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Abstract
Role of gravitational interactions during reheating and dark matter production

Anna Socha

This work focuses on the minimal model of dark matter, assuming it consists of particles in-
teracting solely through gravity. The considered scenario involves massive vector particles as
candidates for dark matter. Such a hypothesis is quite restrictive and, in this sense, extreme,
but on the other hand, it captivates with its simplicity and universality. What makes this
scenario so compelling is its inevitability and complementarity with cosmological models of
the early Universe. Its attractiveness is also evidenced by the rich phenomenology considered
in this work. The origin of purely gravitational dark matter is related to gravitational effects
occurring in the very early Universe. Hence, its genesis and dynamics are attributable to how
the primordial Universe transformed from an inflationary to a radiation-dominated phase.

This thesis aims to shed some light on the unknown physics of the early Universe. We
explore the possibility of a non-standard cosmological history by postulating the existence of
a non-instantaneous reheating phase. In particular, we focus on the perturbative reheating
model induced by direct inflaton coupling to the visible sector or as a result of indirect inter-
actions of gravitational origin. The production of the Standard Model radiation is discussed
by considering a time-varying inflaton decay rate, which exhibits a power-law dependence on
the scale factor. Such behavior could reflect the non-standard form of the inflaton potential
during reheating and/or might be generated by the kinematic effects. The time-dependent
inflaton decay width, in general, meaningfully affects the production of the visible sector and
thus alters the thermal bath’s evolution. In addition, it might also change the duration of
the reheating phase. We also study the implications of the non-standard reheating scenario
for primordial gravitational waves, showing that the presence of a stiff epoch before the Big
Bang nucleosynthesis era might enhance their spectrum. Finally, we use this effect to explore
the possibility of probing inflaton-matter couplings in future gravitational wave detectors.

Three different mechanisms of dark matter creation are considered in this work. Namely,
we investigate purely gravitational particle production in the expanding Universe, gravita-
tional scattering through graviton exchange in the inflaton background, and the gravitational
freeze-in from the thermal bath. Limitations and necessary conditions for their occurrence
are discussed. We also determine the parameter space in which each of these mechanisms,
individually, as well as all of them combined, saturate the observed amount of dark mat-
ter. The presented analysis justifies gravitational production as a viable mechanism for the
vector dark matter in a wide range of dark matter mass. Moreover, our results apply to
various possible models of the early Universe with non-standard cosmology, demonstrating
that reheating dynamics play a crucial role in the gravitational production of dark vectors
and cannot be neglected in calculations of their present abundance.
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Streszczenie
Role of gravitational interactions during reheating and dark matter production

Anna Socha

W niniejszej rozprawie omówiono minimalny scenariusz ciemnej materii, zakładając, że składa
się ona z cząstek posiadających wyłącznie grawitacyjne oddziaływania. Rozważany scenariusz
dotyczy masywnych cząstek wektorowych będących kandydatem na ciemną materię. Taka
hipoteza jest dość restrykcyjna i w tym sensie ekstremalna, ale z drugiej strony urzeka swoją
prostotą i uniwersalnością. To, co czyni ten scenariusz tak interesującym, to jego nieuchron-
ność i komplementarność z kosmologicznymi modelami wczesnego Wszechświata. O jego
atrakcyjności świadczy również bogata fenomenologia rozważana w tej pracy. Pochodzenie
czysto grawitacyjnej ciemnej materii związane jest z efektami grawitacyjnymi występującymi
we wczesnym Wszechświecie. Stąd też jej geneza i ewolucja są odzwierciedleniem dynamiki
pierwotnego Wszechświata, a w szczególności tego, w jaki sposób przekształcił się on z fazy
inflacyjnej do epoki dominacji promieniowania.

W rozprawie analizowano niestandardowy scenariusz kosmologiczny, zakładając, że okres
dominacji promieniowania został poprzedzony epoką "podgrzania" (ang. reheating). Szczególną
uwagę poświęcono modelowi epoki podgrzania, w którym proces ten zachodzi w wyniku per-
turbacyjnych bezpośrednich oddziaływań pola inflatonu z materią widzialną, jak również
jako wynik oddziaływań grawitacyjnych. Omówiono produkcję cząstek Modelu Standard-
owego, zakładając, że oddziaływania między tymi ostatnimi a klasycznym polem inflatonu
parametryzowane są zależną od czasu szerokością rozpadu. Takie zachowanie może wynikać z
niestandardowej postaci potencjału inflatonu podczas fazy podgrzania i/lub być generowane
przez efekty kinematyczne, związane z niezerową masą cząstek w stanie końcowym. Zademon-
strowano, że zależność szerokości rozpadu od czasu istotnie wpływa na produkcję sektora
widzialnego i tym samym przyczynia się do modyfikacji jego ewolucji w okresie podgrzania.
Ponadto pokazano, że efekt ten może również zmienić czas trwania epoki podgrzania. Do-
datkowo omówione zostały również konsekwencje niestandardowego scenariusza podgrzania w
kontekście pierwotnych fal grawitacyjnych. W szczególności pokazano, że obecność wczesnej
epoki podgrzania w pewnych przypadkach może wzmocnić widmo fal grawitacyjnych o pier-
wotnej genezie. Tę obserwację wykorzystano do zbadania możliwości analizowania sprzężeń
inflatonu z materią w przyszłych detektorach fal grawitacyjnych.

W tej pracy rozważano trzy różne mechanizmy produkcji ciemnej materii. Zbadano czysto
grawitacyjną produkcję cząstek w rozszerzającym się Wszechświecie, rozpraszanie grawita-
cyjne w tle klasycznego pola inflatonu oraz grawitacyjną anihilację cząstek Modelu Standar-
dowego. Omówiono ograniczenia i warunki konieczne do wystąpienia powyższych procesów.
Określono również przestrzeń parametrów, w której każdy z tych mechanizmów, zarówno
indywidualnie, jak i w połączeniu, odtwarza obserwowaną ilość ciemnej materii. Uzyskane
wyniki mają zastosowanie w różnych modelach kosmologicznych i jednoznacznie wskazują, że
dynamika okresu podgrzania odgrywa kluczową rolę w grawitacyjnej produkcji wektorowej
ciemnej materii.
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Chapter 1

Whispers from the Darkness

Dark Matter (DM) : No one can see what dark matter is. (pol. Ciemna materia jaka jest,
nikt nie widzi). This paraphrase of a memorable "definition" of a horse (Horse: Everyone
can see what a horse is.) from the first Polish-language encyclopedia abbreviated as "New
Athens" perfectly describes our (lack of) knowledge of the dominant matter component in
the Universe. The unprecedented ignorance and simplemindedness of the above description
counterpose the deep truth hidden within. Namely, dark matter cannot be seen. It is not
low-luminous; dark matter is rather invisible and hidden. The unseen matter is electrically
neutral and thus does not interact with the electromagnetic field. Furthermore, it does not
interact via strong nuclear interactions, which makes it hard to detect. Hence, to some extent,
the name "dark matter" reflects doubts about the nature of the unseen matter and refers to
its elusiveness.

To understand the current status of dark matter, it is instructive to summarize our knowl-
edge. The first four sections are purely of a review nature. We begin in Sec.(1.1) with an
introduction to this topic, tracing back the historical arguments leading to the concept of
dark matter. Then, in Sec.(1.2), we briefly review the observational evidence for a dark
sector. Next, in Sec.(1.3), we present some possible candidates, which nowadays are viewed
as alternatives to best-established particle dark matter, on which we elaborate in Sec.(1.4).
Here, we briefly describe the most popular scenarios. Our review is equipped with a dis-
cussion of properties and characteristic features that dark matter should possess. In section
(1.5) we introduce the minimal DM model - purely gravitational dark matter. Finally, we
close this chapter in Sec.(1.6) by presenting the motivation for this work.

1.1 A brief history of the dark Universe
The following four sections are based mainly on the references [14–19]. Additional in-text
references are directly cited.

One of the earliest traces of invisible matter is dated to the 1600s. Soon after the publica-
tion of Newton’s opus magnum Philosophiæ Naturalis Principia Mathematica, some natural
philosophers began to speculate about the possibility of faint, dark objects, whose existence
can only be inferred from their gravitational attraction of bright stars or planets. In the
1700s, John Michell and Pierre Laplace argued that some objects, called corps obscur, might
be so massive that even light cannot escape their gravitational pull and thus is trapped by
mysterious dark bodies. Nowadays, this proposal is considered the origin of the black hole
concept - yet another invisible object whose existence has already been confirmed experi-
mentally. Next, in 1846, Urbain Le Verrier and John Couch Adams explained gravitational
anomalies in the motion of Uranus by proposing the presence of a new faint planet - Neptune.
At that time, it became clear that the Universe is rich in eerie, undiscovered objects that do
not emit light.
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More modern treatment of dark matter can be traced to the beginning of the twentieth
century. In 1904 Lord Kelvin proposed to treat stars as a gas of particles interacting via
gravity. This approach enabled him to estimate the number of stars in our galaxy (∼ 109)
and find an upper limit on the density of matter from the observed velocity dispersion of stars.
In one of his Baltimore Lectures on Molecular Dynamics and the Wave Theory of Light, we
can read, "[..] Many of our stars, perhaps a great majority of them, may be dark bodies." [20].
The very first mention of the term "dark matter" emanates from Henri Poincaré’s work "The
Milky Way and Theory of Gases" [21]. In his response to Lord Kelvin’s idea, he explicitly
used the name "matiére obscure" referring to dark bodies. Henri Poincaré’s disagreed with
Lord Kelvin, claiming that "[..] Then there is no dark matter or at least not so much as
there is of shining matter". His conclusion was based on the fact that the velocity dispersion
predicted by Kelvin was comparable to the observed value. Next, in 1932 Jan Oort derived
an estimate for the local density of matter near the Sun and the amount of dark matter to be
about half of the total density [22]. At that time, there was a belief that the unseen matter
is composed of faint stars, "nebulous or meteoric matter".

The first observation directly indicated the existence of "Dunkle Materie" was made in 1933.
This German term was coined by Swiss astronomer Fritz Zwicky widely recognized as a man
who first unmasked the dark side of the Universe. Zwicky studied the redshifts of various
galaxy clusters. Such objects are the largest gravitationally bound systems in the Universe,
containing thousands of galaxies and a hot gas emitting X-ray radiation. Zwicky found that
the velocity dispersion exhibited by the Coma Cluster is significantly larger than in other
galaxy clusters [23]. He determined the total mass of the Coma Cluster by multiplying the
observed number of galaxies (800) by their averaged mass (109M⊙). Zwicky then applied
the virial theorem to estimate the velocity dispersion, which was more than an order of mag-
nitude smaller than the observed value. This unexpected discrepancy indicated that Coma
must be much heavier; otherwise, there would not be enough visible matter to hold galax-
ies together. Thus, to explain the cohesion of the Coma Cluster and ensure its stability,
one needs to assume the existence of a dark sector that saturates the total mass together
with the luminous matter. Although Zwicky’s discovery was puzzling, at that time, there
existed many observational limitations minimizing this revelation. The most serious doubts
concerned inferring the distance to the Coma Cluster and adopting the mass-to-light ratio of
the Sun to all stars. Hence, the missing mass problem seemed like a house of cards waiting
to be blown down.

A true revolution happened more than four decades later due to the unprecedented progress
in radio astronomy and the discovery of the 21 cm line. In the 1970s, Kent Ford, Vera Rubin,
and other astronomers began a detailed study of the rotation curves in spiral galaxies, i.e.,
flattened gravitationally bound systems rotating in a nearly circular fashion around a central
concentration of stars called the bulge. Leveraging an image tube spectrograph, Rubin per-
formed spectroscopic observations to determine the rotation curves of stars in the Andromeda
Galaxy. Her discovery amazed astronomers and became the most striking evidence of a dark
halo around galaxies. The rotation curve illustrates the relation between an object’s orbital
velocity v and its radial distance r from the central bulge. Such a relation is used to deter-
mine the mass distribution in a given stellar system. For example, in spiral galaxies, orbits
of rotating objects like stars or clouds of hydrogen gas are approximately circular. Thus, ac-
cording to Newton’s law of gravitation, one can estimate the total mass M(r) inside a radius
r once the relation between v and r is known. More precisely, by setting the gravitational
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force to the centripetal force, we find the following formula for the orbital velocity:

v(r) =

√
GM(r)

r
, (1.1)

Figure 1.1: Rotation Curve of the Andromeda Galaxy
as done by Vera Rubin [7]

with G being the gravitational constant.
The mass of the whole galaxy is con-
centrated in its bulge; thus, outside of
it, M(r) ≃ const. Hence, formula (1.1)
tells us that v(r) should scale as r−1/2

for objects whose distance from the cen-
ter is larger than the size of the galaxy.
Instead, Rubin’s discovery was in con-
siderable contradiction with this pre-
diction, cf. Fig.(1.1). She found that
the rotation curve of Andromeda re-
mains approximately flat and does not
decrease with r in the galaxy’s outer
region [7]. This peculiar behavior has
also been observed in many other spi-

ral galaxies. A natural explanation of this puzzling phenomenon was that there must be
some additional contribution to the total mass outside the border of observed galaxies.
The density profile ρ(r) of the dark halo should decrease as r−2, such that the total mass
M(r) = 4π

∫
r2ρ(r)dr becomes constant. Another explanation for the flattening of the ro-

tation curves was that Newton’s laws could not be applied to such objects. This, in turn,
suggested that Newtonian gravity must be modified at the galaxy scales.

At that moment, it became clear that the problem of missing mass cannot be ignored by
the astronomical community. Soon after, the dark matter puzzle became an object of theo-
retical physicists’ interest. This resulted from several observations, which we briefly review
in the following section.

1.2 Recent evidence for dark matter
Now let us briefly review some observations supporting the existence of a dark sector.

1.2.1 Cosmic microwave background

One of the most compelling pieces of evidence supporting the existence of the dark sector
originates from the observation of anisotropies in the cosmic microwave background (CMB).
This probe is particularly interesting since it allows us to determine the total abundance of
dark matter precisely.

CMB radiation was predicted by Ralph A. Alpher and Robert C. Herman in 1948 based
on George Gamow’s work [24]. However, Arno Penzias and Robert Woodrow Wilson at Bell
Labs observed it for the first time sixteen years later while detecting a persistent and isotropic
background ’noise’ in the radio-wave spectrum [25]. CMB is a leftover remnant of the early
Universe that was created 380,000 years after the Big Bang when the Universe had cooled
enough (T ≲ 1 eV) to form neutral hydrogen via the following process: e− + p+ → H + γ.
After recombination, photons were no longer scattered off the free electrons since the number
density of the latter had decreased rapidly. Instead, at that moment, photons were finally
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released and started to propagate freely across the Universe, forming the surface of the last
scattering. Hence, the CMB map can be viewed as a snapshot of the primeval Universe, i.e.,
the earliest direct probe of how the Universe looked at its beginning.

The power spectrum of the CMB radiation is almost homogeneous. It is considered the
best perfect blackbody spectrum that has ever been seen. Its current temperature has been
determined with high precision to be TCMB = 2.72547 ± 0.00057 K [26]. The first full-sky
CMB map from NASA’s Cosmic Background Explorer (COBE) mission revealed that the
CMB temperature is not entirely uniform but exhibits tiny fluctuations across the sky. This
observation has been further confirmed by the COBE’s successor - the WMAP satellite, and
the WMAP’s successor - the Planck satellite. One can distinguish two types of anisotropies:
primary and secondary. The former have primordial origins and stemmed from the surface
of the last scattering and before. Secondary anisotropies are generated later due to effects
emerging between the surface of the last scattering and the observer, e.g., interactions of
the CMB radiation with intervening hot gas. The most considerable anisotropies are of the
order of δT/T ∼ 10−3. It is the Doppler shift in the temperature caused by our motion with
respect to the CMB rest frame. After removing dipole anisotropies and other contamination,
it has been revealed that the typical amplitude of the primary CMB fluctuations is of the
order ∆T/T ≈ 10−5. These tiny anisotropies allow us to directly probe the physics of the
very early Universe since they carry a memory about the matter distribution at the time of
recombination.

It turns out that the existence of dark matter leaves a noticeable imprint on the amplitude of
the CMB temperature anisotropies. More precisely, the presence of the density perturbations
δϵ induce fluctuations of the gravitational potential, ∇2(δΦ) = 4πG · δϵ, which are related
to the temperature fluctuations through the following formula δT/T = δΦ/3 [27]. The den-
sity fluctuations were initially tiny but grew with time, eventually providing the seeds for
structure formation. It has been shown that in the Universe without non-baryonic matter,
the temperature fluctuations should have been of the order ∆T/T ∼ 10−4 to explain the
formation of the observed structures. The smaller measured amplitude of anisotropies can
only be explained by the existence of the non-baryonic sector.

From the angular size and height of the CMB peaks, one can constrain the value of the
cosmological parameters. For instance, the position of the first acoustic peak enables us to
determine the geometry of the Universe, see Sec.(2.4). In addition, the character of oscilla-
tions in the CMB power spectrum depends on the ratio between matter and radiation. In
particular, the high of the acoustic peaks is sensitive to baryonic and dark matter density.
The ratio of second to first peak amplitude allows us to find the baryon density parameter
[13]:

Ωb,0h2 = 0.0224 ± 0.0001. (1.2)

Finally, the height of the third peak is sensitive to the energy density of dark matter, which
is estimated to be equal [13]

Ωobs
DM,0h2 = 0.120 ± 0.001, (68%, Planck TT, TE, EE + lowE + lensing) (1.3)

At this point, let us emphasize that these results leave no room for baryonic dark matter. In
particular, data from WMAP and Planck surveys favour the so-called ΛCDM model, which
emerged as a concordance model of cosmology. The name is an abbreviation of the two major
constituents of the Universe, i.e., a cosmological constant Λ associated with dark energy and
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cold non-baryonic dark matter (CDM), see Sec.(2.4).

1.2.2 Big Bang Nucleosynthesis

The exotic, i.e., non-baryonic, nature of the dark sector has been further confirmed by
the successful predictions of Big Bang Nucleosynthesis (BBN). Primordial nucleosynthe-
sis refers to the light nuclei production in the first few minutes after the very beginning.

Figure 1.2: Primordial abundances of 4He, D, 3He,
and 7Li (compared with the hydrogen abundance) as a
function of the baryon-to-photon ratio [8]. CMB predic-

tions [9, 10] are shown as narrow vertical bands.

As the temperature of the Universe
decreased, nucleons that formed the
primordial plasma combined into deu-
terium nuclei. The latter underwent
further nuclear reactions and formed
4He and a tiny fraction of the 3H
and 7Li nuclei, see Sec.(2.4). Since
the amount of these elements depends
on the temperature at the moment of
their production, one can probe the
ten-minute-old Universe by measuring
their present abundances. In partic-
ular, the deuterium-to-helium ratio is
susceptible to the baryon-to-photon ra-
tio η, which, in turn, is related to
baryon abundance through Ωbh

2 =
0.004η/10−10 [19]. Thus, by measur-
ing the relative abundances of these el-
ements, one can determine the overall
density of baryons. Figure (1.2) depicts
the computed abundances of 4He/H,
D/H (2He/H), 3He/H, and 7Li/H as a
function of η. BBN estimates are in
agreement with the WMAP and Planck
data for Ωbh

2 ≃ 0.02. This result is
an important crosscheck of the CMB
data.

1.2.3 Gravitational lensing

Other compelling evidence for dark matter has been inferred from gravitational lensing. The
gravitational deflection of light caused by the presence of massive bodies is considered one
of the most important predictions of general relativity (GR). According to this theory, the
deflection angle δ of a light ray bent by a spherically symmetric object of mass M is [19]

δ ≃ 4GM

bc2 , (1.4)

with b being the impact parameter of the incident photon. The flat metric result, i.e., δ → 0,
is obtained if i) the mass M of the source is small and ii) the impact parameter is large.
Typically, one distinguishes three categories of lensing, i.e., strong lensing, weak lensing, and
microlensing.
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Strong Lensing

Strong lensing corresponds to large deflection angles and creates highly distorted and mag-
nified images of a physical source; for a review, see Ref.[28]. In a rare case, when the source,
lens, and observer are located exactly on the same axis, a unique form of gravitational lensing,
i.e., an Einstein ring, is generated. Properties of the images, e.g., their number, positions,
intensities, etc., are used to map the distribution of dark matter [18]. Data inferred from
strong lensing events greatly agrees with other cosmological probes.

Weak Lensing

In the weak lensing regime, deflection angles are small, and the principal signal is a tiny
distortion in the shape of distant galaxies; for a review, see Ref.[29]. In the idealized case,
the image of the background source is stretched tangentially around a circle centered in the
lens. Although the signals of the weak lensing events are typically too weak to be inferred
from a signal source, nevertheless, one can use statistical analysis to infer the distribution
of a foreground structure [30, 31]. Initially, weak lensing has been used to constrain the
amount of dark matter in a given volume. This method has also been adopted to map the
distribution of dark matter around galaxy clusters [32]. In addition, a similar technique can
also be applied to individual galaxies.

Figure 1.3: "A direct empirical proof of the existence of dark matter" [11]. Left panel: Optical
images from the Magellan telescope of the merging cluster 1E0657-558. Right panel: The same image
from the Chandra X-ray telescope. Green contours in both panels represent the spatial distribution of
mass reconstructed from gravitational lensing. One can see that matter and plasma are concentrated

in distinct areas.

One of the best-established evidence for dark matter has been inferred from the weak
lensing mass-contour mapping of the cluster system (1E0657-558), better known as the Bul-
let Cluster. This object consists of two galaxy clusters that underwent a collision around a
hundred million years ago. As a result of the merger, a smaller component of the Cluster
has passed unhindered through the main cluster, whereas the hot intergalactic gas has been
trapped and emitted the X-ray radiation. Hence, collisionless galaxies have spatially decou-
pled from the plasma, making it possible to determine the mass profile of the Bullet Cluster
[11]. In addition, a gravitational lensing map of this Cluster has been created, indicating that
the gravitational potential does not trace the distribution of the plasma. They found that
the total mass of the Bullet Cluster is herded around the galaxies. The zero overlap between
the concentration of the visible matter, inferred from measurements of the X-rays, and the
total mass, mapped by the weak lensing, led to the conclusion that the Bullet Cluster cannot
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be entirely comprised of the baryonic matter; instead, it must contain a large amount of an
invisible non-interacting matter.

Microlensing

Microlensing occurs when the source is temporarily brightened, but the angular separation
of images is too small to be resolved. This phenomenon relies on events that, at first sight,
appear to be quite rare, in which the source and the lens are perfectly aligned from our view-
point. However, since there can be relative motion between these two objects, the probability
of such an effect is nonzero. When the faint object passes in front of the farther body, which
is typically brighter, the gravitational potential of the former causes the light emitted by the
source to bend, which in turn results in an enhancement of the lens’s brightness. The unique
microlensing signature is a temporal brightening of the combined signal from the source and
the lens. Gravitational microlensing is broadly employed to study faint or dark objects, e.g.,
brown stars, planets, white dwarfs, neutron stars, or black holes, that emit little or no light.
It is also considered a potentially powerful technique for probing instance, primordial black
holes. The typical time scale of such an event ranges from seconds up to years, allowing for
the detection of objects with mass in the range M ∈ [10−7, 102]M⊙.
The term microlensing was coined by the Polish astronomer Bohdan Paczynski, who was
the first to propose microlensing to probe massive compact halo objects (MACHOs) in the
Milky Way [33]. His idea has been employed by several surveys, including MACHO [34, 35],
EROS [36, 37] and OGLE collaborations [38, 39]. In 2007, the EROS-2 survey found that
dark matter in our Galaxy cannot be in the form of dark compact objects in the mass range
10−7M⊙ < M < 15M⊙ [36]. More recent analyses seem to relax these constraints, allowing
MACHOs with the mass M ∼ M⊙ to be still in the game. However, in light of other evidence,
it is hardly possible that dark matter is all made up of these objects.

1.2.4 Large-scale structures

Yet another direct evidence for dark matter comes from mapping large-scale structures. Ac-
cording to our understanding, the primeval density fluctuations serve as a seed for all of
the large-scale structures we observe now. Two opposing forces are involved in this process:
gravitational attraction and the repulsion force caused by the radiation pressure. The origin
of the structure formation is the interplay between these two effects. During the radiation-
dominated (RD) epoch, the non-zero pressure resists the gravitational collapse of the baryonic
matter. Thus, matter fluctuations are homogenized during this era. After recombination,
the radiation pressure is no longer present, and the density fluctuations finally collapse.

The Dark Energy Survey measurements indicate that the locations of the largest structures
in the Universe cannot be explained only by the gravitational interactions of baryonic mat-
ter [40, 41]. Namely, without dark matter, the structure formation should have been highly
suppressed compared to what we observe today. Dark matter serves as a seed of structure for-
mation and allows the distribution of galaxies and their clusters to be what we observe today.

Although large-scale structure observations alone are typically less powerful and accurate in
probing cosmological parameters, combining multiple datasets can provide more precise con-
straints. For example, the Dark Energy Survey combined cosmic shear, galaxy clustering, and
galaxy-galaxy lensing to determine the present matter abundance to be Ωm = 0.339=0.032

−0.031 [41].
When this result is further combined with other cosmological datasets, such as Planck, Baryon
Acoustic Oscillations (BAO), and BBN, the measurement narrows down to Ωm = 0.306+0.004

−0.005
[41], providing a tighter constraint.
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1.3 Alternative dark matter candidates
Over the last decades, many hypotheses have been put forward on dark matter nature. The
diversity of the proposed possible explanations is, in fact, somewhat overwhelming. Below,
we list the most popular DM scenarios.

1.3.1 Massive Compact Halo Objects

For a long time, Massive Compact Halo Objects (MACHOs) have been considered a plausible
explanation for the missing mass problem [42]. According to this hypothesis, galaxies are sur-
rounded by a halo composed of massive, compact astronomical bodies, including black holes
(BH), neutron stars (NS), brown dwarfs, faint stars, and unassociated planets. Nowadays,
the concept of MACHOs dark matter is somewhat outdated. Namely, it is hardly possible
that the existence of massive dim objects can exclusively explain the dark matter puzzle.
The main feature that makes this theory untrustworthy is that MACHOs consist of baryonic
matter, which alone cannot account for the structure formation.

1.3.2 Primordial Black Holes

Primordial Black Holes (PBHs) are among the most intriguing astronomical objects belonging
to the class of MACHOs. Such black holes could have been created in the early radiation-
dominated Universe as a result of the gravitational collapse of primordial overdensities. Since
the energy density of the Universe scales as ρ ∼ 1/(Gt2), one can estimate the initial mass
of PBHs to be [17]

M ∼ c3t

G
∼ 1015

(
t

10−s

)
g, (1.5)

where the density of a Schwarzschild black hole, i.e., ρ = M/V ∼ 1/(G3M2), has been
adopted [43]. Using the above relation, we can see that masses of PBHs span over a wide
range of scales, i.e., from M ∼ 10−5 g if they originated at the Planck time (10−43 s) up to
M ∼ 105 M⊙ if they formed at t ∼ 1 s [17].

The very first mention of PBHs dates back to 1974 from the work of Zeldovich and Novikov
[44]. Based on a Bondi accretion, they concluded that the existence of such objects is highly
improbable since the mass of PBHs with an initial size comparable to the horizon should be
of the order of 1017 M⊙ by the end of RD epoch. Their analysis neglected cosmic expansion,
which could significantly suppress the accretion process. More detailed studies were done
several years after this work. It is Stephen Hawking who is credited with pioneering research
on PBHs. In the paper from 1971 [45], he proposed the existence of electrically charged PBH
to explain the low flux of solar neutrinos. Then, in 1974 Stephen Hawking and Bernard Carr
argued that the result of Zeldovich and Novikov cannot be applied in GR, showing that the
cosmic expansion inhibits the growth of PBHs’ mass [46]. In the same year [47] Hawking
discovered something generally recognized as one of the most important revelations in theo-
retical physics. By combining insights from GR, quantum mechanics, and thermodynamics,
he figured out that black holes should have a non-zero temperature

TBH = 1
8πGMkB

, (1.6)
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with kB being the Boltzmann constant, as a result of thermal radiation, they should evaporate
on a timescale

τ ≈ 1
G2M2 . (1.7)

One can show that PBHs with initial mass smaller than ∼ 1015 g have been evaporated
entirely by now. On the other hand, according to these formulas, PBHs with a mass of the
order of ∼ 1024 g have a temperature lower than the temperature of the CMB radiation, and
thus the typical evaporation timescale for such objects is larger than the age of the Universe
[17]. Although light PBHs, i.e., with mass MBH < 1015 g, are the main focus of interest
due to the potential of detecting their evaporation, heavier PBHs have recently attracted
more attention. This is because the latter objects are unaffected by Hawking radiation and
thus could serve as a dark matter candidate. This idea was first discussed in 1975 inde-
pendently by George Chapline [48] and Péter Mészáros [49]. The notable feature of PBHs,
distinguishing them from other MACHOs, is that they are not only dark and non-baryonic.
Thus, unlike MACHOs, PBHs are not in tension with, e.g., large-scale structure formation
or the anisotropies observed in the CMB spectrum. However, as we have already discussed,
microlensing observations provide important constraints on the mass of dim objects. Hence,
PBHs with mass in the range ∼ (10−7, 10)M⊙ are excluded. Other constraints are being
extensively investigated. Such studies see, e.g., [50] show that there are only a few narrow
’mass windows’ where the fraction of dark matter in PBHs can be significant. Namely, PBHs
with mass in the range (1017, 1023) g and (1034, 1035) g can saturate the observed dark matter
abundance. It is worth noting that although the above bounds are based on monochromatic
PBH mass distribution, such conclusions remain robust. Moreover, the detection of a gravita-
tional waves’ signal from the binary BH merger the LIGO/Virgo provided a fresh perspective
on intermediate-mass PBHs. The estimated mass of black holes is in the range 10 − 50 M⊙,
which could suggest its primordial origin. Even though PBHs could provide only a (small)
fraction of the dark matter, it would still lead to interesting phenomenology [17].

1.3.3 Modifications of gravity

One of the most immediate elucidations of the missing mass problem is that Newton’s Law
does not apply at the scales of galaxies. This hypothesis should be considered an alternative
to the DM paradigm, which does not invoke the existence of a dark sector. One distinguishes
several different models based on modifications of gravity theories.

Mordehai Milgrom was the first who brings this idea to life. In 1983, inspired by the revela-
tion of the flatness of galaxies’ rotation curves, he suggested modifying Newton’s theory of
gravity for objects with extremely low acceleration [51]. The primary premise of his Modified
Newtonian Dynamics (MOND) hypothesis was that Newton’s laws have never been tested
in the low-acceleration regime. Accordingly, Milgrom proposed the following modification of
Newton’s second law of motion [51]:

F⃗MOND = m · µ

( |⃗a|
a0

)
a⃗, (1.8)

where m is the gravitational mass of an object, a denotes its acceleration, a0 is a new fun-
damental constant connecting the Newtonian and MOND regimes, while µ is the so-called
interpolating function, such that µ(a/a0) → 1 for a ≫ a0, and µ(a/a0) → a/a0 for a ≪ a0.
Note that the first condition is required to reproduce the Newtonian result at the limit of high
acceleration. Milgrom did not specify the exact form of the interpolating function; however,
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two common choices are: the so-called simple interpolating function

µ

( |⃗a|
a0

)
= 1

1 + a
a0

, (1.9)

and the standard interpolating function

µ

( |⃗a|
a0

)
=
√√√√ 1

1 +
(
a
a0

)2 . (1.10)

By equating the gravitational force in the "deep-MOND regime" to the centripetal force of an
object with mass m rotating at a distance r around a point mass M , Milgrom obtained the
Tully-Fisher relation for an asymptotic form of the rotational velocity: v4

∞ = (GMa0)1/4 that
is independent on r. Next, by applying his law to the rotation curve of a sample of galaxies,
Milgrom estimated the value of the universal constant a0 to be a0 ∼ 1.2 × 10−10 m s−2. How-
ever, recently it has been shown that this prediction is not universal. Namely, the measured
mass-to-light ratio for the NGC 1052-DF2 galaxy suggests that this object is devoid of dark
matter [52]. This fact poses a challenge to MOND since this theory does not predict the
existence of galaxies with no dark-matter halo. Even though this isolated object does not
entirely rule out the MOND paradigm, it contradicts several other observations, including
the Bullet Cluster. According to the MOND predictions, the gravitational lensing map of
the Bullet Cluster should agree with the distribution of the X-ray gas. However, as we have
already emphasized, the luminous mass distribution is separated from the total mass mapped
by weak lensing. Moreover, MOND is also strongly disfavoured by the Sloan Digital Sky Sur-
vey data, indicating that the observed motions of galaxies within clusters do not match the
MOND’s predictions [53].

A more mature generalization of the MOND paradigm is referred to as the Tensor-Vector-
Scalar (TeVeS) gravity and was developed by Jacob Bekenstein in 2004 as a relativistic gen-
eralization of Milgrom’s theory [54]. One of the main features of TeVeS is that it contains two
additional gravitational degrees of freedom: a spin-0 field ϕ and a spin-1 field Aµ. Moreover,
it involves two frames: the Bekenstein frame for the gravitational fields and a physical frame
for the matter fields. The action for the metric field is the standard Einstein-Hibert action,
as in GR see Sec.(2.3), whereas the action for the matter contains a physical metric g̃µν , given
by the following expression:

g̃µν = e2ϕgµν − 2AµAν sinh (2ϕ) (1.11)

The existence of two extra degrees of freedom leads to the modification of Newtonian dynam-
ics in the low gravitational potential regime. Even though TeVeS, in contrast with MOND,
can accommodate gravitational lensing, it appears inconsistent with recent measurements of
gravitational waves made by LIGO [55].

Another alternative for dark matter is entropic or emergent gravity. It was originally pro-
posed by Erik Verlinde in 2010 [56] and then developed in 2016 [57]. Entropic gravity emerges
from string theory, black hole thermodynamics, and quantum information theory. According
to this theory, gravity is not a fundamental interaction but rather an emergent phenomenon
resulting from the quantum entanglement of spacetime information bits. Although testing
Verlinde’s proposal seems not feasible, it is challenged on various grounds. For instance, it
has been shown that entropic gravity is inconsistent with the observed data on the rotation
velocities of dwarf galaxies [58].
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1.4 Particle dark matter
Undoubtedly, the best-established and compelling candidate for dark matter is (are) some
elementary particle(s). Depending on the specific model, the dark sector might consist of one
or more degrees of freedom. It is widely believed that dark matter must be made of new yet
undiscovered species (s). The reason why we should go beyond the Standard Model of particle
physics is the fact that this theory does not contain any plausible candidate that could play
the role of dark matter. The majority of the SM degrees of freedom are highly unstable, with
lifetimes far shorter than the age of the Universe. The remaining stable particles, i.e., the
electron and the up and down quarks, are either baryonic or charged under the UY (1) gauge
group. The only SM species with the required properties to explain the missing mass problem
are three neutrinos, which are stable, non-baryonic, electrically neutral, and highly elusive.
Moreover, the discovery of neutrino oscillations implies that neutrinos have a non-zero mass
[59–61]. At first glance, massive neutrinos that are non-relativistic today could be considered
an excellent dark matter candidate. Their current density can be estimated as [62]

Ωνh
2 =

∑
i mνi

93.14 eV , (1.12)

where the summation of all non-relativistic neutrino states is adopted. According to the
experimental data, the sum of neutrino masses is constrained as [63]

0.06 eV ≲
∑
i

mνi ≲ 0.15 eV. (1.13)

The above approximate bounds imply that

0.0006 ≲ Ωνh
2 ≲ 0.0016, (1.14)

which means that cosmic neutrinos are probably a few percent of the total dark matter in the
Universe. Since the rest masses of neutrinos are smaller than the eV scale, they could only
contribute to the hot dark matter. The reason for this is the assumption that neutrinos would
have been in thermal equilibrium with the thermal plasma in the early hot Universe. Even
though neutrinos are non-relativistic at present because their masses are small, they would
have decoupled while being relativistic, see Sec.(2.4.1). Therefore, SM neutrinos could only
contribute to hot dark matter at the time of structure formation and hence cannot account
for all dark matter.

Since there is no viable DM candidate within the Standard Model, dark species are ex-
pected to be some new elementary particle(s) accommodated in some SM extension. Any
such extension must agree with a broad range of cosmological and astrophysical observa-
tions described above. The consistency with the ΛCDM model implies several constraints on
properties of dark particles [16]:

• Almost dark with respect to the SM interactions
Since dark species do not interact with the electromagnetic force, viable dark matter
candidates must have zero quantum number with respect to the SM UY (1) gauge group.
Moreover, other possible interactions of DM with the SM sector should be feeble not
to spoil the growth of density perturbations.

• Influenced by gravity
The existence of dark matter has been inferred from its gravitational effects. Therefore,
dark matter particles must have a non-zero rest mass and interact with the SM species,
at least through gravity.
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• Massive
Possible masses of DM particles span an enormous range. According to the Tremaine-
Gunn bound [64], the mass of fermionic DM species must be larger than 0.27+0.30

−0.14 keV at
95% CL [65]. Such bound comes essentially from the fact that using the Pauli Exclusion
Principle, one constraint to which extent fermionic DM could comprise a galactic halo.
It is worth noting that this limit does not apply to bosonic dark matter. In this case, one
gets a weaker lower bound mDM >∼ 10−22 eV originating from the requirement that the
de Broglie wavelength of the DM particle, λdB = 2π/(mDMv), should be large enough
in order not to spoil the structure formation [66, 67]. Regardless of the spin of DM
species, the upper bound on their mass is 1019 GeV [68]. The limit comes from the
requirement that DM is not comprised of black holes.

• Non-relativistic at the time of structure formation
The nature of DM species strongly affects the evolution of the density perturbations.
Cold and hot DM are the two limiting cases corresponding to small and large velocity
dispersion. To account for the observed structure, DM must be non-relativistic by the
redshift z ∼ 107.

• Collisionless
Dark matter species should be nearly collisionless, meaning that they hardly interact
with themselves on a large scale except for the gravitational forces. In other words,
DM particles do not lose energy through radiation or collisions.

• (Almost) stable
Dark particles must be stable, or at least, their lifetime must be larger than the age of
the Universe. This is because only cosmic relics could contribute to the energy density
of the Universe, which is 13.8 billion years.

• Primordial origin
The abundance of light elements formed during BBN puts a strong constraint on the
dark matter energy density at that time. Hence, dark matter species must have origi-
nated well before the BBN epoch.

Among these constraints, probably the most important one is just a single number - the
observed abundance of dark matter (1.3) measured by the Planck Collaboration [13]. It is
the only DM parameter that has been measured.

Apart from the constraints mentioned above on DM species, our knowledge about the dark
sector is relatively poor and highly unsatisfactory. Very little is known about dark particles’
basic properties, so the viable theory space is vast. Moreover, depending on the specific
model, the dark sector might consist of one or several different kinds of elementary particles
or even be in the form of composite objects. To characterize the dark sector, one could
address the following issues: What are the spin and the mass of DM species? How do they
interact with the SM degrees of freedom? In addition, we also would like to know what is
the origin and nature of DM species. What mechanism is responsible for their production in
the early Universe? Given that possible masses span an enormous range of scales and that
the viable parameter space for DM interaction strength is poorly constrained, a plethora
of Beyond the Standard Model (BSM) models are considered a viable possible explanation
of the dark matter puzzle. DM candidates can be classified according to several categories
described below.

1.4.1 Spin

Dark matter particles could have both bosonic as well as fermionic nature. However, as
mentioned above, fermions with mass below the ∼ keV scale are not plausible DM candidates.
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Among bosons, dark matter scalars and vectors are the most established candidates, whereas
spin-1/2 particles are the most popular fermionic DM pretenders. However, it should be
stressed that particles with higher spins, e.g., s = 3/2 [69–71], s = 2 [72–74], or even higher,
i.e., s > 2 [75–77] could also act as viable DM candidates. The origin of DM scalars, spin-1/2
fermions, and vectors can be very different; however, the Higuchi bound on the mass of higher
bosonic spin states [78], m2 ≥ s(s − 1)H2, with H being the Hubble rate, implies that such
species might have a gravitational origin.

1.4.2 Mass

Depending on mass, one distinguishes several types of dark matter candidates. To saturate
the observed DM abundances, particles with different masses typically have very different
production mechanisms, which generally are operational in a given mass range.

Figure 1.4: The mass range of particle DM candidates.

Ultra-light dark matter

Particles with mass below the ∼ keV scale are usually ranked as ultra-light dark matter,
for a comprehensive review, see [79]. These models have gained much attention recently due
to their wave properties of forming a Bose–Einstein condensate or a superfluid on galactic
scales. Ultra-light species collectively behave as a coherent field with a typical the de Broglie
wavelength of the order of λdB ≈ 0.4 kpc (10−22 eV/mDM) [16]. Their occupation number,
N = ρDM

mDM
λ3

dB, is quite large, i.e., N ≫ 1, which indicates that ultra-light DM can be
effectively described as a classical field.

The evolution of scalar ultra-light DM fields is governed by the Schrödinger–Poisson equa-
tion. It turns out that ultra-light scalar particles behave as condensate on galactic scales,
which could address some of the small-scale shortcomings of the CDM, e.g., the cusp-core
problem. However, on larger cosmological scales, ultra-light DM behaves as a standard
CDM. Models with ultra-light DM are classified into three main classes.

• Fuzzy dark matter refers to a gravitationally bounded ultra-light dark scalar with
mDM ∼ 10−22 eV, see, e.g., [80, 81]. This model predicts that condensation of the spin-0
field is achieved in galaxies where the quantum pressure counterpoises the gravitational
attraction.

• Self-interacting fuzzy dark matter, or repulsive DM, scalar field DM, fluid
DM is a model with a dark scalar field, in the presence of gravity, with a (usually)
2-body self-interaction [79]. The inclusion of this interaction leads to the emergence of
superfluid behavior when the scalar field undergoes condensation.

• In DM superfluidity models, dark matter is treated as a condensate of axion-like
particles that behaves as a special liquid, which lacks viscosity on the galaxy scales
[82]. Collective excitations of this superfluid lead to a new long-range interaction, in
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addition to gravitational force, which explains the flattening of galaxy rotation curves.
On the other hand, dark matter is in a normal phase at the scale of galaxy clusters and
behaves as a set of incoherent particles.

Axions

The mass range between ∼ 10−6 and ∼ 10−4 eV is known as the "classic" window for the
QCD axions. The QCD axions a were originally postulated by Peccei and Quinn in 1977 to
resolve the strong CP problem in quantum chromodynamics [83, 84]. They proposed a new
U(1)PQ symmetry, known now as Peccei-Quinn (PQ) symmetry, that is spontaneously broken
at a high energy scale fa. Steven Weinberg and Frank Wilczek independently realized the
existence of a new pseudo-Nambu-Goldstone (pNG) boson emerging from the spontaneous
breaking of the global symmetry [85, 86]. The name axions was coined by Wilczek after
a brand of laundry detergent because axions were supposed to "clean up" the strong CP
problem. The density Lagrangian of a proposed model is given by

L ⊃ θQCD
αS
8π

Ga
µνG̃

µν
a + a

fa

αS
8π

Ga
µνG̃

µν
a , (1.15)

where the first time violates the CP symmetry, whereas the second term is a low energy
effective Lagrangian for the pNG of the PQ symmetry. Above, θQCD is a QCD parameter
which can be understood as an angle determining the vacuum of the theory, αS is the fine-
structure constant, Ga

µν and G̃µν
a denote the gluon field strength tensor, and its dual. The

second term in Eq.(1.15) effectively replaces the CP-violating term since the axion field can
be redefined absorbing θQCD. The crucial part of the PQ mechanism arises from the fact that
the potential of the a field has a minimum at the CP-conserving value θQCD = 0. Hence,
the non-trivial topological configurations of the QCD vacuum generated by the CP-violating
term are canceled dynamically, effectively solving the strong CP problem.

Axions acquire a non-zero mass through the mixing with neutral pion and other mesons
[87]

ma = 5.70µeV
(

1012GeV
fa

)
. (1.16)

The mass of the axion field should be considered as a QCD effect. Therefore, it vanishes in the
early Universe, above the QCD scale. The theory does not fix the scale of the PQ symmetry
breaking fa, and to evade current experimental constraints, it should be higher than 107GeV.
The moment the phase transition occurs defines the subsequent evolution of axions. One
typically distinguishes two types of models, i.e., pre-inflation and post-inflation scenarios, in
which the PQ symmetry is broken before and after the inflationary phase, respectively. De-
pending on the specific model, axions can be produced due to the thermal interactions with
the SM bath, via the vacuum realignment mechanism (VR), also known as the misalignment
mechanism, and as a result of the decay of topological defects (TD). Axions cannot comprise
all DM if they are thermal relics since they contribute to the hot dark matter. Moreover,
if axions were topological defects produced prior to inflation, they should have been wiped
out by the exponential expansion of the Universe. Vacuum realignment in the pre-inflation
scenario would require fine-tuning the initial misalignment angle θi. For instance, if we fix
θi ∼ 1, the matching with the observed relic abundance can be achieved for ma ∼ few µeV,
but by varying the value of θi, such that θi ∈ (0.3, 3) one widens the allowed mass range
ma ∈ (10−6 − 10−4) eV [87]. Finally, to saturate the observed DM relic density, the mass of
axions produced through VR and TD mechanisms after inflation could only lie in a narrow
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window around ∼ 10−5 eV.

The existing constraints for the QCD axions as CDM can be easily relaxed is one gener-
alize the Peccei-Quinn idea to a more generic model in which the mass of the pNG boson is
independent of its coupling. The string theory predicts the existence of other light bosons
A, dubbed as axion-like particles (ALPs), as a result of the spontaneous breaking of
global symmetries at high energies [88]. ALPs could also be produced via the realignment
mechanism. Moreover, ALPs, similar to QCD axions, couple to photons via the operator

LAγ = −gAγ
4 AFµνF̃µν , (1.17)

with Fµν being the electromagnetic tensor and F̃µν its dual. The axion-photon coupling gaγ
is inversely proportional to fa, and hence, in the light of Eq.(1.16), it is proportional to
axion mass. On the other hand, the ALP-photon coupling gAγ is generally unrelated to the
ALPs mass, which untightens the existing bounds for QCD DM axions. Depending on the
value of gAγ , ALPs could serve as a viable DM candidate while evading current experimental
constraints in a wide range of masses mA ≲ 102 eV [87].

Light dark matter

DM particles with mass in the range keV − 10 GeV traditionally fall into the category of light
dark matter. The above mass range encompasses sterile neutrinos and several thermal
DM candidates called Sub-GeV. The former has been introduced to resurrect neutrinos
as viable candidates for dark matter. This can be done by postulating the existence of an
extra heavy "sterile" neutrino with feeble interactions with the SM bath. It is worth noting
that this proposal could also provide a simple explanation for the observed oscillations of
DM neutrinos via the seesaw mechanism, see, e.g., [89]. Sterile neutrinos could act as viable
DM candidates if their mass is of the order of the keV scale [90–92]. Sterile neutrinos do not
carry any SM gauge charges; however, they should interact with other species to be efficiently
produced in the early Universe. Typically, three different scenarios are taken into account.
Namely, sterile neutrinos could have been produced by the weak interaction through mixing
θ with the SU(2)L charged SM neutrinos, see, e.g., [93, 94]. Another possibility is that
sterile neutrinos might have had new gauge interactions at high energies and thus could have
been produced thermally by these interactions [95, 96]. Finally, sterile neutrinos could also
have been created non-thermally by the decay of some heavier state in the early Universe.
Depending on the model, sterile neutrinos could be produced either in decays of the SM fields,
e.g., pions [97, 98], the Higgs boson [99], and the W boson [100], or in the decay of some new
BSM degree of freedom [101, 102]. It should be stressed that the standard keV mass scale
is only favored for sterile neutrinos produced via the active-sterile mixing, whereas for the
remaining two production channels mass of sterile neutrino can be well above the electroweak
scale [89].

Dark or hidden sectors

Another class of DM candidates below the GeV-scale is referred to as dark or hidden
sectors, containing both the DM species and other light states [103–106]. Apart from a DM
candidate, such models involve new light mediator states with sufficiently small couplings
to the SM particles. The mediator and DM are part of a secluded sector linked to the SM
sector with a portal. SM symmetries allow only a few possibilities [16], e.g., the axions portal,
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where a psudoscalar a couples to SM fermions ∂µa
fa

f̄γµγ5f , or to SM gauge bosons a
fa

GµνG̃
µν ,

a
fa

FµνF̃
µν , the Higgs portal, where the coupling of the scalar mediator ϕ to the SM Higgs h

generates Yukawa interactions with SM fermions yfϕf̄f after the EW electroweak symmetry
breaking, neutrino portal, where the sterile neutrinos serve as a mediator that couples to
the SM lepton doublet L via the operator L̄hνs, and the kinetic mixing portal referring to
the kinetic mixing of dark photons with the SM photons κVµνF

µν , with κ being the kinetic
mixing parameter, and Vµν denoting the field strength tensor of a dark U(1) symmetry. The
sub-GeV DM has a rich phenomenology, which is still under active investigation.

WIMPs

Presumably, the most frequently explored mass range spans over the O(10) GeV scale up
to 10 TeV. This is the standard mass window for weakly interacting massive particles
(WIMP) - one of the leading DM candidates. A comprehensive review can be found in
Ref.[107, 108]. Although there is no precise definition of WIMP, this term generally refers to
a non-baryonic and non-relativistic massive particle interacting with the SM sector via weak
or sub-weak interactions. The WIMP mass typically lies in the range from about 2 GeV (the
so-called Lee-Weinberg bound) up to ∼ 100 TeV (the unitarity bound) [109]. This relatively
old idea emerged from at the turn of the 1970s and 1980s [110, 111], and over the last four
decades, it has remained the most common paradigm to explain the DM puzzle.

There are several reasons why the WIMP paradigm is still in vogue. First of all, WIMP
species come up in various well-motivated BSM modes. A favorite WIMP candidate arises
in the supersymmetric extensions of the SM, e.g., in the Minimal Supersymmetric Standard
Model (MSSM), in which each SM species has a supersymmetric partner whose quantum
numbers are the same, but a spin is different by a factor of 1/2 from its SM counterpart.
Due to the R-parity, the lightest supersymmetric partner is stable and can serve as a WIMP
candidate for DM. Moreover, what makes the WIMP scenario particularly attractive is the
so-called "WIMP miracle". This catchy term refers to the profound connection, or maybe
just a coincidence, between the WIMP annihilation cross section and the observed relic abun-
dance of dark matter. Dark matter in the form of WIMP is supposed to be a thermal relic
from the early Universe. When the temperature of the Universe was sufficiently high, WIMPs
were in thermal equilibrium with the SM bath, meaning that they interacted with each other
efficiently. At that time, WIMPs would have been produced from the annihilations of other
particles in the thermal bath. The rate of such interactions was fast enough to maintain
WIMPs in thermal and chemical equilibrium with other species. However, as the Universe
cooled down, the time scale of such interactions could have decreased faster than the scale of
expansion, and the relevant interaction rate became too small to maintain particles in equi-
librium. WIMPs then decoupled or froze out from the thermal bath, and their abundance
reached an asymptotic value. In other words, after freeze-out, the number of WIMPs per
comoving volume remained constant. WIMPs with stronger interactions would have stayed
longer in thermal equilibrium and, hence, less abundant. The freeze-out abundance can be
related to the DM relic density observed today. Now the "miracle" happens. It turns out
that the relic abundance of WIMPs with mass of the order of the electroweak scale, i.e.,
mWIMP ∼ 100 GeV, can be estimates as [14]

ΩWIMPh2 ≈ 3 × 10−27cm3 s−1

⟨σv⟩
. (1.18)

Hence, for a cross-section characteristic for electroweak interactions ∼ 10−26 cm3 s−1 one ob-
tains the right relic density for dark matter, i.e., ΩWIMPh2 ≃ Ωobs

DMh2. Hence, if the dark
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sector is made of WIMPs whose mass and coupling scales are close to the SM ones, the ob-
served abundance of DM is achieved intrinsically. At this point, it should be emphasized that
the assumption of WIMPs being thermal relics imposes quite strong constrain on their mass.
In particular, WIMPs more massive than ∼ 100 TeV would be dramatically overabundant,
leading to an over-closure problem. The "WIMP miracle" happens only for WIMPs with
masses of the order of the TeV scale.

Over the years, the WIMP scenario has been considered a seductive hypothesis due to its
(prospective) testability. For a long time, it was expected that WIMPs with masses around
the TeV scale should be not only within sight of high-energy colliders [112–114] but also of
direct [115–117] and indirect [118, 119] DM searches. The fact that this scenario has many
potential implications for various experiments has driven much effort in the search for WIMPs
in the last decades. Although this possibility has been extensively studied for many years,
no signals have been found yet.

WIMPZILLAs

The assumption of relatively low-mass DM seems quite natural, and therefore, most of the
theoretical efforts have been put into such candidates, whereas over the years, the heavier
mass region has not been extensively explored in the literature. Thus paradigm was finally
questioned by Edward W. Kolb, Daniel Chung, and Antonio Riotto, who claimed that DM
might be made of superheavy particles with masses larger than the weak scale by several
orders of magnitude [120, 121].

Dark matter particles above the O(10) TeV scale were christened by the name WIMPzillas
[68]. The scenario considered by Kolb, Chung, and Riotto was developed in opposition to
the WIMP paradigm. They claimed that "Dark matter may be much more massive than usu-
ally assumed, much more massive than wimpy WIMPS, perhaps in the WIMPZILLA class"
[68]. In this alternative proposal, the dark sector is composed of superheavy particles with
masses ranging from 1012 up to 1016 GeV. The main distinguishing feature of WIMPzilla
from "wimpy WIMP" is that the former is not a thermal relic. Otherwise, if WIMPzillas were
in equilibrium at the freeze-out time, their relic abundance would be much larger than the
observed value. Because WIMPzillas particles are not thermal relics, their present abundance
is not determined by their cross-section. To reproduce the observed dark matter relic density,
the fraction of total DM energy density in the form of WIMPzilla at the time they were pro-
duced must be tiny. Therefore, one expects WIMPzillas to have feeble interactions with other
species. In the extreme case, one could even consider an extreme scenario where WIMPzillas
are coupled directly neither to the SM sector nor to any other hidden sectors. Surprisingly,
even if WIMPzillas have only gravitational interactions, numerous non-thermal mechanisms
might populate the dark sector. Pure gravitational production is considered one of the most
elegant mechanisms for DM production. Kolb, Chung, and Riotto considered the scenario
where superheavy DM is produced during the transition between the inflationary phase and a
matter-dominated (or radiation-dominated) epoch as a result of the "non-adiabatic expansion
of the background spacetime acting on the vacuum quantum fluctuations" [120]. Conceptu-
ally, this mechanism has much in common with the inflationary formation of gravitational
perturbations and will be discussed in more detail later. The notable feature of this process
is the capability of creating particles with a mass of the order of the Hubble scale during
inflation, regardless of their other interactions. In addition, they also demonstrated that
WIMPzillas particles with mass up to 103 He, with He being the scale of Hubble rate at the
end of inflation, can be produced via a broad parametric resonance during the preliminary
stage of reheating called "preheating" [122–127].
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Composite dark matter

Dark matter heavier than the Planck mass scale might be made of macroscopic composite
objects, i.e., bound states of lighter species. For instance, it is known that the gravitational
collapse of a scalar field condensate could lead to the formation of a boson star [128]. Such
phenomenon is observed for a collection of axions that condense into an axion star [129].
There is a chance that a significant fraction of dark matter is in the form of such non-luminous
stars. A somewhat related possibility is that of supersymmetric Q-balls - coherent state
of a complex scalar field, or more precisely, stable non-topological solitons carrying baryon or
lepton number [130]. Finally, ultra-heavy DM can also be in the form of nuggets of quark
matter - an exotic phase of "quark matter" that could have been created at high baryon-
number density and low-temperature [131]. The authors of Ref.[132] demonstrated that dark
quark nuggets are unavoidable in confining gauge theories that generically admit a first-order
phase transition and a dark baryon asymmetry. Depending on the confinement scales, their
mass can be as large as 1023 g with the corresponding radius 108 cm.

1.4.3 Thermalization

Dark matter models can be also distinguished depending on whether DM species were or were
not in thermal equilibrium with the SM bath, see Appendices (B) and (C). The production
mechanism and thus the dynamics of DM species are determined by their strength of their
interactions with the visible sector. Namely, the evolution of the dark sector can be described
in a model-independent way by its thermally-averaged interaction rate ⟨σ|v|⟩ with the thermal
bath, see (6.177). One singles out three main scenarios.

Figure 1.5: Various DM production mechanisms.
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Thermal freeze-out

For large enough ⟨σ|v|⟩, such that the interaction rate Γ ≡ neq
X ⟨σ|v|⟩, with neq

X being the equi-
librium number density (for a negligible chemical potential, neq

X will be defined in Eq.(2.113)),
exceeds the Hubble rate H, DM species were in thermal equilibrium with the SM bath at
early times. In such models, DM starts its evolution with a large number density. At high
temperatures, DM-SM interactions proceed rapidly, relative to the Universe’s expansion. As
the temperature of the Universe drops, dark species lose their initial abundance, following
the equilibrium distribution. When the temperature is of the order of the DM mass, dark
species are so dilute that their interaction rate eventually drops below the Hubble rate. The
transition between these two regimes, i.e., efficient and inefficient interactions with SM bath,
is called freeze-out. Around this moment DM interaction rate equalized with the Hubble
rate, i.e., Γ ≈ H, and as a result, the comoving number density of dark species becomes fixed
and stays constant up to now. The strongest coupling is, the longer DM particles remain in
thermal equilibrium with the SM bath, leading to a lower freeze-out abundance, cf. Fig.(1.6).

Note that the present amount of thermal relics have no memory of the initial conditions
and does not depend on the details of the production mechanism. This is because ther-
malization washes out any dependence on initial conditions. The role of the SM sector in
this scenario boils down to the suppression of initial (most presumable large) DM abundance.

The best-established realization of thermal freeze-out is the standard WIMP scenario dis-
cussed above. However, this is only one of the simplest examples of a much broader class
of models. The whole landscape is diverse and rich, as it spans various scenarios, including
symmetric thermal relics [111], hidden sector freeze-out [103, 133, 134], forbidden dark matter
[135, 136], strongly interacting massive particles (SIMPs) [137, 138], asymmetric dark matter
[139, 140], co-annihilations [135], co-scattering [141], and many more.

Freeze-in

If DM interactions with the SM bath are weak, thermal equilibrium cannot be achieved.
DM particles starting their evolution with a large abundance would have been overproduced,
which, in turn, would have led to the over-closure of the Universe. On the other hand, if the
initial abundance of dark particles was tiny, or even zero, feeble interactions with the SM
quanta gradually increase the number of dark species whose abundance accumulates with
time. The production of DM particles stops when the temperature of the Universe drops
below DM mass since thermal plasma no longer has enough energy to create dark particles.
The main aim here is to reproduce the exact present abundance.

The above described thermal freeze-in1 scenario [142] can be viewed as the opposite mech-
anism to thermal freeze-out. Feebly Interacting Massive Particles (FIMPs) never attained
thermal equilibrium with the SM sector. The latter’s role is now to create DM species, not
to decrease its initial abundance, as in the freeze-out mechanism. This process might not be
efficient enough for too small couplings to saturate the relic density. On the other hand, if
DM-SM couplings are too high, one would end up with too much dark matter. Hence, unlike
freeze-out, the abundance of DM produced via freeze-in increases with ⟨σ|v|⟩, cf. Fig.(1.6).

1The term ’thermal’ refers here to SM particles comprising thermal bath, from which DM species originated.
It does not refer to dark matter, which is not in thermal equilibrium.
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Figure 1.6: Schematic comparison of the freeze-out (solid curves) and freeze-in (dashed curves)
mechanisms. Red curves correspond to a lower value of ⟨σ|v|⟩. Y = n/s denotes the DM yield, with

s, denotes entropy density (2.136). Gray dashed curve presents the evolution of Yeq ≡ neq/s.

Moreover, the number density of FIMPs initially increases with time and frozen-in when
T ∼ mDM, contrary to WIMPs whose abundance exponentially decreases with time up to the
point when it freeze-out to a constant value. Moreover, let us notice that the relic density
of FIMPs depends on the initial conditions and has a memory of the Universe’s expansion
history.

Several important questions arise, for instance, when, or in other words, at what tempera-
tures WIMPs are produced. Typically this is determined by the ratio Γ/H, or more precisely,
the moment at which it is maximized. One distinguishes two possible scenarios. Namely, the
UV freeze-in [143], in which Γ/H reaches its maximal value at high temperatures, and
the IR dominated freeze-in for which Γ/H is maximized at low temperatures, typically
around the DM mass threshold [142]. Now let us briefly examine what type of interactions
could lead to UV and IR freeze-in. To that end, we assume that DM interactions can be
described within the effective field theory (EFT) framework. In this case, the temperature
dependence of the thermally averaged DM cross section can be parametrized as,

⟨σ|v|⟩ ∼ T 2(d−4)−2

Λ2(d−4) , (1.19)

where Λ denotes the EFT cutoff, and d is the mass dimension of an operator O which mediates
DM-SM interactions. Using the fact that nDM ∼ T 3, and adopting the following scaling of
the Hubble rate H ∼ T 2/MPl, one finds

Γ
H

∼ MPl
Λ2(d−4) T 2(d−4)−1. (1.20)

From the above estimations, one can see that if the operator O has a mass dimension d ≤ 4,
then the Γ

H ratio decreases as T increases. Hence, the IR-dominated freeze-in typically
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emerges from renormalizable interactions. On the other hand, Eq.(1.20) implies that for
d ≥ 5, the Γ

H ratio decreases with T , and therefore, it is maximized at the highest tempera-
ture scales. Thus, higher-dimensional interactions lead to the UV type of freeze-in mechanism.

From the above discussion, one infers that DM abundance depends on the history of the
early Universe in the UV freeze-in scenario. Hence, it might be very different in various
cosmological models, depending on how the Universe evolved at the very early times. The
UV sensitivity, in particular, means that DM abundance can access information about the
Universe at very high temperatures.

Another key question is what type of interactions could create DM via the freeze-in mech-
anism. Similar to thermal freeze-out, freeze-in zoology is tremendous. Here we list only a
few of them, including portal models, where DM species interactions with the SM bath arise
through the so-called Higgs portal [144–146], or as a result of mixing between the hidden U(1)
gauge boson and the SM hypercharge [147–149], or via the spin-2 portal [150–153], etc. An-
other example is the pandemic DM [154, 155]. and superWIMPs [156]. For a comprehensive
review, see [157].

Non-thermal production

Finally, let us consider the extreme scenario where DM interactions with the thermal bath
are so weak that SM particles cannot produce the observed amount of dark matter. One
would naively expect that such a scenario is unrealistic since we observe some signatures of
dark matter from which we have inferred its existence. However, we should be aware that the
DM’s origin is not necessarily related to the SM sector. In fact, there is no profound reason
to assume that the genesis of DM is associated with its interactions with the SM particles.
If it is, then we are, in some sense, lucky since then we might have some chance to see its
imprints in collider or direct searches. If not, then ... a plethora of possible models would
still be overwhelming.

This idea is not new, and many models exist in the literature. Among the best-established
scenarios are the misalignment mechanism for axion-like-particles [86], non-perturbative grav-
itational production from the rapidly changing metric [120, 121, 158–173], production from
the inflaton field [174–178], DM production via non-minimal couplings to gravity [179–181],
the evaporation of PBHs [182–185], etc.

1.5 Gravitational dark matter
Despite unprecedented efforts made to experimentally confirm the existence of dark matter
particles, so far, neither on Earth nor in the sky, any single DM imprint has been detected.
Even though it is still too early to completely discard the WIMP paradigm, the complete
lack of any signal motivates the consideration of alternative, slightly more pessimistic DM
scenarios.

The purely gravitational dark matter is one of the most elegant and minimal mod-
els for a dark sector. Particles interacting with other species only through gravity seems to
be an appealing explanation for the dark matter puzzle. Although such a scenario appears
very well-motivated and natural, it has not been extensively explored in the literature for
many years. The reason for this may be associated with the perceived difficulty of testing
it. Even if the observational prospects are not very promising, certain signatures of purely
gravitational dark matter are expected [186, 187], and the scenario itself can be ruled out if
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the inflationary scale is found to be low.

A key question one might raise is what makes gravitational DM production compelling.
First and foremost, it is its inevitability. The gravitational coupling is universal and thus
irreducible. Hence, the issue to be addressed is not whether dark matter is produced gravi-
tationally but rather when and how many dark particles are created that way. Thus, purely
gravitational dark matter production might provide the ultimate lower limit for the DM
abundance that should be taken into account in any non-thermal scenario.
Moreover, it is also a complementarity between the dark sector and the primordial Universe.
This results from the fact that the produced amount of dark matter is strongly attached to
inflationary observables, which we hope to measure in the near future.
Lastly, it is also the minimalism and simplicity that make this scenario so appealing. To
fully determine the gravitational production of dark matter species, one should only specify
two basic DM characteristics, i.e., its spin and mass, and adopt some inflationary and post-
inflationary scenarios. That is all we need to determine the whole dynamics of dark matter.
The model-dependent part of this scenario is associated with a choice of the early-Universe
model, which determines the background dynamics during and after cosmic inflation. It
should be highlighted that no other direct coupling to matter fields or curvature are not
required.
We also want to emphasize that this scenario has incredibly rich and involved phenomenology.
Many different gravitational processes might contribute to the population of a dark sector.

One of them is related to particle production by the external gravitational field from vacuum
(GP). This idea dates back to 1939 when Erwin Schrödinger noticed that "[. . . ] proper vibra-
tions cannot be rigorously separated in the expanding universe [. . . ] With particles it would
mean production or annihilation of matter, merely by expansion, [. . . ] Alarmed by these
prospects, I have examined the matter in more detail." [188]. Schrödinger called this effect
"alarming phenomenon" as a bug. It took many years for this phenomenon to be recognized
as a reliable mechanism for particle creation. Leonard Parker was one of the first to notice
the tremendous cosmological significance of this process. In one of his works, we can read
"[. . . ] for the early stages of a Friedmann expansion particle creation may well be of great
cosmological significance, especially since it seems inescapable if one accepts quantum field
theory and general relativity." [158]. Gravitational particle production gained much attention
in the 1980s through the work of Mukhanov and Chibisov, who used it to explain the origin
of matter perturbations leading to galaxy formation [189]. It has been used in a broader
context, including inflationary fluctuations [190–195] as well as the Hawking radiation [47].
But what exactly is GP, and how is it related to dark matter?

Cosmological gravitational particle production can be considered as an analog of a quantum
harmonic oscillator when the spring constant changes suddenly [196]. The GP mechanism
refers to the particle creation by the violent cosmological expansion. It is viewed as a generic
consequence of the behavior of quantum fields in the expanding Universe. Namely, fields
that are not invariant under conformal transformation2 develop a time-dependent dispersion
relation due to the coupling with gravity [159]. When the dispersion relation evolves non-
adiabatically for some Fourier modes, the field gets excited out of its vacuum state, which,
in turn, is interpreted as a particle creation [197, 198]. This implies that the expanding Uni-
verse inevitably creates all fields, including dark matter. In the absence of other couplings,
which could be responsible for the production of DM, the GP mechanism might provide an

2Conformal invariance of a given field operationally boils down to a vanishing trace of its stress-energy
tensor.
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irreducible source of dark matter particles.

Only recently, it has been realized that DM species might also be created gravitationally
from the thermal bath via graviton exchange [152, 153, 199, 200]. Such a scenario can be
classified as a UV-dominated freeze-in, which exhibits sensitivity to the initial conditions and
is most operative at the highest possible energy scales. It emerges from the universal graviton
coupling to the energy-momentum tensors of the DM and SM species.

Even more recently, it has been established that a similar mechanism might also induce
DM creation directly from the inflaton field [2, 3, 201–204].

