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“There are only two mistakes one can make along the road to truth;
not going all the way, and not starting.”

Buddha
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Abstract

Multi-scale modeling of two-dimensional layered nanomaterials built of carbon,
boron, and nitrogen atoms

Two-dimensional materials and their alloys remain under interest of scientists, due
to their very appealing and conceivably tunable properties. CyB,N;_,_, graphene-
like alloys constitute intriguing class of materials, including B- and/or N- doped
graphene, C-doped hexagonal boron nitride (hBN), mixtures of graphene and hBN,
or CBN structures with long-range order. Many reports on synthesis of such alloys
are available, as well as numerous theoretical predictions for varied configurations
of constituent C, B, N atoms. However, the deep understanding of the equilibrium
morphology, stability, and phase diagrams of these interesting two-dimensional
compounds is still lacking.

We address these issues in the present thesis. In the first step, we investigate the
stability of the 2D ternary disordered C-B-N systems for the wide range of possible
compositions, employing: (i) DFT-based Cluster Expansion technique, and (ii) di-
rect valence force field approach for systems with thousands of atoms. We find the
most energetically favourable configurations of C-B-N alloys via combination of (i)
and (ii) with Monte Carlo Metropolis simulations. This allows us to avoid artificial
periodicity, often introduced in ab initio simulations (when using small supercells).
We find out that all investigated systems deviate strongly from random alloys and
exhibit short-range ordering, i.e., avoid creating N-N and B-B bonds in graphene
lattice and have tendency to form graphene and hBN domains in ternary alloys.
We attempt to establish (in an iterative scheme) the effective Heisenberg-like hamil-
tonian parameters in Cluster Expansion models for graphene doped with N/B, and
evaluate their quality. In order to use empirical potentials reasonably, we perform
extensive tests of available VFFs including Tersoff, ReaxFF and COMB3 to find that
none of them is fully satisfactory for simulations of CBN alloys. We combine and
modify existing Tersoff parametrizations improving its performance.

Lastly, we show exemplary results for graphene flakes, and comment on Density
of States of a chosen structures determined in Empirical Tight Binding approach.






Streszczenie

Wieloskalowe modelowanie dwuwymiarowych warstwowych materialé6w
zbudowanych z wegla, boru i azotu

Materialy dwuwymiarowe wykazuja szereg intrygujacych wtasnosci, ktére mozna
w miare tatwo modyfikowac i projektowac funkcjonalno$ci w zaleznosci od potrzeb.
Rodzina uktadéw grafeno-podobnych, zawierajacych wegiel, bor oraz azot, o ogél-
nym wzorze C, By N _,_, zawiera takie klasy materiatow, jak grafen domieszkowany
borem lub/i azotem, heksagonalny azotek boru (hBN) domieszkowany weglem,
jak réwniez struktury CBN wykazujace porzadek diugiego zasiegu. W literaturze
mozna znalez¢ wiele prac dotyczacych metod wytwarzania uktadéw CBN, jak i
teoretycznych przewidywan wlasnos$ci réznorodnych konfiguracji atoméw C, BiN.
Jednakze, wciaz nie mamy kompletnej wiedzy dotyczacej mozliwos$ci roréwnowag-
owej syntezy tych zwiazkow, ich stabilnosci, czy przejs¢ fazowych.

Te tematy poruszam w swojej pracy doktorskiej. Przeprowadzam teoretyczne bada-
nia stabilnosci stopéw CBN dla szerokiego zakresu koncentracji poszczegélnych
atoméw, w oparciu o metody (i) Cluster Expansion, oraz (ii) pol sitowych (VFF).
Wyznaczam konfiguracje odpowiadajace najnizszym energiom wykorzystujac pode-
jScia (i) i (ii), w potaczeniu z symulacjami Monte Carlo w uktadach liczacych tysiace
atoméw. To pozwala na realistyczny opis nieperiodycznych struktur CBN. We
wszystkich badanych uktadach, réwnowagowe konfiguracje odbiegaja znaczaco od
losowych, wykazujac natomiast porzadek krétkiego zasiegu, tzn. wiazania N-N i
B-B sa niekorzystne i wlasciwie nie wystepuja, za$§ w tréjskladnikowych stopach
obserwuje tendencje do separacji na domeny grafenu i obszary hBN.

W szczegdlnosci wyznaczam parametry hamiltonianu w modelu Cluster Expan-
sion dla grafenu domieszkowanego borem /azotem, oraz szacuje doktadnos¢ otrzy-
manych modeli. Seria testow dostepnych potencjaléw empirycznych (Tersoff, ReaxFF
i COMB3) pokazuje, ze zadna z dostepnych parametryzacji nie daje catkiem
zadawalajacych wynikéw w 2-wymiarowych stopach CBN. Laczac i modyfikujac
rézne parametryzacje potencjalu Tersoffa, poprawiam jego doktadnosé.

Prezentuje réwniez przykladowe wyniki dla platkéw grafenowych oraz dyskutuje
elektronowa gestos¢ stanéw dla wybranych struktur CBN.
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Chapter 1

Motives to bother with CBN
monolayer alloys

Two-dimensional structures remain under constant interest of both scientists and
engineers, due to their relevance in both basic research and possible applications.
The story began in 2004 at the University of Manchester, where the inaugural of
this kind - well-known - graphene was first exfoliated (Novoselov et al., 2004), and
has kept surprising researchers with its properties since then. However, the family
of reported monolayer materials grows very fast - the fay of already synthesized
or exfoliated 2D layered nanomaterials counts more than 100 chemical compounds
(Koski et al., 2013). Graphene (GL) itself has a very simple crystal structure, it con-
sists of carbon atoms stacked in honeycomb hexagonal pattern in a single layer, as
shown in Fig. 1.1(a) and (b). Consequences of such type of structure are quite fas-
cinating. Graphene is a zero band-gap semiconductor - the valence and conduction
bands touch at the K points of the Brillouin zone (so-called Dirac points), and, the
dispersion relation near these points is linear, that is depicted in Fig. 1.1(c). This
indicates extremely high charge carrier mobility, excellent electrical and thermal
conductivity, high tensile strength and flexibility (Abergel et al., 2010; Cooper et al.,
2012). Despite the plenitude of desirable features and possibilities of applications
of pristine graphene, the lack of the band-gap makes it inappropriate for electronic
device purposes, since there is no easy way to control current through such mate-
rial. This is why many researches have been looking for precise and efficient way to
modify graphene (e.g., open the band-gap) to make it suitable for electronic appli-
cations, and at the same time avoiding big deterioration of the thermal and current

conductivity, etc. One of the strategies is chemical doping with heteroatoms, e.g.,
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FIGURE 1.1: (a) structure of graphene, showing elementary cell containing two
carbon atoms (i.e., two triangular sublattices A and B) and unit cell vectors a; and
ay; (b) STM topography of atomically resolved graphene lattice (following
www.nanoscience.de); (c) visualisation of valence and conduction bands of
graphene (tight binding calculations, following (Cooper et al., 2012)).
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boron and nitrogen, that are the closest to carbon in periodic table. Such B- or/and
N-doping of graphene is one of the methods to obtain monolayer material with a
possibly tunable band gap. Alternatively, we can reach for and explore another
member of 2D family, monolayer hexagonal boron nitride (hBN). This graphene
counterpart is called sometimes white graphene. Structurally very similar, with each
pair of C atoms replaced with B-N pair, thus making the two materials isoelectronic.
However, due to the differences in electronegativity between boron and nitrogen
atoms, the 7t electrons tend to localize around the nitrogen atomic centers, forming
an insulating material, with a band gap ~ 6 eV (Elias ef al., 2019). Monolayer hBN
was first synthesized via decomposition of borazine on the metal substrates (Na-
gashima et al., 1995), long before the exfoliation of graphene. Since then, various
methods of production e.g., electron beam thinning of BN films (Meyer et al., 2009),
chemical vapor deposition (Sutter et al., 2011) or exfoliation (C. Jin et al., 2009) were
developed. Substitutional doping of hBN with carbon is another option to obtain
an alloy exhibiting a range of band gaps.

Bringing together above ideas, graphene and hexagonal boron nitride can be con-
sidered as building blocks of the rich and interesting family of layered CBN alloys
(N. Kumar et al., 2013; Song et al., 2012; Yap, 2009). GL and hBN have the lattice
mismatch < 2%, as lateral lattice constant of GL is 2.46 A (Cooper et al., 2012) and
for hBN - 2.504 A (Lynch et al., 1966). Combining the two, there is a chance to obtain
structures varying their electrical properties from insulating, through semiconduct-
ing, to conducting, depending on the way of preparation, which in turn may lead
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to various configuration of atoms in the alloys. Fig. 1.2 provides an illustrative
comparison with the family of III-Nitrides with GaN, AIN, InN as border materials,
that are commonly used in electronics. One can notice that lattice mismatch for the
nitrides is much bigger, leading to problems with strain (and therefore - with stabil-
ity) in those alloy materials. At the same time, CBN alloys exhibit wider range of
band gaps possible to obtain, when compared to the nitrides. For that reason, lay-
ered CBN alloys are considered as obvious and promising candidates for diverse

applications (as described in more detail in Sec. 1.6).

6 h-BN - large AIN
. gap insulator
>
L
o 4
& GaN
ael
5 )
m
0 Graphene - semimetal InN
2.4 2.7 3.0 33 3.6

lattice parameter [A]

FIGURE 1.2: Comparison of the lattice parameters and band gaps for
hBN-graphene and the family of nitrides (GaN, InN, AIN).

1.1 Chemistry of graphene and hBN based systems

Let’s have a look at the chemistry behind CBN alloys, starting from the basic species
- C, B and N. Carbon is the sixth element in the periodic table, with the electronic
configuration 1s22s22p?. Two electrons fill the inner shell 1s, (close to atomic nu-
cleus), and they do not contribute to creating interatomic bonds, while the remain-
ing four are the valence electrons. There is a small difference in energy between the
2s and 2p levels in carbon, therefore, the electronic wave functions for these four
electrons can be mixed with each other, forming so-called hybrid orbitals. Atoms in
graphene exhibit sp? hybridization, i.e., one 2s orbital is mixed with two of the 2p
orbitals, let’s say, p, and p, orbitals. The resulting orbitals lie in xy plane and make
equal 120° angles. They point exactly towards the three neighbors, with which they
create strong o bonds. The fourth - p, orbital — forms much weaker 7t bond with the

other p, orbitals, that is oriented out of the ¢ bonds plane.
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The remaining species are the closest carbon neighbors: boron holds an electron
less (1s%2s5%2p'), while nitrogen - one more (1s%25%2p3). As a consequence, B may
serve as of p-type dopant of graphene, while N doping would create n-type mate-
rial. Co-doping with both B and N leads to a manifold of configurations. Possible
intermixing ratios as presented in triangle of CBN phases in Fig. 1.3. In our re-
search we face only a subset of the CBN triangle: graphene alloyed with nitrogen,
graphene alloyed with boron, graphene co-doped with boron and nitrogen with
equal concentrations, and hexagonal boron nitride alloyed with carbon.

Ternary | phases
® .
B y N
c-/h-BN
FIGURE 1.3: Triangle of possible C-B-N phases with areas embraced within this

thesis marked green. Exemplary layered binary and ternary structures are
pointed out.

The CBN ternary phase diagram (Fig. 1.3) is rich in stable binary and ternary
phases, even so, the scientists are constantly searching for another ones. Explor-
ing experimentally the vast amount of possible stoichiometries as well as config-
urations is quite difficult task, though. At this point, computer simulations can
be a great help to determine possibly stable and interesting structures, that would
be then synthesized in laboratory. In this thesis, we aim at finding configurations
that give the most stable CBN hexagonal systems. Below, a short review is given
of experimental and theoretical results concerning the C-B-N hexagonal systems,
reported in the literature up-to-date.
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1.2 Synthesis of CBN alloys - state of the art

Introduction of heteroatoms into graphene system modifies its charge distribution
and electronic properties, leading to, e.g., improved interactions with reactants.
Boron-doped (GL-B), nitrogen-doped (GL-N), and co-doped structures (GL-BN) have
received a lot of attention due to possibility to p- and n-dope of graphene systems.
Co-doped graphene is particularly promising as it can exhibit synergistic effect of
the heteroatoms. There are basically two ways to obtain doped graphene systems:
direct synthesis or two-step approach, i.e., synthesis of pristine graphene followed
by post-synthesis doping.

In N-doped graphene, three bonding configurations of nitrogen can be found: pyri-
dinic (N bonded to two C atoms at GL edge), pyrrolic (N being a part of 5-member
ring at the edge), and graphitic N (nitrogen substitutes carbon). n-type doping effect
was reported for graphitic nitrogen configuration (J. Zhang, C. Zhao, et al., 2016).
Synthesis methods include solid state synthesis in high temperature (Panchakarla
et al., 2009), electro-thermal reactions with ammonia (Y. Liu et al., 2016), CVD growth
(D. K. Sharma et al., 2017) or low-energy implantation of N in graphene on a sub-
strate (W. Zhao et al., 2012). Direct method of assembling GL-N was reported in
(Bundaleska et al., 2018) with the use of microwave plasmas at atmospheric pres-

sure conditions.

B-doping of graphene induces p-type behavior by downshifting Fermi level, also
allowing for opening the band gap (Tang et al., 2012). Synthesis methods include
solid state synthesis in high temperature (Panchakarla et al., 2009), CVD growth
(D. K. Sharma et al., 2017) or low-energy implantation of B (W. Zhao et al., 2012).
In (Tang et al., 2012), application of microwave plasma to synthesize B-doped GL
using trimethylboron was reported.

Simultaneous doping of graphene with B and N can further improve the quality of
such alloy material, as B and N stabilize each other within graphene lattice. Synthe-
sis methods include, e.g., CVD (Bepete et al., 2013), catalyst-free CVD synthesis (J.
Jin et al., 2014), thermal annealing (T.-W. Lin et al., 2012) or copolymerization (X.-H.
Li et al., 2013). Co-doping of graphene with B and N leads often to formation hBN
areas instead of uniform distribution of dopants due to the larger binding energies
of B-N and C-C bonds compared to B-C and N-C bonds. However, (Zheng et al.,
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2013) reported preparation of hBN-free BN-graphene by sequential incorporation
of N and B into selected sites of the graphene.

On the other side C-doping can modify hBN behavior from insulating to conducting
(X. Wei et al., 2011). There are several ways to obtain carbon-containing hexagonal
boron nitride monolayers, among them CVD (Han et al., 2013), MOVPE and MBE
(Mendelson et al., 2021), pyrolysis of precursors in gas phase and solid state reaction
(C.N. R. Rao et al., 2017), topological substitution reaction converting graphene to
h-BNC layers (Gong et al., 2014), electron-beam mediated post-synthesis doping of
boron-nitride with carbon (Krivanek et al., 2010; X. Wei et al., 2011).

To synthesize hexagonal carbon-boron-nitrides (h-CBN), the methane and ammonia
borane can be introduced together to act as precursors for carbon and BN, respec-
tively (Song et al., 2012). In (Beniwal et al., 2017) synthesis of h-CBN is held with the
bis-BN cyclohexane, BoN,C,Hjo. B, C, and N atomic ratio can be typically modified
to some extent by modifying the growth conditions, leading to samples of various
homogeneity and morphology.

Comprehensive reviews of the doping techniques to obtain B- and/or N-doped
graphene can be found in (Duan et al., 2015; Feng et al., 2020; C. Rao et al., 2014),
and also (Vesel et al., 2020) for nitrogen doping, (R. Kumar et al., 2021) for B-doping.
The plethora of experimental research on h-CBN structures is reviewed, e.g., in (J.
Zhang, Sun, et al., 2020).

1.3 Ordering in C-B-N alloys

Arrangement of dopants in both graphene and hBN depends strongly on the syn-
thesis method, as well as the substrate used during material preparation. However,
we have not encountered reports of aggregated B or N in graphene matrix. Some ex-
perimental results concerning N-doped graphene were reported, indicating that in
CVD-grown samples dopants exhibit tendency to occupy only one sublattice (Lv et
al., 2012; Zabet-Khosousi et al., 2014), while post-synthesis doping leads to a random
distribution of nitrogen atoms between sublattices (Zabet-Khosousi et al., 2014). For
B-doping of graphene, sublattice segregation was also observed in samples after
CVD growth on Co(0001) surface (Usachov et al., 2016). Growth of B-GL on Cu(111)
revealed in turn no doping sublattice asymmetry (L. Zhao et al., 2013). The authors
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of both papers pointed out possible significant influence of the substrate on posi-
tions of dopants.

In ternary CBN systems, researchers agree that there exists a driving force to cluster
B and N atoms into hBN-C structures rather than leave B and N as isolated dopants
distributed over the lattice (Schiros et al., 2016). However hBN-free CBN alloy was
successfully synthesized as reported in (Zheng et al., 2013). Mixing and demixing
in ternary CBN system, catalysed by the metal substrate, was studied in (Lu et al.,
2013).

1.4 Structural defects in C-B-N alloys

However, not only introduction of heteroatoms modifies quality and applicability
of graphene/hBN/CBN. While considering theoretical crystal structure, we often
neglect finite size of the system treating, e.g., graphene as perfect infinite hexago-
nal structure, which does not seem to be a completely realistic assumption. Any
kind of deviation from the perfect crystal is potentially meaningful for electronic
structure, energy, or stability. Possible imperfections occurring in graphene-like
structures include edges, vacancies, grain boundaries, 5-7 Thrower-Stones-Wales
defects (Yang et al., 2018; ]. Zhang, Sun, et al., 2020). Edges are always present in the
experimentally investigated systems, while the other defects might appear in muta-
ble concentration, sometimes neglectful. It is known that in graphene nanoribbons
(GNRs), i.e., strips of graphene with the width < 50 nm, edges significantly influ-
ence electronic structure, when compared to 2D graphene sheet. Zigzag-terminated
GNRs possess states localized at edges with energies close to the Fermi level, while
armchair-terminated ribbons do not exhibit such behavior (Wakabayashi, 2012). A
thorough analysis on the topic of defects in graphene and graphene nanoribbons
can be found, e.g., in review article (Terrones et al., 2012), where the subject is exam-
ined from both experimental and theoretical points of view.

1.5 Theoretical results concerning CBN alloys

There is a vast amount of computational results reported in the literature concern-
ing CBN binary and ternary alloys, especially using ab initio DFT method, as they
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often accompany experimental results or other computation techniques. Below, we

mention several selected publications, corresponding to our area of interest, that

employed the methods described and utilized in our research (they are described

in following Chapter 2). Some of the results have been published during the PhD

research presented in this thesis has been on the way and partly overlap with the

topics we investigate.

ab initio methods

DFT study on point defects in graphene, e.g. (Abdullah et al., 2020; Azevedo,
2006; M. Wu et al., 2010).

DFT study on point defects in hBN, e.g. (B. Huang et al., 2012; Weston et al., 2018).
Mechanical and electronic properties of hBN nanosheets with graphene domains
of various sizes and shapes under strain (Lima et al., 2021).

Structural and electronic properties of hBN/graphene interfaces in lateral het-
erostructures (J. Zhang, Xie, et al., 2016).

The optical absorbance and possibility of band gap engineering, phase separation,
and composition fluctuations of Cy(BN);_, alloys (Guilhon et al., 2017).

DFT and Monte Carlo investigation of the influence of interface geometry on
phase stability and band gap engineering in BN-substituted graphene (D’Souza
et al., 2015).

Theoretical proposition of a mechanism for fabrication of C-doped hBN by inter-
action of CO molecules with the vacancy in hBN (Z. Liu et al., 2013).

Cluster Expansion

Development of quasi-ternary Cluster Expansion (CE) model for C-BN alloys in
recent (S. Du et al., 2020) for Cp,(BN)1_2y, in the search for enhanced solid solu-
bility of these systems.

CE model determined for graphene alloyed with nitrogen (Shi et al., 2015), in
the search for the limiting N concentration that could be introduced to graphene
without destabilizing the system.

Phase stability of CBN alloys with respect to hBN and graphene was examined
by the combination of CE method and Monte Carlo simulations (Yuge, 2009).
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ReaxFF

e Parametrization for carbon condensed phases (Srinivasan et al., 2015) employed
for Molecular Dynamics (MD) study of the thermal decomposition dynamics of a
large fullerene (180 atoms).

e MD study of hydrogenated hybrid GL-hBN nanosheets for determination of their
tensile properties (Dethan et al., 2020).

e Simulations of thermal annealing in graphene oxide singly- and co-doped with
boron and nitrogen (Bawari et al., 2020).

e MD investigation of the effect of different hydroxyl regimes on the fracture and
mechanical behaviour of hBN nanosheets (B. B. Sharma et al., 2020).

COMB

e Calculations of chemical and physical properties of graphene oxide compared to
results of other empirical potentials (Fonseca, Liang, D. Zhang, Choudhary, and
Sinnott, 2016).

e MD study of graphene-titanium heterostructures, with and without substrates
(Fonseca, Liang, D. Zhang, Choudhary, Phillpot, et al., 2017).

e Survey of interactions of aluminium surfaces with graphene sheets in GL-aluminium

nanostructures (D. Zhang et al., 2019).
Tersoff potentials

e MD simulations of hybrid graphene-hBN interfaces, showing variation of ther-
mal conductivity for stripe superlattices and BN dots in graphene (Kinaci et al.,
2012).

e Phase diagram determination for BN followed by MD simulations of N, molecule
on the (100) surface of few-layer hBN.

e Introduction of extended Tersoff potential for BN based structures (Los et al.,
2017) followed by results of MD simulations of basic features of defect-free hBN
nanosheet as well as elastic properties of defective hBN.

e Extended Tersoff potential MD study with the mechanisms of vacancy creation
in monolayer and multilayer hBN under low- and high-fluence ion irradiation
(Ghaderzadeh et al., 2021).

e Investigation of mechanical properties of hybrid graphene-hBN sheets studied
using MD with Tersoff potential (S. Zhao et al., 2013).
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Tight Binding approach

Electric and transport properties calculations in lateral graphene-hBN heterostruc-
tures (Barrios-Vargas et al., 2017).

An overview of TB + DFT simulations for investigation of the role of the defects
on electronic structure and transport properties of graphene (Botello-Mendez et
al., 2013).

Self-consistent TB model for B and N doping in graphene (Pedersen et al., 2013),
assuming only differences in on-site energies between the species, yet giving
some qualitative results.

1.6 Applications of CBN structures

CBN binary and ternary graphene-like alloys give us various prospects of applica-

tions, below we mention only few of them, with references to the extensive review

papers.

Doping graphene with nitrogen increases significantly adsorption of CO; on the
graphene surface, which may be meaningful method in reduction of its excess in
the atmosphere (Chandra et al., 2012). N-doped graphene can be used also in the
area of lithium ion batteries, supercapacitors, electrochemical devices, field-effect
transistors, as revised in, e.g., (Kaur et al., 2018).

