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Abstract

This dissertation explores scale-invariant extensions of the Standard Model (SM) Higgs
scalar sector, addressing the unexplained origin of mass scales such as the electroweak
scale and the Planck mass. We explore frameworks where scale symmetry is preserved at
the classical and quantum levels and broken dynamically. We also focus on incorporating
the Weyl gravity prescription, which naturally introduces a dilaton �eld coupled to the
Higgs boson.
Theoretical foundations, including the quantum e�ective potential and scale-symmetric
regularization, Weyl geometry, and quantum �eld theory at �nite temperature, are re-
viewed. We then analyze a scale-invariant Higgs sector, incorporating quantum correc-
tions, and examine the roles of gravity, dilaton e�ects, and the Weak Gravity Conjecture.
One of the key contributions is the study of spontaneous scale symmetry breaking at high
temperature, providing a natural mechanism for mass generation in the early Universe.
We analyze temperature corrections to the one-loop e�ective potential and simulate the
evolution of the Higgs and dilaton �elds in a hot expanding Universe. We show that
certain initial conditions for this evolution can lead to a physically viable vacuum state.
Finally, we explore in�ation in this framework, introducing a kinetic term for the dilaton
and extending gravity to Weyl geometry, which a�ects the model's in�ationary dynamics.
These �ndings support the search for a more fundamental theory where mass scales arise
from underlying symmetries rather than arbitrary parameters.
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Streszczenie

Niniejsza rozprawa doktorska bada oparte na symetrii skalowania rozszerzenie skalar-
nego sektora Higgsa Modelu Standardowego, maj¡ce na celu wyja±nienie nierozwi¡za-
nego problemu pochodzenia skal masowych, takich jak skala elektrosªaba i skala Plancka.
Rozpatrujemy modele, w których symetria skalowania zachowana jest zarówno na pozio-
mie klasycznym, jak i kwantowym, oraz ªamana jest w sposób dynamiczny. Szczególn¡
uwag¦ po±wi¦camy równie» zastosowaniu grawitacji Weyla, która w naturalny sposób
wprowadza cz¡stk¦ dylaton, sprz¦»on¡ z bozonem Higgsa.
Przedstawiamy podstawy teoretyczne, takie jak kwantowy potencjaª efektywny i regu-
laryzacj¦ zachowuj¡c¡ symetri¦ skalowania, geometri¦ Weylowsk¡ oraz teori¦ pól kwan-
towych w sko«czonej temperaturze. Nast¦pnie analizujemy sektor Higgsa niezmienniczy
ze wzgl¦du na symetri¦ skalowania uwzgl¦dniaj¡c poprawki kwantowe, oraz badamy rol¦
grawitacji, efektów dylatonowych i hipotezy sªabej grawitacji (Weak Gravity Conjecture).
Jednym z kluczowych wyników pracy jest analiza spontanicznego ªamania symetrii ska-
lowania w wysokiej temperaturze, oferuj¡ca naturalny mechanizm generowania mas we
wczesnym Wszech±wiecie. Badamy poprawki temperaturowe do jednop¦tlowego efek-
tywnego potencjaªu i symulujemy ewolucj¦ pól Higgsa oraz dylatonu w gor¡cym, roz-
szerzaj¡cym si¦ Wszech±wiecie, wykazuj¡c, »e odpowiednie warunki pocz¡tkowe mog¡
doprowadzi¢ do �zycznie stabilnego stanu pró»niowego. Na koniec omawiamy in�acj¦ w
tym modelu, wprowadzaj¡c czªon kinetyczny dla dylatonu oraz rozszerzaj¡c grawitacj¦
do geometrii Weyla, co wpªywa na dynamik¦ in�acyjn¡ modelu.
Otrzymane wyniki wspieraj¡ poszukiwania bardziej fundamentalnej teorii, w której skale
masowe wynikaj¡ z podstawowych symetrii, a nie z arbitralnych parametrów.
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Chapter 1

Introduction

While the Standard Model (SM) successfully describes particle interactions at currently ac-
cessible collider energies, it still faces unresolved problems, suggesting that it is a part of a more
fundamental theory. Among those problems is the hierarchy problem, which arises due to the
quantum corrections that tend to drive the Higgs mass, mH , towards the Planck scale, MP ,
at high energies. Maintaining mH signi�cantly below the Planck mass requires highly precise
�ne-tuning of the theory and exact cancellation of independent contributions. This suggests the
need for a deeper underlying principle to resolve the problem. A natural way is to impose scale
or conformal symmetry by setting mH = 0 at the classical level. However, the Higgs mass is
non-zero, and it must be generated through some symmetry-breaking mechanism. This mech-
anism can be explicit, like in radiative symmetry breaking with a �xed renormalization scale
µ = const or cuto� Λ = const, or spontaneous, without introducing any direct mass scales. For
such a model to explain the origin of the electroweak scale along with the Planck mass, it needs
to be coupled to a version of gravity respecting the scale symmetry.

Various models have been proposed in which the Higgs scalar sector is extended by introducing
a scalar singlet with mH = 0, preserving the scale symmetry [1�8]. These models are often
coupled to either Einstein's or Brans-Dicke gravity. However, an alternative and particularly
compelling approach involves using the Weyl geometry [9�20], a natural extension of Riemannian
geometry. One of the key advantages of this approach is that it o�ers a geometric origin for the
additional scalar degree of freedom, the dilaton ϕ0, as opposed to the Einstein's formulation,
where it is introduced ad hoc. This new scalar �eld's vacuum expectation value (vev) generates
all mass scales in the theory, including mH and MP . Moreover, it allows for the construction
of a �eld-dependent subtraction scale µ(ϕ0) in dimensional regularization, preserving the scale
symmetry at the quantum level, unlike a �xed renormalization scale µ = const or a dimensionful
cuto� Λ. Previous studies [21�28] have demonstrated that the renormalization scale can be
dynamically linked to the dilaton, such that after spontaneous scale symmetry breaking (SSSB),
it is generated dynamically as µ(⟨ϕ0⟩). This approach modi�es quantum corrections, introducing
new �nite, non-polynomial contributions that are absent in the standard Coleman-Weinberg
results [29,30], as discussed in earlier works.

This study explores a scale-symmetric extension of the SM, where the Higgs scalar sector is
coupled to Weyl gravity, leading to the emergence of an additional scalar singlet, the dilaton,
which interacts with the Higgs neutral component. We analyze the fundamental classical and
quantum properties of the model and highlight its most important applications as discussed in
the literature. Then we proceed with our independent contributions, which include the study of
gravity-dilaton e�ects, Weak Gravity Conjecture, SSSB in high temperature, and cosmological
in�ation within this framework.

The thesis is organized as follows. Chapter 2 brie�y outlines the basic concept of Quantum
Field Theory (QFT), quantum e�ective potential Veff . We derive expressions for one-loop contri-
butions to Veff from scalar, fermion, and boson �elds. Next, in Chapter 3 we extend the conven-
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tional approach to dimensional regularization by incorporating a scale-symmetric version with
a dilaton-dependent subtraction scale µ(ϕ0). The analysis, based on existing works [22�25, 28],
is included to keep the thesis self-consistent. Chapter 4 introduces the fundamental properties
of Weyl conformal geometry, in which Einstein's gravity emerges as a low-energy limit. Similar
descriptions can be found in literature [9�20].

Building on these theoretical foundations, Chapter 5 examines the scale-symmetric Higgs
scalar sector extended with Weyl geometry and the dilaton. We demonstrate how the dila-
ton emerges naturally from Weyl conformal geometry and how it couples to the Higgs neutral
component, and we continue with an extensive analysis of the classical and one-loop quantum
potential of the resulting scalar sector. Although these results have been discussed in previous
works [22�25, 28, 31], we include them to maintain the completeness of our study, as they serve
as the basis for subsequent analysis. Next, in Chapter 6, we present an independent study of the
gravity-dilaton e�ects, especially their decoupling limits, where the standard Higgs sector in �at
spacetime is recovered. We �nish the Chapter with an analysis of the realization of the Weak
Gravity Conjecture in the model, which imposes constraints on the Weyl gauge coupling q.

Chapter 7 provides an extensive theoretical introduction to Quantum Field Theory in Finite
Temperature, following standard textbook material. These concepts are then applied in Chapter
8, which presents an independent analysis of thermal e�ects in the scale-symmetric model under
consideration. Understanding thermal corrections to the Higgs-dilaton potential is essential for
describing the cosmological evolution of the system, as the Universe was hot during its early
expansion. Since temperature introduces an explicit mass scale, it breaks the scale symmetry
directly. Close analysis of the nature of electroweak symmetry breaking (EWSB) at �nite tem-
perature aligns with results obtained in the models involving only the Higgs boson, namely, that
thermal e�ects restore electroweak symmetry at high temperatures, driving the Higgs vev to zero,
after which EWSB occurs as smooth crossover [32�34]. The presence of an additional dilaton
scalar and the inclusion of scale-invariant quantum corrections do not change these conclusions.
Next, we follow with an analysis of the time evolution of the �elds in a hot Universe within
the FLRW gravitational background, reinforcing our results. This chapter, based on a paper
co-authored by the author and her supervisor [35], provides a mechanism for dynamical mass
generation as the dilaton settles into its �nal vev ⟨ϕ0⟩.

Chapter 9 explores the in�ationary dynamics in the considered model, based on a paper
co-authored by the author and her supervisor [36]. Three key aspects distinguish our approach
from the previous studies on in�ation in Higgs-dilaton models [2, 3, 6, 37�45]: the embedding
of the theory in Weyl geometry, the explicit inclusion of a kinetic term for the dilaton, and
incorporation of the so-called suppression factors, which all signi�cantly impact in�ationary
dynamics. We �rst analyze the classical potential in in�ationary regimes and then incorporate
quantum corrections through the running of coupling constants in the in�ationary potential.
Our �ndings indicate that a viable parameter space exists that is consistent with experimental
constraints, leading to successful slow-roll in�ation. Additionally, we compute the gravitational
wave spectrum resulting from in�ationary dynamics of the considered framework. We conclude
the chapter with a discussion of potential unitarity violation, a common challenge in in�ationary
models, particularly when energy scales during in�ation approach or exceed the Planck scale.

Finally, Chapter 10 summarizes our results and outlines open questions that must be ad-
dressed to further re�ne the model. The thesis is also supplemented with appendices containing
supplementary results and derivations essential to our analysis. Appendix A presents the beta
functions for the couplings constants in the Higgs-dilaton potential, as well as those from the
SM weak, strong, and top-Yukawa interactions, along with plots of their running with respect to
the dilaton �eld and discussion on the choice of subtraction scale. Appendix B derives thermally
averaged products of annihilation (a) and creation (a†) operators for scalars and fermions, which
are used in QFT in �nite temperature to compute Green's functions and propagators for the
corresponding particles. Appendix C discusses the resummation procedure required for a consis-
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tent perturbative expansion in thermal QFT. Appendix D provides an approximate constraint
for ensuring the dilaton �eld remains in thermal equilibrium. While these results are not exact,
they serve as a useful approximation for the analysis presented in Chapter 8. Finally, Appendix
E includes a brief derivation of statistical quantities in Thermal Field Theory, speci�cally the
mean value and standard deviation of scalar �eld products at �nite temperature.
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Chapter 2

Quantum E�ective Potential

This chapter reviews one of the fundamental concepts in Quantum Field Theory (QFT), the
e�ective action and the e�ective potential. The e�ective potential, in particular, is crucial for
studying spontaneous symmetry breaking, phase transitions, and vacuum structure in various
quantum �eld theories. While the material covered here is standard QFT textbook content,
we include it to keep the dissertation self-consistent and easy to understand. We focus on
the e�ective potential derived from the generating functional in the path integral formulation so
that, in the next chapters, we can explore these phenomena in a systematic and rigorous manner.
This approach, along with the diagrammatic method, is covered in many educational resources,
such as [29,46�50].

2.1. Generating Functionals

Let's consider a real scalar �eld ϕ with Lagrangian density L0(ϕ) and an action:

S0[ϕ] =

∫
d4xL0(ϕ). (2.1)

Denoting J as an external source and action S[ϕ] as:

S[ϕ] = S0[ϕ] + J · ϕ, (2.2)

where:

J · ϕ =

∫
d4xJ(x)ϕ(x), (2.3)

one can de�ne generating functional Z[J ], which is a vacuum to vacuum amplitude in the presence
of J source:

Z[J ] = ⟨0out|0in⟩J =

∫
dϕ exp

{
iS0[ϕ] + iJ · ϕ

}
=

∫
dϕ exp

{
iS[ϕ]

}
. (2.4)

From de�nition (2.3) follows a functional derivative:

δ

δJ(y)

(
J ·ϕ
)
=

∫
d4xδ4(x−y)ϕ(x) = ϕ(y),

δ

δϕ(y)

(
J ·ϕ
)
=

∫
d4xJ(x)δ4(x−y) = J(y). (2.5)

Tylor expansion of Z[J ] in J provides Green's functions G(n)(x1, . . . , xn), containing all possible
Feynman diagrams for considered process:

Z[J ] =

∞∑
n=0

in

n!

∫
d4x1 . . . d

4xnJ(x1) . . . J(xn)G
(n)(x1, . . . , xn), (2.6)

4



so that:

G(n)(x1, . . . , xn) = (−i)n δ

δJ(x1)
. . .

δ

δJ(xn)
Z[J ]

∣∣∣
J=0

. (2.7)

Using (2.4) one can de�ne connected generating functional W [J ]:

Z[J ] = exp
{
iW [J ]

}
, (2.8)

by which connected Green's functions G(n)
conn(x1, . . . , xn) are generated:

iW [J ] =

∞∑
n=0

in

n!

∫
d4x1 . . . d

4xnJ(x1) . . . J(xn)G
(n)
conn(x1, . . . , xn), (2.9)

G(n)
conn(x1, . . . , xn) =

δ

δJ(x1)
. . .

δ

δJ(xn)
W [J ]

∣∣∣
J=0

. (2.10)

One can now de�ne the classical �eld ϕc as a vacuum expectation value (vev) of the �eld operator
ϕ(x) in the presence of the given current J :

ϕc(x) =
δW [J ]

δJ(x)
=

∫
dϕ exp

{
iS0[ϕ] + iJ · ϕ

}
· ϕ(x)∫

dϕ exp
{
iS0[ϕ] + iJ · ϕ

} =
⟨0out|ϕ(x)|0in⟩

⟨0out|0in⟩

∣∣∣∣∣
J

. (2.11)

The Above relation determines ϕc as a functional of J (as it is shown below in equation (2.14),
ϕc and J are conjugated, so δJ(x)

δϕc(y)
̸= 0). In particular, in the absence of source, J = 0:

ϕc(x)
∣∣∣
J=0

= ⟨ϕ⟩ =
∫
dϕ exp

{
iS0[ϕ]

}
· ϕ(x)∫

dϕ exp
{
iS0[ϕ]

} =
⟨0out|ϕ(x)|0in⟩

⟨0out|0in⟩

∣∣∣∣∣
J=0

(2.12)

and ⟨ϕ⟩ is vev of �eld operator ϕ(x) in the true vacuum of the theory.
Functional Legendre transformation of W [J ] is the so-called e�ective action Γ[ϕc]:

Γ[ϕc] =W [J ]−
∫
d4xJ(x)ϕc(x). (2.13)

The functional derivative of e�ective action with respect to ϕc gives:

δΓ[ϕc(x)]

δϕc(y)
=

∫
d4x

δW [J ]

δJ(x)

δJ(x)

δϕc(y)
−
∫
d4x

δJ(x)

δϕc(y)
ϕc(x)− J(y) = −J(y), (2.14)

which, in the absence of external sources, will de�ne the true vacuum of the theory:

δΓ[ϕc(x)]

δϕc(y)

∣∣∣∣∣
J=0

= 0. (2.15)

The e�ective action Γ[ϕc] can be expanded in two ways. First, Taylor expansion in ϕc provides
1PI (one-particle irreducible) Green's functions Γ(n)(x1, . . . , xn):

Γ[ϕc] =

∞∑
n=0

1

n!

∫
d4x1 . . . d

4xnϕc(x1) . . . ϕc(xn)Γ
(n)(x1, . . . , xn). (2.16)

A 1PI Feynman diagram is a connected diagram that cannot be disconnected by cutting a single
internal line. Γ(n) is the sum of all such diagrams with n external legs. Example 1PI diagrams
in λϕ4 theory are shown in Figure 2.1. An alternative way is to expand the e�ective action in
external momenta about the point for which all external momenta are zero. This gives:

Γ[ϕc] =

∫
d4x

[
− Veff (ϕc) +

1

2

(
∂µϕc

)2
Z(ϕc) + . . .

]
, (2.17)
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Figure 2.1: 1PI Feynman diagrams for λϕ4 theory.

where other terms contain higher derivatives of ϕc. The term with zero power of momentum,
Veff (ϕc), is the so-called e�ective potential. For homogeneous ϕc and J , independent of x, we
�nd:

Γ[ϕc] = −Veff (ϕc)
∫
d4x ⇒ δΓ[ϕc]

δϕc
= −J = −V ′

eff (ϕc). (2.18)

Using the above equation and (2.15), in the absence of external sources, we have:

δΓ[ϕc]

δϕc

∣∣∣∣∣
J=0

= −V ′
eff (ϕc)

∣∣∣∣∣
J=0

= 0. (2.19)

Consequently, the value ϕc
∣∣
J=0

= ⟨ϕ⟩, for which the �rst derivative of the e�ective potential
V ′
eff (⟨ϕ⟩) vanishes, is the vacuum expectation value of the ϕ �eld. Therefore, to study the vacuum

structure of the model presented in this work, we will limit ourselves to the constant classical
�elds ϕc.

Let's write the 1PI Green's function Γ(n)(x1, . . . , xn) as its Fourier transform:

Γ(n)(x1, . . . , xn) =

∫
d4k1
(2π)4

. . .
d4kn
(2π)4

(2π)4δ(4)(k1 + . . .+ kn)e
i(k1x1+...+knxn)Γ̃(n)(k1, . . . , kn),

(2.20)
which gives in (2.16):

Γ[ϕc] =

∞∑
n=0

1

n!

∫
d4x1 . . . d

4xn

∫
d4k1
(2π)4

. . .
d4kn
(2π)4

(2π)4δ(4)(k1 + . . .+ kn)e
i(k1x1+...+knxn)×

× Γ̃(n)(k1, . . . , kn)ϕc(x1) . . . ϕc(xn).

(2.21)

Then, we express the delta function as:

(2π)4δ(4)(k1 + . . . kn) =

∫
d4xe−i(k1+...kn)x, (2.22)

and in (2.21), after evaluation of the d4ki
(2π)4

integrals we obtain:

Γ[ϕc] =
∞∑
n=0

1

n!

∫
d4x1 . . . d

4xn

∫
d4x δ(4)(x− x1) . . . δ

(4)(x− xn)Γ̃
(n)(k1, . . . , kn)×

× ϕc(x1) . . . ϕc(xn) =

∫
d4x

∞∑
n=0

1

n!
Γ̃(n)(k1, . . . , kn)ϕ

n
c (x).

(2.23)
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We expand the above expression around zero momenta:

Γ[ϕc] =

∫
d4x

∞∑
n=0

1

n!
Γ̃(n)(0, . . . , 0)ϕnc (x) + . . . (2.24)

where terms in + . . . are higher powers of momenta. One compares it to (2.18), in which the 0-th
order term is the e�ective potential. The �nal result is:

Veff (ϕc) = −
∞∑
n=0

1

n!
Γ̃(n)(0, . . . , 0)ϕnc (x), (2.25)

with Γ̃(n)(0, . . . , 0) being 1PI diagrams with vanishing external momenta. The zero-loop order
contribution to (2.25) is the tree-level potential V0(ϕc) of a considered theory as a function of
a classical �eld ϕc. Then, we have:

Veff (ϕc) = V0(ϕc)−
∞∑
n=0

1

n!
Γ̃
(n)
loops(0, . . . , 0)ϕ

n
c (x) = V0(ϕc) + V1(ϕc) + V2(ϕc) + . . . , (2.26)

where Vi(ϕc) is the i-th loop order contribution to (2.25). As can be seen from equation (2.25),
the speci�c form of the e�ective potential depends on the theory and, in particular, on its
particle content, as di�erent particles will contribute di�erently to the loop calculations. In
chapter 7, we present the diagrammatic approach to �nding Veff (ϕc) in scalar �eld theory in
�nite temperature. In the following section, we present a derivation of the e�ective potential
using a functional integration method, which provides a more e�cient approach.

2.2. The One-Loop E�ective Potential in Scalar Field Theory

To obtain e�ective potential Veff , which comes from Γ[ϕc], one needs to calculate W [J ] �rst.
From (2.4) and (2.8) we have:

exp
{ i
ℏ
W [J ]

}
=

∫
dϕ exp

{ i
ℏ
S[ϕ]

}
=

∫
dϕ exp

{ i
ℏ
(S0[ϕ] + J · ϕ)

}
, (2.27)

where we inserted back ℏ. We want to evaluateW [J ] to the 1-loop order, hence, to the �rst order
in ℏ. For ℏ → 0, one can use the so-called steepest descend (or stationary phase) approximation.
The main contribution to the integral (2.27) comes from the minimum of the exponent argument
S[ϕ]. Let's assume that it is minimized for some stationary �point� ϕs in �eld space:

δS[ϕ]

δϕ(x)

∣∣∣∣∣
ϕs

=
δ
[
S0[ϕ(y)] + J(y) · ϕ(y)

]
δϕ(x)

∣∣∣∣∣
ϕs

= 0. (2.28)

For a real scalar �eld with potential V (ϕ), the action reads:

S0[ϕ] =

∫
d4x
[1
2

(
∂ϕ
)2 − V (ϕ)

]
= −

∫
d4x
[1
2
ϕ∂2ϕ+ V (ϕ)

]
. (2.29)

This implicates in (2.28):

−δS0[ϕ(y)]
δϕ(x)

∣∣∣∣∣
ϕs

= ∂2ϕs(x) + V ′(ϕs(x)) = J(x), (2.30)
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hence ϕs can be regarded as a function of J and vice versa. Now we take ϕ = ϕs + ϕ̃, where ϕ̃
is a quantum �eld, and expand S[ϕ = ϕs + ϕ̃] around its stationary point ϕs:

S0[ϕs + ϕ̃] = −
∫
d4x

1

2

[
ϕs∂

2ϕs + 2ϕ̃∂2ϕs + ϕ̃∂2ϕ̃
]
−
∫
d4x
[
V (ϕs) + ϕ̃V ′(ϕs) +

1

2
ϕ̃2V ′′(ϕs) + . . .

]
,

J · (ϕs + ϕ̃) = J · ϕs +
∫
d4x
[
ϕ̃∂2ϕs + ϕ̃V ′(ϕs)

]
,

S[ϕs + ϕ̃] = S0[ϕs] + J · ϕs −
∫
d4x

1

2

[
ϕ̃
(
∂2 + V ′′(ϕs)

)
ϕ̃
]
,

(2.31)

where (2.30) was used. A shift ϕ = ϕs + ϕ̃ just changes the measure in (2.27) to dϕ = dϕ̃, and
one has1:

exp
{ i
ℏ
W [J ]

}
=exp

{ i
ℏ
(S[ϕs] + J · ϕs)

}∫
dϕ̃ exp

{
− i

ℏ

∫
d4x

1

2
ϕ̃
[
∂2 + V ′′(ϕs)

]
ϕ̃

}
=

=exp
{ i
ℏ
(S[ϕs] + J · ϕs)

}
· det

[
∂2 + V ′′(ϕs)

]− 1
2
.

(2.32)

Finally, using:

detA = exp
{
Tr
(
logA

)}
⇒ det

[
∂2+V ′′(ϕs)

]− 1
2
= exp

{
−1

2
Tr
(
log[∂2+V ′′(ϕs)]

)}
, (2.33)

generating functional W [J ] becomes:

W [J ] = S0[ϕs] + J · ϕs +
iℏ
2
Tr
(
log
[
∂2 + V ′′(ϕs)

])
. (2.34)

Now with the above result, the next step in obtaining Γ[ϕc] is to �nd ϕc according to (2.11):

ϕc =
δW [J ]

δJ
= ϕs. (2.35)

Thus:

Γ[ϕc] =W [J ]− J · ϕc = S0[ϕc] +
iℏ
2
Tr
(
log
[
∂2 + V ′′(ϕc)

])
. (2.36)

The trace can be written as an integral over d4x:

Tr
(
log
[
∂2 + V ′′(ϕc)

])
=

∫
d4x⟨x| log

[
∂2 + V ′′(ϕc)

]
|x⟩. (2.37)

This integral can be evaluated easily if ϕc is independent of x. Let's assume homogeneous
ϕc = const and insert a complete set of momentum states

∫
d4k
(2π)4

|k⟩⟨k| = 1, which gives:

Tr
(
log
[
∂2 + V ′′(ϕc)

])
=

∫
d4x

∫
d4k

(2π)4
log
[
− k2 + V ′′(ϕc)

]
. (2.38)

For ϕc = const, according to (2.18), we �nally have:

Veff (ϕc) = V (ϕc)−
iℏ
2

∫
d4k

(2π)4
log

[
k2 − V ′′(ϕc)

k2

]
+O(ℏ2), (2.39)

where we have inserted log(−k2), which is ϕc independent, to make the argument of logarithm
dimensionless. We obtained the order ℏ correction to the classical potential V (ϕc) known as

1Technically the integral
∫
dϕ̃ exp{− i

ℏ
∫
d4x 1

2
ϕ̃
[
∂2 + V ′′(ϕs)

]
ϕ̃} results in in�nite factor limN→∞(−2πiℏ)N/2,

but it is canceled by normalization factors included in the measure de�nition
∫
dϕ̃.
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the Coleman-Weinberg e�ective potential. We set again ℏ = 1 and do Wick's rotation so equation
(2.39) takes form:

Veff (ϕc) = V (ϕc) +
1

2

∫
d4kE
(2π)4

log

[
k2E + V ′′(ϕc)

k2E

]
+O(ℏ2). (2.40)

For example, if V (ϕc) =
1
2m

2ϕ2c +
λ
4!ϕ

4
c , then V

′′(ϕc) = m2 + λ
2ϕ

2
c can be interpreted as e�ective

mass squared m2
eff . The generalization to theory with many scalar �elds ϕi is straightforward,

one substitutes:

V ′′(ϕc) → (M2)jk
∣∣
ϕc

=
∂2V (ϕi)

∂ϕj∂ϕk

∣∣∣
ϕc
, (2.41)

where ϕc here can be thought of as a vector of vacuum expectation values for ϕi �elds andM2(ϕc)
is just the mass matrix from the potential V (ϕi) evaluated at ϕc. Finally, the one-loop contri-
bution to the e�ective potential for scalar �elds is given by:

V1(ϕc) =
1

2

∫
d4kE
(2π)4

log
[
k2E +M2(ϕc)

]
, (2.42)

where we neglected the �eld independent term and M2(ϕc) is de�ned as in (2.41).

2.3. Fermions

Let's consider adding fermionic �elds so that the action reads:

S[ψ] =

∫
d4x

[
ψ̄
(
iγµ∂µ −MF (ϕ)

)
ψ

]
, (2.43)

where the mass matrix MF (ϕ) is a linear function of the scalar �eld ϕ. In particular, it can be of
the form MF (ϕ) = mF + y · ϕ. Fermionic contribution to the functional W [J ] can be calculated
from:

exp
{ i
ℏ
WF [J ]

}
=

∫
dψ̄dψ exp

{ i
ℏ
S[ψ]

}
. (2.44)

The action (2.43) is quadratic in spinor �elds, therefore, we can perform the functional integral
for the anti-commuting variables dψ̄dψ:∫
dψ̄dψ exp

{ i
ℏ
ψ̄
(
iγµ∂µ−MF (ϕ)

)
ψ
}
= det

[
iγµ∂µ−MF (ϕ)

]
= exp

{
Tr log

(
iγµ∂µ−MF (ϕ)

)}
.

(2.45)
We write the trace as:

Tr log
(
iγµ∂µ −MF (ϕ)

)
=

∫
d4x⟨x|tr log

(
iγµ∂µ −MF (ϕ)

)
|x⟩ =

=

∫
d4x

∫
d4k

(2π)4
tr log

(
/k −MF (ϕ)

)
,

(2.46)

where tr is taken over the gamma matrices. Next, we use:

detA = exp
{
tr logA

}
⇒ tr logA = log detA, (2.47)

and the cyclic property of the determinant, inserting γ5γ5 = 1:

tr log
(
/k −MF (ϕ)

)
= log det

[
γ5
(
/k −MF (ϕ)

)
γ5

]
= log det

(
− /k −MF (ϕ)

)
=

= log det(−1) + log det
(
/k +MF (ϕ)

)
= tr log

(
/k +MF (ϕ)

)
+ tr log(−1),

(2.48)
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tr log
(
/k −MF (ϕ)

)
=
1

2

[
tr log

(
/k −MF (ϕ)

)
+ tr log

(
/k −MF (ϕ)

)]
=

=
1

2

[
tr log

(
/k −MF (ϕ)

)
+ tr log

(
/k +MF (ϕ)

)
+ tr log(−1)

]
=

=
1

2
tr log

(
− k2 +MF (ϕ)

2
)
= 2 log

(
− k2 +MF (ϕ)

2
)
.

(2.49)

We are left with:

exp
{ i
ℏ
WF [J ]

}
= exp

{
2

∫
d4x

∫
d4k

(2π)4
log

[
k2 −MF (ϕ)

2

k2

]}
, (2.50)

where we inserted �eld independent log(−k2) to make the argument of logarithm dimensionless.
Therefore, fermions contribute to the e�ective action as:

ΓF [ϕc] = −2iℏ
∫
d4x

∫
d4k

(2π)4
log

[
k2 −MF (ϕc)

2

k2

]
, (2.51)

giving in the e�ective potential:

Veff (ϕc) = 2iℏ
∫

d4k

(2π)4
log

[
k2 −MF (ϕc)

2

k2

]
+O(ℏ2). (2.52)

Finally, we do Wick's rotation, neglect the �eld independent term, and set ℏ = 1, so the one-loop
contribution to the e�ective potential for fermions is:

V1(ϕc) = (−4) · 1
2

∫
k4E

(2π)4
log
[
k2E +M2

F (ϕc)
]
. (2.53)

The result di�ers from (2.42) by a factor -4, where 4 comes from the trace over gamma matrices
and corresponds to the number of degrees of freedom of a fermion and -1 accounts for fermionic
loop calculation.

2.4. Gauge Bosons

Now, we consider a theory described by the action of a gauge boson �eld with the Rξ gauge-
�xing term:

S[Aaµ] =

∫
d4x

(
− 1

4
F aµνF

aµν +
1

2
gµνM2

GB(ϕc)A
a
µA

a
ν −

1

2ξ

(
∂µAaµ

)(
∂νA

a
ν

)
+ Lghost

)
, (2.54)

where F aµν = ∂µA
a
ν−∂νAaµ−g ·fabcAbµAcν andM2

GB(ϕc) is the scalar interaction giving the gauge
boson its mass term (e.g., M2

GB(ϕc) = g2ϕ2) 2. The form of the ghost's Lagrangian, which
emerges due to the gauge �xing in Faddeev-Popov procedure, is of no interest in the pure gauge
boson contribution to the e�ective potential (for more details see e.g., [51]: Appendix C.3). To
�nd an inverse propagator, we need the part of the action that is quadratic in Aaµ �elds. One
has: (

S[Aaµ]
)
A2 terms

=

∫
d4x

1

2
Aaµ

[
gµν∂2 +

(
1− 1

ξ

) �
∂µ∂ν + gµνM2

GB(ϕc)

]
Aaν , (2.55)

2Of course, a scalar �eld coupled to a gauge �eld must be charged and therefore complex. Since we are
interested only in gauge-bosons contribution to the e�ective potential, we consider the ϕ �eld as the real part of
the full complex scalar �eld.
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where the
�
∂µ operator acts to the left. The functional integral is:∫

dA exp

{
i

ℏ

∫
d4x

1

2
Aaµ

[
gµν∂2 +

(
1− 1

ξ

) �
∂µ∂ν + gµνM2

GB(ϕc)

]
Aaν

}
=

= det
[
gµν∂2 +

(
1− 1

ξ

) �
∂µ∂ν + gµνM2

GB(ϕc)
]− 1

2
= det

[
D−1

]− 1
2
.

(2.56)

Using the same methods as before, we get:

det
[
D−1

]− 1
2
= exp

{
− 1

2
Tr log

[
D−1

]}
. (2.57)

Tr log
[
gµν∂2 +

(
1− 1

ξ

) �
∂µ∂ν + gµνM2

GB(ϕc)
]
=

=

∫
d4x

∫
d4k

(2π)4
tr log

[
gµν
(
− k2 +M2

GB(ϕc)
)
+
(
1− 1

ξ

)
kµkν

]
=

=

∫
d4x

∫
d4k

(2π)4
log det

[
gµν
(
− k2 +M2

GB(ϕc)
)
+
(
1− 1

ξ

)
kµkν

]
,

(2.58)

where (2.47) was used and the trace is over µν indices. Evaluating the determinant yields:

exp
{ i
ℏ
WGB[J ]

}
= exp

{
−1

2

∫
d4x

∫
d4k

(2π)4

(
3 log

[
−k2+M2

GB(ϕc)
]
+log

[
k2−ξM2

GB(ϕc)
]
+. . .

)}
,

(2.59)
where + . . . are constant terms, irrelevant for the e�ective potential. The log

[
k2 − ξM2

GB(ϕc)
]

cancels out due to the ghosts and would-be-Goldstone bosons contributions [51], and the e�ective
action reads:

ΓGB[ϕc] =
iℏ
2

∫
d4x

∫
d4k

(2π)4

(
3 log

[
− k2 +M2

GB(ϕc)
])
. (2.60)

Finally, after Wick's rotation, the e�ective potential reads:

V1(ϕc) = 3 · 1
2

∫
d4kE
(2π)4

log
[
k2E +M2

GB(ϕc)
]
. (2.61)

The result di�ers from (2.42) by a factor of 3, which accounts for the number of degrees of
freedom of a vector gauge boson in d = 4 dimensions. In arbitrary d dimensions, this factor
is equal to nGB = d − 1 and will a�ect the form of the renormalized potential in dimensional
regularization.
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Chapter 3

Quantum Scale Symmetry

The integrals (2.42), (2.53) and (2.61) are divergent in d = 4 dimensions. To evaluate them,
we need to specify which form of regularization we want to apply. In this work, we employ
the dimensional regularization (DR). The conventional DR introduces the so-called subtraction
parameter µ, which has the dimension of mass. The couplings, which enter the Lagrangian,
are in�nite bare parameters (λB), and the renormalized, physical couplings are �nite (λR).
The theory is continued analytically from d = 4 to d = 4 − 2ϵ dimensions. The subtraction
parameter relates the bare couplings of the theory to the physically measurable quantities. For
example, in ϕ4 theory, the quartic coupling λB has a dimension 2ϵ and is related to dimensionless
λR as:

λB = µ2ϵ
[
λR +

∞∑
n=1

an
ϵn

]
. (3.1)

The power n corresponds to the loop expansion so that for 1-loop e�ective potential, the sequence
ends at n = 1. The an parameters are found using the renormalization conditions. The one-loop
e�ective potential, to have a proper mass dimension, has a form:

V1(ϕc) = µ4−dV (ϕc) +
1

2
µ4−d

∑
i

ni

∫
ddkE
(2π)d

log
[
k2E +M2

i (ϕc)
]
, (3.2)

where ni are the factors appropriate for the contributions of particular particles. The one-loop
e�ective potential V1(ϕc) contains divergent terms as ϵ → 0. These divergences are canceled by
the counterterms δVc.t., the form of which depends on the renormalization conditions and renor-
malization scheme.

In this chapter, we will analyze the behavior of the scalar, fermion, and gauge boson con-
tributions to the one-loop e�ective potential, derived in the previous chapter, in two regimes:
µ = const breaking the scale symmetry, and µ = µ(ϕi) preserving it. We will observe the di�er-
ences in these two prescriptions, speci�cally, that the scale-invariant procedure introduces new
�nite corrections that are absent in the µ = const regime.

3.1. Breaking of the Scale Invariance at the Quantum Level

In this section, we consider the usual DR prescription with just a constant mass scale as
a subtraction parameter. The divergent integrals (2.42), (2.53) and (2.61) are regularized in DR
as follows: ∫

d4kE
(2π)4

log
[
k2E +M2(ϕc)

] d=4−2ϵ−−−−−→ µ4−d
∫

ddkE
(2π)d

log
[
k2E +M2(ϕc)

]
. (3.3)

The above integral gives the standard result [52]:∫
ddkE
(2π)d

log
[
k2E +M2(ϕc)

]
=

1

(4π)
d
2

2

d
Γ
(
1− d

2

)
Tr
(
M2(ϕc)

) d
2 , (3.4)
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where Γ(x) = (x− 1)! is the Gamma function. Scalar and fermion contributions to the one-loop
e�ective potential have the form:

V1(ϕc) = µ4−d

[
V (ϕc) +

1

2

∑
i

ni

∫
ddkE
(2π)d

log
[
k2E +M2

i (ϕc)
]]
, (3.5)

with constant ni coe�cients. Taking limit ϵ→ 0 and keeping only divergent and �nite non-zero
terms, we get:

V1(ϕc) =V (ϕc) +
1

64π2

∑
i

ni · Tr
(
M2
i (ϕc)

)2[1
ϵ
+ log

[
Tr
(
M2
i (ϕc)

)
κ · µ2

]]
, κ = 4πe

3
2
−γ . (3.6)

The gauge boson case is a bit di�erent since the factor nGB = (d − 1) = 3 − 2ϵ in front of the
integral will change the result slightly. The di�erence is in the κ factor, namely, for gauge bosons
one gets κ = 4πe

5
2
−γ . Finally, in the mass eigenbasis, we have:

V1(ϕc) = V (ϕc) +
1

64π2

∑
i

ni ·M4
i (ϕc)

[
1

ϵ
+ log

[
M2
i (ϕc)

κ · µ2

]]
, κ =

{
4πe

3
2
−γ scalars, fermions

4πe
5
2
−γ gauge bosons

(3.7)
where we sum over all particles present in the theory with �eld-dependent masses Mi(ϕc)
and the number of degrees of freedom:

ni = (−1)2siQiCi(2si + 1), (3.8)

where si is the spin of the particle i, Qi = 1 for neutral and Qi = 2 for charged particles and Ci
counts the number of colors of the particle i.

3.2. Scale Symmetric E�ective Potential

We want to consider a scale symmetric theory at the quantum level. The concept of scale-
invariant regularization was originally proposed in [53,54]. To prevent µ = const from explicitly
breaking the scale symmetry, one uses the subtraction function µ = µ(ϕ0), which depends on
the scalar �eld ϕ0 present in the model. When this �eld acquires a vacuum expectation value
⟨ϕ0⟩, the subtraction scale is generated dynamically as µ(⟨ϕ0⟩). This choice a�ects the outcome
of the renormalized one-loop e�ective potential, as previously explored in [21�25, 31, 55]. Here,
we brie�y review those results and compare them to the usual µ = const method.

Consider a theory with a scalar dilaton �eld (denoted by ϕ0) and real scalar �elds ϕi, with
a classical Lagrangian in d = 4 dimensions:

L =
1

2

∑
k

∂µϕk∂
µϕk − V (ϕk), k = {0, i}. (3.9)

The theory is scale-invariant in d = 4 dimensions if the potential satis�es the condition:(
4−∆ϕϕk

∂

∂ϕk

)
V (ϕk) = 0, (3.10)

where ∆ϕ is the scaling dimension of the scalar �eld, determining how it transforms under
the scale transformations given by:

xµ 7−→ x′
µ
= sxµ, s ∈ R

+

ϕ(x) 7−→ ϕ′(x) = s−∆ϕϕ(s−1x).
(3.11)
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In d = 4 dimensions, ∆ϕ = d−2
2

d=4−−→ 1. The condition (3.10) re�ects the fact that the potential
V (ϕk) has no dimensionful parameters and depends only on even power of �elds, summing up
to d = 4, for instance:

V (ϕ0, ϕ1) ∝ λ0ϕ
4
0 + λ1ϕ

2
0ϕ

2
1 + λ2ϕ

4
1 + λ3ϕ

−2
0 ϕ61 + . . . (3.12)

The particular form of the potential in the model considered in this work will be speci�ed later.
Now, we emphasize that non-polynomial operators such as ϕ−2

0 ϕ61 are scale-invariant and can be
present in the potential, making it non-renormalizable. Further chapters will elaborate on this
subject in more detail.

