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Summary

This thesis investigates few-body quantum physics in ultracold atomic gases and atom–ion
mixtures, with a particular focus on the role of finite-range interactions and the breakdown
of universal Efimov physics in the presence of realistic interparticle potentials.

The first part of this thesis comprises four chapters that introduce the few-body physics
of ultracold gases. The first chapter reviews significant experimental and theoretical develop-
ments in ultracold physics over the past 25 years. The second chapter examines the emergence
of ultracold three-body systems as a fundamental platform for addressing a wide range of
physical problems. Chapter three presents a theoretical overview of the quantum three-body
problem. The fourth chapter expands upon this discussion by emphasizing universal behavior
in quantum phenomena, such as the Efimov effect and the universal properties of three-body
observables.

The second part of the thesis, in the fifth chapter, describes ion-atom systems near Fesh-
bach resonances. By calculating the bound and scattering properties of a three-body system,
the thesis shows that long-range atom–ion interactions cause strong deviations from universal
predictions based on short-range or van der Waals models. In these ionic systems, inelastic de-
cay channels are suppressed, which leads to lower recombination rates and longer lifetimes of
Efimov states than in neutral systems. The results also reveal a dense spectrum of long-lived
triatomic molecular ion states, showing that atom–ion mixtures are a promising platform for
studying non-universal few-body physics driven by long-range forces.

The third part of the thesis, in the sixth chapter, examines neutral three-body systems
near Feshbach resonances with varying widths. By studying homonuclear bosonic systems,
it is shown that the Efimov spectrum exhibits non-universal behavior for narrow resonances
(sres < 1). This happens because an effective repulsive interaction appears in the atom–dimer
channel, changing both the ground and excited Efimov states. The results highlight that
short-range physics, exchange interactions, and van der Waals forces all play important roles
in whether universal Efimov scaling applies. As an example, 7Li in the |F = 1,mF = 0⟩ state
is studied, showing how a smaller resonance width increases non-universal effects.

The seventh chapter describes in detail the constraints on numerical calculations of three-
body observables. Some of these limitations can be attributed to two-body physics, while
others stem from intrinsic numerical effects, which influence the convergence of three-body
potentials. The final chapter presents a summary of the results along with an outlook for
future research.

In summary, this thesis demonstrates that deviations from universality in Efimov physics
occur naturally in real systems due to finite interaction ranges and resonance properties. Both
ion-atom and narrow-resonance atomic systems provide distinct opportunities to investigate
the boundaries of universal three-body theory, revealing a more intricate structure of few-body
quantum states than predicted by idealized models.
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Chapter 1

Ultracold physics

Ultracold atomic and molecular quantum gases have become a well-established and highly
engaging field of scientific research in atomic physics over the past 25 years. Because external
fields can control the strength of interatomic interactions, ultracold systems are ideal for
investigating fundamentals of quantum physics and chemistry, as well as for understanding
atomic and molecular dynamics. Similarly, the theoretical study of few-body interactions is
paramount for analyzing experimental stability and for gaining a deep understanding of the
underlying quantum physics of ultracold gases, with temperatures in the µK–nK range.

The scattering of particles at sufficiently low collision energy is determined by their s-wave
scattering length, usually denoted by a. The term ultracold refers to temperature ranges, where
the collision energy is low enough for the average interparticle distance 3

√
1/n, where n is the

atomic density, to become large and comparable to a. A few-body system has properties
determined mainly by a and λ if the density of the system is low enough to create conditions
where the atom separations are large compared to the range of interactions. In the other case,
many-body effects dominate the dynamics of an ultracold system.

The general experimental mechanisms for preparing ultracold gases involve laser cooling [1,
2] and evaporative cooling [3, 4]. The progress in these experimental techniques allowed the
preparation of dilute, ultracold samples at temperatures as low as nK and atomic densities
in the range of 1012 − 1015 cm−3. These developments were recognized by the 1997 Nobel
Prize in Physics [5–7]. In 1995, researchers achieved a new state of matter – the Bose-Einstein
condensate (BEC) in a dilute gas of alkali atoms, which resulted in another Nobel prize in
physics – in 2001 [8, 9].

During the early experimental development of cold and ultracold physics, two break-
throughs significantly improved the degree to which ultracold systems could be studied and
controlled. The first is the ability to tune the scattering length in cold gases through Feshbach
resonances [10–14]. The second is the use of optical potentials, specifically strong, periodic
potentials for controlling, trapping, and changing the dimensionality of cold gases [15]. These
developments enabled the achievement of experimental conditions where classical and semi-
classical theories fail to describe atomic interactions. Even in dilute samples, the physics of
cold and ultracold gases becomes strongly correlated, and quantum effects dominate their
dynamics.

Reaching the strong-coupling regime experimentally was first described in Ref. [16]. This
study demonstrated Bose-Einstein condensation in a magnetically trapped sample of 85Rb
atoms via Feshbach resonances. Due to three-body losses, whose rate scales as a4 [17], the
sample lifetime decreased drastically. Approaches to circumvent this difficulty included load-
ing a Bose-Einstein condensate into a three-dimensional optical lattice potential and per-

6



CHAPTER 1. ULTRACOLD PHYSICS 7

forming a quantum transition from the superfluid into the Mott insulator [18]. It was the
first observed quantum phase transition and enabled the realization of the strong-correlation
regime in an ultracold gas using a novel approach. Other developments in research on Bose
gases in reduced dimensionality settings included the first realization of a hard-core Bose gas
in one dimension [19, 20] and realizing a crossover between a normal phase and a phase with
quasi-long range order in two dimensions [21].

Recent research on Bose-Einstein condensates (BECs) with strong dipolar interactions has
expanded significantly since their first realization using chromium atoms [22], with further
developments reported in [23]. The experimental team achieved forced evaporative cooling
of 52Cr atoms in a crossed optical dipole trap. At a critical temperature of approximately
Tc ≈ 700 nK, they observed the formation of a Bose–Einstein condensate, indicated by the
emergence of a two-component velocity distribution. Under these conditions, the team pro-
duced nearly pure condensates containing more than 5 × 104 atoms, showing unparalleled
control over the strongly interacting quantum system.

The Pauli principle suppresses the three-body losses in ultracold Fermi gases. The strong-
coupling regime could therefore be reached through Feshbach resonances [24, 25]. Crucially,
the BEC-BCS crossover has been extensively studied, demonstrating that fermions are ex-
perimentally stable and easy to control [26]. One of the studies showed collective excitation
modes of a fermionic gas of 6Li in the BEC-BCS crossover regime [27]. Deviations from
BEC-BCS theory were also studied for the same system [28]. Radio-frequency spectroscopy
has also allowed researchers to study the process of Cooper pair formation due to many-body
effects [29].

Recent breakthroughs in the study of ultracold Fermi gases include the research on pair-
ing fluctuations and whether they could produce a pseudogap in unitary Fermi gases [30].
This work sheds light on understanding the pseudogap in high-temperature superconducting
materials. Other work on the pseudogap has examined nonlocal pairing in a Hubbard lattice
gas, providing real-space evidence of paired fermions in the lattice [31]. Furthermore, atom-
resolved detection of bosonic and fermionic quantum gases enabled the direct measurement of
two-particle correlations [32]. In an interesting theoretical article, the authors proposed a plat-
form based on ultracold fermionic molecules trapped in optical lattices to address dynamics
beyond standard approximations that arise in specific molecular dynamical problems [33].

In summary, the field of ultracold physics is rapidly developing, and we could introduce
many other important subjects in these first paragraphs. These topics include the Bose–Fermi
mixtures [34–36], spinor gases [37], and quantum spin systems in optical lattices [38]. Further
rapidly advancing directions encompass dipolar quantum gases [39], Rydberg-dressed inter-
actions [40], non-equilibrium dynamics and thermalization [41], synthetic gauge fields [42]
and topological quantum matter [43], as well as the development of quantum gas microscopy
techniques that enable single-atom-resolved measurements [44]. Researchers have shown in-
creasing interest not only in the strongly coupled regime of interactions, but also in the use
of cold atoms in optical lattices for quantum information processing, as discussed in Ref. [45].

1.1. Scattering of ultracold atoms

The control of ultracold atoms and molecules is generally achieved using laboratory fields,
utilizing Feshbach resonances. Typically, this effect is studied by detecting a substantial
loss of atoms due to enhanced three-body recombination. The first research on this quan-
tum phenomenon has been concluded and came from the background of both the nuclear
physics [46, 47] and the atomic physics [48, 49] – giving a complete theoretical description of
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the coupling of a discrete state to the continuum. An important example of the first observa-
tion of a Feshbach resonance was given in Ref. [50], where a photodetachment of an electron
from the H− system – into H+e− was quantitatively analyzed. The Feshbach resonance came
from a temporary trapping of the outgoing electron in a doubly excited hydrogen state.

For quantum gases, Feshbach resonances were first theoretically studied in a system of
hydrogen and deuterium (H+D and D+D) [51]. Firstly, they were considered to be an effect
disrupting the preparation of a stable spin-polarized gas. Further research led to the first
proposal to use Feshbach resonances to control the sign and strength of the interaction between
ultracold atoms [52]. Another early observation of the Feshbach resonance has been reported
in an optically trapped BEC of Na atoms [11]. The experiment demonstrated unprecedented
control over the interaction’s strength. The authors confirmed that near a Feshbach resonance,
the scattering length can be tuned and the atom-loss rate could be modified by orders of
magnitude. The latter can be attributed to strongly enhanced three-body recombination and
molecule formation. Generally, three-body recombination and the atom-molecule relaxation
leading to recombination are the major processes that lead to atomic losses in ultracold
systems [53].

Subsequent work on Feshbach resonances showed promise for further control and the cre-
ation of deeply bound molecular states. A landmark achievement was the creation of ultracold
KRb molecules in their rovibrational ground state via stimulated Raman adiabatic passage
(STIRAP) from Feshbach molecules, which opened the field of ultracold dipolar molecular
gases [54]. Similar work has been carried out to demonstrate hyperfine-resolved two-photon
transfer into the singlet ground state of the NaK molecule [55]. More recent advances in
the studies on Feshbach resonances include the state-of-the-art coupled-channel and ab-initio
scattering calculations showing specific mechanisms (spin-exchange, spin-rotation, anisotropy)
that can mediate resonances in atom–molecule systems and predict both broad and very nar-
row resonances – giving targets for experiments [56].

A Feshbach resonance occurs due to coupling between a bound molecular state in a closed
channel and the scattering in an open channel. The energy of either state can be tuned to the
other, leading to mixing between them. The energy difference can be tuned through various
physical processes, including: Zeeman shifts of open and closed channels (magnetically tuned
Fechbach resonance) [57], near-resonant laser coupling between an open-channel atom pair to
an excited molecular bound state (optical Feshbach resonance) [58], electric field shifting the
molecular energy levels (Electric-field induced Feshbach resonance) [59], confinement-induced
resonances in low-dimensional systems [60], and direct control over the collision energy [50],
where the system forms a temporary excited state. The most commonly used and studied
type is the magnetically tuned resonance, for which the low-energy scattering behavior can be
described by the dependence of the s-wave scattering length on the magnetic field B, given
by

a(B) = abg

(
1− ∆

B −B0

)
, (1.1)

which was introduced in Ref. [61], and where B0 is the resonance position, abg represents the
background scattering length, and ∆ is the resonance width defined as the distance between
the resonance’s position B0 and the zero crossing at B0 + ∆. For s-wave scattering, let us
consider the scattering amplitude

f(k) =
1

k cot δ0(k)− ik
, (1.2)

where k is the relative wavenumber related to the collision energy of two particles Ecol by
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k =
√
2µEcoll/ℏ2, µ being their reduced mass, and where δ0(k) is the scattering phase shift

for the s-wave collision.
We will consider a condition for the pole of the scattering amplitude, i.e., k cot δ0 = ik,

which is true at the Feshbach resonance. A second condition is given by k = iκ, which is related
to the appearance of a bound state with energy Eb = −ℏ2κ2/(2µ). Near the resonance, such
a bound state describing the Feshbach molecule emerges just below threshold. The effective
range expansion for the scattering phase shift states that

k cot δ0 = −1

a
+

1

2
reffk

2 +O(k4) , (1.3)

where reff is the effective range for scattering (for a more detailed discussion about the effective
range theory, see Section 4.3). The effective-range expansion is valid for both scattering and
bound states near the threshold. Combining the mentioned conditions and the effective range
expansion, we obtain

−κ = iκ cot δ0 = −1

a
− 1

2
reffκ

2 . (1.4)

We can rewrite the second part of the equation

1

2
reffκ

2 − κ+
1

a
= 0 , (1.5)

which leads us to quadratic solutions for the binding energy Eb of the shallow dimer

κ =
1−

√
1 + 2reff/a

reff
, (1.6)

where we pick one of the solutions to the quadratic equation, which tends to zero for a→ ∞.
Finally, we obtain the expression for the binding energy |Eb| of the Feshbach molecule related
to the effective range of interaction and the scattering length, which is true for large, positive
scattering lengths

|Eb| =
ℏ2κ2

2µ
=

ℏ2

2µr2eff

(
1−

√
1− 2reff

a

)2

. (1.7)

In the universal range (a ≫ reff), this relation reduces to the simple expression |Eb| =
ℏ2/(2µa2). The presented reasoning allowed us to briefly introduce the concepts of uni-
versality, resonance width, and the effective range. One of the objectives of this thesis is
the characterization of the universal and non-universal properties of Feshbach resonances
classified as narrow or wide resonances (or closed- and open-channel dominated resonances,
respectively) in the context of three-body physics and the formation and properties of Efimov
states. The full discussion on the two-coupled-channel model for scattering is presented in
Ref. [62–64].

1.2. Experimental methods for the cooling and trapping of ul-
tracold samples

We offer a brief overview of the principal methods for preparing ultracold samples and discuss
notable recent experimental progress. As mentioned before in this Chapter, the development
of Doppler laser cooling stimulated a rapid progress of ultracold research [5, 65, 66]. The tech-
nique takes advantage of two counter-propagating laser beams of equal intensity, tuned slightly
below an electronic transition. An atom or molecule moving toward one beam perceives a
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ULTRACOLD SAMPLES

higher Doppler-shifted frequency and is more likely to absorb a photon from that direction.
The spontaneous emission occurs isotropically and yields no net momentum change. However,
each absorption event imparts momentum opposite to the particle’s motion, producing a net
cooling force. Three pairs of counter-propagating laser beams create a damping force in all
directions, and the system is often referred to as optical molasses. The recoil temperature of
particles sets the limit of this method as their motion fluctuates due to spontaneously emitted
photons – called the recoil limit.

To achieve atomic densities far higher than those obtainable with magnetic fields alone,
magneto-optical traps (MOTs), which combine laser cooling with magnetic field gradients, are
used. MOTs are the most widely employed trapping technique in ultracold experiments. They
combine Doppler cooling with a spatially varying magnetic field. Circularly polarized light
provides the cooling force, while a quadrupole magnetic field shifts atoms that drift away from
the trap center into resonance with the appropriate laser beam, producing a restoring force.
The 3-D generalization of an MOT uses an anti-Helmholtz coil and three orthogonal σ+ and
σ− standing waves. The first realizations of MOT required a previously cooled sample [67–69].
However, it soon became routine to load atoms directly into a magneto-optical trap from an
uncooled vapor [70].

Recent work has demonstrated significant experimental progress in cooling and trap-
ping techniques. For example, researchers at the Fritz Haber Institute achieved the first
magneto-optical trap (MOT) of a stable, chemically inert closed-shell molecule, aluminum
monofluoride (AlF) [71]. Optical molasses has also been realized for several laser-coolable
molecules—primarily diatomics with highly diagonal Franck–Condon factors (FCFs). For
most molecules, however, optical molasses remains impractical due to extensive ro-vibrational
branching arising from non-diagonal FCFs.

An optical method for stabilizing ultracold molecules using non-diagonal FCFs is the Stim-
ulated Raman Adiabatic Passage (STIRAP). STIRAP allows for transferring the population
of particles between two quantum states by coupling them with two radiation fields via an
intermediate state [72]. STIRAP suppresses losses due to spontaneous emission from the in-
termediate state by adiabatically transferring population through a laser-induced dark state
that avoids occupation of the excited state, and has therefore found widespread use in atomic,
molecular, and chemical physics since its first complete description in Ref. [73]. This method
has been extensively used in experiments demonstrating the formation of ultracold molecules,
optical waveguides, and adiabatic population transfer in specific solid-state systems [74].

Raman transitions, which are two-photon transitions, can also be used for cooling. Raman
sideband cooling (RSC) techniques have been used to cool ions [75] and neutral atoms [76]
in traps. The method requires a tightly confining trap (an ion trap, optical tweezers, or an
optical lattice) and uses internal-state transitions that couple to the vibrational motion. RSC
proceeds in two main steps. First, a motional-sideband–resolved two-photon Raman transition
is driven, reducing the vibrational quantum number of the harmonic trap while simultaneously
transferring the atom to a different internal state. Second, optical pumping (OP) returns the
atom to its original internal state without altering its motional state. Repeating this cycle
incrementally reduces the atom’s translational energy and drives it toward the trap’s ground
state. Achieving efficient RSC requires resolving the motional sidebands in all three spatial
dimensions and ensuring highly efficient optical pumping. The method has been shown to
cool a sample of many atoms efficiently [77], as well as a single atom to its motional ground
state [78, 79].

The diversity of the explored ultracold physical systems has driven the development of a
correspondingly broad set of experimental methods. In this context, trapped, laser-cooled ions
offer exciting opportunities in ultracold physics by enabling extraordinary control over colli-
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sions and initial quantum states. Due to Earnshaw’s theorem, one can not use static electric
fields to confine charged particles. Hence, ion trapping relies on time-varying fields. The most
common implementation is the linear Paul trap, which combines static and radio-frequency
(rf) electric fields. Axial (z-direction) confinement is provided by a static quadrupole po-
tential proportional to −z. Radial confinement in the x–y plane is generated by electrodes
driven with a dc voltage U together with an rf voltage V cos(Ωrft), where Ωrf is the drive
frequency. The resulting oscillating quadrupole potential alternately focuses and defocuses
ions in the transverse directions, producing a stable time-averaged trapping pseudopoten-
tial [80]. Motion along z remains purely harmonic. Ultracold ions have become a central part
of ultracold physics and provided opportunities for the study and development of technologies
such as atomic clocks [81], quantum computing and information [82, 83], few- and many-body
quantum physics [84–87], cold controlled chemistry [88], and fundamental physics [89]. More
recently, a breakthrough in laser cooling and trapping of 224Ra+ was realized via two-step
photoionization loading of radium into an ion trap [90]. The investigated ion is radioactive
and short-lived. However, in the ultracold regime, it enabled uniquely sensitive tests of funda-
mental physics – especially charge-parity symmetry violation and the measurement of electric
dipole moments.

Lastly, two more optical methods for cooling below the Doppler limit should be men-
tioned: sisyphus cooling and evaporative cooling. The sisyphus effect, or polarization gradi-
ent cooling, requires that atoms move in a polarization gradient. Counter-propagating laser
beams with orthogonal polarizations create a standing wave with spatially varying polariza-
tion. Due to the AC Stark shift, the energy of levels is periodically modulated as an atom
moves through regions of different polarization. In a perpendicular configuration, for exam-
ple, the ground-state Zeeman levels change their energies depending on the atom’s position in
the trap, creating alternating maxima and minima in the potential energy. An atom moving
towards the maximum of the potential loses its kinetic energy. Near the top, it is optically
pumped into a different Zeeman level whose potential is shifted downward, resulting in a net
loss of kinetic energy after spontaneous emission. A comprehensive theoretical treatment of
this mechanism was provided in a study of laser cooling below the Doppler limit via polar-
ization gradients [91, 92]. Modern studies have extensively used this method for cooling of
ions [93] or atoms using clock states [94].

Once temperatures near the quantum regime are reached with laser-based techniques
such as optical molasses and polarization-gradient cooling, evaporative cooling becomes the
dominant method for achieving the temperatures necessary for quantum degeneracy. In evap-
orative cooling, atoms with the highest kinetic energy are selectively removed from a trap.
Evaporative cooling is currently the primary method for achieving quantum degeneracy in
many species. Still, it is relatively slow, and often lossy, because it relies on elastic colli-
sions to rethermalize the ensemble as high-energy atoms are continuously removed from the
system [95].

1.3. Ion-atom systems

Ultracold ion-atom systems exhibit relatively long-range, polarization-dominated interactions,
making them a promising platform for studying quantum induction-driven collision dynamics.
Highly controllable trapped ions are the perfect tool for experimental studies of collisions [96].
Other examples of fields of study that take advantage of trapped ions are quantum simula-
tion [97–99], quantum information [100, 101], cold controlled chemistry [102–105], as well
as few- and many-body quantum physics [106–108], and various other fundamental physics
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aspects [109].
In ultracold gases, inelastic collisions are typically dominated by only a few processes.

Three-body recombination and atom-molecule relaxation leading to recombination are the
major processes that cause sample losses [110]. In ion-atom-atom systems in particular, it has
been shown that the sample losses are dominated by three-body recombination (TBR) [111].

Classical and semi-classical theories for ion-atom-atom systems have provided an accurate
description of the three-body recombination rates for temperatures well above the quantum
regime [112]. However, a comparison between classical trajectory calculations and a quantum
approach for collision-induced dissociation rates has shown significant differences at tempera-
tures below the quantum regime [113]. Certain qualitative classical results allowed the authors
to predict that predominantly molecular ions are formed in the inelastic process [114].

In most ion-atom systems, tracing quantum effects in observables describing collision dy-
namics is challenging, as they cannot be readily cooled to the s-wave regime. Combining Paul
traps with methods for cooling atoms introduces several technical challenges. High-power
lasers used for optical trapping can damage or charge the ion-trap electrodes, while the radio-
frequency (rf) fields of the Paul trap can induce spin flips in nearby atoms, increasing loss
rates. These losses may also lead to unwanted atom deposition on the electrodes, degrading
trap performance. In addition, intrinsic ion micromotion – unavoidable in radiofrequency
traps – sets a fundamental limit on attainable temperatures, as it is typically much larger
than the residual motion of ultracold atoms. Using a Penning trap usually does not resolve
these issues: collisions between ions and atoms disrupt the ions’ cyclotron orbits, severely
reducing sample lifetimes [115].

Reaching the quantum regime proved more feasible for systems containing a heavy ion
and light atoms, where micromotion effects are less relevant and lead to less heating [116].
Recently, the s-wave Feshbach resonances were theoretically predicted and observed through
ion losses [111]. Similar results were provided for ytterbium [117, 118], where LiYb+ molecular
ions were detected via mass spectrometry. Several of the observed resonances could not be
modeled by two-body scattering theory. Thus, the focus of this work is to model the three-
body physics in an ultracold, charged sample.

The theoretical description of few-body dynamics in dilute ultracold neutral atoms with
near-resonant interactions has been well established. Tractable observables show limited de-
pendence on the microscopic details of the problem and the particular choice of atomic species.
These universal, low-energy properties of observables, such as recombination rates, mean that
they depend only on two relevant length scales: the scattering length and the wavenumber.
Furthermore, universal physics can generally be modeled by contact interactions [119]. Lim-
its to universality have been studied for homonuclear [119, 120] and heteronuclear bosonic
systems [121, 122].

One of the main objectives of this thesis is to characterize three-body processes occurring
in a system consisting of a trapped ytterbium or barium ion immersed in a lithium gas. Our
approach enables the prediction of specific collision pathways leading to different types of
ion loss, thereby accounting for the previously unexplained loss mechanisms observed in the
recently investigated barium–lithium system [111]. A key goal is to determine the collision
rates for channels that involve the formation of Li2 molecules accompanied by the loss of a
free barium ion. In addition, we aim to predict the quantum states of BaLi+ molecules formed
during collisions between the ion and a Feshbach dimer, as recently reported in experiments.
Understanding the dynamics of ion-dimer collisions that lead to ion losses is also highly
relevant to ongoing studies with barium ions.



Chapter 2

Three-body physics

2.1. Experimental results

In the context of ultracold physics, the experimental and theoretical studies of few-body
systems have recently provided profound insight into a wide range of physical problems.
Quantum three-body physics investigates how finite-range interactions, quantum statistics,
and dimensionality govern the formation, scattering, and decay of three interacting particles.
Experimental methods for studying three-body interactions in ultracold gases generally do
not differ significantly from those used in precision spectroscopy, collision measurements,
and time-resolved dynamics, which allows researchers to reveal correlations and quantum
properties of systems beyond two-body physics. What is more, advances in experimental
and theoretical studies of the three-body problem with near-resonant two-body interactions
have motivated a wide range of studies on universal few-body physics and the related Efimov
physics, i.e., the study of weakly bound three-body resonant trimers (Efimov trimers). These
topics are covered in more depth in Section 2.2 of this Chapter, while this section focuses on
more general advances in experimental three-body physics.

A promising platform for studying the structure of weakly bound three-body molecules
is provided by helium trimers. The van der Waals force between two helium atoms is weak
and leads to unusually large spatial extension, placing the system in a regime dominated by
universal few-body quantum behavior. The current understanding of 4He3 is based almost
entirely on theoretical studies. Conventional experimental methods for determining molecu-
lar structure do not apply to these extremely fragile systems, as the centrifugal force already
makes the first excited rotational state unbound. A recent study using Coulomb-explosion
imaging of helium trimers directly mapped out the trimer geometry and wavefunction distribu-
tions, showing that the density distribution of the 4He3 is best described by a non-equilateral
triangle and that 3He4He2 exists as a quantum halo state [123].

A comprehensive study of the three-body recombination dynamics in a representative sys-
tem of bosonic 87Rb is presented in Ref. [124]. This work was the first experimental setup
allowing for the description of three-body recombination into specific reaction channels. Sim-
plified theoretical treatments indicate that three-body recombination does not, in principle,
have to favor the most weakly bound state [125]. However, for most physical systems stud-
ied experimentally to date, recombination predominantly populates the least-bound available
channel [110].

By contrast, the first measurements of three-body loss coefficients for a three-component
Fermi gas over magnetically tuned pairwise interactions were conducted for a system of ultra-
cold 6Li [126]. A three-spin-state mixture of atoms was prepared to enable s-wave collisions be-
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tween the particles. The study concluded that three-body recombination in a three-component
Fermi gas is highly tunable and dominates atom-loss processes. Three-body recombination
can be suppressed, allowing for experimentally stable regimes when pairwise interactions are
sufficiently weak. These results are shown to be non-universal.

Recently, an impactful study was published showing anomalous decay in a sample of po-
larized three-component Fermi gas of 6Li [127]. It is a general expectation that three-body
losses are the same for all spin components. However, near one of the Feshbach resonances, a
significant qualitative difference has been demonstrated – the loss rates per spin were distinct,
with the majority component showing significantly larger losses. One possible explanation for
the anomalies is the cascade mechanism for reactions, in which secondary collisions occur be-
tween the products of three-body recombination and other atoms in the gas, leading to excess
losses. Secondly, a few-body process could be quantitatively indistinguishable from a three-
body loss, for example, if a multi-stage process is rate-limited by a three-body stage. This
process depends on forming an intermediate bound state with a binding energy comparable
to the trap depth. However, no such state has been identified to date. The studied effect was
found not to be specific to homogeneous gases, and research into possible explanations of this
phenomenon is required.

Expanding on recent research into ultracold Fermi gases in the context of three-body
physics, the experimental investigation of the scaling of the three-body loss rate in a two-
component 6Li near a narrow Feshbach resonance has verified that the Fermi gas can be
cooled to a higher phase-space density through three-body recombination. Unlike standard
evaporative cooling, collisional cooling can use Feshbach resonances to selectively expel atoms
with specific kinetic energy [128]. This study expanded on the previous, impactful research
into the stability of a repulsive, quasi-homogeneous spin-1/2, i.e., two-component, Fermi
gas with contact interactions. For the range of scattering lengths explored, the dominant
mechanism of decay was shown to be a universal three-body recombination towards a Feshbach
bound state [129].

For a single-component system of ultracold Fermi gases, only the p-wave collisions are
statistically allowed. One of the first measurements of the three-body loss rates was reported
in Ref. [130]. In addition to the modification of two-body elastic processes, the p-wave reso-
nance primarily enhanced three-body inelastic loss rates. Theoretical studies found that the
loss behavior exhibits n3 and an anomalous n2 density dependence for a ratio of elastic-to-
inelastic three-body collision rate [131]. Interestingly, to describe losses in the latter regime
and to explain experimental observations in ground-state 6Li atoms near a p-wave Feshbach
resonance, theoretical studies used a cascade model inspired by earlier work [132].

Finally, we could shift our focus to experimental results investigating three-body loss in an
ultracold mixture of a thermal Bose gas and a degenerate Fermi gas [133]. At unitarity, the
typical inverse-square temperature scaling of three-body loss seen in nondegenerate systems
failed to describe the experimental results adequately. With increased Fermi degeneracy, the
three-body losses decreased. While this reduction can be qualitatively captured by few-body
scattering theory, an additional suppression pointed to long-range Ruderman-Kittel-Kasuya-
Yosida (RKKY) interactions mediated by the fermions between bosons.

A general review of three- and higher-body interactions in the context of nuclear physics
and related areas was given in Ref. [134]. This work focuses on the impact of three-body inter-
actions within effective field theories, which are particularly prominent in strongly interacting
quantum systems. One of the first experimental studies of short-range physics investigated
three-body recombination in bosonic 7Li. The study indicated that short-range, three-body
physics is nuclear-spin-independent, although it used traces of Efimov physics to confirm this
hypothesis [135].
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Three-body physics has also been investigated in a system of magnetically trapped Bose-
Einstein condensate (BEC) into a deep two-dimensional optical lattice [136]. 1D confinement
dramatically changes correlation functions and three-body collision rates because particles
cannot bypass each other. This effect is a genuine reduction in dimensionality, measurable in
ultracold gases and distinct from the universal Efimov scaling.

Studies of three-body losses in three-dimensional bulk Bose gases, particularly in a rep-
resentative system of 39K, have experimentally verified the theoretically predicted general
scaling laws governing particle loss and heating in the unitary regime [137]. These mea-
surements, however, showed the non-negligible relevance of four-body decay processes on the
negative side of the Feshbach resonance. For positive a, the measured unitary value of L3

was approximately three times smaller than the universal theoretical upper bound, indicat-
ing a suppression of three-body loss due to the emergence of many-body correlations. This
reduced loss rate made 39K a promising candidate for experimental investigations of strongly
correlated many-body physics in a unitary Bose gas.

Further research confirms that a Bose gas, namely 7Li, exhibits a finite lifetime that is long
enough to be experimentally resolved and studied [138]. This study focused on quantitatively
determining the sample’s limits of stability. Although Efimov resonances are clearly resolved
as a function of scattering length at finite temperature and density, the overall decay rate in
the unitary regime did not exhibit Efimov log-periodic scaling. Once the scattering length
exceeded the interparticle distances and the relevant energy scale is set by density rather
than temperature, the decay dynamics were shown to be governed by universal many-body
correlations, similarly to Ref. [137]. Numerous further references provide the reader with a
deeper understanding and show extensive research into the limits of Efimov physics and more
generally, determining the stability and dynamics of ultracold Bose gases in the context of
three- and many-body interactions and correlations [139–149].

2.2. Efimov effect

Strongly interacting systems present unique scattering properties and support weakly bound,
resonant three-body states – the Efimov states. This purely quantum effect attracted sig-
nificant theoretical research interest since its observation in the context of atomic ultracold
gases [150]. The theoretical description of Efimov physics and the related few-body dynamics
is generally greatly simplified in dilute, resonantly interacting samples. Physical observables
such as the position of the Efimov resonance, the energy scaling between the excited Efimov
states, or the trimer lifetime exhibit universal behavior, i.e., they are independent of the mi-
croscopic details of the system. A schematic representation of the so-called Efimov scenario
is presented in Figure 2.1.

The observation mentioned above happened more than 40 years after Vitaly Efimov’s the-
oretical prediction [151] that an infinite family of universal three-body states should emerge
when the two-body scattering lengths are sufficiently large in magnitude. What followed were
many subsequent experiments and studies into the universality, impact on three-body loss
rates, and general properties of the Efimov states. One of the first series of works includes
studies by the Ferlaino group [152–154]. Ref. [152] showed a measurement of the relaxation
rate coefficient for decay to lower-lying molecular states and studied the dependence on scat-
tering length and temperature for a binary collision between two halo dimers. This study laid
the groundwork for future studies of few-body processes near Feshbach resonances. Ref. [153]
included measurements of four-body recombination rates in an atomic gas. Using an ultracold
sample of cesium atoms with negative scattering lengths, a resonant increase in particle losses
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Figure 2.1: The binding energies of the Efimov trimers (solid curved lines) showing the discrete
scale invariance of the three-body spectrum for three identical bosons. The energies are plotted
against the inverse scattering length a−1. The straight solid line originating at unitarity
represents the universal dimer state. The gray region indicates the three-atom continuum.
The n-th trimer appears from the three-body scattering threshold at 1/a

(n)
− and disappears

into the particle-dimer scattering threshold at 1/a(n)∗ . The presented energy scales are specific
to the 894G Feshbach resonance of the 7Li. Adapted from [158] under the license CC BY 4.0
(https://creativecommons.org/licenses/by/4.0/).

was observed. This result provides strong evidence for two four-body bound states that are
universally linked to Efimov trimers. In this context, the study expanded on the descrip-
tion of four-body processes from Ref. [152]. These results showed how the Efimov framework
is extended when a fourth particle is added to the three-body problem. Finally, Ref. [154]
presented comprehensive experimental measurements of triatomic Efimov resonances, atom-
dimer Efimov resonances, and related four-body resonances, supporting and complementing
the set of available data for ultracold cesium. The very first, direct observation of the Efimov
spectrum through three-body losses was given in Ref. [155]. Further confirmation of a strong
universal behavior of loss resonances and the three-body parameter in an ultracold gas of
cesium was given in Refs. [156, 157].

The first experimental evidence of Efimov physics in a heteronuclear system was observed
in a setup that used a mixture of 41K and 87Rb atoms cooled to a few hundred nanokelvin
and confined in an optical dipole trap [159]. The study observed three distinct peaks of the
inelastic collision rate of the mixture near an interspecies Feshbach resonance. Two of these
peaks corresponded to Efimov resonances in both the KKRb and KRbRb channels.

Extensive experimental studies of the universality of Efimov physics were carried out
by the group at Bar-Ilan University [135, 160, 161]. Their initial work demonstrated that
the positions of Efimov resonances – identified through enhancements and suppressions of
three-body recombination rates at negative and positive scattering lengths, respectively –
are in excellent agreement with theoretical predictions [160]. The second study extended the
previously reported universality in three-body recombination loss across a Feshbach resonance
to the absolute ground state of 7Li [135]. This study, cited above in the context of analysis of
short-range physics, has shown that the positions and widths of recombination minima and
Efimov resonances are identical for both analyzed nuclear-spin states. Both of these studies
were summarized and extended upon in Ref. [161].

Further research identified a new experimental approach for analyzing the atom–dimer
mixture coupled to the Efimov trimer. Namely, a resonance in atom–dimer scattering is
observed, which manifests itself in resonantly enhanced inelastic decay [162]. Extended re-

https://creativecommons.org/licenses/by/4.0/
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search into this ’point of contact’ between Efimov trimers and the atom-dimer mixture showed
that we can magnetically control the energetic nature of the process, allowing it to be tuned
from endoergic to exoergic. Unlike relaxation into more deeply bound molecular states, this
exchange process does not cause trap loss [163].

A universal dimer formed via three-body recombination in an ultracold atomic cloud
can undergo secondary collisions with surrounding atoms. Secondary collisions can obscure
the connection between observed loss features and the true Efimov atom-dimer resonance,
meaning that the scattering length associated with maximum secondary collisions does not
necessarily indicate the Efimov resonance, which was shown in Ref. [164]. Hence, significant
finite-range corrections to the first excited Efimov energy level should be accounted for in
experimental setups.

In addition to Efimov trimers, the authors observed loss features consistent with four-body
bound states (tetramers) that are universally tied to each Efimov trimer. Specifically, two
tetramer states are associated with each trimer, as predicted by theory [165]. The positions
of both three- and four-body loss resonances scale universally with the scattering length and
are determined by the same three-body parameter. Interestingly, no independent four-body
parameter is required.

A group from the Max-Planck-Institut in Heidelberg demonstrated that the observed
magnetic-field dependence of three-body loss in a three-component ultracold 6Li mixture can
be accounted for by the existence of a universal trimer state. This mixture was analyzed
in studies referenced above in the context of collisions in the ultracold Fermi gas [126]. By
extending the theory provided in Ref. [166] for three identical bosons to three distinguishable
fermions, an effective interaction parameter am constructed from the three scattering lengths
a12, a23, and a13 was introduced to describe the observed features in terms of a proper
characteristic length scale [167].

The work described in the previous paragraph laid the foundation for further investigations
into the universality of these trimers. First, a proof-of-concept study demonstrated that the
properties of the trimer could be probed through collisions between three different hyperfine
spin states of 6Li atoms and 6Li2 dimers [168]. Subsequent studies by a group at the University
of Tokyo showed that the positions of the loss-rate peaks, when plotted against the scattering
lengths, deviate from the predictions of universal theory in a manner that cannot be accounted
for by non-universal two-body properties [169]. These findings were later confirmed through
direct radiofrequency association measurements [170].

The determination of the position of the 85Rb Efimov resonance was an additional out-
come of a study of ultracold collisions in a BEC setting [171]. At the same time, the focus of
the article was on finding the value of the Tan’s contact – a universal quantity that quantifies
the probability of finding two particles very close – essentially a measure of short-range cor-
relations in a many-body system. Research showed the resonance position using three-body
recombination rates. Expressed in units of the mean scattering length of the van der Waals
potential for 85Rb, the results appeared at a universal value as proposed by theory. These
properties are described in more detail in Section 2.3.

Extending the experimental study of Efimov trimers to include mixtures of species rapidly
became of particular interest to universal few-body physics. One of the first studies into this
matter was a test of whether the observed van der Waals universality of Efimov three-body
physics also applies to heteronuclear mixtures of different atomic species [172]. The work
explored three-body loss in an ultracold trapped mixture of bosonic 87Rb and fermionic 40K
atoms by measuring inelastic-collision loss rates as a function of the scattering length. An
Efimov resonance in the loss rate for inelastic collisions between 40K–87Rb Feshbach molecules
and 87Rb atoms was shown. However, the study did not find any Efimov resonances in three-
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atom losses, because the Rb–Rb interaction was relatively weak and not resonant. These
observations were compared with previous measurements in other K-Rb isotopic mixtures
and with theoretical predictions, providing insight into how universal three-body phenomena
manifest in Bose-Fermi mixtures.

Differences between the ground and excited Efimov states were studied in a system of
ultracold helium [173]. The authors reported the experimental observation of an Efimov state
using Coulomb explosion imaging. The authors have found that the dominant structure of a
ground Efimov state with positive two-body scattering length is a triangle with a relatively
small acute angle, distinct from excited states and hinting at possible non-universality of the
Efimov resonances.

Another study into the universality of the Efimov state was conducted and described in
Ref. [174]. The authors directly compared the Efimov spectra in a mass-imbalanced 6Li–133Cs
Cs mixture near two Feshbach resonances that are nearly identical except for their resonance
strength (broad vs narrow). The result of the study showed a clear dependence of the absolute
Efimov resonance position on Feshbach resonance strength, which is in contrast to the uni-
versal prediction. The experimental and theoretical results with respect to this phenomenon
are described in more detail in the next Section 2.3.

Another interesting avenue of research concerns the super-Efimov effect. It is predicted
to produce an infinite sequence of bound or resonant states in a system of three fermions
confined to two dimensions. Compared with the conventional Efimov effect, the resulting
spectrum exhibits a significantly lower density of states. So far, the studies carried out for
this phenomenon were purely theoretical with no direct experimental confirmation [175–177].

