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Abstract

The inclusive semileptonic decay of the B meson serves as the ”standard candle” process for
the determination of the Cabibbo–Kobayashi–Maskawa matrix element Vcb in the Standard
Model. It can also be used to fix values of the masses of the bottom and charm quarks
and non-perturbative parameters used in the theory of all inclusive decays of the B meson.
The recently developed techniques of reparametrization-invariance-improved Heavy Quark
Expansion motivate the investigation of the leptonic invariant mass spectrum of this decay.
In the present thesis, I describe the calculation of this spectrum in the leading order in the
Heavy Quark Expansion and up to the next-to-next-to-leading order in Quantum Chromo-
dynamics. The results contain the contribution from the b → ccc̄lν̄l channel omitted in
previous determinations, making the analysis fully inclusive. The spectrum is presented as
a fit to precise numerical values obtained with the Auxiliary Mass Flow algorithm, and are
followed by an examination of the impact of the Next-to-Next-to-Leading correction on its
moments.

In the preparation of this dissertation, I placed an emphasis on the description of the
field-theoretic framework used to obtain perturbative corrections in particle physics and of
the contemporary methods of computing multi-loop, multi-scale Feynman diagrams. To
this end, the calculation of a two loop diagram contributing to the considered process is
presented in detail. The practical aspects of dimensional regularization, Clifford and su(N)
algebras are summarized with a subsequent overview of the techniques of Integration By
Parts reduction, differential equations, ε-form, and Auxiliary Mass Flow.

The technical chapters of the thesis are followed by an outline of the modern theory of
inclusive decays of hadrons containing a heavy quark. The leading order approximation of
the semileptonic transition in the Standard Model is derived within the framework of an
Effective Field Theory. The Heavy Quark Effective Theory and the resulting Heavy Quark
Expansion are presented in the context of the semileptonic decay. The reparametrization
invariance and its consequences are then reviewed. Finally, I construct the effective width
technique for the leptonic invariant mass spectrum that greatly facilitates the computation
of higher-order perturbative corrections.

The presented results can serve to improve the future extractions of phenomenologically
significant quantities from the data provided by the Belle, Belle II, and LHCb experiments.
The precision of these extractions is an important limiting factor of the predictions of rare
processes that can guide the search for physics beyond the Standard Model.
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Streszczenie

Proces inkluzywnego, semileptonowego rozpadu mezonu B jest wykorzystywany jako „świeca
standardowa” przy wyznaczaniu elementu macierzy Cabibbo–Kobayashiego–Maskawy |Vcb|
w Modelu Standardowym. Może również być użyty do uzyskania wartości masy kwarków
pięknego i powabnego oraz nieperturbacyjnych parametrów używanych w teorii wszystkich
inkluzywnych rozpadów mezonu B. Niedawno opublikowana metoda, polegająca na ulepsze-
niu Rozwinięcia Ciężkich Kwarków dzięki niezmienniczości reparametryzacyjnej, motywuje
badanie spektrum w masie inwariantnej pary leptonów tego rozpadu. W poniższej rozprawie
opisuję obliczenie tego spektrum w wiodącym rzędzie Rozwinięcia Ciężkich Kwarków i
w drugim niewiodącym rzędzie Chromodynamiki Kwantowej. Uzyskane wyniki obejmują
wkład kanału b → ccc̄lν̄l pominiętego w poprzednich ewaluacjach dzięki czemu analiza
stała się w pełni inkluzywna. Spektrum prezentuję w postaci dopasowania do precyzyjnych
numerycznych wartości wyznaczonych za pomocą algorytmu Pływu Masy Pomocniczej.
Następnie analizuję wpływ drugiej niewiodącej poprawki na momenty spektrum.

Podczas przygotowywania tej rozprawy, położyłem nacisk na opis teoriopolowego podejś-
cia do obliczeń poprawek perturbacyjnych w fizyce cząstek elementarnych, a także współczes-
nych metod analizy wielopętlowych, wieloskalowych diagramów Feynmana. W tym celu
przedstawiłem ze szczegółami obliczenie jednego z dwupętlowych diagramów, dających
wkład do rozważanego procesu. Zaprezentowałem również praktyczne aspekty regularyza-
cji wymiarowej oraz algebr Clifforda i su(N) wraz z przeglądem technik: redukcji poprzez
tożsamości całkowania przez części, równań różniczkowych, formy ε-owej i Pływu Masy In-
wariantnej.

Trzeci rozdział rozprawy otwiera zarys współczesnej teorii inkluzywnych rozpadów
hadronów zawierających ciężki kwark. Wiodące przybliżenie semileptonowej przemiany w
Modelu Standardowym jest wyprowadzone w ramach formalizmu Efektywnych Teorii Pola.
Efektywna Teoria Ciężkich kwarków i wynikające z niej Rozwinięcie Ciężkich Kwarków są
zaprezentowane w kontekście rozpadu semileptonowego. Opisana została również niezmien-
niczość reparametryzacyjna i jej konsekwencje. Przedstawiłem także wyprowadzenie techniki
szerokości efektywnej dla spektrum w masie inwariantnej leptonów, która znacznie ułatwia
obliczenia wyższych poprawek perturbacyjnych.

Zaprezentowane wyniki mogą pomóc w ulepszeniu przyszłego wyznaczania fenomeno-
logicznie istotnych wielkości z danych zebranych przez eksperymenty Belle, Belle II i LHCb.
Precyzja tego wyznaczania jest ważnym czynnikiem warunkującym dokładność przewidywań
rzadkich procesów mogących pokierować poszukiwaniami teorii fizycznej wychodzącej poza
Model Standardowy.
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Introduction

Introduction

In the process of developing a physical description of nature, one is bound to encounter
quantities with values that cannot be reasoned from this description alone but rather have
to be tailored a posteriori such that a certain chosen subset of predictions fits the observed
behavior. The predictive value of a theory should be judged by the comparison of the
smallest possible size of this set needed to fix all parameters to the amount of all quantitative
predictions given by the theory. Demanding that the theory respects certain symmetries can
reduce the number of free constants. The parameter spaces of various physical models
developed over the last century vary greatly in size and substance. The hypothesized M
theory is specified by a single dimensionful scale and a single dimensionless ratio. On the
other hand, ”bottom up” effective field theories such as the Standard Model Effective Field
Theory (SMEFT) or the Higgs Effective Field Theory depend in principle on an infinite
tower of Wilson coefficients but of diminishing phenomenological importance.

Both extremes have their virtues. Models with a small number of free parameters possess
an indisputable aesthetic quality and one is naturally inclined to believe that the final,
noumenal or in any way ”true” description will be free of any ambiguity. The discussion of
the existence, or even approachability of such a theory lies in the domain of philosophy. It is
this author’s conviction, that the criteria used in physical modeling should instead be first of
all pragmatic, and the theory itself adjusted to the contemporary measurement technology
and aimed at guiding the development of future generations of experiments. To this end,
models in the second extreme can serve an important purpose. Such formulations obviously
cannot be expected to be predictive by themselves, but rather should be treated as universal
parametrizations of theories respecting certain assumptions. The applicability of a predictive
high energy theory TH+L with parameters CH+L describing known particles L along with
some yet unobserved, heavy degrees of freedom H can be assessed by studying the effects of
H on the dynamics of L with the latter fixed by experiment. To do so systematically, one
can treat the most generic model TL matching the particle content and the dynamics of L as
the low energy effective theory of TH+L which uniquely fixes all parameters CL of TL in terms
of CH+L. In this sense, the space of CL parametrizes all possible TH+L that can predict the
already known behavior of L. On the other hand, CL are experimentally known up to some
finite precision, which puts bounds on CH+L or even excludes TH+L entirely without any
direct search for H. The findings of such analyses have been guiding the general strategy of
experimental particle physics for decades.

The Standard Model (SM) of particle physics lies between the above two opposites. It
is based on two primary principles: gauge invariance and renormalizability. The first is
formalized by introducing a gauge symmetry group GSM = SU(3) ⊗ SU(2) ⊗ U(1), and
specifying that the dynamical fields transform in certain representations of this group. The
fermionic matter content of the SM is as follows:

• left-handed fields ψQj, j ∈ {1, 2, 3} transforming in the fundamental representations
of SU(3) and SU(2), with U(1) hypercharge YQ = 1/6 (quark doublets),

• left-handed fields ψLj in the fundamental representation of SU(2), uncharged under
SU(3), and with hypercharge YL = −1/2 (lepton doublets),
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• right-handed fields ψUj and ψDj, in the fundamental representation of SU(3), un-
charged under SU(2), with hypercharges YU = 2/3 and YD = −1/3, respectively (up-
and down-type quark singlets),

• right-handed fields ψEj, uncharged under SU(3) and SU(2), with hypercharge YE = −1
(lepton singlets).

Some additional structure is needed to describe the neutrino masses required by the observed
neutrino flavor oscillations. The nature of these masses will play no role in the present thesis,
but for definiteness, in the counting of SM parameters, I assume a model with no Majorana
mass terms and with right-handed Dirac neutrino gauge singlets. This introduces the final
three right handed fermion fields ψνj that are uncharged under SU(3) and SU(2) and with
hypercharge Yν = 0. To preserve the local symmetry, for each gauge group generator one
introduces a vector boson that couples to the fermions through the corresponding covariant
derivative. There is a single fermion-gauge boson coupling constant for each of the three
simple components of GSM . The electroweak part of the gauge symmetry is spontaneously
broken by the introduction of a Lorentz scalar Higgs SU(2) doublet with a ”Mexican hat”
shaped classical potential that can be parameterized by the Higgs mass and the vacuum
expectation value v. The a priori massless fermionic fields are coupled to the Higgs doublet
via Yukawa interactions. The most general parametrization allows for 36 complex Yukawa
couplings that can be collected in four 3 × 3 matrices Γ(x)

ij with x ∈ {u, d, l, ν}. The actual
number of free parameters is much smaller, as the majority of the Yukawa matrix element
parameters can be absorbed into the fields via unitary field redefinitions in the generation
space. After the spontaneous symmetry breaking, one can express the remaining Yukawa
coupling parameters in terms of 12 real fermion masses and 8 real generation-mixing angles.
The criterion of renormalizability excludes from the SM Lagrangian terms with couplings
of negative mass-dimension. This, in turn, limits the allowed interaction terms to the ones
described above. Overall, such a formulation of the SM depends on 25 real parameters
that have to be fixed by experiment: the three gauge couplings, the 20 irreducible Yukawa
parameters, and the two Higgs-doublet potential parameters†.

The continuing effort to improve the extraction of SM parameters is motivated by the
growing emphasis on the high precision searches for physics beyond the SM. Despite the great
success of the SM as a theory in collider experiments up to collision energies O(10)TeV, a
number of fundamental questions remain unanswered. The SM does not explain, in par-
ticular, the observed matter-antimatter asymmetry, the tiny enough neutron electric dipole
moment [14], or the nature of Dark Matter. Moreover, it does not contain any description
of gravity. While the LHC still has several decades of data gathering ahead and substantial
upgrades to come, the lack of direct detection of any of the multitude degrees of freedom pro-
posed by theorists up to 14TeV motivates a growing emphasis on the high precision searches
for physics beyond the SM. This strategy in essence follows the one outlined above, with the
SM treated as the leading approximation of the non-renormalizable SMEFT limited only by
the particle content and symmetries of the SM. A scenario in which the SMEFT with some
non-vanishing Wilson coefficients gives a significantly better prediction than the SM will
constitute a clear signal of New Physics. Within this approach, the space of possible beyond
SM theories narrows with the increasing precision of SM predictions but the experimental

†The SM parameter counting here does not include θQCD and θweak that correspond to certain total
derivatives in the Lagrangian density, and may manifest themselves via topological quantum effects only [3–
9].
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Introduction

Figure 2: The integrated luminosity plots of several past, present, and future collider exper-
iments: Tevatron (top left), Belle I and BaBar (top right), LHCb (bottom left), and Belle
II (bottom right). Figures taken from refs. [10–13].

constraints on the SMEFT Wilson coefficients can shed light on physics beyond SM only if
the values of the SM free parameters are well under control.

The precision studies of the SM became feasible due to the continuous increase in lumi-
nosity of accelerators and the resulting rise in the number of detected events. Maximizing
the amount of data gathered in collider experiments is the principal aim of all detector de-
signs and their subsequent upgrades. In the case of experiments covering b hadron physics,
the statistics collected in the previous generation of B factories is already significant, and is
expected to increase more than tenfold (see figure 2). The Belle II collaboration continues
to establish new instantaneous luminosity records and, by the time of publication of this
thesis, accumulated around half of the integrated luminosity of Belle I and BaBar combined.
The efficiency of hadron colliders is also steadily improving. For example, in 2024 alone,
the LHCb experiment almost matched the entire integrated luminosity of Tevatron. Such
a wealth of results will allow the experimental community to reduce statistical errors in
many crucial observables. With a data set increased n times, one can roughly project this
reduction to be by a factor O(

√
n); an estimate confirmed for some sample observables in

table 1 [15]. It is thus reasonable to anticipate that the upcoming two decades could bring
improvements in experimental accuracy of flavor physics observables by a factor of 3 or even
higher, provided that systematic uncertainties can be reduced as well. This in turn motivates
greatest possible efforts to bring the uncertainties down also on the theory side.

While many properties of hadrons and leptons, can be extracted directly from the dif-
ferential cross sections and decay widths, quantities describing the constituent particles are
more elusive. Due to the strong confinement, quarks cannot be produced by themselves but
only bound into hadrons of various kinds. This introduces much difficulty already in prop-
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Observable 5 ab−1 50 ab−1 Observable 5 ab−1 50 ab−1

B(B+ → D̄0τ+ντ ) 7.9% 2.5% B(B0 → D−τ+ντ ) 28.5% 9.0%
ACP(B → Xsγ) 0.009 0.003 |Vub| 1.0% 0.3%

RK 7% 2% RK∗ 9% 3%

Table 1: Expected uncertainties of some quantities with Belle II data at two sample values
of integrated luminosity. Values given in percentages are relative to the mean value of the
currently best known extractions while the ones given as numbers denote absolute errors.
Percentages for the branching ratios in the first row denote total errors while all others
values contain only the statistical contributions to the relevant measurement errors. The CP
asymmetry of a process ACP(process) is defined as [Γ(process) − Γ(process)]/[Γ(process) +
Γ(process)], where the overline denotes the CP-conjugation of the initial and final states.
The symbol B(process) denotes the branching ratio of a process while RK(∗) is the ratio
B(B → K(∗)µ+µ−)/B(B → K(∗)e+e−). Finally, |Vub| is the Cabibbo–Kobayashi–Maskawa
(CKM) matrix parameter described below.

erly defining the quark masses which must be treated as renormalization-scheme-dependent
quantities. In the perturbative regime of QCD, the standard definition of the on-shell mass
as the location of the lowest energy pole of the two-point Green’s function gives a poorly
behaved series. This behavior can be improved in a carefully constructed renormalization
scheme [16–26]. Whatever the details of the particular definition one chooses, the observed
quark masses follow a very peculiar hierarchy. The ubiquitous up and down quarks have
masses O(1MeV) with most of the nucleon mass coming from the energy of the relativistic
strongly interacting partons. The strange quark’s mass is O(100MeV), followed by the charm
quark mass O(1GeV). The third generation quarks b and t appear to have masses O(4GeV)
and O(170GeV) respectively. The observed quark masses cover five orders of magnitude,
implying a similar hierarchy among the fundamental Yukawa couplings to the Higgs dou-
blet. Understanding such a hierarchy is one of the motivations for the precise study of the
Yukawa sector of the SM, and is required to shed more light on the apparent quark mass
hierarchy.

The development of the SM was in large part motivated by the need to explain the CP
symmetry violation observed first in the decays of neutral Kaons. The wider subject of CP
violation is directly connected to the puzzle of baryogenesis and the observed asymmetry
between matter and antimatter, which remain as one of the most mysterious problems of
modern particle physics and cosmology. With the apparent lack of strong CP violation, the
only source of CP symmetry breaking in the renormalizable interactions of known particles
comes from the non-vanishing imaginary parts of Yukawa couplings. In the quark sector
with only two generations, these can be made zero with unitary field redefinitions. This led
Kobayashi and Maskawa to postulate [27] the existence of the third generation of quarks 4
years before the discovery of mesons containing b quarks [28] and two decades before the
experimental confirmation of the top at the Tevatron [29, 30]. The introduction of the third
SU(2) ⊗ U(1) quark doublet increases the amount of independent, irreducible parameters
describing the Yukawa couplings by three with one of them being the CP violating complex
phase factor.

At the partonic level, CP violating processes in hadrons arise as a result of transitions
between different quark flavors. In the SM, the latter are parameterized by the unitary CKM
matrix Vjk which encapsulates the four mixing parameters left after quark field redefinitions,
and describes the relation between quark weak interaction and mass eigenstates. The prob-
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Introduction

ability amplitude of a flavor transition is governed by the relevant CKM matrix element, as
described by the following Feynman rules:

k ∈ {d, s, b} j ∈ {u, c, t}

W−
µ

= AµVjk,
j ∈ {u, c, t} k ∈ {d, s, b}

W+
µ

= AµV ∗
jk, (I.1)

where Aµ ≡ −igγµPL/
√
2, g is the SU(2) coupling, γµ is one of the four Dirac matrices,

and PL is the projector onto left spinor components. It is important to stress that each
element of the CKM matrix can be independently measured† without any ansatz on the
structure of the CKM matrix. The unitarity of the obtained matrix is a strong test of
the Kobayashi–Maskawa description of CP violation and of the SM as a whole. The re-
cent progress on the determination of Vud [32] has led to a 3σ deviation from the unitarity
condition [31]

|Vud|2 + |Vus|2 + |Vub|2 = 0.9985(5), (I.2)

possibly hinting at a new ”anomaly” of the SM.
In the SM, the CKM matrix can be parameterized in many different ways but in the

context of b physics, it is done most conveniently using four real numbers: λ, γ, |Vub|, and
|Vcb|. With these, the CKM matrix takes the form

V =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb


=
(
1 +O(λ3)

) 1− λ2

2
λ |Vub|e−iγ

−λ 1− λ2

2
|Vcb|

|Vcb|λ− |Vub|eiγ
(
1− λ2

2

)
−|Vcb|

(
1− λ2

2

)
− |Vub|λeiγ 1

 .

(I.3)

The precise values and uncertainties of the free parameters vary with the particular extraction
procedure, but the magnitudes of CKM matrix elements turn out to respect the following
hierarchy: |Vud| |Vus| |Vub|

|Vcd| |Vcs| |Vcb|
|Vtd| |Vts| |Vtb|

 =

 O(1) O(10−1) O(10−3)
O(10−1) O(1) O(10−2)
O(10−3) O(10−2) O(1)

 . (I.4)

The parameter λ = 0.22650(48) is determined in measurements of semileptonic decays of
charged Kaons and from β decay. Resolving the other three parameters relies on the study
of B meson physics. The CKM phase γ = 1.196+0.045

−0.043 is measured from a wide range of CP
violating B decays‡. Both of these values were taken from the global analysis of ref. [31].

The values of |Vcb| and |Vub| are obtained from semileptonic decays of the B mesons.
Currently, the most precise determination of |Vcb| comes from a fit of kinematic moments of
the inclusive B → Xclν̄l channel†† shown in figure 3, summed over all possible hadronic states

†A review of different extraction strategies of each element is provided in section 12 of ref. [31]
‡A direct measurement from neutral Kaon mixing is less competitive due to larger hadronic uncertainties

on the theory side of the analysis.
††The experimental and theoretical analysis is performed for the isospin- and CP-averaged quantities.
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Figure 3: The inclusive semileptonic decay of the B− meson: B → Xclν̄l
.

Xc that contain one unbalanced charm quark. The theory prediction of this decay, as well
as of the B meson lifetimes and mixing has a fairly simple structure: sufficiently inclusive
observables can be expanded into a series of terms suppressed by powers of Λ/mb, where Λ '
MB−mb ≈ 0.15mb, andMB is the mass of the B meson. In each term of this, so called, Heavy
Quark Expansion (HQE), the contributions from the perturbative and non-perturbative
regimes of QCD factorize. The former can be calculated using Feynman diagrams and other
techniques of perturbative Quantum Field Theory (QFT). Once a truncation order of the
HQE is chosen, the latter are treated as parameters in a fit to experimental data of the
moments of spectra of the B → Xclν̄l decay. For example, the inclusive semileptonic decay
width Γsl ≡ Γ(B → Xclν̄l) in the HQE reads

Γsl = G2
F |Vcb|2m5

b

∑
k

CΓ
k 〈O

(nk)
k 〉

mnk−3
b

+O
(
αem,

mb

electroweak scale

)
, (I.5)

where GF is the Fermi constant measured in the muon decay and αem ≡ e2/(4π) is the
fine structure constant of Quantum Electrodynamics (QED). The subleading electroweak
corrections will be suppressed below.

The non-perturbative effects of the hadronic structure of the B meson are parameterized
by the matrix elements 〈O(nk)

k 〉 defined as:

〈O(nk)
k 〉 ≡ 〈B(pB)|O(nk)

k (x = 0)|B(pB)〉
2MB

. (I.6)

The leading matrix element arises at nk = 3 and reads (cf. section 3.3):

〈O(3)
µ 〉 = 〈B|b̄γµb|B〉

2MB

= vµ, (I.7)

where ψ̄ ≡ ψ†γ0. The higher dimension local operators O(nk)
k are built from the fields bv,

gluon fields and the fields of lighter quarks. Here, bv, given by

bv(x) ≡ eimbvx
1 + /v

2
b(x), (I.8)

is the Heavy Quark Effective Theory (HQET) rescaled field, v is the four-velocity of the
B meson: v ≡ pB/MB, pX the momentum of the particle X, and /a ≡ γµaµ. The form
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Introduction

of the operators O(nk)
k will be discussed in section 3.3 of this thesis. Here, it is sufficient

to state that they scale as Λ
nk−3, providing the suppression factor (Λ/mb)

nk−3 ≡ Λ̂nk−3

for each term of the HQE (I.5). The matrix elements of possible operators with nk = 4
vanish by equations of motion of HQET, meaning that the first non-perturbative correction
is suppressed by a factor of Λ̂2 ≈ 0.02. An important observation is that the HQE matrix
elements are universal for all observables in which one can establish an expansion analogous
to eq. (I.5), in particular for the semileptonic decay moments.

The Wilson coefficients CΓ
k in eq. (I.5) depend on the considered observable. They are

computed in perturbative QCD in powers of αs ≡ g2s/(4π) by matching the partonic matrix
elements of the HQE operators O(nk)

k to the corresponding correlators in full QCD (cf. sec-
tion 3.3). In particular, eq. (I.7) leads to the following result for the semileptonic width in
the leading order in the HQE:

Γsl =|GF |2|Vcb|2m5
bC

Γ,µ
part 〈O(3)

µ 〉+O
(
Λ̂2
)
= Γ(b→ Xclν̄l) +O

(
Λ̂2
)

=Γ(0) + αsΓ
(1) + α2

sΓ
(2) +O(α3

s) +O
(
Λ̂2
)
.

(I.9)

The strategy of extracting the value of |Vcb| is as follows. One considers a set of kinematic
moments of the semileptonic decay that can be defined as

〈M [w]〉 ≡
∫
dPSslw(v, pl, pν̄l)

dΓsl
dEldq2dr2

, (I.10)

where dPSsl is the differential element of the allowed phase space of the outgoing particles
and w(v, pl, pν̄l) is a certain weight function. In the above definition, El is the energy of
the outgoing charged lepton in the rest frame of the B meson, El ≡ vpl, q ≡ pl + pν̄l
is the four-momentum of the virtual W boson mediating the semileptonic transition, and
r ≡ pB − q = mbv − q is the total four-momentum of the produced hadronic system Xc.
Sample kinematic moments include:

〈M [(mbv − pl − pν̄l)
2k]〉 = 〈r2k〉 ,

〈M [(vpl)
k]〉 = 〈Ek

l 〉 ,
〈M [(pl + pν̄l)

2k]〉 = 〈q2k〉 ,
(I.11)

for k ∈ N ∪ {0}, which are the successive moments of spectra in r2, El, and q2 respectively.
The HQE analogous to eq. (I.5) for each of such quantities can be established, and the Wilson
coefficients computed up to a desired order in Λ̂. Throughout this thesis, the charged leptons
and quarks lighter than c will be treated as massless. Then, the results for the kinematic
moments will depend on the masses mb, mc, |Vcb|, and a number of non-perturbative matrix
elements 〈O(nk)

k 〉. On the other hand, kinematic moments of the semileptonic decay can be
obtained from the measurements of the spectra of the decay. Apart from the semileptonic
data, extra information on the quark masses from e+e− →hadrons is often included. If
one obtains the theory-side expressions for more moments than the number of unknown
parameters, the values of the quark masses, |Vcb| and 〈O(nk)

k 〉 can be resolved in a global fit
to their measured values.

In practice, the semileptonic decay is measured only above a certain threshold El,0 on low
El needed to suppress large backgrounds. This complication can be taken into account on
the theory side by modifying the weight functions as w → wΘ(vpl−El,0), where Θ(x) is the
Heaviside step function. The directly measured quantities at particle colliders are numbers
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Figure 4: The region of phase space allowed after enforcing a cut on low q2 for two values of
q2cut. Figure taken from ref. [33].

of events in particular bins of the kinematic variables El, q2, or r2, which correspond to
spectrum integrals over small intervals. A natural but naive idea would be to use such
integrals of spectra on the theory side of the fit, using for example

dΓsl
dq2

= 〈M [δ((pl + pν̄l)
2 − q2)]〉 . (I.12)

Unfortunately, the HQE for the spectra is poorly convergent, especially close to the endpoint
of the phase space. Its integrals over bins are especially sensitive to the precise location of
the interval, necessitating the use of moments with weight functions w analytical above the
threshold El,0.

As observed in ref. [34], the Wilson coefficients of observables that do not depend on the
velocity v satisfy a system of linear relations, which can be solved to reduce the number of
terms of the HQE (I.5). Such observables are referred to as Reparametrization Invariant
(RPI) ones. They became of particular interest in recent years. The benefit of using RPI
becomes apparent already when one considers the HQE up to the Λ̂3 order, where there are
4 HQE operators for a generic observable and 3 for an RPI one. These numbers read 13
and 8 respectively at O(Λ̂4). This can be used either to improve the precision of the fit to
experimental data at a fixed truncation order of the HQE, or to try to include more orders in
Λ̂. The total width Γsl is an obvious example of an RPI quantity. It also follows immediately
from the corresponding weight function w in eq. (I.11) that the moments of the q2 spectrum
are RPI. The inclusion of the cut on low charged lepton energy in these moments would spoil
this invariance, as the required theta function depends on v. This issue can be circumvented
by demanding a cut on low q2, i.e.

w = (pl + pν̄l)
2kΘ

(
(pl + pν̄l)

2 − q2cut
)
. (I.13)

From purely kinematical considerations it follows that a cut

q2 ≥ q2cut = 2El,0

(
MB − M2

D

MB − 2El,0

)
(I.14)
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eliminates the region of the phase space with El < El,0. This is illustrated in figure 4. The
lower, red curve shows the lower bound of the inequality

q2cut ≤ q2 = 2ElEν̄l(1− cos θlν̄l) ≤ 4ElEν̄l (I.15)

where θlν̄l is the angle formed by the outgoing leptons. The concave curves give upper limits
on the allowed regions for production of different hadronic final states. The uppermost
bound, shown with the solid black line, comes from the B → Dlν̄l channel and can be
obtained as

M2
D ≤ r2 = (pB − q)2 =M2

B − 2MB(El + Eν̄l) + 2ElEν̄l(1− cos(θlν̄l))
≤M2

B − 2MB(El + Eν̄l) + 4ElEν̄l .
(I.16)

The red and solid black lines cross at the two points satisfying

q2cut = 4ElEν̄l ∧ M2
B −M2

D − 2MB(El + Eν̄l) + 4ElEν̄l = 0. (I.17)

Solving these equations leads to the condition El ≥ El,0, with El,0 satisfying eq. (I.14). This
gives a prescription for choosing q2cut that gives the experimentally required lower bound on
El. As the weight function (I.13) does not depend on v, the q2 moments with a cut are still
RPI, and depend on a reduced set of HQE matrix elements. Obtaining the q2 moments with
a cut on small values of q2 is straightforward. One calculates the q2 spectrum dΓsl/dq

2 and
integrates it from q2cut to the largest kinematically allowed value q2max = (MB −MD)

2 with
weight functions q2k:

〈q2k〉q2≥q2cut =
q2max∫
q2cut

dq2
dΓsl
dq2

q2k. (I.18)

The RPI improvement of the HQE and the need for an RP invariant cut on low El thus
reestablishes the q2 spectrum as the quantity of interest in the extraction of |Vcb| and quark
masses. The values obtained in a recent fit utilizing the moments of spectra in q2, r2, and
El read [35]:

|Vcb| = 0.004197(48), mkin
b = 4.573(12)GeV, mc(2GeV) = 1.090(10)GeV, (I.19)

where the b-quark mass was determined in the kinetic scheme with the cutoff separating the
perturbative and non-perturbative regimes set at 1GeV, and the MS renormalized c-quark
mass at 2GeV. The Belle II results for the q2 spectrum are shown in figure 5.

Using the strategy outlined above, the values of three free parameters of the SM can be
extracted. The HQE makes the treatment of non-perturbative effects in inclusive processes
of the B meson quite unique within hadron physics. The equivalent expansion for D decays
has a suppression factor of Λ̄D/mc ≈ 0.72, making its behavior much poorer. The simple
factorization of perturbative and non-perturbative effects for D mesons becomes dubious,
due to larger theoretical uncertainties. As long as one considers the regions of phase space,
where HQE can be successfully established, the hadronic structure effects in inclusive decays
of the B meson are well under control. This establishes the study of the B meson as one of
the primary areas of interest at the precision frontier of particle physics.

The determination of |Vub| from the analogous B → Xulν̄l decay proves difficult due to
the poor behavior of the HQE in the region of (mb−mc)

2 < q2 < m2
b where this channel is not

contaminated by the dominant B → Xclν̄l background. The description of non-perturbative
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Figure 5: The q2 spectrum obtained by Belle II. Figure taken from ref. [36].

effects in this region relies on unknown shape functions. The leading non-perturbative term
is governed by a single such function, which receives important constraints from the photon
energy spectrum of the B → Xsγ decay [37]. However, the most precise extraction of |Vub|
comes from exclusive processes studied in lattice QCD, such as the B → πlν̄l or the purely
leptonic B → lν̄l decays.

The study of b-quark physics has a rich history originating with the seminal work of
Kobayashi and Maskawa [27]. The leading approximations for many observables in flavor
physics have now been known for several decades. The semileptonic decay width of the B
meson in the limit of heavy b quark and neglecting QCD corrections was computed (first as
the equivalent D → Klν̄l decay) 50 years ago [38] while the O(α1

s) effects and the lepton
energy spectrum at this level were obtained in the late 1970s [39–42]. The fully differential
decay rate, including the O(α1

s), together with the analysis of kinematic moments in the
lepton energy and hadronic invariant mass were presented in 2004 and 2005 in refs. [43, 44].
The analysis of power corrections began in the early 1990s. The contribution suppressed by
Λ̂2 neglecting QCD effects was published in refs. [45, 46] and the one suppressed by Λ̂3 in
ref. [47]. The first results for the O(αsΛ̂

2) correction were published a decade later in ref. [48],
and completed in 2015 [49, 50]. The O(αsΛ̂

3) correction was computed four years later in
ref. [51]. Currently, the O(Λ̂4) and O(Λ̂5) corrections are only known without perturbative
QCD effects. They are available in refs. [52] and [53] respectively. The results for the
width at O(α2

s) were obtained first in the Brodsky-Lepage-Mackenzie approximation [54] in
ref. [55]. The full correction was then published as an expansion in mc/mb in a series of
articles [56–59], the last of which was published in 2008. Soon after, the fully differential
analysis was published, first for the massless leptons in refs. [60, 61] and then extended to
tauons in ref. [62]. The O(α3

s) correction to the full width was published in 2020 in ref. [63].
Following the discovery of the RPI-improved HQE in refs. [34, 64, 65] and the proposal of the
above described method of extraction of |Vcb| in ref. [33], the q2 spectrum became the main
focus of investigation of the inclusive semileptonic decay. The first results for q2 moments
at O(α3

s) without a cut on low values of q2 were presented in 2022 in ref. [66].
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This thesis describes the calculation of the q2 spectrum in the leading order of the HQE
and up to the O(α2

s) term. The result is obtained in powers of αs:

dΓ(b→ Xclν̄l)

dq2
=
dΓ(0)

dq2
+ αs

dΓ(1)

dq2
+ α2

s

(
dΓ

(2)
1c

dq2
+
dΓ

(2)
3c

dq2

)
+O(α3

s). (I.20)

Determination of the Leading Order (LO) term dΓ(0)/dq2 requires evaluation of the imaginary
part of a single 1-loop propagator diagram, the Next-to-LO (NLO) −of four 2-loop diagrams,
and Next-to-NLO (NNLO) −of 39 distinct 3-loop diagrams. The LO and NLO diagrams are
shown on the right panel of figure 6 in section 1.3 (page 41), while the NNLO diagrams are
depicted in figure 16 in section 3.5 (page 132). The NNLO term in the above equation was
split into the contribution coming from the b → X1clν̄l and the b → ccc̄lν̄l channels, where
X1c contains exactly one charm quark and possibly some massless partons. The origin of
this splitting is twofold. First, the single-charm contribution was obtained in parallel and
independently by a competitive group and published in ref. [67]. In our calculation [1] we
confirmed their findings using an alternative method described in chapters 2 and 3 of this
thesis but also supplemented it with the triple-charm correction, making the O(α2

s) result
fully inclusive. The dΓ(2)

3c /dq
2 term is tiny when compared with the single-charm part and is

constrained to a region of phase space where the HQE for the q2 moments is poorly behaved.
The result serves thus mainly as a confirmation that the effects of this channel do not spoil
the well-behaved single-charm part. Nonetheless, the analysis presented in ref. [1] and in
section 3.6 of this thesis constitute the first quantitative prediction for this channel, which
hitherto was only roughly estimated by the size of its phase space.

The results presented and discussed in further chapters are only a single contribution
to the general program of theoretical flavor physics and are limited to the calculation of
perturbative effects. Nevertheless, they provide a great example of the progress made in
recent years in the field of computing Feynman diagrams. This rich area of research ben-
efits immensely from the efforts of great specialists from the frontier of computer science,
mathematics, and physics. A significant part of this thesis is dedicated to the discussion of
some of their findings. Even though many of these discoveries were made years ago, utilizing
them to their full capabilities had to wait for the appropriate hardware to become readily
available. Including each additional loop dramatically increases the number of diagrams
and their complexity. The progress of perturbative calculations is thus often limited by
the amount of memory available or the efficiency and number of CPUs employed at vari-
ous stages of the computation. As these resources are now ubiquitous when compared to
the technology accessible even a decade ago, tackling previously unattainable perturbative
corrections becomes gradually more feasible.

The considered techniques have been developed in a way that facilitates their automation
and scaling necessary for the cutting-edge problems. The general framework discussed below
has been used not only in the preparation of this thesis, but also, fully or partially, in the
computation of corrections to several other processes by different researches in the multi-loop
community. These projects include results published for instance in refs. [68–77]. In this
approach, the calculation is divided into the following steps:

1. Generation of the necessary Feynman diagrams and the corresponding expression for
the amplitude.

2. Dividing the amplitude into a sum over all possible Dirac structures and extracting
the coefficients of this sum using a set of projections.
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3. Contracting the Dirac, Lorentz, and Color indices to obtain a manifestly scalar quan-
tity.

4. Expressing the amplitude as a linear combination of Scalar Integrals (SIs).

5. Treating the SIs as seeds for the Integration-By-Parts (IBP) reduction.

6. Differentiating the leftover Master Integrals (MIs) with respect to all masses and kine-
matical invariants and treating the resulting SIs as seeds for a new IBP reduction.

7. Repeating the previous step and extending the set of MIs until it closes under differ-
entiation.

8. Writing a system of first-order, linear Differential Equations (DEs) for MIs with coef-
ficients dependent on masses, kinematical invariants and the space-time dimension.

9. Choosing a set of free variables best suited for the subsequent simplification of the
DEs.

10. Rotating, if possible, the vector of MIs in such a way that the DE matrix has at most
simple poles in the new set of free variables.

11. Finding, if possible, a rotation of the vector of MIs that brings the DEs to the so called
ε-form (cf. section 2.3).

12. Writing, if possible, the general solution for the system of DEs order by order in the
number of space-time dimensions in terms of Goncharov Polylogarithms.

13. Constructing the boundary conditions by solving DEs for MIs with the Feynman reg-
ulator as the free variable.

14. Reconstructing, if possible, the transcendental constants appearing in the boundary
conditions.

In the above prescription, steps 5 and 13 are usually the most time and resource consuming,
while step 9 requires some intuition and insight into the theory of DEs and cannot be
simply automated. Step 10 is not possible for a class of integrals. An extension of this
method to this class is possible, resulting in a more general iterated integrals in the solution
to the DEs. The remaining steps are conceptually simpler, and can usually be performed
with publicly available algorithms without any complicated optimization. If one does not
require an analytic dependence of the amplitude on the masses and kinematic invariants, the
Auxiliary Mass Flow (AMF) method applied at step 13 can instead be utilized immediately
after step 5, to perform a scan of MIs over the space of values of masses and kinematical
invariants. This is the approach we adopted in the calculation of the O(α2

s) corrections to
the q2 spectrum. Nevertheless, the full procedure was successfully applied to rederive the
O(α0

s) and O(α1
s) results, and to obtain the contributions from diagrams with counterterms

at the O(α2
s) level.

This thesis is organized as follows. Chapter 1 is dedicated to the general perturbative
description of scattering and decays in QFT with the aim of relating observable quantities to
scalar Feynman integrals. The subjects of Green’s functions, LSZ formula, optical theorem,
renormalization, dimensional regularization, Dirac algebra, and su(N) algebra are discussed
in subsequent sections. The general findings are implemented in an sample calculation
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of one of the NLO diagrams contributing to the q2 spectrum with the steps 1, 3, and 4
of the above algorithm outlined in sections 1.3 and 1.7. Chapter 2 follows the steps 5–14
with dedicated sections on the IBP reduction, DEs and the ε-form, and the Auxiliary Mass
Flow method. The sample calculation is continued until the final result in sections 2.2, 2.4,
and 2.6. Chapter 3 begins with the discussion of the theory of semileptonic transitions in the
SM in section 3.1, and the HQE for inclusive decays of the B meson in sections 3.2 and 3.3.
Sections 3.4 and 3.5 follow the steps taken in the computation of the corrections dΓ1c/dq

2

and dΓ3c/dq
2 introduced in eq. (I.20). Section 3.6 contains the analysis of the single- and

triple-charm contributions to the NNLO QCD correction to the q2 spectrum, and the final
results for and the q2 moments. The main results are summarized in the Conclusions.
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Chapter 1: Feynman Integrals

Chapter 1:

Feynman Integrals

The purpose of this chapter is to describe the relation of physical quantities typical
to collider experiments (e.g., cross sections, decay rates, branching ratios, various decay
asymmetries) to scalar Feynman integrals, the evaluation of which often constitutes the
most challenging part of a perturbative QFT calculation. Feynman integrals are terms
in analytic expressions that are systematically associated to Feynman diagrams with the
use of Feynman rules. These rules are mnemonic prescriptions relating elements of graphs:
vertices, external and internal lines, to factors contributing to the probability amplitude. The
relation between graphs and observables, although intuitive, can be laborious to establish
on mathematical grounds. Even a sketch of this construction must be quite lengthy, and
an exhaustive derivation would have to constitute a thesis on its own. Nevertheless, for
the reader to have a comprehensive picture of the modern perturbative QFT framework, a
discussion of this relation is required.

Most of the material presented in sections 1.1, 1.2, and 1.4 is covered more thoroughly by
many standard QFT textbooks, such as refs [78–85]. Nevertheless, it is being included in this
thesis to serve as a reminder and fix the notation, but also to relate the technical aspects
of the computation of Feynman diagrams to the underlying physics and phenomenology.
Section 1.5 discusses the generalization of the well-known Clifford algebra of γ-matrices to
computations in D space-time dimensions. It covers the definition and analytic properties of
chiral projectors in D dimensions in the so-called Naive Dimensional Regularization scheme,
as well as a practical prescription for using these operators, which is applicable to computa-
tions of many decay observables. Section 1.6 describes properties of the su(N) Lie algebras,
with particular attention given to identities that play a role in the computation of the q2
spectrum of the inclusive semileptonic decay of the b quark up to NNLO in QCD. A much
more detailed discussion of the Lie algebra theory can be found in various pedagogical works,
e.g, in refs [86–88]. Sections 1.3 and 1.7 aim to relate the theoretical conclusions of the pre-
ceding sections to the calculation of the q2 spectrum by presenting in detail the computation
of a sample two-loop diagram that contributes to this observable. This computation will be
continued and concluded in Chapter 2.

1.1 Path Integral Formulation of Green’s Functions
The starting point of this analysis is a definition of a fundamental quantity in QFT calcula-
tions: the n-point Green’s function. This section will focus exclusively on the computation
of such functions, while their relation to physical quantities is going to be described further
on. Green’s functions are vacuum expectation values of time-ordered products of n quantum
fields evaluated at n different space-time points xk:

〈Ω|T φ̂j1(x1)φ̂j2(x2) . . . φ̂jn(xn)|Ω〉 . (1.1)
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In this definition, the state |Ω〉 is the lowest-eigenvalue normalized eigenvector of the Hamil-
tonian of the considered theory: Ĥ |Ω〉 = E0 |Ω〉, commonly referred to as the ground state
or the vacuum. For simplicity, the Hamiltonian is assumed to not be degenerate at this
eigenvalue. Any possible spinor and Lorentz indices will be suppressed until the next sec-
tion. The Heisenberg picture field operators φ̂jk(xk) belong to the set of degrees of freedom
described by the theory. The time-ordering symbol T arranges the fields from the latest to
the earliest in time:

T φ̂j1(x1)φ̂j2(x2) . . . φ̂jn(xn) ≡

≡
∑
σ∈Sn

(
n−1∏
k=1

Θ
(
x0σk − x0σk+1

))
s(σ)φ̂jσ1 (xσ1)φ̂jσ2 (xσ2) . . . φ̂jσn (xσn),

(1.2)

where Sn is the group of permutations of n elements, σk ≡ σ(k). The symbol s(σ) accounts
for the anticommutation relations of fermionic operators:

s(σ) ≡

{
1 bosonic operators,
sign(σ) fermionic operators.

(1.3)

As bosonic and fermionic fields commute with each other, one can always split a mixed
time-ordered product into separate parts for each spin. In each of the parts, s(σ) is then
well defined.

The 2-point free Green’s function:

〈0|T φ̂j1(x1)φ̂j2(x2)|0〉 ≡ δj1,j2P̃j1(x1 − x2) (1.4)

is of particular importance. The vector |0〉 denotes the lowest energy eigenstate in the theory
without interactions. The quantity P̃j(x1 − x2) is referred to as the propagator of the free
field φ̂j. Its Fourier transform, Pj(p1 − p2), together with vertex factors described below,
constitute the building blocks of Feynman diagrams.

In eq. (1.1), the Green’s functions were introduced in the formalism of Heisenberg opera-
tors φ̂j and the Fock space of state vectors. Practical calculations in this picture rely heavily
on the algebra of canonical (anti)commutation relations and the Wick theorem [89]. These
manipulations are often cumbersome and can obfuscate the physical meaning behind the
considered objects. Green’s functions can be instead elegantly described in the language of
functional analysis. This description is primarily based on the path integral, i.e. the formal
generalization of definite integration over sets of c-numbers to the space of complex-valued
functions of space-time coordinates.

A generic path integral is of the form:

{t2,φ2(x)}∫
{t1,φ1(x)}

DφJ [φ]. (1.5)

The integration measure Dφ can be understood as the limit of a product of measures on an
infinitely dense square lattice:

1

C(s)

∏
j

dφ(xj)

C(s)

s→0−→ Dφ, (1.6)
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where xj are lattice points separated by lattice spacing s. Whenever a functional object is
defined through a discretization, such as in the limit (1.6), the appearance of factors C(s)
dependent on the spacing can be expected. Such quantities tend to vanish or be divergent in
the limit of continuous space-time, but cancel out in the computation of physical observables.
The form of the constant C(s) depends on the considered field but will play no role in the
discussion below. Note that φ(x) and φ(xj) are now real- or complex-valued functions or
paths, as opposed to φ̂(x) which was a linear operator acting on a vector space. Path
integration in this picture is an infinite-dimensional integration over all possible values of
a path independently at each point of space-time. A path integral parameterized in this
way can thus formally cover the space of functions satisfying the boundary conditions of the
path integral in eq. (1.5). The integration boundaries {t1, φ1(x)} and {t2, φ2(x)} constrain
the space of paths in such a way that φ(t1(2), x) = φ1(2)(x) for some set functions φ1(2)(x)†.
Finally, the integrand J [φ] is a functional that assigns c-numbers to paths φ(x).

By linearity of time evolution of quantum systems, one should expect that the probability
amplitude of an initial state |φi〉 prepared at time ti to be observed at a later time tf as a
final state |φf〉:

K(φf , tf , φi, ti) ≡ 〈φf |e−i(tf−ti)Ĥ |φi〉 , (1.7)
should display an interference structure known from the theory of wave propagation, i.e. su-
perposition. The states |φi/f〉 are chosen to be formal eigenstates of the dynamical quantum
fields of the QFT (c.f. eqs (1.18) and (1.19)). The path integral of eq. (1.5) innately reflects
this fundamental aspect of quantum theories: it is a sum of contributions from every way
a physical system can evolve, just as the probability amplitude can be written as a sum of
contributions from separate evolutions of vectors from some chosen basis. The functional
analysis formalism provides therefore a very natural prescription for a general transition
amplitude:

K(φf , tf , φi, ti) =

{tf ,φf (x)}∫
{ti,φi(x)}

DφJ [φ]. (1.8)

The form of the proper functional J can be derived as follows.
In analogy to the Huygens–Fresnel principle, the amplitude must obey the composition

law:
K(φf , tf , φi, ti) =

∫
DφmK(φf , tf , φm, tm)K(φm, tm, φi, ti), (1.9)

for any tm. Note that the function φm = φm(x) is only a function of space with time fixed
to tm. The transition amplitude can therefore be transformed as:

{tf ,φf (x)}∫
{ti,φi(x)}

DφJ [φ] =

∫
Dφm

{tf ,φf (x)}∫
{tm,φm(x)}

Dφ1J [φ1]

{tm,φm(x)}∫
{ti,φi(x)}

Dφ2J [φ2] =

=

∫
Dφm

{tf ,φf (x)}∫
{tm,φm(x)}

Dφ1

{tm,φm(x)}∫
{ti,φi(x)}

Dφ2J [φ1]J [φ2] =

{tf ,φf (x)}∫
{ti,φi(x)}

DφJ [φ1]J [φ2].

(1.10)

In the last equality, the division of paths into three parts was recombined into the same
parametrization of the space of functions as in eq. (1.5). The functionals J [φ1] and J [φ2]

†Throughout this thesis, the points in space-time and in space will be referred to with italic and bold
letters respectively.
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act only on the part of the path φ(x) from ti to tm and from tm to tf respectively. For
eq. (1.10) to hold for any tm and any pair of boundary conditions, one has to demand for all
paths φ:

J [φ] = J [φ1]J [φ2]. (1.11)
The contribution of each path to the amplitude should be governed by the dynamics

of the considered QFT. The functional J [φ] must therefore be some function of the action
S[φ, tf , ti]: J [φ] = J(S[φ, tf , ti]). The action is additive in time:

S[φ, tf , ti] = S[φ, tf , tm] + S[φ, tm, ti], (1.12)

and it obeys the boundary condition:

S[φ, ti, ti] = 0. (1.13)

Combining these properties with eq. (1.11) specifies the functional J to be an exponential
function:

J [φ] = eicS[φ,tf ,ti]. (1.14)
The expected dominant part of the integral should come from paths close to the classical

trajectory φcl. Indeed, in the classical limit h̄→ 0, it should be the only contribution. This
property can now be clearly identified in the form of the path integral:

K(φf , tf , φi, ti) =

{tf ,φf (x)}∫
{ti,φi(x)}

DφeicS[φ,tf ,ti]. (1.15)

The Euler-Lagrange equation for φcl, δS[φcl, tf , ti] = 0, is equivalent to the leading stationary
phase approximation. The integral will be more dominated by the classical trajectory as the
functional eicS[φ,tf ,ti] gets narrower around φcl. This indicates that as the theory becomes
classical, i.e. h̄ approaches 0, the coefficient c has to diverge. On dimensional grounds, the
only possibility is c = c′/h̄ for some number c′. An application to a simple setup where only
a finite amount of paths is viable, such as the double-slit experiment, can be used to fix this
coefficient to 1. The transition amplitude in the language of path integrals thus reads

K(φf , tf , φi, ti) =

{tf ,φf (x)}∫
{ti,φi(x)}

DφeiS[φ,tf ,ti]/h̄. (1.16)

The above relation provides an interesting interpretation for the Planck constant h̄.
From the standpoint of path integrals, it quantifies the amount of allowed paths around the
classical trajectory that contribute significantly to transition amplitudes. As h̄ is taken to
0, the stationary phase approximation becomes exact and all other paths cancel out due to
the rapid oscillations of the exponent in the integrand.

