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Summary

Integrable one-dimensional quantum gases have attracted significant attention. One could
argue that this has happened for two primary reasons: analytical access to strongly corre-
lated, non-perturbative physics and the availability of numerous experimental realizations.
Recently, the field has shifted toward non-equilibrium dynamics, driven by theoretical
breakthroughs such as generalized Gibbs ensemble (GGE) and generalized hydrodynamics
(GHD).

The presence of integrability-breaking effects in experiments, such as external trapping
or additional long-range interactions, calls for the development of perturbative techniques
to tackle the dynamics of nearly-integrable gases. The external trapping occurs generically
in the experiments, while the long-range interactions are especially prominent in dipolar
quantum gases of elements with large magnetic dipole moments, such as dysprosium. The
theoretical treatment of such systems is the main topic of this thesis.

The general goal was to provide a framework for understanding of two classes of non-
equilibrium phenomena in nearly-integrable gases. The first class of problems which we
tackle is related to thermalization or relaxation more broadly. In the context of gases, the
description of relaxation is typically provided by kinetic theory, with the cornerstone being
the BBGKY (Born-Bogoliubov-Green-Kirkwood-Yvon) hierarchy for correlation functions.
The hierarchy is the starting point for further approximations and upon truncation, leads
to collision operators such as the Boltzmann or Landau equations. Such collision kernels
provide the time scales for relaxation and the fixed points of the dynamics.

In this thesis, a BBGKY-like framework was adapted to nearly-integrable systems. The
resulting hierarchy can be efficiently truncated. A kinetic equation describing thermaliza-
tion was derived and successfully tested against numerical simulations and experimental
data for thermalization rates in dipolar gas experiments. The geometry of such experi-
ments, in which 1D gases are placed in a 2D lattice, motivated the study of integrability
breaking through interactions between two tubes. In such a scenario, interesting athermal
stationary states were found, and an understanding through the kinematics of two-body
scattering in 1D Galilean systems was proposed.

The second part of this contribution is related to the hydrodynamics of nearly-integrable
gases, that is the effective theory of dynamics emerging at large spatiotemporal scales.
The structure of hydrodynamics is intimately tied to the conservation laws present in the
system. The set of conserved charges changes drastically upon integrability breaking, and
so does the hydrodynamics.

Building on the frameworks of the GGE and GHD, we have shown that at sufficiently
large space-time scales, the hydrodynamic universality class of nearly-integrable gases
changes from GHD to a one-dimensional version of the Navier-Stokes (NS) equations.
Transport coefficients — viscosity and thermal conductivity were computed explicitly. This
goal was achieved by a suitable generalization of the classic derivation of NS hydrodynamics
from the Boltzmann equation through the Chapman-Enskog (ChE) expansion. The logic
of the ChE method was applied also to a two-tube system, where athermal states were
found. Surprisingly, the Burgers equation was uncovered there in the large scale dynamics
of the density.

Finally, we considered the problem of anomalous transport in 1D non-integrable gases.
Using nonlinear fluctuating hydrodynamics, the well-established framework to tackle
problems in this field, we found a mechanism leading to the suppression (with the inverse
of the integrability breaking parameter) of anomalies in transport. We formulated a general
prediction that nearly-integrable gases are characterized by three different hydrodynamic



universality classes, which occur in different space-time regimes.

Keywords: hydrodynamics, kinetic theory, integrable systems, one-dimensional quantum
gases, thermalization, transport



Streszczenie

Catkowalne jednowymiarowe gazy kwantowe ciesza sie duzym zainteresowaniem gtéwnie z
dwoch powodow: umozliwiajg analityczny wglad w silnie skorelowang, nieperturbacyjna
fizyke oraz sa powszechnie realizowane w eksperymentach. W ostatnim czasie uwaga
badaczy przesunela sie w strone dynamiki nieréwnowagowej, co zostato spowodowane
przez przetomy teoretyczne, takie jak uogodlniony zesp6t Gibbsa (GGE) oraz uogdlniona
hydrodynamika (GHD).

Obecnosé czynnikow tamigcych catkowalno$é w eksperymentach, takich jak zewnetrzne
putapkowanie czy dodatkowe oddziatywania dalekozasiegowe, wymaga jednak rozwoju
metod perturbacyjnych do opisu dynamiki gazéow prawie catkowalnych. Putapkowanie
zewnetrzne wystepuje w laboratoriach praktycznie zawsze, natomiast oddziatywania
dalekozasiegowe sg szczegdlnie widoczne w dipolowych gazach kwantowych pierwiastkow
o duzych magnetycznych momentach dipolowych, takich jak dysproz. Teoretyczny opis
takich uktadéw stanowi gléwny temat niniejszej rozprawy.

Glownym celem pracy bylto stworzenie ram teoretycznych dla zrozumienia dwoch klas
zjawisk nieréwnowagowych w gazach niemal catkowalnych. Pierwsza klasa zagadnieni
dotyczy szeroko pojetej relaksacji i termalizacji. W kontekscie gazoéw opis relaksacji
opiera sie zazwyczaj na teorii kinetycznej, ktorej punktem wyjscia jest hierarchia BBGKY
(Borna-Bogoliubowa-Greena-Kirkwooda-Yvona) dla funkcji korelacji. Hierarchia ta stuzy
do wprowadzania dalszych przyblizen i po obcieciu prowadzi do operatoréw zderzeri, takich
jak rownania Boltzmanna czy Landaua, ktére wyznaczaja skale czasowe relaksacji oraz
punkty state dynamiki.

W dysertacji zaadaptowano strukture typu BBGKY do ukladéw prawie catkowal-
nych, co pozwolito na jej efektywne obciecie. Wyprowadzone w ten sposéb réwnanie
kinetyczne opisujace termalizacje zostalo pomyslnie zweryfikowane za pomoca symu-
lacji numerycznych oraz danych doswiadczalnych dotyczacych szybkosci termalizacji w
gazach dipolowych. Poniewaz w eksperymentach gazy jednowymiarowe umieszcza sie
czesto w sieciach dwuwymiarowych, zbadano rowniez tamanie catkowalnosci poprzez
oddzialywania miedzy dwiema tubami. W takim scenariuszu odkryto interesujace ater-
malne stany stacjonarne, ktérych mechanizm wyjasniono poprzez kinematyke rozpraszania
dwuczastkowego w jednowymiarowych uktadach z symetria Galileusza.

Druga czesé pracy poswiecona jest hydrodynamice gazéw niemal catkowalnych, czyli
efektywnej teorii dynamiki wytaniajacej sie w duzych skalach czasoprzestrzennych. Struk-
tura hydrodynamiki jest Scisle powiazana z wystepujacymi w uktadzie prawami zachowania.
Zestaw zachowanych tadunkéw zmienia sie drastycznie po ztamaniu catkowalnosci, co
pociaga za soba réowniez fundamentalna zmiane hydrodynamiki.

Opierajac sie na strukturach GGE i GHD wykazano, ze na dostatecznie duzych skalach
czasoprzestrzennych klasa uniwersalnosci hydrodynamicznej gazéow prawie catkowalnych
zmienia sie z GHD na jednowymiarows wersje rownan Naviera-Stokesa (NS). Wspotezynniki
transportu — lepkosé oraz przewodnictwo cieplne — zostaly obliczone w sposob jawny. Cel ten
osiagnieto poprzez odpowiednie uogdlnienie klasycznego wyprowadzenia hydrodynamiki NS
z rownania Boltzmanna przy uzyciu rozwiniecia Chapmana-Enskoga (ChE). Logike metody
ChE zastosowano takze do opisu ukladu dwutubowego wykazujacego stany atermalne,
gdzie niespodziewanie odkryto réwnanie Burgersa w wielkoskalowej dynamice gestosci.

Na koniec rozwazono problem transportu anomalnego w jednowymiarowych gazach
niecatkowalnych. Wykorzystujac nieliniowa fluktuujaca hydrodynamike, czyli ugruntowana
metode w tej dziedzinie, znaleziono mechanizm prowadzacy do tlumienia anomalii trans-
portowych wraz z odwrotnoscia parametru tamania catkowalnosci. Sformutowano takze



ogodlne przewidywanie, wedtug ktorego gazy prawie catkowalne charakteryzuja sie trzema
roznymi klasami uniwersalnosci hydrodynamiki, ujawniajacymi sie w réznych rezimach
czasoprzestrzennych.

Stowa kluczowe: hydrodynamika, teoria kinetyczna, uktady catkowalne, jednowymiarowe
gazy kwantowe, termalizacja, transport
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1 Introduction

This thesis concerns problems related to non-equilibrium dynamics of gases. The questions
addressed are quite natural and easy to state. How does the gas reach thermal equilibrium?
How can we describe its large-scale motion and capture phenomena such as dissipation or sound
propagation? How can these phenomena be derived from the microscopic dynamics of particles
given by Newton’s laws or the Schrédinger equation?

With the simplicity of these fundamental questions comes the difficulty of providing an answer.
Solely due to computational complexity, it is indeed extremely hard to study a system of N
interacting degrees of freedom, where we typically desire N to be extremely large and of order
N ~ 10%. Being far from equilibrium, where much of the universality encoded in thermodynamics
is lost, makes the problem even more difficult.

Remarkably, as one can read in textbooks on non-equilibrium statistical mechanics and kinetic
theory [1—4], it is possible to find satisfactory answers to these questions by connecting the
microscopic dynamics of particles to macroscopic phenomena known from our everyday lives.
This was achieved through decades of progress in kinetic theory, mainly for weakly interacting
and dilute gases. Many of the mysteries related to the nature of the thermalization process or
the origins of hydrodynamics were resolved. The central theme behind these achievements is the
successive reduction of complexity by discarding irrelevant degrees of freedom, see Fig. 1.

Newton’s laws s Boltzmann equation s Hydrodynamics
. T, T,
2N variables (x;, ;) coll distribution p(x, 6) el three fields o(x), u(x), e(x)
0,0+0,j,=0, dou) +0,j, =0
2 10 +0,j, =0, 0(eu) +9,j, =
mi F({x)) 0,0 +00,p = Iglp] ‘ A
dar? J dl(()()) + d,\-lu =0

Figure 1: Successive reduction of complexity with one-dimensional classical gas as an example.
Exact description in Newton’s picture involves 2N positions x; and velocities 6;. In the Boltzmann
theory, applicable at times larger than the characteristic time between two collisions t > 7.,
the degrees of freedom are reduced to single-particle distribution p(z, ) on the phase space. At
even larger times, much bigger than the relaxation time scale 7], the gas can be described by
just three hydrodynamic fields o(z), u(x), e(x).

Firstly, the extremely complex dynamics of an interacting gas was understood with the
approach developed by Boltzmann in the second half of the 19th century. His framework pictured
the dynamics of a dilute gas as a series of two-body collisions. These processes are encoded in the
Boltzmann collision integral, which links two-body (or few-body more generally) scattering physics
with processes happening on the scale of the whole gas, such as thermalization. A remarkable
reduction of complexity was achieved. From there, characteristic relaxation timescales could
be extracted and connected to microscopic details of interactions as encoded in the interaction
potential between particles.

The key results of Boltzmann were leveraged by Chapman and Enskog forty years after
his discovery. With the collision integral as the starting point, they managed to reduce the
complexity even further and derive the hydrodynamic description of the gas, arriving at the
famous Navier-Stokes equations, previously known and understood only phenomenologically.
Not only did they recover their universal form but they also determined transport coefficients,
such as viscosities and thermal conductivity in terms of the scattering data encapsulated in the
Boltzmann collision kernel. Later, an alternative approaches has appeared, such as the methods
of Grad [5] and Resibois [6], all leading to the same expressions for transport coefficients.

The main goal of this thesis is to complete such a program for a new class of systems. The
most well-known examples, for which this has been achieved are dilute or weakly interacting
gases and hard-sphere systems [1|. In this thesis we focus on nearly-integrable one-dimensional



gases. By this we mean weakly perturbed integrable models. Integrable gases include models
such as the Lieb-Liniger 7] model or the one-dimensional hard rod gas [8].

The thesis has the following structure. It starts with an introduction aimed at guiding the
reader through the most important concepts relevant to the achieved results. We detail the
subsequent sections of the introduction shortly. After the introduction, we present the articles
comprising the thesis in Sec. 2. Each article is preceded by a short summary explaining its
scientific context and the most important findings. The thesis closes with Sec. 3 containing the
summary and conclusions.

We now describe the contents of the introduction. In Sec. 1.1, we introduce the object of study
of the thesis, namely nearly-integrable gases. We briefly discuss the mathematical frameworks
behind their theoretical description as well as the experimental setups in which they naturally
arise. Subsequently, we outline the main frameworks used to treat their dynamics, including
generalized Gibbs ensembles in Sec. 1.2, generalized hydrodynamics in Sec. 1.3, and Fermi’s golden
rule approach to integrability breaking in Sec. 1.4 and 1.5. We also touch upon the hydrodynamics
of conventional (non-integrable) one-dimensional gases and fluids in Sec. 1.6 and 1.7. The purpose
of this introduction is to set the stage for the results presented in Articles I-VI, constituting new
contributions to the topic of weak integrability breaking achieved throughout this PhD project.

1.1 Preliminaries: integrable and nearly-integrable gases

The experimental progress of recent decades has made it possible to create quantum gases with a
remarkable degree of control over the interactions [9] and trapping potentials [10]. In particular,
external potentials were used to confine ultracold gases into tight cylindrical or pancake traps,
offering the possibility to study matter in lower dimensions. In this work, we will focus on
one-dimensional gases, see Fig. 2(a). Many-body physics in one dimension is special due to the
existence of so-called interacting integrable models [11-13]|. Such models are interesting for a
number of reasons, which will become clear shortly.

a) b)
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Figure 2: The LL model is the effective description of ultra cold gases in one dimension. Panel
a): One-dimensionality is reached by restricting the motion of the atoms by an transversal,
external confining potential Ugap (). Panel b): At very low temperatures, characteristic length
scales of wavefunctions ¢ (z) are much larger than the typical range of Van der Waals interaction
potential. In such a regime, the interparticle potential can be approximated by a delta function
V(z) = c¢d(x), as in the LL model.

Importantly, these models are by no means exotic, as an integrable model appears as an
effective description of many one-dimensional gases when the temperature is very low [14], see
Fig. 2(b). Intuitively, this is due to a simplification of the interaction potential: when the
characteristic length scales of the particle wavefunctions are much larger than the range of the
interatomic potential, the whole complex shape of the potential can be replaced by a delta
function. A gas of such contact-interacting bosonic particles in one dimension is known as the



Lieb-Liniger (LL) model [7, 15]. The Hamiltonian is given by

1 2
HLL:—izaxi—i-cZ(S(xi—xj). (1)

1<j

Here and in what follows, we set the mass of the particles to unity and A = 1. This model, being
a prominent example of an integrable system, has a number of special features. Firstly, it is
exactly solvable by the method of the Bethe Ansatz (BA) [16, 17]. This, in essence, means that
we can find all the eigenstates of the system, which take the form of the Bethe wavefunction
(below, Sy denotes the set of all permutations of N elements)

Uy, oy (@1, an) o< > A(P)expli(fprz1 + ... + Opyay)] (2)
PeSy
parametrized by N quasimomenta (or rapidities) 01, ...,0y. Quasimomenta fulfill transcendental

equations, known as the Bethe equations

0;L =2nl; —2 Zarctan (9]_6[> , (3)
!

c

where I; are different integers (for N odd) or half integers (for N even). The set of distinct {I,,}
with n =1,..., N specifies the state and should be understood as a generalization of quantum
numbers to the many-body case. The energy of an eigenstate is simply given by Ep, g, = >; %022
The coefficients in the wavefunctions are

AP) =] <1 + 9w> . (4)

i<j Pi Pj

The wavefunction (2) is defined in the region z; < ... < zp, but can be straightforwardly
extended to the whole space RY by replacing the factor ¢ — csgn(z; — ;) in (4).
Secondly, integrable gases are characterized by an infinite number of local, extensive conserved
charges Q,
(H,Qu] = 0. (5)

These conservation laws exist in addition to the standard (for Galilean gases) conservation of
particle number N = @, momentum P = @1 and energy H = Q2. As we will see later, the
existence of such additional conserved quantities has dramatic consequences for the dynamics.

The BA structure is also found in other integrable models. In the context of quantum gases,
the most important counterpart of the LL model is the fermionic Yang-Gaudin model [18, 19] of
a delta-function interacting Fermi gas. The additional (spin) degree of freedom introduces more
complexity into the equations through the existence of another set of parameters in addition to
quasimomenta. Another interesting example is the quantum version of hard rod gas [20], for
which exact, closed formulas for correlations in an interacting quantum many-body system [21,
22| were obtained recently.

Integrable models of gases also exist in the realm of classical physics. Here, the most relevant
model is the hard rod gas (Tonks gas) [8], which represents a system of segments with a diameter
a that cannot move through each other. The hard rod model is widely considered testbed [23,
24| for studying the generalized hydrodynamics of integrable systems, which will be described
later. Its main advantage is the simplicity of the hard rod interaction, which allows for efficient
numerical simulation and some rigorous mathematical treatments |25, 26]. While there is no
BA in classical physics, quite surprisingly, classical integrable system share a lot of structural
similarities with their quantum counterparts. For instance, they too feature an infinite number
of conserved charges. Moreover, on the level of thermodynamic Bethe ansatz description and
generalized hydrodynamics, detailed later, these classes of models are equivalent [27].



For the purpose of this thesis, it is important to mention yet another example of an integrable
system, namely non-interacting gases. Very well studied in basic courses, they too formally fall
into the structure of BA integrable models. It is obvious that their eigenstates are given by
wavefunction of the form (2) (for instance, for free bosons we have A(P) = 1)). They also admit
an infinite set of conserved quantities. The case of a non-interacting integrable model will be
especially important for setting up the study of nearly-integrable systems. For such models, many
perturbative results were obtained in the past. One of the aims of this thesis is to generalize
them to the interacting case.

Let us close this short discussion of integrable systems with a remark, that the list of integrable
Hamiltonians is still not closed and there are active efforts in order to make it longer. Among
some of the research directions aimed at finding systems with additional conservation laws are
the so called TT deformations [28-31], the free fermions in disguise [32] and integrable quantum
circuits [33-37]. It is also worth to mention exploring integrability in open setups [38-41] and
devising numerical algorithms in order to find local integrals of motion [42-45| or detecting them
on quantum computers [46].

In experiments, it is difficult to realize an integrable Hamiltonian exactly and we often deal
with nearly-integrable systems, see Fig. 3. It is necessary to account for factors like external
confinement, losses, couplings between nearby 1D systems, and deviations from the contact form
of the interparticle potential. Many of these effects can be modeled by a small perturbation of an
integrable Hamiltonian

H=Hyu+V. (6)

A generic perturbation V of an integrable Hamiltonian breaks its integrability. The model is
no longer solvable, and most of the charges @),, are conserved only approximately. Due to the
ubiquity of integrability-breaking effects, it is crucial to understand how these can be modeled
on a theoretical level. In other words, one seeks a perturbative formalism developed around
interacting, integrable theories.

Perhaps the most common type of integrability breaking, an external potential, is quite well
understood, both at the level of equilibrium and non-equilibrium physics. It corresponds to
the perturbation V = [daz U(z)p(x), where o(x) is the density operator and U(z) is the shape
of the external trap. At the level of equilibrium physics, it is typically accounted for by the
so-called local density approximation [47-51]. Out of equilibrium, it gives rise to force terms in
hydrodynamic equations for integrable models [52-56].
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Figure 3: Different types of integrability breaking relevant for the experiments with one-
dimensional quantum gases.

Particle losses, on the other hand, can be effectively modeled by a kinetic approach, and the
dynamics of a gas with losses can be studied by a relevant Boltzmann-like equation [57-59].



In this thesis, we would like to study another type of integrability breaking introduced by
weak long-range interactions, which occur naturally, for example, in ultracold dipolar gases. We
will describe the specific details of the dipolar interaction potential a bit later; for now, let us
focus on generic properties of such systems described by the following perturbation

1
V=; [ eV - peely) 7)
On the other hand, when we think about integrability breaking through long-range coupled 1D
systems, cf. Fig. 3, we have

Viner = [ dadyV(z = y)or (@) (v) (5)
where p;(z) is particle density in i-th tube. In our studies, we will often assume the interaction

potential takes the form
\% T —y
V<x—y>—°v( : ) (9)

where V[ measures the strength of the potential, £ is its characteristic range, and V(z) is the
function giving the shape of the potential. Let us also note that the Hamiltonian with the above
perturbation exactly conserves particle number, momentum, and energy. At the same time, it
breaks all the higher charges.