2.3. Universality of the Efimov effect

As shown in Section 2.2, studies of the properties of Efimov states generally include measure-
ments of three-body recombination. One of the first studies using a theoretical approach for
spin-polarized atomic hydrogen was described in Ref. [178]. Applying the same framework for
alkali atoms [179, 180] provided a prediction that the three-body recombination rate should
scale approximately as a2. But further studies showed that actually the rates scale vary
much faster, proportionally to a4 [17, 181, 182]. These studies also predicted an additional
effect, namely the Stückelberg interference. This interference in three-body recombination
rates occurs at positive values of a, where the Efimov state intersects the atom–dimer con-
tinuum – potentially beneficial for experiments where three-body loss needs to be minimized.
Furthermore, Ref. [182] showed that the Efimov resonances for negative a lead to enhance-
ments of the recombination rate – occurring where the Efimov states become unbound and
merged into the three-body continuum. For homonuclear three-body recombination, these
zero-energy Efimov resonances are expected to follow an approximate geometric progression
in the scattering length, with each successive resonance appearing at a two-body scattering
length roughly eπ/s0 ≈ 22.7 times larger than the previous one. This effect is independent of
the chosen atomic species or other microscopic parameters of the system and thus considered
universal.

To give a broader idea of the concept of universality, we should state that the complete
microscopic treatment of few- and many-body physics in an interacting gas is generally im-
possible. The description of few-body dynamics greatly simplifies in a dilute ultracold atomic
gas with near-resonant interactions. In this regime, all physical observables can be expressed
in terms of just two dimensionless parameters that quantify interaction strength and quantum
degeneracy: na3 and nλ3, where n is the atomic density and λ is the thermal wavelength.
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Continuous scaling transformations of the atomic density, scattering length, or thermal wave-
length leave all observables and their dynamics unchanged when expressed in these rescaled
units. This invariance defines the universal behavior, which is largely independent of the
microscopic details of the interactions or the specific atomic species [119].

As mentioned, the Efimov effect occurs at |a| → ∞, where a is the two-body scattering
length. Exactly at unitarity, infinitely many Efimov bound states form as a result of resonant
three-body interaction of the form ∼ −1/R2, where R is the hyperradius. A striking feature
of the Efimov states is their universal properties, which emerge even at large but finite values
of |a|. In such conditions, the number of Efimov states also becomes finite; their energies,
however, preserve their near log-periodic behavior. Similarly, positions of the Efimov reso-
nances a(n)− follow the universal pattern in which each consecutive state becomes unbound at
a value ca. 22.7 larger than the previous one, namely an+1

− /an− = eπ/s0 ≈ 22.7.
Conditions favorable for the Efimov effect require a to be larger than all length scales of

the system, including the characteristic length of interaction, i.e., the van der Waals length
rvdW. Efimov bound states, therefore, appear in the vicinity of two-atom Feshbach reso-
nances. Considerable scientific focus, both theoretical and experimental, has recently been
placed on research into the limits of the universality of Efimov physics, governed by the spe-
cific properties of the underlying Feshbach resonances [158, 183]. The characteristic feature
of a Feshbach resonance is its strength or width as measured by the dimensionless sres pa-
rameter [14]. The sres parameter is defined within the van der Waals theory of interatomic
interactions and serves as a dimensionless measure characterizing the coupling strength and
the extent to which the open-channel physics dominates a Feshbach resonance.

Theoretical studies have shown that the position of the first/ground Efimov resonance
a0− = −9.7 rvdW is also universal. However, experimental measurements fell within 20% of this
value only in the regime of broad Feshbach resonances sres ≫ 1. In the case of broad resonance,
a universal repulsive wall appears in the effective three-body potentials at R ≈ 2rvdW, tying
the universality to long-range behavior of the underlying interaction. This universality allows
us to predict the positions of all Efimov resonances. Recent experimental studies, however,
have shown that the Efimov structure depends on the width of the Feshbach resonance;
specifically, it loses its universal character as sres decreases. Deviations from the universal
value −9.7 rvdW have been confirmed in a precise study of two- and three-body interactions
near an intermediate-strength (sres ≳ 1) Feshbach resonance in 39K at 33.5820(14) G [184].

One of the main goals of this thesis is to expand on research on three-body interactions
presented in Ref. [158]. Investigating across a range of Feshbach resonance widths, we observe
non-universal behavior of the Efimov trimer in the ground and excited states. It emerges
from a repulsive interaction in the atom-dimer channel, which appears for narrow (sres < 1)
resonances. The interplay between the length scales describing the short-range exchange
and van der Waals interactions across a series of alkali-metal homonuclear samples is also
likely an important factor in determining the universal behavior of the Efimov spectrum.
Therefore, we estimate the strength of three-body forces in relevant few-body systems using
ab initio quantum chemistry methods. We then compare the ground Efimov resonance location
dependence on the sres parameter for systems with varying strength of the Feshbach resonance.



Chapter 3

Three-body theory

In three-body physics, the most prominent approach for solving the Schrödinger equation
is through the use of adiabatic hyperspherical coordinate methods. These techniques were
essential to the early theoretical predictions and analytical calculations of the Efimov ef-
fect [151, 185–187]. Later, they were equally important in demonstrating that ultracold
quantum gases are promising systems for observing universal Efimov physics. In particular,
they directly linked the Efimov effect to three-body recombination losses. Hyperspherical
methods have proven to be very versatile: they have been used both with zero-range, reg-
ularized interactions to produce simple analytical results [181, 188–193] and, on the other
hand, as a basis for quantitative numerical solutions using finite range analytical or numerical
three-body Hamiltonians [120, 182, 194–199].

One of the first uses of the adiabatic hyperspherical methods was shown in Ref. [200]. The
theoretical framework allowed diagonalization of the system’s Hamiltonian at each hyperra-
dius R (a parameter measuring the system’s size and described in more detail in the following
Sections), yielding adiabatic potential curves that describe the system’s energies as functions
of R. These curves offer an immediate, dynamics-oriented depiction of the accessible reaction
pathways for a given system, revealing the structure of bound and quasi-bound states, as
well as their excitation and decay mechanisms. Coupling matrix elements between the adia-
batic states can also be calculated, allowing for a systematic solution of the full three-body
Schrödinger equation with a specific, numerical accuracy. The described approach applies to
bound-state problems, two-body inelastic collisions, three-body collisions, and photon-assisted
collision processes.

In this Chapter, we will briefly summarize the mathematical methods underlying the
adiabatic hyperspherical approach and present the methodology for numerical calculations
of three-body recombination rates, bound-state energies, and lifetimes. One of the primary
achievements of this approach has been not only achieving quantitative accuracy but also, just
as importantly, developing qualitative and quantitative insights into the dominant reaction
pathways and the physical mechanisms that control them.

The adiabatic representation becomes increasingly challenging as the system’s complex-
ity and the number of coupled hyperradial equations grow. For such cases, reworking the
problem into a set of diabatic equations using the slow variable discretization (SVD) method,
introduced in Ref. [201], significantly increases computational efficiency. When propagation
to very large hyperradii is needed to obtain precise scattering data, a hybrid approach has
proven both accurate and efficient [202]. This method applies SVD at small to intermediate
hyperradii while solving the directly coupled adiabatic equations at very large hyperradii.
We will introduce the SVD method in Chapter 7, as it served as the basis for all referenced
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calculations.

3.1. The Jacobi coordinates for N particles

The quantum-mechanical three-body problem involves solving the time-independent Schrödinger
equation for a system of three interacting particles. However, before we reduce our consid-
erations to three particles, it is prudent to start with a more general N -body system and
show where specific mathematical constraints become either advantageous or restricting. For
example, for N interacting particles, with masses mi, separating the center-of-mass motion
allows us to reduce the problem to a d = 3N − 3 dimensional partial differential equation in
a lab-fixed, relative coordinate system [166].

Let us consider a Hamiltonian for a system of N particles, written in the lab-fixed, Carte-
sian coordinate system

Ĥ =

N∑
i=1

p̂2
i

2mi
+ V (r1, . . . , rN ) , (3.1)

where a set of vectors ri represents the positions of the particles, p̂i = −iℏ∇ri is a set of N
momentum operators, and V is the interaction potential. We introduce the standard, mass-
scaled Jacobi coordinates used in few-body theory to separate the center-of-mass motion and
greatly simplify the form of the kinetic operator

ρj =

√
µj
µ

(
rj −

1

Mj

j∑
i=1

miri

)
, i = 1, . . . , N − 1 , (3.2)

where Mj =
∑j

i=1mi is the partial mass sum. Consistently, the total mass of the system is
M = MN . The Jacobi coordinates written this way are a set of recursively defined vectors,
where each consecutive vector represents the distance of the next particle from the partial
center of mass defined by a subset of previously considered particles. Each vector is normalized
by a mass-dependent factor, whose importance will become relevant later. The reduced mass
associated with each Jacobi coordinate is

µj =
Mjmj+1

Mj+1
, (3.3)

and the overall N -body reduced mass is given by

µ =

(
N−1∏
i=1

µj

)1/(N−1)

. (3.4)

Canonically, the total center of mass is the N -th Jacobi vector, and it is given by

RCM =

N∑
i=1

miri
M

. (3.5)

The full coordinate transformation is now given by

{r1, . . . , rN} → {ρ1, . . . ,ρN−1,RCM} . (3.6)
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This transformation is linear and invertible. Let us now consider how the kinetic energy
operator transforms. We begin by using the chain rule

∂

∂ri
=

N−1∑
k=1

∂ρk

∂ri

∂

∂ρk

+
∂RCM

∂ri

∂

∂RCM

=

N−1∑
k=1

aik
∂

∂ρk

+
mi

M

∂

∂RCM
.

(3.7)

We calculate the coefficient

aik =
∂ρk

∂ri
=

√
µk
µ


−mi

Mk
, i < k + 1

1, i = k + 1

0, i > k + 1

. (3.8)

Thus, the kinetic energy operator in terms of the relative momenta π̂k = −iℏ∇ρk
and the

center-of-mass momentum P̂CM = −iℏ∇RCM is given by

T̂ =
N∑
i=1

p̂2
i

2mi
=

N∑
i=1

1

2mi

(
N−1∑
k=1

aikπ̂k +
mi

M
P̂CM

)2

=

=
N∑
i=1

1

2mi

N−1∑
k=1

a2ikπ̂
2
k +

m2
i

M2
P̂2

CM + 2
N−1∑

1≤k<l≤N−1

aikailπ̂kπ̂l︸ ︷︷ ︸
+2

N−1∑
k=1

aik
mi

M
π̂kP̂CM︸ ︷︷ ︸

 .

(3.9)
Both of the mixed terms are symmetric, because the set of operators {π̂1 . . . , π̂N−1, P̂CM}
commutes, due to the mentioned linearity and invertibility of the proposed transformation.
Let us focus on the first of the mixed, underlined terms

N−1∑
1≤k<l≤N−1

(
N∑
i=1

aikail
mi

)
π̂kπ̂l . (3.10)

Without loss of generality, we assumed k < l. From the definition of aik, we deduce that the
bracketed sum over i ends at k + 1. Terms aikail with index i : k + 1 < i ≤ l + 1 are zero
because aik is equal to zero. Let us expand this sum

k+1∑
i=1

aikail
mi

=

√
µk
µ

√
µl
µ

(
k∑

i=1

1

mi

m2
i

MkMl
− 1

mk+1

mk+1

Ml

)
=

√
µk
µ

√
µl
µ

(
Mk

MkMl
− 1

Ml

)
= 0 .

(3.11)
We will now prove that the second mixed term is also zero. We can simplify this term

N−1∑
k=1

N∑
i=1

aik
M

π̂kP̂CM . (3.12)

Now, only the aik depends on the index i. This sum ends at i = k + 1, due to the definition
of aik and thus can also be expanded

k+1∑
i=1

aik =

√
µk
µ

(
k∑

i=1

−mi

Mk
+ 1

)
=

√
µk
µ

(
−Mk

Mk
+ 1

)
= 0 . (3.13)
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Naturally, we also need to simplify the square terms in Eq. (3.9). First, let us consider the
first of these terms

N−1∑
k=1

(
N∑
i=1

a2ik
2mi

)
π̂2
k . (3.14)

We expand the bracketed sum, truncating it again due to the definition of aik

N∑
i=1

a2ik
2mi

=
µk
µ

k+1∑
i=1

a2ik
2mi

=
µk
µ

(
k∑

i=1

m2
i

2miM2
k

+
1

2mk+1

)

=
µk
µ

(
Mk

2M2
k

+
1

2mk+1

)
=
µk
2µ

mk+1 +Mk

Mkmk+1
=
µk
2µ

Mk+1

Mkmk+1
=

1

2µ
,

(3.15)

where we used the definition from Eq. (3.3). We can thus simplify the first of the squared
terms to

N−1∑
k=1

π̂2
k

2µ
. (3.16)

It is apparent now why the Jacobi coordinates were mass-regularized by multiplying the
relative positions of the particles by the factor

√
µj

µ . This approach allows the sum in the
kinetic energy operator to be dependent only on theN -body reduced mass µ. Other definitions
of the overall reduced mass µ can be used and are occasionally adopted. Still, the choice made
in Eq. (3.4) is especially advantageous in many situations, as it preserves the overall volume
element. Simplifying the second squared term gives the final form of the kinetic energy
operator and thus the whole Hamiltonian

Ĥ =

(
N−1∑
k=1

π̂2
k

2µ
+

P2
CM

2M

)
+ V (ρ1, . . . ,ρN−1,PCM) . (3.17)

Most of the considered interaction potentials do not depend on the motion of the total center of
mass PCM, thus allowing for complete separation of variables and reducing the dimensionality
of the considered set of differential equations by 3. In the next Section, we will build on this
progress by introducing the so-called adiabatic approach, which allows us to rewrite the kinetic
energy operator in terms of a single variable, namely the hyperradius R. We will, however,
specifically consider the three-body hyperspherical coordinates in yet another Section, where
careful conclusions must be drawn from the various symmetry constraints of our problem.

3.2. The hyperspherical coordinates for N particles

In the previous Section, we have successfully reduced the dimensionality of the stated problem
by three – under the assumption that we can separate the motion of the total center-of-
mass for N interacting particles, i.e., express the total wavefunction as a product Ψtot =
ΨCM(RCM)Ψ(ρ1, . . . ,ρN ). Thus, let us consider a d = 3N −3 dimensional partial differential
equation in the relative coordinate system,

Ĥ =

N−1∑
k=1

π̂2
k

2µ
+ V (ρ1, . . . ,ρN−1) = −ℏ2∆ρ

2µ
+ V . (3.18)

The Cartesian coordinates of the Jacobi vectors can be collected into a single d-dimensional
vector r = {r1, . . . , rd}. In hyperspherical coordinates, one scalar variable—the hyperradius
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R – introduced below – is treated separately in the adiabatic framework. The aim in the
adiabatic approach is to introduce this variable in such a way that when the potential de-
pends only on relative coordinates, the system is transformed into an infinite set of coupled
ordinary differential equations in the single adiabatic coordinate R. Let us therefore consider
a coordinate transformation in the lab-fixed frame

F : {R,α1, . . . , αd−1} → {r1, . . . , rd−1} , (3.19)

where we introduced a set of d− 1 hyperangles αi. Canonically. the map F is given by

rd = R cosαd−1 ,

rd−1 = R sinαd−1 cosαd−2 ,

rd−2 = R sinαd−1 sinαd−2 cosαd−3 ,

...

r2 = R

d−1∏
i=2

sinαi cosα1 ,

r1 = R
d−1∏
i=1

sinαi .

(3.20)

Naturally, we require the coordinate map F to be bijective. In general, all hyperangles would
span the range [0, 2π] to ensure the surjectivity of F . However, let us consider a point with
hyperangle αk ∈ [π, 2π] : 2 ≤ k ≤ d− 1. Now consider a symmetry projection

t : {R,α1, . . . , αd−1} → {R,α1+π, π−α2, π−α3 . . . , π−αk−1, 2π−αk, αk, . . . , αd−1} , (3.21)

where by induction, we assume that all hyperangles αl : 2 ≤ l < k are in range [0, π]. Using
the following trigonometric relations

sin(2π − αk) = − sinαk ,

cos(2π − αk) = cosαk ,

sin(π − αl) = sinαl ,

cos(π − αl) = − cosαl ,

sin(α1 + π) = − sinα1 ,

cos(α1 + π) = − cosα1 ,

(3.22)

we can show that
F (t(R,α1, . . . , αd−1)) = F (R,α1, . . . , αd−1) , (3.23)

which means that by allowing αk to be larger than π we do not ensure the injectivity of
the map F . Hence, we can truncate the range of αk to [0, π]. As mentioned, we provide
this reasoning inductively for all k : 2 ≤ k ≤ d − 1. Therefore, the ranges spanned by the
hyperangles are

α1 ∈ [0, 2π] , αk ∈ [0, π] , k = 2, . . . , d− 1 . (3.24)

We note that through such a definition of F , we have ensured the relation:

R =

√√√√ d∑
i=1

x2i , (3.25)

which is equivalent to stating that the hyperradius R is the radius of the d-dimensional
hypersphere. We will now show how the Laplacian becomes simplified in the hyperspherical
coordinates {R,Ω}, where we denote the hyperangles collectively as Ω = {α1, . . . , αd−1}.
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3.2.1. The Laplacian in canonical hyperspherical coordinates

Beginning with the Voss-Weyl formula, one can derive the form of the Laplacian in Jacobi
curvilinear coordinates

∆ρ =
1√
det g

∂

∂ξi

(√
det g gij

∂

∂ξj

)
, (3.26)

where gij is the metric tensor of the map F , we use a notation {ξ1, . . . , ξd} = {R,α1, . . . , αd−1}
to describe the hyperspherical coordinates collectively, and we use the Einstein notation. In
the case of map F the tensor g is diagonal

gRR =
d∑

i=1

(
∂ri
∂R

)2

=
d∑

i=1

r2i
R2

= 1 ,

gRαk
=

d∑
i=1

∂ri
∂R

∂ri
∂αk

=

d∑
i=1

ri
R

∂ri
∂αk

=

d∑
i=1

1

2R

∂r2i
∂αk

=
1

2R

∂

∂αk

d∑
i=1

r2i =
1

2R

∂

∂αk
R = 0 ,

gαkαk
=

d∑
i=1

(
∂ri
∂αk

)2

= R2
k cos

2 αk

k−1∏
j=1

sin2 αj +

k∑
i=2

R2
k cos

2 αk

k−1∏
j=i

sin2 αj cos
2 αi−1

+R2
k sin

2 αk

= R2
k cos

2 αk

k−1∏
j=1

sin2 αj +

k∑
i=2

k−1∏
j=i

sin2 αj cos
2 αi−1

+R2
k sin

2 αk = R2
k ,

gαlαk

R2
=

1

R2

d∑
i=1

∂ri
∂αk

∂ri
∂αl

=

 d−1∏
j=l+1

sinαj

 cosαl

l−1∏
j=1

sinαj

 d−1∏
j=k+1

sinαj

 cosαk

k−1∏
j=1

sinαj

+

+
k∑

i=2

 d−1∏
j=l+1

sinαj

 cosαl

l−1∏
j=i

sinαj

 d−1∏
j=k+1

sinαj

 cosαk

k−1∏
j=i

sinαj

 cos2 αi−1+

+

 d−1∏
j=l+1

sinαj

 cosαl

 l−1∏
j=k+1

sinαj

 d−1∏
j=k+1

sinαj

 (− sinαk cosαk) =

=

 d−1∏
j=1,j ̸=l,k

sin2 αj

 cosαl cosαk sinαk +
k∑

i=2

 d−1∏
j=i,j ̸=l,k

sin2 αj

 cosαl cosαk sinαk cos
2 αi−1−

−

 d−1∏
j=k+1,j ̸=l

sin2 αj

 sinαk cosαl cosαk =

=

 d−1∏
j=k+1,j ̸=l

sin2 αj

 cosαl cosαk sinαk

k−1∏
j=1

sin2 αj +
k∑

i=1

k−1∏
j=2

sin2 αj cos
2 αi−1

− 1

 = 0 ,

(3.27)
where we defined Rk = R

∏d−1
j=k+1 sinαj , used k < l without the loss of generality and used

the identity

k−1∏
j=1

sin2 αj +
k∑

i=2

k−1∏
j=i

sin2 αj cos
2 αi−1 = 1 , (3.28)
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which can be proven by induction. For completeness, we can write the resulting line element
ds2, the volume element dV , and the differential surface area on the hypersphere dΩ

ds2 = gijdξ
idξj = dR2 +R2

d−1∑
k=1

d−1∏
j=k+1

sin2 αj dα
2
k

 ,

dV =
√

det g dξ1, . . . , ξd = Rd−1

d−1∏
j=2

sinj−1 αj

 dRdα1 . . . dαd−1 ,

dV = Rd−1dRdΩ ,

dΩ =
d−1∏
j=2

sinj−1 αj dα1 . . . dαd−1 .

(3.29)

Finally, we derive the the hyperradial (∆R) and hyperangular (∆Ω) parts of Laplacian ∆ρ =
∆R +∆Ω in the hyperspherical coordinates – using Eq. (3.26)

√
det g = Rd−1f(Ω) ,

∆R =
1

Rd−1

∂

∂R

(
Rd−1 ∂

∂R

)
=

∂2

∂R2
+
d− 1

R

∂

∂R
,

∆Ω =
1√
det g

∂

∂αk

(√
det g gkl

∂

∂αl

)
=

1

f(Ω)

∂

∂αk

(
f(Ω)R−2

k

∂

∂αk

)
=

=
1

R2f(Ω)

∂

∂αk

f(Ω)
 d−1∏

j=k+1

sin−2 αj

 ∂

∂αk

 = −Λ2(Ω)

R2
,

(3.30)

where f(Ω) =
∏d−1

j=2 sin
j−1 αj , k, l are indices ranging from 1 to d − 1 describing only the

hyperangles – for which we use the Einstein notation, and Λ2 is the grand angular momen-
tum operator, which is an isotropic Casimir operator for the group SO(d) [203]. Using the
calculated Laplacian, we can greatly simplify the form of the Hamiltonian given by Eq. (3.18)

Ĥ = −ℏ2∆R

2µ
+

ℏ2Λ2

2µR2
+ V (R,Ω) . (3.31)

3.2.2. The operator Λ2 in canonical hyperspherical coordinates

We still need to derive the form of the operator Λ. We will show that it is explicitly given by

Λ2 = −
∑
i>j

Λ2
ij , Λij = ri

∂

∂rj
− rj

∂

∂ri
. (3.32)

The operators λij are the generators of rotations in the plane spanned by the Jacobi coor-
dinates ri and rj , and thus represent a pseudo-angular momentum associated with rotations
between two relative degrees of freedom of the system. Firstly, let us show that the operator
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Λ2 follows a recursive equation

Λ2(Ω) =− 1∏d−1
j=2 sin

j−1 αj

∂

∂αd−1

d−1∏
j=2

sinj−1 αj · 1
∂

∂αd−1

−

−
d−2∑
k=1

1∏d−1
j=2 sin

j−1 αj

∂

∂αk

d−1∏
j=2

sinj−1 αj ·
d−1∏

j=k+1

sin−2 αj
∂

∂αk

 =

=− 1

sind−2 αd−1

(d− 2) sind−3 αd−1 cosαd−1
∂

∂αd−1
− ∂2

∂α2
d−1

−

− 1

sin2 αd−1

d−2∑
k=1

1∏d−2
j=2 sin

j−1 αj

∂

∂αk

d−2∏
j=2

sinj−1 αj

d−2∏
j=k+1

sin−2 αj
∂

∂αk

 =

= − ∂2

∂α2
d−1

− (d− 2) cotαd−1
∂

∂αd−1
+

Λ2(Ωd−1)

sin2 αd−1
,

(3.33)

where Λ2(Ωd−1) follows the definition of the grand angular momentum operator for the metric
dΩd−1 in d− 2 hyperangular dimensions (as opposed to d− 1 hyperangular dimensions up to
this point), i.e., neglecting the coordinate αd−1,

dΩ2 := dΩ2
d = dα2

d−1 + sin2 αd−1dΩd−1 . (3.34)

Seeing the recursive relations given by Eq. (3.33) and Eq. (3.34), it is natural to follow up
this reasoning by trying to obtain the eigenvalues of Λ2(Ωd) through a recursive ansatz for
the eigenfunctions Y(Ωd)

Λ2(Ωd)Y(Ωd) = λdY(Ωd) . (3.35)

Thus, let us assume that we can separate the variables αd−1 and Ωd−1 and propose that the
eigenfunctions are of the form

Y(Ωd) = g(αd−1)Yd−1(Ωd−1) , Λ2(Ωd−1)Yd−1 = λd−1Yd−1 . (3.36)

for some function g(αd−1). Let us insert the recursive ansatz from Eq. (3.36) into Eq. (3.33)

λd · g(αd) = −∂
2g(αd−1)

∂α2
d−1

− (d− 2) cotαd−1
∂g(αd−1)

∂αd−1
+ g(αd−1)

λd−1

sin2 αd−1
. (3.37)

Let us define x = cosαd−1, y(x) = g(αd−1) and simplify the equations above, using the
relations

∂

∂αd−1
=− sinαd−1

∂

∂x
,

∂2

∂α2
d−1

=(1− x2)
∂2

∂x2
− x

∂

∂x
.

(3.38)

The recursive equation becomes

(1− x2)y′′ − (d− 1)xy′ +

[
λd −

λd−1

1− x2

]
y = 0 . (3.39)

The equation above is the associated Gegenbauer differential equation. We can regularize it
through a substitution

y(x) = (1− x2)α/2u(x) , (3.40)
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for some value of α – to be determined later. First, let us calculate the derivatives of the
regular term (1− x2)α/2(

(1− x2)α/2
)′

= −αx(1− x2)α/2−1 ,(
(1− x2)α/2

)′′
= α(1− x2)α/2−2((α− 1)x2 − 1) .

(3.41)

Now let us calculate the terms in Eq. (3.39)

(1− x2)y′′ =(1− x2)α/2−1
[
α
(
(α− 1)x2 − 1

)
u− (1− x2)2αxu′ + (1− x2)2u′′

]
,

−(d− 1)xy′ =− (d− 1)x(1− x2)α/2−1
(
−axu+ (1− x2)u′

)
,[

λd −
λd−1

1− x2

]
y =(1− x2)α/2−1

[
λd(1− x2)− λd−1

]
.

(3.42)
We proceed by collecting the terms near u′′(x), u′(x) and u(x). Eq. (3.39) becomes

0 = u′′(1− x2)α/2+1 + u′(1− x2)α/2−1 [(d− 1)x− 2αx] (1− x2)+

+ u(1− x2)α/2−1
[
λd(1− x2)− λd−1 + α(α− 1)x2 − α+ (d− 1)αx2

]
.

(3.43)

We can divide it by the factor (1 − x2)α/2−1 (keeping in mind the regularization at x = ±1,
which we will discuss later) and collect terms next to x2 in the ∼ u(x) term

0 = u′′(1− x2)2 + u′ [(d− 1)x− 2αx] (1− x2)+

+ u
[
(α(α+ d− 2)− λd)x

2 + (λd − λd−1 − α)
]
.

(3.44)

Now, we express the ∼ u(x) term in a way that allows to extract the (1− x2) bracket

0 = u′′(1− x2)2 + u′ [(d− 1)x− 2αx] (1− x2)+

+ u
[
(λd − α(α+ d− 2))(1− x2) + (−λd−1 + α(α+ d− 2)− α)

]
.

(3.45)

We can factor out the (1− x2), by requiring that the equation is regular at x = ±1

0 = −λd−1 + α(α+ d− 2)− α ,

λd−1 = α(α+ d− 3) .
(3.46)

Thus, by inserting relation from Eq. (3.46) into Eq. (3.45) and dividing by (1−x2), we obtain
the regular Gegenbauer equation

0 = (1− x2)u′′(x)− (2α− (d− 1))xu′(x) + [λd − α(α+ d− 2)]u(x) . (3.47)

The solutions of this equation are the Gegenbauer polynomials C(α̃)
n (x), for which the following

relations are satisfied
α̃ = α+

d− 2

2
,

λd = (n+ α)(n+ α+ d− 2) .
(3.48)

The quantum numbers n and α represent the excitations to the grand angular momentum
stemming from introducing an additional, single Jacobi coordinate – which is not equivalent
to adding another interacting particle, because that would require adding three more Jacobi
coordinates, each representing a Cartesian coordinate of the additional Jacobi vector. The
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mathematical procedure of including another particle through three more Jacobi coordinates
is called clustering and is described in greater detail in Ref. [203] and below. We notice,
that by setting λd := λ(λ + d − 2) for some value λ of the grand angular momentum in d
dimensions – we can relate it to the value α, which represents the eigenvalue of the grand
angular momentum in d− 1 dimensions

λd := λ(λ+ d− 2) = (n+ α)((n+ α) + d− 2) ,

λd−1 := α(α+ d− 2) ,

λ = n+ α , n = 0, 1, 2, . . . .

(3.49)

Thus, the eigenfunctions of the grand angular momentum have the following recursive form

Y(αd−1,Ωd−1) = N (sinαd−1)
αC

(α+ d−2
2 )

λ−α (cosαd−1)Yd−1(Ωd−1), (3.50)

where N is the norm of the solution. We can check the validity of Eq. (3.50) by applying it to
d = 2 and d = 3 (that is, cases representing one- and two interacting particles, respectively).
For d = 2 we have

Ω2 = {α1} := {φ} ,

Λ2(Ω2) = − d2

dφ2
,

Y(φ) =
1√
2π
eimφ ,

λ2 := m2 ,

(3.51)

while for d = 3 we obtain

Ω3 = {α2, α1} := {θ, φ} ,

Λ2(Ω3) = − 1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
− 1

sin2 θ

∂2

∂φ2
,

Y(θ, φ) ∼ (sin θ)|m|C
(|m|+ 1

2)
l−|m| (cos θ)eimφ ∼ Y l

m(θ, φ) ,

λ3 := l(l + 1) .

(3.52)

To see that the solutions Y(θ, φ) are proportional to the spherical harmonics, one can use the
relations between the associated Legendre polynomials, the Gegenbauer polynomials, and the
Jacobi polynomials found in Ref. [204]

C
(|m|+ 1

2)
l−|m| (x) =

(2|m|+ 1)l−|m|

(|m|+ 1)l−|m|
P (|m|,|m|)
n (x) ,

P
|m|
l (cos θ) = 2−|m|Γ(l + |m|+ 1)

Γ(l + 1)
(sin θ)|m|P

(|m|,|m|)
l−|m| (cos θ) ,

(3.53)

where (z)n represents the rising factorial of z. Thus, for d = 6 (a case representing three
interacting particles), the eigenvalues of the grand angular momentum take the form λ6 :=
λ(λ+ 4).

The explicit form of Λ2

Let us continue by proving Eq. (3.32). We will consider the sum of operators Λij and use the
shorthand notation ∂i := ∂

∂ri∑
i<j

Λij =
∑
i<j

(ri∂j − rj∂i)
2 =

∑
i<j

r2i ∂
2
j + r2j∂

2
i − 2rirj∂i∂j − ri∂i − rj∂j . (3.54)
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The first term in Eq. (3.54) is equal to

∑
i<j

(r2i ∂
2
j + r2j∂

2
i ) =

∑
j

∑
i ̸=j

r2i

 ∂2j =

d∑
j=1

(
R2 − r2j

)
∂2j . (3.55)

The term involving mixed derivatives is equal to

∑
i<j

(−2rirj∂i∂j) = −
∑
i ̸=j

rirj∂i∂j . (3.56)

Summed up, all three terms give

∑
i<j

Λ2
ij =

∑
i<j

r2i ∂
2
j + r2j∂

2
i − 2rirj∂i∂j − ri∂i − rj∂j =

= R2
∑
k

∂2k −

∑
k

r2k∂
2
k +

∑
i ̸=j

rirj∂i∂j

− (d− 1)

(
d∑

k=1

rk∂k

)
=

= R2∆ρ −

∑
k,l

rkrl∂k∂l

− (d− 1)

(
d∑

k=1

rk∂k

)
.

(3.57)

We shall now focus on the operator Ê =
∑d

k=1 rk∂k. It can be greatly simplified by recalling
that the hyperangles αi are scale-invariant. Let us consider the inverse map F−1, which means
the hyperangles to be functions of rk , k = 1, . . . , d, i.e., αi(r1, . . . , rd). We notice that the
hyperangles are indeed scale-invariant, i.e.,

αi(c r) = αi(r) , (3.58)

for some scaling factor c. The derivative of the equation above with respect to c is therefore
equal to zero

0 =
dαi(c r)

dc
=
∑
k

∂αi

∂rk

∂(crk)

∂c
,

0 =
d∑

k=1

rk
∂αi

∂rk
.

(3.59)

We should note that the scale invariance condition is independent of the exact choice of the
trigonometric functions that define the hyperangles, as long as the scaling factor is served by
the hyperangle R =

√∑
j r

2
j . We know move on to evaluating the Ê operator

Ê =
∑
k

rk∂k =

d∑
k=1

rk

(
∂R

∂rk

∂

∂R
+

d−1∑
i=1

∂αi

∂rk

∂

∂αi

)
. (3.60)
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Using Eq. (3.59) and recalling the relation R(r) =
√∑

j r
2
j , we can calculate the simplified

and expanded forms of Ê, and Ê2

Ê = R
∂

∂R
+
∑
i

(∑
k

rk
∂αi

∂rk

)
∂

∂αi
= R

∂

∂R
+ 0 = R

∂

∂R

Ê2 =

(
R
∂

∂R

)2

= R2 ∂2

∂R2
+R

∂

∂R

Ê2 =

(∑
k

rk∂k

)2

=
∑
k,l

rk∂krl∂l =
∑
k,l

rk (∂krl) ∂l + rkrl∂k∂l =

=
∑
k

rk∂k +
∑
k,l

rkrl∂k∂l ,

(3.61)

where we used the relation ∂lrk = δkl, which is true because the metric g is orthogonal. The
relations above can be inserted into Eq. (3.57)∑

i<j

Λ2
ij = R2∆ρ − Ê2 − (d− 2)Ê ,

∑
i<j

Λ2
ij

R2
= ∆ρ − ∂2

∂R2
− 1

R

∂

∂R
− (d− 2)

1

R

∂

∂R
= ∆ρ − ∂2

∂R2
− (d− 1)

1

R

∂

∂R
.

(3.62)

We notice that the equation above is equivalent to the equation, which allowed us to define
the form of the Laplacian ∆ρ in hyperspherical coordinates, thus proving Eq. (3.32). We
recall that the proven, explicit form of the grand angular momentum operator is true for
all definitions of hyperspherical coordinates that preserve the hyperangular invariance upon
scaling by a factor r → rc – as mentioned above.

3.2.3. The clustering method

Naturally, the canonical choice for the hyperspherical coordinates defined by the map F
is not the only possible definition of hyperspherical coordinates that greatly simplifies the
Laplacian, and thus the Hamiltonian in the lab-fixed frame. Below, we discuss a clustering
method that allows us to interpret the values of the grand angular momentum in terms of
partial angular momenta associated with the Jacobi vectors (rather than individual Jacobi
coordinates). This approach provides a more intuitive physical description of λ rather than
the crude, mathematical interpretation given by the explicit form of Λ2 in Eq. (3.32). This
approach is provided in greater detail in Ref. [203].

Let us consider two sets of hyperspherical coordinates

• cluster x := (x1, x2, x3) = (r1, r2, r3)

• the rest of the coordinate set y := (y4, . . . , yd) = (r4, . . . , rd)

We should note that the exact choice of trigonometric functions defining the hyperangles is
irrelevant for the considerations below. We only require that they are scale-invariant, which
allows us to use the explicit form of Λ2. Let us define the lengths of these vectors and the
relation between x and y, by introducing a polar hyperangle η

x2 =
3∑

i=1

r2i , y2 =
d∑

i=4

r2i , x2 + y2 = R2 ,

x = R cos η, y = R sin η .

(3.63)
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Essentially, we could consider defining both the d − 4 hyperspherical coordinates for y and
3 hyperspherical coordinates for x canonically and then multiplying each of the individual
coordinates ri by sin η or cos η appropriately

rd = R sin η cosαd−1 ,

rd−1 = R sin η sinαd−1 cosαd−2 ,

rd−2 = R sin η sinαd−1 sinαd−2 cosαd−3 ,

...

r5 = R sin η
d−1∏
i=5

sinαi cosα4 ,

r4 = R sin η

d−1∏
i=4

sinαi ,

r3 = R cos η cos θ1 ,

r2 = R cos η sin θ1 cosφ1 ,

r1 = R cos η sin θ1 sinφ1 .

(3.64)

In Cartesian coordinates, the Casimir operator Λ2 acts on the group SO(d) and can be
represented as a sum of two Casimir operators Λ2

x (acting on group SO(3) and Λ2
y (acting on

group SO(d− 3)), as well as a mixing operator term Λ2
xy

Λ2 = Λ2
x +Λ2

y +Λ2
xy , (3.65)

where
Λ2

x = −
∑

1≤i<j≤3

Λ2
ij ,

Λ2
y = −

∑
4≤i<j≤d

Λ2
ij ,

Λ2
xy = −

∑
i≤3, j≥4

Λ2
ij .

(3.66)

The Casimir operators Λ2
x, Λ

2
y, and Λ2 commute

[Λ2
x,Λ

2
y] = 0 , [Λ2,Λ2

y] = 0 , [Λ2,Λ2
x] = 0 . (3.67)

The first of these equations is apparent from the explicit forms of Λ2
x and Λ2

y (no overlap
indices). The second and third equations are equivalent to stating that [Λ2

x,Λ
2
xy] = 0, and

[Λ2
y,Λ

2
xy] = 0. By symmetry, we only need to justify the first of these commutation relations.

Due to the commutation relations, we can write the eigenfunctions of the grand angular
momentum in the following form

ψ(Ω) = f(η)Ylx(Ωx)YKy(Ωy) , (3.68)

for some function f(η) – to be determined later. Following the same convention as in the
previous Section – the functions Y(x)

lx
(Ωx) and YKy(Ωy) are eigenfunctions of Λ2

x and Λ2
y,

respectively. Furthermore, the eigenvalues lx and Ky are good quantum numbers.
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The commutation relations between the Casimir operators

We aim to prove the commutation relation

0 = [Λ2
x,Λ

2
xy] . (3.69)

In order to do that, we will first prove the equation

[Λij ,Λka] = δjkΛia − δikΛja, i, j, k ∈ Ix, a ∈ Iy , (3.70)

where in our case the indices in set Ix are ranging from 1 to 3, and those in Iy – from 4 to
d− 1, but we only require that the sets Ix and Iy are disjoint. Eq. (3.70) is a special case of
the more general equation

[Λij ,Λkl] = δjkΛil − δikΛjl − δjlΛik + δilΛjk , (3.71)

which is true for the generators of Lie algebras so(d). Let us compute the operators ΛijΛka

and ΛkaΛij

ΛijΛka =(xi∂xj − xj∂xi)(xk∂ya − ya∂xk
)

=xi(δjk∂ya︸ ︷︷ ︸+xk∂xj∂ya)− xiya∂xj∂xk
−

− xj(δik∂ya︸ ︷︷ ︸+xk∂xi∂ya) + xjya∂xi∂xk
,

(3.72)

where we use the orthogonality of the xi, xj , xk and ya coordinates. We also have

ΛkaΛij =(xk∂ya − ya∂xk
)(xi∂xj − xj∂xi) =

=xk(xi∂ya∂xj − xj∂ya∂xi)− ya(δki∂xj︸ ︷︷ ︸+xi∂xk
∂xj )+

+ ya(δkj∂xi︸ ︷︷ ︸+xj∂xk
∂xi) .

