
University of Warsaw
Faculty of Physics

Jan Henryk Kwapisz

Beyond the Standard Model of
particle physics, beyond the

cosmological standard model: A
Quantum Gravity Perspective.

Supervisor:
prof. dr hab. Krzysztof A. Meissner
Institute of Theoretical Physics
Department of Theory of Particles
and Elementary Interactions

Warsaw, December 2021



Acknowledgements

First and foremost, I would like to express my gratitude to my advisor Krzysztof
Meissner for supporting me throughout the years, from the start of my career, and help-
ing me to develop both as a researcher and a human being. His provocative questions
and answers, which I often understood years after he phrased them, often challenged
my viewpoints and helped me understand more. Thank you!

The second thank you goes to Astrid Eichhorn for hosting me for almost two years
at CP3-Origins in Denmark and providing me with a stimulating scientific atmosphere
there. Thank you for having your doors always open and answering my questions about
science and life.

I want to thank all of the members of the Astrid group not only for doing science
together but also for helping me survive the pandemic! Special “thank you” to the
CP3-Origins squad: Martin, Marc, Christopher, Ludivine, Héloïse, Rafael, Gustavo,
Philipp, João, Esben and Juan.

I want to express my thanks to Hermann Nicolai, Piotr Żuchowski and Vahe Gurzadyan
for inviting me for scientific stays and allowing me to discover what lies beyond.

I would like to thank all of my current and past collaborators: Sebastian, Rafał,
Kamil, Mariusz, Stanisław, Krzysztof, Leszek, Frederic, Michał, Jan, Julia, Oskar,
Artur, Tomasz, Zygmunt, Marek, Astrid, Marc, Aaron, Lohan and Przemek. Without
you this thesis cannot be written.

I want to thank Astrid, Marc, Aaron, Jan, Lohan, Krzysztof, and Piotr for read-
ing (parts of) this thesis and providing valuable insights which made the text better.
Special thanks to Jan Chojnacki and Marc Schiffer for the help with plots and some
derivations.

A special thank you goes to Edward for helping me make up my mind towards a
Ph.D. To Lucjan for giving me my first ideas on quantum theory. To Piotr for insight-
ful discussions throughout the years and providing his unique notes on QFT, which
helped me to understand the essence of renormalization.

Finally, I would like to thank my parents, family, and friends for making this En-
terprise possible and to encourage me to boldly go where no physicist has gone before!

To all of you: live long and prosper!

To my parents



The text below presents my viewpoint on quantum gravity and related topics, yet
it is primarily based on published material resulting from collaborations with other
scientists. The way the published work is presented expresses my current view on the
matter, which significantly changed from when those articles were published. These
publications are listed in reversed chronological order, and the sections in which they
are discussed are referred to:

• [1] Aaron Held, Jan H. Kwapisz, Lohan Sartore, to appear in 2022, in Sec. 4.1.

• [2] Astrid Eichhorn, Jan H. Kwapisz, Marc Schiffer, The weak-gravity bound in
asymptotically safe gravity-gauge systems, 2021, arXiv: 2112.09772, in Sec. 4.3.

• [3] Aaron Held, Jan H. Kwapisz, Lohan Sartore, to appear in 2022, in Chapter 3
and App. A.

• [4] Tomasz Krajewski, Jan H. Kwapisz, Zygmunt Lalak, Marek Lewicki, Stability
of domain walls in models with asymmetric potentials, Phys. Rev. D 104, 123522,
in Sec. 3.4.

• [5] Jan Chojnacki, Jan H. Kwapisz, Finite Action Principle and Hořava-Lifshitz
Gravity: early universe, black holes, and wormholes, Phys. Rev. D 104, 103504,
in Ch. 6.

• [6] Jan Chojnacki, Julia Krajecka, Jan H. Kwapisz, Oskar Słowik, Artur Strag, Is
asymptotically safe inflation eternal?, JCAP, Volume 2021, April, in Chapter 5.

• [7] Jan H. Kwapisz, Krzysztof A. Meissner, Asymptotic safety and quantum grav-
ity amplitudes, 2021, Nuclear Physics B Vol 965, 115341, in Sec. 2.4.

• [8] Jan H. Kwapisz, Asymptotic safety of gravity, the Higgs boson mass and be-
yond the Standard Model physics, 2019, Phys. Rev. D 100, 115001, in Sec. 4.2.2.

• [9] Frederic Grabowski, Jan H. Kwapisz, Krzysztof A. Meissner, Asymptotic
safety and Conformal Standard Model, 2018, Phys. Rev. D 99, 115029, in
Sec. 4.2.2.

• [10] Jan H. Kwapisz, Krzysztof A. Meissner Conformal Standard Model and In-
flation, 2018 Acta Physica Polonica B, in Sec. 5.2.1.

• [11] Sebastian M. Dawid, Rafał Gonsior, Jan H. Kwapisz, Kamil Serafin, Mariusz
Tobolski, Stanisław D. Głazek Renormalization group procedure for potential
−g/r2 2018, Physics Letters B, in Sec 2.1.3.

I am also author of the following articles, preprints and conference proceedings:

• [12] Jan Chojnacki, Jan H. Kwapisz, Finite Action Principle and wormholes,
2021, proceedings of 16th Marcel Grossmann Meeting, accepted, to be published
in International Journal of Modern Physics D.

• [13] Jan H. Kwapisz, Leszek Stolarczyk, Applications of Hückel-Su-Schrieffer-
Heeger method. I. Carbon-carbon bond lengths in polycyclic benzenoid hydro-
carbons, Structural Chemistry 2021.

• [14] Frederic Grabowski, Jan Kwapisz, Asymptotic safety, cosmology and Con-
formal Standard Model, proceedings of 15th Marcel Grossmann Meeting.



Abstract

We study the quantum gravity imprint on particle physics and cosmological phenom-
ena. We show that combining particle physics and cosmology with quantum gravity
results in non-trivial conditions on the low energy theories and quantum gravity models.

We discuss how the Grand Unified Theories can be UV-completed by quantum gravity
at the Planck scale in a model-independent way. This results in a set of conditions
that constrain the possible parameter space stemming from UV-completion by quan-
tum gravity. We find that within the studied model the deepest minima are either
non-Standard Model like or require large threshold corrections to realize the Standard
Model as low energy theory. For models with multiple vacua, we study the domain
walls’ evolution depending on the initial conditions and shape of the potential.

In the cosmological setting, we elaborate on the path integral formulation of quantum
gravity. We show that for the Hořava-Lifszyc gravity, the non-flat and non-homogenous
cosmologies do not contribute to the Euclidean path integral. On the other hand, we
show that Hořava-Lifszyc gravity satisfies the finite-action selection principle, that has
been proposed as a model independent solution of the black hole singularities.

Our study of Grand Unified Theories within the asymptotically safe approach points
out towards “transplanckian” breaking and hence proton stability under certain as-
sumptions. On the other hand, in the Standard Model, the asymptotic safety con-
strains the Higgs mass to take the smallest value such that the electroweak vacuum is
stable. Considering the current top quark mass measurements, this value is mH ≈ 130
GeV, five GeV above the experimental value. Here we consider the predictions of the
Higgs mass in various Beyond Standard Model scenarios, where this prediction can be
improved. As we show, the inclusion of new U(1) symmetry can potentially give the
correct prediction for this mass.

Then we discuss the Weak Gravity Bound in the Abelian vector field system, lim-
iting the gravitational fluctuations’ strength. We find that the bound does not restrict
the number of vector species, unlike the scalar case. We investigate the gauge invari-
ance of the results.

The (no) eternal inflation principle has been put forward based on swampland con-
siderations in string theory. The natural question arises whether similar conditions
hold in other approaches to quantum gravity. We consider asymptotic safety models
with and without gravity in the context of eternal inflation. The existence of UV fixed
point generically flattens the potential, and our findings suggest no tension between
eternal inflation and asymptotic safety in contradistinction to string theory.

Within the text, we also discuss various caveats of the formulation of asymptotically
safe gravity, provide specific examples for asymptotic safety in quantum mechanics and
discuss the possible connections between asymptotic safety and string theory.



Tytuł pracy w języku polskim
Fizyka poza Modelem Standardowym Cząstek Elementarnych, poza Standardowym

Modelem Kosmologicznym: Perspektywa kwantowo-grawitacyjna.

Streszczenie

W tej pracy omawiamy wpływ grawitacji kwantowej na fizykę cząstek elemen-
tarnych i kosmologię. Połączenie grawitacji kwantowej z modelami fizyki cząstek ele-
mentarnych i kosmologicznymi skutkuje nietrywialnymi warunkami na niskoenergety-
czne teorie i teorie kwantowo grawitacyjne.

Teorie Wielkiej Unifikacji połączone z grawitacją kwantową, muszą spełnić zapro-
ponowanych przez nas zestaw warunków, które ograniczają przestrzeń parametrów
wynikającą z tego połączenia. Jak pokazaliśmy na przykładzie najgłębsze minima albo
nie prowadzą do Modelu Standardowego, albo wymagają dużych poprawek progowych.
Dla modeli o wielu możliwych wartościach oczekiwanych próżni zbadaliśmy ewolucję
ścian domenowych w zależności od warunków początkowych i kształtu potencjału.

Następnie analizujemy teorie wielkiej unifikacji w połączeniu z asymptotycznie bez-
pieczną grawitacją. Jak pokazujemy potencjał teorii staje się niestabilny poniżej
skali Plancka, co wskazuje na stabilność protonów. Z drugiej strony w Modelu Stan-
dardowym asymptotyczne bezpieczeństwo ogranicza masę bozonu Higgsa w Modelu
Standardowym. Jak pokazujemy wartość ta wynosi mH ≈ 130 GeV, jest zatem
wyższa od wartości eksperymentalnej. W pracy rozważamy przewidywania masy Hig-
gsa w ramach fizyki poza Modelem Standardowym, w ramach asymptotycznego bez-
pieczeństwa. Wprowadzenie nowej grupy U(1) skutkuje poprawnym przewidywaniem
masy Higgsa. Połączenie grawitacji z materią nakłada ograniczenia na siłę oddzi-
aływania grawitacyjnego, tak zwane ograniczenie słabej grawitacji (WGB). W pracy
pokazujemy, że to ograniczenie nie wpływa na liczbę cząstek wektorowych sprzężonych
do grawitacji. Pokazujemy niezmienność cechowania otrzymanych wyników.

W pracy zadajemy pytanie, czy zaproponowaną w oparciu o rozważania w teorii strun
zasadę (nie)-wiecznej inflacji można wprowadzić w innych podejściach do grawitacji
kwantowej. Jak pokazujemy w modelach asymptotycznie bezpiecznych istnienie punktu
stałego spłaszcza potencjał, co sugeruje brak sprzeczności między wieczną inflacją a
asymptotycznym bezpieczeństwem.

Następnie omawiamy wnioski ze sformułowania grawitacji kwantowej w ramach całek
po trajektoriach. Pokazujemy, że dla grawitacji Hořavy-Lifszyca w układach kosmolog-
icznych kosmologie niepaskie i niejednorodne nie dają wkładu do euklidesowej całki po
trajektoriach. Z drugiej strony udowadniamy, że grawitacja Hořavy-Lifszyca spełnia
zasadę selekcji skończonego działania, która została zaproponowana jako rozwiązanie
problemu osobliwości czarnych dziur w ramach całki po trajektoriach.

W tekście omawiamy również różne problemy dotyczące sformułowania asymptotycznie
bezpiecznej grawitacji, przedstawiamy przykłady asymptotycznego bezpieczeństwa oraz
omawiamy możliwe związki między asymptotycznym bezpieczeństwem a teorią strun.
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6 Synopsis of the results

Synopsis of the results

There are no prospects to find quantum gravity directly in scattering experiments 1.
The particle accelerator obtaining center-of-mass energies of the order of Planck mass
is far beyond reach 2. Does it mean that quantum gravity research cannot be successful?

In this thesis, we shall argue that quantizing gravity profoundly impacts “what can
happen” within the realm of particle, black holes, and cosmological physics. On the
other hand “matter and cosmology matters” [22] for the consistency of the quantum
gravity approaches. In string theory, the swampland program investigates the possible
set of low-energy theories, so-called effective field theories (EFTs), which can be em-
bedded into string theory as UV completion. While this program is currently heavily
developed within the stringy community 3, other approaches “stayed behind”. The
purpose of this dissertation is to “bridge the gap” and investigate the realm of possi-
ble EFTs coupled to quantum gravity from the perspective of other approaches and
the agnostic, model-independent way. Finally we are interested to what degree the
swampland criteria stemming from string theory are robust for other quantum gravity
approaches. In the thesis on top of string theory we consider Hořava-Lifszyc gravity
and asymptotic safety.

In Part I, we point out that quantum gravity, cosmology, and particle physics are
“three friends in need”. The arguments stemming from quantum gravity approaches
can narrow down the possible EFT space, while particle physics and cosmology com-
bined with quantum gravity can give unique signatures for various approaches. To-
gether with gathering experimental data, this strategy seems feasible to find quantum
gravity imprints. In Sec. 1.1 we review the singularities of classical gravity and point
out difficulties when quantizing gravity. We review the arguments against the stan-
dard perturbative quantization of general relativity. Then we discuss three quantum
gravity approaches that appear in the thesis: Hořava-Lifszyc gravity, string theory, and
asymptotic safety. In Sec. 1.3 we review the Standard Model and its problems, pointing
out the quantum gravity perspective on solving some of them. In Sec. 1.4 we discuss
the Λ-CDM cosmology and its initial conditions in the context of inflation. Then we
discuss eternal inflation and possible quantum gravity perspective on the matter.

In Part II we discuss the concept of the renormalization group, its consequences for
quantum gravity, and possible particle physics phenomenology stemming from the be-
havior of the renormalization group flow. In Chapter 2 we discuss the renormaliza-

1In this thesis, we do not discuss the quantum gravity at electroweak scale stemming from extra
dimensions or the UV-IR correspondence, see [15, 16, 17, 18, 19, 20].

2It would probably cost more than one Death Star, which cost has been estimated as 1021$[21].
3By 31/03/2021 the 394 articles have been released with swampland in the title or abstract[23].
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tion group techniques, the notion of effective action and effective potential, as well
as the asymptotic safety program, which would prove crucial for Chapters 3 and 4.
In Sec. 2.1.1 we discuss the origin of the requirement of renormalization in the per-
turbative QFT and its connection to the S-matrix. The complementary, Wilsonian
approach is illustrated in the example of 1/r2 potential in Sec 2.1.3. The modern for-
mulation of the asymptotic safety program via Functional renormalization is discussed
in Sec. 2.2. In Sec. 2.3.1 we review the essential concept of the scale identification and
renormalization group improvement of the effective potential, which would be crucial in
Chapter 3. The more detailed discussion on the Renormalization Group improvement
in the context of Grand Unified Theories will be provided in [3] and Appendix A, where
we introduce a new algorithm for “optimal” renormalization group improvement. The
discussion of the connection between the renormalization scale and physical scales in
Sec. 2.3.2 and the recent critique of the asymptotic safety program [24] bring us to
the cross approaches question: Can string-theory be asymptotically safe? discussed in
Sec. 2.4. In Sec. 2.4 we provide a set of conditions on the S matrix amplitudes that
asymptotically safe theories should satisfy and show that string theory satisfies those.
On the other hand, checking the discussed four graviton amplitudes haven’t been cal-
culated in the asymptotic safe approach and it is important for the development of
the program to understand the UV behavior of the graviton amplitudes, as Weinberg
postulated [25, 25, 26].

In Chapter 3 we discuss the model-independent viewpoint on quantum gravity and
its constraints on particle physics. We assume that any quantum gravity theory should
set the couplings’ values at the Planck scale. Then we impose the minimalistic re-
quirements: stability of the potential at the Planck scale, lack of Landau poles in the
renormalization group flow, and the emergence of the Standard Model as the low-energy
theory. Those requirements significantly restrict the possible space of couplings. We in-
troduce a general blueprint of how to study Grand Unified Theories (GUT) within our
paradigm. Then we illustrate our idea on the example of SO(10) GUT with 16H⊕45H
having admissible breaking chains towards the Standard Model. We show that the
deepest minima of the potential are either non-viable or require large threshold correc-
tions to reproduce the Standard Model. Our work is the first to study the non-viable
minima beyond the tree level in the literature and the first one to construct the renor-
malization group improved potential for the GUT, for related studies see [27, 28, 29].
In Sec. 3.4 we discuss the domain-wall formation depending on the properties of the
potential and initial conditions. In particular, we show that, when the minima of a
theory, such as GUT, are degenerate, they can form long-living domain walls that tend
to dominate the Universe.

In Chapter 4 we extend the conditions from Chapter 3 by the requirements stemming
from the asymptotic-safety paradigm. We show that those pose further constraints on
the EFT space of models. In Sec. 4.1 we look again at GUTs from the asymptotic
safety perspective. We discuss the possibility of “transplanckian breaking” of the GUT
gauge group and proton stability within the asymptotic safety framework. Then, due
to “transplanckian breaking”, we shift our focus towards the minimalistic models. In
particular, we discuss the possible minimal Standard Model extensions that are consis-
tent with the asymptotic safety, can solve the other mysteries of the Standard Model,
and give the correct Higgs mass prediction. Out of the three models we study, we show
that gauging the U(1)B−L symmetry might be sufficient to reproduce the correct Higgs
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mass in the asymptotically safe paradigm. The other studied models are Conformal
Standard Model and the model with uncharged quarks. In Sec. 4.2.3 we briefly discuss
the possible resolution of the strong CP problem within asymptotic safety. In Sec. 4.3
we investigate consequences of coupling matter to asymptotically safe gravity resulting
in restricting the gravitational parameter space as well as the possible particle content.
We will show that when coupling vector fields to AS quantum gravity the gravity has to
be sufficiently weak and its fixed points have to lie below the Weak Gravity Bound. We
show that for any number of U(1) gauge bosons the gravity fixed points are compatible
with this bound. In particular, we discover that systems with 12 gauge fields (like the
Standard Model) are compatible with the Weak Gravity Bound within the background
approximation. Furthermore, we test the gauge invariance of our results in Sec. 4.3.4.
This is a crucial result since the calculations rely on gauge-dependent effective action.

In Part III we address questions of fundamental importance: detection of quantum
gravity signatures in the context of (eternal) inflation and the fate of singularities in
quantum gravity. In string theory, the no-eternal eternal inflation principle has been
proposed [30]. Here we study its robustness across the quantum gravity approaches. In
Chapter 5 we discuss (eternal) inflation stemming from BSM scenarios and eternal in-
flation in the context of asymptotic safety. In particular, we investigate eternal inflation
for exemplary models: Starobinski inflation, the models with non-minimal couplings
to gravity, as well as the alpha-attractors. In Sec. 5.3 we discuss the question: Can
Asymptotically Safe Inflation be eternal? on two models: the RG-improved Starobinski
action and the SU(N) Yang-Mills theory in the Veneziano limit. We show that the
existence of UV fixed point generically flattens the potential, and our findings suggest
no tension between eternal inflation and asymptotic safety. In Sec. 5.1.2 we introduce a
new type of eternal inflation scenario for the multi-minima models: eternal inflation by
tunneling and illustrate that for the SU(N) Yang-Mills theory in the Veneziano limit
in Sec 5.3.2. In this chapter also we discuss a bunch of popular inflationary models,
in particular we introduce the non-minimal couplings within the Conformal Standard
Model, providing a successful inflationary scenario.

In Chapter 6 we deduce the fate of singularities from the path-integral approach,
assuming that action is fundamental instead of the metric. Resulting Finite Action
Principle [31, 32, 33] proposes that only finite action metrics should “matter”. In the
cosmological context, in Sec 6.1, we show that the requirement of the Finite Action
provides an isotropic, flat, and accelerating early universe for the Hořava-Lifszyc (H-L)
gravity 4. Furthermore, in Sec 6.2 we discuss that requirement of finite action for the
H-L gravity selects only the regular black-hole spacetimes, thus resolving the singu-
larity issue for black holes. In Sec. 6.3 we comment on the possibility of traversable
wormholes in theories with higher curvature invariants. Our results reveal that Fi-
nite Action Principle predictions are robust for various quantum gravity approaches
[31, 32, 33].

4Asymptotic safety calculations deal with the effective action thus reconstructing the microscopic
action (by microscopic we mean the action in the exponent of the path integral) is highly non-trivial
[34]. On the other hand H-L gravity has a well-defined microscopic action and is unitary.
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Chapter 1

Introduction

Where we discuss the broader context for our work. We discuss how the singulari-
ties of classical theories had been resolved in the past. We discuss the singularities
within general relativity together with (non)-renormalizability properties of the theory.
We discuss three approaches towards quantizing gravity: Horava-Lifszyc, asymptotic
safety, and string theory.
We review the problems of the current fundamental physics, both in particle and cos-
mological physics. We offer a quantum gravity perspective on that matter.

1.1. Singularities and quantum theory
Around 1899 all of the physics (now called classical) fell under paradigms of mechanics,
electrodynamics, and statistical physics. Most problems seemed to be solved, and “only
what is left is to use physics for engineering”. Nevertheless, a couple of issues remained:
the stability of atoms and ultraviolet catastrophe in the black body spectrum were
among those. At the time, they seemed marginal and “will be solved within a decade
at most”. However, as it turned out, “There is Plenty of Room at the Bottom” [35].
Below, we briefly discuss the stability of atoms and ultraviolet catastrophe, how they
pose problems to classical physics due to singular behavior, and how quantum physics
has overcome them.

Ultraviolet catastrophe The black body is an idealized object that absorbs all the
electromagnetic radiation. In thermal equilibrium, it emits black body radiation. The
radiation properties of most of the materials and the Sun approximates as black body
spectrum. Based on arguments stemming from classical physics [36, 37] the Rayleigh-
Jeans law has been derived connecting the frequency ν, temperature T and power
emitted per unit surface f(ν, T ):

f(ν, T ) = 2
ν2

c2
kBT, (1.1)

where kB is the Boltzmann constant, and c is the speed of light. The law well ap-
proximates the black-body spectrum for low frequencies. On the other hand, the law
predicts that the maximum of the spectrum should be at far UV, where the frequencies
become large, and the power becomes infinite as ν → ∞. This behavior was in clear
contradistinction with experiment and has been called ultraviolet catastrophe since
the radiation cannot be infinite. To solve this problem, in 1900, Max Planck modeled
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the black body as oscillators in a cavity and proposed that those oscillators can only
change their energy by the multitude of hν, where h is now called Planck constant [38].
He then derived the law (now called the Planck law):

f(ν, T ) =
2hν3

c2
1

ehν/(kBT ) − 1
. (1.2)

The (1.2) not only fitted the experimental data perfectly but also resolved the UV
catastrophe problem. The described mechanism is one example of how quantum theory
tamed singularity. Later developed quantum theory reproduced the Planck law utilizing
Bose-Einstein statistics for photon gas.

Stability of atoms At the dawn of the XX century, Thompson [39]. Then Ruther-
ford experiments [40] established that atoms do consist of subatomic entities: nega-
tively charged electrons, orbiting around positively charged tiny nuclei. Based on that
observations, a new puzzle arises. Why are the atoms stable? From the point of view
of classical electrodynamics, the electron should fall onto the nucleus radiating away
all of the energy, such that the time of fall estimate is

tfall ≈ 1.6× 10−11s. (1.3)

Furthermore, the classical theory predicts that the atoms seemed to radiate their en-
ergies in the discrete lines, characteristic for a given atom, rather than continuous
spectra. As a remedy, Niels Bohr proposed his famous planetary model [41]. Bohr
assumed that electrons could move only on certain orbits (geostationary orbits) such
that the angular momentum is quantized L = n~, where n is the natural number and
~ = h/(2π). On that orbits, electrons do not radiate. They only radiate when they
switch between the orbits. That model solved the stability question for the hydrogen
atom. Later, to describe other atoms, the full formalism of the quantum theory has
been developed based on de-Broglie [42], Heisenberg [43] and Schrödinger works [44].
In particular, the solution to the Schrödinger equation for the hydrogen atom for the
1s orbital is given by

ψ1s(r) =
1

√
πa

3/2
0

e−r/a0 , (1.4)

and the probability density is

P (r)dr = 4πr2|ψ1s(r)|2dr (1.5)

the maximum is at r = a0 the Bohr radius of the first orbit! On the other hand,
the probability distribution for the electron in classical electrodynamics will quickly
approximate Dirac delta peaked at 0. Once again, the quantum theory saved us from
singularities!

1.1.1. General Relativity and singularities
The singularities also occur in General Relativity, the classical theory of spacetime.
The spacetime, a collection of reparametrization equivalent Lorentzian manifolds [45],
is bounded to obey Einstein equations

Rµν −
1

2
gµνR =

8πG

c4
Tµν , (1.6)
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where Tµν is the energy momentum tensor of matter [45]. The gravitational part of
the equations stems from the Einstein-Hilbert action:

S =
1

8πG

∫
d4x

√
−g(R− 2Λ), (1.7)

Λ being the cosmological constant. The two most celebrated solutions: the black hole
and the solution for the whole Universe, the FLRW metric, both contain singularities.
Let us take a closer look into those.

Singularities in black holes The Schwarzschild solution is:

ds2 = −
(
1− rs

r

)
dt2 +

(
1− rs

r

)−1

dr2 + r2dθ2 + r2 sin θ2dφ2, (1.8)

where we use c = 1 and rs = 2GM , M is the mass of the central object. The metric
has singularities at r = rs and at r = 0. The singularity at r = 2GM is so called
coordinate singularity [46] and can be removed with a proper coordinate transformation,
for example:

dtPG = dt+

√
2Mr

r − 2M
dr. (1.9)

The resulting Painleve-Gullstrand metric is regular at r = rs:

ds2 = −dt2PG +

(
dr −

√
2M

r
dtPG

)2

+ r2dΩ2, (1.10)

On the other hand, the singularity at r = 0 represents a physical singularity, since
(some of) the curvature invariants, like Kretschmann invariant:

RµνρσR
µνρσ =

48G2M2

r6
−−→
r→0

∞, (1.11)

become divergent. The Schwarzschild solution is a final state of spherical gravitational
collapse [47, 48] and according to Hawking-Penrose theorems, a black hole state is
generic for gravitational collapse such that the singularity forms [45, 49, 50]. Never-
theless, the singularity at r = 0 is hidden beyond the event horizon; hence it does not
affect any outside observer. It has been proposed that Nature always hides the singu-
larities; hence the “naked” singularity can never be observed [51]. The other black hole
solutions in General Relativity, like the Kerr, Reissner-Nordstrom, or Kerr-Newman
metric, are singular at r = 0.

Singularities in cosmology The other famous solution of Einstein gravity is the
Friedman-Lemaître-Robertson-Walker [52, 53, 54, 55] metric describing the homoge-
nous and isotropic Universe

ds2 =
[
dt2 − a2(t)hijdx

idxj
]
. (1.12)

The non-vanishing components of hij are:

h11 =
1

1−kR2 , h22 = R2, h33 = R2 sin2 θ (1.13)
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and k denotes the spatial curvature of the metric. On the FLRW background the
Einstein equations (1.6) reduces to the Friedman equations

H2 =

(
ȧ

a

)2

=
8πG

3
ρ− k

a2
,

ä

a
= −4πG

3
(ρ+ 3p) (1.14)

for energy-momentum tensor of perfect fluid Tµν = ρuµuν+p(uµuν+gµν) with ρ energy
density, p pressure and uµ the velocity, satisfying the continuity equation

∇µTµν = ρ̇+ 3H(ρ+ p) = 0. (1.15)

It was shown by Stephen Hawking in [56] that the Universe evolved back according to
(1.14), similarly as for black holes, results in the initial singularity as long as Λ = 0
and the strong energy condition holds

ρ+ 3p > 0. (1.16)

If ρ = wp, the proportionality coefficient w is called barotropic parameter. For (1.16)
to hold one requires

w > −1

3
. (1.17)

Quantum gravity and renormalization The quantization of physical theory in-
troduces another source of infinities. In quantum field theories, when using the “bare”,
classical Lagrangian, the calculations of Feynman diagrams are plagued with infinities.
The Lagrangian has to be connected to the measurable quantities to restore predic-
tivity. The procedure to achieve it is called renormalization, which we shall discuss
in detail in Chapter 2. Within the perturbative loop expansion, the counterterms are
introduced order by order. For the theories containing only relevant or marginal cou-
plings, such that their mass dimension is non-negative 4 ≥ [ci] ≥ 0, the number of
counterterms is finite; furthermore, they are proportional to the original action. This
is not the case for the Einstein-Hilbert action, where [R] = 2 and hence the coupling
has negative dimension [GN ] = −2. By this argument, quantum gravity is the theory
with an infinite number of counterterms (if there are no cancellations), which has been
confirmed by the explicit Feynman diagrams calculations showing that General Rela-
tivity requires counterterms not proportional to R at the one-loop level when coupled
to matter [57, 58] (which disappear in the matter free case by the equations of motions)
and at two loops in the matter free case [59, 60]:

δλ2C
κλ
µνC

ρσ
κλC

µν
ρσ , (1.18)

In higher orders, one expects further counterterms to appear; however, one cannot
make an infinite number of experiments to determine the theory’s predictions. Hence
it seems that General Relativity, when quantized within the perturbative approach,
cannot have predictions at all energy scales 1.
Similarly to quantum mechanics, we expect the quantum theory of gravity to resolve
the singularities both in the classical theory and those associated with renormalization
and counterterms. Various approaches have been proposed modifying assumptions
usually considered for general relativity and quantum theories

1General Relativity can be nevertheless quantized as effective field theory below the Planck scale,
yielding finite quantum corrections to the scattering amplitudes and Newtonian potential [61, 62, 63,
64].
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• Diffeomorphism invariance

• Continuous spacetime

• Quantum field theory formalism

• Microcausality

• Perturbative renormalizability and unitarity

Below we present some of the approaches. Our discussion will not be exhaustive since
we shall concentrate on the approaches utilized in this thesis. In particular, be shall
omit supergravity, causal sets, causal dynamical triangulations, and other approaches.

1.2. Quantum gravity approaches

1.2.1. Hořava-Lifszyc gravity
The Stelle gravity [65] considers additionally to the E-H action the R2 and RµνR

µν

terms:
S = SEH +

∫
d4x

√
−g
[
aR2 + bRµνR

µν
]
. (1.19)

The presence of those terms allows for perturbative quantization of the theory; fur-
thermore, the theory can be asymptotically free [66]. On the other hand, the presence
of higher than second-order time derivatives in action changes the spectrum of the
theory. On top of spin-2 gravity, there is a massive spin-zero particle 0 and a massive
2 particle with the negative norm. Putting it differently as the consequence of the
Ostrogradsky Theorem [67] the Hamiltonian is not-bounded from below manifesting in
those instabilities.
Various solutions have been proposed, such as the addition of new particles and extra
symmetry [68], giving up the micro-causality and changing the propagator prescriptions
[69, 70] or taking into account infinitely many derivatives [71], see also the discussion
[72] on possible resolution in the context of asymptotic safety.
Here, we explore yet another possibility, where the Lorentz Invariance (LI) is broken
at the fundamental level. In the Hořava-Lifszyc (H-L) gravity [73] diffeomorphism in-
variance is broken by the foliation F of the 4-dimensional spacetime into 3-dimensional
hypersurfaces of constant time, called leaves. Kinetic terms are first order in the time
derivatives. At the same time, higher spatial curvature scalars regulate the UV be-
havior of the gravity, making the theory power-counting renormalizable (see also the
renormalization group studies of the subject [74, 75, 76, 77]) and avoiding the in-
stabilities related to the Ostrogradsky theorem. The remaining symmetry respects
transformations:

t −→ ξ0(t), xi −→ ξi(t, xk), (1.20)

and is often referred to as the foliation-preserving diffeomorphism, denoted by Diff(M,F).
The four-dimensional metric may be expressed in the Arnowitt-Deser-Misner (ADM)
[78] variables:

(N,N i, (3)gij), (1.21)
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whereN, N i, (3)gij denote respectively the lapse function, shift vector, and 3-dimensional
induced metric on the leaves. The theory is constructed from the following quantities:

(3)Rij, Kij, ai,
(3)∇i, (1.22)

where (3)Rij is the 3-dimensional Ricci curvature tensor, (3)∇i is the covariant deriva-
tive constructed from the 3-dimensional metric (3)gij, and ai :=

N,i
N

. Extrinsic curva-
ture Kij is the only object, invariant under general spatial diffeomorphisms containing
exactly one time derivative of the metric tensor (3)gij:

Kij =
1

2N

(
∂ (3)gij
∂t

− (3)∇iNj − (3)∇jNi

)
. (1.23)

Quantities (1.21) are tensor/vectors with respect to Diff(M,F) possessing the following
mass dimensions:

[ (3)Rij] = 2, [Kij] = 3, [ai] = 1, [ (3)∇i] = 1. (1.24)

Following [79, 80] the action of the H-L gravity takes the form:

Sg = ζ2
∫
dtdx3N

√
(3)g (K − V ) , (1.25)

where K = KijK
ij − λK2 with K = Kij

(3)gij, (3)g denotes the determinant of the
3-dimensional metric and ζ2 = 1/16πG. The potential V built from (1.22) can contain
over 100 terms up to the 0th order in mass dimension [79]. Yet, the immense number of
invariants is limited by imposing further symmetries. One possible restriction for the
potential comes from the projectability condition N = N(t), then terms proportional
to ai ≡ 0 vanish. The potential compatible with power counting renormalizability
restricted by the projectability condition is given by:

V = 2Λζ2 − (3)R +
1

ζ2
(
c2

(3)R2 + c3
(3)Rij (3)Rij

)
+

1

ζ4
(
c4

(3)R3 + c5
(3)R (3)Rij (3)Rij + c6

(3)Ri
j
(3)Rj

k
(3)Rk

i

)
,

+
1

ζ4
(
c7

(3)R∇2(3)R + c8(∇i
(3)Rjk)(∇i(3)Rjk)

)
, (1.26)

where Λ is the cosmological constant and ci are the coupling constants. On top of that
the detailed balance condition can be imposed [73], resulting in c4 = c5 = c6 = 0 and
c7 = 1/8c8. One should also mention that this minimal theory [81] suffers from the
existence of spin 0 graviton, which is unstable in the IR, see [82, 83, 84, 85]. Various
solutions to this problem have been proposed. One can impose the additional local
U(1) symmetry [79, 86]. Then by the introduction of new fields prevents the zero-
mode from propagating. On the other hand, one can drop the projectability condition
ai = 0 and include the terms containing ai in the potential term:

V = 2Λζ2 − (3)R− β0aia
i +

6∑
n=3

L(n)
V , (1.27)

then for the spin-0 mode to be stable one requires 0 < β0 < 2 [87, 88].
Finally, let us comment on the famous Gibbons-Hawking-York (GHY) [89, 90] term in
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the context of H-L gravity. Namely, the variational principle with Dirichlet boundary
condition requires a variation of the action to be zero when fixing the boundary metric
[91]. However, this is not satisfied for the Einstein Hilbert action, and hence the famous
Gibbons-Hawking-York (GHY) term [89, 90] has to be added 2. On the other hand, the
action possesses higher spatial derivatives for H-L gravity. The variational principle
requires δγij along with its derivatives to be zero at the spatial boundary; hence the
variation is well defined without the boundary term [93]. Furthermore, the absence of
the boundary term has been recently proven for the mimetic H-L gravity, see [94, 95].