There are two examples of nearly-integrable Hamiltonian (6) with integrability breaking
perturbation (7) that were studied extensively in the past. The first one is the case of a non-
interacting integrable Hamiltonian with Hiy = Hpee. The weakly interacting gas was the subject
of intensive studies both in equilibrium statistical mechanics and in kinetic theory. On the side of
equilibrium approaches, the central framework was probably the Mayer expansion [60, 61], which
should be understood as a perturbative scheme for calculating the equilibrium thermodynamic
quantities such as free energy or correlation functions.

On the side of dynamics, the weakly interacting gas was described by the famous Vlasov,
Landau, and Lennard-Balescu equations [3, 62]. These kinetic equations can be derived from a
more general framework, namely the BBGKY hierarchy of correlation functions. The weakness
of the interaction allows for the truncation of the hierarchy. The kinetic description led to
derivations of the Navier-Stokes equations through perturbation theory [3, 6] or methods like
Chapman-Enskog [2] or Grad expansions |5, 62].

The second important example of a nearly-integrable Hamiltonians (6) with (7) is the case of
a long-range interacting hard rod gas, in which Hjy coincides with the Hamiltonian of a classical
gas of hard rods with diameter a and thus Hiy = Hyp,. This model attracted a lot of attention
in the 1960s, mainly on the side of equilibrium studies [63—66]. It provided a basis for an exact
derivation of the Van der Waals equation of state [67]. The one-dimensional model is often
referred to as the Kac model. The Kac model involves the potential (9) in the exponential form
V(z) = e 1*l in the long-range mean field limit & — co. The works addressed not only standard
thermodynamic quantities like the free energy [63|, but also correlation functions [64, 66].

Lastly, one can also take a more theoretical viewpoint in order to motivate the study of
near-integrable models, namely that of the perturbation theory. Often, it is the only available
tool to study the effects of the interactions in many-body systems. Perturbation theory relies
on the exact solvability of the model around which it is performed. While in three dimensions
the available options are scarce and mainly consist of non-interacting theories, much more is
possible in one dimension, see Fig. 4. Due to the existence of interacting integrable models, a
larger portion of the model space can be covered, provided suitable perturbative techniques are
developed around such theories.
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Figure 4: Cartoon of model spaces in 3D and 1D many-body physics. Interacting integrable
systems can be used as exactly solvable points, around which perturbation theory is applied.

In what follows, we describe approaches to treat the dynamics of the integrable and nearly-
integrable systems. However, before moving on to to these descriptions, we discuss the main
features of one-dimensional dipolar quantum gases. This is an important experimental realization
of a nearly-integrable system in which the integrability is broken through the weak long-range
interactions.

1.1.1 Omne-dimensional dipolar quantum gases

Certain elements, such as dysprosium or erbium have a large magnetic dipole moment. This
means that the dipole-dipole forces are strong and one has to include the effects of interaction
with a long-range potential, which behaves as ~ 1/r3 at large distances. In general, two identical
dipoles interact with a dipolar interaction potential given by

3(7 - B)?

r3

, (10)

pop® 1 —
Vppi(7) = ym
where B is the direction of a strong external magnetic field, typically used in experiments to align
the atoms along a fixed direction and p is the dipole moment.

In one-dimensional experiments, the motion of atoms is restricted through transverse harmonic
confinement with a frequency w. In such 1D setup, the potential (10) gets altered. On a technical
level, this results from integrating out the transverse frozen degrees of freedom in the three-
dimensional two-body Schrédinger equation with the potential (10). One then obtains a new,
one-dimensional equation with an effective potential given by [68, 69|

z
Vobi(2) = V(0por) [vbpi(u) — 5 6(u)] | w=g (11)
where [| = \/h/(mw) is the transverse oscillator length. The prefactor is
2 2
pop” 1 — 3 cos“Oppr
V(e = 12
(fpp1) = = - il : (12)
and the function vy, is
Uﬁ%l(u) = 2ul+Vv2r (14 u2) eu’/2 erfc(|u|/\/§) . (13)

In the formula (11) Oppy is the angle between the atoms and the tube axis. It can be used as an
interaction-tuning parameter, as explained in Fig. 5(a). The contact term in the expression (11)
can be absorbed into the LL coupling c¢. The rest plays the role of a long range potential of the
form (7) with an interaction range £ equal to the transversal oscillator length scale [ .
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Figure 5: Panel a): Two interacting dipoles and the definition of the angle fppy in (12). The
angle influences the strength and the sign of the dipolar coupling. For the so-called magic angle
031 = arccos(1/4/3) the interaction vanishes, whereas for fpp; < 6 it is attractive and for
Oppr > Ofp it is repulsive. The angle Oppr provides a natural way to tune the strength of
integrability breaking in experiments. Panel b): The geometry of the experimental setup [70].
Dysprosium atoms are confined in a lattice of one-dimensional tubes. An external magnetic field
aligns them along a given direction.

Dipolar gases have been realized in many experiments [70-72]. In the context of non-
equilibrium dynamics, our reference point will be the work [70], where thermalization induced
by integrability-breaking through dipole-dipole interactions was investigated. The geometry
of the experiment involved a whole lattice of one dimensional tubes, see Fig. 5(b). Thus, the
integrability was broken through both the inter- and intratube dipolar interactions. Note that
effects of intratube interactions are captured by (7), whereas the intertube interactions give rise
to integrability breaking term (8).

In an experimental context, the way to tune the strength of the dipolar interaction is through
the external magnetic field angle fppr. The key measured quantity was the thermalization rate
as a function of Oppr. In Article V a theory was developed to explain this results, a comparison
with the experimental data is provided therein.

We now proceed to discuss the non-equilibrium dynamics of gases, having in mind mainly
integrable and nearly-integrable systems. We start by reviewing ideas particularly relevant for
the description of integrable models. An important role in this context is played by the concepts
of the Thermodynamic Bethe Ansatz and Generalized Gibbs Ensembles.

1.2 Thermodynamic Bethe Ansatz and Generalized Gibbs Ensembles

The Thermodynamic Bethe Ansatz (TBA) framework was first introduced in the seminal paper 73]
in the context of the LL model thermodynamics. Let us review the main features of these results.

The central idea lies in taking the thermodynamic limit of the Bethe equations (3). To do so,
it is useful to introduce the concepts of particles and holes. We start with the Bethe equations (3);
recall that the state is specified by a set of quantum numbers {I,,}. Consider the function 6(z)
defined as a solution to the following equation (here, {6;} denote quasimomenta fulfilling Bethe
equations (3))

C

L(z) =27z — 2 Z arctan (M_GZ> . (14)
l

Notice that the quasimomenta 6; of the particles are fixed by the conditions 6(I;/L) = 6;, I; €
{I,}. On the other hand, in a similar way, we can define the quasimomenta of holes 6! as
O(IF/L) = 0k, I € {I1,,}¢, where {I,,}¢ represents the unoccupied values of quantum numbers.
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We can thus define the total density of holes and particles py(z) as

~ di(x)

pe(0(z)) = — (15)

Differentiating (14) and taking the thermodynamic limit N, L — oo with N/L = const. we find

1
pl6) = 5+ [ AT -0, (16)
where for the LL model 7(0) = ﬁﬁ Here, we defined the density of particles py(6) (and

analogously, the density of holes py(0)) as
Lpp(0)df = number of particlesin [0, 6 + df], Lpn(8)d6 = number of holesin [0, 0 + df]. (17)

Obviously, the distributions fulfill p¢(8) = pp(0) + pn(8).

In the TBA formalism, instead of quantum numbers {I,,}, the distributions p,(¢) and pp(6)
are used to parametrize the system’s eigenstates. It is clear, however, that the distributions are
not in one-to-one correspondence with the eigenstates of the system. Indeed, there are many

eigenstates (quantum numbers) which give rise to the same distributions. The number of ways to
put Lp,(6)dé into Lp(0)dd boxes is

[Lp.(6)d6)!
[Lpn(6)401 Loy (8)d0]1

(18)

Such a collection of eigenstates, described by the same distributions p,,(6) and py, (), is sometimes
referred to as macrostate and it is natural to expect that one can associate a non-zero entropy
with it. The relevant entropy was computed in [73] and is called the Yang-Yang entropy. It reads

S = L/d9 [p(0) log pt(0) — pp(0) log pp(0) — pu(0) log pn(0)] (19)

where we set the Boltzmann constant to unity kg = 1. Note that this entropy can be understood
as the extensive part of the logarithm of (18).

Macrostates are very useful when it comes to the description of non-equilibrium dynamics
and relaxation. As the simplest case, imagine that an LL gas is coupled to a heat bath with a
fixed temperature 7" and chemical potential . The system is expected to relax to a stationary
state corresponding to the minimum of the free energy (in what follows 5 = 1/T)

G = BE + uN — 8. (20)

The minimization condition yields
e(0) = p+ B6* — /‘WTW — ') log(1 + ")), (21)

where we define the pseudoenergy €(6) via e€(?) = %. The algorithm to finding the thermal
state with temperature 7" and chemical potential p is as follows. Firstly, equation (21) is
solved numerically for the pseudoenergy. From this, one computes the occupation function
n(0) = pp(0)/pe(0) = 1/(1 + e9)). Knowledge of n(f) allows for the numerical solution of (16),
which finally gives pp(#). An exemplary solution to the TBA equations along these lines is

presented in Fig. 6.
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Figure 6: Thermal state of the LL model with ¢ = 1. The chemical potential and inverse
temperature are 8 = = 1. From the left to the right: pseudoenergy €(#), occupation function
n(f) and density of quasiparticles p, ().

So far we have seen the usefulness of the TBA framework in determining the states which
maximize the entropy in the presence of a heat bath with a fixed temperature. Its real power,
however, becomes more visible when understanding the stationary states reached under the
dynamics of an isolated system. In this context, the second property of integrable systems, namely
the existence of additional conserved charges, becomes extremely important.

Imagine that a system is initialized in some arbitrary initial state |¥,;) and we let it evolve
under the integrable Hamiltonian dynamics. It should be clear that the stationary state reached
by the system cannot be the one, which minimizes the free energy given by (20). This is because
such a state in principle has different values of charges @),,, which are conserved throughout the
dynamics. The simplest modification to include these constraints is to incorporate Lagrange
multipliers for the additional charges into the entropy maximization |74, 75]. In other words, one
considers the free energy in the form

GacE = Y Bu@n — 5, (22)

where 3,, are the Lagrange multipliers, sometimes called generalized temperatures. The charge
expectation values can be represented as

Qu = / A0, (0) 5 (6), (23)

where 7%,,(0) are single-particle charge eigenvalues. For instance, the energy is characterized by
7n(0) = $6%. We will assume that the set {4,,(0)} is complete. The equation for the pseudoenergy

then modifies to
e(0) = eo() — / d0'T (6 — ¢')log(1 + e <)), (24)

with the bare pseudoenergy ey(8) = >, Bn/%n,(0) specifying the state. The generalization of the
free energy to the case with an infinite number of conserved charges is at the heart of the idea
behind generalized Gibbs ensembles (GGEs). The problem of relaxation to the GGE, given

formally by the density matrix

PGGE X e~ 22 PnQn (25)

in quantum models, was studied extensively over the last twenty years. The typical protocol,
often called integrable quantum quench consists of preparing the system in the ground state of
some integrable Hamiltonian and rapidly changing the interaction parameter (for instance, the LL
parameter ¢). The relaxation dynamics that follows has been the subject of many theoretical [76—
82] and experimental [83, 84] investigations.
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Figure 7: Relaxation to the stationary state in integrable system. Relaxation happens over a
time scale tqgggr and expectation values of local observables o in the stationary state are given by
expectation values computed with GGE density matrix (25).

What will be a basing assumption in our investigations is that integrable systems generically
relax to GGFEs. This means that the expectation values of local observables reached in stationary
states are given by the GGE density matrix (25). The Lagrange parameters {3,} are fixed
by the values of the conserved charges @, in the initial state |¥iy;) and are in a one-to-one
correspondence with them. A similar correspondence holds between the Lagrange multipliers
{Bn} and the distribution p,(#). The different parametrizations of the GGE states are used
interchangeably, depending on the context.

While quenches in integrable theories are the most relevant for our investigations, the literature
on quenches defined more broadly, as protocols in which the non-equilibrium dynamics is driven by
changing the parameters of the Hamiltonian is very vast. In particular, we mention here quenches
in conformal field theories [85-87] and quenches across the continuous phase transition [88-94] as
important examples.

In our presentation, the TBA formalism has appeared as a consequence of the BA description
of the LL model. However, the framework is more universal and encompasses not only BA-solvable
quantum models (such as the Yang-Gaudin gas) but also, surprisingly, classical integrable systems
of many-body physics. In classical realm, one also defines GGEs with a similar interpretation of
maximal entropy states constrained by the values of infinite number of conserved charges. In
fact, the universal framework requires only two non-universal quantities from a specific integrable
model. Firstly, the scattering kernel 7(6,6") that encodes the details of interactions in the theory.
Secondly, the particles’ statistics. Many theories of integrable systems are formulated for arbitrary
integrable models, making use of the universality in the TBA.

The assumption of relaxation to the GGE is a building block of some of the most successful
theories describing the non-equilibrium dynamics of integrable and nearly-integrable models.
Perhaps the most well-known is the hydrodynamic theory, dubbed generalized hydrodynamics, to
which we now turn.

1.3 Generalized hydrodynamics

The development of GGE laid the groundwork for the hydrodynamic theory of many-body
integrable systems |27, 95-100], currently known as generalized hydrodynamics (GHD). The
theory received a considerable attention in the recent years and has been verified in many
experiments [101-106]. While it is specific to systems with infinite conserved charges, it is based
(with some notable exceptions, see Sec. 1.3.2) on standard hydrodynamic assumptions, known
from more familiar types of hydrodynamic theories such as the Navier-Stokes equations. Let us
start by reviewing these assumptions, before delving into the details of the GHD formalism.
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1. Conserved quantities - hydrodynamics works only for systems characterized by conserva-
tion of extensive and local charges @y,

Qn = /qun(x,t). (26)

Hydrodynamic equations can then be seen as continuity equations for the charge densities
dn (xa t)
Oqn + Orjn =0, (27>

where j,(x,t) are the currents associated with the charges. The crucial step in building
a hydrodynamic theory is to determine how the currents depend on the charge densities.
This is necessary in order to close the equations and make them well-defined.

2. Local equilibrium assumption - we assume that locally, the system is in a state that
maximizes entropy under the constraints imposed by the values of the conserved charges.
In the context of integrable systems, this means that the system is locally described by a
GGE. On the other hand, for a more standard non-integrable gas and the Navier-Stokes
equations this means that the state is locally thermal.

3. Separation of length and time scales - this assumption clarifies the meaning of locality
in the previous assumption. We assume that the densities of the conserved charges vary
over length scales [, which are much larger than the microscopic correlation length of the
gas lp > ;.. Likewise, we assume that the dynamics of ¢, occurs over time scales tp,
much longer than typical relaxation time to the maximal entropy state t;, > t,.;. In the
context of GHD microscopic relaxation time is the relaxation time to GGE t,.; = tagg, see
Fig. 7.

4. Gradient expansion of the currents - the dependence of the currents on the charge
densities takes the form of a gradient expansion, namely

Jn(@,t) = i {aw(z,1)}) — % > Dum{ar(@, )} 0gm (@, t) + ..., (28)

where D,,,, denotes the diffusion matrix. Truncating this gradient expansion at the k-th
order corresponds to k-th order hydrodynamics. Typically, the zeroth order theory is
referred to as Fuler hydrodynamics. At this order, the dynamics is reversible and no entropy
is produced. This changes at the next order, the so-called diffusive scale. While in principle
one can carry out this expansion to arbitrary order, problems such as instabilities at small
length scales or no guarantee of positive entropy production, appear at higher orders [107].

1.3.1 Euler scale GHD

In our discussion of the GHD, we will focus mostly on the theory at the Euler scale. At this order,
the problem of finding the currents was solved in [95, 96| and the answer is particularly simple
to state in the language of TBA. The local equilibrium Assumption 2 in the case of integrable
systems is expressed as follows. One assumes that the system evolves on the manifold of local
GGE states, that is, states characterized by the density matrix

PGHD X exp [— /dy25i(y)qi(y)] . (29)

This state can also be understood through the division of the gas into the so-called fluid cells.
Physical intuition behind such a division is presented in Fig. 8.
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Figure 8: Separation of the gas into fluid cells centered around 1, xs,... and the meaning of

local GGE state (29). The state of a fluid cell at position x is described by a maximal entropy
state characterized by a set of Lagrange multipliers §;(x). We assume that the fluid cells are
large enough so that they are uncorrelated. The local GGE state is given by a product of states
like e~ 22 #i(@1)Qi - Continuum version of such a product is the local GGE state (29).

As described in Sec. 1.2, the local GGE state can be equally well described by the space-
dependent quasimomentum distribution p,(z,#). This representation will be especially useful

in the context of the GHD equations. The charge and current densities can be evaluated in the
local GGE state [95, 96]

(gn(z, 1)) = / 0%, (0)pp . 0:1), (1) = / 407, (00 (2, 0; 1)pp (. 0:),  (30)

where v°ff is the so-called effective velocity, which crucially depends on the state of the system
through the following integral equation

v (0) = 0+ 2r / A9T(0 — 0)py(9) (veﬁ(e') - veﬁ(e)) . (31)

According to the assumption 1, the equations of GHD are an infinite set of continuity equations.
In such a form, the theory would not be very useful, as such a set is intractable in practical
settings. However, there exists a much more useful representation in terms of the density of
particles pp(z,6;t). Upon plugging (30) to the continuity equations (27) we find (recall the
assumption that {%,} form a complete set).

Oipp + s (veﬂ“ pp) —0. (32)

This is perhaps the most well-known form of the GHD equation. Even though it looks simple, the
equation is highly nonlinear due to the state-dependent effective velocity. Already here we can
observe that even though the equation is hydrodynamic in nature, it structurally looks similar to
Liouville equation for free particles [62] known from kinetic theory, which reads

Op + 00,p = 0. (33)
We will build upon this similarity in Articles II, III and V.

1.3.2 Extensions

The GHD equation (32) can be extended in various directions. For instance, it can be easily
generalized to describe integrability breaking through an external potential with integrability
breaking term given by V' = [ dzU(z)o(x). The equation is no longer of a continuity type, as a
term —0,U0ppy, appears on the right-hand side [52].

Especially surprising is the extension to the diffusive order, where the GHD starts to escape
the standard paradigms of hydrodynamics [24, 37|, more precisely, the Assumption 4. For a few
years, the consensus of the community was that the proper extension of GHD to the diffusive scale
amounts to computing the relevant diffusion matrix, as suggested by (28). The GHD equation on
the diffusive scale was believed to be [108-110]

1
Opp + Ox (veﬂpp) = 5830 (D02pp) - (34)

12



Recently, it was realized that the equation above is not the correct hydrodynamic equation at the
diffusive scale. Let us emphasize here that now diffusive scale should be understood more broadly
as compared to the definition in Assumption 4, namely as the scale including terms of the order
1/ 1121 in the equations. The breakdown of gradient expansion happens due to the appearance of
long-range correlations generated dynamically throughout the evolution [111, 112| - a peculiar
feature of integrable systems characterized by an infinite number of conserved quantities. The
consequence of this is also a breakdown of local GGE state (29) assumption.

For a proper description of such correlations, one has to resort to an idea of a correlated fluid
cell ensemble [37, 56] with a density matrix given by

p X exp ( — /dxﬁi(x)qi(x) - / dzda’ v, j(x, ") 6qi(x)dg;(2") + .. ) . (35)

r#x!

Such a state allows for correlations between fluid cells encoded in the coefficients ~; ;(z, 2’).

The correct GHD description at the diffusive scale in fact consists of two equations: one
for the one-point function and the second, for the two-point correlations, for details see [37].
The equation for the one-point function is coupled to the two-point function, thus the structure
resembles that of the BBGKY hierarchy for interacting particle systems. Let us point out that
this analogy holds even though we still deal with a coarse-grained, hydrodynamic theory as
opposed to the fully microscopic BBGKY hierarchy. This observation was pushed further in the
development of a generalization of BBGKY hierarchy for nearly-integrable systems, which is one
of the main of the results of the present thesis, see Article V.

