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Abstract

In this dissertation we investigate the capabilities of a generalized version of the dis-
placement receiver (DR) in the context of classical communication with coherent states
over noisy channels. The receiver itself consists of a displacement operation followed by
a photon-number resolving detector and enables flexible strategies to cope with different
communication tasks at hand, e.g. different types of noise or encodings. The physical
channel over which the states are transferred is modeled as a quantum channel and all
scenarios are analyzed on the basis of the error probability as well as mutual information.
When communication takes place over a lossless and noiseless channel with information
encoded in a binary alphabet of coherent states, the optimal measurement is known to
be the Dolinar receiver and the displacement receiver provides the same scaling of the
error probability with the average energy of the alphabet.
Assuming an infinite photon-number resolution (PNR) the DR can interpolate between
operating as a photon counter and a homodyne detector by controlling the displacement.
Also, the Dolinar receiver can be understood as a series of DRs using the information
provided by its predecessors. Therefore, we can use the theoretical concept of the DR
as a basic model to understand advantages and disadvantages of the various receivers.
Imperfections in different parts of a DR have to be taken into account for a realistic the-
oretical model. We analyze the effects of non-unit visibility, dark counts, afterpulsing
and limited detection efficiency on the DR. Non-unit visibility imposes the most severe
restriction, but all of them can be mitigated by PNR and optimization of the commu-
nication strategy. Already current or near term technology allows for sub-shot noise
detection and the DR is therefore an interesting candidate for optical communication.
Apart from standard classical communication the DR can also be employed to show
superadditivity of accessible information. In the limit of vanishing average energy the
DR approaches the optimal individual measurement. Based on previous proposals we
show that there exist several setups for achieving a superadditive advantage of accessible
information with the DR in the low power limit.
All of the applications rely on a near-optimal performance of the receiver. However, dis-
placement receivers in particular are susceptible to noise in the channel that may render
them useless. The particular impact depends highly on the type of noise in question.
First, we analyze a scenario where thermal noise is present in the communication chan-
nel. Here, the DR can be made more robust by increasing the PNR of the detector. Only
for large amounts of thermal background photons the DR gets overwhelmed and con-
ventional detection provides better results. In the photon-starved regime pulse-position
modulation is a commonly employed type of encoding and also in this scenario the DR
can offer an improvement in performance when thermal noise is present.
Another type of noise is phase noise which directly affects the phase variable of the state.
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As a physical motivation, we develop a full quantum model of lossy state transmission
through a nonlinear medium and show that quantum effects are indeed present. Due
to the interplay between distributed losses and the nonlinearity a fundamental type of
nonlinear phase noise arises where the strength of the phase noise is closely tied to the
energy of the state. We analyze the effects of communication over such a nonlinear chan-
nel and the impact on the generation of squeezed states in a nonlinear Kerr medium.
Furthermore we study how both linear and nonlinear phase noise impact binary alpha-
bets and possible receivers. Conventionally implemented DRs are especially vulnerable
to phase noise and loose their advantage over conventional receivers rather quickly with
rising strength of the noise. However, the DR is able to retain its superior performance
by optimizing its displacement at the same time as the alphabet. The particular strategy
depends on the constraint placed on the energy of the alphabet and we consider a con-
straint on the average and maximum energy. Notably, the DR approaches the Helstrom
bound for very strong phase noise.
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1 Introduction

The need for a fast exchange of information over long distances has always sparked the
creation of new ideas. The invention of the telegraph and the first transatlantic telegraph
line marked the dawn of a new era of fast global communication. Milestones like the
telephone, radio-communication or the internet were significant advances to provide easy
access to communication for everyone. To transmit information over very long distances
through the atmosphere electromagnetic waves at radio-frequencies turned out to be well
suited, since they are much less disturbed by atmospheric effects than other frequencies.
However, their information transfer is limited by their low carrier frequency and therefore
low bandwidth. Due to the unyielding growth in required capacity, optical communica-
tion technologies started to become more and more relevant. With the invention of the
laser in the 1960s a suitable optical source arrived. The unrivaled high bandwidth and
data rate of optical communication soon established them as the backbone of modern
telecommunication and since the 1970s the worldwide optical fibre network saw a rapid
growth. Despite big advances in technology it is soon to be expected that the demand
overtakes the available capacity [Essiambre and Tkach 2012].

Another growing trend in optical communication is satellite communication. While tra-
ditionally radio-frequencies are used, their limitations become more and more apparent
with increasing demand on high data rates. Optical frequencies offer a solution to these
problems both in near-Earth communication as well as deep-space missions. With their
high bandwidth and the possibility to limit diffraction losses by sending a low-divergence
beam they promise to solve the capacity problem [Hemmati et al. 2011]. However, for a
widespread acceptance the arising challenges have to be overcome first. Optical states
require a high quality receiver and are very sensitive to imperfections on the employed
antennas. Furthermore, optical frequencies are much more prone to atmospheric condi-
tions than radio-frequencies. Despite these difficulties the feasibility of optical satellite
communication already has been proven in a number of experiments [Biswas et al. 2006;
Smith 2006; Smutny et al. 2008; Hemmati et al. 2011; Chorvalli et al. 2017; Günthner
et al. 2017].

The fundamental building blocks necessary for successful communication are the prepa-
ration of signal states and the receiver to retrieve information from the signal after
transmission. Already in the early development of optical communication it was recog-
nized that quantum effects play an integral role in defining the limits of what is physically
achievable [Gordon 1962].
On the one hand, non-classical states of light, such as Fock or squeezed states, can be
used to push communication beyond the classical limits [Caves and Drummond 1994;
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Chapter 1. Introduction

Yuen and Shapiro 1978]. However, coherent states, the quantum analog of a classical
state, are widely used in optical telecommunication. They remain a good candidate for
communication as they prove optimal or near-optimal in many scenarios and are readily
produced by a laser [Kikuchi 2016]. Furthermore, coherent states are highly useful for
quantum communication such as quantum key distribution [Silberhorn et al. 2002; Gisin
et al. 2002; Grosshans et al. 2003; Arrazola and Lütkenhaus 2014].
On the other hand, quantum mechanics offers new prospects for the detection of light
which go beyond the limitations of commonly used techniques such as homodyne detec-
tion [Shapiro 1985].

To explore such possibilities it is necessary to find a suitable figure of merit for quantify-
ing the performance. Additionally, the effects imposed on the signal by traveling through
a medium have to be understood and addressed to obtain the best possible result.
The information theoretical approach to communication came into existence with the
seminal work of Shannon [1948]. He adopted the concept of entropy from thermody-
namics to rigorously quantify classical information which sparked a whole new way of
thinking about communication. Crucially, Shannon connected mutual information to the
channel capacity and, most notably, showed contrary to the common understanding that
for non-trivial channels there always exists a strategy such that the transmission takes
place without error for long messages even over noisy communication channels. Based
on these results capacities of several fundamental types of communication channels have
been established, among them the additive white Gaussian noise channel whose capacity
is given by the Shannon-Hartley theorem [Shannon 1949].
Despite its great success, the Shannon-Hartley theorem has its shortcomings. It only
applies to channels that involve linear physical media causing additive noise. In particu-
lar with the advent of optical fibre communication, however, nonlinear channels became
more and more common [Essiambre et al. 2010; Essiambre and Tkach 2012]. A single-
mode optical fibre is a Kerr nonlinear medium causing a variety of nonlinear effects that
are not covered by models established so far. Only decades after Shannon’s work nonlin-
ear effects started to be taken into account in various approaches [Tang 2001; Mitra and
Stark 2001; Wegener et al. 2004; Ellis et al. 2010; Turitsyn and Turitsyn 2012; Temprana
et al. 2015; Sorokina and Turitsyn 2014]. All show that the capacity scales drastically
different with the available energy compared to the previous results on linear channels
such that new limitations on the information transmission arise. A second shortcoming
of the Shannon-Hartley theorem stems from a limited class of measurements considered
in its derivation.
Even though the theory of quantum mechanics was developed many years before in-
formation theory and already utilized entropy as an information measure of quantum
states [von Neumann 1932], the theory of transmitting classical information via quan-
tum channels was only developed much later by Holevo [1973]. In his ground-breaking
work Holevo worked out key-differences between classical and quantum communication
theory. The latter allows for new types of measurements and imposes different limita-
tion on what is possible as many effects can not be described classically. In particular,
quantum mechanics gives rise to an effect called superadditivity of mutual information
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Chapter 1. Introduction

[Holevo 1973; Sasaki et al. 1998]. Essentially, more information can be retrieved from
a collective measurement performed on the output of many channel uses than from the
same number of uses measured individually. However, finding concrete measurement
schemes that achieve superadditivity remains highly elusive and only few are known
[Guha 2011; Wilde et al. 2012].
Because of quantum effects like superadditivity, it proved to be challenging to extend
many results of classical information theory to the realm of quantum mechanics. A quan-
tum analog of Shannon’s coding theorem was developed by Schumacher and Westmore-
land [1997]; Holevo [1998] in what is known as the Holevo-Schumacher-Westmoreland
theorem. Also Hausladen et al. [1996]; Holevo [1998] derived a highly useful upper bound
on mutual information which takes all possible measurements into account.
Finding the classical capacities of quantum channels proved once again to be a challenge.
Based on numerous important results [Yuen and Ozawa 1993; Caves and Drummond
1994; Holevo and Werner 2001], the capacity of a lossy bosonic channel was derived by
Giovannetti et al. [2004]. And only in recent years a rigorous derivation of the capacity
for the quantum analog to the additive white Gaussian noise channel was accomplished
by Giovannetti et al. [2014]. The capacity can be achieved by a Gaussian ensemble of
coherent states rendering them highly qualified candidates for nearly optimal optical
communication.

Apart from the analysis of channel capacities much effort was devoted to particular
communication scenarios and techniques to saturate the capacity. In order to actually
achieve the absolute limit, retrieving the information encoded into optical states is a
critical task. A long standing and widely used detection technique is the homodyne
detector [Ip et al. 2008; Olivares et al. 2013; Wittmann et al. 2010] or its extension,
the double homodyne detector [Ip et al. 2008; Shapiro 2009], which both saturate their
respective version of the Shannon-Hartley limit. Also single photon diodes (SPD) [Mar-
tinez 2007; Ip et al. 2008] received much attention. However, the mentioned detectors
do not constitute the optimal measurement apart from specific scenarios. In particu-
lar, both homodyne and double homodyne detection suffer from inevitable measurement
noise, called shot-noise, and are subsequently confined to the classical limit. Quantum
mechanics, in principle, allows for sub-shot-noise detection as it is only restricted by
quantum fluctuations themselves.
For the discrimination of two states the minimum error probability and the correspond-
ing optimal measurement were found by Helstrom [1976] in his seminal work. While his
theory provides the framework to deduce the limits on discrimination, actual physical
realizations remain highly elusive. One of the most well known Helstrom measurements
is the Dolinar receiver Dolinar [1973] for the discrimination of binary coherent alphabets.
It is based on a displacement operation, detection with a SPD and a fast-feedback loop
to adjust the displacement based on detection events. Even though this scheme satu-
rates the Helstrom limit and has been demonstrated in a proof-of-principle experiment
Cook et al. [2007], it remains challenging to implement in a practical applications due
to its technical complexity.
Other types of receivers with less stringent technical requirements have been investi-
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gated. While not being able to attain the Helstrom or Holevo limit, they still provide a
near optimal performance. First introduced was a simpler version of the Dolinar receiver
by Kennedy [1973], the displacement receiver, which does not require any feedback.
Due to the dawn of quantum cryptography, an increasing demand in optical satellite
communication and optical fibre communication has renewed the interest in quantum
receivers going beyond the classical limit. The advent of photon number resolving de-
tectors with very low dark count rates [Eisaman et al. 2011] sparked a new level of
activity in the field of sub-shot-noise receivers. In recent years a lot of attention [Bu-
renkov et al. 2021] was given to further develop the idea of a displacement receiver and
demonstrate its capability with modern technologies [Wittmann et al. 2008; Takeoka
and Sasaki 2008; Wittmann et al. 2010; Tsujino et al. 2010; 2011; DiMario and Becerra
2018; Shcherbatenko et al. 2020; Thekkadath et al. 2021]. The principle of a displace-
ment receiver was also extended to discriminate between more than two coherent states
[Izumi et al. 2012; 2013; DiMario et al. 2018; Sidhu et al. 2021].
Apart from the single-shot approach also Dolinar-like receivers are under investigation.
Easing the requirement of fast-feedback to a more simple strategy was proposed by Bon-
durant [1993] and demonstrated by Jabir et al. [2020]. Also receivers based on Bayesian
strategies are actively researched for discriminating a various number of states and en-
coding types [Becerra et al. 2011; Izumi et al. 2012; Li et al. 2013; Izumi et al. 2013;
Becerra et al. 2013; 2015; Sych and Leuchs 2016; Ferdinand et al. 2017; Burenkov et al.
2018; 2020; Jabir et al. 2020; Izumi et al. 2021; Sidhu et al. 2021].

While promising a new level of detection, displacement receivers suffer from a high
susceptibility to imperfections and noise on the signal. In particular, noise caused by
phase diffusion is highly detrimental [Teklu et al. 2015; Trapani et al. 2015; Jarzyna et al.
2016], since a displacement receiver relies on accurately displacing the signal which re-
quires a phase reference. Another limiting factor is thermal noise which is also present in
fibre based communication [Essiambre et al. 2010], but especially relevant in the context
of deep-space-communication [Leeb 1989]. Both types of noise represent a significant
challenge to displacement receivers and can easily erase the advantage over conventional
techniques.

Outline

The goal of this dissertation is to investigate the potential of a single-shot displacement
receiver with photon number resolving capability in the context of classical communi-
cation with coherent states. We develop an extensive model which incorporates various
imperfections in order to gain a realistic picture. The physical channel over which the
states are transferred is modeled as a quantum channel in order to incorporate non-
classical effects. We will analyze a variety of communication scenarios including fibre
based communication as well as photon starved satellite communication. All scenarios
are analyzed on the basis of error probability as well as mutual information as figures of
merit and compared to the corresponding limits.
In chapter 2 we will first introduce a number of basic concepts used throughout this
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work. The relevant basics of quantum mechanics as well as classical electrodynamics are
reviewed, before the fundamentals of quantum optics are introduced. Several important
phase space representations are discussed, followed by various types of quantum states.

In chapter 3 the foundations for addressing communication scenarios are laid. The
concept of a channel is introduced as well as the error probability and mutual informa-
tion as figures of merit to quantify the performance. Furthermore, both classical and
quantum capacities for classical information transmission are shown and their respective
behavior in the limits of low and high available energy are discussed. Finally, several
widely used types of encodings are introduced.

In chapter 4 several receivers are introduced, in particular, photon counting detectors,
homodyne and double homodyne detection and the displacement receiver with photon
number resolving capability. We will investigate generalizations of the displacement re-
ceiver and how they approach the ultimate limit imposed by Helstrom. Furthermore,
we explore the close connection between the displacement receiver and commonly used
coherent detection in the form of a homodyne detector. We take a look on how measure-
ment noise arises in homodyne detection which gives rise to the shot-noise limit. Also,
a theory of imperfections in the displacement receiver is developed and the effects on
communication are discussed.
The remainder of chapter 4 is devoted to measurements and detection in the limit of van-
ishing energy. First, the limits for various receivers are discussed similar to [Banaszek
et al. 2020]. Then, we develop a formalism which allows us to analyze the contribu-
tion of particular measurements to mutual information in the low energy limit based
on [Kunz et al. 2020]. We derive bounds on mutual information for different types of
coherent states for individual measurements, before utilizing the formalism to derive
measurements, including their physical realizations, that achieve superadditivity of mu-
tual information.

In chapter 5 we first introduce several well known models for channel noise based on the
theory of open quantum systems. Then, as presented in [Kunz et al. 2018], we investigate
nonlinear noise arising from the interplay between a Kerr medium and distributed losses.
The model can be understood as a simple quantum model of a single mode optical glass
fibre and we show that quantum fluctuations cause nonlinear phase noise. Furthermore,
we discuss its effect on the generation of squeezed states in a Kerr nonlinear medium.

In chapter 6 we apply the derived models for channels noise and receivers to investigate
various communication scenarios. First, a channel with thermal background noise is con-
sidered and its effect on sub-shot-noise detection with a displacement receiver. Also pulse
position modulation in the photon-starved regime and the capability of photon-number
resolved detection are considered based on the results of [Banaszek et al. 2019a;b].
Next, using the results of [Kunz et al. 2018] the effect of a Kerr nonlinearity on the
information transfer in the phase variable of coherent states is discussed.
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Finally, we consider detection strategies for phase noise channel, both linear and non-
linear. In particular, we show that a great improvement in the performance of the
displacement receiver is achieved by optimizing the state amplitudes and the displace-
ment. For linear phase noise a proof-of-principle type of experiment was carried out in
collaboration with M. DiMario and F. E. Becerra [DiMario et al. 2019].
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2 Basic Concepts

2.1 Quantum Mechanics

In this section we briefly review the core aspects of quantum mechanics which are relevant
to this work. A more complete picture can be found in one of many textbooks or reviews
such as [Mandel and Wolf 1995; Chefles 2000; Barnett and Croke 2009; Sakurai and
Napolitano 2017; Griffiths and Schroeter 2018].

2.1.1 Quantum States

At the very core of quantum mechanics stands the concept of a quantum state Ψ which
contains all knowledge about the system in question. Formally, it is described by a
vector from the Hilbert space, commonly denoted in the Dirac notation as |Ψ 〉 [Dirac
1939]. The exact nature of the Hilbert space and its members is dictated by the specific
system which it should describe. For instance, the Hilbert space of an electron spin is
two-dimensional whereas the harmonic oscillator lives in an infinite dimensional Hilbert
space. Each state can be expanded in terms of a basis {|φi 〉}, i.e.

|Ψ 〉 =
∑
i

ci |φi 〉 , (2.1)

where ci are complex numbers that satisfy
∑

i |ci|
2 = 1. The choice of a particular basis

is arbitrary, which exemplifies that a quantum state is an abstract object which is not
tied to a specific representation. While there is no need to specify the state in a basis,
it is often useful to do so.
A shortcoming of the quantum state vector formalism is that only pure states are easily
written down in this form. Mixed states, which are probabilistic mixtures of pure states
|Ψi 〉, can be described more conveniently by a density operator or density matrix %̂. In
this formalism, a mixed state can be written as

%̂ =
∑
i

pi |Ψi 〉 〈Ψi | , (2.2)

where pi can be interpreted as the probability that the quantum state in mind is in the
pure state |Ψi 〉. Note, however, that the pure states |Ψi 〉 can be non-orthogonal to
each other which would render the interpretation problematic. The density matrix %̂ is
a Hermitian

(
%̂ = %̂†

)
, positive semidefinite (%̂ ≥ 0) operator with unit trace

Tr [%̂] = 1. (2.3)

In later sections, several bases and quantum states are introduced that are particularly
important in the context of optical communication.
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2.1.2 Measurements

A crucial point in any physical theory is obtaining insight about a system by measur-
ing appropriate physical quantities. In quantum mechanics any observable quantity is
connected to an operator Ô called observable. In terms of its eigenstates | om 〉, the
observable can be written as

Ô =
∑
m

om | om 〉 〈 om | , (2.4)

where om denotes the eigenvalue for the corresponding eigenstate | om 〉. Equation (2.4)
is also called the eigendecomposition of Ô. The set of eigenvalues {om} defines the
possible outcomes when measuring the observable. Since any physically measured value
is real, the observable Ô must be a Hermitian operator and its expectation value for
state %̂ is given by〈

Ô
〉

= Tr
[
Ô%̂
]
. (2.5)

Note that this expectation value is the expected average outcome when measuring iden-
tical copies of a state and not the expected outcome when the same state is measured
repeatedly. According to standard theory of quantum measurements after the system
in a state %̂ has been measured and the outcome om has been obtained, the state of the
system changes to the eigenstate | om 〉. This phenomenon is often referred to as state
collapse [Heisenberg 1927; von Neumann 1932]. If then the system is measured again,
one can only receive the same measurement result om.
Th eigendecomposition of eq. (2.4) naturally defines the operators P̂m = | om 〉 〈 om |
which are projections on the corresponding eigenstates. The set of operators

{
P̂m

}
de-

fines a projective quantum measurement and the probability of obtaining the outcome
om is given by Born’s rule [Born 1926]

pm = Tr
[
P̂m%̂

]
. (2.6)

Not all quantum measurements, however, have to be projective. The most general
measurement allowed by quantum mechanics is described by a positive operator-valued
measure (POVM). It is defined by a set of positive, semidefinite, Hermitian operators
{π̂m} which satisfy∑

m

π̂m = 1̂. (2.7)

The probability of obtaining the outcome m is again given by Born’s rule

pm = Tr [π̂m%̂] . (2.8)

Due to eqs. (2.3) and (2.7) the probabilities pm of eq. (2.8) sum up to
∑

m pm = 1 as
expected. Projective measurements are a special case of a POVM with π̂m = P̂m. Quan-
tum mechanics guarantees that a POVM has a physical realization. However, a major
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drawback is that finding a physical realization of a given POVM is usually a nontriv-
ial task and often no such realization is known. Nevertheless, the POVM formalism is
particularly useful when looking for the optimal measurement to discriminate different
quantum states as we will see in chapter 3.

2.1.3 Evolution

Before we dive into the dynamics of optical signals, let us briefly take a look on how the
evolution of states is described within quantum mechanics. The time evolution of quan-
tum state |Ψ (t) 〉 of a closed system is given by the Schrödinger equation [Schrödinger
1926]

i~
d

dt
|Ψ (t) 〉 = Ĥ |Ψ (t) 〉 . (2.9)

The Hamiltonian Ĥ is a Hermitian operator that is determined by the system at hand.
Knowing the Hamiltonian, the evolution of the system is, in principle, completely char-
acterized. The solutions to eq. (2.9) are time dependent and describe how states evolve
in time. Their evolution is given by

|Ψ (t) 〉 = Û (t, t0) |Ψ (t0) 〉 , (2.10)

where Û (t, t0) is the time evolution operator from time t0 to t and can be written as
Û (t, t0) = e−

iĤ(t−t0)
~ for time independent Hamiltonians. The operator Û (t, t0) is unitary,

i.e. it satisfies

Û † (t, t0) Û (t, t0) = 1̂, (2.11)

which implies Û−1 (t, t0) = Û † (t, t0). A unitary evolution is therefore reversible.
A particularly important set of solutions to eq. (2.9) are stationary states which are
given by the eigenstates Ĥ |E 〉 = E |E 〉 of the Hamiltonian. These states are the
energy eigenstates of the system and their corresponding eigenvalue E is the energy of
the state. Their time evolution is given by a global phase factor |E (t) 〉 = e−

iEt
~ |E 〉.

As can be easily seen from eq. (2.5) the expectation value of any observable Ô for such a
state is time independent, since the global phase factors out. This fact is indeed one of
the postulates of quantum mechanics which states that a quantum state is only defined
up to a global phase [Dirac 1930; von Neumann 1932]. For these reasons the states |E 〉
are called stationary and usually their time dependence is dropped.
The time evolution of density matrices of closed systems can be derived from eqs. (2.2)
and (2.10) and is also given by the unitary time evolution operator as [Sidhu et al. 2021]

%̂ (t) = Û (t, t0) %̂ (t0) Û † (t, t0) . (2.12)

By differentiating eq. (2.12) with respect to time one arrives at the equation of motion

d

dt
%̂ (t) = − i

~

[
Ĥ, %̂ (t)

]
, (2.13)

9
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which is also called the von Neumann equation [von Neumann 1932].
Both, the Schrödinger equation of eq. (2.9) and the von Neumann equation in eq. (2.13)
are useful to describe closed systems, i.e. systems that do not interact with an envi-
ronment. This, however, is often not a valid assumption. For instance, any light pulse
traveling through a fibre continuously interacts with the fibre itself. Therefore, a differ-
ent framework is needed to describe such open quantum systems efficiently, i.e. without
including the evolution of the external environment in the calculations explicitly. Be-
fore writing down the equation of motions which describe open systems, let us briefly
sketch how they arise. A detailed derivation can be found, for instance, in [Breuer and
Petruccione 2007].
We start out by describing the evolution of the joint state of system and environment
with the unitary evolution of eq. (2.12). Then the joint state is reduced to only describe
the system itself by taking the partial trace [Breuer and Petruccione 2007] over the envi-
ronment. This step leaves us with a density matrix that only considers the system state,
but still includes the evolution caused by interactions between system and environment.
The effect of this interaction is commonly referred to as noise. In the end, we arrive at
the Markovian master equation [Sidhu et al. 2021]

d

dt
%̂ (t) = Φ%̂. (2.14)

Note that %̂ is the density matrix describing only the system itself without the environ-
ment. The operator Φ acts again on operators and is therefore called a super-operator.
Equation (2.14) can be seen as a generalized form of the von Neumann equation of
eq. (2.13). For a memoryless evolution the most general form of the super-operator Φ
in eq. (2.14) is given by the Gorini-Kossakowski-Lindblad-Sudarshan equation [Gorini
et al. 1976; Lindblad 1976] which reads

Φ%̂ = − i
~

[
Ĥ, %̂

]
+
∑
k

γk

(
L̂k%̂L̂

†
k −

1

2
L̂†kL̂k%̂−

1

2
%̂L̂†kL̂k

)
. (2.15)

The operators L̂k are called Lindblad operators and describe the interaction between
the system and the environment and their coupling strength is given by γk. Usually,
the evolution of an open quantum system is not unitary which is caused by the second
term in eq. (2.15). An important consequence of this fact is that noisy evolution can
not easily be reversed.
All equations of motions presented above are fundamentally describing the complete
evolution of quantum states, but each of them is best suited for a different scenario.
The von Neumann and Schrödinger equations are, in principle, equivalent as mixed
states could be treated with the Schrödinger equation by considering each pure state of
eq. (2.2) separately. The evolved mixed state then is given by a statistical mixture of
the evolved pure states. This is closely connected to the fact that in quantum mechanics
exist two inherently different kinds of probabilities. The probability of obtaining an
outcome according to Born’s rule of eq. (2.8) is fundamentally quantum. Even with
complete knowledge of the system the probabilistic behavior can not be avoided and

10



Chapter 2. Basic Concepts 2.2. Classical Electrodynamics

quantum mechanics dictates the uncertainty of observables. However, the probabilities
pi arising in eq. (2.2) for mixed states are of statistical nature. They are connected to
an imperfect knowledge and are not fundamental in nature.
Similarly, open quantum systems could be, in principle, completely described by the von
Neumann or Schrödinger equations. This, however, would require a complete descrip-
tion of the environmental state which is often impossible or impractical. The Gorini-
Kossakowski-Lindblad-Sudarshan equation offers a more accessible way to understanding
open quantum systems as it allows to calculate the (noisy) evolution of open systems
without requiring a detailed knowledge of the environment.

2.2 Classical Electrodynamics

In preparation for the quantum description of optical communication, we will briefly
introduce the classical description of the evolution of light and concentrate one the
electric field. A more complete treatment can be found, for instance, in the textbook of
Mandel and Wolf [1995].
The evolution of an electromagnetic field in free space is described by the famous Maxwell
equations [Maxwell 1865] which are given by

∇×E = −∂B
∂t

, ∇ ·B = 0 (2.16)

∇×B =
1

c2

∂E

∂t
, ∇ ·E = 0 (2.17)

where c denotes the speed of light in vacuum. For the following discussion, we assume
that the electric field E consists of a single polarization and has a fixed propagation
direction described by z. Then, the electric field can be described by a field E (z, t) and
separated into a positive and a negative frequency part such that it reads

E (z, t) = E+ (z, t) + E− (z, t) . (2.18)

The positive frequency part in terms of a plane wave expansion can be written as

E+ (z, t) =

∫
dω

√
~ω

4πε0A
ζ̃ (ω) ei(k(ω)z−ωt), (2.19)

where ε0 is the vacuum permittivity, A is the effective area of the transverse spatial mode
and ω the angular frequency of the field. The form of the factor under the square root
was chosen for later convenience. The corresponding negative frequency part is obtained
by complex conjugation of E+ (z, t), i.e. E− (z, t) = E∗+ (z, t). The complex amplitude
function ζ̃ (ω) consists of contributions from many frequency modes and is given by

ζ̃ (ω) =
∑
j

ζjũj (ω) , (2.20)

11
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where j denotes the mode and ũj (ω) the complex envelope function of the j-th mode
in frequency space. The mode profiles are normalized and orthogonal between different
modes such that∫

dω ũj (ω) ũ∗j′ (ω) = δjj′ (2.21)

holds with the Kronecker delta δjj′ . Substituting eq. (2.20) into eq. (2.19) and using the
dispersion relation k (ω) = ω

c
of free space yields

E+ (z, t) =
∑
j

ζj

∫
dω

√
~ω

4πε0A
ũj (ω) e−iω(t− zc ). (2.22)

We can further simplify this expression assuming a narrowband signal ω that varies
slowly around a carrier frequency ωc which gives us a good approximation of eq. (2.22)
reading

E+ (z, t) ≈
√

~ωc
4πε0A

∑
j

ζj

∫
dω ũj (ω) e−iω(t− zc ) (2.23)

=

√
~ωc

2ε0A

∑
j

ζjuj

(
t− z

c

)
, (2.24)

where in the last step the Fourier transformation of the complex envelope ũj (ω) was
used, i.e.

uj

(
t− z

c

)
=

1√
2π

∫
dω ũj (ω) e−iω(t− zc ). (2.25)

Finally, the full expression for the electric field of a narrowband signal reads

E (z, t) =
∑
j

√
~ωc

2ε0A

[
ζjuj

(
t− z

c

)
+ ζ∗j u

∗
j

(
t− z

c

)]
. (2.26)

Considering only a single mode at z = 0 the expressions simplify further and the electric
field is given by

E+ (t) =

√
~ωc

2ε0A
ζu (t) , (2.27)

E (t) =

√
~ωc

2ε0A
[ζu (t) + ζ∗u∗ (t)] . (2.28)

It is fully characterized by a complex amplitude ζ, a complex envelope u (t) and a carrier
frequency ωc.
The energy H contained in the signal can be determined by the expression [Scully and
Zubairy 1997]

H = 2ε0

∫
dt

∫
d2r |E+ (t)|2 = ~ωc |ζ|2 . (2.29)
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where in the last step eq. (2.27) was used. The factor ~ωc expresses the energy of a single
photon with frequency ωc, whereas |ζ|2 has the interpretation of the expectation value
for the number of photons contained in the signal. The energy is therefore independent
of the complex envelope u (t).
The latter fixes the shape in the time domain as well as the frequency spectrum. Since
time t and frequency ω are conjugate variables, the frequency spectrum ũ (ω) and the
time profile u (t) are directly connected by means of a Fourier transformation given by

ũ (ω) =
1√
2π

∫
dt eiωtu (t) , (2.30)

u (t) =
1√
2π

∫
dω e−iωtũ (ω) . (2.31)

To gain some insight on this connection let us look at a couple of common pulse profiles.
As a first example consider a signal with a Gaussian profile

u (t) =
1

4
√
πσ2

e−
t2

2σ2 , (2.32)

where σ denotes the standard deviation. Then, the corresponding frequency spectrum
is given by another Gaussian

ũ (ω) =
4

√
σ2

π
e−

σ2ω2

2 (2.33)

with standard deviation σ−1. Both the envelope of eq. (2.32) and the spectrum of
eq. (2.33) are depicted in fig. 2.1(a) and (b), respectively. While both u (t) and ũ (ω)
remain Gaussian, a signal envelope more localized in time leads to a broader frequency
spectrum and vice versa. Depending on the scenario at hand, it might be necessary to
limit either temporal or spectral spread of the signal to a defined range. For instance,
when sending a train of signals identifiable only by their position in time, a localized
envelope is advantageous to minimize the overlap between neighboring signals. Contrary,
a defined and bounded spectrum is needed when communicating via a communication
network to minimize crosstalk. To achieve the latter the sinc profile, defined as

u (t) =
sin (πt)

πt
, (2.34)

is a commonly used envelope. Its corresponding spectrum is upper and lower bounded
and given by

ũ (ω) =

{
1√
2π
, for− π ≤ ω ≤ π

0, for |ω| > π
. (2.35)

Both, eqs. (2.34) and (2.35), are depicted in fig. 2.1(c) and (d). Here, the signal envelope
is widely spread in the time domain, which usually leads to an non-zero overlap between
consecutive signals, but the spectrum is rectangular and confined to a specified range.
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Figure 2.1: (a) Complex envelope u (t) for the Gaussian profile of eq. (2.32) with stan-
dard deviation σ = 0.5. (b) The corresponding spectrum ũ (ω) of eq. (2.33).
(c) Complex envelope u (t) for the sinc profile of eq. (2.34). (d) The corre-
sponding spectrum ũ (ω) of eq. (2.35).

2.3 Quantum Optics

In the previous section the classical evolution of electromagnetic waves was briefly in-
troduced. Now we will turn to the quantum description of light with a focus on classical
light in particular. This section is dedicated to review the very basics of single mode
quantum optics and introduce the notion of a quantum optical phase space. A more
complete treatment can be found in one of many excellent text books such as [Mandel
and Wolf 1995; Scully and Zubairy 1997; Schleich 2001].
While in the classical treatment the conjugate variables ζj and ζ∗j are given by complex
numbers, in the quantum description they are replaced by conjugate non-Hermitian
operators acting on the Hilbert space denoted as âj and â†j. Therefore, the quantized
version of the narrowband multimode electric field in eq. (2.26) reads

Ê (z, t) =
∑
j

√
~ωc

2ε0A

[
âjuj

(
t− z

c

)
+ â†ju

∗
j

(
t− z

c

)]
. (2.36)
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Considering only a single mode at z = 0 reduces eq. (2.36) to

Ê+ (t) =

√
~ωc

2ε0A
âu (t) , (2.37)

Ê (t) =

√
~ωc

2ε0A

[
âu (t) + â†u∗ (t)

]
, (2.38)

which corresponds to the classical field in eqs. (2.27) and (2.28). For the single mode
approach to be valid it is required that all other modes remain unexcited. For instance,
this assumption is valid for detection schemes that are only sensitive to a single mode.
The operators â and â†, also known as the annihilation and creation operators, are the
ladder operators of a harmonic oscillator and satisfy the commutation relation[

â, â†
]

= 1. (2.39)

The connection to the quantum harmonic oscillator becomes evident when considering
the energy (Hamiltonian) of the electric field. The quantum analog of the classical energy
in eq. (2.29) is given by

Ĥ = ε0

∫
dt

∫
d2r

[
Ê+ (t) Ê†+ (t) + Ê†+ (t) Ê+ (t)

]
=

~ωc
2

(
ââ† + â†â

)
. (2.40)

By using the commutation relation in eq. (2.39) we can easily see that the Hamiltonian
of the electric field in eq. (2.40) is equivalent to the Hamiltonian of a harmonic oscillator
which reads Ĥ = ~ω

(
â†â+ 1

2

)
. Consequently, the energy eigenstates |E 〉 of the electric

field are directly given by the eigenstates of a harmonic oscillator. In order to find the
energy eigenstates it is convenient to introduce the number operator

n̂ = â†â, (2.41)

which is Hermitian and has the eigenstates

n̂ |n 〉 = n |n 〉 , (2.42)

where |n 〉 is called a number state or a Fock state. In section 2.5 the properties of Fock
states are discussed in more detail.
A striking difference between eq. (2.38) and the classical field is the existence of vacuum
modes. While the expectation value of the electric field on the vacuum state, i.e. a Fock
state that contains zero photons, vanishes〈

0
∣∣∣ Ê (t)

∣∣∣ 0〉 = 0, (2.43)

the expectation value of the squared operator does not vanish, since〈
0
∣∣∣ Ê2 (t)

∣∣∣ 0〉 =
~ωc

2ε0A
|u (t)|2 . (2.44)

15



2.3. Quantum Optics Chapter 2. Basic Concepts

Note that this requires a detection scheme that measures only a single mode. The
variance of the electric field operator is clearly nonzero, i.e. Var

(
Ê (t)

)
6= 0, and as a

consequence even the lowest energy eigenstate exhibits a phenomenon known as vacuum
fluctuations. They are responsible for a number of quantum effects such as the Casimir
effect [Casimir and Polder 1948] or the Lamb shift [Lamb and Retherford 1947]. With
the help of Fock states, the energy contained in the electric field of eq. (2.40) can be
conveniently expressed in terms of the number of photons such that

Ĥ |n 〉 = ~ωc
(
n+

1

2

)
|n 〉 , (2.45)

where ~ωc is the energy of a single photon with frequency ωc. The ladder operators â
and â† received their name due to the fact that they raise or lower the energy level of a
harmonic oscillator by a single level. Their action on the number states is given by

â |n 〉 =
√
n |n− 1 〉 , (2.46)

â† |n 〉 =
√
n+ 1 |n+ 1 〉 . (2.47)

Apart from describing the energy levels of the electric field, Fock states are also very
useful to represent general quantum states %̂. They satisfy the orthogonality condition

〈n |m 〉 = δm,n, (2.48)

where δm,n denotes the Kronecker delta and form a complete orthogonal basis of the
photonic Hilbert space, such that an arbitrary quantum optical state %̂ can be expressed
as

%̂ =
∑
n,m

cn,m |n 〉 〈m | . (2.49)

We will make use of this representation extensively in this thesis.
So far we only considered the energy eigenstates of the electric field. When considering
only the positive frequency part of the electric field, which reads

Ê+ (t) =

√
~ωc

2ε0A
âu (t) , (2.50)

another type of eigenstate arises. It is directly defined by the eigenstate of the annihi-
lation operator â

â | ζ 〉 = ζ | ζ 〉 . (2.51)

The eigenstate | ζ 〉 is called a coherent state and was first introduced by Glauber [1963].
They are of utmost importance to optical communication and in section 2.6 we will
discuss the properties of coherent states in more detail. Just like Fock states, coherent
states form a complete set in the Hilbert space and obey the completeness relation

1

π

∫
d2ζ | ζ 〉 〈 ζ | = 1̂. (2.52)
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Since two coherent states are non-orthogonal with an overlap of

〈 ζ1 | ζ2 〉 = e−
1
2(|ζ1|2+|ζ2|2−2ζ∗1 ζ2), (2.53)

|〈 ζ1 | ζ2 〉|2 = e−|ζ1−ζ2|
2

, (2.54)

the set is in fact overcomplete, which may seem to render them a rather awkward set to
use as a basis. However, the set of coherent states allows for very useful insights as it is
closely connected to phase space representations.