B-doped graphene may serve as anode material for lithium ion batteries with
super-high capacity (Z.-S. Wu et al., 2011). It can be also applied in electrocatal-
ysis, gas sensing, electrochemical sensing of photovoltaics as reviewed in, e.g.,
(Agnoli et al., 2016).

CBN alloys may be utilized in, e.g. high-performance super-capacitors (Gopalakr-
ishnan et al., 2013; S. Wang et al., 2018), in functional electronic and optoelectronic
devices (Uddin, Majety, et al., 2014), Li-Ion batteries (Bhat et al., 2016), as effec-
tive and highly selective H, separation membranes (Ji et al., 2016), or for a carbon
capture (Chen et al., 2018).

B- and N-doped graphene has been investigated for the applications as removal
of environmental contaminants through adsorption, catalysis, degradation, and
detection (Feng et al., 2020).

Carbon impurities in hBN have been identified as the source of visible single-
photon emission (Mendelson et al., 2021).
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1.7 The main objective of the thesis

The main purpose of this thesis is to gain deeper understanding of the mechanisms
that determine structure and stability in monolayer, graphene-like materials con-
taining carbon, boron, and nitrogen atoms. Particularly, we intend to investigate
the role of the short range order in this family of materials as well as the properties
resulting from varying concentrations and configurations of atoms in such CBN al-
loys.

Our hypothesis is that by choosing suitable concentration of constituent atoms in
the CBN alloys and/or by proper functionalization one can control and modify their
properties to such an extent that new physical phenomena emerge and they can be
utilized in novel functional devices.

In the search for the most stable CBN alloys, we develop multi-scale theoretical
scheme, based on methods and concepts well-known in condensed matter physics,
which are described in the following Chapter 2. For energy calculations we employ
Cluster Expansion (CE) method and Valence Force Fields (VFF). These approaches
are tested and their accuracy is evaluated in Chapter 3, and Chapter 4, respectively.
Throughout the thesis we also refer to multiple DFT calculations performed in small
supercells, serving us as reference data. We present large-scale Monte Carlo simula-
tions with the use of Tersoff potential in Chapter 5 in a wide range of concentrations
of C, B and N atoms on hexagonal lattice, and find that all the systems in equilib-
rium exhibit short range order (SRO). We compare those results to respective Monte
Carlo - Cluster Expansion calculations in binary alloys, and conclude that both give
qualitatively the same picture of ordering. Clearly, during synthesis of CBN materi-
als, scientists depart from equilibrium conditions, and use various substrates influ-
encing CBN monolayer material, which explains various arrangements reported in
experimental works.

Moreover, we reach out to the entropy and free energy calculations that allow us
to discuss phase stability as well as possibility of obtaining random distributions
of atoms in binary and ternary CBN alloys. We employ Empirical Tight Binding
calculations of the Total and Projected Density of States, just to relate the electronic
structure of CBN alloys with their morphology. As some kind of outline, we point
out on the predictive power of the methodology developed in this study and sig-
nalize a possibility of it’s usage to the problem of graphene and hBN nanoflakes.
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Finally, in Chapter 6 we summarize the thesis, discuss the range of applicability
of the methods employed here, and mention the emerging new applications of the
tested approaches in various areas of the computational materials science.
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Chapter 2

Short review of the long list of
computational methods
inspected

The fundamental equation of quantum mechanics is the Schrodinger equation

Hlp) =Elyp). 2.1)

It allows for the most accurate description of the system of many interacting par-
ticles, i.e., electrons and ions and including the influence of external fields. H is
hamiltonian describing the interactions between the particles, and ¢ - the wave-
function, that holds the information about all the 3N (4N when we include spin)
degrees of freedom of the N-particle system. In principle, it should be possible to
describe the whole universe with such an equation. But, can you imagine solving
it when the estimated number of atoms in the known, observable universe is be-
tween 107® and 10822 Well, our universe is a pretty huge thing. Even when we
limit ourselves to a small coffee table, the dimensionality of its wavefunction would
overwhelm us. Furthermore, number of atoms in a small 20x20 nm graphene flake
is roughly 30 000 atoms. It is really a lot for the quantum mechanical simulations.
Therefore, other, more approximate methods are in high demand when we want to
learn about the properties of realistic systems.

In this chapter we would like to present the tools that we have used during our
research. We will start from methods for calculations of energy and geometry with

the Density Functional Theory in Sec. 2.1, then zoom out and see Cluster Expansion
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technique in Sec. 2.2, and zoom out further to discuss empirical Valence Force Fields
in Sec. 2.3. In second part of the chapter, Sec. 2.4, we shortly introduce Monte
Carlo approach that is used to determine the equilibrium alloy configuration in the
case of Cluster Expansion as well as in the VFF approaches. It is followed by the
definitions of Warren-Cowley Short-Range Order parameters, and various energies
that we will refer to throughout the thesis, configurational entropy and free energy.
We also mention Empirical Tight Binding method, which allows for computation of
the density of states of the investigated structures.

2.1 Look close - Density Functional Theory

A minor, yet crucial, part of the results documented in this thesis have been ob-
tained in the framework of Density Functional Theory (DFT) in the Hohenberg-
Kohn-Sham (K-S) formulation. It is by far the most widely used method of ab initio
calculations nowadays.

Ab initio from Latin means from first principles, from the beginning. The basic idea of
quantum mechanics is to use only universal physical constants in the description
of the system. Subsequently, all the calculated properties are based on that, not
requiring higher-order parameters. The most general (non-relativistic) description
of many-body interacting system consisting of atomic nuclei and electrons can be

written with the Hamiltonian operator ‘H
H ="Te+ Ty + Vee + Ve + Vun, (2.2)

which characterizes its total energy and time evolution. It is a sum of the opera-
tors describing: kinetic energy of the electrons 7., kinetic energy of the nuclei 75,
Coulomb interaction between the electrons V.., Coulomb interaction between the
electrons and the nuclei V,,, and Coulomb interaction between the nuclei V,;;,. In the
analysis of electrons’ behavior, nuclei, much heavier than the electrons, are treated
typically as fixed (Born-Oppenheimer approximation), and thus generating a con-
stant external potential for the electrons

M 2
Z]f,’
= — e — 2.
Dext (1) IZ:1 4rteo|Rr — |’ @3)
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where Rj is position of I*"

nucleus having charge Zje. The sum is running over M
nuclei in the system. Then, the hamiltonian of N electrons in the field of M nuclei

might be written as

N hZ 2
H= Z <—v + Vet (1 ) +2 (2.4)

= dreg|r; — r]]

where the last term describes interaction between the electrons. Exact solution of the
Schrodinger equation with such a hamiltonian is not possible even for two (N = 2)
electrons. Therefore, there has been a thorough need to simplify the problem for a
system of many interacting electrons. The idea of using single-particle density of
electrons p(r) instead of their many-particle wavefunction ¥(x1, x, ..., xn7), where
x; = (r;,0;) to describe the properties of electronic systems appeared in the papers
(Hohenberg et al., 1964) and (Kohn et al., 1965). The authors proved as masterly
as simple that p and ¥ both carry a full information about the ground state of the
system of interacting electrons in an external potential v,y; (which can be generated
by the nuclei, and also by external electric and magnetic fields). Moreover, the total
energy could be written as a functional of the density E[p(r)], and it would be min-
imized by the density of the ground state (analogous to variational theorem from
quantum mechanics). The functional can be written as a sum of the part dependent
on v,y and universal terms dependent only on the density p

Elp] = Tlo] + Ecuulp] + Exclo] + [ ven(x)p(1)dr, @5)

where T is a kinetic energy of the interacting electrons, E,,; is a Coulomb repulsive
interaction, and Exc - remaining, unknown explicitly, exchange-correlation func-
tional. In the next, significant step, Kohn and Sham introduced the fictitious system
of N non-interacting electrons that would provide the one particle density p;, iden-
tical to the one particle density p of the N interacting electrons. The density of
the non-interacting electrons can be always written as the sum of orbital densities

¢; (r)¢i(r)

occ

= ; 7 (r)i(r), (2.6)

and because of the requirement p; = p, p; also integrates to N

/ os(r)d’r = N 2.7)
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The one-particle orbitals ¢; can be determined through the minimization of E[p] as
defined in Eq. (2.5). As it has been shown in (Kohn et al., 1965), the orbitals ¢; fulfill
the Schrodinger equation

2
m Vlz + vext(r) + UH(?') + ch(r)] 4)1'(1’) = €P;, (2.8)
where SE 5
op(r) = 5;"(”;)[9 I fr o (:,)‘ & (2.9)

is the Coulomb potential of the charge distribution determined by p(r), and the

exchange - correlation potential

e it

(2.10)

is the functional derivative of Exc[p] with respect to the density. The effective po-
tential describing the dynamics of non-interacting electrons, so called Kohn-Sham
potential vx_g(r) = vext(r) + vy(r) + vxc(r) is a local potential, however, it is
functionally dependent on p. Therefore, the equations Eq. (2.8) for ¢; and Equa-
tions (2.6) and (2.7) that define p; must be solved iteratively in a self-consistent pro-
cedure.

Kohn-Sham realization of the DFT clearly demonstrates that the mapping of the
system of N-interacting electrons onto a system of N-non-interacting particles that
move in an effective potential vg_g(r) is rigorously possible. The Kohn-Sham scheme
paved the road towards simple computational method for interacting electrons.
However, the main obstacle of the K-S method is the fact that the exact correla-
tion energy functional Ec[p] being the smaller part of Exc|p] = Ex|[p] + Ec[p], is not
known, and must be approximated in the practical applications.

In more than 50 years since the first formulation of K-S method, a various approx-
imate Ec[p] functionals have been developed. Albeit the exact exchange energy
functional Ex[p] is known, in many computational schemes Ex|[p] is also approxi-
mated, just to reduce computational burden.

Nowadays, above than 50 approximations for Ex|[p] and Ec[p] have been developed,
so the detailed discussion of them is outside the scope of this thesis and could be
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found in some reviews (see, e.g., Becke, 2014; Mardirossian et al., 2017). Typically, ex-
isting computer packages implementing K-S method provide numerous options for
Exc[p]. The Local Density Approximation (LDA) is the basic one and it reads

ERAo] = [ p(rjexc(o)d. (2.11)

Here we assume that locally (i.e., at a given r) the exchange-correlation energy of
the non-homogeneous electron system of density p(r) is equal to the exchange-
correlation energy of the homogeneous electron gas exc of the same density. On the
basis of EX24, one can develop the Generalized Gradient Approximation (GGA) as
follows

ESEAl0] = [ p(r)fxclo Vp)d'r, (212)

where fxc(p, Vp) is a function of the one-particle density and the gradient of this
density. In the DFT calculations performed in this thesis, typically so-called PBE
(Perdew et al., 1996) form of the GGA functional has been used, that became kind of
standard nowadays.

2.1.1 All-electron vs. pseudopotential approach

In principle, the electronic Hamiltonian of Eq. (2.4) contains all electrons of the
atoms constituting a molecule, nanostructure, or solid. By all means, in periodic
systems like solids, only electrons in a primitive cell should be considered. In lit-
erature, there exist several numerical codes that provide solutions of the so called
all-electron problems in the framework of the K-S method, such ach WIEN2K, excit-
ing!, or FHI-aims. Employment of an all-electron approach would be essential, e.g.,
for the studies of photoemission phenomena, where the deep states of core electrons
matter. On the other hand, most of the properties of molecules and solids, includ-
ing their equilibrium geometry, are determined by electronic states with energies
around the Fermi level. These states originate from the valence electrons of atomic

outer shells.

Since the computational burden of K-S method is of the order O(N?), restricting the
calculations only to valence electrons would be extremely beneficial. The Z (atomic
number) electrons of a neutral atom might be divided into N core electrons, and
N# valence electrons (Z = N* + N%). Even if for carbon atom Z¢ and N differ
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only by 2 (two 1s core electrons), the differences for heavier atoms are substantial,

e.g., for antimony 25 = 51, while Ngb = 5.

K-S scheme can be applied then, in the M-atomic system, for the N, = Z]I\il sz,
where N/ is a number of valence electrons in atom I. These valence electrons move
in the field of atomic ions with positive charges diminished by the number of core
electrons included into the ion 2! = Z! — NI,

However, the interaction of valence electrons with such ions consisting of atomic
nucleus and core electrons is not given by the simple Coulomb potential of Eq.
(2.9). It should be rather described by an effective potential, named pseudopo-
tential, that has to be constructed according to a well defined prescription. By all
means, there is some degree of arbitrariness in ‘pseudizing’ the electron problem
and building pseudopotentials, and there exists vast literature reporting differing
procedures and the resulting pseudopotentials. The most relevant three categories
are norm-conserving pseudopotentials (Hamann et al., 1979), ultra-soft pseudopo-
tentials (Vanderbilt, 1990), and Projector Augmented Waves (PAW) pseudopoten-
tials (Blochl, 1994). Common pseudopotential codes (e.g., SIESTA, ABINIT, Quan-
tum Espresso, VASP) allow for calculations with the types of pseudopotentials men-
tioned above, and additionally provide them for Periodic Table in the numerical

package.

In the Kohn-Sham approach, the sum of ionic pseudopotentials of all ions plays
the role of external potential vey(r) — VigZ, and the one particle electron density
in the functionals is just the one-particle density of valence electrons (or pseudo-

electrons).

For an electronic system such as molecule or solid, the choice of approximation to
the exchange-correlation potential Exc and the choice of pseudopotential, deter-
mines the accuracy of the calculations. The collected experience in DFT-K-S cal-
culations shows that there are no unique, the most accurate Exc functionals and
pseudopotentials, and the accuracy of these two depends unfortunately on the elec-
tronic system studied (Mardirossian et al., 2017). This fact should be kept in mind
assessing the obtained results of the calculations.The other important issue is the
precision with which we solve K-S equations, i.e., Eq. (2.8) for a given Exc and

pseudopotential.
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Usually K-S equations for K-S orbitals ¢; are solved in three ways:

e ¢; are expanded in a set of atomic like orbitals,
e ¢; are expanded into set of plane waves, and
e ¢; are solved directly on a mesh in a real space.

For example, the first method is used in SIESTA, OPENMX, the second in ABINIT,
Quantum Espresso, VASP, CPMD, CASTEP, PHASE, STATE, xTAPP, QMAS, and
the third one in PARSEC, GPAW, RSDFT. Each ot these methods has its advantages
and drawbacks, that are described in the literature. The important point is that it is
known how to control the precision of calculation through a suitable choice of the
parameters.

The most commonly used codes employ plane-wave expansion of Kohn-Sham or-
bitals ¢;. It implies the periodicity of the system in all three space dimensions (it
is built in the codes). In order to calculate the system lacking the periodicity in
any dimension one has to place the system in the specific supercell. The lattice con-
stant of nonphysical, artificial periodicity should be chosen in such a way that the
spurious interaction between the system and its images in the neighboring cells is
negligible.

The last issue we would like to address in this short discussion of the DFT based
simulations is the possibility to optimize the system geometry. The calculated total
Kohn-Sham energy of electrons E¢!, is parametrically dependent on the ionic posi-
tions R;. The total energy of the system can be written in the form

e Z[Z]

Etgt(RI) - EtOt RI Z ‘RI R]’

I<J

(2.13)

The optimized geometry is found when all the forces on ions in the system disap-

pear, i.e., when for any I
(SEtot (RI)
OR;

The procedure for finding the optimized geometry is implemented in all numerical

=0 (2.14)

codes mentioned above.

In this section, we have provided short and fairly general description of the ab ini-
tio calculations in the framework of Density Functional Theory. The details of the
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computational schemes that were employed in this thesis are given and discussed
in Chapters 3 to 5 where the results of DFT simulations are presented.

2.2 Cluster Expansion

Among the other methods, first-principles calculations, (e.g., DFT, as described in
previous section) are the most accurate for determining ground state of the sys-
tems without conducting classical experiments. Nowadays (despite the increas-
ing computational powers available in materials science), a typical researcher has
a possibility to perform simulations systems of several hundreds atoms. This lim-
its substantially the use of ab initio methods for the investigation of the systems’
thermodynamics. Furthermore, in order to calculate the phase diagram, adequate
sampling of the configuration space is a prerequisite, which is particularly relevant
in the multicomponent systems, to which present thesis is devoted. The ordering
phenomena and phase transitions are directly related in such systems.

Therefore, in order to access precise thermodynamic functions, we need to reach
out to the method that includes electronic effects with nearly ab initio accuracy, but
allows for calculations of relatively large systems. With regard to this, Cluster Ex-
pansion method, especially combined with Monte Carlo simulations, can serve as
a powerful tool, providing a great balance between computational efficiency and
accuracy. It proved its usefulness in many studies, when CE model is mapping total
or mixing energy of the systems, e.g., for analyzing phase diagrams in both metallic
and semiconducting alloys (Ozolins et al., 1998; Zhou et al., 2006), surfaces (Herder
et al., 2015), and nanoparticles (Yuge, 2011). It can be also applied in modelling of
vibrational (Walle ef al., 2002) or transport properties (Angqvist et al., 2017).

2.2.1 Cluster expansion formulation

Cluster Expansion is aimed at describing the variation of a given property Q (very
often it is the energy of the system) with the chemical configuration. It was first
proposed by Meyer (Mayer et al., 1941). Let’s define the occupation vector o =
(01,02, ...,0n), of the length N - number of atoms in the system. Any site i at the
position r; can be populated with one of the M; species. Then, ¢; is an integer num-
ber in the range (0,..., M; — 1). It was shown (Sanchez et al., 1984) that the set of
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complete and orthonormal basis functions I'l, (o) can be constructed (so called clus-
ter functions), and that any function of configuration can be expanded in terms of
these:

Qo) =) Jull(0), (2.15)
o
with ], being expansion coefficients, that are called Effective Cluster Interactions (EClIs).

Very often when one considers two component system, and one assign a set of ‘spin’
variables S; to each of the lattice sites ($; = £1), and then the property Q is consid-
ered to be energy, the equation Eq. (2.15) is written in an equivalent form resembling
the shape of Ising-like hamiltonian

Q(O’) = E(O’) =Jo+ ZL’SAi(O') + Z]ijéi(v')g]‘(ﬂ') + E ],‘]'kSAi(O')SA]'(O')SA]'(O') +...
i j<i i<j<k

(2.16)

for configuration o, where |’s are ‘interaction energies’. The first summation runs

over the all lattice points in the lattice, the second summation over all pairs of lattice

points, the third summation over all triplets, and so on. The primary advantage of

such cluster expansion is that interaction energies | are independent on the config-

urations o.

Here, by the term cluster we understand the aggregation of atoms that can present
the effect to the given function Q. Each a = (a1,ay,...,ay) tallies with a clus-
ter, as a; # 0 only for the points belonging to the cluster. Furthermore, clus-
ter functions can be written as a product of orthogonal point functions @4, (0;),
a;,0; € {0,1,... M; — 1}

N
M (¢) = [ [Omyes (@), (2.17)
i=1

which fill the requirements: (a) ®1,0(0;) = 1, and (b) orthogonality condition

MY M L@y (0)® mp(0) = d4p. Several choices of the point cluster functions can
be made, e.g., trigonometric functions or Chebyshev polynomials, see e.g., (Sanchez
et al., 1984; van de Walle, 2009; Wolverton et al., 1994). Note that for the clusters «,
related by the symmetry operations, corresponding ECIs would be equal ], = Jp.
Then, cluster correlation function X, can be defined - average of the cluster functions

belonging to the orbit O(a) of cluster a (i.e., over all cluster functions of clusters
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symmetrically equivalent to «)
Xe(o)=— ) (o), (2.18)

with m, denoting multiplicity of the cluster. Then, the summation of Eq. (2.15) can
be carried out over symmetrically inequivalent (s.i.) clusters

Q(U) = SZL:LxmaX(x(‘T)- (2.19)

2.2.2 Fitting the Cluster Expansion model

The main task in creating CE model is then the determination of J, values. Luckily,
the shortsightedness of the electronic and ionic interactions strongly suggests that
only several of them would be non-negligible. The procedure of choosing a set of
clusters that give meaningful contributions and fitting the ECIs values are often per-
formed using machine learning. One needs to prepare a training set of N structures
{01,...0n} with, e.g., energies E;arget, i€{1,2,...,N} that are known from the first
principles calculations. It is important to notice that well converged ab initio calcu-
lations are vital to obtain CE model with a high predictive power. Optimal ECIs can
be found by minimizing the objective function

N
2 — % Z(Efarget . ECE(U'i))2 + (P({]Dc})/ (2.20)
i=1

where ECE(;) denotes the energy of i structure from the training set calculated
with a given CE model. The first term in Eq. (2.20) is a mean squared error (MSE),
while the second is a penalty function term that constrains ECIs in order to reduce
overfitting. Specific form of ¢ depends on the chosen method. There are two preva-
lent approaches currently employed, Bayesian framework (Mueller et al., 2009), and
compressed sensing (Leong et al., 2019; Nelson et al., 2013). The fitting accuracy
of any model should be verified. Root Mean Square Error (RMSE) and Cross Val-
idation (CV) score are typically used to evaluate the predictive power of cluster



2.3. Empirical potentials 23

expansion model

1

N
RMSEZ — N Z(Eyarget _ ECE(U'Z'))Z, Cv2 Z target " 0'1'))2 (221)

= =1
Here, £(S;) refers to predicted value of S; structure energy obtained from CE model
fitted to reference training set excluding the data point ¢;, and then N; = N — 1. If
the resulting CE model is not satisfactory, one can perform the fitting in an iterative
way (Q. Wueet al., 2016).

Once the ECIs values are known, the standard methods of statistical mechanics can
be utilized to analyze the thermodynamic properties of the systems. Coupled with
Monte Carlo simulations, can be utilized for ascertaining the phase diagrams, dif-
fusion, concentration distribution, etc..

During preparation of this thesis, we have determined the CE models for C-B and
C-N systems. The specific methodology utilized there and the results can be found
in Chapter 3.

2.3 Empirical potentials

Now, we take a step back, to look at the wider picture. We do not see atom as a struc-
ture containing nuclei and electrons moving and interacting with each other any-
more. We see atom as a whole, with defined position and momentum (and some-
times charge) at any time point, simply from the classical point of view. Let’s define
interatomic potential V(ry, ..., ry) that describes interactions between N atoms hav-
ing positions rq,...,ry. The form of the potential may be varied, but we want it
to give predictions of the energy of the systems consistent with either experimental
or ab initio results. In general, one can express full potential as an infinite sum of
n-body terms

V(ry,..., N ZVl 7 +ZV2 ri, 1)+ Y Va(ritj,re) + ..
ij ijk

+ Z V(i tn) + ...,
ijk..n

(2.22)
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but for practical reasons, it is truncated at some point. The first term describes
the energies of individual atoms, while the subsequent components give the inter-
action energy as a function of atomic positions. Usually, it is sufficient to consider
only two- and three-body (sometimes four-body) terms, as further components give
negligible contributions. Clearly, such an approach is less accurate than ab initio
methods. First, it maps complicated quantum mechanical interaction onto rather
simple classical potentials, and the parameters present in the formula are by defini-
tion fitted to the results obtained elsewhere. The quality of this fit determines qual-
itative and quantitative agreement with other calculations and experiment, as well
as flexibility and transferability of a given potential. In the following paragraphs,
we describe shortly three empirical formulas that we take into consideration in the
present thesis. All of them belong to the family of bond-order potentials. Bond or-
der terms reflect the idea that the strength of any chemical bond depends on the
bonding environment, i.e., the number of all other bonds, their lengths, and angles
between them. They are meant to describe dynamical processes, e.g., formation and

breaking the bonds, as well as characterize multiple bonding types.

