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Abstract

This dissertation deals with the low-energy physics of the Mott-insulating systems with a finite
spin-orbit coupling. In general, for the Mott-insulating materials one sees a finite charge gap
in experiments, while the conventional density functional theory predicts them to be metals. If
the materials in question belong to the class of the 3d transition metal compounds, the on-site
Coulomb repulsion U is large enough to open the charge gap. In contrast, for some of the 4d and
5d transition metal compounds the realistic U value is too weak to open the gap and simulating
the insulating behaviour is possible only after taking into account the on-site spin-orbit coupling,
significant for these materials.

Recently it has been shown that the low energy models for two materials belonging to the
latter class—NaolrOs and a-RuCls, contain the celebrated Kitaev term, whose ground state is
exactly solvable Kitaev spin liquid—a highly quantum entangled state. This drove immense in-
terest to the field due to the topologically protected excitations possible for the gapped versions
of the state, giving hope for the stable qubits. Despite the materials turning out to be mag-
netically ordered instead, the hope for realising Kitaev physics is not completely gone, and the
continuous effort to estimate the “distance” of the above materials coupling parameters to the
Kitaev spin liquid regions on the phase diagrams of the so-called Kitaev-like models is starting
to bring fruits.

In this dissertation we consider the physics of the Mott insulators with a large spin-orbit
coupling in two contexts:

Firstly, we consider which ground state properties of the Kitaev-like models can be measured
experimentally and whether they can help with localizing NasIrOs and a-RuClj in the parameter
space of the models. To this end we calculate the dependence of the ordered moment on the
parameters of the Kitaev-like models, and compare it to the experimentally obtained magnetic
moment of NasglrOs and a-RuCls. We thoroughly discuss the relevance of our predictions in
narrowing down the range of Hamiltonian parameters for the materials in question and suggest
further steps how to improve the computations.

Secondly, we explore how one can induce quantum entanglement (which is one of the defining
features of the Kitaev spin liquid) by finite spin-orbit coupling. Thus, we investigate the spin-
orbital entanglement evolution with increasing spin-orbit coupling on the example of the minimal
1D model for a Mott insulator with a finite spin-orbit interaction, consisting of the SU(2) ® SU(2)
symmetric (Kugel-Khomskii) term and the on-site spin-orbit coupling term of the Ising type. In
particular, we examine the relation between the quantum entanglement in the effective degrees
of freedom enforced by the large spin-orbit coupling and the spin-orbital entanglement in the
full spin-orbital model. As a result, we find that even the classical spin-orbit coupling can both
enhance and suppress the spin-orbital entanglement and we discuss the universality of this result.
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Streszczenie

Niniejsza dysertacja dotyczy niskoenergetycznych modeli dla izolatoréw Motta ze skoriczonym
sprzezeniem spin-orbita. Ogolnie rzecz ujmujac, w eksperymentach na izolatorach Motta pokazuje
sie przerwa izolujaca, pomimo ze standardowa teoria funkcjonatu gestosci przypisuje im wtasci-
woéci metaliczne. W szczegodlnosci, dla tego typu izolatoréw nalezacych do klasy zwiazkéw metali
przejsciowych z czwartego okresu uktadu okresowego oddziatywanie kulombowskie na wezle (U)
jest wystarczajaco duze aby otworzyé¢ przerwe izolujaca. Tymczasem, dla niektérych zwiazkow
metali przejSciowych z piatego i szdstego okresu realistyczne wartosci U sa zbyt male aby ot-
worzyé¢ przerwe. Odtworzenie wlasciwosci izolujacych jest mozliwe jedynie po uwzglednieniu
znacznych wartosci sprzezenia spin-orbita na wezle, charakteryzujacych takie materiaty.

W przeciagu ostatnich kilkunastu lat pokazano, ze niskoenergetyczne modele dla dwéch ma-
teriatow z tej kategorii—NaolrOs oraz a-RuCls zawieraja tzw. czton Kitajewa, ktérego stan
podstawowy mozna uzyskaé¢ analitycznie. Jest to tzw. ciecz spinowa Kitajewa, silnie kwantowo
splatany stan, ktorego wersja z przerwg topologiczna pozwala na uzyskanie wzbudzen “chro-
nionych topologicznie”. Ten ostatni fakt spowodowal silne zainteresowanie fizyks powyzszych
materialéw ze wzgledu na mozliwos¢ wykorzystania takich wzbudzen w charakterze stabilnych
kubitow. Pomimo zZe ostatecznie wspomniane materialy okazaly sie by¢ uporzadkowane magne-
tycznie, wcigz tli sie nadzieja na zrealizowanie fizyki Kitajewa w granicy silnego sprzezenia spin-
orbita. Coraz to nowe grupy badawcze podejmuja sie ustalenia “odlegtosci” pomiedzy parame-
trami Hamiltonianu oszacowanymi dla ww. materialéw oraz obszarami cieczy spinowej Kitajewa
zidentyfikowanymi na diagramie fazowym dla tzw. uogélnionych modeli Kitajewa, co zaczyna
przynosi¢ pierwsze rezultaty.

W ramach niniejszej dysertacji rozwazamy fizyke izolatoréw Motta w granicy silnego sprzeze-
nia spin-orbita w dwoch aspektach:

Po pierwsze, zastanawiamy sie ktére z wtasnosci stanu podstawowego uogdlnionych modeli
Kitajewa moga by¢ zweryfikowane eksperymentalnie oraz ktore z nich mogg utatwié¢ okreslenie
pozycji NaslrOs i a-RuCls w przestrzeni parametrow dla tychze modeli. W tym celu prezen-
tujemy obliczenia zaleznosci uporzadkowanego momentu magnetycznego od parametréw Hamil-
tonianu i zestawiamy je z uzyskanymi eksperymentalnie wielkosciami zwigzanymi z momentem
magnetycznym dla NaglrOs i a-RuCls. Zamieszczamy réwniez gruntowna dyskusje adekwat-
nosci uzyskanych przewidywan w zawezaniu obszaru parametréw efektywnego Hamiltonianu dla
powyzszych materialéw oraz proponujemy kroki majace na celu uzyskanie lepszych wynikow.

Po drugie, badamy do jakiego stopnia splatanie kwantowe, bedace jedna z definiujacych
cech cieczy spinowej typu Kitajewa, moze zostaé¢ spowodowane skoriczonym oddzialywaniem
spin-orbita. W tym celu $ledzimy ewolucje tzw. splatania spinowo-orbitalnego wraz z rosna-
cym sprzezeniem spin-orbita na przykltadzie minimalnego jednowymiarowego modelu dla izo-
latora Motta ze skonczonym sprzezeniem spin-orbita, sktadajacego sie ze spinowo-orbitalnego
oddzialywania nadwymiany (typu Kugela-Khomskiego) z cztonu Kugela-Khomskiego o symetrii
SU(2) ® SU(2) oraz sprzezenia spin-orbita (na wezle) typu Isinga. W szczegolnosci, badamy
zwiazek pomiedzy splataniem kwantowym dotyczacym efektywnych stopni swobody narzuconych
przez sprzezenie spin-orbita a splataniem spinowo-orbitalnym w ramach petnego modelu spinowo-
orbitalnego. W rezultacie okazuje si¢, ze nawet klasyczne splatanie spin-orbita jest w stanie
wzmoéc badz wyciszyé splatanie spinowo-orbitalne. Zamieszczamy rowniez dyskusje ogodlnosci
powyzszego rezultatu.
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Chapter 1

Preface

When insulating behaviour of a material can be reproduced only after incorporating the Coulomb
repulsion U between electrons, the material is called a Mott insulator |1} [2]. The simplest model
simulating opening of the charge gap is the half-filled single-band Hubbard model. Despite
its simplicity, solving the Hubbard model in general case is far from trivial. Only once the
Coulomb repulsion dominates over the hopping of electrons and for commensurate fillings (the
Mott insulating limit) the low-energy sector of this model can be described by the effective
Heisenberg model, i.e. solely utilizing spin degrees of freedom [1|. Because the latter model has
a smaller Hilbert space, it is easier to solve numerically. In fact, the Heisenberg model reproduces
the low-energy physics of the undoped copper oxides (e.g. LagCuOy) [2].

However, for some transition-metal compounds this model is still too simple, because of the
high crystal symmetry leading to partial occupancy of the atomic-like orbitals. The problem is
solved by taking into account the orbital degeneracy, resulting in a multi-band Hubbard model.
Similarly to the previous case, in the Mott-insulating limit one obtains the effective models—a
class of the so-called Kugel-Khomskii models, involving this time spin and orbital degrees of
freedom [3]|. Because of the increase in the size of Hilbert space for these models (as compared
to spin-only Heisenberg model) they are quite challenging numerically, often requiring ingenious
numerical approaches.

In recent years some of the late transition-metal compounds, i.e. with partially filled 4d or
5d orbitals, for which also the substantial on-site spin-orbit coupling of relativistic origin has
to be taken into account to reproduce the Mott-insulating behaviour, stirred enormous interest.
The reason was that for the quasi-2D honeycomb materials, e.g. NasIrOs and a-RuCls [4,
5, 6] the effective model in the large spin-orbit coupling limit contains the so-called Kitaev
term |7], whose ground state is the celebrated Kitaev spin liquid, of a potential use for quantum
computing. Extensive experimental and theoretical effort revealed that while the above materials
possess long-range magnetic order below the Néel temperature, their higher energy sector still
retains features of strong bond-directional frustration, characteristic for Kitaev physics. Hence,
the materials seemed not extremely far from the Kitaev spin-liquid state and researchers started
efforts to drive these and other materials of this kind into the Kitaev spin-liquid state. This
self-consistent experimental and theoretical effort lead to the derivation of the gradually more
precise effective models for the materials—the so-called Kitaev-like models |8}, 9, [10].

Aim and contents of the thesis

In this thesis we focus on two aspects of the of the low-energy physics of the Mott insulators with
a non-negligible spin-orbit coupling: (1) What are the ground state properties of the Kitaev-like
models that can be measured experimentally and compared against the existing experiments
on the materials proposed to host Kitaev physics? (2) How the quantum entanglement in the
degrees of freedom enforced by the large on-site spin-orbit coupling is related to the spin-orbital
entanglement, and how the ground state evolves from the negligible to large spin-orbit coupling
limit? In this dissertation we attempt to partially answer the above questions. To this end we
firstly examine the properties of the magnetic ordered moment in the ground state of a number
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of Kitaev-like models. Secondly, we evolve the simplest possible, though nontrivial, spin-orbital
model from the negligible to the large spin-orbit coupling limit. More precisely, the results of
the two projects, which form the basis of this dissertation, can be summarised as follows:

e Obtaining the properties of the magnetic ordered moment for the Kitaev-like
models on the honeycomb lattice

This work was performed using the self-consistent cluster mean-field theory (CMFT) ap-
proach for all the commensurate magnetic phases of the Kitaev-like models on a 24-site
symmetric cluster with periodic boundary conditions. The ordered moment value and
spatial orientation defined the zero-temperature phase diagram for the model which was
then compared with the diagram obtained via maximal overlap method based on the exact
diagonalization (ED) |11]. The length of the moments is the most valuable CMFT result,
because it cannot be accessed easily in ED and it explicitly distinguishes between the clas-
sical or quantum character of the more complicated orderings. The main results of this
part consist of the maps of the ordered moment properties forming the multiple-parameter
phase diagram of the models. The hope was that these maps would allow to estimate how
far the ground states of the real materials are from the Kitaev spin-liquid regime.

Part of these results was published in:

(A) Dorota Gotfryd, Juraj Rusnacko, Krzysztof Wohlfeld, George Jackeli, Jifi Chaloupka,
and Andrzej M. Oles, Phase diagram and spin correlations of the Kitaev-Heisenberg model:
Importance of quantum effects, Phys. Rev. B. 95, 024426 (2017).

(B) Juraj Rusnacko, Dorota Gotfryd, and Jifi Chaloupka, Kitaev-like honeycomb magnets:
Global phase behavior and emergent effective models, Phys. Rev. B 99, 064425 (2019).

Examining the evolution of the spin-orbital entanglement with increasing spin-
orbit coupling

For this purpose the simplest setting possible was taken: a spin-orbital chain with two spin
and orbital degrees of freedom on every site. The combination of both spin and effective
orbital angular momentum to be equal 1/2 with the spin-orbital Hamiltonian consisting of
SU(2) ® SU(2) symmetric Kugel-Khomskii term and the on-site spin-orbit coupling term
of the Ising type enabled us to perform extensive exact diagonalization on chains of the
length L = 4n, n = 1,...,5, allowing for a finite-size scaling. The main results are again
the maps in the parameter space of the spin-orbital Hamiltonian, providing information
about the evolution of the entanglement and magnetic properties with increasing spin-orbit
coupling. Moreover, the detailed, term-by-term derivation of the effective Hamiltonian in
large spin-orbit coupling limit, provided an explanation why even the classical spin-orbit
coupling can either enhance or suppress the spin-orbital entanglement depending on the
Hamiltonian parameters.

The above results were published in:

(C) Dorota Gotfryd, Ekaterina M. Parschke, Jifi Chaloupka, Andrzej M. Oles, and Krzysztof
Wohlfeld, How spin-orbital entanglement depends on the spin-orbit coupling in a Mott in-
sulator, Phys. Rev. Research 2, 013353 (2020).

(D) Dorota Gotfryd, Ekaterina M. Parschke, Krzysztof Wohlfeld, and Andrzej M. Oles,
Evolution of Spin-Orbital Entanglement for Increasing Ising Spin-Orbit Coupling, Condens.
Matter 5, 53 (2020).

Another aim of this thesis is to summarise the knowledge accumulated so far for the

Kitaev-like systems and the spin-orbital entanglement. Hence, the long and detailed Intro-
duction to Kitaev-like systems in Chapter [2] as well as the shorter Introduction to spin-orbital
entanglement in Chapter [4] some technical details in footnotes in Chapters containing the
original results, and Appendices [AiB]



Chapter 2

Introduction to Kitaev-like systems

In this chapter we will be discussing the physics of NasIrO3 and a-RuCls, compounds considered
to host Kitaev spin liquid (KSL) ground state . Such a state is very attractive for applications
in quantum computing because it can be further driven into states involving quantum bits of in-
formation (qubits). George Jackeli and Giniyat Khaliullin proposed a mechanism explaining how
KSL state could be realized in layered materials containing late transition metal ions sourounded
by edge-sharing octahedral oxygen cages . Although further experiments found the materials
to possess zigzag long range order instead, their work inspired intense and long lasting interest
in these compounds. Further theoretical studies not only brought more validity to the Jackeli-
Khaliullin mechanism but also indicated finer interactions moving materials from the spin liquid
into the magnetically ordered state. The goal of this chapter is to guide the reader from the onset
of the Kitaev-related physics in the above compounds to the present stage of experimental and
theoretical research, laying the groundwork for our results to be presented in Chapter [3] While
we will touch upon some of the key aspects relevant for the next chapter, the pile of research
on the Kitaev-like systems accumulated so far is enormous. Therefore many important results
have been omitted. In particular, we focus on NasIrOs and a-RuCls, because the research in
Chapter [3] was performed with them in mind. However, many other Kitaev candidate materials
were proposed and heavily researched over the years, e.g.: «, 3, 7-LioIrOs, H3LilrsOg, CuslrOs,
CusLilroOg, AgsLilrsOg , NagCosSbOg . The interested reader is recommended to study
the review papers for a more comprehensive view and further resources.

(b) 5

ORu OCI

FIGURE 2.1: C2/m structures of quasi two-dimensional Mott-insulating materials (a) NaIrO3 and (b)
a-RuCls, taken from Ref. .

2.1 Low-energy physics in the strong spin-orbit coupling limit

Quasi two-dimensional materials NagIrOs and «a-RuCls are built from NalrsOg/RuClg layers
stacked upon each other and, in the case of NagIrOg, alternated with Na layers (Fig. (a)). The
interactions inside the layers dominate over the inter-layer ones, allowing for the dimensionality
reduction by considering the layers containing iridium /ruthenium ions separately. In both cases



Chapter 2. Introduction to Kitaev-like systems
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FIGURE 2.2: Optical conductivity for (a) NagIrOs with experimental and theoretical data reproduced

from Refs. ) and (b) a-RuCls (only the upper part of the charge gap visible on the
left). Panels taken from Refs. [10] and , respectively.

the said Ir**t /Ru®t transition-metal ions form almost perfect honeycomb lattice. Every site of
this lattice is surrounded by octahedral cages built out of oxygen/chlorine ionsE|

The above materials have shown insulating behaviour in multiple experiments. In particular,
optical conductivity 17, (Fig. and photoemmision 22,
revealed charge gaps of 0.35 eV and 1.1-1.9 eV for NaoIrO3 and a-RuCls, correspondinglyl?| The
possible mechanism leading to the opening of the insulating gap in these materials has been
under intense discussion, concluding in recognizing them as spin-orbit assisted Mott insulators
by the condensed-matter community [10].

2.1.1 Spin-orbit assisted Mott insulators

Let us briefly recall when the Mott-insulating behaviour typically appears. A crystal with odd
number of electrons per unit cell would emerge as a metal from the simplest band structure
calculations. Yet, if the same system is supplemented with the strong on-site Coulomb interaction
U, visibly larger then the bandwidth W, the band around the Fermi energy is split into the upper
and lower Hubbard band, opening the insulating gap. This is roughly the behaviour of many 3d
transition-metal oxides (TMOs), for which U is strong enough to open a gap in the whole 1st
Brillouin zone .

Although Ru3t and Ir** ions do have odd number of electrons on the last subshell, their
situation is more complex. Their case concerns not 3d but 4d and 5d orbitals, which are pro-
gressively more expanded in space. Since the electrons are less localized in the 4d° and 5d°
configurations, the realistic values of U for the said ions are much smaller then in the 3d case,
usually not sufficient for opening the insulating gap. Indeed, many 4d and 5d transition-metal
compounds are normal metals E|

In a pioneering paper investigating another iridate compound—SraIrOy4, B. J. Kim et al.
suggested the relativistic on-site spin-orbit coupling (SOC), much stronger then in 3d case, to be
a crucial factor contributing to the anomalous insulating behaviour of some of the late transition-
metal oxides. In this scenario SOC partially separates and tightens the bands around the Fermi

"While there are relatively small differences in the length of the three directions of such formed honeycomb
lattice, the ideal cubic symmetry O}, of the cages becomes distorted to some extent, which will be discussed later.

2Table 1. in Ref. .

3However, for some 4d TMOs weaker U was enough to open a small insulating gap in a typical way ‘
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FIGURE 2.3: Schematic representation of the density of states of the d5°/t3, bands of the iridium ions.
(a) Wide to, metallic band resulting from standard band structure calculations. (b) Insulating gap
separating upper and lower Hubbard bands (UHB, LHB) appearing in large U limit, unrealistic for 5d
TMOs. (c) Spin-orbit coupling separating to, into filled J = 3/2 and half-filled J=1 /2 bands. Here (g0
is the spin-orbit coupling parameter. (d) Splitting of the J=1 /2 into UHB and LHB by the relatively
small U of 5d iridates. Resulting gap indicates the J = 1/2 spin-orbit assisted Mott insulator. (e) Possible
level splittings due to various interactions appearing in 5d TMOs. From the left: in the CF>SOC limit
the Oy, symmetric crystal field splits 5d into empty e, and almost-filled low-spin ¢3 ¢+ Which is then further
split into J = 1 /2 and J= 3/2 states by the spin-orbit coupling, preparing the right conditions for U.
From the right: in the SOC > CF limit spin-orbit coupling produces J = 3/2 and 5/2, which is further
split by the crystal field, giving the same J = 1 /2 active level. Figure taken from Ref. .
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FIGURE 2.4: Upper panels: GGA+SOC band structure and density of states for NasIrOgs, taken from

Ref. [10]; lower panels: band structure and density of states of a-RuCls calculated with (a) LDA,

(b) LDA4U, (¢) LDA4+U+SOC in non-magnetic state, (d)LDA+U+SOC in zigzag magnetic pattern
schemes. Taken from Ref. .

energy, making them flat enough for the rather small U to split them in the whole 1st Brillouin
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FIGURE 2.5: Local electronic states of the late transition-metal ions with the electron configuration d°
on the last subshell. Panel (a)—(electron picture) strong cubic crystal field splits the ionic 5d° level
and enforces low-spin state in the tgg configuration while the e, level remains completely empty. The
one spin electron “missing” in tgg can be treated as a hole, allowing for utilizing a more convenient

hole picture. Panel (b)—(hole picture) splitting of the tgg level by the strong spin-orbit coupling, here

denoted as Ago. The hole stays on the J = 1 /2 (here Jog) Kramers doublet while the J= 3/2 Kramers
quartet remains empty. The J pseudospins inherit some of the features of orbitals they are built from, as
shown on example of the electron density plot. Panel (¢)—two edge-sharing IrOg/RuClg octahedra create
90° superexchange bonds. The effective interaction axis on each iridium bond is perpendicular to the
iridium-oxygen plane encompassing the superexchange bond. Panel (d)—the first-order virtual hopping
from one J = 1/2 to another J = 1/2 and back is reduced due to destructive interference. However,
the hopping to neighboring J = 3/2 is allowed. The Hund’s coupling .Ji between two holes enforces the
ferromagnetic Ising effective interaction once the upper hole comes back to the J=1 /2 level. Figure

taken from Ref.

zone H

Importantly, SOC is not acting alone—iridium levels are affected by strong cubic crystal field
of oxygen octahedra. Namely, the original scheme (Fig. (e) and Fig. (a)), later adopted
and modified for the honeycomb materials, utilizes the dominant crystal field (10Dq~ 4-3.3 eV
and 2-2.2 eV in the NaglrOgz and a-RuCls, correspondinglyEI) to split the 5d level into empty
eg and almost filled t54 level and enforce the low-spin state. Now it is time for SOC to play its
important role in preparing the ground for the insulating behaviour by splitting the t5, level.
This can be handled by utilizing both atomic jj and LS regimes. Although the estimated SOC

4 The reader should realize that even in 5d case U is still larger then SOC: realistic U was estimated as 2 eV
in and 1.3-1.7 eV in while SOC for Ir** as 0.4-0.5 eV . The point is that for 56d TMOs U is smaller
then U for 3d. The opposite is true for SOC.

5Table 1. in Ref. .
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values for the 5d Ir** and 4d Ru®* (0.4-0.5 and 0.1-0.15 eV, respectively) compared with the
Hund’s coupling for both materials (= 0.4 eV) set NagIrOg as a transition case between jj and
LS regimes and a-RuCls more as a LS case |10, 12|, both schemes provide essentially the same
result for the materials in questionﬁ

Here we recall the general concept of pseudospins—effective degrees of freedom describing
low energy physics, sufficient when the gap between the lowest energy levels and the rest of the
spectrum is substantial—in the context of the atomic total angular momentum J. Instead of
taking into account the whole d subshell we argue that, since crystal-field gap is large enough to
enforce the low spin state, almost filling up t2,4 level, we are allowed to restrict the SOC consid-
erations to a4 and approximate J with the pseudospin J. Under SOC the six-fold degenerate tog
leve separates into half-filled J = 1 /2 Kramers doublet and completely filled J = 3/2 Kramers
quartetﬁ visible on Figs. [2.3 n and |2 . in electron and hole picture, respectively.

The above physics is Conﬁrmed by the density—functional theory (DFT) studies. In fact, the
original SroIrO4 LDA + SOC and LDA + SOC + U calculations have shown that the J=1 /2
band around the Fermi energy is tight enough to open the insulating gap with the realistic U
[24]. Although the honeycomb iridate and ruthenate case was not as clear, ab initio calculations
for the said materials have also shown the insulating gap [10, [25, 23, [27]. While the trigonal
distortion of oxygen/chlorine octahedra plays some role, and in the case of a-RuCls larger U
produces more prominent gap, even after taking into account the distortions the bands around
the Fermi energy are predominantly of J=1 /2 character (Fig. , giving hope for the presence
of Kitaev physics in these materials.

2.1.2 Jackeli-Khaliullin mechanism

We will now focus on the low-energy description of the spin-orbit assisted Mott insulators—
the exchange processes for J = 1 /2 pseudospins on the neighboring transition-metal ions. In
their seminal paper [4] George Jackeli and Ginyiat Khaliullin have shown that for an ideal case
of Op-symmetric IrOg octahedra setting the superexchange Ir-O-Ir angle to 90° may result in
the emergence of the Kitaev model in J pseudospins. Below we describe shortly this so-called
Jackeli-Khaliullin mechanism.

Since in both Ir** and Ru* cases spin-orbit coupling AS- Lpﬂ is strong enough to enforce the
formation of J pseudospins, the interactions between iridium /ruthenium ions are best described
in these degrees of freedom. Both Kramers doublet and quartet are expressed in terms of spins
and orbitals |4} |10} [12]:

R 1 1 )

= 53 = ) = T oy + b d) + 1),

= 1 =~z 1 1

7= 5T = =5 ) = =5 (o = b1+ i1da 1), 2.)

S This is especially the case when solely the t‘;g configuration is considered, for which the Hund’s coupling
does not play any role. For more information about jj and LS regimes in the context of iridates we recommend a
detailed work by Ekaterina M. Parschke and Rajyavardhan Ray [26].

7 three-fold orbital and two-fold spin degeneracy.

8When trigonal distortion of the octahedra is absent.

9The orbital momentum operator projected to t2, subspace is related to orbital momentum operator projected
to p subshell, Ly,, = —Lj.
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where |dng), o, B = z, y, z, are the ty, orbitals with effective orbital quantum number Ly, g =
—L, = —1 and [1), |}) are the S* = £1/2 spin states. As can be seen on Fig. (b), the
pseudospin electron-density profile inherits some of the features of the orbitals it is built from
and the information of the directionality is not completely lost. Below we explain that this has
profound consequences for the effective models developed for different bond geometries [4].

To arrive at the effective Hamiltonian written in low energy J = 1 /2 degrees of freedom one
should realize again that the systems in question are in principle described by the multi-band
Hubbard model. As explained in the previous section, we are allowed to take the insulating limit
where the on-site Coulomb repulsion U dominates over the hopping parameter ¢. In fact, even
the moderate U = 2 €V of iridates and ruthenates easily overcomes ¢t ~ 0.1-0.2 eV, as estimated
from ab-initio calculations [10]. Because of the Mott-insulating limit the interactions between the
remaining degrees of freedom such as spins, orbitals or pseudospins have to be determined by the
virtual hoppings. While a very comprehensive description of this approach can be found in Refs.
[8, 110], here we only shortly sketch its two versions. Both of them are based on perturbation
theory with ¢t/U as the small parameter.

One way is to first derive the spin-orbital Hamiltonian of the Kugel-Khomskii type and intro-
duce the on-site spin-orbit coupling afterwards. The crucial issue is to produce an intermediate
state with two spin holes at one site. For example, if we consider d?—d? configurations at the
transition-metal sites ¢, j the intermediate state would have been d?—dg configurations. The
virtual spin-hole hoppings from the d?—d? bond through this intermediate state and back to d?—
d]5-, utilizing also the indirect paths through oxygens, would produce the exchange interactions
forming the Kugel-Khomskii Hamiltonian. Of course some of these processes would be excluded
because of the Pauli principle, others would give zero contribution because of the destructive
interference |4} |12]. The remaining ones would be ordered by the energy they cost. Once the
importance of the processes is determined and the series is truncated we can move to the final
step of obtaining the effective Hamiltonian—projecting the Kugel-Khomskii expression onto the
lowest part of SOC spectrum—the Kramers doubletm

The other approach starts already with the effective pseudospins, i.e. firstly includes on-site
spin-orbit coupling and then takes into account the Hubbard U. At the beginning we have one
hole at the J = 1 /2 level at each site. Such a hole can hop to the Pauli-principle allowed levels on
the neighboring sites, including the J = 3/2 and higher levels (Fig. (e)) and hop back to the
J =1/2 level. As determined in [4], the first order t*/U term contains the isotropic Heisenberg
contribution. This is exactly the case for SralrOy4, for which the 180° Ir-O-Ir bond has one
unique superexchange path and the process involving J = 1 /2 on both iridium sites produces
the Heisenberg term in the effective Hamiltonian. However, due to the previously mentioned
directionality in the electronic profiles of the pseudospins, for the honeycomb materials with
edge-sharing IrOg/RuClg octahedra such-originated Heisenberg term will not survive. Namely,
as seen in Figs. (c) and (d), there are two superexchange paths available in the 90°

10 We will be utilizing this approach in Chapter



2.1. Low-energy physics in the strong spin-orbit coupling limit 9

FIGURE 2.6: Panel (a)— top view of NalroOg plane in NasIrOs. Three types of bonds in the iridium-
based honeycomb lattice are denoted by letters a, b, ¢. Kitaev interaction axis for bond c is perpendicular
to the Ir-O-Ir plane (black rectangle) and is marked by z. Kitaev interaction axes for all three bonds
meeting at the iridium site are perpendicular to each other, coinciding with the frame related to the
cubic symmetry of the octahedron. The top view on such a frame is shown in panel (¢). Panel (b)—XYZ
frame, in which X and Y axes lie in the honeycomb plane while the Z axis points perpendicularly towards
the reader. Panel (d)-edge-sharing oxygen octahedra enforce 90°-geometry of the Ir-O-Ir bond. Below,
orbitals participating in the oxygen-assisted hoppings in the said geometry are shown. Panels (a)-(c)
taken and modified from Ref. [9], panel (d)—from Ref. [4].

geometry of the Ir-O-Ir / Ru-Cl —Ru bond. The virtual hoppings concerning only J=1 /2 in
the intermediate (virtual) Ir/Ru states will cancel each other (distructive interference) but the
next-order t2Jy/(U?) term will be non zero. Fig. (d) illustrates the origin of this higher-
order term. A hole hops from J = 1/2 on site i to the J = 3/2 on site j. At this point, with two
holes on site ¢, the Hund’s interaction Jy ensures ferromagnetism and Isingness of the effective
interaction once the hole returns to its original site [12].

In this way a ferromagnetic Ising term is created at each bond ij, but the orientation of
the Ising pseudospins depends on the direction of the bond. Namely, the interaction axis on
each bond is perpendicular to the Ir-O-Ir plane setting the bond (Fig. (c)). For a better
understanding the reader may imagine it on the example of bond ¢ in Fig. (a). First one
identifies the two oxygens mediating superexchange processes for the bond. Those two oxygens
and two iridium sites form the Ir-O-Ir plane (black rectangle). Now, starting from one of the
iridium sites one draws a vector perpendicular to the Ir-Ir bond leading to one of the other
oxygens outside the plane. We chose the oxygen to the left, lying above the honeycomb lattice.
This is the direction of the z axis for the J J interaction in J = 1 /2 pseudospins on bond c.
The effective interactions on the a and b bonds can be obtained by a cyclic permutation.

The careful reader might have also noticed that for each iridium site, where all three bonds
meet, the axes of these anisotropic interactions are perpendicular to each other. Fig. (c)
presents the top view on the orthogonal frame formed in this way, coinciding with the cubic frame
of oxygen octahedron. Here we draw the reader’s attention to the unusual position of the cubic
frame. Contrastingly to the well known perovskite transition-metal oxides, where the cubic axes
are parallel to the bondﬂ , in the honeycomb iridates and ruthenates the oxygen/chlorine
octahedra share edges. Thus, cubic frame is rotated up by a ~ 35.26° from the honeycomb

"Tn an ideal case.
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©)

FIGURE 2.7: Arrangement of the Kitaev cubic frame derived for honeycomb iridates and ruthenates. For
each bond direction on the honeycomb lattice the suitable Ising-like term S;YS; is being assigned, where
v =z, vy, z. As a result each bond is associated with one v axis. In the Kitaev model derived for iridates
and ruthenates those axes have to be rotated up from the honeycomb plane by a ~ 35.26°, forming an
orthogonal frame identical to the cubic frame of the octahedra. As a result, each v axis is perpendicular
to the suitable bond. Panel (a) demonstrates the projection of the Kitaev axes to the XZ plane, panel
(b)—the projection to the honeycomb plane and panel (¢)—3D view on the axes. For convenience panel
(a) contains also 8 angle from the honeycomb plane to zy plane (8 ~ 54.7°). The colors of respective
axes and bonds are matched to illustrate the common convention S7S7 — a, SYS¥ — b, S;S% — c.

plane containing the Ir-Ir/Ru-Ru bonds. While spotting the orthogonality of the frame may not
be easy due to its particular relative position to the honeycomb lattice, Fig. provides the
projection of the interaction axes to the honeycomb plane and to the vertical XZ planﬂ to
further help with the task.

Altogether the anisotropic effective interactions form precisely the famous Kitaev model, due
to the different Ising form of each of them and the orthogonality relation between the interaction
axes. In order to emphasise the orthogonality relation and the unusual position of the interaction
axes we will call the zyz frame the Kitaev cubic frame from now on. In this way the authors of
Ref. demonstrated how to apply the exciting Kitaev physics, discussed in the next section,
into the transition-metal compounds.

2.2 Kitaev model

The Kitaev model was originally introduced by Alexei Kitaev as an anisotropic spin 1/2 model
on the honeycomb lattice . The Ising-like nearest-neighbor interactions S?S;Y, vy ==z v, 2,
forming the Hamiltonian

Hiitaev = Z KWSZS;Y (23)

(i,5) Ly

are different for each a, b or ¢ direction of the lattice (Fig. 2.7)). Crucially for the Kitaev model,
on each site the interaction axes v from the three surrounding bonds form an orthogonal frame.
As mentioned in the previous section, for the version of the model derived for honeycomb iridates
and ruthenates these orthogonal axes coincide with the frame related to the cubic symmetry of

12XY7 frame is introduced on Fig.
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FIGURE 2.8: The phase diagram of the Kitaev model. Here J, correspond to K7 in our notation (y = x,

y, z). In the A, regions of the diagram, where one of the coupling constants dominates over the sum of

two others, the ground state is a gapped (topological) Kitaev spin liquid, while in the central region B
the spin liquid is gapless. Figure taken from Ref. [7].

oxygen/chlorine octahedra. Namely, this Kitaev cubic frame has its axes always perpendicular
to the suitable bonds, rotated up by « & 35.26° from the honeycomb plane (Fig. (a))E

The Kitaev model drove enormous interest because of the implied possibility of a realisation
of qubits via special non-local quasiparticles, supported by the model, that could form a stable
quantum memoryiﬂ Namely, when one of the coupling parameters K, is significantly larger then
the two others, the system is gapped (Fig. [2.8). The gap protects the excitations building the
topological qubits and guarantees resilient memory. When the K, parameters are of similar size,
the spectrum is gapless, and the excited states become fragile. Acting with magnetic field can
however restore the gap even in this case [7]. In this thesis we will be focusing on a symmetric
case of the model, with the same coupling parameter K for all directionsﬁ

HKitaev =K Z SZS;Y (24)
(i,5) Ly

2.2.1 Kitaev spin liquid

The extremely valuable feature of the Kitaev model is its exactly known quantum spin-liquid
ground state. In a nutshell, a quantum spin liquid is a highly entangled state whose quantum
spatial entanglemenﬂ shapes it into a massive superposition of different spin configurations [30].
Because of its form it is robust against the local perturbations which can only effectively permute
its terms, thus preserving the superposition |30]. Moreover, quantum spin liquid supports non-
local, fractional excitations which can only appear in pairs |7} 30, [12]. Painting an even simpler

13 Because of this symmetric location in relation to the lattice, the 90° angle between the axes is distorted in
the top view on the lattice.

MDue to the topological protection from decoherence.

5The positive (antiferromagnetic, AF) and negative (ferromagnetic, FM) values of K give the same energy
values and absolute values of the correlations. In fact, the AF and FM Kitaev models are connected by the
unitary transformation [7]: starting from the two sublattices of the AF case, where site i belongs to sublattice A
and all its nearest neighbors j belong to sublattice B, we have é: =457, S; = fS;’. Inserting the operators s7
into Hamiltonian produces —K Z(m‘ﬂw SZS} —the FM case. Thus the observables calculated for the pure
model can be translated from one case to the other.

16 A purely quantum feature binding the results of the measurement on one subsystem to the results of the
measurement of the other subsystem. The entanglement is inherently connected to the quantum superposition
and quantum fluctuations and is extensively discussed in Chapters El and
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(a)

(b) i
(c)

FIGURE 2.9: Structure of the antiferromagnetic Kitaev spin liquid (AF KSL) demonstrated on a 24-
site symmetric cluster. Panel (a) provides two examples of the classical spin patterns, with the right
pattern translated by one hexagon compared to the left one. The arrows aligned along the v = z, vy,
z directions (cf. Fig. are here projected to the honeycomb plane. [For a more complete picture
we recommend seeing panels (a) and (b) of Fig. 1 in Ref. and Fig. 8 in the Appendix A of the
Ref. ] Starting from the outer hexagons on the left pattern only three bonds can have the lowest
energy satisfying Kitaev interaction, while three other bonds are not optimized. Such an arrangement
results in the central hexagon being satisfied only on the outer bonds. Since the Kitaev spin liquid is a
superposition of the above and many similar patterns, all bonds are being satisfied by virtue of quantum
superposition. We may imagine the two cases of optimized bonds (panel (b)) being summed up to form
a fully optimized spin liquid in panel (c¢). In fact, the last panel presents the non-zero nearest-neighbor
correlations of the Kitaev spin liquid. They form short-range magnetic pattern: (S7'S7) # 0 on bonds in
direction a (black color), (S/S¥) # 0 on bonds b (green color) and (S;S7) # 0 on bonds of type ¢ (red
color). This is a characteristic feature making the ground state a special case of spin liquid. Sites 1, ...,6
of the central hexagon are taken into account in the plaquette invariant (W,) enabling to monitor the
topological features, see the main text.
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and perhaps naive picture, a crystal still has ordered structure, but the magneticﬂ correlations
are short-range only, similarly to the short range interactions in a proper liquid state [31]. In
general, quantum spin liquids are typical for 1D systems, where enormous quantum fluctuations
usually rule out the magnetic order, and are more difficult to find in higher dimensions.

Following Ref. [12], we first mention a basic example of a 2D quantum spin liquid: the res-
onating valence bond (RVB) state, introduced as an ansatz for the ground state of the Heisenberg
model on the geometrically frustrated kagome and triangular lattices [32]. This frustration can be
intuitively understood on the triangular lattice, where it is impossible to construct the classical
Néel state, since there is always one site on a triangle which “does not know” how to polarize. The
two available options leave one bond unsatisfied, rising the energy. Although the true ground
state turned out to be an ordered state acquired by breaking the rotational symmetry of the
Heisenberg model by spin polarization differing by 120° between the sites, the RVB state poses
an interesting alternative. One could imagine the RVB state as a superposition of patterns of sin-
glets (valence bonds) for which the rotational symmetry is preserved. In each such pattern each
singlet is surrounded by the unsattisfied (“unhappy”) bonds with zero exchange energy gain [12].
The superposition of singlet patterns ensures a liquid-like fluctuating behavior. In the RVB case
the non-local excitations are AS = 1/2 spinons. The hypothesised RVB state on the frustrated
2D lattices could be detected by the continuum seen in the dispersion plOtSE characteristic for
1D Heisenberg spinons. Such picture contrasts with the sharp dispersion curve of the AS =1
magnons expected in 2D, because in the RVB case the magnon decomposes or fractionalizes into
a pair of spinons [12, 1.

Keeping the well known picture of the RVB state in mind, let us examine which features make
the ground state of the Kitaev model a magnetic quantum liquid, following Refs. [12, 30, [31].
In the Kitaev model the frustration on each site is generated by the three conflicting orthogonal
interaction axes v coming from the three bonds meeting at the same site. This frustration is
preventing all bonds to be satisfied at once, leading in the classical limit to an infinite degeneracy
of the ground state. Namely, there are infinitely many ways to distribute the “happy” bonds,
see Fig. (a). In each such term the spins arrangement on the “happy” bonds is optimized to
the Ising solution in the direction dictated by the ~ aXiSH This can only be done on 1/3 of the
bondsﬂ leaving the others unoptimized, similarly to the RVB case [12|. Once we let spins to
be fully quantum, the degeneracy is lifted by the formation of a massive superposition of such
terms. We can qualitatively imagine the above process by starting with the two patterns in Fig.
(a) and focusing on how the two possibilities of optimized bonds for a single hexagon [Fig.
(b)] are being merged to form the characteristic pattern of the nearest-neighbor correlations
[Fig. (c)]: (S7S%) # 0 on bonds in direction a (black color), (S/S¥) # 0 on bonds b (green
color) and (S7S7) # 0 on bonds of type ¢ (red color). For the Kitaev spin liquid (KSL) only those
nearest-neighbor correlations mimicking the arrangement of the terms in Hamiltonian (2.4]) are
NON-ZEro.

To have some rough idea how A. Kitaev derived this beautiful exact solution and to see what
kind of non-local excitations are supported by KSL, one has to use the slave—particlelﬂ formalism,
which would be of fermionic nature in this case |30, 12]. We take four species of fermions bz, Ci,
with v =z, y, z and the usual fermionic properties

{eicl} = {67,077} = 655,

17Spin correlations if the model is applied to spins, pseudospin correlations if the model is applied to effective
degrees of freedom.

18Spin dynamical structure factor.

190ne can see it by minimizing classical energy.

200n infinite lattice or a cluster with periodic boundary conditions and properly handled double counting.

learton



14 Chapter 2. Introduction to Kitaev-like systems

(el e}y = {ei e} = {01,071 = (07,67} = (2.5)
along with the unusual ones
it =y
cZT = ¢, (2.6)

making them so-called Majorana fermions. We translate the spin components into new degrees
of freedom according to the recipe

with an additional constraint b7b?b7¢; = 1 to keep the original amount the informationﬂ The
new Hamiltonian emerges as

Hitacs = Z K\ b]b)eic; (2.8)
< J) Ly

Because the bond operators wu;; = be} with the eigenvalues +4 commute with Hamiltonian ,
they share with it the eigenbasis@ constitute the conserved quantities |30, 12| and set the good
quantum numbers for the system. Moreover, one can construct more complex integrals of motion
via a product of u;; over each hexagonal plaquette

_obgQr ¥y ez er ¥y Qz _ 2 ,x Y z x .Y
Wy =2 57 5) S5 51 S5 56 = ujaudsus uisussie (2.9)

where we take a suitable spin component S;Y compatible with the outer bonds and UZJ compatible
with the bonds building the hexagon |7, [30] [Fig. (c)]. Since there is only one plaquette
operator on each hexagon and it has two eigenvalues differing only by sign (£1), the Zs symmetry
they represent is conserved by the Hamiltonian because of the commutation relation. It is
convenient to order the energies of the Kitaev Hamiltonian according to the set of those conserved
eigenvalues over (a considered cluster of) honeycomb lattice. It turns out that the ground state
is characterized by the set

{+1,+1,+1,...,+1}. (2.10)

In other words: all plaquettes give +1 |30} 12]. Utilizing the eigenvalues of u;; |12] one obtains
the dispersion relation for the ¢; fermions. The obtained Dirac-type spectrum is gapless for the
isotropic or weakly anisotropic set of K7 and gapped for K® > |K? + K7|, o, 8, y =z, v, 2 |7},
12| (Fig. [2.8).

Fingerprints of the Kitaev spin liquid in experiments

To know what to look for in the candidate materials one has to simulate the response of the
ideal Kitaev system to the experimental probes. Firstly, we focus on the fractionalization of
spins into Majorana fermions. The a priori artificial transformation applied to the Kitaev
Hamiltonian creates fractional excitations: the b] fermions, frozen by the conservation of u;;,
and the ¢; fermions which can propagate because they are not bound by the conservation law
[12]. Thus, the spin really fractionalizes into stationary and itinerant fermions. Moreover, the
emergence of the stationary fermions leads to the non-local excitations as the u;; operator gives
contribution to two plaquette operators on the hexagons sharing the ij bond [30, 12]|. Following
Ref. [30], we may imagine a non-local excitation as a defect plaquette with the eigenvalue —1.
In literature such an object is called a flux or a vison |12|. The non-locality here means that one
cannot create a single excitation of that type in the magnetic scattering experiments because

22The same size of the Hilbert space.
%3 4;; commute also with one another.
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FIGURE 2.10: The response of the FM and AF isotropic Kitaev model . FM case: (a) —the exact
dynamical spin structure factor; (b)—the specific heat (QMC); (c)—the static magnetic susceptibility
x(T) (CDMFT+CTQMC, FM and AF cases), with the asymptotes of the Curie-Weiss behaviour (dashed
lines); (d)—the integrated Raman intensity (QMC on 20 sites, blue circles) and the experimental intensity
for a-RuCls within 5-12.5 meV (red squares). FM and AF cases: (e), (g)—1st BZ maps of the INS
intensity I(k,w) integrated over energy range noted below each map [meV| for the FM and AFM model,
correspondingly; (f), (h)—I(k,w). [The vertical energy axis in meV (ED and LSWT).] The evolution
in external magnetic field perpendicular to the honeycomb plane (ED): (i), (j)—Zo-flux density 1, its
standard deviation o, and the dynamical Z,-flux structure factor W(k,w) at k=K for the FM model,
(k),(1) the same for the AF gapless model with a small K7 anisotropy. Panels taken and modified from
Refs.: (a)—|33], (b)—|34], (c¢)—Ref. [35], (d)—I[36], (e)-(h)— [37], (i)-(1)—]38].
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exciting one spin effectively excites two plaquettes via fractionalization [12]. The excited state
with two defect plaquettes would automatically fall into different sector than the ground state
because —1 would appear twice in the set of conserved plaquette eigenvalues. The resulting two-
flux gap appears in the simulated response of the Kitaev system in inelastic neutron scattering
(INS) in the dynamical spin structure factox@ calculated exactly [33] [Figs. (a), (), (h)]
and via the exact diagonalization |[Figs. [2.10| (f), (h)]. In other words: while in the gapped
KSL in Fig. there is a finite gap separating the ground state from all other states, in the
gapless KSL the ground state is connected to the gapless c-fermion excitations but separated
from the flux excitations by the two-flux gap@ KSL response in Figs. (a), (f), (h) reveals
flat and intense low-energy bands for certain momentum values and much weaker continuum in
higher energies. The integer-spin collective excitations (magnons) are not visible due to their
fractionalization [37].

Several other manifestations of fractionalisation of the physical quantities are possible. Spe-
cial features specific to the localized or itinerant fermions may appear for different temperatures
for the two species. Exactly this was considered in the specific heat C), for the isotropic Kitaev
model simulated by the quantum Monte Carlo (QMC) method for various cluster sizes.
The low-temperature peak shown in Fig. m (b) is related to the localized Majorana fermions
while the high-temperature peak corresponds to the itinerant fermions [34, [12].

As explained earlier, the liquid state emerges from the strong frustration. This can be seen
in Fig. (c), where the numerical predictions for the static spin susceptibility x(7") in both
ferromagnetic and antiferromagnetic Kitaev model are presented. For low enough temperatures
the susceptibility deviates from the Curie-Weiss mean-field curves (dashed lines), hinting at the
frustration and strong quantum effects.

It should be kept in mind that ultimately we are interested in the true gapped phase |7| which
stabilizes the non-local flux excitations and therefore is essential for considering stable topological
qubits. Although the model derived by G. Jackeli and G. Khaliullin for the honeycomb iridates is
isotropic in K7 and thus gapless, accessing the desired gapped phase is theoretically possible by
introducing a perturbation breaking the time-reversal symmetry such as the external magnetic
field or more difficult to engineer second-nearest neighbor term |7, |12} 30]. Following Ref. |3§],
let us here consider the response of Kitaev model to a uniform magnetic field perpendicular to
the honeycomb plane. Specifically, we will be following the quantities allowing us to observe the
fractionalization more directly: the average value uf the Zs-flux density

) = 5 (1= (W,), (211)

as well as its standard deviation ¢,, monitoring the variations of n,, and the dynamical Zo-
flux structure factor W(K, w)—i.e. the dynamical correlation of the Fourier transforms of the
plaquette operators. While a small magnetic field keeps the flux density at low values close
to (1 — (+1)) = 0 obtained for no-field case of the stationary fluxes, a higher field leads to
a phase transition into the partially polarized quantum paramagnet (QPM) in the FM Kitaev
case [38]. AF Kitaev model behaves differently in the stronger field due to the incompatibility
of the AF nearest-neighbor configurations in the liquid state with the FM configurations of the
polarized state preffered by the high field |38|. Similarly to the AF Heisenberg case the field has
to rotate the antifferomagnetically arranged spins, but because of the frustration the path to the
polarized state may be complicated and contain intermediate phases |1]. Namely, the simulations
presented in Ref. [38] indicate the presence of the intermediate phase (IP) characterised by the
strong low-energy response of W(K,w).