2.4 Phase Space Representations

In classical mechanics it is often convenient to represent the dynamics of a system in
phase space. A phase space is spanned by two conjugate variables, usually the position
x and momentum p. Each point in phase space represents a unique state of the system
and the entirety of the space forms the set of all possible states. The time evolution of
a system draws a path which is called trajectory. In this fashion the state and its time
trajectory can be described pictorially.
The notion of a phase space can also be extended to quantum mechanics. In quantum
optics the quantized version of the conjugate variables x and p are given by the operators
[Schleich 2001]

x̂ =
1√
2

(
â+ â†

)
, (2.55)

p̂ =
i√
2

(
â† − â

)
, (2.56)

which are also called quadratures. They span the quantum optical phase space and a
general quadrature q̂θ with phase θ is obtained by a superposition of x̂ and p̂ such that
it is given by

q̂θ = cos (θ) x̂+ sin (θ) p̂ =
1√
2

(
âe−iθ + â†eiθ

)
. (2.57)

The quadrature x̂ is recovered by choosing the phase θ = 0 and p̂ by θ = π
2
. The

eigenstate of the general quadrature operator is defined by the equation q̂θ | qθ 〉 = qθ | qθ 〉
and its overlap with a coherent state with amplitude ζ defined in eq. (2.51) is given by
[Schleich 2001]

〈 q̂θ | ζ 〉 = π−
1
4 exp

[
−1

2
q2
θ −

1

2
ζ2e−2iθ +

√
2qθζe

−iθ − 1

2
|ζ|2
]
. (2.58)

A couple of very useful expressions are given by the squared absolute values of eq. (2.58)
for θ = 0 and θ = π

2
which read

|〈x | ζ 〉|2 =
1√
π

exp

[
−
(
x−
√

2Re [ζ]
)2
]
, (2.59)

|〈 p | ζ 〉|2 =
1√
π

exp

[
−
(
p−
√

2Im [ζ]
)2
]
. (2.60)
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If we consider Re [ζ] and Im [ζ] as a set of quadratures to describe the phase space, then
they are directly connected to quadrature values x and p via the relations [Schleich 2001]

x =
√

2Re [ζ] , (2.61)

p =
√

2Im [ζ] . (2.62)

All phase space illustrations in the remainder of this thesis will make use of x and p as
quadratures.
Even though the generalization from classical to quantum phase space is rather straight-
forward, there are important distinctions. Most importantly, the quadratures do not
commute with each other, which means that they cannot be simultaneously measured
and assigned well defined values. Therefore, it is impossible to characterize the state of
a system by a single point in phase space. Instead, each state occupies a certain area in
phase space and can be characterized by its shape which illustrates many properties. In
general, the shape is subject to the time evolution of the system. However, it does not
follow classical trajectories in phase space, but evolves more intricately. Only if the state
retains its shape throughout the evolution, a classical trajectory might be recovered.
In the following, we will introduce two phase space representations. In section 2.4.1 the
P -representation will be introduced and the Q-representation in section 2.4.2. Another
notable representation is the Wigner function, which was the first representation to be
introduced historically [Wigner 1932]. However, we will not make us of it in this thesis.

2.4.1 The Glauber-Sudarshan P -Representation

In 1963 Glauber and Sudarshan independently introduced a phase space representation
of quantum states that uses coherent states | ζ 〉 as basis. In the Glauber-Sudarshan
P -representation an arbitrary quantum state %̂ is described by a real function P (ζ)
through

%̂ =

∫
d2ζ P (ζ) | ζ 〉 〈 ζ | . (2.63)

Since the density matrix has a unit trace, it follows immediately that∫
d2ζ P (ζ) = 1. (2.64)

It might be tempting to think of P (ζ) as a probability density of the state %̂ in phase
space. However, this is not the case. Nonclassical states exhibit a P function which
has negative values or is more singular than a delta function. Furthermore, even when
considering states for which P (ζ) is completely positive the conclusion that then the
states are classical can be misleading as it is still possible for them to show quantum
features. For example, two points in the phase space of P (ζ) are not mutually exclusive,
since coherent states are non-orthogonal, i.e. two phase space points possess a non-zero
overlap. However, mutual exclusivity is required to treat P (ζ) as a proper probability
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distribution as only in this case two points correspond to exclusive events. To illustrate
this, let us consider a coherent state | ζ0 〉 defined by

Pcoh (ζ) = δ (ζ − ζ0) . (2.65)

Two points in the phase space of P (ζ) posses the overlap written in eq. (2.53). For not
too large values of the distance |ζ − ζ0|, the overlap 〈 ζ | ζ0 〉 is non zero and the point
in phase space could also correspond to a different value of ζ. In this regime coherent
states exhibit nonclassical features. For large values of |ζ − ζ0|, the overlap 〈 ζ | ζ0 〉
approximately vanishes, two points in phase space can be seen as mutually exclusive
and P (ζ) can be treated as a probability distribution. Here, coherent states behave like
classical states.

2.4.2 The Husimi-Q-Function

Another useful phase space representation was first introduced by Husimi [1940]. The
Husimi-Q-function is defined as the expectation value of a projection of the density
operator %̂ onto a coherent state | ζ 〉, i.e.

Q (ζ) =
1

π
〈 ζ | %̂ | ζ 〉 . (2.66)

The Q-function is a quasi-probability distribution which has the nice properties of being
non-negative and bounded, such that the relation

0 ≤ Q (ζ) ≤ π (2.67)

holds. Since the Husimi-Q-function is rather easy to calculate compared to other rep-
resentations of quantum states it is particularly useful for the pictorial characterization
of quantum states in phase space. For these reasons the Husimi-Q-function will be used
to illustrate quantum states in phase space throughout this thesis.
It is noteworthy that the Q-function is closely connected to the P -function. By inserting
eq. (2.63) into the Q-function of eq. (2.66) we obtain

Q (ζ) =
1

π

∫
d2β P (β) |〈 ζ | β 〉|2 =

1

π

∫
d2β P (β) e−|ζ−β|

2

, (2.68)

where in the last step eq. (2.54) was used. As can bee seen in the latter expression, the
Q-function is obtained by a convolution of the P -function and a Gaussian centered at
ζ − β.

2.5 Fock States

Fock states constitute an important basis for quantum optics. In this section some of
the main features of Fock states are reviewed.
Formally, as done in section 2.3, a Fock state |n 〉 is introduced as the eigenstate of the
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n-th energy level of a quantum harmonic oscillator, which corresponds to the energy
levels of the electromagnetic field. Consequently, in quantum optics a Fock state |n 〉 is
a state containing exactly n-photons. Generating such an n-photon state is a non-trivial
task and so far only multi-photon states up to n = 6 have been demonstrated [Hofheinz
et al. 2008; Sayrin et al. 2011; Bimbard et al. 2010; Cooper et al. 2013; Yukawa et al.
2013]. Notable single-photon sources are quantum dots and color centers as well as non-
linear processes such as parametric down-conversion or four-wave mixing [Eisaman et al.
2011].
The Q-function of a Fock state |n 〉 is given by [Schleich 2001]

QFock (ζ) =
e−|ζ|

2

π

|ζ|2n
n!

. (2.69)

Examples for different photon numbers n are depicted in fig. 2.2. Since eq. (2.69) only
depends on the absolute value of ζ, the Q-function of a Fock state is radially symmetric
and describes a donut shape in phase space. Accordingly, Fock states are not able to
carry any phase information, but only information about their energy.
A photon number state |n 〉 is non-classical as is to be expected. Its P -function reads
[Schleich 2001]

PFock (ζ) = Ln

[
−1

2

∂2

∂ζ2
p

− 1

2

∂2

∂ζ2
x

]
δ (ζ) , (2.70)

where Ln [x] is the n-th Laguerre polynomial and ζx (ζp) is the quadrature value of the
quadrature x̂ (p̂). Equation (2.70) is highly singular as it involves a high order of partial
derivatives of the delta function δ (ζ) and therefore has no classical counterpart. For
n = 0 the derivatives vanish and the state reduces to the vacuum state | 0 〉 with the
P -function Pvac (ζ) = δ (ζ).

2.6 Coherent States

In this section we review some of the main features of a coherent state. It plays a central
role in optical communication where it is utilized to carry classical information as it can
be routinely produced by a well stabilized laser with a high repetition rate. Coherent
states were first described by Glauber [1963] and are defined as eigenstates | ζ 〉 of the
annihilation operator â by

â | ζ 〉 = ζ | ζ 〉 (2.71)

as we have already seen in eq. (2.51). A coherent state is also the eigenstate of the posi-
tive frequency part of the electromagnetic field operator in eq. (2.50) with a well defined
complex amplitude ζ and consequently, the direct analog of a classical electromagnetic
wave. This bears the question whether a coherent state is actually simply a classical
state. Indeed, it exhibits a number of classical features as it possesses a minimal uncer-
tainty product, follows classical time trajectories and its electromagnetic field behaves
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Figure 2.2: Husimi-Q-function of a n-photon state defined in eq. (2.42) with a photon
number of (a) n = 1 and (b) n = 5. The photon number n determines the
radius of the donut while the width of the donut is independent of n.

as classically as possible, since it can be described by a well defined complex amplitude.
However, a coherent state is still inherently quantum and should not be understood as
an actual classical state. For instance, classical states have a well defined amplitude and
phase, whereas coherent states exhibit quantum fluctuations around their respective ex-
pectation values.
An explicit representation of a coherent state in the Fock basis is given by

| ζ 〉 =
∞∑
n=0

e−
|ζ|2

2
ζn√
n!
|n 〉 . (2.72)

The Q-function of state | ζ0 〉 is given by

Qcoh (ζ) =
1

π
e−|ζ−ζ0|

2

(2.73)

and is shown in fig. 2.3. It is a Gaussian bell located at ζ0. In contrast to Fock states,
coherent states are able to carry information in both their amplitude and phase. The
latter is defined via the polar representation of the complex amplitude which is given by

ζ = |ζ| e−iφ, (2.74)

where |ζ| corresponds to the amplitude and φ to the phase. The variances of the quadra-
tures defined in eqs. (2.55) and (2.56) for a coherent state can be determined using
eq. (2.72) and read〈

(∆x)2 〉 =
〈
ζ
∣∣ x̂2

∣∣ ζ 〉− (〈 ζ | x̂ | ζ 〉)2 =
1

2
,〈

(∆p)2 〉 =
〈
ζ
∣∣ p̂2
∣∣ ζ 〉− (〈 ζ | p̂ | ζ 〉)2 =

1

2
. (2.75)
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Figure 2.3: Husimi-Q-function of a coherent state given in eq. (2.73) with complex am-
plitude (a) ζ = 1 and (b) ζ = i. Both states contain the same energy
|ζ|2 = 1.

Note that these are the same values as for the vacuum state, which is a special case
of a coherent state with amplitude ζ = 0. Therefore, the width of the Q-function is
independent of the coherent state amplitude and all coherent states have exactly the
same shape in phase space.
Often we will be interested in measuring the number of photons, i.e. the value of the
photon number operator n̂ = â†â. The corresponding POVM is given by the set of
projections {π̂n = |n 〉 〈n |} and the probability to measure n photons in a coherent
state is given by the Poissonian distribution

p (n|ζ) = |〈n | ζ 〉|2 = e−|ζ|
2 |ζ|2n
n!

(2.76)

according to Born’s rule in eq. (2.8) and the Fock representation in eq. (2.72). The
average number of photons carried by a coherent state, i.e. the expectation value of n̂,
is equal to

〈 ζ | n̂ | ζ 〉 = e−
|ζ|2

2 〈 ζ |
∑
n

ζn√
n!
n̂ |n 〉 = e−|ζ|

2 ∑
n

(
|ζ|2
)n

(n− 1)!
= |ζ|2 , (2.77)

where in the second step the orthogonality condition for Fock states in eq. (2.48) was
used. Consequently, the average number of photons contained in a coherent state is
directly defined by its complex amplitude ζ.
A different, yet equivalent, approach to defining a coherent state is via the displacement
operator

D̂ (ζ) = eζâ
†−ζ∗â, (2.78)

that shifts a given state in phase space by a complex amplitude ζ. Its effect is schemati-
cally depicted in fig. 2.4. When applied to the vacuum state the result of the displacement
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bD (ζ)

Figure 2.4: Schematic depiction of the displacement operator in eq. (2.78) acting on the
vacuum state. The resulting state is a vacuum state displaced in phase space
which is also known as a coherent state | ζ 〉 = D̂ (ζ) | 0 〉.

operation is a coherent state, i.e.

| ζ 〉 = D̂ (ζ) | 0 〉 . (2.79)

This fact exemplifies that all coherent states possess the same quadrature variances as
the vacuum state. If the original state was a coherent state | ζ0 〉, the displaced state
remains coherent and is given by | ζ0 + ζ 〉 up to a global phase factor. As we will
discuss in section 4.4 the displacement operation is highly useful in the context of the
discrimination of coherent states.
So far we only discussed pure coherent states. A particular noisy and thus not pure
type of coherent states are phase diffused coherent states. As seen above, a coherent
state is characterized entirely by its complex amplitude which can be divided into two
parts, an absolute value |ζ| and a phase φ as shown in eq. (2.74). Suppose now that the
phase variable is not well defined. This can be caused by using a non-ideal laser source
in the state preparation or random processes acting on the state during its transmission
through a medium [Ip et al. 2008; Li 2009; Kikuchi 2016]. A simple model to incorporate
such phase diffusion is given by a coherent state whose phase variable is blurred according
to a Gaussian distribution. The density matrix is then given by

%̂pd =
1√

2πσ2

∫ ∞
−∞

dφ e−
φ2

2σ2
∣∣ eiφζ 〉 〈 eiφζ ∣∣ , (2.80)

where σ denotes the standard deviation of the Gaussian distribution and therefore the
strength of the phase diffusion. The effect of phase diffusion in phase space is shown
in fig. 2.5. It causes a blurring of the state on a circle whose radius is defined by the
absolute value |ζ|. The blurring is intensified with rising standard deviation σ.
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Figure 2.5: Husimi-Q-function of a phase diffused coherent state defined in eq. (2.80)
with complex amplitude ζ = 1 and phase diffusion of strength (a) σ = 0.5
and (b) σ = 0.75.

2.7 Squeezed States

Another useful type of quantum states for optical quantum communication are squeezed
states which are characterized by their quadrature fluctuation properties. The fluctua-
tions for one quadrature are suppressed below the vacuum level whereas the complemen-
tary quadrature fluctuations are increased. Unlike a coherent state, a squeezed state is
highly non-classical. While not as readily accessible as coherent states, squeezed states
can be generated in several ways. Most notably, they are produced via parametric down-
conversion in a second-order nonlinear crystal or via the Kerr effect in an optical fibre
[Andersen et al. 2016].
First investigated by Yuen [1976], a squeezed coherent state

| z, ζ 〉 = Ŝ (z) D̂ (ζ) | 0 〉 = Ŝ (z) | ζ 〉 (2.81)

emerges by applying the unitary squeezing operator

Ŝ (z) = exp

[
1

2

(
z∗â2 − z

(
â†
)2
)]

(2.82)

to a coherent state. The complex squeezing parameter z = reiφz defines the degree of
squeezing |z| = r and its direction φz. Let xφz be the squeezed and pφz the complemen-
tary quadrature. Then, the corresponding variances are given by〈

(∆xφz)
2 〉 =

1

2
e−2r ;

〈
(∆pφz)

2 〉 =
1

2
e2r. (2.83)

The variance of one quadrature is now below the level of vacuum fluctuations while the
other quadrature fluctuations are above it. It is only possible to suppress one quadrature
variance at the cost of the other due to Heisenberg’s uncertainty principle [Heisenberg
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Figure 2.6: Husimi-Q-function of (a) a squeezed coherent state | z, ζ 〉 and (b) an ideal
squeezed state | ζ, z 〉 both with mean photon number n̄ = 1 and squeezing
parameter z = 0.5eiπ/4. While the ideal squeezed state retains the position
of a corresponding coherent state the squeezed coherent state experiences an
additional phase shift.

1927].
The P -function of a squeezed state is given by [Schleich 2001]

Psq (β) = exp

[
1− r

8r

∂2

∂β2
x

− 1− s
8

∂2

∂β2
p

]
δ (β − ζ) , (2.84)

where βx and ζx are the quadrature values in the squeezed direction xφz , whereas βp
and ζp are the quadrature values of the conjugate quadrature pφz . The P -function of
a squeezed state involves an infinite order of derivatives of the delta function such that
it is even more singular than the P -function of a Fock state (cf. eq. (2.70)). This
demonstrates the non-classicality of squeezed states. The corresponding Q-function can
be written as [Kim et al. 1989]

Qsq (β) =
1

π cosh (r)
exp

[
−2

(ζx − βx)2

1 + e2r
− 2

(ζp − βp)2

1 + e−2r

]
. (2.85)

In the Fock basis a squeezed coherent state is given by [Mandel and Wolf 1995]

| z, ζ 〉 =
∞∑
n=0

√
(eiφz tanh (r))n

2n cosh (r)n!
Hn

(
ζ√

2eiφz sinh (r) cosh (r)

)
e
ζ2

2 (e−iφz tanh(r)−1) |n 〉 ,

(2.86)

where Hn (x) are Hermite polynomials. A squeezed vacuum state can be retrieved from
eq. (2.86) by setting ζ = 0 which yields

| z, 0 〉 =
∞∑
n=0

(
−eiφz tanh (r)

)n√
2n cosh (r)n!

| 2n 〉 , (2.87)
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since Hn (0) = 0 for odd n. Squeezed vacuum contains only even Fock states and
consequently has a highly singular P -function.
The average number of photons

〈 z, ζ | n̂ | z, ζ 〉 = |ζ|2 + sinh2 (r) (2.88)

of a squeezed state defined in eq. (2.86) differs from a coherent state defined in eq. (2.77)
as the squeezing operation adds energy to the state. When a coherent state is squeezed
the resulting state does not simply retain its position in phase space, but also experiences
a phase shift as illustrated in fig. 2.6. In order to produce a squeezed state that is centered
at the same position as the corresponding coherent state, it is necessary to first squeeze
the vacuum state and then apply a displacement operation. This produces the so-called
ideal squeezed state [Caves 1981; Mandel and Wolf 1995]

| ζ, z 〉 = D̂ (ζ) Ŝ (z) | 0 〉 . (2.89)

In fig. 2.6 both, the ideal squeezed state and the squeezed coherent state, are illustrated.
The degree and direction of the squeezing are the same, but the squeezed coherent state
is nevertheless slightly shifted in phase space. A connection between the two types of
squeezed states can be made with the relation | ζ, z 〉 =

∣∣∣ z, ζ̃ 〉 [Mandel and Wolf 1995],
where

ζ̃ = ζ cosh (r) + ζ∗eiφz sinh (r) . (2.90)

An explicit expression for the ideal squeezed state can be obtained by applying eq. (2.90)
to eq. (2.86). Note that the ideal squeezed state and the squeezed coherent state have
the same average energy written in eq. (2.88).

2.8 Thermalized States

When a state interacts with a heated environment the state itself becomes thermalized.
Effectively, thermal environmental interactions incoherently add photons to the trans-
mitted state. The strength of thermal noise can be characterized by the average number
of thermal photons nb added to a state. The distribution of these photons follow Bose-
Einstein statistics and consequently, the density matrix %̂th of a thermal (or thermalized
vacuum) state itself in the Fock basis reads [Helstrom 1976]

%̂th =
1

nb + 1

∑
k

(
nb

nb + 1

)k
| k 〉 〈 k | . (2.91)

Clearly, a thermal state is characterized by an incoherent mixture of photon number
states | k 〉. The temperature T of the thermal state is connected to the average number
of thermal photons nb by the relation

T =
2π~f

kB ln
[

nb
1+nb

] , (2.92)
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where kB is the Boltzmann constant and f the considered frequency.
Naturally, not only the vacuum state is affected by thermal noise. For an initial state %̂
thermal noise effectively transforms the state according to

%̂→ 1

πnb

∫
d2β e

− |β|
2

nb D̂ (β) %̂D̂† (β) . (2.93)

If a coherent state | ζ 〉 is thermalized, eq. (2.93) can be simplified with the help of
eq. (2.79) and the state is formally given by a displaced thermal state, i.e.

%̂c,th = D̂ (ζ) %̂thD̂
† (ζ) . (2.94)

Note that as long as the system is in thermal equilibrium, the state of eq. (2.94) is
equivalent to the one obtained by first displacing the vacuum state and then adding
thermal photons [Oz-Vogt et al. 1991]. The Q and P -functions of a thermalized coherent
state are both Gaussians and given by [Schleich 2001]

Qc,th (β) =
1

π (nb + 1)
e
− |β−ζ|

2

nb+1 , (2.95)

Pc,th (β) =
1

πnb
e
− |β−ζ|

nb . (2.96)

In fig. 2.7(a) and (b) examples of thermalized coherent states are shown. The effect of
thermal noise is a broadening of the state in phase space whose strength depends on the
number of background photons nb. An element of the density matrix %̂c,th in the Fock
basis reads [Helstrom 1976]

〈n | %̂c,th |m 〉 =

√
n!

m!

nmb
(1 + nb)

m+1

(
ζ∗

nb

)m−n
e
− |ζ|

2

1+nbL(m−n)
n

(
− |ζ|2
nb (1 + nb)

)
,

(2.97)

where m ≥ n and L
(m)
n (x) denotes the generalized Laguerre polynomial. The matrix

elements for m < n are obtained via the relation 〈n | %̂c,th |m 〉 = 〈m | %̂c,th |n 〉∗.
If squeezed states are affected by thermal noise, the resulting state is given by

%̂s,th = Ŝ (z) %̂thŜ
† (z) , (2.98)

where Ŝ (z) is the squeezing operator defined in eq. (2.82). Their P -function is equal to
[Kim et al. 1989]

Psq,th (β) =
exp

[
− βpe−r

sinh(r)+nber
− βxer

− sinh(r)+nbe−r

]
π
√

(sinh (r) + nber) (nbe−r − sinh (r))
. (2.99)

The Q-function of a thermalized squeezed vacuum state is given by [Kim et al. 1989]

Qs,th (β) =
1

π
√

(n2
b + 2nb) cosh2 (r) + 1

exp

{
−Re [β]2

2
tanh (r)− |β|2

+
nb

(n2
b + 2nb) cosh2 (r) + 1

[
(nb + 1) |β|2 − nb

Re [β]2

2
tanh (r)

]}
(2.100)
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Figure 2.7: Husimi-Q-function of a thermalized (a,b) coherent or (c,d) squeezed state
%̂c,th with mean photon number n̄ = 1 and thermal background of (a,c)
nb = 0.5 and (b,d) nb = 1.5 photons. The thermal background broadens
the occupied area in phase space. Note that the used contour levels differ
between the figures.

and depicted in fig. 2.7(c) and (d). Again, thermalization of a squeezed state broadens
its occupied space in phase space similar as it did with coherent states. The broadening,
however, is not equally strong in all directions as the squeezed quadrature is less affected.
Thermal noise increases the energy of the state by adding the average number of ther-
mal photons nb. However, since the addition takes place incoherently the state looses
coherence and becomes less pure. Even more, originally non-classical states evolve into
more and more classical states.
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3 Communication, Information and
Capacities

Communication is omnipresent in our daily lives. Whether we are talking to another
person, browsing the internet or sending a text message, all of these interactions depend
on successfully transmitting messages between several parties. These communication
acts take place in various ways, the mobile phone signal is broadcasted through the
atmosphere, the TV receives its broadcast via cable and deep-space missions, like the
Voyager satellites, transmit their signal through free space. All of these different scenar-
ios can be broken down to several generic steps. First a message is prepared, then sent
through a medium to the destination and finally, the receiving party detects the signal
and attempts to decode the message.
In this chapter we review the basic concepts of communication. In section 3.1 the com-
munication framework and the concept of a channel in particular are introduced. Sec-
tion 3.2 establishes the error probability as a measure of performance for the detection of
transmitted messages. Section 3.3 reviews a more general approach to quantifying per-
formance with the help of entropy, mutual information or photon-information efficiency
(PIE) and section 3.4 shows the capacities and limits of several important communica-
tion channels. Finally, section 3.5 presents several common ways to encoding messages.

3.1 Communication Channel

While (classical) communication can take various forms, all scenarios have several steps
in common. A generic communication scenario with its building blocks is depicted in
fig. 3.1. The term communication channel is somewhat ambiguous and commonly refers
to state preparation, propagation and detection. It is entirely defined by the input and
output symbols and their respective conditional probability distributions.
Before the actual transmission, the communication parties need to agree on a set of
symbols, e.g. {0, 1, 2, . . . }, of which the messages will consist and the corresponding set
of physical information carriers, the alphabet {%̂i}. The latter are used to physically
transmit the message from the sender to its destination point. Note that, in principle,
there can also exists many destinations. However, this more general scenario will not be
treated in this work.
The information carriers, also referred to as input states, are quantum states represented
by density matrices %̂i and sent with their corresponding a-priori probability pi. They
form a full set such that

∑
i pi = 1. Each state is attributed to one symbol, e.g. 0↔ %̂0

etc, such that after detecting a certain state the receiving party is able to translate the
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Communication channel

Figure 3.1: Schematic depiction of a generic communication scenario. First the message
is encoded from a set of symbols into a sequence of physical information
carrier states %̂i, which are prepared by a transmitter and sent via a physical
channel to their destination. The physical channel is noisy and alters the
propagating states depending on the particular properties of the channel. At
the destination the states %̂′i are detected by a receiver and an attempt is made
to translate them back to the original message in symbols. In general, the
detection is erroneous, since the states may not be perfectly distinguishable
or they arrive distorted due to noise.

message back into symbols.
In optical communication the alphabet consists of states of light and coherent states are
widely used for this purpose. They are produced by a laser at a given carrier frequency
with high repetition rates and are good candidates for carrying information. Therefore,
we will mostly consider alphabets consisting of coherent states, i.e. {%̂i = | ζi 〉 〈 ζi |}, in
this work.
After agreeing on a set of symbols and their corresponding states, the ground is set
for the actual communication to take place. First, the sending party translates the
message into a string of symbols, a procedure called encoding. Then for each symbol
the corresponding state is prepared by a transmitter in order to sent them to their
destination. Since the step of encoding the message into symbols and then into physical
states is not of particular interest for this work, we will use the term “encoding” loosely
also for the chosen set of physical states.
After a signal state is prepared, it is propagated over the physical channel connecting
the transmitter and the receiver. In any realistic scenario the propagation is noisy and
the states arrive distorted. The receiving party is now tasked to measure the arriving
state %̂′i and to guess which input state %̂i actually was sent. Doing so, the detected
states are translated back into symbols and finally the message is (hopefully) correctly
recovered. This task is critical for successful communication at a high data rate. It
is, however, inherently erroneous as it is impossible for the receiver to distinguish the
states perfectly due to noise picked up in the channel, imperfections in the detector and
fundamental limitations like quantum fluctuations or the non-orthogonality of coherent
states.
There exist two fundamental ways of describing a channel. The first refers directly to the
physical channel where a particular model for the signal propagation has to be found.
These models naturally depend on the physical interaction between the propagating
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signals and its environment, which can be treated classically or quantum. In atmospheric
channels, for instance, these interactions are turbulences or scattering [Mahalov and
Moustaoui 2010] whereas in optical fibre channels scattering and Kerr nonlinearities are
central [Senior 2009].
The second way does not describe the particular interactions directly, but on the level of
the communication channel and its symbols. Here, the symbols are treated as random
variables and it suffices to define a statistical noise model between the input and the
output. The particular model needs to be justified by an underlying physical noise
model which is mimicked by the random process. A widely used statistical model is
additive white Gaussian noise (AWGN) describing background noise that is present in
most channels [Essiambre et al. 2010].
The noise models ultimately define the channel and its limits on the transmission of
information. With unlimited resources, however, an arbitrary amount of information
could be transmitted. Yet, in realistic scenarios resources are limited and in order to
gain applicable insights these limitation must be taken into account. The most common
constraint is a limitation on the available energy. One possible scenario is a transmitter
that only has a certain amount of energy available within a time frame which can be
distributed freely only within that frame. By using the number of photons as a measure
of energy we can define the constraint via the mean photon number n̄ of an alphabet of
coherent states. It is given as the expectation value of the complex amplitude, i.e.

n̄ = E
[
|ζ|2
]

= E
[
Re [ζ]2

]
+ E

[
Im [ζ]2

]
. (3.1)

For a discrete distribution the mean photon number reads

n̄ =
∑
i

pi |ζi|2 . (3.2)

Another possible type of constraint is an upper limit on the peak energy nmax of the
transmitter. For coherent states this would mean that

nmax ≥ |ζi|2 (3.3)

for all states in the alphabet.
Based on this framework it is now necessary to define suitable measures for the perfor-
mance of a particular communication system or channel. In the following sections several
approaches to quantify performance are reviewed. In section 3.2 the error probability,
in section 3.3 entropy, information, mutual information and photon information effi-
ciency are introduced. In section 3.5 several important types of encodings are presented
and finally in section 3.4 the ultimate limits imposed on channels (their capacities) are
discussed.

3.2 Error Probability

The most straightforward way to measure how well a message was received is to look at
the probability of making a mistake when guessing the received state. This probability is
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called the error probability perr. While it is a rather easy to calculate quantity, the error
probability suffers from a couple of drawbacks. Before turning to a formal definition we
will consider the following example to showcase some of its features.
Let us assume that we are communicating with an alphabet consisting of two states,
the vacuum state %̂0 = | 0 〉 〈 0 | and a coherent state %̂1 = | ζ 〉 〈 ζ |, both sent with the
probability p0 = p1 = 1

2
. For simplicity, let the transmission take place noiseless. Our

task is now to identify the transmitted states. In such a procedure it is possible to
make two errors: we can guess for %̂0 when actually %̂1 was sent and vice versa. A
trivial guessing strategy is to randomly choose either of the states with their a-priori
probability 1

2
. Then, the average error probability over many tries would be perr = 1

2
.

This strategy of truly guessing the state defines the upper limit for perr as we can always
fall back on it regardless of any available measurement result. If the alphabet size would
be different or the a-priori probabilities would change, the upper limit would change too.
For instance, if %̂0 is sent with p0 = 1

3
and %̂1 sent with p1 = 2

3
the error probability

would be perr = 1
3

2
3

+ 2
3

1
3

= 4
9
. In short, the error probability has an upper bound which

depends on the a-priori probabilities pi.
A non-trivial strategy is to base the guess on obtained measurement results. One possible
measurement is given by the POVM

{
| 0 〉 〈 0 | , 1̂− | 0 〉 〈 0 |

}
which enables us to test

whether we received the vacuum state or not. Here, we never will make an error if
the vacuum state was transmitted. However, if the coherent state | ζ 〉 was sent, we
will be mistaken in some of the cases, since the coherent state has a non-zero overlap
with the vacuum state |〈 0 | ζ 〉|2 = e−|ζ|

2

. In this scenario the error probability is not
symmetric which needs to be taken into account when quantifying the performance of
the communication system.
To formalize the notion of error probability, we assume from now on that the state %̂i is
associated with the symbol i such that i ↔ %̂i. The probability of guessing the symbol
j, when symbol i was sent, is given by the conditional probability p (j|i). The overall
probability of error is obtained by the sum of all p (j|i) with j 6= i weighted by the
a-priori probability of the symbol i such that it reads

perr =
∑
i

∑
j 6=i

pip (j|i) = 1−
∑
i

pip (i|i) , (3.4)

where i defines the input and j the guessed output symbol. In the last step we used the
fact that

∑
j p (j|i) = 1. The term

∑
i pip (i|i) is also known as the average success prob-

ability. By taking into account the a-priori probabilities the error probability becomes
symmetric. We can find an upper bound on the error probability by simply guessing
the received symbol with the respective probabilities equal to the a-priori probabilities
of the symbols, i.e. p (i|i) = pi, such that

perr ≤ 1−
∑
i

p2
i . (3.5)
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For an alphabet of size M , where all states are sent with equal probabilities pi = 1
M
, the

upper bounds reduces to

perr ≤
M − 1

M
. (3.6)

This reveals a major down-side of the error probability as a measure for performance. Its
upper limit depends on the a-priori probabilities and consequently, the error probability
is only suited to compare the performance of different systems when using the same
alphabet with the same a-priori probabilities.
Physically, the conditional probabilities p (j|i) are obtained by measuring the output
states %̂′i with a POVM {π̂i}, where the measurement operator π̂i is associated with the
outcome i. The error probability of eq. (3.4) then reads

perr =
∑
i

∑
j 6=i

pi Tr [%̂′iπ̂j] = 1−
∑
i

pi Tr [%̂′iπ̂i] (3.7)

according to the Born rule of eq. (2.8). Overall, the error probability is a simple to
calculate and intuitive measure. However, it is necessary to define a specific POVM and
decoding strategy in order to determine the error probability. One might therefore raise
the question whether the chosen measurement is actually the optimal one. Below we
will discuss this issue in detail in a few specific scenarios which are particularly relevant
to this thesis.

3.2.1 Minimum Error Probability

In order to find the minimum error probability pmin we have to minimize eq. (3.7). The
POVM achieving the minimal error probability must satisfy the necessary and sufficient
conditions [Helstrom 1976; Barnett and Croke 2009; Chefles 2000]∑

i

pi%̂iπ̂i − pj %̂j ≥ 0 for all j, (3.8)

π̂i (pi%̂i − pj %̂j) π̂j = 0 for all i, j. (3.9)

The first inequality stems from the requirement that the error probability is an extremum
for the optimal POVM and the second condition ensures that it is a minimum rather
than a maximum. Note that the latter condition can be derived from the first one
combined with the fact that the involved operators are positive [Barnett and Croke 2009].
For problems involving only two states the minimum error probability is, in principle,
known. Note, however, that only for particular situations a physical implementation of
the minimum error measurement was found.

Binary decisions

The case of discriminating two states, %̂0 and %̂1, was first solved in the seminal work by
Helstrom [1976]. Here, the POVM consists of two elements {π̂0; π̂1} with π̂1 = 1̂ − π̂0
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and the error probability of eq. (3.7) can be written as

perr = p0 Tr [π̂1%̂0] + p1 Tr [π̂0%̂1] (3.10)

=
1

2

{
p0 Tr

[(
1̂− π̂0

)
%̂0

]
+ p1 Tr [π̂0%̂1] + p0 Tr [π̂1%̂0] + p1 Tr

[(
1̂− π̂1

)
%̂1

]}
(3.11)

=
1

2
− 1

2

{
Tr
[
π̂0Â

]
− Tr

[
π̂1Â

]}
, (3.12)

where in the last line we introduced the Hermitian operator

Â = p0%̂0 − p1%̂1. (3.13)

The error probability becomes minimal, if the term Tr
[
π̂0Â

]
− Tr

[
π̂1Â

]
is maximized.