2.3.1 Tersoff potential

Tersoff potential has been widely used in solid state simulations especially for cova-
lent systems for many years. The formula for pure elemental systems was presented
in (Tersoff, 1988) and further extension for multicomponent materials was given in
(Tersoff, 1989). In Jerry Tersoff’s approach, potentials for individual species (histor-
ically it was Si, C, and Ge) are determined independently by fitting to respective
elemental data. Then, auxiliary parameters for each pair of elements are added,
for treating mixtures of these elements properly. Below, we present the full Tersoff
potential formula intended for multicomponent systems, that is used in the thesis.
The total energy of the system is described as a sum over two center interatomic
interactions V;; between atomic pairs i and j separated by the distance 7;;

Vii = fe(rij) (fr(rij) + bijfa(rij)) (2.23)

where
fR(rij) = Aijei/\"jr"f', fA(rij) = —Bl‘]‘efyifr"f, (2.24)
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1, Tij < Ri]'
ii—Rij
fC(rij) = % + %COS (TES’]—RJ))> , Rij < Tij < SZ] (2.25)

Pl

0, rij > Sl]
fr and fa denote repulsive and attractive interaction functions, respectively, while
fc is a cut-off function ensuring potential to be short range. R;; and S;; are typically
chosen to include only the first shell of neighbors. The bond-order term b;; describes

the influence of the neighborhood on the binding strength of a pair of atoms by
modifying the attractive part of the potential

1

by =i (1) (2.26)
i= Y fe(rie) wik Bi 8 (Bijk), (2.27)
k1]
C2 cz
g(Bix) =1+ = l , (2.28)

a2y (- cos(@ijk))2

where 0;; is the angle between the atomic pairs ij and ik bonds. Altogether, there
are 13 various parameters in the Tersoff potential: Aj;;, Bjj, Aij, pij, Rij, Sij, Xij, i,
wij, Bi, ¢i, d;i, and h;. Values of the parameters are determined during the fitting
procedure, with carefully chosen set of reference data. Initially, Tersoff’s approach
to obtain parameters for heteroatomic interactions A, B, R,S, A and y was by aver-
aging values of parameters for respective elements, yet in further parametrizations
for multicomponent systems individual sets for all types of i — j interactions were
presented as well.

The discussion concerning available parametrizations of the Tersoff potential, as
well as evaluation of suitability of the various sets for our research is given in Sec.
4.1.

Extended Tersoff potential

There were many attempts to improve performance of the Tersoff potential. We will
though focus on recent extended Tersoff potential (Los et al., 2017), which is partic-
ularly interesting for the purpose of this thesis. This modification of original Tersoff
was aimed at describing properly B, N and BN systems with regard to dependence
the energy on coordination and chemical environment of the bonding. The authors
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put special attention to describe correctly monolayer hexagonal boron nitride (in-
cluding lattice parameter, thermal stability and elastic properties). The formula is
based on Tersoff formulation, the main change was introduced in the bond order
part. b;; from Eq. (2.23) is replaced by the fotal bond order term B;;

1
Bij = E(bij + b]‘i) + Fij~ (2.29)
with correction F;j proposed by the authors of the paper to have the form

Fj = Feno(Nij, Nji) Fiy (Nfj, NJ). (2.30)

Fenp is an envelope function, smoothly switching off the correction term for the BN
dimer as well as for high total coordinations Nij = Y x;; fc(rik)- FU(NZ-, N]Tl) was
proposed as a correction term for Tersoff potential in the PhD thesis of Karsten Albe
(Albe, 1998), as dependent on partial reduced coordination ng = Yokij f(rik)dr k.
(0;x = 1 if the chemical identity K of atom k is not equal to the chemical iden-
tity I of atom i, zero otherwise). The detailed description of the whole correction
can be found in (Los et al., 2017), as well as the results concerning point defects in

hexagonal and cubic boron nitride.

2.3.2 Reactive force fields

In the present thesis we consider the two members of the reactive force fields family,
namely ReaxFF and COMB3. Although developed independently, both potentials
were built around the two fundamental concepts: bond-order and self-consistent
charge equilibration. The idea of bond-order was introduced already in Tersoff
potential, but Tersoff potential lacks the explicit electrostatic effects, which limits
its applicability, e.g., in some ionic or heterogeneous systems. The answer for this
problem is the self-consistent charge equilibration approach. It is the scheme, the
charge on each atom is determined dynamically, based on the principle of the elec-
tronegativity equalization. In the thermodynamic equilibrium, the electrochemical
potential (which is the negative value of the electronegativity) is equal on all the
atomic sites. There are two main methods to satisfy the above mentioned rule: the
electronegativity equalization method (EEM) introduced in (Mortier et al., 1986) and
charge equilibration (QEq) method (Rappe et al., 1991). The first was employed in
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ReaxFF, while the latter - in the COMB formulation. Both allow to assign charges
to atoms, that minimize the electrostatic energy of the system, while keeping the
net charge constant. The difference is that EEM uses direct Coulomb interaction,
whereas QEq includes shielding between the overlapping charge clouds, and by
this, is more computationally demanding.

Both potentials are quite complex, and there are many empirical parameters to be
carefully trained against ab initio or experimental data. Elaborate formulation re-
sults, however, in the ability of the potentials to deal with various phases of a given
material. Yet, there is a price for this: the computational cost of such calculations
is approximately two orders of magnitude higher, compared to non-reactive force
fields. Nonetheless, they are still much faster than DFT computations. In the follow-
ing paragraphs both potentials will be concisely introduced. For the comprehensive
comparison of the two force fields, see, e.g., (Y. K. Shin et al., 2012).

ReaxFF potential

ReaxFF was first formulated by A. v. Duin and coworkers in 2001 (Duin et al., 2001)
for hydrocarbons, then further developed to the form presented below. It was the
first force field with dynamic bonds and polarization effects included in its formula-
tion. An extensive description of the history and evolution of ReaxFF can be found
in the review article (Senftle et al., 2016). The energy formula has the form

Esystem = Epond + Eover + Eangle + Etors + Evawaals + Ecoutomb + ESpecific- (2-31)

Epong is associated with forming the bonds between the atoms, directly derived from
the bond orders. Eqer is a correction preventing the overcoordination, E,ge char-
acterizes three-body - angle, while E;,s four-body - torsion interaction. E,jwgars
describes van der Waals, and Ec,,jomp - Coulomb interaction, the last two are cal-
culated between all atoms. Egpeific corresponds to system specific terms, that are
to be included only in the particular cases, such as C; corrections, hydrogen bind-
ing, lone-pair or conjugation. Full description of the potential can be found, e.g., in
(Russo et al., 2011).

This is a complex formulation and consists of both general model parameters and
atomic specific parameters, which makes determination of the accurate parametriza-

tion a demanding task. In order to model interatomic reactions with precision,



28 Chapter 2. Short review of the long list of computational methods inspected

one can include in the training set not only information about minima - lowest en-
ergy structures, but also include equations of state, heats of formation for small
molecules or bulk structures. Dynamic bonds creation and breaking as well as
charge equilibration that are implemented in ReaxFF force field have been very
promising as an upgrade from 'non-charge-including’ Tersoff potential. We have
tested existing parametrizations in the area of CBN hexagonal structures. Detailed
description of those parametrizations can be found in Sec. 4.2, and the results of the

tests in Sec. 4.4.

Charge Optimized Many Body potential

Charge Optimized Many Body potential was presented in 2007 (Yu et al., 2007),
and was based on the Tersoff potential to describe short-range interactions. The
successive development of the formulation resulted in second and, (the latest) third
generation (COMB3) announced in 2012 (Liang, Devine, et al., 2012). The detailed
description of the whole formalism and development of the potential throughout
the generations can be found in (Liang, Shan, et al., 2013). We present here the
newest formulation, where the total energy of the system Uror is the sum

UTOT = uEle(q/ 1") + ushort(q/ 1’) + uvdW(r) + ucorr<i/ j/ k) (2-32)
The electrostatic term Ugy, is further expanded into

uEle(q/ 1’) = uq(q/ 1") + uqq(q/ 1") + qu(q/ 1‘) =+ upolur(q/ T)z (233)

with U,(g,r) being energy to form a charge from a neutral atom (taking into ac-
count electron affinity, ionization energies, change in electronegativity and chemi-
cal hardness, as dependent on the environment (Toufar et al., 1996)). Uy, (q,r) de-
scribes charge-charge interactions (integration over the Streitz and Mintmire style
charge density of two atoms (Streitz et al., 1994)), U, (q,r) - charge-nuclear inter-
actions (specifically - a sum of interactions between point charge of one atom and
the shielded nuclear interaction of a neighboring atom). Uy, and U,z are calculated
using Wolf charge - neutralized direct summation method (Wolf et al., 1999). U4,
is the energy associated with the polarizability (relative tendency of a charge distri-
bution to distort in the presence of an external field) (Stern et al., 1999).
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The short-range energy term Uy, is captured by extended Tersoff-like potential

Ushort (9,7) =Y Y ((Fe(rij) (Vr(rij, 9i,9;) — BijVa(rij, 9i,4;)))) (2.34)

i (j>i)

The crucial difference is the bond order term B;; that has much more complicated
form, compared to the Tersoff potential. The van der Waals term U, has the
form of classic Lennard — Jones formalism, and the correction term U,,,, allows for
the distinction between similar phases, and increased the accuracy in ternary po-
tentials. COMB potential has proven generally better transferability than ReaxFF,
which gives hope to get reliable results with the existing parametrizations. Com-
parison of COMB performance to other approaches is given in 4.4.

2.4 Schemes for description of ordering in CBN alloys

This section presents shortly computation techniques and defines the properties
that we use for qualitative and quantitative description of stability and ordering
in CBN alloys. All of them are broadly documented in the literature, however, we
include them to keep this dissertation self-contained and to facilitate further discus-

sion of results.

2.4.1 Monte Carlo Metropolis Method

To gain a knowledge about physical properties of the system consisting of vast num-
ber of atoms, it is common to use the language of statistical physics. In this ap-
proach, one needs to calculate the average value of the proper function describing
property under interest, e.g., energy, pressure, magnetization, degree of chemical
order. Let’s consider such a function (observable) F, dependent on all positions and
momenta of the atoms in the system (r1,...,7n, p1, ... pn). The mean value of F is
determined with the following formula

(F(r1,...,*N,P1,---PN)) = /f(rl,. . "N, P1,---PN)F(r1, .. NP1, - pN)AT,
(2.35)
where f(71,...,7N, p1,- .- pPN) is a probability density of finding the system in a state
described by a given positions and momenta of atoms. The integral is performed
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over all microscopic states in which the system can be found, i.e., over the whole
configurational space. In the canonical (NVT) ensemble, i.e., when the temperature,
volume, and number of particles are constant, the probability density f equals

1 E(ri,..., N, P1, - - -
f(rl""’rN’pl""pN):Zexp (_ (1"1 1;{1\;;’1 pN)), (236)

where kp is Boltzmann constant. Partition function Z that appears in above formula
ensures f to be normalized. When we only investigate spacial distribution of the
density probability of finding the atoms, it can be integrated over momenta degrees
of freedom to the form

. 1 V(rl,...,rN)
fs(r1,...,rN) = Z—Sexp (_kBT> , (2.37)

that depends only on atomic positions, and the potential V (#4, ..., #n) by which the
atoms are influenced. In canonical ensemble, the microstates with equal energy
(potential value) exhibit uniform probability. Calculation of Eq. (2.35) is quite
challenging (analytically and computationally), as multiple integral over multidi-
mensional space is to be evaluated. Thus, instead of explicit integration one can
approximate Eq. (2.35) by the sum performed over a subset of the microscopic
states 0 = {0; = (r},...,rly) : i = 1,...,M} and evaluate discrete average over
M states

=

(F) = % Y E(th oo h). 2.38)

Il
—

However, choice of the ¢ cannot be completely free. The states ¢; should be se-
lected according to the probability defined in Eq. (2.37) or generally consistent with
the probability depending on the chosen ensemble. Solution to this task was the
algorithm presented in (Metropolis et al., 1953), where the authors construct sam-
ples from any probability distribution via generating a Markov chain (Norris, 1997).
This idea was further developed in (Hastings, 1970) and is known as the Metropolis-
Hastings algorithm. It generates a sequence of states, in our case - configurations of
atoms - in a way that the more samples are produced, the closer the distribution is
to the one we desire. The procedure starts by choosing arbitrary initial state of the
system 0y = (r(l’, ey r?\]). Then, some modification of ¢; is performed, e.g., by atomic
shift, spin flip or (like in our simulations) by swapping random pair of atoms of
different types, that leads to oy state. Then, the energy difference between the states
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AV = Vy — V; is considered. For modifications leading to negative AV the change
is always accepted. If the energy increases, i.e., AV > 0, then 0y is accepted as a
new configuration with probability p; = exp (— ki—‘;) . This is typically obtained via
comparing p; to a random number from between 0 and 1. If the change is accepted,
oy becomes 07,1, otherwise 0;,1 = 0.

Clearly, during the simulation described above, system tends to decrease its energy,
as all the modifications leading to the lower energy are approved. Therefore, it can
be employed to searching equilibrium state of the systems and is a basis of stochas-
tic optimization methods. Other techniques are known as well, e.g., simulated an-
nealing, quantum annealing, cross-entropy method, evolutionary algorithms, efc..
In our research we employ Monte Carlo Metropolis algorithm for determination of
equilibrium distribution of dopants in graphene or hexagonal boron nitride in the
NVT canonical ensemb]e.

2.4.2 Warren-Cowley Short Range Order Parameters

There are multiple ways of characterizing ordering in the multicomponent systems.
For the quantitative description of chemical order in CBN alloys, we choose Short
Range Order approach, introduced in (Cowley, 1950). Warren-Cowley parameters
1"533 describe the derivation from random configuration towards ordering or segre-
gation

) pl)

Tl —1- . (2.39)

where c4 and cp denote concentrations of A and B species respectively, P}, ; is prob-

ability of finding A-B pair in i" coordination shell. The presence of short-range

ordering can be decided based on the value of FE?B. Values close to 0 indicate fully
random structure (probability to find A and B is according to the concentrations),
negative values suggest SRO (A and B tend to occupy i shell), while positive val-
ues appear when atoms A and B segregate (A and B “avoid’ each other in i shell).

h

Limiting value is 1, when no A-B pairs are found on i" coordination shell.

Let’s mention a few properties of W-C parameters, following (Ducastelle, 1991):

e Symmetry of the parameters: FX)B = 1"1(321 for any species A, B and coordination

shell i.
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e Sum rules valid for any m-component system and any atom type C:
ri, =o
Ypceplep
e In m-component system, the total number of parameters equals m? for any coor-
dination shell. But, due to the symmetry and sum rules, number of independent

parameters is reduced to m(m — 1) /2. This results in only one independent FE?B
in binary, while three independent parameters in ternary alloys.
e One can rewrite FSL into the form convenient in calculations. TE?B is related to the

ith

number of A — B pairs in i"" coordination shell and the total number of bonds in

the system
1+ 5AB) Nas bonds
2cacg Nan bonds

r —q_ ! (2.40)

with 45 = 1 for A=B and zero otherwise.

2.4.3 Definitions of Energy in heteroatomic systems

Throughout the thesis we will refer to various definitions of energy, each provid-
ing another type of information about the system. They are shortly described be-
low.

1. Cohesive Energy E_,, is the energy that system D gains by arranging the atoms
into molecular or crystalline state. It is calculated by subtracting sum of energies
of the isolated atoms X; from the total energy of molecule/solid:

Econ(D) = Etot(D Zn Eatomic(X (2.41)

n; denotes number of atoms of type X; present in the system D. For stable sys-
tems, cohesive energy is negative, meaning that it is energetically favorable to
create a given molecule or crystal. E.,;, > 0 indicates instability of a system, that
would split into isolated atoms to lower the total energy. From the definition Eq.
(2.41) we see that cohesive energy is extensive property of the system. In many
cases it will be more convenient to use cohesive energy per atom.

2. Mixing Energy E,,;, for alloy system composed of A and B materials with con-
centrations x and y, respectively is defined as follows

Epix(Ax B) _XEtot( ) — yEtot( )- (242)
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Here E¥,(A) and E¥,(B) denote energy per atom of A and B systems being al-
loyed, respectively. Value of the mixing energy describes the preference (anti-
preference) of A and B systems to intermix within the lattice. Positive value of
E,.ix suggests that alloy system would rather separate into A and B phases than
form a solution. Mixing energy can be defined for system composed of more
than two components as well.

3. Formation Energy of defects Ef,,, (also called enthalpy of formation) shows
how much energy we need to provide to the system to create a defect (its value
might be negative as well). The formulation below follows (S.-H. Wei et al., 2000).
For clarity, separate formulas for defects in graphene and boron nitride are pre-
sented, which are the structures we are interested in this thesis.

Ef(GLg) =Etot(GLqg) — Etot(GL) + ncpic + nppp + nnpN

(2.43)
Ef(hBNd) :Etot(hBNd) — Etat(hBN) =+ ﬂcyc + TlB]/lB + nNyN.

Etot(GLq) and E;y;(hBNy) refer to the total energy of GL and hBN system with
defects, respectively, while E;;(GL) and E;;(hBN) are the energies of pristine
GL and hBN (i.e., the same shape and size but without the defects). ng, ny and
nc indicate the number of B, N, and C atoms, respectively, transferred from the
supercell to the reservoir in forming the defect. For example, for isolated carbon
impurity in hBN substituted in place of B atom, ng = 1, nc = —1,and ny = 0. In
the case of single vacancy in graphene: nc = 1, while the others null. Finally, uc,

ug, and yn denote values of the chemical potentials for C, B, and N, respectively.

2.4.4 Entropy and Free energy

Another attribute of CBN alloys investigated in this thesis is range of miscibility of
the structures based on graphene and boron nitride, when a number of heteroatoms
is introduced to the pristine lattice. For this purpose, we want to access free energy
of mixing F,,;, of the system D being a function of temperature T

Fmix(T/ D) = Emix(D) - Tsconf(D) (2.44)

In above equation S, r denotes configurational entropy of a given system. There
are multiple ways to approach entropy calculations. One can use thermodynamic
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integration following (Binder et al., 2010)

T CCOn (T/)
Seonf (T) = /0 =l dr, (2.45)

where specific heat C,, is related to the fluctuations of the energy of mixing calcu-

lated, e.g., in Monte Carlo simulations

<Emix(T)2> — <Emix(T)>2 )

Cconf(T) = T2

(2.46)

However, due to the considerable computational effort of integration method as
well as specifics of the systems we investigate (that will be discussed in the sec-
ond part of the thesis), we have decided to utilize more straightforward approach.
The simplest way to determine entropy connected with existence of distinct species
within the system is point approximation as described in (Bragg et al., 1934) and
named Bragg-Williams entropy Sy . Its value (per lattice point) can be determined
as follows

SBW = _kB ZCZ' ln(ci). (2.47)

Here c; refer to atomic concentrations comprising the system, and kg is Boltzman
constant. Eq. (2.47) assumes that atoms behave independently, and only concentra-
tions of species contribute to entropy. However, in reality atoms interact with each
other (especially in the area of solid state physics), their configurations are rather
correlated. To embrace it, pair approximation can be introduced where pair probabil-
ities p;; of finding i — j bonds are taken into account in addition to point probabili-
ties. In the system with coordination number Z, entropy in the pair approximation
(per atom) (Mohri, 2007) S, is given by

Spair = kB((Z — 1) ZCZ' 11’1<CZ') — % sz] 11’1(}?1])) (248)
i if

Point and pair approximations can be extended to a further basic cluster in tetrahe-

dron approximation as described e.g., in (Ibid.).
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2.4.5 Empirical Tight Binding approach

Empirical Tight Binding (ITB) approximation encompasses solving the equations
that take into account the electronic structure of the system, but with computational
effort being just a small percentage of the first principles simulations. It is a result
of significant simplifications in the quantum mechanical hamiltonian, and introduc-
tion of empirical parameters that need to be fitted. Tight binding approach can be
used to calculate electronic structure, chemical bond order, or even the transport
properties in large systems.

The basis idea of the TB method is expansion of the one particle states in molecules
or solids in terms of Linear Combination of Atomic Orbitals (LCAQO). One can as-
sume that the solutions of the one particle Kohn-Sham equation (see Eq. (2.8)) can
be searched as

[fn) = Y |Xin) (2.49)

where the functions {|x;,)} constitute not necessarily orthonormal set of atomic-
like functions, and the pair (i, «) indicates the node index i and the type of atomic
wave function (orbital) . The nodes might be identical with the atomic positions.
The solution of the Kohn-Sham equation is then reduced to solution of the general-
ized eigenvalue problem H m,]-ﬁc{f = EnSiajp cf, with hamiltonian Hj, jg, and overlap
Siajp Matrix elements, respectively, defined as follows: Hj, jg = (ix| H [jB) and Sj js

= (in|jB)-

There are numerous DFT codes on the market solving the Kohn-Sham equation em-
ploying expansion of one particle states into different sets of atomic like functions,
be it analytic or numerical ones (Blum et al., 2009) (for example, ORCA, SIESTA,
TURBOMOLE). However, the main simplification of the Tight Binding approach is
that the matrix elements of the hamiltonian, can be treated as empirical parameters
(Goringe et al., 1997; Papaconstantopoulos et al., 2003), or fitted to the effective TB
hamiltonian through finding the most localised Wannier functions (Marzari et al.,
2012) from Kohn-Sham solutions and calculating with so obtained WFs the matrix
elements of the Kohn-Sham hamiltonian and therefore, creating effective TB hamil-
tonian for the problem (Q. Li et al., 2021; Nakhaee et al., 2020). The classic paper
of Slater and Koster (Slater et al., 1954) gave the origin of the extremely successful
field of the empirical tight binding theory. The theory relies on the symmetry of
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orbitals and intuitive properties of the “atomic basis functions’ in contrast to numer-
ical basis functions, which could be numerically very effective but simultaneously
not intuitive. Itis practically impossible to point out the area of condensed matter or
molecular physics, where the empirical TB method did not contribute considerably
to explanation and understanding of physics (see e.g. (Harrison, 1989)). The em-
pirical TB method is extremely well documented in the literature and has so many
applications that we are not making any attempt to summarize here even the mini-
mal number of papers. The Slater-Koster (S-K) TB method assumes a minimal basis
(orbitals of angular momentum s, p, d, ...) per atom and introduces two-center ap-
proximation for hamiltonian matrix elements, so-called molecular integrals. These
two-center matrix elements can be transferred for a pair of atoms from environment
to environment, therefore, the specific values of the hamiltonian matrix elements
depend in the first order on the transformation properties of the I-type atomic or-
bitals. We finish the presentation of empirical TB with the statement that practically
all bonding in molecules and solids can be understood in terms of empirical TB
theory (Canadell et al., 2012).