Z4Proportional to the INS cross section.
251f the full spectrum was plotted, including the sectors invisible to spin dynamical observables of INS: ground-
state and c-fermion excitations, the gap would be filled.
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FIGURE 2.11: Experimental magnetic and thermodynamic characteristics of several honeycomb spin-

orbit assisted Mott insulators: panel (a)—static magnetic susceptibility x(7) for NasIrOg, a-LisIrOs

and H3LilroOg measured under the magnetic field in the honeycomb plane (ab =XY) and along out-of-

plane (¢ =Z) direction; panel (b)—x~*(T) and the asymptotic Curie-Weiss (black dotted) lines for the

same materials; panel (¢)—specific heat C(T') measured for NagIrOs, a-LisIrOz, 8-LioIrOs, H3LilryOg

and a-RuCls; panel (d)—x(7T) and x~!(T) with the asymptotic Curie-Weiss lines (inset) for a-RuCls;
all panels taken and modified from Ref.

2.3 Magnetic state of the honeycomb iridates and ruthenates

It has turned out that the real materials display both the features of long-range magnetic order
(LRO) and strong frustration related to the bond anisotropy expected for the Kitaev system.
Below we attempted to present a realistic picture of the complex magnetism of the honeycomb
materials.

A technical note: following the common custom in the field of the Kitaev-like models we
simplify j:j] to S?S}, as in the original Kitaev model. Nevertheless we keep the name J when
referring to the pseudospin as a quantum number in some cases, e.g. in the context of J =
1/2 +— J= 3/2 hopping. At the same time we keep the name “pseudospin” insdead of “spin”
whenever possible. This seemingly unnecessary complication sets the pseudospins J, leading in the
strong spin-orbit coupling limit to the Kitaev physics, in a more general context encompassing also
Chapters[] and[3, where both spins and effective pseudospins will be utilized and the interpolation

between strong and weak spin-orbit coupling will be discussed.
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2.3.1 Fingerprints of the magnetic order

We start with the evidence of the LRO in NagIrOs and a-RuCls. As can be seen in Figs. 2.1]]
(a) and (d), the low-temperature kinks in the magnetic susceptibility x(7") indicate the LRO
with at least some of the relations between the magnetic moments being antiferromagnetiﬂ
and set the Néel temperature TNE| at 13-18 K for NagIrOs and 7-14 K for a-RuCls |10} 12|@
The transition is independently confirmed by a pronounced anomaly in the specific heat, visible

around Ty [Fig. ()] [12].

2.3.2 Fingerprints of the Kitaev physics

Despite the LRO, signatures of strong frustration are also present in these materials. Comparing
the x(7') predictions for the Kitaev model [Fig. [2.10] (¢) with Fig. .17] (a), (b) and (d)],
where Curie-Weiss asymptotes are plotted in x~! regime, we notice some resemblance of the
real materials’ susceptibility curves to the ideal Kitaev ones. In both model and material cases
the deviation from the Curie-Weiss mean-field magnetic susceptibility is well visible, allowing for
an estimate of the upper range of the magnetic interactions at 100-200 K [12]|. Hence, in both
NapIrOs and a-RuCls the module of the Weiss temperature |0| is much larger than T, which
is one of the simplest expermental fingerprints of the strong frustration [1].

Notably, the materials in question display strong magnetic anisotropy (x°=2 > x®=XY for
NaglrOs and x®=%Y > =% for a-RuCls) in low temperatures. Moreover, © estimates also
strongly depend on the direction of the magnetic field, changing sign from the AF to FM one in
the a-RuCls, or even reach infinitesimal values, signalling cancellation of different interactions.
The complex situation wrapped up in Table 1. of Ref. [12| suggests sensitivity of the interac-
tions to the details of the electronic structure. The standing out feature here is the directional
anisotropy of ©® and x hinting at some bond-anisotropy in the interactions |12H§|

The latter was further investigated by B. J. Kim’s group via the diffuse magnetic X-ray scat-
tering, which brought direct evidence of the dominant bond-directional interactions in NagIrO3
[39]. Namely, the reciprocal-space pseudospin-pseudospin correlations <SgS_7q) recovered from
the dynamical spin structure factor show the directional dependence. For example, following the
green line in Fig. m (d), corresponding to (SgSZ,) correlation, one can see that the maximal
intensity of this correlation is confined to ¥ € [180, 300]°. Cyclic rotation by 120° leads to the
maximum in (S%5%,) [yellow line] and further to the maximum in (SgSZ,) [blue line]. Since at each
site of the honeycomb lattice bonds are spread by 120°, it proves that the most prominent mag-
netic interactions in NagIrOs are bond-anisotropic [39]. Although the Kitaev interaction seems
to be the largest of them, as it will be explained later, there are other anisotropic interactions
that influence the direction of the magnetic moment [39].

The diffuse magnetic X-ray scattering provides more comprehensive understanding of the
frustration in NaolrOgs: although the ground state of the material is not Kitaev spin liquid, the
long range order survives only at the lowest temperatures. While the dominant Kitaev magnetic
interaction is not strong enough to enforce fully liquid massive superposition, it is still powerful
enough to keep a remnant of this state, the superposition of the ordering patterns above the Néel
temperature [39).

Frustration and anisotropic behaviour were also searched for in a-RuCls. Inelastic neutron
scattering (INS) [40, |41] and THz spectroscopy [42]| experiments revealed an interesting contin-
uum of excitations above the low-energy AS = 1 magnon appearing below T . Upper subpanel
of the Fig. (e) shows both the experimentally observed magnon and the continuum above it.

26See Fig. 6.13 in Ref. [1] for purely antiferromagnetic case.

2THere we follow the popular convention to call the ordering temperature for the phase containing some anti-
ferromagnetic component Ty .

28Strong sample dependency |10} [12].

29This anisotropy suggests the presence of anisotropic interactions more complex then Kitaev [10].
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FIGURE 2.12: Diffuse magnetic X-ray scattering results for NayIrOs. Panel (a)—T=17 K intensities

probed for several values of the azimuthal angle ¥, starting from -X direction [see Fig. (b) for

the XYZ frame|, panels (b), (c)—static pseudospin correlations extracted from (a), panel (d)—angular

dependence of the measured intensities with the fitted theoretical intensities for the zigzag patterns
presented in panel (e). Figure taken from Ref. .

The magnon manifests itself as a wave-like dispersive object around the I' point for the low energy
regime 1-4 meV. Importantly, when moving away from the Brillouin zone center the intensity of
the magnon fades. Moreover, the INS experiments revealed that the mysterious continuum had
a star —like shape when integrated over its energy range [Fig. 2.13] (a)], contrary to a more
simple shapes of the continua of the FM and AF Kitaev models [Fig. [2.10 (e) and (g)], but in
agreement with the continuum of the so-called J-K-I'-J3 model |Fig. [2.13] (b)] [37], which will
be addressed in detail in Sec.

Initially the continuum was explained by fractionalization of magnons into the Majorana
fermions, also suggested in Ref. via integration of QMC Raman intensity for FM Kitaev
model over a-RuCls-relevant part of the spectrum [Fig. (d)]. However, the intensity calcu-
lated for the J-K-I'-J3 model via ED showed the one-magnon line dissolving into the continuum
away from the zone center |Fig. (d)], similarly to Fig. [2.13[ (b). Comparison between ED
and linear spin wave theory (LSWT), which considers only the non-interacting sharp magnons,
revealed the connection between the continuum and the interaction between magnons. Hence,
the continuum does not seem to be a manifestation of the fractionalization of magnons into the
Majorana fermions, but rather the multi-magnon effect enforced by the I' interaction [37].
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FIGURE 2.13: a-RuCls in magnetic experiments: panel (a)—Ilst BZ maps of the inelastic neutron
scattering (INS) single-crystal intensities I(k,w) integrated over the energy ranges given in the inset.
Panel (b)—I(k,w) maps integrated over the energy ranges in meV given below each map, calculated via
exact diagonalization (ED) for 24 sites and the minimal model for the material—the J-K-I'-J3 model
(see Sec. [2.5). Panel (c), (d)—I(k,w) for the J-K-T-J3 model calculated via linear spin wave theory
(LSWT) and ED, respectively. Panel (¢)—INS I(k,w) in zero and 8T magnetic field along X axis [in
honeycomb plane, see Fig. (b) for the XYZ frame|. Panel (f)—Raman and THz spectroscopy intensity
(experimental on the left subpanel and ED simulated on the right subpanel) measured/calculated for the
field in the honeycomb plane. Panel (g)—a sketch of the magnetic field-temperature phase diagram,
where B is the magnetic field set in the honeycomb plane. Panels taken and modified from Refs.:
(a)—[0], (b)-(d)— 37}, (e)—A1], (1)—[13) (g)— [14)

2.3.3 Engineering the liquid state

Although the KSL ground state has not been found in real materials so far, the accumulated
evidence of strong frustration opens the question how close to the Kitaev limit the real materials
are. Would it be possible to drive them into the quantum spin-liquid state by suppressing the
long-range order via experimentally accessible means: magnetic field, pressure or doping |12]?
In recent years several experimental and theoretical groups have been searching for the KSL
in the magnetically induced materials. Firstly, both classical and quantum simulations suggest
that introducing a magnetic field pointed in an arbitrary direction will suppress the zero-field
magnetic order for the strong enough field [45] and ultimately lead to the ferromagnetically po-
larized state in the infinite-field limit. As mentioned earlier for the Kitaev model, the path to
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polarization may be quite complicated in the presence of the frustrated interactions. Indeed, sev-
eral experiments reported not only the suppression of LRO-characteristic sharp magnon features
while leaving the continuum intact for the field ~ 7.5 T in honeycomb plane |41} |43| [lower sub-
panel of Fig. (e)], but also the half-integer thermal Hall effect was recognised in the thermal
conductivity measurements. An intermediate topological phase for the in-plane field € [7,9] T
and temperature below 5K [44] can be seen on the phase diagram in Fig. m (g). However,
further Raman and THz-spectroscopic results [43] revealed more details of the continuum [left
subpanel of Fig. (f)], no definite evidence of fractionalization seems to hold above Bgpi;.
Instead, the magnetic field in the honeycomb plane induces a quantum disordered state (QDS)
with only partial polarization [43)].

Under pressure the so-far analyzed materials |46| 47, 48] 49, 50| undergo a transition into a
dimerized state in which pairs of iridium/ruthenium ions form strong molecular bonds instead
localized pseudospin moments. This is an undesirable effect, since one would rather hope for
the compression of the honeycomb layers while keeping the Ir/Ru bond anisotropy minimal.
This would save the pseudospins and strengthen the hopping paths leading to the Kitaev term,
hopefully moving the material towards the spin-liquid regime [12].

While conventional dopinﬂ of NapgIrO3 with Li has been moderately successful in enlarging
the frustration regime, lowering T, and increasing |O| |10], chemical modification with ions
of the same valence is effectively acting as a more sophisticated pressure experiment. Namely,
chemical modification of LisIrOs with hydrogen leads to the crystalisation of HsLilroOg [51].
The new material has more packed honeycomb layers, which suppress the LRO. Indeed, in Fig.
2.11| (a) susceptibility curve labeled as H does not have a kink while y~!(7") diverge from the
Curie-Weiss line in a profoundly different manner than the other materials [Fig. (b)]. These
and other features may be fingerprints of quantum spin liquid, differing however from the KSL
The material is currently still under investigation [12]

2.3.4 More on the magnetic order

Below we dive deeper into the magnetic order fingerprints, focusing on the character of LRO in
NaolrO3 and a-RuCls. Single crystal neutron and X-ray diffraction determined the magnetic
order of both materials as a colinear zigzag pattern [52, |53 54, 55, 56]. Within NalrsOg/
RuClg layers such a pattern is built out of the antiferromagnetically connected ferromagnetic
zigzag chains, as illustrated in Fig. (e). While NagIrOg displays antiferromagnetic coupling
between the layers, in case of a-RuCls the stacking faults appearing extremely easily in the
samples (due to weak inter-layer van der Vaals couplings) make the full 3D order difficult to
identify |54} 57].

In both materials magnetic order was determined by analyzing the Bragg peak corresponding
to the propagation wave vector of magnetic order parameter—(0,1,0.5) in thelst Brillouin zone
of the C2/m-symmetric structure. Irreducible representations analysis for the C2/m group and
(0,1,0.5) vector allowed to further compare the experimental peaks to the possible magnetic
patterns. Only the zigzag pattern reproduced the experimental intensities of the considered
magnetic peaks [52, |54].

Magnetic moment value

Importantly for the results presented in this thesis, the neutron diffraction (ND) provided the
value of the magnetic moment per magnetic atom in the ordered phase below Tx: 0.22up/Ir

39Replacing some ions with the ions of lower/higher valence then the original ones to introduce more elec-
trons/holes to the system.
31E.g. by different, not anomalous specific heat.
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FIGURE 2.14: Direction of the ordered moment in the J-K-I'-IV model for the ferromagnetic zigzag
chains running along the a and b bonds. Here ac denotes the XZ plane. Figure taken from Ref. [11].

[52] and 0.4-0.7p5/Ru [54], considerably lower than the 1pp/atom corresponding to the atomic
T=1

Magnetic moment direction

When considering the direction of the magnetic moment we will be referring to the orthogonal
XYZ frame presented in Fig. %(b)@ For both NasIrO3 and a-RuCls the moment lies in
the XZ plane, denoted in Fig. |2.14] as acﬂ pointing significantly above the honeycomb plane.
Resonant elastic X-ray scattering (REXS) experiments for both NagIrOgz [39] and a-RuCls [58|
determined the orientation of the N vector related to the magnetic moment.@ The angle within
honeycomb plane, ¢y, is equal 0° for both materialsﬂ In case of NaglrO3 the angle from the
honeycomb plane to N vector, ay, equals 44.3°39]. For a-RuCls REXS gives the out-of-plane
angle ay = (32 £ 3)° while the neutron diffraction provides an analogical angle for the proper
magnetic moment M, ay ~ 35° [57].

As the materials in question display the magnetic LRO in low temperatures, a careful deriva-
tion of the effective model became important to estimate how close to the Kitaev spin liquid the
real materials are. Below we present some, by no means complete, scope of the effective Hamil-
tonians considered for the honeycomb systems, focusing especially on the Kitaev-Heisenberg and
J-K-T'-I" Hamiltonians, due to their relevance for the results presented in this thesis.

32X and Y in the honeycomb plane, Z—out-of —plane direction.

33In Ref. |11] abc denotes XYZ frame, not the crystallographic frame.

34We elaborate on the relation in Sec.

35When ¢y starts from the +X direction. Both Refs. [39, [58] use the opposite convention, starting from the
—X, hence 180° value in those papers.
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2.4 Kitaev-Heisenblerg model

Since the ferromagnetic Kitaev spin liquid state is quite resistant to small perturbations [7], there

was hope that derivation of the effective model for the honeycomb materials will result in a finite

spin-liquid window, making the KSL state easier to utilize in applications. Indeed, in subsequent

papers |5}, |6] Ji¥i Chaloupka, George Jackeli and Giniyat Khaliullin presented the phase diagram

of the emerging Kitaev-Heisenberg (KH) model, for which two spin-liquid windows were visible.
The Kitaev-Heisenberg Hamiltonian has the form

H=K Y SISI+J) SiS, (2.12)
(i) L (i)

where both J and K coupling constants can take positive or negative values, leading to the AF or
FM contributions. The new Heisenberg interaction may originate from a direct Ir-Ir overlap (the
AF case) or the not yet considered indirect hopping between the ty, and e4 iridium orbitals and
subsequent Hund’s coupling (the FM case) [5, GIE The Kitaev term could be derived from the
J=1 /2 +— J=3 /2 hoppin and the following Hund’s interaction, already described in Sec.
(the FM case) or the above mentioned ¢y, +— €4, hopping. Finally, a more complicated
process involving meeting of the two holes on oxygen site as well as a cyclic hopping through
Ir-O —Ir-O plaquette contributes to both the AF Heisenberg and FM Kitaev terms |5| |6]. For
more details Fig. 2 of Ref. [6] is recommended.

Maybe it is a good place to make a technical remark: over the years different conventions of
parametrising the Kitaev-Heisenberg Hamiltonian were introduced. The form is currently
the most popular, but originally the Hamiltonian was defined as

)

H=2K > SJST+J> S;S;, (2.13)
(i) Ly (i)

where the rescaling of the K parameter was designed to emphasise the hidden symmetries of the
model.

2.4.1 Phase diagram

Below we discuss the phase diagram of the KH model, replotted from Ref. [6] in Fig. [2.15]
The diagram was based on the exact diagonalization (ED) on the symmetric 24-site cluster,
compatible with the magnetic cells of all ordered phases. The shape of the cluster is shown
on the mini-drawings surrounding the diagram. The phase boundaries are compatible with
Hamiltonian , with the polar parametrization

K*4+J*=1— J=cosp, K=sinyp, pc|0,2n]. (2.14)

The azimuthal angle ¢ starts and ends at J = +1 AF Heisenberg limit, reaches K = +1 AF
Kitaev limit for ¢ = 7/2, J = —1 FM Heisenberg limit for ¢ = 7 and K = —1 FM Kitaev limit
for ¢ = 3w /2.

LRO phases

In the Kitaev-Heisenberg model the long-range magnetic order can only be collinear. In fact,
there are four types of possible classical patterns: Néel, zigzag, FM and stripy, as depicted on

36Tt should not be confused however with the previously described cancelled-out original isotropic exchange
between J = 1/2 states via two possible Ir-O-Ir paths.

37Since both J = 1/2 and J= 3/2 states arise from the splitting of the t24 orbital by the spin-orbit coupling
one could also say “t24 <— t24” hopping.
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F1GURE 2.15: Ground-state based phase diagram of the Kitaev-Heisenberg model. The mini-drawings

present the magnetic patterns characteristic for four magnetically ordered phases: Néel, zigzag, FM

and stripy. The filled and empty circles represent the + projection of the pseudospin on the z axis.

Magnetically ordered regions with the explicit or hidden AF tendencies are marked in black, the phases

with the FM tendencies are depicted in blue and spin-liquid regions are presented in red. Some of the dual

points on the diagram are connected by grey lines to emphasise the usefulness of the 7, transformation.
The figure copied from Ref. [6].

the mini-drawings surrounding the diagram. However, the Kitaev-Heisenberg Hamiltonian is
quantum, therefore in the ground state these patterns are “dressed” in a suitable amount of
quantum fluctuations, depending on the ratio between competing J and K terms@

For purely-Heisenberg model the SU(2) symmetry could be broken in any direction in the
ground state. It is no longer the case when the Kitaev term is added to the Hamiltonian, because
of different interaction axis on bonds in the a, b and ¢ direction. Since the Kitaev interaction
axes reduce the SU(2) symmetry, the pseudospins oriented along any of these axes will have the
highest coefficient in the ground state. For collinear LRO patterns the same axis is chosen for
the whole pattern. In this way six highest-probable versions of each pattern can be selected.
This is a very simplistic description of the order-from-disorder mechanism [1].

For completeness below we present also magnetic unit cells and reciprocal-lattice pictures of
the discussed magnetic patterns.

Bragg spots for the magnetic patterns

The honeycomb net, though commonly called a lattice, is not a real Bravais lattice because
of the non-equivalence of the two types of its sites@ Therefore, the 1st Brillouin zone of the
honeycomb lattice, shown as the inner hexagon in Fig. [2.16[(a), is often obtained by treating one
of the triangular sublattices as a lattice with a two-ion basis. Moreover, every magnetic periodic

38In contrast to the one-dimensional case, where the enormous quantum fluctuations suppress the long-range
order in the nearest-neighbor antiferromagnetic Heisenberg model [1], for the two-dimensional lattices without
geometrical frustration the Néel pattern, “dressed” in still significant amount of quantum fluctuations, forms
long-range order. The latter happens also in the case of honeycomb lattice.

390ne species would be equivalent to the other after the 7 rotation of the surrounding sites.
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(a) (b) (c) (d) (e)
M |T
X

FIGURE 2.16: Panel (a)—1st Brillouin zones of the honeycomb lattice (the inner hexagon) and the

triangular lattice created by adding a site at the center of each hexagon (the outer hexagon). Panels

(b-e)—reciprocal pictures of the collinear patterns with the pseudospins (anti)parallel to the z axis: (b)

Néel, (c) zigzag, (d) FM and (e) stripy. A reciprocal picture of the Kitaev spin liquid will be discussed
separately.

o o s ¥

FIGURE 2.17: Magnetic unit cells for the (a) stripy and (b) zigzag patterns. The red and green circles
represent the antiparallel orientation of the pseudospins.

pattern can be reduced to its magnetic unit cell, which, when repeated, can recreate the pattern.
Such cells can be relatively small, e.g. the two-site cells of the FM and Néel patterns, or larger, as
the stripy and zigzag cells depicted in Fig. Since the Néel and FM patterns transformed to
the reciprocal lattice via the Fourier transform produce Bragg spots outside of the 1st Brillouin
zone of the honeycomb lattice, it is customary to show also the 1st Brillouin zone of another
triangular lattice emerging after adding a site in the center of each hexagon. This is the outer
hexagon in Fig. [2.16| (a). The other panels present the reciprocal-lattice pictures obtained for
patterns aligned along the z axis. The order of patterns follows the growth of ¢ parameter on
the phase diagram.

KSL windows

The highly desirable Kitaev spin-liquid phase spreads around the two Kitaev limits of the phase
diagram. As expected, the FM KSL state occupies a large region around ¢ = 37/2, winning
over the energetic competition with the less quantum-fluctuating FM and stripy phases. The
AF liquid window around ¢ = m/2 is much narrower because the quantum spin liquid competes
there with also strongly quantum-fluctuating phases of the AF type [6]. |The meaning of the
AF/FM “type” will be explained in the section below.]
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FIGURE 2.18: Four sublattices introduced in the Ty transformation. Figure taken from Ref. [9].

7, transformation, self-duality and the hidden SU(2) points

As mentioned earlier, the Kitaev-Heisenberg Hamiltonian has some hidden symmetries. Substi-
tuting the pseudospin operators in the Hamiltonian with a set of the new pseudospins, related
to the old ones via S; = R, IS;, where R; is symmetry operation matrix, leads in general to a
new form of the Hamiltonian. Sometimes such transformation is so powerful, that it is able to
transform the Hamiltonian onto itself [9]. Such a transformation is called self-dual. Crucially,
self-duality guarantees that the eigenstate properties such as the amount of quantum fluctuations
will be the same for every two points connected by the transformation. Although the ground
state for the linked points may look very different in the original basis, the self-dual connection
between Hamiltonian forms guarantees existence of a basis in which ground state A will coincide
with ground state B.

It turns out that rotating pseudospins in Hamiltonian in a particular way links every
point on the phase diagram with its self-dual equivalent on the very same diagram, see grey lines
in Fig. 2.15] The referred self-dual transformation of the Kitaev-Heisenberg model is known in
literature as Ty |59, 5 6, 9] and consists of four different rotations for the four sublatices:

(s¥,8¥,8%) = (8*, — S%) m-rotation around z axis on sublattice 1,

(Sx/, sv' SZI) = (—S%,8Y,—S%) m-rotation around y axis on sublattice 2,

(S*,8Y,8%) = (=%, —S¥,$%) w-rotation around z axis on sublattice 3,
(S¥,8Y,8%) = (S*,8Y,5%) identity operation on sublattice 4. (2.15)

The above sublattices are represented by circles and squares in Fig. [2.18]

T4 transformation proved to be a very practical tool because it reduces the range of coupling
parameters for which the calculations have to be performed. It is enough to cover half of the
phase diagram and utilize 7 to transfer the whole information from the calculated part to the
missing part [9]. It can save computational memory and time or be used for cross-checking the
results, filtering out the effects of numerical instabilities and other artifacts.

Most importantly, two particular points in zigzag and stripy phases are directly related via
71 to AF and FM SU(2) (i.e. purely-Heisenberg) points. One can notice that by following the
grey lines coming from ¢ = 0 and 7 in Fig. In the convention of Eq. the hidden
AF and FM SU(2) points are located at ¢ = 37/4 and 7w /4, correspondingly. By showing the
Néel-zigzag and FM-stripy relations, the transformation reveals the AF character of the zigzag
and FM character of the stripy phases of the Kitaev-Heisenberg model.

As the experimental results on NaglrOs and a-RuCls were accumulating, it became clear
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that the direction of the pseudospins in the zigzag order supported by the Kitaev-Heisenberg
model is too divergent from the experimental data. Namely, pseudospins forming zigzag patterns
in the ED-based ground state point either towards x, y or z axes, in contrast to the experimen-
tal moments lying in the XZ plane, in between the z and y axes.lﬂ Therefore, revisiting the
derivation of the effective Hamiltonian became necessary. Nevertheless, the Kitaev-Heisenberg
model remains an important part of the family of the Kitaev-like models because on one hand it
is easy to handle in perturbative and numerical approaches and, on the other hand, it is highly
nontrivial due to the directional frustration manifested by the Kitaev term and the competition
between Kitaev and Heisenberg terms.

2.5 More complex Kitaev-like models

Spin-liquid vs LRO properties of real materials strongly depend on the ratio of various mi-
croscopic characteristics, such as the length of the Ir-Ir/Ru-Ru bonds and the distortions of
oxygen/chlorine octahedra. This is because the details of the crystal structure are the first se-
lectors deciding on the relative strength of the hopping paths yielding coupling parameters in
the effective model. As expected, the structural imperfections of NagIrOg and a-RuCl;s resulted
in their huge, 25/29-parameter effective Hamiltonians [60]. Such models, although more precise,
would be challenging to process numerically, therefore it was important to decide which terms
could be omitted without diverging too far from the experimental results. As a consequence, over
the recent years multiple sets of minimal models for the materials in question were proposed.
Below we cite the ones from Ref. [60] as an example:

e K-J3 model for NaglrOg with |J3/K| ~ 0.4 and K < 0, J3 > 0, where J3 stands for the
Heisenberg third-neighbor coupling.

e J-K-I'-J3 model for a-RuCls with (J, K,T', J3) = (—0.5, —5,4+2.5, 40.5) meV. Importantly,
both J and K have a FM sign , contrary to I' and J3 |60 (61} |45] 38].

Although these and other models [62, 63, |64} 65, 66|, |67, 68| pinpoint the values of the parameters
of the two materials, it is beneficial to see the surroundings of these points on the phase diagram@
Just for a-RuCls the effective Hamiltonian has four parameters, when taking into account only
the strongest interactions. Other studies, however, |66, 69] suggested the importance of the
trigonal distortion effect, represented partly by the so-called I term or even a second-neighbor
Kitaev term. Full phase diagram of the J-K-I'-I"-J3 model would provide a comprehensive
picture of the LRO /spin-liquid tendencies, helping with engineering a quantum spin liquid, either
starting from the positions of NasIrOgz and a-RuCls or designing a new material.

Considering the complexity of the five-parameter phase diagram we will first introduce the
sub-diagrams of:

e the J-K-I' model [§],

e the J-K-I'-IV model—classical phase diagram and selected patches of the quantum phase
diagram published in Refs. [70, 9, |11} |71} 38|,

e the J-K-I'-J3 model—selected patches of the classical and quantum phase diagrams from
Refs. 37,160, (61} 45, [38],

leaving a more detailed discussion, including the information we brought to the table for Chapter

Bl

40 See Sec. for a reminder.
4I'We note that some of the references provide characteristics of close neighborhood of the proposed parameter
points.
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2.5.1 Phase diagram of the J-K-I" model

In case of the perfect IrOg/RuClg octahedra the Cg pseudospin and latticelﬂ symmetry at each
Ir/Ru site still allows for an additional nearest-neighbor term besides the J and K [8]. The
symmetric off-diagonal exchange I" enriches the Hamiltonian into the form (in the case of bond

)

JT 0 S
H.=(sT S s7)|r J 0 sV =
0 0 J+K) \S?
= JS; - S; + KSiS% + T(SFSY + SYS?). (2.16)

Due to the C3 symmetry the expressions for bonds a and b are accessible via a cyclic permutation
of x, y and z components. For clarity we present the generic bond expression below

Hly = JSi - S; + KS]S] + (S¢S +8/89), (2.17)

where a, 8 and v € (z, y, z) are specific for the bonds of 7 = a, b or ¢ direction perpendicular
to v [8].

In the Kitaev-related physics it has become a tradition to represent the coupling parameters
in terms of the trigonometric functions. Below we explain a popular convention for models with
three parameters and beyond, which is utilized in this and subsequent chapter.

A quick guide to the circular maps

One may imagine J, K and I' parameters as axes of the 3D coordinate frame. Then, extending
the polar parametrization of the Kitaev-Heisenberg model to the spherical one, we obtain:

J =sinf cos p,
K =sinfsin ¢,
I' = cos ¥, (2.18)

which confines the energy scale to a unit sphere
P+ K2 +T?=1. (2.19)

In principle, one could produce a spherical distribution of the J, K and I' parameters—the
result would be a globus-like object for which one could calculate a phase diagram. A more
practical solution—a two dimensional map requires some kind of projection. Out of multiple
options known from cartography, we describe the two filling the circle created by the azimuthal
angle ¢ with the information about the wertical axis I'.  Namely, one may perform a straight
forward projection of the (J, K, I') points on the sphere onto the horizontal JK plane by
plotting their J and K positions. The strength of the I' term may then be recreated using the
normalization . Alternatively, we may plot the points in terms of ¢ as the anglular and
0 = arccos(I") as the radial variable.

The second solution was introduced in the Ref. 8] and we will be following this convention.
Fig. (2.19) explains how any random point on the sphere is mapped onto the full horizontal
circle. It is easy to imagine that the points close to I' = +1 poles will project close to the center
of the circle, where 6 has to be small to give cosf ~ 1 values, while the points with smaller I
component will be projected further and further towards the outer J? 4+ K? = 1 circle, where

42 At each Ir/Ru site the rotation of the pseudospin components and bond direction by 120° enables transfer
between one-bond terms of the anisotropic effective Hamiltonian analogically to the pure Kitaev model.
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K=+1

K=—1

FIGURE 2.19: A guide to circular maps utilizing the trigonometric parametrization of the coupling
parameters of the Kitaev-like models [including the I" parameter].

Kitaev (b) 7I'/ 2
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FIGURE 2.20: Representable slices of the J-K —I'-I"-J3 phase diagram known from literature. (Here
¢ = ¢, 8 = 19.) Panel (a)— phase diagram of the J-K-T' model for the T" > 0 case. The Néel phase in
red, the FM phase in dark-violet, the zigzag phase in dark yellow, and the stripy phase in pink. Non-
collinear patterns: 120° (vortex) and spiral (Sp) in light green and light violet, respectively. The KSL
regions are (barely) visible in orange color. Panel (b)—J3 = 40.088 slice of the phase diagram of the
J-K-T-J3 model. IC label stands for the incommensurate spiral region. The red point represents the
estimated a-RuCls position in the coupling-parameter space mentioned at the beginning of Sec.
Exact-diagonalization based panels (a) and (b) taken from Refs. and , correspondingly.

the Kitaev-Heisenberg limit is reached. As a result, on such a map the value of T' effectively
increases when moving towards the center of the circle. After this initial geometric exercise it is
time introduce the phase diagram of the J-K-I" model.

Phase diagram

The first phase diagram of the J-K-I" model [8] consisted of the classical (Monte Carlo-based)
and quantum (exact-diagonalization-based) circles. Here we refer to the quantum part [Fig. m
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(a)] because its phase boundaries reflect the strong frustration in the model more adequately.
The reader may recognise the familiar collinear phases: the vast Néel (red) and FM (violet)
regions as well as the smaller stripy (pink) and zigzag (yellow) patches. All those phases start
from their respective Kitaev-Heisenberg arcs on the outer I' = 0 circle.

Introducing the non-diagonal I' term to the Hamiltonian not only rotates the pseudospins
from one of the Kitaev cubic axes zyz |11} [69] but also allows non-collinear tendencies in certain
parameter ranges. In particular, the non-collinear phase in the middle of the phase diagram was
detected and interpreted as the 120°-order with some internal three-sublattice structure [§]. The
phase was further recognised as a vortex one due to the hidden SU(2) point, called the vortex
point, at the boundary with the Néel phase, revealed by the 6-sublattice transformation 7g [9].
We will elaborate on the g transformation in Sec. and on its relation to the whole vortex
phase—in Chapter [3| For now though we refer the reader to Fig. [2.21] (¢) for the example of a
possible vortex pattern at the vortex point.

The non-collinear tendencies are not restricted to the vortex phase. According to early papers,
a faint tendency towards the zigzag ordering visible close to the middle of the circle acquires the
non-collinear behaviour (diffusion of yellow and light violet/grey colors) and further changes into
the incommensurate phase with a spiral component (Sp) in the J > 0, K < 0 quarter fn Fig.
2.20| (a). We will examine the above issues in Chapter

Finally, the KSL regions spread slightly from the corresponding AF and FM KSL windows
on the outer Kitaev-Heisenberg circle when the small I" values are included, which is indicated in
orange on Fig. (a). As will be disclosed later, those are not the only spin-liquid tendencies
on the diagram.

2.5.2 Phase diagram of the J-K-I'-I" model

Allowing for the trigonal compression of the oxygen / chlorine octahedra suplements the nearest-
neighbor J-K-I' Hamiltonian with the negative off-diagonal I” term |70, [10]. The full nearest-
neighbor form is presented below for the bond in direction ¢ [70]

J r T S%
Hle=(Sf sY s |r J I S (2.20)
' T J+K) \S;

= JS; - S; + KSiS; + ['(S7SY + 8{S}) + T"(S{S} + S;Sj + S/S; + S7SY). (2.21)
For completeness, we provide the generic form for any bond direction:

Hly = JSi - S; + KS]S] + T(S¢S) +8789) + T'(808] + 8782 +8/S7 +878)).  (2.22)
When calculating the phase diagram one of the possible conventions is to keep the J, K and I’
parameters normalized to a unit sphere [as for the J-K-T' model] while allowing I to change
freely. With such constraints the parameter space forms a cylinder which one can then cut for
the selected values of I, obtaining the I'” =const. slices of the diagram.

Phase diagram

Judging from I slices of the classical phase diagram as well as patches of the quantum phase
diagram (cf. Figs. 2 and 3 in Ref. [70], respectively), one can already grasp some general
tendencies caused by the I term. While T" > 0, I" < 0 allows vortex and lower zigzag regions
to spread, suppressing other phases, I" > 0 promotes robust Néel and FM regions. Since even
a more comprehensive picture of this diagram, clarifying the form of possible magnetic patterns
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FIGURE 2.21: Selected hidden symmetries of the J-K-I'-I"-J5 model. Panel (a)—6 sublattices of the 7g

transformation; panels (b), (c¢)— examples of the vortex patterns at the vortex SU(2) points for I' < 0

(I" > 0), respectively, where in case (b) the pseudospins marked by the different colors can be rotated to

an opposite orientations by 7. Panels (d), (e)— special points for the I' > 0 (T' < 0) cases projected on

the J-K-T' plane, respectively. The points connected to AF and FM SU(2) points are denoted by red and

dark blue with their I values given in the legend. Light blue circle denotes hidden AF Kitaev point, as
presented in Refs. . All panels taken and modified from Ref. EII

and including internal structures within each phase will be presented in Chapter [3] we did not
include the figures from Ref., but the interested reader is recommended to examine them.

Hidden symmetries of the model

As nicely put in Ref. , multiple sets of (J, K, I, I, J3) parameters roughly reproduce the
properties of NaglrOg and a-RuCls. Therefore, a further verification of the estimated values of
the parameters depends also on the global and local tendencies on the phase diagram. Having a
comprehensive knowledge about as extensive portion of the diagram as possible is a rather chal-
lenging task, hence, some guidelines where to look at firstly would be of great value. Fortunately,
such guidelines do exist in the form of the hidden symmetries even in the J-K-I'-I"” model IEII

In general, such symmetries may concern special points or even finite regions with surprisingly
simple Hamiltonian, but even in the former case those special points may be considered as
“sources” of a particular phase |]§|| Below we shortly describe the symmetries of J-K-I'-I'" model,
the transformations leading to them and the deep consequences for the real materials they bring
[9], leaving the rest of the hidden dualities and their extensive discussion for Chapter
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Before we introduce the transformations, we once again bring back the XYZ frame, related
to the zyz frame by the rotation matrix

V6 V6 _ 6
6 6 3
Rxyz= [ -2 ¥ 0 (2.23)
V3 V3 V3
3 3 3

As illustrated on Fig. [2.6 (b), X and Y axes lie in the honeycomb plane while the Z axis points
perpendicularly, “towards the reader”. Equipped with the two convenient frames we move towards
the transformations.

71 transformation

The only transformation mapping the J-K-I'-I"” model onto itself is the global w-rotation around
the Z axis [9], it is therefore the simplest to present it in the XYZ frame:

(XY, Z) = (=X, ~Y, Z) (2.24)

Despite its simplicity, the transformation proved to be extremely useful because, similarly to
the T4 transformation for the Kitaev-Heisenblerg model, it allows to transfer all the physical
quantities of a given point to its self-dual counterpart. For a convenient check of the self-dual
partner of any point at the phase diagram we refer to the 77 matrix form from Ref. [9]:

/

J 0 +5 —13 +2\ [/
K 0 -1 +3 -3 | | K

- 3 2.25
r 0 +§ +§ +§ r (2.25)
N 0 —3 +5 +5/ \I

In that regard we describe two applications of the above transformation to real materials:

Zigzag SU(2) points

T1 connects upper and lower zigzag regions and, in particular, the hidden AF SU(2) point of the
Kitaev-Heisenberg model with the hidden AF SU(2) point lying in the extended neighborhood
of the estimated positions of the parameters for real materials |9] [points marked as “zigzag” and
“B” in Fig. (d)]. As a result, pseudospins aligning along one of the z, y or z axes in the
zigag phase of the pure Kitaev-Heisenberg model experience rotation to a more experimentally
acceptable direction [39, 58|. We will return to this issue in Chapter

Hidden Kitaev points

Another important result provided by the 77 transformation is the determination of the self-dual
partners of the original Kitaev points |9]. Transforming the AF Kitaev point via Eq.
locates the hidden AF Kitaev point at J =T = 4/9K', K = —1/3K', I = —2/9K’, where
K’ is the coupling parameter of the original point, resulting in J = I' ~ 0.624, K ~ —0.468,
I ~ —0.312 in our parametrisation . Due to the self-duality this point maintains the
antiferromagnetic character@ inherited from the original point. Crucially for application to real
materials, the K parameter is negative for the transformed point. In fact, the hidden AF Kitaev
point lies relatively close to the predicted values of the coupling parameters for NasIrOs and a-
RuCls. Moreover, because of the self-duality, the whole AFM KSL region has its hidden “sibling”
region around the above hidden point. While we will be analysing this region in detail in Sec.

Ble. K'>0.
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we would like to mention a recent Ref. [38] in which an interpolation between the hidden
AF Kitaev region and one of the currently established a-RuCls locations was presented. The
reader can find more on this problem in Sec. [2.6]

The FM Kitaev point K = —1 has its self-dual partner in the less experimentally interesting
I' < 0 part of the diagram. Namely, the hidden FM Kitaev point is located at J =T = —4/9K’,
K =1/3K',T' =+42/9K’. Analogically to the AF KSL region, the much larger FM KSL phase
should also have its 77 representation around this point. While the characteristics of the currently
investigated materials do not lie anywhere close to the region, this may change in the future. If
so, the larger size of the hidden FM KSL region might facilitate tuning the new material into
the spin-liquid state. Thus, the 77 transformation opened new paths for the realization of the
Kitaev physics in the transition-metal oxides.

Now we will introduce other transformations leading to the hidden SU(2) points and the
points themselves.

T> transformation

In this transformation pseudospins in one of the sublattices are rotated by 7 around the Z axis,
just like in the 77 case, while the pseudospins in the other sublattice remain unaffected [9):

XY, 72 = (-X,-Y,Z) 7 rotation around the Z axis on sublattice A,
XY, 7")=(X,Y,Z) identity operation on sublattice B. (2.26)

Te transformation

The six pseudospin rotations can be decomposed into the (anti)cyclic permutations of the com-
ponents and inversions in the original zyz frame [9):

(¥, 8,8y = (8%, 9Y, S*) sublattice 1,
(S¥,8Y,8%) = (—8¥, —S*, —S?) sublattice 2,
(s¥,9v,8%) = (sy,SZ, s® ) sublattice 3,
(8%,8Y,8%) = (—8%, —$%, —SY) sublattice 4,
(8¥,8¥,8%) = (87,57, ) sublattice 5,
(S8¥,8Y,8%) = (-7, —8¥, —§%) sublattice 6. (2.27)

Fig. (a) explains how to cover the honeycomb lattice with the above sublattices. The Tg
transformation not only leads to the hidden SU(2) points but also provides more insight about
the Kitaev term, which will be discussed in Chapter [3]

Remaining hidden SU(2) points

The above transformations and their combinations also bring in the new hidden SU(2) points.
On the external Kitaev ~Heisenberg circle of Fig. (d) and (e) the hidden SU(2) points are
marked by red and blue filled squares. For I" and I # 0 the new points appear. Since I' values
estimated for iridates and ruthenates remain in the positive range, we are mainly interested in
Fig. (d). The remaining SU(2) points for I' > 0 are found by the T2 (A), 7276 (C) and T
transformations (“vortex”).

The vortex point has a rather peculiar coupling parameters J = 0, K = I', I” = 0 representing
only the bond-anisotropic interactions, that nevertheless fit so well together that they form the
SU(2) symmetry [9]. Namely, the vortex point in Fig. (d) is connected to the FM SU(2)
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point [see Fig. (c) for an example of the vortex pattern allowed there|. In contrast, the
vortex point in Fig. (e) for I' < 0 is related to the AF SU(2) point.

Finally, in Fig. (e) there remains a hidden SU(2) point with the features of stripy
ordering (B), fitting well within the non-zero stripy region for I' < 0 and connected to the
original stripy point of the Kitaev-Heisenberg model. As will be shown in Chapter [3 those and
other special points are not mere theoretical curiosities. They serve as pronounced “topographic”
features, explaining to a large extent the complicated trends on the phase diagram.

2.5.3 Phase diagram of the J-K-I'-J; model

Further-neighbor Heisenberg interactions also tend to stabilize the zigzag order |62} |37, 65].
According to Ref. [37], third nearest neighbor J3 coupling is the strongest among them for both
NaglrOz and a-RuClz. Comparison of Fig. (a) and (b) reveals a substantial reaction of the
system to a small positive J3 ~ 0.1. The two zigzag regions merge and broaden, which, along
with the still large Néel region, suppresses the other phases on the diagram [37]. We will continue
this discussion in Chapter [3] where we will present more data further confirming this tendency.

2.6 Recent developements

We would like to point out a very interesting theoretical development concerning the hidden
symmetries and the evolution of a-RuCls in the external magnetic field proposed recently in
Ref. [38]. As described in Sec. application of the magnetic field directed perpendicularly
to the honeycomb plane for (a) AF Kitaev model leads to the appearance of an intermediate
phase (IP), while (b) nothing particularly interesting exists above FM KSL. Ref. [38| shows
that utilizing special site-dependent field rotated according to the four-sublattice scheme in
case (a) produces the result (b) and vice versa. Perhaps more importantly, another path to
the field-induced intermediate phase is provided. Ref. [38] shows that strong enough uniform
perpendicular field is not only able to produce the IP phase above the KSL around the hidden
AF Kitaev point, but also its range spreads above the zigzag phase in the a-RuClj location (see
Fig. 11 there for the phase diagram of the model interpolating between the hidden AF Kitaev
and a-RuCls point).

Finally, we would like to mention other interesting developements of the Kitaev-related
physics that do not directly influence the results in the following chapter, but the interested
reader may find them inspiring. The Kitaev-Heisenberg model may be also considered for the
kagome 72| and triangular [73] lattices. One could study the behaviour of its ground state from
the 1D chain, through a ladder, up to proper 2D honeycomb lattice |74} 75|, or consider the sys-
tem’s behaviour in finite temperature via the tensor networks |76|. The effective models for other
candidate materials could also be explored, e.g. a-LisIrOs [77] or very promising NagCo2SbOg
with less-extended 3d orbitals [13]. Even bosonic version of the Kitaev model for the d* electronic
configuration |78] may be considered.

As the reader could see, the field of the Kitaev-related physics has a short but intense history.
Such a dynamic development led to the accumulation of quite a bulk of knowledge, hence this
long introduction. We hope that the material condensed within this chapter allowed to build
solid background about some of the current problems in the field and will be useful for the reader
in the future. We tried to keep the amount of details at bay, leaving however enough to build
strong experimental and theoretical arguments for the LRO and spin-liquid tendencies as well
as provide some understanding of the frustration and quantum spin liquid phenomena. In the
following chapter we will present our input to the field.
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Chapter 3

Magnetic ordered moment studies for Kitaev-like
models.

3.1 Magnetic ordered moment in the effective models

Understanding magnetic properties of late transition-metal compounds such as NasIrO3 or a-
RuCls requires several layers of approximations. To paint a still relatively simple picture we
start from the magnetic Ir** /Ru* ions forming the honeycomb lattice. In zero temperature the
magnetic moments M; appearing at every site of the lattice can potentially form a magnetically
ordered or disordered state. The strength and spatial orientation of these magnetic moments
define the magnetic order in the system as the order parameter for particular magnetic phase sums
up the moments over suitable sublattices. Such a simple description masks however the fact that
the behaviour of M; is influenced by the properties of oxygen/chlorine octahedra encapsulating
the transition metal ions.

Why should one engage into such an intricate problem though? As the reader remembers
from Sec. NasIrO3 and a-RuCls do not have a spin-liquid ground state but display long range
zigzag order instead. Interestingly however, on the phase diagram of the J-K-I'-I"” model
the zigzag regions touch both the explicit Kitaev spin-liquid windows around the K + 1 Kitaev
points as well as the hidden one around the hidden AF Kitaev point. It is therefore important
for quantum computing applications to know how far from the liquid windows the real materials
are. This can be understood by taking experimental orientations of the magnetic patterns (Sec.
and pointing out where in the zigzag regions on the diagram those particular orientations
appear. Owning a dense map of the precise properties of the ordered moments at each point of
the J-K-T-T"-J3 phase diagram would enable such a comparison. This would allow us to narrow
down the pool of model parameters set by multiple ab-initio studies, greatly simplifying further
calculations, and to provide more precise data for groups exploring driving those materials into
the spin-liquid state (Sec. [2.3.3).

