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Abstract

This dissertation explores scale-invariant extensions of the Standard Model (SM) Higgs
scalar sector, addressing the unexplained origin of mass scales such as the electroweak
scale and the Planck mass. We explore frameworks where scale symmetry is preserved at
the classical and quantum levels and broken dynamically. We also focus on incorporating
the Weyl gravity prescription, which naturally introduces a dilaton field coupled to the
Higgs boson.

Theoretical foundations, including the quantum effective potential and scale-symmetric
regularization, Weyl geometry, and quantum field theory at finite temperature, are re-
viewed. We then analyze a scale-invariant Higgs sector, incorporating quantum correc-
tions, and examine the roles of gravity, dilaton effects, and the Weak Gravity Conjecture.
One of the key contributions is the study of spontaneous scale symmetry breaking at high
temperature, providing a natural mechanism for mass generation in the early Universe.
We analyze temperature corrections to the one-loop effective potential and simulate the
evolution of the Higgs and dilaton fields in a hot expanding Universe. We show that
certain initial conditions for this evolution can lead to a physically viable vacuum state.
Finally, we explore inflation in this framework, introducing a kinetic term for the dilaton
and extending gravity to Weyl geometry, which affects the model’s inflationary dynamics.
These findings support the search for a more fundamental theory where mass scales arise
from underlying symmetries rather than arbitrary parameters.
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Streszczenie

Niniejsza rozprawa doktorska bada oparte na symetrii skalowania rozszerzenie skalar-
nego sektora Higgsa Modelu Standardowego, majace na celu wyjasnienie nierozwiaza-
nego problemu pochodzenia skal masowych, takich jak skala elektrostaba i skala Plancka.
Rozpatrujemy modele, w ktérych symetria skalowania zachowana jest zaréwno na pozio-
mie klasycznym, jak i kwantowym, oraz tamana jest w sposéb dynamiczny. Szczegdlna
uwage poswiecamy réwniez zastosowaniu grawitacji Weyla, ktéra w naturalny sposéb
wprowadza czastke dylaton, sprzezona z bozonem Higgsa.

Przedstawiamy podstawy teoretyczne, takie jak kwantowy potencjat efektywny i regu-
laryzacje zachowujaca symetrie skalowania, geometrie Weylowska oraz teorie pdl kwan-
towych w skoticzonej temperaturze. Nastepnie analizujemy sektor Higgsa niezmienniczy
ze wzgledu na symetrie skalowania uwzgledniajac poprawki kwantowe, oraz badamy role
grawitacji, efektow dylatonowych i hipotezy stabej grawitacji (Weak Gravity Conjecture).
Jednym z kluczowych wynikéw pracy jest analiza spontanicznego tamania symetrii ska-
lowania w wysokiej temperaturze, oferujaca naturalny mechanizm generowania mas we
wezesnym Wszechdwiecie. Badamy poprawki temperaturowe do jednopetlowego efek-
tywnego potencjatu i symulujemy ewolucje p6l Higgsa oraz dylatonu w goracym, roz-
szerzajacym sie Wszechéwiecie, wykazujac, ze odpowiednie warunki poczatkowe moga
doprowadzi¢ do fizycznie stabilnego stanu prézniowego. Na koniec omawiamy inflacje w
tym modelu, wprowadzajac czton kinetyczny dla dylatonu oraz rozszerzajac grawitacje
do geometrii Weyla, co wplywa na dynamike inflacyjng modelu.

Otrzymane wyniki wspieraja poszukiwania bardziej fundamentalnej teorii, w ktorej skale
masowe wynikaja z podstawowych symetrii, a nie z arbitralnych parametréw.
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Chapter 1

Introduction

While the Standard Model (SM) successfully describes particle interactions at currently ac-
cessible collider energies, it still faces unresolved problems, suggesting that it is a part of a more
fundamental theory. Among those problems is the hierarchy problem, which arises due to the
quantum corrections that tend to drive the Higgs mass, mpg, towards the Planck scale, Mp,
at high energies. Maintaining mp significantly below the Planck mass requires highly precise
fine-tuning of the theory and exact cancellation of independent contributions. This suggests the
need for a deeper underlying principle to resolve the problem. A natural way is to impose scale
or conformal symmetry by setting myg = 0 at the classical level. However, the Higgs mass is
non-zero, and it must be generated through some symmetry-breaking mechanism. This mech-
anism can be explicit, like in radiative symmetry breaking with a fixed renormalization scale
i = const or cutoff A = const, or spontaneous, without introducing any direct mass scales. For
such a model to explain the origin of the electroweak scale along with the Planck mass, it needs
to be coupled to a version of gravity respecting the scale symmetry.

Various models have been proposed in which the Higgs scalar sector is extended by introducing
a scalar singlet with mpy = 0, preserving the scale symmetry [1-8]. These models are often
coupled to either Einstein’s or Brans-Dicke gravity. However, an alternative and particularly
compelling approach involves using the Weyl geometry [9-20], a natural extension of Riemannian
geometry. Omne of the key advantages of this approach is that it offers a geometric origin for the
additional scalar degree of freedom, the dilaton ¢g, as opposed to the Einstein’s formulation,
where it is introduced ad hoc. This new scalar field’s vacuum expectation value (vev) generates
all mass scales in the theory, including myg and Mp. Moreover, it allows for the construction
of a field-dependent subtraction scale p(¢o) in dimensional regularization, preserving the scale
symmetry at the quantum level, unlike a fixed renormalization scale u = const or a dimensionful
cutoff A. Previous studies [21-28] have demonstrated that the renormalization scale can be
dynamically linked to the dilaton, such that after spontaneous scale symmetry breaking (SSSB),
it is generated dynamically as u({¢o)). This approach modifies quantum corrections, introducing
new finite, non-polynomial contributions that are absent in the standard Coleman-Weinberg
results [29,30], as discussed in earlier works.

This study explores a scale-symmetric extension of the SM, where the Higgs scalar sector is
coupled to Weyl gravity, leading to the emergence of an additional scalar singlet, the dilaton,
which interacts with the Higgs neutral component. We analyze the fundamental classical and
quantum properties of the model and highlight its most important applications as discussed in
the literature. Then we proceed with our independent contributions, which include the study of
gravity-dilaton effects, Weak Gravity Conjecture, SSSB in high temperature, and cosmological
inflation within this framework.

The thesis is organized as follows. Chapter 2 briefly outlines the basic concept of Quantum
Field Theory (QFT), quantum effective potential V. ¢;. We derive expressions for one-loop contri-
butions to Vs s from scalar, fermion, and boson fields. Next, in Chapter 3 we extend the conven-



tional approach to dimensional regularization by incorporating a scale-symmetric version with
a dilaton-dependent subtraction scale u(¢g). The analysis, based on existing works [22-25, 28|,
is included to keep the thesis self-consistent. Chapter 4 introduces the fundamental properties
of Weyl conformal geometry, in which Einstein’s gravity emerges as a low-energy limit. Similar
descriptions can be found in literature [9-20].

Building on these theoretical foundations, Chapter 5 examines the scale-symmetric Higgs
scalar sector extended with Weyl geometry and the dilaton. We demonstrate how the dila-
ton emerges naturally from Weyl conformal geometry and how it couples to the Higgs neutral
component, and we continue with an extensive analysis of the classical and one-loop quantum
potential of the resulting scalar sector. Although these results have been discussed in previous
works [22-25,28,31], we include them to maintain the completeness of our study, as they serve
as the basis for subsequent analysis. Next, in Chapter 6, we present an independent study of the
gravity-dilaton effects, especially their decoupling limits, where the standard Higgs sector in flat
spacetime is recovered. We finish the Chapter with an analysis of the realization of the Weak
Gravity Conjecture in the model, which imposes constraints on the Weyl gauge coupling q.

Chapter 7 provides an extensive theoretical introduction to Quantum Field Theory in Finite
Temperature, following standard textbook material. These concepts are then applied in Chapter
8, which presents an independent analysis of thermal effects in the scale-symmetric model under
consideration. Understanding thermal corrections to the Higgs-dilaton potential is essential for
describing the cosmological evolution of the system, as the Universe was hot during its early
expansion. Since temperature introduces an explicit mass scale, it breaks the scale symmetry
directly. Close analysis of the nature of electroweak symmetry breaking (EWSB) at finite tem-
perature aligns with results obtained in the models involving only the Higgs boson, namely, that
thermal effects restore electroweak symmetry at high temperatures, driving the Higgs vev to zero,
after which EWSB occurs as smooth crossover [32-34]. The presence of an additional dilaton
scalar and the inclusion of scale-invariant quantum corrections do not change these conclusions.
Next, we follow with an analysis of the time evolution of the fields in a hot Universe within
the FLRW gravitational background, reinforcing our results. This chapter, based on a paper
co-authored by the author and her supervisor [35], provides a mechanism for dynamical mass
generation as the dilaton settles into its final vev (¢o).

Chapter 9 explores the inflationary dynamics in the considered model, based on a paper
co-authored by the author and her supervisor [36]. Three key aspects distinguish our approach
from the previous studies on inflation in Higgs-dilaton models |2, 3,6,37-45|: the embedding
of the theory in Weyl geometry, the explicit inclusion of a kinetic term for the dilaton, and
incorporation of the so-called suppression factors, which all significantly impact inflationary
dynamics. We first analyze the classical potential in inflationary regimes and then incorporate
quantum corrections through the running of coupling constants in the inflationary potential.
Our findings indicate that a viable parameter space exists that is consistent with experimental
constraints, leading to successful slow-roll inflation. Additionally, we compute the gravitational
wave spectrum resulting from inflationary dynamics of the considered framework. We conclude
the chapter with a discussion of potential unitarity violation, a common challenge in inflationary
models, particularly when energy scales during inflation approach or exceed the Planck scale.

Finally, Chapter 10 summarizes our results and outlines open questions that must be ad-
dressed to further refine the model. The thesis is also supplemented with appendices containing
supplementary results and derivations essential to our analysis. Appendix A presents the beta
functions for the couplings constants in the Higgs-dilaton potential, as well as those from the
SM weak, strong, and top-Yukawa interactions, along with plots of their running with respect to
the dilaton field and discussion on the choice of subtraction scale. Appendix B derives thermally
averaged products of annihilation (a) and creation (a') operators for scalars and fermions, which
are used in QFT in finite temperature to compute Green’s functions and propagators for the
corresponding particles. Appendix C discusses the resummation procedure required for a consis-



tent perturbative expansion in thermal QFT. Appendix D provides an approximate constraint
for ensuring the dilaton field remains in thermal equilibrium. While these results are not exact,
they serve as a useful approximation for the analysis presented in Chapter 8. Finally, Appendix
E includes a brief derivation of statistical quantities in Thermal Field Theory, specifically the
mean value and standard deviation of scalar field products at finite temperature.



Chapter 2

Quantum Effective Potential

This chapter reviews one of the fundamental concepts in Quantum Field Theory (QFT), the
effective action and the effective potential. The effective potential, in particular, is crucial for
studying spontaneous symmetry breaking, phase transitions, and vacuum structure in various
quantum field theories. While the material covered here is standard QFT textbook content,
we include it to keep the dissertation self-consistent and easy to understand. We focus on
the effective potential derived from the generating functional in the path integral formulation so
that, in the next chapters, we can explore these phenomena in a systematic and rigorous manner.
This approach, along with the diagrammatic method, is covered in many educational resources,
such as [29,46-50].

2.1. Generating Functionals

Let’s consider a real scalar field ¢ with Lagrangian density L£o(¢) and an action:

sofél = [ d'atalo). 2.1)
Denoting J as an external source and action S[¢] as:
S[o] = Sold] + J - ¢, (2.2)
where:
76— [atwa@o). (2.3)

one can define generating functional Z[J], which is a vacuum to vacuum amplitude in the presence
of J source:

Z17) = (Oout|O1n) s = /d¢> exp {iSold] +iJ - &} = /dqﬁ exp {iS[d] ). (2.4)
From definition (2.3) follows a functional derivative:
i (0) = [ dasta—ole) =6 o (00) = [dtes@te—y) = I 29
6. (y) 59(y)
Tylor expansion of Z[J] in J provides Green’s functions G™ (1,...,2n), containing all possible
Feynman diagrams for considered process:
Z[J) = Z_%n, /d4x1 drrnJ(xy) . T ()G (2, ), (2.6)
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so that:

) )
G (zy,...,xp) = (—i)" ZJ . 2.7
() = 0570 57w | s (27)
Using (2.4) one can define connected generating functional W[.J]:
Z[J] = exp {iW[J]}, (2.8)

by which connected Green’s functions GEZ%n(xl, ...,Ty) are generated:

Z / Aoy Ao T (31) . J@)CD (21, ), (2.9)

) 0
8J(x1) 6T (xy)

One can now define the classical field ¢, as a vacuum expectation value (vev) of the field operator
¢(x) in the presence of the given current J:

G (x1,...,2) =

W[J]‘ . (2.10)

J=0

SW[J] _ J dgpexp {iSo[p] +iJ - ¢} - ¢(x) _ {Oout|o(2)|0in)
6J(x) [doexp {iSolp] +iJ - ¢} {Oout|Otn)

pe(x) = (2.11)

The Above relation determines <Z>c as a functional of J (as it is shown below in equation (2.14),

¢. and J are conjugated, so 5¢ 7é 0). In particular, in the absence of source, J = 0:

J dpexp {iSoldl} - o) _ (Oout|¢(x)|0in)
. = (¢) = : - 2.12
¢ (fC> J=0 <¢> fde exp {’LSO[Qb]} <00ut‘0in> o ( )
and (¢) is vev of field operator ¢(z) in the true vacuum of the theory.
Functional Legendre transformation of W[.J] is the so-called effective action I'[¢.]:
Piod = W) - [ d'ad(@)outo). (2.13)

The functional derivative of effective action with respect to ¢. gives:

ST(oe(r)] _ [ SWLI 67) [ 4 67()
56e(y) ‘/ﬁ 57(z) 50e(y) /d " 56e(y)

which, in the absence of external sources, will define the true vacuum of the theory:

belx) = J(y) = =J(y), (2.14)

ol [¢e
5[¢> ((J;)] _o. (2.15)
eey) |,
The effective action I'[¢.] can be expanded in two ways. First, Taylor expansion in ¢, provides
1PI (one-particle irreducible) Green’s functions I'") (x4, ..., z,):
oo 1 .
Tlge] = ~ /d4:c1 o dr rnde(x1) . G ()T (2, 2. (2.16)
n=0

A 1PI Feynman diagram is a connected diagram that cannot be disconnected by cutting a single
internal line. T is the sum of all such diagrams with n external legs. Example 1PI diagrams
in A\¢* theory are shown in Figure 2.1. An alternative way is to expand the effective action in
external momenta about the point for which all external momenta are zero. This gives:

Tlod = [ do| = Vigston) + 50,0200 + .| (2.17)
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Figure 2.1: 1PI Feynman diagrams for A¢* theory.

where other terms contain higher derivatives of ¢.. The term with zero power of momentum,
Verf(ée), is the so-called effective potential. For homogeneous ¢. and J, independent of z, we

find:
o = ~Vigyloo) [ e = 508 <y = v (00 2.18)

Using the above equation and (2.15), in the absence of external sources, we have:

T [¢c]
e

=0. (2.19)
J=0

V(@)

Consequently, the value gzﬁc‘ J—o = (¢), for which the first derivative of the effective potential
V1 1({¢)) vanishes, is the vacuum expectation value of the ¢ field. Therefore, to study the vacuum
structure of the model presented in this work, we will limit ourselves to the constant classical
fields ¢..

Let’s write the 1PT Green’s function "™ (zy, ..., 2,) as its Fourier transform:

(n) d4k1 d4kn 45(4) i(kix1+...+knx ) (n)
"Nz, ..., xn) = W...(2ﬂ)4(27r)5 (k14 ...+ kp)e' nTn (kr, ... k),

(2.20)
which gives in (2.16):
d*ky d*k ,
d'zy .. / e (2m) W (g 4 Ky )t Rro )
” / et )
f<n>(k1, k) be(z) L el
(2.21)
Then, we express the delta function as:
2m)26W (ky + .. k) = / dAgem iRt kn)e (2.22)
and in (2.21), after evaluation of the @ k) integrals we obtain:
) 1 ~
Clgc) = Z ] /d4;v1 e d4xn/d4:v Sz —z1) ... 6W(x — 2T (ky, ... ky) X
=0 (2.23)

X ¢e(x1) . .. P :/d%Z (k.. k)R ().



We expand the above expression around zero momenta:
o0 1 B
[[¢] = /d4xz —T™(0,...,0)¢"(z) + ... (2.24)
= n!

where terms in + ... are higher powers of momenta. One compares it to (2.18), in which the 0-th
order term is the effective potential. The final result is:

o

1 -
Vegs(e) = = 32 S FO0,.0)61(x), (2.25)
n=0
with T((0,...,0) being 1PI diagrams with vanishing external momenta. The zero-loop order

contribution to (2.25) is the tree-level potential Vp(¢.) of a considered theory as a function of
a classical field ¢.. Then, we have:

o0

Vers(de) = Volde) = > %ffg‘gps(o, 5 0097 (2) = Vo(¢e) + Vilge) + Valge) +...,  (2.26)

n=0

where V;(¢.) is the i-th loop order contribution to (2.25). As can be seen from equation (2.25),
the specific form of the effective potential depends on the theory and, in particular, on its
particle content, as different particles will contribute differently to the loop calculations. In
chapter 7, we present the diagrammatic approach to finding Ves¢(¢.) in scalar field theory in
finite temperature. In the following section, we present a derivation of the effective potential
using a functional integration method, which provides a more efficient approach.

2.2. The One-Loop Effective Potential in Scalar Field Theory

To obtain effective potential V. s, which comes from I'[¢.], one needs to calculate W[.J] first.
From (2.4) and (2.8) we have:

exp{%wm} = / dqﬁexp{%S[aﬂ} - / d¢exp{%<so[¢] +7-9)}, (2.27)

where we inserted back h. We want to evaluate W[.J] to the 1-loop order, hence, to the first order
in h. For A — 0, one can use the so-called steepest descend (or stationary phase) approximation.
The main contribution to the integral (2.27) comes from the minimum of the exponent argument
S[¢]. Let’s assume that it is minimized for some stationary “point” ¢ in field space:

ssigl| O[Sl +Iw)ow)]|
Sola)|, ~ 55() Ll (228)
For a real scalar field with potential V' (¢), the action reads:
solé) = [ dta[5(00) - V(o) = - [ dta[500% 4 v(6)]. (2:29)
This implicates in (2.28):
SN P+ V(6u(a)) = S(a), (2:30)
bs



hence ¢s can be regarded as a function of J and vice versa. Now we take ¢ = ¢5 + ¢, where ¢
is a quantum field, and expand S[¢ = ¢ + ¢] around its stationary point ¢s:

Sols + 3] = / d'a g (600, + 200%6, + 353 / A2 [V(62) + 8V/(6.) + 57V (62) +
TGyt d) =T 0s+ /d e[60%6, + 5V'(6.)],

Sl0s + 31 = Solgu) + T -6, — [ a3 [3(02+V"(00))d).
(2.31)

where (2.30) was used. A shift ¢ = ¢5 + ¢ just changes the measure in (2.27) to dp = d¢, and
one has':

exp{%W[J]} —exp{ ¢s +J ¢s }/d¢exp{ —h/d‘lx (25[82 V”(¢s)]¢} _ (2 32)

N

—exp{ Slga] + J - ¢)} - det [62 V”(gzss)r

Finally, using:

-

det A = exp {Tr(log A)} = det [a%v”(%)} 2 —exp {—%Tr( log[0%+V" (¢4)) } (2.33)
generating functional W[.J] becomes:
W] = Solo] +J - 6+ 5T (log [0+ V" (6,)]). (2.34)

Now with the above result, the next step in obtaining I'[¢.] is to find ¢, according to (2.11):
W J]

be = 5T = ¢s- (2.35)
Thus: T
Dlge] = W] = J - g = Sofise] + 5 Tr log 02+ V"(.)] ). (2.36)
The trace can be written as an integral over d*z:
T (log [% + V(0] ) = / d'a(z|log [0% + V" (¢0)]|a). (2.37)

This integral can be evaluated easily if ¢. is independent of :1: Let’s assume homogeneous
¢c = const and insert a complete set of momentum states | -2 on 4 |k) (k| = 1, which gives:

Tr(log [02 4+ V"( ¢>C / dia / log [— K2+ V"(4,)]. (2.38)
For ¢. = const, according to (2.18), we finally have:
A d*k k2 —V"(¢p,
Vagslo) = Voo =y [ gmton |12 + o), (239

where we have inserted log(—k?), which is ¢. independent, to make the argument of logarithm
dimensionless. We obtained the order % correction to the classical potential V(¢.) known as

' Technically the integral [ dé exp{—1% [d'z 1¢[82 V"((;SS)](;} results in infinite factor limy_, oo (—2mif) /2,
but it is canceled by normalization factors included in the measure definition [ dé.



the Coleman-Weinberg effective potential. We set again 4 = 1 and do Wick’s rotation so equation
(2.39) takes form:

d*k k2 + V" (¢,
Veff((ﬁc) = (d)c) / & log [ Bt (¢ )

(2m)4 k2

For example, if V(¢.) = %m2¢2 + 4 Ak, then V" (¢.) = m? + %qﬁ% can be interpreted as effective
mass squared mz 72 The generalization to theory with many scalar fields ¢; is straightforward,
one substitutes: 2V )

V(¢

a¢j a¢k
where ¢, here can be thought of as a vector of vacuum expectation values for ¢; fields and M?(¢,.)

is just the mass matrix from the potential V(¢;) evaluated at ¢.. Finally, the one-loop contri-
bution to the effective potential for scalar fields is given by:

] + O(h?). (2.40)

VH(¢C) — (M2 ]k)‘¢

(2.41)

4
Vo) = 3 [ Ty low [i + 2200 (2.42)

where we neglected the field independent term and M?(¢.) is defined as in (2.41).

2.3. Fermions

Let’s consider adding fermionic fields so that the action reads:
Syl = / d'x [w (m“a“ - MF(¢))w] , (2.43)

where the mass matrix Mp(¢) is a linear function of the scalar field ¢. In particular, it can be of
the form Mp(¢) = mp + y - ¢. Fermionic contribution to the functional W[J] can be calculated
from:

exp {%WF[J}} = /dzpdq/) exp {%S[w] }. (2.44)

The action (2.43) is quadratic in spinor fields, therefore, we can perform the functional integral
for the anti-commuting variables diydi:

/d¢d1/} exp {%ﬁ(i’y“@u — MF(¢))1Z)} = det [i’y“@u — Mp(qb)] = exp {Tr log (i’y”@u — MF(qb)) }

(2.45)
We write the trace as:
Trlog (i’y“@u - MF(gb) = / d*z(z|tr log (iv”@u - MF(¢)) |x) =
(2.46)
/d4 / St log ;é Mg ¢)>
where tr is taken over the gamma matrices. Next, we use:
det A = exp {tr log A} = trlog A = logdet A, (2.47)

and the cyclic property of the determinant, inserting v°7° = 1:
trlog (¥ — Mp(6)) =logdet [f’ (k- Mﬂ@)f’] = logdet (— f— Mp(6)) =

=logdet(—1) + log det (}é + MF(¢)> = trlog (}é + MF(¢)) + trlog(—1),
(2.48)



tr log <}é - Mp(qﬁ)) :% [tr log <k - MF(¢)) + trlog (% - MF(¢)>

:% [tr log (ié - MF(¢)) +trlog (% + Mp(qﬁ)) +tr 10g(_1)] _(249)

:%tr log (= K2+ Mp(6)?) = 21og (= k% + Mp(9)?).

We are left with:

i 4 2 _ 2
exp {=Wi[J]} = exp {2 / d'x / (;lﬂl; log [k ],ZF(@ }}, (2:50)

where we inserted field independent log(—&?) to make the argument of logarithm dimensionless.
Therefore, fermions contribute to the effective action as:

Tploe] = —2ih/d4x/ (g:; log [’“2 _J\;F(‘MT, (2.51)

giving in the effective potential:

d*k k? — Mp(¢.)?
Vers(¢e) = 2ih 1 = O(1?). 2.52
ot =2 [ & 810 =R s oge) (252)
Finally, we do Wick’s rotation, neglect the field independent term, and set & = 1, so the one-loop
contribution to the effective potential for fermions is:

1 ki 2 2
Vi(e) = (—4) - 5 / (27)410% [kE + MF(%)] (2.53)
The result differs from (2.42) by a factor -4, where 4 comes from the trace over gamma matrices
and corresponds to the number of degrees of freedom of a fermion and -1 accounts for fermionic
loop calculation.

2.4. Gauge Bosons

Now, we consider a theory described by the action of a gauge boson field with the R gauge-
fixing term:

a1

a 1 a auv 1 174 a a a
S[Au] = /d4x<— ZFWF W 59# M%B(%)AMAV 2% ((SWAM) <8VAV) + Eg,wst>, (2.54)

where Fjj, = 0, A7 — 0, A, —g- f“bCAZA,‘j and M3 5 (¢c) is the scalar interaction giving the gauge
boson its mass term (e.g., MZg(¢c) = g*¢*) 2. The form of the ghost’s Lagrangian, which
emerges due to the gauge fixing in Faddeev-Popov procedure, is of no interest in the pure gauge
boson contribution to the effective potential (for more details see e.g., [51]: Appendix C.3). To
find an inverse propagator, we need the part of the action that is quadratic in Aj fields. One
has:

a ]' a v ]' 3/ 14 v a
(S[A,J)AQ o / dlos AL 9" 0" + (1— g)aﬂa + g M p(c) | A, (2.55)

20f course, a scalar field coupled to a gauge field must be charged and therefore complex. Since we are
interested only in gauge-bosons contribution to the effective potential, we consider the ¢ field as the real part of
the full complex scalar field.
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where the O# operator acts to the left. The functional integral is:

/dAeXp{h /d4x ALl g0 + (1 - 1)5”8” + g™ M2 () Ag} _
¢ 1 1 (2.56)
— det [g*“’a? + (1 - 2)5"8" + gﬂ”MgB(%)} TP et [D*l} S
Using the same methods as before, we get:
det [D_l} 2 = exp{ - %Tr log [D_l} } (2.57)
Trlog [g“”@Q + <1 — 2)5"0” + g’“’M%B(qSC)} =
/d4 / St log (=K + MEg(ge)) + (1 — 2)/@/{] = (2.58)

[

where (2.47) was used and the trace is over v indices. Evaluating the determinant yields:

7 log det ( K+ M(Q;B(%)) + (1 — 2)@%}

exp{ Weld —exp{—/d4

[~ K>+ ME 5 (6c)] +log [k —EMEp(¢e) ] +. .. ) |2

(2.59)
where + ... are constant terms, irrelevant for the effective potential. The log [k‘z - ﬁM(Z;B(qSC)]
cancels out due to the ghosts and would-be-Goldstone bosons contributions [51], and the effective
action reads:

Tapléd = 2/d :c/ 2yt (3log[— k +MGB(<;5C)]). (2.60)
Finally, after Wick’s rotation, the effective potential reads:
Vitg) =35 [ 5810 [+ M2p(60] (2.61)
1 c) — 2 (277) E GB\¥c :

The result differs from (2.42) by a factor of 3, which accounts for the number of degrees of
freedom of a vector gauge boson in d = 4 dimensions. In arbitrary d dimensions, this factor
is equal to ngp = d — 1 and will affect the form of the renormalized potential in dimensional
regularization.

11



Chapter 3

Quantum Scale Symmetry

The integrals (2.42), (2.53) and (2.61) are divergent in d = 4 dimensions. To evaluate them,
we need to specify which form of regularization we want to apply. In this work, we employ
the dimensional regularization (DR). The conventional DR introduces the so-called subtraction
parameter u, which has the dimension of mass. The couplings, which enter the Lagrangian,
are infinite bare parameters (Ap), and the renormalized, physical couplings are finite (A\g).
The theory is continued analytically from d = 4 to d = 4 — 2¢ dimensions. The subtraction
parameter relates the bare couplings of the theory to the physically measurable quantities. For
example, in ¢* theory, the quartic coupling A has a dimension 2¢ and is related to dimensionless
AR as:

AB:ﬁE[ARJFiZj]. (3.1)
n=1

The power n corresponds to the loop expansion so that for 1-loop effective potential, the sequence
ends at n = 1. The a,, parameters are found using the renormalization conditions. The one-loop
effective potential, to have a proper mass dimension, has a form:

Vil6d = it V(60 + it o / E Jog [k3 + M2(60)], (3.2)

where n; are the factors appropriate for the contrlbutlons of particular particles. The one-loop
effective potential V;(¢.) contains divergent terms as e — 0. These divergences are canceled by
the counterterms 0V, ;., the form of which depends on the renormalization conditions and renor-
malization scheme.

In this chapter, we will analyze the behavior of the scalar, fermion, and gauge boson con-
tributions to the one-loop effective potential, derived in the previous chapter, in two regimes:
i = const breaking the scale symmetry, and pu = p(¢;) preserving it. We will observe the differ-
ences in these two prescriptions, specifically, that the scale-invariant procedure introduces new
finite corrections that are absent in the p = const regime.

3.1. Breaking of the Scale Invariance at the Quantum Level

In this section, we consider the usual DR prescription with just a constant mass scale as
a subtraction parameter. The divergent integrals (2.42), (2.53) and (2.61) are regularized in DR
as follows:

d*kp 9 d=4—2¢ aq [ d%E 2
/(27T)1 [k + M ()] — u / (2m)d log [k3 + M?(¢c)]. (3.3)
The above integral gives the standard result [52]:
d? kE 9 1 2 d 9 g
/ (%) og [kg + M*(¢.)] = Wdr@ — 5)Tr(M (6e)) 2, (3.4)

12



where I'(x) = (z — 1)! is the Gamma function. Scalar and fermion contributions to the one-loop
effective potential have the form:

(ch) =

d

with constant n; coefficients. Taking limit ¢ — 0 and keeping only divergent and finite non-zero
terms, we get:

+ log [TW]] , K = dme2 7. (3.6)

V1(¢c) - ((z)c 4 Py ) an Tr M2(¢C))

The gauge boson case is a bit different since the factor ngg = (d — 1) = 3 — 2¢ in front of the
integral will change the result slightly. The difference is in the k factor, namely, for gauge bosons
one gets k = 4we2~ 7. Finally, in the mass eigenbasis, we have:

V1(¢c): 64 22”1' ¢c

w2 Ares gauge bosons

(3.7)
where we sum over all particles present in the theory with field-dependent masses M;(¢.)
and the number of degrees of freedom:

- [Mf(ﬁbc)]] o — { Ames—" scalars, fermions
K - ’

n; = (=1)%1Q;Cy(2s; + 1), (3.8)

where s; is the spin of the particle ¢, ); = 1 for neutral and Q; = 2 for charged particles and C;
counts the number of colors of the particle 1.

3.2. Scale Symmetric Effective Potential

We want to consider a scale symmetric theory at the quantum level. The concept of scale-
invariant regularization was originally proposed in [53,54]. To prevent u = const from explicitly
breaking the scale symmetry, one uses the subtraction function u = u(¢p), which depends on
the scalar field ¢y present in the model. When this field acquires a vacuum expectation value
(¢o), the subtraction scale is generated dynamically as u({¢g)). This choice affects the outcome
of the renormalized one-loop effective potential, as previously explored in [21-25,31, 55]. Here,
we briefly review those results and compare them to the usual p = const method.