The last extension of the GHD, in fact the most important for the purposes of this thesis, is
the extension to include the effects of weak integrability breaking through long-range interactions.
In such a case, an additional Boltzmann collision term appears in the equation. We discuss it in
Sec. 1.5. To prepare the ground, we now turn to the derivation of the collision term, which arises
due to integrability breaking already in homogeneous systems, in which the GHD dynamics is
absent.

1.4 Fermi’s Golden Rule approach to integrability breaking and thermalization

In this section, we shift our attention to the study of nearly-integrable systems whose integrability
is broken through additional long-range interactions, i.e. perturbations of the type (7) and (8).
To simplify the picture, we first consider a homogeneous setting, where no hydrodynamic flows
take place.

The basic tool to perturbatively study the dynamics of a quantum many-body system is the
time-dependent perturbation theory. In the leading order, such a framework relies on Fermi’s
Golden Rule (FGR), which states, that the transition rate I';_, ¢ from an initial state |i) to a final
state |f) is given by the following formula

iy = 21 (fIV]0)[*p(Ey) (36)

where p(Ey) is the density of states at energy Ey.

The formalism of FGR was employed to study nearly-integrable quantum systems in the
works [110, 113, 114]. The computation once again was based on the concept of the GGE - the
FGR formula then dictates what the rates for jumping between different states on the GGE
manifold are. The whole computation relied on the knowledge of matrix elements - so-called form
factors of the perturbing operator. For the case of the perturbation (7) one needs to know the
form factors (f|o|i) of the density operator (form factors (f|o(x,t)o|i) are expressible with it).
Such form factors were computed for the LL model in [115-120].

These studies explored what are the states |f), which lead to the largest matrix elements, in
the thermodynamic limit. In our case of the potential (7), in order for (f|o|i) to be large, the
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states |i) and |f) should be, in a certain sense, close to each other. It turns out that the relevant
states in this context can be understood using analogies to the particle-hole (ph) excitations
familiar from the Fermi gas, see Fig. 9.
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Figure 9: Pictorial representation of elementary excitations over an LL state. Left: An eigenstate
|W) specified by quasimomenta 6; represented by black dots. Right: the same state, but with
two ph excitations. A particle is removed (a hole is created) at rapidity h; and a particle is then
created at rapidity p;. Due to the interactions in the theory, there is a backflow, meaning that
all the other particles experience a small quasimomentum shift due to the creation of the ph
excitation. This is indicated by the shift of the black dots from the the gray ones, representing
quasimomenta before making the ph excitation.

However, there are important differences between a non-interacting Fermi gas and an interact-
ing, integrable model. Most importantly, the quasimomenta must fulfill the Bethe equations (3);
thus, the creation of a ph excitation must be followed by a slight change in the other quasimo-
menta. In other words, the other particles must readjust their quasimomenta, and the excitations
exhibit backflow effects. This is seen clearly in the expressions for the momentum and energy of
an excitation. The naive expressions p; — h; for the momentum and %pf — %hf for the energy
are modified to k(p;) — k(h;) and e(p;) — e(h;), respectively. The functions k(f) and £(0) are
state-dependent functions known as the Dressed momentum and the Dressed energy

k(0) = 0 — / AV FO'10),  =(0) = %(92 _ / A0'n (0 F(0']0)0. (37)

They are expressible in terms of the so-called backflow function F'(0|u), which accounts for the
quasimomenta readjustment according to the Bethe equations. In the case of the LL model, it
satisfies the following integral equation [12]

F(O|p) = mtan((ﬁ —m/9) | / d0'T (0 — 0" )n(0')F(0'|). (38)

For later use, we also define another operator related to the backflow function, namely
F(0, 1) = 6(0 — 1) + By (n(0) F(O]1))), (39)
with which we can represent the Dressed momentum and energy as k() = F-0 and e(6) = F- (36?).

1.4.1 Kinematic picture of relaxation

To connect with the standard intuitions behind non-equilibrium dynamics in gases, one can
associate a scattering process with the creation of ph excitations. Indeed, in such a process what
happens is that the particles with quasimomenta {h;} change their quasimomenta to new values
{p;}. This is precisely what a scattering entails, see Fig. 10(a).

This observation transforms the question about the relevant matrix elements into a question
of the corresponding scattering processes. As the dynamics conserve momentum and energy, the
states before and after scattering should have exactly the same momentum and energy. This
imposes a restriction on the outgoing momenta in the scattering process

k(p1) + ... k(pn) = k(h1) + ... + k(hy), e(p1)+...e(pn) =c(h1) + ...+ e(hy). (40)
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These conservation laws already provide a significant insight into the dynamics. The leading
order process in the dynamics of systems in three dimensions is two-body scattering. This was
noted already by Boltzmann. In one dimension, the situation is different, see Fig. 10(b). The
equations (40), specified to n = 2, have a very simple solution, namely

p1 = ha, p2 = hi. (41)

Obviously, such a process cannot change the state specified by the density of quasimomenta
pp(6). This peculiar behaviour, which stems from the kinematic properties of scattering in 1D
Galilean-invariant models is known as kinetic blocking [121, 122|. Two-body collisions are not
sufficient to drive the system to a thermal state. A non-trivial reshuffling of the momenta happens
only at the level of three-body scatterings, as the constraints (40) for n = 3 allow for non-trivial
solutions for the outgoing quasimomenta.

a)

Pn Pn-1 Py P

W) = [(¥; {pp. hy 5. ip b)) =

Figure 10: Panel a): We can associate an n—body scattering process with a matrix element
involving n— ph excitation over the initial state. Panel b): Two-body scattering processes
are not sufficient for thermalization in one dimension, as the only outcome is the exchange of
quasimomenta. The leading processes correspond to the three colliding particles.

With the rates as computed from the FGR, one can write down a nonlinear master equation
governing the dynamics of the state. Such an equation involves processes describing the scattering
of three or more particles

Zlpp] = ZInph [op]- (42)

n>3

Thus, in order for such a description to be useful, a hierarchy between these scattering processes
is needed to truncate this infinite sum. For the case of long-range interaction potential (7) such
a hierarchy is provided by the large range of the interaction potential ¢ (large compared to the
microscopic length of the integrable model). The dominant process responsible for thermalization
corresponds to n = 3. In this case, one finds the following structure

Orpp(p1) = [ppl(pr), TP =F - Ig™" (43)
with the so-called bare collision integral given by
o oyl (p1) = /dh1dh2dh3dpzdp3w({h1, ha, hs} — {p1,p2,p3}) 3(k)d(g)x

[pp(h1) pn(p1) pp(h2) pn(p2) pp (h3) pu(p3) — (pi <— hi)],

(44)

where §(k)d(e) enforces the momentum and energy conservation laws (40). Moreover, the term
W ({h1, h2, hs} — {p1,p2,p3}) is the rate associated with the three-particle scattering process
computed from the FGR. The backflow operator in (43) accounts for the quasimomentum
readjustment occurring in the gas due to the scattering process.

It is worth mentioning that one can show that the only fixed points of Z%P" are the thermal
states, i.e., TBA states which minimize the free energy (20). Moreover, the dynamics given
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by (43) is characterized by three conservation laws: particle number @, total momentum @
and total energy (o, as reflected in the following property of the collision kernel

/ 0% (O)T[pp)(8) =0,  n—0,1,2. (45)

These two features will be crucial for determining the properties of the hydrodynamics discussed
in what follows.

1.5 Inhomogenous nearly-integrable gases: GHD-Boltzmann equation

After discussing thermalization and the collision integral in a homogeneous setting, we would like
to study the dynamics of inhomogeneous states in nearly-integrable systems. In the preceding
sections we also described GHD, which is the theory for the dynamics of inhomogeneous states in
integrable systems. It is natural to expect that both of these frameworks should be relevant for
inhomogeneous state dynamics under weak integrability breaking.

Once again, we adapt the fluid cell picture of Fig. 8 in which the gas is divided into cells
comprising a large number of particles. Our central assumption is that for sufficiently smooth
inhomogeneous states, the effects of integrability breaking can be described as a local collision
integral acting within a single cell. In this way we consider the following equation [110, 123-127]

1
Oupp+ 0 (v pp ) = 500 (D0upp) + Tloy, (46)

to which we will refer as the GHD-Boltzmann equation. The assumption of a locally acting
collision integral is standard in kinetic theory for studying inhomogeneous, smoothly varying
states. Let us note that the GHD-Boltzmann equation is very challenging to numerically solve in
general. This is because performing a timestep requires the numerical evaluation of the collision
integral (43) at all points in space, which is computationally very expensive. The complexity of
the GHD-Boltzmann equation calls for simplifications for both practical and more fundamental
reasons. Let us point out that as soon as the collision integral is considered (46) is no longer a
hydrodynamic equation. At the same time it still features three conservation laws. Conserved are
particle number, momentum and energy. Therefore, there should exist a simpler description of
the gas, which comprises three continuity equations for these charges as per Assumption 1.

The main achievement of Articles II and III is the derivation of such equations from the
GHD-Boltzmann equation. The reasoning was based on a generalization of the Chapman-Enskog
(ChE) expansion, typically formulated for the standard Boltzmann equation describing a weakly
interacting classical gas. Indeed, the GHD-Boltzmann equation (46) is structurally is not that far
from the classic Boltzmann equation, here written for a 1D system

dip + 00:p = Ip|p]. (47)

The ChE method essentially turns the limit of large spatiotemporal scales into a perturbative
treatment of the GHD-Boltzmann equation. However, let us skip here the description of the
method and refer the Reader to Article III, which presents an exhaustive exposition of it. We
turn now to the equations which emerge from this expansion, namely the one-dimensional version
of the Navier-Stokes equations.

1.6 Conventional hydrodynamics of 1D non-integrable gases

For a one-dimensional particle system in which only particle number, momentum, and energy are
conserved, according to standard logic of hydrodynamics, one expects three continuity equations.
With Galilean invariance, the relevant equations are the Euler incompressible equations at the
Euler scale and the Navier-Stokes (NS) equations at the diffusive scale. The local equilibrium
assumption states that the gas is locally described by a boosted thermal state. The standard
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degrees of freedom used are the particle density o(x,t), the velocity field u(x,t) and the internal
energy e(z,t), or temperature T'(x,t) fields. The NS equations are

0o = —0:(ou), O¢(ou) = —8x(gu2 +P),

(48)
¢(0e) = —0,(uge + J) — Pyu,
where the hydrodynamic pressure P and heat current J are given by
P =P — (O,u, J = —k0,T, (49)

with ¢ denoting the (bulk) viscosity, & the thermal conductivity and P the thermodynamic
pressure.

The universal NS equations require microscopic knowledge about the gas that we want to
describe. First of all, we need to know its thermodynamics, as encoded in the thermodynamic
pressure P. From a theoretical perspective this is already a very big challenge, as computation
of the partition function of an interacting system is typically very difficult. It is even harder to
determine the transport coefficients ¢ and . These quantities involve the dynamical properties
of the system, and we would like to point out two typical approaches using which they can be
computed.

1.6.1 Transport coefficients and the link to kinetic equations

First of all, the transport coefficients can be computed from current-current correlation functions
in equilibrium states through the Green-Kubo relations

o= o /Ooo Arl6Jo(MoIQ(0), ¢ = /OOO dr(8Jp(7)p(0)), (50)

where L is the system size, Jg and Jp are total heat and momentum currents, respectively. The
advantage of this formulation is that such correlation functions are sometimes accessible from
numerical simulations of homogeneous systems at equilibrium. This provides a way to compute
transport coefficients in certain cases amenable to molecular dynamics simulations.

The second way to determine ¢ and x is through a kinetic theory computation. In cases,
where a collision integral can be written and trusted, for instance for weakly interacting, dilute,
or nearly-integrable gases, the transport coefficients can computed be from the Boltzmann kernel
through the Chapman-Enskog expansion. For a weakly interacting gas, for instance, we get the
following results

e / WOpm(0)0°6(0), ¢ =0, (51)

where pgp,(0) is the thermal distribution (Maxwell-Boltzmann distribution) at temperature 7" and
density o. The function ¢(0) satisfies the following integral equation

2
tao=x  x0)=pl0)gs (5 -5 ). (52)

where I'g = —(81B)/(6p)|py, Pen -We remind that here Ip denotes the Boltzmann collision integral.
The generalization of these formulas to the case of nearly-integrable gases constitutes the central
result of Article II.

1.6.2 Transport anomalies

The NS equations in one dimension famously break down when it comes to the description of
certain observables, as noted already in [128-130]. This is seen most clearly in the equilibrium
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correlation functions. For instance, the total current-current correlation functions develop long-
time tails [131], which are non-integrable in time. Thus, the Green-Kubo formulas (50) for the
transport coefficients are divergent.

Similar anomalies happen in the hydrodynamic correlation functions of the charge densities, for
instance, the connected density-density correlation function S(z,t) = (o(x,t)(0,0))., measured
on top of a thermal state. The linearized NS hydrodynamics then predicts the following formula

cv
cp  V4AmDgpt 2cp /AT D4t

where ¢y and cp are the specific heats at constant volume and pressure, respectively. Moreover,
vs denotes the sound velocity of the gas, and the diffusion coefficients are

Dy =4~ D 1[<1—1)H+C]. (54)

ocp 20 |\ev  cp

— 1 __a% 1 _ (z—vst)? —(z+vst)?
Sns (1) = o* | T e i (e Dty imet || (53)

The formula (53) describes three peaks in the correlator. At x = 0 there is a heat peak, which
broadens diffusively with a constant Dyy,. The other two are sound peaks, which move with the
sound velocity in opposite directions. In addition to that, they diffuse with a diffusion constant
Dy. The formula (53) is not correct at the largest space-time scales. To correctly capture the
correlator, one has to use the nonlinear fluctuating hydrodynamics.

The nonlinear fluctuating hydrodynamics (NLFH) [132, 133| is a well-established theory
of correlations in 1D nonintegrable systems with momentum conservation. One of its main
predictions is the anomalous broadening of the heat and sound peaks. Instead of a diffusive
shape, the heat peak is described by a Levy—% distribution with a dynamical exponent z = 5/3
instead of z = 2. Heat peaks, on the other hand, are described by the scaling function of the 1D
Kardar-Parisi-Zhang (KPZ) equation with dynamical exponent with z = 3/2. Let us discuss the
most important features and predictions of the NLFH.

1.7 Nonlinear fluctuating hydrodynamics for one-dimensional non-integrable
gases

The main interest of the NLFH lies in studying fluctuations around the homogeneous, equilibrium
state of a non-integrable one-dimensional gas, fluid, or anharmonic chain with three conservation
laws. For the case of gases and fluids, these are the particle number, momentum, and energy.

One could argue that the natural starting point to describe the hydrodynamic phenomena
close to equilibrium in such a case is the linearized NS equations. The picture that emerges from
such a treatment is precisely that of (53). One finds two sound peaks and a heat peak, and they
all spread diffusively. NLFH argues that this picture is not true at the large space-time scales.
To capture the predicted anomalies, the linearized NS equations have to be supplemented by two
ingredients. Firstly, noise terms have to be added to the currents. The noise represents degrees
of freedom truncated when reducing the many-body dynamics to the hydrodynamic equations.
Secondly, nonlinearities in the current expansion around equilibrium cannot be disregarded. We
detail these modifications in what follows.

1.7.1 Noisy version of the 1D Navier-Stokes equations

In writing down the NLFH it is useful to change the degrees of freedom in the NS equations
in a way that better exposes the structure of the continuity equations. We introduce the fields
20, 91, ¢ defined as

) _ 9 9

0 = 4o, U ; € T T 5 o 99
20 70 2qt (55)
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whose dynamics is governed by the continuity equations (27) with the currents

Gom gt A= P Cog)gn), som TP Tp (T (4l g) — kT, (56)
420 20 20 20

As we are close to equilibrium, we expand the currents around their equilibrium value. As
mentioned earlier, we include the first nonlinear term and add a noise term. We get

0o + Ox (Aa55¢6 + %H%Mﬂ@v — Dopibgp + Baﬂfﬁ) =0, (57)
with A,g = %;\IS, gv BEZ 61\;8 , and the matrix D involves terms with the transport coefficients
¢, k. The noise term B represents fluctuations of the currents satisfying

(a(@,1) =0,  (Calz,)€s(2", 1)) = dapd(z — a")d(t — 1)) (58)
and its strength is set by BBT = DC + CD?T. Moreover, we have
(0ga(x,t)) =0, (6ga(z,t)0gp(' 1)) = Copd(z — '), (59)

where C,p is the susceptibility matrix given by the correlations at equilibrium. It is expressible
in terms of the thermodynamic quantities of the fluid.

As we see in (57), NLFH is governed by a stochastic PDE. The approximate methods, employed
to treat it [130, 132] yielded the following prediction for the density-density correlator

_ 1 x
S t) = 2| P v ev, N \2/5
NLFH (7, 1) = 0 [ cp ()\ht)g/g)fL Y\ (Ant)3/5 +

cy 1 T — Vgt T + vt

2cp (At)?/3 <f . ((Asww) iz ((Asww)) '
The two scaling functions frevy, fkpz are the Levy—f distribution and the scaling function of
the Prahofer-Spohn solution to the 1D KPZ equation [134, 135]. The constants Aj and A4 are
determined solely by thermodynamics of the gas. Therefore, the expression (60) interestingly
does not depend on the diffusion matrix D. This means that it does not depend on the transport
coefficients ¢, k. The correlator (60) is entirely fixed by the thermodynamic quantities.

Historically, a considerable attention was given to the behavior of the total heat current-current

correlation function at the thermal equilibrium [136-138]. Numerical simulations observed power
law tails with an exponent of —2/3. Let us mention, that NLFH is also capable of studying such
a correlator, and predicts precisely this value for the decay exponent. Another signature, often
studied in numerics, appears in thermal conductivity, which becomes system-size dependent (and
divergent in the thermodynamic limit).

(60)

1.7.2 Close to integrability

Anomalous hydrodynamics has been the subject of extensive numerical studies [139-142] by
means of molecular dynamics of classical models. In the context of gases, a prominent role is
played by the so-called alternating-mass hard-point gas (with particle masses of particles m and
M). For identical masses r = §; = 1, the model is integrable, but for any = # 1, it is not. Thus,
it serves as an excellent model for studying transport phenomena near integrability.

While for parameters far from the integrable point (r = 3) the anomalous form of the
correlator (60) was well confirmed [141], an interesting behavior was observed close to the
integrable point » = 1. The studies focused mainly on the thermal conductivity and the current-
current correlation function. Crucially, as observed in numerical simulations of the hard-point gas
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in the nearly-integrable regime, signatures of normal transport were observed for system sizes that
are parametrically large with respect to the inverse of the integrability breaking parameter [143—
146]. A general conclusion was drawn that anomalies in transport start to appear at very large
spatiotemporal scales in nearly-integrable systems. We will provide analytical explanation for
these issues in Article III.
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2 Results

The thesis consists of six research papers. Articles I, IT and III, are already published in scientific
journals, the Article V is accepted for publication and the other two are currently under the
review.

The papers can be divided into two different groups, see Fig. 11. The first one corresponds
to the articles related to relaxation or kinetic theory. The second one comprises hydrodynamics
papers, with the main focus on the derivation of hydrodynamic theories from Boltzmann-like
kinetic equations.

Relaxation & kinetic theory Hydrodynamics
Article Il Article IV
Article | Article V Article VI Navier-Stokes equations Crossover from generalized
a8 7 for nearly-integrable to conventional
Pe( Ty ] 7 urgers equation from quantum gases hydrodynamics in nearly
co‘;ﬁgﬁ%ﬁgﬂ?&;& al Gh?ggraéﬁf %‘35;’:_Y non-thermal stationary /'ntegralla/e systems under
quantum gases integrable dynamics states in nearly- Article Il relaxation time
integrable gases rticle approximation

Chapman-Enskog theory
and crossover between
diffusion and
superdiffusion for nearly
integrable quantum gases

Figure 11: Articles as grouped by the main theme of the results obtained. Article VI discusses
both kinematic origins of prethermalization and large scale hydrodynamic limit and thus, lies at
the intersection of the two fields.