Since we are interested in details of such a map, we have to keep in mind that the Kitaev-like
models are written in terms of pseudospins J—the appropriate degrees of freedom for materials
with the strong crystal-field splitting and spin-orbit coupling dominating over interactions be-
tween to4 electrons on neighboring ions |4]. Here we would like to connect the dots and briefly
sketch the relation between J and M:

In case of a coupling between spin and orbital degrees of freedom the total angular momentum
is formed

J=L+S8, (3.1)

and the suitable magnetic moment is in general not parallel to J [79]:
M =L+ 2S. (3.2)

Specific assumptions considered for NaglrOs and a-RuCls can simplify this situation consider-
ably. In an ideal case, the cubic crystal field originating from the oxygen/chlorine octahedra
splits the d subshell of Ir** /Ru" ions into e, and ty, and the spin-orbit coupling further filters
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out the degeneracy. As mentioned in Sec. [2.1.1] the low spin state, appearing because of a large
crystal-field gap, allows us to focus entirely on the o, orbital. Then, instead of considering the
L operator projected to the whole d subshell (Lg), we may consider just its tyg-restricted part
(L¢,, ). It turns out that Ly,, is proportional to the L operator projected to the p subshell (L,).
In other words, the set of matrices LZQQ for any set of orthogonal axes v are proportional to L}
matrices, differing from it only by the minus sign. Thus, for 5, orbitals we can replace quantum
number Ly = 2 with effective quantum number Ly, = —L, = —1E|

In real materials oxygen/chlorine cages may not have an ideal octahedral shape. In case of
the honeycomb iridates and ruthenates, where the imperfect octahedra share edges, on the top
of the cubic crystal-field splitting a trigonal distortionﬂ A appears, leading up to further splitting
of the ta, subshell. Since the trigonal distortion occurs along the direction perpendicular to the
honeycomb plane, it is the easiest to label it by Z, utilizing the XYZ frame from Fig. [2.6| (b).
Taking the trigonal Z axis as the quantization axis, one may also include the trigonal distortion
into the Kramers doublet |4} 11|E|

Z

N =
(Y
Il

I=5,

1
—|-2> = +sin?|0,1z) — cosV| + 1, 1z), (3.3)

—p
Il
(=
Il

1
7 z —2> = —sin?|0,}z) + cosI| — 1,1z), (3.4)

N =

~7Z . . . .
where J© = £1/2, 12, |z, and 0, £1 correspond to the Z projection of the pseudospin, spin and
Li,, of a hole, respectively. The so-called spin-orbit mixing angle ) is related to the trigonal
distortion by

2v2

2A
5= =", (3.6)

where A is the ionic spin-orbit coupling parameter [11]. In the hole picture the single-ion Hamil-
tonian reads then as follows )
Hion = +AL, - S — A (L2)", (3.7)

where the first term holds an effective spin-orbit interaction and the second term describes
the trigonal splitting of orbitals. As will be shown below, the presence or absence of trigonal
distortion deeply affects the relationship between J and M.

Now, the magnetic moment can be described as

M = Ly, +2S = —L, + 28. (3.8)

By calculating the matrix elements of L%, S% and jZ in the Kramers basis 1 i we may
simplify the above formula. Obviously,

~7 1|~z
J =+=]

1We use capital letters, similarly to e.g. Ref. [12], to be more consistent with the LS scheme and not to confuse
the less-experienced reader with the small letters, possibly misinterpretted as coming from the jj scheme. We are
aware that in the ground state for the materials in question both schemes converge and that the most popular
convention for quantum numbers utilizes small letters.

20f the octahedra.

3Here we follow consistently the notation from Ref. [11].

~7 1 1
J =+ V=4Z 3.9
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while
~7 1 ~7 1 1
=+ |LZ|J° =42 ) = £ cos? 9 = £ (2cos? 1
<J 2‘ 21 2> cos” 2( cos? V), (3.10)
~ 1 ~ 1 1
<JZ: ‘SZ - 2> :j:§ (sin219—(205219). (3.11)

Hence, L]Z, = 2cos? ﬁjZ and S% = (sin219 — cos? 19) jZ. Moreover, due to the Eckart -Wigner

theorem we can also write that L, = 2 cos? 9J, S = (sin2 ¥ — cos? 19) J [11]. Then, the magnetic
moment can be written as

M = 2 (sin® ¥ — 2 cos®¥) J. (3.12)

When A = 0, the spin-orbit mixing angle ¥ ~ 35.26°, leading to L, = 4J/3, S = —J/3, which
simplifies M considerably )
M = —2]. (3.13)

Thus, when the trigonal distortion is absent the effective picture given by formula makes
the magnetic moment on every iridium/ruthenium site antiparallel to the pseudospin J [11].
This simplification would allow for a more direct comparison between the theoretical predictions
and experimental findings. However, when the trigonal distortion is presentﬁ a non-zero an-
gle appearing between M and J makes the comparison between theory and experiment more
challenging.

Our strategy in the current chapter is to first analyse the orientation and absolute value of
the pseudospins J for the Kitaev-like models. Once this discussion is complete, we will use a
translation of the orientation of the magnetic moments to the orientation of the pseudospins
obtained in Ref. [11] to specify the windows of Hamiltonian parameters applicable for NaglrOg
and a-RuCls and discuss the compatibility of these windows with the ab initio results.

Finally, let us also state three important technical remarks:
Stmilarly to Chapter@ below we will denote J pseudospin as S to be consistent with the dominant
convention in the literature. Then, formula (3.13) reads as

M = —2S. (3.14)

The second remark concerns what exactly is understood by the “ordered moment” in this
chapter. It coincides with the general definition of the order parameter of the magnetic phases
[1]. In the context of Kitaev-like models we can define the expression

Lo Mo fsen((ST))(SP)
S=1 52 s8N s)) |- (3.15)
T e \sgn ((S7)) (S7)

A particular magnetic pattern can be split into I sublattices, where the pseudospins belonging
to each sublattice have the same spatial orientation. Then, inside each of the sublattices one
can sum the averages weighted by their sign, so that there is no cancellation of terms. The
factor 1/I brings the normalization over the number of sublattices while the factor 1/Nj—over
the number of sites inside each sublattice. In the end, the summation over all sublattices is
performed. Expression (3.15)) works not only for the trivial cases of the ferromagnetic and Néel
patterns, but also it returns a non-zero vector for the more complex patterns like vortex [Fig.
2.21| (b) and (c)|, which has six sublatices to be summed over.

*For now we remind the reader that in the nearest-neighbor-restricted Kitaev-like Hamilttonian (2.22) A # 0
is represented by the I" term [70]; we will return to this issue at the end of this chapter.
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Part the results presented in this chapter was published in two papers:

e [80] Dorota Gotfryd, Juraj Rusnacko, Krzysztof Wohlfeld, George Jackeli, Jifi Chaloupka,
and Andrzej M. Oles, Phase diagram and spin correlations of the Kitaev-Heisenberg model:
Importance of quantum effects, Phys. Rev. B. 95, 024426 (2017), [a multi-method analysis
for the Kitaev-Heisenberg model|,

e [29] Juraj Rusnacko, Dorota Gotfryd, and Jifi Chaloupka, Kitaev-like honeycomb magnets:
Global phase behavior and emergent effective models, Phys. Rev. B 99, 064425 (2019), |a
multi-method analysis for the J-K-I'-I"-J3 model].

3.2 Methods

Here we will explain how the orientation and absolute value of the ordered moment can be
obtained. In order to recognise magnetic order of the quantum system one needs access to the
ground state. Since Kitaev-like models keep the combined C5 pseudospin and lattice symmetry
at each iridium /ruthenium site intact, the superposition in their ground state will oftelﬂ contain
six terms with the largest coefficients. The sources of this phenomenon are bond-anisotropic
terms such as Kitaev, I' and I, that invoke selection of the easy axis by the order-by-disorder
mechanism. In the simplest Kitaev-Heisenberg case the three equivalent easy axes that could be
selected from all other possible directions will be the Kitaev interaction axes v = z, y, z [11].
Along each of these axes pseudospins can be arranged in two ways, hence six equivalent magnetic
patterns with the largest probability. Therefore, we could say that the ground state of Kitaev-like
models emulates the perfectly isolated microscopic sample of the materials in question.

However, measuring magnetic ordered moment in a crystal sample gives a particular Bragg
spot in case of the long-range order, which means that one direction is selected. This is due to the
spontaneous symmetry breaking (SSB) phenomena |1, |81] which would here concern C3 discrete
symmetry. The proper analytical approach to SSB requires introducing a weak magnetic field
to the magnetization formula for an infinite system and then taking the field to zero from above
[81]. Unfortunately, for the complicated Kitaev-like models such approach is highly impractical.

A reasonable way to obtain the ordered moment requires performing the numerics on the
largest and most symmetric cluster and supplementing it with the analytics at those selected
points where the Hamiltonian simplifies [5, |6, |9} [29]. At this point the choice of the numerical
method depends on what information is more important to us: we can choose a method keeping
as much of the quantum superposition in the ground state as possible, which would result in very
accurately estimated orientations of the pseudospins but the ordered moment value would not
be easily accessible. We can also polarize the boundary of the cluster and obtain the value of the
ordered moment in a self-consistent manner, but the price for disturbing quantum fluctuations of
the microscopic system would be worse precision in the direction of the moments and a possible
struggle with the convergence. Below we describe both of these aproaches, inevitably putting
more details to the latter, which the author of the thesis was utilizing.

3.2.1 Exact diagonalization

Exact diagonalization (ED) literally means numerical diagonalization of the Hamiltonian matrix.
Full exact diagonalization produces complete energy spectrum and eigenstates of a given Hamil-
tonian, but is possible only on smaller systems, up to 16 sites for (pseudo)spin 1/ 2E| Larger
systems, necessary for the Kitaev-like models, require turning to the Lanczos method [82]. With
a smartly chosen and carefully tested truncating condition the latter method produces a ground

This concerns especially Kitaev-Heisenberg model where long-range order is exclusively collinear.
SFor very symmetric Hamiltonians like Heisenberg the size accessible for full ED may be even larger.
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FIGURE 3.1: 24-site symmetric cluster of the honeycomb lattice with periodic boundary conditions.

state which is very well converged to the full-ED ground state. The smallest cluster compatible
with all the collinear and most of the non-collinear magnetic patterns that would also not favour
any particular direction is the 24-site cluster, presented in Fig. [3.1]

Importantly, the ED method equipped with the suitable periodic boundary conditions (PBC)
treats all bonds equally, ensuring a less—biasedm fully quantum ground state. In the simplest, non-
degenerate case it produces a state containing the superposition of different magnetic patternsﬁ
The dominant coefficients stand before the symmetry-allowed versions of the magnetic order
suitable for the particular set of the Hamiltonian parameters. This means two possibilities of
the pseudospins’ orientation for a given direction multiplied by the coefficients with the same
absolute value, resulting in (GS|S;|GS) = 0. However, the characteristics of the ordered moment
can be still obtained from the ground state utilizing the methods listed below.

Correlation matrix method

In this standard approach the ordered moment direction is found by diagonalizing
(SQSQ): (3.16)

where «, 8 = x, y, z, and taking the direction of the largest eigenvector. Unfortunately, for a
significant part of the parameter space the method is unable to uniquely identify the direction
due to the degenerate eigenvalues appearing because of the above-mentioned equal coefficients
multiplying equivalent patterns in the ground state. Furthermore, finite size effects mix in some
contributions of the equivalent patterns into the correlation matrix for the selected Q vector that
would ideally represent only one of those patterns. The reader is advised to visit Appendix A of
Ref. [11] for details.

Maximal overlap method

This method, introduced in Ref. |11], utilizes classical arrangements of the pseudospin “arrows”,
the so-called spin — coherent states. To produce such a state with a particular orientation of the

"For completeness we note that there exists some PBC-related bias—PBC filter out the configurations with
the magnetic unit cells larger than the size of the cluster. Without the PBC, however, one calculates the state of
an isolated cluster instead of approximating macroscopic crystal.

8For a quantum Hamiltonian.
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“arrows”, one has to rotate “arrow up” in the z direction into a new direction n. If direction n
is given by spherical angles 6, ¢ then n = (sin cos ¢, sinfsin ¢, cosf) and the rotated “arrow”

has the form ‘ ‘
10, ) = 715708 | 4y, (3.17)

The spin-coherent state is a direct product of the “arrows” given by formula (3.17))

N
|U) = |01, 61) @ (02, ¢2) @ ... @ |On, on) = [ [ 163, 60), (3.18)
i1

where the multiplication is executed over all sites of the cluster. For the collinear phases the
pattern with the largest overlap with the ground state sets the ordered moment direction. Such a
pattern has the maximal probability of being realized in the system with the ground state |GS),
given by

P60, ) = |(¥|GS)|?. (3.19)

For non-collinear phases, introduced by the I" term, (6;, ¢;) may differ from site to site. Therefore,
one has to search for the pattern with maximal P(6;, ¢;) and extract directions (6;, ¢;) for the
pseudospin at each site 7. Such examination is done in an iterative way, by the global and
local optimization algorithms. As a result, the maximal probability-based phase diagram can be
produced.

Such calculations were performed by Jiri Chaloupka and Juraj Rusnacko and published to-
gether with the cluster mean-field theory results of the author of this thesis in Ref. |29).

3.2.2 Self-consistent cluster mean-field theory

Self-consistent cluster mean-field theory (CMFT) is the simplest junction of exact-diagonalization
and mean-field approaches [83|. At the beginning, we divide the system into two non-equivalent
parts, as illustrated on Fig. [3:2] The first part consist of the grey sites which will be experi-
encing a fully quantum Hamiltonian with the “operator-operator” terms only. The second part
is built from the black sites, directly exposed on the effective (molecular) magnetic fields |1
emanating from the empty squares. Those are the matching black sites from the periodic copies
of the cluster. The effective fields are applied by the mean-field part of the CMFT Hamiltonian.
Altogether, the CMFT Hamiltonian for the nearest-neighbor Kitaev-like model consists of:

H = Z Hin + Z Hur, (3.20)

internal bonds MF bonds
with

Hinly = JS;: - S; + KS)ST +T (sqsf? + S@SQ‘) (3.21)

i i Vg i~

o a B B
T (8787 + 8785 + 8787 + 8787 ), (3.22)
Haely = JSi(S;) + KS](S]) + T (S8 + 7(s)) (3.23)
Iy (sg<s}> +S7(S3) +S(ST) + sz<sf>) : (3.24)

where o, § and v € {z, y, z} are defined for each n = a, b or ¢ bond direction perpendicular to
~. For example, Hin and Hyr on the c-bonds will have the form
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FIGURE 3.2: 24-site symmetric cluster with periodic boundary conditions treated in a mean-field way.
While the grey sites experience a fully quantum Hamiltonian, the black sites are exposed to the effective
field produced by their periodic neighbors, here denoted as the empty squares. Figure has been published

in Ref. [80).
Hinle = JS; - Sj + KS7S7 +T (sgsg + sgfs;?) (3.25)
iy (sgﬁs; + S7ST + SVSE + s;sg) , (3.26)
and
Harele = JSi(S;) + KSF(S5) + T (S7(SY) + 8¥(s7)) (3.27)
T (S7(83) + S3(S7) + SY(S5) + (V) ) . (3.28)

Similarly to the usual mean-field approach, the method is self-consistent, therefore it needs
the initial polarization of the boundary to produce effective fields. In principle, the ansatz could
be random, but ordered patterns, obtained e.g. from the maximal overlap method, significalntly
accelerate the calculations. Once the suitable ansatz for the boundary is chosen, we diagonalize
the full Hamiltonian by ED. The resulting ground state may be polarized to various extent,
depending on the coupling parameters values. It may contain less quantum fluctuations than
the one emerging from pure ED. The first iteration is closed by calculating new averages (S])
in this ground state. In each iteration the averages obtained in the previous step are applied
to the mean-field part of the Hamiltonian. Once the averages in two subsequent iterations are
equal up to the desired precision, the calculations can stop. In our calculations, after exiting
the loop, we corrected the ground state energy by the (Sf‘)(Sf ) terms to fully fit the mean-field
approximation on the boundary bondsﬂ

9Computational tip: here o and 8 can be also equal. Appropriate summation and considering the symmetries
of the system allows for using just one of the first two terms in the formula (3.29).
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[0} B ~ Qo B fe" B o B
SIS ~ S7(S)) + (S7)S) — (S7)(S))- (3.29)

At this point it is important to understand the mechanism of obtaining stable pseudospin
averages in CMFT. Polarization of the boundary literally reduces quantum fluctuations on the
black sites. Although only these external sites directly experience the effective fields, through
indirect polarization the resulting averages may be non—zerﬂ inside the cluster. The scale of this
effect depends on the specific values of the model parameters as well as the size and geometry
of the cluster, but, in general, the further from the boundary a site is, the less polarized its
pseudospin should be—the value of the average will be decreasing. In other words, the central
part of the cluster should contain the largest amount of quantum fluctuations. For the 24-site
symmetric cluster the central hexagon is the most quantum. If other frustration-related effects
are excludedB all the observables, including the pseudospin averages and energy, taken from
this region will be the most reliable.

CMFT bias

The initial polarization, however, is also responsible for the downside of the method. While for
the purely-Heisenberg nearest-neighbor model the effect is just the overestimated length of the
average VectorB which can be corrected to some extent by considering values from the most
inner part of the cluster, introducing the bond-anisotropic Kitaev, I" and I"” terms creates a more
complicated case. The heart of the trouble lies in the bond anisotropy: in the simplest Kitaev-
Heisenberg case for each direction on the honeycomb lattice there is an additional mean-field
term from the Kitaev part, consisting of one pseudospin component only. For instance, for bond
a the extra mean field comes from the KS7(S7) term. As a result, a quantum pseudospin on
the external site ¢ experiences stronger “pulling” in one direction. Considering the full cluster,
pseudospins on some of the black sites will be pulled more in x, some in y, and some in z
direction, corresponding to the a, b, and ¢ boundary bonds. Such a setting results in slower
convergence and canting tendency for patterns that would emerge as purely collinear from the
maximal overlap method based on ED. Nevertheless, with some careful inspection some of the
CMEFT bias can be removed and undesired effects corrected. We will explain this in detail when
analysing the particular results.

Linearized CMFT

A full CMFT procedure can be quite time— and memory-consuming, it is therefore benefitial to
try out a linearized CMFT in the context of the Kitaev-like models. To linearize the method we

take one iteration of the CMFT loop and consider the outcoming averages (S{')oy: as functions of

the initial averages <SJB )im We expand the (S&)out ((Sjﬂ >1m> mappings and take into account

only the linear terms (F) kl<S§>ini, where

y=x k=i b=x l=7j
Fu=—5 (7=y k=12+i, o=y =12+, (3.30)
vy=z k=24+1 0=z =24+

cf. Fig (3.3l This is because in the general case, necessary for the Hamiltonian containing I
and IV, a vector describing all the initial averages on the external sites <S§>Zm has 3 x 12 = 36

10With some effort the averages can be reduced to 0 in the disordered phases.

" This will be discussed in the context of the CMFT results for the J-K-I'-I" model.

12The detailed comparison of the ordered moment value for the Heisenberg model on the honeycomb lattice
obtained by various methods will be shown later in this chapter.

Ba g, 6d=zauy, 2
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FIGURE 3.3: Example of the linearization matrix F for a 24-site cluster in the general case of the
Kitaev-like Hamiltonian. The matrix represents the linear response of the external sites to the separate,
single-site and single-component polarization. The blue rectangle marks a response of the whole system
to the polarization of a particular component at a particular site. The size of the filled circles represents
the strength of the response while the color is connected to the sign of the derivative (blue — —, red— +).

coefficients for the 24-site cluster. As a result, the elements (F); form a 36 x 36 matrix F.
This matrix records the linear response of all the black sites to the subsequent one-site and
component polarizations. For example, the column highlighted in blue represents the response
of all the pseudospin components to the initial polarization of just one of them: <S,€L), where m
is the chosen site and S—the chosen_pseudosphlcornponentEﬂ

To predict the CMFT result we diagonalize this relatively smallIT_glmatriX, take the eigenvalues
Ai, © =1,...,36, and recreate the nth step in the CMFT loop as (\;)™. For any solution to stabilize,
Amaz, corresponding to the strongest response of the system, must not only be positive but also
larger than one, otherwise (Apqz)" will converge to zaro. If A4, is larger than one we can
predict the pseudospin pattern by looking at the corresponding eigenvector, written in the same
basis as (S;), making the task extremely easy. If A4, is smaller than one there is no magnetic
order within the linear approximation. It is worth mentioning that \; < 0 correspond to the
oscillations of averages during the iterations. This is caused by the different signs of (\;)",

4Here we remind the less-experienced reader that the overall appearance of the matrix depends on the con-
vention of indexing the external sites.
15Compared to the full Hamiltonian.
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flipping the averages for odd and even ns. Therefore, by running the linearized procedure first
one can be warned about the potential stability problems before deciding whether to engage in
the full CMFT calculations for the selected set of the coupling parameters.

3.2.3 Testing the method for the Kitaev-Heisenberg model and 6 sites

Here we will test the linearized CMFT for a small system and the simplest of Kitaev-like models
supporting magnetically ordered phases.

CMFEFT settings for the Kitaev-Heisenberg model

As it was mentioned earlier, in case of the Kitaev-Heisenberg model the cubic x, y and z axes
are selected by the order-by-disorder mechanism as the possible easy axes. For each magnetic
phase the pseudospins can align along those three degenerate directions, making six versions of
the magnetic patterns with the maximal coefficients in the ED-based ground state. Thus, the
ordered moments will orient along the x or y or z axis with maximal probabilityE As a result,
formula

Si(S,) ~ S7(8]) (3.31)

should be no longer an approximation. Here we utilize the most intuitive convention
Si(S;) = 57 (S7)- (3.32)

Results for 6 sites

A single hexagonlﬂ serves as a toy model here—a first test how well the predictions from the
linearized CMFT (left panel of Fig. match the results of the full method (right panel of
the same figure). It turned out that eigenvectors associated with A4, > 1 described magnetic
patterns from the literature: Néel, zigzag, FM and stripy |5, 6||§ The solution given by the full
CMFT matched the linearization rather well, stabilizing the above-mentioned magnetic patterns.

The task was not easy, however, due to certain features of such a small system. Namely, the
magnetic unit cells for more complicated patterns such as zigzag or stripy are built from 4 sites,
see Fig. [2.17] 6 sites are not suitable to fully establish those phases because the 4-site cells need
to be repeated in a periodic lattice. This makes clusters of 4n sites optimal from the magnetic
point of view.

On the other hand, from the CMFT perspective it would be simpler to have only one species
of sites directly affected by the mean field. This is not the case for 4 and 8 sites,lﬂ where some
sites would have two bonds with mean-field interaction. In contrast, 6 sites have the mean field
applied in a simple way. Both of these conditions are first met by the 4 - 6 = 24-site cluster.

The above points sum up to a geometric bias affecting the extent of each magnetic phase.
For the single hexagon the zigzag and stripy phases cannot occupy similarly broad regions in
the parameter space as visible on the phase diagram based on a 24— site cluster. Instead, both
linearized and full CMFT indicate that significantly suppressed magnetic phases give way to two
disorder regions, denoted in grey color. In those regions no \; is above 1. Moreover, some of the

16The only exceptions are the Heisenberg points.

1"With periodic boundary conditions similar to that for a 24-site cluster.

8The reader may look back at Figs. and in the Chapter [2| Note the small discrepancy: two variants
of stripy patterns in case of linearized CMFT on 6 sites.

198 sites could have some advantage here due to the two full 4-site magnetic cells available, however CMFT
would be more complicated in this case: 2 sites with 2 mean-field bonds each, another 2 sites with no mean-field
bonds and 4 sites with 1 mean-field bond. Such a complicated system would probably have its own disadvantages.
Similar problems would occur for 4 sites. It seems no small system is perfectly suited for CMFT on Kitaev-like
models.
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FIGURE 3.4: CMFT results for the Kitaev-Heisenberg model on a 6-site cluster. ¢, visible on the horizontal
axes of both panels, is the polar angle € [0,27] in the parametrization J = cos¢, K = sinp of Hamiltonian
. Left panel presents all the eigenvalues of linearization matrix F (blue color) and marks the largest one of
them, Amqe, in red when A > 1, predicting the stabilizing tendency. ¢ intervals for which no A; is above 1
are marked in grey—for those parameter values linearized CMFT does not predict any stable order. Right panel
presents the stable result from the full CMFT—the pseudospin norm. As explained in the main text, in case of
Kitaev-Heisenberg model |(S)| represent the full averages. Red and blue colors mark the results for two species
of nonequivalent sites: red sites receive additional portion of effective field from the Kitaev term, which is present
only on the ¢ mean-field bonds, while blue sites experience the field only from the Heisenberg part. Magnetic
orderings appearing in the Kitaev-Heisenberg phase diagram for 6 sites are shown above the right panel. Again,
the disordered regions are marked by grey color. Figure has been published in Ref. [80].

A; are below dﬂ, causing sign oscillations from iteration to iteration. One of the consequences of
this effect was the need to introduce strong damping into the CMFT loop in order to stabilize
the stripy phase.

Finally, \p,qz for the ferromagnetic case is much larger than A4, for the Néel phase. A similar
effect is visible in |(S7)| coming from the full CMFT. Quantum fluctuations suppress pseudospin
moments in the dressed Néel phase, confirming its quantum character. Unfortunately, A\jq. and
|(S7)| in the zigzag and stripy phases are of even smaller magnitude. The reason is again the size
of the system—6 sites are not enough to accommodate the 4 sublattices of the 7 transformation
properly@ which breaks the exact Néel-zigzag and FM-stripy mappings. Here it is clearly the
cluster to be blamed since full CMFT is plagued by the same effect. As a closing observation we
mention that the Kitaev spin-liquid windows are here reduced to the two Kitaev points ¢ = 7/2,
3m/2.

The above results confirm that the system is simply too small for the strongly frustrated
Kitaev-related physics to fully develop and cannot be utilized for systematic analysis of the
models in question. Nevertheless, the linearized CMFT as a method proved to be quite useful.
Not only did it predict the extent of the magnetic phases and their classical/quantum character
rather consistently with the full CMFT, but also it pointed out possible disordered windows and
regions where obtaining a stable solution may be challenging. By comparing both approaches
we also see that the nonlinear effects do not play an important role in this case.

20Not plotted because of the logarithmic scale.

°! Cf. Fig. [2.18]
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FIGURE 3.5: Composite phase diagram of the Kitaev-Heisenberg model on a 24-site cluster. ¢ € [0, 27]
is the polar angle in the parametrization J = cosy, K = sing of Hamiltonian . AF and FM
Heisenberg [SU(2)] and Kitaev points are marked by short black sticks outside the diagram rings. The
mini-drawings present magnetic orderings in suitable regions, here aligning along the z axis to fit CMFT
settings. The range of the Néel phase is shown in red, zigzag—in yellow, FM—in dark blue and stripy—in
light blue. Green is reserved for the Kitaev spin-liquid regions. Inner black circle represents classical
diagram, middle ring—the full CMFT, and outer ring—the ED-based boundaries recalculated from Fig.
of Ref. @ to fit the current parameter convention. Figure has been published in Ref. .

3.3 CMFT results for the Kitaev-Heisenberg model on the 24-site
cluster

3.3.1 Composite phase diagram

Contrary to the above 6-site test, when evaluating Kitaev-Heisenberg model on a cluster com-
patible with both the magnetic unit cells and the 7 transformation we can expect the ordered
phases to occupy broader regions of the parameter space. Such an effect is visible on the original
ED-based phase diagram in Fig. To make a comparison with the CMFT data, we recalcu-
lated this result in the currently used convention of the coupling parameterﬁ and prepared the
composite phase diagram, presented in Fig.

Before we dive into details of the CMFT result on 24 sites we will briefly sketch the key
features of the phase diagram. Stable solution from the full CMFT algorithm (middle ring in Fig.

22Compare egs. and .
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FIGURE 3.6: Panel (a)—results of the simplified linearized CMFT procedure. A values were obtained
for the Néel, zigzag, FM and stripy patterns on the 24-site cluster. If the maximal A > 1, then the
corresponding order will stabilize within the simplified linear approximation. Here the red color marks
Kitaev spin-liquid phase while the 7; FM-stripy and Néel-zigzag mappings are indicated in blue and
black, respectively. Panel (b) replots the second derivative of the ED-based ground-state energy from

Ref. [6], providing peaks roughly at the phase transitions shown by the linearized CMFT. Figure has
been published in Ref. [80].

reproduces the long-range ordered Néel, FM, zigzag and stripy phases within the boundaries
reasonably consistent with the previous ED-based diagram (outer ring in Fig. . As will be
shown in detail later, discrepancies between zigzag-FM, stripy-Néel and even long-range order/
Kitaev spin liquid (LRO/KSL) boundaries around K = +1 are quite small. However, LRO/KSL
boundaries around K = —1 FM Kitaev point are visibly shifted and the Kitaev spin-liquid region
is considerably smaller in CMFT. This is caused by the initial polarization and thus reduction
of quantum fluctuations on the boundary bonds. As a part of the CMFT bias it has to be taken
into account in conclusions.

The key information to be taken from the composite diagram is the pronounced difference
in size between the two spin-liquid regions. While the feature has already been explained in
Ref. 6], by connecting the stability of the Kitaev spin liquid against the LRO perturbation to
the amount of quantum fluctuations in the LRO states competing with it, now the evidence is
stronger, supported also by the perturbation-theory and CMFT results. While the issue will
be thoroughly examined in section [3.3.3] now we will present the data leading to the diagram,
focusing strongly on the ordered moment characteristics.
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3.3.2 Ordered moment
Linearized CMFT

We start the ordered moment analysis with the linearized CMFT. For the 24-site calculations we
again utilize Sf(SJZ- ) mean-field decoupling as the exact expression when polarizing the system.
The executed here modified version of the linearization procedure starts with the ansatz tuned
to the particular magnetic pattern and concerning all 12 external sites. Then, a single iteration
of the CMFT loop is executed on those sufficiently small (S3);n, differing only by a sign. Char-
acteristic Apgttern for the particular ordering is calculated as a normalized sum over the external

sites (%)
1 " 2 Sj out
Apattern = E JZ; Sgn (<S]>2m> m (333)

In this simple way the F matrix has been reduced to a single number, but the now less general
procedure has to be performed for each initial pattern separately. Surprisingly, this maximally
simplified attempt gave reasonable results, setting the phase boundaries well matched to the ED
estimates. It becomes quite evident when comparing the vertical lines in Fig|3.6| (a) with the ones
in Fig[3.6] (b), where the second derivative of ED-based ground state energy, —d?Egs()/d@?, is
replotted from Ref. [6]. The only exception is the FM Kitaev spin-liquid region, which became
strongly reduced in the linearized CMFT.

What is also quite striking in the presented result is the preservation of the Néel-zigzag
and FM-stripy mappings despite the reduction of the quantum fluctuations. The reader may
recognise it by comparing the magnitude of Ayeer and Azig.qg as well as Apps and Aggripy. In fact,
Arm and Aggripy (blue lines) reach roughly one order of magnitude larger values then Apee; and
Azigzag (black lines). This predicts, within the linear approximation, that the stabilized ordered
moment should be largely reduced in the Néel/ zigzag case and will remain close to the classical
0.5 in the FM/stripy case. Thus, we obtained yet another confirmation of strongly quantum
AF character of the zigzag phase and the classical FM character of the stripy phase in the pure
Kitaev-Heisenberg model ]

Full CMFT

Because the spatial orientation of pseudospins is reduced to the x, y or z cubic axes, the task
is to the estimate the absolute value of the ordered moment. In CMFT calculations we again
choose z axis as the initial orientation of the averages. Then, S7(S3) is enough to capture the
mean-field approximation on the boundary bonds and the resulting stable |(S7)| build the ordered
moment (3.15). Fig. (b) presents the ordered moment values summed over the different set
of sites. Namely, solid green lines depict the values taken from the central hexagon of the 24-site
cluster while the dashed green lines mark the values from sites lying further from the cluster’s
center. The moment denoted by the solid lines is the most reduced due to the strongest quantum
fluctuations in the central hexagon.

Again quite strikingly, the CMFT-based ordered-moment data is compatible with the 7y
transformation. Similarily to the linearized CMFT, also here the Néel-zigzag and FM-stripy
mappings survive. The reader may recognise roughly the same values in the Néel and zigzag
regions, strongly reduced by the quantum fluctuations, as well as a far more classical FM and
stripy values. In particular, the CMFT algorithm recognises the hidden AF and FM SU(2)
points, lying in the zigzag and stripy phases, correspondingly.

ZBecause the method is extremely simplified and the author of the thesis was rather inexperienced at the time
of the calculations, the results around the right side of the FM phase, i.e. close to the boundary with the spin
liquid, seem not to be ideally optimized, probably due to the premature truncation of the Lanczos algorithm. We
suspect that with a more careful monitoring of the numerical calculations one could obtain a smoother curve.
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FIGURE 3.7: Panel (a) presents the ground-state energy of the Kitaev-Heisenberg model obtained via
different methods: ED on 24-sites (blue, [6]), classical estimates (black dashed), LSWT (red dotted),
second-order perturbation theory (solid red) and CMFT (green line). The CMFT-based value was re-
covered from the nearest neighbor correlations within the central hexagon (see Appendix[A.T). Panel (b)
provides the CMFT and LSWT-based ordered moment values. The CMFT-based values are taken from:
the central hexagon (solid green) or the intermediate and external sites (dashed green). The LSWT-based

values are denoted by the dotted red line. Figure has been published in Ref. [80].

AF and FM SU(2) points

Let us begin the investigation of the details with the explicit AF SU(2) point at ¢ = 0, where
we also have access to the estimates provided by other methodsP¥ Table compares those

24Calculated for the Heisenberg model on honeycomb lattice.
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Method Value for J =+1, K =0 References
m? from ED on 24-sites 0.450 [83]

CMFT 24-sites (boundary sites)  0.374 [80]

CMFT 24-sites (central hexagon) 0.330 [80]
High-order expansion 0.307 (84, 85|

m? from finite-size scaling, ED 0.270 [83]

m? from QMC 0.268 56, [87 s8]
LSWT 0.248 (39, B0

TABLE 3.1: Ordered moment value at the AF SU(2) point. Table published in Ref. [80].

estimates, starting with the highest values. It is visible that m? approximation on the 24-sites
provides a largely overestimated value, seemingly close to the classical Néel value in the Ising
model. Among the 24-site calculations CMFT-based value extracted from the central hexagon
“wins”, with also the high-order expansion estimate being quite close. However, the value obtained
by the finite-size scaling of the ED data is much loweIF_B] and it is supported by the similarly
low estimate by the Quantum Monte Carlo-based m?. The lowest value, obtained using the
linear spin wave theory (LSWT), is probably underestimated due to the harmonic nature of the
approximation. One can only speculate that the value in the thermodynamic limit would be
rather reduced, somewhere between the central-hexagon CMFT and the finite-size-scaling for
ED/QMC estimates. Unfortunately, obtaining a stable solution on clusters exceeding 24 sites is
even more costly, making reliable CMFT-based finite-size scaling practically impossible.

Before moving to the fully frustrated regime we briefly examine the explicit FM SU(2) point
(at ¢ = 7), for which both the CMFT and LSWT produce the correct 0.5 value. The red
dotted line in Fig. (b) shows that around this fluctuation-free point as well as for the T;-dual
stripy point the values predicted by CMFT and LSW'T also coincide. The high accuracy of the
LSWT result in the FM and stripy regions may be attributed to the small amount of quantum
fluctuations indicated also by the more exact methods such as ED. The bias coming from the
harmonic approximation in LSW'T case or from the polarization of the boundary in CMFT case
is simply not large enough to spoil the results. The situation changes when one moves towards
the Kitaev points.

Frustrated neighborhood of the liquid regions

Close to the liquid regions the growing bond frustration emanating from the stronger Kitaev
term suppresses the ordered moment. This effect seems to be promoted way too much within the
LSWT in the Kitaev spin liquid for the positive (AF) K, suggesting broader antiferromagnetic
liquid region, while the space for FM KSL with the negative K becomes even narrower than
in the CMFT picture. It seems that the KSL/LRO boundaries provided by the LSWT are
highly affected by the approximation. Perhaps including a carefully selected interacting-magnon
termsF_G] could balance the above tendencies. In the frustrated regions the central-hexagon CMFT
and high-order expansion [84, 85| estimates seem more realistic. As the general conclusions for
the ordered moment in the neighborhood of the liquid regions we would like to emphasize how
frustrated those regions are and how difficult it is to obtain the least biased results consistent
with the 74 mapping.

25Not all clusters chosen for the ED-based scaling were symmetric enough—they could introduce geometrical
bias.
26Higher-order terms.
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3.3.3 KSL/LRO transitions

In what follows, we would like to examine the KSL/LRO transitions even more extensively.
A good understanding of these transitions is important in the context of driving the existing
materials into the spin-liquid phase or synthesizing a new material fitting in one of the liquid
windows of the Kitaev-like models. Already on the composite phase diagram in Fig. [3.5|the large
FM KSL region dominates over the quite tiny but still finite AF one. This striking difference in
size, shown by both ED and CMFT, is also an effect related to the quantum fluctuations, which
influence not only the extent of the phases but also the character of the transitions. Below we
elaborate on those differences, confirming the suggestions first made in Ref. [6]. Let us first
sketch those effects by means of the second-order perturbation theory (SOPT).

Ground-state energy

By SOPT ground-state energy we mean the classical contribution to the energy of each magnetic
pattern and its second-order correctionm These are the first and second terms in the expressions
below:

1

1
ENeel - _g(K+ 3:]) 16(K+ SJ), (334)
1 1
Ezigzag:_g(K_J)_Tﬁ(K_J), (335)
1 1 K2
Eppv =+ (K+3J)+ ———0 3.36
e A AR TY eyt (3:36)
1 1 (K +2J)2
Estmpy - +§(K - J) + ET (337)

In the Néel and zigzag cases the ratio of quantum and classical terms, r,/,. = E, /Ee, is fixed
to 1/2. This means that quantum fluctuations contribute with 1/3 of the total energy of each
pattern. The effect is visible in Fig. [3.8| (a), where the classical energies E. for suitable patterns
are depicted by the dashed lines while the total energies E,qitern = Ec + E4 are marked in blue.
By comparing the blue energies to the green (spin-liquid) one,

3
EKSL — 5(K + J)<S’YSFY>Kitaeva (338)

where (S7S7) kitaer = £0.131 is an analytical estimate from Ref. [91], we see that the Néel and
zigzag phases have enough quantum fluctuations to quickly overcome even the very quantum
spin liquid. As a result, the AF KSL window is rather tiny.

In contrast, Fig. (b) reveals the non-trivial r,/. pjs behaviour for the FM and stripy
patterns. Quick calculation estimates the energy ratio as

r _1 K (3.39)
/e FM = 9(6J2 + 5JK + K2)’ '
and
1(2J + K)? (3.40)

Tq/c stripy = §ma

respectively for the FM and stripy cases. The maximal value 1/2 is reached only when J = 0—at
the FM Kitaev point. When allowing |J| > 0, which means moving to the left or to the right

2TIn perturbation theory for Kitaev-Heisenberg model we treat all the terms of the Kitaev-Heisenberg Hamil-
tonian containing S7S} as the unperturbed part H(® and the terms containing spin flips as a perturbation H .
The first non-zero corrections are of second order. For the specific details of SOPT calculations for the model the

reader may study a nicely written summary in Ref. [90].
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FIGURE 3.8: Classical energies and their second-order quantum corrections in the vicinity of (a) the AF
Kitaev point at ¢ = 0.5 and (b) the FM Kitaev point at ¢ = 1.57. Panel (a) contains classical Néel
and zigzag contributions (dashed lines) and their SOPT-corrected quantum versions (blue). Long-range
order (LRO) energies are compared to the analytical estimate of the spin liquid contribution (green).
Analogically, panel (b) contains the FM and stripy SOPT-corrected energies (red). The plots are based

on formulae (3.34)-(3-37), (3-39).

from the Kitaev point, the ratio in the ordered states decreases rapidly, until it reaches 0 at the
FM explicit and hidden SU(2) points |5 6]. The significantly reduced level of those quantum
fluctuations sets a suitable background for the spin liquid to spread, as the liquid state has
lower energy than the more classical FM and stripy states. Therefore, in K < 0 case the KSL
region is much larger than in the K > 0 case. Attentive reader might have also noticed some
asymmetry of the FM KSL region. In fact, the shorter part ¢ € [1.5,1.539]7 maps exactly via
the 74 transformation to the longer ¢ € [1.448,1.5]7 part, so the apparent asymmetry is related
to the fundamental symmetry of the model.

We complete the ground-state energy analysis by discussing energy estimates provided by
different methods in the whole range of the parameters of the model. Such examination is
important because the accuracy of the ground-state energy influences the distribution of the
phase boundaries, since the pattern with the lowest energy wins the competition. Fig. 3.7] (a)
stores the energy per site calculated by means of ED, CMFT, SOPT, LSWT, as well as the
classical energy Values@ It is quite evident that all the methods which include some form of
quantum fluctuations are relatively close to the ED result. The SOPT and central-hexagon
CMFT lines (details in Appendix run very close to the ED line even in the AF regions,
where the LSWT struggles a bit. We were thus justified to utilize the SOPT for sketching the
tendencies in the neighborhood of the Kitaev-points.

Pseudospin correlations

As mentioned earlier, quantum fluctuations influence not only the size of the spin-liquid windows
but also the nature of the KSL/LRO transitions. This will be now illustrated by the pseudospin
correlations, plotted in Fig. The correlations provide additional information about the
characteristics of each phase. For example, the diverging blue and red lines ((SZS;’) for the

nearest-neigbor Kitaev correlation on each bond and (S7'S}), <SZ’B Sjﬁ ) for the complementary
nearest-neighbor correlations) in the FM phase shown in Fig. [3.9| (a) illustrate how sensitive to

28 The S7S7 terms, with suitable coupling parameters for each bond, averaged over each magnetic pattern.
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FIGURE 3.9: Pseudospin correlations for the Kitaev-Heisenberg model. (a)—mnearest-neighbor ED-based
correlations: (S;-S;)-in black, correlations of the components active in the Kitaev interaction (S;S})—in

blue and complementary pseudospin components (S;'S7), (Sf S? )—in red. On panels (b)-(e), containing

further-neighbor correlations |(S; - S;)| calculated via ED and CMFT, colors correspond to different

neighbors: the ED-based correlations around the AF KSL phase (b) and the FM KSL phase (c), the

CMFT-based correlations in the AF KSL (d) and the FM KSL case. Figure has been published in
Ref. [80].



54 Chapter 3. Magnetic ordered moment studies for Kitaev-like models.

(b)
s00 %41 iq=M
250 44

150 ° 0.2

100
0.1

1.0
0.8
0.6
0.4
0.2
0.0

160
140
120
100
80
60
40
20

— 0.0 — .
260° ¢=270° 280° 260° ¢=270° 280°

0—8
~

FIGURE 3.10: Spin dynamics around the KSL/LRO transitions in the Kitaev-Heisenberg model. (a),
(b)—dynamical spin susceptibility x”(q,w) in the neighborhood of the AF Kitaev point for the wavevector
of the Néel and zigzag order (q = I'" and M). (c)—spin structure factor (SZ,Sg) calculated at ¢ = 87.5°,
90°, and 92.5° as representative for the Néel, KSL and zigzag phases. (d), (e)—x"(q,w) plots around the
FM Kitaev point at g = T" and X characteristic for the FM and stripy orderings. (f)— structure factors
for the FM, KSL and stripy patterns at ¢ = 255°, 270°, and 285°. Figure has been published in Ref. .
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the parameter changes the FM (and stripy) phase is compared to the Néel (and zigzag) phase.
This should be kept in mind as the robustness of the AF phases changes dramatically once the
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I' parameter is introduced in other Kitaev-like models in Sec. [3.4}

Moreover, the correlations allow us to verify the green regions of the composite phase diagram
in Fig. as the critical cases of KSL 92|, since the only significant nearest-neighbor components
in those regions are the Kitaev correlations [cf. maximal |blue| curve vs infinitesimal |red|
curve values in Fig. [3.9) (a)]. This is complemented by the also infinitesimal further-neighbor
correlations on Fig. [3.9| (b)-(e).

Our current discussion focuses on the latter panels. It is natural to imagine a first-order-like
transition@ in Fig. |3.9| (b), where the ED-based correlations are plotted around the AF Kitaev
point. For the non-zero but sufficiently small Jlﬂfurther-neighbor correlations perturb the liquid
state. Not enough, however, to enforce the LRO, which appears abruptly for larger |.J|, when the
correlations suddenly jump to the much higher values. This contrasts with the ED prediction for
the neighborhood of the FM Kitaev point in Fig. |3.9| (c). There, at the boundary of a broader
liquid region, further-neighbor correlations continuously climb to obtain the LRO values.

We do not observe the above-mentioned difference in the behaviour in the CMFT-based
correlations around the AF vs FM KSL/LRO transitions [Fig. (d) and (e), correspondingly].
Although there is a small resemblance between Fig. (c) and (e) in how the correlations
lines run close to each other in the LRO regions, the smooth correlation curves do not appear
in the CMFT. The reason lies in the extreme difficulty with the continuous connection of the
de facto isolated-cluster result inside the liquid Wil’ldOW@ with the PBC result in the ordered
regions. Open boundary conditions bring stronger finite-size effects, feeding discontinuity at the
boundary. Still, values taken from the central hexagon reproduce well the spin-liquid features in
the green regions, giving some rough verification of the spin-liquid phases, but the fine beauty
of the FM KSL/LRO transition is lost.

Spin structure factor and spin susceptibility

Fourier transform of the pseudospin correlations is proportional to the differential crossection of
the magnetic neutron scattering

1 o (R —R.s d*¢(E, q)

a qfy _ Z iq-(Ri—R;)qagh !

(oS N R, R, <€ = SJ> X TARAQ (3:41)
(]

where N is the size of the system, R; and q are the direct and reciprocal lattice vectors and «,
B € {x,y,2} [90]. Here we exploit the static spin structure factor (SZ,S7) to illustrate how each
pattern looks in the reciprocal lattice, as utilized by the scattering experiments. The reader may
recall Fig. where the expected reciprocal pictures of the magnetic patterns were presented.
Now we may compare those images to the patterns emerging from (SZ,Sg) averaged over the
24-site-ED ground state. The extreme subplots in Fig. [3.10| (c) and (f) reveal (correspondingly)
the Néel, zigzag, FM and stripy patterns, in accordance with Fig. [2:16] Central subplots in
Fig. [3.10| (c) and (f) depict (SZ,Sg) for AF and FM KSL. The characteristic wave-like images
appear because in the Kitaev spin liquid only the nearest-neighbor correlations of the specific v
components on a given bond direction are ﬁnite@ For such a short-range pattern the interference
of many further and further-neighbor terms, typical for the LRO focused peaks, does not occur
and we are left with the wave-like behaviour of (Slqsg> for each |

Pseudospin dynamics in the Kitaev-Heisenberg model can be described by the dynamical

spin susceptibility. In general, we use the magnetic susceptibility to measure the response of the

291t is just an analogy, we are obviously in zero temperature.

304 sufficiently close to 0.57.

3'n KSL (S?) are zero, creating open boundary conditions.

32Basic description of KSL can be found in Sec.

33 For example, the only non-zero correlations on ¢ bonds—(S? S3) set the direction ||Y, that can be seen on
(SZ4S54) plot as the wave vector of a wave in reciprocal space (reciprocal of reciprocal is direct).
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system after it was excited by a magnetic perurbation. In the very definition of dynamical spin
susceptibility

Yo (@) = i /0 TGS [[S1(6), 87 (0)]] ©S) e, (3.42)

the reader may notice how S”(0) operator excites the system from the ground state |GS) at
time ¢t = 0. Then, after some time ¢ operator SJ(¢) is measured. For w > 0 the imaginary part
of the above formula can be written as the resolvent

1

Y Y
Sqw-l-EGS —H +i(58_q

Xoy(q,w) = —Im <GS

GS> , (3.43)
which can be reformulated into a sum over the excited states ]EXQE enabling the numerics.
2
Xoy(qyw) = Z |(EX; [S7 4| GS)|” 6 (w — Egxq) - (3.44)
i

Here we would like to focus on the certain features of X/vlv(q’w) results for the 24-site cluster,

providing further insight into the AF and FM KSL/LRO transitions. The results are presented
in Fig. [3.10] (a), (b) and (d), (e), correspondingly for the neighborhood of the AF and FM KSL.