(3.73)

We note that the terms which include second derivatives are the same for ΛijΛka and Λka,Λij .
Thus, in the commutator, we are left with the first-derivative terms only

[Λij ,Λka] = δjk(xi∂ya − ya∂xi) + δik(−xj∂ya + ya∂xj ) = δjkΛia − δikΛja , (3.74)

proving Eq. (3.70). Now, let us use this knowledge to compute the commutator[
Λij ,Λ

2
ka

]
= Λka [Λij ,Λka] + [Λij ,Λka] Λka = δjk{Λia,Λka} − δik{Λja,Λka} , (3.75)

where {., .} is the anti-commutator. Now, let us consider the sum stemming from the definition
of Λ2

x [
Λ2

x,Λ
2
ka

]
= −

∑
i<j

[
Λij ,Λ

2
ka

]
= −

∑
i<j

(δjk{Λia,Λka} − δik{Λja,Λka}) =

= −
∑
i ̸=k

{Λia,Λka}+
∑
j ̸=k

{Λja,Λka} = 0 ,
(3.76)

where we use the fact that
∑

i<j δik is the sum over all distinct pairs of i, j. The Kronecker
delta inside forces the sum to run over all pairs that involve only k. Since the following terms
do not depend on i – the sum simplifies to

∑
j ̸=k. By symmetry of the indices i, j, the equation

above is equal to zero. Finally, we obtain[
Λ2

x,Λ
2
xy

]
= −

∑
k,a

[
Λ2

x,Λ
2
ka

]
= 0 . (3.77)
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The cluster operator

In the previous paragraph, we have justified the separation of variables η, x, and y by ana-
lyzing the proper commutation relations between the Casimir and mixing operators. What
remains is to separate the Laplacian in d dimensions into two Laplacians in 3 and d − 3
dimensions, with the coupling depending on η. Thus, we will prove that

∆ρ = ∆x +∆y, (3.78)

where

Λx =∂2x +
2

x
∂x −

Λ2
x

x2
,

Λy =∂2y +
d− 4

y
∂y −

Λ2
y

y2
.

(3.79)

Additionally, we will find the form of the mixing operator in terms of η and R, keeping in
mind the relation in Eq. (3.65).

Let us obtain the derivatives ∂x, ∂y and their powers in terms of η and R, recalling the
definitions x = R cos η and y = R sin η

∂x =cos η ∂R − sin η

R
∂η ,

∂y =sin η ∂R +
cos η

R
∂η ,

∂2x =

(
cos η ∂R − sin η

R
∂η

)(
cos η ∂R − sin η

R
∂η

)
=

=cos2 η ∂2R +
cos η sin η

R2
∂η −

cos η sin η

R
∂R∂η+

+
sin2 η

R
∂R − sin η cos η

R
∂R∂η +

sin η cos η

R2
∂η +

sin2 η

R2
∂2η

=cos2 η ∂2R +
2 sin η cos η

R2
∂η −

2 sin η cos η

R
∂η∂R +

sin2 η

R2
∂2η +

sin2 η

R
∂R ,

∂2y =
(
sin η ∂R +

cos η

R
∂η

)(
sin η ∂R +

cos η

R
∂η

)
=

=sin2 η ∂2R − sin η cos η

R2
∂η +

cos η sin η

R
∂R∂η+

+
cos η sin η

R
∂η∂R +

cos2 η

R
∂R +

cos2 η

R2
∂2η −

sin η cos η

R2
∂η

=sin2 η ∂2R − 2 sin η cos η

R2
∂η +

cos η sin η

R
∂η∂R +

cos2 η

R2
∂2η +

cos2 η

R
∂R .

(3.80)

Let us consider the sum ∆x +∆y. The sum of the second derivatives is given by

∂2x + ∂2y = ∂2R +
1

R2
∂2η +

1

R
∂R , (3.81)

where the mixed-derivative terms and the ∼ ∂η terms are canceled. The first-derivatives terms
give

2

x
∂x +

d− 4

y
∂y =

2

x

(
cos η ∂R − sin η

R
∂η

)
+
d− 4

y

(
sin η ∂R +

cos η

R
∂η

)
=
d− 2

R
∂R +

(d− 4) cos2 η − 2 sin2 η

R2 cos η sin η
∂η .

(3.82)
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We finally obtain the separation of the Laplacian

∆ = ∆x +∆y = ∂2R +
d− 1

R
∂R − 1

R2

[
−∂2η −

(d− 4) cos2 η − 2 sin2 η

cos η sin η
∂η +

Λ2
x

cos2 η
+

Λ2
y

sin2 η

]
.

(3.83)
Comparing with Eq. (3.31), the grand angular momentum operator is given by

Λ2 = −∂2η −
(d− 4) cos2 η − 2 sin2 η

cos η sin η
∂η +

Λ2
x

cos2 η
+

Λ2
y

sin2 η
. (3.84)

This equation is found in Ref. [203], although modified to account for numerous clusters of
three coordinates. The mixing operator in terms of R and η is given by

Λ2
xy = −∂2η −

(d− 4) cos2 η − 2 sin2 η

R2 cos η sin η
∂η +Λ2

x

(
1

cos2 η
− 1

)
+Λ2

y

(
1

sin2 η
− 1

)
. (3.85)

We now see that while Λ2, Λ2
x, Λ

2
y, Λ

2
xy commute and Eq. (3.65) holds, Λ2

xy is not independent
of the other operators and its spectrum is therefore also constrained by the other eigenvalues.
This statement is equivalent to the relation that the group SO(3) × SO(d − 3) with its Lie
algebra is embedded in SO(d).

We will proceed by inserting the ansatz from Eq. (3.68) for the eigenfunction ψ(Ω) into
equation Λψ(Ω) = λdψ(Ω). We remember that ψ(Ω) is not equal to Y(Ω) because we are
solving the eigenvalue problem in non-canonical hyperspherical coordinates.

0 =

[
− d2

dη2
− (d− 4) cos2 η − 2 sin2 η

sin η cos η

d

dη
+
lx(lx + 1)

cos2 η
+
Ky(Ky + d− 5)

sin2 η
− λd

]
f(η) , (3.86)

where we are justified to use the eigenvalues of Λ2
x and Λ2

y in the form lx(lx + 1), and
Ky(Ky+d−5), respectively, because individually they are defined on canonical hyperspherical
coordinates – only multiplied by the coupling factor sin η or cos η. The standard substition
f(η) = g(η)F (η) = (cos η)lx(sin η)KyF (η) allows us to regularize the terms with sin2 η and
cos2 η in the denominator. We will conisder the relevant substitutions step by step. Firstly,
let us calculate f ′. We will go through a logarithmic derivative

g′

g
= (ln g)′ =

d

dη
(lx ln cos η +Ky ln sin η) = −lx tan η +Ky cot η ,

f ′ = g

(
F ′ + F

g′

g

)
= g

[
F ′ + F (Ky cot η − lx tan η)

]
.

(3.87)

Let us set define h = F ′ + F (Ky cot η − lx tan η). Now, we evaluate the second derivative f ′′.
It is equal to

f ′′ = (gh)′ =g

[
g′

g
h+ h′

]
= [(Ky cot η − lx tan η)(F

′ + F (Ky cot η − lx tan η)]g+

+ [F ′′ − (Ky csc
2 η + lx sec

2 η)F + (Ky cot η − lx tan η)F
′]g =

=g[F ′′ + F
(
(Ky cot η − lx tan η)

2 −Ky csc
2 η − sec2 η

)
+ 2F ′(Ky cot η − lx tan η)] .

(3.88)
Now let us evaluate the second term in Eq. (3.86)

−(d− 4) cos2 η − 2 sin2 η

sin η cos η
f ′ = −g[(d− 4) cot η − 2 tan η][F ′ + F (Ky cot η − lx tan η)] .

(3.89)
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The potential terms become(
lx(lx + 1) sec2 η +Ky(Ky + d− 5) csc2 η − λd

)
gF . (3.90)

All results are proportional to g, thus we can divide both sides of Eq. (3.86) by g(η) – keeping
in mind that the result should be regular at η = 0 and η = π/2. We now move on to
grouping the terms by order of the derivatives of F . Firstly, the second derivative has only
one contribution in the equation, namely −F ′′(η). Now the terms next to F ′(η) come from
the first (−f ′′), and the second term in Eq. (3.86)

[−2(Ky cot η − lx tan η)− ((d− 4) cot η − 2 tan η)]F ′ = −[(2Ky+d−4) cot η−2(lx+1) tan η]F ′ .
(3.91)

Now we move on to the largest part of the equation, i.e. terms next to F (η). To simplify this
part, we will use the relations cot2 η = csc2 η−1 and tan2 η = sec2 η−1. The terms below are
written in such a way, that each row corresponds to the first- (−f ′′), second- and potential
terms in Eq. (3.86), respectively

−F [K2
y cot

2 η + l2x tan
2 η − 2Kylx −Ky csc

2 η − lx sec
2 η]−

−F [(d− 4) cot η − 2 tan η][Ky cot η − lx tan η]+

+F [(l2x + lx) sec
2 η + [K2

y + (d− 4)Ky −Ky] csc
2 η − λd] .

(3.92)

The equation above can be greatly simplified, which is noticable after expanding all of the
terms. The underlined, underbracketed and underbraced terms cancel with each other respec-
tively

−F [K2
y csc

2 η + l2x sec
2 η︸ ︷︷ ︸−K2

y − l2x − 2Kylx −Ky csc
2 η − lx sec

2 η]−

−F [(d− 4)Ky csc
2 η+2lx sec

2 η − (d− 4)Ky − 2lx − 2Ky − (d− 4)lx]

+F [lx sec
2 η + l2x sec

2 η +K2
y csc

2 η︸ ︷︷ ︸+(d− 4)Ky csc
2 η−Ky csc

2 ηλd] .

(3.93)

We are left with

F
(
K2

y + l2x + 2Kylx + (d− 4)Ky + 2lx + 2Ky + (d− 4)lx
)
= F (lx +Ky)(lx +Ky + d− 2) .

(3.94)
Finally, we get the simplified form of Eq. (3.86)

F ′′ + [(2Ky + d− 4) cot η − (2lx + 2) tan η]F ′ − [(lx +Ky)(lx +Ky + d− 2)− λd]F = 0 .
(3.95)

This equation can be simplified further through substitution t = cos 2η. We need to express
the derivatives with respect to η in terms of derivatives with respect to t

d

dη
= −2 sin 2η

d

dt
,

d2

dη2
= −4 cos 2η

d

dt
+ 4 sin2 2η

d2

dt2
= 4(1− t2)

d2

dt2
− 4t

d

dt
.

(3.96)

The second derivative term becomes

d2F

dη2
= 4(1− t2)F ′′(t)− 4tF ′(t) , (3.97)
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where the notation F ′ now means taking the derivative with respect to t, not η. The first-
derivative term is equal to

[(2Ky + d− 4) cot η − (2lx + 2) tan η]
dF

dη
=

= −2 [(2Ky + d− 4) cot η − (2lx + 2) tan η] sin 2ηF ′(t) =

= −2[(2Ky + d− 4)(1 + t)− (2lx + 2)(1− t)]F ′(t) ,

(3.98)

where we use the relaions cot η sin 2η = 2 cos2 η = 1+ t and tan η sin 2η = 2 sin2 η = 1− t. We
group terms near F ′′(t) and F ′(t)

4(1− t2)F ′′(t)− 2[2t+ (2Ky + d− 4)(1 + t)− (2lx + 2)(1− t)]F ′(t) + CF (t) =0 ,

(1− t2)F ′′(t)− 1

2
[(2Ky − 2lx + d− 6) + (2Ky + 2lx + d)t]F ′(t) +

C

4
F (t) =0 ,

(3.99)

where C = λd − (lx +Ky)(lx +Ky + d− 2). Eq. (3.99) is the Jacobi differential equation. Its

solutions are the Jacobi polynomials P (α̃,β̃)
n (t) for which the following relations are satisfied

α̃ =Ky +
d− 5

2
,

β̃ =lx +
1

2
,

λd =(2n+ lx +Ky)(2n+ lx +Ky + d− 2) .

(3.100)

Thus, we see that the form of λd := λ(λ+ d− 2) in the clustered coordinates coincides with
the result obtained in canonical hyperspherical coordinates. In this representation, the grand
angular momentum is interpreted as a sum of three quantum states: the angular momentum
associated with the additional Jacobi vector lx, the grand angular momentum of the system
of all previous particles – Ky, and angular excitations n

λ = lx +Ky + 2n, n = 0, 1, 2, . . . . (3.101)

The eigenfunctions of the grand angular momentum have the following recursive form

ψ(Ω) = Ylx(Ω3)YKy(Ωd−3)f(η) ,

f(η) = NKy ,lx
λ (cos η)lx(sin η)KyP

(Ky+
d−5
2

,lx+
1
2)

(λ−lx−Ky)/2
(cos 2η) ,

(3.102)

where NKy ,lx
λ is the norm of the solution and can be derived from the orthogonality of the

Jacobi polynomials. Let us find the norm by analyzing the integral equation∫ π/2

0
|f(η)|2w(η)dη = 1 . (3.103)

The volume element is given by dΩ = (cos η)2(sin η)d−4 dη dΩ3 dΩd−3, hence the weight func-
tion in the norm integral is given by w(η) = (cos η)2(sin η)d−4. It is clear that for the
non-canonical map to be bijective, the range of η needs to be η ∈ [0, π2 ]. The norm equation
in the metric dt is thus given by

1

2

(
NKy ,lx

λ

)2 ∫ 1

−1

(
1 + t

2

)β̃ (1− t

2

)α̃ [
P (α̃,β̃)
n (t)

]2
dt = 1 , (3.104)
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where we used the relations

cos η =

√
1 + t

2
, sin η =

√
1− t

2
, dη =

dt

−2(1 + z)(1− z)
(3.105)

for t = cos 2η. Using the known result for the norm of the (orthogonal) Jacobi polynomials∫ 1

−1
(1 + t)β̃ (1− t)α̃

[
P (α̃,β̃)
n (t)

]2
dt =

2α̃+β̃+1

2n+ α̃+ β̃ + 1

Γ(n+ α̃+ 1)Γ(n+ β̃ + 1)

n!Γ(n+ α̃+ β̃ + 1)
, (3.106)

we get the norm of our solution

N lx,Ky

λ =

[
(2n+ α̃+ β̃ + 1)n!Γ(n+ α̃+ β̃ + 1)

Γ(n+ α̃+ 1)Γ(n+ β̃ + 1)

] 1
2

. (3.107)

The clustering method for 3 interacting particles

The clustering procedure can be applied recursively, creating N − 1 = d/3 clusters of three
coordinates, each associated with one of the Jacobi vectors for N interacting particles. Taking
d = 6, we obtain

r6 = (ρ2)z = R sin η cos θ2 ,

r5 = (ρ2)x = R sin η sin θ2 cosφ2 ,

r4 = (ρ2)y = R sin η sin θ2 sinφ2 ,

r3 = (ρ1)z = R cos η cos θ1 ,

r2 = (ρ1)x = R cos η sin θ1 cosφ1 ,

r1 = (ρ1)y = R cos η sin θ1 sinφ1 .

(3.108)

The eigenfunctions of the grand angular momentum operator Λ2 are therefore given by

Y lk,mk,lij ,mij

λ (Ω6) = N lk,lij
λ Y mk

lk
(ρ̂1)Y

mij

lij
(ρ̂2)(cos η)

lk(sin η)lijP
(lij+

1
2
,lk+

1
2
)

(λ−lk−lij)/2
(cos 2η) . (3.109)

Y m
l (ρ̂i) are spherical harmonics on polar coordinates θi, φi of the Jacobi vector ρi. The grand

angular momentum is related to the partial momenta lk and lij by the equation

λ = lk + lij + 2n , n = 0, 1, 2, ... . (3.110)

The angular momentum for the particle k with respect to the center of mass of two particles
ij is given by lk, and the angular momentum of two particles i, j is given by lij .

3.3. The adiabatic approach for N particles

As mentioned in Section 3.2, using the solutions of the hyperangular part of the Hamil-
tonian, one can formally rewrite the d-dimensional partial differential equations, i.e., the
time-independent Schrödinger equation with a potential energy that depends only on relative
position coordinates, as an infinite set of coupled ordinary differential equations in a single
adiabatic coordinate R – the hyperradius. The basic form of the adiabatic representation
requires writing the Hamiltonian in the following form

Ĥ = T̂R + Ĥad(R; Ω) , (3.111)
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where T̂R is the kinetic energy operator, which introduces coupling between different hyper-
radii R, the Ĥad is the adiabatic Hamiltonian comprised of the interaction potential V , which
represents a set of coupled potential surfaces at each R and the hyperangular part of the
kinetic energy. The adiabatic Hamiltonian depends on R parametrically and is a Hermitian
partial differential operator. In order to find the form of Ĥad, let us recall that using the
relation in Eq. (3.31) the N -body Schrödinger equation can be written in a quasi-separable
form [

− ℏ2

2µ

(
∂2

∂R2
+
d− 1

R

∂

∂R

)
+

Λ2(Ω)

2µR2
+ V (R,Ω)

]
Ψ(R,Ω) = EΨ(R,Ω) . (3.112)

We can cancel out the first-derivative term in R through a substitution on the total wave-
function

Ψ(R,Ω) = R− d−1
2 ψ(R,Ω) . (3.113)

The Schrödinger equation becomes[
− ℏ2

2µ

∂2

∂R2
+

1

4

(d− 1)(d− 3)

2µR2
+

Λ2(Ω)

2µR2
+ V (R,Ω)

]
ψ(R,Ω) = E ψ(R,Ω) . (3.114)

The adiabatic Hamiltonian is therefore comprised of the hyperangular part of the kinetic
energy or the grand angular momentum, the potential, and the mock-centrifugal term pro-
portional to ∼ (d− 1)(d− 3)/2

Ĥad(R; Ω) =
Λ2(Ω) + (d− 1)(d− 3)/4

2µR2
+ V (R,Ω) . (3.115)

The adiabatic separation of the Hamiltonian is justified when the hyperangular Hamiltonian
Ĥad(R; Ω) is Hermitian with respect to the measure dΩ. The eigenfunctions of this operator
need to form a complete orthonormal set and depend smoothly on R. This allows us to expand
the total wavefunction in the corresponding adiabatic channel functions. The resulting non-
adiabatic coupling terms – arising from derivatives with respect to R – should be finite and
well-defined. Thus, we impose the adiabatic expansion of the total wavefunction

ψ(R,Ω) =
∑
ν

Fν(R)Φν(R; Ω) , (3.116)

where Fν(R) are the hyperradial functions, and Φν(R; Ω) are the channel functions, and ν
represents all quantum numbers necessary to specify a given channel. The channel functions
satisfy the eigenvalue equation for the

ĤadΦν(R; Ω) = Uν(R)Φν(R; Ω) , (3.117)

where the eigenvalues Uν(R) are the N -body hyperspherical potentials or adiabatic potential
energy curves. By substituting the adiabatic expansion from Eq. (3.116) into the Schrödinger
equation, we obtain the hyperradial Schrödinger equation which is a set of coupled differential
equations for Fν(R)[

− ℏ2

2µ

d2

dR2
+Wν(R)− E

]
Fν(R)−

ℏ2

2µ

∑
ν′ ̸=ν

Wνν′(R)Fν′(R) = 0 . (3.118)
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The equation above describes the motion of N particles under the influence of the effective
potentials Wν(R) and non-adiabatic couplings Wνν′ defined by

Wν(R) = Uν(R)−
ℏ2

2µ
Qνν(R) ,

Wνν′(R) = 2Pνν′(R)
d

dR
+Qνν′(R) .

(3.119)

The first- and second-derivative terms are defined through the hyperradial dependence of the
channel functions

Pνν′(R) =

〈〈
Φν(R)

∣∣∣∣∣∂Φν′(R)

∂R

〉〉
,

Qνν′(R) =

〈〈
Φν(R)

∣∣∣∣∣∂2Φν′(R)

∂R2

〉〉
,

(3.120)

where the double bracket notation signifies an integral with respect to the measure dΩ. Phys-
ically, the adiabatic separation requires that the hyperradial motion is slow compared to the
hyperangular dynamics, such that the adiabatic potential energy curves Uν(R) are well sepa-
rated in energy and the non-adiabatic couplings Pνν′(R) and Qνν′(R) are small compared to
the energy differences between the channels. The diagonal part of the non-adiabatic couplings
Pνν is equal to zero, because we require that the set of channel functions is orthonormal〈〈

Φν(R)
∣∣∣Φν′(R)

〉〉
= δνν′ . (3.121)

Taking a derivative (with respect to R) of this equation and further requiring that the imag-
inary part of the channel functions is zero – yields the mentioned result.

The resulting set of coupled equations from Eq. (3.118) can be simplified using the hyper-
radial Born-Oppenheimer approximation. Under this approximation, both the diagonal and
non-diagonal coupling terms Wνν′ are neglected. In such a case, the system’s dynamics are
constrained to a single adiabatic potential curve, which prevents transitions between channels
and prevents the modeling of inelastic collisions. Nevertheless, the approximation yields rea-
sonable estimates for bound-state energies and scattering phase shifts in certain regimes. In
general, improved accuracy is obtained by retaining at least the diagonal non-adiabatic con-
tributions Wν(R), except in the vicinity of sharp avoided crossings; this treatment is known
as the hyperspherical adiabatic approximation [205].

In three-body physics, i.e., for d = 6, the system’s dynamics is driven by the effective
three-body potentials Wν(R) given in Eq. (3.119). The structure of the three-body potential
determines the system’s characteristic properties. At large distances, where R → ∞, the
potentials below the E = 0 threshold converge asymptotically to the binding energy Eb of the
diatomic molecule and the two-body centrifugal term

Wν(R) ≃ −Eb +
ℏ2l(l + 1)

2µR2
, (3.122)

where l is the relative angular momentum between the molecule and the atom. Above the
threshold, the effective potentials follow the expansion

Wν(R) ≃ ℏ2
λ(λ+ 4) + 15/4

2µR2
, (3.123)

where λ is the eigenvalue of the grand angular operator Λ2(Ω).
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Figure 3.1: The three sets of Jacobi coordinate systems, which describe the relative positions
of three interacting particles. The vectors presented in this plot are not mass-normalized,
hence their relation to the mass-scaled Jacobi vectors is given by ρk

1 = d−1
k ρ̃k

1, and ρk
2 =

dkρ̃
k
2. Panel (a) represents the case of the cyclic permutation (i, j, k) = (2, 3, 1), panel (b) –

(i, j, k) = (3, 1, 2), and panel (c) – (i, j, k) = (1, 2, 3).

3.4. The Johnson coordinates in the body-fixed frame

Let us now move on to the considerations of only three interacting particles. The equations
in the previous Sections could therefore be considered with N = 3 and d = 6. There is a
symmetry to the way we define the mass-normalized Jacobi vectors in Eq. (3.2). Namely, any
one of the pairs of particles can be used to define the first Jacobi vector. Thus, we include an
additional index i, j, or k in the superscript of the definition of the Jacobi vectors

ρk
1 = d−1

k (rj − ri) ,

ρk
2 = dk

(
rk −

miri +mjrj
mi +mj

)
.

(3.124)

The indices (i, j, k) are a cyclic permutation of (1, 2, 3). Eq. (3.124) defines three different sets
of coordinates, which are presented schematically in Fig. 3.1. The mass-dependent coefficients
are defined as follows

M = m1 +m2 +m3 ,

µ =
(m1m2m3

M

) 1
2
,

dk =

(
mk

µ

(
mi +mj

M

)) 1
2

,

(3.125)

and they are consistent with the definitions of the normalization factors dependent on µj and
µ in Eq. (3.2). The canonical definition of the relation between the sets of vectors (ρi

1,ρi
2)

and (ρj
1,ρ

j
2) is given by the so-called kinematic rotation

(
ρj
1

ρj
2

)
=

(
cosβij sinβij
− sinβij cosβij

)(
ρi
1

ρi
2

)
. (3.126)
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The kinematic angle βij follows relations, which are the result of the definitions given by
Eq. (3.124). We will derive them by analyzing the expression

ρj
1dj = ri − rk = ri −

mjrj +mkrk
mj +mk

+
mjrj +mkrk
mj +mk

− rk =

= d−1
i ρi

2 +
mj(rj − rk)

mj +mk
= d−1

i ρi
2 −

mj

mj +mk
diρ

i
1 .

(3.127)

Comparing with the first row of the Eq. (3.126), this leads us to the equations

sinβij =d
−1
i d−1

j ,

cosβij =− did
−1
j

mj

mj +mk
= −did−1

j mj
mi

d2iµM
=

= −d−1
i d−1

j

mimj

µM
· mk

mk
= −d−1

i d−1
j

µ2

µmk
= −d−1

i d−1
j

µ

mk
.

(3.128)

This results in the following definition for the kinematic angle

tanβij = −mk

µ
. (3.129)

Clearly, βii is equal to zero. Analysis of the inverse of the kinematic rotation matrix yields
the result βij = −βji. Combining three kinematic rotations should result in the same set
of Jacobi vectors, hence β12 + β23 + β31 = 2π. The kinematic angle should be in the range
βij ∈ [π/2, π], which can be deduced by analyzing the directions of the Jacobi vectors after
the kinematic rotation.

In the previous Sections, we have shown that the N -particle interacting Hamiltonian can
be expressed in the form given by Eq. (3.18). For three particles, it is therefore given by

Ĥ = − ℏ2

2µ

(
∆ρ1

+∆ρ2

)
+ V (ρ1,ρ2) , (3.130)

where ∆ρ2
and ∆ρ2

are the Laplacians given by the Jacobi vectors – regardless of the exact
permutation (i, j, k). So far, we were able to simplify the Hamiltonian by parameterizing
the lab-fixed coordinates of the Jacobi vectors. We should note that for a field-free problem,
the potential V depends only on the relative positions of the three-interacting particles. By
parametrizing the Jacobi vectors in the particle- or body-fixed frame – using the hyperradius
R and two hyperangles θ and ϕ – we can reduce the problem’s degrees of freedom by three
hyperangles. These hyperangles define the rotation of the body-fixed frame with respect to the
lab-fixed frame and are, by definition, the Euler angles α, β, γ. In this Section, we will provide
the full reasoning for expressing the interacting Hamiltonian – especially the grand angular
momentum operator – in variables R, θ, and ϕ as it was proposed in Refs. [187, 206, 207]
by Prof. Johnson – based on the works of Prof. Smith and Prof. Whitten described in
Refs. [208–210].

3.4.1. Rotation of the lab-fixed frame

The first step is parametrizing the Jacobi vectors in the body-fixed frame. This means that we
must fix the index k describing one of the chosen sets of Jacobi vectors presented in Fig. 3.1
and, if needed, use the kinematic rotation to calculate the results in another set. We note
that the rotation of the coordinate system by the Euler angles does not change the relation
defining the hyperradius

R2 = |ρk
1|2 + |ρk

2|2 . (3.131)
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Furthermore, using Eq. (3.126), one can also show that Eq. (3.131) is true for all k = 1, 2, 3
– hence the hyperradius is independent of the kinematic rotation.

The externals coordinates α, β, γ rotate a lab-fixed Cartesian coordinate system Ox′y′z′
into the moving, body-fixed coordinate system Oxyz. By convention, the Oxyz system is
oriented so that the axis z is positive in the direction of the vector

A =
1

2

(
ρk
1 × ρk

2

)
, (3.132)

whose length is the area of the triangle formed by the three particles. In classical (rather
than quantum) problems, the x and y axes of the body-fixed frame are canonically chosen to
coincide with the principal axes of inertia of the three particles. There are many conventions
for the exact definitions of rotations given by the Euler angles. The convention proposed in
Refs. [187, 206, 207] is provided below. The axes of the stationary coordinate system Ox′y′z′
can be brought to coincide with the Oxyz system by a series of three elementary (right-hand)
rotations. The first of these operations is the rotation R̂α by an angle α ∈ [0, 2π] around the
z′ axis, followed by a rotation by β ∈ [0, π] by the new ỹ axis, where ỹ = R̂α y. This operation
brings the z′ axis to the z axis. The last rotation is by an angle γ ∈ [0, 2π] around the z axis.

Let us consider a partly-rotated coordinate system Ox̄ȳz̄, which is obtained by rotating
the stationary system by the Euler angles α = ϕA, β = θA and γ = 0, where θA and ϕA are
the spherical polar angles of the vector A. By construction, the three particles lie in the x̄ȳ
plane. In order to keep this Section self-contained, we will calculate the angle γ, which rotates
the system Ox̄ȳz̄ into Oxyz, such that the axes xy coincide with the principal axes of inertia
of the three particles. We will notice that for the rotation of the Laplacian in the quantum
three-body problem, such considerations are not strictly necessary. However, it is prudent
to consider the form of the classical equations of motion first before solving the quantum
three-body problem in the body-fixed frame; therefore, we will continue this reasoning.

We would like to express the only non-zero elements of the inertia tensor in the Ox̄ȳz̄
system, namely

Ix̄x̄ =
∑
l

mlr
2
l,ȳ ,

Iȳȳ =
∑
l

mlr
2
l,x̄ ,

Ix̄ȳ =−
∑
l

mlrl,x̄rl,ȳ ,

(3.133)

where l = 1, 2, 3 denotes a given particle – in terms of the Jacobi vectors (ρk
1,ρk

2) and the
total center of mass RCM. Although we keep in mind that by definition given in Eq. (3.18) we
choose all coordinate systems such that RCM = 0. For simplicity, we neglect the z components
of all of these vectors, since in Ox̄ȳz̄ they are equal to zero anyway. We aim to prove the
identity

⟨ξ|ζ⟩E = ⟨Aξ|Aζ⟩E , (3.134)

where ξ, ζ ∈ R3, ⟨·|·⟩E is the standard Euclidean inner product in R3, and A : R3 → R3 is a
linear transformation given by A : (r1, r2, r3) → (

√
µ1ρ̃

k
1,
√
µ2ρ̃

k
2,
√
MRCM), where µ1, and

µ2 are defined in Eq. (3.3) and where ρ̃k
1 = rj − ri, ρ̃k

2 = rk − (miri +mjrj)/(mi +mj) are
the Jacobi vectors without the mass-scaling, i.e., ρk

1 =
√
µ1/µ ρ̃

k
1, and ρk

2 =
√
µ2/µ ρ̃

k
2. In

other words, we aim to prove that the transformation A is orthogonal.
We notice that if true, for RCM = 0, this result immediately gives the desired expression
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for the initial tensor elements

Ix̄x̄ =µ1(ρ̃
k
1)

2
ȳ + µ2(ρ̃

k
2)

2
ȳ = µ

[
(ρk

1)
2
ȳ + (ρk

2)
2
ȳ

]
,

Iȳȳ =µ1(ρ̃
k
1)

2
x̄ + µ2(ρ̃

k
2)

2
x̄ = µ

[
(ρk

1)
2
x̄ + (ρk

2)
2
x̄

]
,

Ix̄ȳ =− µ1(ρ̃
k
1)x̄(ρ̃

k
1)ȳ − µ2(ρ̃

k
2)x̄(ρ̃

k
2)ȳ = −µ

[
(ρk

1)x̄(ρ
k
1)ȳ + (ρk

2)x̄(ρ
k
2)ȳ

]
.

(3.135)

These equations are equivalent to Eq. (3.134), for the following sets of vectors ξ, ζ: the first
equation for ξT = ζT = (

√
mi, ri,ȳ,

√
mj , rj,ȳ,

√
mk, rk,ȳ), the second equation for ξT = ζT =

(
√
mi, ri,x̄,

√
mj , rj,x̄,

√
mk, rk,x̄), and the third equation for

ξT = −(
√
mi, ri,x̄,

√
mj , rj,x̄,

√
mk, rk,x̄) ,

ζT = (
√
mi, ri,ȳ,

√
mj , rj,ȳ,

√
mk, rk,ȳ) ,

(3.136)

respectively. To prove that A is orthogonal, it is enough to show that [A]T [A] = I, where [A]
is the matrix of the transformation given in the standard basis by

[A] =


−
√

µ1

mi

√
µ1

mj
0

−
√
miµ2

mi+mj
−

√
mjµ2

mi+mj

√
µ2

mk√
mi
M

√
mj

M

√
mk
M

 , (3.137)

This derivation requires extensive, but routine, algebra.
Rotating the coordinate system Ox̄ȳz̄ by the γ around the z̄ axis transforms the x̄, and ȳ

coefficients of all the vectors in Eq. (3.135), and thus results in the following relations

Ixx =Ix̄x̄ cos
2 γ + Iȳȳ sin

2 γ − 2Ix̄ȳ sin γ cos γ ,

Iyy =Ix̄x̄ sin
2 γ + Iȳȳ cos

2 γ + 2Ix̄ȳ sin γ cos γ ,

Ixy =(Ix̄x̄ − Iȳȳ) sin γ cos γ + Ix̄ȳ
(
cos2 γ − sin2 γ

)
,

(3.138)

where we notice that the subscripts now indicate that the moments of inertia are calculated
in the Oxyz system. As shown in Ref. [209], but what is also apparent from the form of the
Eq. (3.138), the following variables

s =
Ix − Iy
µ

,

t = 2
Ixy
µ

,

(3.139)

transform under the γ rotation in the following way

s =s̄ cos(2γ) + t̄ sin(2γ) ,

t =− s̄ sin(2γ) + t̄ cos(2γ) ,
(3.140)

where s̄ and t̄ are the analogous variables in the Ox̄ȳz̄ system. Thus, the quantities s, t
behave like components of a vector rotated by an angle (−2γ). The length Q =

√
t2 + s2

of this abstract vector is preserved in both coordinate systems. By definition, the mixed
element of the inertia tensor Ixy is zero in the Oxyz coordinate system, which is equivalent
to setting t = 0. By convention [209], the larger of the tensor elements is labeled Iy, hence
Q = s = (Iy − Ix)/µ > 0. The relation in Eq. (3.140) can be easily inverted

s̄ =s cos(2γ)− t sin(2γ) ,

t̄ =s sin(2γ) + t cos(2γ) .
(3.141)
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The following relations therefore define the angle γ

cos(2γ) =
s̄

Q
,

sin(2γ) =
t̄

Q
,

(3.142)

which result from inserting the condition that t = 0 into Eq. (3.141). By definition, the Euler
angle is in the range γ ∈ [0, 2π]. However the obtained conditions for γ have two solutions in
this range, one such that γ1 ∈ [0, π], and the other γ2 = (γ1+π) ∈ [π, 2π]. These two solutions
define equivalent coordinate systems that are rotated by π with respect to each other.

3.4.2. Parametrization of the Jacobi vectors in the body-fixed frame

We can now move on to defining the internal coordinates proposed in Ref. [210], called the
symmetric Smith-Whitten internal coordinates R,Θ,Φk in the Oxyz coordinate system

(ρk
1)x = R cosΘ cosΦk ,

(ρk
1)x = −R sinΘ sinΦk ,

(ρk
2)x = R cosΘ sinΦk ,

(ρk
2)y = R sinΘ cosΦk ,

(ρk
1)z = (ρk

2)z = 0 .

(3.143)

In classical physics, these relations satisfy that the product of inertia is zero in the principal
axes system, namely

Ixy = µ
[
(ρk

2)y(ρ
k
2)x + (ρk

1)x(ρ
k
1)y

]
= 0 . (3.144)

We notice that the square sum of the components gives

(ρk
1)

2
x + (ρk

1)
2
y + (ρk

2)
2
x + (ρk

2)
2
y = R2 . (3.145)

The length of vectors is invariant under the Euler rotations, so the R is the same hyperradius
that was defined previously in Eq. (3.131). The length of the vector A given in Eq. (3.132) is
easily evaluated

|A| = 1

2

[
(ρk

1)x(ρ
k
2)y − (ρk

1)y(ρ
k
2)x

]
=
R2 sin(2Θ)

4
. (3.146)

In order to evaluate the range of the angle Θ, we need another constraint. We recall that the
value Q is given in the principal axes coordinate system by

Q = s =
1

µ
(Iy − Ix) = (ρk

1)
2
x + (ρk

2)
2
x − (ρk

1)
2
y − (ρk

2)
2
y = R2 cos(2Θ) . (3.147)

Since R, |A| and Q are all nonnegative, the range is Θ ∈ [0, π/4]. Using Eq. (3.135), the
moments of inertia can be expressed in terms of R, and Θ

Ixx =µR2 sin2Θ ,

Iyy =µR2 cos2Θ ,

Izz =Ixx + Izz = µR2 .

(3.148)
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The calculation of Φk could be performed by introducing two scalar quantities, namely 2ρk
1 ·ρk

2,
and |ρk

1|2−|ρk
2|2. A quick calculation gives the relation between them and the Smith-Whitten

coordinates
2ρk

1 · ρk
2 = R2 cos(2Θ) sin(2Φk)

|ρk
1|2 − |ρk

2|2 = R2 cos(2Θ) cos(2Φk) .
(3.149)

The angle Φk is in principle defined in the range Φk ∈ [0, 2π]. However, the equation above
have two solutions Φk

1 ∈ [0, π] and Φk
2 = Φk

1 + π ∈ [π, 2π], same as the Euler angle γ. Each of
the solutions Φk

1 and Φk
2 is associated with one of the solutions γ1 and γ2. To properly pair

these solutions, one should insert a given solution Φk
1 or Φk

2 into the definitions in Eq. (3.143),
then evaluate the positions of the three particles and evaluate the angle for axes rotation
with the correct algebraic sign, thus assigning the correct value of γ. Thus, hyperspherical
coordinate space is divided into two branches.

The kinematic rotation in the Smith-Whitten coordinates is given by

Φj = Φi − βij , (3.150)

which can be easily verified by inserting the definitions from Eq. (3.143) into Eq. (3.126).
Using the Smith-Whitten coordinates and the definition given by Eq. (3.124), the following
formula for the interparticle distances can be derived

|rj − ri| =dk|ρk
1| = dk

√
(ρk

1)
2
x + (ρk

1)
2
y = dkR

√
cos2Θcos2Φk + sin2Θsin2Φk =

=dkR

√
1

2
cos2Θcos2Φk +

1

2
cos2Θ︸ ︷︷ ︸ sin2Φk +

1

2
sin2Θsin2Φk +

1

2
sin2Θ︸ ︷︷ ︸ sin2Φk =

=dkR

√
1

2

(
cos2Φk + sin2Φk

)
+

1

2

(
cos2Θ− sin2Θ

) (
cos2Φk − sin2Φk

)
=

=
dkR√

2

√
1 + cos(2Θ) cos(2Φk) ,

(3.151)
where we substitute the underbaced terms using the trigonometric identity.

Ref. [187] introduces a slightly modified version of the Smith-Whitten coordinates, called
the Johnson coordinates θ, ϕ, given by

θ =
π

2
− 2Θ ,

ϕk =
π

2
− 2Φk .

(3.152)

The hyperradius remains unmodified. The ranges of the Smith-Whitten coordinates are as
follows R ∈ [0,∞], Θ ∈ [0, π/4], Φk ∈ [0, 2π], hence the Johnson coordinates have the
following ranges R ∈ [0,∞], θ ∈ [0, π/2], ϕk ∈ [0, 4π]. What immediately follows is a slight
simplification of the relations derived in this Section

|A| = 1

2

(
ρk
1 × ρk

2

)
=

1

4
R2 cos θ ,

2(ρk
1 · ρk

2) = R2 sin θ cosϕk ,

|ρk
1|2 − |ρk

2|2 = R2 sin θ sinϕk ,

|rj − ri| =
dkR

21/2

(
1 + sin θ sinϕk

) 1
2
.

(3.153)

We recall that the potential energy in a field-free problem depends only on the internal Jacobi
coordinates. It is useful to map these coordinates into some abstract, configuration space
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Oc xcyczz, which is not the body-fixed frame Oxyz. As proposed in Ref. [187], a simple
mapping of the internal configuration of the triangle formed by the three particles can be
defined as follows. We define R, θ and ϕk to be the spherical polar coordinates of a given
point (xkc , y

k
c , zc) in the configuration space

xkc = R sin θ cosϕk ,

ykc = R sin θ sinϕk ,

zc = R cos θ .