Now, we analytically continue the theory to d = 4 − 2ϵ dimensions. The mass dimensions
read [L] = d, [ϕk] = (d − 2)/2 = 1 − ϵ, and the couplings are replaced by λ → µ(ϕ0)

2ϵλ, so
that they remain dimensionless and the subtraction function is �eld dependent. This modi�es
the potential to V (ϕk) → Ṽ (ϕk) ≡ µ(ϕ0)

2ϵV (ϕk), with mass dimensions [Ṽ ] = d, [V ] = 2d − 4.
Consequently, the scale-invariant tree level Lagrangian in d dimensions reads:

L̃ =
1

2

∑
k

∂µϕk∂
µϕk − Ṽ (ϕk), k = {0, i}, Ṽ (ϕk) ≡ µ(ϕ0)

2ϵV (ϕk). (3.13)

In this work, the subtraction function µ is chosen to be a function of the ϕ0 dilaton �eld only.
Speci�cally:

µ(ϕ0)
4−d = µ(ϕ0)

2ϵ =
[
z · ϕ

1
1−ϵ

0

]2ϵ
, (3.14)

where z is an arbitrary dimensionless scaling parameter, de�ning the subtraction scale after
the spontaneous breaking of scale symmetry as µ(⟨ϕ0⟩) = z⟨ϕ0⟩. This will be relevant in
the renormalization group equations and Callan-Symanzik equation, as quantities will be di�er-
entiated with respect to z [55]. While alternative choices for µ are possible, they are considered
non-physical [23]. Consequently, the subtraction scale is generated by the dilaton alone and has

a mass dimension [µ(ϕ0)] = [z ·ϕ
1

1−ϵ

0 ] = [ϕ0] · 1
1−ϵ = (1− ϵ) · 1

1−ϵ = 1 (this holds in any spacetime
dimensions d).

To dynamically generate the subtraction scale, the dilaton must be a dynamical �eld with
a non-zero vev. Therefore, the kinetic term for ϕ0 is necessary, which is important in the analysis
in Chapter 5. Usually, considering the origin of the dilaton from Weyl geometry, the kinetic term
for ϕ0 is absent (see, e.g., [9�11]). The possible mechanism for ⟨ϕ0⟩ generation is explored in
Chapter 8, where temperature corrections and gravity are added to the model.

First, we focus only on the scalar one-loop contribution, then we generalize to other �elds.
The prescription for the one-loop e�ective potential described in Chapter 2 must be applied with
some caution. Firstly, the mass matrix under the logarithm must be changed to:

M̃2
ab = ∂2Ṽ /∂ϕa∂ϕb, (3.15)

as it is the Ṽ (ϕk) that enters the Lagrangian and is used in the expansion of the action S[ϕk].
Secondly, it is unnecessary to include a µ4−d factor in front of the integral since the dimension of
potential [Ṽ ] = d matches [ddkE ] = d. Therefore, the quantum e�ective potential for real scalar
�elds ϕi and the dilaton ϕ0 reads:

V1(ϕk) =
[
z · ϕ

1
1−ϵ

0

]2ϵ
V (ϕk) +

1

2

∫
ddkE
(2π)d

log
[
k2E + M̃2(ϕk)

]
, (3.16)

which results in:

V1(ϕk) =
[
z · ϕ

1
1−ϵ

0

]2ϵ
V (ϕk) +

1

2

∑
i

Γ
(
ϵ− 1

)
(
4π
)ϵ−1(

2− ϵ
)Tr(M̃2(ϕk)

)2−ϵ

. (3.17)
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Keeping only divergent and �nite non-zero terms in the limit ϵ→ 0, one obtains:

V1(ϕk) =V (ϕk) +
1

64π2
Tr
(
M̃2(ϕk)

)2[1
ϵ
+ log

[
Tr
(
M̃2(ϕk)

)
κ · µ2

]]
, κ = 4πe

3
2
−γ . (3.18)

Since the µ is a �eld-dependent function, the mass matrix in the scale symmetric regime is
non-trivial:

M̃2
ab =

∂2Ṽ (ϕk)

∂ϕa∂ϕb
= µ2ϵ

[
M2
ab +

2ϵ

µ2

((
µµab − µaµb

)
V + µ

(
µaVb + µbVa

))]
+O(ϵ2), (3.19)

where the subscripts on µ and V denote derivatives, Ôa = ∂Ô/∂ϕa. For the dilaton dependent
function (3.14), the above expression simpli�es to:

M̃2
ab = µ2ϵ

[
M2
ab + δ0aδ

0
b

2ϵ

µ2

((
µµ00 − µ20

)
V + 2µµ0V0

)]
+O(ϵ2). (3.20)

The trace under the logarithm in ϵ→ 0 limit yields just:

log

[
Tr
(
M̃2(ϕk)

)
κ · µ2

]
ϵ→0−−−−−−→ log

[
Tr
(
M2(ϕk)

)
κ · µ2

]
. (3.21)

The Tr
(
M̃2(ϕk)

)2
term, however, is multiplied by a factor 1/ϵ. Consequently, one gets a new

�nite correction, due to the presence of the ϵ proportional term in M̃2, which is absent in
the dimensional regularization with µ = const:

Tr
(
M̃2(ϕk)

)2 · 1
ϵ

ϵ→0−−−−−−→ Tr
(
M2(ϕk)

)2 · 1
ϵ
+

+
4Tr
(
M2(ϕk)

)
µ2

·
((
µµ00 − µ20

)
V + 2µµ0V0

)
.

(3.22)

Finally, the scale-invariant one-loop e�ective potential with scalar contributions in the mass
eigenbasis reads:

V1(ϕk) = V (ϕk) +
1

64π2

∑
i

M4
i (ϕk)

[
1

ϵ
+ log

[
M2
i (ϕk)

κ · µ2

]]
+

1

64π2
δV1, κ = 4πe

3
2
−γ , (3.23)

δV1 =
4

µ2

∑
i

M2
i (ϕk) ·

((
µµ00 − µ20

)
V + 2µµ0V0

)
, (3.24)

where M2
i (ϕk) are the eigenvalues of the tree-level mass matrix.

To generalize the above result to a theory with fermions and gauge bosons, let us �rst study
the example scale-invariant mass terms in d dimensions1:

L̃mass ∝ m̃2
GB(ϕk)AµA

µ − m̃f (ϕk)f̄LfR, (3.25)

where the �eld-dependent masses are:

m̃2
GB(ϕk) = µ(ϕ0)

2ϵ ·m2
GB(ϕk), m̃f (ϕk) = µ(ϕ0)

ϵ ·mf (ϕk). (3.26)

1Actually, the scale-invariant dimensional regularization procedure for gauge bosons requires more caution to
ensure that the gauge symmetry is not spoiled. However, this subject is beyond the scope of this work and does
not a�ect the result for gauge boson one-loop contributions to the e�ective potential. For more details, we refer
the reader to [26,27].
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Due to the change in coupling constants λ → µ2ϵλ, the masses change to m2(ϕk) → m̃2(ϕk) =
µ2ϵm2(ϕk). Notice that the inclusion of the µ factor to the proper power preserves the dimension
of the mass parameter: in d = 4 dimensions [m(ϕk)] = 1, and in d = 4 − 2ϵ dimensions
[m̃(ϕk)] = 1. In contrast to the scalar �elds case, as in (3.19) and (3.20), the fermions and
gauge bosons do not acquire ϵ-proportional corrections to their masses. Consequently, their
contributions to the one-loop e�ective potential are the same as in the µ = const case, except
we change the subtraction scale to its scale-symmetric counterpart µ(ϕ0) under the logarithms
in the Coleman-Weinberg potential. Finally, one obtains the one-loop e�ective potential in the
mass eigenbasis:

V1(ϕk) = V (ϕk)+
1

64π2

∑
i

niM
4
i (ϕk)

[
1

ϵ
+ log

[
M2
i (ϕk)

κ · µ(ϕ0)2

]]
+

1

64π2
δV1,

where κ =

{
4πe

3
2
−γ scalars, fermions

4πe
5
2
−γ gauge bosons

.

(3.27)

We sum over all particles present in the theory with �eld-dependent masses Mi(ϕk) and the
number of degrees of freedom ni given in equation (3.8). The new contribution δV1 comes from
the scalar sector only and is given in equation (3.24).

3.3. Conclusions

The one-loop e�ective potential (3.27) is scale symmetric. While it is not yet renormalized,
the renormalization procedure will not change the conclusion that scale-invariance is preserved
at the quantum level due to the �eld-dependent subtraction function µ(ϕ0). This will be demon-
strated in the analysis of a scale-invariant Standard Model in Chapter 5. The new �nite con-
tribution δV1 comes solely from the scalar sector and appears as a result of a scale-symmetric,
dynamical variant of µ. This contribution leads to non-polynomial operators suppressed by

higher powers of the dilaton, such as ϕ61
ϕ20
, ϕ

8
1

ϕ40
, . . .. Although these operators maintain scale sym-

metry, they imply the non-renormalizability of the theory. The above conclusions are valid at
the one-loop level. For a detailed discussion on higher-loop e�ects, see [24,26,28].
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Chapter 4

Weyl Conformal Geometry

Proposed in 1918, Weyl conformal geometry [56,57] was an attempt to describe electromag-
netism as a geometrical property of spacetime, similar to gravity in Einstein's theory. Weyl's
conformal geometry consists of Riemannian geometry equipped with an additional massless vec-
tor gauge �eld ωµ. Weyl proposed that after parallel transport of a vector, not only its direction
is changed but also its length, and in Weyl geometry ∇̃µgαβ = −qωµgαβ . As a consequence,
there's no absolute way to compare lengths in space-time, and a standard ruler needs to be
de�ned. Because of this issue and the fact that electromagnetism is considered an internal prop-
erty rather than a spacetime one, Weyl's conformal theory was criticized by Einstein and other
physicists and forgotten for a time. Later, Dirac in 1973 [58] proposed a new approach to Weyl's
theory, and it started to be reconsidered as Weyl's conformal gravity. In this revised theory, the
gauge vector �eld ωµ becomes massive ( mωµ close to Planck mass MP ) and it decouples for
energies below that scale, thus Einstein general relativity can be considered as the low energy
limit of Weyl conformal gravity. The decoupling occurs after the spontaneous breaking of Weyl
conformal symmetry via the Stueckelberg mechanism. Since physicists lack detailed knowledge
of the Universe's conditions at energies E > MP , Weyl conformal gravity may play an important
role in early cosmology and theories of in�ation [1�4,6, 12,21].

We will explore the foundational properties of Weyl's conformal geometry to construct an ac-
tion invariant under conformal Weyl transformations. Through this discussion, we will arrive at
a very important conclusion: Einstein's gravity emerges as a low energy limit of Weyl gravity.
Furthermore, the Weyl Ricci scalar squared term R̃2 is the source of an additional scalar, the dila-
ton. This new sector, originating from Weyl conformal gravity, can be coupled to the Higgs
doublet, and its vacuum expectation value will generate mass scales, particularly the Higgs mass
and Planck mass. The material presented in this chapter is not novel and has been previously
analyzed in [9�20, 59, 60]. Here, we brie�y review the essential information for our subsequent
analysis.

4.1. Weyl Conformal Geometry

The main di�erence between Riemannian gravity and Weyl gravity is the presence of the
Weyl gauge vector �eld ωµ. Weyl quantities will be denoted with a tilde. The Weyl connection
represented by Γ̃ρµν is expressed as follows1:

Γ̃ρµν = Γρµν +
q

2

[
δρµων + δρνωµ − gµνω

ρ
]
, (4.1)

where Γρµν denotes the Riemannian connection given by:

Γρµν =
1

2
gρα
[
∂νgαµ + ∂µgαν − ∂αgµν

]
, (4.2)

1We adopt the metric convention (+,−,−,−) with g = |det gµν | > 0.
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and q is the gauge coupling between ωµ and a scalar �eld, emerging from a covariant derivative
to be shown later. The system is torsion free, i.e. Γ̃ρµν = Γ̃ρνµ. Notably, if we take the limit
ωµ → 0, Riemannian geometry is restored, resulting in Γ̃ρµν → Γρµν . In contrast to Riemannian
geometry, where ∇µgαβ = 0, the Weyl covariant derivative of the metric is non-zero:

∇̃µgαβ =∂µgαβ − Γ̃σµαgσβ − Γ̃σµβgασ = ∇µgαβ −
q

2

[
gµβωα + gαβωµ − gµαωβ

]
−

− q

2

[
gµαωβ + gαβωµ − gµβωα

]
= −qωµgαβ ̸= 0.

(4.3)

Therefore, in Weyl geometry, parallel transport along a closed curve of a vector changes its
direction (as in Einstein's gravity framework) and its length.

With (4.1), the Riemann tensor in Weyl geometry takes the form:

R̃ρµνσ = ∂νΓ̃
ρ
µσ − ∂σΓ̃

ρ
µν + Γ̃ρνλΓ̃

λ
µσ − Γ̃ρσλΓ̃

λ
µν . (4.4)

Then Ricci tensor is R̃µσ = R̃ρµρσ, and Ricci scalar R̃ = gµνR̃µν reads:

R̃ = R− 3q∇µω
µ − 3

2
q2ωµω

µ, (4.5)

where R is Ricci scalar in Riemannian geometry, and similarly, ∇µωα = ∂µωα − Γσµαωσ. Weyl

gauge vector �eld ωµ is abelian. Consequently, the �eld strength tensor F̃µν corresponding to ωµ
is equal to the Riemannian counterpart:

F̃µν = ∇̃µων − ∇̃νωµ = ∂µων − ∂νωµ = Fµν , (4.6)

where ∇̃µ is the covariant derivative with connection Γ̃σµν :

∇̃µων = ∂µων − Γ̃σµνωσ = ∂µων − Γσµνωσ −
q

2

[
δσµων + δσνωµ − gµνω

σ
]
ωσ. (4.7)

We aim to construct a Lagrangian invariant under local Weyl gauge conformal transforma-
tions. For the metric gµν , scalar �eld ϕ, fermion �eld ψ and Weyl vector �eld ωµ, these are:

gµν −→ g′µν = Ω2gµν ,

ϕ −→ ϕ′ =
ϕ

Ω
,

ψ −→ ψ′ =
ψ

Ω3/2
,

ωµ −→ ω′
µ = ωµ −

1

q
∂µ lnΩ

2,

(4.8)

where Ω is a dimensionless real parameter that, in general can be �eld-dependent. Consequently,
we obtain g′µν = Ω−2gµν and

√
g′ = Ω4√g. Unlike the Riemannian connection Γσµν , the Weyl

geometry connection Γ̃σµν is invariant under (4.8). The Weyl curvature transforms as R̃′ = Ω−2R̃,

while the Weyl �eld strength remains unchanged F̃ ′
µν = F̃µν .

4.2. Stueckelberg Breaking of Weyl Conformal Geometry

4.2.1. Weyl Quadratic Gravity

First, we will consider the theory of Weyl quadratic gravity with gauge vector �eld ωµ in
the absence of matter. The Lagrangian for Weyl quadratic gravity invariant under (4.8) is given
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by2:
Lω√
g
=
ξ0
4!
R̃2 − 1

4
F̃µνF̃

µν , (4.10)

where ξ0 > 0. The inclusion of the R̃2 term introduces an additional scalar state, so we can
express this term equivalently as:

R̃2 → −2ϕ20R̃− ϕ40. (4.11)

Solving the equation of motion for ϕ0 yields ϕ20 = −R̃, and recovers the Weyl quadratic gravity
term. Consequently, we can consider an equivalent Lagrangian, invariant under (4.8), of the form:

Lω√
g
= − ξ0

12
ϕ20R̃− 1

4
F̃µνF̃

µν − ξ0
4!
ϕ40. (4.12)

The above Lagrangian includes a massless scalar �eld ϕ0, referred to as the dilaton3, with quartic
interaction, and a massless vector �eld ωµ present in R̃ and F̃µν terms. We choose Ω2 = ξ0ϕ

2
0/6M

2

in the conformal transformation (4.8), e�ectively gauge �xing ϕ0 �eld to a constant:

ϕ′20 =
ϕ20
Ω2

=
6M2

ξ0
. (4.13)

Finally, the Lagrangian (4.12) becomes (up to a total derivative term):

L′
ω√
g′

= −1

2
M2R̃′ − 1

4
F̃µνF̃

µν − 3

2

M4

ξ0
= −1

2
M2R′ +

3q2

4
M2ωµω

µ − 1

4
F̃µνF̃

µν − 3

2

M4

ξ0
, (4.14)

where (4.5) was used. R′ is the Riemannian curvature scalar after the transformation (4.8).
The Weyl vector �eld became massive via the Stueckelberg mechanism with m2

ω = 3
2q

2M2.
Since the term −1

2M
2R′ represents the Einstein-Hilbert term in (4.14),M aligns with the Planck

mass scale MP . Consequently, the Planck mass scale is naturally generated after the breaking
of the Weyl conformal symmetry. These phenomena, unachievable within Riemannian gravity,
o�er a solution to the hierarchy problem and the origin of mass scales in physics.

The Lagrangian (4.14) represents the Einstein-Proca action for the Weyl gauge �eld with
a positive cosmological constant term. It is worth highlighting the conservation of the number of
degrees of freedom in the presented mechanism. Initially, we had a massless vector and a scalar
�eld, resulting in nd.o.f. = 3. Following the gauge symmetry transformation, we are left with only
one massive vector �eld, maintaining nd.o.f. = 3. This arises from the absorption of the dilaton
mode ϕ0 by the vector �eld ωµ. Without ωµ, the conservation of degrees of freedom wouldn't
be possible. For a coupling q not too small (see: Section 6.3), the mass of the Weyl vector �eld
is close to the Planck mass. Below this scale, ωµ decouples, and the entire theory transitions to
a Riemannian framework. Consequently, Einstein's gravity emerges as the low-energy limit of
Weyl gravity.

4.2.2. Matter Fields

Matter �elds couple to the Weyl gauge vector �eld via a covariant derivative, the form of which
depends on the speci�c type of �eld under consideration. Each type of �eld F has an associated

2The original Weyl Lagrangian contains also the Weyl-tensor term:

LWeyl ∼ − 1

η2
C̃2

µνρσ, C̃2
µνρσ = C2

µνρσ +
3

2
q2F̃ 2

µν (4.9)

and is invariant under (4.8). However, this term is not relevant to the analysis of this work and was not included
in (4.10).

3Speci�cally, the real dilaton being lnϕ2
0 with shift symmetry: lnϕ2

0 → lnϕ2
0 − lnΩ. However, for simplicity,

we refer to ϕ0 �eld as the dilaton in this work, as it will remain approximately massless.
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conformal weight w, which determines its behavior under conformal transformation (4.8), i.e.,
we have:

F → F ′ = ΩwF, wscalar = −1, wfermion = −3

2
, wgauge = 0. (4.15)

Then, the gauge covariant derivative for conformal transformations involving the Weyl vector
�eld ωµ has the form:

D̃µF =
(
∂µ + w · q

2
ωµ
)
F. (4.16)

Since ω′
µ = ωµ − 1

q∂µ lnΩ
2, the D̃µF transforms as:

D̃′
µF

′ =
(
∂µ + w · q

2
ω′
µ

)
F ′ = ΩwD̃µF. (4.17)

Gauge Bosons

Let's consider a general case of a non-Abelian gauge vector �eld Aaµ, where a is an internal
index from the Lie algebra of the gauge group. In the Riemannian geometry, the �eld strength
for Aaµ is expressed as:

F aµν = ∇µA
a
ν −∇νA

a
µ + gfabcAbµA

c
ν , (4.18)

where g is the gauge coupling constant, fabc are the structure constants and ∇µ is evaluated with
the Riemannian Levi-Civita torsion-free connection Γρµν = Γρνµ. For any torsion-free connection,
the above expression reduces to:

F aµν = ∂µA
a
ν − ∂νA

a
µ + gfabcAbµA

c
ν . (4.19)

Extending to the Weyl conformal geometry, one just changes the ∇µ → ∇̃µ with Weyl connec-
tion Γ̃ρµν :

F̃ aµν = ∇̃µA
a
ν − ∇̃νA

a
µ + gfabcAbµA

c
ν . (4.20)

Since Γ̃ρµν is torsion-free, this reduces to F aµν from equation (4.19). Hence, there is no direct
coupling of the gauge bosons and the Weyl vector �eld.

Gauge bosons remain invariant under (4.8). To understand this, let's consider a �eld F
with a conformal weight w, charged under a gauge symmetry represented by the group G with
the gauge boson Aµ4. The covariant derivative respecting conformal symmetry (4.8) for the F
�eld is:

D̃µF =
(
∂µ − igAµ + w · q

2
ωµ

)
F. (4.21)

The gauge �eld Aµ transforms according to its G group, while ωµ accounts for the conformal
transformation. The coordinates and ∂µ remain una�ected by G and (4.8). Therefore, the kinetic
terms for gauge bosons and their inclusion in covariant derivatives are not a�ected by the (4.8)
symmetry.

Fermions

Fermionic sector coupled to gravity requires introduction of a tetrad eaµ and a spin connec-
tion wabµ :

eaµe
b
νηab = gµν , wabµ = wabµ = eρb(−∂µeaρ + eaνΓ

ν
µρ), (4.22)

where ηab is the Minkowski metric diag(+,−,−,−). The covariant derivative for fermions in
the Riemannian case is:

Dµψ =
(
∂µ +

1

2
wabµ σab

)
ψ, σab =

1

4
[γa, γb], (4.23)

4Whether the group G is Abelian or non-Abelian doesn't matter in this context.
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with antisymmetric gamma matrices ful�lling {γa, γb} = 2ηab. The Lagrangian for a massless
Dirac fermion reads:

Lf√
g
= ψ̄iγaeµaDµψ. (4.24)

Generalization to Weyl geometry is straightforward:

wabµ → w̃abµ = eρb(−∂µeaρ + eaνΓ̃
ν
µρ) = wabµ +

q

2

(
eaµe

νb − ebµe
νa
)
ων , (4.25)

and with (4.16), one obtains a Weyl covariant derivative for the fermionic �eld:

D̃µψ =
(
∂µ +

1

2
ω̃abµ σab −

3

4
qωµ

)
ψ. (4.26)

The Lagrangian invariant under (4.8) has the following form:

L̃f√
g
= ψ̄iγaeµaD̃µψ, (4.27)

where tetrad transforms as e′aµ → Ωeaµ and w̃abµ is invariant under (4.8). We will show that
Lagrangians (4.24) and (4.27) are equal and, as a consequence, the fermions do not couple to ωµ
vector �eld.

All terms involving ωµ �eld in the Lagrangian (4.27) are:(
L̃f√
g

)
ω

∼ ψ̄iγceµc

[
1

2
· q
2

(
eaµe

νb − ebµe
νa
)
ωνσab −

3

4
qωµ

]
ψ. (4.28)

We have:

γceµc
q

4

(
eaµe

νb − ebµe
νa
)
ωνσab =

q

4
γc
(
ηac e

νb − ηbce
νa
)
ων ·

1

4
[γa, γb] =

=
q

16

(
γaeνb − γbeνa

)
ων [γa, γb] =

q

8

(
γaeνb − γbeνa

)
ων · 2γaγb

∣∣∣
a̸=b

=
3

4
qγbe

νbων ,
(4.29)

where eµaebµ = ηba was used and γbγbγa

∣∣∣
b̸=a

= 3γa. The above result cancels out the −3
4qωµ

factor from the covariant derivative in (4.28). Consequently, Lagrangians (4.24) and (4.27) are
equivalent, and the Weyl gauge vector �eld ωµ doesn't couple to fermions.

Scalar Fields

Terms permitted by the symmetry (4.8) for a scalar coupled to a Weyl vector ωµ are the
covariant derivative D̃µϕi and a non-minimal coupling term ξiϕ

2
i R̃. The Lagrangian for a scalar

�eld ϕi that remains invariant under conformal transformations is given by:

Ls√
g
= − ξi

12
ϕ2i R̃+

1

2
D̃µϕiD̃

µϕi − V (ϕi), (4.30)

where R̃ is de�ned in (4.5), and the covariant derivative, according to (4.16), is:

D̃µϕi =
(
∂µ −

q

2
ωµ
)
ϕi. (4.31)

To ensure invariance under conformal transformations, the potential V (ϕi) must be a homoge-
neous function of degree four in the scalar �elds ϕi:

V (ϕi) = ϕ4kV

(
ϕi
ϕk

)
. (4.32)
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One can expand R̃ and D̃µϕi terms to explicitly see the ωµ interactions:

Ls√
g
∼− ξi

12
ϕ2iR+

q

4

[
ξiϕ

2
i

]
∇µω

µ +
q2

8

[
(ξi + 1)ϕ2i

]
ωµω

µ − q

4
(∂µϕ

2
i )ω

µ +
1

2
(∂µϕi)(∂

µϕi) =

=− ξi
12
ϕ2iR+

q2

8

[
(ξi + 1)ϕ2i

]
ωµω

µ − q

4
∂µ
[
(ξi + 1)ϕ2i

]
ωµ +

1

2
(∂µϕi)(∂

µϕi) =

=− ξi
12
ϕ2iR+

q2

8
Kωµω

µ − q

4
Kµω

µ +
1

2
(∂µϕi)(∂

µϕi),

(4.33)

where we de�ned:
K = (ξi + 1)ϕ2i , Kµ = ∂µK. (4.34)

To obtain the second line of (4.33), one needs to integrate by parts:

∂µ
(√
gϕ2iω

µ
)
=

√
gϕ2i

[
1

2
gαβ∂µgαβω

µ + ∂µω
µ +

∂µϕ
2
i

ϕ2i
ωµ
]
=

√
gϕ2i

[
∇µω

µ +
∂µϕ

2
i

ϕ2i
ωµ
]
, (4.35)

where the ∂µg = ggαβ∂µgαβ relation was used, and:

∇µω
µ =

1
√
g
∂µ
(√
gωµ

)
= ∂µω

µ +
1

2
gαβ∂µgαβω

µ. (4.36)

The complete Lagrangian describing a scalar �eld ϕi and the Weyl vector ωµ, invariant under
conformal transformations (4.8), is given by:

Ls√
g
= − ξi

12
ϕ2iR+

q2

8
Kωµω

µ − q

4
Kµω

µ +
1

2
(∂µϕi)(∂

µϕi)− V (ϕi). (4.37)

Here, − ξi
12ϕ

2
iR represents the non-minimal coupling term for ϕ2, where R denotes the Riemannian

Ricci scalar. In a subsequent section, we will demonstrate that by including the Lagrangian for
the Weyl vector �eld (4.10), this term contributes to the generation of the Planck mass, resulting
in the Einstein-Hilbert term −1

2M
2
PR. The Lagrangian (4.37) includes both a mass term for the

ωµ �eld and a derivative coupling to the scalar �eld. Additionally, we will show that upon gauge
�xing with an appropriate choice of Ω2, the generalization of the mixing Kµ term is �eaten� by
the ωµ �eld, leaving only the mass term.

4.3. Higgs Scalar Sector and Weyl Quadratic Gravity

This section explores an extension of the Standard Model coupled to Weyl geometry. We
focus on the Higgs sector, speci�cally the neutral Higgs component ϕ1, interacting with the Weyl
vector �eld ωµ. The Lagrangian invariant under conformal transformations (4.8) is:

L
√
g
= −1

4
F̃µνF̃

µν +
ξ0
4!
R̃2 − ξ1

12
ϕ21R̃+

1

2
D̃µϕ1D̃

µϕ1 −
λ

4!
ϕ41. (4.38)

We proceed by applying a substitution: R̃2 → −2ϕ20R̃ − ϕ40 (where ϕ0 satis�es its equation of
motion, ϕ20 = −R̃, restoring the original Lagrangian). This leads to:

L
√
g
= −1

4
F̃µνF̃

µν − ξ0
12
ϕ20R̃− ξ1

12
ϕ21R̃+

1

2
D̃µϕ1D̃

µϕ1 −
λ

4!
ϕ41 −

ξ0
4!
ϕ40. (4.39)

To explicitly see the ωµ and scalars interaction, one expands the R̃ and D̃µϕ1 terms, performing
the same calculations as in equations (4.33), (4.35), (4.36):

L
√
g
∼− 1

12
ρ2R+

q

4
ρ2∇µω

µ +
q2

8
Kωµω

µ − q

4

(
∂µϕ

2
1

)
ωµ +

1

2

(
∂µϕ1

)(
∂µϕ1

)
=

− 1

12
ρ2R+

q2

8
Kωµω

µ − q

4
Kµω

µ +
1

2

(
∂µϕ1

)(
∂µϕ1

)
,

(4.40)
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where we de�ned:

ρ2 = ξ0ϕ
2
0 + ξ1ϕ

2
1, K = ξ0ϕ

2
0 + (ξ1 + 1)ϕ21 = ρ2 + ϕ21, Kµ = ∂µK. (4.41)

We �x the gauge with the choice of Ω as:

Ω2 =
ξ0ϕ

2
0 + ξ1ϕ

2
1

6M2
=

ρ2

6M2
⇒ ρ′2 =

ρ2

Ω2
= 6M2, K ′ =

K

Ω2
=
ρ2 + ϕ21
ρ2

6M2 = ϕ′21 + 6M2.

(4.42)
Following the conformal transformation (4.8) and expanding R̃′ using (4.5) with integration by
parts, we transform the Lagrangian (4.39) to:

L′
√
g′

= −1

4
F̃ ′
µνF̃

′µν − 1

2
M2R+

3

4
q2M2ω′

µω
′µ +

1

2
D̃′
µϕ

′
1D̃

′µϕ′1 − V ′(ϕ′1). (4.43)

The potential transforms according to:

V (ϕ1, ρ) =
λ

4!
ϕ41 +

1

24ξ0

(
ρ2 − ξ1ϕ

2
1

)2 → V ′(ϕ′1)

V ′(ϕ′1) =
λ

4!
ϕ′41 +

1

24ξ0

(
6M2 − ξ1ϕ

′2
1

)2
=

1

4!

(
λ+

ξ21
ξ0

)
ϕ′41 − 1

2
M2 ξ1

ξ0
ϕ′21 +

3

2

M4

ξ0
.

(4.44)

The Weyl vector �eld acquires a mass term by absorbing the radial mode ρ2. We identify
the mass scale M with the Planck mass MP , as the non-minimal term, − 1

12ρ
2R, became the

Einstein-Hilbert term, −1
2M

2R. However, the derivative coupling ωµ∂µϕ′1 remains within the
kinetic term 1

2D̃
′
µϕ

′
1D̃

′µϕ′1. To achieve the canonical kinetic term for the scalar �eld, a further
�eld rede�nition is introduced:

ω̂µ = ω′
µ −

1

q
∂µ ln

(
ϕ′21 + 6M2

P

)
= ω′

µ −
1

q
∂µ lnK

′, ϕ′1 =
√
6MP sinh

( σ√
6MP

)
. (4.45)

With this rede�nition, the Lagrangian becomes:

L′
√
g′

= −1

4
F̂µνF̂

µν − 1

2
M2
PR+

3

4
q2M2

P cosh2
( σ√

6MP

)
ω̂µω̂

µ +
1

2
∂µσ∂

µσ − V ′(σ). (4.46)

Here, ω̂µ represents the rede�ned Weyl vector �eld with the �eld strength F̂µν = ∂µω̂ν − ∂ν ω̂µ.
The transformed potential for the scalar σ is:

V ′(σ) =
1

4!

(
λ+

ξ21
ξ0

)
sinh4

( σ√
6MP

)
− 1

2
M2
P

ξ1
ξ0

sinh2
( σ√

6MP

)
+

3

2

M4
P

ξ0
. (4.47)

The mass term for the rede�ned Weyl vector �eld ω̂µ in the transformed Lagrangian depends on
the scalar �eld σ. In the limit where σ ≪MP , we can expand this term:

3

4
q2M2

P cosh2
( σ√

6MP

)
ω̂µω̂

µ =
3

4
q2M2

P ω̂µω̂
µ +

q2

8
σ2ω̂µω̂

µ +O(M−2
P ), (4.48)

where O(M−2
P ) terms are negligible. The expansion of the mass term reveals two key aspects

of the Weyl vector boson's behavior. Firstly, the leading coupling q2

8 σ
2ω̂µω̂

µ, describes the only
interaction between the ωµ and the scalar σ (which is related to the Higgs �eld) and therefore
the only relevant coupling to the Standard Model. Secondly, the Weyl vector boson acquires
a mass proportional to the Planck mass:

m2
ω =

3

2
q2M2

P

(
1 +

⟨σ2⟩
6M2

P

)
, (4.49)
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where the Higgs vev correction arising after the electroweak spontaneous symmetry breaking
is negligible. E�ectively, for energies below the MP scale, the Weyl vector decouples from the
theory, and the description of spacetime becomes well-approximated by Riemannian geometry,
which is the standard framework used in General Relativity. It's important to note that the
transformation preserves the total number of degrees of freedom. Initially, we had a massless
vector boson ωµ and two massless real scalars ϕ0, ϕ1 (total: nd.o.f. = 2 + 1 + 1 = 4). After
the transformation, we have a massive vector boson ω̂µ and a massless real scalar σ (total:
nd.o.f. = 3 + 1 = 4).

The next chapter explores the possibility of the dilaton �eld being dynamical, which is nec-
essary to generate the subtraction scale µ(⟨ϕ0⟩), as described in Chapter 3. We will investigate
the potential coupling between the dilaton �eld and the Higgs scalar �eld and its implications
for the theory. In particular, we will demonstrate that in this scenario, the mass of the Weyl
vector remains proportional to the Planck mass, MP . Consequently, for energies signi�cantly
lower than MP , the theory can e�ectively be described by Riemannian geometry.
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Chapter 5

Scale Symmetric Standard Model

In this chapter, we examine the theory of the Higgs scalar sector coupled with Weyl conformal
gravity and the dilaton �eld. We investigate the Stueckelberg mechanism, in which the Weyl
vector �eld ωµ becomes massive, to understand the theory's behavior in the low-energy limit
(after the decoupling of ωµ). Then, we describe the properties arising from the scale-symmetric
tree-level potential and determine the mass scales of the theory, outlining the possible parameter
space. We �nish with a comprehensive analysis of the quantum scale-invariant renormalization
procedure of the model, including the beta functions and the renormalization group (RG) im-
provement of the potential. A similar analysis focused on Standard Model renormalization can
be found in [22,27,31].

First, we provide the basic structure of the classical Lagrangian in the considered theory.
The Lagrangian for the Standard Model in Weyl conformal geometry, invariant under (4.8) and
SU(2)L × U(1)Y gauge group, is given by:

L = Lg.b. + LΦ−ϕ0 + Lψ. (5.1)

The Lg.b. term includes the kinetic terms (�eld strengths) for the gauge bosons of the Standard
Model:

Lg.b.√
g

= −1

4

(
∂µA

a
ν − ∂νA

a
µ + g2ε

abcAbµA
c
ν

)2
− 1

4

(
∂µBν − ∂νBµ

)2
, (5.2)

where Aaµ and Bµ are gauge bosons of strong and weak interactions, whose mixtures will become
the massive W+, W− and Z0 bosons. The SU(2)L Higgs doublet is given by:

Φ =
1√
2

(
G1 + iG2

ϕ1 + v + iG3

)
, (5.3)

where ϕ1 is the Higgs �eld, v is its vacuum expectation value, and G1, G2, and G3 are Goldstone
bosons associated with the three spontaneously broken generators of the SU(2)L×U(1)Y gauge
group. After the Electroweak symmetry breaking, these Goldstone bosons are �eaten� by the
W+, W−, and Z0 bosons, which as a consequence, acquire mass generated by the Higgs vacuum
expectation value.

The Lagrangian for Φ and dilaton ϕ0 is:

LΦ−ϕ0√
g

= − 1

12
ξ0ϕ

2
0R̃− 1

12
ξ1ϕ

2
1R̃+

(
D̃ΦµΦ

)†(
D̃µ

ΦΦ
)
+

1

2
D̃µϕ0D̃

µϕ0 − V (Φ, ϕ0), (5.4)

with the covariant derivatives de�ned as:

D̃ΦµΦ =
[
∂µ + ig2τ

aAaµ + ig1YΦBµ −
q

2
ωµ

]
Φ, (5.5)

D̃µϕ0 =
[
∂µ −

q

2
ωµ

]
ϕ0. (5.6)
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Here, τa = σa

2 are the SU(2)L Pauli matrices, and g1 and g2 are the couplings of the weak
U(1)Y and strong SU(2)L gauge interactions respectively1. The charges for the Higgs doublet
are Y = 1

2 and Q = τ3

2 + Y . The scale-invariant tree-level potential for the Higgs and dilaton is:

V (Φ, ϕ0) = λ0ϕ
2
0 + 2λ1

(
Φ†Φ

)
ϕ20 + 4λ2

(
Φ†Φ

)4
, (5.8)

which for the Higgs neutral component ϕ1 gives:

V (ϕ1, ϕ0) = λ0ϕ
4
0 + λ1ϕ

2
0ϕ

2
1 + λ2ϕ

4
1. (5.9)

In the fermionic Lagrangian, we include only the top quark, which gives the leading fermionic
contribution at the quantum level:

Lψ√
g
= QLiγ

aeµaDµQL + tRiγ
aeµaDµtR +

(
− ytQLΦ̃tR + h.c.

