Charlie’s measurement outcomes k, o — k. The results were computed for
g = 0.1 and ¢ = 4 assuming symmetric losses r in idler modes a5 and by with losses in the
remaining modes and at the detectors set to zero. The losses vary from 0% (ideal case)
to 99.99% (split between the upper and the lower figure) which is equivalent to 40 dB.
We observe that the amount of entanglement shared between Alice and Bob is nearly
unchanged by even the highest losses.
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Figure 4.5: Logarithmic negativity Exr of the output state pgfl’f) as a function of Charlie’s

measurement outcome k, 0 —k. The results were computed for ¢ = 0.1 and 0 = 4 assuming
symmetric losses r in idler modes as and b, and losses at the detectors located behind
the beam splitter set to a) r4 = 5% and b) r4 = 40%. The losses at signal modes were
set to zero, ry = 0. The ideal case correponds to no losses, that is r = ry, = ry = 0.
The losses in the idler modes varied from 0% to 99%, always with imperfect detection.
We observe there is a negligible difference in the amount of shared entanglement in those
cases compared to the ideal case. We conclude the protocol maintains its quality even
with imperfect detectors.
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4.4 Distribution over asymmetric channels

In a real experimental setting, losses in the two transmitting channels corresponding to the
idler modes will never be perfectly equal. In principle, the channel with fewer losses could
have some losses artificially added to balance the channels but it would be interesting to
see how the asymmetry of losses influences the operation of our protocol.

To simplify the derivations, we consider first the case when Bob’s idler mode b, is
lossless (r, = 0,%, = 1). We will then define Alice’s idler mode transmittance, t, as a
fraction of Bob’s transmittance, t, = et;, = €. As in the previous section, the input density
operator, now given by

00 min(n,n’) ,
n n ,
= 3 Vi 3 ()(7) 4
p=0

p

n,n’ m,m’=0

SE Qe

|n,m> (n',m/|

a1,b1 ® |n —p,m—= Q> <n/ - D m' — Q|a2,b2 !

is modified by the protocol and the inclusion of losses modelled by the extra beam splitters
into

o) — A2 Z X At A A [ ) (],

n,n’ m,m’'=

S 0 0] EoTt o P

X -Aa(ka n-— p) (As(k,n" — p)) O,n+m—p—g Oo,n/+m’—p—q

= ./\72 Z /\n >\n’ )\m )‘m’ ’nv m> <n/’ m/|a1,b1

n,n’ ;m,m’'=0

R Gl

Aa(ku n— p) (Ao(ka TL, - p))* 5a,n+m—p 50,n’+m’—p)

(4.28)

where we could remove the sum over ¢, as only the ¢ = 0 term would contribute to the
sum for ¢, = 1.

The Kronecker delta functions allows us to set m = S —n,m’ = S — n’ and replace
the sum over m,m’ with a single sum over S. They also tell us that p = S — o, so that
the sum over p can also be removed. Thus, the density matrix takes the following form

0o S
p((i)’fl:- = N? Z Z \/)‘n At As—n As—n |1, S — ) <n/’ S — n/’ahbl

S=onn'=S—0o

n, (4.29)
) entn/+2(c—5) (1 _ 6)2(5’sz)

— 0

><.AU k n—S—i—a) (A, (k,n' = S+0))".



4.4. DISTRIBUTION OVER ASYMMETRIC CHANNELS 45

and absorb — mto N2

_As
cosh? g’

Again, we notice that A\,\g_,, =
S—o S
n+n
) S S —n) (0, S —

(k,o
pout ) N2 Z AS (
nn'=S—o

x \/(Sfa) (Sf(j)AU(k,n—sw) (Ao (k1 = S+ )"

where the normalization factor equals

1 0 1—e¢ S—a S . n
A?:SZUAS( ‘ ) 2 ¢ <s—a) Aok = 5+ o) (4.31)

n=S—o
We notice that, unlike in Eq. (4.23), it is impossible to decompose the matrix into e-
independent components. Instead, we obtain

(4.30)

ot =N ZZXUS (ol e), (4.32)
where x,s(€) = K%(%)S_U and the density matrix components are
s
P () = Z —n) (0,5 =n'l,,
(4.33)
SN "N Ay (kon— S+ 0) (A (k0 — S + o))"
S—c)\S—0c)7 7" 7) e 7
with
1 5 n 2
—_— = €" A, (k,n—S+0)|°. 4.34
e DI R [P ) (430

We find that, similar to the case of symmetric losses, the probability N >Xo.5(€) is strongly

o) _ (oko (0,k,0)

peaked at S = o when g << 1 so that pout R Pint ), However pmt is no longer equal

to the lossless state |U7) (U9 but is instead given by p\%"") = (W)Y (3| where
|0 )y = N (e)? Z €2 A, (k,n) n,o —n). (4.35)
n=0

Due to the asymmetry in transmission, Alice is more likely to lose photons than Bob
and thus the symmetry n — o — n of the state is broken. This is shown for the state
k=00 =4and g = 0.1 in Fig. 4.6, where the probability for Alice, Bob to measure
n,o — n photons is plotted for e € {0,0.33,0.66,1}. The suppression of high n states
leads to an effective reduction of the Hilbert space dimension lowering the entanglement.
This can also be shown ana ytlcally Following the same steps as in Subsection 4.2.1, the
logarithmic negativity of |\If

> e/t Ay (k) 3 g (1 $,0)]

Ex(|@%2) (B]) = 21og, | = = 2log, | ==
Femer) ooy

(4.36)
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It can be seen that the factor € scales down the argument to the logarithm. The equation
above also correctly reduces to Eq. (4.8) in the symmetric limit ¢ — 1, while in the
limit of extreme asymmetry ¢ — 0 it becomes Ej) = 0, since the state reduces to the
unentangled |0,0). To back up the analytic derivations we computed the logarithmic

1.0 1
—o— ¢ =0.00
T 0 € =0.33
—— =
5 e = 0.66
< 06l —e— =100
i)
=
= 04
|
S
£
0.0 - o
0 1 2 3 4
n

(0,4)

out . generated with asymmetric losses and g = 0.1, the proba-

Figure 4.6: Given a state p
bility for Alice, Bob to measure n, o — n photons is given by (n,o — n|p((jfl’f)\n, o —n) and
plotted for e € {0,0.33,0.66,1}. Asymmetry in losses leads to asymmetry of the shared
state, lowering entanglement. The probabilities sum to ~ 0.99 rather than one due to a

small probability to detect S > ¢ photons.

negativity for the full state given in Eq. (4.30) for various values of €, while keeping Bob’s
mode ideal (t, = 100%). As before, we have taken g = 0.1 and displayed transmittances
in percentages (%) in the following results. A representative figure showing the behaviour
of logarithmic negativity as the transmittance of the idler modes is made progressively
more unequal is shown in Fig. 4.7. We find that a small asymmetry € 2 0.7 has almost no
effect but thereafter there is a significant reduction in the amount of shared entanglement.
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Figure 4.7: Logarithmic negativity Ex as a function of Charlie’s measurement outcomes
k,o — k computed for the state in Eq. (4.30) and o = 4. For these results Bob’s transmis-
sivity in the idler modes was fixed and assumed to be lossless, while Alice’s transmissivity
varied from 100% (perfect symmetry) to 10% (equivalent to the relative transmittance of
e = 0.1). We observe that the amount of entanglement shared between Alice and Bob is
robust to small asymmetries (¢ 2 0.7).

Further analysis reveals that the entanglement is best preserved for the case where all
photons emerge from the same output of the beam splitter, i.e. for K = 0 and k¥ = o.
The entanglement deteriorates quickest when the outputs of the beam splitter are equally
populated, k = /2. These results are shown in Fig. 4.8 where the dependence of the
logarithmic negativity on € is plotted for o = 4. The numerically calculated values (points)
match almost exactly the approximate analytical result (lines) calculated from Eq. (4.36).
From these calculations it can be inferred that the protocol maintains its quality of output
(up to 90% of the maximal value of entanglement) down to e = 0.7 for k = 2 and € = 0.4
for £ = 0. Relative transmittance e < 0.4 is unlikely to occur in reality [100, 108] but in
such a case artificial losses may always be introduced to balance the channels.

