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Streszczenie

Od czaséw odkrycia przez Ramona Cajala kolcéow dendrytycznych, bedacych gtéowna, cze-
Scig synaps pobudzajacych, naukowcy nieustannie starajg sie zrozumieé ich funkcje i jej zwia-
zek z rozmiarami i ksztaltem kolcow. Wiadomo, ze kolce stanowig tzw. magazyn pamieci
oraz odpowiadaja za transmisje sygnatu pobudzajacego miedzy neuronami. Nie jest jasne
natomiast, jaki jest zwiazek miedzy ksztaltem kolcow a pelniona przez nie funkcja. Na ten
temat istnieje wiele teorii i paradygmatow, np. paradygmat moéwiacy, ze uczenie zwiazane
jest ze zmiang ksztaltu i rozmiaru kolcow.

W mojej pracy doktorskiej odnosze sie do tego podstawowego paradygmatu i préobuje
odpowiedzieé¢ na nastepujace zagadnienia: ktére parametry kolcow sa istotne i ktérych metod
nalezy uzywaé¢ do ich klasyfikacji morfologicznej; w ktorych zmiennych strukturalnych kolcow
zakodowana jest maksymalna informacja zwiazana z pamiecia; oraz jak wykorzysta¢ analize
strukturalng kolcow dendrytycznych do modelowania dynamiki interakeji pomiedzy nimi i
jakie z tego ptyna wnioski.

Stwierdzitam, ze ukryte taricuchy Markowa (bez modelu autoregresyjnego lub z nim) sa
metodami, ktére mozna wykorzystaé¢ do sprawdzenia wyboru klasyfikacji kolcéw przez roézne
dostepne oprogramowania. Ponadto ustalitam, ktore rozktady strukturalne kolcéw przecho-
wuja najwiecej zakodowanej informacji i czy taka ilo$¢ jest optymalna. Na koniec analizowa-
tam dynamiczny fizyczny model, badajacy ilos¢ kodowanej informacji w kolcach i jej koszt
energetyczny, czesciowo w oparciu o dane z wczesniejszej analizy. Symulacje tego modelu po-
zwolity odpowiedzie¢ na pytania: w jaki sposob kooperatywnosé (korelacja miedzy sasiednimi
kolcami) wptywa na kodowana informacje, jej efektywnos$é energetyczna oraz czy ta informacja
jest w jakikolwiek spos6b maksymalizowana.
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Streszczenie po angielsku

Since the discovery of dendritic spines (the main part of excitatory synapses) by Ramon
Cajal, scientist have been constantly trying to understand their function and it’s relation
to spine size and shape. It is known that dendritic spines constitute a so-called ,memory
store” and are responsible for the transmission of excitatory signals between neurons. The
relationship between the shape of the dendritic spines and the function they perform, however,
remains unclear. Many theories and paradigms exist on the subject, including the paradigm
that learning relates to changes in the shape and size of the dendritic spines.

In my dissertation, I wanted to address this basic paradigm and tried to answer questions
such as which dendritic spines parameters are important and which methods should be used,
for their morphological classification, in which dendritic spines distributions the maximum
information is encoded related to memory, and how structural analysis of dendritic spines can
be used to model the dynamics of interactions between them and what can be deduced from
this.

I was able to establish that hidden Markov chains, without or with an autoregressive
model, are the methods that can be used to check the selection of dendritic spines classifica-
tions by the various available software. Also, it was possible to determine which structural
distributions of spine size store the most information and whether this is the optimal amount.
Finally, a dynamical physical model was analyzed to examine the amount of encoded infor-
mation in dendritic spines and its energy cost, based in part on the data from earlier analysis.
Simulations of this model helped to answer questions like: how cooperativity (correlation
between neighboring dendritic spines) affects the encoded information, its energy efficiency,
and whether this information is somehow maximized.
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Wykaz skrotow

HMM - Hidden Markov Model — ukryte taricuchy Markowa

ARHMM — Autoregressive Hidden Markov Model — ukryte tanicuchy Markowa z modelem
autoregresyjnym

MARHMM — Mizture of Autoregressive Hidden Markov Model — mieszane ukryte taricuchy
Markowa z modelem autoregresyjnym

LTP — long term potentiation — dtugotrwale wzmocnienie synaptyczne
LTD — long term depression — dtugotrwate ostabienie synaptyczne

cLTP — chemical long term potentiation — chemiczne dlugotrwale wzmocnienie synap-
tyczne

PCA — principal component analysis — analiza gtéwnych sktadowych

PSD — postsynaptic density — gesto$¢ postsynaptyczna

PNS — peripheral nervous system — obwodowy uktad nerwowy

EPR — entropy production rate — ilo$¢ energii rozproszonej w jednostce czasu
MT — memory trace — $§lad pamieci

KL — Kullback-Leibler divergence — dywergencja Kullbacka-Leiblera
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Rozdzial 1

Wstep

Moézg jest najwazniejszym ludzkim organem, odpowiedzialnym za koordynacje i prace
wszystkich naszych narzadow, a takze za nasze samopoczucie oraz osobowosé. Zbudowany
jest z dwoch rodzajow komorek: neurondéw oraz gleju. Neurony stanowig przede wszyst-
kim gléwny nurt badan neurobiologicznych, poniewaz uwaza sie, ze biora one gltéwny udzial
w przetwarzaniu i przechowywaniu informacji. Powierzchnia dendrytéw neuronéw pokryta
jest malymi, bloniastymi strukturami zwanymi kolcami dendrytycznymi. Kolce dendrytyczne
odpowiadaja miedzy innymi za przesytanie szybkiej informacji miedzy neuronami oraz za
,magazynowanie” informacji (pamieci) w swojej strukturze. Biora one udzial w dwoch waz-
nych procesach odpowiedzialnych za uczenie i zapamietywanie informacji, czyli dlugotrwate
pobudzenie synaptyczne (ang. LTP — long term potentiation) oraz dlugotrwale oslabienie
synaptyczne (ang. LTD — long term depression). Obydwa procesy (szczegdtowo opisane
odpowiednio w podrozdziatach 1.5.4.1 oraz 1.5.4.2) odgrywaja kluczowa role w plastyczno-
$ci neuronalnej (wiecej o plastycznosci w podrozdziale 1.5.4), ktora odgrywa istotna role w
procesach poznawczych i w zaburzeniach neuropsychiatrycznych.

Jedna z kluczowych cech morfologicznych kolcéw dendrytycznych jest ich zmiennosé struk-
turalna, ktéra moze by¢ scharakteryzowana przez ich rozmiary, takie jak objetosé¢, dlugosé
i szerokos¢. Kolce dendrytyczne zbudowane sa bardzo typowo — gtowe kolcow taczy cienka
szyjka z dendrytem. Objetosé glowy kolcow koreluje sie dodatnio nie tylko z polem gestosci
postsynaptycznej (ang. PSD — postsynaptic density), ale takze z presynaptycznym obszarem
aktywnej strefy, liczba receptorow glutaminianowych typu AMPA i sita synaptyczna (nate-
zeniem pradu synaptycznego) [1, 2|. Wszystkie wymienione powyzej procesy leza u podstaw
kodowania i przechowywania informacji, co jest kluczowe dla pamieci w mozgu.

Wiele zaburzeri mozgu zalezy od ksztattu kolcow dendrytycznych, ich wielkosci lub liczby
receptoréw. W sposob zalezny od aktywnosci zmienia sie morfologia kolcow. Zmiana mor-
fologii kolcow jest podstawa strukturalnej plastycznosci koleow dendrytycznych (moze dojsé
do powstania lub utraty synaps). Zrozumienie zmiany ksztaltu kolcow dendrytycznych ma
ogromne znaczenie [2, 3, 4]. Z jednej strony, na podstawie ksztaltu kolcow dendrytycznych,
mozemy zaliczaé¢ je do roznych klas, takich jak paluszkowate (ang. filopodia), grzybkowate
(ang. mushroom), przysadziste (ang. stubby), cienkie (ang. thin), a takze rozgaltezione po-
siadajace minimum dwie glowki (ang. branched) i miseczkowate (ang. cup-shaped), za$ z
drugiej strony ksztalt kolcéw pozwala okreslié, w jakim stanie znajduje sie aktualnie kolec
dendrytyczny [5].

Poprzez ,stan” rozumiemy mechanizmy /procesy, jakie zachodza wewnatrz kolca dendry-
tycznego, tzn. wczesna/pdzna faza LTP lub LTD, stany w ktorych obserwujemy wzrost lub
spadek liczby receptorow AMPA. W zaleznosci od liczby receptoréw AMPA kolec bedzie bar-
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dziej podatny na proces LTP (gdy ich liczba wzrasta), lub proces LTD (gdy liczba ta spada).
Wazne jest okreslenie, w jaki sposob takie parametry jak np. dtugosé kolca, szeroko$é gtowki,
szeroko$¢ szyjki, maja wpltyw na klasyfikacje kolcow i jak parametry odnosza sie do ich ,za-
wartosci informacyjnej” (ilosci entropii zwiazanej z rozktadami ich wielkosci) znajdujacej sie
w uktadzie kolcow.

Celem tej rozprawy jest polaczenie analizy danych strukturalnych kolcow dendrytycznych
z ich zawarto$cia informacyjna, oraz stworzenie i analiza fizycznego modelu plastycznosci
kolcow w kontekscie kodowania informacji w ich strukturalnych stanach. Praca ma charakter
obliczeniowy (analiza danych) oraz teoretyczny (matematyczne modelowanie plastycznosci).

1.1. Budowa mézgu

Moézg zbudowany jest z trzech elementéw strukturalnych: szlakéw nerwowych, jader mo-
zgowych i kory mozgu. Szlaki nerwowe, zwane rowniez drogami nerwowym, znajduja sie na
kazdym poziomie tkanki mozgowej i, taczac sie¢ z wewnetrznymi drogami (z réznych obszarow
mozgu), tworza istote biala. Jadra mozgowe natomiast zanurzone sg w istocie biatej i tworza
skupiska komorek nerwowych. Niektére struktury moézgowe sa stworzone z kilku grup jader
(np. wzgorze). Mozg i mozdzek pokryte sa kora mozgowa. Istota szara natomiast zbudowana
jest z kory mozgowej i jader mozgu [6, 7, 8, 9].

Moébzg mozna rowniez podzieli¢ ze wzgledu na struktury anatomiczne: przodomoézgowie,
srodmozgowie i tytomozgowie. Przodomézgowie sktada sie z kresomoézgowia i miedzymozgo-
wia. Miedzymobzgowie zawiera w czesci grzbietowej wzgdrze, a w czesci brzusznej podwzgorze.
Kresomoézgowie zbudowane jest z dwoch potkul mézgowych, ktoére sg ze soba potaczone w linii
srodkowej. Potkule te na swojej powierzchni pokryte sa kora moézgowa. Zardéwno u cztowieka,
jak i u naczelnych mozna wyréznié tzw. pola Brodmanna okreélajace, ktéry obszar wiaze sie
z danymi czynnos$ciami (np. poznawczymi, ruchowymi itd.). Natomiast rdzen kresomozgo-
wia zbudowany jest z dwoch uktadéw neuronalnych: jader podkorowych odpowiedzialnych
za budowe ruchowego uktadu pozapiramidowego mozgu i ciata migdatowatego (czes¢ uktadu
limbicznego odpowiedzialnego za kontrole emocji i proces uczenia si¢). Srodmozgowie dzieli
sie na czesSé brzuszng i grzbietowa. Razem z tylomoézgowiem $rodmoézgowie tworzy pienn mo-
zgu. Tylomoézgowie zbudowane jest z mostu, rdzenia przedtuzonego i mézdzku. W drodku
mozgu znajduja sie komory moézgu wypelnione ptynem mozgowo-rdzeniowym [6, 7, 8, 9, 10].

Moézg zbudowany jest z neuronéw oraz komorek glejowych, w sktad ktorych wchodza:
astrocyty, oligodendrocyty i mikroglej. Szczegdty budowy neuronu oraz jego rola opisano w
podrozdziale 1.2.

Astrocyty to najliczniejsze komorki glejowe. Posiadaja dtugie wypustki zakonczone tak
zwang stopka ssaca. Do ich zadan nalezy: zaopatrywanie neuronéw w glukoze, kontrolowanie
stezenia jonéw w okolicach neuronéw, usuwanie neuroprzekaznikéw ze szczeliny synaptycznej
oraz zapewnienie tworzenia sie bariery krew—mozg [6, 7, 8, 9.

Oligodendrocyty to komorki wystepujace w osrodkowym uktadzie nerwowym. Ich zada-
niem jest tworzenie ostonki mielinowej na aksonach, gtownie w istocie biatej [6, 7, 8, 9.

Ostatnia grupa komoérek glejowych to tak zwany mikroglej, ktory pochodzi najprawdopo-
dobniej z monocytow krwi i/lub ich komérek prekursorowych. Gléwnym zadaniem mikrogleju
jest naprawa uszkodzen uktadu nerwowego [6, 7, 8, 9].
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1.2. Komoérka nerwowa — neuron

Neuron (inaczej komorka nerwowa) jest podstawowa jednostka anatomiczno-funkcjonalng
tkanki nerwowej, z ktorej zbudowany jest uktad nerwowy. Komorka ta sklada sie z ciata
komorki oraz licznych wypustek cytoplazmatycznych zwanych dendrytami, a takze z poje-
dynczej wypustki osiowej zwanej aksonem [6, 7, 8, 9]. Przyktad budowy neuronu znajduje sie
na rysunku 1.1.

Dendryty stanowia przedtuzenie ciata komoérki, moga mie¢ dtugos¢ do 1 mm i stanowié
do 90% calkowitej powierzchni neuronu. Niektore dendryty pokryte sa mnostwem cienkich
palcowatych tworéw, zwanych kolcami dendrytycznymi. Na wiekszosci kolcow dendrytycz-
nych tworza sie synapsy (istnieja kolce, ktore nie tworza synaps [11]). Neurony posiadajace
kolce dendrytyczne zwane sg neuronami kolczastymi, natomiast neurony nieposiadajace kol-
cow dendrytycznych — neuronami bezkolcowymi [6, 7, 8, 9].

Aksony maja swoje ujscie z miejsca zwanego wzgorkiem aksonowym. W odréznieniu od
dendrytéw moga mieé¢ dtugosé od pm do nawet metra, nie maja kolcow dendrytycznych,
a niektére moga posiadaé ostonke mielinows. Na swoim zakoniczeniu aksony sa pogrubione —
pogrubienie to nazywane jest kolbkami lub guziczkami i zawiera mitochondria oraz pecherzyki
plazmolemalne [6, 7, 8, 9]. Neurony dzieli sie na dwie gtéwne grupy: neurony pobudzajace
(np. neurony piramidowe) oraz neurony hamujace. Ta klasyfikacja pochodzi od wydzielanych
neuroprzekaznikéw - pobudzajacych i hamujacych.

Neurony maja jeszcze inng wazna wlasciwosé. Ukltad nerwowy musi szybko reagowaé na
bodzce i przesyla¢ informacje na duze odlegtosci, w zwigzku z tym neurony wykorzystuja
zmiany gradientu potencjalu elektrycznego. Zmiana gradientu elektrycznego wystepuje w
poprzek blony, w wyniku czego powstaje sygnatl elektryczny przekazywany wzdtuz witédkien,
ktore tworzg drogi nerwowe zarowno w oSrodkowym uktadzie nerwowym, jak i w nerwach
obwodowych. Jest to mozliwe dzigki wystepowaniu réznicy potencjaléw pomiedzy wnetrzem
komorki, a srodowiskiem zewnetrznym (wnetrze komorki jest bardziej ujemne, wynosi ok.
-70 mV i nazywa sie potencjalem blonowym, a w sytuacji, gdy komoérka nerwowa nie jest
pobudzona, potencjal blonowy nazywany jest potencjalem spoczynkowym). W wyniku elek-
trycznego pobudzenia neuronu potencjal bedzie zmienial sie w kierunku dodatnim, po czym
na krotki czas uzyska wartosé dodatnia, a nastepnie spadnie do wartosci poczatkowej, czyli -70
mV. Ten krotkotrwaly (2-3 ms) skok z ujemnej wartosci na dodatnia nazywany jest potencja-
tem czynnos$ciowym i jest sygnatem elektrofizjologicznym stosowanym w uktadzie nerwowym
do przekazywania informacji pomiedzy neuronami (zar6wno na duze jak i krotkie odlegtosci)
[6, 7, 8, 9]. Wiecej na temat potencjatu znajduje sie w podrozdziale o potencjale czynnoscio-
wym.
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Rysunek 1.1: Przyktad neuronu na ktérym zaznaczone sg cztery strefy: I — recepcyjna, II —
generujaca impuls nerwowy, III — przesytanego potencjalu czynnosciowego, IV — przekazania
informacji.

1.3. Potencjaly

W poprzednim rozdziale poruszono temat potencjaléw elektrycznych wystepujacych w
neuronach. Wyrézniamy potencjal spoczynkowy, czyli réznice napie¢ pomiedzy obiema stro-
nami btony komorkowej niepobudzonego neuronu, ktérego warto$é waha sie od -65 mV do -90
mV. Potencjal ten istnieje poniewaz, btona komérkowa neuronu cechuje sie rézna, przepuszczal-
nodcia zarowno dla jonéw znajdujacych sie wewnatrz komorki, jak i dla jonéw znajdujacych
sie na zewnatrz komorki (Srodowisko zewnetrzne) [6, 7, 8, 9.

Najwazniejsze jony, jakie biora udzial w powstajacym tu potencjale, to Na™, K™ oraz C1.
Wewnatrz komoérki wystepuja réwniez aniony, w tym takie jak: aniony kwaséw organicznych,
siarczany czy fosforany, dla ktérych btona komérkowa jest nieprzepuszczalna. W stanie spo-
czynku na zewnatrz komoérki dominuje jon sodowy Na'. W znacznie mniejszym stezeniu
wystepuje jon potasowy K'. Odwrotna sytuacja ma miejsce wewnatrz komorki (dominuje
jon K7, a jon Na® wystepuje w mniejszej iloéci) [6, 7, 8, 9].

Roéznica ta jest utrzymywana i regulowana przez mechanizmy, znajdujace sie w blonie.
Mechanizmami tymi sg m. in. biatka btonowe i pompa sodowo-potasowa. Gdy do neuronu
zostanie podany wystarczajaco silny prad synaptyczny, to btona neuronu ulegnie depolaryzacji
w stopniu wystarczajacym, aby wytworzy¢ potencjal czynnosciowy [6, 7, 8, 9].

Potencjat czynnosciowy polega na kréotkotrwalym odwréceniu réznicy potencjaléw po obu
stronach btony komérkowej. Potencjal ten charakteryzuje si¢ tym, ze gwattownie depolary-
zuje membrane do zera, przyjmuje wartosé¢ dodatnia (ktéra wynosi okolo +30 mV w wyniku
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wptywu jonéw Na™), po czym repolaryzuje do wartoéci poczatkowej w wyniku wyptywu K.
Wymienione zjawiska dla potencjalu czynnosciowego tacznie stanowia tzw. iglice (ang. spike)
i trwaja bardzo krotko: okoto 2-3 milisekundy. Potencjaly czynnosciowe powstaja na wzgorku
aksonowym i przemieszczaja sie wzdhuz aksonu do jego zakonczenia aktywizujac po drodze
synapsy|6, 7, 8, 9].

Potencjaly czynnosciowe maja kilka charakterystycznych cech |7, 8, 9]:

1. aby powstal potencjal, bodziec pobudzajacy musi by¢ wystarczajaco silny (zbyt staby
bodziec nie wywota potencjatu) i istnieje prog aktywizujacy potencjal;

2. potencjaly czynnosciowe danej komorki maja ta sama wielko$¢ niezaleznie od bodzca;

3. pomiedzy poczatkiem zadziatania bodzca, a poczatkiem potencjalu czynnosciowego wy-
stepuje opdznienie zwane latencja;

4. w czasie trwania potencjatu czynnosciowego komorka nerwowa jest niepobudliwa.

Na rysunku 1.2 przedstawiono przyktad potencjatu czynnosciowego.
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Rysunek 1.2: Przyktad potencjatu czynnosciowego w komoérce nerwowe;j.

1.4. Synapsy

Neurony tacza sie w tancuchy i sieci, ktore przekazuja i integruja informacje w uktadzie
nerwowym. Potaczenia pomiedzy neuronami to synapsy, a do ich zadan naleza przekazywanie
informacji i jej zapisywanie (pamie¢). Wyr6zniamy synapsy chemiczne i elektryczne (tych
drugich nie rozwazano w tym doktoracie). Liczbe synaps chemicznych w moézgu ludzkim
szacuje sie na 10" —10'°. Najwiecej synaps neurony maja okoto 2-3 roku zycia. W dorostym
mozgu ich liczba jest nieco mniejsza, ale poréwnywalna z liczba w chwili narodzin (6, 7, 8, 9,
13].

Synapsy chemiczne dziela sie na dwie podstawowe klasy: pobudzajace (ang. excitatory)
i hamujace (ang. inhibitory). Podstawowa roznica miedzy nimi polega na rodzaju neurotran-
smiteréw uzywanych do przesylania informacji miedzy neuronami.

Obszar synapsy chemicznej mozna podzieli¢ na trzy czesci: cze$é presynaptyczna, szczeline
synaptyczna i czes¢ postsynaptyczna.

Czes¢ presynaptyczna nazywana jest inaczej zakoriczeniem aksonalnym, a doktadniej kolbka
synaptyczna. Kolbka ta zawiera blone presynaptyczna, mitochondria i pecherzyki synap-
tyczne. Pecherzyki moga mieé ksztalt kulisty lub polimorficzny (zazwyczaj owalny) [6, 7, 8, 9].
Roznica pomiedzy wymienionymi powyzej pecherzykami polega na ich zawartosci: pecherzyki
kuliste jasne zawieraja przewaznie acetylocholine lub glutaminian, pecherzyki kuliste geste —
aminy katecholowe (noradrenaline, dopamine, adrenaline), aminy indolowe (serotonina) lub
neuropeptydy, pecherzyki owalne — neuroprzekazniki hamujace (kwas gamma-amino-mastowy
lub glicyne) |7, 8, 9].

Miedzy czescia pre- i postsynaptyczng znajduje sie szczelina o rozmiarach okoto 10-100 nm.
Do szczeliny wydzielany jest neuroprzekaznik.
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Czes¢ postsynaptyczna to blona zawierajaca geste sieci filamentow, ktore wnikaja pro-
stopadle do szczeliny synaptycznej. Btona komoérkowa dendrytu w obszarze, ktéry tworzy
synapse, jest pogrubiona i tworzy tzw. zageszczenie postsynaptyczne. Wynika to z faktu,
ze dochodzi do akumulacji receptoréw, enzymoéw oraz innych biatek potrzebnych do odebra-
nia i wygenerowania odpowiedzi komorki na docierajacy neuroprzekaznik [6, 7, 8, 9]. Sam
mechanizm przekaznictwa synaptycznego mozna podzieli¢ na fazy [7, 8, 9|:

1.

Neuroprzekaznik jest gromadzony w pecherzykach synaptycznych w zakoniczeniu aksonu
(kolbka synaptyczna)

. Po dotarciu potencjatu czynnosciowego do aksonu, potencjal czynnosciowy wywoluje

depolaryzacje btony presynaptycznej i powoduje otwarcie kanaléw jonowych zaleznych
od wapnia.

. Naplywanie wapnia aktywuje kinaze proteinowg zalezng od wapnia. Kinaza powoduje

uwolnienie pecherzykow synaptycznych, tzn. oddziela je od biatek szkieletowych (pe-
cherzyki z tymi biatkami tworzyly presynaptyczna sie¢ pecherzykowa).

W wyniku naplywania jonéw wapnia rosnie jego stezenie w kolbce synaptycznej. Akty-
wizuje to synaptotagmine, ktéra pomaga pecherzykom przemiesci¢ sie w okolice blony
presynaptycznej i zakotwiczy¢ sie im do niej.

. Ciagte zwiekszanie sie stezenia jondéw wapnia w kolbce prowadzi do fuzji zawierajacych

neuroprzekaznik pecherzykéw synaptycznych z btona presynaptyczna.

. Neuroprzekaznik jest uwalniany do szczeliny synaptycznej i taczy sie z receptorem na

blonie postsynaptycznej (moze tez dziala¢ na receptory znajdujace si¢ zaréwno na btonie
presynaptycznej, jak i na btonie komoérek glejowych).

W wyniku polaczenia sie neuroprzekaznika z receptorem postsynaptycznym dochodzi
do zmiany struktury tego receptora, przez co neuroprzekaznik zaczyna otwieraé¢ kanaly
jonowe. Mechanizm ten powoduje przechodzenie jondéw przez btone postsynaptyczna.

. Przeplyw jonéw powoduje lokalne zmiany potencjatu w blonie postsynaptycznej (moze

wystapi¢ zwiekszenie lub zmniejszenie potencjatu).

. Neuroprzekaznik przestaje dziataé po jego roztozeniu przez enzymy lub usunieciu ze

szczeliny synaptyczne;j.

Przyktady synapsy chemicznej przedstawiono na rysunku 1.3.
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Rysunek 1.3: Przyklad synapsy chemicznej z czescia pre- i postsynaptyczna oraz szczeling
synaptyczng.

1.5. Kolce dendrytyczne i ich plastycznosé

Kolce dendrytyczne stanowia, postsynaptyczna czesé synaps chemicznych i zostaly po raz
pierwszy opisane pod koniec XIX wieku przez Ramoéna Y Cajala. Uznal on, ze te mate
wystepy” wylaniajace sie z dendrytéw wielu neuronéw sg miejscami kontaktu neuronowego
i zasugerowal, ze zmiany w aktywnosci neuronéw mogg wptywaé¢ na morfologie kolcow den-
drytycznych [14, 15].

Dzieki badaniom w oparciu o mikroskopie $wietlng i elektronowa Graya z 1959 roku [16]
potwierdzono, ze kolce rzeczywiscie sa miejscami kontaktu synaps (zdanie z pracy Graya
potwierdzajace ten fakt: "Finally, the spines of dendrites are shown to be sites of synaptic
contact"). Warto jednak zauwazy¢, ze ponad 90% wejsé pobudzajacych konczy sie na kolcach
dendrytycznych, co sugeruje ze pelnia subtelne funkcje w komunikacji synaptycznej. Kolce
dendrytyczne znajdujg sie zarowno u ssakow jak i u niektorych owadow.

Kolce wystepuja tylko w pewnych rodzajach neuronéw, w tym: w neuronach piramido-
wych w korze, w srednich neuronach kolczastych w jadrach podstawy i komoérkach Purkinjego
w moézdzku. Kolce bardziej obficie spotykane sa w wyzszych regionach mézgu i maja bardzo
zmienny ksztalt [17]. Kolce dendrytyczne obejmuja najwazniejsze czesci synaps pobudzaja-
cych. Zmiany w liczbie i morfologii kolcow sa zwigzane ze zmianami w aktywnosci neuronalnej
i rodzaju do$wiadczenia. Uwaza sie, ze morfologia i gestos¢ kolcow odgrywa kluczowsg role
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funkcjonalng w plastycznos$ci synaptycznej, a co za tym idzie — w procesach uczenia sie i
pamieci [17, 18|.

Aktualnie kolce dendrytyczne definiuje sie jako mate btoniaste struktury znajdujace sie na
powierzchni dendrytu neuronu. Liczba kolcow dendrytycznych waha sie od 1 do 10 kolcow /pm
dtugosci dendrytu w zaleznosci od typu neuronu i stadium rozwojowego. Moga one przybieraé
najrozniejsze ksztalty oraz rozmiary. W wielu pracach neurobiologicznych kolce dendrytyczne
dzieli sie na cztery glowne grupy: paluszkowate (ang. filopodia), cienkie (ang. thin), grzyb-
kowate (ang. mushroom) oraz przysadziste (ang. stubby) |7, 13, 19, 21, 22| (rysunek 1.4
przedstawia klasyfikacje kolcow). Istnieja rowniez prace wskazujace na inne klasy, jak rozga-
tezione z minimum dwoma gltéwkami (ang. branched) czy miseczkowate (ang.cup-shaped).

Klasyfikacja kolcow w preparatach statych wedtug ich ksztaltu i rozmiaru to popularna
strategia oceny dojrzewania i patologii zmiany neuronéw. W preparatach tych mozna za-
uwazy¢ wzrost lub spadek zageszczenia liczby kolcow [23, 24|. Oprocz tego w preparatach
mozna zauwazy¢ rowniez nietypowy ksztatt kolcow (np. w chorobie tamliwego chromosomu X
(ang. X-fragile syndrome)) [23, 24|, oraz ich wielkos$ci — np. kolce dendrytyczne u pacjentow
z zespotem Downa [1, 2, 3, 4, 23, 24, 25, 26|.

Kolce dendrytyczne zbudowane sa typowo z gtowki i szyjki, ktora taczy gtéwke z neuronem,
wyjatek stanowia kolce z klasy przysadzistych, ktére nie maja szyjki. Na powierzchni gtéwki
znajduja si¢ rézne receptory, w tym receptory AMPA i NMDA (wiecej o tych receptorach
jest w podrozdziatach 1.5.2, 1.5.2.1 1 1.5.2.2). Kolce dendrytyczne odbieraja sygnaly elektro-
chemiczne przekazywane przez wypustki aksonéw, a nastepnie przekazuja je do ciata dendrytu.
W wyniku sumowania tych sygnatéw z r6znych kolcow, oraz synaps inhibitorowych, informacja
o pobudzeniu neuronu jest dalej przekazywana lub hamowana |1, 2, 3, 4, 7, 8, 9, 25, 26].

Miejsce kontaktu kolca dendrytycznego z presynaptycznym zakoriczeniem jest oznaczone
przez tzw. postsynaptyczna gestosé (ang. PSD — postsynaptic density). PSD zawiera ogromna
,maszyneri¢” czasteczek (gtownie bialek), ktore tacza transmisje synaptyczna z roznymi ka-
skadami sygnalizacyjnymi i komponentami cytoszkieletu kolca [27, 28].

Plastycznos¢ synaptyczna kolca dendrytycznego, polega na jego powiekszeniu sie lub po-
mniejszeniu sie. Wtasnie takie zmiany kolcéw dendrytycznych okresla sie mianem plastycz-
nosci strukturalne;j.

Od strony molekularnej/biochemicznej, do gtéwnych elementéw kolcow dendrytycznych
naleza struktury cytoszkieletu (aktyna), biatka cytoszkieletu, receptory blony komoérkowe;j
(NMDA, AMPA i receptory metabotropowe), mata GTPaza i powiazane z nia bialtka, re-
gion gestosci postsynaptycznej (PSD), mikroRNA, wiazanie mRNA biatka, czynniki trans-
krypcyjne, macierz zewnatrzkomorkowa i czasteczki adhezyjne. Cytoszkielet i jego biatka w
gtéwnej mierze odpowiadaja za ksztalt kolcow.

Cytoplazma kolcow dendrytycznych jest wzbogacona w aktyne (dokladniej F-aktyne), u
ktorej regulacja dynamiki ma kluczowe znaczenie dla zmian morfologicznych podczas dojrze-
wania i gdy kolce osiagaja stabilnosé [29]. W jednym z badan pokazano, ze kolce powiekszaja
sic w odpowiedzi na dziatanie polimeryzacji aktyny, ktoéra nastepuje w ciagu sekund od in-
dukcji LTP [17]. Do czynnikow, ktore maja wpltyw na krzywizne i rozwoj ksztaltu kolcow
dendrytycznych, naleza miedzy innymi: Rho GTPazy, BAR (Bin—Amfifizyna-Rvs167) [29].

18



L))

Przysadziste  (ienkie Grzybkowate Paluszkowate
(ang. stubby) (ang. thin)  (ang. mushroom) (ang. filopodia)

Rysunek 1.4: Klasy kolcow dendrytycznych.

1.5.1. Gesto$¢é postsynaptyczna

Kolce dendrytyczne charakteryzuja sie duzymi zlozonymi strukturami o duzej gestosci
elektronowej, zdefiniowanymi jako PSD (postsynaptic density). W obrebie PSD zlokalizo-
wane sa pecherzyki synaptyczne zawierajace neuroprzekazniki pobudzajace — glutaminian
i jego receptory — a-amino-3-hydroksy-5-metylo-4-izoksazolopropionowy (AMPA), N-metylo-
D-asparaginian (NMDA) i metabotropowe receptory glutaminianu. Receptory AMPA znaj-
duja sie na krawedziach PSD, podczas gdy receptory NMDA sg zlokalizowane centralnie
w PSD, co prezentuje rysunek 1.5.

Zmiany morfologiczne kolcow dendrytycznych zaleza gtéwnie od aktywacji receptora NMDA
i przyczyniaja sie do tworzenia nowych synaps podczas indukcji LTP i regresji istniejacych
synaps podczas indukcji LTD. Powierzchnie PSD wahaja sie od matych dyskéw do duzych nie-
regularnych ksztattow, ktéore moga by¢ perforowane przez obszary przepuszczajace elektrony
[18, 25, 26, 30, 31, 32|. Analiza bialek PSD pokazala, na jakie grupy/klasy mozna podzieli¢
biatka, ktore znajduja sie w PSD. Przyktadowo w PSD wyréznia sie nastepujace grupy biatek:

1. bialtka wiazace aktyne i cytoszkieletu, np. aktyna;
2. male GTP-azy, np. ARF6;

3. biatka powiazane Rho-GEF, np. GEFT;

4. biatka powiazane Rho-GAP, np. alfalchimerin;

5. receptory powierzchni komorki, np. GluA2;

6. czasteczki adhezyjne, np. arkadlina;

7. receptorowe kinazy tyrozynowe, np. TrkB;

8. inne kinazy, np. CaMKII,
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9. bialka rusztowania postsynaptycznego, np. PSD-95;
10. biatka adaptorowe, np. afadyna;

11. mikro RNA, biatka wigzace mRNA i inne czynniki transkrypcyjne, ktore sa zaangazo-
wane w réozne kaskady sygnalizacyjne w kolcach dendrytycznych podczas plastycznosci
synaps.

Jedno z gltownych biatek, biatko rusztowania - PSD-95, znajdujace sie blisko w strefie post-
synaptycznej blony — oddzialuje bezposrednio z kilkoma podjednostkami receptora NMDA,
biatkami blonowymi i wieloma cytoplazmatycznymi czasteczkami sygnalowymi. Tym samym
PSD-95 ulatwia przewodzenie sygnatu chemicznego w PSD [18, 25, 30, 31].
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Rysunek 1.5: Gtoéwne sktadniki kolcow dendrytycznych.

1.5.2. Receptory

Btona komoérkowa (lub membrana) neuronu, dzieki znajdujacej sie w niej swoistej struk-
turze kanaléw jonowych, a takze dzigki pompie sodowo-potasowej, utrzymuje odpowiednie
stezenia jondéw zaréwno wewnatrz, jak i na zewnatrz komorki. Aby zmienié przepuszczalnosé
kanaléw jonowych, musi dojs¢ do zmiany struktury biatek wystajacych na zewnatrz blony
komorkowej, ktore majg zdolnosé taczenia sie z neuroprzekaznikami. Biatka te nazywane sa
receptorami (lub blonowymi receptorami neuronu). W wyniku potaczenia substancji sygna-
towej (liganda) z receptorem dochodzi do zmiany konformacji biatka receptorowego, co pro-
wadzi do zmian przepuszczalnosci kanatéw. Ze wzgledu na charakter dzialania wyrdzniamy
dwie grupy receptorow [7, 8, 12]:

1. Receptory jonotropowe — pobudzenie tych receptoréw prowadzi do otwarcia kanaléw
jonowych, ktére wchodzg w sktad receptora. Ten typ receptoréw pobudzany jest przez
klasyczne neuroprzekazniki i odgrywa kluczowa role w generowaniu potencjatu czynno-
sciowego. Wykazuja one przepuszczalnosé dla swoistych jonow: Cl™ — receptor GABA 4,
Na®, KT - receptor AMPA glutaminianu, receptor nikotynowy acetylocholiny, Ca?" —
receptor NMDA glutaminianu.

2. Receptory metabotropowe — receptory te zwykle sa zbudowane z pojedynczej czastki
biatka, w ktérej mozna wyrézni¢ siedem obszaréw transmembranowych. Receptory te
wplywaja na metabolizm neuronu, co wynika z pobudzania lub hamowania powstaja-
cych wtornych przekaznikow (np. cAMP, cGMP itd.). Ten typ receptorow dziata pod
wplywem aktywacji biatek G.

1.5.2.1. Receptory AMPA

Receptory AMPA (czyli a-amino-3-hydroksy-5-metylo-4-izoksazolopropionowe) sa recep-
torami jonotropowymi glutaminianu. Receptory te otwieraja kanalty kationowe w odpowiedzi
na wigzanie glutaminianu, depolaryzujac w ten sposéb btony postsynaptyczne. Kompleks
sygnalizacyjny receptora AMPA jest zwykle ztozony z tetramerycznych receptoréw AMPA i
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szerokiego zakresu bialek pomocniczych. Odpowiadaja one za bramkowanie receptoréw, co
prowadzi do przestrzennego i czasowego dostrojenia funkcji receptora AMPA. To z kolei ma
fundamentalne znaczenie dla synaps w kontekscie plastycznosci, zwiazanej z uczeniem sie i
pamiecia |7, 8, 19].

1.5.2.2. Receptory NMDA

Nazwa tego receptora pochodzi od jego antagonisty — kwasu N-metylo-D- asparaginowego.
Jest to receptor jonotropowy i tak jak inne receptory z tej grupy ma budowe pentameryczna.
Receptor ten odgrywa kluczowa role w takich procesach jak rozwdj moézgu, uczenie sie i
pamieé. Bierze tez udzial w patologicznych procesach (np. udar mozgu lub padaczka). Na
ten receptor dziataja takie zwigzki farmakologiczne, jak ketamina czy zwiazki halucynogenne.
Powody, dla ktoérych receptor ten bierze udzial w wymienionych wyzej kluczowych procesach,
wynikaja z niektorych jego whasciwosci, takich jak fakt, ze |7, 8, 19, 33]:

1. jest on bramkowany zaréwno przez ligand, jak i napiecie elektryczne;

2. jest przepuszczalny dla jonow: Na', K, Ca?". Przy odpowiednich warunkach naplyw
jonow Ca’t do wnetrza komorki przez ten receptor zwicksza stezenie tego jonu wewnatrz
komorki, co aktywuje wiele proceséow zwiazanych z plastycznoscia;

3. glicyna, ktora normalnie pelni funkcje neuroprzekaznika hamujacego, w przypadku re-
ceptorow NMDA pobudza je. Innymi stowy: glicyna wzmacnia efekt oddziatywania
glutaminianu na ten receptor. Analogiczna sytuacja wystepuje w przypadku poliami-
néw. Natomiast dla jonow cynku Zn?' zaobserwowaé¢ mozna hamujacy wplyw na efekt
oddzialywania glutaminianu na ten receptor.

1.5.3. Hipotezy powstawania kolcéw dendrytycznych

Istnieja trzy modele omawiajgce, w jaki sposéb powstaja kolce dendrytyczne: model So-
telo, model Millersa-Petersa i model filopodia [22].

Model Sotelo zostal zaproponowany dla komoérek Purkinjego. Wedltug tego zatozenia kolce
pojawiaja sie po synapsach, przynajmniej w przypadku kolcoéw z réwnolegtych wtokien. Kolce
nie tylko moga formowa¢ sie przed pojawieniem sie zakonczeri aksonéw, ale nawet rozwingé
sie w przypadku caltkowitej nieobecnosci aksonow [22].

Model Millersa-Petersa przyjmuje, ze podczas poczatkowej spinogenezy (powstawania kol-
cow) aksonogeneza przebiega szybciej. Zatem zanim pojawia sie kolce, konice aksonow sa juz
uformowane. W dorostej korze nowej zasadniczo prawie wszystkie kolce maja potaczenie z
zakoriczeniem aksonu. Jednoczesnie kilka kolcow bez tego potaczenia nie ma wyraznej gtowy
i morfologicznie wyglada podobnie do filopodiow [22].

Model filopodia zaktada, ze filopodia sa prekursorem wszystkich klas kolcow, a filopodia
dendrytyczne przypominaja inne typy filopodiéw w uktadzie nerwowym, takie jak filopodia
stozka wzrostu aksonow, filopodia komoérek miegniowych [22]. Na rysunku 1.6 pokazane sa
wszystkie trzy powyzej opisane modele.
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Rysunek 1.6: Trzy modele powstawania kolcéw dendrytycznych.

1.5.4. Plastycznosé

Jedng z definicji plastycznosci przedstawit Jerzy Konorski, z Instytutu Nenckiego PAN
w Warszawie, w swojej ksiazce ,Organization of conditioned reflexes” (1948), ktora byta prze-
tomem w sposobie myslenia o tym, jak funkcjonuje moézg. Plastycznosé definiowal nastepu-
jaco: ,Pierwsza wlasnoscia, dzieki ktorej komorki nerwowe reaguja na nadchodzace impulsy
okreslonym cyklem zmian, nazywamy pobudliwoscig. Druga wtasnosé, dzieki ktorej w okreslo-
nych uktadach neuronéw powstaja trwale przeksztalcenia funkcjonalne w wyniku okreslonych
bodzcow lub ich kombinacji, bedziemy nazywaé plastycznoscia, a odpowiadajace im zmiany,
zmianami plastycznymi.”

Definicje plastycznosci synaptycznej porusza rowniez teoria Hebba (reguta Hebba). Teoria
ta opiera sie na stynnym zdaniu: ,,neurons that fire together wire together” , co mozna przettu-
maczy¢ jako ,neurony, ktore aktywuja sie razem, tacza sie ze soba” (poprzez synapsy). W teorii
tej chodzi o to, ze polaczenia synaptyczne miedzy neuronami s wzmacniane, gdy te dwa neu-
rony aktywuja sie jednoczesnie czesto. Zachodza wtedy zmiany strukturalne(biochemiczne)
sprzyjajace pojawianiu si¢ nowych polaczen w sieciach neuronowych.

Dopiero na poczatku XXI wieku za pomoca nowszych metod badawczych (w tym mikro-
skopu 2 fotonowego) potwierdzono hipotez¢ Hebba. Dodatkowo wykazano, ze powigkszenie
sie pojedynczych kolcow jest powiazane z LTP. Wynika z tego, ze reguta uczenia sie Hebba
ma zastosowanie nawet na poziomie pojedynczej synapsy [19].

Wiele badann od tego czasu potwierdzito, ze indukcja LTP lub dlugotrwale ostabienie
synaptyczne (LTD), indukuje plastycznosé strukturalng kolcow w stymulowanym dendrycie
[17, 19]. Na chwile obecna neurobiologia przyjmuje dosé¢ szeroka definicje neuroplastycznosci.
Mozna wiec do niej zaliczy¢ zaréwno uszkodzenie uktadu nerwowego, jak i trwale zmiany,
ktore zaszty w komoérkach nerwowych pod wplywem dziatania pewnych bodzcow ze §rodowi-
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ska (przyktadem zmian bedzie np. przebudowywanie potaczeri nerwowych). Sama plastycz-
nosé jest to taka wtasnosé uktadu nerwowego, ktora zapewnia mu zdolno$é do samonaprawy,
adaptacji, uczenia sie oraz zapamietywania.

Mozna wyrézni¢ dwa rodzaje pamieci: deklaratywna oraz proceduralng. Pamieé¢ dekla-
ratywna, nazywana rowniez pamiecig opisowa, polega na tak zwanej pamieci doznarn (np.
przypomnienie sobie pobytu na wczasach). Natomiast pamie¢ proceduralna, okreslana takze
jako pamieé¢ tak zwanych sposobéw postepowania, polega na wykonywaniu czynnosci bez
udziatu $wiadomoscei, np. chodzenie, ptywanie itd. [19].

Pamieé¢ opisows mozna podzieli¢ na dwie grupy. W zaleznosci od czasu wyr6zniamy: pa-
mieé krotkotrwaly oraz pamieé dtugotrwaty. Pamieé krotkotrwata dotyczy doznan sprzed paru
sekund czy tez rzeczy, ktore wydarzyty sie niedawno. Pamieé ta wymaga ciagtego powtarza-
nia, aby informacja ta zostata zapamietana na dtuzej i jest zwiazana z przedtuzona elektryczng
aktywnoscia grup neuronéw. Tego typu pamieé nie jest rozwazana w tej pracy. Natomiast
pamie¢ dtugotrwata pozwala nam zachowaé slady dosé duzej ilosci doznan, informacji z bar-
dzo dlugiego okresu czasu (pamieé¢ deklaratywna jest przykladem pamieci dtugotrwalej) [19].
Ten typ pamieci zwiazany jest z plastycznodcia synaps, i tylko taki rozwazano i analizowano
w tej pracy.

Wiemy tez, ze rozne zwiazki i sytuacje maja wplyw na pamie¢ dlugotrwala (a zarazem na
plastycznosé) — np. wzrost stezenia glikokortykoidow wywotany stresem powoduje ostabienie
wspomnien poznawczych i moze wzmacnia¢ wspomnienia emocjonalne (tak jak w przypadku
pamieci strachu) [6, 34].

1.5.4.1. LTP — dlugotrwale wzmocnienie synaptyczne

Bliss i Lgmo [20] podali pierwszy szczegolowy opis zjawiska fizjologicznego, znanego obec-
nie jako LTP (ang. long term potentiation), ktore od tego czasu stalo si¢ najlepiej zbadanym
modelem hipotetycznego mechanizmu komoérkowego tworzenia sie pamieci. Jego specyficznosé,
asocjatywnosé, szybka indukcja i wydtuzony czas trwania w godzinach, dniach, a nawet tygo-
dniach (u nienaruszonego zwierzecia) to wlasciwosci, ktore czynia LTP atrakcyjnym modelem.
W réznych $ciezkach (obszarach) hipokampa oraz w innych strukturach uktadu nerwowego
znaleziono odmienne formy LTP [10, 19, 25].

Proces LTP sklada sie z dwoch faz czasowych: tzw. wczesne LTP (ang. early-LTP
w skrocie e-LTP) oraz pozne LTP (ang. late-LTP w skrocie I-LTP). Faze e-LTP mozna
wywolaé¢ pojedynczym krotkim impulsem stymulacji o wysokiej czestotliwosci (np. 100 Hz)
Czas trwania fazy e-LTP wynosi okoto 3 godzin w eksperymentach na skrawkach mézgu (tzw.
slice experiments). Natomiast faza I-LTP potrafi trwa¢ w eksperymentach na skrawkach
mozgu do 8 godzin. Istnieje jednak mozliwosé, aby ta faza trwata in vivo do kilku miesiecy
[37, 38]. Faze I-LTP mozna indukowaé przez powtorzenie 3 serii krotkich impulsow stymulacji
o wysokiej czestotliwosci (miedzy seriami zachowany jest najczesciej 10 minutowy odstep
czasu) [5].

W fazie e-LTP nie wymagana jest synteza bialek. Natomiast w fazie -LTP wykazano,
ze synteza biatek jest wyzwalana w momencie indukcji (stymulacji) i jest niezbedna dla jej
utrzymania [35, 36].

1.5.4.2. LTD — dlugotrwatle ostabienie synaptyczne

Tak jak LTP, tak i LTD (ang. long term depression, czyli dlugotrwate ostabienie synap-
tyczne) odgrywa integralna role w przetwarzaniu i przechowywaniu informacji. Jednakze w
przeciwienstwie do LTP, LTD jest dlugotrwala redukcja transmisji synaptycznej, ktora wy-
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nika z niskiej stymulacji czestotliwosci (1 Hz). Analogicznie jak w przypadku LTP, tak i w
LTD mozemy wyrdznié¢ dwie fazy: tzw. wezesne LTD (ang. early-LTD w skrocie e-LTD) oraz
pozne LTD (ang. late-LTD w skrocie I-LTD). Faze e-LTD mozna indukowaé¢ poprzez podanie
900 impulséw o czestotliwosci 1 Hz. Faza ta rowniez trwa okoto 3 godziny w eksperymen-
tach na skrawkach moézgu i nie wymagana jest synteza biatek. Faze I-LTD natomiast mozna
indukowaé¢ np. poprzez podanie 900 impulséw w 3 seriach w czestotliwosdci 20 Hz. Faza ta
(I-LTD) moze trwa¢ w eksperymentach na skrawkach moézgu do 8 godzin i wymagana jest
synteza biatek [5, 39, 40]. Proces LTD wiaze sie ze spadkiem gestosci kolcow dendrytycz-
nych. Stwierdzono réwniez, ze istnieje zwiazek z kurczeniem sie kolcéw w hipokampie z tym
procesem [19, 26].

Podczas badan obrazowania na zywo zauwazono, ze w wyniku indukcji LTD na stymulo-
wanym kolcu mozna zaobserwowaé przede wszystkim skurcz tego kolca. Nie zauwazono nato-
miast skurczu na sasiednich kolcach. Podczas indukeji LTD zmniejszanie rozmiaru wystepuje
zaréwno na duzych, jak i matych kolcach. Jednakze mechanizmy, dzieki ktérym zachodza te
procesy w zalezno$ci od wielkosci kolca sa rézne. Proces zmniejszania matych kolcow zalezy
od receptora NMDA, podczas gdy kolce o duzych rozmiarach wymagaja zaréwno receptora
NMDA, jak i metabotropowych receptoréw glutaminianu [10, 19].

Na rysunku 1.7 pokazano zmiany widoczne na kolcach dendrytycznych w wyniku dziatania
proceséow LTP i LTD.
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Rozdzial 2

Cele doktoratu

W neuronauce jednym z waznych zagadnieni jest problem uczenia i zapamietywania in-
formacji. Wiele danych empirycznych wskazuje na to, ze informacja dlugofalowa (pamiec)
przechowywana jest w strukturze synaps pobudzajacych, w szczegdlnosci w jej czesci zwigza-
nej z kolcami dendrytycznymi. Jeden z podstawowych paradygmatéw w neuronauce moéwi,
ze uczenie zwiazane jest ze zmiang ksztaltu i rozmiaru kolecow. Oznacza to, ze istnieje jakis
bezposredni zwiazek miedzy struktura kolcow, ich plastycznoscia, a iloscia zapisanej w nich
informacji. Moja rozprawa ma na celu:

1. wytypowanie tych parametréw kolcow dendrytycznych, ktore sa istotne przy ich klasy-
fikacji do réznych taksonomicznych klas;

2. wytypowanie metod, ktére warto wykorzystywaé zaréwno przy tworzeniu modeli mate-
matycznych, jak i przy analizowaniu réznic pomiedzy grupami kolcéw dendrytycznych
(aktywowanych przy uzyciu roznych czynnikéw chemicznych i sprawdzaniu ich parame-
tréow po pewnym czasie);

3. zbadanie pojemnosci informacyjnej kolcow dendrytycznych w rozktadzie ich wielkosci —
czyli okreslenie, ile informacji w kolcach dendrytycznych jest magazynowane i czy taka
informacja jest optymalizowana;

4. zbadanie relacji pomiedzy informacja, a energiag podczas wczesnego procesu LTP dla
sieci kolcow dendrytycznych (system wzajemnie sprze¢zonych kolcow dendrytycznych na
neuronie) oraz wpltywu korelacji miedzy najblizszymi kolcami na energie i informacje.
Przez ,energie” rozumiem, ile energii metabolicznej potrzebuja kolce dendrytyczne pod-
czas procesu uczenia sie i zapamictywania. Natomiast przez ,informacje” rozumiem
pamieé¢ (w formie bitow), ktora jest zapisywana/magazynowana w rozktadach wielkosci
kolcow dendrytycznych.
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Rozdziat 3
Omoéwienie gléwnych wynikéw

Wyniki uzyskane w czasie mojego doktoratu mozna podzieli¢ na trzy czesci:
1. czesé 1, ktora wyjasnia zagadnienia z pytania 11 2;
2. czesé 11, ktora wyjasnia zagadnienia z pytania 3;

3. czesé II1, ktora wyjasnia zagadnienia z pytania 4.

3.1. Czes¢ 1

Aby odpowiedzie¢ na pytania o parametry kolcow, ktore sa istotne przy ich klasyfikacji
do réznych taksonomicznych klas, i metody ktore zapewniaja nam informacje potrzebne do
tworzenia modeli matematycznych, a takze aby wskazaé¢ réznice pomiedzy grupami kolcow
dendrytycznych (aktywowanych przy uzyciu réznych czynnikoéw chemicznych i sprawdzaniu
ich parametrow po pewnym czasie), wykorzystano dane eksperymentalne z Instytutu Nenc-
kiego PAN. Ich dokladniejszy opis przedstawiono w podrozdziale 4.1.1.

W literaturze sprawdzono rodzaje metod badawczych oraz sposéb analizowania danych
typu ,big data”. Sprawdzono réwniez opis do oprogramowan, ktore klasyfikuja kolce do klas
taksonomicznych (oraz jakie parametry kolcow podaja i jak sa wyliczane). W mojej rozprawie
wykorzystano takie programy: jak 2dSpAn [41], 3dSpAn [43, 44], Neurolucida 360 [45, 46, 47,
48| czy Spinetools [42]. Programy 2dSpAn i 3dSpAn opieraja sie¢ na segmentacji danych, co
szczegblowo zaprezentowano w podrozdziatach 4.2.1 1 4.2.2.

Po sklasyfikowaniu danych oraz po okresleniu ich parametréw, mozna byto przejsé do
ich analizy. Wykorzystano nastepujace metody analizy: tancuchy Markowa bez modelu au-
toregresyjnego (podrozdziat 4.3.1) i z tym modelem (podrozdzial 4.3.2), analiza sktadowych
gtownych (podrozdziat 4.3.3) oraz grupowanie z wykorzystaniem cluster analysis 4.3.4. Szcze-
gotowe wyniki badan znajduja sie w pracach [49] oraz [50].

Najwazniejsze wnioski czesci I:

1. Ze wzgledu na ksztalt i rozmiar kolce mozna sklasyfikowaé¢ na trzy lub cztery klasy
(w oparciu o dane empiryczne). W przypadku trzech klas s to: przysadziste, grzybko-
wate i dlugie. Natomiast w przypadku czterech klas sg to: przysadziste, grzybkowate,
paluszkowate i cienkie.

2. Klasy majg charakter probabilistyczny, tzn. ich ksztalty odpowiadajg stanom stocha-
stycznym, miedzy ktérymi mozliwe sa przejcia.
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3. Wyznaczono prawdopodobienstwa przejscia miedzy stanami koleow (wazny wynik, uzyty
w po6Zniejszym modelowaniu — czes¢ I1I) — na rysunku 3.1 ukazano juz przeskalowane
wartosci wykorzystane w modelu, a pochodzace wtasnie z tej czedci analizy.

grzybkowate

.001
nie istniejace

paluszkowate/
cienkie

przysadziste |

Rysunek 3.1: Prawdopodobienistwa przejsé¢ pomiedzy stanami kolcow dla czasu pomiedzy t=0
i t=10 minut. Jest to zmodyfikowany rysunek z pracy [50]. Klasa ,nie istniejace” oznacza,
ze dany kolec w kolejnych punktach czasowych juz nie istnieje (zostal np. zaabsorbowany
przez neuron) lub w poprzednich punktach czasowych nie istnial, ale od aktualnego punktu
w czasie juz istnieje (np. w punkcie czasowym ty nie zaobserwowano danego kolca, ale w
punkcie czasowym t1g kolec ten juz zaobserwowano).

3.2. Czesc 11

Aby odpowiedzieé, ile informacji jest magazynowanej w rozkltadzie wielkosci kolcow den-
drytycznych, nalezato zebraé jak najwiecej dostepnych danych, w tym danych z réznych ssa-
kow 1 roznych regionow mozgu (z opublikowanej literatury). Oprocz tego wazne bylto wy-
branie odpowiednich rozktadéw i dopasowanie ich do danych. Niektore dane pochodzity z
tego samego gatunku ssaka, ale od osobnikéw bedacych w réznym wieku (aby sprawdzié¢, czy
dopasowanie zmienia si¢ w zaleznosci od wieku).