The formula (1.16) can be formally proven by deriving† the differential equation for the
right hand side as a function of φf and tf . It turns out that it satisfies the Schrödinger
equation with the natural boundary condition:

{tf ,φf (x)}∫
{ti,φi(x)}

DφeiS[φ,tf ,ti]
tf→ti−→ δ(φf − φi), (1.17)

†See for example section 9.2 of ref. [78]
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just as the transition amplitude defined in the formalism of operators and vector spaces.
Here and below, the factors of h̄ will be consistently suppressed, as one may always recover
them by dimensional analysis.

Returning to the n-point Green’s functions of eq. (1.1), they may be derived in the path
integral formalism. The first step is to relate the QFT vacuum state |Ω〉 to the boundary
functions of the path integral φi(x) and φf (x). A standard way is to consider state vectors
|φi(f)〉 defined as

φ̂(S)(x) |φi(f)〉 = φi(f)(x) |φi(f)〉 , (1.18)

where φ̂(S)(x) is the field operator transformed into the Schrödinger picture:

φ̂(x) ≡ exp(iĤx0)φ̂(S)(x) exp(−iĤx0). (1.19)

Let the boundary condition have a non-vanishing overlap with the vacuum 〈Ω|φi(f)〉 6= 0.
Now, one can manipulate the initial vector |φi〉 evolved into the far future T as follows:

e−iĤT |φi〉 = e−iĤT
∫∑

|n〉 〈n|φi〉
T→(1−iε)∞∼ e−iE0T |Ω〉 〈Ω|φi〉

=⇒|Ω〉 = lim
T→(1−iε)∞

e−iĤT |φi〉
e−iE0T 〈Ω|φi〉

(1.20)

and similarly

〈φf | e−iĤT =

∫∑
〈φf |n〉 〈n| e−iĤT

T→(1−iε)∞∼ 〈φf |Ω〉 〈Ω| eiE0T ∗

=⇒〈Ω| = lim
T→(1−iε)∞

〈φf | e−iĤT

eiE0T ∗ 〈φf |Ω〉
.

(1.21)

The imaginary shifts of the limiting times are assumed to be infinitesimal and dictate the
branch of the analytic continuation of physical quantities. The sum-integrals in the above
expressions run over all eigenstates of the Hamiltonian. As E0 is the smallest energy of the
theory, the vacuum terms of sum-integrals vanish the slowest due to the imaginary shift of
the far future.

Now consider one of the terms of the expanded time-ordered product (1.2):

〈Ω|

(
n∏
k=1

φ̂σk

)
|Ω〉 = lim

T→(1−iε)∞
N−1 〈φf |e−iĤT

(
n∏
k=1

φ̂σk

)
e−iĤT |φi〉 , (1.22)

where N ≡ e2E0ImT 〈φf |Ω〉 〈Ω|φi〉. For brevity, suppose that there is only one kind of field φ̂
in the Green’s function, and label φ̂σk ≡ φ̂(xσk). Each of the Heisenberg picture fields can
be written in terms of the Schrödinger picture operator as in eq. (1.19). Therefore:

〈Ω|

(
n∏
k=1

φ̂σk

)
|Ω〉 = lim

T→(1−iε)∞
N−1 〈φf |e−iĤT

(
n∏
k=1

eiĤtσk φ̂(S)
σk
e−iĤtσk

)
e−iĤT |φi〉 =

= lim
T→(1−iε)∞

N−1 〈φf |e−iĤ(T−tσ1 )φ̂(S)
σ1
e−iĤ(tσ1−tσ2 )φ̂(S)

σ2
. . . φ̂(S)

σn e
−iĤ(tσn−(−T ))|φi〉 .

(1.23)
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Functional integration can now be introduced to the expression sandwiched by boundary
states through insertions of the identity operator of the form

∫
Dφσk |φσk〉 〈φσk | after each

Schrödinger operator:

〈φf |e−iĤ(T−tσ1 )φ̂(S)
σ1

∫
Dφσ1 |φσ1〉 〈φσ1| . . . φ̂(S)

σn

∫
Dφσn |φσn〉 〈φσn| e−iĤ(tσn−(−T ))|φi〉 . (1.24)

The integration variables φσk = φσk(x) are functions of space. Using the definition of bound-
ary states in eq. (1.18) and extracting the path integration out of the bra-ket yields

∫ ( n∏
k=1

Dφσkφσk

)
K(φf , T, φσ1 , tσ1)K(φσ1 , tσ1 , φσ2 , tσ2) . . . K(φσn , tσn , φi,−T ), (1.25)

where each of the bra-kets in eq. (1.24) was recognized as a transition amplitude of eq. (1.7).
Now, one can use the result (1.16) to write this expression as

∫ ( n∏
k=1

Dφσkφσk

) {T,φf}∫
{tσ1 ,φσ1}

Dφ̃1e
iS[φ̃1,T,tσ1 ] . . .

{tσn ,φσn}∫
{−T,φi}

Dφ̃neiS[φ̃n,tσn ,−T ] =

=

{T,φf}∫
{tσ1 ,φσ1}

Dφ̃1

∫
Dφσ1

{tσ1 ,φσ1}∫
{tσ2 ,φσ2}

Dφ̃2

∫
Dφσ2 . . .

{tσn ,φσn}∫
{−T,φi}

Dφ̃n
∫

Dφσn×

×

(
n∏
k=1

φσk

)
eiS[φ̃1,T,tσ1 ] . . . eiS[φ̃n,tσn ,−T ].

(1.26)

The paths φ̃k are functions of space-time, as opposed to the functions φσk . All of the
path integrations in the second line can be recombined into a single path integral with the
desired boundaries: φ(−T, x) = φi(x) and φ(T, x) = φf (x). The term of the time-ordered
product (1.22) now reads

〈Ω|φ̂(xσ1) . . . φ̂(xσn)|Ω〉 = s(σ) lim
T→(1−iε)∞

N−1

{T,φf}∫
{−T,φi}

Dφ φ(x1) . . . φ(xn)eiS[φ,T,−T ], (1.27)

where the path values under the integration were recognized as φσk = φ(xσk). The exponents
were combined using the additive property of the action quoted in eq. (1.12) and the symbol
s(σ) is the only remnant of commuting the values φ(xk) into their canonical order†. The
overlap factor N−1 does not depend on the specific Green’s function, but only on the path
integral boundary conditions. It can be evaluated using the above result for the 0-point case:

1 = 〈Ω|Ω〉 = N−1

{T,φf}∫
{−T,φi}

Dφ eiS[φ,T,−T ]. (1.28)

†Fermionic fields are described by anticommuting Grassman numbers. Their anticommutation relations
also hold for their wavefunctions that appear when the Schrödinger fields act on unity operators in eq. (1.24).
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The final result for the n-point Green’s function in the language of path integrals reads

〈Ω|T φ̂(x1) . . . φ̂(xn)|Ω〉 = lim
T→(1−iε)∞

{T,φf}∫
{−T,φi}

Dφ φ(x1) . . . φ(xn)eiS[φ,T,−T ]

{T,φf}∫
{−T,φi}

Dφ eiS[φ,T,−T ]
. (1.29)

As the dependence of the right hand side of eq. (1.29) on the path boundaries cancels in
the large T limit between the numerator and the denominator, these boundaries will not be
specified below, assuming only that they have a non-zero overlap with the vacuum, as was
required in eqs. (1.20) and (1.21).

It is illuminating to reformulate the path integral prescription for Green’s functions (1.29)
in terms of another object of functional analysis: the functional derivative δ/(δJ). For the
purposes of this thesis, instead of an involved formal definition, it is sufficient to only specify
its necessary characteristics:

(i)
δ

δJ(x)

∫
dyJ(y)φ(y) = φ(x),

(ii)
δ

δJ(x)
F

[∫
dyJ(y)φ(y)

]
= φ(x)F ′

[∫
dyJ(y)φ(y)

]
,

(iii)
δ

δJ(x)

∫
dy(∂yJ(y))φ(y) = −∂xφ(x).

(1.30)

The first property defines the action of the functional derivative on basic integral-based
functionals. The second is the functional equivalent of the chain rule of standard derivatives.
The test functions will always be assumed to vanish at the integration boundaries, so the
third property follows simply from integration by parts.

With this heuristic definition, Green’s functions can be calculated by functionally differ-
entiating the following generating functional Z[J]:

Z[J] ≡
∫ (∏

k

Dφk

)
exp

[
i

∫
dDx

(
L+

∑
k

Jk(x)φk(x)

)]
, (1.31)

where D is the space-time dimension, L is the Lagrangian density, i.e. S =
∫
dDxL, the

variable J ≡ {J1, J2 . . .} is the vector of source currents, and the sum and product run over
the degrees of freedom of the theory. The boundaries of the path integral are arbitrary, but
they are set at the complex-shifted time infinities as in eqs. (1.20) and (1.21). The right
hand side of eq. (1.29) can now be written as

〈Ω|T φ̂j1(x1) . . . φ̂jn(xn)|Ω〉 =
1

Z[J = ~0]

(
n∏
k=1

(
−i δ

δJjk(xk)

) ∣∣∣∣
J=~0

)
Z[J]. (1.32)

Each evaluation of a functional derivative over the source Jjk introduces one factor of φjk(xk)
present in the numerator of the formula (1.29). Setting J = ~0 after the differentiation recovers
the exponent of the action. The denominator is accounted for with the factor of Z−1[J = ~0].

To illustrate this formal derivation with a practical example, one may derive the gener-
ating functional Z[J] in the simplest, physically significant model: the Klein-Gordon theory
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of a single free real scalar field. The Klein-Gordon action reads:

S
(KG)
0 [φ, tf , ti] =

tf∫
ti

dx0
∫
dD−1x1

2
[(∂µφ)(∂

µφ)−m2φ] ≡
tf∫
ti

dx0
∫
dD−1xL0. (1.33)

In the case of the path integral formula for the Green’s function (1.29), the boundary times
are ti/f = ∓(1 − iε)∞. The clockwise shift of the time integration contour will specify
branches of analytic continuations in further calculations but using it in its current form is
cumbersome. Instead, it can be moved to the integrand by a variable change: x0 ≡ (1− iε)t̃.
The resulting integral reads:

S
(KG)
0 [φ, (1− iε)∞,−(1− iε)∞] =

= (1− iε)

∞∫
−∞

dt̃

∫
dD−1x1

2

[
(1 + iε)(∂t̃φ)

2 − (∂xφ)
2 −m2φ2

] (1.34)

up to negligible terms O(ε2). The term with ε in front of the integral can be neglected, as
it does not impact the direction of analytic continuation and will vanish in the ε→ 0 limit.
Because the field φ is real valued, the factor (∂t̃φ)2 is non-negative and, when multiplied by
ε, can be changed into φ2 ≥ 0 without affecting the analytic continuation. After integrating
by parts and neglecting unphysical surface terms, the result is:

S
(KG)
0 [φ, (1− iε)∞,−(1− iε)∞] =

∫
dDx

1

2
φ
(
−∂2 −m2 + iε

)
φ, (1.35)

where t̃ was renamed back as x0. With the Lagrangian in this form, it is easy to recognize the
imaginary time shift as the standard Feynman regulator of propagators. In this formulation,
it arises naturally from the definition of Green’s functions as vacuum expectation values and
the way the vacuum was projected from boundary states in eqs. (1.20) and (1.21).

Turning back to the generating functional of eq. (1.31), the path integration variable can
be shifted as

φ ≡ φ̃+ i

∫
dDy∆(x− y)J(y), (1.36)

for some distribution ∆(x− y). Then, the exponent reads

i

∫
dDx

[
1

2
φ(x)L (x)φ(x) + J(x)φ(x)

]
=

=
i

2

∫
dDx

[
φ̃(x)L (x)φ̃(x)

+ φ̃(x)i

∫
dDyL (x)∆(x− y)J(y) + i

∫
dDy∆(x− y)J(y)L (x)φ̃(x) + 2J(x)φ̃(x)

−
∫
dDy1d

Dy2∆(x− y1)J(y1)L (x)∆(x− y2)J(y2) + 2J(x)i

∫
dDy∆(x− y)J(y)

]
,

(1.37)

where L (x) ≡ −∂2−m2+iε is (−1) times the Klein-Gordon differential operator in variable
x. The second term in the third line can be integrated by parts twice with respect to x to
turn L (x) from φ̃(x) to ∆(x− y). Then it becomes clear that by demanding

L (x)∆(x− y) = iδ(D)(x− y), (1.38)
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all three terms in the third line cancel. This condition fixes ∆(x − y) to be the Green’s
function of the classical Klein-Gordon equation:

∆(x− y) = P̃φ(x− y) ≡
∫

dDp

(2π)D
ie−ip(x−y)

p2 −m2 + iε
, (1.39)

where the notation of eq. (1.4) was reintroduced in foreshadowing of the result for the 2-
point Green’s function. Using eq. (1.38), the two terms in the last line of eq. (1.37) can be
recombined to J(x)i

∫
dDy∆(x− y)J(y). The change of variables introduced in eq. (1.36) is

a shift so it does not affect the path integral measure. The generating functional in the free
theory thus reads:

Z0[J ] =

∫
Dφ exp

[
i

∫
dDxL0

]
exp

[
−1

2

∫
dDxdDyJ(x)P̃φ(x− y)J(y)

]
, (1.40)

where the subscript 0 indicates a non-interacting theory. Note that the second exponent
does not depend† on φ and can be taken outside of the path integral that now simplifies to
Z0[J = 0]. This is a generic feature of free theories: if the Lagrangian is quadratic in fields,
the dependence on the source currents factorizes out of the path integral, and functional
derivatives can be taken explicitly to evaluate Green’s functions.

Using the above result, the operational formula for computing Green’s functions in the
free scalar theory is

〈0|T φ̂(x1) . . . φ̂(xn)|0〉 =

(
n∏
k=1

(
−i δ

δJ(xk)

) ∣∣∣∣
J=0

)
Z[J ], (1.41)

with
Z[J ] ≡ exp

[
−1

2

∫
dDxdDyJ(x)P̃φ(x− y)J(y)

]
. (1.42)

The free vacuum state was denoted as |0〉 to distinguish it from the lowest energy state |Ω〉
in the interacting theory. Taking a single derivative of Z[J ] yields:

δ

δJ(xk)
Z[J ] = −IkZ[J ], Ik ≡

∫
dDzP̃φ(xk − z)J(z), (1.43)

and
δ

δJ(xk)
Il = P̃φ(xk − xl). (1.44)

Now, taking higher derivatives is a matter of straightforward combinatorics. In general, one
finds (

N∏
k=1

(
−i δ

δJ(xk)

))
Z[J ] =

=


n∑
j=0

(−1)j
∑

σ∈SN

n−j∏
k=1

P̃φ(xσ2k−1
−xσ2k )

2n−j(n−j)!

N∏
k=N−2j+1

Iσk

(2j)!
Z[J ], N = 2n,

i
n∑
j=0

(−1)j
∑

σ∈SN

n−j∏
k=1

P̃φ(xσ2k−1
−xσ2k )

2n−j(n−j)!

N∏
k=N−2j

Iσk

(2j+1)!
Z[J ], N = 2n+ 1.

(1.45)

†The subscript φ in P̃φ only indicates the type of propagator.
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The combinatoric factors 2(n−j) and (n − j)! come from swapping the points within each
Green’s function and permuting Green’s functions respectively. Similarly, (2j)! and (2j+1)!
cancel out redundant permutations of Ik. Putting J = 0 recovers subsequent Green’s
functions. From the above expression, only the first term of the even case survives, while all
odd Green’s functions vanish. The result for the 2n-point function is

〈0|T φ̂(x1) . . . φ̂(x2n)|0〉 =
1

n!2n

∑
σ∈S2n

n∏
k=1

P̃φ(xσ2k−1
− xσ2k). (1.46)

The denominator cancels all combinatoric factors, meaning that each term is a product of n
different Green’s functions with coefficient 1. The structure of this result can be represented
with simple graphs. Every term in the 2n-point Green’s function can be depicted as a graph
with 2n points equivalent to the points xk and n lines corresponding to the 2-point Green’s
functions. The graph for the 2-point function is†:

〈0|T φ̂(x1)φ̂(x2)|0〉 = P̃φ(x1 − x2) = x2x1
(1.47)

Whenever a diagram refers explicitly to scalar Green’s functions, its lines will be depicted
with dashed lines, while in more general considerations, the solid lines will be used. In
every diagram, factors of P̃φ(x − y) can be thought of as probability amplitudes for a free
particle to propagate between space-time points x and y. Hence, this Green’s function is
often referred to as the propagator of the theory. At this stage it is important to note an
obvious but crucial observation. Since the sum in eq. (1.46) runs over all permutations of
points, all possible graphs with the correct number of lines and vertices contribute to the
Green’s function. This fact dictates the first step of every perturbative QFT computation:
generate all relevant graphs. From the above expression, the two Feynman rules of the free
Klein-Gordon theory follow:

1. Each external point is equal to 1:
xk

= 1

2. A line between points xk and xl is equal to the propagator P̃φ(x1 − x2):

xlxk
= P̃φ(xk − xl).

To better illustrate the correspondence between graphs and terms in eq. (1.46), it is
instructive to evaluate the next two even Green’s functions. The 4-point function reads

〈0|T φ̂(x1)φ̂(x2)φ̂(x3)φ̂(x4)|0〉 =
=P̃φ(x1 − x2)P̃φ(x3 − x4) + P̃φ(x1 − x3)P̃φ(x2 − x4) + P̃φ(x1 − x4)P̃φ(x2 − x3) =

=

x1 x2

x3 x4

+

x1 x2

x3 x4

+

x1 x2

x3 x4

,

(1.48)

†The Feynman diagrams in this thesis were created with the help of the TikZ-Feynman LATEX package [90].
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and similarly, the 6-point function:

〈0|T φ̂(x1)φ̂(x2)φ̂(x3)φ̂(x4)φ̂(x5)φ̂(x6)|0〉 =
= P̃12P̃34P̃56 + P̃23P̃45P̃61 + P̃12P̃36P̃45 + P̃14P̃23P̃56 + P̃16P̃25P̃34 +

+ P̃12P̃35P̃46 + P̃13P̃26P̃45 + P̃13P̃24P̃56 + P̃16P̃24P̃35 + P̃15P̃23P̃46 +

+ P̃15P̃26P̃34 + P̃15P̃24P̃36 + P̃14P̃26P̃35 + P̃13P̃25P̃46 + P̃14P̃25P̃36 =

=

x1 x2

x3

x4x5

x6 +

x1 x2

x3

x4x5

x6 +

x1 x2

x3

x4x5

x6 +

x1 x2

x3

x4x5

x6 +

x1 x2

x3

x4x5

x6 +

+

x1 x2

x3

x4x5

x6 +

x1 x2

x3

x4x5

x6 +

x1 x2

x3

x4x5

x6 +

x1 x2

x3

x4x5

x6 +

x1 x2

x3

x4x5

x6 +

+

x1 x2

x3

x4x5

x6 +

x1 x2

x3

x4x5

x6 +

x1 x2

x3

x4x5

x6 +

x1 x2

x3

x4x5

x6 +

x1 x2

x3

x4x5

x6 ,

(1.49)

with the abbreviation P̃kl ≡ P̃φ(xk − xl). The number of diagrams grows quickly with the
number of points. For a 2n-point Green’s function there are (2n)!/(n!2n) terms, giving 105
and 945 diagrams for 8- and 10-point functions respectively.

Moving on to the simplest interacting theory, one may add a self-coupling term to the
free Klein-Gordon Lagrangian:

L = L0 −
λ

4!
φ4, (1.50)

where L0 was defined in eq. (1.33). The coupling constant λ is assumed to be small, and all
arguments below should be understood perturbatively in powers of λ. The new generating
functional reads

Z[J ] =

∫
Dφ exp

[
i

∫
(dDxL+ Jφ)

]
=

=

∫
Dφ exp

[
−i λ

4!

∫
dDyφ4

]
exp

[
i

∫
(dDxL0 + Jφ)

]
.

(1.51)

Every term of the expansion of the first exponent can be treated as a numerator of a free
Green’s function from eq. (1.29) with a source term added to the free Lagrangian. Each of
those terms can be written as a product of functional derivatives acting on the path integral.
All of them can then be recombined into an exponent, yielding

Z[J ] = exp

[
−i λ

4!

∫
dDy

(
δ

δJ(ỹ)

)4
]
Z0[J ]. (1.52)

The exponent of the functional derivative should be understood as its Taylor expansion up to
the desired precision in λ. Using the result of eq. (1.32), a Green’s function in the interacting
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theory can be transformed as

〈Ω|T φ̂(x1) . . . φ̂(xn)|Ω〉 =

=

1
Z0[J=0]

exp
[
−i λ

4!

∫
dDy

(
δ

δJ(y)

)4]( n∏
k=1

(
−i δ

δJ(xk)

))
Z0

∣∣∣
J=0

1
Z0[J=0]

exp
[
−i λ

4!

∫
dDy

(
δ

δJ(y)

)4]
Z0

∣∣∣
J=0

.
(1.53)

Each term of the λ expansion of the numerator and denominator exponents results in a
Green’s function of the free theory that can be computed as before but with two important
differences. First, these Green’s functions can have internal points yk that are not set by the
function under computation but have to be integrated over. Second, because of 4 functional
derivatives acting at the same point, there is a possibility of lines exiting and entering the
same vertex. This can change the combinatorics of the free case, resulting in some numerical
factors different than 1 in front of each product of propagators. Moreover, for D ≥ 2, the
equal point Klein-Gordon propagator (1.39) is obviously UV-divergent. Various divergences
appearing at different stages are a typical feature of perturbative calculations. This problem
will be expanded on later in this chapter, while here treating the factors of P̃φ(x−x) purely
symbolically.

To elucidate the structure of these new Green’s functions, it is useful to examine the
denominator up to the λ2 correction. Using the differentiation rules of eqs. (1.43) and (1.44),
it is straightforward to compute the necessary functional derivatives:

1

1!4!

(
δ

δJ(y1)

)4

Z
∣∣∣
J=0

=
1

8
P̃2
φ(y1 − y1),

1

2!(4!)2

(
δ

δJ(y1)

)4(
δ

δJ(y2)

)4

Z
∣∣∣
J=0

=

1

48
P̃4
φ(y1 − y2) +

1

16
P̃φ(y1 − y1)P̃2

φ(y1 − y2)P̃φ(y2 − y1)+
1

128
P̃2
φ(y1 − y1)P̃2

φ(y2 − y2).

(1.54)

The denominator can now be rewritten as a sum of diagrams without external points, often
referred to as vacuum bubbles:

(denominator) = 1+ y1 + y1 y2 + y1 y2 + y1 y2 +O(λ3). (1.55)

These diagrams, are built using the third and final Feynman rule of the Klein-Gordon theory:

3. Each internal vertex yk contributes (−iλ)
∫
dDyk: yk = (−iλ)

∫
dDyk.

The numerical factors in front of products of propagators were absorbed into the definition
of diagrams. These so called symmetry factors can be systematically read out from the
geometry of a particular diagram. The rules for deriving symmetry factors for general
diagrams in a real scalar theory are quite involved [91], but simplify significantly in theories
without self interactions. In particular, in Quantum Electrodynamics, the symmetry factor
of every diagram is 1.
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Note that the last diagram in eq. (1.55) can be written as a product of two O(λ1)
diagrams:

(denominator) = 1 + + + +
1

2!

2

+O(λ3), (1.56)

where the symmetry factor of 2! follows from the symmetry of interchanging y1 and y2.
Moreover, the diagram

1

n!

n

(1.57)

can be found at the O(λn) order. This is the leading behavior of a more general phenomenon:
even though the denominator is composed of diagrams with possibly disconnected pieces,
these pieces can always be rearranged as sums of connected diagrams to a certain power.
For example, all terms of the expression

1

2!

 + +

2

(1.58)

can be found with correct coefficients among terms O(λ2—4). Overall, the denominator turns
out to be exactly

(denominator) = exp

 + + + . . .

 =

= exp[all connected vacuum bubbles],

(1.59)

as was foreshadowed by its form in eq. (1.53).
The numerator of eq. (1.53) can also be readily recognized as a combination of free

Green’s functions with internal vertices. Writing the result for the 2-point function up to
O(λ2) in terms of diagrams yields

(numerator) =

=

1 + + + +
1

2!

2

+O(λ3)

+

+

1 + +O(λ2)

+

 + +

 (1 +O(λ)).

(1.60)

A very particular pattern emerges. Every diagram with external points is multiplied by
vacuum bubbles with more and more internal vertices and coefficients of the exponent.
Indeed, every diagram connected to external points is multiplied by the exponent of the
connected vacuum bubbles from the denominator. After factoring out these vacuum bubble
factors and canceling them with the denominator, the 2-point function becomes

〈Ω|T φ̂(x1)φ̂(x2)|Ω〉 = + + + + =

=

(
Sum of all diagrams with two connected external points,
without any disconnected vacuum bubbles

)
.

(1.61)
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Equivalent expressions hold also for higher Green’s functions. The exponentiation of
vacuum bubbles described above is a consequence of a more general result:

δn logZ[J ]
δJ(y1) . . . δJ(yn)

∣∣∣
J=0

= in 〈Ω|T φ̂(y1) . . . φ̂(yn)|Ω〉conn , (1.62)

where the subscript conn indicates that the Green’s function includes only diagrams with a
single connected component. This derivative leads to a formal expansion of logZ[J ]:

logZ[J ] =
∞∑
n=0

in

n!

∫
dDy1 . . . d

Dyn 〈Ω|T φ̂(y1) . . . φ̂(yn)|Ω〉conn J(y1) . . . J(yn) (1.63)

and the equivalent expression for Z[J ]:

Z[J ] = exp

[
∞∑
n=0

in

n!

∫
dDy1 . . . d

Dyn 〈Ω|T φ̂(y1) . . . φ̂(yn)|Ω〉conn J(y1) . . . J(yn)

]
. (1.64)

The result for the denominator in eq. (1.59) follows immediately from this form, as for
Z[J = 0] only the n = 0 term contributes to the series, and it is equivalent to the sum of all
connected zero-point Green’s functions, i.e. vacuum bubbles:

Z[J = 0] = e〈Ω|Ω〉conn . (1.65)

The factoring out of disconnected bubbles from the numerator in eq. (1.60) becomes clear if
the necessary partial derivative is written as

− δ2Z[J ]

δJ(x1)J(x2)

∣∣∣
J=0

= − δ2elogZ[J ]

δJ(x1)J(x2)

∣∣∣
J=0

=−
[

δ2 logZ
δJ(x1)δJ(x2)

∣∣∣
J=0

+
δ logZ
δJ(x1)

∣∣∣
J=0

δ logZ
δJ(x2)

∣∣∣
J=0

]
elogZ[J=0]

=
[
〈Ω|T φ̂(x1)φ̂(x2)|Ω〉conn + 〈Ω|T φ̂(x1)|Ω〉conn 〈Ω|T φ̂(x2)|Ω〉conn

]
Z[J = 0].

(1.66)

The one-point Green’s functions in the second term vanish, recovering the result of eq. (1.61).
Generalization to higher Green’s functions is now straightforward. The form of the gener-
ating functional given in eq. (1.64) will prove beneficial in the discussion of heavy particle
decoupling in section 3.1.

In practical calculations, it is almost always advantageous to evaluate Feynman diagrams
in the momentum space. To this end, one needs the momentum space equivalent of the Feyn-
man prescription given by the rules derived above. By convention, every external momentum
will be treated as incoming, so the Fourier transform of a Green’s function reads

G(p1, . . . , pn) ≡
∫
dDx1 . . . d

Dxne
i(p1x1+...+pnxn) 〈Ω|T φ̂(x1) . . . φ̂(x2)|Ω〉 . (1.67)

Note that the only dependence on space-time positions in the integrand of any expression
coming from a diagram is limited to exp[−ip(x − y)] in P̃φ(x − y). Integration over all
vertex positions, internal and external, will result in delta functions enforcing momentum
conservation. In the case of internal vertices, the sums of all incoming and outgoing momenta
have to be equal. The integrations over external positions give overall external momentum
conservation in each connected component. If a diagram has closed loops, a number of
internal momenta equal to the number of loops will be left unspecified by these delta functions
and will have to be integrated over. The procedure of computing the Fourier transform of a
diagram contributing to a Green’s function is as follows:
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1. Treat every external momentum as incoming.

2. Enforce momentum conservation at every internal vertex.

3. Multiply by (2π)Dδ(D)(
∑
pexternal) for each connected component.

4. Multiply by (−iλ) for every internal vertex:
= (−iλ).

5. Multiply by the propagator Pφ(p) for every line with momentum p:
p

= Pφ(p) = i
p2−m2+iε

.

6. Integrate over loop momenta k with measure dDk/(2π)D.

7. Multiply by the symmetry factor.

The diagram for the O(λ) correction to the 2-point function can serve as an example:

p1 p2

=

=
1

2
(−iλ)(2π)Dδ(D)(p1 + p2)

i

p21 −m2 + iε

i

p22 −m2 + iε

∫
dDp

(2π)D
i

p2 −m2 + iε
.

(1.68)

While the technique of computation of simple loop integrals will be discussed in section
1.4, in cutting-edge problems this is the most laborious part of the calculation and requires
specialized treatment. The modern approach to computing loop diagrams will be the focus
of the next chapter.

In the Dirac and Maxwell theories of free fields with higher spin, the calculation proceeds
mostly along similar steps but with some important caveats. In the former case, one has
to define the fields using anticommuting variables called Grassmann numbers, which some-
what changes the algebraic properties of Gaussian integrals. Another difference is that the
Lagrangian has only a first order derivative present, so the shift in eq. (1.36) required for
completing the square is different. In the case of gauge field theories, a naive integral over
all possible paths covers physically equivalent field configurations and, as a consequence,
turns out to be badly divergent. This issue is overcome by introducing gauge fixing terms
in the Lagrangian. In essence, one can reparameterize the space of all paths to separate the
integration along the orbits of the gauge group from the integration over physically distin-
guishable paths. In non-abelian gauge theories, the Jacobian of this change of integration
variables introduces additional Grassman-number-valued scalar fields called Faddeev-Popov
ghosts [92]. The volume of the orbits then cancels between the numerator and denominator
of formula (1.29). For both spin 1/2 and spin 1 theories, the free two-point function turns out
to be related to the Green’s function of the classical equation of motion just as in eq. (1.47)
for the Klein-Gordon field. The results for these propagators will be quoted later in this
chapter.
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1.2 The LSZ Reduction and Inclusive Rate Formula
This section aims to establish the link between Green’s functions described above and quan-
tities measured in particle colliders. For this purpose, one investigates singularities of the
Green’s function Fourier transform. The famous LSZ formula, named after the authors of
ref. [93] where it was first derived, will emerge naturally as a result of this analysis, without
the need for the laborious algebraic derivation that is usually presented†. Next, one exam-
ines the analytic properties of residue matrix of Green’s functions that turns out to contain
all information on scattering processes described by the theory. The formula for inclusive
decays used as the starting point of the computation of the semileptonic q2 spectrum will
follow as a result of this analysis.

First, recall that the 2-point function in the free Klein Gordon theory, derived in
eq. (1.47), was given by

〈0|T φ̂(x)φ̂(y)|0〉 = P̃φ(x− y) =

∫
dDp

(2π)D
ie−ip(x−y)

p2 −m2
0 + iε

, (1.69)

where the subscript 0 indicates that m0 is the mass of the free field. This expression clearly
has a single isolated pole at p2 = m2

0. The integral over p0 can be performed using the
Cauchy theorem. The integrand as a function of p0 has two poles at ±

√
p2 +m2

0 − iε, but
only one of those will be inside the integration contour, giving the result

P̃φ(x− y) =

∫
dD−1p
(2π)D−1

e−ip(x−y)

2Ep

∣∣∣
p0=Ep

, (1.70)

with Ep ≡
√

p2 +m2
0 − iε.

The 2-point Green’s function in the interacting theory has a much more complicated
analytic structure. Without fixing the form of the interaction term, it can be written as

〈Ω|T φ̂(x)φ̂(y)|Ω〉 =

=

∫
α0

∑∫
dD−1p
(2π)D−1

1

2Ep(α)

(
Θ(x0 − y0) 〈Ω|φ̂(x)|αp〉 〈αp|φ̂(y)|Ω〉+

+Θ(y0 − x0) 〈Ω|φ̂(y)|αp〉 〈αp|φ̂(x)|Ω〉
)
,

(1.71)

where the identity operator

1 =

∫
α0

∑∫
dD−1p
(2π)D−1

1

2Ep(α)
|αp〉 〈αp| (1.72)

was inserted. The sum-integral runs over all eigenstates |α0〉 of the full Hamiltonian of the
theory that have the center-of-mass (D−1)-momentum equal to 0. The state |αp〉 is defined
as the Lorentz boost of the state |α0〉 with (D− 1) momentum p. The theory can always be
reformulated in terms of a field shifted in such a way that the factor 〈Ω|φ̂(x)|Ω〉 vanishes. The
integral with the Lorentz invariant measure dD−1p/[(2π)D−12Ep(α)] covers all D-momenta p
on the mass-shell p0 = Ep(α), with Ep(α) ≡

√
m2
α + p2 and mα the energy of the state |α0〉.

Note that mα are defined as certain eigenvalues of the interacting Hamiltonian and do not
†This discussion follows some aspects of the derivation given in chapter 7 of ref. [78].
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have to be equal to any mass parameter in the Lagrangian of the theory even for the smallest
value of mα. The relation between mα and the Lagrangian parameter m0 is determined in
the procedure of mass renormalization†. This point is crucial in the proper treatment of UV
divergences that appear beyond the leading order in perturbation theory and will be further
discussed in section 1.4.

Each of the matrix elements in eq. (1.71) has a simple dependence on p. For example:

〈Ω|φ̂(x)|αp〉 = 〈Ω|φ̂(0)|α0〉 e−ipx
∣∣∣
p0=Ep(α)

. (1.73)

The above equation follows from the Poincaré invariance of the vacuum, i.e. exp[iP̂ x] |Ω〉 =
|Ω〉, and U(Λ) |Ω〉 = |Ω〉, where U(Λ) is the operator implementing a Lorentz boost Λ, as
well as the transformation of the scalar field under Lorentz boosts

U(Λ)φ̂(x)U−1(Λ) = φ̂(Λx). (1.74)

The modulus squared of the bra-ket in eq. (1.73) will be denoted as Z(α)
φ . Using eq. (1.70)

simplifies the right hand side of eq. (1.71) to

〈Ω|φ̂(x)φ̂(y)|Ω〉 =
∫
α0

∑
P̃(α)
φ (x− y)Z

(α)
φ , (1.75)

where P̃(α)
φ (x − y) is the free propagator with m0 replaced with mα. The space of states

with (D − 1) momentum 0 can be fully parameterized by the mass mα, which leads to the
Källén-Lehmann representation of the 2-point function:

〈Ω|T φ̂(x)φ̂(y)|Ω〉 =
∞∫
0

dm̃ρ(m̃)P̃(α̃)
φ (x− y)

∣∣∣
mα=m̃

, (1.76)

where φ(α̃) is again the free propagator but with mass m̃. The function ρ(m̃) is referred to
as the spectral density of the theory and is given by

ρ(m̃) =
∑
α

δ(m̃−mα)Z
(α)
φ = δ(m̃−m)Zφ +

(
contributions from bound
and multiparticle states

)
, (1.77)

where m is called the on-shell renormalized mass of the single particle state. The first term
is the contribution from the second-lowest energy eigenvector of the Hamiltonian, which is
identified as a state of a single particle at rest. As the D-momentum of Lorentz boosts of
this state is constrained by the on-shell condition, its rest energy E0(1p) = m is isolated
from the next-lowest energy |α0〉 state. This rest energy is identified as the particle mass. In
the above equation, the Z(1p)

φ factor was denoted as Zφ. Note that Zφ = 1 in the free theory.
The second term comes from boosts of higher energy eigenvectors, which correspond to
multiparticle states. In these states, the D-momentum of each of the particles is fixed to the
(p0i )

2 = m2+p2
i shell but the total D-momentum is unconstrained, resulting in a continuum

of possible multiparticle states. The space of possible D-momenta of these states is bound
from below by the surface E2

p(α) = 4m2 + p2 and with the lowest energy corresponding to
two separated particles at rest. Below the E2

p(α) = 4m2 + p2 surface, there are possible
†More specifically, by imposing the on-shell renormalization condition.
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bound states, with the binding energy shifting their mass downwards. These states may add
a number of poles to the spectral density for m < m̃ < 2m.

The Fourier transform of the 2-point function in the Källén-Lehmann representation
reads: ∫

dDxdDyeip1xeip2x 〈Ω|T φ̂(x)φ̂(y)|Ω〉 =

=(2π)Dδ(D)(p1 + p2)
iZφ

p21 −m2 + iε
+

∞∫
m̃min

dm̃ρ(m̃)
i(2π)Dδ(D)(p1 + p2)

p21 − m̃2 + iε
.

(1.78)

where m̃min is the mass of the lightest multiparticle or bound state. By the above analysis,
this expression treated as a function of p0 and for fixed p has an isolated pole at p0 →√
m2 + p2 ≡ Ep, possibly a series of peaks corresponding unstable bound states† and a

branch cut along the real axis from 2m to +∞. The one-particle pole is simply

G(p1, p2) =
p1 p2

p01→Ep1−−−−−→ (2π)Dδ(D)(p1 + p2)
iZφ

p21 −m2 + iε
, (1.79)

where the shaded blob denotes all diagrams with two external points and no disconnected
vacuum bubbles, as dictated by the result of eq. (1.61). The full 2-point function in this limit
reduces to the propagator of the free theory, up to a factor Zφ but with a mass corresponding
to the rest energy of a single particle state in the interacting theory. To make this behavior
even more apparent, one defines an on-shell renormalized field φ̂R ≡ Z

−1/2
φ φ̂, so eq. (1.73)

for 1-particle states becomes

〈Ω|φ̂R(x)|p〉 = e−ipx
∣∣∣
p0=Ep

. (1.80)

Note that the right hand side is a classical solution to the Klein-Gordon equation. This
rescaling has profound consequences for loop computations that will become apparent during
the discussion of the treatment of divergences in QFT, but for now, it simply absorbs the
factor of Zφ from the numerator of the limit (1.79):

GR(p1, p2)
p01→Ep1−−−−−→(2π)Dδ(D)(p1 + p2)

i

p21 −m2 + iε

=(2π)Dδ(D)(p1 + p2)Pφ,m(p1),
(1.81)

where the subscript R indicates that the momentum-space Green’s function is the Fourier
transform of a vacuum matrix element of renormalized fields. As only interacting fields are
going to be discussed in the remainder of this section, the subscript m will be suppressed in
Pφ,m.

The above discussion can be generalized to higher Green’s functions for a configuration
typical to particle scattering. Theory description of an event in a particle collider is based on
an assumption, that the interaction happens on an extremely short time scale when compared
with the time particles propagate more or less freely inside the accelerator. This motivates
the following picture: incoming particles are prepared as well separated wave packets in the
far past ti → −∞, collide around t = 0 in the lab frame and the products of the collision

†Stable bound states are assumed to be absent here and in the remainder of this chapter.
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fly away and are measured in the far future tf → +∞. To reflect this, at time infinities, the
fields should create states with wave functions that are supported on space-time regions well
separated from each other. This will allow for treating multi-particle initial and final states
as tensor products of single-particle ones. The primary observable measured in a particle
detector is the momentum, so momenta of these states should be constrained within narrow
distributions. This shaping of the wave packets can be parametrized by some momentum-
space envelope functions fj(kj) for each field in the Green’s function. Then the starting point
for a discussion of wave packet scattering is the smeared Fourier transform of the n-point
Green’s function:

S
(n)
f1...fn

(p01, . . . , p
0
n) ≡(

n∏
j=1

∫
dx0je

ip0jx
0
j

∫
dD−1xj

∫
dD−1kj
(2π)D−1

fj(kj)e−ikjxj
)
〈Ω|T φ̂R(x1) . . . φ̂R(xn)|Ω〉 .

(1.82)

The momentum-space Green’s function is recovered in the limit

S
(n)
f1...fn

(p01, . . . , p
0
n)

fj(kj)→(2π)D−1δ(D−1)(kj−pj)−−−−−−−−−−−−−−−→ GR(p1, . . . , pn). (1.83)

This function depends on p0j only through the exponent so the possible singularities in p0j
have to come from the regions of integration over x0j near infinities. Consider now one of
those regions, where for some 0 ≤ j0 ≤ n, for j ≤ j0, x0σj are in the far future and for j > j0,
x0σj are in the far past, for some permutation of n indices σ. The time ordering splits into
two parts, with fields in the far future on the left, and those in the far past on the right:

〈Ω|T φ̂R(x1) . . . φ̂R(xn)|Ω〉 = 〈Ω|
(
T φ̂R(xσ1) . . . φ̂R(xσj0 )

)(
T φ̂R(xσj0+1

) . . . φ̂R(xσn)
)
|Ω〉 .
(1.84)

Next, insert the identity operator of the form given in eq. (1.72) in between the two time
orderings:∫
α0

∑∫
dD−1q
(2π)D−1

1

2Eq(α)
〈Ω|T φ̂R(xσ1) . . . φ̂R(xσj0 )|αq〉 〈αq|T φ̂R(xσj0+1

) . . . φ̂R(xσn)|Ω〉 (1.85)

In order for the first matrix element to not vanish, the image of the inserted state |αq〉 under
the action of the time-ordered product must have a non-zero overlap with the vacuum. It is
important to emphasize here that the sum-integral

∫∑
α0 over the vanishing total (D − 1)-

momentum states |α0〉 contains contributions from multi-particle configurations were each
excitation constrained by the envelope function to some region of space is in motion with
some momentum qσj , and only

∑
j qσj = 0. The integral over all Hamiltonian eigenstates in

the case above can be rewritten as∫
α0

∑∫
dD−1q
(2π)D−1

1

2Eq(α)
=

j0∏
j=1

∫
ασj

∑∫
dD−1qσj
(2π)D−1

1

2Eqσj (α
σj)
, (1.86)

with the wave function of the state |ασjqσj 〉 constrained to the region of space-time where the
field φ̂R(xσj) is supported. Similarly, out of all generic states |αq〉, only those that factorize
as

|αq〉 =
j0⊗
j

|ασj=1
qσj

〉 (1.87)
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give non-zero contributions when the integral (1.85) is inserted into eq. (1.82). Each spatially
constrained field acts only on the vector corresponding to it. The whole ”future” matrix
element in eq. (1.85) disentangles into the following product:

〈Ω|
(
T φ̂R(xσj) . . . φ̂R(xσj0)

)
|αq〉 =

j0∏
j=1

〈Ω|φ̂R(xσj)|ασjqσj
〉 =

j0∏
j=1

√
Z

(ασj )
φR

e−iqσjxσj
∣∣∣
q0σj=Eqσj (α)

,

(1.88)
with Z(1p)

φR
= 1 for one particle states. Such a factorization has been the reason for considering

wave packets instead of directly analyzing the Fourier transform of the Green’s function.
Now, inserting another identity operator in between the 〈αq| and the second time ordering
symbol in eq. (1.85) allows one to follow exactly the same reasoning, and the second matrix
element simplifies to n∏

j=j0+1

∫
ασj

∑∫
dD−1qσj
(2π)D−1

√
Z

(ασj )∗
φR

2Eqσj (α
σj)
eiqσjxσj

∣∣∣
q0σj=Eqσj (α

σj )

 〈ασ1qσ1
| . . . 〈ασnqσj0

|ασj0+1
qσj0+1

〉 . . . |ασnqσn 〉 .

(1.89)
The integration region of the wave packet associated with σ and j0 becomes( j0∏

j=1

∞∫
T

dx0σje
ipσjx

0
σj

∫
dD−1xσj

∫
dD−1kσj
(2π)D−1

fσj(kσj)e
−ikσj xσj×

∫
ασj

∑∫
dD−1qσj
(2π)D−1

√
Z
ασj
φR

2Eqσj (α
σj)
e−iqσjxσj

∣∣∣
q0σj=Eqσj (α

σj )
〈ασjqσj

|
)
×

( n∏
j=j0+1

−T∫
−∞

dx0σje
ipσjx

0
σj

∫
dD−1xσj

∫
dD−1kσj
(2π)D−1

fσj(kσj)e
−ikσj xσj×

∫
ασj

∑∫
dD−1qσj
(2π)D−1

√
Z
ασj ∗
φR

2Eqσj (α
σj)
eiqσjxσj

∣∣∣
q0σj=Eqσj (α

σj )
|ασjqσj

〉
)
,

(1.90)

where some large boundary time T > 0 specifies when the wave packets become well sepa-
rated. The integrations over xσj , x0σj , and qσj are elementary and yield j0∏

j=1

∫
dD−1kσj
(2π)D−1

fσj(kσj)
∫
ασj

∑ i
√
Z
ασj
φR

e
i(p0σj−Ekσj

+iε)T

2Ekσj (α
σj)(p0σj − Ekσj (α

σj) + iε)
〈ασjkσj

|

×

 n∏
j=j0+1

∫
dD−1kσj
(2π)D−1

fσj(kσj)
∫
ασj

∑ −i
√
Z
ασj ∗
φR

e
−i(p0σj+Ekσj

−iε)T

2Ekσj (α
σj)(p0σj + Ekσj (α

σj) + iε)
|ασj−kσj

〉

 .

(1.91)

The last step is to take simultaneous limits:

• fσj(kσj) → (2π)D−1δ(D−1)(pσj − kσj), for j ≤ j0,

• fσj(kσj) → (2π)D−1δ(D−1)(pσj + kσj), for j > j0,
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Chapter 1: Feynman Integrals

• p0σj → Epσj , for j ≤ j0,

• p0σj → −Epσj , for j > j0.

The first two simply replace kσj → pσj and kσj → −pσj respectively. The sum-integrals in
the third and fourth limit become dominated by the contributions of single particle states
with definite momenta: ∫

ασj

∑
F
[
|ασj±kσj

〉
]
→ F

[
|±pσj〉out/in

]
, (1.92)

as only for these states the denominators (Epσj (α
σj)±p0σj) = 0. The subscripts in(out) specify

that the state was obtained as a narrow-momentum limit of a state created independently
from the others in the far past(future). In these limits it is also possible to replace

2Epσj → Epσj ± p0σj . (1.93)

The momentum space Green’s functions thus have the following singular behavior in this
limit:

GR(p1, . . . , pn,−p̃1, . . . ,−p̃m)
p̃0j→Ep̃j−−−−→
p0j→Epj

(
n∏
j=1

i

p2j −m2 + iε

)(
m∏
j=1

i

p̃2j −m2 + iε

)
out〈p1 . . . pn|p̃1 . . . p̃m〉in.

(1.94)

This is the LSZ reduction formula in the on-shell scheme. Its significance stems from the
interpretation of the scalar product of states out〈p1 . . . pn|p̃1 . . . p̃m〉in. It is the probability
amplitude for a set of n particles with definite momenta pj prepared in the far past to be
observed as a different set of particles with definite momenta p̃j in the far future. This is
exactly the probability amplitude of the scattering setup described before.