)
, (5.10)

where:

QL =

(
tL
bL

)
, Φ̃ = iτ2Φ =

1√
2

(
ϕ1 + iG3

−G1− iG2

)
, (5.11)

and the top quark mass is m2
t (ϕ1) =

y2t
2 ϕ

2
1. The mass terms for gauge bosons arising from (5.4)

are:

Lg.b.mass√
g

=
g22
4
W+
µ W

−µϕ21 +
1

8
(g21 + g22)Z

0
µZ

0µϕ21 = m2
W (ϕ1)W

+
µ W

−µ+
1

2
m2
Z(ϕ1)Z

0
µZ

0µ. (5.12)

5.1. Scale Symmetric Higgs Scalar Sector

In this section, we will demonstrate that the theory with the kinetic term for the dilaton
�eld ϕ0, emerging from the R̃2 term in Weyl quadratic gravity, coupled to the Higgs neutral
component, can be considered as embedded in regular Riemannian geometry for mass scales
lower than the Planck mass. As discussed earlier in Chapter 3, the presence of the kinetic term
for the dilaton is essential, as this �eld is responsible for the generation of mass scales in the
presented model (the subtraction scale µ(⟨ϕ0⟩) in particular) and, therefore, must be dynamical.
Using the tools introduced in Chapter 4, we begin with the following Lagrangian:

L
√
g
= − 1

12

(
ξ0ϕ

2
0 + ξ1ϕ

2
1

)
R̃− 1

4
F̃µνF̃

µν +
1

2
D̃µϕ0D̃

µϕ0 +
1

2
D̃µϕ1D̃

µϕ1 − V (ϕ0, ϕ1), (5.13)

invariant under Weyl conformal transformations (4.8). One can expand the covariant derivatives
D̃iϕi and the Weyl scalar R̃, and obtain, up to a total derivative:

L
√
g
= − 1

12
ρ2R− q

4
Kµω

µ+
q2

8
Kωµω

µ+
1

2
∂µϕ0∂

µϕ0+
1

2
∂µϕ1∂

µϕ1−
1

4
F̃µνF̃

µν−V (ϕ0, ϕ1), (5.14)

where:
ρ2 = ξ0ϕ

2
0 + ξ1ϕ

2
1, (5.15)

K = ρ2 + ϕ20 + ϕ21 = (ξ0 + 1)ϕ20 + (ξ1 + 1)ϕ21, Kµ = ∂µK. (5.16)

1The gauge transformations for the Higgs doublet are:

SU(2)L : Φ → e−iθa(x)τa

Φ

U(1)Y : Φ → e−iω(x)YΦΦ.
(5.7)
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We �x the scale symmetry gauge of (5.13), with:

Ω2 =
ρ2

6M2
=
ξ0ϕ

2
0 + ξ1ϕ

2
1

6M2
, ρ′2 =

ρ2

Ω2
= 6M2. (5.17)

The (5.13) Lagrangian becomes:

L′
√
g′

= −1

2
M2R′− 1

4
F̃ ′
µνF̃

′µν+
3

4
q2M2ω′

µω
′µ+

1

2
D̃′
µϕ

′
0D̃

′µϕ′0+
1

2
D̃′
µϕ

′
1D̃

′µϕ′1−V ′(ϕ′0, ϕ
′
1), (5.18)

where the R̃′ has been expanded, and the integration by parts was performed. Let's take a
careful look at the D̃′

µϕi and ω
′
µω

′µ terms:

L′
√
g′

⊃ q2

8

[
6M2 + ϕ′20 + ϕ′21

]
ω′
µω

′µ +
1

2

[
∂µϕ

′
0∂

µϕ′0 + ∂µϕ
′
1∂

µϕ′1

]
− q

4
ω′
µ∂

µ
[
ϕ′20 + ϕ′21

]
. (5.19)

The derivative coupling ω′
µ∂

µ(ϕ′20 + ϕ′21 ) needs to be removed. Therefore, we introduce new
variables:

ω̂µ = ω′
µ −

1

q
∂µ ln

[
6M2 + ϕ′20 + ϕ′21

]
= ω′

µ −
1

q
∂µ lnK

′, (5.20)

tan θ =
ϕ′0
ϕ′1
, ϕ′20 + ϕ′21 = 6M2 sinh2

σ√
6M

, (5.21)

where K ′ = K/Ω2 =, with K de�ned in (5.16). The (5.18) Lagrangian becomes:

L̂√
g′

= −1

2
M2R− 1

4
ˆ̃Fµν

ˆ̃Fµν +
1

2
m2
ω̂(σ)ω̂µω̂

µ + 3M2 sinh2
σ√
6M

∂µθ∂
µθ +

1

2
∂µσ∂

µσ − V (σ, θ),

(5.22)
with the ω̂µ mass:

m2
ω̂(σ) =

3

2
q2M2 cosh2

σ√
6M

, (5.23)

and the potential:

V (σ, θ) = 36M4 cos4 θ sinh4
σ√
6M

[
λ2 + λ1 tan

2 θ + λ0 tan
4 θ
]
. (5.24)

Both �elds ω′
µ and ω̂µ have masses proportional to qM :

m2
ω′ =

3

2
q2M2, m2

ω̂(σ) =
3

2
q2M2 cosh2

σ√
6M

. (5.25)

For q not too small (see Section 6.3), both masses are greater than the M scale, which is
associated with the Planck mass scale MP . Consequently, the ωµ vector boson decouples for
energies below MP . Therefore, in further analysis, we can consider a theory within Riemannian
geometry only.

The M appearing in the de�nition of Ω2 in equation (5.17) is an arbitrary mass parameter.
We choose it as M2 = ξ0⟨ϕ20⟩ + ξ1⟨ϕ21⟩. Consequently, the mechanism of �xing a gauge and
breaking the scale symmetry happens when �elds acquire their vacuum expectation values. The
ρ2 mass scale transforms to:

ρ2 = ξ0ϕ
2
0 + ξ1ϕ

2
1

gauge �xing−−−−−−−→ ρ′2 =
ρ2

Ω2
= 6M2 = ξ0⟨ϕ20⟩+ ξ1⟨ϕ21⟩, (5.26)

and the Planck mass is generated as:

M2
P =

1

6

[
ξ0⟨ϕ20⟩+ ξ1⟨ϕ21⟩

]
. (5.27)
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5.2. Scale Symmetric Higgs Potential

As we showed in the previous section, for energies below the Planck mass scale, the Weyl
vector boson decouples, and the geometry becomes Riemannian. Since this is the case for energies
that are considered in the evolution of the hot Universe (as E ≳ MPl, one enters the quantum
gravity era), in this section, we consider the Lagrangian (5.13), without the ωµ �eld. The theory
is described by:

L
√
g
= − 1

12

(
ξ0ϕ

2
0 + ξ1ϕ

2
1

)
R+

1

2
∂µϕ0∂

µϕ0 +
1

2
∂µϕ1∂

µϕ1 − V (ϕ0, ϕ1), (5.28)

where R is the Ricci scalar in Riemannian geometry, ϕ0 is the dilaton �eld originating from the
Weyl quadratic term R̃2 and ϕ1 is the Higgs neutral component from the Higgs doublet. The
above Lagrangian is scale symmetric, with the potential:

V (ϕ0, ϕ1) = λ0ϕ
4
0 + λ1ϕ

2
0ϕ

2
1 + λ2ϕ

2
1. (5.29)

The coupling constants ful�ll the hierarchy relation:

λ2 ≫ |λ1| ≫ λ0, λ2, λ0 > 0, λ1 < 0, (5.30)

so that the new sector is weakly coupled to the Higgs neutral component. This relation, main-
tained at the quantum level, will be signi�cant in the context of mass scales generation.

Equations of motion from (5.28) read2:

ϕ0 : ϕ̈0 + 3Hϕ̇0 +
ξ0
6
ϕ0R+ 4λ0ϕ

3
0 + 2λ1ϕ0ϕ

2
1 = 0

ϕ1 : ϕ̈1 + 3Hϕ̇1 +
ξ1
6
ϕ1R+ 4λ2ϕ

3
1 + 2λ1ϕ

2
0ϕ1 = 0

gµν :
1

12

(
ξ0ϕ

2
0 + ξ1ϕ

2
1

)
R− 1

2
ϕ̇0

2 − 1

2
ϕ̇1

2
+ 2
(
λ0ϕ

4
0 + λ1ϕ

2
0ϕ

2
1 + λ2ϕ

4
1

)
= 0

(5.31)

We enforce the additional condition of zero cosmological constant:

V (⟨ϕ0⟩, ⟨ϕ1⟩) = 0, (5.32)

and �nd the stationary solutions of (5.31). The ground state is a �at direction in the ϕi �eld
space with zero curvature scalar:

⟨ϕ21⟩ = − λ1
2λ2

⟨ϕ20⟩, λ0 =
λ21
4λ2

, ⟨R⟩ = 0. (5.33)

With λ0 from (5.33), the potential becomes:

V (ϕ0, ϕ1) = λ2ϕ
4
0

(
ϕ21
ϕ20

+
λ1
2λ2

)2

. (5.34)

The mass matrix of (5.29) is:

M2 =

(
2λ1ϕ

2
1 + 12λ0ϕ

2
0 4λ1ϕ1ϕ0

4λ1ϕ1ϕ0 12λ2ϕ
2
1 + 2λ1ϕ

2
0

)
, (5.35)

and has two eigenvalues at the ground state:

m2
G = 0, m2

H = −4λ1

(
1− λ1

2λ2

)
⟨ϕ20⟩. (5.36)

2We use the Friedmann�Lemaître�Robertson�Walker metric (1,−a2(t),−a2(t),−a2(t)) with the Hubble pa-
rameter H = ȧ(t)/a(t) and

√
g =

√
|det g| = a3(t).
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The Goldstone mode related to the scale symmetry is massless and generates the mass for the
other state. Mass eigenstates are obtained from:(

G
H

)
=

(
cos θ sin θ
− sin θ cos θ

)(
ϕ0
ϕ1

)
, (5.37)

cos θ =
1√
1 + δ

≈ 1− δ

2
, sin θ =

√
δ

1 + δ
≈

√
δ, δ = − λ1

2λ2
, (5.38)

G = cos θϕ0 + sin θϕ1 ≈ ϕ0, (5.39)

H = − sin θϕ0 + cos θϕ1 ≈ ϕ1. (5.40)

The hierarchy described by equation (5.30) dictates that the interaction basis �elds coincide
with the mass basis �elds. Hence, ϕ1 corresponds to the massive Higgs scalar. Throughout our
discussion, we will interchangeably refer to ϕ0 as G and ϕ1 as H.

After �elds acquire their vevs (which mechanism will be discussed in Chapter 8), the Ricci
scalar term plays a role of the Einstein-Hilbert term:

LE−H√
g

= − 1

12

(
ξ0⟨ϕ20⟩+ ξ1⟨ϕ21⟩

)
R = − 1

12

(
ξ0 − ξ1

λ1
2λ2

)
⟨ϕ20⟩R = −1

2
M2
PR. (5.41)

Consequently, the Planck mass scale, (5.27), is determined as:

M2
P =

1

6

(
ξ0 − ξ1

λ1
2λ2

)
⟨ϕ20⟩. (5.42)

The vacuum expectation value of the dilaton �eld plays a central role in determining mass scales.
Speci�cally, it governs the emergence of fundamental mass parameters such as the Higgs vev ⟨ϕ1⟩,
the Higgs mass mH , and the Planck mass MP . In scale-symmetric theories, the value of ⟨ϕ0⟩
remains arbitrary, as only the relative ratios of mass scales can be established. The hierarchy of
couplings (5.30) ensures that ⟨ϕ0⟩ ≫ ⟨ϕ1⟩, allowing the dilaton vev to be of the order of Planck
mass. In further discussions, it will be demonstrated that this hierarchy persists at the quantum
level, and no additional tuning is needed beyond (5.30) at the classical level.

5.2.1. Parameter Space

Mass scales relations (5.33), (5.36), and (5.42) provide a way to determine the allowed values
of λ1, λ2, ξ0, and ξ1 within our theoretical framework. The forthcoming calculations will use the
approximate experimental values, which are [61, 62]:

mH = 125 GeV, ⟨ϕ1⟩ = 250 GeV, MP = 2.44 · 1018 GeV. (5.43)

First, the relation of λ1 and λ2 satisfying the hierarchy (5.30) is:

m2
H

⟨ϕ21⟩
= 4(2λ2 − λ1) ⇒ λ2 =

1

32

(
1 + 16λ1

)
, 0 > λ1 ≫ − 1

48
≈ −0.021. (5.44)

For the non-minimal couplings, we get:

M2
P =

1

6

(
ξ1−ξ0

2λ2
λ1

)
⟨ϕ21⟩ ⇒ 1

λ1
= −16

(
6M2

P

ξ0⟨ϕ21⟩
− ξ1
ξ0

+1

)
, 2ξ0+ξ1 ≪

6M2
P

⟨ϕ21⟩
≈ 5.72·1032

(5.45)
We provide the possible parameter space plots in Figure 5.1. The next sections of this chapter
analyze the scalar sector without gravity couplings. For simplicity, we will set λ1 = −10−6 and
λ2 = 0.03125.
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Figure 5.1: Plots illustrating the allowed parameter space.

5.3. Non-Polynomial Operators

In the context of scale symmetry, the potential V (ϕ0, ϕ1) can generally take the form:

V (ϕ0, ϕ1) =

∞∑
n=0

λnϕ
4−2n
0 ϕ2n1 , (5.46)

where terms for n > 2 are of importance since even if one sets them initially to zero, they
are generated at the quantum level using scale symmetric regularization prescription, as will be
shown in the forthcoming analysis. They can be expanded into polynomial e�ective operators,
for instance:

λ3
ϕ61
ϕ20

= λ3
ϕ61
⟨ϕ20⟩

(
1− 2

ϕ′0
⟨ϕ0⟩

+ 3
ϕ′20
⟨ϕ20⟩

+ . . .

)
, ϕ0 = ⟨ϕ0⟩+ ϕ′0, (5.47)

where ϕ′0 is a �uctuation. However, the scale symmetry is better manifested in their non-
polynomial form, which we will adopt in our study. The expansion (5.47) reveals that each
following term λn becomes increasingly suppressed by the large dilaton vev ⟨ϕ0⟩ ∼ MP . There-
fore, one can freely impose the hierarchy:

λ2 ≫ |λ1| ≫ λ0 ≫ |λ3| ≫ . . . (5.48)

We will brie�y examine the potential with λn = 0 for n > 3 and demonstrate that this only
introduces negligible corrections to our previous analysis.

Let's consider:

V = λ0ϕ
4
0 + λ1ϕ

2
0ϕ

2
1 + λ2ϕ

4
1 + λ3

ϕ61
ϕ20
, (5.49)

with:
λ0, λ2, λ3 > 0, λ1 < 0, (5.50)

where only for positive values of λ3 the potential is well-de�ned at the large ϕ1. Finding the
ground state with zero cosmological constant, one gets:

V = λ3ϕ
4
0

(
ϕ21
ϕ20

− x0

)2(
ϕ21
ϕ20

− y0

)
(5.51)
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where:

x0 =
−λ2 +

√
λ22 − 3λ1λ3
3λ3

, y0 = −λ2 + 2
√
λ22 − 3λ1λ3
3λ3

. (5.52)

λ0 = − 1

27λ23

(
− λ2 +

√
λ22 − 3λ1λ3

)(
− λ22 + 6λ1λ3 + λ2

√
λ22 − 3λ1λ3

)
(5.53)

Expanding above results for small λ3:

x0 = − λ1
2λ2

− 3λ21λ3
8λ32

+O(λ23), y0 =
λ1
λ2

− λ2
λ3

+
3λ21λ3
4λ32

+O(λ23) (5.54)

λ0 =
λ21
4λ2

+
λ31λ3
8λ32

+O(λ23) (5.55)

and taking the limit λ3 → 0, one recovers the previous results:

V = ϕ40

(
ϕ21
ϕ20

− x20

)2(
λ3
ϕ21
ϕ20

− λ3y0

)
λ3→0−−−→ λ2ϕ

4
0

(
ϕ21
ϕ20

+
λ1
2λ2

)2

. (5.56)

The mass matrix is given by:

M2 =

 12λ0ϕ
2
0 + 2λ1ϕ

2
1 + 6λ3

ϕ61
ϕ40

4λ1ϕ0ϕ1 − 12λ3
ϕ51
ϕ30

4λ1ϕ0ϕ1 − 12λ3
ϕ51
ϕ30

2λ1ϕ
2
0 + 12λ2ϕ

2
1 + 30λ3

ϕ41
ϕ20

 , (5.57)

with eigenvalues at the ground state:

m2
G = 0, m2

H =

[
− 4λ1

(
1− λ1

2λ2

)
+

3λ21λ3
λ22

+O(λ23)

]
⟨ϕ20⟩. (5.58)

Mass eigenstates obtain small corrections:

cos θ ≈ 1− δ

2
− δ3

2
, sin θ ≈

√
δ − δ3

2
√
δ
, δ = − λ1

2λ2
, δ3 = −3λ21

8λ32
λ3, (5.59)

G = cos θϕ0 + sin θϕ1 ≈ ϕ0, (5.60)

H = sin θϕ0 − cos θϕ1 ≈ ϕ1. (5.61)

Again, the interaction basis �elds coincide with the mass basis �elds, if the hierarchy (5.48) is
ful�lled.

Including non-polynomial terms in tree-level potential leads to corrections of order λ3 or
higher. According to equation (5.48), these corrections are negligible compared to the results
presented in Section 5.2. However, we will address them in our examination of the quantum
e�ective potential to show that their respective one-loop beta functions are insigni�cant, allowing
them to be safely omitted at the classical level3.

3This can be done at the one-loop level. However, at two loops, the beta functions for λ3 and higher receive
corrections that do not vanish when λ3, λ4, . . . are set to zero [24,28]. Nevertheless, they remain small and safely
negligible.
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5.4. Scale-Symmetric One-Loop Corrections in the Absence of Grav-

ity

In this section, we employ dimensional regularization maintaining quantum scale symmetry
from Chapter 3. The choice of the subtraction function is given by:

µ2ϵ = µ(ϕ0)
2ϵ =

(
z · ϕ

1
1−ϵ

0

)2ϵ
. (5.62)

To sustain dimensionless λi couplings, we replace λi → µ(ϕ0)
2ϵλi. Consequently, this trans-

formation changes the potential to V (ϕ0, ϕ1) → Ṽ (ϕ0, ϕ1) = µ(ϕ0)
2ϵV (ϕ0, ϕ1), making it scale

invariant in d = 4 − 2ϵ dimensions. Due to the �eld dependence of µ(ϕ0), new �nite correc-
tions emerge at the quantum level, beyond the usual Coleman-Weinberg terms in the µ = const
prescription.

Consider the Lagrangian for the Higgs scalar ϕ1 coupled to the dilaton ϕ0 of the form:

L =
1

2

(
∂µϕ0

)2
+

1

2

(
∂µϕ1

)2 − Ṽ (ϕ0, ϕ1) + LSM + δLc.t., (5.63)

where:

Ṽ (ϕ0, ϕ1) = µ(ϕ0)
2ϵV (ϕ0, ϕ1), V (ϕ0, ϕ1) = λ0ϕ

4
0 + λ1ϕ

2
0ϕ

2
1 + λ2ϕ

4
1 + λ3

ϕ61
ϕ20
. (5.64)

The counter-term Lagrangian will cancel the poles of the one-loop corrections:

δLc.t. =
1

2

(
ZG − 1

)(
∂µϕ0

)2
+

1

2

(
ZH − 1

)(
∂µϕ1

)2
− µ(ϕ0)

2ϵ

[(
Z0Z

2
G − 1

)
λ0ϕ

4
0 +

(
Z1ZGZH − 1

)
λ1ϕ

2
0ϕ

2
1 +

(
Z2Z

2
H − 1

)
λ2ϕ

4
1+

+
∑

n=3,4,5,6

(
ZnZ

−n+2
G ZnH − 1

)
λn

ϕ2n1
ϕ2n−4
0

]
,

(5.65)

where the sum over n is essential, as these terms will arise at the quantum level. The Lagrangian
LSM contains the interactions of the Higgs boson with other SM particles, speci�cally the top
quark, W±, and Z gauge bosons. The �eld-dependent square masses for these particles can be
read from (5.10) and (5.12):

m2
t (ϕ1) =

1

2
y2t ϕ

2
1, m2

W (ϕ1) =
1

4
g22ϕ

2
1, m2

Z(ϕ1) =
1

4
(g21 + g22)ϕ

2
1. (5.66)

The mass for the Higgs doublet Goldstones is:

m2
χ(ϕ0, ϕ1) = 2λ1ϕ

2
0 + 4λ2ϕ

2
1 + 6λ3

ϕ41
ϕ20

ground state−−−−−−−→ m2
χ = 0. (5.67)

The �eld dependent masses for Higgs m2
H(ϕ0, ϕ1) and Goldstone m2

G(ϕ0, ϕ1) are the eigenvalues
of the mass matrix (5.57). With the above particle content, the one-loop e�ective potential,
using the equation (3.27), is given by:

V1(ϕ0, ϕ1) = V (ϕ0, ϕ1)+
1

64π2

∑
i=G,H,χ,W,Z,t

ni ·m4
i

(
− 1

ϵ
+ln

m2
i

κiµ2(ϕ0)

)
+

1

64π2
δV1(ϕ0, ϕ1), (5.68)

where the numbers of degrees of freedom are ni = {1, 1, 3, 6, 3,−12} for i = {G,H, χ,W,Z, t} and
κi = 4πe3/2−γE for i = G,H, χ, t and κi = 4πe5/2−γE if i = W,Z. The contribution δV1(ϕ0, ϕ1)
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is novel, and is absent in the µ = const regime. It is derived according to the equation (3.24),
with the result:

δV1(ϕ0, ϕ1) =− 336λ20ϕ
4
0 − 8λ1(25λ0 + 8λ1)ϕ

2
0ϕ

4
1 + 8(6λ0λ2 − 3λ21 − 16λ1λ2)ϕ

4
1+

+ 8(λ1λ2 + 9λ0λ3)
ϕ61
ϕ20

− 32λ3(λ1 − 12λ2)
ϕ81
ϕ40

+ 24λ3(λ2 + 24λ3)
ϕ101
ϕ60

+ 120λ23
ϕ121
ϕ80

.

(5.69)

New interactions have emerged due to the inclusion of higher non-polynomial operators, which
were originally absent at the tree-level in potential (5.64). Therefore, the general form of the
classical potential should be in fact as in (5.46), where each non-polynomial term with the power
of ϕn1 (n > 4) generates higher-order terms. Note that, even for λ3 = 0 at the classical level,

λ1λ2
ϕ61
ϕ20

is still present in δV1, making the higher terms inevitable. Nevertheless, considering

the hierarchy (5.48), these contributions are negligible. Additionally, the beta functions of their
corresponding couplings can be safely set to zero by assigning λn → 0 for n > 2 (see the equation
(A.1) in Appendix A).

To renormalize the divergences of (5.68), we adopt the MS scheme. Consequently, in counter-
terms, Zi factors absorbing the divergences are de�ned as:

Zi = 1 +
1

ϵ

δi
(4π)2

, (5.70)

and the subtraction function is rescaled to µ2 → µ2 e
γE

4π . One identi�es:

δ0 = 36λ0 +
4λ21
λ0

, δ1 = 4
(
3λ0 + 2λ1 + 6λ2

)
,

δ2 =
λ21
λ2

+ 48λ2 + 30
λ1λ3
λ2

+
3

64λ2

((
g21 + g22

)2
+ 2g42 − 16y4t

)
,

δ3 = 12
(
3λ0 − 4λ1 + 15λ2

)
, δ4 =

3λ3
λ4

(
2λ1 + 75λ3

)
,

δ5 = 72
λ23
λ5
, δ6 = 9

λ23
λ6
.

(5.71)

Factors renormalizing the kinetic terms for the Higgs and dilaton �eld, ZG and ZH , are given
by [22,63,64]4:

ZG = 1, δG = 0, γG = −1

2

∂ lnZG
∂ ln z

= 0

ZH = 1 +
1

ϵ

δH
(4π)2

, δH =

[
9

4
g21 +

3

4
g22 − 3y2t

]
, γH = −1

2

∂ lnZH
∂ ln z

=
∂ lnϕ1
∂ ln z

=
2

(4π)2
δH ,

(5.72)

where γG and γH are the so-called anomalous dimensions. The Renormalization Group Equation
(RGE) for each coupling can be derived by di�erentiation [55]:

0 =
d

d ln z
λ(BARE)
n =

d

d ln z

(
µ(ϕ0)

2ϵZnZ
−n
H λn

)
, (5.73)

where index (BARE) denotes a bare coupling constant, which is independent of the renor-
malization group (RG) factor z, and ZG = 1 does not have to be included. From the above
di�erentiation, we obtain the equations for the beta functions βn = d

d ln zλn:

2ϵ+
βn
λn

+
∑
αi

βαi

d

dαi
lnZnZ

−n
H = 0, (5.74)

4At the one-loop level, γG = γH = 0 if one considers only the potential (5.64) [24, 28]. However, the Higgs
neutral component receives the corrections from the Standard Model particles and γH is the same as for µ = const.
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where αi = {λ0, λ1, . . . , λ6, g1, g2, yt}. To the order O(λn) they are:

βn = −2ϵλn +O(λ2n). (5.75)

Using this result for βαi in (5.74), one gets:

βn = −2ϵλn + 2ϵλn
∑
αi

αi
d

dαi
lnZnZ

−n
H = −2ϵλn +

2λn
(4π)2

∑
αi

αi
d

dαi

(
δn − n · δH

)
. (5.76)

Since one has:

αi
d

dαi
δn = δn, αi

d

dαi
δH = 2δH , (5.77)

the �nal result reads:

βn = −2ϵλn +
2λn
(4π)2

(
δn − 2nδH

)
. (5.78)

The explicit formulas for beta functions of λn couplings are presented in Appendix A5, along
with the Standard Model results for g1, g2 and yt, taken from [63,64]. Additionally, the appendix
includes plots illustrating the running of λn.

The renormalized one-loop potential is:

V1(ϕ0, ϕ1) = V (ϕ0, ϕ1) +
1

64π2

∑
i=G,H,χ,W,Z,t

ni ·m4
i ln

m2
i

ci(zϕ0)2
+

1

64π2
δV1(ϕ0, ϕ1), (5.79)

where ci = {e3/2, e5/2} for i = {{G,H, χ, t}, {W,Z}}. The V1(ϕ0, ϕ1) is manifestly scale invari-
ant. The Coleman-Weinberg potential is modi�ed due to the scale-symmetric choice of subtrac-
tion scale µ = zϕ0. Figure 5.2 illustrates the RG-improved potential V16, with the RG parameter
z = z0 = ⟨ϕ1⟩/⟨ϕ0⟩, chosen as described in the following discussion. All parameters run with
the dilaton �eld ϕ0, as discussed in Appendix A. We also include the running of the ϕ1 �eld, the
details of which are described in Section A.1.

The Callan-Symanzik equation for the scalar potential ensures that the potential remains
independent of the subtraction scale. At the one-loop level, this leads to the following expres-
sion [55]:

d

d ln z
V1(ϕ0, ϕ1, αi) =

[
z
∂

∂z
+ βαi

∂

∂αi
+ γHϕ1

∂

∂ϕ1

]
V1(ϕ0, ϕ1, αi) = O(α3

i ), (5.80)

where V1(ϕ0, ϕ1, αi) is the RG-improved one-loop potential found in (5.79) with all couplings
running with the µ = z · ϕ0 scale. In particular, since λn for n > 3 have non-zero β functions,
the tree-level potential V (ϕ0, ϕ1) is completed with higher order polynomial terms:

V (ϕ0, ϕ1) → V (ϕ0, ϕ1) + λ4
ϕ81
ϕ40

+ λ5
ϕ101
ϕ60

+ λ6
ϕ121
ϕ80

. (5.81)

The explicit dependence on z appears only in the Coleman-Weinberg part of V1, under the
logarithms. At the one-loop level, the operators βαi

∂
∂αi

+ γHϕ1
∂
∂ϕ1

act solely on the classical
potential. Therefore, the Callan-Symanzik one-loop equation is validated, allowing the RG factor

5At the one-loop level, beta functions for λn couplings are the same as when µ = const. However, at the
two-loop level, they start to di�er due to the ϵ corrections in the scalar �eld dependent masses emerging from
µ(ϕ0)

2ϵ, [24, 28].
6It is well known that the Standard Model Higgs e�ective potential generally su�ers from infrared (IR) diver-

gences due to the inclusion of the �eld-dependent tree-level masses of the Goldstone bosons, which vanish at the
ground state. Following the analysis given in [65] and [66], the resummation of IR-problematic terms can resolve
these divergences, and one can neglect the Goldstone bosons' contribution. Consequently, we do not include
m2

χ(ϕ0, ϕ1) in the numerical analysis of the potential of one loop (5.79).
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Figure 5.2: Plot of the renormalized RG-improved potential V1(ϕ0, ϕ1) from equation (5.79).
The RG parameter is equal to z = ⟨ϕ1⟩/⟨ϕ0⟩ and λ1 = −10−6. The black dashed lines depict
the quantum �at direction according to (5.83), and the gray grid lines correspond to the vacuum
expectation values of �elds for given λ1. The true quantum �at direction in the RG improved
potential V1(ϕ0, ϕ1), for which its �rst derivatives vanish, is not a straight line and has been
marked with the thick purple line.

z and the subtraction scale z⟨ϕ0⟩ to be �xed since the one-loop potential remains independent
of it. To minimize the logarithmic terms in the potential, we set z = z0 = ⟨ϕ1⟩/⟨ϕ0⟩. This
choice ensures that, after the spontaneous scale symmetry breaking, the subtraction scale is
µ(⟨ϕ0⟩) = z0⟨ϕ0⟩ = ⟨ϕ1⟩. However, �xing the RG parameter z does not mean that the coupling
constants do not run. To apply the RG improvement of the potential, we set the subtraction
scale to µ(ϕ0) = z0 · ϕ0 = ⟨ϕ1⟩/⟨ϕ0⟩ · ϕ0. Consequently, all parameters run with the dilaton �eld
ϕ0, as discussed in the Appendix A.

Given the hierarchy (5.48), we can express the couplings as:

λ2 = λ̃2, λ1 = ε · λ̃1, λ0 = ε2 · λ̃0, λ3 = ε3 · λ̃3, . . . , (5.82)

where ε≪ 1, the λ̃n terms are of the same order, and we can expand the quantities to the desired
order in ε. The new �at direction, for which V1(⟨ϕ0⟩, ⟨ϕ1⟩) = 0 +O(ε2), is modi�ed to:

⟨ϕ21⟩
⟨ϕ20⟩

= − λ1
2λ2

· 8λ2
X

[
Y +

√
Y 2 − 2X

]
+O(ε2) = − λ1

2λ2
·δ, δ ≈ 0.845 for λ2 = 0.03125, (5.83)
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X = 3g4

[
log

g2

4
− 2

]
+6g42

[
log

g22
4
− 2

]
− 48y4t

[
log

y2t
2
− 1

]
+256λ2

[
9λ2

(
log 12λ2− 1

)
+4π2

]
,

(5.84)
Y = 16

(
4π2 + 3λ2 log 12λ2

)
. (5.85)

The one-loop Higgs mass is given by:

m2
H =

[
∂2V1
∂ϕ20

+
∂2V1
∂ϕ21

]∣∣∣∣∣
ϕi=⟨ϕ1⟩

, (5.86)

which yields the correction to the classical value:

δm2
H =− λ1

2λ2

3⟨ϕ20⟩
16 · (4π)2

[
− 16y4t

(
3 ln

y2t
2

− 1

)
+ (g21 + g22)

2

(
3 ln

g21 + g22
4

− 4

)
+

+ g42

(
6 ln

g22
4

− 8

)
+ 512λ22

(
4 ln 8λ2 − 1

)]
+O(ε2).

(5.87)

Given that ⟨ϕ20⟩ = −2λ2
λ1

· 1
δ ⟨ϕ

2
1⟩, the Higgs mass quantum correction is proportional to 1

δ ⟨ϕ
2
1⟩,

maintaining the hierarchy m2
H ∼ ⟨ϕ21⟩ ≪ ⟨ϕ20⟩. The numerical values for di�erent λ1 (note that

the λ2 coupling and the dilaton vev ⟨ϕ0⟩ are both λ1 functions), give a correction of about
7.5% to the tree-level value mH = 125 GeV. This indicates that the original classical hierarchy is
preserved at the quantum level, and there is no need for additional �ne-tuning of the couplings λn.

5.5. Conclusions

We demonstrated that with the kinetic term for the dilaton �eld, arising from the Weyl
quadratic gravity term, the conclusions of the previous chapter are maintained. The theory
behaves within a regular Riemannian geometric framework for energy scales below the Planck
mass. This chapter provides an insight into the realization of the scale symmetry at both the
classical and quantum levels in the Standard Model Higgs scalar sector coupled to the dilaton.
The classical hierarchy of the coupling constants, maintained at the quantum level, ensures a
weak interaction between the new sector and the Higgs �eld, supporting the naturalness of the
electroweak scale, as the quantum Higgs mass correction is small. Consequently, the realization
of scale symmetry through Weyl conformal gravity o�ers a consistent way of adding a new sector
to the model, responsible for generating mass scales and realizing a scale-symmetric quantum
regularization method. This approach provides a promising solution to the hierarchy problem.
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Chapter 6

Gravity and Dilaton Effects

In the previous chapter, we presented a scale-symmetric theory of a Higgs-like �eld ϕ1 non-
minimally coupled to Weyl conformal gravity. Due to the presence of the R̃2 term, a dilaton
mode ϕ0 emerges and interacts with ϕ1 and Weyl gravity. This chapter focuses on the dilaton and
gravity sector, speci�cally exploring conditions under which one can decouple both and recover
a pure Higgs sector. Such a scenario would correspond to the physics observed in the present
Universe. We focus solely on the classical Lagrangian and neglect the quantum e�ects. In the
last section, we explore the implications of the Weak Gravity Conjecture (WGC) in our model.
This analysis imposes constraints on the Weyl gauge coupling q and provides insight into the
interplay between gravity, gauge interactions, and scale symmetry. This entire chapter presents
a novel analysis that is not found in any papers known to the authors.

6.1. Dilaton Decoupling

The analysis of the classical potentials (5.29) and (5.49), with and without non-polynomial
operators, respectively, showed that the massless component can be approximated as:

G = cos θϕ0 − sin θϕ1 ≈ ϕ0, (6.1)

provided the coupling hierarchy λ3 ≪ λ0 ≪ |λ1| ≪ λ2 is maintained. Consequently, the dilaton
mode ϕ0 can be regarded as a pure, massless Goldstone particle. Its vacuum expectation value
contributes to the mass of the neutral Higgs component:

m2
H =

[
− 4λ1

(
1− λ1

2λ2

)
+ (corrections)

]
⟨ϕ20⟩, (6.2)

where the corrections come from non-polynomial operators and are signi�cantly smaller than the
rest of the terms.

The classical dilaton decoupling limit is realized by setting all dilaton couplings to zero
(λ1, λ3, λ4, . . . → 0) and allowing the vev of the dilaton to approach in�nity (⟨ϕ0⟩ → ∞) while
keeping a �xed value for m2

H . In the following analysis, we examine the model's behavior in
this context, disregarding the contributions from non-polynomial operators, as their impact is
negligible.

Let's denote the vacuum expectation values of the �elds as ⟨ϕi⟩ = vi with:

v21 = − λ1
2λ2

v20 = δ · v20, δ = − λ1
2λ2

. (6.3)

We expand the classical potential around the ground state:

V (ϕ0, ϕ1) = λ2ϕ
4
0

(
ϕ21
ϕ20

+
λ1
2λ2

)2
ϕi=vi+ϕ̃i−−−−−−→ V (ϕ̃0, ϕ̃1) = λ2

(
ϕ̃21 + 2

√
δv0ϕ̃1 − 2δv0ϕ̃0 − δϕ̃20

)2
,

(6.4)

37



where ϕ̃i are quantum �uctuations with zero vevs. The mass matrix at the ground state is:

M2
gr = 8λ2δv

2
0 ·
(

δ −
√
δ

−
√
δ 1

)
(6.5)

The normalized eigenvectors of (6.5), give the transition matrix so that the M2
gr can be trans-

formed to its diagonal form:

RTM2
grR =M2

diag, R =
1√
1 + δ

·
(

1 −
√
δ√

δ 1

)
, M2

diag =

(
0 0
0 8λ2δ(δ + 1)v20

)
.

(6.6)
Therefore, the mass eigenstates are:(

ϕ̃0
ϕ̃1

)
=

1√
1 + δ

(
G−

√
δH√

δG+H

)
,

(
G
H

)
=

1√
1 + δ

(
ϕ̃0 +

√
δϕ̃1

−
√
δϕ̃0 + ϕ̃1

)
(6.7)

We write the potential (6.4) in terms of the new �elds:

V (G,H) = λ2 ·H2
(
(1− δ)H + 2

√
δG+ 2

√
δ(1 + δ)v0

)2
, (6.8)

which after the spontaneous symmetry breaking (the Goldstone mode acquires its vev: ⟨G⟩ = 0),
one has:

V (H) =4λ2δ(1 + δ)v20 ·H2 + 4λ2
√
δ(1 + δ)(1− δ)v0 ·H3 + λ2(1− δ)2 ·H4 =

=
1

2
m2
H ·H2 +

√
2λ2(1− δ)mH ·H3 + λ2(1− δ)2 ·H4.

(6.9)

To decouple the dilaton, one applies the limits λ1 → 0 ⇒ δ → 0 and v0 → ∞ with the m2
H �xed.

This results in the Higgs potential:

V (H) =
1

2
m2
H ·H2 +

√
2λ2mH ·H3 + λ2 ·H4. (6.10)

To compare the result (6.10) to the Standard Model Higgs potential, we expand the latter
around the ground state:

VSM (h) = λSM

(
1

2
(vh + h)2 +

µ2

2λSM

)2

, v2h = − µ2

λSM
, µ2 = −1

2
m2
H . (6.11)

This gives:

VSM (h) =
1

2
m2
H · h2 +

√
λSM
2

mH · h3 + λSM
4

· h4. (6.12)

The potentials (6.10) and (6.12) are equivalent if λ2 = 1
4λSM . At the electroweak scale, where

λ2 = 0.03125 and λSM = 0.125, this condition is satis�ed as a result of the conditions established
in the analysis from Section 5.2.1.

To summarize, the mass scales in the theory are dynamically generated after the spontaneous
breaking of scale symmetry, when the Goldstone mode acquires its vev. Speci�cally, both the
Higgs mass and vev are proportional to ⟨ϕ0⟩. Upon the decoupling of the dilaton, the Standard
Model Higgs scalar sector is recovered. Incorporating the gravity sector, discussed in the next
section, shows that the dilaton vev also gives rise to the Planck mass, MP . Therefore, those
two sectors are related, and as will be shown, gravity decoupling (in the �at limit) aligns with
the decoupling of the dilaton. The exact mechanism by which the ϕ0 �eld acquires its vev is
studied in Chapter 8, where the time evolution of the �elds is further improved with temperature
corrections.
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6.2. Gravity Decoupling

Weyl conformal gravity introduces Weyl vector �eld ωµ which is coupled to ϕi �elds via Weyl
curvature scalar R̃ and covariant derivative D̃µ, which are:

R̃ = R− 3qDµω
µ − 3

2
q2ωµω

µ, (6.13)

D̃µϕi =
(
∂µ −

q

2
ωµ

)
ϕi. (6.14)

We have shown that after the breaking of Weyl conformal symmetry via the Stueckelberg mech-
anism, ωµ acquires a mass m2

ωµ
= 3

4q
2M2, where M is arbitrary. The presence of the Einstein-

Hilbert term in the broken Lagrangian allows us to identifyM with the Planck mass scale, so that
m2
ωµ

∼M2
P (see Section 6.3 for the details of the possible q coupling values). For energies below

the Planck mass scale, the Weyl vector �eld decouples, and the theory becomes Riemannian.
The Weyl geometric approach is important in at least two aspects:

- It provides a natural mass generation, even in the absence of matter, through the geometric
origin of the new scalar sector, ϕ0, which is not added to the theory ad hoc. This occurs due
to the spontaneous breaking of the scale symmetry and the ωµ �eld �eating� the dilaton.

- The presence of the Weyl vector �eld ensures the conservation of degrees of freedom in the
Stueckelberg mechanism. This wouldn't be possible without ωµ, as there would be nothing
to absorb the dilaton mode. Similar theories embedded in Riemannian geometry result in
the presence of unphysical ghosts (see, e.g., [7, 67]).

One can now consider the gravity decoupling limit, MP → ∞ or more precisely, the �at limit
gµν → ηµν . In Section 5.1, we showed that after the spontaneous breaking of the Weyl conformal
symmetry in a theory with two scalar �elds ϕ0 and ϕ1, we obtain the Lagrangian of the form:

L′
√
g′

= −1

2
M2
PR

′− 1

4
F̃ ′
µνF̃

′µν+
3

4
q2M2

Pω
′
µω

′µ+
1

2
D̃′
µϕ

′
0D̃

′µϕ′0+
1

2
D̃′
µϕ

′
1D̃

′µϕ′1−V ′(ϕ′0, ϕ
′
1), (6.15)

where quantities with prime are rescaled after the conformal transformation (4.8), and in partic-
ular, R′ is the Riemannian curvature scalar. From now on, the primes will be omitted. In order
to remove the derivative coupling ωµ∂µ

(
ϕ20 + ϕ21

)
, we introduce a new variable (5.20):

ωµ −→ ω̂µ +
1

q
∂µ ln

[
6M2

P + ϕ20 + ϕ21

]
. (6.16)

The Lagrangian becomes:

L
√
g
=− 1

2
M2
PR− 1

4
F̃µνF̃

µν +
1

8
q2
(
6M2

P + ϕ20 + ϕ21

)
ω̂µω̂

µ+

+
1

2

(
6M2

P + ϕ21
)(
∂µϕ0

)2 − 2ϕ0ϕ1∂µϕ0∂
µϕ1 +

(
6M2

P + ϕ20
)(
∂µϕ1

)2
6M2

P + ϕ20 + ϕ21
− V (ϕ0, ϕ1).