1.6 Introduction
This work emerged from the need to establish and systematize knowledge about purely grav-
itational vector dark matter. When I began my doctoral studies in 2018, this topic was
relatively unexplored in the literature. Of course, the purely gravitational dark matter sce-
nario existed long before I started investigating this topic. However, at that time, the main
emphasis was put on scalar dark matter, whose purely gravitational production was discussed
in many works, including [120, 162–164, 172]. The very first study of purely gravitational
spin-1 field was performed by Graham, Mardon, and Rajendran in 2015 [169]. This analysis
assumes a very specific cosmological scenario: the immediate transition from the inflationary
into the radiation-dominated Universe. Such a premise is reasonable for light spin-1 particles,
but is it also true for heavy vectors? It was precisely this question that became the main
motivation for undertaking this work.

As mentioned several times above, the efficiency of non-thermal mechanisms of DM pro-
duction is the highest at very early times. Hence, such processes exhibit strong dependence
on the dynamics of the primordial Universe. According to the well-established cosmic infla-
tionary paradigm, the Universe underwent a phase of accelerated expansion in its early stages
[205–210]. Although the inflationary paradigm is incredibly successful, it cannot explain all
the puzzles alone. For instance, how the Universe transitioned from the super-cooled stage
at the end of inflation into a hot and thermal phase. An additional mechanism is needed to
account for the energy injection into the SM sector. It is believed that such processes oc-
curred during the epoch of reheating [122–127, 207, 211–213]. Very little is known about the
physics of this phase. Its dynamics is expected to be highly involved and model-dependent.
However, it is likely that reheating was not instantaneous, which implies the existence of a
new cosmological epoch just after the end of inflation but prior to the onset of the RD era.
Its presence might have a significant effect on dark matter production.

Thus, we see that the origin of purely gravitational dark matter is intricately linked to the
evolution of the early Universe. Hence, any attempts to disregard or trivialize this fact are
a priori incomplete and might lead to oversimplified results. The dynamics of the Universe
in this scenario cannot be treated only as a background in which particle creation occurs.
Instead, it should be viewed as a real source of dark species. This, in turn, means that the
evolution of the dark sector is inextricably associated with the dynamics of the Universe itself.
Therefore, the key issue to address is to answer the question of how the primordial Universe
evolved.

The details of the reheating phase are hardly known. In particular, we have no idea how it
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Figure 1.7: What happened after the cosmic inflation but before the onset of the Big Bang Nucle-
osynthesis?

occurred or how long this process lasted. However, we do know that the finite duration of
reheating might significantly influence dark matter production, leaving an imprint on its relic
abundance. To investigate this effect, we study several perturbative but non-instantaneous
reheating scenarios which could give rise to a non-standard cosmology [214–219]. This term
refers to an early period (before the Big Bang Nucleosynthesis) that deviates from the stan-
dard radiation domination. The existence of non-standard cosmologies might have a sig-
nificant effect on dark matter production. Moreover, such a scenario has incredibly rich
phenomenology, which potentially might be probed in the spectrum of primordial gravita-
tional waves.

Finally, it turns out that purely gravitational particle creation does not exhaust all dark
matter production mechanisms. Namely, dark particles can also be produced directly from
the inflaton field and the SM quanta due to Planck-suppressed gravitational interactions. The
existing literature [152, 153, 199–204] focuses on scalar and fermionic dark matter, and does
not fully include subtleties associated to the semi-classical nature of the oscillating inflaton
field. However, what is even more important is the fact that in previous works, these three
mechanisms were discussed separately without considering their cumulative effect. Such an
approach is not well justified since all these processes might generally operate together and
are indicative of the same phenomenon - gravity. Hence, a complete picture of purely gravi-
tational dark matter involves not only the incorporation of the early Universe’s dynamics but
also the discussion of all these effects that inevitably lead to the population of the dark sector.

This thesis is structured as follows. Chapter (2) provides a pedagogical introduction to
particle cosmology. The inflationary paradigm is briefly discussed in Chapter (3). Some
original results presented in this part are based on [1, 2]. The remaining part of this thesis
presents only our original work. Chapter (4) is devoted to non-standard reheating scenarios.
Some part of the discussion has already been published [2, 3], while the other part is the sub-
ject of ongoing work. In chapter (5), we elaborate on the impact of non-standard cosmologies
on the primordial gravitational wave spectrum, relying on Ref.[1]. Finally, in chapter (6), we
discuss the production of purely gravitational dark matter vectors in detail. The first part
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of this chapter, regarding non-perturbative gravitational production, is based on [4], whereas
perturbative processes have been partially discussed in Refs. [2, 3]. We conclude in chapter
(7).
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Chapter 2

Standard Cosmology

In this chapter, we briefly review the fundamentals of the standard cosmology, based on
several excellent cosmology references, including both classical textbooks [220–225], as well
as more recent reviews [19, 226], and lectures notes [227–230]. We commence by provid-
ing a concise overview of Einstein’s theory of gravity in Sec.(2.1). We accomplish this by
introducing fundamental concepts and outlining the mathematical structures that underpin
general relativity. Then, in Sec.(2.2), we discuss the isotropic and homogeneous universe
whose metric is in the Friedmann–Lemaître–Robertson–Walker (FLRW) form. Section (2.3)
is devoted to Einstein’s field equations. Here, we derive two fundamental equations for cos-
mology, i.e., the Friedmann and the Raychaudhuri equations, and study their approximate
analytical solutions for a single-component universe. Afterward, in Sec.(2.4), we character-
ize our Universe by providing the current estimates for some key cosmological parameters
describing the ΛCDM model. The quoted values are mostly inferred from the recent Planck
2018 measurements of the CMB anisotropies [13]. In the remaining part of this section, we
present some crucial events of the standard cosmology and discuss the hot Big Bang (BB)
thermodynamics. Finally, in the last section, (2.5), we list some puzzles of the BB paradigm
and review the motivation for cosmic inflation.

Disclaimer: The chapter has a pedagogical character and should be viewed as an elemen-
tary introduction to more involved topics discussed in this thesis. Readers already familiar
with the basic concepts of standard cosmology might skip it.

2.1 Elements of General Relativity
The general theory of relativity (GR) is based on two assumptions:

1. the principle of equivalence, which can be formulated in the following manner: "at
every spacetime point in an arbitrary gravitational field it is possible to choose a "locally
inertial coordinate system" such that, within a sufficiently small region of the point in
question, the laws of nature take the same form as in unaccelerated Cartesian coordinate
systems in the absence of gravitation" [220].

2. the principle of general covariance, which states that the form of physical laws is
invariant under arbitrary differentiable coordinate transformations.

According to the first postulate, gravitational and inertial masses are equivalent. Moreover,
the principle of equivalence states that the effects of gravitation are indistinguishable from the
free fall because it is possible to choose a locally inertial frame at each point of space. Finally,
it asserts the existence of a locally inertial frame with the structure of the flat Minkowski
space.
In addition, the principle of general covariance implies that physical equations hold in a gen-
eral gravitational field if i) they agree with the laws of special relativity in the absence of
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gravity, ii) they preserve their form under a general coordinate transformation, i.e., x → x′.
Hence, writing an equation invariant under such transformations essentially boils down to
recognizing tensor equations, which are consistent with special relativity in the Minkowski
spacetime, substituting the flat metric ηmn with the curved one gµν , and replacing ordinary
derivatives ∂µ with covariant ones Dµ.

One of the most relevant concepts in GR is the unification of three spatial dimensions with
one dimension of time into a single four-dimensions spacetime. In GR, spacetime is a differen-
tiable manifold locally homeomorphic to R4. This, in particular, implies that one can assign
a set of coordinates xµ = {x0, x1, x2, x3} to each patch of spacetime. Furthermore, from the
principle of equivalence, it follows that at each point of spacetime, one can also choose a set
of locally inertial coordinates ξm = {ξ0, ξ1, ξ2, ξ3}. Then, a line element in the vicinity of a
given point is

ds2 = ηmndξmdξn, (2.1)

with ηmn = diag(1, −1, −1, −1) being the flat Minkowski metric, while dξm denotes an inertial
infinitesimal displacement.
These two sets of coordinates are related to each other through

dξm = ∂ξm

∂xµ
dxµ, (2.2)

which, in turn, implies

ds2 = gµνdxµdxν , gµν ≡ ηmn
∂ξm

∂xµ
∂ξn

∂xν
. (2.3)

Above, we have introduced the symmetric metric tensor gµν , whose inverse is defined by the
following relation:

gµνg
νσ = δσµ . (2.4)

The Minkowski metric is static. In contrast, gµν is a function of both time and spatial coor-
dinates, i.e., gµν = gµν(t, x⃗). More precisely, the spacetime dependence of the metric tensor
involves the effects of gravity, which, in turn, depends on the matter distribution through the
Einstein equation, see Sec.(2.3).

Let us now briefly discuss the dynamics of a freely moving particle. According to the first
postulate of GR, its equation of motion, or the so-called geodesic equation, reads [220]

d2xλ

dλ2 + Γλµν
dxµ

dλ

dxν

dλ
= 0 (2.5)

with λ being an affine parameter of the particle’s trajectory, e.g., its proper time, whose
interval is defined as ∆τ̃ =

∫ √
ds2. The Christoffel symbols, or the so-called affine connection,

are defined as

Γλµν ≡ ∂2ξα

∂xµxν
∂λ

∂xα
. (2.6)

Using the definition of the metric tensor, one obtains

Γλµν = 1
2gρλ

(
∂gµρ
∂xν

+ ∂gνρ
∂xµ

− ∂gµν
∂xρ

)
. (2.7)
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Note that the affine connection vanishes in flat spacetime, described by the Minkowski metric
tensor ηab.

Next, let us consider an arbitrary coordinate transformation of the form xµ → x′µ. A mixed
tensor with upper indices µν . . . and lower indices ρ, σ . . . changes as

Tµν·
ρσ...(x) → T ′µν·

ρσ...(x′) ≡ ∂x′µ

∂xλ
∂x′ν

∂xκ
. . .

∂xα

∂x′ρ
∂xβ

∂x′σ . . . T λκ...
αβ... . (2.8)

The metric tensor gµν transforms as a covariant tensor

gµν(x) → g′
µν(x′) ≡ ∂xα

∂x′µ
∂xβ

∂x′ν gαβ(x), (2.9)

whereas its inverse, gµν behaves as a contravariant tensor. However, not all quantities, e.g.,
the Christoffel symbols, transform as tensors. Hence, it is instructive to define a covariant
derivative Dµ, which on contravariant vector V ν acts as

DµV ν ≡ ∂V ν

∂xµ
+ ΓµνσV σ. (2.10)

Covariant derivatives allow us to assert the effects of gravitation on a physical system. To
that end, one should determine a physical equation consistent with special relativity, substi-
tute ηab with gµν , and replace ∂µ with Dµ.

Next, let us introduce the Riemann curvature tensor

Rρ
σµν := Γρσν,µ − Γρσµ,ν + ΓρλµΓλσν − ΓρλνΓ

λ
σµ, (2.11)

where the comma notation has been adopted, i.e., (. . . ),λ ≡ ∂(. . . )/∂xλ. The Riemann
tensor can be viewed as a measure of curvature as it vanishes in a flat metric. From the
above expression, one can easily check that it is anti-symmetric under the interchange of
µ ↔ ν, and ρ ↔ σ, at the same time being symmetric under the interchange of µν ↔ ρσ.
Finally, Rρ

σµν satisfies the following identity:

Rµνρσ + Rµσνρ + Rµρσν = 0. (2.12)

Differentiating the above expression with respect to xλ in a locally inertial frame, one finds

Rµνρσ,λ + Rµνλρ,σ + Rµνσλ,ρ = 0. (2.13)

Since in a locally inertial frame, all Christoffel symbols are zero, in the above expression,
one can replace ordinary derivatives with the covariant derivatives, obtaining the so-called
Bianchi identities

Rµνρσ;λ + Rµνλρ;σ + Rµνσλ;ρ = 0, (2.14)

where semi-colon denotes the covariant derivative, defined in Eq. (2.10). Finally, contracting
the first and third indices of the Riemann tensor, one obtains the symmetric Ricci tensor

Rµν ≡ Rρ
µρν , (2.15)

and the Ricci scalar through the following contraction:

R ≡ gµνRµν . (2.16)
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2.2 Friedmann–Lemaître–Robertson–Walker (FLRW) Universe
As opposed to the anthropocentrism view in which the Earth appears to be a unique place,
in the Heliocentric model, it was the Sun that is positioned at the center of the universe.
Throughout the years, this local universe has turned out not to be the whole Universe, so
the Sun or even the Solar System has lost their favored position. According to the Coper-
nican principle, human beings are not privileged observers of the Universe, located at its
very center. In fact, there is nothing special in our local reference frame. This compelling
paradigm provides a guide for studying processes occurring in different regions of the Uni-
verse. In particular, the Copernican principle applied to cosmological scales leads us toward
the assumption that there are neither favorable directions nor unique places in the Universe.
Although the isotropy and homogeneity of the Universe had to be taken as a postulate for a
long time, current empirical data strongly support this presupposition on cosmological scales.
Despite pretty significant inhomogeneities at small distances, the further one looks into the
Universe, the simpler it appears. In particular, the distribution of galaxies and other cosmo-
logical structures on large scales (∼ 100 Mps) is nearly isotropic. From this fact, combined
with the Copernican principle, one infers large-scale homogeneity. These two constitute the
cosmological principle - the foundation of the standard model of cosmology. This principle
implies that observations from the Earth are representative of observations from any other
vantage point in the Universe and hence legitimate their application to cosmological models.
It is worth noting that the homogeneity and isotropy of the Universe are not exact but rather
statistical and should be understood as a first approximation. Nevertheless, the cosmological
principle is widely used in theoretical models nowadays.

2.2.1 The FLRW metric

The cosmological principle strongly narrows down the possible form of the spacetime metric
compatible with the assumption of isotropy and homogeneity. In particular, isotropic and
homogeneous space must have uniform curvature. One demonstrates that there exist only
three types of such three-dimensional manifolds: (i) flat space, (ii) sphere with a constant
positive curvature, and (iii) hyperbolic space of constant negative curvature. In the spherical
coordinates, the most general isotropic and homogeneous metric is given by [226]

dl2 = dr2

1 − kr2/R2
0

+ r2dΩ2, dΩ2 = dθ2 + sin2 θ dϕ2, (2.17)

where the azimuthal θ and polar ϕ angles vary in the range θ ∈ [0, π], ϕ ∈ [0, 2π), respectively.
The parameter k is related to the curvature of space and takes only three discrete values, i.e.,
k ∈ {−1, 0, 1}, corresponding to a three-dimensional space with negative curvature - a hy-
perboloid H3 embedded in four-dimensional Lorentzian space R1,3, the flat Euclidean space
E3, and three-dimensional hypersphere S3 embedded in four-dimensional Euclidean space,
respectively.

Statistical homogeneity and isotropy imply that spacetime can be represented by a sequence
of spatial slices ordered in time. The metric is in the form Eq. (2.17) at each three-dimensional
piece. Moreover, these two symmetries reduced ten independent components of the metric
tensor to a single function of time, such that the line element of four-dimensional spacetime
can be written as

ds2 = dt2 − a2(t)dl2, (2.18)
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where the function a(t) is called the scale factor. Its form can be determined by Einstein’s
field equations, which will be discussed in Section (2.3).
Inserting Eq.(2.17) into the above expression leads to the most general metric consistent with
the cosmological principle in four dimensions:

ds2 = dt2 − a2
(

dr2

1 − kr2/R2
0

+ r2dΩ2
)

. (2.19)

This is the so-called Friedmann–Lemaître–Robertson–Walker (FLRW) metric developed inde-
pendently by the named authors between 1923 and 1935 [231–234]. It should be emphasized
that the FLRW metric does not have the same symmetry as the spacetime itself since it is not
homogeneous. Nevertheless, all physical quantities computed from the above metric display
all spacetime symmetries.
In what follows, we use the convention in which the scale factor a(t) and the curvature pa-
rameter k are dimensionless, whereas the radial coordinate r and the curvature scale R0 have
length dimensions. Such a choice allows us to set a(t0) = 1 at present times. Moreover, the
scale R0 corresponds to the present physical curvature. Let us also stress that for k ̸= 0, one
typically distinguishes two length scales associated with the FLRW metric. Namely, the cur-
vature radius Rcurv ≡ a|k|R0, and the so-called Hubble length, defined as lH ≡ cH−1 = H−1,
with

H ≡ ȧ

a
, (2.20)

being the Hubble parameter or the Hubble rate. On the other hand, for k = 0, the FLRW
metric is characterized fully by the scale of expansion H.

It is convenient to rescale the radial coordinate r according to the following formula [226]:

dr√
1 − kr2/R2

0

= dχ, (2.21)

such that Eq.(2.19) can be recast as

ds2 = dt2 − a2
(
dχ2 + S2

k(χ)dΩ2
)

, (2.22)

where the form of the function S2
k(χ) is determined by the curvature parameter k. In partic-

ular, for k = 0, one gets S0(χ) = χ, so that the spatial part of metric is in the form of the
Euclidean flat metric, i.e.,

ds2
∣∣∣∣
k=0

= dt2 − a2
(
dχ2 + χ2dΩ2

)
. (2.23)

However, the spacetime is curved since the scale factor is a function of time. In particular,
its variation accounts for the universe’s expansion (or contraction).
On the other hand, for the positive curvature parameter, i.e., k = 1, one obtains S1(χ) =
R0 sin (χ/R0). In this case, the spatial part of (2.19) has the form of a 3D hypersphere metric

ds2
∣∣∣∣
k=1

= dt2 − a2
(
dχ2 + R2

0 sin2 (χ/R0) dΩ2
)

. (2.24)
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Note that the coordinate system described by the metric (2.19) with k = 1 is singular for
r = R0. Such singularity is removed in the new coordinates Eq. (2.24), implying that such be-
havior was related to the choice of coordinates, and has no physical meaning. However, since
the coordinate singularity divides the hypersphere into two halves, the coordinates {t, r, θ, ϕ}
cover only one half. Moreover, let us stress that the positive curvature parameter corresponds
to a closed spacetime, see Sec.(2.3.4).
Finally, for k = −1, one finds S−1 = R0 sinh (χ/R0). In this case, the metric tensor corre-
sponds to infinite and open spacetime, and the line element is

ds2
∣∣∣∣
k=−1

= dt2 − a2
(
dχ2 + R2

0 sinh2 (χ/R0) dΩ2
)

. (2.25)

The coordinates {t, r, θ, ϕ} of the FLRW metric are called the co-moving coordinates. This
name reflects that the physical distance between two objects remaining at rest at fixed spatial
coordinates changes with time according to the evolution of the scale factor. In particular,
the homogeneity of space implies the existence of a unique reference frame, i.e., the cosmic
rest frame in which the coordinate distance between two such objects remains the same, but
the physical distance changes with time. The time coordinate of such a system is called
cosmic time.

2.2.2 The Hubble–Lemaître law

The physical distance ℓp between two points in the FLRW metric (2.19) measured on a
hypersurface with constant t is related to the comoving distance ℓ though the following
formula:

ℓp = a(t)ℓ. (2.26)

In the expanding universe, the physical distance between two objects increases with time
since the scale factor is a monotonically growing function of cosmic time t. In contrast, the
comoving distance ℓ remains constant in time.
By differentiating the above relation with respect to t, one obtains the Hubble–Lemaître law
[12]

v ≡ dℓP
dt

= ȧ(t)ℓ = HℓP . (2.27)

Figure 2.1: Velocity–distance relation among ex-
tragalactic nebulae, measured by E. Hubble [12].

Edwin Hubble was the first to observe that
galaxies move away from the Earth at speeds
proportional to their distance. In one of
the best recognized scientific articles [12],
he published the velocity–distance relation
among extragalactic nebulae, which reveals
that the velocities of galaxies are directly
proportional to their distance, see Fig.(2.1).
In other words, the farther they are, the
faster they recede away from us. The linear
relation between recession velocity and dis-
tance indicates a constant expansion of the
Universe. Using (2.27), Hubble estimated
the present value of the Hubble rate, i.e., the
Hubble constant, H0, to be of the order of
500 km/sec/Mpc [12]. This measurement of



Chapter 2. Standard Cosmology 32

this quantity is of great relevance for modern cosmology since it provides valuable informa-
tion about the rate of cosmic expansion and thus tells us about the matter content of the
Universe. As we will discuss in Sec.(2.4), Hubble’s estimation contains systematic errors,
about seven times that of the present measurements provided, e.g., by the Planck survey.
However, it is important to emphasize that there is no consensus on the precise value of the
Hubble constant, which remains a topic of ongoing discussion, leading to what is commonly
referred to as the Hubble tension debate.

2.2.3 Conformal coordinates and redshift

Let us define the conformal time τ through the following transformation of the time coordi-
nate:

dτ := dt

a(t) . (2.28)

In conformal coordinates, {τ, r, θ, ϕ}, one can factorize the static and dynamical part of the
FLRW metric so that the line element becomes

ds2 = a2(τ)[dτ2 − (dχ2 + S2
k(ϕ)dΩ2)]. (2.29)

The above form is particularly convenient for considering the propagation of light traveling
on null geodesics, i.e., along the worldlines with ds2 = 0. Isotropy of the background metric
allows us to choose coordinates in which the light propagates along the radial direction such
that θ, ϕ = const. Hence, its path is determined by dτ = ±dχ, indicating that in the conformal
coordinates, photons move along 45◦ lines, i.e.,

χ(τ) = ±τ + const., (2.30)

where the plus (minus) sign corresponds to outgoing (incoming) photons.
Now let us consider the light emitted at a conformal time τemit at a fixed comoving distance
d. Suppose that the signal reaches us at some later moment τobs = τemit + d. In conformal
coordinates, the duration of the signal δτ is the same at the moment of emission and detection.
However, in the comoving coordinates, these two are different. Namely [226],

δtemit = a(τemit)δτ, δtobs = a(τobs)δτ, (2.31)

which implies,

λobs
λemit

= a(τobs)
a(τemit)

, (2.32)

where λobs (λemit) denotes the wavelength of the observed (emitted) light.
Suppose the signal is detected as the present moment, i.e., a(τobs) = a0 = 1. In this case, the
observed wavelength is stretched by the expansion as

λobs = λemit
a(τemit)

. (2.33)

This effect is called the cosmological redshift. The fractional shift of these two wavelengths
defines the redshift

z := λobs − λemit
λobs

, (2.34)
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which can also be expressed in terms of the scale factor as

1 + z = 1
a(τemit)

. (2.35)

Redshift z in cosmology is frequently used to label events from the past. From the above
definition, it follows that at present, z0 = 0, whereas z = 1 corresponds to the Universe half
the current size.

2.2.4 Cosmological horizons

Now let us discuss the causal structure of the FLRW metric. In the previous section, we dis-
cussed the dynamics of photons propagating along the null geodesics. Particles with non-zero
mass travel along timelike worldlines, or timelike geodesics, with real proper time, so that
ds2 > 0. On the other hand, ds2 < 0 defines the spacelike geodesics. Wordlines are called
casual if they are either lightlike or timelike. According to the causality principle, only causal
worldlines can represent the motion of a physical object.

The size of causally connected regions of the Universe at some moment t is determined
by the maximum comoving distance that light can travel between some initial time tBB,
corresponding to the Big Bang singularity and some later time t [226]. It is given by

χp(t) := τ − τBB =
∫ t

tBB

dt̃

a(t̃)
, (2.36)

where τ and τBB denotes the conformal time at t and tBB, respectively. The above expression
defines the so-called (comoving) particle horizon. The physical size of the particle horizon is

dp(t) := a(t)χp(t). (2.37)

Next, let us define the event horizon as a surface of the region from which a light ray signal
emitted at some moment temit can be received by an observer in the future [226]. In conformal
coordinates, it is given by

χevent :=
∫ τf

τ
dτ̃ = τf − τ. (2.38)

Hence, χevent can be viewed as a boundary beyond which events cannot affect an observer.
Analogously to (2.37), the physical size of the event horizon reads

devent(t) := a(t)χevent(t). (2.39)

2.3 Einstein’s field equations in the FLRW metric
So far, the scale factor a(t) evolution has remained unspecified. The key parameter of the
FLRW metric can be determined by the solution to Einstein’s field equations - the main
subject of this section, which relates the curvature of spacetime to the matter distribution
within it.
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2.3.1 The Friedmann and Raychaudhuri equations

Let us start with the Einstein–Hilbert action [235–237], which in the presence of a cosmolog-
ical constant Λ is given as 1

SEH = −M2
Pl

2

∫
d4x

√
−g(R + 2Λ), (2.40)

where MPl ≡
√

ch̄/(8πG) = (8πG)−1/2 ≃ 2.435 × 1018 GeV is the so-called reduced Planck
mass, g denotes the determinant of the metric tensor gµν , and R is the Ricci curvature scalar,
introduced in Eq. (2.16).
The full action of the theory is a sum of the Einstein–Hilbert term (2.40) and the matter
action

Smatter =
∫

d4x
√

−gLmatter, (2.41)

accounting for the dynamics of any matter fields appearing in theory.
The dynamical equations can be found through the principle of least action by demanding
the variation of the full action, i.e., SEH + Smatter, with respect to gµν to be zero, i.e.,

δ(SEH + Smatter)
δgµν

= 0, (2.42)

yielding

M2
Pl

2

∫
d4x

√
−g

[
− δR

δgµν
− R + 2Λ√

−g

δ
√

−g

δgµν
+ 2

M2
Pl

1√
−g

δ(
√

−gLmatter)
δgµν

]
δgµν = 0. (2.43)

The vanishing of the above variation implies

δR

δgµν
+ R + 2Λ√

−g

δ
√

−g

δgµν
= 1

M2
Pl

Tµν , (2.44)

where we have adopted the Belinfante–Rosenfeld definition of the stress-energy tensor

Tµν := 2√
−g

δ(
√

−gLmatter)
δgµν

= 2δLmatter
δgµν

− gµνLmatter. (2.45)

Note that above, we have used the following identity, see, e.g., [19]:

1√
−g

δ
√

−g

δgµν
= −1

2gµν . (2.46)

To calculate the left-hand side of (2.44), one must find the variation of the Ricci scalar w.r.t
gµν . This is a standard textbook calculation, which can be found, e.g., in Ref. [19, 224], and
gives

δR

δgµν
= Rµν . (2.47)

1Note that here we have adopted the Landau-Lifshitz "timelike convention" [238], in which the flat metric
tensor ηµν has the mostly minuses signature, i.e., ηµν = diag(1, −1, −1, −1). According to classification
developed by Misner, Thorne, and Wheeler [221] other conventions can be categorized according to three
signs {s1, s2, s3} appearing in the metric tensor ηµν = [s1] diag(−1, +1, +1, +1), the Riemann tensor Rρ

σ,µν =
[s2] (Γρ

σν,µ − Γρ
σµ,ν + Γρ

λµΓλ
σν − Γρ

λνΓλ
σµ), and in the Einstein equation Gµν = [s3] Tµν/M2

Pl.
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Combining all together leads to the well-known Einstein’s field equations

Gµν − Λgµν = 1
M2

Pl
Tµν , (2.48)

where the Einstein tensor is defined as

Gµν := Rµν − 1
2Rgµν . (2.49)

Note that Gµν accounts for the curvature of spacetime, whereas the r.h.s. of Eq.(2.48)
represents the energy-momentum tensor of the matter content. Hence, one can interpret
Eq.(2.48) as a set of ten equations determining the impact of the stress tensor on the curvature
of spacetime. Let us also emphasize that out of ten independent components of the symmetric
4×4 tensors, Gµν , only six equations are independent. Such reduction follows from the Bianchi
identities (2.14).
Now let us work out the two tensors appearing in the Einstein equations, i.e., the Einstein
tensor Gµν , and the stress-energy tensor Tµν . The former is determined by the background
metric. In particular, in the FLRW metric (2.19), the only non-vanishing Christoffel symbols
(2.7) are

Γ0
ij = g0σ

2 [gσi,j + gσj,i − gij,σ] = −1
2gij,t = ȧ

a
g̃ij , (2.50)

Γi0j = giσ

2 [gσ0,j + gσj,0 − g0j,σ] = a−2(t)g̃ikȧag̃kj = ȧ

a
δij , (2.51)

Γijk = giσ

2 [gσj,k + gσk,j − gjk,σ], (2.52)

where we have used the notation (t, r, θ, ϕ) = (0, 1, 2, 3), and indices i and j are for space
coordinates. The form of g̃ij depends on the choice of the spatial coordinates, and in the
spherical polar coordinates, one has

g̃11 = − 1
1 − kr2/R2

0
, g̃22 = −r2, g̃33 = −r2 sin2 θ. (2.53)

From the above Christoffel symbols, one finds (for the detailed calculations see, e.g., [19,
224, 226], and also Sec.(5.1)) that the non-vanishing components of the Ricci tensor are the
diagonal ones given by

R00 = −3 ä

a
, Rij = a2

[
ä

a
+ 2

(
ȧ

a

)2
+ 2 k

a2R2
0

]
g̃ij . (2.54)

Therefore, the Ricci scalar is

R = g00R00 + gijRij = −6
[

ä

a
+
(

ȧ

a

)2
+ k

a2R2
0

]
, (2.55)

so that the non-zero components of the Einstein tensor are

G00 = R00 − 1
2Rg00 = 3

[(
ȧ

a

)2
+ k

a2R2
0

]
, (2.56)

Gij = Rij − 1
2Rgij =

[
2 ä

a
+
(

ȧ

a

)2
+ k

a2R2
0

]
gij . (2.57)
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Isotropy and homogeneity of spacetime imply that the stress-energy tensor Tµν should exhibit
a corresponding structure. Namely, the former symmetry requires the mixed components of
the energy-moment tensor to vanish, i.e., T0i = 0, whereas spatial components should be of
the form Tij ∝ δij . Furthermore, homogeneity entails the proportionality factor being only
a time function. It can be shown that the most generic form of the stress tensor consistent
with these symmetries is given by [226]

Tµ
ν =


ρ 0 0 0
0 −p 0 0
0 0 −p 0
0 0 0 −p

 . (2.58)

One recognizes in this expression the energy-momentum tensor of a perfect fluid in the ref-
erence frame of the comoving observer. Above, ρ and p are only functions of time. In the
covariant form, the energy-momentum tensor of the perfect fluid can be written as

Tµν = (ρ + p) uµuν − pgµν , (2.59)

with uµ being the four-velocity of the fluid relative to the observer. For the comoving observer,
the only non-zero component of the four-velocity is u0 = 1. One interprets ρ and p as the
time-dependent energy density and pressure measured in the rest frame of the fluid.
Using (2.56), one finds that G0

0 = G00, which, combined with the 00 component of the
energy-momentum tensor, gives the Friedmann equation:

H2 = ρ

3M2
Pl

− k

a2R2
0

+ Λ
3 , (2.60)

whereas comparing the spatial components of these two tensors, one gets the Raychaudhuri
equation [239]

ä

a
+ 1

2H2 + k

2a2R2
0

− Λ
2 = − 1

2M2
Pl

p, (2.61)

which can also be recast as

ä

a
= − 1

6M2
Pl

(ρ + 3p) + Λ
3 . (2.62)

Note that ρ and p should be understood as the total energy density and pressure of all matter
contributions.
By differentiating (2.60) with respect to time,

2 ȧ

a

[
ä

a
− ȧ2

a2

]
= ρ̇

3M2
Pl

+ 2 k

R2
0

ȧ

a3 , (2.63)

and substituting (2.62), one gets

2 ȧ

a

[
− 1

6M2
Pl

(ρ + 3p) + Λ
3 − ȧ2

a2

]
= ρ̇

3M2
Pl

+ 2 k

R2
0

ȧ

a3 , (2.64)

which combined with (2.60) leads to the continuity equation

ρ̇ + 3H(ρ + p) = 0. (2.65)
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The above relations account for the energy conservation in the FLRW Universe. It mimics the
first law of thermodynamics, dU = −pdV , in the expanding spacetime, i.e., for U = ρV and
V = a3. The continuity equation (2.65) together with the Friedmann (2.60) and Raychaud-
huri (2.62) constitute a system of three equations, out of which only two are independent.
Note that the above formula can also be obtained from the conservation equation for the
stress tensor, i.e.,

∇µTµ
ν = ∂µTµ

ν + ΓµµλT λ
ν − ΓλµνT

µ
λ = 0. (2.66)

Namely, for the ν = 0 component of the above expression, one finds the dynamical equation
for the energy density

∂µTµ
0 + ΓµµλT λ

0 − Γλµ0Tµ
λ = 0, (2.67)

which combined with Christoffel symbols (2.52) gives (2.65).

Before closing this part, let us emphasize that equations (2.60) and (2.62) play a funda-
mental role in modern cosmology. In particular, the Friedmann equation (2.60) links the
evolution of the scale factor a(t) with the matter component of the Universe, its spatial cur-
vature, and a cosmological constant. The Raychaudhuri equation, (2.62), indicates that for
the ordinary matter component obeying the strong energy condition,

ρ + 3p > 0, (2.68)

the expansion of the Universe slows down, i.e., ä < 0. One finds that in the FLRW metric,
the negativity of the second time derivative of the scale factor inevitably implies an initial
singularity at t = 0, since a → 0, and ρ ∝ t−2 [226]. Stephen Hawking and Roger Penrose
have demonstrated that such singularity appears as a universal feature of all Big Bang mod-
els [240]. On the other hand, any form of matter violating the strong energy condition and
dominating the energy budget would cause an acceleration of the scale factor, i.e., ä > 0. As
we will see in the next chapter, such behavior can be observed, e.g., for a scalar field, for
which the kinetic energy is much smaller than its potential energy, such that ρ ≃ −p. This
simple fact lies at the heart of the inflationary paradigm.

2.3.2 Matter components with constant equation of state

To determine the evolution of the scale factor, and thus the dynamics of the Universe, one
needs two specify the matter content since different matter components affect the expansion
rate differently. A perfect fluid can be characterized by the equation of state (e.o.s), i.e., the
relation between its pressure and energy density, most often in the form p/ρ. One distinguishes
a barotropic fluid whose pressure is a function of the energy density only, i.e., p(ρ). The
corresponding equation of state is called the barotropic equation of state, which for most
cosmological fluids can be written in the following form:

p = wρ, (2.69)

with w being a constant coefficient, the so-called equation of state or barotropic parameter.
Inserting the above relation into (2.65), one can evaluate the continuity equation, obtaining

dρ

ρ
= −3(1 + w)da

a
, =⇒ ρ(a0) =

(
a

a0

)−3(1+w)
. (2.70)
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The above solution shows that as long as w > −1, the energy density of a matter dilutes as a
power law with the factor. Hence, the dynamics of the cosmological fluids is determined by
its equation of state parameter.

It is convenient to rearrange the Friedmann equation (2.60) as follows,

H2 = 1
3M2

Pl
ρtot, ρtot ≡ ρmatter + ρk + ρΛ, (2.71)

with

ρk ≡ −M2
Pl

3k

a2R2
0
, ρΛ ≡ M2

PlΛ, (2.72)

where we have associated energy density with the curvature term and a cosmological constant.
Above, ρmatter refers to the total energy density of all ordinary matter components of the
Universe. Since ρk ∝ a−2, from the solution (2.70), one can see that the curvature term
mimics a perfect fluid with wk = −1/3. On the other hand, the independence of ρΛ on the
scale factor indicates that cosmological constant can be viewed as a barotropic fluid with
wΛ = −1.
Note that along the same lines, one can recast the Raychaudhuri equation (2.62) as

ä

a
= − 1

6M2
Pl

(ρtot + 3ptot), ptot ≡ pmatter + pk + pΛ, (2.73)

where the following identities have been used: Λ/3 = −(ρΛ + 3pΛ)/(6M2
Pl) with pΛ ≡ −ρΛ,

and ρk + 3pk = 0, with pk = −ρk/3.

In the cosmological context, various types of matter are of particular interest. Below we
briefly characterize three of them.

i) Non-relativistic, pressureless matter with w = 0
The term non-relativistic (NR), pressureless matter, or dust, usually refers to a perfect
barotropic fluid whose pressure is negligible relative to its energy density, i.e., |pm|≪ ρm,
so that one can assume that wm = 0. From (2.70), one finds that the energy density of NR
matter decreases as ρm ∝ a−3. Such behavior results from the fact that the volume V of a
given region in space expands as a3, whereas the energy of particles E making up NR mat-
ter remains constant. One typically distinguishes two main types of cosmological dust, i.e.,
baryons constituting an ordinary visible content of the Universe, composed of non-relativistic
SM species, and dark matter whose nature remained unknown.

ii) Relativistic matter with w = 1/3
The kinetic energy of relativistic particles is so large that, effectively, they can be treated
as massless. In particular, a gas of free ultra-relativistic species with w = 1/3 is referred to
as radiation. One can easily find that the energy density of radiation dilutes as ρr ∝ a−4.
Note that in comparison to ρr, the evolution of ρr is suppressed by an extra factor of a−1,
accounting for the redshift of the radiation energy. There are four main constituents of cosmic
radiation: 1) massless SM photons, which now are mostly in the form of the cosmic microwave
background, 2) neutrinos, which behaved like relativistic matter in the early Universe, but
due to the non-zero mass at some point they decouple and act as matter, 3) gravitons, i.e., a
spin-2 massless field mediating gravitational interactions, 4) other (almost) massless species
belonging to the SM sector, or any other hidden sector, which mass initially was much smaller
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than the temperature of the Universe. Note that, initially, all SM particles behaved as radi-
ation, but as the temperature of the thermal bath dropped below their mass, they became
non-relativistic and started to act as dust.

iii) Dark energy w = −1
The term dark energy refers to a perfect fluid with e.o.s parameter wde = −1. Since the en-
ergy density of any matter component is positive, the pressure of such fluid must be negative,
which, in turn, generates repulsive gravity. From (2.70), one finds that dark energy density
is constant in time, i.e., ρde ∝ a0. Hence, one concludes that the energy increases propor-
tionally to the volume of space. As we have already seen, such a barotropic parameter is
characteristic of a cosmological constant. The latter was originally introduced by Einstein to
balance the gravitational attraction of matter-energy density and, hence, make the Universe
static. A cosmological constant can be viewed either as a geometrical term contributing to
the l.h.s. of the Einstein equation or as a new matter component appearing on the r.h.s. of
this equation. There are several other candidates for a fluid with constant energy density.
The simplest possibility is that of vacuum energy associated with the energy of empty space
itself. It can be estimated from the following formula [226]:

ρvacuum = 1
2

∫ ∞

0

dk⃗

(2π)3 ωk, (2.74)

with ωk ≡
√

|⃗k|2+m2 being the zero-point energy associated with fluctuations of the vacuum.
One notes that the above quantity exhibits an ultraviolet divergence that can be removed by
imposing a UV cut-off scale kmax, typically assumed to be the Planck scale. After straight-
forward integration, one finds

ρvacuum ≈ k4
max

16π2

∣∣∣∣∣
kmax=MPl

≈ 1074 GeV4. (2.75)

Even though conceptually, cosmological constant and vacuum energy are very different, they
are observationally indistinguishable. In yet another, more exotic, scenario, a cosmological
constant is replaced by a dynamical matter component whose barotropic parameter changes
with time.

In particular, there is no profound reason to restrict our attention to matter components
with a ’standard’ equation of state, i.e., w ∈ {−1, 0, 1/3}. In particular, as we will see in
the next chapter, non-standard values of the e.o.s parameter arise naturally for a scalar field,
e.g., if it possesses a non-trivial (neither quadratic nor quartic) potential .

2.3.3 Exact solutions

Now let us discuss the dynamics of the Universe, whose energy budget is dominated by a
single barotropic fluid. Different scaling of the energy densities of various matter components
implies that the dynamic of the Universe has been determined mainly by a single fluid for
most of its history. For the expanding Universe, it has been a matter constituent with the
smallest e.o.s parameter at a given time. In this case, assuming that the energy density of a
single matter component evolves according to (2.70), from (2.71), one gets

a(t) = a0 ×


[
1 + 3(1+w)

2

√
ρ(a0)

2
t−t0
MPl

] 2
3(1+w)

, w ̸= −1,

exp
[√

ρ(a0)
3M2

Pl
(t − t0)

]
, w = −1,

(2.76)
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matter component barotropic parameter w ρ(a) a(t) a(τ )

non-relativistic matter 0 ∝ a−3 ∝ t2/3 ∝ τ2

ultra-relativistic radiation 1/3 ∝ a−4 ∝ t1/2 ∝ τ

spatial curvature −1/3 ∝ a−2 ∝ t ∝ exp [Hiaiτ ]
cosmological constant −1 ∝ a0 ∝ exp [Ht] ∝ τ−1

Table 2.1: Behaviour of different matter fluids characterized by a constant equation of state param-
eter w.

or as a function of the conformal time τ (2.28),

a(τ) = a(τ0)


(

1 + 1+3w
2

a(τ0)
MPl

√
ρ(τ0)

3 (τ − τ0)
) 2

1+3w̄

, w ̸= −1/3,

exp
[√

ρ(τ0)
3M2

Pl
a(τ0)(τ − τ0)

]
, w = −1/3.

(2.77)

Above, a(t0) (a(τ0)) and t0 (τ0) are two integration constants.
Inserting the solution (2.70) into the Friedmann equation, one finds that the relation between
the Hubble rate H and the scale factor a takes the power-law formula

H(a) =
√

ρ(a0)
3M2

Pl

(
a

a0

)− 3(1+w)
2

. (2.78)

Hence, for matter fluids with w > −1, the Hubble parameter decreases with a, whereas for
the special case w = −1, it becomes constant in time.
The above results are summarized in Table(2.1).

2.3.4 Critical density

It is instructive to introduce the dimensionless density parameter for a given matter compo-
nent as

Ωi(t) ≡ ρi(t)
ρcrit

, i ∈ {m, r, Λ, . . . }, (2.79)

where

ρcrit(t) ≡ 3M2
PlH

2(t), (2.80)

denotes the so-called critical density, corresponding to the energy density of a spatially flat
universe (k = 0) in the absence of a cosmological constant. For convenience, one usually
defines also the curvature density parameter as [226]

Ωk(t) ≡ − k

R2
0 H2(t)

, (2.81)

which can be positive as well as negative, depending on the curvature parameter k. As
explicitly specified above, both Ωi(t) and Ωk(t) are functions of time. Apart from this, one
also defines present density parameters, which refer to a value of Ω(t) at the present epoch.
To make a distinction between these two, we use the subscript ′0′ when referring to quantities
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calculated today, i.e., at t0. Hence, the present density parameters are

Ωi,0(t) ≡ ρi(t0)
ρcrit,0

, Ωk(t) ≡ − k

R2
0H2

0
, (2.82)

where the critical energy density today is

ρcrit(t) ≡ 3M2
PlH

2
0 , (2.83)

with H0 ≡ H(t0) being the Hubble constant.
Isolating contributions from different forms of cosmological fluid, the Friedmann equation
(2.60) can be recast to the following compact form:

H2

H2
0

= Ωm,0

(
a0
a

)3
+ Ωr,0

(
a0
a

)4
+ Ωk,0

(
a0
a

)2
+ ΩΛ,0. (2.84)

In the current epoch, one finds

1 − Ωmatter,0 = Ωk,0, Ωmatter,0 = Ωm,0 + Ωr,0 + ΩΛ,0. (2.85)

Hence, measuring the total matter density of the Universe and the Hubble parameter H0
allows us to determine the present critical energy ρcrit,0, and hence establish the present cur-
vature of the Universe. Namely, Ωmatter,0 > 1 implies positive spatial curvature, Ωmatter,0 = 1
corresponds to the spatially flat Universe, whereas Ωmatter,0 < 1 indicates that the spatial
curvature is negative, i.e.,

ρmatter,0 > ρcrit,0 ⇔ Ωmatter,0 > 1 ⇒ k > 0 (2.86)
ρmatter,0 = ρcrit,0 ⇔ Ωmatter,0 = 1 ⇒ k = 0, (2.87)
ρmatter,0 < ρcrit,0 ⇔ Ωmatter,0 < 1 ⇒ k < 0. (2.88)

Positive (negative) curvature parameter k corresponds to the closed (open) universe, whereas
k = 0 implies flat spacetime. Note that the former case corresponds to a decelerated ex-
pansion, whereas constant and accelerated expansion only can be admitted for flat and open
spacetimes [222]. Hence, an open universe would expand forever as it does not contain enough
matter content which could slow down the expansion. On the other hand, a closed universe
would possess enough mass to inhibit the expansion and eventually collapses. A flat universe
whose matter energy density matches the critical density can be viewed as a balance between
these alternatives.

Finally, let us point out that Eq. (2.84) can be rewritten in the following form:∫ a(tf )

a(ti)

da√
Ωr,0

(a0
a

)2 + Ωm,0
(a0
a

)
+ Ωk,0 + ΩΛ,0

(a0
a

)−2
= a0 · H0 · (tf − ti). (2.89)

2.4 The Universe
So far, we have provided a general description of the homogeneous and isotropic universe. We
have distinguished several types of matter depending on their equation of state parameter
and discussed their dynamics and impact on the universe’s evolution. Now let us describe
our Universe.
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The ΛCDM model, based on the pillars of the Standard Model of particle physics and gen-
eral relativity, is widely regarded as the best established and successful model of cosmology,
providing a reasonably good fit to a wide range of empirical data. It is frequently referred
to as the standard model of cosmology in analogy to its particle physics counterpart. It is
dubbed after the two major constituents of the present Universe: dark energy associated with
a cosmological constant Λ and cold dark matter CDM. The ΛCDM model emerged at the
end of the 1990s as a concordance model of cosmology and a descendant of the CDM model,
which has not involved the cosmological constant. The former is nowadays widely accepted
by the research community primarily because its predictions are in astonishing agreement
with various cosmological observations, including the CMB radiation and its temperature
fluctuation [13, 241–246], the abundances of the elements [247], the baryon acoustic oscilla-
tion (BAO) [248–252], the abundance of galaxy clusters [253, 254], as well as the observed
magnitude-distance relation of type Ia supernovae [255–258], which was the original motiva-
tion to replace the CDM model by the concordance model.

Figure 2.2: The present density parameters of the
four dominant matter components of the Universe,
i.e., spatial curvature Ωk,0, SM baryonic matter
ΩSM,0, dark matter ΩDM,0 and dark energy ΩΛ,0.

In its simplest version, ΛCDM involves
six independent parameters ingredients [13]
(within the 68% confidence limit, and
95% on upper limits): baryon abundance
Ωbh

2 = 0.0224 ± 0.0001, dark matter abun-
dance ΩDMh2 = 0.120 ± 0.001; the an-
gular acoustic scale 100θMC = 1.0411 ±
0.0003; scalar spectral index ns = 0.965 ±
0.004; the amplitude of curvature pertur-
bations ln 1010As = 3.043 ± 0.014; and
reionization optical depth τ = 0.054 ±
0.007.

The ΛCDM model depicts a flat, increasing
Universe whose dynamics is determined by
the three major matter component: dark en-
ergy Λ (wdE ≈ −1) which comprises ∼ 68%
of the critical energy density, cold dark mat-
ter CDM (wDM ≈ 0) which makes up ∼ 27%

of the total energy budget, and ordinary baryonic matter which constitutes only a ∼ 5%
fraction of the total energy density. The Planck collaboration [13], using the CMB data com-
bined with CMB lensing reconstruction and BAO measurements from recent galaxy surveys
such as SDSS, determined the values of the present density parameters of each individual
component, i.e., cosmological constant Λ, non-relativistic matter m, spatial curvature k, and
ultra-relativistic radiation r, to be

ΩΛ,0 = 0.6889 ± 0.0056, Ωm,0 = 0.3111 ± 0.0056, (2.90)
Ωk,0 = 0.001 ± 0.002, Ωr,0 ≤ 10−4. (2.91)

Note that the matter density parameter is a sum of two contributions, i.e., cold dark matter
ΩDM,0 ≃ 0.27, and the SM baryons (mainly protons) Ωb,0 ≃ 0.05.

The relative abundances of the matter components have changed in former times. In particu-
lar, as we will have already discussed, in the standard Big Bang cosmology, one distinguishes
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Figure 2.3: Left panel: The evolution of energy densities of various components normalized to the
present critical energy density. The early radiation-dominated (RD) epoch is followed by the matter-
dominated (MD) epoch and the subsequent dark energy (DE) era. At ar.m.e (am.Λ.e) the energy density
of radiation (matter) equalizes with that of matter (dark energy). Right panel: The corresponding

evolution of the scale factor in different cosmological epochs.

the presence of three cosmological epochs in which the total energy budget has been dom-
inated by a single matter component i, such that ρi ≪ ρj. The crossover between different
eras occurs around Ωi(ai.j.e) ≃ Ωj(ai.j.e). Adopting the present values of density parameters
(2.90) and (2.91), we can easily convince ourselves that the energy of radiation becomes more
and more relevant as one goes back in time, cf. left panel of Fig.(2.3). From the scaling of
the radiation and matter energy density with a, one estimates the scale factor corresponding
to the radiation-matter equality (r.m.e) as [226]

ar.m.e = Ωr,0
Ωm,0

≈ 2.9 × 10−4, (2.92)

which corresponds to the redshift zr.m.e ≈ 3340, where we used the following relation

z(t) = a0
a(t) − 1. (2.93)

From the fact that wm > wde, it follows that the dark energy era should have followed the
matter-dominated epoch. Hence, one can determine the scale factor at which dark energy
began to dominate over non-relativistic matter

am.Λ.e =
(

Ωm,0
ΩΛ,0

)1/3

≈ 0.77, (2.94)

corresponding to zr.m.e ≈ 0.3.
From relation (2.89), by setting ti → 0, a(ti) → 0 and a(tf ) = ar.m.e or a(tf ) = ar.Λ.e one
obtains tr.m.e ≈ 5 × 104 years and tr.Λ.e ≈ 1.02 × 1010 years, respectively. Let us also stress



Chapter 2. Standard Cosmology 44

that one can use (2.89) to estimate the age of the Universe, i.e.,

t0 = 1.38 × 1010 years. (2.95)

Next, let us make use of the above remarks to find the approximate analytical evolution of
the scale factor with time. To that end, we require that both the scale factor as well as the
Hubble rate are constant across the transition points, i.e.,

aΛ(tm.Λ.e) = am(tm.Λ.e), HΛ(tm.Λ.e) = Hm(tm.Λ.e), (2.96)
am(tr.m.e) = ar(tr.m.e), Hm(tr.m.e) = Hr(tr.m.e), (2.97)

where aΛ,m,r(t) (HΛ,m,r(t)) is the solution describing the scale factor (Hubble rate) evolution
in a single-component approximation during DE, MD and RD epochs, respectively. Utilizing
Eq. (2.76), one finds that a(t) can be parametrized by the following piecewise function:

a(t) = a0



exp {H0(t − t0)}, t ≳ tm.Λ.e,

[1+ 3
2 (t−tm.Λ.e)]2/3

1+zm.Λ.e
, t ∈ (tr.m.e, tm.Λ.e),[

1+2
(

1+zr.m.e
1+zm.Λ.e

)3/2
H0(t−tr.m.e)

]1/2

1+zr.m.e
, t ≲ tr.m.e,

(2.98)

with

tm.Λ.e = t0 − ln (1 + zm.Λ.e)
H0

, tr.m.e = tm.Λ.e − 2
3H0

+ 2
3H0

( 1 + zr.m.e
1 + zm.Λ.e

)−3/2
, (2.99)

and H0 is the Hubble constant (see below). Note that Eq.(2.98) is not very accurate at the
transition points when a single component approximation is not valid.
The right panel of figure (2.3) presents the comparison between the exact numerical solution
to the Eq.(2.89) and approximate piecewise evolution found in Eq.(2.98).

For convenience, the value of the Hubble constant is usually parametrized as

H0 = 100 h km s−1 Mpc−1, (2.100)

where the scaling factor h = 0.674 ± 0.005 [259].
Hence, the present value of the critical density is [259]

ρcrit,0 = 3H2
0 M2

Pl ≃ (1.053572 ± 0.000024) × 10−5 h2 GeV cm−3. (2.101)

It turns out that the current energy density of the Universe is very close to the critical value
so that the spatial curvature comprises less than one percent of the total energy budget.
Since the energy density ρk decreases as a−2, the effects of curvature must have been even
more negligible in the remote past; for further discussion, see Sec.(2.5).

Finally, let us note that recent studies imply a statistically significant disagreement be-
tween late and early Universe measurements of the h parameter. Namely, the expansion
rate determined from measurements of distance and redshift seems to be inconsistent with
that predicted by the ΛCDM model. For instance, data from the Hubble Space Telescope
attains h = 0.72 ± 0.2 [260], whereas the value anchored by the 2018 Planck survey is
h = 0.6737 ± 0.0054 [13]. This discrepancy between the locally measured and cosmologi-
cally inferred data is known as the famous Hubble tension.
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Furthermore, the concordance model faces another two difficulties, referred to as the cosmo-
logical constant problem and the coincidence problem.
The former relates to the mindblower discrepancy between the measured value of the energy
density associated with a cosmological constant (∼ 10−47 GeV4) and the value of vacuum
energy, predicted by the QFT (2.75). The severe incompatibility between these two, esti-
mated to be around 120 orders of magnitude, is considered one of the biggest problems but
also a challenge for modern cosmology. Several attempts have been considered to resolve this
puzzle, including the dynamical dark energy, modified gravity, the holographic principle, etc.,
e.g., [261, 262]. Unfortunately, none of them have provided a plausible explanation accepted
by a wider cosmological community.
The coincidence problem refers to the fact that dark energy dominated the energy budget
surprisingly not so long ago. Since Ωm/ΩΛ scales as a−3, there is only a short period of time
at which these two are comparable. Hence, the coincidence problem is also connected to
the question: why values of ΩΛ,0 and Ωm,0 are so close to each other at the present epoch,
but were and will be very different in the past and future? Given the estimated age of the
Universe (2.95), it might seem too much of a coincidence.

2.4.1 The Big Bang cosmology in a nutshell

Let us now give a quick snapshot of the thermal history of the Universe, briefly describing
the most important events [19, 222, 226].

Electroweak phase transition [T ∼ 246 GeV, t ∼ 10−11 s]
Above 246 GeV, electromagnetism and weak interactions were unified into a single electroweak
force. At that time, all elementary SM species were massless. When the Universe cooled down
below the electroweak scale, the gauge SU(2) × U(1)Y symmetry was spontaneously broken
into the U(1)em symmetry, see e.g., [263–265]. As a result, the physical degrees of freedom
mediating weak and electromagnetic interactions, i.e., the W ±, Z0, and the photon γ, were
produced. After that, all four fundamental Standard Model interactions have reorganized
into their present, low-energy form. In addition, the breaking of electroweak symmetry trig-
gered the Higgs mechanism, causing the Higgs field to develop a vacuum expectation value.
As a result, all SM particles that interact with the Higgs boson acquired non-zero masses.

As long as the temperature exceeded the SM species’ mass, they remained in thermal equi-
librium with the rest of the bath. When the temperature dropped below the mass of the top
quark (∼ 173 GeV), it started to annihilate with its own antiparticle, whereas the sponta-
neous creation of the tt̄ pairs became inefficient. Being the heaviest SM states, the top quarks
disappeared first. Soon afterward, around T ∼ 10 GeV , the annihilation of the Higgs field and
three electroweak bosons W ±, Z0 took place. The bottom quark disappeared next. This, in
turn, was followed by the annihilation of the charm quarks and the tau leptons. The strange
quark was next in line; however, its decoupling was interrupted by the QCD phase transition.

QCD phase transition [T ∼ 150 MeV, t ∼ 10−5 s]
Around the QCD scale, a phase transition associated with the QCD chiral symmetry break-
ing occurred [266–269]. Free quarks that were too light to decouple prior to that moment
clumped together to form hadrons. The conversion of color-charged particles making up a
quark–gluon plasma into colorless states is called confinement. The newly created hadrons
were either mesons (a quark + anti-quark pairs) or baryons (comprising three quarks). Most
of them were heavy, so they became non-relativistic below the QCD temperature.

Close to the end of the hadron epoch, the Universe was mainly composed of pions, muons,
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electrons, neutrinos, and massless photons. The remaining degrees of freedom gradually de-
coupled from the thermal bath as their interaction rate fell below the Hubble scale. When
interactions became inefficient to maintain a thermal equilibrium state, particles decoupled
from the rest species, acquiring a relic abundance. The best-established decoupling event is
associated with SM neutrinos.

Neutrino decoupling [T ∼ 1 MeV, t ∼ 1 s]
When the temperature of the Universe reached ∼ 1 MeV, the interaction rate of the two most
common processes involving neutrinos, i.e.,

νe + ν̄e ↔ e+ + e−, e− + ν̄e ↔ e− + ν̄e, (2.102)

drops below the Hubble scale. As a result, relativistic neutrinos decoupled from the SM
thermal bath, forming the cosmic neutrino background (CνB).

Electron-positron annihilation [T ∼ 500 keV, t ∼ 100 s]
Shortly after the neutrino decoupling, the thermal bath temperature fell below the electron
mass. Electrons and positrons became non-relativistic and transferred their energy to photons
via the process

e+ + e− → γ + γ, (2.103)

but not to SM neutrinos since the latter has already decoupled. In consequence, photons
were warmed up relative to cosmic neutrinos, whose temperature Tν became slightly lower
than the temperature of thermal bath Tγ , see Appendix (D).

After the electron-positron annihilation, photons and neutrinos remained the only SM rela-
tivistic species.

Big Bang nucleosynthesis [T ∼ 100 keV, t ∼ 200 s]
When the hot plasma cooled down below ten billion Kelvin, protons p and neutrons n to
started to combine and create certain species of light atomic nuclei, such as helium-4 (4He),
deuterium (2H), helium-3 (3He), and lithium-7 (7Li), see, e.g., [270–273]. Apart from these
four stable nuclei, two additional unstable or radioactive isotopes were also produced: tritium
(3H) and beryllium-7 (7Be), which later decayed into (3He) and (7Li), respectively. Formation
of these elements commenced with a deuterium production

n + p ↔ 2H + γ. (2.104)

The binding energy of deuterium Ebinding = mp + mn − m2H ≈ 2.2 MeV exceeds the thermal
bath temperature T ≲ 1 MeV. Nevertheless, the above process is in equilibrium since it
is compensated by the small baryon-to-photon ratio η = nb/nγ ≈ 10−9 [226]. The Saha
equation determines the relative abundance of deuterium

n2H
np

= 3
4nn

(
m2H

mnmp

1
2πT

)3/2

eEbinding/T ≈ 3
4η

(
1
π

T

mp

)3/2

eEbinding/T , (2.105)

where we have used the following expressions: mn ≈ m2H/2, nn ≈ np ≈ η · nγ , and ηγ ≈ T 3

[226].
One can show that the condition n2H

np
≃ 1 is satisfied for T ≲ 0.06 MeV, prior to the neutrinos
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decoupling. Later on, deuterium is sufficiently produced to initiate the helium formation

2H + p ↔ 3He + γ, 3He + 2H + p. (2.106)

The fraction of helium can be estimated from the following formula [226]:

nHe
np

= nn/2
np − nn

≈ 0.07. (2.107)

As the mass of a helium atom is four times larger than a hydrogen atom, the total baryonic
mass is mostly comprised of hydrogen (roughly 75%) and helium (∼ 25%). Heavier elements
are produced in negligible quantities.

Measurements of the abundances of light elements provide a very precise tool that allows
us to test the ΛCDM model and the SM of particle physics [274–276]. This is because the
formation of light elements is susceptible to the initial baryon-to-photon ratio η, the rate of
expansion, and numbers of relativistic degrees of freedom, and strongly depends on particle
properties, e.g., the strength of weak coupling and mass of protons.
The unprecedented agreement between predicted abundances and the observed data can be
viewed as the cornerstone of the standard Big Bang model. The only disagreement of the
BBN predictions with cosmological data is related to the abundance of 7Li, which should be
three times larger than observed according to the BBN paradigm. This puzzle, known as the
lithium problem [277], remains unsolved.

When the temperature of the Universe reached ∼ 0.7eV, the energy density of non-relativistic
matter began to dominate over the radiation energy density. The moment when these two
matched each other is referred to as radiation-matter-equality (r.m.e). After this, the Uni-
verse entered the matter-dominated epoch.

Recombination [T ∼ 0.3 eV, t ∼ 370 000 years]
When the Universe was roughly 370 000 years old, its temperature was sufficiently low for
the electrons to combine with the atomic nuclei and form neutral hydrogen. Prior to this,
the Universe had been mostly composed of hot and dense plasma, which was effectively
opaque to the photons due to the Thomson scattering on free electrons. The corresponding
cross-section is quite large, so the mean free path of photons at that time was very short,
forbidding their free stream. Everything has changed after the recombination since the cross-
section accounting for the photon interactions with the neutral atom is much smaller than
the Thomson cross-section. At that moment, photons decoupled from the matter, and the
Universe became transparent. The electromagnetic radiation released from the plasma after
recombination has streamed freely until today and can be observed as the cosmic microwave
background (CMB) [25]. It is the farthest and oldest light that we can see. The CMB radi-
ation reaches us today with the same temperature distribution as when it was emitted. It
corresponds to a nearly perfect thermal black body spectrum with the present temperature,
TCMB,0 ∼ 2.72548 ± 0.00057 K, redshifted by the factor z ∼ 1100 since the moment of emis-
sion. Such tiny fluctuations, of the order of 10−5, indicate that the Universe at the moment
of photon decoupling was homogeneous and isotropic to a large extent, cf. Fig.(2.4). Any de-
viations from homogeneity provide us with an extremely powerful probe of the early Universe.

Reionization [T ∼ 5 meV, t ∼ (200 Myr − 1 Gyr)]
About ten million years after the very beginning, the population III stars were created by
the gravitational collapse of molecular clouds [278–280]. Then, about one billion years after
the Big Bang, the first galaxies started to form. Energetic radiation emitted by such objects
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Figure 2.4: Map of the CMB temperature fluctuations measured by Planck.
Image credit: ESA and the Planck Collaboration

ionized the neutral hydrogen gas, reionizing the Universe. However, this time, it remained
transparent since the matter was much more diluted, as compared to the pre-recombination
era, so photon scattering off ionized plasma occurred less often.

Galaxies started coalescing into galaxy clusters (z = 2.1) and superclusters (z = 1.2), forming
the largest known structures in the Universe. This is an ongoing process that is still active
at the present epoch.

Matter-Λ equality [T ∼ 0.33 meV, t ∼ 9 Gyr]
Roughly nine billion years after the Big Bang, the energy density of matter fell below the
dark energy. It commenced the period of the accelerated expansion of the Universe.

2.4.2 Thermal Universe

The early Universe was filled with a hot and dense plasma of high-energy species. The sta-
tistical properties of this gas are described by the phase-space distribution function f(x⃗, p⃗, t),
see Appendix B. In general, the distribution function might depend on its position x⃗, mo-
mentum p⃗, and time. However, the translation invariance of the FLRW metric implies that in
the homogeneous Universe, f cannot depend on the position x⃗, while the isotropy requires f
to be only a function of the momentum magnitude |p⃗|≡ p. Moreover, to simplify the further
discussion, we leave the time dependence of the distribution function implicit.

Although the distribution function provides complete information about a given system,
it might seem abstract. The macroscopic description is typically performed in terms of ther-
modynamical variables. In particular, measurable quantities, such as the number density n,
the energy density ρ, and the pressure p of a particle, are related to its distribution function
through the following integrals [226]:

n := g

∫
d3p

(2π)3 f(p), (2.108)

https://www.cosmos.esa.int/documents/387566/425793/2015_SMICA_CMB/c8c4c802-4b76-49da-b80a-0fb8d02c62b7?t=1423083319437
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ρ := g

∫
d3p

(2π)3 E(p)f(p), (2.109)

p := g

∫
d3p

(2π)3
p2

3E(p)f(p), (2.110)

where g describes the number of internal degrees of freedom.

In the early Universe, the rate of particle interactions was sufficiently high to maintain the
plasma in equilibrium. One distinguished two types of equilibrium, i.e., the kinetic equilib-
rium and the chemical equilibrium. The kinetic equilibrium is a consequence of the rapid
energy transfer, i.e., there is an efficient energy and momentum exchange among particles
involved in the scattering process. On the other hand, the chemical equilibrium follows from
the rapid number changing events, i.e., particles are efficiently created and destroyed during
interactions. A process is referred to as rapid if its timescale is much shorter than the scale
1/H associated with the expansion of the Universe. Finally, if a system is both in the ki-
netic and chemical equilibrium, then a state of thermal equilibrium is established. In kinetic
equilibrium, constituents of the bath follow the equilibrium distribution described by the
equilibrium phase-space function

f eq(p, T ) = 1

e
E(p)−µ

T ± 1
, (2.111)

where µ denotes the chemical potential, the plus sign corresponds to the fermionic Fermi-
Dirac distribution function, whereas the minus sign corresponds to the bosonic Bose-Einstein
distribution function. In the low-temperature limit, T ≪ (E−µ), the above function simplifies
to the Maxwell-Boltzmann distribution function, given by the following expression:

f eq(p, T ) ≈ e− E(p)−µ
T , T ≪ (E − µ). (2.112)

Moreover, at early times, the chemical potential of all particles is assumed to be negligible
compared to their temperature [226]. We adopt this presumption through this thesis.

Neglecting the chemical potential, and using Eqs.(2.108) and (2.109) together with Eq.(2.111),
one obtains

neq = g

2π2 T 3I±(x), I±(x) ≡
∫ ∞

0

ξ2

e
√
ξ2+x2 ± 1

dξ, (2.113)

ρeq = g

2π2 T 4J±(x), J±(x) ≡
∫ ∞

0

ξ2√ξ2 + x2

e
√
ξ2+x2 ± 1

dξ, (2.114)

where we have used the dimensionless variables x ≡ m/T and ξ ≡ p/T . In general, the above
integrals must be done numerically. However, one can compute I±(x) and J±(x) analytically
in the two physically relevant regimes, i.e., in the relativistic (R) and non-relativistic (NR)
limits. In the former case, i.e., when x → 0, the I±(x) integral simplifies as

I±(0) ≡
∫ ∞

0

ξ2

eξ ± 1dξ. (2.115)
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In the bosonic case (−), one can utilize the definition of the Riemann zeta function,

ζ(n) = 1
Γ(n)

∫ ∞

0

xn−1

ex − 1dx, (2.116)

which implies I−(0) = Γ(3) ζ(3) = 2ζ(3).
Whereas for fermions (+ sign), one uses the fact that∫ ∞

0

xn−1

ex + 1dx =
(

1 − 1
2n−1

)
Γ(n)ζ(n), (2.117)

obtaining I+(0) = (1 − 1/4) Γ(3) ζ(3) = 3ζ(3)/2.
Finally, similar computations for the J±(0) integral, leads to

J− = Γ(4)ζ(4) = π4

15 , J+ =
(

1 − 1
8

)
Γ(4)ζ(4) = 7

8 · π4

15 . (2.118)

Hence, the number density of relativistic species takes the form

neq
R = g

ζ(3)
π2 T 3 ·

{
1 bosons,
3
4 fermions,

(2.119)

whereas their energy density is

ρeq
R = g

π2

30T 4 ·
{

1 bosons,
7
8 fermions.

(2.120)

In the non-relativistic limit, i.e., x ≫ 1, both I±(x) can be approximated by the same integral

I±(x) ≈
∫ ∞

0

ξ2

e
√
ξ2+x2

dξ ≈
∫ ∞

0

ξ2

ex+ξ2/(2x) dξ =
√

π

2 x3/2e−x, (2.121)

where in the second approximation, we have expanded the exponential function in the Taylor
series using the fact that the main contribution to the integral comes from ξ ≪ x.
Inserting the above result into Eq.(2.113), one find the number density of non-relativistic
species (both fermions and bosons) is exponentially suppressed, according to the formula

neq
NR ≡ n̄ = g

(
mT

2π

)3/2
e−m/T . (2.122)

Let us also notice that in the non-relativistic regime, the energy can be well approximated
by E =

√
p2 + m2 = m + p2/(2m), which, in turn, implies the following expression from the

energy density:

ρeq
NR ≈ mn + 3

2nT. (2.123)

Hence, one observes that the particle contribution to the total energy budget becomes negli-
gible as the temperature T drops below its mass.