The in(out) states constitute a basis of a subspace consisting of ensembles of particles that
were(will be) freely propagating and distinguishable from each other in the far past(future).
The states in one of these scattering subspaces have to be in a one-to-one correspondence
with their counterparts with the same momentum and discrete quantum numbers in the
other subspace. This relation can be described by the action of a linear operator Ŝ:

Ŝ |α〉out = |α〉in , (1.95)

where α refers to the collection of all quantum numbers defining a scattering state. The
matrix of Ŝ in the in or out bases is commonly referred to as the S-matrix. Note that
this operator is defined only on the scattering subspaces. The probability that after the
scattering an in state will be found as any one of the out states is 1:

∀
α

1 =

∫
β

∑
| out〈β|α〉in|

2 =

∫
β

∑(
out〈α|Ŝ

†|β〉out
)(

out〈β|Ŝ|α〉out
)

(1.96)

The identity operator constrained to the scattering subspaces can be written as

1in/out =
∫
β

∑(
|β〉in/out

)(
in/out〈β|

)
, (1.97)
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leading to

∀
α

1 = out〈α|Ŝ
†Ŝ|α〉out =⇒ Ŝ†Ŝ = 1out, (1.98)

and similarly Ŝ†Ŝ = 1in. The Ŝ operator is thus unitary. This fact will turn out to be very
important in the discussion of the formula for the particle decay rate.

The S-matrix element can be expanded as follows

out〈p1 . . . pn|p̃1 . . . p̃m〉in = out〈p1 . . . pn|Ŝ|p̃1 . . . p̃m〉out =

= δp̃1...p̃m;p̃1...p̃m + i(2π)Dδ(D)

(
n∑
k=1

pk −
m∑
k=1

p̃k

)
Mp̃1...p̃m→p1...pn .

(1.99)

The first term corresponds to the amplitude of particles passing through the collision vertex
without interacting. Such a scenario is by definition excluded from the calculation of the
cross section. The delta function in the second term enforces the overall D momentum con-
servation. It is clear that the expression for a differential cross section for a 2 → n scattering
has to be proportional to the probability of the process happening. This probability is given
by the modulus squared of the invariant matrix element Mp̃1p̃2→p1...pn , so

dσp̃1p̃2→p1...pn
dD−1p1 . . . dD−1pn

∝ |Mp̃1p̃2→p1...pn|2. (1.100)

The exact proportionality constant can be derived by considering the kinematics of the
particular scattering, but it will not be of importance in this thesis.

The LSZ formula (1.94) specifies that the dynamics of scattering in QFT are described
by one-particle residues of Green’s functions. It describes how to compute a scattering
cross section: one can use the procedure described at the end of the previous section to
obtain a Green’s function, neglecting the fully disconnected diagrams that correspond to
the first term in eq. (1.99), and then extract from the result the poles corresponding to the
considered process. One should take into account though that the Green’s function in the
LSZ formula should be computed for renormalized fields φ̂R, while the Feynman rules in the
previous section were derived for the original, or bare ones. Consequences of this fact will
be considered later in this chapter.

One may extract the residues from Green’s functions in the following procedure. In
general, every diagram contributing to a Green’s function is composed of several connected
components. Each will have a number of external lines with possible loop corrections placed
on them. This can be depicted diagrammatically:

GR(p1, . . . pn,−p̃1, . . . ,−p̃m) =
∏

k∈ connected
components

pk1

pk2

pk3
pk4

pk5

p̃k1

p̃k2 p̃k3

p̃k4

Amputated (1.101)
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The ”amputated” section refers to the part which is obtained by disregarding both the
shaded blobs present on the external legs, as well as the lines attaching them to the rest
of the diagram. As the external momenta are put on-shell, each of the 2-point functions
connected to the amputated part acquires a pole, just as in eq. (1.79). These poles match
exactly to the products of denominators in the LSZ formula (1.94):

GR(p1, . . . pn,−p̃1, . . . ,−p̃m)

p̃0j→Ep̃j−−−−→
p0j→Epj

(
n∏
j=1

i

p2j −m2 + iε

)(
m∏
j=1

i

p̃2j −m2 + iε

) ∏
k∈ connected

components

pk1

pk2

pk3 pk4
pk5

p̃k1
p̃k2 p̃k3

p̃k4

Amputated ,
(1.102)

which leads to the formula

out〈p1 . . . pn|p̃1 . . . p̃m〉in =
∏

k∈ connected
components

pk1

pk2

pk3 pk4
pk5

p̃k1
p̃k2 p̃k3

p̃k4

Amputated . (1.103)

To preserve the dependence on external momenta in the diagrammatic description, the am-
putated part will be depicted with external lines, even though they do not contribute a
factor of the momentum-space propagator. To distinguish the amputated diagrams from the
full contributions to the Green’s functions, they will be drawn without dots at the external
points.

The above equation leads to the LSZ prescription for computing differential cross sec-
tions: to find the relevant invariant matrix element M in eq. (1.99), compute all amputated
diagrams with (n+m)-external lines with n sources and m sinks of momenta. Disregard any
diagrams with connected components that have less than two external lines or are composed
only of connected components with 2 external lines†. Then use eqs. (1.99) and (1.100).

Returning to the amputated off 2-point functions, these, as mentioned above, encode the
shift of particle masses from the Lagrangian parameter to the physical value. The physical
masses are given by the poles of the 2-point function, as described by the limit (1.79). The
2-point function itself can be computed using the Feynman diagram formalism. Its basic
structure can be depicted as follows:

= + 1PI + 1PI 1PI + . . . =

=
∞∑
k=0

(
1PI

)k

=

1−
(

1PI
) . (1.104)

†These will contribute to the Kronecker delta term of eq. (1.99).
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The principal building block of this expansion is the 1PI, or ”one particle irreducible” diagram
multiplied by a single free propagator. The 1PI part is defined as the sum of all amputated
2-point diagrams that cannot be separated into two parts by removing a single line. With
the abbreviation

p

1PI ≡ −iΣ1PI(p
2,m2), (1.105)

the momentum-space 2-point function in the scalar theory becomes

= (2π)Dδ(D)(p1 + p2)

i
p21−m2+iε

1− Σ1PI(p
2
1)

p21−m2+iε

=
i(2π)Dδ(D)(p1 + p2)

p21 − (m2 + Σ1PI(p21)) + iε
. (1.106)

The pole at the point p21 = p2pole ≡ m2 is given by the solution of a relation

Σ1PI(p
2
pole,m

2) = 0. (1.107)

For unstable particles it gets replaced by

ReΣ1PI(p
2
pole,m

2) = 0, (1.108)

and the propagator denominator becomes p2 −m2 − iImΣ1PI(p
2,m2).

To relate the above discussion to decay rates of unstable particles, suppose that such a
particle P is created in a scattering of two particles with the center-of-mass energy E2

cm ≡ s
and then decays into a set of stable particles. The total cross section for this process will
be a function of s: σ = σ(s). If s is close to the mass squared of the unstable particle m2

P ,
and |ImΣ1PI| � m2

P , any potential loop integrals in the amputated diagrams contributing
to σ(s) will be dominated by contributions in which the momentum p flowing through the
propagator of P carries the entire available energy, i.e. it is in the region where p2 ∼ m2

P .
The dominant contribution in this region comes from diagrams of the form

p
s→m2

P∝ i

s−m2
P − iImΣ1PI(s,m2

P ) + iε
, (1.109)

where the double line depicts the unstable particle going close to its mass shell. The cross
section contribution computed from the diagram in eq. (1.109) acquires a resonance of the
form

σ(s)
s→m2

P∝
∣∣∣ i

s−m2
P − iImΣ1PI(s)

∣∣∣2. (1.110)

Since ImΣ1PI(s,m
2
P )/m

2
P � 1 for s ∼ m2

P , the above expression matches the Breit–Wigner
distribution that is used to describe resonances in scattering cross sections due to decaying
particles:

σB−W (s) ∝
∣∣∣ 1

s−M2 + iMΓ

∣∣∣2 (1.111)

and the decay rate can be identified as

Γ = − 1

mP

ImΣ1PI(m
2
P ,m

2
P ) = − 1

mP

Im
[
i · 1PI

] ∣∣∣
p2=m2

P

. (1.112)
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For B mesons, ΓB/mB ≈ 10−13, so this is an extremely good approximation. The appearance
of imaginary loop corrections to masses is therefore equivalent with unstable states. This
result might be viewed as parallel to the quantum-mechanical behavior of systems with
non-hermitian Hamiltonians. There, since the unitarity of evolution is violated, the sum of
probabilities decreases exponentially with time, which is interpreted as particle decay.

It is useful to reexamine the ”forward 1 → 1 scattering” 1PI amplitude appearing in
eq. (1.112). To do so, recall that the Ŝ operator is unitary, as was proven in eq. (1.98).
On the other hand, one can expand it as Ŝ ≡ Î + iT̂ for some transition operator T̂ . The
operator Î acts as Î |α〉out = |α〉in and satisfies Î†Î = 1out. From the form of eq. (1.99), it is
clear that the matrix elements of Î†T̂ are given by

out〈k|Î
†T̂ |l〉out = (2π)Dδ(D)(Pk − Pl)Ml→k (1.113)

and analogously
out〈k|T̂

†Î|l〉out = (2π)Dδ(D)(Pk − Pl)M∗
k→l, (1.114)

where Pl and Pk are the total momenta of the scattering out states. Using this expansion
and unitarity of the Ŝ operator, one obtains

1out = Ŝ†Ŝ = (Î† − iT̂ †)(Î+ iT̂ ) =⇒ T̂ †T̂ = −i(Î†T̂ − T̂ †Î). (1.115)

Any matrix element of the right hand side has to be equal to the corresponding matrix
element of the left:

−i out〈k|Î
†T̂ − T̂ †Î|l〉out = out〈k|T̂

†T̂ |l〉out, (1.116)
for any pair of scattering out states |k〉out and |l〉out. The left hand side can now be written
in terms of the invariant matrix element:

−i out〈k|Î
†T̂ − T̂ †Î|l〉out = −i(2π)Dδ(D)(Pk − Pl)(Ml→k −M∗

k→l). (1.117)

The right hand side can be turned into a product of matrix elements using the identity
operator of eq. (1.97):

out〈k|T̂
†T̂ |l〉out =

∫
f

∑
(2π)Dδ(D)(Pk − Pf )M∗

k→f (2π)
Dδ(D)(Pl − Pf )Mf→l. (1.118)

One of the delta functions in the above equation can be equivalently rewritten as δ(D)(Pk−Pl)
and canceled with the delta function in eq. (1.117). Putting |k〉out = |l〉out results in

2ImMk→k =
∑
f

∫
dPSf |Mk→f |2, (1.119)

where the intermediate state sum-integral was split into the sum over all particle contents of
states |f〉 and the integral over the allowed phase space of each state |f〉. This is the QFT
optical theorem. Diagrammatically, it can be depicted as

−Im
[
i · k k

]
=

1

2

∑
f

∫
dPSf

∣∣∣∣ k f

∣∣∣∣2 . (1.120)

From this picture, the interpretation of the result for the decay rate in eq. (1.112) becomes
clear. If the initial state |k〉 is set to contain only the single decaying particle P , then
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the decay rate is proportional to the sum over probabilities of each decay channel P → f .
The proportionality constant turns out to be equal to 1/(2mP ) in the decaying particle rest
frame. In other frames, it will change to 1/(2EP ) and account for the necessary Lorentz
time dilatation. The optical theorem derived as above applies only to scattering states that
become free particles in time infinities. This obviously is not the case for a decaying particle.
Nevertheless, the equivalent statement for amplitudes defined by their Feynman diagrams
was proven using the formalism of Cutkosky’s ”cutting” rules [94] and can be applied without
modification.

The description of the B → Xclν̄l decay relies on generalizing the above results to
theories with higher-spin fields. The correct prescription can be obtained along similar lines,
as long as the Lorenz transformation properties and the form of the solutions to the classical
equations of motion is taken into account. Naturally, the free scalar propagators Pφ have to
be replaced with Pψ or PA for the spinor and vector fields respectively. Second, to describe
the scattering or decays of fermions, one has to include the following external line Feynman
rules [78, 83]:

p

a = u(s)a (p),

p

a = ū(s)a (p), (1.121)

p

a = v̄(s)a (p),

p

a = v(s)a (p). (1.122)

The arrow on the line indicates the flow of the fermionic current. If its direction matches
the direction of the momentum, the line depicts a particle, otherwise an antiparticle. The
indices a are contracted with Dirac matrix factors coming from vertices attached to external
lines. Similarly, the external line Feynman rules for incoming and outgoing vector bosons
read [78, 83]:

p

µ = εsµ(p),

p

µ = εs∗µ (p). (1.123)

The derivation of the LSZ formula assumed wave packets that become well separated
far away from the interaction vertex. Such an approach breaks down in theories with long-
range interactions, for example in Quantum Electrodynamics. The breakdown of the LSZ
formalism manifests itself with infrared and collinear divergences for certain observables in
some regions of the phase space. These have to be regularized, for example by introducing
small masses to photons, and then systematically canceled out by properly defining observed
quantities. Sufficiently inclusive processes, such as the q2 spectrum in the B meson decay in
the leading order in electroweak interactions, are free of such divergences.
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b c b

ν̄l

l

(1al)

b c b

Q

(1a)

(2al) (2a′l) (2a) (2a′)

(2bl) (2cl) (2b) (2c)

Figure 6: Diagrams contributing to the semileptonic decay at the LO and NLO in QCD.
The left panel depicts the standard formulation with the lepton pair. The right uses the
auxiliary vector boson approach. For explanation of the elements of diagrams see the text.
The diagram (2a) will be examined in greater detail below.

1.3 Sample Calculation - 1

Over the course of chapters 1 and 2, several sections are dedicated to illustrating the described
techniques with examples from the calculation of the O(α1

s) correction to the q2 spectrum
of the semileptonic b quark decay. Implementing these methods to objects appearing at this
level of perturbation theory provides first non-trivial challenges but still can be discussed in
detail in the scope of the current chapter and the next one.

Following the formula (1.112) for the inclusive decay rate, one proceeds with generating
all necessary connected, 1PI diagrams for the forward ”scattering” of the b quark. Note
that to describe a semileptonic decay, one should be interested only with contributions that
contain both a charm quark and a lepton-neutrino pair as intermediate states. It is therefore
justified to doubt whether the process is actually inclusive and is the optical theorem in
eq. (1.120) applicable. Fortunately, eq. (1.112) holds order-by-order in GF and |Vcb|, so
by isolating contributions proportional to G2

F |Vcb|2 on the right hand side, one obtains the
desired partonic semileptonic rate in the leading approximation in electroweak interactions.
At the leading order in QCD, i.e., with no QCD interactions at all, there is a single diagram
contributing to the decay. Diagrams at O(α1

s) can be constructed from it by adding a single
gluon line in one of the four possible ways. The LO and NLO diagrams are illustrated in
the left panel of figure 6. Here and below, the b quarks are depicted with solid double lines,
c quarks with solid-dashed double lines, and leptons with single solid lines. Vector bosons
and gluons are represented in the standard way with wavy and curly lines respectively. In
the NLO diagrams, the fermion arrows have been suppressed. The double-square vertices
depict the effective Fermi-like interaction left over after integrating out the W boson from
the Standard Model, as will be explained in section 3.1. To obtain the q2 spectrum, one
can replace the lepton-neutrino pair with a vector boson Qµ with mass MQ =

√
q2. This

technique will be derived and described in detail in section 3.1. The resulting diagrams are
shown in the right panel of figure 6.
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This sample calculation follows the evaluation of the contribution to the NLO spectrum
coming from the diagram (2a) defined in figure 6. The vertex Feynman rules required to
write the algebraic expression corresponding to this diagram are:

u, i v, j

µ

= (VQ)µuv,ij ,
u, i v, j

µ, a

= (Vg)µ,auv,ij ,

(1.124)

while the necessary propagators read

u, i v, j

k

= (Pb(k))uv,ij , µ ν

k

= (PQ(k))µν , (1.125)

u, i v, j

k

= (Pc(k))uv,ij , µ, a ν, b

k

= (Pg(k))abµν .

The individual factors are given by

(VQ)µuv,ij ≡ − igq√
2
Vcb (γ

µPL)uv δij, (Vg)µ,auv,ij ≡ −igsγµuvT aij,

(Pb(k))uv,ij ≡
i(/k +mb1(γ))uvδij
k2 −m2

b + iε
, (PQ(k))µν ≡

−i
k2 − q2 + iε

[
gµν −

kµkν
q2

]
, (1.126)

(Pc(k))uv,ij ≡
i(/k +mc1(γ))uvδij
k2 −m2

c + iε
, (Pg(k))abµν ≡

−iδab

k2 + iε

[
gµν − (1− ξg)

kµkν
k2

]
.

These rules can be derived in a similar way to the scalar field Feynman rules, as long as one
accounts for the details described at the end of section 1.1. The constant gq is the SU(2)
coupling in the auxiliary SM in which Γb→XcQ is computed. It is defined as g

√
q2/MW ,

where g is the SU(2) coupling constant in the regular SM. This relation will be discussed
in section 3.1. The SU(3) coupling gs is unaffected by the shift to the auxiliary SM. The
Qcb vertex rule for the reversed ordering of quarks will be denoted by VQ̄. It is equal to
VQ with the factor of Vcb replaced with V ∗

cb. The algebraic properties of the left projection
PL in the vector boson vertex are described in section 1.5, while its appearance will be
explained in section 3.1. In the rule for the quark-gluon vertex, the solid fermion line
can correspond to either a bottom or a charm quark. The spin and quark color degrees
of freedom were assigned indices uv and ij respectively. The adjoint representation color
indices of gluons were represented with a and b. The matrix T a is a su(3) color algebra
generator, normalized as Tr[T aT b] = TRδ

ab, with TR fixed to 1/2 by convention. Different
choices of the normalization constant TR can be absorbed into the coupling gs already in the
QCD Lagrangian, and thus do not affect the predictions for physical observables. The gluon
propagator is written in an arbitrary Rξ gauge with the gauge parameter ξg. The vector
boson propagator is taken in the unitary gauge, which is the Rξ gauge limit with ξQ → ∞
(c.f. eq. (21.54) in ref. [78]). This choice eliminates would-be-Goldstone bosons from the
calculation of the q2 spectrum, as will be described in section 3.1.
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The inclusive decay rate formula (1.112) specifies that the contribution to the spin and
color averaged spectrum should be obtained from:

dΓ
(1)
(2a)

dq2
= −

√
2GF

12π2

1

2

1

3

∑
sc

Im


i ·

s, c s, c

pb pb − k1 k1 + k2 k2 pb

k2 + pb

k1


(1.127)

Using the Feynman rules of eqs. (1.124) and (1.125), together with the rules for external
lines for fermions given in eq. (1.121) yields the following expression for the contribution of
diagram (2a) to the q2 spectrum:

dΓ
(1)
(2a)

dq2
=

√
2GF

12π2

1

2

1

3

∑
sc

Im i

∫
dDk1
i(2π)D

dDk2
i(2π)D

[
ū(s)a (pb)(VQ̄)µ1ad1,cc1(Pc(−k2))d1d2,c1c2×

(Vg)
µ2,c′1
d2d3,c2c3

(Pc(−k1 − k2))d3d4,c3c4(VQ)
µ3
d4d5,c4c5

(Pb(pb − k1))d5d6,c5c6(Vg)
µ4,c′2
d6b,c6c

u
(s)
b (pb)

]
(Pg(k1))c

′
1c

′
2

µ2µ4
(PQ(k2 + pb))µ1µ3 .

(1.128)

The factors of i have been included in the denominators of the loop integration measure
for later convenience. The particular momentum routing chosen above will prove beneficial
during the IBP reduction step, described in section 2.1. The external momentum is assumed
to be on the mass shell p2b = m2

b , as dictated by eq. (1.112). The fraction
√
2GF/(12π

2) comes
from the conversion of the leptons into the vector boson and will be derived in section 3.1.
The factors of 1/2 and 1/3 account for averaging over the decaying b quark spins s and
colors c. The rest of this expression follows directly from eqs. (1.112), (1.121), and (1.126).
Note that in order to form a scalar, the Feynman rules on the main fermion line have to be
arranged opposite to the flow of the fermion current.

For each of the integrals, the loop momentum dependence comes from two fermion lines
and a single boson line. In the region of ki → ∞, a fermion and boson propagators contribute
a suppression factor of 1/ki and 1/k2i respectively, meaning that the integral behaves as∫
dDki/k

4
i . For D ≥ 4, both loop integrals are at least logarithmically divergent for large

loop momenta. It seems like in a 4 dimensional space-time, the prescription for computing
the decay rate breaks down. It is saved only after applying a careful, systematic procedure to
the whole theory, that first separates the divergences from the finite parts and then absorbs
them into the rescaled fields and parameters of the Lagrangian. This procedure is described
in the next section.

1.4 Divergences in Quantum Field Theory
The divergence encountered in eq. (1.127) is an example of a typical problem in most QFTs:
loop integrals diverge for large loop momenta. The origin of this issue and the resulting
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rationale for using the QFT formalism despite apparent unphysical intermediate results is
still being debated. One of the more established explanations is as follows. In the UV loop
region, the virtual particles have enough energy to spontaneously transform into arbitrary
states and any loop correction will be significantly affected by the contributions of these
states. But a theory in which the computation is made has been designed only to describe
phenomena up to a certain energy scale. The virtual states appearing in the calculation can
only be created by the degrees of freedom described by the Lagrangian. The formalism fails
to account for effects of possible heavier fields that still contribute to physical processes. In
a ”true” theory, assuming it exists, these particles would appear in loops even in processes at
low energies and cancel the divergent parts. The remaining contributions of the heavy fields
on low energy observables will be suppressed by powers of their heavy masses. In this view,
the starting theory is just the lowest order effective theory of some unknown higher energy
model that is free of divergences. In this leading approximation, the effects of heavy fields
can be completely absorbed into the redefined parameters and fields of the low energy theory.
Non-leading effects can be accounted for in a ”bottom up” Effective Field Theory, such as
the SMEFT. In this view, the breakdown of known QFTs is salvaged by a still unknown
theory. It is known that some proposed high energy models are free of UV divergences,
which seems to support this view, but they fail to describe phenomena observed in current
experiments.

Regardless of the physical justification, the formal procedure of removing infinities can
be understood as part of the renormalization of the theory, i.e. expressing objects in the
Lagrangian by experimentally resolvable quantities. Renormalization is an objective common
to all physical theories, but in QFT it has an additional complication: the fields and couplings
describing finite, measurable properties of particles turn out to be infinite. The initial,
divergent quantities one uses to define the Lagrangian are usually referred to as ”bare”, while
those left after renormalization are called ”physical” or ”renormalized”. In a multiplicative
scheme, bare fields φj0 and couplings cj0 are related to their renormalized counterparts as

φj0 ≡
√
Zφj(ck)φj cj0 ≡ Zcj(ck)cj, (1.129)

with some functions of the renormalized couplings Z called the renormalization constants.
The masses are included in the above definition as coupling constants of a 1 → 1 self
interaction. Note that the above definition mirrors the definition of the renormalized field
above eq. (1.80), apart from switching the subscripts R on the right hand side for subscripts
0 on the left. Below, objects not written specifically with this subscript should be understood
as renormalized. In principle, one should define independent renormalization constants Zcj
for all linearly independent interaction and mass terms in the Lagrangian. However, in
gauge invariant theories, certain relations between those constants can be derived based
on the Ward–Takahashi identity or its generalizations. The remaining constants are then
fixed by conditions imposed on analytic properties of the Green’s functions of renormalized
fields: poles (masses) and residues (cross sections or amplitudes). Changing this set of
renormalization conditions is equivalent to expressing the Lagrangian with different physical
quantities, and no choice is in principle better than others. Nonetheless, in the derivation of
the LSZ formula the 2-point Green’s functions of renormalized fields had poles at the physical
mass of one-particle states, as well as the same residues as in the free theory. This property
should be preserved in order to use eq. (1.94) without modifications. The corresponding
renormalization condition is called the ”On-Shell” (OS) scheme. In the scalar theory, it
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states that near the mass shell the propagator can be expanded as:

GR(p1, p2)
p21→m2

∼ (2π)Dδ(D)(p1 + p2)

[
i

p21 −m2 + iε
+ (finite in the p21 → m2 limit)

]
.

(1.130)
Similar conditions define the OS scheme for fermions and vector bosons, as well. The inter-
action couplings are fixed by demanding certain values of scattering amplitudes for specific
configurations of external momenta. Another choice could be that for some fixed, conven-
tional configuration of external momenta, the scattering amplitude of fields in term j is equal
to the tree-level value to all orders in perturbation theory. In any case, one then extracts
the value of the coupling by comparing the computed amplitude with the measured cross
section. Each choice of a renormalization scheme will obviously result in different value of
cj. The remarkable fact is that even though the renormalization conditions are imposed
on a finite number of amplitudes equal to the number of fields and interaction terms, for
certain ”renormalizable” theories, once the renormalization constants are fixed, all other
amplitudes are finite as well. This saves the renormalizable QFT formalism as a predictive
theory. For the purposes of this discussion, it is enough to state that the Standard Model is
renormalizable [95, 96].

Renormalization conditions allow for computing the constants Z[ck] order-by-order in
perturbation theory. Starting with a bare Lagrangian and using the definitions in eq. (1.129),
a generic bare kinetic, mass, and interaction terms read

fjφ
†
j0Lj(∂)φj0 = fjZφjφ

†
jLj(∂)φj = fjφ

†
jLj(∂)φj + fjc

⊗
φj
φ†
jLj(∂)φj,

sjfj (φj0)
† (mj0)

pj φj0 = sjfjZ
pj
mj
Zφjφ

†
jm

pj
j φj = sjfjφ

†
jm

pj
j φj + sjfjc

⊗
mj
φ†
jm

pj
j φj,

fcjcj0 (φ10)
pj1 . . . (φn0)

pjn = fcjZcjZ
pj1
2

φ1
φ
pj1
1 . . . Z

pjn
2

φ1
φ
pn1
n =

=fcjcjφ
pj1 . . . φpjn + fcjc

⊗
j cjφ

pj1 . . . φpjn ,

(1.131)

with pj and pjk being some non-negative powers determined by the dimensionality of the field
and Lj(∂) a combination of contractions of partial space-time derivatives. The constants fj
and fcj are symmetry factors equal to the inverse of the number of permutations of fields
that leave a term unchanged, similar to the 1/(4!) in the interaction term of the φ4 scalar
theory. The factor sj is equal to +1 for bosons and −1 for fermions. The additional terms on
the right hand side of these equations can be treated as new interactions in the Lagrangian.
Their couplings are related to the renormalization constants as

c⊗φj ≡ Zφj − 1, c⊗mj ≡ Zpj
mj
Zφj − 1, c⊗j ≡ ZcjZ

pj1
2

φ1
. . . Z

pjn
2

φ1
− 1. (1.132)

In the absence of interactions, Green’s functions are finite and all renormalization constants
are 1. Consequently, all couplings c⊗X have to be proportional to strictly positive powers
of renormalized coupling constants cj and, as long as cj < 1, the new interactions can be
treated perturbatively. These so-called ”counterterms” yield then the following momentum
space Feynman rules:

p p

= ic⊗φjLj(−ip) + isjc
⊗
mj
m
pj
j , = c⊗j


 .

(1.133)
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For scalars and spin 1/2 fermions the first of these can be simplified using the inverse of the
propagator:

= −c⊗φP
−1
φ + i(c⊗φ − c⊗mφ)m

2
φ,

= −c⊗ψP
−1
ψ + i(c⊗ψ − c⊗mψ)mψ.

(1.134)

Using the diagrammatic description, the renormalization conditions at each order in pertur-
bation theory become relations between regular diagrams and diagrams with counterterm
insertions. Since the constants c⊗X are suppressed by powers of renormalized couplings, the
counterterm diagrams will have strictly less loops than the non-renormalized contribution.
For example, to find the renormalized electric charge up to O(αem) in the OS scheme, one
demands that

p1

p2

p1 − p2

+
p1

p2

p1 − p2

= (0 when p1 − p2 → 0), (1.135)

which fixes c⊗e and in consequence† Ze up to O(αem). In the calculation of the semileptonic
decay in the leading order in the HQE, if higher order effects in electroweak interactions are
neglected, all divergences can be absorbed into redefinitions of QCD fields, the strong gauge
coupling and quark masses. This procedure will be described in sections 3.4 and 3.5.

Before the infinities can be removed, it is important to find the exact divergent parts that
need to be canceled out. For this purpose, several techniques have been developed. The most
straightforward approach is to limit the range of loop momentum integration range by a hard
cutoff, kµ < Λ, compute the desired quantity in 4 space-time dimensions, and expand the
result into a Laurent or power-log series in the ratio r ≡ (masses and external momenta)/Λ.
The terms with positive powers and logarithms of Λ in this expansion will constitute the
divergent part, clearly separated from the terms finite in the r → 0 limit. This ”regularization
by cutoff” scheme may be the simplest conceptually, but is quite troublesome in practice, as
the integrals have a non-trivial dependence on an additional energy scale Λ. A hard cut-off
also breaks the Lorentz invariance of the theory.

Another historically used regularization method is due to Pauli and Villars [97]. The
general idea follows the conventional explanation of UV divergences described above: the
infinity is canceled by loop contributions of a number of fictitious fields with a very large
mass Λ � (other masses and typical momenta), introduced ad hoc to the theory. The result
is then expanded in powers of 1/Λ, the poles and logarithms are identified as the divergent
parts, the non-zero term left when Λ → ∞ is the finite part of the diagram, and all higher
powers in 1/Λ are disregarded. Consider for example theO(αem) correction to the 1PI part of
the electron propagator in Quantum Electrodynamics in 4 space-time dimensions. Choosing

†The electron field renormalization constants Zψ have to be fixed beforehand by computing the renor-
malized 2-point function up to O(αem).
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the Feynman gauge and disregarding the electron mass, the correction is proportional to

p k p

p− k

= −4πiαem

∫
d4k

i(2π)4
1

(p− k)2 + iε

−2/k

k2 + iε
, (1.136)

where αem ≡ e2/(4π). The factor of (−2) in the electron propagator follows from the identity
γµ/kγ

µ = −2/k. In the kµ → ∞ limit, the integrand behaves as ∼ 1/k3 and is not enough to
compensate for the divergence in four-dimensional integration. Imagine now a very heavy
”photon” coupled to the electron with the electric charge equal to ie. The above integral
would be modified as

→ +

=8πiαem

∫
d4k

(2π)4i

(
1

(p− k)2 + iε
− 1

(p− k)2 − Λ2
γ + iε

)
/k

k2 + iε
=

=8πiαem

∫
d4k

(2π)4i

−Λ2
γ

((p− k)2 + iε)
(
(p− k)2 − Λ2

γ + iε
) /k

k2 + iε
,

(1.137)

where Λγ is the mass of the auxiliary photon. For small loop momenta, k ∼ me ∼ p, the
contribution from the second diagram is negligible due to the large mass in the denominator.
This region is well described by regular QED and in the leading approximation in 1/Λγ, the
additional photon does not influence loop effects of this scale. When k → ∞, the integrand
vanishes now as ∼ 1/k5, sufficiently quickly to eliminate the divergence. The loop integral
can be evaluated using two standard tricks. First, the three denominators can be combined
into one with the help of Feynman parametrization:

1

Aα
1

Bβ
=

Γ(α + β)

Γ(α)Γ(β)

1∫
0

dx
xα(1− x)β

(xA+ (1− x)B)α+β
, (1.138)

where Γ(x) is the Euler gamma function. The resulting expression reads
1∫

0

dx

1∫
0

dy

∫
d4k

i(2π)4
−Λ2

γy/k(
k2 − 2y(pk) + yp2 + xyΛ2

γ + iε
)3 . (1.139)

Shifting the loop momentum as k → k + yp and dropping the term odd in k leaves
1∫

0

dx

1∫
0

dy

∫
d4k

i(2π)4
−Λ2

γy
2/p(

k2 + y((1− y)p2 − xΛ2
γ) + iε

)3 . (1.140)

The second trick is the change of variables: k0 = ik0E, k = kE, called the Wick rotation.
Now, k2 = −k2E, where the latter is a length of a 4-component vector in a Euclidean space.
In these variables, an integral of a function of k2 is transformed as∫

d4k

i(2π)4
F (k2) =

1

(2π)4

∫
dΩ3

∞∫
0

d|kE||kE|3F (−|kE|2) =
2

(4π)2

∞∫
0

d|kE||kE|3F (−|kE|2),

(1.141)
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so the considered integral becomes

2iΛ2
γ/p

(4π)4

1∫
0

dx

1∫
0

dyy2
∞∫
0

d|kE|
|kE|3

(|kE|2 +M2)3
, (1.142)

where M2 ≡ Λ2
γy[x− (1− y)r]− iε, and r ≡ p2/Λ2

γ. The last integral is simply 1/(2M)2, so
for the considered example,

+ = −
αem/p

4πi

1∫
0

dx

1∫
0

dy
y

x− (1− y)r − iε
. (1.143)

The integrals over the Feynman parameters are elementary and in the limit ε→ 0+ yield
1∫

0

dx

1∫
0

dy
y

x− (1− y)r − iε
=
r − r2 log(r) + (1− r)2 log(1− r)

2r2
+
iπ

2
. (1.144)

Expanding around r = 0 gives the following result:

+ = −αem
4πi

(
3

4
+
iπ

2
+

1

2
log
(
Λ2
γ

p2

))
/p+O(r).

(1.145)
The addition of the heavy ”photon” allowed for the integration over the loop momentum
and successfully separated the finite and divergent parts of the amplitude. In the decoupling
limit of Λ2

γ → ∞, the loop correction becomes infinite, as expected from the simple power
counting.

The Pauli-Villars regularization preserves Lorentz invariance, as well as the Ward-
Takahashi identities of QED. However, in non-abelian gauge theories, additional finite coun-
terterms are needed to restore the generalization of Ward-Takahashi identities that follows
from the BRST symmetry. It also introduces a complicated dependence on the heavy mass
Λ, which makes it clearly disadvantageous for modern, automated methods. It turns out that
to modify the convergence of loop integrals, instead of changing the integrand, it is much
simpler to change the space of integration, but not as sharply as in the hard cutoff scheme.
The idea, originally developed by Giambiagi and Bollini in ref. [98] and independently by ’t
Hooft and Veltman in ref. [99], is to compute all loop integrals in an arbitrary number of
dimensions D and later take the limit D → 4. It is based on a simple observation, that the
volume of a D-sphere can be analytically continued to arbitrary complex values of D as:

ΩD ≡
∫
dΩD =

2π
D
2

Γ
(
D
2

) , (1.146)

so eq. (1.141) can be easily generalized to any value of D:∫
dDk

i(2π)D
F (k2) =

1

(2π)D
2π

D
2

Γ
(
D
2

) ∞∫
0

d|kE||kE|D−1F (−|kE|2). (1.147)

For Feynman integrals, the most relevant case is when F (k2) = (k2 −m2 + iε)−κ, for some
arbitrary power κ. After passing to the euclidean momentum space, if m > 0 the poles of
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the integrand no longer lay close to the integration contour, and one can take the limit ε→ 0
prior to loop integration. Then, the integral over kE becomes

(−1)κ
∞∫
0

d|kE|
|kE|D−1

(|kE|2 +m2)κ
. (1.148)

This integral can be first computed for D < κ/2 where it is convergent. Then, its value for
arbitrary D is defined by analytic continuation:

(−1)κ
∞∫
0

d|kE|
|kE|D−1

(|kE|2 +m2)κ
= (−1)κ

Γ(2− ε)Γ(κ− 2 + ε)

2Γ(κ)

1

m2κ−4+2ε
, (1.149)

where D ≡ 4 − 2ε. This result can be used to immediately write the prescription for the
simplest Feynman integral, the one loop massive tadpole diagram in a scalar theory:

k

=

∫
dDk

i(2π)D
1

(k2 −m2)κ
= (−1)κ

ΩD

(2π)D
Γ(2− ε)Γ(κ− 2 + ε)

2Γ(κ)
m4−2ε−2κ

=(−1)κ
1

(4π)2−ε
Γ(κ− 2 + ε)

Γ(κ)
m4−2ε−2κ,

(1.150)

where the dependence on κ was preserved for generality.
This dimensional regularization scheme can be formally defined as a functional FD that

assigns to a function the value of itsD-dimensional integral. Such a functional has to coincide
with the actual values of integrals in integer dimensions, whenever these are finite. To use
it in actual calculations, it should satisfy the basic properties of definite integration over
infinite intervals: linearity, proper scaling, and translation symmetry. For all integrands I
and J , all complex numbers a and b, and all D-vectors p,

FD[aI(k) + bJ(k)]
!
= aFD[I(k)] + bFD[J(k)],

FD[I(ak)]
!
=

1

aD
FD[I(k)],

FD[I(k + p)]
!
= FD[I(k)],

(1.151)

where k is the integration variable. For allD, a 6= 0, and κ, by the first and second properties,

FD

[
(k2)κ

]
= FD

[(
(ak)2

)κ
a−2κ

]
= a−2κFD[

(
(ak)2

)κ
] = a−2κ−DFD

[
(k2)κ

]
. (1.152)

For this relation to hold for any a, the value of dimensional regularization for all κ has to
be defined as zero:

FD

[
(k2)κ

] !
= 0. (1.153)

This is a very important result for actual calculations. Suppose that a diagram does not
depend on any mass or external momentum. By repeated use of the Feynman parametriza-
tion of eq. (1.138) and integration variable shifts, its integrand can be brought to a linear
combination of terms of the form

1

(k2j +∆(ki 6=j))κ
. (1.154)
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Then all apart from the last ki D-dimensional integrals can be performed using eq. (1.150).
Because there are no other mass scales available, by dimensional analysis, the last one will
have to be proportional to ∫

dDklast

i(2π)D
1

(k2last)
κ
. (1.155)

The result of eq. (1.150) is ill-defined in the limit of m→ 0, so it cannot be used in this case.
But by eq. (1.153), for dimensional regularization to be self-consistent, this integral has to
be set to 0. Thus, all scaleless diagrams vanish in dimensional regularization.

Changing the dimension of space-time affects the dimension of quantities in the La-
grangian. The formula for Green’s functions in eq. (1.29) requires taking an exponent of the
action, it is thus imperative to keep it dimensionless. As a result, the Lagrangian should
have mass-dimension D. Consider the QED Lagrangian:

LQED = −1

4
(∂µAν − ∂νAµ)

2 + ψ̄(/∂ + ie /A−m)ψ. (1.156)

Since the definition of natural units is unchanged, the derivatives still have mass-dimension
1 as in D = 4. This means that the photon field has mass-dimension D/2 − 1. The
electron mass term dictates that its field has mass-dimension (D − 1)/2. Combining these
results means that the electric charge acquires mass-dimension equal to 2 − D/2 = ε. As
this is supposed to be the small parameter of the perturbative expansion, it must be kept
dimensionless. The solution is to rescale e by an arbitrary mass µ̃ that will absorb its
dimension. The new interaction term reads

Lint = µ̃εeψ̄ /Aψ. (1.157)

As a result, a factor of µ̃ε will appear in the γe+e− vertex rule. In QED, for a fixed observable,
each additional loop order introduces exactly two such vertices, meaning that to take µ̃ into
account it is sufficient to multiply each loop by µ̃2ε. This result holds also for a generic QFT.

The value of µ̃ is in principle arbitrary, as it is always raised to a power that vanishes
in the limit of D → 4. Choosing a correct value can nonetheless have a large impact on
perturbative predictions, as the effects of µ̃ persist if the perturbation series is truncated at
some finite loop level. If all mass scales Mi in the theory are similar in magnitude, µ̃ should
be chosen of the same order. Any other choice will introduce large logarithms of µ̃/Mi to
perturbatively computed observables that will spoil the behavior of the perturbation series.
If the mass scales span many orders of magnitude, there is no ”good” choice for µ̃ and
one should successively decouple heavy degrees of freedom to avoid this problem. The µ̃
dependence of physical quantities will be discussed later in this section.

To conclude the discussion of regularization schemes, it is useful to reexamine the O(αem)
correction to the electron propagator in the dimensional regularization. In the Pauli-Villars
regularization, taking into account the electron mass makes the computation quite laborious
because the integral depends on three independent scales, and is composed of three prop-
agators. In dimensional regularization, it is possible to include it without much difficulty.
The corresponding expression is

= −4πiαem(µ̃)
2ε

∫
dDk

i(2π)D
1

(p− k)2 + iε

−(2− 2ε)/k + (4− 2ε)m

k2 −m2 + iε
.

(1.158)
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The factors in the numerator of the electron propagator come from D-dimensional identities
for products of gamma functions:

γµγ
µ = D = 4− 2ε γµ/kγ

µ = (2−D)/k = −(2− 2ε)/k. (1.159)

These identities will be proven in the next section. Again, with the help of Feynman param-
eters and after shifting the loop momentum, it is possible to bring the integrand into the
form of eq. (1.150):

8πiαem(µ̃)
2ε

∫
dDk

i(2π)D

1∫
0

dy
y(1− ε)/p− (2− ε)m

(k2 − (1− y)(1− yp̂2)m2 + iε)2
=

=2αem
1

(4π)1−ε

(
µ̃

m

)2ε

mΓ(ε)

1∫
0

dy[y(1− ε)/̂p− 2 + ε][(1− y)(1− yp̂2 − iε)]−ε,

(1.160)

where p̂ ≡ p/m. The result for the y integral can be written in terms of the Gauss hyperge-
ometric function 2F 1:

1∫
0

dy[y(1− ε)/̂p− 2 + ε][(1− y)(1− yp̂2 − iε)]−ε =

=− 1

2p̂2

(
/̂p−

1

1− p̂2

(
(1 + p̂2)/̂p−

4− 2ε

1− ε
p̂2
)

2F 1

(
1, 2− 2ε
2− ε

∣∣∣ p̂2

p̂2 − 1 + iε

))
,

(1.161)

where all factors of ε that do not affect the branch of the analytic continuation have been ne-
glected. The hypergeometric functions can be expanded around ε = 0 using the Mathematica
package HypExp [100, 101] giving the following result for the dimensionaly regularized cor-
rection:

=

=
mαem
4πi

[
4− /̂p

ε
+ 6− A+/̂p− A−(A+/̂p− 4) log(1− p̂2) + (4− /̂p) log

(
µ2

m2

)] (1.162)

up to terms vanishing in the ε→ 0 limit. For p̂2 > 1, the branch of the logarithm should be
chosen as log(1− p̂2) → log(p̂2 − 1)− iπ. The symbols A± are defined as A± ≡ 1± 1/p̂2. In
the limit of m→ 0, the above expression reduces to

= −αem
4πi

(
1

ε
+ 1 + iπ + log

(
µ2

p2

))
/p. (1.163)

The dimensional regularization scale

µ ≡
√
4π exp(−γEM/2)µ̃, (1.164)

where γEM ≈ 0.577 is the Euler-Mascheroni constant, was introduced in eq. (1.162) to
absorb terms of 4π and γEM from the expansion in powers of ε. As expected, the result
is clearly divergent when D → 4. It is also separated into terms that are clearly finite or
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infinite in this limit, which is the main goal of regularization. There appeared a logarithmic
dependence on the scale µ. For Green’s functions, this dependence disappears order-by-order
in perturbation theory, i.e. after computing the 2-loop correction, the term O(αem log(µ/m))
will cancel, leaving only terms O(α2

em log2(µ/m)).
Even though this computation was much more straightforward than in the Pauli-Villars

scheme, and it was possible to compute the m dependence without much additional effort,
for multi-loop problems such a direct approach quickly becomes unfeasible. Indeed, the next
chapter is dedicated to describing the framework that avoids Feynman parameters, Wick
rotations, and complicated momentum shifts altogether. It is also able to tackle hundreds
of thousands of Feynman integrals at once, and is quite agnostic to their structure.

The objective of renormalization in dimensional regularization is to absorb the divergent
part in the ε expansions of S-matrix elements into the renormalization constants Zφj and
Zcj (see eq. (1.129)). A natural choice of a renormalization scheme is to only absorb the
εn terms for n < 0, while preserving the coefficients in the n ≥ 0 terms unchanged. If one
also factorizes the renormalization scale µ̃ as in eq. (1.164), and rescales all the couplings
similarly to eq. (1.157), this scheme is referred to as the Modified Minimal Subtraction, or
the MS scheme†.

1.5 Dirac Algebra
The dimensional regularization provides a definition for the loop momentum kµ integrals
that diverge for D = 4. In the conventional computation strategy, one would bring the
integrand to the form of eq. (1.150) by repeatedly using the Feynman parametrization of
eq. (1.138), shifting loop momenta, completing squares so the numerators cancel with powers
of denominators, and eliminating all terms with an odd number of factors of kµ. Before this
can be attempted, the complicated contractions of color, Lorentz, and Dirac indices present
in the numerators of propagators and vertex Feynman rules have to be simplified.

This step becomes much more straightforward when one exploits the structure of the
specific diagram in question. The discussion below considers only a 1 fermion → 1 fermion
process with external momentum p and mass m, averaged over external spins and colors,
just as in the case of the calculation of the unpolarized, inclusive q2 spectrum of the b quark
semileptonic decay width. Moreover, it will be assumed that there are exactly two chirality
distinguishing vertices present on the main fermion line, and no such vertices anywhere
else, as is the case for the semileptonic decay to all orders in QCD at the leading order in
electroweak interactions.

In the formula for the decay rate in eq. (1.112), the discrete quantum numbers of the 2
external lines are exactly the same and, in the unpolarized process, are averaged over. The
spinor element of the incoming fermion placed at the end of the chain of gamma matrices
contributed by the lines and vertices of the main line can be moved to its beginning. The
chain will then be started by a factor∑

s

u
(s)
b (p)ū(s)a (p) = (/p+m1(γ))ba. (1.165)

This identity follows directly from the solution to the free Dirac equation in the chiral
†If one instead rescales the couplings with µ, the corresponding renormalization condition is called simply

the Minimal Subtraction scheme.
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representation, where the positive frequency waves are multiplied by:

u(s)(p) =

(√
p · σξs√
p · σ̄ξs

)
. (1.166)

The basis vectors ξ are orthogonal: ∑
s

ξsξ†s = 12×2, (1.167)

while the gamma matrices in the chiral representation read

γµ =

(
0 σµ

σ̄µ 0

)
, (1.168)

where σ ≡ (12×2, σ
1, σ2, σ3), σ̄ ≡ (12×2,−σ1,−σ2,−σ3), and σi are the three Pauli matrices.

The entire chain of gamma matrices coming from the main line can be written as∑
s

ū(s)(p)a(Vff1)aa1(Pf1)a1a2(Vf1f2)a2a3 . . . (Vfnf )anbu
(s)
b (p) =

=
(
/p+m1(γ)

)
ba
(Vff1)aa1(Pf1)a1a2(Vf1f2)a2a3 . . .(Vfnf )anb=Tr[

(
/p+m1(γ)

)
Vff1Pf1Vf1f2 . . .Vfnf ].

(1.169)

The indices f and fi indicate the species of fermions, and are not summed over. Closed
fermion loops are even simpler. There, gamma matrices of vertices and propagators naturally
form a trace, as the chain of indices closes by itself together with the loop†. In a diagram
with one main line and n closed fermion loops, the entire Dirac algebra comes down to
evaluating n + 1 traces of chains of gamma matrices. For the NNLO calculation of the q2
spectrum, it is sufficient to only consider cases of n = 0 and n = 1.

The Dirac algebra proves to be conceptually non-trivial in dimensional regulariza-
tion [102–117]. When the space-time dimension is changed from an integer to an arbi-
trary value, the regular definitions of gamma matrices, such as the chiral representation in
eq. (1.168), cannot be simply carried over. The objects γµ have to be defined purely alge-
braically, preserving as much of the familiar D = 4 structure as possible. It turns out that
some property is necessarily violated; one has to give up either the cyclicity of the trace,
the normal anticommutation relations of chiral projectors, or the ”D-covariant” results for
γ traces. If the considered process is unpolarized, and the chiral vertices are limited to a
single fermion line, the simplest choice is to keep the cyclicity and the algebraic properties
of projectors, as the differences in traces vanish by symmetry arguments. This choice, first
introduced in ref. [102], and commonly referred to as the Naive Dimensional Regularization
(NDR)‡ is by far the most straightforward to implement in a computer program. It also has

†Due to the anticommuting property of spin 1/2 fields, each closed fermion loop contributes an ad-
ditional factor of (−1). This is straightforward to see in the formalism of the Wick theorem. A
diagram with a fermion loop corresponds to a vacuum expectation value of a contraction of fields

〈Ω| . . . ˆ̄ψ1ψ̂1
ˆ̄ψ2ψ̂2

ˆ̄ψ3 . . . ψ̂n−1
ˆ̄ψnψ̂n . . . |Ω〉, where ψ̂j ≡ ψ̂(xj) and the ellipses on the left and right stand

for contractions of other fields outside of the loop. Each contraction ψ̂j
ˆ̄ψk = Pψ(xk − xj), so to obtain the

algebraic expression for the diagram, the first field has to be anticommuted past all others. As there is an
odd number of anticommutations, the diagram acquires a factor of (-1). For an alternative explanation in
the formalism of functional analysis see, e.g., section 9.5 of ref. [78].