(6.17)

The Planck mass is associated with the dilaton vev, as seen from equation (5.27):

M2
P =

1

6

[
ξ0⟨ϕ20⟩+ ξ1⟨ϕ21⟩

]
=

1

6

[
ξ0 −

λ1
2λ2

ξ1

]
⟨ϕ20⟩ ⇒ MP → ∞ ≡ ⟨ϕ0⟩ → ∞. (6.18)

Consequently, the gravity decoupling is related to the dilaton decoupling in our model. This
is unsurprising, as the ϕ0 �eld originates from the R̃2 term. We expand the Lagrangian (6.17)
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around the ground state ϕi = vi + ϕ̃i, rewrite it in terms of the mass eigenstates G, H (6.7) and
provide its form after the spontaneous symmetry breaking when ⟨G⟩ = 0:

L
√
g
=− 1

2
M2
PR− 1

4
F̃µνF̃

µν +
1

8
q2
[
M2
P

(
6 + α2(1 + δ)

)
+H2

]
ω̂µω̂

µ+

+
1

2

6 + α2(1 + δ)

6 + α2(1 + δ) + H2

M2
P

∂µH∂
µH − V (H),

(6.19)

where V (H) has the form (6.9), δ = − λ1
2λ2

and M2
P = α2⟨ϕ20⟩ from equation (6.18). In the

above Lagrangian, we have the Einstein-Hilbert action for Riemannian gravity and the matter
Lagrangian LM :

S =

∫
√
g

[
− 1

2
M2
PR+ LM

]
d4x =

∫
√
g

[
− 1

2κ
R+ LM

]
d4x = SG + SM , (6.20)

where κ = 8πG = 1/(2M2
P ). From the action S, one obtains Einstein's �eld equations:

Rµν −
1

2
gµνR = 8πGTµν , (6.21)

where Tµν is an energy-stress tensor for matter �elds:

Tµν =
−2
√
g

δSM
δgµν

=
−2
√
g

∂
(√
gLM

)
∂gµν

= −2
∂LM
∂gµν

+ gµνLM . (6.22)

Expanding the metric around the Minkowski background, gµν = ηµν + hµν , up to linear order in
hµν , (6.21) becomes [68,69]:

□ĥµν = −16πGTµν = − 1

M2
P

Tµν , (6.23)

where ĥµν = hµν − 1
2ηµνh is the so called trace-reversed perturbation variable with h = hαα. The

gravity decoupling MP → ∞ provides a �at limit only if the energy-momentum tensor Tµν does
not contain powers of MP higher than 2.

If one takes into account the analysis from the previous Section 6.1, then ϕ0 → ∞ limit pro-
vides the Higgs potential (6.10), with zero Planck mass power. The only signi�cant contribution
to the Tµν with non-zero Planck mass powers is the ω̂µ mass term:

LM√
g

MP−−−−−−→ q2

8
M2
P

(
6 + α2(1 + δ)

)
ω̂µω̂νg

µν . (6.24)

−2
∂LM
∂gµν

+ gµνLM
MP−−−−−−→ q2

8
M2
P

(
6 + α2(1 + δ)

)[
gµν ω̂αω̂

α − 2ω̂µω̂ν

]
(6.25)

Substituting the result to the equation (6.23) gives:

□ĥµν =
q2

8

(
6 + α2(1 + δ)

)[
− gµν ω̂αω̂

α + 2ω̂µω̂ν

]
+O(M−1

P ). (6.26)

The graviton couples to the Weyl vector boson but does not interact with the remaining matter
sector. The contribution of the ω̂µ �eld to the Einstein equation modi�es the dynamics of metric
perturbations. However, analyzing the individual terms in the Lagrangian (6.19), we �nd that
taking the MP → ∞ limit has two signi�cant implications:

- −1
2M

2
PR: To keep the action �nite as MP → ∞, the curvature R must approach zero.

Since the strength of the gravitational interaction is given by G ∼ M−2
P , it e�ectively

decreases to zero.

40



- 1
8q

2
[
M2
P +H2

]
ω̂µω̂

µ: The Higgs �eld is �nite and independent of MP , so in the MP → ∞
limit, the Planck mass term dominates the Weyl vector �eld mass term. Consequently, the
ω̂µ �eld acquires a very large mass, causing its dynamics to decouple from the low-energy
e�ective theory.

Therefore, in the gravity decoupling limit, the Lagrangian (6.19) e�ectively reduces to:

Leff =
1

2
∂µH∂

µH − V (H), (6.27)

where the potential V (H) is given by (6.10).

6.3. Weak Gravity Conjecture

The notion of the Weak Gravity Conjecture (WGC) originates from the Swampland program,
which aims to determine the constraints required for quantum �eld theories to be consistently
embedded in quantum gravity. Although Swampland conjectures are usually motivated by or
validated within the string theory and black hole physics, they o�er a way to validate theories
of particle physics and cosmology beyond the Standard Model. While we do not consider the
quantum gravity regime in this work, the WGC will serve as a qualitative check on the possible
values of the conformal symmetry gauge coupling q. Here, we brie�y review the application of
WGC to a model with massless scalar �elds. For a more detailed introduction to the Swamp-
land program and the WGC, we refer the reader to Refs. [70�72]. The information presented
below is derived from these references, while the �nal analysis applying the WGC to the speci�c
Higgs−dilaton model is original.

The Weak Gravity Conjecture states that in a theory that is coupled to gravity with a gauge
�eld, there must exist at least one charged state on which gravity acts as the weakest force. The
charge in question can be of any type, speci�cally associated with the relevant gauge group. For
instance, the electromagnetic charge is the charge of a particle under the electromagnetic gauge
group U(1)em. Considering the U(1) gauge group as an example, provides a straightforward way
to derive the inequality that expresses the WGC. The U(1) force, mediated by a massless gauge
boson, acting on a particle with mass m, charge q, and gauge coupling g, is given by:

Fg =
1

4πr2

(
g · q

)2
, (6.28)

while the gravitational force is equal to:

FG =
1

4πr2

(
m√
2MP

)2

, (6.29)

with the gravitational charge being the mass m and the gravitational gauge coupling de�ned as(√
2MP

)−1
. The WGC then leads to the condition:

Fg ≥ FG ⇒ m

g · q
≤

√
2MP . (6.30)

This is known as the Electric WGC. The Magnetic WGC states that the cut-o� Λ of a theory is
bounded from above. The Magnetic WGC can be derived from equation (6.30) by considering a
magnetic monopole with mass mM instead of an electrically charged particle and changing the
gauge coupling to its magnetic dual g−1:

mM ≤
√
2

g
MP . (6.31)
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The mass of a monopole is related to the cut-o� of the theory as mM ∼ Λ
g2

leading to:

Λ ≲ g ·MP . (6.32)

This implies that if the gauge coupling g is set to zero, restoring a global symmetry, the cut-o�
also goes to zero, invalidating such theory. This statement is connected to the broader Swampland
conjecture, which claims that there are no global symmetries in a consistent Quantum Gravity
theory. Every symmetry must be either broken or gauged.

The equations (6.30) and (6.32) apply only to theories with a single U(1) symmetry and a
massless gauge boson. Application to more complex theories requires some modi�cations to the
WGC. Here, we list three relevant to our work:

- Massive gauge �eld: If the gauge �eld is massive, with mass Mg, the gauge potential
Vg changes, resulting in a modi�ed force:

Vg = e−Mg ·r · g
2 · q2

4πr
⇒ Fg = − d

dr
Vg =

e−Mg ·r

4πr2

(
1 +Mg · r

)(
g · q

)2
. (6.33)

The above formula for the gauge force applies to any gauge theory where the gauge boson
has a massMg and a momentum-space propagator of the form 1

k2+M2
g
. It is relevant for any

U(1), SU(2), etc. group as well as for continuous non-compact groups like the dilatation
group isomorphic to R+.

- Multiple gauge symmetries: For theories with multiple gauge symmetries with gauge
couplings ga, for each particle with mass mi, one can de�ne a vector:

Q⃗i =
q⃗i ·MP

mi
, q⃗i =

(
gi,1 · qi,1, gi,2 · qi,2, . . .

)
, (6.34)

where q⃗i is the charge vector in the gauge space for the i-th particle. The WGC states
that the convex hull of the Q⃗i vectors must contain the unit ball. This is a rather rigorous
requirement, so a weaker version can be considered: for each particle, the condition is:∣∣Q⃗i∣∣ ≥ 1. (6.35)

This ensures that each particle's Q⃗i vector satis�es the WGC condition individually, which
is more easily veri�able than the convex hull condition.

- Massless scalar �elds: To incorporate massless scalar �elds into a theory, let's consider
a di�erent interpretation of the Electric WGC inequality. For two particles of the same
kind, the gauge force between them is self-repulsive, while gravity is self-attractive. The
Electric WGC (6.30) implies that those particles should be self-repelling. This observation
leads to a modi�cation of (6.30) in the presence of massless scalar �elds, which introduce an
additional self-attractive force. If the massless scalar �elds si have a �eld metric kij , with
kinetic term kij∂µs

i∂µsj , and the massive particle considered in the WGC inequality have
�eld dependent mass m(si) with ground state value m(⟨si⟩) = m, then the force mediated
by massless scalars is:

FS =
1

4πr2
µ2, (6.36)

where µ is the scalar interaction strength, de�ned as:

µ2 = kijµ
iµj
∣∣∣∣
⟨si⟩
, µi =

∂

∂si
m(si). (6.37)

Consequently, for the two identical particles to be self-repulsive, the WGC is modi�ed to:∑
i

Fgi ≥ FG + FS , (6.38)
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where Fgi are the forces associated with gauge groups. This is the so-called Repulsive Force
Condition, which ensures that the gauge repulsion is stronger than the attractive forces
between two identical charged states.

In this work, we want to apply the re�ned WGC for our theory with a massless dilaton scalar
state and massive Higgs scalar, both coupled to a gauge boson ωµ, to �nd constraints on the
values of Weyl gauge coupling q. First, one has to transform the Lagrangian (6.17) to a form
in which the mass eigenstates are manifested. Using (6.7) and neglecting the gravity part, one
obtains:

LGHω =− 1

4
F̃µνF̃

µν +
q2

8

(
6M2

P +G2 +H2
)
ω̂µω̂

µ+

+
1

2

(
6M2

P +H2
)(
∂µG

)2 − 2GH∂µG∂
µH +

(
6M2

P +G2
)(
∂µH

)2
6M2

P +G2 +H2
− V (G,H).

(6.39)

Note that we didn't expand the Lagrangian around the ground state ϕi = vi + ϕ̃i, so the mass
eigenstates G, H have non-zero vevs. The potential V (G,H) is given by:

V (G,H) = 4λ2δH
4

(
G

H
+

1− δ

2
√
δ

)2

, ⟨H⟩ = 0, (6.40)

where ⟨H⟩ = 0 correspond to proper values of ϕi �elds vevs, i.e., ⟨ϕ21⟩ = δ⟨ϕ20⟩. The Planck mass
in terms of ⟨G⟩, using (6.18), reads:

M2
P =

1

6

1(
1 + δ

)(ξ0 + δξ1
)
⟨G2⟩. (6.41)

The �eld metric for scalars kij is given by:

kij =
1

2

1

6M2
P +G2 +H2

(
6M2

P +H2 −GH
−GH 6M2

P +G2

)
. (6.42)

Since µ2 from (6.37) is evaluated at the ground state, using (6.40), (6.41), and expanding in δ,
we obtain:

kij =
1

2

(
ξ0
ξ0+1 0

0 1

)
+O

(
δ

ξ0

)
. (6.43)

Consequently, the massless G scalar has a separate kinetic term, equal to:

1

2

ξ0
ξ0 + 1

· ∂µG∂µG = kGG · ∂µG∂µG. (6.44)

The scalar dependent mass of a massive H state is the eigenvalue of the second derivative
matrix derived from V (G,H) potential:

m2
H(G,H) = 12λ2H

2 + 24λ2
√
δ ·GH + 4λ2δ

(
2G2 − 3H2

)
+O

(
δ3/2

)
,

m2
H(⟨G⟩, ⟨H⟩) = m2

H = 8λ2δ⟨G2⟩.
(6.45)

Then, the scalar interaction strength reads:

µ2 = kGG ·

(
∂mH(G,H)

∂G

)2∣∣∣∣∣
⟨G⟩

=
4λ2δξ0
1 + ξ0

. (6.46)
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Figure 6.1: The constraints on λ1 and q values, resulting from the WGC inequality for the H

state (6.50). Di�erent values of α re�ect di�erent energy scales, as E ∼ 1
r = 1

α·rω =
√

3
2
q
αMP

(see discussion after equation (6.51)). Black dashed lines mark q = 4
√

π
3 , the value for which

mω =
√
8πMP , and λ1 = − 1

48 , the boundary value obtained in Section 5.2.1 from equation (5.44)

The charges of the H state for each gauge group are the same as for the ϕ1 Higgs neutral
component, which couples directly to the SM particles, and read:

SU(2)L : gSU(2) = g2, qSU(2) = −1

2
,

U(1)Y : gU(1) = g1, qU(1) = 1,

ωµ : gω = q, qω =
1

2
.

(6.47)

First, we check the simpli�ed version of the convex hull condition. The charge vector for the
H �eld equals:

Q⃗H =
MP

mH

(
− 1

2
g2, g1,

q

2

)
, (6.48)

∣∣Q⃗H ∣∣ = 1

8
√
3

√(
4g21 + g22 + q2

)(
ξ0 + δξ1

)
δλ2
(
1 + δ

) . (6.49)

The condition |QH | ≥ 1 is ful�lled for any q and λ1, ξ0, ξ1 values. Note that this result does
not include the e�ects of the massless scalar force contribution nor the fact that the Weyl gauge
force is mediated by a massive particle.

The proper WGC, with the FS force, has the form:

Fω + Fg1 + Fg2 ≥ FG + FS , (6.50)

where Fgi are forces associated with SM gauge groups, FG is the gravity force and FS is the force
mediated by massless scalar G. The Weyl vector �eld has a mass m2

ω = 3
2q

2M2
P (see, Lagrangian

(6.15)), and the Weyl force equals:

Fω =
q2/4

4πr2

(
1 +mω · r

)
· e−mω ·r. (6.51)
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The interaction range for Fω force is given by rω = m−1
ω . We check the WGC condition

(6.50) for r = α · rω, for 0 < α ≤ 1 and rMP
≤ r ≤ rEW , where rMP

=
(√

8πMP

)−1
and

rEW = (125 GeV)−1 are lengths associated with the Planck mass scale1 MP and electroweak
scale respectively. Therefore, we consider energies above the EW scale and below the quantum
gravity e�ects. Consequently, Fgi are mediated by massless gauge bosons and have the following
form:

Fgi =
g2i q

2
H

4πr2
. (6.52)

Figure 6.1 illustrates the q and λ1 constraints obtained from (6.50), where the parameter space
relations from Section 5.2.1 were used. For r = α · rω, the Weyl gauge force has a form:

4πr2 · Fω
(
r = α · rω

)
=
q2

4

(
1 + α

)
e−α, (6.53)

and is a decreasing function of α. Consequently, larger values of α allow larger values of q that
still satisfy the bound (6.50). We conclude that there exist values of q for which the Weyl vector
�eld mass reaches the Planck mass scale, mω ≈ MP . This supports the assumption made in
Chapter 5 that the ωµ �eld decouples from the low-energy theory for scales below MP .

1Thorough the work, we use the reduced Planck mass MP = 2.44·1018 GeV, whereas the approximate quantum
gravity cuto� is equal to

√
8πMP = 1.22 · 1019 GeV.
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Chapter 7

Quantum Field Theory in Finite

Temperature

7.1. Motivation

Quantum �eld theory at �nite temperature is an essential framework for understanding the
behavior of matter and energy in the hot, evolving universe. While conventional quantum �eld
theory o�ers valuable insights into the fundamental nature of particles and their interactions,
it overlooks a signi�cant aspect�the thermal nature of the universe throughout its evolution.
Ignoring the in�uence of temperature can result in incomplete descriptions of phenomena crucial
in high-energy physics and cosmology. Quantum �eld theory at �nite temperature allows us
to account for the e�ects of thermal equilibrium, thermal �uctuations, and the creation and
annihilation of particles in a hot environment. By incorporating temperature into the theoretical
framework, we can gain a deeper understanding of phase transitions, thermalization processes,
and the behavior of matter under extreme conditions. Therefore, quantum �eld theory at �nite
temperature must not be neglected to fully comprehend the complexity of the universe's thermal
evolution. The material presented in this chapter is not original and is derived from existing
articles and books [32,73�78], which serve as excellent resources in the �eld of �nite-temperature
quantum �eld theory.

7.2. Review of Quantum Statistical Mechanics

In this section, we will shortly review the concepts from Quantum Statistical Mechanics essen-
tial to describe a dynamical system in thermal equilibrium characterized by a time-independent
Hamiltonian Ĥ and a set of conserved charges Q̂i. One of these concepts is the notion of an
ensemble:

- the microcanonical ensemble describes an isolated system which has �xed energy E,
particle number N and volume V ;

- the canonical ensemble is used to describe a system in contact with a heat reservoir at
temperature T , can exchange the energy with it and T , N , and V are �xed;

- the great canonical ensemble speci�es a system that can exchange energy and particles
with the heat reservoir, and T , V , and chemical potentials µi are �xed.

To describe the evolution of a system in the hot Universe, where chemical potentials are
negligible, the right variant is the canonical ensemble. With this choice, the fundamental object
in equilibrium statistical mechanics, the so-called density matrix ρ̂, is of the form:

ρ̂ = exp
{
− βĤ

}
, (7.1)
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where β = T−1. It is used to calculate an ensemble average of any speci�ed observable, repre-
sented by the operator Â, giving its expectation value:

⟨Â⟩ = A =
Tr
[
ρ̂Â
]

Tr
[
ρ̂
] , (7.2)

where Tr is a trace operation:
Tr
[
. . .
]
=
∑
α

⟨α| . . . |α⟩ (7.3)

and the sum is performed over a complete set of states of the system under consideration. The
partition function, which carries complete information on the thermodynamic properties of the
system in equilibrium, is de�ned as:

Z(T ) = Tr
[
ρ̂
]
. (7.4)

It is connected to fundamental quantities such as the system's average energy U , pressure p,
particle number Ni, and entropy S:

U = ⟨Ĥ⟩ =
Tr
[
ρ̂Ĥ
]

Tr
[
ρ̂
] =

1

Z(T )
Tr
[
e−βĤĤ

]
= − d

dβ
lnZ(T ), (7.5)

p = T
∂
(
lnZ(T )

)
∂V

, (7.6)

Ni =
∂
(
T lnZ(T )

)
∂µi

, (7.7)

S =
∂
(
T lnZ(T )

)
∂T

. (7.8)

7.3. Imaginary Time Formalism and Green's functions

There are two equivalent formulations of statistical QFT: the imaginary-time or Matsubara
formalism and the real-time or Keldysh-Schwinger formalism. In this work, we employ the
Matsubara method, which was introduced by Matsubara in 1955 [79]. We will also work in the
Heisenberg picture.

The basic idea of the Matsubara imaginary time formalism is that the density matrix ρ̂ can
be treated as a quantum evolution operator for an imaginary time from t = 0 to t = −iβ so that
we have:

ρ̂ = e−βĤ −→ e−iĤt for − iβ < t < 0. (7.9)

The justi�cation of the above statement will become apparent in the later analysis in this section
and comes from the periodicity of the two-point Green's function. We introduce the following
notation: t stands for the imaginary time variable, so −iβ < t < 0 and τ = it stands for the real
time variable and 0 < τ < β. From now on, we will omit the hats when denoting operators.

7.3.1. Scalar Fields

Consider a real scalar �eld operator ϕ(x) with a time-independent Hamiltonian H. Its time
evolution satis�es:

ϕ(x) = ϕ(x⃗, t) = eiHtϕ(x⃗, 0)e−iHt = eHτϕ(x⃗, 0)e−Hτ . (7.10)

We de�ne the temperature Green's function for n scalar �eld operators as:

G(n)(x1, . . . , xn) ≡ ⟨T ϕ(x1), . . . , ϕ(xn)⟩, (7.11)
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where ⟨. . .⟩ denotes the ensemble average:

⟨. . .⟩ = 1

Z
Tr
[
e−βH . . .

]
, (7.12)

and T represents time ordering in the complex plane:

T ϕ(x1)ϕ(x2) = T ϕ(x⃗1,−iτ1)ϕ(x⃗2,−iτ2) = Θ(τ1 − τ2)ϕ(x⃗1,−iτ1)ϕ(x⃗2,−iτ2)
+ Θ(τ2 − τ1)ϕ(x⃗2,−iτ2)ϕ(x⃗1,−iτ1).

(7.13)

For a translationally invariant system, the two-point Green's function G(2)(x1, x2) can be de-
noted as:

G(2)(x1, x2) −→ ∆(x⃗, τ) = ⟨T ϕ(x⃗,−iτ)ϕ(⃗0, 0)⟩. (7.14)

The relation 0 < τ < β (and from it −iβ < t < 0), comes from the fact that ∆(x⃗, τ) is periodic
in τ with period β:

∆(x⃗, τ) =
1

Z
Tr
[
e−βHT ϕ(x⃗,−iτ)ϕ(⃗0, 0)

]
=

1

Z
Tr
[
e−βHϕ(x⃗,−iτ)ϕ(⃗0, 0)

]
=

=
1

Z
Tr
[
ϕ(⃗0, 0)e−βHϕ(x⃗,−iτ)

]
=

1

Z
Tr
[
e−βHeβHϕ(⃗0, 0)e−βHϕ(x⃗,−iτ)

]
=

=
1

Z
Tr
[
e−βHϕ(⃗0,−iβ)ϕ(x⃗,−iτ)

]
=

1

Z
Tr
[
e−βHT ϕ(x⃗,−iτ)ϕ(⃗0,−iβ)

]
=

=∆(x⃗, τ − β).

(7.15)

The equality ∆(x⃗, τ) = ∆(x⃗, τ − β) is known as the Kubo-Martin-Schwinger relation. Let's
introduce two additional Green's functions:

∆+(x⃗, τ) ≡ ⟨ϕ(x⃗,−iτ)ϕ(⃗0, 0)⟩, (7.16)

∆−(x⃗, τ) ≡ ⟨ϕ(⃗0, 0)ϕ(x⃗,−iτ)⟩, (7.17)

so that:
∆(x⃗, τ) = Θ(τ)∆+(x⃗, τ) + Θ(−τ)∆−(x⃗, τ). (7.18)

In the next part, we will �nd formulas for ∆±(x⃗, τ) in order to obtain ∆(x⃗, τ) for scalar �elds
from (7.18).

Free scalar �eld plane wave decomposition reads:

ϕ(x) =

∫
d3k

(2π)3
1√
2ωk

[
a(k⃗)e−ikx + a†(k⃗)eikx

]
, (7.19)

where kµ = (ωk, k⃗) and ω2
k = k⃗2 +m2. The normally ordered Hamiltonian for the scalar �eld is:

H =

∫
d3k

(2π)3
ωka

†(k⃗)a(k⃗). (7.20)

Equal time commutation relations for �eld operators are:[
ϕ(x⃗, t), ϕ̇(y⃗, t)

]
= iδ(3)(x⃗− y⃗),

[
ϕ(x⃗, t), ϕ(y⃗, t)

]
=
[
ϕ̇(x⃗, t), ϕ̇(y⃗, t)

]
= 0, (7.21)

which gives commutation relations for creation and annihilation operators:[
a(p⃗), a†(k⃗)

]
= (2π)3δ(3)(p⃗− k⃗),

[
a(p⃗), a(k⃗)

]
=
[
a†(p⃗), a†(k⃗)

]
= 0. (7.22)

In Appendix B, we derive the ensemble averages for the products of a(p⃗) and a†(p⃗). The results
obtained are as follows:

⟨a(p⃗)a(k⃗)⟩ = ⟨a†(p⃗)a†(k⃗)⟩ = 0,

⟨a(p⃗)a†(k⃗)⟩ = [1 + nB(ωk)](2π)
3δ(3)(p⃗− k⃗),

⟨a†(p⃗)a(k⃗)⟩ = nB(ωk)(2π)
3δ(3)(p⃗− k⃗),

(7.23)
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where nB(ωk) is the Bose-Einstein distribution function:

nB(ωk) =
1

eβωk − 1
. (7.24)

From (7.23), we see, that the nB is the eigenvalue of the number operator N = a†a.
Explicit evaluation of ∆+(x⃗, τ) gives:

∆+(x⃗, τ) =

∫
d3p

(2π)3
d3k

(2π)3
1

2
√
ωpωk

⟨
[
a(p⃗)e−ipx + a†(p⃗)eipx

]
·
[
a(k⃗) + a†(k⃗)

]
⟩ =

=

∫
d3p

(2π)3
d3k

(2π)3
1

2
√
ωpωk

[
e−ipx⟨a(p⃗)a†(k⃗)⟩+ eipx⟨a†(p⃗)a(k⃗)⟩

]
=

=

∫
d3p

(2π)3
d3k

(2π)3
1

2
√
ωpωk

[
e−ipx[1 + nB(ωk)] + eipxnB(ωk)

]
(2π)3δ(3)(p⃗− k⃗) =

=

∫
d3k

(2π)3
1

2ωk

[
e−ωkτeik⃗·x⃗[1 + nB(ωk)] + eωkτe−ik⃗·x⃗nB(ωk)

]
.

(7.25)

Same calculation for ∆−(x⃗, τ) gives:

∆−(x⃗, τ) =

∫
d3k

(2π)3
1

2ωk

[
e−ωkτeik⃗·x⃗nB(ωk) + eωkτe−ik⃗·x⃗[1 + nB(ωk)]

]
. (7.26)

From equation (7.18) we obtain:

∆(x⃗, τ) =

∫
d3k

(2π)3
1

2ωk

[
nB(ωk) ·

(
e−ωkτeik⃗·x⃗ + eωkτe−ik⃗·x⃗

)
+

+
(
Θ(τ)e−ωkτeik⃗·x⃗ +Θ(−τ)eωkτe−ik⃗·x⃗

)]
.

(7.27)

The Fourier transformation of ∆(x⃗, τ) is:

∆(p⃗, ωn) ≡
∫ β

0
dτ

∫
d3xei(ωnτ−p⃗·x⃗)∆(x⃗, τ), (7.28)

and its inverse:

∆(x⃗, τ) =
1

β

n=+∞∑
n=−∞

∫
d3p

(2π)3
e−i(ωnτ−p⃗·x⃗)∆(p⃗, ωn), (7.29)

where the periodicity constraint ∆(x⃗, τ) = ∆(x⃗, τ + β) causes the Fourier expansion to be no
longer a continuous integral but a discrete Fourier series instead:∫

d4k

(2π)4
−→ 1

β

n=+∞∑
n=−∞

∫
d3k

(2π)3
(7.30)

with:

e−iωnτ = e−iωn(τ+β) ⇒ ωn ≡ 2πn

β
= 2πTn, (7.31)

and ωn being the so-called Matsubara frequencies. Using the formula for ∆(x⃗, τ) in equation
(7.27), we can perform the Fourier transformation in (7.28). For the τ variable, we have the
integral: ∫ β

0
dτ eτ(iωn±ωk) =

eβ(iωn±ωk) − 1

iωn ± ωk
=
e±βωk − 1

iωn ± ωk
, (7.32)
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where we used the fact that eiβωn = e2πin = 1. Note, that the τ integral is performed from 0 to
β and τ > 0, so Θ(τ) = 1 and Θ(−τ) = 0. To avoid confusion, we remind that ωn = 2πTn and

ωk =
√
k⃗2 +m2. For the x⃗ variable, we get:∫

d3x e−i(p⃗±k⃗)·x⃗ = (2π)2δ(3)(p⃗± k⃗). (7.33)

Then:

∆(p⃗, ωn) =

=

∫
d3k

(2π)3
1

2ωk

[(
nB(ωk) + 1

)e−βωk − 1

iωn − ωk
(2π)3δ(3)(p⃗− k⃗) + nB(ωk)

eβωk − 1

iωn + ωk
(2π)3δ(3)(p⃗+ k⃗)

]

=
1

2ωp

[(
nB(ωp) + 1

)e−βωp − 1

iωn − ωp
+ nB(ωp)

eβωp − 1

iωn + ωp

]
=

1

2ωp

[
−1

iωn − ωp
+

1

iωn + ωp

]
=

1

ω2
n + ω2

p

=
1

p⃗2 +m2 + ω2
n

,

(7.34)

where in the second line we used the fact that ωp =
√
p⃗2 +m2 =

√
(−⃗p)2 +m2 = ω−p and

substituted nB(ω) = (eβω − 1)−1. Using (7.29) and (7.34), we get:

∆(x⃗, τ) =

=
1

β

n=+∞∑
n=−∞

∫
d3p

(2π)3
e−i(ωnτ−p⃗·x⃗) 1

p⃗2 +m2 + ω2
n

=
i

β

n=+∞∑
n=−∞

∫
d3p

(2π)3
e−i(ωnτ−p⃗·x⃗) −i

p⃗2 +m2 + ω2
n

=
i

β

n=+∞∑
n=−∞

∫
d3p

(2π)3
e−i(ωnτ−p⃗·x⃗) i

(iωn)2 − p⃗2 −m2
=

i

β

n=+∞∑
n=−∞

∫
d3p

(2π)3
e−i(ωnτ−p⃗·x⃗) i

p2 −m2
,

(7.35)

where, to get the proper i factor in the propagator, we multiplied by −i2 = 1. Notice, that
the thermal four-momentum has a discrete 0−th component, given by pµ = (iωn, p⃗). All the
propagators and the complete Feynman rules, including those for fermions, are provided in
Table 7.1.

7.3.2. Fermion Fields

Consider a complex fermion �eld operator ψ(x) with time-independent Hamiltonian H. Its
time evolution, similarly to bosons, satis�es:

ψ(x) = ψ(x⃗, t) = eiHtψ(x⃗, 0)e−iHt = eHτψ(x⃗, 0)e−Hτ . (7.36)

In contrast to bosons, fermionic �elds ful�ll anti-commutation relations. Therefore, to obtain
the Lorentz invariant Feynman propagator, we have to change the time ordering formula (7.13)
to:

TFψ(x1)ψ̄(x2) = TFψ(x⃗1,−iτ1)ψ̄(x⃗2,−iτ2) = Θ(τ1 − τ2)ψ(x⃗1,−iτ1)ψ̄(x⃗2, iτ2)
− Θ(τ1 − τ2)ψ̄(x⃗2, iτ2)ψ(x⃗1,−iτ1).

(7.37)

Analogously, we de�ne the two-point Green's function as:

∆F (x⃗, τ) = ⟨TFψ(x⃗,−iτ)ψ̄(⃗0, 0)⟩. (7.38)
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Anti-commuting relations imply anti-periodicity of ∆F (x⃗, τ) in τ with period β:

∆F (x⃗, τ) =
1

Z
Tr
[
e−βHTFψ(x⃗,−iτ)ψ̄(⃗0, 0)

]
=

1

Z
Tr
[
e−βHψ(x⃗,−iτ)ψ̄(⃗0, 0)

]
=

=
1

Z
Tr
[
ψ̄(⃗0, 0)e−βHψ(x⃗,−iτ)

]
=

1

Z
Tr
[
e−βHeβH ψ̄(⃗0, 0)e−βHψ(x⃗,−iτ)

]
=

=
1

Z
Tr
[
e−βH ψ̄(⃗0,−iβ)ψ(x⃗,−iτ)

]
=

1

Z
Tr
[
e−βH(−1) · TFψ(x⃗,−iτ)ψ̄(⃗0,−iβ)

]
=

=−∆F (x⃗, τ − β),

(7.39)

so that the Kubo-Martin-Schwinger relation for fermions reads ∆F (x⃗, τ) = −∆F (x⃗, τ − β). We
introduce two additional Green's functions:

∆+
F (x⃗, τ) ≡ ⟨ψ(x⃗,−iτ)ψ̄(⃗0, 0)⟩, (7.40)

∆−
F (x⃗, τ) ≡ ⟨ψ̄(⃗0, 0)ψ(x⃗,−iτ)⟩, (7.41)

for which:
∆F (x⃗, τ) = Θ(τ)∆+

F (x⃗, τ)−Θ(−τ)∆−
F (x⃗, τ). (7.42)

Free fermion �eld plane wave decomposition reads:

ψ(x) =
∑
s

∫
d3k

(2π)3
1√
2ωk

[
as(k⃗)us(k⃗)e

−ikx + b†s(k⃗)vs(k⃗)e
ikx
]
, (7.43)

ψ̄(x) =
∑
s

∫
d3k

(2π)3
1√
2ωk

[
a†s(k⃗)ūs(k⃗)e

ikx + bs(k⃗)v̄s(k⃗)e
−ikx

]
, (7.44)

where us(k⃗) and vs(k⃗) are free solutions of the Dirac equation, (i/γ −m)ψ(x) = 0, ful�lling:∑
s

us(k⃗)ūs(k⃗) = /k +m,
∑
s

vs(k⃗)v̄s(k⃗) = /k −m, (7.45)

and s denotes two di�erent spin states. Dispersion relation with four-momentum kµ = (ωk, k⃗) is
ω2
k = k⃗ +m2. The normally ordered Hamiltonian for the fermion �eld is:

H =

∫
d3k

(2π)3
ωk

(∑
s

a†s(k⃗)as(k⃗) +
∑
s

b†s(k⃗)bs(k⃗)

)
, (7.46)

where a†s(k⃗)as(k⃗) represents the contribution from particles (fermions) and b†s(k⃗)bs(k⃗) represents
the contribution from antiparticles (antifermions). Equal time anti-commutation relations for
fermion �eld operators are:

{ψα(x⃗, t), ψ†
β(y⃗, t)} = δ(3)(x⃗− y⃗)δαβ, {ψα(x⃗, t), ψβ(y⃗, t)} = {ψ†

α(x⃗, t), ψ
†
β(y⃗, t)} = 0,

(7.47)
where α, β are spinor indices. This translates into annihilation and creation operators' relations:

{ar(k⃗), a†s(p⃗)} = {br(k⃗), b†s(p⃗)} = (2π)3δ(3)(k⃗ − p⃗)δrs,

{ar(k⃗), as(p⃗)} = {a†r(k⃗), a†s(p⃗)} = {br(k⃗), bs(p⃗)} = {b†r(k⃗), b†s(p⃗)} = 0.
(7.48)

From the Appendix B, we have the ensemble averages:

⟨as(p⃗)ar(k⃗)⟩ = ⟨a†s(p⃗)a†r(k⃗)⟩ = 0,

⟨as(p⃗)a†r(k⃗)⟩ = [1− nF (ωk)](2π)
3δ(3)(p⃗− k⃗)δsr,

⟨a†s(p⃗)ar(k⃗)⟩ = nF (ωk)(2π)
3δ(3)(p⃗− k⃗)δsr,

(7.49)
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and same for bs(k⃗), b
†
s(k⃗) operators. Using this result, we evaluate ∆+

F (x⃗, τ):

∆+
F (x⃗, τ) =

=
∑
s,r

∫
d3p

(2π)3
d3k

(2π)3
1

2
√
ωpωk

⟨
[
as(p⃗)us(p⃗)e

−ipx + b†s(p⃗)vs(p⃗)e
ipx
]
·
[
a†r(k⃗)ūr(k⃗) + br(k⃗)v̄r(k⃗)

]
⟩

=
∑
s,r

∫
d3p

(2π)3
d3k

(2π)3
1

2
√
ωpωk

[
e−ipxus(p⃗)ūr(k⃗)⟨as(p⃗)a†r(k⃗)⟩+ eipxvs(p⃗)v̄r(k⃗)⟨b†s(p⃗)br(k⃗)⟩

]
=
∑
s,r

∫
d3p

(2π)3
d3k

(2π)3
1

2
√
ωpωk

[
e−ipxus(p⃗)ūr(k⃗)[1− nF (ωk)] + eipxvs(p⃗)v̄r(k⃗)nF (ωk)

]
(2π)3δ(3)(p⃗− k⃗)δsr

=

∫
d3k

(2π)3
1

2ωk

[
e−ωkτeik⃗·x⃗[1− nF (ωk)][/k +m] + eωkτe−ik⃗·x⃗nF (ωk)[/k −m]

]
.

(7.50)

Same calculation for ∆−
F (x⃗, τ) gives:

∆−
F (x⃗, τ) =

∫
d3k

(2π)3
1

2ωk

[
e−ωkτeik⃗·x⃗nF (ωk) · (2m) + eωkτe−ik⃗·x⃗[1− nF (ωk)] · (−2m)

]
. (7.51)

From equation (7.42) we get:

∆F (x⃗, τ) =

∫
d3k

(2π)3
1

2ωk

[
2m
(
eωkτe−ik⃗·x⃗[1− nF (ωk)]− e−ωkτeik⃗·x⃗nF (ωk)

)
+

+Θ(τ)
(
e−ωkτeik⃗·x⃗

[
/k(1− nF (ωk)) +m(1 + nF (ωk))

]
+

+ eωkτe−ik⃗·x⃗
[
/knF (ωk) +m(nF (ωk)− 2)

])]
,

(7.52)

where we used Θ(−τ) = 1−Θ(τ). The Fourier transformation of ∆F (x⃗, τ) is:

∆F (p⃗, ωn) ≡
∫ β

0
dτ

∫
d3xei(ωnτ−p⃗·x⃗)∆F (x⃗, τ), (7.53)

and its inverse:

∆F (x⃗, τ) =
1

β

n=+∞∑
n=−∞

∫
d3p

(2π)3
e−i(ωnτ−p⃗·x⃗)∆F (p⃗, ωn). (7.54)

Fermion propagator is anti-periodic in τ , so ∆F (x⃗, τ) = −∆F (x⃗, τ + β) imposes constraint on
ωn frequencies:

e−iωnτ = −e−iωn(τ+β) ⇒ ωn ≡ (2n+ 1)π

β
= (2n+ 1)πT. (7.55)

To perform the Fourier transformation in equation (7.53), one can observe that the τ integral is
performed from 0 to β and τ > 0, so Θ(τ) = 1 and Θ(−τ) = 0:

∆F (x⃗, τ) =

∫
d3k

(2π)3
1

2ωk

[
eωkτe−ik⃗·x⃗[/k −m]nF (ωk) + e−ωkτeik⃗·x⃗[/k +m][1− nF (ωk)]

]
. (7.56)

Therefore, for the τ variable, we have the same integral as before, with eiβωn = e(2n+1)iπ = −1:∫ β

0
dτ eτ(iωn±ωk) =

eβ(iωn±ωk) − 1

iωn ± ωk
= −e

±βωk + 1

iωn ± ωk
, (7.57)
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and for the x⃗ variable integral:∫
d3x e−i(p⃗±k⃗)·x⃗ = (2π)2δ(3)(p⃗± k⃗). (7.58)

Therefore, we obtain:

∆F (p⃗, ωn) =

=
1

2ωp

[
(−1)

eβωp + 1

iωn + ωp
[−/p−m]nF (ωp) + (−1)

e−βωp + 1

iωn − ωp
[/p+m](1− nF (ωp))

]

=
/p+m

2ωp

[
eβωp + 1

iωn + ωp
nF (ωp)−

e−βωp + 1

iωn − ωp
(1− nF (ωp))

]
=
/p+m

2ωp

[
1

iωn + ωp
− 1

iωn − ωp

]

=
/p+m

ω2
n + ω2

p

=
/p+m

p⃗2 +m2 + ω2
n

.

(7.59)

Finally, the inverse transform reads:

∆F (x⃗, τ) =
i

β

n=+∞∑
n=−∞

∫
d3p

(2π)3
e−i(ωnτ−p⃗·x⃗) i[/p+m]

p2 −m2
, (7.60)

where pµ = (iωn, p⃗), with fermionic Matsubara frequencies ωn = (2n+ 1)πT . Feynman rules for
bosons and fermions are provided in Table 7.1.

Table 7.1: Comparison of momentum-space Feynman rules for zero and �nite temperature quan-
tum �eld theories.