(3.154)

There are three configuration spaces for each Jacobi choice, marked by the index k. The
kinematic rotation in Jacobi coordinates is given by

ϕj = ϕi − 2ηij , (3.155)

where ηij = −βij = arctan(mk/µ).
So far, we have considered all equations in a general form, using the index k marking the

choice of the Jacobi coordinate system. We can make the choice that k = 1, i.e., particles 2
and 3 are paired, and particle 1 is separate. The distance formulas become

|r2 − r3| =
Rd1

21/2
[1 + sin θ sinϕ]

1
2 ,

|r3 − r1| =
Rd2

21/2
[1 + sin θ sin (ϕ− 2 arctan (m2/µ))]

1
2 ,

|r1 − r2| =
Rd3

21/2
[1 + sin θ sin (ϕ+ 2arctan (m3/µ))]

1
2 ,

(3.156)

where we set ϕ1 := ϕ.

3.4.3. The operator Λ2 in Johnson coordinates

We aim to derive the Laplacian – and thus the quantum Hamiltonian – in the Johnson
coordinates. We will proceed in two steps, following the procedure proposed in Refs. [206, 207]
by Prof. Johnson. First, we will consider a transformation of the classical kinetic energy
T in the context of Hamiltonian mechanics. We will show that this transformation allows
us to find the metric tensor of the Johnson coordinate map in the Oxyz system. In the
second step, we will use the familiar formula for the Laplacian in curvilinear coordinates
given by Eq. (3.26) and calculate the Laplacian using our knowledge of the metric tensor
gij . In this Section, we will use the Einstein notation for summation, wherever appropriate.
Furthermore, in this Section, we choose the Jacobi coordinate set: (i, j, k) = (2, 3, 1), i. e.,
(ρ1,ρ2) := (ρ1

1,ρ
1
2) = (ρk

1,ρ
k
2), without loss of generality.

Let us express the classical kinetic energy T ′ in the stationary Ox′y′z′ system in terms of
the Jacobi vectors (ρ1,ρ2). Let us consider a linear transformation At : R3 → R3 given by
At : (ṙ1, ṙ2, ṙ3) → (

√
µ1 ˙̃ρ1,

√
µ2 ˙̃ρ2,

√
MṘCM), which is analogous to the linear transformation

A given in the previous Section. In fact, the matrix of the transformation At is equal to that
of A given by Eq. (3.137). This can be verified by taking the time-derivative of Eq. (3.124).
This means that At is orthogonal. The standard expression for the kinetic energy in the
stationary system Ox′y′z′ is

T ′ =
∑
l

mlṙ
2
l

2
. (3.157)
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Since At preserves the inner product, similarly to A in Eq. (3.134), we can use this relation
by setting ξT = ζT = (

√
miṙi,ν ,

√
mj ṙj,ν ,

√
mkṙk,ν), resulting in the following expression∑

l

mlṙ
2
l,ν = µ1( ˙̃ρ1)

2
ν + µ1( ˙̃ρ2)

2
ν , ν = x′, y′, z′ , (3.158)

We recall that the origin of Ox′y′z′ is set such that RCM = ṘCM = 0. Taking Eq. (3.158)
and summing over all indices ν = x′, y′, z′, we get

T ′ =
µ1
2

˙̃ρ1 · ˙̃ρ1 +
µ2
2

˙̃ρ2 · ˙̃ρ2 =
µ

2
[ρ̇1 · ρ̇1 + ρ̇2 · ρ̇2] . (3.159)

Let us now consider a curvilinear transformation of coordinates y → q given by the metric
tensor gij

yα = yα(q1 . . . , qn) , α = 1, . . . , n , (3.160)

for some n ∈ N. Using the chain rule for derivation, we get

ẏα =
∂yα

∂qi
q̇i . (3.161)

Inserting it into a general expression for T , we obtain

T =
µ

2
ẏαẏβδαβ =

µ

2

∂yα

∂qi
∂yβ

∂qj
δαβ q̇

iq̇j =
µ

2
gij q̇

iq̇j =
µ

2
qTgq . (3.162)

Thus, by considering a transformation for n = 6, such that

y =



(ρ̇1)x
(ρ̇1)y
(ρ̇1)z
(ρ̇2)x
(ρ̇2)y
(ρ̇2)z

→



Ṙ

Θ̇

Φ̇
ωx

ωy

ωz

 = q , (3.163)

we will be able to find the metric tensor by calculating T ′ in the new coordinates and using
Eq. (3.162), where R, Θ, Φ are the Smith-Whitten coordinates (parameters in the rotating
Oxyz frame), and ων := Ω̇ν , for ν = x, y, z are the instantaneous angular velocity coordinates
of the rotating axes Oxyz. They are not equal to time derivatives of the Euler angles.

The classical Hamiltonian

We have derived the expression for the classical Hamiltonian in the stationary coordinate
system in Eq. (3.159). Let us recall the expressions for the time derivative of the Jacobi
vectors between the two frames

ρ̇1
′ = ρ̇1 + ω × ρ1 , (3.164)

where ω defines the vector of angular velocity of the rotating frame. The same relation is
true for the second Jacobi vector ρ2 and any other vector measured in both frames. The
superscript ′ indicates the measurement in the stationary frame. The superscript ′ next to
the Jacobi vectors was omitted in Eqs. (3.157)-(3.159) and in Eq. (3.163) for greater clarity.
Using definitions from Eq. (3.143) and the relation above for coordinates in the body-frame
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(so the left-hand side is the velocity measured in the stationary frame but expressed in the
body-frame coordinates), we can derive the curvilinear map

(ρ̇1
′)x

(ρ̇1
′)y

(ρ̇1
′)z

(ρ̇2
′)x

(ρ̇2
′)y

(ρ̇2
′)z

 =



cΘcΦ −sΘcΦ −cΘsΦ 0 0 sΘsΦ
−sΘsΦ −cΘsΦ −sΘcΦ 0 0 cΘcΦ

0 0 0 −sΘsΦ −cΘcΦ 0
cΘsΦ −sΘsΦ cΘcΦ 0 0 −sΘcΦ
sΘcΦ cΘcΦ −sΘsΦ 0 0 cΘsΦ
0 0 0 sΘcΦ −cΘsΦ 0





Ṙ

RΘ̇

RΦ̇
Rωx

Rωy

Rωz

 , (3.165)

where cΘ = cosΘ, cΦ = cosΦ, sΘ = sinΘ, and sΦ = sinΦ. The first three columns are
direct derivatives of the expressions given by Eq. (3.143), while the last three columns of the
matrix were obtained by calculating the value ω × ρ1 and ω × ρ2. Multiplying the equation
above by its transpose immediately returns the expression for T ′ derived in Eq. (3.159) on the
left-hand side. This is because the lengths of the velocity vectors measured in the stationary
frame (|ρ̇1

′|, |ρ̇2|′)– but expressed in coordinates of both the body- and stationary-frames –
are equal.

The right-hand side of this equation requires finding the transpose of the matrix [M] in
Eq. (3.165). The calculation is quite extensive, but eventually yields

[M]T =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 − sin(2Θ)
0 0 0 sin2Θ 0 0
0 0 0 0 cos2Θ 0
0 − sin(2Θ) 0 0 0 1 .

 . (3.166)

We can thus derive the classical Hamiltonian in the time-derivative of the Smith-Whitten+ω
coordinates

T ′ =
µ

2

[
Ṙ2 +R2

(
Θ̇2 + Φ̇2 + ω2

z + ω2
y cos

2Θ+ ω2
x sin

2Θ− 2Φ̇ωz sin(2Θ)
)]

. (3.167)

We now make the substitution of the Smith-Whitten into Johnson coordinates, which is given
by Eq. (3.152) and the simple relations

Θ̇ = −1

2
θ̇ ,

Φ̇ = −1

2
ϕ̇ .

(3.168)

Eq. (3.167) in Johnson coordinates is given by

µ

2

[
Ṙ2 +

R2

4
(θ̇2 + ϕ̇2)

]
+

1

2

(
Ixxω

2
x + Iyyω

2
y + Izzω

2
z + Izz cos θωzϕ̇

)
, (3.169)

where we used the definitions of the principal moments of inertia given by Eq. (3.148). The
first term in the obtained equation is the translational kinetic energy, and the second term is
comprised of the rotational kinetic energy and the Coriolis energy. Comparing with Eq. (3.162)
we can finally derive the metric tensor gij = g

g =

(
G C
CT K

)
, (3.170)
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where the component block matrices are given by

G =

1 0 0

0 R2

4 0

0 0 R2

4

 ,

C =

0 0 0
0 0 0

0 0 R2

2 cos θ

 ,

K =
R2

2

1− sin θ 0 0
0 1 + sin θ 0
0 0 2

 .

(3.171)

Naturally, we see that CT = C. Thus, we will omit the superscript indicating the transpose
wherever appropriate, since it was included in Eq. (3.170) by convention. The derivation of
the matrix K required the following simple transformation

Ixx = µR2 sin2Θ =
1

2
µR2(1− sin θ) ,

Iyy = µR2 cos2Θ =
1

2
µR2(1 + sin θ) .

(3.172)

The quantum Hamiltonian

Let us recall the formula for the Laplacian in curvilinear coordinates given in Eq. (3.26). We
aim to use the metric tensor gij to derive the Laplacian in the Johnson coordinates. Using
Eq. (3.26), let us write the kinetic energy operator

T̂ = − ℏ2

2µ
∆ρ = − ℏ2

2µ

1√
det g

∂

∂qi

(√
det g gij

∂

∂qj

)
. (3.173)

It will be useful to define a column vector of operators

p = −iℏ


∂
∂q1
...
∂

∂qn

 , (3.174)

and the result of this operator acting on (det g)

pdet =
1

2(det g)
p(det g) . (3.175)

Thus, Eq. (3.173) in matrix notation is given by

2µT̂ = −ℏ2∆ρ = (p+ pdet)
Tg−1p , (3.176)

where we used the chain rule for derivatives. Thus far, the equation is true for any curvilinear
coordinates. Let us now calculate the inverse of the matrix g. Let us first recall a few simple
relations, true for any block matrices, the first of which is(

I 0
−CTG−1 I

)(
G C
CT K

)
=

(
G C
0 S

)
=

(
G 0
0 S

)(
I G−1C
0 I

)
, (3.177)
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where I is the identity matrix and S = K−CTG−1C. This equation allows us to get rid of
the off-diagonal parts of the matrix g. The second identity is the inverse of the upper-and
lower-triangular matrices (

I 0
−CTG−1 0

)−1

=

(
I 0

CTG−1 0

)
,(

I G−1C
0 0

)−1

=

(
I −G−1C
0 0

)
.

(3.178)

Taking the inverse of Eq. (3.177) and using Eq. (3.178), we obtain

g−1 =

(
G C
CT K

)−1

=

((
I 0

−CTG−1 I

)−1(
G 0
0 S

)(
I G−1C
0 I

))−1

=

=

(
I G−1C
0 I

)−1(
G 0
0 S

)−1(
I 0

−CTG−1 I

)
=

=

(
I −G−1C
0 I

)(
G−1 0
0 S−1

)(
I 0

−CTG−1 I

)
=

(
I −G−1C
0 I

)(
G−1 0

−UCTG−1 U

)
=

=

(
G−1 +G−1CUCTG−1 −G−1CU

−UCTG−1 U

)
,

(3.179)
where U = S−1 = (K−CTG−1C)−1. Taking the determinant of Eq. (3.177), we get

1 · det g = det

(
I 0

−CTG−1 I

)
det

(
G C
CT K

)
= det

(
G C
0 S

)
= detG · detS . (3.180)

The matrix S is given by

S =
R2

2

1− sin θ 0 0
0 1 + sin θ 0
0 0 2 sin2 θ

 . (3.181)

Thus, the determinant of the metric tensor is equal to

det g =
R4

16
· R

6

8

(
2 cos2 θ sin2 θ

)
=
R10

64
sin2 θ cos2 θ . (3.182)

Finally, we can derive the inverse of g using Eq. (3.179). Below, we calculate a few intermediate
steps

CUCT = CUC =

0 0 0
0 0 0

0 0 R2

4 cot2 θ

 ,

G−1 +G−1CUCTG−1 =

1 0 0
0 4

R2 0
0 0 4

R2 csc
2 θ

 ,

−UCTG−1 = −UCG−1 =

0 0 0
0 0 0

0 0 − 2
R2

cos θ
sin2 θ

 = −G−1CU ,

U =


2

R2(1−sin θ)
0 0

0 2
R2(1+sin θ)

0

0 0 csc2 θ
R2

 .

(3.183)
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Finally, we get

g−1 =



1 0 0 0 0 0
0 4

R2 0 0 0 0

0 0 4
R2 csc

2 θ 0 0 − 2
R2

cos θ
sin2 θ

0 0 0 2
R2(1−sin θ)

0 0

0 0 0 0 2
R2(1+sin θ)

0

0 0 − 2
R2

cos θ
sin2 θ

0 0 csc2

R2


. (3.184)

We will compare this result with Eq. (3.176) for

p =

(
P
J

)
, P = −iℏ

 ∂
∂R
∂
∂θ
∂
∂ϕ

 , J = −iℏ


∂

∂Ωx
∂

∂Ωy
∂

∂Ωz

 . (3.185)

The differentials δΩx, δΩy, δΩz do not correspond to the differentials of any true coordinates.
Rather, they depend on the Euler angles and are considered quasi-coordinates. Nevertheless,
they define the generators of the appropriate Hermitian operators of rotation in the body-fixed
frame

Û(δΩν) = exp

(
− i

ℏ
δΩνJν

)
≈ˆ− i

ℏ
δΩν Ĵν , ν = x, y, z , (3.186)

and thus the operators Ĵx = −iℏ∂Ωx , Ĵy = −iℏ∂Ωy , Ĵz = −iℏ∂Ωz are the total angular mo-
mentum operators in the body-fixed frame. Their dependence on the Euler angles, along with
the calculation of the volume element of the Johnson coordinates, is shown in Section 3.4.4.

Let us now evaluate the two main terms in Eq. (3.176)

pTg−1p =− ℏ2
[
∂2

∂R2
+

4

R2

(
∂2

∂θ2
+

1

sin2 θ

∂2

∂ϕ2

)]
+

2

R2

(
Ĵ2
x

1− sin θ
+

Ĵ2
y

1 + sin θ
+

Ĵ2
z

2 sin2 θ

)
+

+ 4iℏ
cos θĴz

R2 sin2 θ

∂

∂ϕ
,

pT
detg

−1p =

(
1

2 det g
pdet g

)T

g−1p =

(
64

2R10 sin2 θ cos2 θ
p

(
R10 sin2 θ cos2 θ

64

))T

g−1p =

=

−iℏ
2

 10/R
4 sin(2θ) cos(2θ)

sin2(2θ)

04




T

g−1p = −ℏ2
[
5

R

∂

∂R
+

4

R2
2 cot(2θ)

∂

∂θ

]
,

(3.187)
where 04 is a 4-dimensional zero vector. Combining the results above, we can obtain the
kinetic energy operator in the Johnson coordinates

T̂ =
1

2µ

(
pTg−1p+ pT

detg
−1p

)
+ V (R, θ, ϕ) =

=− ℏ2

2µ

[
∂2

∂R2
+

5

R

∂

∂R

]
− ℏ22
µR2

(
∂2

∂θ2
+ 2 cot(2θ)

∂

∂θ
+

1

sin2 θ

∂2

∂ϕ2

)
+

+
1

µR2

(
Ĵ2
x

1− sin θ
+

Ĵ2
y

1 + sin θ
+

Ĵ2
z

2 sin2 θ

)
+ 4iℏ

cos θĴz

2µR2 sin2 θ

∂

∂ϕ

=− ℏ2∆R

2µ
+

ℏ2Λ2(θ, ϕ)

2µR2
,

(3.188)
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where

Λ2(θ, ϕ) =− 4

[
1

sin(2θ)

∂

∂θ
sin(2θ)

∂

∂θ
+

1

sin2 θ

∂2

∂ϕ2

]
+

+
2

ℏ2

(
Ĵ2
x

1− sin θ
+

Ĵ2
y

1 + sin θ
+

Ĵ2
z

2 sin2 θ

)
+

+ 4i
cos θĴz

ℏ sin2 θ
∂

∂ϕ
,

(3.189)

∆R was defined in Eq. (3.30), and we used the relation

∂2

∂θ2
+ 2 cot(2θ)

∂

∂θ
=

1

sin(2θ)

(
∂

∂θ
sin(2θ)

∂

∂θ

)
. (3.190)

The last term in Eq. (3.189) represents the Coriolis energy. Naturally, the Hamiltonian is
equal to Ĥ = T̂ + V (R, θ, ϕ).

3.4.4. The quasi-coordinates and the Euler angles

We begin our considerations of the relation between the quasi-coordinates Ων , for ν = x, y, z,
and the Euler angles α, β, γ by recalling that the time-derivative of the curvilinear coordinates
transforms in the following way

ẏα =
∂yα

∂qi
q̇i , (3.191)

where we used the Einstein notation for i. Naturally, this transformation uses the inverse of
the Jacobian for the transformation between the derivative operators

∂yα =
∂qi

∂yα
∂qi . (3.192)

Let us now consider the curvilinear transformation y → q between the considered variables

y =

Ωx

Ωy

Ωz

→

αβ
γ

 = q . (3.193)

Once we find the coefficient of the matrix [Y]αi := ∂yα/∂qi thanks to relation in Eq. (3.191),
we will be able to use Eq. (3.192) to calculate the expressions for Ĵν ∼ ∂ν , for ν = Ωx,Ωy,Ωz

in terms of the Euler angles. Similarly, to find the metric tensor gij of the transformation
y → q, it is enough to find the relation between the classical vector, the length, and volume
elements in the Johnson coordinate system.

Consider a point which is defined by a vector x(t) measured in the stationary frame and
which is rotating with the angular velocity ω. The motion of this vector is generated by a
time-dependent rotation matrix R(t) ∈ SO(3)

sx(t) = R(t) bx(0) . (3.194)

The left superscripts s, b indicate whether the vector is expressed (as opposed to measured)
in the stationary (s) or body/rotating (b) frame. Differentiating with respect to time gives

sẋ(t) = Ṙ(t) bx(0) = Ṙ(t)RT (t) sx(t) . (3.195)
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Naturally, the rotation matrix satisfies the relation RRT = I, where I is the identity matrix.
Let us differentiate this relation with respect to time. The right-hand side becomes zero, and
the chain rule for the left-hand side gives

ṘRT = −RṘT = −(ṘRT )T . (3.196)

So, the matrix ṘRT is anti-symmetric and allows us to find the velocity of the vector ẋ′(t)
with respect to its position x′(t) in the stationary frame. Derivative of the equation RTR = I
implies that the matrix RT Ṙ is also anti-symmetric. The effect of this matrix is discussed
below. Let us write the general expression for the matrices ṘRT and RT Ṙ stemming from
their anti-symmetric properties

ṘRT =

 0 −c b
c 0 −a
−b a 0

 , RT Ṙ =

 0 −f e
f 0 −d
−e d 0

 . (3.197)

We recall that for all vectors, the transformation of the velocity measurement between the
rotating and the stationary frame is given by

ẋ′(t) = ẋ(t) + ω × x(t) , (3.198)

which is true when expressed in any of the frames. Superscript ′ indicates the measurement
in the stationary frame. But by definition, we have(

R−1
)
· sẋ(t) = bẋ(t) =

d

dt
bx(t) =

d

dt
bx(0) = 0 . (3.199)

So the velocity measured in the body frame is equal to zero when expressed in both frames,
i.e., bẋ(t) =sẋ(t) = 0. Comparing Eq. (3.198) with Eq. (3.195), we deduce that the operator
ṘRT must have the same effect as the vector product (ω×) when sω is expressed in the
stationary frame. Thus the following result is true: a = ωx′ , b = ωy′ , and c = ωz′ . Let us now
consider Eq. (3.198) expressed in the body-fixed coordinates

bx′(t) =bω ×bx(t) ,(
R−1

)
· sx′(t) =bω ×bx(0) ,[

RT · sx′(t)
]
=bω ×b

[
RT · sx′(t)

]
.

(3.200)

Now, let us multiply Eq. (3.195) by RT from the left[
RT (t) sx(t)

]
= RT Ṙ

[
RT (t) sx(t)

]
. (3.201)

Comparing Eq. (3.201) and Eq. (3.200) we deduce that the operator RT Ṙ must have the
same effect as the vector product (ω×) when bω is expressed in the body frame . Thus the
following result is true: d = ωx, e = ωy, and f = ωz.

We need to define the matrix of rotation R in terms of the Euler angles and then calculate
the matrix ṘRT to find the expressions for ων , where ν = x′, y′, z′ as well as matrix RT Ṙ
to do the same for ν = x, y, z. As we recall, we follow the z − y − z convention for the Euler
angle rotation between the stationary Ox′y′z′ and rotating Oxyz coordinate systems. By this
definition, we combine the matrix of rotation R from three right-handed rotations about the
Euler angles, i.e.,

R =

cosα(t) − sinα(t) 0
sinα(t) cosα(t) 0

0 0 1

 cosβ(t) 0 sinβ(t)
0 1 0

− sinβ(t) 0 cosβ(t)

cos γ(t) − sin γ(t) 0
sin γ(t) cos γ(t) 0

0 0 1

 .

(3.202)
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We recall that in Eq. (3.194) we define R as the rotation from the rotating to the stationary
frame. The calculation of ṘRT and RT Ṙ is slightly extensive, but eventually yields

ṘRT =

 0 −α̇− (cosβ)γ̇ (cosα)β̇ + (sinα cos γ)γ̇

α̇+ (cosβ)γ̇ 0 (sinα)β̇ − (cosα sinβ)γ̇

−(cosα)β̇ − (sinα sinβ)γ̇ −(sinα)β̇ + (cosα sinβ)γ̇ 0

 ,

(3.203)

RT Ṙ =

 0 −(cosβ)α̇− γ̇ (sinβ sin γ)α̇+ (cos γ)β̇

(cosβ)α̇+ γ̇ 0 (cos γ sinβ)α̇− (sin γ)β̇

−(sinβ sin γ)α̇− (cos γ)β̇ −(cos γ sinβ)α̇+ (sin γ)β̇ 0

 .

(3.204)
Thus, we finally obtain the relationsΩ̇x′

Ω̇y′

Ω̇z′

 =

0 − sinα cosα sinβ
0 cosα sinα sinβ
1 0 cosβ

α̇β̇
γ̇

 =: [Y′] ·

α̇β̇
γ̇

 , (3.205)

Ω̇x

Ω̇y

Ω̇z

 =

− sinβ cos γ sin γ 0
sinβ sin γ cos γ 0

cosβ 0 1

α̇β̇
γ̇

 =: [Y] ·

α̇β̇
γ̇

 . (3.206)

Following the discussion at the beginning of this Section, we will now invert the Jacobian
[Y]αi. First, let us recall that

q̇i =
∂qi

∂yα
ẏα = [Y−1]iαẏ

α = [(Y−1)T ]αiẏα . (3.207)

Comparing with Eq. (3.192) we deduce that

∂yα = [(Y−1)T ]αi∂qi , (3.208)

which is an equation we can write in matrix form, as long as we can find the transpose of the
inverse of matrix [Y], i.e.,∂Ωx

∂Ωy

∂Ωz

 =
(
[Y]−1

)T ·

α̇β̇
γ̇

 =

− cscβ cos γ sin γ cosβ cos γ
cscβ sin γ cos γ − cotβ sin γ

0 0 1

 ·

α̇β̇
γ̇

 . (3.209)

Similarly,∂Ωx′

∂Ωy′

∂Ωz′

 =
(
[Y′]−1

)T ·

∂α∂β
∂γ

 =

− cosα cotβ − sinα cosα cscβ
− cotβ sinα cosα − cscβ sinα

1 0 0

 ·

∂α∂β
∂γ

 . (3.210)

Multiplying the equation above by −iℏ gives the formulae for Ĵx, Ĵy, Ĵz (body-fixed frame)
and Ĵx′ , Ĵy′ , Ĵz′ (lab-fixed frame) in terms of derivatives with respect to the Euler angles ∂α,
∂β , ∂γ in the z − y − z convention used in this Chapter. Using these relations, one can show
that the space-fixed operators follow the standard commutation relations

[Ĵi′ , Ĵj′ ] = iĴk′ , (3.211)
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where (i′, j′, k′) is a cyclic permutation of (x′, y′, z′). The body-fixed angular momenta follow
the anomalous commutation relations

[Ĵi, Ĵj ] = −iĴk , (3.212)

where (i, j, k) is a cyclic permutation of (x, y, z). Furthermore, the two sets mutually commute
[Ĵν′ , Ĵν ] = 0 for ν = x, y, z and the total angular momentum is equal in both frames, i.e.,

Ĵ2 = Ĵ2
x′ + Ĵ2

y′ + Ĵ2
z′ = Ĵ2

x + Ĵ2
y + Ĵ2

z . (3.213)

To complete the discussion, we shall calculate the volume element in the Johnson coordi-
nates. Recall that,

dv =
√

det g
n∏

i=1

dqi . (3.214)

In the case of coordinate set (R, θ, ϕ,Ωx,Ωy,Ωz) it could readily be found

dv =
R5

8
sin θ cos θ dR dθ dϕ dΩx dΩy dΩz , (3.215)

where we used Eq. (3.182). However, Ων for ν = x, y, z are pseudo-coordinates, and we need
to express the volume element in terms of the Euler differentials. It can be easily verified that
the differentials dΩν , where ν = x, y, z transform in the same way as Ω̇ν , i.e.,dΩx

dΩy

dΩz

 = [Y] ·

dαdβ
dγ

 . (3.216)

Matrix [Y]T [Y] is therefore the metric tensor of the transformation from the pseudo-coordinates
Ων to Euler angles – discussed in this Section. Its determinant det[Y] = − sinβ factors into
the overall volume element as

√
det([Y]T [Y]) = | det [Y]| = sinβ

dv = dv =
R5

8
sin θ cos θ sinβ dRdθ dϕ dα dβ dγ , (3.217)

for β ∈ [0, π].

3.4.5. The expansion of the wavefunction

Let us recall and slightly modify the expression for Λ2 in the Johnson coordinates given in
Eq. (3.189),

Λ2(θ, ϕ) =− 4

[
1

sin(2θ)

∂

∂θ
sin(2θ)

∂

∂θ

]
− 1

sin2 θ

[
i
Ĵz
ℏ

cos θ − 2
∂

∂ϕ

]2
+
Ĵ2
z

ℏ2
+

+
2

ℏ2

(
Ĵ2
x(1 + sin θ) + Ĵ2

y (1− sin θ)

1− sin2 θ

)
=

=− 4

[
1

sin(2θ)

∂

∂θ
sin(2θ)

∂

∂θ

]
+

1

sin2 θ

[
Ĵz
ℏ

cos θ − 2i
∂

∂ϕ

]2
+
Ĵ2
z

ℏ2
+

+
2

ℏ2 cos2 θ

(
Ĵ2 − Ĵ2

z +
sin θ

2

(
Ĵ2
+ + Ĵ2

−

))
.

(3.218)
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The ladder operators in the body-fixed frame are defined with inverse signs with respect
to the lab-fixed frame

Ĵ± = Ĵx ∓ Ĵy , (3.219)

due to the anomalous commutation relations mentioned in the previous Section. From the
form of the operator Λ2, it can be seen that it commutes with −i ∂

∂ϕ and Ĵ2. It also commutes
with the space-fixed (x′, y′, z′) components of the angular momentum operator Ĵ as it only
describes the internal rotations. The good quantum numbers are therefore J (total angular
momentum), m′ (z′ component of the angular momentum in the space-fixed frame), v (projec-
tion of −2i∂ϕ) – as long as the potential V (R, θ, ϕ) does not depend on ϕ, the grand angular
momentum λ and the parity quantum number Π, which we discuss below. The natural way
to expand the total wavefunction Ψ is therefore

ΨλΠv
Jm′(R, θ, ϕ, α, β, γ) =

J∑
m=−J

fm(λ,Π, v, J,m′|R, θ, ϕ)DJ
m′m(α, β, γ) , (3.220)

where DJ
m′m(α, β, γ) are the Wigner D-matrices defined through the rotation operators as

DJ
m′m(α, β, γ) =⟨Jm′|e−iαĴz′e−iβĴȳe−iγĴz |Jm⟩ ,

DJ
m′m(α, β, γ) =e−im′α⟨Jm′|e−iβĴȳ |Jm⟩e−imγ =: e−im′αdJm′m(β)e−imγ .

(3.221)

We note, that the middle operator −iℏ∂β is the ȳ component of the total angular momentum in
the intermediate, Ox̄ȳz̄ frame – discussed in Section 3.4.1. From its expansion, it is seen that
the total wavefunction is an eigenfunction of Ĵ2 and Ĵz′ = −iℏ∂α with quantum numbers J
andm′, respectively. Once the total wavefunction is substituted into the Schrödinger equation,
it can be multiplied by DJ∗

m′n(α, β, γ) and integrated over all Euler angles. The result is a
set of coupled partial differential equations for the functions fm(λ,Π, v, J,m′|R, θ, ϕ), where
−J ≤ m ≤ J . The coupling is introduced only due to the ladder operators Ĵ2

+ + J2
−. The

fm functions are coupled with the fm±2 functions. Thus, the wavefunctions with m even and
odd are separately coupled, and the two sets do not couple to each other.

Let us consider the eigenfunctions ψλΠv
Jm′ (θ, ϕ, α, β, γ) of the grand angular momentum Λ2.

As we have already established, their eigenvalues satisfy the following equation

Λ2 ψλΠv
Jm′ = λ(λ+ 4) ψλΠv

Jm′ . (3.222)

The eigenvalues of −i∂ϕ are also easily separable

−i ∂
∂ϕ

ψλΠv
Jm′ =

v

2
ψλΠv
Jm′ , (3.223)

which is not the case for Ĵ and its components. The following boundary conditions are
satisfied between the quantum numbers

λ = J, J + 1, . . . ; v = K,K − 2, . . . ,−K + 2,−K . (3.224)

These relations have been derived, e.g., in Ref. [211]. Furthermore, the same article presents
the first computationally feasible algorithm for calculating the eigenfunctions of the grand
angular momentum Λ2. In principle, this problem has been solved analytically [210, 212, 213]
– but the methods involved are not easily adaptable for numerical computations. Similarly
to the total wavefunction, the eigenfunctions of Λ2 are expanded into the Wigner D-matrices

ψλΠv
Jm′ (θ, ϕ, α, β, γ) = ei

v
2
ϕ

J∑
m=−J

F λΠv
m (θ)DJ

m′m(α, β, γ) , (3.225)
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and the coupled partial differential equations are solved for F λΠv
m (θ).

Lastly, we shall discuss the parity quantum number. From the form of the total wavefunc-
tion given in Eq. (3.220), it is clear that the parity operator P̂ : ri → −ri , ∀i∈{1,2,3} acts in
the following way

P̂DJ
m′m(α, β, γ) = DJ

m′m(α+ π, π − β,−γ) = (−1)JDJ
m′−m(α, β, γ) . (3.226)

The second equation is easily derived from the definitions of the Wigner D-matrices in
Eq. (3.221) and from the relation

dJm′,m(π − β) = (−1)J+m′
dJm′,−m . (3.227)

As was shown in Section 3.2.3, the total angular momentum J could be considered as
the sum of the angular momenta of the pair of particles (lij) and the relative motion of the
third (lk) particle with respect to the center of mass of the original pair. These quantities
satisfy the rules for angular momentum addition: |lij − lk| ≤ J ≤ lij + lk and m′ = m′

ij +m′
k.

The z component (body-fixed) of the total angular momentum takes the values m = J, J −
2, . . . ,−J + 2,−J for the parity-favored case Π = (−1)J and m = J − 1, J − 3, . . . ,−(J −
3),−(J − 1) for the parity-unfavored case Π = (−1)J+1. The parity quantum number Π =
(−1)J allows us to define the Bose/Fermi symmetry.



Chapter 4

Universality

As mentioned in Chapter 1, the theoretical description of few- and many-body interactions in
dilute ultracold gases can be greatly simplified whenever the scattering length greatly exceeds
all the characteristic interaction lengths and all other relevant length scales of the system,
including the average spacing or the de Broglie wavelength. In rescaled units, measured
physical quantities do not depend on the masses of the chosen species nor on the short-range
physics of the interaction that governs the chemical quantum transitions. In these conditions,
the three- and many-body observables become insensitive to the microscopic details of the
problem, and the behavior is considered universal.

In this Chapter, we will provide a brief overview of the main theoretical concepts and
effects that exhibit universal properties, such as the Efimov effect, three-body dynamics,
and background two-body effects that lead to few-body universality. To keep this Thesis self-
contained, we will derive some of the known results in three-body physics, wherever analytical
or semi-analytical – rather than numerical – calculations provide relevant and informative
conclusions with respect to the main topic of this Chapter. In each of the following Sections,
we will refer to the pertinent literature to show the limits of universality and its breakdown
due to thermal or quantum resonance effects.

4.1. The Efimov effect

In 1970, Vitaly Efimov predicted an extraordinary effect in the quantum spectrum of a three-
particle system. He studied particles that interact via short-range attractive forces close to
resonance. Short-range refers to interactions that decrease faster than ∼ 1/r3, where r is the
interparticle distance. Nearly resonant describes attractive interactions that are just strong
enough – or almost strong enough – to form a weakly bound two-body state. We discuss the
classification of the short- and long-range potentials in greater detail in Section 4.3.

Under these conditions, V. Efimov demonstrated that an effective long-range attraction
appears between three particles. This interaction supports an infinity of three-body bound
states – now known as Efimov states or Efimov trimers. The amplitude of the three-body
wavefunction of the trimers is large at progressively larger separations – well beyond the
range of their underlying interactions. The effect can be described as an induced long-range
three-body interaction, which, incredibly, is supported by a short-range potential – as already
mentioned. Furthermore, at resonance, the trimers form as a result of an exchange interaction
with no characteristic length scale, because the scattering length tends to infinity. Remarkably,
the three-body system becomes scale-invariant. The resonant trimers can form even when the
two-body interaction is not strong enough to support a single two-body s-wave bound state.

59
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It is well-known from quantum scattering theory that the two-body dynamics of interacting
particles is described by the partial-wave expansion of the scattering wavefunction, which in
spherical coordinates (r, θ, φ) takes the form

ψ(r) = ψ(r, θ, φ) = eimφ
∞∑
l=0

ul(r)

r
Pl(cos θ) , (4.1)

where Pl(cos θ) are the Legendre polynomials, r is the interparticle distance, l is the an-
gular momentum, and m – its projection on the quantization axis. The radial part of the
wavefunction ul(r) approaches the asymptotic solutions

ul(0) = 0, ul(r) → kl [cot δlkrjl(kr)− krnl(kr)] , r → ∞ , (4.2)

where jl(kr) and nl(kr) are the spherical Bessel functions – as long as the interacting potential
is short-range. The form of the solutions given in Eq. (4.2) can be translated to

ul(r) → sin
(
kr − l

π

2
+ δl

)
, r → ∞ , (4.3)

where k is the wavenumber. The Efimov effect arises when two-body interaction is near-
resonant in the s-wave (l = 0) partial wave. In this regime, the phase shift δ0 is close to π

2
and is related to the scattering length a via the expression

lim
k→0

k cot δ0 = −1

a
. (4.4)

The two-body interaction becomes resonant when the scattering length is larger than the
characteristic length of interaction β.

In the limit k → 0, the scattering cross section σ is dominated by the l = 0 partial wave,
i.e., the first component of the expansion

σ =
4π

k2

∞∑
l=0

(2l + 1) sin2 δl . (4.5)

If we further set the conditions for near-resonant interaction, i.e., a→ ∞, then the scattering
cross section σ → 4π

k2
sin2 δ0 approaches its maximal value sin2 δ0 → 1. In this regime, the

S-matrix becomes unitary, a property often called unitarity. Near unitarity, the scattering
length becomes the dominant parameter controlling the physics of the collision. As already
mentioned, the positive energy determines the scattering cross section. For negative energy –
a weakly bound state forms below the k = 0 threshold whose energy is given by Eq. (1.7).

Deriving semi-analytical solutions to the quantum three-body problem requires using a
relatively simple model of the interaction potential. The original derivation of V. Efimov
considered equations describing the resonant interaction outside its range, i.e., r ≫ β [186].
In essence, this approach is equivalent to a model of a contact-interaction between pairs of
particles, where the short-range two-body interaction is represented by a zero-range Fermi
pseudopotential [214]. The pseudo-potential takes the form of a renormalized Dirac-δ func-
tion [215]

v(rij) =
4πℏ2aij
2µij

δ(3)(rij)
∂

∂rij
rij , (4.6)

where µij is the two-body reduced mass, aij – the scattering length for the interaction of
the particle pair ij, and rij = |rj − ri| = |rij | is the interparticle distance. The presented



CHAPTER 4. UNIVERSALITY 61

model differs from the more standard approach of using a single three-dimensional Dirac-δ
function, because the radial part of the two-body scattering wavefunction R(rij) is singular
in the zero-range limit rij → 0

R(rij) =
u0(rij)

rij
∼ 1

rij
− 1

aij
. (4.7)

This relation is described in more detail in Section 4.3 in the context of solutions of the free
Schrödinger equation at large interparticle distances and for k → 0. In the contact-interaction
model, the form of the two-body wavefunction ψ is reproduced by the Bethe-Peierls boundary
condition [216]

− 1

rijΨ

∂

∂rij
(rijΨ) → 1

aij
, rij → 0, (4.8)

which is imposed on the many-particle wavefunction Ψ along with the corresponding boundary
conditions on the pairs jk and ki. The Bethe-Peierls boundary condition for all three pairs
of particles represents all interactions in the problem, and it can be shown that the effect of
the pseudopotential is entirely captured by Eq. (4.8).

The three-body interaction is usually represented as a pairwise sum of the two-body in-
teraction potentials

V (R,Ω) = v(rij) + v(rjk) + v(rki) , (4.9)

where v are the two-body potentials for each of the pairs of particles (i, j, k). The three-body
forces, dependent on the positions of all of the particles simultaneously, are generally excluded
from models due to their rapid decay, which falls proportionally to V (R,Ω) ∼ R−9 [217].
The same approach is used in solving the three-body problem for near-resonant interactions.
As we have shown in Chapter 3, the three-body Schrödinger equation is solved using the
hyperspherical adiabatic approach, where the dynamics of the system is driven by the effective
three-body potentials given by Eq. (3.122)-(3.123). The Efimov derivation showed that the
three-body potentials are universal and take the long-range form proportional to ∼ R−2 for
β ≪ R≪ |a|,

Wν(R) = ℏ2
ξ2ν − 1/4

2µR2
, (4.10)

where ξν is a universal parameter that characterizes the properties of the underlying three-
body interactions, whether attractive or repulsive. The parameter ξν depends on the general
properties of the system and the good quantum numbers given in Eq. (3.220), where ν denotes
all the quantum numbers required for the proper description of the system as discussed in
Section 3.3. The repulsive interaction above the threshold given in Eq. (3.123) is realized for
the value ξν = λ+2. V. Efimov’s derivation focused on the attractive case, which is obtained
for ξν = is0, where s0 is another universal parameter that defines the scaling properties of
the Efimov effect.