1.2.2. String-theory
String theory takes a different route and postulates that strings are fundamental entities
instead of point particles and hence abandons the quantum field theory framework [96,
97, 98]. Together with requirements of Weyl (conformal) invariance, diffeomorphism
symmetry on the worldsheet and global Poincare invariance, one can write Polyakov
action as

S =
1

4πα′

∫
d2σ

√
−ggαβ∂αXµ∂βX

νηµν , (1.28)

where α, β ∈ 1, 2 are the worldsheet indices, while µ, ν ∈ 1, . . . , d are the target space
indices. The quantum Weyl invariance (vanishing of worldsheet Weyl anomaly) leads
to d = 10 for the superstrings and d = 26 for the bosonic strings, which we identify with
physical dimensions. The massless spectrum of the string consist of spin-2 symmetric
graviton Gµν , spin 0 scalar dilaton φ and spin-2 antisymmetric torsion Bµν . The
quantisation with the use of conformal field theory methods gives general prescription
for the string S-matrix amplitude on the target space as correlation function on the
two dimensional worldsheet, expanded as a sum over the topologies with the growing
genus. In particular, the genus 0 four graviton amplitude is given by

A(p1, p2, p3, p4) = 2g2DKclC(s, t, u), (1.29)

where C(s, t, u) is

C(s, t, u) = −π Γ(−s/8)Γ(−t/8)Γ(−u/8)
Γ
(
1 + s

8

)
Γ
(
1 + t

8

)
Γ
(
1 + u

8

) (1.30)

and Kcl is a lengthy kinematic (cross-symmetric) and polarization factor polynomial
in s, t, u. Varying s and keeping t fixed, the amplitude has infinite number of simple
poles [96] on a real line at s = 8n, with n ≥ 0. This can be understood as summing
over infinite number of particles with growing masses in the s-channel, that tame
the singularities occuring for the Einstein-Hilbert action. The similar conclusion can
be drawn if we keep s fixed and vary t. This property is called duality, discovered
by Veneziano [99]. Due to modular symmetry on the worldsheet string theory in
conjectured to be finite to all orders [96, 97, 98].
Furthermore string theory can also be quantised on non-trivial backgrounds of massless
fields: Gµν , φ and Bµν . Then the requirement of Weyl invariance (encoded in vanishing
of the beta functions of a 2-dimensional QFT [100]) puts constraints on the evolution
of the background. In particular for φ = const and Bµν = 0 the equations reduce to

Rµν +O(α′) = 0, (1.31)
2The GHY term is crucial for the finiteness of the action, see [92].
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thus recovering the vacuum Einstein equations (1.6)! The calculations of the corrections
stemming from higher stringy modes turns out to be quite involved. Nevertheless in
certain cases an all order expression can be given [101, 102], using constraints stemming
from T-duality [68, 103, 104].
Dualities relate five consistent superstring string theories [96, 97, 98], connected by the
web of dualities tying together these five and 11-dimensional supergravity. Those are
supposed to be the facets of one unified M-theory [105, 106, 107]. Yet, the amount of
possible compactifications is far more extensive, hence the low-energy theories. The
collection of possible false vacua in string theory is called the string theory landscape,
and the amount of vacua is estimated as 10500, significantly reducing the predictability
of the theory, whether the Standard Model is within one of those remains unknown.

1.2.3. Asymptotic safety programme
General relativity, treated as quantum field theory, has an infinite number of (counter)-
terms. However, this doesn’t necessarily mean that the theory is un-predictive at ar-
bitrary scales. Steven Weinberg [108, 25] noticed that quantum gravity (QG) could
be predictive if almost all of the counterterms (and the associated couplings) could be
determined in terms of the finite subset of couplings. Requiring the scale-invariant in
the UV imposes relations between the couplings [108, 25, 109, 110]. The term asymp-
totic safety has been coined due to resemblance to the asymptotic freedom, where all of
the interactions vanish for large momenta [111, 112]. Yet, General Relativity does not
admit a well-defined perturbative expansion. Within asymptotic safety, the couplings
are supposed to stem from a regime where they scale canonically.
In the early days, this mechanism was found in 2-dimensions and its vicinity [113, 114,
115, 116] by means of the 2 + ε dimensional expansion. Similar claims were also made
with the 1/NF expansion approach [117].
However, only after applying the Wilsonian inspired exact Wetterich-Morris-Ellwanger
equation [118, 119, 120] to tackle this problem the approximate fixed point was found
in seminal Reuter article [121], see also [122, 123], and then explored in various trun-
cations. We shall discuss that in detail in Sec. 2.2.
Here let us note that this program shares similarity with loop quantum gravity, causal
dynamical triangulations (CDT) and euclidean dynamical triangulations (EDT). All of
them claim that “gravity can stand on its feet” when properly quantized. In particular,
both EDT and CDT are another methods for testing Weinberg’s claim using lattice
simulations instead of the use of the Functional renormalization group. On the other
hand, it was conjectured [124] that loop quantum gravity utilizing canonical quantiza-
tion with Ashtekhar variables [125] is supposed to reduce to asymptotic safety within
the semiclassical limit.

1.3. Standard Model and beyond

1.3.1. Overview of the Standard Model
Contradictory to the common belief in the early XXI century, the Large Hadron
Collider hasn’t discovered any particles beyond the Glashow-Weinberg-Salam model
[126, 127, 128], now called the Standard Model. Here we review the model’s basic fea-
tures and point out possible connections to the quantum gravity realm. The Standard
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Model [129, 130, 27] is given by (i) its gauge group

GSM = SU(3)c × SU(2)L × U(1)Y (1.32)

and their gauge bosons. (ii) The three generations of fermionic matter. The fermionic
content of the model in terms of representations of the SM gauge groups is given by:

FSM =

(
3,2,+

1

6

)
︸ ︷︷ ︸
q
(i)
L =(u

(i)
L ,d

(i)
L )

⊕
(
1,2,−1

2

)
︸ ︷︷ ︸

(e
(i)
L ,ν

(i)
L )

⊕
(
3,1,−2

3

)
︸ ︷︷ ︸

u
c,(i)
R

⊕
(
3,1,+

1

3

)
︸ ︷︷ ︸

d
c,(i)
R

⊕ (1,1,+1)︸ ︷︷ ︸
e
(i)
R

,

(1.33)

where i ∈ {1, 2, 3}. (iii) The scalar sector. In the Standard Model it contains a complex
SU(2)L doublet, the Higgs field H:

SSM = (1,2, 1/2). (1.34)

(iv) The Lagrangian, consisting of kinetic terms of the fields, the scalar potential and
Yukawa interaction (responsible for generating the masses of elementary particles):

L = Lkin + LY − V. (1.35)

Within the Standard Model, the Higgs potential is given by:

V =
λ

4

(
H†H − v2

)2
, (1.36)

where v ≈ 246 GeV is the Higgs vacuum expectation value and m2
H = −2λv2 is the

Higgs mass. The non-trivial vacuum configuration of the Higgs doublet

H =

(
0
v

)
(1.37)

triggers the spontaneous symmetry breaking (SSB) giving masses to the three out of
four gauge bosons of the SU(2)L × U(1)Y and the elektroweak group is broken to
U(1)em. The B0 of U(1)Y and W 0 of SU(2)L are mixed during the SSB such that(

Z0

γ

)
=

(
cos θW sin θW
− sin θW cos θW

)(
W 0

B0

)
. (1.38)

The θW is called the Weinberg angle and is measured to be θW ≈ 30
◦ . The electric

charge is given by
Q = Y + T3, (1.39)

where T3 is the 3-rd component of weak isospin, T3 = ±1/2 for doublets and 0 for
singlets of SU(2)l. The Yukawa interaction term is:

LY = L̄iHY E
ij E

j + Q̄iHY D
ij D

j + Q̄iεH∗Y U
ij U

j + h.c., (1.40)

where ε = iσ2. The three generations of the fermionic matter differ only by respective
the couplings to the Higgs, resulting in different masses after spontaneous symmetry
breaking. The Yukawa matrices are three 3 × 3 complex matrices; after considering
the redefinitions and symmetries, we obtain 13 free parameters: nine masses, three
angles, and one phase. So in total, the model has 19 parameters, since we take into
account three couplings of the gauge groups g3, g2, g1, Yukawa couplings, the θ QCD
term, Higgs expectation value v and Higgs self-coupling λ.
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Anomaly cancelation. The charges of SU(3)c and SU(2)L are fixed in terms of
representations of the field. The hypercharges, in principle, could have assigned ar-
bitrary values. Later it was found that the proposed hypercharges assignments are
those required for gauge anomaly to vanish. The anomaly breaks the symmetry of
classical Lagrangian broken at the quantum level. While the anomalies of the global
symmetries can occur, in particular, the chiral anomaly of quantum chromodynamics
is responsible for generating the proton mass, the anomalies of the gauge symmetries
make the theory non-unitary, hence have to be canceled. Calculation of the anomalies
stems from the triangle diagrams with gauge bosons on external lines and matter on
internal ones. For example, the mixed SU(2)2U(Y ) anomaly is

fk

f i

f jBµ

W ν,a

W λ,b

∝
∑
FSM

Tr T aT bY ∝ δab
∑
l,q

Y = 0 (1.41)

For the Standard Model the non-vanishing expressions are [131]

U(1)3Y : (2Y 3
l − Y 3

e ) + 3(2Y 3
q − Y 3

u − Y 3
d ) = 0,

SU(3)2CU(1)Y : (2Yq − Yu − Yd) = 0,

SU(2)2LU(1)Y : (Yl + 3Yq) = 0. (1.42)

By plugging the hypercharge values one can indeed check that the Standard Model is
anomaly free [132]. One can ask the opposite question: is the assignments of charges
within the Standard Model unique? The equations (1.42) have actually infinitely many
solutions. However, this assignment is further constrainted by coupling SM with gravity

grav2U(1)Y : (2YL − Ye) + 3(2Yq − Yu − Yd) = 0, (1.43)

the constraints (1.42, 1.43) reduces to two solutions

2Yl = Ye = −6Yq = −3

2
Yu = 3Yd, (1.44)

Yu = −Yd, Yl = Yq = Ye = 0. (1.45)

Finally once the Standard Model is UV extended by Grand Unified Theory (GUT)
only the (1.44) is possible, see Sec. 1.3.2.

Higgs mass On the quantum level the Higgs mass acquires corrections from the
matter loops

fi

fi

H H ∼ m2
fi
, (1.46)
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with the top quark, the heaviest particle gives the dominant contribution. One could
expect that the particles with masses far above the Standard Model one can also con-
tribute to this mass, and hence the Higgs mass should be proportional to the scale
of new physics. Naively, the Planck scale is a natural cutoff for the Standard Model;
thus, one could argue that Higgs mass should be of the order of the Planck mass. This
huge separation of scales MEW � MP called the hierarchy problem. The hierarchy
problem for gravity is a subtle issue. In particular, gravitons are massless particles.
We shall come back often to that issue in the text.

Three mysteries The nineteen couplings of the Standard Model can be measured
experimentally in the scattering experiments. The couplings values depend on the
renormalization scale, which can be associated with the energy of the processes. They
evolve (“run”) according to the renormalization group equations (RGE) 3:

µ
∂ci
∂µ

= βi({cj}). (1.47)

We depict their behavior in Fig. 1.1. The depicted results provide us with three coin-
cidences or “mysteries”:

(i) Perturbativity: The running of the couplings remain within the perturbative
regime, without any Landau poles up to the Planck scale 4.

(ii) (Meta)-Stability: Around 109−1010 GeV, the Higgs coupling becomes negative,
and the vacuum becomes unstable.

(iii) Unification: The values of three gauge couplings are nearly the same at the
scale around 1015 GeV, so they roughly unify.

Concerning (ii), the running of λ is very sensitive to the value of the top Yukawa value
(and hence the associated mass of the top quark). At the same time, the interactions
with other particles have a marginal impact on the running, see [8, 135]. The value
of the top Yukawa coupling is known with large error bars. Yet, the central value
indicates that for the Standard Model, the Higgs potential develops a deeper minimum
around 1010 GeV. In principle, this might not be the fatal flaw as long as the longevity
of the EW vacuum exceeds the age of the Universe, which seems to be the case [135].
Lowering the error bars is undoubtedly crucial for our understanding of the Standard
Model [135, 136, 137, 138]. Hence, to amend the Higgs stability, the results (i), (ii)
imply that new physics should occur below / around the scale ∼ 1010. On the other
hand, because of no pathologies in the different sectors, the new physics sector can be
relatively small, and Standard Model “can remain roughly as it is” [139, 140, 141, 142]
with only a few new particles introduced. However, evolving the couplings beyond the
Planck scale leads to the Landau pole in the hypercharge sector. Therefore, the Abelian
hypercharge sector of SM is not UV-complete and suffers a divergence at some finite
scale, which is estimated to lie far beyond the Planck scale. In this regime, however,
quantum gravitational effects might alter the scale dependence of the gauge coupling

3The concept of the renormalization group in both perturbative and Wilsonian approaches will be
discussed in Sec. 2.1.

4For the running of the Yukawa parameters see, e.g., [133, 134].
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Figure 1.1: Running of couplings in the Standard Model.
To the left: The one-loop gauge couplings running, αi = g2i

4π
. The grey lines denote a

possible unification scale between two of the three couplings.
To the right: The λ self-coupling one-loop running depending on the value of the top
Yukawa coupling. The result presented here will be discussed for the two-loops running
and matching in Sec 4.2.2.

and induce a UV-completion of the gauge sector, which we shall discuss in Sec. 2.2 and
Sec. 4.3.
On the other hand around 1015 GeV the couplings have almost the same value, cf.
Fig. 1.1. Thus (iii) points out towards unification of forces into one gauge group,
resolving the Landau pole problem as long as the corresponding GUT is asymptotically
free in the gauge sector.

Neutrino masses On top of the discussed issues, the Standard Model does not
explain certain phenomena that have been observed. In its minimalistic version the
all the neutrinos are massless. On the other hand, the experiments with neutrino
oscillations revealed that neutrinos are massive. Yet, the gauge invariance forbids both
Dirac and Majorana mass terms. To tackle this question, various approaches have
been proposed. In the minimalistic approach, the right-handed Majorana neutrinos
are added to the model in the representation

FSM ⊕ (1,1, 0)︸ ︷︷ ︸
ν
(j)
R

. (1.48)

Their number is not constrained since they do not enter into the triangle diagrams
corresponding to the gauge anomalies. If they are heavy enough, then their masses can
trigger the see-saw mechanism explaining the smallness of left-handed neutrino masses,
see, and references therein [143, 144, 145, 146, 147].

Baryon asymmetry If the Universe is neutral concerning all of the possible charges,
then the observed dominance of matter over antimatter should be the result of some
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physical process triggered during the cosmical evolution. The sufficient conditions for
that to happen are encoded in the Sakharov conditions [148]:

(1) Baryon number violation

(2) C and CP violations

(3) Departure from thermal equilibrium
For a suitable choice of coupling, the Standard Model electroweak phase transition
could fulfill all of these conditions. However, neither the CP-violations [149, 150] in
the Standard Model is strong enough, nor the electroweak phase transition is of the first
order - out of equilibrium [151, 152, 153, 154, 155, 156, 157]. The EW phase transition
would be of first order for the Higgs mass smaller than ∼ 70 GeV [152, 153, 158, 159].

1.3.2. Beyond the Standard Model
To overcome the issues discussed in Sec 1.3.1 5 there has been a plethora of possible
extensions of the Standard Model proposed. They vary in their complexity, scales of
new physics, and new particles introduced. There are, in general, two types of models,
which rely on a different philosophy of building such an extension. The first type is the
theories where the SM structure is UV extended by another more extensive view. A
good example is a supersymmetry (SUSY) concept. The main idea is that each particle
has its super-partner. Due to the breaking of this symmetry, a super-partner of a given
particle is much heavier. The most popular is the Minimal Supersymmetric Standard
Model (MSSM) and its descendants. Yet in this thesis, due to lack of experimental
confirmation for low-energy SUSY in LHC, we focus on the non-SUSY extensions of
the SM 6.
Another good example of such a theory are Grand Unified Theories (GUT). They as-
sume that the initial symmetry of the theory is some single “big” gauge group such
that GGUT ⊃ GSM . On a certain large scale a spontaneous symmetry breaking scenario
occurs, which is supposed to reproduce the Standard Model in the low energies. GUTs
could provide an explanation for the seemingly coincidental near-equality of SM gauge
couplings at the high-energy scale MGUT ∼ 1015 GeV [163]; the fermionic representa-
tions are unified into one or two GUT representations [164]; in some GUTs, the unified
fermionic representation naturally accounts for heavy right-handed sterile neutrinos
[27] which could trigger a see-saw mechanism [27, 165] and thereby leptogenesis [27].
In particular, for the SU(5) unified theory the fermionic representations of the SM fits
into two SU(5) representations:

5 =

(
3,1,+

1

3

)
⊕
(
1,2,−1

2

)
,

10 = (5⊗ 5)A =

(
3,1,−2

3

)
⊕
(
3,2,+

1

6

)
⊕ (1,1,+1) . (1.49)

5See also the discussion of inflation and dark matter in Sec 1.4.
6This choice is also dictated by the fact that supersymmetric models (also the GUT models) are

usually embedded into superstring theory, where they have been studied extensively as the low-energy
limit, and none other approach relies on subplanckian supersymmetry so heavily as string theory does.
On the other hand, in the N = 8 supergravity, the supersymmetry can be broken at the Planck scale
such that the Standard Model is reconstructed if taking into account the E10 generator, see [160, 161].
Furthermore, asymptotically safe quantum gravity seems to prefer the non-supersymmetric matter
[22, 162].
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Let us now look into the hypercharge of the Standard Model representations. The most
generic hypercharge generator compatible with SU(3)c and the SU(5) embedding is
[27]:

Q = diag(a, a, a,−3a,−b), (1.50)
wherein order for the anomaly to vanish, we require Tr Q = 0, which uniquely specifies
the hypercharge assignments of the Standard Model as

Yec = −Ye =
3

2
Yu = −3

2
Yuc = −3Yd = 3Ydc = b, (1.51)

together with Yν = 3a + b = 0. The most profound prediction (a signature-mark) of
the Grand Unified Theories is the possibility of proton decay towards the π0 meson
and positron. In the low-energies this process originates from the d = 6 operators
suppresed by the unification scale MGUT

Od=6
1 ∝

1

M2
GUT

ēcūcqq, Od=6
2 ∝

1

M2
GUT

d̄cūcql (1.52)

mediated by the X bosons stemming from the gauge sector of the GUT (see also
discussion of the other possible channels here [27]). In particular, the second process
is depicted below

X

q

ec

q

uc . (1.53)

The inclusion of the operators (1.52) in the low-energy EFT results in the bound

1

τ(p→ π0e+)
∼ α2

GUT

m5
p

M4
GUT

, (1.54)

with αGUT being the coupling of the unified group and MGUT being the unification
scale. Plugging in α−1

GUT = 40, one gets

MGUT > 2.3× 1015GeV. (1.55)

Hence proton decay is the highest energy process we can measure in particle physics.
Experiment bounds on the proton unification and the lack of exact one-step Unifi-
cation, c.f. Fig 1.1 have ruled out the SU(5) [166] model. Hence more complicated
models have been considered, such as SO(10) model [167], see also [168, 164]. The
SO(10) model possesses a plethora of viable multistep breaking chains towards the
Standard Model. In particular, in Fig. 1.2 we depict the viable possibilities for the
SO(10) model 7. The unified gauge group gets broken towards the SM is via sponta-
neous symmetry breaking in a suitable scalar potential. To date, most GUT analyses
assume that all suitable breaking chains can be realized by some – possibly compli-
cated – scalar potential. Oftentimes, the latter remains to be explicitly specified. On
top of scalar representations, the breaking directions depend on the couplings of those

7Bear in mind that are also non-SM breakings, see Tab. 3.2.
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SO(10)

SU(3)c × SU(2)L × U(1)Y

SU(5)

SU(5) × U(1) 4c × 2L × 2R

4c × 2L × 1R

3c × 2L × 2R × 1B−L

3c × 2L × 1R × 1B−L

SU(3)c × U(1)em

54, 210

144

45, 210
16, 126

16, 126

45, 54, 210

16, 126

16, 126

45

45, 210

45, 210

10, 16, 120, 126, 144, 210

45, 210

Georgi-Glashow 
chains Pati-Salam chains

Figure 1.2: Breaking steps of the SO(10) [27]. For the Pati-Salam breakings we adopt
the notation SU(N)I = NI and U(1)I = 1I .

potentials. Hence, to be viable, GUTs have many free parameters 8. Furthermore,
unlike the Yukawa and gauge couplings, the couplings entering the GUT potential are
largely arbitrary and are not constrained by the current data.
In the lack of new experimental data, we also study the second type of model, minimal
extensions. They propose only a slight extension of SM, where Gmodel = GSM ⊕ . . .,
Fmodel = FSM ⊕ (1,1, 0). They not only solve problems of SM but can be, in prin-
ciple, valid up to the Planck scale with no new intermediate scales and give possible
candidates for dark matter. The νSM is such an extension, where only right chiral
neutrinos and one scalar singlet are added [141]. Another one is Conformal Standard
Model [169], relying on solving the hierarchy problem via conformal symmetry instead
of supersymmetry [170, 171, 172]. Some recent experimental hints support some of the
minimal models, see the recent results in the flavor sector, see, e.g., [173, 174, 175] and
possible discrepancy of the muon anomalous magnetic momenta [176, 177]. Yet those
are not conclusive and may go away 9.
We shall study both models: Grand Unified Theories and minimalistic models. Both
classes of models can solve the baryogenesis problems, have mechanisms giving correct
neutrino masses, and possess candidates for dark matter. In this thesis, we focus on
the other issues of SM, such as Higgs mass prediction, stability of the vacua, absence of
Landau poles, and the number of vector species. Considering quantum gravity, some

8In particular, the minimal viable SO(10) with 10H ⊕ 126H ⊕ 45H possess roughly 20 couplings
in the scalar potential only, which is more than the SM itself

9In the past, there has been particular interest in the LHC run-1 750 GeV excess, speculated to be
a second scalar particle, which then faded away.
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of the problems of the Standard Model and Beyond Standard Model physics can be
tackled. On the other hand, we will show that quantum gravity can constrain the
Beyond Standard Model scenarios that seem otherwise perfectly reasonable.
In string theory constraining matter models by quantum gravity is called the swamp-
land program [178, 179]. The program studies which effective (low-energy) field theories
can be combined with quantum gravity (understood as string theory) at high energies.
For an effective field theory to be a low-energy approximation of string theory, it must
meet all the conditions of not being in a swampland (so-called swampland conjectures),
see [178, 179]. Thanks to this approach, it turned out that the number of correct the-
ories (landscape) is much smaller than the total number of possible effective theories.
Moreover, it has been suggested that the so-called KKLT construction of the de-Sitter
vacuum [180], which is based on the idea of a multiverse, may contradict these condi-
tions [181]. This means that string theory does not have a de Sitter vacuum, which
has far-reaching consequences in [182] cosmology.

1.4. Λ-CDM and beyond

1.4.1. Λ-CDM model
The Copernicus Principle or Cosmological Principle, saying: The Universe is homoge-
neous and isotropic in large scales is fundamental for physical cosmology. Homogeneity
means that the Universe has the same matter distribution everywhere. Isotropy means
that the Universe looks the same in every direction. The observable Universe is of
order 3000 Mpc 10, while the data suggest that Universe is homogeneous and isotropic
for scales larges than 100 Mpc [183]. Certainly, over the smaller scales, the Universe
ceases to be so due to galaxies, clusters, and ultimately us, humans.
The evolution of the homogeneous and isotropic metric according to Friedman equa-
tions (1.14) implies that expansion is determined by the type of matter that is within
the universe. Let ρc denote the current energy density of all species, then by (1.14):

ρc =
3

8πG
H2

0 , (1.56)

where H0 ≈ 70km/s
Mpc

is the current value of the Hubble parameter 11. For species i
we define the fractional quantities: ρi, p denoting their relative fraction in the total
ρ, p etc. The critical density ρcr is defined as the density of a species i required to
obtain Hubble parameter H without any other contributions from other fractions. The
relative scale-dependent density is defined as:

Ωi(a) =
ρi

ρcr
(1.57)

and measure of relative curvature contribution as:

Ωk(a) = − k

a2H2(a)
. (1.58)

101 Mpc ' 3.26106 light-years ' 3.08× 1024 cm.
11For the discussion of different Hubble measurements and the so called H0 tension, see [184, 185,

186, 187, 188, 189].
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At present time (t0) one sets a(t0) = a0 = 1. Then∑
i

Ωi(a0) + Ωk(a0) = 1. (1.59)

Dark energy, dark matter The paradigm where the Universe evolution is described
by FLRW metric with Friedmann equations coupled to matter and dark energy is called
Λ-CDM cosmology, where Λ comes from dark-energy and CDM states for cold dark
matter. The respective critical densities of species are [190]:

(1) Dark-energy ΩDE = 0.69, such that ρDE stays almost constant during evolution.

(2) Non-relativistic matter: ΩM = 0.31, scaling as 1
a3(t)

.

(a) Dark matter: ΩDM = 0.26.

(b) Usual, baryonic matter ΩB = 0.049.

(3) Relativistic matter (Radiation)12 Ωrad = 9.1 · 10−5, scales as 1
a4(t)

.

The Standard Model particles make up about 5% of all matter and energy in the cos-
mos. Hence the lack of dark matter candidates within the SM is one of the principal
reasons to extend the model. Within this thesis, we adopt the BSM scenarios pos-
sessing dark matter candidates. In particular, one can constrain various dark matter
models from both quantum gravity perspective as well as from the dark matter one,
see for example [191].
The value of dark energy density is ρDE = (2 · 10−3eV)4, which is completely different
from any physical scale we observe in the physical models’ 13. The most economical
description is to identify dark energy with the cosmological term from the EH action
(1.7), then ρΛ = ρDE, such that ρΛ = −pΛ and at the late time expansion the Universe
resembles de-Sitter space.
It may appear that the cosmological constant should play a principal role in quantum
gravity research. Most of the approaches can accommodate the cosmological constant
experimental value, but this value is not a specific prediction. This is the case for
loop quantum gravity [193], asymptotic safety [194, 195] and causal dynamical trian-
gulations [196, 197, 198, 199, 200]. The Causal Sets predicts cosmological constant
very close to the experimental value [201]. Within string theory the prevailing opinion
is that de-Sitter vacua can be at least meta-stable [181] and cosmological constant
should be replaced with quintessence [182], yet see the KKLT construction [180] and
the constructions within the O(d, d) formalism [68, 101, 102, 103, 104]. On the other
hand, anti-de-Sitter vacua with Λ < 0 are quite common within the strings compacti-
fications, and famous Maldacena gauge/gravity duality is formulated on the AdS5×S5

compactification of IIB string theory [18].

12Counting neutrinos as massless.
13There is a usually raised EFT argument that cosmological constant should be proportional to

the cutoff Λ ∝ M4
P, due to zero-point energy calculations. However, as recently showed [192] the

cosmological constant is NOT the subject to the zero-point energy contribution, making the issue of
quantum corrections less severe.
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The flatness problem Observationally the Universe is almost flat [190]:

|k|
a20

< 0.007H2
0 . (1.60)

The spatial curvature just after the Planck era is subject to a condition:

Ωk(a) = 1−
∑
i

Ωi(a) < 10−56 (1.61)

The question arises: can such a small value be dynamically achieved? It turns out it
is quite the opposite [183, 202]. Assume we have Universe dominated by some matter
with the equation of state ρ = wp, then by (1.14) we get

∂Ωk

∂ log a
= Ωk(1 + 3w). (1.62)

The Ωk = 0 is the repelling fixed point of the evolution as long as w > −1/3 and the
fractional curvature density grows with time.

Homogeneity problem Another fine-tuning of the Early Universe is related to ho-
mogeneity and anisotropy. As we have mentioned, currently our Universe is homoge-
nous on large scales where the domain scale is comparable to the present horizon scale,
l0 = ct0 ∼ 1026 m according to [183]. Yet, the sizes of domains change with time ac-
cording to the scale factor, ai/a0. Then from the Planck time ti ∼ 10−43, the Universe
has growth roughly: li ∼ l0

ai
a0

. It is natural to compare it to a size of a causal region
lc ∼ cti: li

lc
∼ t0

ti

ai
a0
. Using the relation a = 1/T and

ai/a0 ∼ T0/TPL ∼ 10−32. (1.63)

Then a rough estimate of causally disconnected patches at the Planck time is:(
li
lc

)3

∼
(
ȧi
ȧ0

)
∼ (1028)3 (1.64)

with energy variation of order δρ
ρ
∼ 10−4. It is an extreme fine tuned value. Moreover,

approximating: a/t ∼ ȧ one gets:
li
lc

∼ ȧi
ȧ0
, (1.65)

such that homogeneity scale in Λ-CDM has always been larger than the causality scale.
The fact that the Universe remains homogenous despite being causally disconnected is
called the horizon or homogeinity problem.
Yet, on top of that, the small inhomogeneities have to be generated in order to create
stars, galaxies, etc. A possible resolution lies in dropping the strong energy condition
and assuming a quasi de-Sitter stage ρ ≈ −p at the Early Universe when the accelerated
expansion occurred.

1.4.2. Inflation
In this section, we inspect how the inflation theory explains fine-tuning problems men-
tioned in the previous section. Roughly speaking, inflation is a stage of accelerated
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expansion of the Universe at its beginning, when gravity was repulsive. For the k = 0
case the Friedmann equation (1.14) is:

ä = −4π

3
G(ρ+ 3p)a. (1.66)

The ä > 0 occurs if and only if (ρ + 3p) < 0, i.e. when the strong energy condition is
violated. In inflationary cosmology, starting with small causally connected spacetime
that grows rapidly results in causally disconnected very homogeneous Universe we
observe today. The pure de-Sitter solution “cannot do the trick” since the Universe
will be accelerating forever. So in the inflationary cosmology model there has to be a
moment when acceleration solution turns into decelerated Friedmann solution. That
moment is called the graceful exit. A scalar field called the inflaton is the natural
candidate for a source term in FLRW equations providing the desired graceful exit.
The action characterizes the classical homogenous scalar field:

S =

∫
Ω

d4x
√
−g
(
1

2
ϕ̇2 − V (ϕ)

)
, (1.67)

Satisfying the Klein-Gordon equation in FLRW background:

ϕ̈+ 3Hϕ̇+ V,ϕ = 0. (1.68)

together with Friedmann equation as a constraint:

H2 =
8πM2

P

3

(
1

2
ϕ̇2 + V (ϕ)

)
, (1.69)

The energy density is given by:

ρ =
1

2
ϕ̇2 + V (ϕ), p =

1

2
ϕ̇2 − V (ϕ). (1.70)

The equation of state is:

w =
p

ρ
=

1
2
ϕ̇2 − V (φ)

1
2
ϕ̇2 + V (ϕ)

, (1.71)

for ϕ̇2 � V (ϕ), the ρ ≈ −p is satisfied such that strong energy condition gets violated
when the barotropic parameter w ≈ −1 < −1/3, resulting in accelerated expansion.
Then two conditions on the inflationary evolution can be put forward. They both
translate into the conditions on the potential and when either gets violated the infla-
tionary evolution stops. Because the second time derivative term in KG equation is
suppressed by the Hubble term those are called the slow-roll conditions.