Na podstawie dostepnej literatury wybrano: rozklad lognormal, gamma oraz loglogistic
(pierwsze dwa rozktady byly juz wykorzystywane w tego typu analizach, a rozktad loglogistic
po raz pierwszy zastosowano przy danych z kolcow dendrytycznych). Przykladem pracy ktora
wykorzystala rozktad lognormalny jest praca [51], natomiast w pracy |52] wykorzystano roz-
ktad gamma. Praca [53] zawiera inne przyktady prac, ktore wykorzystywaly te rozktady. W
podrozdziale 4.4.1 i jego kolejnych czesciach szczegdtowiej opisano wyzej wymienione rozktady.

Wiedza o najlepiej dopasowanych rozktadach pozwolita zastosowaé¢ entropie Shannona
z wykorzystaniem pierwszych dwoch momentéw rozktadu ($rednia i odchylenie) do danych
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pochodzacych z réznych ssakéw z réznych obszaréw mozgu, aby sprawdzié, ktore rozklady
parametrow opisujacych kolce dendrytyczne maja zakodowane najwiecej informacji oraz czy ta
informacja jest optymalizowana - na rysunku 3.2 przedstawiono przyktadowy wynik entropii
dla sredniej objetosci kolcow. Entropie Shannona i jej optymalizacje oméwiono odpowiednio
w podrozdziatach 4.4.2 i 4.4.3. Szczegdltowe wyniki znajduja sie w pracy [53].

Najwazniejsze wnioski czesci I1:

1. W oparciu o zebrane dane obliczono, ile informacji mozna zakodowaé¢ w rozmiarach
populacji kolcow.

2. Wykazano, ze w wielu (fizjologicznych) sytuacjach ilog¢ informacji jest bliska maksymal-
nej mozliwej entropii dla danej $redniej objetosci lub powierzchni kolcéw, napoziomie
90-100 % (rysunek 3.2 podpunkt A)

Nowym wynikiem, ktory nie wystepuje w pracy [53], jest wyliczenie entropii catego uktadu
oddziatywujacych kolcoéw. Zrobiono to w pewnym przyblizeniu, w ktérym uwzgledniono kore-
lacje miedzy objetosciami tylko sasiednich kolcow. Okazalo sie, ze taka korelacja ma niewielki
wplyw na zawartos¢ informacyjna kolcow dendrytycznych (analize przeprowadzono dla roz-
ktadu lognormal. Szczegotowe wyniki przedstawiono w podrozdziale 4.4.4).

Interesujacy wynik uzyskano dla danych z moézdzku szczuréow. W przypadku rozktadu
objetosci kolcow ich entropia byta na poziomie 33-35 % maksymalnej wartosci entropii. Dla
rozktadu powierzchni koleow wynik byl na poziomie 42-44 %, ale dla danych z pola powierzchni
PSD wynik byl juz na poziomie 76-84 %. Dla rozktadu dtugosci kolcow wynik byt na poziomie
70-72 %. Natomiast dla rozktadu srednicy gltowy /szyi/PSD kolcow dendrytycznych wynik byt
na poziomie 36-37 %. W przeciwieristwie do innych obszaréw mozgu w mozdzku najwiecej
informacji mozna zakodowaé w rozktadzie dtugosci kolcow dendrytycznych i polu powierzchni
PSD.

Warto zauwazy¢ na podstawie tabel 2 1 3 z pracy 53], ze dla rozktadu objetosci kolcow oraz
dla rozktadu pola powierzchni kolcow entropia wyrazona w bitach zawiera sie w przedziale od
1.9 do 3.4 bitow informacji. Innymi stowy na jeden kolec dendrytyczny przypada od 1.9 do
3.4 bitéw informacji.

Innym ciekawym wynikiem jest wyliczenie pojemnosci pamieci kory moézgowej dla roz-
nych gatunkow ssakow. Na podstawie pracy [54] z tabeli 1 wykorzystano wartosci gestosci
synaptycznej i wyliczono érednia wartosé gestosci synaptycznej na poziomie 5 - 101 em =3,
Wyliczone wyniki entropii wyrazonej w bitach z tabel 2 i 3 z pracy [53] pomnozono przez ta
gestodé. Uzyskano wyniki pojemnosci pamieci kory moézgowej dla rozktadu objetosci kolcow
dendrytycznych na poziomie 1 — 1,5 - 102 bitow/em3.

Przechowywanie czy tez przesylanie informacji zwiazane jest z energia potrzebna do prze-
prowadzenia danego procesu. Wykazano w pracy [53|, ze maksymalna entropia rozkladu
wielkosci koleow dendrytycznych zalezy (stabo) logarytmicznie od $redniej wielkosci kolcow
dendrytycznych. Natomiast zuzycie energii jest proporcjonalne do $redniej wielkosci kolcow
dendrytycznych. Wynika to z faktu, ze $redni rozmiar kolca dendrytycznego jest liniowo za-
lezny od liczby receptoréw AMPA znajdujacych sie na btonie kolca dendrytycznego. Stad
kolce dendrytyczne powinny przyjmowaé nieduze rozmiary, aby przechowywanie informacji
byto najkorzystniejsze energetycznie (kolce powinny by¢ energooszczedne), co jakosciowo zga-
dza sie z obserwacjami (rysunek 3.2 podpunkt A). Wyliczone stosunki odchylenia standardo-
wego do $redniej wartosci rozktadu objetosci czy pola powierzchni kolcéw dendrytycznych, sa
bliskie optymalnym wartosciom maksymalizujacym zawartosé informacji (rysunek 3.2 pod-
punkt B).
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Rysunek 3.2: A — entropia dla r6znych rozktadéw objetosci kolcow w funkcji sredniej objetosci
kolca dla réznych obszaréw mozgu u réznych gatunkach ssakow. Empiryczne entropie (punkty
doswiadczalne) sa bliskie maksymalnej wartosci entropii (linia ciagta). B — stosunek $redniej
objetosci kolca do jego odchylenia standardowego. Linia ciggla i przerywana to optymalne
stosunki dla rozkladéw lognormal i gamma. Rysunek pochodzi z pracy [53].

3.3. Czesé III

Do badan w tej czesci wykorzystano model taricuchow Markowa (jako dynamike kolcow
w ujeciu globalnym) oraz stochastyczny model kolcow (jako dynamike lokalna, czyli w da-
nym punkcie czasowym ¢ dany kolec moze by¢ w jednym ze stanéw). Tymi stanami sa klasy
kolcow (takie same, jakie wystepowaly w pracy [50] z punktu 3.1). Dodatkowo, aby zwiek-
szy¢ realnos¢ modelu, uzyto danych pochodzacych z pracy [50]. Z pracy [50] z rysunku 6
uzyto prawdopodobienistw przej$¢ pomiedzy klasami kolcow dendrytycznych (rysunek 3.1).
Dodatkowo uzyto danych odnoszacych sie do wielkosci glowy kolca, tzn. dla kazdej klasy
zastosowano wartosci odnoszace sie do pola powierzchni gtowki, ktora wyliczano rowniez na
podstawie wartosci z poprzednich prac. Zwiekszylo to szanse, ze wyniki uzyskane z symu-
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lacji sa bliskie rzeczywistych zaleznosci, jakie zachodza w kolcach (miedzy innymi: szybkosé
pozyskiwania informacji i dyssypacji energii, ile trwa §lad pamieci oraz jak to zalezy od stop-
nia kooperacji miedzy kolcami). Modelowano takze ilos¢ pozyskiwanej informacji w kolcach
i ich koszt energetyczny. Doktadniejszy opis modelu znajduje si¢ w rozdziale 5. W jego
podrozdziatach omoéwiono poszczegolne analizowane komponenty (EPR, KL, MT), natomiast
szczegotowe wyniki znajduja sie w pracy [55].

Najwazniejsze wnioski czesci I11:

1.

Utworzono model termodynamiczny oddziatywujacych kolcow podczas wcezesnej fazy
LTP (uzywajac danych dla stanéw kolcow i prawdopodobieristw przejsc).

. Przeprowadzona symulacja modelu wykazala ze zapisanie (uzyskanie) 1 bitu informacji

kosztuje bardzo duzo energii, rzedu 4 - 10°kT.

. Ponadto dodatnia korelacja miedzy kolcami zwieksza znaczaco nie tylko dtugosé trwania

sladu pamieciowego, ale takze ilo$¢ uzytkowanej energii.

. Uzyskane wyniki pokazuja, ze efektywnosé¢ kodowanej informacji wzrasta znaczaco dla

tzw. ,sparse coding”, czyli gdy tylko maty procent kolcow jest pobudzony.
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Rozdzial 4

Wykorzystane dane doswiadczalne
oraz szczegbdlowy opis metod ich
analizy

W tym rozdziale przedstawiono dane wykorzystane w mojej rozprawie doktorskiej oraz
opis metod, ktoére wykorzystano do ich analizy (dane z kolcow dendrytycznych pochodza-
cych zaréwno z segmentacji 2D jak i 3D). Opisano réwniez opis segmentacji, stosujac rozne
przeznaczone do tego programy, ktore wykorzystano w mojej rozprawie. Waznym aspektem
podczas przeprowadzania segmentacji danych (zaréwno 2D jak i 3D) byto, aby dany kolec
dendrytyczny mial zawsze ten sam numer. Byto to wazne, aby moéc poréwnywacé klasyfikacje
kolcow (do jakiej klasyfikacji taksonomicznej dany kolec nalezal w zaleznosci od programu)
oraz parametry danego kolca (na ile dany parametr z réznych programéw w granicach btedu
pokazuje podobng wartosé¢). Dane z programu SpineMagick postuzyty jako odniesienie, ktore
kolce nalezy zaznaczy¢ na danym neuronie.

4.1. Dane doswiadczalne wykorzystane do uzyskania gléwnych
wynikow

Dane ponizej opisano w ten sam sposob, jak gléwne wyniki uzyskane w doktoracie (rozdziat
3). Chodzi o pokazanie polaczenia, ktore dane odpowiadaja za ktore wyniki (np. podrozdziat
,Dane do analizy czesci I” opisuje dane, dzieki ktérym uzyskano wyniki dla podrozdziatu 3.1).

4.1.1. Dane do analizy czesci I

Dane, ktore przeanalizowano w publikacjach ([49] oraz [50]), pochodzily z Instytutu Bio-
logii Doswiadczalnej im. M. Nenckiego. Dane te byly zestawem dwdch zbioréw:

1. zbior statyczny — zbior 2000 kolcow z kilku dendrytéw, niepobudzonych zadnym zwigz-
kiem chemicznym;

2. zbiér dynamiczny — 490 kolcow, ktére pochodzily z trzech punktéw czasowych: kontrola
(czas 0 — timestamp tg), krotka pamie¢ (ang. short memory, czas 10 — timestamp
t10), dluga pamie¢ (ang. long memory, czas 40 — timestamp t49). W tym zbiorze
wykorzystano zwiazek chemiczny, ktorym wywolano tzw. cLTP (ang. chemical long
term potentiation). Dokladniej mowigc, zrobiono zdjecia dendrytéw z kolcami (punkt
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czasowy tg), a nastepnie podano zwiazek chemiczny, po czym zrobiono zdjecia tych
samych dendrytéow 10 oraz 40 minut po podaniu zwigzku chemicznego.

Posiadano dwa rodzaje danych: dane z oznaczonymi kolcami z programu SpineMagick
(z tego programu posiadano tylko 11 parametrow kazdego kolca, nie bylo zadnej klasy tak-
sonomicznej) oraz dane tych samych dendrytow, ale bez zaznaczonych kolcow. Uzyskane
parametry ze SpineMagick to: diugosé kolca (length), powierzchnia kolca (area), szerokosé
gtowki kolca (head width), stopa kolca (foot), lokalizacja maksymalnej szerokosci kolca (max
width location), maksymalna szerokosé¢ kolca (max width), stosunek szerokosci do dtugosci
kolca (width-length ratio), stosunek dlugosci do szerokosci kolca (length-width ratio), stosu-
nek dlugosci do powierzchni kolca (length-area ratio), szerokosc szyi kolca (neck width) oraz
obwod kolca (circumference). Dane, na ktorych pracowano w tej czesci analizy pochodzity z
kilku dendrytéw hipokampa szczuréw rasy Wistar. Zdjecia dendrytéw z kolcami byty robione
przy uzyciu mikroskopu konfokalnego. Szczegdtowy opis eksperymentu, sposobu robienia
zdjec i zaznaczania kolcow opisano w pracy [56].

4.1.2. Dane do analizy czesci 11

Do tej czesci badan wykorzystano dane z opublikowanej literatury na temat rozmiaréw
kolcow dendrytycznych (wzieto pod uwage objetosé, powierzchnie, dtugos¢ kolca, jak i sze-
rokos¢ gtowki kolca) dla roznych ssakow (zwierzeta w roznym wieku (mtode lub starsze)), z
roznych obszaréw korowych i podkorowych oraz z réznych kondycji fizjologicznych. Brano
rowniez pod uwage dane, ktore przedstawialy wielko$¢ PSD. Rozmiar kolcow koreluje sie do-
datnio z rozmiarem PSD [57]. Dane pochodzily od takich ssakow, jak: mysz [58], szczur [59],
krolik [60], kot [61], mrowkojad kolczasty [62], malpa makaki 63|, delfin |64] oraz czlowiek
[65]. W pracy [53] wymieniono wiecej prac, z ktérych pochodzilty dane. Obszary korowe
obejmuja obszar: gruszkowaty, kore somatosensoryczna, kore wzrokowa, kore przedczotows,
zakret obreczy, kore ciemieniows, kore skroniowa i kore stuchowa. Podkorowe regiony obej-
muja: hipokamp, prazkowie, mézdzek i przodomoézgowie.

Oproécz powyzszych wykorzystano dwa zbiory danych do dopasowania rozktadéw do da-
nych: pierwszy zbior pochodzit z pracy [65], a drugi z pracy [52]. Dane dla zbioru pierwszego
pochodzily z po§miertnych probek hipokampa z 13 nagtych przypadkow zgonow (10 mezczyzn
i 3 kobiety — zakres wieku od 5 miesiecy do 71 lat). Dane dla drugiego zbioru pochodzity od
dwojga pacjentow (40 lat i 85 lat).

4.1.3. Dane do analizy czesci 111

Jedyne dane empiryczne, jakich uzyto w tej czesci, to prawdopodobienstwa przejsé miedzy
stanami kolcow, ktore pochodza z czesci I (rysunek 3.1).

4.2. Segmentacja

4.2.1. Segmentacja 2D

Segmentacje danych 2D przeprowadzono z wykorzystaniem dwoch pakietéw oprogramo-
wania: 2dSpAn [41]| oraz SpineTools [42].

Program 2dSpAn dziata na zasadzie oznaczenia interesujacego obszaru obrazka (ang. ROI
— region of interest). W moim przypadku zaznaczano na neuronie dwa punkty tworzace obszar,
z ktorego nastepnie oznaczano badane kolce dendrytyczne. W programie tym po oznaczeniu
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badanego obszaru, wykorzystywany jest adaptacyjny algorytm binaryzacji (ang. adaptive
binarization algorithm), ktéry wyodrebnia tto, oraz obiekt z zaznaczonego obszaru [41].

Program ten zwraca nastepujace parametry opisujace dany kolec dendrytyczny: dlugosé,
szerokos¢ szyi, pole kolca dendrytycznego, Srednia szerokos¢ szyi, minimalna wartosé szero-
kosci szyi, minimalna wartos¢ szerokosci gltowki oraz maksymalna wartodé szerokosci glowki.
Program ten klasyfikowal kolce do jednej z czterech grup taksonomicznych: przysadziste,
grzybkowate, paluszkowate i Spine-head Protrusion [41].

SpineTools jest programem napisanym w jezyku python z wykorzystaniem bibliotek: Numpy,
Scipy oraz Matplotlib. Program ten zwraca nastepujace parametry opisujace dany kolec den-
drytyczny: dlugosé, dlugosé i szerokosé szyi oraz dlugosé i szerokosé glowki [42]. Niestety
SpineTools zwraca wartosé srednig danych parametréw kolcéw dendrytycznych z danego neu-
ronu, dlatego tez program postuzyt jedynie do klasyfikacji kolcow.

Proces analizy i klasyfikacji w programie SpineTools polega na tym, ze dla danego kolca
dendrytycznego tworzony jest tzw. wirtualny szkielet, ktory rozciaga sie od momentu, gdzie
kolec taczy sie z neuronem (dendrytem), az po czubek jego glowki (tak tez jest wyliczany
parametr diugosci kolca) [42]. Ze wzgledu na analize ksztaltow kolcow dendrytycznych czesé
kolcow zostata tak przeksztalcona, aby ich wirtualny szkielet tworzyl linie prosta. Nastepnie
obrazy zostaly przeskalowane w celu znormalizowania pola kolca dendrytycznego. Dla kazdego
kolca zdefiniowano jego $rednice w funkcji odlegtosci od neuronu. W celu wyliczenia dtugosci i
szerokosci gtowy oraz szyi danego kolca dendrytycznego zastosowano pewne uproszczenia dla
znormalizowanego obrazka danego kolca, tzn. kula reprezentowalta gltowe kolca, walec — szyje,
a stozek — czesé kolca znajdujacego sie najblizej dendrytu. Jako wymiary przyjeto wowczas
wymiary dopasowanych elementow glowy i szyi [42].

Program SpineTools klasyfikowal kolce do jednej z trzech grup taksonomicznych: przysa-
dziste, grzybkowate i dtugie. Na rysunku 4.1 przedstawiono przykladowe wyniki z programoéow
do segmentacji 2D.
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Rysunek 4.1: A — wynik zaznaczania kolcow w programie SpineMagick, B — wynik zaznaczania
kolcow w programie 2dSpAn, C — wynik zaznaczania kolcow w programie SpineTools. W pod-
punkcie C program SpineTools zwraca 3 klasy kolcow: stubby czyli przysadziste; mushroom
czyli grzybkowate oraz long czyli diugie (klasa paluszkowate i klasa cienkie razem).

4.2.2. Segmentacja 3D

Segmentacje danych 3D przeprowadzono z wykorzystaniem dwoch oprogramowan: 3dSpAn
[43, 44] oraz Neurolucida 360.

Podobnie jak w programie 2dSpAn, program 3dSpAn pozwala uzytkownikom oznaczy¢
okreslone kolce dendrytyczne i wyodrebnié¢ odpowiednie cechy morfometryczne o wysokiej do-
ktadnosci i minimalnej interwencji uzytkownika. Program ten bazuje na metodzie tzw. multi-
scale opening algorithm, a kolce klasyfikuje do jednej z pieciu grup taksonomicznych: przy-
sadziste, grzybkowate, paluszkowate, Spine-head Protrusion oraz rozgalezione (branched).
Program ten zwraca nastepujace parametry opisujace dany kolec dendrytyczny: objetosé,
dlugosé, szerokosé gtowki i dlugosé szyi [43, 44].

W przypadku programu Neurolucida 360 kolce dendrytyczne byty klasyfikowane do jednej
z trzech grup: grzybkowate, przysadziste i cienkie. Program ten jest czeSciowo oparty na
laboratoryjnej wersji NeuronStudio, pierwotnie opracowanej przez Susan Wearne i jej kolegow
z Icahn School of Medicine at Mount Sinai [45, 46, 47].

Algorytm rekonstrukcji 3D kolcéw dendrytycznych wykorzystuje tzw. srednica Raybursta
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(ang. Rayburst diameter), gdzie Rayburst definiuje sie jako dostownie odlewanie wielokierun-
kowego rdzenia promieni z punktu z wnetrza do punktu na powierzchni bryty, co pozwala na
ilosciowe okreglenie anizotropowych i nieregularnych struktur 3D. Srednice Raybursta oblicza
sie dla kazdej warstwy kolca dendrytycznego i okresla si¢ parametry gtowy i szyi kazdego kolca
do rozkltadu $rednic. Powyzsza metoda skutecznie wykrywa i klasyfikuje kolce, jednakze moze
nie by¢ doktadna w segmentacji bardzo ztozonych struktur. Ksztalt kolca dendrytycznego jest
zdefiniowany tylko przez stosunek glowy do szyi, a globalny prog tego parametru nie jest ad-
aptacyjny przy wykonywaniu analizy [48]. Niestety nie sa dostepne szczegdly matematyczne
dotyczace tego algorytmu.

Program ten zwraca nastepujace parametry opisujace dany kolec: powierzchnia kontaktu,
srednica glowy, stosunek srednicy gtowy do Srednicy szyi, dtugosé¢ gtowy, stosunek dtugosci
do $rednicy glowy, rednica szyi, dtugosé szyi, objetos¢, dtugosé oraz powierzchnia kolca. Na
rysunku 4.2 pokazano przyktadowe wyniki z programéw do segmentacji 3D.
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Rysunek 4.2: A, B — wynik zaznaczania kolcow w programie 3dSpAn, C, D — wynik zazna-
czania kolcow w programie Neurolucida 360. W przypadku podpunktu A i B neuron jest
oznaczony na zielono, a na czerwono — badane kolce. W przypadku podpunktu C i D na zétto
oznaczono neuron, a na niebiesko, fioletowo i czerwono — badane kolce.

4.2.3. Klasyfikacje 2D i 3D

W podrozdziatach 4.2.1 oraz 4.2.2 omoéwiono programy klasyfikujace dany kolec do danej
klasy taksonomicznej oraz zwracane parametry opisujace dany kolec. W ponizszych pieciu
tabelach pokazano ktory program zwraca poszczegolne parametry i klasy (tabela 4.1) oraz
jakie sg srednie wartosci i odchylenie standardowe dla poszczegblnych parametréw dla danych
klas z tych programéw dla zbioru danych statycznych (tabele 4.2 — 4.5).

Uwage nalezy zwroéci¢ na wartosci, jakie sa zwracane z danego programu. Przyktadowo
parametr dlugosé kolca dendrytycznego dla tych samych danych bez klasyfikacji bedzie mial
warto$¢ srednia 1,695 um z programu SpineMagick (tabela 4.2), 2,028 um z programu 2dSpAn
(tabela 4.3), 1,021 pm z programu 3dSpAn (tabela 4.4) i 1,037 um z programu Neurolucida
360 (tabela 4.5). Liczby te réznia sie pomiedzy soba, ale jezeli w pracy [52] przeanalizujemy
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rysunek 7, podpunkt A, zauwazymy, ze srednie wartosci znajduja sie w przedziale okoto 1,3 —
1,8 um, za$ gdy przeanalizujemy podpunkt C na tym samym rysunku, zauwazymy, ze kolce
potrafia mie¢ dhugo$é od 0,2 do 4,2 um. Stad uzyskane wyniki wydaja sie akceptowalne.

Nieco odmiennie rysuje sie sytuacja w przypadku np. objetosci dla tych samych danych
bez klasyfikacji $rednia warto$é objetosci wynosi 2,373 um? z programu 3dSpAn (tabela 4.4)
oraz 0,517 um? z programu Neurolucida 360 (tabela 4.5). Natomiast w pracy [52] podpunkt
A rysunku 5 wskazuje, ze srednie wartosci objeto$ci pozostaja w przedziale okoto 0,3 — 0,4
wm3, zas gdy przeanalizujemy podpunkt C na tym samym rysunku dostrzezemy, ze kolce po-
trafia mie¢ objetosé¢ od 0,05 do 1,25 um?. O ile wynik z programu Neurolucida 360 miesci sie
w akceptowalnym zakresie, o tyle wynik z programu 3dSpAn wskazuje na istotnie zawyzona
srednia objetos¢ (pieciokrotnie wyzsza). Moze to wynikaé z bledow programu do klasyfikacji
(np. wynik jest zle przeskalowywany). W zwiazku z tym trzeba zwraca¢ uwage, jakie war-
tosci sa zwracane, i ewentualne kolce z wartosciami odstajacymi od reszty danych usuwaé z
analizy. W przypadku danych z programu 3dSpAn dla parametru objetosé¢ bylty kolce, ktore
mialy wartosé¢ 62 pum? czy 48 pum3. Wykonano histogram rozkladu parametru objetosci, aby
zobaczy¢, jakie wartosci odstawaly od reszty danych (czyli identyfikowano tzw. outlieréw) i
te wartosci (wraz z kolcami, ktére im odpowiadaly) nie byly brane pod uwage przy analizie.
Sprawdzono réwniez pozostale dane z pozostalych programéw i nie zauwazono w nich tzw.
outlierow.

Na rysunkach 4.3 i 4.4 przedstawiono, w jaki sposéb prezentuje sie dla danego zbioru
klasyfikacja kolcow w zaleznosci od uzytego programu do klasyfikacji — pokazuje to, jak wazny
jest wlagnie wybodr programu do klasyfikacji. Na rysunkach 4.3 i 4.4 widaé¢, ze w zaleznosci od
programu dominuje inna klasa taksonomiczna kolcéw, co ma wpltyw na dalsza czes¢ analizy
danych. Obydwie figury wystepuja w pracy [49], ale w postaci wykreséw stupkowych.

Spos6b doboru najlepszego programu omoéwiono w podrozdziale 4.3.2.
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Tabela 4.1: Rodzaje programéw do klasyfikacji kolcow dendrytycznych do ich klas taksono-

micznych.

program do
klasyfikacji

rodzaj
klasyfikacji
(2D/3D)

parametry

klasy
kolcow

SpineMagick

2D

dhugosé,

szeroksé gtowki,
maksymalna szerokosé¢ lokalizacji,
maksymalna szerokosé,
szeroko$¢ szyi,

stopa,

obwodd,

powierzchnia,

stosunek szerokosci

do dtugosci,

stosunek dlugosci

do szerokoéci oraz
stosunek dtugosci

do powierzchni

brak klasyfikacji

2dSpAn

2D

powierzchnia,

dtugosé,

dtugosé szyi,

srednia szerokosc szyi,
minimalna szerokos¢ szyi,
minimalna szerokosé¢ gtowki,
maksymalna szerokos¢ gtowki

przysadziste,
paluszkowate,
grzybkowate,
cienkie

SpineTools

2D

powierzchnia,
powierzchnia gtowki,
dtugos¢ gtowki,
szerokos¢ gltowki,
dhugosé,

dtugosé szyi,
szerokos¢ szyi

dtugie,
grzybkowate,
przysadziste

3dSpAn

3D

objetosc,
dhugosé,
szeroko$¢ gtowki,
dtugosé szyi

przysadziste,
grzybkowate,
paluszkowate,
Spine-head Protrusion
rozgaltezione (branched)

Neurolucida 360

3D

powierzchnia kontaktu,

Srednica gltowy,

stosunek $rednicy gltowy do srednicy szyi,
dtugosé glowy,

stosunek dlugosci do srednicy gltowy,
$rednica szyi,

dtugosé szyi,

objetosc,

dhugosé,

powierzchnia

grzybkowate,
przysadziste,
cienkie
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Tabela 4.2: Srednia warto$é¢ oraz odchylenie standardowe kazdego parametru kolcow den-
drytycznych z programu MagicSpine. (*) stopa — jest to parametr okreslajacy powierzchnie
kontaktu kolca z dendrytem. (**) maksymalna szeroko$¢ — parametr okreslajacy najwiek-
sza, szerokosé kolca dendrytycznego (uwaga: ten parametr nie musi by¢ rowny parametrowi
szerokosci gtowki [moze, ale nie musi|. Moze sie zdarzy¢, ze szerokosé¢ gtowki kolca dendry-
tycznego jest mniejsza od szerokosci szyi kolca dendrytycznego). (***) maksymalna szerokosé
lokalizacji — maksymalna szerokos¢ podzielona przez trajektorie danego kolca dendrytycznego.

parametr kolca odchylenie
dendrytycznego $rednia || standardowe
szeroksé glowki

kolca dendrytycznego um 0,819 0,246
stopa ()

kolca dendrytycznego um 0,484 0,247
maksymalna szerokosé¢ (¥¥)

kolca dendrytycznego pum 0,855 0,253
maksymalna szerokosé¢ (F*¥)

lokalizacji

kolca dendrytycznego um 0,407 0,249

stosunek szerokodci
do dtugosci

kolca dendrytycznego bezwymiarowe || 0,549 0,246
stosunek dlugosci
do szerokoéci
kolca dendrytycznego bezwymiarowe || 2,199 1,016
stosunek dlugosci
do powierzchni

kolca dendrytycznego pum~? 2,039 0,681
szeroko$é szyl

kolca dendrytycznego um 0,312 0,249
dtugosé

kolca dendrytycznego um 1,695 0,663
obwdd

kolca dendrytycznego pum 5,344 1,864
powierzchnia

kolca dendrytycznego pm? 0,897 0,420

41



29z'0 VL0 9.2°0 6670 9zL0 ovL'e 695°0 oI UID

waoﬁwﬁmugﬁ@m

QIUR[AYOPO

1681 1¥8°0 0L£0 7990 6250 €e0'e 98C'T OTUSID

,ﬁgﬁwwm

8€7'0 LST 0 122°0 18€°0 0LT'¥ 969°0 7ee'0 || oremoyqAzis

amopIepuris

QIUR[AYOPO

7ee'T 1280 cIeo 1250 I6T°T 1¥9°T Gez'T || oyemoxqAzi3

ﬁﬁﬁvwwm

0€S°0 66T°0 0120 G1¢0 GLT'G €66°'T 0FS°0 || oyemoxzsnyed

amopIepuris

QIUS[AOPO

0L8'T erso 0€€°0 1860 g1 iZANd 6ST°T || oremoyzsnyed

ﬁdﬁuwgm

870 9%7¢0 L€2°0 6.7°0 e1e'o GGy €8G°0 || 9ysizpesAzid

omopIepueis

QIUS[AOPO

SEV'T ce9°0 1800 LLT0 L£0°0 0LT 0660 || oIszpesdzid

ﬁdﬁuowm

LLT0 2920 1920 910 6L0'F 1162 9G5S0 1oexgAsery

79q

omopIepue)s

QIUR[AYOPO

961 L1L°0 z0g0 vso ST0'T 870 'l 1oeygAsery

Z9( RIUPIIS

[wr] [wrl] [wirl] [wirl] [wirl] [wirl] [guur] eloesyAsery
o8ouzoL1L1pudp || oFouzoLLipudp || 05ouzoL}AIpusp || 08ouzdA}AIPUSD || 080UZIAJAIPUSD || 0SOUZIAYAIPUID || oFouzoLyLIpUsp
ooy ooy ®O[OY 1478 B[Oy 1428 o0 BILOY 8O0
5[MO13 5[MO13 JS0Y0I9ZS JS0Y0I9ZS 1£7s 9s03Nnjp 2s03ngp eruypzIatmod

@mOMOH@Nm @mOMOH@Nm ﬁﬁdmaﬁgﬁa ﬁﬂg—vwgm
rUTRWIAS W e e

PAUZOAIAIpUSp Mooy [ouzora
-ouosyey Asery [opzey e[p ze1o uydgpg nurerdord z yoAuep e[p nijourered ogopzey amoprepue)s SMUI[AIPPO ZRIO HSO)IRM RIUPAIS :¢'f R[P(R],

42



Tabela 4.4: Srednia warto$¢ oraz odchylenie standardowe kazdego parametru dla danych
z programu 3dSpAn oraz dla kazdej klasy taksonomicznej kolcow dendrytycznych.

szerokosé dtugos¢
objetosé dtugosé gtowki Szyi
kolca kolca kolca kolca
dendrytycznego || dendrytycznego || dendrytycznego || dendrytycznego
Klasyfikacja || [pm?] [m] [m] [m]
Srednia
bez
klasyfikacji 2,373 1,021 0,829 0,154
odchylenie
standardowe
bez
klasyfikacji 1,57 0,67 0,264 0,29
srednia
przysadziste 2,048 0,503 0,081 0,005
odchylenie
standardowe
przysadziste 1,466 0,193 0,276 0,052
srednia
paluszkowate || 3,81 2,006 0,710 0,333
odchylenie
standardowe
paluszkowate || 1,904 0,746 0,328 0,236
grednia
grzybkowate || 2,8 1,452 0,889 0,430
odchylenie
standardowe
grzybkowate || 1,464 0,484 0,205 0,361
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A

o Clenkie 13.8%%
A przysadziste 12.5%

'rzybkowate 36.8%

B g

przysadziste 63.4%

paluszkowate 36.9%

C paluszkowate 6% grzybkowate 30.6%

rzysadziste 39.3%

il 5% grzybkowate 15.7%

Rysunek 4.3: Wynik klasyfikacji dla danych: A — po programie 2dSpAn, B — po programie
3dSpAn, C — po programie Neurolucida 360.
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A B

rzysadziste 31.7% dhugie 25.8% 48 .q-zysadziste 26.7%

dhugie 50.9% ¥

C

grzybkowate 17.4%

grzybkowate 47.5%

1 0
rzysadziste 35.7% dhugie 17.9% 8

,_‘@rzysadziste 28.6%
dhugie 49.5% .

E - F grzybkowate 53.5%
rzysadziste 35.6%

grzybkowate 14.8%

dhugie 21% 40\

grzybkowate 13.1% '

grzybkowate 48.1%

dhugie 51.3%

Rysunek 4.4: Wynik klasyfikacji dla danych czasowych z trzech punktéow czasowych (to, t19
i t49) wykonany dwoma programami do klasyfikacji: 2dSpAn oraz SpineTools. Zwazywszy, ze
program SpineTools klasyfikuje kolce z klasy cienkie i paluszkowate jako dtugie, to z 2dSpAn
te dwie klasy zaklasyfikowano jako klase dlugie, aby moc poréwnaé dziatanie dwoch klasy-
fikatoréow na tych samych danych. A — punkt czasowy ty (czas rozpoczecia eksperymentu),
klasyfikacja 2dSpAn, B — punkt czasowy ty (czas rozpoczecia eksperymentu), klasyfikacja Spi-
netools, C — punkt czasowy t19 (10 minut od rozpoczecia eksperymentu), klasyfikacja 2dSpAn,
D — punkt czasowy t19 (10 minut od rozpoczecia eksperymentu), klasyfikacja Spinetools, E —
punkt czasowy t49 (40 minut od rozpoczecia eksperymentu), klasyfikacja 2dSpAn, F — punkt
czasowy t4o (40 minut od rozpoczecia eksperymentu), klasyfikacja Spinetools.
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4.3. Metody analizy danych

Jednym z celéw pracy bylo sprawdzenie, ktére metody analizy danych pomoga w uzy-
skaniu odpowiedzi na pierwsze dwa pytania celu niniejszej rozprawy doktorskiej. Chciano
sprawdzié, czy istniejg metody, ktore beda w stanie wyodrebnié¢ klasy i podklasy taksono-
miczne kolcéow dendrytycznych. Wykorzystano takie metody jak ukryte tancuchy Markowa
(rozdzial 4.3.1), analize sktadowych glownych (ang. Principal Component Analysis) (rozdzial
4.3.3) oraz analize skupien (rozdzial 4.3.4). Chciano réwniez sprawdzié, czy istnieja metody,
ktore beda w stanie zweryfikowaé, ktore klasyfikacje sa blizsze rzeczywistym klasom — tu
wykorzystano ukryte tancuchy Markowa z modelem autoregresyjnym (rozdziat 4.3.2).

4.3.1. Ukryte laricuchy Markowa

Ukryte tanicuchy Markowa (ang. HMM — Hidden Markov Model) sa jednym z istotnych
modeli uzywanych w statystyce i uczeniu maszynowym. Model ten zaklada, ze dane, ktére
modelujemy, podlegaja procesowi Markowa z ukrytymi stanami. W HMM stany nie sa bezpo-
srednio widoczne, natomiast to, co obserwujemy, jest zalezne od stanu i jest widoczne. Ukryte
taficuchy Markowa posiadaja dwa parametry: prawdopodobieristwo przejscia i prawdopodo-
bienistwo emisji. Zgodnie z HMM przyjmuje sie dwa zalozenia dotyczace prawdopodobienistwa
przejscia 1 prawdopodobieristwa emisji [66, 67]:

1. Ukryty stan t**, przy danym (t — 1)t stanie ukrytym, jest niezalezny od poprzedniego
stanu.

2. Obserwacja t'" zalezy tylko od stanu t*.

Jako parametry wejsciowe do ukrytych taricuchéw Markowa podaje sie trzy parametry
A = (A, B,w), gdzie A to macierz prawdopodobienstwa przejscia, B to macierz prawdopo-
dobieristwa emisji, a 7 jest wektorem poczatkowych prawdopodobieristw [66, 67|. Parametry
ukrytych taicuchow Markowa sa wyliczane poprzez algorytm Bauma—Welcha opisany w pod-
rozdziale 4.3.1.1.

W przypadku kolcéow dendrytycznych chciano okreslié, jakie jest prawdopodobieristwo
przejscia danego kolca ze stanu i do stanu j, gdzie stan i oraz j sa nasza klasa kolca. Oczywiscie
dla danego zbioru mozemy policzy¢ prawdopodobieristwo przejscia pomiedzy stanem ¢ oraz
j w bardzo prosty sposob (zaktadajac, ze nasze kolce zostaly juz sklasyfikowane): majac np.
10 kolcow w klasie ¢ = przysadziste, a po czasie t w stanie j = grzybkowate znajduje sie 5
kolcow (z tych 10 kolcow), to P = 5/10 = 1/2. Problem jednak w tej metodzie polega na
tym, ze te prawdopodobieiistwa sg dobre dla danego konkretnego zbioru, a starano sie znalezé
uniwersalng wartos¢ dla réznych zbiorow. W zwiazku z tym uzyto pakietu HMM napisanego w
jezyku programowania R, aby znalezé prawdopodobienistwa przejsé pomiedzy klasami kolcow
(wykorzystano klasyfikacje programoéw, a jako parametru wstepnego uzyto tzw. probability
threshold o wartosci 0,25 — kazda klasa ma réwna szanse¢ powstac).
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Rysunek 4.5: Przyktad ukrytych taricuchéw Markowa. Na czerwono zaznaczono ukryte stany,
na zielono — obserwacje. Rozowe strzatki to wartosci przejs¢ pomiedzy stanami (tzw. transi-
tion probability), a niebieskie strzatki to prawdopodobienstwa emisji (tzw. emission probabi-
lity). W analizowanym przypadku obserwacje to stany kolcow dendrytycznych pochodzacych
z programéw do klasyfikacji, natomiast ukryte stany to réwniez klasy kolcow, ale niepocho-
dzace z programéw do klasyfikacji.

4.3.1.1. Algorytm Baum—Welch

Algorytm Bauma—Welcha dziala na zasadzie zgadywania poczatkowych wartosci para-
metréw, a nastepnie oszacowania prawdopodobienistwa obserwacji wzgledem aktualnie od-
gadnietych parametréw. Prawdopodobienistwo to jest nastepnie wykorzystywane do ponow-
nego oszacowania parametrow iteracyjnych, az do osiagniecia lokalnego maksimum. Algorytm
Bauma—Welcha znajduje max) P(observation|\). Inaczej mowiac, algorytm Baum—Welch za-
ktada, ze podane stany obserwacji sa niezalezne i brana pod uwage jest tylko zalezno$¢ miedzy
stanami ukrytymi [66, 67, 68].
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4.3.2. Ukryte laiicuchy Markowa z modelem autoregresyjnym

Ukryte tanicuchy Markowa z modelem autoregresyjnym (ang. ARHMM - Autoregres-
sive Hidden Markov Model) sa rozszerzeniem ukrytych lancuchéw Markowa (ang. HMM —
Hidden Markov Model), w ktorych obstugiwana jest zalezno$é pomiedzy obserwacjami. Wy-
rozniamy dwa rodzaje ARHMM: tzw. forward-ARHMM (skierowany do przodu ARHMM)
oraz backward-ARHMM (skierowany do tylu ARHMM lub cofniety w czasie ARHMM).

Rysunek 4.5 wskazuje, ze HMM nie jest dobra metoda do wylapania/wychwycenia zalez-
nosci pomiedzy obserwacjami. Jest to o tyle istotne, ze dana obserwacja moze mie¢ wpltyw na
kolejng obserwacje. Pod tym wzgledem, model ARHMM przewyzsza model HMM, poniewaz
uwzglednia przeptywy pomiedzy obserwacjami. Wzér na forward-directed ARHMM na taczny
rozklad sekwencji stanow (.S) i obserwacji (O) [50]:

T
P(0,8) = P(S1)P(0:]1) [ [ P(SiSi-1)P(O4|St, O4-1) (4.1)

t=2
Wzor dla backward-ARHMM na taczny rozktad sekwencji stanow (.S) i obserwacji (O):

1
P(0,8) = P(Sr)P(Or|Sr) [] P(SilSt1)P(OdlSt, Osy1) (4.2)
t=T—1
Istnieje tez tzw. mieszanka dwoch form ARHMM na poziomie sekwencji (tzw. MARHMM
— Mixture Autoregressive Hidden Markov Model), pozwalajaca na wybor, czy jest to model
skierowany do przodu lub do tyhu, lub czy jest kombinacja tych dwoch form. Model ten
definiuje sie nastepujaco:

P(O|)\) :Oé1P1(0|)\1)—|—052P2(0|)\2) (43)

gdzie P1(O|A1) i P2(O|)\2) sa prawdopodobienstwem ciaggéw obserwacji danych (odpo-
wiednio ARHMM skierowany do przodu i ARHMM skierowany do tytu). Natomiast oy, ag sa
wagami, ktore spelniaja dwa kryteria: aq,as > 0 oraz oy + ag = 1 [50]. Parametry ARHMM
sa szacowane za pomoca algorytmu Expectation-Maximization (EM), opisanego w podroz-
dziale 4.3.2.1.

Dzieki tej metodzie uzyskano prawdopodobienistwa przej$é kolcow pomiedzy stanami oraz
wybor, ktora klasyfikacja kolcow jest blizsza rzeczywistosci. Na rysunku 4.6 przedstawiono
przykladowe wyniki ,logarytmu prawdopodobienistwa” w zaleznoéci od liczby iteracji. Rysunek
przedstawiajacy klasyfikacje kolcow zardéwno 2D, jak i 3D dla zbioru danych z trzech punktow
czasowych wskazuja, ze w przypadku klasyfikacji 3D najlepsza klasyfikacje osiagnieto dla linii
zbudowanej z czerwonych trojkatow (cztery klasy z programu 3dSpAn), natomiast najgorsza
klasyfikacje — dla linii zbudowanej z fioletowych gwiazdek (pie¢ klas z programu Neurolucida
360). Analogicznie jest w przypadku klasyfikacji 2D — najlepsza klasyfikacje osiagnieto dla linii
zbudowanej z zielonej linii w kropki z linig (cztery klasy z programu SpineTools), natomiast
najgorsza klasyfikacje — dla linii zbudowanej z czarnych plusow (pieé klas z programu 2dSpAn).
Oczywiscie réznice pomiedzy danymi klasyfikacjami pochodzacymi z réznych programéw do
klasyfikacji sa czasami niewielkie (niebieska linia zbudowana z Y oraz zielona linia w kropki
z linia), a czasami znaczace (linia zbudowana z czerwonych trojkatow i linia zbudowana z
czarnych plusow). Metoda ta ma pomdc w wyborze najlepszej klasyfikacji umozliwiajacej
dalsze opracowywanie wynikéw. Warto zwréci¢ uwage, ze zaréwno w tej jak i poprzedniej
(4.3.1) metodzie wykorzystano jedynie klasyfikacje kolcow (stan, w jakim dany kolec moze sie
znajdowac). W metodach tych nie brano pod uwage zadnych parametroéw opisujacych kolce.
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+  klasyfikacja 2D, 5 klas, 2dSpAn *  klasyfikacja 3D, 5 klas, Neurolucida 360
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Rysunek 4.6: Logarytm prawdopodobienistwa w zaleznosci od liczby iteracji dla réznych kla-
syfikacji kolcéw dendrytycznych w zaleznosci od uzytego programu do klasyfikacji, liczby klas
i rodzaju klasyfikacji (2D/3D).T jest dtugoscia danych (np. T = 300).

4.3.2.1. Algorytm EM (Expectation—Maximization)

Algorytm EM (Expectation-Maximization) jest ogélnym paradygmatem obejmujacym
wiele algorytmoéw iteracyjnych, stuzacych oszacowaniu parametrow. Zaldézmy, ze model staty-
styczny jest okreslony przez parametry modelu q. Model zostanie dostosowany do wyjasnienia
obserwowanych danych z maksymalnym prawdopodobienistwem. Algorytm EM formalizuje in-
tuicyjny pomyst na uzyskanie oszacowanych parametréow, gdy mamy pewne braki w danych.
Algorytm powtarza dwa kroki az do uzyskania zbieznosci [69]:

Krok ,E”: Oszacowanie brakujacych informacji przy uzyciu biezacych parametréw modelu.
Krok ,M”: Optymalizacja parametréw modelu przy uzyciu oszacowanych brakujacych infor-
macji.

Metoda ta byta stosowana przez wiele lat, jednak dopiero w 1977 roku Arthur Dempster,
Nan Laird i Donald Rubin wprowadzili termin EM (Expectation-Maximization). Opubliko-
wali oni prace ,Maximum Likelihood from Incomplete Data via the EM Algorithm"w ktoérej
wytlumaczyli, na czym polega algorytm EM.
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4.3.3. Analiza sktadowych gltéwnych (PCA)

Analiza sktadowych gltownych (ang. PCA — principal component analysis) jest jedna z me-
tod statystycznych analizy czynnikowej. Zbiér danych, w ktorym wystepuje A obserwacji, z
ktorych kazda jest opisana przez B zmiennych, mozna interpretowaé jako zbior A punktow
w przestrzeni B-wymiarowej, gdzie kazdemu punktowi odpowiada jedna obserwacja, a war-
tosci zmiennych stanowia wspolrzedne punktu w tej przestrzeni. Celem analizy sktadowych
gltownych jest tak obroci¢é uktad wspoétrzednych, aby zmaksymalizowaé najpierw wariancje
pierwszej wspotrzednej, potem drugiej wspotrzednej itd. Innymi stowy, jest to metoda zmiany
bazy, pozwalajaca opisaé¢ przestrzen za pomoca wspolrzednych niezaleznych. PCA jest row-
niez czesto uzywana do redukcji wymiarowosci zbioru danych przy jednoczesnym zachowaniu
jak najwiekszej zmiennosci tego zbioru |70, 71].

Za pomoca tej metody sprawdzono, ktore parametry kolcéow beda tymi komponentami,
ktore wyjasnia najwiecej informacji. Dodatkowo, chciano sprawdzié, czy uda sie wyodrebnié
dane grupy i podgrupy klas taksonomicznych kolcow dendrytycznych (wiedzac ktore para-
metry beda wchodzi¢ w sktad komponentu). Dane podzielono na trzy grupy: 1) parametry
opisujace kontur (ksztalt) kolca, 2) parametry opisujace rozmiar kolca oraz 3) wszystkie pa-
rametry kolca. Nastepnie dane znormalizowano, tzn. dla kazdego parametru policzono jego
warto$¢ Srednia oraz wariancje (analogicznie jak w tabelach 4.2-4.5). Dla kazdego kolca,
dla jego danego parametru odjeto $rednia i podzielono przez wariancje, a nastepnie na takich
znormalizowanych danych przeprowadzono analize sktadowych gtéwnych. Po poréwnaniu wy-
nikéw zaréwno dla danych statystycznych, jak i dynamicznych, stwierdzono, ze nie istnieje
zasadnicza rbéznica pomiedzy tymi zbiorami, jesli chodzi o procent wyjasnionej zmiennosci
(podczas gdy nawet przy zwyklej klasyfikacji danego kolca mozna zaobserwowaé inne klasy w
kolejnych punktach czasowych i inne wartosci danego parametru).

Podsumowujac, o ile udato sie okresli¢ parametry dajace najwiecej informacji (parametry
opisujace rozmiar kolca, takie jak dtugosé, obwod, powierzchnia), o tyle nie udato sie wyodreb-
ni¢ grup i podgrup. Na rysunkach 4.7 oraz 4.8 pokazano przyktadowe wyniki z reprezentacja
przestrzenng zbioru punktow (ze wszystkich kolecow dendrytycznych) oraz reprezentacja prze-
strzenng zbioru punktow dla poszczegolnych klas po klasyfikacji. Przez reprezentacje prze-
strzenng zbioru punktéw rozumiem, ze w danym obszarze znajduje sie duze skupisko punktow
odpowiadajace moim danym. Zaréwno w klasyfikacji 2D (rysunek 4.7 dla danych z programu
2dSpAn), jak i w klasyfikacji 3D (rysunek 4.8 dla danych z programu Neurolucida 360) nie
zaobserwowano sytuacji, w ktérej dana klasa kolcow zajmuje obszar reprezentacji przestrzen-
nej zbioru punktéw, gdzie zadna inna klasa nie wystepuje. Innymi stowy, dana reprezentacja
przestrzenna zbioru punktéw jest mieszanka klas. Nie istnieje sytuacja, w ktérej dana klasa
kolcow zajmuje obszar, gdzie zadna inna klasa nie wystepuje.
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Wszystkie klasy koledw dendrytycznych
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Rysunek 4.8: Przykladowy rozkitad dla wynikéw klasyfikacji 3D z programu Neurolucida
360, bez klasyfikowania kolcow na klasy taksonomiczne (panel A) oraz z oddzieleniem kazdej
klasy taksonomicznej kolcow (panel B - kolce z klasy przysadzistych, panel C - kolce z klasy
grzybkowatych i panel D - kolce z klasy cienkich).
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4.3.4. Analiza skupien (clustering)

Metoda analizy skupieri (ang. clustering) polega na podzieleniu danych wejsciowych na N
grup (N klastrow) oraz opisaniu N punktow: z', z2...z", z ktorych kazdy opisany jest przez
k cech: x1,xzs...7k.

Analize rozpoczyna sie od przypisania N grup jednopunktowych, a w kazdym nastepnym
kroku taczy sie najblizsze. W wyniku takiego dziatania otrzymuje sie drzewo taczenia (istnieja
rozne metody wyboru, na ile grup dany zbiér ma zostaé¢ podzielony). Wynik analizy skupien
(ang. cluster analysis) zalezy od przyjetych definicji odlegtosci miedzy grupami oraz definicji
odlegltosci miedzy punktami. I tak, odlegltosé miedzy punktami moze by¢ obliczana poprzez
np. odlegtosé¢ euklidesowa lub odleglosé korelacyjna, natomiast miedzy grupami (klastrami)
— poprzez np. odlegltosé miedzy dwoma najblizszymi elementami grup A i B (tu zastosowaé
mozna zarowno metode single linkage jak i complete linkage), odlegtosé miedzy $rodkami
klastrow czy tez srednie odlegtosci.
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4.3.4.1. Grupowanie k-$rednich (k-means clustering)

Jednym z podstawowych algorytmoéw stosowanych w analizie skupieri jest analiza metoda
k-$rednich (ang. k-means clustering). Nazwa tego algorytmu pochodzi od sposobu podziatu
danych.

Algorytm ten dzieli dane na liczbe klastrow rowna K, wykorzystujac do tego srednie, aby
okresli¢, jak blisko obserwacje znajduja sie pomiedzy soba. Obserwacje, ktore sg blisko siebie,
naleza do tego samego klastra. Algorytm k-means jest algorytmem iteracyjnym, co ozna-
cza, ze do rozwiazania problemu dochodzimy stopniowo. Analize rozpoczyna sie od losowego
rozwiazania (,strzatu”), a nastepnie sekwencyjnie poszukuje sie coraz lepszego rozwiazania.
W algorytmie k-means poszukiwanie lepszego rozwiazania polega na przesuwaniu poczatkowo
rozlosowanych centroidéw poszczegdlnych klastréow w taki sposéb, aby coraz lepiej reprezento-
waly one poszczegdlne grupy. Wyzwaniem w algorytmie k-means jest odpowiednie okreslenie
liczby klastrow. Optymalna liczba bedzie ta, w ktorej punkty wewnatrz klastréow znajduja sie
blisko siebie oraz jak najdalej od punktow innego klastra [70].

Rysunek 4.9 przedstawia te same wyniki, ktore zawarte sa w pracy [49], tylko w postaci
kolorowej. Kazdy kolor przedstawia dang klase taksonomiczna kolcéw oraz dodatkowy para-
metr wyr6zniajacy ta klase (np. dla parametru length mozna wyr6znié¢ paluszkowate dtugie
i paluszkowate krotkie). Wiedzac, ze dany punkt w danym kolorze reprezentuje konkretny
kolec (mozna sprawdzi¢ jego parametry oraz klasyfikacje taksonomiczna), mozna analogicznie
jak przy metodzie PCA sprawdzi¢, czy dana grupa punktéw w danym kolorze ma taks sama
klase taksonomiczng lub podobne wartosci parametréow. Dodatkowo nalezy zwrocié uwage na
to, ze niektére punkty, niezaleznie, na ile klas zostanie podzielony zbiér danych, zawsze beda
mialy ten sam kolor (oznacza to, ze dany kolec klasyfikowany jest nadal do danej ,;subpopula-
cji” kolcow, a kolor pokazuje nam tg stabilno$é). Niestety klasyfikacja kolcow nie pokrywa sie
z danym jednym kolorem klasy (tzn. dane dwa punkty w kolorze czerwonym oznaczaja np.
kolce z klasy paluszkowatych i z klasy grzybkowatych). Dane znormalizowano tak, jak w przy-
padku PCA i uzyto wektoréw pochodzacych z PCA. Wektory pochodzace z PCA (komponent
1 i komponent 2 na rysunkach 4.9 i 4.10) opisuja te zmiennos$é. Do stworzenia rysunku 4.9
wykorzystano dane 2D z 11 parametrami (z programu SpineMagick), natomiast do rysunku
4111 4.10 — dane z programéw do klasyfikacji 3D: 3dSpAn (4 parametry opisujace kolce) i
Neurolucida 360 (10 parametréw opisujacych kolce). Interesujacy wynik przedstawia rysunek
4.11, gdzie wida¢ liniowos$¢ pomiedzy wektorami zmienno$ci. Liniowos¢ ta moze pochodzi¢ od
tego, ze dla tego programu mamy jedynie 4 parametry opisujace kolce.
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Rysunek 4.9: A — prezentuje 10 klas, B — prezentuje 11 klas, C — prezentuje 13 klas, D —
prezentuje 16 klas.
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Rysunek 4.10: Klasyfikacja danych po zastosowaniu programu Neurolucida360. A — prezentuje
10 klas, B — prezentuje 11 klas, C — prezentuje 13 klas, D — prezentuje 16 klas.
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Rysunek 4.11: Klasyfikacja danych po zastosowaniu programu 3dSpAn. A — prezentuje 10
klas, B — prezentuje 11 klas, C — prezentuje 13 klas, D — prezentuje 16 klas.
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4.3.4.2. Grupowanie rozmyte (fuzzy clustering)

W przypadku, kiedy nie wiadomo, na ile grup nalezy podzieli¢ konkretne dane wejsciowe,
mozna zastosowaé tzw. fuzzy clustering. Zestaw danych zostanie poddany analizie w zalez-
nodci od liczby grup, tzn. dla kazdej sytuacji, w ktorej dzielimy zestaw danych na N grup,
wyliczany bedzie wspotezynnik FPC (Fuzzy Partition Coefficient). Wskaznik ten zawiera sie
w przedziale od 0 do 1, gdzie 1 oznacza najlepsze dopasowanie. Dzieki tej metodzie wia-
domo, na ile grup mozna dany zestaw danych podzieli¢ [70]. Wzor na FPC prezentuje sie

nastepujaca:

1 n C
FPC =~ S u (4.4)

i=1 j=1

gdzie n to liczba punktéow danych, c to liczba klastrow (grup), a u;; to stopien przynalez-
noéci punktu ¢ do klastra j.

Rysunek 4.12 przedstawia rozktad wskaznika w zaleznosci od liczby klas dla danych sta-
tycznych i dynamicznych (tylko punkt czasowy ¢y wzieto z danych dynamicznych) tacznie dla
klasyfikacji 2D (wynik z podpunktu A znajduje sie w pracy [49]). Przy uzywaniu tej metody
wazna jest pewnosé, ze dana liczba klas jest najlepsza — nalezy wiec pusci¢ w kilku/kilkunastu
iteracjach ta funkcje i usrednié¢ wartosci fpc dla danej liczby klas. W moim przypadku zrobiono
25 iteracji i w kazdej iteracji dla liczby klas réwnej 11 wskaZznik wynosit 1.