Before going into the full-text versions of the papers, let us provide a brief, general overview
of the results:

e Article I: Prethermalization in coupled one-dimensional quantum gases: This
work studies a setup of two coupled Lieb-Liniger gases. The gases interact via long-range
interactions and are assumed to be in different states. In such a case, there exists non-trivial
dynamics on the level of two-body scattering processes. Interestingly, this dynamics features
non-thermal fixed points. The kinetic equation for such a setup stemming from the Fermi’s
Golden Rule, is solved numerically for different initial states and in different regimes of the
Lieb-Liniger model. For large values of the Lieb-Liniger coupling, an explanation for the
prethermal plateau in terms of additional conservation laws is proposed.

e Article II: Nawvier-Stokes equations for nearly-integrable quantum gases: We
consider nearly-integrable gases with conserved particle number, momentum, and energy.
Starting from the GHD equation supplemented with a Boltzmann-like collision integral, we
derive the Navier-Stokes equations, which emerge in the limit of large space-time scales.
The derivation is through perturbation theory (with the inverse length scale as a small
parameter) applied to the GHD-Boltzmann equation. Viscosity and thermal conductivity
are explicitly computed. For the setup of coupled Lieb-Liniger gases, transport coefficients
are determined numerically.

e Article III: Chapman-Enskog theory and crossover between diffusion and su-
perdiffusion for nearly-integrable quantum gases: In this work, a generalization of
the Chapman-Enskog method is presented, which allows for a derivation of a fully nonlinear
version of the Navier-Stokes equations, as opposed to the linearized theory analyzed in
Article II. The equations are also extended to include an external potential. In the second
part, transport anomalies in the Navier-Stokes equations are studied through the lens of
nonlinear fluctuating hydrodynamics. Based on this, we show that due to the closeness
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to integrability, anomalies are pushed to parametrically large (in the inverse of the inte-
grability breaking parameter) space-time scales. We also demonstrate that transport in
nearly-integrable gases is characterized by the existence of three distinct hydrodynamic
regimes.

e Article IV: Crossover from generalized to conventional hydrodynamics in nearly-
integrable systems under relaxation time approximation: This work illustrates the
crossover between generalized hydrodynamics and Navier-Stokes hydrodynamics occurring
at large enough length scales. The collision integral is approximated through the relaxation
time approximation, for which the transport coefficients and the relaxation time spectrum
can be computed exactly. The GHD equation supplemented with such a collision integral is
solved numerically, and a very good agreement is found with the Navier-Stokes equations.
This demonstrates the correctness of the strategy taken in Article II.

e Article V: Generalised Bogoliubov-Born-Green-Kirkwood-Yvon hierarchy for
nearly-integrable dynamics: In this work a more fundamental framework, as compared
to a Boltzmann-like collision integral, is derived. The article presents a generalization
of the Bogoliubov-Born-Green-Kirkwood-Yvon hierarchy for nearly-integrable systems.
The hierarchy can be truncated efficiently with the range £ of the integrability-breaking
interaction potential. Upon truncation, the hierarchy is solved numerically and compared
against molecular dynamics in a long-range interacting hard rod gas. A very good agreement
is found. Next, a derivation of a collision integral is provided. The result exactly matches
the computations based on Fermi’s Golden Rule when specialized to the Lieb-Liniger model.
Lastly, the results for relaxation rates are presented for the experimental setup of [70]. A
reasonable agreement between theory and experiment is found.

e Article VI: Burgers equation from mnon-thermal stationary states in nearly-
integrable gases: This paper, similarly to the Article I, studies the setup of two coupled
integrable gases. It explores the system-bath limit in which one of the systems is assumed
to be much denser than the other. Firstly, a general study of the existence of non-thermal
stationary states is conducted based on the kinematics of two-body processes. Next, the
large space-time limit of the system’s density dynamics is performed through a variant of
the Chapman-Enskog expansion. The Burgers equation is found in the most general case.
This picture is confirmed in ab initio simulations of toy particle models with stochastic
two-body collisions.

The big picture of the dissertation is the adaptation of the methods of kinetic theory to
nearly-integrable gases. Integrable gases feature stable quasiparticles for arbitrary interaction
strength, which, upon the breaking of the integrability, start to interact with each other. As we
show, the structures arising from these interactions in many ways resemble interactions in a weakly
interacting, nearly-ideal gas. We build on that analogy to study thermalization, relaxation, and
emergence of hydrodynamics. The main strategy lies in adapting classic frameworks from kinetic
theory such as the Bogoliubov-Born-Green-Kirkwood-Yvon hierarchy or the Chapman-FEnskog
expansion.
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2.1 Article I: Prethermalization in coupled one-dimensional quantum gases

e M. Lebek, M. Panfil, R. M. Konik “Prethermalization in coupled one-dimensional quantum
gases”, SciPost Phys. 17, 007 (2024)

In certain many-body systems, a phenomenon called prethermalization occurs in the course
of reaching the thermal state [147, 148]. For such systems, the relaxation process from a generic
initial configuration features two distinct timescales: the prethermalization scale T,reen and the
thermalization scale 7¢y,. At the scale of Tpetn the system reaches a metastationary state, which is
not thermal (i.e. it is not the state which maximizes the entropy under the constraints set by the
conservation laws of the Hamiltonian). The thermalization happens on a much longer timescale
Ten. Typical dynamics of an observable in such a system is presented in Fig. 12(a).

In this work, we show that such a scenario takes place in a system of coupled Lieb-Liniger
gases. More precisely, the geometry is that of two gases, which interact with each other through
a long-range potential, see Fig. 12(b). There are no intra-species long-range interactions. Let us
note that such setup can be realized with dipolar interactions, when the angle of the magnetic
field is set to the magic angle 65,p;.

The dynamics of the gases is determined by the collision integral stemming from FGR approach,
similarly as described in Sec. 1.4. States of two tubes are assumed to be different. This turns
out to have drastic effects on the dynamics. In such case, the dispersion relations in both tubes
are different as well. In the consequence, the momentum-energy conservation laws (40) allow for
non-trivial solutions already on the level of two-body scattering processes, see Fig. 12(c) (one
particle per tube in scattering) and the solution (41) is no longer correct.

a) . b)

o) ) o 0,
0 2 1
: "'\A
/ /‘
91 92

Toreth T, > H=Hy +Hy,+ deldxzv(xl — )P (x)py(xp) l 076 6,#6 I

Figure 12: Panel a): dynamics of observable in a system featuring prethermal states. Panel b):
the coupled LL models, which interact with potential V(z; — x2). Panel ¢): when the states
of tubes are different, two-body scattering allows for non-trivial mixing of momenta, lifting the
kinetic blocking.

Such two-body scattering processes are the leading processes in decompositions of the collision
integral akin to (42). Interestingly, even though such processes lead to a non-trivial scattering,
some constraints in kinematics are still visible. This is reflected in non-thermal stationary states
predicted by the associated scattering integral.

As the main result of this work, we identify relations fulfilled by such states and show their
existence by numerically solving the dynamics as given by the collision integral. These athermal
states are metastationary states. The eventual thermalization happens on a longer time scale and
through three-particle scatterings.

Typically, prethermalization is related to the presence of additional charges, which are
conserved on the timescale of 7p,rtn. We construct such charges in the large coupling regime of
the LL model. On the other hand, outside from this regime, we concluded that it is unlikely
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that such charges exist. In view of this, it is interesting that prethermalization still happens. We
attribute it to kinematic constraints in 1D scatterings, which possibly cannot be translated into
the existence of additional local extensive charges. These observations are extended in Article VI.

Candidate’s contribution: 1 performed all numerical and the majority of the analytical

computations. I contributed to the conceptualization of the work, participated in discussions and
played a significant role in writing the manuscript. I prepared all the figures.
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Abstract

We consider the problem of the development of steady states in one-dimensional Bose
gas tubes that are weakly coupled to one another through a density-density interac-
tion. We analyze this development through a Boltzmann collision integral approach. We
argue that when the leading order of the collision integral, where single particle-hole
excitations are created in individual gases, is dominant, the state of the gas evolves first
to a non-thermal fixed point, i.e. a prethermalization plateau. This order is dominant
when a pair of tubes are inequivalent with, say, different temperatures or different effec-
tive interaction parameters, y. When both tubes are in the strongly interacting regime
we additionally characterize this non-thermal prethermalization plateau by constructing
the quasi-conserved quantities that control the existence of this plateau as well as the
associated generalized Gibbs ensemble.
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1 Introduction

How to understand the dynamics of a quantum system after the injection of energy is a
paramount problem of modern many-body physics [1-3]. The injection of energy typically
leads a system to arrive at a new steady state that is thermal in nature. The process by which
this occurs in closed quantum systems is governed by the eigenstate thermalization hypothesis
(ETH) [4-8]. This hypothesis asserts that quantum eigenstates of similar energy behave sim-
ilarly with respect to all local observables, at least in the thermodynamic limit. However this
hypothesis is not inviolate and there are models where ETH does not hold. One such class of
ETH violating systems that has been extensively studied in the past few years support what are
known as quantum scar states [9-12]. Quantum scar states have expectation values relative
to some local observable that differs significantly from most other system eigenstates at the
same energy. When a system is then in a scar state, it will experience atypical time dynamics
relative to that observable and will not thermalize in the sense of ETH.

Another class of ETH violating systems are integrable models. Integrable models are char-
acterized by an infinite set of conservation laws. The presence of these conservation laws
means that their steady states are characterized by more complicated thermodynamic ensem-
bles than Gibbs that take into account the presence of conserved charges beyond energy [8,13]
Integrable models are ubiquitous in one-spatial dimension. Such models describe the dynamics
of cold atomic Bose gases via the Lieb-Liniger model [14,15], XXZ spin chains via the Heisen-
berg spin model [ 16], and itinerant interacting electron physics via the Hubbard model [17,18]
to name but a few.

Integrable models are to a certain degree platonic ideals. They only exist approximately
in nature. Experimental realizations of one-dimensional Bose gases modelled by a Lieb-Linger
(LL) model involve arrays of one-dimensional tubes of the gas which see both intra- and in-
tertube interactions beyond the interactions present in the LL Hamiltonian [19-21]. Simi-
larly, quantum material realizations of one-dimensional spin chains are always in fact one-
dimensional atomic chains embedded in a three dimensional matrix with interchain interac-
tions, perhaps small but nonetheless, present [22,23]. Finally, also material realizations of
low-dimensional Hubbard models typically require the reduction of complicated multi-orbital
physics down to effective one-band models [24-27].

The interactions that go beyond those present in integrable Hamiltonians will almost al-
ways break integrability. While an integrable model will not thermalize, a quasi-integrable
model will (apart from cases when quantum scars are present). However it then becomes a
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question of timescales. Rather than a non-thermal steady state persisting for all time, it in-
stead picks up a finite, but perhaps long, lifetime. This persistent non-thermal steady state is
known as a prethermalization plateau [28,29]. This prethermalization plateau can usually be
characterized by conserved quantities other than energy. However these conserved quantities
are not necessarily the same as in the parent, unperturbed, integrable model.

It is the aim of this paper to present a scenario relevant to experiments in one-dimensional
cold atomic Bose gases where long-live prethermalization plateaus occur. In typical realiza-
tions of one-dimensional Bose gases, the atoms in the gas are placed in an laser-induced ar-
ray of quasi-one-dimensional transversal confining potentials, i.e. the gas forms of matrix of
tubes [19-21]. The atoms in each tube are typically confined to the lowest transverse level of
the tube but are free to move laterally along the tube. However the gas in each tube is not
entirely independent of its neighbours in the array. Typically intertube density-density interac-
tions are present. Such interactions in gases with dipolar couplings are tunable and can even
be made to be of the same order as intratube interactions [19].

In Ref. [30] a framework for analyzing the thermalizing effects of intertube interactions
was developed in the form of a Boltzmann collision integral. In Ref. [30], the tubes of gas were
considered to be identical. A key feature of this work was then that the thermalizing inter-
actions involve processes of the simultaneous creation of three particle-hole pairs in any two
tubes: one pair in one tube and two pairs in a second tube, so-called (2,1) or (1,2) processes.
Processes involving the production of a single pair in two identical tubes, (1,1) processes, led to
no change in the state of the tubes, a simple consequence of energy-momentum conservation.

If however the two tubes are inequivalent, either by virtue of having a different density of
atoms or a different effective interaction parameter, (1,1) processes are dominant at shorter
time scales and do lead to an evolution in the state of the gas in the tube. However here the
end point of this evolution is athermal. Because we cannot ignore (1,2)/(2,1) processes, this
athermal state arrived at by the creation of single particle-hole pairs is temporary — it is in fact
a prethermalization plateau. Nonetheless it is long-lived if the intertube interactions, which
set the scale of the evolution, are weak. It is the aim of this paper to describe in detail the
non-equilibrium evolution coming from tube heterogeneity and the resulting athermal state.

While the focus of this analysis takes place in the context of cold atomic systems, the analy-
sis has elements of universality. A very similar set of considerations, for example, would apply
to thermalizing S,S, interchain interactions in spin chain materials. The universality arises
because in the thermodynamic limit the matrix elements governing the creation of particle
hole pairs (and their spin chain equivalents) have the same low energy form [31,32].

The paper is organized as follows. In Section 2 we outline the basics of the Lieb-Liniger
model including how to describe its thermodynamic states and its conserved quantities. In the
next section, Section 3, we present the Boltzmann collision framework by which we analyze the
dynamics of two tubes of gas due to intertube interactions. As part of this we present a general
analysis of what constitutes a steady state in this framework and what are its conservation laws.
We do this in complete generality considering all orders of particle-hole creation (i.e. (n,m))
processes. As part of this, we show that only energy, momentum, and particle number survive
as conserved quantities and the resulting steady state is thermal.

In section 4 we perform the same analysis but only consider (1,1) processes. Here we show
that with only (1,1) processes taken into account, there exist stationary states there are ather-
mal. We then demonstrate by numerically solving the problem that indeed the system does
not thermalize when only (1,1) processes are operative. In Section 5 we offer an explanation
for the athermality by showing that the (1,1) dynamics has extra conserved charges beyond
the energy, momentum and particle number. The new conserved charges are combination of
the ultra-local charges of unperturbed Lieb-Liniger model from both tubes. We construct these
charges for systems with strong intra-tube interactions, dubbed deformed Tonks-Girardeau
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gas. We define it precisely in Section 5. We also formulate the Generalized Gibbs Ensemble
for the coupled system essentially extending its applicability to perturbed integrable models.
Finally, in Section 6, we provide a summary and concluding remarks.

More technical aspects of our work are relegated to the Appendices. Among them,
in Appendix E, we demonstrate that the construction of the charges from the deformed
Tonks-Girardeau gases does not extend to the full Lieb-Liniger model at arbitrary interaction
strengths. This leaves open a question about the precise characterisation of the mechanism by
which the system does not thermalize in the latter case.

2 Summary of the Lieb-Liniger model

We start with reviewing the relevant aspects of the Lieb-Liniger (LL) model [14, 15], which
corresponds to a single gas tube. The LL model describes N bosons on a ring with length L,
interacting with a repulsive contact potential. The Hamiltonian of the system reads

L
Hy = f dx( =122 (x) + T P P (), )
0

where ¢ > 0 is the coupling constant and z,lA)(x) is the canonical bosonic field operator. The
model is exactly solvable with the standard Bethe ansatz technique [33-35]. Eigenstates of
(1) are parametrized by N real numbers, called quasimomenta, which are determined from
the Bethe equations. In the thermodynamic limit N, L — oo with N/L = const, the system is
parametrized by the density of particles, p,(A), and the total density of states, p,(1), with A
the quasi-momentum or rapidity. These functions are related through the following integral
equation [36],

1
P =5+ J X' T( = 2)p,(X), @

with the kernel given by function, T(A):

1

c
T(A)=— . 3
) T2+ A2 )
In addition to p, and p,, we define the density of holes, pj, as
Pr(A) = p(A)—p,(A). €y

It is sometimes convenient to express thermodynamic quantities in terms of pj, rather than p,,.
The LL model is integrable and so is characterized by an infinite number of conserved
charges, I ., that commute with the Hamiltonian (1) and have the property

[[,I.]=0, nm=0,1,2,... (5)

There are multiple bases of these charges, both ultra-local [37] and semi-local [38—40]. In this
work we will focus on the ultra-local representation despite their less than stellar behaviour in
the UV [41]. Expectation values of the ultra-local conserved charges on thermodynamic states
are functionals of the distribution, p,(A), and take the particularly simple form

(I)=L f dA p,(A)A". (6)
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The first operators in the sequence, [, correspond to particle number, total momentum and
total energy, n =0, 1, 2, respectively:

Nszdlpp(A), p:LJdep(x), E:LJszpP(A). (7

The presence of conserved charges n > 2 beyond these basic three means that the model can
support non-thermal states.

We now turn to characterizing the thermodynamics and elementary excitations of the LL
model. The entropy of a thermodynamic state of the gas is given by the Yang-Yang formula [36]

S=Lfdl[(pp(k)+ph(7t))log(pp(/1)+ph(/l))—pp(k)logpp(/l)—ph(A)Ingh(l)]. (8)

To describe the dynamics in the system we also need information about its elementary exci-
tations. The coupling between the tubes that we consider, conserves number of particles in
each tube. Therefore the relevant excitations takes form of particle-hole (ph) excitations in the
system [15,42]. The excitations are labelled by two quasimomenta p and h. The momentum
carried by an excitation is k = k(p) — k(h) and the corresponding energy is w = w(p) — w(h).
Here, the functions k(p) and «w(p) are the so-called dressed momentum and energy. These are
state-dependent functions and read

k(A)=A— J dun(uw)F(uld), (9a)

w(A)=2>—2 f du un(u)F (ulA), (9b)

where n(1) = p,(1)/p¢(1) is the occupation function and F(u|A) is the backflow function [42]
satisfying the following integral equation,

Fo =201, f AT — A(VIF OV 1), 10)
with 6(A) = 2arctan(A/c).

For later use, we introduce notation for two dressing operations, following the notation
of [43]. The first one, denoted Dr, is defined as

for)=f(A)— f du n(u)F (ul2)n(u)f’(w). (11)
Therefore k(1) = (1)p, and w(A) = (A2)p,. The second one, denoted dr, is defined as

far() =f(A) + f du T (u, Mn(u) fa, (1) - (12)
The two dressing operations are related however through

o) = ar - (13)

3 Coupled Lieb-Liniger gases

In this section, we present a framework to study the dynamics of two coupled LL gases. The
system is governed by the following Hamiltonian,

H=Hy+Hy o+ f dxydxy A(xy — x3)01(x1)02(x2). (14)

5
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The Hamiltonians H;, 1; describe LL gases with couplings ¢;. The two gases are coupled by a

long-range interaction potential A(x; — x5). By p;(x) = zﬁj(x)m/ji(x), we denote the density
operator in the i-th gas. The density-density interaction term §H breaks the integrability of the
system H = H,,, + 5H, where H,,, = H; L1+ H; L2 is integrable. To describe its consequences
on the gases’ dynamics, we turn to an effective theory of relaxation developed in [30, 44].
Specifically in [30] the problem of the thermalization of two equivalent gases initialized in a
non-thermal state was analyzed in quantitative detail. On the level of Fermi’s golden rule ap-
proximation, the dynamics may be formulated in terms of Boltzmann-like equations governing
the evolution of the rapidity distributions:

8tpp,l()(') = T_IQ[pp,b pp,Z](A) 5

. (15)
3tpp,z(7t) =7 Q[pp,2> pp,l](l);

where 7 is the characteristic time scale for the evolution and Q[p, 1;0p 2, 2] is the dressed
scattering integral defined through

Qlep1,Pp 2] =F1:Qo [Pp,bpp,z] ,

(16)
Q[pp,2>pp,1] =Fy-Qp [Pp,2>Pp,1] >

where Qo[ pp 1, Pp,2] is bare scattering integral defined below in Eq. (22) and F;(A, u) reads
Fi(A, 1) = 6(A — ) + 0, (n;(A)F;(Aw)), 17)

and implements the dressing operation, Dr, defined in Eqn. (11). We also define

F- )= JdMF(A, w)f (u). (18)

The first term in Eqn. (17) represents a direct scattering process while the second term gives
the so-called backflow, i.e., the effect, due to interactions, that the creation of a particle-hole
excitation has on the distribution of the remaining particles and holes in the gas.

The time scale, T, appearing in (15) is determined by the parameters of the model [30]

2
B 2A0m

-1

T , (19)

where m is mass of the particles and A sets the strength of the inter-tube interaction,

a(x/x,) fdxa(x/xr) _

Ax) =4, 1. (20)

X

r r

Here x, is the characteristic range of the potential. We will mostly work in momentum space,
and so we define the Fourier transform of the normalized part:

Alk) = J dxeikx% =da(k/k,),  dk)= J dxe™a(x), (21)

where k. = xr_1 is the characteristic momentum exchanged between the tubes as a result of
the coupling between them.’