ZERO TEMPERATURE FINITE TEMPERATURE

boson propagator: i
p2−m2 , pµ =

(
p0, p⃗)

i
p2−m2 , pµ =

(
2πinβ−1, p⃗)

fermion propagator:
i[/p+m]

p2−m2 , pµ =
(
p0, p⃗)

i[/p+m]

p2−m2 , pµ =
(
(2n+ 1)πiβ−1, p⃗)

loop integral:
∫ d4p

(2π)4
i
β

∑n=+∞
n=−∞

∫ d3p
(2π)3

vertex δ functions: (2π)4δ(4)
(∑

pi

)
iβ(2π)3δ

(∑
ωi

)
δ(3)
(∑

p⃗i

)

7.4. E�ective Potential at Finite Temperature

Using all the tools developed in the previous sections, we will derive the one-loop e�ective
potential at �nite temperature, incorporating contributions from scalars, fermions, and gauge
bosons. As we will show, the e�ective potential at �nite temperature naturally includes the
e�ective potential at zero temperature, calculated in Chapter 2. To obtain these results, we will
employ the diagrammatic approach and the Feynman rules outlined in Table 7.1.

7.4.1. Scalars:

Let's consider the self-interacting scalar �eld ϕ with the Lagrangian:

L =
1

2
(∂µϕ)(∂

µϕ)− 1

2
m2ϕ2 − λ

4!
ϕ4, (7.61)
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Figure 7.1: The 1PI diagrams for the scalar theory described by Lagrangian (7.61).

so the tree-level potential reads:

V0(ϕ) =
1

2
m2ϕ2 +

λ

4!
ϕ4. (7.62)

According to equation (2.26), to obtain the one-loop e�ective potential, one must sum all 1PI
diagrams with 1-loop. For the scalar theory, these diagrams are illustrated in Figure 7.1. For ℓ-th
diagram with 2ℓ external legs, ℓ propagators and ℓ vertices, we have the following contribution:

- ℓ propagators give (i)ℓ(−p⃗2 − ω2
n −m2)−ℓ = (i)ℓ(p2 −m2)−ℓ;

- for 2ℓ external lines, we get ϕ2ℓc factor;

- each vertex gives (−iλ2 ), where the factor
1
2 comes from the symmetry of interchanging the

2 external lines entering the vertex;

- the overall symmetry factor for each diagram is ℓ!
2ℓ , which comes from the following argu-

mentation: we have ℓ! combinations for choosing vertices, mirror symmetry of the graph
gives factor 1

2 and one also has symmetry under the discrete group of rotations Zℓ, pro-
ducing 1

ℓ factor;

- there's an extra global factor of i coming from the de�nition of the generating functional
W [J ] and e�ective action Γ[ϕc]

1.

The sum of one-loop diagrams gives the following potential:

V1(ϕc) = i× i

β

∞∑
l=1

1

2l

n=+∞∑
n=−∞

∫
d3p

(2π)3

(
λ
2ϕ

2
c

(iωn)2 − p⃗2 −m2

)l
. (7.64)

Using the relation:

log(1− x) = −
∞∑
l=1

xl

l
, (7.65)

1The evaluation of the e�ective potential requires careful consideration of the formalism used, especially the
distinction between Euclidean and Minkowski spaces. The functional W [J ] generates Feynman diagrams in Eu-
clidean space, while iW [J ] generates them in the Minkowski space. Similarly, the e�ective action Γ[ϕc] represents
the sum of 1PI diagrams in Euclidean space, while iΓ[ϕc] corresponds to the same sum in the Minkowski space.
Consequently, when employing Minkowski-space propagators, as in the above derivation, the e�ective action and
potential satisfy:

iΓ =
∑(

graphs
)

⇒ Γ = −i
∑(

graphs
)

⇒ Veff = −
∑

Γ = i
∑(

graphs
)
, (7.63)

resulting in an additional factor of i.
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we get:

V1(ϕc) =

=
1

2β

n=+∞∑
n=−∞

∫
d3p

(2π)3
log

(
1−

λ
2ϕ

2
c

(iωn)2 − p⃗2 −m2

)
=

1

2β

n=+∞∑
n=−∞

∫
d3p

(2π)3
log

(
1 +

λ
2ϕ

2
c

ω2
n + p⃗2 +m2

)

=
1

2β

n=+∞∑
n=−∞

∫
d3p

(2π)3

[
log
(
ω2
n + p⃗2 +m2 +

λ

2
ϕ2c

)
− log

(
ω2
n + p⃗2 +m2

)]

=
1

2β

n=+∞∑
n=−∞

∫
d3p

(2π)3
log
(
ω2
n + ω2

)
+ (ϕc independent terms),

(7.66)

where in the last line we de�ned:

ω2 = p⃗2 +m2(ϕc), m2(ϕc) = m2 +
λ

2
ϕ2c =

∂2V0(ϕc)

∂ϕ2c
. (7.67)

The sum over n can be easily computed using the formulas:

n=+∞∑
n=0

1

n2 + a2
=

π

2a
coth(πa) +

1

2a2
⇒

n=+∞∑
n=−∞

1

n2 + a2
=
π

a
coth(πa). (7.68)

Denoting the sum from (7.66) as:

f(ω) =

n=+∞∑
n=−∞

log
(
ω2
n + ω2

)
, (7.69)

we have:

∂f(ω)

∂ω
=

n=+∞∑
n=−∞

2ω

ω2
n + ω2

= 2ω

n=+∞∑
n=−∞

1
4π2

β2 n2 + ω2
=
β2ω

2π2

n=+∞∑
n=−∞

1

n2 + β2ω2

4π2

=

=
β2ω

2π2
· 2π

2

βω
coth

(βω
2

)
= β · e

βω + 1

eβω − 1
,

(7.70)

which gives:

f(ω) = βω + 2 log
(
1− e−βω

)
+ (ω independent constant). (7.71)

Substituting (7.71) into (7.66), we obtain:

V1(ϕc) =

∫
d3p

(2π)3

[
ω

2
+

1

β
log
(
1− e−βω

)]
. (7.72)

The �rst term in the above result is temperature-independent. We will prove that this �rst inte-
gral is the 1-loop e�ective potential at zero temperature, given in the equation (2.40). Consider
the integral:

ω

∫ +∞

−∞

dx

2πi

1

−x2 + ω2 − iϵ
= ω

∫ +∞

−∞

dx

2πi

1[
(ω − iϵ̃)− x

]
·
[
(ω − iϵ̃) + x

] , (7.73)

where: √
ω2 − iϵ = ω − iϵ

2ω
+O(ϵ2) ≈ ω − iϵ̃. (7.74)
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We have two residues x = ±(ω−iϵ̃). We choose to close the contour anticlockwise in the complex
plane, picking the pole x = −ω + iϵ̃ with residue 1/2ω. Therefore:

ω

∫ +∞

−∞

dx

2πi

1

−x2 + ω2 − iϵ
=

1

2
. (7.75)

One can also write:

1

2
= ω

∫ +∞

−∞

dx

2πi

1

−x2 + ω2 − iϵ
=

∂

∂ω

[
1

2

∫ +∞

−∞

dx

2πi
log
(
− x2 + ω2 − iϵ

)]
, (7.76)

which gives:

− i

2

∫ +∞

−∞

dx

2π
log
(
− x2 + ω2 − iϵ

)
=
ω

2
+ const. (7.77)

Finally:∫
d3p

(2π)3
ω

2
= − i

2

∫
d4p

(2π)4
log
(
− p20 + ω2 − iϵ

)
=

1

2

∫
d4p

(2π)4
log
(
p2 +m2(ϕc)

)
, (7.78)

where in the last equality we performed the Wick rotation p0 → ip0 and used ω2 = p⃗2 +m2(ϕc),
giving p2 = p20 + p⃗2. This result is identical to the one obtained in the equation (2.40) for the
zero-temperature theory.

The temperature-dependent part of (7.72) can be written as:

V1(ϕc)|T =
1

β

∫
d3p

(2π)3
log
(
1− e−βω

)
=

T

2π2

∫ ∞

0
dp p2 log

(
1− e−β

√
p⃗2+m2(ϕc)

)
=

=
T 4

2π2
JB
[
m2(ϕc)/T

2
]
,

(7.79)

where JB[m2(ϕc)/T
2] is the thermal bosonic function de�ned as:

JB[m
2(ϕc)/T

2] =

∫ ∞

0
dx x2 log

(
1− e−

√
x2+m2(ϕc)/T 2

)
. (7.80)

The high-temperature expansion of JB is very useful and reads:

JB[m
2(ϕc)/T

2]
∣∣∣
m≪T

= − π4

45
+
π2

12

m2(ϕc)

T 2
− π

6

(m2(ϕc)

T 2

)3/2
− 1

32

m4(ϕc)

T 4
log

m2(ϕc)

abT 2

− 2π7/2
∞∑
ℓ=1

(−1)ℓ
ζ(2ℓ+ 1)

(ℓ+ 1)!
Γ
(
ℓ+

1

2

)(m2(ϕc)

4π2T 2

)ℓ+2
,

(7.81)

where ab = 16π2 exp(3/2− 2γE) (log ab = 5.4076), and ζ is the Riemann ζ−function.

7.4.2. Fermions:

Let's consider the fermion �eld ψ interacting with the scalar ϕ described by the Lagrangian:

L = ψ̄(i/∂ −mF (ϕc))ψ, (7.82)

where mF (ϕc) = yϕc. To simplify further calculations, this will be treated as an interaction
vertex with Feynman rule −i(yϕc). Therefore, the mass parameter m in the fermion propagator
is set to zero, and we will sum over fermion loops without external legs, as illustrated in Figure
7.2. The generalization to a massive theory is straightforward, requiring only the modi�cation
of mF to mF (ϕc) = m + yϕc. Since ℓ fermion propagators introduce a factor of Tr

[
/pℓ
]
and the

trace of the odd number of γ matrices is zero, we sum only the diagrams with an even number
of fermion propagators.
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Figure 7.2: 1PI diagrams contributing to the 1-loop e�ective potential of (7.82). The fermionic
propagators are massless, with momentum �ow marked by arrows. Black dots denote the �eld-
dependent fermion-scalar interaction with vertex contribution −iyϕc.

For ℓ-th diagram with 2ℓ fermionic propagators and 2ℓ vertices, we have the following con-
tribution:

- the 2ℓ propagators give (i)2ℓ

(−p⃗2−ω2
n)

2ℓTr
[
/p2ℓ
]
= (i)2ℓ

(p2)2ℓ
· 4p2ℓ = 4(i)2ℓ

p2ℓ
= 4
(
−1
p2

)ℓ
, where we used

Tr
[
p2ℓ
]
= 4p2ℓ;

- 2ℓ vertices give (−imF (ϕc))
2ℓ = (−m2

F (ϕc))
ℓ;

- the overall symmetry factor, including 1
(2ℓ)! from the e�ective potential de�nition (2.25), is

1
2ℓ , which comes from the following argumentation: we have (2ℓ)! combinations for choosing
vertices, symmetry under the discrete group of rotations Z2ℓ, produces

1
2ℓ factor;

- there's an extra global factor of i coming from the de�nition of the generating functional
W [J ] and e�ective action Γ[ϕc] and global factor (−1) coming from the fermion loop.

Consequently, the one-loop e�ective potential contribution from fermions reads:

V1(ϕc) = −i× i

β

∞∑
ℓ=1

1

2ℓ

n=+∞∑
n=−∞

∫
d3p

(2π)3
4

(
m2
F (ϕc)

p2

)ℓ
. (7.83)

Using the relation (7.65), we obtain:

V1(ϕc) =

= − 2

β

n=+∞∑
n=−∞

∫
d3p

(2π)3
log

(
1−

m2
F (ϕc)

(iωn)2 − p⃗2

)
= − 2

β

n=+∞∑
n=−∞

∫
d3p

(2π)3
log

(
1 +

m2
F (ϕc)

ω2
n + p⃗2

)

= − 2

β

n=+∞∑
n=−∞

∫
d3p

(2π)3

[
log
(
ω2
n + p⃗2 +m2

F (ϕc)
)
− log

(
ω2
n + p⃗2

)]

= − 2

β

n=+∞∑
n=−∞

∫
d3p

(2π)3
log
(
ω2
n + ω2

)
+ (ϕc independent terms),

(7.84)

where in the last line we have:

ω2 = p⃗2 +m2
F (ϕc), ωn = (2n+ 1)πT. (7.85)

The sum over n will be calculated with the same method as for bosons. However, it is important
to note that the Matsubara frequencies for fermions have an odd factor (2n + 1). Let us again
de�ne:

f(ω) =

n=+∞∑
n=−∞

log
(
ω2
n + ω2

)
, (7.86)
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with its derivative:

∂f(ω)

∂ω
=

n=+∞∑
n=−∞

2ω

ω2
n + ω2

= 2ω
n=+∞∑
n=−∞

1
π2

β2 (2n+ 1)2 + ω2
=

2β2ω

π2

n=+∞∑
n=−∞

1

(2n+ 1)2 + β2ω2

π2

. (7.87)

Using the equation (7.68), let's de�ne:

S(a) =
n=+∞∑
n=−∞

1

n2 + a2
=
π

a
coth(πa), (7.88)

and observe:∑
n=(even numbers)

1

n2 + a2
=

m=+∞∑
m=−∞

1

(2m)2 + a2
=

1

4

m=+∞∑
m=−∞

1

m2 + (a/2)2
=

1

4
S(a/2), (7.89)

∑
n=(odd numbers)

1

n2 + a2
= S(a)− 1

4
S(a/2) =

π

a

(
coth(πa)− 1

2
coth(πa/2)

)
=

π

2a
tanh

(πa
2

)
.

(7.90)
With the above result, we obtain:

∂f(ω)

∂ω
= β · tanh

(βω
2

)
= β · e

βω − 1

eβω + 1
, (7.91)

and integration gives:

f(ω) = βω + 2 log
(
1 + e−βω

)
+ (ω independent constant). (7.92)

Finally, (7.84) becomes:

V1(ϕc) = −4

∫
d3p

(2π)3

[
ω

2
+

1

β
log
(
1 + e−βω

)]
. (7.93)

The above result di�ers from the bosonic case by a factor (−4), which consists of the overall
(−1) sign accounting for fermionic loop calculation, and number 4 comes from the trace over
Dirac indices in Tr

[
/p2ℓ
]
= 4p2ℓ. The temperature-independent part, as proven previously in the

bosonic case, is the 1-loop e�ective potential at zero temperature:

(−4) · 1
2

∫
d4p

(2π)4

[
log
(
p2 +m2

F (ϕc)
)]
. (7.94)

The second, temperature-dependent part, is:

V1(ϕc)|T =(−4) · 1
β

∫
d3p

(2π)3
log
(
1 + e−βω

)
= (−4) · T

2π2

∫ ∞

0
dp p2 log

(
1 + e−β

√
p⃗2+m2

F (ϕc)
)
=

=(−4) · T
4

2π2
JF
[
m2
F (ϕc)/T

2
]
,

(7.95)

where JF [m2
F (ϕc)/T

2] is the thermal fermionic function de�ned as:

JF [m
2
F (ϕc)/T

2] =

∫ ∞

0
dx x2 log

(
1 + e−

√
x2+m2

F (ϕc)/T 2
)
. (7.96)

The high-temperature expansion of JF is very useful and reads:

JF [m
2
F (ϕc)/T

2]
∣∣∣
m≪T

=
7π4

360
− π2

24

m2
F (ϕc)

T 2
− 1

32

m4
F (ϕc)

T 4
log

m2(ϕc)

afT 2

− π7/2

4

∞∑
ℓ=1

(−1)ℓ
ζ(2ℓ+ 1)

(ℓ+ 1)!

(
1− 2−2ℓ−1

)
Γ
(
ℓ+

1

2

)(m2
F (ϕc)

π2T 2

)ℓ+2
,

(7.97)

where af = π2 exp(3/2− 2γE) (log af = 2.6351), and ζ is the Riemann ζ−function.
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Figure 7.3: 1PI diagrams contributing to the 1-loop e�ective potential of (7.98). Solid lines are
scalar external legs, and wavy lines in loops are gauge boson propagators.

7.4.3. Gauge Bosons:

When deriving the Feynman rules in momentum space, we did not explicitly calculate
those for gauge bosons. However, as the reader can easily deduce, the propagators for bosons
and fermions remain the same in both zero and �nite temperature theories, with the only modi-
�cation of the 0-th momentum component to p0 = iωn, where ωn are the Matsubara frequencies
relevant to the particle species under consideration. Since gauge bosons obey the Bose-Einstein
statistics, their four-momentum is identical to that of scalars: pµ =

(
iωn, p⃗

)
, with the bosonic

Matsubara frequencies given by ωn = 2nπβ−1. With this in mind, we will use Feynman rules
provided in Table 7.1 for a theory in which a gauge boson is coupled to the scalar �eld. One �nal
remark is necessary: when coupling a scalar �eld to a gauge �eld, the scalar must be charged
and, therefore, complex. Nonetheless, if we are only interested in how gauge bosons contribute
to the thermal e�ective potential, we consider the ϕ �eld as the real part of a complex scalar
�eld. Indeed, when studying mass generation for the Standard Model gauge bosons, it is the real
part of the Higgs �eld h that is responsible for the Higgs mechanism. Hence, we consider the
following scalar-gauge boson interaction:

L ⊇ g2gµνA
µAνϕ2c , (7.98)

giving the vertex rule i2gµνg2. The gauge boson propagator for a massless �eld in Lorenz gauge
reads:

−i
p2

[
gµν − pµpν

p2

]
. (7.99)

We will sum the 1PI diagrams shown in Figure 7.3. For ℓ-th diagram with 2ℓ external scalar
legs, ℓ gauge boson propagators and ℓ vertices, we have the following contribution:

- ℓ propagators give
(
−i
p2

)ℓ[
gµν − pµpν

p2

]ℓ
with pµ =

(
iωn, p⃗

)
;

- for 2ℓ external lines, we get ϕ2ℓc factor;

- each vertex gives
(
igµνg

2
)
, where the factor 2 is canceled by 1

2 coming from the symmetry
of interchanging the 2 external lines entering the vertex;

- the overall symmetry factor is the same as for scalars: ℓ!
2ℓ ;

- there's an extra global factor of i coming from the de�nition of the generating functional
W [J ] and e�ective action Γ[ϕc].

The derivation of the contractions of vertices with propagators requires some caution. Let's
calculate it for the �rst 2 diagrams visible in Figure 7.3. We have:

ℓ = 1 : (igµνg
2) ·
(−i
p2

)[
gµν − pµpν

p2

]
=
g2

p2
[
gµµ − p2/p2

]
=
g2

p2
[4− 1] = 3 · g

2

p2
,

ℓ = 2 : (igµνg
2) ·
(−i
p2

)[
gµσ − pµpσ

p2

]
(igρσg

2) ·
(−i
p2

)[
gρν − pρpν

p2

]
=

=
g4

p4

[
gµρg

ρ
µ − 2

pµpµ
p2

+
pµpµp

ρpρ
p4

]
=
g4

p4
[4− 2 + 1] = 3 · g

4

p4
.

(7.100)
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It is easy to see that the proper contraction of vertices and propagators results in a global factor
3 (for arbitrary D dimensions, it would be (D − 1)). Finally, performing the same steps as for
scalar �elds, we obtain:

V1(ϕc) = i× i

β

∞∑
ℓ=1

1

2ℓ

n=+∞∑
n=−∞

3 ·

(
g2ϕ2c
p2

)ℓ
= 3 · 1

2β

n=+∞∑
n=−∞

log
(
1− g2ϕ2c

(iωn)2 − p⃗2

)
=

= 3 · 1

2β

n=+∞∑
n=−∞

log
(
1 +

g2ϕ2c
ω2
n + p⃗2

)
= 3 · 1

2β

n=+∞∑
n=−∞

log
(
ω2
n + ω2

)
+ (ϕc independent terms),

(7.101)

where in the last line we de�ned:

ω2 = p⃗2 +m2
GB(ϕc) = p⃗2 + g2ϕ2c , ωn = 2nπT. (7.102)

The sum over n is identical to that for the scalar �eld case, yielding:

V1(ϕc) = 3 ·
∫

d3p

(2π)3

[
ω

2
+

1

β
log
(
1− e−βω

)]
, (7.103)

which di�ers from (7.72) by a factor of 3. This factor accounts for the number of degrees of
freedom of the gauge boson, which in arbitrary D dimensions is equal to D − 1. Once again,
the temperature-independent part provides the one-loop zero-temperature contribution to the
e�ective potential:

3 · 1
2

∫
d4p

(2π)4
log
(
p2 +m2

GB(ϕc)
)
, (7.104)

and the temperature-dependent part is:

V1(ϕc)|T = 3 · T
4

2π2
JB
[
m2
GB(ϕc)/T

2
]
, (7.105)

with JB being the thermal bosonic function de�ned in (7.80).

7.4.4. Thermal Potential

Summing up the results obtained in the previous section, we can write the thermal part of
the e�ective potential for a model that includes scalars, fermions, and gauge bosons as follows:

δVT =
T 4

2π2

[ ∑
i=bosons

ni · JB
(
m2
i (ϕc)

T 2

)
+

∑
j=fermions

nj · JF
(
m2
j (ϕc)

T 2

)]
, (7.106)

where ni/j are the numbers of degrees of freedom of the considered particle with �eld-dependent
mass mi/j(ϕc) and JB/F are thermal bosonic (B) and fermionic (F ) functions de�ned in (7.80),
(7.96) respectively. The number of degrees of freedom na for any particle can be written in a
general form:

na = (−1)2saQaCa(2sa + 1), (7.107)

where sa is the spin of the particle a, Qa = 1 for neutral and Qa = 2 for charged particles and
Ca counts the number of colors of the particle a.
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7.4.5. Renormalization of Quantum Field Theory in Finite Temperature and

Resummation

The potential in equation (7.106) represents the one-loop contribution of order λ. As we
demonstrate in the Appendix C, the perturbation expansion in thermal QFT fails at high tem-
peratures, where higher-order diagrams can contribute in the same order as the lower-order ones.
Additionally, when the boson �eld-dependent mass m(ϕc) is negative, the e�ective potential ac-
quires an imaginary part due to the term m3(ϕc)T from the JB function expansion at high
temperature (7.81).

To improve the results, one must account for higher-order contributions, speci�cally those
from the so-called daisy diagrams. This procedure, known as resummation, contributes terms of
order λ3/2, which is the same as the m(ϕc)

3T term. The detailed discussion of the resummation
method and the accompanying renormalization procedure is presented in Appendix C.

Accordingly, the thermal part of the e�ective potential, instead of (7.106), must take the
form:

δVT+daisy =
T 4

2π2

[ ∑
i=bosons

ni · JB
((m2

i

)
eff

(ϕc, T )

T 2

)
+

∑
j=fermions

nj · JF
(
m2
j (ϕc)

T 2

)]
, (7.108)

where
(
m2
i

)
eff

(ϕc, T ) denote the thermally corrected bosonic masses, often referred to as thermal
masses. These e�ective masses arise from the self-energy corrections in the bosonic propagators
evaluated in the thermal background. Each bosonic degree of freedom acquires an additional
temperature-dependent contribution, such that:(

m2
i

)
eff

(ϕc, T ) = m2
i (ϕc) + Πi(T ), (7.109)

where Πi(T ) ∼ λT 2 represents the leading thermal correction. These corrections ensure the
validity of perturbative expansion of the thermal potential at high temperature. Fermionic
masses remain unchanged, as fermions do not contribute to the daisy diagrams resummation in
the same way due to the absence of zero Matsubara modes. The explicit form of Πi(T ) and the
corresponding e�ective masses used in this work will be speci�ed in the next Chapter.
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Chapter 8

Spontaneous Scale Symmetry Breaking

at High Temperature

In this chapter, we incorporate the tools developed in Chapter 7, particularly the thermal
e�ective potential, to explore the e�ects of temperature on scale symmetry breaking in a model
with dilaton ϕ0 coupled to the Higgs neutral component ϕ1. We will demonstrate that the sym-
metry in the Higgs sector is restored at high temperatures, as indicated by ⟨ϕ1⟩ = 0. After the
temperature decreases, two degenerate minima emerge for the ϕ1 �eld, allowing for electroweak
symmetry breaking (EWSB) as a phase transition. We further investigate the nature of this tran-
sition and the time evolution of the �elds when coupled to gravity in the Riemannian geometry,
with their potential modi�ed by temperature corrections. This approach is particularly relevant,
considering the hot conditions of the early Universe during its evolution. Understanding the
time evolution of the �elds allows us to examine the characteristics of EWSB in our model and
simulate the dynamic mass generation, in which dilaton plays a key role in establishing the mass
scales: the Higgs mass mH and vev ⟨ϕ1⟩, and the Planck mass MP . The analysis presented in
this chapter is novel and was brie�y introduced in our paper [35]1. Similar models incorporating
quantum and thermal corrections have been explored in works such as [80�84].

8.1. Temperature Corrections and Electroweak Symmetry Break-

ing

We focus on the temperature corrections to the classical scale-symmetric potential (5.9):

V (ϕ0, ϕ1) = λ0ϕ
4
0 + λ1ϕ

2
0ϕ

2
1 + λ2ϕ

4
1. (8.1)

The complete one-loop thermal potential is given by:

Vfull(ϕ0, ϕ1, T ) = V1(ϕ0, ϕ1) + δVT+daisy(ϕ0, ϕ1, T ), (8.2)

where V1(ϕ0, ϕ1) is the one-loop potential at zero temperature, derived in Section 5.4, given in
equation (5.79). We apply the RG improvement to the e�ective potential Vfull(ϕ0, ϕ1, T ) from
equation (8.2). The coupling constants run according to their one-loop β functions, provided

1The values of the non-minimal coupling ξ0 used in Section 8.2 require a brief clari�cation. In this analysis,
we adopt ξ0 = 1010, following our initial assumption that a large coupling is necessary to generate the correct
Planck mass, as in equation (5.42). However, this choice predates the subsequent study of the author and her
supervisor for a later paper on in�ation in the same model, [36], which results are presented in Chapter 9. It is
showed that ξ0 should be signi�cantly smaller, of the order of 10−2. Nevertheless, this revision does not a�ect
the main results or conclusions presented in this Chapter, and for consistency with the reference paper [35], we
keep the large ξ0 value here.
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in Appendix A. The temperature corrections improved by daisy diagrams are represented by
potential (7.108) supplemented with thermal-e�ective masses for boson particles:

δVT+daisy(ϕ0, ϕ1, T ) =
T 4

2π2

[ ∑
i=bosons

ni · JB

((
m2
i

)
eff

(ϕk, T )

T 2

)
+

∑
j=fermions

nj · JF

(
m2
j (ϕk)

T 2

)]
,

(8.3)
with JB and JF de�ned in (7.80) and (7.96), respectively. Their high temperature expansions
are given in equation (7.81) for JB and equation (7.97) for JF 2. Since fermions do not encounter
infrared divergences, only bosons require ressumation. In principle, only the �eld-dependent
masses of the Higgs and dilaton can have negative values, while the masses of the gauge bosons
W± and Z0 remain positive. Nevertheless, we include the daisy-resummed contributions for
gauge particles for completeness in our calculations. As discussed earlier in Section 5.4, we do
not include χ Goldstone bosons contributions in the numerical analysis.

The thermal e�ective masses for the scalar sector are calculated from the high-temperature
expansion of the �rst-order thermal potential δVT (ϕ0, ϕ1, T ), given in equation (7.106), to the
T 2 order. The thermal mass matrix, including the tree-level potential V (ϕ0, ϕ1), reads:

M2
eff (ϕ0, ϕ1, T ) =

(
∂2V
∂ϕ20

∂2V
∂ϕ1∂ϕ0

∂2V
∂ϕ0∂ϕ1

∂2V
∂ϕ21

)
+

 ∂2δVT
∂ϕ20

∂2δVT
∂ϕ1∂ϕ0

∂2δVT
∂ϕ0∂ϕ1

∂2δVT
∂ϕ21


m
T
≪1

=

=

(
12λ0ϕ

2
0 + 2λ1ϕ

2
1 4λ1ϕ0ϕ

2
1

4λ1ϕ0ϕ
2
1 2λ1ϕ

2
0 + 12λ2ϕ

2
1

)
+

+ T 2

(
λ0 +

1
6λ1 0

0 λ2 +
1
6λ1 +

1
16g

2
1 +

3
16g

2
2 +

1
4y

2
t

)
.

(8.5)

The thermal e�ective masses for scalars are eigenvalues of the M2
eff (ϕ0, ϕ1, T ) matrix:

(
m2
G

)
eff

(ϕ0, ϕ1, T ) = 2λ1ϕ
2
1 +

1

6
λ1T

2 +O(λ21),(
m2
H

)
eff

(ϕ0, ϕ1, T ) = 12λ2ϕ
2
1 + 2λ1ϕ

2
0 +

(
λ2 +

1

6
λ1 +

1

16
g21 +

3

16
g22 +

1

4
y2t

)
T 2 +O(λ21).

(8.6)

For the gauge bosons, one has to consider thermal corrections to the mass matrix in the gauge
�eld basis, which is non-diagonal. One gets [85,86]:

(
M2
GB

)
eff

(ϕ1, T ) =
ϕ21
4


g22 0 0 0
0 g22 0 0
0 0 g22 −g1g2
0 0 −g1g2 g21

+
11

6
T 2


g22 0 0 0
0 g22 0 0
0 0 g22 0
0 0 0 g21

 . (8.7)

The eigenvalues, with the tree-level masses given in equation (5.66), are [87]:(
m2
W

)
eff

(ϕ1, T ) = m2
W (ϕ1) +

11

6
g22T

2, (8.8)

(
m2
Z

)
eff

(ϕ1, T ) =
1

2
mZ(ϕ1)

2 +
11

12

(
g21 + g22

)
T 2 +

√
δ, (8.9)

2The high temperature expansion (HTE) of JB [x] works for 0 < x < 13, while HTE of JF [x] is valid for
0 < x < 5.5 (both within an 0.5% accuracy). One can establish the approximate minimal temperature su�cient
for the HTE of JB and JF functions. Given that the top quark mass is always greater than any of the �eld-
dependent masses mi(ϕ0, ϕ1), and the JF HTE constraint is stronger, the top quark mass sets the minimal
temperature for using HTE:

Tmin ≈ 0.32ytϕ1
ϕ1=300 GeV−−−−−−−−→ 90 GeV. (8.4)

This value is valid for ϕ1 < 300 GeV and ϕ0 <
√

−2λ2/λ1 · 300 GeV, which we use later in the numerical analysis
in this work.
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(
m2
γ

)
eff

(ϕ1, T ) =
1

2
mZ(ϕ1)

2 +
11

12

(
g21 + g22

)
T 2 −

√
δ, (8.10)

δ =
1

4
mZ(ϕ1)

4 +
11

144

(
g21 − g22

)2(
g21 + g22

) [12m2
Z(ϕ1) + 11

(
g21 + g22

)
T 2
]
T 2. (8.11)

Note that there is a non-zero thermal mass for the photon, which is massless when T = 0.

Symmetry Breaking at High Temperature

The scale symmetry breaking can be e�ectively discussed at the leading level of HTE of the
potential (8.2):

VHTE(ϕ0, ϕ1, T ) = V (ϕ0, ϕ1)+
1

2
ϕ21

(
λ2+

λ1
6

+
g21
16

+
3g22
16

+
h2t
4

)
T 2+

1

2
ϕ20

(
λ0+

λ1
6

)
T 2, (8.12)

where the one-loop corrections were omitted for simplicity and only the classical potential
V (ϕ0, ϕ1) is present. Both ϕi �elds obtain fully independent thermal corrections. The ϕ1 Higgs
�eld contribution is dominated by gauge bosons and top quark couplings. The dilaton ϕ0 ac-
quires corrections proportional to the λ1, coupling of the mixing term in the scalar sector, only
when it is in thermal equilibrium (for |λ1| ≳ 10−5, see Appendix D). Temperature in�uences the
vacuum expectation values of the �elds so that they are no longer proportional to each other, as
indicated by the equations of motion derived from (8.12).

When the dilaton is in equilibrium, the equations of motion are modi�ed to:

ϕ0 : 6λ0
(
4ϕ20 + T 2

)
+ λ1

(
12ϕ21 + T 2

)
= 0,

ϕ1 : 8λ1
(
12ϕ20 + T 2

)
+ 48λ2

(
4ϕ21 + T 2

)
+ 3
(
g21 + 3g22 + 4y2t

)
T 2 = 0.

(8.13)

Keeping in mind the classical relation λ0 =
λ21
4λ2

and parameter space constraint λ2 = 1
32

(
1+16λ1

)
,

the only valid physical solution becomes:

⟨ϕ21⟩T = 0, ⟨ϕ20⟩T = −1 + 64λ1
192λ1

T 2 = α2(λ1) · T 2. (8.14)

Figure 8.1 depicts the α(λ1) function for di�erent λ1 values for which dilaton can reach the
thermal equilibrium. The values, obtained numerically for the full potential (8.2), with the
inclusion of the quantum corrections and RG improvement, marked by the black dot points,
agree with high accuracy.

The equations of motion, when the dilaton is not in equilibrium, are:

ϕ0 : 4λ0ϕ0 + 2λ1ϕ1 = 0,

ϕ1 : 8λ1
(
12ϕ20 + T 2

)
+ 48λ2

(
4ϕ21 + T 2

)
+ 3
(
g21 + 3g22 + 4y2t

)
T 2 = 0.

(8.15)

The only possible solution for this set of equations is:

⟨ϕ21⟩T = ⟨ϕ20⟩T = 0. (8.16)

Figure 8.2 illustrates the exact behavior of Vfull(ϕ0, ϕ1, T ) (8.2) for di�erent temperature
scales. For practical purposes, the value used in numerical calculations was set to λ1 = −10−4

so that the dilaton is in equilibrium and its thermal minimum is visible. The corresponding
plot with λ1 = −10−10, where the dilaton is not in thermal equilibrium, is shown in Figure 8.3.
Figures 8.4 and 8.6 show plots of the dilaton direction for ⟨ϕ1⟩T = 0 GeV with di�erent λ1 values.
The Higgs direction for λ1 = −10−4 at various dilaton values and temperatures is illustrated in
Figure 8.5. However, due to the singularity in the one-loop potential at the dilaton temperature
minimum ϕ0 = ⟨ϕ0⟩T = 0 GeV when λ1 = −10−10, we do not provide a plot of the Higgs direction
in this case. Figure 8.7 illustrates the Higgs �eld direction for di�erent temperatures, with the
dilaton value set to its zero-temperature vev, ϕ0 = ⟨ϕ0⟩. Due to quantum corrections that
preserve scale symmetry, the potential remains �at at the origin, indicating that the electroweak
symmetry-breaking (EWSB) phase transition is likely second order.
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Figure 8.1: Plot of the parameter α(λ1) from equation (8.14) for λ1 ranges for which the dilaton
can reach thermal equilibrium. The black dot points represent the numerical results obtained
from the full potential (8.2). The error bars account for the variation in the actual ⟨ϕ0⟩T value
across di�erent temperatures spanning from 10GeV to 108 GeV. These bars indicate the minimum
and maximum values of ⟨ϕ0⟩T /T within this temperature range.

Both scenarios involving the dilaton thermal equilibrium lead to the restoration of electroweak
symmetry, as ⟨ϕ21⟩ = 0. As we will demonstrate later, after the temperature decreases, the Higgs
�eld potential transitions to its characteristic shape with two degenerate minima, but this occurs
only if the dilaton remains non-zero. However, equations (8.14) and (8.16) suggest that, either
from the beginning of the hot phase or after the cooling process, the dilaton value tends towards
zero. This would imply that the Universe remains in an electroweak and scale-symmetric phase,
which is unrealistic. The actual situation is more subtle. Unlike the dilaton, the Higgs �eld
interacts strongly with the rest of the SM particles and can easily reach thermal equilibrium.
As discussed in Appendix E, even if the equation of motion for ϕ1 drives its vev to zero, it still
experiences signi�cant thermal �uctuations, given by:

σ2ϕ1 =
T 2

12
− ⟨ϕ1⟩2T =

T 2

12
. (8.17)

Due to the mixing term λ1ϕ
2
0ϕ

2
1 in the potential, the dilaton's equation of motion acquires a

contribution, which acts as a force repulsing it from the origin:

−∂VHTE(ϕ0, ϕ1, T )
∂ϕ0

∼ −2λ1ϕ
2
1ϕ0 ∼ −λ1T 2ϕ0. (8.18)

Moreover, as highlighted in the analysis of the parameter space, the value of λ1 in a realistic
scenario is small, so the dilaton can't reach the thermal equilibrium. Its potential, dominated
by the λ1 interaction term, is nearly �at, allowing even a small force to drive the dilaton to
higher �eld values. Consequently, a more plausible scenario involves non-zero, large values of
ϕ0, allowing the Universe during cooling to evolve into a vacuum state where both scale and
electroweak symmetries are broken. Section 8.2 further examines the possible time dynamics of
the �elds in this scenario.

8.2. Time Evolution in the Hot Universe

In this section, we investigate the time evolution of �elds in the scale symmetric scalar sector
in the hot expanding universe. We demonstrate that there are reasonable initial conditions
leading to the physically relevant vacuum con�guration at the very late stages of the evolution.
The analysis is performed in two scenarios: a realistic model (small |λ1|, for which dilaton is
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Figure 8.2: Plots of Vfull(ϕ0, ϕ1, T ) for di�erent temperatures and λ1 = −10−4, for which dilaton
acquires thermal mass corrections. Black dashed lines mark the quantum �at direction (5.83).
As the temperature increases, the �at direction no longer exists, and the scale symmetry is
broken. The Higgs value is driven to ⟨ϕ1⟩T = 0 GeV. The dilaton ϕ0 acquires a minimum value,
proportional to the temperature (8.14). For this particular choice of λ1, one has ⟨ϕ0⟩T ≈ 7.1 · T .

not in thermal equilibrium) and an unrealistic model (larger |λ1|, for which dilaton is in thermal
equilibrium), which re�ect the parameter space used in simulations. Quantum corrections and
running of the coupling constants in this section were neglected. We use the HTE expansion so
that the potential reads:

VHTE(ϕ0, ϕ1, T ) = λ0ϕ
4
0+λ1ϕ

2
0ϕ

2
1+λ2ϕ

4
1+

1

2
ϕ21

(
λ2+

λ1
6
+
g21
16

+
3g22
16

+
h2t
4

)
T 2+

1

2
ϕ20

(
λ0+

λ1
6

)
T 2,

(8.19)

where the dilaton thermal correction 1
2ϕ

2
0

(
λ0 +

λ1
6

)
T 2 is present only in the unrealistic model

with larger |λ1|.