‡I concur with the opinion of the author of ref. [103], that this acronym should more appropriately be
read as ”Normal Dimensional Regularization”.
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the additional benefit of preserving the Ward-Takahashi identity, which in other schemes
has to be restored ”by hand” by an appropriate choice of counterterms that cancel spurious
anomalies. The precise algebraic rules for the γ objects in the NDR scheme will be defined
below.

In the absence of chirality distinguishing vertices, the traces to be computed in a generic
unpolarized diagram can always be expanded into polynomials of

Tr[γµ1γµ2 . . . γµn ] (1.170)

where each term is fully contracted with some Lorentz tensor with indices µ1 . . . µn. The
trace in eq. (1.170) can be computed using the properties of the Clifford algebra in a D
dimensional space-time:

gµνgµν = D, Tr[1(γ)] = D(γ), {γµ, γν} ≡ γµγν + γνγν = 2gµν1(γ). (1.171)

For integer dimensions, all irreducible representations of this algebra are D(γ) ≡ 2bD/2c di-
mensional†, where bxc is the integer part of x. These rules should be treated as the definition
of the algebraic properties of D(γ) dimensional objects γµ, as the matrices themselves obvi-
ously cannot be defined in an arbitrary dimension. It is now possible to compute the simplest
traces of gamma matrices. By Lorentz invariance, the trace of a single γµ is 0:

Tr[γµ] = 0, (1.172)

as in any other case it would constitute a process independent, preferred D-vector. The
trace of two gammas can be easily obtained with the application of the second and third
properties in eq. (1.171):

Tr[γµγν ] = Tr[2gµν1(γ) − γνγµ] = 2gµνD(γ) − Tr[γµγν ] =⇒ Tr[γµγν ] = D(γ)gµν . (1.173)

The cyclicity of the trace has been used in the third equality. Computing a trace of a larger
but even number of γµ can be done recursively. The length of a chain can be lowered by
anticommuting the first of the gammas all the way to the right of the trace, and than using
the trace cyclicity. Abbreviating Tra1a2a3...an ≡ Tr[γµa1γµa2γµa3 . . . γµan ], such a trace can be
expanded as

Tr1234...(2n−1)(2n) = 2gµ1µ2Tr3456...(2n) − Tr2134...(2n)

=2gµ1µ2Tr3456...(2n) − 2gµ1µ3Tr2456...(2n) + Tr2324...(2n)

= . . . = 2gµ1µ2Tr3456...(2n) − 2gµ1µ3Tr2456...(2n) + 2µ1µ4Tr2356...(2n) . . .
− 2gµ1µ2n−1Tr2345...(2n−2)(2n) + 2gµ1µ2nTr2345...(2n−1) − Tr2345...(2n)1.

(1.174)

Cycling γµ1 back to the front of the chain and moving the last term to the left hand side
yields

Tr[γµ1γµ2 . . . γµ2n ] =
2n∑
k=2

(−1)kgµ1µkTr[γµ2γµ3 . . . γµk−1γµk+1 . . . γµ2n ]. (1.175)

†If one keeps D(γ) arbitrary both during the computation of renormalization constants and of S-matrix
elements, it factorizes out of the expressions for renormalized quantities. It is thus conventional to fix
D(γ) = 4 prior to loop integration, which is a part of the definition of the MS and MS schemes.
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Each γµ chain in the sum is shorter by 2 than the one in the initial trace. The recursion
ends when n = 1 with the result of eq. (1.173). Note that the trace of an even number of
γµ is given by a combination of products of metric tensors and no other Lorentz structures
appear.

In addition to the standard rules in eq. (1.171), the NDR scheme assumes that there
exists an object γ̃5 that anticommutes with all γµ:

{γ̃5, γµ}
NDR
= 0. (1.176)

Consider now the commutator:

[γ̃25 , γ
µ] = γ̃25γ

µ − γµγ̃25 = γ̃25γ
µ − γ̃25γ

µ = 0. (1.177)

Another assumption of the NDR scheme is that the entire algebra of 2D/2 × 2D/2 matrices
can be spanned by γµ or their products, so γ̃25 commutes with every matrix acting on the
spin space. It follows that it has to be proportional to the identity:

γ̃25 = λ1(γ), (1.178)

for some λ ∈ C. Now it is possible to define

γ5 ≡
1√
λ
γ̃5, (1.179)

so that γ25 = 1(γ). It is straightforward to show that γ5 is traceless:

Tr[γµγνγ5] = 2gµνTr[γ5]− Tr[γνγµγ5] = 2gµνTr[γ5] + Tr[γνγ5γµ]. (1.180)

The gammas in the last term can now be cycled back to the original order and cancel the
initial trace, which leads to Tr[γ5] = 0. Considering now the first equality in the above
derivation, it is clear that Tr[γµγνγ5] is antisymmetric in the indices µν. As there are no
antisymmetric rank-2 Lorentz tensors, this trace must also vanish. Retaining the simple
properties of the D = 4 dimensional Clifford algebra as assumptions of the NDR scheme
thus preserves all of the important algebraic properties of γ5:

{γ5, γµ} = 0, γ25 = 1(γ), Tr[γ5] = 0, Tr[γµγνγ5] = 0. (1.181)

Another feature of the D = 4 Clifford algebra preserved in the NDR scheme is that traces
of odd numbers of γµ vanish. For a chain without a γ5 this can be seen as follows:

Tr[γµ1γµ2 . . . γµ2nγµ2n+1 ] = Tr[γµ1γµ2 . . . γµ2nγ5γ5γµ2n+1 ] =

=− Tr[γ5γµ1γµ2 . . . γµ2nγµ2n+1γ5] = −Tr[γµ1γµ2 . . . γµ2nγµ2n+1 ].
(1.182)

In the second equality, the γ5 on the right is anticommuted once past the γµ2n+1 while the γ5
on the left is anticommuted 2n times to the beginning of the chain, giving a total of 2n+ 1
anticommutations and a factor of −1. Then, the left γ5 was recombined with the other using
the cyclicity of the trace. The trace of a chain ending with a γ5 is even simpler:

Tr[γµ1 . . . γµ2n+1γ5] = −Tr[γ5γµ1 . . . γµ2n+1 ] = −Tr[γµ1 . . . γµ2n+1γ5]. (1.183)

The price for this simple structure is that for n > 2, the NDR scheme fails to recover the
correct traces of chains of 2n γµ matrices with a single γ5 at the end. This can be seen by
manipulating the following trace:

Tr[γαγµ0γµ1γµ2γµ3γµ4γ5]. (1.184)
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The first step is to anticommute γα past all other γµ to the left of the γ5. This results in a
number of terms:

Tr[γαγµ0γµ1γµ2γµ3γµ4γ5] =
=2gαµ0Tr12345 − 2gαµ1Tr02345 + 2gαµ2Tr01345 − 2gαµ3Tr01245 + 2gαµ4Tr01235

− Tr[γµ0γµ1γµ2γµ3γµ4γαγ5],
(1.185)

where Trabcd5 ≡ Tr[γµaγµbγµcγµdγ5]. The last trace can be moved to the left hand side and
γα can be cycled to the end of the original trace, giving

Tr[γµ0γµ1γµ2γµ3γµ4{γ5, γα}] = 2(gαµ0Tr12345 −gαµ1Tr02345 +gαµ2Tr01345 −gαµ3Tr01245 +gαµ4Tr01235 ).
(1.186)

By the NDR assumption in eq. (1.176), the left hand side is 0. Contracting both sides with
γµ0α results in

0 = DTr12345 − Tr12345 + Tr21345 − Tr31245 + Tr41235 . (1.187)

Using the third identity in eq. (1.171) and the fourth result in eq. (1.181), the last three
traces can be brought into the canonical ordering of indices, which gives

(D − 4)Tr12345 ≡ (D − 4)Tr[γµ1γµ2γµ3γµ4γ5] = 0. (1.188)

For D 6= 4, the above result cannot be matched in an analytic way to the D = 4 identity:

Tr[γµ1γµ2γµ3γµ4γ5] = −4iεµ1µ2µ3µ4 , (1.189)

where εµνρσ is the totally antisymmetric Levi-Civita symbol. This apparent flaw requires a
careful treatment in general considerations, but for the present analysis and for the calcula-
tion of the semileptonic decay spectra in the leading order in electroweak interactions it can
be ignored. The justification of this point will be discussed below.

In handling traces with a γ5 inD = 4 dimensions, the following identity proves convenient:

γµγνγρ = gµνγρ + gνργµ − gµργν + iεµνραγαγ5. (1.190)

It is important to emphasize here that this relation holds only for D = 4. To prove it in
this case, consider first the case when two indices are equal, while the third can be different.
The three possibilities are:

γµ̄γµ̄γρ =
1

2
{γµ̄, γµ̄}γρ = gµ̄µ̄γρ,

γµγ ν̄γ ν̄ =
1

2
γµ{γ ν̄ , γ ν̄} = gν̄ν̄γµ,

γρ̄γνγρ̄ = 2gρ̄νγ ρ̄ − γνγ ρ̄γρ̄ = 2gρ̄νγρ̄ − gρ̄ρ̄γν .

(1.191)

where a bar over an index indicates that it should not be summed over. The above three
equations can be put together as:

γµγνγρ
µ = ν or ν = ρ

or ρ = µ
= gµνγρ + gνργµ − gµργν . (1.192)

If all three indices are different, by the third identity in eq. (1.171), the three gamma matrices
anticommute and the metric tensors on the right hand side are 0. The above equality can
thus be extended to a general case by adding some term fully antisymmetric in the indices

56



Chapter 1: Feynman Integrals

µνρ. The correct choice turns out to be as quoted in eq. (1.190). The last term can be
verified case-by-case using the D = 4 definition γ5 ≡ iγ0γ1γ2γ3. For example:

γ0γ1γ2 = ε0123γ0γ1γ2γ3γ
3 = −ε0123γ3γ0γ1γ2γ3 = iε0123γ3γ5 (1.193)

and similarly for all other permutations of different indices µνρ. The first equality utilized
the relation γµ = (γµ)−1, which follows directly from the defining properties in eq. (1.171).

Using the identity (1.190) allows for reducing the length of gamma chains in D = 4
dimensions with a γ5 as before in eqs. (1.174) and (1.175). For a generic trace with an even
number of γµ and a γ5, an application of eq. (1.190) gives

Tr1234...(2n)5 = gµ1µ2Tr34...(2n)5 + gµ2µ3Tr14...(2n)5 − gµ1µ3Tr24...(2n)5 − iεµ1µ2µ3αgαβTr[γβγµ4 . . . γµ2n ].
(1.194)

In the first three terms, the gamma chain is as desired shorter by two. Each of them can be
treated recursively until reaching the length of 2n = 4. Then, the traces with four γµ and a
γ5 can be substituted with the right hand side of eq. (1.189). The last term multiplied by
the Levi-Civita symbol and all others of that type appearing in the recursion have traces of
an even number of γµ without γ5 and can be reduced with eqs. (1.175) and (1.173). Here,
the important point is that in the result, every term will be given by a product of metric
tensors and a single Levi-Civita symbol.

The assumed properties of γ5 allow for defining the following two operators:

PL ≡ 1(γ) − γ5
2

, PR ≡ 1(γ) − PL =
1(γ) + γ5

2
, (1.195)

which satisfy

P 2
L/R = PL/R, PLPR = PRPL = 0, PR + PL = 1(γ), PR − PL = γ5, (1.196)

and inherit the anticommutation relation from the D = 4 case:

{PL/R, γµ} = γµ ⇐⇒ PL/Rγ
µ = γµPR/L. (1.197)

In any trace coming from a fermion line with chirality distinguishing vertices, all projec-
tors PR/L can be moved to the end of the chain of γµ using eq. (1.197), resulting either in
0 when after commuting there are both PL and PR present, or a chain of γµ with a single
factor of PR or PL. For diagrams with a single line and exactly two PL projectors and all
other lines without, as is the case in the computation of the q2 spectrum, all non-vanishing
terms will be products of traces of an even number of γµ and a single trace with the two PL
separated by an even number of γµ. In the latter, the two PL can be combined into a single
projector at the end of the chain. Consider now a term in such a diagram. First, factor out
the trace coming from the single line with chirality distinguishing vertices. After the loop
integration, the Lorentz tensor left uncontracted due to this factoring out comes entirely
from bosonic propagators, uncontracted momenta extracted from fermion traces before in-
tegration, and fermion traces from lines without any factors of γ5. It must be just a linear
combination of products of uncontracted external momenta and metric tensors. If the line
with the projectors is also the only external line, there is just one external momentum pµ.
Then, each term in the algebraic expression for the diagram will be of the form

A(p2,m2
j)g

µ1µ2gµ3µ4 . . . gµn−1µnpµn+1pµn+2 . . . pµmTr[γµσ1γµσ2 . . . γµσmPL], (1.198)
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for some permutation ofm elements σ. InD = 4 dimensions, as was argued below eq. (1.194),
the γ5 term in the trace will result in a combination of terms with a single factor of the Levi-
Civita symbol and a number of metric tensors. In the end, the result must be a Lorentz
scalar, so the indices of the Levi-Civita symbol have to be contracted either with two metric
tensors, four factors of pµ or a single metric tensor and two factors of pµ. In any case, the
tensor contracted with εµiµjµkµl must be symmetric in at least two indices, so the entire γ5
part of the PL trace vanishes. The other part of the remaining projector is simply 1(γ)/2
and therefore the correct result for the diagram can be obtained in the following procedure:

1. Expand all traces, separating the mass and momentum terms in fermion propagators,

2. Factor all momenta out of the traces, leaving just chains of γµ and PL inside,

3. Remove all terms where any trace has an odd number of γµ inside,

4. Remove all terms in which the two factors of PL are separated by an odd number of
γµ,

5. Remove the two factors of PL and multiply by 1/2 instead,

6. Use eqs. (1.175) and (1.173) to resolve all fermion traces in terms of the metric tensor,

7. Contract all Lorentz indices,

8. Compute the loop integrals.

Even though this reasoning was carried out for D = 4 dimensions, thanks to the crucial
step 5, the prescription is completely independent of the treatment of γ5 in dimensional
regularization. In the end, the projectors can be simply replaced by a factor of 1/2, which
can be done in any scheme, including the most convenient NDR. The mismatch in Tr12345

between D = 4 and D 6= 4 plays no role. The above algorithm is relatively straightforward
to automate in a computer program and applies to all orders in QCD.

1.6 Color Algebra
This section is dedicated to the discussion of the basic properties of the su(N) Lie algebra
that lead to the following four identities for contractions of its generators T a:

T aT a = C
(2)
F 1(c),

T aT bT a = − 1

2N
T b

facdf bcdT aT b = C
(2)
A C

(2)
F 1(c),

fabcT aT bT c =
i

2
C

(2)
A C

(2)
F 1(c).

(1.199)

The matrix 1(c) is the identity operator in the color space, satisfying Tr[1(c)] = N . The
symbols fabc are the structure constants of su(N) defined by the relation

[T a, T b] = ifabcT c. (1.200)
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The identities in eq. 1.199 were written assuming that the generators are normalized as

Tr[T aT b] = TRδ
ab, (1.201)

with TR = 1/2. This is a standard choice found in the literature, and will be adopted
throughout the present thesis. The numbers C(2)

F and C(2)
A are referred to as the quadratic

Casimir invariants in the fundamental and adjoint representations respectively. In the su(N)
algebra, they are given by

C
(2)
F =

N2 − 1

2N
, C

(2)
A = N. (1.202)

Although these identities can be easily checked for a particular choice of su(N) generators,
it is illuminating to sketch their algebraic proofs.

In a Lie algebra, apart from the addition of its elements and their multiplication by real
numbers, one defines a two-argument operation called the Lie bracket. In a finite-dimensional
matrix representation, this bracket is realized as the regular commutator. From this algebraic
standpoint, multiplication of elements is not part of the structure of Lie algebras, but in a
matrix representation it can be naturally included. The Lie algebra is closed under the action
of the Lie bracket, but not necessarily under matrix multiplication in its representation. This
becomes clear in su(N) which is defined as the algebra of hermitian, traceless N×N matrices.
A product of two traceless matrices is not necessarily traceless, but their commutator is. This
validates eq. (1.200) up to some unknown constants fabc.

The properties of simplicity occur in much of the mathematical theory and physical
applications of Lie algebras. To define these, it is first necessary to define an ideal i of a Lie
algebra g. A set i ⊆ g closed under the algebra addition: i + i = i and satisfying [g, i] = i
is called the left ideal of g. Analogously, if [i, g] = i, i is a right ideal of g. An algebra g is
said to be simple if it does not contain any ideals other than {0} and g. Examples include
R3 with the vector product, sl(N) algebra of traceless matrices, and most importantly for
QCD, su(N).

Another important property of su(N) is its dimension. Traceless hermitian N × N
matrices have N2 − 1 free parameters: N real diagonal elements, 2 · N(N − 1)/2 from
complex elements in the upper† triangle, and −1 from the tracelessness condition. This
leads to

δaa = N2 − 1, (1.203)

where the index a runs over all su(N) generators.
The su(N) algebra is defined as a subset of N ×N matrices, but its algebraic structure

is also realized by a subset of its endomorphisms. Consider for any A ∈ su(N)

adA : su(N) → su(N), B 7→ adAB ≡ i[A,B]. (1.204)

Since the map adA was defined for any A, it is also given for commutators of matrices in
su(N):

ad[A,B]C = i[[A,B], C]. (1.205)

The commutator of operators adA and adB is also straightforward to compute:

[adA, adB]C = [A, i[B,C]]− [B, i[A,C]]. (1.206)
†or lower
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Then,

([adA, adB]− ad[A,B])C =[A, i[B,C]]− [B, i[A,C]]− i[[A,B], C]

=i[A, [B,C]] + i[B, [C,A]] + i[C, [A,B]] = 0,
(1.207)

where the last equality is the Jacobi identity of commutators. It follows that

ad : su(N) → End[su(N)], A 7→ adA (1.208)

preserves the structure of su(N):

ad[A,B] = [adA, adB], (1.209)

and is thus a representation. This map is referred to as the adjoint representation of su(N)
and serves an important role both in the theory of Lie algebras and also in particle physics.
Abstract Lie algebras are defined assuming the Jacobi identity and antisymmetry of Lie
brackets, so an adjoint representation can be found for any Lie algebra. Fixing the basis of
su(N) to T ≡ {T a} from eq. (1.200), the matrix elements of adjoint generators adTa in this
basis are simply [adTa ]

bc
T = −fabc.

It is now possible to define the Killing form 〈·, ·〉su(N) as

〈·, ·〉su(N) : su(N)× su(N) → C, (A,B) 7→ 〈A,B〉su(N) ≡ Tr[adAadB]. (1.210)

For the T basis vectors, the Killing form reads

〈T a, T b〉su(N) = faijf bji. (1.211)

This result implies that the Killing form is a symmetric bilinear form on su(N) and as such
can always be diagonalized. For a simple Lie algebra like su(N), the Killing form is non-
degenerate, which follows from the Cartan criterion [118, 119]. On the other hand, the Lie
group SU(3) is a compact manifold, which implies that the Killing form su(N) is positive
semi-definite. These two facts together mean that there exists a basis of generators T a, for
which

〈T a, T b〉su(N) = faijf bji = λδab, (1.212)

where λ ∈ C can be freely adjusted by rescaling T a. Another well known, useful fact† states
that in a simple Lie algebra, any symmetric, bilinear form F (A,B) satisfying

F ([A,B], C) = F (A, [B,C]) (1.213)

is proportional to the Killing form. An example would be F (A,B) = Tr[AB], which is
symmetric by cyclicity and satisfies the above property as

Tr[A[B,C]] = Tr[ABC]− Tr[ACB] = Tr[ABC]− Tr[BAC] = Tr[[A,B]C]. (1.214)

In a basis diagonalizing the Killing form,

Tr[T aT b] ∝ 〈T a, T b〉su(N) = λδab =⇒ Tr[T aT b] = TRδ
ab, (1.215)

The constant TR on the right hand side can be freely adjusted by rescaling the generators,
and is usually chosen by convention as TR = 1/2, as was mentioned above.

†A proof can be found for example in ref. [120].
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The structure constants defined in eq. (1.200) are obviously antisymmetric in the first
two indices. In a simple Lie algebra, they are totally antisymmetric, which can be seen as
follows. The value of a structure constant can be obtained as

2

i
Tr[T a[T b, T c]] = 2f bcdTr[T a, T d] = f bca (1.216)

by eq. (1.215). On the other hand,

2

i
Tr[T a[T b, T c]] =2

i
(Tr[T aT bT c]− Tr[T aT cT b]) = 2

i
(Tr[T aT bT c]− Tr[T bT aT c])

=
2

i
Tr[[T a, T b]T c] = 2fabdTr[T dT c] = fabc,

(1.217)

which leads to fabc = f bca. Combining this with the antisymmetry in the first two indices
gives

fabc = −f bac = −facb. (1.218)

This proves that the structure constants are antisymmetric under a transposition of any pair
of indices.

Consider now the matrix on the left hand side of the first identity in eq. (1.199). It
commutes with all generators T b:

[T aT a, T b] = T a[T a, T b] + [T a, T b]T a = ifabc{T a, T c} = 0, (1.219)

since the structure constants were shown to be totally antisymmetric in eq. (1.218). By the
Schur’s Lemma [121], T aT a is then proportional to the identity:

T aT a = C
(2)
F 1(c). (1.220)

To recover the value of C(2)
F , take the trace of both sides of this equation and use eqs. (1.215)

and (1.203):

Tr[T aT a] = 1

2
δaa =

N2 − 1

2
, C

(2)
F Tr[1(c)] = C

(2)
F N, (1.221)

so
C

(2)
F =

N2 − 1

2N
. (1.222)

This proves the first result in eq. (1.199).
Any N ×N matrix A with complex valued elements can be written as

A = A01(c) + AaT a. (1.223)

The complex coefficients A0 and Aa are given by

A0 =
1

N
Tr[A], Aa = 2Tr[AT a], (1.224)

which follows from eq. (1.215) and the tracelessness of su(N) matrices in the fundamental
representation. The elements of the matrix A then satisfy

Aij =
1

N
Akkδij + 2AlkT

a
klT

a
ij. (1.225)
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This relation can be transformed as[
T aijT

a
kl −

1

2

(
δilδjk −

1

N
δijδkl

)]
Alk = 0. (1.226)

Since this equality holds for any matrix A, the expression in the square brackets has to
vanish. The second identity in eq. (1.199) follows now immediately by multiplying it by T bjk:

0 = T aijT
b
jkT

a
kl −

1

2
δilT

b
kk +

1

2N
T bil =

[
T aT bT a +

1

2N
T b
]
il

=⇒ T aT bT a = − 1

2N
T b, (1.227)

where the second term vanished by Tr[T b] = 0.
The decomposition of eqs. (1.223) and (1.224) can be applied to the matrix A = T aT b:

T aT b =
1

N
Tr[T aT b] + 2Tr[T aT bT c]T c. (1.228)

The coefficient multiplying T c can also be written as

2Tr[T aT bT c] = Tr[T a{T b, T c}] + Tr[T a[T b, T c]] = dabc + ifabc

2
, (1.229)

where eq. (1.216) and the antisymmetry of fabc were used in the last equality. The above
equation is the definition of a symbol dabc. It is clearly symmetric in the last two indices.
The symmetry in the first two indices can easily be derived:

dbac ≡2Tr[T b{T a, T c}] = 2(Tr[T bT aT c] + Tr[T bT cT a])
=2(Tr[T aT cT b] + Tr[T aT bT c]) = 2Tr[T a{T b, T c}] = dabc,

(1.230)

so any contraction of two or three indices of dabc with fabc must vanish. Thus

fabdTr[T aT bT c] = i

4
fabdfabc. (1.231)

On the other hand,

fabdTr[T aT bT c] =− iTr[(if bdaT a)T bT c] = −iTr[[T b, T d]T c]
=− iTr[T bT dT bT c] + iTr[T dT bT bT c].

(1.232)

The first term can be simplified using the second identity in eq. (1.199) while the factor of
T bT b in the second is equal to C(2)

F 1(c). This leads to

fabdTr[T aT bT c] = i

(
1

2N
+ C

(2)
F

)
Tr[T dT c] = i

2

(
1

2N
+
N2 − 1

2N

)
δcd =

iN

4
δcd. (1.233)

Comparing the last expression with eq. (1.231) yields

fabdfabc = Nδcd. (1.234)

The form of this result should not be surprising. Since fabc constitute matrix elements of
generators adTa , this is the analogue of eq. (1.220) for the adjoint representation:

fabdfabc = C
(2)
A δdc, (1.235)
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with
C

(2)
A = N. (1.236)

The left hand sides of the third and fourth identity in eq. (1.199) can now be simply
computed:

facdf bcdT aT b = C
(2)
A δabT aT b = C

(2)
A C

(2)
F 1(c), (1.237)

and

fabcT aT bT c =
fabc

2
({T a, T b}+ [T a, T b])T c =

fabc

2
[T a, T b]T c =

i

2
fabcfabdT dT c

=
i

2
C

(2)
A T cT c =

i

2
C

(2)
A C

(2)
F 1(c),

(1.238)

where in the second equality of the second equation, the first term vanishes due to the
symmetry of the anticommutator and antisymmetry of the structure constants.

The four identities in eq. (1.199) prove to be sufficient to entirely resolve the color alge-
bra in the NLO and NNLO calculation of the q2 spectrum. To all orders in QCD, in the
unpolarized spectrum, the matrix multiplication of su(3) generators will result in traces of
chains of T a for the main fermion line and all closed fermion loops, just as in the spin space.
Here, there is no additional complication of projector distinguishing between different colors.
Whenever two quark lines are connected with a gluon, the adjoint indices ab of the generators
T a and T b from the vertices of the gluon line are repeated and summed over due to the factor
of δab from the gluon propagator. This is also the case when a gluon is exchanged between
two points on a single line. At the NLO, all diagrams are formed by a single exchange of a
gluon attached to the main line (see figure 6), so the color structure comes down to

∝ 1

3
Tr[T aT a] = C

(2)
F =

32 − 1

2 · 3
=

4

3
, (1.239)

with the factor of 1/3 due to the averaging over the external b quark color. The color trace
was computed by the first identity in eq. (1.199). One may neglect the Qcb vertices, the
Q propagator, and the flavors of quarks in the above diagram, as the positioning of these
elements does not affect the color algebra.

At the NNLO there are just four additional su(3) generator configurations to consider.
First, there can be two gluons exchanged between vertices on the main fermion line. In this
case, there are three possible structures:

∝ 1

3
Tr[T aT aT bT b] =

(
C

(2)
F

)2
=

16

9
,

∝ 1

3
Tr[T aT bT aT b] = 1

3

(
−1

6

)
3C

(2)
F = −2

9
,

∝ 1

3
Tr[T aT bT bT a] = 1

3
Tr[T aT aT bT b] = 16

9
.

(1.240)
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All three color traces were computed with the first two results of eq. (1.199). The next color
structure comes from closed quark loops on gluon lines. At the NNLO, there is only one
possibility:

∝ 1

3
Tr[T aT b]Tr[T aT b] = 1

12
δabδab =

2

3
. (1.241)

Another arrangement of color factors at the NNLO comes from Faddeev-Popov ghost and
gluon loops on gluon lines. Both the three-gluon and the ghost-gluon vertices are propor-
tional to the color factor fabc:

a

b

c ∝ fabc,

b

a

c ∝ fabc (1.242)

while both the gluon and ghost propagators do not change colors and thus are simply multi-
plied by a color delta. The ambiguity in the overall sign of the three-gluon vertex is resolved
by the momentum-dependent factor multiplying the structure constant. These Feynman
rules will be further discussed in section 3.1. The ghost lines in such diagrams are arranged
as

∝ 1

3
facdf bcdTr[T aT b] = 1

3
C

(2)
A C

(2)
F Tr[1(c)] = 4, (1.243)

where the contraction of adjoint indices was computed with the third identity in eq. (1.199).
Exactly the same result follows for diagrams with a ghost loop. The last color structure
comes from diagrams with three gluon lines emitted from the main line and joined at a
single three-gluon vertex:

∝ 1

3
fabcTr[T aT bT c] = 1

3

i

2
C

(2)
A C

(2)
F Tr[1(c)] = 2i, (1.244)

with the contraction obtained using the last identity in eq. (1.199).

1.7 Sample Calculation - 2
I will now return to the computation of the diagram (2a), begun in section 1.3. After
extracting all factors of i, numbers and other constants, applying the leading order relation
GF =

√
2g2q/(8q

2) for the effective theory in which the lepton pair is replaced with Q,
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resolving the color structure according to the result of eq. (1.239), and recognizing the spin
space matrix multiplication as a trace, this diagram’s contribution reads:

dΓ
(1)
(2a)

dq2
=− 4

9

G2
F |Vcb|2αs
π

(µ̃)4εIm
[ ∫ dDk1

i(2π)D
dDk2
i(2π)D

1

D2
1D2D3D4D5

×(
q2gµ1µ3 − (k2 + pb)µ1(k2 + pb)µ3

) (
k21gµ2µ4 − (1− ξg)k1µ2k1µ4

)
×

Tr[(/pb +mb)γ
µ1PL(−/k2 +mc)γ

µ2(−/k1 − /k2 +mc)γ
µ3PL(/pb − /k1 +mb)γ

µ4 ]
]
.

(1.245)

In the above expression, µ̃ is the renormalization scale introduced during the discussion of
dimensional regularization, and the propagator denominators are defined as

D̃1 ≡ k21, D̃2 ≡ k22 −m2
c , D̃3 ≡ (k2 + pb)

2 − q2,

D̃4 ≡ (k1 − pb)
2 −m2

b , D̃5 ≡ (k1 + k2)
2 −m2

c , (1.246)

with Da ≡ D̃a + iε. In the NDR scheme supplemented with the procedure described at the
end of section 1.5, out of the possible 16 terms in the fermion trace, only four are non zero:

Tr[(/pb +mb)γ
µ1PL(−/k2 +mc)γ

µ2(−/k1 − /k2 +mc)γ
µ3PL(/pb − /k1 +mb)γ

µ4 ]

=
1

2

(
− pbµ5k2µ6(k1 + k2)µ7(k1 − pb)µ8Tr51627384 +m2

bk2µ5(k1 + k2)µ6Tr152634

−m2
cpbµ5(k1 − pb)µ6Tr512364 +m2

bm
2
cTr1234

)
,

(1.247)

where the factor of 1/2 is the remnant of the chiral projectors. The traces of γµ chains can
be calculated using eq. (1.175). For the trace of 8 γµ there will be 7 · 5 · 3 = 105 terms
with 4 factors of the metric tensor each. Similarly, for the second and third trace, there will
be 5 · 3 = 15 terms, and for the last trace only 3. After expanding the parentheses with
momenta, the total number of terms will be 4 · 105 + 2 · 15 + 2 · 15 + 3 = 483. Each of those
terms must then be contracted with (1+4) · (1+1) = 10 terms coming from the numerators
of the gauge boson propagators, resulting in a sum of 4830 Lorentz scalars. After some
algebraic manipulations, the contribution can be brought into the following form:

dΓ
(1)
(2a)

dq2
=− 4

9

G2
F |Vcb|2αs
π

(µ̃)4εD(γ)Im
[ ∫ dDk1

i(2π)D
dDk2
i(2π)D

1

D2
1D2D3D4D5

×( 1

0!
(A(0) + ξgÃ

(0)) +
1

1!
(A(1) + ξgÃ

(1))aPa +
1

2!
(A(2) + ξgÃ

(2))abPaPb

+
1

3!
(A(3) + ξgÃ

(3))abcPaPbPc +
1

4!
(A(4) + ξgÃ

(4))abcdPaPbPcPd

)]
,

(1.248)

where P ≡ (k21, k
2
2, (k1k2), (k1pb), (k2pb)) constitutes a basis of possible scalar products of

momenta†. Symbols A(n) are rank-n fully symmetric tensors. By dimensional analysis, their
elements are homogeneous polynomials of degree 4− n in the possible mass scales: m2

b , m2
c ,

†The external momentum is fixed to p2b = m2
b and need not be included.
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and q2. A direct calculation yields

A(0) =0, Ã(0) =0,

A(1)T =− 2m2
bm

2
cM

2
−(1, 0, 0, 0, 0), Ã(1)T =(0, 0, 0, 0, 0), (1.249)

A(2) =2m2
bM

2
2


0 1 1

(D−1)m2
cM

2
−

2m2
bM

2
2

−2m2
c

M2
2

0 0 0 0

0 2m2
c

M2
2

0
2M2

+

M2
2

0

0

 , Ã(2) = m2
cm

2
b


0 0 2

M2
+

m2
b

0

0 0 0 0
0 −4 0

−4M2
+

m2
b

0

0


where M2

± ≡ m2
b ± (D− 2)q2, and M2

2 ≡ m2
b +m

2
c +(D− 2)q2. The coefficients A(3) and Ã(3)

read

A
(3)
112 =4(D − 3)m2

b , A
(3)
115 =2(D − 5)(D − 2)q2 + 2(D − 3)m2

b ,

A
(3)
122 =A

(3)
123 = A

(3)
125 = −A(3)

234 = −4m2
b , A

(3)
155 =2A

(3)
244 = −2A

(3)
345 = −8M2

2 ,

A
(3)
124 =(D − 3)M2

3 , A
(3)
133 =− 4(D − 2)m2

b ,

A
(3)
134 =2(D − 2)(2q2 −m2

b), A
(3)
135 =2M2

3 , (1.250)
A

(3)
145 =− 2m2

b + 2(D − 2)(m2
c − q2),

Ã
(3)
112 =2Ã

(3)
123 = −Ã(3)

234 = 4m2
b , Ã

(3)
115 =Ã

(3)
145 = 2M2

+,

Ã
(3)
124 =−

(
(D − 2)q2 + 5m2

b +m2
c

)
, Ã

(3)
244 =2Ã

(3)
135 = −Ã(3)

345 = 4M2
2 ,

with all the other values determined by symmetry or vanishing. The constant M2
3 is defined

as m2
c −m2

b + (D − 2)q2. The rank-four tensor coefficients are

A
(4)
1125 =2(D − 3), A

(4)
1224 = −2(D − 1), A

(4)
1234 = 2(2−D),

A
(4)
1244 =4(2−D), A

(4)
1245 = 2(3−D), A

(4)
2244 = 8, (1.251)

Ã
(4)
2244 =4Ã

(4)
1245 = −4Ã

(4)
1125 = −4Ã

(4)
1224 = −8.

Again, all the other values are either determined by symmetry or vanish.
The next step is to change the basis of scalar products from Pa to Da. Solving a system

of linear equations gives

k21 = D̃1, k22 = D̃2 +m2
c ,

k1k2 =
D̃5 − D̃1 − D̃2

2
, k1pb =

D̃1 − D̃4

2
, (1.252)

k2pb =
D̃3 − D̃2 −m2

b −m2
c + q2

2
.

The Feynman regulator plays no role in the numerators, so in the above equation one can
freely change D̃a → Da. In other diagrams, it is possible that the set of distinct denominators
will not constitute a full basis in the space of momentum products. In such cases, it should
be enlarged by squares of combinations of loop and external momenta, i.e. inverse massless
propagators, until it forms a sufficient set of linearly independent scalar products to form a
basis.
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I
(2a)
00110 ε− 1 I

(2a)
00101 1− ε

I
(2a)
1(−1)101 ε− 1 I

(2a)
101(−1)1 ε− 1

I
(2a)
2(−1)1(−1)1

1−ξg
2

I
(2a)
10110 2εm2

b −M2
+

I
(2a)
01110 (1− ε)

(
M2

bc− + 2q2
)

I
(2a)
11001 M2

+

I
(2a)
10101 εM2

bc+ − q2
(
(1
2
− ε)ξg − 3

2
+ 2ε2

)
I
(2a)
01101 (1− ε)

(
2q2 −M2

bc−
)

I
(2a)
2(−1)101

ξg−1

2
M2

3 I
(2a)
01011 q2(ε2 + ε− 2)− εM2

bc+

I
(2a)
10011 m2

c − 2(ε− 1)q2 I
(2a)
11010 m2

c − 2(ε− 1)q2

I
(2a)
00111 (1− ε)

(
M2

bc− + 2q2
)

I
(2a)
1(−1)111 (ε− 1)m2

b

I
(2a)
111(−1)1 (ε− 1)m2

c I
(2a)
(−1)1111 2(ε− 1)q2

I
(2a)
11(−1)11 −M2

2 I
(2a)
201(−1)1

ξg−1

2

(
M2

+ −m2
c

)
I
(2a)
1111(−1) (ε− 1)m2

b I
(2a)
11110 m4

b − (m2
c − q2) (M2

3 +m2
b)

I
(2a)
11101 M2

+ (q2 −m2
b) +m4

c I
(2a)
10111 m4

b − (m2
c − q2) (M2

3 +m2
b)

I
(2a)
20101

ξg−1

2

(
(1− 2ε)M2

bc+q
2 +M4

bc− + 2(ε− 1)q4
)

I
(2a)
11011 2

(
(1− 2ε)M2

bc+q
2 +m4

b +m4
c + 2(ε− 1)q4

)
I
(2a)
01111 (ε− 1)M4

bc− + (ε2 + ε− 2)(2q2 −M2
bc+)q

2 − ε2q4

I
(2a)
11111

(
q2 −M2

bc+

) (
(1− 2ε)M2

bc+q
2 +M4

bc− + 2q4(ε− 1)
)

Table 2: The scalar integrals and their coefficients contributing to the diagram (2a). The
constants M2

bc± are equal to m2
b ±m2

c .

After another series of elementary simplifications, the result for the diagram can be
written as

dΓ
(1)
(2a)

dq2
= −4

9

G2
F |Vcb|2αs
π

D(γ)CabcdeIm[I
(2a)
abcde]. (1.253)

The coefficients Cabcde are polynomials in D, m2
b , m2

c , q2, and the gauge fixing parameter ξg.
The scalar Feynman Integrals I(2a)abcde are defined as

I
(2a)
abcde ≡ µ̃4ε

∫
dDk1
i(2π)D

dDk2
i(2π)D

1

Da
1D

b
2D

c
3D

d
4D

e
5

. (1.254)

After changing the basis of scalar products, in addition to non-zero scalar integrals that have
to be computed, there also appear 7 additional integrals:

I
(2a)
10100, I

(2a)
10001, I

(2a)
21000, I

(2a)
20100, I

(2a)
11100, I

(2a)
20001, I

(2a)
21100, (1.255)

in which the k1- and k2-loop integrals factorize, and the k1 part is scaleless, thus vanishing
in dimensional regularization.

There are 28 non-vanishing scalar integrals for this diagram, listed together with their
corresponding coefficients Cabcde in table 2. Computing each of them using the direct tech-
nique described for the one loop diagram in section 1.4 is unfeasible, as even a single arbi-
trary 2-loop integral with three independent mass scales constitutes a considerable challenge.
Considering that there are two† more diagrams at this level, and 8275 non-zero, unique, and
significantly more complicated 3 loop integrals at the NNLO, it is necessary to approach
the calculation with a completely different method. The next chapter is dedicated to its
description.

†The diagram (2a′) gives the same result as (2a) due to mirror symmetry.
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Chapter 2:

The IBP Reduction and its Applications

At the end of the previous chapter, it has been illustrated how a significant number
of scalar integrals emerges at intermediate steps of a typical multiloop calculation. The
discussion focused on the simplest case of ”1 → 1” diagrams, as these are the most relevant
to the computation of inclusive decay widths and spectra, but this conclusion holds also for a
perturbative description of scattering. Indeed, the problem becomes even more exacerbated
for diagrams with more than two external legs. The only modification to the arguments of
section 1.7 is that the integral coefficients Ca1...an will additionally depend on some basis of
generalized Mandelstam variables, increasing the number of terms remaining after computing
fermion traces and contracting the Lorentz indices. If the process is polarized in spins, one
can construct a set of projectors that isolate Lorentz scalars multiplying each spinor in the
final result. Then, the procedure presented in the previous chapter calculations from applies
to each of those scalars separately.

The amount of scalar integrals grows rapidly with the complexity of a diagram. For
cutting edge calculations, their number can easily reach hundreds of thousands and even
several million. The origin of this issue was already apparent in section 1.7. Each of the
boson propagators in an arbitrary gauge multiplies the number of terms by at least a factor
of 2. In the absence of chirality distinguishing vertices, after expanding the parenthesis in
the numerators of massive fermion propagators, the number of individual, non-vanishing
traces coming from each closed fermion loop and external fermion line with n vertices is
2n−1 and 2n respectively. The contributions of each fermion line are then multiplied by each
other. Finally, the number of terms coming from a fermion trace with m gamma matrices is
(m− 1)!! ≡ (m− 1)(m− 3) . . . 3 · 1. Many of the terms are linearly dependent in the algebra
spanned by scalar products of loop and external momenta but still several others persist. If
a diagram depends on any additional mass scales, such as arbitrary external momenta or
Mandelstam variables, some of the linear relations among various terms are broken, further
increasing the number of integrals.

Fortunately, the scalar integrals in this large family inherited from a given diagram differ
only by their indices, i.e. integer powers of the propagator denominators. It is therefore
natural to suspect that they are somehow connected with each other. A study of functional
relations between scalar integrals can indeed reduce their number by orders of magnitude,
but a more careful examination also provides powerful tools for their evaluation. Using these,
one can evade altogether the laborious calculation of loop integrals with the direct method
presented in section 1.4. This chapter provides a review of the results of this analysis that
were directly relevant to the completion of this project. It does not constitute an exhaustive
survey, as this is an extensive and still very active field.
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2.1 Integration-By-Parts Identities
The simplest type of relations between scalar integrals follows from the symmetry under loop
momentum shifts. Consider, for example, the first perturbative correction to the photon
propagator in QED, called the vacuum polarization contribution:

p

k − p

k

p

= CV P
ab

∫
dDk

i(2π)D
1(

k2 − m̃2
e

)a(
(k − p)2 − m̃2

e

)b ≡ CV P
ab I

V P
ab , (2.1)

where m̃2
e ≡ m2

e − iε, and the indices a and b are bound within some range that will not be
relevant for the current discussion. Changing the integration variable as k ≡ p− k̃ must not
affect the result but it swaps the indices a and b. The scalar integrals are thus symmetric
under their interchange:

IV Pab = IV Pba . (2.2)
Such relations only hold true if in a considered graph two lines with equal masses can be
freely interchanged without changing the graph.

A much larger class of relations comes from an observation†, that scalar integrals in
regularization schemes that do not restrict the loop integration range are invariant under a
general linear variable change kµ → akµ + lµ, where a is a non-zero number, and lµ is some
D-momentum independent of k. The first set of relations can be obtained by taking a = 1
and lµ = δpµ, with some finite D-vector pµ and δ infinitesimal. Expanding in δ gives

I =

∫
dDk

i(2π)D
J(k) =

∫
dDk

i(2π)D
J(k + δp) =

∫
dDk

i(2π)D
[J(k) + δpµ∂kµJ(k)] +O(δ2)

=I + δ

∫
dDk

i(2π)D
∂kµ
(
pµJ(k)

)
+O(δ2),

(2.3)

where J(k) is the integrand of a scalar integral. The invariance under loop momentum shifts
implies that the integral in the last line must vanish. Next, setting lµ = 0 and a = (1 + δ)
gives

I =

∫
dDk

i(2π)D
J(k) = (1 + δ)D

∫
dDk

i(2π)D
J
(
(1 + δ)k

)
=(1 +Dδ)

∫
dDk

i(2π)D
[J(k) + δkµ (∂kµJ(k))] +O(δ2)

=I + δ

∫
dDk

i(2π)D
[
J(k)(∂kµk

µ) + kµ (∂kµJ(k))
]
+O(δ2)

=I + δ

∫
dDk

i(2π)D
∂kµ
(
kµJ(k)

)
+O(δ2),

(2.4)

where, in the third equality, D = ∂kµk
µ was recognized. The symmetry thus leads to the

following two types of equations:∫
dDki
i(2π)D

∂kµi
(
pµj J

)
= 0,

∫
dDki
i(2π)D

∂kµi
(
kµj J

)
= 0, (2.5)

†This derivation essentially follows the proof given in ref. [122].
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that hold for all loop momenta kµi and all external momenta pµi in a multi-loop integral.
The next observation is that the application of a partial derivative with respect to a loop

momentum to an integrand produces terms in which a single index is increased by one and
the original integrand is multiplied by some D-momentum. After contracting with either
kµ in the first or pµ in the second equation and expressing the scalar product as a linear
combination of denominators, one obtains a homogeneous linear relation between scalar
integrals with indices shifted by ±1. These are the IBP identities between scalar integrals,
that have been already mentioned in the Introduction. They were first applied in refs. [123,
124], and have since been of paramount importance in most multi-loop calculations.

Integrals with more than two external legs satisfy another set of so-called Lorentz In-
variance (LI) recurrence equations [125]. In contrast to the IBP relations, LI equations are
a consequence of a symmetry under changes of external momenta pµi . When an integral is
treated as a function of pµi , I = I(pµi ), it should be invariant under a simultaneous Lorentz
transformation of all its external momenta:

I(pµi ) = I(pµi + δ[Tj]
µ
νp
ν
i ), (2.6)

where δ again is infinitesimal, and T µνj = −T νµj ∈ so(1, 3), are generators of the Lorentz
group. Expanding in δ and using the antisymmetry of Tj gives∑

i

(
pνi ∂pµi − pµi ∂pνi

)
I = 0. (2.7)

Contracting the above equation with antisymmetric tensors of the form piµpjν−piνpjµ yields
the desired set of recurrence relations. Even though the LI equations were derived using a
different symmetry, and are obtained by differentiating over the external rather than loop
momenta, they can be reduced to linear combinations of IBP relations [126].

The calculation of the one-loop vacuum polarization diagram of eq. (2.1) can again serve
as an example. There is a single external momentum pµ and a single loop momentum kµ, so
the integrals IV Pab satisfy two general IBP relations. After explicitly computing the derivatives
and changing the basis of scalar products to the propagator denominators, these become

(D − 2a− b)IV Pab − bIV P(a−1)(b+1) + b(p2 − 2m2
e)I

V P
a(b+1) − 2am2

eI
V P
(a+1)b = 0,

(a− b)IV Pab + bIV P(a−1)(b+1) − bp2IV Pa(b+1) − aIV P(a+1)(b−1) + ap2IV P(a+1)b = 0.
(2.8)

One way to use these equations would be to find some set of ladder operators that transform
integrals with higher indices into those with lower [127–132]. This would effectively ”solve”
the integral family up to some integrals serving as initial conditions for the recurrence. In
general, finding such a solution is very difficult, and even harder to automatize.

In another approach due to Laporta [133], one generates IBP relations for a large set
of values of integral indices, and treats it as a system of linear equations for the unknown
scalar integrals. The region of the infinite lattice of scalar integrals for which the relations
are generated must be specified beforehand, and should cover all integrals that appear in
the computation of the considered diagram. Enlarging this region further can yield addi-
tional independent equations which can serve to eliminate further integrals. The rank of the
system of equations is always smaller than their number, so it can only be used to express
some integrals as linear combinations of others. Nevertheless, a sufficiently large set of IBP
relations with numerical indices can be used to eliminate the vast majority of integrals.
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Continuing the one loop vacuum polarization example and setting a = 1 and b = 0 in
eq. (2.8) together with using the symmetry relation from eq. (2.2) results in

(D − 2)IV P01 − 2m2
eI
V P
02 = 0, IV P01 + p2IV P02 − IV P(−1)2 = 0. (2.9)

Similarly, for a = 0 and b = 1 one gets

(D − 1)IV P01 + (p2 − 2m2
e)I

V P
02 − IV P(−1)2 = 0, IV P(−1)2 − IV P01 − p2IV P02 = 0. (2.10)

The last equation is clearly linearly dependent with the second one in eq. (2.9). The other
three can be row-reduced, giving 1 0 −

(
1 + (D−2)p2

2m2
e

)
0 1 −D−2

2m2
e

0 0 0


 IV P(−1)2

IV P02

IV P01

 =

 0
0
0

 . (2.11)

As expected, the rank of the system is lower than the number of different integrals that
appeared in the generated IBP relations. Still, two integrals can be eliminated from the
calculation. It is natural to leave IV P01 , as it is the simplest one to compute. Indeed, its result
can be read out of eq. (1.150).