Slow roll condition 1: Violation of strong energy condition ϕ̇2 � V (φ), which can
be controlled by

ε = − Ḣ

H2
' 1

2

(
V,ϕ
V

)2

, (1.72)

as long as ε ≈ 0 the condition is satisfied.
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Slow roll condition 2: Staying on attractor trajectory ϕ̈� 3Hϕ̇. From this condi-
tion we get:

3Hϕ̇+ V,ϕ ' 0. (1.73)
The second slow-roll parameter is

η =
ϕ̈

Hϕ̇
� 1, (1.74)

These conditions can be replaced as a condition for the potential:

ε ' 1

2

(
V,ϕ
V

)2

, η '
∣∣∣∣V,ϕϕV

∣∣∣∣ . (1.75)

The inflation ends when approximately: ε ' 1.

How long does Inflation last? The measure for the time of accelerated expansion
is a number of e-folds, where one e-fold is the era when the Universe grows by e. In a
slow-roll regime the number of e-folds (duration of inflation) is by its definition:

N =

∫ tend

ti

Hdt =

∫ ϕend

ϕi

H

ϕ̇
dϕ '

∫ ϕi

ϕend

V (ϕ)

V,ϕ(ϕ)
dϕ, (1.76)

where in the last equality the slow-roll conditions were used. Then the equation for
the scale factor can be solved in the integral form:

a(ϕ) ' ai exp

(
8π

∫ ϕi

ϕ

V

V,ϕ
dϕ

)
. (1.77)

For example the power-law potential V = (1/n)λϕn, which satisfies both conditions at
|ϕ| � 1, the scale factor is given by:

a(ϕ(t)) = ai exp

(
4π

n

(
ϕ2
i − ϕ2(t)

))
. (1.78)

Quantum Fluctuations The Planck CMB data clearly shows that Universe is al-
most homogeneous with δT/T ∼ 10−5. Inflationary cosmology allows to predict their
origin and calculate their spectrum, while in the Λ-CDM model, they are postulated
as initial conditions. According to inflation, primordial perturbations originated from
quantum fluctuations. These fluctuations started to arise on scales close to Planck-
ian length. Inflation causes them to stretch to massive (galactic) scales with almost
unchanged amplitudes. Since the number of inhomogeneities is enormous, they are
treated as random fields. In particular, one assumes that the Fourier components have
random Gaussian 14 distribution with variance:

σ2
k ≡ |Φk|2, (1.79)

given by the amplitude of a two point function:

〈fkf ′
k〉 = σ2

kδ(k + k′). (1.80)
14One has to stress that gaussianity of inhomogeneities is an assumption coming from the mea-

surements [203, 204]. The higher point functions can also be of interest, and they originate pre-
dominantly in multi-inflaton models. The Planck collaboration results puts an upper bound on the
non-Gaussianities [203, 204].
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The calculation is standard and relies on quantizing quadratic perturbations of a scalar
field(s) and metrics around the classical inflationary background. We shall just sketch
the relevant results. For the full derivation of this two-point function, we refer the
reader towards [205] and [183, 206] and references therein. One defines the power
spectrum as:

P(k) =
|Φk|2k3

2π2
, (1.81)

and introduce the spectral index:

n− 1 =
d lnP
d ln k

. (1.82)

The flat spectrum gives ns = 1. For the scalar perturbations one gets

Ps(k) = As

(
k

k∗

)ns−1

, (1.83)

which agrees with the profile measured by Planck, where k∗ = 0.05 Mpc−1 is the
reference scale. Both As = 9 × 10−9 and ns ≈ 0.96 have been measured. In principle,
it is possible to recover further informations about the shape of the potential from the
CMB, for details see [207]. Amplitude of the scalar power spectrum fixes the value of
the potential at k∗, via the relation:

V (φ∗) = 24π2M4
P ε(φ∗)As. (1.84)

During inflation the quantum fluctuations of metric are also present. Yet those, have
not been measured yet. The upper bound on the relative amplitude is given by

r =
At
As

< 0.07, (1.85)

where At is the amplitude of the tensorial modes. Both r and ns can be related to the
slow roll parameters

ns − 1 ≈ (−6ε∗ + 2η∗) , r ≈ 16ε∗ (1.86)
These primordial gravitational waves, if detected that would be a detection of quantum
gravity itself! This is making inflationary dynamics so exciting from the Quantum
Gravity perspective.

Eternal inflation The quantum fluctuations leads to another effect: the random
walk of a field and a diffusion process on top of the classical motion [208, 209], which can
result in inflation being eternal. Indeed, the quantum fluctuations of the inflaton field
produce changes in the rate on top of classical, slow roll background. Then, the regions
with a higher value of inflaton expand exponentially and dominate the universe, despite
the natural tendency of inflation to end classically in the minimum of the potential.
This makes inflation to continue forever, see also the further discussions on the subject
of eternal inflation [209, 210, 211, 212, 213, 214, 215, 216, 101, 102, 217, 218].

Recently widely discussed is so-called de-Sitter conjecture [181, 182], which states
that string theory cannot have de-Sitter vacua. In line of this swampland criteria
the no eternal inflation principle 15 has been put forward [30]. Namely, the de-Sitter
conjecture states that any scalar potential has to satisfy:

MP
|V ′|
V

> c ∼ O(1), (1.87)

15See further discussions about possible tensions between inflation and string theory in [219, 220].
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φ

V
q2

q1

Figure 1.3: The schematic picture of the quantum jumps responsible for eternal infla-
tion.

while the eternal inflation condition is given by:

V ′

V 3/2
<

√
2

2πM3
P

. (1.88)

Hence c being large enough, there is a tension between those two. In Part III we
investigate whether this (no) eternal inflation principle carries over to other approaches,
in particular asymptotic safety.
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Chapter 2

Renormalization group techniques
and the asymptotic safety program

Where we sharpen our tools by reviewing and discussing the notion of the renormal-
ization group that is central to this thesis. We discuss how the renormalization group
stems from the S-matrix in the perturbative quantum field theory. Then we turn to
the complementary Wilsonian approach of integrating out the high momenta modes in
the path integral. We illustrate it on the 1/r2 potential model in quantum mechan-
ics. We briefly review the functional renormalization group techniques in the context
of asymptotic safety in quantum gravity. We discuss when the renormalization scale
can be identified with the energy scale of the process. We propose criteria for run-
ning in terms of amplitudes. We show that string theory satisfies those criteria. We
point out that, studying the physical momentum dependence processes stemming from
asymptotically safe theories is crucial.

2.1. The renormalization group

2.1.1. Perturbative renormalization
Quantum Field Theory (QFT) is a successful theoretical framework unifying special rel-
ativity and quantum mechanics principles. To discuss QFT, we follow closely [221, 222].
QFT in its mature form originated from the description of the scattering experiments,
where initially non-interacting particles collide and interact. Results of such collisions
are then measured far away from the scattering instance. These predictions of the
measurements are encoded in S-matrix, an array of amplitudes between the free β0
and α0 states (forming two complete bases of Hilbert space):

Sβα = 〈β0|S0|α0〉, (2.1)

where the α0 represents a free prepared state of particles, and the β0 represents free
state measured on the detector. The probability for the process α0 → β0 to occur is
then simply |Sαβ|2, where the rate of interaction is |Sβα − δ(α − β)|2. To ensure the
quantum mechanics and special relativity principles, the S matrix has to satisfy certain
properties [221, 222]: unitarity, Lorentz invariance (and gauge invariance) and cluster
decomposition principle 1. In the Heisenberg picture, the quantum evolution of any

1Distant experiments have to give uncorrelated results.
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state is associated with the Hamiltonian operator H:

|Ψ(t)〉 = e−iHt|Ψ(0)〉 =: U(t, 0)|Ψ(0)〉. (2.2)

To ensure cluster decomposition, Hamiltonian can be of the form H =
∫
d3xH, where

H is built from local operators 2. The Hamiltonian can be split into H = H0 +Hint,
where the energy spectrum of H0 is known exactly H0|ψα〉 = Eα|ψα〉. Assume that 3

(i) Spectrum of H0 is particle-like.

(ii) Spectra of H and H0 coincide (masses of particles are the same).

The evolution operator is

U(t2, t1) = eiH0t2e−iH(t2−t1)e−iH0t1 . (2.3)

The transition operator S0 can be defined as

S0 = lim
t1→−∞

lim
t2→+∞

U(t2, t1). (2.4)

Differentiating U(t2, t1) and using [H0, S0] = 0 we get that:

S0 = T exp

(
−i
∫ +∞

−∞
d4xHint(t)

)
. (2.5)

This representation of S0 is often used as the basis for a perturbative expansion. By
virtue of the LSZ reduction [223], the processes described by S-matrix can be recon-
structed from the vacuum Greens functions - the matrix elements of chronologically
ordered fields

Gn
l1,...,ln

(x1, . . . , xn) = 〈Ω|T [φ(x1) . . . φ(xn)]|Ω〉. (2.6)
Their Fourier transformed counterparts are Gn

c (q1, . . . , qn) and their inverse are called
the n-point functions and are given by Γ(n)(q1, . . . , qn) = (Gn

c (q1, . . . , qn))
−1. Within the

perturbative expansion the Greens functions are represented graphically by Feynman
diagrams. To calculate the amplitude of a process one has to find all the possible
Feynman diagrams and calculate their respective contributions from Feynman rules of
constructing diagrams. Let us now discuss the loop diagrams on the example of the
scalar field theory with Hamiltonian density

H =
1

2
∂µφB∂

µφB +
1

2
m2
Bφ

2
B +

λB
4!
φ4
B. (2.7)

Naively H0 =
1
2
∂µφB∂

µφB+
1
2
m2
Bφ

2
B and Hint =

λB
4!
φ4
B. Then the interactions introduce

corrections to the two point Greens function (propagator)

G(p, p) := G(p) =
i

p2 −m2

(
1 + Σ(p2) + . . .

)
= + + . . . ,

Σ(p2) =
λ

2

∫
d4k

(2π)4
i

k2 −m2 + i0
. (2.8)

2This is the main reason why we can perform quantization of the classical theory described by
lagrangian density and hope for a sensible QFT [221, 222].

3For the Green’s function approach to the QFT, where these assumptions are alleviated, see [222].
Still, to recover the finite S matrix, the self-interactions have to be subtracted for the asymptotic
states.
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In particular, this correction is infinite! Within our current split into H0 and Hint,
the asymptotic states receives corrections from the virtual particles circulating in the
loops, such as 2.8 and hence condition (ii) is violated. Therefore, we should split the
H in such a way that the asymptotic states are free states and are not affected by the
virtual particles to ensure condition (ii) and tie couplings to the observed quantities.
At every loop order, we reformulate the H0 and Hint in terms of measurable quanti-
ties, then the infinite corrections stemming from “wrong” splitting are not there. This
procedure is called renormalization and results in a finite S-matrix.
It is often more convenient to split the renormalization procedure into three parts. In
the first step, often called regularization, one extracts the parts of the diagrams that
diverge when removing the regularization. This can be done by introducing a momen-
tum cutoff in the loop integrals, or by Dimensional Regularization (DIMREG), where
the theory is formulated in d dimensions and the loop integrals have poles in d = 4.
DIMREG is much more convenient when dealing with gauge theories since then the
gauge symmetry is preserved in every step of the calculation 4.
Then in the second step, often imprecisely called renormalization, one defines new,
renormalized couplings gR and fields φB = Z1/2φR, where Z is called wave-function
renormalization in such a way that all of the elements of S-matrix are finite. The
renormalized couplings are often split as gR = gB − δg, where the bare parts gB are
independent of regularization, and all the regularization dependence goes into the coun-
terterms. The choice of counterterms is called the renormalization scheme. For exam-
ple, in the on-shell scheme, the counterterms are such that the renormalized couplings
are equal to the measurable quantities. On the other hand, in the minimal subtraction
(MS) scheme 5 one introduces counterterms that subtract only the divergent poles in
the DIMREG procedure.
In principle, one should write all the possible counterterms respecting the symmetries
of the theory. However, if a classical Lagrangian has only couplings of non-negative
mass dimension, then by power counting arguments, one can show that only the n-
point interactions with n ≤ 4 can be divergent. In that case, the counterterms will
have the same structure as the original terms of bare lagrangian. In particular, for φ4

theory one introduces δλ, δm2 counterterms and wavefunction renormalization Z.
The calculations can be done with the Feynman rules derived from (2.7) supplemented
by counterterm rules, such that their summed contributions give finite physical quan-
tities, even though they are separately divergent. In particular, the regularisation
introduces the renormalization scale µ 6.
In the last step, called matching, one connects the resulting theory with observables
such that its experimental predictions are independent of the renormalization scheme,
regularisation procedure, and scale µ. This independence is automatic for the on-shell
scheme, and scale dependence drops out from cross-sections or decay rates, while for
other schemes, matching has to be done loop-by-loop. Typically at n loop order, one
does matching at n− 1 loops.

4For studies of Yang-Mills theories with cutoff regularization, see [224].
5In the MS scheme, one subtracts only the divergent contributions in the d → 4 limit, while in the

MS one additionally subtracts the contributions that are d independent.
6In the cutoff regularisation, the cutoff scale is usually denoted as Λ, while the renormalization

scale in DIMREG is denoted as µ. Here we adapt the Functional renormalization group convention
and denote k as the renormalization scale in the Wilsonian approach, and µ is the renormalization
scale/cutoff in the perturbative method. The Λ denotes cutoff in the Wilsonian approach.
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2.1.2. Renormalisation group
For the schemes other than the on-shell one, such as MS, in order to compensate for the
possible changes of the renormalization scale µ one has to assume that the renormalized
parameters of the theory depend implicitly on µ. When changing µ one has also to
change the numerical values of renormalized coupling that the measurable quantities
do not change. We say that couplings “run” with scale µ. The notion of the “running”
couplings can be formalized by the Callan-Symanzik equation [225, 226]. In particular,
the bare n-point functions are µ independent

∂

∂µ
ΓB(p1, . . . , pn) = 0. (2.9)

Since
∂

∂µ
ΓB(p1, . . . , pn) =

∂

∂µ

(
Z−n/2Γ

(n)
R (p1, . . . , pn, {gi}µ)

)
= 0, (2.10)

we get the Callan-Symanzik equation for Γ(n)
R , where {gi} are the couplings. In partic-

ular, for the φ4 theory the resulting Callan-Symanzik equation is(
µ
∂

∂µ
+ βλ

∂

∂λ
+ γm

∂

∂m
+ nγ

) ∣∣∣∣
λB ,mB

Γ
(n)
R (p1, . . . , pn,mR, λR, µ) = 0, (2.11)

where

βλ = µ
∂λR
∂µ

, γm = µ
∂mR

∂µ
, γ = µ

∂ logZ1/2

∂µ
. (2.12)

The change (“running”) of renormalized couplings with scale µ can be read off from
the renormalization group equations (RGE) 7:

µ
∂gR
∂µ

= βg, γ = 0, (2.13)

where the beta functions can be extracted from amplitudes or calculated within the
background field method 8. Let us take an example of φ4 theory, which beta function
reads

βλ =
3

16π2
λ2 +O(λ3), (2.14)

and (2.13) can be then solved exactly

λ(µ) =
λ(µ0)

1− λ(µ0)
3

16π2 log
(
µ
µ0

) . (2.15)

The Eq. (2.15) can be expanded around the arbitrary reference scale µ0

λ(µ) = λ(µ0) + λ(µ0)
2 3

16π2
log

µ

µ0

+ λ(µ0)
3

(
3

16π2

)2(
log

µ

µ0

)2

+ . . . , (2.16)

7The term renormalization group comes from the fact that transitions between various renormal-
ization scales are satisfying the axioms of a group.

8For simplicity from now on we drop the subscript R, keeping in mind that the renormalised
coupling are discussed below.
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where the first term is the tree-level scale-independent vertex, the remaining terms,
stem from the momentum loop integrals. In particular, n loop diagram involves n+ 1
vertices, giving factor λn+1(µ0) log

n(µ/µ0). Then, the notion of running couplings ef-
fectively resums a sub-class of the diagrams to all orders. This resummation improves
the perturbative expansion significantly for the scales departing from the scale µ0. In-
deed, without the RG resumation at the 1-loop level the effective coupling is no longer
λ but λ log(µ/µ0). Hence, even if λ is small at the scale µ0, the λ log(µ/µ0) might
become big constituing the so called large logarithm problem [26], that is alleviated by
the renormalization group. The resummation of geometric series provide us then with
a better expansion parameter λ instead of λ log(µ/µ0). In particular, the equation 2.15
implies that λ(µ) becomes infinite at some finite scale exemplifying the break-down of
perturbative expansion, the so called Landau pole.

Fixed points In general, the solutions of (2.13) are not analytical, and the qualita-
tive study of the solutions is performed. Given coupling g and its beta function βg the
fixed points (FP) are the values g(i)∗ , i ∈ {1, . . . , n} at which the β(g(i)∗ ) = 0, depending
on the fixed point properties various scenarios are possible. The coupling diverges in
the UV and towards IR if there is no FP. In particular, if the fixed points are complex,
the running exhibits the limit cycle. We investigate such an example in Sec. 2.1.3. For
the real fixed points, there are various possibilities. At the FP g

(i)
∗ we define

θ(i) = − dβ

dg

∣∣∣∣
g=g

(i)
∗

, (2.17)

such that for θ(i) < 0 (θ(i) > 0) the fixed point g(i)∗ is is IR (UV) attractive. Thus
trajectories in the vicinity of the fixed point would lead to the IR (UV) fixed point 9.
If g(i)∗ ≡ 0 we call such a point a Gaussian fixed point (GFP). Theories with the GFP
in the UV are called asymptotically free (AF). Most famously, the Yang-Mills theories
with SU(Nc) gauge group coupled to NF Dirac fermions and Ns real scalars can be
asymptotically free due to the existence of attractive GFP. Their beta function at one
loop reads [227]:

β(g) =
g3

16π2

(
−11

6
Nc +

4

3
NF +

1

6
NS

)
. (2.18)

In particular, for NS = 0 as long as Nc >
4
11
NF the AF is achieved. This is the case of

the QCD sector of the Standard Model [111, 112].
On the other hand, when g∗ 6= 0 we call such fixed point non-Gaussian/interacting
and theories where the UV non-Gaussian FP is realized are called asymptotically safe
(AS).
Let us now discuss the physical implications for various behaviors. First, the theory to
be UV fundamental, i.e., having predictions at all scales, must possess a UV fixed point.
This requirement narrows down the set of IR values of the couplings. In particular, if
the equation for running of the coupling g possesses a UV repulsive fixed points at UV
scale, then there is only one low energy initial condition g(µ0) stemming from that FP.
In particular, when a theory to be UV fundamental requires g(µ) = 0 for all scales,

9Discussion below can be naturally extended to the multiple couplings case, In particular, critical
exponents are defined as minus eigenvalues of the stability matrix.
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then such theory is non-interacting at all scales, i.e., trivial. This is the case of φ4

theory, where to avoid the Landau pole, one requires λ(µ) = 0 at all scales. On top
of φ4 theory, this is the case of the matter charged under Abelian gauge group [228],
where Abelian gauge coupling gY scale dependence is given by

βgY = #1 g
3
Y +O(g5Y ) (2.19)

where #1 is the positive one-loop coefficient of the perturbative expansion [228], re-
sulting in a Landau pole behavior.
The argument above relies on the perturbative studies of the scale dependence of gY .
Yet, the non-perturbative studies using lattice [229] or functional methods [230] sug-
gest that the divergence of the gauge coupling persists beyond perturbation theory. It
seems that the existence of the Landau pole carries over to the Abelian gauge sector
of the Standard Model [135]. There, it results in the so-called triviality problem, since
the Abelian hypercharge is measured to be non-zero. We discuss a possible solution
within the asymptotic safety framework in Sec. 4.3.

2.1.3. Wilsonian renormalization
The Wilsonian renormalization conceptually differs from the perturbative approach
discussed above. In the momentum space, the general set-up is the following 10. One
introduces a cutoff Λ and “effective” theory at scale k � Λ, such that all the fluc-
tuations with momenta bigger than k are integrated out. Unlike the perturbative
renormalization, the Wilsonian procedure does not express the theory’s parameters
in terms of observables. Instead, the counterterms are found by demanding that the
theory at k cannot depend on Λ. At the same time, processes in the effective theory
occurring at energies much smaller than k cannot depend on k because the cutoff k is
merely a mathematical boundary between the implicit degrees of freedom above and
explicit degrees of freedom below k. Namely, in the complete theory that ranges up to
Λ, the arbitrary splitting of degrees of freedom into above and below k must be of no
physical consequence.
To illustrate this view-point, let us study example of 1/r2 potential [11] in 3 dimensions.
Eigenvalue problem for Hamiltonian

H =
~p 2

2m
− g

~r 2
, (2.20)

provides a well-know example of a singular Schrödinger equation that requires regu-
larization and produces a limit cycle [232, 233, 234, 235, 236, 237, 238, 239]. On the
other hand, the Hamiltonian of Eq. (2.20) is of broad interest phenomenologically e.g.
describing a charge interacting with a point dipole. From the theoretical side, the
potential is providing an example of scaling-symmetry breaking through dimensional
transmutation [240], associated with renormalization. Renormalization of 1/r2 is de-
scribed in the position representation by several authors [236, 233, 234, 236, 241] as
well as in the momentum representation using the ultraviolet cutoff µ on the particle
momentum. Yet, those procedures are justified a posteriori. Namely, one hypothesizes
a corrected Hamiltonian and derives solutions of the Schrödinger equation to verify the

10In the position space, one averages out over patches of space, in particular for the Ising model,
one average over squares and derives the block spin RG, see [231]. Discussion of it is beyond the scope
of this work.
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hypothesis.
On the other hand, we use here a well-defined procedure, introduced in Refs. [242, 243,
244, 245]. The renormalization procedure starts with regulating it in a scheme called
the “triangle of renormalization” [246]. Introducing the cutoff Λ we regularize theory
and introduce HΛ, from which we evaluate the effective Hamiltonians Hk with cutoffs
k � Λ. We demand that matrix elements of Hk with finite k in the subspace of states
limited by k do not depend on Λ, such that the limit Λ → ∞ is well defined. This
condition allows us to determine the structure of counterterms needed in HΛ, which is
done in a sequence of successive approximations that improves the counterterms put
in HΛ until all matrix elements in Hk in the subspace of states limited by k become
independent of Λ. As a result, we obtain a family of Hamiltonians Hk whose predic-
tions for all eigenvalues much smaller than k are by construction independent of k. In
momentum representation the Eq. (2.20) reads as

p2

2m
φ(~p)− g

4π

∫
d3q

φ(~q)

|~p− ~q|
= Eφ(~p). (2.21)

We use the spherical harmonics decomposition and introduce the wave-functions with-
definite angular momentum, φ(~p) = ψl(p)Ylm(Ωp). The problem then reduces to

p2ψl(p) +

∫ ∞

0

dq q2 Vl(p, q) ψl(q) = Eψl(p), (2.22)

where E = 2mE and Vl(p, q) given by

Vl(p, q) = − α

2l + 1

[
θ(p− q) q l

p l+1
+
θ(q − p) p l

q l+1

]
. (2.23)

The α = 2mg is the dimensionless coupling constant and θ is the Heaviside step
function. We regulate the (2.22) by posing a bound on momenta p, q ≤ Λ. We now
eliminate the high momentum modes proceeds in infinitesimal steps: to Λ− dΛ,

p2ψl(p) +

∫ Λ−dΛ

0

dq q2 Vl(p, q) ψl(q)−
α

2l + 1

p l

Λl−1
ψl(Λ)dΛ = E ψl(p) . (2.24)

The ψl(Λ) is expressed in terms of values of ψl(p) with p < Λ− dΛ by setting p = Λ in
Eq. (2.24). For eigenvalues E � Λ2 and neglecting O(dΛ2) terms

ψl(Λ) =
α

(2l + 1)Λ2

∫ Λ−dΛ

0

dq q2
q l

Λl+1
ψl(q) . (2.25)

For Λ− dΛ being the new-cutoff k, we have

p2 ψl(p) +

∫ k

0

dq q2
[
Vl(p, q) + γkq

lp l
]
ψl(q) = E ψl(p) , γk = − α2dΛ

(2l + 1)2Λ2l+2
.

(2.26)

Further reduction of the cutoff k to k − dk results in

p2 ψl(p) +

∫ k−dk

0

dq q2
[
Vl(p, q) + γk−dkq

lp l
]
ψl(q) = E ψl(p) , (2.27)
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Figure 2.1: Limit cycle for 1/r2 potential.
Left: The evolution for α = 2. The blue line represents f(k0) = −8, l = 0 and runs
according to the limit cycle behaviour. The red, dashed line represents f(k0) = −8,
l = 1 and converges to the attractive fixed point f∗. The purple dot-dashed line denotes
the Landau pole behaviour for f(k0) = −0 and l = 1.
Right: the running for α = αlc and l = 2. There are two fixed points present f− =
−4.05 and f+ = −0.05 The fixed point f− is attractive such that both trajectories
starting at f0 = −1/20− 10−6 and f0 = −8 evolve towards f−. On the other hand the
f+ is repulsive. This is illustrated by the Landau pole behaviour for the purple line
f0 = −1/20 + 10−6.

where

γk−dk = γk −
[
γkk

l − α

(2l + 1)kl+1

]2
dk . (2.28)

Now no new terms appear and the coupling constant γk → γk−dk. Hence the infinites-
imal scale transformation of γk → γk−dk obeys the Ricatti equation

dγ

dk
=

[
γkl − α

(2l + 1)kl+1

]2
. (2.29)

For l = 0 our results reproduce those found in [237]. There is also second equation on
scale dependence of α:

dα

dk
= 0, (2.30)

hence α is not-scale dependent. In order to solve Eq. (2.29) we make an ansatz γk =
f(k)/k2l+1 and obtain the β-function for f(k)

k
∂f

∂k
= β(f) = (f − A)2 +B2, A =

2α− (2l + 1)2

2(2l + 1)
, B =

√
α− (2l + 1)2

4
.

(2.31)

For B 6= 0, the solution for the dimensionless coupling is

f(k) =

[
B tan

(
ϕ+B ln

k

k0

)
+ A

]
, ϕ = arctan

(
f0 − A

B

)
. (2.32)
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Figure 2.2: Dependence on l. Plot done for α = α1c = (1 + 1/2)2. Increasing l the
situation changes the qualitative behaviour of the system. For l = 0 the fixed points
are complex and the limit cycle occurs, for l = 1 there is one fixed point, for l = 2
the two fixed points emerges. The fixed points are the same as in the right panel of
Fig. 2.1, f− is attracting and the f+ is repulsive.

At scale k0 the value f0 = f(k0) can be matched to the physical energy value of a partial
wave. When B is real, which occurs when the coupling constant α > α lc = (l + 1/2)2,
the theory posses a limit cycle for l′ ≤ l, in particular see left panel in the Fig. 2.1.
Then, the H∞ does not exists, due to oscillations of f with k there is no UV FP. On
the other hand, when B is purely imaginary, i.e. α < α lc, the constant f tends to
f∗, for k → ∞ resulting in asymptotic safety. For l = 0, the well-known critical-value
condition is recovered at α0c = 1/4. For α = αlc one gets

f − Ac =
f0 − Ac

1− (f0 − Ac) ln
k
k0

, (2.33)

with Ac = −(2l+1)/4 and the asymptotically safe fixed point at f = Ac is the edge of
the basin of attraction. Thus, asymptotic safety is reached for f0 < Ac and the theory
hits the Landau pole for f0 > Ac. Finally, B → 0 results in period growing to infinity,
hence our result demonstrates connection between renormalization group limit cycle,
asymptotic safety and asymptotic freedom [247]. Finally let us note that as long as
E � k our results are exact and catches all possible terms that are generated along
the renormalization group flow. This won’t be possible for more general theories, in
particular for QFTs.

Wilsonian procedure and the path integral So far we have discussed the Wilso-
nian procedure for Hamiltonians. Now we turn our attention to the path integral
approach [248] and Lagrangians. Consider a general action

S[φ] =

∫
d4x

[
1

2
∂µφ∂µφ+

∑
i

ḡi,0Oi(x)

]
, (2.34)



44
CHAPTER 2. RENORMALIZATION GROUP TECHNIQUES AND THE

ASYMPTOTIC SAFETY PROGRAM

where Oi(x) are some local operators of dimension di > 0 and ḡi,0 are the corresponding
couplings. Then the Wick rotated path integral for the action (2.34) is

Z[J ] =

∫
φ∈C∞(M)

Dφe−S[φ]+
∫
d4xJ [φ]·φ, (2.35)

where J [φ] is some external source. The path integral (2.35) can be used to calculate
the Green’s functions (2.6)

〈ΩJ |T [φ(x1) . . . φ(xn)]|ΩJ〉
〈ΩJ |ΩJ〉

=

∫
Dφ(x1) . . . φ(xn)e−S[φ]+

∫
d4xJ [φ]·φ

Z[J ]
, (2.36)

similarly to the previous case this expression also have to be renormalized. From now
on, in this paragraph we shall assume J ≡ 0. We start by regularizing 2.34

SΛ[φ] =

∫
d4x

[
1

2
∂µφ∂µφ+

∑
i

Λ4−digi0Oi(x)

]
, (2.37)

where we define the dimensionless couplings as ḡi,0 = Λd−digi0. We call 2.37 the micro-
scopic action and define regularized partition function as

ZΛ(gi0) =

∫
φ∈C∞(M)≤Λ

Dφe−SΛ[φ], (2.38)

the integration is taken over those φ that within the Fourier decomposition p ≤ Λ.
Similarly as before we introduce the renormalization scale k and split field φ(x) =
ϕ(x) + χ(x) such that χ(x) ∈ C∞(M)[k,Λ) and ϕ ∈ C∞(M)≤k. The measure splits
as Dφ = DϕDχ. Performing the integral over the χ results in a Wilsonian effective
action (playing the same role as the effective Hamiltonians) at scale k, resulting in the
following equation

Seff
k [φ] = − log

[∫
C∞(M)[k,Λ)

Dχ exp(−SΛ[ϕ+ χ])

]
, (2.39)

for the low-energy modes. Similarly as before the process can be iterative and we can
obtain new Wilsonian effective action at even lower scale k′

Seff
k′ [φ] = − log

[∫
C∞(M)[k′,k)

Dχ exp(−Seff
k [ϕ+ χ])

]
. (2.40)

Note that
Zk(gi(k)) =

∫
C∞(M)≤k

Dφ exp(−Seff
k [φ]) (2.41)

is the same as
Zk(gi(k)) = ZΛ(gi0), (2.42)

hence Z should be independent of k:

k
dZk(g)

dk
=

(
k
∂

∂k

∣∣∣∣
gi

+ k
∂gi(k)

∂k

∂

∂gi

∣∣∣∣
k

)
Zk(gi) = 0, (2.43)

such that
k
∂gi(k)

∂k
= digi + η(gi). (2.44)
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Starting from SΛ along the renormalization group trajectory, all of the possible terms
respecting symmetries of the microscopic action are generated. In particular, for the
φ4 theory, we expect the φ(2n) terms to be generated. Despite the notational simplicity
of the Callan-Symanzik equation, the Wilsonian approach starts from a different phi-
losophy and results in the other organizing principles of the expansion. In particular,
the renormalization group equation 2.43 is often called Exact Renormalization Group
(ERG) 11 since the couplings do not have to lie within the perturbative regime.