For the AF case, if we start from the LRO side and follow x7., behaviour in Fig. (a) or
(b) we will see a pronounced pseudo-Goldstone mode for the wave vector suitable for selected
LRO.|§| Next, we will observe a level crossing to a phase with a rather stable pseudospin gap,
signalling an abrupt change from the LRO to KSL.

FM case presents a substantially different behaviour. Starting with the KSL/LRO dotted
lines in Fig. [3.10] (d)-(e), a gapless magnon gradually gains a pseudospin gap, until it reaches
the FM Kitaev point. We can look at this picture also in the opposite way— when the Kitaev
Hamiltonian is being perturbed with the Heisenberg interaction and |J| grows, the pseudospin
gap is decreasing. Consequently, further-neighbor correlations are slowly increasing, until they
reach the LRO values (already reported in Fig. 2 of Ref. [5]).

Before we summarize the KSL/LRO transitions, we would like to emphasise that x” reveals
only the magnetic excitations— the gaps presented here are the pseudospin gaps. The above
result is consistent with the fact that we are using the symmetric Kitaev term with a single K
coupling producing gapless Kitaev spin liquid when considering all the excitations, including the
fermionic ones [7]. The reader may consult Sec. for a recollection.

Summary of KSL/LRO transitions

From correlations and Xf;,y plots we see that AF and FM KSL/LRO transitions are fundamentally
different. Antiferromagnetic case reminds the 1st-order transition with its level crossings and
discontinuities. The tough energetic competition between the highly fluctuating AF LRO phases
and the AF KSL leads to the suppression of KSL to the tiny region of the phase diagram where
finally the spin liquid wins. The ferromagnetic case is much more gradual, with the gapless
LRO modes continuously connected to the pseudospin gap at the Kitaev point and the smooth
behaviour of correlations. The liquid solution does not have to compete to such an extent with
the less fluctuating FM LRO phases, hence the KSL may spread much further.

Unfortunately, the CMFT method is able to only partially show the difference between the
analysed regions. While the AF KSL/LRO transition is reproduced rather well, the FM case
suffers. The liquid region is somewhat smaller then in the ED-based results and the subtleties
of the FM KSL/LRO transition are lost.

34Here the excitation energies Egx; are normalized to the ground-state energy.
35Small pseudo-gaps in the LRO phases result from the finite-size effects of a 24-site cluster. More details in
Ref. [80].
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3.4 CMFT results for the J-K-I'-T" model on the 24-site cluster

Similarly to the Kitaev-Heisenberg model in the previous section, we will now present the com-
posite phase diagram of the J-K-I'-I"” model defined by Eq. . We will examine the ordered
moment characteristics obtained via various analytical and numerical methodsﬂ In what follows
we will discuss the emerging discrepancies and identify the puzzle pieces forming the reasonably
coherent picture. We will start with a sketch of the quantum and classical trends in the pa-
rameter space visible on the A4 maps produced by the linearized CMFT. Subsequently, we
will move towards a more thorough analysis incorporating the strength, spatial orientation and
probabilities of different magnetic patterns. Those trends can be followed on:

e the maximal probability maps (the maximal-overlap method);
e the maps of the norm of the ordered moment |S|, as in the formula (3.15) (full CMFT);

e the maps of the spatial orientation of the pseudospins (both the maximal overlap and the
full CMFT methods);

e the stability maps of the collinear patterns.

The reader may find a quick guide how to read the circular maps in Sec.

The most complex IV = 0 slice of the phase diagram will be analysed in great detail, revealing
a multi-layered structure of the subphases and special patches within the phases already known
from Fig. (a). Then, we will monitor how the system responds to the increasing value of
IT’| in the following slices. We will explain the emerging tendencies by exploiting the analytical
arguments such as the classical-energy minimization and the distance from the special points
and patches, where the peculiar ordered moment characteristics can have a more fundamental
source. Once the general trends are grasped, we will turn our full focus to the above-mentioned
points and manifolds, exploring their origin and meaning to a further extent. In this way the two
completely classical manifolds, the Ising-Kitaev-compass model as well as a separate compass
point will be analytically justified. Together with the already-known hidden SU(2) points, the
above-mentioned results will provide us with a deeper understanding of the tendencies occurring
on the phase diagram.

Finally, we will compare the spatial orientation and strength of the magnetic moments of the
honeycomb iridates and ruthenateﬂ and the obtained here pseudospins. This will allow us not
only to narrow down the parameter windows for the said materials, but also to verify their other
presumed characteristics, related to the amount of quantum fluctuations in the selected windows
and the adjacent area.

3.4.1 Linearized CMFT

Before we start the general analysis within the linear approximation of CMFT, let us provide few
more methodological details. For the J-K-I'-I'" model the full version of the algorithm described
in Sec. was chosen in order to accommodate the non-collinear tendencies observed already
in Refs. [8] |70} |9] as well as the predicted deviation of the moments from the Kitaev cubic axes.
For each parameter point the linear response to the polarization of one pseudospin component at
a single external site at a time was collected. Going through all the external sites and pseudospin
components resulted in the 3x12 sets of the 3x24 (S7),, estimates. From this pool only the
external-site averages entered the F matrix . The key idea of the linear response is that the

36Sec.

37See Sec. m
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FIGURE 3.11: An example of a pattern read out from the eigenvector corresponding to A4 in the

linearized CMFT. Panel (a)—the pattern restored for the 24 sites by the procedure described in the main

text for a point in the upper zigzag region close to the external Kitaev-Heisenberg circle. Panel (b)—the

projection of the blue arrows from the panel (a) to the Kitaev cubic axes. The z-projection marked in

black, the y-projection—in green and the z-projection—in red color. Panel (c¢)—the Fourier transforms

of these projections into the reciprocal lattice. The red/blue color marks the positive/negative signal in
the “Bragg” peak.
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FIGURE 3.12: Panel (a)—the 1st Brillouin zone of the honeycomb lattice (the inner hexagon) and the

triangular lattice created by adding a site at the center of each hexagon (the outer hexagon); panel

(b)—the reciprocal picture of a vortex pattern; panel (c¢)—the convention of the azimuthal angle ¢ for
the in-plane patterns. Panel (c) taken from Fig. 10 of Ref. [29].

eigenvector corresponding to the maximal eigenvalue of F, A\,,q. > 1, represents the magnetic
pattern on the external sites that would stabilize after n iterations. While these 12 sites would
be in principle enough to identify an ideal collinear pattern, one could make it easier for the
non-collinear or even just slightly canted cases by performing an additional step: from all the 72
outcoming (S])ou averages for each 36 initially polarized (S?)zm a 72 x 36 response matrix F’
can be formed. Then, by acting with F’ on the 36-component eigenvector, one can reconstruct
magnetic pattern {P;} for all 24 sites.

CMFT bias

This careful approach proved to be extremely useful as the linearized CMFT brought quite
puzzling results. Namely, the independent initial polarizations added up to the strongly non-
collinear patterns in the parameter regions previously recognized to yield collinear phases [8, 90].
The most affected turned out to be the zigzag phase, for which further inspection revealed a
decomposition of the real-space vortex-like pattern (Fig. [3.11] (a)) into a sum of the three zigzag
patterns {PZ} in the pseudospin components, denoted by different colors in Fig. [3.11{ (b).

The above effect is a direct consequence of the action of the bond-anisotropic part of the mean
field (the K, I’ and I terms in Eq. ) One could intuitively understand this by considering
just the Kitaev mean-field term on the 3 species of the external sites, each attached to the mean-
field bond in either a, b or ¢ direction. The 4 sites with the mean-field bonds in the direction a
will experience an effective magnetic field from the x component Sf(S7). Similarly, the 4 sites
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with the mean-field bonds in the direction b will be exposed to the field from the y component
and the last 4 sites connected to the c-type bonds will be affected by the z component. Thus, for
each species a different pseudospin component in the average will be preferred and ultimately a
non-collinear tenendency will emerge@ Having verified that for a large part of the parameter
space the fully quantum J-K-I'-I" Hamiltonian would have promoted a ground state in a form
of the superposition of collinear patterns, we consider the effect method-related and a part of
the CMFT bias.

Consequently, we predict that the CMFT bias would be the strongest in those parame-
ter regions where a significant part of the quantum fluctuations within the ED-based ground
state would come from satisfying the bond-anisotropic part of the Hamiltonian by forming a
quantum superposition of the collinear patterns. For such a situation, replacing the operator-
operator K, I', IV terms by their mean-field analogues would reduce the superposition of the
proper collinear patterns, differing by the rotation by 120°, to the superposition of the collinear
pseudospin-component patterns, rotated by 120° for each (S7). These 3 patterns would then
form a non-collinear pattern in (S;). Hence, applying the mean-field approach with (S;) to the
bond-anisotropic terms cannot result in the collinear averages without additional constrains,
which we will impose on the full CMFT approach.

The recognition of zigzag tendencies in the P, PY and P7 components in Fig. [3.11| (b) (black,
green and red arrows, respectively) requires quite some effort. To make the process more efficient
we transformed the components to the reciprocal space. Fig. (c) presents Pg: P} and Pq
calculated for all the symmetry-allowed q-points compatible with the 24-site cluster visible on
Fig. (a) and (b))

Unfortunately, another, more intricate aspect of the CMFT bias has also emerged. At the
first glance, the linearized CMF'T should respect the Cs pseudospin-lattice symmetry. We were
polarizing each pseudospin component at a time and the F matrix should reflect it. Indeed,
the C3 matrix took the block-diagonal form in the eigenbasis of F. Importantly, the irreducible
representations of the Cs group are of the E and A types. Our linearized results revealed a
splitting between two Es and one A, instead of the expected 3 degenerate cases. Moreover, in
some special regions the splitting was so strong, that it lead to the mixing of the eigenvalues
representing the excited states.

Quantum/classical trends on the \,,,, maps

Because of all the above disadvantages only a rough recognition of the phases was possible
within the linearized CMFT approach@ We have confirmed that the IV = 0 slice in Fig. |3.13
approximately agrees with Fig. [2.20] (a), predicting the spread of the collinear phases of the
Kitaev-Heisenberg model towards the center of the circle, and the appearance of the second
zigzag region and the non-collinear vortex phase. The other slices predict further growth of the
vortex and the lower zigzag regions at the expense of the FM, Néel, upper zigzag and stripy
phases. In the next section we will verify whether these coarse predictions are justified.

Moreover, even these strongly hampered results allowed for reasonable predictions concerning
the quantum vs classical tendencies on the diagram. Such information can be read out from the
maximal-eigenvalue plots in Fig. for which the color of each point is proportional to the
amount of the quantum fluctuations in the system. Interestingly, the A, maps reveal a quite
extreme landscape:

38 and T change the direction in which the 4 species are being “pulled”.

39All the results presented in Fig. were suitably rescaled for the reader’s convenience. In fact, the arrows
in Fig. [3.11] (b) are of the magnitude 10~* because they are the outcome of a single iteration of the CMFT loop
after the initial polarization of the order of 1072 in a fairly quantum parameter point close to the zigzag SU(2)
point.

40A comparison of the P7 images to the ideal patterns shown in Fig. allowed us to approximately identify
the phases.
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0% FM @99 zigzag 009 stripy
vortex “ Neel SRO

FIGURE 3.13: A sketch of the phase diagram of the J-K-I'-I' model based on the linearized

CMFT. The eigenvectors corresponding to A4, provide the magnetic patterns with the highest chances

for stabilization in the full CMFT procedure. Those magnetic tendencies are denoted by colors in the

legend. In particular, SRO denotes the short-range order tendencies detected as a wave-like pattern in
one of the P components.

e The brown/red regions in the central part and close to the left side of the slices experience
a strong response exceeding the linear regime. The initial polarization at the 10~3 level
results in the A4z response crossing 104, which indicates a classical behaviour with the
vanishing quantum ﬂuctuationsF_Tl These regions may be imagined as “high mountain
ranges”’ of the parameter space.

e Progressively, the yellow/green regions represent a moderate response with the growing
fluctuations.

e The light up to dark-blue regions of the smaller A, values, reduced by the significant
quantum fluctuations. Despite that, the LRO is still stabilizing there within the linear
approximation (Apqez > 1). They can be imagined as “flat lowlands”.

4IThe less quantum fluctuations the easier the system polarizes, resulting in a stronger response.
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FIGURE 3.14: The A4 plots for the selected I slices of the J-K-I'-I' model 1) Each colored circle
provides information about the A4, value (colorbar) for a unique set of the J, K, I" values represented
by the center of each circle.

e Few almost black spots where A4, is equal to or is even smaller than one@ In the
latter case no LRO can appear within the linear approximation. Some of these extremely
quantum areas coincide with the parameter regions where the spin-liquid characteristics
were previously reported . Some will be further recognised as the boundary, unstable
patches between the FM and zigzag regions and a highly fluctuating patch within the
extended neighborhood of the hidden AF Kitaev point at the IV = —0.4 slice. The reader
may picture them as small “lakes” of various shape.

Although the amount of information that could be taken from the linearized CMFT has been
somewhat disappointing and the details of the patterns could not be trusted, the A, maps
seem not to be affected much by the CMFT bias. Indeed, they contain reliable information
about the quantum vs classical character of each phase that can be qualitatively translated to
the strength of the ordered moment, just as in the Kitaev-Heisenberg case. In the next step
we will extend the insight into those tendencies by introducing more refined maps based on the
maximal-overlap and the full CMFT methods.

42Not distinguished because of the logscale.
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More technical remarks

Before we move towards further results let us provide few technical remarks:
In the J-K-T'-I'V model the symmetry-allowed but non-diagonal I (S?S? + Siﬁ S]O‘) and

I’ (S?S; + S;YS;'-‘ + SZ-’8 S;’ + SZS? ) term will be tilting the pseudospins from the cubic axes
preferred by the Kitaev term. Accommodating such a behaviour required utilizing significantly
more degrees of freedom in both the maximal-overlap and the CMFT methods. Namely, the
orientation of each classical pseudospin n; translated to the spherical angles reads as

n; = (nX,n),n?%) = (sinb;cose;, sinf;sing;, cosb;), (3.45)
where X, Y lie in the honeycomb plane while Z is the perpendicular direction, see Fig. [2.6] (b).
This reduces the number of parameters in the maximal-overlap method to 48 for the 24-site
cluster. Although this could be further simplified for collinear orderings such as Néel or zigzag,
the non-collinear tendencies promoted by the I" and I terms enforce the 48-parameter space of
{i, 0:} [29].

Even more computationally challenging becomes the CMFT method. Since the cubic axes
are no longer the easy axes, S;(S;) ~ S7 (SJZ ) becomes a very poor approximation. Consequently,
the general formula , stabilizing the full (S;) vectors has to be utilized as the mean-field
part. We will be reading out the spatial orientation of the ordered moment S given by formula
in an analogous way as in the maximal-overlap method

|§| = (sinfcose, sinfsing, cosd) (3.46)
for the collinear and s
E |sublattice T = (sind;cose;, sinb;sing;, cosb;) (3.47)

for the non-collinear orderings.

In both cases, when presenting the results we will utilize a convention in which the azimuthal
(honeycomb plane) angle ¢ starts from the +X direction and we will reduce its range to [0, 180]°,
while € will be translated into an angle from the plane to the pattern: a = 90° — 6.

Site-averaging over the external sites

Linearized CMFT gave us a notice about the strong canting tendencies appearing even in the
collinear regions due to the bond-anisotropic part of the mean field. To compensate this effect
an averaging over the external sites after each iteration of the CMFT loop was introduced in the
full CMFT algorithm@ In this way the excess value filling up different (S}) for each direction
of the mean-field bonds became evenly spread among all external sites, promoting collinearity
from iteration to iteration.

3.4.2 Composite phase diagram of the J-K-I" model

Here we will prove that the rough sketch presented in Fig. [3:13]is actually corroborated by the
more sophisticated approaches.

B, B, v € {x, y, 2} according to a cyclic permutation suitable for a particular bond direction.
44 Explicitly: the outcoming averages were summed up and normalized.
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FIGURE 3.15: The I'' = 0 slice of the composite phase diagram: (a)—patterns with the maximal
probability in the ground state: pink—FM, yellow —stripy, green—Néel, red—zigzag and violet —
vortex. The grey circles/black triangle indicate the SU(2)/compass points. (b)—the ordered moment
value for the 24 sites via the full CMFT. (c)-(d)—the angle « [in °] from the honeycomb plane to the
pattern for the maximal-overlap and CMFT methods, correspondingly. (e)-(f)—the azimuthal angle ¢
[in °] within the honeycomb plane and log;, | Amaz| stability map for the maximal-overlap method.
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FIGURE 3.16: The representative full CMFT results [panels (b)-(h)] with their positions on the IV =0

slice [panel (a)]. Panel (a) presents the exclusively CMFT phase diagram with the boundaries determined

by the ground-state energy comparison. Here red represents the FM, yellow—the stripy, green—the Néel,

dark brown—the zigzag, violet —the vortex stabilized patterns. The dark-violet point inside the vortex

phase corresponds to the vortex-a variant, see Fig. [3.17 and the main text. Panels (b), (c), (d) show the

typical orientation of the FM /stripy/Néel pattern inside the TV = 0 slice, respectively. Panels (e)-(h)
present the tendencies inside the zigzag phase.

Ferromagnetic phase

It is reasonable to start the analysis from the most classical FM phase, massively spread around
the FM SU(2) point. The reader may locate this point as the grey circle at J = -1, K =T =0
in Fig. [3.15] (a). The FM region is roughly consistent between Figs. [3.13] and [3.15] representing
the maximal-overlap and the full CMFT results for the I" = 0 sliceEl Among them, Fig. M (a)
recognises the phases based on the pattern with the maximal overlap with the ground state. Just
like in the basic quantum mechnics, the overlap provides the plotted probability of the winning

pattern.

45Linearized CMFT did not give a definite prediction at the “eastern” FM boundary, and indeed, the probability
of the FM pattern decreases there significantly.
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Interestingly, on the external Kitaev-Heisenberg circle the FM configuration has the prob-
ability 1/6. This feature is closely related to the ordered moment direction. Namely, for the
Kitaev-Heisenberg model 1/6 is the maximal available probability for any pattern because the
ground state contains 6 versions of a given collinear arrangement, differing by the alignment
along one of the Kitaev cubic axes. Hence, a probability reaching 1/6 signals the vanishing
quantum fluctuations if the pseudospins are arranged along the Kitaev axes. The effect is fur-
ther confirmed by the strongly classical ordered moment value (Fig. [3.15[ (b)), reaching 0.5 at
the FM SU(2) point.

However, almost immediately after the I' term is introduced the ferromagnetic moments
tilt towards the honeycomb plane. This can be seen on the maps of the angle a between the
honeycomb plane and the pattern, estimated by the maximal overlap (Fig. [3.15| (¢)) and the
CMFT methods (Fig. [3.15/ (d)). A deeper understanding of this behaviour may come from the
classical energy E.

Ecrar x3J+ K —T+T (0 + 0¥ +1n°)?, (3.48)

where n is the direction of the classical pseudospins normalized to one, here described in relation
to the Kitaev cubic axes. Let us consider three examples of the FM pattern direction to see what
orientation would minimize E.:

e The FM pattern perpendicular to the honeycomb plane projects in equal proportions to the
Kitaev cubic 2yz axes V| Utilizing formula (2.23) one obtains (n® + n¥ +n?)? = (3x %)2 =
3. This leads to —I" 4+ 31" = 2I"—a large positive contribution for I' > 0 considered for the
real materials.

e The pseudospins lying along one of the cubic axes, e.g. z, produce —I'+T'(04+ 04 1)%2 = 0.

6 6 3

formula for the projections. In this configuration the orientation-independent —I'
term is not hampered by the positive I" contribution. By virtue of the C3 symmetry, we
would obtain the same effect considering n aligned along positive and negative projections
of each of the Kitaev cubic axes to the honeycomb plane. Moreover, since (n® + n¥ + n*)?
can be reduced to the square of the scalar product Z - Iﬁ, any direction within the honey-
comb plane brings the term to zero from orthogonality. The honeycomb plane minimizes
the classical energy, guaranteeing 3J —I' + I' (n* 4+ n¥ + nz)2 to be strongly negative for
the negative J and positive T.

2
e Finally, n || =X leads to (n” +n¥ +n?)? = (—ﬁ — V6 £> = 0, where we again used

This is not the end of the discussion of the ferromagnetic phase though. In fact, in the more
quantum maximal overlap method few ferromagnetic subphases are distinguishable based on the
directional details. By comparing Fig. [3.15((c) and (e), where the azimuthal angle ¢ is presented,
one notices that the honeycomb plane prefers the orientation along the bonds: ¢ = 30°, 90°,
150° for the a, ¢, b bonds, respectively. In contrast, the orientation slightly above the plane
(o & 10°) is correlated with the alignment perpendicular to the bonds: ¢ = 0°, 60°, 120°, 180°
in our settings.

The CMFT-based patterns mostly lie in the honeycomb plane. Only close to the outer rim of
the slice the a angle stays at a non-zero level [Fig. (d)]. This can be easily justified by the

46 In this method we treat the pseudospins as classical vectors, of the length 1 for convenience. For a chosen
pattern, eg. zigzag with the FM a, b bonds and the AF ¢ bonds, one isolates its magnetic unit cell, along with the
PBC. Each bond of the cell contributes to the Hamiltonian consisting of the classical scalar product in case of the
Heisenberg term, and the products of the classical projections to the suitable axes for the anisotropic terms. It
is energetically favorable for the pseudospins to align along the directions set by the most negative Hamiltonian
terms.

“TThe (111) direction in the Kitaev cubic axes, the Z direction in the XYZ axes.

“®Better visible as (1,1,1) - (n®,n¥, n?).
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reduction of the quantum fluctuations on the mean-field bonds. It is much easier for the classical
energy to stabilize the in-plane orientation with the weaker quantum fluctuations. An example
of the stabilized CMFT result in the region can be examined in Fig. (b). Even though with
this we end the description of the FM phase on the I" = 0 slice, the reader will soon realise that
there is much more to discover when IV < 0.

Stripy phase

As mentioned in Secs. and on the external Kitaev-Heisenberg circle the Ti-partner
of the FM phase is the stripy phase. Consequently, all the ordeded moment characteristics are
connected for the two phases, including the spatial direction. This is no longer the case once the I
term is activated, breaking the self-duality of the 74 mapping. While the moments preserve their
classical FM character, evidenced by the very high probability and moment value in the whole
stripy region, reaching correspondingly 1/6 and ~ 0.5 at the stripy SU(2) point, the moments
do not bend towards the honeycomb plane but tilt slightly above the Kitaev cubic axes instead.
An example of the stripy pattern stabilized within the CMFT is shown in Fig. [3.16] (¢).

Néel phase

In the next step, we move towards the Néel phase [the green region in Fig. (a)], for which
the classical energy
Ecveel X —3J — K +T —T(n® +n¥ + n*)?, (3.49)

is minimized by the maximal contribution from (n® + n¥ + n?®)?, guaranteed by the direction
perpendicular to the honeycomb plane. Fig. [3.16[ (d) showcases this orientation based on the
CMFT result. It is evident in Fig. % (c) and (d) that even very small I' values are able to
rotate the moments to the Z direction

Interestingly, the growing I' also makes the Néel phase increasingly classical, evidenced by the
growing probability and ordered moment value. For the Z direction there are only two possibilities
of any collinear pattern, each of them carrying maximally 50% probability. Fig. [3.15| (a) and (b)
as well as the I'" = 0 panel of the Fig. indicate the existence of a special manifoldlﬂ starting
at the vortex SU(2) point, for which the ordered moment characteristics are ezactly classical:
the Néel probability = 50%, the ordered moment value = 0.5 and A4, dramatically exceeds
the linear regimeﬂ The explanation of this extraordinary behaviour, presented in detail in Sec.
[3:4.5] is quite remarkable: all the pseudospin-flipping terms applicable to the Néel pattern in the
out-of-plane direction cancel, making the pattern purely classical. Therefore, the Néel phase of
the J-K-I" model encompasses both the classical Néel state near the center of the slice and the
highly-dressed Néel pattern close to the external Kitaev-Heisenberg circle.

Zigzag phase via the maximal overlap method

On the external Kitaev-Heisenberg circle the Ty-partner of the Néel phase is the zigzag phase. The
linearized CMFT confirmed the expanse of the original upper zigzag region and the appearance
of another, lower zigzag patch once I' > 0@ Prompted by the linearized CMFT troubles, we will
start the description with the ED-based results to set a reliable reference picture. The easiest
to notice are the low zigzag probabilities [the red regions in Fig. [3.15| (a)] in comparison to the
neighboring phases. This suggests that, even more than in the pure Kitaev-Heisenberg case, the

49Gince the Z direction is a pole for the azimuthal angle ¢, the zero value on Fig (e) is just a convenience-this
angle is not well defined for the out-of-plane direction.

50A curved surface in the parameter space.

51Reaching the range 10* for the initial polarization of 1073.

52Cf. Figs. and [3.13
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zigzag phase is strongly fluctuating. Indeed, many patterns compete in the ground state and the
maximal probability does not cross 3%.

In the upper zigzag phase the highest probability values are concentrated around the zigzag
SU(2) point, and the whole upper region seems to emanate from there. With the growing T,
the ordered moment rotates down from one of the Kitaev cubic axes towards the honeycomb
plane, as schematically shown on the left side of the Fig. Fig. |3.15 (¢) reveals the moment
continuously diverging from the z axis (« &~ 35.26°) down to =~ 30° at the boundary of the region,
while the azimuthal angle remains fixed to ¢ = 180° in Fig. [3.15] (e).

The lower zigzag region has its source at another zigzag SU(2) point at IV = —0.398 |9H§| For
the IV = 0 slice the region is characterized by the even lower probability than in the upper zigzag
case. Importantly, in the lower zigzag region the moment rotates up from a ~ 25° to slightly
above 30° at the “southern” zigzag boundary, while the azimuthal angle is zero. In other words,
the moment stays in the vertical XZ plane, equidistant from the x and y axes, as illustrated on
the right side of the Fig. [2.14]

In the present slice the maximal overlap method keeps the two zigzag regions separate.
Moreover, a careful examination of the maximal probability data revealed that the two zigzag
regions as well as the FM and vortex phases, meet at a special point marked as a black triangle
in Fig. [3.15| (a). As it will be thoroughly described in Sec. at this point the J-K-T'
Hamiltonian reduces to the proper compass model.

Stability map

While in Fig. |3.15| (a) only the collinear zigzag tendencies in the lower zigzag region are shown,
Fig. 2 in Ref. |29| reveals the non-collinear zigzag tendencies just below it. The instability of the
collinear zigzag against the non-collinear effects was also inspected via the Hessian matrix. Such a
matrix is formed from the second derivatives of the maximal collinear probability with respect to
the 48 angles {¢;,0;}. A true stable maximal probability of the collinear pattern would generate
negative Hessian eigenvalues, while the appearance of a positive eigenvalue would indicate a
potential instability in some direction. Thus, the maximal eigenvalue Amaz < 0 guarantees that
all the other eigenvalues have to be also negative and the pattern is stable—no need to consider
the non-collinear patterns in such a case. In contrast, S\max > 0 suffices to destabilize the pattern
in one direction, prompting a need for a more elaborate pattern optimization with respect to the
full 48-parameter set. It has been verified that not only the probability of the collinear zigzag
below the “southern” border of the lower zigzag region, but also the maximal collinear probability
in the whole white area in Fig. [3.15| (a) results in the positive maximal eigenvalue patches.

In order to cover also the finer structure inside each phase, a map of logy, ]Xmm! was plotted
in Fig. [3.15] (f). There, a dark-blue color indicates that as logyg |Amaez| — —00 and [Apaz| — 0,
some of the 48 degrees of freedom are being released. One can recognise the already-mentioned
subphases of the FM region, with their boundaries meeting at the FM SU(2) point where any
orientation of the FM pattern is allowed and only the collinearity constraints hold. Surprisingly,
no fine structure is found inside the stripy phase. The seemingly puzzling dark-blue color of the
entire Néel region is just an artifact of the indeterminacy of the ¢ angle for the Néel pattern
along the Z direction.

Returning to the zigzag phase, an expected release of the degrees of freedom is observed
around the zigzag SU(2) point in the upper zigzag region. The collinear and non-collinear
tendencies in the lower region are indeed separated by a blue boundary. We leave the stability
inspection in the non-collinear, non-zigzag regions for the further sections, now moving on to the
full CMFT results for the zigzag phase.

PSCE. Fig. 2.21) (d).
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Zigzag phase via the full CMFT

While the CMFT results for the FM, stripy and Néel phases on the IV = 0 slice are reliable, the
zigzag averages still experience some bias, even with the site-averaging included. Fig. [3.16| (a)
presents all the points where the collinear and vortex patterns stabilized within the full CMFT
algorithm. The colors indicate the orderings with the lowest ground-state energy. In particular,
the two zigzag regions are marked in dark brown. When comparing this CMFT-only phase
diagram to the stability map in Fig. [3.15] (f), one could hypothesize that the “northern” part
of the lower zigzag region contains the collinear patterns while the non— collinear tendencies
accumulate in the “southern” part. Unfortunately, this is not exactly the case for the CMFT
data. We will therefore analyse the emerging tendencies in detail, providing 4 representative
results [Fig. (e)-(h)] with their location on the phase diagram marked in Fig. [3.16] (a).

While the results in the upper zigzag region are rather collinear and could be trusted |Fig.
m (e)], the lower zigzag region becomes problematic again. Namely, the non-collinear canting
tendencies appear mainly in its “northern” and “eastern” part |Fig. (g)], belonging to the
collinear region according to the maximal overlap method. In contrast, the most “southern”
region, where the non-collinear trends were expected, turns out to be much more collinear [Fig.
3.16] (h)].

Even though the overall situation is much better than if the averages were allowed to freely
respond to the anisotropic mean ﬁeldﬂ the details of the lower zigzag region remain biased in
the CMFT case. The anisotropic mean-field and the site-averaging together reduce the quantum
fluctuations in a way that leads to a misrepresentation of the collinear /non-collinear tendencies in
this originally strongly bond-frustrated quantum region. This is the main reason why we decided
not to present the CMFT I” = 0 slice in Ref. [29] and opted for a more thrustworthy IV = —0.1
case instead. As the reader will see in Sec. supplementing K and I with I reduces the
frustration, providing an opportunity for the CMFT to perform better in those slices.

Nevertheless, when carefully extracted, some information about the ordered moment can be
trusted. By evaluating formula over the 24 sites we obtained, in our opinion, the most
reliable ordered moment value for the zigzag phase in the IV = 0 slice. This is what is presented in
Fig. [3.15| (b). The other explored possibilities: the central hexagon and the external sites, can be
found in Appendix [A-2] While the moment from the external sites has expectedly overestimated
value, the moment from the central hexagon, though appealingly the lowest, has shown undesired
tendencies that we attribute to the detectable non-collinear canting appearing inside the cluster.
Therefore, in contrast to the pure Kitaev-Heisenberg case, the central hexagon turned out not
to be an optimal option. In general, the moment value is smaller in the lower zigzag region and
visibly decreases in its “southern” part. This confirms the conclusion driven from the probablility
evolution: the ground state in the region is very quantum, with the fluctuations appearing mainly
as a way to overcome the frustration caused by the bond-selective K and I' terms.

Fortunately, the spatial orientation of the zigzag pattern can also be trusted when taken from
the most collinear external sites. Indeed, the CMFT-based o map |Fig. (d)] reveals similar
trends as in the maximal-overlap case |Fig. (¢)]. The less quantum conditions generated by
the boundary mean field cause « to change at a slightly higher rate than in the maximal-overlap
case, but this bias is easy to manage and does not disqualify the results.

There is one more caveat one should be aware of when inspecting the CMFT result. Namely,
the zigzag pattern actually reaches the honeycomb plane in the narrow island between the two
zigzag regions. The zigzag island can be easily identified in Fig. [3.16[ (a), where it is represented
by the two pointsﬂ One may inspect the pattern stabilizing there in Fig. (f). Because

4This would probably result in the non-colliear patterns everywhere. We base this conclusion on the patterns
emerging from the linearized CMFT and the initial tests of the full CMFT without the site-averaging.

%5 In the chosen density of the parameter-space covering. Whether within the higher resolution a bridge would
stabilize between the upper and lower zigzag remains an open question. In any case, the island is a side effect of
the method.
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FIGURE 3.17: The CMFT setup and results for the vortex phase in the I'' = 0 slice. Panel (a)—the

distribution of the 6 sublattices required by the 7g transformation on the 24-site embedded cluster.

The assignment of the external sites to the 6-sublattice site-averaging is additionally marked by the

geometrical symbols. Panel (b)—the CMFT results in a close neighborhood of the vortex SU(2) point:

the vortex-a/vortex-b patterns and the FM patterns obtained from them via 7g. Panels (c), (d), (e)—

the distribution of the vortex-a and vortex-b variants, the ordered moment value and the « angle [in °],
respectively.

of the mean field and the site-averaging, the ground state in the island looses enough quantum
fluctuations to stabilize the LRO. Moreover, the island and its close neighborhood make the only
area where the zigzag moment value becomes more classical, jumping towards ca. 0.4 in Fig.
3.15| (b). However, since the maximal-overlap and the semi-analytical results at the compass
point look different, we consider this a method-related effect.
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Vortex phase

In Sec. we have mentioned a non-collinear region identified by the 120°-order in Ref. [8].
Here we present a detailed, multi-method study of the phase, partially published in Ref. [29].
We begin with the vortex SU(2) point (J = 0, K = I' = 1/4/2), marked by the grey circle in
the middle of the violet region in Fig. [3.15| (a). Although at this point the SU(2) continuous
symmetry guarantees an infinite number of the possible patternsﬂ all of them must have a
particular 6-sublatice structure in order to be transformed into a suitable FM pattern via the
T transformation (2.27)). Fig. [3.17 (b) provides two representative examples of the allowed
patterns: vortex-a and vortex-b. These patterns are the actual converged CMFT results at/in
the close neighborhood of the vortex point, before and after the 7g transformation.

At the vortex point the CMFT could run without the site-averaging because of the anisotropic
mean field summing up into the SU(2) symmetrym However, in order to obtain stable vortex
patterns in the whole vortex region revealed by the maximal overlap method (the violet color in
Fig. [3.15 (a)), we have incorporated a special kind of the boundary site-averaging into the full
CMFT algorithm. Fig. [3.17] (a) illustrates the distribution of the 6 sublattices on the 24-site
cluster with periodic boundary conditions. We are interested in the external sites belonging to
the same sublattice, marked by the matching symbols on the panel. The site-averaging was
performed within each such subset, preserving the 6-sublattice structure, and the patterns from
the maximal overlap method were used to polarize the external sites.

Let us now compare the results of the both methods. The whole violet region in Fig. [3.15|(a)
emanates from the vortex point and is divided into several subphases where vortex-a or vortex-
b has the maximal probability, depending on the ratio of the Hamiltonian parameters. The
subphases can be identified by the azimuthal angle ¢ (Fig. [3.15[ (e)). The in-bond arrangement
of vortex-b is captured by ¢ = 30°, 90° and 150°, while ¢ for vortex-a reaches 0°, 60°, 120°,
180°. The small difference in probability between the two patterns together with the log;, |5\max|
trends in Fig. [3.15[(f) suggest soft transitions between the two variants. For the maximal overlap
method vortex-b always lies in the honeycomb plane (Fig. [3.15[ (c)) while vortex-a may have a
staggered Néel component in the Z direction for the points close to the boundary with the Néel
phase.

The general vortex boundaries are similar within the CMFT method. We begin their inspec-
tion from the whole stabilized vortex result in Fig. [3.17| (c). To set the boundaries between this
region and the collinear phases, we have compared their ground-state energies. The outcome
is visible in Fig. m (a). As the reader might have noticed, however, we do not include the
CMEFT-based vortex data explicitly in the composite diagram in Fig. The reason is the dis-
tribution of the vortex-a and vortex-b subphases, strikingly different from the maximal-overlap
case, and our suspicion that the CMFT-based vortex result is not complete.

In order to understand it, let us examine Fig. |3.17| (e). There, the moment direction is bound
to the honeycomb plane, differing slightly from the maximal-overlap result. Such an outcome was
caused by taking the vortex-a and vortex-b ansaetze always perfectly in the honeycomb plane
and the site-averaging strongly suppressing the out-of-plane tendencies. Such an approach had
both the positive and the negative consequences: on one hand, the 6-sublattice site-averaging
produced perfect vortex patterns and allowed the vortex phase to stabilize in the region almost
identical to the maximal-overlap case. On the other hand, the energy comparison led to the
overwhelming dominance of vortex-b in the CMFT result, with only one vortex-a point winning
the competition close to the vortex SU(2) point@ Because the site-averaging turned out to be
so powerful in this case, we suspect that the present study is incomplete. Perhaps the ansaetze
with a varying vertical component would enable vortex-a to expand into the boundary region

S6ED on a finite cluster produces the ground state containing their smaller, orthogonal subset.
7 At any SU(2) point the CMFT performs well.
58In the presented parameter — space covering.
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with the Néel phase, similarly to the maximal-overlap case. We acknowledge, however, that such
a task could be rather tiresome and the outcome might not be worth the effort.

Nevertheless, both methods brought solid evidence of a classical character of the vortex region
in the I'" = 0 slice. Similarly to the FM and stripy phases, the probability saturates there at 1/6 ~
16%—the maximal possible value for the pattern without quantum fluctuations considering the
FM-vortex Tg connection. Importantly, the classical character is directly confirmed by the high
ordered moment values (Fig. [3.17| (d)), reaching 0.5 at the vortex point. Thus, all the so-far-
analysed LRO phases except zigzag become strongly classical in the IV = 0 slice.

We would like to conclude the description of the vortex phase with the analytical arguments,
as presented in Ref. [29]. We will consider the influence of the 4 special points surrounding the
vortex phase in the I' > 0 part of the J-K-I'-I'V parameter space:

1. The already-mentioned vortex SU(2) point in Fig. [3.15| (a), of a hidden FM nature.

2. The hidden AF SU(2) point appearing for I'' = —0.535, marked by C in Fig. (d) and
by a black circle in Fig. (j)- This point supports both vortex variants, but the ground
state is strongly quantum because of the AF character of the point.

3. The also already-mentioned compass point at K =T' = —J > 0, I = 0, marked as a black
triangle in Fig. [3.15] (a).

4. The compass-like point for IV = —0.603, denoted by an empty triangle in Fig. (k).

The hidden SU(2) symmetry of the points 1. and 2. enables many patterns in the ground state,
as long as they are 7g/7T2Tg-compatible, respectively. Leaving these points however selects the
vortex-a or vortex-b patterns, depending on the proximity to the two compass points. At the
point 3. the J-K-I'-I'V model simplifies to the proper compass model on the honeycomb lattice
which has the interaction axes in the honeycomb plane, along the suitable bonds. Consequently,
in the neighborhood of this point the in-bond vortex-b alignment of the pseudospins is favoured.
In contrast, at the point 4. the model simplifies to a compass-like model, with the interaction
axes also in the honeycomb plane but perpendicular to the bonds. Naturally, this promotes
vortex-a in the neighborhood of the point. The compass points are a part of the Ising-Kitaev-
compass model hiding within the J-K-I'-I"" Hamiltonian and will be discussed in detail in Sec.
5.4.0l

The white area

The mysterious white area on the panels of the Fig. [3.15 hosts the incommensurate pseudospin
arrangements [8, 94|. Indeed, the maximal overlap method revealed various spiral patterns in
the majority of the white region between the Néel and zigzag phases. Moreover, additional 32-
site calculations in the unstable, “southern” part of the lower zigzag region, performed by Jiré
Chaloupka, verified that the zigzag tendencies become incommensurate when the cluster is large
enough ]

Another omitted feature of the IV = 0 slice is the lower part of the vertical J = 0 line,
where the FM Kitaev term is perturbed by the growing I' interaction. The spin-liquid tendencies
appearing on that line were recently published in Refs. [93, 95|. The ED calculations in the
reciprocal space revealed the characteristic, wave-like background below the LRO peaks in the
close neighborhood of the line as well as the LRO tendencies summing up to a rather prominent
wave-like pattern on the line, suggesting the spin-liquid state. The reader is referred to Fig. 3
of Ref. [29] for more details.

Although the full CMFT results for IV = 0 fit roughly to the above image, several details are
clearly not trustworthy. The zigzag phase stabilized by the CMFT exceeds the boundaries of the

9See Ref. [29)] for a detailed discussion.
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stable zigzag phase from the maximal-overlap method. In particular, it crosses J = 0 line, which
seems to be a true boundary for the zigzag phase for larger clusters.

KSL regions

The most intensively investigated KSL regions stretch around the explicit Kitaev points K = +1
at the very top and bottom of the IV = 0 slice |8, [10]. The maximal probability map around
the AF Kitaev point [see Appendix A of Ref. [29|| reveals a tiny U-shaped patch where the
short-range patterns of the type illustrated in Fig. (a), characteristic for the S — oo limit
of the Kitaev model, are favoured with the probability below 0.1%. Therefore, we take it as
a trace of the liquid behaviour, even though the maximal overlap method is not best suited
for the highly-entangled quantum spin-liquid phases. At the border with the LRO phases the
probability has a significant jump to 1% and more. This is consistent with the further-neighbor
correlations and spin susceptibility (x”) analysis for the Kitaev-Heisenberg model around the AF
Kitaev point in Sec. We expect a more nuanced behaviour around the FM Kitaev point
due to the fingerprints of the stronger bond-directional frustration and liquid behaviour in the
adjacent incommensurate regions, as explained above.



3.4. CMFT results for the J-K-I'-I'" model on the 24-site cluster 73

3.4.3 Composite phase diagram of the J-K-I'-I" model

The precise description of the imperfect real materials requires considering many more hopping
paths, leading to several new terms in the effective Hamiltonianm For practical reasons, however,
one has to disregard the smaller coupling parameters. Below we analyse the influence of the small
negative I" values@ related to the trigonal compression of the oxygen octahedra@

Ferromagnetic phase

In the presence of I" < 0, the classical energy
Ecrm o< 3J + K — (D +2IY) + (T +2I) (n® + 0¥ +1n%)?, (3.50)

will promote the out-of-plane arrangement of the FM moments when 2|T'| > T". Namely, the
direction-independent — (I + 2I") term will become positive while the (' + 2I") (n® + n¥ + n*)?
term—mnegative. In this situation, the out-of-plane direction maximizing (n® 4 n¥ + nz)2 min-
imizes the classical energy. In Figs. [3.1813.19| (¢) and (d) such a situation, corrected by the
quantum effects, takes place near the external I' = 0 circle. The subphase boundaries are also
well visible on the stability maps (Figs. (f)). As we will elaborate in Sec. for
the certain parameter ranges the quantum fluctuations in the out-of-plane direction cancel out
completely, leading to the purely classical manifolds. Hints of such a manifold inside the FM
region away from the SU(2) point can be examined in Figs. [3.1843.19| (a), where part of the out-
of-plane subphase carries > 48% probability, as well as in Fig. [3.18| (b), where the CMFT-based
ordered moment value also becomes classical in the out-of-plane subphase.

Néel phase

In contrast, in the Néel phase the I'-IV competition leads to the emergence of the in-plane
subphase. On the classical-energy level

Ecneet < —3J — K + (I' +2I") — (T + 2I") (n® + n¥ + n®)?, (3.51)

for IV < 0, 2|T| > T the (I' + 2I") term will become negative. Hence, the minimal energy will
be reached by reducing the positive — (I' 4+ 2I") (n® + n¥ + n?)? term. This is achieved in the
in-plane direction, just as for the ferromagnet in the J-K-I' model. In fact, it is even possible
to distinguish the decrease in probability (Figs. (a)) and ordered moment value (Fig.
3.18| (b)) in the boundary regionﬁ It is caused by the major release of the degrees of freedom
and the rise of the quantum fluctuations at the corresponding I' = —2I" arc. With the equation
giving I' = 0.2 and 0.4 for I" = —0.1 and —0.2, respectively, a progression of the boundary region
towards the center of the slices is observed in Figs. [3.183.19] Fig. [A.4] reveals the full extent of
this trend.

80See Sec. 2.5

61Gee Sec. [2.5.2

52During the execution of this project first papers with the customized ab-initio studies started emerging. Ref.
|60] suggested that the I influence could be omitted in the minimal models for NaxIrO3 and a-RuCl;. However,
given the relation of I'” to the trigonal distortion, we think that I'” slices still bring valuable information about the
trends of the magnetic ordering. This is supported by several recent experimental and theoretical developements
taking into account the I'” term. Following the ab-initio suggestions we have kept the I'' values sufficiently small.

53We stress that, similarly to the IV = 0 slice, the less appealing appearance of the CMFT-based o map in Fig.
3.18| (d) is due to the actual results. The less quantum Hamiltonian promoted the intermediate regions of the
moderate o values between the FM and AF subphases.
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FIGURE 3.18: The I = —0.1 slice of the composite phase diagram. (a)—the patterns with the maximal

probability in the ground state: pink—FM, yellow —stripy, green—Néel, red—=zigzag and violet —

vortex. (b)—the ordered moment value for the 24 sites via the full CMFT. (c), (d)—the « angle from

the honeycomb plane to the pattern for the maximal overlap and CMFT methods, correspondingly.

(e), (f)—the azimuthal angle ¢ within the honeycomb plane and the logyq [Amaz| stability map for the
maximal overlap method.
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FIGURE 3.19: The I = —0.2 slice of the composite phase diagram. (a)—the patterns with the maximal

probability in the ground state: pink—FM, yellow —stripy, green—Néel, red—=zigzag and violet —

vortex. (b)—the ordered moment value for the 24 sites via the full CMFT. (c¢), (d)—the « angle from

the honeycomb plane to the pattern for the maximal overlap and CMFT methods, correspondingly.

(e), (f)—the azimuthal angle ¢ within the honeycomb plane and the log;( [Amaz| stability map for the
maximal overlap method.
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Stripy phase

Although the small I values suppress the stripy phase considerably, the character of the phase
remains unaffected. The stripy probability is still rather high, hinting the preservation of the
classical character, no subphases develop and the moment direction evolves slowly in I' in a
similar fashion as before.

Zigzag phase

With the growing |I”| the upper zigzag region regresses. The maximal overlap and CMFT
methods are in accordance here, showing no visible trace of the upper zigzag region already at
I" = —0.2. This may be attributed to the growing distance from the zigzag SU(2) point of the
pure Kitaev-Heisenberg model.

In contrast, the lower zigzag region spreads massively in the central part of the slices, with the
probability /ordered moment value somewhat higher than on the IV = 0 slice. This translates into
slightly less quantum fluctuations in the ground state but still enough to preserve the quantum
character of the phase. This can be attributed to another zigzag SU(2) point at I" = —0.398,
denoted by B in Fig. (d) and by a black circle in Fig (i). Similarly to the I'" = 0 slice,
the moment direction is located in the XZ plane, with ¢ = 0° (Figs. [3.1813.19| (e)) and the «
starting at ~ 30°/20° in the “northern” part of the lower zigzag region and slowly rotating up
to ~ 40°/55° for the maximal-overlap/CMFT method ( Figs. (c), (d)). The above
moment direction is closer to the experimental estimates and will be discussed in detail in Sec.

Vortex phase

Negative I' allows the vortex phase to expand. The moments remain in the honeycomb plane for
most of the vortex region, with only a faint vertical component appearing near the boundaries
with the Néel and lower zigzag phases. A careful inspection of the maximal-overlap patterns re-
veals a vortex-a dominance under the negative IV influence. Its source is the already-mentioned

compass-like point at IV = —0.603, with the compass interaction axes oriented in the honey-
comb plane, perpendicular to the bonds, and thus promoting the patterns with such pseudospin
arrangements.