Consider a theory with a scalar dilaton field (denoted by ¢g) and real scalar fields ¢;, with
a classical Lagrangian in d = 4 dimensions:

= oS e Vi k= {0} (3.9
k

The theory is scale-invariant in d = 4 dimensions if the potential satisfies the condition:

0
(4 RoPrg Bon )V(cbk):O, (3.10)
where Ay is the scaling dimension of the scalar field, determining how it transforms under

the scale transformations given by:

at — o' = sat, s e Rt

d(x) — ¢ (x) = s p(s ). (3.11)
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In d = 4 dimensions, A, = %52 =% 1. The condition (3.10) reflects the fact that the potential
V(¢r) has no dimensionful parameters and depends only on even power of fields, summing up
to d = 4, for instance:

V(do, d1) o< Aodg + M@t + Aadt + A3y 265 + ... (3.12)

The particular form of the potential in the model considered in this work will be specified later.
Now, we emphasize that non-polynomial operators such as ¢, 2¢)? are scale-invariant and can be
present in the potential, making it non-renormalizable. Further chapters will elaborate on this
subject in more detail.

Now, we analytically continue the theory to d = 4 — 2e dimensions. The mass dimensions
read [£] = d, [¢px] = (d —2)/2 = 1 — ¢, and the couplings are replaced by A — u(¢)?* )\, so
that they remain dimensionless and the subtraction function is field dependent. This modifies
the potential to V(¢x) — V(¢r) = u(do)*V (d), with mass dimensions [V] = d, [V] = 2d — 4.
Consequently, the scale-invariant tree level Lagrangian in d dimensions reads:

L= 3 Y 0udon—TV(on).  k={0d} V(6= ul6oPV (o0 (3.13)
k

In this work, the subtraction function p is chosen to be a function of the ¢¢ dilaton field only.
Specifically:

1

oo = (o) = [z 05| (314

where z is an arbitrary dimensionless scaling parameter, defining the subtraction scale after
the spontaneous breaking of scale symmetry as u({(¢o)) = z{¢p). This will be relevant in
the renormalization group equations and Callan-Symanzik equation, as quantities will be differ-
entiated with respect to z [55]. While alternative choices for u are possible, they are considered
non-physical [23]. Consequently, tllrle subtraction scale is generated by the dilaton alone and has

a mass dimension [1(¢o)] = [z- @) ] = [¢o] - 7= = (1 —€) - &= = 1 (this holds in any spacetime

dimensions d).

To dynamically generate the subtraction scale, the dilaton must be a dynamical field with
a non-zero vev. Therefore, the kinetic term for ¢ is necessary, which is important in the analysis
in Chapter 5. Usually, considering the origin of the dilaton from Weyl geometry, the kinetic term
for ¢o is absent (see, e.g., [9-11]). The possible mechanism for (¢g) generation is explored in
Chapter 8, where temperature corrections and gravity are added to the model.

First, we focus only on the scalar one-loop contribution, then we generalize to other fields.
The prescription for the one-loop effective potential described in Chapter 2 must be applied with
some caution. Firstly, the mass matrix under the logarithm must be changed to:

Mz, = 9%V [0¢a0, (3.15)

as it is the V() that enters the Lagrangian and is used in the expansion of the action S[¢y].
Secondly, it is unnecessary to include a u*~? factor in front of the integral since the dimension of
potential [V] = d matches [d%kg] = d. Therefore, the quantum effective potential for real scalar
fields ¢; and the dilaton ¢g reads:

_1 12 d ~
Vo) = [z 08| View +5 [ G 0w [k + 31%(a)]. (3.16)

which results in:

Vi) = [z 007 |V . f(e-1) o) 3.17
1(¢k)—[z'¢o } <¢k>+2;W)61(2—e) r (¢r) . (3.17)
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Keeping only divergent and finite non-zero terms in the limit ¢ — 0, one obtains:

72
1y og [TY(M )
€ K-l

Vi(or) =V (ox) +

1 -
(O (6n)”

H . k=dme2 7. (3.18)

Since the p is a field-dependent function, the mass matrix in the scale symmetric regime is
non-trivial:

M2 — (¢k) 2¢

2
ab = 8%8% + O(€?), (3.19)

P
M2, + ;Z <(uuab — papn)V + p(pa Vs + ubVa))

where the subscripts on p and V denote derivatives, O, = 80 /0¢q. For the dilaton dependent
function (3.14), the above expression simplifies to:

2e
M2 = p? | M2 + 5251?? ((/.,L,LLQO — )V + 2,uu0V0> + O(€?). (3.20)
The trace under the logarithm in € — 0 limit yields just:
Tr(M?2 . Tr(M?2
log [ r( (;bk))} —0 log [r( (Z)k))] (3.21)
Kl K-

The Tr(]\;IQ(d)k))2 term, however, is multiplied by a factor 1/e. Consequently, one gets a new
finite correction, due to the presence of the e proportional term in M?2, which is absent in
the dimensional regularization with p = const:

TP )) T — P T(MA()
2

ATy (M2(¢1,))

(3.22)
2 ((uuoo — 1)V + QWOV()).

Finally, the scale-invariant one-loop effective potential with scalar contributions in the mass
eigenbasis reads:

M (dr) 5_
4 —_—
Vi(¢r) = V(o) + oA 2ZM (o) —1—10 [ PR ] -1-@5{/1, k=4me277, (3.23)
— i 2 . 2
W= > ME(¢n) - ( (100 — #3)V + 210V ), (3.24)

where M?(¢y) are the eigenvalues of the tree-level mass matrix.
To generalize the above result to a theory with fermions and gauge bosons, let us first study

the example scale-invariant mass terms in d dimensions!:

/jmass X mZGB(QSk)AuA'u - mf(¢k).foR7 (325)

where the field-dependent masses are:

mgp(dr) = w(¢0)* - mep(or),  mp(dr) = p(do)® - mys(or). (3.26)

! Actually, the scale-invariant dimensional regularization procedure for gauge bosons requires more caution to
ensure that the gauge symmetry is not spoiled. However, this subject is beyond the scope of this work and does
not affect the result for gauge boson one-loop contributions to the effective potential. For more details, we refer
the reader to [26, 27].
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Due to the change in coupling constants A — ¢\, the masses change to m?(¢y) — m%(¢r) =
p2“m?(¢r). Notice that the inclusion of the u factor to the proper power preserves the dimension
of the mass parameter: in d = 4 dimensions [m(¢g)] = 1, and in d = 4 — 2¢ dimensions
[m(ér)] = 1. In contrast to the scalar fields case, as in (3.19) and (3.20), the fermions and
gauge bosons do not acquire e-proportional corrections to their masses. Consequently, their
contributions to the one-loop effective potential are the same as in the u = const case, except
we change the subtraction scale to its scale-symmetric counterpart p(¢g) under the logarithms
in the Coleman-Weinberg potential. Finally, one obtains the one-loop effective potential in the
mass eigenbasis:

Vi(or) = V(dk)+

1 apd M ()
6472 Z”M (9) K u(qbo)Q]

3_ .
4me2"" scalars, fermions
where kK =

1
-+ log [
€
(3.27)

5_
4me2”" gauge bosons

We sum over all particles present in the theory with field-dependent masses M;(¢y) and the
number of degrees of freedom n; given in equation (3.8). The new contribution 6V comes from
the scalar sector only and is given in equation (3.24).

3.3. Conclusions

The one-loop effective potential (3.27) is scale symmetric. While it is not yet renormalized,
the renormalization procedure will not change the conclusion that scale-invariance is preserved
at the quantum level due to the field-dependent subtraction function p(¢g). This will be demon-
strated in the analysis of a scale-invariant Standard Model in Chapter 5. The new finite con-
tribution dV; comes solely from the scalar sector and appears as a result of a scale-symmetric,

dynamical variant of g. This contribution leads to non-polynomial operators suppressed by

6 8
metry, they imply the non-renormalizability of the theory. The above conclusions are valid at
the one-loop level. For a detailed discussion on higher-loop effects, see [24, 26, 28].

higher powers of the dilaton, such as .. Although these operators maintain scale sym-
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Chapter 4

Weyl Conformal Geometry

Proposed in 1918, Weyl conformal geometry [56,57] was an attempt to describe electromag-
netism as a geometrical property of spacetime, similar to gravity in Einstein’s theory. Weyl’s
conformal geometry consists of Riemannian geometry equipped with an additional massless vec-
tor gauge field w,. Weyl proposed that after parallel transport of a vector, not only its direction
is changed but also its length, and in Weyl geometry @Hgag = —qwugap- As a consequence,
there’s no absolute way to compare lengths in space-time, and a standard ruler needs to be
defined. Because of this issue and the fact that electromagnetism is considered an internal prop-
erty rather than a spacetime one, Weyl’s conformal theory was criticized by Einstein and other
physicists and forgotten for a time. Later, Dirac in 1973 [58] proposed a new approach to Weyl’s
theory, and it started to be reconsidered as Weyl’s conformal gravity. In this revised theory, the
gauge vector field w, becomes massive ( my,, close to Planck mass Mp ) and it decouples for
energies below that scale, thus Einstein general relativity can be considered as the low energy
limit of Weyl conformal gravity. The decoupling occurs after the spontaneous breaking of Weyl
conformal symmetry via the Stueckelberg mechanism. Since physicists lack detailed knowledge
of the Universe’s conditions at energies £ > Mp, Weyl conformal gravity may play an important
role in early cosmology and theories of inflation [1-4,6,12,21].

We will explore the foundational properties of Weyl’s conformal geometry to construct an ac-
tion invariant under conformal Weyl transformations. Through this discussion, we will arrive at
a very important conclusion: Einstein’s gravity emerges as a low energy limit of Weyl gravity.
Furthermore, the Weyl Ricci scalar squared term R? is the source of an additional scalar, the dila-
ton. This new sector, originating from Weyl conformal gravity, can be coupled to the Higgs
doublet, and its vacuum expectation value will generate mass scales, particularly the Higgs mass
and Planck mass. The material presented in this chapter is not novel and has been previously
analyzed in [9-20,59,60]. Here, we briefly review the essential information for our subsequent
analysis.

4.1. Weyl Conformal Geometry

The main difference between Riemannian gravity and Weyl gravity is the presence of the
Weyl gauge vector field wy,. Weyl quantities will be denoted with a tilde. The Weyl connection
represented by I'f,, is expressed as follows!:

= q
i, =10, + 2 [5sz + 80w, — gwwp}, (4.1)
where I',, denotes the Riemannian connection given by:

1
FZV = §gpa [&/gau + 8ugazx - 3aguyJ, (4.2)

'We adopt the metric convention (+, —, —, —) with g = | det g...| > 0.
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and ¢ is the gauge coupling between w,, and a scalar field, emerging from a covariant derivative
to be shown later. The system is torsion free, i.e. f‘ﬁy = f‘ﬁu. Notably, if we take the limit
w, — 0, Riemannian geometry is restored, resulting in T, — I',. In contrast to Riemannian
geometry, where V9,3 = 0, the Weyl covariant derivative of the metric is non-zero:

o o q
v,ugaﬂ =0u9ap — F,uagaﬁ - Fuﬁgaa = vugaﬂ - 5 [g,uﬂwoz + GoBWy — Guaws | —

q
- 5 JuaWs + gapwy — guﬁwa} = —qWu9as 7& 0.

(4.3)

Therefore, in Weyl geometry, parallel transport along a closed curve of a vector changes its
direction (as in Einstein’s gravity framework) and its length.
With (4.1), the Riemann tensor in Weyl geometry takes the form:

RO, = 0,00, — 0,50, + T, A 1% A (4.4)

uvo

Then Ricci tensor is R;w = }?ﬁpg, and Ricci scalar R = g‘“’}?m, reads:
D H 3 9 Iz
R =R -3¢V w" — S ¢ wuw" (4.5)

where R is Ricci scalar in Riemannian geometry, and similarly, V,w, = Ouwa — I'jws. Weyl
gauge vector field w), is abelian. Consequently, the field strength tensor FW corresponding to w,
is equal to the Riemannian counterpart:

FW = @Mw,, — Vow, = 0wy — 0wy, = Fyy, (4.6)

where V, is the covariant derivative with connection I,

Vwy = Oywy, — fzng = Oywy — I‘Z,,wa — %[520@ +6pwy, — gw,w"} Wer - (4.7)

We aim to construct a Lagrangian invariant under local Weyl gauge conformal transforma-
tions. For the metric g,,, scalar field ¢, fermion field ¢ and Weyl vector field w,,, these are:

Qv — g:w = QQQ;MM

¢
> /—7
P 4.8
; I
wy w; = wy — ;(% In Q2

where () is a dimensionless real parameter that, in general can be field-dependent. Consequently,
we obtain ¢ = Q72¢"” and /¢’ = Q*/g. Unlike the Riemannian connection I',, the Weyl

N2l

geometry connection fzy is invariant under (4.8). The Weyl curvature transforms as R’ = Q 2R,
while the Weyl field strength remains unchanged F;/w =F -

4.2. Stueckelberg Breaking of Weyl Conformal Geometry

4.2.1. Weyl Quadratic Gravity

First, we will consider the theory of Weyl quadratic gravity with gauge vector field w, in
the absence of matter. The Lagrangian for Weyl quadratic gravity invariant under (4.8) is given
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by?:
L 1- -
~wo éo — ZF, B (4.10)
NG 4' 4

where & > 0. The inclusion of the R? term introduces an additional scalar state, so we can

express this term equivalently as:

R? —  —242R— ¢ (4.11)

Solving the equation of motion for ¢y yields ¢2 = —R, and recovers the Weyl quadratic gravity
term. Consequently, we can consider an equivalent Lagrangian, invariant under (4.8), of the form:

Lo 8 gah i - gl (412

V9

The above Lagrangian includes a massless scalar field ¢g, referred to as the dilaton?, with quartic
interaction, and a massless vector field w,, present in R and FW terms. We choose (22 §o¢2/6M2
in the conformal transformation (4.8), effectively gauge fixing ¢ field to a constant:

¢2 6M2
2= ng = (4.13)
Finally, the Lagrangian (4.12) becomes (up to a total derivative term):
c, - 3 M4 3M*
szR’ L - 300 —fMQR’ 39 )2y — L o~ 3
\/E 4!“’ 250 4 Wy 4MV 2£07( )

where (4.5) was used. R’ is the Riemannian curvature scalar after the transformation (4.8).
The Weyl vector field became massive via the Stueckelberg mechanism with m?2 = %sz 2,
Since the term —2M?R' represents the Einstein-Hilbert term in (4.14), M aligns with the Planck
mass scale Mp. Consequently, the Planck mass scale is naturally generated after the breaking
of the Weyl conformal symmetry. These phenomena, unachievable within Riemannian gravity,
offer a solution to the hierarchy problem and the origin of mass scales in physics.

The Lagrangian (4.14) represents the Einstein-Proca action for the Weyl gauge field with
a positive cosmological constant term. It is worth highlighting the conservation of the number of
degrees of freedom in the presented mechanism. Initially, we had a massless vector and a scalar
field, resulting in ng,. . = 3. Following the gauge symmetry transformation, we are left with only
one massive vector field, maintaining ng, s = 3. This arises from the absorption of the dilaton
mode ¢ by the vector field w,. Without w,, the conservation of degrees of freedom wouldn’t
be possible. For a coupling ¢ not too small (see: Section 6.3), the mass of the Weyl vector field
is close to the Planck mass. Below this scale, w, decouples, and the entire theory transitions to
a Riemannian framework. Consequently, Einstein’s gravity emerges as the low-energy limit of
Weyl gravity.

4.2.2. Matter Fields

Matter fields couple to the Weyl gauge vector field via a covariant derivative, the form of which
depends on the specific type of field under consideration. Fach type of field F' has an associated

2The original Weyl Lagrangian contains also the Weyl-tensor term:

1 =92 2 2
£Weyl ~ _777201“/’)”7 Cpupo‘ - ,uupo' + ELU (49)

and is invariant under (4.8). However, this term is not relevant to the analysis of this work and was not included
n (4.10).

3Specifically, the real dilaton being In ¢2 with shift symmetry: In¢2 — In¢2 — In Q. However, for simplicity,
we refer to ¢o field as the dilaton in this work, as it will remain approximately massless.
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conformal weight w, which determines its behavior under conformal transformation (4.8), i.e.,
we have:

3
3
Then, the gauge covariant derivative for conformal transformations involving the Weyl vector
field w, has the form:

F— F, = QwFu Wscalar = *17 W fermion = — Wgauge = 0. (415)

DuF = (9, +w- gwﬂ)F. (4.16)

Since wj, = w, — %(‘)M In Q?, the DMF transforms as:
~ q ~
D, F' = (0, +w- 5%)F’ = Q"D,F. (4.17)

Gauge Bosons

Let’s consider a general case of a non-Abelian gauge vector field Aj,

index from the Lie algebra of the gauge group. In the Riemannian geometry, the field strength
for Aj, is expressed as:

where a is an internal

FS, =V, AL - V,A% 4+ g fabCAZAg, (4.18)

where g is the gauge coupling constant, f2%¢ are the structure constants and V. is evaluated with
the Riemannian Levi-Civita torsion-free connection I'f, = I'Y,,. For any torsion-free connection,
the above expression reduces to:

Fl, = 0,A% — 0,A% + gf** Ab AC. (4.19)

Extending to the Weyl conformal geometry, one just changes the V, — @“ with Weyl connec-
tion Iy ) ) )
Ff, =V, AL — V, A% + g f AL AS. (4.20)

Since f,pw is torsion-free, this reduces to Fj, from equation (4.19). Hence, there is no direct
coupling of the gauge bosons and the Weyl vector field.

Gauge bosons remain invariant under (4.8). To understand this, let’s consider a field F
with a conformal weight w, charged under a gauge symmetry represented by the group G with
the gauge boson A,/L. The covariant derivative respecting conformal symmetry (4.8) for the F
field is:

DyF = (8~ igAy +w- %u@ F. (4.21)

The gauge field A, transforms according to its G' group, while w, accounts for the conformal
transformation. The coordinates and 9, remain unaffected by G and (4.8). Therefore, the kinetic
terms for gauge bosons and their inclusion in covariant derivatives are not affected by the (4.8)
symmetry.

Fermions

Fermionic sector coupled to gravity requires infroduction of a tetrad e}, and a spin connec-

tion wﬁb:
b b b b
enennab = Juv wy, = wy,’ = e”(=0ue, +egly,), (4.22)
where 74, is the Minkowski metric diag(+, —, —, —). The covariant derivative for fermions in

the Riemannian case is:

1

1
DM”(/} = <8M + iwzbaab)w’ Oab = Z[’}/aaf}/bh (423)

“Whether the group G is Abelian or non-Abelian doesn’t matter in this context.
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with antisymmetric gamma matrices fulfilling {y*,+*} = 2n?. The Lagrangian for a massless
Dirac fermion reads:

L .
7§ = iy*el D, (4.24)
Generalization to Weyl geometry is straightforward:

ab ~ab __ _pb aTw _
wy, — wy, = e (=0ueg + el ) =

bl R w? + %(e“e”b —é e’ )wy, (4.25)

Wy © ©

and with (4.16), one obtains a Weyl covariant derivative for the fermionic field:

~ 3
Dy = (8# 2wu Oab — 4qwu>1/). (4.26)
The Lagrangian invariant under (4.8) has the following form:

Ly
V9
where tetrad transforms as e;f — Qej, and zIJZb is invariant under (4.8). We will show that
Lagrangians (4.24) and (4.27) are equal and, as a consequence, the fermions do not couple to wy,
vector field.
All terms involving w,, field in the Lagrangian (4.27) are:

= iy® e“D”w, (4.27)

<§g)w ~ PiryCel B g(eaeyb - €Z€Va)wu0ab - iqwu] Y. (4.28)
We have:
~e Z(e et eZe”a)wyUab = %70(773 772 Va) i[%’%] - (4.29)
~ 16 (7“6”1’ Yo" wy [Ya, 5] = %(’Yaeyb e )w, - 27“71"@;&) - %qﬁybeybwy’ |

b b
where ege;, = 1,

was used and ~? %’Ya = 37v,- The above result cancels out the —quﬂ

factor from the covariant derivative in (4 28) Consequently, Lagrangians (4.24) and (4.27) are
equivalent, and the Weyl gauge vector field w, doesn’t couple to fermions.

Scalar Fields

Terms permitted by the symmetry (4.8) for a scalar coupled to a Weyl vector wy, are the
covariant derivative D,}Lqﬁz and a non-minimal coupling term §Z¢2R The Lagrangian for a scalar
field ¢; that remains invariant under conformal transformations is given by:

[fs 7 > »
— = 5 ¢l D/L¢iDu¢i - V(¢2)7 (430)

where R is defined in (4.5), and the covariant derivative, according to (4.16), is

Dyt = (9, — gwu)@. (4.31)

To ensure invariance under conformal transformations, the potential V' (¢;) must be a homoge-
neous function of degree four in the scalar fields ¢;:

vio) - oiv (). (1.32)
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One can expand R and [N)Mgbi terms to explicitly see the w,, interactions:

Es 52 q2

=2 = 262+ L] Vot + L6+ 1Rt j(am%w + 5 (0u00)(000) =

¢
=- éwﬂ g (& + Dgi]wpwt = 20, [(& + i)’ + 5 ( 0upi) (0" i) =
= — é(l)QR—F 3 —Kuw uw“ — % HLU + = ( u¢z)(@u¢i)7
(4.33)
where we defined:
K=(&+1)62% K, =0,K. (4.34)

To obtain the second line of (4.33), one needs to integrate by parts:

1 0,02 0,02
8M(\/§¢§w“) = \/gqszz 5go‘ﬁc?ugagw“ + 0wt + ;?Zu}”} = \/ﬁqﬁf [Vuw“ + ’;f%w” ,  (4.35)

K3 K3

where the 0,9 = ggaﬂ(%ga/g relation was used, and:

1 1
Vuwh = %au(\@wﬂ) = Ouw” + 59%8#9045““- (4.36)

The complete Lagrangian describing a scalar field ¢; and the Weyl vector w,,, invariant under
conformal transformations (4.8), is given by:

ES _ 51 2 o q w

— = ——gb R+ K wuwt — =Kt + - ( 0u0i) (0" i) — V(). (4.37)
Nz 4
Here, —%(b?R represents the non-minimal coupling term for ¢?, where R denotes the Riemannian
Ricci scalar. In a subsequent section, we will demonstrate that by including the Lagrangian for
the Weyl vector field (4.10), this term contributes to the generation of the Planck mass, resulting
in the Einstein-Hilbert term —1M2R. The Lagrangian (4.37) includes both a mass term for the
wy, field and a derivative coupling to the scalar field. Additionally, we will show that upon gauge
fixing with an appropriate choice of 02, the generalization of the mixing K , term is “eaten” by
the w), field, leaving only the mass term.

4.3. Higgs Scalar Sector and Weyl Quadratic Gravity

This section explores an extension of the Standard Model coupled to Weyl geometry. We
focus on the Higgs sector, specifically the neutral Higgs component ¢1, interacting with the Weyl
vector field w,. The Lagrangian invariant under conformal transformations (4.8) is:

£ — _7FHVF/LV + EO 61

vg o4
We proceed by applying a substitution: R? - 2¢%R ¢g (where ¢q satisfies its equation of
motion, ¢g = —R, restoring the original Lagrangian). This leads to:

L 1- -
Le SR - NGRS @R Dy Die St -

N 4
To explicitly see the w, and scalars interaction, one expands the R and f)uqbl terms, performing
the same calculations as in equations (4.33), (4.35), (4.36):
L 2

2 2
=~ — 2R \ VAL
Nz 12p +4p '+ g

1 q
— 13 2R+ 8Kwuw - pwt 4 = (u¢1)(au¢1)7

¢2R+ DMD 1 — !gb‘{. (4.38)

S @s9)

Kwywh — ( M¢1)wu+ ( u¢1) (6“¢>1) =
(4.40)
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where we defined:

PP =g+ &dt, K=&+ G+t =p"+61,  K,=0,K. (4.41)

We fix the gauge with the choice of Q as:

o + €197 P o _ P 2 K P+ 2 _ 12 2
0° = = = =6M°>, K'=— = 6.M 60>,
62 62 Fr=q 02 2 I

) (4.42)
Following the conformal transformation (4.8) and expanding R’ using (4.5) with integration by

parts, we transform the Lagrangian (4.39) to:

c 1 3 1., , -
N _ZF;WF’W — S MPR+ 20" MPwjw™ + S D), 64 DV — V' (). (4.43)

The potential transforms according to:

V(g1 p) = <z>4 2 662)% = V'(¢))
>\ . 1
(le) +ﬁ(6M2 €1¢12)2:a<)\+

—_(p
24&

4.44
E%) 114 MQfl /2 3 M* ( )

& 2 e T

The Weyl vector field acquires a mass term by absorbing the radial mode p?. We identify
the mass scale M with the Planck mass Mp, as the non-minimal term, —%pQR, became the
Einstein-Hilbert term, —%M 2R. However, the derivative coupling w, 0" ¢ remains within the
kinetic term %DL ! D'"¢. To achieve the canonical kinetic term for the scalar field, a further
field redefinition is introduced:

R
WM—UJ

1
o=, Ouln (1 24 6M3) = o, ,3 nK', ¢, =V6Mp sinh( (4.45)

Joviz)

With this redefinition, the Lagrangian becomes:

L 1. - 1 3 o
= = —"F "™ — —MAR+ ¢’ M3 cosh2<
Vg~ afw T MR e co e

Here, @, represents the redefined Weyl vector field with the field strength F = 0y, — 0wy,
The transformed potential for the scalar o is:

V(o) = 1 (/\ i §1> sinh* <\[i\4p> M2 fl inh? (\fi\/[p) + zﬂgf’, (4.47)

The mass term for the redefined Weyl vector field &, in the transformed Lagrangian depends on
the scalar field o. In the limit where 0 < Mp, we can expand this term:

) + %(%08“0 ~ V(o).  (4.46)

3 910 2 g A A 3 orma . ¢ o. . -2
19 M cosh (\/6Mp>wuw“ =14 Mpw, ot + i Wt 4+ O(Mp©), (4.48)
where O(M ) terms are negligible. The expansion of the mass term reveals two key aspects

of the Weyl vector boson’s behavior. Firstly, the leading coupling %0%}“&)“, describes the only

interaction between the w, and the scalar o (which is related to the Higgs field) and therefore
the only relevant coupling to the Standard Model. Secondly, the Weyl vector boson acquires
a mass proportional to the Planck mass:

3 (0?)
m? = Zq*Mp (1 + GM};)’ (4.49)
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where the Higgs vev correction arising after the electroweak spontaneous symmetry breaking
is negligible. FEffectively, for energies below the Mp scale, the Weyl vector decouples from the
theory, and the description of spacetime becomes well-approximated by Riemannian geometry,
which is the standard framework used in General Relativity. It’s important to note that the
transformation preserves the total number of degrees of freedom. Initially, we had a massless
vector boson w, and two massless real scalars ¢, ¢1 (total: ngor =2+ 141 = 4). After
the transformation, we have a massive vector boson @, and a massless real scalar o (total:
Ngof =3+1= 4).

The next chapter explores the possibility of the dilaton field being dynamical, which is nec-
essary to generate the subtraction scale u({¢g)), as described in Chapter 3. We will investigate
the potential coupling between the dilaton field and the Higgs scalar field and its implications
for the theory. In particular, we will demonstrate that in this scenario, the mass of the Weyl
vector remains proportional to the Planck mass, Mp. Consequently, for energies significantly
lower than Mp, the theory can effectively be described by Riemannian geometry.
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Chapter 5

Scale Symmetric Standard Model

In this chapter, we examine the theory of the Higgs scalar sector coupled with Weyl conformal
gravity and the dilaton field. We investigate the Stueckelberg mechanism, in which the Weyl
vector field w, becomes massive, to understand the theory’s behavior in the low-energy limit
(after the decoupling of w,). Then, we describe the properties arising from the scale-symmetric
tree-level potential and determine the mass scales of the theory, outlining the possible parameter
space. We finish with a comprehensive analysis of the quantum scale-invariant renormalization
procedure of the model, including the beta functions and the renormalization group (RG) im-
provement of the potential. A similar analysis focused on Standard Model renormalization can
be found in [22,27,31].

First, we provide the basic structure of the classical Lagrangian in the considered theory.
The Lagrangian for the Standard Model in Weyl conformal geometry, invariant under (4.8) and
SU(2)r, x U(1)y gauge group, is given by:

L=2Lgp +Lo—py+ Ly (5.1)

The L, ;. term includes the kinetic terms (field strengths) for the gauge bosons of the Standard
Model:

Ly, 1
NG 4
where Aj; and By, are gauge bosons of strong and weak interactions, whose mixtures will become
the massive W+, W~ and Z° bosons. The SU(2);, Higgs doublet is given by:

1 G1 + iGo
d=—— .
V2 <¢>1+v+iG3)’ (5:3)

where ¢1 is the Higgs field, v is its vacuum expectation value, and G1, G2, and G3 are Goldstone
bosons associated with the three spontaneously broken generators of the SU(2)r, x U(1)y gauge
group. After the Electroweak symmetry breaking, these Goldstone bosons are “eaten” by the
W, W, and Z° bosons, which as a consequence, acquire mass generated by the Higgs vacuum

(0,42 — 0,45 + QQEabCAZAIC,>2 - i(auBy - 8VB,L>2, (5.2)

expectation value.
The Lagrangian for ® and dilaton ¢ is:

B = R - 6ot (Day®) (D) + Dun D0 - V(@00 G

with the covariant derivatives defined as:
Doy = [0, + igor A% +ig: Y By %wu} o, (5.5)
Do = [aﬂ - gw“} do. (5.6)

25



g

Here, 7% = 7“ are the SU(2); Pauli matrices, and g; and g2 are the couplings of the weak
U(1)y and strong SU(2), gauge interactions respectively!. The charges for the Higgs doublet
are Y = % and @Q = 5 + Y. The scale-invariant tree-level potential for the Higgs and dilaton is:

V(®, ¢o) = Aodd + 20 (BT®) 92 + 4o (0T 0) ", (5.8)
which for the Higgs neutral component ¢; gives:

V(d1,%0) = Moo + AdgéT + ool (5.9)

In the fermionic Lagrangian, we include only the top quark, which gives the leading fermionic
contribution at the quantum level:

Ly, — _ .
712 = Qi el DuQu + tnin e Dytr + ( — yQpdtn + hc.), (5.10)
where:
_(tL = oo 1 [ ¢ +iGs
@r = <bL> , E=e=—p (—01 —iG2)" (5.11)

and the top quark mass is m?(¢1) = %gﬂ)f The mass terms for gauge bosons arising from (5.4)

are:

L 3 1 1
—g”jg = DWW G+ (g7 + g3 Z0Z0 6} = miy (01) W, W+ S (61)Z52%. (5.12)

5.1. Scale Symmetric Higgs Scalar Sector

In this section, we will demonstrate that the theory with the kinetic term for the dilaton
field ¢g, emerging from the R? term in Weyl quadratic gravity, coupled to the Higgs neutral
component, can be considered as embedded in regular Riemannian geometry for mass scales
lower than the Planck mass. As discussed earlier in Chapter 3, the presence of the kinetic term
for the dilaton is essential, as this field is responsible for the generation of mass scales in the
presented model (the subtraction scale p({¢p)) in particular) and, therefore, must be dynamical.
Using the tools introduced in Chapter 4, we begin with the following Lagrangian:

r 3 . . .
5= 13 (600 + d) R LR 4 S Dun D0 3 Dun Do~V (60, 6), (513)

invariant under Weyl conformal transformations (4.8). One can expand the covariant derivatives
D;¢; and the Weyl scalar R, and obtain, up to a total derivative:

L 1 5, ¢ ¢ 1 1 1~ -
ﬁ == —Ep R— ZKMWH+§KWMWM+ iaﬂqbo@“gi)o—l— 5(%@1)13”9251 — ZFMVF'UJJ—V(QbO, (b]_), (514)
where:
2 _ 2 2
p” = &Py + 1071, (5.15)
K=p"+¢5+061 =G+ 1)o)+ (@ +1)el,  Ku=0uK. (5.16)
!The gauge transformations for the Higgs doublet are:

SU@R): ®—e @70
@)z e (5.7)

U1y : P — e W@V,
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We fix the scale symmetry gauge of (5.13), with:

2 2 2 2

The (5.13) Lagrangian becomes:

L' 3 1 4= s, 4=
N —fMQR’—;F@F’quw?w&w’”gD;¢6D’“¢6+§DL¢;D’“¢’1—V’<¢6,¢’1>, (5.18)

where the R’ has been expanded, and the integration by parts was performed. Let’s take a
careful look at the D/, ¢; and wjw' terms:

Loo¢
N/

The derivative coupling wj,0"( 2 4+ ¢/2) needs to be removed. Therefore, we introduce new
variables:

1
6M° + ¢ + ¢ }W Wt + { A0 ¢y +8u¢18“¢1} - Z ;lta“[ ¢+ ¢/12]~ (5.19)

1 1
Wy = wy, — ga“ In [GM2 + ¢ + qﬁﬂ =w, — 68# In K', (5.20)

% o
¢/ ) \/6M7
where K’ = K/Q? =, with K defined in (5.16). The (5.18) Lagrangian becomes:

tan = PF + ¢ = 6M? sinh? (5.21)

A~

L

N ffMZRf FWF‘”’Jr —m2 (o )wﬂw“+3M2slnh2L8 00"6 + 808“07 V(o,0),

VM

(5.22)
with the @, mass:
3 o
2 2772 2
mZ(o) = =q“M* cosh® ——, 5.23
(o) = 5 N (5.23)
and the potential:
) o
V(0,6) = 36M* cos* f sinh* ol A2 + A tan? @ + Mg tan? 4. (5.24)
Both fields wL and @, have masses proportional to ¢M:
m2, = §q2]\42 m2 (o) = §q2M2 cosh? —2— (5.25)
w 2 ’ w 2 \/EM

For ¢ not too small (see Section 6.3), both masses are greater than the M scale, which is
associated with the Planck mass scale Mp. Consequently, the w, vector boson decouples for
energies below Mp. Therefore, in further analysis, we can consider a theory within Riemannian
geometry only.