2.1.4. Functional renormalization Group
In the Functional renormalization Group (FRG), for reviews see e.g.[194, 250, 251, 252,
253, 254], instead of studying the path integral one studies its Legendre transform -
the Euclidean effective action 12

ΓE[Φ] = − logZ[J ] +

∫
d4xJ(x) · Φ(x), Φ(x) =

δZ[J ]

δJ(x)
, (2.45)

where we define “classical” field Φ as being generated by external source J . The Φ
can be a field of any spin and internal indices. In the discussion below we assume
those only implicitly. The ΓE is the effective action for the classical field Φ, satisfying
quantum-corrected equations of motions in presence of sources

δΓE[Φ]

δΦ
= J [Φ],

δΓE[Φ]

δΦ

∣∣∣∣
J=0

= 0. (2.46)

From now on we drop the subscript E. Solving above equations for Γ results in the full
interacting quantum field theory. For constant vacuum expectation value (vev) Φ = ϕc
the above equation reduces to a c-number equation

dV (ϕc)

dϕc
= 0 and Γ[ϕc] = −Veff(ϕc)

(∫
d4x

)
. (2.47)

The effective potential Veff(ϕc) is sufficient when studying the momenta independent
minimas of the theory.
Following the considerations from the previous Section, one can integrate the quantum
fluctuations momentum wise. In order to do so one introduces an mass IR-cutoff ∆Sk[φ]
such that

Zk[J ] =

∫
Dφe−S[φ]−∆Sk[φ]+

∫
J ·φ, (2.48)

and

Γk[Φ] = − logZ[J ] +

∫
d4xJ(x) · Φ(x) + ∆Sk[Φ] (2.49)

with
∆Sk(φ) =

1

2

∫
d4qφ(−q)Rk(q)φ(q), (2.50)

the regulator Rk(q) satisfies the following properties:
11For the smooth cutoff implementation see [249].
12This is often more convenient, since the effective action removes the redundant vacuum non-

connected diagrams.
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(i) it suppresses the IR modes with z < k and leaves modes with z > k unchanged.
Two popular regulators are exponential: Rk(q) = αq2eq

2/k2 − 1) and the theta
one Rk(q) = α(k2 − q2)θ(k2 − q2), where α is parameter of order of unity.

(ii) It vanishes in the limit k → 0 such that the full effective action is restored:
Rk(k

2/q2 → 0) = 0 such that Γk → Γ.

(iii) The fundamental action is restored in the limit k → +∞: Rk→∞(q2) → ∞.

Then the exact equation for Γk can be derived [118, 119]:

k∂kΓk =
1

2
STr

(
δ2Γk
δφδφ

+Rk

)−1
k∂Rk

∂k
(2.51)

the super-trace STr involve an integration over 4-dimensional space as well as the
summation internal indices for the fields with such. The flow equation 2.51 is in
principle exact, but cannot be solved exactly in practice. Therefore the effective action
is truncated to given set of operators 13

Γk[Φ] =
∑
i

gi(k)Oi(Φ). (2.52)

The beta-functions of couplings, which parameterize the different Oi in Γk, can be
extracted from the flow equation by projecting onto the corresponding field monomials.
The form of regulator satisfying (i), (ii), (iii) results in the calculation of the effective
action in a momentum shell wise fashion, since at scale k, the dominant contributions
come from the modes q ≈ k, due to the form of dRk

dk
. Furthermore, dRk

dk
serves also as

a UV cutoff making the expression free from UV divergences. The construction above
can be generalized to gauge theories and gravity, see, e.g., [194, 250, 251, 252, 254].

2.2. Asymptotic safety in quantum gravity
As we have discussed in Sec. 1.1.1, gravity, to be quantized, requires the addition of
new counterterms at each loop, which means an infinite number of counterterms with
different operator structures than R. However, an infinite number of experiments can-
not be performed to find all the couplings of the theory, so gravity is nonrenormalizable
perturbatively. To solve this problem, various approaches have been proposed.
First, an additional interaction/symmetry can be introduced to remove all higher coun-
terterms. For example, in the supergravity theory [255], by introducing supersymmetry
as local symmetry, the theory becomes renormalizable (at least up to 8 loops for N = 8
supergravity [256]), and possibly even finite [257] which seems to be indicated by the
amplitude calculations [258, 259, 260] and the double copy conjecture [261, 262]. In
the (super) string theory, Weyl symmetry (along with supersymmetry) is introduced,
which, together with the assumption that at the fundamental level, the components of
matter are strings, not point particles, makes this theory capable of describing quan-
tum gravity at every scale [97, 98].
Second, one can accept that gravity indeed can possess an infinite number of couplings.
However, the theory is nevertheless predictive as long as the values of (almost) all cou-
plings can be calculated theoretically, such that they are functions of finite number of

13For the other expansions schemes, such as derivative expansions see [254].
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experimental values 14. This is, for example, the case of asymptotic safety in quan-
tum gravity (ASQG) proposed by Weinberg [108, 25, 26], where one requires the scale
symmetry in the UV, such that

k
∂gi
∂k

∣∣∣∣
gi,∗

= 0. (2.53)

As we have discussed, this is necessary for the theory to be UV-fundamental [25, 109,
110] such that the limit Λ → ∞ is meaningful. For the dimensionless counterpart of
Newton coupling G = Ḡk2 the beta function is:

β(G) = 2G+ γG2 +O(G3). (2.54)

If γ < 0 the Newton coupling possesses an asymptotically safe fixed point. The Func-
tional renormalization Group (FRG) [118, 119] techniques adapted to quantum gravity
indicate towards γ < 0 and such a tentative fixed point was found [121, 122, 264, 265]
(previously conjectured by other considerations [113, 114, 115, 116, 117]). Given the-
ory, the number of free parameters is the number of UV-attractive directions in the
flow of all possible couplings, since all the others become the function of the relevant
directions. For the theory to be predictive, one requires the amount of UV-attractive
directions to be finite. This is called the finite hypersurface requirement. In particular,
most of the calculations indicate that there are 3 relevant directions associated with
monomials R, Λ and relevant direction in the R2, RµνR

µν plane [266] and review [194],
yet see [267] for the other possible FP. On the other hand, the FP for GN at 0 is UV-
repulsive. This is why the perturbation expansion collapses (the expansion around the
zero fixed point) and why gravity appears nonrenormalizable at first glance. When ap-
plied together to gravity, scale symmetry and finite hypersurface conditions constitute
the asymptotic safety program. Let us now briefly discuss the setup for calculations
within the FRG framework.

Functional renormalization group calculations The truncation of the gravita-
tional system is of the form [194]

Γk = − 1

16πGk−2

∫
d4x

√
g (R− 2Λk2)+Γk,higer−order+Sgf, h+Sghost+Γk,matter , (2.55)

where the dimensionless versions of the Newton coupling G and of the cosmological
constant Λ are introduced. The gauge-fixing action is given by

Sgf, h =
1

32 π αhGk−2

∫
d4x

√
ḡFµḡµνFν . (2.56)

and αh is one of two gauge parameters. The second, βh enters the definition of Fµ,
with

Fµ =

(
δµκD̄λ − 1 + βh

4
δκλD̄µ

)
hκλ. (2.57)

14In string theory, there are symmetries of the amplitude (and of the corresponding effective action)
like O(d, d) symmetry in string theory [68, 103] that tie together many terms in the lagrangian – for
example a 4-graviton amplitude involves many higher curvature terms that are uniquely fixed by the
symmetry [104, 263].
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The gauge fixing also introduces Fadeev-Popov ghosts, see [268, 269]. In the background-
field method the full metric is decomposed into a background metric and a fluctuation
field, according to

gµν = ḡµν + hµν . (2.58)

Note that hµν does not have to be a small fluctuation.
The matter degrees of freedom impact gravity and hence change position of the fixed
point. In this thesis in Sec. 4.3 we study the impact of gravity on the NV system of
U(1) gauge bosons. Through this thesis we choose the regulator as

Rk = Γ
(2)
k

∣∣∣
Λ=0

rk
(
p2/k2

)
, (2.59)

with the shape-function rk, see discussions on the regulator [270, 250, 271, 272]. For
the shape-function rk we choose a Litim-type cutoff [273]

rk(p
2/k2) =

(
k2

p2
− 1

)
θ(1− p2/k2), (2.60)

resulting in analytic expressions for the beta-functions. In the Landau gauge (αh = 0,
βh = 1) the beta functions for Λ, G are given by 15:

βG = 2G− 1

6π(1− 2Λ)2
(
56Λ2 + 4(1− 2Λ)2NV − 68Λ + 29

)
G2,

βΛ = −2Λ +
G

6π(1− 2Λ)2
(
Λ + 3(−1 +NV)− 16ΛNV − 8Λ3(7 + 2NV) + 4Λ2(5 + 7NV)

)
,

(2.61)

with the non-trivial solution

GN,∗ =
12(1− 2Λ∗)

2π

29 + 4NV + 8(Λ∗)2(7 + 2NV )− 4Λ∗(17 + 4NV )
, (2.62)

such that as NV → +∞ the non-trivial fixed point reaches the limit of vanishing
interaction: GN,∗, Λ∗ → (0, 3

8
), see Fig. 2.3. This result is coinciding with the studies

of AS in the large NF expansion [117]. The calculations have been done for various
choices of αh, βh, regulators and performed within various truncations and in various
setting give compelling evidence for the existence of the UV fixed point, see reviews
[194, 254, 278, 279]. In particular it has been shown that the 2-loop counterterm is
also asymptotically safe [280].

Interactions with matter As much as matter degrees of freedom influence the
position of the gravitational fixed point, gravity can alter the running of the matter
coupling. For the couplings of dimension d = 4 this is schematically given by

βg = −fgg + βmatter
g (2.63)

where fg is the quantum gravitational contribution, which depends explicitly on the
gravitational couplings. In the context of asymptotically safe quantum gravity, the di-
mensionless counterparts of the gravitational couplings have constant FP values above

15We use the results from [274] together with [275, 22]. For the results in the other gauges see
[276, 277], see also the discussion in [272].
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Figure 2.3: The position of the gravitation fixed point depending on NV for βh = 1.

the Planck scale. Below the Planck scale, the Newton coupling approaches zero quickly.
Therefore, the gravitational contribution can be approximated as

fg =

{
f ∗
g as k > MP

0 as k ≤MP .
. (2.64)

For the gauge coupling the explicit computations using the FRG techniques yield fg ≥ 0
[281, 282, 283, 284, 285, 286, 287, 288]. For the Yukawa coupling the sign of the con-
tribution can vary throughout the parameter space [289, 290, 291]. For the scalar
couplings one gets fg < 0 [292, 293, 294, 295]. The corrections from gravity interpo-
lating between the transplanckian and the subplanckian regimes are given as [292]:

βgrav(g, µ) =
ai
8π

k2

M2
P + 2ξ0k2

g, (2.65)

where MP = 2.4× 1018 GeV is the low energy Planck mass, ξ0 ≈ 0.024. Depending on
the sign of ai one gets repelling / attracting GFP for a given coupling. Following [292]
we choose aλ = +3, ayt = −0.5, agi = −1. The low-energy values stemming from the
repelling fixed points becomes predictable. Since aλ = +3, then Higgs self coupling
has a repelling fixed point at zero, and becomes a prediction of a theory rather than
being a free parameter.
This results in the rich phenomenological behavior, such as prediction of Higgs mass in
Standard Model [292] and in various extensions [8, 9], prediction of masses of various
quarks [296, 297], properties of dark matter [191, 298] and resolution of the Landau
pole in the U(1) sector 16. We shall discuss those in Chapter 4.

16Since the gravitational couplings are not marginal, the gravitational contribution fg is not uni-
versal and scheme-dependent. Studies using dimensional regularization within perturbation theory
indicate that fg = 0 [299, 300, 301, 302, 303], but neglect the contribution of higher-order couplings
to the scale dependence of gY [285].
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2.3. Scale identification for µ and k

So far, we have not discussed whether the scales µ and k can be attributed to some
physical processes. In this Section, we fill this gap.

2.3.1. Dimensionless couplings
For dimensionless couplings, the n-point functions are symmetric under the exchange of
momenta. In particular, the 4-point functions exhibit the crossing symmetry [24, 303],
i.e. permutation symmetry in the Mandelstam variables s = (p1 + p2)

2, t = (p1 + p3)
2,

u = (p1 + p4)
2 [304]. For dimensionless couplings, the counterterms are proportional

to the couplings themselves, and the sign of the loop correction is not channel de-
pendent (universality) 17. These two facts mean that the renormalization scale µ can
be attributed to the energy scale (scale identification) of the processes. Then the
energy dependence of the S-matrix processes can be “packed” into the renormaliza-
tion group equations (RGE), such that dominant logarithmic corrections are resumed
(renormalization group improvement). Then studying the renormalization group equa-
tions results in studying the energy dependence of the theory.
This scale identification can be used to study the minimas of the quantum effective
potential (2.66) [240]. In particular, for (2.7) coupled to scalar electrodynamics with
mB = 0, classically the potential has minimum only at ϕc = 0. The one-loop effective
potential is given by

V (φ) = V 0(φ) + V 1(φ, µ) ≈ λ

4!
φ4 +

3e4φ4

64π2

(
log

φ2

µ2
− 25

6

)
. (2.66)

Since µ is an arbitrary scale it can be identified with the value of the field as

µ = ϕc. (2.67)

At the minimum of V one has

0 = V ′(ϕc) =

(
λ

6
− 11e4

16π2

)
ϕ3
c , (2.68)

such that the expression for the potential is

V (φ) =
3e4

64π2
φ4

(
log

φ2

ϕ2
c

− 1

2

)
. (2.69)

Furthermore, the theory possesses non-trivial minima generated radiatively. This mech-
anism is called the Coleman-Weinberg mechanism [240] and would be crucial for our
discussion in Chapter 3. The technicalities together with the renormalization-group
improvement of these results are discussed in App. A, where we introduce novel ways
to calculate the effective potential. Here let us note that (2.67) is not always the “best
choice” of the scale identification. In particular, in the case of multiple fields, there
are multiple physical scales that can be identified with µ. However, as we shall argue,
there exists an “optimal” choice for the theory with multiple scalar fields that allows
for all order resumation, which will be discussed in App. A. In that approach the renor-
malization scale µ is chosen such that the quantum corrections vanishes V 1(φ, µ) = 0

17Note that also until two loops, the beta functions are scheme independent in the mass-independent
schemes.
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[305].
Finally, let us note that both effective action and effective potential are not gauge
independent quantities. This is why they should be used with caution, and the gauge
dependence of the results has to be checked. This is the case, e.g., for the Higgs stabil-
ity bound [306, 307], yet the ambiguities are too small to “make a difference”. Study
of gauge dependence of the results in asymptotic safety will be discussed in Sec. 4.3.4.

2.3.2. Scale identification in asymptotic safety

The scale identification for k is more subtle 18. As we have discussed, within the
asymptotic safety approach, one computes the dependence of couplings on k, such that
the effective action Γ is obtained in the limit k → 0. For a coupling g the renormal-
ization group flow interpolates between the fixed point value limk→∞ g(k) = g∗ and
limk→0 g(k) = g, where the latter limit is often problematic to be taken [195].
On the other hand, in GR the gravitons’ amplitudes are not universal and not crossing
symmetric [24, 308] and depend on several independent scales. Hence, identifying the
k scale with some physical momentum scale, such as one of the Mandelstam variables,
is ambiguous. The resulting map between various amplitudes and the k-dependent
coupling is not bijective 19.
Below the Planck scale, quantum gravity can be treated perturbatively utilizing ef-
fective field theory [61]. In that regime, the predictions of asymptotic safety and the
perturbative approach should coincide [24]. It is then crucial to extract the momentum
dependence of the amplitudes from FRG calculations. Currently, several approaches are
on the way to achieving it. The vertex expansion [314] associates distinct couplings to
distinct vertices 20. So far, the fully momentum-dependent propagator of the graviton
was obtained in [318], together with the three [319] and four-point functions [315, 316]
calculated at momentum symmetric points, see also calculations in the gravity-matter
setting [286] as well as calculations on non-trivial backgrounds [320, 321].
Recently within the form factor approach [308, 322, 323, 324, 325] the finite four-scalar
graviton mediated scattering satisfying the Froissart bound [326] has been obtained
[308, 323]. Nevertheless, the current calculations are far from obtaining the desired
4-graviton amplitude. If obtained, such an amplitude has to behave well in the UV.
Below, in Sec. 2.4, we propose three criteria that have to be satisfied by the set of
amplitudes such that the theory is described by the “running” of a finite number of
parameters and the map between amplitudes and generalized “running” couplings is
bijective. In our approach, the running is not tied to any individual coupling of a given
monomial but the “collective behavior” of the amplitudes. We illustrate that by the
4-graviton string theory amplitude.

18In general, the Wilsonian and perturbative approaches give the same results for the one-loop beta
functions of the action truncated to containing only the dimensionless couplings. Reconstruction of
the 2-loop beta functions from the Wilsonian calculations has not been achieved fully; see [195] and
references therein.

19In the systems of enhanced symmetry, such as black holes or cosmological settings, such scale iden-
tification can be performed and sometimes is even unique [309]. In particular, such RG-improvements
could solve classical black hole singularity problem [310, 311], gives finite entanglement entropy [312]
and generates inflationary regime in quantum gravity [194, 313, 309]. For inflation, we shall study
one such model in Chapter 5.

20See the discussion of effective universality of the different vertices for quantum gravity [315, 316,
277, 317].
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2.4. Is string-theory asymptotically safe?

2.4.1. Running in terms of amplitudes.
Motivated by the original Weinberg notion of asymptotic safety, we propose three
criteria in terms of the UV behavior of amplitudes. First, specifying a finite number
of amplitudes is sufficient to derive the theory predictions. Second, all the amplitudes
should possess a scale-invariant regime for very large energies (near the cutoff) [327]:

A(p1, p2, . . .) = λ−dA(λp1, λp2, . . .), (2.70)

where d is the dimension of A. In terms of quantum field theory this corresponds
to the massless limit. Third, we demand the E → +∞ limit to be unambiguous
for the ’running’ part of amplitude A′, i.e. the amplitude without the polarizations’
contractions. In particular for the 4 identical particle elastic scattering this means that

lim
s→∞,t−fixed

A′(s, t, u) = lim
t→∞,s−fixed

A′(s, t, u). (2.71)

We call this asymptotic crossing symmetry 21. In particular, the first and second con-
ditions ensure finiteness and UV-fundamentality of the theory. The second condition
ensures the scale symmetry in the UV. Furthermore, suppose we do not assume the
asymptotic crossing symmetry. In that case, there is no universal notion of running
governing the high energy behavior of the theory, and the map between amplitudes and
“running” parts of amplitudes is bijective. The amplitude defined in that way satisfies
both crossing and universality properties by construction, meeting the criteria posed
in [24].
In the context of quantum gravity, one should require that the theory has a graviton
in its spectrum and the four graviton amplitude is not trivial. Another reason for the
asymptotic crossing symmetry is that a single coupling GN describes the low energy
limit, which we then match to high energy physics.
Given these criteria, we identify the “running” in quantum gravity with the change
of the “scalar” part (multiplying the polarization tensors kinematics part) of the 4-
graviton amplitude in the entire theory.

2.4.2. Veneziano amplitude
Actually the crossing symmetry was the main motivation for the Veneziano ampli-
tude [99], which gave birth to the string theory [328]. In Type II superstring theory
the Virasoro-Shapiro amplitude (closed string analog for Veneziano amplitude for four
gravitons) takes the following form [97]

A(p1, p2, p3, p4) = 2g2DKclC(s, t, u), (2.72)

where C(s, t, u) is given by

C(s, t, u) = −π Γ(−s/8)Γ(−t/8)Γ(−u/8)
Γ
(
1 + s

8

)
Γ
(
1 + t

8

)
Γ
(
1 + u

8

) (2.73)

21Without this assumption, the amplitudes can still be well behaved, but the relation between
amplitudes and generalized couplings will not be bijective. Let us also note that the LSZ reduction
requires a weaker form of crossing symmetry s ↔ u.
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and Kcl is a lengthy kinematic (cross-symmetric) and polarization factor polynomial
in s, t, u. If we vary s and keep t fixed, then this amplitudes has infinite number of
simple poles [96] on a real line at s = 8n, with n ≥ 0. This can be understood as
summing over infinite number of particles with growing masses in the s-channel. The
similar conclusion can be drawn if we keep s fixed and vary t. This property is called
duality. Due to existence of poles, the large energy limit cannot be taken (s→ ∞, s/t
fixed) along the real line. In order to take the limit we shift s slightly in the imaginary
direction 22. As a result we get the exponential fall-off:

C(s, t, u) ∝ exp

(
−1

4
(s log s+ t log t+ u log u)

)
, (2.74)

satisfying our criteria. Our conditions are also satisfied beyond the tree level amplitude,
since this behavior is also present for the resumed loop amplitude in this limit [329,
330, 331] (string theory preserves generally the crossing symmetry at the loop level
[332]). On the other hand in the low-energy limit the Veneziano amplitude can be
matched with tree-level graviton amplitude, since C(s, t, u) ∼ 1

stu
with κ = 1

2
α′g2 for

heterotic strings [97], where g ≈ 1 and α′ ≈M2
P .

It should be emphasized that the fact that the amplitude (2.74) asymptotically
vanishes does not say anything about the individual contributions from the interaction
vertices in the lagrangian, in particular, whether the Newton’s constant GN asymptot-
ically vanishes or not. The low-energy effective action calculated within the non-linear
sigma model approach [333, 334], when truncated to finite order in α′ cannot reproduce
the amplitude Eq. (2.72). Furthermore, the finiteness of string amplitudes and hence
behavior (2.74) is tied to the modular invariance that cannot be reproduced using a
lagrangian of any conventional QFT with a finite amount of operators. This points
to an important and far-reaching change of perspective concerning the usual approach
where only Newton’s constant and its running are taken into account. The necessity of
considering the infinite numbers of operators might also be crucial to the understanding
of the unitarity in asymptotic safety [72]. In [72] it is discussed that only specific types
of propagators calculated within the truncated effective action can result in unitary
quantum field theory for the full effective action.

22Ultimately, the poles are anyway shifted off the real axis making the s → ∞ limit well defined
because massive states are unstable in the interacting theory, hence their amplitudes possess non-
trivial imaginary part.
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Chapter 3

Quantum Gravity as an UV
completion

Where we discuss how the requirement of quantum gravity as UV completion constrains
the theories. Working in a minimal SO(10) model, we explicitly demonstrate that the
condition of successful radiative symmetry-breaking below the Planck scale to the SM-
like vacuum expectation value provides strong constraints on the underlying microscopic
dynamics. Given GUT model, the EFT parameter space is significantly constrained by
demanding a viable breaking chain to be realized radiatively without assumptions about
dynamics beyond the Planck scale.
In the case of multiple minima of the potential, such as for GUTs, the domain walls
may form. Here, we calculate the decay rates of the domain wall networks depending
on the potential shape and initial conditions. We show that the potential shape around
the maximum has little effect on stability.

3.1. Quantum gravity as UV completion
The studies of quantum gravity phenomenology usually rely on the specified micro-
scopic dynamics such as string theory or asymptotic safety. One can then study
their respective swamplands and landscapes using the criteria stemming from those
approaches and check whether they overlap. Following [3], we propose a new model-
independent set of constraints for the below Planckian dynamics.
We assume that up to the Planck scale, the QFT accurately describes the particle
physics phenomena, such that the cutoff scale is Λ = MP. At the Planck scale, an
EFT is specified. In particular, for the Grand Unified Theories, EFT (GUEFT) is
determined by its symmetry group GGUT, the set of fermionic as well as scalar repre-
sentations FGUT and SGUT and the values of the couplings gi. In the following, we omit
the canonically irrelevant terms and the masses, so the breaking is realized radiatively
[335]. The scalar sector is chosen such that the Standard Model is one of the possible
vacua. In this setup, we introduce a set of necessary constraints for the scalar sector
[3].

(I.a) We demand tree-level stability at Λ =MP.

(I.b) We demand the absence of Landau poles between the first symmetry-breaking
scale MGUT and Λ =MP.
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(I.c) We demand that the deepest vacuum expectation value (vev) induced by radiative
symmetry breaking, is admissible, i.e., remains invariant under the Standard
Model gauge group GSM ⊂ G(local)

GUT .

On top of these constraints on the scalar potential, one may apply more commonly
addressed phenomenological constraints on the gauge-Yukawa sector [27, 336, 337].
More precisely:

(II.a) We demand gauge unification and a sufficiently long proton lifetime to avoid
experimental proton-decay bounds.

(II.b) We demand a viable Yukawa sector.

The conditions (I) and (II) are not independent. In general, to combine those,
there are two possible strategies. First, one may also randomize the gauge and Yukawa
couplings and look for viable phenomenology subspace for a combined set of couplings.
In the following, we adopt a different strategy. Since gauge and Yukawa are constrained
experimentally, we fit them to the phenomenological values 1. The above two sets of
constraints can be viewed as necessary consistency constraints for a GUEFT to be a
viable UV extension of the SM.
In addition, one may specify an underlying quantum gravity theory and typically results
in additional constraints. This is discussed within the asymptotic safety context in
Sec. 4.1.

3.2. Analysis of the model: minimal SO(10)
In this section, we present the specific GUEFT for the group SO(10) to be investigated.
Therein, we also briefly review the phenomenology of this model.

3.2.1. SO(10) with fermionic 16F and scalar 45H ⊕ 16H.
In this paragraph we closely follow [27]. For the SO(10)-GUT the fermionic content
of the Standard Model (together with right handed neutrinos) nicely fits into one,
unifying 16F spinor representation. Minimal scalar content to reproduce the Standard
Model electroweak theory is 45H ⊕ 16H . In terms of its group-theoretic specification,
the model reads (

GGUT, F (i)
GUT, SGUT

)
= (SO(10), 16F , 45H ⊕ 16H) , (3.1)

where i ∈ (1, 2, 3) is the family index. The Lagrangian is given by

L = LK + LY − V, (3.2)

where the LK is the fermionic, scalar and gauge kinetic part and V is the 45H ⊕
16H potential. Additionally in order to to break the electroweak symmetry the 10H
representation is introduced. Its full form is given in the App. B together with the
spinor conventions and the potential for the 10H ⊕ 45H ⊕ 16H representation. To
simplify our analysis of the radiative minimas we shall assume stability in the 10H ,

1We are allowed to do so since the values of the scalar couplings influence the running of g only at
3-loops and the Yukawa couplings at two loops, see discussion on the smallness of that effect in[27].
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which is required for viable phenomenology. We report the beta functions for 10H ⊕
45H ⊕ 16H in the App. C.1. Despite the model consisting of 10H ,16H and 45H does
not correctly reproduce the Yukawa couplings of the Standard Model [338] 2 it can
result in the breaking towards the Standard Model. The possible first breaking of
the breaking chains are summarized in the Tab. 3.2 and the stability conditions are
summarized in the Tab. 3.1 3. The Table 3.2 infers the 45H has to break first and 16H

Table 3.1: Stability conditions for the model 45H ⊕ 16H .

45H 16H 45H ⊕ 16H

SO(10) → SU(5)× U(1) → GSM λ1 +
13
20
λ2 > 0

λ6 > 0

λ8 +
1
20
λ9 +

√
λ6
(
λ1 +

13
20
λ2
)
> 0

SO(10) → 3C2L2R1B−L → GSM λ1 +
7
12
λ2 > 0 λ8 +

3
4
λ9 +

√
λ6
(
λ1 +

7
12
λ2
)
> 0

SO(10) → 4C2L1R → GSM λ1 +
1
2
λ2 > 0 λ8 +

1
2
λ9 +

√
λ6
(
λ1 +

1
2
λ2
)
> 0

SO(10) → SU(5)× U(1) → SU(5) λ1 +
13
20
λ2 > 0 λ6 > 0 λ8 +

5
4
λ9 +

√
λ6
(
λ1 +

13
20
λ2
)
> 0

SO(10) → SO(8) λ1 +
1
4
λ2 > 0 / /

to be responsible for subsequent breaking, hence 〈16H〉 < 〈45H〉. If 〈16H〉 = 〈45H〉 we
would have (forbidden phenomenologically) one-step breaking towards the Standard
Model (3c2L1Y )4. Furthermore, the SU(5) × U(1) and 3c2L1R1B−L require the fine-
tuning of the masses of scalar representations after the symmetry breaking to match
the phenomenological data 5, see [337]. Hence, phenomenologically the most interesting
is the so-called Pati-Salam breakings 3C2L2R1B−L and 4C2L1R1B−L.
A series of articles in the 1970-1980s studying the 45H ⊕ 16H model [28, 339, 340,
341, 342] pointed that the only minima of the potential are in the direction of flipped
SU(5) × U(1) for 45H breaking, which require big threshold corrections to be viable
[337] or the excluded standard SU(5) GUT for the 16H vev. The other possible vev’s in
the Pati-Salam direction are not the minima of the potential but saddle points. Hence
the model has been disregarded for 30 years.

2The general structure of the Yukawa couplings is given by

LY = 16F (Y1010H + Y120120H + Y126126H)16F + h.c., (3.3)

where 10H and 120H are real representations of the SO(10) and 10H is identified with the SM Higgs
boson. To correctly reproduce the Yukawa sector, the 10H ⊕ 120H ⊂ SGUT or 10H ⊕ 126H ⊂ SGUT
has to hold. Since (16H ⊗ 16H)S = 126H the breaking chains triggered by those two representations
are similar [27], yet 16H possess far less possible couplings.

3In Table it is implicitly understood that in the definition of S3, S1 and S2 must be satisfied.
4To reclaim the breaking at the electroweak scale one additionally requires 〈10H〉 � 〈45H〉, 〈16H〉.

In particular, if 〈10H〉 � 〈45H〉, 〈16H〉, the model would break towards the non-SM SO(9) vacua.
This can be investigated by the beta functions given in the App. C.1 and is left for future work.

5To be more precise, the running of g require large threshold effect. In the MS type of scheme,
the decoupling of heavy particles is not straightforward and relies on the matching of amplitudes in
the low and high energy theory. This results in the discontinuity of the coupling at the scale where
the theories are matched. The size of the corrections relies on the differences in the masses of the
particles that are integrated out. In particular in the formalism introduced in App. A.1 those can be
calculated and compared with the values required for successful unification [337].
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Recently it has been pointed out that one-loop quantum corrections to the potential
can turn the phenomenologically preferable saddle points into minima [27]. Hence,
the models containing the 45H have been recently revived. In our work, we confirm
the formation of the Pati-Salam minima using the leading logarithm resummation
techniques, discussed in A. Nevertheless, by considering the non-SM minima, we find
that these are never the deepest minima.

Breaking chain Representation Admissible? Viable ?
SU(5) 16H Yes No

SU(5)× U(1)X 45H Yes Yes, if fine tuning
3C2L2R1B−L 45H Yes Yes
4C2L1R1B−L 45H Yes Yes
3C2L1R1B−L 45H Yes Yes, if fine tuning

3C2L1Y 45H ⊕ 16H Yes No
SO(8)× U(1) 45H No No

SO(7) 45H ⊕ 16H No No
SU(4)× U(1)2 45H ⊕ 16H No No
SU(4)× U(1) 45H ⊕ 16H No No

Table 3.2: Summary of the considered breaking chains for SO(10) group. The consid-
ered breaking chains are called admissible if they can recreate the Standard Model and
viable if they obey the proton stability and unification constraints. We do not include
so called non-observable breaking chains, see [3]. Note that λ7 does not enter any of
the stability conditions.

3.3. The Results
Let us start by noting that the value of SO(10) gauge coupling g10 is heavily constrained
experimentally. We assume g10(MP) = 0.435, yet the results are robust throughout the
discussed region 6.

3.3.1. The results: The 45H model
We first state the results for the model consisting of 45H only, but keeping the g10
running as in the 45H⊕16H . Hence, effectively we assume vanishing portal interactions
between the scalar representations. As shown in the Tab. 3.2 the 45H can break towards
SU(5)× U(1), 4c2L1R1B−L, 3c2L2R1B−L and non-viable SO(8)× U(1) 7.
In the Fig. 3.1 we depict the deepest minima by regions in the couplings λ1, λ2 at the
Planck scale. The deepest minima are either SO(8)×U(1) for λ2 ' 0 or SU(5)×U(1)
for λ2 / 0. In presence of scalar mass terms and the sign of λ2 determines the ordering
of the depths of the vacua [28], see (C.1) for conventions. Our results confirm that this

6In the 45H case analysis we have scanned over the values of the allowed range of the couplings
g10(MP) ∈ (0.4, 0.45) see [27, 336, 337]. In particular, for 3C2L2R1B−L the fits give g10(MP) = 0.406
and for 4C2L1R1B−L one has g10(MP) = 0.443 [27]. This range takes into account the possible from
the quantum gravity effects, the higher loops corrections and various unification paths. In particular,
if not otherwise specified

7There is also the 3c2L1R1B−L breaking which is equivalent to the SU(5)×U(1) breaking for the
45H model.
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Figure 3.1: The deepest minima of the 45H potential. The green points depicts the
SU(5)×U(1) and red the non-SM SO(8)×U(1), the other regions either have diverging
couplings or have unstable potential at MP. The simulation has been done for the 10000
points, such that the (λ1, λ2) ∈ [−5, 5]2 for g(MP) = 0.435.

ordering this is preserved at 1-loop.
In Fig. 3.2 we explicitly demonstrate the relative depth of the respective vacuas on the
exemplary hypersurfaces of fixed λi(MP). The top row depicts λ2(MP) fixed, while the
bottom one the λ1(MP) fixed. Disregarding the SO(8)×U(1) breaking the Pati-Salam
vacua can be the deepest minima for some parts of the parameter space while enjoying
the radiative corrections stabilization [27], see Fig. 3.2a. However, after taking into
account the SO(8)×U(1) vacua, the Pati-Salam ceases to be the deepest vacua of the
model.
The vacua at λ2 ≈ 0 become degenerate. Since λ2(MP) = 0 results λ2(µ) ≈ 0 along
the flow, then all of the vacua have the same stability condition, namely λ1(µ) > 0 and
the long-living domain walls may form, see Sec. 3.4.