This is achieved by choosing a POVM such that π̂0 is a projection onto the subspace
spanned by the eigenvectors corresponding to the positive eigenvalues of Â. Conse-
quently, π̂1 has to be a projection onto the negative eigenvalue subspace. Considering
the spectral eigendecomposition Â =

∑n
i=1 λi | i 〉 〈 i | of Â, where i ∈ {1, . . . , k} denote

the positive eigenvalues and i ∈ {k + 1, . . . , n} the negative eigenvalues, we can write
eq. (3.12) as

pmin =
1

2
− 1

2

{
k∑
i=1

λi −
n∑

i=k+1

λi

}
(3.14)

=
1

2
− 1

2

n∑
i=1

|λi| . (3.15)

Therefore, the minimum error probability pmin depends on the sum of the absolute values
of the eigenvalues of Â. It can be conveniently expressed in terms of the trace distance
T between two quantum states %̂ and σ̂, which is defined as

T (%̂, σ̂) =
1

2
Tr

[√
(%̂− σ̂)† (%̂− σ̂)

]
. (3.16)

Given an eigendecomposition of the Hermitian operator (%̂− σ̂) =
∑

i λi | i 〉 〈 i |, it is
straightforward to see that the trace distance is given by

T (%̂, σ̂) =
1

2

∑
i

|λi| (3.17)

such that we can write the minimum error probability as [Hayashi 2006; Audenaert et al.
2007]

pmin =
1

2
− T (p0%̂0, p1%̂1) . (3.18)
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Interestingly, calculating the trace distance between two states corresponds to maxi-
mizing the classical total variation distance between the two probability distributions
{Tr [π̂i%̂]} and {Tr [π̂iσ̂]} created by the POVM {π̂i}, i.e. [Nielsen and Chuang 2009]

T (%̂, σ̂) =
1

2
max
{π̂i}

∑
i

|Tr [π̂i%̂]− Tr [π̂iσ̂]|

=
1

2
max
{π̂i}

∑
i

|Tr [π̂i (%̂− σ̂)]| . (3.19)

The appearance of the trace distance in eq. (3.18) exemplifies that the choice for the
POVM projecting onto the eigenvalues is indeed the optimal one. The POVM for which
the total variation distance attains the trace distance also constitutes the minimum error
measurement.

Pure states

For two pure states %̂0 = |Ψ0 〉 〈Ψ0 | and %̂1 = |Ψ1 〉 〈Ψ1 | the minimum error probability
and its POVM can be cast into a simpler form. Here, we can express the states in a
generic orthonormal basis | ± 〉 as follows

|Ψ0 〉 = cos (θ) |+ 〉+ sin (θ) | − 〉 , (3.20)
|Ψ1 〉 = cos (θ) |+ 〉 − sin (θ) | − 〉 , (3.21)

where θ is defined by the overlap 〈Ψ0 |Ψ1 〉 = cos (2θ). Using this basis, the operator Â
defined in eq. (3.13) can be diagonalized and its eigenvalues and eigenvectors are

λ± =
1

2
(p0 − p1 ± ω) , (3.22)

|λ± 〉 =
1√
2

[√
1± υ |+ 〉 ±

√
1∓ υ | − 〉

]
(3.23)

with ω =
√

1− 4p0p1 cos2 (2θ) and υ = (p0 − p1) cos (2θ)ω−1. The optimal POVM is
the projection onto |λ± 〉,

π̂0 = |λ+ 〉 〈λ+ | ; π̂1 = |λ− 〉 〈λ− | , (3.24)

and the minimum error probability of eq. (3.12) can be cast into the form

pmin =
1

2
(1− ω) =

1

2

(
1−

√
1− 4p0p1 |〈Ψ0 |Ψ1 〉|2

)
. (3.25)

It is seen in eq. (3.25) that pmin depends on the a-priori probabilities and the overlap of
the two pure states. The minimum error probability is closely related to the fidelity F
between two pure states. For two arbitrary quantum states %̂ and σ̂, fidelity is defined
as [Nielsen and Chuang 2009]

F (%̂, σ̂) = Tr

[√√
%̂σ̂
√
%̂

]
, (3.26)
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which reduces to F (|Ψ0 〉 , |Ψ1 〉) = |〈Ψ0 |Ψ1 〉| for pure states. With this eq. (3.25)
reads

pmin =
1

2

(
1−

√
1− 4p0p1F (|Ψ0 〉 , |Ψ1 〉)2

)
(3.27)

=
1

2

(
1−

√
1− 4F (p0 |Ψ0 〉 , p1 |Ψ1 〉)2

)
. (3.28)

This expression can also be derived directly from the general expression for the mini-
mum error probability of eq. (3.18), since for pure states the trace distance T (%̂0, %̂1) is
equivalent to the fidelity F (%̂0, %̂1) via the relation

T (|Ψ0 〉 , |Ψ1 〉) =

√
1− F (|Ψ0 〉 , |Ψ1 〉)2. (3.29)

For general mixed states such a direct relation between the fidelity and the trace distance
does not exist, with the exemption of the Fuchs–van de Graaf inequalities [Fuchs and
van de Graaf 1999]. In the special case where both states are sent with the same
probability p0 = p1 = 1

2
, the optimal POVM of eq. (3.24) is given by projections on the

eigenstates

|λ+ 〉 =
|+ 〉+ | − 〉√

2
; |λ− 〉 =

|+ 〉 − |− 〉√
2

. (3.30)

As shown in fig. 3.2 the two states are symmetrically located around the input states.
For non-equal a-priori probabilities the eigenstates are rotated towards the more likely
input state. In case of two orthogonal input states, the minimum error measurement is
naturally given by projections onto the states themselves.

Multiple copies

So far we considered only binary decisions with a single copy available for the measure-
ment. If instead N copies are available a better informed decision can be made. In
principle, the minimum error probability is given by the expression

pNmin =
1

2
− T

(
p0%̂
⊗N
0 , p1%̂

⊗N
1

)
, (3.31)

similar to eq. (3.18). An upper bound on the error probability is given by the Chernoff
bound which states that [Audenaert et al. 2007; Calsamiglia et al. 2008]

pNmin ≤ min
0≤s≤1

ps0p
1−s
1 Tr

[
%̂s0%̂

1−s
1

]N
. (3.32)

Furthermore, the minimum error probability is proportional to

pNmin ∼ e−NCQ with CQ = − lim
n→∞

ln
[
pNmin

]
N

= − ln

[
min

0≤s≤1
Tr
[
%̂s0%̂

1−s
1

]]
, (3.33)
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Figure 3.2: Illustration of the POVM (cf. eq. (3.30)) achieving the minimum error prob-
ability of eq. (3.25) for two equiprobable pure states |Ψ0 〉 and |Ψ1 〉. It is
given by two projections on the states |λ± 〉 located symmetrically around
the input states.

i.e. it decreases exponentially with the number of copies N . Note that eq. (3.33) only
provides the leading order in the exponent. In general, other non-vanishing functions of
N can appear [Audenaert et al. 2012; Li 2014]. However, to achieve the minimum error
probability of eq. (3.32) collective measurements on all copies are needed in general.
Since individual measurements only form a subset of collective ones this does not come
as a surprise. Unfortunately, it is a notoriously hard task to find these collective POVMs
and their physical implementation.
While the minimum error probability is an easy to calculate figure of merit for the
performance of a particular communication channel it does not provide the ultimate
limit on the information transfer. When calculating the error probability we already
need to define a rulebook for decoding the message (i.e. the POVM) such that we know
which physical detection event we interpret as which symbol. Of course it is desirable
to quantify the performance in a way that does not impose this limitation and directly
characterizes the amount of information that is transmitted. In section 3.3 the concept
of mutual information is introduced which is able to quantify the channels successful
transmissions in a more general fashion, where we do not need to define a particular
decoding strategy.

3.3 Entropy and Mutual Information

Up to this point we only measured the communication performance by the probability of
making an error, but ultimately we are interested in how much information can be sent
regardless of errors. In order to quantify this we need to find an appropriate measure
for the information content of an event. Certainly, the measure needs to fulfill a couple
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of properties dictated by intuition.
First of all, a rare event should carry more information than a common event. Suppose,
for instance, the weather is sunny virtually every day and only on a few days it is rainy.
If the weather report confirms in the morning that the day will be sunny, little insight is
gained in todays weather as this was expected anyway. If, however, the report predicts
rainy weather for the day, a lot of information is gained, since it is an unexpected event.
Secondly, we would like information to be additive for completely independent events.
Consider two separate and independent drawings of lottery numbers. If we learn the
outcome of both, the amount of information gained should be the information content
of one added to the other.
A function satisfying these desired properties is [Shannon 1948; MacKay 2003]

h (x) = log2

[
1

p (x)

]
= − log2 [p (x)] , (3.34)

where log2 [p] is the logarithm to base 2 and x denotes the event that occurs with
probability p (x). Since we always associate the probability p (x) with the event x we
will use these notations interchangeably, i.e. h (p (x)) = h (x). The quantity h (x)
is sometimes referred to as Shannon information content or self-information and is
measured in bits if log2 is used. On some occasions it is more convenient to use the
natural logarithm ln [x] to base e instead and quantify the information content in nats.
Bits and nats can be directly converted into each other via the relation

1 nat = log2 (e) bits ≈ 1.44 bits. (3.35)

Equation (3.34) indeed satisfies the desired properties. Consider two independent events
x and y. Their joint probability distribution is separable such that p (x, y) = p (x) p (y)
holds. Then, self-information is given by

h (x, y) = log2

[
1

p (x, y)

]
= log2

[
1

p (x) p (y)

]
= log2

[
1

p (x)

]
+ log2

[
1

p (y)

]
= h (x) + h (y) , (3.36)

which shows clearly that the self-information of two independent events is additive.
Also, a rarer event carries more information than a more common one. Due to the
definition of eq. (3.34) the condition p (x) ≤ p (y) directly implies h (x) ≥ h (y) such
that the rarer event x indeed contains more information.
In order to further exemplify that the information content is well suited to describe
information, consider a simple guessing game where four closed boxes, labelled A,B,C
and D, are placed on a table. Beforehand, a single ball was put into one of the boxes.
Our task is to guess which one contains a ball without any further prior knowledge. After
an unsuccessful guess we are allowed to take another guess until we find the correct box.
In table 3.1 the probabilities and the information content of possible series of guesses are
shown for the exemplary case where the ball is in the second box. All other scenarios
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Boxes

A B C D
•

Variant
Probability Information content (bits)

A B C D A B C D

1 0 1/4 0 0 0 2 0 0

2 3/4 1/3 0 0 0.415 1.585 0 0

3 3/4 1/2 2/3 0 0.415 1 0.585 0

4 3/4 0 2/3 1/2 0.415 0 0.585 1

Table 3.1: A game of guessing which box contains the ball. In the shown example the
second box B contains the ball and marks the correct guess. For all possible
guessing variants (up to permutations of wrong guesses) the probability for
the event to occur and the corresponding information gain log2

[
1
p

]
are shown.

are obtained by permutations of the boxes. With a probability of 25% the first guess
will succeed and we learn the content of all four boxes which equals gaining 2 bits of
information in a single guess. A wrong first guess gives us only 0.415 bits of information,
since we only learn the content of a single box. With each guess the information content
h (x) grows until, finally, we reach 2 bits in total. A correct guess at any point reveals
the remaining boxes and thus gives the missing bits of information.

3.3.1 Shannon Entropy

With the Shannon information content h (x) we are able quantify the information con-
tained in a particular event. However, most of the time we are interested in the outcome
of a random process rather than a specific event that might occur. Luckily, the extension
to this case is easily obtained.
Consider a random processX whose random variable x can take the value of any possible
outcome, each obtained with its associated probability p (x). The average information
of a random process X is given by the expectation value of the information content h (x)
of all possible outcomes, i.e. it is defined as [Shannon 1948; MacKay 2003]

H (X) = E [h (x)] =
∑
x∈X

p (x) log2

[
1

p (x)

]
= −

∑
x∈X

p (x) log2 [p (x)] (3.37)

and commonly referred to as the Shannon entropy. In the case of vanishing probability
p (x) = 0 the convention 0 log2 [0] = 0 holds. The Shannon entropy is measured in bits
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Figure 3.3: Binary entropy Hb (p) of eq. (3.38) as a function of the probability p. The
uncertainty is greatest if both outcomes are equiprobable.

or nats depending on the basis of the used logarithm. It is a non-negative quantity
H (X) ≥ 0 that reflects the uncertainty of a random process. The maximum value is
obtained for a uniform probability distribution p (x) = 1

N
where N denotes the number

of outcomes. Contrary to the fact that a very rare event is the most informative, its
contribution to the average information content is not necessarily significant. Consider a
random process with two outcomes {x1, x2} and their respective probabilities {p, 1− p}
which, for instance, is produced by a biased coin. The probability p denotes the success
probability of the coin toss. Its entropy is called binary entropy Hb (p) and given by

Hb (p) = −p log2 [p]− (1− p) log2 [1− p] (3.38)

and shown in fig. 3.3. The most uncertain about whether we succeed is when p = 0.5,
which also defines the maximum of the binary entropy. In other words, on average we
gain the most information when tossing an unbiased coin. If the probability deviates
to either side from 50%, the entropy decreases. If the random variable is continuous
rather than discrete, the entropy can be defined analogously by replacing the sum with
an integral as

H (X) =

∫
dx p (x) log2

[
1

p (x)

]
. (3.39)

Another important quantity is the joint entropy of two random variables X and Y . It
is defined as

H (X, Y ) = −
∑
x∈X

∑
y∈Y

p (x, y) log2 [p (x, y)] , (3.40)

where p (x, y) is the joint probability of x and y. For independent variables p (x, y) =
p (x) p (y) holds and it follows that the joint entropy is separable according toH (X, Y ) =
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H (X) +H (Y ). In fact, the joint entropy is subadditive, i.e.

H (X, Y ) ≤ H (X) +H (Y ) (3.41)

and equality is achieved only for independent variables. Subadditivity can be under-
stood as the fact that looking at the joint state of two random variables can only reduce
uncertainty, but never increase it.
We can also wonder about the uncertainty left in a random variable when gaining knowl-
edge about another one. Consider the joint state of two variables X and Y with their
joint entropy H (X, Y ). If one of the random variables is now measured, for the sake of
concreteness Y , the amount of information gained is H (Y ). The uncertainty about X
left is consequently given by

H (X|Y ) = H (X, Y )−H (Y ) , (3.42)

which defines the conditional entropy H (X|Y ). In terms of the conditional probability
distribution p (x|y), the conditional entropy reads

H (X|Y ) = −
∑
y∈Y

p (y)
∑
x∈X

p (x|y) log2 [p (x|y)] . (3.43)

If both random variables are identicalX = Y , the conditional entropy vanishesH (X|X) =
0. In case they are independent, the conditional entropy reduces to the marginal entropy
H (X|Y ) = H (X).

3.3.2 Mutual Information

With the various types of entropy defined above we are now in the position to consider
how much information is conveyed through a communication channel. Let us denote the
input by the random variable X and the output of the channel by Y . The amount of
information gained is given by how much the uncertainty of the input X is reduced by
measuring Y . In a perfect scenario the input would be recovered fully, i.e. Y = X, and
the amount of information gained is equal to the entropy H (X). Realistically, however,
this is not the case. Due to noise or fundamental limitations the measured output will
always be different from the input. The amount of information gained in any case is
given by the mutual information I (X;Y ) which is defined as [MacKay 2003]

I (X;Y ) = H (X)−H (X|Y ) (3.44)
= H (X) +H (Y )−H (X, Y ) , (3.45)

where in the second line the definition of the joint entropy in eq. (3.42) was used. Since
entropies are nonnegative, mutual information can never exceed the input entropyH (X)
due to eq. (3.44). Interestingly, eq. (3.45) implies that mutual information is symmetric
in X and Y , i.e. I (X;Y ) = I (Y ;X), and we gain the same amount of information
about Y by measuring X. From the practical point of view it is often more useful to
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invoke symmetry and consider I (X;Y ) = H (Y ) − H (Y |X) when calculating mutual
information, since the conditional entropy H (Y |X) is usually easier to express. In terms
of probabilities mutual information can be written as

I (X;Y ) =
∑
x∈X

p (x)
∑
y∈Y

p (y|x) log2 [p (y|x)]−
∑
y∈Y

p (y) log2 [p (y)] (3.46)

=
∑
x,y

p (x, y) log2 [p (y|x)]−
∑
x,y

p (x, y) log2 [p (y)] (3.47)

=
∑
x,y

p (x, y) log2

[
p (x, y)

p (x) p (y)

]
(3.48)

by using eqs. (3.37) and (3.43).
In order to showcase the usefulness of mutual information let us consider a communica-
tion scheme based on the example of table 3.1. Suppose the four boxes labelled A,B,C
and D are used to transmit information. The boxes are connected and a ball is placed
in one box to encode the symbol. Each box is used in 25% of the cases such that the
input entropy is given by

H (X) = −
∑
x∈X

p (x) log2 [p (x)] =
∑
x∈X

1

4
log2 [4] = 2. (3.49)

Consequently, the maximum amount of information that can be conveyed is 2 bits. After
placing the ball the boxes are sealed and transported to their destination where they are
opened again. If the transport is flawless the ball arrives faithfully in the initial box and
the conditional probabilities are p (y|x) = δx,y. As a consequence the output entropy is

H (Y ) =
∑
y∈Y

1

4
log2 [4] = 2 (3.50)

and the conditional entropy H (Y |X) vanishes as perfect knowledge about the input is
gained, i.e. X = Y . Mutual information is therefore equal to I (X;Y ) = H (Y ) = 2 and
indeed the full 2 bits are transmitted.
However, if the transport is faulty, mutual information will be less than 2 bits. For
instance, suppose there is a chance of 25% that the ball moves to either of the adjacent
boxes. The conditional probabilities for this scenario are written in table 3.2. The
probability of obtaining a particular output remains p (y) = 1

4
and the output entropy

remains H (Y ) = 2 as well. The conditional entropy, however, no longer vanishes since

H (Y |X) = −
∑
x∈X

1

4

∑
y∈Y

p (y|x) log2 [p (y|x)] = 0.723. (3.51)

Therefore, mutual information for the flawed transportation is given by

I (X;Y ) = H (Y )−H (Y |X) = 1.277 (3.52)
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Input x
Output y

A B C D

A 3/4 1/4 0 0

B 1/4 1/2 1/4 0

C 0 1/4 1/2 1/4

D 0 0 1/4 3/4

Table 3.2: Conditional probabilities p (y|x) for communicating by placing a ball into one
of four boxes. Each of the boxes is used with a probability of 25%. During
the transport there is a chance that the ball moves to one of the adjacent
boxes.

and only 1.277 bits of information are transmitted on average.
Mutual information is a more general measure of performance than the error probability.
It directly quantifies the amount of information that is conveyed from the input to the
output. In principle, mutual information does not specify a decoding strategy whereas a
defined decoding strategy is needed when calculating the error probability as discussed in
section 3.2. In order to achieve the information transfer promised by mutual information
the optimal strategy must be found first which is a highly non-trivial task [Moon 2005].
Only in some cases error probability and mutual information are equivalent quantities
such as, for instance, when distinguishing binary alphabets of pure states [Tomassoni
and Paris 2008].

3.3.3 Extension to Quantum Systems

The concept of entropy and mutual information can be extended to quantum systems.
Remarkably, von Neumann introduced the quantum version of the entropy in 1932 first
and following this Shannon adopted the concept to the classical theory in 1948. The
von Neumann entropy of a quantum system X in state %̂X is defined as [von Neumann
1932]

S (%̂X) = −Tr [%̂X log2 [%̂X ]] . (3.53)

For convenience we will drop the symbol %̂ and use the notation S (%̂X) = S (X) instead.
Given the eigenvalues λi of the density matrix %̂X , the entropy of eq. (3.53) can be
expressed as

S (X) = −
∑
i

λi log2 [λi] . (3.54)

Since density operators are positive semi-definite matrices with unit trace, the von Neu-
mann entropy is non-negative and becomes zero if and only if the quantum state is

43



3.4. Capacity Chapter 3. Communication

pure. It is now straightforward to define the quantum version of the joint entropy of two
systems X and Y as the entropy of the composite system %̂X,Y such that it reads

S (X, Y ) = −Tr [%̂X,Y log2 [%̂X,Y ]] . (3.55)

For uncorrelated systems the joint entropy is again additive, i.e. S (X, Y ) = S (X) +
S (Y ). The quantum conditional entropy is defined as

S (X|Y ) = S (X, Y )− S (Y ) (3.56)

following the classical approach of eq. (3.42). Note that, unlike the classical entropy, the
quantum conditional entropy can become negative if two systems X and Y are entangled
[Nielsen and Chuang 2009]. This also implies that it is possible to be more uncertain
about the state of a system X than the joint state of X and Y .
Finally, the quantum mutual information is defined according to eq. (3.45) as

IQ (X;Y ) = S (X) + S (Y )− S (X, Y ) (3.57)
= S (X)− S (X|Y ) = S (Y )− S (Y |X) , (3.58)

where in the last line eq. (3.56) was used. Since the entropy for uncorrelated systems
is additive, quantum mutual information IQ (X;Y ) is unaffected by the addition of an
uncorrelated system Z, i.e. IQ (X;Y ) = IQ (X;Y Z). Also a couple of other intuitive
properties hold. For example, measuring a system can never increase mutual information
such that [Nielsen and Chuang 2009]

IQ (X;Y ) ≥ IQ (X ′;Y ′) (3.59)

holds, where primes denote a quantum system after a measurement was performed.
Similarly, discarding a system can only decrease mutual information, i.e. [Nielsen and
Chuang 2009]

IQ (X;Y Z) ≥ IQ (X;Y ) . (3.60)

In the following section 3.4 we will use mutual information and its properties to discuss
the limits of optical communication.

3.4 Capacities and Limits

Mutual information I (X;Y ), as a measure for the transmitted information, is defined by
the input and output probability distributions. It is important to note that the output
distribution is fully determined by the input and the action of the channel, i.e. given
a particular channel only the input distribution can be freely chosen. However, this is
not entirely true from a physical perspective. Information theory and therefore mutual
information sees the output distribution as given, since the measurement device is part
of the channel. Naturally, we are free to choose the measurement which retrieves the
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information from the physical information carrier and thus directly influences the output
distribution. Having said this, we will discuss this question at a later point from the
quantum mechanical perspective and first take the information theoretical approach.
In order to maximize the amount of information that can be conveyed via a particu-
lar channel, we need to find the optimal input distribution p (x). The result of this
maximization is the capacity C of a channel which is formally defined as [MacKay 2003]

C = max
p(x)

I (X;Y ) , (3.61)

where the maximization is performed over all possible probability distributions p (x).
That this quantity indeed defines the maximum possible information transfer of a (mem-
oryless) channel was proven by Shannon [1948] in his noisy-channel coding theorem. The
latter guarantees that there exists a strategy to decode the message from the output that
achieves the capacity C in the limit of a large number of channel uses. A channel use
is defined as the act of sending a single symbol, which is then received at the output.
In his seminal work Shannon only gave an outline of the proof and only much later the
first rigorous proof was given by Feinstein [1954]. By now, many proofs can be found
in textbooks such as [MacKay 2003; Cover and Thomas 2005]. Finding the capacity
of a particular channel is a difficult task in general, since mutual information has to
be maximized over all possible probability distributions including distributions where
p (x) = 0 for some x. In the following, we will consider a few simple examples of known
capacities.

Binary symmetric channel

The first example is the capacity of the binary symmetric channel (BSC) which is prob-
ably the simplest channel model possible. The binary symmetric channel consists of
two input symbols X = {A,B} that are sent with probabilities {pA, pB = 1− pA}. Both
are faithfully transmitted with probability p (A|A) = p (B|B) = 1 − p and are falsely
accounted for the other with probability p (A|B) = p (B|A) = p. An illustration of the
binary symmetric channel is shown in fig. 3.4. Suppose a symbol was chosen and sent
over the channel. Whether it arrives correctly is decided by a biased coin flip with the
success probability 1 − p and consequently the conditional entropy equals the binary
entropy H (Y |X = x) = Hb (p) of eq. (3.38). Mutual information for the BSC is now
given by

I (X;Y ) = H (Y )−H (Y |X) (3.62)

= H (Y )−
∑
x∈X

p (x)H (Y |X = x) (3.63)

= H (Y )−Hb (p) . (3.64)

The output entropy H (Y ) is defined by the output probabilities which read

p (Y = A) = pA (1− p) + (1− pA) p, (3.65)
p (Y = B) = pAp+ (1− pA) (1− p) . (3.66)
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Figure 3.4: Sketch of a binary symmetric channel. Each symbol is correctly transmitted
with probability 1− p and mistaken for the other symbol with probability p.
The corresponding channel capacity is given by eq. (3.67).

Since the entropy H (Y ) is the entropy of a binary random variable that is at most 1 bit,
we can bound eq. (3.64) from above and the capacity is given by [Cover and Thomas
2005]

CBSC = 1−Hb (p) (3.67)

in bits. In fig. 3.6 the capacity is shown as a function of the probability p. Since the
binary entropy takes its maximum of 1 bit at p = 0.5 as shown in fig. 3.3, the capacity
is minimal for this error probability. For p > 0.5 the capacity increases again until it
reaches 1 bit at an error probability of p = 1. While this might seem odd at first glance,
it makes perfect sense after a closer look. At p = 0.5 we are perfectly uncertain about
the input, we might as well flip a fair coin to decide which symbol we received instead of
performing a measurement. Naturally, it is impossible to infer any information in this
case. If the error probability rises to p ≥ 0.5, it is more likely that we received the wrong
symbol instead of the correct one. Therefore, we simply switch the received symbol to
the other symbol, which is equivalent to having an error probability of 1− p. Due to its
symmetric effect on all symbols, the channel capacity is symmetric too.

Z-channel

An example of an asymmetric channel is given by the Z-channel. Here, one symbol is
transmitted correctly with unit probability and only the other symbol has a probability
of p to flip during transmission. A sketch of the Z-channel is shown in fig. 3.5 and the
conditional entropies are equal to

H (Y |A) = − (1− p) log2 [1− p]− p log2 [p] = Hb (p) , (3.68)
H (Y |B) = 1 log2 [1] = 0. (3.69)
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Figure 3.5: Sketch of a Z-channel. The symbol A is correctly transmitted with probabil-
ity 1− p and mistaken for the other symbol with probability p. The symbol
B is always transmitted faithfully. The corresponding channel capacity is
given by eq. (3.77).

Let pA be the a-priori probability of A. Then, the marginal probabilities of the two
outcomes are given by

p (y = A) = pA (1− p) , (3.70)
p (y = B) = 1− pA (1− p) (3.71)

and consequently the outcome entropy H (Y ) is equal to

H (Y ) = −pA (1− p) log2 [pA (1− p)]− [1− pA (1− p)] log2 [1− pA (1− p)] (3.72)
= Hb (pA (1− p)) . (3.73)

Together with the conditional entropies of eq. (3.69) we can now write the mutual
information of the Z-channel as

I (X;Y ) = Hb (pA (1− p))− pAHb (p) . (3.74)

To maximize mutual information we need to calculate the derivative which reads

dI (X;Y )

dpA
= − (1− p) log2

[
pA (1− p)

1− pA (1− p)

]
−Hb (p) (3.75)

and consequently the optimal input probability distribution is given by

p∗A =
[
(1− p)

(
1 + e

Hb(p)

1−p

)]−1

. (3.76)

With the optimal probability of eq. (3.76) the capacity of a Z-channel is given by

CZ (p) = Hb (p∗A (1− p))− p∗AHb (p) (3.77)
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Figure 3.6: Capacity of the binary symmetric channel of eq. (3.67) and of the Z-channel
of eq. (3.77) as a function of the probability p.

in bits and depicted in fig. 3.6. It is a monotonously decreasing function of probability
p. Unlike for the binary symmetric channel the capacity CZ does not recover for p > 0.5,
since we are not able to use the symmetry of the error to our advantage. At p = 1
only the symbol B is obtained at the output rendering it impossible to infer the input.
Nevertheless, the Z-channel has a larger capacity then the BSC except in the regime
p & 0.73 where the BSC obtains a higher capacity.

Gaussian channel

For channels involving only low dimensional input alphabets, the capacity can be ob-
tained by straightforward optimization. For more complex channels it becomes more
and more difficult and only few capacities are known. Luckily, the capacity of the ar-
guably most important continuous variable channel is known. A Gaussian channel is
characterized by a continuous input and output and noise which acts according to a
Gaussian distribution, i.e. the conditional probability between input x and output y is
given by

p (y|x) =
1√

2πN
exp

[
−(x− y)2

2N

]
, (3.78)

where N denotes the variance of the normal distribution. Sometimes this type of channel
is also referred to as an additive white Gaussian noise (AWGN) channel. The practical
importance of Gaussian channels is due to the central limit theorem which states that
when adding a large number of independent random variables their joint distribution
approaches a Gaussian distribution [MacKay 2003; Cover and Thomas 2005]. An exam-
ple of this type of noise is thermal background noise (cf. section 2.8).
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When analyzing the capacity of a Gaussian channel we face the problem that mutual
information becomes infinite. Since the noise between neighboring symbols decays expo-
nentially, we can choose any value of x as input that is far away from any other symbol
and therefore all symbols are transmitted effectively noiseless. To be able to choose an
arbitrary value of x, however, infinite energy is needed. To remedy this problem we need
to introduce an appropriate constraint of which the most common is a constraint on the
average energy E [x2]. Under this constraint S ≥ E [x2] the capacity becomes finite and
was shown to be [Shannon 1949]

CG =
1

2
log2

[
1 +

S

N

]
, (3.79)

where the ratio S
N
is called signal-to-noise ratio [Essiambre et al. 2010]. Equation (3.79) is

known as the Shannon-Hartley theorem and is attained by a Gaussian input distribution
of zero mean and variance S. In the following we will consider two scenarios important in
optical communication where information is encoded in one or both optical quadratures.
First, suppose we use coherent states and only the quadrature x (cf. eq. (2.55)) of the
optical phase space to encode information. Using the quadrature p instead would yield
the same results. Since using only x implies p = 0, the signals energy calculates to

S = E
[
x2
]

= 2E
[
Re [ζ]2

]
= 2n̄ (3.80)

with eqs. (2.61), (2.62) and (3.1). The noise consists of two contributions: AWGN,
stemming from the transmission, and intrinsic noise coming from the measurement it-
self. The former is also known as excess noise. The variance of AWGN can also be
characterized in terms of the number of photons nb added to a transmitted state. The
measurement noise is defined by the nature of the utilized measurement device on a
fundamental level. While we will leave the actual device undefined at this point, a de-
tection scheme that is able to measure any phase space quadrature, known as homodyne
detector, will be introduced later on in section 4.2. If our classical detection performs at
the fundamental limits defined by quantum mechanics, i.e. it measures at the level of
the minimal variance also known as shot noise defined by eq. (2.75), the intrinsic noise
variance is given by 1

2
. Since the variances of two Gaussian distributions are additive,

the overall noise variance is given by

N = nb +
1

2
(3.81)

and together with eq. (3.80) the capacity according to the Shannon-Hartley theorem for
a single-quadrature is given by

C1 =
1

2
log2

[
1 +

4n̄

2nb + 1

]
. (3.82)

In the second scenario we encode not only in x, but also in the p quadrature and measure
both. A physical device able to achieve such a measurement, the double homodyne
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detector, will be introduced in section 4.2. Since the available energy is now split between
both quadratures, the energy for either of them is given by

E
[
x2
]

= E
[
p2
]

= 2E
[
Re [ζ]2

]
= 2

n̄

2
= n̄. (3.83)

At the measurement stage the light is separated into two equal parts on which the
quadratures x and p are measured respectively. Consequently, the signal energy arriving
at the detectors is split into half again such that S = n̄

2
. Similarly, the contribution of

the excess noise to the noise variance N is split in half whereas the measurement noise
remains the same, i.e. the noise variance for a single quadrature reads

N =
nb
2

+
1

2
. (3.84)

Therefore, the Shannon capacity for one quadrature in this scheme is given by C =
1
2

log2

[
1 + n̄

nb+1

]
. The total capacity is given by the combined contributions of both

quadratures x and p, which yields

C2 = log2

[
1 +

n̄

nb + 1

]
. (3.85)

Both capacities C1 and C2 of eqs. (3.82) and (3.85) are shown in fig. 3.7 for the case of
no excess noise nb = 0. While for low mean photon numbers n̄ it is beneficial to only
encode in a single quadrature, C2 yields more information than C1 when more energy
becomes available due to its superior scaling with n̄.

3.4.1 Quantum Limits

So far we only investigated the limits on mutual information for measurements that
can be fully described by a classical theory. Quantum mechanics, however, allows for
more general measurements (POVMs) as well as quantum states and imposes different
limitations on measurements (e.g. uncertainty principle) than the classical theory. In
principle, one could expect that mutual information can be increased by invoking quan-
tum features.
When allowing for general quantum measurements a notable feature of mutual infor-
mation is superadditivity. Suppose instead of single states %̂x, we send a product state
%̂⊗ = %̂x1 ⊗ %̂x2 ⊗ · · · ⊗ %̂xN , which corresponds to using the channel N times instead of a
single use. Quantum mechanics allows us to measure the product state collectively, i.e.
we can set up a single measurement that acts on all N received states simultaneously.
The quantum mechanical capacity for mutual information is obtained by maximizing
over all possible input states and POVMs, i.e.

CN = max
{%̂⊗,π̂i}

I (X;Y ) . (3.86)
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In general, the information CN obtained via collective measurements can exceed the
information of N single channel uses which is represented by the relation

CN ≥ NC1 (3.87)

and known as superadditivity [Sasaki et al. 1998]. It is a quantum feature that can not
be obtained classically. Superadditivity requires memory effects such that the initially
uncorrelated states %̂i become correlated. This correlation can also be achieved after the
transmission in the measurement process [Guha 2011] and does not need to be a channel
feature. In section 4.7 we will investigate superadditivity in the low energy limit and
present detection schemes that are able to achieve it.
Maximization of the quantum capacity of eq. (3.86) is a notoriously hard task. In
1973 Holevo derived an upper bound on the mutual information that takes quantum
mechanical effects into account and simplifies the expression dramatically. Consider a
general quantum state %̂x that is drawn out of a set X = {%̂x} with probability px and
sent to a destination point, where the outcome Y is obtained. For any physically possible
measurement the mutual information is bounded by [Holevo 1973]

I (X;Y ) ≤ S (%̂)−
∑
x

pxS (%̂x) , (3.88)

where %̂ =
∑

x px%̂x is the average received state and S (%̂) the von Neumann entropy
defined in eq. (3.53). Note that the Holevo bound of eq. (3.88) takes superadditive effects
into account. Due to its outstanding usefulness the quantity defining the upper bound,

χ = S (%̂)−
∑
x

pxS (%̂x) , (3.89)

received its own name and is referred to as Holevo quantity or Holevo information. While
the Holevo bound is tight [Hausladen et al. 1996; Schumacher and Westmoreland 1997;
Holevo 1998], it remains highly elusive to find a practically feasible measurement that
saturates it as the proofs do not give a constructive way to derive them.
Holevo’s idea to prove the bound is simple, yet beautiful. Suppose P describes a quantum
system which is used to prepare the state of a quantum system Q. The system Q is
now sent to the destination, where it is measured with the help of a quantum system
M . After the quantum state of Q was prepared, the mutual information between the
preparation system P and the messenger system Q is given by I (P ;Q). Since in the
beginning the measurement systemM is entirely uncorrelated with those two systems, we
can easily extend the mutual information to the joint expression I (P ;Q) = I (P ;QM).
Now Q is sent to M and the state is measured. Since a measurement can never increase
mutual information, the relation I (P ;QM) ≥ I (P ′;Q′M ′) holds, where the primes
denote systems after the measurement operation was applied. In the end we discard
system Q′. Since discarding can never increase mutual information, we can write down
I (P ′;Q′M ′) ≥ I (P ′;M ′). After combining these relations, we arrive at

I (P ;Q) = I (P ;QM) ≥ I (P ′;Q′M ′) ≥ I (P ′;M ′) , (3.90)
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which essentially states that the mutual information between sender P and receiver M
never exceeds the mutual information between sender P and prepared messenger system
Q. After formalizing the left and right-hand side of eq. (3.90) one arrives at the Holevo
bound of eq. (3.88). A detailed proof can be found, for instance, in the textbook of
Nielsen and Chuang [2009].
To derive the ultimate quantum limit on classical information, the Holevo quantity χ
has to be maximized over all input states %̂x and their probabilities px which defines the
Holevo capacity as

C = max
px,%̂x

χ. (3.91)

Note that, in general, the maximization has to be carried out over all possible input
states, including entangled states, in the limit of infinite channel uses and normalized
to a single channel use [Hastings 2009]. While already very early ideas existed how to
beat the classical capacity [Gordon 1962], a proof for the Holevo capacity of an optical
channel was achieved only much later.
For a noisy optical channel this was first achieved in the case where only losses are
present. In quantum mechanics losses can not be described as straightforwardly as clas-
sically, where simply a fraction of the energy is lost. The simplest idea to model losses in
a quantum way is to consider a beamsplitter that reflects part of the light into a second
mode which is lost. However, this model proves to be to simplistic on some occasions
as it assumes that the loss takes place at a specific point in time and space. Often,
particularly in optical communication, losses are distributed over a large time or space
interval and also other effects may take place as well while traveling. To model an appro-
priate loss mechanism for this scenario one has to resort to a quantum master equation
that describes the interactions between the state of light and a reservoir describing the
environment (cf. eq. (2.15)). Most importantly, coherent states remain coherent under
losses and only their amplitude is damped. Let τ be the energy transmission factor
that describes the fraction of photons that are lost such that we can denote the average
photon number after losses as

n̄τ = τ n̄. (3.92)

The capacity of a lossy bosonic quantum channel was derived by Giovannetti et al. [2004]
and reads

CLB = g (n̄τ ) , (3.93)

where the function g (x) is defined as

g (x) = (x+ 1) ln [x+ 1]− x ln [x] (3.94)

and the basis of the logarithm defines the unit used to express information. Here nats
are used. In fig. 3.7 the capacity CLB of eq. (3.93) is compared to the classical capacities
of eqs. (3.82) and (3.85). It lies considerably above the Shannon capacities for all n̄τ .
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Figure 3.7: The single-quadrature and two-quadrature capacities C1 and C2 of eqs. (3.82)
and (3.85) as a function of the mean output photon number n̄τ . The Holevo
capacity CLB of eq. (3.93) defines the upper bound on mutual information
attainable with quantum mechanics. In the regime of large mean photon
number n̄τ � 1, the gap between the quantum limit and the capacity dic-
tated by classical electrodynamics reaches 1 nat ≈ 1.44 bits of information.