Analogicznie opracowano wskaznik dla danych po klasyfikacji 3D podpunkt B i C, ale
tylko dla danych czasowych, gdzie widac, ze najlepsze dopasowanie jest dla dwoch klas. Moze
to wynika¢ z tego, ze ciezko jest wyszczegolni¢ tzw. podklasy klas (np. paluszkowate diugie,
krotkie itd.). Na rysunku 4.12 w podpunkcie B i C pokazano rowniez wynik tylko dla jednej
iteracji i wartosci fpc, jakie uzyskano dla danej liczby klas. Dane znormalizowano tak, jak w
przypadku PCA i uzyto wektoréw opisujacych te zmiennosci.

59



1.00

0.75 -

0.75

=
S
=

0

=

B

A
1

=

n

=1
1

fuzzy partition
coefficient

rrr T T T T 1T 1T "1 "“"T T 71T "1 T 1T 1T "1
2 0% A 5 6 7T % 9 A0 WA 4 A 43 0 4T A% 19 70 7\ 1 723 9h 78 16

Liczba klas

Rysunek 4.12: Fuzzy clustering dla danych po: A — klasyfikacji 2D programem 2dSpAn (tylko
po jednej iteracji), B — klasyfikacji 3D programem Neurolucida 360 (tylko po jednej iteracji),
C — klasyfikacji 3D programem 3dSpAn (tylko po jednej iteracji).
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4.4. Metody analizy danych — teoretyczne

Przy pomocy entropii Shannona chciano sprawdzié¢, w ktorych rozktadach charaktery-
zujacych rozmiary kolcow zapisywanych jest najwiecej informacji. Aby to zrobi¢, musiano
najpierw sprawdzié¢ jakie, rozklady najlepiej pasuja do danych empirycznych. W nastepnych
rozdziatach opisano 3 rozktady (4.4.1), ktore zostaly wybrane (2 na podstawie literatury i 1
nowy rozktad). Entropie Shannona objasniono w podrozdziale 4.4.2. Sposéb optymalizacji
entropii opisano w podrozdziale 4.4.3. Podrozdzial 4.4.4 poswiecono rozwazaniom, czy korela-
cje pomiedzy sasiednimi kolcami dla parametru objetosé maja wplyw na ilo§é przechowywanej
informacji (na ilo$¢ pamieci).

4.4.1. Dopasowanie rozktadéw do empirycznych wielkosci kolcow

Na podstawie badan empirycznych kolcow dendrytycznych wykazano, ze ich rozmiary sa
dobrze dopasowane do rozktadu lognormalnego lub gamma. Jednakze te dwa rozktady réznia
sie asymptotycznym zanikiem ogonéw. W przypadku kolcow o bardzo duzych rozmiarach
rozktad lognormal posiada tzw. ,heavy tail” (dtugi ogon), podczas gdy rozktad gamma zanika
wyktadniczo z tzw. ,short tail” (krotki ogon). Dodano jeszcze jeden rozklad — loglogistyczny,
ktory nie byt wykorzystywany we wczesniejszych analizach. Rozktad ten posiada ciekawa wta-
Sciwos¢é - dla matych rozmiaréw zachowuje sie jak rozktad gamma, a dla duzych rozmiaréw —
jak rozklad lognormal. Wiedzac ktore rozktady najlepiej pasuja dla danego parametru kolcow
dendrytycznych z danego zbioru danych, mozna bylo zastosowaé¢ entropie Shannona. Do jej
wyznaczenia wystarczaja pierwsze dwa momenty rozkladu (Srednia i odchylenie) do danych
pochodzacych z réznych ssakow z réznych obszaréw mozgu. Dzieki temu sprawdzono, ktore
parametry opisujace kolce dendrytyczne koduja najwiecej informacji oraz czy ta informacja
jest optymalizowana.
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Rozklad lognormal

Wz6r na rozktad lognormal jest nastepujacy:

L —(n(@)-w?2/20?
2mox

Pin (x) = ) (45>
gdzie py,(x) jest gestoscia prawdopodobienstwa dla x, parametry p i o to parametry funkcji,
przy czym o > 0 a —oo < pu < oo . Wartosé oczekiwana i wariancja w rozkladzie lognormal
wynosza odpowiednio:

(x) = exp(u +0°/2), (4.6)

oraz

Var(z) = (&7 — 1)(z)2. (4.7)

Rysunek 4.13 przedstawia cztery krzywe dla tego rozkltadu. Parametr o odpowiada za
tzw. skewness, co po polsku nazwiemy skosnoscia. Im warto$é¢ parametru o jest mniejsza (dla
tych samych wartosci p), tym rozklad gestosci prawdopodobienstwa szybciej dazy do zera.
Widaé to na rysunku 4.13: krzywa ciagla i krzywa przerywana maja ta sama wartosé¢ p = 1
i krzywa przerywana szybciej dazy do zera, bo ma mniejsze o. Analogicznie jest dla krzywej
kropkowanej i przerywanej (z linii i kropek), maja ta sama warto$¢ p = 0 ale rozne o.

Rozklad lognormal

087 - — o=1lpu=1
————— g=05u=1
0.7 + o=05u=0

—— g=1,u4=0

0.611

Rozklad gestosci prawdopodobiefstwa

Wartosé x

Rysunek 4.13: Rozklad lognormal dla przyktadowych wartosci o oraz pu.
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Rozklad gamma

Wz6r na rozktad gamma jest nastepujacy:

po(@) = D —qole P, (18)
()
gdzie pgy(z) jest gestoscia prawdopodobienstwa dla x, parametry « i 5 to liczby dodat-
nie, a I'(a) to funkcja gamma. Rozklad gamma zmiennej losowej x jest skosny, ale szybko
zanika dla duzych wartosci x. Wartoéé oczekiwana i wariancja w rozkladzie gamma wynosza
odpowiednio:

(z) = (4.9)

o
B )
o
@.
Rozktad gamma jest czesto uzywany w modelach filogenetycznych, np. do modelowania
rozktadu szybkosci ewolucji réznych pozycji w sekwencji biatkowej. Dla parametru a < 1
mamy do czynienia z duza zmiennoscia, natomiast dla duzych a sekwencja ewoluuje bardziej
homogenicznie. Rysunek 4.14 przedstawia cztery krzywe dla tego rozktadu. Im wartosé para-
metru (3 jest mniejsza (dla tych samych wartosci «), tym rozklad gestosci prawdopodobieristwa
szybciej zanika do zera. Na rysunku 4.14 widaé, ze krzywa przerywana i krzywa kropkowana-
przerywana maja ta sama wartos¢ o = 2, ale rézne i krzywa przerywana szybciej dazy do

oraz

Var(z) = (4.10)

zera.