The M appearing in the definition of Q2 in equation (5.17) is an arbitrary mass parameter.
We choose it as M? = &{(@3) + &1 (¢?). Consequently, the mechanism of fixing a gauge and
breaking the scale symmetry happens when fields acquire their vacuum expectation values. The
p? mass scale transforms to:

. 2
uge fixin
PP =Godh+ Qo] EEEEE 52— D= 602 = Go(6h) + €1(6D), (5.26)
and the Planck mass is generated as:
1 2 2
= 5 oted) +atad]. (5.27)
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5.2. Scale Symmetric Higgs Potential

As we showed in the previous section, for energies below the Planck mass scale, the Weyl
vector boson decouples, and the geometry becomes Riemannian. Since this is the case for energies
that are considered in the evolution of the hot Universe (as F = Mp;, one enters the quantum
gravity era), in this section, we consider the Lagrangian (5.13), without the w), field. The theory
is described by:

L 1 1 1
NG T 12 (50% + §1¢%)R + §8u¢03“¢0 T §8u¢1a“¢1 = Vido, é1); (5.28)

where R is the Ricci scalar in Riemannian geometry, ¢ is the dilaton field originating from the
Weyl quadratic term R? and ¢; is the Higgs neutral component from the Higgs doublet. The
above Lagrangian is scale symmetric, with the potential:

V(go,d1) = Modg + M@géT + Aagi. (5.29)
The coupling constants fulfill the hierarchy relation:
Ao > ‘)\1| > Ao, A2, Ag > 0, A1 <0, (5.30)

so that the new sector is weakly coupled to the Higgs neutral component. This relation, main-
tained at the quantum level, will be significant in the context of mass scales generation.
Equations of motion from (5.28) read?:

¢o : do + 3Hdo + o ¢OR + ANgdp + 212 = 0

o1 : b1+ 3Hoy + 51 ¢>1R 44X} + 2M1 301 =0 (5.31)
R mﬁ%)R — 5607 = 561" 42006+ M6E0t + deot) =

We enforce the additional condition of zero cosmological constant:

V({(¢o), (¢1)) =0, (5.32)

and find the stationary solutions of (5.31). The ground state is a flat direction in the ¢; field
space with zero curvature scalar:

A A2
2y _ M o2 _ M _
(91) = T (95), Ao Dy (R) = 0. (5.33)
With Ag from (5.33), the potential becomes:
¢2 2
V (g0, ¢1) = Aaghy : (5.34)
2/\2

The mass matrix of (5.29) is

2 [ 2X\10% + 120092 4N P190
M= = ( 4\ 10190 12X207 + 2X105 (5.35)

and has two eigenvalues at the ground state:

A
m& =0, my=—4\ <1 - 2;2> (¢3). (5.36)

*We use the Friedmann—Lemaitre— Robertson Walker metric (1, —a?(t), —a®(t), —a?(t)) with the Hubble pa-

rameter H = a(t)/a(t) and \/g = /| det g| = a®
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The Goldstone mode related to the scale symmetry is massless and generates the mass for the
other state. Mass eigenstates are obtained from:

G\ cosf sinf oo
<H)_<—sin9 cose><¢1>’ (5.37)

1 ) . ) A1
COS@— 1+5N1—§, Slne— mw\/g, 6——27)\2, (538)
G = cosfgg + sin o1 ~ ¢y, (5.39)
H = —sinf¢g + cos ¢y ~ ¢1. (5.40)

The hierarchy described by equation (5.30) dictates that the interaction basis fields coincide
with the mass basis fields. Hence, ¢ corresponds to the massive Higgs scalar. Throughout our
discussion, we will interchangeably refer to ¢¢ as G and ¢; as H.

After fields acquire their vevs (which mechanism will be discussed in Chapter 8), the Ricci
scalar term plays a role of the Einstein-Hilbert term:

Le_n

V9

Consequently, the Planck mass scale, (5.27), is determined as:

A
— (@l +a@)R= -5 (0 - et )R- —3MBR. G4y

1 A1
Mp = ¢ (&0~ &gy ) D) (5.42)

The vacuum expectation value of the dilaton field plays a central role in determining mass scales.
Specifically, it governs the emergence of fundamental mass parameters such as the Higgs vev (¢1),
the Higgs mass my, and the Planck mass Mp. In scale-symmetric theories, the value of (¢g)
remains arbitrary, as only the relative ratios of mass scales can be established. The hierarchy of
couplings (5.30) ensures that (¢g) > (¢1), allowing the dilaton vev to be of the order of Planck
mass. In further discussions, it will be demonstrated that this hierarchy persists at the quantum
level, and no additional tuning is needed beyond (5.30) at the classical level.

5.2.1. Parameter Space

Mass scales relations (5.33), (5.36), and (5.42) provide a way to determine the allowed values
of A1, A9, &, and & within our theoretical framework. The forthcoming calculations will use the
approximate experimental values, which are [61,62]:

mpy = 125 GeV, (1) =250 GeV,  Mp =2.44-10"® GeV. (5.43)

First, the relation of A\ and Ay satisfying the hierarchy (5.30) is:

2

mi 1 1

— =42y — A = A= ——=(1+16N1), 0>X>»—-——~—0.021. 5.44

<¢%> (222 1) 2 32( + 1) 1 13 ( )
For the non-minimal couplings, we get:

1 2o 1 6M2 & 6.M 2 ‘
M = *<£1—§of)<¢2> = —=-16 E—=41), 26+& < 55 ~5.72:10%

"6 A/ A1 (7)) &o (#1)
(5.45)

We provide the possible parameter space plots in Figure 5.1. The next sections of this chapter
analyze the scalar sector without gravity couplings. For simplicity, we will set A\; = —10~% and

A2 = 0.03125.
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Figure 5.1: Plots illustrating the allowed parameter space.

5.3. Non-Polynomial Operators

In the context of scale symmetry, the potential V(¢g, ¢1) can generally take the form:

V(go, é1) ZA do 2ot (5.46)

where terms for n > 2 are of importance since even if one sets them initially to zero, they
are generated at the quantum level using scale symmetric regularization prescription, as will be
shown in the forthcoming analysis. They can be expanded into polynomial effective operators,
for instance:

N g .o B ,
Mg A“”’<<;so><1 260 T ) %0 = (%0) + 9o, (547)

where ¢ is a fluctuation. However, the scale symmetry is better manifested in their non-
polynomial form, which we will adopt in our study. The expansion (5.47) reveals that each
following term \,, becomes increasingly suppressed by the large dilaton vev (¢g) ~ Mp. There-
fore, one can freely impose the hierarchy:

Ao > A1 > N> A3 > ... (5.48)

We will briefly examine the potential with A\, = 0 for n > 3 and demonstrate that this only
introduces negligible corrections to our previous analysis.

Let’s consider:
¢6

V= Xy + Mot + Aot + Az 3 (5.49)

with:
Ao, A2, A3 >0, A <0, (5.50)

where only for positive values of A3 the potential is well-defined at the large ¢;. Finding the
ground state with zero cosmological constant, one gets:

02 \'(e
V= )\3¢0<¢0 x ) <% - y0> (551)
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where:

_ —)\2—1—\/)\%—3)\1)\3 yo__)\2+2\/)\%—3)\1)\3

33 ’ 33

o = —27&%( — Aoty /A2— 3)\1>\3) ( — A2+ 6N + Aoy /A2 — 3/\1)\3)

Expanding above results for small As:

A 3ADA , A Ar 3A2As ,
= - — O Af - —— — — O )\‘
o 2)\2 8)\% + ( 3)7 Yo AQ )\3 + 4)\% + ( 3)
2 A3)\3
Ay = 1 1 )\2
T ax 8N (A5)

and taking the limit A3 — 0, one recovers the previous results:

NN 6 i
V= ¢0<¢0 x%)( %—Agy)“%wo@; %).

The mass matrix is given by:

120063 2 it 40
O(b() + 2)\1¢1 + 6A3¢78 4)\1¢0(b1 — 12/\3(1)73

i 4

Wadodr — 12058 2068 + 120007 + 30X 5

with eigenvalues at the ground state:

A 3A2)\
mg =0, my = [—4A1(1—2§) +E 008 | (9h).
2
Mass eigenstates obtain small corrections:
0 03 _ 03 A1 3\?
s~ 11— — — —= sin 0 ~ - — 0=———, 03=——=3A
CcOS 5 9 s f 2\/57 2)\25 3 8)\% 3

G = cos ¢ + sin g1 =~ ¢y,

H =sinf¢g — cos ¢ ~ ¢1.

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

Again, the interaction basis fields coincide with the mass basis fields, if the hierarchy (5.48) is

fulfilled.

Including non-polynomial terms in tree-level potential leads to corrections of order As or
higher. According to equation (5.48), these corrections are negligible compared to the results
presented in Section 5.2. However, we will address them in our examination of the quantum
effective potential to show that their respective one-loop beta functions are insignificant, allowing

them to be safely omitted at the classical level3.

3This can be done at the one-loop level. However, at two loops, the beta functions for A3 and higher receive
corrections that do not vanish when As, A4, ... are set to zero [24,28]. Nevertheless, they remain small and safely

negligible.
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5.4. Scale-Symmetric One-Loop Corrections in the Absence of Grav-
ity
In this section, we employ dimensional regularization maintaining quantum scale symmetry
from Chapter 3. The choice of the subtraction function is given by:

12 = p(do)* = (z : ¢5£6)26- (5.62)

To sustain dimensionless \; couplings, we replace \; — pu(¢g)*);. Consequently, this trans-
formation changes the potential to V(¢o, ¢1) — V(¢o, d1) = 1(0)*V (¢o, ¢1), making it scale
invariant in d = 4 — 2¢ dimensions. Due to the field dependence of u(¢g), new finite correc-
tions emerge at the quantum level, beyond the usual Coleman-Weinberg terms in the p = const
prescription.

Consider the Lagrangian for the Higgs scalar ¢; coupled to the dilaton ¢ of the form:

£ =5 (9u00)" + %(8@1)2 — V(¢o,¢1) + L + 6Ley., (5.63)

N | —

where:

N 6
7 (60, 61) = 1(d0)V(do,61),  V(do,br) = odl + M2 + Aog? + Agj%. (5.64)

The counter-term Lagrangian will cancel the poles of the one-loop corrections:
1 9 1 2
0Ler. =5(Za = 1) (Outo)” + 5 (20 — 1) (9uén)

= l60)* | (2028 = 1) Nodit + (412020 = DAdiot + (2225 = )dedlt (5 600
¢2n
+ Z (ZnZ5" 28 = 1) A—m=z | »
n=3,4,5,6 &

where the sum over n is essential, as these terms will arise at the quantum level. The Lagrangian
Lgn contains the interactions of the Higgs boson with other SM particles, specifically the top
quark, W, and Z gauge bosons. The field-dependent square masses for these particles can be
read from (5.10) and (5.12):

1 1 1
m;(¢1) = iytqu%a miy(¢1) = 195 i my(¢1) = Z(Q% +93)97. (5.66)
The mass for the Higgs doublet Goldstones is:

4
d
m3 (G0, p1) = 2M165 + AT + 6A3i§ LOMC I, mE =0 (5.67)
0
The field dependent masses for Higgs m?; (¢, ¢1) and Goldstone mZ(¢o, #1) are the eigenvalues
of the mass matrix (5.57). With the above particle content, the one-loop effective potential,
using the equation (3.27), is given by:

_ 1 of 1 m; 1
Vi(¢o, ¢1) = V (o, ¢1)+647r2 i Ingtnllmi <—6+1D KWQ(%)) t5a02 6Vi(do, ¢1), (5.68)

where the numbers of degrees of freedom are n; = {1,1,3,6,3, —12} fori = {G, H, x, W, Z, t} and
ki = 4we3/277E for i = G, H, x,t and k; = 4we®/277E if { = W, Z. The contribution Vi(¢o, é1)
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is novel, and is absent in the p = const regime. It is derived according to the equation (3.24),
with the result:

Vi (o, d1) = — 336A308 — 8A1(25M0 + 8A1)d2h] + 8(6XoAa — 3AF — 16X \2) o1+

¢6 ¢8 10 12
8()\1)\2 + 9)\0)\3)5 — 32)\3()\1 — 12)\2) ¢ + 24)\3()\2 + 24)\3) ¢ + 120)\3 gb
0 0 0 0
(5.69)

New interactions have emerged due to the inclusion of higher non-polynomial operators, which
were originally absent at the tree-level in potential (5.64). Therefore, the general form of the
classical potential should be in fact as in (5.46), where each non-polynomial term with the power
of d)" (n > 4) generates higher-order terms. Note that, even for A3 = 0 at the classical level,

)\1)\2 i is still present in 0V;, making the higher terms inevitable. Nevertheless, considering

the hlerarchy (5.48), these contributions are negligible. Additionally, the beta functions of their
corresponding couplings can be safely set to zero by assigning A\, — 0 for n > 2 (see the equation
(A.1) in Appendix A).

To renormalize the divergences of (5.68), we adopt the MS scheme. Consequently, in counter-
terms, Z; factors absorbing the divergences are defined as:

1 0
Zi=14-— :
+ RPPSER (5.70)
and the subtraction function is rescaled to p? — /ﬂi—f. One identifies:
4N

0o = 36X + T 0 = 4(3)\0 + 2\ + 6)\2),

A2 )\1/\3 3 4 4

Ay 24 —1 )
B = L+ 480 + 30570 4 ((gl—l-gg) +2g5 — 16y;

(5.71)
03 = 12(3)\0 — 4\ + 15)\2), 04 = 3;\3 (2)\1 + 75)\3)

A3
b5 = 72723 5 = 923
> A5’ )\6

Factors renormalizing the kinetic terms for the Higgs and dilaton field, Zg and Zp, are given
by [22,63,64]%:

181nZG
Zg =1, dc =0, VG =5 A,
1 5H 9 3 1aanH 81n¢1 2
Zyp=1+-"H_ 3 - S
H T (4m)2’ "= 491 + 492 yt] TS 9, Olnz  (4m2
(5.72)

where g and ~yg are the so-called anomalous dimensions. The Renormalization Group Equation
(RGE) for each coupling can be derived by differentiation [55]:

d d
_ (BARE) 2e 7 gon
0 dlnz)\" dln z ( (¢0)™ZnZy An)’ (5.73)

where index (BARFE) denotes a bare coupling constant, which is independent of the renor-
malization group (RG) factor z, and Zg = 1 does not have to be included. From the above
differentiation, we obtain the equations for the beta functions £, = 9= \p:

dlnz
n d _
2e+ﬁ—+25%d In Z,Z7" =0, (5.74)

*At the one-loop level, y¢ = vz = 0 if one considers only the potential (5.64) [24,28]. However, the Higgs
neutral component receives the corrections from the Standard Model particles and g is the same as for y = const.
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where a; = {A\o, A1, .., X6, 91, 92,41 }. To the order O(\,) they are:
Bn = =2\, + O(A2). (5.75)

Using this result for 3, in (5.74), one gets:
B = —2eAn + 26\ Zal 2, 2" = —2eh+ &Zaii@n —n. 5H). (5.76)
(47T)2 o dOzi

Since one has: p
zi(sn — 5117
@ dOéZ‘

d
i 5.77
% (5.77)

the final result reads:
Bn = —2e\y + — 2n <5n — 2n(5H>. (5.78)
(4m)?
The explicit formulas for beta functions of ), couplings are presented in Appendix A%, along
with the Standard Model results for g1, g2 and y;, taken from [63,64]. Additionally, the appendix
includes plots illustrating the running of A,,.

The renormalized one-loop potential is:

2
Vilo, o) = V(d0.00) + g D0 memiln T b GVi(do,61),  (579)

A2
047 ez czon)

where ¢; = {%/2,e%/2} for i = {{G, H, x,t},{W, Z}}. The Vi(¢o, ¢1) is manifestly scale invari-
ant. The Coleman-Weinberg potential is modified due to the scale-symmetric choice of subtrac-
tion scale u = z¢o. Figure 5.2 illustrates the RG-improved potential V1%, with the RG parameter
z = z9 = (¢1)/{¢o), chosen as described in the following discussion. All parameters run with
the dilaton field ¢g, as discussed in Appendix A. We also include the running of the ¢; field, the
details of which are described in Section A.1.

The Callan-Symanzik equation for the scalar potential ensures that the potential remains
independent of the subtraction scale. At the one-loop level, this leads to the following expres-
sion [55]:

d 0 0
1 V(00 01, 00) = |2 +ﬁala + 15— ¢ Vi(oo, 91, ;) = O(a3), (5.80)

where Vi(¢o, ¢1, ;) is the RG-improved one-loop potential found in (5.79) with all couplings
running with the 4 = z - ¢g scale. In particular, since A, for n > 3 have non-zero 8 functions,
the tree-level potential V(¢p, ¢1) is completed with higher order polynomial terms:

¢8 10 12
+ A5 + ¢ (5.81)

o N %

The explicit dependence on z appears only in the Coleman-Weinberg part of Vi, under the
logarithms. At the one-loop level, the operators ﬁaia%i + ’dena%l act solely on the classical
potential. Therefore, the Callan-Symanzik one-loop equation is validated, allowing the RG factor

V(¢07¢1> — V(¢07¢1) + A4

5At the one-loop level, beta functions for )\, couplings are the same as when p = const. However, at the
two-loop level, they start to differ due to the € corrections in the scalar field dependent masses emerging from
M(¢0)267 [243 28]'

6Tt is well known that the Standard Model Higgs effective potential generally suffers from infrared (IR) diver-
gences due to the inclusion of the field-dependent tree-level masses of the Goldstone bosons, which vanish at the
ground state. Following the analysis given in [65] and [66], the resummation of IR-problematic terms can resolve
these divergences, and one can neglect the Goldstone bosons’ contribution. Consequently, we do not include
mi (o, ¢1) in the numerical analysis of the potential of one loop (5.79).
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Figure 5.2: Plot of the renormalized RG-improved potential Vi(¢g,#1) from equation (5.79).
The RG parameter is equal to z = (¢1)/(¢g) and A\; = —1075. The black dashed lines depict
the quantum flat direction according to (5.83), and the gray grid lines correspond to the vacuum
expectation values of fields for given A;. The true quantum flat direction in the RG improved
potential Vi (¢o, ¢1), for which its first derivatives vanish, is not a straight line and has been
marked with the thick purple line.

z and the subtraction scale z{¢g) to be fixed since the one-loop potential remains independent
of it. To minimize the logarithmic terms in the potential, we set z = 29 = (¢1)/{(¢o). This
choice ensures that, after the spontaneous scale symmetry breaking, the subtraction scale is
w({b0)) = z0{po) = (¢1). However, fixing the RG parameter z does not mean that the coupling
constants do not run. To apply the RG improvement of the potential, we set the subtraction
scale to u(pg) = 20 - do = (é1)/{¢0) - po. Consequently, all parameters run with the dilaton field
¢o, as discussed in the Appendix A.
Given the hierarchy (5.48), we can express the couplings as:

)\225\2, /\1 26-5\1, )\0=€2~5\0, )\3263'5\3, ey (5.82)

where ¢ < 1, the A terms are of the same order, and we can expand the quantities to the desired
order in €. The new flat direction, for which V4 ((¢o), (¢1)) = 0 + O(?), is modified to:

) A1 8o ——— ) A
[ —— Y Y2—2X =——.5 5% . 4 f )\ —-0. 12 583
<¢g> 2)\2 X [ T ] +O(€ ) 2A2 ) 0.845 for 2 0.03 57 ( )
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2 2 2
X =3¢* llog gz -2+ Ggé1 log %2 — 2] — 48y;1 log % — 1| +256X2 [9)\2<10g 129 — 1) +47? ],
Y = 16(47% + 32 log 12)9). (5.85)
The one-loop Higgs mass is given by:
0?vy  9*°Wy
m2 = W; + 6¢21 : (5.86)
0 Ul gi=(en)
which yields the correction to the classical value:
M 3(6) vi gt + 93
om% = — — 9 — 16y} 3In 2L — 242?322 ¢4
(5.87)
g2
+ g5 (6 In ZZ - ) + 512)3 <4ln 8\ — 1) + O(£%).

Given that (¢3) = —% . %<¢%>, the Higgs mass quantum correction is proportional to %(qb%),

maintaining the hierarchy m?, ~ (¢7) < (¢3). The numerical values for different A\; (note that
the Ay coupling and the dilaton vev (¢o) are both A; functions), give a correction of about
7.5% to the tree-level value my = 125 GeV. This indicates that the original classical hierarchy is
preserved at the quantum level, and there is no need for additional fine-tuning of the couplings A,,.

5.5. Conclusions

We demonstrated that with the kinetic term for the dilaton field, arising from the Weyl
quadratic gravity term, the conclusions of the previous chapter are maintained. The theory
behaves within a regular Riemannian geometric framework for energy scales below the Planck
mass. This chapter provides an insight into the realization of the scale symmetry at both the
classical and quantum levels in the Standard Model Higgs scalar sector coupled to the dilaton.
The classical hierarchy of the coupling constants, maintained at the quantum level, ensures a
weak interaction between the new sector and the Higgs field, supporting the naturalness of the
electroweak scale, as the quantum Higgs mass correction is small. Consequently, the realization
of scale symmetry through Weyl conformal gravity offers a consistent way of adding a new sector
to the model, responsible for generating mass scales and realizing a scale-symmetric quantum
regularization method. This approach provides a promising solution to the hierarchy problem.
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Chapter 6

Gravity and Dilaton Effects

In the previous chapter, we presented a scale-symmetric theory of a Higgs-like field ¢y non-
minimally coupled to Weyl conformal gravity. Due to the presence of the R? term, a dilaton
mode ¢g emerges and interacts with ¢; and Weyl gravity. This chapter focuses on the dilaton and
gravity sector, specifically exploring conditions under which one can decouple both and recover
a pure Higgs sector. Such a scenario would correspond to the physics observed in the present
Universe. We focus solely on the classical Lagrangian and neglect the quantum effects. In the
last section, we explore the implications of the Weak Gravity Conjecture (WGC) in our model.
This analysis imposes constraints on the Weyl gauge coupling ¢ and provides insight into the
interplay between gravity, gauge interactions, and scale symmetry. This entire chapter presents
a novel analysis that is not found in any papers known to the authors.

6.1. Dilaton Decoupling

The analysis of the classical potentials (5.29) and (5.49), with and without non-polynomial
operators, respectively, showed that the massless component can be approximated as:

G = cos gy — sin 01 =~ ¢, (6.1)

provided the coupling hierarchy A3 < Ao < [A\1] < A2 is maintained. Consequently, the dilaton
mode ¢o can be regarded as a pure, massless Goldstone particle. Its vacuum expectation value
contributes to the mass of the neutral Higgs component:

my = [— 4\ (1 — 2);\2> + (corrections)] (03, (6.2)

where the corrections come from non-polynomial operators and are significantly smaller than the
rest of the terms.

The classical dilaton decoupling limit is realized by setting all dilaton couplings to zero
(A1, A3, Aq,... — 0) and allowing the vev of the dilaton to approach infinity ((¢9) — oo) while
keeping a fixed value for m%[. In the following analysis, we examine the model’s behavior in

this context, disregarding the contributions from non-polynomial operators, as their impact is

negligible.
Let’s denote the vacuum expectation values of the fields as (¢;) = v; with:
A A
2 1 1
U1 T2 Uo Um M (6.3)
We expand the classical potential around the ground state:

2 ~
¢ +> G2y (Go, 1) = Ao+ 2v/Fv0ds — 2000 — 633

Y
Vo, 1) = Aoy <¢0 N
(6.4)
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where ¢; are quantum fluctuations with zero vevs. The mass matrix at the ground state is:

_f/g —1/5 > (6.5)

The normalized eigenvectors of (6.5), give the transition matrix so that the MQQT can be trans-
formed to its diagonal form:

M2, = 8A20v5 - <

1 1 -6 0 0
T o a2 _ _ 2
R MgrR = Mdzag? R m < \/S 1 ) s Mdzag < 0 8)\25(5—l— 1)7}3 ) .
(6.6)

Therefore, the mass eigenstates are:

(5)-am (G ) (0)-am(Wls) oo
1 T+o\VoG+H )’ H T+6 \ —Védo+ .
We write the potential (6.4) in terms of the new fields:

V(G H) = X B (1~ 8)H +2V5G + 21/3(1 + o) (6.8)

which after the spontaneous symmetry breaking (the Goldstone mode acquires its vev: (G) = 0),
one has:

V(H) =4X\8(1 + 6)v3 - H* + 4do/6(1 4 6)(1 — 8)vg - H® + No(1 — 6)? - H =
(6.9)

1
=gmiy  H? + /21 = )mp - H? + Mao(1 = 0)° - H'.

To decouple the dilaton, one applies the limits Ay — 0 = § — 0 and vg — oo with the qu fixed.
This results in the Higgs potential:

1
V(H):im%{‘fﬂ‘i‘\/@mH'HB—F)\z'HZl- (6.10)

To compare the result (6.10) to the Standard Model Higgs potential, we expand the latter
around the ground state:

1 u? ? u? 1
Vsm(h) = Asm 2(Uh + h)2 + enr | U}QL = —W7 MQ = —§m%{ (6.11)
This gives:
1 2 2 >\SM 3 /\SM 4
Vsar(h) = gmig - h* 4\ —=mu - h* + == - h (6.12)

The potentials (6.10) and (6.12) are equivalent if Ao = TAgps. At the electroweak scale, where
Ao = 0.03125 and Agps = 0.125, this condition is satisfied as a result of the conditions established
in the analysis from Section 5.2.1.

To summarize, the mass scales in the theory are dynamically generated after the spontaneous
breaking of scale symmetry, when the Goldstone mode acquires its vev. Specifically, both the
Higgs mass and vev are proportional to (¢g). Upon the decoupling of the dilaton, the Standard
Model Higgs scalar sector is recovered. Incorporating the gravity sector, discussed in the next
section, shows that the dilaton vev also gives rise to the Planck mass, Mp. Therefore, those
two sectors are related, and as will be shown, gravity decoupling (in the flat limit) aligns with
the decoupling of the dilaton. The exact mechanism by which the ¢g field acquires its vev is
studied in Chapter 8, where the time evolution of the fields is further improved with temperature
corrections.
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6.2. Gravity Decoupling

Weyl conformal gravity introduces Weyl vector field w,, which is coupled to ¢; fields via Weyl
curvature scalar R and covariant derivative Du, which are:

~ 3
R =R - 3q¢D,w" — iqzwuw“, (6.13)

Dyuéi = (6’# - ng> bi.- (6.14)

We have shown that after the breaking of Weyl conformal symmetry via the Stueckelberg mech-
anism, w, acquires a mass mau = %sz 2 where M is arbitrary. The presence of the Einstein-
Hilbert term in the broken Lagrangian allows us to identify M with the Planck mass scale, so that
m2 o~ MI% (see Section 6.3 for the details of the possible ¢ coupling values). For energies below
the Planck mass scale, the Weyl vector field decouples, and the theory becomes Riemannian.

wy
The Weyl geometric approach is important in at least two aspects:

- It provides a natural mass generation, even in the absence of matter, through the geometric
origin of the new scalar sector, ¢g, which is not added to the theory ad hoc. This occurs due
to the spontaneous breaking of the scale symmetry and the w, field “eating” the dilaton.

- The presence of the Weyl vector field ensures the conservation of degrees of freedom in the
Stueckelberg mechanism. This wouldn’t be possible without wy,, as there would be nothing
to absorb the dilaton mode. Similar theories embedded in Riemannian geometry result in
the presence of unphysical ghosts (see, e.g., [7,67]).