4.1.1. The Faddeev expansion of the wavefunction

Thus, we will show that the key quantity controlling the Efimov physics is the parameter ξν ,
which depends on the good quantum numbers and the mass ratios of the particles involved.
The standard approach is to use the Faddeev expansion of the three-body wavefunction [218,
219]

Ψ(R,Ω) = c1Ψ
i(ρi

1,ρ
i
2) + c2Ψ

j(ρj
1,ρ

j
2) + c3Ψ

k(ρk
1,ρ

k
2) . (4.11)

Each Faddeev component Ψi,j,k favorably describes the configuration of the three-body system
defined by the kinematic variables given in Eq. (3.124). The mass-scaled Jacobi vectors are



62 4.1. THE EFIMOV EFFECT

related by the kinematic rotation given in Eq. (3.126). Within the hyperspherical approach,
the hyperradius is independent of the exact choice of the hyperspherical map of the Jacobi
coordinates, as summarized in Eq. (3.63) – with ηi,j,k ∈ [0, π/2], being the polar hyperangle,
which couples the motion of the two Jacobi vectors for every kinematic configuration i, j, k,
which for three particles (d = 6) takes the form

|ρk
1| =R sin ηk ,

|ρk
2| =R cos ηk .

. (4.12)

The general approach to deriving the Efimov effect involves considering the clustering method
as discussed in Section 3.2.3. The total three-body wavefunction is still expanded adiabatically

Ψ(R.Ω) =
∑
ν

Fν(R)Φν(R; Ω) , (4.13)

but the adiabatic eigenfunctions Φν(R; Ω) are subjected to the Faddeev expansion

Φν(R; Ω) = ciϕ
i(R; Ωi) + cjϕ

j(R; Ωj) + ckϕ
k(R; Ωk) , (4.14)

where Ωi,j,k defines the full hyperangular configuration space associated with the Jacobi vec-
tors ρi,j,k

1 and ρi,j,k
2 . Each of the Faddeev components is determined by solving the eigenvalue

problem given by Eq. (3.117), which takes the form[
Λ2(Ωk) + 15/4

2µR2

]
ϕk(R; Ωk) = Uν(R)ϕ

k(R; Ωk) . (4.15)

The equation above and all further equations in this Section are analogous for i and j. The
grand angular momentum operator is given by

Λ2(Ωk) = −∂2ηk − 2(cot ηk − tan ηk)∂ηk +
L̂2
ij

(
ρ̂k
1

)
sin2 ηk

+
L̂2
k

(
ρ̂k
2

)
cos2 ηk

, (4.16)

as it was derived in Eq. (3.84), and where L̂2
ij , L̂

2
k are the angular momemtum operators for

the pair ij and the relative moiton of the k particles with respect to the center of mass of ij,
and where ρ̂k

1 and ρ̂k
1 are the hyperangular parts – or spherical angles – of the Jacobi vectors

defined, e.g., in Eq. (3.108).

4.1.2. The eigenvalue problem for Λ2

In the Bethe-Peierls approach, the effect of the potential, and thus the hyperradial dependence
in Eq. (4.15) is entirely covered by the Bethe-Peierls boundary condition, which now takes
the form

− 1

dkR sin ηkΦν

∂

∂(dkR sin ηk)
(dkR sin ηkΦν) =

1

aij
,

− 1

sin ηkΦν

1

cos ηk

∂

∂ηk
(sin ηkΦν) =

dkR

aij
,

− 1

sin ηkΦν

∂

∂ηk
(sin ηkΦν) =

dkR

aij
, ηk → 0 ,

(4.17)

where we use the relation rij = |rj−ri| = dk|ρk
1| = dkR sin ηk, we treat R as a parameter, and

we use the limit 1/(cos ηk) → 1, which is regular for ηk → 0 as opposed to the term 1/(sin ηk).
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More generally, when the atoms interact through some finite-range potential, each of the
Faddeev components of the channel functions should be expanded in a basis set comprised of
the eigenfunctions of the L̂2

ij , L̂
2
k operators (expanded using the Clebsh-Gordan coefficients)

or in terms of the eigenfunctions of the grand angular momentum given by Eq. (3.109). As
we mentioned at the end of Section 3.2.3, the grand angular momentum quantum number
λ is tightly linked to the angular momentum lk for the particle k with respect to the center
of mass of two particles ij and the angular momentum lij of two particles i, j. Both of
these quantum numbers satisfy the standard rules of quantum angular momentum addition:
|lij − lk| ≤ J ≤ lij + lk and m′

J = m′
ij +m′

k, where J is the total angular momentum and
m′

J denotes the projection of J on the quantization axis in the lab-fixed frame. In the s-wave
regime, which, as we mentioned, is dominant for near-resonant interactions, only states with
lij = 0 and lk = J interact. As we have shown in Section 3.4.5, the restrictions on coupling
between consequent values of m′

J result in only quantum states with parity (−1)J (parity-
favored case) to be relevant for scattering. We can finally expand the Faddeev component ϕk

into proper eigenfunctions of the angular momentum operators

ϕk(R; ηk, ρ̂
k
1, ρ̂

k
2) = uJξ (ηk)Y

0
0 (ρ̂

k
1)Y

m′
J

J (ρ̂k
2) , (4.18)

where Y m
l are the spherical harmonic functions of degree l and order m, and uJξν (ηk) is the yet-

to-be-determined eigenfunction of the operator given in Eq. (4.16). We shall now determine
the function uJξ (ηk), where – for simplicity – we will omit the index ν. Let us write the effect
of the operator given in Eq. (4.16) acting on functions given by Eq. (4.18)

Λ2(Ωk)u
J
ξ =

[
−∂2ηk − 2(cot ηk − tan ηk)∂ηk +

J(J + 1)

cos2 ηk

]
uJξ =: s2uJξ , (4.19)

for some eigenvalue s. Let us first consider a substitution

uJξ (ηk) =
φJ
ξ (ηk)

sin ηk cos ηk
. (4.20)

The effect of the first-derivative operator ∂ηk on this function is given by

∂

∂ηk

φJ
ξ (ηk)

sin ηk cos ηk
=− 4 cot(2ηk) csc(2ηk)φ

J
ξ (ηk) +

φ̇J
ξ (ηk)

sin ηk cos ηk
, (4.21)

where the dot represents the derivative over ηk. The second-derivative term is equal to

∂2

∂η2k

φJ
ξ (ηk)

sin ηk cos ηk
=

∂

∂ηk

[
φ̇J
ξ (ηk)

sin ηk cos ηk
− 4 cot(2ηk) csc(2ηk)φ

J
ξ (ηk)

]

=− 4 cot(2ηk) csc(2ηk) φ̇
J
ξ (ηk) +

φ̈J
ξ (ηk)

sin ηk cos ηk
+

+ 8 csc3(2ηk)φ
J
ξ (ηk) + 8 cot2(2ηk) csc(ηk)φ

J
ξ (ηk)−

− 4 cot(2ηk) csc(2ηk) φ̇
J
ξ (ηk)

=−8 cot(2ηk) csc(2ηk) φ̇
J
ξ (ηk)+

φ̈J
ξ (ηk)

sin ηk cos ηk
+

+ 8 csc3(2ηk)φ
J
ξ (ηk) + 8 cot2(2ηk) csc(ηk)φ

J
ξ (ηk)︸ ︷︷ ︸ ,

(4.22)
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Let us now calculate the second term in Eq. (4.19) and compare with −∂2ηku
J
ξ

−2(cot ηk − tan ηk)
∂

∂ηk

φJ
ξ (ηk)

sin ηk cos ηk
=− 4 cot(2ηk)

[
φ̇J
ξ (ηk)

sin ηk cos ηk
− 4 cot(2ηk) csc(2ηk)φ

J
ξ (ηk)

]
=

=−8
cos(2ηk)

sin2(2ηk)
φ̇J
ξ +16 cot2(2ηk) csc(2ηk)φ

J
ξ︸ ︷︷ ︸ .

(4.23)
The underbracketed terms in Eqs. (4.22) and (4.23) cancel out (keeping in mind the minus
before the second derivative), while the underbraced terms proportional to φJ

ξ are equal to

8φJ
ξ (ηk)

[
− csc3(2ηk) + cot2(2ηk) csc(2ηk)

]
=8φJ

ξ (ηk) csc(2ηk)

[
cos2(2ηk)− 1

sin2(2ηk)

]
=

=8φJ
ξ (ηk)

1

2 sin ηk cos ηk
[−1] =

=− 4
φJ
ξ (ηk)

sin ηk cos ηk
.

(4.24)

Using the results given in Eqs. (4.22) and (4.24) we are able to simplify the eigenvalue equation[
− ∂2

∂η2k
+
J(J + 1)

cos2 ηk

]
φJ
ξ (ηk) = (s2 + 4)φJ

ξ (ηk) . (4.25)

In further derivations, we will require the following operator definitions

HJ =
∂2

∂η2k
+
J(J + 1)

cos2 ηk
,

AJ =(cos ηk)
J

[
∂

∂ηk

1

cos ηk

]J
,

BJ =
∂

∂ηk
+ J tan ηk ,

B†
J = − ∂

∂ηk
+ J tan ηk ,

(4.26)

where we use the adjoint operator −∂ηk to represent the hermitian conjugate of ∂ηk and the
power J in the operator AJ means applying it J-times. The operator AJ acting on the
wavefunction behaves in a regular way as long as the wavefunction satisfies the boundary
conditions such that it tends to zero at the endpoints of the domain interval of ηk ∈ [0, π/2].
The structure of HJ reproduces the so-called Pöschl–Teller potential. Let us first consider the
solutions to the eigenvalue problem for J = 0

−φ̈0
ξ(ηk) = ξ2φ0

ξ(ηk) , (4.27)

where we set ξ2 = s2 + 4 – so far without the loss of generality as we are still to derive the
relation given by Eq. (4.10). The solution to Eq. (4.27) is naturally

φ0
ξ(ηk) = sin

[
ξ
(π
2
− ηk

)]
, (4.28)

where we introduced the substitution
(
π
2 − ηk

)
to satisfy the boundary condition φ(π/2) = 0,

and where we omitted a global scaling factor for the sake of simplicity in the discussion. Let
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us now consider the operator

B†
JBJ =

[
− ∂

∂ηk
+ J tan ηk

] [
∂

∂ηk
+ J tan ηk

]
=

=− ∂2

∂η2k
+ J tan ηk

∂

∂ηk
− J

1

cos2 ηk
− J tan ηk

∂

∂ηk
+ J2 tan2 ηk =

=− ∂2

∂η2k
+
J(J − 1)

cos2 ηk
− J2 .

(4.29)

From the equation above it follows that,

HJ−1 = B†
JBJ + J2I . (4.30)

Similarly, we can show that
HJ = BJB

†
J + J2I . (4.31)

Using these relations, let us show the so-called intertwining relation between HJ and HJ−1

HJ−1 − J2 =B†
JBJ ,

BJ(HJ−1 − J2I) =BJB
†
JBJ ,

BJ(HJ−1 − J2I) =(HJ − J2I)BJ ,

BJHJ−1 =HJBJ .

(4.32)

Using the intertwining relation allows us to solve the eigenvalue problem for the HJ operator
recursively. We already know that the function φ0

ξ satisfies H0φ
0
ξ = ξ2φ0

ξ . Let us now consider
the equation  J∏

j=1

Bm

H0φ
0
ξ = HJ

 J∏
j=1

Bm

φ0
ξ , (4.33)

where the symbol
∏

denotes a product of operators in decreasing order, and where for the
operators Hi the value of i increased by 1 each time it commuted with Bk. Therefore, we
deduce that the function

(∏J
k=1Bk

)
φ0
ξ solves the eigenvalue problem for operator HJ with

the same eigenvalue ξ2 used for H0 = −∂2ηk . We will now express the operator product Bk as
a telescopic series to show its relation to AJ . Let us consider the operator Bk

Bm =
∂

∂ηk
+m tan ηk =

∂

∂ηk
−
[
m cos−m−1(ηk)(− sin(ηk))

]
cosm(ηk) = cosm(ηk)

∂

∂ηk
cos−m(ηk) ,

(4.34)
where in the last equation we used the product rule for derivatives. We now see that the
product of operators is given by

J∏
j=1

Bm =
J∏

j=1

[
cosm(ηk)∂ηk cos

−m(ηk)
]
= cosJ(ηk)

[
∂

∂ηk

1

cos ηk

]J
= AJ , (4.35)

where in the last equation we consider that for each index m the consecutive product term
m− 1 factors out in the following way[

J∏
m′=m+1

Bm′

]
cosm(ηk)

∂

∂ηk
cos−m(ηk) cos

m−1(ηk)
∂

∂ηk
cos−(m−1)(ηk)

[
m−2∏
m′=1

Bm′

]
=

=

[
J∏

m′=m+1

Bm′

]
cosm(ηk)

∂

∂ηk
cos−1(ηk)

∂

∂ηk
cos−(m−1)(ηk)

[
m−2∏
m′=1

Bm′

]
.

(4.36)
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We finally obtain the eigenfunctions φJ
ξ (ηk) of the HJ operator in the same form as proposed

by V. Efimov in Ref. [186]

φJ
ξ (ηk) =

(
J∏

m=1

Bm

)
φ0
ξ(ηk) = AJφ

0
ξ(ηk) = cosJ(ηk)

[
∂

∂ηk

1

cos ηk

]J
sin
[
ξ
(π
2
− ηk

)]
,

(4.37)
and the solutions to the eigenvalue problem for Λ2(Ωk) with and R-dependent eigenvalue
ξ2(R). Eq. (4.10) follows immediately. We now derive the Faddeev component

ϕk(R; ηk, ρ̂
k
1, ρ̂

k
2) =

Y 0
0 (ρ̂

k
1)Y

m′
J

J (ρ̂k
2)

sin ηk cos ηk
cosJ(ηk)

[
∂

∂ηk

1

cos ηk

]J
sin
[
ξ
(π
2
− ηk

)]
. (4.38)

4.1.3. The Bethe-Peierls boundary condition

Let us use the solutions and the expansion in Eq. (4.14) and insert them into the Bethe-Peierls
boundary condition given in Eq. (4.17)

∂

∂(sin ηk)

[
ciϕ

i sin ηk + cjϕ
j sin ηk + ckϕ

k sin ηk

]
=− dkR

aij

[
ciϕ

i sin ηk + cjϕ
j sin ηk + ckϕ

k sin ηk

]
,[

ciϕ
i + cjϕ

j + ck
∂

∂(sin ηk)

(
ϕk sin ηk

)]
=− dkR

aij

[
ciϕ

i sin ηk + cjϕ
j sin ηk + ckϕ

k sin ηk

]
.

(4.39)
Let us take the limit ηk → 0 and use the regularization ∂

∂ sin ηk
→ ∂

∂ηk
shown in Eq. (4.17)

[
ciϕ

i + cjϕ
j + ck

∂

∂ηk

(
ϕk sin ηk

)]
=− dkR

aij

[
ckϕ

k sin ηk

]
, (4.40)

where we inserted the form of the solutions given in Eq. (4.38) for each index i, j, k. Dividing
by a constant function Y 0

0 (x̂) – for an angular part of any vector x̂, Eq. (4.39) becomes

−dkR
aij

[
ck
φJ
ξ (ηk)

cos ηk
Y

m′
J

J (ρ̂k
2)

]
=ci

φJ
ξ (ηi)Y

m′
J

J (ρ̂i
2)

sin ηi cos ηi
+ cj

φJ
ξ (ηj)Y

m′
J

J (ρ̂j
2)

sin ηi cos ηi
+

+ ckY
m′

J
J (ρ̂k

2)

[
tan ηk
cos ηk

φJ
ξ (ηk) +

φ̇J
ξ (ηk)

cos ηk

]
.

(4.41)

Let us briefly recall the definitions of the Jacobi vectors to see their behavior at ηk → 0. The
definitions for three particles stem from the Eq. (3.2)

ρk
1 =

√
mimj

(mi +mj)µ
(rj − ri) ,

ρk
2 =

√
mk(mi +mj)

Mµ

(
rk −

miri +mjrj
mi +mj

)
,

(4.42)
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where µ2 = mimjmk/M , and M is the total mass, and there exists a relation between the
mass-scaling coefficients√

mk(mi +mj)

Mµ
=: dk ,

√
mimj

(mi +mj)µ
=

√ √
M

√
mimjmk

mimj

(mi +mj)
=

=

√
M√
M

√
mimjmk

mk(mi +mj)
= d−1

k ,

(4.43)

From Eq. (4.12), it follows that at for ηk = 0 we get,

|ρk
1| = 0 =⇒ ri = rj ,

(ri = rj) =⇒ ρk
2 = dk (rk − ri) ,

(|ρk
2| = R) ∧ (ri = rj) =⇒ rki = di|ρi

1| = dj |ρj
1| = d−1

k R .

(4.44)

A simple calculation also yields that for ηk = 0,

ρj
2 =dj

[
rj −

miri +mkrk
mi +mk

]
= dj

[
mk(ri − rk)

mi +mk

]
. (4.45)

The relation is analogous for ρi
2.

Let us insert these limits into the kinematic rotation given by Eq. (3.126). We consider
a kinematic rotation between vectors for k (left-hand side) and j (vectors undergoing the
rotation on the right-hand side) at ηk = 0,

0 = cosβjk d
−1
j (−rki) + sinβjk dj

mk

mi +mk
(−rki) ,

dkrki =− sinβjkd
−1
j (−rki) + cosβjk dj

mk

mi +mk
(−rki) ,

(4.46)

where we use the short-hand notation rmn = rm − rn, we use Eqs. (4.44) and (4.45), and we
keep in mind that (i, j, k) is a cyclic permutation of (1, 2, 3). Solving these equations for βjk
gives

dkrki = sinβjk d
−1
j rki +

cos2 βjk
sinβjk

d−1
j rki ,

0 < sinβjkdkdj =0 sin2 βjk + cos2 βjk = 1 ,

cosβjk =− mk

mi +mk
djd

−1
k < 0 .

(4.47)

These results were already derived in Eq. (3.128), and due to opposing signs of cosine and
sine, mean that βjk ∈ [π/2, π]. Using the last of relations in Eq. (4.44) and the defining
relation for ηj we show that

|ρj
1| = R sin ηj = d−1

j d−1
k R ,

sin ηj djdk = 1 .
(4.48)

Hence,
sin ηj = sinβjk , ηj ∈

[
0,
π

2

]
, βjk ∈ [π/2, π] , (4.49)
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which leads us to the relation
−ηj + π = βjk . (4.50)

Similarly, we can show that π − ηi = βki. Eq. (4.45) shows us that ρi,j
2 ∼ −rki, while the

second equation in Eq. (4.44) means that ρk
2 ∼ rki. Thus, the spherical or angular parts of

the second Jacobi vectors, which determine their orientation, must follow the simple relation
−ρ̂k

2 = ρ̂j
2 = ρ̂i

2. Therefore, the Eq. (4.41) at ηk → 0 becomes

−ci
φJ
ξ (π − βki)(−1)J

sinβki cosβki
− cj

φJ
ξ (π − βjk)(−1)J

sinβkj cosβkj
+ ck φ̇

J
ξ (0) = −dkR

aij
ck φ

J
ξ (0) , (4.51)

where cosβjk < 0 and cosβki < 0, and where we used the parity relation Y m
l (−x̂) =

(−1)lY m
l (x̂) for a given set of spherical angles x̂. We note that for near-resonant interactions

and in the range R≪ |aij |, the parameter ξ – which drives the systems’ dynamics and proper-
ties through the corresponding effective potential in Eq. (4.10) – is independent of R. There-
fore, the three-body physics in this regime becomes universal – dependent only on the broad
structural features of the system like symmetries, dimensionality, and the conserved quantities.
The full description of the Efimov physics in resonantly interacting ultracold quantum gases
is given in Ref. [119, 214]. As an example, we will consider a system of three identical bosons.
Naturally, for such a system, all three Faddeev components have equal weights, ci = cj = ck.
Similarly, all mass-coefficients are equal di = dj = dk = 21/2/31/4 and using Eq. (4.48), we
deduce that βki = βjk = 2π/3. Introducing an angle β = π − βjk = π − βki ∈ [0, π/2] the
Bethe-Peierls boundary condition takes the following form for R≪ |aij |,

φ̇J
ξ (0) + 2

(−1)JφJ
ξ (β)

sinβ cosβ
= 0 , (4.52)

where cosβ > 0.

4.1.4. Explicit formula of the solution of the eigenvalue problem for Λ2

To proceed with the derivation, we need to evaluate the values of the functions φJ
ξ (ηk) and

φ̇J
ξ (ηk) at any ηk with the help of some explicit formula. For this, let us consider a variable

substitution u = π/2− ηk and insert it into the result given in Eq. (4.37)

φJ
ξ (u) = (−1)J sinJ(u)

[
∂

∂u

1

sinu

]J
sin (ξu) , (4.53)

where, naturally, ∂ηk = −∂u. In principle, for ξ ∈ N, the solutions above could be simplified
by the standard Chebyshev polynomials of the second kind Uξ−1(x). However, the recursively
defined functions could be simplified and generalized to any ξ ∈ Z using the generalized
form of the Chebyshev polynomials of the second-kind – Uξ−1(z). The Uξ−1(z) functions
are defined using the hypergeometric functions 2F1(a, b; c; z), and they satisfy the closed-form
relation [220, 221]

Uξ−1(z) :=ξ 2F1

(
−ξ + 1, ξ + 1;

3

2
;
1− z

2

)
,

Uξ(z) =
sin((ξ + 1) · arccos z)√

1− z2
.

(4.54)

The relation in the second equation can be proved by expressing the generalized Chebyshev
polynomials as a special case of the generalized Gegenbauer functions of a non-integer or-
der [220]. Let us now consider a substitution u = arccos(t), ∂u = −

√
1− t2∂t, and use it in
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Eq. (4.53) along with the relation given by Eq. (4.54),

φJ
ξ (t) =(−1)2J

(√
1− t2

)J [√
1− t2

∂

∂t

1√
1− t2

]J
sin(ξ arccos(t)) =

=
(√

1− t2
)J [√

1− t2
∂

∂t

1√
1− t2

]J (√
1− t2Uξ−1(t)

)
=

=
(√

1− t2
)J+1 ∂J

∂tJ
Uξ−1(t) ,

(4.55)

where we use the relation sin(arccos(t)) =
√
1− t2 and an additional coefficient (−1)J is an

effect of the derivative substitution. In the last equation, the telescopic operator simplified
drastically, thanks to the cancellation of the

√
1− t2 = sin(u) terms. We can calculate the

J-th derivative of the Uξ−1(t) functions using their definitions in Eq. (4.54) and a variable
change w = (1− t)/2, ∂t = (−1/2)∂w

∂J

∂tJ
Uξ−1(t) = ξ

(
−1

2

)J ∂J

∂wJ 2F1

(
−ξ + 1, ξ + 1;

3

2
;w

)
=

= ξ(−1)J2−J (−ξ + 1)J(ξ + 1)J
(3/2)J

2F1

(
−ξ + 1 + J, ξ + 1 + J ;

3

2
+ J ;w

)
,

(4.56)
where (a)n is the (rising) Pochhammer symbol equal to Γ(a + n)/Γ(a) and we used the
known formula for the J-th derivative of the 2F1 function [222]. The result turns out to be a
generalized Gegenbauer polynomial C(α)

n

2F1

(
−ξ + 1 + J, ξ + 1 + J ;

3

2
+ J ;

1− t

2

)
=

(ξ − 1− J)!

(2(J + 1))ξ−J−1
C

(J+1)
ξ−1−J(t) . (4.57)

The coefficient in front of this solution can be simplified

(−2)−Jξ
(−ξ + 1)J(ξ + 1)J

(3/2)J

(ξ − 1− J)!

(2(J + 1))ξ−J−1
=

= (−2)−Jξ
Γ(−ξ + 1 + J)Γ(ξ + 1 + J)Γ(3/2)

Γ(1− ξ)Γ(ξ + 1)Γ(3/2 + J)

Γ(ξ − J)Γ(2J + 2)

Γ(ξ + J + 1)
=

= (−2)−J Γ(2J + 2)Γ(ξ − J)Γ(−ξ + 1 + J)Γ(3/2)

Γ(1− ξ)Γ(ξ)Γ(3/2 + J)
=

= (−2)−J sin(ξπ)

sin(π(ξ − J))

Γ(2J + 2)Γ(3/2)

Γ(3/2 + J)
= (−2)−J(−1)J22JΓ(J + 1) = 2JJ ! ,

(4.58)

where we used the Euler’s reflection formula Γ(z)Γ(1 − z) = π/ sin(πz) for z = ξ − J and
z = ξ and the duplication formula Γ(3/2)Γ(2J+2) = 22JΓ(J+1)Γ(J+3/2). So, the solutions
φJ
ξ (ηk) are equal to

φJ
ξ (ηk) = 2JJ !(cos ηk)

J+1C
(J+1)
ξ−J−1(sin ηk) . (4.59)

A simple calculation yields its derivative

φ̇J
ξ (ηk) = 2JJ !(cos ηk)

J
[
−(J + 1) sin ηkC

(J+1)
ξ−J−1(sin ηk) + (cos ηk)

2 2(J + 1)C
(J+2)
ξ−J−2(sin ηk)

]
=

= 2J(J + 1)!
[
− sin ηkC

(J+1)
ξ−J−1(sin ηk) + 2(cos ηk)

2C
(J+2)
ξ−J−2(sin ηk)

]
(cos ηk)

J ,

(4.60)
where we use the relation ∂xC

(α)
n (x) = 2αC

(α+1)
n−1 (x), which was already derived in Eqs. (4.56)

and (4.57). At ηk = 0 this equation is simply,

φ̇J
ξ (0) = 2J+1(J + 1)!C

(J+2)
ξ−J−2(0) . (4.61)
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Relation to the Gegenbauer differential equation

The explicit form of the solution φJ
ξ indicates that Eq. (4.25) can be reduced to the Gegenbauer

differential equation. In fact, we can apply two substitutions in Eq. (4.25). The first of them
is the following regularization for some function fJξ =: f

φJ
ξ (ηk) = (cos ηk)

J+1fJξ (ηk) , (4.62)

which, after some algebra, results in Eq. (4.25) taking the following form

((J + 1)2 − ξ2)f(ηk) + 2(J + 1) tan(ηk)
∂

∂ηk
f(ηk)−

∂2

∂η2k
f(ηk) = 0 . (4.63)

The next step is considering a variable change x = sin ηk. Then, ∂ηk = cos ηk ∂x and ∂2ηk =
(1− x2)∂2x − x∂x. So Eq. (4.63) becomes

(ξ2 − (J + 1)2)f(x)− (2J + 3)xf ′(x) + (1− x2)f ′′(ηk) = 0 , (4.64)

which is precisely the Gegenbauer differential equation with solutions C(α)
n (x), such that

α = J + 1 ,

n = ξ − J − 1 .
(4.65)

Using the explicit solution in the Bethe-Peierls boundary condition

Let us find an exact formula for the value φ̇J
ξ (0) given in Eq. (4.61). using the definition of

the generalized Gegenbauer polynomial from Eq. (4.57). There exists a closed-form of the
hypergeometric function at z = 1

2 , [223]

2F1

(
a, b;

1 + a+ b

2
;
1

2

)
=

Γ
(
1
2

)
Γ
(
1
2(1 + a+ b)

)
Γ
(
1
2(1 + a)

)
Γ
(
1
2(1 + b)

) . (4.66)

If we take a = −ξ + J + 2, and b = ξ + 2 + J , we can simplify Eq. (4.61)

φ̇J
ξ (0) = 2J+1(J + 1)!C

(J+2)
ξ−J−2(0) =

=2J+1(J + 1)!
Γ(ξ + J + 2)

Γ(ξ − J − 1)Γ(2J + 4)
2F1

(
−ξ + J + 2, ξ + J + 2;

5

2
+ J ;

1

2

)
=

=
Γ(ξ + J + 2)

Γ(ξ − J − 1)Γ(2J + 4)

2J+1(J + 1)!
√
π Γ
(
5
2 + J

)
Γ
(
1
2 + 1

2(2 + J − ξ)
)
Γ
(
1
2 + 1

2(2 + J + ξ)
) =

=
Γ(ξ + J + 2)

Γ(ξ − J − 1)Γ(2J + 4)

2−J−2 π Γ(2J + 4)

Γ
(
3+J−ξ

2

)
Γ
(
3+J+ξ

2

) =
2−J−2 π(ξ − J − 1)2J+3

Γ
(
3+J−ξ

2

)
Γ
(
3+J+ξ

2

) ,

(4.67)
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where we used the Gamma duplication formula for z = J + 2. The resulting polynomial in ξ
has a very simple structure,

φ̇J
ξ (0) =

2−J−2 π (ξ − J − 1)2J+3

Γ
(
3+J−ξ

2

)
Γ
(
3+J+ξ

2

) =
2−J−2 π (ξ − J − 1)2J+3

Γ
(
(1 + J) + 1−J−ξ

2

)
Γ
(
1 + 1+J+ξ

2

) =

=
2−J−2 π (ξ − J − 1)2J+3

Γ
(
1−J−ξ

2

)
Γ
(
1+J+ξ

2

)(
1−J−ξ

2

)
J+1

(
1+J+ξ

2

) =

=cos
(π
2
(J + ξ)

)
(ξ − J − 1)2J+3

[
2J+2(−1)J+1

(
ξ − 1− J

2

)
J+1

(
1 + ξ + J

2

)]−1

=(−1)J+1 cos
(π
2
(J + ξ)

)[2J+2∏
k=0

(ξ − (J + 1) + k)

]
/

[
J+1∏
k=0

(ξ − (J + 1) + 2k)

]
=

=(−1)J+1 cos
(π
2
(J + ξ)

) J∏
k=0

(ξ − J + 2k) = (−1)J+1 cos
(π
2
(J + ξ)

)
AJ+1(ξ) ,

(4.68)
where we used the Euler’s reflection formula for z = (1 − J − ξ)/2, and the formula for the
Pochhammer symbol with negative argument (−a)n = (−1)n(a− n+ 1)n for n = J + 1 and
a = −(1− J − ξ)/2. Thus, φ̇J

ξ (0) is proportional to a factorized polynomial AJ+1(ξ) of order
J +1, with roots ξ0 = −J,−J +2, . . . , J − 2, J . The behavior of the φJ

ξ (β) function at β = 0
can be derived entirely analogously to the calculations presented in Eqs. (4.67), and (4.68).
Thus, it is given by

φJ
ξ (0) = (−1)J cos

(π
2
(J − 1 + ξ)

) J−1∏
k=0

(ξ − (J − 1) + 2k) = (−1)J cos
(π
2
(J − 1 + ξ)

)
AJ(ξ) .

(4.69)

The imaginary solutions to the Bethe-Peierls boundary condition

So far, we have not specified whether the parameter ξ is real or complex. Naturally, if ξ ∈ R,
the solutions reproduce the known solutions to the eigenvalue problem given in Eq. (4.19). In
such case, we obtain that λ(λ+ 4) = s2 = ξ2 − 4 or ξ = 2 + λ, for λ = J + 2n, where n ∈ N
(see: Eq. (3.101)). Since ξ2 is an eigenvalue of a self-adjoint operator defined in Eq. (4.25),
then ξ2 ∈ R. Thus, another possible solution is purely imaginary, i.e., ξ = is0 for s0 ∈ R.

The function φJ
ξ (ηk) is defined in range ηk ∈ [0, π/2]. For ξ ∈ R and for ξ = is0 ∈ C, we

can write this function in terms of the hypergeometric function, which will be useful when
searching for a bound on φJ

ξ , while the resulting form will reveal that the function is monotonic
in ηk with maximum at ηk = 0 and minimum at ηk = π/2,

φJ
ξ (ηk)

(cos ηK)J+1
=2JJ !
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2F1
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=
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×
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×
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, (4.70)

where we used the Gamma duplication formula for z = J + 1, the formula for the negative
Pochhamer symbol (−a)n = (−1)n(a− n+ 1)n for a = ξ − 1 and n = J , the Euler reflection
formula for z = ξ, and the relation Γ(z̄) = Γ(z) – true for z = (J + 1) + is0. In all further
considerations, we will focus on the purely imaginary solution to the problem. Hence, we set
ξ = is0 for s0 ∈ R. It quickly becomes clear that the function φJ

ξ becomes purely imaginary,
because sin(πξ) = i sinh(πs0). The only other factors dependent on ξ are |Γ(ξ+J+1+n)|2 > 0.
For J-even and s0 > 0, the imaginary part of the function φJ

ξ is positive and monotonic in
ηk, hence its minimum and maximum is at ηk = π/2 and ηk = 0, respectively. For J-odd and
s0 > 0, the imaginary part of the function is negative. The function φJ

ξ is anti-symmetric in
s0.

For ξ = is0, the polynomial AJ+1 in Eq. (4.68) is purely imaginary for J-even and AJ+1 ∈
R for J-odd. In both cases the respective imaginary or real part of AJ+1(s0) simplifies to a
polynomial

BJ+1(s0) = i(−1)J/2s0

J/2∏
k=1

(
s20 + (2k)2

)
, for J−even

BJ+1(s0) = (−1)(J+1)/2

(J+1)/2∏
k=1

(
s20 + (2k − 1)2

)
, for J−odd .

(4.71)

The term cos
(
π
2 (J + is0)

)
is equal to (−1)J/2 cosh

(
π
2 s0
)

for J-even and i(−1)(J+1)/2 sinh
(
π
2 s0
)

for J-odd. Hence, for ξ = is0 the term φ̇J
ξ (0) in Eq. (4.52) simplifies to

φ̇J
ξ (0) =− is0

J/2∏
k=1

(
s20 + (2k)2

)
cosh

(π
2
s0

)
, for J−even ,

φ̇J
ξ (0) = i

(J+1)/2∏
k=1

(
s20 + (2k)2

)
sinh

(π
2
s0

)
, for J−odd ,

(4.72)

where we include the global sign term (−1)J+1. The function φ̇J
ξ (0) is anti-symmetric in s0.

Let us slightly rewrite the Bethe-Peierls boundary condition at unitarity in Eq. (4.52)

0 =
sin(2β)

4
φ̇J
ξ (0) + (−1)JφJ

ξ (β) =: iGJ(s0) . (4.73)
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Solving this equation in s0 is equivalent to finding roots of the function GJ(s0). We multiply
the defining equation for G(s0) by i because all terms are purely imaginary for ξ = is0.
Because both the terms φ̇J

ξ (0) and φJ
ξ (β) are anti-symmetric in s0, we can restrict our search

for roots to s0 > 0. We immediately notice that the corresponding roots for s0 < 0 result in
the same eigenvalue ξ2 = (−is0)2 = (is0)

2 = −s20. In all further considerations, we assume
s0 > 0. For J-odd, the function GJ(s0) is positive for all s0 > 0, because both the terms
∼ φ̇J

ξ (0) and ∼ φJ
ξ (β) are positive, due to cancellation of the (−1)J coefficient. At s0 = 0 the

limit of GJ(s0) is zero, due to the terms ∼ sinh. Therefore, there are no roots for GJ(s0) for
J odd.

For J-even, the two terms, one proportional to ∼ φ̇J
ξ (0) < 0 and the second ∼ φJ

ξ (β) >
0, compete in various ranges of s0 as long as the mass-dependent kinematic angle β :=
β(mi,mj ,mk) ∈ [0, π/2] is finite. Let us begin by analyzing the behavior of GJ(s0) for
s0 → 0. The behavior of φ̇J

ξ (0) near s0 = 0 is given by,

φ̇J
ξ (0) = − cos

(π
2
(is0 + J)

)
BJ+1(s0) = −(−1)J/2 cosh

(πs0
2

)
i(−1)J/2s0

J/2∏
k=1

(s20 + (2k)2) =

= − i cosh
(πs0

2

)
s0

J/2∏
k=1

(s20 + (2k)2) = −i
[
1 +O(s20)

]
s0

J/2∏
k=1

(2k)2 +O(s20)

 .

(4.74)
We should note that the linear term grows very rapidly with increasing J . In fact it is equal to∏J/2

k=1(2k)
2 = 2J((J/2)!)2, so the growth is dominated by a factorial. As we will see below, the

behavior of GJ(s0) for large s0 is dominated by the negative ∼ φJ
ξ (β) term. Hence, it is only

possible to find zeroes of the GJ(s0) function in a finite range of β for which the linear terms
near s0 = 0 are positive, thanks to the decreasing (both with J and s0) term proportional to
∼ φJ

ξ (β).
The third equality in Eq. (4.70) is a formula for φJ

ξ (β), which we will use for the study of
behavior of φJ

ξ (β) near s0 = 0,

φJ
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]
︸ ︷︷ ︸ ,

(4.75)
where we use the fact that the underbracketed sum is symmetric in s0. Therefore, its expansion
around s0 = 0 can not contain a linear term (∼ s0). The convergence of the underbraced
series for (1 − sinβ)/2 ∈ [0, 1/2] is ensured by the convergence of the underbracketed sum
defining the hypergeometric function – although a more detailed analysis of the convergence
of these series goes beyond the scope of this thesis. Let us consider the behavior of the linear
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term near s0 = 0 for large, even J ,

φJ
ξ (β)

is0(cosβ)J+1
≈ 2JJ !

(2J + 1)!

[
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(4.76)

For finite β, and J-even the linear term of φJ
ξ (β) has slower growth in J than the linear term

of φ̇J
ξ (0), which can be seen by analyzing the quotient

φJ
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φ̇J
ξ (0)/(−is0)

s0→0≃
2J J !

(2J+1)!(J !)
2 exp

(
J
2 (1− sinβ)

)
(cosβ)J+1

2J
((

J
2

)
!
)2 =

=
(J !)3

(2J + 1)!
((

J
2

)
!
)2 exp(J2 (1− sinβ)

)
(cosβ)J+1 ≃

≃
(2πJ)

3
2

(
J
e

)3J
(4πJ)

1
2

(
2J
e

)2J
(πJ)

(
J
2e

)J exp

(
J

2
(1− sinβ)

)
(cosβ)J+1 =

=
√
2

J3J

(2J)2JJJ
(
1
2

)J exp

(
J

2
(1− sinβ)

)
(cosβ)J+1 =

=
√
2

1

2J
(cosβ)J exp

(
J

2
(1− sinβ)

)
cosβ

=
√
2 cosβ

(
cosβ

2
e

1−sin β
2

)J
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(4.77)

where we used the Stirling approximation. The underbracketed β-dependent term is smaller
than one for β ∈ [0, π/2], which is why the quotient tends to zero. One can also show that
this quotient is monotonic in J . We should note that the approximation given in Eq. (4.76)
approaches the exact value given in Eq. (4.75) either from below or above – depending on the
exact value of β. It can be shown that one can always find a range for which the approximation
is an upper bound on Eq. (4.75). We will restrict our considerations to J = 0 and J = 2. We
will show that for J = 0 the linear term of the expansion of GJ(s0) near s0 = 0 is positive for
all β ∈ [0, π/2]. Then, for J = 2 – the range of β where the linear term is positive – decreases.
This range becomes smaller for each consecutive J (even). Let us now analyze the behavior
of GJ(s0) for s0 → ∞. As we have already mentioned, the φJ

ξ (β) function has a maximum for
β = 0. We can compare the behavior of both components of GJ(s0) by analyzing the upper
bound of the quotient for J-even

φJ
ξ (β)/i

φ̇J
ξ (0)/(−i)

≤
φJ
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=
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2
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2

)
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∏J/2

k=1(s
2
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=

= tanh
(πs0

2

) ∏J/2
k=1(s

2
0 + (2k − 1)2)

s0
∏J/2

k=1(s
2
0 + (2k)2)

s0→∞−−−−→ 1 · 0 = 0 ,

(4.78)

where we used Eqs. (4.69) and (4.71) and a derivation similar to the third equality in
Eq. (4.74). So, the GJ(s0) function is negative for s0 → ∞ and J-even.
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Figure 4.1: The gJ(β) functions representing the behavior of the linear term of the expansion
of the GJ(s0) near s0 = 0. For J > 2, the range, where the linear term is positive, decreases
further.

Using Eq. (4.74) and Eq. (4.75) let us now analyze the linear term of the function GJ(s0)
near s0 = 0 for J = 0 and J = 2

GJ(s0) = s0

[
−sin(2β)

4
+ cosβ

∞∑
n=0

((1)n)
2 (1− sinβ)n
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∏n
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]
+ O(s30) , J = 2 .