Being aware of the soft mode between the vortex subphases as well as the CMFT struggle
for the IV = 0 slice, we did not attempt to stabilize the vortex phase via the full CMFT. More
maximal-overlap-based slices, revealing also the evolution of other phases in I can be examined

in Appendix [A4]

3.4.4 Influence of J;3

Below we shortly describe the evolution of the phases under the influence of the third-neighbor
Heisenberg term (J3). The interested reader may find a more detailed description in Ref. [29].

The positive J3 values suggested by the ab-initio methods |60| force the third-neighbor pseu-
dospin pairs to align antiferromagnetically. Hence, the Néel and zigzag patterns fulfilling this
condition dominate on the J3 > 0 slices (Fig. . While the regions of the explicit or hidden
FM character: FM, stripy and vortex are considerably reduced or even vanished, the AF regions
consolidate: the Néel region expands even more than in the J3 = I'' = 0 slice while the upper
and lower zigzag regions merge.

The moment direction inside the united zigzag region evolves from the moderate a values
in the z-axis neighborhood towards the honeycomb plane. There, the zigzag probability grows
substantially, the moment can easily rotate from ¢ = 180° to 0° and start tilting up again,
towards the (z + y)/+/2 direction and beyond.
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FIGURE 3.20: The J3 > 0, I" = 0 slices of the phase diagram via the maximal overlap method. Panels

(a), (c)—the patterns with the maximal probability in the ground state: blue—FM, green—Néel, red—

zigzag, violet—vortex; panels (b), (d)—the a angle from the honeycomb plane to the pattern. Figure
published in Ref. .

Although a combination of the overlapping projects and the general slowness of the full CMFT
approach prevented us from producing the Js # 0 slices, in Appendix we have prepared a
setup for the inclusion of the Js term into the CMFT algorithm for the interested reader to
utilize. Based on the general tendencies provided by the classical energy and maximal overlap
methods we do think that calculating the J-K-I'-J3 slices should be easier than the problematic
J-K-T slice. For example, the zigzag region has higher maximal probability with than without
J3. Moreover, the new term is bond-isotropic, which could reduce the artificial non-collinear
tendencies observed so far in the CMFT results.

3.4.5 Classical manifolds

Following the growing I' value towards the center of the IV = J3 = 0 slice results in the increase
of the Néel probability (Fig. [3.15| (a)) and the ordered moment value (Fig. [3.15((b)). The trend
culminates within the centrally located special line defined by the formula

3J+K—-T —2I" =0, (3.52)

for which both characteristics reach the classical values 50% and 0.5, respectively@ This is not
the only strictly fluctuation-free manifold on the diagram. A more careful inspection revealed

54Here we follow the custom of keeping the probability in the percentage notation.
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that one of the FM subphases close to the outer rim of the I" < 0 slices hides another region
with no quantum fluctuations in the ground state, set by the equation

K +2T' — 2" =0. (3.53)

Interestingly, the classical state appears only when formulae — enter the regions
in which the magnetic pattern is oriented perpendicularly to the honeycomb plane. The reason
behind this becomes more clear in a reference frame providing the vertical projection of the
J-K-T-T" exchange. Formula

1 11
S* @ N 1% ? cosp, sing, 0\ [/S%
SY | = NG 2 3 —siny, cosg, 0 SY
S* _Jz o0 4L 0 0 1/ \s?
3 V3 -
™~ Rxy
7?’XYZ
SR U . v
\{6 1\/5 \{ﬁ S™cos, + 57 sin gy,
=| 2 3 —S¥sin ¢, + SY cos ¢y, (3.54)
_J2 o L s
3 V3

translates the pseudospin operators on each site between the projections to the Kitaev cubic axes
(xyz) and to the XYZ axes.lﬁ The relation between the two frames is transparent in Fig. [3.21
(b). In the new frame the XY plane coincides with the honeycomb plane while the Z versor points
upwards, exactly in the (111) direction according to the Kitaev frame. While R;& translates
the interaction on the bond n = ¢, in order to accommodate the less trivial transformation for
the bonds @ and b one has to rotate the S* and SY projections by the angle oy distinguishing
the a and b directions from the ¢ direction. ¢, equals 0, 27r/3 = 120°, and 47 /3 = 240° = —120°
for n = ¢, a and b direction, correspondingly. As shown in Ref. [9], inserting the above relations
to the J-K-I'-I' Hamiltonian results in the new bond form

Hxvzly = Jxy(S;S} + S'SY) + JS7S?
+ A ((SFSF —SYSY) cos gy — (SFS) +SYSF)singy)
- B ((SfSJZ + SZZS;»() cos ¢ + (SZYSJZ + SZ-ZS}) sin cpn) , (3.55)

with the coupling parameters

1
Ty =J + 5 (K ~T —2r), (3.56)
1
Jz=J + (K + 2T +41), (3.57)
1
A= (K +2r —2r) (3.58)

55 A quick reminder: on the honeycomb lattice the nearest-neighbor bonds may have the = a, b or ¢ direction.
The bond-directional Kitaev term has a different interaction axis on each of the n bonds, following the scheme:
n=a—7y=zb—y, c— zin the SJS] expression. Since at any site i connected by all three bonds 7 these
interaction axes v form the 90° angles between one another it is convenient to utilize them as a reference frame.
We call this frame the “Kitaev cubic frame” in this thesis, because for the Kitaev model derived for the iridates
and ruthenates it coincides with the frame related to the cubic symmetry of the oxygen/chlorine octahedra. For
more details see the last paragraphs of Sec. @

66 Cf. formula for Rxvyz.
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(@ TI['=-0.1,J3=0 ['=-02J3=0 () X

FIGURE 3.21: The new classical manifolds in the J-K-T-IV phase diagram. Panel (a) demonstrates
the fit of the K + 2I' — 2V = 0 lines to the 50% probability patches within the subphase of the FM
pattern oriented perpendicularly to the honeycomb plane. To make the difference between the exact and
approximate 50% more pronounced, the dominant probability P is plotted in the form of log,,(0.5 — P)
on the maps. Panel (b) illustrates the relation between two orthogonal frames: the Kitaev cubic frame
xyz with each axis rotated up by ~ 35.26° from the honeycomb plane and the frame consisting of the X
and Y axes within the plane and the Z axis in the out-of-plane direction. Panel (c¢) presents the effect of
the Tg transformation on the pseudospins belonging to the specific sublattices. The moments on every
second site (sublattices 1, 3, and 5) experience a rotation along the vertical axis by 0, 240° and 120°,
respectively. The rest of the sublattices (2, 4, 6) encounter the 180° rotation around the suitable bonds.
Panel (d) captures how 7 releases the S/S] interactions in the Kitaev term (y = z, y, 2) from the simple
assignment to the bond direction 7 = a, b, ¢. The left scheme illustrates the Kitaev distribution of the
Ising interactions: S;S7 on bond a, here in red, SYS¥ on the green bond b, and S;S7 on the blue bond
c. The right scheme shows how after the transformation the S?Sg and S7S7 bonds form the green &
blue benzene-like rings, connected by the SfS;-” interaction, forming the Kekulé-Kitaev term. Panel (e)
uncovers the classical manifold within the Néel (111)=Z subphase. While for the IV = J3 = 0 slice the
3J + K — T — 2TV = 0 line fits perfectly into the fluctuation-free manifold, allowing for IV < 0 moves the
line away from the vertically oriented Néel subphase, thus allowing for the quantum fluctuations to enter
the ground state. Figure has been published in Ref. .

B = ?(KF+F’). (3.59)

Having the Hamiltonian with the Z direction isolated, we may now analytically inspect the
mysterious manifolds, starting with the more transparent FM one.

Ferromagnetic case

We will now inspect which terms in Hamiltonian are activated by the FM pattern in
the Z direction and which of them have the potential to dress the pattern in quantum fluctua-
tions, reducing its probability. This can be easily achieved by utilizing the operators explicitly
responsible for the fluctuations—the pseudospin-flip operators in the Z direction: S™ and S™.

By substituting S* = (ST +57)/2, S¥Y = —i(ST — S7)/2 into formula (3.55) we obtain the
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Hamiltonian form
Jxy S e
Hxvzln = T(sjsj +S;ST) + JgS7SY

A . . e
+ 5 ((SFSF +8787) cos oy +i(ST ST —S787)sin oy
B
— 5 [((SF +S7)87 + SHST +57) ) cospy — i ((SF = S7)87 + SHST —87) ) sineay |
(3.60)

One can immediately notice that the FM state is an eigenstate of the Jz term. While all the
other terms contain some sort of the pseudospin-flip combinations, not all of them can act on
the above state. For example, the Jxy term can be excluded right away. The A and B terms are
more intricate to verify. Although both of them can in principle act on the FM state, the bond-
dependent trigonometric factors suggest that shifting from the one-bond towards the one-site
picture may lead to their cancellation. We will guide the reader trough such an analysis.

The Hamiltonian for a finite cluster contains a summation over all nearest-neighbor (NN)

pairs of sites

Houster = D, H= > Hat Y Hp+ > He (3.61)

(ig) Ly (ij) Lx (ig) Ly (i) Lz

By writing the sums over the nearest neighbors in terms of the double independent sums over
sites (> () >, >_.) one changes the perspective from the bonds to the sites. Following the
example in Fig. w (a), we will now comprehend all the bonds connected to the site no 4
together. Let us write the first part of both A and B expressions in formula for the site
no 4 and all the 3 bonds connected to it

(S;ST cos120° + Sf S5 cos 240° + ST S cos0), (3.62)

bol i

o | 9

STS% cos 120° + SFS% cos 240° + STS% cos 0). 3.63
497 402 493

Whereas there is not much to improve in expression , we are actually able to simplify
formula considerably. Noticing that for the FM state the sZ operator produces the same
eigenvalue on every site, we end up with

+ %gsz(cos 120° + c0s 240° + cos0) = %gsj(—% — % +1)=0. (3.64)
We apply similar procedure to other sub-terms in the expression B, noticing that sin 120° +
sin240° + sin0 = v/3/2 — v/3/2 4+ 0 = 0. Thus, the B term cancels out on every site of the
honeycomb lattice due to the destructive summation over all bonds connected to the site.

As a result, only the A term can effectively disrupt the FM pattern along the Z direction.
By setting A = 0 one obtains condition for the fluctuation-free FM manifold that spans
from small to moderate negative I' values. Fig. [3.21] (a) demonstrates the ideal fit of the
K +2I' = —-0.1-2 and K + 2I' = —0.2 - 2 lines to the patches of the 50% probability, the 0.5
moment value and Aq; > 10%, confirming the above explanation of their origin. The reader
may consult Appendix for more examples. Finally, the FM classical manifold survives the
addition of the very small AF third-neighbor Heisenberg interaction to the Hamiltonian as long
as the FM subphase along the Z direction exists.

Summing up, the classical FM manifold appears away from the FM SU(2) points when
condition (3.53)) enters the FM subphase with the moments oriented perpendicularly to the
honeycomb plane.
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Néel case

Moving on to the more complex classical manifold within the Néel || Z subspace, one may notice
that it begins at the vortex point which is a hidden Heisenberg ferromagnet. At this point, the
SU(2) symmetry offers an infinite choice of patterns, restricted however by the compatibility
with the Tg transformationm In particular, the Néel configuration along the Z direction also
fulfills this condition. In the context of the pseudospins polarized along the vertical direction it
is essential to understand what 7g actually does to the pattern and the Hamiltonian. We start
with the pattern analysis.

Fig. [3.21] (c) illustrates in a simple way the effect of the Tg transformation on the specific
sublattices. The moments on every second site (sublattices 1, 3, and 5) experience the rotation
along the vertical axis by 0, 240° and 120°, respectively. The rest of the sublattices (2, 4, 6)
encounter the 180° rotation around the suitable bonds. For the Néel pattern polarized along the
7 direction this translates into no change for the sublattices 1, 3, 5 and a pseudospin flip on the
sublatices 2, 4, 6, transforming Néel into a ferromagnet along Z. Thus, we assembled the first
link to the already understood FM case.

The second link will emerge from the Hamiltonian analysis. In order to clearly illustrate
what happens, we will devote a moment to transform Hamiltonian on the bonds selected
in Fig. [3.21| (¢c). We start from the bond 2-3 in the direction a. For consistency with formulae
we first rewrite the J-K-I'-I” Hamiltonian substituting the names of the Kitaev axes from
ytoy =2y, 2

Hiog = J (sg’s;f’ +sysy + sg’sg’) +KSTSY
4T (sg’sg’ + sg’sg’) +T (sg'sg’ +S5'SY +85'sY + sg’sg’) . (3.65)
Then we apply T as in formula (2.27)), obtaining

Hlog = —T (S5S5 + S§SY + S383) + (—J — K +I)S3s}
— J(S5S5 + S5S5) — I (S4S5 + S5S% + S5SY + S5S3) (3.66)
where we insered 0 = +I'SYS} —FSZQ{SgNto~ establish the new Heisenberg interaction. The emerging
Hamiltonian is of the Kitaev-like J-K-I'-I" form, with the new coupling parameters related to

the old by o
(J,K,I')T) = (-, —-J — K +T,—J,-T"). (3.67)

Crucially though, the anisotropic terms are arranged as for the b bond direction, e.g. the K
term consists of S§S¥. In other words, the S3 S5 expression in the Kitaev term transforms into
S§SY. Subsequently, we inspect the bond 4-3 in direction b. Repeating the procedure for the
suitable sublattices, we transform the initial form

Hlss = J (75§ +SYsY +5787) + KsY'sY
4T (sz’sg’ + sg’sg’) 4T (sjsg’ +8YSE 4 8Ysy 4+ sz’sg’) (3.68)
into

H|sz = — (S3S% + SYSY + S3S5) + (—J — K +T1')S5S3
— J (SYS% + S%SY) — I (S5S% + S%S% + S3SY + SUsz), (3.69)

S7Ct. formulae lj .
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where the K term contains now the S3S3 interaction as if the bond was in the ¢ direction.

Similarly, we obtain the SgS3 preference in the K ter vs the original SZ S5 and SYSY vs S
The last two examples prove that this is not a simple permutation of the Kitaev exchange in
reference to the bond direction. Indeed, the right part of the Fig. (d) reveals the benzene-
like structures in the two pseudospin components connected by the bond interaction in the
third component. Thus, the new bond-anisotropic K term bears the so-called Kekulé-Kitaev
interaction 96, 9, 29]. We may therefore call the J-K-T-I" form obtained via Tg the Kekulé-
Kitaev-like or the extended Kekulé-Kitaev model. Via this detailed inspection one could see
that the Tg transformation preserves the bond anisotropy, changing only its distribution on the
bonds.

In hope that the reader has now a better grasp on what the 7g transformation is capable
of concerning the pattern and the Hamiltonian, we return to the analysis of the special Néel
manifold. In the Néel || Z subphase Tg transforms the J-K-TI'-I' Hamiltonian into the Kekulé-
Kitaev-like Hamiltonian. Its ground state is the classical FM pattern in the Z direction, which
we also obtain by applying Ts to the Néel || Z pattern. Hence, after the transformation we may
proceed as in the FM case. Since there are still 3 different anisotropic Hamiltonians along the
3 bonds connected at one site, the trigonometric terms should sum up to zero in the term of
type B. Alternatively, we may substitute parameters into the condition for the classical
FM manifold and get the condition for the fluctuation-free Néel manifold as a
result. While on the I'' = J3 = 0 slice of the Fig. [3.21] (e) formula fits perfectly into
the saturated patch within the Néel ||Z subphase, on the I = —0.1 slice the line runs already
outside the borders of the vertically ordered region. Appendix provides more evidence of the
suppression of the classical state by IV < 0 and its expansion with IV > 0.

Perhaps the curious reader has been wondering whether the classical Néel state is related to
the Ising interaction. The answer is yes, but only at one point of the classical manifold, deep in
the IV > 0 part of the phase diagram. The AF Ising point with the Ising interaction axis along
the Z direction has the coordinates: K =0, J =T =1" = \/5/2 ~ 0.70 and is denoted as an
empty square in Fig. [3.23| (a) and Fig. [A.4] (b). The point is also a part of another manifold, for
which the four parameters of the J-K-I'-I'" Hamiltonian can be reduced to one parameter along
each bond. Below we discuss this manifold in detail.

3.4.6 Ising-Kitaev-compass model

In this section we will focus on those special points and manifolds, for which the J-K-I-T”
Hamiltonian can be simplified to the one with a bond-dependent interaction axis. The concept
of an interaction axis can be easily understood by imagining the Ising Hamiltonian (i5) S;S3,
which has the same interaction axis on every nearest-neighbor bond. Note, that we have already
introduced a more complex example in the form of the Kitaev model. There, on each bond in
the direction 7 the Ising interaction SZS}Y sets the axis in the direction v. Below, we will first
describe the most accessible example we have identified—the compass model, and then move on

to the more demanding cases requiring a formalized approach.

Separate compass point

As already mentioned in Sec. [3.4.2] there exists a tiny patch for which both zigzag regions as well
as the FM and vortex regions meet in Fig. |3.15| (a). In fact, although very low, their non-zero
probabilities reduce the region to a single point, marked by a black triangle at

1
K=T=-J===~0577 3.70
NG (3.70)

%8Better visible in Fig. (a).
59In our parametrisation.
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FIGURE 3.22: Panel (a) illustrates the three bonds connecting the site no 4. with the neighboring sites
j, with the bond directions 11 = a, b, ¢, discussed in the context of cancelation of term on every site
of the honeycomb lattice. Panel (b) introduces the rotating reference frame -, defined in relation to the
bond direction 7. In this frame, the x,, versor lies always along the bond, y,, is perpendicular to it within
the honeycomb plane, and z, coincides with the (111) =Z (out-of-plane) direction. Panel (c) presents the
true compass model with the bond interaction axis x,. Panels (d)-(f) illustrate the “umbrella” effect of
the Ising-Kitaev-“compass” model: when the umbrella of interaction axes is closed, the Ising model with
the universal interaction axis along the Z direction emerges (panel (d)). Opening the umbrella leads to
the bond anisotropy and frustration, eventually reaching the Kitaev model with its orthogonal interaction
axes (panel (e)) and finishing with the “compass" model, whose interaction axes are in the honeycomb
plane but along y,,.

(

in our parametrisation. At this degenerate point Hamiltonian (2.22]) reduces to the one-term
formula at each bond. By inserting the conditions: IV = 0 and (]m[) to the matrix Hpqrs of
the Hamiltonian coupling parameters, extracted from the formulae of type (2.20)), one obtains
matrices of the lower rank

J+K TV 1T 0 0 0
Hpwsle=| ' 7 T]=[0 -k K|, (3.71)
I’ r J 0 K -K
J I I -K 0 K
Hpars‘b - F/ J + K F/ - 0 0 0 ; (372)
I I J K 0 -K
J T I’ -K K 0
Hoarsle= (T 7 T |=(K —-K 0 (3.73)
I 7 J+K 0 0 0

The diagonalization of the above matrices provides a pseudospin rotation to a different frame
for different bond directionsm Fig. 13.22| (b) demonstrates these eigenframes for each bond.
Namely, the x, axes are parallel to the given bond direction 7, the y, axes lie in the honeycomb
plane, perpendicularly to the bond, and the z, axes coincide with the (111)=Z direction. From
now on we will call the vy, set a rotating reference frame.

" A diagonalization of a symmetric matrix is essentially a rotation operation.
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At point (3.70]) matrices (3.71))-(3.73]) have only one non-zero eigenvalue corresponding to the
eigenvector x,

—2K 0 0
Hparsly=| 0 0 0]. (3.74)
0 00

This means that the effective interaction on each bond is of the ferromagnetiﬂ Ising type, with
the interaction axis along the z; eigenvector. One may symbolically write it as

H=-2K > S"SI"=—2K | Y Sfesie+ ) SfrsP Y sregle (3.75)

(@)In (ig)]|a (ig)]1b (ig)le

or in a more elegant way

H=-2K > (Si-1)(S;-rij), (3.76)
(ij)ENN

where r;; connects sites ¢ and j and is therefore parallel to x,. Fig. [3.22| (c) reveals that this
is in fact a true compass model on the honeycomb lattice, for which the interaction axes lie in
plane, along the bonds [97] 98, 99].

In contrast to the Kitaev model in Fig. |3.22| (e), here the interaction axes are not orthogonal,
allowing for some overlap between the S*7 projections. This in turn creates an overlap of the
interactions, diverging the ground state from KSLH In fact, there is an ongoing discussion
about its nature, with different authors proposing the Néel state [97], a dimerized state |98], a
superposition of dimers [99], a quantum spin liquid [100] or even a valence-bond solid |[101]. The
existence of the effective compass Hamiltonian justifies the meeting of the four LRO regions in
this degenerate point.

Ising-Kitaev-““compass” line

Continuing the exploration of the Hamiltonian with the bond-dependent interaction axis we will
now take a more general approach. By rewritting the matrix of the coupling parameters of the
J-K-TI'-IV Hamiltonian in the rotating frame n one obtains the same Hypq,s for all bond directions
n=a,b, c
J—-T 0 0
Hparsly= | 0 J+2E 4L V(g 141 |, (3.77)
0 R2(K-T+T) J+E2L 4

However, in the general case the rotating frame does not provide the full eigenbasis of the matrix
, so the matrix has to be further diagonalized. In order to achieve a single-axis Hamiltonian
one has to find the parameter range in which only one of the three possible eigenvalues would be
non-zero. Then, one would have a single-axis interaction in the direction of the corresponding
eigenvector.

From the above block-diagonal structure one can immediately extract the first eigenvalue
A1 = J =T, corresponding to the x;, eigenvector providing the interaction axis. While at this
stage one can already claim that the remaining possibilities are restricted to the y,z, planes,
to know more one has to diagonalize the second block. After the diagonalization the set of the

MK =41/v/3 = —2K <0 — FM.
"For numerics it is convenient to project back to the orthogonal frame.
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eigenvalues is complete:

A =J-T, (3.78)
1

A2:J+§(K+F+xmK—FV+8Pﬂ, (3.79)
1

A3:J+§(K+r—xaK—rﬁ+8Pﬂ. (3.80)

If Ay is the only non-zero eigenvalue, the interaction axis is in the honeycomb plane, along the
suitable n bond, producing a true compass model. It has turned out that this happens only when
IV = 0, precisely at the degenerate point described in the previous section.

Ao and A3 form a special subset of eigenvalues—they are the two roots of the determinant
polynomial of the eigenproblem of the second block, differing only by a sign before the square
root. This ensures that, when I' = J is inserted and any of the formulae — is compared
to zero, the same condition arises

" =J(J+K). (3.81)

Importantly, the condition is for the square of I"—the left side is always positive. Such an
outcome can be generated by either both J > 0 and J + K > 0 or both J < 0 and J 4+ K < 0.

It is convenient to rewrite formulae (3.79)-(3.80) together as
J+ K

+ /(K — J)2+ 8772, (3.82)

>0

)\2,3 =J+

One can easily see that for J > 0, J 4+ K > 0 all the terms in formula are positive. Hence,
the expression can be reduced to zero only when the minus sign before the square root is chosen.
This is the A3 = 0, A2 # 0 case. Contrastingly, in the J < 0, J + K < 0 case the first two terms
are negative while the square root remains positive, leading to the choice of the plus sign and
A2 =0, A3 # 0. In the suitable cases, after inserting condition , the non-zero eigenvalue in
formula simplifies to 3J + K. Through the I' = J condition the sign of I' is determined
by the sign of J. Therefore, for the experimentally relevant I' > 0 and non-zero I'” we obtain a
condition for a line

r=J,J>0T?=JJ+K), J+K>0, (3.83)

with only Ay = 3J+ K # 0. Because A is positive, the resulting interaction is antiferromagnetic.
Similarly, I' < 0, IV # 0 enforces the line

r=JJ<0,TI"?=JJ+K), J+K<O0, (3.84)

with A3 =3J + K < 0.

For either A2 or A3 # 0 the interaction axis lies in the ¥, 2, plane. To determine the direction
more precisely one has to examine the eigenvector corresponding to the chosen \;. Perhaps the
easiest to interpret eigenvector forms appear when one utilizes the fact that the second block
of matrix (3.77)) is a real, symmetric, 2x2 matrix. Then, in order to diagonalize it is enough
to rotate in 2D. But since we do not know a priori where to rotate exactly, let us first write
the general rotated form and find the necessary condition afterwards. We start from the two
arbitrary orthogonal vectors in the y; 2, plane

sin
Vo = <COS é) y (385)

vy = <C08é>, (3.86)

sin 6
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where 6 is the deviation from the zp =14 vertical axis. Taking vo and v3 as the columns of the
rotation matrix R, we may write

H =RT"HR

[ sinf  cosf J+ 32K +T —4I") %(K—F—FF’) sinf —cosf
~ \—cosf sind ?(K—I’—FF’) J+%(K+21‘+4I") cosf sinf )’
(3.87)

where here H is restricted to the second block of matrix (3.77)). Executing (3.87)) results in

, (A C
we(26) o3
where
1 ~ ~
A= 6 (3 (2J+ K +T)+ (—K + T +8[") cos(26) + 2v/2 (K-T+1) sin(26)) , (3.89)
1 ~ -
B= (3 (27 + K +T) + (K — T — 8I") cos(20) + 2V2 (-K + T — ") sin(20)) . (3.90)
1 ~ -
C=5 (2\/5 (-K +T —T") cos(20) + (—K + T +8I") sin(29)) : (3.91)
To obtain the diagonal form it is enough to set C = 0, which leads to
S (K-T+T1)
tan(26) = 2f2_K T (3.92)

Once the condition I' = J is applied we obtain

_ (—J+ K +1) o’
tan(20) =2v2 2T T ) o (2 .
an(20) \[J—K+81" V2 J— K + 8" ’ (3.93)

as in Ref. [29]. This condition binds va3 to the previously shown eigenvalues Ag3. For
completeness, we comment that the standard diagonalization scheme would result in a direct
vo3(J, K,T',T") dependence, leaving 6 to be determined from the ratio of the Yy and z, compo-
nents.

Note, that when playing with formulae —, we were not putting any restrictions on
the Hamiltonian parameters. Hence, formula describes the evolution of the two effective
interaction axes vo 3 when moving anywhere on the J-K-I'-I' phase diagram. Enforcing I' = J
restricts the domain to the three-dimensional surface in the four-dimensional parameter space.
In our parametrisation, for I' > 0, one may imagine it as a piece of paper standing inside the
J-K-T-TV cylinder. The piece would be curved along the horizontal directionlE and placed in the
J > 0 part, spanning for both the positive and negative I values.

Similarly, for the I' < 0 cylinder, the surface would be found in the J < 0 half. Thus,
formula describes the evolution of the two axes va 3 on such a surface. By setting further
conditions, we bound the movement to the non-trivial cuts through the J = I' surfaces —the
lines -. The reader may examine the shape of the currently more experimentally
relevant line in Fig. [3.23| (a), where the positive and negative I'" branches were projected
on the separate J-K —I circles for conveniencem Since the lines keep only one of the eigenvalues
non-zero, there is only one interaction axis to monitor.

"3Represented by J, K and T.
"Notably, the whole " > 0 line stretches out into positive and negative I".
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Finally, one can write the Hamiltonian with the bond-dependent interaction axis as

Hike =K Y (Si-n,)(S; ny), (3.94)

(i.j)ENN

where K = 3J + K is the emerging coupling parameter with the antiferromagnetic sign for the
line and the ferromagnetic sign for the line (3.84). For I' > 0 the versor n, = vo/||va||
defines a unique interaction axis for each bond direction 7. The abbreviation IKc refers to the
Ising-Kitaev-“‘compass" model, named after the special points the lines — cross. We
emphasise that along the full length of the lines this model has a unique interaction axis per
bond.

As we will show below, what varies is the direction of the axis, leading to the above-mentioned
special cases. Although 6 is in principle enough to describe the physical consequences of the axis
orientation, to distinguish between the true compass and “compass” cases we provide also the
azimuthal angle ¢. Because of the bond-dependency of the interaction axis, we opt for the
convention where gg is counted from the suitable  bond. Thus, following Ref. [29], we can
rewrite n, in the spherical parametrization of the rotating frame as

sin @ cos QNS
n, = | sinfsing |, (3.95)
cosf

and in the XYZ frame as

—sin O sin(¢ + ¢,

n, = sinécos(qb +on) |- (3.96)
cos

Umbrella effect

In order to understand what the Hamiltonian (3.94]) consists of, we will be analysing the evolution
of its interaction axis n, along the experimentally more relevant I' > 0 line . Note however,
that similar examination is possible on the I' < 0 case. Let us now refocus on a selected site of
the honeycomb lattice. Any such site is connected by three bonds differing by the direction 1. At
the chosen site, we will be following an “umbrella” consisting of the three ribs—the interaction
axes {n,}, coming from the three bonds, and the main handle—the Z= z, axis. We will monitor
the degree of opening of such an umbrella by the 6 angle.

When the umbrella is closed for § = 0, Hamiltonian has the interaction axes along
the Z= z, versor perpendicular to the honeycomb plane, regardless of the bond direction. This
situation, illustrated in Fig. [3.22] (d), corresponds to the AF Ising model along Z. The Ising
point, already encountered in the last paragraph of Sec. [3:4.5 is located at K =0, J =T =
I'=K/3= +\/§/ and marked by an empty square in Figs. (a)-(c) and (b)

Now, we will begin tho open the umbrella, evolving the system from the Ising model to a
continuous family of the models with the bond-dependent interaction-axis. Before we start, let
us point out few important geometrical dependencies on line ([3.83)).

1. During the evolution, n,, will remain perpendicular to the suitable n bonds, since rotation
is constrained to the ¥, 2, planes.

2. The positive and negative 6 values are related to the coherent 180° rotation of the in-
teraction axes around the Z axis. This is in fact the self-dual 77 transformation, already

"5In our parametrisation.
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mentioned in Sec. Since the transformation maps the whole J-K-I'-I" model onto
itself, by utilizing the above rotation we obtain the self-dual partner of every point in the
phase diagram possessing the same experimental properties. Even more remarkably, for
any point on the IKc line the 77 transformation keeps its self-dual partner also on
that line. In particular, the Ising point is its own self-dual partner because 6 is equal zero
for this case.

No matter whether we follow the positive or negative 6 branch in Fig. 13.23| (b), as soon as
we make 6 # 0, the interactions become bond-anisotropic, introducing frustration to the system.
As we open the umbrella further and further, at § = =+ arccos(1/v/3) ~ £54.74° we reach the
Kitaev model with its orthogonal set of interaction axes shown in Fig. [3.22[ (e). 6 ~ +54.74°
corresponds to the parameters: J =T =1" =0, K = K = +1, leading to the original AF Kitaev
point (a black point at the very top of Fig. (a)—(b)) 0 ~ —54.74° identifies the self-dual
partner of the AF Kitaev point—the hidden, m-rotated AF Kitaev point, denoted by an empty
circle in Figs. (a)-(c) and[A.4] (c). The point has coordinates: J =T =4K'/9, K = —K'/3,
I" = —2K'/9, where K’ is here the coupling parameter of the original AF Kitaev point. This
results in J =I' &~ 0.624, K ~ —0.468, " ~ —0.312 in our parametrisation.

By opening the umbrella even further we should be able to reach the honeycomb plane at
0| = 90°, this time with the interaction axes along yy versors (Fig. (f)). This Hamiltonian
is in fact equivalent to the compass Hamiltonian discussed in Sec. up to the azimuthal
rotation by 90°.|§| In order to emphasise this small caveat we call it the “compass” Hamiltonian.
The “compass” point, marked by an empty triangle in Figs. (a) and (k), is located at
J=T=K/6, K=K/2 I" = —K/3 which gives J = ' =~ 0.302, K ~ 0.905, I ~ —0.603
in our parametrization. Note, that the above values are reached for both the positive and the
negative sign of 6. This is because, similarly to the Ising point, the “compass” point is also
its own self-dual partner. All the other points, with the interaction axes lying neither in the
honeycomb plane nor in the Z direction, are characterized by || € (0,90°). One can easily
imagine, that if we push the |§| value beyond 90°, we will obtain repeating solutions, e.g. the
already-discussed explicit AF Kitaev poin@ is repeated at the bottom of Fig. [3.23| (b) for
0 ~ (+54.74 + 35.26 + 35.26)° ~ +125.26°. Therefore, one can summarise that || € [0,907]
represents a complete solution for the line.

As a final comment we add that while searching for the discussed Hamiltonians we could not
fully follow the scheme possible for the hidden SU(2) points (Sec. IIT A of Ref. [9]). There, one
could start from the matrix of the Heisenberg coupling parameters

+7 0 0
Hi;j=| 0 +J° 0 (3.97)
0 0 =+J
and apply it to the formula
Hij = RiH,;R; (3.98)

where H;; denotes the matrix of the explicit J-K-I'-I'' Hamiltonian, R; is an identity matrix and
R;j is restricted by H;; = J’R;‘F. After determining the J, K, ', I parameters in H;; for the

"®On one hand, rotating any vector by 180° around the Z axis will naturally change the sign of the angle
between the vertical axis and the vector. One may imagine this by rotating the z Kitaev cubic axis to land in
between x and y. On the other hand, because 0 is a function of the coupling parameters, changing them according
to the 71 transformation results in the sign change 6 — —6.

""The Kitaev interaction axes were previously described in Sec. by o = 90° — § = 35.26°, defined from the
honeycomb plane.

"8The physical properties of the ground state do not depend on the azimuthal angle ¢ but on the overlap
between the pseudospin projections to the interaction axes dictated by 0.

PJ=T=I"=0, K =+1.
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FIGURE 3.23: Panel (a)—the IV < 0 and IV > 0 branches of the T" > 0 line , projected separately
onto the same (J, K, I') circle. The T values are denoted on the attached scales while the special points
are marked by: an empty square (Ising point), an empty circle (hidden w-rotated AF Kitaev point), a
filled circle (explicit AF Kitaev point), and empty triangle (“compass” point). For completeness, the true
compass point is also shown (a filled triangle). Panel (b)—the deviation § from the Z axis, here denoted
as 9, as a function of the I parameter for line . 6 monitors the direction of the interaction axis
n, of the Ising-Kitaev-“compass” model. Panel (c)—the phase diagram of the Ising-Kitaev-“compass"
model, identical for the positive and negative 6 values. The vertical axis represents the reciprocal space
correlation (total spin structure factor) S(q), plotted for the wavevectors q = I, M, IV, X and K,
characteristic for the FM, zigzag, Néel, stripy and vortex patterns, respectively. The light-blue color
marks the approximately classical Néel phase, the pink color—AF KSL, and the white color—the Néel
order approximately in the honeycomb plane as well as the vortex region. Orderings with the maximal
probability in the above regions are shown in panel (d), while the 1st-Brillouin-zone maps of S*(q) can
be found in panel (e). Figure has been published in [29].

o]
&

n-rotated Kitaev

selected bond, one has to find the R; matrices on the subsequent sites forming the other bonds.
This step is quite easy for the hidden SU(2) case, since one can rewrite formula (3.98) as

Ri = HiRiHy; - (3.99)

Then, one has to repeat the procedure until the unit cell of the transformationlﬂ is complete. For
the interaction-axis Hamiltonians, such as Ising, Kitaev or compass, the search is less automatic
because 7—[;;1 does not exist In that context, it is very fortunate that the J-K-I'-IV model
possesses a self-dual transformation and the hidden Kitaev points could be determined in that
way.

89Containing at least one site from each sublattice.
8! Naturally, one can freely transform back and forth between H;; and H;; once all the Ry matrices are known.
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Phase diagram of the Ising-Kitaev-“compass” model

So far we have described only the selected values of |d| for which model becomes Ising,
Kitaev or “compass”. However, since the evolution of 0 is continuous, one should be able to
observe to what extent the corresponding ground states expand beyond these special points.
Here we focus on 6 < 0 for an easier comparison between Fig (b) and (c) , but, because of
the 71 connection, the diagram for 0 > 0 is identical. We mention that an analogical model was
analysed in Ref. [102| without the J-K-I'-I" context.

We begin again with Fig. (c) and 6 = 0 at the Ising point. There, the Néel moments
oriented along the Z direction are completely devoid of quantum fluctuations. We deduce it from
the 50% probability and the high values of the total pseudospin-pseudospin reciprocal-space
correlation S(q),l% plotted for the wavevectors q = I', M, IV, X and K, characteristic for the FM,
zigzag, Néel, stripy and vortex patterns, respectivelyﬂ Clearly, the Néel signal S(I") stays at a
fairy high level in the largest region on the diagram. As \5\ increases, the quantum fluctuations
enter due to the rotation of the interaction axes from the vertical direction. Still, their amount
is quite reduced, maintaining the approximately classical character of the ground state despite
the model not being Ising anymore. Only when the horizontal component of the interaction axis
becomes sufficiently large, the fluctuations increase rapidly, inhibiting the Néel probability and
S(I).

Beyond |§| ~ 49.5° the LRO dissolves into the critical case of the Kitaev spin liquid. Analog-
ically to the K = +1 point, the hidden m-rotated AF Kitaev point is surrounded by a finite AF
KSL region, of great importance for experimentalists. Indeed, the hidden region shows the liquid
fingerprints: a wave-like pattern in <SfISi q> in Fig. (e), contributing to the very low and
flat S(q) signal at all the plotted wavevectors, and the maximal probability of any pattern equal
or below 0.1% (not shown). The size of this hidden AF KSL region (|6] € [49.5,62]°) should be
transferable to the size of the original AF KSL@

For || € (62, 77)° stronger signal at the I” point emerges, accompanied by the slightly weaker
signal at the X point (Fig. [3.23] (e) for the representable 67°) while the Néel pattern tilted by
5° from the honeycomb plane has the highest probability (middle pattern in Fig. [3.23|(d)). The
level of the quantum fluctuations seems to be comparable to the AF Heisenberg point.

At |9~] ~ 77°, the I" signal ceases while the one at the X point spills and solidifies around
the K point, related to the vortex pattern. In this region (|6] € (77,90]°) two patterns are
distinguished: vortex-a and vortex-b, with the probabilities 3.16% and 3.05%, correspondingly.
Their fairy low Valueﬂ may suggest that the region does not have the LRO, similarly to the
neighborhood of the true compass point, where the two zigzag regions as well as the FM and
vortex regions meet, but the probabilities are low@ Because the presence of the two last phases
did not agree with Ref. [102|, claiming one dimer phase instead, additional verification was
needed. The maximal-overlap calculations on the 32-site clusters confirmed the in-plane Néel
and vortex-a preference [29].

Experimental relevance of the hidden KSL regions

Because of the self-duality, not only the AF and FM Kitaev points but also the finite Kitaev spin
liquid lakes around them have their hidden siblings of the size dictated by the 77 transformation.

82Total spin structure factor.

83Cf. Figs. and

81 Here we are at odds with Ref. [102|, in which a tensor-network analysis predicted KSL for [52.7,57.6]°,
despite the previous compatibility of the tensor-network and ED results for the Kitaev-Heisenberg model |103].
We suspect that the reason may be the difference in processing the level crossings or in the extrapolation of the
bond dimension.

85 §till above 1%.

861n that case vortex-b has slightly higher probability than vortex-a. For the neighborhood of the true compass
point a disordered finite region was suggested in Refs. |99} [100].
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The hidden FM KSL patch lies in the I' < 0 part of the parameter space, far away from the
positive I values estimated for the Kitaev candidate materials synthesised so far. Perhaps in the
future the negative I' will be also utilized, materials-wise. If so, the potential substantial size of
the unexplored hidden FM KSL lake@ makes the acceptable range of the parameters larger.

The hidden AF KSL region is nowadays a more reachable goal. This is because it neighbors
with the lower zigzag region in the parameter range@ that is not so far from the estimates for
NasIrO3 and a-RuCl;. Namely, it has negative K ﬂ small positive J and negative I'. While
the considered materials diverge from the spin-liquid patch because of the presence of J3 and
the much smaller estimate of |T”|, one could think of driving the system there by e.g. enforcing
stronger trigonal distortion to increase [I'|. Even more available is the magnetically induced
intermediate phase (IP), mentioned in Chapter [2, According to Ref. [3§|, under the uniform
magnetic field perpendicular to the honeycomb plane the IP phase spreads “above” the zigzag
region, including the position of a-RuCljs estimated by ab initio methods, up to the hidden AF
Kitaev point.

3.5 Comparison with experiment

Finally, we compare the ordered moment results presented in this chapter with the experimental
values obtained for NasIrO3 and a-RuCls. The magnetic properties of materials can be examined
e.g. by the resonant elastic X-ray scattering (REXS) and neutron difraction (ND). Although both
types of experiments measure the observables related to the pseudospins S, the details of this
relation are not simple. Below we follow Ref. [11], describing the road from the experimental
magnetic properties of the above materials to the properties of the pseudospins.
Neutron diffraction probes Fourier components of the magnetic moment M, related to the
pseudospin by the g-factors
gxS*
M= |gySY ], (3.100)
925°

where XYZ is the orthogonal frame presented in Figs. (b) and (b), related to the Kitaev
cubic frame via rotation ([2.23)).

In contrast, REXS probes Fourier components of the effective REXS operator R, for the
NagIrOs and a-RuCls compounds related to another operator N by [11, [104]

R o iP - N, (3.101)
where P = € x € describes the polarization of the incoming (€) and outgoing (€¢') photons, while
fxs*
N=|fSY]|. (3.102)
f28”
Both the f and the g-factors depend on the trigonal crystal field 6 = 2A/\ in a nontrivial
way. Here A is the crystal-field splitting due to the trigonal distortion of the oxygen/chlorine
octahedra and A is the ionic spin-orbit coupling. In particular, the trigonal crystal field in the

7 direction differentiates only between this direction and the perpendicular plane, leading to
IxX = gy = 9xv, fx = fy = fxy. Following Ref. |11], we utilize the formulae

XYy = — (1 + V2899 — 0219) ) (3.103)

87 Similarly to the FM KSL region around K = —1
880f the original J-K-T-T" model.
89While the hidden Kitaev coupling K’ is positive.
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FIGURE 3.24: Mutual relations between the angles to the honeycomb plane for the three moments: pseudospin

(S), magnetic moment (M) and REXS vector (IN). In each panel we fix the experimentally determined angle and

calculate the other two as a function of the trigonal field 6. The grey filled region provides the possible range

of 0 estimated indepedently [105, 106} 107} |54], see the main text, and enables to determine the approximate as

value. The vertical axis is calibrated in degrees. Panels (a) and (c) are recalculated from Fig. 4 (d) of Ref. |11],
panel (b) is established based on the recent an measurement [58|.

gz = — (1 + 36279) s (3.104)
1 5 1
_ = _ = 1
fxy 5+ 6\/58219 5C20, (3.105)
f —1-}-20 —LS (3 106)

where cog = (14 6)/r, so9 = 2v/2/r, r = /8 + (1 + 5)2, to estimate the orientation and the
absolute value of the pseudospin for the materials in question. An in-depth derivation of the
above g and f-factors is provided in Refs. [104} 11].

Pseudospin direction

In the NaplrOgs case, REXS provides the values of the elevation of (IN) above the honeycomb
plane, an ~ 44.3°, and the azimuthal angle, ¢n = 0° |39HT| Because of this and the relations:
x = fy = fxy, gx = gy = gxy for both materials, all the moments are fixed to the XZ plane.
Therefore, we may treat the problem as 2D. In the XZ plane one can write:

(N®) = [ (N} | cosan = fxy (S*) = fxy| (S)]|cosas, (3.107)
(N%) = |(N) |sinan = fz (S*) = fz] (S) |sinas. (3.108)

Then, dividing Eq. (3.108) by (3.107) results in

(N%) Iz
=tanany = — tanag, 3.109
(NS N= G s (3.109)
and thus
B Ixy
ag = arctan T tanay | . (3.110)
A

99We count the ¢n, ¢um and ¢s angles from the +X direction, opposite to Refs. [39, [58].
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Similarly, we can also obtain

tan ayp = g—ztanas, (3.111)
gxy
and thus
an = arctan (gz tan as) (3.112)
gxXy

we complete our set of angles calculated from a given ay. Their evolution in § is shown in Fig.
3.24] (a), reproduced from Ref. [11] based on the above scheme.

In order to at least roughly estimate the experimental window of the trigonal field § for
NayIrOg, visible in Fig. [3.24] (a) as the grey area, we again followed the recipe from Ref. [11].
Its left border § ~ 40.35 was set by applying the g-factor anisotropy gz/gxy ~ 1.4 |105] to Fig.
4 (b) of Ref. [11]. The right border was estimated in Ref. [9] from the separation of the B
and C intensity peaks in the magnetic excitation spectra@ [106] as § ~ 40.75. The crossing of
the black line and the grey region in Fig. (a) estimates the experimental window of ag for
NapIrOs as ag € [37.8,41.1]° from the honeycomb plane.

In the a-RuCls case [Fig. (b)-(c)|, the trigonal field was roughly estimated based on
the g-factor anisotropy gz/gxy € [0.4,0.5] |107, |54], resulting in 6 € [—1.1,—0.7] [11]. For the
experimentally established an & 32° 58| this led to ag € [38.6,42.7]° in Fig. (b). However,
REXS is not the only experiment that can provide the estimate of the pseudospin orientation.
Neutron diffraction performed on a-RuCls measured the elevation of the magnetic moment (M)
as ay ~ 35° [57]. Proceeding in an analogous way as with formulae (3.107)-(3.112) but with the
fixed oy this time, one obtains:

ag = arctan (gXY tan aM> , (3.113)
9z
and
_ Iz
any = arctan [ —tanag | . (3.114)
fxy

This leads to Fig. [3.24] (¢), which presents the evolution of both angles reproduced from Ref.
[11] based on the above formulae. By applying the estimated borders of the trigonal field 6 we
obtain the experimental ag window for a-RuCls from the neutron diffraction: ag € [50.7,62.5]°.
Note, that the above estimates are rather rough, meant as a suggestion rather than a definite
verification. For example, they lack the assessment of how the measurement uncertainties may
influence the uncertainties of ag.

Having estimated ag windows, we may search for the values they contain on the slices of the
J-K-I-T" -J3 phase diagram [explicitely—on the maps of ag|. To this end, Fig. [3.25| presents
the evolution of ag in the zigzag phase predicted by the CMFT [Fig. (a)] and the maximal-
overlap [Fig. [3.25|b) and (c)] methods.

As already mentioned, REXS fixes also the azimuthal angle ¢ = 0°, and hence ¢g = 0°
for both materials |39, 58|, which means that the projection of the pseudospin moment to the
honeycomb plane lies along the X axis, between the projections of the x and y Kitaev cubic axes.
The simulated zigzag moment has such an orientation mostly when the K parameter is negative

91Following Appendix C of Ref. |11], when both the spin-orbit coupling and the trigonal distortion effects
are taken into account, the ta4 subshell splits into the doubly degenerate A, B, C Kramers levels. The A level
represents the ground state in pseudospins J=1 /2. The B and C levels simplify to the ionic J = 3/2 when the
trigonal distortion is absent. The transitions from A to B and C provide the anisotropic intensities in the magnetic
response in the trigonal Z vs X and Y direction. This results in the separation of the peaks corresponding to the

A— B and A—C transitions by Apc = A (\/8 +(1+0)2-3+ 5) /4. Such an anisotropy can be obtained when

utilizing single crystals. Working with powders provides the averaged, more isotropic intensities which may not
be enough for a reliable determination of 4.
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FIGURE 3.25: The maps of ag—the elevation of the pseudospin from the honeycomb plane for the
zigzag phase of the J-K-T-IV-J3 model. Panel (a)—the maps calculated using the CMFT method for
the relevant J3 = 0 slices; panels (b)-(c)—the maps calculated utilizing the maximal-overlap (ED based)
method for the J3 = 0 and IV = 0 slices, respectively. All the maps are adjusted to the same color
scale ag € [10,55]°, which is a compromise between encompassing the whole range in both methods and
showing the evolution with a good resolution. The dark-blue values on panels (b) and (c) exceed this
scale and reach the ag = 0° in the honeycomb plane, as discussed in Sec. [3.4:4] The arrows indicate the
color intervals corresponding to ag estimated from the resonant elastic X-ray scattering measurements
on NagIrO3 and a-RuCls and the neutron diffraction measurements on a-RuCls.