One can now consider the gravity decoupling limit, Mp — oo or more precisely, the flat limit
9uv — Nuv- In Section 5.1, we showed that after the spontaneous breaking of the Weyl conformal
symmetry in a theory with two scalar fields ¢g and ¢, we obtain the Lagrangian of the form:

El
N
where quantities with prime are rescaled after the conformal transformation (4.8), and in partic-

ular, R’ is the Riemannian curvature scalar. From now on, the primes will be omitted. In order
to remove the derivative coupling w,, 0" (qﬁ% + (b%), we introduce a new variable (5.20):

1 3 1~ ~ 1~ ~
—§M%R’—ZF,’WF’MZfM%wLw"‘@DL%D’%H§D,’L¢’1D’“¢’1—V’<<z>a,<z>’1>, (6.15)

1
“p Gt O {GMI% - qﬂ. (6.16)

The Lagrangian becomes:

\fg = — *MPR FMVFMV+ 1q <6Mp+¢0+¢1>wuwu+
2 2 2 2 2 (617)
n 1 (6Mp + ¢7) (8,@0) — 200919u$00" ¢1 + (6M3 + ¢5) (0us1) — V{(do, b1)
2 6M2 + ¢2 + ¢? 0

The Planck mass is associated with the dilaton vev, as seen from equation (5.27):

= < [eotsd) +axtad)] = £[eo - ;;A (@) = Mp—oo=(dy)»oe.  (618)

Consequently, the gravity decoupling is related to the dilaton decoupling in our model. This
is unsurprising, as the ¢o field originates from the R? term. We expand the Lagrangian (6.17)
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around the ground state ¢; = v; + ¢;, rewrite it in terms of the mass eigenstates G, H (6.7) and
provide its form after the spontaneous symmetry breaking when (G) = 0:

L

— =— fM R— ~F, F" 4

(6.19)
1 6+a(1+5) 28H8“H V(H),
26+ a2(1+6) + £

= [M2(6+a (1+6))+H2] Lt +

where V(H) has the form (6.9), 6 = —L and M2 = o*(¢) from equation (6.18). In the
above Lagrangian, we have the Einstein- Hllbert action for Riemannian gravity and the matter
Lagrangian L:

1 1

where £ = 87G = 1/(2M?%). From the action S, one obtains Einstein’s field equations:

1
- 7g,ul/R = 87TGT;LV7 (621)

R, 5

where T}, is an energy-stress tensor for matter fields:

-26Sy  —20(\/9Lm) 0Ly
, = —2%oM _ —2 = 90EM L 22
M geg g dg dgrv Ik (6.22)

Expanding the metric around the Minkowski background, g,, = 1, + by, up to linear order in
huw, (6.21) becomes [68,69]:

g = 167G T = 15 T (6.23)
P
where fLW = hu — %nwh is the so called trace-reversed perturbation variable with h = h$. The
gravity decoupling Mp — oo provides a flat limit only if the energy-momentum tensor 7},, does
not contain powers of Mp higher than 2.
If one takes into account the analysis from the previous Section 6.1, then ¢g — oo limit pro-
vides the Higgs potential (6.10), with zero Planck mass power. The only significant contribution
to the T}, with non-zero Planck mass powers is the w, mass term:

ﬁﬂL‘ﬁ
N{ 8

0Ly 7>
2a w —i—gWEM 4) 3

Substituting the result to the equation (6.23) gives:

M3 (6 + (14 8))udng . (6.24)

L2 (6+ a2(1+ 6)) [gwwawa - zwuwy] (6.25)

R 2
Oy = %(6 +0a%(1+0)) [ — Gl + 2@;“@4 +O(MRY). (6.26)

The graviton couples to the Weyl vector boson but does not interact with the remaining matter
sector. The contribution of the &, field to the Einstein equation modifies the dynamics of metric
perturbations. However, analyzing the individual terms in the Lagrangian (6.19), we find that
taking the Mp — oo limit has two significant implications:

—%MI%R: To keep the action finite as Mp — oo, the curvature R must approach zero.
Since the strength of the gravitational interaction is given by G ~ M 132, it effectively
decreases to zero.
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- %qQ [MI% + Hz}d},@“: The Higgs field is finite and independent of Mp, so in the Mp — oo
limit, the Planck mass term dominates the Weyl vector field mass term. Consequently, the
w,, field acquires a very large mass, causing its dynamics to decouple from the low-energy
effective theory.

Therefore, in the gravity decoupling limit, the Lagrangian (6.19) effectively reduces to:
1
Lepr = iaﬂHa“H - V(H), (6.27)

where the potential V(H) is given by (6.10).

6.3. Weak Gravity Conjecture

The notion of the Weak Gravity Conjecture (WGC) originates from the Swampland program,
which aims to determine the constraints required for quantum field theories to be consistently
embedded in quantum gravity. Although Swampland conjectures are usually motivated by or
validated within the string theory and black hole physics, they offer a way to validate theories
of particle physics and cosmology beyond the Standard Model. While we do not consider the
quantum gravity regime in this work, the WGC will serve as a qualitative check on the possible
values of the conformal symmetry gauge coupling q. Here, we briefly review the application of
WGC to a model with massless scalar fields. For a more detailed introduction to the Swamp-
land program and the WGC, we refer the reader to Refs. [7T0-72]. The information presented
below is derived from these references, while the final analysis applying the WGC to the specific
Higgs—dilaton model is original.

The Weak Gravity Conjecture states that in a theory that is coupled to gravity with a gauge
field, there must exist at least one charged state on which gravity acts as the weakest force. The
charge in question can be of any type, specifically associated with the relevant gauge group. For
instance, the electromagnetic charge is the charge of a particle under the electromagnetic gauge
group U(1)ey,. Considering the U(1) gauge group as an example, provides a straightforward way
to derive the inequality that expresses the WGC. The U (1) force, mediated by a massless gauge
boson, acting on a particle with mass m, charge ¢, and gauge coupling g, is given by:

1 2
9= 12 (g : q) , (6.28)

while the gravitational force is equal to:

2
1 m
[ 6.29
G 471'7"2 (\/57‘ rp) ) ( )

with the gravitational charge being the mass m and the gravitational gauge coupling defined as
(\/ﬁMp)fl. The WGC then leads to the condition:

F,>Fs = —— <\2Mp. (6.30)

g-q
This is known as the Electric WGC. The Magnetic WGC states that the cut-off A of a theory is
bounded from above. The Magnetic WGC can be derived from equation (6.30) by considering a
magnetic monopole with mass mys instead of an electrically charged particle and changing the

gauge coupling to its magnetic dual g~

5
mar < V201, (6.31)
g
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The mass of a monopole is related to the cut-off of the theory as m; ~ g% leading to:

This implies that if the gauge coupling g is set to zero, restoring a global symmetry, the cut-off
also goes to zero, invalidating such theory. This statement is connected to the broader Swampland
conjecture, which claims that there are no global symmetries in a consistent Quantum Gravity
theory. Every symmetry must be either broken or gauged.

The equations (6.30) and (6.32) apply only to theories with a single U(1) symmetry and a
massless gauge boson. Application to more complex theories requires some modifications to the
WGC. Here, we list three relevant to our work:

- Massive gauge field: If the gauge field is massive, with mass My, the gauge potential
Vy changes, resulting in a modified force:

2 2 —M,-
Ve Mer 90 g d e Mo
g 9 =

= Y =
g 4mr dr Y 4mr?
The above formula for the gauge force applies to any gauge theory where the gauge boson
has a mass M, and a momentum-space propagator of the form Wll\/ﬂ It is relevant for any
g

(1 + M, - r) (9-9)°. (6.33)

U(1), SU(2), etc. group as well as for continuous non-compact groups like the dilatation
group isomorphic to R;.

- Multiple gauge symmetries: For theories with multiple gauge symmetries with gauge
couplings g,, for each particle with mass m;, one can define a vector:

g - Mp o

Q: = s G = (919,192 €2, --- ), (6.34)

where ¢ is the charge vector in the gauge space for the i-th particle. The WGC states
that the convex hull of the Q); vectors must contain the unit ball. This is a rather rigorous
requirement, so a weaker version can be considered: for each particle, the condition is:

Gi| > 1. (6.35)

This ensures that each particle’s @Z vector satisfies the WGC condition individually, which
is more easily verifiable than the convex hull condition.

- Massless scalar fields: To incorporate massless scalar fields into a theory, let’s consider
a different interpretation of the Electric WGC inequality. For two particles of the same
kind, the gauge force between them is self-repulsive, while gravity is self-attractive. The
Electric WGC (6.30) implies that those particles should be self-repelling. This observation
leads to a modification of (6.30) in the presence of massless scalar fields, which introduce an
additional self-attractive force. If the massless scalar fields s; have a field metric k;;, with
kinetic term k;;0,s'0"s?, and the massive particle considered in the WGC inequality have
field dependent mass m(s;) with ground state value m((s;)) = m, then the force mediated

by massless scalars is:
1

472

where p is the scalar interaction strength, defined as:

2, (6.36)

Fs =

R S —e) (6.37)

p? = ki’ s
(3

(si)

Consequently, for the two identical particles to be self-repulsive, the WGC is modified to:

> F, > Fa+ Fs, (6.38)

)
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where Fy, are the forces associated with gauge groups. This is the so-called Repulsive Force
Condition, which ensures that the gauge repulsion is stronger than the attractive forces
between two identical charged states.

In this work, we want to apply the refined WGC for our theory with a massless dilaton scalar
state and massive Higgs scalar, both coupled to a gauge boson w,, to find constraints on the
values of Weyl gauge coupling ¢. First, one has to transform the Lagrangian (6.17) to a form
in which the mass eigenstates are manifested. Using (6.7) and neglecting the gravity part, one
obtains:

1~ - 2
Lo == 7B + % (6003 + G + H?) @+

1 (6M3 + H?) (0,G)” — 2GH,GO"H + (6M} + G*) (9,H)° (6.39)

T3 6M? + G? + H?

—V(G, H).

Note that we didn’t expand the Lagrangian around the ground state ¢; = v; + ®;, so the mass
eigenstates G, H have non-zero vevs. The potential V (G, H) is given by:

2
V(G,H) = 4\0H* <fl + 12\_/35) : (H) =0, (6.40)

where (H) = 0 correspond to proper values of ¢; fields vevs, i.e., (¢?) = §(¢3). The Planck mass
in terms of (G), using (6.18), reads:

1 1
Mp = - +66)(G?). 6.41
The field metric for scalars k;; is given by:
. 1 6M%+ H? —-GH (6.42)
Y 26ME +G? + H? ~GH  6M3+G? '

Since p? from (6.37) is evaluated at the ground state, using (6.40), (6.41), and expanding in d,

we obtain:
1{ 2 0 5
ki = = o+l ol —). 6.43
72 ( 0 1 ) " <§0> (643)
Consequently, the massless G scalar has a separate kinetic term, equal to:
L& 9.Gone = ke - 0,G0"G. (6.44)
2 50 +1 I I

The scalar dependent mass of a massive H state is the eigenvalue of the second derivative
matrix derived from V (G, H) potential:

m3 (G, H) = 120 H? + 240oV6 - GH + 4028 (2G* — 3H?) + O(5%/%), (6.45)
mi((G), (H)) = mf = 8X28(G?).
Then, the scalar interaction strength reads:
) omu(G.H)\ | 4
w =kaa - (86?) o =TT 6 (6.46)

43



Oj __/\l b
_5} ]
— -10" :
= [ 1 Da=1
=) [ |
§ 15| | Da=0.1
— - 1 a=0.01
I 1 Oa=0.001
—20p ]
25, 5

5 -4 -3 -2 -1 o0 1

Log,,q
Figure 6.1: The constraints on A\; and ¢ values, resulting from the WGC inequality for the H
state (6.50). Different values of « reflect different energy scales, as E ~ % = aiw = \/g IMp

(see discussion after equation (6.51)). Black dashed lines mark ¢ = 4,/%, the value for which
my, = V8t Mp, and A\ = 48, the boundary value obtained in Section 5.2.1 from equation (5.44)

The charges of the H state for each gauge group are the same as for the ¢; Higgs neutral
component, which couples directly to the SM particles, and read:

1
SU@)L:  gsu) =92 dsue) = g
UMy : Ju1) = 91, qua) =1, (6.47)
1
Wy 9w = 4, qu = 9
First, we check the simplified version of the convex hull condition. The charge vector for the
H field equals:
= Mp 1 q
= A4
Q < 29279172>7 (6 8)
(497 + 95 + ¢2) (o + 0&
Q| = 193+ %) ). (6.49)
SV/’ dA2(1+9)

The condition |Qg| > 1 is fulfilled for any ¢ and A1, &, & values. Note that this result does
not include the effects of the massless scalar force contribution nor the fact that the Weyl gauge
force is mediated by a massive particle.

The proper WGC, with the Fg force, has the form:

Fy+ Fy + Fy, > Fg + Fy, (6.50)

where Fy, are forces associated with SM gauge groups, F is the gravity force and Fyg is the force

mediated by massless scalar G. The Weyl vector field has a mass m2 =

(6.15)), and the Weyl force equals:

3¢° M3 (see, Lagrangian

q*/4
472

—MmMy: T
h— * * . .
2 (1 + m, 7“) e (6.51)
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The interaction range for F,, force is given by 7, = m_'. We check the WGC condition
(6.50) for ¥ = a -1y, for 0 < @ < 1 and ry, < r < rgw, where ry, = (\/E%Mp)fl and
rew = (125 Ge\/)_1 are lengths associated with the Planck mass scale! Mp and electroweak
scale respectively. Therefore, we consider energies above the EW scale and below the quantum
gravity effects. Consequently, Fy, are mediated by massless gauge bosons and have the following
form: 5
_ 949
I 42’
Figure 6.1 illustrates the ¢ and A\ constraints obtained from (6.50), where the parameter space
relations from Section 5.2.1 were used. For r = « - r,,, the Weyl gauge force has a form:

(6.52)

2
drr?  Fy(r=a-r,) = qz(l + a)e?, (6.53)
and is a decreasing function of . Consequently, larger values of « allow larger values of ¢ that
still satisfy the bound (6.50). We conclude that there exist values of ¢ for which the Weyl vector
field mass reaches the Planck mass scale, my, ~ Mp. This supports the assumption made in

Chapter 5 that the w, field decouples from the low-energy theory for scales below Mp.

!Thorough the work, we use the reduced Planck mass Mp = 2.44.10'® GeV, whereas the approximate quantum
gravity cutoff is equal to v87Mp = 1.22 - 10" GeV.
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Chapter 7

Quantum Field Theory in Finite
Temperature

7.1. Motivation

Quantum field theory at finite temperature is an essential framework for understanding the
behavior of matter and energy in the hot, evolving universe. While conventional quantum field
theory offers valuable insights into the fundamental nature of particles and their interactions,
it overlooks a significant aspect—the thermal nature of the universe throughout its evolution.
Ignoring the influence of temperature can result in incomplete descriptions of phenomena crucial
in high-energy physics and cosmology. Quantum field theory at finite temperature allows us
to account for the effects of thermal equilibrium, thermal fluctuations, and the creation and
annihilation of particles in a hot environment. By incorporating temperature into the theoretical
framework, we can gain a deeper understanding of phase transitions, thermalization processes,
and the behavior of matter under extreme conditions. Therefore, quantum field theory at finite
temperature must not be neglected to fully comprehend the complexity of the universe’s thermal
evolution. The material presented in this chapter is not original and is derived from existing
articles and books [32,73-78|, which serve as excellent resources in the field of finite-temperature
quantum field theory.

7.2. Review of Quantum Statistical Mechanics

In this section, we will shortly review the concepts from Quantum Statistical Mechanics essen-
tial to describe a dynamical system in thermal equilibrium characterized by a time-independent
Hamiltonian H and a set of conserved charges Ql One of these concepts is the notion of an
ensemble:

- the microcanonical ensemble describes an isolated system which has fixed energy F,
particle number N and volume V;

- the canonical ensemble is used to describe a system in contact with a heat reservoir at
temperature 7', can exchange the energy with it and 7', N, and V are fixed;

- the great canonical ensemble specifies a system that can exchange energy and particles
with the heat reservoir, and T, V', and chemical potentials u; are fixed.

To describe the evolution of a system in the hot Universe, where chemical potentials are
negligible, the right variant is the canonical ensemble. With this choice, the fundamental object
in equilibrium statistical mechanics, the so-called density matrix p, is of the form:

p=exp{—pBH}, (7.1)
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where f = T~!. It is used to calculate an ensemble average of any specified observable, repre-
sented by the operator A, giving its expectation value:
. Tr[pA
(A)=A= [pA } : (7.2)
Tr[p]

where Tr is a trace operation:

To[...] =) {af...|a) (7.3)

and the sum is performed over a complete set of states of the system under consideration. The
partition function, which carries complete information on the thermodynamic properties of the
system in equilibrium, is defined as:

Z(T)="Tr [ﬁ] (7.4)

It is connected to fundamental quantities such as the system’s average energy U, pressure p,
particle number N;, and entropy S:

U= () = T;E’Eg} _ Z(lT) Tr[e 1 A = —ddﬁ In Z(T), (7.5)
S m;/(:r)) | .

- O(TI;MZi(T))7 .

o o(T 1;TZ(T)) (7.8)

7.3. Imaginary Time Formalism and Green’s functions

There are two equivalent formulations of statistical QFT: the imaginary-time or Matsubara
formalism and the real-time or Keldysh-Schwinger formalism. In this work, we employ the
Matsubara method, which was introduced by Matsubara in 1955 [79]. We will also work in the
Heisenberg picture.

The basic idea of the Matsubara imaginary time formalism is that the density matrix p can
be treated as a quantum evolution operator for an imaginary time from ¢ = 0 to t = —if3 so that
we have: R
BH

p=ePH . Tt g g <t<. (7.9)

The justification of the above statement will become apparent in the later analysis in this section
and comes from the periodicity of the two-point Green’s function. We introduce the following

notation: ¢ stands for the imaginary time variable, so —if8 < t < 0 and 7 = it stands for the real
time variable and 0 < 7 < 8. From now on, we will omit the hats when denoting operators.

7.3.1. Scalar Fields

Consider a real scalar field operator ¢(x) with a time-independent Hamiltonian H. Its time
evolution satisfies:

o(x) = ¢(i,1) = eM')(,0)e ™" = M7 o(T, 0)e™ 7. (7.10)
We define the temperature Green’s function for n scalar field operators as:

G (z1, ... an) = (To(x1), ..., o)), (7.11)

47



where (...) denotes the ensemble average:

1
(o) =T [e—ﬁH N ] (7.12)
and T represents time ordering in the complex plane:

T¢($1)¢(x2) = TQZ)(x_iv _iTl)Qb(x_iv _iTQ) = @(7—1 - 7-2)¢(x_i’ _i71)¢($_év _iTQ)

7.13
+  O(re — 1)o(a2, —ite)p(21, —iT1). ( )

For a translationally invariant system, the two-point Green’s function G®)(z,z3) can be de-
noted as:

GP(ar,22)  — A7) = (To(F ~i7)6(0,0)). (7.14)
The relation 0 < 7 < 8 (and from it —if < t < 0), comes from the fact that A(Z, 7) is periodic
in 7 with period 5:

A7) = Te e 1 To(@, ~in)o(0,0)] = L Tr[e P o(z, ~im)6(0,0)] =

7
:%Tr [gb(O,O)e_Bqu(m —27)} = %Tr |:6_’BH€5H¢(6, 0)e P (z, —Z'T)} = (715)
:%Tr e~ FH 4 (@ —zﬁ)gzb(:z:,—w)} " [e—ﬁHm(f, —im)(0, 4,@)} -
:A(f7 T = ﬁ)

The equality A(Z,7) = A(Z,7 — ) is known as the Kubo-Martin-Schwinger relation. Let’s
introduce two additional Green’s functions:

AT (Z,7) = (o(Z, —iT)9(0,0)), (7.16)
A~ (Z,7) = (¢(0,0)0(F, —iT)), (7.17)

so that:
A(Z, 1) = @(T)A+(f, )+ O(—7)A™ (&, 7). (7.18)

In the next part, we will find formulas for A*(#,7) in order to obtain A(Z,7) for scalar fields
from (7.18).
Free scalar field plane wave decomposition reads:

3 —_ . —_ .
b(z) = / (;ZW];::S\/;T]C[Q(H@Zk’”#—aT(l{:)elkm , (7.19)

where k# = (w, k) and wi = k2 4+ m2. The normally ordered Hamiltonian for the scalar field is:

_ [ Lk Rl
Equal time commutation relations for field operators are:
(6@, 6(F,0)] = i@ @ ~7),  [6(@,0),67.1)] = [6(.1).4(7.1)] =0, (7.21)
which gives commutation relations for creation and annihilation operators:
[a(@),a' (k)] = @n)*6@ G k), [a@)a(k)] = [o'@).a'(B)] =0.  (7.22)

In Appendix B, we derive the ensemble averages for the products of a(p) and a'(p). The results
obtained are as follows:

(a(P)a(k)) = (a (P)a’ (k) = 0,
(a(P)al(k)) = [1 + np(w)](27)36@ (7 - k), (7.23)
(af (P)alk)) = np(we)(2m)*6@® (7 k),



where np(wy) is the Bose-Einstein distribution function:

1

From (7.23), we see, that the np is the eigenvalue of the number operator N = afa.
Explicit evaluation of AT (Z, 1) gives:
dp Bk 1 , , - -
+ (7 — —ipT T px | | } _
8@En = [ G (@ @] o)+l B
dp &Pk 1 ’ -
_ —ipz ipz (1 _
| G @@ B) + el o)
- /(%)3 (2m)3 2, fayr [T ()] 4 P ) | (2) 0 (- B) =
Pk 1 —wp ik wyeT ,—ik-T
= /Wm[e kT 4 np(wy)] 4 e ek nB(wk)}.
(7.25)
Same calculation for A™(Z, 7) gives:
— (7 d’k 1 —wpT ik-& wpT —ik-E
A (x,T)_/(ZW)B o [ g ) + €7 R 4] (7.26)
From equation (7.18) we obtain:
- Pk 1 —wpt ik-T wpT —ik-Z
A(Z, 1) = (27)7 2wp np(wg) - (e FTe T 4 ehTe )—i—
k
(7.27)

+ (@(T)e_‘””e“;‘f + @(—T)ew“e_ig’f)] .
The Fourier transformation of A(Z, 1) is

AP, wy) / dT/d3xe WnT=PH) A\ (F,7), (7.28)

and its inverse:

ING: )—1n§o / D i A ) (7.29)
x77— - ﬁnz?oo (277)36 pawn ) .

where the periodicity constraint A(Z,7) = A(Z, 7 + ) causes the Fourier expansion to be no
longer a continuous integral but a discrete Fourier series instead:

d*k oy d3k:
/(%)4 — 3 Z/ (7.30)

. 2
_ i (T) N w, = %” — 21T, (7.31)

and w, being the so-called Matsubara frequencies. Using the formula for A(Z,7) in equation
(7.27), we can perform the Fourier transformation in (7.28). For the 7 variable, we have the

integral:
B Bliwntwy) _ FBuwy _
/ dr eTlontwr) — € onion) 1 = ¢ ol (7.32)
0

with:

e—iwnr

iwp, £ wi iwn £ wg
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where we used the fact that e#“» = ¢>™™ = 1. Note, that the 7 integral is performed from 0 to
g and 7 > 0,s0 O(7) =1 and ©(—7) = 0. To avoid confusion, we remind that w,, = 27Tn and

wi, = V k2 + m2. For the ¥ variable, we get:

/d3x o —i(PER)T _ (2m)26®) (5 £ k). (7.33)
Then
A(p,wy) =
Br 1 e Pwk —1 . . efr —1 : 5
/ (2m)3 2wy [(nB(wk) " ) Wn — Wk (2m) =k)+ nB(wk)iwn + wk< ™ F+k)
e Pwr — 1 ePer — 1 1 —1 1
= 1) ——— | =95
5 (np(wp) +1) Fa— + nB(wp)an + oy | iwn — wp + iwn, + wp
1 1

w%—i—wg PR m2 4wl
(7.34)

where in the second line we used the fact that w, = /p% +m?2 = y/(—p)2 + m? = w_, and

substituted np(w) = (e’ — 1)L, Using (7.29) and (7.34), we get:

A(f T) =

n=-+oo . n=+00 .
—Z(LdnT prE) - —i(wn T—P-T) —

N Pl
. n=+400 . n=+400 .
7z(wn7 D-I) i —i(wnT—P-T) ¢

o)~ = p———

(7.35)

where, to get the proper i factor in the propagator, we multiplied by —i? = 1. Notice, that
the thermal four-momentum has a discrete 0—th component, given by p* = (iw,,p). All the
propagators and the complete Feynman rules, including those for fermions, are provided in
Table 7.1.

7.3.2. Fermion Fields

Consider a complex fermion field operator ¢(z) with time-independent Hamiltonian H. Its
time evolution, similarly to bosons, satisfies:

U(z) =Y(@,t) = ethw(f, O)e*"Ht = eHTz/J(a_:’, O)e*HT. (7.36)

In contrast to bosons, fermionic fields fulfill anti-commutation relations. Therefore, to obtain
the Lorentz invariant Feynman propagator, we have to change the time ordering formula (7.13)
to:

Tep(x)P () = Ty (a1, —im )P (s, —ima) = O(11 — m)Y (a1, —im )1h(%2, i) (7.37)
O(11 — T2) (&%, im2) (271, —iT1) '
Analogously, we define the two-point Green’s function as:
Ap(Z,7) = (T (& —i7)$(0,0)). (7.38)
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Anti-commuting relations imply anti-periodicity of Ap(Z, 7) in 7 with period 3:
N 1 76H N . - = 1 76H = 3 — =
Ap(#,7) = T [ M T (7, ~ir)(0,0)]| = Tx [e (7, ~ir)i(0,0)] =

:%Tr [1/3(6, 0)eBHy(z, —z'T)} - %Tr [e*ﬂHeﬁHz/?((i 0)e PHa(z, —iﬂ} =

:%Tr [e‘ﬁH@(ﬁ, —ip)(Z, —Z'T)} = %Tr [e_fBH(—l) - TrY(Z, —Z'T)i/;(d —iﬂ)} =

=—Ap(@,7-p),
(7.39)

so that the Kubo-Martin-Schwinger relation for fermions reads Ap(#,7) = —Ap(Z,7 — 3). We
introduce two additional Green’s functions:

A;C(f, T) = W’(f, *“’)%Z_)(ﬁ, 0)>7 (740)
AL (Z,7) = ($(0,0)9 (%, —ir)), (7.41)
for which:
Ap(Z,7) =O(T)AL(F, 7) — O(—T)AL(Z, 7). (7.42)
Free fermion field plane wave decomposition reads:
d3k 1 L L.
=3 [ g B 6By, (743
Br 1 L I
— t = ikx = —ikx
) Z o T [as(@us(k)e by (F) s (Rye =] (7.44)
where u,(k) and v,(k) are free solutions of the Dirac equation, (i —m)(x) = 0, fulfilling:
Z us(K)as(k) = f +m, > " s(k)vs(k) = §—m, (7.45)

s

and s denotes two different spin states. Dispersion relation with four-momentum k* = (w, E) is
w,% = k +m?. The normally ordered Hamiltonian for the fermion field is:

° % ¢ jd -,
H = / (gﬂﬁgwk<2al(k)as(k) +Zb§(k>bs(k)>, (7.46)

where al(lg)as(lg) represents the contribution from particles (fermions) and bl(lg)bs(l;/:) represents
the contribution from antiparticles (antifermions). Equal time anti-commutation relations for
fermion field operators are:

{$a(@. 1), 057, 1)} = 0@ — §)das, {$a(@, 1), 0(F. 1)} = {¥L(Z. 1), ¥} (#.1)} =0,
(7.47)
where «, § are spinor indices. This translates into annihilation and creation operators’ relations:

{ar(k), al(@)} = {b-(k), bL(D)} = (21)*6@) (k — 9)3s,

- - (7.48)
{ar(k), as(9)} = {al(k), al (D)} = {b-(F), bs(D)} = {BL(k), bl (D)} = 0.
From the Appendix B, we have the ensemble averages:
(as(P)ar (k) = (al(P)al(k)) =0,
(as(P)af (k) = [1 = np(w)](2m)*6®) (5 — K)o, (7.49)
(al(P)ar (k) = np(wi) (27)6®) (5 — K)o,
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and same for by(k), bl(lg) operators. Using this result, we evaluate AJ(%, 7):
AL (Z, ) =

—Z / £ ZikSQ \/:ﬁﬂas(ﬁ)us(ﬁ)eipx+bl(ﬁ)vs(meipﬂ-[ai(/;’) H(R) + b, (B)or(B)])

3 3 . B
_Z/ o gwsz\/o.l,p—w["p us ()it () as (R)af (F)) + vy (5)0 (K) (] (9 ()

3 3
D e R R O R G )

3 =
- / (;l:‘)w; [e—“’ﬂ FE — np(wp)]k+m] + e e F T np(wp) [ - m]] :

(7.50)
Same calculation for AL (Z, 7) gives:

350 [ .

From equation (7.42) we get:

e*““e“z'fnp(wk) - (2m) + e“’”e*“g'f[l —np(wg)] - (—2m)] (7.51)

= Pk 1 T —ik-T —wpT ik-E
Ap(Z,7) :/kam(e Fe RT — np(wy)] — e @k ek nF(wk))—l—

+0(r) (7RI [f(1 = np(wi)) +m(1 -+ (wr)]+ (7.52)

4 e )+ (1) — 2)]

)

where we used ©(—7) = 1 — O(7). The Fourier transformation of Ap(Z,7) is:

B ) -
Ap(p,wy) = / dr / BT POAL(Z, T), (7.53)
0

and its inverse: .
Z / —i@n PN L (5, w). (7.54)

Fermion propagator is anti-periodic in 7, so Ap(Z,7) = —Ap(Z,7 + () imposes constraint on
wy, frequencies:

. ) 2 1
e~ WnT _ _eflwn(T+ﬁ) . (n—g)ﬂ- — (Qn + 1)7TT. (755)

To perform the Fourier transformation in equation (7.53), one can observe that the 7 integral is
performed from 0 to 5 and 7 > 0, so O(7) =1 and O(—7) = 0:

&
3
Il

3 . .
Ap(@ 1) = / (dkl [ e R — minp () + e F T £ ml[1 — ()] (7.56)

271’)3 2wk
Therefore, for the 7 variable, we have the same integral as before, with e?“n = e@ntlyim — 1.
/ﬁ dr er(iwn:twk) — eﬁ(iwniwk) —1 = _eiﬁwk +1 (757)
0 iwp, £ Wy iwn £+ wy
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and for the Z variable integral:

/ By e~ PERT = (27)260) (5 + F). (7.58)
Therefore, we obtain:
AF(ﬁ; wn) =
_ b (-1 66%7—’_1[_ — mnp(w )4_(_1)6_&0717“[ +m](1 —np(w,))
2w, iwn, + wp y e z'wn—wpp i
+m | efer 1 e Per +1 +m 1 1
SR ) - ) | = B | -
wp | Wy + wp twp — Wp 2wy | twp Fwp Wy — Wp
_ptm p+m
S witwl pPPm?twl
(7.59)
Finally, the inverse transform reads:
. A A S TR )
AF(Z',T) = /anz_oo/ (27‘()36 m, (760)

where p* = (iwy, p), with fermionic Matsubara frequencies w, = (2n + 1)7T. Feynman rules for
bosons and fermions are provided in Table 7.1.

Table 7.1: Comparison of momentum-space Feynman rules for zero and finite temperature quan-
tum field theories.

ZERO TEMPERATURE FINITE TEMPERATURE
boson propagator: pg%mg, ph = (po,ﬁ) pg%mg, ph = (2m'nﬁ_1,]5')
fermion propagator: %, " = (po,P) %, P = (2n+ D)7t p)
loop integral: i % ézzzfz (;’fj)’?,

vertex § functions: (277)45(4)<Zpi> iﬂ(2ﬂ)35(2wi>5(3)(2ﬁi)

7.4. Effective Potential at Finite Temperature

Using all the tools developed in the previous sections, we will derive the one-loop effective
potential at finite temperature, incorporating contributions from scalars, fermions, and gauge
bosons. As we will show, the effective potential at finite temperature naturally includes the
effective potential at zero temperature, calculated in Chapter 2. To obtain these results, we will
employ the diagrammatic approach and the Feynman rules outlined in Table 7.1.