Rozktad gamma

025
— a=1;B=2
~~~~~ a=2,8=2
) d=3,8=2
5 0201 = @=2,p=5
g
=]
=)
2 0.15
=]
=
g
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£ 0.10]
% Il -
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=
—
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Rysunek 4.14: Rozklad gamma dla przyktadowych wartosci o oraz 5.
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Rozklad loglogistic
Wzor na rozktad loglogistic jest nastepujacy:

b (z/a)?
pu(r) = all+ (/a2

gdzie wartosci a i b to pewne parametry dodatnie. Rozklad loglogistyczny zmiennej losowej
x jest wizualnie podobny do rozktadu lognormal z ciezkim ogonem, z wyjatkiem tego, ze zanika
jako prawo potegowe dla bardzo duzego x, a zatem ma dluzszy ogon. W szczegblnodci dla x
> a gestosé prawdopodobieristwa p; zachowuje sie asymptotycznie jako p(x); ~ xb—lH
Wartosé oczekiwana i wariancja w rozkladzie loglogistic wynosza odpowiednio:

(4.11)

_ ma/b
() = Sn(n/b)’ (4.12)

_ o) 2r/b (x/b)?
Var(m)_a\/sin(%r/b) sin?(7/b)’ (4.13)

oraz

Wartosé oczekiwana (z) istnieje dla b > 1, natomiast wariancja istnieje dla b > 2. Ry-
sunek 4.15 przedstawia cztery krzywe dla tego rozktadu. Widaé, ze krzywa zielona kropko-
wana i krzywa czerwona przerywana wygladem przypominaja rozktad lognormal, natomiast
krzywa ciggla niebieska i krzywa fioletowa kropkowo-przerywana bardziej przypominaja roz-
ktad gamma dla matych wartosci a.

Rozklad loglogistic

— a=1, b=l
% e - a=1,b=2
‘ a=1, b=4

=
e

=
K

Rozklad gestosei prawdopodobiefistwa
=
(=

=
(]

Wartosé x

Rysunek 4.15: Rozklad loglogistic dla przyktadowych wartosci a oraz b.

64



Na rysunkach 4.16 oraz 4.17 pokazano dopasowanie danego rozktadu do danych (rysunki
te pochodza z pracy [53|). Na rysunku 4.16 zaprezentowano dane pochodzace od 2 oséb
(40 i 85 lat), a na rysunku 4.17 — od 11 oséb w przedziale wieku od 5 miesiecy do 71 lat.
W przypadku danych pochodzacych od dwojga pacjentéw rozktady byly dopasowywane do
parametrow dlugoéé i objetosé kolcéow. Natomiast w przypadku danych pochodzacych od 11
pacjentow rozktady byly dopasowywane do parametréw szerokosé gtéwki oraz dhugosé kolcow.
Trzeba zauwazy¢, ze w przypadku wtasnie tych ostatnich danych mozemy zobaczyé stabilnosé
rozkltadéw w zaleznosci od wieku pacjenta.

W celu okreslenia, ktéry rozktad najlepiej pasuje do danego zbioru danych dla danego
parametru opisujacego kolce, uzyto testu Kolmogorova-Smirnova, aby przeprowadzié tzw.
godness of fit (wskaznik dopasowania).

Dopasowujac dany rozklad, wazne jest, ile definiuje sie przedzialow (tzw. binoéw). Dane
byly prezentowane jako histogramy, do ktorych dopasowywano rozklady. Przedzial (bin)
to inaczej liczba prostokatow, ktéra ma ten przedzial reprezentowac (jest to zarazem liczba
prostokatow, ktora bedzie widoczna na danym histogramie). Im mniej binéw w danym hi-
stogramie, tym wiekszy przedzial wartosci, a im wiecej binéw, tym przedzial jest mniejszy.
W obliczeniach uwzgledniono nastepujace ilosci przedzialow (binow): 20, 30 i 412. Liczba
412 odzwierciedla ilo§¢ unikalnych wartosei, jakie udato sie znalezé (tak, aby na 1 bin mogta
by¢ przypisana 1 wartos¢). Wybor 20 i1 30 binéw pozwolil natomiast na przypisanie wiekszej
liczby wartosci do danego przedziatu.

Zauwazono, ze dla pacjenta w wieku 40 lat (zbior danych sktadajacy sie z dwojga pacjen-
tow) najlepszy rozktad dla parametru objetosé to gamma (dla binow = 30 i 412), natomiast
lognormal jest lepszym rozktadem dla binu = 20. U pacjenta w wieku 85 lat sytuacja dla
parametru objeto$¢ wyglada tak samo, co dla pacjenta 40 lat — wyjatkiem jest sytuacja dla
20 binéw, w ktorej rozkltad gamma jest tez obok rozktadu lognormal najlepiej dopasowany
(obydwa rozklady maja ten sam dystans (,odlegtos¢”) Kolmogorova-Smirnova Dy, [53, 72]).

W przypadku parametru dtugosé kolca zaréwno dla binu = 20, jak i = 30 rozklad gamma
jest najlepszy u obydwu pacjentéow. Wyjatkiem jest sytuacja, gdy liczba binéw = 412, w
ktorej dla pacjenta 85 lat najlepszy rozklad to gamma, a dla pacjenta 40 lat — lognormal.

W przypadku danych dla 11 pacjentéw sytuacja z fitowaniem byta analogiczna jak dla
danych z 2 pacjentow.

Wyniki pokazuja, ze dla parametru dtugos¢ najlepszym rozkladem prawie zawsze jest
rozktad gamma. Wyjatkiem dla liczby bindéw = 412 jest pieciomiesieczne dziecko, gdzie lepszy
byt rozktad loglogistic oraz osoba w wieku 58 lat, dla ktorej, obok rozktadu gamma, rozktad
loglogistic jest rowniez dobrym rozkltadem (ta sama warto$¢ Dys). W przypadku parametru
szerokos¢ gltowki dla 412 binéw najlepszy jest rozktad loglogistic dla wszystkich pacjentow.
Dla binéw = 30 najlepszy jest loglogistic z wyjatkiem osoby w wieku 27 lat, gdzie gamma jest
lepsza, oraz osoby w wieku 70 i 71 lat, gdzie rozktad lognormal jest lepszy. Dla binéw = 20
najlepszy jest rozktad gamma z wyjatkiem osoby w wieku 70 lat, dla ktorej rozktad loglogistic
jest najlepszy, i osoby w wieku 27 lat dla ktoérej obok rozktadu gamma rozktad loglogistic jest
réwniez dobrym rozktadem (ta sama wartos¢ Dy). Nastepnie, po dopasowaniu rozktadu do
danych, uzyskano parametry opisujace dany rozktad (u, o, a, 8, a, b ).

Potwierdzono, ze uzyskane wyniki znajduja sie w 95-procentowym przedziale ufnosci.

Dodatkowo sprawdzono kumulatywna funkcje rozktadu (cumulative distribution function,
CDF), tzn. rysowano dla przedzialow o wartosci 20 lub 30 krzywa pochodzaca z danych i trzy
krzywe teoretyczne, aby sprawdzi¢, czy rozklady beda pasowaé¢ do danych (kolejny sposob
sprawdzenia, czy wybrane rozklady sa odpowiednie). Nalezy zauwazy¢, ze wszystkie trzy
teoretyczne CDF sa zblizone do empirycznego CDF, ale gamma i lognormal sg nieco lepsze
niz rozktad loglogistic dla danych z dwojga pacjentow (40 i 85 lat) W przypadku danych z
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11 pacjentéw prawie wszystkie trzy teoretyczne CDF pokrywaja sie z empirycznym CDEF.
Wszystkie powyzsze wyniki — czy to w postaci rysunkéw czy w postaci tabel z danymi —
zostaly zawarte w pracy [53].
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Rysunek 4.17: Dopasowanie trzech rozktadéw do danych z 11 pacjentéw dla parametru dtugosé
(length).

4.4.2. Entropia Shannona

Tworca teorii informacji Claude E. Shannon [73| przedstawil ta teorie jako ogélne ramy
kwantyfikacji schematu kodowania lub kanatu komunikacji do przekazywania informacji. Za-
ktada sie, ze kod obejmuje wiele symboli (np. odpowiedzi neuronalne) oraz ze procesy kodo-
wania i transmisji sg stochastyczne i zaklécane przez szum. Entropia zalezy od prawdopodo-
biefistw, z jakimi te symbole lub ich kombinacje sa uzywane, przy czym entropia Shannona
jest zdefiniowana tylko dla dyskretnych zmiennych stochastycznych. W przypadku zmiennych
ciggltych musimy wykorzystac¢ tzw. entropie rozniczkows (ang. differential entropy), aby wy-
znaczy¢ zawartosé informacji. Cala idea polega na tym, ze kazda cigglta zmienna stochastyczna
x moze by¢é roztozona na male przedzialy o dltugosci Az, ktére wigza prawdopodobieristwa z
gestoscia prawdopodobienistwa p(x) w tych przedziatach (ang. binach). Ten rozktad pozwala

~—
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nam przyblizy¢ entropie Shannona H(z) dla dyskretnej ciagtej zmiennej z doktadnoscia Ax
przez entropie rozniczkows, (,differential entropy”), ktora dana jest przez

W) = — / dep () logy (p()) (4.14)

poprzez nastepujaca relacje:
H(z) = h(zx) — logaAz. (4.15)

W wyniku tej relacji ilog¢ informacji zawartej w rozkladzie prawdopodobienstwa p(z) dla
ciaglej zmiennej losowej x (0 < x < 00) mozna okresli¢ ilosciowo nastepujacym wzorem [74]:

H(x) = _1n§2) /000 dzp(z) In[p(z)Az]. (4.16)

Dzieki Az entropia H jest bezwymiarowa. Argument x w tym wzorze moze by¢ obje-
toscia, polem powierzchni, powierzchnig PSD, $rednica glowy czy tez dtugoscia kolca den-
drytycznego. Parametr Ax mozna roéwniez interpretowaé jako podstawows charakterystyke
y2amplitudy szumu wewnetrznego” mikroskopijnych wahan dynamiki aktyny, dzieki ktorej ko-
lec zmienia swoje rozmiary, a Ax zalezy od $redniej wielkosci kolecow dendrytycznych. Trzeba
réwniez pamietaé, ze amplituda szumu Az zalezy od (x) i generalnie jest ona rozna w réznych
obszarach mozgu. Ta powyzsza zalezno$é¢ dla amplitudy szumu wewnetrznego Ax pochodzi
z zalozenia, ze rozktad Poissona odpowiada za liczbe czasteczek aktyny obejmujacych liniowy
wymiar koleow dendrytycznych. Szczegdtowe informacje, w jaki sposéb oszacowaé Ax, przed-
stawiono w pracy [53].

4.4.2.1. Entropia Shannona dla poszczegdlnych rozktadow

Korzystajac ze wzoru 4.16, mozna wyprowadzi¢ wzor na entropie dla danego rozktadu. W
przypadku rozkladu gamma (wzor 4.8) bedzie on mial nastepujaca postac:

Hy(0.8) = g0+ (1= a)0(0) + (7). (4.17)

W przypadku rozkladu lognormal (wzor 4.5) bedzie mial postaé:

1 2o

1
Hyp(p,0) = —— [~ 1 . 4.18
0:0) = il 4+ R (1.18)
W przypadku rozktadu loglogistic (wzor 4.11) bedzie mial postac:
Hy(a,b) = ——[2 4+ In(-2—)] (4.19)
WG = 2y T At '

Sposdb wyprowadzenia wszystkich trzech powyzszych wzoréw opisano w pracy [53].
Mozna pokazaé, ze entropia dla danego rozktadu jest zawsze ograniczona od goéry dla
zadanej sredniej wartosci (x) [53] przyktadowo:

1. rozklad gamma:
In(e(x),/Ax
H((a)gr0) < PO s (420

2. rozktad lognormal:

In(vZ7 (2)1a/A2)
In(2)

Hln(<37>1n70') < = Hln,maa: (4'21)
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3. rozktad loglogistic:

In(e?(x)y/mAx)
In(2)

Hll(<$>”,b) < = Hll,ma:c (4'22)

Na rysunkach 4.18, 4.19 oraz 4.20 znajduja sie maksymalne wartodci dla danej entropii
(prawa strona w rownaniach 4.20, 4.21 i 4.22 — na rysunkach to linia niebieska) oraz przykta-
dowe wartosci dla lewej strony z réwnan 4.17, 4.18 i 4.19 — na rysunkach to linia czerwona.

Entropia dla rozkladu gamma

Entropia

Skala logarytmiczna <x>

Rysunek 4.18: Entropia dla rozkladu gamma.
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Rysunek 4.19: Entropia dla rozktadu loglogistic.
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Entropia dla rozkladu lognormal

Entropia

S — an,max

! Tt an

10 10’
Skala logarytmiczna <x>

Rysunek 4.20: Entropia dla rozktadu lognormal.

4.4.3. Optymalizacja entropii

Poniewaz celem jest zmaksymalizowanie entropii dla danej $redniej populacji kolcéw den-
drytycznych, zalecane byloby nalozenie pewnych matematycznych wiezéw, ktore odzwier-
ciedlaloby ograniczenia wynikajace z neuroanatomicznych i/lub metabolicznych ograniczen
rozmiaru kolca dendrytycznego. Trzeba wzia¢ pod uwage, ze srednia populacji jest rézna
w réznych regionach moézgu, a zatem to ograniczenie matematycznie nie jest stale, ale jest
zalezne od lokalizacji w mozgu. W matematyce ten problem rozwiazuje optymalizacja La-
grange’a z funkcja Lagrange’a L zdefiniowana jako |75, 76]:

L=H-X{z)-5) (4.23)

gdzie: (z) to Srednia warto$¢ populacji x pochodzacej z rozkladu p(z), S jest srednim
rozmiarem kolca dendrytycznego, a A jest mnoznikiem Lagrange’a. Aby zmaksymalizowaé
entropie, trzeba wykorzystaé¢ powyzszy wzér z mnoznikiem Lagrange’a i znalezé najlepsza lub
optymalna gestos¢ prawdopodobienistwa, ktéra maksymalizuje L. Innymi stowy, poszukiwaé
nalezy optymalnego rozktadu w maksymalnej wartosci entropii H dla tego rozktadu
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L= /OOO p(z) In(p(z))dx — )\0(/000 p(x)dr —1) — )\1(/000 xp(z)dr — S), (4.24)

gdzie A\g 1 A1 s mnoznikami Lagrange’a, a wyrazenia przy nich okreslaja warunki, jakie
narzucamy na optymalne rozwigzanie: pierwsza to normalizacja prawdopodobienistwa, drugie
to zadanie, aby Sredni rozmiar kolcéow byt = S.

Aby znalez¢ optymalnie dostepny rozklad, trzeba uzy¢ pojecia pochodnej funkcjonalnej.
W przypadku wielomianu mamy nastepujaca pochodna funkcjonalna [76]:

5p(x)n n—1
=np(x , 4.25
L = mpla) (4.25)
a w przypadku logarytmu mamy
al 1
nplr) 1 (4.26)
op(z)  p(x)
Biorac pochodna funkcjonalng Lagrange’a L z réwnania 4.24, otrzymujemy:
oL
——=1+1 —do— A 4.27
s = L+ ()~ do — iz (.27
Szukamy rozwiazania dla warunku ekstremizacji 52{; y = 0:

0=1+In(p(x)) — Ao — A1z, (4.28)
w wyniku czego otrzymujemy optymalny rozkitad prawdopodobienistwa

p(x) = exp(—Xo + 1 — \jz). (4.29)

Powyzszy rozklad musi spelnia¢ dwa warunki: [~ p(z)de = 1 oraz [~ ap(z)dz = S.
Warunki te stuza okresleniu wartosci A\g i A;.
W wyniku powyzszego otrzymujemy:

A1 =exp(—Xo+1) (4.30)

A = \/g (4.31)

7 powyzszych réwnan wynika, ze mamy wzoér na wykltadniczg zmienng losowa z parame-
trem S:

oraz

p(e) = 5 exp(—3) (4.3

dla z > 0. Wzoér jest tzw. optymalnym rozkladem i daje maksymalne L. Dla tego
optymalnego rozkladu entropia wyraza sie wzorem |75, 76]:

In(eS/Ax)
In2
Warto tutaj zauwazy¢, ze wzor 4.33 i wzdér na maksymalnag wartosé entropii dla rozktadu

gamma (4.20) sa takie same. Dodatkowo interesujacy jest fakt, ze gorna maksymalna wartosé

entropii zalezy logarytmicznie od $redniego rozmiaru kolcow dendrytycznych.

Hppaw = (4.33)
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4.4.4. Entropia kolcéw dendrytycznych z uwzglednieniem korelacji ich sa-
siednich objetosci

Nowym wynikiem, nierozwazanym w pracy [53], jest wplyw korelacji objetosci na zawar-
tos¢ informacyjna kolcéw dendrytycznych. Ponizej rozwazano entropie catego uktadu od-
dziatywujacych kolcow. Mozna tego efektywnie dokonaé¢ w pewnym przyblizeniu, w ktorym
uwzglednia sie tylko korelacje objetosci miedzy sasiednimi kolcami. W moim przypadku za-
stosowano rozklad lognormal i parametr objetos¢ dla danych zaréwno statycznych, jak i dy-
namicznych, a nastepnie wyliczono warto$é¢ o i p zaréwno dla kolcow zaklasyfikowanych jako
przysadziste /grzybkowate /paluszkowate jak i dla kolcow bez klasyfikacji. Klasyfikacja kolcow
pochodzi z programu 3dSpAn. Wybrano rozktad lognormal z powodu mozliwosci stosunkowo
latwego analitycznie wyprowadzenia wzoréw na entropie (posiadajac wzory z catkami, mozna
je analitycznie wyznaczy¢ i policzy¢). Natomiast dla rozkladow wielowymiarowych gamma
oraz loglogistic nie posiadamy wzoréw, ktére mozna by tatwo analitycznie wyprowadzié. Na
podstawie wzorow 4.21 oraz 4.18 policzono wartos¢ maksymalnej entropii i entropii. Dodat-
kowo wyliczono wspotezynnik korelacji (wzor 4.35 oraz 4.40) oraz wartosé entropii, gdyby
uwzgledni¢ korelacje (wzor 4.34).

Wzér na entropie z korelacja, ktorego wyprowadzenie znajduje sie w dodatku A, jest
nastepujacy:

0.5(1 4+ In(27)) + p + In & + 0.5In(1 — p?)
In2 ’

gdzie: Az to 0.226 (V)5/6 (szczegolowy opis wyliczenia delty dla parametru objetosé
znajduje sie¢ w pracy [53]), a p to wspolezynnik korelacji i wyraza sie nastepujacym wzorem:

Hiypcor = (4.34)

Cov(lnz,In
. (Inz, y), (4.35)
00y
gdzie: Cov oznacza kowariancje miedzy zmiennymi Inz i Iny i wyraza sie nastepujacym
wzorem:

Cov(lnz,Iny) = (Inzlny) — (Inz)(Iny) = (Inzlny) — pep,, (4.36)
pa = (Inz), (4.37)
o = /{(02)) = 2 = /(o)) — /2. (433)
Przy czym .
(Inzlny) = ﬁ ; Inz; Inx;qq, (4.39)

po podstawieniu wzoru 4.39 do wzoru 4.36, a nastepnie wzoru 4.36 do wzoru 4.35, otrzy-
mamy ostateczny wzor na korelacje:

(i o s Inwigs) — prapsy

(4.40)
OO0y

Zaobserwowaé nalezy, ze wspotczynnik korelacji znajduje sie w zakresie od -1 do 1, naj-
wieksza wartos¢ korelacji wynosi 0,59, a najnizsza -0,03. Korelacja we wzorze 4.34 ma znikomy
wplyw na wartos$¢ entropii (mozna poréwnaé¢ wartosé kolumny 5 i 7 z tabeli 4.6). Wynik ten
jest interesujacy, poniewaz pokazuje, ze wplyw sasiadow na zawartos¢ informacyjna kolcow
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Tabela 4.6: Wptyw korelacji miedzy kolcami na entropie ich rozkladu objetosci (rozklad lognormalny)

czas 7 maksymalna entropia z

klasg entropia entropia || wspotczynnik || korelacja Hin cor
taksonomiczna I o Hiyyomaz Hp, korelacji Hiy, cor /Hp,
to przysadziste -1,37 1,87 || 4,18 3,27 0,59 2,95 0,902
to paluszkowate || -0,87 1,6 4,07 3,63 0,18 3,61 0,994
to grzybkowate -0,066 || 1,48 || 4,15 3,86 0,08 3,85 0,997
to bez klas -1,16 1,87 || 4,27 3,37 0,43 3,22 0,955
t1g przysadziste || -0,4 1,30 || 3,78 3,66 0,31 3,58 0,978
t1o paluszkowate || 0,55 1,12 || 3,83 3,818 0,06 3,816 0,999
t1o grzybkowate 0,18 0,96 || 3,652 3,65 -0,11 3,64 0,997
t1o bez klas -0,28 1,28 || 3,79 3,68 0,45 3,51 0,953
t4o przysadziste || -0,38 1,42 || 3,85 3,62 0,52 3,39 0,936
t4o paluszkowate || 0,78 0,55 || 3,68 3,34 0,34 3,25 0,973
t4o grzybkowate || 0,31 0,63 || 3,63 3,411 0,03 3,410 0,999
t40 bez klas -0,27 1,38 || 3,88 3,69 0,46 3,52 0,954
przysadziste 0,44 0,95 || 3,806 3,803 0,16 3,782 0,994
paluszkowate 1,27 0,68 || 3,86 3,692 -0,03 3,692 1,0
grzybkowate 0,93 0,60 || 3,74 3,476 0,04 3,474 0,999
bez klas 0,64 0,89 || 3,82 3,8 0,16 3,78 0,994

to — czas rozpoczecia eksperymentu, t1o — 10 minut od rozpoczecia eksperymentu, t49 — 40 minut od rozpoczecia
eksperymentu.

dendrytycznych jest nieduzy. Kolumna 8 uwidacznia, ze stosunek Hy, cor/Hjy, znajduje sie w
przedziale 0,9-1,0, co oznacza, ze zawartos¢ informacyjna kolcow jest bardzo podobna z jak i
bez korelacji miedzy sasiadami.
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Rozdzial 5

Fizyczny model stochastyczne;]
dynamiki oddzialywujacych kolcow
dendrytycznych

5.1. Réwnanie Masters dla stochastycznej dynamiki proceséw
Markowa

Rozwazmy probabilistyczny uktad fizyczny, ktory znajduje sie w stanie n z prawdopodo-
bienistwem py,(t), zaleznym od czasu, indeks n moze by¢ skalarem lub wektorem z wieloma
zmiennymi charakteryzujacymi stan fizyczny, przy czym ), p,(t) = 1. Jesli dynamika uktadu
opisywana jest przez proces Markowa (uklad ,pamieta” swoj stan tylko z poprzedniego kroku
czasowego), to mozna ja sformulowaé przy uzyciu tzw. rownania Masters [77, 78, 79):

Dn = Z(wnkpk - wk’npn) (51)
k

gdzie p,, jest pochodng czasowq py,, wyy jest prawdopodobienistwem przejscia na jednostke
czasu (transition rate”) ze stanu k do stanu n. Roéwnanie 5.1 jest ogélnym réwnaniem dy-
namiki stochastycznej, o szerokim zastosowaniu w fizyce, matematyce, biologii i naukach
pokrewnych [79]. Réwnanie to odzwierciedla ,prawo zachowania prawdopodobieristwa”, czyli
jesli w jakims stanie prawdopodobienistwo rosnie, to w innym musi maleé¢. Jedynymi niewiado-
mymi w réwnaniu 5.1 sa prawdopodobienistwa przejsé wy,y, ktére wyznacza sie albo empirycz-
nie, albo w wyniku teoretycznej analizy /dedukcji. Jesli liczba stanéw ukladu fizycznego N >
3, to réwnanie 5.1, ktorych jest N, rozwiazuje sie numerycznie przez wyznaczenie wszystkich
zaleznosci czasowych py,(t) dlan = 1,...,.N. Rozwazmy uklad z N = 3 stanami i odpowiednimi

przej$ciami miedzy stanami 1, 2 i 3, wtedy réwnanie masters ma postaé [77, 78, 79]:

1. p1 = (wi2p2 — wa1p1) + (wi3p3 — w31p1)
2. po = (w21p1 — wizp2) + (wa3ps — w32p2)
3. p3 = (w31p1 — wi3p3) + (w32p2 — wasp3)

W tym uktadzie stan stacjonarny, czyli taki, ze p1 = po = p3, moze by¢ osiagniety na
dwa sposoby. W pierwszym przypadku, gdy wyrazenia w nawiasach (prady prawdopodo-
bienistw) sie zeruja, czyli wisps = wa1p1, Wi3ps = ws3i1p1, WasPs = wsepz. Len przypadek
nazywa sie rownowaga szczegolowa (,detailed balance”) i ma ogromne znaczenie w fizyce
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statystycznej, odpowiadajac za réwnowage termodynamiczng. W drugim przypadku stan
stacjonarny jest osiagniety, gdy wyrazenie w dwoch nawiasach (prady prawdopodobieristwa)
wzajemnie sie znosza, ale nie sg zerowe. Jest to ogdlniejszy przypadek i tutaj musi zacho-
dzié: (wi2p2 — w2ip1) = —(wigps — w31p1) oraz (wo1pr — wiz2p2) = —(wazp3 — waep2). Ten
przypadek okresla sie jako ztamanie rownowagi szczegolowej (,broken detailed balance”) i
odpowiada stanom stacjonarnym, w ktoérych istnieja niezerowe prady prawdopodobieristwa
pomiedzy stanami |77, 78, 79|. Takie stany stacjonarne maja, ogromne znaczenie dla zrozu-
mienia reakcji chemicznych, i moga mieé¢ znaczenie w zrozumieniu proceséw biologicznych na
poziomie mikroskopowym, ktoére ze swej natury sa procesami nieréwnowagowymi z punktu
widzenia termodynamiki.

5.2. Stochastyczny model stanéw morfologicznych w kolcach

W tym modelu zakladano, ze dany kolec dendrytyczny moze znajdowaé sie w jednym z
czterech stanow (s;): stan nieistniejacy (nonexisting) (dla i=0, czyli s¢), przysadzisty (stubby)
(dla i=1, czyli s1), paluszkowaty /cienki (filopodia/thin) (dla i=2, czyli sq) oraz grzybkowaty
(mushroom) (dla i=3, czyli s3). Zakladano, ze powyzsze stany ,mezoskopowe” sa quasi-
stabilne, co oznacza, ze istnieja powolne przejscia miedzy nimi, ale sa znacznie wolniejsze
niz mikroskopijne przejscia miedzy nimi (np. procesy molekularne, obejmujace wewnetrzna
dynamike kolca dendrytycznego — wiecej informacji znajduje sie w [80]). Musimy wziac tez pod
uwage, ze na dany kolec dendrytyczny maja wplyw kolce sasiednie. Wiaze sie to ze swobodnym
przepltywem molekul miedzy sasiednimi kolcami i ich wptywem na stany mezoskopowe kolca.
W szczegolnosci na stan kolca s; wplywaja tez stany kolcow sasiednich s; 41 oraz s;—1.

Kazdy stan kolca dendrytycznego ma swoj ,charakterystyczny typ wielkosci”, ktéry mozna
scharakteryzowaé za pomoca kilku parametréw geometrycznych. W tym modelu skoncentro-
wano sie na jednym konkretnym parametrze: powierzchnia glowy kolca dendrytycznego. Pa-
rametr ten jest dobrym wskaznikiem zaréwno struktury, jak i funkcji kolca dendrytycznego.
Dodatkowo parametr ten jest proporcjonalny do wagi synaptycznej (mierzonej liczba recepto-
row AMPA [17]), co wiaze sie z neurofizjologiczna funkcja kolca dendrytycznego. Powierzch-
nia kolca dendrytycznego jest takze miara jego kosztéw strukturalnych i metabolicznych (np.
przekaznictwo synaptyczne) (wieksza powierzchnia oznacza wieksze koszty).

Aby oszacowaé powierzchnie kolca dendrytycznego w kazdym z trzech stanow (dla stanu
nieistniejacego rozmiar wynosi 0), wykorzystano wartosci dla minimalnej i maksymalnej $red-
nicy glowki kolca dendrytycznego z prac [56] oraz [50]. Wszystkie parametry globalne oraz
wartosci prawdopodobienstw przej$¢ miedzy stanami zawarto w pracy [55].

Rozwazano dynamike N kolcow dendrytycznych na pojedynczym (gtownym) dendrycie
neuronu jako dynamike stochastyczna. Generalnie wiaze sie to z malymi rozmiarami kolcow
(< 1 pm) i znaczacym w tym przypadku szumem molekularnym. Prawdopodobienstwo, ze
N kolcow jest w stanach sq, so, ..., s, oznaczano przez P(sq, s9, ..., Sn ), czyli indeks n w row-
naniu 5.1 odpowiada wektorowi si, s9,...,sy. Zakladano, ze globalng dynamike kolca den-
drytycznego mozna opisaé jako model tanicucha Markowa, w ktorym wystepuja stochastyczne
przejscia pomiedzy stanami kolcow dendrytycznych. Ogoélny model tego rodzaju jest motywo-
wany modelem Glaubera, zaleznego od czasu modelu Isinga [81]. Ogolny model tego rodzaju
jest podany przez nastepujace réwnanie gtéwne:
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dP
(817— Z W (s1, ooy SN|Shs coos S ) P(S)s ooy Sly)

S (5.2)
—P(s1,...,8 Z W (s, ey SN |81y 0y SN),

Sz’ ’sN

gdzie W (s1, ..., sny|s), ..., sy) sa prawdopodobieristwami przej$é¢ i wyraza si¢ nastepujacym
wzorem:

/ /
W (81,00 SN[ST, 0y SN) = Wy 67 (82) 0y - Ossr + oo
+wsl s/ (Sl 17SZ+1)5518'1"‘58¢718§,1581‘+18;+1"‘ (5.3)
53N5/N + "'wSN7S3V(SN—1)5815'1"‘58N—15/N_1

Gdy réwnanie 5.3 wstawimy do rownania 5.2 i wysumujemy po odpowiednich stanach, to
otrzymamy:

dP S1
M—, ZZwszs $i-1,8i21)P(51, 018}, 1 5N)

zls

(5.4)

P(s1,...y8 E g Wy, s (Si—1,8i+1)

lel

gdzie wy, ¢ (Si—1, si+1) to macierz przejicia (prawdopodobieristwa przejs¢) i w niej uwzgled-
niamy tzw. kolce sasiednie (s;_1 oraz s;y1), co wyraza si¢ nastepujacym wzorem:

Wsi,s,’i(sifl’ Sit1) = 1/81_75;[1 +O(d(s;) — d(Sg))%@ (5.5)

[d(si—1) + d(si11)]][1 + ai(1 4+ O©(d(si) — d(s7))) f(1)]

W powyzszym wzorze 5.5 vy, o jest wewnetrzng podstawows szybkoscia przejscia miedzy
stanem s; a stanem s;. Zmienna ta nie zalezy od kolcow dendrytycznych, ktore sa sasiadami.
d(s;) to rozmiar kolca dendrytycznego w stanie s; kolca i i oznacza warto$é proporcjonalna
do powierzchni kolca. ©(x) oznacza znak funkcji dla argumentu x. Wynika z tego, ze jezeli
z <0, to ©(z) = —1, natomiast dla x > 0 O(z) = 1.

~v to parametr, ktéory odpowiada za wielkosci wspotpracy kolca dendrytycznego miedzy
najblizszymi sgsiadami. Parametr ten przyjmuje wartos¢ w przedziale —1 <~ < 1.

d(3) parametr ten zapewnia nam przeskalowanie o maksymalny rozmiar kolca dendry-
tycznego (w stanie s3 = 3, co oznacza klase grzybkowate), co zapewnia dodatnio$é¢ wszystkich
elementéw macierzy przejscia.

— parametr ten przyjmuje dwie wartosci: a; = 1, gdy dany kolec dendrytyczny i jest
stymulowany z prawdopodobiefistwem p,; oraz a; = 0, kiedy dany kolec ¢ nie jest stymulowany
z prawdopodobienstwem 1 — pyet.

f(t) to funkcja, ktora wskazuje na efekt stymulacji zewnetrznej (presynaptycznej), prowa-
dzacej do LTP. Funkcja ta ma nastepujacy wzor f(t) = A(e~t/™1 —e~t/72), gdzie A to wartosé
amplitudy stymulacji, t to czas po rozpoczeciu stymulacji, a 71 i 79 to czasy charakterystyczne
zwigzane odpowiednio z opadajaca faza stymulacji i rosngca faza stymulacji. Rosnaca faza
stymulacji oznacza, ze stymulacja zwiazana z LTP trwa tylko okoto 71 + 72 (okoto 17 minut),
co nazywa sie czasem trwania fazy uczenia sie. Po tym czasie wszystkie wspodtczynniki przej-
$cia zasadniczo zanikaja do ich wstepnie stymulowanych wartoséci podstawowych. W zwiazku
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z tym po stymulacji dynamika plastycznosci synaptycznej jest napedzana wylacznie przez in-
terakcje pomiedzy sasiednimi kolcami i ich stanami wewnetrznymi. Dynamika ta jest powolna
i etap ten nazywa sie faza pamieci.

Uzywajac wzoru 5.5, trzeba mieé¢ na uwadze, ze stymulacja zwiazana z LTP wzmacnia je-
dynie przejscia, w ktorych wielkosé kolca dendrytycznego rosnie (funkcja znaku ©(z) wynosi
wowczas 1). Dla przejsé, w ktorych rozmiar kolca dendrytycznego maleje, nie ma wzmocnie-
nia, poniewaz wtedy funkcja f(t) wynosi 0. Wazne jest to, ze w trakcie uczenia sie (faza,
w ktorej funkcja f(t) jest aktywowana), informacja o stymulacji jest kodowana we wzorcach
prawdopodobieristw P(s1, s2, ..., Sn).

5.3. Dynamika interakcji kolcow dendrytycznych w ujeciu pro-
babilistycznym globalnym: ,,przyblizenie par*

Wzor 5.4 opisuje dynamike prawdopodobienstw, ktore daja nam tacznie ponad 4V row-
naii. Biorac pod uwage, ze dany neuron posiada okoto N = 103 kolcéw, to po podstawieniu
tej liczby uzyskamy ponad 10990 réwnaii. Dla takiej liczby réwnan nie uda sie przeprowa-
dzi¢ symulacji, poniewaz nie ma komputera o tak duzej mocy obliczeniowej. W zwiazku z
tym zastosowano redukcje wymuszonej dynamiki poprzez wyznaczenie dynamiki prawdopo-
dobienistw zaréwno dla pojedynczych kolcow, jak i dla par kolecow (badano dynamike miedzy
kolcami, ale w mniejszym wymiarze). Prawdopodobienstwa dla pojedynczych i podwéjnych
stanow kolcow dendrytycznych P(s;) i P(s;, si+1) mozna otrzymaé z réwnania 5.4 poprzez
sumowanie wszystkich pozostatych stanéw w innych synapsach jako:

Z DD D P(st, ey si sy (5.6)

Si—1 Si+1 SN

oraz

SZ,SZJFI Z ZZ ZP S1y 0oy Siy.-.S N) (57)

Si—1 Si42 SN

W wyniku tego sumowania otrzymamy dwa réwnania:

ZZZ Wy, st (8i-15 8i+1) P(8i-1, 87, Sit1)

Si—1 Sit1 8 (58)

—wgr s, (Si—1, Si41) P(Si-1, Si, Sit1)]

d 517Sz+1
/
E E W, 5 (Si—1, Si41)P(Si-1, Si, Sit1)

S7,15

—wyr s, (Si—1, Si41)P(Si-1, Si, Sit1)]

+ Z Z [wsi+1,s’i+1 (Si’ si+2)P(Si’ Sé—&-lv 5i+2)

Sit+2 s§+1

Wyt sier (Sir 8i2) P(si, i1, sig2)

Powyzsze dwa rownania (5.8 1 5.9) uwzgledniaja prawdopodobieristwa trzech kolcow den-
drytycznych P(s;_1, $;, si+1) oraz P(s;, si+1, Sit+2), przez co nie tworza one zamknietego uktadu
rownan. Aby moéc zamknaé te réwnania, zastosowano ,przyblizenie par” — tzw. ,pair ap-
proximation”. Gtéwna idea ,pair approximation” polega na tym, ze pod uwage bierzemy
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tylko najblizszych sasiadéw dla danego kolca dendrytycznego, pomijajac tych dalszych. Ma-
tematycznie dokonujemy nastepujacego przyblizenia dla prawdopodobienistwa trzech kolcow
P(si—1, 54, 8i11):

P(si—1, Si, Si+1) = P(si—1|si, $it1)P(Si, Sit1)
(

~ P(si—1|s:)P(si, Si+1) (5.10)
_ P(si—1,8;)P(si,8i+1)
P(s;)

gdzie skorzystamy z tego, ze P(s;—1|8;, 8i+1) ~ P(si—1|s;) oraz P(s;—1|s;) = %.

Po podstawieniu przyblizenia 5.10 do wzoru 5.8 i 5.9 otrzymujemy wzory na dynamike
prawdopodobieristw:

ZZZ We, 5! (8i-1,8i11) P(s;- 17P12P§s;,3i+1)

S
Si—1 Si+1 S

(5.11)
P(s; S P(s; , S
_wsgﬁi(siflasiﬁ’l) ( il lzsg ¢ +1)]
oraz
dP s,s o )PS5,
) ZZ Ws, s (8i-1, Sit1) Ploin Pz) ,( i Si+1)
Sim1 s (s7)
_Ws;,si(si—l,siﬂ) it 1;235 l lﬂ)]
K3
5.12)
P(S-’S/. 1)P(s, ,S'+2) (
+Zz[wsi+1=5/i+1(8i’si+2) Z H}D(s’ l)—H z
si+23;+1 i1
P(si; $i41)P(Si41, sit2)
_w5§+1»8i+1(5i731'+2) : ZP(SH;) —]

Rownania (5.11) i (5.12) stanowia zamkniety uktad réwnan opisujacych stochastyczna
dynamike wzajemnie oddzialywujacych kolcéw dendrytycznych. W poréwnaniu z wyjsciowa
dynamika (5.4), gdzie liczba réwnan byta 4%, teraz otrzymujemy jedynie 20N-16 réwnar,
ktoére mozna przeanalizowaé¢ numerycznie.
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5.4. Slad pamieci i dlugo$¢ pamieci

Slad pamieciowy MT jest definiowany jako stosunek $redniego znormalizowanego sygnatu
(znormalizowany sygnal jest to odchylenie od stanu ustalonego) do szumu [80, 82, 83| i wyraza

sie nastepujacym wzorem:
_ (<S> - <Sss>) (5_13)

V() ()2

Natomiast czas pamieci T)s definiuje sie jako czas t po stymulacji, dla ktérego slad pa-

mieciowy MT znajduje si¢ w fazie opadajacej i przyjmuje wartos¢ 1. We wzorze 5.13 (S)
. . 1 N . s . )

wyraza si¢ wzorem (S) = 5 > ;L (si) i jest sygnalem zwiazanym z aktywacja kolca den-

drytycznego. Natomiast (Sss) jest sygnalem w stanie ustalonym i wyraza sie¢ takim wzorem

(Sss) = % Eﬁ\il(si), gdzie (s;)ss = Zsi 8iPss(8;:), a Psg(s;) jest rozktadem prawdopodobien-

stwa dla stanu ustalonego.

Mianownik ze wzoru 5.13 wyraza si¢ nastepujacym wzorem (S?) — (S)? = ﬁ leil((s?) -

N
(500%) + 52 Ly 2ogmr ({sisg) — (sid(s5)).

W powyzszym wzorze (s;s;) Wyraza sig nastepujacym wzorem (s;s;) = Zsj 5i5;P(si,55).
Suma ﬁ vaz 1({s2) = (si)?) jest suma wariancji pojedynczych (indywidualnych) kolcy den-
drytycznych, natomiast ﬁ Dt Z;V:l«sisj) —(8i)(s;)) jest suma korelacji krzyzowych kolcy
dendrytycznych. Rysunek 5.1 pokazuje jak przebiega krzywa MT w zaleznoéci od wartosci
stymulacji i wartosci parametru .

A
= 100
5
g
E s0
&
U_ T T T T T T T
0 20 40 60 80 100 120
B

Slad pamigciowy
=

0 20 40 60 80 100 120
Czas [minuty]

Rysunek 5.1: A — czasowy przebieg funkcji stymulacji f(t) , B — przebieg czasowy $ladu
pamieciowego MT dla roznych wartosci . Rysunek pochodzi z pracy [55].

Na rysunku 5.1 §lad pamieci zanika znacznie wolniej niz funkcja stymulacji f(t). Dla
wartosci v > 0 ogon zanika znacznie wolniej (co oznacza pozytywna wspolprace pomiedzy
rozmiarami sasiednich kolcow) niz w przypadku v < 0 (co oznacza negatywna wspolprace
pomiedzy rozmiarami sasiednich kolcow).
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5.5. Koszt energetyczny

Kolce, zmieniajac swoj ksztalt (inaczej: zmieniajac swoj stan) potrzebuja energii. Wyda-
tek energetyczny zwiazany z plastycznodcig synaptyczna jest wlasnie zwigzany z przejsciami
miedzy réznymi stanami kolcow dendrytycznych. Mozna zatozyé, ze zwiazany z plastyczno-
$cig proceséw zachodzacych w kolcach dendrytycznych wskaznik energii na jednostke czasu
jest proporcjonalny do produkcji entropii zwiazanej z przejSciami stochastycznymi miedzy
stanami [80]. Dla uktadu z wieloma stanami, w ktorych prawdopodobienistwo przebywania
w stanie n to p,, a intensywnos¢ przejscia (,transition rate”) miedzy stanami n i k to wgy,
otrzymano nastepujaca formute na szybkosé produkeji entropii S [84]:

Spr = —E — In —=, 5.14
pr 9 . (wnkpk wknpn) n WknPn ( )

S’;,r jest wielkoscia zawsze nieujemna, proporcjonalna do energii rozproszonej (utraconej)
w wyniku funkcjonowania uktadu.

W szczegdlnym przypadku uktadu z trzema stanami, w ktérych mozliwe sg przejscia mie-
dzy wszystkimi trzema stanami, mamy [85, 84]:

; wi12p2
Spr = (w12p2 — wa1p1) In
w21P1
w23P3
+(w23ps — ws2p2) In (5.15)
w32pP2
w13P3
+(wi3ps — w3z1p1) In
w31P1

Rysunek 5.2: A — trzy stany w postaci tzw. drabiny, B — trzy stany w postaci samo napedza-
jacego sie okregu.
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W przypadku réwnowagi szczegotowej, czyli ,detailed balance” (réwnowaga termodyna-
miczna), mamy S;mn = 0, a w przypadku ztamanej réwnowagi szczegdlowej pojawia sie nieze-
rowa produkcja entropii S > 0. Jest to przypadek termodynamiki nieréwnowagowej, w ktorej
operuje wiele ukltadéw biologicznych, w tym synapsy i neurony |77, 78, 80]. Na rysunku
5.2 przedstawiono dwie sytuacje: podpunkt A, w przypadku ,detailed balance” i S;mn =0
(wi2p1 = waipe oraz wssps = waspz) oraz podpunkt B ze zlamana rownowaga szczegolowa
i S, >0 [85].

W naszym przypadku dla N kolcéow dendrytycznych koszt wytwarzania entropii catego
uktadu EPR(sq, ..., s5) mozna opisa¢ ogélnym wzorem na wytwarzanie entropii:

EPR(s1,...,sN E:EPR (5.16)

gdzie EPR; to koszt entropii danego kolca s;.
Wzor na i-ty kolec dendrytyczny, ktory nie jest kolcem granicznym (tzn. i = 2,...,N-1),
bedzie nastepujacy:

EPRi—* Z Z sls S@ 1,Sl+1)P(81,...,82,...8]\[)

517 SN S
—wsg si(si—178i+1)P(817 ceey Sy ...SN)] (5.17)
Wy, s 1(8i—1,8i41)P(s1,..., 8, ...SN)

wsi,si(si_l, Si_:,_l)P(Sl, ) ...SN)

X In

We wrzorach € oznacza skale energetyczna plastycznosci kolecow dendrytycznych. Doktad-
niej jest to skala energetyczna dla réznych proceséw biofizycznych, ktore zachodza wewnatrz
typowego kolca dendrytycznego i sa zwigzane z plastycznoscia molekularng e ~ 4,6 x 10° kT,
gdzie k to stala Boltzmanna, a T to bezwzgledna temperatura mézgu. Poniewaz w tym mo-
delu przyjmujemy przyblizenie par, to w zwiazku z tym wzory tez ulegng lekkiej modyfikacji
i beda ostatecznie wygladaé tak:

€ P(si_1,8)P(s}, 841
EPRi:§ Z Z Ws; s/, (8i—1,8i+1) L ngsgz =

S1—15--+ySi41 sz,s

] (5.18)

—wgr s, (Si-1, Si41)

wS'L)S»IL(SZ—17SZ+1)P(SZ 1,8 Z)P(
U.)sgysi(siflasiJrl)P(Sl 1, )P(S“S”l)P(S;)

Dla kolcow granicznych (tzn. i = 1 oraz i = N) wzory na energie zostaly wyprowadzone
w pracy [55].

Calkowita energia, wykorzystana przez wszystkie N kolcow dendrytycznych na potrzeby
indukcji LTP i jej utrzymania az do powrotu do stanu pierwotnego (energia potrzebna podczas
stymulacji synaptycznej i po stymulacji), to energia potrzebna do utrzymania $ladu pamie-
ciowego powyzej pewnego progu. Wzor na taka energie jest nastepujacy:

X In

T
B~ /O AEPR(Y) (5.19)

gdzie Tyy = Ty + 71 + 7. Energic wykorzystywana wylacznie do indukcji i utrzymania
procesu LTP oznaczono jako Ej, 1 wyrazono nastepujacym wzorem: Ey, = E — EPRy*T)y,
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gdzie EPRy jest podstawowa szybkoscia produkeji entropii wszystkich kolcow (bez stymu-
lacji). Rysunek 5.3 pokazuje, jak przebiega krzywa EPR w zaleznosci od wartosei funkeji

stymulacji f(t).

A

s

Stymulacja
L
=
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1.0 -
—_ =05
——= y=05

00t ! ) : . , . .
0 20 40 60 80 100 120

Czas [minuty]
Rysunek 5.3: A — czasowy przebieg stymulacji {(t), B — czasowy przebieg EPR dla roznych -.
Rysunek pochodzi z pracy [55].

Rysunek 5.3 uwidacznia, ze energia na jednostke czasu (EPR), analogicznie jak funkcja
f(t), szybko wzrasta, natomiast ogon EPR bardzo szybko wraca do poziomu sprzed pobudzenia
(ogon EPR wraca szybciej niz ogon funkcji f(t)). Obydwa ogony EPR (dla parametru )
tak samo szybko wracaja, ale zatrzymuja sie na innych poziomach — tzn. dla v > 0 ogon
zatrzymuje sie na poziomie okolo 0.05, a dla v < 0 ogon zatrzymuje sie na poziomie okoto

0.09.
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5.6. ,,Zysk‘ kodowanej informacji (information gain)

Dywergencja Kullbacka-Leiblera (KL) jest miara opisujaca rozbieznosé pomiedzy dwoma
rozkltadami prawdopodobienistwa. Im wieksza ta rozbieznos$é tym wieksza KL. KL okresla sie
takze jako wzgledna entropie, i stosuje czesto w statystyce i teorii informacji. Poniewaz KL
jest wzgledng entropia miedzy dwoma roznymi rozktadami, wiec moze nam stuzyé jako miara
zysku (zmiany) informacji przy przechodzeniu z jednego rozkladu na drugi.

Zysk informacji I, dla wszystkich N kolcow dendrytycznych, zaraz po zakonczeniu LTP w
czasie Ty (czyli kiedy $lad pamieciowy dochodzi do poziomu szumu MT = 1), definiujemy
jako dywergencje Kullbacka—Leiblera pomiedzy koricowym rozktadem prawdopodobieristwa w
czasie Thr, a wyjsciowym rozkladem poczatkowym w stanie ustalonym przed stymulacja LTP.
Ma on nastepujaca postaé [55]:

I =KL(P(s1,....,sN;t = E)HP(Sl,...,sN)SS)
P(Sl"'wsN;t:m) (520)
P(s1,..., SN )ss

= Z P(s1,...,sn;t = Tar)ln

S1y--sSN

Dla przyblizenia par w tym modelu wzor na kodowana informacje bedzie nastepujacy [55]:

P(si,8i+1)Pss(si41)
P(s;, si11)ln +
zs: SZ (virsis1) Pys(si, si41) P(si41)
v b (5.21)
5 5 Pl syl L)

PSS(SN—lasN)

N-2
I =
1

1=
SN—-1 SN

Szybkos¢ pozyskiwania informacji (oznaczona ponizej jako KLR) jest rownowazna szybko-
$ci dywergencji Kullbacka-Leiblera w dowolnym czasie t (dla dowolnego punktu czasowego t).
Wazna jest ilo$¢ przyrostu informacji, poniewaz chciano ta wielko$¢ poréwnaé bezposrednio z
tempem produkcji entropii, ktéry ma podobne znaczenie informacyjno-teoretyczne. t.gcznosé
KLR z dywergencja KL jest nastepujaca:

dK L(t)

KLR =
dt

(5.22)
co daje nam wzor:

dP(s1,...,8N), P(s1,...,5N)
KLR = l
R Z dt nPss(817"'7SN) (523)

815.+SN

Po zastosowaniu przyblizenia par na wzorze otrzymano wzor na dywergencje Kullbacka-
Leiblera dla danego kolca dendrytycznego:
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KLR = [wy,.¢(52)P(s},52)

51,87 82

P(81,52)
Pss(51332)
+ 0D Wy (SN-1)P(sh_1,5n)

SN,Shy SN-1

—Ws 51 (52)P(517 52)]ln

P(sy-1,sN)
PSS(SN—17 SN)

P(Si—17 S;)P(S;, Si+1)

N-1
+Y Y Y W (i1 siva) P(s)

8i=2 84,8} Si—1,5i+1 ¢
P(s;_1,8;)P(si,s;
—Wy 5, (Si-1, 8i41) L 1;23-5 : ZH)]
1
P(si—1,5i)P(si, si+1)Pss(si)
Pys(si—1, i) Pss(si, 5i41) P(si)

Co wazne, relacja pomiedzy I, a KLR jest taka, ze informacja I jest catka czasowa z KLR:

_ws’N,sN(SN—l)P(SN—lﬁSN)]ln (524>

X In

Tor
I= /O dtKLR(t). (5.25)

Na rysunku 5.4 pokazano przebieg krzywej KLR w zaleznosci od wartosci stymulacji f(t)

i wartosci parametru 7.

A

s

Stymulacja
L
=
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—_— =05
—== y=A0.5

0 20 40 60 80 100 120

Czas [minuty]
Rysunek 5.4: A — przebieg czasowy f(t), B — przebieg czasowy KLR dla roznych ~. Rysunek
pochodzi z pracy [55].

Rysunek 5.4 uwidacznia, ze KLR analogicznie jak funkcja f(t), szybko wzrasta, natomiast
ogon KLR bardzo szybko wraca do poziomu sprzed pobudzenia (ogon wraca szybciej niz ogon
funkeji f(t)). Szybciej wraca ogon KLR dla parametru v > 0, przy czym ta réznica jest

nieznaczna.
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Rozdzial 6

Dyskusja z podsumowaniem

Moja rozprawa doktorska miata odpowiedzie¢ na pytania dotyczace struktury i dynamiki
kolcow dendrytycznych podczas plastycznosci synaps w kontekscie uczenia i tworzenia pamieci
w ukladzie nerwowym. Uzyskane przeze mnie wyniki podzielitam na trzy gléwne czesci.
Dyskusje podziele na cztery czeéci. Trzy beda odnosi¢ sie do uzyskanych przez ze mnie
wynikéw, a czwarta — do podsumowania calosci.

6.1. Dyskusja wynikoéw czesci I

Analiza kolcow dendrytycznych jest niezwykle istotna dla zrozumienia tego, co dzieje sie
w ludzkim moézgu, zar6wno na poziomie molekularnym, genetycznym jak i na poziomie calych
sieci neuronowych. Jedna z drog prowadzacych do wyjadnienia dziatania kolcéow dendrytycz-
nych w mozgu jest ich klasyfikacja na klasy taksonomiczne oraz zbadanie, ktorych klas jest
najwiecej, w jakich strukturach moézgu jakie klasy wystepuja oraz jak te klasy zmieniaja sie
W czasie.

Badania obrazowe prowadzone na zywej komorce, in vivo albo na preparatach z méozgu
wyraznie pokazuja, ze kolce sa bardzo dynamiczne — widaé, jak ich ksztalty zmieniaja sie oraz
ze powstaja nowe kolce, a niektore ulegaja wchlonieciu przez neuron. Te obserwacje wspieraja
poglad, ze kategoryzacja odzwierciedla tylko cechy przejsciowe ksztaltu kolca [18, 22, 25, 29|.
7 drugiej strony, dtugoterminowe obrazowanie dwufotonowe poszczegdlnych kolcéw przedsta-
wilo dowody na utrzymujacg sie morfologie duzych kolcow o ksztalcie grzybkowatym przez
miesiace in vivo. Sugeruje to obecnosé odrebnego podtypu kolca o okreslonej morfologii in
vivo, z niewielky transformacja miedzy kategoriami morfologicznymi. Prawdopodobnie oba
poglady sa poprawne w okreslonych kontekstach i kategoryzacji morfologicznej, czyli duze
kolce sa bardziej stabilne niz mate [17, 29]. Najlepiej byloby, gdyby te hipotezy udalo sie roz-
strzygnaé, korzystajac z funkcji poklatkowej obrazéw kolcow in wvivo i oszacowania szybkosci
przej$¢ miedzy réoznymi podtypami kolcow. Jednak eksperymenty z obrazowaniem poklatko-
wym @n vivo sa wymagajace technicznie i wysokoczestotliwosciowe obrazowanie pojedynczych
kolcow przez dtuzszy czas in vivo nie zostato jeszcze osiagniete. Dlatego gromadzone dane do-
tyczace zmian kolcow sa ograniczone do niskoczestotliwosciowego (kilka ramek obrazowania),
dlugoterminowego obrazowania in vivo trwajacego tygodnie lub miesigce lub obrazowanie
krotkoterminowe z wysoka czestotliwoscia in vitro (obrazowanie co kilka minut przez kilka
dni) [29].

Badania obrazowe pokazujace zmiany ksztalttéw kolcow dendrytycznych w wyniku pro-
cesOw LTP lub LTD obserwujemy na poziomie neuronu. Natomiast na wyzszym poziomie
obserwujemy zmiany zachodzace w danej strukturze mozgu [86, 87]. Stad wyciagniecie wnio-
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skéw na poziomie zmian obserwowalnych dla kolcéw jest istotne, aby zrozumieé¢ globalne
mechanizmy dzialania moézgu oraz jakie zmiany zachodza podczas danych choréb.

Klasyfikacja niezaprzeczalnie wnosi pewna informacje do badan. Wazne jednak jest do-
bre zaklasyfikowanie kolca do danej klasy taksonomicznej w danym punkcie czasowym. Tu
pojawia sie problem, gdyz wiekszo$¢ programoéw do klasyfikacji uzywa trzech parametrow
(dtugos¢, szerokosé szyi i szerokosé gltowki), na podstawie ktorych okresla sie klase przyna-
leznosci kolca. Jednakze nie wszystkie programy do analizy musza klasyfikowaé kolce — moga
zwracal opisujace je parametry. Wobec tego chcialam sprawdzié i odpowiedzie¢ na pytania:
1) czy tylko te trzy parametry sa potrzebne do okreslenia klasy kolca; 2) czy jestem w stanie
wyodrebni¢ podklasy klas taksonomicznych (np. kolce dendrytyczne w klasie paluszkowate
mozna podzieli¢ na trzy grupy — np. dtugie, srednie i mate w zaleznosci od parametréw opi-
sujacych te kolce). Moim celem bylo sprawdzenie, czy dany kolec bedzie zaklasyfikowany do
danej klasy taksonomicznej po zastosowaniu réznych programoéw do ich klasyfikacji.

Na poczatku sklasyfikowano kolce programami do klasyfikacji (2dSpAn, 3dSpAn, SpineTo-
ols czy Neurolucida 360). Zauwazono, ze nie zawsze mamy do czynienia z klasa paluszkowate
i cienkie, tylko klasyfikowane sg jako klasa dtugie. Jednak nawet po przydzieleniu klasy cien-
kie i paluszkowate z klasyfikacji 2dSpAn do klasy dlugie i poréwnaniu dwoch klasyfikatoréw
(wyniki na rysunku 4.4) widaé¢, ze o ile klasa przysadziste rézni sie w nieduzym procen-
cie, tak w przypadku klasy grzybkowatych i dtugich réznice sg diametralne. Wtasnie to jest
jeden z probleméw w neuronauce — same metody matematyczne, ktére pomagaja nam wy-
liczyé parametry kolcow, nie maja wplywu na klasyfikacje. Problemem natomiast moze by¢
w tych programach ustalony z gory prog (ang. threshold). Przyktadowo praca [41] zawiera
ustalong regute, ze gdy dlugo$é szyi kolca dendrytycznego jest rowna 0, to ten kolec bedzie
zaklasyfikowany do klasy przysadziste. Natomiast jezeli dtugosé szyi kolca jest wicksza od 0,
a stosunek odlegloséci pomiedzy dwoma najdalszymi punktami a dlugoscia kolca jest wiekszy
od 7, to kolec powinien naleze¢ do klasy paluszkowate. Jezeli dtugosé szyi kolca jest wicksza
od 0, a stosunek pomiedzy odlegtoscia gtowy kolca do jego podstawy a dlugoscia kolca jest
mniejszy od § i kolec ten nie jest zaklasyfikowany jako klasa paluszkowate, to bedzie on w
klasie grzybkowate. W korticu, jezeli kolec do zadnej z powyzszych trzech klas nie nalezy, to
jest klasyfikowany do klasy spine-head protrusion. Wtasnie te parametry ¢ i v moga stwarzaé
problemy, gdyz z gory ustalony prog nie zawsze na kazdych danych bedzie odpowiedni (bedzie
zle klasyfikowal kolce). Gdyby progi takie mozna bylo ustawiaé¢, utatwitoby to klasyfikacje
na tyle, aby te réznice byty niewielkie, choé¢ i to tez mogloby by¢ Zrodtem pewnego btedu, bo
niewladciwy prég moze generowaé btedne klasy kolcow.

Po zaklasyfikowaniu kolcéw dendrytycznych do danej klasy taksonomicznej i uzyskaniu
parametrow opisujacych te kolce, wykorzystatam rézne metody do analizy tego typu danych
(tzw. big data). Okazalo sie, ze metoda PCA — cho¢ dobra do redukcji wymiarowosci zbioru
danych poprzez znalezienie nowego zestawu zmiennych (mniejszego niz oryginalny zestaw
zmiennych, ale zachowujacego wiekszos¢ informacji) — w moim przypadku nie pomogta.

Metoda klastrowania rozmytego pozwolita mi ustali¢, na ile grup moge podzieli¢ zbiér da-
nych, przy czym metoda ta okazala sie bardziej efektywna dla danych 2D. Aby mie¢ pewnosé,
ze dana liczba grup jest na pewno wtasciwa dla danych, warto pusci¢ w petli kilkanascie razy
wyliczenie wspotezynnika — fuzzy partition coefficient” i usredni¢ te wartosci (w pracy [49]
tabela 7 przedstawia usrednione wartosci z petli, gdzie wspotczynnik ten wyliczono 25 razy).
Rowniez w pracy [49] oraz na rysunku 4.12 podpunkt A jest to rysunek po jednokrotnym
wyliczeniu tego wspoétczynnika. Jednokrotne wyliczenie doprowadzitoby mnie do wyniku, ze
dane mozna podzieli¢ na 10, 11, 13 i 16 grup, podczas gdy po usrednieniu po 25 razach oka-
zalo sie, ze tylko dla 11 grup wspolezynnik ten wynosi 1, a dla innych jest mniejszy od 1 (1
oznacza najlepsze dopasowanie).
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Ponadto wyliczylam prawdopodobiernistwo przejécia kolca ze stanu ¢ do stanu j, tzn. jakie
istnieje prawdopodobieristwo, ze kolec, ktoéry jest w punkcie czasowym ¢ i zaklasyfikowany w
danej klasie taksonomicznej po uptywie pewnego czasu At, bedzie zaklasyfikowany w innej
klasie taksonomicznej lub w tej samej klasie. Do tego zadania wykorzystalam ukryte tancuchy
Markowa z modelem autoregresyjnym oraz bez tego modelu. W pracy [49] wykorzystatam
tanicuchy Markowa bez modelu autoregresyjnego i uzyskatam prawdopodobienstwa przejsé
pomiedzy stanami. Uzyskane wyniki okazaly sie o tyle ciekawe, ze byly zblizone do wynikéw
uzyskanych metoda prostego wyliczania macierzy przej$é. Metoda HMM efektywniej dziata
na wiekszym zbiorze danych (zbiér kolcow pochodzacych z kilku neuronéw) — wynika to
z niepewnosci obliczeniowych.

W pracy [50] skupitam sie bardziej na tancuchach Markowa z modelem autoregresyjnym
i tzw. ,sensitive analysis”. Oznacza to, ze szukalam najlepszych parametréow wejsciowych dla
moich danych. Po ich znalezieniu wyliczytam logarytm prawdopodobieristwa (likehood) dla
danych z klasyfikatoréw. Tym sposobem uzyskalam informacje, ktore klasyfikatory sa lepsze,
a ktore gorsze (biorac pod uwage, ze dla danego kolca mozemy mieé¢ przypisane rézne klasy w
zalezno$ci od uzytego programu do klasyfikacji — wyniki przedstawiono na rysunku 4.6 oraz
w pracy [50]).

6.2. Dyskusja wynikéw czesci 11

W pracy [53| uzyskano kilka ciekawych wynikow. Pierwszym waznym wynikiem bylo
sprawdzenie, ktory z trzech rozkltadéw jest najlepszy do fitowania parametréow opisujacych
wielkosé kolcow dendrytycznych. Okazalo sie, ze wszystkie trzy rozklady dobrze opisuja te
parametry, przy czym najlepiej wypada rozklad gamma (tabele 11 2 w pracy [53] w sekcji
supplementary materials). Warto jednak zaznaczy¢, ze liczba bindéw (na ile przedziatow bedzie
podzielony zbiér danych do histogramu) miata wplyw na jako$¢ dopasowania rozktadow do
danych. Po wyliczeniu entropii dla wszystkich trzech rozkltadéw otrzymano wynik potwier-
dzajacy, ze ciaglte entropie sa bliskie, szczegdlnie dla rozktadu gamma i lognormal, entropiom
empirycznym obliczonym z histograméw. Wynik ten jest o tyle istotny ze mozna byto osza-
cowaé doktadnie entropie kolcéow dla roznych gatunkéw ssakoéw i obszaréw mozgu w oparciu
o tylko dwa empiryczne parametry kolcéow: ich §rednia wielkosé i odchylenie standardowe.

Najwazniejszym wynikiem tej pracy byto okreslenie, ile informacji moze by¢ magazynowa-
nej w rozktadzie rozmiaréw kolcow i czy jest ona optymalizowana. Okazalo sie, ze informacja
jest zmaksymalizowana w parametrach takich jak objetos¢ i pole kolca dendrytycznego (wy-
nik na poziomie 90-100%), w obszarze korowym oraz hipokampie (w tabeli 2 oraz 3, a takze
na rysunkach 4 i 5 w pracy [53| przedstawiono te zaleznosé¢). Wynik ten sugeruje, ze kolce
dostosowuja jednoczesnie Srednie i odchylenia standardowe swoich rozmiaréw, aby zmaksy-
malizowaé zawartos¢ informacyjng w swojej strukturze. Innymi stowy, chodzi o to, ze kolce
osiagaja maksymalizacje dla dowolnego rozmiaru kolca dendrytycznego poprzez dostosowa-
nie tylko jednego parametru — stosunku odchylenia standardowego do $redniej wartosci — dla
takich parametrow, jak objetosé lub powierzchnia kolca.

Prawie zmaksymalizowana entropia dla parametréow objetoéé lub powierzchnia kolca den-
drytycznego, niezaleznie od badanego gatunku (tj. wielkosci mozgu), regionu mozgu (z wyjat-
kiem mozdzku), wieku czy stanu, moze sugerowaé jej mozliwa uniwersalnosé (przynajmniej w
korze mozgowej i hipokampie). Ciekawy jest przypadek mozdzku, w ktorym jego wydajnosé
informacyjna wynosi zaledwie 35-45%, gdzie kolce dendrytyczne sa jednorodnych rozmiarow
(cho¢ rozmiary PSD nie sg jednorodne). Ta jednorodno$é¢ moze odgrywaé funkcjonalng role
inng niz przechowywanie informacji.
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Waznym wynikiem jest pokazanie, ze maksymalizacja entropii objetosci i pola powierzchni
kolcoéw dendrytycznych nie jest wrazliwa na niepewnosci zwigzane z rozdzielczosciag rozmiarow
kolcow Az oraz wariancjami ich rozmiardéw. Wskazuje to na niewielkie odchylenia zaltozen
dotyczacych rozktadu Poissona dla liczby aktyn, ktore tworza strukture kolca. Sugeruje to,
ze réznorodno$é technik i metod empirycznych do wyznaczenia rozmiaréw kolcéw nie jest
krytyczna dla naszego gléwnego wyniku. Ponownie najwazniejszy jest stosunek odchylenia
standardowego do $éredniej wartosci objetosci lub powierzchni kolca dendrytycznego.

7 kolei ilo$é informacji zakodowanej w parametrach takich jak dtugosé czy srednica gtowki
kolca dendrytycznego nie jest zmaksymalizowana (mozna ten wynik zobaczy¢ w tabelach 4
i 51 porownac do tabel 2 i 3 z pracy [53] oraz na rysunkach 6 i 7). Jest to o tyle ciekawe, ze
dhugosé oraz $rednica gléwki kolca dendrytycznego sg wykorzystywane do klasyfikacji kolcow
dendrytycznych. Wynik ten pokazuje, ze zmienne te nie utrzymuja optymalnej informacji
synaptycznej.

Nastepnym waznym wynikiem byto pokazanie, ze r6zne populacje kolcéw moga przecho-
wywaé od 1.9 do 3.4 bitéw informacji na jeden kolec pod wzgledem objetosci i powierzchni,
co by znaczylo, ze przecietny kolec moze posiada¢ od 4 do 10 rozréznialnych geometrycznie
standéw wewnetrznych. Wynik nasz wskazuje na to, ze kora mézgowa ssakdéw moze pomiescié
okoto 1 — 1,5 - 10'2 bitéw/cm? pamieci w objetosciach i polu powierzchni, zakladajac, ze
korowa gestosé synaptyczna wynosi okoto 5 - 101 em =3 [53, 54].

Kolejnym interesujacym zjawiskiem jest zauwazenie, ze wydajnosé entropii 7 (stosunek
entropii empirycznej do maksymalnej teoretycznej) jest stabilna nawet w przypadkach, gdy
zmieniaja sie warunki (np. stres vs. bez stresu). Ponownie sugeruje to, ze kolce dendry-
tyczne moga jednoczeénie dostosowywaé swoje $rednie rozmiary i odchylenia, aby utrzymaé
prawie maksymalna zawartosé informacji. Trzeba jednak pamietaé, ze istnieja wyjatki od
tej stabilnosci, np. indukcja LTP ogélnie powoduje powickszenie kolcéw dendrytycznych, ale
niekoniecznie spowoduje to, ze zwiekszy sie entropia tych kolcow i jej wydajnosé [53]. Innymi
stowy, stabilnos¢ efektywnosci informacji moze sugerowac, ze niektére mechanizmy kompen-
suja dziatania w synapsach, ktére przeciwdzialaja lokalnej degradacji pamieci.

Kolejnym istotnym wynikiem jest zwiazek przechowywanej informacji z energia meta-
boliczna. Wyliczono, ze maksymalna entropia kolcow dendrytycznych zalezy tylko (stabo)
logarytmicznie od sredniej wartosci rozmiaréw kolcéw, natomiast zuzycie energii jest do niej
proporcjonalne. Wynika to z faktu, ze Srednia wielko$¢ kolcéow dendrytycznych skaluje sie
liniowo wraz z liczba receptoréw AMPA, ktore znajduja sie na blonie kolcéw dendrytycz-
nych, poniewaz zuzycie energii przez kolce dendrytyczne zwigzane jest gtéwnie z transmisja
synaptyczna proporcjonalng do liczby receptorow [88] i plastycznoscia [89]. W zwiazku z
tym, wydaje sie ze kolce powinny preferowaé¢ male rozmiary energooszczedne do przechowy-
wania informacji. Ogoélnie wynik ten pokazuje, ze maksymalizacja zawartosci informacyjnej,
przydanym rozmiarze kolcow (danej energii) jest przyktadem efektywnosci energetycznej dtu-
gotrwatlej informacji na poziomie synaptycznym.

Ostatnim ciekawym wynikiem, potwierdzajacym wynik wcze$niejszy, jest to, ze na po-
ziomie pojedynczego kolca dendrytycznego pamieé jest prawdopodobnie przechowywana w
strukturze PSD. Zawarte w pracy [90] dane pokazuja, ze srednia warto$é objetosci kolca den-
drytycznego jest proporcjonalna do sredniej wartosci srednicy PSD, co sugeruje, ze objetosé
kolca dendrytycznego jest dodatnio skorelowana ze zmienna ,pamieci”’, ktéora jest zwigzang
z rozmiarem PSD, w zwiazku z czym entropie obu tych zmiennych powinny by¢ proporcjo-
nalne. Moze to oznaczaé, ze entropia kolca dendrytycznego dla parametru objetos¢ lub pole
powierzchni moze stuzyé jako wskaznik zastepczy ,,pojemnosci pamieci”; a jej maksymalizacja
powinna odzwierciedlaé¢ sie¢ w poblizu optymalnosci pamieci synaptycznej.
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6.3. Dyskusja wynikow czesci I11

W rozdziale 6.1 pisatam, ze wyniki uzyskane z analizy kolcéw dendrytycznych moga postu-
zy¢ do budowy modeli matematycznych. Wykorzystano wyniki ukrytych taricuchéw Markowa
z modelem autoregresyjnym (dokladniej prawdopodobienstwa, ze dany kolec bedzie w danym
konkretnym stanie, czyli klasie taksonomicznej). Chociaz istnieje kilka modeli dotyczacych
kolcow dendrytycznych (np. modele plastycznosci i metaplastycznosci w kolcach w pracach
[82, 83, 91], czy tez modele z taricuchami Markowa [5]), to prace te nie biora pod uwage kilku
aspektow, takich jak koszt energetyczny zapamietania informacji, koszt energetyczny uczenia
sie, ile informacji jest zapisywanych w pojedynczym kolcu, a takze fakt, ze dany przeptyw
informacji/energii jest dwukierunkowy, a nie jednokierunkowy.

W modelu tym wzieto te aspekty pod uwage, aby uzyskane wyniki byty blizsze rzeczy-
wisto$ci. Model ten mial odpowiedzie¢ na nastepujace pytania: jaki jest koszt energetyczny
zwigzany ze stochastycznym przejSciem pomiedzy réznymi stanami synaptycznymi oraz jaki
jest koszt strukturalny (koszt ten powiazany jest z biochemicznym kosztem budowy synapsy
i proporcjonalny do $redniej wielkosci kolca dendrytycznego). Jest to o tyle istotne, ze w
literaturze dotyczacej kosztow energetycznych niektérzy badacze wigza koszt strukturalny
zwigzany z rozmiarem lub waga kolcow dendrytycznych z ,kosztem energii plastycznosci”, po-
przez zalozenie, ze wicksza waga synaptyczna prowadzi do wyzszych kosztéw energetycznych
plastycznosei [92]. Twierdzenie takie niekoniecznie musi by¢ stuszne. Nalezy tutaj dokonaé
rozroéznienia miedzy tymi dwoma kosztami energii. Wigksze kolce dendrytyczne niekoniecznie
potrzebuja wiekszych ilodci energii, zwiazanej z plastycznoscia, w przeciwienistwie do mniej-
szych kolcéw dendrytycznych. W duzych kolcach przejécia miedzy stanami moga by¢ genero-
wane znacznie wolniej [17], co powinno obniza¢ moc rozpraszanej energii (produkcja entropii
w wyniku przejscé).

W modelu rozwazano takze ,koszt strukturalny”, proporcjonalny do $redniej wielkosci
kolcow dendrytycznych i powiazany z biochemicznym kosztem budowy kolca. Koszt struktu-
ralny jest rowniez proporcjonalny do szybkosci rozproszonej energii elektrycznej, ale podczas
transmisji synaptycznej (88|, gdyz wielkos¢ kolcow dendrytycznych jest proporcjonalna do
przewodnictwa elektrycznego (czyli do wagi synaptycznej) [17]. W standardowych warunkach
korowych (dla niskiej czestotliwosci wyzwalania potencjatu czynnosciowego ~ 1 Hz) koszt
energii transmisji synaptycznej jest znacznie wiekszy niz koszt energii zwiazany z procesami
plastycznosei zachodzacymi wewnatrz kolca dendrytycznego [80]. Te dwa koszty moga byé
porownywalne w sytuacji dla bardzo duzych szybkosci wypalania potencjalu czynnosciowego,
ktore wynosza okoto ~ 100 Hz [89].

Pierwszym waznym uzyskanym wynikiem jest obserwacja, ze podczas uczenia sie kolce
dendrytyczne potrzebuja znacznie wiecej energii niz podczas fazy zapamietywania (wyraznie
wida¢ to na rysunku 4 w pracy [55]). Wynika z tego, ze przechowywanie informacji jest stosun-
kowo tanie w poréwnaniu do jej zdobywania. Wynik ten na poziomie dzialania wielu kolcow
dendrytycznych jest jakosciowo zblizony do wyniku z [80] (molekularne przejscia fosforylacji
bialek) na poziomie pojedynczego kolca.

Zarowno czas trwania pamieci, jak i jej efektywno$é energetyczna moga, istotnie wzrosnaé
podczas dodatniej wspoltpracy kolcow dendrytycznych . Natomiast dla zysku informacji
mamy odwrotng sytuacje: wraz ze wzrostem -, warto$¢ informacji maleje. Wynik ten sugeruje,
ze pozytywne wartosci korelacji aktywnosci miedzy sasiednimi kolcami moga by¢ korzystne
dla czasu przechowywania pamieci (dobrze widaé¢ to na rysunku 7 w pracy [55]). Wniosek ten
potwierdza tzw. hipoteze skupieri synaptycznych (ang. synaptic clustering hypothesis), ktora
zaproponowano jako mechanizm wytwarzania pamieci synaptycznej [93]. Mechanizm hipo-
tezy skupienn synaptycznych polega na wzmocnionej syntezie zestawu réznorodnych biatek w
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sasiednich kolcach oraz powstanie tzw. ,potentiation tags” lub ,depression tags”. Wazne jest,
ze te znaczniki powstaja tylko w tych synapsach, ktore zostaly pobudzone; w niepobudzonych
synapsach beda nieobecne. Znaczniki te sa pierwszym i koniecznym, choé¢ niedostatecznym,
krokiem do wzrostu kolcow.

Podczas stymulacji LTP maksimum zysku informacyjnego efektywnosci energetycznej in-
formacji jest osiagniete dla matego procentu pobudzonych kolcow (dobrze to widaé na rysunku
9 w pracy [55]). Oznacza to tzw. rzadkie reprezentacje uczenia sie i pamieci. Sa one znacz-
nie lepsze pod wzgledem efektywnosci energetycznej, a zatem moga by¢ preferowane przez
rzeczywiste synapsy.

Kolejnym waznym wynikiem jest pokazanie, jak wraz ze wzrostem liczby kolcoéw spadaja
w przeliczeniu na jeden kolec: 1) energia, 2) zysk kodowanej informacji oraz 3) $lad pamieci
(dzieje sie to po degradacji LTP, co przedstawiono na rysunku 14 w pracy [55]). Oznacza to,
ze zapisanie 1 bitu po LTP ,kosztuje tylko” okoto 107 kT dla 10 kolcow, ale dla = 10* kolcow
koszt jest co najmniej dwa rzedy wielkosci wiekszy: 4,6 - 10° kT. Gdyby$my chcieli policzy¢
koszt dla jednego kolca dendrytycznego w ostatnim przypadku, to bytby on poréwnywalny z
kosztem energii dla transmisji 1 bitu przez synapse chemiczna [94].

Model, tak jak napisano wczesniej, jest modelem dwukierunkowym. Wiekszosé modeli
[5, 82, 83] uwzglednia gtownie jednokierunkowe przejscia pomiedzy stanami, co sprawia, ze
modele te sa niespojne termodynamicznie (tzn. szybko$¢ produkcji entropii zwiazana z pla-
stycznoscig jest niepoprawnie zdefiniowana i daje nieskorniczono$é dla przejsé jednokierunko-
wych). W tym modelu stany sa dobrze okreslone (odpowiednie klasy taksonomiczne oraz
prawdopodobieristwa przej$¢ pomiedzy nimi), z dwukierunkowymi przej$ciami, ktore powo-
duja, ze model jest spojny termodynamicznie.

Model mozemy oczywiscie jeszcze rozszerzy¢ na kilka sposobow, uwzgledniajac kolejne fazy
LTP czy zmienny znak v odpowiadajacy za kooperatywnosé. Model dotyczy fazy wczesnego
LTP (e-LTP), gdzie nie dochodzi do syntezy bialtek znajdujacych sie w kolcach dendrytycznych
— ten aspekt mozna by uwzgledni¢ w kolejnej wersji modelu. Mozna réwniez uwzglednié
zmienny znak v (w aktualnej wersji modelu albo wszyscy sasiedzi maja znak v dodatni albo
ujemny) — np. jeden sasiad miatby znak dodatni, a drugi ujemny.

6.4. Podsumowanie

W mojej rozprawie doktorskiej udato mi si¢ odpowiedzie¢ na pytania postawione w roz-
dziale 2 (cel mojego doktoratu). Najwazniejsze jest poprawne wyliczenie przej$¢ pomiedzy
stanami kolcéw, aby moc je wykorzysta¢ w modelowaniu dynamiki kolcow dendrytycznych.
Dysponujac tym modelem, moglam sprawdzié, ze wiecej energii potrzebuja kolce podczas
uczenia sie niz zapamietywania, oraz na ile ,wspétpraca” kolcow ze soba jest korzystna do
przechowywania pamieci. Co do magazynowania pamieci w kolcach stwierdzitlam, ze nieza-
leznie od wieku, gatunku, regionu mozgu (wyjatkiem jest mozdzek) czy fizjologicznego stanu,
najwiecej informacji z punktu widzenia optymalizacji przechowywanych jest w rozktadach ob-
jetosci i pola powierzchni kolecow dendrytycznych. Kazda praca dotyczaca neuronauki i kol-
c6éHw dendrytycznych, proceséw LTP i LTD wymaga zebrania danych pochodzacych z realnych
doswiadczen, przeanalizowania ich, a nastepnie podjecia proby stworzenia modelu/modeli
pomocnych w udzieleniu odpowiedzi na pytania/paradygmaty, ktére w neuronauce nadal po-
zostaja bez odpowiedzi lub o ktérych bardzo niewiele wiemy.
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Rozdzial 7

Dodatki

7.1. Dodatek A: Wyprowadzenie wzoru na entropie z korela-
cjami rozmiaré6w kolcoéw

Celem jest wyprowadzenie entropii dla wielowymiarowego rozktadu lognormalnego, opi-
sujacego lokalnie oddziatujace kolce dendrytyczne. Niech x; bedzie zmienna losowa zwigzana
z rozmiarem kolca 7i”. Zakladamy, ze tylko rozmiary sasiednich kolcow sa skorelowane i
definiujemy globalny wektor (Z) = (1,2, ...,2N), z ktorym zwiazany jest rozktad prawdo-

podobienstwa P(Z). Chcemy znalez¢ wielowymiarowa entropie H (Z):

H(Z) = — /0 " day /0 " day P(E) n[P(F) (A2)] (7.1)

gdzie Ax jest rozdzielczoscia przestrzenna. Najlatwiej jest oszacowaé¢ H (Z) korzystajac
z przyblizenia par, ktére ma postac:

P(:L‘l, .’L‘Q)P(l'g, l’g)...P(:EN_l, l'N)
P($2)P(I‘3)...P($N,1)

P(l‘l,l‘g,...,l‘N) ~ (72)

Ponadto zaktadamy, ze zarowno uzyskana zmienna z; jak i ich pary maja te same rozktady
lognormalne. Wykorzystujac przyblizenie par (wzor 7.2), otrzymujemy:

N-1 .o
H(Z) = Z/o dx; P(x;) In(P(z;)Ax)

N-1 0o
— Z / daci / d$i+1p(.7}i, xi+1) hl[P(l‘i, :Ui+1)(AJ})2]
i=1 0

= (N = 1)Hz(z,y) — (N = 2)Hi(),

gdzie Hy(x) jest entropia pojedynczej zmiennej losowej x, a Ha(z,y) entropia pary zmien-
nych (x,y), przy czym:

Hi(z) = — /0 " deP(2) n[P(x) Ad] (7.4)

Hy(x,y) = — /000 dx /000 dyP(z,y) ln[P(:U,y)(A:C)2]. (7.5)

99



Odpowiednie rozktady dla zmiennej pojedynczej i podwdjnej wynosza:

1 2 /0 2
P(x) = e~ (In(z)=p)*/20 ’ 76
(z) o (7.6)
oraz
P(z,y) = 1 6*1/(2(1*/)2)02)><[(hlI*H)2+(1ny*M)Q*ZP(lnx*N)(lﬂy*M)], (7.7)

(2mo2)\/1 — p2ay

gdzie wartoéci érednie logarytmu wynosza p = (Inz) = (Iny), wariancja 0 = ((Inz)?) —
p? = {(Iny)?) — p?. Parametr p okresla korelacje miedzy Inx i Iny:

_ Cov(lnz,Iny)

p : , (7.8)

g

gdzie kowariancja Cov(Inz,Iny) = (InxIny) — p?.

Calki we wzorach (7.4 i 7.5) maja charakter gaussowski i mozna je tatwo wyznaczy¢.
W wyniku dostajemy:

Hy(z) = %(1+1n27r)—|—u—|—1n(a/Ax), (7.9)
Hy(z,y) = (1 +1n27) + 2u + 2In(o/Az) + 1/21n(1 — p?), (7.10)

i ostatecznie dla H (Z)
H]iff) = %(1 +1n27) + o+ In(o/Az) 4+ 1/21n(1 — p?). (7.11)
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ABSTRACT

Categorizing spines into four subpopulations, stubby, mushroom, thin, or filopodia, is one of
the common approaches in morphological analysis. Most cellular models describing synaptic
plasticity, long-term potentiation (LTP), and long-term depression associate synaptic
strength with either spine enlargement or spine shrinkage. Unfortunately, although we have
