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Abstract

We present a construction of quantum Kneser graphs, which yields classical Kneser graphs
in the commutative case. We also generalize this construction to obtain quantum versions of
generalized Kneser graphs, such as Johnson graphs. We discuss several basic properties of
the constructed quantum graphs, such as their reflexivity and regularity. Then, we investigate
their quantum chromatic numbers and establish upper bounds on them by constructing explicit
colorings. We also investigate spectral lower bounds on quantum chromatic numbers for several
examples and formulate a conjecture about their asymptotic behavior. Lastly, we present an
alternate approach to quantization of Kneser graphs and a few results obtained for the quantum
Mycielski construction.
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1. INTRODUCTION AND BASIC DEFINITIONS

1.1. Non-commutative geometry. Non-commutative geometry is a branch of mathematics
that studies non-commutative, ” quantum” generalizations of certain objects known from ” classi-
cal” mathematics, such as sets, topological spaces, groups and graphs. It is formulated primarily
in the language of non-commutative algebras (hence the name), for example C*-algebras.

Definition 1.1. An algebra A is a C*-algebra if it is a Banach *-algebra (that is, an algebra
over C which is also a Banach space, equipped with an antilinear, antimultiplicative involution,
denoted by ) in which ||z*z|| = ||z||? for every z € A.

Examples of C*-algebras which are particularly important in the study of finite quantum
graphs are matrix algebras (equipped with the usual Hermitian adjoint as the involution), as
well as their direct sums. Indeed, all finite-dimensional C*-algebras are isomorphic to (finite)
direct sums of matrix algebras.

Non-commutative geometry originated in the papers of Woronowicz [22, 23, 24], who intro-
duced the notion of compact quantum groups. Later, Wang [18] and Banica [1, 2] interpreted
finite-dimensional C*-algebras as quantum sets (also known as finite quantum spaces) and in-
troduced their quantum automorphism groups. The basic idea behind this field of research is
inspired by the Gelfand—Naimark theorem.

Theorem 1.2 (Gelfand—Naimark). The category of commutative, unital C*-algebras is anti-
equivalent to the category of compact Hausdorff topological spaces.

Phrased differently, this theorem states that every commutative and unital C*-algebra is iso-
morphic to the C*-algebra of complex-valued, continuous functions on a certain compact topo-
logical space. Additionally, every x-homomorphism between commutative C*-algebras comes
from a continuous function between their corresponding topological spaces (more precisely, it
is given by the pullback with respect to such a function). It allows us to translate topological
properties of a given space X into algebraic properties of its function algebra C (X).

Non-commutative geometry expands this idea to non-commutative C*-algebras, which are
treated as algebras of complex-valued, continuous functions on some quantum spaces. Because
of this, we often denote C*-algebras as C (X), where X is a quantum space. These quantum spaces
are formally defined as objects dual (in the category-theoretic sense) to their corresponding C*-
algebras. Such non-classical objects often have interesting topological and geometric properties.
Here, we focus primarily on quantum graphs, but it may be illustrative to first introduce, as an
example, the notion of compact quantum groups as defined by Woronowicz.

Definition 1.3. A compact quantum group G is described by a unital C*-algebra C (G) equipped
with a #-homomorphism A : C(G) — C(G)® C (G) (knows as a comultiplication) satisfying the
following 2 properties:

(d® A)A =(A®id) A, (1.1)

ACG)(I®C(G)=C(G)®C(G)=A(C(G))(C(G)®1). (1.2)
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Objects defined in this way are noncommutative generalizations of classical groups in the
spirit of the Gelfand-Naimark theorem. To better conceptualize them as groups, we note that if
G = G is a classical group and C (G) is the C*-algebra of complex-valued functions on G, then
the comultiplication is given by

A(f) (z,y) = [f(xy), (1.3)
where z,y € G and f € C(G). It is then easy to verify that the first condition in the definition
corresponds to the associativity of the group operation (Vz,y,z € G : (xy)z = x (yz)). The
second condition, on the other hand, is equivalent to the following 2 cancellation conditions:

TY1L = TY2 = Y1 = Y2, (1.4)
T1Y = Toly = T, = Ta. (1.5)

It can be shown [21, 15] that any compact space equipped with an associative binary operation
satisfying the cancellation properties is a group, which justifies the name ”compact quantum
group.”

1.2. GNS construction. Before we introduce quantum graphs, it is useful to first describe the
Gelfand-Naimark—Segal construction, originally introduced by Gelfand and Naimark [12]. The
construction makes it possible to represent any C*-algebra equipped with a state (or, slightly
more generally, a positive linear functional) as an operator algebra acting on some Hilbert space.
This is done in the following way.

Let A be a C*-algebra with a positive functional ¢ : A — C (which means that for any x € A
we have v (z*z) > 0). For simplicity, we also assume that A is unital (with a unit element 1),
but it is not strictly necessary for the construction. We define a sesquilinear form on A given by

(x|y) =¥ (z"y). (1.6)
Consider the set I = {z € A|¢ (z*z) = 0}. It can be shown that I is a vector subspace of A. In

fact, by applying the Cauchy—Schwarz inequality, we can show that I is a left ideal in A. This
allows us to define an inner product on A/I by the formula

(x+ Iy + 1) = (z"y) (1.7)

and define the Hilbert space J# as the Cauchy completion of A/I with respect to the norm
induced by this inner product.
We now define a representation 7 of A on A/I by the formula

m(x)(y+ 1) =ay+ I (1.8)

It can be shown that 7 (z) is a bounded operator for every = € A, therefore it can be uniquely
extended to 7. Additionally, we can show that 7 (z*) = 7 (:B)T, so T is a *-representation.

Lastly, it can be shown that £ = 1+1 is a cyclic vector for 7 (or, in other words, 7 (A) € is dense
in J) and that ¢ (z) = (£|7 (z)&), so, in a sense, the representation 7 contains information
about the positive functional .

It is also worth noting that, if ¢ is faithful (that is, ¥ (z*x) = 0 implies x = 0), then [ is
trivial and JZ is simply the completion of A with respect to the norm induced by .

1.3. Quantum graphs. Intuitively, a classical graph is a collection of vertices, which are con-
nected by edges. This informal definition can be formalized in the following way.

Definition 1.4. A classical graph G is an ordered pair (V| E), where V isa set and E C V x V.

In this definition, elements of V' are identified with vertices, while F is a relation on V' which
determines whether any given pair of vertices is connected by an edge. We will only consider
finite graphs, so we may, without loss of generality, assume that V' = 1,n = {1,2,...,n}. We
will also write ¢ ~ j if (4,5) € E.

For a given graph G, we define the adjacency matrix as

1, ifi~yj
A=< . 1.9
Z’] { 0, otherwise (1.9)

Such a matrix contains all information necessary to specify a graph. We can treat this matrix
as an operator on the C*-algebra of complex-valued functions on vertices of GG, which we shall
denote by C (G). This operator satisfies the following properties:



e all components of A are equal to 0 or 1, so it is idempotent with respect to the Schur
(component-wise) product: A® A=A,
e all components of A are real.
Quantum graphs, first introduced by Weaver [19, 20|, generalize this concept to a quantum
setting by replacing the classical set of vertices with a quantum set described by some noncom-
mutative algebra and defining quantum graphs in the following way.

Definition 1.5. A quantum graph on a von Neumann algebra M C B (J¢) is a weak*-closed
subspace V C B () which is a bimodule over the commutant M’ (that is, M'VM’ C V) and
satisfies the following 2 properties:

e M CV,

o V=Y.

This definition relies on Weaver’s notion of quantum relations. In particular, the 2 conditions
listed in the definition correspond to the relation being reflexive and symmetric, just like the
adjacency relation defined on the set of a graph’s vertices (as Weaver focused on reflexive graphs,
which have loops at each vertex). The reflexivity condition, which can be expressed in simpler
terms as 1 € V, is often omitted to study more general quantum graphs and their properties. We
shall also make that choice, since we want to study quantum colorings, which, just like classical
colorings, do not exist for reflexive graphs.

In this thesis, we mostly utilize a different definition of quantum graphs, which instead relies
on generalizing the adjacency matrix. Though these 2 approaches seem very different at first,
they are actually equivalent to each other, as discussed by Gromada [13] and Daws [8].

Definition 1.6. A quantum graph is a triple G = (C(G),v, A), where C(G) is a finite-
dimensional, unital C*-algebra, while ¢ : C(G) — C and A : C(G) — C(G) are linear maps
satisfying the following properties (where by L? (G) we denote the GNS Hilbert space resulting
by the GNS construction applied to the state 1)):

e 1) is a d-form — a real, positive and faithful functional, for which there exists a real
number § such that mm’ = §%id, where m : L2(G) @ L? (G) 2 x ® y — 2y € L?(G) and
id is the identity map on L?(G),

o A(x*) = (A(x))" for every z € C(G),

e m(A® A)m! = §2A.

To understand why quantum graphs are defined in such a way, it is useful to examine what
happens when C (G) is commutative. In such a case, the first of those properties — v being a J-
form — boils down to v being given by integration with respect to a uniform measure. Similarly,
the second and third properties correspond to the adjacency matrix having real entries and being
an idempotent of the Schur product, which implies that its entries must all be equal to either 0
or 1.

In the quantum adjacency matrix formulation, a quantum graph is said to be reflexive if
m (A ®id) m' = 6%id and irreflexive if m (A ® id) m' = 0. In this thesis, we primarily focus on
irreflexive graphs.

To obtain a less abstract characterization of d-forms on finite-dimensional C*-algebras, we
note that any such algebra A can be decomposed as a direct sum of matrix algebras:

A= é Matg, (C). (1.10)
a=1

This means that any element z € A can be uniquely written as a formal sum =z = Y I'_, z,,

where z, € Matg, (C). Any functional ¢ : A — C can therefore be expressed in the form

(@) = Tr(pawa), (1.11)
a=1

where p, € Matg, (C). In such a case, it can be shown that v is a d-form if and only if every
P 18 positive and invertible, and satisfies Tr (p;l) = 2. This also means that there is a unique



(up to scaling) tracial §-form on a given C*-algebra A, given by

() = %ZdaTr (2a). (1.12)
a=1

Another way to see d-forms arise naturally is to analyze the GNS representation of the C*-
algebra A — in other words, represent each element of A as the operator of left multiplication
by that element:

m(z) :Asy—azy €A (1.13)
Then each 7 () is a linear operator on A (treated as a vector space), so it makes sense to calculate
its trace. To do that, we introduce a basis on A consisting of matrix units on each block, denoted

by e ; € Matg, (C), as well as its dual basis, denoted by ¢¢ ., such that o7 ; (6271) = 04,b0; k01

a
2,77

(for a,b € 1,n,4,j € 1,d, and k,l € 1,d,). We can then write

n  dq n  dq dq
m(ef)y=2_ D dhiWeleki =) > ok () dasdinely =Y 05 (Wl (L14)
=1

b=1 k,I=1 b=1 k,I=1

which means that 0 0
Tr (” (egj)) = Z¢?,l (6?,1) = 251‘,3' = dy0; 5. (1.15)
As a result, we obtain . . .
Tr (7 (2) = > da Tr (2a), (1.16)
a=1

where the traces on the right-hand side of the equation are the usual matrix traces on Matg, (C).
This means that the trace on A represented as a subspace of B (A) (via left multiplication) is
a d-form for § = 1. As a result, we may say that a tracial J-form on A is the most natural,
canonical trace.

It is worth noting that there are multiple equivalent conventions related to normalization of
1, used by different authors. Sometimes, it is assumed that ¢ (1) = 1 — that is, ¢ is a state.
Another popular convention involves normalizing 1 in such a way that § = 1. We choose to
follow neither of those conventions (unless specified otherwise), instead allowing the reader to
choose the one preferable to them.

Additionally, we note that it is possible to consider quantum graphs with a functional that
is not a J-form, as mentioned by Daws [8]. However, as pointed out by Banica [1, 2] (who also
introduced the notion of §-forms), tracial §-forms are natural traces on C*-algebras and massively
simplify many issues related to quantum groups’ actions on quantum spaces, particularly those
groups’ representations. For this reason, it is common to assume that v is a d-form, even though
it is not, strictly speaking, a necessary condition for quantum graphs.

1.3.1. Connection between different definitions. We now examine in more detail the connec-
tion between Definitions 1.5 and 1.6, and provide a method of translating between them. For
simplicity of calculations, we assume that 1 is a tracial é-form on C (G) with § = 1.