Dropping the ρNR contribution to the total energy density, the latter can be expressed in
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terms of the number of relativistic degrees of freedom, g⋆ρ, as [226]

ρ ≃ ρeq
R = π2

30g⋆ρ(T )T 4, g⋆ρ(T ) ≈
∑

b= bosons
gb

(
Tb
T

)4
+ 7

8
∑

f= fermions
gf

(
Tf
T

)4
, (2.124)

where we have separated the contributions from bosonic (b) and fermionic (f) degrees of
freedom and allowed different states to have different temperatures Tb,f .
At high temperatures, T ≫ 100 GeV, all the SM degrees of freedom were in thermal equi-
librium and hence have a common temperature T . Therefore, at early times, the number of
relativistic degrees of freedom within the SM sector is

g⋆ρ(T ≫ 100 GeV) =
∑

b= bosons
gb + 7

8
∑

f= fermions
gf = 106.75. (2.125)

As the temperature of the Universe dropped, various particles decoupled from the thermal
bath as they became non-relativistic. This leads to the decrease of the g⋆ρ(T ) function as
described in Appendix (D).

Last but not least, let us investigate the evolution of the entropy whose differential is

TdS(V, T ) ≡ d[ρ(T )V ] + p(T )dV = d[(ρ + p)V ] − V dp, (2.126)

where we have dropped all terms containing chemical potential.
Using the integrability condition, one finds that

∂2S(V, T )
∂T∂V

= ∂2S(V, T )
∂V ∂T

=⇒ ∂

∂T

[ 1
T

(ρ + p)
]

= ∂

∂V

[
V

T

dρ

dT

]
, (2.127)

which leads to

dp = p + ρ

T
dT. (2.128)

Inserting the above relations into (2.126), one gets

dS = 1
T

d[V (ρ + p)] − dT

T 2 V (ρ + p) = d

[
V

T
(ρ + p) + const.

]
. (2.129)

Hence,

S(V, T ) = V

T
(ρ(T ) + p(T )) , (2.130)

up to an integration constant.
Now let us notice that the continuity equation (2.65) can be recast as

a3 dp

dt
= d

dt

[
a3 (p + ρ)

]
, (2.131)

which combining with Eq.(2.128) gives us

a3 1
T

dT

dt
(ρ + p) = d

dt

[
a3(ρ + p)

]
, (2.132)
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which, in turn, implies

d

dt

[
a3

T
(ρ + p)

]
= 0. (2.133)

Identifying volume V with a3, one concludes that the entropy density,

s(T ) = ρ(T ) + p(T )
T

, (2.134)

is conserved in equilibrium. Moreover, by rewriting (2.133) as

d

dt
(sa3) = 0, (2.135)

one concludes that the entropy density decreases as s ∝ a−3.
The total entropy of a collection of relativistic particles with different temperatures is given
by

s ≡ 2π2

45 g⋆sT
3, (2.136)

where the number of relativistic degrees of freedom in entropy is

g⋆s ≈
∑

b= bosons
gb

(
Tb
T

)3
+ 7

8
∑

f= fermions
gf

(
Tf
T

)3
. (2.137)

Note that if all species are in thermal equilibrium, they have the same temperature T and
g⋆s = g⋆ρ. This happens till ∼ 1 s after the Big Bang. However, after the e+e− annihilation,
g⋆s becomes slightly larger than g⋆ρ, which results from the neutrino decoupling.

Moreover, an important consequence of entropy density conservation is that

g⋆sT
3a3 = const. =⇒ T ∝ g

−1/3
⋆s a−1. (2.138)

From the above expression, it follows that
• As long as g⋆s remains constant, the temperature T would decrease as T ∼ a−1.
• Whenever a species becomes non-relativistic, g⋆s decreases which implies that (aT )3

increases correspondingly. Since the scale factor is a monotonically growing function,
the decline of g⋆s presupposes that T must decrease slower than a−1. The entropy of
a species that transitions from a relativistic to a non-relativistic state is transferred to
the other relativistic particles still present in the thermal bath.

Note that from the second remark, one infers that the present temperature of neutrinos
slightly deviates from that of photons. It results from SM neutrinos decoupling from the
thermal bath around 1 MeV. After that moment, their temperature dropped as a−1. However,
after the e+e− annihilation, the thermal bath temperature was heated as the energy density of
the electron-positron pairs was transferred to the photons. By counting the effective number
of relativistic degrees of freedom in entropy before, g⋆s,T≳1 MeV = 2 + (7/8) · 4, and after,
g⋆s,T≲1 MeV = 2, the e+e− annihilation, one finds that for the temperature below ∼ 1 MeV,
the neutrino temperature Tν is related to the photon temperature Tγ as

Tν =
( 4

11

)1/3
Tγ . (2.139)
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2.5 Problems of the hot Big Bang
Despite unquestionable successes and undeniable predictivity, the classical Big Bang paradigm
is not the theory of everything. Standard cosmology faces many serious problems. Even if
some seem not to be impossibility problems, they require serious fine-tuning. Below we list
the main open questions and peculiarities of the hot Big Bang model.

2.5.1 The horizon problem

One of the biggest peculiarities of conventional cosmology concerns the observed isotropy
of the CMB radiation, which suggests that photons were in causal contact with each other
at earlier times. However, as we will demonstrate below, the surface of the last scattering
comprises a dozen causally disconnected pieces, which are irreconcilable with observations.

From the discussion in Sec.(2.2.4), we know that the causal structure of space is constrained
by the maximum distance from which light can be received. At a given moment t, it can
be described by the comoving particle horizon χp(t), which we have introduced in Eq.(2.36).
Adopting this formula, one can determine the comoving distance which photons had traveled
between the initial BB singularity, i.e., tBB → 0, and the time of last scattering tCMB

χCMB
p =

∫ tCMB

tBB

dt

a(t) =
∫ ln aCMB

ln aBB
(aH)−1 d ln a. (2.140)

Figure 2.5: Conformal diagram for standard Big Bang
cosmology. Past light cones of two separated photons
γ1, γ2 on the surface of the last scattering do not overlap.

Above, aBB → 0 denotes the initial
value of the scale factor. Moreover, in
Eq.(2.140) we have introduced the co-
moving Hubble radius, or Hubble hori-
zon (aH)−1. From (2.78), we see that it
scales as a(3w+1)/2. Therefore, one con-
cludes that for ordinary matter obeying
the condition (2.68), the Hubble radius
is a monotonically growing function of
a, and thus, also of the cosmic time
t. In particular, this means that the
integral (2.140) should be dominated
by the upper limit, so thus the contri-
bution to χCMB

p from the early times
might be neglected. In addition, since
χp ∼ τ , one infers that the conformal
time elapsed between the BB singular-

ity and the emission of the CMB radiation is much shorter than the present conformal age
of the Universe. This generates a severe problem for conventional cosmology. Namely, from
the conformal diagram Fig.(2.5), we see that past light cones of two photons γ1, γ2 located
at the CMB surface do not intersect. Therefore, such photons should never have been in
casual contact with each other. Consequently, one might expect that the CMB radiation is
composed of many causally-disconnected patches, which is manifestly in contradiction with
the observed isotropy of the map of relic photons. Such a peculiarity is known as the horizon
problem and was first realized by Wolfgang Rindler [281] and Charles W. Misner [282].

To make this conclusion more robust, let us estimate the angular distance of the cosmo-
logical horizon at the moment of the CMB emission, as seen from the Earth today. At the
time of recombination, the angular extension of the horizon can be determined from the
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following formula [283]:

∆ΩCMB,0 = dp(tCMB)
aCMB χ0

p,CMB
, χ0

p,CMB ≡
∫ t0

tCMB

dt

a(t) , (2.141)

where dp(tCMB) = aCMB χCMB
p defines the physical size of the event horizon at the last

scattering surface.
To compute the above integrals, we assume that a single matter component has dominated
the Universe at each moment of its evolution. Then, it is possible to solve the Friedmann
equation and find the evolution of the scale factor at each period, which we have already
done in Eq.(2.98). Utilizing the piecewise approximation Eq.(2.98), one can split the above
integrals into several contributions

χCMB
p =

∫ tCMB

tBB

dt

a(t) =
∫ tr.m.e

tBB

dt

a(t) +
∫ tCMB

tr.m.e

dt

a(t) , (2.142)

and

χ0
p,CMB =

∫ t0

tCMB

dt

a(t) =
∫ tm.Λ.e

tCMB

dt

a(t) +
∫ t0

tm.Λ.e

dt

a(t) , (2.143)

where we have used the fact that tBB < tr.m.e < tCMB < tm.Λ.e < t0. Using the fact that∫ tf

ti

dt

a(t) = − 1
H0

∫ zf

zi

dz√
Ωi,0(1 + z)−3(1+wi)

, (2.144)

after straightforward but tedious calculations, one finds

∆ΩCMB,0 = 2(1 + zCMB)−1/2 − (1 + zr.m.e)−1/2

(2 + 3zm.Λ.e)(1 + zm.Λ.e)−3/2 − 2(1 + zCMB)−1/2 ≈ 0.023 rad. (2.145)

More accurate calculations can be obtained numerically, considering more than one matter
component at a time. Employing numerical values of cosmological parameters collected in Ta-
ble (A.1) together with (2.84), one obtains an even smaller value, i.e., ∆ΩCMB,0 ≈ 0.0054 rad.
This corresponds to 4π2/(0.0054)2 ≈ 106 causally disconnected patches comprising the sur-
face of the last scattering. Since these pieces have never been in casual contact, how can we
explain that the CMB radiation is almost perfectly uniform?

2.5.2 The Flatness Problem

As we have already pointed out in Sec.(2.3.4), the value of 1−Ωmatter,0 determines the present
curvature of the Universe, cf. Eq.(2.85). Since the curvature parameter k is a constant, the
sign of 1 − Ωmatter,0 does not change throughout the cosmological evolution. Observational
data reveals that the present curvature density parameter Ωk,0 is unexpectedly close to zero;
see Eq. (2.91). Now let us explicitly demonstrate why it poses a problem.

As we have learned, the early Universe was dominated by radiation, whose energy density
redshifts as a−4. Utilizing Eq.(2.85), one finds that at the early times

Ωk = 1 − Ωmatter ≃ 1
1 + Ωr

Ωk

≃ Ωk,0
Ωr,0

( 1
1 + z

)2
, (2.146)
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where we have used the following scaling: Ωr = Ωr,0(a0/a)4 and Ωk = Ωk,0(a0/a)2. Using
the present values of Ωr,0 (2.90), and Ωk,0 (2.91), one obtains |Ωk| ≲ 7 · 10−6 at the time
of recombination (z = 1200), |Ωk| ≲ 6 · 10−17 during the BBN epoch (z ≃ 4 · 108), and
|Ωk| ≲ 10−55 during at the GUT scale (∼ 1016 GeV, z ≃ 1028). Therefore, to explain the
abundance of matter components today, the Universe must have been extremely flat in the
remote past. Within the standard Big Bang model, this requires fine-tuning and is known as
the flatness problem [284].

2.5.3 The Monopole Problem

In addition to the horizon and flatness problems, standard cosmology suffers from the so-
called magnetic monopole problem. Grand Unified Theories (GUT) predict the existence of
magnetic monopoles- remnants of the strong and electroweak forces unification, see, e.g.,
[285, 286]. According to such theories, all three SM gauge interactions were unified as the
single electronuclear force at the energies above the GUT scale ∼ 1016 GeV. Magnetic
monopoles are pointlike topological defects constructed as stable knots in the GUT Higgs
fields with a mass of the order of mMM ∼ 1018 GeV. Such superheavy particles with a net
magnetic charge are expected to be copiously produced during the GUT phase transition.
Their abundance is associated with the misalignment of the GUT Higgs field in different
regions of space. The size of the horizon at the GUT scale, i.e., dp(tGUT), sets the upper
bound on the mean distance between two monopoles [287]. Since monopoles are stable, their
abundance changes only due to expansion. Hence, the mean separation between two neighbor
relics increases over time, and at the present moment is given by

dMM,0 = dp(tGUT)
aGUT

=
∫ tGUT

tBB

dt

a
. (2.147)

The above integral can be evaluated assuming that tGUT ≪ tr.m.e. Then, using the fact that
during the RD epoch a ∼ t1/2, one finds that at the GUT scale, there should have been
roughly one magnetic monopole per Hubble volume [287]. The corresponding abundance of
magnetic monopoles can be estimated as [283]

ΩMM,0 = mMM
ρcrit,0d3

MM,0
≃ 1015, (2.148)

which is obviously in contradiction with observational constraints [288, 289]. Hence, if the
GUT is correct, which is plausible but not necessarily true, the predicted overabundance of
magnetic monopoles is a serious issue for the hot Big Bang cosmology.

2.5.4 On how the standard cosmology has been cured

Although the above-mentioned puzzles have very different natures, they can all be unraveled
at once. Namely, the problems of the hot Big Bang can be solved by introducing an early
period, i.e., prior to the radiation-dominated epoch, of an accelerated expansion. The idea of
the cosmic inflation was first proposed by Alan Guth in 1980 [205] and developed by many
authors, including Alexei Starobinsky, Andrei Linde, Andreas Albrecht, Paul Steinhardt,
Demos Kazanas, etc. [206–210]. The inflationary paradigm should not be considered as a
replacement for the standard cosmology. Instead, it is a supplement to the hot Big Bang
model, occurring just after the very beginning, before the commencement of the radiation
era. Alan Guth realized that the early inflationary phase, during which the scale factor
accelerates, i.e., ä > 0, would account for a number of the observational features of the
Universe that are otherwise extremely hard to explain. Let us now demonstrate how the
early inflationary phase could cure the Big Bang cosmology.
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The horizon problem revisited

Let us first note that the condition for the accelerated expansion ä > 0 is equivalent to the
condition

d

dt
(aH)−1 < 0, (2.149)

describing the shrinking of the Hubble sphere.
Suppose that during inflation, the dynamics of the Universe was governed by a single matter
component characterized by a generic e.o.s parameter w (2.69). From Eq. (2.78), one finds

(aH)−1 ∝ a
3w+1

2 , (2.150)

which implies that the integral defining the particle horizon χp(a) can be evaluated as

χp(a) =
∫ a

aBB

dã

ã(ãH) = 2H̃

1 + 3w

[
a

1+3w
2 − a

1+3w
2

BB

]
, (2.151)

where H̃ > 0.

Figure 2.6: Conformal diagram for standard BB
cosmology supplemented by the cosmic inflation
phase. Past light cones of two separated photons
γ1, γ2 now can overlap. Conformal time τ is nega-

tive during inflation and τ = 0 at its very end.

For the ordinary matter obeying the strong
energy condition Eq. (2.68), the Hubble
sphere grows with time so that the above
expression is dominated by the upper limit
of the integral, i.e.,

χp ≈ 2H̃

1 + 3w
a

1+3w
2 , for w > −1/3.

Now let us consider a matter component
violating the strong energy condition, i.e.,
whose e.o.s parameter is w ≤ −1/3. For
such a fluid: i) the Hubble radius decreases
with time, ii) the particle horizon χp receives
the main contribution from the early times,
such that

χp ≈ − 2H̃

1 + 3w
a

1+3w
2

BB , for w ≤ −1/3.

Note that this corresponds to a negative con-
formal time at (aBB → 0)

χp ≈ −τBB =⇒ τBB ≃ 2H̃

1 + 3w
a

1+3w
2

BB .

(2.152)

The above results imply that for the early
inflationary period described by a barotropic

parameter w ≤ −1/3, the Big Bang singularity does not occur at τ = 0. Instead, τe = 0
marked merely the end of the cosmic inflation, which does not coincide with the very begin-
ning. The BB singularity, described by tBB → 0 and aBB → 0, corresponds to τBB → −∞.

So how does it solve the horizon problem? The figure (2.6) demonstrates that if the conformal
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time elapsed between the end and the beginning of inflation |τe ≫ τi| is larger than τ0 −τCCM,
then all CMB photons γ1, γ2 originated from the same casually-connected purple region.

The flatness problem revisited

The shrinking of the Hubble sphere can also rescue the flatness problem. To that end, let us
calculate the curvature density parameter at the end of inflation, i.e., Ωe

k, assuming that the
energy budget of the Universe at that time was dominated by a matter fluid with barotropic
parameter winf . Using (2.146), we get

Ωe
k ≃ 1

1 + Ωe
inf

Ωe
k

= 1

1 + Ωb
inf

Ωb
k

(
ae
ab

)−1−3winf
, (2.153)

where ab(ae) denotes the scale factor at the beginning (end) of the cosmic inflation, whereas
Ωb

inf(Ωe
inf) is the density parameter of a matter fluid responsible for inflation at its beginning

(end). Note that ab might or might not correspond to the initial singularity aBB. In what
follows, we, however, assume that aBB ≈ ab.

Figure 2.7: The minimal number of e-folds required to solve the horizon problem for a given
winf , ze.inf and Ωb

k/Ωb
inf ∼ O(10−1).

From the above expression, one can determine the duration of inflation(
ae
ab

)−1−3winf
= Ωb

k
Ωb

inf

(
1

Ωe
k

− 1
)

, (2.154)

which, expressed in terms of inflationary e-folds, reads

Ninf ≡ ln
(

ae
ab

)
= −2

1 + 3winf

{
1
2 ln

(
Ωb

k
Ωb

inf

)
+ ln

[√
Ωr,0

|Ωk,0|
(1 + ze)

]}
, (2.155)
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where we have assumed that the phase of accelerated expansion was followed by RD epoch
and adopted (2.146). To elude fine-tuning of the initial curvature, one could premise that
the Ωb

k/Ωb
inf ratio is of the order O(10−1). In this case, ln [(Ωb

k/Ωb
inf)−1/(1+3winf)] is negative

for winf < −1/3. Hence, the flatness problem can be solved, requiring

Ninf ≳
−2

1 + 3winf
ln (0.3 · ze), (2.156)

where we have assumed that 1 + ze ≈ ze and used (2.91). The above condition determines
the minimal value of the inflationary number of e-folds, Nmin

inf , which resolves the horizon
problem for a given winf and ze.

In figure (2.7), we present the relation between Nmin
inf and winf for several values of ze. We see

that for winf = −1 the required number of inflationary e-folds is in the range Nmin
inf ∈ (50, 70)

for ze ∈ (1024, 1030).

The monopole problem revisited

Finally, let us elucidate how cosmic inflation might address the magnetic monopole problem.
The inflationary paradigm allows for the existence of monopoles as long as they were produced
before or during this period. In other words, the early epoch of inflation can help explain the
monopole problem, provided that it followed the GUT phase transition. The rapid expansion
could have diluted the monopole number density to an unobservably low level. However, such
a solution has another limitation. Namely, the maximal temperature reached by the Universe
after inflation cannot exceed the GUT scale [283]. Otherwise, unwanted relics might have
also been produced after inflation.
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Chapter 3

Cosmic inflation

In the previous chapter, we have demonstrated that the hot Big Bang is an incomplete model.
It has been shown that its extrapolation back to a BB singularity, i.e., tBB, seems inappro-
priate, as it leads to predictions inconsistent with the observed state of the Universe. In
Sec.(2.5.4), we have pointed out that three peculiarities of the hot Big Band, i.e., the hori-
zon, flatness, and the magnetic monopoles problems, might be resolved by appending an early
period of the accelerated expansion of space, i.e., cosmic inflation [205–210].

The inflationary phase is believed to have taken place at a very early time, at the energy scale
as high as ∼ 1015 GeV [226, 228, 290]. Within an extremely tiny fraction of a second after the
BB singularity, the Universe might have expanded quasi-exponentially, increasing its initial
size roughly ∼ e60 times. Such energy (and time) scales are poorly understood, as they are
far above the energy range of current experiments. Although observations dully constrain
this phase, the concept of cosmic inflation has become well-established and, nowadays, is it
considered rather as a paradigm than just a model.

In Sec.(2.5.4), the conditions for the cosmic inflation have been formulated. Namely, three
equivalent conditions for that phase are i) the shrinking of the Hubble radius (aH)−1, ii)
the accelerated expansion of the scale factor ä > 0, and iii) the violation of the strong en-
ergy condition, i.e., ρ + 3p ≤ 0. However, we have not discussed the specific type of matter
that could drive the Universe toward the inflation phase. It turns out that a natural way to
archive the accelerated expansion is to introduce a real scalar with flat enough potential. If
the energy density of such a field dominates the energy budget at early times, the flatness of
its potential lead to a negative pressure, which might automatically guarantee a violation of
the strong energy condition. This is why many inflationary models postulate the existence
of a spin-0 massive field, the so-called inflaton, whose dynamics triggers the cosmic inflation.
Due to the fact that inflationary energy scales are far beyond our extent, neither the origin
nor the nature of the inflaton field is known.

It is worth emphasizing that introducing the scalar field responsible for the accelerated ex-
pansion of the Universe not only is a good cure for problems of standard cosmology but also
provides a mechanism to produce quantum fluctuations that seed the large-scale structures
[291–295]. It is considered one of the major successes of the inflationary paradigm as it ex-
plains the physical origin of density fluctuations. Quantum fluctuations of the inflaton field
also induced tensor perturbations of the metric tensor, which in turn might inevitably lead
to the generation of the stochastic background of primordial gravitational waves [192–195].
The detection of such waves might be considered a smoking gun for cosmic inflation.

This chapter is partially based on Ref.[2, 3] and is organized as follows. In Sec.(3.1), we
establish the single-field inflationary set-up. In particular, in Sec.(3.1.1), we introduce slow-
roll parameters, and then in Sec.(3.1.2), we discuss the slow-roll solutions. In Sec.(3.2), we
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elaborate on the oscillatory phase of the inflationary paradigm, deriving the approximate
oscillatory solutions to the inflaton equation of motion. Subsequently, in Sec.(3.3), we inves-
tigate the dynamics of quantum fluctuations induced by the inflaton field and briefly discuss
their connection with CMB observables. Next, in Sec.(3.4), we overview the inflationary
models. We close this chapter by introducing the α−attractor models, which we will adopt
in the forthcoming analysis.

3.1 Single-field inflation
The negative pressure condition, obtained from the Raychaudhuri equation Eq.(2.62) can be
met by a real spin-0 field ϕ, called the inflaton field. This new degree of freedom is assumed
to dominate the energy budget of the primordial Universe. The dynamics of the ϕ field is
described by the following action:

S = SEH + Sϕ, (3.1)

where the Einstein-Hilbert action, SEH, was introduced in Eq.(2.40), while the inflaton action
is

Sϕ ≡
∫

d4x
√

−g Lϕ, Lϕ ≡ 1
2gµν∂µϕ ∂νϕ − V (ϕ). (3.2)

In Eq.(3.2), we have assumed that ϕ is minimally coupled to gravity and that its kinetic term
is canonically normalized. Above, V (ϕ) denotes the potential term for the inflaton, which is
left unspecified for the moment.
Next, using the definition for the Belifante–Rosenfeld stress-energy tensor introduced in
Eq.(2.45), one finds the energy-momentum tensor for the inflaton field

T ϕ
µν = ∂µϕ ∂νϕ − gµν

[1
2gσρ∂σϕ ∂ρϕ − V (ϕ)

]
. (3.3)

In what follows, we assume that the line element of the background metric is that of the flat
(k = 0) FLRW metric (2.19), and restrict our attention to the homogeneous inflaton field,
i.e., ϕ(t, x⃗) ≡ ϕ(t). Then, the 00 component of the energy-momentum tensor, i.e., the energy
density, takes the form

ρϕ = T 0ϕ
0 = 1

2 ϕ̇2 + V (ϕ), (3.4)

where the overdot denotes derivative with respect to cosmic time t. Moreover, the isotropy
of the background metric implies T ϕ

i0 = T0i = 0, whereas the diagonal ii (spatial-spatial)
component, i.e., the pressure, is

pϕ = 1
2 ϕ̇2 − V (ϕ). (3.5)

Consequently, the condition for the accelerated expansion, ρ + 3p < 0, can be fulfilled only if

ϕ̇2 < V (ϕ). (3.6)

The above condition for the inflationary phase, written in terms of the equation of state
parameter w ≡ p/ρ, leads to the following inequality: w < −1/3, which for the inflaton
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equation of state,

wϕ =
1
2 ϕ̇2 − V (ϕ)
1
2 ϕ̇2 + V (ϕ)

, (3.7)

is automatically guaranteed by Eq.(3.6), since in this case wϕ → −1.

The Euler-Lagrange equation for the ϕ field reads

∂µ
∂(

√
−gLϕ)

∂(∂µϕ) − ∂(
√

−gLϕ)
∂ϕ

= ∂µ
(√

−g gµν ∂νϕ
)

+
√

−g
∂V

∂ϕ
= 0, (3.8)

which can be further recast to the form

gµν∂µ∂νϕ + ∂νϕ ∂µgµν + 1
2gρσ(∂µgρσ)gµν∂νϕ + ∂V

∂ϕ
= 0. (3.9)

Thus, neglecting spatial derivatives, the classical equation of motion (EoM) for the inflaton
field in the FLRW background can be written in the following form:

ϕ̈ + 3Hϕ̇ + V,ϕ(ϕ) = 0, (3.10)

where we have used the shorthand notation V,ϕ(ϕ) ≡ ∂V (ϕ)/∂ϕ.
Assuming that the total energy budget is dominated by the inflaton energy density (3.4), the
evolution of the Hubble rate, H, is determined by the following Friedmann equation:

H2 = 1
3M2

Pl

(1
2 ϕ̇2 + V (ϕ)

)
. (3.11)

It is worth noting that Eq.(3.10) resembles an EoM for a particle rolling down its potential,
subjected to friction via the 3Hϕ̇ term.

3.1.1 Slow-roll parameters

The inflaton EoM (3.10) together with the Friedmann equation (3.11) form a coupled system,
which can be solved numerically once the potential V (ϕ), and initial conditions {ϕi, ϕ̇i} are
specified. Nevertheless, it is instructive to obtain approximate analytical solutions. One
can typically distinguish two regimes: the slow-roll limit and the oscillatory solution, which
will be discussed in the next section. The former regime refers to the limit in which the
condition (3.6) is satisfied and the acceleration term ϕ̈ is subdominant. Let us now discuss
these conditions quantitatively [296, 297]. To that end, we first note that

ä

a
= Ḣ + H2 ≡ H2 (1 − ϵH) , ϵH ≡ − Ḣ

H2 = d

dt

( 1
H

)
= 3 · ϕ̇2/2

ϕ̇2/2 + V (ϕ)
. (3.12)

Hence, the condition for accelerated expansion can be formulated in terms of the Hubble
slow-roll parameter (HSR) ϵH as

ä > 0 ⇐⇒ 0 ≤ ϵH < 1. (3.13)

To achieve the required number of e-folds during inflation (∼ Ninf = 60 [226]), the above
condition should hold for a sufficiently long period. This means that ϵH ≪ 1 during the
cosmic inflation. Such a condition implies that the Hubble rate should change slowly with
time, which happens if V (ϕ) dominates over the inflaton kinetic energy.
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Moreover, accelerated expansion is sustained sufficiently long if the second time derivative of
ϕ is small enough: |ϕ̈|≪ |3Hϕ̇|, |V,ϕ|. The condition can be expressed in terms of the second
HSR parameter

ηH ≡ − ϕ̈

Hϕ̇
= −d ln ϕ̇

Hdt
= ϵH − 1

2
d ln ϵH
Hdt

= ϵH − 1
2ϵH

dϵH
dN

≪ 1, (3.14)

where we have used dN = Hdt.
Note that inflation take place when ϵH < 1, regardless of the value of ηH . However, the
above condition (3.14) ensures that the fractional change of ϵH per e-fold is small such that
the accelerated phase of expansion last long enough. Moreover, the above constraint allows
us to neglect the acceleration term in the inflaton EoM (3.10), which now simplifies to the
following form:

H ≃ 1
MPl

√
V (ϕ)

3 , ϕ̇ = −MPl√
3

V,ϕ(ϕ)√
V (ϕ)

. (3.15)

The above relations indicate that the ϕ field asymptotically approaches an attractor solution
[297]. This means that the inflaton promptly converges towards the slow-roll solution for a
wide range of initial conditions.

In addition to the HSR parameters, it is instructive to define the potential slow-roll (PSR)
parameters through the following expressions:

ϵV ≡ M2
Pl

2

(
V,ϕ
V

)2
, ηV ≡ M2

Pl
V,ϕϕ
V

, (3.16)

where V,ϕϕ ≡ ∂2V/∂ϕ2.
Note that the smallness of the PSR parameters should allow us to neglect the kinetic term in
the Friedmann equation (3.11) and the acceleration term in Eq.(3.10). However, the smallness
of ϵV and ηV is a necessary but not sufficient condition to guarantee that these terms can be
dropped. The PSR parameters can restrict the form of the inflaton potential but are insensi-
tive to the value of ϕ̇. Hence, the PSR formalism is usually supplemented by the additional
constrain ϕ̇ ≃ −V,ϕ/(3H), which assures that ϕ approach to the asymptotic attractor solution.

One can also show that the PSR set can be related to the HSR parameters as [297]

ϵV = ϵH

(3 − ηH
3 − ϵH

)2
, (3.17)

and

ηV =
√

2M2
PlϵH

ηH,ϕ

3 − ηH
+
(3 − ηH

3 − ϵH

)
(ϵH + ηH), (3.18)

where the first term in (3.18) is of higher-order. In the lowest-order in slow-roll, one gets
ηV ≈ ηH , and ηV ≈ ηH + ϵH . Consequently, the slow-roll conditions ϵH , ηH ≪ 1 implies
ϵV , ηV ≪ 1. Therefore, for the sake of simplicity, we restrict our attention to the PSR
parameters in the remaining part of this chapter.
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3.1.2 Slow-roll solutions

Now let us note that by differentiating (3.4) with respect to time and implementing EoM for
the ϕ field (3.10), we get the continuity equation

ρ̇ϕ = ϕ̇(ϕ̈ + V,ϕ) = −3Hϕ̇2 =⇒ ρ̇ϕ + 3H(pϕ + ρϕ) = 0. (3.19)

Since during the slow-roll inflation, pϕ ≃ −ρϕ, the conservation equation implies that ρϕ is
approximately constant in time. This, in turn, indicates that the Hubble rate is also roughly
time-independent. Hence, using the slow-roll version of the Friedmann equation, we find the
evolution of the scale factor

d ln a

dt
≃ HdS ≡ 1

MPl

√
V

3 =⇒ adS(t) ≃ ai exp [HdS(t − ti)], (3.20)

where ai and ti denote the scale factor and cosmic time corresponding to the onset of the
slow-roll phase of inflation, respectively. The constant Hubble parameter leads to exponential
expansion, which is a characteristic feature of the de-Sitter (dS) universe. In general, infla-
tionary models slightly deviate from the exact de-Sitter phase (ϵdS

H = 0), and its deviation
is described by the set of slow-roll parameters. In a more realistic scenario, the scale factor
grows quasi-exponentially with time, according to the formula

aI(t) = ai exp
(

− 1
M2

Pl

∫
(∂ϕ ln V )−1dϕ

)
, (3.21)

whereas the evolution of the Hubble rate and the inflaton field feebly depends on time.

Finally, it is also instructive to calculate the inflationary number of e-folds,

Ninf ≡ ln ae
ai

=
∫ te

ti

H dt =
∫ ϕe

ϕi

H

ϕ̇
dϕ

(3.15)
≈ −

∫ ϕe

ϕi

V

V,ϕ
dϕ = 1

MPl

∫ ϕi

ϕe

1√
2ϵV

dϕ, (3.22)

where ae, te, and ϕe ≡ ϕ(te) correspond to the scale factor, cosmic time, and field value at
the end of inflation, defined by the condition,

ä = 0 ⇐⇒ ϵH = 1. (3.23)

Note that at the end of inflation, one can use (3.17) and (3.18) to eliminate ηH , obtaining

ηH(ae) ≃ 1 − 2
√

1 − ηV (ae). (3.24)

Using the above result, one can show that the condition (3.23) roughly corresponds to [298]

ϵV (ae) ≃ (1 +
√

1 − ηV /2)2. (3.25)

The required number of the inflationary e-folds is in the realm of several tens. The horizon
and the flatness problems can be resolved providing the total number of e-folds exceeds about
Ninf = 60 [226].
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3.2 Oscillatory phase
According to the single-field inflationary scenario delineated in the previous section, the ϕ
field rolls down towards the minimum of its potential during the slow-roll phase of infla-
tion. As ϕ evolves towards the smaller values, the slow-roll conditions cease validity, and ϕ
enters the oscillatory regime. Its commencement coincides with the termination of the accel-
erated expansion, defined by the condition (3.23). From Eq.(3.12), we see that the following
condition can alternatively define the end of inflation:

ϕ̇2(te) = V (ϕe), (3.26)

which, in turn, implies

ρe ≡ ρϕ(te) = 3
2V (ϕe) =⇒ we = −1

3 . (3.27)

The inflationary phase ends as the potential steepens and ϕ starts to coherently oscillate
around the bottom of its potential with a decaying amplitude. The time scale of oscillations
is typically much shorter than the variation of the inflaton amplitude.
During the oscillatory phase, it is convenient to parametrize the inflaton evolution by a
product of the following functions [127, 203, 299, 300]:

ϕ(t) = φ(t)P(t). (3.28)

The slowly-varying function φ(t), which we refer to as the envelope of the oscillations, ac-
counts mainly for the expansion of the Universe, whereas P(t) describes the quasi-periodic
rapid oscillations. The envelope function is defined by the condition [127, 203, 299, 300]

V (φ) := ρϕ. (3.29)

The character of these oscillations strongly depends on the shape of V (ϕ) in the vicinity of
the minimum. In general, the inflaton potential during the oscillatory epoch can be well
approximated by the following monomial:

V (ϕ) = V (ϕe)
∣∣∣∣∣ ϕ

ϕe

∣∣∣∣∣
2n

= ρϕ|P|2n. (3.30)

In the remainder of this thesis, we limit ourselves to potentials steeper than the linear po-
tential during reheating. This implies n > 1/2.
Our goal now is to find approximate analytical solutions of (3.10) during the oscillatory phase
using the parametrization (3.28) together with the condition (3.29). For this purpose, let us
first define a time average of a quantity X over one period of oscillation T , i.e.,

⟨X⟩ := 1
T

∫ t+T

t
dt̃ X(t̃). (3.31)

Furthermore, according to the Leibniz integral rule

d

dt
⟨X⟩ = d

dt

(
1
T

∫ t+T

t
dt̃ X(t̃)

)
= X(t + T ) − X(t)

T
= 1

T

∫ t+T

t
dt̃ Ẋ = ⟨Ẋ⟩. (3.32)

In what follows, we assume that the envelope barely changes during one oscillation. Thanks
to (3.29), it means that ρϕ is also almost constant in time, which, in turn, implies that the
time variation of H can also be neglected.
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Utilizing these remarks, we get

⟨ϕ̇2⟩ = 1
T

∫ t+T

t
dt̃ ϕ2(t̃) ≃ −⟨ϕϕ̈⟩

(3.10)
= 3H⟨ϕ̇ϕ⟩ + ⟨ϕV,ϕ⟩ ≃ ⟨ϕV,ϕ⟩, (3.33)

where we have integrated by parts in the first and the last steps. Next, using Eqs.(3.4), (3.30)
and the above relation, one obtains

⟨ρϕ⟩ = 1
2⟨ϕV,ϕ⟩ + ⟨V (ϕ)⟩ = 1

2

〈
ϕ · 2n V (ϕ)

ϕ

〉
+ ⟨V (ϕ)⟩ = (n + 1)⟨V (ϕ)⟩

= (n + 1)⟨ρϕ|P|2n⟩, (3.34)

which indicates that

⟨|P|2n⟩ = 1
1 + n

. (3.35)

Hence, the inflaton averaged equation-of-state parameter approaches a constant value during
the oscillatory phase

w̄ ≡ ⟨pϕ⟩
⟨ρϕ⟩

≃ (n − 1)⟨V (ϕ)⟩
(1 + n)⟨V (ϕ)⟩) = n − 1

n + 1 . (3.36)

The time-averaged version of the continuity equation takes the form

⟨ρ̇ϕ⟩ + 3H(1 + w̄)⟨ρϕ⟩ = d

dt
⟨ρϕ⟩ + 3H(1 + w̄)⟨ρϕ⟩ = 0, (3.37)

or simply

ρ̇ϕ + 3H(1 + w̄)ρϕ = 0, (3.38)

where we have used the fact that ⟨ρϕ⟩ = ρϕ.
Lastly, utilizing Eq.(3.36), we see that for the quadratic inflaton potential, i.e., n = 1, ϕ
behaves as a matter, i.e., w̄ = 0, during the oscillatory phase, while for the quartic potential,
i.e., n = 2, inflaton has a radiation-like equation of state, w̄ = 1/3.

3.2.1 The envelope evolution

From Eq.(3.38), one obtains the dynamical equation for the slowly-varying envelope

φ̇ = − 3
n + 1Hφ. (3.39)

Converting time derivative to derivative with respect to the scale factor a, the above equation
can be recast as

dφ

φ
= − 3

n + 1
da

a
. (3.40)

Thus, during the oscillatory phase, the envelope experiences a power-law decrease with the
scale factor

φ(a) = φe

(
ae
a

) 3
n+1

, (3.41)
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where φe denotes the initial value of the envelope at the onset of the oscillatory phase. By
setting Pe = 1, we can relate φe to the inflaton field value at the end of inflation ϕe, defined
by the condition (3.23).

3.2.2 Evolution of the quasi-periodic function

On the other hand, the evolution of the (an)harmonic function P is described by the following
equation:

ϕ̇ = φ̇P + Ṗφ =⇒ Ṗ = ϕ̇

φ
− φ̇

φ
P. (3.42)

Using Eq. (3.40), we can further simplify this equation as

Ṗ = ±

√
2ρϕ(1 − |P|2n)

φ
+ 3

n + 1HP, (3.43)

where the ± sign corresponds to ϕ̇ > 0 and ϕ̇ < 0, respectively. Since the time scale associated
with the expansion is much longer than the typical time scale of oscillations, we can neglect
the second term in the above equation. Consequently, equation (3.43) takes the form of a
classical energy integral for a material point characterized by a coordinate x moving in the
potential V (x)

ẋ2

2 + V (x) = 0, (3.44)

where x ≡ P and V (x) ≡ (|x|2n−1)ρϕ/φ2. The ρϕ/φ2 ratio can be associated with the
effective mass of the inflaton field, defined as

m2
ϕ := ∂2V (ϕ)

∂ϕ2

∣∣∣∣∣
ϕ=φ

= 2n(2n − 1) ρϕ
φ2 . (3.45)

Note that the variation of m2
ϕ is negligible in the time scale of oscillations.

The EoM for the P function can be rewritten as

dt = ± dP√
An(1 − |P|2n)

, An ≡
m2
ϕ

n(2n − 1) ≃ const. (3.46)

Adopting the initial condition P(t0) = 1, where t0 ≃ te, and choosing the minus sign on the
r.h.s. of the above equation, we get

−
√

An(t − t0) =
∫ P(t)

1

dP√
1 − |P|2n

. (3.47)

Switching to the new variable u = |P|2n, we find

−
√

An(t − t0) = 1
2n

∫ |P|2n

1
du u

1
2n

−1(1 − u)
1
2 −1. (3.48)

This, in turn, can be rewritten as

−
√

An(t − t0) = 1
2n

∫ |P|2n

0
du u

1
2n

−1(1 − u)
1
2 −1 −

∫ 1

0
du u

1
2n

−1(1 − u)
1
2 −1, (3.49)
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which reads to

−
√

An(t − t0) = 1
2n

B

(
|P|2n; 1

2n
,
1
2

)
−

√
π

2n

Γ
(

1
2n

)
Γ
(

1
2 + 1

2n

) , (3.50)

where B(x; a, b) denotes the incomplete beta functions, defined as

B(x; a, b) :=
∫ x

0
dt ta−1(1 − t)b−1, (3.51)

with a > 0, b > 0 and 0 ≤ x ≤ 1, implying

0 ≤ |P(t)|2n≤ 1. (3.52)

The period of the inflaton oscillations can be obtained from the following integral:

T = 4
∫ 1

0

dx√
2[V (1) − V (x)]

= 1
mϕ

√
4π(2n − 1)

n

Γ
(

1
2n

)
Γ
(

1
2 + 1

2n

) , (3.53)

whereas the frequency ω is

ω = mϕ

√
πn

2n − 1
Γ
(

1
2 + 1

2n

)
Γ
(

1
2n

) . (3.54)

In order to find an explicit formula for |P(t)| let us use the beta function, defined as

B (a, b) :=
∫ 1

0
dt ta−1(1 − t)b−1. (3.55)

Dividing Eq.(3.50) by the beta function, B
(

1
2n , 1

2

)
=

√
π

Γ( 1
2n )

Γ( 1
2 + 1

2n ) , one finds

1 − 2n
Γ
(

1
2 + 1

2n

)
Γ
(

1
2n

) √
An

π
(t − t0) = I

(
|P(t)|2n; 1

2n
,
1
2

)
, (3.56)

where the following definition of the regularized incomplete beta function has been used

I(x; a, b) = B(x; a, b)/B(a, b). (3.57)

Thus, the solution for the |P(t)| function can be expressed in terms of the inverse of the
regularized incomplete beta function, i.e.,

|P(t)|2n= I−1
z

( 1
2n

,
1
2

)
, (3.58)

where

z ≡ 1 − 2n
Γ
(

1
2 + 1

2n

)
Γ
(

1
2n

) √
An

π
(t − t0) = 1 − 4

T
(t − t0). (3.59)
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Finally, let us calculate the time average of |P|2n over one oscillation period:

⟨|P|2n⟩ = 1
T

∫ T

0
dt |P(t)|2n

= 4
T

∫ T/4

0
dt I−1

z(t)

( 1
2n

,
1
2

)
, for n ∈ R+

=
2Γ
(

1
2 + 1

2n

)
√

πΓ
(

1
2n

) [
2F1

(1
2 , − 1

2n
; 3
2 ; z0

)√
z0 − 2F1

(1
2 , − 1

2n
; 3
2 ; z1

)√
z1

]
, (3.60)

with

z0 ≡ 1 − I−1
0

( 1
2n

,
1
2

)
, z1 ≡ 1 − I−1

1

( 1
2n

,
1
2

)
. (3.61)

Relation (3.60) can be further simplified as follows,

⟨|P|2n⟩ =
Γ
(

1
2 + 1

2n

)
Γ
(
1 + 1

2n

)
Γ
(

1
2n

)
Γ
(

3
2 + 1

2n

) = 1
n + 1 , (3.62)

which agrees with the result (3.36).

3.2.3 Evolution of slowly-varying variables

Before we conclude this section, let us determine the exact time evolution of several slowly-
varying observables. The dynamics of the inflaton energy density is governed by Eq. (3.38),
whose solution is takes the power-law form

ρϕ = ρe

(
ae
a

)3(1+w̄)
= ρe

(
ae
a

) 6n
n+1

. (3.63)

Consequently, from the Friedmann equation, one obtains

H = He

(
ae
a

) 3(1+w̄)
2

= He

(
ae
a

) 3n
n+1

, He ≡
√

ρe√
3MPl

. (3.64)

Integrating the above equation, one finds the evolution of the scale factor a with t,

a = ae

[
1 + 3n

n + 1He(t − te)
]n+1

3n

. (3.65)

Then, by inserting solutions (3.41) and (3.63) into Eq. (3.45), one gets

mϕ(a) = me
ϕ

(
ae
a

) 3(n−1)
n+1

, me
ϕ ≡

√
2n(2n − 1)

√
ρe

ϕe
, (3.66)

which indicates that mϕ is a monotonically increasing function of the scale factor for n ∈
(1/2, 1), whereas for n > 1 it decreases during the oscillatory phase. Hence, only for n = 1,
which corresponds to the quadratic inflaton potential, the effective mass is time-independent.
Moreover, the time dependency of mϕ presupposes that the period of the inflaton oscillations
T and the frequency ω also depend on time, provided that n ̸= 1. In particular, from
Eqs.(3.53) and (3.54), we see that for n ∈ (1/2, 1), T (ω) decreases (increases), while if n > 1
T (ω) increases (decreases) with the scale factor.
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3.3 Constraints on inflationary models
In this section, we revise several inflationary parameters and their corresponding values from
the CMB spectrum, following [227]. But before we introduce the principal CMB observables,
let us first present a very brief introduction to the topic of quantum fluctuations during
inflation.

3.3.1 Primordial perturbations

The inflationary paradigm is so appealing not only because it resolves the hot big bang
problems but also because it provides a very natural explanation for tiny inhomogeneities
observed in the CMB spectrum. Namely, the primary anisotropies could have originated from
the unavoidable zero-point quantum fluctuations of the inflaton ϕ and metric perturbations
R. One must go beyond the standard assumption of homogeneity and isotropy to account
for primordial fluctuations. To that end, let us define perturbations around the homogeneous
background solutions for ϕ(t) and the metric gµ,ν(t):

ϕ̃(t, x⃗) = ϕ(t) + δϕ(t, x⃗), g̃µν(t, x⃗) = gµν + δgµν(t, x⃗), (3.67)

where δϕ ≪ ϕ and δgµν ≪ gµν .

To understand the behavior and evolution of primordial perturbations, it is instructive to
decompose them into scalar (S), vector (V), and tensor (T) components. This decomposi-
tion, known as the SVT decomposition, was introduced by Bardeen in 1980 [301]. At the
linear level, perturbations of each type evolve independently of each other. This means that
one can track the dynamics of each component separately without significant interference
from the others. For instance, scalar perturbations primarily drive the growth of large-scale
structures such as galaxies and clusters of galaxies. Vector perturbations, on the other hand,
are significantly suppressed during inflation [295]. Tensor perturbations correspond to pri-
mordial gravitational waves PGWs and their propagation through space. We focus on tensor
(PGWs) and scalar perturbations in the following part of this section, starting from the lat-
ter.
In the comoving gauge, the ϕ field is unperturbed, i.e., δϕ = 0, whereas other scalar degrees
of freedom are parameterized by the metric fluctuation R(t, x⃗), such that [227]

gij = −a2[(1 − 2R)δij + hij ], (3.68)

where hij is the transverse-traceless tensor, i.e, ∂ihij = 0 = hii. All fluctuations are created
on all comoving length scales k−1 deep inside the cosmic horizon. Modes with wavelength
k1 much smaller than the comoving Hubble radius (aH)−1 are referred to as subhorizon
modes. Since the comoving Hubble radius shrinks during inflation while the wavenumber k−1

of modes remains constant, at some point during inflation, perturbations eventually exit the
horizon. We denote this moment as a⋆ = k⋆(H⋆)−1. Contrarily, modes with wavelength much
longer than (aH)−1, i.e., k < aH, are referred to as subhorizon modes. A notable feature of
fluctuations is that their amplitude remains constant outside the horizon.

Scalar perturbations

To derive EoM for scalar perturbations one expands the action (3.1) to the second order in
R, obtaining [227]

δS(2) =
∫

dtd3x a3 ϕ̇2

2H2

[
Ṙ − 1

a2 (∂iR)2
]

. (3.69)
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Performing the following field redefinition:

v ≡ zR, z ≡ a
ϕ̇

H
, (3.70)

and using the conformal coordinates, one can recast Eq. (3.69) as

δS(2) = 1
2

∫
dτd3x

[
(v′)2 + (∂iv)2 + z′′

z
v2
]

, (3.71)

where by the prime we have denoted derivative w.r.t. to the conformal time τ , i.e., ′ ≡ ∂τ .
Hence, the Euler-Lagrange equation for the v field is

v′′ − ∇2v − z′′

z
v = 0. (3.72)

Now let us promote the classical field v to quantum field operator v̂,

v̂(τ, x⃗) =
∫

d3k

(2π)3

[
vk(τ)â

k⃗
eik⃗·x⃗ + v∗

k(τ)â†
k⃗
e−ik⃗·x⃗

]
, (3.73)

and impose the equal time canonical commutation relation (CCR)

[v̂(τ, x⃗), π̂v(τ, y⃗)] = iδ(3)(x⃗ − y⃗), (3.74)

where π̂v(τ, y⃗) = π̂′
v(τ, y⃗) denotes the quantum operator describing the momentum conjugate

to v̂.
The above relation can only be satisfied provided that the creation and annihilation operators
obey the following commutation relations:

[â
k⃗
, â†
q⃗] = (2π)3δ(3)(k⃗ − q⃗), [â

k⃗
, âq⃗] = 0 = [â†

k⃗
, â†
q⃗], (3.75)

whereas the mode functions are normalized such that the Wronskian is equal

W [vk, v′
k] ≡ vkv

∗′
k − v∗

kv
′
k = −i. (3.76)

From Eq. (3.72), one finds that vk satisfies the so-called Mukhanov-Sasaki equation

v′′
k +

[
k2 − z′′

z

]
vk = 0. (3.77)

Deep inside the Hubble horizon, the Mukhanov-Sasaki equation simplifies to the harmonic os-
cillator equation in flat Minkowski spacetime, i.e., v′′

k+k2vk = 0. Hence, the initial conditions
for the mode function can be taken as the Bunch-Davies vacuum, i.e.,

lim
τ→−∞

vk = e−ikτ
√

2k
, lim

τ→−∞
v′
k = −ik

e−ikτ
√

2k
. (3.78)

Moreover, during the de-Sitter phase of inflation, H = const., which implies that Eq.(3.77)
simplifies as

v′′
k +

[
k2 − 2

τ

]
vk = 0. (3.79)
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The solution to the above equation is given by

vk(τ) = e−ikτ
√

2k

(
1 − i

kτ

)
. (3.80)

To statistically characterize the fluctuations, one introduces the power spectrum using the
two-point correlation function [227]

⟨RkRq⟩ = (2π)3δ(3)(k⃗ + q⃗) PR(k), ∆2
R ≡ k3

2π2 PR(k), (3.81)

where ⟨. . . ⟩ denotes the ensemble average.
Utilizing Eq. (3.70), one can calculate the power spectrum at the horizon crossing, i.e., at
k⋆ = a⋆H⋆, obtaining

⟨RkRq⟩ = (2π)3δ(3)(k⃗ + q⃗)H2
⋆ |vk(τ⋆)|2

ϕ̇2
⋆a

2
⋆

= (2π)3δ(3)(k⃗ + q⃗) 1
2k⋆

(
1 + 1

k2
⋆τ

2
⋆

)
H2
⋆

ϕ̇2
⋆a

2
⋆

. (3.82)

Note that for superhorizon modes, i.e., k < aH, the first term in the above parenthesis is
negligible since |kτ |< 1. Hence,

⟨RkRq⟩ ≃ (2π)3δ(3)(k⃗ + q⃗) 1
2k3

⋆

H4
⋆

ϕ̇2
⋆

. (3.83)

Consequently, the dimensionless power spectrum of scalar fluctuations at the horizon crossing
is

∆2
s(k) ≡ k3

2π2 PR(k⋆) = 1
(2π)2

H4
⋆

ϕ̇2
⋆

= 1
8π2

H2
⋆

M2
Pl

1
ϵH

, (3.84)

where we have used the definition of the first HSR parameter Eq. (3.12).

Lastly, let us stress that the scalar power spectrum depends only on k, as ∆2
s is evaluated

at the horizon crossing k⋆ = a⋆H⋆. Due to the fact that both H and ϵH might slowly vary
in time during inflation, one expects that ∆2

s could be slightly different for different modes.
The deviation from the scale-invariance, i.e., k-independence, can be parametrized by the
following expression: [227]

∆2
s(k) ≡ As

(
k

k⋆

)ns−1
, (3.85)

where k⋆ should be understood as some reference scale, As is the amplitude of the scalar
spectrum measured at k = k⋆, while ns denotes the scalar spectral index, defined as

ns − 1 ≡ d ln ∆2
s

d ln k
. (3.86)

Note that ns = 1 would correspond to a perfect scale-invariance.

Tensor perturbations

Analogously, one can obtain the power spectrum for tensor perturbations. For this purpose,
one should expand the Einstein-Hilbert action Eq. (2.40) up to second order [227], obtaining

δS
(2)
EH = M2

Pl
8

∫
dτd3x a2[|h′

ij |2−|∂lhij |2]. (3.87)



Chapter 3. Cosmic inflation 72

It is convenient to decompose hij into the two polarization states

hij(τ, x⃗ ) =
∑

λ=+ ,×

∫
d3k

(2π)3 hλk(τ) ϵλij(k⃗ ) eik⃗·x⃗, (3.88)

where ϵλij(k⃗) are symmetric, traceless and transverse spin-2 polarization tensors,

ϵλij(k⃗ ) = ϵλji(k⃗ ), ϵλii(k⃗ ) = 0, kiϵ
λ
ij(k⃗ ) = 0, (3.89)

normalized as

ϵλij(k⃗)[ϵρ,ij(k⃗)]∗ = ϵλij(k⃗)ϵρij(−k⃗) = 2δλρ, (3.90)

and satisfying the completeness relation∑
λ=+ ,×

ϵλij(
ˆ⃗
k) ϵλlm (ˆ⃗k) = Pil Pjm + Pim Pjl − Pij Plm , Pil = δil − k̂i k̂l, (3.91)

where ˆ⃗
k denotes the unit vector along the direction of k⃗.

Inserting decomposition (5.45) into Eq.(3.87), one finds

δS
(2)
EH = M2

Pl
4

∑
λ=+ ,×

∫
dτ

d3k

(2π3) a2
[
|hλ′
k |2−k2|hλk |2+a′′

a
|hλk |2

]
, (3.92)

where we have used the orthonormal condition (3.90).
To get a canonically normalized kinetic term, one introduces a new variable

h̃λ(t, k) ≡ MPl√
2

a hλk , (3.93)

so that the action becomes

δS
(2)
EH = 1

2

∫
dτd3x

[
|h̃λ′|2−k2|h̃λ|2+a′′

a
|h̃λ|2

]
. (3.94)

Next, we promote h̃λ and its canonically conjugate momenta π̃λ = h̃λ′ to quantum operatorŝ̃
hλ,

̂̃
πλ by imposing the equal time CCR, i.e.,

[
̂̃
hλ(τ, x⃗ ), ̂̃πσ, (τ, y⃗ )] = iδλσδ(3)(x⃗ − y⃗), (3.95)

with

̂̃
hλ(τ, x⃗) =

∑
σ=+,×

∫
d3k

(2π)3

[
h̃λk(τ)b̂λ

k⃗
eik⃗·x⃗ + h̃λk(τ)b̂λ†

k⃗
e−ik⃗·x⃗

]
, (3.96)

with the ladder operators satisfying the usual commutation relations

[b̂λ
k⃗
, b̂σ†
q⃗ ] = (2π)3δλσδ(3)(k⃗ − q⃗), [b̂λ

k⃗
, b̂σq⃗ ] = 0 = [b̂λ†

k⃗
, b̂σ†
q⃗ ]. (3.97)

The mode functions h̃λk satisfy the

h̃λ′′
k +

[
k2 − a′′

a

]
h̃λk = 0, (3.98)
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which is just the Mukhanov-Sasaki equation (3.77), and its Wronskian is normalized to one,
i.e., W [h̃λk , h̃λ⋆k ] = 1.

The action (3.94) is equivalent to the action of two real scalar fields (3.71) one can see
that the two polarizations of the tensor perturbations behave as a redefined scalar field,
hλk =

√
2vk/(aMPl). Therefore, their two-point function can be calculated as

⟨ĥij(k)ĥij(q)⟩ = (2π)3δ(3)(k⃗ + q⃗) 4|vk|2

a2
⋆M

2
Pl

≃ (2π)3δ(3)(k⃗ + q⃗) 1
k2
⋆

2H2
⋆

M2
Pl

, (3.99)

where we have utilized the orthonormal relation (3.90), which is responsible for the addition
factor of two in the second step.
From the above expression, one infers that the power spectrum of a single polarization is

∆2
h ≡ k3

⋆

2π2 Ph(k⋆) = 1
π2

H2
⋆

M2
Pl

. (3.100)

Finally, the dimensionless power spectra for tensor fluctuations is given by

∆2
t = 2∆2

h = 2
π2

H2
⋆

M2
Pl

, (3.101)

so that the tensor-to-scalar ratio is

r ≡ ∆2
t

∆2
s

= 16ϵH(k⋆). (3.102)

3.3.2 CMB constraints

Let us now connect the primordial fluctuations to the cosmological observables. To that end,
we will establish the link between the newly introduced variables, including the power spectra
and the tensor-to-scalar ratio, with the CMB data.

First, we should emphasize that the reference scale k⋆ can be related to the pivot scale for
the CMB observations measured by Planck, i.e., kCMB

⋆ = 0.05 Mpc−1 [302]. The amplitude
of scalar perturbations measured at the pivot scale kCMB

⋆ is

∆2
s(kCMB

⋆ ) = 2.1 × 10−9. (3.103)

Utilizing Eq.(3.102), one finds the following upper bound on the tensor-to-scalar ratio:

r ≤ 0.032, (3.104)

at 95% C.L. by the Planck [302] and BICEP/Keck [303] combined analysis [304]. Thus, from
Eq. (3.101), we obtain an upper bound on the Hubble scale

H⋆ ≃ He ≤ 4.4 × 1013 GeV, (3.105)

where we have assumed that the time variation of the Hubble rate in the period between a⋆
and ae is negligible.
Next, it is instructive to quantify the scale-dependence of the power spectra. In analogy with
ns, introduced in Eq.(3.86), one defines the tensor spectral index as

ns − 1 ≡ d ln ∆2
s

d ln k
, nt ≡ d ln ∆2

t

d ln k
. (3.106)
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From the Planck data [302], we know that the spectral tilt ns slightly deviates from unity
and for the pivot scale is

ns = 0.9649 ± 0.0042. (3.107)

Note that

d ln ∆2
s

d ln k
= d ln ∆2

s

dN

(
d ln k

dN

)−1
= −

(
2ϵH + d ln ϵH

dN

)
(1 − ϵH)−1 = −4ϵH − 2ηH

1 − ϵH
, (3.108)

and

d ln ∆2
t

d ln k
= d ln ∆2

t

dN

(
d ln k

dN

)−1
= − 2ϵH

1 − ϵH
, (3.109)

where we have used Eq. (3.14).
Hence, spectral indices in the leading order in HSR parameters take the form

ns − 1 = 2ηH(k⋆) − 4ϵH(k⋆) + O(ϵ2
H , η2

H , ηHϵH), (3.110)
nt = −2ηH(k⋆) + O(ϵ2

H , η2
H , ηHϵH). (3.111)

Now, adopting the slow-roll approximation ϕ̇ ≪ V (ϕ) and the fact that ηV ≈ ηH , and
ηV ≈ ηH + ϵH , one approximates the scalar and tensor power spectra as

∆2
s,SR ≃ 1

24π2
V

M4
Pl

1
ϵV

∣∣∣∣∣
k⋆=a⋆H⋆

, ∆2
t,SR ≃ 2

3π2
V

M4
Pl

∣∣∣∣∣
k⋆=a⋆H⋆

. (3.112)

Consequently,

rSR = 16ϵV (k⋆), (3.113)

and

nSR
s − 1 = 2ηV (k⋆) − 6ϵV (k⋆), (3.114)

nSR
t = −ηV (k⋆). (3.115)

Now, using Eq. (3.103) and (3.112) we obtain the following constrain on the inflationary
scale:

V
1/4
⋆ ≃ V 1/4

e ≤ 1.4 × 1016 GeV. (3.116)

3.4 Inflationary models
Once we have discussed the general features of cosmic inflation, we can briefly overview some
specific models. Nowadays, there exists a broad diversity of theoretical models aiming to
carry out the inflationary process. In fact, inflationary zoology is quite head-spinning, as it
contains hundreds of different scenarios. With the passage of time, inflationary models have
become more and more sophisticated. The main reason for that is an endeavor to relate the
SM of particle physics, i.e., the low-energy effective field theory, with a parent UV theory,
which would become relevant at high energy scales. Hence, many models of cosmic inflation
originated in beyond the Standard Model theories, including supersymmetry, supergravity,
or string theories [305, 306]. An excellent complete review can be found, e.g., in [290, 305].
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Below, we restrict ourselves to a very basic outline of inflationary models.
Inflationary models can classify them into several categories, depending on:

• the number of dynamical fields
In addition to the single-field inflation described above, models equipped with more
than one slowly-rolling field are also commonly discussed in the literature. Such sce-
narios are motivated by many high-energy models involving a plethora of spin-0 fields.
In particular, one usually considers a model where a pair of scalar fields are responsi-
ble for cosmic inflation, see, e.g., [307, 308]; however, the generalization to multi-field
inflation is also widely discussed, for a review see, e.g., [309, 310]. The presence of
multiple dynamical fields can modify the inflationary dynamics and alter the predic-
tions of single-field models. In particular, multi-field inflationary scenarios predict the
generation of non-adiabatic field perturbations during inflation, which could lead, for
instance, to detectable non-Gaussianities. Hence, such alternative models are expected
to be observationally distinguished from single-field scenarios in the near future.

• the form of the inflaton potential
Different cosmic inflation models vary in a specific form of the inflaton potential V (ϕ).
Following Ref.[227], one distinguishes two basic types of V (ϕ) depending on their be-
havior during inflation. This classification is based on the displacement of the inflaton
field, ∆ϕ ≡ ϕCMB −ϕe, describing the difference between the inflaton field values at the
moment when the CMB fluctuations were created ϕCMB and the end of inflation ϕe, cf.
Fig.(3.1).
The small-field models, also known as new inflation are typically described by poten-
tials emerging from spontaneous symmetry breaking [207, 208]. In such scenarios, the
inflaton, initially located in a false vacuum state, evolves away from an unstable max-
imum toward a displaced true minimum. Its evolution is sub-Planckian, as ϕ moves
over a small distance ∆ϕ ≪ MPl. Small-field potentials can be described by a generic
potential of the form [227]

VSF(ϕ) = V0

[
1 −

(
ϕ

µ

)p]
+ . . . (3.117)

where V0, µ characterized respectively the potential height and width, whereas the dots
correspond to higher-order terms. The exponent p is specified in a given model, e.g.,
for the Higgs-like potential p = 2. The Coleman-Weinberg potential [207, 208, 311]

VCW(ϕ) = V0

{(
ϕ

µ

)4 [
ln
(

ϕ

µ

)
− 1

4

]
+ 1

4

}
(3.118)

is another example of a small-field model arising from the radiatively-induced symmetry
breaking in electroweak and GUT theories. Small-field models are typically character-
ized by tiny potential slow-roll parameter ϵV . The smallness of ϵV has observational
consequences, implying that the amplitude of the primordial gravitational waves pro-
duced during inflation is too small to be detected by future surveys.
A distinctive feature of the large-field models is the super-Planckian evolution of the ϕ
field during inflation. Namely, in this type of model, the inflaton field initially has a
large field value and then rolls down to a minimum situated at the origin ϕ = 0. One
typically finds ηV ∈ (−ϵV , ϵV ] in such scenarios. One of the simplest examples of a
large-field inflationary model is the so-called chaotic inflation [210], where the inflaton
potential has the monomial form

VLF(ϕ) = λϕp, (3.119)
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Figure 3.1: The schematic evolution of the inflaton field in the small-field (left panel) and the large-
field (right panel) inflationary models.

where the inflaton self-coupling λ is typically very small and can be both dimensionless
and dimension-full depending on the exponent p. The tensor-to-scalar ratio r might
be sufficiently large for this type of inflaton potential to lead to a detectable spectrum
of primordial gravitational waves. Another well-established large-field model is the
dubbed as the natural inflation [311] with the following potential:

VNI(ϕ) = V0

[
cos

(
ϕ

f

)
+ 1

]
, (3.120)

where the appropriate scales two parameters of the model is respectively V
1/4

0 ≈ mGUT
and f ≈ MPl [312]. The above potential originates in the BSM theories where the
inflaton is associated with the axion field.
In addition to the two above-described scenarios, one sometimes distinguishes yet an-
other class of inflationary model. The third type, dubbed as hybrid models [313, 314],
where ϕ evolves toward a potential minimum with nonzero vacuum energy. In such a
scenario, the accelerated expansion continues forever unless an auxiliary field is added
to the theory. A common feature of this model is the following relation between po-
tential slow-roll parameters: ϵV ∈ (0, ηV ). The generic type of the inflaton potential in
the hybrid models, i.e.,

V (ϕ) = V0

[
1 +

(
ϕ

µ

)p]
, (3.121)

behaves as a large-field potential in the limit ϕ/µ ≫ 1, whereas for smaller field values,
i.e., ϕ/µ ≪ 1, it is similar to the small-field potential VSF. However, in this regime, ϕ
evolves towards a dynamical fixed point rather than away from it.

• coupling to gravity
In a standard, minimally-coupled, scenario, there is no direct coupling between the
inflaton and the metric. However, one can consider more exotic scenarios where the
non-minimal couplings between ϕ and gravity are present. One of the best-established
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examples is the Higgs inflation [315], where the SM Higgs doublet h plays the role of
the inflaton field. The action of this model involves a direct coupling of the Higgs field
to the Ricci scalar R

SHI =
∫

d4√
−g

[
−M2

Pl
2

(
1 + 2ξ

M2
Pl

hh†
)

R + gµν(∂µh)†∂νh − V (h)
]

, (3.122)

where ξ denotes the dimensionless non-minimal coupling constant. It turns out that
such non-minimally coupled theories can be written as minimally-coupled theories by
adopting the appropriate field redefinition. For instance, one can recast the above
action as

SHI =
∫

d4√−g̃

[
−M2

Pl
2 R̃ + F̃(h)(∂µh)†∂νh − Ṽ (h)

]
, (3.123)

performing a conformal transformation g̃µν = Ω2(x)gµν . From this expression, we see
that the price we must pay for this is the appearance of the non-canonical kinetic term
F̃(h)(∂µh)†∂νh for the Higgs field.

The original concept of Higgs inflation encounters a unitarity problem since, to rec-
oncile with the CMB data, a sizeable non-minimal coupling is needed [316, 317]. This
leads to the violation of unitarity, occurring at a scale comparable to the Hubble scale
during inflation. However, as demonstrated in Ref.[318, 319], this problem can be
resolved by adding a new degree of freedom coupled to the Higgs boson.

• modification of the Einstein-Hilbert action
In a similar manner, one can also consider the modification of the Einstein-Hilbert action
at high energies. Such an attempt was originally investigated by Alexei Starobinsky
[206, 206], who wrote down one of the earliest and, at the same time, more elegant
models of cosmic inflation, driven by the following purely gravitational action:

SSI = −M2
Pl

2

∫
d4x

√
−gf(R), f(r) ≡ R + R2

6M2 . (3.124)

The quadratic quantum correction to the Einstein-Hilbert action became relevant in
the very early universe when the curvature of spacetime was large. The above action
can be put into a standard form under the Weyl transformation g̃µν = Ω2(x)gµν . In
the Einstein frame, the inflaton field emerges as an effective incarnation of the higher
curvature correction. The induced inflaton potential is given by

VSI = 3
4M2

PlM
2
[
1 − exp −

(√
2
3

ϕ

MPl

)]2

. (3.125)

The Starobinsky model is in excellent agreement with the Planck data. In particular,
the only free parameter of the Starobinsky model, M , is fixed by the observable CMB
amplitude as M ∼ 10−5MPl [302].

• the form of the kinetic term
In inflationary models with canonically-normalized kinetic terms, cosmic inflation can
only occur for sufficiently flat potentials. This requirement can be, however, relaxed if
one considers a dynamical field whose kinetic term is not canonically normalized, see,
e.g., [225, 320, 321]. In such a case, the density Lagrangian of a theory takes the form

L = p(X, ϕ) − V (ϕ), X ≡ gµν∂µϕ∂νϕ, (3.126)
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where p(X, ϕ) is some arbitrary function of the scalar field ϕ and its first derivatives.
By varying the above action w.r.t. the metric, one finds that it corresponds to a perfect
fluid characterized by the pressure p and energy density ρ = 2Xp,X − p [226].
Note that in this case, the first slow-roll parameter is [226]

ϵ = − Ḣ

H2 = 3Xp,X
2Xp,X − p

. (3.127)

Hence, for suitable F(X), one can obtain sufficiently many e-folds of inflation with-
out a flat potential. An interesting feature of that model is the enhancement of the
gravitational waves’ contribution to the CMB fluctuations, as pointed out in Ref. [225].