7.4.1. Scalars:

Let’s consider the self-interacting scalar field ¢ with the Lagrangian:
1 1 A
£ = 5(0u0)(0"0) — 5 — So, (7.61)
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Figure 7.1: The 1PI diagrams for the scalar theory described by Lagrangian (7.61).

so the tree-level potential reads:
L 90 Ay

According to equation (2.26), to obtain the one-loop effective potential, one must sum all 1PT
diagrams with 1-loop. For the scalar theory, these diagrams are illustrated in Figure 7.1. For ¢-th
diagram with 2¢ external legs, ¢ propagators and ¢ vertices, we have the following contribution:

¢ propagators give (i)'(—p% — w2 —m?)~ = (i) (p? — m?)7,

n

- for 2¢ external lines, we get (bzg factor;

- each vertex gives (—12) where the factor comes from the symmetry of interchanging the
2 external lines entering the vertex;

- the overall symmetry factor for each diagram is %, which comes from the following argu-
mentation: we have ¢! combinations for choosing vertices, mirror symmetry of the graph
gives factor % and one also has symmetry under the discrete group of rotations Zjy, pro-
ducing % factor;

- there’s an extra global factor of ¢ coming from the definition of the generating functional
WJ] and effective action T'[¢.] .

The sum of one-loop diagrams gives the following potential:

. 00 1n +oo %sz !
22 Z/ ( )2_52_m2>' (7.64)

Using the relation:

log(1 — z) Z % (7.65)

!The evaluation of the effective potential requires careful consideration of the formalism used, especially the
distinction between Euclidean and Minkowski spaces. The functional W[J] generates Feynman diagrams in Eu-
clidean space, while ¢{WW[.J] generates them in the Minkowski space. Similarly, the effective action I'[¢.] represents
the sum of 1PI diagrams in Euclidean space, while ¢I'[¢.] corresponds to the same sum in the Minkowski space.
Consequently, when employing Minkowski-space propagators, as in the above derivation, the effective action and
potential satisfy:

iD= Z (graphs) = T = —i Z (graphs) = Vigp=-— Z = ZZ (graphs), (7.63)

resulting in an additional factor of i.
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we get:

V(¢c):
ey 592 N~ 30
-2 [ G ( @wﬁiﬁ—w> 5> | o ( @H%+mJ
n=-+oo
25 Z/ [log w + %4+ m? + ¢2>—10g<w721+ﬁ2+m2)

n=-o0o

25 Z / " log w2 +w ) + (¢ independent terms),

(7.66)
where in the last line we defined:
A 0?Vo(be
PP amie), mo0 =m? 4+ Set = TG, (767
2 0p?
The sum over n can be easily computed using the formulas:
=1 ™ 1 =1 ™
TLZ:;) ey coth(ma) + 22 = nz_:oo i coth(ra). (7.68)
Denoting the sum from (7.66) as
n=-4oo
= Z log (w% + w2), (7.69)
we have:
Of (w) nioo 2w iy 1 B "I 1
= 2 2_“’247@ = 22 B2
A= o S = (7.70)
52w 272 coth (ﬁ—w>—ﬂ P 1+ 1
T on? ,Bw 2 /) 7 ebv_1’
which gives:
f(w) = Bw + 2log (1 - 6_5“’> + (w independent constant). (7.71)
Substituting (7.71) into (7.66), we obtain:
vw>—/d% 5t glee(1-e7) (772)
1(¢pe) = |2t og e . :

The first term in the above result is temperature-independent. We will prove that this first inte-
gral is the 1-loop effective potential at zero temperature, given in the equation (2.40). Consider
the integral:

oo q 1 oo g 1
w/ ?.:w/ a_ (7.73)

oo 2mi —x? 4 w? — i€ oo 2mi [(w—i€) — ] - [(w—i€) +z]

where:

2 g — _Zi 2% — 7€ 4
Vw? —ie=w 2w+(’)(e) w — i€ (7.74)
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We have two residues x = £+ (w—1i€). We choose to close the contour anticlockwise in the complex
plane, picking the pole x = —w + i€ with residue 1/2w. Therefore:

T dy 1 1
w2 7.75
w/_oo omi a2+ w? i 2 (7.75)

One can also write:

1 T dx 1 a1 r+ a4z
2 - Db S Bl e I log (= +w? — ie) -6
2 v /;OO 211 —.1’2 —+ w2 — 7€ aw [2 /_ i 0og Tt w 1€ s ( )

which gives:

too g
—Z/ ox log ( —2? +uw? - ie) = 2 4 const. (7.77)
2) . 2« 2

Finally:

/(;3) ;__;'/(;i]; log(—p%—i—w?_ie) :;/(;if; log <p2+m2(¢>c)), 778)

where in the last equality we performed the Wick rotation pg — ipg and used w? = p% +m?(¢.),
giving p? = pZ + p2. This result is identical to the one obtained in the equation (2.40) for the
zero-temperature theory.

The temperature-dependent part of (7.72) can be written as:

Vi(¢e)lr = 3 / @ 5 log (1 — e_ﬁw) = 2T2 = dp p?log (1 _ e—ﬁJM) —

4

= s [m2<¢c>/T2},

(7.79)

where Jp[m?(¢.)/T?] is the thermal bosonic function defined as:
Tplm2(6.)/T?] = / dz 7% log (1 - e—vw2+m2<¢c>/T2). (7.80)
0

The high-temperature expansion of Jg is very useful and reads:

m o wtmi(6) W(m2(¢c)>3/2 1 mi(ge) | mP(d)

meT 45 12 T2 6\ T2 32 11 8,1

o 5) )

where a, = 1672 exp(3/2 — 2vg) (logap = 5.4076), and ( is the Riemann ¢ —function.

JB [m2(¢c)/T2]

7.4.2. Fermions:

Let’s consider the fermion field 1 interacting with the scalar ¢ described by the Lagrangian:

L =p(id — mp(¢e)), (7.82)

where mp(¢e) = yo.. To simplify further calculations, this will be treated as an interaction
vertex with Feynman rule —i(y¢.). Therefore, the mass parameter m in the fermion propagator
is set to zero, and we will sum over fermion loops without external legs, as illustrated in Figure
7.2. The generalization to a massive theory is straightforward, requiring only the modification
of mp to mp(dc) = m + yoe. Since £ fermion propagators introduce a factor of Tr [pé] and the
trace of the odd number of v matrices is zero, we sum only the diagrams with an even number
of fermion propagators.
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Figure 7.2: 1PI diagrams contributing to the 1-loop effective potential of (7.82). The fermionic
propagators are massless, with momentum flow marked by arrows. Black dots denote the field-
dependent fermion-scalar interaction with vertex contribution —iyao..

For ¢-th diagram with 2¢ fermionic propagators and 2¢ vertices, we have the following con-
tribution:

. 26 4(3)2¢ i\ ¢
- the 2¢ propagators give H-FQ(Z—)WTT [p%] (SQ))% 4p?t % = 4(1)—21) , where we used

2
Te[p?] = 4p

- 20 vertices give (—imp(¢e))? = (_m%(¢c))e;

- the overall symmetry factor, including el ) from the effective potential definition (2.25), i

ﬂ, which comes from the following argumentation: we have (2¢)! combinations for choosmg
vertices, symmetry under the discrete group of rotations Zsyy, produces i factor;

- there’s an extra global factor of ¢ coming from the definition of the generating functional
W1J] and effective action I'[¢.] and global factor (—1) coming from the fermion loop.

Consequently, the one-loop effective potential contribution from fermions reads:

n=-+00 L
Vige) = —i BZ% Z / (meC)) . (7.83)

Using the relation (7.65), we obtain:

<¢c) =
n=+o00 3 n=+00 3
d°p mp(Pe / d’p mi(Pe)
lo 1l—-————= | = 10
-5 o) S e
e (7.84)
= ﬁ Z / llog w2+ +mF(¢C)) — log <wi+ﬁ2>
n=-+00
Z / log w:t+w ) + (¢ independent terms),
where in the last line we have:
w? =P+ m% (), wp = 2n+ 1)nT. (7.85)

The sum over n will be calculated with the same method as for bosons. However, it is important
to note that the Matsubara frequencies for fermions have an odd factor (2n + 1). Let us again
define:

n=-+oo

Z log (w +w ) (7.86)



with its derivative:

of(w) "X 0 2w ey 1 282w e 1
0w Z 72 W Z 2 5 2 2 Z 77 (787)
w S wptw 2n+1)2+w T e (2n 4 1)2 4 B

n=—oco B2

Using the equation (7.68), let’s define:

n=+4o00
1 T
S(a) = nzzoo o =, coth(ma), (7.88)
and observe:
m=+oo m=+oo
1 1 1 1 1
Z 2.2 Z 2. .2 4 Z 2 (a/2) (7.89)
n=(even numbers) nta m=—00 (2m) ta 4 m=—oo " (a/2)
1 1 s 1 m ma
Z s S(a) — ZS(a/2) = E(coth(ﬂa) b coth(wa/Q)) = %tanh (7>
n=(odd numbers)
(7.90)
With the above result, we obtain:
Of(w) Bw ePv—1
=pf-tanh(— ) =8 —5—— 91
G = B-tanh () =8-S (7.91)
and integration gives:
f(w) = Bw + 2log <1 + e_’g‘”) + (w independent constant). (7.92)
Finally, (7.84) becomes:
dBp |w 1
) = —4 — 4+ Zlog(14+e ). .
Vi(ée) /(%)3 5 +ﬁ og( +e )] (7.93)

The above result differs from the bosonic case by a factor (—4), which consists of the overall
(—1) sign accounting for fermionic loop calculation, and number 4 comes from the trace over
Dirac indices in Tr [p%] = 4p**. The temperature-independent part, as proven previously in the
bosonic case, is the 1-loop effective potential at zero temperature:

4
(—4)- ;/ (;if;l [log (v’ +m%(¢c))] (7.94)

The second, temperature-dependent part, is:

p Bw l 0 9 -8 ﬁ2+m2(¢>c) _
Vi(¢e)lr = ﬁ/ log(1+e ) (—4) 27r2/0 dp p log(l—i—e Vv F )

() 55 T [ (60)/T7),

(7.95)
where Jp[m2%(¢.)/T?] is the thermal fermionic function defined as:
Jr[m3(¢.)/T? = / dz 2% log (1 + e—\/f“m%(%)/T?). (7.96)
0
The high-temperature expansion of Jg is very useful and reads:
Tt mPmi(de) 1 mp(de) ,  m*(de)
2 2 F\@c F\Pc c
)/ T = 00— — —— 0 — = 1
Telme(@)/ T = 360 "21 12 32 11 %8 a,T?
25‘1‘1) —20-1 1\ (mE(de) 2
T (e ) (D
(7.97)

where ay = 72 exp(3/2 — 2vg) (logas = 2.6351), and ( is the Riemann (—function.
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Figure 7.3: 1PI diagrams contributing to the 1-loop effective potential of (7.98). Solid lines are
scalar external legs, and wavy lines in loops are gauge boson propagators.

7.4.3. Gauge Bosons:

When deriving the Feynman rules in momentum space, we did not explicitly calculate
those for gauge bosons. However, as the reader can easily deduce, the propagators for bosons
and fermions remain the same in both zero and finite temperature theories, with the only modi-
fication of the 0-th momentum component to p® = iw,, where w, are the Matsubara frequencies
relevant to the particle species under consideration. Since gauge bosons obey the Bose-Einstein
statistics, their four-momentum is identical to that of scalars: p* = (z’wn, 13'), with the bosonic
Matsubara frequencies given by w, = 2n7B~'. With this in mind, we will use Feynman rules
provided in Table 7.1 for a theory in which a gauge boson is coupled to the scalar field. One final
remark is necessary: when coupling a scalar field to a gauge field, the scalar must be charged
and, therefore, complex. Nonetheless, if we are only interested in how gauge bosons contribute
to the thermal effective potential, we consider the ¢ field as the real part of a complex scalar
field. Indeed, when studying mass generation for the Standard Model gauge bosouns, it is the real
part of the Higgs field h that is responsible for the Higgs mechanism. Hence, we consider the
following scalar-gauge boson interaction:

L2 92QWAMAV¢37 (7~98)

giving the vertex rule i29w,g2. The gauge boson propagator for a massless field in Lorenz gauge
reads:

Py’
o ]
p? { p?
We will sum the 1PI diagrams shown in Figure 7.3. For {-th diagram with 2¢ external scalar
legs, ¢ gauge boson propagators and ¢ vertices, we have the following contribution:

(7.99)

4 v1¢
- { propagators give (;—;) [g“” - p:%} with p" = (iwn, P);

- for 2¢ external lines, we get qﬁzf factor;

- each vertex gives (igm,g2), where the factor 2 is canceled by % coming from the symmetry
of interchanging the 2 external lines entering the vertex;

418

- the overall symmetry factor is the same as for scalars: 3j;

- there’s an extra global factor of ¢ coming from the definition of the generating functional
WJ] and effective action I'[¢¢].

The derivation of the contractions of vertices with propagators requires some caution. Let’s
calculate it for the first 2 diagrams visible in Figure 7.3. We have:

N

, —i P’y _ g g9’ g
(=1: ig gz-<—)[g“”— }:— —p°/p =4-1=3-=,
( 224 ) pg p2 p [ / ] p[ } p2
, —i prp? —i P’
{=2: i9uwg”) - (—) [g"" } i0p09°) ( >[ e } 7.100
(t9097) pe pe (295 pe (7.100)
4 7 7 12 4
g [u b o P Pu ppuppp] g g*
— I |grgp, — o2 Pu da-2+1=3-L.
P 2 Pl p4[ ] i
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It is easy to see that the proper contraction of vertices and propagators results in a global factor
3 (for arbitrary D dimensions, it would be (D — 1)). Finally, performing the same steps as for
scalar fields, we obtain:

LIS e\ e i
o= 585 3o (5F) <o B m(- i) -

n=-—00 n=-—0o0 p
1 n=-+oo 92¢2 1 n=-4o0o
= 3- 33 Z log (1 + o2 +0p_2> =3 % Z log (w% + w2> + (¢ independent terms),
n—=——oo n=——oo
(7.101)
where in the last line we defined:
W=7 +mig(ée) = p° + ¢*6%, wp = 2n7T. (7.102)
The sum over n is identical to that for the scalar field case, yielding:
Vi(de) 3/d3p ©i b (1 —5W) (7.103)
=3 | —=|z+lo —e .
1\(¥Pc (271')3 9 ﬁ g ’

which differs from (7.72) by a factor of 3. This factor accounts for the number of degrees of
freedom of the gauge boson, which in arbitrary D dimensions is equal to D — 1. Once again,
the temperature-independent part provides the one-loop zero-temperature contribution to the
effective potential:

4
3 / (j;; tog (1 + m?5(00)). (7.104)

and the temperature-dependent part is:

T4

V1(¢c)|T =3 ﬁ

Ip[mép(¢e)/T?], (7.105)

with Jp being the thermal bosonic function defined in (7.80).

7.4.4. Thermal Potential

Summing up the results obtained in the previous section, we can write the thermal part of
the effective potential for a model that includes scalars, fermions, and gauge bosons as follows:

= () s 3w ()

i=bosons j=fermions

T4
T o2

SV : (7.106)

where n;/; are the numbers of degrees of freedom of the considered particle with field-dependent
mass m;/;(¢.) and Jp,p are thermal bosonic (B) and fermionic (F') functions defined in (7.80),
(7.96) respectively. The number of degrees of freedom n, for any particle can be written in a

general form:

ne = (—1)%2Q,Cy (25, + 1), (7.107)

where s, is the spin of the particle a, @, = 1 for neutral and @, = 2 for charged particles and
C, counts the number of colors of the particle a.
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7.4.5. Renormalization of Quantum Field Theory in Finite Temperature and
Resummation

The potential in equation (7.106) represents the one-loop contribution of order A. As we
demonstrate in the Appendix C, the perturbation expansion in thermal QFT fails at high tem-
peratures, where higher-order diagrams can contribute in the same order as the lower-order ones.
Additionally, when the boson field-dependent mass m(¢.) is negative, the effective potential ac-
quires an imaginary part due to the term m3(¢.)T from the Jp function expansion at high
temperature (7.81).

To improve the results, one must account for higher-order contributions, specifically those
from the so-called daisy diagrams. This procedure, known as resummation, contributes terms of
order \3/2 which is the same as the m(¢.)>T term. The detailed discussion of the resummation
method and the accompanying renormalization procedure is presented in Appendix C.

Accordingly, the thermal part of the effective potential, instead of (7.106), must take the

form:
3 ni.JB((mg)eg{2<¢c’T))+ > (")

i=bosons j=fermions

T4

o . (7.108)

5VT+daisy =

where (m?)e s f(qbc, T) denote the thermally corrected bosonic masses, often referred to as thermal
masses. These effective masses arise from the self-energy corrections in the bosonic propagators
evaluated in the thermal background. Fach bosonic degree of freedom acquires an additional
temperature-dependent contribution, such that:

(m3) 14 (e, T) = mi (de) + TL(T), (7.109)

where II;(T) ~ AT? represents the leading thermal correction. These corrections ensure the
validity of perturbative expansion of the thermal potential at high temperature. Fermionic
masses remain unchanged, as fermions do not contribute to the daisy diagrams resummation in
the same way due to the absence of zero Matsubara modes. The explicit form of II;(T") and the
corresponding effective masses used in this work will be specified in the next Chapter.
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Chapter 8

Spontaneous Scale Symmetry Breaking
at High Temperature

In this chapter, we incorporate the tools developed in Chapter 7, particularly the thermal
effective potential, to explore the effects of temperature on scale symmetry breaking in a model
with dilaton ¢g coupled to the Higgs neutral component ¢;. We will demonstrate that the sym-
metry in the Higgs sector is restored at high temperatures, as indicated by (¢1) = 0. After the
temperature decreases, two degenerate minima emerge for the ¢ field, allowing for electroweak
symmetry breaking (EWSB) as a phase transition. We further investigate the nature of this tran-
sition and the time evolution of the fields when coupled to gravity in the Riemannian geometry,
with their potential modified by temperature corrections. This approach is particularly relevant,
considering the hot conditions of the early Universe during its evolution. Understanding the
time evolution of the fields allows us to examine the characteristics of EWSB in our model and
simulate the dynamic mass generation, in which dilaton plays a key role in establishing the mass
scales: the Higgs mass mpy and vev (¢1), and the Planck mass Mp. The analysis presented in
this chapter is novel and was briefly introduced in our paper [35]'. Similar models incorporating
quantum and thermal corrections have been explored in works such as [80-84].

8.1. Temperature Corrections and Electroweak Symmetry Break-
ing

We focus on the temperature corrections to the classical scale-symmetric potential (5.9):
V(0. 61) = Mg + Mot + dadi- (8.1)
The complete one-loop thermal potential is given by:

Viui(9o, 01, T) = Vi(¢o, $1) + V11 daisy(@0, ¢1,T), (8.2)

where Vi (oo, ¢1) is the one-loop potential at zero temperature, derived in Section 5.4, given in
equation (5.79). We apply the RG improvement to the effective potential Vyy;(¢o,¢1,T) from
equation (8.2). The coupling constants run according to their one-loop 8 functions, provided

!The values of the non-minimal coupling & used in Section 8.2 require a brief clarification. In this analysis,
we adopt & = 10'°, following our initial assumption that a large coupling is necessary to generate the correct
Planck mass, as in equation (5.42). However, this choice predates the subsequent study of the author and her
supervisor for a later paper on inflation in the same model, [36], which results are presented in Chapter 9. It is
showed that & should be significantly smaller, of the order of 1072, Nevertheless, this revision does not affect
the main results or conclusions presented in this Chapter, and for consistency with the reference paper [35], we
keep the large & value here.
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in Appendix A. The temperature corrections improved by daisy diagrams are represented by
potential (7.108) supplemented with thermal-effective masses for boson particles:

m? , T m2
> m.JB<(%)c%(¢’“>>+ > nj'JF< JT(;%)M

i=bosons j=fermions
(8.3)

with Jp and Jp defined in (7.80) and (7.96), respectively. Their high temperature expansions
are given in equation (7.81) for Jp and equation (7.97) for Jx?. Since fermions do not encounter
infrared divergences, only bosons require ressumation. In principle, only the field-dependent
masses of the Higgs and dilaton can have negative values, while the masses of the gauge bosons
W=+ and Z° remain positive. Nevertheless, we include the daisy-resummed contributions for
gauge particles for completeness in our calculations. As discussed earlier in Section 5.4, we do
not include x Goldstone bosons contributions in the numerical analysis.

The thermal effective masses for the scalar sector are calculated from the high-temperature
expansion of the first-order thermal potential §Vr(¢o, ¢1,T), given in equation (7.106), to the
T? order. The thermal mass matrix, including the tree-level potential V (¢q, ¢1), reads:

T4

OV daisy(@o, 91, T) = Gy

PV 2V 0%V oPovy

2 . 02 09100 02 0¢10¢0 _
MZy(po, ¢1,T) = ( 02V 92V ) T a2ve  o2vp =

0do0¢1 o¢7 0¢o0¢1 997 m<l

_ < 120003 + 20107 4\i¢oe? > N (85)
41602 22X 08 + 120097
Ao + 1A1 0

+71° < 6 :

0 Ao+ 2\ + 1597 + 293+ Lyt

The thermal effective masses for scalars are eigenvalues of the M, ff f(qbo, ¢1,T) matrix:

(mé)eff(éf)o, ¢1,T) = 2\1 07 + é)\lT2 +0(A}),
2 2 2 1 Lo 3 o 19\ 0 2 (8.6)
(M) of (90,61, T) = 122067 + 2M165 + (/\2 B RETIRT h Zyt)T + O(A]).
For the gauge bosons, one has to consider thermal corrections to the mass matrix in the gauge
field basis, which is non-diagonal. One gets [85,86]:

, ) 0 0 0 g2 00 0

2 _9i [0 g5 O 0 1n_,10 g3 0 0
(Mép). (o1, T) = 1o 0 @ gl ™o o 9 0 (8.7)

0 0 —gig2 i 0 0 0 g2

The eigenvalues, with the tree-level masses given in equation (5.66), are [87]:
11
(miy) (@1, T) = miy (61) + 93T, (8.8)
2 1 o Il 9 o\ o NG

(mZ)eff(d)l)T) = imZ((bl) + ﬁ(gl + QQ)T + (5, (89)

®The high temperature expansion (HTE) of Jg[z] works for 0 < z < 13, while HTE of Jr[z] is valid for
0 < 2 < 5.5 (both within an 0.5% accuracy). One can establish the approximate minimal temperature sufficient
for the HTE of Jp and Jr functions. Given that the top quark mass is always greater than any of the field-
dependent masses m;(¢o, ¢1), and the Jp HTE constraint is stronger, the top quark mass sets the minimal

temperature for using HTE:
$1=300 GeV
Trnin =~ 0.32y.pp ——— 90 GeV. (8.4)

This value is valid for ¢1 < 300 GeV and ¢o < y/—2X2/A1 - 300 GeV, which we use later in the numerical analysis
in this work.
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1 11
(m3), (61, T) = 5mz(¢1)2 + ﬁ(g% +g3)T* — V5, (8.10)

2
1 11 (g — 93)
5= cma(gn) + b L
4 144 (g% + gg)
Note that there is a non-zero thermal mass for the photon, which is massless when T" = 0.

[12m%(61) + 11(g? + g3) T2| T2 (8.11)

Symmetry Breaking at High Temperature

The scale symmetry breaking can be effectively discussed at the leading level of HTE of the
potential (8.2):

_ 1 o A1 9% 39% h? 9, 1 o A1 2
VHTE(¢07¢17T)—V(¢Oa¢1)+2¢1 </\2+ st 16 T2 T +2¢o Ao + 5 T4, (8.12)

where the one-loop corrections were omitted for simplicity and only the classical potential
V(¢o, ¢1) is present. Both ¢; fields obtain fully independent thermal corrections. The ¢; Higgs
field contribution is dominated by gauge bosons and top quark couplings. The dilaton ¢g ac-
quires corrections proportional to the A1, coupling of the mixing term in the scalar sector, only
when it is in thermal equilibrium (for [A\;| > 107°, see Appendix D). Temperature influences the
vacuum expectation values of the fields so that they are no longer proportional to each other, as
indicated by the equations of motion derived from (8.12).
When the dilaton is in equilibrium, the equations of motion are modified to:

do:  6ro(403 +T%) + i (1267 + T%) =0,

8.13
o1 8A (1207 + T°) + 48X (497 + T%) + 3(gf + 395 + 4y;)T° = 0. (8:.13)

2
Keeping in mind the classical relation A\g = 4)‘712 and parameter space constraint Ao = 3% (1+16)\1),
the only valid physical solution becomes:
14 64X

@r =0, (g = -5

Figure 8.1 depicts the a(\;) function for different A; values for which dilaton can reach the
thermal equilibrium. The values, obtained numerically for the full potential (8.2), with the
inclusion of the quantum corrections and RG improvement, marked by the black dot points,
agree with high accuracy.

The equations of motion, when the dilaton is not in equilibrium, are:

¢o:  4XoPo + 2A191 = 0,
d1: 8A (1207 + T°) + 48X (497 + T?) + 3(gi + 395 + 4y;)T° = 0.

The only possible solution for this set of equations is:

(1) = (¢g)r = 0. (8.16)
Figure 8.2 illustrates the exact behavior of Viuu(¢o,¢1,T) (8.2) for different temperature
scales. For practical purposes, the value used in numerical calculations was set to A} = —107%
so that the dilaton is in equilibriumn and its thermal minimum is visible. The corresponding
plot with A\ = —1071°, where the dilaton is not in thermal equilibrium, is shown in Figure 8.3.
Figures 8.4 and 8.6 show plots of the dilaton direction for (¢1)7 = 0 GeV with different \; values.
The Higgs direction for A\; = —107* at various dilaton values and temperatures is illustrated in
Figure 8.5. However, due to the singularity in the one-loop potential at the dilaton temperature
minimum ¢g = (¢o)r = 0 GeV when A\; = —107!°, we do not provide a plot of the Higgs direction
in this case. Figure 8.7 illustrates the Higgs field direction for different temperatures, with the
dilaton value set to its zero-temperature vev, ¢p9 = (¢p). Due to quantum corrections that
preserve scale symmetry, the potential remains flat at the origin, indicating that the electroweak
symmetry-breaking (EWSB) phase transition is likely second order.

T? = a*(\) - T2 (8.14)

(8.15)
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Figure 8.1: Plot of the parameter «(\1) from equation (8.14) for A\; ranges for which the dilaton
can reach thermal equilibrium. The black dot points represent the numerical results obtained
from the full potential (8.2). The error bars account for the variation in the actual (¢g)r value
across different temperatures spanning from 10 GeV to 108 GeV. These bars indicate the minimum
and maximum values of (¢o)p/T within this temperature range.

Both scenarios involving the dilaton thermal equilibrium lead to the restoration of electroweak
symmetry, as (¢?) = 0. As we will demonstrate later, after the temperature decreases, the Higgs
field potential transitions to its characteristic shape with two degenerate minima, but this occurs
only if the dilaton remains non-zero. However, equations (8.14) and (8.16) suggest that, either
from the beginning of the hot phase or after the cooling process, the dilaton value tends towards
zero. This would imply that the Universe remains in an electroweak and scale-symmetric phase,
which is unrealistic. The actual situation is more subtle. Unlike the dilaton, the Higgs field
interacts strongly with the rest of the SM particles and can easily reach thermal equilibrium.
As discussed in Appendix E, even if the equation of motion for ¢; drives its vev to zero, it still
experiences significant thermal fluctuations, given by:

T2 T2
2 2

- 1
0, 12 <¢1>T 12 (8.17)

Due to the mixing term Alqbg 2 in the potential, the dilaton’s equation of motion acquires a
contribution, which acts as a force repulsing it from the origin:

_ OVure(do, ¢1,T)
do

Moreover, as highlighted in the analysis of the parameter space, the value of A1 in a realistic
scenario is small, so the dilaton can’t reach the thermal equilibrium. Its potential, dominated
by the A1 interaction term, is nearly flat, allowing even a small force to drive the dilaton to
higher field values. Consequently, a more plausible scenario involves non-zero, large values of
@0, allowing the Universe during cooling to evolve into a vacuum state where both scale and
electroweak symmetries are broken. Section 8.2 further examines the possible time dynamics of
the fields in this scenario.

~ —2X\103p0 ~ =\ T? . (8.18)

8.2. Time Evolution in the Hot Universe

In this section, we investigate the time evolution of fields in the scale symmetric scalar sector
in the hot expanding universe. We demonstrate that there are reasonable initial conditions
leading to the physically relevant vacuum configuration at the very late stages of the evolution.
The analysis is performed in two scenarios: a realistic model (small |A;], for which dilaton is
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Figure 8.2: Plots of Vi (¢o, ¢1,T) for different temperatures and A; = —107*, for which dilaton
acquires thermal mass corrections. Black dashed lines mark the quantum flat direction (5.83).
As the temperature increases, the flat direction no longer exists, and the scale symmetry is
broken. The Higgs value is driven to (¢1)7 = 0 GeV. The dilaton ¢g acquires a minimum value,
proportional to the temperature (8.14). For this particular choice of A1, one has (¢o)r ~ 7.1-T.

not in thermal equilibrium) and an unrealistic model (larger |A;|, for which dilaton is in thermal
equilibrium), which reflect the parameter space used in simulations. Quantum corrections and
running of the coupling constants in this section were neglected. We use the HTE expansion so
that the potential reads:

6 16 16 4 6
(8.19)
where the dilaton thermal correction %d)g ()\0 + %>T2 is present only in the unrealistic model

1 A9t 395 hi 1 A
VHTE(¢0,¢1,T)=Ao¢3+A1¢%¢%+A2¢%+§¢%<A2+—1+9—1+ﬁ+—t R R

with larger [A].

The equations of motion (5.31) are supplemented with the thermal mass corrections so that,
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Figure 8.3: Plots of Vyuu(o, ¢1,T) for high temperatures and Ay = —107'%, for which dilaton
is not in thermal equilibrium. Black dashed lines mark the quantum flat direction (5.83). As
the temperature increases, the flat direction no longer exists, and the scale symmetry is broken.
Both the Higgs and dilaton values are driven to the origin. Precise dilaton direction for ¢; = 0
is illustrated in Figure 8.6.
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Figure 8.4: Plots of Vyuu(¢o, 91 = 0 GeV,T) for different temperatures and A\; = —107%, so that
the dilaton is in thermal equilibrium. The gray grid lines mark the minimum (8.14).
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Figure 8.5: Plots of Viu(o = (o)1, ¢1,T) for different temperatures and Ay = —1074, with
(¢o)r as in eq. (8.14). For the large Higgs field values, the potential goes to minus infinity:

limy g, | 500 Viuit (d0 = (¢0)1, ¢1,T) = —00.
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Figure 8.6: The plot of Vi (¢o, 1 = 0 GeV,T) is shown with Ay = —10719, so that the dilaton
is not in thermal equilibrium. The gray grid lines mark the zero-temperature vev of the dilaton
(p3) = 2)‘2 <qb2) Since the dilaton does not acquire thermal mass corrections, the temperature

affects the gbo direction only through the effective Higgs mass term, ( ) (qbo, ¢1,T), where
the coupling of ¢¢ is small parameter A;. This is evident in the second plot where we defined
AV = ‘Vfuu(T =102 GeV) — Vi (T = 10* GeV ‘, where a temperature change of two orders
of magnitude results in only a small shift in the values along the ¢ direction values.
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Figure 8.7: The plot of V(o = (¢o), ¢1,T) is shown for different temperatures, where (¢g) =

A/ — 2)‘2 - 250 GeV. The differences between A\; = —107* and A\ = —1071° are subtle, so the

prov1ded plot serves as a qualitative illustration of the Higgs potential behavior for both values.
As the temperature decreases, the global minimum at (¢1)7 = 0 GeV becomes a maximum, and
two degenerate minima begin to form.

with relation R = 12H? + 6H, one has:

%+3H%+ﬂ&%HQ+&%H+4M%+2M¢m?+<M+— )¢T”—0

A1 3
G1 +3Hby + 26101 H? + 11 H + 4ot + 2010201 + (Az + — 5 + %16 + 1962 >¢ % =0,

1 . 1.2 1.2
5 (6008 + €101) (2H + ) — 5" — 561" + 20006 + Ml + haot)+
AN gb 3¢g3 h? A1
2 A9 0% 2 2 =
+¢1< + 6 +16 16 + 4>T +¢0<)\o+ 6>T 0.
(8.20)

The system evolves with temperature, which time dependence is changing as in the radiation-
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dominated era:

3v10M
T(H(t)) =P e, (8.21)
T/ G
where the Hubble parameter is treated as an independent variable, with its dynamics governed
by (8.20). The number of effective degrees of freedom of relativistic particles during the radiation
domination is approximately [88] g« ~ 100, and the Planck mass is Mp = 2.44 - 10*® GeV.