Firstly, we notice that the subspace V C B (.#) can be uniquely characterized by the or-
thogonal projection onto it, called the edge projection and denoted by P € B (B (J¢)). Since
Y is a bimodule over M’, this projection is a bimodule map and, by a theorem given by Smith
[16] (though originally proved by Haagerup in an unpublished paper), can be identified with an
element Y ;| p; ® ¢ € M ® M°P (where M°P is the opposite algebra of M, which is equal to
M as a vector space, but multiplication is defined in the opposite way) in the following way:

P(z) =) pixg. (1.17)
i=1
Then, we can identify M with C (G), define the adjacency operator A € B (C (G)) by the formula

Az) =) ¢ (vq:) ps (1.18)
=1
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and check that it satisfies all the required conditions. To do that, we consider (for simplicity)
a quantum graph on M = B (5 ), where 7 is d-dimensional, defined by a subspace V and
introduce an orthogonal basis { f;}/_; of V (with respect to the standard Hilbert-Schmidt inner
product on B (4¢)). Then, we have

p P d
= Z<fi ZTI“ fiz) Z Z ejrfizer;fi, (1.19)
=1 k:

i=1

where €, are matrix units in B (7¢). This means that

4 d p d
=3 > d(wersf) einti =dY > Tr(weifi) ejuf;

=1 j,k=1 i=1 j,k=1

p d
Z Z jkfl ejkfz _dezxfz (120)
=1 j,k=1

As a result, we see that

A(z)" = Z fix f) —delm fr=A@") (1.21)
=1

and

d d
1
m(A® A)yml (ei;) = —m(A® A) (Zm@em)—dZ (eik) A (ex;)

d p
=d) Z feinlf frexfi = d Z AT (ff ) ensfii =d Z forveisfii = delewfl :
k=111'=1

L,I'=1 I,I'=1 =1
(1.22)

so A satisfies the definition of a quantum adjacency operator.
Conversely, if we start with a quantum adjacency operator A, we can obtain from it the edge
projection (identified with an element of M ® MO°P) by utilizing the following equation:

P=(A®id)m' (1), (1.23)

where id represents an identity map from M to M°P (which makes sense due to the fact that
these two algebras have the same underlying vector space) and m is the multiplication map (like
in Definition 1.6). Indeed, using the same conventions as earlier, we obtain

d P
1
)=~ > Aleij)zej; = Z S feus ey - ka T (ffe) =Y (fula)fe,  (124)
1,j=1 t,j=1 k=1 k=1
so P is an orthogonal projection onto a subspace V spanned by the vectors f.
In the end, we may see that the various definitions of quantum graphs are equivalent.

1.3.2. Physical motivation. To give a more physical motivation for studying quantum graphs,
aside from their interesting mathematical properties, we shall now present the notion of confus-
ability graphs of classical communication channels and their generalization to quantum channels.

Definition 1.7. A classical channel F' from an input set X to an output set Y is characterized
by a collection of real numbers (p (y|z)),c X yey» satisfying the following properties:

eVxeX,yecY : :0<p(ylr) <1,
eVzeX:) yp(ylr)=1

Physically, p (y|x) describes the probability of receiving y as the output after sending x through
the channel as the input.

We say that 2 inputs, x and 2/, are confusable if the channel has a non-zero probability of
sending them both to the same output, or, in other words, if 3y € Y : p (y|z) p (y|2’) > 0. This
can be encoded using the notion of a confusability graph.
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Definition 1.8. The confusability graph of a classical channel F' is the graph whose vertices
are all possible inputs of F, such that x ~ 2’ whenever 3y € Y : p (y|z) p (y|2’) > 0

The notion of confusability graphs can be extended to quantum channels, understood as
completely positive, trace-preserving, linear maps between matrix algebras. Any such quantum
channel can be expressed as

T
®: Mat, (C) 3 p—+ Y KipK] € Mat,, (C), (1.25)
i=1
where K; are Kraus operators, given by matrices with m rows and n columns, satisfying the
condition >, KJKZ =1.
It is sensible to say that quantum states given by density matrices p and o are distinguishable
if Tr (po) = 0. Otherwise, they are confusable.
Let us investigate when ® (p) and ® (o) are distinguishable. Since density matrices are always
diagonalizable, we may express them as p = Y 1" | pi|i) (¢ and o = > ¢i|$i)(¢i|, where
Viel,n:0<pjq <land ) pi=>.. ¢ =1 Then we can write

Te(® (0) (o)) = > 3 mear Tr (Kilthe) (wnl KL K n) | )

ig=1 k=1
Z Z Pra TI“( il KT ) (| KT K ) ) i i Pk ‘<¢k‘KZ‘TKj¢l>‘2- (1.26)
ij=1 k=1 ij=1 k=1

Denoting V = span {KJKJ i,J € ﬁ}, we can now see that the condition Tr (® (p) ® (o)) =0
is equivalent to the claim that
Vip € ranp, ¢ € rano : (Y| Vo) = {0}. (1.27)

In addition to being a subspace of Mat, (C), V is also an operator system — it contains

1=>%", KZT K; and is closed with respect to adjunction. This means that V is a quantum
graph according to the definition used by Weaver. Therefore, quantum graphs can encode the
notions of distinguishability and confusability of states by quantum communication channels.

1.3.3. Quantum chromatic numbers. For classical graphs, a chromatic number is defined as the
minimal number of colors needed to color the vertices of a given graph in such a way that no
two adjacent vertices have the same color. This notion can be generalized to quantum graphs
and colorings in the following way.

Definition 1.9. A quantum c-coloring of a quantum graph G = (C(G),, A) is a collection
{P;};_, of self-adjoint projections in C (G)®B (K), where K is some Hilbert space, which satisfies
the following conditions:

oY i Pi=1w1,

eVicl,c: P(A®id)(P) =0.
The quantum chromatic number of G is the minimal ¢ for which a quantum c-coloring exists.

This definition of a quantum coloring differs from the original one, formulated in Weaver’s
operator system formalism. This original definition, obtained first in [7], is formulated as follows.

Definition 1.10. A quantum c-coloring of a quantum graph G on M C B () defined by an
operator system V C B () is a collection {P;};_; of self-adjoint projections in M ® B (K),
where I is some Hilbert space, which satisfies the following conditions:

e Y Pi=1o1,

eViclc: P (V®]l) » = {0}.

These two definitions, however, are equivalent, as proved by the following lemma.

Lemma 1.11. Let G = (C(G),¢, A), where C(G) = @, _, Matg, (C) and ¢ is tracial, be a
quantum graph, and let V C Matg, +dy+.. +d, (C) be its corresponding operator system. Let K

be a Hilbert space and let P € C(G) ® B(K) be a self-adjoint projection. Then the following
conditions are equivalent:



(1) P(Vo1)P={0},
(2) P(A®id)(P) = 0.

Proof. Thanks to Equation (1.20), we know that there exists a basis of V, {v;}¥_;, for which
Alx) = X0, v
The implication (1) == (2) is easy to prove. If P(V®1)P = {0}, then in particular
Vi:P(v;®1)P =0, so
P
P(A®id)(P)=) _ P(v®1)P (v ®1)=0. (1.28)
i=1
The implication (2) == (1) is slightly more difficult to prove. By multiplying P (A ® id) (P)
by P from the right side, we obtain

p p

P(A®id)(P)P=> P®@1)P@;@1)P=> (P(;®1)P)(P(; ® 1) P)*, (1.29)
i=1 i=1

which is a sum of non-negative matrices. Therefore, if P (A ® id) (P) =0, then P (v; @ 1) P =0

for every 4. Since {v;};; is a basis of V ® 1, this implies that P (V ® 1) P = 0. O

Since finding quantum colorings and calculating chromatic numbers of graphs is often difficult,
it is useful to find bounds on the value of chromatic numbers. Many such bounds, based on the
spectral properties of the quantum adjacency operator, are presented by Ganesan [11]. We shall
present here a proof of one of those bounds — Hoffman’s bound — which we utilize later. The
proof begins with the following lemma.

Lemma 1.12. Let A be a self-adjoint matriz, partitioned into blocks as

Al,l A1,2 e Al,n
A2,1 A2,2 e AQ,n

=1 . o T (1.30)
An,l An,Z e An,n

and let Amin (1) and Amax (+) be functions that map matrices to their smallest and largest eigen-
value, respectively. Then

(n - 1) )\min (A) + )\max (A) < i /\max (Az,z) . (131)
i=1

Proof. Firstly, we consider the case of n = 2. Let z = Bl] be a normalized eigenvetor of A (so
2

s
x
o [ 1
_lmall
]

. Then a

|z1]|* + ||z2]|* = 1) corresponding to its biggest eigenvalue and define y = [

direct calculation shows that

A (A) A (4) < (o] Az) + (y] Ay = (ZLALLRD (321 l020)

é >\max (Al,l) +>\max (A2,2) )

2 2
1] 2|
(1.32)
which is the desired inequality for n = 2. To obtain the general case, we utilize induction over
n. U
Using this lemma, we can now prove Hoffman’s bound for quantum graphs.
Theorem 1.13. Let G = (C(G), v, A) be an irreflexive quantum graph. Then
Amax (A)
G)>1+ ——r, 1.33
Xq( ) |)\m1n(A)| ( )

where x4 (G) denotes the quantum chromatic number.

Proof. Let {P;}_, € C(G)®B (K) be a coloring of G. We denote A = A®id and, by associating
projections P; with operators of left multiplication by P; (or, in other words, P; : © — Px),
define

A;; = P,AP; : ran P; — ran P;. (1.34)



Applying the previous lemma to the partition of A given by blocks flm leads to
~ ~ ¢ ~
(= 1) Mmin (4) + Amax (4) €D~ A (i) (1.35)
i=1

Since A has the same eigenvalues as A (though with different multiplicities), fl” = 0 (because
projections P; constitute a coloring) and Amin (4) < 0 (because A is traceless due to irreflexivity),

we obtain N . ; )
Xq(g)ZCzl_%()zl_F max( )

Aenin ()~ P ()] (1.36)

O

1.4. Kneser graphs. Our primary goal is defining quantum versions of Kneser graphs and
investigating their properties. Before we do that, we first need to define these graphs in a
classical setting.

Definition 1.14. Let X be a finite set with cardinality n. For 0 < k < n, denote by ()k() the
set of k-element subsets of X, that is

X
(1) = tacxia-n. (1.37)
The Kneser graph, denoted by K (n,k), is a graph (V, E) whose vertices are k-element subsets
of X, which are adjacent if and only if they are disjoint; in other words

V= @f) (1.38)
E={(A,B)eVxV|ANB=ga}. (1.39)

Kneser graphs have several interesting properties. Firstly, K (n, 1) is isomorphic to the com-
plete graph with n vertices. Those graphs are regular, vertex-transitive, edge-transitive and
arc-transitive.

Definition 1.15. A classical graph G = (V, E) is:

e regular if all its vertices have the same degree (number of edges connected to it),

e vertex-transitive if for any 2 vertices vy,vy € V there exists an automorphism f €
Aut (G) for which f (v1) = va,

e edge-transitive if for any 2 edges e1,es € E there exists an automorphism f € Aut (G)
for which f (e1) = ea,

e arc-transitive if for any 2 edges (vi,w1), (v2,w2) € E there exists an automorphism
f € Aut (G) for which f (v1) = v2 and f (w1) = wa.

To see that K (n, k) has the above properties, we note that the degree of the vertex correspond-
ing to A C X is equal to the number of k-element sets B C X'\ A, which is given by (”;k), where
n = | X|. As a result, all vertices have the same degree. Additionally, it is easy to see that the
automorphisms from the definitions of vertex-transitivity, edge-transitivity and arc-transitivity
can be induced by permutations of the underlying set X — given sets A1, By, A2, By C X sat-
isfying Ay N B; = Ay N By = @, |A1] = |A2| and |B;| = | Ba|, we can always find a permutation
o of X for which o (A;) = Ay and o (B;) = Ba.

The chromatic number of K (n,k) is equal to max (n — 2k + 2,1), which was first proved
by Lészlé Lovész [14] by using the Borsuk—Ulam theorem [5], which gave rise to the field of
topological combinatorics. Later, Imre Barany found a simpler proof, utilizing Gale’s theorem
in addition to Borsuk—Ulam theorem.