3.5 Attractor models
A broad class of inflationary models, including the Starobinsky model [206], the chaotic in-
flation model with non-minimal coupling to gravity [315, 322], share a common observational
prediction for the spectral tilt ns, and the tensor-to-scalar ratio r [323–329]

ns ≃ 1 − 2
N⋆

, r ≃ 12
N2
⋆

, (3.128)

with N⋆ being the number of inflationary e-folds, counted from the horizon existing of the
Planck pivot scale kCMB

⋆ to the end of inflation. The ns, r prediction (3.128) is an “attractor
point” for potentials of the form [330]

V (ϕ) = V0

[
1 − exp

(
−
√

2
3ϕ

)
+ . . .

]
, (3.129)

in the limit ϕ → ∞, where ϕ is canonically normalized inflaton field.
These models can be generalized by introducing an additional parameter α, such that a new
generalised potential at large values of ϕ takes the form [330]

V (ϕ) = V0

[
1 − exp

(
−
√

2
3α

ϕ

)
+ . . .

]
, (3.130)

This class of inflationary models, known as the α-attractors, leads to the following prediction
of the inflationary observables:

ns ≃ 1 − 2
N⋆

, r ≃ α
12
N2
⋆

. (3.131)

Such models can be embedded in supergravity theories [323, 324]. Without going into tech-
nical intricacies, to which we refer the reader to Ref.[323, 324, 330], the α−attractor models
are described by the following effective Lagrangian [330]:

√
−gLΦ =

√
−g

[
M2

Pl
2 R + α

(1 − (Φ/(
√

3MPl))2)2 gµν∂µΦ∂νΦ − f2
(
Φ/(

√
3MPl)

)]
, (3.132)

where the geometric field Φ is related to the canonically normalized inflaton ϕ through [330]

Φ√
3MPl

= tanh
(

ϕ√
6αMPl

)
. (3.133)
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Figure 3.2: The VT (ϕ)/Λ4 term as a function of ϕ/MPl for different values of n, and α=1/6. Solid
curves present the full form of VT (ϕ), while dashed curves show the small-field expansion of V (ϕ) (the

lower line of Eq. (3.136)).

This, in turn, implies that the effective Lagrangian for the ϕ field takes the form

√
−gLϕ =

√
−g

[
M2

Pl
2 R + gµν∂µϕ∂νϕ − f2

(
tanh

{
ϕ√

6αMPl

})]
. (3.134)

In the simplest case, i.e., f = const., the above Lagrangian describes the de-Sitter model,
where V (ϕ) is independent of ϕ and α. On the other hand, for the set of a monomial function
f(z) = Λ2zn, with n > 0, one gets

V = f2
(

tanh
{

ϕ√
6αMPl

})
= Λ4 tanh2n

(
ϕ√

6αMPl

)
, (3.135)

where the parameter Λ has a dimension of mass.

3.5.1 T model

Note that one can distinguish two different regimes of the α−attractor T -model

VT ≡ Λ4 tanh2n
( |ϕ|√

6αMPl

)
≃

Λ4, |ϕ|≫
√

6αMPl,

Λ4
(

|ϕ|√
6αMPl

)2n
, |ϕ|≪

√
6αMPl,

(3.136)

such that for large field values, i.e., |ϕ| ≫
√

6αMPl, the potential has a plateau VT (ϕ) ≃ Λ4,
whereas for smaller field values, i.e., |ϕ| ≪

√
6αMPl, it can be well approximated by the

power-law form (3.30). Hence, the first regime is suitable for the slow-roll phase of inflation
since the flatness of VT (ϕ) guarantees that inflation lasts long enough. Whereas, when ϕ rolls
down to the smaller values, below the

√
6αMPl scale, inflation ends, and ϕ starts to oscillate

around the minimum of its potential. In Fig.(3.2) we show V (ϕ)/Λ4 as a function of the ϕ
field for fixed α=1/6, and several benchmark values of the index n.

Now let us calculate the inflationary observables for the α−attractor T -model. The PSR
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parameters (3.16) are

ϵTV (ϕ) = 4n2

3α
csch2

(√
2

3α

ϕ

MPl

)
, (3.137)

ηTV (ϕ) = 4n

3α

[
2n − cosh

(√
2

3α

ϕ

MPl

)]
csch2

(√
2

3α

ϕ

MPl

)
. (3.138)

Hence, the spectral index, and the tensor-to-scalar ratio in the slow-roll approximation, are
given by

nTS (ϕ⋆) ≃ 1 − 8n

3α

[
n + cosh

(√
2

3α

ϕ⋆
MPl

)]
csch2

(√
2

3α

ϕ⋆
MPl

)
, (3.139)

rT (ϕ⋆) ≃ 64n2

3α
csch2

(√
2

3α

ϕ⋆
MPl

)
. (3.140)

The inflaton field value ϕ⋆ at the moment when the Planck pivot scale kCMB
⋆ exits the horizon

can be found from Eq. (3.139), and it is given by

ϕ⋆ =
√

3α

2 MP

{
− log

[
3α(1 − nTS )

]
+ log

[
4n +

√
9α2(1 − nTS )2 + 8n2(2 + 3α(1 − nTS ))

+
√

8n

[
n(4 + 3α(1 − nTS )) +

√
8n2(2 + 3α(1 − nTS )) + 9α2(1 − nTS )2

)] ]}
. (3.141)

The inflaton field value at the end of inflation, ϕe, is determined by the condition (3.23),
and can be expressed in terms of the inverse of the hypergeometric function 2F1(a, b; c; z).
However, an approximate value of ϕe, obtained from Eq. (3.25), is given by

ϕe ≃
√

3α

2 MPl



ln

4n−
√

12α(12α+16n2−1)
1−12α +

√
12α−16n

(√
3α(12α+16n2−1)−12αn−n

)
−1

1−12α

, α ≤ 1
12 ,

ln

4n−
√

12α(12α+16n2−1)
1−12α −

√
12α−16n

(√
3α(12α+16n2−1)−12αn−n

)
−1

1−12α

, α > 1
12 ,

(3.142)

while in the lowest order, i.e., by setting ϵV (ae) ≃ 1, one finds

ϕ(0)
e ≃

√
3α

2 MPl sinh−1
( 2n√

3α

)
. (3.143)

The number of e-folds between the horizon crossing of the k⋆ mode and the end of inflation
is

N⋆ ≃ MPl

∫ ϕ⋆

ϕe

1√
2ϵV

dϕ

= 3α

4n

[
cosh

(√
2

3α

ϕ⋆
MPl

)
− cosh

(√
2

3α

ϕe
MPl

)]
≃ 3α

4n
cosh

(√
2

3α

ϕ⋆
MPl

)
. (3.144)
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n 2/3 1 3/2 2 5/2 3 7/2 4 9/2 5
w̄ −0.2 0 0.2 1/3 0.429 0.5 0.556 0.6 0.636 0.667

ϕ⋆/MPl 3.206 3.409 3.612 3.755 3.867 3.958 4.035 4.102 4.161 4.214
ϕe/MPl 0.413 0.607 0.805 0.948 1.058 1.149 1.226 1.293 1.351 1.404

Table 3.1: Numerical values of the inflaton field for different values of n and fixed α = 1/6.

Hence, in the large field limit, we can rewrite the two principal CMB observables as

nT (n, α, N⋆) ≃ 1 − (3α + 4N⋆)
2N2

⋆

coth2
(√

2
3α

ϕ⋆
MPl

)
≃ 1 − 2

N⋆
, (3.145)

rT (n, α, N⋆) ≃ 12α

N2
⋆

coth2
(√

2
3α

ϕ⋆
MPl

)
≃ 12α

N2
⋆

, (3.146)

which agree with the prediction (3.131).

Figure 3.3: Numerical solutions for the inflaton EoM
(3.10) and (3.11) for various choices on n. The ver-
tical dashed line indicates the end of inflation,i.e.,

ϵV (ϕ(ae)) = 1. Dots present ϕ(0)(ae) Eq.(3.143).

Now let us use the CMB data
to constrain the parameters of the
α−attractor T model. The current up-
per bound on the tensor-to-scalar ratio
(3.104), combined with the measured
amplitude of the scalar perturbations
(3.131), allows us to express the infla-
tionary scale Λ as

Λ = MPl

tanhn/2[ϕ⋆/(
√

6αMPl)]

(
3π2

2 ∆2
sr

)1/4

.

(3.147)

Note that at a = a⋆, the ϕ field is in the
large field regime, i.e., ϕ⋆ >

√
6αMPl,

and the inflaton potential is nearly flat
V (ϕ⋆) ≈ Λ4. Hence, from the above
condition, one can limit the value of the
inflationary scale from above, such that

Λ ≃ MPl

(
3π2

2 ∆2
sr

)1/4

≲ 5.6 × 10−3MPl. (3.148)

Hereinafter, without loss of generality,
we fix α = 1/6 and consider several values of n, such that n > 1/2. The numerical values of
w̄(n), and ϕ⋆, ϕe, ϕ

(0)
e for different values of n are collected in Table (3.1).

Now let us adopt the α−attractor potential to determine the full dynamics of the infla-
ton field. Figure (3.3) presents the numerical solution for ϕ as a function of the scale factor
a, obtained after solving two coupled equations (3.10) and (3.11). The rapid oscillations of
the quasi-periodic function P are damped by the decreasing envelope φ due to the redshift of
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the Universe. The frequency of oscillations, as well as their amplitude, depend on the slope
of the inflaton potential n. The approximate analytical solutions for the φ and P functions
are given by Eq. (3.41) and Eq. (3.58), respectively.

Finally, one can also find the evolution of the equation of state w (3.7). Figure (3.4) presents
w and its time-averaged w̄ as functions of a. During inflation, i.e., for a < ae, the potential
energy V (ϕ) dominates over the kinetic one, ϕ̇2/2, which implies a constant equation-of-state
parameter, i.e., w ≃ 1. After the end of inflation, i.e., a > ae, w starts to oscillate between
−1 and 1, while w̄ quickly approaches a constant limit, consistent with the prediction (3.36).

Figure 3.4: The equation-of-state parameter, w, and its time-averaged w̄ as functions of the scale
factor a. Thin colored curves show the full numerical solutions, i.e., pϕ/ρϕ (3.7), while thick lines
present the time-averaged barotropic parameter, i.e., w̄ = ⟨pϕ⟩/⟨ρϕ⟩ (3.36). The horizontal axes are

normalized to the scale factor at the end of inflation ae.
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Chapter 4

Reheating

So far, we have developed a qualitative picture of the inflationary period driven by a single
scalar field ϕ. [211–213]. The Universe was found to have undergone a phase of accelerated
expansion if, at some point, its total energy density was dominated by the slowly evolving
inflaton with a nearly constant potential V (ϕ). We have demonstrated that the Universe was
automatically driven toward flatness and homogeneity during the slow-roll phase of inflation,
solving all the puzzles of the standard hot Big Bang at a stroke. Furthermore, it was re-
vealed that the inflaton field could also have sourced primordial perturbations that seed the
Universe’s large-scale structures. All combine to make the inflationary paradigm extremely
attractive and popular. Without a doubt, one can admit that it is so well-established and
long-cherished that, over the past decades, it has become more of a scenario than a model.
Although observations have not yet confirmed cosmic inflation, several of its predictions have
been experimentally verified. Notwithstanding the appealing simplicity and predictability,
the inflationary paradigm has a few shortcomings. Namely, as we have already emphasized
in the previous chapter, the detailed mechanism responsible for cosmic inflation remains
unidentified. Throughout the years, a plethora of inflationary scenarios have been suggested.
A cornucopia of models may be considered a curse rather than a good omen. And most
importantly, the inflationary paradigm does not alone explain how the Universe became hot
and thermal.

In the previous chapter, we have shown that the accelerated phase of expansion terminates as
ϕ reaches the end of a flat region of its potential. When the latter becomes steep, the inflaton
rolls down towards smaller values and begins to coherently oscillate around the minimum of
V (ϕ). Due to the large occupation number, it can be effectively treated as a homogeneous
scalar condensate with (almost) zero temperature. The Universe plunges into the super-cooled
state since the power-law relation between the temperature and scale factor T ∼ a−p leads
to an exponential decrease of T during inflation. Since rapid expansion inevitably dilutes all
matter fields, the Universe becomes not only extremely cold but also virtually empty. Thus,
a crucial piece of the story is still missed. The answer to the riddle is relatively straight-
forward - the energy density accumulated in the inflaton must be somehow transferred to
other particles, eventually (re)populating the whole Standard Model sector. The transition
from the super-cold state to a hot and thermal Universe is termed reheating. At first glance,
it might seem that the term heating appears to be a more natural choice since it precisely
reflects the fact that the primary purpose of this process is to leave the Universe filled with
a hot ’soup’ of particles. On the other hand, the former term was initially favored because
it accentuates that the Universe could have been hot and thermal also prior to inflation so
that the reheating process made it hot once again. Although this hypothesis is being debated
nowadays, the appellation "reheating" has become widely used.

Connecting the inflationary phase with a hot radiation-dominated Universe requires the in-
flaton field to couple to other degrees of freedom. The SM species, created either directly
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or indirectly from the inflaton background, interact with each other and eventually obtain
a thermal distribution, providing the required initial conditions for a hot Big Bang sce-
nario. The (re)population of the Universe is highly model-dependent and, unfortunately,
barely constrained observationally. This is because the reheating energy scale is far beyond
collider experiments, whereas current cosmological experiments cannot directly probe this
phase since all the relevant processes had occurred on subhorizon scales and were washed out
by the non-linear evolution of cosmic structure later on. Nevertheless, the reheating dynam-
ics is expected to be incredibly rich and complex. It might involve both perturbative as well
as highly non-perturbative processes. Therefore, although much effort has been put into de-
veloping a consistent theory of reheating in recent years, it remains the least understandable
part of the inflationary paradigm.

The original idea of reheating was first proposed by Andrei Linde in 1981 [207]. Then,
it has been developed by many authors, e.g., [122–127, 211–213]. Typically, one distinguishes
several stages of the reheating period. Its initial phase is usually called preheating, during
which particles could have been created in violent and explosive non-thermal processes. Pre-
heating might involve various non–linear and non–perturbative effects, including narrow and
broad parametric resonances [122, 125, 126] as well as tachyonic production [331–336]. Such
phenomena emerge due to the coherent oscillations of the inflaton inducing a time-dependent
dispersion relation of daughter fields to which ϕ is coupled. This could lead to an expo-
nential growth of particle occupation in some frequency bands arising from a non-adiabatic
change of effective frequencies for selected Fourier modes and generate highly non-thermal
final states. The accurate description of resonant processes is quite involved and cannot
be incorporated into the standard perturbative expansion framework. Thus, one typically
performs lattice simulations. Even though preheating could lead to a rapid population of
matter, it is generally insufficient to account for the entire reheating process. Thus, one
should also include the perturbative decay of the oscillating inflaton field [211–213]. Gener-
ally, the perturbative stage of reheating is prolonged in time; see, e.g., [162, 299, 337–341].
Duration of the reheating phase depends on various factors, e.g., interaction strength or the
shape of the inflaton potential during reheating [299, 340, 341]. Finally, during the last re-
heating stage, matter particles produced from the inflaton reach thermal distribution. It is
widely assumed that the thermalization process occurs instantaneously [342]. However, the
scenario of non-instantaneous thermalization has also been studied in the literature [343–347].

We begin this chapter by developing a generic framework describing the energy transfer
from the coherently oscillating inflaton field into the visible sector in the perturbative re-
heating scenario. In Sec.(4.1), we specify ϕ − SM interactions, considering several direct
couplings as well as indirect gravitational interactions between these two sectors. The main
result of this section, i.e., the master formulas for the production rates, can be found in
Sec.(4.1.3). In Sec.(4.2), we elaborate on Boltzmann equations, accounting for the evolution
of the model universe during reheating. Notably, in Sec.(4.2.3), we derive generic solutions
to the Boltzmann equation describing the dynamics of the SM radiation in the presence of
a time-dependent inflaton decay with, whose evolution can be parametrized by a power-law
function. We demonstrate that the time-dependency of the inflaton decay rate gives rise to
a non-standard and non-instantaneous reheating. In Sec.(4.3), we distinguish two types of
reheating models, i.e., standard reheating driven solely by the direct inflaton-SM interac-
tions, and mixed scenario, in which gravitational processes initiate reheating, whereas its
completion is controlled by the direct ϕ − SM interactions. Here, we also formulate the con-
ditions for the occurrence of these two scenarios. Then, in Sec.(4.4), we present observational
constraints on reheating models. The last section is devoted to the Higgs boson-induced sce-
nario, induced by the trilinear inflaton interactions with the SM Higgs. Namely, in Sec.(4.5.1),
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we present the model, demonstrating that such interactions inevitably generate a non-trivial
mass term for the SM Higgs doublet. Next, in Sec.(4.5.2), we show that it might cause a
kinematic suppression of the radiation production. In Sec.(4.5.3), we find analytical solutions
to the Boltzmann equation in two regimes: i) neglecting the mass of the Higgs field, i.e., in
the massless scenario ii) including the kinematical effects, i.e., in the massive Higgs scenario.
We show that the non-zero Higgs mass significantly influences the reheating dynamics. Then,
in Sec.(4.5.4), we briefly discuss the possibility of the tachyonic Higgs production, and finally,
in Sec.(4.5.5), we present the numerical results.

4.1 Inflaton interactions
Let us consider a model universe composed of the inflaton field ϕ and daughter particle F
to which ϕ is coupled. The nature and origin of F species remain unspecified in this subsec-
tion. In the presented approach, ϕ is treated as a classical, homogeneous background that
coherently oscillates in time. As demonstrated in the previous chapter, inflaton undergoes
damped quasi-periodic oscillations during reheating. Namely, its evolution is described by
the slowly-varying envelope φ and the quasi-periodic function P. Due to the redshift of the
Universe, the envelope decreases as a power-law with the scale factor, cf. Eq.(3.41), whereas
P evolves according to Eq.(3.58). Moreover, it has been shown that both functions, i.e., φ(t)
and P(t), are determined by the form of the inflaton potential in the oscillatory phase.

Before we develop a consistent approach that allows us to compute the production rate
for a given ϕ − F interactions, let us first explicitly discuss the underlying assumptions.
First of all, we assume that the inflation occupation number is so high during reheating that
the classical treatment of the condensate is justified. Hence, the ϕ field will be regarded as a
classical background field, coherently oscillating around the bottom of the α−attractor T−
potential Eq.(3.136). It is instructive to relate the evolution of the envelope with the inflaton
energy density according to the following formula:

φ(t) = MPl

(
ρϕ(t)
Λ4

) 1
2n

. (4.1)

In what follows, we presume that in the time-scale relevant for the ϕ − F interactions, the
variation of φ in time can be neglected.
The fast-oscillating function P is decomposed into the Fourier modes

P(t) =
∞∑

k=−∞
Pke−ikωt, (4.2)

where the Fourier coefficients Pk are defined by the following integral:

Pk = ω(t0)
2π

∫ t0+ 2π
ω(t0)

t0
dt P(t) · eikω(t)t, (4.3)

with ω being the frequency of the inflaton interactions. Note that according to Eq.(3.54),
unless n = 1, the inflaton frequency becomes a function of time. However, since φ and
thus ω vary in a time-scale much longer than the time-scale of interactions, we assume that
ω ≃ const. in one act of F creation.

The particle production in the oscillating inflaton background can be considered as a quan-
tum process describing a transition from an initial vacuum state |α⟩ = |0⟩ to final state |β⟩
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in the presence of the time-varying ϕ field. To put it another way, the energy density, ini-
tially stored in the coherent oscillations of the ϕ field, is transferred to the F quanta during
reheating due to interactions between these two sectors. For the purpose of this analysis, we
restrict our attention to the two-particle final state, i.e., |β⟩ = |FF ⟩. Without going into the
details of the UV completion, we consider several direct ϕ − F couplings that are linear in
the ϕ field

LD
int = LϕSS + LϕΨΨ + LψV V + LϕAA , (4.4)

with

LϕSS ⊃ gSϕ ϕ SS , (4.5)
LϕΨΨ ⊃ gΨϕ ϕ ΨΨ , (4.6)
LϕΨΨ ⊃ gV ϕ ϕ VµV µ , (4.7)
LϕAA ⊃ hAϕ ϕ (∂µA)(∂µA) , (4.8)

where S(A) , V , Ψ denote the scalar (pseudoscalar, e.g., axion-like) field, vector boson, and
Dirac fermion, whereas coupling constants gSϕ, gV ϕ have dimensions of mass, gΨϕ is dimen-
sionless, while hAψ has inverse mass dimension.
In addition, our analysis also includes irreducible gravitational interactions

Lgrav
int = hµν

MPl

[
T ϕ
µν + TS

µν + T Ψ
µν + T V

µν

]
, (4.9)

arising from the graviton hµν couplings to stress-energy tensor (SET) of ϕ

T ϕ
µν = ∂µϕ∂νϕ − ηµν

[1
2gαβ∂αϕ∂βϕ − V (ϕ)

]
, (4.10)

and energy-momentum tensors of the real scalar S,

TS
µν = ∂µS∂νS − ηµν

2
[
gαβ∂αS∂βS − m2

SS2
]

, (4.11)

Dirac fermion Ψ,

T Ψ
µν = i

4
[
Ψ̄γµ∂νΨ + Ψ̄γν∂µΨ − (∂µΨ̄)γνΨ − (∂νΨ̄)γµΨ

]
− gµν

[
i

2
(
Ψ̄/∂Ψ − (∂αΨ̄)γαΨ

)
− mΨΨ̄Ψ

]
, (4.12)

and spin-1 Abelian massive field V ,

T V
µν = −gαβVµαVνβ + m2

V VµVν − gµν

[
−1

4gρσgαβVραVσβ + 1
2m2

V gρσVρVσ

]
, (4.13)

respectively.
In the above expressions, we have used the Feynman slash notation /∂ ≡ γα∂α. The mass of
the F ∈ {S, Ψ, V, A} states is denoted as mF . Furthermore, the field strength of the V field
is defined as

Vµν = ∂µVν − ∂νVµ. (4.14)

Gravitational particle production in the inflaton background (IG) describes indirect inflaton
interactions with quantum fields F , mediated by the spin-2 massless graviton. Diagrams
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accounting for such processes arise at a dim-6 level and are suppressed by the second power
of MPl. At first glance, IG might seem so feeble that it can be safely neglected. However,
there are two important reasons why one should not do this. Firstly, as mentioned above,
IG is universal and thus unavoidable. Thus, it provides an irreducible contribution to the
particle number density and hence puts lower constraints on various cosmological observables.
Furthermore, it turns out that the energy density accumulated in the inflaton field at the
onset of reheating is so high that it can counterpoise the Planck suppression.

4.1.1 Free field operators

Particles produced from the inflaton should be interpreted as a quantum excitation of fields.
We adopt a standard procedure of canonical quantization by promoting classical fields to
quantum operators

Ŝ =
∫

dΠp

{
â(p⃗)e−ip·x + â†(p⃗)eip·x

}
, (4.15)

Ψ̂ =
2∑
s=1

∫
dΠp

{
b̂s(p⃗)us(p)e−ip·x + ĉs†(p⃗)vs(p)eip·x

}
, (4.16)

ˆ̄Ψ =
2∑
s=1

∫
dΠp

{
b̂s†(p⃗)ūs(p)eip·x + ĉs(p⃗)v̄s(p)e−ip·x

}
, (4.17)

V̂µ =
∑

σ=L,±

∫
dΠp

{
ϵσµ(p⃗)d̂σ(p⃗)e−ip·x + ϵσ∗

µ (p⃗)d̂σ†(p⃗)eip·x
}

, (4.18)

ĥµν =
∑

λ=++,−−

∫
dΠp

{
ϵλµν(p⃗)Âλ(p⃗)e−ip·x + ϵλ∗

µν(p⃗)Âλ†(p⃗)eip·x
}

, (4.19)

where the following shorthand notation has been used:

dΠp ≡ d3p

(2π)3√
2p0

, p2
0 = |p⃗|2+m2

F . (4.20)

The creation and annihilation operators for the bosonic fields, i.e., Ŝ, V̂µ and ĥµν , obey the
standard commutation relations

[â(p⃗), â†(q⃗)] = (2π)3δ(3)(p⃗ − q⃗), [d̂σ(p), d̂σ̃†(q)] = (2π)3δ(3)(p⃗ − q⃗)δσ,σ̃, (4.21)

and

[Âλ(p⃗), Âλ̃†(q⃗)] = (2π)3δ(3)(p⃗ − q⃗)δλ,λ̃, (4.22)

with all other commutators vanishing.
On the other hand, the only non-zero anti-commutators for the fermionic fields are

{b̂s(p⃗), b̂r†(q⃗)} = (2π)3δ(3)(p⃗ − q⃗)δsr, {ĉs(p⃗), ĉr†(q⃗)} = (2π)3δ(3)(p⃗ − q⃗)δsr. (4.23)

Moreover, the completeness relations for Dirac spinors read∑
s

us(p)ūs(p) = /p + mΨ,
∑
s

vs(p)v̄s(p) = /p − mΨ, (4.24)
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whereas the polarization vectors for the spin-1 massive field V̂µ satisfy the following relation:∑
σ=L,±

ϵσµ(p⃗)ϵσ∗
ν (p⃗) = −ηµν + pµpν

m2
V

, (4.25)

while for the spin-2 massless field ĥµν , we have

∑
λ=++,−−

ϵλµν(p⃗)ϵλ∗
αβ(p⃗) = 1

2[ηµαηνβ + ηµβηνα − ηµνηαβ] ≡ Pµναβ . (4.26)

4.1.2 S-matrix elements

Once we have specified ϕ interactions with other fields, we can derive the corresponding
S-matrix elements, defined by

Sβα =
〈
β
∣∣∣T [ exp

(
− i

∫
d4x Lint

)]∣∣∣α〉
=
〈
β
∣∣∣T [ exp

(
− i

∫
d4x (LD

int + Lgrav
int )

)]∣∣∣α〉, (4.27)

where T denotes the time-ordered product.
In the remainder of this subsection, we distinguish two types of the inflaton couplings: direct
(D) interactions described by the density Lagrangian (4.4), and indirect interactions (grav)
mediated by gravity (4.9).

Direct inflaton interactions

In the case of direct coupling of the inflaton field to F quanta, it is sufficient to expand the
S matrix in the lowest non-trivial order, i.e.,

S
(1)
βα = −i

∫
d4x

〈
β
∣∣∣T [LD

int(x)
]∣∣∣α〉

= −igFϕ

∫
d4x ϕ(t) ·

〈
0
∣∣∣âF (p⃗1)âF (p⃗2)F̂ F̂ |0

〉
+

− ihFϕ

∫
d4x ϕ(t) ·

〈
0
∣∣∣âF (p⃗1)âF (p⃗2)(∂µF̂ )(∂µF̂ )|0

〉
, (4.28)

where â†
F (p⃗1), â†

F (p⃗2) are the ladder operators of the particles in the final state, and F̂ repre-
sents their quantum field operator. The form of F̂ depends on the spin of F particles as in
Eqs.(4.15)-(4.18).
Utilizing (4.1) and (4.2), and assuming that φ(t) ≃ const. in the time-scale of interactions,
one can rewrite the above expression as

S
(1)
βα = −igFϕMPl

(
ρϕ
Λ4

) 1
2n ∑

k

Pk
∫

dt e−ikωt
∫

d3x⃗
〈
0
∣∣∣âF (p⃗1)âF (p⃗2)F̂ F̂ |0

〉

− hFϕMPl

(
ρϕ
Λ4

) 1
2n ∑

k

Pk
∫

dt e−ikωt
∫

d3x⃗
〈
0
∣∣∣âF (p⃗1)âF (p⃗2)(∂µF̂ )(∂µF̂ )|0

〉

≡ −iMPl

(
ρϕ
Λ4

) 1
2n ∑

k

Pk × (1 + δF )F(F )(2π)4δ(kω − p0
1 − p0

2)δ(3)(p⃗1 + p⃗2), (4.29)
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where δF = 1 for identical particles in the final state, and δF = 0 otherwise. The function
F(F ) depends on the form of the inflaton interactions, and it is given by

F(F ) =


gSϕ, F = S,

gΨϕ · ūs1(p1)vs2(p2), F = Ψ,

gV ϕ · gµνϵσ,∗µ (p1)ϵσ′,∗
ν (p2), F = V,

hAϕ · (p1 · p2), F = A.

(4.30)

Indirect inflaton interactions

Now let us calculate the S-matrix element that describes the IG process. To that end, we
should expand the S matrix up to the second order, i.e.,

S
(2)
βα = (−i)2

2!

∫
d4x

∫
d4y ⟨β| T [Lgrav

int (x)Lgrav
int (y)] |α⟩ ,

= (−i)2

2!
1

M2
Pl

∫
d4x

∫
d4y ⟨β| T [ĥµν(x)ĥαβ(y)

(
T̂ ϕ
µν(x)T̂F

αβ(y) + T̂F
µν(x)T̂ ϕ

αβ(y)
)
] |α⟩ ,

(4.31)

with T̂F
µν being the energy-momentum tensor for the F field.

Gravitational scalar production
Let us first consider the gravitational production of real scalars whose stress-energy tensor is
given by (4.10). The ĥµν(x)ĥαβ(y)T̂ ϕ

µν(x)T̂S
αβ(y) term takes the form

S
(2)
SS ⊃ (−i)2

2!
1

M2
Pl

∫
d4x

∫
d4y

√
4p0

1p0
2

〈
0
∣∣∣â(p⃗1)â(p⃗2)T [ĥµν(x)ĥαβ(y)T̂ ϕ

µν(x)T̂S
αβ(y)]

∣∣∣0〉
= (−i)2

2!
1

M2
Pl

∑
λ,λ′

∫
d4x

∫
d4y

∫
dΠp

∫
dΠq

∫
dΠk1

∫
dΠk2T ϕ

µν(x)
〈
0
∣∣∣(ϵµν,λ(k⃗1)Âλ(k⃗1)e−ik1x + h.c.)

× (ϵαβ,λ′(k⃗2)Âλ′(k⃗2)e−ik2y + h.c.)
∣∣∣0〉〈0

∣∣∣â(p⃗1)â(p⃗2)
[ (

ipαâ†(p⃗)eipy + h.c.
) (

iqβ â†(q⃗)eiqy + h.c.
)

− ηαβ
2
(
ipρâ†(p⃗)e+ipy + h.c.

) (
iqρâ

†(q⃗)eiqy + h.c.
)

+ m2
S

2 ηαβ
(
â†(p⃗)e+ipy + h.c.

) (
â†(q⃗)e+iqy + h.c.

) ]∣∣∣0〉. (4.32)

Contraction of the graviton operators, e.g., Âλ(k⃗1) with Â†
λ′(k⃗2), leads to the following prop-

agator:

Dµναβ(x − y) ≡
∫

d4q̃

(2π)4
i

q̃2 + iϵ
e−i(x−y)q̃Pµναβ , (4.33)

where Pµναβ was introduced in (4.26).
Using this expression, one finds

T ϕ
µνP

µναβ = ∂αϕ∂βϕ − ηαβV (ϕ). (4.34)

After some tedious but straightforward computations, we get

S
(2)
SS ⊃ −(−i)2

M2
Pl

∫
d4x

∫
d4y

∫
d4q̃

(2π)4
i

q̃2 + iϵ
e−i(x−y)q̃
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×
[
(∂αϕ p1α)(∂βϕ p2β) + V (ϕ)p1αpα2 + 2m2

SV (ϕ) − 1
2∂αϕ∂αϕ(p1 · p2 + m2

S)
]
. (4.35)

To further simplify the above result, we take advantage of the homogeneity of the background
inflaton field, which implies

p1 · p2 = s

2 − m2
F , p0

1 = p0
2 =

√
s

2 , (4.36)

where s ≡ (p1 + p2)2 is the Mandelstam variable. Substitution into (4.35) leads to

S
(2)
SS ⊃ −1

2
(−i)2

M2
Pl

∫
d4x

∫
d4y

∫
d4q̃

(2π)4
i

q̃2 + iϵ
V (ϕ)

(
s + 2m2

S

)
e−i(x−y)q̃e+i(p1+p2)y. (4.37)

Note that the power-law inflaton potential can be Fourier expanded as

V (ϕ) ≡ ρϕ

∞∑
k=−∞

P2n
k e−ikωt, (4.38)

where we have used the definition of the envelope Eq. (3.29) together with (4.2)-(4.3).
Inserting the above decomposition into Eq. (4.37) gives us

S
(2)
SS ⊃ i

2
ρϕ

M2
Pl

∑
k

P2n
k

(
1 + 2m2

S

s

)
(2π)4δ(kω − p0

1 − p0
2)δ(3)(p⃗1 + p⃗2). (4.39)

Hence, the final result, including both contributions to the S-matrix element, is given by

S
(2)
SS = i

ρϕ
M2

Pl

∑
k

P2n
k

(
1 + 2m2

S

s

)
(2π)4δ(kω − p0

1 − p0
2)δ(3)(p⃗1 + p⃗2). (4.40)

Gravitational fermion production
Next, we can move on to the fermionic case. The ĥµν(x)ĥαβ(y)T̂ ϕ

µν(x)T̂ Ψ
αβ(y) term can be

recast as

S
(2)
ΨΨ̄ ⊃ −(−i)2

M2
Pl

∫
d4x

∫
d4y

∫
d4q̃

(2π)4
i

q̃2 + iϵ
e−i(x−y)q̃(∂αϕ∂βϕ − ηαβV (ϕ))

× ūs1(p1)
{1

4 [γα(p2 − p1)β + γβ(p2 − p1)α] − ηαβ
2
(

/p2 − /p1 + 2mΨ
)}

vs2(p2). (4.41)

Thanks to the Dirac equations for spinors

( /p1 − mΨ)us(p1) = 0, ( /p2 + mΨ)vs(p2) = 0, (4.42)

we can get rid off the term ūs1(p1)
(

/p2 − /p1 + 2mΨ
)

vs2(p2).
After some simple algebra, one obtains

S
(2)
ΨΨ̄ ⊃ 1

2
(−i)2

2!
1

M2
Pl

∫
d4x

∫
d4y

∫
d4q̃

(2π)4
i

q̃2 + iϵ
e−i(x−y)q̃ei(p1+p2)y

× ūs1(p1)
{

/∂ϕ(∂βϕ)(p1 − p2)β − V (ϕ)( /p1 − /p2)
}

vs2(p2). (4.43)

The homogeneity of the ϕ field implies that the /∂ϕ(∂βϕ)(p1 − p2)β term vanishes. Thus,
the full S-matrix element describing the gravitational production of Dirac fermions takes the
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form

S
(2)
ΨΨ̄ = −(−i)2

2!
1

M2
Pl

∫
d4x

∫
d4y

∫
d4q̃

(2π)4
i

q̃2 + iϵ
e−(x−y)q̃ei(p1+p2)yV (ϕ)ūs1(p1)( /p1 − /p2)vs2(p2)

= i

2
ρϕ

M2
Pl

∑
k

P2n
k ūs1(p1) /p1 − /p2

s
vs2(p2)(2π)4δ(kω − p0

1 − p0
2)δ(3)(p⃗1 − p⃗2). (4.44)

Gravitational vector production
Finally, the term ĥµν(x)ĥαβ(y)T̂ ϕ

µν(x)T̂ V
αβ(y) accounting for the gravitational production of

massive spin-1 gauge fields, can be written as

S
(2)
V V ⊃ (−i)2

2!
2

M2
Pl

∫
d4x

∫
d4y

∫
d4q̃

(2π)4
i

q̃2 + iϵ
e−i(x−y)q̃ei(p1+p2)y

{
ϵ∗
1 · ϵ∗

2(∂αϕp1α)(∂βϕp2β)+

− ϵ∗
2 · p1(∂αϕϵ∗

1α)(∂βϕp2β) − ϵ∗
1 · p2(∂αϕϵ∗

2α)(∂βϕp1β) + (∂αϕϵ∗
1α)(∂βϕϵ∗

2β)[p1 · p2 + m2
V ]+

+1
2∂ρϕ∂ρϕ[(ϵ∗

2 · p1)(ϵ∗
1 · p2) − ϵ∗

2 · ϵ∗
1(p1 · p2 + m2

V )] + V (ϕ)m2
V ϵ∗

1 · ϵ∗
2

}
= (−i)2

2!
2

M2
Pl

∫
d4x

∫
d4y

∫
d4q̃

(2π)4
i

q̃2 + iϵ
e−i(x−y)q̃ei(p1+p2)y

×
[

−
√

s

2 ϕ̇2
(
(ϵ∗

2 · p1)(ϵ∗
1)0 + (ϵ∗

1 · p2)(ϵ∗
2)0 −

√
s(ϵ∗

1)0(ϵ∗
2)0
)

+ ϕ̇2

2 (ϵ∗
2 · p1)(ϵ∗

1 · p2) + V (ϕ)m2
V ϵ∗

1 · ϵ∗
2︸ ︷︷ ︸

A(4.45)

]
,

(4.45)

where in the last equality, we have utilized Eq. (4.36), and the fact that the spatial derivatives
of ϕ vanish.
In order to simplify the above result, we use the explicit form of the polarization vectors
for the V field. In particular, we choose a frame in which the spin-1 field moves along the
z-direction so that

pµ1 =
(√

s

2 , 0, 0, pz
)
, pµ2 =

(√
s

2 , 0, 0, −pz
)
, (4.46)

which, in turn, implies the following form of the polarization vectors:

(ϵL1,(2))
µ =

(
± pz

mV
, 0, 0,

√
s

2mV

)
, (ϵ±

1,(2))
µ = 1√

2
(0, 1, ±i, 0). (4.47)

Thus, for the two transverse modes, the expression in the square bracket in Eq. (4.45) reduces
to,

A±(4.45) = −V (ϕ)m2
V , (4.48)

while for the single longitudinally-polarized mode, we have

AL(4.45) = −V (ϕ)
(s

2 − m2
V

)
. (4.49)

Thus, the total S-matrix element describing the gravitational production of massive spin-1
particles is given by

S
(2)
V V = i

ρϕ
M2

Pl

∑
k

P2n
k Ã(k)(2π)4δ(kω − p0

1 − p0
2)δ(3)(p⃗1 + p⃗2), (4.50)
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with

ÃL(k) ≡ 1 − 2m2
V

s
, Ã±(k) ≡ 2m2

V

s
. (4.51)

4.1.3 Production rates

Let us now calculate the probability P for the pair production of two particles with four-
momenta p1 and p2 in the presence of the oscillating inflaton background

P (p1, p2) = |S|2

⟨0|0⟩ ⟨p1|p1⟩ ⟨p2|p2⟩
, (4.52)

with ⟨0|0⟩ = 1, and ⟨pi|pi⟩ = (2π)32p0
i δ

(3)(⃗0) for i = 1, 2.
The squared norm of the S-matrix depends on the form of ϕ interactions, i.e.,

(1) for the direct ϕ − F interactions, one gets

|S(1)
ϕ→FF|2 = M2

Pl

(
ρϕ
Λ4

) 1
n ∑

final

[∑
k

Pk × (1 + δF )F(F )(2π)4δ(kω − p0
1 − p0

2)δ(3)(p⃗1 + p⃗2)
]2

,

(4.53)

(2) for indirect gravitational production, one finds

|S(2)
ϕ→FF|2 =

ρ2
ϕ

M4
Pl

∑
final

[∑
k

P2n
k × (1 + δF )Ã(F )(2π)4δ(kω − p0

1 − p0
2)δ(3)(p⃗1 + p⃗2)

]2
,

(4.54)

where we have summed over spin/polarization states of F particles.
The above expressions can be further simplified as

|S(1)
ϕ→FF|2 = M4

Pl

(
ρϕ
Λ4

) 1
n ∑

k

|Pk|2(1 + δF )2|M(1)
ϕ→FF(k)|2

[
(2π)4δ(kω − p0

1 − p0
2)δ(3)(p⃗1 + p⃗2)

]2
,

(4.55)

and

|S(2)
ϕ→FF|2 =

ρ2
ϕ

M4
Pl

∑
k

|P2n
k |2(1 + δF )2|M(2)

ϕ→FF(k)|2
[
(2π)4δ(kω − p0

1 − p0
2)δ(3)(p⃗1 + p⃗2)

]2
.

(4.56)

The square of the dimensionless amplitude M summed over spin/polarization states of F
particle, accounting for the direct inflaton interactions, is

|M(1)
ϕ→FF(k)|2≡ 1

M2
Pl

∑
final

|F(F )|2=



(gSϕ/MPl)2, F = S,

2g2
Ψϕ[s − 4m2

Ψ]/M2
Pl, F = Ψ,(

gV ϕ

MPl

)2
[
2 + (s−2m2

V )2

4m4
V

]
, F = V and mV ̸= 0,

4
(
gV ϕ

MPl

)2
, F = V and mV = 0,

(hAϕ/MPl)2 ·
(
s
2 − m2

A

)2
, F = A,

(4.57)
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while for gravitational interactions, one finds

|M(2)
ϕ→FF(k)|2≡

∑
final

|Ã(F )|2=



1 + 4m2
S
s + 4m4

S
s2 , F = S,

2m2
Ψ
s

(
1 − 4m2

Ψ
s

)
, F = Ψ,

1 − 4m2
V
s + 12m4

V
s2 , F = V and mV ̸= 0,

0, F = V and mV = 0.

(4.58)

Let us emphasize that in the limit mF → 0, only massless scalars S can be gravitationally
created in the inflaton background.

To compute the absolute square of the S-matrix element, one has to square two delta func-
tions, appearing in Eqs.(4.55)-(4.56). For that purpose, we assume that the particle creation
takes place in a box of volume V in a time duration T . At the end of the computations, the
regulators V and T are removed by taking the limit V, T → ∞. Under these assumptions,
the square bracket in Eqs.(4.55)-(4.56) can be written as[

(2π)4δ(kω − p0
1 − p0

2)δ(3)(p⃗1 + p⃗2)
]2

= (2π)4δ(kω − p0
1 − p0

2)δ(3)(p⃗1 + p⃗2) × (2π)4δ(4)(0),
(4.59)

with

(2π)4δ(4)(0) =
∫

d4xe−i0·x = V T, (2π)3δ(3)(0) =
∫

d3xe−i0·x⃗ = V. (4.60)

Now, Eq. (4.52) simplifies as

P
(1)
ϕ→FF(p1, p2) = M4

Pl

(
ρϕ
Λ4

) 1
n ∑

k

|Pk|2 · (1 + δF )2 |M(1)
ϕ→FF(k)|2

2p0
1V 2p0

2V

× (2π)4δ(kω − p0
1 − p0

2)δ(3)(p⃗1 + p⃗2)V T , (4.61)

for the direct F production from the inflaton condensate, and

P
(2)
ϕ→FF(p1, p2) =

ρ2
ϕ

M4
Pl

∑
k

|P2n
k |2 · (1 + δF )2 |M(2)

ϕ→FF(k)|2

2p0
1V 2p0

2V

× (2π)4δ(kω − p0
1 − p0

2)δ(3)(p⃗1 + p⃗2)V T , (4.62)

for indirect gravitational production, respectively.
The total probability can be found by summing the above expressions over each outgoing
momenta p1, p2. In the continuum limit, this reduces to multiplying P

(i)
ϕ→FF(p1, p1)/T by a

factor V d3p1/(2π)3 V d3p2/(2π)3.
Thus, the rate of particle production in volume V and time dt can be calculated as

dR(i)
FF ≡ V d3p1

(2π)3
V d3p2
(2π)3

P
(i)
ϕ→FF(p1, p1)

T
dt, i ∈ {1, 2}, (4.63)

whereas, the energy gain of created particles in volume V and time dt is

dE
(i)
FF ≡ (p0

1 + p0
2)V d3p1

(2π)3
V d3p2
(2π)3

P
(i)
ϕ→FF(p1, p1)

T
dt, i ∈ {1, 2}. (4.64)
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Consequently, the total rate R(i)
FF and the energy gain E(i)

FF per volume and time for the
considered processes are given by

R(1)
FF = M4

Pl

(
ρϕ
Λ4

) 1
n ∑

k

|Pk|2 · (1 + δF )2 |M(1)
ϕ→FF(k)|2

×
∫

d3p1
(2π)32p0

1

∫
d3p2

(2π)32p0
2
(2π)4δ(kω − p0

1 − p0
2)δ(3)(p⃗1 + p⃗2), (4.65)

R(2)
FF =

ρ2
ϕ

M4
Pl

∑
k

|P2n
k |2 · (1 + δF )2 |M(2)

ϕ→FF(k)|2

×
∫

d3p1
(2π)32p0

1

∫
d3p2

(2π)32p0
2
(2π)4δ(kω − p0

1 − p0
2)δ(3)(p⃗1 + p⃗2), (4.66)

and

E(1)
FF = M4

Pl

(
ρϕ
Λ4

) 1
n ∑

k

|Pk|2 · (1 + δF )2 |M(1)
ϕ→FF(k)|2

×
∫

d3p1
(2π)32p0

1

∫
d3p2

(2π)32p0
2
(p0

1 + p0
2)(2π)4δ(kω − p0

1 − p0
2)δ(3)(p⃗1 + p⃗2), (4.67)

E(2)
FF =

ρ2
ϕ

M4
Pl

∑
k

|P2n
k |2 · (1 + δF )2 |M(2)

ϕ→FF(k)|2

×
∫

d3p1
(2π)32p0

1

∫
d3p2

(2π)32p0
2
(p0

1 + p0
2)(2π)4δ(kω − p0

1 − p0
2)δ(3)(p⃗1 + p⃗2). (4.68)

After straightforward computations, we find

R(1)
FF = M4

Pl
4π

(
ρϕ
Λ4

) 1
n

∞∑
k=1

|Pk|2 · (1 + δF )2|M(1)
ϕ→FF(k)|2

√
1 −

(2mF

kω

)2
, (4.69)

R(2)
FF = 1

4π

ρ2
ϕ

M4
Pl

∞∑
k=1

|P2n
k |2 · (1 + δF )2|M(2)

ϕ→FF(k)|2
√

1 −
(2mF

kω

)2
, (4.70)

and

E(1)
FF = M4

Pl
8π

(
ρϕ
Λ4

) 1
n

∞∑
k=1

kω|Pk|2 · (1 + δF )2|M(1)
ϕ→FF(k)|2

√
1 −

(2mF

kω

)2
, (4.71)

E(2)
FF = 1

8π

ρ2
ϕ

M4
Pl

∞∑
k=1

kω|P2n
k |2 · (1 + δF )2|M(2)

ϕ→FF(k)|2
√

1 −
(2mF

kω

)2
. (4.72)

4.2 Boltzmann equations
Now our goal is to trace the evolution of the whole system, taking into account interactions
between the inflaton and the SM sector. In this part, we assume that F is part of the visible
sector. During the reheating phase, the dynamics of the model universe can be determined
by the following set of time-averaged Boltzmann equations (BEqs) for the inflaton and SM
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radiation energy densities:

ρ̇ϕ + 6n

1 + n
Hρϕ = −ESM SM, (4.73)

ρ̇SM + 4HρSM = ESM SM, (4.74)

supplemented by the Friedmann equation, which now depends on the evolution of both sectors

H2 = 1
3M2

Pl
(ρϕ + ρSM) . (4.75)

Above, Eϕ→SM SM(−Eϕ→SM SM) denotes the energy gain (lose) of the SM sector (the inflaton)
averaged over ϕ oscillations. Note that in general, ESM SM can be written a sum, i.e.,

ESM SM =
∑
l

E l
SM SM, (4.76)

if F has several possible production channels or there are several SM species Fl to which ϕ is
coupled. For instance, suppose that the inflaton couples directly only to the SM scalar, i.e.,
the Higgs doublet h, which in the linear parametrization can be written as

h = 1√
2

(
h2 + ih3
h0 + ih1

)
, (4.77)

where hi (i=0, 1, 2, 3) are the four real components. In this case, ϕ also inevitably interacts
with all the particle content of the SM, i.e., fermions Ψ including six quarks (up, down,
charm, strange, top, bottom) as well as six leptons (electron, electron neutrino, muon, muon
neutrino, tau, tau neutrino), and massive gauge bosons V = {W ±, Z0}, though indirect
processes mediated by the graviton exchange.

4.2.1 Inflaton decay rates

Notice that Eq.(4.73) is just the continuity equation for the inflaton field Eq.(3.19), where
we have included the fact that ϕ loses its energy not only due to the expansion but also as a
result of interactions with the SM sector. Moreover, in Eq.(4.73), we have used the relation
between w̄ and n derived in Eq.(3.36). The above form of the BEqs indicates that if there
are no hidden sectors, the total energy acquired by the SM bath must be counterbalanced by
the energy dissipated from the inflaton field. Typically, one parametrizes the r.h.s of BEqs
as

ESM SM ≡ (1 + w̄) ρϕ · ⟨Γϕ→SM SM⟩, (4.78)

where ⟨Γϕ→SM SM⟩ denotes a time-averaged inflaton decay rate. Strictly speaking, ⟨Γϕ→SM SM⟩
cannot be considered as a standard decay width (or a cross-section) accounting for the ϕ−SM
interactions. This is because, in the framework described in the previous section, ϕ is not
regarded as a quantum field decaying (annihilating) into other quanta. Instead, it repre-
sents a coherently oscillating condensate of zero-momenta particles. Nonetheless, the above
parametrization is useful as it allows us to mimic the standard form of Boltzmann equations.

Utilizing Eq.(4.71) together with Eq.(4.57), we find that for the considered direct ϕ − SM
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interactions, the time-averaged inflaton decay rate takes the following form:

⟨Γ(1)
ϕ→hh⟩ =

〈
g2
hϕ

1 + n

2n

1
8π

ωM4
Pl

ρϕ

(
ρϕ
Λ4

) 1
n

3∑
i=0

∞∑
k=1

k|Pk|2
√

1−
4m2

hi

(kω)2

〉
, (4.79)

⟨Γ(1)
ϕ→ΨΨ̄⟩ =

〈
g2

Ψϕ
1 + n

2n

1
4π

ω3M2
Pl

ρϕ

(
ρϕ
Λ4

) 1
n ∑

Φ

∞∑
k=1

k3|Pk|2
(

1− 4m2
Ψ

(kω)2

)3/2〉
, (4.80)

⟨Γ(1)
ϕ→VV⟩ =

〈
g2

Vϕ
1 + n

2n

1
32π

ωM4
Pl

ρϕ

(
ρϕ
Λ4

) 1
n

(1 + δV)2

×
∑
V

∞∑
k=1

k|Pk|2
(

kω

mV

)4 [
1 − 4

(
mV
kω

)2
+ 12

(
mV
kω

)4
]√

1− 4m2
V

(kω)2

〉
, (4.81)

where we have included all decay channels by summing over all the SM scalars, fermions,
and vectors to which ϕ is directly coupled. Note that above, we have rescaled the coupling
constant, i.e.,

gSϕ → ghϕ · MPl, gV ϕ → gVϕ · MPl, (4.82)

such that ghϕ, gΨϕ and gVϕ are now dimensionless. Moreover, we have used δh = 1, δΨ = 0.
In the case of the ϕ → hh interactions, the factor (1 + δh)2 = 4 cancels out with the factor
of (1/2)2 coming from the normalization of the Higgs doublet.
In addition, one could also consider the derivative coupling with the following decay width:

⟨Γ(1)
ϕ→AA⟩ =

〈
1 + n

2n

4
8π

(
hAϕ
MPl

)2 ωM4
Pl

ρϕ

(
ρϕ
Λ4

) 1
n ∑

A

∞∑
k=1

k|Pk|2(kω)4
(

1 − 2m2
A

(kω)2

)2√
1− 4m2

A

(kω)2

〉
,

(4.83)

where we have assumed that δA = 1.
Finally, inflaton decay rates describing its indirect gravitational interactions are given by

⟨Γ(2)
ϕ→hh⟩ =

〈
1

8π

ρϕ
M4

Pl

3∑
i=0

∞∑
k=0

kω|P2n
k |2

(
1 +

4m2
hi

(kω)2 +
4m4

hi

(kω)4

)√
1 −

4m2
hi

(kω)2

〉
, (4.84)

⟨Γ(2)
ϕ→ΨΨ̄⟩ =

〈
1

2π

ρϕ
M4

Pl

∑
Ψ

∞∑
k=0

kω|P2n
k |2 m2

Ψ
(kω)2

(
1 − 4m2

Ψ
(kω)2

)3/2
〉

, (4.85)

⟨Γ(2)
ϕ→VV⟩ =

〈
1

8π

ρϕ
M4

Pl

∑
V

∞∑
k=0

kω|P2n
k |2

(
1 − 4m2

V
(kω)2 + 12m4

V
(kω)4

)√
1− 4m2

V
(kω)2

〉
. (4.86)

4.2.2 Decay widths in the massless limit

Since reheating occurred at the highest available energy scales just after the end of inflation, it
is instructive to consider the limit in which masses of SM species are negligible, i.e., mSM → 0.
In this regime, the above formulas simplify as

⟨Γ(1)
ϕ→hh⟩

∣∣∣∣∣
mh→0

= Γ(1)
ϕ→hh

∣∣∣∣∣
mh→0

= 4 · g2
hϕ

1 + n

2n

ω

8π

(
MPl
Λ

)4 ( ρϕ
Λ4

) 1−n
n

∞∑
k=1

k|Pk|2 ,

⟨Γ(1)
ϕ→ΨΨ̄⟩

∣∣∣∣∣
mΨ→0

= Γ(1)
ϕ→ΨΨ̄

∣∣∣∣∣
mΨ→0

= #Ψ · g2
Ψϕ

1 + n

2n

ω

4π

(
ωMPl

Λ2

)2 ( ρϕ
Λ4

) 1−n
n

∞∑
k=1

k3|Pk|2 ,
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⟨Γ(1)
ϕ→VV⟩

∣∣∣∣∣
mV →0

= Γ(1)
ϕ→VV

∣∣∣∣∣
mV →0

= #V · 2 · (1 + δV)2 · Γϕ→hh(ghϕ ↔ gVϕ) ,

⟨Γ(1)
ϕ→AA⟩

∣∣∣∣∣
mA→0

= Γ(1)
ϕ→AA

∣∣∣∣∣
mA→→0

= #A · 1 + n

2n

ω

8π

(
ω2MPlhAϕ

Λ2

)2 (
ρϕ
Λ4

) 1−n
n

∞∑
k=1

k5|Pk|,,

(4.87)

with #Ψ, #V , #A denote the number of SM fermions, vectors, and axion-like particles to
which ϕ couples directly. Moreover, it is important to stress that averaging over inflaton
oscillations in the massless limit is trivial since the time scale of ρϕ and ω is much longer
than the time scale of interactions.
In the case of gravitational interactions, the only open channel in the massless limit, i.e.,
mSM → 0, is

⟨Γ(2)
ϕ→hh⟩

∣∣∣∣∣
mh→0

= Γ(2)
ϕ→hh

∣∣∣∣∣
mh→0

= 4 · ω

8π

ρϕ
M4

Pl

∞∑
k=0

k|P2n
k |2. (4.88)

Since ⟨Γ(1)
ϕ→ΨΨ̄⟩ is proportional to the square mass of SM fermions, in the limit mΨ → 0

the corresponding decay width vanishes. The same happens to inflaton decay rate describing
gravitational creation of SM massless vectors, as the corresponding amplitude squared is zero
(4.58). Thus, the inflaton field cannot transfer its energy to massless vectors and fermions
through gravitational interactions.

The above formulas indicate that in the massless scenario, i.e., mF → 0, inflaton decay
rates have, in general, two sources of time-dependency, namely, ρϕ and ω. Thus, to deter-
mine the evolution of Γϕ, one needs to find the solution for ρϕ during the reheating phase.
To that end, we assume that during the early stage of reheating, the role of the interaction
term on the r.h.s of (4.73) is subdominant so that the energy density of ϕ decreases approxi-
mately according to Eq.(3.63). Furthermore, the evolution of ω is governed by the following
power-law solution:

ω = ωe ·
(

ρϕ
Λ4

)n−1
2n

≃ ωe

(
ρe
Λ4

)n−1
2n
(

ae
a

) 3(n−1)
n+1

, ωe ≡
√

2 n2 π
Γ
(
n+1
2n

)
Γ
(

1
2n

) Λ2

MPl
. (4.89)

Consequently, the time-dependence of the inflaton decay rates can be parametrized as

Γϕ→FF ≡ Γ̃eϕ→FF

(
ae
a

)βF

, (4.90)

where

Γ̃eϕ→hh = 4 · g2
hϕ

1 + n

2n

ωe
8π

(
MPl
Λ

)4 ( ρe
Λ4

) 1−n
2n

∞∑
k=1

k|Pk|2 , (4.91)

Γ̃e
ϕ→ΨΨ̄ = #Ψ · g2

Ψϕ · 1 + n

2n

ωe
4π

(
ωeMPl

Λ2

)2 ( ρe
Λ4

)n−1
2n

∞∑
k=1

k3|Pk|2, (4.92)

Γ̃eϕ→VV = #V · 1
2 · (1 + δV)2 · Γ̃eϕ→hh(ghϕ ↔ gVϕ), (4.93)

Γ̃eϕ→AA = #A · 1 + n

2n

ωe
8π

(
ω2
eMPlhAϕ

Λ2

)2 (
ρe
Λ4

) 3n−3
2n

∞∑
k=1

k5|Pk|2, (4.94)
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n 1 3/2 2 5/2 3 7/2 4 9/2 5∑
k k|Pk|2 1/4 0.2381 0.2294 0.2228 0.2177 0.2135 0.2101 0.2072 0.2047∑
k k3|Pk|2 1/4 0.2420 0.2406 0.2418 0.2442 0.2472 0.2504 0.2537 0.2571∑
k k5|Pk|2 1/4 0.2782 0.3433 0.4270 0.5254 0.6372 0.7620 0.8994 1.049∑
k k|P2n

k |2 1/8 0.1816 0.1410 0.1659 0.1458 0.1598 0.1476 0.1566 0.1485

Table 4.1: Numerical values of the summation factors appearing in Eqs.(4.91)-(4.94) and Eq.(4.96),
for different values of n.

and

βh = 3(1 − n)
1 + n

, βΨ = 3(n − 1)
1 + n

, βV = βh, βA = 9(n − 1)
1 + n

, (4.95)

whereas for indirect gravitational channels, one finds

Γ̃grav,e
ϕ→hh = 4 · 1 + n

2n

ωe
8π

( Λ
MPl

)4 ( ρe
Λ4

) 3n−1
2n

∞∑
k=1

k|P2n
k |2 , (4.96)

with

βgrav
h = 3(3n − 1)

1 + n
. (4.97)

To obtain time-independent inflaton decay widths Γ̃eϕ→FF, one needs to determine the
summation factors appearing in the Eqs. (4.91)-(4.94) and Eq.(4.96). For a given monomial
potential |ϕ|2n, Fourier coefficients, Pk, are defined by the integral Eq.(4.3). For the quadratic
inflaton potential, i.e., n = 1, the only non-zero Fourier coefficient is P1 = 1/2. In general,
if n ∈ {1/2, 3/2, . . . } or n is a positive integer greater than 1, all even Pk coefficient with
k ∈ {2, 4, . . . } vanish. Moreover, we observe that values of the Pk coefficients quickly decrease
with k such that the sum

∑
k k|Pk|2 converges around k ∼ 10 for n ≤ 10, and around k ∼ 30

for larger values of n. For the
∑
k k3|Pk|2 and

∑
k k5|Pk|2 terms we have summed over several

dozen of Pk coefficients. In each case, the sum is dominated by the contribution from the first
non-zero harmonics. In the case of gravitational interactions, if the exponent 2n is odd, i.e., n
is a positive half-odd-integers, all even P2n

k coefficients with k ∈ {2, 4, . . . } are zero. On the
other hand, if n is a positive integer greater than 1, odd P2n

k coefficients with k ∈ {1, 3, . . . }
vanish. Moreover, for n=1 the only non-zero Fourier coefficient is P2

2 = 1/4. The numerical
values of the

∑
k k|Pk|2,

∑
k k3|Pk|2,

∑
k k5|Pk|2, and

∑
k k|P2n

k |2 terms for different values of
n are collected in Table 4.1.

Now we should stress that the above formulas presuppose that in the massless limit inflaton
decay rates describing direct ϕ interactions with the SM bath are time-independent only if
ϕ has a quadratic potential, i.e., n = 1. For other types of inflaton potential, Γϕ→FF could
both decrease and increase with time during reheating, depending on the value of n. Since
we have restricted our attention to the class of potentials steeper than the linear potential,
i.e., n > 1

2 , for the scalar and vector interactions, βh and βV are positive for n ∈ (1/2, 1),
and negative if n > 1. Hence, for n ∈ (1/2, 1) (n > 1) Γϕ→hh and Γϕ→VV are decreasing
(increasing) functions of the scale factor. Contrarily, in case of the direct inflaton coupling
to SM fermions Ψ, or derivative coupling to axion-like particles A, the corresponding decay
widths Γϕ→ΨΨ̄ and Γϕ→AA decrease (increase) during reheating for n > 1 (n ∈ (1/2, 1)),
respectively. Decreasing the inflaton decay rate means that the energy transfer from the ϕ
field to the SM particles becomes less and less efficient during reheating. On the other hand,
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if Γϕ→FF grows with a, the rate of energy injection into the visible sector increases with time,
which implies that SM quanta are more effectively produced at the late stages of reheating
than at its beginning. Thus, we conclude that for n > 1, reheating triggered by the ϕ → ΨΨ̄
or ϕ → AA interactions is delayed as compared to the models in which reheating is induced
by the inflaton-scalars or inflaton-vectors coupling. At this point, it should be stressed that
the above statement is valid if all time-independent decay width Γ̃eϕ→FF are of the same order
of magnitude. In general, this last condition might not necessarily be met since the consid-
ered interactions arise from operations of different dimensions. Finally, Γgrav

ϕ→hh responsible for
gravitational interactions among the inflaton and SM Higgs fields always decreases with the
scale factor in the range of n considered in this analysis. It is worth noting that the decline
of Γgrav

ϕ→hh is always faster than the rate of decrease of inflaton decay widths accounting for
direct ϕ − SM interactions.

n ∈ (1/2, 1) n = 1 n > 1
Γϕ→hh(a) ↘ → ↗
Γϕ→ΨΨ̄(a) ↗ → ↘
Γϕ→VV(a) ↘ → ↗
Γϕ→AA(a) ↗ → ↘
Γgrav
ϕ→hh(a) ↘ ↘ ↘

Table 4.2: Evolution of the inflaton decay rates with the scale factor. ↘ (↗) denotes monotonically
decreasing (increasing) function, whereas → indicates a constant function.

4.2.3 Generic solutions to the second Boltzmann equation

Now let us find an approximate analytical solution to the second Boltzmann equation, as-
suming that the inflaton interactions are described by the time-dependent decay rate (4.90).
With this end in view, we recast Eq. (4.74) to the form

d(a4ρSM) = 2n

1 + n

a3

H(a)ρϕ⟨Γϕ→SM SM⟩ da. (4.98)

At the beginning of reheating, the energy density of the SM sector is negligible, i.e., ρSM(ae) ≃
0. To find the solution to the above equation, one has to specify the evolution of the Hubble
rate. We assume that at the beginning of reheating, the total energy density of the Universe
is dominantly in the form of the inflaton energy density, i.e., ρtot(ae) ≃ ρe. Hence, from the
Friedmann equation, one obtains

HRH(a) ≃
√

ρϕ(a)
3M2

Pl
= He

(
ae
a

) 3n
n+1

, for a ∈ [ae, arh) . (4.99)

The above solution is valid in the period between the end of inflation and the end of reheating,
which we define by the inflaton-radiation equality, i.e.,

ρϕ(arh) = ρRH
SM(arh) ≡ ρrh. (4.100)

Inserting the generic form of the inflaton decay width (4.90), and using (4.99), enable us to
find the following solution to the radiation energy density:

ρRH
SM(a) ≃ 6n

1 + n
Γ̃eϕ→FF HeM

2
Pl
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×


n+1

n+4−βF (n+1)

[ (ae
a

)βF + 3n
1+n −

(ae
a

)4 ]
, βF ̸= n+4

n+1 ,(ae
a

)4 ln
(
a
ae

)
, βF = n+4

n+1 ,
for a ∈ [ae, arh]. (4.101)

During the early stages of reheating total energy budget of the Universe is dominated by the
energy density of oscillating inflaton condensate. Hence, the background dynamics is mainly
sensitive to the form of the inflaton potential, which, in turn, is determined by the value of n.
On the other hand, the behavior of the radiation bath depends on both n and βF parameters.
Note that if

βF < (n + 4)/(n + 1), (4.102)

the first term in the square bracket in Eq. (4.101) quickly dominates over the second. On the
other hand, if βF > (n + 4)/(1 + n) the energy density of the SM radiation decreases as a−4,
and becomes insensitive to the value of n.

Let us now discuss the late-time behavior, i.e., for a ≫ ae, of the solution (4.101) for a
few massless reheating scenarios. At first, suppose that reheating is induced by the ϕ → hh
or ϕ → VV interactions. In this case, the first term in (4.101) always dominates, since the
condition (4.102) is satisfied for n > 1/2 if βF = 3(1 + n)/(1 + n). If reheating occurs as a
result of ϕ coupling to (almost) massless SM fermions, then βF < (n + 4)/(n + 1) as long
as n ∈ (1/2, 7/2). On the other hand, if reheating is triggered by the derivative ϕ → AA
interactions, then ρϕ ∝ a−4 provided that n > 13/8. Finally, in the purely gravitational sce-
nario, where the energy density of the inflaton field is transferred to the SM sector only via
gravitational interactions, the second term in Eq. (4.101) dominates if n > 7/8. Therefore,
depending on the value of n and the form of the inflaton interactions, one gets a very different
evolution of the SM sector. The non-trivial power-law dependence of the radiation energy
density on the scale factor during this phase is referred to as non-standard reheating.

There are several comments here in order. Firstly, let us specify conditions that must be
satisfied to (re)populate the Universe. In order to achieve successful reheating, the energy
density of the inflaton field must at some point equalize with the radiation energy density,
according to the formula (4.100). Otherwise, SM degrees of freedom never capture the to-
tal energy budget of the Universe, and the standard cosmology is spoilt. To quantify this
condition, we assume that ρSM experiences a power-law evolution with the scale factor, i.e.,
ρSM ∝ as. Using the solution for the inflaton energy density found in Eq.(3.63), the necessary
but not sufficient condition for successful reheating can be formulated as follows:

− 6n

1 + n
< s. (4.103)

Limiting our attention to n > 1/2, and using Eq.(4.101) together with (4.95), one finds that
the requirement (4.103) is satisfied:

• for ϕ → hh and ϕ → VV interactions if n > 1
2 ,

• for ϕ → ΨΨ̄ interaction if n ∈
(

1
2 , 7

2

)
, and for n > 7

2 ,

• for ϕ → AA interaction if n ∈
(

1
2 , 3

2

)
, and for n > 2,

• for gravitational interactions ϕ → hµν → hh if n > 2.
For other values of n, which do not fulfill the above criterion, the energy density of the SM
sector dilutes faster than the inflaton energy density, and since just after the end of inflation
ρϕ ≫ ρRH

SM the inflaton-radiation equality (4.100) is never achieved. It should be highlighted
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that the above condition alone does not assure successful reheating, e.g., even if the energy
density of radiation decreases slower than the inflaton energy density, its initial amount can
be too low to overtake ρϕ. Hence, other constraints on the reheating scenario must also be
taken into account.
Secondly, we should emphasize that the whole SM sector is assumed here to emerge from
the F field, which, in turn, is directly produced through the inflaton decays. In other words,
once the F particles are created, they decay/scatter to the rest of the SM species and, that
way, transfer their energy to other relativistic degrees of freedom.
Thirdly, we assume that the radiation bath thermalizes instantaneously. This assumption
seems quite justified since the scattering of F particles should be efficient enough to guarantee
instantaneous thermalization.
Finally, let us define the thermal bath temperature T through the following relation:

T (a) =
(

30
π2g⋆ρ(T )

)1/4

[ρRH
SM(a)]1/4 , (4.104)

with g⋆ρ(T ) counting an effective number of relativistic degrees of freedom at the temperature
T .
In the light of (4.101), the non-standard evolution of the radiation energy density implies a
non-trivial relation between T and a during reheating. More precisely, inserting the solution
(4.101) into (4.104), we find

TRH(a) ≈
(

180 · n Γ̃eϕ→FFHeM
2
Pl

(n + 1)π2g⋆ρ(T )

)1/4

×


[

n+1
4+n−βF (1+n)

]1/4 (ae
a

)βF
4 + 3n

4(n+1) , βF < n+4
n+1 ,

ae
a [ln (a/ae)]1/4, βF = n+4

n−1 ,[
n+1

βF (1+n)−n−4

]1/4
ae
a , βF > n+4

n+1 ,

for a ∈ [ae, arh]. (4.105)

Note that above, we have dropped either the first or the second term in the bracket in
Eq.(4.101) depending on the relation between βF and (n + 4)/(n + 1). Hence, (4.105) reflects
the late-time behavior of the thermal bath temperature and is not applicable at the onset of
reheating when both terms of Eq.(4.101) are comparable.