!For all the simulations in the paper, we use the Gaussian potential a(x) = 1/(+/7) exp(—x?) with x, = 11.
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3.1 (n,m) ph processes

The bare collision integral Qo[ 1; Pp 2] contains contributions from processes involving n
particle-holes (ph) excitations in the first tube and m ph excitations in the second tube:

QO[pp,l’ pp,Z] = ZQE)n,m) [pp,lz pp,2:| . (22)

n,m

The (n, m) contribution takes the following form [30],

Q™ lpp1.pp2 10 = J dp"dh" 52— p)A(ky (p, 1)) 1y (p, )
i=1

x (Jf(p, B)ST(—k; (p, h), — a1 (p, b)) — (h p)), 23)

where p = {p;}!", and h = {h;}'_ | denote rapidities of particles and holes, respectively. Here
we have introduced the notation

n n 1 . n -
aptan’ = e [ [apidne, im0 =] Topathpn v, 24)
Moreover by F(p, h) we denote the density operator form factor [45-48]

F(p,h) = (p,|p(0)lpp; p,h), (25)

where the state |p,; p,h) corresponds to the thermodynamic state |p,) with ph excitations p
and h on top of it. Finally, S™(k, w) is the m-particle contribution to the dynamic structure
factor [46]. In Eqn. (23), we denote the total momentum and energy carried by excitations
h — p in the first tube by k;(p,h) and w;(p, h):

kb)) = (k) —ki(h)),  wiph) =) ((p)—wi(h)).  (26)
i=1 i=1
For completeness, we also write down the bare collision integral for the second tube,

QU™ Ipp0spp1 (M) = f dp"dh™ > 5(2A — p;)A(ky(p, h)) |Fo(p, h) 2

i=1
x (J;(p, B)S™(—ky(p, h), —0(p, b)) — (h <> p)), @7

which amounts to a permutation of tube indices.

The form of the collision integral presented in Eqn. (23) is not the most convenient for our
purposes. We thus derive now an alternative representation of it, expressing the dynamical
structure factor contributions in terms of quasi-particle densities. The m-particle contribution
to the dynamic structure factor reads

S™(k, w) = (27:)2J dp™dp™ [ | p,(h)pn(p)IF(p, W28 (k — k(p,1))5(w — w(p,h)), (28)

i=1
with the understanding the integrals require, in general, regulation [48]. Plugging the above
representation into (23) leads to the desired formulation:

n
le’m)[Pp,h Pp,z](k) = (2n)? J dpaldh'fdprzndhgq Z o(A —Pj,1)A2(k1 (P1, h1)) |F1(p1, h1)|2

j=1
X |Fy(pa, hy)|? 5(k1(l)1, h))+ kz(Pz’hz)) 5(601(P1’h1) + wy(Pa, hz))
x (J7(p1, 1) I3 (P2, hy) — (h = p)), (29)
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and similarly for the second tube,

n
le’m)[Pp,zapp,l](A) = (27T)2f dp’{‘thdpﬁdhg Z 5(A—Pj,2)A2(kz(P2;h2)) |F1(P1,h1)|2

=1
X |Fo(pa, hy)I? 5(k1(P1: h;)+ kz(Pz,hz)) 5(0)1(131,}11) + wy(po, hz))
x (J(p1, 1) T (P2, hy) — (h — p)). (30)

This representation is the most explicit. It is convenient for the numerical evaluation of the
collision integral and for analyzing its small momentum limit. From the particle-hole symmetry
of density operator form factors [46] and Eqn. (29), it is easy to find yet another representation,

le’m)[Pp,pr,z](A) = (ZW)ZJ dP’fthdPgﬂhrznAz(h(Pph1)) |F1(P1,h1)|2 |F2(P2,h2)|2
X 5(k1(P1,h1) + kz(Pzahz)) 5(0)1(P1>h1) + wz(Pz,hz))J{l(Pl,hﬂ

xJg”(pz,hz)(Zﬁ(A—pi,l)—Zes(x—hi,l)). (31)
i=1 i=1

Obviously, analogous formula for le’m)[ Pp,2: Pp,1](A) may be easily derived as well. This rep-
resentation is especially convenient for our discussion of the conservation laws in Section 3.3
below.

Crucially the (n,m) ph processes possess a hierarchy of importance. For the situations
considered here the most relevant contribution is due to (1,1) scattering. Processes involving
more ph pairs contribute much less significantly. In particular, let us note that in the extreme
limit of infinite interactions in both tubes ¢; , = 00 we have Q™™ =0 for m,n > 1 and only
the (1,1) dynamics contributes. This can be seen on the level of the higher ph density form
factors which go as 1/c¢"™2 and so are zero when more than one ph pair is considered [46]
in the infinite interaction limit. The hierarchy between different contributions is also clearly
visible in the small momentum expansion of scattering integrals, which is explained in detail
in the Appendix A. Assuming that the dynamics is driven mainly by the processes involving
small momentum transfer between the tubes, we show there that

Q™ Kt x (140(k2)). 2

Noting that k, is a small parameter (the case of long-range interactions) we clearly see that the
lowest processes are the most important ones. Furthermore because the subleading corrections
involve kf, the hierarchy of the importance is as following:

1. The leading order (1,1) processes going as kf.
2. The leading (2,1) and (1,2) processes, of order kf.

3. The subleading (1,1) processes and the leading order of higher processes like (3,1) or
(2,2), all of order kf.

As we have observed in [30] the processes (2,1) and (1,2) thermalize the system. There
we considered the situation of identical states in both tubes, and in such a case, the scattering
integral for (1,1) processes vanishes. But in the general case, the physics at short timescales
is determined by the leading (1,1) processes. We analyze these in Section 4. In the remainder
of this section, we discuss the properties of the dynamics generated by (15) for arbitrary pro-
cesses. We address specifically the character of stationary states and the existence of conserved
charges.
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3.2 Stationary states

In this subsection we look for stationary states satisfying

Q[pp,la Pp,z](l) = Q[pp,Z: pp,l](k) =0. (33)

First, we note that when analyzing the equation above, we may simplify the problem and focus
on the bare collision integral Q. This is because the invertible operation of dressing is linear
and the vanishing of Q, implies the vanishing of Q. Let us start with the time evolution of
the first tube. The bare scattering integral can vanish as a whole or because the integrand is
identically zero. The second condition is stronger and implies cancellation of each excitation
contributing to the scattering integral with its particle-hole exchanged counterpart. From the
representation in Eqn. (29), we observe that the dynamics on the (n, m) level is proportional
to the following factor

j(n’m)(plahla P2, h2) = J{l(pbhl)‘];(pZJ hZ) _J]r_l(hlx Pl)‘]én(h&v pZ) . (34)

The remaining factors under the integral are strictly positive, thus the state in the first tube is
stationary if

j(n,m)(plah],JPZJhZ) = O, (35)
holds for all rapidities p;, h;, ps, h, satisfying the momentum-energy conservation laws

n m

> (ki (pi) = ka(hy)) + D (ka(pj ) — ko 2)) = 0, (36)
i=1 j=1
D (w1(pin) = w1(hi1)) + D (@5(p; ) — w5 5)) = 0. 37)
i=1 j=1

For stationarity, Eqn. (35) needs to be fulfilled on all (n, m) levels. The same factors, 7™
are present in the collision integral for the second tube and so stationarity in tube 1 implies
stationarity in tube 2.

To understand the relevant structure in Eqn. (35), it is useful to reparametrize the system
introducing the pseudo energy €(A) defined as [36,49]

o€ — Pr(A)

. 38
Py () ©8)

We may then rewrite 7™ (p;,h;,p,, hy) as

J™™(py,hy, py,hy) = J7(hy, 1) 5 (hy, po) (exple;(py, hy) + €5(pa, hy)]— 1), (39)

and the condition in Eqn. (35) translates to

D i(epi) —erlhi)) + D (ea(pj2) — ex(h;2)) = 0. (40)
i=1

j=1

Importantly, the state of the system with two tubes in thermal states [36] with the same in-
verse temperature f3 is stationary. This is because in such a case, the pseudo energies, here
generalized to boosted thermal states, read [36,42]

€1(A) = —Buq + kky(A) + w1 (A), €2(A) = —Puy + kky(A) + Bwy(A), (41)

where u, , are the chemical potentials. For €, 5 as in Eqn. (41), Eqn. (40) follows directly
from the conservation of energy (37) and momentum (36). For all the numerical examples
considered later, we set k = 0.
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The dynamics restricted to (1,1) processes are special and feature stationary states that
are not necessarily thermal. This may happen when we consider two identical tubes (this case
was analyzed before in [30]), in the Tonks-Girardeau limit in both tubes (c1,2 = 09), o, finally
in the small momentum limit of the collision integral. This last scenario provides the setting
of our observed prethermalization plateaus is the central result of this work. We discuss that
case in Section 4 in detail.

In Appendix B we provide evidence that the three types of athermal stationary states of the
(1,1) processes are the only ones. However we cannot assert that these are definitively the
only possibilities. Moreover for higher order (n, m) processes the condition for the stationarity
would seem to exclude any possibility of athermal states. We conjecture once all processes are
taken into account that the only stationary states are then in fact thermal.

3.3 Conservation laws

The evolution in Eqn. (15) is controlled by a presence of conservation laws. In particular the
particle number in each tube, the total momentum, and the total energy do not change in time.
In order to see this, let us consider the change in the particle number with respect to time

N, /L= f da atpp,i(7L) = f dAQ[pp,lz pp,2](7(')
(42)

= f dAQolpp,1,0p2](A) + f duda 51(”(A)F(7L|H))Q0[Pp,1,Pp,z](M) =0.
In the last step, we have used the explicit form of (23) together with ph symmetry of the form
factor to observe that the first integral vanishes. The second integral vanishes upon integration
by parts with the boundary terms vanishing as for physical states the filling function decays
to zero at large rapidities. Of course, similar arguments lead to J,N, = 0. Note that this

conservation law holds at all levels (n, m).
Now, let us consider the total energy

Eiot =E1 +Ey = LJ dA AZ(Pp,l(k) + Pp,z(A)) > (43)

and show that it is conserved in time. We consider its derivative with respect to time

atEtot/L = J da Az(Q[pp,lz Pp,z](l) + Q[pp,2: pp,l](l))
(44)

:fdkd:uz'z(IFl(A’“)QO[pp,lipp,Z](.u')+FZ(A’.U')QO[pp,Z)pp,l](.UJ))-

We may shift the dressing operation from the collision integral Q to A2. Integration over A
then gives

f dAA%F; (A, 1) = w;(u). (45)

We thus get

OEo/L = J dH(CO1(M)Q0[Pp,1,Pp,2](M) + wz(M)Qo[Pp,z,Pp,1](M)) . (46)

We observe now that the following relation holds for arbitrary (n, m)
d (n,m) (m,n) =0
pl @1(u)Qy " [Pp,1s Pp2l(u) + wo(u)Qy ™ Lop,2, Pp,1 1) ) = 0. 47)

10
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One can establish this by employing the representation in Eqn. (31) into the equation above.
From the integration over u, we find terms that exactly correspond to w;(py,h;) + w,(p2, hy)
which is enforced to be zero by the Dirac delta inside an,m). Finally, summing this relation
above over n and m gives J,E,;,; = 0. Similar arguments lead to the conclusion that the total
momentum

Pyt =P+ Py, (48)

is conserved as well.
In the remaining part of this section, we propose the following ansatz for additional con-
served quantities:

I=1L f da (Pp,1(l)f1 A+ Pp,z(l)fz(k)) s (49)

where we allowed f;(A)’s, the single particle eigenvalues of the supposed charges, to be dif-
ferent in both tubes. We ask whether there exist functions f;(A) and f,(A) such that 3,Z = 0.
Explicitly, we write

O I/L = f dAdipp1(A)f1(A) + J dA S pp,2(A)f2(A)
= J da (fl()t) Q[pp,lr pp,Z]()L) + fZ(A) Q[pp,Z’ pp,l ](A’)) (50)

= J da (fl,Dr()L) QO[pp,lr pp,Z](l) + f2,Dr(A) QO[pp,Z’ pp,l ](A)) >

where we have shifted the dressing operation from Q to f; and used the Dressing operation
from Eqn. (11). Similarly to the condition for the stationarity, d,Z = 0 either because the
expression vanishes as a whole or because the integrand is zero. In the latter case this leads
to a condition on functions f;(A), similar to Eqn. (40) which we will now derive.
Analogously to the case of conserved energy, in order to have J,Z = 0, we require that

f dA (1,0, (MR Lpp 1. £p2J(A) + fopr (MR LPp ppa JM)) =0, (51)

should hold for all (n, m). To write the result in a compact form we parametrise ng,n) as

Q)= f dpjdhidp;'dhy G(p1, by, P, hy)

X 5(k1 + k2)5(0)1 + wz)(z5(A—Pi,1)—z5(l—hi,1)), (52)
i—1 i=1

where G(p;,h;,p,,h,) can be read off from Eqn. (31) but we do not need its explicit form.
We only need to know that it is strictly positive. The result is

3,1 = f dpdh”dp2'dh} G(p;,hy, g, hy) 6(ky +ky) 6wy + wy)

X (Zfl,Dr(Pi,l) — fior(hi) + ZfZ,Dr(pj,Z) _f2,Dr(hj,2)) =0. (53)

i=1 j=1

From this expression we can read off a necessary condition for an existence of a conserved
charge characterized locally in the rapidities. This translates to demanding that

Z (fl,Dr(pi,l) _fl,Dr(hi,l)) + Z (fZ,Dr(pj,Z) —fz,Dr(hj,z)) =0, (54)
iz =1

11
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is fulfilled for all py,h;,p,y,h, satisfying the energy-momentum conservation laws (37) and
(36). We observe a similar structure as in Eqn. (40) for the stationary state.> Therefore, by
exactly the same arguments, we find no conserved charges of the form (49) apart from total
momentum and energy. However, just as in the case of stationary state analysis, the situation
will be different for (1, 1) processes which we discuss in details in the next two sections.

4 (1,1) dynamics in the small momentum limit

We have argued that due to the scaling with the characteristic momentum k,, the processes
involving small number of ph excitations are the most relevant. In this section, we study
in detail the dynamics generated by (1,1) processes solely. As we will show, in the small
momentum limit of collision integral, such restricted dynamics are qualitatively different. In
particular, the restricted dynamics feature non-thermal stationary states.

4.1 Stationary states
We start by reassessing the condition for the stationary state. In the small momentum limit it
is convenient to introduce a center-of-mass coordinates for the rapidities,

1
A’izi(pi-i_hi), C‘i:pi_hi: i:1,2, (55)

with a; being small for small k = k;(p;) —k;(h;). We analyze now the condition (40) together
with the momentum-energy conservation laws (36) and (37) taking (n,m) = (1,1). After
expanding in a, the energy-momentum conservation laws give

(A1) =v(Ay),  v(A) =’ (WK (A), (56)
ay =—kj(A1)/ky(Ax)ay . (57)

On the other hand, expansion of (40) in small a; together with (56) and (57) yield the fol-
lowing condition for the stationary state:

63(7‘1) _ 6/2(12)
Ki(A1) k5 (A)°

V1 (A’l) = Vz(lz) . (58)

Eqn. (58) sets the relation between pseudo energies in both tubes in the stationary state. The
relation between velocities allows us to express A, in terms of A,.> Therefore, the equation
involving the pseudo energies has only one variable appearing and for any state €,(A) it can be
used to determine €;(A) (up to a constant value). One may readily check that a state in which
both tubes are in equally boosted thermal states with the same temperature, see eq. (41),
fulfills (58) and therefore is a stationary state in terms of the small momentum limit of the
(1, 1) dynamics. Note however, that in principle there might be other configurations, for which
(58) is satisfied. In the remaining part of the paper, we will show that this is the case and the
(1,1) dynamics in the small momentum limit typically drive the system to such stationary
but non-thermal states. This feature is particular to (1,1) dynamics. The small momentum
expansion of processes involving more ph excitations does not lead to the appearance of non-
thermal stationary states.

2There is however a crucial difference between the two equations - the equation for the conserved charges
has to be fulfilled dynamically at each time t. We will see the consequences of this in the simplest case of (1,1)
processes in Section 5.

3We are assuming here that the effective velocity is a monotonic function in A.
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It is difficult to write down a solution to Eqn. (58) for arbitrary interaction parameters as
this requires, for a given €;(A), solving a non-linear equation for €,5(A,). The non-linearity
appears because the functions, k(A,) and v,(2,), depend themselves on €(A,) through the
occupation function, ny(A,). Therefore, instead of constructing the solution, we will verify
that the system, when evolved according to (1,1) dynamics in the small momentum limit, is
described by the pseudo-energies €;(A;) obeying (58). We will also explicitly see that the state
is non-thermal. These results are presented in Section 4.2. But to gain some insight, we will
now study Eqn. (58) in two special cases where the analysis simplifies:

Tonks-Girardeau limit in both tubes

The Tonks-Girardeau limit is particularly simple as the dressings are then absent. From Eqn.
(58) we then find
el(A) =€), (59)

where we used that k’(1) = 1 and v(1) = 224 in the Tonks-Girardeau gas. This implies that
pseudo-energies of both tubes in the stationary states are equal up to the chemical potentials:
€,5(A) = €,(A)+const. Such solution obviously allows for a much wider class of configurations
than (41).

Interestingly, this solution is valid also beyond the small momentum limit. This is a pe-
culiarity of the Tonks-Girardeau gas where the conservations laws (36) and (37) at arbitrary
momenta can be solved explicitly and yield p, = h; and h, = p;. The condition (40) for the
stationary state simplifies then to

€1(p) —e2(p) = €1(h) —e5(h), (60)

and has the same solution as in the small momentum limit.

Deformed Tonks-Girardeau gas

Assuming the presence in the two tubes large couplings c¢; and c,, we may analyze (58) by
expanding in 1/c;. Details here are shifted to Appendix D. Summarizing this calculation, we
find that the allowed set of pseudo-energies implying stationarity extends beyond that corre-
sponding to boosted thermal states. Indeed, a stationary state is given by any pair of functions

(€11), €2(2)) satisfying,
2Tll'

L@ =5 EN < (1+0(1/q)), &=1+—, (61)

1

which is a simple modification of the stationarity condition (59) in the Tonks-Girardeau gas.
Here n; is the density of particles in the i-th tube.

4.2 Numerical results

We now numerically solve the Boltzmann equation to demonstrate the main findings of our
work. We study relaxation under dynamics restricted to (1,1) processes. We neglect the pro-
cesses involving more ph pairs effectively considering Eqns. (15) with Q, = le’l). Moreover,
we consider potentials narrow in the momentum space such that Qg’l) is very well approx-
imated by its low-momentum limit. With this, we may expect both non-thermal stationary
states (58) as the final states of the evolution.

To display the athermal character of the stationary states we will compare them with the
predictions of the standard Gibbs ensemble (GE). The bare pseudoenergies are then

€0,i(A) = PBio+ BaA?, (62)

with f3; o, B2 and B, fixed by the initial densities in both tubes and their total energy.
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Figure 1: Rate of change of quasi-momentum distributions as a function of time, with
Bragg-split states as initial states for the dynamics. Panel (a): intermediate regime,
panel (b): strongly interacting regime. In both cases the systems reach the stationary
state, with a different timescale for each tube. Insets: the same plots, but for longer
times and in logarithmic scale.

Table 1: Parameters of the initial states used for the two cases of Bragg-split states
explored in this paper.

case 1 (intermediate interactions) case 2 (strong interactions)

1 Co Bi | Ba | b1 | w2 | Ao 1 C2 Bi | B2 U1 U2 Ao
1.0/40(07]0.7|16|26|20|32.0|128.0|1.7 1.7 ]| 3.22|5.27 | 2.9

4.2.1 Bragg-split states

As initial states, we consider the experimentally relevant Bragg-split thermal distributions [19].
To probe both the intermediate and strong interaction regimes, we perform two computations:
one with ¢; = 1 and ¢, = 4, and one with ¢; = 32, ¢, = 128. Concretely, we consider initial
states of the following form:

. 1 . .
i) =3 (PEEr (A= 20) + PEEr (A + Ao)) (63)

with the parameters used summarized in Table 1. As the first probe of the relaxation, we
investigate the rate of change of the quasiparticle distributions as a function of time defined
in the following way

J d213.p, (25 0)
[dap,(A;0)
The results are shown at Fig. 1. We observe that the dynamics becomes gradually slower with
time and the system reaches a stationary state. The timescales of these processes are different

in each tube. This is expected, since couplings and densities differ between the tubes.