(4.79)

Therefore, we aim to analyze the β-dependent functions.

g0(β) =− sin(2β)

4
+ cosβ

∞∑
n=0

((1)n)
2 (1− sinβ)n

n!
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k=1(1 + 2k)
,
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2

15
(cosβ)3
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n=0

((3)n)
2 (1− sinβ)n

n!
∏n

k=1(5 + 2k)
.

(4.80)

The functions gJ(β) are presented in Figure 4.1. The function g0(β) is positive for all β ∈
[0, π/2], meaning that in the first approximation (up to linear terms in s0) we expect an
imaginary solution to the Bethe-Peierls boundary condition given in Eq. (4.73) for three
bosons with any masses. Equivalently, for J = 0, the function GJ(s0) is positive for small s0
for any β ∈ [0, π/2] but diverges to −∞ for s0 → ∞.

For J = 2 and up to the first approximation, the solutions to Eq. (4.73) or the roots of
GJ(s0) can only be found in the range β ∈ [0, β0] , where β0/π ≈ 0.0717. Including more
powers of s0 in the expansion of the GJ(s0) near s0 = 0 further decreases the range of β,
where roots can be found. Figure 4.2 presents the GJ(s0) functions for J = 0 and their
dependence on β and s0. The effective potentials in Eq. (4.10) become attractive and scale
simply as R−2 in the region where r0 ≪ R ≪ |aij |, where r0 is a characteristic length of
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Figure 4.2: The GJ(s0) function, defined in Eq. (4.73), presented for J = 0 and 4 values of β.
The function GJ(s0) is anti-symmetric in s0. The roots of GJ(s0) define the purely imaginary
parameter ξ = is0 responsible for the Efimov effect as was shown in Eq. (4.10). The inset
shows the linear terms gJ(β) of the expansion of GJ(s0) near s0 – defined in Eq. (4.80). The
linear terms are positive for s0 > 0 for all β ∈ [0, π/2].

the underlying interaction, defining the behavior of the potentials at short-range. By solving
Eq. (4.73) (or equivalently finding roots of GJ(s0) for various values of J , we found that the
Efimov effect occurs for identical bosons only in the Jπ = 0+ state. In this case, it corresponds
to the imaginary solution ξ ≈ 1.0062378i [151, 185, 186], obtained by substituting ξ = is0
into Eq. (4.73) and solving for s0. For all other cases where Jπ ̸= 0, Eq. (4.73) yields only real
values of ξ, as was shown in Fig. 4.1 – implying that the resulting three-body potentials are
repulsive. To visualize the dependence of the GJ(s0) function on J we present it for increasing
J and β = π/3 in Figure 4.3. For β ∈ [0, β0] there are no roots of GJ(s0) at J = 2. The
function diverges rapidly to −∞ as J increases.

At unitarity, the non-adiabatic couplings Wνν′ in the hyperradial Schrödinger equation
given in Eq. (3.118) vanish [119]. Using Eq. (4.10) and the purely imaginary results ξ = is0
obtained in this Section, the hyperradial Schrödinger equation becomes

−
[
d2

dR2
+
s20 + 1/4

R2
+ k2

]
Fν(R) = 0 . (4.81)

The solutions to this equation for sufficiently small energy 2µ|E|/ℏ2 = |k2| ≪ |s0|2/r20 are of
the form obtained by inserting the ansatz Fν(R) = Rb into the zero-energy equation

0 = −
[
d2

dR2
+
s20 + 1/4

R2

]
Rb ,

0 =

[
b(b− 1) + s20 +

1

4

]
Rb−2 ,

(4.82)

and solving for b = 1/2± is0. Thus, the form of the solutions is given by

Fν(R) =
√
R
[
aνR

is0 + βνR
−is0

]
=

√
Rαν

(
Ris0 +

βν
αν
R−is0

)
, (4.83)
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Figure 4.3: The absolute value of the GJ(s0) function, defined in Eq. (4.73), presented for
J = 0, . . . , 8 and β = π/3. The brackets denote the sign of the function in a given region.
Only the J = 0 has got one root for s0 > 0, due to the positive linear term of the expansion
of GJ(s0) near s0 = 0, given by Eqs. (4.74) and (4.75).

A short-range boundary condition results in a specific value of the ratio βν/αν . We should
note that we consider now a simple boundary condition at small hyperradius R. In contrast,
the Bethe-Peierls boundary condition was imposed on the two-body interactions dominated
by the length scale defined through the interparticle scattering length aij . The aforementioned
ratio has units of inverse length Λ to the power of −2i|s0| [214],

Fν(R) =
√
R
[
ανΛ

−is0
(
Λis0Ris0 + Λ−is0R−is0

)]
,

Fν(R) =
√
R
[
ανΛ

−is0
(
eis0 ln(ΛR) + e−is0 ln(ΛR)

)]
,

Fν(R)
R≫r0≃

√
R cos (s0 ln(ΛR)) .

(4.84)

Thus, the three-body wavefunction shows log-periodic oscillations in R with the phase ϕ =
s0 ln(Λ/Λ0) represented by a new inverse-length scale parameter Λ expressed in some pre-
determined unit Λ0.

Crucially, due to the R−2 behavior of the Efimov potential, the Eq. (4.81) is scale-invariant.
Although the short-range boundary condition does not allow for continuous scale-invariance,
Eq. (4.81) is still invariant under discrete transformations R → λn0R, where λ0 = eπ/|s0| and
n ∈ N. Thus, if the boundary condition allows for the Efimov channel to support a trimer at
some (small) binding energy 2µE/ℏ2 = k2 = i2κ2 < 0, the discrete scale-invariance ensures
an infinity of solutions with energies E/λ2n0 < 0. The value of the scaling factor is given by
λ0 ≈ 22.69 ≈

√
515 for three identical bosons.

Remarkably, the results by V. Efimov predict that the discrete scale invariance holds also
at large, but finite interparticle scattering lengths a := aij . This can be verified by multiplying
a−1, k and R in Eqs. (4.51) and (4.81). The solution given by Eq. (4.84) holds in the range
r0 ≪ R ≪ |a| and the Efimov ∼ 1/R2 potential still governs this intermediate region. For
R > |a|, the energy of the Efimov channel is given by the Feshbach dimer ℏ2/(2µ2ba2), where
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µ2b is the two-body reduced mass. The Efimov states become unbound at the atom–dimer
threshold, and their number becomes finite. While the exact derivation of the behavior of
Efimov physics for finite |a| lies beyond the scope of this thesis, an intuitive picture involves
analyzing the accumulation phase of the three-body wavefunction for bound trimers. In this
context, consider the Eq. (4.81) for k2 = i2κ2 < 0 describing the Efimov bound states. Let
us slightly rewrite the general form of the solutions given in Eq. (4.84)

Fν(R) =
√
R
[
Aeiso ln(κR) +Be−iso ln(κR)

]
. (4.85)

In the short-range, R ∼ r0, the wavefunction can not be easily determined by semi-analytical
methods. However, assuming that the two-body interaction supported no two-body bound
states other than the Feshbach dimer, the probability of an incoming hyperradial wave must
be totally reflected at short distances. Thus, the amplitudes of the incoming and outgoing
hyperradial waves must be equal in magnitude, and the relation A = −e2iθ∗B holds for some
angle θ∗. The solutions given in Eq. (4.85) can therefore be written in the form [166, 224]

Fν(R) ≈
√
κR sin (s0 ln(c κR) + θ∗) , (4.86)

where c is an arbitrary constant, and the angle θ∗ is determined by the short-range boundary
condition. Using this form of Fν , the angle θ∗ can be found by evaluating the logarithmic
derivative at some point R = R0 in the intermediate region

R0
F ′
ν(R0)

Fν(R0)
=

1

2
+ s0 cot [θ∗ + s0 ln(cκR)] ,

θ∗ = − s0 ln(c κR) + arccot

[
1

s0

(
R0

F ′
ν(R0)

Fν(R0)
− 1

2

)]
.

(4.87)

The term proportional to ∼ arccot is not dependent on the energy E or the wavenumber κ.
It can therefore be included as an inverse-length scale unit Λ0,

θ∗ = −s0 ln(c κ/Λ0) . (4.88)

The term Λ0/c is a complicated function of R0 and R0
F ′
ν(R0)

Fν(R0)
. It can be shown that Λ0 is a

three-body parameter, defined through the binding energy of the first Efimov state |E1| =
ℏ2Λ2

0/m, where m is the mass of one of the identical bosons [166].
As we mentioned, the Schrödinger equation remains scale-invariant in the intermediate

range r0 ≪ R ≪ |a|. We can therefore parametrize the wavenumber κ and the inverse of the
scattering length a−1 using a set of polar coordinates (h, ζ)

a−1 = h cos ζ ,

κ = h sin ζ .
(4.89)

At a fixed angle ζ, the spectrum of the Efimov states shows the same scale-invariance as
was shown at unitarity. All three-body bound states are universal in the (a−1, κ) plane. At
the point where the intermediate- and long-range connect, i.e., at R ∼ |a|, the outgoing
hyperradial wave can either be reflected or transmitted to the long-range and become the
three-atom or atom-dimer scattering state. The coefficients for reflection and transmission
are described by a unitary matrix dependent on ζ only [224]. In a finite range of ζ, the
amplitude of the scattering states at long range tends to zero. The probability is therefore
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also reflected from the long-range, resulting in the relation A = e−i∆(ζ)B. Connecting the
solutions in the intermediate- and long-range yields the relation

2θ∗ +∆(ζ) = 0 mod 2π . (4.90)

The phase ∆(ζ)/2 arises from the Skorniakov–Ter-Martirosian (STM) integral equation for
zero-range interactions, and represents the hyperradial wave that is reflected from the long-
distance region [166]. Expressing Eq. (4.90) using Eq. (4.88) gives

2s0 ln(cκ/Λ0)−∆(ζ) = −2nπ , n ∈ N . (4.91)

Dividing this equation by 2s0 and taking the exponent yields

κ

Λ0
eln ce−∆(ζ)/(2s0) = e−nπ/s0 ,

|E(n)|+
ℏ2

ma2
=:

ℏ2κ2

m
=

ℏ2Λ2
0

m
e−2πn/s0e∆

′(ζ)/s0 ,

(4.92)

where we introduce the notation |E(n)| = ℏ2κn/m for the binding energy of the n-th Efi-
mov trimer, and we included the c parameter in the modified phase function ∆′(ζ). The
wavenumber κn is in range Λ0 ≪ κn ≪ 1/|a|. Thus, we can relate the scale of the first to
the short-range interaction length scale Λ0 ∼ 1/r0. Using this relation, we can evaluate the
number of Efimov bound states for finite |a|. We consider that |E(N)| ≈ 0 for some maximum
value N ∈ N in Eq. (4.92)

ℏ2

ma2
≈ ℏ2Λ2

0

m
e−2πN/s0e∆

′(ζ)/s0 ,

1

|a|
≈ 1

r0
e−πN/s0e∆

′(ζ)/s0 ,

ln

(
|a|
r0

)
≈ πN

s0
+

∆′(ζ)

s0
,

N ≈ s0
π

ln

(
|a|
r0

)
.

(4.93)

where we neglected the correction ∆′(s0) as it negligible compared to N [166].

4.2. The three-body recombination

Three-body inelastic processes are widely recognized as the main effect limiting the dynamics
of atomic collisions and the stability of atomic and molecular gases. In ultracold conditions
and for pure atomic gases, the main inelastic loss process is the three-body recombination given
by the schematic reaction equation

A+B + C → AB + C , (4.94)

where three free particles interact, with two of them combining to form a dimer and the third
one carrying away part of the released kinetic energy. Other types of inelastic processes –
relevant in atomic-molecular gas mixtures – include the atom-molecule relaxation

AB∗ + C → AB + C , (4.95)
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which is a collision-induced transition from a two-body bound state to a more deeply bound
two-body bound state of a molecule AB. For high enough temperature or weak binding energy
of the molecule, another important process is the collision-induced dissociation

AB∗ + C → A+B + C , (4.96)

leading to a loss of weakly bound molecules. These processes – especially the three-body
recombination (TBR) – can be described by scattering theory, which is the aim of this Section.
The experimental relevance of inelastic processes was described in Chapter 1. A typical
three-body collision can proceed along multiple possible pathways. Each of the pathways is
associated with a given set of three-body quantum channels and the non-adiabatic couplings
defined in Eqs. (3.117) and (3.119) [119]. We should note that other types of reactions are
possible, specifically the chemical transitions between molecular states of various particles
involved in a collision. These processes are governed by the short-range transitions at R ∼ r0,
with r0 being the characteristic length of interactions. They can generally only be described
by numerical solutions to the hyperradial Schrödinger equation.

The three-body recombination rate is a key observable of three-body dynamics in ultra-
cold gases. It provides direct insight into how interactions among three atoms lead to loss
processes and the formation of bound states. Measuring this rate enables the experimental
identification of Efimov resonances and other few-body phenomena, and helps determine the
stability and lifetime of strongly interacting atomic and molecular systems. Dependence of
the recombination rate on the scattering length or temperature reveals universal properties
of three-body physics. We will provide a sketch of the derivation of this observable stemming
from d-dimensional scattering theory described in Section 3.3 and in Ref. [225]. For large R,
with the assumption that V → 0, the solutions of the hyperradial Schrödinger equation given
in Eqs. (3.112) and (3.114) take the asymptotic form [225],

ΨI(R,Ωd) =
∑
λµ

AλµYλµ(Ωd)
[
cos δλ j

d
λ(kR)− sin δλ n

d
λ(kR)

]
, (4.97)

where Aλµ are unknown coefficients of the expansion, δλ is the d-dimensional scattering phase
shift, jdλ(kR) and ndλ(kR) are the hyperspherical Bessel and Neumann functions defined in
Ref. [226], Yλµ(Ωd) are the solutions to eigenvalue problem for the grand angular momentum
operator Λ2(Ωd) as described in Sections 3.2.2 and 3.2.3 – with eigenvalue λ, and where µ is
an index describing the linearly independent homogeneous polynomials of degree λ restricted
to the unit sphere in SO(d), i.e., the degeneracy of the hyperspherical harmonics, similarly
to m describing the degeneracy of spherical harmonics of degree l for d = 3, i.e., two-body
scattering. The exact definition of the hyperspherical Bessel functions is given by [226]

jdλ(x) =
Γ(α)2α−1Jα+λ(x)

(d− 4)!!xα
, ndλ(x) =

Γ(α)2α−1Nα+λ(x)

(d− 4)!!xα
, (4.98)

where α = d
2 − 1. On the other hand, the wavefunction at large R can be described by the

sum of an incoming plane wave eik·R and an outgoing scattered spherical wave eikR/R(d−1)/2

ΨII(R,Ωd) = eik·R + f(k̂, k̂′)
eikR

R(d−1)/2
, (4.99)

where f(k, k′) is the scattering amplitude, k is the wavenumber, and where R is a vector
comprised of the hyperradius R and the hyperangles Ωd := Ω representing the direction of
observation. Its orientation is equal to the orientation of the incoming wavenumber, i.e.,



CHAPTER 4. UNIVERSALITY 81

R̂ = k̂′. Combining Eqs. (4.97) and (4.99) allows us to find the scattering amplitude by
analyzing the terms proportional to ∼ eikR

R(d−1)/2 in the expression ΨI(R,Ω) − eik·R. To this
end, let us consider the asymptotic (R → ∞) behavior of the hyperspherical Bessel and
Neumann functions [226]

jdλ(kR) →
√

2

π

Γ(α)2α−1

(d− 4)!!(kR)(d−1)/2
cos

(
kR− πλ

2
− π(d− 1)

4

)
,

ndλ(kR) →
√

2

π

Γ(α)2α−1

(d− 4)!!(kR)(d−1)/2
sin

(
kR− πλ

2
− π(d− 1)

4

)
.

(4.100)

Using these relations, we get in Eq. (4.97),

cos δλ j
d
λ(kR)− sin δλ n

d
λ(kR) =

√
2

π

Γ(α)2α−1

(d− 4)!!(kR)(d−1)/2
cos

(
kR− πλ

2
− π(d− 1)

4
+ δλ

)
,

cos δλ j
d
λ(kR)− sin δλ n

d
λ(kR) =

√
2

π

Γ(α)2α−1

(d− 4)!!(kR)(d−1)/2

1

2

(
eikRe−iηλeiδλ + e−ikReiηλe−iδλ

)
,

(4.101)
where ηλ = π

2

(
λ+ d

2

)
− π

4 . Thus, the asymptotic solutions ΨI are given by

ΨI =

√
2

π

Γ(α)2α−1

(d− 4)!!(kR)(d−1)/2

∞∑
λ=0

1

2
e−iδλ

(
eikRe−iηλe2iδλ + e−ikReiηλ

)∑
µ

AλµYλµ(R̂) .

(4.102)
Let us consider the expansion of the plane wave eik·R, given in Ref. [226]

eik·R = (d− 2)!!
2πd/2

Γ(d/2)

∞∑
λ=0

iλjdλ(kR)
∑
µ

Y∗
λµ(k̂)Yλµ(R̂) . (4.103)

Asymptotically, for R→ ∞ it is given by

eik·R =(d− 2)!!
2πd/2

Γ(d/2)

√
2

π

Γ(d/2− 1)2d/2−2

(d− 4)!!(kR)(d−1)/2
×

×
∞∑
λ=0

iλ
1

2

(
eikRe−iηλ + e−ikReiηλ

)∑
µ

Y∗
λµ(k̂)Yλµ(R̂)

=

√
1

2π

(2π)
d
2

(kR)(d−1)/2

∞∑
λ=0

iλ
(
eikRe−iηλ + e−ikReiηλ

)∑
µ

Y∗
λµ(k̂)Yλµ(R̂) .

(4.104)

Matching the asymptotic solutions given in Eq. (4.102) for δλ = 0 with the plane wave yields
the equation for Aλµ,

Aλµ = (2π)
d
2 iλ

(d− 4)!!

Γ(α)2α−1
Y∗
λµ(k̂) e

iδλ . (4.105)

We can finally compare the solutions ΨI and ΨII to obtain the scattering amplitude. The
outgoing-wave part (so only terms proportional to ∼ eikR) of the expression ΨI − eik·R yields
the scattering amplitude

f(k̂, k̂′)
∼e+ikR

=
eikR

R(d−1)/2

(
ΨI − eik·R

)
=

=

(
2π

k

)(d−1)/2∑
λµ

iλe−iηλ
(
e2iδλ − 1

)
Y∗
λµ(k̂)Yλµ(R̂) .

(4.106)
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This result immediately generalizes to the elastic scattering amplitude of an anisotropic short-
range potential [225]

f(k̂, k̂′) =

(
2π

k

)(d−1)/2 ∑
λµλ′µ′

iλe−iηλY∗
λµ(k̂)Yλ′µ′(R̂)

(
Sλµλ′µ′ − δλλ′δµµ′

)
, (4.107)

where Sλµλ′µ′ is the S-matrix. Integrating the expression |f(k̂, k̂′)|2 over all final hyperangles
k̂ and averaging over all initial hyperangles k̂′, i.e., integrating and dividing by the surface
area of the unit (d−1)-sphere Id = 2πd/2/Γ(d/2), yields the integrated elastic scattering cross
section

σ′ =

(
2π

k

)d−1 1

Id

∑
λµλ′µ′

∣∣Sλµλ′µ′ − δλλ′δµµ′
∣∣2 . (4.108)

The factors iλ and e−iηλ vanished in the sum due to the orthogonality of the hyperspherical
function Y∗

λµ(k̂) during integration. We interpret the result given in Eq. (4.108) as a general-
ized average cross section describing possible events of transitions between an initial and final
quantum channel i, and f , defined by i := λµ→ λ′µ′ =: f . The unitarity of the S-matrix was
ensured by its definition during the generalization of our result given in Eq. (4.106). There-
fore, the expression for the cross-section also applies to inelastic collisions. We should note
that we did not include all spin degeneracies in Eq. (4.108) nor did we average over the initial
collision energies as would be more appropriate from an experimental standpoint. Identical
particle symmetry is treated by summing all indistinguishable amplitudes before squaring.
One then averages over initial directions and momenta at fixed energy, and integrates over
distinguishable final states. The total cross section is then given by σ = npσ

′, where np is
the number of terms in the permutation symmetry projection operator, e.g., np = N ! for N
identical particles. The cross section for the total angular momentum J and parity Π should
include an additional 2J + 1 a degeneracy. Hence, the final expression for the total cross
section of N colliding particles is given by

σ(JΠ) = np

(
2π

ki

)d−1 1

Id

∑
fi

(2J + 1)|SJΠ
fi − δfi|2 . (4.109)

The recombination rate is then given by

KJΠ
N =

ℏki
µN

σ(JΠ) , (4.110)

where µN is the N -body reduced mass, and factor ℏki/µN represents the N -body hyperradial
velocity, which is a generalization of relative collision velocity to d-dimensions. For three
interacting particles, we have d = 6, and the three-body recombination is given by

KJΠ
3 = np

∑
fi

32π2
ℏ(2J + 1)

µk4i
|SJΠ

fi − δfi|2 . (4.111)

The k−4
i scaling reflects the Wigner threshold law for three-body collisions, which indicates

that low partial waves dominate the recombination rate at ultracold energies. The apparent
universality of K3 arises when a few parameters, such as the scattering length a or the three-
body parameter κ∗, capture the microscopic details of the system and allow predictions of
the rate of recombination in atomic systems without detailed knowledge of the short-range
potential. The scaling K3 ∼ a4 arises in ultracold conditions near a Feshbach resonance, while
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the interference and resonant terms in K3 stemming from Efimov physics show universal be-
havior [119, 166, 214]. Although the S-matrix depends implicitly on the short-range behavior
of the potentials, the dependence becomes less relevant in the ultracold regime. The relative
probabilities for recombination between channels often follow universal propensity rules [182].
The probabilities for the exact pathways for recombination are governed by the elements of
the |SJΠ

fi − δfi|2 ∼ |Tfi|2 matrix. These elements can be determined by the WKB tunneling
probability. A detailed discussion on the role of non-adiabatic couplings, as well as exact
expressions capturing Efimov features in three-body recombination (TBR), is presented in
Ref. [119].

4.3. The effective range theory

Parts of this Section are based on the ’End Matter’ of the Ref. [227], to which the author of
this thesis made leading and substantial contributions, both in research and computational

analysis, as well as in writing. The author of this thesis performed all numerical calculations
using Poland’s high-performance computing infrastructure PLGrid (HPC center: ACK

Cyfronet AGH), developed data analysis software for accurate interpretation of the results,
made all plots, led the scientific discussion, implemented minor modifications to numerical

codes developed by Jose D’Incao, and prepared the initial draft of the manuscript.

Effective-range theory is an important tool for analyzing low-energy scattering. It became
an essential framework for the development of the universal theory of ultracold collisions.
Effective-range theory provides the leading terms in the expansion of k2l+1 cot δl as a function
of the collision energy, where δl is the phase shift of the scattering wavefunction for angular
momentum l and k is the collision wavenumber. For temperatures approaching the s-wave
regime, we consider only l = 0.

The usual effective range theory assumes that potentials are short-range in the sense that
they fall off faster than any power of 1/r, where r is the interatomic distance. For such
potentials and for angular momentum l, the well known result states that [215, 228–231]

k2l+1 cot δl = − 1

al
+

1

2
reff,lk

2 +O(k4) . (4.112)

Eq. (4.112) is modified for long-range potentials, i.e., ones that decay following the power
law V (r) → −1/rn, for r → ∞. If the potentials decay sufficiently rapidly at large r, only
the higher-order terms are modified. Specifically, the van der Waals potentials give rise to a
modified equation [232, 233]

k2l+1 cot δl = − 1

al
+

1

2
reff,lk

2 +O(k4 ln(k)) . (4.113)

To understand the limits of applicability of the effective range expansion for more slowly
decaying inverse power-law potentials than those with n = 6, we will need to gain some insight
into solutions of the general radial Schrödinger equation[

d2

dr2
+ k2 − l(l + 1)

r2
− 2µ

ℏ2
V (r)

]
u(r) = 0 , (4.114)

where µ is the two-body reduced mass, and u(r) is the solution function related to the radial
part R(r) of the total wavefunction by u(r) = rR(r). For short-range potentials V (r) rapidly
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approaches 0 for large r, and u(r) approaches the linear combination of the free solutions
without modifications

u(0) = 0, u(r) → kl [cot δlkrjl(kr)− krnl(kr)] , r → ∞ , (4.115)

where jl(kr) and nl(kr) are the spherical Bessel functions.
If we define the scattering volumes al (scattering length for l = 0) as

lim
k→0

k2l+1 cot δl = − 1

al
, (4.116)

we can analyze the behavior of the solutions in the limit k → 0. Considering the asymptotic
behavior of the spherical Bessel functions

jl(z) =
zl

(2l + 1)!!
(1 +O(z2)) , (4.117)

nl(z) = −(2l − 1)!!

zl+1
(1 +O(z2)) , (4.118)

the first term in Eq. (4.115) behaves as

kl cot δl krjl(kr) ≈ kl
(
− 1

al
k−(2l+1)

)
(kr)l+1

(2l + 1)!!
=

−rl+1

(2l + 1)!!al
, (4.119)

Thus, the behavior tan δl ≈ δl ∼ k2l+1 given in Eq. (4.116) ensures that the term from
Eq. (4.119) is regular for k → 0. Let us consider the second term

−kl (krnl(kr)) ≈ −kl
[
−(2l − 1)!!(kr)−l

]
= −(2l − 1)!!r−l . (4.120)

The solutions to the free radial Schrödinger equation therefore approach the expression

u0(r) → (2l − 1)!!r−l − rl+1

(2l + 1)!!al
, r → ∞, (4.121)

where we use the subscript ’0’ to denote the behavior at k → 0.
The first restriction for the effective range theory for long-range potentials is that u0(r)

does not always have the asymptotic form shown in Eq. (4.121). There are additional terms,
which fall off as powers of 1/r and which may interfere with the r−l term. Their origin stems
from the fact that the long-range potential cannot be completely neglected at r → ∞. Let’s
consider a long-range potential

V (r) = −Cn/r
n , (4.122)

where Cn is the interaction constant. With such interaction, the radial Schrödinger equation
has the form [

d2

dr2
+ k2 − l(l + 1)

r2
+
β2n
rn

]
u(r) = 0 , (4.123)

where we introduce βn =
√

2µCn/ℏ2 – the characteristic length of interaction. Upon the
substitution

ρ =
2βn
n− 2

r−(n−2)/2 , u0(r) = r
1
2ϕ(ρ) , (4.124)

the Eq. (4.123) at k = 0 transforms into

r−
3
2
(n− 2)2

22

[
ρ2ϕ′′ + ρϕ′ − ϕ

1

(n− 2)2

]
+ r

1
2ϕ

(
β2n
rn

− l(l + 1)

r2

)
= 0 . (4.125)
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Further calculations reveal that this equation is a Bessel-type ordinary differential equation

ρ2ϕ′′ + ρϕ′ + ϕ

[
z2 − (2l + 1)2

(n− 2)2

]
= 0 , (4.126)

to which the solutions are two independent functions proportional to the cylindrical Bessel
functions Jα(ρ) and Nα(ρ), with α = (2l+ 1)/(n− 2). Hence, the two independent solutions
to the radial Schrödinger equation at k = 0 with a long-range potential are

r
1
2J(2l+1)/(n−2)(ρ) and r

1
2N(2l+1)/(n−2)(ρ) . (4.127)

The asymptotic form of these solutions for r → ∞ and thus ρ → 0 (restricting n > 2) stems
from the Frobenius series for the Bessel functions

Jα(ρ) =

∞∑
m=0

(−1)m

m!Γ(m+ α+ 1)

(ρ
2

)2m+α
, (4.128)

and the relation between the Bessel functions of the first and second kind

Nα(ρ) =
Jα cos(πα)− J−α(ρ)

sin(πα)
. (4.129)

Using the Eqs. (4.128) and (4.129), the definition of ρ in Eq. (4.124) and the Euler reflection
formula Γ(α)Γ(1 − α) = π/ sin(απ), we can finally arrive at the asymptotic form of the
solutions for small ρ

r
1
2Jα(ρ) =

βαn
Γ(1 + α)(n− 2)α

r−l

[
1− β2n

(n− 2)2(1 + α)
r−(n−2) +O

(
r−2(n−2)

)]
, (4.130)

r
1
2Nα(ρ) = −Γ(α)

π

(n− 2)α

βαn
rl+1

1 + β2n
(n− 2)2(1− α)

r−(n−2)︸ ︷︷ ︸+O
(
r−2(n−2)

) . (4.131)

Generally, for n > 2l + 3 – a condition called the Wigner threshold law – it follows that the
leading terms in the asymptotic form of u0(r) are rl+1 and r−l just as for the short-range
potentials. The usual energy dependence δl ∼ k2l+1 is then ensured for k → 0. For n < 2l+3,
the underbraced term in Eq. (4.131) becomes dominant over the r−l term, and the two leading
terms in the asymptotic form are rl+1 and r3+l−n. Then, the behavior of the phase shift δl
can no longer be modeled by ∼ k2l+1 for k → 0 and the definition in Eq. (4.116) does not
hold. For n = 2l + 3, the leading terms in the asymptotic form of u0(r) are rl+1 and r−l ln r
and, again, Eq. (4.116) no longer represents the proper low-energy behavior of δl [234].

Let us now consider the case l = 0 and n ≥ 4. We choose n ≥ 4 > 2 · 0 + 3 to ensure
regular behavior, as defined in Eq. (4.116). Eqs. (4.115) and (4.121) become

u(0) = 0 , u(r) → cot δ0 sin(kr) + cos(kr) , r → ∞ ,

u0(0) = 0 , u0(r) → 1− r

a
, r → ∞ ,

(4.132)

where a0 := a is the scattering length. The solutions of the free Schrödinger equation (V = 0)
for k finite v(r), and k = 0 – v0(r), are given by

v(r) = cot δ0 sin(kr) + cos(kr) ,

v0(r) = 1− r

a
.

(4.133)
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So, we have a set of equations

u′′ + (k2 − V )u = 0 , u′′0 − V u0 = 0 ,

v′′ + k2u = 0 , v′′0 = 0 .
(4.134)

Let us compute the Wronskian

(uu′0 − u′u0)
′ =uu′′0 + u′u′0 − u′′u0 − u′u′0 = uu′′0 − u′′u0 =

=u(V u0)− (V − k2)uu0 = k2uu0 .
(4.135)

Similarly, it can be shown that

(vv′0 − v′v0)
′ = k2vv0 . (4.136)

Combining these two relations yields,

[
(vv′0 − v′v0)− (uu′0 − u′u0)

]∞
0

=

∫ ∞

0
k2(vv0 − uu0) dr . (4.137)

The left-hand side of this equation is equal to zero for r → ∞ because the solutions u(r),
u0(0) approach v(r) and v0(r) as was shown in Eq. (4.132). At r = 0, we get

u(0)u′0(0)− u′(0)u0(0) = 0 , (4.138)

because u′(0) and u′0(0) do not diverge and due to boundary conditions shown in Eq. (4.132).
Meanwhile the term proportional to v and v0 is given by

v(0)v′0(0)− v′(0)v0(0) = 1 ·
(
−1

a

)
− (k cot δ0) · 1 = −1

a
− k cot δ0 . (4.139)

Inserting these relations into Eq. (4.137), we get the integral equation showing the ∼ k2

behavior of the phase shift δ0

k cot δ0 = −1

a
+

∫ ∞

0
k2(vv0 − uu0) dr , (4.140)

if V (r) tends to zero for r > r0, where r0 is some finite length-scale. For k → 0, the integral
above is non-negligible only for r ∈ [0, r0]. For ℏ2k2/(2µ) sufficiently small compared to an
average of the potential in the range r ∈ [0, r0], we could replace v and u by v0 and u0,
respectively. We aim to analyze the cases for which such a shape-independent approximation
can be applied to the exact formula given in Eq. (4.140), i.e., what conditions allow us to
define the effective range

1

2
reff =

∫ ∞

0
(v20 − u20) dr . (4.141)

The shape-independent approximation fails for long-range potentials [234]. The asymptotic
behavior of the solution u0 given in Eq. (4.131) contains constant terms, terms ∼ r, and
terms ∼ r−(n−3) (for n ≥ 4), while v0 contains only the constant and ∼ r terms. Thus, the
function v20 − u20 will contain terms ∼ r−(n−4) and so the shape-independent approximation
results in a divergent integral for n = 4 (terms proportional to ∼ r4−n ∼ r0 result in linear
divergence) and n = 5 (terms proportional to ∼ r4−5 ∼ r−1 result in logarithmic divergence).
Only sufficiently short-range potentials n ≥ 6 support a convergent integral.
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Figure 4.4: The (generalized) effective ranges for the ion-atom (black solid line) and neutral
(red solid line) two-body interactions. The coefficient ∼k obtained for the ionic expansion
is marked as c∗1 (blue solid line). Dashed lines represent the analytical expressions given
by Eq. (34) of Ref. [12] for the neutral interaction (red), the expression for c∗1(a) (blue),
and the expression given by Eq. (4.143), in which we set r∗eff = 0 (black) – for the ion-
atom interaction. The gray dot-dashed line shows the generalized ionic effective range plus
the estimated logarithmic term at k = 0.003 r−1

∗ . The units rvdW = (2µC6/ℏ2)1/4/2 and
r∗ = (2µC4/ℏ2)1/2/2 are proportional to the characteristic lengths of interaction for the
n = 4, and n = 6 potentials.

Long-range potentials, like the ones representing the ion-atom induction dominating in-
teraction at n = 4, therefore require a more general approach to find the effective range
expansion. Terms proportional to ∼k and ∼k2 ln k appear in the k cot δ0 expansion [234, 235]

k cot δ0 = −1

a
+ c∗1(a)k +

16r2∗
3a

k2 ln

(
r∗k

2

)
+

1

2
R∗

eff(a)k
2 +O(k3) , (4.142)

where c∗1(a) = 4πr2∗/(3a
2), and where

R∗
eff(a) = r∗eff +

4πr∗
3

+
160r2∗
9a

−
64ψ

(
3
2

)
r2∗

3a
− 16πr3∗

3a2
− 32π2r4∗

9a3
, (4.143)

is the generalized effective range for the ion-atom interaction. In the above equation, we
define r∗eff to be the ion-atom effective range. We relate the modifications in the ionic k cot δ0
expansion to corresponding changes in the universal theory of few-body collisions arising from
long-range interactions.

We present the calculated results for the k cot δ0 expansion in Figure 4.4. The coefficients
of the effective range expansion are plotted against 1/a in units rescaled for both the neutral
and charged interactions. These coefficients were obtained by fitting the relevant expression to
40 data points between k = 0.003 r−1

∗ and k = 0.01 r−1
∗ . The results for the ∼ k2 coefficient in

the case of a neutral interaction closely match the analytical expression reported in Ref. [12].
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Likewise, the ∼ k coefficient reproduces the expected ∼ 1/a2 dependence accurately. For
the ion–atom system, the ∼ k2 coefficient is obtained by subtracting the ∼ ln term from
k cot δ0 before fitting. Specifically, we evaluate the scattering length at k = 0.003r−1

∗ , where
k cot δ0 converges to −1/a. The numerical values are compared to Eq. (4.143) under the
approximation reff ≈ 0. Any deviations from this formula provide an estimate of the ion–atom
effective range. Because the non-linear ∼ ln term reduces the numerical stability of the fit,
we instead assess its influence by adding it to the ∼ k2 coefficient after the fitting procedure.
This term has a significant impact on the ∼ k2 behavior of the k cot δ0 function.



Chapter 5

Weakly bound three-body states in
ion-atom-atom systems

This Chapter is based on Ref. [227], to which the author of this thesis made leading and
substantial contributions. The author of this thesis performed all numerical calculations
using Poland’s high-performance computing infrastructure PLGrid (HPC center: ACK

Cyfronet AGH), developed data analysis software for accurate interpretation of the results,
made all plots, led the scientific discussion, implemented minor modifications to numerical

codes developed by Jose D’Incao, and prepared the initial draft of the manuscript.

In this Chapter, we calculate the bound and scattering properties of a system of two neutral
atoms and an ion near an ion-atom Feshbach resonance. Our results indicate that long-range
ion-atom interactions lead to significant deviations from the universal behavior predicted by
contact or van der Waals potentials. We find that ionic systems display an overall suppression
of inelastic transitions, leading to recombination rates and lifetimes of the Efimov state that
are orders of magnitude larger than those for neutral atoms. We further characterize the
dense spectra of triatomic molecular ions with extended lifetimes. Our results provide deeper
insight into the universality and structure of three-body ionic systems and establish them as
a promising platform for exploring novel few- and many-body phenomena with long-range
interactions.

Cold mixtures of laser-cooled ions and atoms provide exceptional opportunities for explor-
ing and controlling quantum systems, enabling precise manipulation of both quantum states
and collision dynamics [96, 236]. These hybrid systems have become a cornerstone of quan-
tum science, with applications spanning quantum simulation [98, 99], quantum information
processing [100, 237], cold controlled chemistry [102, 104, 105, 117], and few- and many-body
quantum physics [106, 238–240]. Recently, ultracold ion-atom mixtures have been realized in
the quantum regime [111, 118], enabled by the large mass imbalance between heavy ions and
light neutral atoms, which suppresses micromotion-induced heating [116]. This achievement
allows controllable interactions near ion-atom Feshbach resonances [109, 111, 241] through
tunability of the s-wave scattering length [12], thereby opening new avenues for investigating
complex quantum few- and many-body phenomena governed by long-range ion-atom inter-
actions [107, 107, 108, 242–246]. In particular, the possibility of using Feshbach resonances
to control the effective ion-atom interaction and to sympathetically cool ions using ion-atom
confinement-induced resonances was investigated in Refs. [247, 248].

Building on this progress, it is important to recognize that ultracold gases are intrinsi-
cally shaped by few-body processes. Among these, three-body recombination – a fundamental
chemical reaction in which three free atoms react to form a diatomic molecule carrying away

89
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the excess energy – is the dominant mechanism driving atomic and molecular losses, thereby
limiting both sample lifetimes and achievable densities [110] necessary for the observation of
few- and many-body dynamics. Conversely, recombination is not only a loss mechanism but
also a powerful diagnostic tool. Its rate and product distribution provide sensitive probes
of fundamental quantum effects such as Efimov physics [119, 166, 205, 214], enable detailed
studies of state-to-state ultracold chemistry [249–254], and serve as a key method for detect-
ing Feshbach resonances in both neutral and ion-atom systems [12, 111]. This multifaceted
role highlights the potential of recombination to reveal crucial aspects of few- and many-body
quantum dynamics. The growing ability to control ion-atom systems at ultracold tempera-
tures naturally motivates a closer look at how few-body processes and interactions unfold in
the presence of the long-range ion-atom interactions.

Classical and semiclassical theories of ion-atom-atom systems have provided valuable in-
sight into three-body recombination at temperatures well above the quantum regime [112–
114, 255–257], establishing a solid foundation for understanding the basic dynamics. With
ultracold experiments now pushing deep into the quantum domain, exciting new questions
arise that naturally call for a fully quantum-mechanical, non-perturbative description. For
instance, while the Efimov universality in heteronuclear, neutral systems – characterized by
short-range interactions – is well understood [122, 258], the impact of the long-range ion-
atom interaction remains largely unexplored, preventing a deeper insight into the structure
and dynamics of strongly interacting ionic few-body systems [259]. Equally compelling are
opportunities to map out the influence of the long-range interaction on other non-universal
or chemical aspects like the state distribution of diatomic molecular ions produced by recom-
bination [249–253], and the structure and stability of triatomic molecular ions, which can be
potentially created in ion-atom systems.