The very interesting combination of the Density Functional Theory and Tight Bind-
ing method is the so called DFTB method (Density Functional Tight Binding), or
DFTB+. The DFTB method is based on a second-order expansion of the Kohn-Sham
total energy with respect to charge density fluctuations. The zeroth order approach
would be equivalent to a common standard non-selfconsistent TB scheme (Porezag
et al., 1995; Seifert et al., 1996). In the second order, parameter-free and readily cal-
culable expressions based on a self-consistent redistribution of Mulliken charges for
generalized hamiltonian can be introduced (Elstner et al., 1998; Spiegelman et al.,
2020). The numerical DFTB packages are nowadays available from many sources
(see dftb.org, dftbplus.org, wiki.fysik.dtu.dk) and are definitely an option for calcu-
lations when dealing with huge systems is unavoidable.

In this thesis, we employ empirical TB method for the description of the electronic
structure of CBN alloys. Since it is commonly known that in graphene and hBN
the states close to the Fermi energy originate from the 7t-type (or p;) orbitals (C.
Huang et al., 2015; Ryou et al., 2017), only one p, per lattice point is included into the
basis of “atomic like” functions. Additionally, we assume that p, orbitals centered
on different lattice sites are orthogonal to each other, and the hamiltonian matrix
elements are different from zero only for two orbitals being centered at two nearest
neighbours. Then the first neighbor hopping is characterized by single hopping
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parameter tg, and the tight binding hamiltonian simplifies further to the form

H'P =3 eifi) (il +to ) 1i) (il (2.50)

<ij>
where |i) are 7r-states centered on hexagonal lattice sites, and ¢; is the on-site en-
ergy.
With above formulation of the TB hamiltonian, we apply it to the systems consid-
ered in this thesis, for the supercells consisting of Nj,;; atoms, thus hamiltonian has
the size Nj,;; x Njy. H'P can be easily diagonalized, and we can access the total

Density of States (DOS) and the Projected Density of States (PDOS) on the state |i)
following the definitions

D(e) =) 6(e —ea),

(2.51)
Di(e) = Y| (ila) *6(e — en),

where the sum runs over all basis functions «. In our simulations, we substitute the
Kronecker delta § in Eq. (2.51) by the Gaussian function § of a given width &

o(e—e€y) =

)2
exp ( — w) (2.52)

1
\@7'(2 22
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Chapter 3

First principles based simulations -
Cluster Expansion approach

3.1 Cluster Expansion Iterative Technique

The possibility to investigate the physics of alloys on the first-principle level en-
tered the condensed matter physics with the advent of the Cluster Expansion (CE)
Method (as described in Sec. 2.2). In the meantime, the CE is commonly employed
to investigate even many component mixtures and alloys, e.g., (Sobieraj et al., 2020)
contributing considerably to better understanding of these very important classes of
materials. In this thesis, we use the Cluster Expansion (on the ab initio basis) method
to investigate building blocks of the CBN system:s, i.e., binary carbon-nitrogen and
carbon-boron alloys indicated hereafter as GL-N and GL-B. Such systems can be
created in many fabrication processes where graphene is doped with nitrogen or
boron, mostly beyond of the thermodynamic equilibrium. However, the resulting
concentrations of N and B in the graphene framework are rather low. We employ
CE to find out the alloy structures of the lowest total energies for the given con-
centrations and further to check out whether they exhibit the possible Short Range
Order (SRO). At the end, we calculate the free energy and discuss phase diagrams
of binary alloys. We restrict the N and B concentrations to 30%. The results obtained
within the CE in this chapter will constitute some kind of reference for the further
calculations of CBN alloys within the VFF method.

In the calculations presented here, we follow closely the self-consistent technique
developed and described by researchers from Humboldt University (Troppenz et
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al., 2017). Their procedure allows for iterative fitting (or tuning) of the CE model
and, to large extent, controlling of the convergence of the models. It may be applied
for any type of reference structures, and to any property that can be approximated

as a function of atomic configurations.

Let us now list the main points illustrating the procedure leading to the generation
of the best CE model. Two sets of data play the basic role in this generation scheme:
Initial training set and Clusters Pool, and, of course, the DFT that is used to deter-

mine the reference energies of the structures. As in all other places in this thesis, we
employ Quantum Espresso (QE) simulation package for the DFT calculations.

1. Initial training set is used to extract the basis knowledge about the interactions

between atoms in an alloy. We have chosen the set consisting of 20 structures
based on 4x4 graphene supercells (containing 32 atoms) with diversed configu-
rations of nitrogen (boron) substitutions distributed over the graphene lattice up
to concentration of 28.125% (which is equivalent to 9 substituted atoms), refer-
enced further on as REFSET1, and depicted in Fig. 3.1.

2. DFT total energies for all structures of the initial training set are computed and

constitute the data indicated by QE-DFT. Based on these total energies, one can
determine mixing energies Ene};T (as defined in Eq. (2.42)). For GL-N and GL-B,
it can be written as

EnfT(GL1_xNx) = ERIT(GL1_xNy)

mix

— (1 —x)EPFT(GL) — xEDFT(NR),

Natoms
EPFT(GL,_,B
EDIT(GLy _By) = —tot I(\lt 1-xBx) — (1 —x)EPFT(GL) — xEDFT(B,),
atoms

where x indicates concentration of substituted nitrogen or boron atoms, Ngtoms is
the total number of atoms in the system (here equal to 32), EDFT(N;) is energy
per atom in nitrogen molecule, while EEtF T(B,X) denotes energy per atom of a-
borophene, the most stable layered structure of pristine two-dimensional boron.
Set of EPIT values constitutes our reference data for fitting Cluster Expansion
model.

3. Clusters Pool is the source of possible clusters for the fitting procedure. The big-
ger the number and size of clusters in Clusters Pool, the more likely we are to
find the ones that are relevant for the accurate description of our property. We
choose a pool consisting of 44 clusters (which is depicted in supplementary Fig.

A.1): O-point cluster (empty graphene lattice), 1-point cluster (single N(B) atom



3.1. Cluster Expansion Iterative Technique 41

in GL), all symmetrically inequivalent 2- and, 3-point clusters, and 4-point clus-
ters up to the radius (i.e., maximum distance between the cluster atoms) equal
to 3.5 A. The Clusters Pool size is confined only due to the computational limita-
tions. However, note that in Clusters Pool there are typically only clusters that do
not exeed the certain range of atomic interactions (see Eq. (2.15)). Also, the com-
mon approach is that the CE hamiltonian does not include higher than four-body
interactions.

4. Fitting Cluster Expansion model. As an engine for determining optimum CE

model, we use CELL code (Rigamonti et al., n.d.; Troppenz et al., 2017). Based on
the reference data, the optimum set of clusters (subset of the Clusters Pool) and
values of respective Effective Cluster Interactions (ECIs) are determined. The
quality of the model is evaluated with Root Mean Square Error (RMSE) of the
CE model predictions versus reference set of DFT energies (having size N) and
Cross Validation (CV) score, as described in Section 2.2.2

1Y 1Y

RMSE = (N ;(E%T(Si) — ECE(5)))2)%, CV = (ﬁt ;(E%T(Si) — E(S))%)2.

Nl—=

ECE(S;) denotes energy of i reference structure predicted with a fitted model,
while E(S;) refers to predicted value of S; structure energy obtained from CE

model fitted to reference training set excluding the data point S;, Ny = N — 1.

The procedure summarized in the last point, leads to the first order CE model and its

hamiltonian, PISE) In this model, M = 13 clusters from the Cluster Pool provide the

best fit to the DFT mixing energies for structures included in the Initial Training Set.

Now we describe the scheme allowing for systematic and iterative improvement of
the CE hamiltonian Hcr.

1. Evaluation of the model. First, for every number of dopants on the 32 lattice

points superlattice (i.e., k = 0-9), one finds atomic configuration ! (k) minimiz-
ing the energy of the CE hamiltonian HQE), just creating the pairs

(cW(k), ECEM (¢ (k))) (note that k=0 and k=1 are trivial). This minimization
procedure is performed employing the Monte Carlo method (with temperature
set to 10K, and performing 2 - 10° MC swaps). Next, for ¢(!) (k) alloy configura-
tions, one calculates DFT mixing energies, just obtaining the set EPIT (V) (k)).

The discrepancy in the DFT and CE energies for the corresponding configura-

tions c()(k) can be determined, for example, as RV := y7_ |EPFT (¢ (k) —
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ECEM) (¢ (k). If this residual exceeds the required value, the Initial training set
is augmented with the pairs () (k), EPET (¢(V) (k))) and the new CE hamiltonian

mix

HézE) is fitted according to the procedure described in the Fitting Cluster Expan-
sion model point. Then the new set of configurations ¢ (k) (k = 0-9) that mini-
mize the total energies of the CE hamiltonian I:I((ZZE) with energies ECF(2) (¢(?) (k))
is found in the MC procedure. Further the DFT energies, EPFT (%) (k)), are com-
puted for the alloy configurations @ (k). When the energies obtained from
the actual CE hamiltonian differ too much from the corresponding DFT ener-
gies the procedure is iteratively repeated and it is stopped for iteration i where

= Yo |[EPFT (o) (k) — ECE() (¢ (k))| < e. Evaluation of the reliable CE
models for GL-N and GL-B typically requires few iterations, as it will be pre-
sented later on. In the context of this procedure leading to the improvement of
the CE hamiltonian, one speaks very often about the investigation of the predic-
tion power of the CE model, in the sense that CE model (and the hamiltonian)
gets ability to predict the energies very close to the DFT ones for identical config-

urations.

Having the CE model and hamiltonian Hcr determined, one is in the position to
perform extended Monte Carlo calculations for alloys. Here the GL-N and GL-B al-

loys for N and B concentrations in range 0.01-0.30 have been studied within the MC
method on the 800 site hexagonal lattice with periodic boundary conditions. For
each concentration, the dopants are initially distributed randomly over the lattice,
and Metropolis algorithm is used to swap atoms in search for the configuration min-
imizing the total energy. When such configuration is achieved, it is then analyzed
in the context of short range order (SRO) formation.

3.2 Reference DFT data for fitting CE models

Cluster Expansion methodology requires creation of the reference data set (Initial
training set) and performing the most reliable calculations of the mixing energies
on the DFT level. Such DFT calculations can be performed either on the rigid lattice
of the alloy or taking into account the volume and the atomic positions relaxation.
In this thesis, we focus mainly on the chemical order of the CBN alloys on graphene
honeycomb lattice and try to shed light on the chemical mechanisms leading to the
formation of such systems. Therefore, it is also a prerequisite to investigate the
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chemical order in the GL-N and GL-B binary alloys on the first-principles levels. In
the following, we describe the construction of the two CE models for GL-N and GL-

B alloys based on the same Initial training set of 20 structures (see figure Fig. 3.1)
treating them either as (i) rigid or (ii) fully relaxed systems. Altogether, we consider
four CE models, hereafter indicated as: GL-N-RIGID - GL-N on rigid lattice; GL-N-
RELAX - GL-N with fully relaxed geometry; and corresponding models for boron-
doped graphene, GL-B-RIGID - GL-B on rigid lattice; and GL-B-RELAX - GL-B
with fully relaxed geometries.

First, we make a survey of the DFT results for initial training set of structures, on
rigid and fully relaxed lattice . This allows us to assess the degree of geometrical re-
laxations in the investigated alloyed systems. We perform DFT calculations employ-
ing the Quantum Espresso simulation package (Giannozzi et al., 2009) taking into
account electronic spin-polarization. The total energies (for both rigid and relaxed
systems) and optimized geometries are obtained with the use of Perdew, Burke and
Ernzerhof (PBE) exchange-correlation functional of the GGA type for description of
the electron-electron interaction. To account for the interactions of the valence elec-
trons with atomic cores, we employ fully relativistic Projector-Augmented Wave
(PAW) pseudopotential type with non-linear core correction. In the calculations,
we use the PAWs generated considering as valence electrons 2s and 2p for carbon
and nitrogen, while 2p for boron (specific PAWs were downloaded from the library
http:/ /www.quantum-espresso.org/pseudopotentials, names of pseudopotentials’
files are following: C.rel-pbe-n-kjpaw_psl.1.0.0.UPE, N.rel-pbe-n-kjpaw_psl.1.0.0.UPF,
B.rel-pbe-n-kjpaw_psl.1.0.0.UPF). The calculations for the structures of the initial
training set are done in the 4x4 lateral graphene supercell, with 12 A distance be-
tween the layers (so-called vacuum layer) to avoid spurious interlayer interaction.
The kinetic energy cut-off for wavefunction expansion into plane waves is chosen
to 80 Ry, and 8 times larger for the electronic density. The Monkhorst-Pack scheme
is used for the Brillouin zone sampling, with 4x4x1 of k-points grid. During the
geometry relaxation, the convergence threshold was set to 107> [Ry] in energy and
10~* [Ry/Bohr] in force.
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FIGURE 3.1: Clusters (with corresponding atomic configurations of superlattices)
constituting initial training set (REFSET1) used for fitting the first iteration of
Cluster Expansion (CE1) models. Gray dots are carbon atoms, while blue ones
indicate dopants (N or B).
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FIGURE 3.2: Mixing energies for nitrogen and boron alloyed graphene (GL-N and GL-B,
respectively) for RIGID and RELAXED atomic positions as obtained from DFT calculations
for atomic configurations indicated as 0-19 (depicted in Fig. 3.1). The number of dopants in
the supercells for each configuration is shown in the upper part of the figure.



3.2. Reference DFT data for fitting CE models 45

The results of performed calculations on initial training sets for GL-N and GL-B

are summarized in Tab. 3.1. For each geometry (with index as in Fig. 3.1), we list
the values of mixing energy per atom on the rigid lattice, the optimized lattice con-

rlx
lat

lattice constant, the mixing energy for the system with relaxed atomic positions

stant a7} of the relaxed structure expressed as percentage of the pristine graphene
and volume. It turns out that some of the relaxed structures remain (as graphene)
completely flat, whereas other exhibit some buckling. This fact is annotated in the
column ’flat?” of the Tab. 3.1. The characteristic side view of such buckled struc-
ture is exemplified in Fig. 3.3, which should provide some idea about the possible
degree of corrugation in the alloyed structures. For all studied N(B) concentrations,
the mixing energies are positive, indicating that mixing C atoms with N(B) on the
graphene lattice (either rigid or relaxed) is not energetically favorable, and rather
non-equilibrium incorporation of N(B) into graphene lattice could lead to the desir-
able GL-N and GL-B alloys. The energetics of the studied GL-N and GL-B alloyed
structures is nicely presented in Fig. 3.2. As can be seen, for GL-N the relaxation re-
duces the mixing energy rather moderately. The only larger reduction of the GL-N
mixing energy (resulting from relaxation) occurs for structures, where two nitro-
gen atoms have been placed on the lattice as the nearest neighbors. It is obviously
not energetically favorable, and the lattice undergoes relatively strong deformation,
including the corrugation. The similar behavior is observed for the GL-B alloys,
however, generally the relaxation effects are stronger here than in the GL-N alloys.
We would like to point out relatively large increase of the GL-B lattice constants in
comparison to the pristine graphene, particularly for the larger B concentrations.
However, even in the case of GL-B alloy, the CE model based on rigid lattice could
lead to correct qualitative (or even semi-quantitative) description of the alloy.



46 Chapter 3. First principles based simulations - Cluster Expansion approach

TABLE 3.1: Mixing alloy energies obtained from DFT calculations for GL-N and GL-B for
rigid and relaxed atomic positions in clusters as depicted in Fig. 3.1. Number of
substitutions 714,,, change of the lattice constant alr’if for the 4 x 4 superlattice, and the
information whether the relaxed structure remains flat or gets corrugated are also listed.

GL-N E,;, [eV/atom] GL-B E,;;, [eV/atom]
index 74, | RIGID RELAXED  a¥  flat? | RIGID RELAXED  af’¥  flat?
0(GL) 0 |0.0000  0.0000  2468A v |0.0000  0.00000 24684 v
1 1 003017 002926  —00% « |003368 002193  +0.7% v
2 2 1009412 009124  —00% v |011526 007870  +14% v
3 2 | 007325 007074  —07% « |0.08374 005601  +0.7%
4 2 006668 006437  —07%  |0.07791 005174  +07% v
5 3 016283 014801  —07% X |0.19538  0.11397  +07% X
6 3 1012139 011543  —07% v |0.14230  0.09356  +14% X
7 3 1010950 010386  —07% v |0.13199 008762  +1.8% v
8 3 1012995 012508  —07% v |0.16001 010538  +18% Vv
9 4 1016859 016148  —07% v |021027 012509  +18% Vv
10 4 013520 012734  -07% « |0.17134 008726  +18% v
11 5 1024759 018295  —11% X | 028601  0.15198  +14% X
12 5 1020169 019138  —1.1% « | 024214 014458  +1.8% X
13 6 | 030003 024544  —11% X | 035486  0.16785  +2.8% v
14 6 [023315 022063 —11%  |028843  0.16664  +39% V
15 7 1033932 023295  —21% X |038312 017743  +2.8%
16 7 1024686 022931  —1.1% v |032311 015884  +4.6% V
17 8 |029851 028069  —11% v | 037641  0.18929  +39% X
18 8 103911 031012  —21% X | 046416 021602  +2.8% X
19 9 |036318 030303  —21% X | 044912 021030  +46% X
(@) (b)

11l
i)
|
1

FIGURE 3.3: Side view of an exemplary corrugated relaxed structure from the
REFSET1 (Fig. 3.1) for doping with (a) nitrogen (blue dots) (b) boron (red dots)
after geometry and lattice constant optimization. Red lines show the boundaries
of simulation boxes.
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3.3 Results of CE models determination

Just having the data for initial training sets generated and presented in the previ-

ous section, we are now in the position to employ the procedure outlined in Sec.
3.1, leading to development of the CE models of suitable predictive power. We per-
form four iterations in the fine tuning of the CE model GL-N-RIGID, while three
iterations are executed in remaining cases, GL-B-RIGID, GL-N-RELAX, and GL-B-
RELAX. The characteristics of the CE models obtained at the stages of the iterative
procedure are summarized in Tab. 3.2. To illustrate better the convergence of the
CEi models, we plot in Fig. 3.4 histograms depicting the difference between energies
of the lowest energy configurations predicted with the CEi hamiltonian and corre-
sponding DFT energies, utilizing residual formula R("). Systematically augmenting
the number of configurations in the training set, as indicated by the REFSETi size
variable in Tab. 3.2, one is able to develop better CE model (or hamiltonian). In per-
forming this tuning of the CE hamiltonian, we rely on the experiences of the Berlin’s
collaborators.

TABLE 3.2: Details of the Cluster Expansion models determined during the iterative

procedure as described in the text. CEi denotes the i*’ iteration for the model for GL-N

(GL-B) in the RIGID or RELAX framework, fitted to the mixing energies of REFSET:.
Helusters 18 the number of clusters included in the CE model.

GL-N GL-B
RIGID
CE1 CE2 CE3 CE4 CE1 CE2 CE3
Nelusters 13 13 11 13 13 13 13
max. cluster size 3 3 3 3 4 4 3
max. cluster radius 5.12 5.12 5.12 5.12 2.84 2.84 5.12
REFSETi size 20 29 40 43 20 28 41
RMSE [eV/atom] | 0.00044 0.00073 0.00138 0.00149 | 0.00044 0.00131 0.00262
CV score [eV/atom] | 0.00068 0.00115 0.00188 0.00215 | 0.00113 0.00196 0.00387
RELAX
CE1 CE2 CE3 CE1 CE2 CE3
Nelusters 13 13 13 12 13 13
max. cluster size 3 3 3 3 4 3
max. cluster radius 5.12 5.12 5.68 4.920 3.757 5.681
REFSETi size 20 32 42 20 33 41
RMSE [eV/atom] | 0.00051 0.00538 0.00913 0.00082 0.00184 0.00406
CV score 0.00091 0.1306 0.03024 0.00157 0.00287 0.00563
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FIGURE 3.4: Histograms showing the value of R(*) for all iterations of CEi model
in all investigated classes of models.

Here, we would like to restrict the presentation of the details of the iterative pro-
cedure for the CE model to the case of the GL-N alloy on the rigid lattice GL-N
RIGID, whereas the description of the iterative steps in the case of three remaining
CE models is moved to Appendix A, for clarity.

CE model for graphene alloyed with nitrogen on rigid lattice (GL-N RIGID). Tab.
3.3 collects values of Effective Cluster Interactions determined for CE1-CE4 models,
as well as the size and radius of respective clusters used for the construction of the
CE hamiltonian. It is interesting to notice, that only zero-point, one-point, and some
of two-point ECIs remain their values in transfer from one iteration of CE model to
the next one (i — i + 1), whereas the most of the ECIs change their values in some
kind of statistical manner. Predictive power of subsequent iterations is shown in
Fig. 3.5. Namely we compare CEi models predictions for the REFSETi with the
DFT calculations, and relate them to energies of those systems after Monte Carlo
simulation (that should give configuration of atoms corresponding to the lowest
energy). Energies of those minimum structures in CEi model is then computed with
DFT to estimate how well CEi model predicts energy, and whether it finds truly the
most stable configurations. Generally, one can say that even the first iteration model

(CE1) delivers reasonable accuracy, as the structures obtained from Monte Carlo
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simulations (reference set as initial structures) have lower energies than initial set,
when calculated in DFT. Subsequent iterations 2-4 result in even better convergence.
CE4 model is in very good agreement with DFT energies.

TABLE 3.3: Cluster Expansion models (CE1, CE2, CE3, CE4) for N-alloyed graphene on
a rigid lattice obtained in the iterative procedure. For each iteration, clusters included
in CEi model are characterized by: number of nitrogen atoms (called commonly points)
in the cluster Ny, its radius R, followed by value of Effective Cluster Interaction
associated with this cluster.