a lot of available software with automatic spine segmentation and feature extraction
methods, at present none of them allows for automatic and unbiased distinction between
dendritic spine subpopulations, or for the detailed computational models of spine behavior.
Therefore, we propose structural classification based on two different mathematical ap-
proaches: unsupervised construction of spine shape taxonomy based on arbitrary features
(SpineTool) and supervised classification exploiting convolution kernels theory (2dSpAn).
We compared two populations of spines in a form of static and dynamic data sets gathered
at three time points. The dynamic data contain two sets of spines: the active set and the
control set. The first population was stimulated with LTP, and the other population in its
resting state was used as a control population. We propose one equation describing the
distribution of variables that best fits all dendritic spine parameters.

Keywords: classes of spines, dendritic spines, hidden Markov model, image analyze.

1. INTRODUCTION

ENDRITIC SPINES are small membranous protrusional structures located on the surface of neuronal
dendrites. They play a crucial role in learning and memory processes, since this is where excitatory
synapses are located. The functional and structural reorganization of synapses depends on the brain plasticity,
which is important in learning and memory processes (Alvarez and Sabatini, 2007). One of the key
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morphological attributes of the dendritic spines is their structural variability, which depends on their length
and width.

The structure of a spine is as follows: the spine is connected to the dendritic shaft with a thin neck. The spine
head volume correlates positively with the postsynaptic density area, the presynaptic active zone area, the
number of AMPA-type glutamate receptors (AMPA is o-amino-3-hydroxy-5-methyl-4-isoxazolepropionic acid
receptor), and the synaptic strength. Moreover, the dendritic spine shape determines the strength of the synaptic
connections (Kasai et al., 2003; Alvarez and Sabatini, 2007; Fortin et al., 2012; Gu et al., 2014; Miermans et al.,
2017; Segal, 2017).

All these processes constitute the basis for coding and memory storage information in the brain (Segal,
2010, 2017). Many cognitive disorders, for example, autism (Pathania et al., 2014) or fragile-X syndrome
(Cruz-Martin et al., 2010; He and Portera-Cailliau, 2013), are connected to alteration in the shapes of
dendritic spines, their size, or number of receptors (Penzes et al., 2011).

Depending on their activity, the morphology of spines is changing, which is the ground for their
structural plasticity involving formation or loss of synapses. Two major processes that are observed in
structural plasticity are long-term potentiation (LTP) and long-term depression (LTD), which are associated
with the increase or decrease of synaptic strength (Martin et al., 2000; Segal, 2010; O’Donnell et al., 2011;
Fortin et al., 2012; Colgan and Yasuda, 2014; Meyer et al., 2014; Stawarski et al., 2014). Hence, under-
standing the changes in the shape of dendritic spines is of great importance.

The spines are commonly divided, based on their shape, into the following subpopulations: stubby, thin,
filopodia, or mushroom (Von Bohlen Und Halbach, 2009; Ruszczycki et al., 2012; Ebrahimi and Okabe,
2014; Gu et al., 2014; Qiao et al., 2016). However, no appropriate methods enabling the users for an
automatic classification of dendritic spines into subpopulations have been developed so far. We provide
methods that will show the differences between these subpopulations of dendritic spines in their shapes and
transitions in time. Like in the previous studies of Bokota et al. (2016), we potentiated the synapses using
LTP stimulation that produces a long-lasting increase in excitatory postsynaptic potential (EPSP).

In the rest of the article, we refer to a population of spines stimulated by LTP as dynamic data, and the
unstimulated spines are denoted as static data.

In Section 2, we describe how the data were collected. We also describe the pieces of software that help
us classify the spines into one of four classes. Next we check the basic characteristics of the classes of
spines from the static and dynamic populations. Afterward, each of the classes is divided into one of three
subpopulations: growing, not changing, and shrinking spines.

In Section 3, we provide a model for the shape transitions. We propose clustering analysis for checking
the taxonomy development. Next, we introduce a hidden Markov model (HMM) for spines transitions in
time. We also propose an equation that fits a distribution of all of the shape parameters.

In Section 4, we present our results and in Section 5 we conclude our study.

2. DATA PREPARATION AND ANALYSIS

In this section, we describe the statistical analysis of mammalian dendritic cell populations: static and
dynamic populations. For the dynamic data, preprocessing was necessary, performed by choosing spines
from both active and control groups.

For details about data preparation, see Bokota et al. (2016), section ‘“‘Data Preparation and Analysis.” In this
article we describe only the differences in chemical substances that were used in experiments in active and
control groups for dynamic data. In the active group, the chemical LTP was induced through the application of
bath in a mixture of 50 pM forskolin, 50 uM picrotoxin, and 0.1 M rolipram (each dissolved in DMSO) in a
maintenance medium. The control group received a compound-free solvent [dimethyl sulfoxide (DMSO)].

Our next step was to obtain the numerical features of the spines. There are many spine extraction
methods, but they appear to be ineffective in our approach, so we decided to use custom software described
in Ruszczycki et al. (2012). Consequently, dendritic spine features (denoted as DESCRIPTORS) were
chosen on the basis of length, the head width (hw), max width location (mwl), max width (mw), neck width
(nw), foot, circumference, area, width-to-length ratio (wlr), length-to-width ratio (Iwr), and length-to-area
ratio (lar). The detailed description of the software can be found in Ruszczycki et al. (2012).

After preprocessing the samples, we received two groups of spines, that is, the static group consisting of
1751 samples and the dynamic group consisting of two subgroups: the control group (333 samples) and the



324 URBAN ET AL.

active group (448 samples). For each spine, all of the previously described 11 features were measured. For
the dynamic data, all the features were measured at three different timestamps: #, (the time before
stimulation), ;o (10 minutes after the stimulation, which was called the short-term activation), and #, (40
minutes after the stimulation, which was called the long-term activation). We know from other studies
that we can already observe changes in the spine structure 10 minutes after the stimulation (Stawarski
et al., 2014; Szepesi et al., 2014). Consequently, by ‘‘dynamic,” we denote all the features at all
timestamps and, by ‘“‘dynamic x,”” we denote all spines from the dynamic data set described only by
features at time from both groups.

2.1. Balanced subset selection

In Table 1, we report mean values and standard deviations for descriptors from static data. In Figure 1,
we show an example analyzed image. For the dynamic group given in Table 2, we report mean values and
standard deviations of control and active groups at a given time. We calculate p values using two-tailed #-
tests for the difference of mean values between the control and the active groups.

We report significant differences for almost all descriptors (p value is above the threshold value
p > 0.001 only in case of three features). Such remarkable differences between both sets may influence the
statistical analysis of their behavior. Therefore, we decided to preprocess the data sets by excluding some
spines. We drew a number of pairs of closest spines, each pair consisting of a spine from the active group
and a spine from the control group. The measure of how close the spines are is based on the normalized
Euclidean distance between the vectors of features at a timestamp. We chose 300 such pairs, and still we
observed significant differences for almost all descriptors. Once again we chose pairs of spines, but this
time we checked the effect on 50, 25, and 15 pairs of spines. For 50 pairs of spines, we report significant
differences (p > 0.001) in case of four parameters. For 15 and 25 pairs of spines, we did not report any
significant differences (p > 0.001). In 15 pairs of spines, we report significant difference for p < 0.05 in
case of three parameters (length, area, and circumference). In 25 pairs of spines, we report significant
differences for p < 0.05 in case of four parameters (length, width—length ratio, area, and circumference).

Such differences (between non-normalized data and normalized data, and for number of pairs of spines)
can be explained by the fact that these cultures were obtained from different animals (which means
differences in in vitro cultures).

In Table 3, we report new statistic values for the differences between the samples after choosing 15
closest pairs. The same statistical test that was performed before was used here as well. In the results, we
use the data without prior Euclidean normalization.

3. METHODS

In this section, we present three tools used to describe the parameters of dendritic spines, the Principal
Component Analysis (PCA) method, and two clustering methods, to construct the spine shape taxonomy in

TABLE 1. MEAN VALUES AND STANDARD DEVIATIONS OF
STATIC DATA

Parameter Mean STD
Head width 0.819 0.246
Foot 0.484 0.247
Max width location 0.407 0.249
Max width 0.855 0.253
Width-length ratio 0.549 0.246
Length—width ratio 2.199 1.016
Length—area ratio 2.039 0.681
Neck width 0.312 0.249
Length 1.695 0.663
Circumference 5.344 1.864
Area 0.897 0.420

STD, standard deviations.



DENDRITIC SPINES TAXONOMY 325

FIG. 1. Analyzed data. Example (A) of the image with the markered dendritic spines and examples (B) of spines
classification.

an unsupervised way. Subsequently, we propose the probabilistic model of transitions using HMM. We also
present the results of fitting the best distribution to the data. All the analyses were conducted in Python 2.7
environment and in R version 3.4.

3.1. Classification of spines

Three different pieces of software were used to derive geometrical parameters and classification of
spines. The first piece of software was Spine Magic, which enabled us to get the spines’ parameters
(Ruszczycki et al., 2012). The second piece of software was 2dSpAn (Basu et al., 2016), which, in turn,
allowed for classification of the spines into one of the four classes. The third piece of software was
SpineTools, which finally allowed for classification of the spines into one of three classes, combining
“thin”” and “‘filipodia” into “‘long’ (Jasinska et al., 2016).

TABLE 2. DIFFERENCES BETWEEN THE ACTIVE AND CONTROL GROUPS AT TIME

Parameter Mean control group  STD control group  Mean active group  STD active group p

Head width 0.756 0.411 0.684 0.311 0.0054
Foot 1.089 0.557 0.766 0.363 0.0000
Max width location 0.659 0.264 0.554 0.289 0.0000
Max width 0.988 0.454 0.789 0.364 0.0000
Width-length ratio 0.490 0.298 0.662 0.409 0.0000
Length—width ratio 3.145 2.648 2.211 1.700 0.0000
Length—area ratio 2.083 1.046 2.172 0.985 0.2243
Neck width 0.459 0.347 0.412 0.284 0.0416
Length 1.893 1.150 1.293 0.732 0.0000
Circumference 6.712 3.229 4.669 2.091 0.0000

Area 1.035 0.587 0.681 0.436 0.0000
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TABLE 3. DIFFERENCES BETWEEN ACTIVE'> AND CONTROL'S GROUPS AT TIME £,

Parameter Mean control group  STD control group  Mean active group  STD active group P
Head width 0.639 0.176 0.641 0.152 0.981
Foot 0.763 0.452 0.605 0.276 0.321
Max width location 0.553 0.216 0.511 0.228 0.648
Max width 0.740 0.215 0.660 0.157 0.320
Width-length ratio 0.476 0.199 0.604 0.240 0.167
Length—width ratio 2.563 1.266 1.927 0.782 0.160
Length—area ratio 2.030 0.712 2.227 0.635 0.483
Neck width 0.346 0.215 0.347 0.172 0.998
length 1.497 0.450 1.144 0.262 0.03
Circumference 5.344 1.138 3.706 0.646 0.0002
Area 0.788 0.236 0.546 0.169 0.009

3.2. Simplification of shape representations

The PCA (for details see Jolliffe, 2002) is used when the reduction of the data dimensionality is required.
We applied PCA for spines from static data, and for both populations (control and active) used for the
dynamic data, in all three timestamps.

3.3. Hidden Markov model

The HMM is a statistical Markov model in which the system being modeled is assumed to be a Markov
process with unobserved (i.e., hidden) states. In the HMM, the state is not directly visible, but the output,
dependent on the state, is visible. The parameters of a HMM are of two types: transition and emission
probabilities. Under a HMM, two assumptions are made for the transition and the emission probabilities:

1. The rth hidden state, given the (¢ —1)th hidden state, is independent of previous state.
2. The tth observation depends only on the zth state.

The HMM is specified as a triplet A1=(A, B, n), where A is the transition probability matrix, B is the
emission probability matrix, and 7 is the vector of initial probabilities. The parameters of a HMM can be
estimated by using Baum—Welch algorithm. The Baum—Welch algorithm works by guessing the initial
parameter values, then estimating the likelihood of the observation under the current parameters. This
likelihood will then be used to re-estimate the parameters iteratively until a local maximum is reached. The
Baum-Welch algorithm finds max; P(observation|Z) (Rabiner, 1989; Rabiner and Juang, 1993; Foruzan
et al., 2013; Ghavidel et al., 2015).

3.4. Distributions

All the available probability distributions implemented in Python (for details see Python documentation
for Scipy stats library) were fit for the static and dynamic data. Distributions were fit for each parameter
separately, for each class, and for the data without classification. As an error measure, we used the error
sum of squares (SSE). Distributions with smaller SSE were considered better than the others. Next, we
generated data for each of the distribution with estimated parameters and created boxplots with our
experimental data (Fig. 2). Our measure of fitness criterion is defined as the smallest difference between the
medians obtained from our data and from the generated data.

3.5. Clusters

Clustering allows us to assign similar objects in terms of their geometrical properties (in our study it will
be spines) to groups. Clusters represent the possible shapes of spines (the spines in a cluster have greater
similarity in shapes among themselves than the spines outside the given cluster). We consider two main
types of clustering: fuzzy and crisp. In crisp clustering, each spine is classified into exactly one class
(shape); in fuzzy clustering, a spine is assigned a set of scores (ranging from O to 1, one for each class),
which describe its ‘“‘similarity’” to each of the classes.
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Length

FIG. 2. Boxplot. Example of boxplot for static

15 14.746 data for length parameter without classification.
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3.6. Transition matrix

After classification of spines into one of the four (or three) classes, we could observe what happens with
a particular spine over time (whether it changes its class assignment, as well as whether the parameters
change). We calculated the change of spine classification between two timestamps as a transition matrix.

By using this easy method, we can calculate the transition matrix between timestamps: #; and #y, f, and
140, and 11y and 749.

4. RESULTS
4.1. Classification

The 2dSpAn software classified spines into one of the four spine types: stubby, filipodia, mushroom, and
thin. This classification procedure is based on mathematical equations called convolution kernels (for details
see Basu et al., 2016). SpineTools classified the spines into one of the three spine classes: long, mushroom,
and stubby. This software uses hierarchical clustering as a method to split spines into one of the three classes.
For static data, 2dSpAn classified 2005 spines, after which we noticed some errors, and some spines were
rejected. After removing errors, 1751 spines remained (261 spines were rejected, which is c.a. —13%).
Figure 3 shows the percentage of each class for control group from dynamic data in all three timestamps.
Among these data sets no spines were rejected, since we did not notice any errors. We observed that stubby
class was classified by both 2dSpAn and SpineTools on the same level. However, we saw the differences in
the remaining classes: long and mushroom types. We observed that in case of 2dSpAn, the long class
dominated, and in case of SpineTools the mushroom class dominated. Such a difference is very interesting, it
can be explained by different mathematical equations and the theories on the basis of which each of the pieces
of software was built. In Basu et al.’s (2016) method, depending on the seed pixel and binarization threshold
definition, the same spines can be classified into different classes. The major problem is that the differences
between mushroom and long classes are very small and hard to describe through a single definition.

In Figure 4 we present the results of classification for the static data, with the use of two distinct pieces of
software, which make use of different mathematical equations (Ruszczycki et al., 2012). We have chosen to
use the software that was used in many different projects and various data sets, as to ensure the quality and
comparability of the results.
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FIG. 3. Classification of dynamic data, the control group. (A) Percentage of different spines’ classes using 2dSpAn
software, (B) percentage of different spines’ classes using 2dSpAn software, with three classes as in SpineTool
software, (C) percentage of different spines’ classes in control group using SpineTool software.

4.2. Results for principal component analysis (shape representation)

The dendritic spines parameters can be directly divided into three sets: DESCRIPTORS SIZE =length,
circumference, area (size-related features) and DESCRIPTORS CONTOUR =hw, foot, mwl, mw, wlr, lwr,
lar, and nw (contour-related features) and DESCRIPTORS ALL with all parameters. For the first two
features (components) in the reduced representation for DESCRIPTORS ALL, we cover about 70% of the
variance in the static data. For DESCRIPTORS CONTOUR, we cover ~66% and for the DESCRIPTORS
SIZE we cover ~96% of the variance. For the dynamic data (control group as top values and active group
as bottom values) given in Table 4, we show the percentage of the variance for each timestamp for each
DESCRIPTOR. We can observe that there is no difference between the static data and the dynamic data
(both groups), whereas between the control and the active groups, small differences can be observed. These
results were somewhat surprising, because we had suspected larger differences between the control and the
active groups.
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FIG. 4. Classification of static data. (A) Percentage of different spines’ classes using 2dSpAn software, (B) percent of
different spines’ classes using 2dSpAn software, with three classes as in SpineTool software, (C) percent of different
spines’ classes using equations from Ruszczycki et al. (2012).

4.3. Results for hidden Markov model

To obtain fine results in HMM case, we used transition probability calculated by checking in which class
the spine is compared with the timestamp. For the vector with starting probabilities of the spine classes, we
used the same probability threshold: 0.25. After using the parameters described earlier in the text together
with the sequence of the classes, Baum—Welch algorithm was used, in which we could observe the emission
probability that describes the probability between observed states, which is very similar to the calculated

TABLE 4. PERCENTAGE OF THE VARIANCE FOR EACH DESCRIPTOR FOR EACH TIMESTAMP

Time step 0 (%) Time step 10 (%) Time step 40 (%)
Descriptors all 68 67 71
75 70 73
Descriptors contour 68 68 72
78 68 74
Descriptors size 96 95 94
95 95 95
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probability, as described earlier in the text. In Figure 5, two transition and one emission probabilities
are shown.

The results from only one neuron are not as good as from all neurons altogether. By ‘“‘not good” we
understand three problems: first, we can have a situation in which we have the probability of transition from
one class to another, which equals 0; second, in case we have a small number of spines, the emission or
transition probability can be very small (<0.0001), which is impossible. The last problem is the oscillations
of “difference’’; if more data are available, then we have none to small oscillations. To build probabilistic
model, we should acquire the data with more timestamps. We can use the equations in the same manner as
in Barrett et al. (2009), in which they use six master equations describing the probability of being a synapse
in one of six states. In our situation, we can have five master equations that will describe the probability of
being a spine in one of five classes (stubby, thin, filipodia, mushroom, and not existing).

—
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FIG. 5. Transition and emission probability. (A) Transition probability calculated by our method, (B) transition
probability calculated by Baum—Welch algorithm, (C) emission probability calculated by Baum—Welch algorithm.
Dotted arrows mean that the probability increases by a factor of 10, dashed arrows mean that the probability increases
by a factor of 100, tapered arrows mean that the probability increases by a factor of 1000, and the normal arrow means
that the probability was not increased by any factor. A nonexisting class is the class in which at the next timestamp we
notice that the spine was absorbed by the neuron.
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4.4. Results for distributions
We report alpha distribution that is described by Equation (1):
1
X2k pla) x V2w exp

pdf(x, )= ey

where

pdf, probability density function;

x, data from one dendritic spine parameter; and

a, shape parameter
fit best the static and dynamic (both control and active group) data (in most cases it is in the first place, but
sometimes it is in the second place). Even if the alpha distribution is in the second place in the fitting
protocol, we check whether the equations that describe other distributions are very similar to the alpha
distribution. In case they are, we could provide one common Equation (2) that will fit best all dendritic
spines’ parameters. This equation belongs to the exponential family. Using the Minitab (Minitab, Inc.,
2010) software, we fit static and dynamic data (both groups, each parameter separately) according to the
exponential distribution. All results were statistically significant, which means that our equation should be
sufficient.

A(x)

FO0= By w exp (CC)”

@
where
x, data from one dendritic spine parameter.

4.5. Results for clustering

Both static and dynamic groups (both sets: active and control, with all three timestamps) were taken as
one large set altogether. In Figure 6, we present the results for the fuzzy partition coefficient (fpc), which
tells us how smoothly our data are described by a certain model. We simulated 25 times FPC to calculate
the mean value for each center. In Table 5, we can see that 11 centers are the best options to describe our
data and classify them into 11 groups. In Bokota et al. (2016), the spines are classified into 10 groups (our

1.00 A

0.95 ~

0.90 ~

0.85

0.80 -

Fuzzy partition coefficient

234567 9% 9104312131414516171131972071192937412519
Number of centers

FIG. 6. FPC from fuzzy clustering. This measure is defined within the range 0 to 1. When FPC is maximized, the data
are described as the best. FPC, fuzzy partition coefficient.
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TABLE 5. MEAN VALUE FOR Fuzzy PARTITION COEFFICIENT
DEPENDS ON NUMBER OF CENTERS

Number of centers Mean value for fuzzy partition coefficient
1 _

2 0.78

3 0.722
4 0.7604
5 0.7924
6 0.8272
7 0.8888
8 0.9272
9 0.9824
10 0.9964
11 1.0

12 0.98
13 0.9768
14 0.954
15 0.954
16 0.9412
17 0.9356
18 0.9336
19 0.9248
20 0.9332
21 0.9352
22 0.9412
23 0.9308
24 0.9324
25 0.9044
26 0.9104

results are not different from other group results). In Figure 7, the results of hierarchical clustering are
presented, calculated for 10, 11, 13, and 16 centers.

5. DISCUSSION AND CONCLUSION

We applied a statistical test and examined a population consisting of 1751 dendritic spines from the static
data and 1344 dendritic spines from the active group, and 980 dendritic spines from the control group. We
compared the dendritic spine volume and shape changes between two populations at two different states,
unstimulated (CONTROL) and LTP-stimulated (ACTIVE), and at three timestamps (with a 0-time, 10-
minute, and 40-minute time interval). We show that the preprocessing of data sets and reducing the
dendritic spine number were not useful in our study. In this study, we show the differences in dendritic
spine classification depending on mathematical equations describing the software that was used to analyze
the dendritic spines. We also want to stress how important it is to use the software that was already tested
on various sets of data, which appears to be more important than applying the patterns/conditions from
other publications. Conditions for data classification used by Ruszczycki et al. (2012) were probably very
good, but not universal (our results did not confirm their findings). As has already been said, it is very
difficult to work out the definition that could describe a given spine class.

We also propose a probabilistic model based on HMM, connected with the LTP-LTD model presented
by Barrett et al. (2009). Of course, everything depends on how we are going to classify particular spines,
and what baseline parameters will be attributed to them. However, it is the way to combine experimental
data with a mathematical model, which gives hope for discovering a formula or equation to be applied in
cases wherein we have to fight various neurodegenerative diseases related to the number of spines.

Furthermore, we introduce a new universal equation (belonging to exponential family) that describes the
distributions for each dendritic spine parameter. If parameters A, B, and C from Equation (1) were defined
according to the circumstances (LTP, LTD, diseases connected with the number of spines), it would be
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FIG. 7. Distribution of spine clusters obtained by hierarchical clustering. (A) 10 classes of clusters, (B) 11 classes of
clusters, (C) 13 classes of clusters, (D) 16 classes of clusters. For each subplot, one color and its shades represent the
subpopulations of dendritic spines.

easier to create a model that would reflect the state of a particular neuron in relation to the state of spines,
and the state of the same neuron after the administration of the medication to stimulate, for example, the
growth in number of spines. Of course, such a model could be additionally improved using the information
on the molecular level, which would make it easier to find medicines to be used in treatments of the
diseases resulting from the number of spines.

We also show how to use fuzzy (fpc) and c-means clustering to have the best number of groups
representing each subpopulation of dendritic spines. In our study, we obtained 11 classes, whereas Bokota
et al. (2016) obtained 10 classes in their publication, which shows that our procedures are good, yet it has to
be noted that depending on the number of data available, we can expect as many as 10 classes (class). The
result may be the evidence that still a lot of research is required to be performed to finally determine the
number of dendritic spine classes.

As in Bokota et al. (2016), we support the hypothesis that the biological information is not stored in the
spine shapes or sizes depending on their classes, but is rather related to the dynamic changes at the spine
population level.
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ABSTRACT

The dendritic spines play a crucial role in learning and memory processes, epileptogenesis,
drug addiction, and postinjury recovery. The shape of the dendritic spine is a morphological
key to understand learning and memory process. The classification of the dendritic spines is
based on their shapes but the major questions are how the shapes changes in time, how the
synaptic strength changes, and is there a correlation between shapes and synaptic strength?
Because the changes of the classes by dendritic spines during activation are time dependent,
the forward-directed autoregressive hidden Markov model (ARHMM) can be used to
model these changes. It is also more appropriate to use an ARHMM directed backward in
time. Thus, the mixture of forward-directed ARHMM and backward-directed ARHMM
(MARHMM) is used to model time-dependent data related to the dendritic spines. In this
article, we discuss (1) how to choose the initial probability vector and transition and de-
pendence matrices in ARHMM and MARHMM for modeling the dendritic spines changes
and (2) how to estimate these matrices. Many descriptors to classify dendritic spines in two-
dimensional or/and three-dimensional (3D) are available. Our results from sensitivity anal-
ysis show that the classification that comes from 3D descriptors is closer to the truth, and
estimated transition and dependence probability matrices are connected with the molecular
mechanism of the dendritic spines activation.

Keywords: ARHMM, classification, dendritic spines, machine learning, MARHMM.

ICenter of New Technologies, University of Warsaw, Warsaw, Poland.

2College of Inter-Faculty Individual Studies in Mathematics and Natural Sciences, University of Warsaw, Warsaw,
Poland.

3Department of Statistics, Faculty of Mathematics and Computer Sciences, Allameh Tabataba’i University, Tehran,
Iran.

4School of Biological Science, Institute for Research in Fundamental Sciences (IPM), Tehran, Iran.

SFaculty of Mathematics, Informatics and Mechanics, University of Warsaw, Warsaw, Poland.

Department of Computer Science and Engineering, Jadavpur University, Kolkata, India.

"Faculty of Mathematics and Information Science, Warsaw University of Technology, Warsaw, Poland.



Downloaded by National University of Singapore NUS SWETS/24793917 from www.liebertpub.com at 03/16/20. For persona use only.

2 URBAN ET AL.

1. INTRODUCTION

D ENDRITIC SPINES ARE SHORT PROTRUSIONS that harbor excitatory synapses, which are believed to play a
major role in neuronal plasticity and integration through their structural reorganization (Yuste and
Denk, 1995; Segal, 2002; Xu et al., 2009). Many physiological and pathological phenomena rely on brain
plasticity, including learning and memory, epileptogenesis, drug addiction, and postinjury recovery. Their
peculiar shape suggests that spines can serve as an autonomous postsynaptic compartment that isolates
chemical and electrical signaling. How neuronal activity modifies the morphology of the spine and how these
modifications affect synaptic transmission and plasticity are intriguing issues. Thus, the dendritic spine shape
has been accepted for determining the strength of the synaptic connections and is thought to underlie the
processes of information coding and memory storage in the brain. Indeed, the induction of long-term
potentiation (LTP) or long-term depression is associated with the enlargement or shrinkage of the spine,
respectively (Bosch and Hayashi, 2012).

Classification of dendritic spines, according to their shape and size, is a popular strategy to evaluate
maturation and pathological changes of neurons. Spines are often classified into four morphological classes:
filipodia, thin, stubby, and mushroom (Peters and Kaiserman-Abramof, 1970). It must be noted, however, that
the existing categorization of dendritic spine shapes does not provide a clear definition of each group. Some
researchers prefer to add two additional categories: branched and cup-shaped spines (Harris and Kater, 1994;
Hering and Sheng, 2001). An important question is whether the categorization of spines according to their
morphology represents a rigid classification of distinct entities or tentative labeling of transient spine states.
Live-cell imaging studies clearly show that spines are very dynamic and undergo reversible transformation
between thin and mushroom morphologies in a time scale of minutes to hours (Fischer et al., 1998).

Another important question is how the changes of the shapes of the dendritic spines in time correlate
with learning and memory process—is there a correlation between changes of the class of the dendritic
spines and changes of the enlargement or shrinkage of the spine and changes with the synaptic strength.
Another very important question is how to build a model based on the population of dendritic spines
including their classification changes, synaptic strength, learning, and memory process. These questions
can help us find answers to better understand the process of learning and memory and how the synaptic
plasticity process works. Several neuromorphological tracing tools are available to segment and classify
spines in two-dimensional (2D) and/or three-dimensional (3D). The major problem is determining which
descriptors in 2D or 3D give the most accurate classification (by accurate classification we mean stable
classification of dendritic spines, highest prediction accuracy, and highest biological relevance). Because of
the dynamic changes of dendritic spine shapes (and, therefore, its class) in time, we should use time-
dependent statistical models to answer for this problem. One of the most important models used in statistics
and machine learning is hidden Markov model (HMM), which was described by Rabiner (1989) and
Rabiner and Juang (1993). Figure 1A shows a sequence of states (S) and observations (O) for first-order
HMM (where sequence of states is S=Si, ..., Sr and sequence of observations is O=0y, ..., Or).

A first-order HMM instantiates two simplifying assumptions. First, as with a first-order Markov chain,
the probability of a particular state depends only on the previous state:

P(Si|S1, ..., Sic)=P(Si|Si-1). (D

Second, the probability of an output observation O; depends only on the state that produced the obser-
vation S; and not on any other states or any other observations:

P(O,"S], ...,S,‘, ...,ST, 01, ...0,‘, ,OT)=P(0,‘S,) (2)

Unfortunately, HMM can be poor at capturing dependency between observations because of the statistical
assumptions it makes. In many situations, the assumption that observation has a common effect in another
observation in the future simplifies the design of the Bayesian network: directed arcs should flow forward in
time. The extensions of the HMM called autoregressive HMM (ARHMM) and mixture ARHMM
(MARHMM) (Fig. 1B, C) are used especially for time series data (Rezaei Tabar et al., 2019). The ARHMM
can be calculated as the forward-directed ARHMM encourages correlation among observations by adding
direct dependencies between them. By adding direct dependencies between observations, samples drawn from
forward-directed ARHMM are thus smoother than samples from an HMM, usually making a better generative
model in time series problems (Stanculescu et al., 2014; Rezaei Tabar et al., 2019). The forward-directed
ARHMM is a Bayesian network and obeys the following two conditional independence relations:
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Using these conditional independence relations, the joint distribution of a sequence of states and ob-
servations can be included as follows:

T
P(0, )=PSHPO1IS) [ [ PSiIS:-1)P(O,IS1, 01 ). “
t=2

The backward-directed ARHMM is also known as a Bayesian network. According to D-separation

concept in Bayesian network, the backward-directed ARHMM also has the following two conditional
independence relations:

S;L (S7,Or, ..., 8142, 0t+1)|Sz+l and O;L (S7,Or, ..., Si+1, 0t+2)|(St’ Oi11). 5)

The same way, forward-directed ARHMM also has the following two conditional independence
relations:

1
P(0, $)=P(S7)P(Or|St) H P(S[St+1)P(O4|S;, Or+1). 6)

t=T-1

Also we can define the forward (f;.(f)) and backward (b, (#)) algorithms that are to find out a recursive way
to represent the variable sequence in both models. The forward probability represents the probability of the
observation sequence up to time ¢ and the state k at time ¢, given model A1 (or 42) as the following
formulas:
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Ji-ri®)=P(01, 01, ..., O, S;=k|A1). @)
ﬁR—L)k(t)zp(OT,OT—la ...,0[,S1=k|;hz). (8)

For some stochastic processes, it may be more appropriate to use an ARHMM directed backward in time
(Rezaei Tabar et al., 2019). The backward probability represents the probability of the partial observation
sequence from 7+ 1 to the end, given state k at time ¢ as follows:

b(L—R)k(t):P(OHh Ot12, .0,y 0T|Sz:k, Oy, )Ll)- (9)
br-pi()=P(O;-1, ..., 01|S;=k, O, 72). (10)

In Equations (7)—(10), A1 and A2 are set of parameters where A=(the transition matrix, the initial
emission matrix, the emission matrix, and vector of initial state).

Note that the index L— R is timestamp from left to right for representing the forward-directed ARHMM
and R—L is timestamp from right to left for representing the backward-directed ARHMM.

For MARHMM, equation describing the model is as follows:

P(OM):OC]P1(0|;L])+052P2(0|/12), (11)

where P(0O|4;) and P,(0O|4,) are the probability of the observation sequences given the forward-directed
ARHMM and backward-directed ARHMM, respectively, and «; and o, are mixing weights such that
or, 0p > 0 and oy +op =1. P(O|1) can be computed by obtained the Baum—Welch algorithm.

The ARHMM and MARHMM parameters are estimated by the expectation-maximization (EM) algo-
rithm (Rezaei Tabar et al., 2019). The algorithm arises in many computational biology applications that
involve probabilistic models, and it also enables parameter estimation in probabilistic models with in-
complete data. The EM algorithm computes probabilities for each possible completion of the missing data,
using the current parameters. These probabilities are used to create a weighted training set consisting of all
possible completions of the data. Finally, a modified version of maximum likelihood estimation that deals
with weighted training examples provides new parameter estimates (McLachlan and Krishnan, 2007). By
using weighted training examples rather than choosing the single best completion, the EM algorithm
accounts for the confidence of the model in each completion of the data (Chuong and Batzoglou, 2008). In
the rest of the article, we refer to a population of spines stimulated by LTP as dynamic data.

2. DATA PREPARATION

Details about data preparation are described in Bokota et al. (2016) in section ‘‘Data preparation and
analysis.”” Here we describe only the differences in chemical substances that were used in experiments in
dynamic data sets gathered at three time points. In this experiment, the chemical LTP was induced through
the application of bath in a mixture of 50 pM forskolin, 50 uM picrotoxin, and 0.1 pM rolipram [each
dissolved in dimethyl sulfoxide (DMSO)] in a maintenance medium. Subsequently, experiment was ob-
tained from three points in time (timestamps): control (timestamp #y), 10 minutes after stimulation
(timestamp t19), and 40 minutes after stimulation (timestamp #40).

3. METHODS

Details about all four descriptors that were used to classify dendritic spines are given in Supplementary
Data S1. In Supplementary Data S2, details about how we prepare the data and how the vectors and
matrices should look like to run the code are described. Classification of the dendritic spines in all three
timestamps was done by four descriptors. Two descriptors were used for 2D classification and two were
used for 3D classification. A Viterbi algorithm that was used in machine learning is also described in
Supplementary Data (Supplementary Data S1).

In Matlab (The MathWorks, 2018), we implemented the ARHMM and MARHMM algorithms, whereas
Viterbi analysis was conducted in R in version 3.4 in HMM package (Development, 2010). We took den-
dritic spines marked by SpineMagick descriptor (Ruszczycki et al., 2012) and marked the same dendritic
spines using 2D programs (2dSpAn and Spinetools) and 3D programs (3dSpAn and Neurolucida 360).
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Depending on the descriptor we were working on, dendritic spines were classified as stubby, filipodia,
mushroom, thin, and long (combining filipodia and thin into one class) and ‘“‘not existing’’ (i.e., after
stimulation we observed that these spines did not exist anymore—this class represents spines that were
absorbed by the neuron). Finally, we proceed to run the descriptor using the following parameters: data,
level, transition probability matrix, initial probability vector, number of iterations, and dependence matrix
As an output, the algorithm produces an estimated transition probability matrix, estimated emission
probability matrix, and logarithm of probability (logarithm of likelihood) at each iteration. Also, we use
methods such as principal component analysis (Jolliffe, 2002), fuzzy partition coefficient, and hierarchical
clustering by k-means the same way as by Bokota et al. (2016) and Urban et al. (2019)—the results and
comments are described in Supplementary Data S3.

4. RESULTS

In this section, we describe the sensitivity analysis results of MARHMM and machine learning for
various combinations of the parameters: initial probability vector, transition probability matrix, and de-
pendence probability matrix, different o values. We also show how the changes in synaptic strength over
time depend on the changes in the area surface (for 2D descriptors) or volume (for 3D descriptors). Also,
we show that differences in transition probabilities between states in time depend on 2D or 3D classifi-
cation.

4.1. Sensitivity analysis—initial probability vector

To show the impact of different initial probability vectors for the same data, we prepare six versions of
the initial probability vector with a level equal to 3. We use the same transition probability matrix and
dependence matrix in all six situations. Table 1 gives versions of initial probability vectors. Results of our
experiment with the initial probability vector are presented in Figure 2A. We can see that version 3 (v3 in
legend, gray triangle line) is better than other curves—convergence is achieved after ~ 150 iterations, and
the value of the logarithm of probability is lowest. In addition, version 4 (v4 in legend, light gray vline) is
also good but converges only after ~370 iterations. The remaining versions have inferior performance.

4.2. Sensitivity analysis—transition probability matrix

To show the impact of different input transition probability matrices for the same data, we prepare five
versions of the transition probability matrix with level =3, initial probability vector was the same in all five
situations, the same with dependence matrix. Table 2 gives versions of transition probability matrices. The
results are shown in Figure 2B. We can see that version 5 (v5 in legend, square dark gray line) is better than
other tested versions because it converges quicker (the line representing the logarithm of probability is
stable after ~ 150 iterations) and has a smaller — logp value (i.e., higher probability) than the others
versions. The version 2 (v2 in legend, dark gray line) performs similarly, but more iterations are required to
have convergence (~210). Version 1 (v1 in legend, black line) converges very quickly (~ 110 iterations)
but it has visibly worse quality. Versions 4 and 3 (v4 [light gray vline] and v3 [triangle gray line] in the
legend) have some oscillations and show intermediate quality. The estimated transition probability matrix
for version 5 is given in Supplementary Data S4.

TABLE 1. VECTORS USED IN SENSITIVITY ANALYSIS FOR INITIAL PROBABILITY

Version no. Vector

Version 1 [0.3;0.4;0.3]
Version 2 [0.5;0.2;0.3]
Version 3 [0.8:;0.1;0.1]
Version 4 [0.2;0.7;0.1]
Version 5 [0.2;0.2;0.6]
Version 6 [0.4;0.4;0.2]
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A different initial probability vectors
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FIG. 2. (A) Results for different initial probability vectors for the same data, transition probability matrix, and
dependence matrix. (B) Results for different transition probability matrices for the same data, initial probability vector,
and dependence matrix.

4.3. Sensitivity analysis—dependence matrix

To show the impact of different dependence matrices for the same data, we prepare six versions of the
dependence matrix with a level equal to 3. We use the same transition probability matrix and the initial
probability vector in all six situations. Table 3 gives versions of dependence probability matrices that were
used. The results are shown in Figure 3A. We can see that both version 4 (v4 in legend, light gray vline) and
version 3 (v3 in legend, triangle gray line) are good. In triangle gray line after ~ 150 iterations, the line is
stable but in the opposite, to the triangle gray line, the light gray vline has less value of the logarithm of
probability. The versions 5, 2, and 6 (v5 [square dark gray line], v2 [dark gray line], and v6 [gray dotted
line] in legend) have similar performances. The worst version is 1 (vl in legend, black line). The estimated
dependence probability matrix for version 4 is given in Supplementary Data S3.

4.4. Autoregressive hidden Markov model

Based on the results from Sections 4.1 to 4.3, we plot the curve for the best matrices and vectors and plot
the curve for random matrices and vectors (but not the best). Figure 3B shows that after choosing random
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TABLE 2. MATRICES USED IN SENSITIVITY OF ANALYSIS
FOR INITIAL TRANSITION PROBABILITY

Version no. Matrix

04 04 0.27
Version 1 0.7 02 0.1
102 0.5 03]

03 05 02
Version 2 0.2 0.7 0.1
103 04 03]

0.1 0.8 0.1
Version 3 03 02 05
106 0.3 0.1 |

02 0.1 07
Version 4 02 02 0.6
10.1 03 06

03 0.6 0.1
Version 5 04 04 02
10.1 0.7 0.2 ]

matrices and vectors, our logarithm of probability is on the level of —523 after 125 iterations. The curve that
was a plot with the best matrices and vectors has logarithm of probability on level =505 after 215 iterations.
That means is better to make more iterations and have better results (—505 > —523). Here, of course, the
difference is not so big, but in other data, the difference can be bigger and can give wrong information.

4.5. Sensitivity analysis—o. in MARHMM

The application of the MARHMM method is similar to the ARHMM. The only difference is that we
must also give initial values of mixture coefficients (x; and o). Figure 4A shows the results of the different
values (eight situations) for the same data set and the number of iterations as the ARHMM methods used in
the previous Sections 4.1—4.4. The transition probability matrix, initial probability vector, and dependence
matrix were the same. Table 4 gives versions of o values used in MARHMM. Figure 4A shows that version

TABLE 3. MATRICES USED IN SENSITIVITY ANALYSIS
FOR INITIAL DEPENDENCE PROBABILITY

Version no. Matrix

(0.3 02 03 0.2]
Version 1 04 0.1 04 0.1
102 05 0.1 02

0.1 0.1 0.1 0.7
Version 2 02 05 02 0.1
105 03 02 0.1

02 02 04 02
Version 3 0.1 0.1 0.1 0.7
103 03 02 02

03 04 02 0.1
Version 4 02 0.1 05 02
10.1 02 05 02

0.5 02 03 02
Version 5 06 0.1 02 0.1
105 03 02 0.1

0.1 0.6 0.2 0.1
Version 6 03 0.1 0.1 05
10.1 0.1 0.7 0.1]




Downloaded by National University of Singapore NUS SWETS/24793917 from www.liebertpub.com at 03/16/20. For persona use only.

8 URBAN ET AL.

different initial dependence matrices
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FIG. 3. (A) Results for different dependence matrices for the same data, initial probability vector, and transition
probability matrix. (B) Difference between choosing the best matrices and vectors than choosing it randomly. We used
the same data for both lines.

4 (light gray vline for o; =0.2 and a» =0.8) has a lower value of the logarithm of probability than the rest
versions. For the other versions, the value of — logp is higher, and on a similar level to each other.

4.6. The Viterbi algorithm

The Viterbi algorithm was used in machine learning—first our data were split into two sets: set for
training (100 spines) and for the test (200 spines). We use the transition and emission probability matrices
calculated by MARHMM (Supplementary Data S3). Results of our test were verified by the Viterbi
algorithm. Figure 5 shows the percentage of situations in which the algorithm found all three or two/one/
none of the classifications of dendritic spines (our aim was not to construct a predictive model, but to show
how on time-dependent data after using MARHMM, we can use results in machine learning).

4.7. Relationship between spine shape and synaptic strength

We know that the synaptic strength is correlated with the area of the dendritic spine—from 2D de-
scriptors, we have a parameter that is called area. In 3D descriptors instead of the area we have volume
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FIG. 4. (A) Results for different o values for the same data, transition probability matrix, initial probability vector,
and dependence matrix. (B) Logarithm of the probability for different descriptors 2D and 3D for segmentation and
classification of dendritic spines into one of the classes. 2D, two-dimensional; 3D, three-dimensional.

TABLE 4. o; VALUES USED IN SENSITIVITY ANALYSIS
IN MIXTURE AUTOREGRESSIVE HIDDEN MARKOV MODEL

Version no. o Values

Version 1 o1 =0.5, 0o =0.5
Version 2 ;1 =04, 0o=0.6
Version 3 1 =0.3, 0o =0.7
Version 4 %1 =0.2, b=0.8
Version 5 ;1 =0.1, b =0.9
Version 6 o1 =0.6, 1o =0.4
Version 7 ;1 =0.8, 0o =0.2
Version 8 ;1 =0.9, 0 =0.1
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2 timestamps fit

1 timestamp fit

none timestamp fit

FIG. 5. Results for machine learning for the most probable path.

parameter that will also help us in showing changes in synaptic strength. For each dendritic spine that exists
in all three timestamps, we check how the area or volume changes. We focus on five situations:

In time the area/volume is growing.

In time the area/volume is decreasing.

In time the area/volume is not changing.

In time the area/volume is growing and then decreasing.
In time the area/volume is decreasing and then growing.

Table 5 gives results for two 2D descriptors (for area parameter) and for one 3D descriptor (for volume
parameter). We check what kind of classes exist in different situations, and unfortunately we did not find
here any correlation (e.g., in all five situations, we could find few [two or three] dendritic spines that in all
three timestamps were classified as stubby).

4.8. Probabilistic model

Figure 6A shows the results for 2D and 3D descriptors with the different number of classes (details about
the matrices and vectors used to plot the curves are described with details given in Supplementary Data S2
and also results for estimated emission and transition probability matrix are given in Supplementary Data S3).

TABLE 5. CHANGING OF THE DENDRITIC SPINES SYNAPTIC STRENGTH IN TIME, CALCULATED
BY DIFFERENT DESCRIPTORS

Synaptic strength situation 2dSpAn (%) Spinetools (%) 3dSpAn (%)
Growing 14.65 12.72 27.86
Decreasing 23.13 22.54 4.96
Not changing 0 0 0
Growing and decreasing 3452 31.63 44.65

Decreasing and growing 27.68 33.1 22.52
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FIG. 6. (A,C,E) Probabilistic model from Urban et al. (2019); (B,D,F) Probabilistic model built on MARHMM results
where (A) and (B) are time stamp %, (C) and (D) are time stamp t19, and (E) and (F) are time stamp t40 MARHMM,
mixture ARHMM.

Based on the information that classification in 3D of the dendritic spines with four classes is better than
other 3D classifications, we calculate transition matrix [it was calculated the same way as by Urban et al.
(2019)] in section ‘‘“Transition matrix.”” Figure 6 shows results for transition matrices for three situations
(transitions between #y and t19, ty and t49, and ¢, and t49) for 3D (based on 3dSpAn classification) and 2D
classifications from Urban et al. (2019). The first difference is that in 3D, we do not have thin class (in
3dSpAn there are equations for each dendritic spine that can be classified as thin, but in our data, we did not
match it). Second difference is in probabilities between classes, we can observe that some probabilities
from 2D and 3D are the same or very close, especially in transition from time stamp 7, to time stamp ;o
(e.g., transition probability for dendritic spine classified as stubby changes to mushroom will be in 3D 0.09
and in 2D it will be 0.07). In transitions between time fq and t49 and between t;¢ and #49, we could not find
probabilities that will be very similar/close. This probability values between dendritic spine classes can be
used in building network [e.g., our probabilities can be used in model from Barrett et al. (2009)].
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FIG. 7. Example of neuron with dendritic spines. (A) 2D view but without z-axis. (B-D) 2D view with z-axis (for
each subplot z-axis has different value).

As we expected, the classification that comes from 3D descriptor is closer to the truth than a 2D
descriptor. In 3D, we have more information about dendritic spine location: we know the location on the
neuron (x- and y-axis) and also we have a third axis (z-axis) that shows us how the spines change depending
on depth. In 2D, we do not have z-axis and because of this, we do not know exactly how the spine looks
like. For example, in 2D we could see spine that looks like one big mushroom spine, but in 3D it was not
one big dendritic spine, but two or three spines and depend on z-axis depth (Fig. 7). Table 6 gives the
example of classification, using all the descriptors (mentioned and described in Supplementary Data S1),
for the same dendritic spine. In this case, 2D descriptor gives us wrong classification and occasionally
designates artifacts as dendritic spines (which are not dendritic spines—when we check it in 3D, or on
another program [such as ImageJ] in which we can change point of view by changing the z-axis, thanks to it
we can see how dendritic spines change during the depth on the neuron).

After showing results of the sensitivity analysis (Sections 4.1-4.3 and 4.5), it should be more clear and
also how important it is to choose property matrices and/or vectors and what kind of curves to avoid. This
knowledge is very important because it depends on what we put to the program will have different values of
the estimated transition and dependence probability matrices as output. Figure 3B shows the difference
between using all the best matrices and vectors than using random values.

TABLE 6. CLASSIFICATION FOR THE SAME DENDRITIC SPINE
AFTER USING DIFFERENT PROGRAMS IN THREE TIMESTAMPS

to tio ta0
2dSpAn M T F
Spinetools M M M
dSpAn S S S
Neurolucida 360 M M M

F, filipodia; M, mushroom; S, stubby; T, thin.
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As given in Table 5, results from 3D descriptors are different than those from 2D descriptors. One of the
explanations of this is that the structure of the dendritic spines is tightly correlated with their function and
reflects the synapse properties. At the cellular level, the most extensively studied aspect of this phenomenon
is related to dendritic spine enlargement in response to stimulation (Kasai et al., 2003; Rangamani et al.,
2016). Synapse strengthening or weakening along with dendritic spine formation and elimination assures
correct processing and storage of the incoming information in the neuronal network.

Based on the results from estimated transition probability matrix and dependence probability matrix from
3dSpAn classification with four classes (Supplementary Data S3), we can multiply each probability from
estimated dependence probability matrix by a number of spines—thanks to it we have a number of
dendritic spines from each class from each timestamp. About changes, dendritic spines from one class to
another MARHMM is unfortunately not good. This is because the estimated transition probability matrix is
our hidden states (they are responsible for timestamps in our experiment), in estimated dependence matrix
we have only information about the class (column) and timestamp (row). To build a probability model
based on classification changes in time, we need, for example, some graph models (Stefanini, 2014). Of
course, based on the estimated transition probability matrices, we can observe that the probabilities are the
biggest between timestamps 7, and ;o and between ty and 49, which is equivalent to changes in the dendritic
spines dynamics after activation of the molecular mechanisms (Kasai et al., 2003; Szepesi et al., 2014).

Based on our results, we can support the hypothesis of Bokota et al. (2016), that the biological infor-
mation is not stored in the spine shapes or sizes depending on their classes but is rather related to the
dynamic changes at the spine population level.

5. CONCLUSION

The structure of the dendritic spines is tightly correlated with their function and reflects the synapse
properties. Synapse strengthening or weakening along with dendritic spine formation and elimination
assures correct processing and storage of the incoming information in the neuronal network. This plastic
nature of the dendritic spines allows them to undergo activity-dependent structural modifications, which are
thought to underlie learning and memory formation. At the cellular level, the most extensively studied
aspect of this phenomenon is related to dendritic spine enlargement in response to stimulation (Bokota
et al., 2016). The presented methods can be used not only in dendritic spines for neurobiological experi-
ments but also in other biological branches [genetics (Kroger et al., 2017), molecular biology (Qing, 2017),
immunology (Hill et al., 2017), hematology (Efficace et al., 2017)], or even in other science problems such
as in medicine (diagnostic, epidemiologic) (Porcelli and Guidi, 2015; DasMahapatra et al., 2017), psy-
chology (psychology diagnostic) (Porcelli and Guidi, 2015), or sociology (relationships between people)
(Wong et al, 2017). In each instance in which we want to know about the next step, we can use the forward-
directed ARHMM, if we want to know about the previous step, we can use backward-directed ARHMM,
and finally the MARHMM can be used for considering both previous and next steps. Also results from
MARHMM used in machine learning can be used in developing a new spice classification descriptor. Also
based on results from MARHMM, we can choose the best descriptor, and by using other tools we try to
build probabilistic models.
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Supplementary Data

Supplementary Data S1

In this supplementary data we describe with mathematical details four descriptors used to classify the
dendritic spines.

S1. 2D SPINE ANALYSIS (2D DESCRIPTOR)
S1.1. Basic theory

In this 2D spine analysis (2dSpAn) descriptor, a grayscale image (/) is used as input. Dendrites with
spines are defined as the object region (O) and the remaining region is considered as the background
(B=1-0). For segmentation of dendritic spines, first, two points are marked on a dendrite (by a researcher)
to identify it. Then, a region of interest (ROI) is estimated around these two points, and denoted as R; where
RCI,i=1,2, ...,nif nis the total number of ROIs identified from the image. Subsequently an adaptive
binarization algorithm (Otsu, 1975) is used to binarize R;. After binarization, a set of convolution kernels
proposed by Basu et al. (2007) is applied to segment the dendritic portion of R;. The convolution kernels K,
are represented as mutually exclusive set of three tuples, such that K, : {(x, ki1, k12), (o, k21, k22) . - -
(o, ka1, kaa)}, where o represents the angular spread (in degree) of the kernel and M= %. Designed
convolution kernels can be applied with different values o =90, a=45, etc. for better segmentation result.
During the segmentation, first kernel k;; from the first marked point is applied until second point or a
boundary condition is reached. Let the expanded region in this step be Ry C O. Next, second kernel k;; is
applied from the second marked point, until the first point or a boundary condition is reached. Let the
region expanded after applying k;» be Ry C O. Then a region R3 =R; N R, is estimated as the intersection of
the two expanded regions generated by two kernels k;; and k. Finally, a spine seed is selected manually as
a point inside a potential dendritic spine region bounded by B and R3. The bounded region, expanded from
S, using a region growing algorithm (Adams and Bischof, 1994), is marked as segmented spine. The
segmentation result may change with variation of o and binarization threshold.

S1.2. Quantitative assessment of dendrite spine morphology

Here we describe mathematical equations written in 2dSpAn that help us in dendritic spine classification
into one of four categories:

1. Stubby

2. Mushroom

3. Filipodia

4. Spine-head protrusion (in our study we call thin)

The formal definitions of the base, neck, and head of the spine are used by the standard mathematical
notations of digital topology and geometry. First, the base By of the dendritic spine S is identified as the set
of points (Sgus.) in Rz such that Sg,. and S, are adjacent. The central base point (CBP) of spine S,
CBP, = B%Zipi, where |By| is the cardinality of the set of points in By, CBP; € R; U S, and p; € By.
Distance transform (DT) (Borgefors, 1986; Saha et al., 2015) in R is calculated by considering Sj as the
object and (R— S) as background. Let the DT values (distance of each point from the background) for any
point p € R be Q(p). The local scale of an object pixel is defined as the DT value (depth) at the closest
locally deepest pixel. Specifically, a pixel p € Sy is said to be locally deepest if Vg € N;(p), Q(g) < Q(p),
where N;(p) the (2/+1)* neighborhood of p, =2, is used to avoid noisy local maxima. To find the length of
the spine, from the farthest point to CBPy, in S, DT is computed in Sy by considering CBP; as background
and represent it as Q. The central head point (CHP) is defined as CHP;, = H%k > ipi, where HP; C Sy is the



set of locally deepest points in Sy, |HPy| is the cardinality of the set of points in HPy, CHP; € S, and
pi € HPy. The farthest point (FP), p € Sy, is defined such that, Vg € S, Q(q) < Q(q) CBP, CHP, and FP