Before discussing the exact results, let us examine the temperature contribution to the equa-
tion of motion for the ¢; Higgs field. The factor ()\2 + % + % + % + %) = ~ is positive
for both A; scenarios. The initial temperatures for both Hy values (see further discussion about
the initial conditions) are of the order of 108 GeV. As long as T remains high, the term ~y¢;7T?
dominates the equation of motion for ¢, causing the field to oscillate around the minimum value
¢1 = 0 with a very high frequency wj = 4T?. These oscillations persist until the 3Hq§1 term
becomes significant. Since the Hubble parameter decreases during the evolution, the only aspect
that effectively changes is the frequency wi, which decreases over time. Consequently, first, we
consider the separate evolution of the dilaton sector with ¢, = q.Sl = 0. Then, we include the
analysis of the Higgs evolution at lower temperatures, when the dilaton has settled at its final
value. We provide plots illustrating the early system evolution with ¢; oscillations in Figures
8.8 and 8.11.

Another important aspect to consider is the shape of the potential for dilaton in the realistic
scenario (dilaton not in thermal equilibrium). For ¢; = 0, the potential is given by Vyre = Adg-
For small |A;], the A\g = % is even smaller, making this potential nearly flat with a global
minimum at (¢g) = 0, which should be the natural starting point for the field. However, to
obtain the proper Higgs vev in the later stages of evolution, the dilaton’s value at late time ¢

should be ¢g(tx) = w/—% -250 GeV, which is of the 10" GeV order. To achieve this result, the

starting point for ¢y evolution should be close to ¢g(tx), or it should begin with a large field space
velocity o (t = 0). This is possible after inflationary slow-roll (a detailed analysis of inflation in
the Higgs-dilaton model is described in Chapter 9), where the inflaton field speeds up, enabling
¢ to obtain large values of (;50. Since the potential is nearly flat, a large field space velocity
allows the dilaton to reach any value, including ¢g =~ ¢o(tx) as the starting point. Therefore, we
choose the initial conditions in a way that allows efficient comparison of the results in both X\;
scenarios and to enable the dilaton to evolve to the desired ¢g(t;) value.
The initial conditions were determined as follows:

- Two initial Hubble parameter values were chosen: Hy = {0.1,0.5} GeV; this choice was
arbitrary.

- The initial temperature was chosen as Ty = T(Hp) from equation (8.21), giving
To = {2.7-108,6.1- 108} GeV.

- The initial Higgs field value ¢1(t = 0) could be sampled from a normal distribution with
a mean value equal to its temperature minimum value p = (¢1)7, = 0 GeV and variance

2

o’ = %, as ¢1 is in thermal equilibrium (see: Appendix E). This choice only affects the
amplitude of the ¢ oscillations. Consequently, for greater clarity in the plots, we set
¢1(t =0) =10 GeV.

- The initial Higgs field time derivative value ¢; (t = 0) could be sampled from a normal

distribution with a mean value = 0 and variance o2 = g—;T 4 for fields in thermal equi-

librium (see: Appendix E). This choice only affects the amplitude of the ¢; oscillations.
Consequently, for greater clarity in the plots, we set ¢1(t = 0) = 300 GeV2.

- Following the previous discussion about the dilaton initial conditions, we set ¢o(t = 0) =
—% - p1(t = 0) and ¢o(t = 0) = —% - $1(t = 0), which allows the dilaton to reach

its desired final value ¢q(tg) = —% - 250 GeV. This choice was implemented in both Ay
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Figure 8.8: The evolution of the ¢; fields and Hubble parameter H for early times in the realistic
model with A\; = —1.1 - 10724, For greater clarity, only the Hy = 0.1 GeV plots are included.
Note the different time ranges at the Higgs field ¢; plots, which were changed due to the high
frequency of its oscillations.

scenarios to emphasize the effect of larger ||, resulting in the dilaton being in thermal
equilibrium. However, the natural starting point for the dilaton in the case of larger |\] is

its temperature minimum value (¢3)r = —HB%?;ITQ (see: equation (8.14)). Therefore, we

provide an additional analysis of a case with ¢o(t = 0) = (¢o)7 + 0, and ¢o(t = 0) = 4,
where d; are some relatively small quantities chosen arbitrarily so that the dilaton starts
its evolution around its temperature minimum.

8.2.1. Realistic Model: dilaton out of the thermal equilibrium

The parameter space chosen in this section, fulfilling requirements from the Subsection 5.2.1,
and motivated by the later analysis of inflation in Chapter 9, is given by:

A

AN =-11-107%
1 ) 4)\2)

A2 =0.03125, Ao = &=10" & =10°. (8.22)
The initial phase of the field’s evolution, including the Higgs field ¢; oscillations, is shown in
Figure 8.8. Figure 8.9 illustrates the separate evolution of the dilaton sector alone.

Interesting behavior can be observed in the evolution of the Hubble parameter H. As shown
in Figure 8.10, for the same initial conditions, except for the initial Hy value, all trajectories
merge and evolve similarly after a sufficiently long time. This can be understood by examining

the last equation from (8.20) in the limit (v, = 250 GeV):

[ 2 . .
¢0 — _vafu ¢0 — 07 ¢1 — 07 (bl — Oa
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Figure 8.9: The evolution of the dilaton field ¢g and Hubble parameter H over time in the
realistic model with A\; = —1.1- 10724 An additional plot for ¢g(t) is included for later times
to demonstrate that ¢g indeed stabilizes. The dimensionless time variable is given by 7 =
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Figure 8.10: The evolution of the Hubble parameter H over time, for different initial Hy values.
The rest of the initial conditions were chosen the same as for plots in Figures (8.8) and (8.12).
All solutions merge at the black dashed line, which represents the radiation-dominated Hubble
parameter time dependence H,,4(t) = &. The dimensionless time variable is given by 7 =
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where the fields settled at their final values, as depicted in Figure (8.9). This leaves us with:
AoUp, (2/\17)}% — & (H + 2H2>> =0, (8.24)

yielding the solution:

H(t) = Véuy, tan [arctan (\/Z{Zh> — 26wy, - t] , (8.25)

where we have defined 6 = —% < 1 (in a realistic model, |A;| < 1 and & > 1). For

Hy > 10712 GeV, the argument of arctan is large enough, so arctan < \/%110) ) ~ 5. Expanding
h

further in §:

12
H(t) = o; - gév% -t +0(8%). (8.26)

This solution is independent of the initial conditions and, to the 0-th order, represents the
radiation-dominated Hubble parameter time dependence H,.q(t) = %

8.2.2. Unrealistic Model: dilaton in the thermal equilibrium

The parameter space chosen in this section is:
2
A

A\ =—10"% Ao = 0.03125 Ao = —L
1 ) 2 5 0 4)\27

§=10" & =10 (8.27)

where we changed only the A; value to isolate its effects on the system evolution. With this choice,
the dilaton is in thermal equilibrium and its thermal correction %qb(% ()\0 + %)T2 = %gbOyoTQ is

present in VHTE(¢O: b1, T).

In Figure 8.11, we present the early evolution of the system with the same initial conditions
as in the realistic scenario (note that the ¢o(t = 0) and ¢o(t = 0) are A; dependent, so they are
the same in a sense of the scale associated with \; value). The whole system exhibits non-trivial
oscillatory behavior and appears unstable due to the vastly increasing H. The solutions with
$1 = ¢1 = 0 are depicted in Figure 8.12 and fully reveal the instability.

We present the effective potential V¢ (o, t) for the dilaton in this case in Figure 8.13a:

&
12

A1

Vi (90, 1) = od + %cb% (6 + Ao) T?(H(t)) + 2 g2 (12H(t) + 6H(1)), (8.28)

where the gravitational part is included as it affects the ¢ evolution. The effective potential
has a global minimum at ¢y = 0 for all ¢ and becomes steeper over time. Consequently, the

dilaton rolls towards the minimum faster and faster.
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Figure 8.11: The evolution of the ¢; fields and Hubble parameter H for early times in the
unrealistic model with \; = —107%. For greater clarity, only the Hy = 0.1 GeV plots are
included.

One can also analyze the effective potential for the Hubble parameter H, treating it as a
field:
H 1 A1
Ve(ff)(Ha t) = Eogg(t) - H + §¢(2)(t) <€ + >\0> T*(H). (829)
As shown in Figure 8.13b, the potential has a global minimum at the value H = 305 GeV for
all ¢t and gets flatter over time. The Hubble parameter starts to roll rapidly in the early stages,
which destabilizes the system even more.

Thermal minimum as a starting point for dilaton
Here, we briefly analyze the system’s behavior when the dilaton field begins its evolution at

do(t = 0) = (¢o)7 40, and ¢o(t = 0) = J,, where (¢2) = —%TQ is its temperature minimum
value and 0; are some relatively small quantities chosen arbitrarily. The initial conditions are
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Figure 8.13: Plots showing the shape of the dilaton field potential (8.28) and of the Hubble
parameter H potential (8.29) during the evolution depicted in Figure 8.12. The t,,4, is the
maximum value of the time axis shown in Figure 8.12.

then as follows:

¢0(0) = (¢o)7 + 0z, P0(0) =8y,  ¢1(0) = 10 GeV,  ¢1(0) =300 GeV?,  H(0) = 0.1 GeV.
(8.30)
Figure 8.14 illustrates the time evolution of both fields and the Hubble parameter in this scenario.
Since the shape of the dilaton potential (8.28), depicted in Figure 8.13a, remains unchanged, the
system is unstable. The dilaton rapidly approaches zero, while the Hubble parameter evolves
to larger values. The potential for H (8.29) remains the same as in Figure 8.13b, but with a
different minimum value, H = 153 GeV, due to the altered ¢g values.

8.2.3. Electroweak Symmetry Breaking

We analyze the realistic model late-time evolution of the Higgs scalar field separately, at
sufficiently low temperatures, after the dilaton has settled at its final value. At high temperatures,
the Higgs mean value is zero (¢1)r = 0 GeV. However, since the Higgs field easily reaches the
thermal equilibrium, its equilibrium value includes a variance o2 = %2 Consequently, it can
fluctuate away from the origin at any moment and evolve toward its physical ground state with

(¢1) = 250 GeV as the temperature approaches zero. The initial conditions were chosen as
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Figure 8.14: The evolution of the ¢; fields and Hubble parameter H for early times in the
unrealistic model with A\; = —10~* and dilaton starting point as its thermal minimum (¢g)7.
For greater clarity, only the Hy = 0.1 GeV plots are included.

follows:

- As the dilaton stabilizes in the later stages of evolution, we fix its value at
do = ,/—% - 250 GeV and set its filed space velocity to zero, qﬁo =0 GeV?;

- The initial Hubble parameter and temperature are chosen so that the potential exhibits
minima distinct from the origin, with Ty ~ 30 GeV and Hy = 10~ GeV.

Even at the lower temperatures, the Higgs oscillation frequency remains high. Through these
oscillations, particle production can occur, causing the Higgs particle to lose energy and even-
tually stop. This process is implemented in the equations of motion by modifying the friction
term for ¢ to include an effective decay term:

3H¢p1 — (3H+Ty)d, (8.31)

where I'fy is the total Higgs decay width [62]: 'y ~ 4.1 MeV. Figure 8.15 illustrates the Higgs
field evolution incorporating the particle decay. The high oscillations are visible as the blue lines
almost entirely cover both plots. The average behavior of the ¢; field, marked by orange lines,
shows that the Higgs settles at its physical vev (¢1) = 250 GeV.

The evolution of the full Higgs potential over time, across different temperatures, was pre-
viously illustrated in Figure 8.7. Figure 8.16 represents a close-up view of the potential near
the origin, allowing us to better examine the nature of the EWSB phase transition. Since the
potential Viu(po = wvo,¢1,T) includes quantum corrections that preserve scale symmetry, it
remains flat at the origin at all temperatures. The critical temperature is the only significant
scale, marking the point at which the origin shifts from a minimum to a maximum and two de-
generate minima emerge. The absence of a barrier for the ¢; field signals a smooth, second-order
phase transition. Consequently, in this model, there is no gravitational waves production from a
first-order phase transition or bubble production.
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Figure 8.15: Plots of the further evolution of the Higgs field ¢1 and its field space velocity ¢1
are shown, with initial conditions set to ¢1(0) = 10 GeV, qél(O) =0 GeV?, Ty = 30 GeV, and
Hy = 107" GeV. At this stage, the Hubble parameter and temperature remain constant over
time, therefore we do not present their plots. The blue lines represent the actual evolution,
which is highly oscillatory and thus appears as a filled shape rather than a line. The orange
lines indicate the time-averaged values of the blue lines. The dimensionless time variable used is

T =log10(t/GeV).
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Figure 8.16: The close up of the plot of Vy,u(po = (¢0), ¢1,T) for different temperatures around
the critical temperature, where (¢g) = —% - 250 GeV. As the temperature decreases, the

global minimum at (¢1)7 = 0 GeV becomes a maximum, and two degenerate minima begin to
form.
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Figure 8.17: Plot of the second derivative of the potential, Vi ((¢0), #1,T), at the origin with
marked critical temperature, To ~ 186 GeV, at which the second derivative changes sign. The
absence of discontinuous jumps in the second derivative indicates that the EWSB phase transition
is of second order.
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8.3. Conclusions

Temperature explicitly breaks the scale symmetry, as it introduces a mass scale. As shown
in Figure 8.7, the potential for the Higgs scalar, ¢, takes on a characteristic shape with two
degenerate minima after the temperature decreases, with the dilaton settling at its vev, (¢(2)> =
—%(qb%) We demonstrated that there are possible initial conditions for the evolution of fields in
the hot Universe to reach the physical vacuum state, where both scale and electroweak symmetry
are broken.

The process proceeds as follows: First, the electroweak symmetry is restored by temperature
corrections, keeping the Higgs field at the origin for high 7. Meanwhile, the dilaton can evolve to
its desired value, setting the proper EW scale, (¢3) = —%(qﬁ% Even after the dilaton settles at
its vev, the temperature may still be too high for the electroweak symmetry breaking (EWSB) to
occur. As T decreases, the Higgs scalar, which can easily reach the thermal equilibrium, can start
its further evolution towards the 250 GeV minimum due to the thermal fluctuations. As the Higgs
approaches its vev, it oscillates with a high frequency given by w? = ()\2"‘%%"‘% %—F%?)TQ.
These oscillations can signal various physical phenomena. As the Universe cools, interactions
with other SM particles in the hot plasma can dissipate the Higgs energy, leading to the damping
of these oscillations. The Higgs may also decay into lighter SM particles, effectively converting
its oscillatory energy into radiation and matter, eventually stabilizing at its minimum. We reject
the possibility that the Higgs stops oscillating due to the Hubble friction, as the wy frequency is
dominated by the contributions from the top quark and gauge bosons, staying high compared to
the Hubble parameter H, throughout most of the cooling process and time evolution.

As indicated in Figure 8.16, which includes full thermal corrections, one-loop effects, and
RG improvement, the EW symmetry-breaking phase transition is second-order. Therefore, the
transition is smooth and does not produce abrupt changes, bubble formation, or gravitational
waves in this model.
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Chapter 9

Inflation in the Scale Symmetric
Standard Model

This Chapter explores the potential for inflation within the framework of the scale-symmetric
Standard Model, focusing on the scalar sector of the Higgs field coupled with the dilaton immersed
in Weyl conformal geometry, based on the paper by author and her supervisor [36]. The tree-
level inflationary scenarios of the similar Higgs-dilaton models have been extensively studied in
previous works in [2,6,37-39,43-45|, including the implications of Weyl geometry [11,12,17], and
the impact of quantum corrections [3,40-42|. The novelty of this work lies in three key aspects:

1. The analysis of the Higgs-dilaton model coupled to Weyl geometry incorporating the kinetic
term for the dilaton. This addition is essential for dynamic mass generation, particularly
the p subtraction scale, as discussed in Chapter 3.

2. The inclusion of quantum corrections through one-loop beta function within the framework
of Weyl conformal geometry, as this affects the form of the Einstein-Hilbert Lagrangian,
which plays a key role in the inflationary dynamics of the model.

3. The incorporation of propagator suppression factors [41,42,89,90], present in models with
scalar fields non-minimally coupled to the curvature. They impact the beta functions of
couplings, changing their RG evolution.

This approach extends the existing literature by addressing the effects of the dilaton’s dynamics
and quantum corrections in the Weyl geometry model.

The chapter begins with a compact introduction to the notions necessary for understanding
the inflationary theory discussed in subsequent sections. While these concepts are exhaustively
covered in many standard textbooks and cosmology lectures [91-93], a brief overview is provided
here for clarity and completeness of the work.

The large-scale homogeneity and isotropy of the Universe give rise to the Friedmann-Lemaitre-
Robertson-Walker FLRW metric:

dr?

1 — kr2

ds® = —dt? + a*(t) < +7%(d6? + sin® 9d¢2)> , (9.1)
where ¢ is the cosmic time and a(t) is the scale factor, characterizing the relative size of the
Universe. The parameter k£ determines the curvature of spacetime, with & = 41 for positive
curvature, k = 0 for flat geometry, and k = —1 for negative curvature. The evolution of the a(t)
reflects the dynamics of the Universe and depends on its matter content, energy density p, and
isotropic pressure p. This evolution is governed by the Einstein field equations. Assuming a zero
cosmological constant (A = 0), the equations reduce to the Friedmann equations:

2
a p k
() =l =3- 0 (9:2)
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S:H+H2:—6(p+3p)- (9-3)

Here, H = % is the Hubble parameter, representing the expansion rate of the Universe. The
Hubble time, ¢t ~ H~!, and the Hubble length, d ~ H~!, set the scales for the age and size of
the observable Universe, respectively. At the present time ¢, the scale factor is set to a(tg) = 1,

and the Hubble parameter has a current value of Hy = H (to) = 701;2)/5 [94].

One can define the equation of state parameter w = p/p, characterizing the relationship
between energy density p and isotropic pressure p. Specific values of w correspond to different
types of matter or energy: w = 0 for non-relativistic matter, w = % for radiation or relativistic
matter, and w = —1 for the cosmological constant (possibly associated with dark energy).

Assuming a flat Universe, k = 0, the equations (9.2) and (9.3), give the solutions for the scale

factor a(t) as:
2
t3(tw) g, # —1
t) ~ ’ 4
alt) { exp{Ht} w=—1. (5.4)

To describe the geometry and matter content of the Universe, one introduces the critical density
pe and the density parameter 2:

k
QO-1=— =L =302 (8rG=1). (9.5)

(CLH ) 2 Pe
When p = p., the spatial geometry is flat, £ = 0. The present knowledge, based on the observa-
tions of cosmic microwave background (CMB) and the large-scale structure, indicates that the
Universe is flat, with = 1. Current estimates of the matter and energy composition of the

Universe suggest the following distribution: 4.6% baryonic matter, 24.5% cold dark matter, and
70.9% dark energy (cosmological constant) [95]:

O, =0.046,  Qpuy =0.245,  Qu = 0.709. (9.6)

9.1. Big Bang Puzzles and Conditions for Inflation

According to the Big Bang Theory, the Universe began its evolution at ¢ = 0 (one sets
a(t = 0) = 0) from a state of extremely high energy density. Following this moment, the
Universe went through a phase of decelerated expansion (@ > 0 and d < 0). However, to evolve
to its current state, the Universe at the very beginning had to be in very precise, fine-tuned
initial conditions, which raise several fundamental challenges. In this section, we briefly outline
these issues, which are later addressed by the inflationary theory.

Flatness problem:

Decelerated expansion requires @ > 0 and d < 0, so that the d decreases over time. Substi-
tuting aH = a > 0 to the equation (9.5) one can observe that ﬁ = a% grows with time. So
even if we start from sufficiently large a, so that ) & 1 at the beginning, it is an unstable fixed
point. To obtain the flat Universe observed today, one needs {2 even closer to 1 in the past. For
example, we require |2 — 1| < O(10716) at the nucleosynthesis epoch and [ — 1| < O(107%) at
the Planck epoch [94]. This is a very rigorous condition.

Horizon problem:

The photons that decoupled from the primordial plasma during recombination reveal almost
perfect isotropy, with temperature variations in the cosmic microwave background (CMB) on
the order of @(107°) K. This suggests that the observed CMB regions should have been casually
connected. However, the situation is different. Any two points separated by at least 1 degree
in the sky have distinct past light cones that do not overlap [92]. The question arises: How can
such distant regions of the Universe exhibit such extraordinary isotropy despite having no way
to exchange information or energy to equilibrate?
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9.1.1. Conditions for Inflation

Cosmic inflation solves the flatness and horizon problems by proposing a period of rapid
exponential expansion in the very early Universe. This expansion drives {2 close to 1, regardless
of its initial value, and ensures that tiny, casually connected regions expand to encompass the
entire observable Universe, explaining its isotropy and homogeneity. The conditions for inflation
are outlined below:

- Accelerated expansion (i > 0): Relating the scale factor to the Hubble parameter, one
obtains the first slow-roll parameter, € :
H

a .
g:HQ—i—H:HQ(l—e), €= 23

(9.7)

where acceleration @ corresponds to € < 1. Further, one defines the number of e-folds N
as AN = Hdt = dIna, which gives e = —dIn H/dN < 1.

- Negative pressure: Substituting the accelerated expansion condition @ > 0 into equation
(9.3) relates pressure p and energy density p as:

1 1
p<—§p = w<—§, (98)

which violates the strong energy condition for a perfect fluid.

- Decreasing comoving horizon: From & > 0 and d > 0, the comoving Hubble radius
(aH)~! decreases over time:

%(GLH) - _(aZT)Q <0. (9.9)

This ensures that Q in equation (9.5) is driven to unity. After the inflation ends, |2 — 1]
increases with time, but a sufficiently long inflationary period keeps Q close to 1. For
inflation to resolve the horizon problem, (aH)~! must shrink by a factor of approximately
1028 times [92]. Assuming a constant Hubble parameter H = const (which is a consequence
of e = —dIn H/dN < 1), this corresponds to an approximate number of e-folds:

1
N:/dlna:/mdcuamlnm28 ~ 64. (9.10)

- Constant energy density: From the continuity equation for a perfect fluid [92], p =
—-3H (p + p), combined with the second Friedman equation (9.3), one obtains:

dlnp
dlna

=2 < 1. (9.11)

Therefore, inflation requires a nearly constant energy density, which cannot be achieved
with conventional matter sources.

9.1.2. Scalar Field Inflationary Dynamics

The accelerated expansion of the Universe can be achieved using a model of a homogeneous
scalar field, ¢ = ¢(t), to which we will refer as inflaton. Given its Lagrangian:

== 24— V(9), (9.12)



the stress-energy tensor is derived as:

Ty = 0,000 — gy (59000050 — V(9)). (913
The energy density py = TY and pressure Dy = —T? of the scalar field are given by:
po= 3B HV(B), o= V(6. (9.14)
The negative pressure condition from equation (9.8) leads to:
po<gps = F<V(o) (9.15)

indicating that the potential energy of the inflaton must dominate over its kinetic energy. This
scenario requires a sufficiently flat potential.

The evolution of the inflaton field ¢(¢) and the scale factor a(t) is governed by the Friedmann
equation (9.2) and the equation of motion for the scalar field, respectively:

= (;&2 n V(¢>> , (9.16)
é+3H+ 8;((;5) = 0. (9.17)

The first slow-roll parameter €, which quantifies the rate of change of the Hubble parameter, can
be expressed as:
- 12 12
€ = _£ = §¢ = 3¢ T,
H2  H? - 2V(9) + ¢
where (9.3) and (9.16) have been used. The condition for accelerated expansion, e < 1, leads
again to the domination of potential energy ¢? < V(¢).
For inflation to solve the cosmological problems, the accelerated expansion must last for at
least N ~ 60 e-folds. This requires that € remains small throughout inflation. To ensure this, a
second slow-roll parameter, 7, is introduced to describe the rate of change of e:

H= —%@2, (9.18)

dlne ¢ H )
"TUAN T He T CHE TS (= 9), (9.19)
where 4, the dimensionless acceleration of the scalar field, is defined as § = —¢/(H¢). For

inflation to persist, |n| < 1 and |§] < 1 must hold. These conditions ensure that the inflaton
evolves slowly enough to sustain inflation while maintaining the required flatness of the potential.

9.1.3. Slow-roll Approximation

Inflation occurs and persists under the conditions € < 1, |n] < 1 and |6| < 1. We use these
conditions to simplify the equations of motion (9.16) and (9.17), which is called the slow-roll
approximation. When € < 1, the potential energy dominates over the kinetic energy and the
Friedmann equation (9.16) simplifies to:

H?> ~ 2V, (9.20)

and the Hubble expansion is determined almost entirely by the potential energy of the scalar
field. The condition |6| < 1 leads to the neglect of the second derivative term in the scalar field
equation (9.17), giving:

oV (¢)

3Hp ~ — 56

(9.21)
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Using these approximations, the first slow-roll parameter € can be expressed as:

M3 (Vi) _
€N2Pl<v(¢>)> = ey, (9.22)

where the Planck mass has been reintroduced. Further, taking the derivative of (9.21), one

defines: . .
H %44
5+€:—i.——2% 2 (¢)
Hé H V()
Here, ey and ny are the potential slow-roll parameters. The successful inflation occurs when
ey < 1 and |ny| < 1. During slow-roll, the following relations hold: ey &~ e and ny ~ 2¢ — %n.

The number of e-folds during the slow-roll regime can be expressed as:

=ny. (923)

tend Pend H 1 Pend 1 Pend
N= [ " B@a :/ Hyg— 1 dé / el (9.24)
$* * ¢ MPl d)* \/ 26 MP[ (z)* 26‘/

Here, ¢* = ¢(t*) marks the beginning of inflation, whereas ¢¢,q = @(tenq) corresponds to the end
of inflation. Usually ¢¢pq is determined by the condition € = 1, though alternative conventions
may also be used, as will be discussed in subsequent analysis.

9.1.4. Constraints on Inflation from ACT DR6

In this section, we shortly summarize the most important findings from the ACT DR6 results
in combination with external datasets [96,97|, providing crucial constraints on the parameters
characterizing cosmic inflation.

- Tensor-to-scalar ratio (79.002): This parameter measures the relative amplitude of pri-
mordial tensor perturbations (gravitational waves) to scalar perturbations (density fluc-
tuations) generated during inflation. Observations of CMB polarization set up the upper
limit on 70.002 aS:

ro00z < 0.035  (95% CL). (9.25)

- Scalar spectral index (n;): The scalar spectral index characterizes the scale dependence
of the power spectrum of scalar perturbations. A value of ny = 1 corresponds to a scale-
invariant spectrum, where fluctuations have the same amplitude across all scales. The
value of ng provides insight into the dynamics of inflation and the shape of the inflaton
potential. Current constraints are:

ne =0.974+0.003  (68% CL). (9.26)

Both r and ns parameters relate to the slow-roll parameters determined at the beginning
of the inflation as:
r0.002 = 1664, ng — 1 = —6e, + 21 (9.27)

- Scalar amplitude (Ag): The scalar amplitude determines the initial conditions for the
growth of cosmic structures, affecting the amplitude of temperature anisotropies and po-
larization in the CMB. Planck 2018 reports [95]:

In (10"°A4,) = 3.044 £ 0.014. (9.28)

The scalar amplitude is related to the inflaton potential energy as:

2 Vi

= 2
3m2r M]‘_%l (9.29)

S
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- Energy scale of inflation: From the constraints on Ag and r, the upper bound on the
energy scale of inflation is determined as:

B 3m2A,

V. rMp < (1.6-10'6 Gev)*  (95% CL), (9.30)

which corresponds to an upper limit on the Hubble parameter in slow-roll approximation:

H
* <25-107° L). 31
Mpl< 5-10 (95% CL) (9.31)

These constraints provide essential information for constructing and testing models of inflation,
linking theoretical predictions to observational data.