Finally, we numerically evaluate the effect of Bob’s nonperfect transmissivity. The
results for o = 4 are shown in Fig. 4.10. We allow ¢;, to drop from 90% to 10% and
for each value of t,, t,, goes from 5% to ¢, in steps of 5%. When the transmittances
of the two idler modes are equal, the amount of entanglement is close to maximal, given
by log,(5) ~ 2.32, which we expect in the light of the discussion in Subsection 4.3.1. As
the symmetry is broken, entanglement decreases. In fact, Eq. (4.36) gives a very good
analytical approximation even in this more general case, showing that the entanglement
depends only on the relative transmittance e = i—z This is verified numerically in Fig. 4.9
for tb = 65%

We conclude that symmetric channels are not necessary to distribute near-maximally
entangled states.
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Figure 4.8: Dependence of the logarithmic negativity Fy shown in Fig. 4.7 on imbalance
of losses in the two idler modes, ¢ = i—‘;, for ¢ = 0.1 and ¢ = 4. The points are the
exactly calculated numerical results, while the solid lines are calculated from the analytical
approximation Eq. (4.36). We note a good agreement between the numerical results and
the analytical approximation.
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Figure 4.9: Dependence of logarithmic negativity Ex shown in Fig. 4.7 on imbalance of
losses in the two idler modes, € = ';—‘Z, for ¢ = 0.1, 0 = 4 and t, = 65%. The points
are the exactly calculated numerical results, while the solid lines are calculated from the
analytical approximation Eq. (4.36). We note that the analytical approximation works
even for the more general case when t;, # 100%.

4.5 Losses in the signal modes

In contrast to the idler mode losses, losses in the signal modes a; and b, are critical
since they spoil the generated entanglement, as can be seen in Fig. 4.11. There, idler
losses were assumed lossless and only detection inefficiencies at Charlie’s were taken into
account. The reason for this sensitivity of the signal modes to losses is the lack of an
entangling measurement.

To our benefit, losses in the signal modes may be significantly reduced by employing
a delayed-choice scheme. In such a scheme, Alice and Bob perform their measurements
immediately after generating the state py, while the idler modes are still in flight. By the
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Figure 4.10: Logarithmic negativity E as a function of Charlie’s measurement outcome
k,o—k. The results were computed for g = 0.1, 0 = 4 and different pairs of transmittances
of the idler modes as shown by the top label of each subfigure and the colour coding
for e. This is another demonstration that the entanglement shared between Alice and
Bob is robust for small asymmetries (¢ 2 0.7) but this time for a wider range of Bob’s
transmissivities which vary between 95% and 20%.
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no-signalling principle, all measurement outcomes are independent of this modification
and the protocol maintains its properties.
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Figure 4.11: Logarithmic negativity Ex as a function of k,o — k computed for g = 0.1
and o = 4 assuming symmetric losses in signal modes a; and b; and losses at the detectors
located behind the beam splitter set to a) 5% and b) 40%. The losses at the idler modes
are set to zero. We observe the amount of entanglement shared between Alice and Bob
drops quickly in the presence of losses in the signal modes. However, this effect can be
mitigated if the delayed choice scheme is employed.

4.6 Losses varying with time

It is also worth considering the effect of time fluctuations on the amount of entanglement
shared by Alice and Bob. This is especially relevant in Earth-space quantum commu-
nications when photons travel through the atmosphere. The ever-changing atmospheric
conditions, such as humidity and temperature, affect the transmissivity experienced by
the travelling photons.
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Ref. [108] discusses the difficulties in Earth-space communications and it establishes
that losses in each transmitting mode will vary on the timescale of 10-100 ms for losses
coming from atmospheric turbulence and 0.1-1s for losses deriving from jitter in the
telescopes. In comparison, a single pulse travelling towards a satellite on a low-Earth
orbit will take approximately 3 ms to reach the satellite. Therefore fluctuations affect
only the logarithmic negativity which is time-averaged over all successful transmission
events representing the average amount of entanglement Alice and Bob share.

Let us assume that the transmittance of Alice’s mode is fixed and Bob’s has a normal
distribution with variance 1 dB. We then generate 500 random values from that distribu-
tion and calculate the resulting logarithmic negativity. We repeat the process for different
values of transmittance ¢,,. An example is shown in Fig. 4.12 for ¢ = 4 and typical at-
mospheric attenuation of 40 dB. It can be seen that the averaged value of logarithmic
negativity is only 0.01-0.05 below the maximal value and the fluctuations do not have a
significant impact on the performance of the distribution protocol.

4.7 Protocol success rate

In order to fairly compare our protocol against the state-of-the-art schemes, it is instruc-
tive to calculate its success rate. To start with, we follow a similar procedure as in
Subsection 4.2.2 to find the efficiency in the presence of losses.

In the case of symmetric losses in the idler modes, the input state is as given in
Eq. (4.14). The probability of measuring k, o — k is similarly given by

Pk,o) = Tra1,b1 {(kv 0 — k|a27b2 UBSPinU;;S |k7 0 — k>a2,b2} . (437)

The state inside the trace is in fact the output state p{” (Eq. (4.23)). The trace of a

out
density matrix is equivalent to its normalization constant. Therefore /%[ from Eq.(4.24)
(1=r)7
cosh? g

(multiplied by the factor
we are looking for

we absorbed during the derivation) gives the probability

1 (1—r) X (1—-r)7
o) = Tra { 4(313170)} = —= = = ’ 4.38
D(k,0) 1,01 Pout N2 cosh® ¢ cosh’ g (1 — rtanh? g)o+2 ( )

which correctly reduces to Eq. (4.12) in the lossless case r = 0.

The protocol success rate is proportional to the probability of receiving at least one
photon at the remote station, as then we are certain that Alice and Bob share entangled
states, which may be multi-photon. The complement of that event is that no photons
reach the satellite, equivalent to o = 0. Setting o = 0 in Eq. (4.38) we find

1 1
cosh’ g (1 — rtanh? g)2

_ ( 1 —tanh?g )2
1 —rtanh®g/

The equivalent expression in the case of asymmetric losses is calculated for py, given

P,0) =
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Figure 4.12: Randomly generated values of logarithmic negativity Es for the state pgﬁf)

in 500 events. The results were calculated for g = 0.1, 0 = 4, Alice’s idler mode transmis-
sivity fixed to 40 dB and Bob’s transmissivity at 40 dB with 1 dB variance. The subfigures
show results for Charlie measuring a) k =0, b) £ =1, and c¢) k = 2 at his station.
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by Eq. (4.27) as follows

P(,0) = Tra17b1 {<O? O’ag,bz Pin |0’ O>a2,b2}

oo
n,.m
= E A Ao Ty

S (4.39)
= Z AnT Z AmTy"
n:O1 m=0 | |

cosh* ¢ - ro tanh? ¢ - r, tanh? ¢

The overall success rate is then fiep(1—p(o,0y). For a typical parametric gain (g = 0.1)
and Earth-space losses (r, = r, = 40 dB) we obtain 1 — pg = 2 x 107 Assuming
a pulse repetition rate of 80 MHz, our success rate would be 160 Hz, i.e. 160 entangled
states generated per second.