Moreover, from the condition (4.100), we get the scale factor at the end of reheating

arh = ae


ζ

n+1
3n−βF (n+1)
1 , βF < n+4

n+1 ,

ζ
n+1

2(n−2)
2 W

n+1
2(n−2) (ζ2) , βF = n+4

n+1 ,

(−ζ1)
n+1

2(n−2) , βF > n+4
n+1 ,

(4.106)

with

ζ1 ≡ n + 4 − βF (n + 1)
2n

He/Γ̃eϕ→FF, ζ2 ≡ n − 2
n

He/Γ̃eϕ→FF. (4.107)

Above, W (z) denotes the Lambert W function defined as the function satisfying z = W (z)eW (z)

[348].
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Figure 4.1: The reheating temperature as a function of the index n (the averaged equation-of-state
parameter w̄) in different reheating models, i.e., driven by ϕ − A (solid green), ϕ − h (loosely dashed
purple), ϕ − Φ (dashed blue) and gravitational (solid red) interactions. In the left (right) panel, the
adopted initial value of the inflaton decay width is Γ̃ϕ→FF = 10−7He (Γ̃ϕ→FF = 10−10He). Note that
pale red and gray regions are excluded due to gravitational bound on Trh and the BBN constraint

(4.140), respectively.

Consequently, the reheating temperature, i.e., the temperature at the end of reheating, is

Trh ≃



(
90H2

eM
2
Pl

π2g⋆ρ(Trh)

)1/4
ζ

3n
2βF (n+1)−6n

1 , βF < n+4
n+1 ,(

90(n−2)H2
eM

2
Pl

(n+1)π2g⋆ρ(Trh)

)1/4
ζ

3n
4(2−n)
2 W

n+1
2(2−n) (ζ2) [ln ζ

n+1
2(n−2)
2 W

n+1
2(n−2) (ζ2)]1/4, βF = n+4

n−1 ,(
90H2

eM
2
Pl

π2g⋆ρ(Trh)

)1/4
(−ζ1)

3n
4(2−n) , βF > n+4

n+1 .

(4.108)

Analogously, the Hubble rate at the end of reheating is given by

Hrh ≃ He


ζ

3n
βF (n+1)−3n

1 , βF < n+4
n+1 ,

ζ
3n

2(2−n)
2 W

3n
2(2−n) (ζ2) , βF = n+4

n−1 ,

(−ζ1)
3n

2(2−n) , βF > n+4
n+1 .

(4.109)

It is important to stress that Trh is not a maximal temperature that the SM sector could
reach during the reheating phase. The thermal bath temperature could rise to several orders
of magnitude above TRH [337]. Namely, the temperature of the SM sector has a peak at

amax ≡ ae


[

1
4

(
βF + 3n

n+1

)] n+1
βF (n+1)−n−4 , βF ̸= n+4

n+1 ,

e1/4, βF = n+4
n+1 ,

(4.110)
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such that its maximal value can be estimated from the following formula:

Tmax ≡ TRH(amax) ≈

(
180 · n Γ̃eϕ→FFHeM

2
Pl

(n + 1)π2g⋆ρ(Tmax)

)1/4

×



[
n+1

4+n−βF (n+1)

]1/4
[

1
4

(
βF + 3n

n+1

)] 3n+βF (1+n)
4[4+n−βF (1+n)]

, βF < n+4
n+1 ,

1√
2 e−1/4, βF = n+4

n+1 ,[
n+1

βF (n+1)−4−n

]1/4
[

1
4

(
β + 3n

1+n

)] n+1
4+n−βF (n+1)

, βF > n+4
n+1 .

(4.111)

4.3 Reheating scenarios
All the above results concerning the dynamics of the SM sector during reheating are rather
generic. They can be employed in any perturbative reheating model in which the inflaton
field oscillates around the minimum of monomial potential ∼ |ϕ|2n, daughter particles are
approximately massless, and the evolution of the inflaton decay rate can be parametrized
by a power-law formula (4.90). As we already have pointed out, ϕ might also transfer its
energy to the SM radiation through several direct or indirect channels. In the considered
scenario, direct ϕ − SM interactions are always accompanied by irreducible gravitational
interactions. Depending on the relative relation between Γϕ→FF and Γgrav

ϕ→FF, reheating is
achieved either as a result of the inflaton decay into the pairs of the SM bath or via purely
gravitational interactions among ϕ and SM species. In the general case, both decay rates are
time-dependent, implying that the relation between these two might change during reheating.
Namely, it is conditioned upon the strength of the ϕ − F coupling as well as the form of the
inflaton-SM interactions and the shape of the inflaton potential through n. Depending on
these factors, one distinguishes two possible scenarios for perturbative reheating:

1. standard reheating - energy stored in the oscillations of ϕ condensate is injected
into radiation as a result of direct interactions between ϕ and SM species; indirect
gravitational interactions are negligible throughout the whole period of reheating,

2. mixed scenario - both direct and indirect inflaton interactions partially govern the
reheating dynamics.

To determine which case occurs for a given coupling constant gFϕ, n, and the inflationary
scale Λ, which sets He and hence ρe, ωe, one needs to examine the condition,

Γϕ→FF(a) > Γgrav
ϕ→hh(a). (4.112)

4.3.1 Standard reheating

Suppose the above condition holds during the entire reheating phase, i.e., for a ∈ (ae, arh).
Then, the standard reheating scenario is realized, and the inflaton energy is injected to
the visible sector solely through direct ϕ − SM interactions. Above, we have restricted our
attention to massless reheating scenario, in which the inflaton energy density is transferred
gravitationally only to the SM scalars, and therefore, Γgrav

ϕ→FF ≃ Γgrav
ϕ→,hh. It is worth underlin-

ing that for all considered values of n, gravitational decay rate Γgrav
ϕ→hh(a) decreases faster than

Γϕ→FF(a). Hence, one infers that reheating is controlled only by direct ϕ − SM interactions,
provided that

Γ̃eϕ→FF > Γ̃grav,e
ϕ→hh. (4.113)
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Figure 4.2: The relation between the dimensionless coupling constants and n (w̄) for which the
standard reheating (white region) and the mixed scenario (colored region) are realized for the scalar
(left panel) and fermionic (right panel) cases. The adopted values of the inflationary scale Λ are
specified in each region. The maximal scale corresponds to Λmax ≃ 5.6 × 10−3 MPl, see Eq.(3.148).

Using Eqs.(4.91)-(4.94) together with Eq.(4.96), one finds that it happens if the coupling
constants {ghϕ, gΨϕ, gVϕ, hAϕ} satisfy

g2
hϕ ≳

( Λ
MPl

)8 ( ρe
Λ4

) 2n−1
n

∑
k k|P2n

k |2∑
k k|Pk|2

, (4.114)

g2
Ψϕ ≳

2
#Ψ

( Λ
MPl

)6 ( Λ
ωe

)2 ρe
Λ4

∑
k k|P2n

k |2∑
k k3|Pk|2

, (4.115)

g2
Vϕ ≳

8
#V(1 + δV)2

( Λ
MPl

)8 ( ρe
Λ4

) 2n−1
n

∑
k k|P2n

k |2∑
k k|Pk|2

, (4.116)

h2
Aϕ ≳

4
#A

Λ2

ω4
e

( Λ
MPl

)6 ( ρe
Λ4

) 1
n
∑
k k|P2n

k |2∑
k k5|Pk|2

. (4.117)

Note that the above bounds feebly depend on the exponent n, cf. Fig.(4.2). This is because
the ratios of the summation factors and ρe/Λ4 are of order one. Hence, all constraints are
mainly sensitive to the inflationary scale Λ (or equivalently, the Hubble rate He). Thus, the
most stringent limits are obtained for Λmax Eq.(3.148). For instance, in the Higgs boson-
induced reheating model (left panel of Fig.(4.2)), triggered by direct ϕ − h coupling, grav-
itational interactions can be neglected as long as ghϕ ≳ 3 · 10−10 for Λmax, whereas for the
lower value of Λ = 1.6 · 10−3MPl, used in this analysis, one finds ghϕ ≳ 6.6 · 10−12. For
the fermionic case (right panel of Fig.(4.2)), for a given inflationary scale Λ, the standard
reheating scenario occurs for stronger ϕ − Ψ coupling.
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4.3.2 Mixed scenario

On the other hand, if Eq.(4.112) is violated at the onset of reheating, but Γϕ→FF starts to
dominate over Γgrav

ϕ→hh at some point during reheating, then the mixed scenario is accom-
plished. In this case, there exists ac ∈ (ae, arh), such that

Γ̃ϕ→FF(ac) = Γ̃grav
ϕ→hh(ac), ac ∈ (ae, arh). (4.118)

Note that above arh should be understood as arh = min (aF
rh, agrav

rh ), where aF
rh denotes the

scale factor at the end of reheating induced by direct ϕ − SM interactions, whereas agrav
rh is

given by

agrav
rh ≡ ae

(
8n − 7

2n

He

Γgrav,e
ϕ→hh

) n+1
2(n−2)

, n > 2. (4.119)

For the considered direct inflaton-SM interaction, one finds,

ah
c = ae

( Λ
MPl

) 4(1+n)
3(2n−1)

g
− 1+n

3(2n−1)
hϕ

(
ρe
Λ4

) 1+n
6n

[∑
k k|P2n

k |2∑
k k|Pk|2

] 1+n
6(2n−1)

, (4.120)

aΨ
c = ae

(
#Ψg2

Ψϕ
2

)− n+1
6n ( Λ

ωe

)n+1
3n
( Λ

MPl

)n+1
n
(

ρe
Λ4

)n+1
6n

[∑
k k|P2n

k |2∑
k k3|Pk|2

] 1+n
6n

, (4.121)

aV
c = ae

( Λ
MPl

) 4(1+n)
3(2n−1)

(#V
2 (1 + δV)2g2

hϕ

)− 1+n
6(2n−1)

(
ρe
Λ4

) 1+n
6n

[∑
k k|P2n

k |2∑
k k|Pk|2

] 1+n
6(2n−1)

, (4.122)

aA
c = ae

(
4Λ2

#Aω4
eh

2
Aϕ

) 1+n
8 ( Λ

MPl

) 3(1+n)
4

(
ρe
Λ4

) 1+n
8n

[∑
k k|P2n

k |2∑
k k5|Pk|2

] 1+n
8

. (4.123)

In the mixed scenario, reheating is governed initially, i.e., between a ∈ (ae, ac), by indirect
gravitational interaction. In the vicinity of ac, both decay channels are relevant, whereas in
the period between ac and arh, the inflaton energy is injected into the SM sector mainly via
direct interactions. Hence, in this scenario, the completion of reheating is exclusively sparked
by the direct ϕ−SM coupling. Note that the reverse situation, i.e., reheating induced direct ϕ
interactions and completed by indirect, gravitational interactions, is not possible since Γgrav

ϕ→hh
redshifts faster than Γϕ→hh for all considered values of n.

It is worth stressing that in the mixed scenario, the maximal temperature of the SM
sector is controlled by gravitational interactions. Hence, such processes might provide an
ultimate lower bound on the maximum temperature of the thermal bath. Using βgrav

h =
3(3n − 1)/(1 + n) and (4.111), one finds

T grav
max ≃

(
45

π3g⋆,ρ(Tmax)ωeHeM
2
Pl
∑
k

k|P2n
k |2

)1/4 Λ
MPl

(
ρe
Λ4

) 3n−1
8n

×


{(

n+1
7−8n

) [(
3 − 15

4(n+1)

) 3(1−4n)
8n−7 −

(
3 − 15

4(n+1)

) 4(1+n)
8n−7

]}1/4

, n ̸= 7/8,

1√
2e−1/4, n = 7

8 .

(4.124)

The numerical factors depending on the value of n are of the order O(10−1), and for the
quadratic (quartic) inflaton potential, i.e., n = 1 (n = 2), the above expression gives T grav

max ≃
6.1 · 1012 GeV (T grav

max ≃ 5.5 · 1012 GeV) for He = 3 · 1013 GeV, cf. Fig.(4.3). These results
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agree with estimates found in Ref. [349]. It is important to stress that the above formulas

Figure 4.3: The maximal temperature obtained by the SM bath as a function of the index n (the
averaged equation-of-state parameter w̄) in different reheating models, i.e., driven by ϕ − A (solid
green), ϕ − h (loosely dashed purple), ϕ − Ψ (dashed blue) and gravitational (solid red) interactions.
In the left (right) panel, the adopted initial value of the inflaton decay width is Γ̃ϕ→FF = 10−7He

(Γ̃ϕ→FF = 10−10He). Note that the pale red region is excluded due to gravitational bound on Tmax,
see Eq. (4.125).

provide an absolute lower bound on the maximal thermal bath temperature for a given n and
inflationary scale Λ, which sets He, ωe, and ρe. Namely, the following condition:

T grav
max ≤ Tmax, (4.125)

must hold in any perturbative reheating model. This, in principle, means that the Universe
must have reached this temperature regardless of the details of the reheating process. Suppose
in any considered scenario, the predicted value of Tmax is lower than the value obtained from
Eq.(4.124). In that case, gravitational interactions should have been taken into account
since this process dominates at the onset of reheating and thus determines the maximum
temperature of the SM sector.

4.3.3 Purely gravitational reheating

In particular, one could image the third scenario, in which the condition (4.112) is violated
throughout the whole reheating, such that

Γϕ→FF(agrav
rh ) < Γgrav

ϕ→hh(agrav
rh ). (4.126)

The above condition defines the purely gravitational reheating - extreme scenario, in
which direct inflaton interactions with the SM species are so feeble, or even do not exist
at all, that reheating can only be achieved the Planck suppressed gravitational interactions.
It can be considered as the minimal yet natural mechanism to drive the transition from
the inflationary phase to the radiation-dominated epoch. According to the discussion below
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(4.103), such a scenario might only be realized for a stiff inflaton potential, i.e., n > 2. In
this case all reheating observables, i.e., {Tmax, arh, Trh, Hrh}, would be determined solely by
the inflationary scale Λ, and the form of the inflaton potential during reheating. However, as
pointed out in Ref.[350], the possibility of the purely gravitational reheating is excluded
by constraints on dark radiation for excessive gravitational waves produced from inflation.
At this point, we should stress that in the general case, one could also investigate the non-
minimal gravitational reheating scenario in which the ϕ and the Higgs fields have non-minimal
couplings to the gravity of the form

− ξϕ
2M2

Pl
|ϕ|2R̃, and − ξh

2M2
Pl

|h|2R̃, (4.127)

where R̃ is the Ricci scalar in the Jordan frame, |ξϕ|≪ M2
Pl/⟨ϕ⟩2 [349], |ξh|≲ 1015 [351, 352],

and ξh ∼ O(10−2) [353–355]. Such a scenario has been considered, for instance, by the
authors of Ref.[349, 350, 356] who claimed that minimal gravitational interactions dominate
over non-minimal ones when [349]

12ξϕ ξh + 3ξh + 2ξϕ <
1
2 . (4.128)

In this work, we, however, focus on the minimal scenario, ignoring the non-minimal contri-
bution, setting ξϕ → 0 and ξh ≲ 1/6.

In the remaining part of this chapter, we will elaborate on the Higgs-induced reheat-
ing, governed by the cubic ghϕϕ|h|2 coupling. In particular, we will distinguish massless and
massive reheating scenarios and discuss the role of the inflaton-induced mass of the Higgs bo-
son on reheating dynamics. But before we move on to this part, let us first discuss constraints
on reheating models.

4.4 Constraints on reheating models
Since existing cosmological experiments cannot directly probe the reheating phase, it might be
crucial to look for some indirect imprints of the reheating dynamics, some unique predictions
allowing us to disentangle the plethora of post-inflationary models and rule out unreliable
scenarios. In this section, we outline the procedure for obtaining constraints on the number
of e-folds from the end of inflation to the end of the reheating phase, i.e.,

Nrh = ln
(

arh

ae

)
, (4.129)

using the current bounds on the inflationary observables. This will allow us to establish
a connection between the physics of reheating determined by the form and strength of the
inflaton coupling and the CMB observables.

First, let us note that the CMB pivot scale kCMB
⋆ ≡ k⋆ links the primordial Universe with the

late one. More precisely, it relates the inflationary quantities, measured when the k⋆ mode
crosses the Hubble radius, to the late-time observables corresponding to the moment when
the pivot scale re-enters the horizon. In particular, using the fact that the horizon crossing
occurs when k⋆ = a⋆H⋆, we can evolve the scale factor through different epochs, as

k⋆
H⋆

= a⋆
ae

ae
arh

arh

ar.m.e
ar.m.e, (4.130)
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where ar.m.e denotes the scale factor at the radiation-matter equality. By taking the logarithm
of the above expression, one gets

ln
(

k⋆
H⋆

)
= −N⋆ − Nrh − Nrd + ln(ar.m.e), (4.131)

where N⋆ ≡ ln(ae/a⋆) denotes the number of e-folds between the horizon exit of the pivot
scale k⋆ and the beginning of reheating, which in the slow-roll approximation is determined
by the following integral:

N⋆ ≃ 1
MPl

∫ ϕ⋆

ϕe

1√
2ϵV

dϕ, (4.132)

whereas NRD ≡ ln(ar.m.e/arh) is the number of e-folds during the radiation-dominated epoch.
Using the results obtained in the previous section, one can relate the reheating number of
e-folds Nrh to the energy density of ϕ at the onset of reheating, i.e., ρe ≡ 3V (ϕe)/2. Namely,
from Eq. (4.100), one has

ρrh = ρe

(
ae
arh

) 6n
1+n

. (4.133)

On the other hand, ρrh can also be expressed in terms of the reheating temperature as

ρrh = π2g⋆ρ,rh
30 T 4

rh, (4.134)

with g⋆ρ,rh ≡ g⋆ρ(Trh) being the total number of relativistic d.o.f. at the reheating temperature
Trh. Assuming no extra relativistic d.o.f. beyond the SM, we set g⋆rho,rh ≃ 106.75.
Hence, the number of e-folds during reheating phase is given by

Nrh = 1 + n

6n
ln
( 45

π2g⋆ρ,rh

V (ϕe)
T 4

rh

)
. (4.135)

In what follows, we assume that there is no additional entropy injection after the end of
reheating. Thus, employing the entropy conservation g⋆s(T )a3T 3 = const., where g⋆s(T )
counts the number of relativistic d.o.f. contributing to entropy density at temperature T ,
one obtains the following relation between Trh, and the temperature at matter-radiation
equality:

Trh =
(

g⋆s,r.m.e
g⋆s,rh

)1/3(ar.m.e
arh

)
Tr.m.e, (4.136)

where g⋆s,r.m.e ≡ g⋆s(Tr.m.e) and g⋆s,rh ≡ g⋆s(Trh).
Inserting the above relation into Eq. (4.135), one finds

Nrh = 1 + n

6n
ln
( 45

π2g⋆,rh

V (ϕe)
T 4

r.m.e

( g⋆s,rh
g⋆s,r.m.e

)4/3( arh

ar.m.e

)4
)

,

≃ 4 · 1 + n

6n

[1
4 ln

( 45
π2g⋆,rh

)
+ ln

( Λ
Tr.m.e

)
+ 1

3 ln
( g⋆s,rh

g⋆s,r.m.e

)
− Nrd

]
, (4.137)

where in the last step we have used V (ϕe) ≈ Λ4. In general, we could also use a more
accurate approximation utilizing Eq.(3.147); however, for the purpose of this analysis, the
adopted approximation is sufficient.

Now, one can use Eq. (4.131) to eliminate Nrd from the above expression. After simple
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algebra, we obtain

Nrh ≃ 2(n + 1)
n − 2

[1
4 ln

( 45
π2g⋆,rh

)
+ 1

3 ln
( g⋆s,rh

g⋆s,r.m.e

)
− ln(ar.m.e) + ln

( Λ
H⋆

)
+ ln

( k⋆
Tr.m.e

)
+ N⋆

]
.

(4.138)

The above relation is only valid if n ̸= 2. This results from the fact that for the quartic inflaton
potential, i.e., n = 2, the rate of the Universe’s expansion is the same during reheating and
radiation-dominated epoch.
Adopting g⋆,rh ≃ g⋆s,rh = 106.75, g⋆s,r.m.e = 3.94, ar.m.e ≃ 1/3400, Tr.m.e ≃ 0.8 eV and
k⋆ = 0.05 Mpc−1, we get

Nrh ≈ 2(n + 1)
2 − n

[
61.6 − ln

( Λ
H⋆

)
− N⋆

]
, (4.139)

Hence, for n ̸= 2, the above relation limits the duration of the reheating phase from the
inflationary observables Λ, N⋆. Furthermore, another constraint can be imposed by utilizing
the BBN lower-bound on the reheating temperature [272, 357–362]

Trh ≳ TBBN ∼ 4 MeV. (4.140)

Using (4.135) and assuming that V (ϕe) ≈ Λ4, one finds the following upper bound on the
reheating number of e-folds:

Nrh ≲
2(n + 1)

3n

[
6.7 + ln

( Λ
1 GeV

)]
. (4.141)

Hence for Λ ≲ 1.4 × 1016 GeV Eq.(3.148), one obtains

Nrh ≲ 59 · n + 1
2n

, (4.142)

and for n = 2, one finds Nrh ≲ 44.
in Table 4.3, we summarize the constraints on Nrh for several values of n used in the forth-
coming analysis.

α n Nrh[ns :1σ] Nrh[ns :2σ]
1/6 2/3 13.8 26.1
1/6 1 22.0 41.7
1/6 3/2 48.0 47.8
1 2/3 15.2 27.5
1 1 23.4 43.1
1 3/2 47.8 47.7

Table 4.3: Constraints on Nrh for different values of α and n. For n = 2, the constraint is only from
the lower limit on reheating temperature from BBN, which is Nrh ≲ 44.

4.5 Higgs boson-induced reheating
Now let us consider the Higgs boson reheating triggered by the cubic interaction of the inflaton
with the SM Higgs doublet. So far, we have neglected the mass of final states. However, any
daughter particles F inevitably acquire a non-zero mass due to their direct coupling to the
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inflaton fields. The non-zero mass mF of the F field has a negligible impact on the reheating
dynamics provided that mF ≪ mϕ. However, if mF becomes larger or comparable with
mϕ, it generates a kinematic suppression of the SM quanta production, which could have
non-trivial implications on the evolution of the SM radiation. In what follows, we illustrate
this phenomenon on the example of massive Higgs reheating scenario, for which the non-zero
mass of the h field cannot be neglected during reheating.

4.5.1 The model

In our model, the effective density Lagrangian of the Higgs boson during the reheating phase
has the form

√
−gLh ⊃ gµν (∂νh)† (∂µh) − ghϕMPlϕ(t)|h|2−V (h), V (h) = λh

(
|h|2−v2

EW
2

)2
, (4.143)

where λh is the Higgs-boson quartic coupling. At the scale of electroweak interaction vEW ≃
246 GeV, the value of Higgs quartic coupling is λh ≃ 0.13, corresponding to the Higgs mass
mEW
h0

= 125 GeV. Since the energy scale of inflation and reheating is typically much higher
than the electroweak scale, we can neglect the bare mass in V (h) and approximate the Higgs
potential by

V (h) ≃ λh|h|4, for a < arh. (4.144)

Consequently, during the reheating phase, the Higgs mass parameter is given by

µ2
h = ghϕMPlϕ(t). (4.145)

The above term is responsible for the generation of a non-trivial mass for all four components,
hi, of the Higgs doublet, i.e.,

m2
hi

= ghϕMPl φ


|P|, P > 0, i = 0, 1, 2, 3,

|P|, P < 0, i = 0,

∞, P < 0, i = 1, 2, 3.

(4.146)

This expression shows that m2
hi

is subjected to the short-scale oscillations of the ϕ field
through the quasi-periodic function P. During one half of the period, when P is positive, the
electroweak symmetry remains unbroken, and each component of the Higgs doublet receives
a non-zero mass mhi

=
√

ghMPlφ|P|. In the second half of the period, when P becomes neg-
ative, the mass of the physical Higgs component, i.e., i = 0, is mh0 =

√
2ghMPlφ|P|, whereas

the remaining three Goldstone bosons i = 1, 2, 3 become the longitudinal components of the
SM gauge bosons and decouple from the ϕ field. In the unitary gauge, that corresponds to
an infinite mass of hi for i = 1, 2, 3 since these components are non-dynamical modes in the
broken phase.

As a result of a periodic change of a µ2
h sign, the Higgs field undergoes rapid phase transi-

tions between phases of broken and unbroken electroweak gauge symmetry and acquires a
ϕ(t)-dependent vev, i.e.,

vh =


0 , ϕ(t) >0 ,√

|µ2
h(ϕ)|
λh

, ϕ(t) <0,
for a ∈ [ae, arh]. (4.147)
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Note that since vh is a function of the ϕ field, this non-trivial Higgs vev vanishes rapidly
around a ∼ arh, since after the inflaton-radiation equality ϕ is diluted to a negligible amount.
Therefore, after reheating, the Higgs field remains in the symmetric (unbroken) phase until
the electroweak phase transition at the temperature scale O(100) GeV. Furthermore, we
should stress that all massive SM particles receive a non-zero mass during reheating as a
result of their coupling to the Higgs field, i.e.,

mSM = mEW
SM

vEW
vh, for a ∈ [ae, arh], (4.148)

where mEW
SM denotes the electroweak mass of the SM species.

Constraints on the inflaton-Higgs coupling

As all the effects discussed above highly depend on the strength of the inflaton-Higgs coupling
ghϕ, let us now discuss the constraints one should impose on it.
Firstly, the presence of the inflaton-Higgs coupling should not substantially modify the in-
flationary dynamics not to spoil the prediction of the single-field inflation described in the
previous chapter. In particular, we have ignored interaction terms in the EoM for the ϕ field,
treating the SM fields as small perturbations. Moreover, we have also neglected possible
back-reactions on the inflaton field. To justify this treatment, one must impose a pertur-
bativity limit upon the strength of the ghϕ coupling. For instance, we can require that the
amplitude for h scattering in a background of the classical ϕ field with its double insertion is
smaller than the corresponding amplitude with a single insertion. This leads to the following
upper bound on the inflaton-Higgs coupling:

ghϕ ≲

(
Λ2

ϕMPl

)
, (4.149)

where ϕ denotes the strength of the external inflaton field determined by its EoM Eq.(3.10).
Secondly, the inflaton-Higgs coupling ghϕ must also be limited from below to ensure the
stability of the Higgs potential. Namely, due to quantum corrections, within the SM sector,
the quartic Higgs coupling λh runs down towards negative values at the energy scales ∼
1010 GeV making the Higgs potential unstable [363]. However, in the presence of new physics
interactions, such as the inflaton-Higgs coupling considered in this thesis, the stability of
the Higgs potential can be achieved for larger Higgs field values [363]. In particular, since
|ϕ|∼ O(few)MPl during inflation, the inflaton-dependent mass for the Higgs doublet (4.146)
could be quite large, which leads to the stability/positivity of the Higgs potential. The
maximal Higgs field strength up to which the potential is stable could be estimated by
comparing the cubic term ghϕMPlϕ|h|2 with the quartic term λh|h|4. This leads to

|hmax|2∼ ghϕ
λh

MPl ϕ, (4.150)

Now let us recall that the cosmological constant term Λ4 well approximates V (ϕ) during
inflation. Therefore, in order not to jeopardize predictions of the single-field inflation, we
exact both λh|h|4 and ghϕMPl ϕ |h|2 terms to be negligible relative to Λ4 in the whole region
of stability, i.e., up to the largest allowed Higgs-field value h = hmax. This requirement leads
to the following condition:

ghϕ ≲
√

λh

(
Λ2

ϕMPl

)
. (4.151)
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The above result provides a stronger bound on the inflaton-Higgs coupling than Eq. (4.149)
for λh < 1. Therefore, we will adopt the (4.151) constraint in the following analysis.

Furthermore, as demonstrated in Ref.[363], if the Higgs mass exceeds the Hubble rate, or
more precisely mh0 >3He/2, the fluctuations of the h0 fields are strongly suppressed during
inflation, which ensures the stability of the Higgs potential. This remark set the lower limit
for ghϕ, such that

ghϕ ≳
3
4

√
6α

(
Λ2

ϕMPl

)2 (
ϕ√

6αMPl

)
. (4.152)

For the benchmark values of the inflationary scale Λ=3 × 10−3MPl and α=1/6, adopted in
this analysis, we find the following consistency region for the inflation-Higgs coupling:

6 · 10−11 ≲ ghϕ ≲ 7 · 10−6, (4.153)

where we have used ϕ∼
√

6αMPl.
Finally, let us notice that the above limits depend on λh; increasing λh implies larger values
of the ghϕ coupling.

4.5.2 The kinematic suppression

Now let us discuss in detail the consequences of the non-zero mass of the Higgs field for the
physics of reheating. To that end, we rewrite the time-averaged inflaton decay rate accounting
for the cubic inflaton-Higgs interactions (4.79) as follows,

⟨Γ(1)
ϕ→hh⟩ ≡ ⟨Γϕ→hh⟩ = 1 + n

2n

g2
hϕ

32π

M2
Pl

mϕ
γh , (4.154)

with

γh≡
8n
√

πn(2n−1)Γ
(
n+1
2n

)
Γ
(

1
2n

) 3∑
i=0

∞∑
k=1

k|Pk|2
〈
Re
[√

1 −
4m2

hi

k2ω2

]〉
. (4.155)

Note that Eq. (4.154) mimics a standard formula for the decay width describing the decay
of a quantum spin-0 massive field into two other massive scalars. The kinematic parameter
γh introduced above incorporates effects induced by the classical nature of the inflaton. It is
important to emphasize that ⟨Γϕ→hh⟩ has two sources of time dependence. Namely,

(i) the effective mass of the inflaton field mϕ Eq.(3.45)
(ii) the inflaton-induced mass of the SM Higgs mhi

(4.146), or more preciesly, the ratio
2mhi

/(kω) which appears in the square root in Eq. (4.155).
It turns out that ⟨Γϕ→hh⟩ is time-independent only in the massless reheating scenario, i.e.,
when mhi

=0, with the quadratic inflaton potential n=1. In this special case, γh=4 since the
inflaton field can transfer its energy density to four massless components of the Higgs field,
or in other words, ϕ has four equivalent decay channels. However, if the inflaton-induced
mass of the Higgs field cannot be neglected, then ⟨Γϕ→hh⟩ develops time-dependence even if
ϕ oscillates in the quadratic potential.

One can distinguish two time-scales relevant to the reheating dynamics—namely, the scale
of the inflaton oscillations and the scale associated with the expansion of the Universe. As
we have already stressed in the previous chapter, the time-scale of mϕ evolution is typically
longer than that of the inflaton oscillations. On the other hand, the Higgs mass parameter
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rapidly changes in time due to the violent oscillations of the P function. The amplitude of
these oscillations is damped since the envelope φ decreases with time, according to Eq.(3.41).
It is important to stress that to track the evolution of the SM sector, one should consider the
Boltzmann equation (4.74) averaged over rapid oscillations of the inflaton. Notice that the
inflaton-induced Higgs mass is the only source of the short-scale variation of the inflaton decay
width. Hence, it is convenient to factorize these two time-scales relevant for the variation of
⟨Γϕ→hh⟩ and average only the square root in (4.154). More precisely, averaging the inflaton
mass is trivial since we have assumed that mϕ does not change in one period of ϕ oscillations.
Nevertheless, the summation and averaging performed in (4.154) deserve an explanation. In
particular, let us point out that the adopted procedure takes into account the fact that in
the unbroken phase, i.e., when P > 0, the inflaton field ’decays’ into four real components
of the Higgs doublet, while in the second half of the period, when P becomes negative, the
energy can only be injected to h0, since the remaining components h1,2,3 decouple from the
inflaton. Furthermore, we should stress that the kinematic suppression is only relevant if the
energy kω of the inflaton mode k is negligible compared to the factor 2mhi

. In addition, for
all values of n, the sum over inflaton modes k is dominated by the contribution from the
first Fourier mode, i.e., k = 1, as the Fourier coefficients Pk drops quickly for larger mode
numbers.

Time-averaging over the inflaton oscillations

Now we aim to find an approximate analytical formula for the ⟨
√

1 − (2mhi
/kω)2⟩ term

appearing in (4.155). It is the crucial factor in calculating the inflaton width, capturing the
kinematic phase-space suppression generated by the non-zero Higgs mass. As a first step
towards this goal, let us note that the time average of the inflaton-induced Higgs mass is
given by

⟨mhi
⟩=
√

ghϕMPl φ
Γ
(

3
4n

)
Γ
(
n+1
2n

)
Γ
(

2n+3
4n

)
Γ
(

1
2n

){1+
√

2
2 , i=0,

1
2 , i=1, 2, 3.

(4.156)

Note that ⟨mhi
⟩ is approximately constant during one period of oscillation; however, it

varies in a longer time-scale according to the φ evolution. It is also instructive to write
the ⟨mh⟩/(kω) ratio for the dominant k = 1 mode

⟨mh⟩
ω

≃
√

ghϕMPl φ

mϕ

√
2n − 1

π n

Γ
(

3
4n

)
Γ
(

2n+3
4n

) =
√

ghϕ√
2π n

M2
Pl

Λ2

Γ
(

3
4n

)
Γ
(

2n+3
4n

)( φe
MPl

)3−2n
2
( a

ae

)3(2n−3)
2(n+1) , (4.157)

where for brevity we have neglected the Higgs field hi component-dependent contribution
(1+

√
2)/2 for i = 0 and 1/2 for i = 1, 2, 3. Moreover, in the second line of Eq. (4.157), we

have employed the solution for the envelope Eq.(3.41). The time-dependence of the ⟨mh⟩/ω
factor disappears for n=3/2, whereas for n<3/2 (n>3/2) it decreases (increases) with the
scale factor during the reheating phase. Therefore, we can conclude that the phase-space
suppression amplifies with time for n > 3/2 and stays constant for n = 3/2. However, if
n < 3/2, the role of the non-zero mass of the Higgs field generated by its coupling to the
inflaton becomes less and less important.

Next, we find that the average of the phase-space factor can be written as

〈√
1−

4m2
hi

k2ω2

〉
≈
⌈9 κi nΓ

(
n+1
2n

)
16

√
π Γ
(

1
2n

) k2ω2

ghϕMPlφ

⌉
=
⌈ 9

√
πκin

2Γ
(
n+1
2n

)3

16(2n − 1)Γ
(

1
2n

)3
k2m2

ϕ

ghϕMPlφ

⌉
, (4.158)
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Figure 4.4: Evolution of the phase-space factor ⟨
√

1 − 4m2
hi

/(k2ω2)⟩ as a function of the scale factor
a for k = 1 and two values of the inflaton-Higgs coupling ghϕ = 10−5 and 10−10 in the left and right

panel, respectively. Solid (dashed) lines are for the i=0 (1, 2, 3) components of the Higgs doublet.

with for the physical component of the Higgs field κ0 = 1, whereas κ1,2,3 = 1/2 due to the
fact that the i=1, 2, 3 components become Goldstone modes in the broken phase. Above, we
have introduced the ‘ceiling’ function ⌈· · ·⌉, defined as

⌈x⌉ =
{

1, x ≥ 1,

x, x < 1.
(4.159)

Consequently, ⌈· · ·⌉ = 1 implies no kinematic suppression, whereas ⌈· · ·⌉ ≠ 1 indicates that
the inflaton-induced Higgs mass becomes of the order of the energy kω of the oscillating
mode. Note that the time-dependence of the phase-space factor enters through the envelope
Eq.(3.41), and the inflaton mass Eq.(3.66). Hence, we can also rewrite Eq. (4.158) as an
explicit function of the scale factor, i.e.,

〈√
1−

4m2
hi

k2ω2

〉
≈
⌈

gk
ghϕ

(ae
a

)3(2n−3)
(n+1)

⌉
, (4.160)

with

gk≡
9
√

πκik
2n3Λ4 Γ

(
n+1
2n

)3

8 M4
Pl Γ

(
1

2n

)3 . (4.161)

Above, we have assumed that φe ∼ MPl. From Eq. (4.160), we see that the phase-space
factor increases (decreases) with time for n < 3/2 (n > 3/2), whereas for n = 3/2 it is time-
independent, as we have already deduced above.
Next, we can estimate the value of the scale factor ak at which the ‘ceiling’ function approaches
unity. We find

ak ≡ ae

(
gk
ghϕ

) (n+1)
3(2n−3)

, n ̸= 3/2. (4.162)
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Note that the condition ⌈· · ·⌉ = 1 indicates that the kinetic effects become irrelevant (rele-
vant) for n < 3/2 (n > 3/2). On the other hand, if n = 3/2 the phase-space factor (4.160)
is a time-independent when ghϕ > gk for k = 1. Moreover, we should also stress that for
n < 3/2, the effects of the non-zero Higgs mass could become irrelevant before the end of
reheating if ak < arh. In this case, in the period between ak<a≤arh, the reheating dynamics
becomes insensitive to the inflaton-induced Higgs mass. Contrarily, for n > 3/2, the role
of the kinematic suppression increases with time. This is because even if the Higgs mass is
negligible at the onset of the reheating phase, it would soon become of the order of the infla-
ton energy kω, and hence the kinematic effects might be important until the end of reheating.

Lastly, let us stress that utilizing the above definition of ak, one can rewrite the phase-phase
factor (4.160) as

〈√
1−

4m2
hi

k2ω2

〉
≈


⌈(ak

a

)3(2n−3)
(n+1)

⌉
, n ̸=3/2,⌈

gk
ghϕ

⌉
, n=3/2.

(4.163)

Numerical results

The evolution of
〈√

1−
4m2

hi
k2ω2

〉
as a function of the scale factor a for two values of the inflaton-

Higgs coupling ghϕ = 10−5 (left panel) and 10−10 and k = 1 obtained numerically, is shown
in Fig. 4.4. This figure indicates that if the inflaton-induced mass of the Higgs field is small
compared to the inflaton energy kω, the factor ⟨

√
1 − (2mhi

/kω)2⟩=1 and kinetic effects are
no longer relevant. In particular, we observe that for n<3/2 and ghϕ = 10−5, the phase-space
factor initially grows with time until 2mhi

drops below kω, which coincide with a ≃ ak. More
precisely, from the left panel of Fig. 4.4, we see that the number of the reheating e-folds
during which kinematic suppression is present can be estimated as Nk ∼4 and 9 for n=2/3
and n = 1, respectively. We should highlight that the Higgs production is not completely
terminated even if 2mhi

exceeds the inflaton energy kω. This happens because, during each
oscillation, ϕ goes through zero, which implicates the vanishing of the Higgs mass. In these
short time intervals when mhi

→ 0, the "inflaton decays" are kinematically allowed, so that
⟨
√

1 − (2mhi
/kω)2⟩=1 is non-zero. Furthermore, we see that the phase-space factor is time-

independent for n=3/2 and can be approximated by ⟨
√

1 − (2mhi
/kω)2⟩∼⌈κiΛ4/(4ghϕM4

Pl)⌉.
In this case, kinetic suppression is present during the entire reheating phase unless ghϕ is tiny
and the ceiling function approaches one. Finally, for n > 3/2, the ratio 2mhi

/kω)2 grows
during reheating, which means that the role of non-zero Higgs mass becomes more and more
relevant so that ⟨

√
1 − (2mhi

/kω)2⟩ decreases as the scale factor increases. This, in particular,
means that even if the Higgs mass is negligible at the commencement of the reheating phase,
kinetic suppression grows with time. Last of all, let us emphasize that numerical results
for the phase-space factor evolution presented in Fig. 4.4 agree to a large extent with our
approximate analytic estimations (4.160). In Fig. 4.5, we have plotted the evolution of the
mass of the 0-component of the Higgs doublet, mh0 (4.146), its average ⟨mh0⟩ (4.156), as
well as the inflaton frequency ω Eq.(4.89) as functions of the scale factor for two values of n,
namely n=2/3 (left panel) and 3/2 (right panel), and two values of ghϕ=10−5 (red curve) and
10−10 (blue curve). These two figures confirm our analytical predictions that the kinematic
suppression is relevant in the region where ⟨mh0⟩ ≳ mϕ. In particular, by comparying left
panels of Fig. 4.4 with Fig. 4.5, we see that for n = 2/3, ⟨mh0(a)⟩ matches with ω around
a ≃ ak.
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Figure 4.5: The evolution of the Higgs mass mh0(a) for two values of the inflaton-Higgs coupling
ghϕ = 10−5 (blue) and ghϕ = 10−7 (red) for n=2/3 and 3/2 in the left and right panel, respectively.
Thin dashed curves show the evolution of the averaged Higgs mass, i.e., ⟨mh0(a)⟩, whereas thick solid
curves present the evolution of the thermal bath temperature. The loosely dashed green lines illustrate

the evolution of the inflaton mass mϕ.

4.5.3 Analytical solutions to the Boltzmann equations

In the previous subsection, we have established the impact of the inflaton-induced Higgs

mass on the evolution of the phase-space factor
〈√

1−
4m2

hi
k2ω2

〉
. In particular, it has been shown

that non-zero mass of the Higgs field could engender a kinematic suppression that affects the
energy transfer from the inflaton to SM sector and might generate a non-trivial scaling of
the phase-space factor with a (4.163). Such behavior is observed if the mass 2mhi

is at least
comparable with the energy kω, which, in turn, depends on the strength of the inflaton-Higgs
coupling. One may distinguish two regimes:

(i) massless scenario where the inflaton-induced mass of the SM Higgs is negligible
compared to the energy kω so that one can employ the limit mhi

→ 0,
(ii) massive scenario in which the non-trivial kinematic effects influence the reheating

dynamics.
Now let us consider both cases in detail. As we will explicitly demonstrate below, there are
significant differences between these two scenarios.

Massless case

The massless reheating scenario has been discussed in Sec.(4.2), where we have ne-
glected the contribution to the Higgs boson mass originating from the cubic interaction term
ghϕMPlϕ|h|2. This is, of course, merely a reference point introduced to illustrate the effects
of kinetic suppression in the realistic case, i.e., with mhi

̸= 0. In the limit mhi
→ 0, the only

source of time-dependence of the inflaton decay rate (4.154) is through the effective inflaton
mass mϕ Eq.(3.66). In particular, for n < 1, Γϕ→hh decreases during reheating, whereas
for n > 1 it increases with time. Therefore, one expects that for fixed values of the model
parameters, i.e., {ghϕ, α, Λ}, reheating in the massless scenario is the most efficient for n>1,
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while for n < 1 its duration is prolonged. Moreover, let us stress that for quadratic inflaton
potential, i.e., n=1, we reproduce the well-known expression for the time-independent decay
width, i.e., Γϕ→hh

n=1= (ghϕMPl)2/(8πmϕ), with mϕ=
√

2Λ2/M and Pk=δ1k/2.

From Eq.(4.101), one obtains the following solution for the SM radiation energy density
in the Higgs massless reheating scenario:

ρ
RH,(0)
SM (a)= 6n

4n + 1M2
PlHe Γ̃eϕ→hh

[(ae
a

) 3
n+1 −

(ae
a

)4]
≃ 6n

4n + 1M2
PlHe Γ̃eϕ→hh

(ae
a

) 3
n+1 , for a∈ [ae, arh]. (4.164)

Consequently, the temperature of the thermal bath evolves as

T
(0)
RH(a) ≃

[180nM2
PlHe Γ̃eϕ→hh

(4n + 1)π2 g⋆ρ(T )

]1/4(ae
a

) 3
4(n+1) . (4.165)

For the quadratic inflaton potential, i.e., n = 1, we reproduce the well-known result i.e.,
T ∝ a−3/8. The scaling of the SM energy density ρ

(0)
SM with a for several values of n is col-

lected in Table 4.4.

Another quantity of physical importance is the maximum temperature

T (0)
max =

[ 180M2
PlHe Γ̃eϕ→hh

(4n + 1)π2 g⋆ρ(Tmax)

]1/4( 3
4(n + 1)

) 3
4(4n+1)

, (4.166)

and the reheating temperature

T
(0)
rh =

(
90H2

eM2
Pl

π2g⋆ρ(Trh)

)1/4
4n + 1

2n

He

Γ̃eϕ→hh

 n
2(1−2n)

. (4.167)

We should highlight that in the considered range of ghϕ variation, i.e., ghϕ ∈ (1010, 10−5), the
entire reheating dynamics in the massless scenario is dominated by the direct inflaton-Higgs
coupling, such that irreducible gravitational interactions are subdominant, cf. Fig.(4.2).

Massive case

Next, we consider the effects of the inflaton-induced Higgs mass on the reheating dynamics,
considering the massive reheating scenario. The crucial difference of this scenario as
compared to the reheating with the massless Higgs, discussed above, is the presence of the
kinetic suppression in ⟨Γϕ→hh⟩ (4.154) through γh (4.155). In particular, the main difference
emerges due to non-trivial averaging of the phase-space factor ⟨

√
1 − (2mhi

/kω)2⟩ over infla-
ton oscillations, which generates a suppression due to the non-zero Higgs mass Eq. (4.160).
Furthermore, as it has been pointed out above, the γh factor is time-independent only if
n=3/2, whereas for n<3/2 (n>3/2), it increases (decreases) during the reheating period. In
particular, for n<3/2, the (2mhi

/kω) ratio decreases with time, and the kinetic suppression
gradually disappears around a ∼ ak. Note that, in principle, the kinematic suppression can
be present throughout the whole reheating if ak > arh, or it may at some point become irrele-
vant if ak<arh. In the latter case, the inflaton-induced mass of the Higgs field suppresses the
radiation production in the period between ae<a≤ak, while for ak < a ≤ arh the reheating
dynamics follows the same evolution as in the massless scenario. Contrarily, for n>3/2 the
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non-trivial Higgs mass could have a negligible impact on the reheating dynamics for suffi-
ciently small inflaton-Higgs coupling ghϕ. However, in this case, (2mhi

/kω) increases with
time so that the kinetic suppression becomes relevant at some point, affecting the reheating
dynamics until the end of reheating.

The time-averaged inflaton decay width Eq. (4.154), including the non-zero mass term of
the Higgs field, can be written in the following form:

⟨Γϕ→hh⟩ ≃ Γeϕ→hh

(ae
a

) 3(1−n)
n+1 ×

∞∑
k=1

k|Pk|2


⌈(ak

a

)3(2n−3)
(n+1)

⌉
, n ̸=3/2,⌈

gk
ghϕ

⌉
, n=3/2,

(4.168)

with

Γeϕ→hh ≡
Γ̃eϕ→hh∑∞
k=1 k|Pk|2

. (4.169)

In what follows, we find the SM energy density and thermal bath temperature evolution
in three cases, i.e., n ≶ 3/2, and n = 3/2. Note that if n ≶ 3/2 and a ≷ ak the inflaton
decay width, accounting for the inflaton-Higgs interactions, has no phase-space suppression
and coincides with that of the massless Higgs boson case. Hence, in this case, the evolution
of the SM energy density follows Eq. (4.164). On the other hand, for n ≶ 3/2 and a ≶ ak,
the phase-space kinematic suppression affects the reheating dynamics, and, therefore, the
evolution of the SM energy density is modified relative to the massless case Eq. (4.164). In
addition, for n = 3/2, we observe a constant suppression proportional to ⌈gk/ghϕ⌉ throughout
the reheating period. Therefore, if n = 3/2, the relation between ρSM and T with the scale
factor in the massive scenario is the same as in the massless case; however, due to constant
suppression, the maximal temperature of the SM sector is reduced. The solution of the second
Boltzmann equation (4.74) in the massive reheating scenario takes the form

ρRH
SM (a) ≃ 6n

n + 1M2
PlHeΓ̃eϕ→hh

×



n + 1
2(5 − n)

[(ae
a

)6(n−1)
n+1 −

(ae
a

)4] ∞∑
k=1

k|Pk|2
(ak

ae

)3(2n−3)
(n+1) , a≶ak, n≶3/2,

n + 1
4n + 1

[(ae
a

) 3
n+1 −

(ae
a

)4] ∞∑
k=1

k|Pk|2, a≷ak, n≶3/2,

n + 1
4n + 1

[(ae
a

) 3
n+1 −

(ae
a

)4] ∞∑
k=1

k|Pk|2
⌈ gk

ghϕ

⌉
, n=3/2.

(4.170)

Thus, during the kinematical suppression phase, i.e., a≶ ak for n≶ 3/2, the energy density
of the SM sector and its temperature scale as

ρRH
SM ∝ a

6(1−n)
n+1 , TRH ∝ a

3(1−n)
2(n+1) , a≶ak, n≶3/2. (4.171)

Whereas, in the region where the kinematic suppression is absent, we get the scaling as that
of the massless Higgs case, i.e.,

ρRH
SM ∼ρ

RH,(0)
SM ∝ a

−3
n+1 , TRH ∼T

(0)
RH ∝ a

−3
4(n+1) , a≷ak, n⋚3/2. (4.172)
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n ⟨Γ(0)
ϕ→hh⟩ ρ

RH,(0)
SM T

(0)
RH ⟨Γϕ→hh⟩ ρRH

SM TRH
2/3 a−3/5 a−9/5 a−9/20 a12/5 a6/5 a3/10

1 a0 a−3/2 a−3/8 a3/2 a0 a0

3/2 a3/5 a−6/5 a−3/10 a3/5 a−6/5 a−3/10

2 a1 a−1 a−1/4 a0 a−2 a−1/2

Table 4.4: Approximate scaling of the averaged inflaton decay width, ⟨Γϕ→hh⟩, energy density of
the SM sector, ρSM, and thermal bath temperature, T , with the scale factor, a, in the massless (with

superscript (0)) and massive Higgs boson-induced reheating.

It is important to emphasize that the behavior of the SM energy density with the scale factor
is very unusual. It turns out that in the massive scenario for n = 2/3, both ρSM and T
increase with time, whereas for the quadratic inflaton potential, i.e., n = 1, they are nearly
constant. Moreover, as we have discussed earlier on, for n = 3/2, the inflaton decay rate
depends on time only though mϕ and thus, in both massless and massive cases, we obtain
the same dependence on the scale factor a. Finally, for n > 3/2, the scaling of ρSM with a
is steeper in the massive reheating scenario in comparison to the massless Higgs case. The
approximate scalings of the time-averaged inflaton decay width, the SM energy density, ρSM,
and the temperature, T , with a, are collected in Table 4.4 for both considered scenarios.

4.5.4 Tachyonic resonant production of Higgs bosons

Before we present the complete numerical analysis of the reheating dynamics in the Higgs
boson-induced scenario, it is convenient to comment on the non-perturbative tachyonic Higgs
production during the early stages of reheating. Such a possibility emerges from the fact
that the inflaton-induced Higgs mass parameter µ2

h (4.145) could exceed the inflaton effective
mass m2

ϕ Eq.(3.45) for values of ghϕ satisfying (4.151) and (4.152) limits, i.e.,

√
λh

(
Λ2

ϕMPl

)
≳ ghϕ ≳

3
4

(
Λ2

ϕMPl

)2 (
ϕ

MPl

)
, (4.173)

at the commencement of reheating phase, when ϕ=ϕe∼MPl. In this case, tachyonic resonant
production of the Higgs boson can constitute an efficient source of (p)reheating [333, 334].

To discuss this phenomenon in more detail, let us find the equation of motion for the Higgs
field. From Eq. (4.143), one gets the following EoM in the unitary gauge:(

d2

dt2 − ∇2

a2 + 3H
d

dt
+ ghϕMPlϕ

)
h0 = −λhh3

0, (4.174)

where the non-linear term on the r.h.s. of the above equation is present due to Higgs self-
interactions. In the expanding background, a general solution of (4.174) is difficult to handle
and typically requires lattice simulations. However, to develop some intuition and make
analytical predictions, we employ the so-called Hartree approximation, which allows us to
replace the non-linear term with a linear counterpart, according to

λhh3
0 → 3λh⟨h2

0⟩h0, (4.175)

with ⟨h2
0⟩ being the variance of the Higgs field. The latter can be found using the linear

solution (or iteratively in orders of the quartic coupling λh) for the Higgs mode function h0,k
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with mode momentum k as 〈
h2

0

〉
(t) = 1

2π2

∫ ∞

0
dk k2 |h0,k(t)|2 , (4.176)

where

h0(t, x⃗) =
∫

d3k

(2π)3 h0,k(t, k⃗)eik⃗·x⃗, (4.177)

with h0,k(t, k⃗) = h∗
0,k(t, k⃗) ≡ h0,k.

Inserting decomposition (4.177) into Eq. (4.174), we obtain the following mode equation:

ḧ0,k + 3Hḣ0,k +
(

k2

a2 + ghϕMPlϕ + 3λh
〈
h2

0

〉)
h0,k = 0, (4.178)

where we have adopted the Hartree approximation (4.175). Applying the field redefinition

h̃0,k ≡ a3/2h0,k, (4.179)

we can recast the above equation to the harmonic oscillator form

¨̃h0,k + ω2
kh̃0,k = 0, (4.180)

with the time-dependent dispersion relation

ω2
k ≡ k2

a2 + ghϕMPlϕ + 3λh ⟨h2
0⟩ − 3

2
ä

a
− 3

4

(
ȧ

a

)2
. (4.181)

The two last terms can be combined into

−3
2

ä

a
− 3

4

(
ȧ

a

)2
= 9

4H2w, (4.182)

where we have used the fact that

ä

a
= −1

2
1

3M2
Pl

(1 + 3w)ρ. (4.183)

Thus,

ω2
k ≡ k2

a2 + 9
4H2w + ghϕMPlϕ + 3λh

〈
h2

0

〉
. (4.184)

Note that the first and the fourth term are always positive, whereas the equation-of-state
parameter w = p/ρ during reheating varies in the range w ∈ [−1, 1]. Since the second and
the third terms oscillate for half of the period, they provide a negative contribution to ω2

k. If
the positivity of the remaining components of ω2

k does not compensate for the negative input,
the solution of the (4.180) has no longer an oscillatory form. Instead, if ω2

k becomes negative,
the mode function grows exponentially, and the Higgs field experience tachyonic growth.
Hence, we conclude that the cubic inflaton interactions might source the non-perturbative
production of Higgs modes, i.e., preheating dynamics. At this point, we should stress that
the second term, proportional to H2w, is subdominant compared to the third one if ghϕ is in
the range (4.173), and the amplitude of the inflaton oscillation is of the of ∼MPl. Therefore,
tachyonic production of the Higgs field is mainly driven by the large negative mass term.
However, the positive contribution from the self-interaction term λh

〈
h2

0
〉

could shut off the
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resonant production provided that

3λh
〈
h2

0

〉
≳ |µ2

h|. (4.185)

Note that if the above condition is satisfied, then it guarantees that the tachyonic en-
hancement of the Higgs production does not occur for any momentum mode k; hence, the
non-perturbative effects are irrelevant for the reheating dynamics. To put it another way,
Eq.(4.185) defines a lower bound on the Higgs quartic coupling for which the tachyonic pro-
duction is irrelevant for µ2

h < 0.

To find the lower limit on λh, one needs to determine the variance of the Higgs field (4.176) for
µ2
h < 0 since resonant production can only occur for negative values of the ϕ field. This can

be done by employing the leading linear solution for the mode function h0,k(t), i.e., neglecting
the λh term in the mode equation (4.178), see also [333], as

⟨h2
0⟩ ∼ |µh|Λ2

16π2MPl
exp

(4|µh|MPl
Λ2

)
. (4.186)

Inserting the above expression into (4.185), we find

λh ≳
16π2

3

√
ghϕ|ϕ|M3/2

Pl

Λ2 exp
(

−
4
√

ghϕ|ϕ|M3/2
Pl

Λ2

)
. (4.187)

For the values of Higgs quartic coupling employed throughout this thesis, i.e., λh ∼ 0.1, the
lower bound on ghϕ to block the resonant production reads

ghϕ ≳
4Λ4

M3
Pl|ϕ|

. (4.188)

Note that the above lower limit for ghϕ is slightly stronger than the one in (4.173). Hence,
for

3
4

(
Λ4

M3
Pl|ϕ|

)
≲ ghϕ ≲ 4

(
Λ4

M3
Pl|ϕ|

)
, (4.189)

and λh ∼ 0.1 tachyonic resonant production of Higgs modes is possible. A detailed analysis
of this phenomenon is an interesting possibility; however, it is beyond the scope of this thesis.

To summarize, our analysis presented above (with an order of magnitude approximations) in-
dicates that in the parameter space considered in this work (with ghϕ respecting lower bound
(4.188)), the tachyonic resonant production of the SM Higgs field is inefficient due to Higgs
self-interactions, and does not affect the reheating dynamics. Therefore, in the following
numerical analysis, we only focus on the perturbative production of Higgs bosons according
to the discussion that has been held in the previous section.

4.5.5 Numerical analysis

Finally, let us present a numerical analysis of the reheating dynamics induced by the cubic
inflaton-Higgs interactions in the massless and massive scenarios. In this subsection, we pro-
vide complete numerical solutions of the Boltzmann equations for the inflaton ρϕ(a) and SM
radiation ρSM(a) energy densities during and after reheating. In the considered model, the
reheating dynamics depends only on the form of the inflaton potential and the strength of
its interactions with the Higgs field. In the numerical study, we use the following benchmark
values of the α-attractor T-model parameters: α = 1/6, Λ = 3 × 10−3MPl, and consider four
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different values of n, namely n ∈ {2/3, 1, 3/2, 2} which correspond to the equation of state
during the reheating phase w̄ = {−1/5, 0, 1/5, 1/3}, respectively. Furthermore, we consider
two values for the inflaton-Higgs coupling ghϕ=10−5 and 10−10, which are close to its upper
and lower bounds, see Eq. (4.153).

In the upper panels of Fig.(4.6) and (4.7), we have plotted numerical solutions for the infla-
ton (orange) and radiation (purple) energy densities for fixed ghϕ = 10−5 and ghϕ = 10−10 in
Fig. 4.6 and Fig. 4.7, respectively. The lower panel of each figure presents the evolution of
the thermal bath temperature (blue), the Hubble rate (green), and the time-averaged inflaton
decay width (red) as functions of the scale factor a. The solid and dashed curves correspond
to the massive and massless reheating scenario. White (black) dots indicate the end of the
reheating phase, i.e., the moment at which the inflaton energy density matches with the SM
energy density in the massless (massive) scenario. Note that the inflaton-radiation equality
roughly coincides with ⟨Γϕ→hh⟩≃H in both considered scenarios.

There are several comments here in order. First, let us stress that in both considered reheat-
ing scenarios, the inflaton energy density scales as a−6n/(n+1) during the reheating phase.
After the inflaton-radiation equality, ρϕ sharply drops for n ≥ 1. On the other hand, if
n ∈ (1/2, 1), the decline of the inflaton energy density is far more gentle. This behavior
springs from the fact that the averaged inflaton decay width decreases with the scale factor
for n ∈ (1/2, 1). Hence, in this case, the ϕ field does not entirely transfer its energy into
the SM sector around arh; instead, it slowly redshifts below the radiation energy density.
Nevertheless, the total energy density of the Universe after the end of reheating is dominated
by the energy of the relativistic SM species, and the contribution from the inflaton field
soon becomes subdominant. Secondly, the SM energy density evolution during the reheating
phase is dramatically different in the massive reheating scenario compared to the case where
the inflaton-induced Higgs mass has been neglected. Not only does the non-zero Higgs mass
change the evolution of the radiation energy density, but it also affects the duration of the
reheating phase. Next, let us stress that in the massive scenario, the energy density of the
SM species is reduced compared to the massless case, which, in turn, leads to the elongation
of reheating in the former scenario. As seen from Fig. 4.6 and Fig. 4.7, such effects are more
significant for relatively large inflaton–Higgs coupling. Furthermore, let us highlight that the
presented numerical results are in good agreement with our analytic estimations Eq. (4.164)
for massless and Eq. (4.170) for massive reheating cases. Finally, it should be emphasized
that after the end of reheating, i.e., a > arh, we reproduce the prediction of the standard
cosmology, namely the energy density of the Universe redshifts as radiation, i.e., ρ ∝ a−4 in
both considered scenarios.
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Figure 4.6: The upper panels present the evolution of the inflaton ρϕ (orange line) and radiation ρSM
(purple line) energy densities as functions of a in the massless (dashed) and massive reheating scenario
(solid curves). The position of white and black dots indicate the inflaton-radiation equality in the
massless and massive scenarios, respectively. The lower panels show the evolution of the thermal bath
temperature T (blue), the Hubble parameter H (green), and averaged inflaton decay width ⟨Γϕ→hh⟩
(red). White and black stars signalize the maximal temperature obtained by the SM sector during

reheating for massless and massive final states, respectively.
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Figure 4.7: Same as in Fig. 4.6 except for ghϕ = 10−10.



Chapter 4. Reheating 125

Moreover, as it is shown in the lower panel of the figures (4.6) and (4.7), the Hubble rate
H decreases as a−3n/(n+1) during reheating, and as a−2 afterward, independent on the con-
sidered reheating scenario. The most significant effect of the non-trivial Higgs mass during
reheating is on the inflaton decay width. The evolution of ⟨Γϕ→hh⟩ with a is very sensitive to
the strength of the inflaton-Higgs coupling constant as the latter determines the role of kine-
matic effects. Namely, in all considered cases, we observe that ⟨Γϕ→hh⟩ is suppressed relative
to its massless counterpart ⟨Γ(0)

ϕ→hh⟩. Since the role of kinematic suppression decreases with
time for n ≤ 3/2, the inflaton decay width in the massive scenario initially grows with the
scale factor up to the moment when the Higgs mass becomes negligible and ⟨Γϕ→hh⟩ roughly
approaches ⟨Γ(0)

ϕ→hh⟩. The convergence of these two quantities is not perfect as in the massless
scenario the inflaton “decays” to four massless Higgs components. Contrarily, in the massive
reheating (even if the kinematic effects are tiny), during one half of the oscillation period, i.e.,
whenP <0 and the electroweak symmetry is broken, inflaton can only transfer its energy to
one final state - h0, while during the other half (P >0) the final state is made of four massive
Higgs components hi degenerate in mass. Therefore, eventually, the averaged inflaton decay
rate ⟨Γϕ→hh⟩ for the massive case, in the limit, when mass effects are negligible, is a factor
5/8 smaller than that of the massless case, see Fig. 4.6 and Fig. 4.7. On the other hand, for
n = 3/2, we observe a constant kinematic suppression of ⟨Γϕ→hh⟩, which results in a shift
of the inflaton decay width towards smaller values. Whereas, for n ≥ 3/2, the impact of the
non-zero Higgs mass on ⟨Γϕ→hh⟩ is the largest and leads to completely different evolution
with the scale factor than in the massless case. Our numerical results illustrating the averaged
inflaton decay rate in the presence of the kinematic suppression agree well with analytic result
(4.168). At this point, we should stress that our analytical estimations are only valid during
the reheating period, i.e., for a ∈ [ae, arh], when the inflaton energy density is analytically
calculated. Since after the end of reheating a > arh the inflaton energy sharply vanishes for
n ≥ 1, the corresponding decay width, which is proportional to ρ(1−n)/n, becomes divergent
for n > 1, which is indeed seen in Fig. 4.6 and Fig. 4.7 for n = {3/2, 2}. Finally, we see that
the Higgs mass effects are relevant for the large inflaton-Higgs coupling, e.g., ghϕ = 10−5.
However, as we have emphasized above, even for relatively weak coupling, e.g., ghϕ = 10−10,
the kinematic suppression might still be significant for n > 3/2.

To summarize this section, we have demonstrated that the consequences of the inflaton-
induced mass of the SM Higgs field can be dramatic for the reheating dynamics. Not only
does it change the evolution of the radiation energy density and hence, the thermal bath tem-
perature, but it also affects the duration of the reheating period, cf. the left panel of Fig. 4.8,
where we have compared the relation between Nrh and ghϕ, in both considered scenarios. We
see that in the massive scenario, reheating is not only delayed but also strongly suppressed.
Moreover, in this case, the production of the SM species is less efficient than in the massless
case. Therefore, the thermal bath temperature, measured by the energy density of the SM ra-
diation, in the massive scenario is reduced compared to the massless case, which is explicitly
shown in the right panel of Fig. 4.8. This figure shows that the most considerable discrepancy
between the massless and massive scenarios is observed for the n=2 curve. It is also worth
noting that in the standard scenario with massless Higgs, the maximal temperature, Tmax,
is typically attained shortly after the end of inflation. However, in the massive scenario and
for n ∈ (1/2, 1) it is reached after a few e-folds of reheating when kinematic suppression
becomes irrelevant and ⟨Γϕ→hh⟩ approaches ⟨Γ(0)

ϕ→hh⟩. As the strength of the inflaton-Higgs
interactions decreases, the role of the non-zero mass of the Higgs boson becomes less and less
relevant for the dynamics of reheating. As shown in the left panel of Fig. 4.8, all solid curves
slowly approach the corresponding dashed lines. For the small value of the inflaton-Higgs
coupling, e.g., ghϕ = 10−10, the discrepancy between solid and corresponding dashed lines is
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Figure 4.8: Left panel: Relation between the reheating numbers of e-folds Nrh and the inflaton-Higgs
coupling constant ghϕ. Right panel: Relation between the maximal temperature, Tmax, obtained dur-
ing reheating and ghϕ. Filled (empty) dotes present pairs of (ghϕ, Nrh) obtained assuming the massive
(massless) reheating scenario, whereas solid (dashed) curves show corresponding linear interpolations
to the data. In the upper panel, colored regions show constraints on Nrh for different values of n, see

Table (4.3).

tiny. However, the n = 2 curve is an exception to this rule, and even for ghϕ = 10−10, we
observe a non-negligible deviation from the massless case. This is caused by the fact that for
the n=2 case, the slope of ρSM as a function of a is steeper in the massive scenario, and thus
it takes more e-folds of reheating to drop ρϕ below ρSM.
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Chapter 5

Primordial gravitational waves

The primordial gravitational waves (PGWs) are considered one of the key predictions of
the inflationary paradigm, as they originated from quantum fluctuations of the inflation field
[192–195]. Such fluctuations caused the perturbations of the metric tensor through Einstein’s
field equations. Tiny quantum fluctuations, with wavelength much shorter than the inflation-
ary Hubble radius, were stretched to the super-horizon scales as a result of the accelerated
expansion of the Universe. After horizon-crossing, the quantum nature of PGWs disappeared
as primordial fluctuations became classical. Later on, in the subsequent post-inflationary
epochs, these perturbations eventually became sub-horizon as they crossed the Hubble ra-
dius. When tensor modes re-enter the horizon, they transition into a coherent background of
gravitational waves (GWs). This background exhibits stochastic behavior while maintaining
its classical nature and constitutes an irreducible source of GWs.

In a conventional post-inflationary scenario, tensor modes re-entered the horizon during
the radiation-dominated epoch, giving rise to an almost scale-invariant spectrum of PGWs.
However, the presence of non-standard cosmologies might alter this prediction and breaks a
scale-invariance of a PGWs spectrum. For instance, it is well known that the existence of an
early stiff era before the RD epoch could lead to a blue-tilted spectrum for modes crossing
the horizon during this phase [364–378]. In addition, in such a scenario, the amplitude of
the tensor power spectrum becomes significantly enhanced compared to the standard case.
The non-standard cosmologies arise if the onset of the RD epoch is delayed, e.g., due to a
non-instantaneous reheating. As demonstrated in the previous chapter, this might happen,
e.g., when the inflaton oscillates in a non-trivial potential during reheating, which inevitably
results in a time-dependent interaction rate.