play key roles in estimation of the spine attributes such as length of the spine, neck length, neck width, and
head width. A geodesic path is defined from base to head BH; of the spine S, joining the two central points
CHP), and CBP;, such that Zp[eBHk Q(p;) is minimized (in other words BHj is the minimum distance path
between CBP, and CHP;). Likewise, the central path from head to farthest point HF} of the spine Sy is
computed by joining CHP; and FPj such that Zp,eBHk Q(p;) is minimized (in other words HF} is the
minimum distance path between CHP; and FP;). The neck length is estimated of S; as NL;=BH; —
Q(CHPy). Minimum neck width is estimated as MNW = miny,,cpn, Q(p;). Average head width of the spine
Sk is estimated as AHW; =avgy, cpy, 2(p;) and the length of the spine is estimated as Ly =|BH;|+ |HFy|.
Hereunder we show the algorithm that classifies the spines into one of four categories:

for (each segmented spine Sk € S) do

if (NL,==0) then S;= Stubby

if (NLy > 0) && 2 "’*(Hpk > 7 then Sy =filipodia

if (NL, > 0) && (S 75 Filipodia) && BHk < 6 then S;=Mushroom

if (NLy > 0) && (Si # Filipodia) && (S;< =% Mushroom) then S, = Spine-Head Protrusions (in our study
we call it as thin)
where HP; are locally deepest points, D,,,.(HPy) is the distance between the two farthest locally deepest
points, and J and y are thresholds.

For more in-depth information about 2dSpAn, descriptor see Basu et al. (2016).

S2. SPINE TOOLS (2D DESCRIPTOR)

This descriptor was written in Python 3 language and is based on virtual skeleton and cluster analysis.
For take into consideration purpose of shape analysis and to classify spines into classes, the images of
individual spines were first straightened, which is transformed so that the virtual skeleton of each spine
formed a straight line. Next, the images were rescaled to normalize the spine area, and for each spine d(h),
diameter of the spine as a function of distance from the dendrite, was found. To classify the spines
according to shape, a two-step procedure was used: first, all d(k) functions were clustered, next, the clusters
were manually sorted into three groups (mushroom, stubby, and thin spines) based on average images of the
clusters and visual inspection of spines comprising the clusters. For details about this method see Jasinska
et al. (2016).

S3. NEUROLUCIDA 360 (3D DESCRIPTOR)

This method is based, in part, on the laboratory version of NeuronStudio, originally developed at the
Icahn School of Medicine at Mount Sinai by Wearne and colleagues (Rodriguez et al., 2003, 2006, 2008;
Wearne et al., 2005). Unfortunately no more information about the algorithm was presented in the article,
only the protocols and instructions how to use different tools in this descriptor (Dickstein et al., 2016).

S4.3D SPINE ANALYSIS (3D DESCRIPTOR)
S4.1. Basic theory

This method allows users to mark a specific dendritic spine to segment the spine as three-dimensional
(3D) volume and extract relevant morphometric features with high accuracy and minimal user intervention.
This method is also based on digital topology and geometry but in 3D which means cubic grid represented
by Z3|Z, the set of integers. A grid point referred to as a point or voxel is an element of Z* and represented
by a triplet of integer coordinates (x, y, z). An object O is a fuzzy subset {(p, to(p))|p € Z3} of Z°, where
Ue:Z> — [0, 1] is the membership function. The support O of an object O is O={p|p € Z3anduy(p) # 0};
0=273-0 is the background. Let S denote a set of voxels. A path 7 in S from p € Sto g € S is a sequence
of voxels {p=p1, p2, -..,pr=q) in S such that every two successive voxels are adjacent. A link is a path
{p, q) of exactly two adjacent voxels. The length of a path ==(py, p, ..., p;) in a fuzzy object O, denoted
as wo(m).
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where ||p; —pi+1]| is the Euclidean distance between p and q. The fuzzy distance (Saha et al., 2002; Saha
and Wehrli, 2004) between two voxels p, ¢ € Z* in an object O, denoted by weo(p, q), is the length of one
of the shortest paths from p to g: wo(p, q) =mingcpp, ) I11o(n), where P(p, g) is the set of all paths from p
to g. The fuzzy DT (FDT) of an object O is an image (p, Qo(p))|p € Z3, where Qp : Z°> — R*|R* is the
set of positive real numbers, including 0, that is the fuzzy distance from the background: Qun(p)=
mingco 0o(p, q).

In case of segmentation of dendrite and dendritic spine, we can define the dendrite as fuzzy object
Opendrite and spine as Osgpipe. The main challenges are

1. separating the fuzzy objects Osp;ne from Op,parire, Which are fused at various unknown locations and
scales, and
2. morphologically defining spine compartments in the segmented fuzzy objects Ogpie.

The first challenge is solved using the multiscale opening (MSO) algorithm (Saha and Udupa, 2001) in
two steps.

Step 1: Segmentation of the combined region Ospine U Openayire from the background.
Step 2: Separation of Osyine and Opeparite-

The first step is trivially achieved using simple thresholding (Saha et al., 2016) and connectivity analysis
(Zhiyon et al., 2012). Let O be the fuzzy segmentation of the combined region that is obtained in Step 1. In
all subsequent analyses, the support O of O is considered as the ‘‘effective image space.” Let I:0 —
[Lnin»> Imax] be the image intensity function over O. In the second step, segmentation is modeled as the
opening of two fuzzy objects mutually fused at different unknown locations and scales in the shared
intensity space, I. Here, the main challenge is to determine the local size of the suitable morphological
operator that can separate spines from the dendrite. The developed MSO algorithm combines FDT (Saha
et al., 2010) and fuzzy connectivity (Udupa and Saha, 2003) to iteratively open the two objects in /.

S4.2. MSO algorithm

The idea of the MSO algorithm (Saha et al., 2016) is to gradually erode the assembly of two fused
objects until they become mutually disconnected and create two separate objects. The first iteration starts
with two sets of seed voxels, Sspine and Spenarire, and a set of common separators, Ss. The initial FDT map
Qgpine,o for the first object is computed from O, except that the voxels in Spearie U Ss are added to the
background. The FDT map Qp,parie, 0 for the other object is calculated in the same way. The sets Ssyine,
SDendrite» and Ss are mutually exclusive. The coupling of two objects is described by the intensity overlap of
dendritic segment and the spines, which are fused with each other at different unknown locations and
scales. Let tp,qrire and pg),;,, denote the dendrite and spine membership functions, defined as the following:

0 if I(p) < ISpine
1(p) = Ispine .
:uDendrite(p): II)U,(IZ,)”,——SIIS/,,,,( if ISpine < I(P) < IDendrire ’
if I(p) > IDendrite
0 if I(p) < Imin

1 (p) 1 if Imin < I(P) < ISpine
i = Ipendrite =1 . >
Spine W if ISpine < I(P) < IDendrite
if I(p) > IDendrite

where I : O — [Lin, Inax] is the image intensity function over O. Iy, and Ipengrire are the representative
spine and dendrite intensities that define the transition between pure and shared intensity space. Let
Ppendrie C O and Pgp,;e C O be the set of voxels that belong to the pure intensity band for dendrite and
spine, respectively. Thus, the set of voxels that fall within the shared intensity band is Ospareq = O — Ppenarite
— Pspine. A fuzzy representation of the composite object is obtained by taking the fuzzy union of the two
membership functions. The iterative approach of the MSO of two structures takes several iterations to grow
the path continuity of an object, starting from its seed voxels (commonly added in large-scale regions) to a



peripheral location with fine-scale details. After the iterative propagation of the MSO algorithm, the
dendrite region is segmented as a single connected component. Oy, represents one or more disjointed

K

spine regions (R;), such that Ogp,. = |J R;, where K is the total number of disjointed spine segments in
i=1

Ospine, and each such segmented spine region R; contains at least one spine seed p € Sspine-

S4.3. Morphological definitions for the spine regions

Once the spines are segmented from the dendrite, the challenge is to assess the morphological attri-
butes accurately. In this study, several key morphological features of 3D dendritic spines are defined.
Specifically, four key spine features that are related to the base and head of a spine are defined using
standard notations of digital topology and geometry (Borgefors, 1986; Saha et al., 2015). The base of
spine, for a given spine R; U Ospiye, is defined as the set of points B; U Opengrire Such that Vp € B;, g € R;
is adjacent to p. The CBP, for a given spine R;U Ogpine, is the centroid of the base of the spine
R; (ie., CBP;= u;_,.\ZVP € B;p, where | - | is the cardinality of a set).

The head and tip of a spine are defined using the FDT (Borgefors, 1986; Saha et al., 2015) Q; of R;. A
locally deepest point in a spine R; is a point p € R; such that Vg € N;(p)Qi(q) < Q:(p), where N(p) is the
(21+ 1)* neighborhood of p. Here, /=2 is used to avoid noisy local maxima. The center of the head CH; of a
spine R; is the locally deepest point in the spine. If multiple locally deepest points criterion, their centroid is
used. The tip of a spine T; of a spine R; is a point 7; € R; that is farthest from its CBP;. In a situation
wherein multiple points of R; satisfy the farthest distance criterion, their centroid is used. CBP;, CH;, and T;
play key roles in estimating spine attributes, such as length of the spine, neck length, neck width, and head
width, for each individual spine R;. The geodesic path from base to head BH; of the spine R; is estimated by
joining the two central points CBP; and CH; such that ZVpeBH, Q;(p) is minimized. Likewise, the central
path from head to spine tip HT; of the spine R; is computed by joining CH; and T}, such that vae ur, 2i(p)
is minimized. The neck length NL; of R; is NL;=BH;—Q;(CH;). Minimum neck width MNW; of R;,
MNW; =minyyepn,(£2;(p)). Average head width AHW; of the spine R;, AHW;=avgVp € HP;(£;(p)) such that
HP; is the set of all locally deepest points in R;. Finally, the length of the spine Li is estimated as
L= |BH,| + |HTZ|

For more general information about 3D spine analysis (3dSpAn) descriptor, see Basu et al. (2018).

SS. VITERBI ALGORITHM DESCRIPTION

The Viterbi algorithm was introduced by Viterbi (1967) as a decoding algorithm for convolution codes
over noisy digital communication links. It is a dynamic programming algorithm to find the most likely
sequence of hidden states. In hidden Markov model (HMM)), the observation is independent of all the other
observations. In this situation, Viterbi algorithm only uses the information of the previous state of a hidden
state and does not consider the dependency among observations. Of course, some authors introduce
approaches in which the dependency among observations are considered. For this purpose, the extension of
HMM called autoregressive HMM (ARHMM) is considered (Rezaei Tabar et al., 2018).

SUPPLEMENTARY DATA S2

In this supplementary data, we describe in detail how to prepare data from experiment to use in the
ARHMM algorithm. Our data should be saved as matrix, each column representing one timestamp, each
row representing a single dendritic spine. Each dendritic spine numerically encodes the spine classes (e.g.,
stubby class “‘s’’ was encoded as 1, mushroom class ‘““m’’ as 2, etc.). After this we could finally proceed to
run the descriptor using the following parameters:

data, the matrix with the data;

level, how many classes are used (in our study we use 4 and 5);

transition probability matrix, a square matrix n X n, where n is the number of timestamps. Here, since we
had three timestamps, the matrix was of shape 3x3. Since each row represents transition probability
from a given state, the sum of the values in a row must be equal to 1;



initial probability vector, vector with probabilities, of size n, representing the initial probability of each
state (sum must be equal to 1);

number of iterations, total number of iterations;

dependence matrix, this matrix is defined as P(O|S;, O;_1 =i). In other words, it represents the probability
of getting particular observation O, given the previous observation O,_; and current hidden state S,.
Again sum of each row must be equal to 1. The size of the matrix is k X n, where k is the number of spine
classes and n is the number of columns.

Hereunder we show how the matrices and vectors look like and what values were used to plot curves on
Figures 2—4.

04 04 02
N . . 7 02 0.1
Transition probability matrix, 02 05 03]’

initial probability vector, [0.3;0.4;0.3];
dependence matrix,

[0.3 02 03 0.2
04 0.1 04 0.1

for 4 classes, | o5 o5 01 02|

(03 02 02 02 0.1
04 0.1 02 0.1 02

for 5 classes, | 5 03 01 02 02

SUPPLEMENTARY DATA S3

In this supplementary data, we show results with comments about shape analysis based on parameters that
were given from 3dSpAn descriptor after segmentation and classification by this descriptor. Principal com-
ponent analysis method was used (separately) on all three timestamps for parameters (volume, length, head
width, and neck length) calculated by 3dSpAn descriptor. For the first two features (components) in timestamps
1o and t9, the reduced representation we cover ~ 72.7% of the variance. For timestamp #4 for first two features
(components), we cover 71.8% of the variance. These results are very similar/close to results that we have in
our previous study (Urban et al., 2019). This can be explained by number of parameters that describe dendritic
spines (in 3D we have 4 parameters and in two-dimension [2D] we have 11 parameters).

In fuzzy partition coefficient (fpc), we could observe that the highest value was for only one center—in
contrast to many centers from 2D as in Urban et al. (2019). Also, here we do not have the highest value (1)
but only ~0.9. The difference can be that 3D classification does not take into account subpopulations of the
dendritic spines (e.g., longer and shorter dendritic spines for filipodia class). Because of this result, it can be
hard (or even useless) to use hierarchical clustering where one of the parameters that we must give is
number of centers. Also, the curve for fpc is logarithmic going down (more centers mean less fpc value).
One of the explanations of this situation is too small data set (300 dendritic spines), second is that four
parameters describing each dendritic spine can also be too small [in Urban et al. (2019), data set was for
2000 dendritic spines and 11 parameters but for only 1 timestamp f].

SUPPLEMENTARY DATA S4

In this supplementary data, we present the estimated transition probability matrix for version 5 (square
dark gray line from Fig. 2B):

0.0000 0.4570 0.5429
0.9966 0.0033 0.0000
0.0000 0.0549 0.9451



and the estimated dependence probability matrix for version 4 (light gray vline from Fig. 3A):

0.3457 0.1345 0.4150 0.1049
0.2385 0.1382 0.4382 0.1851
0.4719 0.2654 0.1353 0.1274

The matrix for transition can be explained that first row (and first column) is 7y, second row (and column)
is t10, and third row (and column) is #49. The transition is between states that are in our study timestamps.
The transition probability is the conditional probability, it means that we are now at time ¢ given the
previous state was at time t— 1, the zero probability (first row, first column) means that the transition
probability from being at state 7, at time ¢ given being at state 7, at time 7—1 is 0.

The dependence matrix is constructed this way: first row is #y, second row is 1o, and third row is #49.
Column is dendritic spine class: first column is stubby, second column is mushroom, third column is
filipodia, and last column is not existing. Probability that the dendritic spine from time point #, with class
stubby will still be in class stubby in time point #;o with probability 0.2385. This information can be used
for example in building networks.

For 3dSpAn for four classes (gray square line from Fig. 4B), the best estimated transition and depen-
dence probability matrices are as follows, respectively:

0.0000 0.9725 0.0275
0.6754 0.3120 0.0126
0.0000 0.6098 0.3902

0.8108 0.0415 0.0079 0.1398
0.4824 0.1807 0.1010 0.2359
0.4884 0.0536 0.4580 0.0000
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Information encoded in volumes
and areas of dendritic

spines is nearly maximal

across mammalian brains

Jan Karbowski'™! & Paulina Urban23*

Many experiments suggest that long-term information associated with neuronal memory resides
collectively in dendritic spines. However, spines can have a limited size due to metabolic and
neuroanatomical constraints, which should effectively limit the amount of encoded information in
excitatory synapses. This study investigates how much information can be stored in the population of
sizes of dendritic spines, and whether it is optimal in any sense. It is shown here, using empirical data
for several mammalian brains across different regions and physiological conditions, that dendritic
spines nearly maximize entropy contained in their volumes and surface areas for a given mean size in
cortical and hippocampal regions. Although both short- and heavy-tailed fitting distributions approach
90 — 100% of maximal entropy in the majority of cases, the best maximization is obtained primarily
for short-tailed gamma distribution. We find that most empirical ratios of standard deviation to mean
for spine volumes and areas are in the range 1.0 £ 0.3, which is close to the theoretical optimal ratios
coming from entropy maximization for gamma and lognormal distributions. On average, the highest
entropy is contained in spine length (4 — 5 bits per spine), and the lowest in spine volume and area

(2 — 3 bits), although the latter two are closer to optimality. In contrast, we find that entropy density
(entropy per spine size) is always suboptimal. Our results suggest that spine sizes are almost as
random as possible given the constraint on their size, and moreover the general principle of entropy
maximization is applicable and potentially useful to information and memory storing in the population
of cortical and hippocampal excitatory synapses, and to predicting their morphological properties.

Many experimental data suggest that dendritic spines (parts of excitatory synapses) in neurons are the storing
sites of long-term memory (or long-term information), mainly in their molecular components, i.e. receptors and
proteins'~!. Spines are dynamic objects'®!>"' that vary vastly in sizes and shapes'>-'. Small spines can disappear
in a matter of few days, while large spines can persist for months or even years>*'®. Despite this variability, their
size highly correlates with a magnitude of synaptic current (synaptic weight or strength), which suggests that
there is a close relationship between spine structure and physiological function®. Moreover, the variability in
spine’s size is also strictly associated with a variability in the number of AMPA receptors on spine membrane'?,
as well as with changeability in the size of postsynaptic density (PSD)*’, which is composed of the thousands of
proteins implicated in molecular learning and memory storage®*!.

Given high turnover of individual spines it is unclear how precisely the long-term information is stored in
the brain*'"*2. Some theoretical models suggest that functional memory is stored on a population level in the
distribution of large number of synaptic contacts”*-2® or in the distribution of molecular switches contained in
those global synapses?”~%°, not locally in single synapses. In this picture, global long-term information of a given
neuronal circuit is associated with its pattern of synaptic connections (associated with a pattern of spine sizes
and their internal molecular characteristics), and the appearance or disappearance of a single connection does
not matter for the global information stability and its persistence. In this study, we also adopt this viewpoint that
spine population is more important functionally for memory storage than individual spines. Indeed, in support
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of this view, we show below that the distribution of spine sizes during the whole development in human hip-
pocampus is essentially invariant, despite obvious temporal variability on a single spine level (see also Ref.*").

The tight correlations between spine geometry and spine molecular composition, responsible for encoding
and maintaining of memory, suggest that one can use the spine size as some measure of its information content’'.
On the other hand, despite large spine size variability, its population mean diameter is relatively stable in a narrow
range of a fraction of micrometer®>**-*. This indicates that the mean spine size may be restricted due to limita-
tions of cortical space associated with dense packing of different neuronal and non-neuronal components®>*.
More importantly, the mean spine size should be also constrained by metabolic considerations, since synapses
use large fractions of brain energy®**”*, This is because postsynaptic current is proportional to average spine
size?, which means that bigger spines with stronger synaptic strength are generally more energy consuming than
smaller spines with weaker strength®’~*. These arguments suggest that molecular information encoded in the
geometry of dendritic spines should be limited by neuroanatomical and metabolic constraints, and both can be
simply united by a single parameter, which is the population mean of spine size.

The main goal of this study is to investigate the long-term information capacity of dendritic spines related
to memory, which we quantify by entropy associated with the distribution of their sizes. Consequently, the
term information is meant below in this particular sense, and we often use entropy and “information capacity”
(or information content) interchangeably. The specific questions we ask in this study are the following: Is such
information optimized somehow, given the constraints on mean spine sizes? If so, how large is the deviation from
the optimality for the parameters characterizing spine distributions? To answer these questions, we collected
data from published literature on spine (or PSD) sizes (volumes, areas, length, and head width) for different
mammals and different cortical and subcortical regions (see the "Methods"). These data allowed us to compute
empirical Shannon entropy (related to information content) associated with spine sizes for species, brain region
and condition, and to compare it with a theoretical upper bound on the entropy for a given mean spine size.
Within this theory we can also compute the optimal ratios of spine size variability and compare it with the data.

Results

Fitting of dendritic spine sizes to lognormal, loglogistic, and gamma distributions, and empir-
ical Shannon entropy

Previous empirical studies on dendritic spines have shown that their sizes (or synaptic weights) can be fitted well
to either lognormal or gamma distributions'*****4~*_ However, these two types of the probability distributions
differ significantly in terms of their asymptotic behavior: for very large spine sizes the former displays a heavy
tail, while the latter decays exponentially with a short tail. Our first goal is to determine which distribution, with
heavy or short tail, can better describe experimental data. In our analysis, we also added an additional probability
density, not tried by previous studies, the loglogistic distribution that has a heavy tail (but see also Ref.””, for a
special case of loglogistic distribution, which unfortunately has infinite mean and variance). This distribution
has an interesting property, because for small sizes it behaves similar to the gamma distribution, whereas for
large sizes it resembles the lognormal distribution, although it has a longer tail. For this reason, the loglogistic
function is an alternative to the two extreme choices used in the past!?33344245-49,

In Figs. 1 and 2 we present histograms for the empirical spine volume and length from human cingulate
cortex of two individuals (40 and 85 years old), taken from**. These histograms can be well fitted to the three
mentioned theoretical distributions. The goodness of these fits was conducted using the Kolmogorov-Smirnov
test with cumulative distribution function CDF, which confirms that all three distributions can be used (Sup-
plementary Figs. S1 and S2). The quantitative agreement between the theoretical CDF and the empirical CDF
depends on the number of bins Nj, used for sampling, but in all studied cases the fits to the three theoretical
distributions are always statistically significant at 95% level of confidence (Supplementary Table T1). For exam-
ple, for spine volume the best fits, as specified by the Kolmogorov-Smirnov distance Ds, are for lognormal and
gamma distributions, but the latter distribution is a better choice for the larger N (Supplementary Table T1).
Similarly, for spine length the best fits are mostly for gamma distributions, except in one case where lognormal
is slightly better (for maximal possible N, = 412). Nevertheless, it should be said that the differences between
Dks for these two dominant distributions are rather small, which suggests that it may be difficult to precisely
pin-point which distribution, either with short or heavy tail, is a better fit.

Next, we want to determine how stable are the distributions of spine sizes across the whole developmental
period (Fig. 3 and Supplementary Fig. S3). To address this, we use another collection of data on spine length and
spine head diameter from human hippocampus (*°, and private comm.). It is important to emphasize that the
histograms for these two parameters seem visually invariant from the early age of 2 years to 71 years old, possibly
with an exception for spine length of 5 month old for which the histogram is broader though with essentially the
same mean (Fig. 3 and Supplemental Fig. S3). All empirical distributions of spine length and spine head diameter
can be significantly described (at 95% level of confidence) by all three theoretical distributions, however, the best
fits (with the smallest Dgs) are provided predominantly by gamma distribution (Supplementary Figs. S4 and S5;
and Table T2). Essentially, this result agrees with the other fits of spine length from cingulate cortex (Figs. S1
and S2), for which gamma distribution is also slightly superior.

Our next goal is to find empirical Shannon entropies associated with the discrete histograms of spine sizes
in Figs. 1, 2 and 3 (and Supplementary Fig. S3), and to compare them to continuous entropies associated with
the three fitting probability distributions. This is conducted using Eq. (1) in the Methods for the continuous
fitting distributions, and using a discrete version of this equation for the histograms. Both entropies depend on
spine size resolution, or equivalently, intrinsic noise amplitude Ax related to subspine molecular fluctuations
associated with elementary changes in spine size (Eq. 2). Calculations reveal that the continuous distributions
provide theoretical entropies (Hy,) that very well approximate the empirical entropies (Hey) from the histograms
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Figure 1. Fitting of spine volume to lognormal, loglogistic, and gamma distributions. Empirical histograms of
spine volumes from human cingulate cortex (rectangles; combined spines from apical and basal dendrites taken
from**) were fitted to three different distributions (solid lines). Number of bins Nj, = 20 for all plots. Below we
provide mean values of the fitted parameters and corresponding 95% confidence intervals in the brackets. ( A)
Fits for 40 years old yield the following parameters: & = —1.56 CI = [- 1.58, - 1.53],0 = 0.87 CI = [0.85, 0.88]
(lognormal); a = 0.22 CI = [0.21, 0.23], b = 2.03 CI = [1.94, 2.12] (loglogistic); and @ = 1.67 CI = [1.61, 1.73],
B =5.72CIL = [5.51, 5.93] (gamma). (B) Fits for 85 years old give: u = —1.50 CI = [- 1.53, - 1.46],0 = 0.91CI
=[0.88, 0.93] (lognormal); a = 0.24 CI = [0.23, 0.25], b = 1.93 CI = [1.83, 2.03] (loglogistic); and « = 1.56 CI =
[1.49, 1.63], B = 4.91CI = [4.66, 5.18] (gamma).

for all fits in Figs. 1, 2 and 3 and S3, with small differences between the two mostly no more than 5% (Table 1).
Overall, the gamma distribution provides the best approximations, which in many cases deviate by less than
1% from the empirical entropies. The heavy-tailed lognormal distribution also gives very good approximations
(mostly1 — 3%), while the loglogistic distribution yields a little less accurate numbers but still sufficiently close
(mostly 4 — 5% of deviation).

To summarize, our fitting analysis reveals that the empirical data on spine sizes can be described well by the
three different continuous distributions, either with short or heavy tails (gamma, lognormal, and loglogistic).
However, slightly better fits are provided mostly by gamma and occasionally by lognormal, which suggests that
spine sizes distributions do not have too heavy tails. Furthermore, the entropies associated with these distribu-
tions give reasonably good approximations to the empirical entropies, again primarily gamma and secondary
lognormal.
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Figure 2. Fitting of spine length to lognormal, loglogistic, and gamma distributions. Empirical histograms of
spine length from human cingulate cortex (rectangles; combined spines from apical and basal dendrites taken
from®*) were fitted to three different distributions (solid lines). Number of bins N}, = 20 for all plots. Below we
provide mean values of the fitted parameters and corresponding 95% confidence intervals in the brackets. (A)
Fits for 40 years old yield: © = 0.34 CI = [0.33, 0.35], 0 = 0.52 CI = [0.51, 0.53] (lognormal); a = 1.46 CI =
[1.23, 1.69], b = 3.44 CI = [2.85, 4.03] (loglogistic); and @ = 4.31CI = [3.61, 5.01], 8 = 2.71 CI = [2.48, 2.96]
(gamma). ( B) Fits for 85 years old yield: u© = 0.33 CI = [0.32, 0.34],0 = 0.52 CI = [0.51, 0.53] (lognormal);

a = 1.44 CI=[1.20, 1.68], b = 3.42 CI = [2.80, 4.04] (loglogistic); and « = 4.26 CI = [3.49, 5.03], B = 2.70CI =
(2.42, 3.02] (gamma).

Entropy associated with spine sizes is nearly maximal for spine volume and area

We collected a large data set of dendritic spine sizes from different sources (Tables 2, 3, 4 and 5; and Methods).
These data contain values of mean and standard deviations of spine (or PSD) volume, surface area, length, and
spine head diameter in different brain regions of several mammalian species (mostly cerebral cortex and hip-
pocampus). Next, we make an assumption, based on the results and conclusions in Figs. 1, 2 and 3 and S1-S5,
and Tables 1 and T1, T2, that all the collected data on spine sizes can be described well by the three discussed
above distributions, and additionally that the entropies of these continuous distributions are good approxima-
tions of the empirical entropies related to empirical, mostly unknown, distributions of the collected data in
Tables 2, 3, 4 and 5. With this logic in mind, we are able to estimate the entropy associated with each spine size
parameter for the three distributions (Eq. (1) in the Methods), using only the means and standard deviations
of the data. This is possible because Shannon entropy for these distributions can be expressed unambiguously
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Figure 3. Similarity of spine head diameter distributions across human lifespan. Empirical data for human
hippocampal spine head diameter (rectangles; taken from*’) ranging from infancy, through maturity, to senility
look very similar. These data were fitted to three different distributions (solid lines). (A) Fitting parameters

for lognormal: 4 = —1.08 CI = [- 1.11, - 1.05], 0 = 0.47 CI = [0.44, 0.50], (5 months); u = —1.07 CI = [-
1.09, - 1.05], 0 = 0.48 CI = [0.46, 0.50], (2 years); & = —1.05CI = [~ 1.07, - 1.03], 0 = 0.47 CI = [0.45, 0.48],
(23 years); u = —1.05CI = [- 1.06, - 1.03], 0 = 0.49 CI = [0.47, 0.50], (27 years); u = —1.06 CI = [- 1.07,

- 1.04], 0 = 0.49 CI = [0.48, 0.50], (38 years); u = —1.05CI = [- 1.06, - 1.03], 0 = 0.48 CI = [0.47, 0.49], (45
years); 4 = —1.05CI = [- 1.06, - 1.03], 0 = 0.48 CI = [0.46, 0.49], (57 years); u = —1.06 CI = [- 1.07, - 1.04],
o = 0.48 CI = [0.46, 0.49], (58 years); u = —1.06 CI = [-1.07, -1.04], 0 = 0.48 CI = [0.47, 0.49], (68 years);

u = —1.06CI =[-1.07, -1.05],0 = 0.49 CI = [0.48, 0.50], (70 years); u = —1.06 CI = [-1.07, -1.04], 0 = 0.49
CI = [0.48, 0.50], (71 years). (B) Fitting parameters for loglogistic: a = 0.35 CI = [0.24, 0.46],b = 3.85CI =
[2.55, 5.14], (5 months); a = 0.35 CI = [0.30, 0.40], b = 3.70 CI = [3.11, 4.28], (2 years); a = 0.35 CI = [0.31,
0.38],b = 3.85 CI = [3.40, 4.30], (23 years); a = 0.36 CI = [0.32, 0.39], b = 3.70 CI = [3.29, 4.10], (27 years);

a = 0.35CI =[0.32,0.37],b = 3.70 CI = [3.37, 4.02], (38 years); a = 0.36 CI = [0.33, 0.38], b = 3.70 CI = [3.40,
3.99], (45 years); a = 0.36 CI = [0.33, 0.38], b = 3.85 CI = [3.56, 4.13], (57 years); a = 0.35 CI = [0.32, 0.37],

b =3.85CI =[3.58,4.11], (58 years); a = 0.35 CI = [0.33, 0.37], b = 3.70 CI = [3.45, 3.94], (68 years); a = 0.35
CI =[0.33,0.37],b = 3.70 CI = [3.47, 3.92], (70 years); a = 0.35 CI = [0.33,0.36], b = 3.70 CI = [3.48, 3.91], (71
years). (C) Fitting parameters for gamma: o = 5.03 CI = [3.14, 6.90], 8 = 13.44 CI = [10.90, 16.80], (5 months);
a =4.82CI=[3.90,5.74], B = 12.68 CI = [11.40, 14.30], (2 years); « = 5.01 CI = [4.28,5.73], B = 12.98 Cl =
[11.96, 14.30], (23 years); o = 4.77 CI = [4.12, 5.41], B = 12.19 CI = [11.30, 13.38], (27 years); « = 4.59 CI =
[4.11,5.06], B = 11.80 CI = [11.03, 12.70], (38 years); & = 4.80 CI = [4.34, 5.25], B = 12.27 CI = [11.54, 13.01],
(45 years); o = 4.90 CI = [4.45, 5.34], B = 12.55CI = [11.84, 13.38], (57 years); o = 4.88 CI = [4.47, 5.28],

B = 12.68 CI = [12.01, 13.40], (58 years); « = 4.73 CI = [4.36, 5.09], B = 12.21 CI = [11.56, 12.85], (68 years);
o« = 4.63CI = [4.30, 4.96], B = 11.96 CI = [11.47, 12.55], (70 years); o = 4.59 CI = [4.28,4.90], 8 = 11.79 CI =
[11.25, 12.28], (71 years).
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only by their first two moments (without the knowledge of higher moments), i.e. by their means and standard
deviations (see the "Methods").

We denote the values of the continuous entropies as Hg, Hy,, Hy (Egs. 10, 17, 27), and they provide a good
measure of the empirical information content in dendritic spines. Additionally, we compute a theoretical upper
bound on the entropy for a given mean spine size for each distribution (Hg,m, Hipm> Hii,ms Egs. 12, 19, 29). The
bound Hy ,, for gamma distribution is the highest possible bound Hy,4x for all existing distributions, not only
for the three considered here (see the Methods; Eqs. (4) and (12)). Since mean spine sizes are generally differ-
ent in different brain regions (and even different for the same region in different studies), the upper theoretical
bounds of entropy are also generally different, as they depend on the mean size S (Egs. 12, 19, 29). Moreover,
the upper bounds for lognormal and loglogistic distributions are slightly smaller than the bound Hy,y for the
gamma distribution. The latter bound is reached for a specific type of the gamma distribution with @ = 1, cor-
responding to an exponential distribution, for which an optimal ratio of standard deviation to mean spine size
is equal to 1 (see the "Methods"). However, it should be stressed that none of our spine data can be fitted by an
exponential distribution, since & > 1in all fitting figures (Figs. 1, 2 and 3). This in turn suggests that real spine
distributions deviate to some extent from the theoretically optimal exponential distribution. By comparing
data driven continuous entropies H (Hg, Hy,, Hy) for all three distributions to the maximal entropy Hyax, we
can assess how close to the theoretical optimum is the entropy contained in spine sizes for each distribution.
That closeness is quantified by an entropy efficiency n defined as the ratio n = H/Huax (Eq. 30 in the Methods).

Another relevant quantity that we compute is deviation from the optimality D (D, Dy, Dyj), which measures
a deviation of the two parameters characterizing a given distribution from their optimal values defining a cor-
responding upper bound entropy (Egs. 38, 39 and 40 in the Methods). This quantity is analogous to a standard
error, which means its smallness is an indicator of the closeness of the empirical parameters to their optimal
values.

The results in Figs. 4 and 5, and Tables 2 and 3, for spine volume and area (including PSD volumes and
areas) indicate that the corresponding data driven continuous entropies essentially reach their upper theoretical
bounds in a huge majority of cases (the maximal possible bounds are boldfaced and given by Hy ;). This fact
is also evident from 90 — 100% of the entropy efficiency 1, especially for gamma distribution, as well as from
a relatively small values of the deviation from optimality D (Tables 2 and 3). Moreover, the empirical ratios of
standard deviation to mean (SD/mean) for spine volumes and areas are in many cases in the range 0.7 — 1.3, and
these values are only 30% away from the optimal ratio (1.0) for gamma distribution (Figs. 4B and 5B). There are,
however, a few exceptions that yield suboptimal entropies, most notably cerebellum for which SD/mean is much
smaller than 1. There are also some negative values of entropy for gamma distributions (macaque monkey), but
these cases are only mathematical artifacts (see the Discussion).

The near optimality of entropy for spine volume and area across different species and many cortical and hip-
pocampal regions is a remarkable result. It suggests that regardless of brain size, brain region, age, or neurophysi-
ological condition, the distributions of spine volume and area adjust themselves such that to almost maximize
their information content subject to size constraint, in most cases. The maximal values of the entropy depend
logarithmically on the mean spine volume or area, and are in the range 2.3 — 3.5 bits per spine, depending on
average spine size. This means that spines on average contain between 5 and 11 distinguishable structural states.

The results for spine length and spine head (or neck) diameter show that the corresponding entropies are
more distant to their theoretical optima, especially for head diameter, than those for spine volume or area (lower
values of the efficiency n, higher deviations D in Tables 4 and 5; Figs. 6 and 7). That is a consequence of higher
deviations in their ratio SD/mean from optimality, which are mostly below 0.7 (Figs. 6B and 7B). Nevertheless,
the spine length entropies, although not at the vicinity of the upper bound, are significantly closer to it than
spine head diameter entropies, since the latter generally correspond to lower size ratios SD/mean (Figs. 6 and
7; Tables 4 and 5; boldfaced are the maximal upper bounds Hy ;). Interestingly, the information contained in
spine length and head diameter (~ 3 — 5 bits) is greater than in spine volume and area, yielding more structural
spine states between 8 and 30.

It is important to emphasize that the above general trends for entropy maximization across various mammals
are also consistent with the results for human brain, for which we do know the detailed probability distributions
of spine sizes (Figs. 1, 2 and 3 and S1-S5). Specifically, for human cingulate cortex, the best fits to spine volumes
are (mostly) gamma and lognormal distributions (Table S1), which yield entropy efficiency n respectively at the
level of 97 — 99% and 92 — 93%, with relatively low deviations from optimality D at 37 — 61% and 20 — 24%,
and with SD/mean ~ 0.8 for spine volumes (Table 2). In contrast, the same cortical region for spine length with
similar best fitting distributions gives a noticeable lower entropy efficiency about 86 — 90%, and much higher
deviations D in the range 184 — 478%, and generally lower ratios SD/mean (Table 4). For human hippocampus,
spine length is the best described by gamma distribution (Table S2), which yields comparable results: the entropy
efficiency 88 — 90% with deviations 273 — 348% (Table 4). On the other hand, for human hippocampal spine
head diameter, which is best fitted by both gamma and loglogistic distributions, we obtain even lower entropy
efficiency 82 — 86%, and slightly higher deviations for gamma distribution at 344 — 410% (Table 5).

Taken together, the results shown in Figs. 4, 5, 6 and 7 indicate that although less information is encoded in
spine volume and area than spine length or diameter, the former encoding is much more efficient. This means
that the information capacity associated with volume and surface area is nearly maximal possible for given mean
values of spine volume and area, across different species and different conditions.

Density of entropy in spines is not optimal
As an alternative to the problem of information maximization in dendritic spines, we consider also the possibility
that not entropy but the entropy density could be maximized. In particular, we study the ratio F of continuous
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Empirical entropy
Theoretical entropy Hy;, (bits)

Spine parameter | Age (yrs) | H. (bits) Lognormal ‘ Loglogistic ‘ Gamma

Cingulate cortex

Volume 40 3.21 3.05 (4.9%) |2.88(10.3%) | 3.23 (0.6%)
85 3.20 3.05 (4.7%) | 2.89 (9.7%) 3.23 (0.9%)

Length 40 4.66 461 (1.1%) | 451 (3.2%) | 4.71 (1.1%)
85 4.55 4.64 (2.0%) | 4.53 (0.4%) 4.74 (4.2%)

Hippocampus
% 4.58 4.63 (1.1%) | 4.52 (1.3%) 4.75 (3.7%)
2 4.68 4.58 (2.1%) | 4.47 (4.5%) 4.69 (0.2%)
23 4.68 4.56 (2.6%) | 4.45 (4.9%) 4.66 (0.4%)
27 4.70 4.58 (2.6%) | 4.48 (4.7%) | 4.69 (0.2%)
38 4.69 4.57 (2.6%) | 4.47 (4.7%) 4.68 (0.2%)

Length 45 4.70 4.57 (2.8%) | 4.47 (4.9%) 4.68 (0.4%)
57 4.70 4.56 (3.0%) | 4.46 (5.1%) 4.67 (0.6%)
58 4.69 4.56 (2.8%) | 4.46 (4.9%) | 4.68 (0.2%)
68 4.69 4.57 (2.6%) | 4.47 (4.7%) 4.68 (0.2%)
70 4.69 4.57 (2.6%) | 4.46 (4.9%) 4.68 (0.2%)
71 4.69 4.56 (2.8%) 4.46 (4.9%) 4.67 (0.4%)
3 3.63 3.55(2.2%) | 3.45(5.0%) | 3.64 (0.3%)
2 371 3.60 (3.0%) | 3.50(5.7%) | 3.70 (0.3%)
23 3.67 3.59 (2.2%) | 3.50 (4.6%) | 3.69 (0.5%)
27 3.67 3.63 (1.1%) | 3.53 (3.8%) 3.73 (1.6%)
38 3.74 3.65 (2.4%) | 3.54(5.3%) 3.75 (0.3%)

Head diam. 45 3.72 3.63 (2.4%) 3.53 (5.1%) 3.73 (0.3%)

57 371 3.61 (2.7%) | 3.52(5.1%) | 3.72 (0.3%)
58 3.71 3.61 (2.7%) | 3.51 (5.4%) 3.71 (0%)
68 3.73 3.63 (2.7%) | 3.53 (5.4%) 3.73 (0%)
70 3.68 3.64 (1.1%) 3.54 (3.8%) 3.75 (1.9%)
71 371 3.65 (1.6%) | 3.55(4.3%) | 3.76 (1.3%)

Table 1. Comparison of empirical entropies H,n, with theoretical entropies Hy,. All the data for empirical
entropies correspond to N}, = 20. For cingulate cortex, the data come from combining apical and basal
dendrites. The numbers in the brackets for theoretical entropies correspond to differences between H,,, and
Hyp, i.e.|Hyy — Hem|/Hem, given in %.

data driven entropy to mean spine size (volume, area, length, and diameter), as a relevant quantity for maximi-
zation (Eq. 41 in the Methods). From a theoretical point of view, for each of the three considered distributions
the entropy density F exhibits a single maximum as a function of spine size. The height of that maximum cor-
responds to the upper bound on the entropy density, and our goal is to investigate how much the data driven F
differs from that theoretical upper bound.

In Fig. 8 we present the data driven values of the entropy density and compare them to the maximal values of
F. These results show that the densities of entropy F are generally far lower than their upper bounds. Specifically,
Fis~ 1000 and ~ 100 times smaller than its maximal values for spine volume and area, respectively (Fig. 8A,B).
For spine length and diameter the ratio F is closer to its upper bound, but still only at ~ 10% (Fig. 8C,D). The
primary reason for the strong suboptimality of entropy density is that the optimal spine size that maximizes F is
below the size resolution Ax (see the "Methods"). That translates to very high maximal entropy density, which
is unattainable for empirical spine sizes.

We conclude that the density of entropy is not optimized in dendritic spines, which suggests that this quantity
is not as relevant as entropy itself for information encoding in synapses.

Sensitivity of entropy maximization on uncertainty in the model and in the data
We consider two types of uncertainty which might affect our general result of entropy maximization in spines.
First type is associated with uncertainty in estimating the theoretical resolution Ax in Eq. (2). Second type is
associated with experimental uncertainty in estimating standard deviations of spine sizes, which relates to the
fact that spine sizes were collected using different techniques, and each can have a different systematic error.

In Fig. 9A we show the dependence of entropy and information efficiency on the uncertainty in the value of
Ax, which is characterized by the parameter r (see “Uncertainty parameter for intrinsic noise amplitude” in the
Methods). The value r = 11is the nominal value taken for estimates in Tables 2, 3, 4 and 5. Values of r different
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Spine volume, mean+SD Entropy (bits) Efficiency % (deviation %)
Species/region (cond.) (pm?) Hiy (Hin,m) Hy (Hy,m) Hg (Hg,m) Nin (D) nu(Dn) g (Dg)
Mouse
Neoctx (wt) 0.152+0.111¢ 2.81(3.01) 2.66 (2.92) 2.99 (3.13) 89.8 (25.9) 85.0 (47.8) 95.5 (87.5)
Neoctx (mut.) 0.144+0.131°¢ 2.92 (3.00) 2.75(2.91) 3.10 (3.11) 93.9 (16.8) 88.4 (34.5) 99.5 (20.8)
Neoctx 0.081+0.087" 2.83(2.86) 2.66 (2.76) 2.96 (2.97) 95.3(9.2) 89.6 (26.6) 99.7 (13.3)
Hippo. 0.076+0.082° 2.82 (2.84) 2.65 (2.75) 2.95 (2.96) 95.3 (8.9) 89.9 (26.4) 99.6 (14.1)
Hippo. 0.038+0.0364 2.61 (2.67) 2.44 (2.58) 2.78 (2.79) 93.5 (14.5) 87.5 (32.4) 99.8 (11.4)
Piriform 1a 0.129+0.1744 2.97 (2.97) 2.83 (2.88) 2.86 (3.09) 96.1 (1.4) 91.6 (18.3) 92.8 (45.0)
Piriform 1b 0.0710.0734 2.79 (2.82) 2.62 (2.73) 2.94 (2.94) 94.9 (11.1) 89.1(28.5) 99.9 (5.4)
Somatosen. 0.06+0.04° 2.52(2.78) 2.37 (2.69) 2.68 (2.90) 86.9 (28.6) 81.7 (54.5) 92.4 (125.0)
Visual 0.09+0.07f 2.72(2.88) 2.56 (2.79) 2.90 (3.00) 90.7 (23.0) 85.3 (43.6) 96.8 (65.3)
M1 (wake) 0.164+0.183¢ 3.01 (3.03) 2.85 (2.94) 3.12 (3.15) 95.6 (7.7) 90.5 (25.0) 99.2 (19.7)
M1 (sleep) 0.144+0.1568 2.98 (3.00) 2.81(2.91) 3.10 (3.11) 95.8 (9.0) 90.4 (26.2) 99.6 (14.8)
S1 (wake) 0.165+0.1718 3.00 (3.03) 2.83(2.94) 3.14 (3.15) 95.2 (11.1) 89.8(28.2) 99.9 (6.9)
S1 (sleep) 0.126+0.1318 2.93 (2.96) 2.76 (2.87) 3.08 (3.08) 95.1 (10.8) 89.6 (28.0) 99.9 (7.5)
Striat. (wt, Im) 0.050+0.075" 2.73 (2.74) 2.61 (2.65) 2.40 (2.85) 95.8 (6.3) 91.6 (15.3) 84.1 (55.6)
Striat. (mut, 1m) 0.077+0.100" 2.84 (2.84) 2.69 (2.75) 2.80 (2.96) 95.9 (0.4) 90.9 (19.5) 94.5 (40.7)
Striat. (wt, 3m) 0.074+0.094" 2.83 (2.83) 2.68 (2.74) 2.82 (2.95) 95.9 (1.5) 90.8 (20.3) 95.5 (38.0)
Striat. (mut, 3m) 0.089+0.162" 2.82(2.88) 77 (2.79) 1.78 (3.00) 94.0 (15.8) 92.3 (10.9) 59.5 (69.8)
Striat. (wt, 6m) 0.084+0.115" 2.86 (2.86) 2.72(2.77) 2.73 (2.98) 96.0 (2.1) 91.3(17.8) 91.7 (46.6)
Striat. (mut, 6m) 0.088+0.143" 2.85(2.88) 2.76 (2.78) 2.29 (2.99) 95.3 (10.3) 92.3(13.3) 76.4 (62.1)
Striat. (wt, 22m) 0.143+0.211" 2.99 (2.99) 2.86 (2.90) 2.70 (3.11) 96.1 (5.8) 92.0 (15.7) 86.8 (54.1)
Striat. (mut, 22m) 0.089+0.146" 2.85(2.88) 2.76 (2.79) 2.25(3.00) 95.0 (10.8) 92.0 (13.1) 75.2 (62.8)
Rat
Hippo. 0.062+0.080° 2.79 (2.79) 2.64 (2.70) 2.75 (2.91) 95.9 (0.7) 90.7 (19.7) 94.7 (39.9)
Hippo. (ctr) 0.067+0.085/ 2.81(2.81) 2.66 (2.72) 2.79 (2.93) 95.9 (1.5) 90.8 (20.3) 95.5 (37.9)
Hippo. (cLTP) 0.080+0.101/ 2.85 (2.85) 2.70 (2.76) 2.84 (2.97) 96.0 (1.8) 90.9 (20.5) 95.8 (37.3)
Prefro. (ctr) 0.09+0.18% 2.78 (2.88) 2.78 (2.79) 1.20 (3.00) 92.7 (20.4) 92.7 (9.1) 40.0 (75.0)
Prefro. (stress) 0.08+0.37 * 2.15(2.85) 2.76 (2.76) -19.71 (2.97) 72.4 (59.3) 92.9(1.8) -(95.3)
Somatosen. (ctr) 0.51+0.35! 3.06 (3.31) 2.92(3.22) 3.23 (3.42) 89.5 (32.6) 85.4 (52.3) 94.4 (112.3)
Somatosen. (LTP) 0.79+0.49! 3.09 (3.41) 2.96 (3.32) 3.24 (3.53) 87.5 (44.4) 83.9 (60.4) 91.8 (159.9)
Cerebel. 0.12+0.02™ 1.06 (2.95) 1.02 (2.86) 1.08 (3.07) 34.5 (60.4) 33.2(322.7) 35.1 (3500.0)
Macaque
Prefro. (young) 0.106+0.660" 1.93 (2.92) 2.83 (2.83) - 43.1(3.04) 63.5 (73.6) 93.1(0.9) -(97.4)
Prefro. (old) 0.110+0.527" 2.19 (2.93) 2.84 (2.84) -21.7 (3.05) 71.8 (62.2) 93.1(1.7) — (95.6)
Prefro. 0.102+0.075° 2.72 (2.91) 2.56 (2.82) 2.89 (3.03) 89.8 (25.3) 84.5 (47.3) 95.5 (85.0)
Visual (young) 0.062+0.173" 2.50 (2.79) 2.69 (2.70) -2.79 (2.91) 85.9 (35.8) 92.4 (4.9) -(87.2)
Visual (old) 0.070+0.226" 2.43(2.82) 2.73 (2.73) -5.83(2.94) 82.7 (42.8) 92.9 (3.7) -(90.4)
Visual 0.066+0.141° 2.68 (2.81) 2.70 (2.71) 0.61 (2.92) 91.8 (23.3) 92.5(8.1) 20.7 (78.1)
Cingul. 0.07+0.157 2.69 (2.82) 2.72(2.73) 0.59 (2.94) 91.5(23.5) 92.5(8.1) 20.2 (78.2)
Pariet. (young) 0.196+0.353" 3.02 (3.07) 2.96 (2.98) 2.03 (3.19) 94.7 (16.1) 92.8 (11.1) 63.7 (69.2)
Pariet. (old) 0.255+1.528" 2.18 (3.14) 3.04 (3.05) -38.9(3.25) 67.1 (80.5) 93.5(0.9) -(97.2)
Human
Cingul. (40y api.) 0.301+0.245° 3.04 (3.18) 2.88 (3.09) 3.23(3.29) 92.4(22.7) 87.5 (40.8) 98.0 (50.9)
Cingul. (40y bas.) 0.284+0.232° 3.03 (3.16) 2.87 (3.07) 3.22(3.28) 92.4 (22.4) 87.5 (40.6) 98.1 (49.9)
Cingul. (85y api.) 0.310+0.244° 3.03 (3.18) 2.87 (3.09) 3.21 (3.30) 91.8 (24.2) 87.0 (42.9) 97.4 (61.4)
Cingul. (85y bas.) 0.325+0.277° 3.09 (3.20) 2.92 (3.11) 3.27 (3.31) 93.4 (20.9) 88.2 (38.1) 98.8 (37.7)

Table 2. Information contained in the distribution of spine volumes, 98¢ b45; ¢81; dss, es4, f77, g79, hs3, i32, joz, ked,

187, m50, n96; 094, p93, 795 (and J.H. Morrison, private comm.); **. Maximal entropy values are in bold.
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Entropy (bits) Efficiency % (deviation %)
Species/region (cond.) Spine area, meanSD (um?) | Hy,, (Hiy,m) Hy (Hy,m) Hg (Hg,m) Nin (Din) nu(Dy) g (Dy)
Mouse
Hippo. (ctr) 1.15+0.68“ 3.18 (3.54) 3.05 (3.45) 3.32(3.66) 86.9 (75.8) 83.3 (64.6) 90.8 (186.0)
Hippo. (early LTP) 2.78+0.78" 2.67 (3.86) 2.61(3.77) 2.71 (3.98) 67.1(80.9) 65.6 (172.3) 68.1 (1170.2)
Hippo. (middle LTP) 1.90+1.00° 3.25(3.72) 3.14 (3.63) 3.38 (3.84) 84.6 (191.6) 81.8 (75.8) 87.9 (260.9)
Hippo. (late LTP) 1.03+0.47° 2.89 (3.50) 2.79 (3.41) 2.99 (3.62) 79.8 (72.9) 77.1 (91.9) 82.5 (380.2)
Hippo. (PSD; ctr) 0.135+0.084° 2.45 (2.77) 2.32 (2.68) 2.60 (2.89) 84.8 (31.7) 80.3 (60.1) 90.1 (158.3)
Hippo. (PSD; eLTP) 0.197+0.083% 2.20 (2.91) 2.11 (2.82) 2.29 (3.02) 72.8 (44.4) 69.9 (102.2) 75.8 (463.3)
Hippo. (PSD; mLTP) 0.100+0.041° 1.93 (2.66) 1.84 (2.57) 2.01 (2.78) 69.4 (44.1) 66.2 (105.9) 72.4 (494.9)
Hippo. (PSD; ILTP) 0.116+0.091¢ 2.56 (2.72) 2.40 (2.63) 2.74 (2.83) 90.5 (22.8) 84.8 (43.1) 96.9 (62.5)
Hippo. 0.047+0.038" 2.25(2.39) 2.09 (2.30) 2.44 (2.51) 89.6 (21.1) 83.3 (41.2) 97.2 (53.0)
Hippo. (PSD) 0.043+0.031° 2.15 (2.36) 2.00 (2.27) 2.32(2.48) 86.7 (25.6) 80.6 (48.7) 93.9 (92.4)
Piriform 1a (PSD) 0.09620.105° 2.63 (2.65) 2.46 (2.56) 2.75(2.77) 94.9 (8.4) 88.8 (25.8) 99.4 (16.4)
Piriform 1b (PSD) 0.100£0.087° 2.56 (2.66) 2.40 (2.57) 275 (2.78) 92.1 (18.5) 86.3 (36.9) 98.9 (32.1)
Visual (PSD) 0.08+0.06¢ 2.40 (2.58) 2.24 (2.49) 2.58 (2.70) 88.9 (24.3) 83.0 (46.0) 95.5 (77.8)
Visual 0.310.35° 3.06 (3.07) 2.89 (2.98) 3.16 (3.19) 95.9 (7.6) 90.6 (24.5) 99.0 (21.6)
Temporal 0.37+0.36° 3.08 (3.13) 2.91 (3.04) 3.25(3.25) 94.8 (15.2) 89.5(31.1) 99.9 (5.6)
Somatosen. 0.87+0.47F 3.00 (3.44) 2.88 (3.35) 3.13 (3.56) 84.3 (53.9) 80.9 (73.1) 87.8 (242.6)
Rat
Hippo. 0.83+0.638 3.25(3.43) 3.09 (3.34) 3.43 (3.54) 91.8 (36.3) 87.3 (45.2) 96.8 (73.6)
Hippo. (PSD) 0.069+0.0808 2.52(2.53) 2.36 (2.44) 2.60 (2.65) 95.1 (5.7) 89.1(23.5) 98.2 (25.6)
Hippo. (PSD; ctr) 0.068+0.073" 2.50 (2.52) 2.33 (2.43) 2.63 (2.64) 94.7 (9.2 88.3 (26.6) 99.6 (13.2)
Hippo. (PSD; LTP) 0.109+0.179" 2.67 (2.69) 2.58 (2.60) 2.07 (2.81) 95.0 (10.9) 91.8 (13.0) 73.5 (62.9)
Prefro. (ctr) 1.1+1.8 3.50 (3.53) 3.41 (3.44) 2.91 (3.64) 96.2 (28.2) 93.7 (13.1) 79.9 (62.7)
Prefro. (stress) 1.0+1.9¢ 3.42 (3.49) 3.38 (3.40) 2.15(3.61) 94.7 (40.9) 93.6 (10.0) 59.6 (72.3)
Forebr. (PSD; E19d) 0.195+0.1187 2.56 (2.90) 2.43 (2.81) 2.71 (3.02) 84.8 (33.2) 80.5 (62.5) 89.6 (173.1)
Forebr. (PSD; P2d) 0.313+0.2167 2.83(3.07) 2.69 (2.98) 3.00 (3.19) 88.7 (29.6) 84.3 (51.9) 94.1 (110.0)
Forebr. (PSD; P21d) 0.259+0.2147 2.88 (3.01) 2.72(2.92) 3.07 (3.12) 92.3(21.7) 87.2(39.9) 98.2 (46.5)
Forebr. (PSD; P60d) 0.251+0.153/ 2.66 (2.99) 2.52(2.90) 2.81 (3.11) 85.5 (33.5) 81.0 (61.9) 90.2 (169.1)
Cerebel. 1.12+0.18% 1.59 (3.53) 1.56 (3.44) 1.61 (3.65) 43.6 (107.1) 42.7 (336.7) 44.0 (3771.6)
Cerebel. (PSD) 0.15+0.08% 2.35(2.81) 2.23(2.72) 2.48 (2.93) 80.2 (37.0) 76.1 (74.4) 84.6 (251.6)
Cat
Visual 0.099+0.046" 2.06 (2.66) 1.96 (2.57) 2.17 (2.78) 74.1 (40.7) 70.5 (89.7) 78.0 (363.2)
Macaque
Prefro. (PSD) 0.1240.13" 2.71(2.73) 2.54 (2.64) 2.83 (2.85) 95.1(8.9) 89.1(26.2) 99.5 (14.8)
Visual (PSD) 0.08+0.18™ 2.43 (2.58) 2.48 (2.49) -0.10 (2.70) 90.0 (26.0) 91.9 (7.4) -(80.2)
Cingul. (PSD) 0.13+0.31" 2.57 (2.76) 2.66 (2.67) ~0.55 (2.87) 89.5 (29.5) 92.7 (6.6) ~(82.4)
Human
Neoctx (PSD) 0.205+0.121° 2.56 (2.92) 2.43 (2.83) 2.70 (3.04) 84.2 (34.2) 79.9 (64.7) 88.9 (187.0)
Temporal 0.59+0.53° 3.22 (3.30) 3.05 (3.21) 3.40 (3.42) 94.2 (21.5) 89.2 (35.2) 99.4 (23.9)

Table 3. Information contained in the distribution of spine/PSD areas. 963; b33; ¢86; 77, €78, f84, g32, hea, 64, jos,

kso, 191, m94, 193, 099 Maximal entropy values are in bold.

from unity quantify deviations from the assumption of the Poisson distribution for the number of actin mol-
ecules spanning a linear dimension of a typical spine. As can be seen, the 50% deviation from r = 1 (either up or
down) can change the value of entropy by as much as 40 % equally for all three distributions, but the informa-
tion efficiency n changes only slightly by at most 1.5 — 2% (Fig. 9A). The much greater decrease in efficiency
is observed only for much bigger deviations when the parameter r is significantly greater than 1, which is the
case of very high variability in the number of actin molecules. The rate of decrease of ) is both distribution and
spine size parameter specific.

The dependence of entropy H and its efficiency 1 on the uncertainty q in the standard deviations of spine
sizes (SD(q) = q - SD) is qualitatively different (Fig. 9B). The value g = 1 corresponds to the empirical SD taken
from Table 2, and g < 1 or g >> 1indicate either much smaller or much larger SD than the empirical value.
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Sl Entropy (bits) Efficiency % (deviation %)
Species/region (cond.) | meantSD (um) | Hy (Hinm) | Hu(Hum) | Hg(Hgm) | 1in(Din) N (Dy) g (Dyg)
Mouse
Neoctx 0.836+0.569¢ 4.53 (4.78) | 4.38 (4.68) | 4.69 (4.89) 92.6 (42.1) 89.6 (52.9) 95.9 (115.9)
Hippo. 0.95+0.42° 4.22(4.87) |4.12(4.78) 31 (4.98) 84.7 (66.7) 82.7 (95.9) 86.5 (411.6)
Hippo. 0.83+0.27¢ 3.76 (4.77) | 3.70 (4.68) | 3.82(4.89) 76.9 (66.9) 75.7 (143.0) | 78.1 (845.0)
Hippo. (neck) 0.42+0.24° 3.88(4.28) |3.76(4.19) |4.02(4.40) |882(38.0) |85.5(67.7) |91.5(206.2)
Visual (neck) 0.66+0.374 419 (4.60) |4.07 (451) | 4.33(4.72) |88.8(43.9) |86.2(69.5) |91.7(218.2)
Striat. (wt, Im) 1.00+0.52° 442 (4.90) |4.31(4.81) |4.54(5.02) 88.0 (64.8) 85.9 (77.1) 90.5 (269.8)
Striat. (mut, 1m) 1.14+0.57¢ 4.48 (5.00) |4.37(4.91) |4.59(5.12) 87.5(83.3) 85.4(81.3) 89.8 (299.9)
Striat. (wt, 3m) 1.13+0.57° 4.48 (4.99) |4.37(4.90) | 4.60(5.11) 87.7 (81.3) 85.5(80.3) 89.9 (293.0)
Striat. (mut, 3m) 1.11+0.57° 4.48 (4.98) |4.37(4.89) | 4.60(5.10) 87.8 (77.6) 85.7 (78.4) 90.3 (279.2)
Striat. (wt, 6m) 0.98+0.56° 4.50 (4.89) | 4.37 (4.80) | 4.63 (5.01) 89.8 (58.9) 87.2 (67.7) 92.5 (206.3)
Striat. (mut, 6m) 1.21+0.63° 4.56 (5.04) |4.45(4.95) | 4.68(5.16) |88.4(94.1) |86.2(76.9) |90.8(268.9)
Striat. (wt, 22m) 1.03+0.54¢ 4.45(4.93) |4.34(4.84) | 457(5.04) |883(67.3) |86.1(76.2) |90.7(263.8)
Striat. (mut, 22m) 1.11+0.57¢ 4.48 (4.98) |4.37(4.89) |4.60(5.10) 87.8 (77.6) 85.7 (78.4) 90.3 (279.2)
Rat
Hippo. 0.95+0.42/ 422 (4.87) |4.12(4.78) | 4.31(4.98) |84.7(66.7) |82.7(95.9) |86.5(411.6)
Prefro. (ctr) 0.55+1.808 4.07 (4.47) |4.38(4.38) | -4.52(4.59) |88.7(61.9) 95.4 (3.6) -(90.7)
Prefro. (stress) 0.55+0.958 4.43 (4.47) |4.36(4.38) | 3.64 (4.59) 96.5 (17.5) 95.0 (11.9) 79.2 (66.5)
Cerebel. 1.2240.30" 3.68 (5.05) |3.63(4.96) |3.72(5.17) 71.2 (122.8) |70.2(202.8) | 72.0(1553.8)
Cat
Visual 1.03+0.741 471 (4.93) |4.56 (4.84) | 4.89(5.04) |93.5(50.5) |90.5(49.0) |96.9(93.7)
Macaque
Prefro. (young) 1.481+2.9687 5.09 (5.19) |5.08 (5.10) | 3.49(5.31) 95.9 (202.8) |95.7 (9.1) 65.8 (75.1)
Prefro. (old) 1.336+3.5167 4.87 (5.11) |5.02(5.02) | 0.49 (5.23) 93.1(182.6) |96.0(5.5) 9.3 (85.6)
Visual (young) 1.388+3.179/ 498 (5.14) |5.04(5.05) |228(5.26) |94.7(172.7) |95.8(7.1) | 43.3(80.9)
Visual (old) 1.462+2.8837 5.09 (5.18) | 5.07 (5.09) | 3.60 (5.30) 96.0 (173.6) | 95.7 (9.4) 67.9 (74.3)
Visual (young) 1.10+1.32F 4.97 (4.97) | 4.81(4.88) | 5.02(5.09) 97.6 (10.2) 94.5(22.2) 98.6 (30.6)
Visual (old) 1.20+2.43k 4.93(5.04) |4.93(4.95) |3.27(5.15) |95.7(72.7) |95.7(9.0) 63.4 (75.6)
Human
Cingul. (40y api.) 1.780+0.740! 4.60 (5.32) |4.51(5.23) | 4.69 (5.44) 84.6 (390.2) |82.9(104.0) | 86.2(478.6)
Cingul. (40y bas.) 1.417+0.710! 4.64(5.16) |4.53(5.07) | 4.75(5.27) |88.0(184.9) |86.0(81.0) |90.1(298.3)
Cingul. (85y api.) 1.709+0.769" 4.66(5.29) |4.56(5.20) | 4.76 (5.41) |86.1(804.1) |84.3(93.7) |88.0(393.9)
Cingul. (85y bas.) 1.483+0.715! 4.63 (5.19) |4.53(5.10) | 4.74(5.31) 87.2(266.8) | 85.3(85.4) 89.3 (330.2)
Prefro. (non-alzh.) 1.219+2.335™ 4.97 (5.05) | 4.94 (4.96) | 3.66(5.16) 96.3 (65.6) 95.7 (9.9) 70.8 (72.7)
Prefro. (alzh.) 1.360+2.980™ 4.99 (5.13) |5.02(5.04) |2.70(5.24) 95.2 (141.1) |95.8(7.7) 51.5(79.2)
Hippo. (5m) 1.34740.697" 4.63 (5.12) |4.52(5.03) | 4.75(5.24) 88.4(138.3) | 86.3(77.6) 90.8 (273.5)
Hippo. (2y) 1.359+0.662" 4.58 (5.13) | 4.47 (5.04) | 4.69 (5.24) 87.4(148.9) | 85.3(84.2) 89.4 (321.4)
Hippo. (23y) 1.37620.650" 4.56 (5.13) | 4.45(5.04) | 4.66(5.25) |86.9(160.9) |84.8(87.8) |88.7(348.1)
Hippo. (27y) 1.390+0.669" 458 (5.14) |4.48(5.05) | 4.69(5.26) |87.1(168.4) |85.2(85.6) |89.2(331.7)
Hippo. (38y) 1.383+0.663" 4.57 (5.14) | 4.47 (5.05) | 4.68 (5.26) 86.9 (164.1) | 85.0(86.0) 89.1 (335.1)
Hippo. (45y) 1.358+0.659" 4.57 (5.13) | 4.47 (5.03) | 4.68 (5.24) 87.2(148.7) | 85.3(84.6) 89.3 (324.6)
Hippo. (57y) 1.346%0.651" 4.56 (5.12) | 4.46 (5.03) | 4.67 (5.24) 87.0 (142.9) | 85.1(85.0) 89.3 (327.5)
Hippo. (58y) 1.331+0.649" 4.56 (5.11) | 4.46 (5.02) | 4.68 (5.23) 87.2(135.4) |85.3(84.1) 89.4 (320.6)
Hippo. (68y) 1.34240.655" 4.57 (5.12) | 4.47 (5.03) | 4.68 (5.23) 87.4 (140.3) | 85.5(84.0) 89.5(319.8)
Hippo. (70y) 1.348+0.654" 457 (5.12) |4.46(5.03) |4.68(5.24) |87.2(143.6) |85.1(84.7) |89.3(324.8)
Hippo. (71y) 1.341+0.649" 456 (5.12) |4.46(5.03) | 4.67(5.23) |87.2(140.4) |85.3(84.9) |89.3(326.9)

Table 4. Information contained in the distribution of spine length. @45; b81; ¢85, d77; 83, f32; ge4, hso; i91, o6, ko2,

134 (private comm.); " (and J.H. Herskowitz, private comm.); " (private comm.). Maximal entropy values are
in bold.
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Spine diamet Entropy (bits) Efficiency % (deviation %)
Species/region (cond.) | mean+SD (um) Hiy(Hinm) | Hu(Him) | Hg(Hgm) | 0in(Din) nu(Dn) ng (Dg)
Mouse
Neoctx (neck) 0.128+0.063“ 2.88(3.42) |2.78(3.33) |2.99(3.54) |81.4(39.3) |78.5(83.0) 84.7 (312.8)
Hippo. 0.66+0.11" 2.71(4.60) |2.68(4.51) |2.73(4.72) |57.4(69.9) |56.8(322.7) |57.8(3500.0)
Visual 0.42+0.13¢ 3.21(4.28) |3.15(4.19) |3.26(4.40) | 73.0(54.6) |71.6(152.3) |74.2(943.8)
Rat
Hippo. 0.53+0.284 3.98 (4.45) |3.86(4.36) |4.10(4.56) | 87.3(42.7) |84.6(75.4) 89.9 (258.3)
Cerebel. 0.57+0.05° 1.70 (4.50) |1.73 (4.41) |1.72(4.62) |36.8(72.5) |37.4(637.6) |37.3(12895.9)
Rabbit
Hippo. (E21d) 0.33+0.09/ 2.87 (4.10) | 2.82(4.01) |2.92(4.22) |68.0(55.6) |66.8(178.5) |69.1(1244.4)
Hippo. (E24d) 0.49+0.13/ 3.12 (4.39) |3.07(4.30) |3.16(4.51) |69.2(58.9) |68.1(184.7) |70.2(1320.7)
Hippo. (E28d) 0.55+0.15/ 324 (447) |3.19(4.38) |3.28(4.59) |70.6(59.8) | 69.5(178.5) |71.5(1244.4)
Hippo. (P2d) 0.48+0.11/ 2.92(4.38) |2.87(4.28) |2.95(4.49) |65.0(61.1) |63.9(221.0) | 65.6 (1804.1)
Hippo. (P8d) 0.43+0.10/ 2.86 (4.30) | 2.81(4.21) |2.89(4.41) |64.9(59.9) |63.7(217.1) | 65.4(1749.0)
Hippo. (P14d) 0.42+0.111 3.00 (4.28) |2.94(4.19) |3.03(4.40) |68.2(57.8) |66.8(187.7) |69.0(1357.9)
Hippo. (adult) 0.41+0.10/ 2.88 (4.26) |2.84(4.17) |2.92(4.38) |65.8(58.8) |64.8(204.8) |66.7(1581.0)
Echidna
Visual 0.323+0.120¢ 3.24 (4.09) |3.16(4.00) |3.31(4.21) |77.0(49.1) |75.1(120.5) |78.8(624.5)
Cat
Auditory (hear) 0.672+0.213" 3.58 (4.62) |3.51(4.53) |3.63(4.74) |75.5(60.4) | 74.1 (147.8) |76.7 (895.4)
Auditory (deaf) 0.707+0.233" 3.66 (4.65) | 3.60 (4.56) |3.72(4.77) |76.7 (60.9) | 75.5 (140.6) | 78.0 (820.7)
Macaque
Prefro. (young) 0.403+0.660" 4.22(4.25) |4.13(4.16) |3.63(4.37) |96.6(12.6) |94.5(13.1) 83.2(62.7)
Prefro. (old) 0.420+0.440° 425(4.28) |4.08(4.19) |4.39(4.40) |96.6(11.9) |92.7(27.7) |99.9(8.9)
Visual (young) 0.37620.289' 4.03 (4.20) |3.87(4.11) |4.21(4.32) |93.3(259) |89.6(44.4) |97.6(69.3)
Visual (old) 0.38310.2261 3.85(421) |3.72(4.12) |3.99(4.33) |88.9(36.3) |859(64.7) |922(187.2)
Visual (young) 0.43+0.537 429 (4.30) |4.14(421) |431(441) |97.3(34) |939(21.3) |97.8(34.2)
Visual (old) 0.46+0.307 4.06 (4.34) |3.92(4.25) |4.22(4.46) |91.0(33.7) |87.9(56.2) 94.6 (135.1)
Dolphin
Visual 0.352+0.140% 3.38 (4.15) |3.30 (4.06) |3.46 (4.27) |79.2 (47.8) | 77.3(110.3) |81.1(532.2)
Human
Neoctx 0.466+0.121! 3.06 (4.35) |3.01(4.26) |3.10(4.47) |68.5(58.8) | 67.3(189.7) |69.3(1383.2)
Temporal 0.30+0.09™ 2.93(4.04) |2.87(3.95) |2.98(4.15) |70.6(53.4) |69.2(158.4) |71.7 (1011.1)
Prefro. (non-alzh.) 0.573+0.803" 4.50 (4.50) | 4.37 (4.41) |4.33(4.62) |97.4(4.2) 94.6 (17.2) 93.7 (49.1)
Prefro. (alzh.) 0.562+1.141" 4.39 (4.49) |4.38(4.40) |2.70(4.61) |95.2(28.6) |95.0(8.9) 58.6 (75.7)
Hippo. (5m) 0.375+0.166° 3.55(4.20) |3.45(4.11) |3.64(4.31) |82.4(45.3) |80.0(95.7) 84.5 (410.3)
Hippo. (2y) 0.380+0.175° 3.60 (4.21) |3.50(4.12) |3.70(4.32) | 83.3(44.2) |81.0(90.8) 85.6 (371.5)
Hippo. (23y) 0.38620.175° 3.59 (4.22) |3.50(4.13) |3.69(4.34) | 82.7(44.8) |80.6(92.7) 85.2 (386.5)
Hippo. (27y) 0.391+0.181° 3.63(4.23) |3.53(4.14) |3.73(4.34) |83.6(44.2) |81.3(90.2) |85.8(366.7)
Hippo. (38y) 0.389+0.184° 3.65(4.22) |3.54(4.13) |3.75(4.34) |84.1(43.6) |81.6(87.6) |86.4(346.9)
Hippo. (45y) 0.391+0.181° 3.63(4.23) |3.53(4.14) |3.73(4.34) |83.6(442) |81.3(90.2) |85.8(366.7)
Hippo. (57y) 0.391+0.179° 3.61 (4.23) |3.52(4.14) |3.72(4.34) |83.2(44.6) |81.1(91.5) 85.5 (377.1)
Hippo. (58y) 0.385+0.177° 3.61 (4.22) |3.51(4.13) |3.71(4.33) |83.4(44.3) |81.1(91.0) 85.6 (373.1)
Hippo. (68y) 0.387+0.181° 3.63(4.22) |3.53(4.13) |3.73(4.34) | 83.6(43.9) |81.3(88.9) 86.1 (357.2)
Hippo. (70y) 0.387+0.183° 3.64 (4.22) |3.54(4.13) |3.75(4.34) | 83.9(43.5) |81.6(87.6) 86.4 (347.2)
Hippo. (71y) 0.390+0.185° 3.65(4.23) |3.55(4.13) |3.76 (4.34) |84.1 (43.5) |81.8(87.3) |86.5(344.4)

Table 5. Information contained in the distribution of spine head/neck/PSD diameter.

a45, bss, ¢82, d32., e50, f88.
s S T TR

889, hoo, 196, j92, k97, 199, m98, 65 (private comm.); °%° (private comm.). Maximal entropy values are in bold.