(ferromagnetic). This conclusion is based on the classical-energy and the order-from-disorder
analysis in Ref. , sketched in Fig. the maps of ¢g provided by the maximal-overlap
method in Figs. [3.15] (e), [3.18 (e), 3.19] (e) as well as the J3 maximal-overlap data. The FM
K parameter rules out the upper zigzag region with AF K and points towards the lower zigzag
region with (mostly) FM K.
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FIGURE 3.26: The map of the ag angle calculated using the maximal-overlap method for the J-K-I'-

I'V-J5-J3 model with the fixed parameters: IV = —0.1, Jo = 0.05, J3 = 0.1. For the selected points the

resonant inelastic X-ray scattering (RIXS) intensities along the high symmetry paths of the 1st BZ are

calculated using ED. hH and hK denote the projections of the zigzag SU(2) and hidden AF Kitaev points,
respectively. Figure taken from Ref. [108].

When searching for the experimental windows of ag we excluded also the I" = J3 = 0 slices,
because the REXS-based estimates appear there in a part of the lower zigzag region where the
collinear order is unstable to the non-collinear tendencies, see Fig. [3.15| (f) for a reminder. In
the rest of Fig. [3.25| the arrows do not indicate a specific point on a particular slice but rather
an extended region, marked by the suitable color range.

In fact, in the NaglrO3 case, the REXS-based window (ag € [37.8,41.1]°) can be identified
as a yellow stripe appearing at moderate I' Valueslﬂ in the J3 = 0, I < 0 CMFT-based slices
and at small I" values in both J3 and I'-active maximal-overlap-based slices. The REXS-based
window for a-RuCls (ag € [38.6,42.7]°) practically overlaps with the above locations. However,
the neutron-diffraction estimate (ag € [50.7,62.5]°) points to a much weaker I'. While the faster
angular evolution in the CMFT case leads to ag > 50° at the very bottom of the lower zigzag
regions in the IV < 0 slices, the slower evolving angle in the more quantum ED-based ground
state does not reach those estimates for IV < 0 not only in the chosen here I'' = —0.1 and —0.2
slices, but even for much higher |IV], see Fig. [A.4] (g)-(1). However, when the AF value of the J3
parameter is considered, one can find the ag window estimated form the neutron diffraction at
a wide red stripe on both slices of Fig. [3.25| (c).

We stress, that in the above analysis IV and .J3 are probed separately, to better understand the
influence of both parameters on the ag evolution. The next logical step would be to calculate such
maps, preferably with the less biased maximal-overlap method, for both parameters included,
and then search for the experimental ag windows on such maps. First such verification has been

928ee a quick guide to the circular maps in Sec for a reminder.
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recently published in Ref. [108|, where the maximal-overlap-based slice of the J-K-I'-I"-J5-J3
model for IV = —0.1, Jo = 0.05, J3 = 0.1 was presented, along with the ED-based maps of the
resonant inealastic X-ray scattering (RIXS) intensity for several selected points in the slice (Fig.
. This theoretical result was compared to the experimental RIXS intensity for NasIrOs (cf.
Fig 4. in Ref. |108]). Based on this and the experimental ag € [37.8,41.1]° window, the points
2A (ag =~ 38°) and 3A (ag ~ 34°) were selected. While at the point 3A the experimental and
theoretical RIXS intensities match better, point 2A fits better with the experimental ag window.

This is an example of a more general problem with NasIrOs and a-RuCls. Various exper-
imental and ab-initio results for these materials indicate slightly different points or regions of
the parameter space. In general, there seem to be a recently established consensus that both
materials have the K < 0 and non-negligible J3 > 0 contributions in the effective model, but
beyond that, each experiment and calculation seem to bring a new estimate. One should note
however, that each method feasible for those systems makes some sort of approximation, so this
may be the price for the compromise.

Pseudospin value

In this section we will express the experimental magnetic moment value (per magnetic ion),
described in Sec. to the pseudospin (S) value and compare it to the CMFT estimates.
Before we dive into this analysis, let us first state an important technical note:
In this thesis we are utilizing the dimensionless versions of various angular momentum operators
—T was removed from their definitions for convenience. The magnetic moment definitions: ({3.2)),
(3-3), (3.12), (3-13), (3.14) and (3.100) incorporated these dimensionless momentum operators
and were dimensionless themselves. It is a convenient convention for calculations, however, for
the comparison with the experiment one has to make sure to compare the quantities of the same
dimension.
The full definition of the reduced magnetic moment for iridates and ruthenates takes the
form

Me.zp = 2u5S, (3.115)

where pp is the Bohr magneton, equal to eh/(2m.) in the SI units, and the minus sign before
pup was neutralised by the minus sign before the pseudospin S, see eq. (3.14}) for a reminder.
Consequently, formula (3.100)) changes into

X
gx5S

Mezp = —s | 9vySY | - (3.116)
925%

Note that the magnetic moment lies in fact in the XZ plane, as explained in the previous section.

Now we will be deriving the formula connecting the value of the magnetic moment with the
value of the pseudospin. From the definition of the norm of the dimensionless magnetic moment
we may write

(M) | = /(M - (M) = /g2 (8%)” + g2 (8)” = /921 () P cos” as + g2 (S) P sin? a

= [(S) |y/92 cos? as + g3 sin? as. (3.117)

Then, the value of the pseudospin | (S) | is related to the value of the dimensionless magnetic
moment by

(M) |

[(S) [ =

_ . (3.118)
\/g)2< cos? ag + g2 sin” ag
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FIGURE 3.27: The translation of the experimental values of the ordered magnetic moments for NasIrOg
and a-RuCl; to the length of the dimensionless pseudospin average (S). Panel (a)—]| (S) | as a function
of the trigonal field §, calculated for the magnetic moment value and the ay value for NasIrOg provided
by ND and REXS, respectively. The estimated window for the trigonal field in NayIrOg3 is marked as a
grey region. Panel (b)—similarly obtained experimental estimate of | (S) | for a-RuCls, consisting of a
map in {4, | (M) |}, where | (M) | = | (Meap) |/ 1B, see the main text. Panel (¢)— the map of of | (S) | for
a-RuClj3, based on the experimental interval of the magnetic moment value and the ay; value from ND.
In panels (b)-(c), for transparency, the estimated trigonal field window is marked by the two grey dashed
lines.

Taking into account that | (M) | = | (Meyp) |/pB, the relation to the experimental magnetic
moment takes the form

| (Mezp) | 1

KB \/g% cos? ag + g2 sin® ag

[(S)| = (3.119)

Hence, we have obtained the relation between the value of the dimensionless pseudospin, and
the magnetic moment value provided by the neutron diffraction experiments, described in Sec.
Note, that formula contains also ag. We will utilize formulae and
in order to relate this angle to the experimental estimates of ay and ayg, respectively.

Fig. [3:27] presents the pseudospin value generated from the experimental magnetic moment
value for NaglrOs and a-RuCls (0.22 up/Ir [52| and 0.4-0.7 up/Ru [54], respectively) utilizing
formula as well as formulae , for aog. While in the NaoIrOg case the only
possible access to ag was through the experimental an value, in the a-RuCls case we could
utilize the experimental oy and ayp values, as discussed in the previous section. Both formulae
3.110), (3.113) are the functions of the trigonal field § through the f and g-factors —
3.104)). Therefore, Fig. [3.27| (a) shows a 1D | (S) |(d) dependence, with the ¢ interval estimated
for NagIrOg indicated as the grey region similarly to Sec.

Figs. (b) and (c) present the results for a-RuCls. Because in the a-RuCls case an
interval of the value of the experimental magnetic moment was available, we prepared the maps
of | (S)|in {4, | (M) |}, where | (M) | = | (Megp) |/ 1B was restricted to the experimental 0.4-0.7.
Fig. (b) presents a variant of such a map, for which ag was included through formula
, connecting it to the experimental value of an provided by REXS on a-RuCls. Fig. |3.27
(c) on the other hand utilizes the experimental ayy value for the material, provided by neutron
diffraction.

Having translated the the experimental magnetic moment value to the value of the pseu-
dospin, we may now compared these estimates for NagIrO3 and a-RuCls with the ordered (pseu-
dospin) moment value obtained by CMFT. As can be seen in Fig. [3.27| (a), in the NagIrO3 case
the experimental | (S) | estimate, located within the grey region is below 0.11. A comparison of
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this number with the CMFT-based maps of the ordered moment value (Figs. |3.15} 3.18 [3.19|
(b)) leads to the conclusion, that | (S)| = 0.11 cannot be found in the zigzag regions of any of
the so-far considered IV < 0, J3 = 0 slices.

In the a-RuCl;3 case Fig. [3.27] (b) suggests the range of the pseudospin value between 0.2
and 0.35, depending on the | (M) | interval. Similarly, Fig. [3.27] (c) estimates the pseudospin
value between 0.2 to even 0.5. The values from both (b) and (c) cases can be easily found on the
CMFT-based maps (Figs. |3.15] [3.18] [3.19)| (b))@ Such broad ordered moment value intervals,
however, do not bring information allowing to pinpoint the material’s position on the phase
diagram more precisely than it is already done in the previous section.

Summing up, it seems that the pseudospin value for NaglrOj is completely off the CMFT-
based maps, while the predictions for a-RuClg fit all of them, with the caveat that the classical
part of the estimate from Fig. (c) lies in the region considered as an artifact of the CMFT
method. Therefore, the CMFT-based maps turned out not to be very helpful in narrowing
down the position of a-RuCls in the parameter space of the J-K-I'-I' model, at least not with
the current stage of knowledge about the trigonal distortion value and the magnetic moment
value in the material. Based on the analysis of the ordered moment value provided by different
methods for the Kitaev-Heisenberg model (cf. table we suspect, that the CMFT result is
also overestimated for the J-K-I'-I' model and the zigzag ordered moment values should be
lower. Therefore, similar systematic calculations by other methods would be highly appreciated.

93We note that the classical values ~ 0.5 can be found in the bridge between the upper and lower zigzag region
of the I = 0, Js = 0 on Fig. [3.15] (b). As already discussed though, we consider this bridge an artifact of
the method. Also, the completely classical experimental value seems rather overestimated, from our (limited)
knowledge of the material.
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3.6 Summary and conclusions

The magnetic properties of the 4d and 5d transition-metal oxides are highly non-trivial. The
magnetism of NasIrOgz and a-RuCls, exibiting both the features of the strong frustration and the
long-range magnetic order, is in particular difficult to grasp, requiring the extensive experimental
and theoretical self-consistent effort. Because of the strong influence of the relativistic spin-orbit
coupling on the exchange processes in these correlated materials, it is convenient to approximate
their low-energy behaviour by the effective Kitaev-like models.

In this chapter, we have presented our multi-method theoretical analysis of the Kitaev-
Heisenberg model and the J-K-I'-I model, with some insight about the third-neighbor Heisen-
berg term Js.

Various approaches:

e exact diagonalization (ED), self-consistent cluster mean —field theory (CMFT), linearized
CMFT, classical energy analysis, linear spin-wave theory (LSWT) and second-order per-
turbation theory (SOPT) in the Kitaev-Heisenberg case,

e the maximal overlap method, CMFT, linearized CMFT, classical energy analysis as well
as the analytical analysis of the special manifolds and the emergent effective models in the
J-K-T-TV case

contributed to the corresponding composite phase diagrams, revealing the internal structure of
the phases. We provided the qualitative explanation of the observed trends by the analysis of
the classical energy and the distance to the “sources” the explicit and hidden SU(2) points, the
hidden Ising, Kitaev and compass points and the classical manifolds. Since the Kitaev-Heisenberg
model constitutes a special case of the J-K-I'-I" model, the resulting composite phase diagram
can serve as a set of detailed maps, that may be useful when investigating the observed or
predicting the new material features.

Main feature: classical vs quantum character

The most outstanding feature in our data is the quantum vs classical character of the various
nontrivial regions on the phase diagram. We can view the phase diagram as a landscape shaped
by the amount of the quantum fluctuations: from the classical, rigidly ordered high “mountain
ranges”, through the very fluctuating but still ordered “lowlands”, up to the Kitaev-spin-liquid
“lakes”. These “topographic” features were corroborated by various quantities: the value of the
ordered moment from the LSWT and CMFT, the maximal eigenvalue A4, from the linearized
CMFT and the maximal overlap between the classical pattern and the quantum (ED) ground
state.

On the phase diagram of the Kitaev-Heisenberg model the classical vs quantum behaviour
of the LRO phases [FM and stripy vs Néel and zigzag|, was explained utilizing the 7; analytical
mapping connecting the points within the self-dual pairs. The ordered moment value obtained
from the full CMFT procedure as well as A from the linearized CMFT obeyed the 74 connection,
displaying the saturated values for the FM and stripy phases and the reduced values for the Néel
and zigzag phases.

On the phase diagram of the J-K-I'-I'” model the above collinear phases expand in I" and I".
Moreover, the strong non-collinear tendencies appear, producing the vortex phase, characterized
by the 6-sublattice magnetic ordering. Interestingly, all of the above phases, except zigzag, loose
significant amount of the quantum fluctuations for I' > 0. Even the Néel phase displays more
classical Apqz, ordered moment and probability values. In contrast, the zigzag regions remain
strongly quantum, with the probability of the zigzag pattern below 3%, the ordered moment
value 0.34-0.35 and A4 below 10. Independent evolution of the Néel and zigzag phases is
possible because these phases are no longer connected via a self-dual transformation.
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Highlight: the Ising-Kitaev-compass model

Among the many symmetry features discussed in Chapters we would like to highlight the
derivation of the Ising-Kitaev-compass model (IKc) from the J-K-I'-TY model. This simpler
Hamiltonian consists of an anisotropic interaction, understood as the interaction axis. The
orientation of such axis is in general bond-dependent. As described in Sec. through the
umbrella effect, the interaction axes from the three bonds meeting at each site evolve from the
direction perpendicular to the honeycomb plane, where all of them are parallel, producing the
AF Ising model with the classical Néel ground state, through the umbrella opened by ca. 54.74°,
resulting in the orthogonal arrangement of the axes and the Kitaev model with its Kitaev spin-
liquid ground state, up to the fully opened umbrella with the interaction axes in the honeycomb
plane, creating the compass model with its non-trivial ground state. The compass model is found
not only within the Ising-Kitaev-compass line, but also at another, separate compass point. The
phase diagram of the IKc model contains both the explicit AF Kitaev spin-liquid region and its
self-dual copy located at the experimentally suggested K < 0 part of the parameter space.

Explicit and hidden KSL windows

The explicit Kitaev spin-liquid windows were investigated mostly using the ED-based methods,
with some limited linearized and full CMFT contribution. For the Kitaev-Heisenberg model, the
smaller size of the AF KSL vs the larger size of the FM KSL and the distinct character of the
KSL/LRO transitions in both cases were confirmed by the ED -based pseudospin correlations
and the dynamical spin susceptibility x”. Although the CMFT-based correlations confirmed the
size of the spin-liquid “lakes”, a softer character of the FM KSL/LRO transiton was not well
captured. The different size of the KSL regions was explained by the amount of the quantum
fluctuations in the competing KSL and LRO states.

The limited expanse of the spin-liquid ground state for non-zero I' and I"” as well as the spin-
liquid background even in the potentially magnetically ordered parts of the K < 0, J =1" =
line were confirmed by the ED-based methods.

The hidden AF KSL region, investigated as a part of the IKc model, is currently of great
interest, because of its position in the K < 0 part of the phase diagram of the J-K-I'-IV model,
relatively close to the experimental [108] and ab-initio estimates [60] of the positions of NaglrO3
and a-RuCls. The hidden FM KSL region is currently less attractive because of its position
in the I' < 0 part of the parameter space. However, if it was possible to design a crystal with
I' < 0, then tuning the material so that its effective-model parameters fit into the hidden FM
KSL “lake” may be easier because of the potentially larger size of this “lake”.

Highlight: the new classical manifolds

Both the maximal overlap and CMFT methods show also a rather consistent picture in terms
of the pseudospin ordered moment direction. In the Kitaev-Heisenberg model the pseudospins
orient themselves along one of the Kitaev cubic axes (zyz), elevated from the honeycomb plane
by ca. 35.26°.

Adding the I" and I" terms tilts the moment in various directions, depending on the ratio of the
J, K, T, and I'" parameters. In particular, it creates the approximately classical subphases within
the Néel and FM regions. Their classical character is related with the out-of-(the honeycomb)-
plane orientation of the moments in the ground state. It turns out that the quantum fluctuations
potentially flipping the pseudospins along this direction vanish within the two classical manifolds.
These special manifolds can be imagined as the “ridges” of the “mountain ranges” seen on the
suitable maps, and are the source of the approximately classical behaviour in the out-of-plane
subphases.
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Ordered moment direction: fast vs slow evolution

The elevation of the pseudospin moment above the honeycomb plane ag can experience “fast”
or “slow” evolution in I', in the FM and Néel or zigzag and stripy regions, respectively. Both
the CMFT and the maximal overlap methods reveal almost immediate response of ag in the FM
and Néel regions to the change in I' and I'. In these cases, the quantum effects make only a
small correction over the conclusions drawn from the classical energy analysis. Moreover, when
introducing IV < 0, new subphases develop first near the outer rim of the phase diagram, with
the moment direction perpendicular to the so-far-observed direction. The changes in the in-plane
component of the direction are more subtle in the above phases as several energetically equivalent
options are possible.

Ordered moment value in the FM and Néel phases

The pseudospin ordered moment value estimated by the CMFT method is strongly classical in
the FM phase, reaching exactly the value of 0.5 for the FM SU(2) point as well as for the classical
FM manifold. In the Néel phase of the J-K-I'-I" model the moment value is reduced by the
quantum fluctuations around the outer rim of the ordered moment maps. With increasing I" the
latter value becomes more classical, reaching the 0.5 limit for the AF classical manifold, including
the hidden AF Ising point.

Ordered moment in the vortex phase

In the vortex phase the pseudospin moments lie mostly in the honeycomb plane, arranged either
perpendicularly to (vortex-a) or along the bonds (vortex-b). Here the most probable direction
depends on the distance to the SU(2) and compass points. Although both the maximal overlap
and the CMFT methods consistently estimate the overall vortex boundaries, CMFT struggles
with the reliable distribution of the vortex-a and vortex-b types. We suspect that the current
CMEFT result is not a definite verification, since the Anzaetze allowing for the out of plane
component of the pattern were not included and the 6-sublattice site-averaging did not allow
for such component to develop from the utilized in-plane Anzaetze. We realize, however, that
the full verification of the vortex phase via the CMFT method is probably too computationally
expensive. Finally, note that the ordered moment value in the vortex phase lies in the classical
regime as well, reaching the 0.5 value at the SU(2) vortex point.

Ordered moment in the zigzag phase

Under the influence of I' > 0, the original zigzag region of the Kitaev-Heisenberg model slightly
expands, forming the upper zigzag region. Interestingly, another zigzag region appears in the
lower part of the J-K-I' maps. Notably, IV < 0 both supresses the upper zigzag and strengthens
the lower zigzag region, while J3 > 0 supports both regions, to the point of merging them
together. In the upper zigzag region, in the case with the zigzag FM chains along a and b bonds,
the moments are oriented close to the Kitaev cubic z axis, with a gentle decreasing tendency
of ag. When J3 > 0 is included, the moments have the chance to reach the honeycomb plane,
where they can change the in-plane component without the energy loss.

In the lower zigzag region the moments are oriented in between the x and y Kitaev cubic
axes, so that the in-plane component differs by 180° between the two regions. Here ag also gently
decreases with the increasing I'. We note that the evolution of ag is faster for the CMF'T results
due to the smaller amount of the quantum fluctuations in the ground state. Nevertheless, the
trend for the maximal overlap and CMFT result is similar and this kind of bias—manageable.

The CMFT-based value of the ordered moment in the zigzag regions is mostly reduced by the
quantum fluctuations, although we suspect that alternative methods could provide an even more
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reduced result, perhaps fitting better with the measurements. Nevertheless the CMFT-based
value still allows for the distinction between the quantum vs classical character of each phase,
suggesting the quantum character of the zigzag case.

Comparison with experiment

We have expressed the direction of the magnetic-moment related observables: (N) and (M),
provided respectively by the resonant elastic X-ray scattering (REXS) and the neutron diffraction
(ND), in terms of the direction of the pseudospin (S), utilized by the maximal overlap and
CMFT methods. The resulting experimental ag windows: ag € [37.8,41.1]° for NaglrOs, ag €
[38.6,42.7]° (ag € [50.7,62.5]°), obtained from an (aap), for a-RuCls, are discussed on the maps
where T and J3 are considered separately [Fig. . As a result, we obtain quite reliable
conclusions that I' is enough to reproduce the orientation of the REXS-based moments for both
NaglrOgz and a-RuClg, while to obtain the ND-based estimation J3 is needed in the effective
Hamiltonian. We also comment on the recent results |108|, where both I and J3 were included
in the g map and a comparison with the REXS-based result was provided.

We have also expressed the experimental value of the magnetic moment for both materials
in terms of the value of the pseudospin, that can be compared with the ordered (pseudospin)
moment value obtained from CMFT. In the NasIrOj case, the translated experimental pseudospin
estimate is below 0.11. Such a low value cannot be found in the zigzag regions of any of the
so-far considered IV < 0, J3 = 0 maps of the ordered moment value obtained from CMFT.

The more complex a-RuCls case bears two estimated intervals of the pseudospin value: one
interval, derived from the magnetic moment value | (M) | (estimated by ND) and ax value
(estimated by REXS), ranges between 0.2 and 0.35, depending on the | (M) | interval. Alternative
estimate of the pseudospin value, derived from the magnetic moment value | (M) | and ay (both
estimated by ND) ranges between 0.2 to even 0.5. These values can be easily found on the
CMFT-based maps. Such broad intervals of the pseudospin value, however, do not allow to
locate the position of a-RuCls coupling parameters on the ordered moment value maps more
precisely than it is already done by the pseudospin direction, at least not with the current stage
of knowledge about the material. Based on the analysis of the ordered moment value provided
by different methods for the Kitaev-Heisenberg model we suspect that the CMFT result is also
overestimated for the J-K-I'-IV model and the zigzag ordered moment values should be lower.
Therefore, calculations of the ordered moment value using alternative methods are highly needed.

Pros and cons of the considered methods

In summary, it turns out that the Kitaev-like models require as much quantum fluctuations
preserved in the numerical ground state as possible in order not to destroy all the nuances of
the zero-temperature phase diagrams. The inclusion of the mean-field term, even just on the
boundary, affects these delicate effects too much. While CMFT can reproduce the general trends
visible in the ED results and supplement the pool of results with qualitatively reliable value of
the ordered moment obtained in a direct way, the fine beauty of the strongly quantum phases is
lost. The reason can be boiled down to the nature of the method: we have effectively filtered out
the parts of the ground state to achieve the effect observed in the real materials: the non-zero
magnetic ordered moment for the LRO phases. Since in CMF'T the filtration was done in a rather
crude way, by the partial initial polarization, many effects for which the quantum fluctuations
were important were hindered as a consequence. The maximal overlap method achieves some of
the considered goals in a more sophisticated way—it provides the classical patterns which have
maximal overlap with the ground state while not compromising on the ground state quality.
We have gathered quite an amount of evidence that CMF'T is not well suited for the systems
in which frustration is an effect of the bond-anisotropy. The mean field applied to the periodic
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boundary conditions deals with that frustration in a different way than the pure exact diago-
nalization, for the latter tends to lift the frustration by creating a superposition of the magnetic
patterns in the ground state. As a result, CMFT creates artificial non-colinear tendencies in the
ground state of the bond-anisotropic Hamiltonians. The only exceptions are the explicit and
hidden SU(2) points, where the ultimate interaction is bond-isotropic.

We have partially corrected this effect by applying the S7 (Sj ) decoupling for the Kitaev-
Heisenberg model, where it is fully justified because of the easy axis being always one of the
Kitaev cubic xyz axes, and by applying the site-averaging at the boundary after every iteration
of the CMFT loop for the J-K-I'-I'” model. These means promoted collinearity, but at a cost of
some side effects. Nevertheless, we think that the potential CMFT calculations for the J-K-I'-J3
model have some chance of being successful, because the J3 term is bond-isotropic. This is also
supported by the maximal-overlap slices showing less quantum fluctuations there. Therefore, in
Appendix we propose a CMFT setup for the J3 term.
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Chapter 4

Introduction to spin-orbital entanglement

Quantum entanglement is an intriguing property of matter, absent in our everyday classical
experience. Namely, the result of the measurement in one part of the entangled system influences
the result of the subsequent measurement in the other part of the system. This phenomenon
inspired physicists for many years, leading to both thought and real experiments testing, e.g.,
how two particles prepared in the entangled state and then spatially separated can “know” about
each other’s behaviour [109]. Quantum entanglement famously inspired the idea of qubits and
quantum computing, promising the computers much faster than the classical machines [109].

The goal of this chapter is to first introduce the reader to the quantum entanglement in
general and then to discuss a very specific case of entanglement involving both spin and orbital
degrees of freedom. We will explain the basic features of the phenomenon, starting from the
small systems and following with the analysis how it can be estimated for the larger systems.
However, we stress that we merely scratch the surface of the quantum entanglement, focusing on
an intuitive understanding, while much more advanced matematical tools have been discussed
in detail in the literature [110} [109].

4.1 Quantum entanglement

Let us explore the topic of quantum entanglement starting from a simple example. Imagine a
two-site system, for which each site is described by a spin S = 1/2 degree of freedom, bound
together by the Heisenberg interaction

H =JS;-S,. (4.1)

If we set J = +1, the singlet ground state, corresponding to the non-degenerate E = —3/4 level

can be written as |

V2

while the three-fold degenerate excited level E = +1/4 corresponds to the triplet state

Stot = 0,55, = 0) (| T1d2) = [ 4112)), (4.2)

‘Stot - 1vsfot = _1> = | \Ll\L2>7 (43)
Stor = 1,57, = 0) = \}5 ( t1da) + ] ite)), (4.9)
‘Stot - 1vsfot = +1> = | T1T2>~ (45)

Focusing first on the singlet state (4.2)), let us attempt to express it as a generic product state
for the two-site system

7= (1 Tuda) = [ 4a1) = (0l 1) + 81 1)) ® (5] 12) + 8] o))
= ay| T112) + By| h1t2) + ad] T1l2) + B8] J1la), (4.6)
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where «, 3, v and § are in general complex coefficients, which should fulfill the following equa-
tions:

oy =0, (4.7)
B =0, (4.8)
By = —12, (4.9)
ad = \}5 (4.10)

However, the above set of equations cannot be fulfilled [111]. In other words, it is impossible to
rearrange the singlet state into a direct product between sites

1
V2

therefore it is called an entangled state.

(IT1d2) = [4at2)) # (af T1) + Bl 1) © (7] 12) + 0] 12)), (4.11)

4.1.1 Subtleties: choice of basis and degenerate states
Singlet state

When diagonalizing Hamiltonian (4.1)) we described the eigenstates in the eigenbasis of the S*
operator {| 1) = | 1:), | {) =] J2)}. Let us now transform the singlet state to the eigenbases of
the remaining orthogonal projections of S at each site—either

1
| Tm) = ﬁ (| Tz> + ‘ \Lz>)> (4'12>
1
| ~Lx> = ﬁ (| Tz) - | Jaz)) (4'13)
1 .
| Ty> = E (’ TZ> + Z‘ \Lz>)7 (4'14)
1 .
| dy) = 7 (I 12) =il 12)) - (4.15)
By rewriting
5 (1 adea) = dertial) = === (| farkaa) = dartiad) = Z= (1 Tda) = dyrtia) . (410

one sees that the singlet state remains entangled independently of the choice of basis.

Triplet state

Moving to a more complex case of the triplet state, one immediately notices that in the S* eigen-
basis states (4.3) and (4.5 have the product form, while state (4.4) with S7, = 0 is entangled.
Translation to the S and SY eigenbases results in

1 1

5 (| T21dz2) + 1] d21T22) = 7 (| Te1T22) — | do1da2))

- \‘/Q (I itz — | byrdee)). (4.17)

[Stot = 1,85, = 0) =

S5
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Thus, by recalling the simple examples of |S;or = 0,57, = 0) and |S¢ot = 1,57, = 0) states we
have shown how quantum entanglement can be regarded as a real physical feature, independent
of the choice of basis. For completeness we evaluate also a product state, e.g.

Stot = 1,55t = —=1) = | Ja1dz2) = 5 (| Ta1) — [ da1) @ (| Ta2) — | Ja2))

(Fy) = [ 41)) @ ([ Ty2) — [ 1y2)) (4.18)

DO |

1
2
reducing it to a product form in all bases.

At first one could hesitate how to treat the +1/4 level, for it corresponds to both entangled
and product states. To have a more comprehensive picture one may interpolate between the
two-site Ising and Heisenberg models. Indeed, the Ising lower doublet leveﬂ splits due to the
lowering of the ground state energy from —1/4 to —3/4 and raising the energy from —1/4 to
+1/4 by the quantum fluctuations. In this way a time-reversal invariant, quadrupolar state
|Stot = 1,S;,; = 0) is formed, for which the dipolalﬂ (Stot) average vanishes while the quantum
fluctuations are restricted to the xy plane [112|. Summing up, [S;et = 1,S7,, = 0) is a quadrupolar
state, but when composed of spins 1/2 on each site, it fulfils all the requirements for the entangled
state.

Nevertheless, in the case of degenerate level it seems justified to take the dipolar states |S¢or =
1,S;,, = £1) corresponding to the simplest, not entangled case as representative. However, if
the triplet level is split due to some additional interaction involved, the entanglement properties
of the quadrupolar state may be the only available option. Thus, below we will be considering
the least-entangled state as a representative of a phase.

Although such a straight forward procedure is feasible for certain small systems, more refined
concepts are needed to describe the entanglement more generally. Below we describe the simplest
of such general approaches.

4.1.2 Reduced density matrix

In quantum entanglement literature one often encounters the formula for the entanglement en-
tropy which contains the so-called reduced density matrix. In order to explain how this matrix
estimates the entanglement we need to take a broader view. We will however avoid some details,
which are still under discussion in the context of foundations of quantum mechanics |113], while
not being essential for the understanding of this and the following chapter.

Let us start with introducing the concept of pure vs mixed states, a pure state is a quantum
state of an isolated system. We can write the Hamiltonian for such a system and assume its
eigenstates describe the system in the maximal available way. In contrast, a mixed state may
describe a system, in which there is another level of uncertainty because it is in some way
connected to another system. However, the details about this other part are either unavailable
or inconvenient for us to exploreﬁ We would like to focus on the first part only, but this is
problematic—because of its opennessﬂ the system can no longer be described by the unique state
vector. Instead, one utilizes the concept of the density matrix p which can be decomposed into
>, pilti) (1], where |1);) are pure states and p; are probabilities. This decompositionlﬂ is called
a proper mixture [114]. Below we will focus on a different way of obtaining the mixed states,

'Represented by {| Tz1l:2), | Lz1T22)} states.
2Vector-type.

3E.g. because of its size, as in the case of a reservoir.
“I.e. connection to reservoir.

5Tt is not unique.



108 Chapter 4. Introduction to spin-orbital entanglement

via tracing out parts of the density matrices of pure states, leading to the so-called improper
mixtures [114]E|

For a pure composite state |¢)) we define a density matrix as simply p = [¢)(¢)|. Then,
we divide the system into two subsystems A and BE] To examine the entanglement between
subsystems A and B one constructs the reduced density matrices

pa =TTBp, (4.19)
pB =TTap; (4.20)

where Trg/Tra are partial traces over the diagonal elements in subspace B/A. Similarly to Ref.
[111], we illustrate the idea of the reduced density matrix on our singlet example, with A=1,

B=2:

p1 =Tro B (| T1d2) — [ d1t2)) ((Tada | = (Jat2 D] = %TW(’ T [ @] d2) (2 |
— M@t | =T @ do) (T |+ 14 [ @] T2) (T2 |
= %u (@ O (il )2 1) = L)t [ @ O (il 12) (J2 1))

3 (2

Vv
sum over diagonal

— [Tt [© Qi d2) (T2 10) + [ ) (ha [© Gl T2)(T2 18))

(2 2

= %(I Tt © Qe i)l 42) — [ )t | © (Zi: {2 [9) (il 12))

number number

— [t [® Qo2 1)l 2)) + 1 ) [ © (T2 1)l 12))) (4.21)

i

= %(| T ({2 [d2) = [ [z [ T2) — [ 1) (T2 [ d2) + [ ) (1 [(T2 | T2)) (4.22)
= S (Tt ] )t [) = 5id (123
i

where in steps (4.21]) and (4.22)) we decomposed the identity matrix ), |7)(i| in the basis {|i) =
| 12), [ 12)}-

In general, the density matrix represents a pure state if it has only one nonzero eigenvalue
[115, 111|E| In that context, we observe that while the full density matrix p of the singlet
state has eigenvalues: 3-fold degenerate 0 and non-degenerate 1, the diagonal form has
two nonzero eigenvalues |[doubly-degenerate 1/2|, therefore it represents a mixed state in the
subspace 1. Thus, we have obtained a consistent picture describing an entangled state as a pure
state for which partial traces produce mixed states reduced to the suitable subspaces. In other
words, an entangled state cannot be separated into pure states in the corresponding subspaces.

4.1.3 Entropy

Why can we estimate the entanglement utilizing entropy? Let us again present a broader view.
In classical physics the thermodynamic entropy can be interpreted statistically as a measure of

5We note, that the subtleties between the proper and improper mixture are still discussed in the context of
quantum measurement. Here our goal is to provide the most intuitive introduction, hence the omission.

"Note, that although for small systems it may be trivial, like in the above singlet-triplet example, where there
was only one selection possible, for larger systems and spatial entanglement more choices are available.

8This is equivalent to the condition Tr (p2) = 1. Since the eigenvalues represent probabilities it should be +1
for a (normalized) pure state.
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disorder in a microscopic scale [116]. To put it simply, for some macrostates described by exten-
sive properties such as volume or temperature, there is only few microstate configurations that
could reproduce macroscopic description, while for some others there are many such microstates.
If we can only measure temperature, volume and pressure, then, even from the classical point
of view we cannot say for certain in what microstate the system is in, since there are many
configurations that build the same macroscopic picture |117].

Entropy estimates this uncertainty—for a highly “organized” system the entropy will be small
or even zero if there is only one possible microstate, while for a “disorganized”, almost randomly
arranged system the entropy will be highﬂ Formally, this is encoded in the formulae for the
Boltzmann and Gibss entropies, Sg = kg In{2 and Sg = —kg ) _, p; Inp;, correspondingly, where
kg is the Boltzmann constant, €2 is the number of microstates and p; are the probabilities of the
microstates. If we consider an isolated system in the thermodynamic equilibrium, then we can
write p; = 1/ and the + sign in the definition can be easily related to the properties of the
logarithm as a function.

Entropy as an estimate of uncertainty is also utilized in the classical information theory,
where it is known as the Shannon entropy Ss = — ), p;logy p; [118, 119]. Usually written in
bits—basic unit of information in binary basis —it estimates by how much a piece of informaton
reduced our uncertainty. In other words, it tells us how many new bits of information we gain on
average by learning a particular information. Currently, the classical statistical entropy Sg/kp is
interpreted as Shannon entropy corresponding to the average amount of information that would
have to be supplemented to the macroscopic description to verify a microstate of a system.

Role of the logarithm

No matter whether we start form the information theory or statistical mechanics, we want
the entropies of two independent events/ensembles to sum up into the entropy of the joint
sequence/ensemble [117]. We want entropy to be additive and thus an extensive property, such
as volume, pressure or temperature. The information we search for is already held by the number
of (micro)states, it becomes however quite inconvenient for large systems |117|. For example, for
2, 4, 8 and 16-site systems with one classical Ising spi per site there will be 22 = 4, 24 = 16,
28 = 256 and 2'6 = 65536 possible states of the system['!|so the number of states increases as 2N
for an N-element system, providing extremely large numbers for a relatively small extension of
the system, which is quite impractical. Taking the logarithm of the number of states transforms
those numbers into much smaller ones and the multiplicative behaviour of the number of states
into the additive behaviour of the logarithm [117].

Von Neumann entropy

In order to be able to consider quantum systems in the statistical framework, the von Neumann
entropy was defined [120], for which, instead of the classical probabilities/probability density,
one utilizes their quantum equivalent. Such entropy is defined by the formula

Syx=—-Tr(plnp), (4.24)

where p is the density matrix described in the previous section. We replace the ordinary sum with
the sum over diagonal—the trace, convenient because of its invariant character, independent of
the chosen basis. The von Neumann entropy estimates how much information we miss in order
to properly define a quantum state, i.e. to what degree the system is in a mixed state. The von

9In thermodynamics it makes more sense to analyse the entropy change AS rather than the absolute values
of S, since one observes e.g. how gas fills the empty part of the container after removing a blocade [116} |117].

OFor now we restrict ourselves to the classical case.

HEach site can be easily interpreted as containing one bit of information.
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Neumann entropy of a composite system has an interesting property that would be impossible
for the classical case: in case of the state that is pure but entangled, the von Neumann entropies
of the state reduced to the suitable subspaces via a partial trace (entanglement entropies) are
non-zero, but the von Neumann entropy of the whole system can vanish [110} |121].

Entanglement entropy

Entanglement entropy is the von Neumann entropy of the state created by the partial trace |122].
Namely,
Syn = —Tra (palnpa), (4.25)

where py is the reduced density matrix of system A, obtained via a partial trace over system B. It
still measures the degree of “mixing” in subspace A, while being more practical than the reduced
density matrix itself for certain applications. Thus, by estimating how mixed the reduced state
is, the entropy provides the measure of quantum entanglement as well.

Finally, we add two technical remarks: (i) because in the following chapter we will be com-
paring different system sizes, we prefer a normalized version of the above formula

1
SyN = —ETTA (palnpa), (4.26)
where L is the system size; (ii) in the degenerate case, similarly to Sec. we will search for
the least-entangled state corresponding to the degenerate energy by calculating the entanglement
entropy for each state and selecting the minimal value.

4.2 Spin-orbital entanglement

In principle, the entanglement may concern any two kinds of degrees of freedom the system can
be divided into, it does not have to be strictly the spatial entanglement. In particular, in some
circumstances the entanglement between spins and orbitals may appear, as in the ground states
of LaTiO3, LaVOs3, YVO3 and BagCuSboOg [123] |124] |125| |126| |127] |59]. More precisely, for
compounds weak or negligible Jahn-Teller interaction, there will be still some degeneracy left in
the orbital sector [28]. Partial filling of the degenerate orbitals allows for quantum fluctuations
of orbitals, shown experimentally for LaTiOg [128], YTiO3]|129] and YVO3|130].

As a result, in the absence of Hund’s coupling, the spin-orbital Hamiltonians of the Kugel-
Khomskii type for the to, —restricted cubic titanates and vanadates contain the (S; - S;) (T; - T;)
term, where S and T are spin and orbital (pseudospin) operators. This four-operator term allows
for the spin orbital entanglement |28].

In what follows we will describe in detail an idealized case where the spin-orbital Hamiltonian
is SU(2)®SU(2) symmetric and the system is one-dimensional. While, as the reader will see, such
a symmetric setup serves as a good starting point for investigating the spin-orbital entanglement,
offering non-trivial phase diagram, there actually exist materials for which such symmetric model
was considered: NaV50j5 and NasTisSboO— the quasi-one dimensional materials described by
the 1/4-filled two-band Hubbard model [131} 132]. Below we discuss in detail the phase diagram
of the SU(2)®SU(2) symmetric spin-orbital model for a chain with periodic boundary conditions
(PBC), with the goal to describe the spin-orbital entanglement for this case.
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J(Si - Sip1)(Ti - Tipy)
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FIGURE 4.1: The spin-orbital chain with periodic boundary conditions can also be viewed as a ladder
with one leg built from pseudospins T and the other from spins S. Ja, JB and J are the coupling
parameters of the Kugel-Khomski model (4.27)), standing before the indicated terms.
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FIGURE 4.2: Phase diagram of the SU(2)® SU(2) symmetric spin-orbital model, redrawn from Ref.
m with modified names. The diagram consists of three product phases: FM®FO (ferromanetic ®
ferroorbital), AF®FO (antiferromagnetic ® ferroorbital), FM®AO (ferromagnetic ® alternating orbital),
as well as spin-orbitally entangled phases: (i) the critical phase in the middle with qualitatively the same
singlet ground state as in the exact SU(4) point (grey circle at « = § = +0.25), and (ii) the gapped phase
with the translational symmetry broken due to dimerization [labeled as “dimers”]. The faint dotted line
reveals an internal structure of the latter phase, where the excitation spectra differ (stable magnons vs
continuum), while the ground state is qualitatively the same. The Kolezhuk-Mikeska (KM) point, with
exact, doubly-degenerate dimerized ground state is marked by the grey circle at « = 8 = 40.75. Note,
that the presented boundary between the SU(4) singlet and the dimerized phase is partly analytical,
partly Density-Matrix-Renormalization-Group (DMRG)-based. For ED on small to medium-size finite
chains this boundary will be moved to the right due to the finite-size effects.



112 Chapter 4. Introduction to spin-orbital entanglement

4.2.1 Phase diagram of the SU(2)® SU(2) symmetric spin-orbital model
The SU(2)® SU(2) symmetric spin-orbital Hamiltonian of the Kugel-Khomskii type has the form

Hep = J Z [(S; - Siv1+ a)(Ty - Tip1+ B) — o], (4.27)

2

where we assume J = +1. The spin S and effective orbital (pseudospin) T quantum numbers on
every site are equal 1/2, both represented by the spin 1/2 algebra of the Pauli matrices. Hence,
such spin-orbital chain is mathematically equivalent to a ladder with one leg represented by spins
and the other by pseudospins [134], see Fig.

An increase of interest in the model twenty years ago led to a progressively more refined
phase diagram, published subsequently in references [131, 135, 136, 137, 138, 132, [133|. Here we
discuss its most up-to-date version from Ref. [133], presented in Fig. The referred phase di-
agram encompasses simple product phases: FM®FO—displaying ferromagnetic and ferroorbital
correlations, AF®@FO—antiferromagnetic and ferroorbital correlations, FM®AO— ferromagnetic
and alternating-orbital correlations, as well as spin-orbitally entangled phases in the central and
upper-right part of the phase diagram. Here we note that, because of the low dimensionality, all
the “antiferro” sectors do not have long range order and only short-range correlations exist.

Product phases

The origin of the product phases can be easily understood when one rewrites Hamiltonian (4.27)
as

Hse =J Y ((Si-Siz1) (Ti- Tit1) + aT; - Tipy + BS; - Sita). (4.28)

1

When the (S;-S;y1) (T; - Tiy1) term, generating the spin-orbital entanglement, is small com-
pared to the aT;-T; 1 and 8S;-S; 1 terms and at least one sector has a ferro(magnetic) coupling
parameter, a and/or § < 0, there is no spin-orbital entanglement in the ground state.

Instead, the ground state is a product of the spin and orbital states. These states are described
by the total spin/orbital quantum number [Sor/Tiot] of the whole chain and the projection of
the total spin/pseudospin to the z axis [S,;/T7,|. For convenience, we can utilize a generalized
notation [O, Of,], representing the total spin or the total pseudospin and its z projection.
Note, that since we are considering the spin-orbital chains with an even number of sites and the
spin/pseudospin 1/2 degree of freedom on each of them, the values of Oy, Of,, will be always
integer.

Hence, in the product phases of the model the ground state is a product of states taken
from the set:

{singlet |O¢pt = 0,07,, = 0), nth multiplet |Osor = O5¢*, O,y =n)}, (4.29)

where O2¢* is the maximal possible value of the total spin/pseudospin quantum number for
a given chain of spins/pseudospins 1/2 and even number of sites, n € {—O¢", —(OR*
1), .., +(O0R8* — 1), +021* 1, singlet represents the antiferro sector while multiplet—ferro sector
of the product state. For simplicity, the ferro sectors in the product phases can be represented
by the fully polarized states{ﬂ In contrast, the antiferromagnetic sectors are disordered and
non-degenerate (only short-range order, as in the S = 1/2 Heisenberg chain). Both sectors can

be solved analytically by the Bethe-Ansatz technique [131].

12 _ max z max
1.e. |Otot — Otot 7Otot - :totot >
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The phases considered so far were simple product phases, where there was no quantum
entanglement between the spin and orbital degrees of freedom. Now we move to the highly-
nontrivial central phase, bearing the largest values of the spin-orbital entanglement in the whole
phase diagram.

SU(4) singlet phase

We start the description of the central SU(4) singlet phase from the exactly solvable point
a = = 1/4, lying on the analytical boundary with the dimerized phase (grey circle in Fig.
4.2)). This is the point where the SU(2)® SU(2) Hamiltonian symmetry is upgraded to SU(4).
In other words, the Hamiltonian at this point is invariant under any of the transformations
generated by the operators S, = 3. S¢, T, = >, TS and Y = 3, S;Tg7 €, ( =x,y,2, and
their combinations [136].

At the SU(4) point one can solve the Hamiltonian analytically, e.g. by applying the Bethe
Ansatz [139} 136, utilizing the approximation for low energies | or even applying the Majorana
fermions [141]. We will now briefly summarize the ground state at the SU(4) point and then
explain how the ground state in the whole phase is related to the emerging picture.

For chains of 4n sites the ground state is the SU(4) invariant singletﬂ for which not only
the total spin and total orbital quantum numbers are zero, but also the sum of the effective
SU(4) pseudospins, to which the Hamiltonian can be reduced, vanishes. From a practical point
of view this means that the correlations built out of the operators S7;,T7,;, and ), S7T7 should
disappear in this state [136].

Now it is time to move away from the SU(4) point. Obviously, by doing so we reduce
the SU(4) symmetry to the SU(2)®SU(2) one, but analytical and numerical (Density Matrix
Renormalization Group, DMRG) inspection [140] suggests, that the ground state behaves as if
the SU(4) symmetry was still intact, representing critical case of the state at the exact point [134].
The whole central region has the SU(4)-symmetric singlet ground state and gapless excitations.
Importantly, the SU(4) singlet ground state has even stronger quantum fluctuations than the
ones appearing in the SU(2) AF Heisenberg chain [142|, because of the significant spin-orbital
entanglement.

Dimerized phase

Again, we start the description from a special point, located at 8 = a = 3/4 in Fig. 4.2
The Kolezhuk-Mikeska (KM) point has an exact, doubly-degenerate, gapped ground state [137],
where each of the states has the spin-spin and orbital-orbital singlets arranged in a staggered
way.

The KM state is an example of a broader class of states called the non-Haldane spin liquids
[143], for which the magnon excitations are unstable [134], and which display the non-zero values
of the dimer correlation, in contrast to the Haldane spin liquid of the spin S = 1 chain [133]. We
can qualitatively imagine such staggered dimers when thinking of the whole dimerized phase,
there are however few caveats one should be aware of: (i) although for o = 5> J the magnons
are unstable, they tend to stabilize for the region closer to the analytical boundary with the
SU(4) singlet |134]; (ii) away from the KM point the spin-orbital entanglement appears, of the
strenght depending on the ratio of o, § and J parameters.

The 1D case described above will serve as a starting point for our calculations, exploring the
situation when the spin-orbital Kugel-Khomskii Hamiltonian is supplemented with the on-site
spin-orbit coupling term. Chapter [5] explores this situation in detail.