Phenomenological constraints Having established the parameter space of λ1(MP),
λ2(MP) leading towards the admissible SU(5)× U(1), let us now apply the remaining
criteria. Depending on the initial values for λ1, λ2 different breaking scale will be
realized, as depicted on Fig 3.3. In particular, parts of the parameter space will not
be phenomenologically viable. The proton decay bounds as well as the unification
constrain result in the bound

〈45H〉 > 1015GeV, (3.4)

with best fit, being 〈45H〉 = 1015.84 GeV [337]. Note, that assuming 〈45H〉 = 1015.84

results in the reduction of the parameter space by one. In the Figure 3.3 we plot the
λ1(λ2) line, such that the breaking scale matches the unification scale. Furthermore
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Figure 3.2: The depths of the minimas given λ1(MP), λ2(MP).

we find the analytic relation between the couplings realising the unification.

λ2 = −1.350λ1 + 0.367λ21 +O(λ31) (3.5)

The intermediate SU(5)×U(1) stage contains the lepto-quarks that can also mediate
the proton behaviour, hence for that representation the 〈16H〉 > 1015. To understand
the further consequences of 16H let us now analyze the 16H ⊕ 45H model.
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Figure 3.3: The scale of breaking towards SU(5)×U(1) vacua. The blue line represents
Eq. 3.5. In grey we depict the parameter space that does not satisfy (3.4).

3.3.2. The Results: The 16H ⊕ 45H model
Including the 16H and 45H scalar representation, the quartic scalar potential is 6-
dimensional, c.f. App. (B.2). We have obtained a random sample of 105 points with
Planck-scale initial conditions uniformly distributed in the intervals λi ∈ [−0.5, 0.5].
We exclude roughly ∼ 70, 000 of these points because the respective trajectories exhibit
Landau-poles between the Planck and the GUT scale (before any symmetry breaking
occurs) or constitute unstable potential already at Planck scale. The remaining pa-
rameter space splits up into regions in which radiative VEVs break to the different
subgroups of SO(10), cf. Fig. 3.4. The respective regions in the Planck-scale parameter
space are non-trivial. While their boundaries in the 6-dimensional parameter space
are sharp, projections to two-dimensional slices are not. Note that the same behavior
occurs when projecting the 2-dimensional parameter space in the 45H-model down to
1 dimension, cf. Fig. 3.1.
The possible breaking directions collected in Tab. 3.2 imply that the only possible
non-admissible breakings require the 45H to acquire a vev. This is reflected in the
Fig. 3.4 such that the admissibility of breaking is not correlated with any of the λ6,
λ7, λ8, λ9. If SM-like breaking occurs, it breaks to SU(5), SU(5) × U(1), or directly
to the SM, cf. Fig. 3.5. In particular, we find basically no possibility for breaking in
the Pati-Salam-type (4c × 2l × 1R or 3c × 2L × 2R × 1B−L) direction. (In the sample
of ∼ 30.000 points without Landau poles, we only identify a single such case). Due
to stability conditions cf. Tab. 3.1 the quartic couplings λ2, λ8, and λ9 serve as good
discriminators between the different SM-like VEVs, cf. Fig. 3.5. In particular for λ2 < 0
the SU(5) or SU(5)× U(1) breakings are realized.
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Figure 3.4: The admissible vs non-admissible parameter space for 45H ⊕ 16H model.
The green regions denotes the admissible points, the red non-admissible.
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Figure 3.5: Breaking directions in 45H ⊕ 16H . The cyan color denotes one step
breaking towards the SM. The orange the breaking towards SU(5) and purple towards
SU(5)× U(1).
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3.4. Degeneracy of minima and Domain Walls for-
mation

Let us now discuss the dynamics of the domain walls. We shall comment on the
connection with the GUT potentials at the end of the section.

3.4.1. Domain walls formation
In systems where specific field φ takes different vacuum expectation values throughout
the space, such as in the studied GUT model, the topological defects are formed at
the boundaries. Analogously to the magnetic domain walls in the materials, those are
called the cosmological domain walls. To put it differently, the domains are patches of
the Universe where φ have reached a certain minimum of the potential, and domain
walls are transition regions at which the field smoothly interpolates between these min-
ima.
Evolution of domain walls in the simplest case of degenerate minima (such as the case
of λ2(MP) = 0 for the 45H representation) and symmetric initial distribution leads to
the so-called scaling regime. In this regime, the number of domain walls in the horizon
stays nearly constant, while average domain size and curvature radius are of the order
of Hubble horizon [343]. To maintain the scaling, the domain walls have to interact
frequently. On the other hand, for not degenerate minima of the potential, a difference
of vevs energy acts as pressure and makes the system unstable.
In general, the formation of the domain walls depends on a fraction of the space occu-
pied by the field strength corresponding to the global minimum of the potential, the
variance of initial distribution, the relative depth of the minima, and the steepness of
the potential on both sides of the local maximum separating the minima. While the
effects of the bias in initial distribution and in the minima have been extensively stud-
ied (see [344, 345, 346, 347, 348, 349, 350, 351, 352]), in [4] the other two factors have
been studied for the first time. Here we follow the logic of [4] and discuss various factors.

3.4.2. The potential and dynamics
In the past, the studies focused on spontaneous breaking of Z2 symmetry in a model
given by:

L =
1

2
∂µφ∂

µφ− VZ2 :=
1

2
∂µφ∂

µφ− V0

(
φ2

φ0
2 − 1

)2

. (3.6)

To study the potentials of the shape discussed in Sec. 3.2 we have to overcome limita-
tions of the simple model (3.6). Here we take the first step towards that direction and
prepare a general set of potentials convenient for further studies in lattice simulations.
From the point of view of lattice simulations, it is convenient to define the model’s po-
tential by its derivative, which is directly used in simulations. The equation of motion
for the symmetry breaking field with the canonical kinetic term and general potential
V is of the form:

∂2φ

∂η2
+

2

a

(
da

dη

)
∂φ

∂η
−∆φ+ a2

∂V

∂φ
= 0, (3.7)

assuming the flat Friedman-Robertson-Walker metric background (1.12) with confor-
mal time (such that dη = 1

a(t)
dt). The equation (3.7) which depends on the derivative
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of the potential ∂V
∂φ

is solved in lattice simulations using the finite difference scheme.
Moreover, the position of the local extrema of the potential are easier to determine
from its derivative. We assume the derivative of the potential as

∂VAS
∂φ

(φ) := V0(φ− a)(φ− b)(φ− c)
(
e2(φ− d)2 + 1

)
, (3.8)

where a, b, c determine positions of the extrema of the potential and parameters e,
d controls the shape of the potential. Then, the potential VAS takes the complicated
form:

VAS(φ) =
V0
60
φ
(
−60abc

(
d2e2 + 1

)
+ 15φ3

(
e2
(
2d(a+ b+ c) + ab+ ac+ bc+ d2

)
+ 1
)

−20φ2
(
e2
(
d2(a+ b+ c) + 2d(a(b+ c) + bc) + abc

)
+ a+ b+ c

)
+ 30φ

(
de2(ad(b+ c) + 2abc+ bcd) + ab+ ac+ bc

)
− 12e2φ4(a+ b+ c+ 2d) + 10e2φ5

)
.

(3.9)

We quantitatively estimate the asymmetry of the potential around the local maximum
as a value of the third derivative of the potential:

∂3VAS
∂φ3

(φ) = 2V0
(
e2(a− φ)(φ− b)(c+ 2d− 3φ)

+(−a− b+ 2φ)
(
e2(d− φ)(2c+ d− 3φ) + 1

)
+ (φ− c)

(
e2(d− φ)2 + 1

))
(3.10)

At the maximum. In [4] we find a family of potentials of the form (3.9) with given
difference of values at minima VAS(b)− VAS(a) (where we assume without loss of gen-
erality that b and a are minima of the potential and c is its local maximum) and the
value of the third derivative at the maximum ∂3VAS

∂φ3
(c). However, these conditions are

not sufficient to perform simulations whose results will reveal the dependence of do-
main walls’ dynamics on the potential asymmetry. Basing on the results of [349] we
chose the value of the width of domain walls to be w = 5, for details consult [4]. The
considered equations take the simplified form:

δV =− V0
60

(b+ 1)3
(
5(b− 1)d2 + 2(4− 3b)bd

+b(b(2b− 3) + 8)− 6d− 7) ,

d3V =2V0
(
−b(d− 1)2 + d2 + 1

)
,

(3.11)

By dividing the first equation by the second, one obtains the equation independent of
V0, connects b and d, and can be solved in favor of d. The figure 3.6 presents solutions
with differences of values of potentials in their minima and with the third derivative
vanishing at the local maximum. The figure 3.6 shows solutions for δV and d3V .
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Figure 3.6: Shape of potentials to be studied in the domain wall evolution.
Left panel: various values of δV and d3V = 0.
Right panel: various values of d3V and δV = 0.0625.

3.4.3. Simulation and results
Setting up the simulation The values of parameters b, d and V0 used in our numer-
ical lattice simulations are presented in appendix of [4]. In our numerical simulation
based on PRS algorithm [353] we assumed that

a(η) =
η

ηstart
, (3.12)

according to the fact that scale factor a scales as a ∝ η with conformal time η during
radiation domination. Following [346] initially field follows the Gaussian probability
distribution

P (φ) =
1√
2πσ

e−
(φ−θ)2

2σ2 . (3.13)

Our simulations were started with three initial conditions:

• initial mean value of the field strength θ,

• initial standard deviation σ.

The initial conformal time is set to ηstart = c l where l is the lattice spacing. For each
set of θ, σ, δV and d3V , we run five simulations on the lattice of the size of 5123 if the
decay time of the network is longer than 256 c l and only one simulation on the lattice
of the size of 5123 and four on a smaller lattice of the size 2563 otherwise. This choice
is motivated by the fact that conservatively the dynamic range of lattice simulations
with periodic boundary conditions is bounded and conformal time needs to be smaller
than the size of the lattice (multiplied by the speed of the light). On the other hand,
we cannot guarantee that decay times longer than 512 are reliably computed, and
networks will not decay later than observed in simulations. Fortunately, only a tiny
fraction of simulated cases are touched by this issue. Described five runs were the
base for analysis of statistical fluctuations of results obtained from simulations, which
proved highly consistent.

Results In the Fig. 3.7 we depict the decay time of networks depending on δV and
d3V for unbiased initial distributions with two different values of the standard deviation
σ = 1, σ = 0.25. Blue regions in these plots denote the parameter space where the
evolution of networks ended in the basin of the attraction of the global minimum of
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the potential and red ones from networks decaying to the local minimum. The plots
in Fig. 3.7 infer that difference of the values of the potential in the respective minima
is the main factor determining the lifetime of networks. The potential asymmetry
around the local maximum d3V has a much smaller yet visible effect. We observe
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Figure 3.7: Dependence of the decay time ηdec− ηstart on δV and d3V for initialization
distribution with θ = 0, σ = 1 (left), σ = 0.25 (right).

that for broad initial distributions (σ = 1), networks tend to decay to the global
minimum of the potential, and only networks in models with δV = 0 decayed into
“unstable” minima. Indeed, it is expected that for broad distributions, the evolution
of the network probes the shape of the potential at a considerable distance. Thus the
value of d3V will not have much of an effect. Decay times are slightly longer for positive
d3V , consistently with the naive prediction that steepness of the potential around the
maximum opposite in the direction to the evolution of the network may slow down
the decay process. This effect increases with decreasing σ. Moreover, the range of
parameter δV for which networks decay to the unstable vacuum increases. Plots from
Figures 3.8 and 3.9 illustrate influence of bias in the initial distribution on the decay
dynamics. In the Fig. 3.8 we depict the estimated decay time of networks as a function
of δV of a potential and the mean value θ of the field at the initialization is plotted for
two values of the standard deviation of the initialization distribution σ = 1(left panel)
and σ = 0.0625 (right panel). The analogous plot for d3V and θ is Fig. 3.9. Both plots
infer that the shift of the initial mean value of the field strength from the local maximum
of the potential determines the decay dynamics of the network. Even a small initial
bias toward an unstable vacuum makes the network decay to this minimum. Moreover,
for both wide and narrow initial distributions, the effect is nearly insensitive to values
of both δV and d3V if the network decay into the unstable vacuum, thus details of
the shape of the potential do not influence the evolution of the network. On the other
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Figure 3.8: Dependence of the decay time ηdecay − ηstart on δV and the mean value of
initialization distribution θ with σ = 1 (left panel) and σ = 0.0625 (right panel) for
models with d3V = 0.

hand, if bias is toward the global minimum of the potential and the initial distribution
had large standard deviation σ, only potentials with nearly degenerate minima lead
to long-living networks. For initial distributions with small standard deviations, this
effect is much smaller, and the decay time of networks depends mainly on the initial
value of the field strength θ. Finally, distributions with small σ lead to the formation
of long-living networks only when they are very weakly biased.

The figure 3.9 shows dependence of the decay conformal time on the scale of asym-
metry of the potential d3V and the bias of initial distributions θ for large σ = 1 and
small σ = 0.0625 standard deviations. For both cases, the final state of the evolution is
determined by the mean value of the field θ at the initialization time. Lifetimes of net-
works are, in both cases, nearly independent of asymmetry of the potential with only
a slight increase for nearly symmetric potentials. Formation of long-living networks is
possible only with the small bias of the initial field strength distribution.

Comments First of all, strong dependence on the bias we find is consistent with
earlier studies [354, 355, 356] of the dynamics of domain walls of the Higgs field. Since
we have shown that only a small dominance of lattice sites belonging to the basin
of attraction of the corresponding vacuum is needed for ending decay of the network
in this vacuum for distributions centered around symmetry preserving field strength
equal to 0. Hence, the networks of domain walls can decay into the Pati-Salam vacuum
using biased initial distributions even though this vacuum is strongly disfavoured by
both differences of values of the effective potential. Then joined results of Sec. 3.2 and
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Figure 3.9: Dependence of the decay time ηdecay − ηstart on d3V and the mean value
of initialization distribution θ with σ = 1 (left panel) and σ = 0.0625 (right panel) for
models with δV = 0.

Sec. 3.4 constraint on the Early Universe dynamics that sets the initial values of the
fields, such as inflation.
Secondly, note that the domain walls enter the scaling around δV ≈ 0. The energy
density of the network of stable domain walls decreases (with the expansion) slower
than the energy density of the radiation and the dust, so long-lived domain walls tend
to dominate the energy density of the Universe. Moreover the effective average pressure
generated by the network is negative, thus it acts as Dark Energy with the barotropic
parameter −2/3 < wDW < −1/3 [357, 358]. However, Dark Energy with such an
equation of state is ruled out by the present experimental data [359, 360, 361, 362, 363].
Moreover, domain walls that pose a significant fraction of the total energy density of
the Universe at recombination would produce unacceptably large fluctuations of the
Cosmic Microwave Background Radiation (CMBR). Thus it will be problematic for
the studied model. Hence for the model 3.1 to be phenomenologically viable one needs
λ2(MP) 6= 0
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Chapter 4

Asymptotically safe quantum
gravity phenomenology

Where we explore the richness of asymptotically safe phenomenology. On top of the
criteria discussed in the previous chapter, namely the absence of Landau poles, stabil-
ity of the potential, and reduction to the SM in low energies, we further constrain the
parameter space by requirements stemming from asymptotically safe gravity. We study
the renormalization flows originating from the fixed point structure of quantum gravity.
We extend the discussion of GUTs from the previous chapter to the predictions of
asymptotic safety and its impact on proton stability. Since AS points towards the
“transplanckian” breaking, we focus on the models where the two scales are: electroweak
scale and Planck scale.
We discuss whether the SM can be combined with AS within that paradigm. In partic-
ular, we focus on the Higgs mass(es) prediction in the SM and beyond.
Then we discuss the U(1) gauge bosons in the context of Weak Gravity Bound. We show
that the Weak Gravity Bound allows any number of vector fields within truncation up
to 8-mass dimension. In particular, the gauge sector of the SM. We prove that this is
an independent gauge statement.

4.1. Unified Asymptotic Safety
Here we discuss the asymptotic safety and Grand Unified Theories. We discuss the
SU(5) model and the SO(10) model introduced in the previous Chapter.

4.1.1. A minimal SU(5) model
In the notation introduced above, the minimal SU(5) model reads

(GGUT, FGUT, SGUT) = (SU(5), 5̄F ⊕ 10F , 5H ⊕ 24H) (4.1)

with a tentative breaking chain of

GGUT
24−→ GSM

5−→ SU(3)c × U(1)em . (4.2)

Without additional degrees of freedom or super-symmetry, this model is already ex-
cluded by (i) slightly measured offset in single-scale gauge-coupling unification [364].
In particular, θW (MGUT) = 3/8 and (ii) the wrong relations between the IR values of
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Yukawa couplings [365, 366, 367]. Nevertheless, we will use the model to demonstrate
that it can independently be excluded because a Planck-scale quasi fixed-point lead
to the scalar potential breaking in the wrong direction, i.e., the above breaking chain
cannot be realized. The Lagrangian reads

L = Lkin + LY − V, (4.3)

where the L contains the standard kinetic terms for scalars, fermions in 5F and 10F
and the gauge bosons in the adjoint representation. The Lagrangian LY is given by
[27]:

LY = 5̄FY510F5
∗
H +

1

8
ε510FY1010F5H + h.c., (4.4)

where the internal indices have been suppressed. The potential is given by:

V (5H ,24H) = −µ2
24Tr242

H +
1

2
λ1
(
Tr242

H

)2
+ λ2Tr244

H

−µ2
5

(
5†
H5H

)
+

1

2
λ3

(
5†
H5H

)2
+ λ4Tr242

H

(
5†
H5H

)
+ λ55

†
H24

2
H5H . (4.5)

We assume µ5, µ24 ≪MP and neglect their running in the following discussion.

4.1.2. The asymptotic safety fixed points and potential break-
ing

The respective leading-order beta-functions for the SU(5) gauge coupling g5, Yukawa
couplings Y5 and Y10, as well as quartic couplings λ1,2,3,4,5 have been obtained by means
of Pyr@te3 [368] and are presented in App. C.2. Let us start by looking at the fixed-
point structure of the beta functions. Without the gravitational contribution (2.64)
the only fixed point of the one-loop beta functions is at

g5 = Y5 = Y10 = λi = 0 (4.6)

In the presence of the non-zero gravity contribution fλ, the situation changes, while
the

g5 = Y5 = Y10 = 0, (4.7)

remains, the λi can develop a non-trivial fixed point. We summarize all of the possible
FP in the Tab. 4.1. For the last fixed point the potential the stability conditions are

λ1 > 0, λ3 > 0, 4λ1λ3 < λ4, (4.8)

the first two stability conditions are not satisfied, while the final one is satisfied c.f.
Fig. 4.1, see discussion in the Appendix A. For all of the non-trivial fixed points the
gauge group is broken in such a way that SM gauge group cannot be recovered from
the potential breaking at the Planck scale [28, 27] 1.

To investigate the GFP, we assume that the gauge and Yukawa couplings of the
1Even if one assumes that SU(2)L is an emergent group and only SU(3)c × U(1)em is survives

until high energies as a true symmetry of the SM [160] the fermionic content stemming from those
breakings cannot reproduce the SM multiplets.
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λ1 λ2 λ3 λ4 λ5 Stable potential? Direction of the breaking
0 0 0 0 0 N/A N/A

negative 0 negative 0 0 unstable SU(3)× U(1)
negative 0 negative negative 0 unstable SU(3)× U(1)

0 0 negative 0 0 unstable SU(4)× U(1)
negative 0 0 0 0 unstable SU(4)
negative 0 negative positive 0 unstable SU(3)× U(1)

Table 4.1: Stability of the SU(5) potential at the Planck scale. The direction of the
breaking is assumed to take place towards the deepest minimum, see [28].
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Figure 4.1: Asymptotic safety and SU(5).
Left: Stability condition for (4.8).
Right: The colored lines denote the evolution of the couplings from the gaussian FP,
assuming that the scalar couplings reach the GFP at k = 1021. The grey lines are the
randomly initialized quartic couplings at scale k = 1021. We observe that the GFP
acts as an IR attractor.
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SU(5)-model take viable values as far as possible. To do so the Planck-scale value of
the gauge coupling g5 is inferred from the unification scale of SU(3)c and SU(2)L. The
Yukawa couplings y5, y10 are matched to ybottom and ytop respectively since the latter
will dominate the contribution to the running of the quartic couplings in comparison
to the other fermion Yukawas. Taking that into account these couplings are given by
g5(MP) = 0.49, y5(MP) = 0.1, y10(MP) = 0.41.
Furthermore, for any fλ > 0, the set of quartic couplings features a GFP [369]. The
latter is fully IR attractive due to the gravitational contribution. The initial value
in the trans-Planckian regime is “washed away,” and the IR dynamics resemble those
stemming from the GFP [369]. Consequently, all of the quartic couplings except λ3
are pulled to negative values roughly at the Planck scale, since the contributions from
the gauge coupling become dominant over the gravitational contribution [370]. This
renders the potential unstable [27]. This is an example of the AS destabilizing the
GUT, such that the breaking is realized at the Planck scale. Similar behaviour can
be observed for SO(10) with 10H ⊕ 16H ⊕ 45H representations. For the potential and
the beta functions of the model consult App. B and App. C.1 respectively. In the
Fig. 4.2 we observe that the theory also breaks at the Planck scale if stemming from
the Gaussian FP. This will be discussed in detail in [1].

A few comments are in order. Firstly, implementing the idea that AS will predict
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Figure 4.2: Asymptotic safety and SO(10). Evolution of the couplings from the gaus-
sian FP, assuming that the scalar couplings reach the GFP at k = 1021.

the breaking chain might be highly non-trivial [370] because realistic GUTs require
scalar representations that are not coupled to fermions through Yukawa interactions,
resulting in unstable potential if not taking into account higher-order corrections. Our
results are reliable as long as the effects of gravity can be approximated as (2.65). This
might not be the case. In particular, the arguments in [371, 372] suggest that the scalar
potential takes a non-polynomial form beyond the Planck scale. Hence, the calculation
of the deepest minimum might be highly non-trivial. In this light, the results discussed
above should be taken with a grain of salt.
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If trustable, the results obtained here indicate a no-intermediate MGUT scale between
the electroweak and Planck scale. Furthermore, the gravitational fluctuations in the
context of asymptotic safety render the symmetry breaking of the representations not
coupled to Yukawa, resulting in the “transplanckian” breaking and proton stability.
This is converse to the conjecture that gravity can further destabilize proton [373, 374].
Finally, let us note that asymptotic safety also has further predictions in the context of
GUTs. Depending on the matter sector also the unified gauge group coupling g(MGUT)
can also be predicted [375]. In turn, the value of g(MGUT) will specify the SM gauge
couplings completely in low energies, compared with experimental results.

4.2. Asymptotic safety and Higgs mass

4.2.1. Higgs mass prediction in the Standard Model
Given assertions from the previous paragraph asymptotic safety breaks the GUT group
already close to the Planck scale. Motivated by that fact we now discuss the AS
predictions for SM and beyond. In this paragraph, we revaluate the calculations done
in [292] concerning the calculation of the Higgs mass. The “important” couplings
for the Higgs stability are ytop, g1, g2 and g3. The two-loop beta function for Higgs
self-coupling λ reads for ytop = g1 = g2 = g3 = 0 [135]:

βλ(µ) =
1

16π2

(
24λ2 − 312

16π2
λ3
)
+
aλ
8π

µ2

M2
P + 2ξ0µ2

λ, (4.9)

which has the following fixed points: λ = 0 (UV repulsive), λ ≈ 21 (UV attractive),
λ ≈ −9.36 (UV attractive). The two basins of attraction are separated by the single
trajectory going through the repelling fixed point. The numerical calculation confirms
that if at any scale below Planck scale λ(µ) < 0 then it approaches the negative fixed
point. If one assumes that λ has to stay in the perturbative region, then necessarily one
gets λ(µ) ≥ 0 at all scales. Furthermore in order to avoid the attractor in the positive
domain one should assume that value of λ is minimal such that the EW vacuum is
stable

λ = min{λ : ∀µλ(µ) ≥ 0, λ(MP) ≈ 0 and βλ̄(MP) ≈ 0} (4.10)

which agrees with the arguments of the authors of [292] 2. To obtain the prediction for λ
we perform the two-loop running of the g1, g2, g3, ytop with gravitational contributions
of the form (2.65) and find λ satisfying (4.10). For expressions for beta functions
consult [380, 381]. The one-loop-matched parameters are given as g1(Mtop) = 0.35940,
g2(Mtop) = 0.64754, g3(Mtop) = 1.18823 [135], and due to large error bars we scan over
the possible one-loop matched ytop(Mtop) = 0.94759± 0.0022.
As a result we get λ = 0.15102 ± 0.00158 and mH ≈ 135 GeV with one-loop beta
functions and tree-level matching and λ = 0.13866 ± 0.00218 and mH ≈ 130.5 GeV
with two-loops beta functions and one-loop matching.
The bottom quark and the taon contributions change the predictions for mH less than
1 keV, far below theoretical and experimental accuracy. This can be expected since
yb(Mtop) ≈ 0.015 [382]. Then to obtain the prediction in accordance with the measured

2This reasoning explains also the Multiple Point Principle postulated in [376]. According to this
principle there are two vacuum states with about the same energy density, one at electroweak scale
and one at the Planck scale, which can be used to predict the SM couplings [376, 377, 378, 379].
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values, it is necessary to introduce the beyond SM fields for Higgs mass to be predicted
in the asymptotic safety paradigm at the correct experimental value.

4.2.2. Higgs mass prediction Beyond the Standard Model
Conformal Standard Model Here we analyse the Conformal Standard Model
(CSM) [142, 169, 383] in context of asymptotic safety. The fundamental assumption
which underlies this model and similar models is that there is no new physics between
the weak scale and the Planck scale. This means that for example the masses of heavy
neutrinos or vacuum expectation value of new scalars should be of order of 1 TeV.
Indeed the observational facts not covered by the SM such as neutrino masses and
oscillations, dark matter, dark energy, baryon asymmetry of the Universe and inflation
can be understood without introducing an intermediate new scale, see for example
[384, 385]. The CSM extends the SM by adding one new complex scalar field and
right-handed neutrinos, such that

GCSM = GSM, FCSM = FSM ⊕ (1,1, 0)︸ ︷︷ ︸
N(j)

, SCSM = SSM ⊕ (1,1, 0)︸ ︷︷ ︸
φ

(4.11)

The CSM lagrangian reads
L = Lkin + LY − V, (4.12)

the kinetic term is

LCSM
kin = LSMkin + (∂µφ

∗∂µφ) + iN
j

α̇σ
µα̇β∂µN

j
β, (4.13)

where we use the SL(2,C) representation for the neutrinos. The potential reads as

V (H,φ) = −m2
1H

†H −m2
2φ

∗φ+ λ1(H
†H)2 + λ2(φ

∗φ)2 + 2λ3(H
†H)φ∗φ. (4.14)

For the vacuum expectation values
√
2〈Hi〉 = vHδi2,

√
2〈φ〉 = vφ, (4.15)

the tree-level mass parameters are:

m2
1 = λ1v

2
H + λ3v

2
φ, (4.16)

m2
2 = λ3v

2
H + λ2v

2
φ. (4.17)

Hence the model possesses two scalar massive particles, where m1 is identified with
the Higgs particle mass. In particular, the portal interaction can stabilize the Higgs at
its current value. In the CSM, the new Yukawa interactions are introduced, which are
responsible for interactions of right-chiral neutrinos:

LY =
1

2
Y M
ji φN

jαN i
α + Y ν

jiN
jαH>εLiα + LSMY + h.c., (4.18)

where LSMY is Yukawa part of the SM Lagrangian part and ε is the antisymmetric
SU(2)L metric. Following [383] we assume the degeneracy of Yukawa couplings Y M

ij =
yMδij, which amplifies the CP violation and makes the resonant leptogenesis scenario
possible, see [169, 383, 386] for details. The masses of right-chiral neutrinos are given
by:

MN = yMvφ/
√
2. (4.19)
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Furthermore for leptogenesis to take place, one requires: MN > m2, so that the heavy
neutrinos can decay. The phase of φ, called minoron, acquire mass v4/M2

P originat-
ing from quantum gravity effects, where v ∼ vφ and can be a potential dark matter
candidate. Finally for the electroweak vacuum to be stable one needs

λ1(µ) > 0, λ2(µ) > 0, λ3(µ) > −
√
λ2(µ)λ1(µ). (4.20)

In CSM the stability, no Landau poles and successful leptogenesis can be satisfied
simultaneously [383]. In order to understand the asymptotic safety consequences for
the model let us take a look on the λ3, the portal 1-loop beta function

βλ3 =
λ3
32π2

[
24λ1 + 16λ2 + 16λ3 −

(
9g22 + 3g21

)
+ 6y2M + 12y2top

]
, (4.21)

under the influence of gravitational dynamics, with aλ3 = +3, the fixed point at λ3,∗ = 0
becomes UV repelling. On the other hand λ3,∗ = 0 implies λ3(µ) = 0, hence the
coupling vanishes at all scales [9, 387], the same result hold at 2-loops [388]. We would
say that CSM lies in asymptotically safe swampland, since it cannot reproduce the
correct Higgs mass 3.

Axion-like particles The QCD Lagrangian possess two sources of CP violation 4,
the θ and θq terms [394, 395, 396]

LQCD =
∑
q

q̄(i /D −mqe
iθq)q − 1

4
Gµν
a G

a
µν − θ

αs
8π
Gµν
a G̃

a
µν , (Ga

µν =
1

2
εµνρσG

a,ρσ).

(4.22)

The combined θ̄ = θ +
∑

q θq is invariant under a chiral transformation U(1)A: q →
eiγαq, with α = 1

2Nf

∑
q θq. On the other hand |θ̄| 6 10−10 is constrained by the

measurements of the neutron electric dipole moment. This is another source of fine
tuning in the SM. Usually it is explained by the Peccei-Quinn (PQ) mechanism [397].
Within this mechanism one assumes a global chiral QCD anomalous U(1)PQ rotating
θ̄ = θ+

∑
q θq. The complex field φ is spontaneously broken at scale fa and its Nambu-

Goldstone boson, called axion, a couples to the θ̄ term such that

Leff =

(
θ̄ +

a

fa

)
︸ ︷︷ ︸
〈θeff(x)〉→0

αs
8π
Gµν
a G̃

a
µν −

1

2
∂µa∂

µa+ . . . (4.23)

it dynamically “vashes” the θ̄ out 5. The case, where fa ≈ vH , called the PQWW
model [397, 398, 399] has been ruled out by experimental data. The two “invisible”
axion models have been proposed with fa � vH . The DFSZ axion [400, 401] model,
where the SM quarks are charged under PQ and require two new scalar particles. Yet,
due to prediction λ3 = 0, see (4.21) this model will not alleviate the stability problem.

3In [9] we have also studied the case when aλi
< 0. Then combining the asymptotic safety bounds

together with pheno-bounds the second particle mass lies within 300 < m2 < 325 GeV. Nevertheless
most of the asymptotic safety calculations points toward aλ > 0, see e.g. [389, 390, 391, 392, 393, 287].

4CP violation in the QCD sector, should not be confused with weak CP violation.
5The name of the axion field is after the Axion dishwashing liquid.
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Figure 4.3: The plot depicts optimised λ(Mtop) as a function of Mq (in logarithmic
scale) for various ytop.