Fig. 4.13 shows the dependence of the protocol efficiency on the idler losses (dashed
lines) for three values of the parametric gain: g = {0.1,0.2,0.4}. We observe that the
efficiency increases with the parametric gain g and decreases with the idler losses r. Inves-
tigating the dependence on transmission losses more closely, we see that it is proportional
to the transmittance ¢ = 1 —r between Alice/Bob and Charlie. It is customary to instead
use the transmittance n = t* of the summed distance from Alice to Bob [111], assuming
that Charlie is approximately at the mid-point between them. In this context it is clear
that our protocol’s efficiency scales as O(,/7). This should be contrasted to schemes where
Charlie directly distributes Bell pairs to Alice and Bob [97, 100], which have efficiencies
O(n). The reason for the quadratic improvement is that only a single photon has to sur-
vive the trip between Alice/Bob and Charlie, since an entangled state is established even
with ¢ = 1. In contrast, distributing a Bell pair requires two photons to survive the trip,
therefore losses are more significant.

Fig. 4.13 depicts also the generated entanglement as a function of the idler losses for
the same values of the parametric gain: g = {0.1,0.2,0.4}. Provided that g?> < 1, which
holds true for g = 0.1, the idler losses influence only the efficiency of the protocol with-
out changing its principle of operation or the generated entanglement. This feature is
characteristic to protocols based on two-photon Bell pair entanglement, and now we have
shown it for all multi-photon schemes based on our set-up. If g is increased, the amount of
entanglement decreases but not catastrophically, e.g. fo g = 0.4 the entanglement reduces
to ~ 60% of the ideal value, with arbitrarily high idler losses. This reduction in entan-
glement occurs due to the presence of multi-photon components S > ¢ demonstrating
that even with a detection of ¢ = 1 at the remote station, the resulting state contains
noticeable multi-photon components.

We conclude that there is a trade-off between the efficiency of the protocol and the
generated entanglement. The efficiency can be improved by increasing g but at the cost
of reducing the generated entanglement, as can be seen for ¢ = 0.2 and g = 0.4.
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Figure 4.13: The performance of the entanglement distribution protocol is quantified by
the amount of generated entanglement, as measured by the logarithmic negativity E
(solid lines) and the protocol efficiency, 1 — p() (dashed lines), plotted here for the
example state p(()?l’tl ). The idler losses between Alice/Bob and Charlie are expressed in
dB, rqg = —10log,,(1 — 7). The protocol efficiency decreases gradually with idler losses,
having the favourable scaling O(,/17) where n = (1 — r)? is the effective transmittance
between Alice and Bob. Charlie is assumed to be approximately at the mid-point between
them. The amount of generated entanglement also decreases with idler losses, but quickly
saturates to a finite value. Provided that the parametric gain g is at realistically low levels
(¢> < 1), this decrease is negligible and the protocol is robust to extremely high losses
(blue lines, g = 0.1). Increasing the parametric gain (orange lines, ¢ = 0.2 and green lines,
g = 0.4) leads to an increase of protocol efficiency at the cost of reduced entanglement of

the generated states.
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4.8 Other factors in realising a feasible entanglement
distribution protocol

The robustness to extreme losses of our protocol makes it ideal for deployment in a
satellite-based quantum communications scheme where entanglement is distributed be-
tween two remote locations on Earth and employed for quantum key distribution. Our
protocol has the potential to outperform state-of-the-art demonstrations based on the dis-
tribution of two-photon Bell pairs, such as those reported in Refs. [97] and [100|. There,
an SPDC source pumped by a continuous wave laser generated space-borne Bell pairs
at random times, which were next sent by a downlink channel to two stations on Earth
separated by nearly 1200 km. The entanglement between the stations was verified by a
CHSH Bell test under the fair sampling hypothesis. Moreover, only approximately two
Bell pairs out of 5.9 x 10° reached the stations per second. The receiving stations had
to be synchronised by the beacon laser and classical two-way communication between
Alice and Bob was necessary to discard the cases when only one of the stations received
a photon.

In contrast, in our protocol both Alice and Bob create locally a TMSV state. Their
sources can be synchronised offline similarly to entanglement swapping schemes. A third
party, Charlie, is located on a satellite and performs conditional state preparation. He
acts as a central authority who broadcasts via a classical downlink if Alice and Bob
share an entangled state. Thus direct communication between Alice and Bob is not
required to generate the entanglement, although if the protocol was used for quantum key
distribution, some one-way communication would still be necessary to perform information
reconciliation. More importantly, in a satellite-based approach, the improved scaling
O(y/n) is significant. For example, in Ref. [100], two Bell pairs reach the ground stations
per second, whereas for similar atmospheric losses (40 dB between ground and satellite,
80 dB summed losses) and g = 0.1 in our scenario, we estimate 160 successful entangled
states to be generated per second.

This protocol, when applied to an Earth-space environment, is also original in that
it uses an uplink rather than a downlink to send the quantum optical signals. Although
downlinks have been shown to introduce less loss than uplinks [108], from an experimen-
tal point of view uplinks provide better control and flexibility of the quantum source
when it is located on the ground rather than in space, and thus are the better choice
to study global-scale quantum communications implementations [108|. Turbulence and
background radiation affect uplinks more significantly, however, the pointing accuracy
is a more consequential factor in our scheme, due to the necessity of time synchronisa-
tion of the ground sources. In this aspect uplinks have in fact been shown to be more
precise [108].

Another matter to address in Earth-space quantum communications is the problem
of phase stability. A phase damping channel causes the off-diagonal elements of the two-
mode density matrix p(()]zta ) to decay, lowering the entanglement. This effect is, however,
mitigated by the delayed-choice scheme in which Alice and Bob measure the signal modes
while the idler beams are still in flight. The idler beams are then projected onto Fock
states and additional phase damping may be further reduced by using two reference pulses,
one to measure the delay in arrival times of the two idler beams, and one to measure the
rate of phase-shifting, as has been done in previous experiments [112, 113, 114].
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4.9 Software

In this section we briefly mention the procedure used to calculate the logarithmic neg-
ativity of pg’flf), which is the basis of all our calculations in this chapter. The software
that we have developed and used was written in Python 3 using the NumPy package,
which was employed for matrix algebra. The program performs operations described by
the following algorithm

1. for both SPDC sources belonging to Alice and Bob, compute p = |¥) (¥| where,
[U) = > /A In,n), and Nuax is a sum cutoff found by solving A,,,... /Ao < 1071
for a given g and 107 results from the precision of the numeric data type; usually

> 6.

nmax

2. for all modes leaving the sources, add losses and then trace out unwanted modes,
i.e. perform the following operation

T
p = Tryy {U(Ts) (n) 0 (0] ( n)) <U](37’Ss)> }7

where r, and r; are losses in signal and idler modes, respectively,
3. construct the density operator matrix for py, = p' ® o/,
4. apply the 50 : 50 BS operation, pgs = Ugs pin (UBS)T,

5. add losses ry, and 74, to the modes leaving the BS
T T T T r T
pout = Trs g {U U ows (Ugs?) (Ui } ,

6. for all K =0,...,5 perform the following operations:

(a) project pout onto |k, S — k): pls) = (k, S — k| pout |k, S — k) and renormalize
the result,

r
(b) compute partial transposition of pg’ff); <p§)’ff>> :

r
(c) compute eigenvalues {ay} of (,ogff) ) using routines built into the NumPy

package,
(d) compute the logarithmic negativity

Ey = log, (14—22%7_0%).
k

The advantage of the above algorithm is relatively fast operation at a cost of huge memory
requirements because of the large size of the matrices. In the worst case, oy contains n®
double-precision values (ca. 13 MB for ny.. = 6, 800 MB for n,, = 10) and therefore,
computations for n.. as large as 20 or 50 would be impossible. This has been solved
by noticing that the matrix contains mostly zeros and that the sum of the number of
photons in all modes cannot be simultaneously higher than 4n,,,,, which allowed us to
apply denser packing. Once the final density operator matrix is computed, subsequent
computations (step 6) of the algorithm can be performed for all interesting values of S

and k.
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4.10 Conclusions

We proposed an entanglement distribution protocol based on an optimal use of the existing
integrated quantum optical components, namely SPDC sources and PNR detectors. An
experiment in which our family of states was successfully produced has been reported in
Ref. [115] manifesting the feasibility of our protocol.