Theorem 1.16 (Borsuk-Ulam). Let S; be an l-dimensional sphere and let {Ai}l*% be a partition

1=
of Sy into open sets. Then A; contains a pair of antipodal points for some i € 1,14 1.

It is important to mention that, in its original form, the Borsuk—Ulam theorem involves a
partition of S; into [ + 1 closed sets. The version used here, however, is a consequence of the
original one.
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Theorem 1.17 (Gale). Let | and k be non-negative integers. For a € S; C R let H (a) =
{z € Si|{a|z) > 0}. Then there exists a (2k + l)-element set V' C S; such that |H (a) N V| > k
for every a € Sj.

We now reproduce here Barany’s proof.
Theorem 1.18. The chromatic number of K (n,k) is equal to max (n — 2k +2,1).

Proof. If n < 2k, then K (n, k) has no edges and therefore its chromatic number is equal to 1
(since no vertices are adjacent).

If n > 2k, then the map (1]’:”) 5> A min (AU {n — 2k + 2}) is a coloring of K (n,k) using
n — 2k + 2 colors. Therefore, it suffices to prove that a coloring using n — 2k + 1 colors does not
exist.

Take | = n — 2k. Then the set V' C 5; from Gale’s theorem has n elements. We identify
V' with the set X from the definition of Kneser graphs. Suppose now that K (n,k) has an
(n — 2k 4 1)-coloring, which means that each k-element subset of V' is assigned one of n — 2k +1
colors, which we label with the set 1,n — 2k + 1. We now define a family of subsets {Ai}?:_fkJrl
of S; in the following way: A; consists of all points a € S; for which H (a) NV contains a subset
colored with the i-th color. It is easy to see that each A; is open and, by Gale’s theorem, each
point of 5; is an element of at least one of the sets A;. Therefore, {Ai}?:_flﬁr1 is a partition of
S; into n — 2k + 1 = [+ 1 open subsets.

By applying the Borsuk—Ulam theorem, we now see that there exists j € 1,n — 2k + 1 for
which A; contains a pair of antipodal points, a and —a. This means that there exist k-element
sets A, B C V that are both colored with the j-th color, such that A C H (a) NV and B C
H (—a) N V. However, this means that AN B C H (a) N H (—a) NV = &. Therefore, vertices
of K (n,k) corresponding to A and B are adjacent and colored with the same color, which is
a contradiction. As a result, K (n,k) does not have any coloring using n — 2k + 1 (or less)
colors. O

Additionally, Kneser graphs can be used to define an interesting graph invariant known as
fractional chromatic number. The fractional chromatic number of G, denoted by xf (G) is de-
fined as the infimum of % taken over all pairs (n, k) for which there exists a graph homomorphism
from G to K (n, k). Since the ordinary chromatic number can be defined in a similar way using
homomorphisms from G to complete graphs instead, we can regard Kneser graphs as fractional
generalizations of complete graphs.

Lastly, it should be noted that the definition of Kneser graphs can be slightly generalized by
replacing the adjacency condition with

E={(AB)eVxV||AnB| e S}, (1.40)

where S is a fixed subset of 0, k. Ordinary Kneser graphs correspond to the choice of S = {0},
but other possibilities also exist. For example, picking S = {k — 1} leads to Johnson graphs,
while picking S = 0,s leads to generalized Kneser graphs as defined by Tristan Denley [10].
Quantum versions of those graphs shall also be constructed.

2. DEFINITION OF QUANTUM KNESER GRAPHS

Let C(X) be a finite-dimensional C*-algebra equipped with a §-form v : C (X) — C. Then
C (X) has the form

C(X) = é Ba, (2.1)
a=1

where Va : B, = Maty, (C). Every §-form on C (X) can be written as

7/) = @waa (2'2)
a=1

where 1), (x) = Tr (p®z). Here p® € B, are all positive, invertible matrices satisfying the condi-
tion Tr ((pa)_l) = 2. In other words, for x = Y'_, 2%, where 2% € B,, ¢ (z) = > n_; Tr (p%z®)

(Tr represents the standard, unnormalized trace — the sum of diagonal entries of a matrix).



11

Since all matrices p® in the definition of ¢ are positive, we may without loss of generality
assume that they are all diagonal and denote their eigenvalues as p{, where i € 1,d,. Then for

the matrix units ef ; € B, = Matg, (C) of the a-th matrix component we have v <e;{j> = p?d; ;.
For k € 1,n we define

X
C <<k>> - @ @ Bav(l) ® Bag(z) ®...Q0 Bao'(k) 5 (23)

1<a1<az2<...<ap<n \0ESk sym

where (+) denotes the symmetric (invariant with respect to permuting the legs of the tensor

sym
product) part of the algebra contained in parenthesis — in this case, it is the algebra spanned
by elements of the form

sym

®x —Zx @zl ®) (2.4)

a€A

where A is a k-element subset of 1,n, Va € A : % € B, and the sum is taken over all bijections
f:1,k— A. Multiplication in this algebra is given by

Sym Sym 7
<®$a> Q" fo“ D @@yl g @l kyfk), (2.5)

a€A GcA

The terms in which f (i) # f (i) for some i € 1,k all evaluate to 0. Non-zero contributions,
therefore, only come from terms in the sum for which f = f, which may only happen when
A = A. In such a case, we have

sym sym Sym
<® $a> R | = 0,432/ D g /DY g 2l ByfB) =5, (R aty

acA acA f acA

Rk

Since permutations of legs of the tensor product C (X)*" are *-homomorphisms, C (Gj)) is

a C*-subalgebra of C (X)®*. We define 4, : C ((%)) < C(X)®* as the natural embedding of
C ((Skg)) in C (X)®k. Additionally, we define 1, = 1®*1;, and denote the multiplication map on

C ((Skg)) by my.

Lemma 2.1. ¢ is a §-form on C ((if)), where 0, = j—%

Proof. We claim that the action of mz on basis elements of C ((f)) can be expressed as

sym —1 sym sym
mj <® Cia ga) =0 2 <H P3a> el © Q) i (2.7)

acA @€Xgea Lda acA acA acA

To show that this is the case, we must verify the following condition:

oy (2y2) = W@ w) ((mh @) o). (2.8)
Setting

r=Q)ef ;.. (2.9)

acA
sym

)= @t 210
acA’
sym

2= e, (2.11)

aeAII
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we obtain
sym sym
vl = <5A wdarar Q) €5, e 51 S i > ~dataah <® O it, 05, i1/ €5, 1 )
acA acA
= kloaabaran || G Oig.00j0 05, (2.12)
a€A
On the other hand, the above expression for mz yields
*
(W) ((mh @) v©2)
1 —1 sym sym sym sym
e (5 X (In) Qdne@dn ) (®due @)
) a€X,eq Ld, \a€EA acA acA acA’ ac A"
—1 sym sym
= (Vr ® ) k;l(SA adanr Y (H pga> @i i€ gy, © Q) Dot €5,
QGXaEALTa acA acA acA

sym Sym
g@x wbaar > (H P&l) Yk <® Oia ity Cov > Vi <® 5aa,ii{e?a,jg>

A€Xgea 1,da acA acA acA

-1
= koaadaar Y (H ﬂ&) (H 5z-a,z';5aa,japia> (Héaang jardi P )

Q€X e a Lda acA a€A acA

= k!(sA,A’(SA,A” Z H 52(1 iy, 5aada Aayiy Yja,je p] - k"SA A0 A H 5%@3‘5 a,zg%ua pja

QEX e 4 1,dq @€EA acA
(2.13)
Having checked that the given formula for mL is indeed correct, we can write
sym 1 -1 sym Sym
T _
mk (@)= X (M) (@) (@)
acA ' Q€EX e a Lda acA acA acA
1 -1 /sym sym 1 =1 gym
_ a a a _ a a
=1 Z (H paa> <® eia,aa> <® eamja) Ol Z (H Paa> ®€ia,ja
a€Xgeq Lda NGEA acA acA Q€X, e 4 Lda NEA acA
. sym sym 52]9 sym
2 a
k;l H (Z paa > ® ZaJa - k:| H 6 ® za,]a - F eia,ja’ (214)
a€A \oagq=1 a€A acA acA a€A
which implies that mkmz = (5zid, where 0, = \5/—%. O

We define recursively a sequence of operators Ay, € B (C (X)®k) by the following formula:

k-1

Ay = 5/::% <¢T¢) - Z Z <A1>i1,i2,.‘.,il ’ (2.15)

=0 \1<i1<io<...<1<k

where subscripts in (fll) - signify the legs of the tensor product on which the operators

11,8250048]
act as A;. We also define A, = LLAkLk, where 1 denotes the Hermitian adjoint (to distinguish it
from the C*-algebra involution).
Theorem 2.2. The operators Ay, defined as above, are given by the following formula:
k 1 k—1 52[

=Y (_)z' $ <(¢T¢> ®l>i1,i2,..v,il . (2.16)

1=0 1<iy <io<..<i;<k
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Proof. We start by rewriting the formula (2.15) using the summation over sets of the form
B = {iy,i2,...,%}, obtaining

> (Am), - i (v1)™". (2.17)

BClk

Similarly, the equation (2.16) can be rewritten as

A=Y W <(¢T¢)®'B'>B, (2.18)

BClk

We now have to check that the operators given by the formula (2.18) satisfy the condition (2.17).
To do this, we write

. (21|B|> > Z B,C:!q o ((W@@lc)C, (2.19)

BC1Lk Bc1,kCCB

which, after exchanging the order of summations, becomes

vy b lB‘|C|!C o <(M)®'C'>C. (2.20)

Ccl,k BCl,k
BDC

Since B must be a superset of C, it can be expressed as C' U B’, where B’ C 1, k\C. Therefore,
the expression we just obtained can be further rewritten as

S Y m«wW)@'C)C. (2.21)

CClk \B'CLEk\C
|B'|

Since the summand of ) BICTR\C (-1) only depends on the cardinality of B’, we can

express this sum as
k—|C|

k—|C _
> (N v —a-ne—ag, (222)
=0
where we used the binomial formula. Therefore,

> (A\B\) > ke (|50|C!| <<¢T¢>®lcl>c o (@Z}W}) : (2.23)

BCl,k CClk

O

We also introduce operators flk,l, defined as
A = > (Az>, o (2.24)
. . . 11,225--+,0
1<ii<in<...<i; <k

By convention, Ak,o = id®*. Additionally, flk,k = Aj. The following lemma gives us a more
convenient formula for those operators.

Lemma 2.3. The operators flk,l, defined as above, are given by
l l—r ¢or
< k—r\(—=1)""9 @r
A=Y <k B l> ()r' 3 ((W}) ) . (2.25)
=0 ' 1<i1 <in<...<ip<k 11582,y

Proof. We start by rewriting the definition of flk,l using summation over subsets, similarly to
the method used in the proof of the previous lemma. In this way, we obtain

lek,zz Z ( ) Z Z Z|CT|I i <<¢;T¢;)®|O|>C. (2.26)

BCl,k c1,kCCB
|B|=1 |B|:l
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Exchanging the order of summations yields

1) IC1 521C] ?(C]| (_1)l—|C| peitel el

S ST ()™ =2 | S ()™

Cclk BOC ¢ ccig | BoC c
BCl1,k BCl,k
|B|=l |B|=l

(2.27)

The quantity Y p-¢ 1 is equal to the number of [-element supersets of C' contained in 1,k —

BC1,k
|B|=l
in other words, to ( l7||g|‘) Therefore
. k—|C) (-1)71¢ s2(C ®|C]
A, — - t 2.28

CClk
which, after returning to the original notation, becomes

S Sl e N (0 I

r=0 1<i1 <i2<...<ir <k

O

Lastly, we define Ay ; = o Ayt To evaluate those operators on elements of C X , we
y ; k4K, k

utilize the following lemma.