In an automated approach, after generating all IBP relations for a set of seed integrals, it
is necessary to specify some ordering on all n integrals appearing in the generated equations
that arranges them from what one considers most to least complicated:

Iā1 � Iā2 � Iā3 � . . . � Iān−1 � Iān , (2.12)

where āk is a vector of indices. Common ordering criteria are:

• by largest sum of positive indices r,

• by largest sum of negative indices s,

• by largest number of strictly positive indices,

• by largest number of strictly negative indices,

• by largest sector ID S,

or some combination of these. The sector ID, defined as

S[Ia1...ad ] ≡
d∑

k=1

Θ

(
ak −

1

2

)
2k−1, (2.13)

specifies which lines of the original diagram are kept as scalar propagators in the considered
integral and which become terms in the numerator or are shrunk to a point in the case when
ak = 0. The number of preserved lines is a natural measure of complexity of an integral
and is often the primary ordering criterion. The number of sectors in an integral family
with d indices is 2d. It is advantageous to order the denominators in the original diagram
from least to most complicated. In this way, S is also a measure of how computationally
costly the algebraic manipulations of IBP relations are for a given integral. Note that the
IBP relations can never change any index from non-positive to positive. Consequently, an

72



Chapter 2: The IBP Reduction and its Applications

IBP relation generated from a given integral can only involve integrals with smaller or equal
S. If any integral in a sector is scaleless, all other integrals in this sector are also scaleless.
It is thus sufficient to check scalelessness sector by sector, and only for an integral with all
indices either 1 or 0. If a sector with ID S is found to be scaleless, all sectors with lines
belonging only to a subset of lines of sector S must also be scaleless. All integrals belonging
to scaleless sectors can be set to 0 prior to any row operations.

Once the IBP relations are generated and an ordering of integrals is established, one
can proceed with the reduction. This procedure follows the standard Gaussian elimination
method. The system of equations E is ordered into groups Ek according to the most com-
plicated integral Iāk in the sense of eq. (2.12) appearing in each equation. The first equation
in each group Ek is then used to eliminate Iāk from all others in its group. After that, a new
grouping of equations is established, with the first group containing only one equation. This
part of the algorithm terminates when all groups contain a single equation and the upper
triangular form is reached. Next, one performs back substitutions, each time expressing the
most complicated integral in terms of linear combinations of less complicated ones.

The choice of integrals to preserve after utilizing the IBP relations in the Laporta ap-
proach, commonly referred to as Master Integrals (MIs), is in principle arbitrary, and follows
directly from the ordering of all integrals. If in the generated IBP relations there were n
different non-zero integrals, and the rank of the system was m, the MIs will constitute the
least complicated n−m independent integrals in the ordering. As will be discussed in section
2.3, it can be advantageous to specify a set of independent integrals as a priori least compli-
cated on top of any ordering criteria to designate them as MIs by hand. This definition of
MIs is also dependent on the system of generated IBP relations. In principle, by enlarging
the region of the lattice of integrals under reduction, some MIs may be eliminated while
new ones can appear. It was proven in ref. [134] that the integral families inherited from
any diagram (with arbitrary indices) form a finite-dimensional vector space. Thus, at some
point, enlarging the reduction region becomes superfluous.

In the Laporta approach, the most demanding step in terms of computation time is the
row reduction. Depending on the problem, both back substitution and achieving a triangular
form can become a bottleneck. To aid the algebraic manipulations of large expressions
appearing when rows are added together or rescaled, one can substitute unique random
integers for all variables such as Mandelstam variables, masses and the space-time dimension
and perform the reduction modulo some large prime number. This substitution can either be
performed to eliminate linearly dependent IBP relations from the system prior to the main
reduction [135], or in the main reduction itself [136]. In the latter case, after substitutions of
several different choices of integers, the result in terms of symbolic values of variables can be
reconstructed using one of the variety of probabilistic methods [137–141]. Performing many
reductions with integer valued variables as well as consistency checks and error correction
turn out to be less demanding than performing a single symbolic reduction. Additionally, it
is straightforward to parallelize the reductions for different choices of integer substitutions.

Several competitive implementations of the Laporta algorithm are publicly available.
These include AIR [142], Reduze [143, 144], LiteRED [145, 146], Fire [147–150], Kira [151–
157], NeatIBP [158, 159], and Blade [160]. Throughout the preparation of this thesis, I
utilized version 2.3 of the C++ program Kira for all IBP reductions.
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2.2 Sample Calculation - 3
The Laporta method described in the previous section can be applied to the scalar integrals
encountered in the calculation of the diagram (2a) in section 1.7. With one external and
two loop momenta, an integral I(2a)abcde satisfies six IBP relations. Three of them come from
differentiating with respect to kµ1 . They read,

(D − 2a− b− e)I
(2a)
abcde − e

(
I
(2a)
(a−1)bcd(e+1) − I

(2a)
a(b−1)cd(e+1)

)
− dI

(2a)
(a−1)bc(d+1)e = 0, (2.14)

(a− e)I
(2a)
abcde + a

(
I
(2a)
(a+1)(b−1)cde − I

(2a)
(a+1)bcd(e−1)

)
+

+d
(
I
(2a)
(a−1)bc(d+1)e + I

(2a)
ab(c−1)(d+1)e − I

(2a)
abc(d+1)(e−1) − (Mbc+ − q2)I

(2a)
abc(d+1)e

)
+ (2.15)

+e
(
I
(2a)
(a−1)bcd(e+1) − I

(2a)
a(b−1)cd(e+1) − 2m2

cI
(2a)
abcd(e+1)

)
= 0,

(d− a)I
(2a)
abcde + d

(
2m2

bI
(2a)
abc(d+1)e − I

(2a)
(a−1)bc(d+1)e

)
+ aI

(2a)
(a+1)bc(d−1)e+ (2.16)

+e
(
(M2

bc+ − q2)I
(2a)
abcd(e+1) − I

(2a)
(a−1)bcd(e+1) + I

(2a)
a(b−1)cd(e+1) − I

(2a)
ab(c−1)d(e+1) + I

(2a)
abc(d−1)(e+1)

)
= 0.

The remaining three follow from differentiating with respect to kµ2 :

(D − 2b− c− e)I
(2a)
abcde − 2em2

cI
(2a)
abcd(e+1) − c(q2 −M2

bc−)I
(2a)
ab(c+1)de − 2bm2

cI
(2a)
a(b+1)cde+

+eI
(2a)
(a−1)bcd(e+1) − eI

(2a)
a(b−1)cd(e+1) − cI

(2a)
a(b−1)(c+1)de = 0, (2.17)

(b− e)I
(2a)
abcde − eI

(2a)
(a−1)bcd(e+1) + bI

(2a)
(a−1)(b+1)cde + eI

(2a)
a(b−1)cd(e+1)+

+c
(
I
(2a)
a(b−1)(c+1)de + I

(2a)
ab(c+1)(d−1)e − I

(2a)
ab(c+1)d(e−1)

)
− bI

(2a)
a(b+1)cd(e−1) = 0, (2.18)

(b− c)I
(2a)
abcde + b

(
(M2

bc+ − q2)I
(2a)
a(b+1)cde − I

(2a)
a(b+1)(c−1)de

)
+

+c
(
I
(2a)
a(b−1)(c+1)de − (M2

bc− + q2)I
(2a)
ab(c+1)d,e

)
+ (2.19)

+e
(
(M2

bc+ − q2)I
(2a)
abcd(e+1) − I

(2a)
ab(c−1)d(e+1) + I

(2a)
abc(d−1)(e+1) − I

(2a)
(a−1)bcd(e+1) + I

(2a)
a(b−1)cd(e+1)

)
= 0.

The integrals to be reduced have indices bounded by r = 5 and s = 2, with r and s being
sums of positive and negative indices defined above eq. (2.13). As the reduction is quite
small, it does not require much memory to generate all the IBP relations for integrals with
r and s up to 10 and 5 respectively. Thanks to this offset, one can be practically sure that
no relations were missed, and the obtained MIs do not turn out to be linearly dependent
in higher IBP relations. Indeed, a reduction bounded by (r, s) = (5, 2) produces the same
result, so in this case such a precaution is not necessary.

For maximal (r, s) = (10, 5), Kira 2.3 generates 142412 IBP relations for this family and
finds 70910 of them to be linearly independent. On an AMD Ryzen 5950x CPU utilizing
16 threads in parallel and with DDR4 1800MHz RAM, the total reduction time is 6.7s and
requires 117.8MB of memory. Turning on the numerical reduction followed by reconstruction
of the algebraic result changes these numbers to 2.4s and 122.3MB. By comparison, for (r, s)
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I
(2a)
00101 I

(2a)
00110 I

(2a)
01001 I

(2a)
01010 I

(2a)
00111

I
(2a)
01012 I

(2a)
01021 I

(2a)
01101 I

(2a)
01110 I

(2a)
01111

I
(2a)
10102 I

(2a)
10201 I

(2a)
20101

Figure 7: The 13 Master Integrals of the (2a) topology. For the explanation of the different
elements see the text.

set to the minimal required values (5, 2) there are 5096 total and 2988 independent IBP
relations. The reduction time and memory consumption are 5.7s and 30.5MB for the fully
algebraic method while in the numerical + reconstruction case these are 2.0s and 30.1MB.
It is important to note that the performance of the Kira algorithm is heavily dependent on
the chosen basis and ordering of denominators. If possible, one should avoid denominators
with more than 2 different momenta. Massless denominators should always precede massive
ones, and those with less symbolic momenta in the squares should be earlier than those with
more. If some lines appear only with non-positive indices, they should be relegated to the
end of the basis. This is the origin of the momentum routing chosen for the diagram (2a) in
eq. (1.127), and the ordering in eq. (1.246).

If in each sector, the total number of negative indices is chosen to be the most important
complexity criterion, followed by the number of indices larger than 1, then the following set
of 13 MIs is obtained:

M (2a) ≡
[I

(2a)
00101, I

(2a)
00110, I

(2a)
01001, I

(2a)
01010, I

(2a)
00111, I

(2a)
01012, I

(2a)
01021, I

(2a)
01101, I

(2a)
01110, I

(2a)
01111, I

(2a)
10102, I

(2a)
10201, I

(2a)
20101]

T .

(2.20)

The above integrals are presented in figure 7. The different propagators of these diagrams
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are defined as:

k

=
1

k2 −m2
b + iε

,

k

=
1

k2 −m2
c + iε

,

k

=
1

k2 − q2 + iε
,

k

=
1

k2 + iε
,

(2.21)

while dots on lines indicate that a propagator is squared. The Cutkosky rules rules mentioned
in section 1.2 specify that an integral can have a non-vanishing imaginary part only if there
exists a cut through that integral which crosses the lines of particles that can simultaneously
be put on-shell. The first five MIs above do not have any cuts that can be associated with
the creation of real intermediate particles. The 6th and 7th MIs do not have a cut that
would be allowed kinematically, since it has to cross through a propagator with mass mb. As
a result, only the last six MIs can give a non-zero contribution to the spectrum. An example
scalar integral I(2a)2(−1)101 appearing in section 1.7 was reduced to

I
(2a)
2(−1)101 =

2

(2− 3ε)(M2
bc− − q2)

[
(1− ε)2, 0, 0, 0, 0, 0, 0, 0, 0, 0,

m2
c

(
(1− ε)M2

bc− − (2− 3ε)q2
)
,−q2(m2

b − q2)(1− 2ε),− ε

2
λ(m2

b ,m
2
c , q

2)
]
M (2a),

(2.22)

where λ(x, y, z) ≡ x2 + y2 + z2 − 2xy − 2xz − 2yz is the Källén function. The calculation
now comes down to computing the imaginary parts of the last six MIs shown in figure 7.

2.3 The Differential Equations Method
The IBP relations originate from the fact that partial derivatives with respect to momenta
contracted with other momenta are linear operators on the vector space spanned by scalar
integrals. This is also true for derivatives with respect to masses and Mandelstam variables.
The mass derivatives are most relevant to the investigation of inclusive decays, and the discus-
sion below will focus on their case. Suppose that only the denominators Dk1 , Dk2 , . . . , Dknm

of a scalar integral Ia1a2...aN have massm, with some {k1, k2, . . . , knm} ⊆ 1, N . The derivative
over m2 can be readily computed:

∂m2Ia1a2...ak1 ...ak2 ...aknm ...aN =
nm∑
j=1

akjIa1a2...akj−1(akj+1)akj+1...aN . (2.23)

If an integral has more than one mass present, the above result applies for each disjoint subset
of denominators with each mass separately. In the equation above, it is assumed that there
is no external momentum p with p2 set to m2 or any other function of m. This assumption
has to be lifted when one wishes to compute derivatives over Mandelstam variables and the
structure of the right-hand side becomes more complicated. Consider now a basis of MIs
M = (M1,M2, . . . ,Mr) through which one can express all scalar integrals present in the
calculation of a Feynman diagram that depends on two or more masses m1, m2, . . ., mn+1,
n > 0. The mass dependence of each of the MIs can be written as

Mk(m1,m2, . . . ,mn+1) = m2ρk
n+1M̂k(m̂

2
1, m̂

2
2, . . . , m̂

2
n), (2.24)
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with m̂l ≡ ml/mn+1, and the power ρk depending on the number of loops and the sum of
indices of Mk. The functions M̂k and Mk will be referred to as MIs interchangeably, as these
are in a one-to-one correspondence. The integrals M̂k form a basis M̂ and are obtained from
the MIs Mk by simply replacing mn+1 → 1, ml → m̂l, and kl → k̂l ≡ kl/mn+1, where kl
can be either an external or a loop momentum. Derivatives over m̂2

l of functions M̂k are
given by the same expression as in eq. (2.23). Applying this equation for all normalized
squared masses to all normalized MIs M̂k in M̂ produces a set of normalized scalar integrals
that can be IBP reduced† back to the same basis M̂ . Using the freedom of choosing an
ordering of scalar integrals in the Laporta algorithm, the original MIs can be chosen as the
least complicated. In consequence they remain preserved throughout the reduction. It is
possible and common that during this reduction some additional MIs have to be introduced.
If that is the case, the basis M̂ should be enlarged by these new MIs. This step should
be repeated until all m̂2

l derivatives of all MIs M̂k are expressed with the same MIs. This
procedure produces a system of partial, linear first-order homogeneous DEs for the functions
M̂k(m̂

2
1, m̂

2
2, . . . , m̂

2
n):

∂m̂2
1
M̂ = A1M̂, ∂m̂2

2
M̂ = A2M̂, . . . , ∂m̂2

n
M̂ = AnM̂, (2.25)

with some matrices Ak. Their elements are simply the coefficients in the results of the
IBP reduction of normalized-mass-squared derivatives of the MIs. As these are computed
in a row reduction algorithm, they have to be rational functions of m̂l and the space-time
dimension D. Once the system of DEs is established, one can choose any of the various
analytical, semi-analytical or numerical methods of solving linear first-order equations. The
above method, first introduced in ref. [161] over 30 years ago, remains to this day a primary
tool for computing multi-scale Feynman integrals.

Note that the above procedure could have been applied for unnormalized MIs and masses
m1, . . . ,mn+1, resulting in a system of n+1 rather than n equations. The equivalent system
presented above should be understood as being in free variables m̂1, . . . , m̂n,mn+1 and, to
describe the original MIs Mk, is technically subject to a set of trivial equations:

∂m2
n+1
Mk =

ρk
m2
n+1

Mk. (2.26)

The introduction of normalized quantities effectively diagonalized the matrix An+1 and re-
moved the dependence on mn+1 from all other equations. This is also the reason why one
cannot obtain non-trivial information on single mass-scale integrals with this approach.

The remainder of this section describes a method first proposed in ref. [162] of obtaining
an analytic solution for the system of DEs (2.25) as an expansion in some small parameter
ε present in the matrix elements of Ak. In the context of scalar Feynman integrals, this
is simply the dimensional regularization parameter ε. First, the generic system of DEs
in eq. (2.25) can be neatly written in the language of differential forms and the exterior
derivative

dM̂ = AM̂, (2.27)
where

dM̂ =
n∑
k=1

dm̂2
k∂m̂2

k
M̂, A ≡

n∑
k=1

dm̂2
kAk. (2.28)

†This operation is normally performed for unnormalized MIs but since these are in a one-to-one corre-
spondence with their normalized counterparts, this is not a complication.
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The formal general solution of eq. (2.27) reads

M̂(m̂2
1, . . . , m̂

2
n) = PC e

∫
C

A

M̂(m̂2
1(0), . . . , m̂

2
n(0)), (2.29)

where (m̂2
1(0), . . . , m̂

2
n(0)) is some point in the parameter space where all MIs are regular, and

a boundary condition can be computed. The integration contour C connects this point with
(m̂2

1, . . . , m̂
2
n), without intersecting any singularities of the DEs. The symbol PC establishes

path ordering along the contour C of integrals in each term of the exponent similarly to the
time ordering introduced in eq. (1.2).

Next, one can always change the basis of the unknown functions subject to the system
of DEs with some invertible linear transformation T :

M̂ = TM̂ ′. (2.30)

The DEs for these new functions transform to

dM̂ ′ = T−1(AT − dT )M̂ ′ ≡ ATM̂
′. (2.31)

Even though T can in principle be any function of D and m̂k, in practice it is important
to constrain its elements to be rational in these variables, so the new DE matrices do not
introduce any more complicated dependence. One can also change the set of free variables
from m̂k to some vj such that m̂2

k = m̂2
k(v1, . . . , vn) is a rational function. The DEs in these

variables can be readily established:

dM̂ =
n∑

j,k=1

dvj
(
∂vjm̂

2
k

)
∂m̂2

k
M̂ =

(
n∑

j,k=1

dvj
(
∂vjm̂

2
k

)
Ak

)
M̂ ≡ A(v)M̂. (2.32)

Suppose now that there exists a set of variables vj and an invertible linear transformation
T, such that

T−1(A(v)T− dT) = εC, (2.33)

resulting in a system of DEs:
dM̂ ′ = εCM̂ ′, (2.34)

which is usually referred to as the canonical or the ε-form of the original DEs. The 1-form C
is assumed to be independent of ε, so the general solution in eq. (2.29) can be easily expanded
in ε:

M̂ ′(vk) = PC

1r×r + ε

∫
C

C+
ε2

2

∫
C

C

∫
C

C+O(ε3)

 M̂ ′ (vk(0)) (2.35)

An additional assumption on C is that it can be written as

C =
L∑
l=1

Cld logαl1 (2.36)

for some matrices Cl with numerical elements. The functions αl(v1, . . . , vn) are referred to
as the letters, and their collection as the alphabet of the system of DEs. Below, they are
assumed to be linear in each variable vk separately, i.e. ∂2vkαl = 0. Adopting a Cartesian
integration contour is conceptually the simplest. It is going to be done in the following. The
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boundary condition is computed for vk(0) = 0, and each of the MIs is evolved in each of the
variables vk separately in a sequence:

(0, 0, 0, . . . , 0)
C1→ (v1, 0, 0, . . . , 0)

C2→ (v1, v2, 0, . . . , 0)
C3→ . . .

Cn→ (v1, v2, v3, . . . , vn). (2.37)

Then, the general solution in eq. (2.35) becomes

M̂ ′(v1, . . . vn) =

=

[
n−1∏
k=0

PCn−k

(
1r×r + ε

L∑
l=1

Cl
∫

Cn−k

d logαl1

+
ε2

2

L∑
l1l2

Cl1Cl2
∫

Cn−k

d logαl1
∫

Cn−k

d logαl2 +O(ε3)

)]
M̂ ′(0, . . . , 0).

(2.38)

Each term in the product can be rewritten as

1r×r + ε
L∑
l=1

Cl

vk∫
0

dṽkW [αl, ṽk] + ε2
L∑

l1,l2=1

Cl1Cl2

vk∫
0

dṽ
(1)
k W [αl1 , ṽ

(1)
k ]

ṽ
(1)
k∫

0

dṽ
(2)
k W [αl2 , ṽ

(2)
k ] +O(ε3).

(2.39)
The integrands W [αl, ṽk] are defined as

W [αl, ṽk] ≡ ∂ṽk log[αl(v1, v2, . . . , vk−1, ṽk, 0, 0, . . . , 0)], (2.40)

and come from the change of the integration variable from logαl to ṽk. If W [αl, ṽk] = 0, the
corresponding term in the sum over the letters of the alphabet vanishes. If it is nonzero, it
can be transformed as

W [αl, ṽk] =
1

ṽk −
[
ṽk − 1

W [αl,ṽk]

] ≡ 1

ṽk − ν
(l)
k

. (2.41)

Note that such ν(l)k is independent of ṽk thanks to the condition ∂2vkαl = 0. Substituting ν(l)k
into eq. (2.39) results in

1r×r + ε

L∑
l=1

ClG
(
ν
(l)
k

∣∣∣vk)+ ε2
L∑

l1,l2=1

Cl1Cl2G
(
ν
(l1)
k , ν

(l2)
k

∣∣∣vk)+O(ε3), (2.42)

where the sums are assumed to run only over the letters of the alphabet that depend on vk.
The function G(ν1, . . . , νn|z) is the Goncharov polylogarithm (GPL) [163], given recursively
as

G(ν1, ν2, ν3, . . . , νn|z) =
z∫

0

dz̃

z̃ − ν1
G(ν2, ν3, . . . , νn|z̃), (2.43)

where ν1 is independent of z̃, with the initial normalization

G(|z) = 1. (2.44)
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The GPL function with all indices νk = 0 is instead defined as

G(0, . . . , 0︸ ︷︷ ︸
n times

|z) = 1

n!
logn z. (2.45)

With a single evolution operator written as in eq. (2.42), the result for M̂ ′ reads

M̂ ′(v1, . . . , vn) =

[
1r×r + ε

L∑
l=1

Cl
n∑
k=1

G
(
ν
(l)
k

∣∣∣vk)+ ε2

[
L∑

l1,l2=1

Cl1Cl2×( n∑
k1,k2=1

G
(
ν
(l1)
k1

∣∣∣vk1)G(ν(l2)k2

∣∣∣vk2)+ n∑
k=1

G
(
ν
(l1)
k , ν

(l2)
k

∣∣∣vk))]+O(ε3)

]
M̂ ′(0, . . . , 0).

(2.46)

Again, the terms in the sums over k for which ∂vkαl = 0 are implicitly set to 0, or equivalently
G(. . . ,∞, . . . |z) ≡ 0. The above equation, together with the relations M̂ = TM̂ ′, vk =
vk(m̂

2
1, . . . , m̂

2
n), and eq. (2.24), give the result for the MIs up to the boundary condition

M̂ ′(0, . . . , 0). For most free variable sets vk, this boundary condition should be understood
as a limit of vk → 0 from some direction specified by the Feynman prescription for analytical
continuations of scalar integrals, as vk = 0 is usually a branch point of the MIs. Higher
orders in ε can be obtained in an analogous way.

The constraints placed in the above derivation on the canonical 1-form C were of course
very stringent, and the change of basis T may not exist for a generic linear first-order system
of DEs. It is thus at first surprising that it does exist for a large class of scalar Feynman
integrals, and can be assembled in an algorithmic way. The construction method due to
Lee [164–166] relies on a careful analysis and manipulation of the poles of the matrices Ak in
eq. (2.25). The algorithm described below assumes that the system is reduced to the ε-form
for each variable consecutively while fixing all others as constants. The reduction in one
variable vk achieved with a transformation matrix T (k) will not be spoiled by reductions in
any later variable vl, as long as the transformation T (l) does not depend on vk for k < l.
Hence, it is sufficient to focus on the case of a system depending on a single variable v:

∂vM̂(v, ε) = A(v, ε)M̂(v, ε). (2.47)

Since the elements of the matrix A are rational functions of v, they can always be
expanded into a Laurent series around any point v = v0 including infinities. The expansion
around infinities is defined as the expansion of a DE system obtained from the original after
changing the variable to ṽ = 1/v and expanding around ṽ = 0. Only for a finite number of
points a these expansions will have negative power terms:

A =
∞∑

j=−p(A)
a −1

(v − a)j A(j)
a , (2.48)

where p(A)a ≥ 0 is called the Poincaré rank of the matrix A at point a. In the Lee algorithm,
the transformation matrix T that reduces the system to the ε-form is split into three parts:

T = TFTNTE. (2.49)

The first matrix TF transforms the system into AF ≡ T−1
F (ATF−∂vTF ) in the Fuchsian form,

i.e. with p(AF )a = 0 for all singular points a including infinity. This corresponds precisely to
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the condition (2.36), which is essential for the solution to be expressible in terms of GPLs.
The second matrix TN ”normalizes” the system, that is it changes the eigenvalues of the
residue matrices A(−1)

F to be proportional to ε. If the original DE describes the evolution of
an actual basis of MIs, finding TN is the most likely point at which the algorithm may fail.
The last step is to construct the matrix TE that is independent of v, and factorizes ε out of
AN ≡ T−1

N (AFTN − ∂vTN) = εC, achieving the ε-form.
To find TF , one considers a chain of balance operators B(P, a, b|v), where P is a projection

operator, while a and b are singular points of the original DE. It can be proven [166] that
for a projection operator P satisfying

A

(
−p(A)

a −1
)

a ImP = 0,

A

(
−p(A)

a

)
a ImP ⊆ ImA

(
−p(A)

a −1
)

a + ImP,

dim
[
ImP ∩ ImA

(
−p(A)

a −1
)

a

]
> 0,

(2.50)

transforming the matrix A with a balance operator

B(P, a, b|v) ≡ 1r×r − P +
v − b

v − a
P (2.51)

strictly lowers the rank of A
(
−p(A)

a −1
)

a . If, in addition, P satisfies

coImPA
(
−p(A)

b −1
)

b ⊆ coImP, (2.52)

where
coImX ≡ {IT |∃ĨT : IT = ĨTX}, (2.53)

the Poincaré rank at point b is not affected by the transformation B(P, a, b|v). Applying a

finite number of such balance transformations reduces A
(
−p(A)

a −1
)

a to 0, lowering the Poincaré
rank at point a by 1 and not affecting Poincaré ranks at any other point. As long as the
projection operators satisfying the conditions (2.50) and (2.52) can be found, after a finite
number of steps, a Fuchsian form of the system of DEs is reached. For a system with only
rational matrix elements, a projector satisfying all the three conditions in eq. (2.50) exists
if, and only if [166]

dim ker

A
(
−p(A)

a −1
)

a A

(
−p(A)

a

)
a − λ1r×r

0r A

(
−p(A)

a −1
)

a

 > dim kerA
(
−p(A)

a −1
)

a . (2.54)

A projection operator is defined uniquely by its image and coimage. Having specified a
subspace† K ⊆ span(M̂) and an equal-dimension subspace LT ⊆ span(M̂T ), a projector can
be constructed as

PKL ≡ K̄(L̄T K̄)−1L̄T , (2.55)

where K̄(L̄T ) denotes a matrix of columns(rows) equal to some basis of K(LT ). The image
and coimage of PKL are equal to K and LT respectively. This implies that for any choice

†Here, M̂ is treated as a basis of a vector space of scalar integrals.
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of ImP satisfying (2.50), one has to choose coImP that satisfies both eq. (2.52) and that
coImP ImP forms an invertible matrix. If that is not possible, even if eq. (2.54) holds, the
DE cannot be brought into an ε-form.

If a transformation TF can be found, the necessary projectors in B(P, a, b|v) can be

constructed from generalized† eigenvectors of A
(
−p(A)

a/b
−1
)

a/b , as described in the original work
in ref. [164]. Then, the DE matrix can be transformed into

AF (v, ε) =
∑
k

A
(k)
F (ε)

v − ak
, (2.56)

where the sum runs over all singular points of AF and the matrices A(k)
F are independent‡ of

v.
The second part of the Lee algorithm finds the normalizing transformation TN . It is

known that rational transformations can only shift the eigenvalues of matrix residues by
integers. Another set of balance transformations with projectors built out of generalized
eigenvectors of A(k)

F was shown in ref. [164] to shift the eigenvalues of these matrices by ±1.
This means that for a DE to be normalizable by rational transformations, its eigenvalues
must be of the form

αε+ n, (2.57)
for some n ∈ Z and α ∈ C. That is not the case for systems describing elliptic-like integrals,
such as the massive ”sunrise” diagrams. There, some eigenvalues of A(k)

F turn out to be of
the form αε + n + 1/2 and the ε-form is not achievable by a rational transformation. This
behavior appears also for integrals that can be normalized after changing the free variable to
ṽ with v = v(ṽ) being some rational function. Note that such a variable change is in general
not equivalent to a rational transformation, since the inverse function ṽ = ṽ(v) might contain
a square root or higher roots. In other words, given a rational transformation T (v), there is
no rational transformation T̃ such that T̃ (v) = V −1◦T (ṽ)◦V , where V denotes the operation
of changing the free variables from v to ṽ. Properly chosen transformations belonging to
this extension of the class of allowed changes of the DEs can sometimes shift eigenvalues
by a half-integer. The analysis of different cases and corresponding proper variable changes
was given in ref. [165]. One of the conclusions was that if there are four or more distinct
points at which the residue has αε + n + 1/2 eigenvalues, there is no variable change that
can remove all of them, and the ε-form cannot be reached, even with this extended class of
transformations. For three or less points, the authors specify the changes of variables that
may shift the eigenvalues to the form in eq. (2.57), and prove that if these do not help, there
is no other rational variable change that can.

If all eigenvalues of all matrices A(k)
F are of the form in eq. (2.57), the matrices can

always be normalized at all but one singular point. The balance transformations adjusting
residue eigenvalues always change them at two separate singular points. One special point
can be chosen as a ”sink” of all balance transformations, absorbing the unwanted eigenvalue
changes, while all others are adjusted to be proportional to ε. Suppose that this point is first
chosen at infinity, and then moved by a rational transformation T∞→0 to 0. The sufficient
conditions for the existence of TN given in ref. [165] state that

†These matrices are not diagonalizable, so generalized eigenvectors refer to a basis in which a matrix
assumes the Jordan form.

‡Note that any constant term in the above sum, or any dependence of the numerators on v spoils the
Fuchsian form at v = ∞.
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1. detT∞→0 is independent of v,

2. both T∞→0 and T−1
∞→0 are given by finite degree polynomials in v and 1/v,

3. T∞→0(v) = Q(v)R(1/v), where both Q(x) and R(x) are polynomial in x.

Then, the matrix Q(v) is the transformation TN that takes a system normalized everywhere
but at infinity to a system normalized everywhere.

The last step of the algorithm is finding the matrix TE. Once a system is of the form of
eq. (2.56), and all eigenvalues of matrices A(k)

F (ε) are proportional to ε, it suffices to solve a
system of linear equations:

AN(v, ε)

ε
T (ε, µ) = T (ε, µ)

AN(v, µ)

µ
(2.58)

for T (ε, µ), with µ treated as a parameter. If the solution T (ε, µ) is invertible and indepen-
dent of v, the transformation TE = T (ε, µ) factorizes the ε dependence, and completes the
construction of T. If no invertible solution exists for any µ, the ε-form cannot be found.

The case of more than 2 masses can now be briefly reexamined. Applying an exterior
derivative to eq. (2.34) gives

0 = d(CM̂) = (dC)M̂ − C ∧ dM̂ = (dC− εC ∧ C)M̂. (2.59)

As this equation has to hold for any ε, both terms in the parenthesis have to vanish inde-
pendently. The vanishing of the former implies that C = dC for some matrix C(v1, . . . , vn).
Since in the ε-form each of the matrices Ak is assumed to be Fuchsian at all singular points,
the only possibility is that C is of the form

C =
L∑
l

Cl logαl. (2.60)

The numerical coefficient matrices Cl can be simply read out of Ak transformed to the
ε-form. The condition dS = 0 ensures that there will be no conflicts between coefficients
coming from different matrices Ak. Then, the assumed form of C in eq. (2.36) follows. The
second term in eq. (2.59) being 0 gives a useful consistency check for the matrices Cl, once
the ε-form is reached:

[Cl, Cl′ ] = 0 (2.61)

for all l and l′. In a multivariate problem, as in a reduction with just one mass ratio, the
most likely point of failure of the algorithm is the normalization. To my best knowledge,
a comprehensive analysis of variable changes removing half integer eigenvalues† of matrix
residues similar to that of ref. [165] is still missing. Quoting Roman Lee, when there are
more than two masses, choosing free variables in which the ε-form can be reached ”mostly
remains a matter of art and luck”.

Numerous implementations of the algorithm described in this section are publicly avail-
able. These include a C++ program epsilon [167], a Python program Fuchsia [168], and
a Mathematica package Canonica [169]. Another Mathematica package published by the
author of the original algorithm himself, Libra [170], is the latest and by far the most com-
plete. Among many other features, it provides the user with an intelligible manual tool for

†in the limit of ε→ 0.
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constructing each of the matrices constituting the canonical transformation T, permitting
a directed search for the transformation in cases where other programs fail outright. The
release of Libra enabled using the method of the ε-form in much more complicated cases
than before, and opened a path towards analytical solutions of truly nontrivial problems [67,
171–179].

The construction of a general solution to DEs in terms of GPLs defined in eq. (2.43) is
motivated by two advantages of using this family of functions. First, the numerical values
of GPLs can be computed very efficiently and to any desired precision limited only by the
available hardware. One of the standard algorithms for this purpose has been implemented
in the GiNaC computer algebra library for C++ [180]. It allows for obtaining hundreds of sig-
nificant digits of GPLs on modern personal computers in negligible time. There also exists
a convenient Mathematica interface specialized in the algebra of polylogarithms, hyper-
polylogarithms and GPLs called PolyLogTools [181], that greatly facilitates the numerical
evaluation and algebraic manipulations of GPLs. Second, this class of functions admits a
rich mathematical structure†. For instance, the GPLs can be used to express the elementary
logarithm,

G(ν, z) ≡
z∫

0

dz̃

z̃ − ν
= log

(
1− z

ν

)
, ν 6= 0, (2.62)

its powers,
G(ν, . . . , ν︸ ︷︷ ︸

n times

|z) = 1

n!
logn

(
1− z

ν

)
, (2.63)

and classical polylogarithms,

G( 0, . . . , 0︸ ︷︷ ︸
(n−1) times

, 1|z) = −Lin(z) ≡ −
z∫

0

dz̃

z̃
Lin−1(z̃), Li1(z) = − log(1− z) = −G(1|z). (2.64)

The family of GPLs as functions of both their last argument and their indices, satisfies a
large number of functional relations. For example, if νn 6= 0, the GPLs are invariant under
a simultaneous rescaling of all arguments:

G(kν1, . . . , kνn|kz) = G(ν1, . . . , νn|z), (2.65)

where k ∈ C \ {0}. This equation can be proven by induction in n. Suppose that it holds
for the GPLs of rank n− 1. Changing the integration variable as z̃ = kz̃′, the definition in
eq. (2.43) yields

G(kν1, . . . , kνn|kz) ≡
kz∫
0

dz̃

z̃ − kν1
G(kν2, . . . , kνn|z̃) =

z∫
0

dz̃′

z̃′ − ν1
G(kν2, . . . , kνn|kz̃′)

=

z∫
0

dz̃′

z̃′ − ν1
G(ν2, . . . , νn|z̃′) ≡ G(ν1, . . . , νn|z),

(2.66)

where the second to last equality follows immediately from the induction assumption. The
initial case for n = 0 is satisfied because of eq. (2.44). As the GPL definition in eq. (2.43)

†For a comprehensive review, see ref. [182].
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does not hold for the case of all indices equal to 0, the inductive recursion breaks if one
chooses νn = 0 at the first step n = 1, hence the assumption νn 6= 0.

Another important property of GPLs is their shuffle algebra. Consider a product of two
rank 1 GPLs evaluated at the same point z:

G(ν1|z)G(ν2|z) =
z∫

0

dz̃1
z̃1 − ν1

z∫
0

dz̃2
z̃2 − ν2

=

∫
◻

d2z̃

(z̃1 − ν1)(z̃2 − ν2)
, (2.67)

where ◻ refers to integrating over a square with side length z placed in the first quadrant
of the z̃1 × z̃2 space and aligned with the coordinate axes. The last integral can be split as

G(ν1|z)G(ν2|z) =

∫
◿

+

∫
◸

 d2z̃

(z̃1 − ν1)(z̃2 − ν2)

=

z∫
0

dz̃1
z̃1 − ν1

z̃1∫
0

dz̃2
z̃2 − ν2

+

z∫
0

dz̃2
z̃2 − ν2

z̃2∫
0

dz̃1
z̃1 − ν1

≡ G(ν1, ν2|z) +G(ν2, ν1|z).

(2.68)

Equivalent relations can be derived for products of two higher rank GPLs at the same point,
but only the above result will be relevant for the discussion below. The shuffle identity for
ν1 = ν2 ≡ ν 6= 0 can be used to evaluate:

G(ν, ν|z) = 1

2
G2(ν|z) = 1

2
log2

(
1− z

ν

)
, (2.69)

which confirms eq. (2.63) for rank 2 GPLs. On the other hand, for ν1 ≡ ν 6= ν2 = 0,
eq. (2.68) reads:

G(ν, 0|z) = G(ν|z)G(0, z)−G(0, ν|z) = log
(
1− z

ν

)
log z + Li2

(z
ν

)
, (2.70)

where the results of eqs. (2.62), (2.64), and (2.65) were used.
Consider now a GPL of rank two evaluated at 1. For each choice of a number r, the

integration region can be divided into three parts:

G(a, b, 1) =

∫
◿

d2z̃
1

z̃1 − ν1

1

z̃2 − ν2
=

∫
I

+

∫
II

+

∫
III

 d2z̃
1

z̃1 − a

1

z̃2 − b
(2.71)

shown in figure 8. The geometric interpretation of r relies on the inequalities 0 < r < 1, but
the results hold for any r ∈ C. The three regions can be parameterized as

G(a, b, 1) =

 1−r∫
0

dz̃1

z̃1∫
0

dz̃2 +

1∫
1−r

dz̃1

1−r∫
0

dz̃2 +

1∫
1−r

dz̃2

1∫
z̃2

dz̃1

 1

z̃1 − a

1

z̃2 − b

=

 1−r∫
0

dz̃1

z̃1∫
0

dz̃2 +

r∫
0

dz̃′1

1−r∫
0

dz̃2 +

r∫
0

dz̃′2

z̃′2∫
0

dz̃′1

 1

z̃1 − a

1

z̃2 − b

=G(a, b|1− r)−G(1− a|r)G(b|1− r) +G(1− b, 1− a|r),

(2.72)
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z̃2

0 1− r 1

1− r

1

I II

III

z̃1

Figure 8: The three integration regions of eq. (2.71)

where the variable change r̃′j ≡ 1− r̃j was applied in the second line. This result is the rank
2 case of a more general identity called Hölder convolution:

G(a1, . . . , an|1) =
n∑
k=0

(−1)kG(ak+1, . . . , an|1− r)G(1− ak, . . . , 1− a1|r), (2.73)

which can be proven in a similar way by dividing the integration over an n-dimensional
triangle into n+ 1 parts [183].

Applying the result of eq. (2.72) to G(0, 1 − ν1/ν2, 1) and choosing r = z/ν2 for ν2 6= 0
yields

G

(
0, 1− ν1

ν2

∣∣∣1) = G

(
0, 1− ν1

ν2

∣∣∣1− z

ν2

)
−G

(
1
∣∣∣ z
ν2

)
G

(
1− ν1

ν2

∣∣∣1− z

ν2

)
+G

(
ν1
ν2
, 1
∣∣∣ z
ν2

)
,

(2.74)
or, if ν1 6= ν2 and using eq. (2.65)

G(ν1, ν2, z) =G

(
0, 1
∣∣∣ ν2
ν2 − ν1

)
−G

(
0, 1
∣∣∣ ν2 − z

ν2 − ν1

)
+G(ν2|z)G(ν2 − ν1|ν2 − z)

=Li2
(
ν2 − z

ν2 − ν1

)
− Li2

(
ν2

ν2 − ν1

)
+ log

(
1− z

ν2

)
log
(
z − ν1
ν2 − ν1

)
,

(2.75)

where eqs. (2.62) and (2.64) were used in the last equality. The last equation, together with
eqs. (2.45), (2.62), (2.64), (2.69), and (2.70), complete the evaluation of rank 1 and 2 GPLs
in terms of logarithms and dilogarithms.

2.4 Sample Calculation - 4
Using the results of the previous section, all master integrals of the diagram (2a) found in
section 2.2 (c.f. figure 7 on page 75) can be computed analytically up to and including
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O(ε1), which is the required order of the expansion in ε due to ε-divergent coefficients of
the IBP reduction. Treating mb as the mass mn+1 that was factorized out of the MIs in
eq. (2.24) results in a basis of normalized MIs M̂ (2a). Taking derivatives over m̂2

c and q̂2 is
straightforward:

∂m̂2
c
I
(2a)
abcde = bI

(2a)
a(b+1)cde + eI

(2a)
abcd(e+1), ∂q̂2I

(2a)
abcde = cI

(2a)
ab(c+1)de, (2.76)

so, for example:

∂m̂2
c

= + ,

∂q̂2 = .

(2.77)

Computing the ∂m̂2
c
and ∂q̂2 derivatives of all the MIs, and reducing the resulting scalar

integrals back to the same basis of MIs, produces a system of DEs. In this case, the basis
M̂ (2a) already encompasses all necessary integrals and need not be enlarged. The obtained
system takes the form

∂xM̂
(2a) = AxM̂

(2a) =
1− ε

xλ̂


D

(0)
x

E
(1)
x D

(1)
x

E
(2)
x F

(2)
x D

(2)
x

E
(3)
x 0 0 D

(3)
x

 M̂ (2a), (2.78)

with x ∈ {q̂2, m̂2
c} and λ̂ ≡ λ(m2

b ,m
2
c , q

2)/m4
b , (c.f. eq. (2.22) and the text below). Both

matrices Ax assume a block-triangular form with D(0)
x being a lower-triangular 5× 5 matrix,

and the dimensions of the remaining diagonal blocks D(1)
x , D(2)

x , and D(3)
x being 2× 2, 3× 3,

and 3 × 3 respectively. Recall that only the last six MIs contribute a non-zero imaginary
part to the spectrum correction. Thanks to this fact and to the block-triangular form of the
above matrix, to compute these imaginary parts it is sufficient restrict the above system to
the last two diagonal blocks. The necessary submatrices are given by:

D
(2)

q̂2 =


q̂2(ω−2)(2ε−1)

ε−1
0 0

0 q̂2(ω−2)(2ε−1)
ε−1

0

−ω δ 2q̂2(ω−2)(2ε−1)
ε−1

− λ̂

 , (2.79)

D
(2)

m̂2
c
=


ω(1−2ε)m̂2

c

ε−1
+ λ̂ 0 0

0 ω(1−2ε)m̂2
c

ε−1
0

ω − 2 2m̂2
c

2ω(1−2ε)m̂2
c

ε−1

 , (2.80)

D
(3)

q̂2 =


λ̂q̂2(1−2ε)
δ(ε−1)

λ̂q̂2(1−2ε)
δ(ε−1)

2λ̂q̂2ε
δ−δε

0 λ̂ε
ε−1

λ̂ε
1−ε

4q̂2(2ε−1)m̂2
c

(
m̂2
c−1

)
δ(ε−1)

−
q̂2(2ε−1)

(
2m̂2

c

(
2q̂2+ω

)
+λ̂
)

δ(ε−1)

q̂2
(
δ(ω−2)(6ε−1)+2λ̂ε

)
δ(ε−1)

 , (2.81)
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D
(3)

m̂2
c
=


λ̂ε
ε−1

0 λ̂ε
1−ε

λ̂(1−2ε)m̂2
c

δ(ε−1)
λ̂(1−2ε)m̂2

c

δ(ε−1)
2λ̂εm̂2

c

δ−δε
(2ε−1)m̂2

c

(
4q̂2m̂2

c+
(
m̂2
c−1

)
2−q̂4

)
δ−δε

4q̂2
(
q̂2−1

)
(2ε−1)m̂2

c

δ(ε−1)

m̂2
c

(
δω(1−6ε)+2λ̂ε

)
δ(ε−1)

 , (2.82)

The symbols appearing in the above result are defined as

δ ≡ 1− m̂2
c − q̂2, ω ≡ 1− m̂2

c + q̂2. (2.83)

The key to finding the ε-form of the above DEs is a correct change of free variables. Here,
it is sufficient to apply the well known substitution:

q̂2 ≡ (1− uv)
(
1− v

u

)
, m̂c ≡ v. (2.84)

The DEs in the new variables read[
∂u −

(1− u2)v

u2
Aq̂2
∣∣∣q̂2=(1−uv)

(
1− v

u

)
m̂c=v

]
M̂ (2a) = 0,[

∂v −
((

2v − u− 1

u

)
Aq̂2 + 2vAm̂2

c

) ∣∣∣q̂2=(1−uv)
(
1− v

u

)
m̂c=v

]
M̂ (2a) = 0.

(2.85)

The kinematically allowed ranges 0 ≤ mc ≤ mb and 0 ≤ q2 ≤ (mb −mc)
2 are mapped onto

0 ≤ v ≤ 1 and v ≤ u ≤ 1, with u = v corresponding to q2 = 0 and u = 1 to the phase space
endpoint q2 = (mb −mc)

2. As a result, the limit defining the boundary conditions for the
ε-form solution in eq. (2.46) should be taken first as v → 0+ and only then u → 0+, as the
reverse ordering would cross a branch cut. The definitions (2.84) can be inverted to express
u and v in terms of m̂2

c and q̂2. There are four possible solutions but only one of them gives
u and v in the described ranges for m̂2

c and q̂2 in the kinematically allowed region:

u =
2− ω −

√
λ̂

2m̂c

, v = m̂c. (2.86)

Clearly, such a change of variables results in rational DE matrices but is not equivalent to any
rational linear transformation of the MIs, thus extending the class of allowed transformations
of the DEs, as described in the previous section.

After elementary algebraic simplifications, the denominators present in the DE matrices
in eq. (2.85) can be expressed as products of the following letters:

α1 ≡ u, α2 ≡ u− 1, α3 ≡ u+ 1,

α4 ≡ v, α5 ≡ v − 1, α6 ≡ v + 1, (2.87)
α7 ≡ u− v, α8 ≡ uv − 1, α̃ ≡ α2

7 − α5α6.

The last letter α̃ turns out to correspond to a spurious singularity, and is removed from the
denominators by the Fuchsifying transformation TF .

Using the package Libra [170], it is possible to construct each of the three transformations
defined in eq. (2.49). The final result for T reads

T(u, v) =

(
D

(0)
T 0
0 D

(1)
T

)
, (2.88)
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with the diagonal blocks

D
(0)
T =

(u2 − 1) v2(ε− 1)

u(2ε− 1)(uv − 1)

 −v(2ε−1)(uv−1)
ε−1

0 0

0 − (2ε−1)(uv−1)
v(ε−1)

0
uv−1
u−v

1
v

−3
(
u2−1

)
u−v

 (2.89)

and

D
(1)
T = − 1− 2ε

u(1 + ε)
×

u2v(1+2ε)+u
(
(1+v2)(4ε−1)−1

)
+v(1−6ε)

2ε−1

v
(
u2+(uv−1)(4ε−1)−4ε

)
2ε−1

2u(v2+1)(4ε−1)−4uε−2
(
u2+1

)
v(3ε−1)

6ε−3
5u2vε+u

(
v2−2

)
(4ε−1)−3vε

2ε−1

εv
(
3u2+4uv−5

)
−uv2

2ε−1

2u
(
v2−1

)
(4ε−1)

6ε−3

3v − u (5uv + v2 − 2) −v(3u2 + uv − 5) −2
3
u (v2 − 1)

 .