Motivated by the above arguments, we investigate the impact of the non-standard reheating
dynamics on the PGWs spectrum. We focus on two massless reheating scenarios induced
by the direct inflaton coupling to the SM scalars and fermions1 This chapter is based on
Ref.[1] and it is organized as follows. In Sec.(5.1), we derive the equation of motion for
GWs in the presence of anisotropic tensor. Then we discuss the evolution of GWs in the
super- and sub-horizon regimes and provide the generic solution to their EoM. We end this
section by obtaining the master formula for the spectral energy density of the primordial
gravitational waves. In Sec.(5.2), we find the present energy density of PGWs re-entering
the horizon during the RD epoch as well as during the non-standard reheating phase. The
existing observational constraints are discussed in Sec.(5.3). Finally, we present our results
in Sec.(5.4).

1More extended analysis can be found in Ref.[1], where we have also discussed the reheating scenario
induced by derivative interactions as well as elaborated on the impact of the time-dependent inflaton decay
width on the UV freeze-in DM production and its connection with GWs dynamics.
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5.1 Gravitational waves
The perturbed FLRW metric in the conformal Newtonian gauge reads [379]

ds2 = a2(τ)
{

(1 + 2Ψ)dτ2 −
[
(1 + 2Φ)δij + 1

2 (∂iϵj + ∂jϵi) + hij

]
dxidxj

}
, (5.1)

where Ψ, Φ denote the gauge-invariant Bardeen variables responsible for the perturbations
in the scalar sector, whereas 1

2 (∂iϵj + ∂jϵi) and hij are vector and tensor perturbations,
respectively.
Note that in the presence of perturbations, the energy density ρ, the pressure p, and the fluid
four-velocity uµ become functions of the position, i.e.,

ρ(τ, x⃗) = ρ̄(τ) + δρ(τ, x⃗), p(τ, x⃗) = p̄(τ) + δp(τ, x⃗), uµ(τ, x⃗) = ūµ(τ) + δuµ(τ, x⃗), (5.2)

where quantities with a bar denote homogeneous background values. Including a contribution
from the anisotropic stress (AS) tensor Σν

µ, the perturbed energy-momentum tensor can be
decomposed as [379]

δT ν
µ = (δρ + δp)ūµūν + (ρ̄ + p̄)(δuµūν + ūµδuν) − δpδµν − Σµ

ν . (5.3)

The spatial part of the AS tensor contains scalar, vector, and tensor components

Σij ≡ Σs
ij + Σv

ij + ΠTT
ij , (5.4)

where ΠTT
ij is chosen to be transverse T and traceless T, i.e.,

∂iΠTT
ij = 0, δijΠTT

ij = 0. (5.5)

Restricting our attention to tensor perturbations, we consider the following line element:

ds2 = a2(τ)[dτ2 − (δij + hij)dxidxj ], (5.6)

where the hij tensor is symmetric, traceless, and transverse, i.e.,

hij = hji, δijhij = 0, ∂jhij = 0, (5.7)

and hence contains two independent modes.
To study the evolution of tensor perturbations, one should find the perturbed Einstein equa-
tion

δGν
µ = M−2

Pl δT ν
µ . (5.8)

To find the l.h.s. of Eq.(5.8), let us first compute the affine connection of the perturbed metric
(5.6). From the definition (2.7), one finds that up to the linear order, the non-vanishing
Christoffel symbols are

Γ0
00 = g0σ

2 [gσ0,τ + gσ0,τ − g00,σ] = a′

a
= H, (5.9)

Γ0
ij = g0σ

2 [gσi,j + gσj,i − gij,σ] = a−2

2 ∂τ (a2(δij + hij)) = a′

a
δij + a′

a
hij + h′

ij

= H [δij + hij ] + h′
ij , (5.10)

Γij0 = giσ

2 [gσj,τ + gσ0,j − gj0,σ] = a−2(δik − hik)
2 ∂τ (a2(δkj + hkj))
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= Hδij + 1
2hi′j + O(h2), (5.11)

Γijk = giσ

2 [gσj,k + gσk,j − gjk,σ] = a−2(δil − hil)
2 a2 [hlj,k + hlk,j − hjk,l]

= 1
2
(
hij,k + hik,j − δilhjk,l

)
+ O(h2). (5.12)

Hence, the non-zero components of the Ricci tensor (2.15) are

R00 = ∂λΓλ00 − ∂τΓλ0λ + ΓλλρΓ
ρ
00 − Γρ0λΓλ0ρ

= −3H′ − 1
2hi′′i + H

(
3H + 1

2hi′i

)
−
(

Hδij + 1
2hi′j

)(
Hδji + 1

2hj′i

)
= −3H′︸ ︷︷ ︸

the background value

+O(h2), (5.13)

and

Rij = ∂λΓλij − ∂jΓλiλ + ΓλλρΓ
ρ
ij − ΓρjλΓλiρ

= H′δij + H′hij + Hh′
ij + 1

2h′′
ij − 1

2∇2hij + 4H2hij + 2Hh′
ij + 4H2δij − 2H2δij

− 2H2hij − Hδjkh
k′
i − 2Hhjkh

k′
i − Hh′

ij − h′
jkh

k′
i

+ 1
4(hkj,m + hkm,j − δklhjm,l)(hmi,k + hmk,i − δmlhik,l)

= (H′ + 2H2)δij︸ ︷︷ ︸
the background value

+ 1
2
(
h′′
ij − ∇2hij + 2Hh′

ij + 2H′hij + 4H2hij
)

︸ ︷︷ ︸
1st order perturbation

+O(h2). (5.14)

Note that at the linear order, the Ricci scalar R (2.16) does not receive any contribution from
tensor perturbations. This results from the fact that all terms are either of the second order,
e.g., hijh

ij , or vanish because hij is transverse, and traceless (5.7). Thus, the Ricci scalar
takes its homogeneous value,

R = a−2
[
−3H′ − δij

(
H′ + 2H2

)
δij
]

= −6a−2
[
H′ + H2

]
. (5.15)

Now we can calculate the non-zero components of the Einstein tensor

G00 = R00 − 1
2g00R = −3H′ + a2

2
6
a2

[
H′ + H2

]
= 3H2, (5.16)

Gij = Rij − 1
2gijR

= (H′ + 2H2)δij + 1
2
(
h′′
ij − ∇2hij + 2Hh′

ij + 2H′hij + 4H2hij
)

− a2(δij + 2hij)
2

6
a2

[
H′ + H2

]
= −(2H′ + H2)δij + 1

2
(
h′′
ij − ∇2hij + 2Hh′

ij − 4H′hij − 2H2hij
)

. (5.17)

Hence,

δGj
i = −a−2

2 δjk
(
h′′
ik − ∇2hik + 2Hh′

ik − 4H′hik − 2H2hik
)

. (5.18)
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To compute the r.h.s of (5.8), we use the fact that the background value of the spatial part
of SET is T j

i = −p̄δji . Moreover, perturbations of the energy-momentum tensor in the tensor
sector take the form

δT j,t
i = −Πj,TT

i . (5.19)

In the conformal coordinates, the background Einstein equation reads

(00) : 3H2 = M−2
Pl a2ρ̄, (5.20)

(ij) : 2H′ + H2 = −M−2
Pl a2p̄, (5.21)

whereas the equation for perturbation is

h′′
ij − ∇2hij + 2Hh′

ij − 4H′hij − 2H2hij = 2M−2
Pl a2(p̄ hij + ΠTT

ij ). (5.22)

Utilizing the background equation (5.21), one obtains

h′′
ij + 2Hh′

ij − ∇2hij = 2M−2
Pl a2 ΠTT

ij . (5.23)

It is instructive to decompose ΠTT
ij into Fourier modes

ΠTT
ij (τ, x⃗ ) =

∑
λ=+ ,×

∫
d3k

(2π)3 Πλ
k(τ) ϵλij(k⃗ ) eik⃗·x⃗, (5.24)

where the two polarisation tensors ϵλij(k⃗) are symmetric, traceless and transverse Eq.(3.91),
and have the orthonormal Eq.(3.90), and completeness relations (3.90).

Then, by utilizing Eq.(5.45), one finds that in the momentum space the EoM for the mode
function hλk becomes

hλ′′
k + 2Hhλ′

k + k2hλk = 2M−2
Pl a2Πλ

k . (5.25)

To track the propagation of the tensor perturbations, one can neglect the r.h.s. of the above
equation. In other words, the mode equation

hλ′′
k + 2Hhλ′

k + k2hλk ≃ 0, (5.26)

describes the evolution of the PGWs in the FLRW background after the source, responsible
for their generation, has been switched off.
Note that by redefining the hk field, according to

h̃λk ≡
√

2
MPl

hλk
a

, (5.27)

one obtains the Mukhanov-Sasaki equation for the tensor perturbations, which we have in-
troduced in (3.98).

Now let us consider the solution to the mode equation (3.98) in two regimes, i.e., when
modes enter the horizon and become super-Hubble ((aH)−1 ≪ k−1), and in the sub-horizon
limit ((aH)−1 ≫ k−1) when modes eventually re-enter the horizon after the cosmic inflation.
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5.1.1 The super-horizon regime

In the far past, all modes were inside the horizon. All curvature fluctuations were stretched
as the comoving horizon (aH)−1 shrank during inflation. At some point the comoving wave-
length k−1 crossed the Hubble radius, i.e., k−1

⋆ = (a⋆H⋆)−1, and modes became super-Hubble.
In the super-horizon regime, (aH)−1 ≪ k−1, the EoM for tensor perturbations (5.26) simpli-
fies as

hλ′′
k + 2 a′

a
hλ′
k ≈ 0 , =⇒ a−2

(
a2 hλ′

)′
≈ 0 . (5.28)

The above equation has a solution

hλ(τ, k⃗) = C1 + C2

∫
dτ ′

a(τ ′)2 , (5.29)

where C1,2 are constants of integration. The second term in the above expression quickly
decays and, thus, becomes negligible. Hence, one can ignore it, obtaining a constant solu-
tion. Therefore, the amplitude of tensor perturbations remains constant in the super-horizon
scale [380, 381].

5.1.2 The sub-horizon regime

Tensor modes that exit the horizon during inflation eventually re-enter it in the following
cosmological epochs. To analyze the behavior of GWs in the sub-horizon regime, (aH)−1 ≫
k−1, let us note that the a′′

a ratio scales as ∼ (aH)2, and therefore, in the sub-horizon limit it
is subdominant. In this regime, the solution to the mode equation (3.98) is well-approximated
by the following expression:

h̃λk(τ) ≃ C3 exp (ikτ) + C4 exp (−ikτ).

Hence, tensor perturbations undergo damped oscillations

hλk(τ) ≃
√

2 C3
MPl

exp (ikτ)
a

+
√

2 C4
MPl

exp (−ikτ)
a

. (5.30)

5.1.3 The generic solution

Once we have discussed the asymptotic behavior of the tensor perturbations in the super-
and sub-horizon regimes, let us elaborate on the generic solution to the equation (5.26). To
that end, let us note that

H = a′

a
= 2

1 + 3w

τ
2

1+3w
−1

τ
2

1+3w

= 2
1 + 3w

1
τ

. (5.31)

Hence, the mode equation (5.26) can be rewritten as

ḧλk + 4
1 + 3w

1
x

ḣλk + hλk ≃ 0, (5.32)

where (̇) ≡ ∂/∂x, and x ≡ kτ . Adopting the field redefinition

eλk = x3/2hλk , (5.33)
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one finds

x2ëλk +

 −12w

1 + 3w︸ ︷︷ ︸
≡2p

+1

xėλk +

x2 + 15
4 − 6

1 + 3w︸ ︷︷ ︸
≡β2

 eλk = 0, (5.34)

which is a transformed version of the Bessel equation

x2ÿ + (2p + 1)xẏ + (α2x2r + β2)y = 0. (5.35)

The solution to the above equation takes the following form:

y = x−p
[
C1Jq/r

(
α

r
xr
)

+ C2Yq/r

(
α

r
xr
)]

, q =
√

p2 − β2. (5.36)

Hence, the tensor perturbations evolve as

hλk(τ) = x−3/2eλk = (kτ)− 3
2 + 6w

1+3w [C1Jq (kτ) + C2Yq (kτ)] , (5.37)

with

q ≡

√
6

1 + 3w

[
1 + w2

1 + 3w

]
− 15

4 . (5.38)

Utilizing solution (5.37) during, e.g., matter-dominated phase wMD = 0, one finds

hλ,MD
k (τ) = (kτ)3/2

[
C1J3/2(kτ) + C2Y3/2(kτ)

]
,

where

J3/2(x) =
√

2
πx

(sin (x)
x

− cos (x)
)

, (5.39)

Y3/2(x) = −
√

2
πx

(cos (x)
x

+ sin (x)
)

. (5.40)

The asymptotic behavior of the Bessel function,

J3/2(x) x→0≃ 1
3

√
2
π

x3/2, Y3/2(x) x→0≃ −
√

2
π

x−3/2, (5.41)

J3/2(x) x→∞≃ −
√

2
π

cos(x) x−1/2, Y3/2(x) x→∞≃ −
√

2
π

sin(x)x−1/2, (5.42)

indicates that C2 = 0.

5.1.4 The energy spectrum of PGWs

To obtain the energy-momentum tensor of GWs, one needs to expand the Ricci tensor to the
second order in tensor perturbations. The results reads [372, 380–383]

T GW
µν = M2

Pl
4 ⟨∂µhαβ ∂µhαβ⟩, (5.43)

where ⟨. . . ⟩ denotes an average over a length-scale l and/or time-scale t̃, where λ ≪ l ≪ LB,
with λ (LB) being the length-scale of GWs (the background), whereas 1/fGW ≪ t̃ ≪ 1/fB
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with fGW and fB denoting the frequency of GWs and the characteristic frequency of the
background variation, respectively [372].
Hence, the energy density carried by the GWs is given by

ρGW ≡ T GW
00 = M2

Pl
4 ⟨ḣij ḣij⟩, (5.44)

Inserting

hij(τ, x⃗ ) =
∑

λ=+ ,×

∫
d3k

(2π)3 hλk(τ) ϵλij(k⃗ ) eik⃗·x⃗, (5.45)

one finds

ρGW = M2
Pl

4
∑
λ

∑
σ

∫
d3k

(2π)3

∫
d3q

(2π)3 ⟨ḣλk(τ) ϵλij(k⃗ ) eik⃗·x⃗ḣλq (τ) ϵσ,ij(q⃗ ) eiq⃗·x⃗⟩

= M2
Pl

2
∑
λ

∫
d3k

(2π)3 |ḣλk |2, (5.46)

where we have utilized Eq.(3.90) and the fact that the spatial average ⟨. . . ⟩ is equivalent to
the ensemble average in the momentum space [380], i.e.,

⟨ḣλk ḣσq ⟩ = (2π)3δλσδ(3)(k⃗ + q⃗)|ḣλk |2. (5.47)

In the following steps, we assume that the primordial GWs are unpolarized, which means
that |h+

k |= |h×
k |.

It is convenient to parametrize the dynamics of PGWs after their first horizon-crossing by
introducing the transfer function, T (τ, k), as follows [381, 384],

hλk(τ) = hλ,⋆k T (τ, k), (5.48)

with hλ,⋆k being the value of the mode function evaluated at the moment when the k mode exits
the horizon, i.e., hλk(τ⋆), where τ⋆ is defined by the condition k⋆ = a⋆(τ⋆)H⋆(τ⋆). As we have
explicitly demonstrated in Sec.(5.1.1), the amplitude of PGWs remains constant on super-
horizon scales, which implies that T (τ, k) → 1, for (aH)−1 ≪ k−1. Hence, the non-trivial
part of T (τ, k) accounts for the post-inflationary sub-horizon evolution of gravitational waves.
This means that the transfer function connects the primordial with the late-time behavior of
the mode function.
Inserting Eq.(5.48) into Eq.(5.46), we find

ρGW = M2
Pl

2a2

∫
d3k

(2π)3 |hλ,⋆k |2[T (τ, k)′]2 ≡ M2
Pl

4a2

∫
d ln k∆2

t [T ′(τ, k)]2, (5.49)

with

∆2
t ≡ k3

⋆

π2 |hλ,⋆k |2= 2
π2

H2
⋆

M2
Pl

, (5.50)

where we have used Eq.(3.101).
Now let us introduce the spectral density, defined by the ratio of the GWs energy density per
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logarithmic wavenumber, normalized to the critical density ρcrit = 3 H2M2
Pl, i.e.,

ΩGW(τ, k) = 1
ρc

dρGW
d ln k

. (5.51)

Using Eq.(5.49), one gets

ΩGW(τ, k) = 1
12

∆2
t

a2H2 [T ′(τ, k)]2. (5.52)

Thus to find the spectral density of PGWs, one needs to determine T ′(τ, k). To that end,
we take advantage of the fact that the GWS amplitude stays constant on super-horizon
scales and decreases as a−1 once tensor perturbations re-enter the Hubble horizon. Using the
sub-horizon solution (5.30), one infers that

T ′ ∼ ahc

a
(k − Ha)eikτ , (5.53)

where ahc denotes the scale factor at the second (after inflation) horizon-crossing. In the sub-
horizon regime, one can neglect the second term in the parenthesis, obtaining [219, 375, 385]

|T ′(τ, k)|2= k2

2

(
ahc

a

)2

, (5.54)

where the factor 1/2 is responsible for the average of the tensor mode functions oscilla-
tions [381, 386, 387]. The above equation indicates that T (τ , k) characterizes the expansion
history between the moment of the second horizon-crossing τhc of a given mode k, and some
later moment τ > τhc.

Inserting Eq.(5.54) into (5.52), we finally obtain

ΩGW(τ, k) = 1
24

(
k

aH

)2
∆2
t

(
ahc

a

)2

. (5.55)

5.2 Present energy density of PGWs
The energy density parameter of PGWs at the present epoch can be calculated from the
following formula:

Ω(0)
GWh2(k) = 1

24

(
k

a0H0

)2
∆2
t

(
ahc

a0

)2

h2 . (5.56)

Our goal now is to determine the ahc/a0 ratio. For this purpose, we assume that modes
re-enter the Hubble horizon when the averaged equation-of-state parameter of the Universe
is equal w̄. From (2.150) we already known that

ahc = k− 2
1+3w̄ . (5.57)

Hence, one anticipates that Ω(0)
GWh2 has a power-law dependence on k.

Utilizing (5.57) together with (5.56), one finds

Ω(0)
GW(k) ∝ k

2(3w̄−1)
1+3w̄ . (5.58)



Chapter 5. Primordial gravitational waves 135

Figure 5.1: The evolution of cosmological comoving length scales with the scale factor at different
cosmological epochs. Here "RD" stands for radiation domination, "MD" implies matter domination,
and "DE" corresponds to dark energy domination. The (aH)−1 curve shows the evolution of the
Hubble horizon, which shrinks during inflation and grows in the subsequent cosmological eras. Modes

with wavenumber k−1
RD (k−1

RH) exit the horizon at a⋆, and re-enter it during RD (reheating) phase.

In the remaining part of this section, we aim to find the proportionality coefficient in the
above expression. One expects that this coefficient should somehow depend on the expansion
history at the moment of the second horizon-crossing after the end of inflation. Therefore,
it might be different for modes reentering the horizon at different cosmological epochs, e.g.,
during reheating or later on during the RD epoch.

5.2.1 The horizon-crossing during the RD era

At first, let us find the spectrum of GWs reentering the horizon during the RD epoch after
the end of reheating, i.e., ahc

RD ∈ (arh, ar.m.e), cf. the k−1
RH mode in Fig.(5.1). In this case, the

present fractional energy density of PGWs is given by

Ω(0),RD
GW h2(k) = ∆2

t

24

(
Hhc

RD
H0

)2(
ahc

RD
a0

)4

h2 . (5.59)

The Hubble rate at the horizon-crossing Hhc
RD can be related to its present value through the

following formula [381]:(
Hhc

RD
H0

)2

=
π2

30 ghc
⋆ρ,RD(T hc

RD)4

ρcrit,0
=

π2

15 T 4
γ,0

ρcrit,0

ghc
⋆ρ,RD

2

(
T hc

RD
Tγ,0

)4

= Ωγ,0
ghc
⋆ρ,RD

2

(
ghc
⋆s,RD

g⋆s,fin

)−4/3(
a0

ahc
RD

)4

,

(5.60)
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where in the last step, we have used the entropy conservation, i.e., g⋆sa
3T 3 = const. Note that

Ωγ,0 = ργ,0/ρcrit,0 = 2.47 × 10−5 h−2, and g⋆s,fin is evaluated after the neutrino decoupling.
Substituting Eq.(5.60) into (5.59), one finds the standard scale-invariant result for the spec-
tral GW energy density

Ω(0),RD
GW h2(k) = ∆2

t

24
ghc
⋆ρ,RD

2

(
ghc
⋆s,RD

g⋆s,fin

)−4/3

Ωγ,0h2. (5.61)

The above expression implies that the spectrum of GWs which re-enter the horizon during
the RD phase is approximately flat.

5.2.2 The horizon-crossing during reheating

Now let us investigate the spectrum of GWs reentering the horizon just after the end of in-
flation, during the reheating phase, i.e., ahc

RH ∈ (ae, arh). In Fig.(5.1), such case is represented
by the mode with wavenumber k−1

RH.
For the monomial inflaton potential, the averaged equation-of-state parameter w̄ during re-
heating can be related to the index n, parametrizing the inflaton potential Eq.(3.30), though
(3.36). Utilizing Eq.(5.56), one finds

Ω(0),RH
GW h2(k) = ∆2

t

24

(
Hhc

RH
H0

)2(
ahc

RH
a0

)4

= Ω(0),RD
GW h2(k)

( g⋆ρ,rh
ghc
⋆ρ,RD

) 3
4 ghc

⋆s,RD
g⋆s,rh


4
3 (

ahc
RH
arh

) 4−2 n
n+1

,

(5.62)

where we have used the following relations:(
arh

ahc
RH

)4(
Hrh

Hhc
RD

)2

= g⋆ρ,rh
ghc
⋆ρ,RD

(
ghc
⋆s,RD
g⋆s,rh

)4/3

, (5.63)

(
ahc

RH
arh

)4(
Hhc

RH
Hrh

)2

=
(

ahc
RH
arh

) 4−2 n
n+1

, (5.64)

assuming entropy conservation after the end of reheating, and relating the Hubble rate at
the horizon crossing Hhc

RH to its value at the end of reheating using Eq.(4.99).

The frequency f of PGWs crossing the horizon during reheating is [381]

f = k

2π

1
a0

= Hhc
RH

2 π

ahc
RH
a0

= 1
2π

√
ρrh

3M2
Pl

ahc
RH
a0

(
arh

ahc
RH

) 3 n
n+1

. (5.65)

Let us stress that the frequencies of PGWs cannot be arbitrarily large. Oppositely, there
exists an upper bound,

fmax = He

2π

ae
a0

= He

2π

g
1/3
⋆s,0 T0

g
1/3
⋆s,rh Trh

ae
arh

, (5.66)

determined by the frequency of modes that re-enter the horizon just after the end of inflation.
Note that modes with frequencies f > fmax are never produced.
The ratio ae/arh can be estimated from Eq.(4.106), as a function of the index n, βF (n),
Γ̃eϕ→FF , and the Hubble scale at the end inflation He. Alternatively, one can relate fmax to
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the inflationary scale Λ as follows

fmax = 1
2
√

2π

Λ2

MPl

g
1/3
⋆s,0 T0

g
1/3
⋆s,rh ρ

1/4
rh

(
30

π2g⋆ρ,rh

)−1/4

×


ξ

n+1
βF (n+1)−3n

1 , βF < n+4
n+1 ,

ξ
n+1

2(2−n)
2 W

n+1
2(2−n) (ξ2) , βF = n+4

n+1 ,

(−ξ1)
n+1

2(2−n) , βF > n+4
n+1 ,

(5.67)

where ξ1, ξ2 are now expressed as a function of Λ, i.e.,

ξ1 ≃ n + 4 − βF (n + 1)
2n

Λ2
√

2MPl Γ̃eϕ→FF

, ξ2 ≃ n − 2
n

Λ2
√

2MPl Γ̃eϕ→FF

. (5.68)

Note that above, we have used the following approximation:

He ≃ 1√
2

Λ2

MPl
, (5.69)

neglecting the tanh2n(ϕe/(
√

6αMPl)) factor.
From Eq. (5.65), one finds

ahc
RH
arh

= f
1+n

1−2n

2
√

3π

(
g⋆s,rh
g⋆s,0

)1/3( 30
π2g⋆ρ,rh

)1/4
MPl

T0ρ
−1/4
rh


1+n

1−2n

. (5.70)

Substituting the above formula into Eq. (5.62), one obtains

Ω(0),RH
GW h2 = Ω(0),RD

GW h2 F̃(g⋆)

 1
2π

√
3

T0
MPl

(
30

π2 g⋆ρ,rh

)− 1
4


4−2 n
2 n−1

ρ
2−n

4 n−2
rh f

2 n−4
2 n−1 , (5.71)

with

F̃(g⋆) ≡ g⋆ρ,rh
ghc
⋆ρ,RD

(
ghc
⋆s,RD
g⋆s,rh

) 4
3
(

g⋆s,rh
g⋆s,0

) 4−2n
3−6n

. (5.72)

Let us stress that Eq.(5.71) reveals the blue-tilted behavior of the GWs spectrum for w̄ > 1/3,
which indicates a stiff inflaton potential, i.e., n > 2.
Using, Eqs.(4.101) and (4.106), one finds that

ρrh ≃ 1√
2

6n

1 + n
Γ̃eϕ→FFΛ2MPl

×


n+1

n+4−βF (n+1) ξ
βF (n+1)+3n

βF (n+1)−3n

1 , βF < n+4
n+1 ,

ξ
2n+2
2−n

2 W
2n+2
2−n (ξ2) ln

[
ξ

n+1
2(n−2)
2 W

n+1
2(n−2) (ξ2)

]
, βF = n+4

n+1 ,

n+1
βF (n+1)−(n+4) (−ξ1)

2n+2
2−n , βF > n+4

n+1 .

(5.73)

Hence, one can substitute the above expression into (5.71), and explicitly express Ω(0),RH
GW as

a function of {Γ̃eϕ→FF , Λ, βF , n}, obtaining

Ω(0),RH
GW h2(f) ≃ Ω(0),RD

GW h2 F̃(g⋆)

 1
2π

√
3

T0
MPl

(
30

π2 g⋆ρ,rh

)− 1
4


4−2 n
2 n−1

f
2 n−4
2 n−1
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×
[

6 n√
2(n + 1)

Γ̃eϕ→FFΛ2MPl
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×
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(5.74)

with

θ =

n − 2
n

Λ2
√

2MPl Γ̃eϕ→FF


n+1

2(2−n)

W
n+1

2(2−n)

n − 2
n

Λ2
√

2MPl Γ̃eϕ→FF

 . (5.75)

The above expressions explicitly show how the proportionality coefficient of Eq. (5.58) de-
pends on the model of reheating, determined by the form of Γ̃eϕ→FF and βF . The form of
Ω(0),RH

GW h2 reflects the non-standard evolution of the scale factor a with n during reheating and
encapsulates the dynamics of this phase encoded in ρrh. In the non-instantaneous reheating
model, the behavior of the scale factor a depends solely on the form of the inflaton potential.
On the other hand, the Ω(0),RH

GW h2 dependency on ρrh can be viewed as a measure of the
inflaton-SM interactions, which triggers the completion of reheating. The above result relies
on two assumptions: i) that H evolves according to Eq.(4.99), and ii) that time evolution
of the inflaton decay rate, responsible for the successful accomplishment of reheating is de-
scribed by the generic power-law formula (4.90). Note that even if the indirect gravitational
processes initiate reheating, its ending is governed always2 by the direct inflaton interactions
with the SM bath. Hence, we should highlight that Eq.(5.74) is valid in both the standard
reheating as well as in the mixed scenario, discussed in Sec.(4.3).

From Eq.(5.71), we see that the only frequency dependence of Ω(0),RH
GW h2(f) is through f

2 n−4
2 n−1 ,

which, in turn, implies that the present spectrum of GWs can be approximated by the fol-
lowing piecewise function:

Ω(0)
GW(f) ∼ Ω(0),RD

GW


1 , f < frh,

f
2 n−4
2 n−1 , frh < f < fmax,

0 , f > fmax,

(5.76)

where frh denotes the frequency of the mode which re-enters the horizon at the very end of
reheating, i.e.,

frh = Hrh

2π

arh

a0
= 1

2π

√
ρrh

3M2
Pl

(
g⋆s,0
g⋆s,rh

)1/3
T0

ρ
1/4
rh

(
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3
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)1/3( 30
π2g⋆ρ,rh

)−1/4
T0
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[ 1√
2

6n

1 + n
Γ̃eϕ→FFΛ2MPl

]1/4

2As pointed out in Ref.[350], purely gravitational reheating is ruled out, since it is inconsistent with BBN
constraints.
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×
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, βF > n+4
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(5.77)

Note that the total energy density parameter for gravitational waves Ω(0)
GWh2(f) is a sum

of the energy carried by modes reentering the horizon during the reheating phase, and the
constant contribution coming from modes with f <∼ frh, which become sub-horizon during
the RD epoch, i.e.,

Ω(0)
GW(f)h2 ≃ Ω(0),RH

GW h2(f) + Ω(0),RD
GW h2(f). (5.78)

5.3 Constraints on the model parameters
So far, we have elaborated on the connection between the present spectral energy density of
PGWs and the reheating dynamics. The latter was determined by the index n, characteriz-
ing inflaton potential during reheating, βF , parametrizing inflaton interactions with the SM
bath responsible for the completion of reheating, and Γ̃eϕ→FF . Now let us review existing
experimental constraints on the model parameter space.

5.3.1 Constraints on the effective number of relativistic degree of freedom

The energy density of gravitational waves redshifts as ρGW ∝ a−4, i.e., the same way as
the energy density of ultrarelativistic matter. Therefore, the stochastic background of the
primordial gravitational waves acts as an additional source of radiation, which contributes to
the evolution of the Hubble rate as [372]

H2 ≃ H2
0

[(
Ω(0)

GW + Ωr,0
)(a0

a

)4
+ Ωm,0

(
a0
a

)2
+ ΩΛ,0

]
. (5.79)

The above formula indicates that in order not to spoil predictions of the standard cosmology,
the extra radiation component should not significantly modify the expansion history of the
Universe. In particular, two cosmological events providing highly accurate measurements
of the expansion rate are Big Bang Nucleosynthesis and the process of photon decoupling.
Below, we demonstrate how the amount of radiation can constrain the present spectral energy
density of GWs at the time of BBN and CMB decoupling. To that end, let us notice that
the present density parameter of GWs can be related to the photon energy density, ργ(T ) =
π2T 4/15, though the formula

Ω(0)
GW = ρGW(T )

ρcrit,0

 g
1/3
⋆s,0 T0

g
1/3
⋆s (T ) T

4

= Ωγ,0

(
g⋆s,0

g⋆s(T )

)4/3 ρGW(T )
ργ(T ) . (5.80)

Hence, to ensure that the radiation abundance during BBN and CMB decoupling remains
within permissible limits, the spectral energy density of GWs needs to be constrained. Typ-
ically, any additional source of radiation can be expressed in terms of the effective number
of relativistic degrees of freedom Neff. Namely, separating the contributions from bosonic (b)
and fermionic (f) degrees of freedom, the total energy density of relativistic species can be
expressed as in Eq.(2.124). For T ≲ me, after the electron-positron annihilation, the effective
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number of relativistic degrees of freedom is

g⋆ρ(T ≲ me) = 2 + 7
8 2 · Neff

( 4
11

)4/3
, (5.81)

where we have used the fact that after e+e− annihilation, the neutrino temperature is related
to the photon temperature as Tν = Tγ (4/11)1/3, see Appendix (D).
In the presence of the primordial GWs, the total radiation energy density at T ≲ me can be
written as a sum of three contributions:

ρr(T ≲ me) = ργ + ρν + ρGW = π2

30

[
2 + 7

4Neff

( 4
11

)4/3
]

T 4
γ = ργ

[
1 + 7

8Neff

( 4
11

)4/3
]

,

(5.82)

which, in turn, implies

ρν
ργ

+ ρGW
ργ

≡ 7
8
[
NSM

eff + ∆Neff
] ( 4

11

)4/3
, (5.83)

where the excess of radiation constituents, ∆Neff , can be expressed as

∆Neff = Neff − NSM
eff = 8

7

(11
4

)4/3 ρGW(T )
ργ(T ) . (5.84)

Instantaneous decoupling of the SM neutrinos would have led to NSM
eff = 3. However more

precise value, taking into account non-instantaneous decoupling and the fact that the spec-
trum of SM neutrinos after decoupling deviates slightly from the Fermi-Dirac distribution, is
NSM

eff = 3.044 [388–396].
Then, one can utilize the above expression to impose the upper bound on the energy density
of GWs today [372]

Ω(0)
GWh2 ≤ Ω(0)

γ h2
[

g⋆s,0
g⋆s(T )

]4/3 7
8 ∆Neff ≃ 5.6 × 10−6 ∆Neff , (5.85)

where

Ω(0)
GWh2 =

∫ fmax

fBBN

df

f
Ω(0)

GW(f)h2 , (5.86)

and we have used Ω(0)
γ h2 = 2.47 × 10−5 , g⋆s(T = MeV) ≃ 10.75, g⋆s,0 ≃ 3.91.

Note that the upper limit of the integral (5.86), fmax (5.66), corresponds to the frequency of
modes that match the size of the horizon at the very end of inflation, whereas the lower limit,
fBBN, denotes the frequency of modes that re-enter the horizon at the time of BBN. The
integration (5.86) can be performed analytically using Eq. (5.74). For all fBBN < f < fmax
and n > 2 it gives us [368, 372, 374, 397]

Ω(0)
GW h2(f) ≲ 2 × 5.62 × 10−6

(
n − 2

2 n − 1

)
∆Neff ≲ 5.62 × 10−6 ∆Neff . (5.87)

Utilizing Eq. (5.71), one finds that for n > 2, Ω(0),RH
GW h2 is inversely proportional to ρrh.

Hence, an increase of ρrh leads to the less stringent bound on Ω(0)
GW coming from ∆Neff . In

the remaining part of this chapter, we explicitly demonstrate that if reheating efficiency is
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high GWs energy density is diluted, and in such the case, one easily evades the ∆Neff con-
straints. Let us also stress that the bound in Eq.(5.85) applies only to GWs produced before
the BBN or CMB decoupling.

Finally, we review the current experimental constraints and prospects for ∆Neff measure-
ments. Within the framework of ΛCDM, the Planck data gives Neff,Planck = 2.99 ± 0.34 at
95% CL [13]. Once the baryon acoustic oscillation (BAO) data are included, the estima-
tion becomes more stringent, i.e., Neff,Planck+BAO = 2.99 ± 0.17. The combined BBN+CMB
analysis reveals Neff,BBN+CMB = 2.880 ± 0.144 [398]. The forthcoming CMB surveys such as
CMB-S4 [399] and CMB-HD [400] are expected to achieve a level of precision ∆Neff ≃ 0.06
and ∆Neff ≃ 0.027, respectively. In the next era of satellite missions, including COrE [401]
and Euclid [402], these limits might be further improved up to ∆Neff ≲ 0.013.

5.3.2 BBN bounds on the reheating temperature

Yet another constraint on the model parameter space originates from the BBN bounds on
the thermal bath temperature at the end of reheating, which now can be expressed in terms
of the inflationary scale Λ, Γ̃eϕ→FF , βF and n, as follows

Trh ≃
[

30√
2π2g⋆ρ,rh

6n

1 + n
Γ̃eϕ→FFΛ2MPl

]1/4

×
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2 W
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2−n (ξ2) ln

[
ξ

n+1
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]}1/4
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n+1 ,[
n+1

βF (n+1)−(n+4) (−ξ1)
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2−n

]1/4
, βF > n+4

n+1 .

(5.88)

Let us stress that once the reheating scenario is specified, βF is set by the index n, according
to (4.95). However, it is worth noting that Trh in the middle case, i.e., for βF = (n+4)/(n+1),
is independent of βF . For example, in the case of Yukawa interaction (4.6), this corresponds
to n = 7/2, while the uppermost and lowermost cases are realized for n ≪ 7/2 and n ≫ 7/2,
respectively.

As we have already stressed in Sec.(4.4), to maintain the agreement with the BBN predictions,
one should impose the lower bound on reheating temperature so that Trh ≳ 4 MeV [272, 357–
362]. From the above expression, we see that the BBN bound puts a constraint on the inflaton
couplings (through Γ̃eϕ→FF ) and inflaton potential parameters, i.e., Λ and n.

5.3.3 Bounds on the inflationary scale

Finally, according to our discussion in Sec.(3.3), from the CMB measurement of the infla-
tionary observables, i.e., the tensor-to-scalar ratio r and the spectral index ns, one could
infer the upper limit on the Hubble rate at the end of inflation (3.105), which for the
α−attractor T-model is equivalent to the constrain on the inflationary scale Λ (3.148), i.e.,
Λ ≲ 1.4 × 1016 GeV.

5.4 Results and Discussion
In this section, we present the results for the spectrum of primordial gravitational waves in
the presence of a non-standard reheating phase. As it has already been noted in the previous
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section, the enhancement of Ω(0)
GWh2 is expected for a stiff inflaton potential, i.e., n > 2. Below,

we restrict our attention to two possible scenarios, focusing on reheating models induced by
the direct inflaton interactions with SM scalars and fermions, parametrized by gSϕ

3 (4.5) and
dimensionless gΦϕ (4.6) coupling constants, respectively. We assume that direct inflaton-SM
interactions are weak so that the inflaton-induced mass of the final states can be neglected
and the kinematic effects, discussed in Sec.(4.5.2), do not affect the reheating dynamics. In
other words, SM quanta are here treated as massless states. Moreover, we assume that they
thermalize instantaneously after being produced. Let us also stress that for the considered
values of the coupling constant gravitational interactions can be relevant at the beginning of
reheating. However, its completion is triggered solely by the direct inflaton-SM interactions,
parametrized by Γ̃eϕ→FF . Since Ω(0)

GWh2 does not depend on observables that are sensitive to
conditions on the onset of reheating, e.g., Tmax, in the remaining part of this chapter, we
neglect the gravitational contribution to the reheating process.

5.4.1 Bosonic scenario

Let us begin with the cubic inflaton-scalar interaction (4.5), for which βS = 3(1 − n)/(1 + n).
The strength of the inflaton-Higgs coupling, and hence the duration of the reheating phase, is
determined by the coupling constant gSϕ having a mass dimension. Note that the same cou-
pling also controls the spectral energy density of PGWs through Eq. (5.74). Hence, detecting
a signal from the stochastic GWs background would give us a unique opportunity to test
models of reheating. Thus, the main purpose of the presented analysis is to find the range
of the model parameters for which there exist detection prospects for the GWs spectrum
satisfying the inflationary, BBN, and ∆Neff constraints.

To that end, we first fixed the inflationary scale Λ = 1016 GeV, and choose four bench-
mark values of the gSϕ coupling, i.e., gSϕ ∈ {10−10, 10−12, 10−14, 10−16} GeV for which we
plot Trh as a function of n (top left panel of Fig. 5.2). From this figure, we see that for
gSϕ ≳ 10−12 GeV, the reheating temperature exceeds the BBN bound for all considered val-
ues of n and evades the ∆Neff constraints. On the other hand, for weaker inflaton-Higgs
coupling and large values of n, one observes that a significant amount of dark radiation is
created in the form of PGWs which is inconsistent with the ∆Neff bound. This region corre-
sponds to the red part of the curves.
Moreover, according to Eq. (5.74), the spectral energy density of PGWs scales as Ω(0)

GW ∝(
Λ8n−7/gn−2

Sϕ

) 2n
(1−2 n)2 . Hence, for fixed inflaton-Higgs coupling and n > 7/8, the energy den-

sity carried by GWs could exceed the present bounds on dark radiation if the inflationary
scale Λ is high enough. This is demonstrated in the top right panel of Figure 5.2, from
which we see that large values of Λ can potentially be in conflict with the ∆Neff constraint.
The ∆Neff red region represents the collective present and future bounds on the Neff ex-
cess. Namely, the solid red line corresponds to the Planck data, i.e., Neff = 2.99 ± 0.34
at 95% CL [13]. The dashed red line represents a combined BBN+CMB analysis, providing
Neff = 2.880±0.144 [398]. The dot-dashed and dotted red lines are for the upcoming CMB ex-
periments, i.e., CMB-S4 [399] and CMB-HD [400] for which ∆Neff ≃ 0.06 and ∆Neff ≃ 0.027,
respectively. Finally, the loosely dashed red line corresponds to the predictions of the next
generation of satellite missions, such as COrE [401] and Euclid [402], giving ∆Neff ≲ 0.013.
Note that as seen from the left bottom panel, for fixed n and Λ, the aforementioned bounds
set stronger constraints for the prolonged reheating models, with a weak inflaton-Higgs cou-
pling.

3Note that to keep the consistency with Ref.[1] in this chapter, we use a mass dimensional parameter gSϕ

instead of dimensionless ghϕ.
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Figure 5.2: ϕ → SS scenario. Top Left: The reheating temperature Trh as a function of the index
n for four benchmark values of gSϕ. The thick red part of the curves is excluded by the present
bound on ∆Neff [13]. The BBN bound on Trh disregards the grey-shaded region. Top Right: The
relation between Ω(0)

GWh2 and the frequency f for a fixed n = 5 and gSϕ = 10−10 GeV. Different
curves correspond to different choices of the inflationary scale Λ. In the pale red regions GWs are
overproduced, i.e., this part is ruled out by the ∆Neff bounds. Bottom Left: Same as the top right,
but for fixed Λ and n, with different choices of gSϕ. Colored curves correspond to different sensitivities
of future GWs experiments. Bottom Right: Same as the bottom left but for a fixed Λ and gSϕ, and

three different choice of n.

The bottom right panel illustrates the behaviour of Ω(0)
GWh2(f) for different inflaton po-

tentials, i.e., n ∈ {3, 4, 5}. From this figure, we see that for such a choice of n, the
spectral energy density of GWs lies within reach of the proposed GWs detectors while re-
maining beyond the probe of the future ∆Neff experiments. In particular, we show the
existing and expected sensitivity of several GWs experiments,4 including LIGO [404–409],

4Here we use sensitivity curves derived in Ref. [403].
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LISA [410, 411], CE [412, 413], ET [414, 415], BBO [416, 417], DECIGO [418–422], µ-
ARES [423], THEIA [424], AEDGE [425, 426] and AION [426–429].

5.4.2 Fermionic scenario

Figure 5.3: Same as Fig.(5.2) but for the ϕ → ΨΨ̄ scenario.

Next, we consider the fermionic reheating triggered by the direct ϕ − Ψ interaction (4.6).
In such the case, βΨ = 3 (n − 1)/(n + 1), so that βψ ≷ (n + 4)/(n + 1) for n ≷ 7/2, and
βψ = (n + 4)/(n + 1) if n = 7/2. This implies a different relation between Trh and n in these
two regions. This effect is shown in the top left panel of figure 5.3, from which we see that the
reheating temperature exhibits a different behavior around the transition point n = 7/2. In
particular, the reheating temperature decreases with n for n < 7/2, whereas for n > 7/2, it
starts to grow with n. Similar to the ϕ − S scenario discussed above, for a fixed n = 5, small
couplings are disregarded by the present ∆Neff constraints on the GWs spectrum. Lastly,
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the lower right panel shows a range in the parameter space for which the fermionic reheating
scenario might be probed in future GWs detectors.

5.4.3 Combined limits

In Fig. 5.4, we show the model’s parameter space that remains allowed after imposing several
observational bounds discussed before. Pink regions are forbidden by the BBN bound on re-
heating temperature. Different shadings correspond to different choices of coupling constants.
For instance, the darkest pink region in the left panel, corresponding to gSϕ = 10−15 GeV,
is disallowed by the BBN bounds. In the region below the reheating temperature for a fixed
gSϕ = 10−15 GeV, and a given value of Λ, n exceeds TBBN, hence for the adopted inflaton-
Higgs coupling this part of the parameter space is allowed. On the other hand, this region is
forbidden by for weak gSϕ = 10−18 GeV. The gray meshed region parallel to the horizontal
axes shows the CMB bound on the inflationary scale Λ, which feebly depends on the index n.
The blue areas are disallowed by the ∆Neff bound from PLANCK on GWs overproduction.

Figure 5.4: ϕ → SS (left panel) and ϕ → ΨΨ̄ (right panel) reheating scenarios. In both cases, pink
regions corresponding to a given coupling constant, i.e., either gSϕ or gΨψ, are disallowed by the BBN
bound on reheating temperature Trh < 4 MeV. Blue regions are forbidden by the PLANCK observed
∆Neff constraint on Ω(0)

GWh2 at f = fmax. Note that different shadings correspond to different values
of gFϕ; the darkest tone is for the gSϕ = 10−15 GeV (left panel) and gΨϕ = 10−5 (right panel). The

gray meshed part is ruled out by the CMB bound on the scale of inflation Λ ≳ 1.4 × 1016 GeV.
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Chapter 6

Purely gravitational dark matter

After a long and arduous journey, we have finally gotten through the very last chapter of this
thesis, devoted to the main protagonist of this work - dark matter.

Here we explore a model where a stable spin-1 massive field serves as a candidate for dark
matter. In particular, as we have mentioned in Sec.(1.6), we focus on minimal, and in some
sense extreme, dark matter model, assuming that dark species interact with other particles
only via gravity. Such scenarios have a well-motivated theoretical background since, so far,
all evidence supporting the existence of a dark sector has been inferred from purely gravita-
tional effects. However, even though such a scenario appears very natural, it has only recently
gained attention. The reasons for this might be twofold. The first one is related to another
well-established DM scenario, which was considered a paradigm rather than a model for a
long time. Dark matter in the form of WIMPs (see Sec.(1.4.2)) seems to be attractive not
only due to the beautiful and simple physics leading to the so-called "WIMP miracle" but
also because it bears some resemblance to the SM particles, building up the visible part of the
Universe. WIMP DM could be easily accommodated by virtue of the latter in some extension
of the SM of particle physics. In addition, the potential possibility of probing WIMP DM
in colliders, underground detectors, and telescopes was considered an appealing feature of
this scenario. The second reason concerns the challenges the purely gravitational DM model
must face. Namely, the weakness of gravitational interactions significantly reduces the exper-
imental prospects for verifying such a model. Hence, it is a real nightmare for experimental
physicists. In addition, naively, one could expect that gravitational phenomena might not be
efficient enough to saturate the observed abundance. Fortunately, this last concern turns out
to be completely misconceived.

As we will demonstrate below, the minimal DM scenario cannot be looked down on as
oversimplistic. Contrarily, its phenomenology is incredibly rich and involved. What makes
this model particularly attractive is its sophisticated simplicity. Namely, the fact that grav-
itational phenomena might be so powerful at early times that alone could create the whole
dark Universe. In this model, the origin of dark matter is inevitably related to the cosmic
inflation paradigm, providing an ideal environment for gravitational processes, which under
’normal circumstances’ cannot lead to such a conspicuous particle production. It is also worth
appreciating the complementarity of this model with inflationary observables, including the
scale of inflation, the tensor-to-scalar ratio, etc.

Gravitational phenomena, which we elaborate on in this chapter, can be considered a conse-
quence of general relativity and the behavior of matter fields in curved spacetime. It turns
out that even in such an extreme scenario, one distinguishes several mechanisms that might
be responsible for DM production in the early Universe. We will focus our attention on three
different processes of gravitational origin leading to dark matter production. Namely, we will
investigate DM production induced by the non-adiabatic evolution of matter in the rapidly
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expanding Universe, non-thermal gravitational production from the inflaton field, and finally,
gravitational freeze-in from the SM bath.

The former mechanism, i.e., the so-called purely gravitational particle production
(GP), is an example of non-perturbative processes occurring at the transition from the infla-
tionary to the post-inflationary Universe. It can be viewed as semi-classical since describing
such phenomena involves the behavior of quantum fields in the classical gravitational back-
ground. It is well-known that matter fields that are not invariant under a Weyl conformal
transformation are copiously produced purely by expansion. This is because fields that are
not conformally coupled to gravity develop a time-dependent dispersion relation. This rela-
tion could evolve non-adiabatically in the expanding Universe due to the tachyonic instability,
mixing the positive and negative frequency modes. As a result, the vacuum state is not stable,
but it varies over time. This very effect is interpreted as particle production by the inflating
Universe. Let us notice that the description of the GP mechanism cannot be incorporated in
a standard Boltzmann framework and requires careful analysis of equations of motion sup-
plemented by the Friedmann equation determining the background evolution.

In addition, DM species can also be created perturbatively in processes mediated by a
massless spin-2 graviton hµν . Such interactions arise as a result of hµν coupling to the
energy-momentum tensors of the inflaton T ϕ

µν , SM particles T SM
µν , and DM sector T DM

µν .
In the lowest order, this coupling gives rise to a tree-level s-channel scattering leading to
the pair production of dark particles in the inflaton background (IG), and DM
gravitational freeze-in production from the SM species (SMG) via the process
SM SM → hµν → DM DM. Typically, for these two mechanisms, DM evolution is investi-
gated by solving the Boltzmann equations, which seem to be an appropriate tool for studying
particle production in a post-inflationary Universe.

It is worth remarking that these mechanisms occur in slightly different moments and have
different natures. The GP mechanism is mostly relevant during inflation and transitioning
from the inflationary phase into a reheating era. DM particles are created here from the
vacuum due to the quasi-exponentially expansion of the Universe. On the other hand, the
perturbative treatment is justified when the Universe undergoes a power expansion, and the
Minkowski metric can approximate a background metric. More precisely, in this case, one
assumes that in the time-scale of interactions, the variation of the background geometry is
negligible so that all processes occur in the flat spacetime. The perturbative treatment of
the gravitational interaction can be used if the scale factor, a, is a power-law function of
time. Hence, it cannot be justified during inflation, when a grows exponentially with time.
Moreover, perturbative DM production from the inflaton field requires high energy. Thus it
can only exist during reheating when ρϕ contributes dominantly to the total energy density
of the Universe. After the inflaton-radiation equality, the inflaton is depleted, and its energy
density decreases quasi-exponentially. The gravitational production from the SM bath being
in thermal equilibrium also involves high energy (temperature), but in contrast with the IG
process, it can, in principle, exist after reheating.

This chapter is structured as follows. In Sec.(6.1), the evolution of the background is specified
based on our results from Chapter (5). In Sec.(6.2), we elaborate on the origin of the mass
term for a vector DM field. Section (6.3) is devoted to the description of a massive vector field
in the expanding FLRW Universe. In Sec.(6.4), the dynamics of longitudinal modes during
cosmic inflation is discussed, whereas Sec.(6.5) focuses on their post-inflationary evolution.
Then, in Sec.(6.6), we present our final results regarding the GP dark matter production
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and comment on isocurvature perturbations. Perturbative DM production mechanisms are
discussed in Sec. (6.7). Finally, in the last section (6.8), we show are final results where all
discussed processes are included.

6.1 Background evolution
In this chapter, we aim to investigate the implications of non-standard reheating on the
gravitational production of DM species. To maintain compliance with the notation used
in Ref.[4], we parametrize the post-inflationary dynamics by the following four parameters:
the averaged equation-of-state parameter of the inflaton w̄, the Hubble scale at the end of
inflation He, the coefficient βF accounting for the time-dependency of the inflaton decay
width Eq.(4.90), and the reheating efficiency γ, defined as

γ2 ≡ Hrh
He

. (6.1)

Note that γ ∈ (0, 1], such that γ = 1 corresponds to instantaneous reheating, whereas any
deviation from this value indicates a finite duration of the reheating phase.
We investigate the production of dark matter in the early Universe, where two crossovers
took place, i.e., the transition from the inflationary to the reheating phase and the subsequent
transition to the RD epoch. We require the scale factor and the Hubble rate to be continuous
functions across these two crossovers,

aI(τe) = arh(τe), He(τe) = Hrh(τe), (6.2)
arh(τrh) = aRD(τrh), Hrh(τrh) = HRD(τrh), (6.3)

where the subscripts {I, RH, RD} correspond to the solutions during inflation, reheating, and
RD era, respectively. The continuity of a and H imply 1

a(τ) =



−1
He(τ − 3

2τe(1 + w̄))
, τ ≤ τe,

2
He(1 + 3w̄)τ

−3(1+w̄)
1+3w̄

e τ
2

1+3w̄ , τe < τ ≤ τrh,

1
He

( 2
1 + 3w̄

)2
τ

− 3(1+w̄)
1+3w̄

e τ
1−3w̄
1+3w̄

rh

(
τ − 1

2τrh(1 − 3w̄)
)
, τrh < τ,

(6.4)

and

H(τ) =



He, τ ≤ τe,

He τ
3(1+w̄)
1+3w̄
e τ− 3(1+w̄)

1+3w̄ , τe < τ ≤ τrh,

He

4

( 1 + 3w̄

τ − 1
2τrh(1 − 3w̄)

)2
τ

3(1+w̄)
1+3w̄
e τ

−1+3w̄
1+3w̄

rh , τrh < τ .

(6.5)

As we will explicitly demonstrate below, both GP and IG are not influenced by the pa-
rameter βF . This is because these two mechanisms are primarily determined by the inflaton
field, whose dynamics barely depend on βF . More precisely, the independence on βF follows
from the fact that both processes are (almost) insensitive to the evolution of the SM sector

1In order to satisfy the continuity conditions, we utilize the freedom to shift the conformal time by a
constant and adjust the normalization of the scale factor independently in each region under consideration.
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at the onset of reheating. On the other hand, the proper description of thermal freeze-in
requires knowledge of thermal bath temperature evolution, which generally is a function of
βF .

In what follows, we assume that the energy budget ρtot during inflation and early stages
of reheating is mainly in the form of the inflaton energy, whereas after the end of reheating,
the Universe becomes dominated by radiation. Hence,

ρtot(a) ≃
{

ρϕ(a), a ≤ arh,

3M2
PlH

2
eγ4 (arh

a

)4
, a ∈ [arh, ar.m.e],

(6.6)

where the evolution of ρϕ during inflation and following reheating is described by Eq.(3.4)
Eq.(3.63), respectively.

From the above expression, it follows that the Hubble rate behaves as

H(a) ≃


He, a < ae,

He
(ae
a

)3(1+w̄)/2
, a ∈ [ae, arh],

γ2He
(arh
a

)2
, a ∈ [arh, ar.m.e],

(6.7)

Note that the scale factor at the end of reheating can be expressed as

arh = aeγ
−4

3(1+w̄) , (6.8)

whereas the reheating temperature is given by

Trh = γ

(
90M2

PlH
2
e

π2g⋆ρ,rh

)1/4

. (6.9)

During reheating, the temperature dependence on the scale factor can be approximated by
the following formula:

TRH(a) = Trh


(arh
a

)βF
4 + 3(1+w̄)

8 βF < 5(1 − 3w̄)/2,
arh
a , βF > 5(1 − 3w̄)/2,

a ∈ [ae, arh], (6.10)

where we have assumed that g⋆ρ(T ) do not change during reheating, i.e., g⋆ρ,rh/g⋆ρ(T ) ≃ 1.
It is worth emphasizing that γ can be related to Γ̃eϕ→FF , which we have used to parame-

terize the perturbative inflaton-SM interactions Eq. (4.90), through the following expression:

Γ̃eϕ→FF = He


5−3w̄−2βF

2 · γ
2− 4βF

3(1+w̄) , βF < (5 − 3w̄)/2,

3w̄+2βF −5
2 · γ

4(3w̄−1)
3(1+w̄) , βF > (5 − 3w̄)/2.

(6.11)

Lastly, we would like to mention that from the BBN bound on the reheating temperature, i.e.,
TBBN ≃ 4 MeV [272, 357–362], and the CMB limit on the Hubble scale at the end of inflation,
i.e., He ≤ 4.4 · 1013 GeV (3.105), one infers the lower bound on the reheating efficiency:

γ ≳ 10−15. (6.12)
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6.2 Mass term for a spin-1 field
Let us first describe how a dark spin-1 field Xµ(x) becomes massive. To that end, we consider
the de Broglie-Proca action for a vector field in a generic background metric [430, 431]

S =
∫

d4x
√

−g LX , LX = −1
4gµαgνβXµνXαβ + 1

2m2
XgµνXµXν , (6.13)

with

Xµν ≡ ∂µXν − ∂νXµ, (6.14)

being the (dark) field strength.
Although the above Lagrangian density, LX , is Lorentz-invariant, it does not describe a gauge
theory since the mass term explicitly spoils the gauge invariance, i.e., it is not invariant under
a local UX(1)-transformations of the form

Xµ(x) → Xµ(x) + ∂µα(x). (6.15)

However, the Proca action can be viewed as the effective theory, i.e., the low-energy limit of
the gauge-invariant Stueckelberg action equipped with a real scalar field ΦDM restoring the
symmetry. The Stueckelberg Lagrangian density is given by [432, 433]

LS = −1
4gµαgνβXµνXαβ + 1

2gµν(∂µΦDM − mXXµ)(∂νΦDM − mXXν). (6.16)

The above Lagrangian density is invariant under the following transformations:

Xµ(x) → Xµ(x) − ∂µχ(x), ΦDM(x) → ΦDM(x) + mXχ(x). (6.17)

Note that the ΦDM field can be eliminated by choosing the gauge χ = −Φ/mX , so that the
Stueckelberg Lagrangian (6.16) becomes equivalent to the Proca Lagrangian (6.13).
We can also view the Stuckelberg mechanism as a limit of the Abelian-Higgs model. In
the Higgs mechanism one introduces a complex scalar field ΦDM with a non-zero vacuum
expectation value ⟨ΦDM⟩ = vDM, such that [434]

LH = −1
4gµαgνβXµνXαβ + gµν(DµΦDM)(DνΦDM)† − λ

(
ΦDMΦ†

DM − v2
DM

)2
, (6.18)

where the covariant derivative is

DµΦDM = (∂µ − igXXµ)ΦDM, (6.19)

and

Xµ(x) → Xµ(x) − ∂µχ(x), ΦDM(x) → ΦDM(x)eigXχ(x). (6.20)

After UX(1) symmetry breaking, initially massless field Xµ acquires a non-zero mass

mX = gXvDM. (6.21)

However, in contrast to the Stuckelberg mechanism, ΦDM cannot be entirely eliminated by
the gauge transformation [434]. On the other term, the Stuckelberg model can be considered
as the limit of the Higgs mechanism, corresponding to the case

vDM → ∞, gX → 0, (6.22)
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such that the product gXvDM is preserved, and the vector mass is finite. Note that dark
Higgs is effectively integrated out in this limit since its mass becomes divergent.

6.3 Massive vector field in the FLRW metric
Then, let us consider the dark abelian massive gauge field Xµ, described by the Proca action
Eq. (6.13), in the spatially-flat Friedmann-Lemaître–Robertson–Walker metric, with the line
element introduced in Eq.(2.19) with k = 0. To analyze particle production in the expanding
Universe, switching to conformal coordinates in which the line element takes the form (2.29)
is convenient. Hence, in these coordinates, the determinant of the metric is g = −a8. We
should also remind that −∞ < τ < +∞, while τ = 0 is a typical choice for the end of inflation.

Before describing the vector field dynamics, it is beneficial to comment on the possible non-
minimal interactions of the Xµ field. The Proca action accounts for the dynamics of the
spin-1 massive field, minimally coupled to gravity. However, the minimal setup might be ex-
tended in several ways. In particular, one could consider the following dimension-4 operators
involving the Ricci scalar R and Ricci tensor Rµν [435]:

ξ1RgµνXµXν , ξ2gµνRµνg
ρσXρXσ, (6.23)

describing non-minimal interactions of the vector field Xµ with gravity. Analogously to the
mass term, the non-minimal couplings (6.23) are not gauge invariant. However, both terms
might arise from the Stuckelberg mechanism. One should also notice that introducing non-
minimal couplings induces a ghost-like action for the longitudinal component of the vector
field [435, 436]. Hence, to avoid ghost instability, we set ξ1 = 0 = ξ2 in the rest of this thesis.
In addition, one could also consider the non-canonical kinetic couplings of the form [437–441]

f(ϕ)XµνX
µν , f(ϕ)XµνX̃

µν , (6.24)

where f(ϕ) denotes some function of a scalar field ϕ, which might or might not play a
role of the inflaton, and X̃µν ≡ ϵµνρσXρσ/2 with ϵµνρσ being the completely anti-symmetric
tensor. Such couplings emerge in various well-motivated theoretical frameworks, such as axion
inflation [442]. As we will explicitly demonstrate below, transversely-polarized modes of a
minimally coupled vector field generate scale-invariant density fluctuations during inflation
and hence cannot constitute all the observed dark matter, see also [168, 169, 443, 444]. On
the other hand, it has been shown that the presence of the non-minimal coupling to the scalar
field ϕ (6.24) leads to a tachyonic production of one of the transverse components of the vector
field [437–441]. Thus, the existence of direct interactions among the ϕ and Xµ fields would
inevitably give rise to another production channel of spin-1 particles. Finally, in the non-
minimal framework, one might postulate the existence of a small mixing between the dark
and visible vectors via the dark UX(1) kinetic mixing with the SM hypercharge UY (1), i.e.,
ϵ/2 BµνXµν , with ϵ being the mixing parameter, and Bµν denoting the field strength tensor
for the SM UY (1), gauge boson Bµ. In all of the above-mentioned non-minimal scenarios,
there would be at least two sources of dark vectors, which, in turn, would imply non-trivial
phenomenology of the dark sector. However, for the purpose of this thesis, we restrict our
attention to the simplest albeit viable model, assuming that the dark matter candidate Xµ

couples minimally to gravity and has no other interactions with the visible or hidden sectors.
Interestingly, even in such an extreme scenario, the phenomenology of the dark sectors turns
out to be rich and involved.
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6.3.1 EoM for the dark vector field

From the Proca action (6.13) one gets the following EoM for the β− component of the vector
field:

1√
−g

∂α(
√

−ggαµgβνXµν) + m2
XgµβXµ = 0. (6.25)

The above expression comprises four equations for the time β = 0 and spatial β = i compo-
nents of the Xµ field. In particular, for the β = 0 component, one finds

∂iẊi − ∂2
i X0 + m2

Xa2X0 = 0, (6.26)

or in the conformal time,

∂iX
′
i − ∂2

i X0 + m2
Xa2(τ)X0 = 0, (6.27)

whereas for the spatial components β = i, one gets

Ẍi + HẊi − a−2∂l(∂lXi − ∂iXl) + m2
XXi = ∂i(Ẋ0 + HX0), (6.28)

or equivalently, in conformal coordinates

X ′′
i − ∂l(∂lXi − ∂iXl) + m2

Xa2(τ)Xi = ∂iX
′
0. (6.29)

In the above equations, overdots denote derivatives with respect to the cosmic time t, primes
stand for derivatives w.r.t the conformal time τ , whereas ∂i ≡ ∂/∂xi corresponds to the
spatial derivatives. Note that X0 does not have a kinetic term and can be considered a non-
dynamical, auxiliary field. As we will shortly demonstrate, it does not mix longitudinal and
transverse modes and, thus, can be isolated from the remaining three physical components
of the Xµ field. To get rid of the spurious degree of freedom, we differentiate (6.25) with
respect to ∂β, obtaining

∂β

[ 1√
−g

∂α(
√

−ggαµgβνXµν) + m2
XgµβXµ

]
= 0, (6.30)

from which it follows that

Ẋ0 = 1
a2 ∂iXi − 2HX0 + H

a2m2
X

(
∂iẊi − ∂2

i X0
)

, (6.31)

or equivalently, in conformal coordinates,

X ′
0 = ∂iXi − 2HX0. (6.32)

In the Fourier space, the Xµ field can be written as

X0(t, x⃗) =
∫

d3k

(2π)3 X0(t, k⃗)eik⃗·x⃗, X⃗(t, x⃗) =
∫

d3k

(2π)3 X⃗(t, k⃗)eik⃗·x⃗. (6.33)

Inserting the above decomposition into Eq.(6.26), we find

X0(t, k⃗) = − ik⃗ · ˙⃗
X(t, k⃗)

k2 + a2m2
X

, or X0(τ, k⃗) = − ik⃗ · X⃗ ′(τ, k⃗)
k2 + a2(τ)m2

X

, (6.34)
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in the second expression, we have used analogous Fourier decomposition in conformal co-
ordinates. Furthermore, utilizing expansion (6.33), we can recast Eqs. (6.31) and (6.32)
as

Ẋ0(t, k⃗) = i

a2 k⃗ · X⃗(t, k⃗) − 2HX0(t, k⃗) + H

a2m2
X

[ik⃗ · X⃗(t, k⃗) + k2X0(t, k⃗)], (6.35)

and

X ′
0(τ, k⃗) = ik⃗ · X⃗(τ, k⃗) − 2HX0(τ, k⃗), (6.36)

respectively.
In the above equations, we have employed the shorthand notation |⃗k|≡ k for the magnitude
of the comoving momentum. Moreover, we should also stress that the reality of the DM
gauge field implies X∗

µ(τ, k⃗) = Xµ(τ, −k⃗).

Now, it is instructive to decompose X⃗ into a basis of helicity states, i.e.,

X⃗(τ, k⃗) =
∑

λ=±,L
ϵ⃗λ(k⃗)Xλ(τ, k), (6.37)

where

k⃗ · X⃗(τ, k⃗) = kXL(τ, k). (6.38)

The polarization vectors ϵ⃗λ satisfy the following relations:

k⃗ · ϵ⃗±(k⃗) = 0, k⃗ · ϵ⃗L(k⃗) = k, (6.39)
k⃗ × ϵ⃗±(k⃗) = ∓ikϵ⃗±(k⃗), k⃗ × ϵ⃗L(k⃗) = 0, (6.40)
ϵ⃗ ∗
λ (k⃗) = ϵ⃗λ(−k⃗), ϵ⃗λ(k⃗) · ϵ⃗ ∗

λ̃
(k⃗) = δλ,λ̃. (6.41)

Note that by virtue of the isotropy of the background FLRW metric, mode functions Xλ(τ, k⃗)
can only depend on the magnitude of the comoving momentum k, i.e., Xλ(τ, k).
Substituting (6.38) into (6.34), we conclude that X0 does not contain a contribution from
the transverse modes, i.e.,

X0(t, k) = − ikẊL(t, k)
k2 + a2m2

X

, or X0(τ, k) = − ikX ′
L(τ, k)

k2 + a2(τ)m2
X

. (6.42)

Moreover, using Eq.(6.35) and its conformal counterpart Eq.(6.36) we can express the time
derivative of the X0 field as

Ẋ0(t, k) = ik

(
1
a2 XL(t, k) + 3H

k2 + a2m2
X

ẊL(t, k)
)

, (6.43)

or equivalently,

X ′
0(τ, k) = ik

(
XL(τ, k) + 2H X ′

L(τ, k)
k2 + a2(τ)m2

X

)
. (6.44)
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Inserting (6.43) into Eq.(6.28), we get the following equation of motion for the longitudinal
and two transverse components of the vector field:

ẌL(t, k) + 3k2 + a2m2
X

k2 + a2m2
X

HẊL(t, k) +
(

k2

a2 + m2
X

)
XL(t, k) = 0, (6.45)

Ẍ±(t, k) + HẊ±(t, k) +
(

k2

a2 + m2
X

)
X±(t, k) = 0, (6.46)

whereas, in conformal coordinates, one finds

X ′′
L(τ, k) + 2H k2

k2 + a2(τ)m2
X

X ′
L(τ, k) +

(
k2 + m2

Xa2(τ)
)

XL(τ, k) = 0, (6.47)

X ′′
±(τ, k) + (k2 + a2(τ)m2

X)X±(τ, k) = 0. (6.48)

6.3.2 Harmonic oscillator with a time-dependent dispersion relation

In the previous section, we found a set of decoupled second-order differential equations (6.47)
and (6.48), one for each Fourier mode Xλ(τ, k). It is worth noting that Eq. (6.48) governing
the transversely-polarized modes X± takes the form of a harmonic oscillator (HO) equation
with a time-dependent frequency ω2

± ≡ k2 + a2(τ)m2
X . On the other hand, Eq.(6.47) can be

recast into the harmonic oscillator form by employing the following field redefinition:

XL(τ, k) =

√
k2 + a2(τ)m2

X

a(τ)mX
AL(τ, k), (6.49)

which, in turn, allows us to rewrite (6.47) as

A′′
L(τ, k) + ω2

LAL(τ, k) = 0, (6.50)

with

ω2
L ≡ k2 + a2(τ)m2

X + a2(τ) k2

k2 + a2(τ)m2
X

(
R
6 + 3m2

X

k2 + a2(τ)m2
X

H2
)

, (6.51)

where we have used the fact that the Ricci scalar in the flat FLRW metric is given by (5.15).