We aim to investigate universal and non-universal aspects of ionic three-body quantum
systems composed of two identical bosonic atoms, 7Li, and a heavy ion, 138Ba+. Near an
ion-atom Feshbach resonance, we find that the ionic system (LiLiBa+) Efimov physics is
also manifested in a universal way, but with the three-body recombination rate, L3, being
strongly suppressed compared to its neutral counterpart (LiLiBa) [122]. We also found that
the Efimov states in LiLiBa+ possess lifetimes up to 5 orders of magnitude longer than those
of LiLiBa, making them more accessible to experimental observation and manipulation. These
results confirm that systems with long-range ion-atom interactions belong to a new class of
universality [259]. We also show that the product state distribution of recombination for both
ionic and neutral systems follows the same 1/Eb propensity rule observed in homonuclear
systems [249–253], with no significant preference for forming Li2 or LiBa molecules. Finally,
we characterize weakly bound triatomic molecular ions, confirming the high density of states
characteristic of long-range ion-atom interactions. Together, these results provide deeper
insight into the universality, stability, and structure of ion-atom systems and establish them
as a promising platform for exploring novel few- and many-body phenomena with long-range
interactions.

5.1. Ion-atom-atom dynamics

Our investigation of the universality of the ion-atom-atom dynamics begins with the adiabatic
hyperspherical representation as described in Chapter 3 [119, 195, 202]. In the hyperspherical
representation, the system’s internal motion and rotations are described by a set of hyper-
angles Ω, while its overall size is described by the hyperradius R [119, 195, 202]. Bound
and scattering properties of the system are obtained through solutions of the hyperradial
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Schrödinger equation[
− ℏ2

2µ

d2

dR2
+ Uν(R)− E

]
Fν(R) +

∑
ν′

Wνν′(R)Fν′(R) = 0 , (5.1)

where µ = (m2
BmX/M)1/2 is the three-body reduced mass of a system of two identical bosonic

atoms, B, and a third dissimilar atom, X, of masses mB and mX , respectively, total mass
M = 2mB +mX , and ν represents the set of quantum numbers characterizing each channel.
The hyperradial Schrödinger equation (5.1) describes the hyperradial motion governed by the
three-body effective potentials Wν(R) = Uν(R) + Wνν(R) supporting bound and resonant
states and non-adiabatic couplings Wν ̸=ν′(R) driving the inelastic transitions between the
different channels. Both Uν and Wνν′ are determined via the solutions of the hyperangular
Hamiltonian, containing all the interatomic interactions [119, 195, 202]. In Figure 5.1 we
display the adiabatic potentials for the LiLiBa and LiLiBa+ systems relevant to our present
study.

Here, we assume the interactions in the three-body system to be a pairwise sum of the
interatomic interactions between the identical bosons (in our case, 7Li), vBB, and that between
the bosons and the third particle (Ba or Ba+), vBX . In our interaction model, the interaction
between identical bosons is given by the Lennard-Jones potential vBB(r) = −CB

6 /r
6(1 −

λ6B/r
6) while for the interspecies interaction it is given either by a Lennard-Jones potential

vBX(r) = −C6/r
6(1 − λ6X/r

6), in the case of the neutral Li-Ba pair, or by the regularized
polarization potential vBX(r) = −C4/r

4(1−λ4X/r4), for the Li-Ba+ pair. Here, C4 and C6 are
long-range induction and dispersion coefficients [96, 260, 261], r is the interatomic distance,
and λB and λX parameters are adjusted to produce the desired value of the s-wave scattering
length as well as the number of bound states each interaction pair can support. For our
studies, the interaction between Li atoms, vBB, is set with λB ≈ 19.58 a0, producing two s-
wave Li2 molecular states and the background scattering length of −27.3 a0 [262–264], where
a0 is the Bohr radius, while we vary λX for vBX to simulate the changes of the interspecies
scattering length, aBX , near a Feshbach resonance.

Besides the distinct short- and long-range character of the vBX interaction for neutral and
ionic systems, another important distinction is the characteristic length and energy scales
defining the onset of universality in the system. While for neutral systems, the relevant
scales are determined by the van der Waals length and energy given respectively by rvdW =
(2µBXC6/ℏ2)1/4/2 and EvdW = ℏ2/(2µBXr

2
vdW), where µBX = mBmX/(mB +mX), for the

ionic system they are defined by the polarization length and energy, r∗ = (2µBXC4/ℏ2)1/2/2
and E∗ = ℏ2/(2µBXr

2
∗), respectively. In our system, they are equal to: rvdW ≈ 44.99 a0,

EvdW ≈ kB × 6409.39 µK (or h × 133.55 MHz), r∗ ≈ 707.03 a0, and E∗ ≈ kB × 25.95 µK
(or h× 0.54075 MHz), illustrating the disparate length and energy scales relevant for neutral
and ionic systems caused by the strong polarization effects. To ensure the proper comparison
between neutral and ionic systems, we will express the results for each system in terms of its
characteristic length and energy scales wherever appropriate.

For our scattering calculations, we define the three-body recombination constant for a
system of two identical bosons at collision energy E as [225],

L3(E) =
∑
J

∑
f,i

32π2ℏ
(2J + 1)

µk4
|SJ

fi|2 =
∑
f

L3f , (5.2)

with k = (2µE/ℏ2)1/2, f running over all final (atom-dimer) channels, i over the initial (three-
body continuum) channels (see Fig. 5.1). Here, L3f is the partial recombination rate into the
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Figure 5.1: The three-body hyperspherical potentials Uν(R) for the LiLiBa+ (black) and
LiLiBa (red) systems calculated at aBX = 0.1 (r∗ or rvdW) for our interaction model support-
ing six BX s-wave bound states and two BB s-wave bound states. For large R (R/rvdW ≫ 1
or R/r∗ ≫ 1), potentials Uν(R) > 0 correspond to three-body continuum channels, describing
collisions between three free atoms, while potentials Uν(R) ≃ −Eb(v, l) < 0 are atom-molecule
channels describing collisions between an atom and a molecule. Here, Eb(v, l) denotes the di-
atomic molecular binding energies of the rovibrational states of the BX and BB interactions.
According to the number of the atom-dimer channels in the figure and considering values of
EvdW and E∗ in absolute units, we estimate that the density of diatomic states for the ionic
systems to be a 100 times larger than for the neutral counterpart.

final state f , and the corresponding S-matrix obtained from the solutions of Eq. (5.1) using
the methodology developed in Ref. [202]. For the regime of ultracold collisions (E ≪ EvdW

or E∗), we only consider the lowest total three-body angular momentum J = 0 as higher
partial-waves contributions are suppressed in this regime [196, 266].

Figures 5.2(a) and 5.2(b) present the three-body recombination rate, L3, for LiLiBa (red
solid lines) and LiLiBa+ (black solid lines) at collision energy E/kB = 0.01µK as a function
of the interspecies scattering lengths, aBX . In the figure, we also show the rate Lw

3 for recom-
bination into the weakly bound Feshbach molecular state (aBX > 0) as well as recombination
into all other deeply bound states, Ld

3 = L3−Lw
3 . For the ionic system, we use a Li-Li interac-

tion supporting 2 s-wave states while the Li-Ba+ supports 6 s-wave states (for a total of ∼10
molecular states). For the neutral system, we use for both Li-Li and Li-Ba interactions that
support 2 s-wave states (for a total of ∼40 states). For both ionic and neutral systems, we
include 50 three-body continuum states in our calculations. We estimate our results to be con-
verged to within 1-2%. In the attempt to gain a better understanding of how recombination
proceeds for ionic systems, in the inset of Figs. 5.2(a) and 5.2(b) we show the product state
distribution L3f/L3 in terms of the binding energy of the final molecular state, Eb, for both
aBX > 0 and aBX < 0, respectively. Although for LiLiBa+ there are two types of molecular
final products (Li2+Ba+ or LiBa++Li), our results in the inset of Figs. 5.2(a) and 5.2(b) ver-
ifies the same L3f/L3 ∼ 1/Eb propensity rule found for neutral homonuclear 87Rb and 85Rb
recombination [249–253], with no preference over Li2 (open symbol) or LiBa+ (closed symbol)
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Figure 5.2: (a), (b): Three-body recombination rate L3 and partial rates Lw
3 and Ld

3 for
LiLiBa (red) and LiLiBa+ (black). The results for LiLiBa+ recombination are multiplied by
(rvdW/r∗)

4 in order to properly compare that with recombination of LiLiBa systems. For
small values of |aBX | ≲ r∗ (or rvdW), L3 displays resonant effects associated with high-partial
waves diatomic molecular states [265], some of which are not resolved in the figure. Dotted
lines represent the amplitude for L3, A(L3), from the universal theory [122]. The insets of
panels (a) and (b) display the product state distribution of LiLiBa+ recombination, L3f/L3

[see Eq. (5.2)], in terms of the molecular final state binding energy, Eb, displaying the 1/Eb

propensity rule of Ref. [251].

molecular states. This indicates that the same physical processes found for neutral (homonu-
clear) systems apply to ionic (heteronuclear) systems despite the highly complex nature of
the three-body interactions at short distances (R ≲ r∗ or R ≲ rvdW in Fig. 5.1).

For large values of |aBX |, |aBX | ≳ r∗ or rvdW, Fig. 5.2 shows that L3 follows the ex-
pected a4BX scaling behavior [119]. Moreover, in this range of aBX , interference and resonant
behaviors are expected. They are associated to the n-th (n = 0, 1, 2, . . .) Efimov state for
aBX = a+e

nπ/s0 > 0 and aBX = a−e
nπ/s0 < 0, respectively [119, 166, 205, 214], with s0

being the Efimov universal coefficient controlling the strength of the Efimov interaction. As
usual, the expected values of three-body parameters |a+| and |a−| are typically larger than
the characteristic range of the interactions [198]. However, since LiLiBa+ and LiLiBa are
both unfavorable mass-imbalanced systems (mX/mB ≫ 1), the Efimov coefficient is small,
s0 ≈ 0.03562, and geometric scaling extremely large, eπ/s0 ≈ 2 × 1038, in comparison to
s0 ≈ 1.00624 and eπ/s0 ≈ 22.7 for three identical bosons systems. As a result, it is unlikely
that such systems will display interference and resonance phenomena for experimentally ac-
cessible values of aBX . Nevertheless, universal behavior is still expected for the amplitude of
L3, Lw

3 , and Ld
3 as shown in Ref. [122]. Such universal results for L3 (see Section 4.3) depend

on the mass ratio mX/mB, a+, a−, and η, the non-universal inelasticity parameter describing
decay to deeply bound molecular states [119, 166]. For the LiLiBa neutral system, our nu-



94 5.2. EFIMOV PHYSICS IN ION-ATOM-ATOM SYSTEMS

merical calculations for L3 agree with the universal results of Ref. [122]. The straight lines in
Figs. 5.2(a) and 5.2(b) represent the amplitude of the universal L3 without the interference
and resonant terms (see Section 4.3) and are denoted by A(L3). From the comparison to the
universal results we obtain a− ≈ 200 rvdW, η ≈ 0.17 for aBX < 0 and η ≈ 0.027 for aBX > 0.

For LiLiBa+, we could not identify any reasonable set of parameters a+, a−, and η within
the framework of the universal theory [122] that reproduces the recombination amplitude
shown in Fig. 5.2. Furthermore, by employing different interaction models for the Li-Ba+

potential – each supporting a different number of bound states – we confirm that our results
for the LiLiBa+ system are themselves universal, yet suppressed by a factor of about 250
compared to the corresponding universal predictions of Ref. [122]. We attribute this suppres-
sion of inelastic transitions to the difference in how the LiLiBa+ interactions change as R
approaches short distances, as compared to the LiLiBa case. As shown in Fig. 5.1, the three-
body potentials for LiLiBa+ vary more slowly as approaching short distances than those for
LiLiBa, leading to smaller non-adiabatic couplings Wνν′ in Eq. (5.1) and suppressing inelastic
transitions. We have verified this reduction of non-adiabatic couplings numerically.

Evidently, these findings raise the question of what makes the universality for ionic systems
different than that of neutral atoms. In fact, as shown in Ref. [259], systems interacting via
1/r6 and 1/r4 interactions (in our case, the LiLiBa and LiLiBa+ systems, respectively) belong
to different universality classes and are characterized by different values of the universal three-
body parameters (e.g., a−) [267]. Although the universal theory [122] – constructed within
the framework of the effective-field theory (EFT) assuming contact, zero-range interactions –
does not provide the values of the three-body parameters, they provide universal expressions
for L3 in terms of such three-body parameters, as well as various universal relationships
between them. The validity of these expressions has been extensively verified for neutral
atomic systems belonging to the 1/r6 universality class. Nevertheless, systems within the
1/r4 universality class have fundamentally different low-energy properties manifested, for
instance, via the effective-range expansion [64, 234, 268, 269]. We provide a detailed analysis
of the difference between the effective range expansion for both 1/r6 and 1/r4 interactions
in Section 4.3. Such modifications of the low-energy behavior suggest that changes to the
universal EFT are required in order to properly describe the universality of ionic three-body
systems, similar to those in Refs. [270, 271], which demonstrate the importance of treating
1/r6 and 1/r4 interactions within the EFT framework. Our results on the changes observed
in our L3 calculations for neutral and ionic systems, along with the 1/r4 universality class
studies of Ref. [259], indicate that the ionic nature of the two-body interaction affects not
only the universality of the three-body parameter but also the universal collision rates and
other universal relationships derived from the EFT framework [122].

5.2. Efimov physics in ion-atom-atom systems

Although both the LiLiBa and LiLiBa+ systems are unfavorable for Efimov physics (due
to the value of the Efimov coefficient, s0 ≈ 0.03562) our calculations in Fig. 5.3 show that
for aBX > 0 the Efimov ground state remains bound for values of aBX/rvdW and aBX/r∗
much smaller than eπ/s0 ≈ 2 × 1038. This can be explained by the variational principle of
Ref. [272], which states that the ground state binding energy of a triatomic molecule can not
exceed three times that of the diatomic molecule, preventing the Efimov ground state from
crossing the atom-dimer threshold and becoming unbound [273, 274]. In Figure 5.3, we show
the diatomic molecular energies of the corresponding Feshbach states, E∗

2b (solid lines), along
with the energies E3b (dashed lines with symbols) and width Γ3b (error bars) of the triatomic
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Figure 5.3: Energy of the lowest Efimov state for LiLiBa (red) and LiLiBa+ (black) and the
corresponding width Γ expressed as error bars. Two additional trimer states associated with
two-body rotational states (pink) [265] are also presented, together with their energies and
widths. The inset shows the lifetime τ = ℏ/Γ of the Efimov states for both LiLiBa and
LiLiBa+.

molecular states obtained via the time-delay calculations similar to that of Ref. [275]. While
the energies of the Efimov ground state for the LiLiBa and LiLiBa+ systems are similar
(in relative units), their corresponding lifetime τ3b = ℏ/Γ3b are substantially different. The
Efimov LiLiBa+ ground state has a lifetime around 5 orders of magnitude longer than those of
LiLiBa [see the inset of Fig. 5.3], with lifetimes as long as 100 ms for the range of aBX shown
in Fig. 5.3. The longer lifetimes for LiLiBa+ states can be understood by the combination
of their more weakly bound nature compared to the LiLiBa states – determined by the ratio
of characteristic energies scales, E∗/EvdW ≈ 4.05 × 10−3) – and the suppression by a factor
of 250 of the inelastic transitions for LiLiBa+ [see Figs. 5.2(a) and 5.2(b)] thus leading to an
overall factor of E∗/EvdW/250 ≈ 1.62 × 10−5. Long-lived ground Efimov states in neutral
atoms have so far remained elusive, making ionic Efimov states likely to produce interesting
regimes in the ultracold ion-atom gas mixture. While ionic Efimov states are extremely weakly
bound (|E3b| ≪ E∗ ≈ 25.95 µK for LiLiBa+), and difficult to populate due to the yet limited
temperature experiments can reach, their extreme large extent, ⟨R⟩3b ≫ r∗, can exceed the
average interatomic distances (approximately 30 r∗ for densities around 1012 cm−3) potentially
leading to novel physical regimes [97–99, 106, 107, 242–244, 276].

To further explore binding phenomena in ionic few-body states, and the differences to
neutral atom systems, we also calculated the energy spectrum and the corresponding lifetimes
of the triatomic molecular states beyond the energy range relevant for Efimov physics, i.e.,
E > EvdW ≈ h × 133.55 MHz for LiLiBa and E > E∗ ≈ h × 0.54075 MHz for LiLiBa+.



96 5.3. THE THREE-BODY RECOMBINATION

3.3 3.0 2.7 2.4 2.1 1.8 1.5 1.2 0.9 0.6 0.3 0.0

2

1

0

E [GHz]

t D
 [1

00
 n

s]
Li2Ba Li2Ba+ LiBa+LiBa

×10

Figure 5.4: The time delay for 7Li7Li138Ba (red) and 7Li7Li138Ba+ (black) calculated for
aBX = 0.1 (r∗ or rvdW). The results for the neutral system have been multiplied by a factor
of 10. The vertical dashed lines are the energies of two-body molecular states to which the
effective potentials Wν(R) converge at large values of R. The peaks and width of the time-
delay parameter describe the energies and lifetimes of the three-body bound states supported
by Wν(R).

Figure 5.4 shows our calculations of the time delay τD(E) [275] for a broad range of energies
(from 0 to h × 3.3 GHz), with molecular energies Er determined through the values of E in
which τD(E) is maximal, i.e., dτD(E)/dE = 0, and corresponding lifetimes given by τr =
τD(Er)/4. Figure 5.4 shows that, similar to the diatomic case (see caption of Fig. 5.1), the
energy spectrum of triatomic molecular ions (black curve) is also much denser than that of
the neutral system (red curve). [Note that in Fig. 5.4 the vertical dashed lines indicate the
energy of the LiBa (red) and LiBa+ (black) molecular states.]

Our calculations in Fig. 5.4 show that the Li2Ba three-body molecular states have sig-
nificantly shorter lifetimes than typical Li2Ba+ molecular states. Notably, certain states in
the ionic system are unusually narrow. Such states are characterized by slightly increased
lifetimes for lower binding energies, ranging from 1 to 10 µs.

5.3. The three-body recombination

Three-body recombination for aBX > 0

The LiLiBa system has a large mass imbalance measured by δ = mX/mB, where mX is the
mass of one dissimilar atom X, in our case the Barium atom, while the two Lithium atoms
have masses mB. We modify the implementation of the universal theory to the three-body
problem for large scattering lengths to account for the heteronuclear properties of our system.
Following Ref. [122], the rate Lw

3 for recombination into the weakly bound Feshbach molecular
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state (aBX > 0) is given by

Lw
3 = 2C(δ)

D
(
sin2[s0 ln(aBX/a+)] + sinh2(η)

)
sinh2(πs0 + η) + cos2[s0 ln(aBX/a+)]

ℏa4BX

mX
, (5.3)

where D = 128π2(4π − 3
√
3), a+ is the three-body parameter (a+ > 0), η is the inelasticity

parameter, where η ≪ 1 means low decay probability into deep dimers and η ≫ 1 high
decay probability, and the mass-dependent coefficient is denoted by C(δ). We present results
for three-body recombination rates L3 rather than the event rate constant αw = L3/2, which
takes into account that two identical atoms are taking part in the collision. Ref. [122] provides
the analytical formula for the mass coefficient

C(δ) =
(1 + δ)2 arcsin[1/(1 + δ)]−

√
δ(2 + δ)

2(4π − 3
√
3)

, (5.4)

which is valid for δ > 2. The universal rate for recombination into deep dimers is given by

Ld
3 = 2C(δ)

D coth(πs0) cosh(η) sinh(η)

sinh2(πs0 + η) + cos2[s0 ln(aBX/a+)]

ℏa4BX

mX
. (5.5)

For aBX > 0, the Efimov state is expected to unbind into the Feshbach dimer at a+, while suc-
cessive Efimov levels cross the atom-dimer threshold at scattering lengths that are separated
by the universal factor eπ/s0 . The interference between the decay pathways produces the char-
acteristic log-periodic suppression of the three-body recombination rate, which is described
by trigonometric factors ∼sin2[s0 ln(aBX/a+)] and ∼cos2[s0 ln(aBX/a+)]. For our heteronu-
clear system, we obtain s0 ≈ 0.03562, corresponding to eπ/s0 ≈ 2 × 1038. Consequently, the
log-period is very large, and the oscillations are inaccessible within any numerically feasible
range of aBX . Furthermore, the value of a+ cannot be reliably determined in our range of L3

calculations, because the Efimov trimer actually does not unbind into the atom-dimer thresh-
old – as presented in Fig. 5.3. Thus, we treat the trigonometric factors as effectively constant.
We propose that the interference terms ∼sin2[s0 ln(aBX/a+)] and ∼cos2[s0 ln(aBX/a+)] are
set to 1 and 0, respectively. We emphasize that this approach represents a limiting-case
approximation rather than a general prediction. In this way, however, we capture the univer-
sal scaling behavior of Efimov-related interferences by introducing a maximum amplitude for
recombination into a weakly bound Feshbach molecular state, which is given by

A(Lw
3 ) = 2C(δ)

D
(
1 + sinh2 η

)
sinh2(πs0 + η)

ℏa4BX

mX
. (5.6)

Similarly, the maximum amplitude for recombination into deep dimers is given by

A(Ld
3) = 2C(δ)

D coth(πs0) cosh(η) sinh(η)

sinh2(πs0 + η)

ℏa4BX

mX
. (5.7)

Naturally, the formula for the total recombination rate is therefore given by

A(L3) = A(Lw
3 ) +A(Ld

3) . (5.8)

We fit the model presented in Eq. (5.8) to our numerical results and estimate the value
η ≈ 0.027.
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Three-body recombination for aBX < 0

For aBX < 0, shallow, Feshbach dimers are absent. The atoms can only recombine into deep
dimers. Following Ref. [122], the rate constant for the recombination into deep dimers is given
by

Ld
3 = C(δ)

D coth(πs0) sinh(2η)

sinh2(η) + sin2[s0 ln(aBX/a−)]

ℏa4BX

mX
, (5.9)

where a− is the position of the Efimov resonance. Using limited data for the numerically
calculated L3 (obtained up to |aBX | < 100 rvdW) we give a very rough estimate that
a− ≈ −200 rvdW. Although |a−| is substantially smaller than a+, the numerical limit of
our calculations does not allow us to confidently include the term sin2[s0 ln(aBX/a−)] in our
model for fitting. Instead, we follow the approach given for aBX > 0 and compare our results
to the maximum amplitude of the three-body recombination

A(L3) = C(δ)
D coth(πs0) sinh(2η)

sinh2(η)

ℏa4BX

mX
. (5.10)

The fit of this model to numerical values allows us to approximate the value η ≈ 0.17.

5.4. Mechanism of universality in ion-atom-atom systems

In our studies, we have explored the combination of various LiLi and LiBa+ interaction
models supporting different number of s-wave bound states. Although not strictly necessary
for universality studies, we chose to display results obtained from the model where the Li-Li
and Li-Ba+ interactions support, respectively, 2 and 6 s-wave states because it more closely
represents the real physics of the problem. Due to the largely different characteristic energy
scales for the Li-Li and Li-Ba+ interactions (ELiLi

vdW/E∗ ≈ 103), it takes a Li-Ba+ interaction
supporting more states than the Li-Li to provide a similar strength at short distances. This
ensures that Li-Li and Li-Ba+ bound states overlap, leading to deeply bound three-body
potentials associated with the LiBa+ dimer channels comparable to those corresponding to
the Li2 dimers.

For universality studies near a Li-Ba+ Feshbach resonance (|aBX |/r∗ ≫ 1), it is crucial
to compare results obtained from Li-Li and Li-Ba+ model interactions, including different
number of bound states, as they produce drastically different short-range physics. In order
to further test universality, it is also important to explore Li-Li interaction models producing
different scattering lengths, aBB, to understand the impact of the interaction between neutral
atoms in an ionic three-body problem.

In Figure 5.5 we provide evidence of LiLiBa+ universality by comparing the energy of the
lowest Efimov state obtained from PnsPn+

s
model interactions supporting different number of

Li2 and LiBa+ s-wave bound states, ns and n+s , respectively. The relative variations between
the energies obtained from the two models remains within 2% for the range of scattering
lengths shown in Fig. 5.5. We note that both models also present similarly long lifetimes for
Efimov states, allowing us to point out the extended lifetimes in the ionic three-body systems
as another universal property in the problem. Below, we will present our theoretical under-
standing of the physics leading to such universal properties while discussing the properties of
the three-body effective potentials associated to the Efimov physics.

Similarly, we have investigated manifestations of universality in LiLiBa+ recombination.
However, we find that such signatures are considerably more subtle and difficult to realize
to the same degree as those observed in the energy spectrum. In Fig. 5.6, we present our
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Figure 5.5: Energy of the lowest Efimov state and the corresponding width Γ expressed as
error bars for LiLiBa+ calculated for two interacting models supporting m BB s-wave bound
states and n BX s-wave bound states – marked ’PmPn’. The inset shows the lifetime τ = ℏ/Γ
of the Efimov states for LiLiBa+ for both of the interaction models. The perturbation of the
lifetime of the Efimov state at aBX ≃ 1 is a result of the three-body state interference with a
high-partial wave diatomic molecular state.

results for the three-body recombination rate L3(aBX > 0) obtained from the P2P2 and
P2P6 models, together with the corresponding partial contributions from recombination into
the weakly bound LiBa+ s-wave state, Lw

3 , and into the remaining deeply bound channels,
Ld
3 = L3 − Lw

3 . While a degree of universality is indirectly reflected in Ld
3, the clearest

signatures for aBX > 0 emerge through Lw
3 , particularly in the limit η → 0, where Ld

3 → 0.
In our calculations, however, η ̸= 0, and although the behavior of L3 may not appear at first
sight as strong evidence of universality, we argue it remains fully consistent with it.

The main challenge in probing universality via L3 in a system with an unfavorable mass
ratio, mB/mX ≪ 1, such as ours, stems from the extremely weak Efimov attraction charac-
terized by s0 ≈ 0.03562. This leads to an extraordinarily large geometric scaling parameter,
eπ/s0 ≈ 2 × 1038, characterizing the log-periodic occurrence of Efimov features (a− < 0 cor-
responding to resonances and a+ > 0 to interference minima) in L3. This has primarily
two effects. First, within the framework in which the three-body parameters a− and a+ are
universally set by the short-range length scale r∗ – analogous to the familiar |a−| ≈ 10 rvdW
relation for identical bosons for which eπ/s0 ≈ 22.7 – the weakness of the Efimov interaction
implies that both a− and a+ should likely be expected to occur at values much larger than
10 r∗. Second, the enormous scaling factor eπ/s0 indicates that the characteristic range in
aBX over which a given Efimov feature develops is itself vastly expanded compared to the
identical-boson case. Consequently, resolving universal behavior would require variations of
aBX over many orders of magnitude.

The limited interval accessible in our calculations (|aBX | ≤ 20r∗) is therefore insufficient
to clearly reveal such universality. [Note that |aBX | = 20r∗ is by no means small in absolute
terms, corresponding to |aBX | ≈ 440 rvdW ≈ 1.4 × 104 a0 where rvdW is the van der Waals
length for the Li–Li interaction.] As a result, our calculations explore an extremely small
fraction of a period of log-periodic behavior of L3 and a modest variations of η, represent-
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Figure 5.6: (a), (b) Three-body recombination rate L3 and partial rates Lw
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3 for LiLiBa+ calculated for two interacting models: P2P2 and P2P6’. For small values

of |aBX | ≲ r∗, L3 display non-universal resonant effects associated with high-partial waves
diatomic molecular states [265], some of which are not resolved in the figure.

ing differences from distinct model interactions, can produce substantial changes within this
restricted range of aBX . For instance, using Eq. (5.3) for Lw

3 and setting a+ = 100r∗, the
values of Lw

3 obtained using η = 0.1 and η = 0.125 can differ between 42%-76% for values of
aBX within the [r∗,20r∗] range, i.e., away from aBX = a+. A much smaller variation in Lw

3 is
observed for values of s0 > 1.00624 corresponding to the cases with three identical bosons and
systems with a favorable mass ratio, mB/mX ≫ 1, thus indicating a stronger sensitivity to η
for systems with mB/mX ≪ 1. In this context, we believe the level of variations observed for
L3 shown in Fig. 5.6 is still consistent with universal behavior, although not enough to make
a claim nearly as strong as that found for the energies of the Efimov states in Fig. 5.5.

Similar to the universality with neutral atoms, we have found that the hallmark of uni-
versality in strongly interacting ionic three-body systems is also a repulsive barrier in the
effective three-body potential describing Efimov physics, which prevents atoms from reaching
short distances and probing non-universal effects. In Figure 5.7, we demonstrate this and
compare the effective potentials Wν(R) = Uν(R) +Wνν(R) for both LiLiBa (tones of red)
and LiLiBa+ (tones of gray) systems with aBX = ±∞ and aBB set to the Li-Li background
value, aBB = −27.3a0. These results were obtained from different model potentials (P1Pn

and P2Pn, with n = 1 to 4) and are presented in relative units. In both neutral and ionic cases
there exist a repulsive barrier preventing atoms to approach short distances defined in each
case by the corresponding characteristic range of the interactions–R/rvdW ≲ 2 for neutral and
R/r∗ ≲ 2 for ionic systems.

Although Fig. 5.7 indicates that both strongly interacting neutral and ionic three-body
systems are universal, there are a few key differences that make ionic systems unique. It is
clear from Fig. 5.7 that the strength of the effective interaction is deeper (in relative units) for
neutral atoms than for ionic systems, near the corresponding equilibrium positions, R ≈ 2rvdW
and R ≈ 2r∗, respectively. More importantly, neutral potentials change faster than ionic
potentials as R approaches short distances. In the adiabatic representation, fast changes



CHAPTER 5. WEAKLY BOUND THREE-BODY STATES IN ION-ATOM-ATOM
SYSTEMS 101

1 2 3 4 5

0.6

0.3

0.0

0.3

0.6       LiLiBa+ LiLiBa       LiLiBa + LiLiBa
P1P1      P2P1   
P1P2      P2P2   
P1P3      P2P3   
P1P4      P2P4   

R [r* or rvdW]

W
n(
R

) 
[E

* 
or

 E
vd

W
]

Figure 5.7: Three-body effective potential, Wν(R) = Uν(R)+Wνν(R), for the Efimov channel
at aBX → ∞, for the LiLiBa+ (tones of gray) and LiLiBa (tones of red) systems presented in
relative units. The potentials are calculated for P2Pn interaction models (n = 1 to 4). The
value of aBB is set to the background scattering length for 7Li atoms (aBB = −27.3a0).

in R are associated with the increase of non-adiabatic effects. In fact, in Fig. 5.8 we show
the non-adiabatic effects in the effective potentials Wν(R) = Uν(R) + Wνν(R) originated
from the diagonal non-adiabatic coupling, Wνν(R). This figure clearly shows that three-body
interactions Uν(R) varies much faster for neutral [Fig. 5.8(a)] than for ionic [Fig. 5.8(b)]
systems, which leads to much larger diagonal non-adiabatic couplings Wνν .

In fact, since in hyperspherical representation inelastic transitions are driven exclusively
from non-adiabatic couplings Wνν′(R) [see: Eq. (3.119)], the suppression of non-adiabatic
effects for ionic systems (relative to neutral systems) has a profound impact on various relevant
observables. In our case, we are mostly interested in three-body observables for processes that
involve the Efimov channel. In particular, the non-adiabatic couplings between this channel
and deeply bound diatomic channels control the amplitude of recombination as well as the
lifetime of Efimov states. As a result, characterizing such non-adiabatic effects can potentially
elucidate important properties of the system. For each pair of channels ν and ν ′, the strength
of the non-adiabatic coupling is characterized by

fνν′(R) =
ℏ2

2µ

P 2
νν′(R)

|Uν(R)− Uν′(R)|
, (5.11)

where Pνν′(R) is the first-order non-adiabatic coupling [see Eq. (3.120)]. However, for systems
containing various bound states, the number of channels that contribute to the inelastic tran-
sitions can be quite large. In order to encapsulate the overall effect of all relevant transitions,
we define the strength of the non-adiabatic couplings between the Efimov channel, ν, with
the deeply bound diatomic channels, ν ′, by summing over all channels ν ′,

fdν (R) =
∑
ν′

fνν′(R). (5.12)

In Figure 5.9, we show the effective coupling strength, fdν (R), for both LiLiBa and LiLiBa+
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bound states fdν (R) for the LiLiBa (red) and LiLiBa+ (black) systems calculated using the
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systems, emphasizing the suppression of non-adiabatic effects for ionic systems. For large
values of R, fdν (R) falls off as 1/R3 [277] for both neutral and ionic systems, however, with an
amplitude for ionic systems that is a factor 4 smaller than for neutrals. As R approaches short
distances, fdν (R) for neutral systems display various enhancements for R/rvdW ≲ 2 associated
to avoided-crossings characteristic of heteronuclear neutral atom systems [278], while fdν (R)
for ionic systems remains smooth, and with a significant smaller amplitude, until R/r∗ ≲ 1.
While we associate this suppression of non-adiabatic transitions with the long lifetimes for
ionic Efimov states, the suppression of the ionic recombination L3 is likely a combination
of changes in the long-range diagonal nonadiabatic coupling [see Figs. 5.8(a) and (b)] and
off-diagonal non-adiabatic couplings represented in Fig. 5.9.

It is also crucial to emphasize the role of the intraspecies scattering length aBB in the
universal properties of a heteronuclear BBX system with large aBX scattering length. The
importance of aBB in neutral atoms systems is a well known result [258, 279, 280] and evidently
should play a similar role in our ionic three-body system, LiLiBa+. For neutral atoms BBX
systems with strong interspecies vdW interactions, |aBX | ≫ rBX

vdW, universality should in
general be determined in terms of characteristic range on the interactions, rBX

vdW. However,
whenever |aBB| ≳ rBX

vdW, BBX universality is expected now to be determined in terms of aBB.
In the numerical studies of Ref. [258] [see Fig. 2 of this reference], for instance, noticeable
changes on the Efimov states at aBX = ±∞ are observed for values of |aBB| ≳ 0.26rBX

vdW,
which is a small number (in absolute units).

However, there is a fundamental difference between what is found for neutral atoms and
our studies. For ionic systems, universality is set in terms of the characteristic range of the
atom-ion (BX) interaction, r∗, which is typically much larger than neutral atoms short-range
length scales (rBB

vdW or rBX
vdW). In this case, the expectation is that it would require a larger

value for aBB (in absolute units) for changes in universality to take place than what is found
for neutral atoms systems. This effect can be seen in Fig. 5.10, where we show the effective
potentials for LiLiBa+ with aBX = ±∞ and different values of aBB, displayed in the figure
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in units of r∗ ≈ 707.03a0, for the LiBa+ (BX) interaction, and rvdW ≈ 32.8a0, for the LiLi
(BB) interaction. Figure 5.10 shows that changes beyond 15% on the three-body interactions
near its minimum are observed for aBB ≳ 3.981rvdW = 0.183r∗, a point where aBB should
become the dominant length scale characterizing universality in the problem. Since changes
in the depth of the three-body potentials do not directly translate, for instance, into changes
on the energies of the Efimov states [in Ref. [198] it was found that changes of about 30%
on the minimum of the potential caused less than 10% variation of the energy of a Efimov
state], a more quantitative analysis is required in order to quantify the effects of changes of
aBB in the universal properties of the system. Nevertheless, Fig. 5.10 qualitatively shows
that aBB also plays a role in the universality in ionic three-body systems, but in a less critical
way than found for neutral atoms. While for ionic systems BBX universality is insensitive
to the BB interaction for |aBB| ≲ r∗, therefore allowing for large values and variations of
aBB, for neutral systems BBX universality is substantially modified for much smaller values
of |aBB| ≳ rBX

vdW.

5.5. Summary

In summary, we investigated universal and non-universal aspects of ionic three-body systems
composed of two identical bosonic atoms, 7Li, and a heavy ion, 138Ba+. We found that near
an ion-atom Feshbach resonance, the ionic system (LiLiBa+) exhibits Efimov physics in close
analogy to its neutral counterpart (LiLiBa), but with recombination rate, L3, strongly sup-
pressed compared to the neutral case [122], suggesting that the long-range ion-atom interac-
tion defines a class of universality where both universal three-body parameters [259] and their
universal relationships are distinct from universality for neutral atom systems [122]. We char-
acterized the energy and lifetime of Efimov ground state in both LiLiBa+ and LiLiBa systems
and found that the lifetime of the ionic Efimov state is five orders of magnitude longer than
its neutral counterpart, consistent with the difference of characteristic energy scales (EvdW

and E∗) and the suppression factor found for the ionic L3. We also characterized weakly
bound triatomic molecular ions, confirming the expected high density of states characteristic
of long-range ion-atom interactions. The generally longer lifetimes of ion-atom-atom systems
constitute a key advantage for future experiments, opening new avenues to explore few- and
many-body effects in ultracold ion-atom systems.



Chapter 6

Universality near narrow Feshbach
resonances

Strongly interacting systems present unique scattering properties reflecting universal weakly
bound three-body states – the Efimov states. The existence of such states is a purely quantum
phenomenon and has attracted significant theoretical and experimental research interest since
its observation in the context of ultracold atomic gases [150]. The theoretical description of
Efimov physics and the related few-body dynamics is generally greatly simplified in dilute,
resonantly interacting samples. Physical observables such as the energy and lifetimes of the
Efimov states exhibit universal behavior, i.e, the described properties are independent of the
microscopic details of the system.

The Efimov effect occurs at |a| → ∞, where a is the two-body scattering length. Exactly at
unitarity, infinitely many Efimov bound states form as a result of a resonantly induced three-
body interaction of the form ∼ −1/R2, where R is the hyperradius. Under such conditions,
the energies of Efimov states present geometric scaling properties with energies related by
the geometric factor (eπ/s0)2 ≈ 22.72. As a result, other scattering properties present similar
log-periodic behavior to the most notorious case related to the values of a < 0 in which a
Efimov state becomes bound, a(n)− , causing a resonance in three-body recombination. In this
case, all consecutive resonances follow the universal pattern in which each resonance occur a
factor 22.7 larger than the previous one, i.e., an+1

− /an− = eπ/s0 ≈ 22.7.
Conditions for Efimov related phenomena require |a| to be much larger than all other

length scales of the system, including the characteristic length of interaction, e.g., the van der
Waals length rvdW in the case of neutral atoms systems. Efimov states therefore naturally
emerge in the vicinity of two-atom Feshbach resonances. Considerable scientific focus, both
theoretical and experimental, has recently been placed on the limits of universality of Efimov
physics controlled by the fundamental properties of the underlying Feshbach resonances [183,
184], namely, its strength (or width) as characterized by the dimensionless sres parameter [14].
It stems from the van der Waals theory of interactions between two neutral atoms and classifies
the basic properties of Feshbach resonances.

Earlier theoretical studies [119, 198, 205, 258, 259, 281–283] have shown that the position of
the lowest Efimov resonance is itself universal, a0− = −9.7 rvdW, which is now known as Efimov-
van der Waals (vdW) universality. Although such a universal result is expected only for broad
Feschbach resonances (sres ≫ 1), experimental measurements, including those for narrow
resonances (sres < 1), fell within 20% of this value. As a result, a better understanding of the
effects of the width of the Feshbach resonance on Efimov universality is still lacking. In the case
of broad resonances, a universal repulsive wall appears in the effective three-body potentials
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at R ≈ 2 rvdW, tying the universality to long-range behavior of the underlying interaction.
However, recent experimental studies [158] have provided evidence that the long-range Efimov
interactions indeed depend strongly on the width of the Feshbach resonances; specifically,
they lose their universal character as sres becomes smaller. Other experimental studies have
also provided conclusive evidence of deviations from the universal value −9.7 rvdW near an
intermediate-strength (sres ≳ 1) Feshbach resonance in 39K at 33.5820(14) G [184, 284].