(2.90)

Applying this transformation reduces the DEs for the imaginary parts of the last six MIs to
the ε-form:

dImM̂ (2a)′ = εdCImM̂ (2a)′ ImM̂ (2a) ≡ T ImM̂ (2a)′ , (2.91)

where

C =
8∑
l=1

Cl logαl. (2.92)

The coefficient matrices C5 and C6 vanish while the other six read

C1 =


2 0 0 0 0 0
0 2 0 0 0 0
−1

3
−1

3
3 0 0 0

0 0 0 49
8

55
8

0
0 0 0 −15

8
−9

8
0

0 0 0 −63
8

−105
8

2

 , C2 = C3 =


−2 0 0 0 0 0
0 −2 0 0 0 0
1
3

1
3

−4 0 0 0
0 0 0 −3 −3 0
0 0 0 −3 −3 0
0 0 0 9 9 0

 ,

(2.93)

C4 =


−4 0 0 0 0 0
0 −2 0 0 0 0
0 1

3
−4 0 0 0

0 0 0 −2 0 2
3

0 0 0 −2 −4 −2
3

0 0 0 6 0 −2

 , C7 =


0 0 0 0 0 0
0 0 0 0 0 0
−1

3
0 1 0 0 0

0 0 0 7
8

5
8

1
6

0 0 0 7
8

5
8

1
6

0 0 0 −105
8

−75
8

−5
2

 ,

(2.94)

C8 =


0 0 0 0 0 0
0 0 0 0 0 0
0 −1

3
1 0 0 0

0 0 0 1
8

3
8

−1
6

0 0 0 1
8

3
8

−1
6

0 0 0 9
8

27
8

−3
2

 . (2.95)
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With the above result and eq. (2.46), it is straightforward to build the general solution for
ImM̂ (2a):

ImM̂ (2a)(u, v) =T(u, v)
[
1 + ε

(
(C1 + C7) logu+ C2 log(1− u2) + C4 log v + C7 log

(
1− v

u

)
+ C8 log(1− uv)

)
+O(ε2)

]
lim
u→0+

lim
v→0+

ImM̂ (2a)′(u, v)

≡T(u, v)P (u, v) lim
u→0+

lim
v→0+

ImM̂ (2a)′(u, v).

(2.96)

In the last line, P (u, v) has been introduced to denote all the terms in the square bracket,
namely the evolution operator of the imaginary parts of the MIs. The term O(ε2) involves
dilogarithms arising from the results for the GPLs of rank two derived in the previous section.
These have to be analytically continued to the physical region using the Euler’s formula:

Li2(z) + Li2(1− z) + log(z) log(1− z) =
π2

6
, (2.97)

which follows directly from the Hölder convolution of eq. (2.72) for G(0, 1|1), and the identity
Li2(1) = π2/6. The branch of the logarithms can be resolved using the Feynman prescription
for the variables v = v − iε and u = u − iε. The latter can be derived from its equivalents
m2
c = m2

c − iε and q2 = q2 − iε and the definition of u. Now, the only remaining non-
trivial step in the calculation of the contribution (2a) is the determination of the boundary
condition limu→0+ limv→0+ ImM̂ (2a)′(u, v).

2.5 The Auxiliary Mass Flow
The general solutions to the DEs given in eqs. (2.29), (2.35), or (2.46) specify the functional
dependence of the MIs on the mass scales of the problem, up to a boundary condition.
When one uses the ε-form approach, this boundary has to be computed at the point where
all the free variables vk are set to 0. This is usually a branch point of the original diagrams,
and the calculation here has to be performed via a careful asymptotic expansion [184–
188]. An alternative would be to compute the MIs at a regular point, evolve them to
vk = 0 and use the result as the boundary condition. This method often avoids nuances of
asymptotic expansions and analytic continuation, as one can choose the regular point in the
same branch of the MIs as the physical region†. Unfortunately, obtaining an analytic result
for the MIs by a direct calculation, even for a single regular point, is usually unfeasible.
This section describes a recently developed algorithm that can circumvent this problem by
computing very precise numerical approximations to the MIs at any regular point. Even
for the frontier computations, the solution can be made precise enough to reconstruct the
exact transcendental constants appearing after its evolution to vk = 0. This is a qualitative
improvement over previous numerical methods that were many orders of magnitude less
efficient. It also allows for a completely numerical treatment of multi-scale problems with
dense scans of parameter spaces. The latter approach has been used in the present thesis for
evaluation of the q2 spectrum including the triple-charm contributions, as will be described
in the next chapter.

The method described below was first presented by Liu, Ma, and Wang in ref. [189].
Their initial idea is quite similar to the DE method for computing MIs with more than one

†Usually in the physical region itself.
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mass scale. The difference is that the DEs are constructed specifically to have the simplest
possible boundary condition. For this purpose, the Feynman regulator ε, referred to in this
approach as the Auxiliary Mass, can be treated as a free variable, while the MIs in a basis
M as limits

M(ε)
ε→0+−−−→M (2.98)

of functions M(ε) constructed by removing the limit ε→ 0+ from the definition of M . One
can then construct a system of DEs forM(ε) in exactly the same way as was described at the
beginning of section 2.3. Instead of describing some actual evolution of integrals as functions
of masses and kinematical variables, they can be used to evolve the functions M(ε) from a
conveniently chosen boundary condition down to the physical limit (2.98). The original role
of ε as a limit parameter plays no role in the IBP reduction or computing mass derivatives,
so from the standpoint of these operations, it can be treated as yet another mass. Note
that in this approach, all other, physical scales, i.e. masses, external momenta lengths, and
Mandelstam variables are fixed to some chosen numerical values. The functions M(ε) are
treated as depending on a single free variable – ε, resulting in a system of ordinary DEs. As
it is constructed in the same way, it has the same form as previously:

d

dε
M(ε) = A(ε)M(ε), (2.99)

with A(ε) being some matrix of rational functions of ε. As the mathematical theory of
ordinary DEs is much simpler than that of the partial ones, there exists a plethora of possible
solution methods. It is important to emphasize that the IBP reduction performed to establish
above DEs will introduce a number of new MIs that vanish in the limit ε→ 0+. In essence,
treating ε as a free variable introduces an additional mass scale to the problem, which is
bound to substantially complicate the IBP reduction and the DEs. One advantage of this
approach is in the simplicity of the necessary boundary conditions. In practical applications,
the IBP reduction can usually be expected to be efficiently achievable if all mass scales apart
from ε are substituted by some numerical values.

Before describing the particular solution procedure applied to eq. (2.99), one should
consider the limit of functions M(ε) as ε approaches positive infinity. A generic function
Mn(ε) is an integral

Mn(ε) =

∫ ( L∏
l=1

dDkl
i(2π)D

)∏
j

1(
(k̂j + p̂j)2 −m2

j + iε
)aj

=ε
DL
2

−an
∫ ( L∏

l=1

dDk̃l
i(2π)D

)∏
j

1(
(ˆ̃kj + ˆ̃pj)2 − m̃2

j + i
)aj ,

(2.100)

where k̂j and p̂j are some combinations of loop and external momenta respectively, an ≡∑
j aj, and x̃ ≡ x/

√
ε. In the ε → ∞+ limit, m̃2

j and ˆ̃pj vanish. The interchange of the
loop integration and the limit can be understood in the framework of the expansion by
regions [185, 186], where only regions with large loop momenta matter when ε is sufficiently
large when compared with kinematical invariants. The function Mn(ε) simplifies then as
follows:

εan−
DL
2 Mn(ε)

ε→∞−−−→
∫ ( L∏

l=1

dDkl
i(2π)D

)∏
j

1(
k̂2j −

(√
−i
)2)aj ≡ Vn

(√
−i
)
. (2.101)
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The factor of 1/
√
ε in ˆ̃kl was absorbed by a rescaling variable change. The integral Vn

(√
−i
)

is obtained from the Mn by setting all external momenta to 0 and replacing the mass in all
propagators with

√
−i, including the massless ones. In the diagrammatic picture, it can

be seen as the original MI with external legs removed and all masses equal†. This class
of so-called equal mass tadpole integrals was analyzed extensively over the years and the
analytic results for deep expansions in ε are known up to three loops [133, 190–193]. Deep ε
expansions of four [194] and five [195] loop equal mass tadpoles are known numerically with
hundreds of digits of precision. These integrals can also be IBP reduced to a small set of
MIs. Up to three loops, the MI basis can be chosen as:

(2.102)

and products of the first two. Their numerical results are gathered in a convention inde-
pendent manner in ref. [196]. The authors of ref. [189] prove that the expression in the
parenthesis in eq. (2.101) is an analytic function of ε near infinity. This provides an ansatz
for the asymptotic expansion of M(ε) around infinity:

Mn(ε) = ε
DL
2

−an
∞∑
j=0

M
(∞)
n,j ε

−j, (2.103)

with M (∞)
n,0 = Vn

(√
−i
)
being IBP reducible to known results up to five loops. This series

converges for all ε such that |ε| > max{|ε(pole)j |}, where {ε(pole)j } is the set of singular points
of Mn(ε).

The numerical solution of the DE system in eq. (2.99) specifies the Auxiliary Mass Flow
(AMF) from the boundary at infinity that was discussed above to the physical limit ε→ 0+.
It can be done in a variant of the ”expand-and-match” approach. First, all mass scales
present in the matrix A(ε) should be substituted with numbers for which the MIs are to
be computed. One uses eq. (2.99) and the ansatz (2.103) to derive recurrence relations
between consecutiveM (∞)

n,j . These can be recursively solved forM (∞)
n,j , j > 0, using the result

M
(∞)
n,0 = Vn

(√
−i
)
. This produces a deep expansion of Mn(ε) in powers of 1/ε. One then

chooses a point ε1 inside the convergence region of the series in eq. (2.103). The singularities
of Mn(ε) are a subset of poles of the AMF DE in eq. (2.99), so the region of convergence can
be read out of the matrix A(ε). A typical analytic structure of A(ε) is presented in figure 9.
As long as the point ε1 is chosen to be outside of the red circle, the values of Mn(ε1) can be
approximated using the previously obtained asymptotic expansion around infinity:

Mn(ε1) ' ε
DL
2

−an
1

N∑
j=0

M
(∞)
n,j ε

−j
1 , (2.104)

for some integer N large enough to reach the desired precision of Mn(ε1).
The above procedure can now be repeated for another point ε2 that is closer to ε = 0.

As ε1 is a regular point of Mn(ε), MIs have a standard Taylor expansion around it:

Mn(ε) =
∞∑
j=0

M
(1)
n,j (ε− ε1)

j, (2.105)

†Note that the lack of ε prescription plays no role for these integrals, as they never possess any intermediate
cuts that could produce branch ambiguities.
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Reε

Imε

ε1ε2εl

Figure 9: An example illustrating the Auxiliary Mass Flow [189, 197]. The poles of the
AMF DEs are indicated with the small crossed circles. The red circle depicts the region in
the complex ε plane where the expansion of the MIs around infinity is not convergent. The
blue circle is the region of convergence of the expansion around ε = 0. The points chosen
for the intermediate expansions are indicated with ε1 and ε2 with the regions of convergence
drawn as striped circles. The point εl is both inside the blue circle and inside the region
of convergence of the expansion around ε2 so it can be used to fix the coefficients of the
expansion around ε = 0.

with M (1)
n,0 =Mn(ε1) obtained in eq. (2.104). The AMF DEs again provide relations between

consecutive coefficients M (1)
n,j that can be used to recursively calculate M (1)

n,j using M (1)
n,0 =

Mn(ε1). The convergence region of this expansion extends from ε1 to the closest singularity,
which again can be read out of the AMF DE matrix. It has some non zero overlap with the
region in which the expansion at infinity is divergent (the red circle in figure 9), and one can
choose ε2 to be inside that overlap. The series in eq. (2.105) can now be used to obtain an
arbitrarily precise approximation of Mn(ε2):

Mn(ε2) '
N∑
j=0

M
(1)
n,j (ε2 − ε1)

j. (2.106)

This step is then iterated until one obtains an approximation of the value of Mn(ε) at a
point εl that is inside the convergence region of the asymptotic expansion of Mn(ε) around
0 (the blue circle in figure 9), i.e. |εl| < min

(
{|ε(pole)j |} \ {0}

)
.

To obtain the physical limit limε→0+ Mn(ε), one needs to derive the correct ansatz for the
asymptotic expansion ofMn(ε) around 0. Below, it is assumed that the Poincaré rank p(A(ε))0

can be lowered to 0 by a rational transformation T (ε). If it can, the transformed AMF DE
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matrix can be expanded as

Ã(ε) =
∞∑

k=−1

Ãkε
k. (2.107)

The general solution of the AMF DE in eq. (2.99) can then be written as

M̃(ε) = T−1(ε)M(ε) = elog εÃ−1v(ε), (2.108)

where v(ε) is analytic around ε = 0:

v(ε) =
∞∑
n=0

vnε
n, ε < min

(
{|ε(pole)j |} \ {0}

)
. (2.109)

Substituting this ansatz into the transformed AMF DE:

∂εM̃ = ÃM̃ (2.110)

results in a recurrence relation for the coefficient vectors vk:

kvk =
k−1∑
j=0

Ãjvk−j−1, (2.111)

which can be solved up to the unknown v0 for arbitrarily high vk. The boundary vector v0
is fixed by the approximation:

M(εl) = T (εl)M̃(εl) ' T (εl)e
log εlÃ−1

N∑
n=0

vnε
n
l , (2.112)

where M(εl) was obtained in the last step of the chain of Taylor expansions around regular
finite points. The physical value of the MIs obtained in the AMF finally reads

M = lim
ε→0+

M(ε) =

(
lim
ε→0+

T (ε)elog εÃ−1

)
v0. (2.113)

An implementation of the AMF algorithm was published by two of its original authors
in a Mathematica package AMFlow [198]. It features two major improvements beyond the
procedure described above. First, AMFlow performs the AMF evolution for various numerical
probe values of the dimensional ε. In that approach, the only symbolic quantity left is the
Auxiliary Mass ε. The result for the expansion of the MIs in ε can then be reconstructed
from the separate probe calculations and the error of the reconstruction can be suppressed
by considering enough values of ε. Second, the package uses an iterative strategy [197]
of introducing the Auxiliary Mass parameter ε to propagators of MIs. Instead of treating
all Feynman regulators as equal, only some of them are taken to ∞ to compute boundary
conditions while the rest is left near 0+. This can drastically lower the number of MIs present
in the ε dependent IBP reduction for the price of more complicated boundary conditions at
ε → ∞. In the expansion by regions, diagrams with a very heavy mass present in some of
the lines can be written as combinations of diagrams factorized into tadpoles and the original
graphs with some of the heavy lines shrunk to a point. To obtain the boundary condition,
one can compute the latter using the AMF method, again introducing large ε only to some
lines. This results in an iterative pattern. Each consecutive introduction of large ε into a
subset of lines of a diagram simplifies it further in the ε → ∞ limit. The procedure closes
in a finite number of steps. Again one only has to provide the results for tadpoles, but the
first DE established for the MIs with free ε present in only some of the lines is much simpler
than in the basic case discussed above.
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2.6 Sample Calculation - 5

The boundary condition for the general solution in eq. (2.96) can be computed by using the
properties of the evolution operator P (u, v) written in the square bracket of that equation.
More specifically, one can realize that this boundary condition can be obtained by evolving
the values of MIs in the transformed basis from any generic point (u0, v0) in the physical
region down to u = v = 0. This general idea can be formulated as

lim
u→0+

lim
v→0+

ImM̂ (2a)′(u, v) = P−1(u0, v0)T
−1(u0, v0)ImM̂ (2a)(u0, v0), (2.114)

where the canonical transformation T was used to transform ImM̂ (2a)′(u0, v0) back to the
original MI basis. The last factor can be obtained using the AMF technique. A naive choice
would be to take (u0, v0) = (0, 0) with P (0, 0) = 1. However, a direct computation of
the MIs at this point cannot be transformed to the ε basis, as the elements of T become
singular in the limit of (u, v) → (0, 0). This is an expected behavior since this is a branch
point of the GPLs appearing in the general solution. Instead, one can take for example
(u0, v0) = (0.02, 0.01), which is inside the kinematically allowed phase space and corresponds
to (q̂2, m̂2

c) = (0.4999, 0.0001). Using the package AMFlow [198], both the real and imaginary
parts of all 13 MIs of the diagram (2a) can be computed at this point in a single run of the
AMF algorithm. The results up to O(ε) inclusive were obtained with 100 significant digits
on the same computer as for the IBP reduction in section 2.2 in 216 seconds. After rounding
to 4 digits, they read

(
mb

µ

)4ε

Im
∣∣∣
u=2v=0.02

=
6.297× 10−9

ε
+ 8.562× 10−8 + 5.875× 10−7ε,

(
mb

µ

)4ε

Im
∣∣∣
u=2v=0.02

=
6.297× 10−5

ε
+ 2.762× 10−4 + 6.598× 10−4ε,

(
mb

µ

)4ε

Im
∣∣∣
u=2v=0.02

=
6.297× 10−5

ε
+ 2.955× 10−4 + 7.589× 10−4ε,

(
mb

µ

)4ε

Im
∣∣∣
u=2v=0.02

= 3.863× 10−4 + 3.926× 10−3ε, (2.115)

(
mb

µ

)4ε

Im
∣∣∣
u=2v=0.02

= 2.423× 10−5 + 2.063× 10−4ε,

(
mb

µ

)4ε

Im
∣∣∣
u=2v=0.02

=
−6.297× 10−5

ε
− 4.076× 10−4 − 1.098× 10−3ε,
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where the overall factors of mb to an ε-dependent power were suppressed, together with the
uncomputed terms O(ε2). Using eq. (2.114), the boundary condition becomes

(
mb

µ

)4ε

lim
u→0+

lim
v→0+

ImM̂ (2a)′ =
1

256π3

[1
ε
+ 3 +

(
7− π2

6

)
ε,
1

ε
+ 3 +

(
7− π2

6

)
ε,

1

3ε
+ 1 +

1

9

(
21− π2

)
ε,

1

8ε
+

3

4
+

1

48

(
144− 37π2

)
ε,

1

8ε
+

3

4
+

1

48

(
144 + 11π2

)
ε,− 3

8ε
− 9

4
+

1

16

(
−144 + 37π2

)
ε
]T

+O(ε2).

(2.116)

The exact expressions for both the O(ε−1) and O(ε0) terms can be obtained by first guessing
the overall factor of 1/(256π3) that is common for two-loop calculations. The analytical
values for the O(ε) term can be reconstructed using the Mathematica implementation of the
PSLQ algorithm [199, 200] fitted to just two constants: {1, π2}. In all three terms, the result
agrees with all 100 digits obtained from AMFlow.

The only remaining thing to do now is to recombine all the intermediate results as
specified by eq. (1.253), table 2, and the results of the IBP reduction into the final formula
for the dΓ(1)

(2a)/dq
2 contribution (c.f. I.20):

dΓ
(1)
(2a)

dq2
=
G2
F |Vcb|2m3

b

144π3u3
αs
π

(
µ

mb

)4ε [(
ξg
ε
+

3

2
+

10ξg
3

)
H1 +

uv(u2 − 1)

4

(
H2 − ξgH

(ξ)
2

)
+ (4− 6ξg)H1 log(1− u2) + (F1 − 4ξgH1) log v + (F2 + ξgF

(ξ)
2 ) logu

+ (F3 + ξgF
(ξ)
3 ) log(1− uv) + (F4 + ξgF

(ξ)
4 ) log

(
1− v

u

)
+ 4

u2 + 1

u2 − 1
H1

(
Li2
(
1− v

u

)
− Li2 (1− uv)− 2Li2

(
u2
)) ]

,

(2.117)

where

H1(u, v) ≡
(
u2 − 1

)
v2
((
u4 + 4u2 + 1

)
v − 3

2
u
(
u2 + 1

) (
v2 + 1

))
,

H2(u, v) ≡3v
(
v2 + 1

) (
u2 + 1

)
+ 4u

(
v4 − 5v2 + 1

)
,

F1(u, v) ≡(u2 − 1)v3
(
u4 + 4u2 + 1− 3uv(1 + u2)

)
,

F2(u, v) ≡v2
(
12u3

(
1 + u2

)
+ v

(
1− 11u2 − 35u4 − 7u6

)
+ v2

(
13u5 + 20u3 + u

)
− 4v3

(
u2 + u4

)
+ 2v4u3

)
,

F3(u, v) ≡(1− uv)
(
u3 − vu2

(
u2 + 2

)
+ v2u

(
u4 + 2u2 − 1

)
− v3

(
u4 − 2u2 − 1

)
− v4u

(
2u2 + 1

)
+ v5u2

)
,

F4(u, v) ≡(v − u)
(
u2 − u

(
2u2 + 1

)
v +

(
−u4 + 2u2 + 1

)
v2

+ v3u
(
u4 + 2u2 − 1

)
− v4u2

(
u2 + 2

)
+ v5u3

)
.

(2.118)
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Figure 10: The function S(2a) from eq. (2.121) after changing the variables back to q̂2 and
m̂2
c , for m̂c = 0.2384. The latter value corresponds to the ratio of the MS renormalized

charm quark mass at µ = 2GeV, and the bottom quark mass in the kinetic scheme [23–26]
renormalized at the kinetic scale of 1GeV. These parameters were taken from ref. [35].

The terms proportional to ξg are specified by the polynomials:

H
(ξ)
2 (u, v) ≡5v

(
v2 + 1

) (
u2 + 1

)
− 2u

(
v4 + 6v2 + 1

)
,

F
(ξ)
2 (u, v) ≡v2

(
6
(
1− 2u4

)
u
(
v2 + 1

)
+ u3v2

(
v2 − 3

)
+ 4

(
2u4 + 6u2 − 3

)
u2v − 4v

)
,

F
(ξ)
3 (u, v) ≡1

2
(1− uv)2

(
u3(2uv + 1) + 3

(
1− u2

)
uv2 − v3(uv + 2)

)
,

F
(ξ)
4 (u, v) ≡1

2
(v − u)2

(
u3v3(2u+ v) + 3u

(
1− u2

)
v2 − u− 2v

)
.

(2.119)

The function Li2(x) is defined as a combination of two dilogarithms:

Li2(x) ≡ Li2(x)− Li2(1− x). (2.120)

To illustrate the functional dependence of this result on q̂2, it is convenient to define a
function S(2a)(q̂2, m̂2

c) through the equation:

lim
ε→0

[
dΓ

(1)
(2a)

dq2

∣∣∣
ξ=0,µ=mb

]
= G2

F |Vcb|2m3
bS

(2a)(q̂2, m̂2
c). (2.121)

This function is shown in figure 10. The value of αs = αs(mb) ≈ 0.2183 used in this figure was
obtained with the package RunDec [201–203]. The running of αs with the renormalization
scale µ will be described in section 3.2.

The result in eq. (2.117) depends on ξg and diverges for D → 4. The first of these issues
is resolved after combining this correction with the contributions of the other 3 diagrams at
the NLO†. The result becomes convergent after the full bare NLO correction is combined

†This becomes apparent already after the combined IBP reduction of all four diagrams, before calculating
the MIs.
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with results for the one loop counterterm diagrams. An interesting feature of eq. (10) is that
the divergent term can be set to 0 by choosing the Landau gauge ξg = 0. The result for the
finite, non-vanishing part in this gauge after changing the variables back to q̂2 and m̂2

c for a
reference value of m̂2

c is presented in figure 10.
This concludes the sample calculation of the diagram (2a) begun in section 1.3. It is

important to emphasize here that because the contributions to ImΣ1PI coming from the
three remaining diagrams can be IBP reduced to the imaginary parts of the same 6 MIs
computed in this section, the calculation outlined above constitutes the vast majority of the
work required to obtain the NLO correction to the spectrum. I will return to this point in
section 3.4.
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Chapter 3:

Semileptonic Decay of the B Meson

In the remainder of this thesis, I am going to apply the computational framework and
tools developed in the previous chapters to the leading term in the HQE of the q2 spectrum
of the inclusive semileptonic decay up to NNLO in QCD. To this end, it is first important
to argue the form of the Feynman rules quoted in eqs. (1.124), (1.125) (1.126), and (1.242).
Most of them follow from the standard quantization procedure of non-Abelian gauge theories
supplemented with the Faddeev-Popov prescription for path integrals involving gauge bosons.
The only exception is the appearance of the auxiliary boson Q and the vertex factors VQ
and VQ̄ in place of respectively the lepton pair and the four-fermion operators present in the
vertices of diagrams in the left panel of figure 6. These replacements are only possible in the
leading order in electroweak interactions because only in this approximation the q2 spectrum
factorizes into a contraction of leptonic and hadronic tensors (see eqs. (3.40) to (3.56)). At
higher orders, photon exchanges between quarks and leptons spoil this simple behavior and
introduce additional collinear singularities to the calculation.

The Q boson and its interactions with quarks can be derived from the SM Lagrangian in
two steps. First, the degrees of freedom heavier than the b quark are integrated out of the
path integrals for the full SM Green’s functions. In general, this results in a description of
SM particles below the electroweak scale called the Low-energy Effective Field Theory. In
the case of the semileptonic transition at the leading order in electroweak interactions, this
theory simplifies to QCD with five quark flavors, free leptons, and a single additional Fermi-
like vertex involving the quark and lepton currents. In this approximation, it is possible to
prove that the q2 spectrum to all orders in QCD is equal (up to a constant factor) to the
width of the process B → XcQ, where Q is the W boson in the SM with parameters tuned
such that its mass is equal to

√
q2. These steps will be described in section 3.1.

The other subject that needs to be addressed is the quantitative treatment of the hadronic
structure of the B meson in the framework of the Heavy Quark Expansion. Parameterizing
the B meson hadronic structure effects in a systematic way, and identifying the leading HQE
term as given by the perturbatively calculable decay of the b quark is a highly non-trivial step.
It is possible only because the considered process is inclusive. It is also phenomenologically
viable thanks to Λ̂ ≈ (MB − mb)/mb being small. Terms in the HQE factorize into parts
coming from the hard and soft regions of parton momenta. Since the b quark mass is much
larger than the QCD confinement scale, the hard factors can be computed perturbatively
in powers of αs. The contributions of the soft region can then be analyzed numerically
using lattice QCD or fixed in a global fit to experimental data. One begins with deriving a
basis of operators and computing their Wilson coefficients. At the leading order, the matrix
elements of the operator describing the soft contribution are exactly the same, irrespectively
whether one considers the full B meson or the perturbative b quark states. This allows for
a completely perturbative treatment of the inclusive decay up to corrections suppressed by
Λ̂2. The section 3.3 is dedicated to a more thorough discussion of these results. Still, a
subject as extensive as the HQE and the underlying HQET could only be outlined within
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the present thesis. A classic course covering many more aspects of these formalisms, such as
the relations between the masses of heavy hadrons, the treatment of exclusive decays, and
the Chiral Perturbation Theory can be found in ref. [204].

The calculation of the q2 spectrum in the leading order in the HQE proceeds along the
lines described in the previous two chapters. Section 3.4 describes the computation of the LO
QCD term and the NLO correction using the DE method. The NLO term can be assembled
from the MIs obtained in the sample calculation of the diagram (2a) introduced in figure 6
on page 41. The NNLO term is not as straightforward because some of its MIs are not given
by GPLs and thus cannot be obtained using the ε-form method described in the previous
chapter. This motivated us to determine it in a numerical manner using the AMFlow package.
This procedure is described in section 3.5. Our results are presented in section 3.6 as fits to
a power-log ansatz.

3.1 Semileptonic Transition at the Leading Order
The analysis of the semileptonic decay in this thesis is limited to the SM prediction. It is
therefore important to outline the structure of SM interactions that induce the underlying
quark flavor-changing transition within the decaying B meson. The discussion below will
focus only on the aspects relevant to the calculation of the semileptonic decay of the B
meson in the leading approximation in electroweak interactions. This is certainly only a
small fragment of the much richer Glashow-Weinberg-Salam theory [205–208], which in turn
is only an example (although a crucial one for our current understanding of particle physics)
of the broadly studied field of gauge invariant quantum theories. The interested reader may
be referred to many classic textbooks on the subject, such as refs. [78, 80, 81, 84].

The SM Lagrangian density is built out of several terms:

LSM = Lψ + Lg + LH + LY + Lgf + LFP + L⊗. (3.1)

The first two terms, Lψ and Lg, contain the kinetic and gauge-interaction terms for the
fermions and gauge bosons, respectively. The third one, LH , includes the kinetic, gauge-
interaction and self-interaction terms of the Higgs doublet. The fourth one, LY , describes
interactions between this doublet and fermions. The next two follow from the gauge fixing
procedure in Yang-Mills theories, as mentioned at the end of section (1.1). The first of these
terms introduces the gauge fixing parameter ξ into the vector boson propagators, while
the second describes the Faddeev-Popov ghosts. The last term combines all counterterms
that appear when the bare quantities in the original Lagrangian density are replaced with
renormalized ones.

The quark flavor-changing transitions in question arise due to flavor non-diagonal Yukawa
interactions between the quark fields and the Higgs doublet. The corresponding term in the
SM Lagrangian reads†

LY ⊃ Lq-Y = −ψ̄QΓ(d)ψDH − ψ̄QΓ
(u)ψUH̃ + h.c. (3.2)

The vector ψQ ≡ (ψQ1, ψQ2, ψQ3)
T combines the three generations of left-handed quark dou-

blets introduced on page 2. Similarly, the vectors ψU and ψD combine the right-handed
SU(2) quark singlets. The Higgs doublet is denoted as H = (H1, H2)

T , while its hyper-
charge conjugate is H̃ = (H∗

2 ,−H∗
1 )
T . The matrices Γ(x) specify the Yukawa couplings. The

†The glossary presented in ref. [209] can be of great help whenever the discussion of the SM structure is
needed.
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terms in eq. (3.2) constitute the most general renormalizable interaction of the fermions with
H that is Lorentz- and SU(3)⊗ SU(2)⊗ U(1)-invariant.

In the BEH mechanism [210, 211], the Higgs doublet is assigned a tree-level potential
V (H) with a gauge group orbit of lowest energy configurations H0 different from (0, 0)T . A
conventional choice is H0 = (0, v)T/

√
2, where the parameter v is the vacuum expectation

value of H. One then parameterizes the Higgs doublet as

H(x) = H0 +

(
χ+(x)

h(x)+iχ0(x)√
2

)
, χ+(x) ∈ C, h(x), χ0(x) ∈ R. (3.3)

With such a decomposition, the potential terms for the Higgs doublet become

LH ⊃ −V (H) =
1

2
M2

h

(
H†H

)
− M2

h

2v2
(
H†H

)2
=
M2

hv
2

8
− M2

h

2
h2 + . . . , (3.4)

where the ellipsis denotes terms with at least three powers of the dynamical fields h, χ+,
and χ0. The field h acquires a mass Mh, and is recognized as the physical Higgs boson.
The other three dynamical fields are referred to as would-be Goldstone bosons. They can
be removed from the theory with an SU(2) gauge transformation as follows:

exp [iαa(x)τa]H(x) = exp [iαa(x)τa]
(
H1(x)
H2(x)

)
=

(
0

v+h(x)√
2

)
, (3.5)

and thus do not belong to the spectrum of physical states of the SM. The symmetry gener-
ators are defined as τa ≡ σa/2, with σa being the Pauli matrices. They are normalized as
Tr(τaτ b) = T

su(2)
R δab, with T su(2)

R fixed by convention to 1/2, the same as in the case of the
QCD gauge group.

The part of Lq-Y in eq. (3.2) proportional to v gives rise to the bare quark mass parameters
in the SM:

Lq-Y ⊃ Lq-mass =− ψ̄QΓ
(d)ψDH0 − ψ̄QΓ

(u)ψUH̃0 + h.c

=− v√
2

(
ψ̄

(1)
Q Γ(u)ψU + ψ̄

(2)
Q Γ(d)ψD

)
+ h.c.,

(3.6)

where ψ(j)
Q ≡

(
ψ

(j)
Q1, ψ

(j)
Q2, ψ

(j)
Q3

)T
, and ψ(j)

Qk is the j-th component of the SU(2) doublet ψQk.
The coupling matrices Γ(x) can be singular-value-decomposed into products of unitary trans-
formations and diagonal matrices M (x) with non-negative elements:

Γ(u) =

√
2

v
UQM (u)U †

U , Γ(d) =

√
2

v
UQVM (d)U †

D. (3.7)

The unitary matrix V accounts for the fact that the left-diagonalizing transformation is
different for Γ(u) and Γ(d). It turns out to be exactly the CKM matrix introduced in the
Feynman rules in eq. (I.1), as will be discussed below. With the above form of Γ(x), Lq-mass
becomes

Lq-mass = −ψ̄(1)
Q UQM (u)U †

UψU + ψ̄
(2)
Q UQVM (d)U †

DψD + h.c. (3.8)

The diagonal elements of matrices M (x) are denoted as

M (u) =

mu

mc

mt

 , M (d) =

md

ms

mb

 . (3.9)
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This term simplifies with the following field redefinitions

ψ
(1)
Q ≡ UQuL, ψ

(2)
Q ≡ UQV dL, ψU ≡ UUuR, ψD ≡ UDdR, (3.10)

and

u ≡ uL + uR ≡ (u, c, t)T , d ≡ dL + dR ≡ (d, s, b)T . (3.11)

All unitary transformations in eq. (3.8) cancel and the quark mass Lagrangian reads

Lq-mass = −
∑

q∈{u,d,c,s,t,b}

mq q̄LqR + h.c. = −
∑

q∈{u,d,c,s,t,b}

mq q̄q, . (3.12)

The last equality utilized the fact that for all Dirac spinors ψ, ψ̄L/RψL/R = 0, as well as that
after the singular value decomposition, the diagonal elements mq ∈ R. The rotated fields
u and d annihilate free quark mass eigenstates that define the flavor quantum numbers of
hadrons. The structure of flavor changing interactions in the SM becomes clear once these
fields are used consistently throughout the SM Lagrangian. The price is that this choice
obfuscates the electroweak gauge invariance.

Just as the Yukawa interactions induce the quark masses, parts of the interaction between
the Higgs doublet and the SU(2)⊗U(1) gauge bosons proportional to v give rise to the masses
of W and Z. The gauge invariant kinetic term for H reads

LH ⊃ LH-kin = [DµH]† [DµH]

=
[(
∂µ + igW a

µ τ
a + ig′BµYH

)
H
]† [(

∂µ + igW a
µ τ

a + ig′BµYH
)
H
]
,

(3.13)

where g and g′ are the gauge couplings of SU(2) and U(1) respectively and W a and B are
the corresponding real valued gauge boson fields. The 2× 2 identity matrix multiplying the
partial derivative and the Bµ term is implicit. The part proportional to v is

LH-kin ⊃ Lgauge-mass =

[(
igW a

µ

σa

2
+ ig′BµYH

)
H0

]† [(
igW µ,bσ

b

2
+ ig′BµYH

)
H0

]
=
v2g2

8

(
W 1
µ + iW 2

µ
g′

g
Bµ −W 3

µ

)T (
W 1µ − iW 2µ

g′

g
Bµ −W 3µ

)
.

(3.14)

The gauge field mass- and electric-charge-eigenstates are denoted by W±
µ , Zµ and Aµ. They

are related to the original fields as follows

W 1
µ =

1√
2

(
W+
µ +W−

µ

)
, W 2

µ =
i√
2

(
W+
µ −W−

µ

)
,

W 3
µ = cos θWZµ + sin θWAµ, Bµ = − sin θWZµ + cos θWAµ, (3.15)

where θW is the Weinberg angle, cos θW ≡ g/
√
g2 + g′2, and sin θW ≡ g′/

√
g2 + g′2. The

gauge mass term written using these fields is

Lgauge-mass =M2
WW

+
µ W

−µ +
M2

Z

2
ZµZ

µ, (3.16)

with MW = vg/2 and MZ =MW/ cos θW . The photon field Aµ remains massless.
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With the quark and gauge boson fields transformed into the mass eigenbasis, the flavor-
changing interactions can be readily derived. These follow from the gauge-invariant kinetic
terms of quarks

LSM ⊃ Lq-kin = ψ̄Qi /DψQ + ψ̄U i /DψU + ψ̄Di /DψD. (3.17)

The part that is non-diagonal in flavor stems from the first term. Apart from the QCD
quark-gluon interaction which does not induce flavor transitions, the electroweak covariant
derivative acting on ψQ is the same as the one for H in eq. (3.13) but with YH replaced by
YQ. The relevant term is

Lq-kin ⊃ Lq̄qW = −gψ̄Q
(
/W

1
τ 1 + /W

2
τ 2
)
ψQ = − g√

2
ψ̄1
Q
/W

+
ψ2
Q + h.c. (3.18)

Writing the above expression in terms of the mass-eigenstate quark fields introduced in
eq. (3.10) yields

Lq̄qW = − g√
2
ūLV /W

+
dL + h.c. = − g√

2
ūV /W

+
PLd+ h.c. (3.19)

These two terms induce the vertex Feynman rules quoted in eq. (I.1). In all others, there
is either no ψ2

Q field whose redefinition introduces the CKM matrix, or the CKM matrix
cancels with its hermitian conjugate, and the corresponding vertices are diagonal in flavor.

The only other SM Lagrangian term that can induce a change of flavor comes from
the Yukawa interactions of quarks with the would-be-Goldstone bosons χ± introduced in
eq. (3.3). The propagator of χ± reads

χ+ χ−

k

=
i

k2 − ξWM2
W + iε

, (3.20)

where ξW is the Rξ gauge parameter of the W boson. Contributions of these bosons can be
removed by performing all calculations in the unitary gauge ξW → ∞, which is related to
the observation made in eq. (3.5). Such a choice will always be assumed below.

The Wlνl vertex Feynman rule can be obtained in a similar way. In the limit of massless
neutrinos, assumed throughout the present thesis, the PMNS matrix, which is the lepton-
sector equivalent of the CKM matrix, becomes 13×3. Apart from this simplification, the
derivation is exactly the same, and the resulting vertices are

l νl

W−
µ

=
νl l

W+
µ

= −i g√
2
γµPL. (3.21)

The observed masses of the W± and Z bosons, as well as the mass of the Higgs boson h
and the top quark are much larger than any external mass scale present in the center-of-mass
frame of the semileptonic B-meson decay. The scattering and decays mediated by fields that
are much heavier than particles appearing on external legs are most conveniently described
in a ”top-down” Effective Field Theory. In such a description, the heavy degrees of freedom
are decoupled, leaving in their place an infinite tower of local operators built out of the light
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fields and with matrix elements between light states suppressed by powers of El/MH , where
El can be a light mass or a product of soft momenta and MH is one of the heavy masses.
The discussion below is limited to the outline of the general formalism of decoupling the
heavy fields and its application to the Fermi-like interactions. A more thorough analysis of
the procedure can be found in section 7.7 of ref. [80]. Consider a Green’s function of k light
fields in a theory describing some number n of light particles Lj and a single heavy particle
H. Using the path integral description discussed in section 1.1, it can be written as

〈La1(p1)La2(p2) . . . Lak(pk)〉 =
1

N

∫
(DL1DL2 . . .DLnDH)La1(p1)La2(p2) . . . Lak(pk)e

iS,

(3.22)
where N ≡

∫
(DL1DL2 . . .DLnDH) exp(iS), and 〈O〉 denotes the Fourier transform of

〈Ω|T Ô|Ω〉. This Green’s function is generated by the functional

ZL[J ] =

∫
(DL1DL2 . . .DLnDH) exp

[
i

∫
dDx

(
L+

n∑
j=1

LjJj

)]
. (3.23)

The Lagrangian density L can be divided as

L = LL + LLH + LH , (3.24)

with LL containing only the light fields, LH containing only H, and LLH describing light-
heavy interactions. This interaction Lagrangian density will be assumed as linear in H:

LLH = HL̃, (3.25)
with L̃ independent of H, as is the case for the interactions relevant to the b→ c transition
at the leading order in electroweak interactions. Then, the generating functional in eq. (3.23)
can be written as

ZL[J ] =

∫
(DL1DL2 . . .DLn) e

i
∫
dDx

(
LL+

n∑
j=1

LjJj

) ∫
DHei

∫
dDx

(
LH+HL̃

)
. (3.26)

The second path integral can be recognized as the generating functional of the theory of the
heavy field H with sources replaced with L̃. Then, using the representation of eq. (1.64), it
can be rewritten as∫

DHei
∫
dDx

(
LH+HL̃

)
= ZH [L̃] = e

∞∑
j=0

ij

j!

∫
dDy1...dDyj〈H(y1)...H(yj)〉connL̃(y1)...L̃(yj)

. (3.27)

The light Green’s functions of eq. (3.22) are thus the same in the full theory and in a theory
where only the light fields are dynamical, described by the following effective non-local action:

Seff [Lk] ≡
∫
dDxLL+

∞∑
j=0

ij−1

j!

∫
dDy1 . . . d

Dyj 〈H(y1) . . . H(yj)〉conn L̃(y1) . . . L̃(yj). (3.28)

Naively, the connected Green’s functions 〈H(y1) . . . H(yj)〉conn can be expanded as

〈H(y1) . . . H(yj)〉conn

=

∫
dDq1
(2π)D

. . .
dDqj
(2π)D

ei(q1y1+...+qjyj) 〈H(q1) . . . H(qj)〉conn δ
(D)(q1 + . . .+ qj)

=

∫
dDq1
(2π)D

. . .
dDqj−1

(2π)D
ei[q1(y1−yn)+...+qj−1(yj−1−yj)]

(
c
(j)
0 + c

(j),ab
1

qaqb
M2

H

+O
[

1

M4
H

])
,

(3.29)
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as long as the momenta flowing through the effective non-local vertices are small when
compared with the heavy mass. In the above equation, the overall momentum conservation
delta appears because the Green’s function is connected. Then, the dDyk integrals can be
performed, resulting in

〈H(y1) . . . H(yj)〉conn =

(
c
(j)
0 + c

(j),ab
1

∂yµa∂yb,µ
i2M2

H

+O
[

1

M4
H

])
δ(D)(y1 − yn) . . . δ

(D)(yn−1 − yn),

(3.30)
and the light Green’s functions in eq. (3.22) can be calculated using an effective local action

Seff =

∫
dDx

(
LL(x) +

∑
n

CnOn(x)

M
p(n)
H

)
. (3.31)

The operators On(x) are built out of the light fields and their derivatives.
The assumption qaqb/M2

H � 1 in eq. (3.29) holds for the tree-level Green’s functions, but
is broken by the high-momentum modes of the light fields present in loops. To obtain a local
effective action that describes the light Green’s functions, one must first integrate the high
momentum modes of the light fields out of the full theory generating functional. To obtain
the Wilson coefficients Cn, the light Green’s functions computed in the effective theory are
equated with their counterparts in the full theory described by the non-local action (3.28)
and with the high momentum modes integrated out. To reflect the latter step on the effective
theory side, one may regularize it with a cutoff Λc �MH , and only change the regularization
scheme to dimensional after the matching is performed, restoring the momentum integration
region to the full D-dimensional Minkowski space. Nevertheless, such issues matter for the
semileptonic decay only at higher orders in electroweak interactions, which is beyond the
scope of the present thesis. In our case, the connected Green’s functions in eq. (3.28) can be
expanded as in eq. (3.29).

Instead of explicitly computing the Wilson coefficients Cn from the expansion of
〈H(q1) . . . H(qj)〉conn, one can first guess† the form of the local operators On, and then
calculate Cn from the condition that all momentum space Green’s functions obtained with
this action must be equal to their counterparts in the full theory. One can thus chose a
convenient, off-shell configuration of external momenta for this matching condition, and the
obtained coefficients will also hold for the Green’s functions relevant to physical processes.
After moving to dimensional regularization, one may also expand all diagrams in external
momenta and light masses on both sides of the matching condition, prior to loop integration.
The effective theory Green’s function used for the matching can then be expressed with just
tree diagrams.

The above construction can be performed for t, h, Z, and W±, decoupling them simul-
taneously from the SM description of flavor-changing processes at scales much smaller than
MW . The resulting Low-energy Effective Field Theory is governed by the Lagrangian density

LLEFT = LQCD ×QED
udcsb+leptons

+
∑
n

CnOn

M
p(n)
W

. (3.32)

The decoupling ofW± bosons is particularly relevant for the present discussion. The analysis
is only slightly different from the case of a real H field considered above because the W±

field is complex. At the leading order in electroweak interactions, the effective operators
†That is, construct all the operators needed for the successful matching between the full and effective

theories.
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pertinent to the b → c semileptonic transition must be built out of the b, c, l, and νl fields
only. The relevant factors multiplying W±

µ in the SM Lagrangian are

L̃µ+ =− g√
2

[
Vcbc̄γ

µPLb+ l̄γµPLνl
]
,

L̃µ− =− g√
2

[
V ∗
cbb̄γ

µPLc+ ν̄lγ
µPLl

]
,

(3.33)

with the necessary connected momentum space Green’s functions given by the W± propa-
gators:

〈W+
µ (p1)W

−
ν (p2)〉conn = 〈W−

µ (p1)W
+
ν (p2)〉conn

=
−i

p21 −M2
W + iε

[
gµν −

p1,µp1,ν
M2

W

]
δ(D)(p1 + p2) +O(g2)

=
igµν
M2

W

δ(D)(p1 + p2) +O
(

1

M4
W

, g2
)
.

(3.34)

The last expression was written in the unitary gauge (ξW → ∞). Once transformed into the
position space, it reads

〈W+
µ (y1)W

−
ν (y2)〉conn =

igµν
M2

W

δ(D)(y1 − y2) +O
(

1

M4
W

, g2
)
. (3.35)

The effective action can be now constructed with the use of eqs. (3.28). In the considered
approximation, only the j = 2 term is relevant and reads

i

2!

∫
dDy1d

Dy2

(
〈W+

µ (y1)W
−
ν (y2)〉 L̃

µ
+(y1)L̃ν−(y2)

+ 〈W−
µ (y1)W

+
ν (y2)〉 L̃

µ
−(y1)L̃ν+(y2)

)
+O(g4),

(3.36)

which, after neglecting the two non-semileptonic terms, leads to a Fermi-like effective inter-
action

LFb→c = −4GF√
2

[Vcb(c̄γ
µPLb)(ν̄lγµPLl) + h.c.] +O

(
G2
F

)
(3.37)

The Fermi constant is defined as

GF ≡ g2

4
√
2M2

W

=
1√
2v2

, (3.38)

up to non-leading corrections in electroweak interaction. The b → c semileptonic transition
in the leading order in electroweak interactions and for vanishing lepton masses is therefore
described by the following effective Lagrangian density:

L = LQCD
udcsb

+ il̄/∂l + iν̄l /∂νl + LFb→c. (3.39)

The first term cannot be perturbatively treated. Instead, for the moment, one may assume
that the theory described by the Lagrangian without the last term has been solved: the
Hamiltonian eigenstates have been found together with the energy spectrum. The states
|B〉 and |Xclν̄l〉 belong to this basis, describe stable particles, and one may construct the
corresponding asymptotic scattering states. Then, the last term LFb→c can be treated as a
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small perturbation. In this picture, at the leading order in this perturbation, the Ŝ operator
matrix elements corresponding to the semileptonic decay that vanish in unperturbed QCD
are modified by matrix elements of LFb→c. Using the result of eqs. (1.112) and (1.120), the
differential rate of the inclusive semileptonic decay can be written as

dΓsl =
1

2MB

∑
Xc,spins

dPSB→Xclν̄l |iMB→Xclν̄l |
2

=
1

2MB

∑
Xc,spins

dPSB→Xclν̄l8G
2
F |Vcb|2 |〈Xc|Jµ(0)|B〉 〈lν̄l|Jl,µ(0)|0〉|2

=
4G2

F |Vcb|2

MB

∑
Xc,spins

dPSB→Xclν̄l

∣∣∣〈Xc|Jµ(0)|B〉
(
ū
(sl)
l γµPLv

(sν̄l )
ν̄l

)∣∣∣2 .
(3.40)

where |0〉 is the unperturbed vacuum. The definitions of the quark and lepton currents Jµ(x)
and Jµl (x) follow from the interaction term in eq. (3.37):

Jµ(x) ≡ c̄(x)γµPLb(x) Jµl (x) ≡ ν̄l(x)γµPLl(x). (3.41)

In the decay rate, they can be evaluated at x = 0 due to translational invariance. The
necessary integrals over x reduce to momentum conservation delta functions that are included
in the phase space measure. The leptonic part of the modulus squared in eq. (3.40) can be
readily computed using the completeness relation of eq. (1.165)†. It reads∑

lepton
spins

ūlγαPLvν̄lv
†
ν̄lPLγ

†
βγ0ul = Tr

[
/plγαPL/pν̄l

γ0PLγ
†
βγ0

]
= Tr

[
/plγα/pν̄l

γβPL

]
=2pµl p

ν
ν̄l
[gµαgνβ − gµνgαβ + gµβgνα − iεµανβ] ≡ 2Lαβ.