The equations of motion (5.31) are supplemented with the thermal mass corrections so that,
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Figure 8.3: Plots of Vfull(ϕ0, ϕ1, T ) for high temperatures and λ1 = −10−10, for which dilaton
is not in thermal equilibrium. Black dashed lines mark the quantum �at direction (5.83). As
the temperature increases, the �at direction no longer exists, and the scale symmetry is broken.
Both the Higgs and dilaton values are driven to the origin. Precise dilaton direction for ϕ1 = 0
is illustrated in Figure 8.6.
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Figure 8.4: Plots of Vfull(ϕ0, ϕ1 = 0 GeV, T ) for di�erent temperatures and λ1 = −10−4, so that
the dilaton is in thermal equilibrium. The gray grid lines mark the minimum (8.14).
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Figure 8.5: Plots of Vfull(ϕ0 = ⟨ϕ0⟩T , ϕ1, T ) for di�erent temperatures and λ1 = −10−4, with
⟨ϕ0⟩T as in eq. (8.14). For the large Higgs �eld values, the potential goes to minus in�nity:
lim|ϕ1|→∞ Vfull(ϕ0 = ⟨ϕ0⟩T , ϕ1, T ) = −∞.
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Figure 8.6: The plot of Vfull(ϕ0, ϕ1 = 0 GeV, T ) is shown with λ1 = −10−10, so that the dilaton
is not in thermal equilibrium. The gray grid lines mark the zero-temperature vev of the dilaton
⟨ϕ20⟩ = −2λ2

λ1
⟨ϕ21⟩. Since the dilaton does not acquire thermal mass corrections, the temperature

a�ects the ϕ0 direction only through the e�ective Higgs mass term,
(
m2
H

)
eff

(ϕ0, ϕ1, T ), where
the coupling of ϕ0 is small parameter λ1. This is evident in the second plot, where we de�ned
∆Vfull =

∣∣Vfull(T = 102 GeV)−Vfull(T = 104 GeV)
∣∣, where a temperature change of two orders

of magnitude results in only a small shift in the values along the ϕ0 direction values.
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Figure 8.7: The plot of Vfull(ϕ0 = ⟨ϕ0⟩, ϕ1, T ) is shown for di�erent temperatures, where ⟨ϕ0⟩ =√
−2λ2

λ1
· 250 GeV. The di�erences between λ1 = −10−4 and λ1 = −10−10 are subtle, so the

provided plot serves as a qualitative illustration of the Higgs potential behavior for both values.
As the temperature decreases, the global minimum at ⟨ϕ1⟩T = 0 GeV becomes a maximum, and
two degenerate minima begin to form.

with relation R = 12H2 + 6Ḣ, one has:

ϕ̈0 + 3Hϕ̇0 + 2ξ0ϕ0H
2 + ξ0ϕ0Ḣ + 4λ0ϕ

3
0 + 2λ1ϕ0ϕ

2
1 +

(
λ0 +

λ1
6

)
ϕ0T

2 = 0,

ϕ̈1 + 3Hϕ̇1 + 2ξ1ϕ1H
2 + ξ1ϕ1Ḣ + 4λ2ϕ

3
1 + 2λ1ϕ

2
0ϕ1 +

(
λ2 +

λ1
6

+
g21
16

+
3g22
16

+
h2t
4

)
ϕ1T

2 = 0,

1

2

(
ξ0ϕ

2
0 + ξ1ϕ

2
1

)(
2H + Ḣ

)
− 1

2
ϕ̇0

2 − 1

2
ϕ̇1

2
+ 2
(
λ0ϕ

4
0 + λ1ϕ

2
0ϕ

2
1 + λ2ϕ

4
1

)
+

+ ϕ21

(
λ2 +

λ1
6

+
g21
16

+
3g22
16

+
h2t
4

)
T 2 + ϕ20

(
λ0 +

λ1
6

)
T 2 = 0.

(8.20)

The system evolves with temperature, which time dependence is changing as in the radiation-
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dominated era:

T
(
H(t)

)
=

√
3
√
10MP

π
√
g∗

H(t), (8.21)

where the Hubble parameter is treated as an independent variable, with its dynamics governed
by (8.20). The number of e�ective degrees of freedom of relativistic particles during the radiation
domination is approximately [88] g∗ ≈ 100, and the Planck mass is MP = 2.44 · 1018 GeV.

Before discussing the exact results, let us examine the temperature contribution to the equa-

tion of motion for the ϕ1 Higgs �eld. The factor
(
λ2 + λ1

6 +
g21
16 +

3g22
16 +

h2t
4

)
= γ is positive

for both λ1 scenarios. The initial temperatures for both H0 values (see further discussion about
the initial conditions) are of the order of 108 GeV. As long as T remains high, the term γϕ1T

2

dominates the equation of motion for ϕ1, causing the �eld to oscillate around the minimum value
ϕ1 = 0 with a very high frequency ω2

1 = γT 2. These oscillations persist until the 3Hϕ̇1 term
becomes signi�cant. Since the Hubble parameter decreases during the evolution, the only aspect
that e�ectively changes is the frequency ω1, which decreases over time. Consequently, �rst, we
consider the separate evolution of the dilaton sector with ϕ1 = ϕ̇1 = 0. Then, we include the
analysis of the Higgs evolution at lower temperatures, when the dilaton has settled at its �nal
value. We provide plots illustrating the early system evolution with ϕ1 oscillations in Figures
8.8 and 8.11.

Another important aspect to consider is the shape of the potential for dilaton in the realistic
scenario (dilaton not in thermal equilibrium). For ϕ1 = 0, the potential is given by VHTE = λ0ϕ

4
0.

For small |λ1|, the λ0 =
λ21
4λ2

is even smaller, making this potential nearly �at with a global
minimum at ⟨ϕ0⟩ = 0, which should be the natural starting point for the �eld. However, to
obtain the proper Higgs vev in the later stages of evolution, the dilaton's value at late time tk
should be ϕ0(tk) =

√
−2λ2

λ1
· 250 GeV, which is of the 1013 GeV order. To achieve this result, the

starting point for ϕ0 evolution should be close to ϕ0(tk), or it should begin with a large �eld space
velocity ϕ̇0(t = 0). This is possible after in�ationary slow-roll (a detailed analysis of in�ation in
the Higgs-dilaton model is described in Chapter 9), where the in�aton �eld speeds up, enabling
ϕ0 to obtain large values of ϕ̇0. Since the potential is nearly �at, a large �eld space velocity
allows the dilaton to reach any value, including ϕ0 ≈ ϕ0(tk) as the starting point. Therefore, we
choose the initial conditions in a way that allows e�cient comparison of the results in both λ1
scenarios and to enable the dilaton to evolve to the desired ϕ0(tk) value.

The initial conditions were determined as follows:

- Two initial Hubble parameter values were chosen: H0 = {0.1, 0.5} GeV; this choice was
arbitrary.

- The initial temperature was chosen as T0 = T (H0) from equation (8.21), giving
T0 = {2.7 · 108, 6.1 · 108} GeV.

- The initial Higgs �eld value ϕ1(t = 0) could be sampled from a normal distribution with
a mean value equal to its temperature minimum value µ = ⟨ϕ1⟩T0 = 0 GeV and variance

σ2 =
T 2
0

12 , as ϕ1 is in thermal equilibrium (see: Appendix E). This choice only a�ects the
amplitude of the ϕ1 oscillations. Consequently, for greater clarity in the plots, we set
ϕ1(t = 0) = 10 GeV.

- The initial Higgs �eld time derivative value ϕ̇1(t = 0) could be sampled from a normal
distribution with a mean value µ = 0 and variance σ2 = π2

30T
4 for �elds in thermal equi-

librium (see: Appendix E). This choice only a�ects the amplitude of the ϕ1 oscillations.
Consequently, for greater clarity in the plots, we set ϕ̇1(t = 0) = 300 GeV2.

- Following the previous discussion about the dilaton initial conditions, we set ϕ0(t = 0) =√
−2λ2

λ1
· ϕ1(t = 0) and ϕ̇0(t = 0) =

√
−2λ2

λ1
· ϕ̇1(t = 0), which allows the dilaton to reach

its desired �nal value ϕ0(tk) =
√

−2λ2
λ1

· 250 GeV. This choice was implemented in both λ1
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Figure 8.8: The evolution of the ϕi �elds and Hubble parameter H for early times in the realistic
model with λ1 = −1.1 · 10−24. For greater clarity, only the H0 = 0.1 GeV plots are included.
Note the di�erent time ranges at the Higgs �eld ϕ1 plots, which were changed due to the high
frequency of its oscillations.

scenarios to emphasize the e�ect of larger |λ1|, resulting in the dilaton being in thermal
equilibrium. However, the natural starting point for the dilaton in the case of larger |λ1| is
its temperature minimum value ⟨ϕ20⟩T = −1+64λ1

192λ1
T 2 (see: equation (8.14)). Therefore, we

provide an additional analysis of a case with ϕ0(t = 0) = ⟨ϕ0⟩T + δx and ϕ̇0(t = 0) = δv,
where δi are some relatively small quantities chosen arbitrarily so that the dilaton starts
its evolution around its temperature minimum.

8.2.1. Realistic Model: dilaton out of the thermal equilibrium

The parameter space chosen in this section, ful�lling requirements from the Subsection 5.2.1,
and motivated by the later analysis of in�ation in Chapter 9, is given by:

λ1 = −1.1 · 10−24, λ2 = 0.03125, λ0 =
λ21
4λ2

, ξ0 = 1010, ξ1 = 105. (8.22)

The initial phase of the �eld's evolution, including the Higgs �eld ϕ1 oscillations, is shown in
Figure 8.8. Figure 8.9 illustrates the separate evolution of the dilaton sector alone.

Interesting behavior can be observed in the evolution of the Hubble parameter H. As shown
in Figure 8.10, for the same initial conditions, except for the initial H0 value, all trajectories
merge and evolve similarly after a su�ciently long time. This can be understood by examining
the last equation from (8.20) in the limit (vh = 250 GeV):

ϕ0 →
√

−2λ2
λ1

vh, ϕ̇0 → 0, ϕ1 → 0, ϕ̇1 → 0, (8.23)
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Figure 8.9: The evolution of the dilaton �eld ϕ0 and Hubble parameter H over time in the
realistic model with λ1 = −1.1 · 10−24. An additional plot for ϕ̇0(t) is included for later times
to demonstrate that ϕ0 indeed stabilizes. The dimensionless time variable is given by τ =
log10

[
t·GeV

]
. The H0 = 0.1 GeV trajectories correspond to the physical evolution with ϕ0(tk) =√
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Figure 8.10: The evolution of the Hubble parameter H over time, for di�erent initial H0 values.
The rest of the initial conditions were chosen the same as for plots in Figures (8.8) and (8.12).
All solutions merge at the black dashed line, which represents the radiation-dominated Hubble
parameter time dependence Hrad(t) = 1

2t . The dimensionless time variable is given by τ =
log10
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t ·GeV
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.
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where the �elds settled at their �nal values, as depicted in Figure (8.9). This leaves us with:

λ2vh

(
2λ1v

2
h − ξ0

(
Ḣ + 2H2

))
= 0, (8.24)

yielding the solution:

H(t) =
√
δvh tan

[
arctan

(
H0√
δvh

)
− 2

√
δvh · t

]
, (8.25)

where we have de�ned δ = −λ1
ξ0

≪ 1 (in a realistic model, |λ1| ≪ 1 and ξ0 ≫ 1). For

H0 > 10−12 GeV, the argument of arctan is large enough, so arctan

(
H0√
δvh

)
≈ π

2 . Expanding

further in δ:
H(t) =

1

2t
− 2

3
δv2h · t+O(δ2). (8.26)

This solution is independent of the initial conditions and, to the 0-th order, represents the
radiation-dominated Hubble parameter time dependence Hrad(t) =

1
2t .

8.2.2. Unrealistic Model: dilaton in the thermal equilibrium

The parameter space chosen in this section is:

λ1 = −10−4, λ2 = 0.03125, λ0 =
λ21
4λ2

, ξ0 = 1010, ξ1 = 105, (8.27)

where we changed only the λ1 value to isolate its e�ects on the system evolution. With this choice,

the dilaton is in thermal equilibrium and its thermal correction 1
2ϕ

2
0

(
λ0 +

λ1
6

)
T 2 = 1

2ϕ0γ0T
2 is

present in VHTE(ϕ0, ϕ1, T ).
In Figure 8.11, we present the early evolution of the system with the same initial conditions

as in the realistic scenario (note that the ϕ0(t = 0) and ϕ̇0(t = 0) are λ1 dependent, so they are
the same in a sense of the scale associated with λ1 value). The whole system exhibits non-trivial
oscillatory behavior and appears unstable due to the vastly increasing Ḣ. The solutions with
ϕ1 = ϕ̇1 = 0 are depicted in Figure 8.12 and fully reveal the instability.

We present the e�ective potential Veff (ϕ0, t) for the dilaton in this case in Figure 8.13a:

V
(0)
eff (ϕ0, t) = λ0ϕ

4
0 +

1

2
ϕ20

(
λ1
6

+ λ0

)
T 2
(
H(t)

)
+
ξ0
12
ϕ20
(
12H(t) + 6Ḣ(t)

)
, (8.28)

where the gravitational part is included as it a�ects the ϕ0 evolution. The e�ective potential
has a global minimum at ϕ0 = 0 for all t and becomes steeper over time. Consequently, the
dilaton rolls towards the minimum faster and faster.
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Figure 8.11: The evolution of the ϕi �elds and Hubble parameter H for early times in the
unrealistic model with λ1 = −10−4. For greater clarity, only the H0 = 0.1 GeV plots are
included.

One can also analyze the e�ective potential for the Hubble parameter H, treating it as a
�eld:

V
(H)
eff (H, t) = ξ0ϕ

2
0(t) ·H2 +

1

2
ϕ20(t)

(
λ1
6

+ λ0

)
T 2
(
H
)
. (8.29)

As shown in Figure 8.13b, the potential has a global minimum at the value H = 305 GeV for
all t and gets �atter over time. The Hubble parameter starts to roll rapidly in the early stages,
which destabilizes the system even more.

Thermal minimum as a starting point for dilaton

Here, we brie�y analyze the system's behavior when the dilaton �eld begins its evolution at
ϕ0(t = 0) = ⟨ϕ0⟩T +δx and ϕ̇0(t = 0) = δv, where ⟨ϕ20⟩ = −1+64λ1

192λ1
T 2 is its temperature minimum

value and δi are some relatively small quantities chosen arbitrarily. The initial conditions are
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Figure 8.12: The evolution of the dilaton �eld ϕ0 and Hubble parameter H in the unrealistic
model with λ1 = −10−4. For greater clarity, only the H0 = 0.1 GeV plots are included.
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Figure 8.13: Plots showing the shape of the dilaton �eld potential (8.28) and of the Hubble
parameter H potential (8.29) during the evolution depicted in Figure 8.12. The tmax is the
maximum value of the time axis shown in Figure 8.12.

then as follows:

ϕ0(0) = ⟨ϕ0⟩T + δx, ϕ̇0(0) = δv, ϕ1(0) = 10 GeV, ϕ̇1(0) = 300 GeV2, H(0) = 0.1 GeV.
(8.30)

Figure 8.14 illustrates the time evolution of both �elds and the Hubble parameter in this scenario.
Since the shape of the dilaton potential (8.28), depicted in Figure 8.13a, remains unchanged, the
system is unstable. The dilaton rapidly approaches zero, while the Hubble parameter evolves
to larger values. The potential for H (8.29) remains the same as in Figure 8.13b, but with a
di�erent minimum value, H = 153 GeV, due to the altered ϕ0 values.

8.2.3. Electroweak Symmetry Breaking

We analyze the realistic model late-time evolution of the Higgs scalar �eld separately, at
su�ciently low temperatures, after the dilaton has settled at its �nal value. At high temperatures,
the Higgs mean value is zero ⟨ϕ1⟩T = 0 GeV. However, since the Higgs �eld easily reaches the
thermal equilibrium, its equilibrium value includes a variance σ2 = T 2

12 . Consequently, it can
�uctuate away from the origin at any moment and evolve toward its physical ground state with
⟨ϕ1⟩ = 250 GeV as the temperature approaches zero. The initial conditions were chosen as
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Figure 8.14: The evolution of the ϕi �elds and Hubble parameter H for early times in the
unrealistic model with λ1 = −10−4 and dilaton starting point as its thermal minimum ⟨ϕ0⟩T .
For greater clarity, only the H0 = 0.1 GeV plots are included.

follows:

- As the dilaton stabilizes in the later stages of evolution, we �x its value at

ϕ0 =
√

−2λ2
λ1

· 250 GeV and set its �led space velocity to zero, ϕ̇0 = 0 GeV2;

- The initial Hubble parameter and temperature are chosen so that the potential exhibits
minima distinct from the origin, with T0 ≈ 30 GeV and H0 = 10−15 GeV.

Even at the lower temperatures, the Higgs oscillation frequency remains high. Through these
oscillations, particle production can occur, causing the Higgs particle to lose energy and even-
tually stop. This process is implemented in the equations of motion by modifying the friction
term for ϕ1 to include an e�ective decay term:

3Hϕ̇1 −→
(
3H + ΓH

)
ϕ̇1, (8.31)

where ΓH is the total Higgs decay width [62]: ΓH ≈ 4.1 MeV. Figure 8.15 illustrates the Higgs
�eld evolution incorporating the particle decay. The high oscillations are visible as the blue lines
almost entirely cover both plots. The average behavior of the ϕ1 �eld, marked by orange lines,
shows that the Higgs settles at its physical vev ⟨ϕ1⟩ = 250 GeV.

The evolution of the full Higgs potential over time, across di�erent temperatures, was pre-
viously illustrated in Figure 8.7. Figure 8.16 represents a close-up view of the potential near
the origin, allowing us to better examine the nature of the EWSB phase transition. Since the
potential Vfull(ϕ0 = v0, ϕ1, T ) includes quantum corrections that preserve scale symmetry, it
remains �at at the origin at all temperatures. The critical temperature is the only signi�cant
scale, marking the point at which the origin shifts from a minimum to a maximum and two de-
generate minima emerge. The absence of a barrier for the ϕ1 �eld signals a smooth, second-order
phase transition. Consequently, in this model, there is no gravitational waves production from a
�rst-order phase transition or bubble production.
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Figure 8.15: Plots of the further evolution of the Higgs �eld ϕ1 and its �eld space velocity ϕ̇1
are shown, with initial conditions set to ϕ1(0) = 10 GeV, ϕ̇1(0) = 0 GeV2, T0 = 30 GeV, and
H0 = 10−15 GeV. At this stage, the Hubble parameter and temperature remain constant over
time, therefore we do not present their plots. The blue lines represent the actual evolution,
which is highly oscillatory and thus appears as a �lled shape rather than a line. The orange
lines indicate the time-averaged values of the blue lines. The dimensionless time variable used is
τ = log 10(t/GeV).
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Figure 8.16: The close up of the plot of Vfull(ϕ0 = ⟨ϕ0⟩, ϕ1, T ) for di�erent temperatures around

the critical temperature, where ⟨ϕ0⟩ =
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global minimum at ⟨ϕ1⟩T = 0 GeV becomes a maximum, and two degenerate minima begin to
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Figure 8.17: Plot of the second derivative of the potential, Vfull(⟨ϕ0⟩, ϕ1, T ), at the origin with
marked critical temperature, TC ≈ 186 GeV, at which the second derivative changes sign. The
absence of discontinuous jumps in the second derivative indicates that the EWSB phase transition
is of second order.
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8.3. Conclusions

Temperature explicitly breaks the scale symmetry, as it introduces a mass scale. As shown
in Figure 8.7, the potential for the Higgs scalar, ϕ1, takes on a characteristic shape with two
degenerate minima after the temperature decreases, with the dilaton settling at its vev, ⟨ϕ20⟩ =
−2λ2

λ1
⟨ϕ21⟩. We demonstrated that there are possible initial conditions for the evolution of �elds in

the hot Universe to reach the physical vacuum state, where both scale and electroweak symmetry
are broken.

The process proceeds as follows: First, the electroweak symmetry is restored by temperature
corrections, keeping the Higgs �eld at the origin for high T . Meanwhile, the dilaton can evolve to
its desired value, setting the proper EW scale, ⟨ϕ20⟩ = −2λ2

λ1
⟨ϕ21⟩. Even after the dilaton settles at

its vev, the temperature may still be too high for the electroweak symmetry breaking (EWSB) to
occur. As T decreases, the Higgs scalar, which can easily reach the thermal equilibrium, can start
its further evolution towards the 250 GeV minimum due to the thermal �uctuations. As the Higgs

approaches its vev, it oscillates with a high frequency given by ω2
1 =

(
λ2+

λ1
6
λ1
6 +

g21
16+

3g22
16 +

h2t
4

)
T 2.

These oscillations can signal various physical phenomena. As the Universe cools, interactions
with other SM particles in the hot plasma can dissipate the Higgs energy, leading to the damping
of these oscillations. The Higgs may also decay into lighter SM particles, e�ectively converting
its oscillatory energy into radiation and matter, eventually stabilizing at its minimum. We reject
the possibility that the Higgs stops oscillating due to the Hubble friction, as the ω1 frequency is
dominated by the contributions from the top quark and gauge bosons, staying high compared to
the Hubble parameter H, throughout most of the cooling process and time evolution.

As indicated in Figure 8.16, which includes full thermal corrections, one-loop e�ects, and
RG improvement, the EW symmetry-breaking phase transition is second-order. Therefore, the
transition is smooth and does not produce abrupt changes, bubble formation, or gravitational
waves in this model.
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Chapter 9

In�ation in the Scale Symmetric

Standard Model

This Chapter explores the potential for in�ation within the framework of the scale-symmetric
Standard Model, focusing on the scalar sector of the Higgs �eld coupled with the dilaton immersed
in Weyl conformal geometry, based on the paper by author and her supervisor [36]. The tree-
level in�ationary scenarios of the similar Higgs-dilaton models have been extensively studied in
previous works in [2,6,37�39,43�45], including the implications of Weyl geometry [11,12,17], and
the impact of quantum corrections [3,40�42]. The novelty of this work lies in three key aspects:

1. The analysis of the Higgs-dilaton model coupled to Weyl geometry incorporating the kinetic
term for the dilaton. This addition is essential for dynamic mass generation, particularly
the µ subtraction scale, as discussed in Chapter 3.

2. The inclusion of quantum corrections through one-loop beta function within the framework
of Weyl conformal geometry, as this a�ects the form of the Einstein-Hilbert Lagrangian,
which plays a key role in the in�ationary dynamics of the model.

3. The incorporation of propagator suppression factors [41,42,89,90], present in models with
scalar �elds non-minimally coupled to the curvature. They impact the beta functions of
couplings, changing their RG evolution.

This approach extends the existing literature by addressing the e�ects of the dilaton's dynamics
and quantum corrections in the Weyl geometry model.

The chapter begins with a compact introduction to the notions necessary for understanding
the in�ationary theory discussed in subsequent sections. While these concepts are exhaustively
covered in many standard textbooks and cosmology lectures [91�93], a brief overview is provided
here for clarity and completeness of the work.

The large-scale homogeneity and isotropy of the Universe give rise to the Friedmann-Lemaître-
Robertson-Walker FLRW metric:

ds2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2

(
dθ2 + sin2 θdϕ2

))
, (9.1)

where t is the cosmic time and a(t) is the scale factor, characterizing the relative size of the
Universe. The parameter k determines the curvature of spacetime, with k = +1 for positive
curvature, k = 0 for �at geometry, and k = −1 for negative curvature. The evolution of the a(t)
re�ects the dynamics of the Universe and depends on its matter content, energy density ρ, and
isotropic pressure p. This evolution is governed by the Einstein �eld equations. Assuming a zero
cosmological constant (Λ = 0), the equations reduce to the Friedmann equations:(

ȧ

a

)2

= H2 =
ρ

3
− k

a2
, (9.2)
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ä

a
= Ḣ +H2 = −1

6

(
ρ+ 3p

)
. (9.3)

Here, H = ȧ
a is the Hubble parameter, representing the expansion rate of the Universe. The

Hubble time, t ∼ H−1, and the Hubble length, d ∼ H−1, set the scales for the age and size of
the observable Universe, respectively. At the present time t0, the scale factor is set to a(t0) = 1,
and the Hubble parameter has a current value of H0 = H(t0) = 70km/s

Mpc [94].
One can de�ne the equation of state parameter w = p/ρ, characterizing the relationship

between energy density ρ and isotropic pressure p. Speci�c values of w correspond to di�erent
types of matter or energy: w = 0 for non-relativistic matter, w = 1

3 for radiation or relativistic
matter, and w = −1 for the cosmological constant (possibly associated with dark energy).
Assuming a �at Universe, k = 0, the equations (9.2) and (9.3), give the solutions for the scale
factor a(t) as:

a(t) ∼
{

t
2
3
(1+w) w ̸= −1,

exp{Ht} w = −1.
(9.4)

To describe the geometry and matter content of the Universe, one introduces the critical density
ρc and the density parameter Ω:

Ω− 1 =
k(

aH
)2 , Ω =

ρ

ρc
, ρc = 3H2 (8πG ≡ 1). (9.5)

When ρ = ρc, the spatial geometry is �at, k = 0. The present knowledge, based on the observa-
tions of cosmic microwave background (CMB) and the large-scale structure, indicates that the
Universe is �at, with Ω = 1. Current estimates of the matter and energy composition of the
Universe suggest the following distribution: 4.6% baryonic matter, 24.5% cold dark matter, and
70.9% dark energy (cosmological constant) [95]:

Ωb = 0.046, ΩDM = 0.245, ΩΛ = 0.709. (9.6)

9.1. Big Bang Puzzles and Conditions for In�ation

According to the Big Bang Theory, the Universe began its evolution at t = 0 (one sets
a(t = 0) = 0) from a state of extremely high energy density. Following this moment, the
Universe went through a phase of decelerated expansion (ȧ > 0 and ä < 0). However, to evolve
to its current state, the Universe at the very beginning had to be in very precise, �ne-tuned
initial conditions, which raise several fundamental challenges. In this section, we brie�y outline
these issues, which are later addressed by the in�ationary theory.

Flatness problem:

Decelerated expansion requires ȧ > 0 and ä < 0, so that the ȧ decreases over time. Substi-
tuting aH = ȧ > 0 to the equation (9.5) one can observe that k

(aH)2
= k

ȧ2
grows with time. So

even if we start from su�ciently large ȧ, so that Ω ≈ 1 at the beginning, it is an unstable �xed
point. To obtain the �at Universe observed today, one needs Ω even closer to 1 in the past. For
example, we require |Ω− 1| ≤ O(10−16) at the nucleosynthesis epoch and |Ω− 1| ≤ O(10−64) at
the Planck epoch [94]. This is a very rigorous condition.

Horizon problem:

The photons that decoupled from the primordial plasma during recombination reveal almost
perfect isotropy, with temperature variations in the cosmic microwave background (CMB) on
the order of O(10−5) K. This suggests that the observed CMB regions should have been casually
connected. However, the situation is di�erent. Any two points separated by at least 1 degree
in the sky have distinct past light cones that do not overlap [92]. The question arises: How can
such distant regions of the Universe exhibit such extraordinary isotropy despite having no way
to exchange information or energy to equilibrate?
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9.1.1. Conditions for In�ation

Cosmic in�ation solves the �atness and horizon problems by proposing a period of rapid
exponential expansion in the very early Universe. This expansion drives Ω close to 1, regardless
of its initial value, and ensures that tiny, casually connected regions expand to encompass the
entire observable Universe, explaining its isotropy and homogeneity. The conditions for in�ation
are outlined below:

- Accelerated expansion (ä > 0): Relating the scale factor to the Hubble parameter, one
obtains the �rst slow-roll parameter, ϵ :

ä

a
= H2 + Ḣ = H2

(
1− ϵ

)
, ϵ = − Ḣ

H2
, (9.7)

where acceleration ä corresponds to ϵ < 1. Further, one de�nes the number of e-folds N
as dN = Hdt = d ln a, which gives ϵ = −d lnH/dN < 1.

- Negative pressure: Substituting the accelerated expansion condition ä > 0 into equation
(9.3) relates pressure p and energy density ρ as:

p < −1

3
ρ ⇒ w < −1

3
, (9.8)

which violates the strong energy condition for a perfect �uid.

- Decreasing comoving horizon: From ȧ > 0 and ä > 0, the comoving Hubble radius
(aH)−1 decreases over time:

d

dt

( 1

aH

)
= − ä

(aH)2
< 0. (9.9)

This ensures that Ω in equation (9.5) is driven to unity. After the in�ation ends, |Ω − 1|
increases with time, but a su�ciently long in�ationary period keeps Ω close to 1. For
in�ation to resolve the horizon problem, (aH)−1 must shrink by a factor of approximately
1028 times [92]. Assuming a constant Hubble parameter H ≈ const (which is a consequence
of ϵ = −d lnH/dN < 1), this corresponds to an approximate number of e-folds:

N =

∫
d ln a =

∫
1

aH
daH ≈ ln 1028 ≈ 64. (9.10)

- Constant energy density: From the continuity equation for a perfect �uid [92], ρ̇ =
−3H

(
ρ+ p

)
, combined with the second Friedman equation (9.3), one obtains:∣∣∣∣∣d ln ρd ln a

∣∣∣∣∣ = 2ϵ < 1. (9.11)

Therefore, in�ation requires a nearly constant energy density, which cannot be achieved
with conventional matter sources.

9.1.2. Scalar Field In�ationary Dynamics

The accelerated expansion of the Universe can be achieved using a model of a homogeneous
scalar �eld, ϕ = ϕ(t), to which we will refer as in�aton. Given its Lagrangian:

L
√
g
=

1

2
ϕ̇2 − V (ϕ), (9.12)
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the stress-energy tensor is derived as:

Tµν = ∂µϕ∂νϕ− gµν

(1
2
gαβ∂αϕ∂βϕ− V (ϕ)

)
. (9.13)

The energy density ρϕ = T 0
0 and pressure pϕ = −T ii of the scalar �eld are given by:

ρϕ =
1

2
ϕ̇2 + V (ϕ), pϕ =

1

2
ϕ̇2 − V (ϕ). (9.14)

The negative pressure condition from equation (9.8) leads to:

pϕ < −1

3
ρϕ ⇒ ϕ̇2 < V (ϕ), (9.15)

indicating that the potential energy of the in�aton must dominate over its kinetic energy. This
scenario requires a su�ciently �at potential.

The evolution of the in�aton �eld ϕ(t) and the scale factor a(t) is governed by the Friedmann
equation (9.2) and the equation of motion for the scalar �eld, respectively:

H2 =
1

3

(
1

2
ϕ̇2 + V (ϕ)

)
, (9.16)

ϕ̈+ 3Hϕ̇+
∂V (ϕ)

∂ϕ
= 0. (9.17)

The �rst slow-roll parameter ϵ, which quanti�es the rate of change of the Hubble parameter, can
be expressed as:

ϵ = − Ḣ

H2
=

1
2 ϕ̇

2

H2
=

3ϕ̇2

2V (ϕ) + ϕ̇2
, Ḣ = −1

2
ϕ̇2, (9.18)

where (9.3) and (9.16) have been used. The condition for accelerated expansion, ϵ < 1, leads
again to the domination of potential energy ϕ̇2 < V (ϕ).

For in�ation to solve the cosmological problems, the accelerated expansion must last for at
least N ≈ 60 e-folds. This requires that ϵ remains small throughout in�ation. To ensure this, a
second slow-roll parameter, η, is introduced to describe the rate of change of ϵ:

η =
d ln ϵ
dN

=
ϵ̇

Hϵ
= −2

Ḣ

H2
+ 2

ϕ̈

Hϕ̇
= 2
(
ϵ− δ

)
, (9.19)

where δ, the dimensionless acceleration of the scalar �eld, is de�ned as δ = −ϕ̈/(Hϕ̇). For
in�ation to persist, |η| < 1 and |δ| < 1 must hold. These conditions ensure that the in�aton
evolves slowly enough to sustain in�ation while maintaining the required �atness of the potential.

9.1.3. Slow-roll Approximation

In�ation occurs and persists under the conditions ϵ ≪ 1, |η| ≪ 1 and |δ| ≪ 1. We use these
conditions to simplify the equations of motion (9.16) and (9.17), which is called the slow-roll
approximation. When ϵ ≪ 1, the potential energy dominates over the kinetic energy and the
Friedmann equation (9.16) simpli�es to:

H2 ≈ 1

3
V, (9.20)

and the Hubble expansion is determined almost entirely by the potential energy of the scalar
�eld. The condition |δ| ≪ 1 leads to the neglect of the second derivative term in the scalar �eld
equation (9.17), giving:

3Hϕ̇ ≈ −∂V (ϕ)

∂ϕ
. (9.21)
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Using these approximations, the �rst slow-roll parameter ϵ can be expressed as:

ϵ ≈
M2
Pl

2

(
V ′(ϕ)

V (ϕ)

)2

≡ ϵV , (9.22)

where the Planck mass has been reintroduced. Further, taking the derivative of (9.21), one
de�nes:

δ + ϵ = − ϕ̈

Hϕ̇
− Ḣ

H2
≈M2

Pl

V ′′(ϕ)

V (ϕ)
≡ ηV . (9.23)

Here, ϵV and ηV are the potential slow-roll parameters. The successful in�ation occurs when
ϵV ≪ 1 and |ηV | ≪ 1. During slow-roll, the following relations hold: ϵV ≈ ϵ and ηV ≈ 2ϵ− 1

2η.
The number of e-folds during the slow-roll regime can be expressed as:

N =

∫ tend

t∗
H(t)dt =

∫ ϕend

ϕ∗

H

ϕ̇
dϕ =

1

MPl

∫ ϕend

ϕ∗

|dϕ√
2ϵ

≈ 1

MPl

∫ ϕend

ϕ∗

|dϕ|√
2ϵV

. (9.24)

Here, ϕ∗ = ϕ(t∗) marks the beginning of in�ation, whereas ϕend = ϕ(tend) corresponds to the end
of in�ation. Usually ϕend is determined by the condition ϵ = 1, though alternative conventions
may also be used, as will be discussed in subsequent analysis.

9.1.4. Constraints on In�ation from ACT DR6

In this section, we shortly summarize the most important �ndings from the ACT DR6 results
in combination with external datasets [96, 97], providing crucial constraints on the parameters
characterizing cosmic in�ation.

- Tensor-to-scalar ratio (r0.002): This parameter measures the relative amplitude of pri-
mordial tensor perturbations (gravitational waves) to scalar perturbations (density �uc-
tuations) generated during in�ation. Observations of CMB polarization set up the upper
limit on r0.002 as:

r0.002 < 0.035 (95% CL). (9.25)

- Scalar spectral index (ns): The scalar spectral index characterizes the scale dependence
of the power spectrum of scalar perturbations. A value of ns = 1 corresponds to a scale-
invariant spectrum, where �uctuations have the same amplitude across all scales. The
value of ns provides insight into the dynamics of in�ation and the shape of the in�aton
potential. Current constraints are:

ns = 0.974± 0.003 (68% CL). (9.26)

Both r and ns parameters relate to the slow-roll parameters determined at the beginning
of the in�ation as:

r0.002 = 16ϵ∗, ns − 1 = −6ϵ∗ + 2η∗. (9.27)

- Scalar amplitude (As): The scalar amplitude determines the initial conditions for the
growth of cosmic structures, a�ecting the amplitude of temperature anisotropies and po-
larization in the CMB. Planck 2018 reports [95]:

ln
(
1010As

)
= 3.044± 0.014. (9.28)

The scalar amplitude is related to the in�aton potential energy as:

As =
2

3π2r

V∗
M4
Pl

. (9.29)
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- Energy scale of in�ation: From the constraints on As and r, the upper bound on the
energy scale of in�ation is determined as:

V∗ =
3π2As

2
rM4

Pl <
(
1.6 · 1016 GeV

)4
(95% CL), (9.30)

which corresponds to an upper limit on the Hubble parameter in slow-roll approximation:

H∗
MP l

< 2.5 · 10−5 (95% CL). (9.31)

These constraints provide essential information for constructing and testing models of in�ation,
linking theoretical predictions to observational data.

9.2. From Jordan to Einstein frame in Weyl geometry

In this and the forthcoming sections, we analyze the in�ationary scenarios within the Higgs-
dilaton model framework presented in this thesis. We start with a Lagrangian (5.13):

L
√
g
= − 1

12

(
ξ0ϕ

2
0 + ξ1ϕ

2
1

)
R̃− 1

4
F̃µνF̃

µν +
1

2
D̃µϕ0D̃

µϕ0 +
1

2
D̃µϕ1D̃

µϕ1 − V (ϕ0, ϕ1), (9.32)

invariant under Weyl conformal transformations (4.8). Expanding R̃ and D̃µϕi, up to a total
derivative, one gets:

L
√
g
= − 1

12
ρ2R− q

4
Kµω

µ+
q2

8
Kωµω

µ+
1

2
∂µϕ0∂

µϕ0+
1

2
∂µϕ1∂

µϕ1−
1

4
F̃µνF̃

µν−V (ϕ0, ϕ1), (9.33)

where we de�ned:
ρ2 = ξ0ϕ

2
0 + ξ1ϕ

2
1, (9.34)

K = ρ2 + ϕ20 + ϕ21 = (ξ0 + 1)ϕ20 + (ξ1 + 1)ϕ21, Kµ = ∂µK. (9.35)

Next, we perform a transformation to the Einstein-frame, applying (4.8) on the metric and
Riemannian Ricci scalar R1, with:

Ω2 =
ρ2

6M2
=
ξ0ϕ

2
0 + ξ1ϕ

2
1

6M2
. (9.37)

The Lagrangian becomes:

L̂√
ĝ
=− 1

2
M2R̂+

1

Ω2

[1
2
∂µϕ0∂

µϕ0 +
1

2
∂µϕ1∂

µϕ1 −
q

4
Kµω

µ +
q2

8
Kωµω

µ
]
+

+
3M2

4
ĝµν
(
∂µ lnΩ

2
)(
∂ν lnΩ

2
)
− 1

4
F̃µνF̃

µν − V (ϕ0, ϕ1)

Ω4
.

(9.38)

To remove the Kµω
µ mixing term in (9.38), one introduces:

ω̂µ = ωµ −
1

q
∂µ lnK, (9.39)

1The Ricci scalar coupled to the scalar �elds transforms under (4.8) as:

− 1

12
ρ2R → −1

2
M2R̂+

3M2

4
ĝµν(∂µ lnΩ2)(∂ν lnΩ

2). (9.36)
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which transforms the Lagrangian further to:

L̂√
ĝ
=− 1

2
M2R̂+

1

Ω2

[1
2
∂µϕ0∂

µϕ0 +
1

2
∂µϕ1∂

µϕ1 −
1

8

KµK
µ

K
+
q2

8
Kω̂µω̂

µ
]
+

+
3M2

4
ĝµν
(
∂µ lnΩ

2
)(
∂ν lnΩ

2
)
− 1

4
ˆ̃Fµν

ˆ̃Fµν − V (ϕ0, ϕ1)

Ω4
.

(9.40)

The kinetic part of the above Lagrangian is non-canonical and reads:

L̂√
ĝ

∣∣∣
k.t.

=
1

Ω2

[1
2
∂µϕ0∂

µϕ0 +
1

2
∂µϕ1∂

µϕ1 −
1

8

KµK
µ

K

]
+

3M2

4
ĝµν
(
∂µ lnΩ

2
)(
∂ν lnΩ

2
)
. (9.41)

In terms of ϕi �elds it simpli�es to:

L̂√
ĝ

∣∣∣
k.t.

=
3M2

(
ξ0 (ξ0 + 1)ϕ20 + ξ1 (ξ1 + 1)ϕ21

)(
ξ0ϕ20 + ξ1ϕ21

)
2
(
(ξ0 + 1)ϕ20 + (ξ1 + 1)ϕ21

) (ϕ1∂µϕ0 − ϕ0∂µϕ1)
2. (9.42)

Since ωµ �eld �ate� the K radial direction (9.39), one can choose the following polar coordinates:

ϕ0 =
1√

1 + ξ0

√
K cos θ,

ϕ1 =
1√

1 + ξ1

√
K sin θ,

(9.43)

for which the kinetic part becomes the function of the θ angle only:

L̂√
ĝ

∣∣∣
k.t.

= 3M2(ξ0 + 1)(ξ1 + 1)
ξ0 cos

2 θ + ξ1 sin
2 θ

(ξ0 cos2 θ + ξ1 sin
2 θ + ξ0ξ1)2

(
∂µθ
)(
∂µθ

)
. (9.44)

Changing the variable to τ = tan θ, one gets:

L
√
g
= −1

2
M2R− 1

4
F̃µνF̃

µν +
q2

8

K

Ω2
ωµω

µ +
1

2
F 2(τ)

(
∂µτ

)(
∂µτ

)
− V (τ), (9.45)

where the hats have been omitted and:

F 2(τ) = 6M2
(
ξ0 + 1

)(
ξ1 + 1

) ξ0 + ξ1τ
2(

ξ0(ξ1 + 1) + ξ1τ2(ξ0 + 1)
)2(

τ2 + 1
) , (9.46)

V (τ) = 36M4λ0
(
ξ1 + 1

)2
+ λ1

(
ξ0 + 1

)(
ξ1 + 1

)
τ2 + λ2

(
ξ0 + 1

)2
τ4(

ξ0(ξ1 + 1) + ξ1τ2(ξ0 + 1)
)2 . (9.47)

Note, that we identify theM scale with the Planck mass,MPl, as −1
2M

2R is the Einstein-Hilbert
term. The stationary solutions for the τ �eld from the Euler-Lagrange equations derived with
the Lagrangian (9.45) are:

τ = 0, τ2 =
(ξ1 + 1) (2λ0ξ1 − λ1ξ0)

(ξ0 + 1) (2λ2ξ0 − λ1ξ1)

λ0=λ21/4λ2−−−−−−−→ − λ1
2λ2

· 1 + ξ1
1 + ξ0

. (9.48)

With the parameter space condition from the Subsection 5.2.1, λ0 =
λ21
4λ2

, the potential values at
the stationary solutions are:

V (τ = 0) = 9M4 λ21
λ2ξ20

> 0, V
(
τ = − λ1

2λ2
· 1 + ξ1
1 + ξ0

)
= 0. (9.49)

Figure 9.1 illustrates the potential (9.47) for example parameter space values so that the char-
acteristic features for small and large values of τ are visible.
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Figure 9.1: The plots of the potential V (τ) (9.47) for ξ0 = 1015 and ξ1 = 1010. For small τ , the
two degenerate, non-zero minima are visible. The τ = 0 is the maximum. For large τ values, the
potential becomes constant, with value (9.59).