Lemma 2.4. Let us define

Uy = %LL Z <(¢T¢) ®l>¢1 L Lk (2.30)

1<) <i2<...<; <k

Then, if AC 1,n and Va € A : x* € B,, we have

sym sym sym
Ty <®ma>: > I v > QR1ee ®x (2.31)

acA BCA acA\B Cccin\BacC a€B
| Bl=k—l =l
Proof. Let A ={aj,aq,...,ar}. Then we can write
sym k
Lk <® xa> = Z ®$“U(i). (2.32)
acA c€Sy i=1

Let us also rewrite the formula for ¥y, ; as

Wyo = %,LZ Z <<¢T¢)®l> | e (2.33)

B/

Therefore, we calculate:

Py 1 ®l k

v (@) -t | £ 5 (()7), (@) | e

acA BTk o€Sk B \i=1
B

The expression ( wTw ®l> ) ( g Tt )> evaluates to

039 ( (Z €B ) (%) 1+ x (Z ¢ B’) x“”@) : (2.35)

=1
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where 1 is the unit of C(X) and x is a logical statement evaluation function (which assigns 1
to true statements and 0 to false ones). Denoting x (z € B’) 14+ x <z ¢ B’) % (i) by Ys 20 we

express it as
k

H P (z% ) y;{t@‘ (2.36)
ieB’ i=1
Returning to the original calculation, we now have

sym k
e (@w“)ﬁz > X (TTve o) | @upt |- (237)

acA B’CWUES}C icB’ =1
5]

We now replace summation over B’ with summation over o (B/ ), obtaining

sym k
Uy (@ﬂ):ll!bz >y I[I =) ®ya°<l>(g) . (2.38)

acA B'Cl,ko€5k \ico—1(B') i=1
]

Since Hierl(B') Y (%) = [[;cp ¥ (%), we can write
sym
v (@) <5 X (Moe) S (@) e
acA B’Cﬂ icB’ 0ESK
]

Now we define B’ = {ai

1€ B’} C A and note that

Il sym sym
o(i) _ a® a
H®wim) -5 ¥ @ @ 2.0
Cc1,n\(A\B’)aceC acA\B'
|C|=t
obtaining
sym
a 1 a {! aSym
w (@)1 X (M) X ¥ Q¥ @~ e
a€A ’ B'CA \a€bB’ og€ESy, CccIn\(A\B') aeC a€A\B’
|B'|=1 |C|=l

Lastly, by replacing B’ in the summation with B = A\ B’ and performing the summation over
permutations, we obtain

sym sym sym
7% <®xa>= ST ven] > QRive ®m (2.42)

a€A BCA \acA\B CCTn\Ba€C a€B
|Bl=k—l |C|=tl

0

These operators satisfy a useful property, given by the following lemma.

Lemma 2.5. Operators Ay on C (Gj)) satisfy the following condition:

mi (ks @ Ayg) ml = 8,103 A (2.43)
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Proof. We can express the results of acting with Ay and mL on basis elements of C ((f)) as

sym k sym o SYm
(@) (e 3 (1) @@,

a€A r=0 BCA acA\B aeC a€B
|Bl=k—r

Ccln\B
|C|=r
(2.44)

and
sym 1 -1 /sym sym
A (@ca) -5 T (Mn) (Dn)e (@) en
acA D a€Xgeq Lda \aEA acA acA

The right-hand side of equation (2.44) can be rewritten as

|B| __1\l—k+|B]| 52(k—|B|) o5 sym _sym sym .
Z k — l ( 1) H pia las]a ® 1 ® ® eia,ja (246)
B@\ a€A\B aceC1UC, a€EB
Ci1C1,n\A
CI'QCAn\B

|C1|+|C2|=k—|B|

by partitioning the set C into Cy C 1,n\A and Cy C A\B. Next, we introduce C = (A\B) \Cy,
obtaining

sym sym
k-1 | B| Bl s2(k— a PR a
SO <k—l> (=0T oo QR 12 Qe
Clg%\A a€A\B a€C1U((A\B)\C}) aeB
CL,CA\B
|C1]=|Cy|

(2.47)
Lastly, we notice that the condition B € A A C4 C A\B (where A denotes logical conjunction)
is equivalent to C4 C AA B C A\CY, leading to

sym sym

k-l | Bl B| s2(k— . L5m s
e () e (T ) @ 1 E @
015??4\14 acA\B a€C1U((A\B)\C%) a€B
2
|Cy|=|C}
v

(2.48)
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Therefore, we can write:

sym
my (Ak,l ® Ak,f) mj <® e?a,ja>

acA
1 sym sym
S () a (@) n (&)
'QEXaGALTa acA acA acA

~ 1 ~
(_1)2k)—l—l ’B| ‘B‘
- Ll Z H Paca Z Z E—1)\k_7
Q€X e 1,de NOEA C1CI,n\ACicT,n\A
C3CA  Cca
[Cal=|Cs| |c1| [
BCA\CY, BcA\C’

B|+|B —2|B|-2|B
(_1)| [+|B| s4k—2|B|-2|B| H P, Oia,ca H Pavy Ocra ja

a€A\B acA\B

sym sym sym Sym sym Sym

® 1EFRd. ® Q|- )
acC1U((A\B)\C3) a€B a€C1U((A\B)\C5) ach

We notice that

-1
(H pga> | R N

acA a€A\B acA\B
-1

= I ri | | 1T PevaOiasraOaaja
B)

a€BNB ae(A\B)NB a€BN(A\B) a€(A\B)N(A\B)
(2.50)
and
sym sym sym sym syrn sym
® ® ela Qg ® ® eaa Ja == 0 (251)
aeclu((A\B)\C/) acB aeélu((A\é)\éf) a€B
whenever Cy # Cy or Cy # Ch. If C; = Cy and C) = Cj, then
sym sym sym sym sym sym
® = @l Q 1 Q.
aEC’lu((A\B)\C”) acB a€C1U((A\B)\C%) a€B
sym sym sym sym sym sym sym sym sym sym
- (@1 ® . |[®@rY @ rFed.
acC a€(A\B)\C}, acB acCy ae(A\g)\cé acB
Sym sym Sym sym sym sym sym
= ® e Q  dn®  Q  da® Q di
acC1U((A\(BUB))\C3) ac((A\B)\C4)NB a€BN((A\B)\C3) a€BNB

(2.52)
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Therefore
sym
i (Aka ® 4y 7) m} <® 6%2%)
acA

_ (—214-[ Z Z <k|l?|l>< ’§‘~> (_1)\B\+|§| 54%—2/B|-2|B|

C1CT,n\A a€X,ey Lda k=1
CiCA

|C1|=|C3]

B,BCA\C,

-1

H sza H Oin,aa H Oata,ja H pia 0ig .0 0cra,ja

a€BNB ac(A\B)NB aeBN(A\B) a€(A\B)N(A\B)

sym sym sym sym sym

) 105" 0% e i ® X &0 ® X e

aeC1U((A\(BUB))\C3) a€((A\B)\C4)NB a€BN((A\B)\C3) a€BNB

_ (—21# Z Z (kJB\l>< ’§’~> (_1)|B|+\1§| s4k—2|B|-2|B|

C1CT,n\A aex 1,da k1
CyCA

|C1|=|C3

B,BCA\C,
-1

a€BNB

sym sym

I #. I A X 18 @ el

a€BNB a€A\(BUB) aeC1U((A\(BUB))\C3) a€BUB

We can further simplify this expression by noticing that
-1

S (M) - (X ) s

a€X, pnp Lda \a€BNB a€BNB \®a=1

ia:ja

(2.53)

(2.54)
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which follows from the fact that 1 is a é-form. As a result,

sym
my (Ak,l ® Ak,f) mj <® e?a,ja>

a€A

1 I+ B E oy _ _9|B B
_ (k? > (l{\ —’l> (‘ ‘~> (—1/BI+|B] sak—2Bl-2| Bl +2|Br| T o

k—1

C1CI,n\A a€A\(BUB)
CLCA
\Ci|=\cé‘
B,BCA\C}
sym svm sym
® 1°°® ® €l
acC1U((A\(BUB))\C3) a€BUB
1 I+l 52k B ‘B) ~ ~ B ~
— ( )k! 2 <l<;| —|l> <k_ l~> (71)|BUB‘HBHB| 52(k—|BUB|) H ) P2 i
CiC1n\A a€A\(BUB)
CLCA
|Ci|:|cé|
B,BCA\C)
sym sym sym
® ® elav]a
aeclu((A\(BUE))\C’) a€BUB

B > ( ;ﬂ)(ﬁ;)(—”'m'

C1c1,n\A |\ B,BcD
C3CA \BuB=D

|C11=|C3]
DCA\C)
b (o1 sym sym sym
(~0)!Pre®=PD L TT ot i Q@ 1@ Qe (259)
a€A\D a€C1U((A\D)\C%) aeD
Finally, denoting |B| and ’B N é‘ by r and 7, respectively, we can write
B ID| r =
B B D |D| —r 47 -
S (")) e S () (e
B,BCD r=0 =0
BUB=D
|D| r . |D|
IDN\( r\ (1Dl —r+7 7 !D\ [D| —r r
= - -1 -1
TZ:O<7“ k—1 ;_0 T k—1 (=1) Z /~c k—1—r (=1)

)

\DI

S ()= ()5 )( )

.
D] . - ~ 1D]

(2R - (20 >M<Tz;:l>
(TG 5 (Sl

r=

_ (ﬁ’» (i - ;) (—1)FT (1= 1) = le‘l) (—1)F o, (2.56)

M

Il
o
~

ww
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Therefore
sym
e (s 05) ol (89
acA
(—1)l+l~52k D] k-1 D| s2(k—|D
- k! > p_p) D 0,7 (~1)PTPEPD T o b
' C1CTn\A a€A\D
CyCA
|C1|=|C3]
DCA\CY
sym sym sym
R  1"® Qe
a€C1U((A\D)\C}) aeD
0% et D) D] 52(k—ID)) o
= 5[,[? (_1) Z E—1 (_1) o H piaéiavja
' Ci1cTn\A a€A\D
CyCA
|C1]=|Cy]
DCA\Cj
Sym sym Sym Sym
(09 1@ @ el . =0, 0t Ak (@ e;.la,ja> . (257)
a€C1U((A\D)\C}) a€D acA
Therefore, we can conclude that my, (AkJ ® A, Z) mz =9, [5,314;{71. O

We can now easily prove that the operators Ay are valid adjacency operators of quantum
graphs.

Proposition 2.6. The triple K (X, k) = <C ((%)) ,@Z)k,Ak) s a quantum graph.

Proof. To show that <C (Gj)) ,¢k7Ak> is a quantum graph, we need to verify that Ay is a
quantum adjacency matrix — in other words, it satisfies the following 2 conditions:

Vr e C <<§I§>> D Ag () = Ag (2)7, (2.58)
my (Ak & Ak) m}; = 5]%Ak, (2.59)

where my, represents the multiplication on C (Gf)) (understood as a linear map from C ((skg)) ®

C ((Slf)) to C ((%))) The first of these conditions is obviously satisfied, while the second one

follows immediately from Lemma 2.5. U
We may now finally define quantum Kneser graphs.

Definition 2.7. A quantum Kneser graph is any quantum graph of the form K (X k) =

(C <(§k§)) ,wk,Ak>, defined as above.

The justification of that name is provided by Proposition 2.12.
As a digression, we note that it is possible to introduce a slightly more general class of quantum
graphs. For S C 0, k, we define operators Ay g as

A= Y Aps, (2.60)
lek—S
where k—S = {k — s|s € S}. It is an immediate consequence of Lemma 2.5 that those operators

satisfy my (Ak,s ® Ags) mL = 02 Ay s, therefore they too define quantum graphs on the quantum

set C ((%)) Those can be seen as generalized quantum Kneser graphs, which we also justify

in Proposition 2.12. For now, we provide a simple example, obtained by taking S = {k — 1},
which, in the classical case, leads to Johnson graphs.
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Definition 2.8. A quantum Johnson graph is any quantum graph of the form J (X k) =

(C <(§k§)) ,wk,A), where

k
A= Ay = 6% (Z (wzp)l> U — kid. (2.61)

Having defined quantum Kneser graphs, we can now proceed to an investigation of their
properties. The following 2 propositions show that these graphs are irreflexive, undirected and,
under certain additional conditions, regular.

Proposition 2.9. Quantum Kneser graphs are undirected and irreflezive.

Proof. 1t is obvious from definition that Ay is a self-adjoint operator, so K (X, k) is undirected.
Their irreflexivity, on the other hand, follows immediately from Lemma 2.5 due to the fact that
Ao = id. O

Proposition 2.10. Let C(X) = Q. _, Maty (C) and let ¢ be tracial. Then K (X, k) is regular

of degree
a K\ (n—1 U 2(k-1)
Z<l><k_l) (-1)'d (2.62)
1=0

for every k € 1,n.