The KSVZ axion [402, 403] model includes new sterile quarks qi = (3,1, 0) charged
under U(1)PQ coupled to new complex scalar φ = (1,1, 0):

L = LSM +
∑

q (q̄Dµγ
µq − yqφq̄q + h.c.) + (∂µφ

∗∂µφ), (4.24)

and the potential is given by (4.14). We assume the Yukawa matrix yq to be diagonal
and the quarks acquire masses Mi = yqvφ/

√
2. Even with λ3 = 0, the running of g3 is

affected by the inclusion of the heavy quarks and at one-loop, the modification reads
6:

16π2β(g3) → 16π2 (β(g3)) +
2

3

n∑
i=1

Θ(µ−Mqi)g
3
3, (4.25)

which in turn alters the running of ytop. The Θ denotes Heaviside theta function. Let
us note that if there are many such quarks, then even the asymptotic freedom of the
QCD can be spoiled, see discussion below (2.18). However, we focus on adding one or
two sterile quarks into the SM in our analysis. The minimal mass for the sterile quark
from is mq ∼ 10 TeV, otherwise the running hits Landau pole below Planck scale.
To avoid it the mass of the second quark has to be of the order of 106 TeV giving a
huge hierarchy. Hence we focus on the addition of a single quark. We perform the full
two-loop analysis with masses in the range mq ∈ [105, 1018] GeV. The results are shown
below in Fig. 4.3. As we can see, the new degrees of freedom have a minor influence
on stability. The change in one-loop matched Higgs mass is order 1.5 GeV downwards
for Mq ≈ 10 TeV. There are two reasons for that; first, the addition of q changes only
the running of g3, which changes the running of ytop and has only a slight effect on λ.

6At µ = Mq one has to take into account the threshold corrections, so the coupling becomes
discontinuous. Here we neglect those since they will have a marginal effect on the stability.
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Secondly, phenomenologically the new degrees of freedom are constrained to have mass
far beyond the EW scale [364]. We conclude addition of sterile quarks cannot bring
down the Higgs mass to the experimental value.

U(1)B−L model The SM possess one global, not anomalous SM symmetry group,
namely U(1)B−L

7, related to the baryon minus lepton (B − L) number. Here the
group is gauged and a new Gauge boson Z ′

µ [405, 406, 407] is introduced, such that

GB−L = GSM ⊕ U(1)B−L, , FB−L = FSM ⊕ (1,1, 0)︸ ︷︷ ︸
ν
(j)
R

, SB−L = SSM ⊕ (1,1, 0)︸ ︷︷ ︸
φ

.

(4.26)
The covariant derivatives receive an additional contribution: Dµ → Dµ + i(g̃Y +
g′1YB−L)Z

′
µ, where Y is the hyper-charge and YB−L is the (B-L)-charge, such that

baryons have YB−L = +1 and leptons YB−L = −1. The Z ′
µ boson becomes massive due

to the non-zero vacuum expectation value of φ. The coupling g̃ describes the mixing
between Z and Z ′ after spontaneous symmetry breaking. Following [407] we analyse
the “pure” B−L model by assuming that there is no tree level mixing between Z and
Z ′, hence (g̃(Mtop) = 0), which is supported by the current data [408], yet radiative
corrections spoil it. Is also one of the most popular way of explaining so called B-
anomalies [409, 410, 411, 412], which are the observed inconsistencies of the SM with
experimental data in the bottom and strange quark decays. The new terms in the beta
functions at the one-loop level are for g̃ = 0 [413, 414, 415]:

βg′1 =
12

16π2 g
′3
1 , βytop = βSM

ytop −
1

24π2ytopg
′2
1 Θ(µ−MZ′), (4.27)

here we perform the two loop runs [413, 414, 415] with g̃(Mtop) = 0, λ3 = 0, λ2 = 0.
Phenomenologically the mass of the Z ′ boson is restricted to be: MZ′

g′1
> 7 TeV or

MZ′ ≤ 2Mtop [416]. In order to lie within the perturbative range, one needs g′1(Mtop) ∈
[0.0, 0.4]. In the left panel of Fig. 4.4 for large g′1 and small MZ′ , the Higgs mass is
getting close to the experimental value. Furthermore for Mtop = 173 GeV with the
two-loop matching [135] the central value for the Yukawa coupling is ytop ≈ 0.94. In
the right panel of Fig. 4.4 we perform runs with the two-loop matchings for Higgs
and top mass. For g′1 > 0.3, 2Mtop > mZ′ the Higgs mass is within the observed
range mH = 125 ± 1.5 GeV. Hence the model satisfies asymptotic safety criteria for
some parts of the parameter space. The mass of the new gauge boson should be small
or coupling g′1 for be large, which can be verified experimentally. Furthermore our
argument is confirmed by other studies of EW stability [388, 413, 404, 417]. The effect
of introducing Z ′ boson can be even more significant if the Higgs boson is also charged
under UB−L, see [404]. Yet in such models, Z ′ is highly constrained observationally with
MZ′ > 3 TeV. Furthermore, we have checked that the g̃ corrections and inclusion of
right-handed neutrinos, bottom quark, and taon give negligible contributions. Finally,
let us note that there are also other models studied in a similar way. Those include
the new fermionic degrees of freedom [191, 418, 419].

4.2.3. The θQCD and asymptotic safety
Let us note that asymptotic safety can explain the strong CP problem without axions.
As we have said, the strong CP-violation consists of two terms θ̄ = θ +

∑
q θq. By

7Actually there is a whole group of those symmetries, see [404], which we shall not discuss here.
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Figure 4.4: Higgs mass in the Z ′ model.
Left: Higgs mass for various g′1 and MZ′ for Mtop = 173GeV.
Right: Higgs mass for MZ′ = 200 GeV and Mtop = 173, ytop = 0.94 corresponds to the
two-loop matching, ytop = 0.936 corresponds to two-loop matching including the higher
order corrections from the QCD [135]. The horizontal line denotes the experimental
value of the Higgs mass.

considering the gravitational corrections, the following reasoning can partially explain
the smallness of the strong CP-violation effect. Namely, in the case of Arg det MuMd

there is no running till at least 7-loops [394]. Despite the fact that the gravitational
corrections Eq. (2.65) are extremely small, yet they can overtake the dynamics even
in the IR and drop θq to zero, since the matter contributions are O ((θq)

17). For
gravitational contributions to be dominant, one needs 0.01 &

∑
q θq, which is far beyond

the experimental bounds. However, this argument requires a more detailed analysis.

4.3. U(1) vector bosons and Weak Gravity Bound

4.3.1. Weak gravity bound
Under the impact of gravity, additional matter interactions besides the couplings of the
Standard Model have to be taken into account, because these additional interactions
are generated by gravitational fluctuations. In particular, all matter interactions that
are compatible with the symmetries of the kinetic term of a given matter field are
expected to be induced by gravitational fluctuations, such that their GFP gets shifted
in presence of gravity and complete asymptotic freedom in the matter sector cannot
be achieved [276]. In particular, for gauge fields, the operator w2(FµνF

µν)2 is induced.
Schematically, the scale dependence reads

βw2 = C0(G) + w2C1(G) + w2
2 C2, (4.28)

where C0 → 0 as G → 0 [276, 285]. When gravitational interactions are turned off,
there is a GFP w2,∗ = 0. Conversely, in the presence of gravitational fluctuations the
C0 6= 0 and w2 = 0 is no longer a FP. Specifically the interacting, shifted Gaussian
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fixed point (sGFP) is given by

w2,∗ =
−C1(G)

2C2

+

√
C1(G)2

4C2
2

− C0(G)

C2

, (4.29)

for C2 > 0. The sGFP collision with the second FP is at

C0, crit(G) =
C2

1(G)

4C2

. (4.30)

Therefore, for C0 > C0, crit, the FP for w2 becomes complex and UV completion in the
gravity-matter system cannot be achieved. Thus scale symmetry conditions can then
restrict the gravitational parameter space spanned by the G and Λ. The bound of the
region where the UV completion is possible is known as the weak gravity bound (WGB)
in the literature [291, 276, 285, 288, 420, 421]. The WGB separates the region in the
gravitational parameter space, where a UV-completion of the matter sector is possible
from the excluded, strong gravity region. Hence, a UV completion for the Abelian
gauge sector requires that

fg > 0 and C0(G) ≤ C0, crit(G), (4.31)

are fulfilled simultaneously. These conditions have been investigated in [285], indicating
that asymptotically safe quantum gravity is compatible with a UV-complete Abelian
gauge sector. However, the UV completion of the gauge sector might only be available
in four or five dimensions [288]. In the following, we extend the studies in [285, 288] in
various directions. In particular, we investigate:

• The impact of the second independent, gauge-invariant four-gauge interaction
given by the operator (FF̃ )2.

• The induced interaction structure of a system containing NV gauge fields.

• The robustness of the WGB under changes of the gauge parameter βh.

4.3.2. Single gauge system
We start with the investigation of a single gauge field. The effective action is truncated
to the standard kinetic term, and the full basis 8 of independent and gauge invariant
interactions of mass dimension eight

Γ
U(1)
k =

1

4

∫
d4x

√
g FµνF

µν + Sgf, A

+
w2 k

−4

8

∫
d4x

√
g (FµνF

µν)2 +
v2 k

−4

8

∫
d4x

√
g (FµνF̃

µν)2 (4.32)

where Fµν = ∂µAν − ∂νAµ is the field strength tensor, and F̃µν = 1
2
εµνρσF

ρσ its dual
tensor, with the totally antisymmetric tensor εµνρσ. The action Γ

U(1)
k corresponds to

8We neglect an operator Fµν�Fµν and Fµν�2Fµν here, which would contribute to the momentum-
dependent propagator of the gauge field, see [422].
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the weak-field expansion of the Euler-Heisenberg Lagrangian [423]. The gauge fixing
term is given by

Sgf, A =
1

2αA

∫
d4x

√
ḡ
(
D̄µAµ

) (
D̄µAµ

)
, αA → 0 , (4.33)

and the corresponding Fadeev-Popov ghosts decouple from the U(1) gauge fields. The
calculation of the beta functions has been done in the Landau-gauge limit αh = αA = 0,
βh = 1, if not specified otherwise. The diagrammatic representation can be found in
[285, 288] and we employ the Mathematica packages xAct [424, 425, 426, 427, 428],
as well as the FormTracer [429], for their evaluation. In a semi-perturbative approx-
imation, where the anomalous dimension stemming from the regulator insertion is
neglected, the beta functions reads for Λ = 0:

ηA = − 1

12π2
(6πG− v2 − 4w2) ,

βw2 =

(
4− 7G

2π
+

5 v2
12π2

)
w2 +

(
8G2 − Gv2

π
+

v22
6π2

)
+

35

24π2
w2

2 , (4.34)

βv2 =

(
4− 25G

6π
+

11w2

12π2

)
v2 −

(
8G2 +

7Gw2

6π
+

w2
2

24π2

)
+

1

8π2
v22 . (4.35)

and the full set can be found in ancillary notebook of [2]. The equations (4.34, 4.35)
reveal that C0,w2(G, v2 = 0) > 0 and C0,v2(G,w2 = 0) < 0. This relation also holds for
other values of Λ. Since C0,v2(G,w2 = 0) < 0 and C2,v2 > 0, then in the absence of
w2 there should be no WGB for the v2. Similarly for the system (4.32) one can expect
the WGB to be qualitatively similar to the WGB of the system only featuring w2, see
[285, 288]. The reason for this is that the back-coupling of v2 into βw2 is numerically
suppressed by at least a factor of 16π, compared to the pure gravitational contribution
to βw2 . Therefore, unless the fixed-point value for v2 grows very large, the inclusion
of v2 is expected to lead to only quantitative but no qualitative differences, based on
Eq. (4.34, 4.35). In the left panel of Fig. 4.5 one can observe that WGB is indeed only
slightly alleviated for the full system under the inclusion of v2, in comparison to the
WGB for w2 only. The inclusion of the second gauge invariant operator results in a
weaker WGB for the full system. This can be understood as the effect of additional
contributions to βw2 coming from non-zero v2. In particular, v2∗ > 0, cf. the right panel
of Fig. 4.5, results in a reduction of C0, w2 and increment of C1, w2 under the inclusion of
v2. Finally in the right panel of Figure 4.5 one can observe that for Λ = 0 the SGFPs
are such that −w2,∗ ≈ v2,∗. This is a consequence of C0,w2 = −C0,v2 holding for Λ = 0.
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Figure 4.5: To the left: The WGB for the system (4.32).
To the right: The real parts of the fixed point values for wA and vA for Λ = 0.

4.3.3. Weak gravity bound for more than one gauge field
We now study a coupled system of NV Abelian gauge fields. Gravitational fluctuations
preserve asymptotic freedom for the non-abelian gauge bosons within investigated trun-
cations [281, 286, 283]. This indicates that our results are likely relevant for the SM
possessing NV = 12 gauge fields 8 gluons, three weak bosons, and one photon. Within
AS, there are indications that the SGFP respects the symmetries of the kinetic terms
[2, 420], due to the structure of the diagrammatic expansion [279]. Then the system
is reduced to the interactions respecting those symmetries and no other interactions
are induced. In the case of the NV gauge fields, this symmetry is O(NV) rotating the
gauge fields. The most general O(NV) symmetric, ZN2 symmetric and gauge invariant
effective action up to dimension 8 operators is given

Γk(A) =
ZA
4

∫
d4x

√
gFTµνFµν + Sgf,A

+
w̄

8NV

∫
d4x

√
g(FTµνFµν)(FTρσFρσ) +

w̄′

8NV

∫
d4x

√
g(FTµνFρσ)((Fµν)TFρσ)

+
v̄

8NV

∫
d4x

√
g(FTµνF̃µν)(FTρσF̃ρσ) +

v̄′

8NV

∫
d4x

√
g(FTµνF̃ρσ)((Fµν)T F̃ρσ)

(4.36)

where

Aµ =
(
A1
µ, . . . , A

NV
µ

)
and F = ∂µAν − ∂νAµ, (4.37)

with F̃µν = 1
2
εµνρσFρσ. In Figure 4.6 one can observe that the addition of new vector

fields makes the WGB stronger.

Gravitational fixed point and the weak gravity bound. Thus far, we have
treated Λ and G as free input parameters. Yet, as we have discussed in Sec. 2.2 in the
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Figure 4.6: The WGB the systems with an increasing number of gauge fields. In the
background approximation, the position of the gravitational fixed point, as a function
of NV , is depicted. The circle markers denotes the position of the FP for NV = 10,
NV = 50, NV = 100 and NV = 1000, for beta functions consult [274, 275, 22].

asymptotic safety scenario, the fixed point value of G,Λ are not free parameters but
depend on the matter content, c.f. Eq. 2.61. In particular, if the gravitational fixed
point lies above the bound, then, within the truncation, the combined vector-gravity
system cannot realize asymptotic safety.
For the system described by Eq. 4.36 for all NV the gravity FP lies in the region not
excluded by the WGB. This is depicted in Fig. 4.6. This is in the contradistinction to
the studies done for the scalar sector [420], where the additional spinning content is
required for the system to evade the WGB. To investigate the NV → ∞ limit we plug
into the matter beta functions the fixed point values for Λ and G. We find that in that
limit the matter contributions dominate and the system decouples from gravity

βw̄ =

(
4 +

5v̄′

24π2
+

5w̄′

24π2

)
w̄ +

7

8π2
w̄2 +

(
w̄′2

192π2
+

v̄′2

192π2
+

w̄′v̄′

192π2

)
,

βw̄′ =

(
4 +

7v̄′

96π2
+

w̄

2π2

)
w̄′ +

23

192π2
w̄′2 +

7v̄′

192π2
,

βv̄ =

(
4 +

v̄′

6π2
+

w̄′

6π2
+
w̄

π2

)
v̄ − (v̄′ + w̄′)2

192π2
,

βv̄′ =

(
4 +

5w̄′

16π2
+
w̄

π2

)
v̄′ +

15

192π2
v̄′2 − w̄2

192π2
(4.38)

with

η|NV →∞ = − v̄
′ + w̄′ + 6w̄

48π2
. (4.39)

4.3.4. Gauge dependence
We study the gauge-dependence of the O(NV)-symmetric system by computing the
WGB at the fixed value of the cosmological constant Λ = 0. The bound now reduces
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Figure 4.7: The WGB in a function of NV and βh. Gcrit denotes the value of G∗ at
which the sGFP becomes complex.
To the left: Dependence of the Gcrit(Λ = 0) on NV given exemplary values of βh.
To the right: Dependence of the Gcrit(Λ = 0) on βh given exemplary values of NV.

to a single point, which we denote as Gcrit. The Gcrit depends on βh only quantitatively
and remains finite for all displayed values of NV and βh, see Fig. 4.7. Specifically, the
strongest dependence on βh is found for −5 . βh < 3, see the right panel of Fig. 4.7.
This is a consequence of the incompleteness of the gauge fixing at βh = 3. Since these
gravitational contributions at Λ = 0 are functions in (βh − 3)−n, where n ∈ Z+, their
variation with βh decreases for more negative βh.

Furthermore, the gauge dependence decreases when the number of gauge fields
increases. This is because the contribution from the gauge fields is independent of
βh and starts to become more critical than the gravitational contribution once NV is
large enough. In this matter-dominated regime, the WGB is mostly matter-induced
and therefore only weakly dependent on βh. Thus, the qualitative feature that the
inclusion of more gauge fields results in a stronger WGB is independent of the gauge
choice.

Weak gravity bound in the βh ≈ 0 case The βh ≈ 0 case deserves special at-
tention. Here we discuss it for the representative case of the single species system.
As depicted on the right panel of Fig. 4.7 the Gcrit(Λ = 0) raises sharply around the
β ≈ 0. This stems from the fact that the WGB for βh = 0 ceases to be a function for
Λ ≈ 0, see the left panel of the Fig. 4.8. This is different for other gauge choices, where
Gcrit(Λ) is a function, i.e., there is a single value Gcrit for a given value of Λ. This
behaviour is present only for the full truncation consisting of w2 and v2 and absent for
truncations consisting of w2 or v2 only as depicted in Fig. 4.8.
In particular, for Λ = 0 there are two allowed intervals, G < 2.05 and 2.31 < G < 2.55.
This follows from the form of beta function for w2. Let us consider the schematic form
of βw2 , which we repeat here for convenience

βw2 = C2,w2(G, v2,Λ = 0)w2
2 + C1,w2(G, v2,Λ = 0)w2 + C0,w2(G, v2,Λ = 0). (4.40)
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Figure 4.8: In the left panel: Comparison of the WGB for w2 and w2 plus v2 truncations
for βh = 0. For the full truncation there is a kink at Λ ≈ 0 absent for w2 truncation
only.
In the right panel: The behaviour of coefficients of the coupled w2 and v2 system.

As long as the discriminant ∆ = C2
1,w2

− 4C0,w2C2,w2 is non-negative, the real sGFP
exist. At ∆ = 0, there is collision of the FP. For v2 ≡ 0 the Re(C2

1,w2
(v2 = 0)) decreases

withG (the blue dot-dashed line in right panel of Figure 4.8), while Re(4C0,w2C2,w2(v2 =
0)) increases (the red dotted line). As they cross at G ≈ 1.75 the Re(∆w2) becomes
negative and the fixed points are no-longer real. On the other hand, the contribution
from v2 to the C1 have opposite sign to the one from G

βw2 =

(
4− 155G

54π
+

v2
12π2

)
w2 +

(
100G2

27
− Gv2

π
+

v22
6π2

)
+

35

24π2
w2

2. (4.41)

Since v2,∗ > 0, the Re(C2
1,w2

) starts to grow at G ≈ 2.0 (in the right panel of Figure 4.8
depicted as the dashed orange line). Furthermore the contributions from v2,∗ to the
Re(C0,w2) are such that Re(C0,w2) < Re(C0,w2(v2,∗ = 0)), depicted as the cyan dashed
line. This two effects combined results in Re(∆w2) (the purple line) being slightly
positive in the interval 2.31 < G < 2.55, resulting in a second allowed interval. This
behaviour is a reminder that one has to be cautious when studying systems with
multiple couplings.
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Chapter 5

Eternal Inflation

Where we study eternal inflation within the exemplary BSM inflation models and the
asymptotically safe models. We discuss how the quantum fluctuations of the inflaton
field can be translated to the stochastic evolution resulting in eternal inflation. We
discuss that tunneling might also lead to eternal inflation. The studied models are non-
minimally coupled inflaton in Starobinski inflation, Conformal Standard Model, alpha-
attractors, RG-improved Starobinski inflation and scalar, fermion Yang-Mills system
in the Veneziano limit.

5.1. Eternal Inflation

5.1.1. How inflation becomes eternal?
In this section we discuss, under what circumstances the inflation becomes eternal.
Our discussion follows closely [6, 30, 430]. Consider a scalar field minimally coupled to
gravity:

S =

∫
d4
√
−g
(
1

2
M2

PlR +
1

2
gµν∂µφ∂νφ− V (φ)

)
. (5.1)

On the FLRW background in the slow roll (1.75) approximation the equations of motion
reduce to

3Hφ̇+
∂V

∂φ
≈ 0, H2M2

P ≈ 8π

3
V (φ) . (5.2)

Inflation ends once one of the so-called slow-roll parameters becomes of order one and
the evolution enters the oscillatory, reheating phase in which all other particles are
produced [183]. On the classical level that is the whole story.
On the other hand, the proper treatment of the system requires treating both gµν and
φ as quantum operators. This however comes with a number of issues. Firstly we do
not know the theory of quantum gravity. Furthermore, the Klein-Gordon equation is
highly non-linear and hence quantising it is nontrivial. In the Heisenberg picture it is
given as [431]: (

∂2

∂t2
+ 3H

∂

∂t
− 1

a2(t)
∆

)
φ(t,x) +

∂V

∂φ
(t,x) = 0. (5.3)

The stochastic inflation formalism considers instead the coarse-grained field ϕ(t,x)
[431, 432, 433, 434], s.t. it is a spatial average of the ordinary field φ over the Hubble
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radius H−1, containing the long-wave modes s.t. k < aH. Following [430, 435, 436, 437,
438, 439] let us take a look into the problem from the path integral point of view. We
split the field into long-wavelength k . aH classical background and short-wavelength
k & aH quantum field:

φ(x) = φ<(x) + φ>(x), (5.4)

with short-wavelength being projected as

φ>(x) =

∫
dkW (k, t)φk(x), (5.5)

and W being a projection function. Then (5.1) can be casted as

S[φ] = S[φ<] + S[φ>] + Sint[φ<, φ>] (5.6)

with
Sint =

∫
d4xa3φ<(x)

(
1

a3
∂µa

3gµν∂ν − V ′′
)
φ>(x), (5.7)

within the path-integral formalism we wish to integrate out the φ>, such that we obtain
Γ(φ<). Within the closed-time Schwinger-Keldysh formalism one considers the φ being
the mean field and ψ signifying the amplitude of quantum fluctuations of φ< on top of
the mean field value instead of φ<. For φ and ψ the effective action is obtained as

Γ(φ, ψ) = −
∫
dtψ

(
3Hφ̇+

dV

dφ

)
+ i

1

2

9H5

4π2

∫
dtψ2. (5.8)

The Hubbard-Stratonovich transformation gives

e−
1
2

∫
dt 9H

5

4π2 ψ
2

=

∫
Dξe−

1
2

∫
dt 4π2

9H5 ξ
2+i

∫
dtξψ. (5.9)

The action is
Γ[φ, ψ] = −

∫
dtψ

[
3Hφ̇+

dV

dφ
− ξ

]
, (5.10)

The equation of motion stemming from the action is stochastic Langevin equation

3Hφ̇+
dV

dφ
=
H5/2

2π
ξ(t), (5.11)

with noise
〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = 9H5

4π2
δ(t− t′). (5.12)

Equivalently the probability density of φ field is given by the Fokker-Planck equation
[30]:

Ṗ [φ, t] =
1

2

(
H3

4π2

)
∂2P [φ, t]

∂φ∂ϕ
+

1

3H
∂i
(
∂iV (φ)P [φ, t]

)
, (5.13)

where Ṗ [φ, t] := ∂
∂t
P [φ, t].
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How does inflation become eternal? Given an arbitrary field value φc, one can
ask what is the probability that quantum field φ = φ(t) is above this value:

Pr[φ > φc, t] =

∫ ∞

φc

dφP [φ, t]. (5.14)

From (5.12) we know that the distribution is Gaussian, centered around the classi-
cal evolution of the Langevin equation (5.11). Then (5.14) resemblembles the error
function, which in turn can be approximated by an exponential decay:

Pr[φ > φc, t] ≈ C(t) exp(−At), (5.15)

where C(t) is polynomial in t and all of the dependence on φc is contained in C(t) with
A being the decay rate. Then it seems that inflation cannot last forever since

lim
t→∞

Pr[φ > φc, t] = 0. (5.16)

However, there is an additional effect: expansion of the universe during inflation. The
size of the universe depends on time according to:

U (t) = U0e
3Ht, (5.17)

where U0 is the initial volume of the pre-inflationary universe. One can interpret the
probability Pr[φ > φc, t] as fraction of the volume Uinf (t) still inflating, that is:

Uinf (t) = U0e
3HtPr[φ > φc, t], (5.18)

then in order for the Universe to inflate eternally, the positive exponential factor 3H
in Eq. (5.18) and the negative exponential factor −A in (5.15) must satisfy:

3H > A. (5.19)

We shall illustrate this general property on an example of linear potential. For the
linear hilltop model the potential is given by

V (φ) = V0 − αφ. (5.20)

The solution of the Fokker-Planck equation (5.13) is the Gaussian distribution with:

µ (t) =
α

3H
t, σ2 (t) =

H3

4π2
t. (5.21)

The time-dependence of µ (t) is due to the classical rolling of the field in the linear
potential. The integral for probability density is:

Pr[φ > φc, t] =
1

2
erfc

(
α
3H
t− φc

H
2π

√
2Ht

)
. (5.22)

The error function may be approximated by an exponential:

Pr[φ > φc, t] = C (t) exp
(
−4π2α2

18H5
t

)
, (5.23)
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where C (t) is power-law in t and φc vanishes from the final approximation of the
probability. By comparing the exponents, we can check whether Uinf will grow or tend
to zero. The condition for eternal inflation to occur becomes:

3H >
4π2α2

18H5
. (5.24)

For linear potential α = V ′ (φ) using the slow-roll equations equation (5.2), above
condition can be rewritten:

|V ′|
V

3
2

<

√
2

2π

1

MP

. (5.25)

This can be interpreted as quantum fluctuations dominating over classical field rolling.
For linear potential, this is satisfied for a large φ. Similarly, the second condition for
the eternal inflation may be derived from the quadratic hilltop potential:

− V ′′

V
<

3

M2
Pl

. (5.26)

Further necessary conditions on p-th derivative with p > 2 have been derived in [30]
and give:

[−sgn (∂pV )]p+1 |∂pV |
V (4−p/2

< NpM
p−4
Pl , (5.27)

where Np � 1 is numerically determined coefficient. In order to cross check the
formulas (5.25, 5.26) the numerical simulation has been developed. To reconstruct the
probability distribution one simulates the discretized version of equation (5.11):

φn = φn−1 −
1

3H
V ′ (φn−1) δt+ δφq (δt) , (5.28)

with δφq (δt) being random number taken from the gaussian distribution with mean
equal zero, and variance H3

4π2 δt, for details see [6].

5.1.2. Tunelling and eternal inflation
Most of the inflationary potentials are single-minimum, such as Starobinsky inflation
and alpha-attractors. There are, however, potentials that are of the type depicted in
figure 5.1 and possess various minima. In such models, inflation can become eternal
due to tunneling to the inflating vacua. When the vacua are degenerate enough, the
tunneling dominates over quantum uphill rolling. As it will turn out, this is the dom-
inant effect for the model discussed in section 5.3.2, where the tunneling goes in the
opposing direction to the old inflation scenario [440].
The eternal inflation mechanism discussed in the previous sections relies on the local
shape of the potential and cannot provide an accurate description in that case. In order
to quantitatively derive predictions for this new effect one can rely on the first passage
formalism [441, 442] instead, and apply it to the eternal inflation considerations [6].
Given the initial value of the field φ0 being between φ− and φ+, the probability that it
reaches φ+ before φ− and φ− before φ+, denoted respectively p+(φ0) and p−(φ0), obeys
the following equation:

vp′′±(φ)−
v′

v
p′±(φ) = 0, (5.29)
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Figure 5.1: Left: field initially placed at the maximum of the potential may decay
towards one of the two vacua: at φ− with probability p− and at φ+ with probability
p+.
Right: field initially placed at φ0 < φmax may tunnel trough the barrier towards φ+ with
probability p+(φ0). Analogous tunnelling from "plus" to "minus" side is also possible.

with initial conditions: p±(φ±) = 1, p±(φ∓) = 0, where v = v(φ) is the dimensionless
potential v(φ) := V (φ)

24π2M4
Pl
. The analytical solution is:

p±(φ0) = ±
∫ φ0
φ±
e−

1
v(φ)dφ∫ φ+

φ−
e−

1
v(φ)dφ

. (5.30)

One may also define the probability ratio R:

R(φ0) :=
p+(φ0)

p−(φ0)
=

∫ 0

φ−
e−

1
v(φ)dφ∫ φ+

φ0
e−

1
v(φ)dφ

. (5.31)

The above integrals may be evaluated numerically. Within the steepest descent approx-
imation, the probability ratio R may be evaluated approximately, where the leading
contributions to (5.31) come from the values of the field in the neighborhood of φmax
1:

R(φmax) ≈ 1− 2

3

√
2

π

v(φmax)v
′′′(φmax)

|v′′(φmax)|3/2
. (5.32)

In this regime, the probability of descending into each of the minima φ− and φ+ is
similar, giving |1−R| � 1. It is possible to start the inflation in the subset of [φ−, φ+]
that would lead to the violation of the slow-roll conditions and tunnel through the
potential barrier to the sector dominated by eternal inflation. We further analyze this
possibility in Sec. 5.3.2 for a particular effective potential with two vacua, stemming
from an asymptotically safe theory. We use Eq. (5.32) to find the dependence of R on
the parameters of the theory and compare the result with direct numerical simulation
of the Eq (5.11) given set of parameters.

1For the details of the calculation consult [442].
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5.1.3. Starobinski eternal inflation
In 1980 Starobisky proposed [443] a model where the addition of the R2 term to the
action can cause non-singular evolution of the Universe:

S =
1

2

∫
d4x

√
−g
(
M2

PR +
1

6M2
R2

)
, (5.33)

where M is some “mass” parameter. The action (5.33) can be transformed into equiv-
alent linear representation:

Sl =
1

2

∫
d4x

√
−g
(
M2

P

2
R +

1

M
Rψ − 3ψ2

)
, (5.34)

with equations of motion for ψ:
1

M
R = 6ψ,

being equivalent to (5.33). Then if we use a following conformal transformation [444]:

gµν → e−
√

2/3φ/MPgµν =

(
1 +

2ψ

MM2
P

)
gµν , (5.35)

we get action with scalar field coupled to gravity:

S =
1

2

∫
d4x

√
−g
[
M2

P

2
R +

1

2
∂µφ∂

µφ− V (φ)

]
, (5.36)

with the potential given by

V (φ) = V0

(
1− exp

(
−
√

2

3

φ

MP

))2

. (5.37)

The resulting dynamics is almost the same as for the non-minimally coupled scalar
field a.k.a. Higgs inflation [445] with M2 = λ

9ξ2
. According to Planck data, Starobinski

model and its descendants are the main class of models which having correct tensor to
scalar ratio and scalar-tilt:

ns − 1 ≈ − 2

N
, r ≈ 12

N2
, (5.38)

with N being the number of e-folds, hence are of high interest. Usually it is assumed
that N ≈ 60, hence:

ns ≈ 0.96, r ≈ 0.003, (5.39)

which are within the range of the 3-σ Planck data [203, 204]. The 60 e-folds corresponds
to the initial condition φ0 = 5.5 MP. The value V0 = 8.12221 × 10−11 M4

P is fixed by
(1.84) resulting in M ' 10−5 [444]. Applying the analytical eternal inflation conditions
(5.25, 5.26) to the Starobinski potential, the initial value of the field, above which
the eternal inflation occurs, has been estimated to be φ0 = 16.7 MP [30]. It has
been found, that decay rate A decreases approximately exponentially with φ0. The
numerical simulation of the Langevin dynamics within a sample of 10000 simulations
confirms the analytical prediction.
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Figure 5.2: Left: The Starobinski potential (5.37).
Right: Eternal inflation condition for Starobinski potential.

5.2. Eternal inflation beyond the Standard Model

5.2.1. Inflation in Conformal Standard Model
After Planck results [203, 204] a wide spectrum of models have been discarded [446],
leaving Starobinski model and its descendants together with alpha-attractors 2 as viable
models. To accommodate inflation in the Conformal Standard Model (or other multi-
scalar models) [142, 169, 383], see also Sec. 4.2.2, we modify the CSM Lagrangian
(4.12) as [10]:

L = LCSM −
(
M2

P + 2ξ1H
†H + 2ξ2φ

∗φ
)

2
R, (5.40)

with ξi > 0. We introduce the unitary gauge HT = (0, h/
√
2) and φ = s/

√
2 3.