The HO equations such as Eqs.(6.48) and (6.50) have a two-dimensional space of solutions,
spanned by a linearly-independent solution X

(1)
± , X

(2)
± and A

(1)
L , A

(2)
L , respectively. The

general solution can be written as a superposition of two (yet undetermined) solutions

X±(τ, k) = a−
±(k⃗)X±(τ, k) + a+

±(−k⃗)X ∗
±(τ, k), (6.52)

AL(τ, k) = a−
L (k⃗)XL(τ, k) + a+

L (−k⃗)X ∗
L(τ, k), (6.53)

where

X±(τ, k) = X
(1)
± (τ, k) + iX

(2)
± (τ, k), XL(τ, k) = A

(1)
L (τ, k) + iA

(2)
L (τ, k), (6.54)

whereas a−
λ (k⃗), a+

λ (−k⃗) are complex, time-independent coefficients.
The reality of the Xµ(τ, k) field implies

a+
λ (k⃗) = (a−

λ )∗(k⃗). (6.55)
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Combining (6.52) and (6.53) with Eq. (6.33), one obtains

X⃗(τ, x⃗) =
∑

λ=±,L

∫
d3k

(2π)3 ϵ⃗λ(k⃗)eik⃗·x⃗
[
a−
λ (k⃗)Xλ(τ, k) + a+

λ (−k⃗)X ∗
λ (τ, k)

]
, (6.56)

where X±(τ, k) and XL(τ, k) satisfy Eqs.(6.48) and (6.50), respectively.

Note that the Wronskian, W [x1, x2] ≡ x′
1x2 − x′

2x1, of two solutions x1, x2 of a generic HO
equation is time-independent, W ′[x1, x2] = 0. Moreover, W [x1, x2] vanishes if solutions x1
and x2 are not linearly independent, which follows from the fact that, in this case, one of the
solutions is proportional to the second one. On the other hand, for two linearly independent
solutions, the Wronskian is a non-zero constant.

6.3.3 Quantization

The theory can be quantized in a standard way, i.e., by promoting constants of integration
a−
λ (k⃗) and a+

λ (−k⃗) appearing in Eqs.(6.52) and (6.53), to quantum operators âλ(k⃗), â†
λ(−k⃗),

respectively. Next, we introduce a canonical vector field variable

ˆ⃗
X(τ, x⃗) =

∑
λ=±,L

∫
d3k

(2π)3 ϵ⃗λ(k⃗)eik⃗·x⃗
[
âλ(k⃗)Xλ(τ, k) + â†

λ(−k⃗)X ∗
λ (τ, k)

]
. (6.57)

Analogously to the quantization procedure in flat Minkowski spacetime, we define the con-
jugate momentum operator ˆ⃗Πλ ≡ δLX/δX⃗ ′

ˆ⃗Π(τ, x⃗) =
∑

λ=±,L

∫
d3k

(2π)3 ϵ⃗λ(k⃗)eik⃗·x⃗
[
âλ(k⃗)X ′

λ(τ, k) + â†
λ(−k⃗)X ′∗

λ (τ, k)
]

. (6.58)

Then, one imposes the equal-time canonical commutation relations (CCR) on components of
the canonical quantum variables

[X̂λ(τ, x⃗), Π̂λ′(τ, y⃗)] = iδ(3)(x⃗ − y⃗)δλ,λ′ , [X̂λ(τ, x⃗), X̂λ(τ, y⃗)] = 0, [Π̂λ(τ, x⃗), Π̂λ(τ, y⃗)] = 0.
(6.59)

The annihilation and creation operators satisfy the following commutation relation:

[âλ(k⃗), â†
λ̃
(⃗̃k)] = (2π)3δλλ̃δ(3)(k⃗ − ⃗̃k), [âλ(k⃗), âλ̃(⃗̃k)] = 0, [â†

λ(k⃗), â†
λ̃
(⃗̃k)] = 0. (6.60)

The ladder operators âλ(k⃗), â†
λ(k⃗) are used to construct a particle spectrum of the underlying

theory. The vacuum |0⟩ is defined as the eigenstate of the annihilation operator âλ(k⃗) with
zero eigenvalue, i.e.,

∀
k⃗

âλ(k⃗) |0⟩ = 0 |0⟩ , (6.61)

whereas the set of excited states is created by the repeated action of the creation operator
on the vacuum state

|mk1nk2 . . .⟩ = 1√
m! n! . . .

(â†
λ(k⃗1))m(â†

λ(k⃗1))n . . . |0⟩ , (6.62)

where mk1 and nk1 . . . denote the occupation numbers in the modes Xλ(τ, k1), Xλ(τ, k2) . . . ,
respectively.
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Substituting (6.57) and (6.58) into (6.59) and using (6.60), one finds

[X̂λ(τ, x⃗), Π̂λ′(τ, y⃗)] =
∫

d3k

(2π)3

∫
d3k̃

(2π)3 eik⃗·x⃗ei
⃗̃k·y⃗

×
[
âλ(k⃗)Xλ(τ, k) + â†

λ(−k⃗)X ∗
λ (τ, k), âλ̃(⃗̃k)X ′

λ̃
(τ, k̃) + â†

λ̃
(−⃗̃k)X ∗′

λ̃
(τ, k̃)

]
= δλ,λ̃

∫
d3k

(2π)3 eik⃗·(x⃗−y⃗) [XλX ∗′
λ − X ∗

λX ′
λ

]
. (6.63)

Since,

δ(3)(x⃗ − y⃗) =
∫

d3k

(2π)3 eik⃗·(x⃗−y⃗), (6.64)

the mode functions X± and XL are supposed to be normalized such that their Wronskian is

W [Xλ, X ∗
λ ] = X ′

λX ∗
λ − X ∗′

λ Xλ = −i. (6.65)

It is important to emphasize that the quantum Hamiltonian

Ĥλ(τ) = 1
2

∫
d3x

[
Π̂2
λ + (∇X̂λ)2 + m2

eff,λ(τ)X̂2
λ

]
, (6.66)

with

m2
eff,± ≡ a2(τ)m2

X , m2
eff,L ≡ a2(τ)m2

X + a2(τ) k2

k2 + a2(τ)m2
X

(
R
6 + 3m2

X

k2 + a2(τ)m2
X

H2
)

,

(6.67)

receives a time-dependence through the effective mass m2
eff,λ(τ).

Note that the Hamiltonian of a system can be written as

Ĥλ(τ) = 1
2

∫
d3x ei(k⃗+⃗̃k)·x⃗

∫
d3k

(2π)3

∫
d3k̃

(2π)3

{
âλ(k⃗)âλ̃(⃗̃k)F + â†

λ(−k⃗)â†
λ̃
(−⃗̃k)F ∗

+[âλ(k⃗)â†
λ̃
(−⃗̃k) + â†

λ(−k⃗)âλ̃(⃗̃k)]E
}

= 1
2

∫
d3k

(2π)3

{
âλ(k⃗)âλ(−k⃗)F + â†

λ(−k⃗)â†
λ(k⃗)F ∗ + [âλ(k⃗)â†

λ(k⃗) + â†
λ(−k⃗)âλ(−⃗̃k)]E

}
,

(6.68)

with

F ≡ Fλ(τ, k) = [X ′
λ(τ, k)]2 + ω2

λX 2
λ (τ, k), E ≡ Eλ(τ, k) = |X ′

λ(τ, k)|2+ω2
λ|Xλ(τ, k)|2. (6.69)

Let us now determine how Ĥλ(τ) acts on the vacuum state, defined in Eq.(6.61)

Ĥλ(τ) |0⟩ = 1
2

∫
d3k

(2π)3

{
F ∗â†

λ(−k⃗)â†
λ(k⃗) + δ(3)(k⃗ − k⃗)(2π)3E

}
|0⟩ . (6.70)

The state |0⟩ is the eigenstate of Ĥλ with the lowest possible eigenvalue if and only if the first
term in the above parenthesis vanishes. However, even if this condition is initially satisfied, it
may be violated later due to the time dependence of ω2

λ. Consequently, no time-independent
eigenstates exist that could serve as a vacuum. The eigenstate of the quantum Hamiltonian
with the lowest possible energy evolves with time which can be interpreted as a particle
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production in the curved spacetime. The amount of produced species is determined by their
dispersion relation. In the considered case, the dispersion relation ω2

± for two transversely-
polarized modes is positive for all Fourier modes. Conversely, there is some region in the
parameter space where the frequency ω2

L is negative. More precisely, the third term in (6.51)
proportional to R(τ) is negative when

R = (3w − 1)ρ(τ)
M2

Pl
< 0, =⇒ w <

1
3 . (6.71)

It should be noted that while w < 1/3 is a necessary condition, it is not sufficient to guarantee
that ω2

L < 0. The square of the frequency ω2
L becomes negative if and only if the following

condition is satisfied:

ω2
L < 0 ⇔

(
k2 + a2(τ)m2

X

k2

)2

+ H2 3a2(τ)m2
X

k2 + a2(τ)m2
X

<
1 − 3w

2 H2. (6.72)

As we will demonstrate later in this chapter, the negativity of ω2
L gives rise to the tachyonic

resonant production of longitudinal modes.

6.3.4 The energy density of the DM spin-1 field

Using the Belifante–Rosenfeld definition of the stress-energy tensor Eq.(2.45), one finds

TX
µν = −gσβXµσXνβ + m2

XXµXν − gµν

(
−1

4gραgσβXρσXαβ + 1
2m2

XgρσXρXσ

)
. (6.73)

The energy density of a spin-1 dark field, ρ ≡ g00T00 = T 0
0 is given by

ρX = 1
2a2

(
Ẋi − ∂iX0

)2
+ 1

4a4 (∂iXj − ∂jXi)2 + 1
2

m2
X

a2 X2
i + 1

2m2
XX2

0 , (6.74)

or in conformal coordinates

ρX = 1
2a4(τ)

(
X ′
i − ∂iX0

)2 + 1
4a4(τ)(∂iXj − ∂jXi)2 + 1

2a2(τ)m2
XX2

i + 1
2a2(τ)m2

XX2
0 .

(6.75)

Using decomposition (6.33), one finds

ρX(τ, x⃗) = 1
2a4(τ)

∫
d3k

(2π)3

∫
d3k̃

(2π)3 ei(k⃗+⃗̃k)·x⃗
{

X⃗ ′(τ, k⃗) · X⃗ ′(τ, ⃗̃k) − ik⃗ · X⃗ ′(τ, ⃗̃k)X0(τ, k⃗)

−i⃗̃k · X⃗ ′(τ, k⃗)X0(τ, ⃗̃k) − [⃗k · ⃗̃k][X0(τ, k⃗) · X0(τ, ⃗̃k)] − [⃗k · ⃗̃k][X⃗(τ, k⃗) · X⃗(τ, ⃗̃k)]

+[⃗k · X⃗(τ, ⃗̃k)][⃗k̃ · X⃗(τ, k⃗)] + a2(τ)m2
X

[
X0(τ, k⃗)X0(τ, ⃗̃k) + X⃗(τ, k⃗) · X⃗(τ, ⃗̃k)

]}
.

(6.76)

Now, we can substitute Eq.(6.34) into (6.76), obtaining

ρX = 1
2a4(τ)

∫
d3k

(2π)3

∫
d3k̃

(2π)3 ei(k⃗+⃗̃k)·x⃗
{

X⃗ ′(τ, k⃗) · X⃗ ′(τ, ⃗̃k) − k⃗ · X⃗ ′(τ, ⃗̃k) k⃗ · X⃗ ′(τ, k⃗)
k2 + a2(τ)m2

X

−⃗̃k · X⃗ ′(τ, k⃗)
⃗̃k · X⃗ ′(τ, ⃗̃k)

k̃2 + a2(τ)m2
X

+ [⃗k · ⃗̃k] k⃗ · X⃗ ′(τ, k⃗)
k2 + a2(τ)m2

X

⃗̃k · X⃗ ′(τ, ⃗̃k)
k̃2 + a2(τ)m2

X

− [⃗k · ⃗̃k][X⃗(τ, k⃗) · X⃗(τ, ⃗̃k)]
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+ [⃗k · X⃗(τ, ⃗̃k)][⃗k̃ · X⃗(τ, k⃗)] + a2(τ)m2
X

− k⃗ · X⃗ ′(τ, k⃗)
k2 + a2(τ)m2

X

⃗̃k · X⃗ ′(τ, ⃗̃k)
k̃2 + a2(τ)m2

X

+ X⃗(τ, k⃗) · X⃗(τ, ⃗̃k)


= 1

2a4(τ)
∑
λ,λ̃

∫
d3k

(2π)3

∫
d3k̃

(2π)3 ei(k⃗+⃗̃k)·x⃗

X ′
λ(τ, k)X ′

λ̃
(τ, k̃)

ϵ⃗λ(k⃗) · ϵ⃗λ̃(⃗̃k) −
[⃗k · ϵ⃗λ̃(⃗̃k)][⃗k · ϵ⃗λ(k⃗)]

k2 + a2(τ)m2
X

+

−
[⃗k̃ · ϵ⃗λ(k⃗)][⃗k̃ · ϵ⃗λ̃(⃗̃k)]

k̃2 + a2(τ)m2
X

+ [⃗k · ⃗̃k] k⃗ · ϵ⃗λ(k⃗)
k2 + a2(τ)m2

X

⃗̃k · ϵ⃗λ̃(⃗̃k)
k̃2 + a2(τ)m2

X

− a2(τ)m2
X

k⃗ · ϵ⃗λ(k⃗)
k2 + a2(τ)m2

X

⃗̃k · ϵ⃗λ̃(⃗̃k)
k̃2 + a2(τ)m2

X


+Xλ(τ, k)Xλ̃(τ, k̃)

[
ϵ⃗λ(k⃗) · ϵ⃗λ̃(⃗̃k)[a2(τ)m2

X − k⃗ · ⃗̃k] + [⃗k · ϵ⃗λ̃(⃗̃k)][⃗k̃ · ϵ⃗λ(k⃗)]
]}

. (6.77)

At this point, it is convenient to introduce the power spectrum PX and PX′ through the
following relation:

⟨X⃗(τ, k⃗) · X⃗(τ, ⃗̃k)⟩ = (2π)3δ(3)(k⃗ + ⃗̃k)2π2

k3 PX(τ, k),

⟨X⃗ ′(τ, k⃗) · X⃗ ′(τ, ⃗̃k)⟩ = (2π)3δ(3)(k⃗ + ⃗̃k)2π2

k3 PX′(τ, k). (6.78)

In the position space, the classical two-point correlation functions are given by

⟨X⃗2(τ, x⃗)⟩ =
∫

d3k

(2π)3

∫
d3k̃

(2π)3 ei(k⃗+⃗̃k)·x⃗⟨X⃗(τ, k) · X⃗(τ, k̃)⟩ =
∫

d3k

(2π)3
2π2

k3 PX(τ, k)

=
∫

d ln k PX(τ, k), (6.79)

⟨(X⃗ ′(τ, x⃗))2⟩ =
∫

d3k

(2π)3

∫
d3k̃

(2π)3 ei(k⃗+⃗̃k)·x⃗⟨X⃗ ′(τ, k) · X⃗ ′(τ, k̃)⟩ =
∫

d3k

(2π)3
2π2

k3 PX′(τ, k)

=
∫

d ln k PX′(τ, k). (6.80)

Thus, the ensemble average of ρX is

⟨ρX(τ)⟩ = 1
2a4(τ)

∑
λ

∫
d3k

(2π)3
2π2

k3

{
PX′

λ

[
1 − [⃗k · ϵ⃗λ(k⃗)][⃗k · ϵ⃗λ(−k⃗)]

k2 + a2(τ)m2
X

]
+PXλ

[
k2 + a2(τ)m2

X − [⃗k · ϵ⃗λ(−k⃗)][⃗k · ϵ⃗λ(k⃗)]
]}

. (6.81)

Using Eq.(6.41), one can then separate the above expression into two independent contribu-
tions for the transverse

⟨ρX±(τ)⟩ = 1
2a4(τ)

∫
d ln k

{
PX′

±
+ PX± [k2 + a2(τ)m2

X ]
}

, (6.82)

and the longitudinal modes

⟨ρXL
(τ)⟩ = 1

2a4(τ)

∫
d ln k

{
a2(τ)m2

X

k2 + a2(τ)m2
X

PX′
L

+ a2(τ)m2
XPXL

}
, (6.83)

respectively.



Chapter 6. Purely gravitational dark matter 159

Afterward, one can also introduce the two-point correlation function for the quantum op-
erator ˆ⃗

Xλ(τ, k) (6.57) as

⟨ ˆ⃗
X2(τ, x⃗)⟩ ≡ ⟨0| ˆ⃗

X2(τ, x⃗) |0⟩ =
∑
λ,λ̃

∫
d3k

(2π)3

∫
d3k̃

(2π)3 ei(k⃗+⃗̃k)·x⃗ ϵ⃗λ(k⃗) · ϵ⃗λ̃(⃗̃k)

× ⟨0| [âλ(k⃗)Xλ + â†
λ(−k⃗)X ∗

λ ][âλ̃(⃗̃k)Xλ̃ + â†
λ̃
(−⃗̃k)X ∗

λ̃
] |0⟩

=
∫

d3k

(2π)3

{
|XL|2+|X+|2+|X−|2

}
. (6.84)

Note that in the above expression, XL denotes the mode function of the redefined longitudinal
field AL, i.e., which is related to the physical longitudinal component of the dark vector field
through (6.49) and (6.53).

The vacuum expectation value of the total energy density can be written as a sum of two
terms, accounting for the energy density of two transversely-polarized modes

⟨ρ̂X±⟩ ≡ ⟨0| ρ̂X± |0⟩ = 1
2a4(τ)

∫
d3k

(2π)3

{
|X ′

±|2+|X±|2
[
k2 + a2(τ)m2

X

]}
, (6.85)

and the energy density of the single longitudinal mode

⟨ρ̂XL
⟩ ≡ ⟨0| ρ̂XL

|0⟩ = 1
2a4(τ)

∫
d3k

(2π)3

{
|X ′
L|2+|XL|2

[
k2 + a2(τ)m2

X + H2 k4

(k2 + a2(τ)m2
X)2

]

−(X ′
LX ∗

L + X ∗′
L XL)H k2

k2 + a2(τ)m2
X

}
. (6.86)

The energy density of the dark vector field at a given moment is determined by solutions
of the HO equations (6.48) and (6.50), and the background dynamics through a(τ) and its
(conformal) time derivatives. It is instructive to recall that the gravitational production
of longitudinal modes receives the tachyonic enhancement if dark vector mass mX satisfies
condition (6.72). In this case, the production of XL modes is expected to be parametrically
larger than that of the transverse modes, see also [169, 173, 445]. Therefore, in the following,
we focus solely on the gravitational production of the longitudinal modes in the expanding
Universe, assuming that

⟨ρ̂X±⟩ ≪ ⟨ρ̂XL
⟩ =⇒ ⟨ρ̂X⟩ ≃ ⟨ρ̂XL

⟩. (6.87)

6.4 The inflationary evolution of longitudinal modes
This section aims to determine the evolution of longitudinal modes during cosmic inflation.
Specifically, our goal is to obtain solutions to the mode equation for the longitudinal compo-
nent of the dark field, allowing us to find its energy density through (6.86). As demonstrated
in Chapter (3), the Hubble parameter is a slowly-varying function of time during the slow-roll
phase of inflation. Hence, we assume that during inflation, H ≃ He. Consequently, during
the de Sitter stage of inflation, the frequency ω2

L (6.51) can be written as

ω2
L(τ ≤ τe) ≡ ω2

I (τ) = k2 + a2
I (τ)m2

X − 2k4 − k2a2
I (τ)m2

X

(k2 + a2
I (τ)m2

X)2 a2
I (τ)H2

e , (6.88)
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where we have used the following relations:(a′

a

)2
= a2

I (τ)H2
e ,

a′′

a
= 2a2

I (τ)H2
e .

By examining the above equation, one observes that for heavy DM species with a mass much
greater than the Hubble parameter during inflation, mX ≫ He, the dispersion relation ω2

L

remains positive. On the other hand, if mX ≪ He there is some region in the parameter
space, where ω2

L < 0, which leads to tachyonic enhancement of XL modes. Yet another rea-
son to focus on relatively light DM species, i.e., mX <He ≪ Λ, is not to spoil the single-field
inflation. Namely, we assume that the inflaton energy density 3M2

PlH
2
e ≈ Λ4 dominates the

energy budget of the Universe during inflation. In the remaining part, we restrict ourselves
to DM vectors with masses mX≲He.

In the far past, all vector modes were deep inside the Hubble horizon, so that aI(τ)mX ≪
aI(τ)He ≪ k. In the subhorizon limit, ω2

L is nearly constant, and the EoM for longitudinal
modes simplifies as

X ′′
L(τ) + k2XL(τ) = 0. (6.89)

The unique solution that minimizes the energy is the Bunch-Davies state (3.78)

lim
τ→−∞

XL(τ) ≡ X BD
L (τ) = 1√

2k
e−ikτ . (6.90)

In what follows, we use the above solution as the initial condition.
We can distinguish two scales relevant to this analysis. Namely, the comoving Compton
wavelength (amX)−1 and the Hubble horizon (aH)−1. The relation between these three
scales determines the evolution of the longitudinal mode with wavenumber 1/k. During the
de-Sitter stage of inflation, apart from the Bunch-Davies solution, one distinguishes two other
regimes:

(a) Intermediate-wavelength inflationary regime (aI(τ)mX ≪k ≪aI(τ)He), such that

ω2
I ≈ k2 − 2a2

I (τ)H2
e . (6.91)

(b) Long-wavelength inflationary regime (k ≪aI(τ)mX ≪aI(τ)He), such that

ω2
I ≈ a2

I (τ)m2
X + k2

a2
I (τ)m2

X

a2
I (τ)H2

e . (6.92)

Figure Fig. 6.1 shows the evolution of length-scales (amX)−1, (aH)−1, and 1/k for heavy
Hrh ≤mX <He (left panel) and light mX <Hrh (right panel) DM vectors. This section focuses
on the first part of these two diagrams accounting for the inflationary dynamics. During this
phase, heavy and light DM vectors behave the same way. Based on the discussion above,
one identifies three different inflationary solutions to the longitudinal mode equation. In the
remote past, all modes evolved in the red sub-horizon region, the so-called Bunch-Davies
vacuum, where the solution to the mode equation has the oscillatory form (6.90). Modes
with wavenumber 1/k ≫ 1/ke, where ke ≡ aeHe, cross the Hubble horizon (aIHe)−1 at
some point during inflation, and enter the purple region ‘(a)’. In the intermediate-wavelength
inflationary regime (purple region (a)), their dispersion relation is approximated by (6.91).
Finally, long-wavelength modes with 1/k ≫ 1/km, where km ≡ aeHe, cross the Compton
wavelength curve (amX)−1, and enter the blue long-wavelength inflationary regime before
the end of inflation, where ω2

L is in the form (6.92). Thus, three distinct types of inflationary
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Figure 6.1: Evolution of various cosmological distances during and after inflation for heavy vector
DM i.e. Hrh ≤ mX < He (left diagram), and light vector DM mX < Hrh (right diagram). In the
red subhorizon regions amX , aH ≪ k, in ther purple part amX < k < aH, blue region corresponds to
k < amX < aH, whereas in the green region aH, k ≪ amX . Here ac = k/H denotes the second (after

inflation0 horizon crossing, km ≡ aemX , k⋆ = a⋆mX , ke ≡ aeHe, and krh ≡ arhHrh.

evolution for longitudinal modes can be distinguished. Short-wavelength modes remain in
the red sub-horizon region throughout the whole period of inflation. Intermediate-wavelength
modes end their inflationary evolution in the purple region. Finally, long-wavelength modes
pass through all these regions and end up in the blue region ‘(b)’. The intermediate- and
long-wavelength modes are represented in the left panel of Fig. 6.1 by k−1

2 (dashed purple
horizontal line) such that k−1

2 ∈ (k−1
e , k−1

m ), and k−1
1 (dashed blue horizontal line), such that

k−1
1 > k−1

m , respectively.

6.4.1 Intermediate-wavelength regime

In the (a) intermediate-wavelength regime, the EoM for longitudinal modes takes the form

d2

dη2 XL +
(

k2 − 2
η2

)
XL = 0, where η ≡ τ − 3

2(1 + w̄)τe, (6.93)

where τe denotes the conformal time at the end of inflation. The solution to the above
equation is given by

X (a)
L (η) =

√
2

πk
C

(a)
1

[sin(kη)
kη

− cos(kη)
]

−
√

2
πk

C
(a)
2

[cos(kη)
kη

+ sin(kη)
]

, (6.94)

where the integration constants C
(a)
1 and C

(a)
2 are fixed by the Bunch-Davies initial condi-

tion (6.90), as

C
(a)
1 = −

√
π

2 eik(
3
2 (1+w̄)τe), C

(a)
2 = −iC

(a)
1 . (6.95)

Hence, Eq. (6.94) can be recast to the form

X (a)
L (τ) = 1√

2k

(
1 − i

k(τ − 3
2(1 + w̄)τe)

)
e−ikτ

k≪aIHe≈ −i√
2k

1
k(τ − 3

2(1 + w̄)τe)
e−ikτ = i

2
√

k

aI(τ)He

k
e−ikτ . (6.96)
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The above solution indicates that in the intermediate-wavelength inflationary regime, longi-
tudinal modes grow linearly with the scale factor aI(τ). The behavior of the dark matter
vectors in this region exhibits similarities to that of a massless scalar, as discussed in [169].

6.4.2 Long-wavelength regime

In the (b) long-wavelength regime, the mode equation is given by

d2

dη2 XL +
(

m2
X

H2
e η2 + k2H2

e

m2
X

)
XL = 0, (6.97)

with the following solution:

X (b)
L (η) = √

η

[
C

(b)
1 Jn

(
He

mX
kη

)
+ C

(b)
2 Yn

(
He

mX
kη

)]
, (6.98)

where Jn(x) and Yn(x) denote the Bessel functions of the first and second kind, respectively,
with

n = 1
2

√
1 − 4m2

X

H2
e

≈ 1
2 . (6.99)

Adopting the above approximation, we can simplify X (b)
L as

X (b)
L (τ) = −C

(b)
1

√
2mX

πkHe
sin
(

k

aI(τ)mX

)
− C

(b)
2

√
2mX

πkHe
cos

(
k

aI(τ)mX

)
. (6.100)

To set C
(b)
1 and C

(b)
2 coefficients, we match the solutions in the intermediate- and long-

wavelength regions, such that the mode function XL, as well as its time derivative X ′
L are

continuous. Hence, at the crossover, we require

X (b)
L (τ2) = X (a)

L (τ2), X (b)′
L (τ2) = X (a)′

L (τ2), (6.101)

where τ2 denotes the conformal time at which mode with wavenumber 1/k crosses the Com-
poton wavelength (aI(τ2)mX)−1, i.e.,

τ2 = 3
2τe(1 + w̄) − b̃

mX

kHe
, (6.102)

In the above formula, b̃ is an auxiliary parameter introduced to improve the agreement
between numerical and analytical solutions. In the following calculations, we set b̃ = 1.2.
Then, from Eq. (6.101), one obtains

C
(b)
1 =

√
π

HemX

(iH2
e + b̃HemX − ib̃2m2

X) cos (b̃) − b̃(iH2
e + b̃HemX) sin (b̃)

2b̃2mX

e−ikτ2 , (6.103)

C
(b)
2 =−

√
π

HemX

(iH2
e + b̃HemX − ib̃2m2

X) sin (b̃) + b̃(iH2
e + b̃HemX) cos (b̃)

2b̃2mX

e−ikτ2 . (6.104)

Next, expanding the above result in the long-wavelength limit, i.e., k ≪ aI(τ)mX ≪ aI(τ)He,
one finds that Eq. (6.100) can be well approximated by a constant solution, i.e.,

X (b)
L ≈ i√

2k

He

mX

(sin (b̃) + b̃ cos (b̃))
b̃2 e−ik( 3

2 (1+w̄)τe−b̃mX
kHe

) . (6.105)
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Note that for the adopted value of b̃ = 1.2, the factor (sin (b̃) + b̃ cos (b))/b̃2 ≈ 0.95 for
b̃ = 1.2 can be safely neglected. Let us also emphasize that the above solution implies
that the tachyonic growth of longitudinal modes is terminated in the long-wavelength region.
Furthermore, from Eq. (6.105) one notices that the amplitude |X (b)

L |2 scales as k−1 in the
long-wavelength region, whereas the amplitude of massive scalars is proportional to k−3/2

[169].

6.4.3 Numerical results

In Fig. 6.2 we have plotted the inflationary evolution of intermediate- (e.g. k−1
2 mode in

Fig. (6.1)) and long-wavelength modes (e.g. k−1
1 mode in Fig. (6.1)). These two figures

present the comparison between approximate analytical solutions Eq. (6.90) (dashed red
curve), Eq. (6.96) (dashed purple), and (Eq. (6.105)) (dashed navy) with exact numerical
results (solid cyan). The agreement between the two is excellent, as evident from this com-
parison. The vertical dashed gray lines indicate the moment at which longitudinal modes exit
the horizon, marked by the condition a = k/He, and when their wavenumber 1/k matches
with the Compton wavelength, i.e., a=k/mX .

Figure 6.2: Evolution of the mode functions XL normalized to the initial value X ini
L with the scale

factor a during inflation for k ≪ aemX ≪ aeHe (left-panels) and aemX ≪ k ≪ aeHe (right-panels).
Solid cyan curves correspond to numerical solutions, while dashed red, purple, and blue curves show
analytical solutions (6.90), (6.96), and (6.105), respectively. Here mX = 108 GeV, He = 1013 GeV,

w̄=0 and k =10−8 GeV (k =10−4 GeV) for the left (right) panel.

6.4.4 The expectation value of energy density

Finally, let us use the inflationary solutions obtained above to determine the expectation
value of the energy density for longitudinal modes. Note that ⟨ρ̂L⟩ is calculated with respect
to the Bunch-Davies vacuum. Utilizing Eq. (6.86) together with (6.90), one finds that the
fraction energy density per log momentum for sub-horizon modes is

d⟨ρ̂L(a)⟩
d ln k

= k4

4π2a4 + k2 (H2
e + m2

X

)
8π2a2 − H2

em2
X

4π2 + 3a2H2
em4

X

8π2k2 +O
((amX

k

)2
,
(aHe

k

)4
)

. (6.106)
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It is worth noting that for large values of k, the first three terms in the above expression
diverge. To eliminate divergent contributions from sub-horizon modes, we adopt the follow-
ing cut-off scale Λ=ke ≡ aeHe, which truncates the energy density integral to super-horizon
modes that exit the Hubble horizon during inflation.

Next, for intermediate-wavelength modes, one finds

d⟨ρ̂L(a)⟩
d ln k

= 1
2

(
k

a

)2 (He

2π

)2 {
1 + O

((mX

He

)2
,
( k

aHe

)2
)}

, (6.107)

where we have used (6.96).

Finally, for long-wavelength modes, one gets

d⟨ρ̂L(a)⟩
d ln k

= 1
2

(
k

a

)2 (He

2π

)2 {
1 + O

(( k

amX

)2
,
( k

amX

)4
·
( He

mX

)2
)}

. (6.108)

Hence, at the very end of inflation, the fractional energy density of longitudinal modes scales
as

d⟨ρ̂L(ae)⟩
d ln k

≈


k4

4π2a4
e

, sub-horizon modes k ≫aeHe,

1
2

(
k

ae

)2 (He

2π

)2
, super-horizon modes k ≪aeHe.

(6.109)

The above expression indicates that the main contribution to d⟨ρ̂L(ae)⟩/d ln k comes from
modes with a wavenumber of the order of 1/ke.

6.5 The post-inflationary evolution of longitudinal modes
Once we have found solutions to EoM for longitudinal modes during the de-Sitter stage
of inflation, we can analyze their post-inflationary evolution. To that end, one needs to
specify the background dynamics. In this subsection, we aim to investigate the impact of
non-instantaneous reheating on gravitational DM production. Namely, we assume that the
crossover between inflation and the RD epoch is not immediate. Instead, we explore a more
generic scenario, which we elaborated on in Chapter (4). In this case, the background dynam-
ics can be solely determined by the averaged equation-of-state parameter w̄ and the reheating
efficiency γ. Let us recall that for the power-law inflaton potential ϕ2n, w̄ is related to the
index n through Eq.(3.36). For a given reheating model, the reheating efficiency γ is spec-
ified by the inflaton equation-of-state parameter, the form, and the strength of the ϕ − SM
interactions. In this chapter, we do not consider any specific reheating model; instead, we
develop a generic description adopting a non-standard post-inflationary scenario. Moreover,
we assume that the Universe enters the RD epoch after reheating.

After inflation, i.e., for a > ae, the dispersion relation for the longitudinal modes can be
recast as

ω2
L(τ) ≃ k2 + a2m2

X − k2

k2 + a2m2
X

(1 − 3w̄

2 − 3a2m2
X

k2 + a2m2
X

)
a2H2 . (6.110)

It is worth noting that the term in Eq. (6.5) involving a′′ ≃ a2H2(1−3w̄)/2 is discontinu-
ous across the transition points τe and τrh. Consequently, the frequency ω2

L also has a jump at
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these two points. This discontinuity is not physical, as its presence results from the fact that
in the adopted approximations, w̄ is not continuous across these two crossovers, e.g., during
inflation w̄ ≈ −1, whereas immediately after its end w̄ ̸= −1. Hence, the discontinuity can be
removed if one considers the full dynamics of the inflaton field. As shown in Sec.(3.5), in such
a case, the equation-of-state parameter is a continuous function of a. At this point, we should
emphasize that the energy density of longitudinal modes depends on the field value XL and
its derivative X ′

L, and contains only terms proportional to a and a′. Since the scale factor
and the Hubble rate are continuous across the transition points, to ensure the continuity of
ρL, we require the mode functions to match at τe and τrh:

X (−)
L (τe,rh) = X (+)

L (τe,rh), X (−)′
L (τe,rh) = X (+)′

L (τe,rh), (6.111)

with X (−/+)
L being the left/right limits of the solutions to the mode equation, i.e.,

X (−/+)
L (τe,rh) = lim

τ→τ
−/+
e,rh

XL(τ).

To analyze the post-inflationary behavior of the longitudinal modes, it is instructive to ex-
amine the following four regimes (see Fig. 6.1):

ω2
L≈



k2, a(τ)mX , a(τ)H(τ) ≪ k,

−
(1−3w̄

2 − 3a2(τ)m2
X

k2

)
a2(τ)H2(τ), a(τ)mX ≪k ≪a(τ)H(τ),

k2

a2(τ)m2
X

(5 + 3w̄

2

)
a2(τ)H2(τ), k ≪a(τ)mX ≪a(τ)H(τ),

a2(τ)m2
X , a(τ)H(τ), k ≪ a(τ)mX .

(6.112a)

(6.112b)

(6.112c)

(6.112d)

In the remaining part, we focus on longitudinal modes that exit the Hubble horizon during
inflation. As demonstrated in the previous section, only these modes receive tachyonic en-
hancement. Additionally, it is important to emphasize that the post-inflation evolution of
DM vectors depends on the wavenumber 1/k, as well as the relationship between their mass
mX and the Hubble scale at the end of reheating Hrh. Below, we will explicitly show that
the dynamics of light DM species (with mass mX ≪ Hrh) differ from those with a mass of
mX ≫ Hrh.

6.5.1 Dynamics of heavy DM vectors

For heavy DM vectors, i.e., Hrh ≤mX <He, one distinguishes three types of post-inflationary
evolution.

Long-wavelength modes

Longitudinal modes with wavenumber 1/k ≫ 1/km ≡aemX (e.g., the k−1
1 mode in the left

panel of Fig. 6.1) start their post-inflationary evolution in the blue region, and then enter the
green area at some point after inflation, where they eventually re-enter the Hubble horizon.
At the early times, their dispersion relation is ω2

L → 0, so that the solution to the mode
equation takes the form

X (I)
L (a) = C

(I)
1 + C

(I)
2 a

1+3w̄
2 . (6.113)

Longitudinal modes with wavenumber 1/k ≫ 1/km (e.g., k−1
1 curve in Fig. 6.1) start their

post-inflationary evolution in the blue region, and at some point, they enter the green area,
where they eventually re-enter the Hubble horizon. At the early times, their dispersion
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relation is ω2
L → 0, so that the solution to the mode equation takes the form

C
(I)
1 = i√

2k

He

mX
e

−ik
(

3
2 τe(1+w̄)−b̃mX

kHe

)
, C

(I)
2 = 0.

Therefore, the growing solution proportional to a
1+3w̄

2 is suppressed, and one obtains a con-
stant solution for the mode function

X (I)
L = i√

2k

He

mX
e−ik

(
3
2 τe(1+w̄)−b̃mX

kHe

)
, (6.114)

which indicates that the amplitude |X (I)|2 scales as k−1.

Next, at τ⋆ = (b̃mX/He)− 1+3w̄
3(1+w̄) , indicating the moment at which the Compton wavelength

(a(τ⋆)mX)−1 crosses with Hubble horizon a(τ⋆)H(τ⋆), longitudinal modes enter the green
region, in which ω2

L ≈ a2m2
X . The change of ω2

L is slow (i.e., adiabatic) if

2π|ω′
L|≪ω2

L, (6.115)

implying

2πH ≪ mX . (6.116)

The above condition is satisfied in the green region, except for a short period after τ = τ⋆.
Hence, the solution to the mode equation in the green area II can be written as

X (II)
L (τ)= C

(II)
1√

2a(τ)mX
exp

(
i

∫ τ

τ⋆

dτ ′ a(τ ′)mX

)
+ C

(II)
2√

2a(τ)mX
exp

(
− i

∫ τ

τ⋆

dτ ′ a(τ ′)mX

)
. (6.117)

Coefficients C
(II)
1 , C

(II)
2 are determined by the following conditions:

X (II)
L (τ⋆) = X (I)

L (τ⋆), X (II)′
L (τ⋆) = X (I)′

L (τ⋆), (6.118)

setting

C
(II)
1,2 = He

2

√
a(τ⋆)
mXk

[
b̃

2

(
b̃mX

He

)− 2
3(w+1) ae

a(τ⋆)
± i

]
exp
[
−ik

(3
2τe(1 + w̄) − b̃mX

kHe

)]
. (6.119)

We see that longitudinal modes in green region II oscillate in time with decreasing amplitude.
The comparison between analytical and numerical solutions (left panel of Fig. 6.3) indicates
good agreement between these two results.

Intermediate-wavelength modes:

Intermediate-wavelength modes, i.e., km < k < k⋆, (e.g., the k−1
2 mode in the left panel of

Fig. 6.1) pass through three regions, i.e., purple III, blue IV, and green V during reheating.
Since in the purple region a2m2

X/k2 ≪ 1, the second term in the parenthesis in Eq. (6.112b)
is small and thus can be neglected in analytical estimations. Hence, the solution to the mode
equation in this region is given by

X (III)
L (a) = C

(III)
1 a + C

(III)
2 a− (1−3w̄)

2 ≃ C
(III)
1 a.
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Note that the first term proportional to a grows with time, whereas the second one is decaying
since w̄ > −1/3 after the end of inflation. Moreover, as long as w̄<1, it is small compared to
the growing solution, and hence, it can be neglected in analytical estimations. We fix C

(III)
1

by requiring

X (III)
L (τe) = X (a)

L (τe), X (III)′
L (τe) = X (a)′

L (τe), (6.120)

which leads to the following solution:

X III
L (a) = iHe√

2k3/2 e−ikτe a. (6.121)

The above solution indicates that longitudinal modes grow linearly with the scale factor a in
the purple region, whereas their amplitude |X III

L |2 is proportional to k−3.

Next, at τ̃2 = τe(b̃ aemX/k)−(1+3w̄)/2 such that k = b̃a(τ̃2)mX with b̃ ≃ O(1) longitudinal
modes enter the blue region IV, where the solution of the mode equation is in the form
(6.113). Coefficients, parametrizing this solution, can be obtained by merging (6.113) with
(6.121) at τ̃2. Contrary to the constant solution for long-wavelength modes, X −

L (τe) grows
with time. Therefore, one could naively expect that the growing term in (6.113), proportional
to a(1+3w̄)/2, might dominate the solution in the blue region, following (6.121). However, the
exact numerical solution presented in the upper-middle panel of Fig. 6.3 indicates that even
in this case, the growing part of the solution (6.113) is subdominant, such that the amplitude
of intermediate-wavelength modes in the blue region IV remains constant

X (IV)
L = C

(IV)
1 = iHe√

2k1/2
e−ikτe

mX
. (6.122)

Let us also note that the amplitude in this region scales as |X (IV)
L |2∝k−1.

Finally, intermediate-wavelength modes at τ⋆ enter the green region V, where the approxi-
mate solution takes the form (6.117). The constants of solutions C

(V)
1 , C

(V)
2 are determined by

matching Eq. (6.117) with Eq. (6.122) at τ⋆. We find that the solution to the mode equation
in the green region V is in the form given by (6.117) with C

(II)
1 , C

(II)
2 replaced by

C
(V)
1,2 = C

(III)
1√

2

√
mXa(τ⋆)

[
1 ∓ i

ae
a(τ⋆)

He

2mX

(
b̃mX

He

) 3w̄+1
3(w̄+1)

]
. (6.123)

Short-wavelength modes:

After inflation, both intermediate- and short-wavelength, i.e., k⋆ < k < ke, modes are in the
purple region, where their amplitude grows in time according to Eq. (6.121). At τ̃1, the latter
crosses the Hubble horizon and re-enters the red sub-horizon region, where k is the dominant
energy scale. It is convenient to consider the purple and red areas collectively to analyze the
dynamics of short-wavelength modes. In this case, one can neglect the mass term a2m2

X in
the dispersion relation, obtaining

X ′′(VI)
L +

(
k2 − 1 − 3w̄

2 a2H2
)

X (VI)
L = 0. (6.124)
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The solution to the above equation is in the form

X (VI)
L (a) =

√
2

(1 + 3w̄)aH(a)

[
C

(VI)
1 Jν

( 2k

(1 + 3w̄)aH(a)
)

+ C
(VI)
2 Yν

( 2k

(1 + 3w̄)aH(a)
)]

,

(6.125)

with ν ≡ −3(1−w̄)
2(1+3w̄) .

Merging the above solution with the inflationary solution X (a)
L (τe) at the end of inflation, one

finds

C
(VI)
1 =

iπ exp
(

−2ik
(1+3w̄)ke

)
2
√

2(1 + 3w̄)k/ke

[
Yν−1

( 2k

(1 + 3w̄)ke

)
+ iYν

( 2k

(1 + 3w̄)ke

)]
, (6.126)

C
(VI)
2 =

−iπ exp
(

−2ik
(1+3w̄)ke

)
2
√

2(1 + 3w̄)k/ke

[
Jν−1

( 2k

(1 + 3w̄)ke

)
+ iJν

( 2k

(1 + 3w̄)ke

)]
. (6.127)

Then, at τ̃3 short-wavelength modes enter the green region, where their solution is given by
Eq. (6.117). After some straightforward but tedious calculation, we find that both constant
coefficients parametrizing (6.117) are non-zero, so that the solution oscillates in time, as
shown in the right-panel of Fig. 6.3.

Finally, let us notice that for sub-horizon modes, the solution (6.125) can be approximated
by the following function:

X (VI)
L (k ≫aH)≈ 3iΓ(−ν)(1 − w̄)(1 + 3w̄)

1−3w̄
1+3w̄

4
√

πk

( k

ke

)− 3(1+w̄)
1+3w̄ sin

( 2π

1 + 3w̄

)
sin
(2k + πaH(a)

aH(1 + 3w̄)

)
,

(6.128)

6.5.2 Light vector dark matter

The solutions to the mode equation obtained in the previous section can also be applied
for light DM vectors with mass mX < Hrh. In particular, light DM species also experience
a tachyonic growth in the purple region, where their mode function evolves according to
Eq. (6.121). As we have demonstrated above, this growth is eventually terminated at the
moment when modes go outside of the region. Modes with wavenumber 1/k ≪ 1/krh ≡
(arhHrh)−1 re-enter the Hubble horizon during reheating. Such modes follow the evolution of
heavy DM vectors with short wavelengths. On the other hand, light modes with wavenumber
1/krh ≪ 1/k ≪ 1/k⋆ (see right panel of Fig. 6.1) grow in amplitude throughout the whole
period of reheating and enter the red subhorizon region only during the RD epoch. Finally,
light modes, characterized by wavenumber 1/k ≫ 1/krhm ≡ (arhmX)−1, follow the evolution
of heavy DM vectors with long-wavelength.

6.5.3 Numerical results

Figure (6.3) presents the post-inflationary evolution of the long- (e.g. k1), intermediate- (e.g.
k2) and short-wavelength (e.g. k3) modes. Numerical results (solid cyan curves) are in accord
with analytical approximations. The dashed navy constant solution in the left panel was
found in Eq.(6.114), whereas Eq.(6.117) gives the oscillating dashed green function. In the
middle panel, dashed purple, navy, and green solutions are described respectively by the
functions Eqs.(6.121), (6.122) and (6.117) with CII

1,2 → CV
1,2 given by (6.123). Finally, the

analytical formula for the dashed purple and red curves was found in Eqs.(6.125).
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Figure 6.3: The post-inflationary evolution of the longitudinal modes normalized to the initial value
as a function of the scale factor for long- k < km (left-panel), intermediate km < k < k⋆ (middle
panel), and short-wavelength modes k⋆ < k < ke (right-panel). The solid cyan curves correspond to
the exact numerical solution, while dashed colored curves show analytical predictions. The following
benchmark values are adopted in these figures: mX = 108 GeV, He = 1013 GeV, w̄ = 0 with k =

10−8 GeV, 10−4 GeV, 10−1 GeV for the left, center, and right panel, respectively.

6.5.4 Energy density scaling

Before ending this section, let us utilize the results obtained above to determine the scaling of
the energy density with k and a in each considered region. With this end in view, we employ
approximate solutions for the mode function XL to identify the dominant contribution to ⟨ρ̂L⟩.

In the red (R) subhorizon region, where k is the dominant energy scale, one can insert
the solution (6.128) into Eq. (6.86), obtaining

d⟨ρ̂(R)
L ⟩

d ln k
≈ 9Γ2(−ν)(1 − w̄)2(1 + 3w̄)

2(1−3w̄)
1+3w̄

32π3
k4

a4

(
k

ke

)− 3(1+w̄)
1+3w̄

∝ k− 2(1−3w̄)
1+3w̄ a−4 . (6.129)

In the purple (P) region, where amX ≪ k ≪ aH, the solution to the mode equation can be
approximated by Eq. (6.121), which, in turn, implies the following scaling:

d⟨ρ(P)
L ⟩

d ln k
≈ k5

4π2a2 |C(III)
1 |2 ∝ k2a−2 . (6.130)

Note that one obtains the same scaling using (6.125) in the limit k ≪aH.
Next, in the blue (B) region, using Eq. (6.113) with C

(I)
2 ≈0, one finds

d⟨ρ̂(B)
L ⟩

d ln k
≈ k3

4π2a4

(
k4

a4m4
X

a2H2 + k2 + a2m2
X

)
|C(I)

1 |2 ∝ k2a−2 . (6.131)

It is important to stress that the above relation, which reveals that ⟨ρ̂L⟩ scales as a−2 in
the region where k ≪ amX ≪ aH, can be considered a distinct characteristic of vector dark
matter, see also [169, 435]. In particular, this fact distinguishes DM vectors from massive
scalars whose energy density is nearly constant (w.r.t. to a) in the blue region. The scaling
⟨ρ̂L⟩ ∝ a0, observed for massive spin-0 field, leads to an amplification of isocurvature pertur-
bations at large scales, which is currently strongly constrained by the CMB data [302]. Hence,
damping the DM vector energy density ∝ a−2 is a desirable feature, suppressing unwanted
isocurvature perturbations at large scales.

Finally, in the green region, where amX is the dominant energy scale, we find that the
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Figure 6.4: The scaling of the fractional energy density with a in various regions for heavy vector DM,
i.e., mX >Hrh (left diagram) and light vector DM mX <Hrh (right diagram). The main contribution

to the total energy density comes from the k⋆≡a⋆mX mode. Here ke ≡ aeHe and krh ≡ arhHrh.

energy density of DM vectors scales as matter, i.e.,

d⟨ρ̂(G)
L ⟩

d ln k
≈ amX k3

4π2a4

(
|C(II)

1 |2 + |C(II)
2 |2

)
∝ k2a−3 ,

where the oscillatory terms proportional to exp [±i
∫

dτa(τ)mX ] have been neglected.
The above results can be summarized as

d⟨ρ̂L⟩
d ln k

∝


k− 2(1−3w̄)

1+3w̄ a−4, a(τ)mX , a(τ)H(τ) ≪ k,

k2a−2, a(τ)mX , k ≪ a(τ)H(τ),
k2a−3, a(τ)H(τ), k ≪ a(τ)mX .

(6.132)

Let us recall that at the very end of inflation, the main contribution to the total energy
density comes from modes with the shortest wavelength (1/k ∼ 1/ke). However, as evident
from the expression mentioned above, such modes receive the strongest suppression propor-
tional to a−4 in the subhorizon region. On the other hand, longitudinal modes with longer
wavelengths initially have a smaller contribution to the total energy density, but their energy
is also redshifted to a lesser extent.

6.6 Purely gravitational production - results
This section aims to evaluate the present number or energy density of DM vectors produced
via the GP mechanism. Following the approach developed in the previous part of this chap-
ter, we restrict our attention to super-horizon modes, i.e., with wavenumber 1/k ≫ 1/ke,
which exit the Hubble horizon during inflation.

The expectation value of the fractional number density of DM vectors can be expressed
as

d ⟨n̂L⟩
d ln k

= 1
EL

d ⟨ρ̂L⟩
d ln k

, (6.133)

with EL ≡
√

m2
X + (k/a)2 being the energy of a single DM particle.

The present energy or number density of DM species can be related to their energy or number
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density at a⋆ when the 1/k⋆ modes re-enter the Hubble horizon, and the Hubble rate equalizes
with the DM mass, i.e., H(a⋆) = mX . Using the above formula, one finds

d⟨n̂L(a⋆)⟩
d ln k

= 1√
m2
X + k2/a2

⋆

d⟨ρ̂L(a⋆)⟩
d ln k

. (6.134)

In Fig. 6.4, we present the scaling of d⟨ρ̂L(a⋆)⟩/d ln k with momentum k for heavy (left panel)
and light (right panel) DM vectors. In both mass regimes, the dominant contribution to the
total energy density comes from modes with wavenumber 1/k⋆ (dashed, red curve). After
exiting the Hubble horizon during inflation, such modes become subhorizon and experience a
tachyonic growth in the purple region, where their energy density decreases as a−2. Then, at
a = a⋆, the k⋆ modes re-enter the horizon, and their energy density starts to redshift as a mat-
ter, i.e., ⟨ρ̂L⟩ ∝ a−3. Modes with longer wavelengths, 1/k ≫ 1/k⋆, contribute less to the total
energy (or number) density, since in the blue and purple regions d⟨ρ̂L(a⋆)⟩/d ln k ∝ k2, see
Eq. (6.132). As we will demonstrate later, such behavior of long-wavelength modes prevents
a generation of ’dangerous’ isocurvature perturbations at the CMB scales. Finally, short-
wavelength modes of heavy vectors re-enter the horizon before the k⋆ modes and receive a
strong suppression in the red region. Namely, in the subhorizon regime, the energy density
of dark vectors decreases as radiation, i.e., ⟨ρ̂L⟩ ∝ a−4. For heavy DM species, modes with
wavenumber 1/k < 1/k⋆ re-enter the horizon during reheating when the Hubble rate scales as
a−3(1+w̄)/2, which, as we will see, implies that their number density is proportional to k

− 3(1−w̄)
(3w̄+1) .

Consequently, if w̄<1, the fractional number density per ln k at a⋆ for heavy DM species has
a peak structure centered around the characteristic momentum scale k⋆. This unique feature
of massive spin-1 field produced gravitationally has been first established in [169] for in-
stantaneous reheating, i.e., an immediate transition from inflationary to radiation-dominated
Universe. Here, we extend this observation for non-instantaneous and non-standard reheat-
ing, parametrized by a generic equation of state w̄ < 1. On the other hand, in the case of
light DM vectors, modes with wavenumber 1/krh < 1/k < 1/k⋆ re-enter the Hubble horizon
during reheating so that their fractional number density at a⋆, i.e., d⟨n̂L(a⋆)⟩/d ln k, scales
as k−1. However, light modes with wavenumber 1/ke < 1/k < 1/krh re-enter the horizon
after reheating during the RD epoch, and as we will show below d⟨n̂L(a⋆)⟩/d ln k ∝ k

− 3(1−w̄)
(3w̄+1) .

Hence, provided that w̄ < 1, the number density per logarithmic momentum for both heavy
and light DM vectors also has a peak structure. In what follows, we will present a detailed
numerical analysis of this qualitative discussion.

6.6.1 Number density of the heavy DM vectors

For heavy vectors, i.e., with mass in the range Hrh ≤ mX < He, there are two important
regimes:

(a) k⋆<k <ke,

(b) k <k⋆.

The expectation value of the fractional number density for short-wavelength heavy modes
at a⋆ can be estimated as

d⟨n̂L(a⋆)⟩
d ln k

∣∣∣∣
k⋆<k<ke

≈ a⋆
k

d⟨ρ̂L(a⋆)
d ln k

= a⋆
k

d⟨ρ̂L(ae)⟩
d ln k

(
ae
ahc

)2 (ahc
a⋆

)4
, (6.135)

where we have used the fact that at a⋆, m2
X ≪ (k/a⋆)2, such that EL ≃ k/a⋆. Moreover, ahc

denotes the scale factor corresponding to the second (after inflation) horizon crossing, i.e.,
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ahc = h/H(ahc). Since short-wavelength modes re-enter the Hubble horizon during reheating,
using Eq.(6.7) (middle case), one finds

ahc|k⋆<k<ke
= ae

(
He ahc

k

) 2
3(1+w̄)

,

which, in turn, implies

ahc|k⋆<k<ke
= a

3(1+w̄)
1+3w̄
e

(
He

k

) 2
1+3w̄

. (6.136)

Inserting, the above formula into (6.135), we obtain

d⟨n̂L(a⋆)⟩
d ln k

∣∣∣∣
k⋆<k<ke

≈ H3
e

8π2

(
mX

He

) 2
1+w̄

(
ke
k

) 3(1−w̄)
1+3w̄

(6.137)

For long-wavelength modes, one finds

d⟨n̂L(a⋆)⟩
d ln k

∣∣∣∣
k<k⋆

≈ 1
mX

d⟨ρ̂L(a⋆)
d ln k

= 1
mX

d⟨ρ̂L(ae)⟩
d ln k

(
ae
a⋆

)2
= H3

e

8π2

(
mX

He

) 1−3w̄
3(1+w̄)

(
k

ke

)2

(6.138)
where we have used the fact that the crossing of the Hubble horizon with the Compton
wavelength (H(a⋆)=mX) for heavy vectors occurs during the reheating phase, such that

a⋆ = ae

(
He

mX

) 2
3(1+w̄)

. (6.139)

6.6.2 Number density of the light DM vectors

For light DM vectors, mX <Hrh, one should consider the following three cases:

(a) krh < k < ke,

(b) k⋆ < k < krh,

(c) k < k⋆.

The expectation value of DM vector number density in the case (a) is given by

d⟨n̂L(a⋆)⟩
d ln k

∣∣∣∣
krh<k<ke

≈ a⋆
k

⟨ρ̂L(a⋆)⟩
d ln k

= a⋆
k

⟨ρ̂L(ae)⟩
d ln k

(
ae
ahc

)2(ahc
arh

)4(arh
a⋆

)4
. (6.140)

Short-wavelength light modes re-enter the horizon during reheating so that ahc is given by
Eq.(6.136), which, in turn, implies

d⟨n̂L(a⋆)⟩
d ln k

∣∣∣∣
krh<k<ke

≈ H3
e

8π2

(
mX

He

)3/2
γ

1−3w̄
1+w̄

(
ke
k

) 3(1−w̄)
1+3w̄

. (6.141)

Evolving the number density of intermediate-wavelength light modes, one finds

d⟨n̂L(a⋆)⟩
d ln k

∣∣∣∣
k⋆<k<krh

≈ a⋆
k

d⟨ρ̂L(a⋆)⟩
d ln k

= a⋆
k

d⟨ρ̂L(ae)⟩
d ln k

(
ae
arh

)2(arh
ahc

)2(ac
a⋆

)4
. (6.142)
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Such modes re-enter the horizon during the RD epoch. Hence, utilizing Eq.(6.7) (the third
line), one obtains

ahc|k⋆<k<krh
= ae

(
He

Hrh

) 2
3(1+w)

(
Hrhahc

k

)1/2
, (6.143)

which can also be expressed in terms of the reheating efficiency γ as

ahc|k⋆<k<krh
= a2

eγ
− 2(1−3w̄)

3(1+w̄)
He

k
. (6.144)

Hence,
d⟨n̂L(a⋆)⟩

d ln k

∣∣∣∣
k⋆<k<krh

≈ H3
e

8π2

(
mX

He

)3/2
γ

−1+3w̄
3(1+w̄)

ke
k

. (6.145)

Finally, for the longitudinal modes (c) with k < k⋆, we have

d⟨n̂L(a⋆)⟩
d ln k

∣∣∣∣
k<k⋆

≈ 1
mX

⟨ρ̂L(a⋆)⟩
d ln k

= 1
mX

⟨ρ̂L(ae)⟩
d ln k

(
ae
arh

)2 (arh
a⋆

)2
, (6.146)

= H3
e

8π2 γ
2(1−3w̄)
3(1+w̄)

(
k

ke

)2
,

where we have used the fact that long-wavelength modes re-enter the horizon at

a⋆ = aeγ
3w−1

3(1+w)

(
HI
mX

)1/2
. (6.147)

Our findings regarding the expectation value of the fractional number density for longi-
tudinal modes in both mass regimes can be summarized as follows:

• For heavy vector DM mass Hrh ≤mX <HI,

d⟨n̂L(a⋆)⟩
d ln k

= H3
e

8π2



(
mX

He

) 2
1+w̄

(
ke
k

) 3(1−w̄)
1+3w̄

, k⋆<k <ke,(
mX

He

) 1−3w̄
3(1+w̄)

(
k

ke

)2
, k < k⋆.

(6.148a)

(6.148b)

• For light vector DM mass mX <Hrh,

d⟨n̂L(a⋆)⟩
d ln k

= H3
e

8π2



(
mX

He

)3/2
γ

1−3w̄
1+w̄

(
ke
k

) 3(1−w̄)
1+3w̄

, krh <k <ke,(
mX

He

)3/2
γ

−1+3w̄
3(1+w̄)

ke
k

, k⋆ < k < krh,

γ
2(1−3w̄)
3(1+w̄)

(
k

ke

)2
, k < k⋆.

(6.149a)

(6.149b)

(6.149c)

In Fig. 6.5, we present the expectation value of the fractional number density as a function
of k/k⋆ at a⋆ for heavy (left panel) and light (right panel) DM vectors. Numerical results
confirm the peak structure of the power spectrum, such that d⟨n̂L(a⋆)⟩/d ln k is dominated
by modes with a wavenumber of the order of 1/k⋆. Moreover, in Fig. 6.6, we compare the
exact numerical results (solid curves) with analytical approximations Eqs.(6.149a)-(6.149c)
(dashed curves) for two values of the equation of state parameter w̄ = {0, 1/3}.
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Figure 6.5: The expectation value of the number density per ln k normalized to its value for the k⋆
mode as a function of k/k⋆. The left (right) panel presents the spectrum for heavy Hrh ≤ mX < HI
(light mX <Hrh) DM vectors. Dashed (Dotted) grey vertical lines indicate k = k⋆(krh), while dashed
colored lines show k = ke for corresponding value of w̄. Both spectra are calculated at a = a⋆. Here

we take: He = 1013 GeV, γ = 10−3, mX = 108 GeV (left panel), mX = 103 GeV (right panel).

Figure 6.6: Comparison between numerical results (solid curves) and analytical predictions (dashed
curves) for the fractional number density at a = a⋆. The same parameters as in Fig. 6.5 have been

adopted.

It is worth noting that similar behavior was observed in the previous study Ref. [169] fo-
cusing on the instantaneous reheating scenario, as well as in Ref. [435] for a non-instantaneous
matter-dominated reheating with w̄ = 0.

Finally, let us determine the total number density of DM species at a⋆. For heavy vectors,
one finds

⟨n̂hDM
L (a⋆)⟩ = H3

e

8π2

[(
mX

He

) 1−3w̄
3(1+w̄)

k−2
e

∫ k⋆

0
kdk +

(
mX

He

) 2
1+w̄

k
3(1−w̄)
(1+3w̄)
e

∫ ke

k⋆

k
−4

1+3w̄ dk

]
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= H3
e

8π2

[1
2

mX

He
+ 1 + 3w̄

3(w̄ − 1)

(
mX

He

) 2
1+w̄

(
1 −

(mX

He

) w̄−1
1+w̄

)]
≈ mXH2

e

8π2

[1
2 + 1 + 3w̄

3(1 − w̄)

]
, (6.150)

where in the last line, we have used the fact for w̄ ∈ (−1/3, 1), the ratio
(
He
mX

) 1−w̄
1+w̄ ≫ 1.

Furthermore, it should also be stressed that above a cut-off limit kmax = ke has been adopted
so that only super-horizon modes that exit the horizon during inflation and re-enter it during
reheating contribute to the total number density. Note that subhorizon modes, i.e., k >
ke, never exit the Hubble horizon; thus, they do not receive any tachyonic enhancement.
Therefore, the contribution from such modes is significantly suppressed.
The total number density of light DM species is, in turn, given by

⟨n̂lDM
L (a⋆)⟩ = H3

e

8π2

[
γ

2(1−3w̄)
3(1+w̄) k−2

e

∫ k⋆

0
kdk +

(
mX

He

)3/2
γ

−1+3w̄
3(1+w̄) ke

∫ krh

k⋆

k−2dk

+
(

mX

He

)3/2
γ

1−3w̄
1+w̄ k

3(1−w̄)
1+3w̄
e

∫ ke

krh
k

−4
1+3w̄ dk

]
= H3

e

8π2

[1
2

mX

He
−
(

mX

He

)3/2
γ−1

(
1 − γ

(
He

mX

)1/2 )
− 1 + 3w̄

3(1 − w̄)

(
mX

He

)3/2
γ

1−3w̄
1+w̄

(
1 − γ

2(w̄−1)
1+w̄

)]
≈ mXH2

e

8π2

[3
2 + 1 + 3w̄

3(1 − w̄)

√
mX

Hrh

]
, (6.151)

where we have assumed that w̄∈(−1/3, 1), which implies γ
2(w̄−1)

1+w̄ ≫1.

6.6.3 Isocurvature density perturbations

Before we present the final result regarding the gravitationally-produced vector DM, let us
comment on the isocurvature density perturbations.

As we have explicitly demonstrated above, the number (and energy) density of both heavy
(Hrh < mX < He) and light (mX < Hrh) dark vectors is dominated by the contribution from
longitudinal modes with characteristic comoving momentum,

k⋆=ar.m.e
√

mXHr.m.e


(

Hrh
mX

) 1−3w̄
6(1+w̄)

, Hrh ≤mX <He ,

1 , Hr.m.e ≤mX <Hrh .

(6.152)

It also has been established that the fractional number density of long-wavelength modes,
1/k⋆<1/k, drops as k2., cf. Eqs.(6.148b) and (6.149c). We should emphasize that this result
is independent of the details of reheating and remains robust in non-standard and instanta-
neous reheating models. Now, let us discuss the effect of the observed infrared behavior on
the isocurvature perturbations.

First of all, we should stress that due to the fact that our DM candidate couples to the
SM species only through gravity, the corresponding density fluctuations are of the isocurva-
ture type [169]. Hence, density perturbations induced by DM vectors with wavelengths of
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the order of the pivot CMB scale, i.e., k ∼ kCMB
⋆ ≈ 0.05 Mpc−1 may induce large isocurva-

ture perturbations. The latter is, in turn, highly constrained by the Planck data [13]. This
limit concerns only modes with a wavelength of cosmological size. As first demonstrated in
Ref. [169], the power spectrum of longitudinal vector DM density fluctuations drops as k3

for the long-wavelength modes with k < k⋆. Such a result was derived for the instantaneous
reheating model. However, this outcome is also valid in the considered case since the presence
of a prolonged non-standard reheating phase only affects the scaling behavior of the short-
wavelengths modes k > k⋆ (in both mass regimes). Therefore, owing to the k3 suppression,
DM vectors would not produce problematic isocurvature perturbations, provided that the k⋆
scale corresponds to cosmological scales much smaller than the CMB pivot scale k ∼kCMB

⋆ .
Utilizing (6.152), one finds

k⋆≈1400 pc−1
√

mX

10−14 GeV


(

Hrh
mX

) 1−3w̄
6(1+w̄)

, Hrh ≤mX <He ,

1 , Hr.m.e ≤mX <Hrh .

(6.153)

If mX ≥10−14 GeV, the characteristic wavenumber 1/k⋆ for light DM vectors is tiny relative
to the CMB pivot scale. As a result, these species are unaffected by isocurvature constraints
and can be considered viable dark matter candidates.
Contrarily, the k⋆ scale for heavy dark vectors non-trivially depends as a power-law on the
Hrh/mX ratio, which can be recast as

(
Hrh
mX

) 1−3w̄
6(1+w̄)

=


(

mX

Hrh

)[0, 1/6)
≥ 1 , w̄=[1/3, 1) ,(

Hrh
mX

)(1/2, 0)
< 1 , w̄=(−1/3, 1/3) .

(6.154)

The above estimations imply that, for a stiff equation of state, i.e., w̄ ≥ 1/3, the characteristic
wavelength scale of heavy dark vectors corresponds to tiny cosmological scales. Hence, in this
case, gravitationally produced spin-1 particles evade isocurvature constraints. On the other
hand, for w̄=(−1/3, 1/3), the k⋆ scale of heavy dark vectors might be of the order of the CMB
pivot scale, and hence potentially might lead to dangerous isocurvature perturbations. To
safely avoid the isocurvature constraints, we establish the following criterion for the reheating
scale Hrh:

mX ≥ Hrh ≥ 10−14 GeV
(10−14 GeV

mX

) 2(1+3w̄)
(1−3w̄)

, with w̄ = (−1/3, 1/3). (6.155)

The above result sets the most stringent bound on the reheating scale, i.e., Hrh ≥10−14 GeV
for w̄≃−1/3. Consequently, isocurvature perturbations produced by heavy dark vectors are
significantly suppressed at cosmological scales provided that mX ≥ Hrh ≥ 10−14 GeV.