The final, stationary state reached in the course of (1, 1) dynamics is presented in Fig. 2. We
compare in this figure the final quasiparticle densities p, ;,i = 1,2 to the initial distributions
as well as to the predictions of the GE ensemble. We observe that the final, stationary state still
resembles a Bragg-split distribution and is very far from the thermal GE state that one would
expect from unconstrained dynamics. This is further confirmed as one inspects the Yang-Yang
entropy as a function of time as shown in Fig. 3. The system relaxes to a state with a much
lower entropy in comparison to the prediction computed on the thermal GE state.

Finally, we verify explicitly that the final state fulfills the stationarity condition (58). To do
so, we define a function

ROC(t) = (64)

ki (A1)

m%@z)) , (65)

H(Al) = Pp,l(ll)Ph,l(Al)Pp,z(lz)Ph,l(Az) (6/1 (Al) -
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Figure 2: Initial, final and GE states for the dynamics with Bragg-split states as initial
states. Panels (a) and (b) present distributions for the simulation in the intermediate
regime, whereas in panels (c) and (d) we show the data for the strongly interacting
regime. The final states are far from their respective GE states expected to appear as
the final, thermal states in a full dynamics involving higher processes.

Table 2: Parameters used for the two cases of initial thermal states.

case 1 (intermediate interactions) case 2 (strong interactions)

1 Co Bi | Ba | g U2 C1 Co Bi | Ba | M1 | o
2014010407127 42 |320]128.0(04|0.7(9.0] 9.6

where A, is given by a solution to v;(A;) = v,(A,) and plot it for several instances of time.
If our stationary state is indeed a solution to the Eqn. (58), we should see function H(A,)
approaching zero at all A for late times. We find that this is the case, see Fig. 4.

4.2.2 Two different thermal states

In the second scenario, to probe dynamics closer to an equilibrium state, we consider initial
configurations corresponding to thermal states in both tubes. Specifically, the tubes are taken
to have the same density n, ; = 1 but different temperatures. The densities of the initial states

read

(M) =pg*(A), (66)

with the parameters used summarized in Table 2.

Despite the thermal starting point, the evolution for these states leads to final, non-thermal
states that are nonetheless close to thermal states. This is illustrated in Fig. 5 where we com-
pare the distributions p,(A) in the initial and final states and in putative thermal equilibrium
states consistent with the initial states. The lack of thermalization can be also witnessed in the
evolution of the entropy, see Fig. 6. Here we see that the entropy draws close to the equilibrium
thermal entropy but does not quite reach it.

The two kinds of initial states that we have considered show certain universal features of
the dynamics generated by the (1,1) processes for long range interactions. We observe that
these processes are not very efficient in redistributing the particles in the tubes. On a practical
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Figure 3: Yang-Yang entropy as a function of time for the dynamics of Bragg-split
states. Panel (a): simulation in the intermediate regime, panel (b) dynamics in the
strongly interacting regime. The entropy is normalized by the GE prediction for the
final state. It reaches a value significantly smaller than 1, indicating that the dynamics
is strongly constrained.
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Figure 4: Function H(A;) presented as a function of time. Panel (a): intermediate
interactions, panel (b) strong interactions. We see that the function approaches zero
for late times signalling that the state of the system in this limit fulfills (58).

level it results in small changes to the particles distributions with the stationary states very
similar to the initial states. This is true for both Bragg-split and the thermal initial states. On
the other hand, this raises a question on a mechanism behind this restricted dynamics. In the
next section we show that in the case of strong intra-tube interactions this is caused by the
existence of higher conserved charges.

5 Strongly interacting limit

In this section we consider the deformed Tonks-Girardeau gas. This is the strongly interacting
limit of large c; in which we keep corrections up to and including terms of order 1/ cl.z. We
will show that in such system there is an infinite family of conserved charges. These charges
follow from solutions of eq. (54) and are linear combination of ultra-local charges (6) present
in uncoupled tubes. Whereas the uncoupled system possesses two infinite families of charges,
coupling the two tubes leads to halving the number of them. This leads to restricted (1,1)
dynamics observed in the previous section.
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Figure 5: Initial, final and GE states for the dynamics with thermal states as initial
states. Panels (a) and (b) present distributions for the simulation in the intermediate
regime, whereas in panels (c) and (d) we show the data for strongly interacting
regime. Final distributions are very close to the predictions of the GE, indicating
that the system has almost thermalized. The small but real differences between the
final and putative thermal distributions are clearly seen in the insets, where we have
plotted the behavior of the distributions near A = 0.

5.1 Conserved charges

We start by analyzing the sufficient condition (54) for an existence of a conserved charge. For
the (1, 1) processes and in the small momentum limit it takes the form

) Fara) B
w/l()('l) - OJ/Z(7L2) - 05 vl(kl) —Vz(lz), (67)

where we have used the equality in Eqn. (13) between the two dressing procedures. We see
that Eqn. (67) has exactly the same structure as Eqn. (58). Therefore, all solutions in the
previous section for €, , may be adapted for the case considered here. However there is a
small caveat here that has far reaching consequences.

To illustrate the nature of the problem let us assume that we choose some function f;(A)
and solve for f,(A). Because of the dressing procedures it is reasonable to expect that the re-
sulting function depends on the distributions p,,;(1). However, those evolve in time, whereas
f2(A) should be time-independent. Therefore, one possibility is that f,(A) depends on the par-
ticles distributions through invariants of the evolution in each tube and the only such invariants
are the total densities n; of the particles.

This scenario is realized for the deformed Tonks-Girardeau gas. As we show in the Ap-
pendix D, Eq. (67) has a time independent solution only up to and including order 1/ cl.z. The
solution takes the form

ES M (EaA) = &7 FI(E1A). (68)

Beyond that order it is impossible to find a pair of functions (f;(A), fo(A)) such that they are
time independent and fulfil (67). Note that this solution has exactly the same structure as
Eq. (61) for the stationary state of the deformed Tonks-Girardeau gas.
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Figure 6: Yang-Yang entropy as a function of time, for the dynamics with initial ther-
mal states. Panel (a): simulation in the intermediate regime, panel (b) dynamics in
the strongly interacting regime. The entropy is normalized by the prediction of the
GE ensemble for the final state. The final, stationary state is close to a thermal one,
which is reflected in value of normalized entropy that is very close to 1.

From the solution in (68) we can construct a whole family of conserved charges based on
the ultra-local conserved charges (6) present in a single Lieb-Liniger model. This results in the
following conserved charges

Ii=h+L;, IL;=L fdkfi,j(A)Pp,i(M, fij(A) = Eiz_jlj- (69)

We see that, due to the n; dependent coefficients, the resulting expressions are in principle
non-linear functions of densities p,,;. However, since we are working at fixed density they
are in fact linear. Even quantum mechanically, in a Hilbert space of fixed number of particles,
the corresponding conserved charges would be linear operators. Interestingly, the rescaling of
rapidities is the one found also in the 1/c¢ expansion of ultra-local conserved charges [38].

The special feature of the dynamics of strongly interacting systems can be directly seen in
the collision integral. In Appendix C we show that the collision integral with Tonks-Girardeau
gas in both tubes obeys a symmetry relation

Qél’l)[;op,l, Pp2](A) = —le’l)[ppl’ Pp1l((A). 70)

This relation immediately implies that any functional of the form (49) with f; = f, is a con-
served charge. In the deformed case this relation generalizes to

£3Q" oy 1, 02181 0) = —E3Q0 P oy 2, pp1 1(E22) + O (1/¢3) 71)

and leads to conserved charges of the form (69) as shown in Appendix D.

The integral of motion shown in (69) is conserved only up to 1/c2, see Fig. 7. Furthermore,
as we show in Appendix E, equation (67) has no solutions that would allow us straightfor-
wardly to construct analytically conserved charges beyond that limit. However, the athermal
stationary states do exist for arbitrary values of interaction parameters. This leaves open the
question about the mechanism behind the lack of thermalization beyond the strongly interact-
ing limit.

5.2 Generalized Gibbs ensemble

In the previous section we have observed that (1,1) dynamics in the small momentum limit
and for the deformed Tonks-Girardeau gases is characterized by additional conserved charges
Z;. We address now the problem of the final state reached by the system initialized in some
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Figure 7: We display the first additional conserved charge Z, present for the de-
formed Tonks-Girardeau gas. It is conserved as well as the energies. Evaluating the
same functional but in the system with intermediate interactions reveals that it is not
anymore a conserved quantity. However the amplitude of its change is small, reflect-
ing again the restricted dynamics of the (1, 1) processes. The results shown here are
for the Bragg-split states.

non-equilibrium configuration. One would expect relaxation to a Generalized Gibbs Ensemble
(GGE) consistent with the presence of non-trivial conservation laws. In this section, we con-
struct a GGE for our system and compare it with the properties of stationary state in Eqn. (58)
found from the analysis of the collision integral. The whole construction is a generalization of
Ref. [49,50], where a single LL tube was analyzed.

The partition function of our system can be written as a functional integral over the inverse
occupation [42],

Z = const. f D( Pia(t) )’D( PeaM) )5(Lpp,1(7t) —N1)6(Lpy2(A) —Nz)e_]:[pp,i] . (72)

pp,l(x) Pp,z(k)
where
F=BE+ ) BI—S
j>2
= LJ dk[ﬂZAz(pp,l(A) + Pp,z(l)) + Z ﬁj(fl,j(A)Pp,l(A) + fZ,j(A)pp,Z(A))]
j>2
—L Z f dxl:pt,i(k) In(p (1)) — pp,i(A) In(pp, ;(A)) — pp,i(A) ln(Ph,i(A))] . (73)
i=1,2

In the partition function we have introduced &-functions that enforce that we are working at
constant particle number in each of the tubes. Here we also see the influence that the system’s
conserved quantities, the energy E and the additional charges, Z;, j = 3,4, - - -, preserved under
the (1,1) dynamics, have on the partition function. The form of f/, ; is not arbitrary but
assumed to satisfy Eqn. (68). B, is the temperature for the combined system’s energy while
Bj- are the generalized chemical potentials for the higher order charges. Note that the energy
and Z;., are charges defined involving degrees of freedom for both tubes and so f3;, with
j=2,--+ do not differentiate between the tubes.

To evaluate the partition function in the thermodynamic limit we use the method of steep-
est descents [42]. The conserved charges are nonlinear functionals of p,; and their variation

with respect to p,; has two contributions

6 i (u)
6 pp,i(A)

Ii’j
Lgic;

51,
L =5yl (fi,j(l) +Ai,j) A= J du ppi(u) =2(2—j) (74)

5ppr(M)
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Figure 8: The pseudo-energies for the initial, final and GE states for the Bragg-split
dynamics with ¢; =1, ¢y = 4.

In writing this expression we have used eq. (69) for [; ; for which f; ;(1) = & 1.2_] M.

We introduce now chemical potentials f3; o as Lagrange multipliers fixing the total densities
of particles in both tubes. Introducing €;(A) = log(py;(1)/p, (1)), the extremum condition
for the generalized free energy is

ei(A) = €;0(1) — J dA'Ty(A—2)log[ 1+, (75)
€i0(A) = Bio+ D BiAij + BaA2+ > Bifi (), (76)
j>2 j
f dAp,;=n;, 77)
which should be supplemented with the equation for p ;(1),
pei(A) = % + J dA'T(A—A)n(AM)p, (1), (78)

which connects €;(A) with pp,i(k). We observe that while formulas (75) and (76) bear struc-
tural similarity to the standard TBA equations, there exists a significant distinction. In a stan-
dard formulation, the TBA equations are explicit, meaning that given a set of the chemical
potentials, they directly yield e(A) from which expectation values of the conserved charges
can be computed. Here, the relation is implicit, because e(A) depends itself on the value of
the conserved charges through A; ;. Nevertheless, the dependence on A; ; enters with a factor
1/c; which allows for a consistent perturbative treatment. For instance, the 1/c; correction to
€(A) comes from the Tonks-Girardeau values of the conserved charges.

The implicit nature of the found GGE is also visible in the expectation values of the charges.
The formulas for the particle number and energy are standard and given by: [49]

(Ni)GGE—%J T+e® 3y (Etot>GGE_%i;2 dk1+e€im 26, (79)

whereas for the other charges,

(Zj)oee = Z [ﬂj d)t]_+e€i(l) 35,

i=1,2

+A;; (Ni>GGE] . (80)

The values of generalized chemical potentials in the final state are in principle determined
from the equations (-);,; = (-) g Written for all conserved charges, where by (-);,; we denoted
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Figure 9: Time evolution of the generalized chemical potentials for the Bragg initial
state with ¢; = 32,c, = 128. We plot the ratio f3; j/f3, ; of the potentials in the two
tubes. The system equilibrates to f3; ; = 5 ; j = 2 in agreement with the prediction
of the GGE.

the expectation value in the initial state [ 13]. Unfortunately, solving these non-linear equations
is a very difficult task. However, we can show that GGE states of the form (76) are stationary
states in our dynamics. The proof of this statement is as follows. We note that

€; = (€0 Jar,i - (81)

Dressing is a linear operation and therefore we can express €; through the dressed single-
particle eigenvalues, namely

€= Pa(2A)g,; + Z ﬁj(fi:j)dr,i . (82)
J

In the stationary state the pseudo-energies obey relation (58)

6/1(11) . 6/2(7(,2) _ Z/} (fllyj)dr,l(ll) _ (le,j)dr,z(zﬁ) _
ki(A1)  ky(Ay) ; ’ k(A1) k5(A2) ’

(83)

where in the last step we have used the conservation of the j-th conserved charged expressed
in Eqn. (67). The athermal character of the pseudo-energies of the stationary states is shown
in Fig. 8.

Finally, let us make the following observation. For a single tube Lieb-Liniger model there
is a one-to-one relation between the state of the system and chemical potentials (generalized
temperatures). We can now promote this relation to the two-tube case. The state of the system
is then described by pseudo-energies €;(1) characterized by the generalized temperatures f3; ;
which are potentially different for the two tubes, 3, ; # B, ;. When the system evolves accord-
ing to the Boltzmann equation this leads to a time dependence of the chemical potentials. The
stationary state can be then understood as equalization of temperatures and higher chemical
potentials, namely lim,_, o, (ﬁl,j(t) — B, j(t)) = 0 for j > 2. We demonstrate it in Fig. 9.

6 Summary and conclusion
In this work we have studied the problem of the development of stationary states in a weakly
perturbed integrable model. Our approach relies on a microscopic scattering integral in the

framework of a Boltzmann equation. We applied this approach to the case of two weakly cou-
pled Lieb-Liniger models, with the coupling taking the form of the density-density interactions,
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a scenario relevant for the experiments with ultra-cold atomic gases. We found that for the
long-range intertube interactions the leading processes described by the scattering integral do
not thermalize the system, instead they lead to an athermal stationary state. To further un-
derstand the resulting time evolution we have solved numerically the Boltzmann equation for
two very different initial states: i) the highly non-equilibrium Bragg split states and i) tubes
characterized by thermal states at different temperatures. In both cases we have observed that
time evolution is greatly restricted. The final stationary states resemble the initial states and
do not evolve into thermal states. We also witnessed this arrested dynamics through studying
the entropy production. There we saw that the system’s entropy would evolve to a value lower
than that of a thermal ensemble.

For the deformed Tonks-Girardeau gas we have shown that the restricted dynamics is
caused by extra conserved charges beyond the particle number, momentum and energy. We
have also shown that the athermal stationary state can be then characterized by the general-
ized Gibbs Ensemble. Interestingly, our construction of the conserved charges does not extend
to the full Lieb-Liniger model.

In this work we have focused on revealing the structure of the athermal stationary states.
An interesting question would be to combine the leading (1, 1) with higher processes that do
thermalize the system. This would provide an access to the full time evolution from the initial
state, through the prethermalization plateau, all the way to the final thermal state. Numerical
implementation of this problem requires a substantial effort that we delegate to future work.

Our work leads also to a more fundamental question whether the extra conserved charges
exist at the quantum level, beyond the Boltzmann equation. Whereas their exact conservation
is unlikely, they might correspond to ’slow variables’ and therefore they remain important for
the dynamics at intermediate timescales. This scenario is realized in the spin ladder systems
as revealed recently [51].

Finally, the results for the case where the two tubes are initialized in thermal states at
different temperatures shows that the evolution occurs entirely in the vicinity of thermal states.
In such a situation it might be possible to develop an effective description of the dynamics
which instead of looking at the full distribution of the rapidities would involve only examining
the evolution of the temperatures and perhaps several of the higher chemical potentials. This
would then allow the development of a sort of Newton’s law of cooling for weakly perturbed
integrable systems.
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A Scaling of the collision integral in the small momentum limit

In this appendix we show that ng’n) ~ k™" with k, the characteristic momentum of the
intertube potential. From the symmetry of Eqn. (29), we can replace sum of delta functions
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by a single one, multiplied by n

Q™ pp1s Pp2l(X) = (271)*n f dpdhldp}dh} §(A—py 1) A%(ky(py, hy))
x [F1(p1, h1)PIF2(pa, ho) 2T ™™ (py, hy, po, hy)
X 5(k1(p1,h1) + kz(Pz:hz)) 5(601(P1,h1) + wz(Pz,hz)) )
where we recall the definition of 7™
J™™(py,hy,py,hy) = J1(p1,h1) IS (P2, hy) —J7 (hy, p1) I3 (hy, po). (A.1)

We express the collision integrals in the center of mass variables, namely,

1
Aij= 5(pi,j +h;;), a;j=pij—hi;- (A.2)

We make now the following observations. The form-factors of the density operator, due to
their ph symmetry are even function of a; ; and their leading order is «; ; independent, i.e.,

Fl(Plyhl)=F1(31>11)+O(a?). (A.3)

The difference of the density factors appearing through the J functions, see (24), is an odd

function upon changing the sign of all a; ;. At the same time, the product of the density

functions evaluated for a particle-hole excitation gives
pp(A—a/2)pp(A+a/2) = py(M)pr(A) (1 + €' (R)a/2+O(a?)) . (A.4)
Therefore we get

J™™(py,hy, pa,hy) = l_[ Pp.1(Ai1)Pn1(A1) l_[ Pp.2(Aj2)pn2(A)2)

i=1 j=1

n m
X (Z e’l(ALi)aLi +Z€/2(7tz,i)az,i + O(aij)) :

i=1 i=1

m

The scattering integral, up to the first two leading orders in @; ;, takes then the following form,

BE
Q™ p, 1, ppal() = (270 f dATAATG(Ay, Ag)H (A, Ay) (A.5)

where

G(A1, A2) = |F1 (A1, A)PIFa(Ag, AP [ op1(Ri)oma (M) [ [ 0p2(Ri2)Pna(22), (A6)

i=1 j=1

H(Aq1,A,) = f da’fdagflz(kl(m,hl)ﬁ(u - )Ll,l - a1’1/2)5(k1(p1,h1) + kz(P2>h2))

n

X 5(601(P1, h;) + wz(Pzﬁhz)) (Z fll(ll,i)al,i + Z 6/2(12,1')0‘2,1‘) . (A.7)

i=1 i=1

Consider first the simplest case of (1,1) processes. Then we have to perform the following
integral
H(Aq,A5) = f daldazf‘iz(lﬁ(lb a1))o(u—2A; — 0‘1/2)5(’(1(11; ay) +ky(As, az))

X 5(")1(11, a) + wy(Ay, az) (6/1(11)0‘1 + Eé(kz)az) . (A.8)

23



SCll SciPost Phys. 17, 007 (2024)

For the momentum energy constraints we find

k(A, @) = ak’(A) + O(a®), w(A, ) = aw' (L) +O(a®). (A.9)
Thus we have
5(ki (A1, a1) + ka(Az, @) = 5(a1 K} (A1) + aks(25)), (A.10)
and similarly for the energy 6-function. Then we can write

5(’(1(11, aq) +ky(Ag, az)) 5(0)1(7tla aq) + wy(Ay, az)
_ 5(ay + arky(Aq)/k5(A2))
o K (A1)k5(A5))]

6(vi(A1) —va(A2)), (A.11)
where v(1) = w’(1)/k’(1). We can perform now the integral over a,. The result is

H(Aq,Ap) = J day sgn(a;)A*(ky (A1, @1))8(u— Ay —a1/2)

N 0(v1(A1) —va(A3)) (6/1(11) _ 6/2()»2))
[k (Ao Ki(A)  ky(A) )

The remaining integral over a; can be now also performed. The result is

5(vi(A1) = (A7) (6/1(11) 6/2()“2))
|k (A2)] ki(A) k(Ao )
(A.13)
The remaining &-function fixes uniquely A, as a function of A;. Therefore the scattering in-
tegral involves only one integral. The range of the integration over A, is constrained by the
function A(k; (A1, 2(u — A,)) which is peaked around A; = u. The structure of the expression
is then

(A.12)

H(Aq,A3) = sgn(u— A4 )Az(kl(kla 2(u—21)))

Q" Plpp1.pp2lw) = f dAsgn(u— AA2(2(n — 2K (A1) (A1), (A.14)

where in f(A;) we have gathered all the remaining factors. Now we will take advantage of
properties of the interaction potential and use representation (21). We get

2(p— Ak (A1)
k

QUVlp, 1. 021(0) ~ f dA, sgn(u — 24,)@ ( )f(xl). (A15)

r

We assume now that function d(k/k,) is centered around O and symmetric. In the leading
order in k, we can approximate this expression by replacing k’(1;) by k’(u). We then change
the variables to x = 2(u — A,)k’(u)/k,. The result is

K,
2k’(

) K,
QE)LD[Pp,l,Pp,z](M)N m J dx sgn(x)az(x)f( ) (A.16)

ST
Expanding now in powers of x we find

kf (1) k2f' ()
2k’ () (2k’(u))?