Figure 9.2: Plots of δ for di�erent values of ξi and τ , where ξ1 = p · ξ0. The exclusion of certain
regions in the ξi parameter space follows from subsequent argumentation, as illustrated in Figure
9.3a. The right plot is evaluated for p = 1014.4.

Analyzing the Lagrangian (9.45) further reveals that the Weyl vector �eld, ωµ, e�ectively
�eats� the radial component K and acquires a mass:

m2
ω(τ) =

q2

4

K

Ω2
=

3

2
q2M2 (ξ0 + 1)(ξ1 + 1)(τ2 + 1)

ξ0(ξ1 + 1) + ξ1τ2(ξ0 + 1)
=

3

2
q2M2 · δ. (9.50)

For the values of ξi, studied later in this analysis, the δ parameter remains larger than 1 and
m2
ω ≳ 3q2

2 M
2. The Weyl gauge coupling q can have values larger than 1 (as shown in Section 6.3),

and ωµ mass can be of the order of the Planck mass scale or larger. Figure 9.2 further supports this
approximation. Consequently, for the energies below mω scale, the ωµ �eld e�ectively decouples
from the in�aton, for which the Lagrangian reads:

L
√
g
= −1

2
M2R+

1

2
F 2(τ)gµν∂µτ∂ντ − V (τ). (9.51)

We brie�y outline the number of independent variables in the parameter space of our model.
Using the parameter space conditions discussed in Subsection 5.2.1, namely:

1

λ1
= −16

(
6M2

Pl

ξ0⟨ϕ21⟩
− ξ1
ξ0

+ 1

)
, λ2 =

1

32

(
1 + 16λ1

)
, λ0 =

λ21
4λ2

, (9.52)
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and imposing the relation ξ1 = p · ξ0, one can express all the quantities in terms of ξ0 and p.
This reduces the parameter space to just two independent variables.

9.3. Slow-Roll In�ation: Classical Level

With the Lagrangian of the form (9.51), the canonical �eld variable reads:

σ(τ) =

∫ τ

vτ

dxF (x). (9.53)

The integral above can only be evaluated numerically, which complicates the calculation of
in�ationary slow-roll parameters. However, for the τ �eld with a non-canonical kinetic term, the
slow-roll parameters can be modi�ed to2:

ϵV (τ) =
M2
Pl

2F 2(τ)

(
V ′(τ)

V (τ)

)2

, (9.55)

ηV (τ) =
M2
Pl

F 2(τ)

(
V ′′(τ)

V (τ)
− F ′(τ)

F (τ)

V ′(τ)

V (τ)

)
(9.56)

and the number of e-folds is:

Ne =

∫ τend

τ∗

dτ√
2ϵV (τ)

, (9.57)

where τend is established as the end of in�ation as ηV (τend) = −0.00953, whereas τ∗ is the
beginning of in�ation for which one has ϵV (τ∗) ≪ 1 and ηV (τ∗) > −0.0095.

In analyzing the parameter space of ξ0 and p, we especially pay attention to the value of the
in�ationary potential (9.47) for large τ :

V∞ = lim
τ→∞

V (τ) =
36λ2
ξ21

M4
Pl, (9.59)

which represents its maximum value potentially reached during in�ation. This value is con-
strained from above by the Planck 2018 bound (9.30):

V
1/4
∗ < 1.6 · 1016GeV. (9.60)

Figure 9.3a shows the region plot of the parameter space for ξ0 and p that satis�es V∞ ≤ V∗,
giving the constraint:

log10 p ≥ − log10 ξ0 + 4.4. (9.61)

The second slow-roll parameter ηV (τ) has a non-zero limit when:

lim
τ→∞

ηV (τ) =
1

3

(
− 2ξ0 +

λ1ξ1
λ2

)
= ηV (∞) < 0. (9.62)

2These modi�ed formulas can be derived similarly to the standard expressions in Section 9.1, with the change
of Lagrangian to (9.51). This leads to the energy density ρτ and pressure pτ for the τ �eld:

ρτ =
1

2
F (τ)2τ̇2 + V (τ), pτ =

1

2
F (τ)2τ̇2 − V (τ). (9.54)

3The ACT DR6 in combination with external datasets [96,97] constraint the ηV value in the slow-roll regime:

ηV = −95+23
−30 × 10−4 (68% CL). (9.58)
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Figure 9.3: (a): Region plot of the parameter space for which V∞ ≤ V∗. The constraint can be
approximated by the inequality log10 p ≥ − log10 ξ0 + 4.4. (b): Plot illustrating the constraint
ηV (∞) > −0.0095− 0.0030, resulting from (9.62), limiting ξ0 to log10 ξ0 ≲ −1.727.
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Figure 9.4: Plots of the parameter space satisfying the slow-roll conditions. The minimum p
values correspond to the boundary values determined by inequality (9.61).

To ful�ll slow-roll conditions during in�ation, one obtains a constraint ηV (∞) > −0.0095−0.0030,
illustrated in Figure 9.3b. This results in inequality:

log10 ξ0 ≲ −1.727. (9.63)

The example regions of ξ0, p and τ where the slow-roll parameters ϵV (τ) and ηV (τ) ful�ll the
ACT DR6 conditions [96, 97]:

ϵV < 0.0024, ηV = −95+23
−30 · 10

−4, (9.64)

ensuring successful in�ation, are illustrated in Figure 9.4, where both regions do not depend on
the choice of p value. The ηV condition imposes a more rigorous constraint on the parameter
space.

Next, the number of e-folds is calculated using equation (9.57), and its value is evaluated
for di�erent starting points τ∗ ≥ τend. Choosing the τ∗ values for which Ne ∈ ⟨50, 60⟩, one can
determine the in�ationary indexes as:

ns = −6ϵV (τ
∗) + 2ηV (τ

∗) + 1, r = 16ϵV (τ
∗). (9.65)
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Figure 9.5: Left: Parameter space points used to generate the corresponding r0.002(ns) plot on
the right. The dark gray dotted line marks the constraint log10 p = − log10 ξ0 + 4.4. Right:

Tensor-to-scalar ratio r0.002 as a function of the scalar spectral index ns in the model with the
in�aton �eld τ . The black dashed line corresponds to the experimental value, ns = 0.974, and
the gray dashed line to ns = 0.974 + 0.003. Variations in ξ0 and p lead to small di�erences in
ns, as illustrated in Figure 9.7.
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Figure 9.6: Tensor-to-scalar ratio r0.002(ns) for ξ0 = 10−1.71 and ξ0 = −1.86 with p = 106.5

at di�erent in�ationary endpoints, determined by ηV (τend). The numerical labels above the
points indicate the corresponding ηV (τend) values. The black dashed line corresponds to the
experimental value, ns = 0.974, and the gray dashed line to ns = 0.974 + 0.003.

Figure 9.5 shows the region of the parameter space used to calculate ns and r0.002 , along with
the function r0.002(ns). When the end �eld point of in�ation is de�ned as ηV (τend) = −0.0095,
the resulting ns values are inconsistent with the ACT DR6 bound (9.26). Figure 9.7 illustrates
the impact of ξ0 and p on r0.002 and ns for ηV (τend) = −0.0095. However, one can rede�ne the
τend, consistently with (9.64), and a�ect the ns values so that proper results are possible. These
revised results, consistent with the bounds (9.25) and (9.26), are shown in Figure 9.6, where
ξ0 = 10−1.86 and ξ0 = −1.77 with p = 106.5. Figure 9.7 further illustrates how the values of ξ0
and p impact r0.002 and ns.
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dependence.

9.4. Slow-Roll In�ation: Quantum Level

In the previous section, we demonstrated that in�ation is possible within a classical framework
for a certain parameter space. Here, we extend our analysis by implementing quantum corrections
to the in�ationary potential (9.47) by including one-loop e�ective potential and RG improving
it by incorporating the renormalization group equations for the couplings.

When deriving the one-loop e�ective potential for the Higgs-dilaton sector in Chapter 5, we
adopted the scale-symmetric quantum corrections approach, outlined in Chapter 3. This choice
was motivated by the scale symmetry of the tree-level Jordan frame Lagrangian (5.28). How-
ever, this symmetry is broken in the Einstein frame, where the conformal transformation (4.8)
introduces a mass scale M to canonize the gravitational sector. This raises an important ques-
tion when deriving quantum corrections in in�ationary theory: Should one use the Jordan frame
one-loop potential and transform it to the Einstein frame via (4.8), or should one renormalize

89



the theory directly in the Einstein frame? Moreover, are these two approaches equivalent?
In this chapter, we take a di�erent approach compared to Chapter 5. Firstly, we no longer

neglect the impact of the Weyl sector on the Higgs dilaton framework. Secondly, we want to
account for quantum corrections associated with gravity, which are crucial in the context of
in�ation but were previously omitted. These considerations make the direct renormalization of
the Einstein frame Lagrangian more suitable for our present analysis. However, obtaining the
RG equations directly from the Einstein frame turns out to be a technically challenging task
due to the complexity of the in�aton Lagrangian (9.51). Consequently, we follow the approach
of [98], which shows that the one-loop e�ective potentials obtained in the Jordan and Einstein
frames can be equivalent, provided that the renormalization is performed appropriately in each
frame. In the Jordan frame, the renormalization is carried out with a �eld-dependent subtraction
scale µ(ϕ), consistent with the scale-symmetric prescription where µ depends on the dilaton �eld,
as discussed in [21�25, 31, 55]. In contrast, the Einstein frame renormalization proceeds with a
conventional constant scale, µ = const.

Therefore, in this chapter, we compute the one-loop e�ective potential for the in�aton �eld
τ directly in the Einstein frame, where the gravity sector is canonical. This allows us to apply
standard methods, as in [99�101]. The beta functions, however, are derived following the Jordan
frame prescription, which is more straightforward.

Following the approach of [41, 42, 89, 90], it is crucial to account for the propagator suppres-
sion factors, cϕi , which arise from modi�cations to the canonical commutation relations. In the
presence of non-minimal couplings of the scalar �eld to gravity, such as the ξiϕ21R terms, the
standard commutation relations,

[
ϕ(x), ϕ̇(y)

]
, are altered. This originates from the fact that the

scalar �eld's kinetic term is non-canonical in the Einstein frame. To derive the corresponding
suppression factors, one utilizes the fact that the �elds ϕi commute with their canonical momen-
tum πi when the gravity sector is canonical, i.e., in the Einstein frame. Let's denote the kinetic
term of the Einstein frame Lagrangian (9.51) as:

LE√
gE

∣∣∣∣∣
k.t.

=
1

2
F 2(τ)g0νE ∂ντ∂0τ =

1

2
g0νE ∂νσ∂0σ, (9.66)

where the subscript E denotes the quantities in the Einstein frame, σ is the canonical �eld (9.53)
and F 2(τ) =

(
∂σ/∂τ

)2
. The canonical momentum for the scalar �eld ϕi reads:

πi =
∂LE

∣∣
k.t.

∂ϕ̇i
=

√
gE

1

2
g0νE · ∂

∂ϕ̇i

(
∂νσ∂0σ

)
=

1

2
Ω2√gg0ν · ∂

∂ϕ̇i

(
∂νσ∂0σ

)
=

=
1

2
Ω2√g · ∂

∂ϕ̇i
σ̇2 =

1

2
Ω2√g · 2σ̇ ∂σ

∂ϕi
= Ω2√g

(
∂σ

∂ϕi

)2

ϕ̇i = Ω2√gF 2(τ)

(
∂τ

∂ϕi

)2

ϕ̇i,

(9.67)

where Einstein frame metric functions transformed to the Jordan-frame ones have the forms√
gE = Ω4√g and gµνE = Ω−2gµν , with Ω2 de�ned in (9.37). By imposing

[
ϕi(x), πj(y)

]
=

iδijδ
(3)
(
x⃗− y⃗

)
, one �nds:

[
ϕi(x), πi(y)

]
= Ω2√gF 2(τ)

(
∂τ

∂ϕi

)2[
ϕi(x), ϕ̇i(y)

]
, (9.68)

[
ϕi(x), ϕ̇i(y)

]
=

i

a3
· cϕi · δ

(3)
(
x⃗− y⃗

)
, (9.69)

where the suppression factors cϕi are de�ned as:

cϕi =
1

Ω2
(
∂σ
∂ϕi

)2 =
1

Ω2F 2(τ)

(
∂ϕi
∂τ

)2

. (9.70)
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Figure 9.9: Plots of the suppression factors cϕi(τ) (9.70), for ξ0 = 10−2 and ξ1 = 105. Note the
di�erent τ scales on each plot. The low τ �eld value limits are limτ→0 cϕ0 = 0 and limτ→0 cϕ1 = 1.

The derivatives ∂ϕi∂τ can be determined from equation (9.43). Figure 9.9 illustrates the depen-
dence of the suppression factors cϕi(τ) on the in�aton �eld τ , for an example parameter space.
These factors suppress the ϕi propagators, especially in the large-τ regime where in�ation occurs.
This suppression signi�cantly a�ects the β-functions for Standard Model and dilaton couplings,
as discussed in [41, 42, 89], from where all the β-functions for λi, ξi, and yt, g1 and g2 can be
read. Particularly, the β-functions for the non-minimal couplings ξi are:

βξ0 =
1

94π)2

(
24c0λ0

(
ξ0 + 1

)
+
(
3 + c1

)
λ1
(
ξ1 + 1

))
,

βξ1 =
1

94π)2

(
4c0λ1

(
ξ0 + 1

)
+

(
12
(
1 + c1

)
λ2 −

3

2

(
3g21 + g22 − 4y2t

))(
ξ1 + 1

))
,

(9.71)

where we set the notation cϕi = ci. For the SM couplings g1, g2, g3 and yt, we have:

βg1 =
1

(4π)2
40 + c1

6
g31, βg2 =

1

(4π)2
−(20− c1)

6
g32, βg3 =

1

(4π)2
(
− 7g33

)
,

βyt =
1

(4π)2
yt

(
9

2
c1y

2
t −

17

12
g21 −

9

4
g22 − 8g23

)
.

(9.72)

We neglect the running of λ0, λ1, and ξ0, as their beta functions are negligible. The signi�cant
changes occur in the RG equation of λ2 coupling, which beta function is modi�ed as follows
[41,42,89]:

βλ2 =
1

(4π)2

(
2c20λ

2
1+24

(
1+3c21

)
λ22−6λ2

(
3g21+g

2
2−4y2t

)
+

3

32

(
(g21+g

2
2)

2+2g42
)
− 3

2
y2t

)
. (9.73)

In the limit cϕ0 → 1 and cϕ1 → 1, corresponding to unmodi�ed commutation relations, (9.71),
(9.72) and (9.73) reduce to the standard β-functions as provided in equation (A.1).

The running of the in�aton �eld is determined by the anomalous dimensions of the Higgs
�eld γH = d lnϕ1

d lnµ and the dilaton �eld γG = d lnϕ0
d lnµ , which are equal to [22,63,64]:

γH =
2(

4π
)2
(
9

4
g21 +

3

4
g22 − 3y2t

)
, γG = 0. (9.74)

Consequently, we obtain:

d ln τ

d lnµ
=

d

d lnµ

√
1 + ξ1
1 + ξ0

ϕ1
ϕ0

=
d lnϕ1
d lnµ

= γH . (9.75)
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Figure 9.10: Running of the coupling constants λ0, λ1, λ2, ξ0, ξ1, g1, g2, g3 and yt with the energy
scale µ. The most signi�cant e�ect is observed in the high-energy behavior of the λ2, where
suppression factors ensure that this coupling remains positive.

To RG improve the potential (9.86), we make the replacement τ → exp
(
Γ(µ)

)
τ , where:

Γ(µ) =

∫ µ

⟨ϕ1⟩
γH(µ

′)d lnµ′. (9.76)

Figures 9.10 and 9.11 illustrate the running of couplings and in�aton �eld with the energy
scale µ in two cases: the regular scenario (cϕi = 1) and the scenario including the suppression
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Figure 9.11: The running of the in�aton �eld τ with the energy scale µ, according to equa-
tion (9.75).

factors e�ects (cϕi ̸= 1). The initial values αi
(
µ0
)
, with µ0 = ⟨ϕ1⟩ = 250 GeV, are given by:

Iλ0 =
I2λ1
4Iλ2

, Iλ1 = − 1

16

(
6M2

P

Iξ0⟨ϕ21⟩
− p+ 1

)−1

, Iλ2 =
1

32

(
1 + 16Iλ1

)
, Iξ1 = p · Iξ0 ,

Ig1 = 0.35940, Ig2 = 0.64754, Iyt = 0.95113,

(9.77)

where the individual relations come from the parameter space analysis in Section 5.2.1.
The running of the couplings is independent of the initial conditions. The most signi�cant

di�erence appears in the Higgs-quartic coupling λ2. Due to the suppression introduced by the cϕi
factors, λ2 remains positive across all energy scales, up to 103MP , which is the maximum µ scale
showed in the plots. This behavior arises because, in the presence of cϕi ̸= 1, the beta function
of yt is dominated by the negative contributions of the gauge couplings gi. Consequently, at high
energies, yt takes smaller values compared to the case where cϕi = 1. As a result, the negative
contribution of yt to the beta function of λ2 is reduced, preventing λ2 from turning negative at
high energies.

One-loop e�ective potential for the in�ation �eld τ is derived based on [99], where for the
canonically normalized Lagrangian in the Einstein frame:

L
√
g
= −1

2
M2
PR+

1

2
gµν∂µσ∂νσ − V (σ), (9.78)

one-loop quantum corrections take the form4:

V1−loop(σ) = V (σ) +
1

64π2

[
nσM4(σ) log

∣∣M2(σ)
∣∣

cσµ2
+ n′σ

R2

144
log

∣∣M2(σ)
∣∣

µ2

]
, (9.80)

where cσ = e3/2, nσ = 1, n′σ = − 2
15 , M

2(σ) = m2(σ)− R
6 and:

m2(σ) =
∂2V (σ)

∂σ2
= m2(τ) =

1

F 2(τ)

(
∂2V (τ)

∂τ2
− ∂V (τ)

∂τ

∂F (τ)/∂τ

F (τ)

)
, (9.81)

where V (τ) and F (τ) are given in equations (9.47) and (9.46) respectively, V (σ) = V (τ) and
consequently V1−loop(σ) = V1−loop(τ). During in�ation, the space-time has the de Sitter form,
and the curvature, R = 12H2

inf , with large Hinf , gives a dominant contribution over m2(τ).

4We apply the results from [99] during the in�ation, where the space-time has the de Sitter form, with:

R = 12H2, RµνR
µν = 36H4, RµνρσR

µνρσ = 24H4. (9.79)
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The ϕ1 �eld, being the Higgs boson neutral component, couples to the SM particles, which
give important contributions to the potential at the one-loop level. The most dominant are
W±, Z0 bosons, and the top quark, and Gi Goldstone bosons from (5.3), with the Jordan frame
masses:

m2
W (ϕ1) =

g22
4
ϕ21, m2

Z(ϕ1) =
g21 + g22

4
ϕ21, m2

t (ϕ1) =
y2t
2
ϕ21,

m2
G(ϕ0, ϕ1) = 2λ1ϕ

2
0 + 4λ2ϕ

2
1.

(9.82)

After transformation (4.8) to the Einstein frame, they depend on the in�aton �eld as follows:

m̂2
W,Z(τ) =

m2
W,Z

(
ϕ1(τ)

)
Ω2
(
(ϕ0(τ), ϕ1(τ)

) , m̂2
t (τ) =

m2
t

(
ϕ1(τ)

)
Ω2
(
(ϕ0(τ), ϕ1(τ)

) ,
m̂2
G(τ) =

m2
G

(
ϕ0(τ), ϕ1(τ)

)
Ω4
(
(ϕ0(τ), ϕ1(τ)

) , (9.83)

where ϕi(τ) can be read from (9.43). The SM particles' contribution to the one-loop e�ective
potential then reads [99]:

V1−loop(τ)
∣∣∣
SM

=
1

64π2

∑
i=W,Z,t

[
niM4

i (τ) log

∣∣M2
i (τ)

∣∣
ciµ2

+ n′i
R2

144
log

∣∣M2
i (τ)

∣∣
µ2

]
, (9.84)

where:

M2
W (τ) = m̂2

W (τ) + R
12 , cW = e5/6, nW = 6, n′W = −34

5 ,

M2
Z(τ) = m̂2

Z(τ) +
R
12 , cZ = e5/6, nZ = 3, n′Z = −17

5 ,

M2
t (τ) = m̂2

t (τ) +
R
12 , ct = e3/2, nt = −12, n′t =

38
5 ,

M2
G(τ) = m̂2

G(τ) +
R
6

(
ξ1 − 1

)
, cG = e3/2, nG = 3, n′G = − 6

15 .

(9.85)

Finally, the full one-loop e�ective potential for the in�aton �eld τ reads:

V1−loop(τ) = V1−loop(τ)
∣∣∣
σ
+ V1−loop(τ)

∣∣∣
SM

, (9.86)

with the corresponding contributions given in equations (9.80) and (9.84).
To apply the RG improvement to the potential (9.86), an appropriate choice of the running

energy scale µ is required to minimize quantum corrections, particularly the logarithmic terms
in V1−loop(τ). Based on the approximate constancy of energy scales during in�ation, we adopt
an approach with constant µ5. Given that the characteristic energy scale during in�ation is the
Hubble parameter Hinf , which remains nearly constant along with the potential energy during
slow-roll, we set µ = Hinf . The Hubble scale is determined numerically using the equation (9.20):

H2
inf =

V1−loop(τ = 102, Hinf , µ = Hinf )

3M2
P

, (9.87)

where τ = 102 is chosen as the value at which the potential is su�ciently �at and lies within the
in�ationary regime.

The RG improvement of the potential (9.86) is implemented by solving the RG equations
(9.71), (9.72) and (9.73) for ξi, λ2, and the SM couplings, and then evaluating them at µ =
Hinf . As argued earlier in this chapter, we neglect the running of λ0, λ1, and ξ0. Finally, the
in�aton �eld is modi�ed according to equations (9.75) and (9.76), leading to the replacement
τ → exp

(
Γ(µ = Hinf )

)
τ .

5As discussed in [99], one can choose µ in a way that the logarithms vanish. However, this prescription
introduces an ambiguity in the de�nition of µ, and the quantum potential behavior can still be compromised. A
common alternative is to set µ = a · f(ϕ) + b · R, where f(ϕ) is a �eld-dependent function. In the framework
considered here, this choice reduces to a constant µ in the in�ationary regime of τ . For this reason, we adopt the
constant-µ approach.
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Figure 9.12: Plots of the RG-improved e�ective potential VRGI(τ) (solid lines) and the tree-level
potential V (τ) (dashed lines) for selected parameter space values. Quantum corrections reduce
the potential values slightly, by less than an order of magnitude.

Figure 9.13: Region plot of the allowed values of ξ0 and p for which VRGI(τ) does not exceed
the bound (9.60). The result can be approximated by the inequality log10 p ≥ − log10 ξ0 + 4.2,
marked by the black dashed line. For comparison, the tree-level result log10 p ≥ − log10 ξ0 + 4.4
is indicated by the orange dashed line.

Figure 9.12 compares the RG-improved one-loop potential, V1−loop(τ, µ = Hinf ) = VRGI(τ),
with the tree-level potential V (τ). The plots are shown for τ ≥ 1, where the choice of a constant
µ is justi�ed. Quantum corrections lower the potential energy. As a consequence, the parameter
space satisfying the Planck 2018 bound (9.60) is enlarged compared to the tree-level case, as
illustrated in Figure 9.13. The constraint can be approximated by the inequality log10 p ≥
− log10 ξ0 + 4.2.

The general expressions for the slow-roll parameters ϵV and ηV were derived for the one-loop
e�ective potential V1−loop(τ) from equation (9.86). The couplings were then evaluated at the
energy scale µ = Hinf , and the in�aton �eld was rescaled as τ → exp

(
Γ(µ1)

)
τ . Following

the same steps as in Section 9.3, we computed the scalar spectral index ns and the tensor-to-
scalar ratio r0.002, focusing on Ne = 50. Since the results for Ne = 60 are nearly identical,
they are omitted for clarity. The function r0.002(ns) is illustrated in Figure 9.14, along with a
comparison to the tree-level case. The endpoint of in�ation in this plot is de�ned by the condition
ηV (τend) = −0.0095. As in the classical scenario, the obtained ns values are inconsistent with
(9.26). Therefore, we further analyze the impact of the ηV (τend) choice on r0.002(ns), consistently
with (9.64). This dependence is illustrated in Figure 9.15 for ξ0 = 10−1.86 and ξ0 = 10−1.77 with
p = 106.5, along with a comparison to the tree-level case. The results demonstrate that physically
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Figure 9.14: Left: Parameter space points used to derive the r0.002(ns) function shown in the
right panel. The dotted gray line marks the boundary of the tree-level constraint, given by
log10 p ≥ − log10 ξ0 + 4.4. Right: The function r0.002(ns), computed using the RG improved
potential VRGI(τ), for the endpoint of in�ation de�ned as ηV (τend) = −0.0095 and Ne = 50.
The results are compared with the tree-level r0.002(ns) function for the same parameters, as
illustrated in Figure 9.5.

-0.0125

-0.0115

-0.0105

-0.0095

-0.0125

-0.0115

ξ0=10-1.86

ξ0=10-1.86

ξ0=10-1.86

ξ0=10-1.86

ξ0=10-1.77

ξ0=10-1.77

V(τ)

V1(τ)

0.0 0.2 0.4 0.6 0.8
δns (10-2)1. × 10-5

5. × 10-5

1. × 10-4

5. × 10-4

0.001

r0.002

ns = 0.974 + δns

Figure 9.15: Tensor-to-scalar ratio r0.002(ns) for ξ0 = 10−1.71 and ξ0 = −1.86 with p = 106.5

at di�erent in�ationary endpoints, determined by ηV (τend) and Ne = 50. The numerical labels
above the points indicate the corresponding ηV (τend) values. The black dashed line corresponds
to the experimental value, ns = 0.974, and the gray dashed line to ns = 0.974+0.003. The results
are compared with the tree-level r0.002(ns) function for the same parameters, as illustrated in
Figure 9.6.

viable results of ns can be achieved within the Higgs-dilaton model. Finally, since the quantum
corrections introduce only minor deviation from the tree-level results, the impact of ξ0 and p on
ns and r0.002 for ηV (τend) = −0.0095 follows the same pattern as in the tree-level analysis, as
shown in Figure 9.7.
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Figure 9.16: Diagrams contributing to W+
LW

−
L →W+

LW
−
L scattering amplitude.

9.5. Unitarity Bounds

In the Einstein frame, the gravity is in its canonical form. Therefore, the unitarity cuto�
resulting from the interactions involving gravitons is of the order of the Planck mass. However,
the SM gauge sector changes due to the conformal transformation (4.8) and changing to the
polar coordinates (9.43). This can induce unitarity violation above some energy scale, which we
aim to �nd below.

We analyze the behavior of scattering amplitudes for speci�c processes, particularly the lon-
gitudinal W boson scattering W+

LW
−
L →W+

LW
−
L . Figure 9.16 illustrates the relevant Feynman

diagrams contributing to this process. In the high-energy limit (s, t ≫ m2
W ), the leading con-

tributions from the s− and t−channel exchange of the photon and Z0, along with the 4-point
gauge interaction give [102�104]:

A
(
W+
LW

−
L →W+

LW
−
L

)∣∣∣
gauge

= −1

4
g22

1

m2
W

u+O(1), (9.88)

where u is the Mandelstam variable, u = 4m2
W − s − t. This amplitude grows with energy,

signaling a potential violation of unitarity at high energies. However, the Higgs boson exchange
in the s and t channels introduces a contribution of [102�104]:

A
(
W+
LW

−
L →W+

LW
−
L

)∣∣∣
Higgs

= +
1

4
g22

1

m2
W

u+O(1), (9.89)

which precisely cancels the problematic energy-growing term in the SM, ensuring a well-behaved
amplitude in the high-energy limit. However, in the theories where the Higgs-W interaction is
modi�ed, such as our model, this cancellation may not occur.

We now examine the unitarity constraints in the Einstein frame Lagrangian of in�ationary
theory presented in this work. The charged W± bosons couple to the neutral Higgs component
ϕ1 through the interaction term:

LHiggs−W√
g

∼ g22
4
gµνW+

µ W
−
ν · ϕ21. (9.90)

After applying a conformal transformation and changing to polar coordinates, this becomes:

L̂Higgs−W√
ĝ

∼ 1

Ω2

g22
4
ĝµνW+

µ W
−
ν · 1

1 + ξ1
K · τ2

1 + τ2
, (9.91)
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Figure 9.17: Plot of the R2(τ0) parameter, de�ned in (9.98). The τ0 values for each plot point
were determined as a τ∗ for a corresponding parameter space point.

where Ω2 is de�ned in equation (9.37). K is an arbitrary scale, chosen to obtain proper vacuum
expectation values for ϕi �elds in equation (9.43):

K =

(
− 2λ2

λ1

(
1 + ξ0

)
+
(
1 + ξ1

))
⟨ϕ21⟩, ⟨ϕ1⟩ = 250 GeV. (9.92)

Consequently, the Higgs−W interaction is modi�ed to:

L̂Higgs−W√
ĝ

∼ g22
4
ĝµνW+

µ W
−
ν · f(τ), (9.93)

where:

f(τ) =
1

Ω2

K

1 + ξ1

τ2

1 + τ2
= 6M2 (1 + ξ0)τ

2

ξ0(1 + ξ1) + ξ1(1 + ξ0)τ2
. (9.94)

With the non-canonical kinetic term for the in�aton �eld:

1

2
F 2(τ)ĝµν∂µτ∂ντ =

1

2
ĝµν∂µσ∂νσ, F (τ) =

∂σ

∂τ
, (9.95)

we expand (9.93) around the τ0 background, with τ = τ0 + δτ and δτ · F (τ0) = δσ:

L̂Higgs−W√
ĝ

∼ g22
4
ĝµνW+

µ W
−
ν ·

(
f(τ0) +

f ′(τ0)

F (τ0)
δσ +

f ′′(τ0)

2F 2(τ0)
δσ2 + . . .

)
. (9.96)

Consequently, the WWσ vertex with canonical σ �eld reads:

gWWσ =
g22
4

f ′(τ0)

F (τ0)
. (9.97)

De�ning the relative change of the interaction as:

R(τ0) =
gWWσ

g2mW (τ0)
=

1

2

f ′(τ0)

F (τ0)
√
f(τ0)

, (9.98)

the amplitude for the Higgs exchange now reads:

A
(
W+
LW

−
L →W+

LW
−
L

)∣∣∣
Higgs

≃ +
1

4
g22
R2(τ0)

m2
W

u+O(1). (9.99)
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Figure 9.18: Cuto� scale ΛUV as a function of τ0 for di�erent parameter-space points. The black
dashed line indicates the vacuum expectation value ⟨τ0⟩.

In the SM, R = 1 and the Higgs exchange process cancels the amplitude in (9.88)6. In the case of
the theory presented in this paper, we examine the cancellation of amplitudes and the resulting
unitary cuto� by the sum of both amplitudes:

A
(
W+
LW

−
L →W+

LW
−
L

)
≃ g22

4

u

m2
W (τ0)

(
− 1 +R2(τ0)

)
. (9.100)

Figure 9.17 presents the R2(τ0) values for di�erent ξ0, p and τ0 = τ∗ for a given parameter space
with ηV (τend) = −0.0095 and Ne = 50. Values are signi�cantly smaller than 1. Therefore, the
unitarity cuto� in the in�ationary background is dominated by the gauge bosons' contribution:

ΛUV

∣∣∣
R≪1

∼
√
8π
mW (τ0)

g2/2
= 8

√
3πMP τ0

√
1 + ξ0

ξ0(1 + ξ1) + ξ1(1 + ξ0)τ20

ξ1≫1−−−−−−−−−−→
ξ0≪1,τ0≲1

MP√
ξ1
.

(9.101)
The cuto� always exceeds the values of in�ationary potential V (τ)1/4. For a background value
τ0 = τ∗, the cuto� exceeds the in�ationary energy scale V (τ∗)1/4 by a factor of 11.9236, ensuring
the validity of our results. The asymptotic behavior MP /

√
ξ1 matches the cuto� in the in�a-

tionary regime found in Higgs in�ation models with a non-minimal coupling in the in�ationary
large �eld background [105,106].

The full τ0-dependent cuto� reads:

ΛUV =
√
8π
mW (τ0)

g2/2

1√
−1 +R2(τ0)

, (9.102)

and is illustrated in Figure 9.18. In the vacuum limit (τ0 ≪ 1), the cuto� is signi�cantly lower
than in the in�ationary background, in particular:

ΛUV
ξ1≫1−−−−−−−−−−−→

ξ0≪1,τ0≪1

MP

ξ1
. (9.103)

The asymptotic behavior (9.103) agrees with the Higgs in�ation models from the literature [105,
106].

6The pure Yang-Mills sector is invariant under transformation to the Einstein frame.
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Figure 9.19

9.6. Gravitational Waves Spectrum

During in�ation, tensor metric perturbations, which are small deviations hij from the back-
ground FLRW metric:

ds2 = a2(η)
[
− dη2 +

(
δij + hij

)
dxidxj

]
, (9.104)

originate from quantum �uctuations of the gravitational �eld. As in�ation progresses, they are
ampli�ed and stretched to super-Hubble scales, resulting in a nearly scale-invariant spectrum
[107, 108]. Upon re-entering the Hubble horizon in the post-in�ationary era, they evolve as
classical gravitational waves (GWs), forming a stochastic background that could, in principle,
be detected by experiments such as LISA, ET, CMB B-mode polarization searches, and future
gravitational wave observatories.

The GW energy density spectrum ΩGW (f) represents the spectrum observed today after the
GW frequencies have been redshifted due to the Universe's expansion. Assuming a standard
cosmic history, including nonrelativistic matter and radiation evolution, it is given by [107,108]:

ΩGW (f) =
3

128
r0.002AsΩr

(
f

f∗

)nt
[
1

2

(
feq
f

)2

+
16

9

]
, (9.105)

where As is the scalar amplitude (9.28), Ωr = 3.72 · 10−5 is the current value of radiation

energy density, f∗ is the pivot frequency, given by f∗ = 0.05 Mpc−1

2π ≈ 7.75 · 10−16 Hz, feq is
the frequency corresponding to matter-radiation equality, with feq ≈ 2.02 · 10−16, and nt is the
tensor spectral index, which at �rst order is related to the slow-roll parameter ϵV as nt = −2ϵV .
The cosmological parameter values used here are consistent with Planck 2018 results [109] and
references [107, 108]. The slow-roll parameter ϵV is evaluated at τ∗, hence, nt can be expressed
in terms of r0.002 as nt = − r0.002

8 .
Figure 9.19b provides the sensitivity ranges of current GW detection experiments across

di�erent frequencies. The frequency range accessible to each experiment determines the epoch
and scale of the early Universe that can be probed. The lowest frequencies, detectable by CMB
B-mode polarization searches done by the Planck satellite, correspond to the physics at the
largest cosmological scales, tracking the earliest times and the highest energy scales of in�ation.

Figure 9.19a presents the predicted GW spectrum for values of r0.002 derived within the
scale symmetric Higgs-dilaton model, as shown in Figure 9.15. Comparing these results with
the sensitivity ranges in Figure 9.19b, we conclude that the predicted GW signal lies within the
detectable range, providing a potential test of the framework developed in this work.
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Chapter 10

Conclusions

This thesis has studied a scale symmetric extension of the Standard Model Higgs scalar
sector by coupling the Higgs �eld to Weyl conformal gravity, from which the new sector, the
dilaton, naturally emerges. This approach o�ers a natural resolution to the hierarchy problem
and answers the question about mass scales generation without the need for explicit dimensionful
parameters.

One of the key contributions of this work is the analysis of spontaneous scale symmetry
breaking (SSSB) at high temperatures. The results have profound implications for early Universe
cosmology. We incorporated temperature corrections into the one-loop e�ective potential of the
Higgs-dilaton model and demonstrated that scale symmetry is dynamically broken during the
system's evolution in an expanding hot Universe. This, con�rmed by numerical simulations of
the Higgs and dilaton �elds, serves as a viable mechanism for mass generation, in which, with
appropriate initial conditions, a physically stable vacuum state is reached, consistent with our
present knowledge about physical observables.

Moreover, we provided an independent analysis of the decoupling limit of the dilaton, showing
that it is strongly connected to the gravity sector decoupling. We derived that in their decoupling
limits, the standard Higgs scalar sector in �at spacetime is recovered. Furthermore, we exam-
ined the implications of the Weak Gravity Conjecture (WGC) in the Higgs-dilaton model. We
presented the constraints imposed by the WGC on the Weyl gauge coupling, ensuring theoretical
consistency.

Our work also addressed in�ation within the scale-invariant Higgs-dilaton model. We demon-
strated that embedding the theory in Weyl geometry introduces signi�cant modi�cations to the
in�ationary dynamics, particularly when a kinetic term for the dilaton is included. We analyzed
the slow-roll conditions in the classical potential and then incorporated quantum correction
through the running of couplings in an appropriate renormalization prescription for the in�a-
tionary scenario analyzed in this work. The results showed that a viable parameter space exists
where in�ationary predictions align with the experimental data. Finally, we discussed potential
unitarity violation, highlighting the energy scale constraints needed for a consistent, e�ective the-
ory of in�ation. We �nished with a brief analysis of the Gravitational Waves spectrum resulting
within the Higgs-dilaton model.

This work contributes to the broader e�ort of �nding a fundamental framework in theoret-
ical physics, where mass scales emerge naturally from symmetry principles rather than being
introduced as arbitrary parameters. However, several open questions remain that should be
addressed to understand the theory further. Future work should focus on the application of
presented ideas to a quantum gravity framework, possibly within string theory or asymptotically
safe gravity models. Moreover, the parameter space su�cient to obtain proper mass scales, such
as the Higgs mass, Higgs vev, and especially the Planck scale, is beyond the reach of current
or even future experiments. Therefore, one should seek experimental validation of the theory,
potentially through Dark Matter abundance analysis or more in-depth thermal corrections incor-
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poration. More precise results may impact the nature of electroweak symmetry breaking in the
Higgs-dilaton model, especially driving it more to a �rst-order phase transition, which is possibly
required for a proper baryogenesis mechanism.

In conclusion, this dissertation has demonstrated that scale-invariant extensions of the Stan-
dard Model o�er a promising direction for addressing unresolved problems in particle physics
and cosmology. While challenges remain, the insights gained from this work lay the foundation
for further investigations into the role of scale symmetry in fundamental physics.
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Appendix A

One-loop Beta Functions

We de�ne Bi = (4π)2 · βi = (4π)2 · d
d ln zαi with αi = {λ0, λ1, . . . , g1, g2, g3, yt}. The one-loop

β functions for g1, g2, g3 and yt, along with their boundary values, can be found, for example,
in [64,111] (it is important to note that the notation used in our work may di�er from that in the
referenced sources). Here, we list the β functions for λi obtained in Chapter 5 and SM couplings
setting notation proper for this work.