The capacity CLB can be achieved in the lossless case τ = 1 by an ensemble of Fock states
with a thermal probability distribution [Yuen and Ozawa 1993; Caves and Drummond
1994; Lukanowski and Jarzyna 2021]. Even though for this ensemble a physical realiza-
tion of the optimal measurement is known, the practical importance of communication
with Fock states is very limited, since generating photon number states remains very
challenging (cf. section 2.5). For other values of τ 6= 1 the capacity of eq. (3.93) can
be achieved by an ensemble of coherent states with Gaussian probability distribution,
which are much more readily available than Fock states (cf. section 2.6). Unfortunately,
however, a corresponding practical measurement that saturates the capacity bound re-
mains unknown.
The quantum version of an AWGN (cf. eq. (3.78)) is given by a phase insensitive bosonic
Gaussian channel. It describes all interactions of an environment with the system that
lets a state of initially Gaussian character remain Gaussian. A more detailed description
of Gaussian states or channels can be found, for instance, in the review of Weedbrook
et al. [2012]. An effective description of such a quantum channel is thermalization of the
state as given in eq. (2.93).
Only in recent years the quantum capacity of an AWGN channel was proven to be

CAWGN = g (n̄τ + nb)− g (nb) (3.95)
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by Giovannetti et al. [2014]. For no excess noise nb = 0, the capacity CAWGN reduces
to the capacity of a lossy bosonic channel in eq. (3.93). Interestingly, CAWGN can be
achieved by a Gaussian ensemble of coherent states just like for the lossy bosonic chan-
nel. Equation (3.95) is the direct quantum counterpart to the Shannon capacity CG of
eq. (3.79). Note that, unlike CG, the quantum capacity CAWGN does not depend on the
signal to noise ratio, but on the noise and signal strength separately.

3.4.2 Large Energy Limit

In order to better understand the relation between the quantum and classical capacity,
it is instructive to perform an expansion of the former in the large energy regime. For
this purpose we first expand the function g (x) of eq. (3.94) in powers of x−1 for large
x� 1, which up to the first order takes the form

g (x) ≈ 1 + ln [1 + x] +
1

2x
. (3.96)

With this the capacity of a lossy bosonic channel in eq. (3.93) can be expanded in n̄−1
τ

for large n̄τ � 1, such that it reads

CLB ≈ ln [1 + n̄τ ] + 1 +
1

2n̄τ
(3.97)

= C2 + 1 +
1

2n̄τ
. (3.98)

Note that here the capacities are calculated in nats. Therefore, quantum mechanics
offers a 1 nat advantage with respect to the classical capacity in the limit of large energy
n̄τ � 1 and a loss only channel (cf. fig. 3.7). For non-negligible excess noise nb � 1,
however, the situation is different. Using the same expansion of eq. (3.96) for the AWGN
capacity of eq. (3.95) yields

CAWGN ≈ ln [1 + n̄τ + nb] + 1 +
1

2 (n̄τ + nb)
− ln [1 + nb]− 1− 1

2nb
(3.99)

= C2 +
1

2 (n̄τ + nb)
− 1

2nb
. (3.100)

For large noise nb � 1 the latter two terms vanish and the quantum capacity coincides
with the classical capacity C2. This suggest that a quantum advantage can only be
obtained in scenarios with low excess noise, since otherwise AWGN shrinks the gap until
the classical and the quantum capacity coincide.

3.4.3 Low Energy Limit

If the energy available for communication is very limited n̄τ � 1, both mutual informa-
tion and the capacity become very small. This regime is also known as photon starved
communication and is a common scenario in deep-space communication [Hemmati 2006;
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Biswas et al. 2017; Sodnik et al. 2017; Boroson 2018]. Here, it is often more instructive
to quantify the performance not as the total amount of information transmitted, but as
information transmitted per photon. Following this approach, the photon information
efficiency (PIE) is defined as

PIE =
I (X;Y )

n̄τ
, (3.101)

with the mean output photon number n̄τ of eq. (3.92). Equivalently we can define the
PIE for capacities as

PIE =
C

n̄τ
. (3.102)

While the same symbol PIE is used for both versions, the type of PIE used will be clear
from its context.
Let us first investigate the loss-only scenario. The Shannon PIEs for the capacities of
eqs. (3.82) and (3.85) expanded at n̄τ = 0 take the form

PIE1 ≈ 2− 4n̄τ −−−−→
n̄τ→0

2, (3.103)

PIE2 ≈ 1− n̄τ
2
−−−−→
n̄τ→0

1. (3.104)

Note that PIE for C1 reaches 2 nats whereas using two-quadrature PIE only yields
1 nat of information. Intuitively, shot noise is overwhelming for small n̄τ and since
using both quadratures effectively doubles the contribution of shot noise (cf. derivation
of eq. (3.85)), the two quadrature measurement provides only half of the information
attained by PIEC1 in this regime.
Similarly, we can expand the PIE for the lossy bosonic channel of eq. (3.93). Up to the
first order in n̄τ this yields

PIELB ≈ ln

[
1

n̄τ

]
+ 1 −−−−→

n̄τ→0
∞, (3.105)

i.e. the quantum PIE diverges for vanishing signal energy. At first glance, this result
seems like a paradox. An infinite PIE suggests that a single photon is able to carry an
arbitrary amount of information and therefore it is possible to communicate an arbi-
trary amount of information with the usage of infinitesimally small amounts of energy.
However, a closer look reveals that this scenario can never occur in reality. While the
capacity does not specify the measurement, it is nevertheless necessary to measure in a
noiseless way. This means that a physical realization needs to operate at a zero temper-
ature which is impossible due to the third law of thermodynamics. Since for any other
temperature some thermal noise will be present, the limit of eq. (3.105) is non-physical.
An alternative way of stating the above is that in order to achieve infinite PIE for a
lossy bosonic channel, the measurement system requires an infinite amount of energy
[Ding et al. 2019]. As we will see in the following, the quantum PIE does not diverge
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Figure 3.8: The classical Shannon PIEs of eqs. (3.103) and (3.104) are shown as a func-
tion of the mean output photon number n̄τ . The quantum limit defined by
eq. (3.108) is shown for several values of the excess noise photon number nb.
While in the noiseless scenario the quantum limit offers a different scaling
with n̄τ , it reaches a plateau when excess noise is present.

if background noise is taken into account. Assuming a finite nb the Shannon capacities
can be similarly expanded for n̄τ � 1. Up to the first order in n̄τ this yields

PIE1 ≈
2

1 + 2nb
− 4n̄τ

(1 + 2nb)
2 −−−−→n̄τ→0

2

1 + 2nb
(3.106)

for the one-quadrature capacity of eq. (3.82) and

PIE2 ≈
1

1 + nb
− n̄τ

2 (1 + nb)
2 −−−−→n̄τ→0

1

1 + nb
(3.107)

for the two-quadrature capacity of eq. (3.85). Unsurprisingly, the information per photon
decreases with rising excess noise nb. Expanding the corresponding quantum PIE for
AWGN according to eq. (3.95) yields

PIEAWGN ≈ ln

[
1 +

1

nb

]
− n̄τ

2nb + 2n2
b

−−−−→
n̄τ→0

ln

[
1 +

1

nb

]
. (3.108)

With non-zero background noise nb 6= 0 taken into account, the PIE tends to a finite
value and the paradox of eq. (3.105) is resolved.
In fig. 3.8 the noiseless PIEs of eqs. (3.103) and (3.104) are shown alongside PIEAWGN

for several values of nb. In the noiseless case, the gap to the classical PIE grows with
decreasing n̄τ . If excess noise is present, the PIEAWGN reaches a plateau at the value
dictated by eq. (3.108).
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3.5 Encodings

In order to achieve the capacities derived in the previous section 3.4 ensembles of quan-
tum states with a continuous probability distribution are needed. In practice it is often
more convenient to use discrete encodings to ease the technical requirements. Coherent
states are most commonly used in optical communication scenarios, since their prepara-
tion is less challenging and can be done at high repetition rates (cf. section 2.6). In the
following, we will briefly introduce a few discrete encoding schemes based on coherent
states that are useful for the further discussion. This list is by no means complete and
many more encodings do exist [Haykin 2001; Senior 2009; Essiambre et al. 2010]. Addi-
tionally, POVMs which are commonly used to detect different encodings are discussed,
whereas physical realizations of these POVMs will be discussed separately in chapter 4.

3.5.1 On-Off Keying (OOK)

Suppose we want to perform binary communication, i.e. only based on two symbols,
0 and 1, out of which messages are build up. The simplest way to encode this binary
set of symbols into physical information carriers is on-off keying (OOK) modulation.
The vacuum state | 0 〉 is used to transmit the symbol 0 and a coherent state | ζ 〉 for
symbol 1. Hence, the information is encoded into the absolute value of the amplitude |ζ|.
The average energy at our disposal for state preparation is given by the mean photon
number n̄, the probability to send 0 is denoted by p0 and the probability to send 1 by
p1 = 1 − p0. Without the loss of generality, we assume that both states are located on
the real axis of the phase space. Any other choice can be transformed into this scenario
by an appropriate rotation of the phase space. Since the energy required to send the
vacuum state is zero, the coherent state contains all energy such that its amplitude is
given by

ζ =

√
n̄

1− p0

. (3.109)

An illustration of OOK in phase space is shown in fig. 3.9. A basic strategy to distinguish
both states is a projection onto the vacuum state. Essentially, the arriving energy is
measured and the vacuum state is assumed only if no energy was registered at all. Such
a measurement can be physically performed by counting the arriving photons, which will
be discussed in more detail in section 4.1. The POVM for projecting onto the vacuum
state is given by {π̂i} with the elements given by

π̂0 = | 0 〉 〈 0 | , (3.110)

π̂1 = 1̂− | 0 〉 〈 0 | . (3.111)

The conditional probabilities p (y|x) for obtaining an outcome are given by Born’s rule
of eq. (2.8) and written concretely in table 3.3. The symbol 0 will always be identified
correctly while symbol 1 will be mistaken for 0 in some instances due to the non-zero
transition probability p (0|1). Physically, the reason is the non-zero overlap |〈 0 | ζ 〉|2 =
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x

p

0 1

Figure 3.9: Possible states of the OOK alphabet illustrated in phase space. The left
(blue) state is the vacuum state corresponding to symbol 0 and the right
(red) a coherent state corresponding to 1.

Input x
Output y

0 1

0 1 0

1 e−|ζ|
2

1− e−|ζ|2

Table 3.3: Conditional probabilities p (y|x) for OOK when using the POVM written in
eqs. (3.110) and (3.111) that projects onto the vacuum state .

e−|ζ|
2

between the vacuum state and a coherent state. While the vacuum state will
always be correctly identified, since it is orthogonal to π̂1, a coherent state can be falsely
classified as a vacuum state. Consequently, the average error probability is given by

pOOK
err = (1− p0) e−|ζ|

2

= (1− p0) e
− n̄

1−p0 . (3.112)

Note that for very large available energy n̄� 1, the error probability tends to zero.
To evaluate OOK in terms of mutual information it is helpful to look at the structure
of the conditional probabilities. One symbol is transmitted faithfully, while the second
one can flip to the first symbol. This behavior forms a Z-channel (cf. fig. 3.5) and
mutual information is therefore given by eq. (3.74) with pA = 1 − p0 and p = p (0|1) =

exp
[
− n̄

1−p0

]
. The scenario for p0 = 1

2
is shown in fig. 3.12. The maximum of 1 bit

is reached in the limit of n̄ � 1. The full capacity of a Z-channel is reached for the
probability given by eq. (3.76), which defines the optimum value for p0. Note that the
transition probability p = p (0|1) in eq. (3.76) depends implicitly on p0.

3.5.2 Binary Phase Shift Keying (BPSK)

A second approach to encode binary symbols is binary phase shift keying (BPSK). While
in OOK the information was encoded into the absolute value of the amplitude, in BPSK

58



Chapter 3. Communication 3.5. Encodings

x

p

0 1

Figure 3.10: BPSK alphabet schematically depicted in the optical phase space. Both
states are coherent states and are located symmetrically around the origin.
The left (blue) coherent state is used for encoding the symbol 0 whereas
the right (red) state is used for symbol 1.

the phase variable is used instead. For this purpose two coherent states with the same
amplitude, but opposite phases are used. For concreteness, let us assume that the symbol
0 corresponds to state | −ζ 〉 and 1 is encoded in | ζ 〉. The amplitude is defined by the
mean photon number and given by ζ =

√
n̄. A phase space illustration of BPSK is

shown in fig. 3.10. The two states are located symmetrically around the origin on the x
axis, due to their opposite phases. Therefore, they can be distinguished by constructing
a POVM that measures the x quadrature, which corresponds to a POVM consisting of

π̂0 =

∫ 0

−∞
dx |x 〉 〈x | , (3.113)

π̂1 =

∫ ∞
0

dx |x 〉 〈x | . (3.114)

We can decide which state was received based on the following rule: for x < 0 we
decide that symbol 0 was measured whereas for x ≥ 0 1 is assumed. The conditional
probabilities obtained by this type of decision are determined with the help of Born’s
rule in eq. (2.8) and eq. (2.59). The obtained expressions are written in table 3.4. Note
that the conditional probabilities are symmetric in the sense that both symbols have
the same probability to flip to the other one. The average error probability is therefore
given by

pBPSKerr =
1

2

[
1− erf

(√
2n̄
)]
. (3.115)

BPSK forms a binary symmetric channel due to the symmetry of the conditional prob-
abilities and its mutual information is given by eq. (3.64).
The capacity of a binary symmetric channel of eq. (3.67) is achieved, when the marginal
output entropy H (Y ) reaches 1 bit. This is the case for equiprobable input states, i.e.
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Input x
Output y

0 1

0 1
2

[
1 + erf

(√
2n̄
)]

1
2

[
1− erf

(√
2n̄
)]

1 1
2

[
1− erf

(√
2n̄
)]

1
2

[
1 + erf

(√
2n̄
)]

Table 3.4: Conditional probabilities p (y|x) for BPSK located on the real axis in phase
space when measuring the corresponding quadrature x. erf (x) denotes the
error function.

when their a-priori probabilities are p0 = p1 = 1
2
. Unlike for OOK, the optimal a-priori

probabilities for BPSK are independent of the error probability pBPSKerr . In fig. 3.12 mu-
tual information of BPSK is compared to OOK, the Holevo limit of eq. (3.93) and the
single-quadrature Shannon limit of eq. (3.82). It is seen that BPSK achieves higher mu-
tual information than OOK, since it provides a larger separation of the alphabet states
in phase space for the same energy cost. While the distance between states for OOK is√

2n̄, BPSK provides a distance of 2
√
n̄ which gives a superior state distinguishability

and translates directly to larger mutual information. However, BPSK only gets close
to the Shannon limit C1 for small n̄ � 1. The Shannon limit itself is attained by a
Gaussian distribution of coherent states which becomes well approximated by just two
states for low n̄.

3.5.3 Quadrature Phase Shift Keying (QPSK)

A non-binary type of encoding is quadrature phase shift keying (QPSK). Similar to
BPSK the information is encoded only in the phase variable of coherent states, but
with four different phases such that up to 2 bits can be transmitted per channel use.
Let us represent the symbols by a binary code such that the set of symbols is given by
{00, 10, 11, 01} with their respective a-priori probabilities {p00, p10, p11, p01}. The states
used for transmitting the symbols are coherent states | ζj 〉 with their complex amplitudes
defined by

ζj =
√
n̄eiθj =

√
n̄ [cos (θj) + i sin (θj)] , (3.116)

where n̄ is the mean photon number and θj are the different phases for the symbols
given by

{
π
4
, 3π

4
, 5π

4
, 7π

4

}
. A phase space illustration of a QPSK alphabet is shown in

fig. 3.11. One possible way to distinguish these four states is to measure two quadratures
simultaneously such that the quadrant A00, A01, A10 or A11 of the phase space can be
determined. This can be achieved by first splitting the transmitted state on a 50:50
beamsplitter into two modes and measure them separately. A more detailed discussion
on a possible realization can be found in section 4.3. Overall this defines a POVM with
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x

p

00

01

10

11

Figure 3.11: The four states of a QPSK alphabet illustrated in phase space. All states
are coherent states with |ζ|2 = n̄ which are located symmetrically around
the origin due to their different phases.

elements given by

π̂00 =
1

π

∫
A00

d2β | β 〉 〈 β | , (3.117)

π̂01 =
1

π

∫
A01

d2β | β 〉 〈 β | , (3.118)

π̂10 =
1

π

∫
A10

d2β | β 〉 〈 β | , (3.119)

π̂11 =
1

π

∫
A11

d2β | β 〉 〈 β | . (3.120)

The corresponding conditional probabilities are written in table 3.5, where the expres-
sions are obtained by Born’s rule combined with the overlaps of eqs. (2.59) and (2.60).
The arising probability

pf =
1

2

[
1− erf

(√
n̄

2

)]
(3.121)

can be interpreted as the probability that a single bit of the binary symbol code is
flipped, e.g. the transitions 00→ 01 or 10→ 00. The average error probability is equal
to

pQPSK
err = 1−

∑
x

px (1− pf )2 = 1− (1− pf )2 (3.122)

=
3

4

[
1− erf

(√
n̄

2

)]
. (3.123)
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Input x
Output y

00 01 10 11

00 (1− pf )2 (1− pf ) pf pf (1− pf ) p2
f

01 (1− pf ) pf (1− pf )2 p2
f pf (1− pf )

10 pf (1− pf ) p2
f (1− pf )2 (1− pf ) pf

11 p2
f pf (1− pf ) (1− pf ) pf (1− pf )2

Table 3.5: Conditional probabilities p (y|x) for QPSK when measuring both phase space
quadratures x and p simultaneously. The bit flip probability pf is defined as
pf = 1

2

[
1− erf

(√
n̄
2

)]
, where erf (x) denotes the error function.

Since the error function erf is monotonically decreasing with n̄, the maximum error
probability of QPSK is given by 75%.
To calculate mutual information, the output entropy H (Y ) and the conditional entropy
H (Y |X) have to be determined based on table 3.5. The conditional entropy is given by

H (Y |X) = 2
{
−p2

f log2 [pf ]− (1− pf )2 log2 [1− pf ]− pf (1− pf ) log2 [pf (1− pf )]
}

(3.124)
= 2 {pf log2 [pf ]− (1− pf ) log2 [1− pf ]} (3.125)
= 2Hb (pf ) (3.126)

with the binary entropy of eq. (3.38). Now, mutual information can be written as

IQPSK = H (Y )− 2Hb (pf ) . (3.127)

For equiprobable input states, i.e. px = 1
4
, mutual information takes its maximum

value. In this scenario the output probabilities are given by p (y) = 1
4
and therefore, the

marginal output entropy is equal toH (Y ) = 2 in bits. Consequently, mutual information
in bits is given by

IQPSK = 2 [1−Hb (pf )] , (3.128)

which looks exactly like twice the mutual information for BPSK. However, the bit flip
probability pf depends only on n̄

2
whereas the dependency is given by 2n̄ for BPSK. In

fig. 3.12 the mutual information of QPSK is compared to the Holevo limit of eq. (3.93)
and the two-quadrature Shannon limit of eq. (3.82). In all regimes remains a gap between
the mutual information of QPSK and the corresponding Shannon limit C2.

3.5.4 Pulse Position Modulation (PPM)

A different type of encoding which is particularly useful for the communication with
very limited energy n̄ � 1 is given by pulse position modulation (PPM). Unlike for
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Figure 3.12: (a) Mutual information of binary alphabets OOK and BPSK compared to
the capacity of a bosonic channel CLB for τ = 1 and the one-quadrature
Shannon capacity C1. The a-priori probability distribution of OOK and
BPSK is assumed to be flat with p0 = p1 = 1

2
. Note that this is the optimal

choice for BPSK, while suboptimal for OOK. An optimal p0 for OOK would
yield higher mutual information, but does not exceed mutual information
of BPSK. (b) Mutual information of QPSK compared to the capacity of a
lossless bosonic channel CLB and the two-quadrature Shannon capacity C2.
The QPSK states are assumed to be equiprobable with pij = 1

4
∀ i, j.

the previously discussed encodings, PPM does not transmit information within a single
channel use. Instead, each channel use is considered a time bin and M consecutive bins
are grouped together into a PPM frame. The length M of a PPM frame is also referred
to as the PPM order. Note that here n̄ denotes the mean photon number per channel
use such that for the entire frame the energy of Mn̄ is available. Instead of preparing a
state for each time bin, the energy is collected and a single strong signal state is created.
Information is encoded by placing the coherent state

∣∣∣√Mn̄
〉
in a single time bin within

the PPM frame.
For instance, consider PPM where a frame consists of 4 time bins. An illustration of
the four possible symbols {0, 1, 2, 3} is shown in fig. 3.13. Placing a state into the first
bin corresponds to the symbol 1, in the second bin to symbol 2, etc. For the sake of
simplicity, it is assumed that the coherent state stays perfectly contained within its time
bin and does not leak into other bins.
After transmission to the destination the time bin containing the state is identified
and the symbol recovered. Similarly to OOK, this can be achieved by a projection on
the vacuum state in each time bin defining the same POVM as written in eqs. (3.110)
and (3.111). It is possible that no signal is detected in the entire PPM frame due to the
non-zero overlap between a coherent and the vacuum state

〈
0
∣∣∣√Mn̄

〉
= e−

Mn̄
2 . This

erasure event, denoted by e, conveys no information and is the only source of error.
In total for PPM of order M , the set of possible input symbols is given by X =
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0

1

2

3

Figure 3.13: Illustration of a PPM alphabet of order M = 4. Depending on which
time bin contains the coherent state, a particular symbols out of the set
{0, 1, 2, 3} is transmitted.

{1, . . . ,M − 1,M} whereas the output symbols are Y = {e, 1, . . . ,M − 1,M}. The
conditional probabilities p (y|x) for PPM are specified by eqs. (2.8), (3.110) and (3.111)
and written comprehensively in table 3.6. The overall error probability is given by the
probability for an erasure event, i.e.

pPPMerr = e−Mn̄. (3.129)

In principle, the error probability could be made arbitrary small by increasing the PPM
order M . However, this involves two problems.
First of all, the time until an actual symbol is transmitted increases together with the
length of a PPM frame. In other words, arbitrary large PPM orders require an arbitrary
long waiting time at the receiving end to actually identify the symbol.
The second problem is that by increasing the PPM orderM the amplitude of the coherent
state

∣∣∣√Mn̄
〉

increases as well. Preparing such a state requires a very large peak to
average energy ratio which can become problematic. A possible solution to circumvent
this issue will be investigated in section 4.7.
The conditional entropy can be calculated from the conditional probabilities of table 3.6
and reads

H (Y |X) = −
(
1− e−Mn̄

)
log2

[
1− e−Mn̄

]
− e−Mn̄ log2

[
e−Mn̄

]
. (3.130)

The probabilities to obtain a particular outcome y are given by

p (Y = e) = e−Mn̄, (3.131)

p (Y 6= e) =
1

M

(
1− e−Mn̄

)
(3.132)

and the outcome entropy can be written as

H (Y ) = −e−Mn̄ log2

[
e−Mn̄

]
−
(
1− e−Mn̄

)
log2

[
1

M

(
1− e−Mn̄

)]
. (3.133)
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Input x
Output y

e 1 2 . . . M − 1 M

1 e−Mn̄ 1− e−Mn̄ 0
. . .

0 0

2 e−Mn̄ 0 1− e−Mn̄ 0 0
...

...
...

M − 1 e−Mn̄ 0 0
. . .

1− e−Mn̄ 0

M e−Mn̄ 0 0 0 1− e−Mn̄

Table 3.6: Conditional probabilities p (y|x) for PPM when the measurement consists of
a projecting onto the vacuum state.

Finally, mutual information normalized to a single channel use takes the form

IPPM (X;Y ) =
(
1− e−Mn̄

) log2 [M ]

M
. (3.134)

Note that this expression essentially consists of two factors, the maximum possible in-
formation per time bin log2[M ]

M
and the average success probability 1− e−Mn̄. Unlike the

error probability, mutual information does not grow continuously with the PPM order
M , but exhibits a maximum value. Since PPM is mainly used under very limited average
energy n̄, it is convenient to consider PIE instead. The PIE for PPM reads

PIEPPM =
IPPM (X;Y )

n̄
=
(
1− e−Mn̄

) log2 [M ]

Mn̄
. (3.135)

The optimal PPM order can be determined for a finite but small energy n̄� 1. By ex-
panding the erasure probability up to the second order in n̄ the PIE can be approximated
by

PIEPPM =
IPPM (X;Y )

n̄
=

(
1− Mn̄

2

)
log2 [M ] . (3.136)

In the limit n̄ → 0 PIE approaches log2 [M ]. Based on eq. (3.136) the optimal PPM
order M∗ can be obtained and reads [Jarzyna et al. 2015]

M∗ =
2

n̄
W

[
2e

n̄

]−1

, (3.137)

where W [x] denotes the Lambert function. Note that this approximation assumes that
M is continuous while in reality it can only take integer values. However, this is not an
issue, since the corresponding PIE only changes slowly in the vicinity of M∗. In fig. 3.14
the PIE of PPM is compared to the single-quadrature Shannon PIE of eq. (3.106) and
the PIE of a bosonic channel of eq. (3.105). While PPM comes much closer to the
ultimate quantum limit than the other considered encodings, still a gap remains.
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Figure 3.14: PIE per channel use of PPM for several orders M specified in boxes com-
pared to the limit of a bosonic channel PIELB for τ = 1 and the one-
quadrature Shannon limit PIE1. The PIE for the approximate optimal
PPM order M∗ is denoted as PIE∗.
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4 Receivers

In this chapter we will take a look at physical realizations of measurements that dis-
tinguish coherent state alphabets. The respective expressions for mutual information
and the error probability are obtained and subsequently compared to the best possible
measurement defined by either the Helstrom or Holevo limit.
First, commonly used receivers are reviewed, in particular photon counting in section 4.1,
the homodyne receiver in section 4.2 and the double homodyne receiver in section 4.3.
Both, the homodyne and the double homodyne detector, are fundamentally limited by
the shot noise limit. In order to achieve a detection at a sub shot noise level a different
type of receiver is needed. In section 4.4 the displacement receiver is introduced. It
stands at the heart of this thesis and its capability of distinguishing states is discussed.
In section 4.5 the behavior of the previously introduced receives is discussed in the pho-
ton starved regime. In section 4.6 we present structured receivers as a solution to the
problem of high peak powers in PPM and finally, in section 4.7 a measurement scheme
based on collective detection will be introduced that is able to achieve superadditivity
of mutual information in the regime of low energy.

4.1 Photon Counting Detector

Probably the most fundamental idea for the detection of light is to measure the energy
contained in a state. By using a POVM that consists of the projections {π̂n = |n 〉 〈n |}
onto the energy eigenbasis of the quantum harmonic oscillator (cf. section 2.3), the
energy of quantum states is measured which is particularly useful if the information is
encoded solely into the amplitude of the states, e.g. for OOK or PPM. Since the photon
number states |n 〉 form an orthogonal basis, they can be, in principle, distinguished
perfectly. Consequently, the ideal process of counting photons is inherently noiseless
and serves as an important tool to beat classical detection schemes.
Physically counting photons can be achieved, e.g. by an avalanche photo diode that
exploit the photoelectric effect. An incident photon creates an electric signal by creating
an electron-hole pair [Hadfield 2009]. Depending on the used bias voltage, the signal
current is either proportional to the number of incident photons or simply marks the
incidence of a single photon by triggering an avalanche of electrons.
Other important types of photon counting devices are transition-edge sensors [Lita et al.
2008; Fukuda et al. 2011] that exploit a change in the resistance due to temperature
changes caused by the photon absorption or superconducting nanowires [Marsili et al.
2013; Yamashita et al. 2013] which detect the breaking of Cooper pairs.
Regardless of the specific device, the incident photon creates a detection event which is
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registered including a time stamp. Realistically, photon counters are limited by their
photon number resolution (PNR), which specifies the largest number of photons the
detector is able to resolve. For example, a photon counter with PNR of 2 is able to
distinguish the events corresponding to the registration of 0 photons, 1 photon or 2+
photons. A special class of photon counters are those with a PNR of 1, called single-
photon detectors (SPD), that can only distinguish between no photons at all or at least
one. This type of detector is also referred to as Geiger-mode detector or on-off detector.
Assuming a coherent state | ζ 〉 as incident state, the output probability distribution
produced by a perfect photon detector is defined through Born’s rule together with
eq. (2.72) and reads

p (n|ζ) = Tr [π̂n | ζ 〉 〈 ζ |] = e−|ζ|
2 |ζ|2n
n!

. (4.1)

It is a Poissonian distribution centered at the energy of the coherent state |ζ|2. Also for
imperfect detectors with non-unit detection efficiency this distribution is obtained as it
only causes a rescaling of the amplitude of a coherent state (cf. section 4.4.4).

Detecting OOK

Because the photon detector is able to perform a projection onto the vacuum state, it
is an ideal candidate for the detection of OOK or PPM (cf. sections 3.5.1 and 3.5.4).
In the following, we will discuss the detection of OOK. A phase space representation
of an OOK alphabet for n̄ = 1 is shown in fig. 4.1 alongside the corresponding output
probability distribution p

(
n|
√

2n̄
)
given by eq. (4.1) for a photon detector with a PNR

of 5. To make a decision which state was received a threshold value kn is chosen. For any
event n ≤ kn the vacuum state is assumed, whereas for n > kn one chooses a coherent
state. In the noiseless scenario the optimal threshold value is given by kn = 0, since the
vacuum state will never trigger a detection event. Therefore, a PNR of 1 is sufficient to
obtain optimal results.
The average error probability perr for detecting OOK by counting photons is given by

pOOK
err =

1

2

{
1−

kn∑
n=0

[
p (n|0)− p

(
n|
√

2n̄
)]}

. (4.2)

For a threshold of kn = 0 only the probability p (0|2n̄) that no photon is detected such
that the error probability which is given by

pOOK
err =

1

2
e−2n̄ (4.3)

and coincides with the value for the POVM considered in eq. (3.112). In fig. 4.2 the
error probability for several values of kn is compared to the minimum error probability
defined by the Helstrom limit of eq. (3.25). Photon counting provides a similar scaling
with the mean photon number as the Helstrom limit, but a constant gap between the
two remains. Choosing a suboptimal threshold value kn > 0 causes the error probability
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Figure 4.1: (a) Schematic depiction of an OOK alphabet in phase space for n̄ = 1. (b)
The probability distribution obtained by a photon counting detector with
a PNR of 5 defined in eq. (4.1). The decision threshold kn that achieves
the minimum error probability is marked by a dashed line. If no photon is
registered the vacuum state | 0 〉 is assumed, while for any detection event
the state

∣∣√2n̄
〉
was received.

to rise dramatically.
Apart from the error probability we can also consider mutual information as a figure of
merit. For any threshold value, the expression for mutual information of OOK reduces to
the mutual information of a Z-channel given in eq. (3.74). In fig. 4.2 mutual information
of OOK is compared to the ultimate quantum limit for detecting OOK which is given by
the Holevo bound of eq. (3.88). Counting photons leaves a considerable gap to the Holevo
bound which assumes the optimal quantum measurement such that photon counting can
not be considered as the optimal measurement.

4.2 Homodyne Detector

In order to distinguish alphabets for which information is encoded into the phase of
coherent states, e.g. BPSK, using a photon counting detector does not suffice as it only
reveals information about the amplitude. To also gain information about the phase a
more intricate setup is needed. As we have seen in section 3.5.2 a POVM that is able to
distinguish BPSK consists of projections onto a particular phase space quadrature. In
the following a physical realization of such a POVM is introduced which is known as a
homodyne detector.
A schematic setup of a homodyne detector is shown in fig. 4.3. The incoming signal is
interfered with a laser at a 50:50 beamsplitter. The light of the laser comes in form of
a coherent state and is usually referred to as the local oscillator (LO). Since a splitting
ratio of 50:50 is used, the particular setup is also referred to as balanced homodyne
detector. Both output modes of the beamsplitter are measured by photon counting
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Figure 4.2: (a) Error probability perr and (b) mutual information I for OOK with
p0 = 0.5, when detected by a photon counter of PNR 5. The corresponding
threshold value kn for calculating the error probability is denoted in boxes.

detectors and the resulting photon numbers are subtracted from each other. As we will
see, the photon number difference is proportional to the quadrature component of the
incident state. The particular phase of the measured quadrature can be controlled via
the phase of the local oscillator. A more general derivation than presented below will
be given in section 4.4.2 or can be found in many textbooks such as [Scully and Zubairy
1997; Schleich 2001].
Let â be the annihilation operator of the incident signal mode and b̂ the annihilation
operator of the LO mode. Then the two output modes of the beamsplitter are given by

ĉ =
1√
2

(
â+ ib̂

)
, (4.4)

d̂ =
1√
2

(
b̂+ iâ

)
. (4.5)

Both of these modes are measured by a photon counter described by the respective
number operator ĉ†ĉ or d̂†d̂ such that the subtracted events are given by the operator

d̂†d̂− ĉ†ĉ = −i
(
â†b̂− b̂†â

)
. (4.6)

The expectation value of the obtained statistics is given by [Bandilla 1990; Scully and
Zubairy 1997]〈

d̂†d̂− ĉ†ĉ
〉

=

√
2
〈
b̂†b̂
〉
〈 q̂θ 〉 , (4.7)

where q̂θ = 1√
2

(
âe−iθ + â†eiθ

)
is the quadrature component of the signal mode and θ

is the phase difference between the incoming state and the LO. Note that we assumed
an LO in form of a coherent state. The balanced homodyne detector therefore can
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-
50:50
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Figure 4.3: A schematic depiction of a balanced homodyne detector. The incident light
is interfered with a strong local oscillator (LO) at a 50:50 beam splitter. Both
output modes are measured by a photon counter and the obtained results
are subtracted. The subtracted statistics are proportional to the quadrature
q̂θ, where the phase θ can be controlled via the phase of the LO.

measure a single arbitrary quadrature of the incident state only rescaled by a factor
which depends on the LO. In the following discussion we will neglect this rescaling to
keep the expressions concise.
Given a coherent state | ζ 〉 as input signal the probability distribution p (qθ|ζ) obtained
by a balanced homodyne detector is defined by Born’s rule of eq. (2.6) together with the
overlap |〈 qθ | ζ 〉|2 of eq. (2.58). It is a Gaussian distribution which reads

p (qθ|ζ) =
1√
π

exp

{
−
[
qθ −

√
2Re (ζ) cos (θ)−

√
2Im (ζ) sin (θ)

]2
}
. (4.8)

For a phase of θ = 0 the quadrature corresponds to the position x and for θ = π
2
to the

momentum p and the respective probability distributions are given by

p (x|ζ) =
1√
π

exp

{
−
[
x−
√

2Re (ζ)
]2
}
, (4.9)

p (p|ζ) =
1√
π

exp

{
−
[
p−
√

2Im (ζ)
]2
}
. (4.10)

Contrary to photon counting this measurement is phase-sensitive, since Re (ζ) = |ζ| cos (φ)
and Im (ζ) = |ζ| sin (φ), where φ is the phase of the coherent state defined by ζ = |ζ| eiφ.