(3.42)

The form of the antisymmetric term is only true in D = 4 dimensions, but it does not affect
the q2 spectrum, as will be shown below. The leptonic tensor defined above satisfies the
following relations:

qαLαβ = qβLαβ = 0. (3.43)
The phase space element of the inclusive semileptonic decay will now be discussed. In

D = 4 dimensions it is given by

dPSpB→plpν̄l{pj} =

=
d4pl
(2π)3

δ+
(
p2l
)d4pν̄l
(2π)3

δ+
(
p2ν̄l
)( n∏

j=1

d4pj
(2π)3

δ+
(
p2j
))

(2π)4δ(4)

(
pB − pl − pν̄l −

n∑
j=1

pj

)
,

(3.44)

where δ+(p2x) ≡ Θ(p0x) δ (p
2
x −m2

x) and pj are the four-momenta of the n particles contained
in the Xc final state. This expression can be factorized as

dPSpB→plpν̄l{pj} =
dq2

2π

dr2

2π
dPSpB→qrdPSq→plpν̄l

dPSr→{pj}, (3.45)

which is a simple consequence of a more general phase space decomposition

dPSp→k1k2{lj} =
dk2

2π
dPSp→k{lj}dPSk→k1k2 . (3.46)

†For massless fermions, the same relation holds also for spinors v.
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The latter form can be proven by multiplying the left hand side by 1 written as

1 = 1 · 1 =

(
dk2

2π
(2π)δ(k2 −m2

k)

)(
d4k

(2π)4
(2π)4δ(4)(k − k1 − k2)Θ

(
k0
))
. (3.47)

The point selected by the delta function δ(k0−k01−k02) lays at a positive value of k0 because
of the Heaviside step functions for the energies of k1 and k2 in the phase space element
dPSp→k1k2{lj}. Applying the condition enforced by the delta function in the second factor
of the above equation, it is now straightforward to show the identity (3.46). The first two
measures of eq. (3.45) can be simplified in the rest frame of the B meson. For a fixed q2 and
r2, the first element can be written as

dPSpB→qr =
d4q

(2π)3
d4r

(2π)3
δ+(q

2)δ+(r
2)(2π)4δ(D) (pB − q − r) =

d4q

(2π)2
δ+
(
q2
)
δ+
(
(pB − q)2

)
=
dq0d|q|2dΦq

8π2
|q|δ+

((
q0
)2 − |q|2

)
δ+
(
2MBq

0 −M2
B

)
=

dΦq

16π2

|q|
MB

.

(3.48)

where dΦq is the solid angle element containing the direction of q. The length |q| and energy
q0 are fixed by the 4-momentum conservation and on-shell conditions

|q| =
√
λ (M2

B, q
2, r2)

2MB

, q0 =
M2

B + q2 − r2

2MB

. (3.49)

The range of kinematically allowed values of El can be established from the condition −1 ≤
cos θl ≤ 1 and reads

q0 − |q|
2

≡ E−
l ≤ El ≤ E+

l ≡ q0 + |q|
2

. (3.50)

The decay is isotropic in the rest frame of the B meson, so one may integrate over Φq, which
is equivalent to replacing

dPSpB→qr →
1

4π

|q|
MB

. (3.51)

A similar calculation leads to the following form for the second phase space element in
eq. (3.45):

dPSq→plpν̄l
=
dEl|pl|d cos θldφl

8π2
δ+
(
q2 − 2q0El + 2|q||pl| cos θl

)
=
dEldφl
16π2|q| , (3.52)

where θl and φl are the polar and azimuthal coordinates of pl in the coordinate system
specified by q = |q|êz and any spatial direction êx orthogonal to êz. The decay is invariant
under changes of φl, so one may again integrate over φl and replace

dPSq→plpν̄l
→ 1

8π

dEl
|q| . (3.53)

Combining the results of eqs. (3.45), (3.51), and (3.53) gives the following result for the
phase space element (3.44) integrated over the blind angles of the semileptonic decay:

dPSpB→plpν̄l{pj} →
dEldq

2dr2

128π4MB

dPSr→{pj}. (3.54)
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The differential rate in eq. (3.40) now reads

dΓsl =
G2
F |Vcb|2

16π4M2
B

dWµνL
µνdEldq

2dr2, (3.55)

with Lµν given by eq. (3.42) and the hadronic tensor dWµν defined as

dWµν ≡
∑

Xc,
hadron
spins

dPSr→{pj} 〈B|J†
µ(0)|Xc〉 〈Xc|Jν(0)|B〉 . (3.56)

This is a Lorentz tensor that can depend only on pB ≡MBv and the total leptonic momentum
q but not on the individual outgoing momenta pl, pν̄l , and in particular not on El. One can
therefore write its most general decomposition as

dWµν(v, q̂) =− gµνdW1(r
2, q2) + vµvνdW2(r

2, q2) + εµναβv
αq̂βdW3(r

2, q2)

+ q̂µvνdW4(r
2, q2) + q̂νvµdW5(r

2, q2) + q̂µq̂νdW6(r
2, q2).

(3.57)

Note that the symbol q̂2 refers to the notation defined under eq. (2.24), i.e. q2/m2
b . The

contraction dWµνL
µν reads

dWµνL
µν = dW1q

2 + dW2

(
2El

(
q0 − El

)
− q2

2

)
+ idW3q

2
(
2El − q0

)
, (3.58)

where eq. (3.43) was used to eliminate the contributions of the dW4,µ, dW5,µ, and dW6,µ

terms.
With the above results, the q2 spectrum may now be discussed. The differential rate of

eq. (3.55) leads to
dΓsl
dq2

=
G2
F |Vcb|2

16π4M2
B

∫
dr2
∫
dElWµνL

µν , (3.59)

with Wµν ≡
∫
dWµν . The contraction obtained in eq. (3.58) can be integrated over the

allowed range of El given in eq. (3.50)

E+
l∫

E−
l

dElWµνL
µν = |q|

(
q2W1 +

|q|2

3
W2

)
, (3.60)

which simplifies eq. (3.59) as

dΓsl
dq2

=
G2
F |Vcb|2

16π4M2
B

∫
dr2|q|

(
q2W1(r

2, q2) +
|q|2

3
W2(r

2, q2)

)
. (3.61)

The calculation of the spectrum thus comes down to obtaining the hadronic from factors
W1/2.

It is important to note that Wµν is related to the inclusive rate of the decay B → XcW
−

if W− was light enough. The mass of W− can be decreased by making the electroweak
coupling g smaller and keeping all other SM parameters the same. Considering the decay
B → XcW

− in the SM with the appropriate value of g leads to the replacement of the lepton
pair by the auxiliary Q boson, introduced in figure 6 on page 41. This process can indeed
be thought of as fully inclusive if one chooses the unitary gauge for the W± bosons, setting
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their propagators to the form of eq. (3.34). With this choice, the would-be Goldstone bosons
χ± are no longer dynamical (c.f. the χ± propagator in eq. (3.20) for ξW → ∞), and this is
the only decay channel of the B meson with its width proportional to g2 and |Vcb|2:

ΓB→XcW− =
1

2MB

∑
Xc,

hadron
spins

∑
sW

∫
dPSpB→pW {pj}

|Vcb|2g2

2

∣∣〈Xc|Jµ(0)|B〉 εµsW
∣∣2 +O(g4), (3.62)

where sW indexes the polarization of the outgoing W boson and εµsW is the corresponding
polarization vector. Using the result of eq. (3.51), one may decompose the phase space
measure as

dPSpB→pW {pj} =
dr2

8π2

|pW |
MB

dPSr→{pj}, (3.63)

which leads to

ΓB→XcW− =
|Vcb|2GFM

2
W

4
√
2π2M2

B

∫
dr2|pW |Wµν(r

2, p2W )
∑
sW

εµsW ε
ν∗
sW

+O(G2
F ). (3.64)

The sum over polarization vectors can be read out of the W propagator. The result has to
be exactly equal to −i times the numerator of this propagator, and reads∑

sW

εµsW ε
ν∗
sW

= −gµν + pµWp
ν
W

M2
W

. (3.65)

After contracting it with the integral of the decomposition of eq. (3.57), the formula for the
decay width becomes

ΓB→XcW− =
3|Vcb|2GF

4
√
2π2M2

B

∫
dr2|pW |

(
M2

WW1 +
|pW |2

3
W2

)
+O(G2

F ). (3.66)

Identifying pW with q yields the most important result of this section. The q2 spectrum in
eq. (3.61) and the above width ΓB→XcW− become proportional to each other if in the latter,
MW is set to

√
q2. This can be achieved by considering the decay ΓB→XcQ in the SM with

g replaced with gq defined as

gq ≡ g

√
q2

MW

(3.67)

and all other free parameters left unaltered. This change affects neither the quark masses,
nor the CKM matrix elements, nor the Fermi constant, as the latter is given by v alone (cf.
eq. (3.38)). The electroweak perturbation series convergence is not affected, as the coupling
becomes smaller. From the point of view of the B → XcW

− decay, the only change is
that the W− boson is replaced by the lighter Q boson with M2

Q = q2. The proportionality
constant can be established immediately by comparing eqs. (3.61) and (3.66):

dΓsl
dq2

=

√
2GF

12π2
ΓB→XcQ. (3.68)

Note that this result holds to all orders in QCD, and has been derived for the decay of the
B meson bound state. Therefore, can be applied to all orders in the HQE. Since the q2
spectrum can be identified with a physical, fully inclusive decay width, it has to be free of
any infrared and collinear divergences. This is no longer true if one considers QED to the
semileptonic decay.
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3.2 Quantum Chromodynamics
The analysis in this section returns to the chromodynamic effects that previously were treated
as solved. These are governed by the first term in the effective Lagrangian density of eq. (3.39)

LQCD
udcsb

= Lg-kin + Lgf + LFP + Lq + L⊗, (3.69)

with

Lg-kin = −1

4
Ga
µνG

µν,a, Lgf = − 1

2ξg

(
∂µAaµ

)
(∂νAaν) ,

LFP = (∂µηa∗) (Dµη)a , Lq =
∑

ψ∈{u,d,c,s,b}

ψ̄(i /D −mψ)ψ, (3.70)

and the last term, L⊗, containing all of the counterterms stemming from replacing the bare
fields, masses and the strong coupling with the renormalized ones. The dynamical fields of
this theory are gluons Aaµ, quarks ψ, and the Faddeev-Popov ghosts ηa. The gluon field
strength tensor is defined as

Ga
µν ≡ ∂µA

a
ν − ∂νA

a
µ − gsf

abcAbµA
c
ν ≡ G(∂),a

µν − gsf
abcAbµA

c
ν , (3.71)

where fabc are the structure constants of su(3). The second and third terms arise in the
Faddeev-Popov procedure of evaluating path integrals in gauge invariant theories. The form
of Lgf is valid for a particular choice of parameterizing the space of paths called the Rξ

gauge. The parameter ξg can be chosen freely, and does not affect physical quantities. It is
helpful to keep it arbitrary, and treat its cancellation in physical quantities as a crosscheck.
The contraction G(∂),a

µν G(∂),µν,a in the first term of eq. (3.69) together with the gauge fixing
term Lgf are the only terms quadratic in Aaµ. These can be rewritten as

G(∂),a
µν G(∂),µν,a + Lgf =

1

2
Aaµ

[
∂α∂

αgµν + ~∂ν
(
1− 1

ξg

)
∂µ
]
Aaµ, (3.72)

up to a total derivative that does not affect physical amplitudes. The Fourier transform of
the Green’s function of the Euler-Lagrange equation derived from this Lagrangian density
gives the Feynman rule for the gluon propagator quoted in eq. (1.126) on page 42.

Contractions of the last term in eq. (3.71) give rise to three- and four-gluon self-interaction
terms that are absent in the abelian case. The term with three gluon fields reads

1

2
gsf

abcG(∂),a
µν Aµ,bAν,c =

gs
3!

[
fabcG(∂),a

µν Aµ,bAν,c + f bcaG(∂),b
µν Aµ,cAν,a + f cabG(∂),c

µν Aµ,aAν,b
]

(3.73)
and corresponds to the Feynman rule

k1 k2

k3

µ, a

ν, b

σ, c

= gsf
abc [gµν(k1 − k2)

σ + gνσ(k2 − k3)
µ + gσν(k3 − k1)

ν ] . (3.74)
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The quartic gluon interaction begins to affect the semileptonic decay only at O(α3
s), and

therefore is not relevant to this thesis.
The Faddeev-Popov ghosts ηa are absent in the physical spectrum of QCD but must

be included in calculations of loop corrections. The fields ηa are Grassmann-number-valued
Lorentz scalars, and their covariant derivative reads

(Dµη)a = ∂µηa + gsf
abcηbAcµ. (3.75)

The ghost propagator can again be obtained from the Green’s function of the free Euler-
Lagrange equation. It takes the form

a b

k

=
iδab

k2 + iε
. (3.76)

The Feynman rule for the ghost-gluon interaction follows from the second term of the co-
variant derivative (3.75), and reads

a b

µ, c

k

= −gsfabckµ. (3.77)

The dynamics of quarks are described by the last term in eq. (3.69). The covariant
derivative is given by

Dµ ≡ ∂µ + igsA
a
µT

a. (3.78)
The algebra of the fundamental generators T a was described in section 1.6. It will be assumed
that mu = md = ms = 0. The quark propagators once more follow from the Euler Lagrange
equations and quark-gluon vertex Feynman rules from the second term of the above equation.
The results were quoted in eq. (1.126).

The above analysis does not take into account modifications induced by loop corrections.
Once they are included, one necessarily encounters UV divergences discussed in section 1.4.
Dimensionally regulated Feynman diagrams depend on the renormalization scale µ through
the logarithm log(µ/mb). For physical quantities, this dependence has to cancel order-by-
order in their perturbative expansion in powers of αs. This cancellation does not simply
happen between the diagrams proportional to a certain power of αs. Rather, the µ depen-
dence of their sum is exactly compensated by the dependence of αs, up to higher terms in the
perturbative series. To derive the function αs(µ), one first observes that the bare coupling
in the original Lagrangian density (3.69) is µ-independent, i.e.

µ
dg

(0)
s

dµ
= 0, (3.79)

where the first factor of µ is introduced for later convenience. This condition is equivalent
to a differential equation for the renormalized αs

µ
d

dµ

[
µ2εZ2

gαs
]
= 0 ⇐⇒ µ

dαs
dµ

= −
2εZ2

gαs

Z2
g + αs

dZ2
g

dαs

. (3.80)
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The factor of µ2ε appears due to the rescaling of coupling constants in dimensional regular-
ization discussed in section 1.4. The renormalization constant of the SU(3) coupling, Zg,
can be computed perturbatively in powers of αs, after a renormalization condition is chosen
for the vertex amplitudes. In the MS scheme†, it reads

ZMS
g = 1− αs

4πε

11− 2nf
3

2
+O(α2

s), (3.81)

where nf is the number of quark flavors in the theory. One should set nf = 5 in the effective
theory of the semileptonic decay given by the Lagrangian density in eq. (3.39). This leads
to the following Renormalization Group Equation (RGE) for αs:

µ
dαs
dµ

= −
(
11− 2nf

3

)
α2
s

2π
+O(α3

s) ≡ β(αs). (3.82)

The most important qualitative conclusion one may draw from this result is that for nf ≤
16, the right hand side of the above equation is negative, and the coupling of the strong
interactions becomes weaker for larger choices of µ. On the other hand, the behavior of the
QCD perturbative series is heavily dependent on the choice of µ in the calculation of Feynman
diagrams, due to the appearance of potentially large logarithms log(µ/Λ), where Λ is a mass
scale describing the considered process. To obtain reliable theoretical predictions despite
truncating the expansion in αs after a finite number of terms, one should choose µ close to
Λ. Such a choice also affects the value of the expansion parameter αs(µ). Combining these
two effects implies that QCD is not perturbative for processes involving only small scales.
When a sufficiently large Λ is available, there exists a value of µ for which including more and
more terms in the perturbative expansion gives more and more accurate predictions‡. This
behavior is referred to as the asymptotic freedom of QCD, as first described in refs. [212, 213].
The function β(αs) has been extensively studied over the recent decades, and is now known
up to five loops [214–220]. The numerical solution for the running of αs with µ described by
the RGE (3.82) is implemented in particular in the Mathematica package RunDec [201–203].

The knowledge of the β function allows one to construct a µ-independent mass scale:

ΛQCD ≡ µ exp
[
−
∫

dαs
β(αs)

]
,

dΛQCD
dµ

= 0. (3.83)

This scale arises dynamically from QCD loop effects, as opposed to being introduced by
hand into the Lagrangian. It inherits the dependence on the choice of the renormalization
scheme from the β function. For QCD with nf = 5 quark flavors the value of ΛMS

QCD amounts
to around 200 MeV. Neglecting higher-loop corrections to the Zg renormalization constant
in eq. (3.81), the integral in the definition of ΛQCD can be computed giving

ΛQCD ≈ µ exp
[
− 1

β0αs(µ)

]
, β0 ≡

11− 2nf
3

2π
, (3.84)

which can be solved for αs(µ), yielding

αs(µ) ≈
2π(

11− 2nf
3

)
log
(

µ
ΛQCD

) . (3.85)

†Recall that in the definition of the MS scheme adopted in this thesis, the loop integrals are normalized
to powers of µ̃ defined in eq. (1.164) and the counterterms have only terms with inverse powers of ε.

‡However, the perturbative series in QFT are believed to be asymptotic rather than convergent.
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The above relation was obtained by neglecting higher loop terms in the expression for the
β function; an approximation that is clearly invalid in the region where µ ∼ ΛQCD. Still,
this result gives a physical interpretation for ΛQCD: it is a scale at which the QCD coupling
becomes large. Its value obtained with the 5-loop β function with nf = 5, and the experi-
mentally measured αs(MZ) ≈ 0.1179 is 207.5 MeV. Using the same experimental input and
the 5-loop RGE, the value of αs(mb) is approximately 0.2153. This indicates that the per-
turbative approach is applicable to the partonic decays of the b quark, which is an important
fact for the analysis of the q2 spectrum in the present thesis.

Substituting the renormalized quantities into the bare Lagrangian density introduces
counterterm interactions, as was described in eqs. (1.132), (1.133), and (1.134) on page 45.
For the quark-gluon vertex, the part dependent on the renormalization constants reads

−g⊗,ψs ψ̄ /A
a
T aψ = −(ZgZψ

√
ZA − 1)gsψ̄ /A

a
T aψ = −

(
δψ +

δA
2

+ δg

)
gsψ̄ /A

a
T aψ +O(g5s),

(3.86)
where the renormalization factors δ are defined as

Zx ≡ 1 + δx = 1 + αsδ
(1)
x + α2

sδ
(2)
x +O(α3

s). (3.87)

The counterterm (3.86) introduces an additional vertex with the Feynman rule

=

(
δψ +

δA
2

+ δg

)
 , (3.88)

where only the O(αs) terms have been retained. The quark line counterterms follow from
eq. (1.134), and read

p,mψ

= −δψP−1
ψ − i

(
δmψ + δψδmψ

)
mψ. (3.89)

The last QCD counterterm needed for the renormalization of the q2 spectrum up to the
NNLO comes from the gluon line. When one includes counterterms, the term quadratic in
Aaµ in eq. (3.72) changes to

−ZA
4
G(∂),a
µν G(∂),a,µν −

ZAZ
−1
ξ

2ξg

(
∂µAaµ

)
(∂νAaν) . (3.90)

The renormalization constant Zξ is equal to ZA to all orders in perturbation theory due to
the BRST symmetry (see chapter 12.2.5 of ref. [221]). The gluon line counterterm is thus

α, i
p

β, j
= −iδAδij

(
p2gαβ − pαpβ

)
. (3.91)

This counterterm always appears with two gluon lines on each side. Such a line contributes
a factor

µ ν = −iδAPA,µα
(
p2gαβ − pαpβ

)
PA,βν =

i

p2
δA

(
gµν −

pµpν
p2

)
= −δAPA,µν

∣∣∣∣
ξg=0

.

(3.92)
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If one fixes the QCD gauge to ξg = 0 (Landau gauge), the contributions from diagrams with
counterterms on gluon lines directly connecting two quark-gluon vertices cancel the δA terms
from the quark-gluon vertex counterterms:

q1 q2
+

q1 q2
+

q1 q2
= (2δg + δq1 + δq2)

 q1 q2

 .

(3.93)
In the calculation of the NNLO correction to the q2 spectrum, all diagrams with counterterm
insertions on the gluon line can be compensated in this way. The renormalization of the
spectrum will be discussed further in sections 3.4 and 3.5.

3.3 Heavy Quark Expansion
The first step in the analysis of the effects of the hadronic structure in inclusive decays of the
B meson is to find a more convenient form of the product of matrix elements that enters the
definition of the hadronic tensor dWµν in eq. (3.56). To this end, one conventionally defines
a forward scattering matrix element Tµν as

Tµν(q
2, qv) ≡ i

∫
d4xe−iqx 〈B|TJ†

µ(x)Jν(0)|B〉 , (3.94)

with Jµ(x) ≡ c̄(x)γµPLb(x) and q ≡ pl + pν̄l as before. To evaluate the space-time integral,
one can split the time ordering into the two constituent terms, and use the identity

Θ(t) = − 1

2πi

∞∫
−∞

dω
e−iωt

ω + iε
, (3.95)

which yields

Tµν = − 1

2π

∫
d4xe−iqx

∞∫
−∞

dω

[
e−iωx

0

ω + iε
〈B|J†

µ(x)Jν(0)|B〉+ eiωx
0

ω + iε
〈B|Jν(0)J†

µ(x)|B〉

]
.

(3.96)
The next step is to insert the identity operator∫

Xc

∑
|Xc〉 〈Xc| (3.97)

in between the currents in both terms. The sum integral runs over all possible scattering
states and covers both their particle content and the possible on-shell momenta. The x-
dependence of the quark current can be extracted with the translation operator:

J†
µ(x) = eiP̂ xJ†

µ(0)e
−iP̂ x, (3.98)
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which leads to

Tµν = − 1

2π

∫
d4x

∞∫
−∞

dω

∫
Xc

∑[ei(pB−r−q)x−iωx0

ω + iε
〈B|J†

µ|Xc〉 〈Xc|Jν |B〉

+
ei(r−pB−q)x+iωx0

ω + iε
〈B|Jν |Xc〉 〈Xc|J†

µ|B〉
]
,

(3.99)

with r denoting the total momentum of the state |Xc〉, and all currents evaluated at x = 0.
The space-time and the ω integrals can now be evaluated. In the rest frame of the B meson,
the original matrix element reads

Tµν = −(2π)3
∫
Xc

∑[
〈B|J†

µ|Xc〉 〈Xc|Jν |B〉
MB − r0 − q0 + iε

δ(3)(q + r) +
〈B|Jν |Xc〉 〈Xc|J†

µ|B〉
MB − r0 + q0 + iε

δ(3)(q − r)
]
.

(3.100)
The imaginary part of the above expression is of physical importance. It can be obtained
using the Sochocki-Plemelj formula

lim
ε→0+

1

α + iε
= −iπδ(α) + P

(
1

α

)
, (3.101)

where P is the Cauchy principal value. Applying it to the denominators in eq. (3.100) yields

1

π
ImTµν = (2π)3

∫
Xc

∑[
〈B|J†

µ|Xc〉 〈Xc|Jν |B〉 δ(4)(pB − r − q)

+ 〈B|Jν |Xc〉 〈Xc|J†
µ|B〉 δ(4)(pB − r + q)

]
.

(3.102)

The condition for the momenta enforced by the delta function in the second term can never
be satisfied for the values of pB and q considered in the q2 spectrum of the B → Xclν̄l or
equivalently B → XcQ decay width. The sum-integral with the momentum conservation
condition enforced by the first delta function acts on a test function f as∫

Xc

∑
δ(4)(pB − r − q)f(r2, q2) =

∑
Xc,

hadron
spins

∫
dr2dPSr→{pj}f(r

2, q2). (3.103)

Thus,
1

π
ImTµν(q2, qv) = (2π)3

∫
dr2Wµν(r

2, q2), (3.104)

for the kinematically allowed values of q2. Here, as before, v ≡ pB/MB is the velocity of the
B meson. The double differential semileptonic decay rate therefore reads

dΓsl
dEldq2

=
G2
F |Vcb|2π

(2π)7M2
B

ImTµνLµν . (3.105)

The tensor Tµν can be analyzed using the Operator Product Expansion(OPE) [222, 223].
A product of operators separated in space-time is assumed [224] to be expressible as an
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infinite series of local operators. In the case of the product of currents defining Tµν , this
assumption is referred to as the Heavy Quark Expansion, and reads

TJ†
µ(x)Jν(0) =

∑
n

Cn(x)On(0), (3.106)

with the dependence on the separation limited to the Wilson coefficients Cn(x). The basis of
operators On and the values of Cn have to be established by demanding that the two sides
of the above equation match for all matrix elements. The OPE for the product of quark
currents defining the tensor Tµν can be established for partonic matrix elements, and then
extended to the full B meson states. The simplest of such matching equations reads∫

d4xe−iqx 〈bσ′(p′b)|TJ†
µ(x)Jν(0)|bσ(pb)〉 =

∑
n

Cn,µν(q
2, qv) 〈bσ′(p′b)|On|bσ(pb)〉 , (3.107)

where σ indexes the b quark spin. The left hand side can be computed in perturbative QCD.
At O(α0

s), it corresponds to a single Feynman diagram

∫
d4xe−iqx 〈bσ′(p′b)|TJ†

µ(x)Jν(0)|bσ(pb)〉 =
b c b

q q

+O(αs)

=i
ūb(pb)γµPL(/pb − /q +mc)γνPLub(p

′
b)

(pb − q)2 −m2
c + iε

+O(αs) = i
ū(pb)bγµ(/pb − /q)γνPLub(p

′
b)

(pb − q)2 −m2
c + iε

+O(αs)

=i(pb − q)α
ūb(pb) [gµαγν + gανγµ − gµνγα]PLub(p

′
b)

(pb − q)2 −m2
c + iε

+O(αs).

(3.108)

The last equality utilizes the γ matrix identity of eq. (1.190). In the kinematical configuration
of the B meson, the valence b quark carries most of the momentum. It can deviate from the
B momentum pB = MBv only by momentum transfers from light partons k that can be of
order of the QCD confinement scale

pb =MBv + k, k ∼ Λ ∼MB −mb. (3.109)

Expanding eq. (3.108) in k to the leading order gives

i(MBv − q)α
gµαgνρ + gανgµρ − gµνgαρ

M2
B − 2MBq0 + q2 −m2

c + iε
〈bσ′(p′b)|b̄γρPLb|bσ(pb)〉+O(αs, k). (3.110)

Higher order terms of the expansion in k can only be expressed as matrix elements of oper-
ators of higher mass-dimension and will necessarily be suppressed by powers of Λ/MB. The
only two operators with mass-dimension = 3 that can contribute a non-vanishing imaginary
part to T µν are

Oρ
0 ≡ b̄γρb, O(5),ρ

0 ≡ b̄γργ5b. (3.111)

Consequently,
Tµν = C0,µνρ 〈B|Oρ

0|B〉+ C
(5)
0,µνρ 〈B|O(5),ρ

0 |B〉+O(k). (3.112)

The Wilson coefficients C0,µνρ and C
(5)
0,µνρ at the leading order in αs can be read out of

eq. (3.110). At higher orders, they follow from diagrams obtained from the one in eq. (3.108)
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by adding a number of gluon and quark internal lines, but with the same configuration of
external particles. The operator O0 generates a U(1) symmetry of QCD with a conserved
charge Qb =

∫
d3xb†b(x), called ”bottomness”. The B meson states have unit bottomness,

i.e.
Qb |B〉 = |B〉 . (3.113)

The standard normalization of meson states,

〈B(p)|B(q)〉 = 2MB(2π)
3δ(3)(p − q), (3.114)

and Lorentz invariance imply that the matrix element 〈B(pB)|Oρ
0|B(pB)〉 satisfies

〈B(pB)|Oρ
0|B(pB)〉 = 2pρB. (3.115)

The matrix element of O(5)ρ
0 vanishes due to its parity transformation properties. This can

be seen by first considering the most general form of the result. Since the only available
vector is pB, the matrix element reads

〈B(pµB)|O
(5)ρ
0 |B(pµB)〉 = f(p2B)p

ρ
B, (3.116)

for some function f . The meson state is a pseudoscalar and transforms under parity P as

|B(pµB)〉 = − |B(pµ̄B)〉 , (3.117)

where kµ̄ ≡ (k0,−k). The left hand side of eq. (3.116) transforms under parity as

〈B(pµB)|O
(5)ρ
0 |B(pµB)〉 → 〈B(pµB)|P

†O(5)ρ
0 P|B(pµB)〉

=− 〈B(pµB)|O
(5)ρ̄
0 |B(pµB)〉 = −f(p2)pρ̄B,

(3.118)

where the transformation property of the relevant Dirac bilinear,

P†ψ̄γµγ5ψP = −ψ̄γµ̄γ5ψ, (3.119)

was used. The right hand side of eq. (3.116) transforms as

f(p2B)p
ρ
B → f(p2B)p

ρ̄
B. (3.120)

Thus, the requirement that eq. (3.116) holds after the parity transformation implies that
f(p2) = 0, and

〈B(pµB)|O
(5)ρ
0 |B(pµB)〉 = 0. (3.121)

These results allow for calculating the leading term in the HQE purely perturbatively.
Indeed, it is straightforward to see that

1

2

∑
σ

1

3

∑
c

〈bc,σ(pB)|O0|bc,σ(pB)〉 = 2pρB (3.122)

and
1

2

∑
σ

1

3

∑
c

〈bc,σ(pB)|O(5)
0 |bc,σ(pB)〉 = 0, (3.123)

where c and σ index the color and spin of the b quark. The above two equations justify the
partonic treatment of the inclusive semileptonic decay in the leading order of the HQE. The
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matrix elements of Oρ
0 and O(5)ρ

0 are exactly equal for the B meson and averaged b quark
states. At the leading order in the OPE, but to all orders in αs, T µν , and consequently
ΓB→XcQ and dΓsl/dq2, can be obtained by replacing the full B meson state with a b quark
averaged over its spins and colors. One may thus avoid matching the HQE as in eqs. (3.108)
and (3.110) but simply compute the spin and color averaged Γb→XcQ in perturbative QCD.

Even though a detailed analysis of higher order terms in the HQE is beyond the scope of
the present thesis, in the context of the q2 spectrum it is important to discuss some aspects
of their general structure. To obtain these non-leading terms, it is convenient to pass to the
HQET, which provides an equivalent description of the dynamics of hadrons with a single
heavy valence quark. As the first step in the construction of this theory, one decomposes
the b-quark field as

b(x) = P+b(x) + P−b(x) ≡ e−imbvxbv(x) + e−imbvxiv(x), (3.124)

where
P± ≡ 14×4 ± /v

2
, P 2

± = P±. (3.125)

In the rest frame of theB meson, /v = γ0. If the b quark was at rest in this frame, the operators
P+(P−) would project onto the particle(antiparticle) components of its Dirac spinor. One
can check it using the chiral representation for the γ matrices:

P±
v→(1,0,0,0)T−−−−−→ 1

2

(
12×2 ±12×2

±12×2 12×2

)
. (3.126)

Applying P+ in this limit to a zero-momentum solution of the free Dirac equation yields

1

2

(
12×2 12×2

12×2 12×2

)∑
σ

[
aσ

(
ξσ

ξσ

)
+ bσ

(
ησ

−ησ
)]

=
∑
σ

aσ

(
ξσ

ξσ

)
, (3.127)

where ξσ and ησ stand for the normalized two-dimensional basis vectors. An analogous
relation holds for P−. This gives an interpretation of the fields bv and iv. In the rest
frame of the b quark, they would be the b and anti-b fields with momenta shifted by −mbv.
Consequently, the typical momenta of the b quark in the matrix element T µν with the b field
replaced with bv are O(Λ).

The QCD Lagrangian density (3.69) can be expressed in terms of the fields bv and iv:

LQCD
udcsb

= LQCD
udcs

+ b̄v(ivD)bv − īv(ivD + 2mb)iv + b̄v(i /D⊥)iv + īv(i /D⊥)bv, (3.128)

with
Dµ

⊥ ≡ Dµ − (vD)vµ. (3.129)

The QCD Green’s functions that do not involve anti-b quarks on external lines can be
computed in an effective theory with the field iv integrated out of the full QCD generating
functional. This effective theory is obtained in the same manner as in the heavy particle
decoupling described in section 3.1. The result is the HQET Lagrangian density:

LHQET = LQCD
udcs

+ b̄v(ivD)bv +
∑
n

Cn
On

m
p(n)
b

. (3.130)

The effective operators On are finite-rank polynomials in the field bv, lighter quarks, gluons,
ghosts, as well as derivatives of these fields. They are constrained by symmetries of the full
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QCD, such as gauge invariance, parity and flavor conservation. The Wilson coefficients Cn
are assumed to be dimensionless, which means that the powers p(n) ≥ 1 are fixed by the
mass-dimension of the effective operators.

Since the matrix element T µν has to be the same when computed in the full QCD or
in HQET, one can match the corresponding product of quark currents to the full basis of
effective operators On in eq. (3.130). At mass-dimension = 4, again there are only two
operators that can contribute a non-vanishing imaginary part to T µν :

Õρα
v ≡ b̄vγ

ρ(iDα)bv, Õ(5)ρα
v ≡ b̄vγ

ργ5(iD
α)bv. (3.131)

The B meson matrix elements of the second one vanish by a similar argument to the mass-
dimension = 3 case. The first can be simplified using the identities

P+bv = bv, b̄vP+ = b̄v, P+γαP+ = vαP+. (3.132)

The latter can be proven be explicitly computing the left hand side as follows:

P+γαP+ =
1

4
(γα + γα/v + /vγα + /vγα/v)

=
1

4
[γα + γα/v + (2vα − γα/v) + (2vα − γα/v)/v]

=
1

4
(2vα + 2vα/v) = vαP+,

(3.133)

where in the second equality, /v was anticommuted past γα using the defining anticommuta-
tion relation of the Clifford algebra, and the third equality follows from /v/v = v2 = 1. The
operator Oρα

v can now be written as

Õρα
v = b̄vγ

ρ(iDα)bv = b̄vP+γ
ρ(iDα)P+bv = vρb̄v(iD

α)bv. (3.134)

At this order of the HQE, it is therefore sufficient to consider a single operator:

Oα
v ≡ b̄v(iD

α)bv (3.135)

and its B meson matrix element:

〈B|Oα
v |B〉 = Avα, (3.136)

where A is a number. The Euler-Lagrange equation for the field bv that follows from
eq. (3.130) reads

(ivD)bv = O
(

1

mb

)
. (3.137)

The operator vαOα
v thus vanishes by classical equations of motion up to corrections propor-

tional to higher mass-dimension operators:

vαOα
v = O

(
1

mb

)
. (3.138)

This fact, together with the contraction of eq. (3.136) with vα implies that the matrix element
〈B|Oα

v |B〉 vanishes up to higher order corrections in the HQE.
The remainder of this section is devoted to discussing the impact of reparametrization in-

variance on the Wilson coefficients of the HQE. This discussion follows the original reasoning
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presented in ref. [34], where the RP symmetry was employed to eliminate some of the terms
in the HQE for the inclusive semileptonic rate. The RPI properties can be utilized in full
QCD, without integrating out the i component of the b field. To this end, one introduces a
rescaled b-quark field†

βv(x) ≡ eimbvxb(x) (3.139)

and inserts this definition into the QCD Lagrangian. One may relax the assumption that v
is the four-velocity of the B meson and vary it over a range of time-like vectors normalized
as v2 = 1, as long as MBv − pB ∼ Λ. Note that

βv(0) = b(0). (3.140)

All QCD observables defined without a specific reference of v must be independent of the
choice of v as the definition (3.139) is a trivial notation change. Consider a shift transfor-
mation v → v + δv for infinitesimal δv. The condition v2 = (v + δv)2 = 1 implies that

vµδvµ = 0. (3.141)

Under this shift, the field βv transforms as

βv(x) → βv(x) + δβv(x) = [1 + im(xδv)]βv(x), (3.142)

which follows immediately from the definition (3.139) and the invariance of b(x) under the
considered transformation. Again, note that

βv(0) → βv(0). (3.143)

The Euler-Lagrange equation for βv follows from the gluon-coupled Dirac equation for b and
reads

[i /D +mb(1− /v)]βv = 0. (3.144)

This equation must still hold after the shift v → v + δv, which leads to

[i /D +mb(1− /v)]δβv + (iδ /D +mbδ/v)βv = 0, (3.145)

where δDµ denotes the shift of the covariant derivative in the transformation. For βv(0), this
equation is satisfied if an additional transformation condition is imposed on the covariant
derivative:

iDµ → iDµ −mbδvµ. (3.146)

The prescription (3.104) and the expansion (3.106) allow for setting up a HQE for the
kinematic moments of the differential decay rate defined in the Introduction in eq. (I.10).
For the width ΓB→XcQ, the HQE is of the form

M =
∞∑
n=0

∑
Γ

c(n,Γ)µ1...µn
β̄v(0)(iD

µ1) . . . (iDµn)Γβv(0), (3.147)

up to loop corrections O(αs). The rate is obtained as

ΓB→XcQ = 〈B|M |B〉 . (3.148)
†Note that this field is defined without the projector P+.
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The Wilson coefficients depend on the mass
√
q2 and on the components vµ. The symbol

Γ denotes an element of the basis spanning the algebra of 4× 4 matrices acting in the spin
space. The HQE (3.147) is RPI, that is, it does not transform under the shift v → v + δv:

0 =δM =
∞∑
n=0

∑
Γ

[
δc(n,Γ)µ1...µn

β̄v(0)(iD
µ1) . . . (iDµn)Γβv(0)

−mbc
(n,Γ)
µ1...µn

n∑
k=1

δvµk β̄v(0)(iD
µ1) . . . (iDµk−1)(iDµk+1) . . . (iDµn)Γβv(0)

]
,

(3.149)

where eqs. (3.143) and (3.146) were used to transform the fields and covariant derivatives.
Including only the n = 0, n = 1, and n = 2 terms leads to

0 =
∑
Γ

[(
δc(0,Γ)−mbδv

µ1c(1,Γ)µ1

)
β̄vΓβv +

(
δc(1,Γ)µ −mbδv

ν(c(2,Γ)µν + c(2,Γ)νµ )
)
β̄viD

µΓβv
]
.

(3.150)
The most general Lorentz invariant ansatz for the Wilson coefficients that can be built only
with vµ is∑

Γ

c(0,Γ)Γ = a0 + â0/v,∑
Γ

c(1,Γ)µ Γ = vµ(a1 + â1/v) + γµ(b1 + b̂1/v),∑
Γ

c(2,Γ)µν Γ = vµvν(a2 + â2/v) + gµν(b1 + b̂1/v) + (vµγν + vνγµ)(g2 + ĝ2) + [γµ, γν ]h2.

(3.151)

where ai, âi, bi, b̂i, g2, ĝ2, and h2 are scalar functions of q2, m2
c , and m2

b . The RPI condi-
tion (3.150) enforces a set of relations between these functions. The vanishing of the first
parenthesis implies∑

Γ

δc(0,Γ)Γ = â0δ/v
!
= mbδ/v(b1 + b̂1/v) =

∑
Γ

mbδv
µc(1,Γ)µ Γ, (3.152)

where the term involving a1 and â1 vanishes due to eq. (3.141). The second equality has to
hold for any vector v, and therefore

b1 =
â0
mb

, b̂1 = 0. (3.153)

The second parenthesis in eq. (3.150) vanishes independently of the first, and thus

δvµ(a1 + â1/v) + (â1vµ + b̂1γµ)δ/v
!
= mbδv

ν
(
2gµν(b2 + b̂2/v) + 2γνvµ(g2 + ĝ2/v)

)
. (3.154)

This relation can be used to also eliminate the functions a1 and â1, as well as g2 and ĝ2:

a1 = 2mbb2, â1 = 2mbb̂2 = 2mbg2, ĝ2 = 0. (3.155)

This confirms the conclusion obtained using the HQET, that the contributions of all oper-
ators with mass-dimension = 4 relevant for the computation of the semileptonic decay can
be written in terms of operators of other dimensionalities.
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A discussion of similar RPI relations between Wilson coefficients of higher mass-
dimension operators and the generalization to all orders in perturbative QCD can be found
in ref. [34]. In particular, the RP invariance can be used to eliminate from the HQE one
operator at mass-dimension = 5, another one at mass-dimension = 6, and 4 operators at
mass-dimension = 7. As the q2 spectrum and its moments are RP invariant (see eq. (I.11)
on page 7), the fit used to extract the value of Vcb from their measurements thus has less free
parameters. This is the primary motivation for considering these quantities in addition to
the lepton-energy and hadronic-invariant-mass moments that were utilized in the previous
fits.

3.4 The q2 Spectrum at the LO and NLO in QCD
The present section is devoted to the analysis of the leading term and the NLO correction
of the expansion in powers of αs. As discussed above, to obtain these quantities at the
leading order in HQE (neglecting O(Λ̂2) corrections), it is sufficient to calculate the spin and
color averaged decay width Γ̄b→XcQ in perturbative QCD. At the LO, it is given by a single
diagram:

Γ̄b→XcQ = − 1

mb

1

2

∑
s

1

3

∑
c

Im

i ·
 s, c s, c

b c b

Q


+O(α1
s), (3.156)

with the Feynman rules given in eqs. (1.124), (1.125) and (1.126). For the purpose of renor-
malizing the NLO QCD correction, one must compute this expression up to and including
the O(ε2) term. In the following, only the O(ε0) and O(ε1) terms are going to be deter-
mined analytically, while the O(ε2) will be computed numerically, together with the 2- and
3-loop diagrams. It is straightforward to obtain the leading order in the ε expansion by us-
ing eq. (1.120), thus avoiding the loop integration altogether. Calculating subsequent terms
using this approach becomes difficult due to the necessary D−dimensional phase space in-
tegral and non-trivial analytical continuations. Therefore, it is simpler to proceed with the
general method outlined in the Sample Calculation sections in the previous two chapters.
The process is diagonal in color at this order in QCD, so one may replace

∑
c → 3. Within

the NDR prescription defined on page 58, one can apply the γ-matrix identity

Tr[γµγνγργσ] = 4(gµρgνσ − gµνgρσ + gµσgνρ), (3.157)

which is a simple consequence of eqs. (1.175) and (1.173), with D(γ) fixed to 4. After
elementary algebraic simplifications, the contribution of this diagram gives

Γ̄b→XcQ =
√
2GF |Vcb|2m3

b

[
(D − 1)q̂2(1 + m̂2

c − q̂2) + λ(1, m̂2
c , q̂

2)
]
Im
[
I
(1a)
11

]
+O(α1

s),

(3.158)

where
I
(1a)
ab ≡ µ̃2ε

∫
dDk

i(2π)D
1

Da
1D

b
2

(3.159)
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and

D1 ≡ (k + pb)
2 −m2

c + iε, D2 ≡ k2 − q2 + iε. (3.160)

The contributions of scalar integrals with non-positive indices a or b were neglected in
eq. (3.158) due to their vanishing imaginary parts.

Next, one may derive a DE for the integral Im
[
I
(1a)
11

]
as a a function of m̂2

c and q̂2.
Computing the derivatives is straightforward:

∂m̂2
c
Im
[
I
(1a)
11

]
= m2

bIm
[
I
(1a)
21

]
, ∂q̂2Im

[
I
(1a)
11

]
= m2

bIm
[
I
(1a)
21

]
. (3.161)

The necessary IBP relations read

0 = µ̃2ε

∫
dDk

i(2π)D
∂kµ

pµb
Da

1D
b
2

=(b− a)I
(1a)
ab + b(m2

b −m2
c + q2)I

(1a)
a(b+1) − a(m2

b +m2
c − q2)I

(1a)
(a+1)b + aI

(1a)
(a+1)(b−1) − bI

(1a)
(a−1)(b+1),

0 = µ̃2ε

∫
dDk

i(2π)D
∂kµ

kµ

Da
1D

b
2

=(D − a− 2b)I
(1a)
ab − 2bq2I

(1a)
a(b+1) + a(m2

b −m2
c − q2)I

(1a)
(a+1)b − aI

(1a)
(a+1)(b−1),

(3.162)

which for a = b = 1 can be transformed as

∂m̂2
c
Im
[
I
(1a)
11

]
= m2

bIm
[
I
(1a)
21

]
= (3−D)

1− m̂2
c + q̂2

λ(1, m̂2
c , q̂

2)
Im
[
I
(1a)
11

]
,

∂q̂2Im
[
I
(1a)
11

]
= m2

bIm
[
I
(1a)
12

]
= (3−D)

1 + m̂2
c − q̂2

λ(1, m̂2
c , q̂

2)
Im
[
I
(1a)
11

]
.

(3.163)

Changing the variables to u and v defined in eq. (2.84) results in two separated equations

∂uIm
[
I
(1a)
11

]
=
D − 3

u

u2 + 1

u2 − 1
Im
[
I
(1a)
11

]
,

∂vIm
[
I
(1a)
11

]
=
D − 3

v
Im
[
I
(1a)
11

]
.

(3.164)

These can be brought to the ε-form with a transformation

Im
[
I
(1a)
11

]
= T (u, v)X(u, v), T (u, v) ≡ v

u
− uv =

|q|
mb

, (3.165)

where the rescaling factor can be recognized as the length of the momentum q that is fixed
by eq. (3.49) with MB replaced by mb. The function X(u, v) satisfies the transformed DE

dX = εdCX. (3.166)

The coefficient C is given by

C =
4∑
l=1

Cl logαl, (3.167)
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with the four letters αl defined in eq. (2.87) and the constants

C1 = 2, C2 = −2, C3 = −2, C4 = −2. (3.168)

The general solution for X(u, v) can be constructed as described in section 2.3. It takes a
simple form

X(u, v) =
(
1− 2ε logT +O(ε2)

)
lim
u→0

lim
v→0

X(u, v). (3.169)

Using the AMFlow package, one can compute a boundary condition Im[I
(1a)
11 ](u = 0.02, v =

0.01), rescale it with T−1(u = 0.02, v = 0.01), and evolve to the limit given by limu→0 limv→0

using the above equation to obtain(
mb

µ

)2ε

lim
u→0

lim
v→0

X(u, v) =
1

16π
[1 + 2ε] +O(ε2). (3.170)

Rescaling this solution back, the imaginary part of the considered MI reads(
mb

µ

)2ε

Im[I
(1a)
11 ] =

T

16π
[1 + 2ε(1− logT )] +O(ε2). (3.171)

Using eq. (3.158), as well as the relation between the auxiliary width and the q2 spec-
trum (3.68) yields the result

dΓ
(0)
sl

dq2
=
G2
F |Vcb|2m3

b

96π3

Tv

u2

[
P1 + ε

(
P1(Lµ − 2 logT ) + P2

2

)]
+O(ε2). (3.172)

The polynomials Pi are given by

P1(u, v) =3u
(
u2 + 1

) (
v2 + 1

)
− 2

(
u4 + 4u2 + 1

)
v,

P2(u, v) =5u
(
u2 + 1

) (
v2 + 1

)
− 2

(
u4 + 8u2 + 1

)
v,

(3.173)

and the symbol Lµ denotes log(µ2/m2
b). Note that the leading term in eq. (3.172) is finite

in the limit ε → 0. This should not be surprising, as the same quantity can be obtained
from tree-level diagrams. Consequently, the spectrum in this approximation is independent
of the renormalization scale µ. To assess the uncertainty from higher order terms without
computing the O(α1

s) correction, one can assume a relative error O(±αs(mb)/π). As it will
become apparent, this is a very conservative estimate.