B0 = 8
(
9λ20 + λ21

)
,

B1 = 8λ1
(
3λ0 + 2λ1 + 6λ2

)
+ 3λ1

(
− 3g21 − g22 + 4y2t

)
,

B2 = 2
(
λ21 + 48λ22 + 30λ1λ3

)
+

3

32

(
g41 + 2g21g

2
2 + 3g42 − 16y4t + 64λ2

(
− 3g21 − g22 + 4y2t

))
,

B3 = 24λ3
(
3λ0 − 4λ1 + 15λ2

)
+ 9λ3

(
− 3g21 − g22 + 4y2t

)
,

B4 = 6λ3
(
2λ1 + 75λ3

)
+ 12λ4

(
− 3g21 − g22 + 4y2t

)
,

B5 = 144λ23 + 15λ5
(
− 3g21 − g22 + 4y2t

)
,

B6 = 18λ23 + 18λ6
(
− 3g21 − g22 + 4y2t

)
.

Bg1 =
41

6
g31,

Bg2 = −19

6
g32,

Bg3 = −7g33,

Byt = yt

(
9

2
y2t −

17

12
g21 −

9

4
g22 − 8g23

)
.

(A.1)

The RG factor z tracks the dependence on the subtraction scale µ(⟨ϕ0⟩) = z · ⟨ϕ0⟩. For the
coupling constants to be evaluated at the scale ⟨ϕ1⟩ = 250 GeV, we de�ne z0 = ⟨ϕ1⟩

⟨ϕ0⟩ . To apply
the RG improvement to the quantum potential, we let the parameters run with the dilaton �eld
ϕ0, namely:

z0 =
µ(⟨ϕ0⟩)
⟨ϕ0⟩

RG improvement−−−−−−−−−−→ z =
µ(ϕ0)

⟨ϕ0⟩
=
z0 · ϕ0
⟨ϕ0⟩

. (A.2)

Consequently, coupling constants are now functions of the dilaton:

βi = z
dαi
dz

⇒ αi (z) = αi(ϕ0). (A.3)

Initial values used to obtain plots in Figure A.2 are evaluated at the scale µ(⟨ϕ0⟩) = z0⟨ϕ0⟩ =
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Figure A.1: ∆ϕ1 de�ned in (A.8), illustrating the running of the ϕ1 �eld according to (A.7).

⟨ϕ1⟩, and read (notation: Li = λi(⟨ϕ0⟩)):

L0 =
L2
1

4L2
, L1 = −10−6, L2 = 0.03125, L3 = 10−5L0, L4 = L5 = L6 = 0, (A.4)

Lg1 = 0.35940, Lg2 = 0.64754, Lg3 = 1.1666, Lyt = 0.95113. (A.5)

In Figure A.2, we provide the results of running for λ0, λ1, λ2 and SM couplings g1, g2 and yt.
Couplings λn for n > 2 were not plotted due to their negligible running, as their corresponding
beta functions indicate.

A.1. Anomalous Dimension and the Field Running

Having the β functions for all the couplings in δH , where [22,63,64]:

ZH = 1+
1

ϵ

δH
(4π)2

, δH =
9

4
g21+

3

4
g22−3y2t , γH = −1

2

∂ lnZH
∂ ln z

=
∂ lnϕ1
∂ ln z

=
2

(4π)2
δH , (A.6)

one can solve the di�erential equation for ϕ1 �eld:

∂ lnϕ1
∂ ln z

=
2

(4π)2

[
9

4
g21 +

3

4
g22 − 3y2t

]
, (A.7)

with initial value, ϕ1(z0) evaluated at z0. Deviation from this initial value will illustrate the
signi�cance of the quantum corrections in the �eld running. In Figure A.1, we plot this di�erence,
de�ned as:

∆ϕ1 =
|ϕ1(z)− ϕ1(z0)|

|ϕ1(z0)|
· 100% =

|ϕ1(ϕ0)− ϕ1(⟨ϕ0⟩)|
|ϕ1(⟨ϕ0⟩)|

· 100%. (A.8)
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A.2. Plots of Running Couplings
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Figure A.2: Plots of running for λ0, λ1, λ2 and SM couplings g1, g2 and yt with the dilaton �eld
value ϕ0. Initial values were chosen as in equations (A.4) and (A.5). Solid grid lines correspond
to the ⟨ϕ0⟩ value on the x axis and Li on the y axis. The dashed grid line on the second plot for
λ2 running marks the Planck scale MP = 2.44 · 1018 GeV.
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Appendix B

Ensemble Average of the Annihilation

and Creation Operators Products

B.1. Scalars:

To obtain formulas for thermal averages of ⟨a†a⟩ and ⟨aa†⟩, let's consider the discrete dimen-
sionless operators ai and a

†
i :

ai ≡
√
δV 3

k · a(k⃗i), a†i ≡
√
δV 3

k · a†(k⃗i), (B.1)

where continuous momentum k⃗ is replaced by a set of discrete values {k⃗1, k⃗2, . . .} and δV 3
k is the

volume of a momentum-space cell. The integral over d3k and Dirac delta change to sum and
Kronecker delta, respectively:∫

d3k

(2π)3
→ δV 3

k

∞∑
i=0

, (2π)3δ(3)(k⃗ − k⃗′) → 1

δV 3
k

δij . (B.2)

The plane-wave decomposition of the scalar �eld ϕ(x) for discrete momenta is:

ϕ(x) =
√
δV 3

k

∑
i

1√
2ωi

[
aie

−ikix + a†ie
ikix
]
, (B.3)

where ω2
i = k⃗i

2
+m2 and the normally ordered Hamiltonian reads:

H =
∑
i

ωia
†
iai =

∑
i

ωiNi, (B.4)

with Ni = a†iai being the particle number operator. Discrete creation and annihilation operators
satisfy commutation relations:

[ai, a
†
j ] = δij , [ai, aj ] = [a†i , a

†
j ] = 0. (B.5)

The Fock space is spanned by the orthonormal basis of states |n1, n2, n3, . . .⟩, which are the
energy H and particle number N =

∑
iNi eigenstates:

H|n1, n2, n3, . . .⟩ =
(∑

i

ωini

)
|n1, n2, n3, . . .⟩,

N |n1, n2, n3, . . .⟩ =
(∑

i

ni

)
|n1, n2, n3, . . .⟩.

(B.6)
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The annihilation and creator operators act on the |n1, n2, n3, . . .⟩ in the following way:

ai|n1, n2, n3, . . .⟩ =
√
ni|n1, n2, . . . , ni − 1, . . .⟩,

a†i |n1, n2, n3, . . .⟩ =
√
ni + 1|n1, n2, . . . , ni + 1, . . .⟩.

(B.7)

The set of |n1, n2, n3, . . .⟩ states is complete; therefore, the thermal average of an operator A
takes form:

⟨A⟩ = 1

Tre−βH
∑
n1

∑
n2

. . . ⟨n1, n2, . . . |e−βHA|n1, n2, . . .⟩, (B.8)

where:

Tre−βH =
∑
n1

∑
n2

. . . ⟨n1, n2, . . . |e−βH |n1, n2, . . .⟩ =
∑
n1

∑
n2

. . . e−βω1n1e−βω2n2 . . . (B.9)

For a chosen ni we get:

∞∑
ni=0

e−βωini = 1 + e−βωi + e−2βωi + e−3βωi + . . . =
1

1− e−βωi
, (B.10)

and the partition function is:

Z = Tre−βH =
∏
i

1

1− e−βωi
. (B.11)

In the two point correlation functions ∆±, combinations of products of ai and a†j appear.
Since we have (B.7), the only non-zero possibilities are:

⟨n1, n2, . . . , ni, . . . |aia†j |n1, n2, . . . , nj , . . .⟩ =
√
(ni + 1)(nj + 1)δij ,

⟨n1, n2, . . . , ni, . . . |a†iaj |n1, n2, . . . , nj , . . .⟩ =
√
ninjδij .

(B.12)

Hence ⟨aiaj⟩ = ⟨a†ia
†
j⟩ = 0 for any i, j and:

⟨aia†i ⟩ =
1

Z

∑
n1

∑
n2

. . . ⟨n1, n2, . . . |e−βHaia†i |n1, n2, . . .⟩ =
1

Z

∑
n1

∑
n2

. . .
(
e−βω1n1e−βω2n2 . . .

)
(ni + 1) =

=
1

Z

(
k ̸=i∏
k

∑
nk

e−βωknk

)∑
ni

e−βωini(ni + 1) =
1

Z

(
k ̸=i∏
k

1

1− e−βωk

)
·

(
1

(1− e−βωi)2

)
=

=
1

Z

(∏
k

1

1− e−βωk

)
· 1

1− e−βωi
=

1

Z
· Z · 1

1− e−βωi
=
(
1 +

1

eβωi − 1

)
.

(B.13)

Similarly for a†iai we get:

⟨a†iai⟩ =
1

Z

∑
n1

∑
n2

. . . ⟨n1, n2, . . . |e−βHa†iai|n1, n2, . . .⟩ =
1

Z

∑
n1

∑
n2

. . .
(
e−βω1n1e−βω2n2 . . .

)
(ni) =

=
1

Z

(
k ̸=i∏
k

∑
nk

e−βωknk

)∑
ni

e−βωini(ni) =
1

Z

(
k ̸=i∏
k

1

1− e−βωk

)
·

(
e−βωi

(1− e−βωi)2

)
=

=
1

Z

(∏
k

1

1− e−βωk

)
· e−βωi

1− e−βωi
=

1

Z
· Z · e−βωi

1− e−βωi
=

1

eβωi − 1
.

(B.14)
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Thus, we obtained:

⟨aia†j⟩ = [1 + nB(ωi)]δij ,

⟨a†iaj⟩ = nB(ωi)δij ,
(B.15)

where nB(ωi) = 1
exp(βωi)−1 is the Bose-Einstein distribution function. Taking a continuous limit,

we �nally have:

⟨a(p⃗)a†(k⃗)⟩ = [1 + nB(ωk)](2π)
3δ(3)(p⃗− k⃗),

⟨a†(p⃗)a(k⃗)⟩ = nB(ωk)(2π)
3δ(3)(p⃗− k⃗).

(B.16)

B.2. Fermions

Similarly, we de�ne the discrete dimensionless operators as,i, a
†
s,i, bs,i and b

†
s,i for fermions:

as,i ≡
√
δV 3

k ·as(k⃗i), a†s,i ≡
√
δV 3

k ·a†s(k⃗i), bs,i ≡
√
δV 3

k · bs(k⃗i), b†s,i ≡
√
δV 3

k · b†s(k⃗i),
(B.17)

and discrete dimensionless vectors us,i, ūs,i, vs,i and v̄s,i:

us,i =
1√
δVk

us(k⃗i), ūs,i =
1√
δVk

ūs(k⃗i), vs,i =
1√
δVk

vs(k⃗i), v̄s,i =
1√
δVk

v̄s(k⃗i).

(B.18)
The plane-wave decomposition of the fermionic �eld ψ(x) for the discrete momenta is:

ψ(x) = δV 2
k

∑
s

∑
i

1√
2ωk

[
as,ius,ie

−ikix + b†s,ivs,ie
ikix
]
, (B.19)

ψ̄(x) = δV 2
k

∑
s

∑
i

1√
2ωk

[
a†s,iūs,ie

ikix + bs,iv̄s,ie
−ikix

]
, (B.20)

where ω2
i = k⃗2i +m2 and the normally ordered Hamiltonian:

H =
∑
i

ωi
(
a†s,ias,i + b†s,ibs,i

)
=
∑
i

ωiNi, (B.21)

with Ni = a†s,ias,i+b
†
s,ibs,i being the particle number operator. Discrete creation and annihilation

operators satisfy anti-commutation relations:

{as,i, a†r,j} = {bs,i, b†r,j} = δsrδij , {as,i, ar,j} = {a†s,i, a
†
r,j} = {bs,i, br,j} = {b†s,i, b

†
r,j} = 0.

(B.22)
The Fock space is spanned by the orthonormal basis of states |n1, n2, n3, . . .⟩, where ni refers
to the number of particles with given momenta k⃗i and spin si. This time, the Pauli exclusion
principle forbids more than one fermion occupying a single state. Therefore, ni numbers can take
on values 0 or 1 only, and the momenta assigned to each ni must be di�erent. In the following
part, we will use only the as,i and a

†
s,i operators, since the calculations and results for bs,i and

b†s,i operators are the same. The annihilation and creation operators act on the |n1, n2, n3, . . .⟩
in the following way:

asi,i|n1, n2, n3, . . .⟩ =
√
ni|n1, n2, . . . , ni − 1, . . .⟩, for ni = 1,

asi,i|n1, n2, n3, . . .⟩ = 0, for ni = 0,

a†si,i|n1, n2, n3, . . .⟩ =
√
ni + 1|n1, n2, . . . , ni + 1, . . .⟩, for ni = 0,

a†si,i|n1, n2, n3, . . .⟩ = 0, for ni = 1.

(B.23)

108



The set of |n1, n2, n3, . . .⟩ states is complete, therefore, the thermal average of an operator A
takes the form:

⟨A⟩ = 1

Tre−βH
∑
n1

∑
n2

. . . ⟨n1, n2, . . . |e−βHA|n1, n2, . . .⟩, (B.24)

where any ni = 0, 1 and:

Tre−βH =
∑
n1

∑
n2

. . . ⟨n1, n2, . . . |e−βH |n1, n2, . . .⟩ =
∑
n1

∑
n2

. . . e−βω1n1e−βω2n2 . . . (B.25)

For a chosen ni we get:
1∑

ni=0

e−βωini = 1 + e−βωi , (B.26)

and the partition function is:

Z = Tre−βH =
∏
i

(1 + e−βωi). (B.27)

In the two point correlation functions ∆±
F , combinations of products of asi,i, a

†
sj ,j

, bsi,i, b
†
sj ,j

appear. Since we have (B.23), the only non-zero possibilities are:

⟨n1, n2, . . . , ni, . . . |asi,ia
†
sj ,j

|n1, n2, . . . , nj , . . .⟩ =
√
(ni + 1)(nj + 1)δijδsisj , for ni = nj = 0,

⟨n1, n2, . . . , ni, . . . |a†si,iasj ,j |n1, n2, . . . , nj , . . .⟩ =
√
ninjδijδsisj , for ni = nj = 1.

(B.28)

Hence ⟨asi,iasj ,j⟩ = ⟨a†si,ia
†
sj ,j

⟩ = 0 for any i, j and for ⟨asi,ia
†
sj ,j

⟩ we get:

⟨asi,ia
†
si,i

⟩ = 1

Z

∑
n1

∑
n2

. . . ⟨n1, n2, . . . |e−βHasi,ia
†
si,i

|n1, n2, . . .⟩ =

=
1

Z

∑
n1

∑
n2

. . .
(
e−βω1n1e−βω2n2 . . .

)
(ni + 1)

∣∣∣
ni=0

=

=
1

Z

(
k ̸=i∏
k

1∑
nk=0

e−βωknk

)
· e−βωini(ni + 1)

∣∣∣
ni=0

=
1

Z

(
k ̸=i∏
k

(
1 + e−βωk

))
·

(
1 + e−βωi

1 + e−βωi

)
=

=
1

Z

(∏
k

(
1 + e−βωk

))
· 1

1 + e−βωi
=

1

Z
· Z · 1

1 + e−βωi
=
(
1− 1

eβωi + 1

)
.

(B.29)

Similarly for ⟨a†si,iasj ,j⟩ we get:

⟨a†si,iasi,i⟩ =
1

Z

∑
n1

∑
n2

. . . ⟨n1, n2, . . . |e−βHa†si,iasi,i|n1, n2, . . .⟩ =
1

Z

∑
n1

∑
n2

. . .
(
e−βω1n1e−βω2n2 . . .

)
(ni)

∣∣∣
ni=1

=

=
1

Z

(
k ̸=i∏
k

∑
nk

e−βωknk

)
· e−βωini(ni)

∣∣∣
ni=1

=
1

Z

(
k ̸=i∏
k

(
1 + e−βωk

))
· e−βωi ·

(
1 + e−βωi

1 + e−βωi

)
=

=
1

Z

(∏
k

(
1 + e−βωk

))
· e−βωi

1 + e−βωi
=

1

Z
· Z · e−βωi

1 + e−βωi
=

1

eβωi + 1
.

(B.30)
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Thus, we obtained:

⟨asi,ia
†
sj ,j

⟩ = [1− nF (ωi)]δijδsisj ,

⟨a†si,ia
sj ,j⟩ = nF (ωi)δijδsisj ,

(B.31)

where nF (ωi) = 1
exp(βωi)+1 is the Fermi distribution function. Taking a continuous limit, we

�nally have:

⟨as(p⃗)a†r(k⃗)⟩ = [1− nF (ωk)](2π)
3δ(3)(p⃗− k⃗)δsr,

⟨a†s(p⃗)ar(k⃗)⟩ = nF (ωk)(2π)
3δ(3)(p⃗− k⃗)δsr.

(B.32)
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Appendix C

Resummation of Higher-Order Daisy

Diagrams

C.1. Scalars and First-Order Contribution

Let's revisit the e�ective potential at �nite temperature for scalars. From equations (7.72),
(7.78) and (7.79), we have:

V1(ϕc) =

∫
d3p

(2π)3

[
ω

2
+

1

β
log
(
1− e−βω

)]
= δV vac

1 + δV med
1 , (C.1)

where we denote the zero-temperature contribution, referred to as the vacuum contribution, by
δV vac

1 :

δV vac
1 =

1

2

∫
d4p

(2π)4
log
(
p2 +m2(ϕc)

)
, (C.2)

and δV med
1 represents the �nite-temperature part, which we refer to as the medium contribution:

δV med
1 =

T

2π2

∫ ∞

0
dp p2 log

(
1− e−β

√
p⃗2+m2(ϕc)

)
=

T 4

2π2
JB
[
m2(ϕc)/T

2
]
. (C.3)

The zero-temperature part δV vac
1 is divergent in the ultraviolet limit of large momenta p → ∞

and infrared-safe when p → 0. This issue for a particular model considered in this work was
already discussed and resolved in Chapter 5. What is more, since this is the ultraviolet divergence
of the vacuum QFT, its e�ects don't a�ect the �nite-temperature part and thermodynamics of
the system. This is why we refer to this part as the vacuum contribution.

The behavior of the temperature (medium) contribution to V1(ϕc) is determined by the
function under the integral in (C.3). In the ultraviolet limit, we have:

lim
p→∞

p2 log
(
1− e−β

√
p⃗2+m2(ϕc)

)
= 0, if m2 ∈ IR and β > 0, (C.4)

where the conditions for m and β are analytically satis�ed. The infrared limit is simply zero:

lim
p→0

p2 log
(
1− e−β

√
p⃗2+m2(ϕc)

)
= 0. (C.5)

Therefore, the temperature-dependent part of the one-loop e�ective potential is both ultraviolet
and infrared-safe.

In statistical quantum �eld theory, it is commonly observed that ultraviolet divergences, as
opposed to infrared divergences, arise only from the vacuum sector of the theory. To see this,
let's consider a relativistic gas of particles with high momenta, where T is much bigger than the
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masses of gas particles. The particle density ρ scales as T 3, hence the inter-particle spacing is
of order ρ−1/3 ∼ T−1. The ultraviolet limit p → ∞ corresponds to distances x → 0. Since the
temperature is �nite, ultraviolet divergences occur at distances x ≪ T−1, much smaller than
the inter-particle spacing. As a consequence, the medium, which is the relativistic gas, has no
impact in this context, and the renormalization procedure needs to address only the vacuum
part of QFT.

C.2. Scalars and Second-Order Contribution

In the previous section, we saw that we can disregard the vacuum part of the e�ective potential
at �nite temperature as it has no thermodynamic consequences for our theory. However, there
is an important issue within the boson thermal contribution that needs to be addressed: the
imaginary part of the potential, coming from them3(ϕc)T term, which can be re�ned by resuming
the most dominant infrared contributions. This process leads to the so-called daisy-resummed
potential. The reader can �nd similar analysis in [34, 73,76,77,86,112].

In standard quantum �eld theory, we typically employ a perturbative approach, expanding
the theory order by order in the dimensionless coupling constant. However, in thermal �eld
theories, some diagrams that seem to be of higher order might be as signi�cant as lower-order
ones. This occurs due to contributions from corrections known as hard thermal loops, which
can lead to problems with infrared divergences, particularly in massless theories. For a clearer
understanding, let us revisit the massless scalar ϕ4 model and compute higher-order corrections
to the e�ective potential. One of the possible two-loop diagrams is:

= (−iλ)2
(
i

β

)2 +∞∑
n,ℓ=−∞

∫
d3p

(2π)3
d3k

(2π)3
i

ω2
n − p⃗2

i

ω2
ℓ − k⃗2

i

(ωn + ωℓ)2 − (p⃗+ k⃗)2
, (C.6)

where ωn and ωℓ are bosonic Matsubara frequencies. This contribution is infrared divergent for
the zero Matsubara modes. Indeed, for n = ℓ = 0 we have ωn = ωℓ = 0 and:∣∣∣∣∣

n=ℓ=0

∼
∫

d3p

(2π)3
d3k

(2π)3
1

p⃗2
1

k⃗2

1

(p⃗+ k⃗)2
∼
∫
dp dk

1

(p⃗+ k⃗)2
(C.7)

is divergent for p → 0 and k → 0. We encounter the same problem for the following two-loop
diagram:

∣∣∣∣∣
n=ℓ=0

∼
∫

d3p

(2π)3
d3k

(2π)3

(
1

p⃗2

)2 1

k⃗2
∼
∫
dp dk

1

p⃗2
, (C.8)

which diverges for p → 0. To address the problem of infrared sensitivity in the loop expansion,
we need to sum all the divergent terms order by order. This process e�ectively cancels these
divergences. As we will demonstrate, the result is a contribution of order λ3/2, rather than the λ2

or higher, as one would expect from a naive perturbation approach. It is important to note that
the infrared divergences originate only from the bosonic loops and their zero Matsubara modes.
Fermions do not experience the infrared problem and therefore do not require resummation, as
they don't have zero-valued Matsubara mode.

Let us look at the high-temperature limit of a couple of diagrams and see which are the most
important in this regime. At one-loop, we have:

∼λ
β

∞∑
n=−∞

∫
d3p

(2π)3
1

ω2
n + p⃗2 +m2

=
λ

2

∫
d3p

(2π)3
1√

p⃗+m2

[
1 +

2

eβ
√
p⃗2+m2 − 1

]
,

(C.9)
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where in the last equality, we separated contributions for zero and �nite temperature, as can be
done for any diagram. The zero-temperature part undergoes the usual one-loop renormalization.
The temperature part can be expressed as the derivative of the thermal bosonic function JB:∣∣∣∣∣

T>0

∼ λ

2π2

∫ ∞

0
dp p2

1√
p⃗2 +m2

1

eβ
√
p⃗2+m2 − 1

=
λ

π2β2
· ∂JB[a

2]

∂a2

∣∣∣∣∣
a2=m2

T2

. (C.10)

Using the high temperature expansion of JB (7.81), we obtain:∣∣∣∣∣
T>0

∼ λ

[
T 2

12
− Tm

4π
+ . . .

]
. (C.11)

Consequently, at high temperatures, this one-vertex bubble diagram behaves like λT 2.
Next, we consider two-loop diagrams. The following one has 1 one-vertex bubble and 1 two-

vertex bubble:

∼
(
λT 2

)
· λ
β

∞∑
n=−∞

∫
d3p

(2π)3

(
1

ω2
n + p⃗2 +m2

)2

=

=
(
λT 2

)
· λ
∫

d3p

(2π)3
1

4P 3

[
1 + 2

eβP (1 + βP )− 1

(eβP − 1)2

]
,

(C.12)

where we denoted p⃗2+m2 = P 2. For the temperature-dependent part, the most dominant terms
at high temperature are:

∣∣∣∣∣
T>0

∼λT 2 · λ
∫ ∞

0
dp p2 · 1

4P 3
· 2e

βP (1 + βP )− 1

(eβP − 1)2
=

=λT 2 ·
(
− λ

)∂2JB[a2]
(∂a2)2

∣∣∣∣∣
a2=m2

T2

∼ λT 2 · λT
m
.

(C.13)

The two-loop sunset diagram is more complicated, and at the high temperature, it contributes as [113]:∣∣∣∣∣
T>0

∼ λ2T 2 log
m

T
. (C.14)

By comparing the temperature dependence of all the possible two-loop diagrams in equations
(C.13) and (C.14), it is clear that at high temperatures, the contribution from the diagram (C.13)
signi�cantly dominates.

At the three-loop level, a possible diagram consists of 2 one-vertex bubbles and 1 three-vertex
bubble, which, performing the same calculations as for previous diagrams, contributes as:∣∣∣∣∣

T>0

∼ (λT 2)2 · λ · β2∂
3JB[a

2]

(∂a2)3

∣∣∣∣∣
a2=m2

T2

∼ (λT 2)2 · λT
m3

. (C.15)

Whereas a diagram with 1 one-vertex bubble and two two-vertex bubbles gives:

∣∣∣∣∣
T>0

∼ (λT 2) ·

(
λT

m

)2

, (C.16)
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Figure C.1: Daisy (N + 1)-loop diagram, with N one-vertex loops attached to (N + 1)-vertex
loop.

and a diagram with a one-vertex loop attached to the sunset diagram at high temperature
behaves as [78]: ∣∣∣∣∣

T>0

∼ λ3
T 4

m2
. (C.17)

Comparing the results of diagrams (C.15), (C.16), and (C.17), we �nd that at high temperatures,
the most signi�cant contribution comes from the diagram (C.15).

It turns out that at every loop level, the most dominant high-temperature contribution comes
from the so-called daisy diagram, shown in Figure C.1, with N loops attached to the one-loop
self-energy diagram. The contribution from such a diagram is given by:∣∣∣∣∣

T>0

∼
(
λT 2

)N
· λ
β

n=+∞∑
n=−∞

∫
d3p

(2π)3
1(

ω2
n + p⃗2 +m2

)N+1
. (C.18)

We aim to sum daisy diagrams from N = 0 (corresponding to the one-loop order diagram (C.10))
to N = ∞. To accurately compute the contribution from this sum, we need to proceed carefully
and include all the numerical factors:

- each vertex gives
(
− iλ2

)
factor and we have N + 1 vertices;

- each one-vertex loop contributes as i
β

∑n=+∞
n=−∞

∫ d3p
(2π)3

−i
ω2
n+p⃗

2+m2 , where ωn = 2πn
β and we

have N such loops;

- we have N +1 lines between vertices, each with propagator −i
ω2
ℓ+k⃗

2+m2
, integrated over the

loop momenta k, so it gives i
β

∑ℓ=+∞
ℓ=−∞

∫
d3k
(2π)3

(
−i

ω2
ℓ+k⃗

2+m2

)N+1
;

- for 2 external lines, we get the ϕ2c factor;

- the symmetry factor is 1
2
(N+1)!
(N+1)! =

1
2 , from the following argumentation: we have (N + 1)!

combinations for choosing vertices, mirror symmetry of the graph gives the factor 1
2 and

the 1
(N+1)! factor comes from the loop expansion (2.26);

- there's an extra global factor of i coming from the de�nition of the generating functionalW ;

Therefore, the daisy (N + 1)-loop diagram gives:

= iϕ2c ·
N=+∞∑
N=0

(
− i

λ

2

)N+1 1

2
·

[
i

β

n=+∞∑
n=−∞

∫
d3p

(2π)3
−i

ω2
n + p⃗2 +m2

]N
×

× i

β

ℓ=+∞∑
ℓ=−∞

∫
d3k

(2π)3

[
−i

ω2
ℓ + k⃗2 +m2

]N+1

.

(C.19)
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The p integral gives:

1

β

n=+∞∑
n=−∞

∫
d3p

(2π)3
1

ω2
n + p⃗2 +m2

=

∫
d3p

(2π)3
1

2
√
p⃗2 +m2

[
1 +

2

eβ
√
p⃗2+m2 − 1

]
, (C.20)

where we have separated the zero and �nite temperature parts. As we have shown before in
equation (C.10), the T > 0 term is:

1

2π2

∫ ∞

0
dp p2

1√
p⃗+m2

1

eβ
√
p⃗2+m2 − 1

=
1

π2β2
· ∂JB[a

2]

∂a2

∣∣∣∣∣
a2=m2

T2

=

T 2

12
− T

4π
|m| − m2

16π2
log

m2

abT 2
+ . . . ≈ T 2

12
,

(C.21)

where we used the high-temperature expansion of JB (7.81). So far, we have:

= −6βϕ2c

N=+∞∑
N=0

ℓ=+∞∑
ℓ=−∞

∫
d3k

(2π)3

[
−λT 2

24

ω2
ℓ + k⃗2 +m2

]N+1

. (C.22)

Let us observe that:
ℓ=+∞∑
ℓ=−∞

∫
d3k

(2π)3
1(

ω2
l + k⃗2 +m2

)N+1
=

β

N !

(
− ∂

∂m2

)N( 1

β

ℓ=+∞∑
ℓ=−∞

∫
d3k

(2π)3
1

ω2
l + k⃗2 +m2

)

=
β

N !

(
− ∂

∂m2

)N(T 2

12
− T

4π
|m| − m2

16π2
log

m2

abT 2
+ . . .

)
,

(C.23)

where we used (C.20) and (C.21). Consequently:

=6β2ϕ2c ·
λT 2

24

N=+∞∑
N=0

(
− λT 2

24

)N 1

N !

(
− ∂

∂m2

)N(T 2

12
− T

4π
|m|+ . . .

)
=

=β2ϕ2c ·
λT 2

4
exp

(
λT 2

24

∂

∂m2

)(
T 2

12
− T

4π
|m|+ . . .

)
.

(C.24)

Next, we use the property:

f(x+a) = f(x)+a·f ′(x)+a
2

2!
f ′′(x)+

a3

3!
f (3)(x)+. . . =

∞∑
n=0

an

n!
f (n)(x) = exp

(
a· ∂
∂x

)
f(x), (C.25)

which gives:

=ϕ2c ·
λ

4

(
T 2

12
− T

4π

(
m2 +

λT 2

24

)1/2
+ . . .

)
. (C.26)

The in�nite sum of daisy diagrams results in the correction of order λ3/2. Next, let us revisit
the one-loop mass correction diagram and calculate it precisely:

= i
(
− i

λ

2

)ϕ2c
2

i

β

∞∑
n=−∞

∫
d3p

(2π)3
−i

ω2
n + p⃗2 +m2

T>0−−−−→ ϕ2c ·
λ

4

(
T 2

12
− T

4π
|m|+ . . .

)
,

(C.27)
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Figure C.2: Example contributions to the scalar self-energy correction from a scalar (solid line),
gauge boson (wavy line), and fermion (dashed line) loop.

where (C.20) and (C.21) were used. Comparing (C.26) and (C.27), it becomes clear that the
resummation corresponds to modifying the tree-level mass to the thermal e�ective mass at leading
order:

m2 → m2
eff (T ) = m2 +

λT 2

24
= m2 +Π(T ). (C.28)

The diagram (C.27) is known as the �rst-order self-energy or polarization tensor, often denoted
by Π(T ). When a scalar �eld interacts with other particles, such as gauge bosons or fermions,
determining Π(T ) involves calculating the sum of all one-loop contributions from these particles,
as illustrated in Figure C.2. However, there is a more e�cient way to obtain Π(T ). Consider a
theory with a scalar �eld ϕ having a tree-level �eld-dependent mass m2(ϕ) = m2 + λ

2ϕ
2, which

also gives mass to other particles: the gauge boson with m2
GB(ϕ) ∼ ϕ2 and the fermion with

m2
F (ϕ) ∼ ϕ2. For this scalar �eld, the one-loop temperature-dependent e�ective potential (7.106)

at high temperature without resummation is given by:

V1(ϕ, T ) =
T 4

2π2

[
JB

(m2(ϕ)

T 2

)
+ 3JB

(m2
GB(ϕ)

T 2

)
− 12JF

(m2
F (ϕ)

T 2

)]
≈

≈

(
m2(ϕ)

24
+
m2
GB(ϕ)

8
+
m2
F (ϕ)

4

)
T 2 − 29π2

180
T 4 + . . .

(C.29)

Since the polarization tensor Π(T ) contributes as the temperature part to the e�ective mass, it
can be obtained by taking the second derivative of this high-temperature expression with respect
to the �eld ϕ:

Π(T ) =
∂2V1(ϕ, T )

∂ϕ2
≈ λT 2

24
+

3m2
GB(ϕ)T

2

2ϕ2
+

3m2
F (ϕ)T

2

ϕ2
. (C.30)

One would obtain the same result by summing the Figure C.2 diagrams.
From the analysis in this section, it follows that to account for all critical thermal correction

e�ects, one must work with the resumed thermal potential given by:

δVT+daisy =
T 4

2π2

[ ∑
i=bosons

ni · JB
((m2

i

)
eff

(ϕc, T )

T 2

)
+

∑
j=fermions

nj · JF
(
m2
j (ϕc)

T 2

)]
, (C.31)

where thermal mass corrections apply only to the bosons because fermions don't experience
infrared divergences due to the absence of zero Matsubara mode.
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Appendix D

Thermal Equilibrium

We investigate the temperature ranges within which the dilaton �eld ϕ0 is in thermal equi-
librium. This analysis is purely approximate since it is quite clear that for small |λ1|, the dilaton
can't reach the equilibrium state. To achieve the results, we calculate the cross-section, as
detailed in [114]:

dσ

dt
=

1

64π · s
1

|p⃗1CM |2
∣∣M∣∣2, (D.1)

where s and t are Mandelstam variables, and p⃗1CM denotes the momentum of an incoming
particle in the center-of-mass frame. The essential steps and formulas can be found in [114]. We
adopt the following approximations:

mϕ0 ≈ mG = 0, mϕ1 ≈ mH = 125 GeV. (D.2)

Considering the λ1ϕ20ϕ
2
1 interaction term as the sole ϕ0ϕ1 interaction present in the potential

V (ϕ0, ϕ1), we arrive at |M|2 = 16λ21. Consequently, two processes are possible:

- ELASTIC ϕ0ϕ1 → ϕ0ϕ1:

σ(s) =
λ21
π · s

,

- INELASTIC ϕ1ϕ1 → ϕ0ϕ0:

σ(s) =
λ21

π
√
s
(
s− 4m2

H

) .
While elastic interactions help maintain the kinetic equilibrium of the dilaton ϕ0 by redistributing
its momentum, they do not change its particle number density. Therefore, if the primary concern
is whether ϕ0 can reach thermal equilibrium, the inelastic processes are more critical. This is
because inelastic interactions directly impact the number density of dilaton, making them essen-
tial for establishing thermal equilibrium. The thermally averaged cross-section for an inelastic
process reads [115]:

⟨σ · v⟩INEL =
1

8K2(mH/T )2 ·m4
HT

∫ ∞

4m2
H

ds · λ(s,mH ,mH)
σ(s)√
s
K1(

√
s/T ), (D.3)

where Ki(x) is a modi�ed Bessel function of i− th kind and:

λ(x, y, z) =
[
x− (y + z)2

]
·
[
x− (y − z)2

]
. (D.4)

A system of particles can be considered to be in thermal equilibrium with good accuracy if
their interaction rate, denoted by Γ, satis�es the following inequality:

Γ ≳ H, (D.5)
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where H represents the Hubble parameter. During the radiation-dominated era, the Hubble
parameter can be expressed as:

H(T ) =
1√

3MPl

√
π2

30
g∗T 4. (D.6)

Here, g∗ is the e�ective number of degrees of freedom for relativistic particles in the hot Universe,
and MP = 2.44 · 1018 GeV is the Planck mass. For the considered case of thermal equilibrium of
dilaton, the interaction rate is equal to [116]:

Γ = nEQϕ0 · ⟨σ · v⟩INEL, (D.7)

where nEQϕ0 is the number density of relativistic ϕ0 particles, as if they would be in equilibrium:

nEQϕ0 =
ζ(3)

π2
T 3, (D.8)

with ζ(3) ≈ 1.20206. Consequently, we can analyze the ratio:

Γ(T )

H(T )
= f(T ), (D.9)

as a function of temperature. For temperatures exceeding 0.1 GeV, used in the analysis of the time
evolution of the �elds, the e�ective number of degrees of freedom is approximately g∗ ≈ 100 [88].
Figure D.1 illustrates the results for various values of λ1. The inelastic interactions can ensure
that the dilaton �eld, ϕ0, reaches thermal equilibrium for λ1 ≳ −10−5.

Figure D.1: Plot of the function f(T ) = Γ(T )
H(T ) for di�erent λ1 coupling values and temperature

range used in the time evolution of the �elds.
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Appendix E

Temperature Fluctuations of the Scalar

Field

The normal distribution is described by the formula:

f(x) =
1

σ
√
2π

exp

{
− 1

2

(
x− µ

σ

)2
}
, (E.1)

where µ = ⟨x⟩ is the mean value of the x variable, de�ned in equation (7.2), and σ is the standard
deviation:

σ =
√
⟨x2⟩ − ⟨x⟩2. (E.2)

In the following, we use the same method and results as in Appendix B. For the free scalar �eld,
equation (7.19), the temperature averages of single �eld values and its time derivative are zero:

⟨ϕ⟩ = 0, ⟨ϕ̇⟩ = 0. (E.3)

This statement changes in light of the analysis from Chapter 8, as the �elds have non-zero
potential and can be in thermal equilibrium. In that case, the mean value for the single �eld
value is its vacuum expectation value, ⟨ϕ⟩T , determined by its interactions, and can be non-zero.
The �eld derivative thermal average stays zero ⟨ϕ̇⟩T = 0. Consequently, the standard deviations
read:

σϕ =
√

⟨ϕ2⟩T − ⟨ϕ⟩2T , σϕ̇ =

√
⟨ϕ̇2⟩T . (E.4)

For the two �eld values, we get:

⟨ϕ2⟩ =
∫

d3k

(2π)3
1

ωk

[
nB(ωk) +

1

2

]
=

1

2π2

∫ ∞

0
dk

k2

ωk

[
nB(ωk) +

1

2

]
,

⟨ϕ̇2⟩ =
∫

d3k

(2π)3
ωk

[
nB(ωk) +

1

2

]
=

1

2π2

∫ ∞

0
dk k2ωk

[
nB(ωk) +

1

2

]
,

(E.5)

where:

ω2
k = k⃗2 +m2, nB(ωk) =

1

exp
{
βωk

}
− 1

, (E.6)

and the 1
2 being the vacuum contribution and nB(ωk) the thermal contribution. Therefore:

⟨ϕ2⟩T =
1

2π2

∫ ∞

0
dk k2ωknB(ωk), ⟨ϕ̇2⟩T =

1

2π2

∫ ∞

0
dk k2ωknB(ωk). (E.7)

Changing the integration variable to x = βωk, one gets:

⟨ϕ2⟩T =
1

2π2
1

β2

∫ ∞

βm
dx

√
x2 − β2m2

ex − 1
, ⟨ϕ̇2⟩T =

1

2π2
1

β4

∫ ∞

βm
dx

x2
√
x2 − β2m2

ex − 1
. (E.8)

119



One can de�ne, [117]:

J (ν)
[
A,B

]
=

∫ ∞

A

(
x2 −A2

)ν/2
ex−B − 1

+

∫ ∞

A

(
x2 −A2

)ν/2
ex+B − 1

, (E.9)

K(ν)
[
A,B

]
=

∫ ∞

A

x2
(
x2 −A2

)ν/2
ex−B − 1

+

∫ ∞

A

x2
(
x2 −A2

)ν/2
ex+B − 1

, (E.10)

so that:

⟨ϕ2⟩T =
1

4π2
1

β2
J (1)

[
βm, 0

]
, ⟨ϕ̇2⟩T =

1

4π2
1

β4
K(1)

[
βm, 0

]
. (E.11)

Expanding the above quantities for high temperature, T ≫ m⇒ βm≪ 1, one obtains [117]:

⟨ϕ2⟩T ≈ T 2

12
, ⟨ϕ̇2⟩T ≈ π2

30
T 4. (E.12)

Consequently, the high-temperature standard deviations are:

σϕ =

√
T 2

12
− ⟨ϕ⟩2T , σϕ̇ =

π√
30
T 2. (E.13)
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