Proof. To prove that K (X, k) is regular, we have to show that the unit of (Skg) is an eigenvector
of Aj. We calculate

sym
-3 (@]
AcCIn acA
| A=k

sym

=3 S pEleeE T van | Y ®1a®®1a (2.63)

AcC1,nBCA a€A\B CcIn\B aeC a€B
| A=k |C|=k—|B]

Since ¢ (1) = @ and |A\B| = k — | B|, we can rewrite this as

o

sym

SPNEILIECEED ol - R0 2
AcC1,n BCA CcTn\B a€BUC
|Al=k |C|=k—|B|
Denoting BU C as D lets us rewrite it further as

sym

S5 (B @nlE) $ Qe (2.65)

ACT,n BCA DcIna€D
|Al=k DOB
|D|=k

Exchanging the order of summations leads us to

sym

Z Z Z \B\ J2(k=1B) ®]la_ Z Z Z 1 (_1)\3\ d2(kf|B|)®]la‘

DCInBCD AcTn a€D DcInBCD | Acin aeD
|D|=k ASB |D|=k ADB
|Al=k |Al=k

(2.66)
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The sum ) 475, 1 is equal to the number of k-element supersets of B contained in 1,7 — in

ADB
|Al=k

other words, to ("_|B|

k| BI)' Taking that into account, we obtain

n —|B] Bl 2(k—|Bl) " 1a
> Z( |B|> (-D)Blg &) 1°. (2.67)

DcTn BCD a€D
|D|=k

Replacing summation over sets B with summation over [ = |B] yields

> Zk: (lf) (Z B g) ) d*tD Z§ 1" = Z < ) (Z - ;) (—1)! @2k=D1. (2.68)

DCIn =0 acD =0
|D|=Fk

Therefore, we obtain
k
kN (n—1 _
A1) =) (l> (k B l) (—1)'a**h, (2.69)
=0

which means that 1 is an eigenvector of Ay, so the graph is regular. The corresponding eigenvalue
is the degree of regularity. O

The condition that all algebras B, are the same is sufficient, but not necessary for regular-
ity. However, graphs that do not satisfy it may fail to be regular, as the following example
demonstrates.

Example 2.11. Let C(X) = Maty, (C) & Maty, (C) & Maty, (C) and let ¢ be tracial. Then
K (X, 2) is not guaranteed to be regular. Indeed,

As (1) = A, (]11 ®12+11® 18+ ]12S%m]13>
= (B2 + B3+ B} — & — 2 — 2%+ 1)1 % 17
+ (B2 + d2d2 + 3 — & — & — 242 + 1) 11 13
sym
+ (did} + didj + d3d5 — d5 — d5 — 2d} + 1) 1% ® 13, (2.70)
which is a only a multiple of 1! @™ 12 + 11 @™ 13 + 12 @Y™ 13 if d| = dy = d3.

The following proposition justifies the name of ”quantum Kneser graphs” by showing that
they boil down to classical Kneser graphs in the commutative case.

Proposition 2.12. If C (X) is commutative, generalized quantum Kneser graphs correspond to
generalized classical Kneser graphs.

Proof. Due to the way Ay, s is defined, it is enough to consider cases in which S only has one
element, corresponding to the adjacency operator given by Ay .

If C (X) is commutative, then Va : B, = Mat; (C) ~ C. Additionally, Va : p* = 5. Let e®
denote the unit element of B, and let

o Geeo((2)) oy

a€A

for any A C 1,n.
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Then we can write

_ B /
A =0 3 () e
CiCl,n\A
CLCA
|C11=|C3|
BCA\C

=0 X X QB'z) (~)P1 ] AN (2.72)

CicTmA \BCA\G, ~
CLCA
|C1|=|C3|

By replacing summation over the sets B with summation over cardinalities r of B, we can rewrite

5 (e ) o

BCA\C, =0
| A\CY| ;o )
) () (k)

r—k+1
A\CY| N eyl — k4
2 k—1 2l — r
= -1 -1
() > () e
|A\C| k—l k—1
= ( o] (—1) 5]A\C§|,k—l =(-1) 5’%“. (2.73)
Therefore /
A (ety= Y eaninc), (2.74)
Cicl,n\A
CLCA
Crl=|y)=t
We see that C1 U (A\C%) always has k — [ common elements with A, which implies that Ay is
the adjacency matrix of a generalized classical Kneser graph with S = {k — [}. O

3. COLORINGS OF QUANTUM KNESER GRAPHS

Having defined quantum Kneser graphs and investigated their basic properties, we may now
focus on their chromatic numbers. For simplicity, we are going to focus only on the tracial case.
First, we establish an upper bound on the quantum chromatic numbers by providing an explicit
construction of a coloring.

Proposition 3.1. Let C(X) = @) _, B,, where B, = Matgy, (C) and di < dy < ... < dp, and
let ¥ be tracial. Then

n—k+1
> . (3.1)
a=1
Proof. For a € 1,n—k+1 and p,q € 1,d, we define projections P, (( )) ® Quy k1 By
as
1 27ip (i — 7)
a
Pp,q = d—a Z exp (da
BCa+1,n
|Bl=k—1
i,j€1,dq
sym
< @ ]1”) R1'®.. 01 '®el, @1 .. o1" ! (3.2)
beB
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These projections are inspired by those given by Brannan, Ganesan and Harris [7] for complete
quantum graphs. It is easy to verify through direct computation that they are self-adjoint and

ZZ;{““ szqzl P, = ( () ® ®a, 1 , so they form a partition of unity. Additionally,

(Ar ®1id) (Bg,)

Ly | S e (D) (a)e @ v

BCa+1,n __ccB ceC be(B\C)UD
|B|l=k—1 DC(l,n\(BU{a}))UC
i,j€l,da |D|=|C]

9 sym
i Z (_1)k|C|lexp( mip (i ) (H d2> ® 10
CCcB ceC be(B\C)UD
Dc(T,n\B)uC
|D|=|C|+1

R1'®.. 01 '@, 1,01 ©... 1" " (3.3)

To calculate (A, ®id) (P,) P2, we notice that

sym sym sym sym
CZJ' & ® 6 i’ 5! ]1 (34)
be(B\C)uD beB’

if (B\C)U D # B’, so this product can only be non-zero if D C a + 1,n and (B\C)U D = B'.

At the same time,
sym sym sym
X 1 (aﬁj, » Q) 11b> =0 (3.5)

be(B\C)UD beB’
if a ¢ (B\C)UD, so this product can only be non-zero if @ € D, which means that D = {a}UD’,
where D' C a+1,n and (B\C)U D' = B’.
Therefore, we can conclude that

(A ®1id) (P;q) P,

E X vy cr(e)a¥ @

¢ BCat1,n B'Catin CccB ceC be(B\C)UD
|B|=k—1 |B'|=k—1 | DC(a+T,n\B)uC
ij€l,da 7 ,j'€1,da [D|=IC]

sym . . . .
k—|C|-1 oY 2mip (i —j +1i' — ')
+ > (—1)k-lCl (H di) dibijl°® Q) 17 [exp ( o >
CccB ceC be(B\C)UD’
D'c(a+1,n\B)uC

|D"|=[C

sym

sym

(e‘;,’j, 2% ]1b> R ®... @1 @ (g irgChigirg) @1 @ @1 F (3.6)
beB’
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We note that

a a
Cita,+aC+q+q = 03/ Citq e (3.7)
sym sym sym
sym sym sym
€ ® ® 1’ (63,3" ® ®]1b> = d(B\c)uD,B'0jir €7 j1 @ ® 1°, (3.8)
be(B\C)UD beB’ be(B\C)UD

sym sym sym sym sym
]la ® ® ]lb <€ sy ® ]lb> = 5(B\C)UD’ B/e ® ® ]lb, (39)

be(B\C)uD’ beB’ be(B\C)uD'
which allows us to conclude that

(A @id) (P;,q) B

sym
:di? 3 3 )kl (H dz) et oym Q
¢ (

BCa+lin ¢cB ceC bc(B\C)UD
|Bl=h—1 DC(a+1,n\B)UC
i,3,4".5’ €l,da [D|=|C|
sym
k c 2 b
|C] (H d ) d 51 ]el/ ]/ ® 1
ceC be(B\C)UD

<27rip (i—j+1i—74")
i’ €XP

8 y )®]11®...®]1“—1®e§+q7j,+q®]1“+1®...®]1"‘k+1
a

s

a

_ d% 3 3 (—1)+lCl (H d%) exp <27rip£li - j/)>

¢ BCatin ccB ceC
|B|=k—1 DC(a+1,n\B)UC
05,5 €1,da |DI=|C|
sym sym
sym sym
a b
€ij ® ® — dadi €5 g ® ® 1
be(B\C)UD be(B\C)UD

R1'®..01'®el, 1, @1 & .. @1 k!

1 - 2 2mip (i — j')
-z > > v (Hdc>exp< i)

BCa+1,n ccB ceC
\B\ k—1 DC(a+I,n\B)uC
i,j'€l,da |D|=|C|
sym sym
sym sym
dg e ® —d, e ® 1°
be(B\C)UD be(B\C)UD

1'®.. 01 '®el,, @1 . .1 ! =0, (3.10)

Therefore (A ®id)( )P >q = 0, so the family of projections Pa is a valid quantum
" k“ d2 colors, which means that x, (K (X,k)) <> '~} k+1 d2. 0

Proposition 3.2. The upper bound for x,(KC(X,k)) given by Proposition 3.1 is reached for
k=1 and for k =n.

coloring consisting of » "~

Proof. If k =1, then C <(§1§)> ~ C(X) and A; = §%¢Ty —id, so K (X, 1) is simply the complete
graph on the quantum set X. The chromatic number of such a graph is well known, thanks to
explicit colorings found by Brannan, Ganesan and Harris [7], as well as upper bounds given by
Ganesan [11], to be dim (C (X)) = Z d2, which coincides with our upper bound.

a=1 "a>

If, on the other hand, k = n, then

(7)) - B o=@ o

a€l,n
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while the action of adjacency operator on basis elements is given by

sym sym sym sym
1| @ ) = X o5 ([ass )@ F @
acln Beln a€B a€B a€l,n\B
sym sym
= R (Pdabin 1 =€t ) = @ (Pvlwa—id) (ef ) (312)
a€l,n a€ln

We may therefore identify K (X, n) as a tensor product of complete graphs on B,. If dj < ds <
... < dp, then the biggest and smallest eigenvalues of A,, are, respectively, equal to [[\'_; (dg — 1)
and —[[ (di — 1)7 so the spectral lower bound for the quantum chromatic number, given by
Theorem 1.13, is equal to d7 and, once again, coincides with our upper bound. O

4. SPECTRA OF QUANTUM KNESER GRAPHS

Proposition 3.1 gives us upper bounds on quantum chromatic numbers of quantum Kneser
graphs. Lower bounds on them can be calculated using spectral properties of the quantum
adjacency operators Ag. To do so, the following lemma is useful.

. 2 -
Lemma 4.1. For every a € 1,n let {l’?}?ill be a basis of kervy, C B,. Let A C 1,n satisfy
|A| € 0,k and let i, € 1,d2 — 1 for each a € A. Then

sym sym sym
span {® Ty ® ® 1°

acA beB

BcT,n\A,|B|=k— |Ay} (4.1)

is an invariant subspace for Ay. Furthermore, C (Gj)) can be decomposed as a direct sum of

subspaces of that form.

Proof. For a given A C 1,n, let B C 1,n\A and |B| = k — |A|. Then

Ay (é% s&ménb) = Y (rpplaiiCl gzicicn (1w (a5) | | [T » (@9

acA beB Ci1CA ceCq ceCs
C2CB
Sym . sym Ssym .
> Q) e X 10 (42
DC(T,n\(AUB))UC1UCy c€A\C1 c€(B\C2)UD

Since z{ € ker 1 for every ¢ € C1 C A, the product [[.cq, ¥ (a:fc) is equal to 0 if C] is non-empty
and 1 otherwise. Therefore we may write

R ) sym sym
b <®x?“5%m®1b>: > (ptese (Hwﬁ)@xsf%‘ ® 1

acA beB CCcB ceC ceEA ce(B\C)UD
Dc(T,n\(AUB))uC

(4.3)
Since C € B C I,n\Aand D C (I,n\ (AU B))UC C 1,n\A, the obtained expression is a linear

combination of elements of the form @™ ., z¢ @™ Q%™ . 1° for some B’. Therefore, the
subspace spanned by elements of that form is invariant.