We predict to be able to distribute near-maximally entangled states with arbitrarily
large losses in the transmitting channels, whether it is an Earth-space channel or a long
optical fibre. In particular, we have carefully studied the effect of imperfections that
would be present within an actual Earth-space entanglement distribution implementation.
We have considered idler losses, signal losses, detector inefficiencies, idler asymmetry,
fluctuations of idler losses over time, time synchronisation errors and phase damping to
ensure our protocol is feasible. We also discussed the pros and cons of using an uplink
versus a downlink scenario. These realistic parameters allowed us to simulate the outcome
of an entanglement distribution experiment which achieved a success rate of 160 Hz.

The distinctive features of our protocol include robustness to arbitrarily high transmis-
sion losses, ability of choosing the local dimension of the generated multi-photon entangled
state and the state-of-the-art scaling O(,/7) of efficiency with channel transmittance. We
demonstrated that our protocol is capable of achieving a quadratic improvement in trans-
mission rates compared to the distribution of polarization-entangled photon pairs, such
as in the recently deployed Earth-space setup [100], regardless of transmission losses.

Further work [116, 117, 118] shows that the entanglement distributed with our pro-
tocol can be certified by Bell tests which have the potential to be loophole free, and
may be directly used in well established QKD protocols. Generally, this could provide
measurement-device-independent (MDI) levels of security, which may be upgraded to fully
device-independent (DI) security if the Bell test was loophole-free.
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Chapter 5

Quantum-enhanced interferometry

The entanglement distribution protocol described in the previous chapter can also be
used to generate higher photon-number states which are useful for quantum metrology.
They are the multi-photon generalised Holland-Burnett states [73] that we show allow
near-optimal quantum-enhanced optical phase estimation in a lossy environment. This
chapter is based on Ref. [119] and it also contains selected results from an experimental
realisation of this idea carried out by my co-authors.

We will start with some background information on parameter estimation, then pro-
ceed to discuss the current state of the art and finally present the theoretical and exper-
imental results of applying the entanglement distribution protocol to quantum-enhanced
interferometry.

5.1 Background

Quantum metrology is a relatively new quantum technology which has emerged in the last
two decades as a result of the second quantum revolution [120]. It has found a number of
applications, in particular in optics, where it helps to enhance the performance of interfer-
ometers [121, 122|, phase estimation [123|, object detection and testing [124, 125], super-
resolution [126, 127] and spectroscopy [128]. Quantum enhanced schemes are particularly
exciting when applied to optical interferometers, making them the most sensitive instru-
ments we dispose of nowadays. In fact, quantum-enhanced optical interferometers enabled
the long-awaited detection of gravitational waves in experiments such as GEOG600 [129],
LIGO [130] and VIRGO [131]. They also allow characterization of delicate photosensitive
samples [132, 133, 134, 135].

Classically, interferometry is the observation of light intensity variations resulting from
two (or more) waves overlapping and their relative phase changing, where light intensity
is considered to be measureable with arbitrary precision. However, once semiclassical
theory is considered, which implies a quantized measurement process, the absorption of
light quanta becomes stochastic. The number of photons detected follows Poissonian or
super-Poissonian statistics with standard deviation proportional to or larger than /(N)
where (N) denotes the mean number of photons detected. This uncertainty is then carried
onto the determination of the relative phase difference between the interferometer arms

. M 1 . . . . .
via A¢ oy 2 7 The equality holds for Poissonian light and is referred to as the
shot noise.

In a fully quantum approach, light is described by a quantum state and exhibits
non-classical effects such as entanglement or squeezing. Such states may follow sub-
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Poissonian statistics where the photon-number fluctuations are reduced, also leading to
reduced fluctuations of the relative phase. Thus the shot noise is not a fundamental
bound and can be overcome with appropriately chosen states of light and measurement
strategies. A fundamental bound is instead given by the so-called Heisenberg limit, which
refers to the relative phase difference scaling with % The tools to find the optimal setups
are given by the classical [136] and quantum estimation theories [137, 138]. Their basics
are reviewed below.

5.1.1 Classical parameter estimation

Classical parameter estimation looks into the most efficient ways of extracting information
from a dataset collected in a non-deterministic process.

The dataset is an N-point set of independent identically distributed random variables,
x = (x1,9,...,xy), each distributed according to a common probability distribution
function (PDF), ps(x) = py(z1)...ps(zn), that depends on a parameter ¢ we wish to
determine. The prediction of what the parameter ¢ is, based on the dataset x, is given
by a function called the estimator gg(x) The quality of the estimator can be quantified
by the Mean Square Error (MSE) deviation of the estimator from the true value of the
parameter ¢

2000 = ( (369 - 0)" ) = [ axpalo) (660 - 0)" (5.0

A desirable property of the estimator is that it is unbiased

<@=/@m®&w=¢ (5.2)

which means that on average it will yield the true parameter value. This is equivalent to
the condition that 5

a_d)@ = 1. (5.3)

Ideally, we would want the estimator to be unbiased for all . However, this is not always
the case and we must often contend with a locally unbiased estimator at a priorly known
value ¢y. The local unbiasedness condition is easier to satisfy and takes the following
modified form

o -
5| = (54)

Once the estimator is unbiased, it is possible to construct a so-called Cramér-Rao
(CR) bound which lower-bounds the MSE

9 1

where F is the Fisher Information (FI) defined by these three equivalent formulas

- fu (52) (o)) -~{Zeonsr) o

From the CR bound we establish that the bigger the FI, the better precision of esti-
mating ¢ can be expected. In the literature, an estimator which saturates the CR bound
is called efficient.
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The FI has an important property. It is additive for product distributions such as
ps(x), i.e. uncorrelated events. Let us consider a distribution py(z1,22) = pe(1)pe(z2).
Then, using the last expression in Eq. (5.6), we have

F2 = <88¢2 1np¢(5171,:132)> = —<8%21D (p¢(if1)P¢(iB1))> =

= — a—2hr1 (x1) o Inpy(zs) )y = F + F@
= 55? P21 8q§2 Pp\X2) ) =

In particular, FN) = NF, where F is the FI for a single random variable.

(5.7)

5.1.2 Quantum parameter estimation

The quantum parameter estimation theory is constructed in a similar fashion to the
classical one. Here, the parameter ¢ is encoded in the quantum state p,, which is measured
repeatedly to yield, according to the Born rule, the probability density function py(z) =
Tr { po M (z)}, where M®) is either the standard von Neumann projective measurement
or, more generally, a positive operator-valued measure (POVM) with outcome x. The
estimation of the parameter based on the measurement outcome is given by an estimator
function ¢(z).

In order to find the most optimal solution regardless of the measurement scheme, it
is useful to construct a lower bound of the MSE minimised over all conceivable measure-
ments. This is given by the quantum Cramér-Rao (q-CR) bound which is a generalisation
of the classical CR bound

i 1
A%p > —— . 5.8
Q) o9
where @ is the quantum Fisher information (QFT)
Qps) = Tr {psA(ps)’} (5.9)

and A(p,) is the symmetric logarithmic derivative (SLD) defined implicitly for an arbitrary

state via .
%:§@MWM+M%WM, (5.10)

where py, = d ¢ A solution for the SLD can be obtained when working in the eigenbasis
of the measured quantum state, py = >, Ai(¢)]ei(¢))(ei(d)]

A = S G o (1)

where the sum is taken over the terms with non-vanishing denominator.
For pure states, p, = |¥4)(V,| and the SLD becomes

A () =2 (1) (%ol + 1%5) (Bl (5.12)

where we used the fact that < (|\If¢)(\ll¢|) (W) (W] + W) (Ty| and [T,) = d|§l¢¢>.
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The QFT simplifies then to

Q([Wg)) = Tr {|Wg)(Te|A*(|T4)) }
= (Ws|A%(|T6))[Wy)

:4<<\If¢]\if¢>2+<\if¢|\p¢>2+‘<\11¢|\if¢>‘2+<\if¢|\i/¢>) (5.13)

)
where in the last step we observed that (W |¥,)%+ (U, |W,)% + ‘ (Wy| W)
since 45 ((Wg|Ws)) = (V| Wy) + (Vg Ty) = 0. '

Eq. (5.13) shows that the bigger the derivative |¥,), the higher the QFI and the more
information is accessible in the state. However, the change in the state has to happen in
the direction perpendicular to the state itself and this is why the component representing
the change in the direction of the state reduces the total QFI.