The computation of the NLO QCD correction proceeds along the lines outlined in the
”Sample Calculation” sections of this thesis. Aside from the analyzed diagram (2a), this
correction receives contributions from the three remaining diagrams presented in the right
panel of figure 6. The analytic expression stemming from the diagram (2a′) is exactly equal
to the one from the diagram (2a) due to the γ matrix identity

Tr1234...n = Trn(n−1)...21 (3.174)

in the notation introduced above eq. (1.174).
With the routing of momenta depicted in the left panel of figure 11, the expression for

the diagram (2b) can be written as a linear combination of the imaginary parts of scalar
integrals of the form

I
(2b)
abcde ≡ µ̃4ε

∫
dDk1
i(2π)D

dDk2
i(2π)D

De
2

Da
1D

b
3D

c
4D

d
5

, (3.175)
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pb pb − k1

k1 + k2

pb − k1 pb

k2 + pb

k1

pb

k2

k1 + k2

k2

pb

k2 + pb

k1

Figure 11: The routing of momenta in diagrams (2b) and (2c) that defines integral families
reducible to I(2a)abcde.

with the denominators Di defined as in eq. (1.246). The integer index e is greater or equal
zero, as the corresponding line does not appear in the diagram (2b). The factor Da

2 , which
in this case is referred to as an irreducible numerator, must be included in the definition
of I(2b) because the chosen denominators must form a basis in the space of scalar products
(possibly shifted by masses) in order for the numerator of the integrand to be expressible as
a linear combination of products of integer powers of Da. These integrals satisfy an obvious
relation

I
(2b)
abcde = I

(2a)
a(−e)bcd. (3.176)

Therefore, the considered diagram can be written as a linear combination of MIs already
computed in the ”Sample Calculation” sections. One only needs to find the coefficients
of all integrals I(2b)abcde, which is done in the same way as described in section 1.7. The same
reasoning holds for scalar integrals contributing to the expression for the diagram (2c). With
the momenta routed as depicted in the right panel of figure 11, they read

I
(2c)
abcde ≡ µ̃4ε

∫
dDk1
i(2π)D

dDk2
i(2π)D

De
4

Da
1D

b
2D

c
3D

d
5

= I
(2a)
abc(−e)d. (3.177)

Again, the expression for the diagram (2c) reduces to a linear combination of the imaginary
parts of previously computed MIs.

The IBP reduction program Kira [151] can automatically find relations like the one in
eq. (3.176) among various diagrams. This allows for simultaneous reductions to a basis of
MIs belonging to integral families inherited only from a subset of diagrams. The number
of MIs obtained in this way can be much smaller than if each diagram was independently
reduced. However, as the IBP relations for all seed integrals are generated at the same time,
the size of the system of equations can be significantly larger, and the computer memory
demand much more significant. This was not a problem for the IBP reductions for the NLO
and NNLO corrections to the q2 spectrum, but a simultaneous reduction at the NNNLO
does not seam feasible at present.

The expressions originating from the four two-loop diagrams at the NLO are divergent in
the limit ε→ 0, as was observed in the case of the diagram (2a) in eq. (2.117). This divergence
is canceled by the contributions of one-loop diagrams with a single counterterm insertion. At
this order in perturbation theory, aside from the quark line counterterm expression found in
eq. (3.89), one also needs the counterterm coming from the Qcb vertex. The renormalization
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Figure 12: The functions S(2b), S(2c), S(2⊗), and the ratio −S(2b)/S(2c) for m̂c = 0.2384. The
function S(2b) vanishes in the q2 → (mb−mc)

2 limit, while S(2c) and S(2⊗) diverge, with their
ratio approaching -1.

constants of the Q field, its mass, and the weak effective coupling gq begin contributing
only at the non-leading order in electroweak interactions: ZQ, Zgq = 1+O(g2q ), which is not
considered here. The counterterm for the Qcb vertex can thus be written as

=
(√

ZbZc − 1
)


 =

(
δb + δc

2
− (δb − δc)

2

8

)
 ,

(3.178)
where the O(α3

s) terms have been neglected. The renormalization factors δX and their αs
expansion coefficients δ(n)X were defined in eq. (3.87) on page 114.

With the above results, it is straightforward to construct the counterterm contribution
to the NLO correction. There are three one-loop diagrams with a non-vanishing α1

s term:

. (3.179)

The first and third are proportional to the LO diagram

+ = (δb + δc) . (3.180)
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Figure 13: The sum of the functions S(2b), S(2c), S(2⊗), and twice S(2a) for m̂c = 0.2384.

In the second one, the c-quark lines together with the counterterm yield

Pc
(
−δcP−1

c − i (δmc + δcδmc)mc

)
Pc = −δcPc − imc (δmc + δcδmc)P2

c

=− δcPc + (δmc + δcδmc) 2m̂
2
c∂m̂2

c
Pc,

(3.181)

where the last equality follows from the identity

P2
ψ = 2imψ∂m2

ψ
Pψ. (3.182)

Hence, the second diagram in eq. (3.179) can be written as

=
[
−δc + (δmc + δcδmc) 2m̂

2
c∂m̂2

c

]
. (3.183)

At this level in perturbation theory, the last term can be neglected. Combining the results
of eqs. (3.180) and (3.183) yields the following formula for the counterterm part of the NLO
correction:

dΓ
(1,⊗)
sl

dq2
= αs

(
δ
(1)
b + 2δ(1)mcm̂

2
c∂m̂2

c

) dΓ(0)
sl

dq2
. (3.184)

The necessary OS-scheme renormalization factors δb and δmc can be obtained up to the
O(α3

s) term from refs. [225, 226]. The result of eq. (3.172) can thus be utilized to readily
compute the counterterm part of the NLO term of the q2 spectrum.

After combining the contributions of all relevant diagrams, the final result reads

dΓ(1)

dq2
=
G2
F |Vcb|2m3

b

144π3u3
αs
π

[
3H1 + uv(u2 − 1)A

+ 16H1 log(1− u2) +B1 log v +B2 logu+B3 log(1− uv) +B4 log
(
1− v

u

)
+ 8

u2 + 1

u2 − 1

(
Li2
(
1− v

u

)
− Li2 (1− uv)− 2Li2

(
u2
))
H1

]
.

(3.185)
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Figure 14: The semileptonic q2 spectrum including the NLO QCD correction. The panel
on the left shows the spectrum behavior in the small q̂2 region. The bottom panel depicts
the ratio of the spectrum including the NLO correction to the LO approximation. For the
explanation of the uncertainties see the text.

The function Li2(x) has been defined in eq. (2.120) on page 97. The polynomial H1(u, v)
has been defined in eq. (2.118) on page 96. The other polynomials appearing in this result
read

A(u, v) =3v
(
v2 + 1

) (
u2 + 1

)
− 2u

(
2v4 − v2 + 2

)
,

B1(u, v) =4
(
u2 − 1

)
v2
((
u4 + 4u2 + 1

)
v − 3

4
u
(
u2 + 1

) (
v2 + 3

))
,

B2(u, v) =v
2
(
3u
(
13u4 + 4u2 − 3

)
− 4v

(
7u6 + 23u4 − u2 − 1

)
,

+ uv2
(
55u4 + 68u2 + 7

)
− 28v3

(
u4 + u2

)
+ 8u3v4

)
,

(3.186)

and

B3(u, v) =2(1− uv)
(
2u3 − v

(
5u4 + 7u2

)
+ v2

(
2u5 + 7u3 + u

)
,

+ v3
(
u4 + 7u2 + 2

)
− v4

(
7u3 + 5u

)
+ 2v5u2

)
,

B4(u, v) =2(v − u)
(
2u2 − v

(
7u3 + 5u

)
+ v2

(
u4 + 7u2 + 2

)
,

+ v3
(
2u5 + 7u3 + u

)
− v4

(
5u4 + 7u2

)
+ 2v5u3

)
.

(3.187)

Note that at this order, the µ dependence coming from loop integrations cancels out exactly
in the linear combination of the MIs. The only residual running is due to αs(µ), which
formally is an O(α2

s) effect. The µ dependence of the spectrum at the NLO thus cancels out
up to neglected corrections as expected.
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Figure 15: The normalized width of the semileptonic decay as a function of m̂c. The ver-
tical red and green lines indicate the central values of m̂c in the kinetic-MS and OS-OS
renormalization schemes, respectively. The bottom panel depicts the ratio of the total width
including the NLO correction to the LO approximation. The uncertainties were estimated
in the same way as in figure 14.

With the divergent terms subtracted, one may investigate the individual contributions of
each diagram. For this purpose it is useful to construct the S(2b), S(2c) and S(2⊗) functions
equivalent to the S(2a) function introduced in eq. (2.121) on page 97. These functions are
shown in figure 12. Note that S(2b) vanishes as q2 → (mb − mc)

2 but S(2c) and S(2⊗) are
divergent in this limit, and only their sum tends to zero. The last point is illustrated in
the bottom right panel of figure 12, which shows that the ratio −S(2⊗)/S(2c) tends to 1 for
q2 → (mb − mc)

2. The cancellation of the phase-space endpoint singularities serves as an
important crosscheck of the final result.

The functional dependence of the NLO correction on q̂2 is shown in figure 13. This
curve has been obtained by adding the S functions of the four NLO two-loop diagrams and
of the counterterm part. The spectrum normalized to the width of the semileptonic decay
is shown in figure 14, both for the leading term and including the NLO correction. The
perturbative uncertainty of the LO curve was estimated as ±αsLO/π, while the uncertainty
of the NLO was obtained by varying the renormalization scale µ between mb/2 and 2mb.
One can observe a very good behavior of the QCD perturbation series already at this order.

Finally, the spectrum can be integrated over q2 to obtain the semileptonic decay width
Γsl as a function of m̂c. This function is shown in figure 15 after normalizing it to the integral
over m̂c, i.e.

Γ̂sl ≡
∫
dq̂2 dΓsl

dq̂2∫
dm̂2

c

∫
dq̂2ddΓsl

dq̂2

. (3.188)

This figure illustrates the strong phase-space volume suppression of the semileptonic decay
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channel at large m̂c. An analogous but much stronger suppression is observed for contri-
butions with multiple charmed final-state particles. This observation will be investigated
further in section 3.6.

3.5 Inclusive Spectrum at the NNLO
Our calculation of the O(α2

s) correction to the inclusive q2 spectrum was based on the
auxiliary width formula (3.68). The first step was to generate all the necessary three-loop
Feynman diagrams that contribute to the inclusive auxiliary width b→ XcQ calculated using
the formula (1.112). To this end, we utilized the Fortran program qgraf [227, 228]. The
light quarks u, d, and s, were treated as a single massless quark, and the contributions from
its loops were multiplied by 3. Using the QCD and the effective bcQ vertices as the input,
we obtained 68 three-loop, 1PI b→ b diagrams with exactly one Q-boson line. Four of these
involved a 4-gluon vertex. At this order in QCD, diagrams with this vertex must necessarily
contain a scaleless gluon loop attached to the gluon line of one of the four NLO diagrams.
Another six diagrams did not contribute to the inclusive rate formula (3.68) because their
contribution to ImΣ1PI vanished (see eq. (1.112)). This could be assessed prior to their
calculation, as no kinematically allowed cut separating the two external lines exists. In these
diagrams, the Q line is attached to a closed fermion loop instead of the main fermion line,
meaning that a b-propagator would need to be cut, which is not kinematically allowed. The
structure of the remaining 58 diagrams can also be obtained ”by hand”, by adding to one
of the four NLO diagrams an element that increases the power of αs by one. One may
distinguish three types of such operations:

1. connecting the gluon line and a fermion line with a gluon, creating a 3-gluon vertex (8
1PI diagrams),

2. adding a closed loop (with b-, c-, or light quarks, ghosts, or gluons) on the gluon line
(20 1PI diagrams),

3. including a second exchange of a gluon between two points on the main fermion line
(30 1PI diagrams).

Out of these 58 diagrams, 19 come in pairs that are mirror images of each other. A diagram
and its mirror image give the same contributions to the auxiliary width, due to the γ-matrix
identity (3.174). This leaves 39 distinct diagrams that have to be computed. They are shown
in figure 16, with the initial 5 corresponding to the first, the next 15 to the second, and the
last 19 to the third type in the above list.

The next step was to generate the algebraic expressions corresponding to each of the 39
diagrams. To this end, a custom Mathematica program was developed. The most demanding
task in terms of CPU time required was the symbolic simplification of large polynomials
resulting from the Dirac traces. It was performed using a module written in the symbolic
algebra manipulation program FORM [229–231]. The contribution of each diagram was written
as a loop integral of a polynomial in integer powers of a basis of propagator denominators,
with rational functions of q̂2, m̂c

2, D, and ξg as coefficients, similarly to the part of the NLO
calculation described in section 1.7. Each term of these polynomials was recognized as an
integrand of a scalar Feynman integral belonging to the integral family inherited from the
considered diagram. There were 17664 three-loop scalar integrals found in total.
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Figure 16: The 39 distinct three-loop diagrams contributing to the b → XcQ decay width.
The line drawing conventions follow the ones introduced in figure 6 on page 41 and eq. (1.242)
on page 64. The massless quark propagators are depicted with a single continuous line.
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Figure 17: The seven diagrams that generate the integral families of all the three-loop MIs.

With the set of seed integrals established, the next step was to reduce their number
using the IBP reduction. Using the program Kira 2.3 [157], the combined reduction for all
39 diagrams required 5.11 GB of memory, and was completed in 3972 seconds on the system
specified below eq. (2.17) on page 74. After the reduction was completed, 7078 integrals were
recognized as scaleless, and 2311 exactly equal to one of the other 8275 unique integrals. The
latter number is the one that was quoted at the end of section 1.7. The IBP reduction allowed
for expressing each of them, as well as the b → XcQ width, as a linear combination of 151
MIs belonging to integral families inherited from seven diagrams shown in figure 17. The ξg-
dependence of the coefficients of the MIs canceled out already at this stage, without the need
for computing the individual MIs or preforming the renormalization. The Laurent expansions
of the coefficients of some of the MIs started at O(ε−3), meaning that the corresponding MIs
had to be computed up to O(ε3).

Next, we assessed which of the three-loop MIs contribute a non-vanishing imaginary part
to Σ1PI in the inclusive width formula (1.112). With the AMFlow package available, the
most straightforward approach was to compute all of them at a single point in the (q̂2, m̂2

c)
parameter space, at which q̂2 was sufficiently small for all exclusive partonic channels to be
kinematically allowed. We found 97 MIs with non-zero imaginary parts for some values of
q̂2. These integrals are shown in figures 18 and 19.

At this point, our approach diverged from the one taken by the competing group in
ref. [67]. In that publication, the authors neglected all integrals where the only allowed cut
crossed three charm lines, and in all the rest considered only the contributions from cuts
crossing a single charm line (c.f. figure 2 in ref. [67] and the text below). The correction
neglected in this way corresponds to the exclusive b → ccc̄Q exclusive partonic decay or,
equivalently, to the b → ccc̄lν̄l contribution to the inclusive semileptonic q2 spectrum. This
channel is strongly suppressed by the small volume of the allowed phase-space, as will be
described in the next section. With this simplification, the authors proceeded along the lines
discussed in the Sample Calculation sections of this thesis, obtaining a result in terms of
GPLs of weight 4 and lower. Their final results can be analyzed numerically with arbitrary
precision using GiNaC [232] and PolyLogTools [181].

Instead of neglecting the triple-charm channel, we included its contribution to the q2
spectrum at O(α2

s) by computing, with the help AMFlow, imaginary parts of all 97 required
MIs at 682 points in the parameter space, with precision of 60 significant digits. The results
of the scan over 200 values of q̂2 with m̂c = 0.2384 and µ = mb for O(ε−2), O(ε−1), and O(ε0)
terms of the bare part of the spectrum are shown in figure 20. The displayed normalized
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Figure 18: The first 50 (out of 97) three-loop MIs contributing to the inclusive auxiliary
decay b→ XcQ. The single lines denote massless propagators.
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Figure 19: The last 47 (out of 97) three-loop MIs contributing to the inclusive auxiliary
decay b→ XcQ. The single lines denote massless propagators.
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Figure 20: The bare term of the NNLO correction to the q2 spectrum for m̂c = 0.2384 and
µ = mb. The quantity dΓ̃/dq̂2 is defined in the text.

spectrum function dΓ̃(2)
bare is defined as

dΓ̃
(2)
bare

dq̂2
≡ 1

G2
F |Vcb|2m5

b

dΓ
(2)
bare

dq̂2
. (3.189)

Note that the finite part is divergent as q̂2 → (1 − m̂c)
2, just as observed for the diagram

(2c) in the calculation of the NLO correction. This divergence, together with the O(ε−2) and
O(ε−1) terms, must be canceled by the contributions of lower-loop diagrams with counterterm
insertions.

To renormalize the bare part, we need to derive a renormalization formula, similar to the
one in eq. (3.184). In addition to the quark fields and masses that are renormalized in the
on-shell scheme as before, at the NNLO one also needs to consider the renormalization of the
coupling gs. We renormalize it in the MS scheme with the central value of the renormalization
scale µ chosen at mb and then varied between mb/2 and 2mb to estimate the perturbative
uncertainty. There are seven one-loop diagrams that contribute to the O(α2

s) correction:

. (3.190)

The first three of them are proportional to the LO diagram

+ +

=
(
αs(δ

(1)
b + δ(1)c ) + α2

s(δ
(2)
b + δ(2)c + δ

(1)
b δ(1)c ) +O(α3

s)
)

.

(3.191)

136



Chapter 3: Semileptonic Decay of the B Meson

The fourth diagram in eq. (3.190) can be written as in eq. (3.183), resulting in

= α2
s

[
−δ(2)c +

(
δ(2)mc + δ(1)c δ(1)mc

)
2m̂2

c∂m̂2
c

]
+O(α3

s).

(3.192)

Using eqs. (3.178) and (3.183), one can express the sum of the fifth and sixth diagram in
eq. (3.190) as

+

= α2
s

(
δ
(1)
b + δ(1)c

) (
−δ(1)c + δ(1)mc2m̂

2
c∂m̂2

c

)
+O(α3

s)

(3.193)

Finally, the c-quark propagators together with the two counterterm insertions in the seventh
diagram give

Pc
(
−δcP−1

c − i (δmc + δcδmc)mc

)
Pc
(
−δcP−1

c − i (δmc + δcδmc)mc

)
Pc =

=δ2cPc + 2iδcδmcmcP2
c −m2

cδ
2
mcP

3
c +O(α3

s) =

=δ2cPc − 4δcδmcz∂zPc + m̂2
cδ

2
mc∂m̂2

c
Pc + 2m̂4

cδ
2
mc∂

2
m̂2
c
Pc +O(α3

s).

(3.194)

In the last equality, the third power of the propagator has been written as

P3
c = −1

2
∂2mcPc = −∂m2

c
Pc − 2m2

c∂
2
m2
c
Pc. (3.195)

The last diagram in eq. (3.190) thus reads

=
[
δ2c − δcδmc4m̂

2
c∂m̂2

c
+ δ2mcm̂

2
c∂m̂2

c
+ δ2mc2m̂

4
c∂

2
m̂2
c

]
+O(α3

s).

(3.196)
Combining the results of eqs. (3.191), (3.192), (3.193), and (3.196) gives the one-loop coun-
terterm contribution to the O(α2

s) correction in the simple form:

dΓ
(2⊗)
1loop

dq2
=
[
δ
(2)
b +

(
2δ(2)mc + 2δ

(1)
b δ(1)mc +

(
δ(1)mc

)2)
m̂2
c∂m̂2

c
+ 2

(
δ(1)mc

)2
m̂4
c∂

2
m̂2
c

] dΓ(0)

dq2
. (3.197)

Apart from the one-loop diagrams with one or two counterterms, one also needs to
include two-loop diagrams with a single counterterm. These can be categorized by the NLO
diagram into which the counterterm is inserted. For the diagram (2a), there are eight possible
insertions:

(3.198)
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Figure 21: The counterterm part of the NNLO correction to the q2 spectrum. The top-left
panel illustrates the cancellation of the endpoint singularity of the O(ε0)term between the
bare and counterterm diagrams.

The first two are proportional to the diagram (2a)

+ = (δb + δc) . (3.199)

The next three can be combined using eq. (3.93)

+ +

=(2δg + δb + δc) .

(3.200)

The last three diagrams in eq. (3.198) have a counterterm vertex inserted on a quark line.
To compute the first of these, one can temporarily set the b-quark mass in the b propagator
to m̃b 6= mb =

√
p2b . Then, the ∂m̃b derivative can be used to express squares of the b

propagators. Once the derivative is computed, m̃b is set back to mb. This procedure leads
to a result analogous to eq. (3.183)

=

[
−δb + 2δmbm

2
b∂m̃2

b

∣∣∣∣
m̃b=mb

] +O(α3
s).

(3.201)
The two diagrams with counterterm insertions on the charm line can also be expressed
through mass derivatives. If one denotes the left and right c-quark propagators as P1 and
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P2 respectively, with all factors other than the c-quark propagators and c-line counterterms
combined into a symbol F , then

+

=F
[
P1

(
−δcP−1

1 − iδmcmc

)
P1P2 + P1P2

(
−δcP−1

2 − iδmcmc

)
P2

]
=

=− 2δcFP1P2 − iδmcmcF
(
P2

1P2 + P1P2
2

)
= −2δcFP1P2 + 2δmcm̂

2
c∂m̂2

c
(FP1P2) =

=
[
−2δc + 2δmcm̂

2
c∂m̂2

c

]  ,

(3.202)

where the O(α3
s) term has been neglected. After putting together eqs. (3.201), (3.202),

(3.199), and (3.200), the sum of all 8 counterterm insertions in the diagram (2a) contributing
to the O(α2

s) correction becomes

dΓ
(2⊗)
(2a)

dq2
=

[
2δ(1)g + δ

(1)
b + 2δ(1)mcm̂

2
c∂m̂2

c
+ 2δ(1)mb

m2
b∂m̃2

b

∣∣∣∣
m̃b=mb

]
dΓ

(1)
(2a)

dq2
. (3.203)

Note that one could not simply use the result of eq. (2.117) to obtain the expression for
dΓ

(2⊗)
(2a) /dq

2, even if the O(ε1) term was analytically available, since the m̃b derivative has
to be taken prior to loop integration. Instead, the derivative should be applied already to
the right hand side of eq. (1.253), resulting in different set of scalar integrals and different
coefficients in table 2. The variable mass m̃b can be set back tomb prior to the IBP reduction.
Fortunately, the resulting set of MIs is the same as in the calculation of the NLO correction.

The expressions obtained by inserting counterterms into the diagrams (2a′) and (2b) can
be rewritten along similar lines and yield analogous results:

dΓ
(2⊗)
(2a′)

dq2
=

[
2δ(1)g + δ

(1)
b + 2δ(1)mcm̂

2
c∂m̂2

c
+ 2δ(1)mb

m2
b∂m̃2

b

∣∣∣∣
m̃b=mb

]
dΓ

(1)
(2a′)

dq2
,

dΓ
(2⊗)
(2b)

dq2
=

[
2δ(1)g + δ

(1)
b + 2δ(1)mcm̂

2
c∂m̂2

c
+ 2δ(1)mb

m2
b∂m̃2

b

∣∣∣∣
m̃b=mb

]
dΓ

(1)
(2b)

dq2
.

(3.204)

As the diagram (2c) does not have any b-quark lines, the ∂m̃b derivative term does not arise
naturally. It can be added ”by hand” to simplify the final result, since this derivative is 0.
All other terms are the same as in the case of insertions into the other three NLO diagrams,
giving

dΓ
(2⊗)
(2c)

dq2
=
[
2δ(1)g + δ

(1)
b + 2δ(1)mcz∂z + 0

] dΓ(1)
(2c)

dq2

=

[
2δ(1)g + δ

(1)
b + 2δ(1)mcm̂

2
c∂m̂2

c
+ 2δ(1)mb

m2
b∂m̃2

b

∣∣∣∣
m̃b=mb

]
dΓ

(1)
(2c)

dq2
.

(3.205)

Combining the results for all 4 diagrams, the 2 loop renormalization formula at the O(α2
s)

level reads
dΓ

(2⊗)
2loop

dq2
=

[
2δ(1)g + δ

(1)
b + 2δ(1)mcm̂

2
c∂m̂2

c
+ 2δ(1)mb

m2
b∂m̃2

b

∣∣∣∣
m̃b=mb

]
dΓ

(1)
bare

dq2
. (3.206)
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Figure 22: The numerical results for the renormalized NNLO correction to the q2 spectrum.
The NLO and NNLO uncertainties were assessed by varying the renormalization scale be-
tween µ = mb/2 and µ = 2mb. The brown strip in the bottom panel shows the ratio of the
NNLO correction to the NLO term.

The sum of the right-hand-sides of eqs. (3.197) and (3.206) computed numerically using
AMFlow at the same values of parameters as in figure 20 is shown in figure 21. The normalized
spectrum dΓ̃

(2)
⊗ /dq̂2 is defined analogously to eq. (3.189). After combining these results with

the bare part of the NNLO correction, both the O(ε−2) and the O(ε−1) term canceled out
for all considered points in the parameter space to all 60 computed significant digits. The
terms O(ε−n) with n ∈ {3, 4, 5, 6}, canceled out among contributions from the bare diagrams
before renormalization. The q̂2 → (1 − m̂c)

2 singularity also canceled out in the physical
result, as shown in the left panel of figure 21.

At this point, one can test the result by checking the cancellation of the µ dependence
between the NNLO correction and the strong coupling multiplying the NLO term. The
RGE (3.82) for αs(µ) can be solved up to the first non-leading correction, yielding

αs(µ) = αs(µ
′)

(
1− αs(µ

′)β0 log
µ

µ′ +O(α2
s(µ

′))

)
, (3.207)

where µ′ ∼ mb is some arbitrary reference scale, and the MS-scheme value of β0 was given
in eq. (3.84). The number of active quark flavors in our approach was set to nf = 5. The
renormalized result for the q2 spectrum at the leading order in the HQE and up to the NNLO
term can then be written as
dΓsl
dq2

=
dΓ(0)

dq2
+ αs(µ

′)

(
1− αs(µ

′)β0 log
µ

µ′

)
dΓ(1)

dq2
+ α2

s(µ
′)
dΓ(2)

dq2
(µ) +O

(
α3
s(µ

′)
)
. (3.208)

The nontrivial µ dependence of dΓ(2)/dq2 comes from the renormalization constants δX and
the different powers p in the factor µpε multiplying the one-, two-, and three-loop parts of this
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Figure 23: The six distinct diagrams with a triple-charm cut.

correction. Once the β0 term is written explicitly as in the above equation, the dependence
on µ must cancel out, and dΓsl/dq2 becomes dependent on log(µ′/mb) only. This observation
served as another crosscheck of the numerically calculated result. The scan of the spectrum
for m̂c = 0.2384 is presented in figure 22, with the central value given for µ = mb, and the
uncertainty obtained by varying µ between mb/2 and 2mb.

3.6 Results

The Triple-Charm Channel
At this point, the calculation of the q2 spectrum of the inclusive semileptonic decay in the
leading order of the HQE and up to the NNLO in QCD is complete. When presenting our
results in ref. [1], we decided to separate the inclusive NNLO correction into contributions
coming from the final states with either one or three charm quarks, as in eq. (I.20). The
former part was used for a direct comparison with the findings of ref. [67], where only the
single-charm part, dΓ(2)

1c /dq
2, was considered. This separation was performed by computing

the triple-charm term separately, and subtracting it from the inclusive correction.
Contrary to the fully inclusive spectrum dΓ(2)/dq2, the contribution dΓ(2)

3c /dq
2 corresponds

to an exclusive partonic channel. However, the computation proceeds almost along the same
lines as for the fully inclusive NNLO correction. Out of all 58 non-zero three-loop diagrams
contributing to the spectrum at the NNLO, dΓ(2)

3c /dq
2 is given by the ones that can be

separated with a single cut into two parts, with each being a connected graph and involving
one b-quark, oneQ-boson, and three c-quark external lines. One finds eight diagrams in total,
with 4 being in pairs with their mirror images. The six distinct cut diagrams are presented
in figure 23. The contribution of each diagram is expressed as a linear combination of scalar
integrals, which are then reduced to a basis of MIs. In this IBP reduction, it is beneficial
to consider the integrals with indices larger than 1 as more complicated than the ones with
negative indices. The MI basis obtained in this way has all indices smaller or equal to 1.
According to the Cutkosky rules, the part of the inclusive spectrum that needs to be isolated
comes from replacing

1

k2 −m2 + iε
→ −2πiδ(k2 −m2) (3.209)
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Figure 24: The contribution of the triple-charm channel to the NNLO correction for m̂c =
0.2384, normalized to its integral. The red points denote the numerical results obtained with
AMFlow. The blue curve is the fit of eq. (3.211) with a global 3% uncertainty coming from
combining the assumed 1.5% errors of the spectrum and the normalization integral. The
bottom panel denotes the actual relative error of the fit when compared with the precise
numerical result. The discontinuity of the fitting error occurs at q̂2 = 0.0467, where the
second term of the ansatz (3.211) begins to contribute.

in the Q-boson and all c-quark lines. The MIs where at least one of the c lines or the Q line
has a non-positive index should be set to 0 beforehand. The remaining 22 integrals belong
to families inherited from the first and second diagram in figure 23. Using the Sochocki-
Plemelj formula (3.101), the right hand side of the replacement (3.209) can be rewritten as
a difference of two scalar propagators

−2πiδ(k2 −m2) =
1

k2 −m2 + iε
− 1

k2 −m2 − iε
. (3.210)

Each of the 22 cut MIs can therefore be calculated for different, numerical values of m̂2
c and

q̂2 using the auxiliary mass flow method, by considering the difference of the results obtained
by evolving the auxiliary mass squared from +i∞ and −i∞. This approach of computing cut
integrals is already implemented in AMFlow with a built-in interface. Certainly, the obtained
result is UV-finite in the limit of ε→ 0, as the considered correction comes from a tree-level
process. We started with computing dΓ(2)

3c /dq
2 at 150 values of q̂2 and m̂c = 0.2384. The

result is shown in figure 24. To perform a fit, we assumed the following ansatz for dΓ(2)
3c /dq

2

as a function of both m̂c and q̂2:

dΓ
(2)
3c

dq2
= m3

bG
2
F |Vcb|2L

7
2
3c

[∑
kl

Cklq̂
2km̂l

c +Θ(10L3c − 1)
∑
mn

C̃mnq̂
2mm̂n

c

]
, (3.211)

142



Chapter 3: Semileptonic Decay of the B Meson

Ckl k = 0 k = 1 k = 2

l = 0 -0.000862940 -0.001237605 -0.002930817
l = 1 0.022083312 0.058729219 0.115555544
l = 2 -0.233051560 -0.929611726 -1.948951905
l = 3 1.300169847 7.064296877 17.168143423
l = 4 -4.046951098 -28.327414394 -82.170972154
l = 5 6.666415074 57.939616602 202.387552617
l = 6 -4.541480275 -47.726627340 -200.982999303

Table 3: Coefficients Ckl of the triple-charm fit (3.211).
C̃mn m = 0 m = 1 m = 2 m = 3 m = 4

n = 0 0.000877518 0.001621422 0.003642739 0.004746374 0.640253858
n = 1 -0.022328502 -0.068057724 -0.138426420 -0.028111942 -20.337500422
n = 2 0.234808565 1.020865993 2.251801608 -1.305831462 258.079023134
n = 3 -1.306653472 -7.508277813 -19.200975797 19.197488356 -1635.101572743
n = 4 4.059050049 29.397188800 88.978406754 -95.971405644 5172.363417944
n = 5 -6.675376047 -58.957345285 -211.538554968 167.311712182 -6539.450493870
n = 6 4.541480275 47.726627340 200.982999303 0 0

Table 4: Coefficients C̃mn of the triple-charm fit (3.211).

with L3c ≡ (q̂2 − (1 + 3m̂c)
2) (q̂2 − (1− 3m̂c)

2). The integer powers k, l, m, and n, cover
the ranges (0,2), (0,6), (0,4), and (0,6) respectively. The term involving Θ(10L3c − 1) was
included to improve the accuracy in the region close to the triple-charm phase-space endpoint
q̂2 = (1 − 3m̂c)

2. To find the fit coefficients Ckl and C̃mn, we computed the triple-charm
correction at additional 341 points, with the values of m̂c between 0.14 and 0.29. The results
were first published in ref. [1], and are presented here in tables 3 and 4. Comparing the
fit (3.211) to the precise numerical values, we find a maximal deviation of around 1.5% for
the points nearest to the endpoint, that quickly drops to less than 0.5% as q̂2 is lowered. We
therefore assign a conservative fitting error of 1.5% in the calculation of the spectral moments,
and in the comparison with the single-charm channel that will be described below.

The Single-Charm Channel
With the fit (3.211) at hand, the dominant, single-charm term dΓ

(2)
1c /dq

2 can be extracted
by subtracting the triple-charm contribution from the inclusive NNLO correction presented
in section 3.5. We computed the latter at 682 points, with 0.14 ≤ m̂c ≤ 0.29 and 0 ≤ q̂2 ≤
(1− m̂c)

2 using the method described in the previous section. For 341 of them that satisfied
q̂2 < (1 − 3m̂c)

2, we also computed the dΓ(2)
3c /dq

2 term. The numerical results for a fixed
value of m̂c are presented in figure 25. After subtracting the triple-charm contribution from
the inclusive correction, we performed a fit to the following ansatz for the single-charm term:

dΓ
(2)
1c

dq2
= m3

bG
2
F |Vcb|2L1c

∑
jkl=0

Djklm̂
j
cq̂

2k logl L1c, (3.212)

with L1c ≡ (q̂2 − (1 + m̂c)
2) (q̂2 − (1− m̂c)

2). The indices j, k, and l, are bounded by 1, 7,
and 8 respectively. The values of the coefficients Djkl that were published in ref. [1] can also
be found in tables 5, 6, 7, and 8 below. Thus obtained single-charm NNLO correction to the
spectrum was then compared with the results of ref. [67] for 13600 points in the parameter
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Figure 27: The centralized moments q̂n for n = 1 . . . 4 up to O(α2
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on small q̂2. The blue crosses denote the results given in eqs. (21) and (22) of ref. [67]. For
a direct comparison with that publication, the value of m̂c was set to 0.25. The NNLO to
NLO ratios to the O(α1

s) results are shown by brown curves in the bottom panels.

space. We find that when the fit (3.212) is compared with the expression from ref. [67] given
in terms of GPLs, the relative error never exceeds 5.2 × 10−4. The numerical scan of the
correction for m̂c = 0.2384 and the result of the fit are shown in figure 25.

The single-charm part of the NNLO correction to the spectrum is by far the dominant one.
The triple-charm channel is kinematically allowed only for q̂2 < (1−3m̂c)

2, which for typical
values of m̂c constitutes less than 15% of the total allowed range of q̂2 in the semileptonic
decay. Actually, at the hadronic level, there are only two kinematically allowed two-body
final states with three valence charm quarks, namely (Dηc) and (DJ/ψ), with the smallest
possible invariant masses equal to MD +Mηc ≈ 4.85 GeV≈ 0.92MB and MD +MJ/ψ ≈ 4.97
GeV≈ 0.94MB, leaving only a tiny volume of the phase space for the outgoing particles. We
found that for our reference value of m̂c, the q̂2 integral of dΓ(2)

3c /dq̂
2 is −2.428× 10−7 times

smaller than the corresponding integral of dΓ(2)
1c /dq̂

2 (see figure 26), while the ratio of the
corrections to the spectrum for q̂2 → 0 approaches 5.123× 10−6, and decreases rapidly with
q̂2.
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D0kl k = 0 k = 1 k = 2 k = 3

l = 0 -0.00065492620361 -0.00390985766592 -0.00220565766436 0.15518605570268
l = 1 -0.00142837487165 0.00696508473371 0.09405910531312 -0.06253133578189
l = 2 0.00315708546717 -0.02325332865210 0.00374231943691 -2.02104356689117
l = 3 -0.01566245331197 0.00539313247413 -0.16514145943056 0.50368450565789
l = 4 -0.00314430463123 0.03298251534973 -0.24771235141673 0.79272863991011
l = 5 -0.00116367410900 -0.00066823342187 -0.01632951298570 0.12789891805598
l = 6 -0.00016427141654 -0.00086937186633 0.00406718033696 0.00295240291003
l = 7 -0.00002838003168 -0.00013193918044 0.00091118101557 -0.00127493558773
l = 8 -0.00000311384087 -0.00000605460509 0.00008807454959 -0.00020743224743

Table 5: Coefficients D0kl of the single-charm fit (3.212) for k between 0 and 3.

D0kl k = 4 k = 5 k = 6 k = 7

l = 0 -0.08570516624642 -2.60307981382978 5.46598388371161 -3.07155763105516
l = 1 -4.45202557105393 12.27898482822888 -12.17665279523761 4.05283421170514
l = 2 6.82900780658794 -8.98001675918627 4.79587351688384 -0.71420622887211
l = 3 -0.22696886297429 -0.79009467604488 0.80044056001754 -0.12969467182270
l = 4 -1.19412096570063 0.75616420973758 -0.12462741476560 -0.01366414279716
l = 5 -0.29957244184153 0.30137080814560 -0.13593627512955 0.02437018661001
l = 6 -0.03090584845561 0.04725296326283 -0.02906154255314 0.00673101795849
l = 7 -0.00087783536997 0.00342046404978 -0.00276819278253 0.00074981715535
l = 8 0.00013718255663 0.00010589907564 -0.00017873779555 0.00006418583561

Table 6: Coefficients D0kl of the single-charm fit (3.212) for k between 4 and 8.

D1kl k = 0 k = 1 k = 2 k = 3

l = 0 0.00037898651589 0.00517918021788 0.04112085070528 -0.21496054486301
l = 1 0.00294905480007 -0.00603971843699 -0.21895793674020 -1.03193199304427
l = 2 -0.01351315180078 -0.01995812054357 -0.22812429086629 3.41257368948131
l = 3 0.01475940605979 0.00798442052509 0.20625870040905 -0.22965190841787
l = 4 0.00361472380470 -0.04512665323742 0.27522405293211 -0.58912224362215
l = 5 0.00135041781442 0.00257101526830 0.03190378201141 -0.15565929828791
l = 6 0.00018496716551 0.00151028010054 -0.00216460072286 -0.01607688792361
l = 7 0.00003136294993 0.00026420915586 -0.00084445521789 -0.00038980944792
l = 8 0.00000345408063 0.00001942254381 -0.00010722136685 0.00009668851788

Table 7: Coefficients D1kl of the single-charm fit (3.212) for k between 0 and 3.

D1kl k = 4 k = 5 k = 6 k = 7

l = 0 -1.01037416347829 3.85777242049678 -4.82260835024637 2.43237146133600
l = 1 7.28407942435662 -11.41492712861138 3.15489853106631 4.33118652047488
l = 2 -6.95529309256300 2.97749311540542 2.87779195568835 -0.44612980575120
l = 3 -0.81288724990409 1.05952773710921 0.58597841341702 -0.21167555956766
l = 4 0.25138154880765 0.49282349653529 -0.24333580413142 0.01386846240050
l = 5 0.20204027536542 -0.02532694776417 -0.04866750001498 0.01886365093423
l = 6 0.04112674519580 -0.02440884452889 -0.00083229803405 0.00359648817752
l = 7 0.00367275991399 -0.00340746780997 0.00055454715801 0.00030764562717
l = 8 0.00017167412681 -0.00029973464715 0.00010242601552 0.00001903450238

Table 8: Coefficients D1kl of the single-charm fit (3.212) for k between 4 and 7.
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Moments of the spectrum
In the extraction of the SM value of |Vcb|, together with the b- and c-quark masses, as well
as HQE matrix elements, one compares the SM predictions for moments of the semileptonic
spectra with the corresponding measurements. For the phenomenological reasons mentioned
in the Introduction, in the integrals defining the moments, it is necessary to exclude the
region of small lepton energies, or, equivalently, small q2. Once a prediction for the q2
spectrum is obtained, it is straightforward to take this cut into account also on the theory
side of the fit. The integrals defining the q̂2 moments considered in this thesis are

M̂n(q̂
2
cut) ≡

(1−m̂c)2∫
q̂2cut

dq̂2q̂2n
dΓsl
dq̂2

. (3.213)

Conventionally, one also defines the normalized moments:

M̄n(q̂
2
cut) ≡

M̂n(q̂
2
cut)

M̂0(q̂2cut)
, (3.214)

and the centralized moments:

q̂1(q̂
2
cut) ≡M̄1(q̂

2
cut),

q̂n(q̂
2
cut) ≡

n∑
j=0

(
n

j

)
M̄j(q̂

2
cut)
(
−M̄n−j(q̂

2
cut)
)n−j

.
(3.215)

Using the latter definition instead of the regular moments reduces correlations in the fit [33].
The first four centralized moments calculated using the partonic q2 spectrum up to the

NNLO in QCD are shown in figure 27. If only the single-charm NNLO correction was
included, our result would be in prefect agreement with the values given in eqs. (21) and
(22) of ref. [67]. To study the impact of the triple-charm term, one may define

∆q̂3cn ≡ q̂n − q̂1cn , (3.216)

where the moment q̂1cn is computed by neglecting the triple-charm contribution at the NNLO.
For the actual values of heavy quark masses, the ratio ∆q̂3cn /q̂n can be at most O(10−7), far
below the accuracy of present experiments.

Finally, the impact of the single-charm correction on the centralized moments for four
sample values of q̂2cut is shown in figure 29. The single-charm NNLO correction to the
moments ∆q̂1cn is given by

∆q̂1cn ≡ q̂1cn − q̂NLOn , (3.217)

with q̂NLOn denoting the NLO approximation of the n-th centralized moment. The NNLO
QCD term shifts the first moment by around 0.1%, the second and third by ∼ 0.5%, and the
fourth by ∼ 0.8%, with the exact values depending on the chosen cut. The results presented
above were obtained for quark fields and masses renormalized on shell. The behavior of the
QCD perturbative series can be improved by instead adopting the kinetic renormalization
scheme for the b quark mass [23–26]. While this conversion is known to enhance the precision
of the semileptonic fits, it is beyond the scope of the present thesis.
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Figure 28: The dependence of the ratio ∆q̂3cn /q̂n on m̂c and the value of the cut on low q2.
The uncertainties come from varying the renormalization scale µ between mb/2 and 2mb.
The plots are identical as in figure 9 of our article [1].
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Figure 29: The relative impact of the single-charm NNLO correction on centralized moments
of the q2 spectrum. The renormalization scale choice uncertainty is omitted for clarity of
the plots. The plots are identical as in figure 10 of our article [1].
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Conclusions

The findings of the detailed investigation of the inclusive semileptonic decay of the B
meson and the resulting extraction of physical parameters have now been serving physicists
for over two decades. The analysis is still ongoing, with many observables and corrections
yet to be tackled systematically. The work described in this thesis contributes to this field
by concluding the calculation of the NNLO QCD correction to the spectrum in invariant
mass of the lepton pair in the leading order in the Heavy Quark Expansion (referred to as
the q2 spectrum). Completing this project was motivated by the novel extraction method of
the |Vcb| CKM matrix element, based on the global fit of the q2 moments of the semileptonic
decay to the experimental data [33]. In this method, the fit depends on a smaller number of
unknown, non-perturbative matrix elements when compared with the standard extraction
procedures, thanks to the partial resummation of the HQE for reparametrization-invariant
quantities [34].

The effects of the NNLO correction to the q2 spectral moments in the BLM approximation
have already been implemented in the most recent fit to the semileptonic experimental data
in ref. [35]. By the time of publication of that article, the full NNLO and NNNLO corrections
to the moments were known only for q2cut = 0 [66], and thus could not be utilized in the fit.
Extending the analysis of the moments to non-zero values of q2cut was the motivation for
computing the O(α2

s) correction to the q2 spectrum. This dependence was easily derived
once the q2 spectrum was at hand. The results published in refs. [1, 67] and discussed in
this thesis thus allow for including the full NNLO terms in the semileptonic fit.

The results presented here serve two main purposes. First, they provide an analysis of
the dominant, single-charm contribution to the NNLO term, which verifies and confirms the
findings of the parallel, independent calculation of ref. [67]. The result of the single-charm
contribution to the spectrum was compared with the analytic expression provided by the
authors of ref. [67] and confirmed for all 13600 considered points in the (m̂c, q̂

2) parameter
space up to the 5.2 × 10−4 relative error. Moreover, the centralized q2 moments for two
sample points and with the quark fields and masses renormalized in the on-shell scheme
were also found to be exactly equal to the values quoted in that publication. The single-
charm correction turns out to affect the q2 spectrum by at most 4% near the phase-space
endpoint, and around 2% for most other values.

Second, the single-charm contribution has been supplemented with the correction corre-
sponding to the triple-charm semileptonic decay channel. While the latter effect turned out
to be very small for the observed values of the b and c quark masses, it was nevertheless im-
portant to compute it to complete the calculation of the inclusive NNLO correction. Before
the quantitative treatment of the triple-charm channel was completed, this correction was
being neglected purely on the basis of the small volume of the available phase-space. On
the other hand, the width of the triple-charm channel is known to be divergent in the limit
m̂c → 0. The shape of the obtained ratio of the single- and triple-charm corrections as a
function of m̂c (see figure 26) confirms that a small variation in the computed 3-loop effect
or the value of m̂c could have had a large impact, and a thorough calculation was of interest.

The O(α2
s) correction to the spectrum was computed in a series of steps. First, a chain

of effective theories was considered, in which the heavy electroweak degrees of freedom were
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integrated out of the SM Green’s function describing the semileptonic decay. Moreover,
the calculation was simplified by replacing the lepton pair with an auxiliary vector boson
Q. At the end of this procedure, one is left with a description based on perturbative QCD
supplemented with a single fermion-gauge boson interaction vertex. Next, the amplitude was
expressed as a linear combination of 3-loop integrals, and reduced to a basis of MIs using IBP
identities between scalar integrals. The MIs were computed numerically using the auxiliary
mass flow method for a large number of points in the (m̂c, q̂

2) space. The renormalization
formula was derived, and the necessary 1- and 2-loop counterterm diagrams were computed
using the same method. Finally, the results were fitted to a power-log ansatz.

Apart from the description of the calculation of the NNLO correction, the thesis aimed to
provide a summary of the contemporary techniques employed in the computations of multi-
loop, multi-scale Feynman diagrams in QFT. This is a dynamic and exciting area of research,
with frequent breakthrough results opening new possibilities for precise phenomenological
studies. All methods described in Chapter 2 are fundamentally based on the IBP identities,
which may be viewed as identities stemming from the integral invariance under a redefinition
of the integration variable. Both the ε-form approach and the auxiliary mass flow follow
from the fact that the derivatives of all loop integrands can be expressed as different loop
integrands, being therefore IBP reducible. The described computational methods were used
extensively during the preparation of this thesis, and illustrated in numerous 1- and 2-loop
examples.

Many natural extensions of the presented analysis of perturbative corrections to the
semileptonic decay may be considered. A potentially significant effect may come from the
leading electrodynamic correction. Going beyond the leading approximation in electroweak
interactions presents a number of nontrivial complications. First, the auxiliary width ap-
proach described in section 3.1 breaks down because of the photon exchanges between the
quark and lepton lines. Moreover, the masses of the outgoing leptons cannot be neglected
because of collinear divergences in QED with massless fermions. To compute this correc-
tion in terms of GPLs, one would need to incorporate certain splitting function techniques†
that allow for separating the logarithms log(ml/mb) and the part that is finite in the limit
ml → 0. The computation of this correction by the present thesis’ author is ongoing.

Since α3
s(mb) ∼ αem, the NNNLO QCD correction to the leading HQE contribution

can be expected to be of similar size as the leading QED one. However, its calculation is
likely to be much more arduous. A computation of the necessary 675 four-loop diagrams
constitutes a computational challenge. Even generating the sets of seed integrals and their
coefficients in the amplitude took around two weeks on the system described below eq. (2.17)
in section 2.2. It is still unclear if the IBP reduction at this order is feasible with the
contemporary algorithms. The direct computation of the single charm channel MIs using
the ε-form method would be extremely difficult. The numerical approach employed in this
thesis may also be too costly in terms of memory and CPU time. Evaluating the counterterm
diagrams alone would be a larger project than the one presented in this thesis.

Going beyond the leading order in the HQE, a calculation of the NNLO QCD correction
to the Wilson coefficients of the O(Λ̂2) and O(Λ̂3) operators in the HQE may be possi-
ble. The NLO QCD effects in the O(Λ̂4) and higher are also yet unknown. Here, as in all
other calculations at the precision frontier of particle physics, one must weigh the poten-
tial phenomenological significance with the expected difficulty and the available computer
resources.

†see for example refs. [233, 234] and the appendix B of ref. [235]
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