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Figure 4. Information encoded in spine volume is nearly optimal across brains with different sizes, regions, and
physiological conditions. (A) Close alignment of the entropy data points to the maximal entropy curve (solid
line, given by Eq. 4) for all three distributions. The gamma distribution has several outliers. The visible outlier
for all three distributions is the point corresponding to rat cerebellum. (B) The ratio of empirical standard
deviation to mean spine volume as a function of spine volume. Note that the majority of data points SD/mean
fall within an “optimality zone” (dotted horizontal lines), which is a region with boundaries 30% oft the optimal
ratio 1.0 for the gamma distribution (solid line). The data with the ratio SD/mean > 1are closer to maximal
entropies for loglogistic distribution. Legend for data points in (A) and (B) panels: diamonds for mouse, circles
for rat, squares for macaque monkey, triangles for human.

All three distributions yield significant drops in entropy and efficiency for decreasing q from unity to zero.
However, both H and n decay moderately by 25 — 30% for 50% reduction in q (from 1 to 1/2). The situation is
different for enlarging q (Fig. 9B). In this case, the values of H and ) decrease fast only for gamma distribution.
For the remaining long-tailed distributions, entropy and efficiency vary very weakly, especially  for loglogistic
is approaching 100% asymptotically. The latter follows from the fact that optimal size ratio of SD/mean for
loglogistic is approaching infinity.
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Figure 5. Information encoded in spine surface area is nearly optimal across mammalian brains with different
regions and conditions. (A) Similar as in Fig. 4, the nearly optimal alignment of entropy data points to the
maximal entropy curve (solid line, given by Eq. 4), with a cerebellum as an outlier. (B) The empirical ratios SD/
mean for spine and PSD areas are mostly within the range 0.7-1.3 (dotted horizontal lines), which is close to the
optimal ratio 1.0 for the gamma distribution (solid line). Legend for data points in (A) and (B): diamonds for
mouse, circles for rat, pentagram for cat, squares for macaque monkey, triangles for human.

Discussion

Summary of the main results: optimization of information encoded in spine volume and area,
but not in spine length or head diameter

Our results suggest that the sizes of dendritic spines can be described equally well by three different skewed
distributions (gamma, lognormal, loglogistic, though gamma yields a slightly better fits), since all of them yield
statistically significant fits (Supplementary Tables T1 and T2). This generally also supports, more quantitatively,
previous studies that fitted skewed distributions to spine sizes'>*****1-%_ For the human data we used, this
conclusion is independent on the number of bins, as verified by a goodness of fit procedure. Consequently,
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Figure 6. Information encoded in spine length is suboptimal. (A) Data driven continuous entropies are
generally suboptimal (especially for the gamma distribution), but nevertheless they are relatively close to the
maximal entropy curve (solid line). (B) The suboptimality is manifested by majority of empirical spine length
ratios SD/mean values below 0.7, i.e., significantly lower than the optimal ratio for gamma distribution (1.0;
solid line). Legend for data points in (A) and (B): diamonds for mouse, circles for rat, pentagram for cat, squares
for macaque monkey, triangles for human.

we calculated and compared spine entropies (i.e. information content in spines) for all these three probability
densities, and confirmed that these continuous entropies are close, especially for gamma and lognormal, to the
empirical entropies calculated from the histograms of the data sizes (Table 1). This positive result allowed us to
extend with certain confidence the entropy calculations also to the cases of other brain regions and species for
which we do not know the empirical distributions of spine sizes, but rather only their means and standard devia-
tions. The latter two empirical parameters are sufficient to determine entropy for all three above distributions.
The main result of this study is that entropy (information encoded) of volumes and areas of cortical and
hippocampal dendritic spines is almost maximized, achieving in many cases 90 — 100% of its maximal value
for given mean spine volume or surface area (Tables 2 and 3; Figs. 4 and 5). Equivalently, using a different
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Figure 7. Information encoded in spine head diameter is suboptimal. (A) Scattered data points, far away
from the maximal entropy curve (solid line). (B) Majority of empirical ratios SD/mean are below 1/3, i.e., far
away from the optimality zone (dotted lines) corresponding to the optimal ratio for gamma distribution (1.0;
solid line). Legend for data points in (A) and (B): diamonds for mouse, circles for rat, stars for rabbit, plus for
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echidna, pentagram for cat, squares for macaque monkey, hexagon for dolphin, triangles for human.

perspective, this means that volumes and areas of dendritic spines are almost as random as possible given the
constraint on their size. In other words, our calculations and data suggest that spines adjust simultaneously the
means and standard deviations of their sizes to maximize information content in their structure. The important
point is that spines achieve this maximization (for any given spine size) by adjusting only one parameter: the
ratio SD/mean of their volumes or areas (i.e. the absolute values of SD and mean do not matter for such entropy
maximization). Indeed, most of the empirical ratios SD/mean for spine volume and area are close to the optimal
ratios for gamma (1.0) and lognormal (1.3) distributions. This general conclusion is also supported by relatively
small deviations from the optimality of the parameters characterizing the distributions (D values mostly below
20 — 30% for heavy-tailed distributions). Furthermore, the optimality of entropy of spine volume or area is
mostly independent of the investigated species (i.e. brain size), brain region (except cerebellum), age, or condition
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Figure 8. Entropy density in spine sizes is far from optimal. Density of entropy F as a function of (A) spine
volume, (B) spine surface area, (C) spine length, and (D) spine head diameter. Blue diamonds correspond to
data points described by lognormal distribution, black squares correspond to loglogistic, and red triangles to
gamma distribution. Note that all these data points are far below the theoretical upper bounds for the entropy
density represented by three lines (blue solid line for lognormal, black dashed line for loglogistic, and green
dotted line for gamma distribution).

(but see below), which might suggest its possible universality, at least in the cerebral cortex and hippocampus
(Tables 2 and 3). The exception of the cerebellum, with only 35 — 45% of its information efficiency is intriguing,
but from a theoretical point of view it is a consequence of the uniformity of spine sizes (though not of PSD sizes)
in that part of the brain®. That uniformity might serve some functional role, different from information storage.

In most cases, the near optimality of information content in spine volumes and areas is also independent of
the type of the chosen spine size distribution. Several exceptions for the gamma distribution in Tables 4 and 5
reflect the fact that this probability density poorly handles cases in which standard deviation exceeds the mean.
That is also the reason for several negative entropy values associated with gamma distribution in Tables 2 and
3, which is only a mathematical artifact (see the Methods after Eq. 9), and relates to the fact that continuous
distributions can yield negative entropies (in contrast to discrete distributions). Generally, the negative entropy
cases appear almost exclusively for macaque monkey, which leads us to a hypothesis that spine volumes and areas
in this species are probably better described by the heavy tailed distributions. Such distributions give entropy
efficiency closer to optimality (Tables 2 and 3). However, one must be careful with loglogistic distribution as its
optimal size ratio SD/mean= oo, implying in practice that there is no a single optimum for this distribution.
This fact, together with slightly worse fits to the volume and entropy data (Table 1 and Supplementary Table T1),
suggests that loglogistic density is probably not the best choice for approximating spine size distributions, which
likely do not have too heavy tails (do not decay as power law).

The near maximization of entropy in spine volumes and areas is not very sensitive on the uncertainties associ-
ated with precise values of noise amplitude Ax and empirical variances of spine sizes (Fig. 9). The first indicates
that small deviations from the assumption of Poisson distribution for the actin number underlying spine structure
do not have much effect on the result. The latter suggests that, despite different experimental techniques with
various accuracies used for evaluating spine sizes in different studies, the precise values of standard deviations
are not critical for the main result. Again, what matters most is the ratio of standard deviation to mean spine
volume or area.

The efficiency of the information encoded in spine length and spine head (or PSD) diameter is significantly
lower than that encoded in spine volume and area (compare Tables 4 and 5 with Tables 2 and 3; Figs. 6 and 7),
suggesting that these variables do not maintain the synaptic information optimally. Similarly, the entropy den-
sity is also not optimized, as its empirical values are far below their upper bounds (Fig. 8). This indicates that
information is not densely packed in the whole available space of dendritic spines, and furthermore, it seems
that entropy density is not the relevant quantity for neuroanatomical and functional organization of dendritic
spines, if we take an evolutionary point of view into account™*%

Finally, there have been a few studies that are similar in spirit to our general approach but that differ in con-
text and details. Notably, Refs.”*** assumed an information maximization under constraints to derive optimal
distribution of synaptic weights and to make some general qualitative observations. In*® the optimal distribution
of synaptic weights derived in the context of perceptron was a mixture of Gaussian with Dirac delta, and they
fitted that to Purkinje cells in rat cerebellum. In*, the authors used mainly discrete exponential or stretched
exponential distributions for synaptic weights as optimal solutions of the entropy maximization, but without
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Figure 9. The effect of uncertainty in noise amplitude Ax and in the empirical standard deviations on
maximization of entropy. (A) Entropy and its efficiency as a function of r characterizing the magnitude of
noise amplitude, Ax(r) = r Ax. Upper panel: spine volume in human cingulate cortex on apical dendrites in
40 years old individual**. Middle panel: spine area in human temporal cortex’. Lower panel: spine length in
human hippocampus for 45 years old individual®. Note that information efficiency n decreases with increasing
r, but with different pace for different distributions and size parameters. For all panels: solid line (lognormal),
dashed line (loglogistic), and dashed-dotted line (gamma). (B) Entropy and its efficiency as a function of g
characterizing the uncertainty in the empirical standard deviation, SD(q) = ¢SD. Data for spine volume in
human cingulate cortex on apical dendrites in 40 years old individual®. Entropy H and efficiency n depend
asymmetrically on g. For small g (smaller SD than actually measured), H and 7 are both small for all three
distributions (solid line - lognormal, dashed line - loglogistic, and dashed-dotted line - gamma). For large g,
efficiency n decreases fast only for gamma, but for long-tailed distributions it either weakly decays (lognormal)
or asymptotically approaches 100 % (loglogistic).

quantitative comparison between theory and experiment. In contrast, we took a different approach, with dif-
ferent distributions, and we actually proved the near maximization of information content in synaptic volumes
and areas in different parts of the brain across several mammals. In the experimental work of*!, the authors also
estimate information content in dendritic spines, but use a different more engineering method, and only for one
species and brain region: rat hippocampus.
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Stability of synaptic information, memory, and physiological conditions

We found that different populations of dendritic spines can store between 1.9 — 3.4 bits of information per
spine in their volumes and surface areas (Tables 2 and 3), which means that on average a typical spine can have
between 219 — 234, ie. 4 — 10 distinguishable geometric internal states. Because of the link between spine
structure and function (e.g. mean spine volume is proportional to postsynaptic current;?, these geometric states
can be translated into possible 4 — 10 physiological states. For example, for spine volume in rat hippocampus
we obtain 2.7 — 2.8 bits per spine, which is either similar or slightly smaller than the numbers calculated in®
and®, ~ 2.7 — 4.7 bits, and the difference can be attributed to a different method of information estimation. Our
results indicate that spines in the mammalian cerebral cortex can hold about (1 — 1.5) - 10'2 bits/cm? of memory
in their volumes and areas, assuming in agreement with the data that cortical synaptic density is roughly brain
size independent and on average 5 - 10'! cm=3°6%7,

On a single dendritic spine level neural memory is presumably stored in PSD structure, i.e. in the num-
ber and activities of its various proteins, which are coupled with AMPA and NMDA receptors on spine
membrane!?->$58-€0 Moreover, the data show that mean spine volume is proportional to mean PSD diameter®,
implying that spine volume is positively correlated with “memory” variable associated with PSD size, and con-
sequently, the entropies of both these variables should be proportional®’. That suggests that entropy of spine
volume (and/or area) could serve as a proxy for “memory capacity”, and its maximization should reflect near
optimality of synaptic memory (given a size constraint).

It is also curious that entropy efficiency 7 is relatively stable even in many cases when the condition changes.
For example, for situations stress vs. non-stress, or mutation vs. control, or LTP vs. non-LTP condition, 7 stays
approximately constant despite changes in the mean and standard deviations of spine sizes (Tables 2, 3,4 and 5).
This again suggests that dendritic spines can adjust simultaneously their mean sizes and variances to maintain
nearly maximal information content (e.g. data from® for spine/PSD volumes during LTP induction in rat hip-
pocampus; Table 2). However, there are some exceptions to that stability. For example, LTP induction generally
enlarges spines but does not necessarily increases their entropy and efficiency, which can dynamically change
during LTP (data from®; Table 3). Also, stress can decrease the amount of stored information in volumes and
areas of spines in the rat prefrontal cortex (data of*%; Tables 2 and 3), but paradoxically that same stress can
increase the information encoded in spine length (Table 4). Similarly, in human prefrontal cortex, Alzheimer’s
disease can decrease the stored information in spine length and head diameter (data of*>; Tables 4 and 5). Overall,
the widespread stability of information efficiency might suggest that some compensatory mechanisms take plays
in synapses that counteract a local memory degradation. Interestingly, the same conclusion can be reached for
the developmental data on human hippocampus®, where the corresponding entropy related to spine length and
head diameter is remarkably invariant across the human lifespan (Tables 4 and 5). In contrast, entropy efficiency
in PSD area of rat forebrain during development exhibits nonmonotonic behavior with a visible maximum for
postnatal day 21, but the differences are not large (data of®®; Table 3).

Given the above, one can speculate that a serious alternation of a neural circuit, e.g. by Alzheimer’s disease,
can significantly modify the sizes of dendritic spines. That effect can be quantified by a single number, namely
the entropy of the sizes distribution. We predict, based on the data of*® in Tables 4 and 5, that progression of
Alzheimer’s disease should gradually reduce the entropy of spine volumes and areas away from maximal values.
That would correspond to a decrease in the long-term synaptic information capacity, which should correlate
with a decline in general “cognitive capabilities”. It would be interesting to perform such experiments linking
spine structure, quantified by entropy, with behavioral performance in Alzheimer patients in different parts of
the cerebral cortex and hippocampus.

Implications for neuroanatomical and metabolic organization of the cerebral cortex in the
context of synaptic information capacity

Information is always associated with energy®’, and there have been suggestions that information processing
in neurons is energy efficient, with neurons preferring low firing rates*”*>*-7!, and sublinear scaling of neural
metabolism with brain size’>. We have an analogous situation in this study for dendritic spines. From Egs. (12),
(19), and (29) we get that maximal entropy of spine sizes depends only logarithmically (weakly) on mean spine
size, while their energy consumption is proportional to it. The latter follows from the fact that mean spine size
scales linearly with the number of AMPA receptors on spine membrane'?, and thus with spine energy consump-
tion related to synaptic transmission®”***" and plasticity*. Consequently, spines should favor small sizes to be
energy efficient for information storage, which qualitatively agrees with skewed empirical distributions of spine
sizes showing substantial SD/mean ratios. We show here that these SD/mean ratios for spine volume and area
are close to optimal for information content maximization. In this light, our result is essentially an additional
example of the energetic efficiency of information’>”, this time on a synaptic level and on a long time scale,
which might suggest an universality of optimal encoding in synapses via entropy maximization with a constraint.
Furthermore, because entropy maximization allows us to compute optimal ratios of SD/mean for spine sizes, it
can potentially serve as a useful tool to derive or predict neuroanatomical properties of synapses along dendrites,
e.g. their sizes and densities””®.

Methods

Data collection and analysis for the sizes of dendritic spines

All the experimental data on the sizes of dendritic spines used in this study were collected from different
published sources, and concern several mammals. Data for mouse brain come from:3*#>6377-8_for rat brain
from?2°0:62646687_ for rabbit brain from?®, for echidna brain from®, for cat brain from?*®!, for macaque monkey
brain from®?~%, for dolphin brain from?, and for human brain from?**+6>78989 The data used are both from
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cortical and subcortical regions, at different animal ages and different physiological conditions. The cortical
areas include: piriform, somatosensory, visual, prefrontal, cingulate, parietal, temporal, and auditory cortex. The
subcortical regions include: hippocampus, striatum, cerebellum, and forebrain.

The data for fitting distributions of dendritic spine sizes were taken from* (human cingulate cortex) and
from* (human hippocampus). For cingulate cortex we had either 5334 or 3355 data points related to spine
volume, and either 5494 or 3469 data points related to spine length (for 40 and 85 years old individuals, respec-
tively). For hippocampus we had the same number of data points for spine length and spine head diameter, but
the numbers are age-specific. In particular, we had 819 data points for 5 month old, 1108 for 2 yrs old, 915 for
23 yrs old, 657 for 27 yrs old, 1024 for 38 yrs old, 1052 for 45 yrs old, 662 for 57 yrs old, 805 for 58 yrs old, 1022
for 68 yrs old, 1026 for 70 yrs old, and 1032 for 71 yrs old. Histograms from these data were fitted to the three
distributions (gamma, lognormal, and loglogistic) using standard tools from Matlab and Python. As a measure
of the goodness of fit we used the Kolmogorov-Smirnov test'**!. For this, we constructed a cumulative distribu-
tion function CDF for each data set (empirical CDF) and compared it to three theoretical CDF corresponding
to lognormal, loglogistic, and gamma probability densities with the same mean and variance as the original raw
data. The test consists in determining a Kolmogorov-Smirnov distance, i.e. the maximum absolute deviation Dgs
of the empirical CDF from the theoretical CDF, and then comparing such Dks with a critical value of deviation
Dy, (P), which depends on the number of sampling bins N}, and a level of significance P. If Dxs < Dy, (P) for a
given N, and significance P, then the fit is statistically significant'®’. We used the level of significance P = 0.05
(corresponding to the confidence level of 95%), and a variable number of bins Ny, either 20, 30, or a maximal
possible number for a given sample (412 for cingulate cortex, and 256 or 100 for hippocampus). Among the
three theoretical distributions to which the data were compared, we chose that with the smallest Kolmogorov-
Smirnov distance Ds as the best fit. That best fit often depends on Nj. The code for calculations is provided in
the Supplementary Information.

Theoretical modeling

Maximization of entropy

We express information content in a population of sizes of dendritic spines as Shannon entropy, which is a stand-
ard tool for estimation of general information®. Although Shannon entropy H is defined only for discrete stochas-
tic variables, it can be also applied to continuous variables with the help of the so-called differential entropy A,
which in turn is defined for continuous variables only®!. The basic idea is that any continuous stochastic variable
x can be decomposed into small bins of length Ax, relating probabilities to probability density p (x) in those bins.
This decomposition allows us to approximate Shannon entropy H(x) for discretized continuous variable with
accuracy Ax by differential entropy h(x) = — [ dx p(x) log,(p(x)) via the relation: H(x) ~ h(x) — log, Ax (see
Theorem 9.3.1 in®'). A direct consequence of this relation is that the amount of information contained in the

probability distribution p (x) of some continuous random variable x (0 < x < 00) can be quantified as (1% see
Eqs. 4.16, 4.26, 4.27 and discussion in this book)
1 [o¢]
H= dxp(x) In[p(x)Ax], (1)

1@ Jo

where Ax can be viewed as the limit on measurement accuracy that sets the scale for the resolution of x (see
additionally Eq. (3.11) and related discussion in”* for a Gaussian case). The appearance of Ax in Eq. (1) has also
a practical necessity for keeping entropy H dimensionless, which is implemented by making the argument of the
logarithm unitless. (Note that the normalization condition, fooo p(x) dx = 1, must be satisfied, which implies
that p (x) has the units of the inverse of x, and hence also the inverse of Ax.)

We consider x to be either spine volume, spine surface area (or PSD area), spine head diameter, or spine
length. The parameter Ax can be also interpreted as a fundamental intrinsic noise amplitude characterizing
microscopic fluctuations of actin dynamics underlying spine structure, and Ax depends on average spine size
(av. length (L), av. area (A), and av. volume (V)) in the following way (the estimate is given below):

0.084(L)1/2, length (um)
Ax = { 0.223(A)34, area (um?) (2)
0.226(V)°/6, volume (um?).

Equivalently, we can write Eq. (2) in a more compact form as Ax = ¢(x)*, where (x) denotes the average spine
size, with k = 1/2 (length), 3/4 (area), 5/6 (volume), and c is the appropriate constant (with units). This aver-
age individual spine size is a typical spine size, and thus it is assumed that it is the same as the population mean
spine size (see below). Note that because the noise amplitude Ax depends on (x), it is generally different in dif-
ferent brain regions. It might be also useful to mention that the physical sense of Ax is conceptually similar to
EPSP uncertainty as in the case of synaptic information transfer®, or to the temporal width of action potentials
(temporal resolution) when studying information content in distributions of neural spikes’".

The formulas in Eq. (2) were derived under the assumption that the length of underlying actin filaments fol-
lows Poisson distribution'®-1°. We also performed some analysis when this assumption is relaxed. In this case,
we took a substitution Ax — Ax, = rAx, where r is the parameter (r > 0) characterizing the deviation from
Poisson distribution (see below, the Sect. “Uncertainty parameter for intrinsic noise amplitude”).

In what follows, we solve the following optimization problem: we want to maximize the entropy for a given
population mean of x. Putting the mathematical constraint on the mean value of x reflects the constraint coming
from neuroanatomical and/or metabolical restrictions on spine size. It is important to note that the population
mean is different in different brain regions, and thus this mathematical constraint is not fixed, but instead it is
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brain location dependent. Mathematically, this procedure is equivalent to the standard Lagrange optimization
problem with the Lagrangian £ defined as

L=H—((x)—9), 3)

where (x) is the population mean (average) of x over the distribution p(x), S is the given mean spine size, and
/ is the Lagrange multiplier. The resulting maximal entropy will be a function of the given mean spine size S.

A standard approach to entropy maximization is to use the Lagrangian given by Eq. (3) (supplemented
by an additional constraint for probability normalization) and to find the best or optimal probability density
that maximizes £°'. Using that approach, it is straightforward to show that the optimal distribution is expo-

nential, i.e. pop(x) = e~*/S /85171 For this optimal distribution we have that mean (x) and standard deviation

SD = /{x?) — (x)? are both equal to S, such that their ratio SD/(x) = 1. Moreover, the maximal entropy Hpax
associated with this distribution is

e = 1In {22} /Inc2
max—n(a)/n( )s (4)

where e is the Euler number (e &~ 2.718). It is important to stress, that H,,,, is the largest possible entropy for all
possible distributions that are subject to the constraint on mean value of x.

In this study, however, we take a different approach. Instead of finding the optimal probability density, we
assume three plausible distributions that are motivated by experimental data. All three chosen distributions, i.e.
gamma, lognormal, and loglogistic, are two-parameter distributions, meaning that the shape of each of them
depends on two parameters (for instance, these are u and o for lognormal density). As a result, entropy and
Lagrangian in Eq. (3) for each of these distributions can be computed directly, and in each case they depend on
these two shape parameters. Importantly, since the shape parameters can be uniquely determined by the first two
moments of x (see below), the entropy in each case can be found exactly by the knowledge of just two quantities:
population mean and standard deviation of spine sizes (despite the fact that these distributions as such cannot
be fully characterized by only these two moments). Our approach to entropy maximization for each distribu-
tion consists in maximization of the Lagrangian in Eq. (3) by optimizing respective shape parameters. That
enables us to find how far a given experimental distribution is from an optimal distribution within a given class
of probability densities. Interestingly, we find that the maximal entropy for gamma distribution (Eq. 12 below)
is exactly the same as the one for the “optimal” exponential distribution (in Eq. 4). This is a consequence of the
fact that exponential distribution is a special case of more general gamma distribution (with = 1in Eq. 5).
This means that the gamma distribution considered here can in principle attain the maximal possible entropy
across all possible distribution (subject to the constraint on the mean).

Entropy of dendritic spines with gamma distribution
The gamma distribution of a random variable x (spine size) is skewed but it decays fast for large values of x. It
is defined as

* a—1_—Bx
T ¢ (%)

,Og(X) =

where pg(x) is the probability density of x, the parameters & and 8 are some positive numbers, and I" () is the
Gamma function (I'(1) = 1).
The entropy for the gamma distribution H, is found from Egs. (1) and (5), which generates

1 BYAx o
Hg(a, B) = —m {ln < F@) ) — Blx)g + (@ —1) ./0 dxpg(x) ln(x)]. (6)

The integral on the right hand side can be evaluated explicitly with the help of the formula'®

/ ” dx 2 Le P In(x) = T@)[¥ (@) — In(B)1/
0

where Y (@) is the digamma function, defined as ¥ (o) = d In (@) /da'*. Additionally, the average of x for this
distribution is (x); = &/B. Combining these results we obtain the entropy Hg as

Hy@,8) = —— |+ (1 — )y (@ +1n (22
B)= — |a -« n(——]]|.
g In(2) “ BAx )
The standard deviation for the gamma distribution (defined as oy = , /(xz)g — (x)é) is g = /o /B. We can

invert the relations for the mean and standard deviations to find the parameters o and S for given experimental
values of (x)g and og. The result is:
(g}
a= (—g , (8)
Og
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B <x>g
K3 g

B

Note that the entropy H, (a, ) can become negative for @ < 1, since in this limit the digamma function behaves
as ¥ (e) ~ —1/a. This situation corresponds to the cases in which o > (x), i.e. to the data points for which
standard deviation is much greater than the mean.

With Egs. (8) and (9) entropy H, can be alternatively expressed as a function of population mean (x), and
standard deviation o,. This is the fact we explore in determining entropy for experimental data in Tables 2, 3,
4 and 5, where we have only the means and standard deviations of empirical spine sizes. More precisely, with a
slight rearrangement we can rewrite Eq. (7) as

H 1 e{x)g
g(<x>g:05) = m In Ax + G((Y) > (10)

where we used Eqgs. (8) and (9) such that (x); = «/8, and we introduced the function G(«) defined as
G() = (1 —a)[¢(a) — 1]+ In (I'(a) /). The important point is that G(«) < 0 for all @ > 0, which implies
that the entropy is bounded from above by the following inequality

Hy((¥)g.@) < In (%)/lnm an
The right hand side of the above equation is the maximal value of entropy for a given mean (x),. The nonposi-
tivity of the function G(«) follows from the fact that G(«) achieves a single maximum for « = 1, and G(1) = 0
(derivative G'(@) = (¢ — 1)[1/a — ¥'(a)]is positive for @ < 1, and negative for @ > 1, because ¥’ (a) > 1/«
;196). Note that entropy reaches its maximal value for the parameter & = 1, which corresponds to the optimal
ratio of standard deviation to mean of spine sizes given by o, /(x); = 1(see Eq. 8).

Alternatively, we can find the maximal entropy of the gamma distribution for a given mean size (x), by
solving the Lagrange optimization problem defined in Eq. (3) with entropy H, (a, B) as in Eq. (7). The optimal
parameters o and B are found by settingd L /da = 0,0L/98 = 0,anddL/d A = 0. As a result, their optimal values
areag = 1, 8o = 1/S,and 49 = —(1 — «)/S. For this values, the maximal entropy of the gamma distribution is:

Hg,m =In (%)/IH(Z) = Hyax, (12)

and we see that Hy ,, is exactly the same as the upper bound of entropy in Eq. (11), if we set (x), = S. Moreover,
Hg  is also exactly equal to the maximal entropy Hyuqax for all possible distributions of x, which is given by Eq.
(4). Interestingly, the upper bound of entropy Hyg ,, depends logarithmically on mean spine size S.

Entropy of dendritic spines with lognormal distribution
The lognormal distribution of a random variable x is both skewed and has a heavy tail, and is defined as

) 1 { (Inx — u)z}
n(x) = exp |— ,
P V2rox P 202

where pj, (x) is the probability density of x, and u, o are some parameters (¢ > 0).

The entropy of the lognormal distribution Hj, can be determined by combining Egs. (1) and (13). Using the
substitution y = In(x) the corresponding integrals can be evaluated similarly as in the case of Gaussian distribu-
tion, which is a standard procedure. As a result, the entropy of lognormal distribution takes the form

(13)

Hi( ) 1 1 ol 2o

,0) = ——|= n .
(1t In(2) | 2 ’ Ax (14)
The average of x for this distribution is (x);, = exp(u + o2 /2), and the standard deviation (o7, = 4/ (x2)}, — (x>12n)

isop = ()mVe'r — 1. By inverting these relations, we find

B ()7,
Y R/ (15)
()2 +of
o= \/ln (14 01/ (x)in)?). 16

Equations (15, 16) allow us to find the characteristic parameters ;1 and o defining the lognormal distribution from
the experimental values of mean and standard deviation for the variable x, i.e. (x);, and o7,. Consequently, we can
also express the entropy for lognormal distribution in Eq. (14) in terms of these empirical means and standard
deviations, which is relevant for empirical data in Tables 2, 3, 4 and 5. The explicit dependence of entropy H,
on empirical average spine size (x);, is
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1 27 (%)} 1
Hiy (%), 0) = nQ) {ln ( Ax )+ 5(1 —o2+Ino?)|. (17)
This expression allows us to find immediately the maximal value of entropy, i.e. to determine its upper bound
for a given mean (x)y,, which is

(18)

Hpp((x)in,0) < In <m> /1n(2).
Ax

The above inequality follows from the fact that (1 — 62 + In0'?) < 0 for all 2, which is a direct result of a well
known inequality In(1 + z) < z valid for z > —1 (with substitution z = o> — 1). The equality in Eq. (18) is
reached for the parameter ¢ = 1, which implies that the entropy of spine sizes is maximal for the optimal ratio
of their standard deviation to mean oy, /(x);, = /e — 1 = 1.31(see Eq. 16).

Alternatively, we can find the maximal entropy of the lognormal distribution for a given population mean
(x)1, as before, i.e. by solving the Lagrange optimization problem defined in Eq. (3) with Hy, (i, o) as in Eq. (14).
The optimal parameters 1 and o are found by setting dL/du = 0,9L/d0 = 0, and 9L/ 4 = 0. Their optimal
values are: o = —0.5 +In(S), op = 1, and 49 = —(1 — «)/S. For this values, the maximal entropy of the log-
normal distribution is:

Hyym = In (JES)/ln(z) = Hpax — 0.117, (19)
Ax

and it is clear that Hy, ,, is the same as the upper bound of entropy in Eq. (18), if we set (x);, = S. Note that Hy,, ,,

depends logarithmically on mean spine size S, similar to Hy, ,,. However, we have Hy,, ,, < Hgm = Hyax, which

is a consequence of the general result represented by Eq. (4) that all distributions have lower entropies than

gamma distribution for a given mean.

Entropy of dendritic spines with loglogistic distribution

The loglogistic distribution of a random variable x is visually similar to the lognormal distribution with heavy
tail, except that it decays as a power law for very large x and hence has a longer tail. The loglogistic probability
density py is defined as

b (x/a)"!
2 , 20
pu(x) = — [+ (/o) P (20)
where a and b are some positive parameters. Note that for x >> a the probability density oy behaves asymptoti-
callyas p(x)y ~ 1/ xP+1, which is a much slower decay than for the gamma distribution.
The entropy of the loglogistic distribution Hy can be determined by combining Egs. (1) and (20). Conse-
quently, we have

1 o0 o0 b
Hi(a,b) = m{m (bz—x) —(b—1)./0 dx pﬂx)ln(%) +2/0 dx py(x)In (1+ (g) )} 21)

The first integral on the right hand side (without the prefactor (b — 1)) is performed by the substitution
y=(x/ a)?. This transforms that integral into

e In(y)
1/b d s
W )/0 YA+

which is equal to 0'%. The second integral on the right hand side (without the prefactor 2) can be transformed,
using the same substitution, into
© In(l+y)
[obnn
0 I+

which has a value equal to 1!%. As a result, the entropy of loglogistic distribution takes the form

Hi(a, b) = ﬁ [2+1n (ﬁ)] (22)

The mean (x); and standard deviation oy, for this distribution both exist, i.e. they are finite, provided the param-
eter b > 2. In this case, we have

ma/b

b = sin(r/b)

(23)
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27 /b (7t /b)?
oy =ay| — ) . (24)
sin(2z/b)  sin*(w/b)
The inverse relations between the parameters a, b and (x), oy are given by
ol \ /7
t b= (1+—") (=) ,
an(r/b) ( + <x>ﬁ) (%) (25)
i
a={x)g (1 + —2> cos (). (26)
()3

The first equation has to be solved numerically, for given empirical values of (x), o7;. The second equation deter-
mines a once the parameter b is known.

Equations (23, 24) render the entropy to depend alternatively on (x); and oy, which allows us to determine
entropy for the empirical values of means and standard deviations in Tables 2, 3, 4 and 5. In particular, since
a/b = ({x)y/m) sin(;r/b), we can express the entropy explicitly as a function of mean (x)j in the form

1 ) T
Hy({(x)n, b) = nQ) {ln ( — x + In(sin E) . (27)
This implies that the maximal value of entropy is represented by the following inequality
e (x)n
Hy({(x)y,b) <In /1In(2), (28)
TAx

which follows from the fact that In(sin %) < 0,as0 < sin(%) < 1forb > 2. The maximal entropy is asymptoti-
cally approached for b — 2, or equivalently if the ratio oy;/(x); + oo (see Eq. 25). In practice, this means that
empirical entropy never reaches exactly its maximal value, but it gets closer to its maximum the larger the ratio
of standard deviation to the mean of spine sizes.

Alternatively, the maximal value of the entropy for loglogistic distribution for a given mean (x) is found by
solving the Lagrange optimization problem defined in Eq. (3) with Hy as in Eq. (22). The optimal parameters a
and b are found by settingdL/da = 0,dL/9db = 0,and d.L/3/ = 0. Their optimal values are ap = 28/7,by = 2,

and A9 = —(1 — «)/S. For this values, the maximal entropy of the loglogistic distribution is:
e’
Hijm =1In /1n(2) = Hypax — 0.209, (29)
TAX

and it is apparent that Hy ,, is the same as the upper bound of entropy in Eq. (28), if we set (x);; = S. Note that
Hjjm < Hgm = Hpax, as expected, and additionally Hy,, < Hyy, . Moreover, the upper bound entropy Hy,y,
depends logarithmically on S, similar to the cases for gamma and lognormal distributions.

Definition of entropy efficiency
Entropy efficiency n is defined as the ratio of the continuous entropy (Hj,, Hy, Hy) to the theoretical maxi-
mal entropy (Hyax). Thus, for a specific probability distribution we have
H;
Hmax

ni = > (30)

where Hyy,y is given by Eq. (4), and the index i denotes one of the distributions (either In, I, or g).

Estimation of the intrinsic noise amplitude Ax

Here we provide a justification for Eq. (2), which appeared above. Empirical data indicate that the size and shape
of a dendritic spine is directly controlled by cytoskeleton, which consists mainly of the polymer filaments called
F-actin'””. Polymer F-actin is composed of many small monomers called G-actin, each with a characteristic size 7
nm!', This polymer has two characteristic turnover rates, one fast ~ 1.2 min~ "%, and second slow ~ 0.06 min™!
110 which suggests that the changing length of F-actin (addition or removal of monomers) can cause either rapid
or slow fluctuations in the size and shape of a dendritic spine!'®!!!, Therefore, we assume that the amplitude of
F-actin length fluctuations sets the scale for the intrinsic noise amplitude in an individual spine size, which we
denote as Ax. We consider 3 separate cases for Ax related to spine length/diameter (Ax;p), spine area (Ax,p),
and spine volume (Ax3p).

1D case

Let L be the length of a spine (either spine head diameter or spine neck length). Since F-actin underlies the spine
structure and sets the scale for length L, we can approximate L as a sum of several F-actin polymers in a row
spanning the spine linear dimension''?, i.e. L = le:l n;&, where K is the number of polymers, n; is the number
of monomers (G-actin) in the i-th polymer, each of length & = 0.007 um'%. This implies the equality

L=¢& ZzK:1 n; = €Nk, where Nk is the total number of monomers in all K polymers setting the spine linear
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dimension. The spine length L fluctuates due to variability in Nk, which is caused by the fluctuations in the
number of monomers n; in each polymer. We make the simplest assumption that the fluctuations in n; are gov-
erned by the Poisson stochastic process, which is consistent with empirical distributions of F-actin length in
dendritic spines'®, as well as with the basic models of polymer growth!*1%. In fact, the process of addition and
removal of monomers in a polymer chain can be described by a simple birth-death model, which naturally
generates a Poisson distribution for the polymer length''. Since N is the sum of individual n;, each with a Pois-
son distribution, it also has a Poisson distribution®'. Consequently, we assume that Nk has a stationary probability
distribution of the form P(Nx) = e~V vNK /Ni!, where v is the intensity parameter (v can be different for different
dendritic spines, but it does not matter for this analysis, since we consider here an individual “typical” spine).
This implies that we have for the mean and standard deviation of N at the steady-state the following relations:

(Nk) = v,and \/(NZ) — (Ng)? = /v, which leads to fluctuations in length L characterized by
(L) =4v (31)

and

(L2) —(L)? = £/v. (32)

We identify the intrinsic noise amplitude Ax;p in this 1D case with the standard deviation of L, i.e.

Axip = \/{L?) — (L). The last step is to combine Egs. (31) and (32) such that to remove the unknown param-
eter v, after which we obtain

Axip = /E(L) = 0.084,/(L), (33)

where (L) and Axp are in #m. Note that the noise amplitude Ax;p in 1D case is proportional to the square root
of mean spine length (L).

2D case

We assume, in agreement with the data, that the spine surface area is dominated by the surface area of the spine
head, which is approximately a sphere. Thus the spine area A is approximately A = 7 D?, where D is both the
spine head diameter and (in analogy to 1D case) the sum of the lengths of Nx F-actin polymers spanning the
spine head, i.e. we have D = N&. Furthermore, we have for the mean area (A) = w&%(N; IZ<), and for the standard

deviation of area\/(A2) — (A)2 = &2/ (NE) — (N2)2.
The moments of N for the Poisson distribution with the intensity parameter v are: (N2) = v? + v, and
(N§) = v 4+ 6v> 4+ 7v2 + v, and thus we have an equation for the unknown parameter v:

2 (4)

Vs (34)

Since the value of 7£2is 1.5 - 10~* um?, and this is much smaller than any recorded value of spine (or PSD)
area (A)in Table 3 (by a factor of at least 200), we can safely assume that the parameter v >> 1 (mean of the total
number of monomers spanning the spine head diameter much bigger than 1). This implies that we can neglect
the linear term on the left in Eq. (34), and obtain

A
VR :[—;2 (35)

Similarly, for the standard deviation of A we have/(A2) — (A)2 = m£2/4v3 + 6v2 + v & 27E2v3/2, We identify
the intrinsic noise amplitude Ax,p in this 2D case with the standard deviation of A, and thus obtain

Axyp ~ 2m VA JE(AY* = 0.223(A)%4, (36)
where the average spine area (A) and Ax,p are in um?. Note that the noise amplitude Ax,p in 2D case is pro-

portional to (A)3/4,

3D case
We make a similar assumption as in 2D case, that volume V of a spine is dominated by the volume of spine head,
which is approximately a sphere. Repeating similar steps as before, we have for the mean volume

(V) = (1/6)E*(NR) = (/6)&>(1V* + 302 +v) ~ (7/6)&%V°

and for the standard deviation of volume

(V2) — (V)2 = (1/6)E>\/ (N§) — (N2)? = (/6)6°\/9v5 + 54v% + 8413 + 3002 + v ~ (/2)€>v>/?

where we used the fact that v >> 1, and the following moments of the Poisson distribution: (N, ,3<) =3+ 302 4,
and (N§) = v® + 150° + 6501 + 900> + 3102 + v.
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Combining of the equations for the mean and standard deviation, and identifying the intrinsic noise ampli-
tude Ax3p in this 3D case with the volume standard deviation, we obtain

1/6
37
Aap ™ (T) VEV)/S = 0.226(v)°/5, (37)
where the average spine volume (V') and Ax3p are in um?>. Note that the noise amplitude Axsp in 3D case is
nearly a linear function of mean spine volume. This is a very similar result to the empirical finding in'’, where
it was found that the standard deviation of intrinsic spine fluctuations could be well fitted to a linear function
of spine volume.

Uncertainty parameter for intrinsic noise amplitude

The above relations for the intrinsic noise amplitude Ax, summarized in Eq. (2), were derived under the assump-
tion of Poisson distribution for the number of actin molecules spanning the linear dimension of the dendritic
spine. Here, we introduce the uncertainty parameter r related to intrinsic noise amplitude as a measure of
deviation from the Poisson distribution. We define the renormalized noise amplitude Ax,, which is used in
calculations of the impact of noise uncertainty on the results, as Ax, = rAx, i.e. we rescale the original noise
amplitude or resolution by . For r < 1, the effective noise in spine size is very small, while for r >> 1, the effec-
tive noise in very large.

Deviation from optimality of the empirical parameters characterizing spine size distributions
We introduce a measure of deviation of the parameters characterizing a given distribution from their optimal
theoretical values, as a relative combined error from optimality.

For the gamma distribution the deviation Dj is:

a—ao B — Bo
. 38
P = f\/ ( Bo ) G

For the log-normal distribution the deviation Dy, is:

2
Dy, = [\/ " Mo (G;UO)) (39)
0

and for the log-logistic distribution the deviation Dy is:

_ 1 a— ap 2 b—bo 2
N CONCON

In Egs. (38, 39 and 40) the parameters &g, B0, (Lo, 00, and ag, by are the optimal parameters for a given distribution.
The smaller the value of D, the closer the empirical distribution is to its maximal entropy. For example, if both
a and B deviate from their respective optimal values by 50%, then Dg =1/2,0r the deviation is 50% in Tables 2,
3,4 and 5. Similarly for the rest of the parameters.

Alternative measure of optimality: maximization of entropy density
As an alternative to the above approach with the maximization of the entropy for a given average spine size, we
consider below the maximization of the density of entropy. The first measures the average number of bits for a
typical spine size, while the second provides average number of bits per unit of spine volume (or surface area,
or length). More precisely, we want to analyze the optimization problem in which we maximize the entropy of
spine sizes per average spine size.

The fitness function F in this case takes the form:

_ H(S,0y)
F= — (41)

where S is the mean and oy is the standard deviation of spine size. Interestingly, the function F displays maxima
for each of the three probability densities. We look for optimal S and o, for which F is maximized, i.e. when
dF/3S = (1/S)[3H/dS — H/S) = 0, and 9F/do; = (1/8)dH /dos = 0.

For the gamma distribution, using Eq. (10) for H with(x)¢ = S, we obtain the optimal mean Sp and standard
deviation o, as So = o5 = (ce™®)1/A=K) where ¢ is the numerical parameter relating Ax and S in Eq. (2), i.e.

Ax = ¢§. Tt can be easily verified that Sp < Ax(Sp), and thus the optimal spine size is smaller than its intrinsic
noise. The maximal value of the fitness function for gamma distribution, or the upper bound on entropy density,

Fg,m = H(So, US,O)/SO> is
(1 _ K) e 1/(1—k)
Forp=——{— . 42

™7 1n@2) \ ¢ “42)
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For the lognormal distribution, using Eq. (17), we obtain the following optimal mean Sy = e(c/~/ 2m) /A=),
and standard deviation o9 = +/e — 1Sp. Note that for this distribution Sy is also smaller than Ax(Sp). The cor-
responding maximal entropy density is

1/(1—
A—x) (v

eln(2) c 43)

F, Inm =
For the loglogistic distribution, using Eq. (27) with (x); = S, we have the optimal Sy = (7r¢/e1+))1/(1=) and
050 = 0o. Additionally, Sy is again smaller than Ax(Sp). The maximal entropy density for loglogistic distribution is

(1 —x) [ e+ e

F N
o In(2) 7

(44)

Note that generally we have the following inequalities: Fg,m > Fiym > Fyi,m, which means that gamma distribu-
tion provides the highest maximal information density. Moreover, for all three distributions optimal spine size is
smaller than its corresponding intrinsic noise Ax, which indicates that maximal entropy density is not attainable
for empirical spines. In other words, real spines are too large to be optimized for entropy density.

Data availability
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Figure Captions

Fig. S1
Cumulative distribution function CDF of spine volume for empirical and theoretical dis-
tributions in cingulate cortex. Note that all three theoretical CDF are close to the empirical CDF,

but gamma and lognormal are slightly better than loglogistic.

Fig. S2

Similar as in Fig. S1, but for spine length.

Fig. S3
Similarity of spine length distributions across human lifespan. Empirical data for human
hippocampal spine length (rectangles; taken from Das et al (2019)) ranging from infancy (except 5
month old), through maturity, to senility look very similar. These data were fitted to three different
distributions (solid lines). Mean values of the fitted parameters and corresponding 95% confidence
intervals (in the brackets) are provided below.

A) Fitting parameters for lognormal: p = 0.14 CI=[0.10, 0.18], ¢ = 0.59 CI=[0.56, 0.61], (5
months); p = 0.17 CI=[0.14, 0.19], ¢ = 0.55 CI=[0.53, 0.56], (2 years); u = 0.19 CI=[0.17, 0.21],
o = 0.52 CI=[0.51, 0.53], (23 years); p = 0.20 CI=[0.18, 0.22], ¢ = 0.53 CI=[0.51, 0.54], (27 years);
p = 0.20 CI=[0.18, 0.21], o = 0.52 CI=[0.51, 0.53], (38 years); u = 0.18 CI=[0.16, 0.19], 0 = 0.53
CI=[0.51, 0.54], (45 years); u = 0.17 CI=[0.15, 0.18], o = 0.52 CI=[0.51, 0.53], (57 years); u = 0.16
CI=[0.14, 0.17], o = 0.53 CI=[0.52, 0.54], (58 years); u = 0.16 CI=[0.15, 0.17], ¢ = 0.53 CI=[0.52,
0.54], (68 years); u = 0.17 CI=[0.16, 0.18], o = 0.53 CI=[0.52, 0.54], (70 years); u = 0.17 CI=[0.15,
0.18], 0 = 0.53 CI=[0.52, 0.54], (71 years).

B) Fitting parameters for loglogistic: a = 1.20 CI=[0.68, 1.71], b = 2.86 CI=[1.53, 4.19], (5



months); a = 1.23 CI=[0.85, 1.60], b = 3.13 CI=[2.09, 4.16], (2 years); a = 1.26 CI=[0.96, 1.55],
b = 3.33 CI=[2.49, 4.17], (23 years); a = 1.26 CI=[1.03, 1.48], b = 3.23 CI=[2.60, 3.86], (27 years);
a = 1.26 CI=[1.07, 1.45], b = 3.33 CI=[2.80, 3.86], (38 years); a = 1.23 CI=[1.08, 1.38], b = 3.23
CI=[2.80, 3.66], (45 years); a = 1.22 CI=[1.08, 1.35], b = 3.33 CI=[2.92, 3.73], (57 years); a = 1.21
CI=[1.08, 1.33], b = 3.23 CI=[2.85, 3.60], (58 years); a = 1.21 CI=[1.09, 1.32], b = 3.23 CI=[2.88,
3.57], (68 years); a = 1.22 CI=[1.10, 1.33], b = 3.23 CI=[2.90, 3.56], (70 years); a = 1.21 CI=[1.10,
1.32], b = 3.23 CI=[2.91, 3.54], (71 years).

C) Fitting parameters for gamma: o = 3.35 CI=[2.84, 3.86], § = 2.48 CI=[2.18, 2.91], (5 months);
a = 3.84 CI=[3.07, 4.60], 8 = 2.83 CI=[2.48, 3.30], (2 years); a = 4.17 CI=[3.37, 4.96], 8 = 3.03
CI=[2.70, 3.46], (23 years); a = 4.07 CI=[3.50, 4.63], 5 = 2.93 CI=[2.67, 3.24], (27 years); a = 4.13
CI=[3.65, 4.60], § = 2.99 CI=[2.76, 3.26], (38 years); a = 4.06 CI=[3.70, 4.42], 8 = 2.99 CI=[2.80,
3.20], (45 years); a = 4.11 CI=[3.77, 4.45], B = 3.05 CI=[2.87, 3.25], (57 years); a = 4.03 CI=[3.73,
4.33], B = 3.03 CI=[2.86, 3.21], (58 years); a = 4.01 CI=[3.73, 4.28], 8 = 2.99 CI=[2.84, 3.16], (68
years); a = 4.07 CI=[3.79, 4.34], f = 3.02 CI=[2.87, 3.18], (70 years); a = 4.07 CI=[3.80, 4.33],

B = 3.04 CI=[2.90, 3.20], (71 years).

Fig. S4
Cumulative distribution function CDF of spine length for empirical and theoretical dis-

tributions in hippocampus. Note a near overlap of all three theoretical CDF with the empirical

CDF.

Fig. S5

Similar as in Fig. S4, but for spine head diameter.
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Table 1: (T1) Kolmogorov-Smirnov goodness of fit for spine volume and length:
human cingulate cortex.

Bin no  Spine Age  Kolmogorov-Smirnov distance Dy g
Ny Parameter (yrs)
Lognormal Loglogistic ~Gamma
20
Volume 40 0.269%* 0.272 0.274
Volume 85 0.256* 0.259 0.256*
Length 40 0.190 0.199 0.179*
Length 85 0.133 0.140 0.122*
30
Volume 40 0.221 0.230 0.212*
Volume 85 0.193 0.201 0.183*
Length 40 0.127 0.137 0.117*
Length 85 0.091 0.094 0.080*
412
Volume 40 0.026 0.034 0.020*
Volume 85 0.033 0.037 0.019*
Length 40 0.019* 0.026 0.020
Length 85 0.018 0.029 0.014*

All fits to the three theoretical distributions are statistically significant at the
level of P = 0.05 (regardless of the number of bins NN}), since the Kolmogorov-
Smirnov distance D¢ is always smaller than the critical distance D, which is
0.294 for Ny = 20, 0.240 for N, = 30, and 0.067 for N, = 412 (Keeping 1995).
The asterisk indicates the smallest KS distance, and hence the best theoretical
distribution from the chosen three.
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Table 2: (T2) Kolmogorov-Smirnov goodness of fit for spine length and head
diameter: human hippocampus.

Bin  Spine Distrib. Kolmogorov-Smirnov distance Dg g
Ny,  Param. Age (yrs)
5 2 23 27 38 45 57 58 68 70 71

12

20  Length Lognor. 0.128 0.126  0.123  0.127v  0.127 0.127 0.129 0.131  0.128  0.127  0.128
Loglog. 0.135 0.134 0.134 0.138 0.138 0.138 0.139 0.141 0.138 0.138  0.139
Gamma 0.123* 0.118*% 0.117* 0.122* 0.122* 0.122* 0.124* 0.127*% 0.123*% 0.122* 0.124*

20 H. diam. Lognor. 0.120 0.131 0.135 0.159 0.162 0.163 0.165 0.169 0.166 0.198  0.196
Loglog. 0.119 0.130 0.135 0.157* 0.169 0.171 0.173 0.176 0.174  0.193* 0.191
Gamma 0.116*% 0.128*% 0.133* 0.157* 0.159* 0.159* 0.161* 0.166* 0.163* 0.201  0.198*

30  Length Lognor. 0.099 0.099 0.091 0.092 0.092 0.090 0.090 0.092 0.093 0.092 0.093
Loglog. 0.107  0.108 0.102 0.100 0.099 0.099 0.100 0.102 0.103 0.103 0.103
Gamma 0.094* 0.092* 0.085* 0.084* 0.085* 0.085* 0.085* 0.087* 0.088* 0.088* 0.088*

30 H.diam. Lognor. 0.087 0.098 0.098 0.113 0.123 0.126 0.129 0.131  0.128  0.135* 0.133*
Loglog.  0.080* 0.091* 0.088* 0.112  0.113* 0.116* 0.119* 0.120% 0.117* 0.138  0.137
Gamma 0.081  0.098 0.100 0.110* 0.127 0.130 0.132 0.135 0.132 0.140 0.138

256  Length Lognor. 0.088  0.070  0.063  0.061  0.058  0.057 0.055 0.056 0.055 0.055 0.054
Loglog.  0.069* 0.049 0.038 0.038 0.038 0.035 0.035 0.036* 0.036 0.037 0.036
Gamma 0.077  0.046* 0.035% 0.036* 0.034* 0.035% 0.033* 0.036* 0.034* 0.033* 0.034*

100 H. diam. Lognor. 0.062  0.057  0.055 0.055 0.046  0.047  0.047 0.048 0.047 0.045 0.044
Loglog.  0.032* 0.038* 0.038* 0.035* 0.031* 0.034* 0.035* 0.034* 0.034* 0.031* 0.031*
Gamma 0.033 0.054 0.055 0.050 0.048 0.050 0.051 0.053 0.051 0.049  0.046

All fits to the three theoretical distributions are statistically significant at the
level of P = 0.05 (regardless of the number of bins N}), since the Kolmogorov-
Smirnov distance Dy g is always smaller than the critical distance D, which is
0.294 for N, = 20, 0.240 for N, = 30, and 0.067 for N, = 412 (Keeping 1995).
The asterisk indicates the smallest KS distance, and hence the best theoretical
distribution from the chosen three.

Code for data analysis: KS goodness of fit.
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# -*- coding: utf-8 -*-

from pylab import *

import numpy as np

import matplotlib.pyplot as plt
import scipy.stats as st

import random

import math

import csv

import pandas as pd

import seaborn as sns

from scipy.optimize import curve_fit
from collections import Counter
import warnings

import time

import matplotlib
matplotlib.rc('xtick’, labelsize=10)
matplotlib.rc("ytick', labelsize=10)
import warnings
warnings.filterwarnings('ignore')

# reading data

dfl = pd.read_excel('human benevides.xls',sheet name='spine length')
pacjent = df1['C40']

#pacjent = df1['C85']

newlist = [e for e in pacjent if math.isnan(e) == False]

##LOG-NORMAL
mean, std = st.norm.fit(np.log(newlist))
a,b,c = st.lognorm.fit(newlist)

## gamma
fit alphal, fit locl, fit_betal = st.gamma.fit(newlist,floc=0)

## loglogistic
fit_alpha2, fit_loc2, fit_beta2 = st.fisk.fit(newlist,floc=0)

# calculate ecdf when number of bins are equal to maximal number for data set
def ecdf2(sample):

sample = np.atleast _1d(sample)

quantiles, counts = np.unique(sample, return_counts=True)

cumprob = np.cumsum(counts).astype(np.double) / sample.size

return quantiles, cumprob

# calculate ecdf when number of bins equal to 20 or 30

def ecdf(sample):

sample = np.atleast 1d(sample)

values, binki = np.histogram(sample, bins=30, normed=True)
pdf = values / sum(values)

data_cum = np.cumsum(pdf)

return binki, data_cum



nl = st.lognorm(a,b,c)
n2 = st.gamma(fit_alphal, loc=fit_locl, scale= fit betal)
n3 = st.fisk(fit_alpha2, loc=fit_loc2, scale= fit beta2)

# # compute the ECDF of the samples
ge, pe = ecdf2(newlist)

# evaluate the theoretical CDF over the same range
ql = np.linspace(qe[0], qe[-1], len(qge))

pl =nl.cdf(ql)

g2 = np.linspace(qe[0], gqe[-1], len(qge))

p2 =n2.cdf(q2)

g3 = np.linspace(qe[0], qe[-1], len(qge))

p3 =n3.cdf(q3)

cdfs = ['norm','fisk','gamma’]
data_sample = newlist

# calculate "goodness of fit"

for cdf in cdfs:

parameters = eval("st."+cdf+".fit(data sample)")

D, p = st.kstest(data_sample, cdf, args=parameters, N = 30)

print (cdf.ljust(16) + ("p: "+str('{0:.10f}'.format(p)).ljust(40)+"D: "+str('{0:.10f}".format(D))))
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We investigate a mutual relationship between information and energy
during the early phase of LTP induction and maintenance in a large-scale
system of mutually coupled dendritic spines, with discrete internal states
and probabilistic dynamics, within the framework of nonequilibrium
stochastic thermodynamics. In order to analyze this computationally
intractable stochastic multidimensional system, we introduce a pair ap-
proximation, which allows us to reduce the spine dynamics into a lower-
dimensional manageable system of closed equations. We found that the
rates of information gain and energy attain their maximal values during
an initial period of LTP (i.e., during stimulation), and after that, they re-
cover to their baseline low values, as opposed to a memory trace that lasts
much longer. This suggests that the learning phase is much more energy
demanding than the memory phase. We show that positive correlations
between neighboring spines increase both a duration of memory trace
and energy cost during LTP, but the memory time per invested energy in-
creases dramatically for very strong, positive synaptic cooperativity, sug-
gesting a beneficial role of synaptic clustering on memory duration. In
contrast, information gain after LTP is the largest for negative correla-
tions, and energy efficiency of that information generally declines with
increasing synaptic cooperativity. We also find that dendritic spines can
use sparse representations for encoding long-term information, as both
energetic and structural efficiencies of retained information and its life-
time exhibit maxima for low fractions of stimulated synapses during LTP.

Jan Karbowski is the corresponding author.
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Moreover, we find that such efficiencies drop significantly with increas-
ing the number of spines. In general, our stochastic thermodynamics ap-
proach provides a unifying framework for studying, from first principles,
information encoding, and its energy cost during learning and memory
in stochastic systems of interacting synapses.

1 Introduction

Parts of synapses known as dendritic spines play an important role in learn-
ing and memory in neural networks (Bonhoeffer & Yuste, 2002; Kasai et al.,
2003; Bourne & Harris, 2008; Takeuchi et al., 2014; Kandel et al., 2014).
Learning can be thought of as acquiring information in synapses through a
plasticity mechanism such as LTP and LTD (long-term potentiation and
depression, respectively), and memory can be regarded as storing that in-
formation. (For an experimental overview, see Yang et al., 2009; Bourne &
Harris, 2008; Takeuchi et al., 2014; and Poo et al., 2016. For a theoretical
overview, see Fusi et al., 2005; Benna & Fusi, 2016; and Chaudhuri & Fi-
ete, 2016.) Thus, learning and memory are strictly related to processing and
maintaining long-term information, which in principle could be quantified
in terms of information theory and statistical mechanics, much as it can be
done for neural spiking activity (Rieke et al., 1999). Indeed, recent results
show that information (entropy) contained in the distributions of dendritic
spine volumes and areas is nearly maximal for any of their average sizes
across different brains and cerebral regions (Karbowski & Urban, 2022).
This suggests that the concept of information can be useful in quantifying
synaptic learning and memory and that actual synapses might “use” and
optimize certain information-theoretic quantities.

Physics teaches us that there are close relationships between information
and thermodynamics, and the smaller the system, the stronger the mutual
link, since smallness contributes to fluctuations and thus unpredictability
in the system (Bennett, 1982; Leff & Rex, 1990; Berut et al., 2012; Parrondo
et al., 2015). This means that information processing always requires some
energy, and it is reasonable to assume that biological evolution favors sys-
tems that save energy while handling information because of the limited re-
sources and /or competition (Niven & Laughlin, 2008). This line of thought
was explored in neuroscience for estimating energy-efficient coding capac-
ity in (short-term) neural activities and synaptic transmissions (Rieke et al.,
1999; Levy & Baxter, 1996, 2002; Levy & Calvert, 2021; Laughlin et al., 1998;
Balasubramanian et al., 2001). All of these approaches and calculations for
neural and synaptic activities, however valuable, missed one key ingredi-
ent of real biological systems or did not make it explicit: biological systems,
including neurons and synapses, always operate far from thermodynamic
equilibrium, where balance between incoming and outgoing energy and
matter (or probability) fluxes is broken—the so-called broken detailed
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balance. (For a general physical approach, see Maes et al., 2000; Seifert, 2012;
and Gardiner, 2004. For a biophysical approach to synapses, see Karbowski,
2019.) As a consequence, equilibrium thermodynamics (with static or sta-
tionary variables and Gibbs distributions) does not seem to be the right
approach, and to be more realistic, one has to use nonequilibrium statis-