As in the classical case, the QFI is additive and Q") = NQ. Here, N could be the
number of measurements taken or alternatively the number of copies of a single state,

N
Py

=4 <<‘i’¢>|‘i’¢> - ‘<¢’¢|‘1’¢>

2 . 2
= - ’(‘I’¢|‘I’¢>‘

QFI defines a metric in the space of quantum states which induces the so-called Bures
distance [139]. The small change to the state as a result of an infinitesimal change of the
parameter is equivalent to the state taking a path in the space of quantum states. The
further apart the states are, the larger the QFI and hence the better distinguishability
between the state before and after the phase shift.

It is also worth stressing that the QFI is independent of the chosen measurement
strategy and therefore is a property of the state. As a result, the q-CR bound on the
chosen parameter is fundamental and valid for arbitrary measurements and unbiased
estimators. Therefore, the problem of saturating the g-CR bound is equivalent to finding
the optimal measurement strategy which saturates the classical CR bound. This can be
seen in what follows.

The POVM is the most general type of measurement with only two constraints,
M® >0, f dzM@ = 1. From the corresponding probability density function po(z) =
Tr { po M (""3)} we can calculate the associated classical FI

7= J ot (%527)

_ / s [Tr{%M(x)}]Q (5.14)
Tr {po M)}

= / dz [Tr {5 (psA(ps) + Alps)ps) M(x)}]Q
Tr {pyM @)} .

Since pg, A(py) and M@ are all hermitian, we can use the identity Tr {ABC + BAC} =
Tr {ABC + (ABC)'} = 2Tr {Re{ABC}} for A, B,C hermitian. Eq. (5.14) then takes

the form
_ [Re {Tr {psA(ps) M@} }]°
7= / & Tr {po M)}

| Tr { poA(pg) M@ }|°
S/dx Tr{ppM@}

(5.15)
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as the absolute value of a number will always be larger than or equal to its real part.

We now use the Cauchy-Schwarz inequality with respect to the Hilbert-Schmidt inner
product |Tr {ABT}’2 < Tr (ATA) Tr (B'B) to obtain, with A = VM®, /p; and B =
VM®IA(py)\/Ps,

Tr{\/m\/p_qg\/p_qs/\(p@\/m}r

7= / o Tr {po M)}
. / der {\/p—qs\/W\/W\/m} Tr {\/p_¢A(p¢)\/W\/WA(p¢)\/@}
B Tr {py M)} (5.16)
= / daTr { psA(pe) M A(py) }
=Tr {%M%)/ dﬂ?M(x)A(qu)}
=Tr {psA(ps)’} .
where in the last step we used the completeness property of the POVM.
We have therefore shown that
F<Q, (5.17)
and thus o .
N>z > o (5.18)

We can now infer that the best measurement strategy will lead to the classical FI coin-
ciding with the QFI, F = Q.
In the context of optical interferometry, the estimated parameter is often encoded by
a unitary operator
ps = UspUj, (5.19)

where Uy = e~"? with H the generating Hamiltonian. For pure states, p = |¥)(¥| and
the QFI turns out to be proportional to the variance of the Hamiltonian, H, with respect
to the initial state

Q(Wy)) = 4A°H = 4 ((W[H*|¥) — (V[H|V)?). (5.20)

which follows from Eq. (5.13) once |¥) = —iH|¥) is substituted.

5.2 State of the art

We will now review the most recent findings in optical interferometry using definite
photon-number states.

It is known that the best precision which scales with 1/N and thus reaches the Heisen-
berg limit is achieved by the highly entangled NOON states [140, 141, 142, 143, 144, 145,
146, 147, 148]. For these states Q(pnoon) = N? and hence A¢p > % Unfortunately, the
NOON states are also vulnerable to decoherence, especially at large photon numbers. In
practice, their enhanced sensitivity disappears in the presence of loss which may originate
from interactions inside the interferometer (e.g. absorption in a sample) as well as ex-
ternal losses in the state preparation and detection [149]. Moreover, the difficulty in the
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Figure 5.1: General optical interferometric scheme with two arms. Channel a acquires a
phase ¢ relative to channel b. The two beam splitters represent photon losses.

S
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preparation of NOON states increases dramatically with N. Only up to N = 5 states have
been demonstrated experimentally so far [145].

Taking these facts into consideration, it is possible to engineer states that trade away
sensitivity for loss-tolerance in order to achieve some advantage over classical limits even
if Heisenberg scaling is no longer available [150, 151]. For example, squeezed light [152]
and non-maximally entangled states such as Holland-Burnett states |73, 153, 154, 155,
156, 157, 158| can surpass classical limits despite some losses. In fact, squeezed light
offers comparable performance to NOON states in loss-free scenarios and near-optimal
performance in the presence of decoherence. However, these states are indefinite photon-
numbered which makes them difficult to compare to in terms of the resources consumed —
typically the number of photons in interferometry. The Holland-Burnett states are better,

with Q(pus) = N (% + 1) and A > ,/m, as they are definite photon-numbered.

They quickly outperform NOON states as losses are added to the interferometer but at
some point their performance also falls below the shot noise level.

In the next sections we will introduce novel probes which are more sensitive than both
the Holland-Burnett and NOON states in the presence of loss and approximate the optimal
performance for arbitrary losses once NOON states are no longer optimal.

5.3 Optimal states

A good reference point to the possible quantum enhancement a particular state can give,
are the so-called optimal states. These states are the most general pure two-mode input
states with definite photon number N [159]

N
[Wopt) = Zan|n>a|N — )b, (5.21)
n=0

whose coefficients «,, are optimised to yield the highest value of QFI and hence the best
precision possible. A special case of these states are the NOON states which reach the
Heisenberg limited precision in the lossless case and are given by «,, = 0 for all n # {0, N}
and || = |an| = \/Li in the representation above.

Eq. (5.21) also enables us to find states which are less sensitive but more robust in
the presence of losses, representing a trade-off between precision and robustness. In the



5.3. OPTIMAL STATES 65

most general interferometric scenario, the interferometer consists of two arms a and b and
the channel a accumulates a phase ¢ relative to channel b. Both channels are subject to
losses, which are modelled by beam splitters of transmissivity 7, and 7, for channels a
and b respectively, and the output is measured by an arbitrary measurement. This setup
is shown in Fig. 5.1.

The input state shown in Eq. (5.21) is modified by the losses according to

min(n,n’) o
oy =it == 30 (C) () -

min(N—n,N—n')
N — N —n/ /
x Z ( g n) ( g ”> (L )

X |n—p,N—n—q><n’—p,N—n’—q|,

(5.22)
following the results of Section 3.2.4. Including the phase accumulation |n, N — n) —
e™?|n, N —n), the output density matrix takes the form

¢) = ij\q’j(d))ﬂ‘lfj(@!, (5.23)

where
n N—-n

N
1 )
V.(p) = — ane™? L n—p, N —n—q), 5.24
W(00) = = D e D D/ ) (5.24)
and L} = (Z) ( "neP(1— )Py " "4(1—m,) quantifies the reduction of the probability
amplitude due to losses.
The states |U;(¢)) are not necessarily orthogonal, but using the convexity of the

QFI [159], it is possible to obtain an upper bound which takes the following form familiar
from Eq. (5.20)

Q<Q=> pAH;, (5.25)
J

where the variance on the Hamiltonian A?H; is taken with respect to |¥;(¢)). The
bound is reached when the spaces spanned by {|\I/j(q5)>, |¢1j(¢)>} and {]\Ilz(gb)), ]\IJZ(¢))}

are orthogonal for all i # j. In particular, Q = Q for the NOON state and if losses are
present in only one channel, that is when 7, = 1. From now onwards, however, we will
look at the case when losses in both arms are equal, i.e.n, = 1. In this case the bound is
not always tight, since the states |U,(¢)) may not always be orthogonal. Physically, this
can be interpreted as the lack of knowledge of how many photons were lost in a particular
mode.