Hence, we conclude that isocurvature perturbations do not pose a concern for gravitationally-
produced vector DM with masses exceeding 10−14 GeV. It is worth emphasizing that our find-
ings are also valid within various reheating scenarios, including those involving non-standard
cosmological models.
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6.6.4 Present abundance of DM vectors

The present abundance of dark matter is usually expressed in terms of the critical energy
density ρcrit,0 as follows

ΩDM,0h2 = ρDM(a0)
ρcrit,0

h2 = mDM nDM(a0)
ρcrit,0

h2, (6.156)

where ρcrit,0 = 1.88 h2 × 10−29 g cm−3.
Within a given model, the predicted amount of DM species ΩXh2 today should saturate the
observed value

Ωobs
DMh2 = 0.120 ± 0.001, (68%, Planck TT, TE, EE + lowE + lensing) (6.157)

measured by the Planck Collaboration [13]
The present number density nX(a0) of DM vectors produced gravitationally is related

to their number density at a⋆, i.e., n⋆ ≡ ⟨n̂L(a⋆)⟩. More precisely, the comoving number
density nX(a)a3 becomes approximately constant after reentering the Hubble horizon of the
k⋆ modes. Hence, the number density at the present epoch can be determined by rescaling
the number density of dark vectors at a⋆. Namely,

nX(a0) = n⋆

(
a⋆
a0

)3
= n⋆

s0
srh

(
a⋆
arh

)3
, (6.158)

where s0 = 2970 cm−3. Note that above, we have assumed that the entropy density s is
conserved after the end of reheating.
Since, the scale factor a⋆ is defined by the H(a⋆) = mX equality, the ratio a⋆/arh depends on
the relation between mX and Hrh. The above condition is satisfied for heavy vectors during
the reheating phase, while it is met during the RD epoch for light species. Employing the
relation Eq.(6.7), one finds

nX(a0) = s0
srh

H2
rh

m2
X


(

mX

Hrh

) 2w̄
1+w̄

⟨n̂hDM
L (a⋆)⟩ , Hrh ≤mX <He,√

mX

Hrh
⟨n̂lDM
L (a⋆)⟩ , Hr.m.e ≤mX <Hrh,

(6.159)

The entropy density at the end of reheating is given by

srh = 4γ3
(

π2g⋆s,rh
90

)1/4

(MPlHe)3/2. (6.160)

In what follows, we adopt g⋆,s,rh ≈ 106.75, assuming no extra relativistic d.o.f. beyond the
SM.
Utilizing Eq.(6.159), one estimates the present-day abundance of gravitationally produced
DM vectors as

ΩGP
X h2 = γ

(
90

π2g⋆ρ,rh

)1/4
s0 h2

4M2
Pl ρc

√
MPlHe

mX


γ− 4w̄

1+w̄

(
mX

He

) 2w̄
1+w̄

⟨n̂hDM
L (a⋆)⟩, Hrh ≤mX <He,

γ−1
√

mX

He
⟨n̂lDM
L (a⋆)⟩, mX <Hrh,

(6.161)
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Employing the approximate results for the total number density ⟨n̂L(a⋆)⟩ from Eqs. (6.150)-
(6.151), one can simplify the above formula as

ΩGP
X h2 ≈ 10−20×



(1
2 + 1 + 3w̄

3(1 − w̄)

)(
mX

He

) 2w̄
1+w̄

γ
1−3w̄
1+w̄

(
He

1 GeV

)5/2
, Hrh ≤mX <He,(3

2 + 1 + 3w̄

3(1 − w̄)

√
mX

γ2He

)√
mX

1 GeV

(
He

1 GeV

)2
, mX <Hrh,

(6.162)

Let us now highlight several important remarks concerning our final result. First of all, we
should emphasize that the abundance of light DM vectors barely depends on the details of re-
heating, since for mX ≪ Hrh and w̄ ∈ (−1/3, 1), one finds 3/2 ≫ 1 + 3w̄/(3 − 3w̄)

√
mX/Hrh.

In this case, the current relic density of dark vectors is sensitive only to the mass of DM species
and the inflationary scale He. Intuitively one can understand this result as follows, the en-
ergy density of DM vectors is dominated by the k⋆ modes, which cross the Hubble horizon
after reheating, during the RD era (see Fig. 6.4 right-panel). Hence, the dependence on the
non-standard cosmological evolution during reheating is less significant for such modes, and
one gets the same results as for instantaneous reheating. In particular, we should stress that
our findings for light DM are consistent with Ref. [169], where an instantaneous transition
from the inflationary to the radiation-dominated period was assumed. On the other hand,
from the above expressions, one infers that the abundance of heavy DM vectors strongly
depends on the physics of reheating through γ and w̄. In particular, we observe that for the
matter-dominated reheating, i.e.,w̄ = 0, the predicted value of ΩGP

X h2 does not depend on DM
mass, provided that mX ∈ (γ2He, He). In this case, our result agrees with Refs. [173, 435],
where a non-instantaneous phase of reheating with a matter dominated (w̄=0) Universe was
considered. Let us also stress that the power-law dependence of ΩGP

X h2 on w̄ implies that for
a stiff equation-of-state parameter and a given DM mass mX a lower value of He is needed
to saturate the observed value of DM abundance.

In Fig. 6.7, we show the parameter space in the He − mX plane, which is consistent with
the observed DM abundance (solid curves), i.e., ΩGP

X h2 = Ωobs
DMh2, and gives 10% of the relic

density (dashed curves), i.e., ΩGP
X h2 = 0.1×Ωobs

DMh2, for four choices of the reheating efficiency
γ = 10−1, 10−3, 10−5, and 10−10, and various values of w̄ ∈ {−1/4, −1/6, 0, 1/3, 2/3}. The
hatched gray region corresponding to He ≥ 4.4 ×1013 GeV is excluded by the Planck satellite
at 95% C.L. [13], see the discussion around Eq.(3.105). The correct abundance is produced
for light DM vectors for mX ≈ 4×10−15 (4.4×1013 GeV/He)4 GeV. Our numerical results
confirm that the impact of non-standard reheating is negligible for DM species with mass be-
low Hrh. However, non-instantaneous reheating characterized by a generic equation of state
w̄ significantly affects the relic abundance of heavy vectors. Furthermore, for the efficient re-
heating, e.g., γ = 10−1, the GP production of DM vectors provides the observed relic density
for spin-1 particles with mass mX ≈ [10−14, 109] GeV for He ≈ [1014, 108] GeV, respectively.
On the other hand, we see that for γ = 10−10, vectors with mass mX ≈ [10−14, 1012] GeV can
account for the total observed DM abundance provided that the inflationary scale is in the
range He≈ [1014, 106] GeV. Therefore, one concludes that there is a wide range of parameter
space within which gravitationally produced massive spin-1 species can serve as viable DM
candidates.
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Figure 6.7: The value of the Hubble rate at the end inflation He as a function of the dark vector
mass mX that reproduces the observed relic abundance Ωobs

DMh2 (solid curves) and 10% of the observed
density (dashed curves) for different values of the equation of state parameter w̄. In the pale blue
region, the mass of DM species exceeds the Hubble scale He Eq.(3.105), whereas the hatched gray

region is excluded by the Planck satellite at 95% C.L. [13].

6.7 Perturbative DM production
Apart from purely gravitational production originating in cosmic inflation, two additional pri-
mordial sources of dark species could be considered irreducible. Namely, DM particles might
also be created perturbatively in the process of gravitational scattering, invoking the graviton
exchange. Such interactions emerge from the graviton hµν coupling to the energy-momentum
tensors of matter fields Tµν associated with the visible, dark, or other hidden sectors. In
the simplest scenario considered in this thesis, dark vectors are created non-thermally in the
classical background of the inflaton field (such processes have been discussed in Sec.(4.3) as
a source of gravitational reheating) and thermally due to the gravitational freeze-in of SM
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quanta. Both mechanisms are universal and unavoidable, providing, together with the GP
mechanism, the ultimate lower bound on the abundance of dark species. Since the amplitude
of gravitational scattering is suppressed by the second power of the Planck mass, efficient
particle production might only occur at the highest available energy scales, which can partly
compensate for the weakness of gravitational interactions.

It is worth noting that the discussion of gravitational scattering is typically developed in
the so-called Boltzmann approach [446], based on the solution of the Boltzmann equation,
obtained in the framework of quantum field theory (QFT) in flat spacetime. This approach
is justified after the end of inflation when the timescale of interactions is typically much
shorter than the timescale of expansion, such that one can adopt a Minkowskian geometry.
In particular, the perturbative analysis of gravitational scattering is applicable when the scale
factor is a power-law function of time t. Hence, such treatment cannot be justified during
cosmic inflation, when a grows exponentially with time. This assumption, together with a
prerequisite for the existence of a universal and time-independent vacuum state, distinguish
this mechanism from the GP particle production discussed earlier. In particular, these two
processes have distinct natures and are active in slightly different moments. Moreover, to
some extent, they are independent of each other, and we will discuss them in this way.

6.7.1 Inflaton-induced gravitational DM production

We start with a description of the IG mechanism of particle production in the early, but
post-inflationary Universe.

Gravitational DM production from the inflaton field involves indirect interactions of ϕ with
dark fields, mediated by the single graviton exchange in the s-channel. Such processes emerge
from the following Lagrangian density:

LϕX ⊃ hµν

MPl

[
T ϕ
µν + TX

µν

]
, (6.163)

containing the contraction of hµν with the stress tensor of the inflaton T ϕ
µν Eq.(4.10), and

the energy-momentum tensor of the dark sector TX
µν , which for the spin-1 massive DM can-

didate takes the form Eq.(6.73). Hence, the diagram responsible for dark matter production
arises at a dimension-6 level and is proportional to M−2

Pl . Although the Planck suppression
significantly reduces the strength of gravitational interactions, the energy density accumu-
lated in the inflaton field is so high, especially at the commencement of reheating, that it
can counterpoise the Planck damping. As we have already stressed, this mechanism strongly
resembles gravitational reheating, discussed in Sec.(4.2.3). The only fundamental difference
between these two is the nature of particles in the final states, i.e., the latter case ϕ transfers
its energy into the SM sector. Moreover, in the presented analysis, we always include the
mass of dark fields, which, as we will see, leads to non-trivial mass effects.

The production rate

To investigate DM gravitational production in the background of the inflaton field, we adopt
the Boltzmann approach [446], in which the following equation describes the dynamics of the
dark sector:

ṅX + 3HnX = RϕX . (6.164)
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The production rate of spin-1 dark particles takes the form

RϕX = 2
8π

ρ2
ϕ

M4
Pl

∑
k=1

|P2n
k |2·

(
1 − 4m2

X

(kω)2 + 12 m4
X

(kω)4

)√
1 − 4m2

X

(kω)2 , (6.165)

where we have used Eq.(4.70) with |M(2)
ϕ→XX |2 given by Eq.(4.58).

Let us recall that the inflaton frequency ω Eq.(4.89) is, in the general case, a function of
the scale factor, and only for a matter-like equation of state, i.e., w̄ = 0 (n = 1), is time-
independent. Moreover, we should also stress that the P2n

k coefficients decrease with k.
Consequently, the sum

∑
k|P2n

k |2 quickly converges. For the quadratic inflaton potential,
Eq. (6.165) simplifies as follows,

RϕX
w̄=0= 2

128π

ρ2
ϕ

M4
Pl

(
1 − m2

X

m2
ϕ

+ 3m4
X

m4
ϕ

)√√√√1− m2
X

m2
ϕ

, (6.166)

where we have used the fact that for w̄ = 0, the only non-zero Fourier coefficient is P2
2 = 1/4,

so that from the summation factor in Eq.(6.165) one gets
∑
k|P2n

k |2= 1/16. In this case,
the source term receives time dependence only through ρϕ. On the other hand, if w̄ ̸= 0,
the production rate RϕX also has another source of time-dependency, namely, the frequency
ω. For light DM vectors, the dependency of RϕX on ω is quite mild; hence, the rate of
DM production is expected to be the highest at the onset of the reheating phase, when ρϕ
is the largest. Note that the time-independence of ω for w̄ = 0 implies the existence of a
standard constant mass threshold, i.e., mX <mϕ, during the whole period of reheating. This
means that DM vectors with masses exceeding the effective mass of the ϕ field cannot be
produced from the inflaton background. Contrarily, for w̄ ̸= 0, there are typically infinitely
many non-zero coefficients P2n

k contributing to the source term. Hence, in such a case, one
cannot define a threshold in an ordinary sense since higher harmonics might compensate
for the smallness of ω. In particular, by increasing the value of the denominator in the
phase-space factor

√
1 − (mX/kω)2, we circumvent the standard kinematical suppression.

However, one should also take into account the fact that RϕX receives quasi-exponential sup-
pression coming from the Fourier coefficients P2n

k accounting for higher harmonics. It turns
out that the main contribution to the RϕX term comes from the first non-zero harmonic kmin.

Since, for w̄ > 0 (n>1), the frequency ω drops with time, the mass threshold for a given har-
monics also decreases during reheating. Therefore, the production of DM vectors with mass
in the range mX ∈ [kmin ωe/2, kmin ωrh/2] might be kinematically terminated at some point
during reheating. Contrarily, for w̄ < 0 (n < 1), one observes a growth of the inflaton fre-
quency during reheating. This fact does not have a direct impact on the gravitational creation
of light DM vectors, i.e., with mass mX ≪ kminωe, since in this case, the evolution of RϕX

is mainly driven by ρϕ. On the other hand, the increase of ω has pronounced consequences
for heavy DM vectors. Namely, even if their production was kinematically disfavoured at the
onset of reheating, at some point during reheating, kminω(a) could exceed 2mX , allowing DM
vectors to be gravitationally pair produced from the lowest harmonic of the inflaton field.
Such behavior is observed for heavy dark vectors, with mass mX ∈ [kmin ωe/2, kmin ωrh/2],
for which the source term is maximized at the scale factor aX when kminω(aX) ∼ 2mX . It
is instructive to find an analytic expression for aX . From the definition: kminω(aX) = 2mX ,
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one gets

aX = ae


⌊2mX

ωe

⌋− 1
3w̄ , w̄ < 0,

1, w̄ ≥ 0.

(6.167)

In the above formula, we have used the ‘floor’ function ⌊· · ·⌋, defined as

⌊x⌋ =
{

1, x ≤ 1,

x, x > 1.
(6.168)

Figure 6.8: The evolution of the Sϕ ≡
a2RϕX/H2 term normalized to its initial value S

(1)
ϕ

as a function of the scale factor for w̄ = −0.2.

The relation (6.167) explicitly demonstrates
that the maximum of RϕX might not
necessarily coincide with the maximum of
ρϕ.

This effect is shown in Fig. (6.8), where
we have plotted the evolution of the
Sϕ ≡ a2RϕX/H2 term as a function of
a for light (orange curve), i.e., mX <
ωe/2, and heavy DM vectors (purple and
green curves), i.e., mX ∈ [ωe/2, ωrh/2].
The orange curve reaches a peak at the
onset of reheating, whereas the purple
and green curves are peaked at a =
aX . One observes that for w̄ < 0,
the gradual growth of ω might provide
the phase for the production of heavy
DM vectors before the end of reheat-
ing.

Relic abundance of DM vectors produced via the IG mechanism

Now, let us come back to the Boltzmann equation Eq. (6.164), which determines the number
density of DM species produced gravitationally in the inflaton background, i.e.,

nX(a) = 1
a3

∫ a

ae

dã
ã2

H(ã)RϕX(ã). (6.169)

The comoving number density,

NX ≡ nX(a)a3, (6.170)

approaches a constant limit around the end of reheating, which results from the fact that
shortly after this moment, ϕ is significantly depleted, and hence, the contribution from ρϕ
to the total energy budget becomes negligible. Consequently, the number density of DM
particles at the present epoch can be approximated by the solution of (6.169) with the upper
limit of the integral taken as a = arh. Inserting solutions for H(a) Eq.(6.7) and ρϕ(a) (3.63),
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one finds

nX(a0) ≃ H3
e

2
1 + 3w̄

3
8π

∞∑
k=1

|P2n
k |2

( ae
aX

)3(1+3w̄)
2

(ae
a0

)3[
1 −

(aX
arh

)3(1+3w̄)
2

]
. (6.171)

Note that we have neglected the phase space factor m2
X/(kω)2 in the above solution. More-

over, we have also assumed that the comoving number density of DM species is conserved
after the end of reheating, i.e., NX(arh) ≃ NX(a0).

Let us stress that for w̄ > −1/3 (n > 1/2), the second factor in the squared bracket in
Eq. (6.171) is subdominant, i.e., (aX/arh)3(1+3w̄)/2 ≪1. Thus, utilizing Eq. (6.167), one can
recast the above solution as

nX(a0) ≃ H3
e

2
1 + 3w̄

3
8π

∞∑
k=1

|P2n
k |2

(ae
a0

)3
×


⌈ ωe

2mX

⌉−1+3w̄
2w̄ , w̄<0,

1, w̄≥0.

(6.172)

Using Eq. (6.156), one estimates the present amount of DM vectors produced gravitationally
from the inflaton field as

ΩIG
X h2 = 3

16π

1
1 + 3w̄

(
90

π2g⋆ρ,rh

)1/4√
H3
e

M3
Pl

mXs0 h2

ρc
γ

1−3w̄
1+w̄

∑
k

|P2n
k |2×


⌈ ωe

2mX

⌉−1+3w̄
2w̄ , w̄<0,

1, w̄≥0.

(6.173)

Note that in the above expression, we have used the entropy conservation after the end of
reheating, i.e., srh/s(a0) ≃ a3

0/a3
rh, and utilized Eq. (6.160).

Let us take a closer look at the above formula. In particular, one finds that for w̄ = −0.2
(n = 2/3), the ’floor’ function for heavy DM vectors simplifies as ωe/(2mX). This, in turn,
results in a very peculiar behavior of ΩIG

X h2. Namely, in this case, the predicted abundance of
vector DM particles with mass in the range ωe≲2mX≲ωrh does not depend on mX . More-
over, one notices that ΩIG

X h2 is insensitive to the evolution of thermal bath but depends on the
duration of the reheating period through γ. Since for non-instantaneous reheating γ < 1, the
predicted DM relic density is suppressed by the reheating efficiency parameter for w̄ < 1/3
(n < 2). On the other hand, for a stiff inflaton equation of state w̄ > 1/3 (n > 2), one observes
the enhancement of ΩIG

X h2, since, in this case, the slope of the γ dependence on w̄ changes
its sign, and γ

1−3w̄
1+w̄ > 1. Finally, for a radiation-like equation of state w̄ = 1/3 (n = 2), the

amount of DM vectors produced gravitationally from the inflaton field is independent of the
reheating dynamics while being only a function of the Hubble scale at the end of inflation.
In other words, the present abundance of DM species in this scenario is determined solely
by their mass and the initial energy density accumulated in the inflaton field at the onset of
reheating. Therefore, in this case, one expects that there exists a unique limit on DM mass,
above which the predicted abundance of dark species ΩIG

X h2 exceeds the observed relic density
Ωobs

DMh2. Similar behavior has been established by the authors of Ref.[203] in the case of spin-0
DM species. In general, comparing the predicted value of ΩIG

X h2 for a given mX and two
choices of the inflaton equation of state w̄1 < w̄2, the reheating efficiency parameter γ must
be smaller for a stiffer barotropic parameter to match with the observed DM relic abundance.

Figure (6.9) illustrates the region in the He − mX parameter space for which the amount
of dark vectors produced via the IG mechanism saturates the observed abundance Ωobs

DMh2.
Solid color curves correspond to ΩIG

X h2 = Ωobs
DMh2, while in the region above (below), the
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Figure 6.9: The value of the Hubble rate at the end inflation He as a function of the dark vector
mass mX that saturates the observed relic abundance Ωobs

DMh2 (solid curves) and 10% of the observed
density (dashed curves) assuming DM production only through the IG mechanism. In the pale blue
region, the mass of DM species exceeds the Hubble scale He Eq.(3.105), whereas the hatched gray

region is excluded by the Planck satellite at 95% C.L. [13].

predicated abundance overproduced (underestimates) the DM relic density. Different panels
are for different reheating efficiency, as specified in the lower right corner of each figure.
Our numerical results warrant that decreasing γ leads to a shrinkage (an enlargement) of
the allowed parameter space for w̄ < 1/3 (w̄ > 1/3). One also observes that the position of
the green curves remains unchanged with varying the value of γ, demonstrating that for this
choice of w̄, the produced amount of DM vectors does not depend on the reheating efficiency.
For all considered values of w̄ we see that for light vectors, i.e., mX ≲ ωe, a smaller He is
needed to match Ωobs

DMh2 for heavier species. Moreover, the ¯−1/4 and ¯−1/6 curves change
their slope around mX ∼ ωe (dashed diagonal lines) as a result of the kinematic effects
discussed above.
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6.7.2 Gravitational freeze-in from thermal bath

Gravitational freeze-in is a universal phenomenon describing the annihilation of the SM de-
grees of freedom into the pairs of DM particles. Indirect interactions between the visible
and dark sectors arise through the coupling of the graviton hµν to the energy-momentum
tensor of the SM and DM fields. Massive dark vectors can be created gravitationally from
SM scalars, fermions, and vectors, and the amplitude of such processes depends on the spin
of SM particles. Let us emphasize that the SM quanta are assumed to be in thermal equilib-
rium. Hence, one anticipates that the abundance of DM vectors, in this scenario, should be
sensitive to the thermal history of the Universe.

Furthermore, it should be stressed that the description of the SMG processes, as opposed to
the IG production, can be performed in a standard QFT framework. Namely, gravitational
freeze-in can be considered a purely quantum process in which the initial state |i⟩ comprises
quantum fields representing SM species. Therefore, the collision term SSM DM, accounting for
DM production from the thermal bath, can be computed in a standard way. This subsection
presents the final results of the multi-stage analysis performed in Appendix (C).

Production rates

The following Boltzmann equation governs the dynamics of dark vectors produced via the
gravitational freeze-in:

dNX

da
= a2

H
SSM DM ≃ a2

H
n̄2
X⟨σ|v|⟩XX→hµν→SM SM, (6.174)

where NX is the comoving number density of DM species (6.170).
The source term is defined as

SSM DM ≡ (n̄2
X − n2

X)⟨σ|v|⟩XX→hµν→SM SM, (6.175)

where equilibrium number density of dark vector Xµ the zero chemical potential is given by

n̄X ≃ 3
2π2 m2

XTK2

(
mX

T

)
, (6.176)

where K2(x) is the modified Bessel function of the second kind.
Note that in Eq. (6.174) we have assumed that n̄2

X ≫ n2
X . The adopted simplification follows

from the fact that DM vectors having only gravitational interactions with the SM sector
are not in equilibrium with the thermal bath. It results from the fact that gravitational
interactions suppressed by the Planck mass scale are so weak that the interaction efficiency
⟨σ|v|⟩nX/H ≪ 1, indicating a lack of equilibrium among the dark sector.

The thermally averaged cross-section ⟨σ|v|⟩XX→hµν→SM SM for the gravitational DM-SM
interactions can be calculated from the standard formula 2 [447],

⟨σ|v|⟩ii→FF = (2Ji + 1)2

n̄2
i

T

32π4

∫ ∞

4m2
max

ds
√

s(s − 4m2
i ) σii→FF (s)K1

(√
s

T

)
, (6.177)

where σii→FF is the cross-section averaged over possible spin states of the DM particles in
the initial state i and summed over spins of the SM particles in the final state f , Ji denotes
the spin of the initial states, whereas mmax ≡ max(mi, mF ), with mi (mF ) being the mass

2Note that for convenience we compute here the thermally-averaged cross-section describing the annihilation
of DM particles into the SM species. However, the result remains the same if one considers the production
process, i.e., the pair-annihilation of SM quanta into dark particles.
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of particles in the initial (final) state.

The SMG production of spin-1 dark particles occurs though the following four channels:

σXX→hµν→hihi
= 1

9
1

480πs3M4
Pl

√
s − 4m2

hi√
s − 4m2

X

[
2m4

hi

(
84m4

X + 68m2
Xs + 19s2

)

− 2m2
hi

s(6m2
X + s)(2m2

X + 7s) + 3s2(6m4
X + 2m2

Xs + s2)
]
, (6.178)

σXX→hµν→Ψ̄Ψ = 1
9

1
960πs2M4

Pl

√
s − 4m2

Ψ√
s − 4m2

X

(
1− 4m2

Ψ
s

)[
2m2

Ψ

(
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σXX→hµν→γγ = 1
9
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s(s − 4m2

X)
, (6.181)

accounting for the annihilation of SM scalars, fermions, massive and massless vectors, respec-
tively.

In the limit mSM → 0, the corresponding thermally-averaged cross-sections are given by
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Contrarily, if masses of SM species are not negligible, i.e., mSM ̸= 0, the integral over s in
Eq. (6.177) must be performed numerically, see [2].

The source term SSMDM, in general, can be written as a sum of four contributions:

SSM DM = Nhi
Shihi

+ NΨSΨ̄Ψ̄ + NV SV V + NγSγγ , (6.185)

where we have separated contributions from SM scalars, fermions, and massive and massless
vectors. Above, NSM denotes the number of SM species of a given spin, i.e., Nhi

= 4 for four
real components of the Higgs doublet, NΨ = 45 for six (anti)quarks with three colors (36),
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three charged (anti)lepton (6) and three left-handed neutrinos, NV = 3 for three electroweak
massive gauge bosons, Nγ = 9 for eight gluons and one photon.

Note that in the non-relativistic (NR) limit, i.e., mX ≫ T , and for mSM → 0, the source
terms behaves as

SNR
SM SM ≡ SSM SM

∣∣∣∣∣
mX≫T

≃ BNR
SM SM
32π4

(
mX

MPl

)4
mXT 3e−2mX/T , (6.186)

with

BNR
hihi

= 3
16 , BNR

Ψ̄Ψ = 1, BNR
γγ = 2. (6.187)

In the relativistic (R) limit mX ≪ T , the SSM SM term can be approximated as

SR
SM SM ≡ SSM SM

∣∣∣∣∣
mX≪T

≃ 1
32π5

T 8

M4
Pl

BR
SM SM, (6.188)

with

BR
hihi

= 12
5 , BR

Ψ̄Ψ = 52
5 , BR

γγ = 104
5 . (6.189)

The asymptotic behavior of the source term implies that efficient freeze-in DM production
occurs only when the temperature of the thermal bath exceeds the mass of DM vectors. In
particular, the production of DM vectors with mass mX >Tmax is exponentially suppressed.

Based on the above discussion, it can be concluded that the SMG processes are an example
of the ultraviolet (UV) freeze-in mechanism, in which the abundance of DM species is highly
sensitive to the initial conditions. In particular, one observes a strong dependence of the
source term SR

SM SM on T , namely SR
SM SM ∝ T 8. Such behavior indicates that the efficiency

of this process depends not only on the maximal temperature of the thermal bath but also on
its evolution in time. As a result, the amount of dark species produced via this mechanism
should be determined predominantly by the dynamics of the SM sector at the highest energy
scales. Hence, one expects that the present abundance of DM particles might be sensitive
to the course of reheating if the transition from the inflationary to the RD epoch was not
instantaneous. On the other hand, in the scenario with instantaneous reheating, it might
depend solely on the reheating temperature.

6.7.3 Present abundance of DM vectors produced from the thermal bath

The efficiency of the gravitational freeze-in production is determined by the relation between
the thermal bath temperature T and the mass of DM vectors mX . In particular, we consider
the following three regimes:

1. Heavy vectors, with mass Tmax ≲ mX

Such species have never become relativistic so that the source term SSM SM could be
approximated by SNR

SM SM. Hence, dropping post-reheating contribution to the freeze-in
DM production, the present value of the comoving number density can be found from
the following formula:

NX(a0) ≃ BNR
SM SM
32π4

(
mX

MPl

)4 mX

He
a

− 3(1+w̄)
2

e

∫ arh

ae

da a
7+3w̄

2 T 3
RH(a)e−2mX/TRH(a), (6.190)
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where the evolution of TRH(a) is described by (6.10).
After some straightforward but tedious computations, one obtains
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1
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(6.191)

with

T̃rh ≡ Trh

γ
− 1

2 − βF
3(1+w̄) , βF < (5 − 3w̄)/2,

γ
− 4

3(1+w̄) , βF > (5 − 3w̄)/2.
(6.192)

Using the fact that nX(a0) = NX(a0)/a3
0 together with (6.9) and (6.160), one finds the

following formula for the relic abundance of heavy DM vectors:
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2. Vectors with intermediate mass mX ∈ (Trh, Tmax)
Dark vectors with mass in the range mX ∈ (Trh, Tmax) becomes non-relativistic during
reheating when the temperature of the thermal bath drops below their mass. This
happens at aNR, such that T (aNR) ∼ mX . Using (6.10), one finds

aNR = arh ×

(Trh/mX)
8

2βF +3(1+w̄) , βF < 5(1 − 3w̄)/2,

Trh/mX , βF > 5(1 − 3w̄)/2.
(6.194)

Hence, the present comoving number density can be approximated by the sum of two
integrals:
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(6.195)

Neglecting the exponentially suppressed contribution from the second term, one obtains
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(6.196)
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Therefore, the relic abundance of dark vectors with intermediate mass can be found
from the following formula:

ΩSMG
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3. Light vectors mX ≪ Trh
In this case, the solution to the Boltzmann equation can be separated into the following
three relevant contributions:
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The first term, in the above expression, accounts for the gravitational freeze-in dur-
ing reheating, the second describes production in the relativistic regime during the
radiation-dominated epoch, whereas the last one is responsible for the gravitation pro-
ducation of non-relativistic dark vectors during the RD era. Note that ãNR corresponds
to the scale factor, at which TRD(ãNR) = mX , and can be calaculated from the following
expression:

ãNR = aeγ
− 4

3(1+w̄)
Trh
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(
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)1/4
. (6.199)

The main contribution to NX(a0) comes from the first integral, and is given by

NX(a0) ≈ BR
SM SM
32π5

T 8
rh

HeM4
Pl

a3
e

×


2

3(1−w̄)−4βF

[
γ

−2(3+w̄)
1+w̄ − γ

−4− 8βF
3(1+w̄)

]
, βF < 5(1 − 3w̄)/2,

2
3w̄−7

[
γ−2 3+w̄

1+w̄ − γ
−32

3(1+w̄)

]
, βF > 5(1 − 3w̄)/2.
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Consequently, we arrive at the following expression for relic abundance
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(6.201)
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Note that the above formula for ΩSMG
X,(l)h2 resembles the expression for ΩSMG

X,(i)h2. The only

difference between these two is the appearance of the suppression factor
(
Trh
mX

) 12(1−w̄)−16βF
2βF +3(1+w̄) in

Eq.(6.197).

In all discussed cases, ΩSMG
X h2 exhibits a complicated dependence on the reheating effi-

ciency. To clarify the above results, let us consider two specific reheating scenarios, driven
by a massless scalars S and fermions Φ. In this case, the coefficient βF , parametrizing the
Γϕ→FF evolution Eq.(4.90), is given by βS = −3w̄, and βΨ = 3w̄, respectively. Hence, for the
bosonic reheating, i.e., triggered by ϕ → SS interactions, one finds3 that both ΩSMG

X,(l)h2 and
ΩSMG
X,(i)h2 scale as ∝ γ3. For the fermionic case, one finds the same scaling, i.e., ΩSMG

X h2 ∝ γ3,
provided that w̄ < 1/5, whereas if w̄ > 1/5 the predicted relic density is proportional to
∝ γ(15+3w̄−8βF )/(3+3w̄), thus, for a radiation-like equation-of-state one finds ΩSMG

X h2 ∝ γ2.

In Fig. (6.10), we present the relation between the inflationary Hubble scale He and mass
of DM vectors mX for which gravitational freeze-in from the SM bath correctly predicts the
observed abundance of DM species. In the upper panel of these figures, we have adopted
the massless bosonic reheating scenario, controlled by ϕ → SS interactions, whereas in the
lower panels, we have assumed that reheating is triggered by direct ϕ − Ψ interactions. One
can see that the gravitational freeze-in strongly depends on the parameter γ. For efficient
reheating, the range of viable DM masses is quite large. However, as γ decreases, all curves
move toward larger values of He, and the allowed range in parameter space shrinks signifi-
cantly. It turns out that for γ ≲ 10−3 SMG mechanism is almost not operative for any value
of w̄ in the bosonic reheating scenario. The same conclusion was come by the authors of Ref.
[199] who considered only a matter-like reheating w̄ = 0. However, we observe that in the
fermionic case for γ ≲ 10−3, there is some mass window in which SMG can be considered
as a viable mechanism of DM production provided that ϕ has a stiff e.o.s parameter, i.e.,
w̄ > 1/3, cf. right panel of Fig. (6.11). By comparing the position of different colored curves,
we see that in the bosonic reheating, for a given mass, the larger value of He is needed for
a stiff inflaton e.o.s parameter (blue curve corresponding to n = 2/3). On the other hand,
a reversed ordering is observed for the fermionic case. Such behavior results from the fact
that βS = −βΨ, hence only for w̄ = 0, these two scenarios give the same result. For light
vectors, ΩSMG

X,(l)h2 is proportional to mX (6.201), hence, for heavier species smaller value of He

is needed to saturate the observed abundance. On the other hand, for dark vectors with a
mass exceeding Trh, the Hubble rate must be larger to counterbalance Boltzmann suppression.

Lastly, in Fig.(6.10), we compare our results for two choices of w̄, i.e., w̄ = 0 (yellow curves),
and w̄ = 1/3 (green curves), and two reheating scenarios, i.e., triggered by ϕ → SS (left
panel) and ϕ → ΨΨ̄ (right panel) interactions. These two figures show that the massless
bosonic and fermionic reheating scenario predictions are indistinguishable if ϕ has a matter-
like equation of state. On the other hand, these two models give very different results for
w̄ = 1/3. In this case, one observed that the allowed parameter space is larger if reheating
is achieved by the inflaton coupling to fermions. Moreover, in this case, one observes weaker
dependence on the reheating efficiency parameter γ. Namely, in the bosonic case, one ob-
serves that ΩSM

X h2 ∝ γ3 for both considered values of w̄. On the other hand, in the fermionic
scenario one gets the same scaling for a matter-like e.o.s, whereas for w̄ = 1/3, ΩSM

X h2 ∝ γ2.
3To obtain this result, one should use the first line of Eq. (6.197) and Eq. (6.201), i.e., the βF < 5(1−3w̄)/2

case, and neglected the second factor in the square bracket.
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Figure 6.10: The value of the Hubble rate at the end inflation He as a function of the dark vector
mass mX that saturates the observed relic abundance Ωobs

DMh2 (solid curves) and 10% of the observed
density (dashed curves) assuming DM production only through the gravitational freeze-in from the
thermal bath. In the upper (lower) panels, the bosonic (fermionic) reheating scenario is adopted. The

hatched gray region is excluded by the Planck satellite at 95% C.L. [13].

6.8 Final results and discussion
So far, we have discussed each production mechanism separately. For each considered process,
we have derived approximate formulas which allow us to calculate the predicted abundance
of dark vectors as a function of three parameters γ, He, and mX . Now let us combine our
findings, accounting for all gravitational production channels for the two most established
reheating scenarios, i.e., for a matter-like and radiation-like equation of states.

Dark vectors with mass smaller than the inflationary scale He are dominantly produced
via the GP mechanism, cf. Fig.(6.12). Considering the CMB constraints on the Hubble scale
at the end of inflation, we see that vectors as light as ∼ 1013 GeV can be created gravita-
tionally due to non-adiabatic expansion of the Universe during inflation. To understand this
observation quantitatively, let us compare expressions for the final abundance of dark vectors.
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Figure 6.11: Comparison between bosonic (left panel) and fermionic (right panel) cases.

Utilizing Eq.(6.201) and (6.173) and neglecting numerical factors, one finds

ΩIP
X h2

ΩSMG
X,(l)h2 ∼ γ−2 1+6w̄

1+3w̄ , (6.202)

in the bosonic reheating scenario for w̄ ≥ 0, and fermionic case for w̄ ∈ [0, 1/5). Note that
the exponent −21+6w̄

1+3w̄ is negative for w̄ > −1/6. Since γ ≪ 1, it implies the thermal freeze-in
DM production is inefficient in such cases. Similarly, for w̄ > 1/5 in the fermionic scenario,
one obtains

ΩIP
X h2

ΩSMG
X,(l)h2 ∼ γ

−4+ 8βF
3(1+w̄) . (6.203)

The exponent −4 + 8βF
3(1+w̄) for βF < 5

2(1 − 3w̄) and w̄ > 1/5 is always negative, which leads
to the similar conclusion as above.
In addition, from Eqs.(6.161) and (6.173), and for w̄ ≥ 0, one finds

ΩGP
X h2

ΩIP
X h2 ∼

(
He

mX

) 1−w̄
1+w̄

, (6.204)

where we have neglected numerical factors of order one. Note that the above result is inde-
pendent of the reheating efficiency γ. For w̄ ∈ [0, 1), the index (1 − w̄)/(1 + w̄) is always
positive, which implies that for mX ≪ He the GP process is the main source of particle
production. The GP and IP mechanisms might provide a comparable contribution to the
abundance of dark vectors only in a narrow window, i.e., when mX ∼ He.

Since the inflaton mass, or more precisely the energy kminωe of the oscillating modes, is
naturally of the order of He, DM vectors with a mass exceeding He cannot be abundantly
produced in the inflaton background. However, dark vectors with a mass in the range He, Tmax
can still be created gravitationally from the thermal bath. However, this process, in contrast
with non-thermal production mechanisms, is susceptible to the γ parameter, which controls
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the temperature of the thermal bath, and, thus, the efficiency of SMG. From Fig.(6.12),
we see that thermal freeze-in significantly enlarges the allowed parameter space provided
that γ ≳ 10−1. For prolonged reheating, the contribution from SMG to the total DM relic
abundance is less relevant, and for γ ∼ 10−4, it can be neglected in both considered scenarios.

Another important conclusion is that stable spin-1 massive particles are, in general, copi-
ously created in the primordial Universe, even if they do not have any other interactions with
other species. Namely, there is a large region in the He − mX parameter space (colored part
of Fig.(6.12)), where purely gravitational processes inevitably overestimate the observed DM
relic density. Similar conclusions also apply to stable scalars, as pointed out in Ref. [448, 449]

As a final remark, let us comment on the observational prospects of the purely gravita-
tional DM. In principle, one could consider two possibilities. The first one is much more
optimistic - dark species might have other interactions that do not participate in its creation.
In this case, one expects that DM species might variously manifest its presence, including
direct detection in ongoing and planned experiments. However, it is not the case considered
in this thesis. The second option is significantly more poignant and pessimistic. Namely, DM
particles might be stable due to the imposed discrete Z2 symmetry and have only gravita-
tional interactions with themselves and the visible sector. In such a case, detecting purely
gravitational dark species in laboratory experiments is rather unlikely. However, it is not
necessary for dark matter to be absolutely stable as long as its lifetime is longer than the age
of the Universe. A small mixing between dark vectors and the SM photons can be allowed
through dark UX(1) kinetic mixing with the SM hypercharge UY (1), i.e., ϵ/2BµνXµν , with
Bµν being the field strength for the SM UY (1) gauge boson Bµ. If the mixing parameter ϵ
is very small, dark vectors remain stable over the timescales of the Universe’s age, and there
is a possibility of direct detection [169]. In addition, a cosmological signature of DM might
involve a generation of non-Gaussianity in the curvature perturbations, provided that there
exists a small direct coupling between dark species and the inflaton [186, 187]. Finally, let us
stress that although the observed blue-tilted spectrum of vector DM suppresses isocurvature
perturbations, it can enhance the formation of primordial black holes, which could potentially
be tested in the future [450].
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Figure 6.12: The He−mX parameter space for which gravitational processes lead to overproduction
(colored regions) and underestimates the present DM abundance (white part). Here we have included
all considered production mechanisms, i.e., purely gravitational production (GP), production from
the inflaton field (IG), and gravitational freeze-in (SMG). Solid colored curves present the relation
between He and mX which for a given reheating scenario, e.o.s parameter w̄, and reheating efficiency γ
saturates Ωobs

DMh2. In the blue region, DM vectors are solely produced by the IG and SMG mechanisms.
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Chapter 7

Concluding remarks

This thesis is not about dark matter in the early Universe. Instead, it is about dark matter
and the early Universe. These two play an equally important role in this work and are intri-
cately coupled with each other. In particular, understanding the evolution of the dark sector
requires a thorough understanding of the role of the early-Universe dynamics in dark matter
production.

In this work, we have applied Occam’s razor by considering the simplest possible scenario for
the dark sector. Namely, we have assumed that it is comprised of spin-1 massive particles
having only gravitational interactions with the visible or hidden sectors. Such a model is
well motivated by the observations and appears as a relatively natural explanation for the
DM puzzle. Interestingly, despite its undeniable simplicity and elegance, it also offers us an
incredibly rich phenomenology. Furthermore, this scenario can be regarded as truly universal,
unavoidable, and complementary to models of the primordial Universe.

The main goal of this thesis was to describe various phenomena of gravitational origin that
might contribute to the creation of DM species. In the purely gravitational DM scenario,
such processes might be most operative at the highest available energy scales, i.e., during
and after cosmic inflation. Hence, one should first specify the background dynamics to in-
vestigate DM production in the primordial Universe. We employ the α−attractor T model,
a viable cosmic inflation model consistent with the CMB constraints. In chapter (3), we
have provided a detailed description of the inflaton dynamics during the slow-roll and the
oscillatory phase, assuming that a monomial function can approximate the inflaton potential
after inflation. Furthermore, we have demonstrated that depending on its form quantities
characterizing the inflaton dynamics, such as its effective mass or the period of oscillations,
might become functions of time.

In chapter (4), we have included the effect of the inflaton interactions on its post-inflationary
dynamics. Namely, we have elaborated on several perturbative but non-instantaneous re-
heating scenarios induced by the direct inflaton coupling to the SM species and indirect
gravitational interactions mediated by massless graviton. In this part, we have developed a
framework that allows us to determine the energy transfer between the inflaton and the SM
sector, considering the semi-classical nature of the former. In particular, our analysis takes
into account that during reheating, the inflaton coherently oscillates around the minimum
of its potential. Then, it has been shown that the non-trivial, i.e., non-quadratic, inflaton
potential inevitably generates a time-dependence of the inflaton decay rate, which generally
takes a power-law form. We have presented a detailed analysis of this effect by obtaining ap-
proximate analytical solutions to the Boltzmann equations. Two different reheating scenarios
have been analyzed, i.e., the standard scenario in which the energy injection into the SM
sector is controlled by direct inflaton interactions with the visible sector, and the mixed sce-
nario where reheating is initiated by gravitational processes, while direct ϕ−SM interactions
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trigger its completion. Furthermore, we have described in detail the Higgs boson-induced
scenario, where reheating occurs due to cubic inflaton-Higgs coupling. Such interactions
generate the ϕ- dependent mass term for the Higgs field, leading to a kinematical suppression
of the Higgs boson production. We have demonstrated that the inflaton-induced mass of
the daughter field can be another source of time-dependence of the inflaton decay width. A
comparison between the predictions of the massive scenario (taking into account the non-zero
Higgs mass) and the massless Higgs model (neglecting kinetic effects) was presented, indicat-
ing that considering the non-zero Higgs mass has an important impact on the dynamics of
the visible sector.

Then, in chapter (5), we have discussed the impact of the non-standard and non-instantaneous
reheating scenario on the propagation of primordial gravitational waves generated during cos-
mic inflation. Here, we have demonstrated that the presence of an early stiff era (before the
onset of the radiation-dominated phase) might significantly enhance the signal, leading to the
blue-tilted behavior of the PGWs spectrum. Furthermore, our results show that there might
be a possibility of probing inflaton couplings to the SM sector by measuring a signal from the
stochastic background gravitational waves of the inflationary origin. In particular, we have
shown that future gravitational wave detectors might be sensitive to the weak inflaton-SM
couplings, implying prolonged reheating.

Finally, in Chapter (6), we have utilized our findings to discuss the evolution of the dark
sector. Three different mechanisms of gravitational origin have been studied. Namely, purely
gravitational production in the expanding Universe as well as two perturbative processes in-
volving DM creation in the inflaton background and gravitational freeze-in from the SM bath.
We have demonstrated that a complete description of non-thermal DM production mecha-
nisms only requires specifying four parameters, i.e., its mass, the inflationary Hubble scale,
the equation of state of the Universe during reheating, and the reheating efficiency parameter.
On the other hand, to compute the amount of dark matter species created gravitationally
from the SM sector in addition one needs to know how time-evolution of the temperature,
which is determined by the form of the inflaton interactions and its potential. For each mech-
anism, we have found regions in the parameter space providing the observed relic abundance
of DM species assuming different reheating scenarios. In particular, it has been shown that
purely gravitational production of light vectors is insensitive to the details of reheating. How-
ever, determining the dynamics of the reheating phase is crucial for heavy dark vectors with
a mass exceeding the Hubble rate at the end of reheating. In this case, one gets very differ-
ent results depending on the adopted model. Similar conclusions also applied to gravitation
DM production from the inflaton field, which turns out to be independent of the details of
reheating only for the quartic inflaton potential. On the other hand, gravitational freeze-in
production strongly depends on the efficiency of reheating and becomes nonoperative in pro-
longed reheating models. Lastly, we have discussed the net effect of all these mechanisms,
showing that purely gravitational particle production dominantly produces DM vectors in a
vast mass range. In contrast, gravitational freeze-in might only be relevant for very heavy
dark vectors with a mass exceeding the Hubble rate at the end of inflation but below the
maximal temperature obtained by the thermal bath.

Now the time has come to encapsulate the title of this thesis. The role of gravitational
interactions during reheating and dark matter production cannot be overestimated. Namely,
gravity has manifested itself in at least three ways in this thesis. First and foremost, different
phenomena of gravitational origin have been demonstrated to serve as a viable mechanism
for dark matter production. It is worth emphasizing that this is not a single process that
leads to the population of the dark sectors. Instead, gravity is a source of various phenomena
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that might occur at slightly different moments of time and have different natures but act
coherently, such that the final abundance of dark species should be viewed as a net effect of
all of them. In addition, gravitational interactions might also be relevant in the reheating
process, initiating its onset. Hence, such interactions put the ultimate lower bound on re-
heating observables. Finally, gravity might also provide a tool to probe the early Universe,
as the spectrum of primordial gravitational waves might reflect the reheating dynamics.
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Appendix A

Cosmological parameters

Parameter Symbol Value
Dark energy density ΩΛ,0 0.6889 ± 0.0056

Matter density Ωm,0 0.3111 ± 0.0056
Baryon density Ωm,0 0.0493 ± 0.0006

Neutrino density Ων,0 ≲ 0.003
Spatial curvature |Ωk,0| ≲ 10−4

Radiation density Ωr,0 (9.02 ± 0.21) × 10−5

Photon density Ωγ,0 (5.38 ± 0.15) × 10−5

Hubble constant H0 67.74 ± 0.46 km s−1 Mpc−1

Critical density ρcrit,0 (8.62 ± 0.12) × 10−27 kg m−3

Entropy density s0 2970 cm−3

Age of the Universe t0 1.38 × 1010 years
Matter-dark energy equality tm.Λ.e 1.02 × 1010 years
Radiation-matter equality tr.m.e 5 × 104years

Scale factor at radiation-matter equality ar.m.e ≈ 2.9 × 10−4

Scale factor at matter-dark energy equality ar.Λ.e ≈ 0.77
Redshift at radiation-matter equality zr.m.e ≈ 3340

Redshift at matter-dark energy equality zr.Λ.e ≈ 0.3

Table A.1: Numerical values of the cosmological parameters [13].
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Appendix B

Phase-space distribution function

To statistically describe a gas of particles, let us introduce the phase-space distribution func-
tion f(x⃗, p⃗, t), containing the information about the distribution of particles in the phase-
space {x⃗, p⃗}. The distribution function can be related to the macroscopic properties of a gas
by summing over all particles’ momentum states and weighting them by the corresponding
probabilities. To that end, let us treat a gas of particles as a quantum system. According
to Heisenberg’s uncertainty principle, the simultaneous measurement of the particle position
and momentum cannot be performed with arbitrary accuracy. Instead, in quantum mechan-
ics, particles can be localized within a volume V = h3 so that their density of states is 1/h3,
with h being the Planck constant. Furthermore, if a particle possesses g internal degrees of
freedom, e.g., the spin, then the density of states is g/h3 (g/(2π)3 in natural units)[226].

The probability distribution to find a particle k with position x⃗k and momentum p⃗k at a
given moment of time t, i.e.,

dP = gk
(2π)3 d3xk d3pk fk(x⃗k, p⃗k, t),

where gk denotes the internal degrees of the species k.

Now let us restrict our attention to the homogeneous, i.e., position-independent, distribution
function. 1 The macroscopic description of the species k can be described by the n−moment
of its phase-space distribution function, defined as

Mn(fk) := gk

∫
d3pk
(2π)3 (p⃗k)nfk(p⃗k), (B.1)

where we have left the time dependence of the distribution function implicit.
Specifically, the zeroth moment of fk defines the k particle number density [222]

nk := gk

∫
d3pk
(2π)3 fk(p⃗k). (B.2)

The above expression can be then used to define the averaged value of a quantity Ok, i.e.,

⟨Ok⟩ =
gk
∫ d3pk

(2π)3 Ok(p⃗k)fk(p⃗k)

gk
∫ d3pk

(2π)3 fk(p⃗k)
= gk

nk

∫
d3pk
(2π)3 Ok(p⃗k)fk(p⃗k). (B.3)

Hence, the energy density of the species k can be related to the first moment of fk as [222]

ρk := nk⟨Ek⟩ = gk

∫
dp⃗k

(2π)3 Ek(|p⃗k|)fk(p⃗k), (B.4)

1More generic treatment can be found, e.g., in Ref.[223].
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whereas the pressure is associated with second moment of fk through the following formula
[222]:

Pk := gk

∫
dp⃗k

(2π)3
|p⃗k|2

3Ek(|p⃗k|)
(p⃗k)fk(p⃗k). (B.5)
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Appendix C

Boltzmann equation

The Boltzmann equation is a formal tool that allows us to investigate processes beyond the
thermal equilibrium, involving the creation or destruction of particles, decoupling, freeze-out,
freeze-in, etc. Hence, It is handy for tracking the evolution of particles whose distribution
starts to depart from equilibrium at some point.

The particle distribution might change for two reasons, i.e., due to the Universe’s expan-
sion and particle-number changing events. Interactions among different species would alter
the particle abundance only if the corresponding interaction rate Γ is small compared to the
expansion rate H. Otherwise, if Γ is high, i.e., Γ ≫ H, the equilibrium state is established
as interactions take place with equal probability in both directions, e.g., the A, B species
involved in the A ↔ B process are produced with the same rate as a result of the B, A
destruction. In this case, the particle abundance dilutes only due to the expansion.

The Boltzmann equation formalizes the above remarks. It can be expressed as follows
[222, 451–453]

L[fk] = C[fk], (C.1)

where L[fk] is the Liouville operator, whereas C[fk] is the collision operator.
The covariant version of the Liouville operator is given by [222]

L[fk] := pµk
∂fk
∂xµk

− Γµνρ pνk pρk
∂fk
∂pµk

. (C.2)

The symmetries of the FLRW metric constrain the form of the distribution function. Namely,
fk can only depend on the momentum magnitude |p⃗k|= pk, and time t, i.e., fk = fk(pk, t).
Hence, in the spatially-flat FLRW metric, Eq.(C.2) can be recast as

L[fk] := Ek
∂fk
∂t

− ȧ

a
p2
k

∂fk
∂Ek

, (C.3)

so that the Boltzmann equation (C.1) becomes

∂fk
∂t

− H(t) pk
∂fk
∂pk

= C[fk]
Ek

. (C.4)

C.1 Collisionless Boltzmann equation
Let us now focus on the collisionless Boltzmann equation,

∂fk
∂t

− H(t) pk
∂fk
∂pk

= 0. (C.5)
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assuming that the collision operator C[fk] vanishes. In this case, the above equation describes
the evolution of fk in the expanding Universe when the species k does not interact with other
particles. By integrating Eq.(C.5) over all the possible momenta (in a quantum phase-space),
one finds

gk

∫
dp⃗k

(2π)3
∂fk
∂t

− gkH(t)
∫

dp⃗k
(2π)3 pk

∂fk
∂pk

= 0. (C.6)

The first integral can be written as a time derivative of the zeroth moment of fk, see (B.2).
It is convenient to integrate the second term by parts, obtaining∫

dp⃗k
(2π)3 pk

∂fk
∂pk

= −3
∫

dp⃗k
(2π)3 fk, (C.7)

where we have dropped the boundary term.
The collisionless Boltzmann equation becomes

ṅk + 3Hnk = 0, =⇒ d(na3)
dt

= 0. (C.8)

Note that the above formula reflects the fact that in the absence of interactions, the number
density of the species k remains conserved in a volume V ∝ a3.
The evolution of the energy density of the interactionless species k is obtained in the same
manner. Namely, to that end one multiply Eq.(C.5) by the energy Ek and integrate over
momenta,

gk

∫
dp⃗k

(2π)3 Ek
∂fk
∂t

− gkH(t)
∫

dp⃗k
(2π)3 pkEk

∂fk
∂pk

= 0. (C.9)

From the definition (B.4), one sees that the first term stands for the time derivative of the
energy density, while the second can be recast as∫

dp⃗k
(2π)3 pkEk

∂fk
∂pk

= −3
∫

dp⃗k
(2π)3

(
Ek + p2

k

3Ek

)
fk = −3(ρk + pk), (C.10)

where in the last equality we have used Eqs.(B.4) and (B.5).
Hence, in the absence of interactions, the evolution of the k species energy density follows
the following equation:

ρ̇k + 3H(1 + wk)ρk = 0, (C.11)

with wk ≡ pk/ρk. The above version of the Boltzmann equation implies that the energy
density of matter, wk = 0, redshifts as a−3, whereas the energy density of radiation,wk = 1/3,
decreases as a−4.

C.2 Collision operator
The presence of the collision operator in Eq.(C.4) might non-trivially influence the evolution
of the distribution function. In particular, the number (or energy density) of a given species
k changes due to energy and momentum transfer via interactions with other species. All the
physics underlying these processes are encapsulated in the action of the C operator on the
phase-space distribution function fk.

The most general formula for the collision operator describing the evolution of the species k
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involved in the I → F interaction, where I(F) represents the initial (final) state composed of
one or more particles labeled by the index i(f), takes the following form [222, 451–453]:

C[fk] = ± 1
SI SF

∫ ∏
i∈I, f∈F

[
dΠ̃k ̸=idΠ̃k ̸=f

(
|MI→F|2Φi(fi, ff ) − |MF→I|2Φf (fi, ff )

)]

× (2π)4δ(4)
(∑

i

pi −
∑

pf

)
, (C.12)

with

dΠ̃j ≡ gj
d3pj

(2π)22Ej
, j ∈ {i, f}. (C.13)

The overall plus sign corresponds to the k particle production, i.e., the species k belongs to
the final state, k ∈ F, whereas the minus sign holds for the k particle destruction, i.e., the
species k belongs to the initial state, k ∈ I.
Above SI(SF) denotes the symmetrization factor, i.e.,

SI(F) ≡
∏

i(f) ∈ I(F)
ni(f)! , (C.14)

which accounts for identical particles in the initial (final) state. The mean of the amplitude
square, |MI(F)→F(I)|2, is averaged over the initial and final spin states, i.e.,

|MI(F)→F(I)|2≡
∏

i∈I,f∈F

1
gi

1
gf

|MI(F)→F(I)|2. (C.15)

The delta function enforces the energy-momentum conservation, and finally, the phase-space
factor is defined as

Φi(f)(fi, ff ) ≡ ±fi(f)(1 ± ff(i)), (C.16)

where the plus (minus) sign is for Φi (Φf ), while fi and ff denote distribution functions for
the species in the initial and final states, respectively. Moreover, the ± sign accounts for
the quantum effects, i.e., the Pauli blocking (plus sign) occurring for fermions and the Bose
enhancement (minus sign) concerning bosons.

In the remaining part, we assume the CP invariance in all considered reactions. In this
case, the matrix elements are the same for the I → F reaction and their inverses F → I.
Hence, with the assumed CP invariance, Eq.(C.17) becomes

C[fk] = ± 1
SI SF

∫ ∏
i∈I, f∈F

[
dΠ̃k ̸=idΠ̃k ̸=f |MI→F|2Φif (fi, ff )

]
(2π)4δ(4)

(∑
i

pi −
∑

pf

)
,

(C.17)

with

Φif (fi, ff ) ≡ fi(1 ± ff ) − ff (1 ± fi). (C.18)
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Note that if all species in the initial and final states are in thermal equilibrium, their distri-
bution functions follow the equilibrium distribution

f eq(pk, T ) = 1

e
Ek−µk

T ± 1
, (C.19)

where µk denotes the chemical potential of the species k, T is the common temperature for
all particles in the equilibrium, whereas the + (−) sign is for fermions (bosons).

The vanishing of the C operator can serve as a tool to define different equilibrium states.
Namely,

• if C[fk] = 0 for the number conserving processes, i.e., in which the number of all species
in the initial and final states are the same, the system is in kinetic equilibrium;

• it C[fk] = 0 for the number changing interactions, i.e., in which the number of species
in the initial state is not the same as in the final state, the system is in chemical
equilibrium; in this case, in addition to the energy conservation, the chemical potential
conservation: ∑

i∈I
µi =

∑
f∈F

µf , (C.20)

also holds.
• thermal equilibrium prevails when both kinetic and chemical equilibrium are

present; it is characterized by the the detailed-balance equation:∏
i∈I, f∈F

f eq
i (1 ± f eq

f ) =
∏

i∈I, f∈F
f eq
f (1 ± f eq

i ) (C.21)

Finally, let us define the collision or source term

Rk := gk

∫
d3pk
(2π3)

C[fk]
Ek

, (C.22)

and the energy gain

Ek := gk

∫
d3pk
(2π3)C[fk], (C.23)

appearing on the r.h.s. of the number density (C.8) and energy density equations (C.11),
respectively.

C.3 Binary processes
In this thesis, we restrict our attention exclusively to the two body scattering:

i j ↔ AB.

Let us consider the collision operator describing the production of the A particles, which for
the above interactions takes the following form:

Cij↔AB = + 1
Sij SAB

∫
dΠ̃i dΠ̃j dΠ̃B|Mij↔AB|2ΦijAB(2π)4δ(4) (pi + pj − pA − pB) , (C.24)
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with

ΦijAB ≡ [fifj(1 ± fA)(1 ± fB) − fAfB(1 ± fi)(1 ± fj)] . (C.25)

We focus on the class of processes in which A species is produced from particles i, j comprising
thermal bath. In this case, their distribution functions fi, fj follows the equilibrium distribu-
tion (C.19), i.e., fi = f eq

i = f eq
j . Moreover, we assume that the chemical potential is negligible

and consider the low-energy limit of Eq.(C.19) so that i) the Fermi-Dirac and Bose-Einstein
distributions can be well approximated by the classical Maxwell-Boltzmann distribution,

f eq
k ≈ e− Ek

T , (C.26)

and ii) and the quantum effects (Bose enhancement and Pauli blocking) are not relevant, i.e.,
1 ± fij ≈ 1. Hence,

ΦijAB ≈ f eq
i f eq

j − fAfB = f eq
A f eq

B − fAfB, (C.27)

where in the second equality we have used Eq.(C.21).
Consequently, the collision operator (C.24) simplifies as

Cij↔AB ≃ 1
gA

1
Sij SAB∫

dΠ̃i

gi

dΠ̃j

gj

dΠ̃B
gB

|Mij↔AB|2(f eq
A f eq

B − fAfB)(2π)4δ(4) (pi + pj − pA − pB) . (C.28)

The collision operator (C.22) of the A species can be written as

RA = 1
Sij SAB∫
dΠ̃i

gi

dΠ̃j

gj

dΠ̃A
gA

dΠ̃B
gB

|Mij↔AB|2(f eq
A f eq

B − fAfB)(2π)4δ(4) (pi + pj − pA − pB) . (C.29)

Using the balance equation, one can recast the above expression as

RA ≡ (neq
A neq

B − nAnB)⟨σ|v|⟩AB→ij , (C.30)

where the thermally-averaged cross-section is defined as [454]

⟨σ|v|⟩AB→ij := 1
neq
A neq

B

× 1
Sij SAB

∫
dΠi dΠj dΠA dΠB|MAB↔ij|2f eq

A f eq
B (2π)4δ(4) (pi + pj − pA − pB) ,

(C.31)

where dΠj ≡ d3pj

(2π)32Ej
.

Hence,

RA ≡
(

1 − nAnB
neq
A neq

B

)
neq
A neq

B ⟨σ|v|⟩AB→ij . (C.32)
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C.3.1 Thermally-averaged cross-section

Now let us compute the thermally-averaged cross-section defined in expression (C.31). Uti-
lizing Eq.(C.26), we get

⟨σ|v|⟩AB→ij := 1
neq
A neq

B

1
Sij SAB∫

dΠi dΠj dΠA dΠB|MAB↔ij|2(2π)4δ(4) (pi + pj − pA − pB) e−(EA+Eb)/T .

(C.33)

The above integral can be expressed in terms of the spin-averaged annihilation cross-section

σ̄AB→ij := 1
gA

1
gB

Sij SAB
4F (pA, pB)

∫
dΠi dΠj |MAB↔ij|2(2π)4δ(4) (pi + pj − pA − pB) , (C.34)

where

F (pA, pB) ≡
√

(pA · pB)2 − p2
Ap2

B, (C.35)

as follows,

⟨σ|v|⟩AB→ij := gA gB
neq
A neq

B

∫
d3pA
(2π)3

d3pB
(2π)3

F (pA, pB)
EAEB

σ̄AB→ije
−(EA+Eb)/T . (C.36)

It is instructive to use the following identity [454]:∫
dΠA dΠB = 1

8
1

(2π)4

∫ ∞

(mA+mA)2
ds

∫ ∞

√
s

dE+

∫ ϵ+

ϵ−
dE−, (C.37)

where s ≡ (pA + pB)2 is the Mandelstam, E± = EA ± EB, whereas

ϵ± = |m2
A − m2

B|E+
s

±

√
λ(s, m2

A, m2
B)

s

√
E2

+
s

− 1, (C.38)

with

λ(x, y, z) ≡ x2 + y2 + z2 − 2xy − 2xz − 2yz, (C.39)

being the Källén function.

Note that if σ̄AB→ij depends only on the Mandelstam variable s, the other two integrals
over E± can be performed analytically, leaving [454]

⟨σ|v|⟩AB→ij := gA gB
neq
A neq

B

× T

32π4

∫ ∞

(mA+mB)2
ds

[s − (mA + mB)2][s − (mA − mB)2]√
s

K1

(√
s

T

)
σ̄AB→ij .

(C.40)

Note that if A and B particles are identical, the above expression simplifies as follows,

⟨σ|v|⟩AB→ij :=
(

gA
neq
A

)2
T

32π4

∫ ∞

4m2
A

ds
√

s(s − 4m2
A)K1

(√
s

T

)
σ̄AB→ij . (C.41)
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C.4 Freeze-in DM production
Let us apply the above results to freeze-in (FI) DM production. Such a scenario presupposes
interactions between the visible and dark sectors are so weak that DM particles never reach
thermal equilibrium. Hence, in this case, the evolution of the DM species, the following
Boltzmann equation drives X:

ṅX + 3HnX = R(FI)
X , (C.42)

where the collision term is given by

R(FI)
X ≃ neq

Xneq
X ⟨σ|v|⟩XX→ij

= g2
X

T

32π4

∫ ∞

4m2
X

ds
√

s(s − 4m2
X)K1

(√
s

T

)
σ̄XX→ij . (C.43)
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Appendix D

The number of relativistic degree of
freedom

The total energy density of the Universe can be expressed in terms of the number of relativistic
degree of fredom as

ρ = π2

30g⋆ρ(T )T 4, g⋆ρ(T ) ≡
∑
i

gi

(
Ti
T

)4 J±(xi)
J−(0) , (D.1)

with T being the common temperature of the thermal bath constituents, while

J±(x) ≡
∫ ∞

0

ξ2√ξ2 + x2

e
√
ξ2+x2 ± 1

dξ, (D.2)

and xi ≡ mi/T , ξi ≡ pi/T .
Utilizing the fact that J−(0) = π4

15 and separating the contribution from bosons and fermions,
one gets

g⋆ρ(T ) ≡ 15
π4

 ∑
b= bosons

gb

(
Tb
T

)4
J±(xb) + 7

8
∑

f = fermions
gf

(
Tf
T

)4
J±(xf )

 . (D.3)

Analogously, the total entropy density of relativistic species can be expressed in terms of the
number of relativistic degree of freedom in entropy as

s = 2π2

34 g⋆s(T )T 3, (D.4)

with

g⋆s(T ) ≡ 15
π4

 ∑
b= bosons

gb

(
Tb
T

)3
J±(xb) + 7

8
∑

f = fermions
gf

(
Tf
T

)3
J±(xf )

 . (D.5)

As the Universe cools down, different particles decouple from the thermal bath. The de-
coupling of species occurs when the interaction rate per particle,

Γ ≡ neq⟨σ|v|⟩, (D.6)

drops below the expansion rate, i.e., when

Γ ≲ H. (D.7)
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Particles can decouple being relativistic or non-relativistic, comprising hot or cold relics, re-
spectively.

Within the SM of particle species, at high temperatures, i.e., T ≳ 100 GeV, all species
were relativistic and belonged to the thermal bath. Hence,

g⋆ρ(T ≳ 100 GeV) = g⋆ρ(T ≳ 100 GeV)

= 2 + (3 × 3) + (8 × 2) + 1 + 7
8 [(6 × 12) + (3 × 4) + (3 × 2)] = 107.75,

(D.8)

where we have included two polarization states of photons γ, three polarization states of
massive gauge bosons W ±, Z0, two internal degrees of freedom of eight massless gluons, the
Higgs field, and two spin-1 states of six flavors of quarks multiplied by the three colors and the
factor of two for the antiparticles, two spin states of 6 charged leptons and their antiparticles,
and two one internal degree of freedom for three neutrinos and their antiparticles.
Then, when the temperature drops to ∼ 30 GeV, the top quark decouples first. Both numbers
reduce to

g⋆ρ(T ≳ 30 GeV) = g⋆ρ(T ≳ 30 GeV) = 107.75 − 7
8 × 12 = 96.25. (D.9)

The Higgs boson, together with three massive gauge bosons, decouple next. At the temper-
ature ∼ 10 GeV, one finds

g⋆ρ(T ≳ 10 GeV) = g⋆ρ(T ≳ 30 GeV) = 96.25 − (3 × 3) − 1 = 86.25. (D.10)

Shortly after that moment, the decoupling of the bottom and charm quarks occur, followed
by the annihilation of the tau lepton. Then, around ∼ 150 MeV, the QCD phase transition
occurs. After that, the total number of relativistic degrees of freedom is a sum of the three
types of pions (spin-0 particles), electrons, muons, neutrinos, and photons

g⋆ρ(T ≲ TQCD) = g⋆s(T ≲ TQCD) = 2 + 3 + 7
8 [(4 × 2) + (3 × 2)] = 17.25. (D.11)

Subsequently, pions and muons decouple, leading to

g⋆ρ(T ∼ 10 MeV) = g⋆s(T ∼ 10 MeV)) = 2 + 7
8 [(2 × 2) + (3 × 2)] = 10.75. (D.12)

Finally, when the temperature of the Universe reaches ∼ 1 MeV, SM neutrinos decoupled
as hot relics, which to the slightly different evolution of g⋆ρ and g⋆s. Namely, shortly after
neutrino decoupling, electrons, and positrons start to annihilate into the pairs of photons.
Their energy and entropy are injected into photons but not into neutrinos which are no longer
in the thermal bath. Thermal equilibrium is maintained in this process, and the entropy
density is conserved separately for particles comprising the thermal bath and decoupled
neutrinos. Using the fact that g⋆sa

3T 3 =const., before, i.e., T1 ≳ me, and after, i.e.,T2 ≲ me

electron-positron decoupling, one finds for the thermal bath

11
2 a3

1T 3
γ,1 = 2a3

2T 3
γ,2, (D.13)

and for the neutrino background

a3
1T 3

ν,1 = a3
2T 3

ν,2, (D.14)
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which, in turn, implies that at late times, i.e., T ≲ me, neutrino temperature, Tν , is slightly
lower than the photon temperature, Tγ , i.e.,

Tν =
( 4

11

)1/3
Tγ . (D.15)

At temperatures below the electron mass threshold, the numbers of relativistic degrees of
freedom are different,

g⋆ρ = 2 + 7
8 × 2 × Neff ×

( 4
11

)4/3
, (D.16)

g⋆s = 2 + 7
8 × 2 × Neff ×

( 4
11

)
, (D.17)

where the number of neutrino species Neff accounts for the non-instantaneous decoupling of
the SM neutrinos and is equal to Neff ≃ 3.046.

Figure D.1: The evolution of the number of relativistic degree of freedom g⋆ρ (solid curve) and the
number of relativistic degree of freedom in entropy g⋆s (solid curve).

Image credit: Daniel Baumann, Cosmology

https://cmb.wintherscoming.no/pdfs/baumann.pdf
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