Since these subspaces obviously have trivial intersections, to prove that C ((%)) decomposes

(as a vector space) as their direct sum, it suffices to show that the sum of their dimensions is
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equal to dim (C ((Skf))) This sum is given by

2 n—IA[\ _ Al (n— A 2
= (Mee-0) () - 2 mer (i) I
|A|<k |A|<k

=3 Y <Z:;j{1“> (—)AEIB LT a2 (a9

BCln | ACln a€B
|Bl<k | ADB
|AI<k

We now calculate the middle sum by changing summation over sets A into summation over
[ = |A|, obtaining

> (Z::QD (—1)lA-1Bl = Zk: (Tll_—||§|!> <Z:§> (—1)-1B

e =15
[A|<k
_ é (nn— _1191> <:: ! > (1)1l — él <nn—_r§\> (kk— _\% 118
- (nn_—‘f’> Zk: <I;:||§"> (-1 = (nn__f‘) (1= D) 1E =5, (45)

1=|B]

where we utilize properties of the binomial coefficients and, at the end, the binomial formula.
As a result, the sum of the invariant subspaces’ dimensions is

S G [[ 2= [ = dim (c(@j))) (46)

BC1n a€B Bclna€B
|B|<k |B|=Fk

which ends the proof. O

This lemma greatly simplifies the search for eigenvalues of Ay, as it allows us to split C ((}kg))

into Ag-invariant subspaces and calculate the eigenvalues of restrictions of Az to each of them
separately. This method was used to find the eigenvalues in the following, simple examples. In
all of them C(X) = @, _, Mat; (C) for some n and d, while ¢ is tracial. In these examples,
we utilize results obtained by Ganesan [11] to calculate lower bounds for quantum chromatic
numbers.

Example 4.2. Let n = 3 and & = 2. The eigenvalues of the corresponding quantum Kneser
graphs are showcased in Table 1. This spectrum, together with Proposition 3.1, imposes the

Eigenvalue | Multiplicity
1 —2d? 3d* -3
1—d? 2
1 3d* — 3d?
3dT —4d® +1 1
TABLE 1. Spectrum of a regular, tracial quantum Kneser graph with n = 3 and

k=2

following bounds on the quantum chromatic number in this case:

3d® -2 3d4 —4d? + 1
G N R % ) < 2. |
2d* — 1 T oe <xq(K(X,2)) <2d (4.7)
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Eigenvalue | Multiplicity
1 —3d? 4d? — 4
1 —2d? 3
1 6d* — 4d?
6d* — 6d> + 1 1
TABLE 2. Spectrum of a regular, tracial quantum Kneser graph with n = 4 and

k=2

Example 4.3. Let n = 4 and k£ = 2. The eigenvalues of the corresponding quantum Kneser
graphs are showcased in Table 2. This spectrum, together with Proposition 3.1, imposes the
following bounds on the quantum chromatic number in this case:
6d> — 3 6d* — 6d* + 1
it B s i
3d? —1 3d? —1
Example 4.4. Let n = 4 and k£ = 3. The eigenvalues of the corresponding quantum Kneser
graphs are showcased in Table 3. This spectrum, together with Proposition 3.1, imposes the

< xq (K (X,2)) < 3d°. (4.8)

Eigenvalue Multiplicity
—3d* +4d*> — 1 4d% — 4
—d* +2d* — 1 3
—1 4d® — 6d* + 2
d?—1 8d* — 8
2d° — 1 6d* —12d° + 6
4d® — 9d* + 6d* — 1 1
TABLE 3. Spectrum of a regular, tracial quantum Kneser graph with n = 4 and

k=3

following bounds on the quantum chromatic number in this case:
4d2—2d2_4d4—6d2+2 4d% — 9d* + 6d* — 1

3d2 -1 3d*—4d®+1 3d —4d? + 1
It is worth noting that, in Examples 4.2 and 4.4, all eigenvalues or their multiplicities are
equal to 0 if d = 1, as those Kneser graphs have no edges in the classical case. Another pattern
we may notice concerns the lower bounds on quantum chromatic numbers in those cases, or

specifically their asymptotic behavior for large values of d. It is formulated as the following
conjecture.

Conjecture 4.5. Let C(X,) = B)'_, Maty (C) with a tracial d-form ). Then
P i X (K (Xg,k))
d—o0 d?

=1+

< xq (K (X, 3)) < 2d2. (4.9)

<n-—k+1. (4.10)

5. CONCLUSIONS AND RESULTS

We have successfully constructed a family of quantum graphs that generalize Kneser graphs
beyond the classical setting. We have investigated their properties, focusing primarily on their
quantum chromatic numbers, and obtained lower and upper bounds on those numbers. These
bounds, in certain cases, coincide with the chromatic numbers themselves. The formulated
definition of quantum Kneser graphs also allows for certain generalizations, such as quantum
Johnson graphs.

We have also found another, alternative way to construct quantum graphs that, in a slightly
different sense, generalize the properties of Kneser graphs to a quantum setting, as outlined in
Appendix A. These graphs are defined in a less explicit manner than the construction shown and
analyzed in the main part of this thesis, which makes them more difficult to study. Nonetheless,
they appear interesting and should warrant further investigation in the future.
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Additionally, as part of joint work with Bochniak, Kasprzak and Sottan outlined in Appendix
B, we have defined quantum twin vertices, quantum distinguishing labelings and quantum dis-
tinguishing numbers. These notions were then employed in the study of the quantum Mycielski
construction [4] and its properties.

There are still certain remaining open questions concerning the topic of our research. The
exact values of quantum chromatic numbers of Kneser graphs (both classical and quantum)
are still unknown in most cases. Furthermore, quantum automorphism groups of quantum
Kneser graphs still need to be investigated. Lastly, the alternative method of quantizing Kneser
graphs, outlined in Appendix A, requires further investigation, as their properties (including
their chromatic numbers and automorphism groups) are still largely unknown.
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APPENDIX A. AN ALTERNATIVE QUANTIZATION OF KNESER GRAPHS

Here, we present an alternative method of obtaining quantum graphs that, in some sense,
generalize classical Kneser graphs to a quantum setting. We start with the following observation.

Remark A.1. Let F be a classical communication channel with input set X = (};) and output
set Y, such that |Y| = n, given by

p(yl) = X (v €2 (A1)

(in other words, it sends k-element subsets of Y to their elements randomly). Then the Kneser
graph K (n, k) is the complement of F’s confusability graph.

This fact allows us to define Kneser graphs as complements of confusability graphs of certain
classical channels. We shall now show how this can be extended to a quantum setting.

Let 57 be an n-dimensional Hilbert space and let /\k J€ be the antisymmetric tensor product
of k copies of . It can be isometrically embedded in J#®* by

k
1 k
L:/\%”B €ay N €ay N ... Neg, — T Z Sgn (0) €a, () @ €ayp @ - @ €ayy, € A%, (A2)

T oEeS,

We then define the quantum channel ¢ from /\k FC to F, given by

k
@:B(A%)BmH Tr®... o Treid (L:ULT)EB(%”). (A.3)
k-1

We may now define a quantum Kneser graph as the complement of the confusability graph of
.
To see that this definition is sensible, we first observe that

k k 1 k
" ( /\></\ ) 1S el (A
=1

i=1 i=1
In other words, a restriction of ® to ”classical” states is effectively the classical channel F' from
Remark A.1, whose confusability graph’s complement is a Kneser graph.
To say more about quantum graphs defined in this way, we need to find the Kraus represen-
tation of ®. We start by writing down the isometric embedding ¢ as

1 k k
L= NG Z Z sgn (o) (® eag(i)>> <[\1€a¢ .

1<ai<as<...<ap<n o€Sy i=1

(A.5)

Additionally, we note that
Tr(z) = ) (ealwea), (A.6)
=1

which lets us conclude that the Kraus operators of ® are of the form

—1
Kaya,...ar, = (( <eai‘> ®id> L
=1

1 k—1 k
= 7h Z Z sgn (o) (H <eai eba<i>>> ’eba<k>><i:/\1 €b;

T 1<bi<ba<...<bpy<n oES) i=1

, (AT)
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where a; € 1,n. The operator system S representing the confusability graph of ® is therefore
spanned by operators of the form
‘Kvll,ag,...,akI(a’l,a’z,...,a;C
k-1

1
= Z sgn (op) <H <€bo-(i)

T 1<by <ba<...<b<n i=1
1<b] <bh<...<b) <n
vaesk

eai><ea;

A >> <eb"<k> eb2<k>>

Ao (e

=1

(A.8)

Let us denote its orthogonal complement in B </\k H ) by V,.

Definition A.2. A quantum Kneser graph K, is the operator subspace V, C B </\k H ),
where dim (J¢) = n.

Quantum Kneser graphs defined in this way share several properties with their classical coun-
terparts. For example, they are symmetric (as Vy = V) and irreflexive (since V, is the orthogonal
complement of the operator system S, which contains 1). To investigate the relation between
quantum and classical Kneser graphs in more detail, we denote by V. (€), where {€,};—, is
an orthonormal basis in .77, the operator subspace corresponding to a classical Kneser graph,

spanned by operators of the form
k k
Aca (A
i=1

i=1
where {ci ‘Z € 17:} and {cg‘z € 1,714:} are disjoint. The following proposition shows the relation
between V, and V, (€).

, (A.9)

Proposition A.3. For any choice of € we have V. (€) C V.

Proof. Since V,; does not depend on the choice of basis, it suffices to show the proposition for
¢ = e. The Hilbert-Schmidt inner product of Kgl7112,---7akKa,1,a/2,...,a;€ and ‘/\f:1 eci></\f:1 ey

equal to
AT >) <eb“<’<>

(el A e

=1 =1 =1

is

k—1

1
A > sgn (7p) | ]I (v
1<b1 <ba<...<bp<n i=1
1<) <by<...<b) <n
07p€Sk

eai><ea;

€1/
bp<k>>

k
A ecg>. (A.10)

i=1
We may assume without loss of generality that 1 < ¢; <ea <...<¢,<nand1 <] <)<

k k k k k . .
...< ¢, <n,so0 </\Z-:1 | Nizq ebi></\i:1 ey | Niza ecg> = [ i1 6b;,c:00 ;- the inner product is
therefore equal to

k—1
1
k! 2 wanlor) (H <ec”<i> e‘”><e“§ eclp<i>>) <€C”<k> ec}<k>>' (A-11)
0,pESK =1
However, since {ci ‘z € 17{:} and {c; ‘z € 17:} are disjoint, <6c0<k) ey (k)> = 0 for any choice of p
P
and o. This means that V. (e) C S+ =V, hence also V. (€) C V,. O

Since V,; does not depend on the choice of basis, we can say that
®k
AUkt (0=, (A.12)

for any unitary operator U € B (). This leads us to formulate the following conjecture.
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Conjecture A.4. V, is spanned by all possible operator subspaces corresponding to classical
Kneser graphs, that is

Rk
V, = span {LTU®kLVC (&)t <UT) L

UeB (), UU= id} . (A.13)

The conjecture effectively claims that quantum Kneser graphs (in the sense discussed in this
Appendix) are obtained by imposing unitary symmetry on the corresponding classical Kneser
graphs.

It may be interesting to analyze a few concrete examples of a quantum Kneser graph in this
sense. In the first such example, k = 1, which corresponds to a complete graph in the classical
case. The second example is the simplest non-trivial case (that is, one that does not boil down
to either a complete graph or an empty graph), obtained by taking n = 4 and k = 2.

Example A.5. If k = 1, then A" # = 2 and @ : B(#) — B () is the identity channel.
This channel has the Kraus decomposition

O (z) = 1x1, (A.14)
where 1 denotes the identity of B (7). This means that S is spanned by 1, therefore
V, = ST = span {13+, (A.15)

which corresponds exactly to the irreflexive complete graph.