In this Chapter, we expand on research on three-body interactions presented in Ref. [158].
Investigating across a range of Feshbach resonance widths, we confirm deviations from vdW
universality [183] for narrow (sres < 1) resonances by determining the energies of the Efimov
trimer in the ground and excited states. Within our framework, these modifications emerge
from the appearance of a repulsive interaction in the Efimov channel (|a| = ∞) beyond short
distances, i.e., R > 2rvdW. Our studies are performed with parameters relevant for 7Li atoms,
which features a narrow Feshbach resonance at 894G with sres ≈ 0.493, but do not restrict
them to a fixed value of sres.

6.1. The interaction model

We solve the three-body problem by employing the adiabatic hyperspherical representa-
tion [202]. Within this framework, the motion of the three-body system can be separated
into the hyperradial and hyperangular parts as described in Chapter 3. The hyperradius R
determines the overall scale of the system, while the remaining degrees of freedom are cap-
tured by a set of hyperangles Ω, which describe both the internal motion and the system’s
rotations.

Upon rescaling the total wavefunction using the appropriate asymptotics Ψ = ψ/R5/2 and
separating out the center-of-mass motion, the three-body Schödinger equation can be written
in the following form [

− ℏ2

2µ

∂2

∂R2
+ Ĥad(R,Ω)

]
ψ(R,Ω) = Eψ(R,Ω) , (6.1)

where the adiabatic Hamiltonian, Ĥad, is given by

Ĥad =
Λ2(Ω) + 15/4

2µR2
+ V̂T (R,Ω) . (6.2)

The hyperangular part of the kinetic energy as represented by the grand-angular momentum
operator, Λ2(Ω), and V̂T (R,Ω) is the three-body interaction potential.

The adiabatic separability of the hyperradial and hyperangular motion of the three-body
system allows us to impose the adiabatic expansion on the total wavefunction

ψν(R,Ω) =
∑
ν

Fν(R)Φν(R; Ω) , (6.3)

where Fν(R) are the hyperradial wavefunctions, Φν(R; Ω) are the channel functions, and ν
represents the set of quantum numbers describing each channel. The channel functions form
an orthonormal basis of the expansion and are the solutions of the adiabatic equation

ĤadΦν(R; Ω) = Uν(R)Φν(R; Ω) , (6.4)

at fixed R, where Uν(R) are the three-body hyperspherical potentials.
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Using the adiabatic expansion, we obtain the hyperradial Schrödinger equation. It is a set
of coupled differential equations, which allow us to find the hyperradial wavefunctions Fν(R)[

− ℏ2

2µ

d2

dR2
+ Uν(R)− E

]
Fν(R) +

∑
ν′

Wνν′(R)Fν′(R) = 0 . (6.5)

The hypperradial Schrödinger equation describes the motion of the three-body system gov-
erned by the three-body effective potential matrix Wνν′(R) defined by

Wνν′(R) = 2Pνν′(R)
d

dR
+Qνν′(R) . (6.6)

The derivative, non-adiabatic, couplings Pνν′(R) and Qνν′(R) are given by

Pνν′(R) = − ℏ2

2µ

〈
Φν(R)

∣∣∣∣∣∂Φν′(R)

∂R

〉

Qνν′(R) = − ℏ2

2µ

〈
Φν(R)

∣∣∣∣∣∂2Φν′(R)

∂R2

〉 , (6.7)

where the brackets denote integrating over the hyperangles. The first derivative coupling is
zero, Pνν(R) = 0, for ν ′ = ν due to the orthonormality of the channel functions Φν(R). Thus,
the diagonal part of the Wνν(R) matrix is equal to the non-adiabatic coupling Qνν(R).

The potential operator is defined in terms of a pairwise sum

V̂T (R,Ω) = V̂ (r12) + V̂ (r23) + V̂ (r31) , (6.8)

where rij is the interparticle distance for an atom pair ij, and V̂ is the corresponding pairwise
interaction. We introduce the interaction potential in a way that allows us to model the
Feshbach resonance between two two-body spin channels. Therefore, we use a two-channel
model of the interatomic interactions

V̂ (r) =

(
vObg(r) vc(r)

vc(r) vCbg(r) + ∆E(B)

)
. (6.9)

The background interaction potential vO/C
bg characterizing the open and closed channels is

described by the Lennard-Jones potential, modeling van der Waals forces for the open – O
and closed – C channels

v
O/C
bg (r) = −C6

r6

1−

(
λ
O/C
bg

)6
r6

 . (6.10)

The open and closed channels are coupled through a coupling function

vc(r) = α exp

[
−(r − β)2

2γ2

]
. (6.11)

where α is the coupling’s amplitude measured in van der Waals energy, β is the coupling
position and γ – the width of the Gaussian function. We note that order to produce a sensible
model in which sres can be be properly tuned, a number of considerations have been taken
into account. For instance, if γ is too small, the coupling is highly localized in r, reducing the
effective overlap between channels and limiting the ability to tune the resonance through α; on



CHAPTER 6. UNIVERSALITY NEAR NARROW FESHBACH RESONANCES 109

the other hand if γ is too large, the coupling becomes overly delocalized, leading to excessive
open-close channel mixing and preventing an accurate description of the properties of narrow
resonances. We have found that the value γ = 0.05 rvdW allows for the accurate reproduction
of the resonance behavior in all ranges of the sres. We set β at the minimum of the closed-
channel potential, where the bound-state wavefunction is largest, thereby maximizing the
interchannel overlap and enhancing the resonance. The background interaction between 7Li
atoms is set with background scattering length of −27.3 a0 [262–264], where a0 is the Bohr
radius, while we use various values of λbg for either channel as described in more detail below.
To simulate the changes of the scattering length, a, near a Feshbach resonance, we vary the
B-field dependent energy difference between the open and closed channels given by

∆E(B) = ε+ δuB , (6.12)

where we use exemplary values ε = 2 EvdW and δu = 8 · 10−3EvdW/G. We should note,
however, that the physical properties of the Feshbach resonance are dependent only on the
relative comparison between the energy shift ε, the Zeeman energy δuB, and the energy scales
defining the coupling strength.

6.2. The tuning of the sres parameter

The properties of a magnetically tuned Feshbach resonance are characterized by the back-
ground scattering length abg, the resonance position B0, the magnetic width ∆, and the dif-
ferential magnetic moment δµ, which together provide a complete description of the low-energy
scattering behavior near the resonance [12, 52]. The background scattering length captures
the open-channel physics in the absence of the resonance and is therefore determined solely by
the underlying interatomic potential of the entrance channel. As we mentioned above, a cru-
cial derived quantity is the dimensionless resonance strength parameter sres, which quantifies
the relative importance of open- and closed-channel contributions and allows one to classify
resonances as open-channel dominated (sres ≫ 1) or closed-channel dominated (sres ≪ 1) as
defined by theory in Ref. [285].

To understand the non-universal behavior of the Efimov effect, we must tune the sres
parameter by changing the amplitude of the off-diagonal couplings defined in Eq. (6.11). For
a given value of α, we solve the two-body Schrödinger equation and compute the scatter-
ing observables from the resulting wavefunctions, based on the interaction model given in
Eq. (6.9). We then analyze the scattering length a(B) near the resonance position B0, where
it is expected to follow the function

a(B) = abg

(
1− ∆

B −B0

)
. (6.13)

To extract the resonance parameters, we use the transformed quantities x(B) = B − B0,
y(B) = a(B)(B − B0) and perform a linear fit of y as a function of x. From the fitted slope
afitbg, where we use the superscript to distinguish this quantity from the initial background
scattering length, and intercept −abg∆, we determine the background scattering length and
the sres parameter using the relation [12]

sres = abg∆
δu

āĒ
, (6.14)

where ā = 4π/Γ(1/4)2 rvdW is the mean scattering length, and Ē = ℏ2/(2µā2) is the corre-
sponding energy scale [12].
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Figure 6.1: (a) The resonance strength parameter sres and (b) the fitted background scattering
length afitbg for a model supporting three s-wave bound states in the open channel, as defined
by Eq. (6.10), with λObg = 0.392805 rvdW. The closed channel supports m ≥ 3 bound states.
Results are shown for models with increasing values of λCbg. The black dotted line indicates
the initial background scattering length for 7Li, abg = −0.84035 rvdW.

When constructing the interaction model at unitarity, the number of two-body s-wave
bound states in both open and closed channels must be considered. In Efimov physics, the
presence of deeply bound states can modify the short-range three-body phase and conse-
quently influence the three-body parameter [184, 198]. Thus, we consider interaction models
denoted ’PnPm(v)’ – supporting n andm s-wave bound states in the open and closed channels,
respectively. The open and closed channels are defined such that, in the absence of coupling,
they reproduce the background scattering length abg. The closed-channel bound states are
labeled by v, with v = −1 denoting the least-bound state. In this work, we use v = −2
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because the least-bound state (v = −1) can be strongly affected by threshold effects, while
more deeply bound states are dominated by short-range physics. Figure 6.1 presents the sres
parameter and the afitbg as a function of the coupling amplitude α. The discrepancy between
the fitted background scattering length afitbg and the initial value for 7Li, abg = −0.84035 rvdW,
results from coupling-induced resonances. These resonances emerge when the coupling vc(r)
mixes open- and closed-channel components of the system’s eigenstates, producing hybridized
states that manifest as resonances in the scattering observables.

The coupling-induced states modify the background scattering properties. As the param-
eter α increases – both the resonance width ∆ and the magnetic-field range B over which the
main resonance (v = −2) dominates the scattering – also increase. This results in an overlap
between features of the main resonance and those associated with the coupling-induced states.
The resonance width is proportional to the square of the coupling matrix element, specifi-
cally the overlap integral between the coupling function and the scattering and bound-state
wavefunctions [12]. Figure 6.1(a) demonstrates the relationship between coupling-induced
perturbation and the approximate ∼ α2 scaling of the parameter sres. The most pronounced
features occur for λCbg = 0.392 rvdW at α ≈ 400Evdw. The behavior of afitbg presented in
Fig. 6.1(b) does not show any monotonic dependence on λCbg. Therefore, to provide a more
accurate representation of the background physics, the PnPm(v) interaction models are modi-
fied. The open channel, in the absence of coupling, still reproduces the background scattering
length abg. Meanwhile, the short-range physics of the closed channel is tuned by decreasing
λCbg, which results in increasing the number of s-wave bound states in the closed channel.
Consequently, what we called the v = −2 state beforehand, becomes a state characterized
by a quantum number v < −2. Nevertheless, the same state is used to ensure unitarity at
resonance for any value λCbg. Eventually, the model is specified by a value of λCbg selected to
ensure that afitbg deviates from abg by no more than 5% across the entire range of α. The cor-

responding parameter values λO/C
bg are listed in Table 6.1. We denote the modified models as

PnP
′
m(v). In the absence of coupling, they support n s-wave bound states in the open-channel

and m′ s-wave bound states in the closed channel, where m′ ≥ m.

Table 6.1: The value of open and closed channel parameters λObg and
λCbg determining the short-range physics of the interaction potential
defined in Eq. (6.10).

Model λObg/rvdw λCbg/rvdw

P2P
′
2(−2) 0.465470 0.397

P3P
′
2(−2) 0.392804 0.350

P3P
′
3(−2) 0.392804 0.294

P4P
′
2(−2) 0.346119 0.300

P4P
′
3(−2) 0.346119 0.270

P4P
′
4(−2) 0.346119 0.250

6.3. The Efimov spectrum

To investigate the universality of Efimov physics at unitarity, we calculated the energy spec-
trum and corresponding lifetimes of Efimov states for homonuclear bosonic systems. These
observables were obtained from the time delay τD(E) [275], evaluated over the energy range
E ∈ [−10EvdW, 0EvdW]. Bound-state energies Eb were identified as the energies E, where
τD(E) is maximal, i.e., where dτD(E)/dE = 0. The lifetimes are equal to τr = τD(Eb)/4.
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Figure 6.2: The binding energies of the ground Efimov states and their corresponding widths
Γ expressed as error bars calculated using the (a) P3P

′
3(−2), (b) P4P

′
3(−2) and (c) P4P

′
4(−2)

models. Gray points and error bars show the Efimov states obtained using the corresponding
model with the added soft-wall potential fSW. The dark gray, dashed line shows the universal
limit of the energy of the ground Efimov state [198], while the light gray shaded region
indicates a ±15% range. The light gray, dashed line shows the power-law dependence ∼ s

3/2
res ,

which matches the results obtained in Ref. [286]. Dashed lines between the points are guides
to the eye.

.
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Figure 6.3: The binding energies of the ground Efimov states and their corresponding widths
Γ expressed as error bars calculated using the P2P

′
2(−2), P4P

′
2(−2) and P4P

′
2(−2) models.

Figure 6.2 illustrates that, for interaction models supporting a sufficiently large number
of two-body s-wave bound states, the results agree with those obtained using the modified
zero-range approach of Ref. [286]. As shown in Figs. 6.2(a)-(c), in the non-universal regime
(sres ≲ 1) the Efimov states binding energy decreases and their lifetime is reduced. This
behavior is associated with an effective repulsive contribution in the Efimov channel that
emerges at hyperradii R ≳ 4 rvdW for narrow resonances [158].

Figure 6.2(a) and 6.2(c) further show deviations from universal behavior for both narrow
(sres ≪ 1) and intermediate (sres ∼ 1) Feshbach resonance widths. These deviations manifest
as shifts in the Efimov binding energies and a reduction in lifetimes, which in some cases
almost leads to the disappearance of the Efimov state. The mechanism behind the unbinding
of the Efimov states is a strong coupling of the Efimov state with the continuum. The models
display a non-monotonic dependence on the resonance strength. The strongest reduction in
lifetimes are observed at sres ∼ 1 for the P3P

′
3(−2) interaction model and at sres ∼ 5 for the

P4P
′
2(−2) interaction model.
To understand the origin of these non-universal effects, we introduce a probing scheme in

which an additional repulsive three-body interaction is applied to all hyperspherical potentials
Uν(R). This interaction is implemented using a soft-wall potential of the form

fSW(R) = ESW

[
1−

(
tanh

(
R

R0

))12
]12

. (6.15)

The barrier position is set to R0 = 1.25 rvdW and the amplitude to ESW = 10EvdW. At
R ≈ 2 rvdW, where an effective repulsive potential arises due to deformation of the three-
body configuration and which ensures the universality of Efimov physics [198], the soft-wall
potential remains non-negligible, with fSW(R) ≈ 0.035EvdW. As a result, a small shift in
the Efimov binding energy is observed even in the universal regime (sres ≫ 1), as shown in
Fig. 6.2.
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Figure 6.4: The three-body hyperspherical potentials Uν(R) multiplied by the factor 2µR2

calculated for (a) sres ≈ 0.67 and (b) sres ≈ 264.0 for the P3P
′
3(−2) interaction model.

The symbols show the position of the avoided crossings between the atom-molecule channel
describing the: l = 2 open-channel (■, black), l = 4 open-channel (•, black), l = 2 closed-
channel (•, blue) molecular bound-state and the (a) first-continuum, (b) the Efimov channel.
The gray, dot-dashed lines show the asymptotic quantum numbers characterizing the effective
potentials at large R, namely −(s20+1/4) ≈ −(1.0062378+1/4), and (s21+1/4) ≈ (4.4652946+
1/4) [119].

The soft-wall potential suppresses access of the Efimov state to the short-range, where non-
adiabatic couplings appear due to multiple avoided crossings. The couplings enhance decay
into deeply bound states and therefore reduce the lifetime of the Efimov states. Thus, we
observe that soft-wall models display longer lifetimes by a factor of 1.5 − 2.5. Furthermore,
in Fig. 6.2 we show that for all investigated models, the non-universal effects are absent,
indicating that they arise from short-range non-adiabatic effects.

Figure 6.3 shows that, in the non-universal regime, Efimov states can transition through a
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classically forbidden region stemming from the repulsive interaction and continuously evolve
into a short-range deeply bound trimer state. In all investigated models, PnP

′
2(−2) for

n ∈ 2, 3, 4, a Feshbach resonance arises from coupling between the scattering state in the
open channel and the ground bound state of the closed channel. As a result, closed-channel
contributions play a significant role in the three-body dynamics. The resonant, closed-channel
bound-state is localized in the short-range, which further increases its coupling with the po-
tentials there. The non-universal perturbations appear for the P4P

′
2(−2) interaction model.

These models support only a small number of s-wave bound states, and thus their applicability
to realistic physical systems is limited.

To further analyze the nonadiabatic effects that lead to deviations from van der Waals uni-
versality for narrow Feshbach resonances, we compute the relevant adiabatic hyperspherical
potentials, shown in Fig. 6.4. For sres = 264.0, which lies in the universal regime, the Efimov
channel exhibits the characteristic attractive ∼ 1/R2 behavior supporting weakly bound Efi-
mov trimers. In addition, it shows a narrow avoided crossing with the open-channel d-wave
molecular state at R ≈ 3.8, rvdW. Another avoded crossing with the open-channel g-wave
molecular state is present at R ≈ 1.8, rvdW, E ≈ −24EvdW. Both avoided crossings do not
affect the universal Efimov physics, because they occur at energies well below the relevant
energy range.

For sres ≈ 0.67, the structure of the adiabatic potentials changes qualitatively. The lowest
continuum channel becomes classically accessible and exhibits crossings with multiple chan-
nels. In addition, a closed-channel state with l = 2 appears, which remains weakly coupled
to the continuum. As a result, the closed-channel component contributes significantly to the
metastable states in this regime. Non-adiabatic couplings in the non-universal regime drive
the decay of the Efimov state into deeply bound molecular states and can lead to its disap-
pearance, as shown in Fig. 6.2(a). A similar structure of adiabatic potentials is observed for
all investigated interaction models.

In summary, we investigated universal and non-universal aspects of homonuclear bosonic
systems at unitarity across a wide range of Feshbach resonance strengths. We found that for
narrow resonances, the breakdown of van der Waals is partially consistent with results given
in Ref. [286]. The non-universal behavior of the Efimov spectrum is further modified by non-
adiabatic effects, resulting in decreased lifetimes of the Efimov states, which are coupled to
the continuum and can become nearly unbound. We pinpoint these effects to inelastic decay
driven by short-range non-adiabatic couplings. A complementary result indicates that in the
non-universal regime, for interaction models involving a lower number of two-body s-wave
bound states, the Efimov trimer can continuously transition into short-range deeply bound
trimer states. An interesting pathway for future research involves the analysis of non-universal
effects in systems of various species with varying background scattering lengths.



Chapter 7

Strategies for computational accuracy

The restrictions on numerical calculations of three-body observables can be attributed to two-
body physics. The challenge in computations stems from the rapid increase in the size of the
finite-dimensional or truncated subspace of the full Hilbert space used for numerical calcula-
tions, relative to the number of two-body bound states supported by the interaction model.
As we have already established in Chapter 1 – most quantitative calculations in three-body
physics involve the analysis of three-body recombination. Due to the limits in computational
accuracy, numerical calculations of three-body recombination can generally be performed ei-
ther in the universal regime or through modeling the decay into deeply bound states via a
single inelastic parameter [166, 202]. In this Chapter, we aim to highlight a range of numerical
issues that must be addressed to describe the dynamics of few-body interactions in ultracold
systems properly. For systems with neutral interactions, like the LiLiBa system described
in Chapter 5 or the universal system comprised of three homonuclear bosons described in
Chapter 6, the collisions in the quantum regime have been extensively studied and described,
e.g., in Refs. [251, 265]. Most of the computational challenge remains with the ion-atom-atom
systems, like the LiLiBa+ described in Chapter 5. The effects of long-range potentials in
ion-atom-atom systems, as well as the drastically different energy and length scales compared
to neutral systems, have not been widely studied numerically in strongly interacting ionic
few-body systems.

Calculations of effective three-body potentials, three-body recombination rates, and three-
body observables, such as the scattering phase shift and binding energies, require determining
the S-matrix. In order to do that, we use a wide range of numerical methods to solve both
the eigenvalue problem for the adiabatic Hamiltonian – Eq. (3.117), and the hyperradial
Schrödinger equation (3.118). We implement the numerical methods described in Refs. [202,
287] using the lapack library in Fortran.

7.1. The eigenvalue problem for the adiabatic hamiltonian Ĥad

The channel functions are the solutions to the eigenvalue problem for the adiabatic Hamilto-
nian. We expand them using the Wigner D matrices, analogously to the total wavefunction
in Eq. (3.220)

Φν := ΦλΠv
Jm′(R; Ω) =

∑
m

∼
ΦλΠv
Jm′m(R; θ, ϕ)DJ

m′m(α, β, γ) , (7.1)
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Figure 7.1: The absolute value of the three-body hyperspherical potentials Uν(R) for the
Efimov channel at aBX → ∞ calculated for the LiLiBa+ system using a basis set of Nxp,
Nyp B-spline functions – as described in Eq. (7.2). The vertical line marks the practical limit
∼ 20 r∗ of numerical calculations.

We solve Eq. (3.117) by expanding the functions
∼
ΦλΠv
Jm′m(R; θ, ϕ) onto a direct product of

third-order basis splines

∼
Φν(R; θ, ϕ) :=

∼
ΦλΠv
Jm′m(R; θ, ϕ) =

Nxp∑
i=1

Nyp∑
j=1

cijν (R)Bi(θ)Bj(ϕ) . (7.2)

Thus, the channel functions
∼
ΦλΠv
Jm′m are approximated using a finite basis of spline functions

Bi(θ), Bj(ϕ) – constructed as products of one-dimensional B-splines in each variable. The
B-spline functions are localized, smooth, piecewise polynomials. As a result, the original
differential equation is reduced to a finite-dimensional matrix eigenvalue problem.

Figure 7.1 illustrates the convergence of the three-body hyperspherical potentials Uν(R)
with an increasing number of basis functions. We find that Nxp = 630 and Nyp = 210
represent the practical limit for achieving reliable precision. Increasing the number of B-
splines beyond these values does not lead to a further reduction of the computational error
observed at R ≳ Rn, where Rn = 20 r∗.

In the configuration space (θ, ϕ), the three-body potential V (R,Ω) exhibits rapidly varying
attractive (approaching its minimum) and repulsive behavior for configurations in which the
distance between any pair of particles becomes small. For large values of R, this region of
configuration space shrinks rapidly. In ion-atom-atom systems, the characteristic length scale
r∗ is several orders of magnitude larger than rvdW. Consequently, for R ≳ Rn, the subspace
in which V (R,Ω) varies strongly with θ and ϕ becomes too small to be effectively resolved by
increasing the number of B-splines, as its extent approaches the limits imposed by machine
precision.

At large hyperradii, R ∼ 101 − 102 r∗, the energies of the three-body hyperspherical
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adiabatic potentials are of the order of

∼ ℏ2

2µR2
∼ 10−14–10−15Eh.

In contrast, the diagonal elements of the adiabatic Hamiltonian Ĥad, which depend on the
potential V (R,Ω) integrated over dΩ, take values of the order of 100−102Eh within the region
of configuration space where the potential varies strongly. As a result, the accurate description
of Uν(R) at large distances requires a relative precision of the order of 10−16−10−17Eh, which
is comparable to the limits of standard double-precision arithmetic in fortran – usually
associated with the IEEE 754 64-bit floating point format.

While this limitation could, in principle, be overcome by using the quadruple-precision
arithmetic, doing so would involve a significant increase in both the computational time and
memory usage – by a factor of 101 − 102. Finally, the upper bound on the number of basis
functions in the ϕ coordinate is further constrained by the reduced configuration space arising
from the BBX (Bose–Bose–X) symmetry of the LiLiBa+ system.

7.2. The slow-variable discretization method

The computational methods used for solving the hyperradial Schrödinger equation (3.118)
were described in detail in Refs. [202, 287] and involve the use of the slow variable discretiza-
tion (SVD) method [201] based on the discrete variable representation (DVR) and used to-
gether with the R-matrix propagation method. Generally, the R-matrix propagation method
is one of the most widely used and effective numerical techniques for calculating scattering
observables [288]. The R-matrix – R is defined by a generalization of the inverse logarith-
mic derivative u(r)/u′(r) in one-channel scattering, where u(r) is the solution to the radial
Schrödinger equation

R(R) = F(R) [F(R)]−1 , (7.3)

where
Fνν′(R) =

∫
dΩΦν(R; Ω)

∗ψν′(R,Ω) ,

Fνν′(R) =

∫
dΩΦν(R; Ω)

∗ ∂

∂R
ψν′(R,Ω) ,

(7.4)

and where the relation between the total three-body wavefunction ψν′ and the channel func-
tions Φν is given in Eq. (3.116). The K- and S-matrices are determined using the R-matrix

K =(f − f ′R)(g − g′R)−1 ,

S =(1 + iK)(1− iK)−1 ,
(7.5)

where f , f ′, g, and g′ are diagonal matrices defined by the asymptotic solutions fν , gν and
their derivatives f ′ν , g′ν expressed in terms of the spherical Bessel functions as described in
Ref. [202].

We established in Chapter 4 that the non-adiabatic couplings Pνν′(R), Qνν′(R) control the
pathways for inelastic transitions and therefore the convergence of the scattering observables.
They can be evaluated using the solutions Φν(R; Ω) to the adiabatic equation (3.117) in
accordance with definitions given in Eq. (3.120)

Pνν′(R) =

∫
dΩΦν(R; Ω)

∗ ∂

∂R
Φν(R; Ω) ,

Qνν′(R) =

∫
dΩΦν(R; Ω)

∗ ∂2

∂R2
Φν(R; Ω) .

(7.6)
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These matrices could be evaluated by a simple estimate of the differential

∂

∂R
Φν(R; Ω) ≈

Φν(R+∆R; Ω)− Φν(R−∆R; Ω)

2∆R
, (7.7)

and then used to solve the hyperradial Schrödinger equation in the form given by Eq. (3.118).
However, this approach is only feasible when the non-adiabatic couplings do not change rapidly
with R, which is true at large distances, say R > RSVD – for some input value RSVD – or
when the decay into deeply bound states is suppressed for a model involving a low number
of bound states. For the LiLiBa+ system, we set RSVD = 30 r∗, which also constitutes a
practical, numerical limit resulting from finite computational and memory cost.

Hence, at short distances – R ≤ RSVD – the proper resolution of the non-adiabatic cou-
plings is crucial for the physical description of inelastic processes in three-body systems. In
this region, we solve the Eq. (3.117) and use the channel functions Φν(R; Ω) as a starting point
for the SVD approach. We solve the hyperradial Schrödinger equation in the form given by
Eq. (3.114) by expanding the total wavefunction ψν(R,Ω) using the DVR basis functions
πi(R) [202]

ψν(R,Ω) =
∑
iν′

ciν′,νπi(R)Φν′(R; Ω) . (7.8)

The DVR basis is defined using the Gauss-Legendre quadrature points xi and weights wi,
which allows us to efficiently evaluate or approximate integrals of any function g(x)

∫ 1

1
g(x) dx ∼=

N∑
i=1

g(xi)wi , (7.9)

where we use N = 10. The DVR basis functions πi(R) are proportional to the weight-
normalized Lagrange interpolating polynomials [202]. These definitions allow us to efficiently
evaluate the matrix elements of any function H(R). Furthermore, the following relation holds
for any H(R) ∫ a2

a1
πi(R)H(R)πj(R) dR ∼= H(Ri)δij , (7.10)

where a1, a2 ∈ R. The equation above is the main result of the DVR approach. Using DVR,
the kinetic energy operator is treated as a coupling operator between each value of R defined
on a finite grid and the interaction potential Ṽ (R) := V (R; Ω) in Eq. (3.114) becomes a set of
coupled potential surfaces represented by a diagonal matrix at each R [289]. The slow-variable
discretization method utilizes a slightly different channel basis, where we evaluate the channel
functions Φν at Ri instead of R

ψν(R,Ω) =
∑
iν′

ciν′,νπi(R)Φν′(Ri; Ω) . (7.11)

One can show that the expansion coefficients ciν′,ν are the same for the two expansions in
Eqs. (7.8) and (7.11) as long as the DVR approximation given in Eq. (7.10) can be applied to
H(R) := Φν(R; Ω) [202]. Substituting the expanded wavefunction ψν(R,Ω) into the hyper-
radial Schrödinger equation (3.114) yields the equations for coefficients ciν′,ν , which are then
used to evaluate the R-matrix through definitions given in Eq. (7.4) [287]. The R-matrix, in
turn, yields the scattering observables dependent on the S-matrix.
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Figure 7.2: Three-body continuum effective potentials Wν(R) = Uν(R) − ℏ2
2µQνν(R) mul-

tiplied by R2 to show their repulsive ∼ R2 behavior calculated for the LiLiBa+ system
at aBX = 1.30 r∗. For R → ∞ the channels tend to their asymptotic behavior given by
ℏ2 [λi(λi + 4) + 15/4] /(2µR2) for integer λi.

7.3. The convergence of the three-body recombination rate

As we discussed in the previous Section, an accurate calculation of the non-adiabatic couplings
is essential for a proper physical description of the three-body collisions. Figure 7.2 shows
the interplay between the non-adiabatic couplings and the repulsive ∼ R2 behavior of the
diagonal part of the effective three-body potential matrix Wν(R) = Uν(R)− ℏ2

2µQνν(R). The
channel structure is set by the Uν(R) term, while the peaks in the effective potentials come
from the diagonal non-adiabatic coupling terms Qνν(R). These peaks, similarly to peaks
associated with the off-diagonal functions Pνν′(R) and Qνν′(R), occur at avoided crossings,
which arise from short-range interactions or shape resonances. The latter correspond to
quasi-bound states in higher rotational channels that become embedded in the continuum. In
ion–atom–atom systems, the long-range polarization tail of the interaction and the centrifugal
barriers occurring at comparatively larger distances than in neutral systems cause the avoided
crossings, and thus the associated peaks, to extend to large values of R, reaching positions
beyond RSVD. As we have shown in Fig. 7.2, using the crude method given by Eq. (7.7) for
R > RSVD could influence the description of the three-body collision only at collision energies
well beyond the quantum regime, because the peaks Qνν(R) that need to be resolved in this
range appear for high-energy continuum channels. Nevertheless, the theoretically relevant
channels lying at energies such that Wν(R) · R2 ∼ (100 − 102)E∗ · r2∗ exhibit the features
associated with Qνν′(R) before and in the vicinity of the numerical limit Rn described in
Section 7.1.

In order to address the numerical challenge with the proper description of the non-adiabatic
couplings as well as the numerical error most relevant in the most weakly bound channel, as
described in Section 7.1, we have employed a regularization scheme, which models the behavior
of channels at long-range. This model, which we call the restricted model, involves a transition
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Figure 7.3: The three-body recombination rate L3 and partial rate Lw
3 for LiLiBa+ calcu-

lated using the restricted model for aBX = 1.30 r∗ (black, gray) and aBX = 1.29 r∗ (purple,
magenta). The inset shows the oscillatory behavior of Lw

3 at low energies, which stems from
finite-range boundary conditions at R = Rf . The dashed, red line shows the power law scaling
∼ E−3/4 stemming from thermal effects found for ion-atom-atom systems in Ref. [290].

to asymptotic behavior of Wν(R) given by Eq. (3.122). The transition is given by

Wν(R) =Wn
ν (R) (1−O(R−Rc)) +

[
−Eb +

ℏ2l(l + 1)

2µR2

]
O(R−Rc) , (7.12)

for bound channels, where the Wn
ν (R) are the numerically obtained three-body effective po-

tentials, O(x) is the unit step function, the values of the relative angular momentum l and the
binding energy Eb are found using a finite-range polynomial fit, where we set Rc = Rn. For
the Efimov channel, we have Eb = 0 and l = 0. For continuum channels, we used a smooth
cut-off function to define the transition to the asymptotic behavior of the potentials given by
Eq. (3.123)

Wν(R) =Wn
ν (R) (1− Co(R,Rc, nc)) + ℏ2

λ(λ+ 4) + 15/4

2µR2
Co(R,Rc, nc) , (7.13)

where the cut-off function is defined by

Co(R,Rc, nc) = O(R−Rc) +O(Rc −R) exp

[
−
(
Rc

R
− 1

)nc
]
, (7.14)

where we use nc = 8. The (1− Co) function decreases sharply from one to zero in the range
R ∈ [Rc/2, Rc]. In addition, we turned off couplings to excited, theoretically irrelevant, high-
energy continuum channels. Using a simple numbering scheme for ν, we consider channels
with ν > 10. On these channels, we enforced the vanishing of the non-adiabatic couplings

Pνν′(R) =Pn
νν′(R) (1− Co(R,Rc, nc)) ,

Qνν′(R) =Qn
νν′(R) (1− Co(R,Rc, nc)) ,

(7.15)
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Figure 7.4: (a), (b): The three-body recombination rate L3 and partial rates Lw
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LiLiBa+ calculated using the converged (black, conv.) and restricted (blue, restr.) models.
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results in Fig. 5.2.

where Pn
νν′(R), Q

n
νν′(R) are the Pνν′(R) and Qνν′(R) matrices obtained numerically. For the

excited continuum channels, the regularization condition in Eq. (7.13) was therefore slightly
changed as it was imposed on Uν(R) instead of Wν(R).

Figure 7.3 shows the numerical instability of the total and partial recombination rates at
collision energies E in the range (10−1 − 100)E∗. It is a result of numerical error associated
with the resolution of non-adiabatic coupling for continuum channels ν ≲ 10. In the low-
energy limit, the three-body recombination rate approaches a constant value, reflecting the
dominance of quantum threshold behavior [195, 202]. For high collision energies E > 1E∗, the
recombination rate exhibits a power-law decay ∼ E−3/4 characteristic of thermally dominated
dynamics [290]. The finite value of R at which we impose the Dirichlet boundary condition
on the hyperradial part of the total wavefunction Rf is also the ending point of the R-matrix
propagation. Placing the boundary condition at Rf effectively introduces an artificial phase
shift in the total wavefunction. An additional small error in the three-body recombination
rate at low energy is visible in the inset of Figure 7.3.

The restricted model proves useful for stabilizing scattering observables at low collision
energies, where quantum effects dominate the three-body dynamics. Nevertheless, this ap-
proach introduces a systematic error in the calculation of the three-body recombination rate
in the limit E → 0. Figure 7.4 shows that, in the non-universal regime aBX ∈ [0.1 r∗, 5 r∗],
the partial rate Lw

3 exhibits a suppression pattern. If physical, such behavior would indicate
a novel interference mechanism not previously observed in theoretical or experimental studies
of three-body recombination in ultracold systems.

To clarify its origin, we performed additional calculations and found that the suppression
of the TBR rate arises from the vanishing scheme imposed on the non-adiabatic couplings
[Eq. (7.15)]. We therefore carried out calculations within an alternative approach, referred
to as the converged model, which keeps the regularization conditions given in Eqs. (7.12)
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and (7.13), while omitting the constraint given by Eq. (7.15).
These results demonstrate that the pathways for recombination in the LiLiBa+ system

rely, at least in part, on long-range non-adiabatic couplings. The restricted model effectively
imposes an artificial outer boundary, truncating phase accumulation of the total wavefunction
and modifying the relative phases between recombination pathways. As a consequence, the
observed suppression pattern is not physical but instead reflects a cutoff-induced interference.
This behavior is found to be numerically stable; in particular, a similar suppression appears in
the energy dependence of the partial rate Lw

3 (E), as shown in Fig. 7.3 for E ∼ (10−3−10−2)E∗.



Chapter 8

Conclusion & Outlook

To summarize, this thesis explores several aspects of weakly bound quantum states in strongly
interacting few-body systems. We computed bound and scattering properties of the ion-
atom-atom system near an ion-atom Feshbach resonance, focusing on the LiLiBa+ system
and comparing it with the neutral LiLiBa system. We found that systems with long-range
ion-atom interactions belong to a new class of universality. A manuscript presenting these
results was accepted for publication in Physical Review Letters [227]:

• J. Gębala, M. Tomza, and J. P. D’Incao, Universality in ionic three-body systems near
an ion-atom Feshbach resonance, accepted to Phys. Rev. Lett. (2026).

Furthermore, we analyzed Efimov spectra in homonuclear bosons near narrow Feshbach res-
onances and confirmed that the non-universal properties of Efimov states arise from atom-
dimer repulsion. We also showed that the short-range behavior of the effective three-body
potentials plays an important role in the description of Efimov states near narrow resonances.
The results presented here are currently being consolidated into a manuscript intended for
submission to Physical Review A or Physical Review Letters:

• J. Gębala, M. Tomza, and J. P. D’Incao, Non-universality of Efimov physics near narrow
Feshbach resonances, in preparation.

Finally, we performed a detailed numerical study of three-body recombination in ion-atom-
atom systems, identified key numerical and systematic errors, and outlined strategies to con-
trol them.

An important direction for future research is the investigation of universality in few-body
systems characterized by increasingly complex long-range interactions. While this thesis pri-
marily addressed isotropic ion-atom interactions and resonantly interacting atomic systems,
recent advances now enable the study of strongly interacting quantum matter with tunable
anisotropic interactions. In this context, a primary research direction is the study of mi-
crowave shielding in polar molecules [291–293]. This effect suppresses short-range collisional
loss by generating a long-range repulsive barrier through microwave-dressed rotational states.
Experimental studies have demonstrated an increased ratio of elastic to inelastic collisions and
achieved the first stable, evaporatively cooled ultracold molecular gases. More recent work
indicates that this effect is broadly universal across molecular species and can be employed
not only for stabilization but also for tunable control of dipolar interactions, establishing
microwave shielding as a key tool for engineering strongly interacting quantum dipolar mat-
ter [294]. A recent quantum treatment of microwave-shielded dipolar molecules [295] predicts
that Efimov trimers can emerge even in the presence of long-range anisotropic interactions.

124



CHAPTER 8. CONCLUSION & OUTLOOK 125

Shielding induces universal two- and three-body behavior, including Efimov scaling and a
universal three-body parameter.

More broadly, the universality of few-body phenomena should be considered beyond con-
ventional ultracold atomic gases, including systems in reduced dimensions. Recent research
has examined the Efimov effect in low-dimensional quantum platforms [296]. It has been
demonstrated that the Efimov effect can also appear in 1D long-range quantum spin chains.
In this system, magnons (spin excitations in a spin chain) behave as interacting quantum
particles. When the interactions are tuned to resonance, the system first develops continuous
scale invariance and subsequently discrete scale invariance, providing evidence for the Efimov
effect.

Returning to conventional ultracold gases, a somewhat less recent study investigated three-
body physics in a typical system of ultracold atoms interacting via a van der Waals poten-
tial [274]. As we discussed in Chapter 5, the authors of Ref. [274] showed that the binding
energy of a triatomic ground state is bounded above by three times the diatomic binding
energy, which prevents the Efimov ground state from crossing the atom–dimer threshold and
becoming unbound. Furthermore, the work also finds that higher partial waves, especially
d-wave contributions, can noticeably shift the three-body parameter even in nominally s-
wave-dominated regimes. Overall, this work refined our understanding of Efimov physics and
suggests an interesting direction for future research: identifying the conditions and systems
in which the three-body parameters associated with ground and excited Efimov states are
constrained by the variational principle.

Furthermore, an important direction for future studies is the study of reactive few-body
processes. Ref. [297] presents ultracold chemistry as a controllable platform for studying few-
body quantum physics, where reactions are governed by quantum scattering rather than clas-
sical dynamics. The article highlights theoretical tools, including the multichannel quantum-
defect theory and statistical models, that can describe these processes. In this context, the
work identifies three-body recombination (TBR) as a particularly promising area for further
research, since ultracold systems allow it to be studied with unprecedented control and insight
into both universal behavior and its breakdown.

Our results and the proposed topics for future studies reinforce the view that ultracold
few-body systems offer a uniquely controlled environment for investigating complex quantum
dynamics. Recent advances in experimental control and numerical methods offer a promising
pathway for a systematic description of the boundary between universal and non-universal
behavior. Accordingly, this work clarifies specific aspects of ion-neutral and neutral three-
body physics and contributes to the broader effort to understand emergent universality in
quantum few-body systems.
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