Letting 1, = m, = 1, the upper bound for the QFT of the optimal states has been found
in Ref. [159] and is given by

2
- i , N N-p (Z;V:pq xnn£n>
O=4 n2x, — o : (5.26)
n=0 p:O q:O Zn qwn‘Cn
where z, = |a,|* and L] simplifies to L7, = (Z) (N;")UN “P=49(1 — n)P*9. The corre-

sponding input state p(¢) is in fact not the optimal state, as the optimal state would
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be given by the true QFI, Q. In other words, Q(p(¢)) < Q(p(¢)) holds true. However,
from convexity we also have Q(p(¢)) < Q(p(¢)), but Q(p(¢4)) is the global maximum,
so in fact Q(p(¢)) < Q(p(¢)). Therefore, the QFI of the true optimal state must lie in
between Q(p(¢)) and Q(p(4)), where the difference between the two is small compared
to the difference between the shot noise limit and the Heisenberg limit [159].

We will mention here two more reference states which we will find useful to comparing
our novel probes to. These are the the NOON state and the coherent state, which repro-
duces the shot noise limit when the interferometer is fed with a coherent state |«) in one
arm, where |a|?> = N, and vacuum in the other. The resulting QFI of such a state is then

4Nn,
_ AN (5.27)
(V7 + V)

assuming 7, = 1, = 1. In addition, the QFI of the NOON state, \/Li (INO) + |ON)), is given
by

QSNL -

AN g
b — N, (5.28)
2 2
(Ua/ + 771)/ )

once again assuming 7, = 1, = 7. We acknowledge that Qngon leads to the Heisenberg
scaling %, as was expected.

QNOON =

5.4 Generalised Holland-Burnett states

Our novel probes are a generalization of the typical Holland-Burnett (HB) state [73]. The
typical HB state is created by inputting equally photon-numbered Fock (also known as
twin-Fock) states onto a 50:50 beam splitter, while the generalized Holland-Burnett (gHB)
state is created by allowing the initial Fock states to be unequal, see Fig. 5.2. Following
Eq. (3.44), the gHB state which is created from |hy),|ha)s, where hy + hy = N, can be
written in the following form

N
(WD) = Ups )l o)y = 3 AR (1 h) )| N = n)a. (5.29)

n=0

We recognize these states as the same states used in the previous chapter but this time
the delayed choice scheme is applied.
The QFTI of this pure state can be calculated using Eq. (5.20), where the Hamilonian
is H = cfc. The second term in Eq. (5.20) is given by:
<\II|CTC"1/> == <h1, h2|u]£SCTCUBs|h1, h2>
= <h1, h2|u]£sCTuBS Z/{];SCUBSMM h2>

at + bt a+b
:<h1,h2|( 7 )(ﬂ>|h1,h2> (5.30)
1
= 5 <h1, hg]aTa + bTb’hla h2>

= 2(h + ha),

where in the second line we used the fact that Ugg is unitary and in the third line we
transformed mode ¢ to the input modes a and b. The first term in equation (5.20) is
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Figure 5.2: a) Holland-Burnett states are created by inputting equally photon-numbered
Fock states onto a balanced beam splitter. b) for a generalised Holland-Burnett state we
allow the initial Fock states to be unequal.
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calculated in a similar manner:
(W|(cte)?| @) = (ha, ho|Uliscect cUpg|ha, ha)
2
= (hy, o] (ugscTuBs ugscuBs> 1, o)

o[58 (222

= Lt hol(at + 8@+ B)(a" + 1) (@ + B) [, Ba)

— s

=1 (hy, helataata + bTbTH 4 4a’ab™d 4 a’a + b'b|hy, hy)
= L(h] + h3 + 4hihy + by + ho).

Therefore () is given by

Q = (hi+ h3 4+ 4hihy + hy + ha) — 3(hy + ha)® = 2hiho + by + ho. (5.32)
For a typical HB state, hy = hy = %, and Eq (5.32) simplifies to
N (N
=2—(—=+4+1). .
Q 5 (2 + ) (5.33)

The gHB state can be created with the same kind of setup used in the entanglement
distribution protocol in Chapter 4. The only difference is that heralding is used so that
states of known photon number enter the beam splitter which is part of the Mach-Zehnder
interferometer. The setup is shown in Fig. 5.3 with losses in all modes that leave the
sources and in the modes just before the final detectors.

In the presence of losses, the gHB state in Eq. (5.29) becomes a mixed state pyup. For
the purpose of this study, we assume lossless heralded modes and equal transmissivity in
the arms which go into the interferometer, 75, = 1, = 15 in order to fairly compare with
the optimal states.

Let us find the formula for the density operator representing the gHB state by following
similar steps as in Subsection 4.3.1. We consider two copies of a TMSV and apply losses
to the modes s; and sy

p= D VA AR A ) (0|, [m) (|,

n,n’ ;m,m’=0

min(n,n’)
X
=0

() (e mmmne—n oy

p=

min(m,m’) ,
m m m-4m/ —
- <€>()m+ 20 (1 ) — q) i — g,
q

=0 q
which upon heralding of modes h; and hy reduce to
M
p=MAm§Z(;)wfwl—mfvh—mUM—mﬁ

p=0

. (5.35)
S (")t ) = 0~
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\\|h2><h2\ |52) (2]

Figure 5.3: Setup for interferometry with generalised Holland-Burnett states. Two type-II
parametric down-conversion sources each produce orthogonally-polarized pairs of beams
that are separated using polarizing beam splitters. By measuring one of the beams from
each source with a photon-number-resolving detector, we herald a pair of photon-number
states |hy, he). We inject this probe into an interferometer and perform photon counting
at the output to estimate the unknown phase difference ¢. Losses are modelled by placing
fictitious beam splitters in all four modes before the interferometer and just before the
signal detectors. Coeflicients show the transmissivity of the beam splitters.
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Putting the above state through a beam splitter and re-ordering the sums we arrive at

hi p h2 q
_ b\ (1=, ha\ (1=,
P = Al Y (pl) ( 1 : > 2 <q2) ( 77 : >

p=0 q=0
S(p,q)
X Y Ak by — p)As (K ha = p) |k, S(p.q) — k) (K, S(p,q) — K],
k,k’=0

(5.36)
where S = N —p—q is the total number of photons found at the end of the interferometer.

5.5 Numerical results

Calculating the QFT of the state in Eq. (5.36) analytically is an intricate task, therefore
we will resort to a numerical calculation using Eq. (5.9). We used the following method
in Python 3 using the NumPy package

1. for both SPDC sources compute p = |U) (U| where, |¥) = > "™ /), |n,n), and

n=0
Nmax 18 a sum cutoff found by solving A,_. /Ao < 107'° for a given g and 1071°

results from the precision of the numeric data type; usually ny,.c > 6.