We proceed in the scheme of [445, 447, 448]. Since the calculations in the Jordan
and Einstein frames are equivalent [449] we make the following convenient conformal
transformation:

g̃µν = Ω2gµν , Ω2 = 1 +
ξ1h

2 + ξ2s
2

M2
P

. (5.41)

In the Einstein frame the scalar part of the Lagrangian is given by

LE = −R
2
+

3

4

[
∂µ log(Ω

2)
]2

+
1

2Ω2

[
(∂µh)

2 + (∂µs)
2
]
− 1

Ω4
V (h, s). (5.42)

We consider the large field values:

ξ1h
2 + 2ξ2s

2 �M2
P � v2i , (5.43)

2To be discussed in Sec. 5.2.2.
3In the case of [169] we assume that φij reduces to its trace part and take λ4 = 0, for non-zero

value of λ4 study see [10].
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Table 5.1: Minimal values of the radial part of inflation potential.

τ0 values stable minimum condition U0

τ0 = 0 a > 0 and b < 0 λ1
4ξ21

,
τ0 = +∞ a < 0 and b > 0 λp

4ξ22
,

τ0 = ±
√

b
a

a > 0 and b > 0
λ1λ2−λ23

4(λ1ξ22+λpξ
2
1−2λ3ξ1ξ2)

,
τ = 0 or τ0 = +∞ a < 0 and b < 0 λ1

4ξ21
or λ2

4ξ22
.

and redefine the fields as:

χ =

√
3

2
log(ξ1h

2 + ξ2s
2),

τ =
h

s
. (5.44)

The kinetic part of the lagrangian is:

Lkin =
1

2

(
1 +

1

6

τ 2 + 1

ξ1τ 2 + ξ2

)
(∂µχ)

2 +
1√
6

(ξ2 − ξ1)τ

(ξ1τ 2 + ξ2)2
(∂µχ)(∂

µτ)

+
1

2

ξ21τ
2 + ξ22

(ξ1τ 2 + ξ2)3
(∂µτ)

2, (5.45)

furthermore considering the limit (5.43) it reduces to

Lkin ' 1

2
(∂µχ)

2 +
1

2

ξ21τ
2 + ξ22

(ξ1τ 2 + ξ2)3
(∂µτ)

2, (5.46)

and the potential is given by

VE(τ, χ) = U(τ)W (χ) =
λ1τ

4 + λ2 + 2λ3τ
2

4(ξ1τ 2 + ξ2)2

(
1 + e−2χ/

√
6
)−2

. (5.47)

Field τ settles in the stable minimum, see Tab. 5.1 and evolution of χ follows. In the
the case ξi = 0 for i ∈ {1, 2} the field associated with i’th coupling decouples [448],
which results in τ = 0,+∞. For ξ 6= 0 the τ still settles in the on of the minimas
[447, 448], such that

m2
τ � H2 (5.48)

and the τ field can be integrated out, resulting in the single field χ evolution in the
effective potential of the same shape as Starobinski inflation

V (χ) =
λeff
4ξ2

W (χ), (5.49)

with ξ = ξ1τ
2
0+ξ2 and λeff = λ1+λ2τ

4
0+2λ3τ

2
0 . There are two possibilities. For τ0 equal

to zero or infinity the single inflaton case: Higgs or single “shadow” Higgs inflation.
Secondly the multi-inflaton scenario for τ0 =

√
b
a
. The multi-inflaton scenario to occur

requires:

a = λ1ξ2 − λ3ξ1 > 0,

b = λ2ξ1 − λ3ξ2 > 0,

λ1λ2 − λ23 > 0, (5.50)
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where the last one is the vacuum stability requirement, that is not satisfied for the
pure Standard Model. The calculation of ns and r gives the same predictions as the
Starobinski model and similar conclusions for the eternal inflation. The amplitude
fitting gives

ξ ' 49000
√
λeff , (5.51)

our reasoning can also be applied to other models described in Chapter 4.

5.2.2. Alpha-attractors
The α-attractor models are a general class of the inflationary models, initially intro-
duced in the context of supergravity, see [450, 451] and references therein. They are
consistent with the Planck CMB data [452], and their preheating phase has been stud-
ied on a lattice in [453]. The Lagrangian is given by:

1√
−g

LT =
1

2
R− 1

2

∂φ2(
1− φ2

6α

)2 − V (φ) (5.52)

and α can take any real, positive value. At the limit α −→ ∞ the scalar field be-
comes canonically normalized, and the theory coincides with the chaotic inflation. The
transformation:

φ =
√
6α tanh

ϕ√
6α
, (5.53)

results in the canonical kinetic term and the potential is given by:

V (φ) = αµ2 tanh2n ϕ√
6α
, (5.54)

where parameter µ is of order 10−5. The shape of the potential for exemplary values of n
and α is plotted on figure 5.3. At large field values the potential (5.54) is asymptotically
flat, resulting in eternal inflation. The condition (5.25) implies, above certain φEI for
all initial values of the φ0 the inflation is eternal, see Fig 5.3. The second eternal
condition (5.26) as well as the higher order conditions are satisfied for almost all values
of φ0 above 0, providing no new information. This is a generic feature for all of the
models we investigate.
For every α, n = 1, the φ0 necessary to produce 60 e-folds is safely below φEI . It is
shown on Fig. 5.3. We found that the values of φEI change only slightly with n.
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Figure 5.3: Left: the T-model potential with various n and various α were depicted.
Right: plot of the initial value φ0 necessary for 60 e-folds, as a function of α, as well
as the lowest initial value φEI of the field required for the eternal inflation to occur.

5.3. Can Asymptotically Safe Inflation be eternal?

5.3.1. Renormalisation group improved Starobinski
In this section, we analyze the renormalisation group improvement of the Starobinski
action in context of eternal inflation. Action is given by [313, 309]:

Lk =
1

16πgk

(
R− 2λkk

2
)
− βkR

2, (5.55)

with the running dimensionless couplings gk, λk, βk being the three relevant directions
of the theory, and their running is considered in [313, 454]. By the virtue of the Bianchi
identities [309] in the cosmological setting k2 ∼ R is the unique RG improvement. Then
the RG-improved quadratic gravity Lagrangian is [313, 309]:

Seff =
1

2κ2

∫
d4x

√
−g
{
R− 2Λ̃ +

R2

6m2
+ α̃R3/2

}
, (5.56)

where κ, Λ̃, m are measurable parameters, while α̃ denotes the speed of departure from
the non-gaussian fixed point. In the Einstein frame the action is given by

V± =
m2e

−2
√

2
3
κφ

256κ

{
192(e

√
2
3
κφ − 1)2 − 3α4 + 128Λ

−
√
32α

[
(α2 + 8e

√
2
3
κφ − 8)± α

√
α2 + 16e

√
2
3
κφ − 16

] 3
2

− 3α2(α2 + 16e

√
2
3
κφ − 16)∓ 6α3

√
α2 + 16e

√
2
3
κφ − 16

}
, (5.57)

with Λ = m−2Λ̃ and α = 3
√
3mα̃. The V0 is the constant part of the potential at

infinity V0 = V (φ −→ ∞) = 3m2

4κ2
and is fixed by the relation (1.84). The α,Λ are free
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Figure 5.4: RG improved Starobinski and eternal inflation.
Left: V+(φ) plot for various α and fixed Λ = 5.
Right: the logarithmic dependence of initial field value φEI above which eternal in-
flation occurs on parameter α has been found. Black points were evaluated via the
numerical simulation.

parameters, for example, given α = 2.8, Λ = 1 one gets V0 = 1.99 × 10−10 M4
P and

m = 2 × 1014 GeV. Only the V+ branch gives minimum required for the reheating to
occur. The potential is depicted in the left panel of the Fig. 5.4 for various α. Now we
shall investigate the eternal inflation conditions given by (5.25, 5.26). We search for
φEI above which the eternal inflation occurs as a function of the theory parameters.
First, the initial value above which eternal inflation occurs does not depend on the
cosmological constant. Parameter Λ only shifts the minimum of the potential and does
not affect the large-field behavior of the system. Secondly, in the large field expansion:

V±(φ) = Vplateau − 128V0αe
− 1

2

√
3
2
φ
, (5.58)

and by the substitution φ̃ = e
− 1

2

√
3
2
φ the potential reduces to the linear hilltop model

(5.20):

V±(φ) = Vplateau − 128V0αφ̃, (5.59)

justifying the usage of analytical condition (5.25). The behavior is depicted as a straight
line on the Log-Linear Plot in the right panel of Fig. 5.4. The numerical simulations
confirm these results, and the analytical formulas converge to the Langevin dynamics
results. Let us note that the plateau of (5.57) at large field values is a characteris-
tic feature of effective inflationary potentials stemming from the asymptotically safe
theories 4.

4Interestingly, eternal inflation has been studied [92] with the Finite Action Principle, which we
discuss in Chapter 6. The investigation showed that when inflation becomes eternal, the action
diverges, and hence the field configuration resulting in eternal inflation does not enter the amplitude
process.
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5.3.2. Inflation in the Veneziano limit
In this section, we investigate model in which inflation is driven by an ultraviolet
asymptotically safe fixed point without gravity. We consider a SU(NC) gauge theory,
with NF Dirac fermions interacting with an NF × NF complex scalar matrix Hij,
for details we refer to [455, 456, 457]. We consider the Veneziano limit NF → +∞,
NC → +∞ taken such that the δ = NF/NC − 11/2 becomes a continuous parameter
[455, 456, 457]. In this limit the theory possess a non-trivial asymptotitcally safe fixed
point in all the couplings. The inflaton action in Jordan frame has the following form:

SJ =

∫
d4x

√
−g
{
−M

2
P + ξφ2

2
R +

gµν

2
∂µφ∂νφ− ViUVFP

}
, (5.60)

where φ is the real scalar field along the diagonal of Hij = φδij/
√
2Nf . The leading

logarithmically resummed potential ViUV FP is given by:

ViUVFP(φ) =
λ∗φ

4

4N2
f (1 +W (φ))

(
W (φ)

W (µ0)

) 18
13δ

, (5.61)

where λ∗ = δ 16π
2

19
(
√

20 + 6
√
23 −

√
23 − 1) is positive quartic coupling at the fixed

point and W (φ) is the Lambert function solving the transcendent equation

z = W expW, (5.62)

with

z(µ) =

(
µ0

µ

) 4
3
δα∗ (α∗

α0

− 1

)
exp

[
α∗

α0

− 1

]
. (5.63)

The parameter α∗ =
26
57
δ+O(δ2) is the gauge coupling at its UV fixed point value and

α0 = α(µ0) is the same coupling at the scale µ0, where the theory reaches a fixed point
scaling. We take µ0 = 10−3MP, around the Grand Unification Scale.
We rewrite the action in the Einstein frame with U = ViUVFP/Ω

4, with Ω2 = (M2
P +

ξφ2)/M2
P being the conformal transformation of the metric. The potential U is given

by:

U =
ViUVFP

Ω4
≈ λ∗φ

4

4N2
F

(
1 + ξφ2

M2
P

)2 ( φ

µ0

)− 16
19
δ

, (5.64)

in the limit φ�MP/
√
ξ it reduces to

λ∗M
4
P

4N2
F ξ

2

(
φ

µ0

)− 16
19
δ

. (5.65)

The potential 5.64 has one local maximum and two minima. The overall height of
the potential decreases with increasing NF , ξ and with decreasing δ, see Fig. 5.5. The
region to the left of the maximum is where the inflation can be brought to an end, and
the reheating takes place [458]. To the right of the maximum, the inflation becomes
classically eternal due to the run-away solution. The potential flattens out for large
values of φ, and the slow-roll conditions are not violated. Let us now investigate
the analytical eternal inflation conditions. Similarly, as in the Starobinsky model,
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Figure 5.5: Left: the non-minimally coupled potential as a function of φ for, ξ = 1/6
and µ0 = 10−3MP for various values of δ. For δ = 0.1 there is a maximum at φmax =
16.7MP.
Right: the non-minimally coupled potential as a function of φ for, δ = 0.1 and µ0 =
10−3MP for various values of ξ.

the second condition (5.26) is always satisfied. The first condition (5.25) allows for
eternal inflation in the close neighbourhood of maximum φmax, since at the maximum
one has V ′(φmax) = 0. Nevertheless, numerical solutions to the FP equation show no
eternal inflation in that region due to the potential steepness around the maximum.
Nevertheless, eternal inflation may still occur due to the quantum tunneling through
the potential barrier.

Tunnelling and eternal inflation In general, if a potential has multiple vacua,
quantum tunneling through the potential barrier is expected. The non-minimal cou-
pling potential (5.64) belongs in this class. The question is, whether tunnelling from
the non-eternal inflation region of φ < φmax to the region of classical eternal inflation
φ > φmax is possible.
We start with investigating the fate of the field initially placed at the peak φ0 = φmax

of the potential depicted on figure 5.5. At the maximum of the potential, the steepest
descent approximation, cf. Eq. (5.32), may be employed. It is presented in the left
panel of Figure 5.6. Due to the complexity of the potential (5.64), its maximum was
found numerically and then employed in (5.32). The right panel of Figure 5.6 shows
how the maximum changes with parameters. As expected, the ratio R(δ, ξ) is close to
1 and favours the right-side (left-side) of the potential for large (small) values of the
parameters. The biggest ratio emerges at large parameters ξ and δ since the potential
is “step-like” and highly asymmetric. It is monotonically decreasing with the values of
φmax, for which the potential has a maximum. In order to verify the accuracy of the
relation (5.32), we have performed numerical simulation of the discretized Langevin
equation (5.28) with initial condition φ0 = φmax. For example it was found, that for
the set of the parameters NF = 10, µ = 10−3MPl, ξ = 1

6
, δ = 0.1 the steepest descent

approximation yields R = 0.92, and the numerical analysis results in R = 0.97, which
proves good accuracy of the analytical formula.
One may wonder, how does the probability p±(φ0) depends on the departure from the
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Figure 5.6: Tunnelling in eternal inflation: parameter dependence.
Left: probability ratio R = p+

p−
of descending from the maximum towards the right

minimum (p+) and the left minimum (p−), as a function of theory parameters ξ and δ.
For the small values of the parameters, it is more probable to fall from the maximum
towards φ− = 0 with non-eternal inflation. In contrast, for the large values of param-
eters, minimum at φ+ = ∞ is favored, resulting in an eternally inflating universe.
Right: the value of the field at which the potential is maximal. The above figures
are qualitatively similar because for the small values of φmax, the effective potential is
highly asymmetric (“step-like”). This is the origin of asymmetry between right and
left descend probability.

maximum φ0 6= φmax. The analytical answer is given by (5.30). As we have checked
numerically, inflation becomes eternal when tunneling probability is non-zero, as de-
picted in Figure 5.7.
To bypass the numerical calculation of the integral (5.30), we employ the direct numer-
ical simulation of the Langevin equation. However, this time, we do not seek the time
evolution of the inflaton. Rather than creating histograms of the count of inflationary
events at a given time-step, we simply track the probabilities p+ and p−. We say that
the particle tunneled through the potential barrier contributing to p+ if the evolution
starts at φ0 < φmax and proceeds to arbitrarily large field values after a long time. For
each point at figure 5.7, the probability has been calculated on the sample of 10000
simulations. As expected, choosing values of φ0 smaller than φmax lowers the proba-
bility of the tunneling to the right side of the barrier. Moreover, tunneling probability
decreases linearly with the distance to the maximum. The result of the simulation for
the set of parameters

NF = 10, µ = 10−3MPl, ξ =
1

6
, δ = 0.1 (5.66)

is shown on figure 5.7. The green line shows the probability of tunneling through the
barrier as a function of proximity to the maximum φ0 6= φmax. The red line shows the
probability of rolling towards the minimum at infinity.
The rolling is also a stochastic process, as tunneling in the opposite direction is possi-
ble. The probability distribution of tunneling in either direction is not an asymmetric
process. Notice, that the initial condition, for which p+ = 1

2
is shifted to the right
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Figure 5.7: Tunnelling in eternal inflation: probabilities.
Left: Linear probability distribution of tunneling (green side) and rolling (red side)
towards the minimum at infinity as. The data points have been directly simulated.
Right: Probability ratio R, evaluated with (5.32), is a monotonically decreasing with
the value of the maximum of the potential in the steepest descent approximation.

of φmax. This means that starting from the maximum; it is slightly more probable
to land in φ−. For the set of parameters given by (5.66) there is a field value, below
which the field cannot tunnel p+ = 0, at 9.2MPl, and starting from 24.8 MP , the
p− = 0. Hence, for every initial value of the field above 9.2 Planck Masses, there is
a non-zero probability of tunneling and hence eternal inflation. On the other hand,
for φ0 = 9.2MP and parameters are given by (5.66), the inflation classically produces
roughly 54 e-folds, depending on the reheating time [458], and agrees with CMB data.
This shows that the model is on the verge of being eternally inflating, pointing out the
interesting phenomenology.
To sum up, the critical point of our analysis is that the analytical conditions (5.25,
5.26) did not allow for eternal inflation and the tunneling process has to be taken into
account. This shows that conditions (5.25, 5.26) are not well suited for the multiple
minima models and cannot contain the complete information of the global influence of
quantum fluctuations in the early universe.
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Chapter 6

Finite Action Principle

Where we discuss the implications of the Finite Action Principle (FAP) for the Early
Universe dynamics, black holes, and wormholes in the context of Hořava-Lifszyc (H-L)
gravity. Assuming the Finite Action Principle, we show that the universe’s beginning
is flat and homogeneous. Furthermore, we offer that the H-L gravity action selects only
the regular black-hole spacetimes since the singular black holes possess infinite action.
We also comment on the wormholes in theories with higher curvature invariants.
The path integral

Z[J ] =

∫
DΦeiS[Φ]+JΦ (6.1)

sums over all possible configurations of a field(s) Φ weighted by eiS[Φ], where S[Φ] is the
classical action of the theory. In the Minkowski path integral, when the classical action
approaches infinity, it causes fast oscillations in the path integral and the destructive
interference of the neighboring field configurations [33]. In Euclidean, Wick rotated
path integral, the field configuration is weighted by e−S[Φ], and the field(s) configu-
rations on which the action is infinite do not contribute at all. Hence Finite Action
Principle (FAP) has been put forward [31], saying that action is the fundamental en-
tity and should be finite. Recently this principle has been applied to quantum gravity
understood within the path integral paradigm

Z[J ] =

∫
DgµνeiS[gµν ]+Jµνg

µν

. (6.2)

This quantum perspective gave new insight into the cosmological solutions [459, 460],
see also Finite Amplitudes Principle [92], black holes [5, 33, 461, 462] and wormholes
[5, 12]. As it turned out, once the higher curvature invariants are concerned [459],
in the isotropic and flat Universe emerges naturally, and the black hole singularities
problem can be solved. Yet it is not known whether considered R2 term can constitute
fundamental action, see discussion in [5, 92], due presence of the particles with the
negative mass-squared spectrum, known as ghosts, which makes theory non-unitary. It
is the consequence of the Ostrogradsky Theorem [67] and the presence of the higher
than second-order time derivatives in the terms beyond R in action. Furthermore, in
asymptotic safety, one is concerned with the “integrated out” effective action, and so-
called reconstruction of the microscopic action constitutes part of the ongoing research
within the field [72, 463, 34, 464].
Here we explore another possibility. Namely, we investigate H-L gravity [73], where the
Lorentz Invariance (LI) is broken at the fundamental level, see discussion in Sec. 1.2.1.
In Sec. 6.1 we show that the Finite Action arguments applied to the H-L gravity result
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in isotropic, homogeneous, UV-complete, and ghost-free beginning of the universe. In
Sec. 6.2 we demonstrate that the finite action selection principle [33] works for H-
L gravity in the context of black-holes (the action is finite for non-singular BH and
conversely for the singular). Finally in Sec. 6.3, we discuss the wormhole solutions.

6.1. Cosmological Singularities and Finite Action Prin-
ciple

Flatness The FLRW metric is given by the formula

N → N(t), Ni → 0, (3)gij → a2(t)γij, (6.3)

where γij is a maximally symmetric constant curvature metric, with k = +1 for the
metric on the sphere, k = 0 for flat space time and k = −1 for the hyperbolic metric.
The relevant quantities are given by

(3)Rij = 2kγij,
(3)R =

6k

a(t)2
, K = 3(1− 3λ)

(
ȧ

a

)2

, (6.4)

and N
√

(3)g = Na3(t). For a(t) = ts the kinetic part of the action (1.23) gives us:

N
√

(3)gK ∼ t3s−2, (6.5)

since N
√

(3)gK ∼ t−1 leads to a logarithmic divergence at t −→ 0 after integrating
over time, hence the exponent of t in the integrand should be greater than −1 giving
s > 1/3. In the potential part we have exemplary terms

N
√

(3)g(3)R ∼ kts,

N
√

(3)g(3)R2 ∼ k2t−s,

N
√

(3)g(3)R3 ∼ k3t−3s. (6.6)

For k 6= 0 equations (6.5, 6.6) give rise to the following set of contradicting inequalities:

s > 1/3, s > −1, s < 1, s < 1/3, (6.7)

this shows that for k 6= 0 in there is the no-FLRW-like beginning of the Universe for
the projectable action with potential given by (1.26). This means that in this version of
H-L gravity, the Big Bang with power-law time dependence of the scale factor cannot
be realized (similar behavior has been observed in [92] for the R3 gravity). Rejecting
the cubic R3 terms from the potential responsible for the contradictory inequalities
yields the action to be finite. None of the anisotropic non-flat solutions are allowed in
action with terms cubic in Ricci curvature, as we discuss below.

Anisotropies We consider Bianchi IX metric as a representative model of non-flat
anisotropic spacetimes (in this paragraph k = 1):

ds2IX = −N2dt2 + hijω
iωj, (6.8)
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where hij = diag (M2, Q2, R2) and M,Q,R are functions of the time only. The con-
nection is

dωa = Γac ∧ ωc = Γacbω
b ∧ ωc. (6.9)

The Bianchi IX one forms satisfy:

dωa =
1

2
εabcωb ∧ ωc, (6.10)

hence Γabc = −1
2
εabc. The usual closed FRLW universe is obtained when R(t) =M(t) =

Q(t) = a(t)
2

, where a(t) is the scale factor. The explicit form of the curvature invariants
was calculated in [80]:

(3)R =
−1

2M2Q2R2

(
M4 +Q4 +R4 −

(
R2 −Q2

)2
−
(
R2 −M2

)2 − (M2 −Q2
)2 )

, (6.11)

(3)Ri
j
(3)Rj

i =
1

4(MQR)4

[
3M8 − 4M6

(
Q2 +R2

)
− 4M2

(
Q2 −R2

)2 (
Q2 +R2

)
+ 2M4

(
Q2 +R2

)2
+
(
Q2 −R2

)2 (
3Q4

)
+
(
Q2 −R2

)2 (
2Q2R2 + 3R4

) ]
, (6.12)

(3)Ri
j
(3)Rj

k
(3)Rk

i =
1

8(MQR)6

( [
(M2 −Q2)2 −R4

]3
+
[
(M2 −R2)2 −Q4

]3
+
[
(Q2 −R2)2 −M4

]3 )
. (6.13)

The kinetic and the potential part are respectively:

N
√

(3)gK =
MQR

N

[
(1− λ)

(
Ṁ2

M2
+
Q̇2

Q2
+
Ṙ2

R2

)

− 2λ

(
ṀQ̇

MQ
+
Q̇Ṙ

QR
+
ṀṘ

MR

)]
,

N
√

(3)gV = −N (MQR)V. (6.14)

For the Bianchi IX metric we use the following ansatz:

M(t) ∼ tm, Q(t) ∼ tq, R(t) ∼ tr. (6.15)

With such solutions, the kinetic term is proportional to

N
√

(3)gK ∼ tm+q+r−2. (6.16)
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This results in an inequality:

m+ q + r > 1. (6.17)

Similar reasoning is applied to all of the curvature scalars in the potential. Ricci scalar
terms lead to conditions:

3m− q − r > −1, 3q −m− r > −1, 3r −m− q > −1,

r + q −m > 1, r +m− q > −1, m+ q − r > −1. (6.18)

Quadratic terms are numerous and we provide explicit conditions only for the RijR
ij

terms:

5m− 3q − 3r > −1, 3m− q − 3r > −1, 3m− 3q − r > −1,

3r −m− 3q > −1, r −m− q > −1, q −m− r > −1,

3q −m− 3r > −1, m+ q − 3r > −1, m− q − r > −1,

m+ r − 3q > −1, 5q − 3m− 3r > −1, 3q − 3− r > −1,

q + r − 3m > −1, 3r − q − 3m > −1, −3m− 3q + 5r > −1. (6.19)

These are such that the kinetic part and scalars up to the quadratic order in curvature
do not lead to contradictory conditions [5]. However, including the R3 term, we have:

N
√

(3)g (3)R3 3 N

MQR
∼ t−m−q−r =⇒ m+ q + r < 1. (6.20)

This is in clear contradiction with (6.17). This means, that also Bianchi IX anisotropic
spacetime leads to infinite action. Notice, that taking the isotropic limit m = q = r
also leads to infinite action, as discussed in the previous paragraph.

Inhomogeneities Unlike the anisotropies, the finiteness of the action suppresses
the inhomogeneities already at the second-order of the spatial Ricci scalar curvature.
Investigation of the inhomogeneities concerns following isotropic metric tensor [459]:

ds2 = −dt2 + A′2

F 2
dr2 + A2

(
dθ2 + sin2 θdφ2

)
, (6.21)

where A = A(t, r), F = F (r) and A′ = ∂rA. The homogeneous FRLW metric is
retrieved, when F −→ 1. The resulting Ricci scalar and Ricci scalar squared contribution
to the action are: √

(3)g (3)R ∼ 2AF ′ +
A′ (−1 + F )2

F
, (6.22)

√
(3)g (3)R2 ∼ 2AFF ′ + A′ (F 2 − 1)

A2A′F
. (6.23)

Again, we suppose that each term should be convergent as t −→ 0. By the ansatz
A(t) ∼ ts, inequalities stemming from (3)R and (3)R2 are contradictory. This means
that F (r) −→ 1, hence the metric of the early universe was homogeneous.
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6.2. Black holes and Finite Action Principle
As we have discussed in Chapter 1, it is expected that quantum gravity should resolve
the black-hole singularity problem. One may ask which microscopic actions remain
finite for non-singular black holes and conversely interfere destructively with the singu-
lar ones. This we shall call the Finite Action selection principle. As it turns out, only
after the inclusion of higher-curvature operators, beyond the Einstein-Hilbert term,
such a selection principle can be satisfied [33].
In this section, we show that H-L gravity satisfies the Finite Action selection principle.
We study both the singular solutions of H-L gravity and the known regular black holes
spacetimes, yet there are no known regular BH solutions in the H-L gravity. Never-
theless, keep in mind that a metric does not need to be a solution to the equations of
motion to enter the path integral.

6.2.1. Singular black holes
First of all, the coordinate singularities of General Relativity may become scalar sin-
gularities in the H-L gravity [465]. The spacetime diffeomorphism of GR is a broader
symmetry than the foliation-preserving diffeomorphism of H-L gravity. As an example,
consider the Schwarzschild black hole, discussed in Sec. 1.1. In GR, the Schwarzschild
coordinates (1.8) and Painleve-Gullstrand ones ((1.10)) describe the same spacetime
with a singularity at r = 0. Notice, however, that the coordinate transformation
(1.9) does not preserve the spacetime foliation, breaking the projectability condition.
Hence, in the framework of H-L gravity, metric tensors (1.8) and (1.10) describe dif-
ferent spacetimes. Moreover, Schwarzschild’s metric singularity at r = rs becomes a
spacetime singularity. Hence due to the nature of the foliation-preserving diffeomor-
phism, investigating the singularities in H-L gravity is a delicate matter.
Here, we consider representative solutions: the Schwarzschild solution [465] and the
H-L solution found by Lu, Mei, and Pope (LMP) [466]. Further solutions have been
investigated in [5], including Kerr and the (anti-) de-Sitter Schwarzschild solution 1.

The Schwarzschild solution The most general spherically symmetric, static metric
in the Arnowitt-Deser-Misner (ADM) [467] form respecting the projectability condition
is given by

ds2 = −dt2 + e2ν(dr + eµ−νdt)2 + r2dΩ2, (6.24)

where µ = µ(r), ν = ν(r). In particular, the Schwarzschild solution is obtained for
[465]: µ = 1

2
ln
(
M
r

)
, ν = 0.

(3)R = 0, K = 3

(
3M

12r3

) 1
2

, KijK
ij =

81M

4r3
. (6.25)

To test the Finite Action selection principle we investigate the finiteness of the function:

Ss(rUV , rIR) :=

∫ rIR

rUV

dr N
√
g
(
KijK

ij − λK2 + (3)R
)
. (6.26)

1For the (anti-de-Sitter Schwarzschild there is additional cosmological scalar singularity at r =(
3M
|Λ|

)1/3
, which cannot be remove by coordinate transformation. This might be an indication that

H-L gravity “prefers” positive cosmological constant from the FAP point of view.
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The rIR is chosen so that the volume integral is finite. Hence, we do not consider
singularities stemming from the spacetime boundary and time integration’s IR behavior
(large distances). In particular, which we investigate the rUV → 0 limit. Explicitly we
have:

Ss(rUV , rIR) ∝ (1− λ)

(
9M

4

)
ln rUV + IR terms. (6.27)

When λ 6= 1 the singular solution is suppressed in the gravitational path integral. On
the other hand, λ is the running parameter [468, 74, 76, 469, 77] and its UV fixed
point value is away from λ∗ = 1 indicating that λ 6= 1 at the regime where curvatures
become significant.
In contradistinction to GR, the Schwarzschild metric (1.8) in the usual (orthogonal)
frame constitutes a different solution in the H-L gravity. For (1.8) the components of
the metric tensor do not depend on the time coordinate. Then the kinetic part vanishes
Kij = 0. Furthermore the Ricci scalar is (3)R = 0. However, this time the higher-order
curvature terms are divergent at the origin:

(3)Rij
(3)Rij =

6M2

r6
, (3)Ri

j
(3)Rj

k
(3)Rk

i = −6M3

r9
, (6.28)

yielding an infinite action and suppressing the singularity. We conclude that both
Schwarzschild solutions result in divergent action and do not appear in the path inte-
gral.

Kerr spacetime Kerr spacetime corresponds to an axially symmetric, rotating black
hole with mass M and angular momentum J . It is a solution to the Einstein Equations
in GR. However, it has been shown order by order in the parameter a = J/M that it is
not a solution to the H-L field equations [470], nevertheless see [471]. Yet, it can still
enter the path integral as an off-shell metric. The line element in the Boyer-Lindquist
coordinates is given by:

ds2 = −ρ
2∆r

Σ2
dt2 +

ρ2

∆r

dr2 + ρ2dθ2 +
Σ2 sin2 θ

ρ2
(dφ− ξdt2)2, (6.29)

where

ρ2 = r2 + a2 cos2 θ, ∆r = r2 + a2 − 2Mr, Σ2 = (r2 + a2)2 − 2Mr, ξ =
2Mar

Σ2
.

(6.30)

We are interested in the singularity on equator plane cos θ = 0, r = 0, described in
detail in [460]. For the explicit form of the extrinsic curvature scalars and Ricci scalar
refer to [470]. The 3-dimensional Ricci scalar on the cos θ = 0 plane is:

(3)R = − 2a2m2(a2 + 3r2)2

r4(r3 + a2(2M + r))2
, (6.31)

and it is singular at r = 0. Integrating (3)R with the measure N√
g = r2 results in the

infinite action in the UV limit, and the Kerr spacetime does not contribute the path
integral. On the other hand, the 4-dimensional Ricci scalar vanishes in the LI limit
λ = 1, and similar reasoning holds as for the Schwarzschild case. It is then necessary
to include the Kretschmann scalar to resolve the singularity as discussed in [33].
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6.2.2. Regular black holes
Following [33], we shall discuss Hayward metric [472] and Dymnikova spacetime [473].
The Hayward metric is an example of the regular black hole solution in GR:

ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2,

f(r) = 1− 2Mr2

(r3 + 2g3)
, (6.32)

where g is an arbitrary positive parameter. The metric is non-singular in r −→ 0. It is
not a solution to H-L theory, however, we consider it as an off-shell metric present in
the path integral.
The kinetic tensor vanishes Kij = 0, while the Ricci scalar and the second-order cur-
vature scalars are regular:

(3)R =
24g3GM

(2g3 + r3)2
,

(3)Rij
(3)Rij =

6M2 (32g6 + r6)

(2g3 + r3)4
, (6.33)

leading to finite action. The Dymnikova spacetime is another regular solution in GR.
It constructed with the line element (6.32) with:

f(r) = 1− 2M(r)

r
, M(r) =M

(
1− e

− r3

2g3

)
. (6.34)

The corresponding curvature scalars are non-singular:

(3)R =
6M

g3
e
− r3

2g3 , (3)Rij
(3)Rij =

3M2

2g6r6
e
− r3

g3

(
4g6
(
e

r3

2g3 − 1

)2

− 4g3r3
(
e

r3

2g3 − 1

)
+ 9r6

)
(6.35)

and the action is finite in the limit rUV −→ 0. In particular, in this limit we have
(3)Rij

(3)Rij −→ 12M2/g6.