The first integral vanishes and the leading contribution comes from the second term which
is proportional to the characteristic momentum k,. The answer involves the derivative of

dx sgn(x)a?(x) +

le’l)[Pp,pPp,z](M) ~ dx |x|a(x)+ O (k) . (A.17)
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f(u). This function involves all the density factors and form-factors. Its derivative is thus
quite complicated and not very practical for numerical computations. We also note that the
subleading corrections are of order kf and not kf which is important for the hierarchy of
processes contributing to the Boltzmann equation as discussed in the main text.

We generalize now the analysis to the (n, m) case. We start by considering H(4;, A,) and
use the energy-momentum constraints to solve for a,,  and A,, , and the third 6-function to
fix A1 1 = u—a; 1/2. To this end we introduce the following notation

n m—1
k=D ik (Ai)+ D aiaks(Ai,), (A.18)
i=1 i=1
n m—1
w = Z ai’l(l)/l(ki,l) + Z ai,z(«l)/z(li,z), (A].g)
i=1 i=1
n m—1
F=> 1€ () + D aia€h(Ais), (A.20)
i=1 i=1

and v = &/k. Then

5(am,2 - dm,2)5(vz(xm,2) - f’)
k' (Am,2) k|

5(k1(131,h1) + ky(pas hz))5(0)1(P1s h;) + wy(py, hz)) =

B

- (A.21)
with @, 5 = k/kj (A, 2). This gives

6(vo(A12)— V) (f_ 3 €5(A1,2)
k'(A12) k  ky(Aq12)

We now introduce new variables x; ; k (A;;)/k, for all i, j except for i = j = 1 where we
write instead x; ; = aq 1k'(1))/k,. We now find for H(A, 4,),

nm— 6(vo(A12)— V) o™ é €5(Am2)
it 2= RS xS (S ) (£ 252

(A.23)

H(Aq,Ay) = f daidal 'A% (ky(py, hy)) )sgn(ic). (A.22)

In writing the argument of @ we have neglected contributions of order x% , as they do not
contribute to the integral in the first two leading orders. The ratio é/k is the following

le] ](Al])/kl(z‘l])-i_xl 161(,U, Ay, 1/2)/]{/(“))
DX +xp 1k (u—aq1/2)/k;(w) ’

with a; ; = k,x7.1/kj(u). Thus, at the leading order in k, it is k, independent and invariant
under simultaneous change of sign of all the x; ;. As a result, the integral over all the x; ;’s
vanishes. The leading contribution comes then from including the correction due to a ;.
Therefore, the whole contribution to the scattering integral is of the order k’*™ as stated in
the main text.

(A.24)

W"I [@)]

B Absence of non-thermal stationary states beyond the small mo-
mentum limit

In the main body of the text we demonstrated that if the dynamics of the two tubes of gas
are controlled by (1, 1) processes in the small momentum limit, a prethermalization plateau
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is arrived at that is characterized by a set of non-trivial conservation laws. In this appendix,
we argue that this is in general a special case, that if we consider (1, 1) processes outside a
small momentum approximation, thermalization occurs. We note up front that there are two
exceptions to this general rule:

* The Tonks-Girardeau (TG) limit. The thermalization that occurs due to the higher mo-
mentum (1,1) processes happens because of non-linearities in the dispersion relation
induced by interactions. But at ¢ = 0o these interactions are absent and the argument
for a non-trivial prethermalization plateau continues to hold even if higher momentum
processes are accounted for. Moreover we can conclude that TG gases do not thermalize
at all as higher-order ph processes are absent. Though we have broken the integrabil-
ity at the level of a single tube, new exact integrals of motion have appeared for the
two-tube case.

* The two gases are identical. In this case the (1, 1) processes induces no dynamics what-
soever and the gas does not evolve. Thermalization however will still happen on account
of higher order (n, m) processes.

We will comment on these two special cases further.
So let us turn to (1, 1) processes at arbitrary momentum. The condition for the stationary

state, le’l) = 0, translates to demanding that

€1(p1) —€1(hy) + €2(p2) — €2(hy) =0, (B.1)

for all pq, hy, pa, hy fulfilling the momentum-energy constraints

ki(p1) —ki(hq) + ky(pa) —ko(hy) =0,

w1(p1) — wi(h) + wa(p2) — wy(hy) = 0. (B.2)

Here functions k;(A) and w;(A) are determined from the €;(A) through the TBA equations.
We start by analyzing the structure of Eqns. (B.1) and (B.2).

The constraints (B.2) can be solved for p; and h;. We assume that the solution is unique
and takes the form p; = f(py,hy) and h; = g(p,y,h,) for two functions f and g. Because
of the symmetry of the constraints upon replacing particles with holes the two functions are
not independent and we have g(p,,hy) = f(hy,p,). Therefore, a generic solution to the
constraints can be written as

p1=f(pa,hy), hy=f(hy,ps). (B.3)
We define now a function F(p,,h,),
F(pa,hy) = €1(f (pa, hy)) — €1(f (ha, p2)).- (B.4)

The condition (B.1) for the stationary state in these terms is simply

F(py,hy) = €3(ps) —€3(hy). (B.5)

To obtain a general solution here we assume that f(p,, h,) is independent of one of its vari-
ables, which we choose to be p,. This simplifies the structure of F to

F(pa,hy) = €1(f (hy)) —e1(f (p2)). (B.6)

The equation for the stationary states separates now in two parts depending only on p, and
h, respectively. This leads to two independent equations of the same form which fixes the
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relation between €; and €, up to an additive constant which is just a difference of chemical
potentials. The result is

e1(f(A) = €2(A) + g — sy (B.7)

The function f(A) by construction satisfies
ki(f (p2)) — k1(f (hp)) + ko(p2) — ky(hy) =0, (B.8)
w1(f (p2)) — w1 (f (hy)) + wa(pa) — wy(hy) = 0. (B.9)

Assuming the monotonicity of the dressed momenta k;, it is straightforward to solve the first
equation for f. The result is f = kl_1 o ky. The second equation provides now a constraint
between the functions k; and w; themselves. It reads

wyoky' = w0k . (B.10)
Putting it all together we find the following set of equations

€10k M (p)— g = €2(p) o ky () — o, A1)
w10 kT (p) = wy 0k (p). '

This is a sought after rewriting of equations (B.1) and (B.2). For a given function €,, the TBA
equations determine k, and w,. Thus the right hand sides of the above two equations are
known. The equations then have to be solved for €; such that TBA integral equations defining
k, and w; in terms of €, are self-consistent.

We show now three special cases where we can solve the above:

* Thermal states: For a thermal state in the second tube, €,(A) = uy + w4 (A), we have a
chain of following transformations

€10k M (p)—u = €30k, (p)— iy (B.12)
=Bwyok, (p) (B.13)
=fw;o0 kl_l(p). (B.14)

Therefore the solution is €;(A) = u; + B w;(A) and we know that this choice is consistent
with the TBA integrals defining w; and k;.

* Identical gases in identical states: If the two tubes of gas are identical in all respects,
then any choice of €; = €, (both thermal and athermal) satisfies the above conditions.
Because k; = k, and w; = w,, any scattering process must have p; = h, and p, = h;.
By symmetry under exchange of particles and holes, Q! vanishes identically and at this
order, the gas does not evolve from its initial state.

* Tonks-Girardeau gas: When both tubes are in the strongly interacting limit, ¢; = oo, then
there is no dressing and the second equality in (B.11) is trivially fulfilled. At the same
time the first equations simplifies to €;(A) — u; = €5(A) — uy. Therefore the stationary
state is given by the pseudo-energies equal up to the chemical potentials which can be
different in both tubes.

We cannot prove that other solutions are impossible, but we were unable to find additional
possibilities. Therefore we expect that in general the higher momentum contributions to the
(1,1) processes lead to the thermalization of the system.
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Further support of this contention is provided by considering an expansion of the stationary
state condition in the momentum transferred between the states. To this end we expand
egs. (B.1) and (B.2) in a; = p; —h;. At leading order we obtain the following constraint:

v1(A1) = vy(As),
(B.15)
6/1()»1)_ (A:; 2( 2)>

where A; = %(pi + h;). We already know that these constraints admit solutions that are ather-
mal. This was our main result in the main body of the text. At next order in «;, (’)(a?), we
obtain additional constraints that need to be satisfied for stationarity:

) = ( ko k;"(xz))‘l ( (A1) KW w“’(az)) |
kol k) ) \KOn)  ky(Aa)® K{'() .16
///(ll) (kiﬂ(kl) kl(kl)Bk///(lz)) (Az)-i- 1( 1)3 ///(AZ)
Ga) It 2 )T g,

It seems unlikely that both constraints (B.15) and (B.16) can be satisfied simultaneously,
beyond the specialized circumstances discussed above. A similar line of reasoning may be
straightforwardly extended to processes involving more ph pairs.

C Tonks-Girardeau gas

In this Appendix we study in details the Boltzmann equation for the Tonks-Girardeau gas,
¢ — o0, In this limit the (1,1) processes are the only processes because the form-factors
with larger number of particle-hole pairs vanish. Also in this limit the dressings are absent
what significantly reduces the complexity of the problem and allows us to write the scattering
integral in a simple form.

We start with (29) adopted to (1,1) processes. Using that in the Tonks-Girardeau (TG) gas
the form-factors of single particle-hole excitations are identically 1 we obtain

Q(l’l)[lz](l) = (2”)2f dpidhydp,dh, 5(A_P1)A2(k1(P1:h1))

X 5(k1(P1:h1) + kz(Pz,hz)) 5(091(1’17 hy) + wz(szhz))
x (J1(p1,h1)J2(p2, ho) —J1(hy, p1)J2(he, p2)) , (C.1

In this and next Appendix we shorten the notation from QD[ Pp,15Pp2] tO Q-Y[12]. The mo-
mentum and energy in TG gas are given by k(1) = A and w(A) = A° respectively. This allows
us to solve the kinematic constraint k(p;,h;)+k(pa, hy) = 0 and w(p;,hy)+ w(ps, hy) =0. In
terms of the center-of-mass rapidities A; = (p; + h;)/2 and a; = p; —h; we find

o(ay +ay)6(A; —A,) _

8(k(p1,h1) +k(pa, h2))6(w(p1, h1) + w(pa, ha)) = oo

(C.2)

The Jacobian of transformation from (p;,h;) to (A;,a;) is 1 and the collision integral, after
evaluating integrals over A, and a, with the help of the Dirac §-functions, becomes

G

2lay| (J1(p1, 1 a(p2, hy)—J1(hy, p1)J2(hy, p2)) -
%51

(C.3)

QP21 = (2n)? f dAda,5(A—py)——=
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Evaluating now the integral over A, and dropping the index of a; gives

A2(a)
2lal
(C.4
This is the final expression for the collision integral in the TG gas. It shows that the dynamics
is driven by the difference in particles distributions with the rate controlled by the coupling
potential.
The collision integral Q(bV[21](A) for the second tube comes from exchanging the indices
1 and 2 and QV[21](1) = —Q-D[12](A). This implies that the following combination

QtV[12](1) = (271)? f da(J;(A, A —a)Jo(A—a, A) —J; (A + a, A)J5 (A, A + a))

f da (Pp,1(7t) + Pp,z(l))f(k) , (C.5)

is a conserved charge for any f(A) such that the integral exists.
We can also find the stationary state. From Eqn. (C.3) the condition is

Jl(A,A— a)Jz(A— a, )L) —Jl(k— a, A)Jz(k,k_ a) = 0, (C6)

which gives €1(A) = e5(A) + const in agreement with Eqn. (59) from the main text.

In the limit of small momentum transfer between the tubes, the collision integral can be
further evaluated by expanding the integrand in a. The density factors have the following
small a expansion

T+ a, 1) = p, :(Mpni(A) (1 + p’/“'(l)a + 1Ph (M) az) (C.7)
’ ! Pri(A) 2 ppi(A) ’
T A+a) = p,  (Mpni(A) (1 + p;”ima 1£pi(M) az) . (C.8)
o P! ! pp,i(k) 2 pp,i(k)

After substituting these expansions, we find that the leading term vanishes identically under
the integral while the term linear in a vanishes after integrating over a (A(a) is an even
function). Therefore, the leading contribution comes from order a? and is given by

AZ
Q" [12](%) = (2r)? ( [1 pp,iu)ph,i(x)) Gl,sz W) e
i=1,2
with
. m_P;’,l(l)_pz’,l(l)_p;’,z(k)+p,’{,2(x)+2 PpaP() P (WP, (2)
PTG ) o) ppa) T pra®) T\ ppapna(A)  priMppa) )

(C.10)

We can now extract the k, dependence of the collision integral. We write A(a) = d(a/k,)
according to Eqn. (21) and change the integration variable to find that le’l)[12](l) ~ kf in
agreement with the general result presented in Appendix A.

D Deformed Tonks-Girardeau gas
In this Appendix we consider the deformed Tonks-Girardeau, the ¢ — oo limit in which we
keep terms 1/c up to and including order 1/c2. In practice, we will keep also terms of higher

orders. This will be useful for Appendix E to illustrate a qualitative difference between the
deformed Tonks-Girardeau gas and systems with weaker interactions.
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TBA for the deformed Tonks-Girardeau gas

We start with the relation between the filling function n(6) and the particles’ density p,(4).
First, we use the defining relation (2) between p,(4) and p(1),

pe(A) = Zi + f duT(A—u)p,(u). (D.1)
T

The kernel T(A — u), defined in Eqn. (3), in the large ¢ limit expands to

T(A—p)= %(1—(%)2+(¥)4)+0(1/c7). (D.2)

Substituting this expansion in Eqn. (D.1) and integrating term by term gives
1 2n 2 2
p)=5- (1 t—-5 (A*n+e)+ = (A*n+6A%+q,)+0 (1/c7)) , (D.3)
where we defined
q = J dup'pp(u), (D.4)

with n = gy and e = g,. The filling function then follows

_pp(A)
eV

Consider now the back-flow function. It obeys the following equation (we reproduce here
Eqn. (10))

2 2. 43
(3 2n  4n* 2(nA*+e 4n)+0(1/c4))_

Zﬂpp(k)(l—?ﬁ' C_2+ 3 (D.5)

F(Alp) = 9(’12—;“) + f AV T(A—A)n(A)FV |u), (D.6)

and in the large c expansion can be solved iteratively. This procedure yields

_ _ 3
TG AT Pl L Gt ) fd?t’n(k’)(1+% f dA’n(A’))+O(1/c4). D.7)

TC 3mcd (7c)?

The integrals over the filling function can be evaluated. We will need only the first two leading
corrections

2
JdAn()L)zZrcn(l—zc—n-i-%)+(’)(1/c3) . (D.8)
With this expression the back-flow function simplifies to

A—p  2np  (A-p)’
TC 1c2 3mcs

F(A|u) = +0(1/c%). (D.9)

With the knowledge of the back-flow function we can now compute the Dressed momen-
tum and energy. We recall the formulas (9a) and (9b) from which we obtain

2
k(A):A(H2—“)—%(@+e)+0(1/c4), (D.10)
c c 3
w(A) = A2 (1+g)+const+(’)(1/c4) . (D.11)
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The final ingredient of the TBA that we need is the dressing operation. This is defined in
Eqgn. (12). Expanding again the kernel produces

_ 2 _ 4
Fa) = FO) + — f du(l—(u) +(u) +...)n(u>fdr(u), (0.12)
TtC C C

which is solved by

B 1 [dun(wf(w) 1 ) ;
fdr(k)_fu)_FEl—%fd,un(,u)_mjd'u(k_'u) n(uw)f(w)+0(1/c*).  (D.13)

Expressing now the filling function n(1) by p,(A) using Eqn (D.5), we find the final formula

fa) = F )+ J dupy () (1) — J AP, (f W +0(1/c?) . ©14

This result implies the following expansions for k' = (1)4, and &’ = (21)4,,

K'(A) = 1+2C—n—%(7tzn+e)+(’)(1/c4), (D.15)
w’(x)zzx(1+4—:+o(1/c4)), (D.16)
C

which are in agreement with (D.10) and (D.11). The effective velocity then follows

w’'(A) 2n  4n%?  2nA% 4 6e—8nd 4
= =2A(1——+ — 1 . D.1
v(1) e A( —+ = +0(1/c) (D.17)

Here, we summarize the formulas for the deformed Tonks-Girardeau gas which will be
important in the computation of the collision integral. For the deformed Tonks-Girardeau gas
(neglecting contributions of order 1/c® and higher) we find

k(A) = Ekra(A), (D.18)
w(A) = wrg(A) + const, (D.19)
where we defined
2n
E=1+2. (D.20)
c
We also note that the back-flow function of the deformed Tonks-Girardeau gas has a simple
form A
F(Alw) = ;_f“ +0(1/c%). (D.21)

Collision integral

We compute now the collision integral for (1, 1) processes in the deformed Tonks-Girardeau

gas. This means including the corrections of order 1/ cl.z. However, the computations simplify

and their structure is more apparent if we include also contributions of higher orders. Specif-

ically, we will often write 51._1 and not expand it. This results in expressions that formally

contain contributions of higher orders but are correct only up to and including orders 1/ cl.z.
We define the rescaled center-of-mass coordinates

pi =&iA +a;/(28;), hi =&iAi—a;/(2&;). (D.22)
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The Jacobian of transformation from (p;,h;) to (4;, ;) is 1. We express now the kinematic
constraint appearing in the collision integral in terms of these new coordinates. To this end,
we use (D.18) and (D.19) to find

o(a; +ay)6(A—Ay)
2|a|

5(k1 (p1,h1) + ky(pa, hz)) 5(“’1(?1: hy) + w4 (P2, hz)) = (D.23)

We will use this expression in the formula for le’l)[u]()\) which for the convenience we
repeat here

Q(l’l)[lz](l) = (275)2 J dpidhydpydhy 5(A _pl)AZ(kl(pl’ h1))|F(P1s h1)|2|F(P2, h2)|2

X 5(k1(P1, hy) + ky(po, hz)) 5(601(}71, h1) + wy(pa, hz))
x (J1(p1,h1)J2(p2, hy) —J1(hy, p1)J2(hs, p2)) . (D.24)

Changing the integration variables from (p;, h;) to (4;, a;) and performing the integrals over
A5 and a,, with the help of the §-functions from the kinematic constraints, sets A, = A; and
ay; =—ay. The result is

A1)
Q21 = (2n)2f Adrda,3(A=p2) 5 F (o, h)PIF (P, ho)l
1
X (J1(p1, hi )2 (p2, hy) —J1(hy, p1)Jo(ha, p2)) + O (1/Cl-3) , (D.25)
with
p1=&1M+/(281), hi=8&1A —a;/(28y),
p2=8A1—a1/(283),  hy=8&A1 +a;/(28,).
The analysis simplifies if we evaluate the collision integral at £;A instead of A. We resolve
then the remaining Dirac é-function with the result

2(a)

QY V215, 1) = (2m)E; f da— P @y BOPIF (o2, o)l

X (J1(p1,h1)2(p2s hy) — J1(he, p1)J2(hy, p2)) + O (1/0?) ,

(D.26)

(D.27)
where
p1=2¢14, hy =& 1A—a/éy,
e (fr G2 @ _ S1_%\ @ (D.28)
p2= &4 (€2+§1)2§1, h, gz)ur(gz 51)251,

This is the final formula for the collision integral in the deformed Tonks-Girardeau gas valid
at any momentum transfer between the tubes.