CE1 GL-N RIGID CE2 GL-N RIGID CE3 GL-N RIGID CE4 GL-N RIGID

Nys R[A]  ECI | Ny R[A] ECI | Ny R[A]  ECI  Nps R[A] ECI
0| 0 0000 09600 | 0 0000 09399 | 0 0.000 09766 | 0 0.000 0.9957
1| 1 0000 13357 | 1 0000 12573 | 1 0.000 13704 | 1 0.000 1.4543
2| 2 1420 03223 | 2 1420 02817 | 2 1420 03025 | 2 1420 0.3489
3| 2 2460 -00310| 2 2460 00644 | 2 2460 0.0674 | 2 2460 0.0495
4 | 2 2840 -0.0495| 2 2840 -0.0683 | 2 2840 -0.607 | 2 2840 0.0527
5| 2 3757 00795 | 2 3757 00146 | 2 3757 0.0272 | 2 3.757 0.0070
6 | 2 5681 -00258| 2 4260 0.0260 | 3 3757 -0.0518 | 3  2.840 0.0642
7| 3 2460 -0.0342| 2 4920 -0.0741| 3 3757 -0.0207 | 3 3.757 -0.0568
8 | 3 4260 -0.0085| 3 2460 -0.0327 | 3 4920 -0.0238| 3 4260 -0.0579
9 | 3 4920 -01117| 3 3757 -0.0315| 3 4920 -00172| 3 4260 0.0235
10| 3 4920 00458 | 3 4920 -0.0734| 3 5120 -0.0231| 3 4920 0.0160
11| 3 5120 00179 | 3 4920 -0.0052 3 4920 -0.0108
12| 3 5120 00106 | 3 5120 0.0415 3 5120 -0.0254

As it has been already indicated in this thesis, one of the main research purposes is
to find out whether the incorporation of N (B) atoms onto the graphene lattice can
result in a random distribution of dopants or some kind of the Short Range Order
forms in the alloy. Therefore, the SRO is definitely the property that we would like
to obtain from the CE model with as high accuracy as possible. We use Warren-
Cowley parameters as a measure of the Short Range Order in this thesis (described
in Section 2.4.2), which have been defined as FX)B =1- P/(;% /(cacp), where PX; is
probability to find atoms of types A and B in the i*" coordination shell in the system
with concentrations of A and B species equal to c4 and cp, respectively. We perform
(in addition to the RMSEs in Tab. 3.2) tests of the CEi model at each iteration level i
in the context of predictions of the Warren-Cowley parameters. For each generation
of the CEi model, we perform Monte Carlo calculations of the alloy configurations
minimizing the total energy of the systems (supercells) with 800 lattice points and
a given alloy concentration. The distribution of N dopants on the 800 supercell for
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N concentrations equal to 2%, 10%, and 25% as obtained by the four generations
of the CE models are depicted in Fig. 3.6. The corresponding Warren-Cowley SRO
parameters for N-N pairs within coordination shells 1-4 are presented for the CE1 -
CE4 models of GL-N in Fig. 3.7.
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FIGURE 3.5: Predictive power of consecutive iterations CE1-CE4 during iterative
procedure of Cluster Expansion model fitting for N-doped graphene in rigid
lattice (GL-N RIGID). For iteration i energies before and after Monte Carlo
simulations are plotted, calculated both with CEi model and with DFT.
Consecutive reference sets are shown on x-axis. The number of dopants in each
configuration is shown in the upper part of the lowest panel for CE4.
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also in Fig. 3.6, where configurations of atoms in GL-N alloy after Monte Carlo
simulations in every CE model iteration are alike, and deviate significantly from

random distribution.
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FIGURE 3.7: Warren-Cowley SRO parameters for N-N pairs extracted from
minimum energy structures obtained in Monte Carlo Simulations with i
generation of CE model. Parameters were calculated for 1% — 4 coordination

shells.

Fig. 3.7 clearly demonstrates that the Warren-Cowley parameters do not exhibit
stronger dependence on the CE model, and, in spite of the fact that the CE4 model
is the best, any iteration of the CE model for GL-N alloy predicts correctly exis-
tence of the short range order (SRO) and reasonable magnitudes of the SRO param-

eter.

Having discussed in detail the procedure to generate the CE models for rigid GL-N
lattice (GL-N RIGID), we would like now to conclude our efforts to generate the
CE models for GL-B alloy on rigid lattice (GL-B RIGID) and GL-N and GL-B with
full atomic relaxation, GL-N RELAX, and GL-B RELAX, respectively. The details
concerning the ECIs and calculations of the Warren-Cowley parameters with the CE

models on the 800 atom superlattices can be found in Appendix A.
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CE model for graphene alloyed with boron on rigid lattice (GL-B RIGID).

First iteration CE1 has a very poor predicting power. CE2 gives better predictions
for small systems, yet we observe clustering of B atoms in bigger supercell, for the
highest investigated concentrations (25% of boron atoms). This problem does not
occur in third iteration model CE3. It favors structures with B atoms situated on the
third coordination shell, similarly to the result obtained for GL-N RIGID model.
Thus, we suspect that this effect might derive from the size of the cell of the struc-
tures constituting reference sets, rather than from physical grounds. Final model in
this class results in proper behavior of the first neighbors (B-B bonds are unfavor-
able), however predicting power of the model is worse than in nitrogen-alloyed
class. We conclude that adding bigger clusters (i.e., more than four substituted
atoms, or with bigger radius), and further extension the reference set for the fitting
procedure would be beneficial.

CE model for graphene alloyed with nitrogen on relaxed lattice (GL-N RELAX).
In this class, we did not obtain satisfactory predicting power in any of the iterations.
First iteration model CE1 gives completely wrong predictions, favoring arrange-
ments with domains of nitrogen within graphene lattice. Configurations resulting
from Monte Carlo simulations with models CE1-CE3 do not present much lower
DFT energy compared to initial distributions, in fact, many final configurations re-
sult in increased DFT energies. Also we do not get any instructive information from
analysis of Monte Carlo results in bigger systems (800 atoms), every model gives
different predictions on ordering, see Figs. A.6-A.7. We conclude then, that the
reference data that consists of energies of structures after geometry and volume re-
laxation is harder to be reproduced in Cluster Expansion approach, where energy
depends only on arrangement of atoms. It is also possible that iterative procedure
presented in this thesis is not appropriate method, and CE model could be fitted
accurately, but with broader set of reference structures, and/or a bigger Clusters
Pool.

CE model for graphene alloyed with boron on relaxed lattice (GL-B RELAX).
Data obtained here suggests that (as with GL-N RELAX) fitting CE model using
procedure presented above is a difficult target (if achievable at all). First fitted
model CE1 gives also invalid predictions, however, subsequent iterations improve
predicting power of the model. Nonetheless, third iteration model is still far from
acceptable, thus, as in respective nitrogen case - alternative fitting strategy might be
more successful.
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In conclusion, fitting accurate Cluster Expansion models for N- or B-alloyed graphene
class of structures seems to be better accessible for models on the rigid lattice than
for relaxed systems. Cluster Expansion method proved great performance in many
bulk systems, but the question arises, if energy landscape of doped, layered graphene
systems affected considerably by lattice distortions for higher concentrations of sub-
stituted atoms are possible to be mapped into Cluster Expansion Ising-like hamil-
tonian dependent only on arrangement of species. Our experience shows that one
of the reasons for the slower convergence of the CE models for relaxed lattices lies
in the relatively small dimensions of the superlattices (32 atoms) used to generate
DFT reference data. Our calculations show that in the GL-B alloy with higher B con-
centrations the lattice constant of the 32 atom supercell increases by up to 4.6% in
comparison to pristine graphene. It would be, therefore, desirable to realize such B
concentrations on the graphene supercell containing few times more atoms, which
would increase the computational burden dramatically. Nevertheless, all the stud-
ied CE models of GL-N and GL-B lead to clear prediction of the SRO in these alloys.
The DFT calculations performed for the CE models, can be also used to verify the
parametrization of the VFF models that will be used later on for the description of
CBN 2D systems.

In the last section of this chapter, we would like to use the CE model on superlattice
with 800 lattice points to calculate the free energy of the GL-N and GL-B alloys, and
make an attempt to construct the phase diagram for these alloys.

3.4 Results of the Cluster Expansion models for GL-N and
GL-B on rigid lattice

We use Cluster Expansion models for N- and B-doped graphene on rigid lattice (GL-
N RIGID and GL-B RIGID) with N (B) concentrations of 1% - 30%. We consider
the 800 points honeycomb lattice and use the CE hamiltonian to find the atomic
configurations with the minimal total energy. To do this, we employ the Monte
Carlo Method with Metropolis algorithm choosing the temperature in the simula-
tion typically to 10K and employing the random distribution of dopants as an initial
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guess. However, we would like to stress that we performed Monte Carlo simula-
tions with higher temperatures (even up to few thousands K), but Metropolis al-
gorithm in each case was able to find atomic positions leading to the minimal total
energy.

Averaged mixing energies of structures before and after MC simulations are pre-
sented for both GL-N and GL-B systems in Fig. 3.8. In both cases (GL-N and GL-B),
the structures exhibiting short range order lead to the lower energies than in config-
urations with completely random distribution of dopants.
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FIGURE 3.8: Average mixing energy for the GL-N and GL-B structures for two
distributions of atoms: (i) random, and (ii) after Monte Carlo Metropolis
simulations with Cluster Expansion models fitted to energies on rigid lattice.

For random arrangement of atoms, the entropy of mixing is given by the famous
formula Spywy = —kpY_;c;In(c;) that for a binary alloy acquires the form S(c) =
—ky(cInc — (1 —c)In(1 — ¢)), taking maximum equal to 2k for ¢ = 1. This form of
entropy, very often is named Bragg-Williams (BW) point approximation. In the case
of the presence of the short range order, the entropy expression requires to be mod-
ified. The lowest order correction to the configurational entropy can be ascribed to
the corrections originating from the pair-pair correlations, and the entropy in the
presence of the short range order and in the so-called pair approximation can be
written as Sy = kp(2Y; ¢;In(c;) — %Zi,j pijIn(pij)) (Eq. (2.48)), where the coordi-
nation number of Z = 3 is used in this expression. The averaged configurational
entropies in the point and pair approximations, Spw (cx) and Si-(cx), as a function
of dopants concentration ¢, (x = N, B) for GL-N and GL-B alloys are plotted in Fig.
3.9. Now one is in position to determine the free energy for the alloy system with

CE _ rCE .
short range order as F.;. = E~* — TS ;.
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FIGURE 3.9: Average entropy S, for the GL-N and GL-B structures random and
after Monte Carlo Metropolis simulations with Cluster Expansion models fitted
to energies on rigid lattice. For comparison, entropy for randomly distributed
systems as well as values of Bragg-Williams point approximation is also plotted.

These free energies as a functions of N(B) concentrations in the GL-N (GL-B) alloys,
and for the temperature range between 0 and 9000 K are depicted in Fig. 3.10. It
is clearly seen than the negative free energy of the alloys GL-N and GL-B can only
appear for temperatures exceeding 3000K, so very close to the melting tempera-
ture. Therefore, these cluster expansion calculations clearly corroborate numerous
experimental suggestions that incorporation of nitrogen and boron into graphene
lattice can happen only through non-equilibrium processes. It could be of inter-
est, to plot the free energy as a function of N (or B) concentrations assuming an
hypothetical completely random alloy, i.e., with the total energy obtained from the
random distribution of atoms and point approximation for the entropy. Such free
energy for GL-N and GL-B is plotted in Fig. 3.11 and resembles similarities to the
free energy computed taking the short range order into account and presented in
Fig. 3.10.

In the summary of this chapter, we would like to point out that cluster expansion
methodology provides insights into physics of the GL-N and GL-B binary alloys,
and will be used as some kind of guidelines for assertion of the VFF models.

We are aware that there are earlier papers employing the Cluster Expansion method-
ology to systems being alloys of h-BN and graphene, of the formula (C2)x(BN)j_,.
For example, in (S. Du et al., 2020) the authors create quasi-ternary CE model for
C-BN alloys, yet assuming BN pairs as one ‘point’. There are also other CE stud-
ies of C-BN alloys (Yuge, 2009). We will relate their findings with results for alloys
obtained within VFF approach in Chapter 5 of this thesis.
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FIGURE 3.10: Dependence of average free energy FCE on temperature for GL-N

(on the left) and GL-B (on the right) alloys exhibiting short range order as
obtained from Monte Carlo Metropolis simulations with respective CE models on

rigid lattice.
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FIGURE 3.11: Dependence of average free energy ani on temperature for

random GL-N (on the left) and GL-B (on the right) structures calculated with
respective CE models on rigid lattice.

Next chapters are devoted to calculations of the energy, stability and ordering in
CBN binary and ternary alloys obtained using Valence Force Field methods. The
huge advantage of VFFs is possibility to describe energy of the system not only
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depending on atomic configuration but also as a function of all atomic positions.
Moreover, strength of interaction between two atoms depends on their surround-
ings (bond-order potentials). This allows not only to investigate periodic structures
but also ribbons, flakes, etc., as well as to perform simulations of bond creating and
breaking, e.g., in chemical reactions (Molecular Dynamics simulations). Geometry
optimization performed with VFFs allows to inquire into morphology of systems
with defects, grain boundaries, effects of strain and other mechanical properties.
These topics are out of reach of Cluster Expansion methodology.
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Chapter 4

Assesment of VFF methods for
simulations of CBN alloys

Choice of the proper Valence Force Field (VFF) and its parametrization is paramount
to the success of all the subsequent calculations. Driven by this motivation, the sec-
tions below present results of tests of various empirical potentials described in Sec.
2.3 in the area of hexagonal layered CBN alloys. This is preliminary step before
performing large-scale simulations, but I find it the most important. It gives us
the knowledge about which properties of a given range of materials can be calcu-
lated resulting in appropriate values and which aren’t properly described. All the
simulations involving VFF mentioned in this and the next chapter were performed
with use of LAMMPS package (Thompson et al., 2022), that is widely-used tool for
modelling in multiscale systems.

4.1 Tersoff potential: available and developed parametriza-

tions

Below, the parametrizations available for Tersoff and extended Tersoff potentials for
systems containing C, B, and N atoms are shortly described.

o Ters-SET0: Matsunaga (Matsunaga et al., 2000) parametrization derived for
cubic carbon boron nitrides. Values of the parameters are listed in Tab. 4.1. Pa-
rameters for carbon have their source in original Tersoff paper (Tersoff, 1989),
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parameters for nitrogen, and nitrogen-carbon interactions in Kroll PhD disser-
tation (Kroll, 1996), while boron part as well as parameters for heteroatomic
bonds were introduced in the abovementioned paper. Although intended for
cubic systems, this parametrization has been widely used for simulations in
hexagonal systems as reported in literature, e.g., in recent paper (Jam et al.,
2018).

Ters-SET1: It is parametrization equal to Ters-SETO0 with corrections for car-
bon as reported in (Lindsay et al., 2010). It was developed for graphene and
carbon nanotubes. In comparison to Ters-SETO0, only two parameters are var-
ied: Bc = 430.0 and hc = —0.930. This modification of C-C interactions has
been used by various authors, e.g., (Senturk et al., 2019).

Ters-SET2: This set is our combination of parameters by Lindsay (Lindsay et
al., 2010) for C-C interactions, Kinaci (Kinaci et al., 2012) parameters for B-N,
C-N and C-B (developed for h-BN/graphene interfaces in lateral graphene/h-
BN junctions), and Albe (Albe et al., 1997) for B-B and N-N interactions (first
introduced for description of the hexagonal boron nitride-based systems). Val-
ues of the parameters are listed in Tab. 4.3. We propose this mix of parametriza-
tions, gathering the best (in our opinion) descriptions for each pair of atomic
types. It was not refitted as a whole set, though. In the following part of this
chapter, we show decent overall performance of Ters-SET2.

Ters-BNC: parametrization implemented in the LAMMPS package in the file
named Ters-BNC. It is different from Ters-SET2 only in description of N-
N and B-B interactions. Specifically Ayny = 128.86866, Byn = 138.77866,
App = 40.0520156, Bpp = 43.132016. We include this set for completeness of
the thesis.

extep: extended Tersoff potential parametrization for BN systems (Los et al.,
2017). The parameters are gathered in Tab. 4.2. This extended form of Tersoff
original potential is described in Sec. 2.3.1. This VFF was developed specif-
ically to describe accurately a wide range of BN-based structures, including
proper description of defects in hBN. Although quite recent, this method has
been employed by other authors e.g., (Ghaderzadeh et al., 2021).

hybrid: Ters-SET2 + extep. In LAMMPS it is possible to calculate different
interactions (or groups of atoms) with distinct potentials. Thus, we decided to
test such a hybrid approach, where B-B, B-N and N-N interactions are calcu-
lated with extep while C-C, C-N and C-B - with Ters-SET2.
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TABLE 4.3: Tersoff interatomic potential parameters constituting Ters-SET2.

wjj = 1forallij,and B’ = B - x

Vi=Vi| CC N-N B-B C-N C-B N-B
A(eV) | 1393.6 297895279 14044752  1386.78 1386.78 1380
B'(eV) 430. 2563.56  1173.197 387.575152 339.06891 340
AATY) | 34879 2.82931  2.23726 3.5279 35279 3.568
(A=) | 22119 2627272 2.0775 2.2054 22054  2.199
R(ATY) 1.80 1.90 1.90 1.85 1.85 1.90
S(A™) 2.10 2.10 2.10 2.05 2.05 2.00
Vii # Vii C-x N-N B-B other N-x  other B-x

B 1.5724e-7  0.019251 1.6e-6  1.25724e-7 1.25724e-7

n 072751  0.6184432 3.9929061  0.72751 0.72751

c 38049. 17.7959 0.52629 25000. 25000.

d 4.3484 59484  0.001587  4.3484 4.3484

h -0.93 0. 0.5 -0.89 -0.89

4.2 ReaxFF: available parametrizations

Each ReaxFF parametrization is developed for the specific group of materials, and

the tr

ansferability must be checked each time before performing large-scale sim-

ulations. The most of the available sets of parameters are reviewed in (Senftle et

al., 20

16). Below, the parametrizations concerning the CBN systems are mentioned

and shortly described, paying attention to the training sets that were used in each

case, and results obtained by other authors for systems close to our range of inter-

est.

1.

Reax-C2013: parameters for carbon (Srinivasan et al., 2015) (named
ReaxFFc_p013). It was designed for modeling carbon condensed phases. Its
training set was based on previous set for hydrocarbons (Chenoweth et al.,
2008), and extended with data for graphite and diamond. The performance of
ReaxFFc_5013 was revised broadly in (Jensen et al., 2015).

Reax-PAI: C\B\N parameters reported in (Pai et al., 2016): ReaxFFRreax—pal-
This force field was intended for studying liquid CBN hydrogen-storage mate-
rials. The authors targeted molecular systems that contained BN heterocycles
with C, H, B and N atoms included. ReaxFFreax—par was utilized in the sim-
ulations of hydrogenated hBN-graphene (Dethan et al., 2020), but the validity

of this result remains unknown.
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3. Reax-PAUP: C\B\N parameters from (Paupitz et al., 2014): ReaxFFpayp. This
parametrization was fitted for the simulations of B/N containing fullerenes.
ReaxFFpayp was utilized for MD simulations of B- and /or N- doped graphene
oxide in (Bawari et al., 2020). Also, hBN nanosheets doped with -OH groups
were investigated using this parametrization in (B. B. Sharma et al., 2020). The
validity of the parametrization was evaluated there by estimating a character-
istic fracture toughness of pristine hBN nanosheet. No evaluation of geometry
results was reported.

Unfortunately, none of the sets presented above was trained specifically against
CBN layered, hexagonal structures. We do not list here values of respective ReaxFF

parameters, due to their vast count, whole set can be found in the cited papers.

4.3 COMBS3: available parametrizations

Parameters of the COMB3 potential were developed for several elements, starting
from C-O-H parametrization (Liang, Devine, et al., 2012). Good transferability of
this set was shown in (Fonseca, Liang, D. Zhang, Choudhary, and Sinnott, 2016),
where the authors performed simulations of graphene oxide (GO) systems, result-
ing in quite good predictions of chemical and structural properties of GO, despite
it hasn’t been included to the training set. Martinez and coworkers (Martinez et al.,
2017) developed nitrogen parameters. This allows us for calculations of graphene
alloyed with N, but up to date, there is unfortunately no parametrization for boron.
Clearly, it limits availability of COMB3 potential for studies of CBN alloys in the
present thesis. COMB3 is the most promising formulation of VFF that we have
found in literature at the beginning of our research, as one needs only to generate
one set of parameters for each species, that should be applicable to various geome-
tries and modelled materials. Therefore, we decided to include COMB3 in our tests
(henceforth referred to as COMB), hoping that in the near future parametrization
for boron would be developed as well. We do not present values of C and N param-
eters here, due to their number, exceeding even ReaxFF list of parameters.

The remaining part of this chapter is devoted to the tests of all the VFFs with
the parametrizations described above. We will refer to the each VFF with specific
parametrization using short names, bolded throughout their presentation.
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4.4 Tests of the empirical potentials

In order to make the assessment of the suitability of the emprirical VFF methods
considered in the thesis, we have perfromed a series of tests for:

(1) dimer molecules consisting of C, B, and N atoms,

(2) pristine 2D structures, i.e., graphene (GL) and hexagonal boron nitride (hBN)
monolayers,

(3) GL and hBN with point defects.

During the tests, we compare results of all VFFs with results of ab initio simulations.
Our reference DFT data was calculated with Quantum Espresso simulation pack-
age. The total energy and geometry was obtained with the use of Perdew, Burke and
Ernzerhof (PBE) exchange-correlation functional of the GGA type, together with
Projector-Augmented Wave (PAW) pseudopotential type (with non-linear core cor-
rection, during the full relativistic calculations with spin). For (1) we use 10A x 10A
x 10A supercell containing 2 atoms. For the 2D structures in (2) are calculated us-
ing unit cell with 12A of vacuum in direction perpendicular to the layer in order to
avoid spurious interlayer interaction. Point defects (3) simulations are carried out
in 4x4 graphene/hBN supercell (32 atoms), with 12A distance between the layers.
Kinetic energy cutoff for wavefunctions is set to (1 and 2) 100 Ry, and (3) 80 Ry. The
Monkhorst-Pack scheme is used for the Brillouin zone sampling, with the number
of k-points dependent on the system size: (1) 4x4x1, (2) 8x8x1, (3) 4x4x1. During
the geometry relaxation, the convergence threshold was set to 107> Ry in energy
and 10* Ry/Bohr in force. In the following sections, we will refer to these DFT
simulations as to QE-DFT.

(1) Dimers

The simplest possible interaction is that occurring between two atoms. There are
six possible pairs consisting of C, B, and N. For all of them, we calculate cohesive
energy as a function of interatomic distance and depict it in Fig. 4.1. The optimum
bondlengths and respective energies are summarized in the Tab. 4.4 for all VFFs,
followed by the DFT results (QE-DFT) and the values reported in the literature.
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FIGURE 4.1: Energy of a dimer X-Y as a function of the interatomic distance for XY =

C, B, N, calculated using various VFF potentials considered in the thesis and compared
to the QE-DFT results.

Note that for specific dimer systems some parametrizations are indistinguishable.
For (C-C): Ters-SET1, Ters-SET2, Ters-BNC, hybrid are identical;

for (N-N) and (B-B): Ters-SETO, Ters-SET1 are identical; hybrid, extep are identical;
for (C-N) and (C-B): Ters-SET2, Ters-BNC, hybrid are identical;

for (B-N): Ters-SETO, Ters-SET1 are identical; hybrid, extep are identical; Ters-SET2, Ters-BNC,
hybrid are identical.