2. for all modes leaving the sources, add losses and then trace out unwanted reflected
modes, i.e. perform the following operation

T T
§ = Tov, {5 U 1) 01 () (')}
where r, and 7, denote the reflected modes from the signal and herald, respectively,
and 7, and 7, are the transmissivities of the signal and herald modes, respectively,
3. construct the density operator matrix for py, = p’ ® p/,

4. apply the 50 : 50 BS operation, pps = Ups pin (Ups)',

5. for all hy,hy = 0,..., N project ps onto |k, hy) : pa™) = (hy, hy|pps|hy, hs) such
that hy + hy = N and renormalize the result,

6. apply a relative phase difference of ¢ = 7 between the interferometer arms, py =
eicfcqbp](ghslahﬂe—ic%(b

7. find eigenvalues and eigenvectors of py

8. find the derivative of p, with respect to ¢

9. compute the SLD matrix from

A =% el S ot o)

10. compute the QFI according to the definition

Qps) = Tr {psA(ps)°} -
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Figure 5.4: Quantum Fisher information Q calculated for 8-photon (N = hy 4+ hy = 8)
probes inside the interferometer as a function of the signal transmissivity 7, which is
assumed to be equal in both interferometer modes. Coloured curve in the main figure
plots Q of the probe with the optimal A = |h; — hs| for a given 7, while the inset shows
the full curves of each probe for 1 € [0.4,0.75]. Our probe approximates the performance
of the optimal state [black line| and surpasses that of the NOON state |dashed line| for
efficiencies below 90%. The grey filled region indicates performance below the shot noise
limit.

The above procedure was executed for N = 8 and 7, = 1 (no losses in the heralds) and
ns € (0,1) in steps of 0.01 (assuming equal transmissivity in both interferometer arms).

The QFT of the optimal state on the other hand, was calculated in MATHEMATICA 12.2
by maximizing over coefficients {x,} in Eq. (5.26), using the function FindMaxValue
and assuming the coefficients sum up to 1 and are real and positive. As mentioned earlier,
the optimized QFI, Q, is the upper bound to the real QFI of the optimal states, @, in the
presence of losses but it is known to be a good approximation of the true maximal value
of the QFT [159].

The results of these calculations are shown in Fig. 5.4. For n, € (0,0.5) the best
approximation to the optimal state is given by the probe with A = §; for 7, € (0.5,0.58) by
the probe with A = 6; for n, € (0.58,0.66) by the probe with A = 4; for n, € (0.66,0.69)
by the probe with A = 2; and for n, > 0.69 by the probe with A = 0, as shown by the
coloured line. Here, only fragments of the probe which performed best in the given region
of transmissivity are shown but the inset shows the full curves and how they cross each
other for a small region between 0.4 and 0.75. The shaded area is the shot noise limit which
is a reference point of how much quantum advantage our probes provide. We observe that
probes with a small A provide a greater advantage over the classical shot noise limit but
are more sensitive to losses, while probes with A equal to N perform at least as well as
the shot noise limit regardless of the amount of losses present. We infer that this allows
us to choose the most optimal A for a given 7, in our system. This is possible because
the probe is heralded. Fig. 5.4 also compares our results with the NOON state. As can be
seen, the dashed (representing the NOON state) and black solid (representing the optimal
state) lines almost coincide for efficiencies above ~ 90% (up to a numerical accuracy).
This threshold can also be found numerically and for the case N = 8, following Ref. [159],
we obtain 2.247Y8 ~ 90%. Below 90% our probes significantly surpass the NOON state in
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terms of the QFI, exhibiting performance close to the optimal. Moreover, in contrast to
the NOON and HB states (A = 0), our probes perform at least as well as the shot noise
limit for any amount of loss.

5.6 Relation between entanglement and quantum Fisher
information

In light of the results of Chapter 4 we deduce that states with the highest Fisher in-
formation are the states which are closest to the maximal entanglement for the Hilbert
space they live in. This is illustrated in Fig. 5.5a where both the logarithmic negativity
and QFI are shown for the pure N = 8 photon probe. For hy, hy = 4 (equal inputs to
the beam splitter) the dimension of the Hilbert space reduces as if N = 4, which can
be understood by looking at the probability distribution for the outputs to the beam
splitter in Fig. 5.5b. There, all odd photon-numbered components disappear reducing the
dimension of the space by half. The maximal entanglement available in that space is then
Exn = logy(4+1) & 2.32 which is shown by the lower dashed line in Fig. 5.5a. We observe
the triangle showing the logarithmic negativity for the state |4,4) almost touches that
line, while the other states which live in higher-dimensional spaces are noticeably further
away from the maximal entanglement available in their Hilbert space.

The relation between entanglement and the QFI has been studied in, e.g. Ref. [160],
where it has been shown that the QFT gives a sufficient condition to recognize multipar-
ticle entanglement and a quantum state must necessarily be entangled to be useful in
overcoming the shot noise sensitivity. These states can be recognised if they satisfy x < 1
where x? = N/Q. As an example, this parameter would take y = 1/8/40 for the probes
|4,4) which clearly satisfies the condition.

Interestingly, a quantitative relation between the amount of entanglement and the
QFT cannot be drawn for our gHB states. We observe some states have the same amount
of entanglement in terms of the logarithmic negativity but very different QFI. This is
because, as discussed in Subsection 5.1.2, the evolution of the state under the unitary
applying the parameter ¢, has to happen in the direction perpendicular to the state and
different states may change differently in the subspace of quantum states of the same
entanglement.

Some further insights into why the probe |4, 4) provides the best QFI can be gained
by looking at the probability distributions in Fig. 5.5b and c. These distributions are
probability distributions of obtaining outcome |m, N — m) at the output of the beam
splitter when probe [|4,4) (b) or |0,8) (c) enters at the input. From Ref. [161] we know
that the most optimal pure state is the coherent superposition of eigenstates corresponding
to the minimal and maximal eigenvalues of the generator of the phase dynamics. In our
case, the generator is c'c and the extremal eigenvalues are 0 and 8 with |0,8) and |8, 0)
as the corresponding eigenstates. The most optimal state is thus w. We note that
the state in Fig. 5.5b carries the |0, 8),|8,0) components with high probability, while for
the state in Fig. 5.5¢ these components have very low probability of exiting the output to
the beam splitter. We thus expect that the state in Fig. 5.5b has higher quantum Fisher
information which is indeed what we observe in Fig. 5.5a. On the other hand, the state
with |0,8) or |8,0) at the input, which corresponds to A = 8, has the highest probability
of generating the balanced |4, 4) state at the output which makes it most robust to losses,
as we observed in the previous section.
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Figure 5.5: a) Quantum Fisher information, Q@ (blue dots) and logarithmic negativity, Ex
(violet triangles) as a function of the photon number in the heralded input to the beam
splitter, h; where ¢ = 1,2. The light violet dashed lines mark the maximal entanglement
available in a Hilbert space of dimension 8 (upper line) and 4 (lower line). The state
with the highest relative entanglement (hq,hy = 4) also carries the highest quantum
Fisher information. Losses are not considered in these results. b) Probability amplitudes
at the output of the beam splitter when the probe [|4,4) was input. All odd photon
number components are zero and the most likely outcomes are states |0, 8) and |8,0). c)
Probability amplitudes at the output of the beam splitter when the probe |0, 8) was input.
The states |0, 8) and |8,0) are least likely to occur.
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5.7 Experimental setup and results

These theoretical findings have been applied in an experiment done by my collaborators
at the group of Professor Tan Walmsley at the University of Oxford [119]. Their findings
are summarised briefly below.

In the experiment, periodically poled potassium titanyl phosphate (PPKTP) waveg-
uides pumped with ~ 0.5 ps long pulses from a mode-locked laser at a repetition rate of
100 kHz are used as the SPDC source. The four detectors are superconducting TES which
can count up to 10 photons with a detection efficiency exceeding 95% and the interferom-
eter is a fiber-based device in which the distance between two evanescently coupled fibers
can be controlled with a micrometer to vary ¢.

The procedure is to measure interference fringes given by the joint photon-number
probability per pump pulse to obtain the herald outcome (hq, he) and measure (sq, s2) at
the output of the interferometer when the phase difference is ¢. This will be referred to as
the (s1, 2, h1, ho) rate. To quantify the phase sensitivity for a particular herald outcome
(h1, hs) the classical Fisher information is calculated using the formula

~ 2
[6¢prsl ,82,h1,ho (¢):|
§r51752,h1,h2 <¢)

Fhi by (@) = Z

51,52

: (5.37)

where 0, denotes the partial derivative with respect to ¢, and pry, ,, , p,(#) is a model
fitted to the measured rates.