Example A.6. Let 7 be spanned by {ea}iz1 and denote e, = eq A ay € N> . By applying
Equation (A.8), we see that the operator system S representing the confusability graph of
® is spanned by the following operators: |e12)(e12| + |e13){e1,3] + |e1a)(e1 4], |e12)(e12| +
lea3)(e2,3] + |e24)(eaal, le13)(e13[ +lea3)(e23] + |esa)(esal, le1a)(e1a] +[e2,a)(e2.4] + |e3.4){es.4l,
le1,3)(e2,3]+e1,4)( s)(ers|+leaa)(eral, —le12)(eas|+]e1a)(esal, —|e23)(e12[+]esa)(e1al,
—le12)(eaa]l—le1,3)(e3a], —|e2.4)(e12|—|esa)(e1,3], |e1,2)(e1,3]+|e2,4)(€3.4], |€1,3)(e1,2]+|€3.4) (€24,
!61,2>< —!62,3>< , )(61,2|—\€3,4><€2,3|, |€1,3><61,4!+|€2,3><€2,4! and \61,4><€1,3|+\62,4><€2,3|-
Then V,, the orthogonal complement of S, has the following orthonormal basis (with respect to
the standard Hilbert—Schmidt inner product):

o fi=75(ler2)(era] —lers)(ers| — leza(eaa| + lesa)(esal),
o fo= 55 (Jer2)( 3)(ensl = 2lera)(era] — 2lea){eas| + leza)(ezal + [esa)(esal),

o f3=le12)(
o f1=les4)(
o f5=le13)(
o fo=lea4)(
o fr=le14)(
* fs=lez)ler,
* fo= > (!61 3>< 23] — ler,a)(e2.4]),
* fio=—>% (\62 3>< 13| - |624>(61 4|),
* fu1= 7(\612>< e2,3| + le1,4)(esa]),
o flo= 7 (le2,3)(e12] + les.a)(e1,4]),
e fiz= % (le1,2)(e2,4] — le13)(es4l),
® flu= 7 (le2,a)(e1,2] — lesa)(e1s]),
* fi5= % (le1,2)(e13] — lez,4)(es4l),
* fi6 = 7 (le1,3)(e1,2] — lesa)(e2,4]),
o fir= %(\61 2)(e1a] + [e2,3)(es.4l),
* fig= 7 (ler,a)(er2] + lesa){e2s]),
o fio =5 (levs){eral — leas)(e2al),
® fa = % (le1,q)(e1,3] — le2,4)(e23])-
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The adjacency matrix of this graph (on the quantum set defined by B </\2 I ) with the

standard, unnormalized trace as d-form) is then given by
20
A(x) =6 firf]. (A.16)
i=1

We may now calculate that A (1) = 201 (where 1 is the unit of B (/\2 %)), which means that

this graph is regular, though its degree — 20 — is much higher than its classical counterpart’s,
which is equal to 1.
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APPENDIX B. QUANTUM TWIN VERTICES AND DISTINGUISHING NUMBERS

Here, we present some results obtained as part of a joint work with Arkadiusz Bochniak,
Pawel Kasprzak and Piotr Sottan [3], in which we investigate the properties of the quantum
Mycielski construction, defined previously by Bochniak and Kasprzak [4].

Definition B.1. Let G = (C(G),vg, Ag) be a quantum graph. Then the Mycielskian of G of
order 7 — 1, denoted by p,—1(G) = (C (ttr—1(9)) s ¥y _1(6)> Apr_1(g)) 18 defined by:

C(u-1(9) =Ca@pC(g), (B.1)
k=1
)\_
) 1 4
L Nl == </\+52 ¢(wk)> : (B.2)
ur—1(9) : 1+ T(% G kzﬂ
Ty |
[ A ] [ 6% (x)
I Ag (1‘1 + 952)
xI9 Ag ($1 + xg)
Aﬂr—l(g) : = : (B3)
Tpr—1 Ag (-Tr—Z + xr)
L Ly | _)\]1 + Ag (ajr—l)_

Additionally, we denote p (G) = u1 (9).

For classical graphs, this coincides with the classical Mycielski construction, which allows us
to obtain graphs with low clique numbers and arbitrarily high chromatic numbers. We also
denote by 9 : C = C(ur—1(9)) and ¢ : C(G) = C(ur—1(G)) (for k € 1,7) the isometric
embeddings onto the corresponding direct summands. These allow us to express the adjacency
operators of quantum Mycielskians by the following formula:

r—1
Alwq(g) = 5gbr¢éL$ + 5gL0¢gLI + LlAgLJ{ + Z (LkAgLJ]rCJrl + Lk:-i—lAgLL) . (B.4)
k=1

Additionally, we also define ng = w; and identify elements of algebras with operators of
left multiplication by those elements, allowing us to treat the adjoint T and the involution x
interchangeably.

Having defined quantum Mycielskians, we may now proceed to discussing their symmetries,
distinguishing numbers and twin vertices. Those notions rely on quantum groups, so to under-
stand them, we first need to recall Definition 1.3. We can now define quantum symmetry groups
of quantum graphs.

Definition B.2. The quantum symmetry group of a quantum graph G = (C(G),1, A) is the
compact quantum group QAut(G) equipped with a i-preserving action
p:C(G) = C(G) ® C(QAut(G)) (B.5)
(which means that () ® id) p = ¢ (-) 1) which satisfies pA = (A ® id)p and is universal among
all y-preserving compact quantum group actions
a:C(G) = C(G) ® C(G) (B.6)
such that A = (A ®id)a.

The definition encodes the fact that the symmetry group of a graph must preserve its structure,
given by the adjacency matrix. We can now define the quantum distinguishing number of a
quantum graph.

Definition B.3. Let G = (C(G),9,A) be a quantum graph and P = {F;};_; C C(G) @M
for some C*-algebra M — a partition of unity (called a quantum c-labeling). The quantum
group QAut (g)&p of automorphisms preserving 38 is a compact quantum group described by a
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C*-algebra C (QAut (Q)m) and a quantum group action p : C(G) — C(G) ® C (QAut (g)m>
such that

pA=(A®id)p, (B.7)

(6 @id)p=1()1, (B.8)

VieT,c: (p®id)(P) = (ild®o) (P o 1), (B.9)

which is universal among all quantum group actions satisfying those conditions (here, o : M ®

C (QAut (g)m) —C (QAut (g)m) ® M is the tensor flip map).
The quantum distinguishing number of G is the smallest number ¢ for which there exists a
quantum c-labeling 33 such that QAut (g)m is trivial.

We may also define quantum twin vertices in the following way.

Definition B.4. Let G = (C(G),, A) be a quantum graph and let G be a compact quantum
group. We say that G has G-twin vertices if there exist 2 different actions

such that p1 A = po A.

We say that G has quantum twin vertices if the above condition is satisfied for some G. If G
is classical, we say that G has classical twin vertices.

It is worth noting that, if both G and G are classical, this definition coincides with the
definition of twin vertices in classical graph theory (namely, vertices that have the same sets of
neighboring vertices).

Additionally, we define the quantum isomorphism of quantum graphs in the following way,
given by Brannan [6].

Definition B.5. Quantum graphs G and F are quantum isomorphic if there exists a non-zero
x-algebra O (QAut (F),QAut (G)) generated by elements {p;;} of a unitary matrix subject to
relations making the map

prg e Y fi®py (B.11)

7
(where {e;} and {f;} are orthonormal bases of C(G) and C(F), respectively) a unital *-
homomorphism satisfying the condition pr gAg = (Ar ®id) prg-.

We can now give several results we obtained about the quantum Mycielskians.

Proposition B.6. Let G and F be quantum isomorphic. Then p,—1(G) and pr—1(F) are quan-
tum isomorphic for any r > 1.

Proof. Let

p = [pijl;; € B(L?(9),L* (F)) @ O (QAut (F),QAut (G)) (B.12)
be the unitary matrix defining O (QAut (F), QAut (G)) as above (remember the latter is non-
zero) and let

prg: C(G)3ej— Z fi @ pi; € C(F) ® O (QAut (F), QAut (G)) (B.13)

be the corresponding unital *-homomorphism intertwining the quantum adjacency matrices.
Since G and F are quantum isomorphic, their quantum automorphism groups are monoidally
equivalent, so, from [9], g = d7. For the remainder of the proof we will denote this value by 0.
The maps introduced above can be represented as

PE® )= D Ifes]) @ pya (B.14)

and
pF. (&) = p (£ ® LoQaut(F),Qau()) ) - (B.15)
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We define an element p € B (L? (tr—1 (G)) , L? (ur—1 (F))) @ O (QAut (F), QAut (G)):

T
D= ’WJ:70’WZ7O + wa,kpwab (B16)
k=1
where @g j = tg.j @ LoQauy(F),qaut(g)) ad Wrj = tF; @ LoQauy(F),Qaut(g)): With ig; and vz ;
(for j € 1,7) denoting the isometric embeddings of L?(G) and L? (F) into L? (u,—1 (G)) and
L? (-1 (F)), respectively.
First, notice that

T '
PP = wro@rg + ) WED TR = ) W@ = 112,y (F), (B.17)
k=1 j=0
T T
ﬁ*]/)\: wg,Owé,O -+ ZwQ,kpp*wak = Z dewé’j = idLQ(Mr—l(g))’ (B18)
k=1 j=0

so that p is unitary.
Next, we check the intertwining property. First, we compute

T
PAL, 1) = (Wf,OWE,o +Y wr akpw57k>
k=1

r—1
(5@7#79@5,0 + 0wG. NG, + @1 Agwh 1 + Y (FoRAGTE i1 + wg,kﬂAWZ,k))
f=1
= dwF oNGwG,, + 0WF 1 PNGWG o + WF1PAGWG
r—1
+ Z (wr,pAGwG 11 + @rF j41PAGw5 ), (B.19)
j=1
and similarly,

A (D = 0T FNEPTG, + 0TWF mMFwG o + WFIAFPTE 1
r—1
+ D (@rArp®g i + @r i Arpwg ;) . (B.20)
j=1
Since png = nr, we also have 5 = nzp. This shows that indeed the intertwining property holds.
Finally, the map

A A
&1 N 1

PP @ | || | =P | . | © Lo@au),Qau@)) (B.21)
&r &r

is a unital *-homomorphism C (1,1 (G)) = C (ur—1F) ® O (QAut (F) ,QAut (G)) by construc-
tion. Since the algebra O (QAut (p,—1 (F)), QAut (t,—1 (G))) is universal for such homomor-
phisms, it has a non-zero homomorphic image, so it is itself non-zero. It follows that p,—1 (G)
and p,—1 (F) are quantum isomorphic. O

Proposition B.7. Let G be a quantum graph. Then QAut(G) acts faithfully on quantum
Mycielskians of G.

More precisely, for r > 2 we define the linear map ®, : C(ur—1(G)) — C(pr—1(G)) ®
C(QAut (9)) by

P, (2) = (torp (2) © LoQaut(g))) + Z (ur ®@idc(qaut(gy) g (tk (2)) . (B.22)
=1
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Then @, is a unital x-homomorphism and denoting by A the comultiplication on C (QAut (G))
we have

(Pr @ idoau@)) ®r = (ido@Qau(g) @A) Pr, (B.23)
O, A, () = (A1) ® ido@Qau(@)) Prs (B.24)

Moreover, the set { (w ® idc(qaut(g))) ®r (l‘)‘ z € C(ur-1(9)),w € C(ur—1(G))"} generates the
C*-algebra C (QAut (G)).

Proof. We first establish that ®, is a unital *-homomorphism. We have

Lo 1(9) = 4/ @ <L0 (1) +dg Z Lk (]10(9))> : (B.25)

k=1
Hence

@ (Lo, (o))

=/ (Lo(l) ® leam(@) + 96 Y, (4 ®ide@am)) pe (tiu (]10(@)))
k=1

=Vie <L0 (1) & ToQaue) + 06 Y (1 @ ideqauey) (Teg) @ HC(QAut(g»))
k=1

=\ (LO (1) +dg ) u (]10<g>)> ® Lo@Qaut(@) = Lo(u_1(0) ® Lo@augy:  (B-26)

k=1

To prove the multiplicativity of ®, we temporarily denote by m©, m®, m®@ and m® the
multiplication maps on C, C (G), C (ur—1 (G)) and C (QAut (G)) respectively (the last one defined
only on the algebraic tensor product) and recall from [4] that

m® = /1+ 0% (Lom(o) (15 ®15) + 59_1 Z um™ (1 @ LZ)) : (B.27)

k=1

52 . T . .
Then note that for s € {1,...,r} the map ﬁbs is multiplicative, which means that
V G

m® (15 ® 15) = 4/ 1;255 Lem . (B.28)
G

Hence for (p,q) # (0,0), with x denoting the flip map, by (B.28) we have

ré2
<I>,~m<2) (Lp (a) ® lq (b)) = @, (51741\/?% (ab))
14762 .
= Opq\/ ?g (1p ® idcQaut(g))) Pg (ab)

14782 . . .
= dpgy/ Yg (1p ® idcQaut(g))) (m(l) ® m(?’)) (idc(g) @ x @ ide(qaut(a))) (Pg @ pg) (a @ b)

= 0y (m® @ m@) (1, © 1 ® idoian@) © idoQau)
(idc(gy ® x @ ideqaut(g))) (P6 © pg) (a @ b)
= 85 (m® ©m®) (idog, (@) © X @ Mdo@aue))
(t» @ idc(Qaut(g) @ tr ® idc(Qau@)) (Pg ® pg) (a @ b)
= (m® @ m®) (idog, (g ® X ® ideiau(@)) (@r D) (1 (a) @ 14 () (B29)

Similarly we compute that ®,m(?) = (m(Q) ® m(?’)) (idC(urfl(Q)) RYXY® idC(QAut(g))) (P, ® D,)
on simple tensors of the form ¢ (A) ® ¢o (N) for any A\, \' € C. Since C (-1 (G)) ® C (pr—1 (9))
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is spanned by elements of the form ¢ (a) ® ¢; (b) with k,l € {0,...,r}, these computations show
that @, is multiplicative.