Detecting BPSK

Consider a BPSK alphabet (cf. section 3.5.2) located on the real axis x in phase space
with a-priori probabilities p0 and p1. A straightforward way of detecting a binary alpha-
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Figure 4.4: (a) The schematic depiction of a BPSK alphabet in phase space for n̄ = 1.
(b) The corresponding probability distribution p (x|ζ) according to eq. (4.9).
The optimal decision threshold kx is marked.

bet is to define a threshold value kx. For measurement results x ≤ kx we assume that
state | ζ0 〉 was received, while for x > kx the state | ζ1 〉 is guessed. In fig. 4.4 a BPSK
alphabet is depicted in phase space alongside the corresponding output probability dis-
tribution p (x|ζ) when detected by a homodyne receiver. The conditional probabilities
are given by

p (0|ζi) =

∫ kx

−∞
dx p (x|ζi) , (4.11)

p (1|ζi) =

∫ ∞
kx

dx p (x|ζi) (4.12)

and depend on the threshold kx. Consequently, the error probability is equal to

pbinerr (ζ0, ζ1) = p1p (0|ζ1) + p0p (1|ζ0) . (4.13)

In fig. 4.5 the error probability is shown for several thresholds kx as a function of the
mean photon number n̄ and compared to the corresponding minimum error probability.
Choosing the correct threshold is critical for obtaining a low error probability. The
optimal decision threshold is given by kx = 0 as is to be expected, since the states
are located symmetrically around x = 0. It can also be obtained by the Neyman-
Pearson criterion [Neyman and Pearson 1933; Helstrom 1976]. For the optimal threshold
the conditional probabilities and error probability reduce to the expression derived in
section 3.5.2 and the homodyne detector performs the POVM described by eqs. (3.113)
and (3.114). However, homodyne detection does not offer the optimal scaling with n̄
defined by the minimum error probability which suggests that homodyne detection is
suboptimal.
Next, we consider mutual information of the homodyne detector. Up to now we used a
decision rule which takes the actual output probability distribution p (x|ζi) defined by
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Figure 4.5: (a) Error probability perr for BPSK detected with a homodyne detector. The
chosen decision threshold kx is indicated in boxes. The homodyne receiver
offers a suboptimal scaling with the mean photon number n̄. (b) Mutual
information for soft and hard decision when detecting BPSK. The ultimate
quantum limit is defined by the Holevo bound of eq. (3.88) determined for
the BPSK alphabet.

the detector and determines a guess for the received symbol based on the value of x. In
this way a new conditional probability distribution p (j|ζi) is formed, where j denotes
the guessed received symbol. By defining such a rule we make what is called a hard
decision and with eqs. (4.11) and (4.12) mutual information reads

Ihard =
∑
i,j

pip (j|ζi) log2 [p (j|ζi)]−
∑
j

p (j) log2 [p (j)] (4.14)

with the outcome probabilities

p (j) = p0p (j|ζ0) + p1p (j|ζ1) . (4.15)

Other than the error probability mutual information can also be calculated directly
from the output distribution p (x, ζi), which is then known as soft decision. Here, we
base mutual information on the actual output rather then the assumed symbols and
consequently it is calculated as

Isoft =
∑
i

∫
dx pip (x|ζi) log2 [p (x|ζi)]−

∫
dx p (x) log2 [p (x)] (4.16)

with the outcome probability

p (x) = p0p (x|ζ0) + p1p (x|ζ1) . (4.17)

For equiprobable input states with p0 = p1 = 1
2
, eq. (4.16) can be written explicitly as

Isoft,eq = 4n̄ log2 [e]− e−2n̄

√
π

∫
dx e−x

2

cosh
(

2x
√

2n̄
)

log2

[
cosh

(
2x
√

2n̄
)]
. (4.18)
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The difference between hard and soft decision homodyne receivers can be crucial, espe-
cially for low mean photon numbers n̄. Figure 4.5 shows mutual information for soft
and hard decision homodyne detection of a BPSK alphabet. Soft decision improves the
accessible information significantly and always yields a larger or equal amount of infor-
mation than hard decision. The direct output probability distribution p (x|ζ) always
contains at least as much information as the probability distribution after any decision
rule that can be defined. However, soft decision mutual information gives no hint on
how to retrieve this information and an appropriate decoding strategy needs to be found
first. This highly non-trivial problem gives rise to the field of error correction codes.
More details can be found, for instance, in the textbook of Moon [2005].
For both decision types, soft and hard, a considerable gap to the ultimate Holevo limit
remains. Only for large mean photon numbers n̄� 1 the homodyne detector approaches
the optimal measurement.

4.3 Double Homodyne Detector

Previously, we considered binary alphabets where it is sufficient to measure only one
quadrature in phase space. Of course it is also possible to employ larger alphabets such as
QPSK (cf. section 3.5.3), where the information is encoded in both quadratures. A single
homodyne detector is not sufficient any more as it is only able to detect one quadrature
at a time. However, there is a straightforward way of generalizing the homodyne scheme
to detect two quadratures simultaneously. The signal can be measured by splitting the
incoming state on a 50:50 beamsplitter into two modes which are both detected by an
independent homodyne detection setup as depicted in fig. 4.6. This type of detector
is called double homodyne detector. The output probability distribution is the joint
distribution of both homodyne detectors and based on eqs. (4.9) and (4.10) it reads

p (x, p|ζ) =
1

π
exp

{
− [x− Re (ζ)]2 − [p− Im (ζ)]2

}
, (4.19)

where ζ → ζ√
2
was used to incorporate the preceding 50:50 beamsplitter.

Detecting QPSK

We can define a hard decision rule for the double homodyne detector similarly as for the
homodyne detector, but for the detection of QPSK based on the distribution in eq. (4.19).
In principle, two decision thresholds, one for each quadrature, have to be defined. For
simplicity we will assume that both threshold values are located at the origin, i.e. kx =
kp = 0, since these are the optimal values for the corresponding homodyne detector. For
these thresholds the double homodyne detector effectively performs the POVM given
by eqs. (3.117) to (3.120) and the conditional probabilities are given by table 3.5. The
error probability is given by eq. (3.123) which reads

pQPSK
err =

3

4

[
1− erf

(√
n̄

2

)]
. (4.20)

74



Chapter 4. Receivers 4.3. Double Homodyne Detector

-

-
50:50

LO

LO

50:50

50:50

Figure 4.6: A schematic depiction of a double homodyne detector. The incident light is
split into two modes at a 50:50 beamsplitter and both modes are measured
by an independent homodyne detector. Each homodyne setup is able to
measure an arbitrary phase space quadrature such that two quadratures are
measured simultaneously, for instance x and p.

In fig. 4.7 the error probability of detecting QPSK symbols with a double homodyne
detector is compared to the corresponding Helstrom limit. Since it is non-trivial to
determine the minimum error probability for discriminating four states, the Helstrom
limit is approximated by a particular measurement, the square root measurement [Holevo
1979; Hughston et al. 1993; Hausladen and Wootters 1994]. For symmetrical states this
approximation is quite accurate [Kato et al. 1999; Becerra et al. 2011]. Similar to the
homodyne receiver the double homodyne receiver offers a suboptimal scaling with the
mean photon number and only gets close to the minimum error measurement for n̄� 1.
Apart from the error probability, we can again consider mutual information as a figure of
merit. The hard decision mutual information can be calculated based on the conditional
probabilities of table 3.5. Soft decision mutual information is based on the probability
distribution p (x, p|ζ) of eq. (4.19) and is given by

Isoft =
∑
i

∫
dx

∫
dp pi p (x, p|ζi) log2 [p (x, p|ζi)]−

∫
dx

∫
dp p (x, p) log2 [p (x, p)] .

(4.21)

Both types of mutual information are shown in fig. 4.7 in comparison with the Holevo
limit. For the double homodyne detector it is very beneficial to employ a soft decision rule
as much more information can be extracted from the raw output probability distribution
than for a hard decision. Nevertheless, a considerable gap to the ultimate quantum limit
remains and only for very high mean photon number n̄ the double homodyne detector
approaches the optimal measurement for QPSK.
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Figure 4.7: (a) Error probability perr for QPSK detected with a double homodyne de-
tector. The double homodyne receiver offers a suboptimal scaling with the
mean photon number n̄ compared to the minimum error probability. (b)
Mutual information for soft and hard decision heterodyning when detect-
ing QPSK. The ultimate quantum limit is defined by the Holevo bound of
eq. (3.88) determined for the QPSK alphabet.

4.4 Displacement Receiver

As we have seen in the previous sections, for binary alphabets a photon counting de-
tector is very useful for detecting OOK, while a homodyne receiver does well for BPSK
alphabets. When compared to the ultimate limit, whether it is the Helstrom limit or
the Holevo capacity, both fall short. This begs the question if there is an alternative
detection scheme that can reach the ultimate limit or at least come closer to it.
Coherent detection, for example homodyne detection, is able to resolve alphabets where
information is encoded in the phase of the state, e.g. BPSK. When operating under a
constraint on the mean photon number n̄, the BPSK alphabet has an inherent advantage
over OOK as it possesses a larger state separation in phase space, which translates di-
rectly to a better distinguishability. Homodyne detection, however, is inherently limited
by the fundamental quantum fluctuations of light known as the shot noise of a receiver.
Photon counting itself does not have this limitation as it performs a projection onto
an orthogonal energy basis. In order to use the advantages of a BPSK alphabet and
overcome the shot noise limitation of a homodyne detector a displacement receiver (DR)
can be used, which was first introduced by Kennedy [1973]. A sketch of a displacement
receiver is shown in fig. 4.8. Here, the incoming state is first displaced by a complex
amplitude β by applying the displacement operator D̂ (β) defined in eq. (2.78). Phys-
ically, this is achieved by interfering the signal state with a local oscillator at a highly
transmissive beamsplitter. After applying the displacement, the coherent state has a
complex amplitude of ζ + β and is detected by a photon counting detector.
To illustrate the operational principle of the displacement receiver, consider a BPSK
alphabet, i.e. the discrimination of two states

∣∣−√n̄ 〉 and
∣∣√n̄ 〉. The displacement
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Figure 4.8: A schematic depiction of a displacement receiver. The incident state is dis-
placed by a complex amplitude β. This is achieved by interfering the in-
coming light with a local oscillator (LO) at a beam splitter with almost unit
transmission. The incoming state after the displacement operation has an
amplitude of ζ + β and is measured by a photon counting detector.

amplitude is chosen as β =
√
n̄ such that the state after the displacement is either the

vacuum state | 0 〉 or the coherent state
∣∣ 2√n̄ 〉. If a photon is registered at the photon

counter we know state
∣∣ 2√n̄ 〉 was received whereas for no detection event the vacuum

state is assumed.
The states before and after the displacement operation together with the corresponding
probability distribution p (n|ζ) of eq. (4.1) obtained by the photon counter are shown in
fig. 4.9. After applying the displacement, the states essentially constitute an OOK al-
phabet which now can be distinguished by a photon counting detector as the probability
distributions are well distinguishable. It is important to note that the OOK alphabet
obtained after the displacement has a twice larger energy compared to a directly encoded
OOK alphabet.
The distinguishability of the displaced states heavily depends on the displacement ampli-
tude β and, in general, the optimal value needs to be determined through optimization.
In the following, we will assume a generic binary coherent alphabet with states | ζ0 〉 and
| ζ1 〉 and their respective a-priori probabilities p0 and p1.
First, we consider the error probability as a figure of merit. To that end it is necessary
to define a decision threshold kn for the detected number of photons. For n ≤ kn it
is assumed that state | ζ0 〉 was measured, and for n > kn state | ζ1 〉. Then the error
probability is given by

pDRerr = p0

kn∑
n=0

p (n|ζ0 + β) + p1

(
1−

kn∑
n=0

p (n|ζ1 + β)

)
. (4.22)

Now the error probability pDRerr is minimized with respect to the displacement β for a
fixed threshold kn. This minimization is repeated for all possible values of kn until the
optimal threshold is found eventually. In fig. 4.10 the error probability of the displace-
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Figure 4.9: (a) The BPSK alphabet for n̄ = 1 before displacement depicted in phase
space and (b) the corresponding probability distribution when detected by
a photon counting detector with a PNR of 5. (c) The BPSK alphabet for
n̄ = 1 after applying a displacement of β =

√
n̄ depicted in phase space and

(d) the corresponding probability distribution for detector limited to a PNR
of 5. The optimal decision threshold kn is marked with a dashed line.

ment receiver is shown for OOK and BPSK. If one of the states is simply displaced to the
vacuum state, the displacement receiver achieves a similar scaling with the mean photon
number n̄ as the minimum error measurement. Yet, a much lower error probability is
achieved by optimizing the displacement, in particular for small values of n̄. Homodyne
detection is beaten for all mean photon numbers and thus detection at a sub-shot noise
level is achieved.
Soft decision mutual information for the displacement receiver can be calculated based
on the probability distribution p (n|ζi + β) given by eq. (4.1). In fig. 4.10 mutual infor-
mation for OOK and BPSK is compared to the corresponding Holevo limit. Here, the
displacement receiver offers a similar performance as a homodyne detector, but for larger
values of n̄ gives a slight advantage. Optimizing the displacement β increases mutual
information significantly. Nevertheless, a considerable gap to the optimal measurement
defined by the Holevo limit remains in all cases.
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Figure 4.10: Error probability perr for (a) OOK and (b) BPSK detected by a displace-
ment receiver compared to the minimum error measurement. Optimizing
the displacement β is crucial to obtain a low error probability. Mutual in-
formation I for soft decision for (c) OOK and (d) BPSK compared to the
Holevo limit. Optimizing the displacement amplitude β increases mutual
information significantly.

Note that, in principle, the displacement receiver is not only able to resolve OOK or
BPSK, but any binary coherent alphabet. While there is no advantage to do so in the
noiseless scenario, it is essential when communicating under phase noise as will be dis-
cussed in section 6.3.
Since the displacement receiver offers sub-shot noise detection, it continues to be an
active field of research. Various experiments show the feasibility of the approach, also in
fibre-based implementations at telecom wavelength or with modern sensors allowing for
a high detection bandwidth [Wittmann et al. 2008; Takeoka and Sasaki 2008; Wittmann
et al. 2010; Tsujino et al. 2010; 2011; DiMario and Becerra 2018; DiMario et al. 2019;
Shcherbatenko et al. 2020; Thekkadath et al. 2021].
In the following sections we will investigate several aspects of the displacement receiver
in more detail. First, in section 4.4.1 we will discuss how the gap to the minimum error
measurement for binary alphabets can be closed by the addition of feedback. In sec-
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tion 4.4.2 the relationship between the homodyne detector and the displacement receiver
is investigated whereas section 4.4.3 is dedicated to the problem of detecting non-binary
alphabets, e.g. QPSK, with the displacement receiver. Finally, in section 4.4.4 possible
imperfections in realistic implementations of the displacement receiver and their impact
on the performance are discussed.

4.4.1 Approaching the Limit

None of the so far discussed receivers actually reaches the Helstrom limit. While the
POVMs for the minimum error measurement are known, their physical realization often
is not. Nevertheless, for discriminating binary coherent states an implementation was
found by Dolinar [1973]. It is based on the displacement receiver, but utilizes a real-time
feedback loop to adjust the displacement based on the so far observed detection events.
As we will see in this section, the gap in performance between a displacement receiver and
the Dolinar receiver can be closed by a multi-copy version of the displacement receiver,
where subsequent measurements are adapted to previously obtained results.
Let us start out by considering a very simple idea to improve a displacement receiver
with PNR = 1. We divide the incoming coherent state | ζ0,1 〉 into a series of M states
with weaker amplitudes ζ0,1√

M
. Physically, this can be achieved by splitting the original

pulse into M time bins and treat each time bin as a separate copy. Each of these
weaker copies is measured separately and for all measurements the same displacement
amplitude β is used. For the sake of simplicity we assume β = − ζ0√

M
, such that state

| ζ0 〉 is displaced to the vacuum state. If we detect a photon for any copy, we know
state | ζ1 〉 was received and for no photons at all we assume it was | ζ0 〉. The only
source of error is when | ζ1 〉 does not produce any detection event and consequently, the

error probability forM measurements is equal to perr = exp
(
−4|ζ1|2

M

)M
= exp

(
−2 |ζ1|2

)
.

Not surprisingly the benefit of having M -copies is completely mitigated by their weaker
amplitudes, such that this scheme does not provide any improvement. In fact, it has the
same error probability as a single-copy displacement receiver. Note that this does not
change even if the displacement amplitude used in all stages is freely optimized.
Since a static M -copy measurement clearly does not improve the error probability, it is
necessary to turn to an adaptive measurement scheme. By adding feedforward between
subsequent measurements each stage can be adapted according to the current knowledge.
This approach is commonly referred to as Bayesian updating.
Each measurement is performed by a displacement receiver, who can either detect one
or zero photons, such that possible outcomes are em ∈ {0, 1}. We will also refer to
these detection events as (detector) click or no click. The string of results known after
measurement m is denoted as em. After an outcome was obtained, the displacement
βm for the following stage is optimized based on the current knowledge. Formally, this
is achieved by using the posterior probability, that is the probability of having received
state | ζi 〉 given the results em−1, to update the prior probability for measurement m.
The prior probability P (m) (ζi) of state | ζi 〉 for them-th measurement can be determined
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Figure 4.11: Decision tree for a 3-copy measurement scheme (M = 3) with a displace-
ment receiver detecting a coherent BPSK alphabet under the constraint
n̄ = 1. The displacement amplitude is optimized for each measurement
stage by minimizing eq. (4.22) with the corresponding priors of eq. (4.23).
The optimal displacement is depicted in a circle at each node as a fraction
of the state amplitude, i.e. the shown value is calculated as

√
Mβ
ζ1

=
√

3β. A
fraction of 1 corresponds to displacing | ζ0 〉 to the vacuum state. A positive
sign of the displacement fraction corresponds to test for | ζ0 〉, while a nega-
tive sign tests for | ζ1 〉. The symbol ( ) denotes that a (no) photon was
detected in the previous measurement. The leafs show the guessed state for
the corresponding string of detection events and the shown percentage de-
notes the weighted (and rounded) error probability for the particular guess.
The overall error probability is perr ≈ 0.6514%. Note that this value was
calculated from the exact results and then was rounded. The correspond-
ing error probability for an optimized single-shot displacement receiver is
perr = 0.8561% and the minimum error probability is pmin = 0.4600%.
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Figure 4.12: The error probability of the adaptive M -copy detection scheme with a dis-
placement receiver as a function of the mean photon number n̄ for a BPSK
alphabet. The incoming state is divided into M -copies which are measured
separately. Each subsequent measurement depends on the outcomes of pre-
vious measurements. The minimum error probability is reached with the
Dolinar receiver.

according to Bayes’s rule by

P (m) (ζi) =
P (m−1) (ζi)P (em|ζi)

P (em)
, (4.23)

where P (em|ζi) is the probability of obtaining outcome em given state | ζi 〉 after the
previous events em−1. The marginal probability for outcome em is given by

P (em) = P (m−1) (ζ0)P (em|ζ0) + P (m−1) (ζ1)P (em|ζ1) . (4.24)

The optimal displacement amplitude βm for each measurement is determined by mini-
mizing eq. (4.22) with the prior probabilities pi = P (m) (ζi) and state amplitudes ζi

M
.

Figure 4.11 shows the decision tree for measuring a coherent BPSK alphabet for n̄ = 1
divided into M = 3 adaptive stages. The overall error probability is perr = 0.6514%
compared to 0.8561% for a single-copy measurement.
At each node the more likely state should be displaced close to vacuum. Whenever a
photon is detected, our current guess seems to be wrong and the other state becomes
more likely. In other words, a detector click tells us we guessed wrong, while no click
means we guessed correctly. Therefore, it becomes necessary to change the displacement
for the following measurement after a click, such that the other state will be displaced
close to vacuum.
The contribution of a particular string of detection events to the error probability varies
heavily. In general, each detector click lowers the error probability of the corresponding
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Figure 4.13: A schematic depiction of the Dolinar receiver. The incident state is dis-
placed by a complex amplitude β. This is achieved by interfering the in-
coming light with a local oscillator (LO) at a beam splitter power trans-
mission of almost 1. The displaced state with amplitude ζ + β is measured
by a photon counter. Depending on the obtained result, feedback is sent
to the displacement stage and the displacement amplitude β is adjusted to
the current knowledge in real time.

branch more than the opposite event. A detected photon tells us with great confidence
that our current guess is wrong, whereas the absence of a photon confirms our current be-
lieve. However, in the latter case the uncertainty is much greater as the further displaced
state has a non-zero probability of producing a click. Due to the nature of Poissonian
statistics this probability is larger than receiving a click from the state displaced close
to vacuum. Consequently, the largest error stems from measuring no photons at all.
Lastly, clicks obtained earlier in the procedure contribute more to lowering the error
probability than events observed in later stages as they help to focus the measurements
in subsequent stages. This is also visible in the shrinking displacement amplitude, which
indicates narrowing knowledge about the received state.
The error probabilities obtained for the displacement receiver for several values of M
are shown in fig. 4.12. With increasing number of copies M the error probability ap-
proaches the minimum error probability. In order to saturate the Helstrom bound it is
necessary to increase M →∞, i.e. go to a continuous version of the adaptive displace-
ment receiver [Assalini et al. 2011]. This is achieved by placing a real-time feedback
loop between the measurement and displacement stage, which amounts to the Dolinar
receiver [Dolinar 1973]. A schematic of the latter is shown in fig. 4.13. Whenever the
detector clicks, feedback is sent to the displacement stage to adjust it appropriately.
The optimal displacement is given by two symmetric time-dependent solutions for the
envelopes of the displacement field, such that each of them corresponds to test for one of
the states. After each detector click the displacement is switched to the other solution.
The Dolinar receiver requires very fast feedback which has, so far, limited its applica-
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tions to proof-of-principle experiments [Cook et al. 2007]. Technically less challenging is
the M -copy displacement receiver as it requires only feed-forward, as was demonstrated
by Sych and Leuchs [2016].
Finding physical implementations for reaching the Helstrom limit remains an elusive
task as the Helstrom formalism does not provide a constructive way to derive them and
can require collective measurements for distinguishing multiple copies of a state. In-
terestingly, for the discrimination of pure quantum states collective measurements are
not needed as the limit can be attained by a single-copy measurement [Jarzyna and
Kolodynski 2020]. In fact, when discriminating pure states, collective measurements are
equivalent to adaptive M -copy measurements which require only local operations and
classical communication (LOCC) and can be implemented by Bayesian updating [Acín
et al. 2005]. Another way of reaching the Helstrom limit was recently proposed and
utilizes non-demolition measurements based on atom-light interaction [Han et al. 2018].
Reaching the Holevo bound remains a much more challenging task and so far has not
been demonstrated. Only in particular regimes the Holevo bound can be saturated with
known receivers, such as PNR measurements in the low power limit [Jarzyna 2019] or
double homodyne detection in the high power regime [Giovannetti et al. 2004]. The
latter, however, only approaches the Holevo limit asymptotically in the sense that the
ratio Isoft/CLB → 1 only leaving a constant gap of 1 nat.

4.4.2 A Universal Coherent Receiver

Usually, displacement and homodyne receivers are seen as different types of detectors.
A reason for this is, for instance, that a homodyne receiver is limited by shot-noise,
whereas a displacement receiver can perform at a sub-shot noise level. Furthermore, for
coherent states a homodyne detector obtains Gaussian statistics originating from the
measured quadrature, while the displacement receiver outputs Poissonian statistics. In
the following section, we want to explore the connection between these two receivers
and we will see that they can be understood as different operational modes of the same
setup. Also, we will discuss the origin of shot noise, which is often seen as fundamental
intrinsic noise, but actually is introduced into the system.
Let us consider a coherent receiver depicted schematically in fig. 4.14. The incoming
signal pulse is interfered with a local oscillator (LO) at a beamsplitter with power trans-
mission T . The output mode ĉ is given by

ĉ =
√
T â+ i

√
1− T b̂, (4.25)

where â is the annihilation operator of the signal state mode and b̂ of the LO mode. The
annihilation operator of the output mode ĉ is measured by a photon counting detector
with unlimited PNR and the average number of detected photons is given by [Bandilla
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c
c

T

Figure 4.14: A schematic depiction of a coherent receiver. The incident light is interfered
with a local oscillator with complex amplitude β at a beam splitter with
power transmission T . The output mode c is measured by a photon counter.

1990; Scully and Zubairy 1997]

n̂c = ĉ†ĉ = T â†â+ (1− T ) b̂†b̂+ i
√
T (1− T )

(
â†b̂− b̂†â

)
, (4.26)

⇒ 〈 n̂c 〉 = T
〈
â†â
〉

+ (1− T )
〈
b̂†b̂
〉
−
√

2T (1− T )

√〈
b̂†b̂
〉
〈 q̂θ 〉 , (4.27)

where q̂θ = 1√
2

(
âe−iθ + â†eiθ

)
is the quadrature operator of the signal mode and θ is

the phase difference between the incoming state and the LO. The variance of n̂c can be
calculated directly from eq. (4.26) and reads

Var (n̂c) = T 2Var
(
â†â
)

+ (1− T )2 Var
(
b̂†b̂
)

+ 2T (1− T )Var
(
b̂†b̂
)
Var (q̂θ) .

(4.28)

The obtained statistics for n̂c in eqs. (4.27) and (4.28) consist of three terms. The first
two are proportional to the photon statistics of the incoming signal state and the LO
respectively. The third part is proportional to the quadrature q̂θ of the signal state. One
can choose a particular quadrature to measure by controlling the phase of the LO. Note
that a phase jump of π

2
occurs when the LO is reflected at the beamsplitter. For the sake

of simplicity we assume from here on out, that the LO phase is chosen such that the
quadrature operator corresponds to the position operator x̂ = 1√

2

(
â+ â†

)
. Additionally,

we assume that the LO comes in form of a coherent state with real-valued amplitude β.
The corresponding expectation value and variance are equal to〈

b̂†b̂
〉

= β2, (4.29)

Var
(
b̂†b̂
)

= β2. (4.30)
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With these assumptions, the eqs. (4.27) and (4.28) simplify to

〈nc 〉 = T
〈
â†â
〉

+ (1− T ) β2 −
√

2T (1− T )β 〈 x̂ 〉 , (4.31)

Var (n̂c) = T 2Var
(
â†â
)

+ (1− T )2 β2 + 2T (1− T ) β2Var (x̂) . (4.32)

For the considered detection scheme, the transmission T of the beamsplitter is close to
unity (T ≈ 1) in order to retain most of the incoming signal. The LO amplitude β is
chosen such that the reflected fraction

√
1− Tβ remains finite. For the further discussion

it is therefore convenient to introduce the effective LO amplitude as βeff =
√

1− Tβ.
Now, the output statistics simplify to

〈nc 〉 = T
〈
â†â
〉

+ β2
eff −
√

2Tβeff 〈 x̂ 〉 , (4.33)
Var (n̂c) = TVar

(
â†â
)

+ (1− T ) β2
eff + 2Tβ2

effVar (x̂) . (4.34)

We see that the eventually performed measurement is defined by the value of the effective
LO amplitude βeff.

Homodyne detection

Let us consider an operational mode for the coherent receiver in which a very strong
LO

(
βeff �

〈
â†â
〉)

is used. This mode corresponds to homodyne detection. The terms
T
〈
â†â
〉
can be neglected due to the large displacement amplitude and we obtain

〈nc 〉 = β2
eff −
√

2Tβeff 〈 x̂ 〉 , (4.35)
Var (n̂c) = (1− T ) β2

eff + 2Tβ2
effVar (x̂) . (4.36)

The first term of the expectation value in eq. (4.35), β2
eff, is known and can be easily

subtracted from the results. Then, the only remaining term is proportional to the
quadrature x̂ of the incoming state, which is the quantity effectively measured. For a
coherent state as input, this means Gaussian statistics are obtained.
The variance in eq. (4.36) has two contributions, the first one depends only on the LO,
known as the LO shot noise, and a second one containing the quadrature shot noise.
Consequently, homodyne detection is limited by the shot noise and not the signal noise.
While this limitation can not be overcome when using a strong LO, there exists an
alternative homodyne detection scheme, the balanced homodyne detection as discussed
in section 4.2. It has a lower overall noise as it suppresses the LO shot noise. However,
the quadratures shot noise remains.

Displacement receiver

The second operation mode of the universal coherent receiver utilizes a LO with an
effective amplitude approximately as large as the signal amplitude, i.e. β2

eff ≈ Tζ2. This
mode corresponds to operating as a displacement detector. If we also assume a coherent
state as input, the output statistics of eqs. (4.33) and (4.34) read

〈nc 〉 = 2ζ2 ± 2ζ2, (4.37)
Var (n̂c) = 2ζ2, (4.38)
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where T ≈ 1, the quadrature expectation value 〈 x̂ 〉 =
√

2ζ and the variance Var (x̂) =
0.5 of a coherent state was used. The expectation value depends on the sign of the
LO amplitude. Here, the measurement is only limited by the signal noise contrary to
homodyne detection, where the LO noise dominates. Therefore, shot noise has to be
understood as a limitation stemming from the usage of a very strong LO and not as
a fundamental limit on the measurement of light. In fact, in the considered scheme
shot noise gets gradually introduced with growing LO power. This is illustrated by the
following reasoning. For a coherent state as input state and T ≈ 1, the general variance
of eq. (4.34) can be written as

Var (n̂c) = ζ2 + β2
eff. (4.39)

We see that both signal and LO contribute equally to the variance. For the displacement
receiver, both parts remain as the LO energy is roughly equal to the signal energy. If the
LO strength is gradually increased, the LO noise β2

eff contributes more and more to the
overall noise, until it completely overwhelms the signal noise. This is the regime where
the detection is limited to the shot noise level. Note that in principle the shot noise can
be reduced to a sub coherent level when measuring different types of states. Squeezed
states, for instance, can lower the quadrature noise further and therefore the detection
noise also gets reduced.
In summary, we see that the displacement receiver and homodyne detection are closely
connected. Each of them corresponds to a different regime of the LO strength of the
universal coherent receiver. The displacement receiver is able to operate as a homo-
dyne receiver with increasing displacement. For very large displacement (and unlimited
PNR), both homodyne and displacement detectors, measure a quadrature of the state.
Intuitively, the discussed behavior of the coherent receiver can be understood as a con-
sequence of the fact that Poissonian and Gaussian statistics are approximately equal in
the limit of very large mean values.

4.4.3 Detecting Larger Alphabets

So far we only investigated the performance of a displacement receiver when detecting
binary coherent alphabets. However, standard communication strategies often employ
non-binary alphabets, for instance, QPSK. Particularly, when the average energy n̄ is
large it becomes beneficial to extend the alphabet to a larger number of states. In con-
trast to coherent receivers, like double homodyne detection, the displacement receiver is
not suited to discriminate more than two states in a single shot. Its operation principle
is to exclude one particular state, which is naturally not sufficient to discriminate non-
binary alphabets.
To detect higher-dimensional alphabets with a displacement receiver in a single shot, it
becomes necessary to split the signal into several copies with lower energy. Each copy is
then detected by a displacement receiver in independent ports. A schematic depiction
of the setup is shown in fig. 4.15. In the following we investigate the capability of such a
detection scheme withM ports to detect alphabets consisting of up to 4 coherent states.
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. . .

. . .

Figure 4.15: A schematic depiction of a receiver for detecting higher order alphabets.
The incident state ζ is split up into M ports by a series of beamsplitters
with variable transmission. In each port a displacement receiver is detecting
the copy in the respective port.

Each port receives a copy of the signal with only a fraction υm of the signals total energy,
such that

∑M
m υm = 1. Physically, this can be achieved by a series of beamsplitters with

appropriate transmissivities. Each copy is displaced by an amplitude βm and consecu-
tively detected by a photon counter. The energy fractions υm and the displacements βm
for each port have to be optimized globally. Note that it is equivalent to using only a
single displacement receiver which switches its displacement at certain times tm. Each
time frame corresponds to a single copy in one of the M ports. This, however, requires
that the signal is stretched over a certain time which can be accomplished, for instance,
by appropriate delay lines.
For the following optimization we fix the displacement direction (specified by its phase)
in the m-th port to be eimπ/2, such that only the absolute value of the displacement
|βm| has to be optimized. The displacement amplitude for port i itself is given by the
relation βm = |βm| eimπ/2. To quantify the performance mutual information for both
soft and hard decision is used. Error probability itself is not suited for a comparison as
it is only comparable for schemes with the same alphabet size. The overall goal of this
optimization is to find the optimal communication scheme and therefore both, BPSK
and QPSK, are investigated in order to determine which one is optimal. For detectors
with a PNR of 1 mutual information is shown in fig. 4.16 alongside the optimal param-
eters. Here, the displacement receiver provides a constant advantage over conventional
measurements. It is optimal to use BPSK for low mean photon numbers n̄ such that
a single displacement receiver is sufficient to obtain optimal mutual information. For
higher mean photon numbers n̄ it becomes necessary to increase the number of ports
M , since QPSK becomes superior. The optimum is reached for M = 4, where each port
excludes one of the QPSK states and receives 25% of the signals energy. However, the
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Figure 4.16: Mutual information I for the M -port detection scheme and alphabets un-
der a (a) hard and (b) soft decision rule for detectors with PNR 1. The
optimized parameters are (c) the energy fraction υm per port and (d) the
displacements βm. The energy fraction per quadrature shown in (e) dis-
plays whether BPSK or QPSK should be used. The optimal parameters
are the same for hard and soft decision.
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Figure 4.17: Mutual information I for the M -port detection scheme and alphabets un-
der (a) hard and (b) soft decision rule for detectors with PNR 3. The
optimized parameters are (c) the energy fraction υm per port and (d) the
displacements βm. The energy fraction per quadrature shown in (e) dis-
plays whether BPSK or QPSK should be used. The optimal parameters
are the same for hard and soft decision.
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advantage over the 3-port scheme is minimal and vanishes with rising n̄. In this regime
it is best to direct the majority of the signals energy to ports displacing on the real
axis and only a small fraction to the remaining port displacing on the imaginary axis.
Interestingly, the optimal amount of energy for detecting the real and imaginary quadra-
ture depends on the mean photon number n̄ and is not equally distributed between the
quadratures.
When soft decision is used the displacement receiver does not change its performance
compared to hard decision decoding, while homodyne and double homodyne detection
are both able to retrieve much more information from the raw probability distributions.
As a result, double homodyne detection remains superior for larger mean photon num-
bers n̄. When increasing the PNR of the photon counters, the displacement receiver
approaches the performance of double homodyne detection as is shown in fig. 4.17.
Here, the 4-port detection scheme remains the optimal choice also for higher values of n̄
and its mutual information is comparable to soft decision double homodyne detection.
The single shot approach to detect larger alphabets was demonstrated experimentally
in several works [Izumi et al. 2012; 2013; DiMario et al. 2018; Sidhu et al. 2021].
Apart from the considered one-shot detection schemes, adaptive schemes can greatly
enhance the performance of a displacement receiver for larger alphabets. Here, only
a single detector is used and the displacement is adapted according to the obtained
measurement results. A near-optimal sub-shot-noise receiver with a rather simple feed-
back strategy was proposed by Bondurant [1993] and demonstrated by Jabir et al. [2020].
More powerful feedback strategies involve Bayesian updating in real time. These Bayesian
schemes were demonstrated in several experiments with either feed-forward or feedback
for many different alphabet sizes and still are an active field of research [Becerra et al.
2011; Izumi et al. 2012; Li et al. 2013; Izumi et al. 2013; Becerra et al. 2013; 2015;
Ferdinand et al. 2017; Izumi et al. 2020; 2021; Sidhu et al. 2021].
Another possibility of extending the alphabet size is to not only utilize different phases
(phase shift keying) for encoding information, but additionally use different frequen-
cies as was proposed by Burenkov et al. [2018] and recently demonstrated [Burenkov
et al. 2020; Jabir et al. 2020]. A drawback of adaptive procedures is that they can be
computationally expensive and need to be performed in real time for optimal results.