2.0
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We would like to assess this test with the following remarks: COMB gives the best
results for C-C, N-N and C-N dimers. Unfortunately, we lack parametrization for
boron. Ters-BNC parametrization gives completely wrong N-N and B-B interac-
tions that are vital in the simulations in general CBN alloys. Therefore, we exclude
this method from the further tests. Ters-SET0 and Ters-SET1 do not perform very
well, especially for N-N and C-N. Ters-SET2 and hybrid give quite similar pre-
dictions (parameters are partly identical). These two perform the best among the
parametrizations covering all the C-B-N interactions. Extep gives good results in B-
N, N-N and B-B dimers, and hybrid is equal to extep for B-N, N-N and B-B, while
remaining C-C, C-B and C-N are equal to Ters-SET2. Reax-PAI and Reax-PAUP
parametrizations are acceptable for N-N, while for the other pairs, none of the val-
ues of minimum energy and bond length or the shape of the curve are satisfactory.
Reax-C2013 performs best for C-C out of all ReaxFF parametrizations, but it is not

the best result in the group of all considered potentials.

(2) Pristine graphene and hexagonal boron nitride

Graphene and hexagonal boron nitride monolayers are base structures for the present
thesis, so using empirical potential describing them properly is of the greatest im-
portance. Hence, we calculate energy of GL and hBN as a function of lattice constant
using all VFFs to determine equilibrium lattice parameter as well as the cohesive en-
ergy E.,, in each of the methods. Tab. 4.5 compares VFF energies to QE-DFT and
available literature data, moreover dependence of cohesive energy on the lattice

constant is shown in Fig. 4.2.

Remarks: In this test, COMB performs very well for GL and so are (identical this
case) Ters-SET1, Ters-SET2, and hybrid. ReaxFF-PAI and ReaxFF-PAUP (nearly
overlapping here) are much worse again, ReaxFF-C2013 is acceptable but note that
it was fitted to different ab initio results, differing from QE-DFT values. In hBN, ex-
tep, and hybrid (identical here) give excellent results for the lattice constants greater
than 2.2 A, other Tersoff sets are in good agreement with QE-DFT as well. Cohesive
energy curves sharply rise with decreasing distance for smaller values, but we are
not likely to be in this range of lattice constants in our simulations.
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TABLE 4.5: Equilibrium lattice constant and cohesive energy of graphene and monolayer
hexagonal boron nitride, calculated using empirical methods tested in the present thesis,
compared to QE-DFT results and the values reported in the literature.

graphene hBN
Eeonlzo5]  atat [A] (dpond) Eeonl35]  tat [A] (dpona)
Ters-SET0 -7.393 2.530 (1.461) -7.565 2.560 (1.478)
Ters-SET1 -7.978 2.492 (1.439) -7.565 2.560 (1.478)
Ters-SET2 -7.978 2.492 (1.439) -7.507 2.498 (1.442)
extep -6.690 2.504 (1.446)
hybrid -7.978 2.492 (1.439) -6.690 2.504 (1.446)
COMB -7.352 2.462 (1.421)
Reax-C2013 -7.524 2.462 (1.422)
Reax-PAI -8.582 2.502 (1.444) -7.129 2.554 (1.474)
Reax-PAUP -8.589 2.501 (1.444) -7.392 2.571 (1.485)
QE-DFT -7.854 2.468 (1.425) -6.994 2.515 (1.451)
literature (theory) — -7.464 (QMC)®@ 2.45 (DFT-HSE06)®)
-7.906 (PBE-PP)®@ 2.491 (DFT-LDA)®
-7.972 (PAW)@ 2.512 (DFT-PBE) ®
2.465(DFT-PAW)© -7.072d 2,501 (DFT-PAW) @
literature (exp) 2.459 (1.42)® 2.49 (1.44)®

(a) H. Shin ef al., 2014, (b) Hunt et al., 2020, (c) Pozzo et al., 2011, (d) Yin et al., 2010,
(e) Cooper et al., 2012, (f) C. Jin et al., 2009.
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FIGURE 4.2: Energy of pristine (a) GL, and (b) hBN monolayer as a function of the lattice
constant calculated using various empirical potentials and compared to the QE-DFT.
Note that for (GL): Ters-SET1, Ters-SET2, hybrid are identical;

for (hBN): Ters-SETO, Ters-SET1 are identical; and hybrid, extep are identical.
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Fig. 4.2 does not show the full course of the Reax-PAI energy. There appears some
discontinuity, that results from the parameters’ values. However, it is worth notic-
ing that Reax-PAI was fitted to the small molecules and liquid phases of C-B-N.
Evidently it is not suited for layered CBN structures.

Planar GL and hBN structures from calculations discussed so far are the result of
assumed space groups: P6/mmm and P63, respectively. Thus, we perform also sim-
ulations in 4x4 supercell (32 atoms) with slightly distorted initial atomic positions,
which induces the reduced symmetry. For a range of lattice constants (2.252-2.736
A), we examine when the systems after geometry optimization start to corrugate

(e.g., as a method to release stress). Maximum lattice constant for which deviation

corr
lat *

summarized in Tab. 4.6 and compared to the DFT result.

from planar occurs is denoted a The results of calculations with all VFFs are

TABLE 4.6: Maximum values of the lattice constant in graphene and hBN structures for
which the corrugation occurs after geometry optimization (simulations performed in
the range of lattice constants 2.252-2.736 A). For lattice constants larger than ai’,
structures are planar.

graphene hBN
oo [A] ey 4]

Ters-SETO0 2.460 2.546
Ters-SET1 2.321 2.546
Ters-SET2 2.321 2.460

extep 2.460
hybrid 2.321 2.460
COMB 2.321

Reax-C2013 2.390
Reax-PAUP 2511 2.563
Reax-PAI 2511 >2.736

QE-DFT 2.373 2.442

Remarks: We observe quite good agreement between QE-DFT and all Tersoff re-
sults, especially Ters-SET2 and hybrid. COMB and Reax-C2013 are also doing well
in graphene case. Importantly, the remaining ReaxFF parametrizations favor (en-
ergetically) planar structures in the examined range of lattice constants. However,
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a small initial displacement of atoms leads to corrugated final structure, with the
energies higher by ~ 3 — 5 eV/atom, which indicates energetic instability of the
system.

Reax-PAI and Reax-PAUP parametrizations show improper behavior in tests (1)
and especially (2). It is hard to expect accuracy in the systems with in GL/hBN
with defects or dopants. Thus, we exclude them from the further considerations.
Despite promising idea to describe atomic interactions, ReaxFF potential demands
careful fitting to serve as a useful tool, unfortunately it is out of scope of the present
thesis.

(3) Point defects in graphene and hexagonal boron nitride

In the third test, we study energy and geometry of point defects in graphene: single
boron substitution - denoted GL: B, single nitrogen substitution GL: N¢, single
vacancy GL: V¢ and BN pair substitution GL: BcN¢. In hexagonal boron nitride
we examine: single carbon on nitrogen sublattice hBN: Cy, single carbon on boron
sublattice hBN: Cp, single nitrogen vacancy hBN: Vy, and single boron vacancy
hBN: V3. The geometry of these defects optimized with QE-DFT is shown in Fig.
4.3.

We analyze formation energy of defects E; in GL or hBN as defined in Eq. (2.43)
(description of components is given there)

Ef(GLyq) =Et0t(GLg) — Etot(GL) + ncpic + nppp + nnpn
Ef(hBNd) :Etot(hBNd) — Etot(hBN) + ncpc + npUp + NNUN-

Important part of above equations are chemical potentials y;. They are equal to
the Gibbs free energy that isolated atoms i exchange with the heat reservoir, and
they should represent experimental growth conditions. The ultimate values of the
chemical potentials are denoted y? (with i = C, B, N), representing the energies of the
most stable phases of the elements. In our simulations, u is referenced to as energy
per atom in graphene. Quantum Monte Carlo simulations (H. Shin et al., 2014) show
that differences in cohesive energies of graphite, graphene, and diamond are very
small: 7.520, 7.464, and 7.503 eV /atom, respectively).
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GL: NC GL: BC GL: NCBC

FIGURE 4.3: Geometry of point defects in graphene and hBN after QE-DFT
geometry optimization. Gray dots denote carbon, blue - nitrogen and red - boron.
We refer to distances marked on the figures in Tabs. 4.8-4.9.

For boron, we select several possible two-dimensional structures as reported in lit-
erature (D. Li et al., 2020) and compare their cohesive energies. QE-DFT as well as
all VFF methods result in the lowest energy for a-borophene, thus we set it as 3.
Finally, 1, is the energy per atom of nitrogen molecule. Nonetheless, it is quite ar-
bitrary to choose the reference structures for ‘ug(, see, e.9., (Azevedo, 2006; Miranda
et al., 2021), where authors choose alternative structures for determination of y?.
Also in (McDougall et al., 2017) chemical potential of carbon is computed from CHy
molecule, in contrast to many other papers where graphene/graphite is taken as a

reference.



72 Chapter 4. Assesment of VFF methods for simulations of CBN alloys

The values of computed chemical potentials using all the investigated methods,
compared to the QE-DFT are presented in Tab. 4.7.

TABLE 4.7: Values of maximal chemical potential for C, N, and B in the computational
approaches investigated in this thesis, followed by the BN pair energy in hBN -
E¢(BN), and hBN enthalpy of formation AH;(BN).

Helaom) Mlaom)  MBlaom) | Ef(BN)[m5] AHf(BN)[eV]

Ters-SET0 -7.393 -1.5986 -7.855 -15.129 -5.676
Ters-SET1 -7.978 -1.5986 -7.855 -15.129 -5.676
Ters-SET2 -7.978 -4.955 -7.413 -15.014 -2.645

extep -4.955 -4.757 -13.380 -3.668

hybrid -7.978 -4.955 -4.757 -13.380 -3.668
COMB -7.352 -4.899

Reax-C2013 -7.524

Reax-PAI -8.588 -4.062 -4,959 -14.258 -5.238
ReaxPAUP -8.582 -5.045 -6.108 -14.785 -3.632
QE-DFT* (E.,;,) -7.854 -5.171 -5.836 -13.989 -2.981
QE-DFT (E;;) -250.943 -383.912 -155.507 -542.400 -2.981

* here we present cohesive energy E.,;, = Etot — X Egtomic in addition to total energy resulting
from DFT calculations, for better comparison to empirical potentials, that only give interaction
strength between the atoms, and the energy of an isolated atom is always set to zero.

In the real growth conditions, the chemical potential y; of element i can differ from
its maximum value pY, and this difference is commonly indicated as Ay;. Consider-
ing chemical compounds, like hexagonal boron nitride in our study, the thermody-
namic equilibrium (S.-H. Wei et al., 2000) is achieved when the differences in chem-
ical potentials for two elements are equal to the compound’s enthalpy of formation
AHy. For B and N pair, this rule reads

App + Apin = AHf(BN) = Epir (BN) — g — i\, (4.1)

where AH¢(BN) is the enthalpy of formation of BN pair in hBN, and E;;,(BN) - the
total energy of BN pair in hBN.

In considerations of doped hBN systems, we look at the two limiting cases:
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e N-rich conditions (i.e., when the system is in equilibrium with N, atmosphere),
with pn = p;, which gives Aun = 0 and Apg = Epair(BN) — 1Y,
e N-poor (B-rich) conditions, when Apg = 0 and Apx = Epgir(BN) — .

The knowledge of chemical potentials is necessary to relate the growth conditions of
a material to the probability of defect appearance in the structure. Here, we attempt
to describe only the relations between chemical potentials in equilibrium. However,
typically the growth process does not occur in equilibrium conditions. The knowl-
edge of chemical potentials is also important for comparison of the results obtained
in this work with results of other authors and particularly with experimental data.
For the studies of defects in graphene, we employ the simplified version of the for-
mation energy Eq. (2.43) that we denote as EJOr (zero-formation energy), where we

assume p; = Y
E}(GLy4) = Etot(GLa) — Erot (GL) + ncp¢ + nppg + nnpg (4.2)

Tabs. 4.8-4.9 compare formation energies and significant interatomic distances around
the defects as marked in Fig. 4.3 calculated with various empirical potentials. For
comparison, QE-DFT results and the values reported in literature are also listed.

Remarks:

e GL: Bc. Ters-SET2 and hybrid give the best agreement with QE-DFT, while
in Ters-SET0 and Ters-SET1 boron atom sticks out of plane in contrast to DFT
geometry.

e GL: N(. Ters-SET2 and (identical) hybrid give the best N-C bond length; Ters-
SETO, Ters-SET1 and COMB overestimate remarkably N-C bond (1.5 A in con-
trast to 1.415 A resulting from QE-DFT).

e GL: BcN¢. Ters-SET2 performs the best, while Ters-SET0 and Ters-SET1 again
result in distorted structure. Hybrid returns slightly worse energy and bond
lengths estimations.

e GL: V. In contrast to previous defects, QE-DFT optimum geometry is slightly
corrugated, and the distances between three carbon atoms neighboring the va-
cancy (d; in Fig. 4.3 for GL: V() are not equal. Initially symmetric defects re-
construct into a form of 5- and 9-membered pair of rings, known as Jahn-Teller
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TABLE 4.8: Cohesive energies per atom, zero-formation energies (following Eq. (4.2)), and the values of characteristic
interatomic distances shown in Fig. 4.3 for various defects in graphene. The results obtained with tested here VFF models are
compared to the DFT calculations in 4x4 (32 atoms) superlattices employing Quantum Espresso numerical package (QE-DFT).
The results of DFT calculations available in literature are also presented.

GL: _wﬁ GL: _wﬁ ZO
Econl 5] mw [eV] dpc 7 E o[ 52%-] mw?S dpc [A] dnc [A] dpn [A]
QE-DFT -7.768 0.741 planar 1.485 -7.731 -0.771 planar 1.487 1.399 1.451
Ters-SETO0 -7.336 2.296 B out of plane 1.509 -7.307 -2.568 B out of plane 1.506 1.487 1.450
Ters-SET1 -7.910 2.057 B out of plane 1.486 -7.883 -3.479 B and N shift 1.483 1.494 1.448
Ters-SET2 -7.830 4171 planar 1.505 -7.874 -0.252 planar 1.515 1.431 1.432
hybrid -7.830 4171 planar 1.505 -7.944 -5.163 planar 1.519 1.418 1.379
(VASP:DFT-GGA) planar ®  1.477(% 49 1.49@ 1.40@ 1.44@
(SIESTA-GGA) 1.50 1.470 1.38(9 1.440
GL: N¢ GL: V¢
Econ[:25] E}feV] dnc [A] 7 Econ[:25] EQleV] dy [A] dz [A] ds [A]
QE-DFT -7.741 0.936 planar 1.415 -7.599 7.904 slightly 2.329, 1.394,1.432, 1.420,1.426,
corrugated 2x2.594 1.397 1.427
Ters-SET0 7299 2777 planar 1.480 7171 6.886 planar 2.620 1.446 1.459
Ters-SET1 -7.900 -3.908 planar 1.495 -7.961 0.505 planar 3.061 1.356 1.415
Ters-SET2 7983  -3.188 planar 1.434 -7.961 0.505 planar 3.061 1.356 1.415
hybrid 7983  -3.188 planar 1.434 -7.961 0.505 planar 3.061 1.356 1.415
COMB -7.039 7.563 planar 1506 | -7.092 8.046 planar 2.786 1.416 1.412
(VASP-GGA) planar ®  1.398( .42 7.7¢) 2.02 (J-T)@©
(STESTA-GGA) 1.420
(review-DFT)® 7.6-7.9 (7.3-858) 1.8-2.37
(OpenMX-GGA)® 7.98 corrugated  2.09, 2x2.58
(exp) 7.0 + 0.5® 1.9

(a) Rani et al., 2013, (b) M. Wu et al., 2010, (c) Al-Aqtash et al., 2012, (d) Rani et al., 2014, (e) Ma et al., 2004,
(f )Skowron et al., 2015, (g) Rodrigo et al., 2016, (h) Thrower et al., 1978.
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defect, and described in experimental papers (Robertson et al., 2013). All Ter-
soff and COMB parametrizations return planar structures. However, COMB re-
turns structure where C atoms with “dangling bonds” move towards each other,
which agrees with DFT. Ters-SETO is also acceptable, but Ters-SET1 and Ters-
SET2 equal to hybrid here, shorten excessively C-C bonds in the neighborhood
of the vacancy.

e hBN: Cy. Hybrid and Ters-SET2 give excellent results of energy and geometry,
but formation energies are different from QE-DFT and some results reported in
literature. Ters-SETO0 and Ters-SET1 - predict corrugated geometry (in contrast
to QE-DFT) and worse values of cohesive energy.

e hBN: Cp. Hybrid and Ters-SET2 result in quite good cohesive energy and geom-
etry, but we observe formation energies to be negative in both cases. Ters-SET0
and Ters-SET1 again return corrugated structures (in contrast to QE-DFT), while
values of cohesive energy are similar to Ters-SET2.

e hBN: Vy. All the methods result in planar structures of the vacancy surround-
ing. Extep and (identical) hybrid predict very well values of cohesive and for-
mation energies. However, they overestimate noticeably the distance between
boron atoms neighboring the vacancy (denoted d; in Tab. 4.9 and marked in Fig.
4.3). All the Tersoff parametrizations result in similar and correct cohesive ener-
gies, while d; is better captured with Ters-SET0 and (identical) Ters-SET1, than
in Ters-SET2.

e hBN: V. Values of cohesive energies are quite correct for all the discussed VFF
methods. However, the geometry is not perfect, as Tersoff sets overestimate the
distance between N atoms neighboring the vacancy, while extep and (identical)
hybrid underestimate it. Equal in this case Ters-SET0 and Ters-SET1, result in
corrugated structures as QE-DFT. But neither extep nor Ters-SET2 differentiate
between the N-N bonds, which happens in the case of all reported DFT results.

4.5 Evaluation of VFF approaches in the view of CBN 2D

alloys simulations

At this point, we evaluate and eliminate approaches that are definitely not very well
suited for CBN 2D alloys. We discard Reax-PAI and Reax-PAUP parametrizations
due to the problems with description of pristine graphene and hBN. Ters-BNC is
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rejected due to non-optimized parameters for B-B and N-N bonds. Extep, COMB
and Reax-2013 do not provide complete parameters set for CBN systems. How-
ever, they are interesting candidates, if the missing parametrizations were provided,
especially COMB. Among the other VFFs, the overall performance of Ters-SET0
and Ters-SET1 is not sufficient, or simply wrong in multiple cases discussed in this
chapter. Thus, we have two candidates remaining: Ters-SET2 and hybrid with the
best overall performance. Hybrid gives better results in hBN systems (as extended
Tersoff potential which is responsible for B-N interactions there, it was fitted specifi-
cally to hBN structures). However, it describes interactions of certain pairs of atoms
by two different potentials. We are not sure, if such a mixture would properly pic-
ture general CBN systems. Eventually, we choose Tersoff potential with Ters-SET2
parametrization for further studies. Visual summary of assessment of VFF methods

is presented in Tab. 4.10.

TABLE 4.10: General performance of all the investigated empirical potentials in the
tests presented in Sec. 4.4. "inc." denotes incomplete parametrization lacking some of
C-B-N interactions, "rej." means parametrization rejected during the first part of the
tests. For each tested system and VFF method, we conclude its performance with: "++’
that means excellent, '+’ refers to decent, '+ /-" marks the result partly correct and partly
wrong, -’ is inaccurate, while ’- - is a very bad result. We sum pluses and minuses to get
approximate general evaluation of all the VFFs.

Test system Ters Ters Ters Ters extep hybrid COMB Reax Reax Reax

no. tested SETO0 SET1 SET2 BNC C2013 PAI PAUP
@ C-C + +/- +/- +/- +/- ++ +/- - -
@) N-N | —— -= ++ -= ++ ++ ++ + +
@) B-B + + + -— + + +/- -
1) C-N - - + + + ++ - -
1) C-B + - +/- +/- +/- - +
@ B-N  +/- +/- +/- +/- +/- +/- —— ——
) GL +/- + + + ++ +/- - -
2) hBN - - + S ++ —— ——
3) GL: B¢ + +/- ++ ++

3) GL: Nc - - + + -

(3) GL: BcNc - - ++

3) GL: V¢ + - - - +

3) hBN: Cy - - + ++

3) hBN: Cp - - + ++

3) hBN: Vy + + - + +

(3)  hBN:Vp +/-  +/-  +/- +/- +/-

summary 6+8- 3+9- 13+2- rej. inc.  16+1- inc. inc. rej. rej.
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(4) Performance of Tersoff potential in small CBN systems

As a final validation of the chosen potential, we compare Ters-SET2 and QE-DFT
energies (calculated identically as systems described in Sec. 3.2 and Sec. 4.4 for
point defects) for a number of small GL and hBN structures (32 atoms in supercell)
with 1-4 substituted atoms. They are listed and analyzed below:

(4-1) 44 clusters in graphene with nitrogen substitutions, with energies calculated on
the rigid lattice, and similar set with boron substitutions. This set is used in
Chapter 3 as a Clusters Pool, and it is visualized in Fig. A.1. We see in Fig.
4.4 (upper panel) that Ters-SET2 correctly favors N-doped GL structures with
N atoms separated, compared to GL with N-N pair. However, value of this dif-
ference is overestimated ~3-4 times. Moreover, total cohesive energy decreases
with increasing number of N atoms, in contrast to DFT results. This would im-
pact our considerations of, e.g., phase transitions, when we compare different
concentrations of N in GL. At the same time, lower panel in Fig. 4.4 shows im-
proper behavior of Ters-SET2 in B-alloyed graphene, as it assigns lower energy
to GL with B-B bond than for the systems with B atoms separated. It is prob-
ably due to overestimated Tersoff energy in B-B dimer interaction as shown in
Fig. 4.1 (B-B). This peculiarity needs to be fixed, before performing large-scale
simulations. Even so, the tendency to increase the total energy with increasing
concentration of B in GL is consistent with DFT results. Finally, note that Tersoff
does not distinguish energies of configurations where N-dopants are second or
further neighbors (due to cutoff function present in its definition).

(4-ii) 20 clusters in graphene with nitrogen substitutions, with energies calculated in
relaxed lattice, and similar set with boron substitutions. This set is introduced in
Chapter 3 as a Initial Training Set (REFSET1), and displayed in Fig. 3.1. Fig. 4.5
collates Tersoff and DFT energies. Relaxation reduces differences between "clus-
tered” and "separated’ configurations in both approaches, but trends are much
the same as in (4-i). However, geometry optimization leads to e.g., reverse rela-
tion of structures 11 - 12 in GL-N case. More complex effects play the role in DFT,
that Tersoff is unable to capture.