13The so-called SU(4) Weiss-Zumino-Witten (WZW) theory [140]
“Table 1. in Ref. [138] contains the representations available for 4n and 4n -+ 2 chains.
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Chapter 5

Spin-orbital entanglement evolution with the on-site
spin-orbit coupling

Part of the results presented in this chapter was published in two papers:

e [144] Dorota Gotfryd, Ekaterina M. Pérschke, Jifi Chaloupka, Andrzej M. Oles, and
Krzysztof Wohlfeld, How spin-orbital entanglement depends on the spin-orbit coupling in a
Mott insulator, Phys. Rev. Research 2, 013353 (2020).

e |145] Dorota Gotfryd, Ekaterina M. Pérschke, Krzysztof Wohlfeld, and Andrzej M. Oles,
Evolution of Spin-Orbital Entanglement for Increasing Ising Spin-Orbit Coupling, Condens.
Matter 5, 53 (2020).

5.1 Motivation

Spin-orbital entanglement in the strong SOC limit

The spin-orbital entanglement story described in Chapter {4} in which partially filled 5, orbitals
with weak Jahn-Teller orbital-lattice coupling [146, |124} 28| [147] provide the most optimal con-
ditions for the entanglement to emerge, is far from being complete. In particular, the on-site
spin-orbit coupling (SOC) of relativistic origin may influence the spin-orbital entanglement.

As already pointed out in Sec. in heavier 4d and 5d transition-metal compounds the
effective ionic spin-orbit coupling o< AS; - Ly, ;, where Ly, is the orbital angular momentum
operator projected to the t94 subshell, can be quite strong, leading to the formation of the new
local quantum numbers J;. Although in case of the iridates strong spin-orbit coupling lifts the
orbital degeneracyE] completely, making the Kramers doublet a ground-state level [4, 148|, the
effective Hamiltonian in J pseudospins may introduce the quantum-entangled phases depending
on the bond geometry. Namely, for the case of 180° Ir-O-Ir angle of the corner-sharing octahedra
in SrolrOy, the effective Hamiltonian has a dominant Heisenberg term [4], which may lead to
quantum effects in certain parameter regimes. In contrast, the 90° Ir-O-Ir angle in NasIrOg
leads to an effective Ising bond Hamiltonian. However, the honeycomb arrangement of the Ir-Ir
bonds in the compound, results in a bond-anisotropic selection of those Ising terms, creating
an effective Kitaev term with the highly entangled quantum spin-liquid ground state. The
potential connection between this spatial entanglement in the effective pseudospins J and the
spin-orbital entanglement requires further verification though. Our results on a much simpler,
one-dimensional model [144, [145] may provide some hints on the above issue.

Key idea

Somewhat surprisingly, a systematic examination of the spin-orbital entanglement has focused
so far on the negligible SOC limit, concerning mainly the 3d transition-metal oxides [28], [146],
presented in detail in the previous chapter. Very few studies have explored the perturbation

mportant for spin-orbital entanglement.
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by the SOC term in the context of the spin-orbital entanglement [133]. On the other hand,
the dominant SOC limitE discussed in the first two chapters of this thesis, seems to be also
barely explored in this Contextﬂ Finally, the interpolation between the weak and the dominant
spin-orbit coupling limit appears only in few studies [149, |150, 151} 152].

Our purpose is to interpolate between the weak and dominant SOC limits specifically to
study the evolution of the spin-orbital entanglement in the ground state, and thus bring a
deeper understanding of its aspects described above. We describe the problem in terms of the
three questions [144]:

1. What kind of evolution does the spin-orbital entanglement develop with increasing spin-
orbit coupling?

2. Can one always assume that in the limit of strong spin-orbit coupling the spin-orbital
entanglement is indeed non-zero?

3. How does the spin-orbital entanglement arise in the limit of strong spin-orbit coupling?

We formulate a minimal model to address the above questions, hoping that our analysis will
inspire more studies exploring all the above aspects, including the real materials.

5.2 Minimal low-energy model

Since we focus on the interpolation between the weak and dominant SOC limits, our minimal
model is of composite form:

H = Hse + Hsoc, (5.1)

where Hgp represents a spin-orbital term of the Kugel-Khomskii type, typically derived from
the superexchange virtual processes [146], while Hgoc stands for the on-site spin-orbit coupling
term. Such a straight forward approach in principle allows for a systematic examination of the
evolution of the spin-orbital entanglement with the on-site SOC. However, with the spin and
orbital degrees of freedom explicitly present in the Hamiltonian, the size of the Hilbert space
can grow rapidly. Therefore, one has to carefully choose Hsg and Hgoc terms to balance the
relevance for real materials with the computational availability.

For the S = T = 1/2 spin and pseudospin (orbital) quantum numbers on every site, we
selected the SU(2)®@SU(2) symmetric Kugel-Khomskii term

HsE = JZ [(Si - Sit1+ a)(T - Tipi+ B) — af], (5.2)

described in detail in Sec. and the on-site spin-orbit coupling term of the Ising type

Hsoc =20 ) ST}, (5.3)

7

The choice of the SU(2) symmetry in the orbital sector of the Hgg term was motivated by the
existence of the robust spin-orbitally entangled region, guaranteed by the J (S; - Sij+1) (T - Tit+1)
term when the positive superexchange coupling J dominates over |a| and 3], as well as a very
good understanding of the model phase diagram (cf. Sec. . The above features make the
SU(2)®SU(2) symmetric Hsg an interesting starting point for further extensions.

20ver the Kugel-Khomskii superexchange .J.

3The only related case we are aware of discusses the spatial entanglement of the spin 1 /2 ladder with the
Heisenberg interaction on legs and rungs as well as the four-spin interaction mathematically equivalent to
(Si-S;)(T;-T;). As we will show in a moment, we are considering a case with a different type of spin-orbit
coupling.
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FIGURE 5.1: The spin-orbital chain with periodic boundary conditions. Compared with Fig. the
spin-orbit coupling interaction has been added on the rungs.

The Ising spin-orbit coupling may seem an unintuitive choice, yet such anisotropic spin-orbit
coupling terms have appeared in literature for certain systems , . Namely, they may
arise if the bond geometry and other conditions allow to reduce the SOC term, by removing
the inactive orbitals. Thlb results in the reduced Hgoc forms: 2A ), SY Ty for YV03 E| and
22>, S:TY for KO |1 E| Local mixing of two out of three orbitals can be also shown by a
special type of the zigzag optical chains emulatmg the spin-orbital interactions, including the
mixing of p* and pY or xy and yz orbltals

Because the Kugel-Khomskii term (| 1s 2)®@SU(2) symmetric, replacing formula
by any term of the type 2X ), SVTJ in formula 1 Would produce results equivalent to the ones
we will be presenting, up to the suitable rotatlons in the the spin/orbital subspaces. Formula
looks the most elegant of them all. Although this anisotropic spin-orbit coupling is the
simplest possible, we will show that it brings highly non-trivial effects.

Some details concerning the geometry

In order to accommodate both spin S and effective orbital momentum (pseudospin) T in the
numerical studies, Hamiltonian is applied to the simplest system: the spin-orbital chain
with periodic boundary conditions (PBC). Interestingly, the chain, shown in Fig. [5.1] which has
S = T = 1/2 quantum numbers on every site, is also mathematically equivalent to a spin-1/2
ladder with properly chosen interactions.

5.3 Methods

When considering various approaches to the quantum entanglement it is essential to chose a
method which does not compromise the possible quantum fluctuations in the system. Naturally,
the best option would be to solve the problem analytically. However, for example Bethe anzatz
is applicable only in selected manifolds of the phase diagram in Fig. Among the considered
numerical methods, exact diagonalization (ED, see Sec. is both easy to apply in the whole
parameter range and relatively unbiased, compromising only the long-range quantum effects
through the periodic boundary conditions (PBC). However, intuitively in the ground state we

*Specifically, for this partially filled t24 system the already reduced form 2\ 3", (S} cos ¢; + S} sin qﬁ ) TY further
reduces to 2X -, S{TY in an idealized case for the tilting of the VOg octahedron at site 4, ¢; = 0
5The material belongs to the so-called alkah hyperoxides, for which virtual hoppings bu1ld1ng the effective
Hamiltonians concern O2-AM-O2 bonds [154, |155|, where Oz is a moloecular oxygen ion and AM is an alkali metal.
The local SOC matrix presented in Refas the form XY, S7(|pY)(pf| — |pf)(pY|) = x>, Si(T; — TF)
in the basis of the p* and pY orbitals building the antibonding configuration of O2. This can be rewritten as

2N, SITY.
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generally expect rather local entanglement effects, following from the interplay of the nearest-
neighbor Hgg and the on-site Hsoc terms as well as reduced dimensionality.

In order to properly capture the entanglement in the critical SU(4)-singlet state for model
(5.1) we restrict ourselves to the L = 4n-site Chains.lﬂ ED enabled numerical studies from L =4
up to L = 20 sites for the selected points. While 4 sites were easily accessible for the full ED
procedure, we opted for the Lanczos method [82] for the larger systems. Such versatility made the
method a good choice for first (to our best knowledge) such a thorough study of the spin-orbital
entanglement.

5.3.1 Entanglement-related observables

In the ED-based ground state we evaluate several observables relevant for the model, out of
which two estimate the spin-orbital entanglement. Namely, we accommodate the entanglement
entropy of the von Neumann type, described in detail in Sec. .1.3]

1
SyN = *ETTS (pslnps), (5.4)

to the spin and orbital subspaces. In a nutshell, the reduced density matrix

pPs = TTTpv (55)

describes a mixed state in the spin subspace if the original state in the full Hilbert space is
entangled, ensuring a non-zero, positive value of the entanglement entropy.
Independently, we utilize the intersite spin-orbital correlation,

Cso = 1 37 [((S: i) (T Tian)) — (81 Sus)(Ty - Tov)], (5.6

which literally estimates the difference between a fully quantum (S; - S;+1) (T; - Ti+1) term and
its mean-field decoupling into the spin and orbital sectors |28|. Hence, it is sensitive to the
spin-orbital entanglement within nearest neighbors. Several examples in the literature, see Refs.
[157, |158], have already proven its usefulness in exploring the spin-orbital entanglement for the
superexchange-related systems.

5.3.2 Other observables

To capture other aspects of the evolution in the spin-orbit coupling A we utilize the full intersite
spin-spin and orbital-orbital nearest-neighbor correlation functions

S = %Z<Si Sint), (5.7)

)

T = i;m “Tig). (5.8)

Since the SU(2)®SU(2) symmmetric Hgg term treats the spin and orbital degrees of freedom
equally, we expect the complementary behaviour of the above functions.

SFor a 4n site chain the ground state is not degenerate, highly simplifying the numerical efforts, for a 4n + 2
chain the ground state is degenerate, see Sec. [£.2.]



5.4. Global results 119

We also thoroughly monitor the anisotropic effects possibly introduced by the Ising SOC via
the partial nearest-neighbor correlation functions

1
SV — - Z<s]s]+1> (5.9)

and )
™=+ > (TITY,), (5.10)

)

where v € {z, y, 2}, as well as the partial on-site correlation functions

1
oY, = T > (sITS), (5.11)

]

where 71, ¢ € {z, y, z}. As already mentioned in Sec. [4.2.1] the operators in the latter functions
belong to the set of generators of the SU(4) group. Among them, O§g function, which we will
from now on call Ogp for simplicity,

1
Oso= ¢ > (8:T5), (5.12)
i
conveniently monitors the response of the system to the Ising SOC ([5.3)).

5.4 Global results

First, we explore the global evolution of the spin-orbital entanglement, examining the entangle-
ment entropy calculated in the ground state of Hamiltonian in a broad parameter range.
Fig. [5.2| (a) reproduces the spin-orbital entanglement for A = 0 for 4 sites. As expected, the
spin-orbital entanglement is absent in the product AF®FO, FM®FO and FM®AO phases (as
evidenced by the zero entropy values represented by the darkest blue in the second, third and
fourth quadrant of the Fig. (a))ﬂ and is finite, although strongly decreasing, in the dimerized
phase in the first quadrant. Entropy reaches significant values only in the central part of the
map, due to the dominance of the (S; - S;y1) (T; - Tiy1) term when |a| and |3| are sufficiently
small. Such conditions allow the critical SU(4) singlet state to occupy a finite region beyond the
exact SU(4) point at a = f = 1/4. For completeness, we note that the entropy slope and the
border between the critical SU(4) singlet and dimerized phases is system-size dependent [see Fig.
(a) for a comparison with the 12-site case|, in agreement with the literature |132} [133| and
seemingly approaching analytical boundary visible in Fig. The situation does not change
much for small A values illustrated in Fig. |5.2] (b).

A completely different picture emerges in the limit of A — oo [Figs. and (c)],
where the significant values of entropy, larger than in the A = 0 case, occupy an entire “stripe”
approximately defined by —% < a+ B < 2. While the lower boundary of the stripe is sharp and
system-size dependent, the upper boundary shrinks with the system sizeﬁ In Sec. we will
present the analytical and numerical justification of this behaviour. Above this “quantum stripe”,
for the examined 4, 8 and 12 sites the spin-orbital entanglement is still non-zero, but uniform and
decreasing with the system size. Interestingly, the entanglement value is approximately stable
along the lines of constant a4 f.

" The convention for the quadrants is identical to the quadrant convention for the Cartesian coordinate system
known from basic mathematics, i.e. the first quadrant has both coordinates positive.
8Verified for 4, 8 and 12-site chains.
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A natural question arising from the analysis of Figs. (a)-(c) is how the system evolves
from Fig. (a)-(b) to Fig. (c). Figs. (d)-(i) interpolate between the above contrasting
cases, supplementing them with the intermediate stages of the entanglement evolution. They
reveal that significant entropy values, originally restricted to the central region, increase even
further and gradually spread out with the growing A, eventually forming the “quantum stripe”
for sufficiently large spin-orbit coupling. In particular, infinitesimal entropy values appear on
the boundaries of the previously strictly AFQFO and FM®AO phases as soon as A > 0, clearly
visible from Fig. [5.2f () on.

In contrast, the FM®FO phase does not dress in the spin-orbital entanglement, for the latter
cannot be easily induced in this classica]ﬂ state by the also classical SOC. A sharp boundary, at
first restricting the classical state to the third quadrant of Fig. (b), gradually moves, enabling
a much wider classical region in Fig. [5.2| (i), already quite close to the classical triangle visible
in Fig. (c).

Summing up, Fig. [5.2) reveals that the global evolution of the spin-orbital entanglement is
gradual but highly nontrivial. The entanglement is spreading in some regions of {a, 8} while
disappearing from others with increasing spin-orbit coupling. Thus, the road the state shown
in Fig. (c), where the spin orbital entanglement emerges and even becomes substantial in
regions not affected by this type of entanglement for A = 0, is not straight forward. Moreover,
the intermediate slices of the global evolution show that while in some regions of {a, 8, A} the
entanglement evolves in a continuous way, in some parts sharp boundaries are visible as well.

A question whether one can reasonably define a boundary AcgrrT separating phases of different
physical properties seems worth considering. To this end, we selected two representative cuts in
{a, B, \} parameter space, along the lines @ + = 0 and o + 8 = —1, marked as the diagonal
white dashed and red dashed lines in Fig. [5.2] correspondingly. In the upcoming sections, we
analyse in great detail the evolution in A along the above lines, searching for the answers why
the spin-orbital entanglement can spread, but also be suppressed for A — oo. On each line we
attempt to set Acrrr, defining it as a single value or an entire interval when necessary. Then,
we discuss the global evolution again, inspecting Fig. with more insight.

5.5 Evolution along the a4+ § = 0 line

When A = 0 the selected a+ 8 = 0 line crosses both the FM®AO/AF®QFO product phases and
the spin-orbitally entangled critical SU(4)-singlet phase. As shown in Fig. , the spin-orbital
entanglement increases and spreads significantly along the line with the growing A. As a result, in
Fig. (c) the line lies within the “quantum stripe” of the high entanglement values in the limit
of A = oco. To better understand this trend, in Fig. we directly analyse the entanglement
evolution in A, utilizing the logarithmic scale to display several orders of magnitude in a compact
way. We monitor the entanglement entropy Syn, sensitive to the total spin-orbital entanglement,
as well as the Cgo correlation function (formula ) for the spin-orbital entanglement restricted
to the nearest neighbors. We also monitor the response of the system to the Ising spin-orbit
coupling via the Ogp correlation (formula ) [Note, that we base the observations below
on results for L = 4, 8 and 12-site chains presented in Figs and respectively.|

Already from the {a, A} maps in the representative o € [—1, 1] interval, presented in Fig. 5.3
(a)-(b), one can draw quite general conclusions, distinguishing three regimes of the spin-orbital
entanglement:

1. Two regions in the {a, A} parameter space for which the entanglement entropy and the
Cso correlation function are vanishingly small, located symmetrically at |« 2 0.1 and
A/J < 1071100, characterized by the dark-blue color in Fig. [5.3 (a)-(b).

°If one considers polarized states as the simplest.
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FIGURE 5.2: Evolution of the spin-orbital entanglement entropy of the von Neumann type as
a function of the on-site spin-orbit coupling parameter A, calculated in the ground state of the 4-site
chain. Panels depict the {a, 8} slices for the representative values of A/.J. Panels (a) and (b) capture
the spin-orbital entanglement for the negligible A values, in contrast to panel (c¢), where the dominant
A limit is shown. Panels (d)-(i) show intermediate stages between (b) and (c). The white dashed lines
represent (from the left to the right) the hidden FM Heisenberg, XY, AF Heisenberg models emerging
in the dominant A limit for « + 8 = —1/2, a + § = 0 and a + 8 = 1/2, respectively. Finite uniform
entanglement (light green) above the dashed lines appears on panel (c) due to the finite-size effects.
Similarly, for longer chains the “quantum stripe” (red region around the diagonal o + § = 0 line) would
better fit within the two outer white dashed lines, see Fig. for a comparison with the 12-site case.
The red dashed o + S = —1 line is representative for the disappearing spin-orbital entanglement in the
lower-left part of the slices for the dominant A\ parameter. Figure has been published in Ref. [145].

2. The dark-red region with the maximal entropy values, dominating the top part of the map,
restricted by A\/J 2> 1071-10! for all a values visible in the figure.

3. The “T-shaped” region for which the entropy is neither negligible nor maximal, situated in
between cases 1. and 2.
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FIGURE 5.3: The evolution of the spin-orbital entanglement with increasing spin-orbit coupling parameter
A along the a4+ 8 = 0 line. The entanglement entropy and selected correlation functions were calculated
in the ground state of Hamiltonian for the 8-site chain: (a)—the entanglement entropy (Syn) map
in {a, A}; (b), (¢)—analogical maps of the nearest-neighbor spin-orbital correlation (Cso) and the on-site
spin-orbital correlation (Osp); (d)—the evolution of the entanglement entropy along cut A through the
map shown on panel (a) at |«| = 0.5, fitted with the logistic function (black thin line); (e)—the evolution
of the entanglement entropy along cut B at |a| = 0; (f) the map of the spin nearest-neighbor correlation
function S in {a, A}. All the maps are restricted to the representative o € [—1, 1] interval. The shape
of the phase boundaries is dependent on the logarithmic scale of A. Analogous evolution for the 4 and
12-site chains can be found in Figs. and [B.4] respectively.

Noticeably, the region no 3. is not uniform. It consists of a subregion with the non-zero entropy
values for |a| < 0.1 increasing in discrete steps, see also Figs. , and two “rainbow”
subregions of continuous entropy growth. The different character of these intermediate stages
calls for a more detailed examination.

To understand the onset of this complex behaviour we inspect two representative cuts through
these qualitatively different cases of the entanglement evolution in A: cut A for |a| = 0.5 and
cut B for a = 0, indicated with the dashed lines in Fig. [5.3] (a).

5.5.1 From AF ® FO/FM ® AO to the highly entangled state
Spin-orbital entanglement evolution

First, we analyse the evolution of the entanglement along cut A of Fig. (a) when |af is
fixed to 0.5 and only the spin-orbit coupling is being tuned. Fig. |5.3| (d) presents a continuous
increase of the spin-orbital entanglement entropy along the cut, which can be described by a
logistic function in the logarithmically scaled A/.J H

0The sigmoid curve f = Am, x = logioA has been fitted with parameters: A ~0.485—the
maximal entropy for 8 sites for {A = 10 a = 8 = 0}; k = 4.56; xo = —0.23.
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FIGURE 5.4: Trends in the nearest-neighbor spin-orbital correlation Cso (thick light-green line) and the
on-site spin-orbit correlation Ogo (thick red line) along cuts A at a = +0.5, § = —0.5 [panels (a), (c),
(e)] and B at o = 8 = 0 [panels (b), (d), (f)], where rows represent progresively larger periodic chains of
length L = 4n sites. Top row yields results for L = 8, middle for L = 12, and bottom for L = 16 sites.
Not shown results for 4 sites fit into the presented tendencies. The dashed lines represent the asymptotic
values of the above functions in: (i) the exact SU(4)-point limit A = 0, @ = 8 = 40.25, denoted by ng(‘l)
and 058(4) (blue and light-red dashed lines, respectively); (i) the A = oo, 8 + a = 0 XY limit denoted

by Cso and Ogo (dark-green and dark-red dashed lines, respectively). Figure has been published in Ref.
[144].
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FIGURE 5.5: Energetics and magnetic properties of the ground state along the oo + 8 = 0 line. Panel

(a)—splitting of the 5-fold degenerate ground-state energy level of the 4-site chain for A > 0 on cut A,

shown via energy differences AE = E; — Eg, with degeneracy of each level denoted by a number. Panels

(b)-(¢)—{a, A} maps of S and T nearest-neighbor correlation functions for 8-site chain on the

a+ B = 0 line restricted to the representative a € [—1, 1] interval. The shape of the phase boundaries is
dependent on the logarithmic scale of .

Such logistic growth of the spin-orbital entanglement can be divided into three stages: the
infinitesimally small entropy values up to A/J < 1071, the rapidE| growth for \/J € (1071, 101),
and the saturated values for A\/.J > 10!. Cgo correlation, indicated as a thick green line in Fig.
also experiences continuous change, similar for different system sizes [panels (a), (c), (e)
for 8, 12, 16 sites, correspondingly]g In particular, the comparison of Figs. , (d)
and (a), (c), (e) shows that the extent of the three stages of logistic evolution is system-size
independent for both the entropy and Cgo with a good approximation, thus we may expect
such behaviour also in the thermodynamic limit. Moreover, it allows us to approximately define
AcriT for cut A as an interval of rapid growth of the spin-orbital entanglement: Acrir/J €
(1071, 10H) [

Focusing on the ground state properties for A < AcrrT, we observe that in this interval the
system is quite resistent to the on-site spin-orbit coupling, returning only negligible values of
Oso correlation [dark blue color in Fig. [5.3] (¢) as well as the infinitesimal values of the thick
red curve in Figs. (a), (c), (e)]. The weak response to the spin-orbit coupling for small A
coincides with the negligible spin-orbital entanglement, not present in the ground state for A = 0.
In order to understand how even an infinitesimal spin-orbital entanglement could appear below
AcrrT due to the classical SOC we inspect the magnetic properties and energetics along cut A.

Magnetic evolution

Crucially, the overall magnetic properties of the system, monitored by the full nearest-neighbor
spin S and orbital T correlation functions —, reveal strong similarity to the A = 0 case.
By following Figs. (f) and (b) at {« = 40.5,5 = —0.5}, one notices that
S ~ +0.25 for A < Acgrrr independently of the system size, indicating that the system still
behaves like a ferromagnetic chain in the spin sector. In contrast, the values of the T" correlation
reach ~ —0.5, —0.46 and —0.45 for the L = 4, 8 and 12-site chains, correspondingly, which is quite
close to the analytical value —0.44 provided by the AF Bethe Ansatz. A map of the T correlation
for 8 sites is shown in Fig. (c). For the complementary case of {a = —0.5,8 = +0.5}

1n logarithmic scale.
12The unshown result for 4 sites also agrees with this tendency.
13We note though that the interval boundaries will shift up for higher values of |a| exceeding the borders shown

in Fig. @
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TABLE 5.1: Spin correlations in the eigenstates of the two-site Heisenberg model.

Stot = 0,55t = 0)  [Stot = 1,Sir = —=1)  [Stot = 1,5t = 0)  [Stot = 1,55, = +1)

(S¥S%) -0.25 0 +0.25 0

(S¥sY) 0.25 0 +0.25 0

(S7S3) -0.25 +0.25 -0.25 +0.25
(S1-Sy) -0.75 +0.25 +0.25 +0.25

the full spin and orbital correlations exchange values, so that the spin sector behaves like an
antiferromagnetic and orbital sector—like a ferro-orbital chain. The above behaviour indicates
that the regions below AcgrrT qualitatively resemble the phases obtained in the limit of A = O:
FM®AO/AF®FO for a = 0.5 /—0.5, respectively.

However, the partial nearest-neighbor correlation functions S77 and 777 [formulae —
(5.10)] display an anisotropic behaviour, visible in Figs. [5.6(a), (c), (e) for A > 0 for the
a = +0.5 case. In particular, for A\/J < 3-107! a partial anisotropy exists, concerning the
ferromagnetic spin sector, whereas the strongly antiferro 777 correlations are isotropic. The
anisotropy distinguishes the ferromagnetic values of the planar S% correlations (where § = x,y)
from the antiferromagnetic values of S7%.

2-site toy model

To understand what happens, it is instructive to recall the 2-site case of the Heisenberg model.
The eigenstates of the model consist of an antisymmetric, non-degenerate singlet state

1
V2

characterized by Si: = 0, and three states representing the S;,; = 1 level

IStot = 0,Sie = 0) = (| T1d2) = [ at2)), (5.13)

‘Stot = lvsfot = _1> = ‘ \l/1¢2>7 (514)
Stor = 1,55, = 0) = \}i (I t1da) + | 1ta)) (5.15)
‘StOt = 1vs§ot = +1> = ‘ T1T2>' (516)

While the |Sior = 1,5}, = £1) states are of the purely product type, both the |S;os = 0, S}, = 0)
and [Sior = 1,57,, = 0) states are legitimately entangled the latter called a quadrupolar stateE

Table provides the values of the spin correlations in the above states. While in the
singlet state the total spin correlation S = (S; - Sg) = —0.75|E can be evenly decomposed into
(S7S3) = —0.25, v = x, y, 2, for the triplet state the situation is more complex. In the product
states the only non-zero correlation follows the polarization along the z axis. Contrastingly, in
the quadrupolar state the planar correlations are ferromagnetic while (S7S3) is antiferromagnetic.
Nevertheless, the quadrupolar case still sums up to (S; - Sg) = +0.25E

Gee Sec.

'51n the case of the AF Heisenberg interaction, the (S; - S2) = —0.75 value in a singlet ground state fits into
the pattern converging to the Bethe Ansatz with the growing chain size. The FM case is size-independent for the
correlations per bond.

181f we average (S7S3) over the whole triplet level, we would loose this internal structure, obtaining isotropic
(S7S3) = +0.25. This is what we refer to in Ref. |144].
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FIGURE 5.6: The evolution of the partial spin S77 and orbital 777 correlation functions in A,
where v = z, y, z. The results for the representative cut A at {& = +0.5, 5 = —0.5} are shown on panels
(a), (c), (e) for the progressively larger chains of L = 8, 12 and 16 sites. The results for cut Bata =8 =10
are displayed on panels (b), (d), (f) in an identical manner. The planar S% and T°% components, where
0 = z, y, are marked by the green color, while the S%* and T%* components are denoted in red, see also
panel (a). Asymptotic values of the functions in the limit A = oo are indicated by the dark-green dashed
lines for 5%, 79 and the dark-red dashed lines for S#%, T%*. Figure has been published in Ref. .
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FI1GURE 5.7: Exact energy spectra along the o+ 8 = 0 line for increasing A obtained for the 4-site chain.

Panels (a)-(b)—the ground state energy (in blue) and the low-lying excited levels (in grey) for cuts A

and B, correspondingly. Panels (c¢)-(d)—the full spectra for the representative A cuts, Where the vertical
axis yields the shifted energy E = E + 2\. Figure has been published in Ref.
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Let us now consider the 2-site case for the spin-orbital model (5.1)) with o = +0.5, 5 = —0.5.
In the absence of the on-site spin-orbit coupling, the FM ® AO ground state has the form

1
Sior = =1, Tip = 0) = ﬁ’ hil2) @ (| —1+2) = [+1-2)), (5.17)
1
[Stor = 0, Tior = 0) = 5 (| Td2) + [ 1112)) ® (| =1 +2) — [ +1 —2)), (5.18)
quadrupolar singlet

1
V2

where |+), |—) are the eigenstates of the orbital operator T?. The three-fold degeneracy appears
due to the S;; = 1 states in the spin sector, whereas the orbital sector is represented by a
singlet |Tyx = 0,T7,; = 0). Note, that while partial correlations averaged over the whole
Stot = 1 subspace will be isotropic, Table [5.1] provides their internal structure in particular
states. Interestingly, the quadrupolar state in the spin sector is responsible for the anisotropic
behaviour qualitatively equivalent to the one in Fig. [5.6(a), (c), (e) with the planar functions
being ferro and (S7S5)—antiferromagnetic.
We have verified that for A ~ 1072 the no longer degenerate ground state has the form

Sior = +1, T, = 0) | T112) @ (| =1 +2) — | +1—2)), (5.19)

IGS(A~1072)) = Ay (| Tad2) + [ 4112) @ (| =1 42) — [ +1 —2)) (5.20)
quad;apolar singlet
+ Ao (| T1de —14+2) — [ diT2 +1—2)), (5.21)

spin-orbitally entangled

where A &~ 0.495, Ay ~ 1072, Besides the quadrupolar ® singlet term ({5.20]) present for A = 0,
it consist of a spin-orbitally entangled term , smaller by one order of magnitude. Notably,
both of the terms (5.20)-(5.21) produce vanishing on-site averages (S7) = 0, (T7) = 0, summing
up to <S§ot> = 07 <T§ot> =0.

4-site chain

Following this trend, an inspection of (S7), (Sj,;) for the 4-site case revealed that the five-fold
degeneracy at A = 0 [due to the ferromagnetic S;,; = 2 sector] is split into a singlet level and two
doublet levels by the infinitesimal A, as illustrated in Fig. |5.5| (a). The non-degenerate ground
state is characterized by (S7) = 0, (T7) = 0, (S;,,) = 0, (T;,;) = 0. Hence, we conclude that
for A < Acrrr the quantum fluctuations within the spin and orbital sectors lower the energy
of the (S7,; = 0, T7,, = 0) state, selecting it as the ground state of the approximately product
nature between spin and orbitals, but entangled within those sectors, similarly to the 2-site case.
Therefore, we view the anisotropic behaviour of the S77 and the isotropic behaviour of the T77
correlations as a signature of a ground state where quantum entanglement does exist, but the
majority of it is kept inside the spin and orbital sectors for A < Acrir. We expect an analogous
effect at (o = —0.5, § = +0.5), with the ground state being dominated by the maximal T}, and
T7Z, = 0 entangled state in the orbital sector and the singlet state (S0t = 0, S7,; = 0) in the spin
sector.

Perturbed FM®AO/AF®FO states

Although technically there is a level crossing at A = 0, in which the ground state degeneracy
is lifted and the polarized states of the ferro sector become excited, overall the physics between
the spin and orbital sectors in the small A\ regime is still product-like, because there is not
enough spin-orbital entanglement to qualitatively change it. Spin-orbital entanglement is still
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“silent”, being dominated by the larger product terms, but could grow for larger A values. Thus
qualitatively these are still the FM ® AO and AF ® FO phases, therefore in what follows we call
them the perturbed FM ® AO/AF ® FO states.

Crossover from the perturbed FM®AO/AF®FO to the highly entangled state

The evolution of the spin-orbital entanglement along cut A is continuous because there is no
level crossing for A > 0, see Fig. [5.7 (a). Increasing A beyond the perturbed product interval
leads, through the logistic growth, to the saturation of the entanglement entropym Therefore,
despite the analytical changes in the observables discussed above, we divided the evolution to
three stages: the perturbed FM®AO and AF®QFO states, the intermediate region AcrrT and the
highly entangled state. Although there is no abrupt phase transition, the state for A < Acgrrr
has fundamentally different properties from the one for A 2 Acrir. We will focus on the latter

region in Sec. [5.7}

5.5.2 From the SU(4) singlet to the highly entangled state
Divergence from the SU(4) singlet

We will now analyse the evolution of the ground state properties with increasing A along cut
B la =8 =0]. At A = 0 the system already is in a spin-orbitally entangled state—a singlet
for which not only S;,: = 0, Tyt = 0, as would be for the singlet states in the spin and orbital
sectors, but also the sum of the SU(4)—pseudospinﬁ vanishes. We verify whether the system is
in the critical SU(4)-singlet ground state in two ways:

1. By calculating averages of all nontrivial generators of the SU(4) group. Indeed, (S/.,) = 0,
(T} =0, (52, S]Ts) =0, where v, € € {x, y, z}.

2. By comparing the Ogp and Cgo values to their asymptotes at the exact SU(4) point (o =
B = 1/4,X = 0). While the convergence of the Ogp correlation to zero is a natural
consequence of point 1., since the function is just (>, S;T7) per site, the Cso comparison
is truly independent and involves the spin-orbital entanglement directly.

Remarkably, the Ogp and Cgo functions still converge to the SU(4) point asymptotes, denoted
by the blue and light-red dashed lines in Figs. (b), (d), (f), for a finite A interval. However,
for large enough A the correlations diverge from the asymptotes in a discontinuous way, through
1, 2, 3 and 4 kinks for 4, 8, 12, and 16 sites, respectively. This suggests n kinks for L = 4n
sites. In particular, the vanishing values of the Ogp correlation before the first kink indicate
that the system is strongly resistant to the matching Ising SOC, remaining within the critical
SU(4)-singlet regime. For completeness we note that a closer inspection of the SU(4) generators
for A > 0 revealed that only the generator proportional to Oso becomes finite after the first
kink.

The behaviour of the Cgp function has already indicated that the spin-orbital entanglement
changes in a discontinuous way along cut B. Below we inspect this evolution more thoroughly,
via the entanglement entropy.

Spin-orbital entanglement evolution

As shown in Figs. and (a), (e), without the on-site spin-orbit coupling the value
of the spin-orbital entanglement entropy is already quite substantial in the SU(4)-singlet ground
state. Turning on A initiates an effect similar to the one observed in the Ogp and Cgp correlations:

170.504 for the L = 12 site chain.
¥Natural degrees of freedom for the phase, see Sec. for more references.
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FIGURE 5.8: Finite size scaling of the range of the intermediate entangled state along cut B at « = 8 = 0.

Panel (a)—the discontinuous evolution in A exemplified by the Ogo correlation function, where n kinks

appear for L = 4n = 4, 8, 12, 16 and 20 sites. Panel (b)—the position of the first kink decreases linearly

in 1/L. Panel (c)—the position of the last kink increases linearly in 1/(L?). Both fits, with coefficients

provided in the main text, utilize the ED results for L = 4, 8, 12, 16 and 20 sites presented as the colorful
dots. Figure has been published in Ref. [144].

the entropy is resistant to the spin-orbit coupling for a finite A interval, only to abruptly increase
for large enough A value. In case of the 4-site chain the new value is almost saturated [Fig. |B.3
(e)], while for 8 and 12 sites more intermediate stages are needed to reach the highly entangled
state. Again, we cautiously expect n kinks for L = 4n sites.

Magnetic evolution

The discontinuities concern also the magnetic properties, appearing in the S and T correlations
in Figs. (f) and (b)-(c), as well as in partial correlation functions S77, 777
in Figs. (b), (d), (f). Note, that while the S and 7" evolution is identical along the whole
cut B, S77 and T77 are also isotropic and antiferromagnetic before the first kink, suggesting the
presence of the SU(4)-singlet state. The planar correlations [S% and T%, where § = x, y| and
the S** and T?* correlations separate in the subsequent kinks, so that after the final kink the
planar correlations converge to zero while the zz correlations stabilize at a finite antiferro value.
This will be discussed in more detail in Sec.

Exact spectra for the 4-site chain

In order to verify the cause of the discontinuous change in all the above ground state properties,
we investigate the full energy spectrum of the 4-site chain. As expected along cut B, Fig. [5.7]
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TABLE 5.2: First 9 energy levels of Hamiltonian (5.1)) on a 4-site chain at a = 8 = 0 and for representative
values of A. E represents the shifted energies [cf. eq. |i while d stands for the degeneracy of each
level. Table published in Ref. [144].

A=0 AJ =01 NJ =10

E d E d E d
—0.75 1 —0.55 1 —0.45736 1
—0.50 28 —0.46570 1 —0.25 2
—0.45711 9 —0.37965 4 0.24367 1
—0.43301 12 —0.36944 8  0.24684 2
—0.40139 1 —0.30 15 0.24688 4
—0.25 48  —0.26229 2 0.24691 1
0.0 76  —0.25345 2 025 2
0.25 34 —0.25 2 0.74369 2
0.43301 12 —0.24561 2 0.94779 1

(b) reveals a level crossing between the non-degenerate ground state and the first excited state
at A & 0.14219J, exactly at the position of the only kink of the 4-site system.

Furthermore, the whole spectrum evolves with A, see the progressively zoomed levels in Figs.
(b), (d), (f). Table presents the nine lowest energy levels of Hamiltonian for
a = [ = 0 and representable values of A. In order to compare the small and large spin-orbit
coupling cases more easily, we eliminated the A energy scale by introducing

E=E+2\ (5.22)

Even though the ground state energy E = —0.75 is non-degenerate at A\ = 0, the excited
levels may be massively degenerate,as shown in the second column of Table [5.2] A weak spin-
orbit coupling A\/J = 0.1 largely reduces the above degeneracy, as illustrated in the third and
fourth column of Table[5.2] The multiple level splittings contribute to relatively a dense spectrum
even at @ = 8 = 0, see the central part of Fig. (c). However, such amount of the spin-orbit
coupling does not modify the ground state, which is still of the critical SU(4)-singlet character,
as discussed in previous sections.

Although through a unique level crossing at A/J = 0.14219 the character of the ground state
changes to the highly entangled state, the excited levels may still cross for higher A values [Fig.
(b)]. The general trend is to sort the energies into 5 bands, separated by the gaps ~ A [the
so called A energy scale]. In this way, in Fig. [5.7| (d), already for A/J = 10 the bands are well
isolated by gaps ~ A not only at « = 8 = Ot also for the whole « € [—1, 1] interval along
the @ + 8 = 0 line. The internal structure of the lowest band for A\/J = 10 and a = 8 = 0
is exhibited in the fifth and sixth column of Table 5.2l For A — oo these overall 16 energies
converge to the spectrum of the effective model in J pseudospins with degeneracies 1, 2, 10, 2,
1, discussed in more detail in Sec.

Finite-size scaling

For both entropy and all the discussed correlation functions the number of kinks increases and
their position changes coherently with the system size, keeping n kinks for L. = 4n sites relation.

19Which happens earlier.
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Below we perform the finite-size scaling procedure based on even larger set of chains and discuss
the predicted behaviour in thermodynamic limit.

Fig. (a) presents the evolution along cut B for all the systems currently available to us:
L =4, 8,12, 16 and 20 sites, exemplified by the Ogo correlation function. Notably, n kinks for
L = 4n-site chains are still supported for larger systems. In order to discuss the extent of the
SU(4) singlet in the phase diagram and the behaviour of a macroscopic system we have utilized
polynomial fits to the accumulated data for the first and the final kink. The fits, presented in
Figs. (b) and (c), respectively, confirmed that the first and the final kink scale differently
with the system size.

Namely, the position of the first kink k;

ki = 0.00004 + 0.69712z — 0.50147 z2 (5.23)

decreases almost linearly with x = 1/L in Fig. [5.8) (b), converging to A\/J = 0 when L — oc.
Thus, we expect that in thermodynamic limit the SU(4) singlet will be immediately altered for
A>0.

In contrast, the final kink kj

k; = 0.20132 — 1.13007 22 + 3.14415 2%, (5.24)

scales approximately quadratically with 1/L, hence—almost linearly with 1/(L?), as visible in
Fig. |5.8| (¢). Crucially, its position in the thermodynamic limit stops at \/J ~ 0.2, guarantee-
ing stability of the phase below it. Therefore, for cut B we define AcriT as a single number:
)\CRIT/J ~ 0.2.

Summing up, in the thermodynamic limit we expect the spin-orbital entanglement to con-
tinuously grow from the value in the SU(4) singlet to Acrir/J =~ 0.2, after which it will start
to saturate in the highly entangled state. We call the state stabilized for 0 < A < AcrrT an
intermediate entangled state (IES).

5.5.3 Phase diagram

In this section we investigate the evolution of the system with the increasing on-site spin-orbit
coupling along the ao + 8 = 0 line. While we mainly focus on the spin-orbital entanglement [in
the ground state|, we have also monitored the magnetic properties and energetics of the system.
After the detailed inspection along the representative cuts A and B, complemented by the details
about the energy spectra and {«, A} maps along the line, we may now formulate more precise
conclusions supporting the first observations made at the beginning of this section.

Namely, the two regions with vanishing spin-orbital entanglement, restricted by |a| = 0.08
and A/J < AcrrT, can now be recognised as the perturbed FM @ AO/AF ® FO states, marked
on the phase diagram with a semi-transparent blue to indicate the almost non-existent spin-
orbital entanglement in the ground state.

The central, less transparent, green region in Fig. symbolizes the intermediate entangled
state, restricted by |a| < 0.08 and A\/J < Acrrr- In this case the ground state evolves through
n kinks for the 4n-site system, which results in the continuous evolution from the SU(4) singlet
up to Acrrr- In particular, the fact that the position of the nth kink stabilized at A/J ~ 0.2
in the thermodynamic limit may suggest a change of slope in the growth of the spin-orbital
entanglement, justifying the distinction of the intermediate entangled statem

20Here we would like to remark that away from the a + 8 = 0 line but still within the boundaries marked by
the white dashed lines in Fig. the kinks may appear sooner or later in A\, depending on the proximity to the
exact SU(4) point. Namely, the closer to the SU(4) point, the more resistant the ground state should be to the
Ising spin-orbit coupling. Inspecting the central region in Figs. @ and @ confirms this intuition.
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FIGURE 5.9: Ground-state phase diagram of model along the a + 8 = 0 line. The phases were
distinguished based on the spin-orbital entanglement, the magnetic properties as well as the energetics,
see the main text. The considered evolution starts at A = 0, where the diagram is redrawn in grey based
on Ref. , see also Fig. H The shape of the phase boundaries depends on the logarithmic scale of
A. The diagram is based on the ED results on small to moderate-size clusters. We discuss the validity of
this picture in the thermodynamic limit in the main text. Figure has been published in Ref. .

With the denser scans along the a4+ 8 = 0 line for \/J = 0.1 we were able to pinpoint the
“horizontal” phase transition from the intermediate entangled state to the FM ® AO/AF @ FO
state, observed as the discontinuities in the entropy and correlation functions as well as in the
level crossing |Fig. (¢)], to |a| =~ 0.08.

As exemplified by cut A, the ground state evolution in A from the FM® AO/AF @ FO phases
to the highly entangled state is of a crossover type. The degenerate ground-state level is split
as soon as A > 0, selecting S;;, = T;,, = 0 state as the ground state, allowing however for a
tiny amount of the spin-orbital entanglement. As the energy gap increases due to the growing
spin-orbit coupling, the ground state properties evolve smoothly, gaining more and more spin-
orbital entanglement, until the saturation for high enough A values. This logistic growth of the
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entanglement results in the ground state in the large A limit in many ways much different from
the one at small A, despite the lack of a level crossing for A > 0. Therefore, we have distinguished
AcrIT as a region of a dynamical change of the ground-state properties, marked in Fig. as a
yellow stripe with dashed boundaries, emphasising the crossover character.

Regardless of the starting point along the o + 8 = 0 line, increasing the spin-orbit coupling
will eventually lead to the region of the saturated spin-orbital entanglement and the weakly
antiferro nearest-neighbor corelations S and 7T'. This highly entangled state is marked in opaque

red in Fig. 5.9 (c).

5.6 Evolution along the § + a = —1 line

Fig. and the data behind it revealed that the classical region, at A = 0 consisting of the
Heisenberg ferro states in both the spin and orbital sector (FM ® FO), gradually spreads out for
increasing A, occupying the whole half-plane below the “quantum stripe” in Fig. (c). While
the evolution of the FM ® FO phase in the Ising SOC seems rather trivial, it is particularly
interesting how exactly the lower parts of the AF @ FO/FM® AO phases evolve into a completely
classical state once the spin-orbit coupling is dominant below the o + = —1/2 line.

Here we concentrate on the evolution in A along the representative a4+ 3 = —1 line, indicated
by the red dashes in Fig. 5.2l We have selected this particular line because it crosses all the
product phases at A = 0: AF ® FO, FM ® FO, and FM ® AO, and lies below the “quantum
stripe” in the A — oo limit. Moreover, the line runs close enough to the center of the {«, 5}
maps for the evolution to be rather compact.

Similarly to Fig. we calculated the dense scans in {a, A} of the entanglement entropy
and the correlation functions, which are displayed in Fig. On one hand, the central part
of the entropy and Cgo maps |Fig. (a) and (b), correspondingly| does not contain any spin-
orbital entanglement. The FM®FO phase immediately responds to the Ising spin-orbit coupling,
resulting in the maximal value of Ogp correlation as soon as A > 0 [Fig. (c)]. On the other
hand, the AF ® FO and FM ® AO phases do gain spin-orbital entanglement, similarly as along
the 8 + « = 0 line. However, in contrast to the case described in Sec. the high entropy
sharply drops to zero for a certain value of A. Similarly to the previous section, we have selected
representative cuts in order to investigate the details of the above processes: cut C at (a = 1.5,
B = —2.5) and symmetrically at (o« = —2.5, f = 1.5), starting with the FM ® AO/AF ® FO
phases, and cut D at a = 8 = —0.5, starting with the FM ® FO phase at A = 0.

From AF @ FO/FM ® AO to the fluctuation-free state

Here we follow cut C at (o = 1.5, § = —2.5), starting with the FM ® AO phase for A = 0 and
then discuss an analogous case for the starting point in the AF ® FO phase. Similarly to cut
A discussed in Sec. [5.5.1], as soon as A > 0, the degenerate ground state level, spanned by the
multiplet

{IStor = Stor "> Sior = 1)} (5.25)

where S;27* is the maximal possible value of the total spin and

n € {=SPi, —(Spi® — 1), ..., +(Sp® — 1), +S?;,?x}g is split and only the product of internally
entangled states
[Stot = Sigi™" Stor = 0) ® [Thor = 0, 7oy = 0), (5.26)

supplemented by a small spin-orbitally entangled term is left as the ground state, cf. Sec.
for the 2-site formula. Along cut C, the spin-orbital entanglement is still infinitesimal and
the magnetic properties of the system, presented in Fig. [5.10| (f), are that of the perturbed

21Cf, Sec.
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FIGURE 5.10: Spin-orbital entanglement evolution in A along the o« + 3 = —1 line. The entanglement

entropy and selected correlation functions were calculated in the ground state of Hamiltonian on the
4-site chain. Panel (a)—the map in {a, A} of the entanglement entropy Syn. Panels (b), (¢)—analogous
maps of the nearest-neighbor spin-orbital correlation Cgo and the on-site spin-orbital correlation Ogo.
Full energy spectrum along cuts C and D is presented on panels (d)-(e), with the ground state marked
in blue and its degeneracy marked by a number. Panel (f)—the map in {a, A} of the spin nearest-
neighbor correlation function S. Panel (g) presents the energy differences AE = E; — Eq between the first
four excited states and the ground state around the sharp transition on cut C. Panel (h) illustrates the
splitting of the 25-fold degenerate FM ® FO ground state level for A > 0. Panel (i) presents a comparison
of the entanglement entropy curves along cuts A and C. All maps are restricted to the representative
a € [—3,2] interval, symmetric in relation to cut D at @« = 8 = —0.5. The shape of the phase boundaries
is dependent on the logarithmic scale of A. Figure has been published in Ref. [145].
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FM ® AO phase for A/J < 10°. For higher A values the continuously accumulating spin-orbital
entanglement becomes clearly visible as a “rainbow” in Fig. |5.10 (a), forming the intermediate
dynamical region. However, in contrast to cut A, the entropy sharply drops to zero for A/J ~
8.175 £ 0.025. Fig. |5.10| (i) compares the entropy evolution along cuts A and C.lﬂ

Inspection of the energy spectrum for the 4-site chain reveals the origin of such behaviour.
Since in Fig. [5.10] (d) it is quite difficult to spot the level crossing suggested by the sharp drop
in entropy, in Fig. [5.10| (g) we plotted the differences between the excited and the ground-state
energies AE = E; — Eg in grey and the renormalized ground state energy at zero in blue. Indeed,
at \/J ~ 8.175 £ 0.025 a level crossing between the non-degenerate ground state level and the
doubly degenerate excited level happens. In this way the perturbed FM ® AO state becomes
an excited state, perhaps gradually gaining further entanglement and crossing another excited
2-fold degenerate state for larger A. The new doubly-degenerate ground state, consisting of

oo it oo =i —ig1e),s (5.27)

and
oo didit1 ) oo Fi Fige), (5.28)

is devoid from any quantum entanglement. This state will be justified by the analysis along cut
D in the next section.