The performance of the different probes used in the experiment will be evaluated using
the classical Fisher information per detected signal photon conditioned on measuring
(hi, hy) at the heralding detectors

ﬁh17h2(¢) - fhl,hz (¢)/ <ﬁ>7 (538>
where
() =) (51 + 52)PT, 4y p o (0). (5.39)

is the total number of detected signal photons. Injecting a coherent state into our in-
terferometer would in principle yield the Fisher information F = (n) when the detected
mean photon number is (n) [149]. Thus, our figure of merit can be easily compared to
the shot noise limit which corresponds to Fj, ,(6) = 1.

The total efficiency of the heralding and signal modes in the experiment was estimated
to be between 47-55%. This includes 90% waveguide transmission, 70% mode coupling
efficiency into fibres, 90% interferometer transmission, and >95% detector efficiency. Due
to the latter two losses, the detected (n) is 10-15% smaller than the mean photon number
inside the interferometer. As such, the Fisher information per photon inside the interfer-
ometer is about 10-15% smaller than Fj, 4,(¢). Considering these numbers, we are in the
regime of highest losses as shown in Fig. 5.4 and thus probe with A = N should provide
the highest sensitivity.

Fig. 5.6a shows Fj, 1, (¢) calculated without post-selection for all probes with N = 8.
Such large probes are achieved by increasing the pump power to 135 uW per source
whereby 16-photon events are detected roughly 7 times per second. As predicted, the
best sensitivity is achieved by the probe with the largest A due to its increased robustness
to loss. The reason for the inability of this probe to surpass the shot noise limit is the
contamination of the signal with states for which A # N. In other words, the detection
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Figure 5.6: a) Fj, 4,(¢) of 8-photon probes (N = 8) parameterized by A = |h; — hy|.
Curves are calculated using the data and Egs. (5.37) and (5.39) without post-selection.
Probes with a larger A have a larger ]}hth(gb) and hence greater phase sensitivity due to
their increased robustness to loss. Line thicknesses show 1o confidence intervals obtained
by fitting 50 simulated data sets that are calculated with a Monte Carlo method. b) and
c) show a subset of rates for the probe with A = 8 and A = 0, respectively. Error bars
are one standard deviation assuming Poissonian counting statistics. The lines are a model

fitted to pr81752,h1,h2(¢)-

of 0 photons in one of the detectors could occur due to photon loss in the mode entering
that detector. In principle, the A = N probe is created from all photons originating from
a single source while the other produces a vacuum. Therefore, it should be possible to
recover shot noise limited performance by blocking one of the sources. That this is indeed
the case is shown in Fig. 5.7, where the bold line shows the classical Fisher information
for both sources unblocked and the dashed yellow line is the result of one source blocked.
The dashed line reaches the shot noise limit at the most optimal phase which is around
¢ ==E7.

Interestingly, our probes do not show oscillations which are typical for HB or NOON
states. For example, the probes with A = 4,6,8 shown in Fig. 5.6a do not have a dip
in Fp, 4, (£7/2). The origin of this effect for A = 8, which we will take as an example,
can be seen directly in the rates shown in Fig. 5.6b. Non-zero gradients in the fringes in
the range between 0 and +7 result in high sensitivity of measuring ¢ in this range. This
can be contrasted with the fringes of the HB state shown in Fig. 5.6¢, where all gradients
are zero at ¢ = &7 leading to a drop in sensitivity at this point. The lack of simple
periodicity of ]:"hl,h2 (¢) for gHB states allows estimating ¢ without prior knowledge of the
range in which it lies, as is required for NOON or HB states, and thus provides a means
for global phase estimation without using an adaptive protocol [162, 163|.

There is also a simple way of showing that the features of our probes result from
nonclassical behaviour. This is achieved by temporarily delaying photons coming from
one source with respect to the other by more than the coherence time. The comparison
between the resulting classical Fisher information and the one when photons are injected
into the interferometer at the same time is shown in Fig. 5.8 for a probe |3,2). Indeed,
the improvement in favour of the probes where photons interfere is significant. This
demonstrates that the probe sensitivity derives from multiphoton interference even at
high photon numbers.
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Figure 5.7: ]:"570(gz5) calculated without post-selection. Bold yellow line shows result with
both sources unblocked, whereas dashed yellow line is result with one of the sources
blocked. The thicknesses of the yellow lines show 1o confidence intervals obtained by
fitting 50 simulated experiments. Dashed black line is the shot noise limit.
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Figure 5.8: ﬁgg(gb) shows a significant improvement in sensitivity in the former case
(bold line) compared to the latter case (dashed line), demonstrating that multiphoton
interference improved the sensitivity of our probe. Red shaded regions shows 1o confidence
intervals obtained by fitting 50 simulated data sets.
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5.8 Conclusions

We proposed and experimentally demonstrated a scheme for quantum-enhanced inter-
ferometry that exploits bright two-mode squeezed vacuum sources and photon-number-
resolving detectors. This scheme prepares probes which are near-optimal in the presence
of arbitrary losses and perform at least as well as the shot noise limit. Thanks to the
heralding scheme of our proposal, one has the possibility of choosing the probe with the
most optimal A in a given experimental scenario. With improvements in the quality of
the experimental realisation, in particular increasing coupling efficiency and compatibility
with transition-edge sensors, our loss-tolerant scheme paves the way towards scaling up
quantum-enhanced interferometry and implementing multi-photon quantum technologies
in real-life applications.
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Chapter 6

Summary and outlook

In this thesis we demonstrated the applicability of protocols based on multi-photon bi-
partite entanglement to two selected quantum technologies. The protocols were designed
based on the current performance of photonic hardware making them directly imple-
mentable in the laboratory. In addition, they were shown to exhibit state-of-the-art
features, as summarised below.

The first protocol was capable of performing entanglement distribution in the presence
of very high losses in the transmitting channels. We thus foresee its usefulness in quantum
communications where the transmission could occur between two parties located on the
ground at a large distance and a broadcasting station was placed between them, either
on a satellite in the case of free-space communication or on the ground if optical fibres
were chosen. Regardless of the scenario, the entanglement distribution protocol achieves
the state-of-the-art scaling O(,/n) of efficiency with channel transmittance, which is a
quadratic improvement compared to the polarization-entangled photon pairs. Therefore,
there is a clear advantage in using multi-photon states over single photon pairs.

The second protocol was based on the same multi-photon states but this time applied
for interferometry. In this context, the robustness to losses was reflected in the near-
optimal performance of our multi-photon probes in the presence of arbitrary transmission
in the interferometer. Moreover, the probes performed at least as well as the shot noise
limit regardless of the amount of loss and they could be tuned via the heralding scheme
to give the most optimal sensitivity if the amount of loss was known in the system.
The possibility of using multi-photon states in quantum metrology is motivating because
typically having more photons in a probe relates to higher quantum Fisher information
and hence higher sensitivity.

With the above two examples, we hope to show that multi-photon bipartite entangled
states have the potential to compete with single-photon pairs in creating quantum tech-
nologies. These examples, however, are by no means exhaustive. Further applications
could include quantum imaging, quantum key distribution or quantum machine learning.
The feature of our multi-photon states that makes them so versatile is the robustness
of the state’s properties to transmission losses, be it entanglement or quantum Fisher
information. We expect that there exist other features of these states that could be the
basis of other technologies not mentioned in this thesis.

An important point of this thesis was also the idea of establishing protocols which are
feasible with the current experimental equipment. We have considered realistic param-
eters in all our numerical simulations of a true experiment, however, we have not taken
into account the fact that the individual devices may not be exactly compatible with each
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other. For example, spontaneous parametric down conversion sources which are com-
patible with the transition edge sensors that simultaneously achieve high modal purity,
efficiency and squeezing are still to be developed. This would enable overcoming the shot
noise limit in an actual experimental implementation of our quantum metrology protocol
and demonstrate its performance for all generalised Holland-Burnett states discussed in
Chapter 5.
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