tical mechanics, where the concepts of stochasticity and entropy produc-
tion play central roles (and where we do not know a priori the probability
distributions). Nonequilibrium statistical mechanics (or nonequilibrium
stochastic thermodynamics) provides a unifying description for stochas-
tic dynamics because it treats microscopic information and energy on the
same footing, which allows us to get the right estimates of information
and energy rates from first principles. Such an approach was initiated in
Karbowski (2019, 2021) for studying nonequilibrium thermodynamics of
synaptic plasticity. Both of these studies suggested that synaptic plasticity
can use energy rather economically, since (1) it consumes only about 4%
to 11% of energy devoted for fast synaptic transmission (Karbowski, 2019),
and (2) it can provide higher coding accuracy and longer memory time for
a lower energy cost at certain regimes (Karbowski, 2019, 2021).

There exists large experimental evidence that local synaptic coopera-
tivity on a dendrite takes place during learning and memory formation
(Makino & Malinow, 2011, and Yadav et al., 2012; for a review see Winnubst
etal., 2012), and it can also be useful for long-term memory stability (Govin-
darajan et al., 2006; Kastellakis & Poirazi, 2019). Thus, it seems that any re-
alistic model of synaptic plasticity relevant for memory formation should
include correlations between neighboring synapses. Moreover, it would be
good to know how such correlations influence the lifetime of memory trace,
as well as information gain and the energy cost associated with it.

This study explores nonequilibrium statistical mechanics for investigat-
ing the efficiency of learning and storing information in a system of inter-
acting synapses with stochastic dynamics during early LTP induction and
its maintenance (e-LTP phase, without consolidation). Not only fast synap-
tic transmission is noisy (Volgushev et al., 2004); the noise is also present in
long-term synaptic dynamics associated with slow plasticity due to large
thermal fluctuations in internal molecules and presynaptic input (Bonho-
effer & Yuste, 2002; Holtmaat et al., 2005; Choquet & Triller, 2013; Statman
et al., 2014; Meyer et al., 2014; Kasai et al., 2003; Loewenstein et al., 2011).
Thus, synaptic plasticity requires a probabilistic approach (Yasumatsu et al.,
2008), and we assume that it can be described as dynamics involving tran-
sitions between discrete mesoscopic states (Montgomery & Madison, 2004;
Fusi et al., 2005; Leibold & Kempter, 2008; Barrett et al., 2009; Benna & Fusi,
2016). Our letter extends the previous two studies (Karbowski, 2019, 2021)
in three important methodological ways. First, it provides a general frame-
work for approximating the dynamics of a multidimensional stochastic
system of N interacting synapses each with four internal states (which in
practice is computationally intractable for large N) by reducing it to a set of
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coupled lower-dimensional stochastic subsystems (which are computation-
ally tractable). This is done by applying the so-called pair approximation,
which allows us to reduce the system with 4" equations to the system with
about 4(5N — 4) equations. Second, our letter provides explicit formulas for
investigating information gain (rate of Kullback-Leibler divergence) and
energy consumption (entropy production rate) for arbitrary time during
learning and memory retention phases. Third, we use data-driven estimates
for transition rates between different synaptic states, and hence our values
of information and energy are realistic.

On a conceptual level, our study investigates how the efficiency of en-
coded information (both amount and duration) depends on a degree of cor-
relation between neighboring synapses, a percentage of their activation by
presynaptic neurons, and the magnitude and duration of synaptic stimu-
lation during LTP. The first relates to cooperativity between synapses, the
second to sparseness of synaptic coding, and the last to the strength of learn-
ing. All of these parameters can in principle be compared to empirical data
once those are available, thus providing an important link between theory
and experiment.

Throughout the letter, we use interchangeably the terms dendritic spine
and synapse.

2 Model of Plastic Interacting Dendritic Spines

We consider a single postsynaptic neuron having one basal (main) dendrite
with N dendritic spines located along its length (see Figure 1). Because of
the small sizes of dendritic spines (about 1 um), their dynamics are neces-
sarily probabilistic due to thermodynamic fluctuations of local environment
(with high temperature of about 300 K), as well as due to activity fluctua-
tions in neurons (both an electric and chemical nature). Moreover and im-
portantly, the spines are locally coupled by nearest-neighbor interactions,
as the experimental data suggest (Makino & Malinow, 2011; Yadav et al.,
2012; Winnubst et al., 2012).

2.1 Morphological Spine States and Stochastic Multidimensional Dy-
namics. Empirical data indicate that a single dendritic spine can be re-
garded as a four-state stochastic system with well-defined morphological
(mesoscopic) states (Montgomery & Madison, 2004; Bokota et al., 2016; Basu
et al., 2018; Urban et al., 2020; see Figure 1A). These states are denoted here
as s; at each location 7, with values s; = 0, 1, 2, 3, corresponding respectively
to the following morphological states: nonexistent, stubby, filopodia/thin,
and mushroom (the larger s;, the larger the spine size; see appendix A).
These mesoscopic states are quasi-stable, which means that there are slow
transitions between them that are much slower than microscopic transitions
between molecular, mostly unknown, processes comprising internal micro-
scopic dynamics of a dendritic spine (Kennedy, 2000; Sheng & Hoogenraad,
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Figure 1: Mesoscopic model of dendritic spines and their interactions on a den-
drite. (A) Four state stochastic models of a dendritic spine with transitions be-
tween the mesoscopic states. (B) Interactions between spines on a dendrite are
determined only by nearest neighbors, in such a way that the spine’s intrinsic
transition rates depend on the states of neighboring spines. These interactions
can be thought of as representing inflow and outflow of different molecules be-
tween spines.

2007; Miller et al., 2005; Kandel et al., 2014). This approach can be treated as
a coarse-grained description of intrinsic spine dynamics in terms of stochas-
tic Markov process on a mesoscopic scale.

We assume stochastic dynamics for N-coupled dendritic spines and de-
note by P(s1, sz, ..., sn; t) the probability that the spine system has the
configuration of internal states sq, sy, ..., sny. The dynamic of this global
stochastic state is motivated by the Glauber model of time-dependent Ising
model (Glauber, 1963), and it is represented by the following master equa-
tion (see appendix A)

,ét. ) = Z Z wshs;‘ (5171’ Sl‘f’l)P(Sl’ s ey S;, 0oy SN)

/

i=1 s;

N
—P(s1, .., 88) D Y w5 (si1, Si1), 2.1)
i=1

/
5;
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Table 1: Values of Intrinsic Basic Transition Rates v; ¢ in Each Synapse.

Matrix Element  Value

V0,1 0.019
V1,0 0.065
V0.2 0.015
V2.0 0.007
V0,3 0.022
v3.0 0.001
V21 0.003
V1,2 0.061
V23 0.009
v32 0.015
V1,3 0.049
V31 0.008

Notes: All diagonal ele-
ments (that is v y) are
zero. The units are in
min~ L.

where wg, 5(si-1, Si+1) is the transition rate for the jumps inside spine i from
state s; to state s;. These jumps also depend on the states of neighboring
spines s;_1 and s;;1, because of the nearest-neighbor coupling between the
spines (see Figure 1B). Generally we take the following form of the transi-
tion matrix ws, (Si—1,Sit1),

W, s (Si-1, Sit1) = Vs, [1 +60(d(si) — d(#))#@)[d(si—l) + d(5i+1)]]

x[1+ai(1+6(d(s;) — d(sp)) f(1)], (2.2)

where Us; s is the intrinsic basic transition rate between s; and s; at spine i,
and it is independent of the neighboring synapses. These intrinsic rates are
the same for each i, setting the temporal scale for basal synaptic plasticity,
and they were estimated based on data in Urban et al. (2020) and are pre-
sented in Table 1. The symbol d(s;) is the spine size at state s; of spine 7, and
it is proportional to the spine surface area (see appendix A), whereas 6(x)
denotes the sign function of the argument x, where 6(x) =1 if x > 0 and
6(x) = —1if x < 0. Note that larger spine sizes of neighboring spines gen-
erally influence more the transition rates of the given spine, which relates
to their cooperativity. The parameter y corresponds to the magnitude of
spine cooperativity between nearest neighbors, with —1 < y <1, and there
is rescaling by the maximal spine size d(3) (size in state s = 3 called mush-
room), which ensures the positivity of all elements of the transition matrix.
The positive values of y indicate positive correlations (positive cooper-
ativity), while its negative values mean negative correlations (negative

20z Aenuer Zg uo pueyoley BuoweY Aq Jpd-ZE9LO € 008U/SH/E 122/ LZ/ZI9E/IPd-0101E/008U/NPS W 0S.IP//:dRY WOl POPEOJUMOQ



Information and Energy During LTP 277

Table 2: Nominal Values of Global Parameters Used in Computations.

Description Variable Value Units
Number of synapses N 1000 Unitless
Cooperativity y (=1.0,1.0)  Unitless
Probability of stimulation Pact 0.3 Unitless
Stimulation amplitude A 200 Unitless
Decay time of stimulation 151 15 min
Rising time of stimulation 153 2 min
Energy scale for plasticity € 4.6-10° kT

Notes: Value of stimulation amplitude A is motivated by exper-
imental facts that during LTP, the rates of protein phosphoryla-
tion at PSD increase by two or three orders of magnitude with
respect to baseline rates (Miller et al., 2005). Energy scale € for
synaptic plasticity was taken from the estimate in Karbowski
(2021).

cooperativity). Note that for positive cooperativity, the local spine interac-
tions amplify the transitions that lead to an increase of spine size and reduce
transitions that decrease spine size. The opposite is true for negative coop-
erativity. It should be added that distant spines also can affect a given spine
atlocation i, but that interaction has an indirect character and thus is weaker
and mediated with some delay.

The last factor on the right in equation 2.2 indicates the effect of exter-
nal (presynaptic) stimulation, leading to LTP, with a time-varying function
known as alpha function f(t) given by

fl)y =A@ —etlm), (2.3)

where A is the stimulation amplitude, ¢ is the time after stimulation onset,
and 1, 1, are time constants related to falling and rising phases of the stimu-
lation, respectively. The latter means that LTP-related stimulation lasts only
about 11 + 1, (around 17 minutes; see Table 2), which we call the duration of
the learning phase. After that time, all the transition rates essentially decay
to their prestimulation basal values. Consequently, after the stimulation, the
dynamics of synaptic plasticity is driven only by the interactions between
neighboring spines and their internal states. These dynamics are slow, and
we call this stage the memory phase. The prefactor 4; of f(t) in equation 2.2
assumes two values: a; = 1 when the spine i is stimulated with the probabil-
ity puct, and a; = 0 when there is no stimulation with the probability 1 — p,.
Note that LTP-related stimulation amplifies only the transitions increasing
the spine size (the sign function 6 is then 1). For the transitions decreasing
the spine size, there is no amplification because then the prefactor of f(t) is
zero.
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The important point is that during learning (the phase when the func-
tion f(t) is activated), the information about the stimulation is encoded
in the patterns of the probabilities P(s1, ..., sny). Thus, knowing how these
patterns change in time provides necessary “data” for computing physical
characteristics of learning and memory.

2.2 Reduction of Multidimensional Spine Stochastic Dynamics
into Low-Dimensional Dynamics: Pair Approximation. Equation 2.1 de-
scribes the dynamics of the multidimensional probability that involves a
gigantic 4V number of equations. For a typical number of synapses on a
dendrite N ~ 10%, the dynamics represented by equation 2.1 require ~10%%
equations, which are impossible to simulate and solve on any computer.
This numerical impossibility forces us to find an approximation to the dy-
namics in equation 2.1. Consequently, we consider a lower-dimensional dy-
namics involving only singlets and pairs of locally interacting spines. This
strategy is sufficient to describe the global dynamics of the synaptic system
and to compute information and energy rates if we make a certain reason-
able assumption (see below).

The probabilities for singlets and doublets of spine states P(s;) and
P(s;, si+1) can be obtained from equation 2.1 by summations over all other
states in other synapses as

P(S)—Z ZZ ZP(SL...,SI',...,SN)

Si—1 Sit1

and, similarly,

P(Si»Si-l—l)—Z ZZ ZP(S1,..., ,...,SN).

Si—1 Si+2

As a result, we obtain two equations:

dIZi(tSi) =Y > > [wes(Si-1,541)P(Si-1. 5}, 511)

Si-1 Siy1 8

— wy 5, (Si-1, 8i41)P(Si-1, 81, Si11) ], (2.4)

which isvalid fori=2,...,N —1,and

dpP Sz’sz
( +1) ZZ Ws; S(Sl 1, Sl-i-l)p(sz 1, SZ’SH-l)

Si-1 s

— wy 5, (5i-1, Si41)P(Si-1, i, 8i41)]
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+ > we s, (5ir Six2)P(Sin ST i)

Si+2 S
— Wy s (85 8i42)P(8i, Siy1, 8i42) ] (2.5)

which is valid for i =2,..., N — 2. For the boundary probabilities, that
is, for the dynamics of P(s1), P(sy) and P(s1,s2), P(sn—1,5n), we have
similar equations, except we drop the boundary terms s, sy4+1 as they are
nonexistent.

Equations 2.4 and 2.5 for the dynamics of P(s;) and P(s;, sit1) in-
volve additionally the probabilities of spine triplets P(s;_1, s;, si+1) and
P(si, sit+1, si+2), and thus they do not form a closed system of equations. To
close these equations, we use the so-called pair approximation for proba-
bilities. The main idea in this approximation is that the biggest influence
on a given synapse is exerted only by the nearest-neighbor synapses, and
the effects from remote neighbors can be neglected, as is implied by the
form of the transition rate ws, s(si-1, Siy1). Specifically, for three neighbor-
ing synapses indexed spatially asi — 1, i, i + 1, the dynamic of synapsei — 1
depends directly only on the state of synapse i, and the influence of i 41
synapse can be neglected as coming from the remote site. In terms of prob-
abilities, this can be written as

P(si_1, si, si+1) ~ P(si_1, si)P(si, six1)/P(si), (2.6)

where we used the approximation for the conditional probability
P(Si_1 |Si, Si+1) ~ P(Si_l |Si) and the fact that P(Si_l |Si) = P(Si_l , Si)/P(SZ'). Thus,
the probabilities of the spine triplets can be effectively written as combina-
tions of the probabilities for spine singlets and doublets, which forms the
essence of the pair approximation. A similar expression can be obtained for
synapses with other combinations of indexes.

The above pair approximation allows us to write the dynamics of prob-
abilities P(s;) and P(s;, s;11) as

z P(si_1,s;)P(s}, s;
(S) ZZZ[wSzS(Sz 1, Sit1) (51 225;51 S+1)

Si-1 Sit1 S}

2.7)

— Wy, (Si-1, Sit1)

P(si_1,5:)P(si, si11)
P(Sl‘)

fori=2,...,N—1,and

dp sl,sZ P(si—1,8;)P(s}, si1)
( +1) ZZ |:ws ! (Sz 15 51+1) : P(S/.) =

Si—1 Sj

— Wy 5, (Si-1, Sit1)

P(si_1,5:)P(si, si11)
P(Si)
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P(si, 8, 1)P(s, 15 Sit2)
+ Z Z |:wSi+1vS;'+1 (Si’ Si+2) H_P(S, l;_
Sit2 S}, i+1

P(si, 8i41)P(Siy1, Sit2)
- wsz"+1’si+1 (Sla Sl+2) +11(S 1;_1 +2 ) (2-8)
1+
for i=2,...,N — 2. Similar expressions can be written for the boundary

probabilities withi =1 and i = N.

It is clear that equations 2.7 and 2.8 for the dynamics of P(s;) and
P(s;, siy1) form the closed system of equations, since now they only de-
pend on each other. Importantly, the number of equations in the reduced
dynamics (equations 2.7 and 2.8) is only 20N — 16, which is linear in N and
thus much smaller than the original 4" equations, and hence feasible for
numerical analysis. These two types of probabilities are sufficient to com-
pute quantities of interest, which are associated with LTP induction, such
as memory trace and its duration, the average sizes of spines, and the rates
of information gain (Kullback-Leibler divergence) and energy dissipated
(entropy production rate). However, first we check the accuracy of the pair
approximation.

2.3 Validity of the Pair Approximation. In this section, we check how
accurate the pair approximation is by considering a small system of den-
dritic spines with N = 4, for which one can find an exact numerical solution
for the dynamics in equation 2.1. Our goal is to compare this exact solution
with its approximation given by equations 2.7 and 2.8.

Numerical calculations indicate that the pair approximation is accurate,
as exact and approximate probabilities are practically indistinguishable (see
Figure 2A), even for very strong couplings between spines (y = —0.9 and
y = 0.9). Moreover, the pair approximation is well defined, since it pre-
serves positivity of all probabilities and their normalization (see Figures 2A
and 2B). Additionally, as an example of the main observable used in this
study, we also compared entropy production rates computed for the ex-
act dynamics in equation 2.1, denoted as EPR,,, with that computed from
the approximate dynamics in equations 2.7 and 2.8 and denoted as EPR,
(the formulas for the exact and approximate EPR are given, respectively, in
equations 3.1 to 3.4 and 3.7 to 3.10). Both entropy production rates are also
essentially indistinguishable, with a small difference between them, at most
0.6% (see Figure 2C).

In order to give a measure of the pair approximation accuracy, we intro-
duce the ratio R for N = 4 spines, defined as

Pya(s1, 82)Ppa(82, 83) Ppa(83, 54)
Ppa(SZ)Ppa(SE’:)Pex(Sl, $2, 53, 54) ’
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Figure 2: Comparison of an exact solution and pair approximation for N = 4 in-
teracting spines. (A) Time dependence of exact P; (1), and approximated P, (1),
probability P(s; = 1) for three different couplings y. Both probabilities are
essentially indistinguishable. Exact solutions correspond to solid (y = —0.9),
dashed (y = 0.1), and dotted (y = 0.9) lines. Pair approximations correspond to
diamonds (y = —0.9), x (y = 0.1), and circles (y = 0.9). (B) Normalization con-
dition for probabilities of spine 1, 25’1:0 P(s1). Solid line for y = —0.9, dashed
line for y = 0.1, and dotted line for y = 0.9. Note that the sum deviates from
unity by a very small number—Iless than 5 - 107°. (C) Time dependence of exact
(EPR.,) and approximated (EPR,,;) entropy production rate. Exact EPR,, cor-
respond to solid (y = —0.9) and dashed (y = 0.1) lines. Pair approximations
EPR,, correspond to diamonds (y = —0.9) and x (y = 0.1). Note an excellent
matching of EPR,, to EPR,,.

where the subscript pa refers to the pair approximation (see equations 2.7
and 2.8), while ex corresponds to the exact solution (see equation 2.1). When
R approaches 1, the pair approximation matches the exact solution per-
fectly. The larger the deviation of R from unity, the less accurate is the
approximation. This follows from the form of the pair approximation for
four spines: P(Sl, S2, 53, 54) ~ P(Sl, SQ)P(SQ, S3)P(S3, S4)/[P(52)P(S3)]. To have
a global numerical accuracy, we have to average R over all states, which

.....

tion SD(R) = /(R?) — (R)?, serving as a global error. In Figure 3, we show
that (R) is very close to 1, and SD(R) is generally small, at most 0.1.
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Figure 3: Accuracy measure for pair approximation with N =4 interacting
spines. (A) Average ratio (R) as a function of time for different magnitudes of
coupling between the spines. (B) Similar to panel A but for standard deviation
of the ratio R. Note that SD(R) is for moderate values of y much less than 0.05,
and it maximally achieves the value ~0.1 in the extreme case y — —1.

Taken together, the numerical results in Figures 2 and 3 indicate that the
pair approximation derived in this study is quite accurate, and its accuracy
is preserved in time. For an analytical example related to the pair approxi-
mation, see appendix B.

3 Derivation of Entropy Production Rate as an Energy Cost for
Interacting Spines

Energy expenditure of synaptic plasticity is associated with transitions be-
tween different states of a dendritic spine. The faster the transitions, the
more energy is used, and vice versa. Generally, a spine is in a thermody-
namic nonequilibrium with its environment, and thus the energy cost is
strictly related to the entropy production rate of the spine (for general ideas
of nonequilibrium thermodynamics, see Nicolis & Prigogine, 1977, and
Peliti & Pigolotti, 2021). Specifically, we assume that the energy rate associ-
ated with plasticity processes in dendritic spines is equal to the entropy pro-
duction associated with stochastic transitions between spine mesoscopic
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states, similar as in Karbowski (2019). In our case of N dendritic spines, the
entropy production rate of the whole system EPR(sq, ..., sn) is given by
a general formula for the entropy production (Schnakenberg, 1976; Maes
et al., 2000; Seifert, 2012; Van den Broeck & Esposito, 2015):

N
EPR(s1.....sy) = Y EPR; (3.1)
=1

where EPR; is the individual entropy productions of each interacting spine,

€
EPR; = 5 Yo |:ws,-,s;(5i—1, Sit1)P(s1, .y Sy ooy SN) — Wy, (Si-1, Sit1)
S1

,,,,, SN sl’.

wsi,s;(si,l, Si+1)P(Sl, ey S;, ey SN)

Wy 5, (Si-1, Si+1)P(S1, ..+, Sis -+, SN)

xP(sl,...,si,...,sN)i| In , (3.2)

fori=2,...,N —1, and for the boundary terms

6 /
EPR; = > Z Z [wsl,s’l(SZ)P(SlaSZa s SN) — Wy 5, ($2)P(s1, 2, 5N
S1yeeey SN Sl
o Yas (52)P(s}, 52, ..., 5N) (3.3)
wy, 5, (52)P(s1, 82, ..., \) '
and
€
EPRy = = [wsy.s, (SN-1)P(51, 52, - . ., S))
2 N
S1yeeny SN s?\]
— Wy, 5y (5N-1)P(s1, 52, . . ., )]
Ws. ¢ (Sy—1)P(s1, S2, ..., S,
<« In sN,sN(N 1) (1 2 N)’ (34)
Wy sy (SN-1)P (81, 82, - - -, SN)

where € is the energy scale for various biophysical processes taking place
inside a typical dendritic spine and related to molecular plasticity. Its value
was estimated at about € ~ 4.6 - 10° kT (or 2.3 - 10* ATP molecules), where
k is the Boltzmann constant and T is the absolute brain temperature (see
Karbowski, 2021). In a nutshell, these numbers can be understood by con-
sidering that a typical dendritic spine contains roughly 10* proteins, each
with a few degrees of freedom corresponding to the number of phosphory-
lation sites (Sheng & Hoogenraad, 2007).
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As before, we explore the pair approximation in equations 3.2 to 3.4,
which in the case of N spines takes the form

P(S1, ..., Si-1, S}, Sit1s - -+ SN)
_ P(s1,82) ... P(si-1, 5;)P(s}, Sit1) - . . P(Sn-1, 5N)
P(s1) ... P(si-1)P(s))P(siy1) . . . P(SN-1)

(3.5)

This is a straightforward generalization of formula 2.6, which can be easily
verified. Application of equation 3.5 leads to simplification of the ratio of
probabilities under the logarithm in equation 3.2 as

P(s1,...,8i-1,8},Si41, .-+ 5N) N P(si_1,s;)P(s}, si4+1)P(s;) (3.6)
P(s1,...,Si-1,5i,Sit1, - -2 5N)  P(si—1,8))P(si, 5i41)P(s}) '
which allows us to perform summation over almost all states s1, 55, ..., sy
except the few in equations 3.2 to 3.4. This step produces the final expression
for the approximate total entropy production rate EPR(s1, ..., sy) of our
interacting spines:
N
EPR(s1.....sny) = » EPR;, (3.7)
i=1

where

€ P(s;_1,s))P(s}, si11)
EPR; ~ 5 Yo |:wsi,s§(5i—1»5i+l) - Pl(s/.) L — wy g (5io1. Si41)
1

Si-1,8i+1 8;,8;

P(s;_1, si)P(s;, si+1)} In W, s/ (Si-1, Six1)P(si-1, 8;)P(s}, siy1)P(s:)

P(s;) Wy, s; (Si—1, Sit1)P(si-1, 5:)P(si, 5i+1)P(s))
(3.8)
fori=2,...,N —1, and for the boundary terms
6 /
EPR; ~ E Z Z [wsl,s’1 (52)P(51, S2) — Ws! 59 (2)P(s1, 52)]
51,% 8|

Ws, ¢ ($2)P(s, s

< In sl,sl( 2) ( 1 2) (39)

Wg' sy (52)P(s1,82)
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and

€ /
EPRy =~ 5 D0 [ways, (sn-1)P(sn-1. Sy) — We, sy (SN-1)P(5n-1. 5N)]
SN-1,8N 8y
Wsy s, (SN-1)P(SN-1, Sy)

x In :
W, sy (SN—1)P(SN-1. SN)

(3.10)

Note that the total entropy production of all spines EPR(s, . .., sy) is deter-
mined exclusively in terms of the two types of probabilities considered in
equations 2.7 and 2.8, that is, one- and two-point probabilities. It is also in-
teresting to mention that the form of the approximated EPR in equation 3.8
can be also deduced instantly from the form of the approximated dynamics
for probabilities in equation 2.7. This is possible if one realizes that the ex-
pression in the bracket on the right in equation 2.7 represents a probability
flux.

The total energy E used by all spines for LTP induction and its mainte-
nance up to recovery (during synaptic stimulation and post stimulation) is
the energy needed to keep the memory trace above the threshold. E is the
total energy cost of LTP, and it is defined as

To
E= | dtEPR(), (3.11)
0

where t = 0 relates to the onset of stimulation, EPR(¢) is the total en-
tropy production rate given by equations 3.7 to 3.10and Ty = Ty + @1 + 12,
where Ty is the memory time, and 7; + 1, is the duration of the stimulation
(learning phase; see equation 2.3). The energy used solely for LTP induction
and maintenance is denoted as Ej;p, and it is given by Ej;, = E — EPRy Ty,
where EPRy is the baseline entropy production rate of all spines.

4 Definition of Memory Trace and Memory Time

We define the signal associated with dendritic spine activation as

1 N
S= ;si. (4.1)

The signal at a steady state (baseline) is denoted as Sy;. Memory trace MT
is defined as the average normalized signal-to-noise ratio. The normal-
ized signal is simply its deviation from the steady state or baseline. Con-
sequently, the memory trace takes the form
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(<S> - (Sss>)

MT = ,
(5%) —(S)?

(4.2)

where (§") =} ...>  S"P(s1,...,sn) for n = 1, 2. The explicit forms for
the signals and variance of the signal are

1 N
(8) == ) (si)s (4.3)
S
1 N
(S)es = — (Si)ss (4.4)
P2
2 2 1 a 2 2 1 a
(87) = (5)" = Nz [(s7) — (si)°] + N2 [(sisj) — (si)(s;)]. (4.5)
i=1 i%j =1

where (s]') = > s!'P(s:), (si)ss = D _g siPss(si), and (s;s;) = 3¢ ZstiSjP(Si, si),
where P;(s;) is the probability distribution at baseline state. The first sum on
the right in equation 4.5 is the sum of variances of individual spines, while
the second sum is the total cross-correlation of spines. In the pair approxi-
mation for the probability, the last sum associated with the correlations sim-
plifies, as only the cross-correlations between neighboring spines provide
nonzero contributions, since generally P(s;, s;) ~ P(s;)P(s;) for |i — j| > 2.

Memory time Ty is defined as the time ¢ after stimulation for which
memory trace MT is in a declining phase and assumes value 1 (Fusi
et al., 2005; Leibold & Kempter, 2008; Karbowski, 2019). This is the mo-
ment in time when a normalized signal becomes comparable to its noise
component.

5 Derivation of Information Gain for Interacting Spines

Information gain I, for all spines, right after the end of LTP (i.e., when mem-
ory trace decays to the noise level MT = 1), is defined as the Kullback-
Leibler divergence at time t = T, thatis, KL(t = Ty), between the baseline
steady-state initial probability P(s1, ..., sn)s at time t = 0 (before LTP stim-
ulation) and final probability at time t = T, thatis, P(sq, ..., sn; t = Tam).
Its form is given by

I =KL (P(S1, c. ,SN;t = TM)HP(Sl, e ,SN)55>

P(Sl,...,SN;tZTM)

P(Sl, ey SN)ss (51)

= Z P(s1,....snit =Tym)In
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For the pair approximation for the probabilities (see equation 3.5), infor-
mation gain I takes the form

P(si, 5i+1)Pss(5i+1)
I = P Sl’ Sl 1
Z Z Z ( +1) Pis(si, 5i41)P(Si41)

i=1 S Sy
P(SN 1, 5N)
" PEy-1, ev)in 5.2
f%%sXN: on-tov) PSS(SN 1,5N) (5.2)

which is used in the computations.

The rate of information gain is equivalent to the rate of Kullback-Leibler
(KL) divergence at arbitrary time ¢, that is, KL(t) (given by equation 5.1,
but for arbitrary t). We are interested in the rate of information gain, since
we want to compare it directly to the entropy production rate, which has a
similar information-theoretic meaning. The rate of KL, which we denote as
KLR, is given by KLR = dKL(t)/dt. We find

dP(sy. . .. P(sy. . ..
KIR= 3" (Sl’dt SN) g Pl osn) (5.3)

S1yeens SN Pss(sl,...,SN)

where we used the fact that . dP(s1,...,sn)/dt = 0. The next step is

,,,,,

to substitute equation 2.1 for w and to perform summations over

almost all states s1, ... ., sy, except the few, similar to the calculation for EPR.
Finally, we use the pair approximation. As a result, we obtain the total rate
of information gain for all spines as

/ P(sy, s
KLR = Z Z [wsl’sﬁ (82)P(sy, 82) — Ws .51 (2)P(s1, 52)] In P(l—Z)
51,5,1 S2 ss(Sl, SZ)
3PS [wsN’S& (sn-1)P(sN-1, 8N) = Wej, sy (SN-1)P(SN-1, SN)]
SN,S;V SN—1

P(sn-1,8N) P(si—1,5;)P(s}, si1)
1 S S 1—1y Y1 :
g S S [’”f N e

i=2 8;,8Si-1,8i+1

P(si_1,s;)P(s;, si+1) P(si_1, 5i)P(si, si+1)Pss(s;)
— Wy 5, (Si-1, Si+1) 1

P(s:) N Pa(i 1. 51)Ps 5 5101 P(S:)
(5.4)

As canbe seen, the rate of information gain KLR depends, similar to EPR, on
the transition rates between states in all spines. In all figures, we plot KLR
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per spine: KLR/N. Finally, note that the infgrmation gain I is the temporal
integral of KLR fromt = 0tot = Ty;: [ = OTM dt KLR(t).

6 Numerical Results on Memory Trace, Information Gain, and Energy
Cost during LTP

We divide the global dynamics of our system of interacting dendritic spines
into two stages. The first stage relates to approaching and reaching a steady
state, starting from random initial conditions (with f(t) = 0 for each spine).
This steady state is a thermodynamic nonequilibrium steady state that
uses some small but nonzero energy (small but nonzero EPR) and can be
thought of as the state in which some background information is written
in synapses. After reaching the steady state, we start a second stage associ-
ated with spine stimulation, which we call the LTP (long-term potentiation)
phase. This stage consists of a brief stimulation of the synaptic system by
amplifying the transition rates by the function f(t) present in equations 2.2
and 2.3, and then observation of the system recovery to the steady state,
with simultaneous recording of the most important observables. Stimula-
tion of synapses is done by turning on the amplifier function f(t), which
amplifies the transition rates between synaptic states. We call this stimula-
tion phase the learning phase and the recovery phase as the memory phase.

6.1 Dynamics of Memory Trace, Information, and Energy Rates, and
Synaptic Size Associated with LTP Induction. Following LTP induction
(starting at time t = 0 in the f(¢) function) memory trace MT contained in
synapses behaves differently from the rates of information gain (KLR) and
energy (EPR) (see Figure 4). Initially all three quantities increase sharply;,
similar to f(t), but later their dynamics diverge. Specifically, memory trace
exhibits a long temporal tail; it decays much more slowly than the stimu-
lation function f(t), with a longer tail for positive cooperation (y > 0) be-
tween neighboring spines than for negative cooperation (see Figure 4B).
Both KLR and EPR (per synapse) decay extremely quickly to their base-
line values, much faster than f(t) (see Figures 4C and 4D). This strongly
suggests that keeping memory trace high does not require large rates of en-
ergy. Moreover, the dynamics of KLR and EPR are very similar in shape, and
their ratio is positive only initially, when synaptic stimulation increases in
time (see Figure 4E). This behavior indicates that the amount of information
written at synapses increases sharply only at the beginning of LTP (learn-
ing); at later stages (memory), it weakly decreases (note the negative values
of KLR/EPR). The rates of information gain (KLR) and energy (EPR) de-
pend weakly, and in the opposite way, on the sign of cooperativity y; the
peak of KLR is greater for negative y, while the peak of EPR is greater for
positive y (see Figures 4C and 4D). At its peak, during stimulation, energy
is consumed at rate 4.6 - 10° kT/min per spine, and information is gained
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Figure 4: Dynamics of memory trace and the rates of information gain and en-
ergy. Temporal dependence of (A) stimulation function f(t) (amplifier of tran-
sitions between the states), (B) memory trace MT, (C) information gain rate per
spine (KLR/N), (D) entropy production rate (energy rate) per spine (EPR/N
in units of €/min), and of (E) the ratio of information gain rate to entropy pro-
duction rate per spine (KLR/EPR). The learning phase, equivalent to stimula-
tion phase, lasts up to 20 min (A). The memory phase, quantified by memory
trace, starts after the end of stimulation and lasts up to about 120 minutes (B).
Note that with stimulation, the rates of information gain and entropy produc-
tion (KLR and EPR) achieve peaks quickly, but they also decay quickly. In con-
trast, memory trace lasts much longer. The EPR value at its peak is ~¢/min
~ 4.6 -10° kT/min per spine, which is about two to three orders of magnitude
larger than at baseline (before or long after the stimulation).
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Figure 5: Dynamics of spine size, correlations, and information gain per spine
size. Temporal dependence of (A) stimulation function f(t), (B) average spine
size (S), (C) normalized correlations between spines, and (D) the ratio of KLR
per spine to average spine size (S).

at rate 0.1 bits/min per spine, which indicates that acquiring 1 bit at that
moment in time is very expensive and costs about 4.6 - 10° kT per spine.
The dynamics of spine sizes following LTP induction are similar to the
behavior of memory trace, except that sizes stabilize at some finite level
(see Figure 5). Positive cooperativity among synapses (y > 0) generally in-
dicates positive correlations between them, and vice versa (see Figure 5C).
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Consequently, positive correlations lead to higher mean spine sizes than
negative correlations (see Figure 5B). An opposite effect is seen for the ratio
of KLR and spine size; higher peaks are observed for negative cooperativ-
ity between synapses (see Figure 5D). Interestingly, normalized correlations
are more variable during learning and memory phases for negative coop-
erativity than for positive one (see Figure 5C).

6.2 Memory Time, Spine Size, Information Gain after LTP, and Their
Energy Costs as Functions of Synaptic Cooperativity. Memory time Ty,
grows monotonically but very weakly with cooperativity y up to a point
where y is close to its maximal value 1 (see Figure 6A). In that regime of
very high positive cooperativity, Ty increases sharply with y. The oppo-
site dependence on y is present for information gain I and average spine
size (see Figures 6B and 6E). I generally decreases with y (for negative y,
the decay is stronger than for positive y; see Figure 6B), whereas mean spine
size monotonically increases with y (the increase is stronger for y close to
1; see Figure 6E). Total energy E consumed during LTP and its part Ej,
related solely to LTP depends nonmonotonically on cooperativity y, ex-
hibiting broad maxima for y = 0 (see Figures 6C and 6D). For y close to its
maximal value 1, E and Ej;, behave in opposite ways: the former increases
while the latter decreases with y. This suggests that the cost of LTP alone
drops for very high cooperativity.

How do these results translate to energy and structural efficiency of
memory lifetime and information gain? Figure 7 provides the answers. The
ratios of memory time and the energies, Tys/E and Ty/Ej;;, are essentially
constant for y up to ~0.8 (see Figure 7A), suggesting that memory time and
both of these energies grow proportionally with cooperativity for a wide
range of y. For larger y, these ratios grow significantly with y, especially
Trm/Eitp, indicating that energy efficiency of memory time is enhanced in the
regime of very high, positive synaptic cooperativity (see Figure 7A).

Energy efficiency of information gain is more complex (see Figure 7B).
Generally the ratio of information to total energy during LTP I/E decreases
monotonically with y, meaning that the efficiency of I is maximal for neg-
ative cooperativity between synapses. On the other hand, the ratio of in-
formation to energy solely to LTP, that is, I/Ej;, as a function of y, has a
U-shape, with large values for both high negative and high positive cooper-
ativity. The latter means that information efficiency in that energy currency
has two regimes of higher values (see Figure 7B). However, it should be
emphasized that the overall energy efficiency of information gain is rather
low, at (5 — 10) - 10~ bits/€ or (1 — 2) - 10~ bits/KT, that is, 1 bit of stored
memory (after the decline of LTD, that is, after time ~T)) costs about 10° kT
(see also below).

Structural efficiency (or energy efficiency of transmission) of memory
time and information gain exhibit different behavior as functions of synap-
tic cooperativity (see Figures 7C and 7D). The ratio of information gain to
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Figure 6: Dependence of memory time, information gain, energy cost, and
spine size on the synaptic cooperativity. (A, B) Monotonic but opposite de-
pendence of memory time Tj; and total information gain I on cooperativity y.
(C, D) Total energy consumption of all spines E during LTP and its part Ej,,
related solely to LTP induction and maintenance, exhibit nonmonotonic depen-
dence on y (energy units are in €). During the full LTP, a typical spine used
about 5¢ ~ 2.3 - 10° kT of energy (all N = 1000 spines used 5000¢ ~ 2.3 - 10° kT).
(E) Average spine size increases monotonically with y.
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Figure 7: Energetic and structural efficiencies of memory time and information
gain in comparison to spine correlations. Ratios of (A) memory time T, and (B)
information gain I to two energies E and Ej;, exhibit two opposite dependence.
Similar behavior for the ratios of (C) memory time and (D) information gain
to average spine size (S) as functions of y. (E) Normalized correlations always
increase with y, reaching ~0.3 for y — 1.

mean spine size I/(S) decreases monotonically with y, which indicates that
structural efficiency of information is the largest for negative cooperativity
(see Figure 7D), similar to the (total) energy efficiency of I (see Figure 7B).
The ratio of memory time to mean spine size Tj/(S) decreases slightly with
increasing cooperativity from negative values of y, but for y 2 0.4, this ratio
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increases sharply with y (see Figure 7C). This result shows that the struc-
tural efficiency of memory time is the highest for strong, positive synaptic
cooperativity (see Figure 7C), where spine normalized correlations reach
values of 0.2 to 0.3 (see Figure 7E).

6.3 Sparse Representations of Synaptic Memory and Information Are
More Energy Efficient. Next we investigate how memory time, informa-
tion gain, average spine size, and energy cost depend on the fraction p, of
stimulated synapses by presynaptic neurons (see Figure 8). Memory time
Ty, energy cost solely due to LTP Ej;,, and mean spine size grow monoton-
ically with p,, though the first one saturates for larger p, (see Figures 8A,
8C, and 8D). In contrast, information gain I and total energy cost E display
nonmonotonic behavior: the former has a maximum, while the latter a mini-
mum for a small fraction of active synapses (see Figures 8B and 8C). In terms
of energy efficiency, the ratios of Ty/E, Ty /Ei, and I/E, I/Ej;, have maxima
at around the same small fraction p,., regardless of the sign of synaptic co-
operativity y (see Figures 9A and 9B). This means that there exist, an opti-
mal percentage of activated synapses on a dendrite that yields the highest
information gain and memory lifetime per invested energy (whether to-
tal or only due to LTP). For that optimal p,, the energy cost of 1 bit of
stored information is about 10”7 kT, which is much lower (and thus more
efficient) than for values p,+ away from the optimality. Interestingly, the
normalized correlations between spines are essentially independent of p;
(see Figure 9E).

Structural efficiency of information gain and memory time is qualita-
tively similar to their energy efficiency (see Figure 9). The information per
spine size I/(S) has a similar sharp peak as I/E for low p, (see Figure 9D).
However, memory time per spine size Ty;/(S) has a much broader maxi-
mum at higher values of p, (see Figure 9C).

Taken together, these results indicate that energetic and structural effi-
ciency of information and its duration in synapses can be optimized for
low fractions of activated synapses during LTP. In other words, acquiring
and storing of synaptic information can be most efficient by using sparse
synaptic representations, regardless of the nature of synaptic cooperativity.

6.4 Memory Time, Spine Size, Information Gain, and Their Energy
Costs as Functions of Strength and Duration of Stimulation. In Figures 10
and 11, we show how the main observables depend on the duration of
stimulation 7; (decay time of the stimulation). Memory time Ty and its en-
ergy costs E, Ej;, both grow proportionally with 7; (see Figures 10A and
10C), such that their ratios Tys/E and Ty/Ej, are almost constant, although
with a weak increasing trend (see Figure 11A). Information gain I as well
as its energy efficiencies I/E, I/Ey;, decrease with 7; for small 71, but for
larger 71, all of these quantities saturate at some small level (see Figures 10B
and 11B). Average spine size shows a similar saturation effect after a small
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Figure 8: Dependence of memory time, information gain, energy cost, and
spine size on probability of synaptic stimulation. (A) Memory lifetime Ty, satu-
rates for large p,. (B) Information gain exhibits a sharp peak for very small p,.
(C, D) Energy solely due to LTP and average spine size increases linearly with
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initial increase (see Figure 10D). In terms of structural efficiency, Tys/(S)
grows linearly with 7; (see Figure 11C), and I/(S) first decreases with 7y
and then saturates (see Figure 11D). The results in Figure 11 indicate that
longer stimulation times are not particularly beneficial for energy effi-
ciency of memory lifetime and information gain (see Figures 11A and 11B).
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Figure 9: Energetic and structural efficiencies of memory time and information
gain as functions of probability of synaptic stimulation (A-D). All the ratios of
memory time and information gain to energies and to spine size (S) exhibit max-
ima. At the peak, the ratio I/E is ~0.05 bit/e and I/Ej;, is ~0.15 bit/e, which
means that 1 bit of stored information after LTP degradation requires about
107 KT of energy (A-E).

However, longer stimulation may be advantageous for structural efficiency
of memory duration (see Figure 11C), though not for information I (see Fig-
ure 11D).
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Figure 10: Dependence of memory time, information gain, energy cost, and
spine size on duration of stimulation 7; (A-D).

In Figures 12 and 13, we present the dependence of memory time, in-
formation gain, energy cost, and mean spine size on the amplitude of
stimulation A. Memory time Ty and energy costs both grow weakly but
saturate with A (see Figures 12A and 12C). On the other hand, I and spine
size (S) stay almost constant (see Figures 12B and 12D). These results trans-
late into very weak variability of energy and structural efficiencies of mem-
ory time and information gain on A, which are close to constancy, except
the ratio Ty/(S) that exhibits an increasing trend but with a saturation
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Figure 11: Energetic and structural efficiencies of memory time and informa-
tion gain as functions of duration of stimulation r; (A-D). Note that energetic
efficiency of information gain drops with increasing the duration of stimulation
(B). Structural efficiency of memory lifetime grows linearly with 7; (C).

(see Figure 13). This suggests that stimulations that are too strong are also
not advantageous over weaker stimulations for the efficiency of informa-
tion gain and its duration.

6.5 Influence of Synaptic Number on the Efficiencies of Memory Life-
time and Information Gain. InFigure 14, we show that energy efficiency of
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Figure 12: Dependence of memory time, information gain, energy cost, and
spine size on strength of stimulation A (A-D). Note that information gain (B)
and mean spine size (D) are essentially independent of A.

both memory lifetime Tjs and information gain I exhibit a decreasing trend
with increasing the number of dendritic spines N. The biggest drop in ef-
ficiency is for changing N from 10 to approximately 2000 (see Figures 14A
and 14B). For higher values of N, the rate of decline is much slower. This
result suggests that having a large number of spines on a dendrite is gener-
ally highly inefficient in terms of energy for storing information. For exam-
ple, for N = 10, we obtain Ty;/E ~ 1 min/e and I/E ~ 4 - 1072 bits/¢ (i.e.,
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Figure 13: Energetic and structural efficiencies of memory time and informa-
tion gain as functions of strength of stimulation A (A-D). Note that stimulation

amplitudes that are too large are not beneficial for the energy and structural
efficiencies (saturation effects).

storing 1 minute of memory in the spines costs about € ~ 4.6 - 10° kT of en-
ergy, and storing 1 bit after the degradation of LTP costs 25¢ ~ 107 kT. In
contrast, for N = (8 — 10) - 10°, we have Ty;/E ~ 21072 min/e and I/E ~
10~* bits/ €, which means that in this case, storing 1 minute of memory costs
~500¢ ~ 2 - 10® kT and storing 1 bit in all N spines after LTP degradation
costs 10%e ~ 4.6 - 10° kT.
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Figure 14: Energy and structural efficiencies of memory lifetime and informa-
tion gain drop with increasing synaptic numbers N. (A, B) Energy efficiency of
Ty and I decrease dramatically, by two orders of magnitude, with increasing
the number of spines from N = 10 to N = 2000, and much slower with increas-
ing the number of spines from N = 2000 to N = 10,000. (C, D) Essentially the
same declining effect is observed for the structural efficiency of Ty, and I, that
is, Ty /(N(S)) and I/(N(S)).

Since memory lifetime and information gain are collective variables, to
determine structural efficiencies of these variables as functions of N, we
have to divide Ty; and I by the whole structural cost of all spines, that is, by
N(S). Thus, the structural efficiencies in this case are the ratios Ty;/(N(S))
and I/(N(S)) (see Figures 14C and 14D), and they drop significantly with
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increasing N, in a similar manner as the corresponding energy efficiencies
(in Figures 14A and 14B).

Taken the two types of the efficiency together, it is clear that having too
many synapses on a dendrite is not beneficial for information storage and
its duration in terms of energy and biochemical resources.

7 Summary and Discussion

We formulated the probabilistic approach to global dynamics of interact-
ing synapses (on a single dendrite) and to their nonequilibrium thermo-
dynamics to study information processing in synaptic internal degrees of
freedom. In order to make the high-dimensional system of interacting
synapses computationally tractable, we introduced the so-called pair ap-
proximation, which effectively reduces the dimensionality and number of
equations describing the system dynamics in a closed form by considering
only the probabilities of singlets and doublets of dendritic spines. We ver-
ified on a simplified example that this approximation provides very good
accuracy of the exact dynamics, as well as entropy production rate. We also
gave the analytical condition for the applicability of the pair approximation
in the equilibrium Ising model in appendix B (for a more general discussion
about the accuracy of the pair approximation, see Matsuda et al., 1992, and
Van Baalen, 2000).

The master equation approach combined with stochastic thermodynam-
ics allows us to treat information contained in synaptic states on equal
footing with its energy cost by relating them to, respectively, the rates of
Kullback-Leibler divergence and entropy production. Both of these quan-
tities depend on state probabilities as well as on transitions between the
states, and we provided explicit formulas for their calculations. The for-
malism makes it clear that every plastic transition in a synaptic system is
associated with some information processing (flow) and some energy ex-
penditure (entropy production). Even stationary states out of thermody-
namic equilibrium (baseline states) require some energy (usually small) in
order to maintain them, which essentially means that keeping information
always costs some energy for nonequilibrium systems even in stationary
conditions. Physically, this energy dissipation (entropy production) in a sta-
tionary state is a consequence of breaking the so-called detailed balance
in probability flows, and it is a generic feature of systems out of thermo-
dynamic equilibrium (in the context of physics, see Maes et al., 2000, and
Seifert, 2012 and for a dendritic spine, see Karbowski, 2019).

Our main results are, first, that the learning phase of a signal (spine stim-
ulations) involves high levels of both information and energy rates, which
are much larger than their values during a memory phase (see Figure 4).
This indicates that keeping information (memory) is relatively cheap in
comparison to acquiring it (learning). This result on a level of many inter-
acting synapses is qualitatively similar to the result in Karbowski (2019),
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where it was shown that a memory trace resulting from molecular tran-
sitions in a single synapse (protein phosphorylation) decouples from the
energy rate after the stimulation phase, leading to a relatively cheap long
memory trace of protein configurations. In our model, the maximal energy
rate of spine plasticity taking place during stimulation is about 4.6 - 10°
kT /min (for p,+ = 0.3, but it depends on A). Second, memory lifetime and
its energy efficiency can significantly increase their values for very strong,
positive synaptic cooperativity, while the opposite is observed for informa-
tion gain right after LTP drops to its noise level (see Figure 7). This result
suggests that strong, local positive correlations between neighboring spines
can be beneficial for memory storage, especially in the range of 0.3 (see Fig-
ure 7E), that is, for values reported experimentally (Makino & Malinow,
2011). This conclusion supports the so-called synaptic clustering hypothe-
sis, which was proposed as a mechanism for producing synaptic memory
(Govindarajan et al., 2006) and enhancing its capacity (Poirazi & Mel, 2001;
Kastellakis & Poirazi, 2019). Third, there exists an optimal fraction of stimu-
lated synapses during LTP for which energy efficiency of both memory life-
time and information gains exhibit maxima (see Figure 9). This means that
sparse representations of learning and memory are much better in terms
of energy efficiency, and thus might be preferable by actual synapses. This
is also true for the structural efficiency of information gain (see Figure 9).
Fourth, energy and structural efficiencies of memory lifetime and informa-
tion gain after degradation of LTP, both drop dramatically with increasing
the number of spines (see Figure 14). For example, storing 1 bit after LTP
is over costs “only” about 107 kT for 10 spines and at least two orders of
magnitude more: ~4.6 - 10° kT for ~10* spines. In terms of the cost per one
spine, these numbers are comparable to the energy cost of transmitting 1
bit through a chemical synapse (Laughlin et al., 1998).

Our model is based on the assumption that a dendritic spine can be
treated as the system with discrete states, which is compatible with some
morphological observations (Bourne & Harris, 2008; Montgomery & Madi-
son, 2004; Bokota et al., 2016; Urban et al., 2020). In this respect, it is similar
in architecture to some previous discrete models of synapses or dendritic
spines (Fusi et al., 2005; Leibold & Kempter, 2008; Barrett et al., 2009; Benna
& Fusi, 2016). However, these models treat synaptic states quite arbitrar-
ily and abstractly, and consider mostly unidirectional transitions between
the states, which makes these models thermodynamically inconsistent (e.g.,
entropy production rate, equivalent to plasticity energy rate, is ill defined
and yields infinities for unidirectional transitions). In contrast, our model
takes as a basis well-defined morphological synaptic states, with bidirec-
tional transitions between them that are estimated based on empirical data
(Bokota et al., 2016; Basu et al., 2018; Urban et al., 2020). The latter fea-
ture, bidirectional transitions, makes our model thermodynamically con-
sistent (with finite entropy production), as explained in a previous model
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of metabolic molecular activity in a single spine within the framework of
cascade models of learning and memory (Karbowski, 2019).

In this letter, we consider two types of costs. The first is energy cost
(related to entropy production) associated with stochastic “plastic” tran-
sitions between different synaptic states. The second is structural cost,
defined here as proportional to average spine size and related to the bio-
chemical cost of building a synapse. This structural cost is also proportional
to the rate of electric energy of synaptic transmission (Attwell & Laughlin,
2001; Karbowski, 2009, 2012), as spine size is proportional to synaptic elec-
tric conductance or, more commonly, synaptic weight (Kasai et al., 2003).
For standard cortical conditions (i.e. for low firing rates ~1 Hz), the en-
ergy cost of synaptic transmission is much larger than the energy cost re-
lated to plasticity processes inside the spine (Karbowski, 2019). However,
these two costs can become comparable for very large firing rates of about
~100 Hz (Karbowski, 2021). There is some confusion in the literature about
these two types of energy costs, and some researchers associate the struc-
tural cost related to synapse size or weight with “plasticity energy cost,”
by assuming that the larger synaptic weight leads the higher plastic energy
cost (Li & van Rossum, 2020). However, this does not have to be so, and we
should make a distinction between the two energy costs. Bigger synapses
do not necessarily require larger amounts of plasticity-related energy than
smaller synapses because the transitions in bigger synapses could be gen-
erally much slower than in smaller synapses (as is in fact reported in some
experiments; Kasai et al., 2003). Thus, what mostly matters for the plasticity
energy rate are the rates of transition between internal synaptic states. On
the other hand, synaptic size or weight is always a good indicator of electric
energy rate related to fast synaptic transmission (Attwell & Laughlin, 2001;
Karbowski, 2009, 2012).

The model can be extended in several ways, for example, by introduc-
ing heterogeneity in spine interactions, that is, by allowing random signs
of the cooperativity parameter y. However, we suspect that such modifica-
tions would not alter the general qualitative conclusions. Finally, our model
considers only the early phase of LTD, the so-called e-LTP, which generally
lasts up to a few hours and does not involve protein synthesis inside spines.
Inclusion of protein synthesis, associated with the process of memory con-
solidation and thus the late phase of LTP (so-called 1-LTP), would require
some modifications in our model, the most important of which is inclusion
of additional variables in the probabilities characterizing spine states, which
are related to internal degrees of freedom (e.g., proteins, actin). This clearly
would make the model much more complex, and thus it remains a major
challenge at this time. However, we hope that our approach of stochastic
thermodynamics provides some insight into attempting to model the inter-
play of information and energy during the late phase of LTP and memory
consolidation for interacting spines.
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Appendix A: Stochastic Model of Morphological States in Dendritic
Spines

Our data on dendritic spines come from cultures of rat hippocampus
(Bokota et al., 2016; Basu et al., 2018). We assume that each dendritic spine
can be in four different morphological states: nonexistent (lack of spine),
stubby, filopodia, and mushroom. These four states constitute the minimal
number of states that can be classified and quantified on a mesoscopic level
(Bokotaetal., 2016; Basu et al., 2018; Urban et al., 2020). Each state has a typ-
ical size, which can be characterized by several geometric parameters. We
focus on one particular parameter, spine head surface area, as an indicator
of both spine structure and function. Spine head surface area is proportional
to synaptic weight (as measured by the number of AMPA receptors; Kasai
et al., 2003), which relates to spine neurophysiological function (synaptic
transmission and information storage in molecular structure). Spine area is
also a measure of its structural and metabolic (synaptic transmission) costs
(a larger area means larger both costs). To estimate spine areas in each of
the three states (for the nonexistent state, the size is 0), we used the data on
minimal and maximal spine head diameters from Bokota et al. (2016) and
Urban et al. (2020), which gave us the following numbers: d(0) =0 for
nonexistent, d(1) = 0.496 um? for stubby, d(2) =0.786 um? for filopo-
dia/thin, and d(3) = 1.045 um? for mushroom. Values of the intrinsic tran-
sition matrix are given in Table 1. The values of global parameters are
presented in Table 2.

We assume that global spine dynamics can be described as a Markov
chain model, in which there are stochastic transitions between spine inter-
nal states. The general model of this kind is given by the following master
equation (Glauber, 1963):

dP(s1,...,s
(51 ) = Z W(s1,...,SNIS], -, SN)P(ST, - -5 SN)

dt —
Sl ..... SN
— P(s1,...,8N) Z W(sy, ..., syls1, ..., sn), (A1)
1Sy
where W(sy, ..., snls], ..., sy) is the multidimensional transition matrix of

the whole system of N dendritic spines. We assume that transitions between
the states take place in only one of the spines at any given time unit (the
rest of states in other spines do not change in that brief time step). This
means that the multidimensional matrix W(s1, ..., snls}, ..., sy) can be de-
composed as

/ /
W(Slv sy Slela ) SN) == wsl’s/l (52)8525/2 e 8SNS}\] 4+ ...
+ wsf,s§ (Si—l, Si+1)8515’1 s 55,'_1557185,415,’41 s 85N5’N +...

+ Wiy, s, (SN—l)Ssls’l - 851\1—15}\;,1 s (A2)
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where wy, 5/(Si-1, Si1+1) are the transition rates at individual spines, which are
dependent on the neighboring spines. After insertion of the form of multi-
dimensional transition matrix W in equation A.1 and performing summa-
tions, we obtain equation 2.1 in the main text.

By using the above pattern of transition probabilities, we assume that at
a sufficiently short time step, only one transition can take place; simultane-
ous transitions in different spines are much less likely, and thus can be ne-
glected. Indeed, since the local basic transitions between mesoscopic states
in individual spines are of the order of several minutes (Urban et al., 2020;
see Table 1), the likelihood that two or more such transitions in two or more
spines take place simultaneously in a short period of time (much smaller
than a minute) is small. This type of locality of explicit synaptic interac-
tions allows us to analyze the dynamics of global system of N interacting
spines.

Appendix B: Validity of the Pair Approximation for Analytically
Solvable Model

In this section, we provide conditions that must be satisfied for applying
the pair approximation in a case that can be treated analytically, which is a
simplified Ising model in thermal equilibrium. We consider three interact-
ing units (i = 1, 2, 3) forming a linear ordered chain, similar as in Figure 1,
but each unit having only two states, s; = —1 or s; = 1. Additionally, in this
model, nearest neighbors interact strongly with the coupling J, whereas re-
mote units (1 and 3) interact weakly with the coupling «, which is much
smaller than J. Our goal is to check how accurate the pair approximation is
as we increase the strength of remote coupling « in relation to J.

The equilibrium probability of finding a given configuration of units
51, 52, 53 has the form (Feynman, 1972)

P(s1, Sp, 53) = Z Lo/ (sisatsasa)—wesiss (B.1)

where Z~! is the normalization factor. The two-point marginal probabilities
are given by

P(sq, 50) = 2Z te7J51%2 cosh(Js, + k1), (B.2)
P(sy, s3) = 2Z 7 te7/%2% cosh(Js, + ks3). (B.3)

The one-point marginal probability for the middle unit is
P(s2) = 2Z *[el*> cosh(Js, — k) + €7/ cosh(Js, + «)]. (B.4)

These four probabilities are all we need to quantify the accuracy of
the pair approximation, which in our case is represented by P(s1, 52, 53) ~
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P(s1, s2)P(s2, 53)/P(s2). The numerical accuracy of this approximation can be
assessed by defining the ratio R3 as

_ P(s1,2)P(s2, 83)

= BE)P(1, 52, 53) (B:5)

3

and looking at how much R3 deviates from unity. Since R3 depends on con-
tigurations sy, sy, s3, it is good to determine the mean value of R3, averaged
over all these states: (R3) = 5 > . Ra.

After some straightforward algebra, we can find (R3) as

e“[1+ L™ —1)] +e™[1 + 1 (e* — 1)] cosh(2])

(Ra) = e< 4+ e~* cosh(2])

(B.6)

From this formula, it is clear that for  — 0, we get (R3) — 1, regardless of
the value of |. For large coupling ] (J > 1), we obtain (R3) ~ 1 4 }I(e4K -1,
which means that (R3) is essentially close to 1 for small «. For example,
for k = 0.1, we get (R3) = 1.12; for k = 0.3, we get (R3) = 1.58; and higher
values of k increase (R3) even further, which breaks the pair approximation.
For intermediate values of | (e.g., | = 1), the ratio (R3) achieves value 1.55
for k = 0.4, whichis a slightly larger value than for the strong coupling case.

Supplementary Information

The code for performed computations is provided in the supplementary
material.
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