(4-iii) For tests of ternary systems, we choose 52 graphene structures doped with B and
N simultaneously (with energies calculated in rigid lattice) and 28 hBN systems
doped with C (with energies calculated both in rigid and relaxed lattice). Exem-
plary subset of this set (as it would be challenging to show all the data in legible
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way) is shown in Fig. 4.6, and respective energies are plotted in Fig. 4.7. In
ternary alloys, many predictions of Ters-SET2 are correct, but issues raised in
the case of binary systems, deteriorate its performance here as well.

0.6
+ QE-DFT Ters-SET2 = Ters-SET3
E 0.5
S 3% N-N bond
5@‘ 041 MNH Do \WW‘,/\
5 /
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FIGURE 4.4: Comparison of QE-DFT, Ters-SET2, and Ters-SET3 energies of
GL-N (upper panel) and GL-B structures (lower panel) (calculated on the rigid
lattice, relative to pristine GL energy), constituting test set (4-i), i.e., Clusters Pool
introduced in Sec. 3.1. Configurations are plotted in Fig. A.1. Number of
substituted atoms for all configurations is marked at the bottom of the figures,
moreover we point out structures with N or B atoms arranged as first neighbors.
For GL-N structures Ters-SET2 and Ters-SET3 are identical.
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FIGURE 4.5: Comparison of QE-DFT, Ters-SET2, and Ters-SET3 energies of GL-N
(upper panel) and GL-B structures (lower panel) (calculated on the relaxed lattice,
relative to pristine GL energy), constituting test set (4-ii) i.e., Initial training set

introduced in Sec. 3.1. Atomic configurations indicated as 0-19 are depicted in Fig. 3.1.
Number of dopants in the supercells for each configuration is shown in the upper part

of the figure. For GL-N structures Ters-SET2 and Ters-SET3 are identical.

Therefore, we have overtaken some efforts to improve Ters-SET2 parametrization.

First, we refit description of B-B interaction, to obtain appropriate relation of B-B

and B-C energies. After several attempts, we find that varying single parameter

Bpp = 1173.197 — 1149.00 results in qualitatively correct description of B-B pairs

within graphene. Fig. 4.8 shows comparison of calculations for B-B molecule as

obtained with QE-DFT, Ters-SET2 and Ters-SET3 approaches.
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FIGURE 4.6: Subset of set of ternary systems tested in (4-iii), consisting of
graphene with four introduced B and N substitutions. Configurations are
categorized by number of B and N and structures with the same chemical
formula are ordered from lowest to highest DFT energy on a relaxed lattice.
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FIGURE 4.7: Comparison of QE-DFT, Ters-SET2 and Ters-SET3 energies of
GL-BN structures (calculated on relaxed lattice, relative to pristine GL energy)
constituting subset of test set (4-iii), as depicted in Fig. 4.6, where 4 substitutions
are introduced into graphene lattice. The number of N and B dopants in the
supercells for various configurations is marked in the lower part of the figure.
The structures with the same chemical formula are sorted from the lowest to
highest DFT energies.
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FIGURE 4.8: Comparison of QE-DFT, Ters-SET2, and Ters-SET3 energies as a
function of interatomic distance for B-B molecule.
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Minimum of BB dimer binding energy obtained with Ters-SET3 amounts -2.3 eV
(versus -3.08 eV for Ters-SET2) is for distance equal 1.72 A (versus 1.59 A). However,
the shape is much closer to the desired DFT results. It is important to mention that
change of Bpp parameter does not influence any other result from first part of the
tests. It only modifies the energy when two boron atoms appear in graphene lattice
as first neighbors.

What is more, we try to refit parameters concerning overestimated strength of C-
N pair, but we have failed in completing this task. In conclusion, for the given
concentration x of N atoms in graphene (the structures GL;_,Ny), predictions of
the lowest energy structures should be reliable. However, we cannot depend on
Tersoff potential in C-N systems in the subject of calculating mixing energy, and free
energy, that is aimed in Section 5.1.2. Henceforth, we refer to the parametrization
with altered Bgpp parameter as Ters-SET3.

Fig. 4.4 shows comparison of Ters-SET2 and improved Ters-SET3 in application
to rigid N-doped and B-doped graphene systems. The difference is visible only
for the B-graphene, where correct tendency to increase the energy when B-B bond
is present in the system is achieved with Ters-SET3. One can notice that energy

differences between B-B forming a bond and structures with separated dopants is
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smaller in Ters-SET3, when compared to QE-DFT. This would influence quantita-
tive description of properties in these structures.

Fig. 4.5 shows analogous comparison in structures with relaxed geometry. It con-
firms previous conclusions, that Ters-SET3 improves performance of Tersoff po-
tential in GL-B systems. Finally, we show exemplary result for tests in ternary
structures. Fig. 4.7 compares Tersoff and DFT results in graphene doped with four
foreign atoms, that might be realized in three ways with B and N dopants. Here
again, we notice that Ters-SET3 improves quality of the Tersoff energies, but due to
the problems with description of C-N interaction, there are also wrong predictions
here.

In the view of all the results presented in this chapter we decide to use Tersoff po-
tential with Ters-SET3 parametrization. We are aware of drawbacks and areas that
Tersoff results do not return correct values.

4.6 Conclusions: empirical potentials for simulations in solid

state physics

Let’s summarize shortly the main features of Valence Force Fields for materials’

simulations.

e VFEFs portray the energy as a function of atomic positions (and charge in some
cases), and in the family of bond-order potentials, interaction between two atoms
is influenced also by their surroundings. In many formulas, one can recognize
known physical interactions (e.g., attractive, repulsive parts, van der Waals,
Coulomb interactions), but it might be arbitrarily chosen function as well, that
in authors” opinion would give the best accuracy.

e Empirical potentials allow to perform simulations of very large structures, with
any periodicity and shape, also with defects, to optimize geometry, run Molecular
Dynamics for time evolution of the system, and much more. Despite increasing
computational power available in computer science, simulations of systems cor-
responding to experimentally obtained structures are still hardly reachable for ab
initio methods.

e Parameters in VFFs are fitted to a chosen set of structures and their particular
properties, and (unfortunately) always some effects would be skipped. The more
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complex formula of the force field, the more computational effort is needed to
perform simulations, but the results are typically more accurate.

e Parametrizing a given VFF is a complex task. It can take several months and typ-
ically whole teams are involved to generate well-fitted set of parameters. With
increasing demands towards VFF potentials and resulting their complication and
number of parameters introduced in VFF formula, difficulty is also increasing.
There are, however, new procedures being developed, that employ machine learn-
ing techniques to find the best set of parameters for a given reference data (Sengul
et al., 2021). Taking into account the importance of the VFF methods for the ma-
terial science, the new machine learning based fitting procedure definitely opens
new perspectives for very accurate studies of materials properties and definitely
should be followed in the next future.

e Recently machine learning branch has offered also new approach to determine
parameters ‘on the fly’, fitting them for any given configuration repeatedly
(Kolodzeiski et al., 2021). This might be a great chance to develop new genera-
tion of Valence Force Fields, exhibiting accuracy comparable to ab initio methods.

In the following chapter, we employ Tersoff potential with parametrization Ters-

SET3 and perform simulations in large supercells.
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Chapter 5

Tersoff potential results on
ordering in large scale CBN
systems

This chapter presents the results of large-scale simulations of CBN hexagonal mono-
layer systems performed in the Valence Force Field (VFF) framework. The VFF "en-
gine" here is Tersoff potential with Ters-SET3 parametrization as presented in Chap-
ter 4. This approach allows in principle for atomistic calculations for very extended
systems. Section 5.1.1 introduces the results of Metropolis Monte Carlo simulations
of CBN alloys on rigid lattice, where one focuses on the chemical order effects, and
determines distribution of atoms over the lattice points (configuration) that leads to
the minimal total energy of alloy. Analysis of the simulations includes presentation
of the lowest energy configurations, discussion of stability, ordering, and configu-
rational entropy. From this, we draw conclusions about the applicability of Tersoff
potential to calculations of free energy and phase transitions from ordered to ran-
dom CBN alloys. In Sec. 5.2 we compare Tersoff and Cluster Expansion results (the
latter presented in Sec. 3.4) and ability of both approaches to simulate monolayer
CBN systems. Finally we present Density of States calculated with Tight Binding
method (Sec. 5.4), and analyze electronic properties of doped CBN alloys.

The last part of this chapter is devoted to the Tersoff potential simulations that in-
clude geometry optimization. Optimized graphene and hBN flakes are presented
in Sec. 5.5. This is followed by results of Monte Carlo simulations in B-doped
graphene flakes.
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5.1 Monte Carlo simulations of 2D CBN systems

We divide the study of lateral C-B-N alloys into four classes of topics: (i) graphene
doped with nitrogen (GL-N), (ii) graphene doped with boron (GL-B), (iii) graphene
doped with boron and nitrogen simultaneously (GL-BN), and (iv) hexagonal boron
nitride doped with carbon (hBN-C). The parameters of Monte Carlo simulations
performed in all aforementioned classes of systems are summarized in Tab. 5.1.

TABLE 5.1: Parameters characterizing the Monte Carlo simulations for CBN systems on
rigid hexagonal lattice. c; denotes range of concentrations of substituted atoms x, cell
describes supercell size used in the simulations, cell dimensions refers to spacial dimensions
of the supercell, MCS is number of Monte Carlo Steps, and N, - number of instances for
averaging.

GL-N | GL-B | GL-BN | hBN-C
cx | en €0.01,0.50] | c5 € [0.01,0.50] | ey = cp € [0.01,0.50] | cc € [0.01,0.50]
cell 15x30 (1800 atoms) supercell, with periodic boundary conditions
cell 64.75x74.77 A 64.89x 74.93 A
dimensions
MCS 1,000 000
Nistat 10

For any class and concentration of substituting atoms, we prepare N4 initial ran-
dom distributions. This allows for gathering sufficient statistics and suitable aver-
aging results of the investigated systems” properties. The Monte Carlo algorithm is
performed for all the samples, i.e., MCS swaps of a random pair of atoms (of dif-
ferent species) are attempted, with all the swaps that lower total energy of the sys-
tem being accepted. For the swaps causing increase of the energy, acceptance rate
equals p; = exp(%), where AET,,s denotes difference in total Tersoff energy of
the system before and after the swap, T is temperature (chosen here to be 10K), see
discussion of role of temperature in Monte Carlo simulations, and kp - Boltzmann
constant. This procedure searches configuration space for atomic arrangements re-
sulting in the lowest energy. We have tested that the system size is sufficient to
neglect effects of periodic boundary conditions, mainly due to the short-range in-
teractions included in Tersoff potential. We have also performed numerous MC test
runs with T values: 150, 300, 500, 800, 1500 and even 3000 K, just to find out that
in all cases the energetically most favorable configuration is independent on the T

chosen employing Metropolis algorithm. Typically the simulation have continued
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for few millions of MC steps, however, generally the convergence is reached in 10°
MC steps.

5.1.1 Results of Monte Carlo simulations for C-B-N systems on rigid
hexagonal lattice.

Initial (random) and equilibrium distribution of atoms (after Monte Carlo) are de-
picted in Figs. 5.1-5.4. It is easy to notice that in every class, final atomic distri-
butions deviate considerably from the random ones. Specifically, in (i) N-alloyed
graphene: N atoms avoid creating N-N bonds within the lattice, even for the high-
est concentrations; (ii) B-alloyed graphene is a twin case, here B atoms avoid each
other for all the concentrations; (iii) in BN-alloyed graphene we observe very strong
drive of B and N atoms to form hBN domains within graphene lattice; (iv) in C-
alloyed hexagonal boron nitride, similarly to (iii), we observe formation of C areas
surrounded by hBN ones. Note, that here we do not start from completely random
arrangement of species, but in ordered hBN lattice, we substitute certain number
(equal) of B and N in place of C. To confirm these visual observations, we calculate
mean energies of the structures before and after Monte Carlo simulations (exhibit-
ing short range ordering). The average is calculated over instances of each con-
centration, but also, in every instance, we gather energies after certain number of
MC steps when its value fluctuates around some constant value (i.e., after thermal-
ization). The values of average energy (per atom) for random and MC-optimized
structures are plotted in Fig. 5.5. Note, that the more substituted atoms, the more
system can ‘gain’ energetically via proper arrangement. Additionally, we plot in
Fig. 5.5 (ii)-(iv) blue dashed line, which shows weighted average of systems that
each class is built of: graphene and nitrogen (N>) in (i), graphene and a-borophene
(By) in (ii), while graphene and hexagonal boron nitride for (iii) and (iv). From this,
we can estimate that mixing energy in classes (ii)-(iv) is greater than zero for all

concentrations, as
Emix(GLlfxBx) = E(GLlfxBx) - (1 - x)E(GL) - xE(Bzx)

mix(GLl—xNx) = E(GLl_xNx) — (1 — X)E(GL) — xE(Nz) (51)
Epix(GL1_x(BN);) = E(GL1_,(BN),) — (1 — x)E(GL) — xE(hBN)
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FIGURE 5.1: Evolution of nitrogen dopants (blue dots) distribution over the rigid
honeycomb lattice after performing Monte Carlo simulations for exemplary concentrations
of N being equal to 2%, 10%, and 40%. Initial distributions of N atoms were assumed to be
a random ones.
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FIGURE 5.2: Evolution of boron dopants (red dots) distribution over the rigid honeycomb
lattice after performing Monte Carlo simulations for exemplary concentrations of B being
equal to 2%, 10%, and 40%. Initial distributions of B atoms were assumed to be a random
ones.



5.1. Monte Carlo simulations of 2D CBN systems 89

Co.96 Bo.02No.o2

f;o.q?o.gs}\f 5

9008 00960
vors o ou 0ee 4

tial

FREXS

1ni

PVIIIDSL

9090
2R

00| §

DO

5600 000000

after Monte Carlo

Foo¥ OF OF oWeoWeoNooW ¥ OF
"o D8 Db Dpessessecaess oF Of

FIGURE 5.3: Evolution of boron (red dots) and nitrogen (blue dots) dopants distribution
over the rigid honeycomb lattice after performing Monte Carlo simulations for exemplary
concentrations of B and N (cg = cy), 2%, 10%, and 25%. Initial distributions of B and N
atoms were assumed to be a random ones.
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FIGURE 5.4: Evolution of carbon (gray dots) dopants distribution over the rigid hexagonal
boron nitride honeycomb lattice (red dots are boron, blue - nitrogen atoms) after
performing Monte Carlo simulations for exemplary concentrations of C, 5%, 20%, and
40%. Initial distribution of C over the hBN lattice was assumed to be a random one with
equal number of substitutions in each of the sublattices.
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FIGURE 5.5: Average energy for all investigated classes of CBN alloys of various
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during MC run, as well as over N instances. Horizontal lines mark energies of
un-doped system, while linear approx. means weighed energy of (i) graphene and
nitrogen molecule,(ii) graphene and borophene, (iii) and (iv) of graphene and
hBN, according to respective concentrations of species.

For GL-N mixing energy is negative, due to the problems with C-N parametrization
as discussed in Sec. 4.5.

Finally, we calculate Warren-Cowley (W-C) Short-Range Order parameters for ini-
tial and final distributions. The Warren-Cowley approach is described in Sec. 2.4.2.
Let’s remind here only the formula Fgl) =1- PI(;) /(crcy), with PI(})

h

coordination shell in a given system,

referring to prob-
ability of finding I and J type of atoms on i’
and cy, ¢j - concentrations of I, ] species respectively. The average values of charac-
teristic Warren-Cowley parameters for each class are depicted in Fig. 5.6. Note that
ry)
to the situation when I and ] atoms avoid each other, with maximum value equal

is zero for ideal random distribution of I and ] atoms. Positive values correspond

to 1, when there are no I-] bonds in the system. W-C parameter smaller than zero
indicates that pairing of I and J types (on i coordination shell) is preferable.
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FIGURE 5.6: Characteristic Warren-Cowley I'

(iv) Warren-Cowley parameters for C-C
pairs in hBN-C for C concentration cc in
the range 0.01-0.5.

(i)
Ij

parameters for the 1% — 4" coordination

(1)

shells of atoms I and | in four classes of investigated CBN alloys. The values of I} are
averaged over Nt Monte Carlo runs for the studied cases.
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Analysis of Warren-Cowley parameters for CBN alloys confirms our previous (vi-

sual) impression:

(i) FZ(\}I)\, > 0 for all the concentrations. Moreover, only for cy = 0.5 value of rz(\}z)\r

is noticeably smaller than 1. This indicates very strong antipreference of N atoms
to form the (nearest) bonds within graphene lattice. One can observe a related
tendency of F%;\, to decrease with increasing N concentration, due to the ‘lack of
space’, so N atoms tend be situated as the second nearest neighbors.

(ii) F](;B) > 0 for all the concentrations. Situation is similar to the one described
above.

(iii) 1"](;13, < 0 for all the concentrations, B and N atoms prefer to occupy sites next
to each other. Large absolute value of I'") (especially for small concentrations of
B and N) indicate substantial deviation from random distribution, towards segre-

gation into hBN and graphene domains. I"g]z, is very close to 1, so we don’t find B

and N atoms as second neighbors. Here also F(Clg < 0 (not plotted here) indicating
presence of much more C-C bonds than it would result from random distributions.
(iv) Situation is similar to GL-BN class. We observe Fg)c < 0,i=1,2,3,4 which
proves the presence of domains of pristine graphene within the lattice. We find out
that I"gg, < 0 (not presented here), similarly to the GL-BN class for all concentra-

tions of carbon substitutions investigated.

We have calculated Warren-Cowley parameters for all pairs of atomic types, but we
choose to present the data as above, since it shows clearly the preferences in the
CBN alloys. Moreover, in binary alloys, when we know the value of T’ S)B, the re-
maining values (for a given coordination shell) are mutually dependent due to the
symmetry and sum rules (described in Sec. 2.4.2). In our opinion, ordering phenom-
ena in CBN alloys investigated with Tersoff potential on a rigid lattice result from
basic preference (or antipreference) of species to create the bonds within hexagonal

structure.

Equipped with the knowledge about energy and optimum configurations of CBN
alloys (on rigid lattice), let’s focus now on the configurational entropy and free

energy of mixing for alloys configurations corresponding to the lowest total en-

ergy.
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5.1.2 Entropy and Free Energy of Rigid CBN systems

One of the goals of the present thesis is to predict phase transitions in CBN al-
loys, and determination of the configurational entropy is necessary part of this task.
Therefore, remembering that all investigated CBN systems exhibit short range or-
der, we take it into account during entropy calculations. We utilize formula of con-
figuration entropy in pair approximation (specified in Sec 2.4.4), applying value of
coordination number in hexagonal lattice Z=3

Spair:kB(z Z ciln(ci)— Z pljln(p”))

i=C,B,N 1,jeC,B,N

N WL

Values (averaged over Ny instances) of Sy, for configurations resulting from
Monte Carlo simulations in classes (i)-(iv) are depicted in Fig. 5.7 and compared
to the values for initial arrangements of species. Entropy resulting from Bragg-
Williams point approximation Sgyy = —kg }; c; In(c;) is also plotted for comparison,
and we observe its very good agreement with S,;;, of randomly doped graphene
systems (i)-(iii). It is not the case of (iv) hBN-C initial configurations, as they are gen-
erated via carbon substitution into hBN randomly, equally on both sublattices, but
areas of ordered hBN are preserved anyway. As we know from theoretical consid-
erations, value of S, is negative for ordered binary systems, it equals — Tkpln(2),
e.g., for pristine hBN or any other binary system. This feature of the formula Eq.
(2.48) is clearly visible in Fig. 5.7. In GL-N and GL-B (Fig. 5.7 (i) and (ii) re-
spectively) we observe rise of entropy value with increasing concentration. Then,
around ¢; = 0.25 (i = N, B), entropy starts decreasing, and for the highest concen-
tration ¢; = 0.5 Sy is negative. It is important to notice that pair approximation
was meant as correction to the point approximation for alloys deviating from ran-
dom (Mohri, 2007). Moreover, all ternary structures resulting from MC simulations
exhibit negative S,,;,. Clearly, this formula is not suitable for systems exhibiting
long-range ordering, e.g., when large areas of hBN are present, or when we are
close to ordered binary alloys (as in GL-N and GL-B for concentrations of substitut-
ing atoms equal 50%). In ternary CBN alloys and for GL with high content of B/N
atoms, we would need to apply another procedure to calculate entropy, to be able
to account for ordering present in the systems correctly. Possibly, in those classes
of systems, we need to apply integral formula of entropy defined in Eq. (2.45).
However, that demands performing extensive Monte Carlo simulations, with large
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number of temperatures, which is out of scope of this thesis.
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FIGURE 5.7: Average configurational entropy S, in pair approx. for the (i)
GL-N, (ii) GL-B, (iii) and (iv) hBN-C structures before and after Monte Carlo
Metropolis simulations with Tersoff potential. Values of Bragg-Williams entropy
Spw (point approx.) is also plotted for comparison.

That being so, we have decided to determine free energy of mixing F,ix = Eix —
TScons only for binary structures investigated here, i.e., GL-N and GL-B. We combine
then Tersoff mixing energy form Eq. (5.1) and entropy as defined in Eq. (2.48) and
plot the free energy of mixing as a function of dopants concentration and for a range
of temperatures in Fig. 5.8. It was discussed in Sec. 4.5 and in the previous part of
this chapter, that Tersoff parametrization gives wrong prediction in GL-N systems,
when we compare structures with different nitrogen concentrations. Clearly, this
obstacle does not allow for obtaining valid picture of the free energy, this would
demand reparametrizing Tersoff potential. In GL-B (ii), we observe that free energy
of mixing is positive for temperatures up to 6000K, whereas, for larger values, there
is an area of negative values, that would suggest possibility of intermixing C and
B. Regardless of that, it is hardly possible to obtain crystal 2D structure in such a
temperature, thus we conclude that it is not possible to dissolve boron in graphene
lattice under equilibrium conditions.
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FIGURE 5.8: Average free energy F,;, for the lowest energy structures obtained in
Monte Carlo Metropolis simulations for (i) GL-N, and (ii) GL-B, plotted for the
range of temperatures.

5.2 Comparison of Tersoff and Cluster Expansion results

Several similarities and differences of both CE and Tersoff approaches can be noted,

for calculations on rigid hexagonal GL-N and GL-B systems.

e Both approaches show correct behavior in the first coordination shell. N-N (B-
B) bonds are energetically unfavorable. Warren-Cowley parameters for the first
coordination shell are similar, they confirm anti-preference of N atoms to create
bonds within GL lattice. The same trends are observed for B atoms.

e CE method describes better total energy of formation as a function of concen-
tration. Tersoff represents acceptably differences in energy within the same stoi-
chiometry (e.g., various configurations of Cy 9By 1) but is not quantitatively correct
in relating energies of systems with various concentrations of species, especially
in the case of C-N systems. As a result, mixing energy of N-alloyed graphene is
described properly in CE approach, but Tersoff gives wrong result owing to the
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overestimation of C-N interaction. In B-alloyed graphene, values of mixing en-
ergies are approximately two times larger in Tersoff when compared to Cluster
Expansion results.

e Shape of the entropy in pair approximation is quite similar, due to the fact that
Scons takes into account only atomic pairs creating bonds in the lattice. Both Ter-
soff and Cluster Expansion models give the same answer here - N-N and B-B
bonds are unfavorable, so configurations after Monte Carlo simulations result in
similar number of bonds of each type.

o Cluster expansion models show preference of N-N and B-B atoms to occupy third
coordination shell. This might be artifact of the fitting procedure and size of the
supercell in reference set of structures, and such behavior is not observed in re-
sults obtained within VFE.

e Free energy for B-alloyed graphene is positive for both methods, in the tempera-
tures as high as 3000K. Both approaches show that boron is insoluble in graphene
under thermodynamic equilibrium. The same result holds for nitrogen solubility
in CE model.