4.4.4 Imperfections

The displacement receiver relies on accurately displacing the received signal and measur-
ing the photon number distribution afterwards. Already small errors in this system can
distort the results significantly and reduce the performance. To get a realistic picture of
the detector behavior it is necessary to take various imperfections into account. In the
following, we present models for several different imperfections and their impact on the
displacement receiver.
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Figure 4.18: The error probability perr for a displacement receiver detecting a BPSK
alphabet with n̄ = 2 as a function of the detection efficiency η.

Detection efficiency

Detection efficiency η describes the percentage of photons that are present, but dot not
create a detection event at the photon counter. These photons are lost and the effect
can be modeled as a perfect detector which is preceded by a beam splitter with trans-
mission η, where the second outgoing port is inaccessible [Gardiner and Zoller 2004].
Formally, the corresponding transmission η is given by the ratio of the number of gener-
ated photoelectrons to the number of incident photons. When detecting coherent states
an imperfect detection efficiency is equivalent to amplitude attenuation. Therefore, the
probability of measuring n photons is reduced to

p (n|ζ, η) = e−η|ζ|
2

(
η |ζ|2

)n
n!

. (4.40)

The error probability for detecting a BPSK alphabet with n̄ = 2 is shown in fig. 4.18 as a
function of the detection efficiency. The error probability rises constantly with decreasing
detection efficiency as the communication task at hand is effectively rescaled to a lower
n̄. Since detection efficiency only rescales the amplitude of the signal, increasing PNR
does not change the error probability.

Dark counts

Even in the complete absence of light, photon detectors sometimes register an event due
to thermal instabilities. These additional counts are called dark counts and are usually
characterized by a Poissonian distribution. Assuming that ndark dark counts per signal
are registered on average, the probability of detecting n photons for a coherent state is
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Figure 4.19: The (a) error probability perr and (b) optimal displacement for a displace-
ment receiver detecting a BPSK alphabet with n̄ = 2 as a function of the
average dark count rate ndark.

given by

p (n|ζ, ndark) = e−|ζ|
2−ndark

(
|ζ|2 + ndark

)n
n!

. (4.41)

The error probability for detecting a BPSK alphabet accompanied by dark counts is
shown in fig. 4.19 alongside the optimal displacement. A displacement receiver without
PNR is very susceptible to dark counts and its error probability rises quickly to large
values with the dark counts rate ndark. Contrarily, the displacement receiver can tolerate
much higher values of ndark without loosing much performance, if a PNR detector is
used. To compensate for the dark count rate, however, it is necessary to increase the
displacement amplitude β. The discrete jumps in β are due to the discrete nature of the
photon count statistics and correspond to a change in the decision threshold.

Mode mismatch / visibility

An ideal displacement operation relies on coherently combining the LO with the signal
state at a highly transmissive beam splitter. If the signal mode does not fully match
the LO mode, the modes are not mixed fully coherent and the output will contain two
modes. The first of them contains a combination of the signal and the LO mode, whereas
the second one only a residue LO mode. If both the LO and the signal are coherent
states, the output statistics are given as [Banaszek et al. 1999]

p (n|ζ,Υ) = e−|ζ+Υβ|2−(1−Υ2)|β|2
[
|ζ + Υβ|2 + (1−Υ2) |β|2

]n
n!

, (4.42)

where the dimensionless parameter Υ describes the mode overlap. The parameter Υ is
directly related to the visibility ν by

Υ =
ν

2− ν . (4.43)
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The visibility ν itself is defined as the ratio between the average amplitude and intensity
of the measured signal [Mandel and Wolf 1995]. It measures the fringe contrast and is
directly related to the coherence between the two overlapping signals and therefore to
the mode mismatch. In fig. 4.20 the optimized error probability perr is shown alongside
the optimal displacements β and amplitudes ζ. Without PNR the displacement receiver
is very prone to mode mismatch and the error probability rises quickly with deteriorating
mode mismatch. In fact, even for visibilities close to unity OOK quickly becomes the
superior encoding. With higher PNR the displacement receiver is able to retain good
performance even for lower values of ν. Apart from increasing PNR it is also possible to
improve the performance by simultaneously optimizing the state amplitudes ζi. Below
a certain value of the visibility ν, depending on the PNR and mean photon number n̄,
it becomes beneficial to use OOK instead of BPSK where no displacement or PNR is
needed to distinguish the states.

Afterpulsing

The imperfections of the receiver also depend on the type of the used photon counter. In
avalanche photon-diodes, specifically, an additional avalanche can be triggered when the
detector comes out of its dead time. If this afterpulsing effect occurs, an additional event
is created without another photon being present. Afterpulsing can also occur in sequence,
since one event can cause another one. A single afterpulsing event has a probability pap
to take place. Therefore, the obtained statistics without afterpulsing need to be modified
and only the probability of not detecting any photons p (0|ζ) remains unchanged. The
probability of detecting one photon p (1|ζ) is lowered by the factor (1− pap), since the
fraction pap registers an additional event and needs to be added to p (2|ζ), where again
afterpulsing can occur. By repeating the procedure iteratively the following probabilities
are obtained

p (0|ζ) −→ p (0|ζ) , (4.44)
p (1|ζ) −→ p (1|ζ) (1− pap) , (4.45)
p (2|ζ) −→ [p (2|ζ) + p (1|ζ) pap] (1− pap) , (4.46)
p (3|ζ) −→

[
p (3|ζ) + p (2|ζ) pap + p (1|ζ) p2

ap

]
(1− pap) (4.47)

...

The probabilities for n > 0 can be written in a closed form as

p (n|ζ, pap) = (1− pap)
n∑
i=1

p (i|ζ) pn−iap . (4.48)

Naturally, afterpulsing has an impact on the performance only if PNR > 1 is needed for
the task, which is the case, for instance, when dark counts occur. In fig. 4.21 the error
probability for distinguishing a BPSK alphabet is shown for ndark = 0.3 as a function of
the afterpulsing probability pap. For the optimal discrimination of BPSK alphabets with
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Figure 4.20: The (a) error probability perr, (b) optimal displacement and (c) optimal
alphabet for a displacement receiver detecting a BPSK alphabet with n̄ = 2
as a function of the visibility ν. The solid lines show the error probability
when the alphabet is fixed to BPSK and only the displacement amplitude
β is optimized, whereas for the dotted lines both the amplitudes ζi and the
displacement β were optimized. Discrete jumps in the amplitude and the
displacement are due to a change in the decision threshold.
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Figure 4.21: (a) The error probability perr and (b) optimal displacement for an imperfect
displacement receiver with dark count rate ndark = 0.3 detecting a BPSK
alphabet with n̄ = 2 as a function of the afterpulsing probability pap.

dark counts, PNR is needed (cf. fig. 4.19) and afterpulsing further increases the error
probability perr. The deteriorating effect is more pronounced the lower the PNR of the
photon detector is. With growing afterpulsing probability pap the optimal displacement
amplitude β decreases as it becomes favorable to produce less detection events.

4.5 Low Energy Limit

In the regime where the available energy is very limited n̄ � 1, dubbed the photon
starved regime, PIE becomes the favorable figure of merit to quantify communication.
Due to the energy constraint the arising limiting factors are different from outside the
photon starved regime and the channel capacities admit to particular limits, which were
already discussed in section 3.4.3. Most notably, the PIE corresponding to the capacity
C1 with single quadrature detection, eqs. (3.82) and (3.103), approaches its maximal
value of 2 nats for n̄→ 0.
In this section we will discuss the behavior of the previously introduced detection tech-
niques in the photon starved regime and how their maximum PIE compares to the
corresponding capacity. Since it is advantageous to use only a single quadrature to en-
code information in the photon-starved regime as indicated by eqs. (3.103) and (3.104),
we limit the discussion to just this scenario.
In order to analyze the PIE of different receivers we need to choose a particular alpha-
bet. As we encode only in a single quadrature and operate in the limit n̄� 1, a BPSK
alphabet is the natural choice as it provides the optimal state separation of two coherent
states with a given average energy n̄.
According to the Helstrom limit the optimal receiver for a binary coherent alphabet is
the Dolinar receiver. Therefore, the respective PIE can be determined from the mini-
mum error probability in eq. (3.12) and the mutual information of a binary symmetric
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channel in eq. (3.67). Expanding the resulting expression up to the first order in n̄ yields

PIEDol ≈ 2− 8

3
n̄, (4.49)

where the information content is expressed in nats. Since we are only considering a
binary set of pure states, the minimum error measurement given by the Dolinar re-
ceiver also achieves the optimal mutual information for non-collective measurements
[Tomassoni and Paris 2008]. Consequently, the Dolinar receiver is the optimal individ-
ual measurement and defines the maximum PIE of 2 nats attainable without the use
of collective measurements. This agrees with the single-quadrature Shannon limit of
eq. (3.103), however, the first order of the expression for the Dolinar receiver provides a
more favorable scaling with n̄.
Interestingly, the limit of 2 nats is achieved also by various other detectors that are
suboptimal outside the low energy regime. The first of these detectors is the homodyne
detector. Its mutual information for soft decision decoding is given by eq. (4.18). As be-
fore for the Dolinar receiver, the corresponding PIE admits to a power series expansion
in n̄ which up to the first order reads

PIEHom ≈ 2− 4n̄ (4.50)

in nats. Note that this expression is exactly equal to the Shannon-Hartley limit of
eq. (3.103). Since the Shannon-Hartley limit is achieved by a Gaussian distribution of
coherent states, the equality illustrates that the Gaussian distribution is well approxi-
mated by just two such states if very little energy is at hand.
The second receiver in our discussion that reaches the PIE value of 2 nats is the dis-
placement receiver. Its PIE can be calculated based on the general expression for mutual
information in eq. (3.46) together with the probabilities of eq. (4.1). However, to obtain
the optimal mutual information the displacement has to be optimized such that the PIE
for the displacement receiver can be calculated only numerically.
In fig. 4.22 all three PIEs discussed above are shown as a function of the mean photon
number n̄. Both, the homodyne detector and displacement receiver, approach the op-
timal PIE of 2 nats in the limit n̄ → 0. Consequently, both can be seen as an optimal
detection strategy in the photon starved regime for coherent alphabets encoded in a
single-quadrature.
Ultimately, however, PIE of a binary coherent alphabet is not limited to 2 nats. The
Holevo limit, as shown in fig. 3.8 allows for much higher PIEs and the discussed detec-
tion strategy remain suboptimal from the perspective of quantum mechanics. A known
solution that gets us closer to the Holevo limit is given by PPM as is shown in fig. 3.14.
While direct detection is sufficient as a detection method, PPM requires large peak pow-
ers to generate the necessary states (cf. section 3.5.4). Furthermore, it does not operate
with a BPSK alphabet such that the exact nature of its connection to the limit of 2 nats
remains unclear. As we will see in the following both these problems can be addressed
and PPM can be seen as a strategy based on states from a BPSK alphabet and collective
measurements. Note that PPM is not the optimal strategy as it can be regarded as a
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Figure 4.22: PIE of a homodyne, Dolinar and displacement receivers for detecting a
BPSK alphabet. All detection schemes approach 2 nats, the limit for sep-
arable measurements.

protocol based on a restricted subclass of generalized OOK alphabets. The latter can
provide higher PIE and the optimal alphabet can be found [Jarzyna et al. 2015; Chung
et al. 2016; Jarzyna and Banaszek 2017].

4.6 Structured Receiver

First, we address the problem of large peak powers necessary for PPM. The solution
requires only a uniform energy distribution in time at the cost of a more intricate de-
tection setup. Essentially, all time bins of a PPM frame are filled with weak coherent
states from a BPSK alphabet which at the receiving end are gathered into a particular
time bin by a so-called structured receiver [Guha 2011]. The position of a particular
time bin that contains all the energy depends on the phases of the input states such that
effectively, PPM symbols can be translated into the phases of BPSK symbols.
The operational principle of a structured receiver is based on Hadamard matrices Hm,
which are symmetric square matrices containing only entries with values ±1. They are
constructed in such a way that all columns are orthogonal to each other. This property
holds for rows as well [Moon 2005]. This construction implies the relation

HmH
T
m = m1m, (4.51)

which holds for all Hadamard matrices, where 1m denotes the m ×m identity matrix.
Hadamard matrices are known to exist for m = 1, 2 or multiples of 4 and selected other
integers.
A consequence of eq. (4.51) is the following: if a Hadamard matrix acts on a vector given
by any of its columns, the result contains only a single non-zero entry at the position
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corresponding to the column. For instance, consider the Hadamard matrix for m = 4
given by

H4 =


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 . (4.52)

Acting on its first or second column yields

H4


1
1
1
1

 =


4
0
0
0

 , H4


1
1
−1
−1

 =


0
0
4
0

 , (4.53)

whereas acting on the third or fourth column yields

H4


1
1
−1
−1

 =


0
0
4
0

 , H4


1
−1
−1
1

 =


0
0
0
4

 . (4.54)

By constructing a unitary operation from a Hadamard matrix this feature can be utilized
to build a structured receiver.
Consider a series of m coherent states

∣∣∣Ψ~j

〉
= | ±ζ 〉 ⊗ · · · ⊗ |±ζ 〉 where each mode

corresponds to a particular time bin. The phases ±1 are chosen such that the vector
~j = (±1, . . . ,±1)T containing all phases corresponds to a column of the corresponding
Hadamard matrix Hm. A state

∣∣∣Ψ~j

〉
constructed in this way is called a Hadamard

word. Now we define the unitary Ĥm by

Ĥm =
1√
m
Hm. (4.55)

If such operation is applied to a Hadamard word
∣∣∣Ψ~j

〉
, all the energy is collected into a

single time bin due to eq. (4.51). In this fashion, PPM words are obtained by applying
the unitary of eq. (4.55) even though only Hadamard words have been transmitted. As
Hadamard words consist of states drawn from a BPSK alphabet, their energy distribu-
tion in time is entirely flat which eases the requirements for their preparation.
Physically, the necessary unitary Ĥm can be implemented by a series of beamsplitters
with either passive or active control [Guha 2011; Banaszek and Jachura 2017]. In the
simplest scenario with m = 2, the structured receiver consists of a single 50:50 beam-
splitter, where one input mode experiences an additional phase shift of π compared to
the other input mode. The output modes of the beamsplitter are given by

ĉ =
1√
2

(
â+ b̂

)
, (4.56)

d̂ =
1√
2

(
â− b̂

)
(4.57)
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Figure 4.23: Example of a structured receiver for m = 4. The incoming states are in-
terfered in a series of 50:50 beamsplitters defined by eqs. (4.56) and (4.57).
The incoming words are transformed such that only one output port con-
tains all energy.

and the expectation values for the mean photon number in each respective mode are
given by〈

ζ, ζ
∣∣ ĉ†ĉ ∣∣ ζ, ζ 〉 = 2ζ2 ,

〈
ζ, ζ

∣∣∣ d̂†d̂ ∣∣∣ ζ, ζ 〉 = 0, (4.58)〈
ζ,−ζ

∣∣ ĉ†ĉ ∣∣ ζ,−ζ 〉 = 0 ,
〈
ζ,−ζ

∣∣∣ d̂†d̂ ∣∣∣ ζ,−ζ 〉 = 2ζ2. (4.59)

Evidently, each of the output modes contains all energy of a particular Hadamard word.
While for m = 2 a single beamsplitter suffices, for m > 2 a series of beamsplitters is
necessary to achieve the required transformation. In fig. 4.23 a structured receiver for
m = 4 is depicted. In this scenario four beamsplitters of the type defined by eqs. (4.56)
and (4.57) are needed. Again a single output mode contains all the energy for the
respective Hadamard word. Different words are distinguished by measuring which output
mode contains energy which can be done with SPDs. Since we interfere all BPSK states
on a series of beamsplitters, the resulting measurement is an example of a collective
measurement.

4.7 Measurements in the Low Energy Limit

As we have seen in the previous section, a collective measurement on BPSK symbols can
be achieved relatively simply by a series of beamsplitters. Finding collective measure-
ments is of great interest as they can provide a larger amount of mutual information than
measurements based on the detection of individual symbols. They can achieve superad-
ditivity of mutual information as defined in eq. (3.87). The main problem with attain-
ing superadditivity is to find corresponding collective measurements and their physical
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realizations. In the following, we will present a systematic way to analyze mutual infor-
mation for coherent states and measurements including their physical realizations that
achieve superadditivity in the low energy limit. Note that, while the expressions below
are derived with coherent states in mind, the formalism can be applied to any type of
quantum state that can be expanded in a non-negative cost parameter ζ in the limit
ζ → 0. Furthermore all expressions are presented in nats.
Let %̂x (ζ) be a coherent state appearing with a-priori probability px. The cost of a
coherent state is given by the squared absolute value of its complex amplitude |ζ|2. To
retrieve information from the state a POVM {π̂y} is performed, where y denotes the
outcome of the measurement. According to Born’s rule of eq. (2.6) the POVM defines
the conditional probabilities

pζ (y|x) = Tr [π̂y%̂x] . (4.60)

To subsequently analyze mutual information it will be very useful to decompose the full
expression into a sum of contributions from different measurement results y, i.e.

I (X;Y ) =
∑
y

Iy, (4.61)

where the individual contributions are given by

Iy =
∑
x

pxpζ (y|x) ln

[
pζ (y|x)

pζ (y)

]
(4.62)

due to eq. (3.46). To obtain more insight into the low energy regime we will now expand
the state %̂x around ζ = 0 up to the second order such that we arrive at the power series

%̂x ≈ %̂(0) + ζ%̂(1)
x + ζ2%̂(2)

x , (4.63)

where %̂(0) = | 0 〉 〈 0 | denotes the vacuum state and

%̂(1)
x =

∂%̂x
∂ζ

∣∣∣∣
ζ=0

, %̂(2)
x =

1

2

∂2%̂x
∂ζ2

∣∣∣∣
ζ=0

(4.64)

the first and second order contributions respectively. This power series for the state
implies a corresponding expansion for the probabilities. They admit to a power series
given by

pζ (y|x) ≈ p(0) (y) + ζp(1) (y|x) + ζ2p(2) (y|x) , (4.65)

where a particular contribution is defined by p(k) (y|x) = Tr
[
π̂y%̂

(k)
x

]
. Similarly, expand-

ing the marginal probabilities yields

pζ (y) ≈ p(0) (y) + ζp(1) (y) + ζ2p(2) (y) (4.66)
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with p(k) (y) =
∑

x p
(k) (y|x). Note that the marginal probabilities can be defined equiv-

alently by p(k) (y) = Tr
[
π̂y%̂

(k)
ens

]
, where

%̂(k)
ens =

∑
x

px%̂
(k)
x . (4.67)

To further analyze mutual information we will divide the POVM elements π̂y into two
groups depending on whether an outcome y can be generated by the vacuum state. This
distinction ties naturally to different types of measurement devices.
The first group, denoted by M⊥, contains measurements orthogonal to the vacuum
state, i.e. measurements that satisfy Tr

[
π̂y%̂

(0)
]

= 0. The second group, denoted by
M, consists of all remaining measurements which satisfy Tr

[
π̂y%̂

(0)
]
> 0. In the optical

scenario with %̂(0) = | 0 〉 〈 0 |, for instance, a photon counting detector is a realization
of an orthogonal measurement, since its corresponding POVM is given by {|n 〉 〈n |}n
and all elements with k > 0 naturally belong toM⊥. Physical realization of a type-M
measurement are the displacement receiver or homodyne detector. The classification of
a homodyne detector, however, is problematic in a strict sense. Its output quadrature
takes a continuous form and with increasing value of the quadrature the probability
Tr
[
π̂y%̂

(0)
]
becomes arbitrary small.

The overall mutual information can now be written as

I =
∑
y∈M⊥

Iy +
∑
y∈M

Iy (4.68)

and the contribution from each measurement type will be analyzed separately.
First, we will analyze the contribution of type-M measurements. By expanding the
logarithm appearing in eq. (4.62) into a power series, one obtains

Iy ≈
ζ2

2p(0) (y)

∑
x

px
[
p(1) (y|x)− p(1) (y)

]2
, (4.69)

where we can also write

p(1) (y|x)− p(1) (y) = Tr
[
π̂y
(
%̂(1)
x − %̂(1)

ens

)]
. (4.70)

With the help of techniques commonly used in quantum estimation theory [Helstrom
1976; Holevo 1982; Braunstein and Caves 1994], we can transform this expression into a
more useful form. The symmetric logarithmic derivative (SLD) at ζ = 0 of the density
operators of the individual as well as the ensemble states are implicitly defined by the
respective equations

%̂(1)
x =

∂%̂x
∂ζ

∣∣∣∣
ζ=0

=
1

2

(
L̂x%̂

(0) + %̂(0)L̂x

)
, (4.71)

%̂(1)
ens =

∂%̂ens
∂ζ

∣∣∣∣
ζ=0

=
1

2

(
L̂ens%̂

(0) + %̂(0)L̂ens

)
. (4.72)
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We assume that the SLDs are well defined for all considered physical scenarios [Liu et al.
2016; Šafránek 2017; Czajkowski et al. 2017]. Inserting both eqs. (4.71) and (4.72) into
eq. (4.70) yields

p(1) (y|x)− p(1) (y) =
1

2
Tr
[
π̂y

(
D̂x%̂

(0) − %̂(0)D̂x

)]
, (4.73)

where

D̂x = L̂x − L̂ens. (4.74)

Applying the Schwartz inequality∣∣∣Tr
[
ÂB̂
]∣∣∣2 ≤ Tr

[
Â†Â

]
Tr
[
B̂†B̂

]
(4.75)

to the operators

Â =
1√

p(0) (y)

√
%̂(0)
√
π̂y , B̂ =

√
π̂yD̂x

√
%̂(0) (4.76)

and their Hermitian conjugates Â† and B̂† and inserting the result into eq. (4.69) yields
the upper bound

Iy ≤
ζ2

2
Tr

[
π̂y

(∑
x

pxD̂x%̂
(0)D̂x

)]
(4.77)

for type-M measurements.
Next, we turn to the contribution of type-M⊥ measurements. This time, however,
another approach is needed. This is because for the vacuum contributions π̂y%̂(0) =
%̂(0)π̂y = 0 holds due to Tr

[
π̂y%̂

(0)
]

= 0 and the semidefiniteness of both operators.
Consequently, Tr

[
π̂y%̂

(1)
]

= 0 and the first order in the expansion of p(1) (y|x) vanishes.
Therefore, we need to consider the second order

p(2) (y|x) ≈ ζ2 Tr
[
π̂y ˜̂%(2)

x

]
. (4.78)

The operator ˜̂%
(2)
x denotes the state after projecting onto the kernel of %̂(0), i.e.

˜̂%(2)
x = K̂%̂(2)

x K̂, (4.79)

where K̂ denotes the projection onto said kernel. The projection is useful, since for
type-M⊥ measurements K̂π̂yK̂ = π̂y holds. Therefore, mutual information generated
by an outcome y ∈M⊥ is approximately given by

Iy ≈ ζ2
∑
x

px Tr
[
π̂y ˜̂%(2)

x

]
ln

 Tr
[
π̂y ˜̂%

(2)
x

]
∑

l pl Tr
[
π̂y ˜̂%

(2)
l

]
 . (4.80)
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based on eq. (4.78) and eq. (4.62).
In total, combining the contributions of both types of measurements given by eqs. (4.77)
and (4.80) in eq. (4.68) yields the upper bound

I ≤ ζ2
∑
y∈M⊥

∑
x

px Tr
[
π̂y ˜̂%(2)

x

]
ln

 Tr
[
π̂y ˜̂%

(2)
x

]
∑

l pl Tr
[
π̂y ˜̂%

(2)
l

]


+
ζ2

2
Tr

[(
1̂−

∑
y∈M⊥

π̂y

)(∑
x

pxD̂x%̂
(0)D̂x

)]
(4.81)

on mutual information in the leading order, where for the second term the identity∑
y∈M π̂y = 1̂ −∑y∈M⊥ π̂y was used. Although eq. (4.81) certainly seems overly com-

plicated, it will prove very useful for analyzing mutual information in the low energy
regime. In the following, we will first consider mutual information of individual mea-
surements for several types of coherent states and afterwards we will turn to collective
measurements.

4.7.1 Individual Measurements

First, let us analyze mutual information for the scenario where only individual mea-
surements are allowed. While we can not expect to find any superadditive effects, it
will nevertheless illustrate the usefulness of the approach and offer some insights. For
this purpose we will consider different types of coherent input states and discuss the
contribution of both types of measurements, namelyM andM⊥, separately.

Coherent states

Let us denote the complex amplitude of a coherent state as ζγx where γx is a complex
coefficient denoting the phase of the state and ζ the cost. Furthermore, the a-priori
probability to send state %̂x is denoted by px. The power series of eq. (4.63) for a
coherent state is given by

%̂(0) = | 0 〉 〈 0 | , (4.82)

%̂(1)
x = [γx | 1 〉 〈 0 |+ γ∗x | 0 〉 〈 1 |] , (4.83)

˜̂%(2)
x = |γx|2 | 1 〉 〈 1 | . (4.84)

Then, the SLD defined in eq. (4.74) can be determined and reads

D̂x = 2 [(γx − γens) | 0 〉 〈 1 |+ (γx − γens)∗ | 1 〉 〈 0 |] , (4.85)

where γens =
∑

x pxγx. Since both, the SLD and the density matrix, depend only on the
0th and 1st photon number state, the analysis of mutual information can be carried out in
the zero- and one-photon subspace only, which greatly simplifies subsequent expressions.
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First, consider only type-M measurements. Inserting the SLD of eq. (4.85) into the
appropriate bound in eq. (4.77) yields

Iy ≤ 2ζ2 〈 1 | π̂y | 1 〉
∑
x

px |γx − γens|2 ≤ 2ζ2 〈 1 | π̂y | 1 〉
∑
x

px |γx|2 . (4.86)

Since all involved POVM elements π̂y are of type-M due to our assumption, the identity∑
y 〈 1 | π̂y | 1 〉 = 1 holds. This fact together with the definition of the mean photon

number
∑

x pxζ
2 |γx|2 = n̄ enables us to further simplify the upper bound on mutual

information of eq. (4.86) such that after summation over all outcomes y it reads

I ≤ 2n̄ (4.87)

in nats. This result agrees with the single-quadrature Shannon limit derived in eq. (3.103)
and exemplifies the connection between type-Mmeasurements and homodyne detection.
Next, let us consider only type-M⊥ measurements. By inserting the second order con-
tribution of eq. (4.84) into the bound on mutual information in eq. (4.80) we arrive
at

Iy ≈ ζ2 〈 1 | π̂y | 1 〉
∑
x

px |γx|2 ln

[
|γx|2∑
l pl |γl|

2

]
. (4.88)

The fraction |γx|2∑
l pl|γl|

2 appearing in the logarithm corresponds to the peak-to-average
power ratio. Assuming that the ratio is limited to a maximum value of

P =
maxx |γx|2∑

l pl |γl|
2 , (4.89)

the upper bound on mutual information for type-M⊥ measurements after summation
over all outcomes y reads

I ≤ ζ2
∑
x

px |γx|2 ln [P ] = n̄ ln [P ] . (4.90)

The right-hand side implies that mutual information is upper bounded by the peak-to-
average power ratio, if only photon counting detectors are used. It is straightforward to
verify that the upper bound is achieved by a PPM encoding of order M = P which is
consistent in the first order with the PIE derived in eq. (3.136). We see again that high
peak powers are crucial for efficient communication via PPM.

Thermalized coherent states

Apart from pure coherent states also other types of states can be analyzed with the
formalism presented above. Next we will turn our attention to individual measurements
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on thermalized coherent states (cf. section 2.8). To this end, the density matrix of
eq. (2.91) needs to be expanded into a power series from which one obtains

%̂(0) =
1

1 + nb

∑
n

(
nb

1 + nb

)n
|n 〉 〈n | , (4.91)

%̂(1)
x =

1

(1 + nb)
2

∑
n

(
nb

1 + nb

)n√
n+ 1 [γx |n+ 1 〉 〈n |+ γ∗x |n 〉 〈n+ 1 |] (4.92)

up to the first order in ζ. It is important to note that for thermalized coherent states,
the zeroth order state is given by a thermal state rather than the vacuum state. This
has rather drastic implications for the remaining analysis. Since a thermal state has a
non-zero support over the whole Hilbert space, type-M⊥ do not exist in a strict sense.
Consequently, we can restrict our analysis to measurements of type-M only.
Next, we need to determine the SLD of a thermalized coherent state. It is given by

D̂x =
2

2− nb
∑
n

√
n+ 1 [(γx − γens) |n+ 1 〉 〈n |+ (γx − γens)∗ |n 〉 〈n+ 1 |] .

(4.93)

An upper bound on mutual information is obtained by inserting the above SLD into
eq. (4.77). Since all measurements are of type-M, the identity

∑
y π̂y = 1̂ can be used

and the upper bound reads

I =
∑
y

Iy ≤
2

(1 + nb)
2 (1 + 2nb)

∑
n

(
nb

1 + nb

)n
(n+ 1)

∑
x

ζ2px |γx|2 . (4.94)

With the help of
∑

x ζ
2px |γx|2 = n̄ and

∑
n

(
nb

1+nb

)n
(n+ 1) = (1 + nb)

2 this expression
can be simplified further to

I ≤ 2n̄

1 + 2nb
(4.95)

in nats. A thermal background fundamentally limits the amount of information that
can be transmitted via coherent states. Note that the above bound is consistent with
the single-quadrature Shannon limit derived in eq. (3.106).

Phase diffused coherent states

For phase diffused coherent states, as defined in eq. (2.80), the expansion of the density
matrix is given by

%̂(0) = | 0 〉 〈 0 | , (4.96)

%̂(1)
x = e−

σ2

2 [γx | 1 〉 〈 0 |+ γ∗x | 0 〉 〈 1 |] , (4.97)
˜̂%(2)
x = |γx|2 | 1 〉 〈 1 | (4.98)
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and the corresponding SLD is given by

D̂x = 2e−
σ2

2 [(γx − γens) | 0 〉 〈 1 |+ (γx − γens)∗ | 1 〉 〈 0 |] . (4.99)

Analogously to coherent states, the contribution Iy to mutual information is obtained
by inserting the SLD into eq. (4.77). By assuming that all measurement are type-M an
upper bound on mutual information can be obtained which reads

I ≤ 2n̄e−σ
2

(4.100)

in nats. Therefore, phase diffusion causes an exponential decline of mutual information.
The bound can be attained with phase sensitive measurements such as homodyne de-
tection.
Contrary, phase insensitive measurements described by type-M⊥ measurements, such as
photon counting, are not affected at all. Their contribution is defined through eq. (4.80)
and is only affected by the second order term written in eq. (4.98). Since this term is
independent of the phase noise strength σ and unchanged compared to pure coherent
states in eq. (4.84), the upper bound on mutual information for type-M⊥ is directly
given by eq. (4.90).

4.7.2 Collective Measurements

Now let us analyze collective measurements, where we will restrict ourselves to consider
only coherent states. Let us assume a sequence of M coherent states each drawn from a
BPSK alphabet. A particular coherent state is called a symbol and a complete sequence
of M symbols is called a word and denoted as

|Ψx 〉 = | (−1)x1 ζ 〉 | (−1)x2 ζ 〉 . . . | (−1)xM ζ 〉 , (4.101)

where the bit-string x = x1x2 . . . xM is used to uniquely identify a particular word some-
what similar to the notation used in section 4.6. Note that the factors (−1)xi take the
role of the phase factors previously denoted as γx.
Based on the upper bound on mutual information in eq. (4.81) we want to find a prob-
ability distribution px and a measurement scheme that exceeds the mutual information
compared to individual measurements. In order to make a fair comparison we will con-
sider mutual information per symbol in the end, i.e. the fraction I/M .
For the following discussion it will be convenient to introduce a notation for normalized
one-photon superposition states as

| 1x 〉 =
1√
M

[(−1)x1 | 1 〉 | 0 〉 . . . | 0 〉+ (−1)x2 | 0 〉 | 1 〉 . . . | 0 〉

+ · · ·+ (−1)xM | 0 〉 | 0 〉 . . . | 1 〉] . (4.102)

The M -mode vacuum state will be denoted accordingly as |v 〉 = | 0 〉 | 0 〉 . . . | 0 〉. We
will often abbreviate the notation of several modes such that all modes are contained in
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a single ket, i.e. | 0 〉 | 0 〉 . . . | 0 〉 = | 00 . . . 0 〉.
The M -mode input state %̂x = |Ψx 〉 〈Ψx | gives rise to the corresponding SLD

D̂x = 2
√
M [| 1x 〉 〈v |+ |v 〉 〈 1x |] (4.103)

and the second-order term

˜̂%(2)
x = M | 1x 〉 〈 1x | . (4.104)

The state corresponding to the string x and its bitwise negation ¬x differ only by
a global minus sign which is irrelevant within our analysis as can be easily seen in
eq. (4.81). Therefore, we will choose either of them as a representative and index them
with the help of the equivalence class [x] such that after inserting eqs. (4.103) and (4.104)
into eq. (4.81) a two-fold reduction of the sum is achieved. The resulting upper bound
reads

I ≤ 2Mζ2 +Mζ2
∑
y∈M⊥

∑
[x]

p[x]

〈
1[x]

∣∣ π̂y ∣∣ 1[x]

〉(
ln

[ 〈
1[x]

∣∣ π̂y ∣∣ 1[x]

〉∑
[l] p[l]

〈
1[l]

∣∣ π̂y ∣∣ 1[l]

〉]− 2

)
(4.105)

with the overall probability p[x] = px + p¬x. The above expression can be transformed
to

I ≤2Mζ2 +Mζ2
∑
y∈M⊥

∑
[x]

h
(
p[x]

) 〈
1[x]

∣∣ π̂y ∣∣ 1[x]

〉
+Mζ2

∑
y∈M⊥

∑
[x]

p[x]

〈
1[x]

∣∣ π̂y ∣∣ 1[x]

〉
ln

[
p[x]

〈
1[x]

∣∣ π̂y ∣∣ 1[x]

〉∑
[l] p[l]

〈
1[l]

∣∣ π̂y ∣∣ 1[l]

〉] , (4.106)

where

h (u) = −u ln [u]− 2u. (4.107)

The last term of eq. (4.106) is non-positive as the argument of the logarithm does never
exceed one. By neglecting it one arrives at a weaker upper bound which reads

I ≤2Mζ2 +Mζ2
∑
y∈M⊥

∑
[x]

h
(
p[x]

) 〈
1[x]

∣∣ π̂y ∣∣ 1[x]

〉
(4.108)

in nats. This upper bound will play a central role in the further analysis and therefore
the function h (u) is a crucial object. Its graph is shown in fig. 4.24. It is a concave
function for 0 ≤ u ≤ 1 and has a maximum at u∗ = e−3 with h (u∗) = u∗. For u > e−2

the function becomes negative. In the following, we will use eq. (4.108) to analyze the
cases of 2- and 3-symbol words.
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Figure 4.24: Function h (u) = −u ln [u] − 2u of eq. (4.107). The maximum value is
obtained at u∗ = e−3 with h (u∗) = u∗ and for u > e−2 the function becomes
negative.