9.2. From Jordan to Einstein frame in Weyl geometry

In this and the forthcoming sections, we analyze the inflationary scenarios within the Higgs-
dilaton model framework presented in this thesis. We start with a Lagrangian (5.13):

c | I I 1= -
N T 12 (50@1% + §1¢%>R B ZFWFW T §DN¢OD#¢O + §Du¢1D#¢1 = Vigo. é1),  (9.32)

invariant under Weyl conformal transformations (4.8). Expanding R and [?Mqﬁi, up to a total
derivative, one gets:

L 1 2 1 1 1. -
N 5" R= TR+ L K+ 20,000 b+ 50,610 61— L Fuu P =V (b0, 1), (9:33)

where we defined:
p* = &odp + E107, (9.34)

K=p+¢5+f = o+ 1)d5+ G+ 1)1, K=K (9.35)

Next, we perform a transformation to the Einstein-frame, applying (4.8) on the metric and
Riemannian Ricci scalar R!, with:

p° &by + &gl

Q= = :
6M? 6M?2 (9:37)
The Lagrangian becomes:
L 1 .~ 171 1 q &
— MR —[78 Do+ =011 — Lot + L K M]
\/‘5 2 + 0212 ,u¢0 ¢o + 5 ,u,(bl ®1 4 pw' + 3 wyw™ |+ (9 38)
3M2 ~ Y 2 2 L~ = V(¢07¢1)
+ 1 s (@JnQ )(&,an ) — ZFWFW_ i
To remove the K,w!" mixing term in (9.38), one introduces:
. 1
Wy = wy — gau In K, (9.39)
'The Ricci scalar coupled to the scalar fields transforms under (4.8) as:
2
f%pQR — %Mﬂfu 3]544 3" (0, n Q%) (8, In Q7). (9.36)
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which transforms the Lagrangian further to:

L 1K, K" q2
:_7M2 " m 7KA ~ L
\/5 R+ QQ[ M¢08 ®o + 8u¢18 o1 — 8 K + 3 wy,w" |+ (9 40)
3M2A ’ 2 o LA 2. V(e ) |
+ 1 gt (8“1119 )(8,,1119 )—ZFW,F“ - =i

The kinetic part of the above Lagrangian is non-canonical and reads:
L
Vi
In terms of ¢; fields it simplifies to:

7‘ _ 3M? (& (So+1) ¢ + &1 (& + 1) 97)
Vilkt  (Cdf+&101) 2 ((Co+1) 95+ (&1 +1) ¢F

Since wy, field “ate” the K radial direction (9.39), one can choose the following polar coordinates:

1

ke Q2 (0, n Q%) (0, InQ?). (9.41)

lKK]+3M2
8 K 4

5000060 + L0161 —

) (6100 — Godugr) *. (9.42)

1
¢0 :T&)\/ECOS 9,

(9.43)
VK sin 6,
b = W
for which the kinetic part becomes the function of the 6 angle only:
L & cos? 0 + & sin? 0
= 3M*? D& +1 9,0) (6"9). 9.44
V3§ lk.t. (Co+ D& +1) (€0 cos? 0 + & sin? 0 + &y )2 ( " ) ( ) (9-44)
Changing the variable to 7 = tan 6, one gets:
L 1., 1o ~n @K 1,
7 = ;MR- ZFWF“ + g@wﬂwﬂ +5F (7)(9u7) (8"7) = V (1), (9.45)
where the hats have been omitted and:
+ 2
F2(1) =6M*(&+1) (& + 1) Sot&r 5 , (9.46)
(b1 +1)+&m?(o+1)) (72 +1)
2 2
M(E+D) X (G+1) (& +1)72+ X (S + 1)
V(r) = 36M* oG+ 1)+ MG+ (& + )+ deo(Go +1)77 (9.47)

(Go(&1+1)+&72(& + 1))2

Note, that we identify the M scale with the Planck mass, Mp;, as —%MQR is the Einstein-Hilbert
term. The stationary solutions for the 7 field from the FKuler-Lagrange equations derived with
the Lagrangian (9.45) are:

(C1+1) (28 —Mio) 2=M/a0 A 1+ &

_ 2 _ _ .
T=0 T (&0 + 1) (2X2&0 — M1&1) 20 1+& (9.48)

With the parameter space condition from the Subsection 5.2.1, A\g = 4);\ , the potential values at

the stationary solutions are:

A M1+
V(ir=0)=09 o 0, V(T e 1+§o> 0 (9.49)

Figure 9.1 illustrates the potential (9.47) for example parameter space values so that the char-
acteristic features for small and large values of 7 are visible.
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Figure 9.1: The plots of the potential V(1) (9.47) for & = 10' and ¢ = 1010, For small 7, the
two degenerate, non-zero minima are visible. The 7 = 0 is the maximum. For large 7 values, the
potential becomes constant, with value (9.59).
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Figure 9.2: Plots of ¢ for different values of &; and 7, where £ = p - &». The exclusion of certain
regions in the &; parameter space follows from subsequent argumentation, as illustrated in Figure
9.3a. The right plot is evaluated for p = 10144,

Analyzing the Lagrangian (9.45) further reveals that the Weyl vector field, wy,, effectively
“eats” the radial component K and acquires a mass:

2 _f£_§2 2(50+1)(§1+1)(7'2+1)_§2 2
M) =T T M@y rarG iy 2t M0 (9.50)

For the values of &;, studied later in this analysis, the § parameter remains larger than 1 and

m?2 > %MQ. The Weyl gauge coupling ¢ can have values larger than 1 (as shown in Section 6.3),
and w, mass can be of the order of the Planck mass scale or larger. Figure 9.2 further supports this
approximation. Consequently, for the energies below m,, scale, the w, field effectively decouples

from the inflaton, for which the Lagrangian reads:

L 1 1 y

ﬁ = —§M2R + §F2(7')g“ Out0, T — V(7). (9.51)
We briefly outline the number of independent variables in the parameter space of our model.

Using the parameter space conditions discussed in Subsection 5.2.1, namely:

1 6M32, & 1 2
— =-16 PL_>2 41, d=—(1+16)\1), Xo= —1, 9.52
M <§o<¢%> & ) 2= 5 e =gy, (8:52)
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and imposing the relation & = p - &, one can express all the quantities in terms of & and p.
This reduces the parameter space to just two independent variables.

9.3. Slow-Roll Inflation: Classical Level

With the Lagrangian of the form (9.51), the canonical field variable reads:

o(t) = /T dxF(z). (9.53)

The integral above can only be evaluated numerically, which complicates the calculation of
inflationary slow-roll parameters. However, for the 7 field with a non-canonical kinetic term, the
slow-roll parameters can be modified to?:

2 / T 2
ey (1) = 2%?’7) (‘;8) , (9.55)

M2, (V'"(r) F'(r)V'(r
nv(T) = FQZZ) ( V((T)) — F((T)) V((T)>> (9.56)

and the number of e-folds is:
(9.57)

N /Te'nd dT
R - 2y (1)
where T.,q is established as the end of inflation as v (Teng) = —0.00953, whereas 7* is the
beginning of inflation for which one has ey (7*) < 1 and ny(7*) > —0.0095.
In analyzing the parameter space of & and p, we especially pay attention to the value of the
inflationary potential (9.47) for large 7:

Voo = lim V(1) =

T—00

M, (9.59)

which represents its maximum value potentially reached during inflation. This value is con-
strained from above by the Planck 2018 bound (9.30):

VMt < 1.6-106GeV. (9.60)

Figure 9.3a shows the region plot of the parameter space for £ and p that satisfies Voo < Vi,
giving the constraint:

The second slow-roll parameter 7y (7) has a non-zero limit when:

Jim v (7) = (= 260+ 25) =y (00) <. (9.62)

2These modified formulas can be derived similarly to the standard expressions in Section 9.1, with the change
of Lagrangian to (9.51). This leads to the energy density p, and pressure p, for the 7 field:

pr= PPV, pr = F (0~ V(). (9.54)

3The ACT DR6 in combination with external datasets [96,97] constraint the 7y value in the slow-roll regime:

nv = —95750 x 107" (68% CL). (9.58)
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Figure 9.3: (a): Region plot of the parameter space for which V,, < V,. The constraint can be
approximated by the inequality log,op > —logg&o + 4.4. (b): Plot illustrating the constraint
ny (00) > —0.0095 — 0.0030, resulting from (9.62), limiting &y to log;q & < —1.727.
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Figure 9.4: Plots of the parameter space satisfying the slow-roll conditions. The minimum p
values correspond to the boundary values determined by inequality (9.61).

To fulfill slow-roll conditions during inflation, one obtains a constraint 7y (co) > —0.0095—0.0030,
illustrated in Figure 9.3b. This results in inequality:

The example regions of &y, p and 7 where the slow-roll parameters ey (7) and 7y (7) fulfill the
ACT DR6 conditions [96,97]:

ey <0.0024,  ny=-95"2.107", (9.64)

ensuring successful inflation, are illustrated in Figure 9.4, where both regions do not depend on
the choice of p value. The ny condition imposes a more rigorous constraint on the parameter
space.

Next, the number of e-folds is calculated using equation (9.57), and its value is evaluated
for different starting points 7* > 7.,4. Choosing the 7* values for which N, € (50,60}, one can
determine the inflationary indexes as:

ns = —6ey (77) + 2y (77) + 1, r = 16ey (7). (9.65)
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Figure 9.5: Left: Parameter space points used to generate the corresponding rg.gp2(ns) plot on
the right. The dark gray dotted line marks the constraint log;op = —logio&o + 4.4. Right:
Tensor-to-scalar ratio rggp2 as a function of the scalar spectral index ng in the model with the
inflaton field 7. The black dashed line corresponds to the experimental value, ng = 0.974, and
the gray dashed line to ngs = 0.974 4 0.003. Variations in & and p lead to small differences in
ng, as illustrated in Figure 9.7.

ng =0.974 + 6n;,
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Figure 9.6: Tensor-to-scalar ratio rgg2(ns) for & = 107171 and & —1.86 with p = 1069
at different inflationary endpoints, determined by 7y (7eng). The numerical labels above the
points indicate the corresponding 1y (7enq) values. The black dashed line corresponds to the
experimental value, ng = 0.974, and the gray dashed line to ny = 0.974 + 0.003.

Figure 9.5 shows the region of the parameter space used to calculate ng and rggg2 , along with
the function rggp2(ns). When the end field point of inflation is defined as 7y (7eng) = —0.0095,
the resulting ns values are inconsistent with the ACT DR6 bound (9.26). Figure 9.7 illustrates
the impact of & and p on 79002 and ng for Ny (7eng) = —0.0095. However, one can redefine the
Tend, consistently with (9.64), and affect the ng values so that proper results are possible. These
revised results, consistent with the bounds (9.25) and (9.26), are shown in Figure 9.6, where
& = 107186 and & = —1.77 with p = 105°. Figure 9.7 further illustrates how the values of &
and p impact rg g2 and ns.
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Figure 9.7: Plots illustrating the influence of & and p on rggg2 and ng, with the endpoint of
inflation set as Ny (Tenq) = —0.0095, yielding ng = 0.974 + dns.
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Figure 9.8: Plots illustrating the allowed parameter space to obtain ng consistent with experi-
ments. In the left plot, the p values were truncated; however, because ngs does not depend on
p, the constraint applies only to &. For this reason, the right plot highlights exclusively the &
dependence.

9.4. Slow-Roll Inflation: Quantum Level

In the previous section, we demonstrated that inflation is possible within a classical framework
for a certain parameter space. Here, we extend our analysis by implementing quantum corrections
to the inflationary potential (9.47) by including one-loop effective potential and RG improving
it by incorporating the renormalization group equations for the couplings.

When deriving the one-loop effective potential for the Higgs-dilaton sector in Chapter 5, we
adopted the scale-symmetric quantum corrections approach, outlined in Chapter 3. This choice
was motivated by the scale symmetry of the tree-level Jordan frame Lagrangian (5.28). How-
ever, this symmetry is broken in the Einstein frame, where the conformal transformation (4.8)
introduces a mass scale M to canonize the gravitational sector. This raises an important ques-
tion when deriving quantum corrections in inflationary theory: Should one use the Jordan frame
one-loop potential and transform it to the Einstein frame via (4.8), or should one renormalize
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the theory directly in the Einstein frame? Moreover, are these two approaches equivalent?

In this chapter, we take a different approach compared to Chapter 5. Firstly, we no longer
neglect the impact of the Weyl sector on the Higgs dilaton framework. Secondly, we want to
account for quantum corrections associated with gravity, which are crucial in the context of
inflation but were previously omitted. These considerations make the direct renormalization of
the Einstein frame Lagrangian more suitable for our present analysis. However, obtaining the
RG equations directly from the Einstein frame turns out to be a technically challenging task
due to the complexity of the inflaton Lagrangian (9.51). Consequently, we follow the approach
of |98], which shows that the one-loop effective potentials obtained in the Jordan and Einstein
frames can be equivalent, provided that the renormalization is performed appropriately in each
frame. In the Jordan frame, the renormalization is carried out with a field-dependent subtraction
scale p(¢), consistent with the scale-symmetric prescription where o depends on the dilaton field,
as discussed in [21-25,31,55]. In contrast, the Einstein frame renormalization proceeds with a
conventional constant scale, u = const.

Therefore, in this chapter, we compute the one-loop effective potential for the inflaton field
7 directly in the Einstein frame, where the gravity sector is canonical. This allows us to apply
standard methods, as in [99-101]. The beta functions, however, are derived following the Jordan
frame prescription, which is more straightforward.

Following the approach of [41,42,89,90], it is crucial to account for the propagator suppres-
sion factors, cy,;, which arise from modifications to the canonical commutation relations. In the
presence of non-minimal couplings of the scalar field to gravity, such as the &¢?R terms, the
standard commutation relations, [gb(a;), qﬁ(y)], are altered. This originates from the fact that the
scalar field’s kinetic term is non-canonical in the Einstein frame. To derive the corresponding
suppression factors, one utilizes the fact that the fields ¢; commute with their canonical momen-
tum 7; when the gravity sector is canonical, i.e., in the Einstein frame. Let’s denote the kinetic
term of the Einstein frame Lagrangian (9.51) as

Lr
VIE

where the subscript F denotes the quantities in the Einstein frame, o is the canonical field (9.53)
and F?(1) = (0o/ 37‘)2. The canonical momentum for the scalar field ¢; reads:

1 1
= §F2(T)gOE”8,,7'807 = 59%”&,0800, (9.66)
k.t.

8/"‘E}kt 9 1l g, O _
= 3<15 \ﬁ g . 67@ (81,0800) = 59 Va9 - a—d)l (81,0800> =
1 5 0

2 (
=5 V9 87510 *sz 20 90, _Q2f<6¢z> ¢i = QgF (1 )<8¢z> bi,

where Einstein frame metric functions transformed to the Jordan-frame ones have the forms
VIE = Q*/g and g%’ = Q7 ?¢", with Q? defined in (9.37). By imposing [¢;(z),7;(y)] =
iéijé(?’) (f y), one finds:

9.67)

2
o .
[¢i(x), mi(y)] = Q*/gF*(7) <8;z> [pi(2), ¢i(y)], (9.68)
[61(2). 3i(y)] = 5 co, -0 (7~ 5), (9.69)
where the suppression factors cy, are defined as:
2
1 1 0p;
= = : 9.70
i QQ((%Z)Q O2F2(T) (87’ ) (9:70)
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Figure 9.9: Plots of the suppression factors cy, () (9.70), for & = 1072 and & = 10°. Note the
different 7 scales on each plot. The low 7 field value limits are lim, o ¢4, = 0 and lim, . cg, = 1.

The derivatives 0¢;07 can be determined from equation (9.43). Figure 9.9 illustrates the depen-
dence of the suppression factors cy,(7) on the inflaton field 7, for an example parameter space.
These factors suppress the ¢; propagators, especially in the large-7 regime where inflation occurs.
This suppression significantly affects the S-functions for Standard Model and dilaton couplings,
as discussed in [41,42, 89|, from where all the S-functions for A;, &, and y;, g1 and g can be
read. Particularly, the S-functions for the non-minimal couplings &; are:

550 = % <24Co/\0(§0 + 1) + (3 + Cl))\l (51 + 1)) )

947)
(9.71)
1 3
Be, = e <4c0)\1(§0 +1) + (12(1 +e1)ho = 5 (307 + 93 — 4y?)> (&1 + 1)),
where we set the notation cg, = ¢;. For the SM couplings g1, g2, g3 and y;, we have:
— _— — = —| — 7
Bgl (471')2 6 g1, Bgz (47’(‘)2 6 92, ﬂgs (471')2 ( 93)7
9.72
By = Wyt 9y = 19917 392~ 893 |-

We neglect the running of Ag, A1, and &, as their beta functions are negligible. The significant
changes occur in the RG equation of Ay coupling, which beta function is modified as follows
[41,42,89]:

Br, = 2

1
(ir)?
In the limit ¢y, — 1 and ¢y, — 1, corresponding to unmodified commutation relations, (9.71),
(9.72) and (9.73) reduce to the standard S-functions as provided in equation (A.1).

The running of the inflaton field is determined by the anomalous dimensions of the Higgs

field vy = Cgﬁf:j and the dilaton field vg = Cgﬁﬁf, which are equal to [22,63,64]:

3 3
(2ch% +24(143¢3) A3 —6X2 (397 + g5 — dy? ) + = ((91+93)* +2g5) — y,?> . (9.73)

2 (9. 3
=y <4g% + 193 - 3yt2>, Y6 = 0. (9.74)

(47)

Consequently, we obtain:

dlnT d 1—|—§1ﬂ_dlngb1

dinpg  dlnp\|1+&¢o dlnp

= vy (9.75)
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Figure 9.10: Running of the coupling constants Ao, A1, A2, &0, €1, 91, 92, g3 and y; with the energy
scale p. The most significant effect is observed in the high-energy behavior of the Ao, where
suppression factors ensure that this coupling remains positive.

To RG improve the potential (9.86), we make the replacement 7 — exp (F(,u))v', where:

n
P() = /< g (9.76)

Figures 9.10 and 9.11 illustrate the running of couplings and inflaton field with the energy
scale £ in two cases: the regular scenario (cg, = 1) and the scenario including the suppression
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Figure 9.11: The running of the inflaton field 7 with the energy scale u, according to equa-
tion (9.75).

factors effects (cg, # 1). The initial values a;(po), with o = (¢1) = 250 GeV, are given by:

Ut L[ 6Mp
= ) M T T T4
AL, b 16\ Ig (e7)

Iy =0.35940, 14, =0.64754, I, =0.95113,

-1
1
Iy, —p-i-l) 7 IA2:33(1+161A1)7 Iy =p- I,

(9.77)

where the individual relations come from the parameter space analysis in Section 5.2.1.

The running of the couplings is independent of the initial conditions. The most significant
difference appears in the Higgs-quartic coupling A2. Due to the suppression introduced by the ¢y,
factors, Ay remains positive across all energy scales, up to 103Mp, which is the maximum p scale
showed in the plots. This behavior arises because, in the presence of cg, # 1, the beta function
of y; is dominated by the negative contributions of the gauge couplings g;. Consequently, at high
energies, y; takes smaller values compared to the case where cy, = 1. As a result, the negative
contribution of y; to the beta function of Ay is reduced, preventing Ay from turning negative at
high energies.

One-loop effective potential for the inflation field 7 is derived based on [99], where for the
canonically normalized Lagrangian in the Einstein frame:

L 1.5 [

one-loop quantum corrections take the form?:

B 1 4 | M2 (0)| , R? M2 (0)]
Vicloop(0) = V(o) + 6472 [naM (o) log TeorZ T % log 2 ; (9.80)
where ¢, = €32, n, =1, nl, = =%, M%(0) = m*(0) — & and:
0*V (o) 1 0?V(r) oOV(r)oF(r)/or
2 _ — 2 — _
m(o) = do? m(7) F2(7) < or? or F(7) ’ (9.81)

where V(1) and F(7) are given in equations (9.47) and (9.46) respectively, V(o) = V(7) and
consequently Vi_igop(0) = Vi—ieop(7). During inflation, the space-time has the de Sitter form,

and the curvature, R = 12H En 2 with large Hj,r, gives a dominant contribution over m2(7).

“We apply the results from [99] during the inflation, where the space-time has the de Sitter form, with:

R=12H? R, R" =36H",  Ru,,.R"" =24H" (9.79)
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The ¢ field, being the Higgs boson neutral component, couples to the SM particles, which
give important contributions to the potential at the one-loop level. The most dominant are
W, Z9 bosons, and the top quark, and G; Goldstone bosons from (5.3), with the Jordan frame
masses:

9i + 95

2
95 Y
miy(61) = Lot mi(o1) = ot milor) = Sot,
mg (o, ¢1) = 20167 + 4ad7.
After transformation (4.8) to the Einstein frame, they depend on the inflaton field as follows:

i (r) = miy 7 (61(7)) 2(r) = mi (¢1(7))
PR ((wo(r) () T 22((do(r), an(7)

o m&(do(r), ¢1(7))

" = Qi{(n(r) oun)

where ¢;(7) can be read from (9.43). The SM particles’ contribution to the one-loop effective

potential then reads [99]:

(9.82)

(9.83)

1 " [ME(7)| M2
Vi-100p(T) sv 64n2 4 Z [nzMz (1) log T + nz 144 log 12 ) (9.84)
i=W,Z,t
where:
MIQ/V(T) :m%ﬁ/(T)+TI%27 cw 265/6, nw :67 n%/[/ = _%7
M (1) =m(r) + &, cg = ed/8, ny =3, nly, = -1, (9.85)
ME(1) =md(r) + &, et = €32, ny = —12, np =38,
MZ(T) =i (1) + %(51—1), co = e3/2, ng = 3, n’G:—%.
Finally, the full one-loop effective potential for the inflaton field 7 reads:
Vl—loop(T) = Vl—loop(T) + Vl—loop(T) ) (9'86)
o SM

with the corresponding contributions given in equations (9.80) and (9.84).

To apply the RG improvement to the potential (9.86), an appropriate choice of the running
energy scale p is required to minimize quantum corrections, particularly the logarithmic terms
in Vi_jo0p(7). Based on the approximate constancy of energy scales during inflation, we adopt
an approach with constant ;°. Given that the characteristic energy scale during inflation is the
Hubble parameter H;, ¢, which remains nearly constant along with the potential energy during
slow-roll, we set 4 = H;y,r. The Hubble scale is determined numerically using the equation (9.20):

H2 . — Vie loop(T =102 Hmf H= Hmf)

where 7 = 102 is chosen as the value at which the potential is sufficiently flat and lies within the
inflationary regime.

The RG improvement of the potential (9.86) is implemented by solving the RG equations
(9.71), (9.72) and (9.73) for &;, A2, and the SM couplings, and then evaluating them at pu =
Hiyny. As argued earlier in this chapter, we neglect the running of Ao, A1, and &y. Finally, the
inflaton field is modified according to equations (9.75) and (9.76), leading to the replacement
7 — exp (['(p = Hng))T.

5As discussed in [99], one can choose y in a way that the logarithms vanish. However, this prescription
introduces an ambiguity in the definition of y, and the quantum potential behavior can still be compromised. A
common alternative is to set u = a - f(¢) + b- R, where f(¢) is a field-dependent function. In the framework
considered here, this choice reduces to a constant p in the inflationary regime of 7. For this reason, we adopt the
constant-u approach.
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Figure 9.12: Plots of the RG-improved effective potential Vrgr(7) (solid lines) and the tree-level
potential V(7) (dashed lines) for selected parameter space values. Quantum corrections reduce
the potential values slightly, by less than an order of magnitude.
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Figure 9.13: Region plot of the allowed values of £, and p for which Vggr(7) does not exceed
the bound (9.60). The result can be approximated by the inequality log;,p > —log;q&o + 4.2,
marked by the black dashed line. For comparison, the tree-level result log;qp > —logo&o + 4.4
is indicated by the orange dashed line.

Figure 9.12 compares the RG-improved one-loop potential, Vi_io0p(T, t = Hins) = Vrar(7),
with the tree-level potential V(7). The plots are shown for 7 > 1, where the choice of a constant
i is justified. Quantum corrections lower the potential energy. As a consequence, the parameter
space satisfying the Planck 2018 bound (9.60) is enlarged compared to the tree-level case, as
illustrated in Figure 9.13. The constraint can be approximated by the inequality log;qp >
—logg&o +4.2.

The general expressions for the slow-roll parameters ey, and 7y were derived for the one-loop
effective potential Vi_joop(7) from equation (9.86). The couplings were then evaluated at the
energy scale u = Hy,y, and the inflaton field was rescaled as 7 — exp (I'(u1))7. Following
the same steps as in Section 9.3, we computed the scalar spectral index ng and the tensor-to-
scalar ratio rggg2, focusing on N, = 50. Since the results for N, = 60 are nearly identical,
they are omitted for clarity. The function rgoo2(ns) is illustrated in Figure 9.14, along with a
comparison to the tree-level case. The endpoint of inflation in this plot is defined by the condition
Ny (Tena) = —0.0095. As in the classical scenario, the obtained ns values are inconsistent with
(9.26). Therefore, we further analyze the impact of the ny (7enq) choice on rg gp2(ns), consistently
with (9.64). This dependence is illustrated in Figure 9.15 for & = 107186 and & = 107177 with
p = 10%5, along with a comparison to the tree-level case. The results demonstrate that physically
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Figure 9.14: Left: Parameter space points used to derive the rggp2(ns) function shown in the
right panel. The dotted gray line marks the boundary of the tree-level constraint, given by
logigp > —log;o&o + 4.4. Right: The function rgoo2(ns), computed using the RG improved
potential Vrar(7), for the endpoint of inflation defined as ny (7enqg) = —0.0095 and N, = 50.
The results are compared with the tree-level 7 gp2(ns) function for the same parameters, as
illustrated in Figure 9.5.
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Figure 9.15: Tensor-to-scalar ratio rg.go2(ns) for & = 10717 and & = —1.86 with p = 1069
at different inflationary endpoints, determined by 7y (7enq) and Ne = 50. The numerical labels
above the points indicate the corresponding 7y (7¢nq) values. The black dashed line corresponds
to the experimental value, ng = 0.974, and the gray dashed line to ny = 0.974+0.003. The results
are compared with the tree-level 7 oo2(ns) function for the same parameters, as illustrated in
Figure 9.6.

viable results of ns; can be achieved within the Higgs-dilaton model. Finally, since the quantum
corrections introduce only minor deviation from the tree-level results, the impact of £ and p on
ns and 79002 for Ny (7end) = —0.0095 follows the same pattern as in the tree-level analysis, as
shown in Figure 9.7.
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Figure 9.16: Diagrams contributing to W;WE — W;WE scattering amplitude.

9.5. Unitarity Bounds

In the Einstein frame, the gravity is in its canonical form. Therefore, the unitarity cutoff
resulting from the interactions involving gravitons is of the order of the Planck mass. However,
the SM gauge sector changes due to the conformal transformation (4.8) and changing to the
polar coordinates (9.43). This can induce unitarity violation above some energy scale, which we
aim to find below.

We analyze the behavior of scattering amplitudes for specific processes, particularly the lon-
gitudinal W boson scattering W]jr W, — WZF W, . Figure 9.16 illustrates the relevant Feynman
diagrams contributing to this process. In the high-energy limit (s,t > m?%,), the leading con-
tributions from the s— and t—channel exchange of the photon and Z°, along with the 4-point
gauge interaction give [102-104]:

AWIW, = W/iw) = —%ggm%u +0(1), (9.88)
W

gauge

where v is the Mandelstam variable, u = 4m%, — s — t. This amplitude grows with energy,
signaling a potential violation of unitarity at high energies. However, the Higgs boson exchange
in the s and ¢ channels introduces a contribution of [102-104]:

1, 1
= f-gs——u+ 0O(1), (9.89)

Wiw; - Wiw;,
AWLwy L L)Higgs 1%

which precisely cancels the problematic energy-growing term in the SM, ensuring a well-behaved
amplitude in the high-energy limit. However, in the theories where the Higgs-W interaction is
modified, such as our model, this cancellation may not occur.

We now examine the unitarity constraints in the Einstein frame Lagrangian of inflationary
theory presented in this work. The charged W¥ bosons couple to the neutral Higgs component
¢1 through the interaction term:

»CHiggst -~ é
g 4

After applying a conformal transformation and changing to polar coordinates, this becomes:

grWIEW, (9.90)

Liggs— 1 g3 1 2
Hzggf w N 7972QMVW;~_W_ ] T
Vi Q24 !

K- 9.91
o144 1+ 72’ (9-91)

97



2
Log,oR “(10)
= (U L) -

10F
-9.5
o -10.5
=)
g -11.5
— 8l
-12.5
-13.5

L0910§0

Figure 9.17: Plot of the R?(7y) parameter, defined in (9.98). The 7y values for each plot point

were determined as a 7 for a corresponding parameter space point.

where Q2 is defined in equation (9.37). K is an arbitrary scale, chosen to obtain proper vacuum

expectation values for ¢; fields in equation (9.43):

K= <— 2/\—)\12(1 +&)+(1 +§1)) (@), (o1) =250 GeV.

Consequently, the Higgs—W interaction is modified to:

£Higgs—W

2

92 PTIZ8 ¥ Vaauh ¥, Vel
= ~ =g WIIW - f(T),
Vi 4 !

where:
f(T)—i K 72 B 9 (1+&)r2
214+ 41+72 So(14&1) + (1 + &)

With the non-canonical kinetic term for the inflaton field:

L o GHY — lwl/ - =
2F (1)g"" 070, = 2g 0,00,0, F(r)= 5

we expand (9.93) around the 7y background, with 7 = 79 + 07 and 7 - F (1) = do:

~ ' 2 ! 1!
LHiggs—w g—2§WW;Wy_ : (f(TO) + / (70)50 + / (TO)) So? + . >

Vi 4 F(7) 212 (o
Consequently, the WW o vertex with canonical o field reads:
g _ 9 /()
WWo =y F(r)

Defining the relative change of the interaction as:

__gwwe _ 1 fl(n)
R(TO) B QQmW(To) - 2F(7‘0) f(To)’

the amplitude for the Higgs exchange now reads:

AWIW, — Wiwp)

(9.92)

(9.93)

(9.94)

(9.95)

(9.96)

(9.97)

(9.98)

(9.99)
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Figure 9.18: Cutoff scale Ayy as a function of 7y for different parameter-space points. The black
dashed line indicates the vacuum expectation value (7p).

In the SM, R = 1 and the Higgs exchange process cancels the amplitude in (9.88)®. In the case of
the theory presented in this paper, we examine the cancellation of amplitudes and the resulting
unitary cutoff by the sum of both amplitudes:

2
+ 11— -y~ 92 Y 2
AWEwE - wiwg) = 2 m%V(TO)( 1+ R (r0) ). (9.100)

Figure 9.17 presents the R?(79) values for different &y, p and 79 = 7* for a given parameter space
with Ny (Teng) = —0.0095 and N, = 50. Values are significantly smaller than 1. Therefore, the
unitarity cutoff in the inflationary background is dominated by the gauge bosons’ contribution:

14 & &1 Mp

A ~v87rmw—(7—0):8\/37rM T 5 .

ke 92/2 PN +a)+a(l+é0)m  e<inst V&
(9.101)

The cutoff always exceeds the values of inflationary potential V (7)'/4. For a background value
To = 7", the cutoff exceeds the inflationary energy scale V(T*)1/4 by a factor of 11.9236, ensuring
the validity of our results. The asymptotic behavior Mp//€; matches the cutoff in the infla-
tionary regime found in Higgs inflation models with a non-minimal coupling in the inflationary
large field background [105,106].

The full 7p-dependent cutoff reads:

Avy = vErTw{T0) ! (9.102)

g2/2 v -1+ }22(’7'0)7

and is illustrated in Figure 9.18. In the vacuum limit (79 < 1), the cutoff is significantly lower
than in the inflationary background, in particular:

&1 @

. 9.103
fo<k1,70<1 & ( )

Ayy

The asymptotic behavior (9.103) agrees with the Higgs inflation models from the literature [105,
106].

5The pure Yang-Mills sector is invariant under transformation to the Einstein frame.
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(a) Gravitational wave spectrum (9.105) for (b) Detection sensitivity ranges of current gravita-
three values of 7992 obtained from the anal-  ¢iona] wave experiments. Figure taken from [110].

ysis in Section 9.4.

Figure 9.19

9.6. Gravitational Waves Spectrum
During inflation, tensor metric perturbations, which are small deviations h;; from the back-

ground FLRW metric:
ds* = a*(n) { —dn? + (6 + hij)da:idxj}, (9.104)
originate from quantum fluctuations of the gravitational field. As inflation progresses, they are
amplified and stretched to super-Hubble scales, resulting in a nearly scale-invariant spectrum
[107,108]. Upon re-entering the Hubble horizon in the post-inflationary era, they evolve as
classical gravitational waves (GWs), forming a stochastic background that could, in principle,
be detected by experiments such as LISA, ET, CMB B-mode polarization searches, and future
gravitational wave observatories.
The GW energy density spectrum Qg (f) represents the spectrum observed today after the
GW frequencies have been redshifted due to the Universe’s expansion. Assuming a standard
cosmic history, including nonrelativistic matter and radiation evolution, it is given by [107,108]:

nt 2
Qow (f) = 138T0.002ASQT<£> [; <j:;q> + 196] , (9.105)

where A is the scalar amplitude (9.28), Q, = 3.72 - 107° is the current value of radiation
— Q03 Mpel o 77510716 Hy, fu i

energy density, f« is the pivot frequency, given by f. =
the frequency corresponding to matter-radiation equality, with fe, ~ 2.02 - 10716, and ny is the

tensor spectral index, which at first order is related to the slow-roll parameter ey as ny = —2ey.
The cosmological parameter values used here are consistent with Planck 2018 results [109] and

references [107,108|. The slow-roll parameter ey is evaluated at 7., hence, n; can be expressed

2

in terms of ro g2 as ny = —0L02.