The fact that @, is a x-map follows immediately from the fact that all maps involved in the
definition of &, are x-maps.

To check (B.23) we note that for A € C we have ®; (10 (A)) = 10 (M) @ Lg(Qaut(g)) Which imme-

diately shows that (®, ® idoQaut(g))) @r (to (N) = (idc(u, 1 (g) ® A) @1 (10 (A)) and similarly,
since for any k € {1,...,r} we have &, = (Lk ® idc(Qaut(g ))) pg, one finds that

(@, @ idc(Qaut(g))) Br (tk (0)) = (P, ® idoQaut(g)) (4 © ideQaut(a))) g (@)
= (e ®@idc(qaut(g)) @ ide(Qaut(g)) ) (pg ® idcqau(gy) rg (a)
= (e @ ide(Qaut(g)) @ ido(aut(gy)) (deg) @ A) pg (a)
= (ide(u_i(9) @ A) (i ®idoQaut(g))) ra (a)
= (idC(MT_l(g)) X A) D, (Lk (a)) (B30)
for any a € C(G).
We now move on to the proof of (B.24). To do this, we recall:
r—1
A _(g) = Ogtrngty + dgLongty + t1Agey + Z (Agtiyr + thr14gly) (B.31)
k=1

where 7g is the unit map C — C(G). It follows from this equation that
Ap,_1(9)t0 = OgLrg, (B.32)
Ap gy = g +124g, (B.33)
Au_igyt = u-14¢g + u14g, (B.34)
Ay, _y(6)tr = Sguong + tr—14g (B.35)

for [ € 2,7 — 1. Using this we check that for A € C

(A, 1(9) @ idcausay) Pr (1o (V) = Ay, 6yt0 (N@LeQaug) = dgtr (16 (\)@LoQaut(a))
= 0gMir (Logg)) @ Loqaua) = 96X (i © ido@qau@y) £6 (Low)
= 0A®, (1r (Lc(g))) = 6®r (1r (M(g))) = v (Ap,_ (gyto (V) . (B.36)
Similarly for a € C(G) we have
(Ap._1(9) @ idc(Qaut(ey) Or (1 () = (4, @)11 ® idc(qau(e)) po (@)
= (1Ag ®@idc(qau@)) Pg (@) + (124g ® idcqaug))) Pg (@)
= (1 ®@ideqaut(g)) o (Aga) + (12 @ idc(qaut(g))) Po (Aga)
= @, (11 (Aga) + 12 (Aga)) = @ (A,, gyt (a)), (B.37)
as well as
(A4, _1(9) ®idoQaut(gy) Or (u (a) = (Ay,_ @)u ® idoaugy) pa (a)
= (u-14g ® ideQaut(g))) g (@) + (ur14g @ ideqaut(g))) Pg (@)
= (u—1 ®ide(Qaut(g))) P (Aga) + (L1 ® ideau(g))) P (Aga)
= ®, (—1 (Aga) + uy1 (Aga)) = @, (4, (gu(a)) (B.38)
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for I =2,...,r — 1, and finally using the fact that n = ¢ and that ¢ is pg-invariant we arrive
at
(A, 19 ®@idoaut(g)) ®r (tr (@) = (A, (g)tr @ idc(Qaut(a)) PG (a)
= dg (tong @ ide(qau(a)) Pg (@) + (1-14g ® idc(Qau(g))) Pg (a)
= 0g (0 ® idc(qaut(gy) (¥ ® 1dC(QAut a)) g (a) + (tr—1 ® ide(qau(g))) P (Aga)
= 0g (0 @ ide(qaut(g))) (¥ (@) ® Loqaut(g))) + (tr—1 @ idc(Qaut(g))) Pg (Aga)
= dg (o (nga) ® ]IC(QAut( 1) + (-1 ® ideqaut(a)) g (Aga)
D, (dgio (nga) + tr-1(a)) = @, (A, _ gt (a)) . (B.39)
Finally, we note that if {e1,...,eqmc(g)} is an orthonormal basis of C(G) then for any

ke{l,...,r}

D, (k (¢5)) = (i @ idc(qaut(g))) g (€5) Zbk €i) @ uij (B.40)
showing that {(w ® idC(QAut(g))) D, (x)‘ z € Cur—1(9)),we C (1tr—1(G))"} generates the C*-
algebra C (QAut (G)). O

Lemma B.8. Let B = {P1,..., P,} be a partition of unity in C(G) ® B (), and take r > 2.
Then

Qo = toty ® L), (B.41)
Qa =D (tk @ L) Pa (1 ® Lnir)) (B.42)
k=1

for a € T,n form a partition of unity B, in C(ur—1(G)) @ B(A) (which we refer to as the
partition of unity induced by ).

Proof. First, notice that Qg and Q, with a € 1, n are projections. Indeed, we immediately notice
that both Qg and Q, with a € 1,n are idempotent and self-adjoint. Finally, we note that

Z Q= Qo+ZQa— (10 @ Lp)) (16 @ Lpr)) +ZZ (tk @ L)) Pa (1, @ L))

1
Qg a=1 k=1a=1

= (LQLS + Z LkLZ) & ]1]3(,20) = ]lc(ur—l(G))®B(=%0)' (B43)
k=1

Il
Corollary B.9. Let G be a quantum graph andPB = {P1,...,P,} C C(G)®B (J) be a partition
of unity. Then for any r > 2, the compact quantum group QAut (g);43 is embedded as a closed
quantum subgroup of QAut (py—1 (g))‘mq.

Proof. Let ®, » be the homomorphism from Proposition B.7 extended onto C (p,—1(G)) ®
B (), that is for z € C(ur—1(G)) ® B () we define

Py () = (torg @ idp) () © Lo@Qau(a))

+ Z (Lk ® idB(%) ® idC(QAut(g))) PG, (LZ X ldB(j;/))) (x) . (B.44)
k=1
Further, we note that

Py (Qo) = (rotp @ idp () (toty @ Tpr)) © LeQaut@)) = Qo ® LeQau(g)) (B.45)
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and

(I)r H (Qa)

= Z e @ idp () ® ideqau(gy) Po. (4 @ idpie)) (u @ L)) Pa (1 @ Ipe)
k=1

= (n ®idpe) ® idoQaut(a)) o, (Pa) (th @ Ipor) @ Loqaue))) - (B-46)
k=1

If pg v (Pa) = Pa ® LcQaut(g)), then the above expression simplifies into Qu ® Le(Qaut(g)), SO
that ®, » induces a homomorphism

¥ 1 C a1 (9) ©B(#) — Clu-1 (9) 9 B(#) 9 C (QAut (Q)y) . (BAT)

By the universal property of QAut (u,—1 (G)) there exists a unique homomorphism
C(QAut (11 (9)) — C (QAut (G)y) (B.48)
such that @? = (id®7r?3> Pur_1(G), - Moreover, 7133 restricts itself to a well-defined ho-

momorphism Wm R : C (QAut (tr—1 (g))mz—1> — C (QAut (g)m) and this homomorphism

is compatible with comultiplications (cf. [17, Proposition 4.7]) and is surjective by the last
statement of Proposition B.7. Il

Theorem B.10. Let G = (Xg, g, Ag) be a quantum graph that does not have quantum twin
vertices. Let P be a partition of unity in C(G) ® B () with some (separable) Hilbert space .
Then QAut (1 (G))g, = QAUt ().

Proof. Let us first recall that QAut (g)m can be viewed as a closed quantum subgroup of
QAut (14 (G))q, (cf. Corollary B.9). We shall prove that the two quantum groups are in fact
identical.

In what follows K () denotes the algebra of compact operators on .7 and M () is the multi-
plier functor. More information about those concepts and their use can be found in introductory
sections of [24] and [23].

So let us consider a partition of unity P C C(G) ® B (). Note that the partition B, C
C(u(G)) ® B() assigned to P contains the projection Py @ Iy € C(u(G)) @ B ()

1
where P, = 0] € C(u(G)). Let p,g)» be the amplification of the canonical action of
0

QAut (p (g))% on C(u(G)). The direct sum structure of C (p(G)) gives rise to the ”"matrix
structure” of p,g) » = [pijl; j—o 1o Where using notation C(Xo) = C, C(X;) = C(G) and
K(

C(%a) = C(G) we define pyj = C (X,) © K () - M (C (%) 9K (#) @ C (QAut (1())y, ))
by the formula
pij = <L;< & idB(yf) & idC(QAut(p(g))m )> Pu(G), (Li ® idB((yf)) . (B.49)

Remembering that

Pu(G),7#L0 (A) =4/1+ 255 A <P. ® 1wy ® ]1C<QAut(u(Q))q3p>> (B.50)

for every A € C and using ¢} (P) = 0 for j € {1,2} we get pjo = 0 and

poo (A) = A (P. ® Ipgr) ® ]IC(QAut(u(g))%)> (B.51)

for every A € C. Using the *-condition of the x-homomorphism p,g) » we get po1 = 0 = po2.
Having the above facts established we can now prove that pjo = p2; = 0. Indeed, since the
adjacency matrix A4, g) is of the form

Ay = dglangty + dgrongls + t1Agey + L1 Aguy + 12 Agey, (B.52)
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we get

Aug) (1o (1)) = dgea (Leg)) (B.53)
and therefore

(11 ®@idp () @ idequay) Pug).r (Aug) (to (1) @ Tair)) = dgprz (L) @ Lpr)) - (B.54)
A similar computation but with the amplified adjacency matrix A, g) to the left of the action
Pu(G),» shows that the left hand side of the above equality vanishes, and consequently p12 (1) =
0. This implies that p12 = p21 = 0.
Using the vanishing of p;;, poj, pio for ¢,j € {1,2} proven so far and the equality

(@) (Augytz (2) @ L)) = (Aug) @ idxr) ® idoq(ay)) Pu@).x (12 (2) @ Ipr)) (B.55)

which holds for every z € C(G) we easily conclude that p;; (Ag ® ]lB(,%a)) = P99 (Ag ® ]lB(%))).
”Deamplifying” the later equality an referring to the assumed lack of quantum twins in G we
conclude that p11 = pos.

Summarizing we have so far proved that the canonical action of QAut (x (g))% on C(u(9))
is induced by the action of QAut (G). Moreover using the fact that p,g) preserves P, we see
that in fact it is induced by the action of QAut (G)q; and therefore we conclude that QAut (G)g
and QAut (ug)% are indeed isomorphic. O

Theorem B.11. Let G be a quantum graph without quantum twin vertices and denote by D (G)
the quantum distinguishing number of G. Then D (u(G)) < D (G) + 1.

Proof. Let B = {P1,...,Ppg)} C C(G)®@B () be a quantum D (G)-distinguishing labeling of
g, so that C (QAut (Q)m> = C, and consider the induced partition of unity P, on C (1 (G)) ®
B (), that is P, = {Q0, Q1 - -, Qp(g)} with

Qo = toty ® L),

Qu = (1 @ Ip(r)) Pa (11 @ Tper)) + (12 @ Ipr)) Pa (63 @ Ipry) sa=1,...,D(G).
By Theorem B.10, B, is a quantum (D (G) + 1)-labeling of  (G). O
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