2-symbol words

For M = 2 two equivalence classes of words exist which are given by

|+ 〉 = | 100 〉 = − | 111 〉 =
1√
2

[| 10 〉+ | 01 〉] , (4.109)

| − 〉 = | 101 〉 = − | 110 〉 =
1√
2

[| 10 〉 − | 01 〉] , (4.110)

where + = [00] = [11] and − = [01] = [10] are used to denote the equivalence classes
with their respective probabilities p+ = p00 + p11 and p− = p01 + p10. Inserting these
expressions into eq. (4.108) yields the simplified form

I ≤ 2n̄ [2 + h (p+) p (M⊥|+) + h (p−) p (M⊥|−)] (4.111)

for the upper bound, where

p (M⊥|+) =
∑
y∈M⊥

〈+ | π̂y |+ 〉 , (4.112)

p (M⊥|−) =
∑
y∈M⊥

〈− | π̂y | − 〉 (4.113)

are the probabilities of obtaining any outcome y ∈ M⊥ given either state |+ 〉 or | − 〉
respectively. In order to find the optimal probability distribution and measurement,
the expression in eq. (4.111) needs to be maximized. Due to the previously discussed
properties of h (u) and the constraints

0 ≤ p (M⊥|±) ≤ 1, (4.114)
p+ + p− = 1 (4.115)
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Figure 4.25: The communication scheme achieving superadditivity for 2-symbol words.
They are interfered at a single 50:50 beamsplitter. The first output mode
is measured by a homodyne detector whereas the second output mode is
detected with a photon counter. Optionally, a displacement operation can
be used before the photon counter to increase mutual information.

on the involved probabilities the maximum is achieved by choosing

p− = u∗, (4.116)
p (M⊥|−) = 1, (4.117)
p (M⊥|+) = 0. (4.118)

Note that swapping the labels + and − gives rise to an equivalent solution.
Finally, the upper bound on mutual information for M = 2 is given by

I

2
≤ 2n̄

[
1 +

h (u∗)

2

]
= 2n̄

[
1 +

1

2e3

]
(4.119)

in nats. Since the maximum amount of mutual information for individual measurements
is given by 2n̄ in eq. (4.87), this results represents an absolute increase of 0.5e−3 nats or
about 2.49% advantage relative to individual measurements.
However, one might rightfully ask whether this upper bound on mutual information is
tight in the given case. Luckily, the obtained values also maximize the full expression of
eq. (4.106) as the last term vanishes.
Now that we found the optimum, the next step is to translate it into an optical measure-
ment scheme. The condition p (M⊥|−) = 1 implies that both states |Ψ01 〉 and |Ψ10 〉
should be detected by a type-M⊥ measurement which is given by a photon counting
detector. Since p− = u∗ specifies only the total probability of both states, it is sufficient
to choose either of them. For concreteness we will choose only |Ψ01 〉. The other class
of states, represented by |+ 〉, has to be measured purely with type-M measurements
due to the condition p (M⊥|+) = 0. Such a measurement is given by the Dolinar or
homodyne detector and in the following, we will consider the homodyne detector for our
scheme. According to the Shannon Hartley limit, both states |Ψ00 〉 and |Ψ11 〉 need
to be sent with equal probabilities p00 = p11 in order to maximize the contribution of
type-M measurements, which is satisfied by a BPSK alphabet in the photon starved
regime.
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Figure 4.26: (a) PIE obtained by the scheme shown in fig. 4.25 with either a homodyne
or displacement receiver as type-M measurement compared to the optimal
individual measurement. The displacement receiver is limited to a PNR of
1. If an optional displacement before the photon counters for the type-M⊥
measurement is used, the PIE is increased which is depicted by dashed lines.
(b) The corresponding optimal probability u for sending the state |Ψ01 〉.

The desired collective measurement can be achieved by interfering both input states at
a 50:50 beamsplitter of the type defined in eqs. (4.56) and (4.57) resulting in the overall
transformation

|Ψ01 〉 = | 0 〉
∣∣∣√2ζ

〉
, (4.120)

|Ψ00 〉 =
∣∣∣√2ζ

〉
| 0 〉 , (4.121)

|Ψ11 〉 =
∣∣∣−√2ζ

〉
| 0 〉 , (4.122)

where the kets of the right-hand side refer to the two output modes of the beamsplitter.
In fig. 4.25 the overall measurement scheme is depicted schematically. The homodyne
detection is not the only possible choice for the type-M measurement, since Dolinar
or displacement receivers become optimal with vanishing energy as well (cf. fig. 4.22).
Note that by swapping the homodyne detector with a Dolinar receiver the measurement
scheme suggested by Guha [2011] is obtained.
The final task is to determine the optimal a-priori probabilities p00, p11 and p01 for a finite
n̄ as the value p− = u∗ is only optimal asymptotically in the limit n̄ → 0. To this end
the actual expression for mutual information defined in eq. (3.46) has to be optimized,
which was done with the parametrization p01 = u and p00 = p11 = 1−u

2
. In fig. 4.26

the resulting mutual information is shown alongside the optimal probability u. In the
limit n̄ → 0 the PIE approaches the derived maximum of 2.049 and superadditivity of
mutual information is achieved for n̄ < 0.0117. If instead of the homodyne receiver a
displacement receiver is used, the same maximum value is achieved. However, for finite
values of n̄ the displacement receiver obtains slightly lower mutual information.
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A shortcoming of the formalism presented here is that it only applies to measurement
operators π̂ that are independent of the energy n̄. If the measurement is allowed to
depend on n̄, indeed higher mutual information can be attained. Physically, this can be
achieved by replacing the photon counting detectors with displacement receivers where
the displacement β has to be optimized depending on n̄. In fig. 4.26 mutual information
for a measurements depending on n̄ is shown as well. It retrieves a slightly larger
PIE approaching a maximum of 2.0564 for n̄ → 0 corresponding to an improvement
of 2.82% compared to individual measurements. This effect is reminiscent of a similar
improvement appearing in the context of collective measurement of pairs of qubits [Buck
et al. 2000].

3-symbol words

For M = 3 there exist four equivalence classes of words given by

|++ 〉 = | 1000 〉 = − | 1111 〉 =
1√
3

[| 100 〉+ | 010 〉+ | 001 〉] , (4.123)

|+−〉 = | 1001 〉 = − | 1110 〉 =
1√
3

[| 100 〉+ | 010 〉 − | 001 〉] , (4.124)

| −+ 〉 = | 1010 〉 = − | 1101 〉 =
1√
3

[| 100 〉 − | 010 〉+ | 001 〉] , (4.125)

| −− 〉 = | 1011 〉 = − | 1100 〉 =
1√
3

[| 100 〉 − | 010 〉 − | 001 〉] . (4.126)

Unlike for 2-symbol words, the above states are mutually non-orthogonal rendering the
use of eq. (4.108) problematic, since the probabilities p

(
M⊥|1[x]

)
=
〈

1[x]

∣∣ π̂y ∣∣ 1[x]

〉
are

not independent. Therefore, we are forced to base our further analysis on eq. (4.105).
In order to find the optimum values for the input probabilities p[x] a numerical search
restricted to rank-1 type-M⊥ POVM elements was performed. The obtained results
suggest that an optimum with a high-degree of symmetry exists. Up to a permutation
of modes said optimum is characterized by

p++ = 1− 2ν , p+− = p−+ = ν , p−− = 0 (4.127)

and the two type-M⊥ projections π̂y = |πy 〉 〈πy | with y = 1, 2. The projection states
written in the basis | 100 〉,| 010 〉,| 001 〉 are given by

|π1 〉 =


1√
3

1
2

(
1− 1√

3

)
−1

2

(
1 + 1√

3

)
 , |π2 〉 =


1√
3

−1
2

(
1 + 1√

3

)
1
2

(
1− 1√

3

)
 (4.128)

and both are orthogonal to |++ 〉. The POVM has an interesting geometrical interpre-
tation which is illustrated in fig. 4.27. The first element is the projection onto |++ 〉
which defines a plane perpendicular to it. The remaining two elements are projections
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Figure 4.27: Optimal measurement for distinguishing the one-photon-states
|++ 〉 , |+−〉 and | −+ 〉 corresponding to |Ψ000 〉 , |Ψ001 〉 and |Ψ010 〉.
The optimal POVM consists of three projections. The first is given by a
projection onto |++ 〉 whereas the remaining two elements are given by the
minimum error measurement between the projections of |+−〉 and | −+ 〉
onto the plane perpendicular to |++ 〉. The optimal measurement vectors
are |π1 〉 and | π2 〉, indicated by orange color. The figure was previously
used in [Kunz et al. 2020].
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Figure 4.28: Communication scheme achieving superadditivity for 3-symbol words. The
incoming states are interfered at a series of beamsplitters with varying trans-
mittance denoted above the respective beamsplitter. The first output mode
is measured by a homodyne detector whereas the other two output modes
are detected by photon counting detectors.

onto the states | π1,2 〉 which are equivalent to a minimum error measurement between
the states |+−〉 and | −+ 〉 restricted to the perpendicular plane. The bound is obtained
by inserting eqs. (4.127) and (4.128) into eq. (4.105) which yields

I

3
≤ 2n̄+

2n̄

9

{
4ν
[√

3 ln
[
2 +
√

3
]
− 4 ln [2]− ν

]
+ 8h (ν)

}
. (4.129)

The maximum of the right-hand side is reached for ν∗ ≈ 0.0375 which equals an im-
provement of 3.40% relative to individual measurements.
The solution presented above suggests a physical implementation similar to the 2-symbol
scenario. The input states are routed through a three-port linear optical circuit con-
sisting of three beamsplitters with varying transmissivity. All three different classes of
states |++ 〉 , |+−〉 , | −+ 〉 are directed to a different output port. The port correspond-
ing to |++ 〉 is measured by a homodyne detector and the other two ports are measured
by photon counting detectors. The protocol is schematically depicted in fig. 4.28. A
notable difference from the 2-symbol scenario is caused by the non-orthogonality of
words. The energy cannot be collected entirely into a single mode for all words such
that the obtained outcomes are not unambiguous. Nevertheless, the strategy is superior
to individual or 2-symbol measurements. Maximizing mutual information obtained by
the aforementioned setup over ν for finite n̄ achieves the PIE shown in fig. 4.29. The
3-symbol scheme provides larger PIE than the 2-symbol scheme for n̄ < 0.0059 and is
superior than individual measurements for n̄ < 0.0093 with an advantage of up to 3.40%.

Orthogonal words

For words consisting of more than 3-symbols numerical means are necessary to obtain
the optimal solution. However, in cases where we know that different input words are
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Figure 4.29: (a) The PIE of the 3-symbol scenario with a homodyne detector as type-M
measurement compared to the 2-symbol scenario and the optimal individual
measurement, the Dolinar receiver. For the type-M⊥ measurements no
displacement was used. (b) The optimal probability ν corresponding to
attained PIE.

orthogonal to each other further observation can be made based on eq. (4.108). The
words are known to be orthogonal if Hadamard words can be constructed as discussed
in section 4.6.
In order to maximize the right-hand side of eq. (4.108), we need to properly choose the
a-priori probabilities p[x] of the words and the POVM elements, i.e. the probabilities
defined by

〈
1[x]

∣∣ π̂y ∣∣ 1[x]

〉
. Since the function h (u) is only positive for 0 < u < e−2, we

choose
〈

1[x]

∣∣ π̂y ∣∣ 1[x]

〉
= 1 if 0 < p[x] < e−2 and zero otherwise. Then, the upper bound

on PIE in nats reads

PIE =
I

Mn̄
≤ 2 +

∑
y∈M⊥

∑
0<p[x]<e

−2

h
(
p[x]

)
. (4.130)

One simple strategy is to use all input words with equal probability, i.e. p[x] = 1
M
, and

the PIE reduces to

PIE ≤ ln [M ] . (4.131)

This strategy is entirely equivalent to PPM (cf. eq. (3.136) and section 4.6) as the input
Hadamard words are converted to PPM symbols.
The second strategy is to choose the probabilities for all words but one to be at the
maximum of h (u), i.e. p[x] = u∗. The remaining word is then measured by a type-M
measurement in accordance with setups presented above. We know that choosing the
same probability for as many words as possible is optimal, since the function h (u) is
concave in the interval 0 < u < e−2. In said choice the bound further reduces to the
expression

PIE ≤ 2 +
M − 1

e3
(4.132)
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in nats. This strategy, however, is only possible for M ≤ 20 as the probabilities have to
obey

∑
[x] p[x] = 1.

ForM ≥ 16 the first strategy corresponding to PPM is superior, whereas for lower order
words the second strategy obtains higher mutual information. These observations are
consistent with [Klimek et al. 2016].
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5 Noise Models in Optical Channels

During communication noise acting on the signal state is inevitable. Noise is introduced
by the detector or during the propagation of a quantum system from the environment
it travels through. This type of noise is commonly referred to as excess noise. In or-
der to asses the optimal strategy and the possible information transfer of a particular
communication link the type of excess noise must be known and an appropriate model
developed.
In the following chapter several types of noise are considered and the corresponding
models are reviewed. In chapter 6 the possible information transfer of several scenarios
will be discussed based on the models developed below. All noise effects described in
this chapter are aimed to represent a very simple quantum model of a glass fibre or an
optical free space link. They are based on an open quantum system approach, where the
propagating state interacts with an environmental system. Instead of evolution in time,
the focus lies on the propagation of a single-mode quantum state in a spatial direction
denoted by the variable z. In section 5.1 distributed losses and thermal background
noise are discussed. In the following sections, the two types of phase noise are consid-
ered. First, in section 5.2 linear phase noise, which is independent of the signal states
energy, is reviewed briefly and then, in section 5.3, nonlinear phase noise arising from
the interaction of distributed losses and a Kerr nonlinearity.

5.1 Thermal Noise and Losses

The first type of noise we will consider is thermal noise which can be considered as
the quantum counterpart of classical additive white Gaussian noise. It emerges, for
instance, from thermal instabilities of the optical fibre, due to black body radiation in
free space communication links or thermal effects in the photon detector itself [Vilnrotter
and Rodemich 1984; Yuan et al. 2020]. While in atmospheric or fibre channels other
noise sources, such as turbulences or Kerr nonlinearity, are overwhelming, it is a typical
type of noise present in deep space communication [Haykin 2001; Essiambre et al. 2010].
Note that thermal noise usually does not come in the form of true thermal radiation
as this takes place in many modes, but rather the aforementioned interactions cause
a background noise with thermal statistics. Nevertheless, the below presented thermal
noise model appropriately describes this type of noise as well.
While an effective description of thermal noise was already given in eq. (2.93), in terms
of open quantum systems it is best described by an optical quantum state interacting
with an environment at a non-zero temperature. During propagation photons in the
signal state can be absorbed or created by the thermal environment such that thermal
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photons are incoherently added. Formally, this interaction is described by a master
equation in the Kossakowski-Lindblad form where a harmonic oscillator interacts with
a heated environment. It is given by [Gardiner and Zoller 2004]

d%̂

dz
=
α

2
(nb + 1)

(
2â%̂â† − â†â%̂− %̂â†â

)
+
α

2
nb
(
2â†%̂â− ââ†%̂− %̂ââ†

)
, (5.1)

where nb is the average number of photons contained in the environment and α denotes
the interaction strength. Note that here we switched from considering the evolution in
time to the propagation in z-direction following the approach of [Raymer and Mostowski
1981; Wasilewski et al. 2006]. Also, we consider the interaction picture. The stationary
solution to eq. (5.1) is given by a thermal state %̂th as described in eq. (2.91).
For a coherent state %̂ = | ζ 〉 〈 ζ | as input state, the solution is given by a displaced
thermal state that according to eq. (2.94) reads

%̂ (z) = D̂
(√

τζ
)
%̂thD̂

† (√τζ) (5.2)

with the power transmission of the channel defined as τ = e−αz. The matrix elements
of %̂ (z) are given by eq. (2.97) with ζ → √τζ.
A pure loss channel can be easily retrieved from above solution by setting nb = 0. In
this scenario the ground state is given by the vacuum state | 0 〉 and the solution for
coherent states reduces to a coherent state with reduced amplitude

√
τζ.

A simpler model of a lossy thermal channel is given by a beamsplitter with transmission√
τ . The incoming signal state is mixed with a thermal state or the vacuum state for a

pure loss channel [Cerf et al. 2007]. However, if other channel effects that do not com-
mute with losses or thermalization are present, this model may prove to be too simplistic
as it neglects further arising interactions.
Overall the interaction of coherent state with a thermal environment is entirely of Gaus-
sian nature. The capacity is therefore given by a AWGN channel as defined in eq. (3.95).

5.2 Linear Phase Noise

If the signal state interacts with the environment, two basic interactions of the signal
and environment systems photons can appear. First, a system photon can be destroyed
while an environmental photon is created and vice versa. Secondly, the signal photon
can be scattered when emitting or absorbing an environmental photon. As we will see
the latter scattering effect gives rise to phase noise.
The master equation in the Kossakowski-Lindblad form describing linear phase noise
due to scattering is given by [Gardiner and Zoller 2004]

d%̂

dz
=

Γ

2

(
2n̂%̂n̂− n̂2%̂− %̂n̂2

)
, (5.3)

in the interaction picture, where Γ describes the interaction strength and n̂ = â†â is the
photon number operator. Note that eq. (5.3) does not incorporate losses. In terms of
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the matrix elements %m,n = 〈m | %̂ |n 〉 the master equation reads

d%m,n
dz

=
Γ

2

[
2mn%m,n −m2%m,n − n2%m,n

]
(5.4)

= −Γ

2
(m− n)2 %m,n, (5.5)

such that the solution is given by

%m,n (t) = e−
Γ(m−n)2z

2 %m,n (0) . (5.6)

The diagonal elements, and therefore the energy of the state, remain entirely unaffected
by the scattering. In contrast, off-diagonal elements decay exponentially due to the
exponential factor and the decay gets stronger with rising distance to the diagonal. In
short, the effect on the state %̂ is decoherence.
For a coherent state %̂ = | ζ 〉 〈 ζ | the output state of the evolution described by eq. (5.3)
can be obtained via the transformation [Genoni et al. 2011; Olivares et al. 2013]

| ζ 〉 〈 ζ | →
∫

dΦ
1√

2πσ2
e−

Φ2

2σ2
∣∣ ζe−iΦ 〉 〈 ζe−iΦ ∣∣ , (5.7)

which describes Gaussian phase diffusion. In the Fock basis the coherent state after
phase noise is given by∫

dΦ
1√

2πσ2
e−

Φ2

2σ2
∣∣ ζe−iΦ 〉 〈 ζe−iΦ ∣∣ (5.8)

=
∞∑

m,n=0

〈
m
∣∣ ζe−iΦ 〉 〈 ζe−iΦ ∣∣n 〉 e− (m−n)2σ2

2 |m 〉 〈n | . (5.9)

By comparing eq. (5.9) and eq. (5.6) it is clearly seen that the solution to the master
equation in eq. (5.3) is well described by Gaussian phase noise with a standard deviation
given by σ =

√
Γz. Since the noise does not depend on the energy n̄ = |ζ|2 of the state,

it is said to be linear phase noise.

5.3 Nonlinear Phase Noise

In an optical medium with third-order nonlinearity the refractive index depends on the
intensity of light. Most prominently it causes self-phase modulation, the so-called Kerr
effect, which inflicts an intensity dependent phase shift and rotational shearing of the
state [Milburn 1986; Milburn and Holmes 1986; Daniel and Milburn 1989; D. F. Walls
2008]. This nonlinear effect can be used for the generation of squeezed states [Rosenbluh
and Shelby 1991; Schmitt et al. 1998; Werner 1998; Fiorentino et al. 2002] or Schrödinger
cat states [Yurke and Stoler 1986; Paris 1999; Bužek and Knight 1995]. In optical com-
munication, however, it is known for limiting the information transfer [Mitra and Stark
2001; Wegener et al. 2004; Temprana et al. 2015; Sorokina and Turitsyn 2014; Turitsyn
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and Turitsyn 2012]. While the Kerr effect can be described by a semi-classical descrip-
tion, a quantum model shows additional decoherence [Milburn 1986]. The goal of the
following section is to analyze the quantum model with particular focus on the addi-
tional quantum effects and their impact on optical communication and the generation
of squeezed states. The developed model aims to be a very simple quantum description
of a glass fibre which only considers self-phase modulation paired with linear losses dis-
tributed over the whole channel.
Self-phase modulation is described by the Hamiltonian HK = µn̂2 with the photon num-
ber operator n̂ = â†â and a parameter µ describing the strength of the Kerr nonlinearity
itself. The parameter µ is directly proportional to the third-order nonlinearity of the
Kerr medium χ(3) and can be linked to the parameters of an actual glass fibre link via
µ = γNL~ω0/T , with the fibre third-order nonlinearity γNL, the energy ~ω0 of a photon
at frequency ω0 and the pulse duration T . Distributed losses are described by a param-
eter α and modeled by placing the optical medium in a cold reservoir. The propagation
in z-direction of a single-mode through an optical Kerr medium with linear losses is
therefore given by a Master equation in the Kossakowski-Lindblad form

dρ̂

dz
= iµ

[
n̂2, ρ̂ (z)

]
+
α

2

(
2âρ̂ (z) â† − n̂ρ̂ (z)− ρ̂ (z) n̂

)
. (5.10)

Note that here we use the symbol ρ̂ and reserve the symbol %̂ for density operators in the
interaction picture. Since we only want to capture the additional non-unitary quantum
effects arising in a quantum model, it is convenient to switch to the interaction picture,
i.e. transform the density operator according to

ρ̂ (z) = exp
(
iµzn̂2

)
%̂ (z) exp

(
−iµzn̂2

)
. (5.11)

The master equation of eq. (5.10) now reads

d%̂

dz
=
α

2

(
2â′ (z) %̂ (z) [â′ (z)]

† − n̂%̂ (z)− %̂ (z) n̂
)

(5.12)

with modified creation and annihilation operators given by

â′ (z) = exp
(
−iµzn̂2

)
â exp

(
iµzn̂2

)
, (5.13)

which are now explicitly dependent on the position z. The photon number operator n̂ is
invariant with respect to this transformation. In order to solve eq. (5.12) we assume a
coherent state | ζ0 〉 as initial state. Later on, we will generalize the solution for coherent
states to arbitrary input states.

5.3.1 Solving the Master Equation for Coherent States

An appropriate ansatz for the matrix elements %m,n = 〈m | %̂ |n 〉 appearing in eq. (5.12)
is

%m,n (z) =
ζm0 (ζ∗0 )n√
m!n!

e−(m+n)αz/2cm−n (z) , (5.14)
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following the approach of [Paris 1999]. It consists of the solution for the lossy trans-
mission of a coherent state and an additional coefficient cm−n (z) that captures the
propagation due to the residue interaction between losses and the nonlinearity. Note
that the coefficient cm−n (z) only depends on the difference m− n of the density matrix
element indices in the Fock basis. Rewriting eq. (5.12) into a differential equation for
the matrix elements results in

d%m,n
dz

=
α

2

[
2%m+1,n+1 (z)

√
(m+ 1) (n+ 1)e2iµz(m−n) − (m+ n) %m,n (z)

]
. (5.15)

Inserting the ansatz of eq. (5.14) into eq. (5.15) yields a first order differential equation
for the coefficient cm−n (z) reading

dcm−n
dz

= α |ζ0|2 e−αze2iµz(m−n)cm−n (z) . (5.16)

This equation is solved by

cm−n (z) = exp

(
− |ζ0|2 α
α− 2iµ (m− n)

e−αze2iµz(m−n) + A0

)

= exp

(
− |ζ0|2 τ

1− 2iκ (m− n)
τ−2iκ(m−n) + A0

)
, (5.17)

with the power transmission τ = e−αz, the relative nonlinear strength κ = µ/α and
an integration constant A0. In the last step the identity e2iµz(m−n) = e−2iκ(m−n) log2 τ =
τ−2iκ(m−n) was used. Together with eq. (5.15) the solution in eq. (5.17) leads to

%m,n (z) =
(
√
τζ0)

m
(
√
τζ∗0 )

n

√
m!n!

exp

(
− |ζ0|2 τ 1−2iκ(m−n)

1− 2iκ (m− n)
+ A0

)
. (5.18)

By using the initial condition of starting in a regular coherent state, we finally obtain
the integration constant

A0 =
|ζ0|2

2iκ (m− n) + 1
− |ζ0|2 (5.19)

and the closed form solution for the density matrix elements is given by

%m,n (z) =
〈
m
∣∣√τζ0

〉 〈√
τζ0

∣∣n 〉 exp
[
− |ζ0|2 fτ (κ (m− n))

]
, (5.20)

with a complex valued function

fτ (κ) = 1− τ − 1− τ 1−2iκ

1− 2iκ
. (5.21)

The solution consists formally of two parts. The first one, 〈m |√τζ0 〉 〈
√
τζ0 |n 〉, is the

solution for the propagation of a coherent state through a channel with linear losses. It
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Figure 5.1: Real and imaginary part of the function fτ of eq. (5.21) for (a) τ = 0.631
and (b) τ = 0.100. The dashed lines correspond to the expansion up to the
first nonzero order written in eq. (5.32).

rescales the complex amplitude ζ with the transmission of the channel τ . The second
part, exp

[
− |ζ0|2 fτ (κ (m− n))

]
, contains the nonlinear quantum effect. The exact

nature of this quantum noise is best understood by looking at the function fτ of eq. (5.21)
depicted in fig. 5.1. The similarity of the real part of fτ (κ) to a resonance curve is
explained by looking further into its structure. It can be rewritten as

Re [fτ (κ)] = 1− τ − 1

1 + 4κ2
− τ cos (2κ log2 τ) + 2τκ sin (2κ log2 τ)

1 + 4κ2
. (5.22)

Note that the middle term is a Lorentzian function, which is responsible for the resonance-
like behavior. It has an amplitude and FWHM of 1 and is located at κ = 0. The first
part, 1− τ , defines the maximum value at which the function saturates. The last term
causes a fast oscillation, whose frequency rises with decreasing τ . The imaginary part
Im [fτ (κ (m− n))] only gives rise to a phase shift of the coherent state. More interest-
ingly, the real part Re [fτ (κ (m− n))] causes an exponential damping of matrix elements
%m,n and the damping strength depends on the difference between the Fock indicesm−n.
This decoherence effect is stronger the further away the matrix element is from the 0th
diagonal, whereas the 0th diagonal itself is not affected.
In fig. 5.2 the propagation of a coherent state is illustrated in phase space with the
Husimi-Q-function. The coherent state gets blurred with increasing nonlinear noise
strength. The same qualitative effect is obtained by increasing the propagation distance
or the energy of the state. Note that the observed blurring is only due to the non-unitary
effect stemming from the combination of Kerr nonlinearity and linear losses, as the uni-
tary Kerr effect is not included in the utilized interaction picture and is therefore also
not visible on the shown figures.
In a nutshell, the channel first rescales the amplitude of the coherent state by the trans-
mission

√
τ , then adds quantum excess noise in the form of decoherence and lastly applies

the unitary Kerr effect.
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Figure 5.2: Husimi Q function of states transmitted through a nonlinear phase noise
channel for power transmission τ = 0.631, photon number at the output
τ |ζ0|2 = 60 and nonlinear strength (a) κ = 0, (b) κ = 0.05, (c) κ = 0.10
and (d) κ = 0.25. The first column shows coherent states, the second
column ideal squeezed states for a squeezing parameter of r = 0.5 and the
third column shows thermal states with a thermal background of nb = 3.
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5.3.2 Solution for Arbitrary Input States

So far we are only able to describe the action of the channel on coherent states. Since
they form an overcomplete set in the Hilbert space, it is possible to generalize the solution
for coherent states to arbitrary input states. Formally, this can be achieved with the
help of the Glauber-Sudarshan-P -representation as an arbitrary state can be described
by the P -function. Recalling eq. (2.63), the representation is given by

%̂ =

∫
d2ζ P (ζ) | ζ 〉 〈 ζ | . (5.23)

A known solution for coherent states can be extended to arbitrary states by exploiting
the linearity of the P -representation [Rahimi-Keshari et al. 2011]. The general effect of
a channel can be written down with the help of a superoperator Φ acting on the density
matrix of an arbitrary state %̂ =

∑
m,n %m,n |m 〉 〈n | as

Φ (%̂) =
∑
m,n,j,k

Φm,n
j,k %m,n | j 〉 〈 k | . (5.24)

The elements of the tensor Φm,n
j,k are given by

Φm,n
j,k =

1√
m!n!

∂mζ ∂
n
ζ̄

[
e|ζ|

2

%j,k

]
ζ=0,ζ̄=0

, (5.25)

where %j,k is the matrix element of the solution for coherent states derived in eq. (5.20).
The superoperator Φ for the lossy nonlinear Kerr channel can then be calculated to be

Φm,n
j,k =

Fm−j
|j−k| (τ,κ)

(m− j)! τ
j+k

2

√
m!n!

j!k!
δm−j,n−k, (5.26)

with the function

F|j−k| (τ,κ) = 1− τ − fτ (κ |j − k|) =
1− τ 1−2iκ|j−k|

1− 2iκ |j − k| . (5.27)

Interestingly, the superoperator for the nonlinear channel is formally very close to the
superoperator L of a pure loss channel given by [Rahimi-Keshari et al. 2011]

Lm,nj,k =
(1− τ)m−j

(m− j)! τ
j+k

2

√
m!n!

j!k!
δm−j,n−k. (5.28)

The solution for pure losses can be obtained by setting κ = 0 in the derivation of
eq. (5.26). The sole, but defining, difference is that the real valued term (1− τ)m−j of
the pure loss channel is replaced by the complex valued function Fm−j

|j−k| (τ,κ) of eq. (5.27).
The effect of the nonlinear channel on an arbitrary input state can now be written as

Φ (%̂) =
τ
j+k

2√
j!k!

∞∑
n=0

F n
|j−k| (τ,κ)

n!

√
(n+ j)! (n+ k)!%n+j,n+k | j 〉 〈 k | . (5.29)
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In fig. 5.2 the action of the nonlinear phase noise channel on ideal squeezed states
and thermal states is shown. Amplitude squeezed states of the same average energy
are slightly less affected than the corresponding coherent state. Thermalized coherent
states, however, are strongly affected by the nonlinear channel as the added thermal
photons contribute to the strength of the quantum excess noise.

5.3.3 Effective Description - Gaussian Phase Noise

The propagation of coherent states according to eq. (5.20) can be described and under-
stood by deriving an effective description. The behavior of the function fτ (κ) in fig. 5.1
suggests an expansion around κ = 0. The expansion becomes relevant when the matrix
elements 〈m | √τζ0 〉 〈

√
τζ0 |n 〉 are substantially different from zero. The range of m,n

in which this occurs can be approximated considering the Poissonian distribution de-
fined by |〈√τζ0 |n 〉|2 with mean value and standard deviation τ |ζ0|2. This distribution
is non-vanishing roughly for

τ |ζ0|2 −
√
τ |ζ0| . n . τ |ζ0|2 +

√
τ |ζ0| . (5.30)

Therefore, the argument of the function f in eq. (5.20) should be κ (m− n) . 2κ
√
τ |ζ0|

and an expansion of fτ (κ) around zero is valid if

2κ
√
τ |ζ0| � 1. (5.31)

Up to the second order in κ eq. (5.21) is approximated by

fτ (κ) ≈ fGτ (κ) = −2i (1− τ + τ log2 τ)κ + 2
[
2− τ − τ (1− log2 τ)2]κ2. (5.32)

A density matrix element of eq. (5.20) itself can therefore be estimated by

%Gm,n (z) =
〈
m
∣∣√τζ0

〉 〈√
τζ0

∣∣n 〉 e−|ζ0|2Re[fGτ (κ(m−n))]e−i|ζ0|
2Im[fGτ (κ(m−n))]. (5.33)

This approximation is quite accurate for a wide range of parameters, even beyond the
range implied by the assumptions used to derive eq. (5.33). The approximation becomes
inaccurate, if |ζ0| is too large. However, since the real part of the approximation gives
rise to an exponential damping of the matrix element that grows with |ζ0| the inaccuracy
of the approximation in this regime becomes irrelevant. A good measure to verify this
effect is the infidelity [Uhlmann 1976]

1− F = 1− Tr

[√√
%̂%̂G

√
%̂

]
(5.34)

between the approximated density matrix %̂G and the actual matrix %̂, where F denotes
the fidelity defined in eq. (3.26). A small infidelity ensures that the separation in Hilbert
space between the states is small and they may therefore be seen as states whose physical
properties are close [Benedetti et al. 2013; Bina et al. 2014; Mandarino et al. 2016]. In
fig. 5.3 the infidelity is shown for a transmission of τ = 0.631. It is very close to zero,
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Figure 5.3: Infidelity 1− F between the approximate output of eq. (5.33) and the exact
state of eq. (5.20) as a function of the output photon number τ n̄ and the
nonlinear strength κ for τ = 0.631.

except for a region around τ n̄ ≈ 6 and large values of the relative nonlinear strength
κ. However, the infidelity in this regime is of the order of 1% and large values of κ
are rarely reached in realistic scenarios. A coherent state with amplitude

√
τζ0 that is

affected by Gaussian phase noise with standard deviation σ and a phase shift Φ0 is given
by ∫ ∞

−∞
dΦ

1√
2πσ2

e−
(Φ−Φ0)2

2σ2
∣∣ eiΦ√τζ0

〉 〈
eiΦ
√
τζ0

∣∣
=

∞∑
m,n=0

〈
m
∣∣√τζ0

〉 〈√
τζ0

∣∣n 〉 ei(m−n)Φ0e−(m−n)2 σ2

2 |m 〉 〈n | . (5.35)

A direct comparison of eq. (5.33) and eq. (5.35) yields

Φ0 = 2κ |ζ0|2 (1− τ + τ log2 τ) , (5.36)

σ2 = 4κ2 |ζ0|2
[
2− τ − τ (1− log2 τ)2] . (5.37)

Most notably the standard deviation σ depends on the amplitude |ζ0| of the propagating
coherent state. The excess noise can therefore be effectively described as nonlinear
Gaussian phase noise.

5.3.4 Nonlinear Phase Noise and Squeezing

Within an optical Kerr medium squeezed states can be generated with the Kerr effect
[Rosenbluh and Shelby 1991; Schmitt et al. 1998; Werner 1998; Fiorentino et al. 2002].
In this section we analyze the impact of the previously described quantum excess noise
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in form of nonlinear Gaussian phase noise on the amount of squeezing that can be
generated. Note that squeezed states generated by the Master equation of eq. (5.10) are
not Gaussian states like the squeezed states described in section 2.7. Gaussian squeezing
is generated by a Hamiltonian depending on â2 and

(
â†
)2, while here the Hamiltonian

is proportional to n̂2.
We start with a phase diffused state according to eq. (5.35)

%̂G =

∫ ∞
−∞

dφ
1√

2πσ2
e−

φ2

2σ2
∣∣ eiφζ 〉 〈 eiφζ ∣∣ (5.38)

with the standard deviation of eq. (5.37). To capture the full evolution under lossy self-
phase modulation it is necessary to include the unitary transformation done in eq. (5.11),
such that

ρ̂G = exp
(
iµzn̂2

)
%̂G exp

(
−iµzn̂2

)
. (5.39)

This is best solved in the interaction picture in which the propagation for annihilation
operator is given by

dâ

dz
= −iµ

[
n̂2, â (z)

]
= iµ

[
2â† (z) â (z) + 1

]
â (z) . (5.40)

Since we will be interested in the fluctuations around the average amplitude of a coherent
state, it is convenient to use the substitution

â (z) = eiµz(2ζ2+1)eiφ
[
ζ + b̂ (z)

]
. (5.41)

The operator b̂ (z) describes the fluctuations in a reference frame, where the average
amplitude is zero, i.e. where a coherent state

∣∣ eiφζ 〉 is mapped onto the vacuum state
| 0 〉. In order to obtain quadrature variances it will be sufficient to calculate expectation
values based on the operators b̂ (z) and b̂† (z). Applying the substitution of eq. (5.41) to
eq. (5.40) we arrive at

db̂

dz
= 2iµζ2

[
b̂ (z) + b̂† (z)

]
. (5.42)

The equation contains only linear terms in b̂ (z) and b̂† (z), since they describe only small
fluctuations around zero. The solution is given by

b̂ (z) =
(
1 + 2iµzζ2

)
b̂ (0) + 2iµzζ2b̂† (0) . (5.43)

In order to calculate the expectation values of the variance ∆x̂θ = x̂θ−〈 x̂θ 〉 for a general
quadrature x̂θ = q̂ cos θ+ p̂ sin θ, we first need to define the quadrature operators which
are

q̂ = e−iµz(2ζ2+1)â (z) + eiµz(2ζ2+1)â† (z) = eiφ
[
ζ + b̂ (z)

]
+ e−iφ

[
ζ∗ + b̂† (z)

]
(5.44)
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and

p̂ = −ie−iµz(2ζ2+1)â (z) + ieiµz(2ζ2+1)â† (z) = −ieiφ
[
ζ + b̂ (z)

]
+ ie−iφ

[
ζ∗ + b̂† (z)

]
.