Figure 9.19b provides the sensitivity ranges of current GW detection experiments across
different frequencies. The frequency range accessible to each experiment determines the epoch
and scale of the early Universe that can be probed. The lowest frequencies, detectable by CMB
B-mode polarization searches done by the Planck satellite, correspond to the physics at the
largest cosmological scales, tracking the earliest times and the highest energy scales of inflation.

Figure 9.19a presents the predicted GW spectrum for values of rggge derived within the
scale symmetric Higgs-dilaton model, as shown in Figure 9.15. Comparing these results with
the sensitivity ranges in Figure 9.19b, we conclude that the predicted GW signal lies within the
detectable range, providing a potential test of the framework developed in this work.
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Chapter 10

Conclusions

This thesis has studied a scale symmetric extension of the Standard Model Higgs scalar
sector by coupling the Higgs field to Weyl conformal gravity, from which the new sector, the
dilaton, naturally emerges. This approach offers a natural resolution to the hierarchy problem
and answers the question about mass scales generation without the need for explicit dimensionful
parameters.

One of the key contributions of this work is the analysis of spontaneous scale symmetry
breaking (SSSB) at high temperatures. The results have profound implications for early Universe
cosmology. We incorporated temperature corrections into the one-loop effective potential of the
Higgs-dilaton model and demonstrated that scale symmetry is dynamically broken during the
system’s evolution in an expanding hot Universe. This, confirmed by numerical simulations of
the Higgs and dilaton fields, serves as a viable mechanism for mass generation, in which, with
appropriate initial conditions, a physically stable vacuum state is reached, consistent with our
present knowledge about physical observables.

Moreover, we provided an independent analysis of the decoupling limit of the dilaton, showing
that it is strongly connected to the gravity sector decoupling. We derived that in their decoupling
limits, the standard Higgs scalar sector in flat spacetime is recovered. Furthermore, we exam-
ined the implications of the Weak Gravity Conjecture (WGC) in the Higgs-dilaton model. We
presented the constraints imposed by the WGC on the Weyl gauge coupling, ensuring theoretical
consistency.

Our work also addressed inflation within the scale-invariant Higgs-dilaton model. We demon-
strated that embedding the theory in Weyl geometry introduces significant modifications to the
inflationary dynamics, particularly when a kinetic term for the dilaton is included. We analyzed
the slow-roll conditions in the classical potential and then incorporated quantum correction
through the running of couplings in an appropriate renormalization prescription for the infla-
tionary scenario analyzed in this work. The results showed that a viable parameter space exists
where inflationary predictions align with the experimental data. Finally, we discussed potential
unitarity violation, highlighting the energy scale constraints needed for a consistent, effective the-
ory of inflation. We finished with a brief analysis of the Gravitational Waves spectrum resulting
within the Higgs-dilaton model.

This work contributes to the broader effort of finding a fundamental framework in theoret-
ical physics, where mass scales emerge naturally from symmetry principles rather than being
introduced as arbitrary parameters. However, several open questions remain that should be
addressed to understand the theory further. Future work should focus on the application of
presented ideas to a quantum gravity framework, possibly within string theory or asymptotically
safe gravity models. Moreover, the parameter space sufficient to obtain proper mass scales, such
as the Higgs mass, Higgs vev, and especially the Planck scale, is beyond the reach of current
or even future experiments. Therefore, one should seek experimental validation of the theory,
potentially through Dark Matter abundance analysis or more in-depth thermal corrections incor-
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poration. More precise results may impact the nature of electroweak symmetry breaking in the
Higgs-dilaton model, especially driving it more to a first-order phase transition, which is possibly
required for a proper baryogenesis mechanism.

In conclusion, this dissertation has demonstrated that scale-invariant extensions of the Stan-
dard Model offer a promising direction for addressing unresolved problems in particle physics
and cosmology. While challenges remain, the insights gained from this work lay the foundation
for further investigations into the role of scale symmetry in fundamental physics.
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Appendix A

One-loop Beta Functions

We define B; = (47)2 - B; = (4m)2 - #‘flzai with a; = { Ao, A1,. -, 91,92,93, ¥t} The one-loop
B functions for g1, g2, g3 and ¥, along with their boundary values, can be found, for example,
in [64,111] (it is important to note that the notation used in our work may differ from that in the
referenced sources). Here, we list the 8 functions for \; obtained in Chapter 5 and SM couplings
setting notation proper for this work.

By =8(9\; + M),
By =81 (3X0 + 2A\1 4 6X2) 43X ( — 391 — g5 + 4%2),

3
By = 2(A\] +48)3 + 301 )3) + 5 (gi‘ + 24395 + 395 — 16y} + 64Xo( — 397 — g5 + 4y3)> ,

By = 2423(3)\0 — 4\ + 15X2) + 9X3( — 397 — g3 + 4v7),
By = 63(2)\1 + 75)3) + 12\ ( — 397 — g3 + 44}),

By = 14423 4+ 155 ( — 395 — g5 + 4y7),

Bg = 18X} + 18)6( — 37 — g5 + 4y7).

41
Bg1 = Egiﬁ
19
Bgz = —Egga
By, = *793’
9 17 9
By, =y <2yf2 - Eg% - 193 - 89?%)-
(A1)

The RG factor z tracks the dependence on the subtraction scale u((¢o)) = 2 - (¢o). For the

coupling constants to be evaluated at the scale (¢1) = 250 GeV, we define zp = (1) T apply

D S

(do)
the RG improvement to the quantum potential, we let the parameters run with the dilaton field

¢o, namely:

M(<¢0>) RG improvement M(¢O) 20 * Qo
zZn = Z = == . A.2
" (%) (60) — (o) 42
Consequently, coupling constants are now functions of the dilaton:
dOéi
Bi =2z dz (67 (Z) = az‘((ﬁo). (A?))

Initial values used to obtain plots in Figure A.2 are evaluated at the scale p((¢o)) = 2z0(¢0) =
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A¢, (%)

10"%go) (o) 10%(go) 10%(go) 10%go)
Figure A.1: A¢; defined in (A.8), illustrating the running of the ¢; field according to (A.7).

(¢1), and read (notation: L; = X\;({¢))):

L2
Lo = ﬁ, Ly =-107% L,=0.03125, Ls=10"°Ly, L4=Ls= Lg=0, (A.4)

Ly, = 0.35940, Ly, = 0.64754, Lg, = 1.1666, L, = 0.95113. (A.5)

In Figure A.2, we provide the results of running for A9, A1, A2 and SM couplings g1, g2 and y;.
Couplings A, for n > 2 were not plotted due to their negligible running, as their corresponding
beta functions indicate.

A.1. Anomalous Dimension and the Field Running

Having the 8 functions for all the couplings in 0z, where [22,63,64]:

1 g

9 3 10InZy 81nqz51 2
Zy=14+4-—= o = — 2_|_7 2_3,2 —
H 6(1 )27 H 191 192 Yt s YH

"2 9lnz  Olz (4%)251{7 (4.6)

one can solve the differential equation for ¢; field:

81n¢>1 2

9 3
S+ 3 - |. (a7

Olnz  (4m)? 4

with initial value, ¢1(z0) evaluated at zp. Deviation from this initial value will illustrate the
significance of the quantum corrections in the field running. In Figure A.1, we plot this difference,

defined as:
_ 1(2) — d1(20)| _ 91(¢0) — ¢1((0))|
R Y o e e PR ()]

-100%. (A.8)
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A.2. Plots of Running Couplings

hY
13><10“O‘(?a) M9 Log,[¢0/GeV]
. L L L L Lo €
5 10 15 20 dwife
1.2x107 1
-5.x1077F
1.1x107 1
1.x107 1" -1.x107F
9.x107"2F 5
~1.5x107°f
r ‘ ‘ ‘ — Lo GeV
5 10 15 20 -Gild/GeV]
Az(do)
A2(¢o)
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I I I \ I I L GeV
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L L L L— Lo GeV _ L
5 10 15 20 Lo910ldo/GeV] 0.001
91(¢o) G2(do)
041 0.70}
0.40F
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0.39F
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0.37F
036k 0.55|-
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Figure A.2: Plots of running for Ag, A1, A2 and SM couplings g1, g2 and y; with the dilaton field
value ¢g. Initial values were chosen as in equations (A.4) and (A.5). Solid grid lines correspond
to the (¢g) value on the x axis and L; on the y axis. The dashed grid line on the second plot for

Ao running marks the Planck scale Mp = 2.44 - 108 GeV.
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Appendix B

Ensemble Average of the Annihilation
and Creation Operators Products

B.1. Scalars:

To obtain formulas for thermal averages of (afa) and (aa'), let’s consider the discrete dimen-
sionless operators a; and a}:

a; =1/0V3- a(ks), az =./0V2- at (k;), (B.1)

where continuous momentum  is replaced by a set of discrete values {El, Eg, ...} and 5Vk3 is the
volume of a momentum-space cell. The integral over d°k and Dirac delta change to sum and
Kronecker delta, respectively:

L
V2

3 e 5 N
/ LI @RS F—F) - 5 (B.2)

(2m)? i=0

The plane-wave decomposition of the scalar field ¢(x) for discrete momenta is:
P(z) = \/ 5Vk3 Z
i

-2
where w? = k;” +m? and the normally ordered Hamiltonian reads:

H = Zwiazai = ZwiNZ’, (B4:)
7 7

1 , ,
N [aie_”w + ajem”}, (B.3)
i

with V; = a}ai being the particle number operator. Discrete creation and annihilation operators
satisfy commutation relations:

[ai,a}] = 0ij, [a;, a;] = [a;r,a;r»] =0. (B.5)

The Fock space is spanned by the orthonormal basis of states |ni,n2,ns,...), which are the
energy H and particle number N = ). N; eigenstates:

H|n1,n2,n3,...> = (Zwini>]n1,ng,n3,...),
i

(B.6)
N\nl,ng,ng,...> = (Zni>\n1,n2,n3,...>.

7
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The annihilation and creator operators act on the |ni,n2,ns,...) in the following way:

aijlni,na,m3, ...y = /nilni,ne,...,n; —1,...), B.7)
a;r\nl,ng,ng, = Ani+1ni,ng,. . oni+ 1,000, .
The set of |n1,n9,ns,...) states is complete; therefore, the thermal average of an operator A
takes form:
(A) Tre_BH SN o nang,. e Alng,ng, . ), (B.8)
ny no
where:
Tre ? ZZ (ni,na,...le P ng,ny, ... :ZZ...efﬂwlme*ﬁm"?... (B.9)
niy n2 ny n2

For a chosen n; we get:

[e.e]

1
Z _/Bwlnl — 1 + e BUJ'L + 6_26(*)2 _'_ _35“)1 + (B].O)
Tl e pe
n; =0
and the partition function is:
1
— —-BH _
Z = Tre *H1—e—ﬁwi' (B.11)
1

In the two point correlation functions A*, combinations of products of a; and a} appear.
Since we have (B.7), the only non-zero possibilities are:

(Ny,may ..o Mgy \aia;\nl,nz, B I \/(nZ +1)(n; + 1)d;,

(B.12)
(n1,n2,...,n4,. .. |a;raj\n1,n2, Ce My ) = /M0

Hence (a;a;) = <aTa ) =0 for any 4, j and:

1
ZZ (ny,na,... |6_5Haia;r|n17n2, RS - ZZ . (e_ﬁ“’l"le_ﬁw?m .. )(nZ +1)=

ny n2 ny n2
oy L[ ) )

—Bwing —Bwing (. _ - . _
(Hz )t = (M=t ) (s -

1 1 1 1 1 1

(B.13)

Similarly for azai we get:

1
a a;) = ZZ (n1,ng,...le" BH Tal|n1,n2,...> = EZZ (e_ﬂ“’lnle_ﬂwmz...)(ni) =

ny n2 ny n2
k#i k#1 _ Buws
1 1 e Pwi
—Bwin —Bwing (0 N — = ) =
(HZ * k);e (nz)—z<1;[1_eﬁwk> ((1_65%2)—

1 1 —Pui 1 —fwi 1
_ 1 H ¢ = . 7. ¢ = : .
VA . 1 — e Pww 1—eBwi 7 1—eBwi  ebwi —1

(B.14)
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Thus, we obtained:

aal _ e (w8
< i ]> [1+ B( 1)]6217 (B.15)
(alaj) = np(w)dy,

where np(w;) = W is the Bose-Einstein distribution function. Taking a continuous limit,

we finally have:

R‘l
-~

a CIT k n ™ &) (g
e E) = malen Rl 516)

(a (Pa(k)) = np(wy)(2r)*6 (5 -

:'?‘l/-\
~—

B.2. Fermions

Similarly, we define the discrete dimensionless operators as ;, al bs; and bl ; for fermions:

5,17

as; =[OV -as(k:),  al =0V al(k),  bei=\[6V3 b)), bl = /63 bl(ky),
(B.17)

and discrete dimensionless vectors ug;, Us;, Vs; and U ;:

1 - 1 - 1 1
8,0 — skia Us; = _skia S$,0 —
usi = aprts(ka)s - Gsa = s (R), - vsi = oV

The plane-wave decomposition of the fermionic field ¥ (x) for the discrete momenta is:

1 . ,
U(w) =6V E E — {as,ius,ie_lkix +b! -vs,iemix}, (B.19)
- - /2Wk; R

vs(ki),  Tsi= s (ks )
(B.

e —6Vk sz[a usze’kl + b, iUs i€ ik x} (B.20)

where w? = Ef +m? and the normally ordered Hamiltonian:

H = sza (s + 00 bsi) = > wilNi, (B.21)
i

with V; = ai i0s,i +b1 ;bs i being the particle number operator. Discrete creation and annihilation
operators satisfy anti-commutation relations:

{asiral} = {bsin b} = 0udijs Aasiang} = {alyal b = {basbrg} = {8, b ;3 = 0.

(B.22)
The Fock space is spanned by the orthonormal basis of states |ni,ng,ns,...), where n; refers
to the number of particles with given momenta l;:; and spin s;. This time, the Pauli exclusion
principle forbids more than one fermion occupying a single state. Therefore, n; numbers can take
on values 0 or 1 only, and the momenta assigned to each n; must be different. In the following
part, we will use only the a,; and al i operators, since the calculations and results for bs; and
bli operators are the same. The annihilation and creation operators act on the |ny,na,ns,...)
in the following way:

as;ilni,n2,n3, ... = milni,ng,..oong — 1,000, for n; =1,
as,ilni,na,ng,...) = 0, for n; =0,

f (B.23)
ay ni,n2,ms,. ) = Vit lngng, .m0, for n; = 0,
ai’i,i’nl’n%n& o= 0, for n; = 1.
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The set of |ny,n9,ns,...) states is complete, therefore, the thermal average of an operator A
takes the form:

(A) Tre_BH SN nang,. e P Alng,ng, . ), (B.24)

ny no

where any n; = 0,1 and:

Tre " ZZ (n1,na,...le P ny na, ... :ZZ...efﬁwlme*Bm"Z... (B.25)

ny n2 niy n2

For a chosen n; we get:

1
Z e Awini — 1 4 eBwi, (B.26)
and the partition function is:
Z =Tre M =T[(1+e 7). (B.27)
i
In the two point correlation functions A% 7> combinations of products of ay, ;, aljyj, b, is bim
appear. Since we have (B.23), the only non-zero possibilities are:
(n1,ma, ..., . ]aswla glmne, oy, = \/(ni+1)(nj+1)5ij58isj, for n; =n; =0,
(n1,may ..o Mgy ]a;’iasjvj\nl,ng, ey My ) = /MiN00s,s for n; =n; = 1.
(B.28)
Hence (as, ias;,;) = ( L,ialj,ﬁ = 0 for any 4, j and for <a5i7iaij,j> we get:
<asz,z 84,0 ZZ (n1,ma, .. ‘|675Ha51,za |n1,n2, L) =
ny no
1 _ _
= EZZ (e Burna 5“’2"2...)(7”—4—1) .
ny no ¢
k£i 1 k#i — Bus
. 1 1+ e Bwi
—Bwin L —Bwing (. _ = —Bw N e
(HZ@ M) ¢ (nl_'_l)niO_Z(H(l—i—e k)> <1+e—ﬁwi>—
k nip=0 k
1 1 1 1 1
== Lo ) | =~ 7 e = (1 ).
Z(l;[( te )> 1+eBwi Z 1+ e Puwi efwi +1
(B.29)

Similarly for (a;,iasj,ﬁ we get:

1 —Bw —fBw
< siii g, i) ZZ (ni,ng,...|le PH 1 Za5“1|n1,n2,...):EZZ...<6 fuwrn o =B 2”2)(711)

nip n2 niy n2

k#i k#1 — Buws
- 1 (1P
_BW n . _ﬁwznz . — _Bw . _6(")1 . S — e
(HZ ’ k) (ns) ni1_Z<1;[(1+e k)> c <1+€5“’i>_
1 e~ Pwi 1 e Pwi 1
I 1 7Bwk . —_ . Z . g .
VA (H ( te )) 1 + 67,80.)@‘ 7 1 + e*ﬁwi eﬁwi —+ 1

n;=

(B.30)
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Thus, we obtained:

<a’3i,iaij7j> = []- - nF(w’L)](SZ]éSlS]) (B 31)
<aii,ia8j7j> = nF(wi)éijésisJ'a

where np(w;) = is the Fermi distribution function. Taking a continuous limit, we

1
exp(Buwi)+1
finally have:

(B.32)
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Appendix C

Resummation of Higher-Order Daisy
Diagrams

C.1. Scalars and First-Order Contribution

Let’s revisit the effective potential at finite temperature for scalars. From equations (7.72),
(7.78) and (7.79), we have:

3
Vl(ébc) = /(;Tp;g

where we denote the zero-temperature contribution, referred to as the vacuum contribution, by

6 ‘/'1V3,C :

1
iz log (1 - e_ﬂw)

5 ﬁ — 5V1vac + 5V1med’ (Cl)

1 [ d
i = 5 [ o ion (v + m?(e0) (©2)

and 0V represents the finite-temperature part, which we refer to as the medium contribution:

T [ T T
(5V1med =53 ; dp p? log (1 —e 6m) = ﬁJB [m2(¢c)/T2]~ (C.3)

The zero-temperature part 6V,"2¢ is divergent in the ultraviolet limit of large momenta p — oo

and infrared-safe when p — 0. This issue for a particular model considered in this work was
already discussed and resolved in Chapter 5. What is more, since this is the ultraviolet divergence
of the vacuum QFT, its effects don’t affect the finite-temperature part and thermodynamics of
the system. This is why we refer to this part as the vacuum contribution.

The behavior of the temperature (medium) contribution to Vi(¢.) is determined by the
function under the integral in (C.3). In the ultraviolet limit, we have:

lim p?log (1 . e—ﬁvﬁz+m2<¢c>) =0, ifm’ecRandf >0, (C.4)

p—o0

where the conditions for m and 8 are analytically satisfied. The infrared limit is simply zero:

lim p?log (1 — e B 152+m2(¢c)> =0. (C.5)
p—0

Therefore, the temperature-dependent part of the one-loop effective potential is both ultraviolet
and infrared-safe.

In statistical quantum field theory, it is commonly observed that ultraviolet divergences, as
opposed to infrared divergences, arise only from the vacuum sector of the theory. To see this,
let’s consider a relativistic gas of particles with high momenta, where T is much bigger than the
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masses of gas particles. The particle density p scales as T2, hence the inter-particle spacing is
of order pfl/ 3 ~ T~!. The ultraviolet limit p — oo corresponds to distances  — 0. Since the
temperature is finite, ultraviolet divergences occur at distances x < T~', much smaller than
the inter-particle spacing. As a consequence, the medium, which is the relativistic gas, has no
impact in this context, and the renormalization procedure needs to address only the vacuum
part of QFT.

C.2. Scalars and Second-Order Contribution

In the previous section, we saw that we can disregard the vacuum part of the effective potential
at finite temperature as it has no thermodynamic consequences for our theory. However, there
is an important issue within the boson thermal contribution that needs to be addressed: the
imaginary part of the potential, coming from the m?(¢.)T term, which can be refined by resuming
the most dominant infrared contributions. This process leads to the so-called daisy-resummed
potential. The reader can find similar analysis in [34,73,76,77,86,112].

In standard quantum field theory, we typically employ a perturbative approach, expanding
the theory order by order in the dimensionless coupling constant. However, in thermal field
theories, some diagrams that seem to be of higher order might be as significant as lower-order
ones. This occurs due to contributions from corrections known as hard thermal loops, which
can lead to problems with infrared divergences, particularly in massless theories. For a clearer
understanding, let us revisit the massless scalar ¢* model and compute higher-order corrections
to the effective potential. One of the possible two-loop diagrams is:
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where w, and wy are bosonic Matsubara frequencies. This contribution is infrared divergent for
the zero Matsubara modes. Indeed, for n = ¢ = 0 we have w,, = wy, = 0 and:

d3 Bk 11 1 1
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is divergent for p — 0 and £ — 0. We encounter the same problem for the following two-loop

diagram:
d3 Bk (1\?1 1
=~ [ dp dk =, .
& ><2w>3<52> w~ [ (C8)

n=¢=0

which diverges for p — 0. To address the problem of infrared sensitivity in the loop expansion,
we need to sum all the divergent terms order by order. This process effectively cancels these
divergences. As we will demonstrate, the result is a contribution of order A3/2, rather than the \?
or higher, as one would expect from a naive perturbation approach. It is important to note that
the infrared divergences originate only from the bosonic loops and their zero Matsubara modes.
Fermions do not experience the infrared problem and therefore do not require resummation, as
they don’t have zero-valued Matsubara mode.

Let us look at the high-temperature limit of a couple of diagrams and see which are the most
important in this regime. At one-loop, we have:
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where in the last equality, we separated contributions for zero and finite temperature, as can be
done for any diagram. The zero-temperature part undergoes the usual one-loop renormalization.
The temperature part can be expressed as the derivative of the thermal bosonic function Jp:

Q > 1 1 A dJpld®
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Using the high temperature expansion of Jp (7.81), we obtain:
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Consequently, at high temperatures, this one-vertex bubble diagram behaves like A\T".
Next, we consider two-loop diagrams. The following one has 1 one-vertex bubble and 1 two-
vertex bubble:
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where we denoted 52 +m? = P2. For the temperature-dependent part, the most dominant terms
at high temperature are:
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The two-loop sunset diagram is more complicated, and at the high temperature, it contributes as [113]:

el

By comparing the temperature dependence of all the possible two-loop diagrams in equations
(C.13) and (C.14), it is clear that at high temperatures, the contribution from the diagram (C.13)
significantly dominates.

At the three-loop level, a possible diagram consists of 2 one-vertex bubbles and 1 three-vertex
bubble, which, performing the same calculations as for previous diagrams, contributes as:

RO

Whereas a diagram with 1 one-vertex bubble and two two-vertex bubbles gives:
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Figure C.1: Daisy (N + 1)-loop diagram, with N one-vertex loops attached to (N + 1)-vertex
loop.

and a diagram with a one-vertex loop attached to the sunset diagram at high temperature
behaves as |78]:

~ N (C.17)
7>0
Comparing the results of diagrams (C.15), (C.16), and (C.17), we find that at high temperatures,
the most significant contribution comes from the diagram (C.15).

It turns out that at every loop level, the most dominant high-temperature contribution comes
from the so-called daisy diagram, shown in Figure C.1, with N loops attached to the one-loop
self-energy diagram. The contribution from such a diagram is given by:
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We aim to sum daisy diagrams from N = 0 (corresponding to the one-loop order diagram (C.10))
to N = oco. To accurately compute the contribution from this sum, we need to proceed carefully
and include all the numerical factors:

- each vertex gives ( —1i5 ) factor and we have N + 1 vertices;
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where w, = 2”7" and we
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- we have N + 1 lines between vertices, each with propagator
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- for 2 external lines, we get the ¢? factor;

LIV %, from the following argumentation: we have (N + 1)!

- the symmetry factor is 5 (N1
comblnatlons for choosing vertices, mirror symmetry of the graph gives the factor % and

the (N+1) factor comes from the loop expansion (2.26);
- there’s an extra global factor of ¢ coming from the definition of the generating functional W;

Therefore, the daisy (N + 1)-loop diagram gives:
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The p integral gives:
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where we have separated the zero and finite temperature parts. As we have shown before in
equation (C.10), the T > 0 term is:
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where we used the high-temperature expansion of Jp (7.81). So far, we have:
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Let us observe that:
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where we used (C.20) and (C.21). Consequently:
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Next, we use the property:
a? 0
fla+a) = f(o)+a-f'(@)+ 5 ' (2)+ f<3 Z TI0@) = exp (a2-) fla), (C25)
which gives:
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The infinite sum of daisy diagrams results in the correction of order A\3/2. Next, let us revisit
the one-loop mass correction diagram and calculate it precisely:
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Figure C.2: Example contributions to the scalar self-energy correction from a scalar (solid line),
gauge boson (wavy line), and fermion (dashed line) loop.

where (C.20) and (C.21) were used. Comparing (C.26) and (C.27), it becomes clear that the
resummation corresponds to modifying the tree-level mass to the thermal effective mass at leading

order:
2

AT
m? - msz(T):mQ—i—ﬂ:mQ—&—H(T). (C.28)

The diagram (C.27) is known as the first-order self-energy or polarization tensor, often denoted
by II(T). When a scalar field interacts with other particles, such as gauge bosons or fermions,
determining II(7") involves calculating the sum of all one-loop contributions from these particles,
as illustrated in Figure C.2. However, there is a more efficient way to obtain II(7"). Consider a
theory with a scalar field ¢ having a tree-level field-dependent mass m?(¢) = m? + %(]52, which
also gives mass to other particles: the gauge boson with méB(QZ)) ~ ¢? and the fermion with
m%(¢) ~ ¢*. For this scalar field, the one-loop temperature-dependent effective potential (7.106)

at high temperature without resummation is given by:
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Since the polarization tensor II(7") contributes as the temperature part to the effective mass, it
can be obtained by taking the second derivative of this high-temperature expression with respect
to the field ¢:
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One would obtain the same result by summing the Figure C.2 diagrams.

From the analysis in this section, it follows that to account for all critical thermal correction
effects, one must work with the resumed thermal potential given by:

Z n;-Jg <(m22)e];f2(¢mT)> + Z nj - JF(m?JEfC)>
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where thermal mass corrections apply only to the bosons because fermions don’t experience
infrared divergences due to the absence of zero Matsubara mode.
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Appendix D

Thermal Equilibrium

We investigate the temperature ranges within which the dilaton field ¢ is in thermal equi-
librium. This analysis is purely approximate since it is quite clear that for small |\;|, the dilaton
can’t reach the equilibrium state. To achieve the results, we calculate the cross-section, as

detailed in [114]:

dO’_ 1 1 ‘M

- D.1
dt 64w - s |piom|? (D.1)

|2
where s and ¢t are Mandelstam variables, and pioas denotes the momentum of an incoming
particle in the center-of-mass frame. The essential steps and formulas can be found in [114]. We
adopt the following approximations:

Mg, ~ MG = 0, My, My = 125 GeV. (D2)

Considering the Algb%qﬁ interaction term as the sole ¢g¢; interaction present in the potential
V (o, $1), we arrive at |M|? = 16/\%. Consequently, two processes are possible:

- ELASTIC ¢0¢1 — (Z50¢1:
A
75

o(s) =

~ INELASTIC ¢1¢1 — ¢oco:
i

o(s) = .
T/ S (s — 4m%{)

While elastic interactions help maintain the kinetic equilibrium of the dilaton ¢ by redistributing
its momentum, they do not change its particle number density. Therefore, if the primary concern
is whether ¢¢ can reach thermal equilibrium, the inelastic processes are more critical. This is
because inelastic interactions directly impact the number density of dilaton, making them essen-
tial for establishing thermal equilibrium. The thermally averaged cross-section for an inelastic
process reads [115]:

a(s)

1 0o
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where K;(z) is a modified Bessel function of ¢ — th kind and:
Mz,y,2) = [z = (y+2)] - [ = (y - 2)°]. (D.4)

A system of particles can be considered to be in thermal equilibrium with good accuracy if
their interaction rate, denoted by I', satisfies the following inequality:

I'>H, (D.5)
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where H represents the Hubble parameter. During the radiation-dominated era, the Hubble

parameter can be expressed as:
1 2
H(T) = —g.T*. D.6
1) = 55 (.6)

Here, g, is the effective number of degrees of freedom for relativistic particles in the hot Universe,
and Mp = 2.44-10'® GeV is the Planck mass. For the considered case of thermal equilibrium of
dilaton, the interaction rate is equal to [116]:

I'= ngoQ . <O’ . U>INEL7 (D?)

where nfOQ is the number density of relativistic ¢g particles, as if they would be in equilibrium:

g = CS)T?’, (D.8)

with ¢(3) ~ 1.20206. Consequently, we can analyze the ratio:

I(T)

— = = f(T D.9

ehdial (.9)
as a function of temperature. For temperatures exceeding 0.1 GeV, used in the analysis of the time
evolution of the fields, the effective number of degrees of freedom is approximately g. =~ 100 [88|.
Figure D.1 illustrates the results for various values of A\;. The inelastic interactions can ensure
that the dilaton field, ¢g, reaches thermal equilibrium for A\; > —1075.

—AF T T i T r ! ’ ’ i . I : : i :]
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=
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0 2 4 6 8
Logo[T/GeV]

Figure D.1: Plot of the function f(7T") = % for different A1 coupling values and temperature

range used in the time evolution of the fields.
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Appendix E

Temperature Fluctuations of the Scalar
Field

The normal distribution is described by the formula:

fw) = Nl%exp{ - ;(;“)} (1)

where 1 = (z) is the mean value of the z variable, defined in equation (7.2), and o is the standard
deviation:

o=/ {x?) — (x)2. (E.2)

In the following, we use the same method and results as in Appendix B. For the free scalar field,
equation (7.19), the temperature averages of single field values and its time derivative are zero:

($) =0,  ($)=0. (E.3)

This statement changes in light of the analysis from Chapter 8, as the fields have non-zero
potential and can be in thermal equilibrium. In that case, the mean value for the single field
value is its vacuum expectation value, (¢)p, determined by its interactions, and can be non-zero.
The field derivative thermal average stays zero <¢>T = 0. Consequently, the standard deviations

read:
os =\[(P)r —(9)F,  o5= \/@ (E.4)

For the two field values, we get:

)= [ i unta+ 3] = o5 [k 2 [onten) + 5]
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_ P2 2 S
=k +m np(wk) = exp {Bwk} -1’ (E.6)

and the % being the vacuum contribution and np(wy) the thermal contribution. Therefore:

1 ©° . 1 00
(¢ = 27T2/0 dk Kwpnp(wy), (657 = 2772/0 dk kPwpnp(wy). (E.7)
Changing the integration variable to x = Swy, one gets:
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One can define, [117]:

v/2 v/2
) 00 <x2 — A2) 00 <x2 — A2>
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KW"[A, B] :/A ey +/A S B R (E.10)
so that: ) .
(@)1 4—2@J [Bm,0], (%) 4—2@1( M [8m, 0]. (B.11)
Expanding the above quantities for high temperature, T' > m = fm < 1, one obtains [117]:
T2 . 72
1~ Ny~ =T E.12
(%) 12 (%)r 30 ( )

Consequently, the high-temperature standard deviations are:

T2
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