6.3. Wormholes and Finite Action Principle
Wormholes (WH) constitute another class of interesting solutions of General Relativity,
linking disparate spacetime points. The wormholes may be characterized in two classes:
traversable and non-traversable. The traversable WH, colloquially speaking, are such
that one can go through it to the other side, see [474] for specific conditions. Conversely,
the non-transversable cannot be crossed. The pioneering Einstein-Rosen bridge [475]
has been found originally as a non-static, non-traversable solution to GR. Within GR,
the traversable solutions are unstable. However, they might be stabilized by an exotic
matter or inclusion of the higher curvature scalar gravity [476]. This is important in
the context of finite action. Usually, the divergences of black holes do appear in the
curvature squared terms, yet see [461]. Hence, due to the inclusion of the higher-order
terms in the actions, the traversable wormholes are solutions to the equations of motions
without the exotic matter. The exemplary wormhole spacetimes investigated here are
the Einstein-Rosen bridge proposed in [475], the Morris-Thorne (MT) wormhole [474],
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the traversable exponential metric wormhole [477] and the wormhole solution discussed
in the H-L gravity [478]. All of them have a finite action. Here, we shall discuss the
exponential metric WH. The for the other exemplary wormholes are similar, and we
discuss them in the [5, 12]. For the exponential metric WH, the line element is given
by:

ds2 = −e−
2M
r dt2 + e

2M
r

(
dr2 + r2dΩ2

)
. (6.36)

This spacetime consists of two regions: “our universe” with r > M and the “other
universe” with r < M and r = M corresponds to the wormhole’s throat. The spatial
volume of the “other universe” is infinite when r −→ 0. Hence, such volume divergence
is irrelevant to our discussion since it describes large distances in the “other universe”.
Hence, we further consider only r ≥M . The resulting Ricci and Kretschmann scalars
calculated in [477] and the measure are non-singular everywhere:

R = −2M2

r4
e

−2M
r ,

RµνσρR
µνσρ =

4M2(12r2 − 16Mr + 7M2)

r8
e−4M

r , (6.37)

resulting in the finite action for the R2 gravity. Similarly for the H-L gravity:

(3)R = R, K2 = KijK
ij = 0,

(3)Rij
(3)Rij =

2M2(M2 − 2Mr + 3r2)

r8
e−

4M
r , (6.38)

we get the finite invariants.
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Chapter 7

Conclusions, future directions

Where we summarize the results on the Beyond Standard Model Physics and beyond
the Λ-CDM physics from the quantum gravity perspective. We give an outlook on our
results.

7.1. Conclusions
Beyond the Standard Model, physics is a vast subject. A plethora of models have been
proposed, to mention grand unified theories, supersymmetry, and scale / conformal
invariant models 1. Most of the Standard Model extensions propose the introduction
of new particles and interactions. However, we cannot predict the free parameters of
these models theoretically. So, for example, the masses of particles might be arbitrary,
much too big for us to measure them in particle accelerators.
On the other hand, the amount of inflationary models quickly inflates 2. Furthermore,
some of those models have enough free parameters that they are compatible with any
measurement of ns, As, At and r [479]. There is also quite a few models that are an
alternative to inflation. Those such as string gas cosmology [480], slow contraction
cosmology [481], or Conformal Cyclic Cosmology (CCC) [482].
The main idea of the research presented in this thesis is it is not only challenging to
quantize gravity, but it is also challenging to combine matter with gravity. This notion
is heavily utilized in string theory in the swampland program. However, the idea of
the compatibility of gravity with QFT is not unique to string theory. In the thesis,
we have mainly adopted two perspectives: the asymptotic safety one in Chapter 5 and
Chapter 4 and the cross-approaches one, utilizing basic features of quantum gravity, in
Chapter 3 and Chapter 6. Furthermore, we have studied the Finite Action Principle in
H-L gravity to see whether the predictions for the higher derivative gravities carry over
to the theory where the Lorentz symmetry is broken. We showed that string theory ful-
fills the AS requirements. We also discussed the criteria to be fulfilled for well-defined
AS amplitudes. In other words, in this thesis, we have shown that quantum gravity
can narrow down the possible space of models’ parameters and the cosmological evo-
lution. Conversely, the quantum gravity models are significantly constrained by the
connection with the matter.

1The scale /conformal invariance has to be broken at some scale, but one usually assumes that it
is broken “softly” [171].

2The amount of articles with inflation in the title is estimated to be Ninfl ≈ 4000 in 2013 [479].
From that time, the number has significantly increased. We also have contributed to that number.
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For the Grand Unified Theories in Chapter 3, we have shown that the requirement
of stability of the potential at the Planck scale, absence of Landau poles constrains
possible microscopic dynamics. To investigate the broken potential minima, we have
calculated the beta functions for model c.f. App. C.1 as well as introduced a new
method to calculate the effective potential and calculate it, c.f. App. A. The resulting
deepest minima in the considered model are either non-SM-like or require large thresh-
old corrections for the model to reconcile with the running of the gauge couplings and
the proton stability bound. In particular, as we have discussed in Sec. 4.1, the mi-
croscopic dynamics stemming from asymptotic safety does not satisfy those criteria
(under the discussed assumptions) and result in “transplanckian” breaking and proton
stability, such that the two scales remain: Planck and electroweak one.
Furthermore, the broken phases of global and local symmetries result in the domain
wall evolution. In this thesis, we have investigated the longevity of the domain walls
depending on the initial conditions and the shape of potential. We found that two
dominant factors are the mean of the initial field distribution and the bias between the
minima. Yet, those initial conditions and the shape of potential for the cosmological
evolution cannot be deduced from the dynamics of domain walls by itself and must be
derived from a model of the evolution of the early Universe. Hence, our results can
also be thought of as a further constraint on the microscopic dynamics.
We discussed the Higgs mass prediction in the Standard Model and beyond within
the asymptotic safety paradigm. We pointed out that the prediction is roughly 5 GeV
up from the experimental value within the Standard Model. Hence, we discussed the
extensions such that the correct mass is predicted. We’ve shown that the inclusion of
the Abelian gauge group with a massive boson can result in an accurate prediction.
Finally, we have explored the Weak Gravity Bound in systems with more than one
gauge field for the first time to discover whether systems with 12 gauge fields (like the
Standard Model) exhibit a weak-gravity bound and whether the gravitational fixed
point evades it. Further, we have tested the robustness of the present and previous
results on the Weak Gravity bound by exploring their dependence on a gravitational
gauge parameter.
In the cosmological part of the thesis, we have discussed two principles:

(i) No eternal inflation principle,

(ii) Finite Action Principle.

The first one stems from the string theory considerations and the de-Sitter conjecture.
In this thesis, we have investigated whether a similar principle holds in the asymptot-
ically safe paradigm. As we found out generically, the existence of an asymptotically
safe fixed point flattens the potential for large field values, where eternal inflation is
inevitable. We illustrated this viewpoint by calculating RG-improved Starobinski in-
flation and the Yang-Mills theory in the Veneziano limit. We showed that tunneling
to the false vacua might also be a source of eternal inflation, which is not usually
discussed. Furthermore, we’ve introduced an inflationary dynamics for the Conformal
Standard Model that matches the current data.
In Chapter 6, we have discussed the consequences of the Finite Action Principle in the
framework of H-L gravity. Following this principle, we show that the beginning of the
Universe is flat and homogeneous when approaching the initial singularity. Further-
more, we show that the H-L gravity action selects only the regular black-hole space-
times since the singular black holes possess infinite action. The H-L gravity, therefore,
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satisfies the selection principle proposed in [33]. We also comment on the wormhole
solutions being an attractive alternative to black holes in light of this principle. Similar
conclusions can be drawn for the higher derivative gravity. Yet, due to ghost states
in the theory, the path integral might be not well defined; see discussion in [92]. For
possible resolutions of the ghost issue, see discussion in [5] and references therein.
We have also argued that contemporary particle physics and cosmology problems can
“find answers” combined with quantum gravity. This might be the case of the Landau
pole in the U(1) sector, discussed in Sec. 2.2, the strong CP problem in Sec. 4.2.3 and
initial conditions for inflation in Chapter 6.
Finally, we have discussed the asymptotic safety program and its caveats in Chapter 2.
We discussed the Wilsonian renormalization approach on the exactly solvable 1/r2

model. We proposed three criteria that asymptotically safe amplitudes should satisfy
to constitute a UV fundamental theory. We have illustrated our viewpoint with string
theory amplitude.
All in all, our results demonstrate that while various approaches stem from different
philosophies and rely on different model building, some results are quantum gravity
model-independent (Finite Action Principle, viable not fine-tuned non-SUSY GUT
breakings). The other, such as the No-Eternal Inflation Principle, proton stability, and
Higgs mass prediction models, are specific for string theory and asymptotic safety.

7.2. Outlook
Is that the end? Quite the opposite this the beginning! Much of the work presented
here is about sharpening the tools used in further work. In favor of concreteness, let
us present projects we are currently undertaking.

(i) Quantum gravity and baryon asymmetry In the Early Universe, matter
dominance over antimatter cannot be explained in the Standard Model. The success-
ful baryogenesis at the GUT scale is usually considered one of the arguments favoring
GUTs. However, asymptotic safety indicates that “transplanckian” breaking might
occur and thus spoiling this mechanism as well. On the other hand, models, such as
Conformal Standard Model, are naturally supplemented with the mechanism which can
create such asymmetry. This mechanism is called resonant leptogenesis [483]. Since
sterile scalar φ has a non-vanishing vacuum expectation value, the lepton number sym-
metry L of the Conformal Standard Model is spontaneously broken. This property
allows us to explain the amount of CP violation, which is too small in the Standard
Model, to provide the observed baryon to photon ratio. In [383] the authors describe
how the Conformal Standard Model can provide the desired baryon asymmetry via
resonant leptogenesis scenario [483]. This provides non-trivial sets of constraints on
the investigated model that can be combined with the requirements stemming from
asymptotic safety.
Together with the authors of [383] we are planning to study the Standard Model ex-
tended by new U(1) symmetry. We will check whether the constraints on the Higgs
mass stemming from AS and those resulting from successful leptogenesis form a non-
empty parameter space.

(ii) Unified quantum gravity The research program we have started in [3] has
various possible developments. One is to extend the programme towards the realistic
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models such as 10H ⊕ 126H ⊕ 45H or 10H ⊕ 126H ⊕ 54H and also include the models
containing supersymmetry. Another possible development is to explicitly calculate the
higher-order 1/M2

P contributions to the GUT models stemming from quantum gravity
and check their influence on the parameter space. Finally, both string theory and
asymptotic safety give specific predictions on the values on the scalar couplings. In
the case of AS, it may seem that the GUTs with representations not coupled to the
Yukawa sector enjoy the “transplanckian” breaking, yet to confirm it, we have to
perform the calculation within the FRG setting, taking into account the higher-order
operators. Finally in the non-supersymmetric, non-tachyonic SO(16)× SO(16) string
theory model, the SO(10) with 45H is realized in the compactification to 4 dimensions
[484].

(iii) Towards the non-perturbative quantum gravity cosmology Recently the
de-Sitter conjecture has been under scrutiny. Yet, the swampland research still lacks
non-perturbative methods that would allow for the transformation of hypotheses into
mathematical evidence.
Potentially the symmetries and dualities (symmetries between two different theories)
can provide such methods. In the cosmological context, their practical implementa-
tion is the symmetry O(d, d) proposed by Meissner and Veneziano in a series of works
[68, 103]. The O(d, d) symmetry considerations classifies the α′ corrections for purely
time-dependent (cosmological) backgrounds and the non-perturbative solutions fea-
turing string-frame de Sitter vacua can be constructed [102, 101]. Furthermore, the
un-truncated action can be studied with the Functional Renormalization Group tech-
niques [485, 486, 487]. The tentative results indicate absence of de-Sitter vacua in
string theory [485, 486, 487].
In our work, we plan to check under what general assumptions the de-Sitter solutions
can be constructed and whether they can be realized dynamically. We are also planning
to apply the same reasoning as [101, 102], based on other space-time (and field con-
figurations) such as non-planar FLRW spacetime, BKL singularity, or D-dimensional
black hole. The existence of O(d, d) symmetry to all orders in string corrections al-
lows for a complete understanding of the string theory in a given range, thus allowing
for confirmation or refutation of the existing criteria related to the swampland. This
symmetry will also allow for a complete description of the Hartle-Hawking state (pre-
viously described semi-classically) or alternative cosmologies to the theory of inflation.
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Appendices

A. Effective potential and the breaking scale
This section is taken from [3] and only slightly modified. This has been done with the
other author’s consent.

A.1. Renormalisation group-improved 1-loop potential
In Chapter 3 we are interested in the radiative minima of the potential generated due
to the renormalization group flow of the quartic couplings. Hence the renormalization
group equations (RGEs) constitute the principal tool in our analysis. The schematic
form of the one-loop RGEs are given in the seminal papers [380, 488, 489], see also the
recent discussion [490, 491].
In the absence of mass terms in the tree-level potential, any nontrivial minimum must
be generated by higher-order corrections to the scalar potential. The dependence of
loop corrections on the arbitrary renormalization scale can be alleviated using tech-
niques of RG-improvement of the scalar potential. Such techniques generally allow a
better approximation of the all-order quantum potential already in the one-loop trun-
cation. For these reasons, we have used in this work the RG-improved 1-loop potential
to study the breaking patterns of a GUT model in a formalism that we now briefly
review.
Considering a gauge theory with a scalar multiplet noted φ, and using the conventions
of [305], the one-loop contributions to the effective potential can be put in the form

V (1) = A+ B log
ϕ2

µ2
0

(A.1)

where µ0 is the arbitrary renormalisation scale and where ϕ =
√
φiφi. The quantities

A and B receive contributions from the scalar, gauge and Yukawa sectors of the theory.
In the MS scheme and working in the Landau gauge, they may be expressed as

A =
1

64π2

∑
i=s,g,f

niTr

[
M4

i

(
log

M2
i

ϕ2
− Ci

)]
, (A.2)

B =
1

64π2

∑
i=s,g,f

niTr
(
M4

i

)
. (A.3)

where the numerical constants ni and Ci take the values

ns = 1, ng = 3, nf = −2,

Cs =
3

2
, Cg =

5

6
, Cf =

3

2
,

(A.4)
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and where Ms,g,f respectively stand for the field-dependent mass matrices of the scalars,
gauge bosons and fermions of the model. The first two matrices can be straightfor-
wardly computed once the scalar potential and the gauge generators of the scalar
representations have been fixed:(

M2
s

)
ij
=
∂2V (0)

∂φi∂φj
(A.5)(

M2
g

)
AB

= g2 {TA, TB}ij φ
iφj (A.6)

The 16H ⊕ 45H sector of the model considered in this work contains no Yukawa inter-
actions; hence the Mf mass matrix will be taken to vanish.
The dependence of V (1) on the renormalization scale µ0 is an artifact of working at
fixed order in perturbation theory and introduces arbitrariness in the computations.
In some circumstances, simple prescriptions on the value of µ0 may be appropriate
for computations involving the quantum potential. Such prescriptions are particularly
suitable for single-scale models, thus giving a reasonable approximation of the effective
potential around this one scale. For computations involving a more comprehensive
range of energy scales, or in theories with multiple characteristic scales (e.g. several
vevs, possibly spanning over orders of magnitude), one inevitably encounters large
logarithms indicating the breakdown of perturbation theory. Various renormalization
group techniques were developed to resum those large logarithms, yielding a well-
behaved quantum potential over large energy ranges. Such a procedure is generally
referred to as renormalization group improvement of the scalar potential.
The SO(10) model considered in this work (and generally any GUT model) enters the
category of multi-scale theories, requiring an appropriate procedure of RG-improvement.
Here we briefly review the method developed in [305] and further extended in [492] in
the case of classically scale-invariant potentials. The starting point is to consider the
Callan-Symanzik equation satisfied by the all-order quantum potential, stating that the
total derivative of the effective potential concerning the renormalization scale vanishes:

dV eff

d log µ0

=

(
∂

∂ log µ0

+
∑
i

β (gi)
∂

∂gi
− φiγij

∂

∂φj

)
V eff = 0 . (A.7)

The above relation describes the invariance of the quantum potential on the renor-
malisation scale, given that the couplings of the theory are evolved according to their
β-functions, and the field strength renormalisation values according to their anoma-
lous dimension matrix γ. Following [305, 492] and using (A.7), we may simultaneously
promote the RG-scale µ0 to a field-dependent quantity µ(φi), and the couplings and
fields to µ-dependent quantities. Formally, we have

µ0 −→ µ(φi) ,

λ −→ λ
(
µ(φi)

)
,

φ −→ φ
(
µ(φi)

)
.

(A.8)

The cornerstone of the RG-improvement procedure presented in [305] is to note that
for each point in the field space, and as long as perturbation theory holds, there exists
a renormalization scale µ∗ such that the one-loop corrections V (1) vanish3:

V (1)
(
φi, λi;µ∗

)
= A

(
φi(µ∗), λ

i(µ∗)
)
+ B

(
φi(µ∗), λ

i(µ∗)
)
log

ϕ2

µ2
∗
= 0 . (A.9)

3In presence of negative eigenvalues in the mass matrices, one may instead require the real part of
the one-loop corrections to vanish.
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The above relation gives the implicit definition of the field-dependent scale µ∗(φ
i), and

is shown in [305] to allow for a proper treatment of large logarithms. Going on, the
full 1-loop effective potential is simply given by its tree-level contribution, with the
couplings and fields are evaluated at the scale µ∗:

V eff(φi) = V (0)
(
φi;µ∗(φ

i)
)
. (A.10)

That the RG-improved effective potential takes its tree-level form provides valuable
insight on the conditions of radiative symmetry breaking in classically scale-invariant
models [305, 493, 492]. In particular, a necessary condition for symmetry breaking is
that the scalar potential’s tree-level stability conditions must be violated at some scale
along with the RG flow. As illustrated in the next sections, this observation crucially
allows us to determine whether the breaking of the SO(10) symmetry towards a specific
subgroup will happen at all, given some initial conditions for the quartic couplings at
the initial scale.

A.2. Minimisation of the RG-improved potential
To identify the breaking patterns of the model, one needs to evaluate the depth of
the RG-improved potential at the minimum for each relevant vacuum configuration.
The set of stationary point equations of the RG-improved potential, in principle, need
to be solved numerically to determine the position of its global minimum. However,
such a numerical minimization procedure can be computationally costly and therefore
rather inappropriate in this work, where a scan over a large number of points is to be
performed. Instead, we propose in this section a simple procedure allowing to estimate
(somewhat accurately) the position and depth of the minimum of the RG-improved
potential. In [3], we derive the radial stationary point equation satisfied by the RG-
improved potential at a minimum, in the O(~) approximation:

4V eff + 2B = 0,
dA
dt

≈ 0 and dB
dt

≈ 0 . (A.11)

The quantity B must be strictly positive at a minimum, thus implying

V eff < 0 . (A.12)

Recalling that for all field values, V eff takes its classically scale invariant tree-level
form, this means in turn that the tree-level stability conditions must not hold at the
RG-scale µmin

∗ , defined such that

∂V eff

∂〈φ〉i
(
〈φ〉i;µmin

∗
(
〈φ〉i

) )
= 0 and V (1)

(
〈φ〉i;µmin

∗
(
〈φ〉i

) )
= 0 . (A.13)

More concretely, µmin
∗ is the value of the RG-improved scale µ∗ evaluated at the vac-

uum 〈φ〉. Letting µ0 be some arbitrary high scale at which the tree-level potential
is assumed to be stable, one can identify a scale µGW characterising the breaking of
tree-level stability, such that

µmin
∗ < µGW < µ0. (A.14)

Hence at the RG-scale µGW the tree-level potential (without RG-improvement) devel-
ops flat directions, along which a minimum will be radiatively generated through the
Gildener-Weinberg mechanism [494]. A first important observation is that µGW gives
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an upper bound on the value of µ∗ at the minimum, as well as a rough estimate of
it. This bound may be further refined observing that an additional scale µ̃ can be
identified, at which the quantity Ṽ (0) defined as

Ṽ (0) ≡ V eff +
1

2
B (A.15)

develops flat directions, see [3]. Since B > 0 near the minimum, one has

µmin
∗ < µ̃ < µGW , (A.16)

so µ̃ provides an improved upper bound for µmin
∗ . In practice, the former scale pro-

vides in most cases a remarkably accurate estimation of µmin
∗ , for reasons detailed and

exemplified in [3]. Based on this observation, we have used for the present analysis a
simplified procedure to identify and characterize the minima of RG-improved poten-
tials in an algorithmic, fast, and efficient way — the only other alternative being the
minimization via numerical methods, increasingly costly for vacuum structure with
many vevs. For a given vacuum configuration, this minimization procedure may be
summarised as follows:

1. Starting with random values for the quartic couplings at some large scale µ0, the
stability of the tree-level potential is asserted, and unstable configurations are
discarded.

2. Evolution of the quartic couplings according to their RG running is performed
down to some lower scale µ1. A natural choice for this scale is µ1 ≈ 1011GeV,
where the gauge coupling usually runs into a Landau pole4.

3. The scale µ̃ at which Ṽ (0) develops flat directions is identified. To determine it
in practice, one only needs to assert the tree-level stability conditions at each
integration step over the considered energy range.

4. At the scale µ̃, depending on the considered vacuum structure, the flat direction
~n is identified. Along this flat direction, the field values take the form

φ = ϕ~n (A.17)

5. The unique value of 〈ϕ〉 such that

V (1) (〈ϕ〉~n; µ̃) = 0 (A.18)

is identified. The field vector 〈φ〉 = 〈ϕ〉~n constitutes an estimation of the exact
position of the minimum.

6. Finally, the depth of the RG-improved potential at the minimum, i.e. the quan-
tity

V eff(〈φ〉) = V (0)(〈φ〉); µ̃) (A.19)

is evaluated.
4The precise value of µ1 is anyways rather arbitrary since in practice one observes either the

breakdown of SO(10) or the occurrence of Landau poles along the way from µ0 to µ1.
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In this form, the above procedure is essentially equivalent to a Gildener-Weinberg min-
imization (see [494] and [3]). However, as explained in [3], it can be straightforwardly
extended to include O(~2) corrections characteristic of the 1-loop RG-improvement
procedure. From an algorithmic point of view, our method proves remarkably more ef-
ficient, particularly for multidimensional vacuum structures. The reason behind this is
rather simple: Here, one avoids the numerical minimization of a multivariate function,
whose evaluation at a point φ ∈ RN is itself rather costly (evaluating the potential at
some given field values involves a root-finding algorithm to determine the RG-improved
scale µ∗). Instead, two 1-dimensional numerical scans are performed, respectively, to
find the value of µ̃ at step 3, then the value of 〈ϕ〉 at step 5.

A.3. Breaking patterns triggered by the RG-flow
As stated above, the spontaneous breakdown of SO(10) — i.e. the occurrence of
a non-trivial minimum of the RG-improved potential — is triggered around the RG-
scale at which the tree-level potential turns unstable. While the knowledge of necessary
stability conditions allows discarding points from the parameter space for which the
scalar potential is unstable, the determination of the breaking patterns of the considered
model requires additional information. In particular, given some vacuum manifold,
there are several qualitatively different ways of violating the stability conditions. When
the RG-improved potential develops a nontrivial minimum, the resulting symmetry
breaking pattern depends on how the stability conditions get violated along with the
RG flow. More precisely, the set of stability conditions for a given vacuum structure
can, in general, be expressed as the conjunction of n individual constraints:

S = S1 ∧ · · · ∧ Sn . (A.20)

Defining S̄ as the condition of an unstable potential, one clearly has

S̄ = S̄1 ∨ · · · ∨ S̄n , (A.21)

and therefore the violation of any one of the Si will trigger spontaneous symmetry
breaking, in general towards different subgroups of original symmetry group. To il-
lustrate this rather general statement, let us consider a concrete example. Namely,
for the 16H ⊕ 45H SO(10) model considered in the next section, a possible vacuum
configuration leading to a SU(5) breaking is obtained as

〈V 〉SU(5) =

(
λ1 +

13

20
λ2

)
ω4 +

(
2λ8 +

5

2
λ9

)
ω2χ2 + λ6χ

4 , (A.22)

and matches the definition of a general 2-vev vacuum manifold given in [3]. Directly
using the results from this appendix, we derive the following tree-level stability condi-
tions:

S1 : λ1 +
13

20
λ2 > 0 , (A.23)

S2 : λ6 > 0 , (A.24)

S3 : 2λ8 +
5

2
λ9 + 2

√
λ6

(
λ1 +

13

20
λ2

)
> 0 . (A.25)
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With these definitions at hand, the sufficient and necessary stability condition for this
vacuum manifold is given by

S = S1 ∧ S2 ∧ S3 . (A.26)

We note that (A.26) constitutes a set of necessary conditions for the stability of the full
SO(10) potential. Starting at a RG-scale µ0 were S is satisfied, spontaneous symmetry
breaking will occur around the scale µGW < µ0 at which any one of the Si gets vio-
lated. This can happen in three distinct ways, generating in each case different vacuum
configurations along the flat directions appearing at µGW:

S̄1 : λ1(µGW) +
13

20
λ2(µGW) = 0 → (ω, χ) =

(
〈ω〉, 0

)
(A.27)

S̄2 : λ6(µGW) = 0 → (ω, χ) =
(
0, 〈χ〉

)
(A.28)

S̄3 :

[
2λ8 +

5

2
λ9 + 2

√
λ6

(
λ1 +

13

20
λ2

)]
(µGW) = 0 → (ω, χ) =

(
〈ω〉, λ〈ω〉

)
(A.29)

Finally, the residual symmetry group can be determined for each vacuum configuration
based on group theoretical arguments. Here, S̄2 and S̄3 do generate a SU(5) minimum,
although in the former case ω vanishes. In contrast, the minimum associated with S̄1

preserves an additional U(1) gauge factor, so the residual symmetry group is SU(5)×
U(1).
The above example shows how to determine the residual gauge symmetry associated
with a flat direction of the tree-level potential in a specific vacuum configuration. In
addition, one must determine the location and depth of the minimum of the effective
potential. For this purpose, the procedure described in the previous section can be
used in practice, allowing to estimate the position and depth of the minimum based on
the study of the flat directions of Ṽ0. Such a procedure is reiterated for every relevant
vacuum configuration to identify the deepest minimum. The corresponding residual
symmetry gives the only allowed breaking pattern among the various subgroups initially
identified.

B. SO(10) appendix

B.1. Conventions
Spinor conventions:

Sij =
1

4
√
2i

[Γi,Γj] =
1

2
√
2

(
σij 0
0 σ̃ij

)
(B.30)

Note that the additional
√
2 factor allows to match the convention where the Dynkin

index of the 16 equals 2 (as compared to 4 in LDL and some other works in the
literature).

• 32-dimensional spinor: Ξ

• 32-dimensional projected spinors:

χ+ = P+Ξ =

(
χ
0

)
, χ− = P−Ξ =

(
0
χc

)
, (B.31)
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Adjoint rep conventions:

• Adjoint field: φij

• Adjoint field in the 16× 16 spinor space (LDL): Φ16 =
1
4
σijφij

• Adjoint field in the 32× 32 spinor space: Φ32 =
1
2
Sijφij

Fundamental rep conventions:

• 10 field (real): Hi

B.2. Potential for 10H ⊕ 16H ⊕ 45H model
The potential is given by (we assume the Z2 for all of the scalar fields).

V = V10 + V45 + V1045 + V16 + V1645 + V1016

V45 = −µ
2
45

2
Tr452

H +
1

8
λ1
(
Tr452

H

)2
+

1

4
λ2
(
Tr454

H

)
V10 = −µ

2
10

2

(
10†

H10H
)
+

1

8
λ3

(
10†

H10H
)2

V1045 =
1

4
λ4Tr452

H

(
10†

H10H
)
+

1

8
λ510H45H45H10H

V16 = −µ
2
16

2

(
16+

H16H
)
+

1

4
λ6
(
16+

H16H
)2

+
1

4
λ7
(
16+

HΓi16H
) (

16+
HΓ

i16H
)

V1645 =
1

4
λ8
(
16+

H16H
) (

Tr452
H

)
+

1

4
λ916+

H45H45H16H

V1016 =
1

4
λ10
(
16+

H16H
) (

10†
H10H

)

C. Beta functions
Convention of presenting the beta functions is the following:

β (X) ≡ µ
dX

dµ
≡ 1

(4π)2
β(1)(X) +

1

(4π)4
β(2)(X)

C.1. Beta functions of the SO(10) 10H ⊕ 45H ⊕ 16H model
Gauge couplings

β(1)(g) = −139

6
g3

Yukawa couplings

β(1)(Y10) = −3

8
Y10Y

∗
10Y10 + Tr (Y10Y

∗
10)Y10 −

135

4
g2Y10
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Quartic couplings

β(1)(λ1) = +53λ21 + 38λ1λ2 + 6λ22 + 10λ24 + λ4λ5 + 8λ28 + 2λ8λ9 +
3

8
λ29 − 48g2λ1 + 9g4

β(1)(λ2) = +12λ1λ2 + 19λ22 +
1

8
λ25 −

1

4
λ29 − 48g2λ2 + 3g4

β(1)(λ3) = +18λ23 + 45λ24 +
9

2
λ4λ5 +

9

16
λ25 + 8λ210 − 27g2λ3 +

27

4
g4

+4λ3Tr (Y10Y
∗
10)−

1

2
Tr (Y10Y

∗
10Y10Y

∗
10)

β(1)(λ4) = + 47λ1λ4 +
9

4
λ1λ5 + 19λ2λ4 +

1

2
λ2λ5 + 12λ3λ4 +

1

2
λ3λ5 + 4λ24 +

1

8
λ25

+ 8λ10λ8 + λ10λ9 −
75

2
g2λ4 +

3

2
g4 + 2λ4Tr (Y10Y

∗
10)

β(1)(λ5) = +2λ1λ5 + 9λ2λ5 + 2λ3λ5 + 8λ4λ5 +
5

2
λ25 −

75

2
g2λ5 + 18g4 + 2λ5Tr (Y10Y

∗
10)

β(1)(λ6) = +10λ26 + 20λ6λ7 + 40λ27 + 45λ28 +
45

4
λ8λ9 +

105

64
λ29 + 10λ210 −

135

4
g2λ6 +

315

16
g4

β(1)(λ7) = +3λ6λ7 +
3

16
λ29 −

135

4
g2λ7 +

9

4
g4

β(1)(λ8) = + 47λ1λ8 +
45

8
λ1λ9 + 19λ2λ8 +

21

8
λ2λ9 +

17

2
λ6λ8 + λ6λ9 + 10λ7λ8 + λ7λ9

+ 2λ28 +
3

8
λ29 + 10λ10λ4 +

1

2
λ10λ5 −

327

8
g2λ8 +

9

2
g4

β(1)(λ9) = +2λ1λ9 − 2λ2λ9 +
1

2
λ6λ9 + 2λ7λ9 + 4λ8λ9 +

17

4
λ29 −

327

8
g2λ9 + 12g4

β(1)(λ10) = + 45λ4λ8 +
45

8
λ4λ9 +

9

4
λ5λ8 +

9

32
λ5λ9 + 12λ10λ3 +

17

2
λ10λ6 + 10λ10λ7 + 2λ210

− 243

8
g2λ10 +

27

8
g4 + 2λ10Tr (Y10Y

∗
10)

C.2. Beta functions of the SU(5) model
Gauge couplings

β(1)(g5) = −40

3
g35
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Yukawa couplings

β(1)(Y5) = +3Y5Y
†
5 Y5 −

9

32
Y5Y

∗
10Y10 + 4Tr

(
Y5Y

†
5

)
Y5

+
3

16
Tr (Y10Y

∗
10)Y5 − 18g2Y5

β(1)(Y10) = −3Y T
5 Y

∗
5 Y10 − 3Y10Y

†
5 Y5 +

3

16
Y10Y

∗
10Y10 + 4Tr

(
Y5Y

†
5

)
Y10

+
3

16
Tr (Y10Y

∗
10)Y10 −

108

5
g25Y10

Quartic couplings

β(1)(λ1) = + 32λ21 +
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5
λ1λ2 +

336

25
λ22 + 10λ24 + 4λ4λ5 − 60g25λ1 + 18g45

β(1)(λ2) = + 12λ1λ2 +
64

5
λ22 + λ25 − 60g25λ2 + 15g45

β(1)(λ3) = + 18λ23 + 24λ24 +
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5
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Y5Y

†
5
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3

4
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∗
10)− 16Tr
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Y5Y

†
5 Y5Y

†
5

)
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∗
10Y10Y

∗
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β(1)(λ4) = + 26λ1λ4 +
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5
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5
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