Summing up the evolution along cut C, we will again try to provide AcrrT separating different
stages of the evolution. As the reader might have already guessed, there will be two AcriT in
this interesting case:

1. Acriri/J € (10°,8.175)—an interval of rapidly but continuously growing spin-orbital en-
tanglement, “a crossover in the making”.

2. Acrir2/J = 8.175—a level crossing interrupting the above crossover process.

Thus, the system evolves from the FM ® AO phase, through the perturbed FM ® AO phase
for A < AcrrTi, and is rapidly accumulating spin-orbital entanglement during the AcriT1 stage,
but the crossover is interrupted by a level crossing at Acrire. For A > Acgrrre the system is
in a completely classical, doubly-degenerate state —. Due to the symmetric form of
Hamiltonian analogous behaviour appears at (« = —2.5, § = 1.5), with the spin and orbital
characteristics exchanged.

From FM ® FO to the fluctuation-free state

Along cut D at o = 8 = —0.5, the evolution starts in the FM ® FO phase, for which the ground
state is 25-fold degenerate for the 4-site chain, due to the degenerate ferro subspaces in both spin
and orbital sectors. The ferro subspace of the Heisenberg model can be described by the set of
states

{IOs0t = O™, Oty = 1)}, (5.29)

where O stands for the maximal possible value of the total spin/pseudospin quantum number
and n € {—O0", —(OR* — 1), ..., +(O58" — 1), —i—O{Z?“”}E While the states with the maximal
O7,; projection are fully classical, the states with n > 0 will be entangled, similarly to the simple
example of the quadrupolar state given in Sec. Thus, when A = 0 in Hamiltonian , due

*2Here we argue in a handwaving manner that from the slope of the “C” curve it seems that there may exist a
continuation of the rising entropy shape in the excited state, still rapidly growing for a certain A interval before
the saturation. Namely, the highest part of the red curve, despite surpassing 0.4 value, does not seem to be in
the decelerating regime, contrastingly to the cut A for the same value.

23Cf. Sec. and
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to the degeneracy, it is possible to choose a completely classical state as representing the ground
state sector as well as the internally entangled one. Either way, the spin and orbital sectors
are independent in such a ground state, resulting in zero value of the spin-orbital entanglement
entropy.

Returning to the 2-site toy model, this time on cut D, one notices that at A=0 the 9-fold
degenerate ground-state energy level is described by: 4 fully polarized states, 4 states polarized
in one sector and quadrupolar in the other and, finally, a unique quadrupolar ® quadrupolar
state. Out of them, the Ising spin-orbit coupling of the antiferro character selects a doublet of
completely classical states

{112 —1—2), [ d1d2 +1+2)} (5.30)

as the ground state. Notably, each of the states is arranged in an antiferro-way on each
site (between spin and pseudospin) but ferro on the bond, both in the spin and orbital sectors.
This results in the maximally-ferro Ising bond correlations ((S7S3) = (T#T3) = +0.25, (S3S9) =
(T{TY) = 0, § = z, y) and antiferro Ising values of the on-site correlations ((S}T?) = —0.25,
(S{T9) = 0).

An analogous splitting occurs for the 4-site chain in Fig. [5.10] (e), (h), where the 25-fold
degenerate level is reduced to the 2-fold degenerate classical groundstate extrapolated from the

2-site case described by formula ((5.30)):

| T1tetsTa)| —1 —2 —3 —a), (5.31)

and
| J1dadada)| +1 +2 +3 +4). (5.32)

Remarkably, such an immediate reaction to the spin-orbit coupling is possible because in this «
and 8 parameter regime the states — describe the ground state level of not only the
Kugel-Khomskii term on its own@ but also the ground state level of the SOC term.

The classical ground state cannot produce any kind of entanglement |Fig. [5.10 (a)-(b)]. The
lack of quantum fluctuations results in the ferro values of the nearest-neighbor spin correlation
S = +0.25 [Fig. [.10] (f)] and T = +0.25 (not shown), to which only S**/T** contributed
with a non-zero value, and the antiferro Ogo = —0.25 value [Fig. (c)], while the other on-
site correlations vanish. This is consistent with the 2-site case. For completeness we add, that
along cut D Acrrr = 0 due to the massive ground-state level splitting, removing all quantum
entanglement from the ground state.

Beyond the o+ 5 = —1 line

From the trends in Fig. [5.2] one can deduce that for the parallel lines lying further below the
B+ a = —1/2 line the above effects will appear for higher values of A and shifted values of «
and .

Finally, we comment that the Ogp correlation proved to be a good indicator on whether the
system is already in a state that would appear for A — oco. Namely, the saturation of Ogg signals
reaching the above limit, discussed in detail below.

5.7 Limit of large spin-orbit coupling

The detailed analysis of the a« + 8 = 0 and a4+ 5 = —1 lines revealed that in the A — oo limit
the system may or may not be spin-orbitally entangled, depending on the values of o and
parameters. Along the oo + 8 = —1 line the ground state in A > AggrrT is completely classical,
built out of the spin and orbital configuration, in which the bond correlations are ferromagnetic

Z4More precisely: belong to the ground state subspace.
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while the on-site correlations are antiferromagnetic. In contrast, along the o + 8 = 0 line the
A — oo ground state is highly spin-orbitally entangled, while the magnetic properties of the
phase are weakly antiferro in both spin and orbital sectors.

Figs. and (c) demonstrate that both the classical and the highly entangled states
occupy finite regions of the entropy map in large A, the latter being confined to the “quantum
stripe” around the o+ 8 = 0 diagonal. A similar picture emerges from the Cso maps in Fig.
In order to better understand the mechanisms leading to such a variety of possibilities, inspired
by Ref. [4], we have derived an effective low-energy Hamiltonian in the A — oo limit.

5.7.1 Effective model

For any Hamiltonian of the type H = Hsg + Hsoc, in the strong on-site spin-orbit coupling
limit, where the A energy scale dominates over the superexchange energy scale J, the spectrum
of the full Hamiltonian groups into bands separated by the gaps of the order of A\. The low
energy physics, confined into the lowest band, can be described by treating the Kugel-Khomskii
Hamiltonian Hgg as a perturbation to the dominant spin-orbit coupling Hsoc and projecting
the former to the ground state of the latter [4]. We have already mentioned this approach in Sec.
for the case of the quasi-two dimensional iridates. Let us now explain this process step by
step.

Let us start with recalling the more general form of the anisotropic on-site spin-orbit coupling

Hsoc = 20T, (5.33)

where v, € € {z, y, 2}, resulting from the elimination of inactive orbitals on a particular bond [cf.
Sec. for a reminder|. Any term of the type (5.33)) has a spectrum consisting of two doubly
degenerate levels +\/2; spanned by the eigenvectors

A
{|1dy), [1d2)} for the eigenvalue — BL (5.34)
{|hdy), |hda)} for the eigenvalue + g, (5.35)

where [1d;), i = 1,2, are the two eigenvectors labeled together as the “lower doublet” while |hd;)
stand for the eigenvectors of the “higher doublet”.

In the general case ([5.33]), the decomposition of states (5.34)-(5.35|) in the spin-orbital basis
{IT%,59) ={l+ 1, [+ b, =1, 1= D} (5.36)

may appear complicated. However, as already mentioned in Sec. general form (5.33) can be
reduced to the Ising form
Hsoc = 2AS*T*, (5.37)

via the suitable rotations in the spin and/or orbital subspaces. The spectrum of the form (5.37))
written in basis (5.36)) is reduced to

ld1) = |+ 1), (5.38)
ld2) = |—=1), (5.39)
lhdy) = [+ 1), (5.40)
[hdg) = |— 1). (5.41)

In any case, a doubly degenerate ground state allows us to introduce the effective pseudospins
J =1/2, onto which we will be projecting the symmetric Kugel-Khomskii Hamiltonian 1}
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For clarity, let us note that now we are temporarily changing the notation: in this section Hsg
as well as Hgg € denote the matrices of the Kugel-Khomskii Hamiltonian in the spin-orbital
basis and in the SOC basis —, respectively. Moreover, we will be utilizing the
matrices of the on-site operators {T5S}, T§id;,id;S]}, where id; is an identity operator in the
suitable subspace, appearing when rewriting Hamiltonian with attention to detail. We will

be denoting these matrices as O; in basis (5.36) and as O$°C in basis 1)1)
SO

Let us start the downfolding [159] by first transforming O; into O

0fo¢ = vlo,u;, (5.42)

where U; is the unitary matrix transforming between the two local bases on each site. In our
case Uj; is reduced to the permutation of the basis elements:

0010
10 00
U; = 010 0 (5.43)
00 01
Because
HIQC = UtHgpU, (5.44)
where U = U; ® Uj is the bond unitary matrix, we may now insert the translated matrices Oisoc

into the structure dictated by Hamiltonian .

The second step is the actual downfolding. Namely, utilizing the assumption A\ — oo, we
project out all the non-zero elements of the Hggc matrix connected to the “higher doublet”
on at least one of the sites. The resulting matrix has non-zero elements only in the “lower
doublet” sectors. For convenience, we remove the remaining zero rows and columns, obtaining

the truncated 4 x 4 matrices. Below we include the explicit form of the truncated ’HSSC matrix,
ordered according to {|ldi;) ® [Idy ;), [Id1;) ® [Ida;), [Id2s) ® [Idq 5), [Id2 ;) ® [1d2 ;) }:
L1 +4(a+5)) 0 0 0
0 L(1—4(a+8)) I 0
5.45
0 1 L1 —4(a+8) 0 (5.4)
0 0 0 (1 +4(a+5)
If we decompose matrix (5.45) into
00 00 10 0 0 1 0 00
110 0 1 0f 1 0 -1 0 O 1 {01 00
ilo1 ootz @ o 0 10|60 01 0 (5.46)
00 00 0 0 0 1 0 0 01
—_——
(4) (i) (i)
one can recognise the term (7) as a matrix of an operator
‘ldl,i> ® ‘1d27j><ld27i’ X <1d17j‘ + ‘1(1271') & ‘1d17j><ld172" & <1d27j‘ (5.47)

ZFor completeness we add that in this section we utilize the Pauli matrices to represent the operators of
spin/pseudospin S/T = 1/2 as well as the operators of pseudospin J = 1/2 in the bases for which | 1) and |+) are

represented by (é), while | |) and |—) are represented by ((1))
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which can be furder identified as
i Jj +J; Jj (5.48)

in the effective pseudospins J = 1 /2 built from the lower doublet. Similarly, the term i(zz) can
be recognised as a matrix of the jfjj operator:

1
([1dy,:)(1dy 5] — [Idz,;)(1d2]) ® 5 ([1dy5)(1dy ;| — [1d2,5)(ld2,4]) - (5.49)

e P
J; 3

| =

Matrix 16(iii) represents a constant shift in energy, which can be dropped out. This leads to the
effective Hamiltonian in a form

J ST Ty ~zxz
Hxxz = 3 Z(Jz Tooi+ 3130+ 2(a+8)J; Jz’+1)- (5.50)

1

The emerging formula describes the XXZ model |160| for the effective pseudospins J = 1/2
with the non-trivial two-parameter dependence of the Ising term.

Correlation functions in J pseudospins

Similarly to the Hamiltonian case, one can also translate the matrices of the on-site expressions
in the spin and/or orbital correlation functions (5.6)-(5.12) to the SOC basis using the unitary
transformation . Below we provide the resulting one-bond expressions, built out of the
suitable OF°€¢ ® (’)]S-OC, downfolded to the “lower doublet on both sites” part.

In particular, the full Heisenberg correlations S and T reduce to the same Ising form

1 0 0 0
ST—>< 0 -3 0 0 >—><J.ZJZ.> (5.51)
’ 0 0 -1 0 il '
o 0o o0 1

Morover, downfolding of the partial correlations S?7, T77 reveals that the planar (0 = {z,y})
terms disappear

00 0O
565 68 0000
ST — < 00 0 0 — 0, (5.52)
0 0 0O
while the zz terms reduce to the Ising form
1 0 0 0
.~ 0 -1 0 o0 .
G e, < 0 0 1 > — <Jij.>. (5.53)
o 0o o0 1

#Exactly solvable by Bethe Ansatz [161].
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Another important observation can be made following the downfolding of the nearest-neighbor
spin-orbital correlation Cgq.

1 1 2
T (1) (1) 0 1 01 0 0
5 0 &+ 1 0 0 -1 o0 o
16 _ 4
0 0 0 + 0 0 0 %
1 ~z~z Y3y 1 232
— Wy I+ e = J5)2 (5.55)

Namely, the first term in the formula 1) (Si - Sit1) (T; - Tit1) downfolds to % <jfjj; + ji/jgj/) +

%. We will return to these important observations later, arguing how they explain the spin-
orbital entanglement values in the A\ — oo limit.

Lastly, we add a technical note: in order to express the matrix of the on-site spin-orbit
correlation function Ogp in the same convention we multiply it by a 2 x 2 identity matrix

representing the neighboring site:

-+ 0 0 0

~ , 0 -1 0 0 1

OSO,Z ®ld] — < 0 O —i 0 > — _Z (556)
0O 0 0 —%

Such a simple constant form of the correlation is easily explainable—we have projected the
correlation proportional to the Ising spin-orbit coupling term onto the ground state of the very
term, which has antiferro orientation of the spin and pseudospin [cf. formulae —].
Thus, only the uniform, negative parts corresponding to that ground state were kept after the
projection.

Special lines and phase diagram

Now it is time to recall the three white dashed a + 8 = const. lines in Fig. As can be seen
in Fig. the maximally spin-orbitally entangled part of the “quantum stripe’@ fits rather
well within those lines, improving with increasing system size [cf. Fig. [B.I|(c)]. It turns out that
along these lines the effective Hamiltonian ([5.50)) simplifies even more.

Namely, along the diagonal a4 8 = 0 line XXZ model simplifies to the AF XY model

iy = 37 (3 T, (5.57)

(2

Along the parallel o + g = +1/2 line the (a + ) factor before jfjj simplifies model 1) to
the AF Heisenberg model™|

J e ~ -
Harn = 3 ZJZ'J1'+17 (5.58)

#7Ct. Sec. for the definition.
%8For completeness we add that in the {a, 3, \} parameter space the AF H line runs above [in )] the SU(4)
point at (¢ = =+1/4,A=0).
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FIGURE 5.11: Ground state-based phase diagram of the effective XXZ model emerging from

(3,3, (j?j;) maps in {a, S} for the 10-site chain. The diagonal and parallel dashed lines denote

simpler models the XXZ models reduces into. The AF Ising label marks both the AF Ising model and

the ground state the system converges into for o, 5 — +00. In contrast, the FM Ising label relates to the

doubly degenerate, polarized FM ground state appearing immediately below the hidden FM Heisenberg

line. Naturally, the system is described by FM Ising model for o, § — —oo. Figure has been published
in Ref. [144].

while on the o + 5 = —1/2 line one obtains

Mo = 5 30 (B0 32— 30300, (559

As observed in Ref. [160], a simple transformation, distinguishing sublattice A for sites i and
sublattice B for their nearest neighbors 7 £ 1

(jz, JY, jz) = (—j$, -JY, jz) m-rotation around z on sublattice A,
(J°,37,37) = (3%,37,7) identity operation on sublattice B, (5.60)

reveals the hidden FM Heisenberg nature of model (5.50) along the a + 8 = —1/2 line:

Hrmn = ;Z( T o= 30—, Jz—i—l) = —gzjijiﬂ- (5.61)

)

Besides the entropy maps, the above special lines are also indicated on the (jzj i)s <373]>
maps in {a,f} in Fig. [5.11l The maps allow for preparing the ground-state phase diagram of
the XXZ model with the unusual (o + ()-dependent anisotropy and compare it to the
diagram from the literature [162|. Starting from the left, we report the maximally ferromagnetic
(J;J j) = +0.25 correlation below the hidden FM Heisenberg line, as indicated in the dark-
red color in Flg 5.11| (a). Figs. [5.11] (b) and (c) reveal vanishing polar correlations and
saturated (J T > 40.25. These are all signatures of a classical ferromagnetic pseudospin
arrangement, conﬁrmed by the double degeneracy of the ground state level just below the hidden
FM Heisenberg line. Naturally, along the hidden FM Heisenberg line the ground state is masswely
(11-fold for 10 sites) degenerate, due to the large manifold of the maximal total pseudospln T

spanmed by {[Tior = Ty, Jpy = m)}, 1€ (T —(Te™ ~ 1), s+ (T 1), + 70"} states P

29Gimilarly to the notation of O¢®, introduced in Sec. [4.2.1] here j;ﬁ?w is the maximal possible value of the
total pseudospin for a given chain.
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Along the diagonal XY line we may again utilize the 2-site toy model, this time in J pseu-
dospins. The ground state of the 2-site AF XY model is the % (| T1d2) — | J112)) singlet in J
pseudospins, the same as for the AF Heisenberg model, hence, the isotropic negative values of
all <ij;Y> are expected. This time however, the 2-site model does not predict the ground-state
properties for the longer chains well enough. Already for the 10-site chain the slightly different
shades of green color in Fig. |5.11] (b) and (c) indicate a developing anisotropy between the polar

and zz correlations. Analytical result confirm this trend: <jfjj> = —1/(2r) = —0.101 vs

<jfjjz> = —1/(w?) ~ —0.16 [163]. Nevertheless, the AF XY ground state still belongs to the spin
liquid class. Overall, Fig. supports the literature classification of the ground state between
the hidden FM Heisenberg and AF Heisenberg lines as the highly fluctuating, spatially entangled
quantum 1D antiferromagnet [161} |160} 162].

Above the AF Heisenberg line the system interpolates between the spin-liquid state and the
classical Néel state for a, f — +00. This can be observed in the fairly quickly decreasing polar
correlations combined with the increasing zz correlation. Hence, the AF Ising label marks both
the AF Ising model and the ground state the system converges to for o, 5§ — 4o00.

5.7.2 Origin of the quantum stripe

Recalling once again Fig. [5.2| (a), we see a substantial spin-orbital entanglement confined to the
central triangular region of the critical SU(4)-singlet phase in the A = 0 limit. This is because
the spin-orbital term J (S; - S;j+1) (T - Ti4+1), enabling such amount of the entanglement in the
ground state, has to compete with the spin/orbital-only terms, independently multiplied by «
and 8 parameters. Therefore, the right conditions for the substantially spin-orbitally entangled
ground state appear only for small enough |a| and |].

In the A — oo limit in Fig. (c¢) the white dashed a + 8 = —1/2, a+ 3 = 0 and
a4+ = +1/2 lines, corresponding to the hidden FM Heisenberg, XY, and AF Heisenberg models
in J pseudospins, respectively, set the right conditions for the quantum fluctuations and spatial
entanglement in Js to appear. Along the v + f = —1/2 line we have a massively degenerate
Heisenberg ferromagnet, represented by both the polarized and the entangled states, slightly
above this line however the AF XY term starts to dominate over the Ising part in formula .
Along the oo + 8 = 0 line the Ising term vanishes completely, “releasing” the AF XY term to
fully decide about the ground state — a non-degenerate, spatially entangled, highly fluctuating
spin liquid. Along the a + f = +1/2 the Ising term again matches in strength the XY term,
forming the AF Heisenberg model. Thus, for —1/2 < a4+ 8 < 1/2 the ground state belongs to
the the quantum 1D antiferromagnet class. We see that the shape of the quantum stripe follows
exactly from the (a + ) dependance of the Ising term, with the a + 5 = z constraint forming
less competitive conditions than independent o and 5 in A = 0 case. The spacial entanglement
in Js is linked to the underlying saturated entanglement between spins and orbitals the Js are
made of, even though the link between the two is classical.

The easiest way to see it is by downfolding Hamiltonian term by term. Similarly to the

correlation functions, the spin-orbital term J (S; - S;+1) (T; - Tit1) downfolds to 2 <jfjf + jfj?)%—
1—‘]6. Notice, that this term does not carry any « or 8 dependence even before the downfolding.

In contrast, JaT; - T;y1 and JBS; - S;41 terms both download to jfjj, multiplied by Ja and

0Qd 6ré :
§55. 1, T3 Ti, 1 terms vanish, S7S7, |, T;T7, 4

J B, respectively. More precisely, while the polar S
terms both downfold to jfjjz

The fact that the term generating quantum entanglement in Js at the center of the “quantum
stripe”, the XY term, originates fully from the J (S; - S;11) (T; - Ti4+1) term, responsible for the
significant spin-orbital entanglement in A = 0, while the Ising term, that can both help support

390btained utilizing the transformation to the fermionic degrees of freedom of the Jordan-Wigner type [163].
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the entanglemen@ or suppress it, originates from the terms that were suppressing the spin-
orbital entanglement in A = 0 limit, is quite remarkable. It allows us to recognise the highly
(spin-orbitally) entangled state in the phase diagram as the 1D quantum antiferromagnet in
Js. Overall, the analysis above brings the analytical justification to the “quantum stripe” and
the connection between the saturated spin-orbital entanglement and the high entanglement in
Js within the stripe in the A — oo limit.

Correlations within the quantum stripe

Here we first compare correlation functions — along the a4+ 8 = 0 line to their lower
doublet-projected forms -, calculated in the ground state of the XY model, and then
expand the discussion to the whole “quantum-stripe” region. We start from the Cgp correlation,
denoted by a thick green line in Fig. We observe that regardless if we follow cut A or
B, above AgrrT the function converges to its asymptotic value éso, denoted by the dark-green
dashed line. Along the o + 8 = 0 line, above AcriT, the Cso value is quite uniform, see Fig. [5.3
(b). Moreover, Fig. [B.2| (c) reveals the non-zero values of Cgp for the whole “quantum stripe”.
Notice, that although Cgp recognises the same range of the most entangled region in the A — oo
limit as the entanglement entropy, its absolute value is actually smaller than in the SU(4) singlet
for A = 0.

On a side note we add that Cgo has only an infinitesimally small value above the stripe.
While we have strong hints that the uniform entanglement entropy above the stripe is a finite-
size effect, since it is decreasing with the system size, the difference in behaviour of the entropy
and Cgo above Acrrr is concerning and suggests that Cgo can only qualitatively estimate the
entanglement. One of the reasons of such shortcomings may be quite straight forward—Cgo
verifies, whether the decoupling of the (S; - S;+1) (T - Ti4+1) term to spin-only and orbital-only
term is possible, hence, it is restricted to the nearest neighbors.

Returning to Fig. [5.4] one notices that along both cuts A and B, Ogo correlation also
converges to its asymptotic value Ogo, denoted as the dark-red dashed line. Note that the lower-
doublet projected Oso formula is a constant and is valid for the whole {a, 8} parameter
plane in the A — oo limit. The —1/4 antiferro value is a sign that the ground state is built from
|+ 1), |— 1) on-site Néel arrangements of spins and orbitals. Therefore, the saturated |Ogo|
value is a good indicator of crossing the Acrir threshold@

Another good indicator of whether the system is already above Acgrrr is the value of the
polar $% T correlations —, where 6 = x, y. In fact, these functions downfold to zero
because the lower-doublet states are of the classical Néel nature in the z direction on each site.
Hence, the system is well described by the J pseudospins as soon as the thick green lines in Fig.
converge to their zero asymptotes (dark-green dashed lines).

In contrast to the polar correlations, S** and T*? become negative above A\criT, much weaker
however than the Ising value -0.25, confirming inter-site quantum fluctuations in the highly
entangled state. These values are also well converged to their asymptotes above Acrrr. What is
more, also weakly antiferromagnetic values of the full S and T correlations in Figs. (b)-(c)
are consistent with the (jfjj> values, to which they downfold.

All the above tropes suggest that in the a € [—1, 1] interval of the ao+ 5 = 0 line the system
is qualitatively in the highly spin-orbitally entangled state well before A — oo and can be already
approximately described by J pseudospins just above Agrir. This is also consistent with Fig.

31 By completing the Hamiltonian into the Heisenberg form.

32 Another hint that the system is already defined by J pseudospins built out of the Ising configurations is the pos-
sibility of the on-site decoupling in the z components. Namely, (1/L) >, ((S7S7, . TiT7,,.) — (SiT7)(Sit - Tiyr)) =
0, =1, 2, ..., L/2 while all other spin/orbital combinations do not vanish. We have verified that this happens
just above AcriT-
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[.2] where we see that the saturated spin-orbital entanglement first appears in the center of the
maps.

5.7.3 Origin of the classical state

In the A — oo limit below the ao + 8 = —1/2 line there is not only no spin-orbital entanglement
|zero entropy values in Fig. [5.2] (c) and zero Cso values in Fig. [B.2] (c)|, but any quantum entan-
glement whatsoever. In Sec. [5.6] we have inspected this classical state along the representative
a + S = —1 line, observing that above ACRIT@ the values of various correlations consistently
point to the Ising ferromagnetic patterns along the bonds (S = T = +1/4), arranged in such a
way, that on each site there is a classical Néel configuration between the S and T degrees of free-
dom (Ogp = —1/4). This means that also in J pseudospins, built out of the above lower-doublet
Néel configurations, one should observe the maximally ferromagnetic nearest-neighbor correla-
tions, indicating a polarized state. Indeed, (J;J;) reaches uniformly +1/4 value in Fig. (c)
while the planar correlations are zero below the a + 3 = —1/2 line. Recalling the downfolded
form of the Cso correlation ([5.55)), one notices that the FM Ising state in Js would return zero
value of the average <:]fjj: + J;J;), while the remaining (J7J7)2 = 1/16 would be cancelled by
the constant term.

Hence, the spin-orbital entanglement disappears completely below the o + 5 = —1/2 line
because the values of the coupling parameters in both full and effective Hamiltonian support the
splitting of the massively degenerate ground-state level immediately below the line. This leaves
only the classical FM Ising configurations along the bonds, with the spins and orbitals connected
in an antiferromagnetic Ising way on each site.

33 \CRIT2 along cut C and any A > 0 along cut D.
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5.8 Summary and conclusions

So far the counterintuitive phenomenon of the spin-orbital entanglement was mainly considered
for those 3d transition-metal oxides (TMOs) for which the orbitals are not fully quenched and
partially filled—in particular for the cubic vanadates and titanites. Crucially, for these materials
the relativistic on-site spin-orbit coupling is negligible. Somewhat surprisingly, however, this
phenomenon has not been systematically explored for the late TMOs with the significant spin-
orbit coupling, despite the advanced efforts to describe the honeycomb iridates and ruthenates
by the effective Hamiltonian expressed in the low-energy degrees of freedom enforced by the spin-
orbit coupling. Interestingly, the phase diagram of the effective Hamiltonian in these degrees of
freedom contains finite regions of the strongly spatially entangled phase—the Kitaev spin liquid,
cf. Chapters

In this chapter we have interpolated between the negligible spin-orbit coupling and the domi-
nant spin-orbit coupling limits in a Mott insulator with spin and orbital degrees of freedom. The
primary purpose of this study was to investigate the spin-orbital entanglement and its possible
connection to the spatial entanglement in Js. To this end, we have solved a minimal spin-orbital
model for the above problem, consisting of the SU(2) ® SU(2) symmetric Kugel-Khomskii spin-
orbital exchange term with the parameters J = 41, o and 8 and the Ising on-site spin-orbit
coupling, parametrized by A. We have utilized the numerical exact diagonalization as a default
method for small to moderate-size systems with the expected strongly quantum effects. We have
calculated various observables in the ground state of the spin-orbital model on the L = 4n-site
chains:

e the entanglement entropy of the von Neumann type Syn as well as the spin-orbital corre-
lation Cgp to examine the spin-orbital entanglement;

e the on-site spin-orbit correlation Ogp to monitor the response of the system to the spin-
orbit coupling;

e the spin and/or orbital correlations to examine the magnetic properties.

When necessary, we performed finite-size scaling.

Last but not least, in the A — oo limit we have projected the Kugel-Khomskii Hamiltonian
onto the ground state of the Ising spin-orbit coupling, obtaining an effective XXZ Hamiltonian
inJ=1 /2 pseudospins.

Evolution of the spin-orbital entanglement with increasing spin-orbit coupling

The analysis of the results of the full and effective models allowed us to understand the evolution
of the spin-orbital entanglement with increasing A\. Thus, we can now answer the first question
posed at the begining of this chapter: What kind of evolution does the spin-orbital entanglement
develop with increasing spin-orbit coupling? The maps of the entanglement entropy Syn and Cso
revealed that the evolution from the phase diagram of the Kugel-Khomskii model to the phase
diagram of the XXZ model is gradual.

To fully understand this complex evolution we selected two representative lines: a4+ 8 =0
and o+ 6 = —1. While the former line crosses the most quantum regions both in the A = 0 and
in the A — oo limit, the latter line crosses the completely classical regions in both limits. We
have examined in detail the evolution in spin-orbit coupling A along these lines. It turned out
that we could distinguish:

e The evolution of type A—from the FM ® AO/AF ® FM phases and their perturbed
versions for A/J < Acrir, through an interval of a rapid spin-orbital entanglement growth
ACRIT, up to the highly entangled state with the saturated spin-orbital entanglement,
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recognised as the 1D quantum antiferromagnet in terms of J pseudospins, cf. Fig. 5.3
While all the observables evolve smoothly in A, indicating a crossover character of the
evolution, the properties of the state below AcriT are very different from the ones above it.
Below AcgriT the spin-orbital entanglement and the response to the spin-orbit coupling are
at most negligible, while the magnetic features are complementary in the spin and orbital
sectors. Above Acgrrr the spin-orbital entanglement and the response to the spin-orbit
coupling are saturated while the magnetic features are weakly antiferromagnetic in both
spin and orbital sectors.

e The evolution of type B, where the system departs from the substantially spin-orbitally
entangled, critical SU(4) singlet through n kinks for the L. = 4n-site chain, up to a highly
entangled state, cf. Fig. [5.3] The finite-size scaling of this discontinuous increase of the
spin-orbital entanglement and the response of the system to the spin-orbit coupling sug-
gests that in the thermodynamic limit the SU(4) singlet is unstable for A > 0. However,
before the spin-orbital entanglement saturates in the highly entangled state, there is an
intermediate region of continuously increasing spin-orbital entanglement called an interme-
diate entangled state (IES). In this case Acgrrr is set by the stabilized position of the final
kink, corresponding to the level crossing in the energy spectra. Above Acgrrr the system is
in the highly entangled state.

e The evolution of type C, starting as a crossover from the FM® AO/AF ® FO phases and
their perturbed versions for \/J < Acriri, through an interval of the rapid spin-orbital
entanglement growth Acgriri, interrupted by a level crossing with a completely classical
state at AgrrTe, cf. Fig. Thus, at first the system evolves as in case A, gaining more
and more spin-orbital entanglement, but this is abruptly stopped at Acrrre. As a result,
for A — oo the system is in a doubly degenerate state with the classical ferromagnetic spin
and orbital correlations on bonds and the classical Néel correlations between spins and
orbitals on each site.

e The evolution of type D, for which the massive degeneracy of the FM ® FO state,
containing both the polarized, classical states as well as the states with some “internal”
quantum entanglement within the spin and orbital sectors but no spin-orbital entanglement,
is reduced to the double degeneracy as soon as A > 0, cf. Fig. As a result, only
the fully classical states, consisting of the ferromagnetic configurations on bonds and Néel
on-site configurations have the lowest energy.

Moreover, we may summarize the differences between the A\ < Acrir and A > AcgryT regions
as follows:

1. For A < AcriT:

e The extent of the significant spin-orbital entanglement in the {«, 5} parameter space
is qualitatively the same as in the A = 0 limit.

e If the ground state displayed significant amount of the spin-orbital entanglement at
A = 0, it gains more spin-orbital entanglement with increasing A (the SU(4)-singlet
— IES case).

o [f the ground state showed no spin-orbital entanglement for A = 0, it still shows none
or negligible spin-orbital entanglement for A > 0 (the FM®FO and FM®AO/AFQFM
— perturbed FM ® AO/AF ® FM cases, respectively).

2. For A > AcriT:

e The significantly spin-orbitally entangled phase occupies larger region of {a, 8} pa-
rameter space than in the A = 0 case (“quantum stripe” vs SU(4)-singlet, respectively).
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e The ground state may become spin-orbitally entangled even if it showed no spin-orbital
entanglement in the A = 0 case.

e Spin-orbital entanglement may vanish only if the quantum fluctuations vanish in the
ground state of the effective model.

Finally, we emphasise the conclusions described in Sec.

Highlight: spin-orbital entanglement induced by the spin-orbit coupling

Now we may also answer the third question from the beginning of this chapter: How does the
spin-orbital entanglement arise in the limit of strong spin-orbit coupling? By projecting the full
Hamiltonian (to the ground state of the spin-orbit coupling) term by term we determined that
the Ising spin-orbit coupling may promote the stronger in value and more robust spin-orbital
entanglement. This is due to the quenching of the spin-only and orbital-only terms competing
with the (S; - S;)(T; - T;) term, enabling significant amount of the spin-orbital entanglement.
It turns out that the latter term downfolds to the XY model in Js, while the spin-only and
orbital-only terms downfold together to (a + 8)J; jj As a result, the effective model between
—1/2 < (o 4+ B) < +1/2 has a highly entangled spin-liquid ground state, while for +1/2 <
(v + B) < +oo the ground state interpolates between the spin liquid and the classical Néel
limits of a 1D antiferromagnetic state. The maximal part of the “quantum stripe”’, seen in the
saturated spin-orbital entanglement entropy values is directly connected to the suppression of
the Ising term in the XXZ model between the hidden FM Heisenberg and AF Heisenberg lines.
In this way the spatial quantum entanglement in Js is connected to the underlying spin-orbital
entanglement even for the classical link between these degrees of freedom. In other words, even
the classical spin-orbit coupling may promote spin-orbital entanglement if the spin-orbital model
in A = 0 allowed for the spin-orbital entanglement for certain parameter regime.

Highlight: spin-orbital entanglement suppressed by the spin-orbit coupling

The answer to the remaining, second question from the beginning of the chapter: Can one always
assume that in the limit of strong spin-orbit coupling the spin-orbital entanglement is non-zero?
is negative. In fact, in the A\ — oo limit there is a whole half-plane in {«, 8} parameters, limited
by the a+ 5 < —1/2 line representing the hidden FM Heisenberg model, below which the ground
state becomes the Ising ferromagnet in J pseudospins. In the spin and orbital degrees of freedom
this classical, doubly degenerate state is characterized by the ferromagnetic bond and Néel on-site
correlations. This classical state may appear for A — oo even if below AcriTe the values of the
entanglement entropy were already substantial and even if at A = 0 the independent fluctuations
in spin and orbital sectors were allowed [evolution of type C|.
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Chapter 6

Outlook

Better description of Kitaev materials

The interesting physics of the late transition-metal compounds is still not fully understood. Some
of these materials are the spin-orbit assisted Mott insulators, for which substantial value of the
on-site spin-orbit coupling enables for opening the charge gap for the realistic values of the on-site
Coulomb repulsion U. In this thesis we have considered two examples from this class, NaolrOg
and a-RuCls—the quasi-2D materials on the honeycomb lattice, and discussed which values of
the model parameters could best described the Kitaev-like physics of these compounds.

Below we comment how one can build up on the results presented in this thesis to deepen
the understanding of the proximity of the Kitaev-candidate materials to the Kitaev spin-liquid
regions.

e Maps of the ordered moment properties

Our multi-method study of the Kitaev-like models (the effective models in the degrees
of freedom enforced by the large spin-orbit coupling in the considered materials) resulted
in the maps in the models’ parameter space of the ordered moment properties such as
e.g. length and direction. The maps reveal the general tendencies for fixed values of
the selected model parameters and thus allow to understand the evolution of the ordered
moment in each parameter separately. Although at this stage they can be quite useful for
the experimentalists to understand which term of the effective Hamiltonian can be related
to the observed magnetic moment behaviour ultimately all the Hamiltonian parameters
should be considered together in order to search for the NasIrO3 and a-RuCls positions
on such maps. In fact, as mentioned in Sec. the first study of this kind was recently
published for the NagIrOg case in Ref. [108], with the two candidate locations selected.

e Usefulness of the CMFT method

While the CMFT method is clearly not perfectly suited for the Hamiltonians containing the
bond-directional frustration, the imperfect CMFT results can still be used for the qualita-
tive understanding of the evolution of the ordered moment in the long-range ordered phases
of the Kitaev-like models. Namely, despite the lower amount of quantum fluctuations in
the CMFT ground state, which influences the rate of the evolution of the ordered moment
direction and overestimates the ordered moment value in the phases of the antiferromag-
netic nature, the results correctly distinguish the quantum vs classical character of each
phase.

e Alternative studies of the ordered moment value
Comparison with the experimental magnetic moment values for NaglrOs and a-RuCls
suggest that: (a) the ordered moment value may be in general “too flat” in the whole
zigzag phase to serve as a mean to narrow down the Hamiltonian parameter range for the
considered materials; (b) the CMFT value may be quite overestimated, therefore similar
calculations utilizing alternative methods, e.g. higher order perturbation theory [84], would
be of great value.



150 Chapter 6. Outlook

e Importance of the NasIrO3 and a-RuCl;3 positions in the model parameter space
In order to realize further plans to utilize the topologically protected excitations (from the
gapped version of the KSL state) as stable qubits, one has to first estimate the distance
between the positions of the considered materials and the KSL regions existing in the
phase diagrams of the Kitaev-like models. In case of NasIrOs and a-RuCls further self-
consistent experimental and theoretical effort is necessary to uniquely fix their distance to
the hidden AF KSL region, characterized by the FM sign of the K parameter, matching the
considered materials. This effort is still in progress, the reader may inspect very interesting
recent results published in Ref. |38|. In principle, the hidden FM KSL region may be also
interesting in the future, due to its larger size, provided that a material with matching
coupling parameters is synthesised.

More realistic studies of spin-orbital entanglement

As explained in Sec. 2.2.]] a typical quantum spin liquid is characterized by the massive spatial
quantum entanglement. In the cases discussed in this thesis, this spatial entanglement concerns
the J pseudospins—the effective degrees of freedom in the large spin-orbit coupling limit. In fact,
both the Kitaev-like models and the effective XXZ model described in Chapter [5| are described
in the effective pseudospins J = 1 /2. As a result, for the latter model in large spin-orbit cou-
pling limit we obtained a region of considerable size with the significant amount of the spatial
quantum entanglement in J = 1 /2 pseudospins—the “quantum stripe”. We uncovered the under-
lying saturated spin-orbital entanglement, mimicking the behaviour of the entanglement in Js.
Moreover, we found very clear evidence that even the spin-orbit coupling of the Ising type may
support the spin-orbital entanglement in the large spin-orbit coupling limit if there is a term in
the Kugel-Khomskii part of the Hamiltonian supporting spin-orbitally entangled ground state in
the negligible spin-orbit coupling limit.

e Consequences for real materials

Nevertheless, the model considered in Chapter [5| is not a realistic model for the Kitaev-
candidate materials. Therefore, a careful study of the spin-orbital entanglement in the
large spin-orbit coupling limit for the models consisting of the Kugel-Khomskii and on-
site spin-orbit coupling terms derived specifically for iridates and ruthenates would be of
great value. In such a quasi-2D case one should carefully consider the bond-directional
dependence of the virtual hopping paths in order to obtain the realistic behaviour of the
spin-orbital entanglement for the above compounds.

Here we mention, that even for the simpler geometry of SrolrO4 with the 180° Ir-O-Ir
angles such calculation would have to take into account spin 1/2 and effective orbital
1 local degrees of freedom. This would lead to faster growth rate of the dimension of
the Hamiltonian matrix with the system size. Nevertheless, calculations for two square
plaquettes [dimension 26 x 3% = 46656] seem easily doable, and even six plaquettes [12
sites, dimension 2'2 x 3'2 = 2176782336] seem possible with a clever optimization of the
ED code, because of the dimension still being lower than for 16 sites in the current case

described in Chapter [5]

e Spin-orbital entanglement evolution with the on-site spin-orbit coupling
Furthermore, it would be also interesting to see how the hypothesised spin-orbital entangle-
ment in such more realistic model evolves “down” from the large spin-orbit coupling limit
to the negligible spin-orbit coupling limit and verify the universality of the mechanisms
described in Chapter [5]
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A.1 Ground-state energy from the central hexagon

FIGURE A.1: A scheme of retrieving the ground-state energy from the central hexagon of the 24-site

cluster with polarized boundary bonds (dashed lines). The bonds marked in solid blue [denoted as sb

in eq. are taken into account with a factor 1 while the semi-transparent bonds [tb in eq. are
weighted by 1/2 as they only have one site belonging to the central hexagon.

The CMFT procedure is capable of producing the Egg/site value directly by diagonalizing
the Hamiltonian. However, the initial polarization of the external sites (black circles in Fig.
deprives the energy from some quantum fluctuations contribution. The way to partially correct
this is to obtain the ground-state energy value from the least affected central hexagon of the
24-site cluster, which directly experiences only the fully quantum Hamiltonian. The basic idea
is to decompose the estimate of the energy—the average of the internal Hamiltonian in
the ground state — into the sum of pseudospin correlations. These correlations, calculated in
the 24-site CMFT ground state, are then summed over the bonds building the central hexagon
(solid blue) with a factor 1 and over the bonds sticking out of the hexagon (semi-transparent
blue) with a factor 1/2. At the end we normalize the energy by the 6 sites building the hexagon.
As it is commented in Chapter [3] such energy is rather close to the reference ED-based values.
The explicit formula for the ground state energy Egg from the central hexagon (ch) looks as
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FIGURE A.2: Average of the pseudospin value (CMFT-based) as a function of the distance from the mean-field
boundary (MF PBC) bonds: (a), (d), (g)— value averaged over the central hexagon, (b), (e), (h)— value averaged
over the whole 24-site cluster, (c), (f), (i)—value taken from the external site.
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where sb are the solid blue bonds and tb are the semi-transparent bonds in Fig.

A.2 CMFT-based ordered moment

Fig. |A.2] presents the CMFT-based results on the 24-site cluster with mean-field (MF) bonds
as51gned as in the main part of the thesis. Here we present examples of how the ordered moment
value changes with the distance from the MF bonds.
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FIGURE A.3: An example of the CMFT bond setup for the nearest and third-neighbor Hamiltonian.

The presented scheme maximizes the amount of quantum bonds while minimizing the number of mean-

field bonds and restricting them to the original boundary bonds between periodic copies of the 24-site

cluster. Panel (a)—mearest-neighbor and third-neighbor operator-operator bonds in orange and red,

respectively. Panel (b)—mearest-neighbor and third-neighbor mean-field bonds in dark and light green,
correspondingly.

A.3 CMFT setup for J;

There are multiple ways to introduce further-neighbor interactions into the CMFT Hamiltonian
H = Hin + Humr. In this appendix we present a particular scheme how to supplement the
nearest-neighbor (NN) J, K, ', T” interactions on the honeycomb lattice by the third-neighbor
Heisenberg interaction represented by the J3 coupling parameter. Our approach benefits from
the maximal number of quantum operator-operator bonds and the restriction of mean-field bonds
to the bonds between original external sites of the 24-site cluster.

Fig. |A.3| (a) illustrates the distribution of quantum bonds forming the internal part of the
CMFT Hamiltonian (Hjy). Nearest-neighbor (orange) bonds apply to the J, K, I" and I"” terms
in Hamiltonian , while third-neighbor (red) bonds concern the J3 Heisenberg term. We
emphasise that the third-neighbor operator-operator connections between the periodic copies of
the cluster do not concern the previously defined external sites, marked by the black circles in
Fig. B:2l On the contrary, these new bonds join only the sites previously connected only by the
quantum NN bonds.

Fig. |A.3| (b) presents the distribution of the mean-field bonds contributing to Hyp. In our
proposal not only the NN (dark-green) bonds, but also the third-neighbor (light-green) bonds
are restricted to the original external sites form Fig. [3:2]

In this way the structure of the quantum and mean-field parts of the CMFT Hamiltonian is
kept consistent. Although the number of connections grows, the boundary of the cluster preserves
its “shape”, allowing for the comparison of the purely nearest-neighbor and nearest-neighbor +
third-neighbor results.

Below we would like to comment on the practical side of the CMFT method. From our expe-
rience the CMFT behaviour for the bond-anisotropic Hamiltonian may be initially quite puzzling.
Thus, we would like to suggest not taking the results for granted but comparing them with a less
biased, more quantum method, e.q. ED-based. Varying convergence time of the CMFT loop is
also a disadvantage, because of the high time requirements that only some of the machines in the
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computational centers could offer. Keeping this in mind, the calculation proposed above should
be feasible.

A.4 Evolution in I

In order to allow the reader to develop some intuition in general I trends below we replot the
full maximal-overlap results concerning the evolution of the phases in IV parameter when J3 = 0.
The results as well as the figure was prepared by Jii'i Chaloupka and published in Ref. [29].
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FIGURE A.4: A more dense set of IV # 0, J3 = 0 slices of the phase diagram via the maximal-overlap
method. The left circle in each row presents the phases with the maximal probability Py, Its change is
marked by the color gradient, with the colors: blue marking the FM /stripy, pink—vortex, green — Néel,
red—zigzag phases. The middle circle presents the angle o from the honeycomb plane to the pattern
while the right cricle illustrates the azimuthal angle ¢, here denoted by the letter 5. The panels have
special manifolds indicated: the fluctuation-free lines as well as the special points: hidden and explicit
SU(2) points—black circles on panels (a), (e), (i), (j), Kitaev points—black circles on panel (e), empty
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point —empty square on panel (b). Figure, published in Ref. .
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calculated in the ground state of the 4-site chain. Panels depict {«, 8} slices for the representative values
of A/J. Panels (a) and (b) capture the spin-orbital entanglement for the negligible A values, in contrast to
panel (c), where the dominant A limit is shown. Panels (d)-(i) show the intermediate stages between (b)
and (c). The white dashed lines represent (from the left to the right) the hidden FM Heisenberg, XY, AF
Heisenberg models emerging in the dominant A limit at o+ = —%, a+pB =0and a+8 = %, respectively.
The red dashed a + 8 = —1 line is representative for the disappearing spin-orbital entanglement in the
lower-left part of the slices for the dominant \ parameter.
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FIGURE B.3: Spin-orbital entanglement evolution in A\ along the o + 8 = 0 line for the 4-site chain:
(a)—entanglement entropy; (b), (¢)— Cso and Ogso; (d)—entanglement entropy along cut A; (e)—

entanglement entropy along cut B; (f)— spin correlation S. Figure published in Ref. [145].
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B.2 4-site energy spectra
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FIGURE B.5: Progressively zoomed in energy spectrum of Hamiltonian (5.1)) for the 4-site chain along
cuts A and B.
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FIGURE B.7: A/J = 100 cut through the energy spectrum of Hamiltonian (5.1) with the constraint
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