(5.45)

Then the quantum mechanical expectation values of the quadratures are

〈 q̂ 〉 = 2ζ 〈 cos (φ) 〉 , (5.46)
〈 p̂ 〉 = 2ζ 〈 sin (φ) 〉 (5.47)

and their second moments〈
q̂2
〉

= 1 + 4ζ2
〈

cos2 (φ)
〉
− 4µzζ2 〈 sin (2φ) 〉+

(
4µzζ2

)2 〈
sin2 (φ)

〉
, (5.48)〈

p̂2
〉

= 1 + 4ζ2
〈

sin2 (φ)
〉

+ 4µzζ2 〈 sin (2φ) 〉+
(
4µzζ2

)2 〈
cos2 (φ)

〉
. (5.49)

Note that the fluctuation operators b̂ (0) and b̂† (0) are acting on the vacuum state. The
expectation value of the symmetrically ordered product of the quadrature operators is
equal to

〈 q̂p̂+ p̂q̂ 〉 = 4ζ2 〈 sin (2φ) 〉+ 8µzζ2 〈 cos (2φ) 〉 −
(
4µzζ2

)2 〈 sin (2φ) 〉 . (5.50)

The second round of expectation values over φ are to be taken for a Gaussian distribution
p (φ) = (2πσ2)

− 1
2 e−

φ2

2σ2 which gives

〈 sin (φ) 〉 = 0, 〈 sin (2φ) 〉 = 0,

〈 cos (φ) 〉 = e−σ
2/2, 〈 cos (2φ) 〉 = e−2σ2

,〈
sin2 (φ)

〉
=

1

2

(
1− e−2σ2

)
,

〈
cos2 (φ)

〉
=

1

2

(
1 + e−2σ2

)
. (5.51)

The expectation values of the quadratures then read

〈 q̂ 〉 = 2ζe−σ
2/2, (5.52)

〈 p̂ 〉 = 0, (5.53)〈
q̂2
〉

= 1 + 2ζ2 + 2 sinh2 (r)− 2e−2σ2 (
sinh2 (r)− ζ2

)
, (5.54)〈

p̂2
〉

= 1 + 2ζ2 + 2 sinh2 (r) + 2e−2σ2 (
sinh2 (r)− ζ2

)
, (5.55)

〈 q̂p̂+ p̂q̂ 〉 = 4 sinh (r) e−2σ2

(5.56)

with the squeezing parameter r defined by sinh (r) = 2µzζ2. Now we are finally ready
to calculate the expectation values of a general quadrature x̂θ = q̂ cos (θ) + p̂ sin (θ) and
its variance

〈
(∆x̂θ)

2 〉. The first and second quadrature moments are equal to

〈 x̂θ 〉 = 2ζe−σ
2/2 cos (θ) , (5.57)〈

x̂2
θ

〉
= 1 + 2ζ2 + 2 sinh2 (r)− 2e−2σ2 (

sinh2 (r)− ζ2
)

cos (2θ)

+ 2 sinh (r) e−2σ2

sin (2θ) (5.58)
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and the variance follows directly from
〈

(∆x̂θ)
2 〉 = 〈 x̂2

θ 〉 − 〈 x̂θ 〉2 as〈
(∆x̂θ)

2 〉 = 1 + 2ζ2
(

1− e−σ2
)

+ 2 sinh2 (r)

− 2e−2σ2
{

cos (2θ)
[
sinh2 (r) + ζ2

(
eσ

2 − 1
)]
− sin (2θ) sinh (r)

}
.

(5.59)

In the case without phase noise σ = 0 the quadrature with minimal variance is given by
tan (θ0) = −e−r with the corresponding variance

〈
(∆x̂θ0)2 〉 = e2r. In the presence of

phase noise the minimal variance is reached for the angle θopt defined through

tan (2θopt) = − sinh (r)

sinh2 (r) + ζ2 (eσ2−1)
(5.60)

and reads〈 (
∆x̂θopt

)2
〉

= 1 + 2ζ2
(

1− e−σ2
)

+ 2 sinh2 (r)

− 2e−2σ2

√
sinh2 (r) +

[
sinh2 (r) + ζ2 (eσ2 − 1)

]2
. (5.61)

The standard deviation σ is given by eq. (5.37) and the amplitude by ζ =
√
τζ0.

To derive a limit on the attainable squeezing we expand eq. (5.59) up to the first order
in σ2. The main contribution is then given by〈

(∆x̂θ)
2 〉 =

〈
(∆x̂θ0)2 〉+ 4ζ2σ2 sin2 (θ0) (5.62)

=
〈

(∆x̂θ0)2 〉+ 4g (τ) sinh2 (r) sin2 (θ0) (5.63)

=
〈

(∆x̂θ0)2 〉+ 4g (τ)
(
1− e−2r

)
tanh (r) , (5.64)

where in the second line we used eq. (5.37) and sinh (r) = 2µzζ2 with

g (τ) =
2− τ − τ (1− log2 (τ))2

τ 2 log2
2 (τ)

≈ 1− τ
3

. (5.65)

The approximation of g (τ) is valid for low attenuation τ ≈ 1. Since for strong squeezing
r � 1, we have (1− e−2r) tanh (r) ≈ 1 and therefore 1−τ

3
defines the maximal attainable

amount of squeezing possible. Compared to the case without nonlinear phase noise the
difference is the factor 1/3. In fig. 5.4 the variance of eq. (5.64) and the approximation
of eq. (5.65) are shown for several values of τ .
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6 Noisy Communication via Optical
Channels

In this chapter several communication scenarios will be discussed based on the noise
models developed in chapter 5. We consider only alphabets that consist of coherent
states. The obtained output distributions depend on the particular type of channel as
well as the type of utilized receiver. The goal is to analyze the impact of the channel on
the information transfer and to identify the optimal strategy for each particular scenario.
First, a thermal noise channel will be investigated in section 6.1. Section 6.2 is dedicated
to the effect of transmitting information encoded in the phase variable of coherent state
via a channel that is subject to losses and a Kerr nonlinearity. Finally, in section 6.3
strategies for communication under constraints on average and maximum energy in the
presence of phase noise, both linear and nonlinear, are discussed.

6.1 Thermal Noise

The impact of a thermal channel on the transmission of coherent states is a thermaliza-
tion of the states. In the following, we will consider the influence of thermal noise on
the performance of various receivers based on the model discussed in section 5.1 with a
focus on the displacement receiver and deduce strategies to improve their performance.
In particular, we will consider communication scenarios with binary coherent alphabets
as well as PIE in the low energy limit.

Binary coherent alphabets

Let us assume we have on average n̄ photons available to distribute between two equiprob-
able coherent states placed on the real axis x in phase space. After transmission through
a thermal channel an average number of nb thermal photons is added and the state at
the channel output is given by eq. (2.97).
If a homodyne receiver is used for detection the output distribution is given by

p (x|ζ) =
1√

π (2nb + 1)
e
− (x−

√
2ζ)2

2nb+1 . (6.1)

The photon count statistics which can be obtained by a photon counting detector are
directly defined by eq. (2.97) with m = n and read

p (n|ζ, nb) =
nnb

(1 + nb)
n+1 e

− |ζ|
2

1+nbLn

(
− |ζ|2
nb (1 + nb)

)
. (6.2)
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The statistics obtained by a displacement receiver are also given by eq. (6.2) with the
substitution ζ → ζ + β.
Based on these probability distributions the error probability and mutual information
can be calculated. For all receivers the complex amplitudes of both coherent states are
optimized in order to determine the optimal alphabet. Additionally, for the displace-
ment receiver the displacement β has to be optimized. In fig. 6.1 the results for both
error probability perr and mutual information I are shown as a function of the average
number of thermal photons nb for the example of n̄ = 2.
The optimal alphabet when using a simple SPD remains OOK as was expected. Also
BPSK remains the optimal binary alphabet for both, homodyne and displacement re-
ceiver. Since thermal noise affects all states equally strong, regardless of their position
in phase space, there is no benefit in changing the alphabet.
While a homodyne receiver is fairly robust to thermal noise, the displacement receiver
is highly susceptible. Homodyne detection only starts to deteriorate around nb ≈ 0.1,
whereas the displacement receiver already degrades for very small values of nb. The
PNR necessary to accommodate decent performance rises with the number of thermal
background photons. Without PNR, i.e. PNR = 1, homodyne detection surpasses the
error probability of the displacement receiver already for nb ≈ 0.004, while for higher
PNR the displacement receiver remains superior until the thermal background reaches
nb & 0.1. This results is in agreement with [Yuan et al. 2020]. For instance, the displace-
ment receiver remains the preferable choice until nb ≈ 0.2 with PNR = 5. Interestingly,
for a hard decision rule the point where homodyne detection becomes superior does not
depend on the mean photon number n̄ as can be seen in fig. 6.1(e).
However, for soft decision decoding homodyne detection surpasses the mutual informa-
tion of a displacement receiver earlier. In this case, the turning point does depend on
the mean photon number n̄.
In summary, the displacement receiver is highly susceptible to thermal noise. With PNR
detection the receiver becomes much more robust and remains able to perform sub-shot-
noise detection in a larger regime depending on whether a hard or soft decision rule is
employed. While a soft decision provides a better information transfer in general, it is
also more susceptible to thermal noise.

PPM in the low energy limit

In the regime where the available energy is very limited n̄� 1, it becomes beneficial to
use PPM to get closer to the Holevo limit as shown in fig. 3.14. Its success is based on
the idea to concentrate the available energy into a single time bin and leave all other
slots empty. This way the information can be easily retrieved by an SPD. If thermal
noise is present, however, also the empty slots contain photons and can trigger a detector
click. These false clicks severely deteriorate the attainable PIE with rising number of
thermal photons nb .
In principle, also receivers other than SPDs can be used to detect PPM. While in the
noiseless scenario they are able to achieve the same PIE as an SPD at best, they be-
come beneficial when thermal noise is present. The PIE for PPM of order M can be
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Figure 6.1: (a) Error probability and (b) soft decision mutual information for different
receivers discriminating a binary coherent alphabet as a function of the av-
erage number of thermal photons nb per signal. The optimal displacement
for the displacement receiver is shown in (c) and (d) for error probability
and mutual information respectively. The grey numbers denote the optimal
decision threshold for the displacement receiver in the marked area. The ra-
tio between (e) the error probability or (f) mutual information of homodyne
and displacement receivers are shown for PNR = 5. Positive values of the
ratio in dB signify a superior performance of the displacement receiver.
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Figure 6.2: PIE for PPM detected by an (a) SPD and (b) photon counting detector
with PNR = 5 as a function of the average number of thermal photons nb
and the mean photon number n̄.

determined based on eq. (3.46) with the probabilities given by eqs. (6.1) and (6.2) for an
OOK alphabet. The a-priori probabilities are given by p0 = M−1

M
for the thermal state

in the empty slots and p1 = 1
M

for the coherent signal state with amplitude ζ =
√
Mn̄.

In order to find the optimal strategy for each type of detector the PPM order M , and
additionally for the displacement receiver the displacement β, have to be optimized.
Let us first investigate whether a detector with photon counting capability can yield
an improvement over a simple SPD. In fig. 6.2(a) the PIE of an SPD is shown. There
are two regions with different behaviors. In the upper left region where n̄/nb . 10, the
PIE is limited by the amount of thermal noise. A change in the mean photon number
n̄ does not change the PIE. Contrary, in the lower right region with n̄/nb & 10, the
PIE is only limited by the energy n̄. Here, reducing the thermal noise does not yield an
improvement.
If a photon counter is used instead of an SPD the situation changes. In fig. 6.2(b) the
PIE of a photon counter with PNR = 5 is depicted. Now the PIE does scale with the
mean photon number, even though in the region n̄/nb . 10 this effect is much less pro-
nounced.
Apart from photon counting detector also a homodyne or displacement receiver can be
used for detection. In fig. 6.3 the results are shown as a function of nb for the example
of n̄ = 10−3. For not too large thermal noise photon counting detectors constitute the
optimal measurement. Displacement receivers, which differ only by the displacement
operation from photon counters, offer little to no improvement. However, with rising nb
the displacement receiver offers a significant advantage over a simple photon counting
detector. For overwhelming thermal noise a large PNR becomes necessary to retain a
decent PIE. In this regime the homodyne detector starts to offer a similar PIE to a
displacement receiver and both approach the Holevo limit.
Overall, photon counting offers an increased robustness against thermal noise and im-
proves the scaling with the mean photon number n̄. An added displacement operation
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Figure 6.3: (a) Mutual information for different receivers detecting PPM for n̄ = 10−3

as a function of the average number of thermal photons nb. The Holevo limit
is given by eq. (3.95). Dotted lines show a photon counting detector without
displacement with a PNR of the respective color. The optimal PPM order
M and optimal displacement for the displacement receivers are shown in (b)
and (c) respectively.

increases this effect. For all types of detectors the optimal PPM order M increases with
the strength of thermal noise. By increasing M the signal amplitude increases as well,
since it becomes more important to distinguish the signal from the underlying thermal
background. Note that in the limit n̄ → 0 the PIE for PPM detected by a photon
counter approaches the Holevo limit [Jarzyna 2019].

6.2 Kerr Nonlinearity

In this section we want to analyze the limits that a nonlinearity imposes on encoding
information in the phase variable. As a test alphabet we consider coherent states with
equal energy, which defines a ring in phase space on which the states are positioned.
The location on this ring is controlled solely by the phase. Such an alphabet consists
of coherent states

∣∣ ζ0e
−iφi

〉
with the same absolute value of the amplitude |ζi| = ζ0 but
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Figure 6.4: A sketch of the Husimi-Q-function of an evenly distributed alphabet with
pφ = 1

2π
for τ n̄ = 9 after propagation via a channel with transmission τ =

0.631 and a nonlinear strength (a,c) κ = 0 and (b,d) κ = 0.25. The output
of initially coherent states is depicted in the top row (a,b), whereas the
output of squeezed states is shown in the bottom row (c,d). The chosen
squeezing parameter is (c) z = 0.06eπ and (d) z = 0.64e0.2π.

different phases φi. Let us assume they are distributed continuously over the range of
2π such that their a-priori probability is uniform pφ = 1

2π
[Kahn and Ho 2004]. Fur-

thermore, the alphabet satisfies a constraint on the mean photon number n̄ = |ζ0|2.
The continuous spacing ensures that changes to the shape of a state due to phase noise
immediately affect the distinguishability. A sketch of this alphabet in phase space is
depicted in fig. 6.4. Note that this alphabet is not necessarily optimal and does not
provide us with an ultimate limit on the transmittable information as one can always
add amplitude encoding.
The more states on the ring are distinguishable the more information we can retrieve in
principal. If the available energy n̄ increases the ring widens and more states become
distinguishable, since each state still occupies the same amount of space in phase space.
A nonlinear lossy channel as discussed in section 5.3, however, changes this picture.
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Figure 6.5: The Holevo quantity χ as a function of the mean photon number at the out-
put τ n̄. It is assumed that the alphabet consists of coherent states where
the information is continuously encoded in the phase variable with a uniform
a-priori probability distribution pφ = 1

2π
. The states are transmitted via a

channel with power transmission τ = 0.631 and several values of the nonlin-
ear strength κ.

States become distorted and less information is transmittable. We use the Holevo quan-
tity χ defined in eq. (3.89) as a figure of merit, since it assumes the best possible (but
with unknown practical realization) measurement for the task. Therefore, a reduction in
the Holevo quantity translates into a reduced amount of information which is transmit-
ted via the phase variable φ. Since we are considering the best possible measurement an
improvement can only be achieved by increasing the distinguishability of states. How-
ever, because of the considered continuous encoding the states densely fill the ring in
phase space and no improvement is to be expected by altering the type of phase encoding
such that we can consider the loss in Holevo information as fundamental.
In fig. 6.5 the Holevo quantity as a function of the average mean photon number after
losses τ n̄ is shown. Without nonlinearity the amount of information one can transmit
rises continuously with the available energy. Contrary, if a nonlinearity is present the
Holevo information exhibits a distinct peak at low or moderate mean photon numbers.
Using more energy for communication now actually lowers the amount of transmitted
information. An intuitive understanding of this fact can be obtained by looking at the
phase space representation of the output states. When increasing the energy the ring
in phase space widens and more states become distinguishable. However, the larger the
energy of the state the more it becomes distorted by the nonlinearity. At some value of
the mean photon number n̄, depending on κ, the latter effect overtakes the advantage
of widening the ring and the Holevo information χ starts to decrease. This effect is not
reversible as it is caused by a non-unitary propagation and is of fundamental nature.
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Using squeezed states instead of coherent ones can increase the Holevo information even
for κ = 0, since more states can be distinguished. Furthermore, squeezing can help to
mitigate the effects of the nonlinearity. The required amount of squeezing depends on
the particular parameters of the channel and finding the optimal value is non-trivial.
Moreover, squeezing requires energy which shrinks the ring in phase space when com-
pared to the case of coherent states and lowers the distinguishability of the states.
Let us assume we want to communicate over a channel with transmission τ = 0.631
and a mean photon number at the output of τ n̄ = 9. In fig. 6.6 the Holevo quantity
is shown as a function of the squeezing direction φz and strength r for several values
of the nonlinear strength κ. Due to numerical limitations we consider an alphabet of
26 coherent states with equal amplitudes ζi equally distributed in phase with the prior
probability distribution pφ = 1

26
. In the case that no nonlinearity is present with κ = 0,

the optimum choice is to squeeze with z ≈ 0.06eiπ. In the presence of a nonlinearity
the optimal squeezing parameter changes and becomes z ≈ 0.46ei0.36π for κ = 0.1, while
for κ = 0.25 it is given by z ≈ 0.64ei0.2π. These values were obtained from a numerical
analysis and might contain a small inaccuracy due to the precision of the calculations.
The corresponding alphabets for κ = 0 and κ = 0.25 after transmission are depicted in
fig. 6.4. As can be seen the squeezing is chosen such that the overlap between neighbor-
ing states is minimized.
While squeezed states improve the information transmission rate, the task to find the
optimal alphabet for a nonlinear phase noise channel remains unclear. However, the
presented and previously known results give some hints. In the regime of large output
powers τ n̄� 1 the optimal alphabet for a loss only (κ = 0) channel is given by a Gaus-
sian ensemble of coherent states [Giovannetti et al. 2004] and in this limit the capacity
can be approximated by C ≈ log2 (τ n̄). Here, information is encoded equally into the
phase and amplitude. With increasing phase noise strength the amount of information
that can be encoded into the phase variable decreases, until the phase can no longer
carry information. In this regime the states arrive completely dephased at the channel
output and are diagonal in the Fock basis. Of course, it is still possible to encode infor-
mation in the amplitude, which amounts to exactly half of the capacity of a pure loss
channel, i.e. it is given by C ≈ 1

2
log2 (τ n̄) [Martinez 2007].

It can be expected that in the regime between no phase noise and complete dephasing
the optimal encoding consists of two parts. On the one hand, encoding information into
the amplitude remains unchanged as it is unaffected by phase noise. Phase encoding, on
the other hand, is severely impeded and utilizes squeezed states as depicted in fig. 6.4.
For a given energy the squeezed states are placed on a "ring" in phase space in such a
way that minimizes the impact of the noise. The optimal amount and direction of the
squeezing can be determined depending on the strength of the phase noise κ and the
particular energy as shown in fig. 6.6.
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Figure 6.6: The Holevo quantity χ as a function of the squeezing direction φz and
strength r for a mean photon number at the output of τ n̄ = 9. It is assumed
that the alphabet consists of 26 coherent states where the information is en-
coded in the phase variable with a uniform a-priori probability distribution
pφ = 1

26
. The states are transmitted via a channel with power transmission

τ = 0.631 and a nonlinear strength of (a) κ = 0, (b) κ = 0.05,(c) κ = 0.1
and (c) κ = 0.25. The arrows show the Holevo quantity for no squeezing
and the optimal squeezing respectively.
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6.3 Phase Noise

Phase noise, whether it is linear or nonlinear, has a striking effect on communication.
So far we discussed its influence on the information carrier itself assuming the optimal
measurement. But carrying out the optimal measurement is a highly non-trivial task
as in most cases for optical communication a physical realization is not even known.
In cases where it is known, such as the Dolinar receiver for noiseless BPSK, it is a
technically challenging task. Therefore, we will investigate how commonly used, but
suboptimal, receivers perform under phase noise. Instead of fixing the alphabet to the
optimal choice of the noiseless scenario, any binary coherent alphabet is allowed and the
state amplitudes are optimized under the given constraint on the available energy. We
will show that this optimization can lead to a significant improvement and robustness
against phase noise for the displacement receiver and extends its sub-shot-noise detection
capability.
In the following sections, we consider two different constraints on the available energy.
First, a constraint on the mean photon number n̄ is assumed and in the second part
only the maximum energy to prepare a single state is limited.

Constraint on mean energy

In this first part we consider a constraint on the mean energy of the alphabet, where
we are able to distribute the available energy within a limited time frame. Let the
alphabet consist of two coherent states with complex amplitudes ζ0 and ζ1 and a-priori
probabilities p0 = p1 = 1

2
. For simplicity we assume that the states are located on the

real axis x in phase space. Choosing any other quadrature will lead to the same results
as one can always rotate phase space accordingly. The mean energy used in the protocol
is given by

n̄ =
1

2

(
|ζ0|2 + |ζ1|2

)
. (6.3)

The states | ζi 〉 are subject to either linear or nonlinear phase noise with standard
deviation σ. Nonlinear phase noise, as discussed in section 5.3, is characterized by a
standard deviation σ that depends on the energy of the affected state |ζi|2, while for
linear phase noise it does not. Note that the energy taken into account for nonlinear
noise is not the mean energy n̄ of the alphabet, but the energy |ζi|2 of the particular
state.
Not every binary alphabet is affected by phase noise in the same way. For instance,
the vacuum state is not affected rendering OOK more robust to noise. However, the
overlap between states for OOK is inherently larger than for other binary alphabets.
Consequently, simply using the most robust alphabet is not the best choice. For each
receiver we will optimize the state amplitudes according to the used figure of merit. This
ensures that the obtained performance is indeed the best possible.
Conceptually, the simplest way to detect a binary alphabet is to use an SPD. As it is only
able to detect amplitude, but not phase, OOK is the best distinguishable alphabet and
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its performance is naturally unaffected by phase noise. Consequently, error probability
and mutual information are simply given by eqs. (3.74) and (3.112) for all types and
values of σ. The OOK/SPD strategy provides an upper bound on the error probability
and a lower bound on the mutual information as it is in general suboptimal due to the
smaller state separation. It can be seen as the safe way of communicating under phase
noise. Only when states are completely diffused it becomes optimal, since in this regime
information can only be encoded in the intensity of light.
The homodyne receiver does not suffer from the same limitations, since it can resolve any
binary alphabet. However, it is susceptible to phase noise. The probability distribution
provided by the homodyne receiver under phase noise is given by

p (x|ζ, σ) =
1√

2πσ2

∫ ∞
−∞

dφ e−
φ2

2σ2 p
(
x|ζeiφ

)
(6.4)

with the homodyne probability distribution p (x, ζ) defined in eq. (4.9). Note that for
nonlinear phase noise the standard deviation σ depends on |ζ|2. The error probability
and mutual information are determined by eqs. (4.13) and (4.16) together with the phase
diffused probability distribution of eq. (6.4).
The last type of receiver we will discuss is the displacement receiver. By adjusting
the displacement to the utilized alphabet, the displacement receiver can distinguish the
states of every binary alphabet. If phase noise is present the probability distribution is
given by

p (n|ζ + β, σ) =
1√

2πσ2

∫ ∞
−∞

dφ e−
φ2

2σ2 e−|ζeiφ+β|2
∣∣ζeiφ + β

∣∣2n
n!

. (6.5)

Again note that the standard deviation σ depends on |ζ|2 for nonlinear phase noise.
Based on eq. (6.5) and eqs. (3.44) and (4.22) we can calculate the error probability perr
and mutual information I.
In order to maximize the receivers performance we distribute the available energy n̄
between the two states and, if possible and needed, adjust the receivers parameters to
match the used alphabet. This optimization is done numerically based on either error
probability or mutual information as a figure of merit.
In fig. 6.7 the results of the optimization for the error probability are shown for the
mean photon number n̄ = 2. A SPD has a constant error probability and the optimal
alphabet is always OOK. The performance of a homodyne receiver constantly declines
with rising noise strength σ and BPSK remains the optimal alphabet even under phase
noise. In contrast, the displacement receiver utilizes non-standard alphabets and both,
the robustness against phase noise as well as the performance, are increased drastically
by adjusting the amplitudes together with the displacement. Only for an intermediate
regime of the standard deviation a displacement receiver performs worse than the more
conventional receivers. If the PNR is increased, however, the displacement receiver ap-
proaches the performance of the homodyne receiver. For large standard deviations the
displacement receiver becomes the optimal Helstrom measurement. Note that the state
amplitudes have been also optimized for calculating the Helstrom minimum error bound.
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Figure 6.7: On top (a,b) the error probability perr, in the middle (c,d) the state ampli-
tudes and on the bottom (e,f) the displacement introduced by the detector
for a mean photon number n̄ = 2 as a function of the phase noise strength is
shown. The phase noise is assumed to be linear on the left (a,c,e) and non-
linear on the right (b,d,f). The grey numbers denote the optimal decision
threshold kn in the marked area for the displacement receiver. If the PNR
of the receiver is not high enough the next possible lower decision threshold
should be chosen.
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Optimizing both, the state amplitudes and the displacement, is crucial. If BPSK is used
and only the displacement is optimized, the performance of the displacement receiver
declines fast, even with PNR capability. The optimal alphabet for the displacement
receiver starts at BPSK for σ = 0 and gets closer to OOK with rising phase noise
strength. The corresponding optimal displacement β depends also on the phase noise
and the given PNR of the receiver. The sudden jumps in the displacement and state
amplitudes are not an artifact of the optimization, but occur due to the discreteness of
the number of photons. At these particular values of σ it becomes beneficial to change
the decision threshold of the displacement receiver.
The behavior of the displacement receiver can be understood intuitively by looking at
the advantages of different possible alphabets. In general, the largest possible state sep-
aration is desired as it provides the best distinguishability. Counteracting that, phase
noise distorts the shape of the state in phase space and renders the states less distin-
guishable. OOK, the alphabet with the least state separation, is immune to phase noise.
The displacement receiver is able to simultaneously utilize the superior state separation
of BPSK and the robustness of OOK by using a non-standard alphabet with interme-
diate amplitudes. The stronger the phase noise the closer the alphabet is to OOK as
more robustness is wanted. This flexible utilization of different alphabets is only possi-
ble, since the displacement receiver can be adjusted to fit the particular amplitudes by
changing the displacement. Other receivers do not possess this flexibility.
The results for mutual information as a figure of merit with n̄ = 2 are shown in fig. 6.8.
While qualitatively the results stay the same, there are some quantitative differences.
The homodyne receiver performs considerably better when paired with a soft decision
than a hard decision strategy. In an intermediate regime of phase noise it outperforms
the displacement receiver. However, the latter not only approaches the performance of
the homodyne receiver with increasing PNR, but surpasses it for weak or strong phase
noise. For very large values of the standard deviation the displacement receiver ap-
proaches the Holevo bound and can be considered the optimal measurement.
While we now understand the behavior and advantage of the displacement receiver,
the question remains in which regime this advantage is present and whether PNR can
improve the performance. In fig. 6.9 the error probability ratio pconverr /p

DR
err between con-

ventional receivers and the displacement receiver is depicted in dB. The conversion to
dB is given by 10 log10 (x). The conventional receiver is chosen to be either the SPD or
homodyne detector, depending on which performs better. For linear phase noise there
exists a regime for intermediate phase noise strength σ and not too small mean energies
n̄ where conventional detection performs better. With PNR this region can be made
considerably smaller and the performance of the displacement receiver improved. In
the case of nonlinear phase noise the displacement receiver always performs better than
conventional methods. PNR can still be used for larger mean photon numbers to reduce
the errors.
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Figure 6.8: On top (a,b) mutual information I, in the middle (c,d) the state ampli-
tudes and at the bottom (e,f) the displacement introduced by the detector
for a mean photon number n̄ = 2 as a function of the phase noise strength
is shown. The phase noise is assumed to be linear on the left (a,c,e) and
nonlinear on the right (b,d,f).
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Figure 6.9: The ratio pconverr /p
DR
err in dB as a function of the mean photon number n̄ and

the phase noise strength for linear on the left (a,c) and nonlinear phase
noise on the right (b,d). The displacement receiver is assumed to have a
PNR of 1 on top (a,b) and of 3 at the bottom (c,d). Larger values of
the ratio correspond to a larger advantage of the displacement receiver over
conventional methods and 0 marks equal performance. The error probability
pconverr for conventional detection is taken from either the SPD or homodyne
receiver, depending on which performs better. Black areas mark the region
where conventional methods outperform the displacement receiver. Red con-
tour lines show the area, where PNR > 1 is necessary. Discrete jumps in
the contour lines occur due to a finite resolution. They are expected to be
smooth for an unlimited resolution.
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Constraint on maximum energy

In this section we discuss optical communication with binary coherent alphabets un-
der a limit on the maximum available energy to prepare a signal state. This directly
translates into a constraint on the maximum amplitude of either of the states, such that
|ζi|2 < nmax. Unlike for a constraint on the mean energy, we are not able to store unused
energy and transfer it to the other state.
The error probability and mutual information offered by the receivers can still be calcu-
lated based on the probability distributions presented in previous sections, i.e. eqs. (4.1),
(6.4) and (6.5). However, the optimization now has to be done with the new constraint
and an additional parameter needs to be optimized as well, since the amplitude of the
second state is not directly dictated by the constraint.
In fig. 6.10 the error probability for nmax = 2 is shown alongside the corresponding state
amplitudes ζi and displacements β. Homodyne detection performs very close to the Hel-
strom bound for not too strong linear and nonlinear phase noise. For strong nonlinear
phase noise, it is beneficial to lower the energy of the states while retaining the BPSK
encoding.
The displacement receiver performs well for low and very strong phase noise. Again
it reaches the Helstrom bound in the latter regime. However, the performance of the
displacement receiver is much more reliant on high PNR than for a mean photon number
constraint. The optimal alphabet shifts towards OOK with rising phase noise strength.
This effect is more pronounced for nonlinear noise.
In fig. 6.11 the results for mutual information are presented. Unlike for the mean photon
number constraint, soft decision homodyne detection performs similar to a hard decision
strategy. In fact for not too strong phase noise it comes close to the Helstrom bound.
Similar to previous results the optimal alphabet shifts away from BPSK towards OOK
for the displacement receiver.
An overview of the performance of the displacement receiver compared to conventional
detection is given in fig. 6.12. The depicted value is the ratio between the error prob-
ability for conventional detection and the displacement receiver in dB. Only for very
strong or weak phase noise the latter is able to outperform conventional detection. The
regime where PNR is needed spans a much larger area in the parameter space than for
the mean photon number constraint. The advantages of the displacement receiver over
conventional detection are more pronounced with nonlinear phase noise.
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Figure 6.10: On top (a,b) the error probability perr, in the middle (c,d) the state
amplitudes and on the bottom (e,f) the displacement introduced by the
detector are shown as a function of the phase noise strength for a maximum
photon number of nmax = 2. The phase noise is assumed to be linear on the
left (a,c,e) and nonlinear on the right (b,d,f). The grey numbers denote
the optimal decision threshold kn in the marked area for the displacement
receiver. If the PNR of the receiver is not high enough the next possible
lower decision threshold should be chosen.
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Figure 6.11: On top (a,b) mutual information I, in the middle (c,d) the state ampli-
tudes and at the bottom (e,f) the displacement introduced by the detector
are shown as a function of the phase noise strength for a maximum photon
number of nmax = 2. The phase noise is assumed to be linear on the left
(a,c,e) and nonlinear on the right (b,d,f).
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Figure 6.12: The ratio pconverr /p
DR
err in dB as a function of the maximum photon number

nmax and the phase noise strength for linear on the left (a,c) and nonlinear
phase noise on the right (b,d). The displacement receiver is assumed to
have a PNR of 1 on top (a,b) and 3 at the bottom (c,d). Larger values of
the ratio correspond to a larger advantage of the displacement receiver over
conventional methods and 0 marks equal performance. The error probabil-
ity pconverr for conventional detection is taken from either the SPD or homo-
dyne receiver, depending on which performs better. Black areas mark the
region where conventional methods outperform the displacement receiver.
Red contour lines show the area, where PNR > 1 is necessary. Discrete
jumps in the contour lines occur due to a finite resolution. They are ex-
pected to be smooth for an unlimited resolution.
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7 Conclusions

In this thesis, we have outlined the features and the capability of a photon number resolv-
ing displacement receiver for the detection of coherent states. The displacement receiver
is intimately connected to homodyne detection and mainly differs by the strength of
the local oscillator. By employing only a weak local oscillator to act as a displacement
operation the amount of noise injected into the system is drastically limited which allows
for sub-shot-noise detection. Assuming an infinite photon-number resolution (PNR) and
arbitrary strong local oscillator the displacement receiver essentially operates as a homo-
dyne detector. Also, it is possible to interpolate between operating as a photon counting
detector and a homodyne detector by controlling the displacement amplitude.

The displacement receiver offers a near-optimum performance for discriminating binary
coherent alphabets and in the photon-starved regime approaches the optimal measure-
ment. We derived a more realistic model of a displacement receiver by considering
various imperfections, most of which can be readily combated by PNR and an optimiza-
tion of the displacement amplitude. Out of all discussed imperfections the displacement
receiver is most prone to a non-unit visibility.
In the presence of channel noise the performance of a displacement receiver deterio-
rates quickly without PNR and conventional detection techniques become superior. We
showed, however, that by increasing the PNR capability and optimizing the displace-
ment, the receiver becomes much more robust to noise and it remains able to perform
at a sub-shot-noise level. Only for a very large number of thermal background photons
the noise is overwhelming. For thermal noise it is sufficient to numerically optimize the
displacement operation based on the noise strength. The optimal displacement crucially
depends on the chosen figure of merit.
Phase noise acting on the signal requires a more involved strategy. In this scenario
the state amplitudes have to be optimized additionally. The flexibility of being able to
choose the displacement amplitude allows the displacement receiver to combine the su-
perior state separation of BPSK and the robustness to phase noise of OOK such that the
detection performance remains below the shot-noise level. For very strong phase noise
the displacement receiver approaches the Helstrom limit and can be seen as a minimum
error measurement. The feasibility of this strategy was shown in a proof-of-principle
type of experiment which was carried out in collaboration with M. DiMario and F. E.
Becerra [DiMario et al. 2019].

We also developed a simple quantum model of a glass fibre which takes into account
self-phase modulation and losses based on a master equation approach. The interplay
between the Kerr nonlinearity and losses gives rise to quantum excess noise. The solu-
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tion to master equation for this type of noise was obtained for arbitrary input states. For
coherent input states the noise behaves as nonlinear Gaussian phase noise whose stan-
dard deviation depends on the states energy. Furthermore, the nonlinear phase noise
limits the amount of squeezing that can be obtained with a Kerr nonlinear medium.
For communication scenarios the nonlinear phase noise imposes new fundamental lim-
itations. In a loss only scenario, the amount of information that can be encoded into
the phase variable rises continuously with the mean photon number. If nonlinear phase
noise is present, there exists an optimum for the Holevo information at a lower mean
photon number instead of a continuous growth with the available energy.

In the photon starved regime, where the available energy for communication is very lim-
ited, the displacement receiver offers an improved PIE for PPM if thermal background
noise is present. The photon-number resolving detection allows to better distinguish the
signal from the background and therefore also limits the required PPM order.
We also presented a formalism which allows to analyze mutual information in the limit
of vanishing energy and derived several measurement schemes that can attain superad-
ditivity. Their physical realizations are based on a series of beamsplitters combined with
SPDs, displacement receiver or homodyne detection.

Further steps towards the practicality of displacement receivers require the consider-
ation of more advanced noise models. In free space links, for instance, atmospheric
turbulences can cause major distortions of the signal. Also for fibre based communica-
tion many nonlinear effects have been neglected in this work. A fully quantum model
that also includes phenomena such as cross-phase modulation or four-wave mixing could
yield interesting insights. Furthermore, the formalism derived in [Kunz et al. 2020] is not
only applicable to classical communication, but could also be used to investigate other
scenarios such as private communication. Another direction for future work is to apply
the concept of optimizing the alphabet to non-binary alphabets with more states or
considering more complex measurements, for instance, displacement receiver that utilize
feedback.
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