5.3 Note on the 2D simulations with relaxed geometry.

In the course of our research, we have performed also geometry optimization, us-
ing Conjugate Gradient (CG) algorithm (Hestenes et al., 1952). We were trying to
extend our Monte Carlo scheme viaz adding CG steps inbetween of Monte Carlo
swaps of atomic types. We have tested various frequencies of CG optimization in-
sertion in range 1-20000 MC steps, and alternating number of CG steps from 1 to
50 for each CG instance. However, it turns out that the lowest energy is obtained
for all classes of CBN alloys, when no geometry optimization is included in MC al-
gorithm, but only at the end, after whole MC simulation of rigid lattice. It is quite
easy to interpret though. If we optimize geometry "too early” before system finds
its best configuration, we would fall into some local minimum, when reverse swaps
would be very unlikely. As a reminder, in graphene (doped) lattice C-N bond is
shorter compared to C-C, while C-B is much longer. Similar situation occurs in hBN
doped with C. C-N and C-B optimum bondlength deviates from B-N length in pris-
tine system, see analysis of point defects in GL and hBN in Tabs. 4.8-4.9. Therefore,
results of ordering in all classes of investigated systems would be exactly the same
in the systems on rigid and relaxed lattice. According to energy values, we have
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seen that Tersoff potential has many drawbacks in describing specific values of en-
ergy in CBN systems. There is a chance that applying another simulation scheme
would allow for including geometry optimization to the search of optimum con-
figurations. However, that would demand other tools, and developing completely

new approach.

Employing VVF methodology for modeling of 2D graphene based CBN structures
could turn out to be particularly useful in the case of nonperiodic or even amor-
phous systems such as nanoribbons or nanoflakes with extended defects. In such
systems, in addition to the chemical order effects, the local relaxation of system’s
geometry might be of particular importance. In the last section of this chapter,
we signalize the prospects of the Tersoff type VFF approach turning to exemplary
graphene and boron nitride flakes. In such a case, finding equilibrium bondlengths
between the atoms is much more important, as the system has more degrees of free-
dom.

However, now we would like to focus in the next section on the relation between
morphology of CBN alloys and their electronic structure.

5.4 Density of states in CBN alloys

The performed studies of the large variety of CBN binary and ternary alloys clearly
demonstrate the existence of the pronounced short range ordering in the most en-
ergetically preferable configurations. Among the studied systems there is semi-
metallic graphene as well as hexagonal boron nitride - large gap insulator. There-
fore, it is extremely interesting to figure out to which extent the band gap could be
tuned through synthesizing a suitable composition of these three elements. In the
present section, we investigate the effects of specific arrangements of atoms on the
resulting electronic structure of CBN alloys. For systems including thousands of
atoms, the natural way of presenting the electronic properties is Density of States
(DOS) and projected Density of States (PDOS). To determine DOS and PDOS for
CBN alloys, we employ simple Empirical Tight Binding (ETB) approach. As it is
well known, the low energy (i.e., in the neighborhood of the Fermi energy) disper-
sion relations in graphene are very well described considering only 7t-type orbitals
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(p2) per atom and only first neighbor hopping characterized by single hopping pa-
rameter ¢, as was described in Sec. 2.4.5. To perform the calculations, we use val-
ues of parameters obtained through fitting the TB electronic structure of hBN to
the predictions of the density functional theory (Giraud, 2012), and specifically, the
on-site energies equal -2.55 eV, 0.0, and 2.46 eV, for nitrogen, carbon, and boron, re-
spectively, while t = -2.16 eV. This choice of parameters leads to the energy gap of
hBN equal to 5.01 eV. For comparison, we tested also another set of TB parameters
(DiBenedetto, 2017) to calculate the Density of States of several structures and ob-
served only insubstantial changes of the results. We determine 1800 energies (e,) of
the TB hamiltonian for the simulation supercell used in Monte Carlo calculation for
alloys through the direct diagonalization. Then the DOS(E) is obtained by summing
over 1800 gaussians, each characterized by the energy (e,) and gaussian’s broaden-
ing 0 =0.04-0.08 eV.

For all classes of CBN structures, we calculate and plot the Total Density of States
(TDOS) as well as DOS projected on the lattice sites occuped by atoms C, B, and N
(PDOS). This allows us to analyze the contributions of various atomic species to the
total DOS. We also determine Fermi energy Er in all cases, which we take as the
energy of the Highest Occupied Molecular Orbital (HOMO), egono. We determine
also the energy of the Lowest Unoccupied Molecular Orbital (LUMO), eripm0, and

the band gap Egap = €Lumo — €HoMO-

Figs. 5.9-5.11 show TDOS and PDOS for exemplary CBN alloy structures, that were
obtained from TB hamiltonian for atomic distributions over the hexagonal lattice
sites corresponding to configurations with the lowest total energy, as found out in
Monte Carlo simulations presented in Sec. 5.1.1.
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FIGURE 5.9: Total and Projected Density of States (DOS) for GL-N alloys with C and N
concentrations indicated. Fermi energy is also marked in each case. Green line denotes
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atoms. Er shows the value of Fermi energy.

We start the presentation of the alloys’ electronic structures with results for graphene-
nitrogen binary alloy in Fig. 5.9. The results for six configurations with nitrogen
concentrations ranging from 1% to 40% are depicted. We can easily notice that DOS
for the smallest N concentration is very close to pristine graphene one. With in-
creasing number of N atoms in the system, we observe the evolution of DOS and its
gradual distortion, caused by the presence of nitrogen states, mostly in the valence
band. Moreover, Fermi energy moves towards higher energies, which apparently
demonstrates n-doping effect of introducing nitrogen into graphene lattice.

Analogous situation for B-doping in graphene is visualized in Fig. 5.10, where
p-type character of systems is obvious. In this case, the more boron atoms are
substituted in place of carbon, the more Fermi energy shifts towards lower ener-
gies, deeper into the valence band. At higher concentrations, boron levels modify
graphene-like DOS, and B states modify the conduction band rather stronger than
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the valence one.
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FIGURE 5.10: Total and Projected Density of States (DOS) for GL-B binary alloys with C
and B concentrations indicated. Position of the Fermi energy is also marked in each case.
Green line denotes Total DOS, gray - DOS projected on carbon atoms, and red line - DOS
projected on boron atoms. Er shows the value of Fermi energy.

Now we turn to the discussion of the electronic structure of ternary CBN alloys.
Fig. 5.11 presents DOS and PDOS for ternary C,(BN);_, alloys in the whole range
of considered concentrations x. We decided to show the two classes of the ternary
alloys: GL-BN and hBN-C together, to provide a general overview of the gradual
transition from graphene density of states with the close to zero bandgap, into the
hBN-like DOS with the band gap approaching 5 eV for the pristine hBN. It is seen
that nitrogen states contribute mostly to the valence band, while boron states - to
the conduction band. Note that all these ternary alloys are completely compen-
sated, there are always as many occupied states as empty ones. The Fermi energy
is close to zero in the systems with prevalent number of C atoms. When B and
N atoms (or BN pairs) start to constitute majority of atoms, the energy gap gets
clearly pronounced and Er, taken as egopio, shifts towards the top of the the va-

lence band.
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FIGURE 5.11: Total and Projected Density of States (DOS) for C,(BN);_, alloys exhibiting
short range ordering for x € [0.01,0.98] (arranged from the highest to lowest C
concentration). Fermi energy Er is also marked in each case. Green line denotes Total DOS,
gray - DOS projected on carbon atoms, blue - DOS projected on nitrogen atoms, and red -
DOS projected on boron atoms.
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It turns out that the details of the electronic structure are related strongly to the dis-
tribution of atoms over the lattice sites, and particularly the effect of SRO forming is
extremely relevant. Since all Monte Carlo searches of the atomic configuration lead-
ing to the lowest total energy have been started employing the random distribution
of atoms, one can easily compare the details of the electronic structure for these two

distribution of atoms in an alloy.

As an illustrative example, we present comparison of DOS and PDOS in the case
of hBN with 10% of carbon atoms (substituted equally on both sublattices) in Fig.
5.12, where the electronic structure for (A) random distribution, and (B) distribu-
tion exhibiting the SRO, are depicted. One can notice significant difference of PDOS
connected with carbon atoms and with the total DOS as the result. For random dis-
tribution of C, contributions of carbon states in the area of hBN band gap are clearly
visible. They can be identified as the states of isolated Cg and Cy impurities in hBN
lattice, which act like donors and acceptors, respectively. The character of the elec-
tronic structure changes in the system with SRO. Carbon states are more uniformly
distributed (C-C nearest neighbor get preferable), graphene like DOS starts to build,
and the band-gap gets considerably smaller.

0.10 T 0.10 T
13 13
I~ Iunn
(= 13
1~ (]
(K 12
b ]
0.05 = 0.05 |
1 1
1 1
1 1
I /E'\/I\ /
1 ] 1 l_j\
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-3 =2 -1 0 1 2 3 -3 =2 -1 0 1 2 3
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(A) Random distribution of C substitutions (B) Arrangement exhibiting segregation
over hBN lattice. into graphene and hBN domains.

FIGURE 5.12: Density of States in the area of hBN band gap for Cp1(BN)g. alloy with
various arrangements of atoms, showing the influence of short range order on DOS shape.
Fermi energy Er is also marked for both configurations. Green line denotes Total DOS,
gray - DOS projected on carbon atoms, blue - DOS projected on nitrogen atoms, and red -
DOS projected on boron atoms.

Finally, we show the evolution of the band gap with the varying ratio of carbon to
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BN pairs in the ternary Cy(BN);_, systems as presented in Fig. 5.13. In the left hand
side of this figure, we consider band gaps of hBN-C system that is treated as hBN
doped with carbon atoms. In pristine hBN, boron and nitrogen atoms occupy oppo-
site sublattices, each N has 3 B nearest neighbors and vice versa. This placement of
B and N atoms over sublattices remains, even if 50% of them gets substituted by C
atoms. Substitution of C atoms is random as an initial guess but changes to the one
exhibiting the SRO when the configuration with the minimal total energy is found
in the MC algorithm. The energy gaps for these two configurations are depicted for
x up to 0.5. As one can see the configuration with SRO, minimizing the total energy,
leads to the considerably smaller energy gaps, and we have discussed origin of this
issue above.

= hBN-C random alloys
- GL-BN random alloys
—8— hBN-C alloys with SRO
—ea— GL-BN alloys with SRO

hBN-C

H N W = W

Band gap [eV]

i

o
o

0.2 0.4 0.6 0.8 1.0
C concentration

FIGURE 5.13: Value of the band gap in ternary C,(BN);_ alloys exhibiting short
range order for the whole range of carbon concentrations x. Respective gaps for
hBN-C quasi-random, and GL-BN random alloys are also presented.

We conclude that, with increasing number of carbon atoms in hBN, the band gap
decreases very fast, from 5 eV for x = 0 to 0.5 eV for x = 0.5. This would sug-
gest possible way for tuning the band gap in Cy(BN);_, alloys. Much the same
non-linear absolute decline of the band gap was previously reported in several ex-
perimental and theoretical studies (B.-Y. Wang et al., 2016; Xie et al., 2016). However,
the band gap bowing observed in the bulk hBN (Uddin, Doan, et al., 2014) is much
smaller than the value reported here. In other studies (D’Souza ef al., 2015), the de-
crease of the energy gap in alloy with concentration is very abrupt in full analogy to
our findings. We would like to point out that provided one could realize C(BN)1_y
alloy without mixing B and N atoms on the same sublattice, the trend in the band
gap between x > 0.5 and x = 1 (pristine graphene) should be maintained, and the
band gap should decrease more or less smoothly from 0.5 eV to 0 eV.
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However, the alloys Cx(BN);_, with x > 0 of the type GL-BN have been realized in
such a way that all three atoms have been distributed over the two sublattices. Also
in this type of CBN alloys, the SRO forms, but N and B atoms are still distributed
over two sublattices, their energy states are not separated, and in result the band
gaps are very tiny, as illustrated in the right hand part of Fig. 5.13. In this type of
GL-BN alloys, the gaps for complete random distribution of atoms are not different
than in the case of SRO.

To conclude this section, we would like to point out that the studies of the electronic
structure of CBN alloys shed light on physical mechanisms that could facilitate the
band gap tuning. However, the resulting electronic structure can depend crucially
on the process of alloy synthesis and these aspects require definitely further inves-
tigation.

5.5 Graphene and hBN flakes

We would like to finish this thesis with some proposal for further research of CBN
nanostructures. Such systems should be particularly suitable for employment of
the VFF and TB methodology we have used here. As exemplary system, let us take
triangular and hexagonal nanoflakes, since they are reported in the literature (P.-C.
Lin et al., 2017; ]. Zhang, Tan, et al., 2021). We perform geometry optimization of the
flakes (using Conjugate Gradient method). The optimized structures are shown in
Fig. 5.14. They aren’t planar, which is shown on the projections perpendicular to
the flake plane. We can observe in all cases considerable shortening of the bonds
on the edges. It is worth noting that triangular hBN flake has different number of
boron and nitrogen atoms. However, when B and N positions are swapped, Tersoff
potential gives exactly the same energy and geometry due to the chosen (symmetric)
parameters of B-N interactions.

5.5.1 Boron doped graphene flakes

We consider also few exemplary doped flakes. Fig. 5.15 shows arrangements of B
atoms in the hexagonal flake containing 1734 atoms. One can easily observe that
the tendency of boron atoms is to occupy specific area of the flake - third the most
outer row. When those positions are already occupied, B atoms situate themselves
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5.5. Graphene and hBN flakes
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FIGURE 5.14: Top and side views of exemplary graphene and hBN flakes, where
geometry was optimized with the use of Tersoff potential. Grey dots denote

carbon, blue - nitrogen and pink - boron.
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as close as possible to this row, but closer to the inside of the flake, however, avoid-
ing creation of B-B bonds. This results in structures exhibiting specific short-range

ordering.

The CBN nanostructures that are finding more and more applications in the nan-
otechnology are definitely worth of being investigated within VFF methodology.
However, we find out that one should carry out a series of methodological devel-
opments for reliable modeling of these systems such as better parametrization of
valence force field field, include charge transfer effects within VFE, work out better
procedures of geometry optimisations, develop tight-binding hamiltonians allow-

ing for hopping integrals dependent on the distances between the atoms.
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FIGURE 5.15: Boron (red dots) dopants distribution over the relaxed carbon
hexagonal flake (1734 atoms) after performing Monte Carlo simulations for
exemplary concentrations of B, cg = ¢y = 2%, 10%, and 30%. Initial distribution
of B atoms was assumed to be a random one.
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Chapter 6

Summary and Outlook

Within this thesis, we employ the multi-scale approach to provide deep understand-
ing of energetic stability of the technologically important class of CBN hexagonal
two-dimensional non-periodic alloys. We focus on the chemical order of boron, ni-
trogen, and carbon atoms on honeycomb graphene lattice and determine the equi-
librium distribution of atoms in binary C-N and C-B, and ternary C-B-N alloys.
We determine how the distribution of atoms on the lattice determines electronic
properties of these alloys. To perform these studies, we have surveyed and veri-
fied well-known methods of condensed matter physics: empirical atomistic energy
calculations within valence force field (VFF) schemes, ab initio methods, Cluster Ex-
pansion (CE) approach, Monte Carlo (MC) optimization technique, determination
of electronic structure. The complexity of the physico-chemistry of the CBN 2D al-
loys practically restricts possibility of their reliable research to empirical in nature
atomistic valence force field approaches. Thorough careful tests of several VFFs,
i.e., Tersoff and extended Tersoff potentials, ReaxFF, and COMB3, we have decided
to base our studies on suitably modified parametrization of Tersoff potential, and
named it Ters-SET3. These test-studies clearly demonstrate that the present stage
of parametrization of all types of VFFs is not satisfactory for the problem of 2D
CBN alloys, and requires further development. In particular, in Tersoff potential
we improve: (i) behavior regarding the strength of B-B bond in graphene structure,
and (ii) to some extent, the originally strongly overestimated strength of interaction
between carbon and nitrogen atoms.

The situation in the field of VFFs for 2D CBN alloys strongly suggests that reliable
studies of these materials should be augmented by methods allowing for some kind

of cross-checking. The method of choice for alloys is definitely Cluster Expansion
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(CE) approach that is based on ab initio calculations for relatively small number
of prototypical systems that are considered as constituent elements of alloy. Here,
we develop CE models for binary B- or N- alloyed graphene systems, following
an iterative scheme for rigid and relaxed alloy systems. Similarly to other authors
(see e.g., (Laks et al., 1992)), we find that the construction of the good CE model
with lattice relaxation taken into account is more difficult. Nevertheless, rigid and
relaxed CE models find the existence of the short range order in GL-B and GL-N
alloys, and distribution of atoms in these binary alloys is far from being random.
Since we focus mostly on the issue of chemical order in alloys, we use the total
energy and atomic positions determined in the rigid CE models to find corrected
by the presence of the SRO configurational entropy, and further the free energy.
All these studies clearly show that even at temperatures around 3000K the binary
GL-B and GL-N alloys are not thermodynamically stable. Our results corroborate
findings of other authors, which strongly suggest that incorporation of B and N into

graphene lattice is rather governed by non equilibrium processes.

We have used VFF based on optimised Tersoff potential to perform large scale mod-
eling of binary (GL-B and GL-N) and ternary (Co.(BN)1_2y) alloys employing large
supercell with thousands of atoms, and therefore, avoiding artificial long-range or-
der that is very often spuriously built-in in methodology based on superlattices

containing several or dozens of atoms.

For all investigated concentrations of C, B, N species, the most energetically favor-
able arrangements of atoms stray from random, which is confirmed by calculations
of short range order Warren-Cowley parameters. The description of SRO within
VFF agrees very well with CE models for binary alloys. Uniformly distributed
dopants in graphene and hBN are not found in equilibrium conditions, which is

confirmed in calculations of entropy and free energy.

Employing the low energy Tight Binding model for calculation of the electronic
structure (total and projected density of states), we shed light on physical mecha-
nisms that determine the dependence of the alloy’s electronic structure on the distri-
bution of atoms over the lattice. This reveals relation between distribution of atoms
and resulting electronic structure, should facilitate the interpretation of the exper-
imental data, and also should provide some hints for design of suitable functional

electronic structure through synthesis of alloys with required composition.

In the view of our results, general conclusions can be driven:
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e Bond order potentials are valuable tools for investigation of ordering, geometry
and phase diagrams of realistic systems, as they allow for performing simulations
in supercells of basically any size. Their construction often allows for direct phys-
ical interpretation of interactions present in the systems.

e Choice of appropriate empirical potential and its careful parametrization is cru-
cial for the quality of simulations.

e VFEFs investigated in this thesis, despite many advantages, demand certain im-
provements to capture more accurate features of CBN lateral alloys.

o Cluster Expansion approach can reproduce ab initio results for small superlattices
with fairly high precision, however, does not provide, as VFF does, the possibility
of direct check for systems with thousands of atoms and with spurious long-range
order effects eliminated.

e Short range order is detected in all investigated classes of CBN lateral alloys, and
the temperature of phase transition from ordered to disordered systems would
be higher than the melting temperature.

e Band gap engineering is possible in CBN alloys, especially via doping hBN with
carbon.

Six years is a lot of time in terms of scientific development nowadays, and numerous
papers concerning CBN graphene-like systems (both experimental and theoretical)
have been published, since I started my research. New methods and algorithms for
determination interatomic interactions are being developed right now, especially
using machine learning (ML). Several reports on ML application in the area of CBN
graphene-like systems are available (Y. Du et al., 2021; M. Dieb et al., 2018; Qian et
al., 2021; Thiemann et al., 2020), showing improved accuracy as compared to VFFs
mentioned in this thesis. This novel approach for designing models for energy cal-
culations shows surprising efficiency and potential for progress. Thus, we would
like to point out two directions for future extension of research presented here. First,
development of better parametrization of VFFs describing CBN alloy materials, and
second - investigating the most up-to-date methods of description of condensed
phases via machine learning approach. We believe also that hybrid approaches in-
volving VFF and CE could contribute to the reliable modeling of nano-alloys.

As my personal summary, there are several life lessons I have learned throughout
this research. Humbleness. Thoroughness. Perseverance. Honesty. I could appre-
ciate the value of cooperation and mutual support. If the results presented here

contribute in a small part to understanding physical phenomena in the field of 2D
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materials and the methods utilized to describe them, I would consider my work
meaningful.
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Appendix A

Details of determination of the
Cluster Expansion models

A.1 Clusters Pool

FIGURE A.1: Clusters Pool used as a source of clusters for fitting all the instances
of Cluster Expansion models considered in this thesis.
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A.2 Evolution of CE models determination

The details of recursive method for determination Cluster Expansion model for
graphene alloyed with nitrogene on rigid lattice (GL-N RIGID) are given in Sec.
3.3. Remaining variants: graphene alloyed with boron in rigid lattice (CE2 GL-B
RIGID), graphene alloyed with nitrogen in relaxed lattice (CE2 GL-N RELAX) and
graphene alloyed with boron in relaxed lattice (CE2 GL-B RELAX) are presented
below. RMSE and CV scores for all iterations are compared in the main text in Tab.
3.2. Sec. 3.3 contains also analysis and conclusions about the fitted models. For each

class of CE models, we present in sequence:

e values of Effective Cluster Interactions determined for CEi model, as well as
the size and radius of respective clusters in Tab. A.1, Tab. A.2 and Tab. A.3,

e energies of subsequent reference sets before and after Monte Carlo (MC) sim-
ulations computed with CEi models are compared to respective DFT data,

showing accuracy of successive iterations in Fig. A.2, Fig. A.5, Fig. A.8,

e exemplary initital (random) positions and positions after MC simulations in

structures containing 800 atoms for exemplary concentrations of nitrogen (boron)

are set side by side in Fig. A.3, Fig. A.6, Fig. A.9. This allows for visual analy-

sis of ordering of substituted atoms in each case,

e values of Warren-Cowley short range order parameter for NN (BB) pairs dis-
tributed within the lattice, calculated and depicted in Fig. A.4, Fig. A.7, Fig.
A.10.
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FIGURE A.3
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A.2. Evolution of CE models determination
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