We can compute now the approximated collision integral valid at small momenta trans-
fer between the tubes by expanding the integrand in small a. The computations are sim-
ilar to the ones in the Tonks-Girardeau gas. The extra ingredient is the form factor which
we first approximate in the small momentum limit by F(p,h) = k’(1) + O(a?) and then use
K(AD)=&+0 (1 / c3). Thus, the only effect of the form-factor is in rescaling of le’l)[lz](k)
by factor £2£2. The final answer is

(LD _ 2p—1g2 |a|A2(a) 3
QS 11215,0) = @2 82 | [ | ppiEiMpni(Eid) |Gra(814) | da———+0(1/c}),

i=1,2 4
(D.29)

32



SCll SciPost Phys. 17, 007 (2024)

with

PraE1d) PG pialEsh)  pily(Eah)
Pp,l(fflk) Pn1(&11) pp,Z(EZA) Pr2(E2)
+(é +§)(P;,1(51A)P2,2(€2A) p;,l(élk)p;,z(izk))

G1,2(§17L) =

£ 1)\ pp1(Ei)Pra(EsA)  pra(E1A)pp2(E0R)

(2-8) PpERIPER)  PLaEMplaEah))
&y & Pp,1(€17L)Pp,2(§21) Ph,l(gll)Ph,z(fzk)
We observe the symmetry G, 5(&;4) = —G51(E,A), which implies that
3" V1121(8,2) = —£3Q5 V[211(E.) + O (1/¢F) . (D.31)

In the deformed Tonks-Girardeau gas to compute the collision integral we need to include
the effect of the Dressing. The Dressing of the collision integral is given by the action of the
operator, see Eqn. (17),

Fi(A, 1) = 6(A — ) + 0, (n;(A)F; (A ). (D.32)
In the deformed Tonks-Girardeau gas it becomes
B (A1) = 60— ) + —5,0n () - L3, +0(1/F).  033)
The dressed scattering integral is then
QP[12](1) = (F - Qo)(W) = QG [12](M) + Q" [121() + 0 (1/¢}) , (D.34)

with

QUV[12(0) = %amni(z))f dp QS [12)(u) - alpp,l(x)% f dupQyV[12](1).

(D.35)
The first integral is O which reflects the conservation of the total particle number, see Eqn. (42).

Conserved charges

Consider now a candidate for an integral of motion,

I= f A2 (AL (MPp () + F(M)ppa(V) (D.36)

with f;(A) an even function, otherwise the integral is identically zero. The time evolution of
7 has two contributions. The contribution from the bare collision integral Q is

fdirect=fdl(fl(l)QoUZ](l)+fz(7L)Qo[21](l))- (D.37)

We change the integration variable to A = &;A in the contribution from the first tube and to
A = &, A in the contribution from the second tube. We obtain

Ldirect = f da (glfl(gli)QO[lz](gli) + ngz(gzi)Qo[zl](gzi)) . (D.38)
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Using the symmetry (D.31) of the collision integral we find the following condition for J, = 0,

ELP1(E1A) = E5%f2(E2A). (D.39)

This implies that for arbitrary n > 2
fi)=gm2an, (D.40)

gives a quantity that does not evolve under the bare collision integral.
The second contribution to Q comes from the indirect collision integral Q;[12],

Tindirect = J da (f{(l)pm(?t)% J du uQo[12](u) +f2’(l)pp,z(l)% J du MQ0[21](M)) :

(D.41)
This contribution vanishes because p,;(1) are even function whereas f/(A) is odd.

Stationary state

We consider now the equation for the stationary state. It takes the universal form, valid for
any value of the interaction parameters,

6/1(7L1) _ 6/2(12) _
0)/1()\1) wlz(lz)

0 B Vi (Al) = Vz(kz) . (D42)

We start by solving v;(A;) = v5(A,).
We use the large ¢ expansion of the effective velocity given in (D.17). This results in the
following equation

=82, (D.43)
We can now solve for €5(2,). The result is
wy(As)
el(A)=¢€ ) —2=L —gTlE e 1A, D.44
5(A2) = €1(&1&, 2)60/1(5155112) &1 &2€1(81857 ) ( )

where in the second step we used that w’(1) = 22 in the deformed Tonks-Girardeau gas. The
resulting equation can be presented in a more symmetric way as

S ACTYIESIRA VIR (D.45)

E Stationary states and the possibility of conserved charges be-
yond the deformed Tonks-Girardeau gas

In this Appendix we construct solutions to the stationary state equation in the 1/c expansion
that go beyond the deformed Tonks-Girardeau limit by including corrections of order O (1 / c3).

We, similarly, attempt the construction of the conserved charges to order (9(1 /c3). Here,
however, we show that it is not possible in our framework to find solutions to this order.

Stationary state

We start with the stationary state equation. We use the large ¢ expansion of the effective
velocity given in (D.17). This results in the following equation

ETAM(1+3A1 +BiA2) = &5, (14 34, + ByA2) (E.1)
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where
2e; 2n;
AF%, B; = Z (E.2)
G c;
Its perturbative solution is
2
We can now solve for €5(2,). The result is
w/(lz)
LAy = €M (M) —2——. E.4
62( 2) 61( 1( 2))60/1(7&1(12)) (E.4)
The ratio of the energies, using Eqn. (D.16), becomes
/
W,y (42) 2 2
———— =22(1+A; —A,+(B;—By)A3) . (E.5)
@} (4 (2,)) g, (A=At (B = B)h)
We find
P (51 ) (61 €2 (nl nz)
e(Ag) = 22/ | 22y |42 = — = +| = ——= |22 |(e/(Ay) — Ape”’ (M
2( 2) 51 1 gz 2 C% Cg C% Cg 2 ( 1( 2) 2 1( 2))
—4[ L _2 10
3 3 261( 2)5 (E6)
G G

where we kept the ratio &;/&, to simplify the formula. This expression for €5(A,) has to
be complemented with expressions for n, and e,. Together with a chemical potential of the
second tube (which is a free parameter) they form a closed system that has to be solved.

Conserved charges

We turn now our attention to conserved charges. As discussed in the main text, the relevant
equation is

(fll)dr,l(kl) (le)dr,z(kz)_ _
SO oy 0 )=Eralt). E.7)

This equation has the same structure as the stationary state equation. Therefore, we can
immediately write down the solution

Do) = Z2(F Yar (éaz) +2 (6—; -2, (”—; - %)Aé) (F/(A2) = Aaf ! (As))

&1 &2 1 G 1 G

—4(%—%) Aof] () +0O(1/cH). (E.8)
Note that in writing the terms of order 1/ cf we have neglected the dressing as its effect for
those terms is of order 1/ cf. Unlike for the stationary state, this equation has to be fulfilled
at every time. However while the state of the system evolves so do the densities p,,;(4) and
hence the dressings change. Therefore, it is not clear whether we can find time-independent
functions f;(A) such that this equation holds. To verify this as a first step we rewrite it in terms
of the bare quantities. To simplify the considerations we assume that f; (1) is an even function.
Then, according to Eqn. (D.14),

4(f))1 A

3
1

Fara W) = fi) +

+0(1/¢7), (f>i=fdupp,i(u)uf(u). (E.9)
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We note that the inverse operation is simply

4((f1/)<:13r,1>1)\ +0(

1

)= ara (W) — 1/c%). (E.10)

We can now express (f, )4, » in terms of bare f;. The result is

425 (f/
2,)+ Palhh —4(%—%)Azf{’(xz)

1 G G
+2(e—é -2+ (—é - 6—5)13) (f{(A2) = 22f{'(A2)) - (E.11)

G G 1 2

Do () = é—jf{ (

We observe that (f,)q, o is an odd function of A,. Finally we need to undress it to find bare f, .
To achieve this we use the inverse operation (E.10)

fi0) = g—jf{ (g—;xz) +42, (“% v 13>2) —4(% = j—j)xzf{’uz)

1 Gy 1 2

+2(e—;—e—§+(”—;—”—§) Ag)(f{(xz)—xzf;’(xz)). (E.12)
G & 1 G

We can check whether this formula works for the total energy, which is always a conserved
charge. Choosing f;(1) = A? we observe that the second line vanishes. In the same time
(f{)1 = 2e; and (f]), = 2e,. This makes the second and the third term of the first line cancel
out. We correctly find f,(1,) = 22,.

For this equation to determine a conserved charge, the right hand side must be independent
of time when p,, ; evolves according to the Boltzmann equation. The densities n; are conserved
and therefore the time dependence enters only at order 1/ cf through e; and (f;);. The time
dependent part is

42, ( <f13>1 - <f13>2) +2 (% B %) (f{(A2) = 32,£' (X)) - (E.13)

1 ) 1 2

It is a function of A, and t. The time dependence enters through the averages (-); and through
the e; which are not conserved individually (only the total energy e; + e, is conserved). For
this combination to vanish there are two options. First, f;(1) are constant functions - this
corresponds to the total density which indeed is conserved. Second, f](1,)—32,f;"(A,) must
be a linear function of A,. This leads us again to the total energy. There are no other solutions
and we conclude that beyond order 1/ c¢? it is not possible to find solutions to (E.7).
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2.2 Article II: Navier-Stokes equations for nearly-integrable quantum gases

e M. Lebek, M. Panfil “Navier-Stokes equations for nearly-integrable quantum gases”, Phys.
Rev. Lett. 134, (Editors’ Suggestion) 010405 (2025)

Derivation of the NS equations from the Boltzmann equation is arguably one of the biggest
achievements of kinetic theory. The first theory successful in this respect was provided by Sidney
Chapman and David Enskog. They developed a formalism that identified a small parameter in
the Boltzmann equation called the Knudsen number which allows for its perturbative treatment.
In the decades after, different formalisms have appeared, such as the Grad’s moment expansion.
Arguably the simplest one was that of Resibois, who adapted the methods of the perturbation
theory known from the ordinary quantum mechanics. The price to be paid for the simplification
is that the method is capable of deriving only the linearized version of the NS equations, which
describe the physics close to a uniform, thermal state. For the full, nonlinear case one still has to
resort to Chapman-Enskog method, which will be the subject of the Article III.

Linearized GHD-Boltzmann equation Linearized Navier-Stokes equations

—— Large scale limit
% P M

1 (P 1 (op ¢
0f0=—0dbu, Ofu=—— (—) 250 (—) 06T +=0%u
e\ade/, oT ° 0

(perturbation theory in S
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Figure 13: Main result: at large space-time scales the number of degrees of freedom can be
effectively reduced to the three hydrodynamic fields and we recover linearized NS equations out
of linearized Boltzmann equation.

In this work, we start with the linearized GHD Boltzmann equation. By adapting the methods
developed by Resibois to this equation, we recovered the linearized NS equations. The viscosity
and thermal conductivity were determined from integral equations involving the collision integral
and the thermodynamics of the integrable model as described by the thermodynamic Bethe
Ansatz. Our findings exactly recover earlier results upon applying to the case of non-interacting
integrable model.

Generally, the thermodynamic quantities that enter the NS description are those of the
unperturbed integrable model. This is in complete analogy to the NS equations for a weakly
interacting ideal gas, in which all standard methods give the thermodynamics of an ideal gas.
However, an important difference appears on the level of transport coefficients. We show that these
formally have two contributions: one coming from the collision integral and the other stemming
from the diffusion operator . Interestingly, in a stark contrast to the weakly interacting gas, for
which the viscosity ¢ always vanishes, we show that interactions in an integrable theory can give
rise to a finite viscosity.

The theory is illustrated with a concrete collision integral for coupled LL gases. The difference
is that in this work the same state in both tubes was assumed, leading to the suppression of the
prethermalization mechanism described in Article I. The leading order processes in such a case
are three-particle collisions that thermalize the system. The viscosities and thermal conductivities
were computed numerically for a wide range of parameters.

Candidate’s contribution: I carried out most of the analytical calculations, including nearly
the entire supplementary material. I proposed the idea to generalize the approach of Resibois to
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recover the NS equations. I also contributed to writing the manuscript and I am the corresponding
author.
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The Navier-Stokes equations are paradigmatic equations describing hydrodynamics of an interacting
system with microscopic interactions encoded in transport coefficients. In this work we show how the
Navier-Stokes equations arise from the microscopic dynamics of nearly integrable 1D quantum many-body
systems. We build upon the recently developed hydrodynamics of integrable models to study the effective
Boltzmann equation with collision integral taking into account the non-integrable interactions. We compute
the transport coefficients and find that the resulting Navier-Stokes equations have two regimes, which differ
in the viscous properties of the fluid. We illustrate the method by computing the transport coefficients for an
experimentally relevant case of coupled 1D cold-atomic gases.
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Hydrodynamics is a universal theory describing phe-
nomena of transport and applicable to systems of sizes
ranging from nuclear through biological, up to cosmologi-
cal scales [1-3]. When viewed as an emergent theory,
it assumes a huge reduction of the degrees of freedom
present at the microscopic scale. The high-energy degrees
of freedom are effectively integrated out which leads to
dissipation effects present in the Navier-Stokes (NS)
equations and captured by the transport coefficients.
These are non-universal quantities depending on the details
of a microscopic theory. In the present work we show how
the NS equations arise from quantum many-body dynamics
for systems that are nearly integrable. We also derive
expressions for the transport coefficients which treat the
integrable part of the interactions in an exact and non-
perturbative way.

Recent years have witnessed important developments
in the field of nonequilibrium dynamics of isolated quan-
tum many-body systems. The program was especially
intriguing in 1 + 1 dimensions where interacting integrable
models showcase behaviors differing from those of generic
systems. Nonetheless, the rich methods of quantum inte-
grability allowed for powerful descriptions [4-9].
Importantly, these developments were fueled by experi-
mental progress in creating and manipulating cold-atomic
systems [10—17]. It resulted in an understanding that
typically quantum integrable systems relax to a generalized
Gibbs ensemble (GGE) [18-20] which includes, beside the
energy, also the additional conserved charges present in
such theories.

The presence of additional conservation laws affects also
the hydrodynamics of integrable models. The resulting
generalized hydrodynamics (GHD) [21-25] takes a form of
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a coupled continuity equations for an extensive number of
conserved charge densities. The dispersive processes are
also taken into account as a diffusion intrinsic to the
integrable dynamics [26-28]. As the hydrodynamic picture
assumes that locally the system is in equilibrium, it requires
a separation of timescales between small 7ggg of the local
thermalization to the GGE and large tgyp associated with
the flow created by spatial inhomogeneities.

This formalism can be extended beyond purely inte-
grable models by capturing the additional interactions
through the Boltzmann collision integral [13,14,29-36].
Building on that result one finds that there is an additional
timescale, that we call #yg, associated with the integrability
breaking terms. In this work we show that for models with
Galilean invariance and with the new interaction term
which conserves only the particle number, momentum,
and energy this results in the NS equations. We also find
that there are two contributions to the transport coefficients.
They originate from two types of collisions present in the
system. First are integrable collisions captured by the
diffusion term of the GHD. Second are the integrability
breaking collisions captured by the Boltzmann collision
integral. This is summarized in Fig. 1. Our approach to the
problem generalizes the classic kinetic theory derivations of
hydrodynamics through Chapman-Enskog expansion [37].

Generalized hydrodynamics—The GHD is a theory of
hydrodynamics for integrable models, such as integrable
spin chains or 1D Bose gases, where an extensive number
of local conservation laws are present. Whereas the theory
is fairly new [21,22] (with earlier developments in [38]), it
has been studied quite extensively (e.g., see the collections
of reviews [23]) and was verified numerically [26,39—41]
and experimentally [11,14,42]. Recently it was also shown
how to extend its applicability, by the logic of Boltzmann
collision integral, to the cases when the integrability is
weakly broken [14,29,30,43-49].

© 2025 American Physical Society
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FIG. 1. Top panel: Typically quantum integrable systems
locally relax to the GGE with some characteristic timescale
fgge- When the system is globally inhomogeneous further
evolution is described by the GHD and occurs at a timescale
associated with dynamics of spatial gradients of conserved
densities. Finally, in the presence of integrability breaking terms
and at larger timescales, the energy dissipates from higher
conserved charges to the 3 elementary ones resulting in the
NS equations. Bottom panel: Our method separates the full
Hamiltonian into integrable Hamiltonian and weak integrability
breaking term V,. The transport coefficients have then two
contributions, one from the interactions present in the integrable
theory (integrable collisions) and the second from the integra-
bility breaking term (nonintegrable collisions).

The GHD assumes a local relaxation of the system to the
GGE [50,51] which in its microcanonical picture is
described by the rapidity distribution p, = p,(4;x,1)
slowly varying in space and time. The rapidity distribution
evolves through ballistic propagation of particles accom-
panied by integrable scattering processes leading to dif-
fusive spreading and nonintegrable scatterings captured by
the collision integral, as described by the GHD equation

1
atpp + ax(vppp) + fa/lpp = Eax(gpaxpp) + I[ﬂp]? (1)

with effective velocity v, the diffusion kernel Q)/,, and
the Boltzmann collision integral Z[p,]. The effective
velocity fulfills the integral equation [22,25] v,(4) =
A+2x [dXT (A=A )py(A)[v,(X) = v,(4)], where T (1)
is the model-dependent scattering kernel. The diffusion
kernel [26,28] can be found in the Appendix A. We also
consider external potential U(x) and associated force term
f = —0,U [52-55]. The index p signifies that the effective
velocity and diffusion kernel are functionals of p, and are
space-time dependent. This renders the GHD equations
highly nonlinear. Furthermore, the Boltzmann integral can
be evaluated from the matrix elements of the perturbing
operator in the spirit of Fermi’s golden rule [29,30].
However, for the large scale dynamics the crucial aspects
are their collision invariants.

In what follows we quite generally assume that there are
3 collision invariants corresponding to the total particle

number, total momentum, and energy such that

/ A% Zlpp)(2) =0, j=0,1,2, (2)

where /(1) are single-particle eigenvalues of the con-
served charges of the underlying integrable model,

g,=(h)= / aik, (D)o (4). 3)

Functions /;(4) for a Galilean invariant theory are
%;(A) = A/ j!. The 3 collisions invariants determine the
nature of the stationary state of (1) to be a homogeneous
thermal (boosted) state and the corresponding p,,(4) follows
from the standard construction of the thermodynamic Bethe
ansatz [56,57], which we recall in the Appendix B.
Macroscopic conservation laws—The 3 collision invar-
iants lead to macroscopic conservation laws. These are
conveniently formulated using hydrodynamic fields

_41()5,1) elx :Qz(xvt)_lux 2
= e O ey T2 @

and we additionally rename the particle density field
o(x, 1) = g(x, t). We will refer to the set of hydrodynamic
fields as {¢,} = 0, u, e. To this end, we multiply the GHD
Eq. (1) by /%;(4), integrate over 4 and use the property (2).
Following this procedure for j =0, 1, 2 we obtain

0,0 = —0,(ou), 0,(eu) = —0,(eu* + P) + fe,
0,(ce) = —0,(uge + J) — Po,u, (5)

with P(x, r) local pressure and J(x, r) local heat current.
The pressure and the heat current have two contributions.
One intrinsic to the diffusion term present in the GHD and
given by Py = %,D,0,p,/2 and J 5 = /,D,0,p,/2. The
second one resembles the standard expressions from the
kinetic theory,

The derivation of the conservation laws together with the
formulas for P and 7 is elementary and presented in [58].
We only note that in deriving the first conservation law the
identity (v) = (/%,), a consequence of the Galiliean invari-
ance, is operatorial. This property establishes the velocity
field u a relevant hydrodynamic degree of freedom.

The equations (5) are not closed because the pressure and
heat current are functions of the full distribution p, rather
than just its 3 moments encoded through fields ¢, u and e.
To circumvent this problem, in the phenomenological
treatment one assumes the following expressions
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P=P-{ou, J=-xo,T, (7)

in terms of the hydrodynamic fields. Here P = P(g, e) is
the hydrostatic pressure, ¢ is the bulk viscosity, and « is
the thermal conductivity, respectively. The temperature
field and the energy field are related through the thermo-
dynamic identity 7~' = (ds/de) o Where s is thermody-
namic entropy per particle [50,56,57]. This leaves the
theory with two phenomenological constants { and « called
transport coefficients. In this way we obtain the one-
dimensional version of NS equations [59-61], for the
fields ¢(x, 1), u(x,t), and e(x,f). In the following we
confirm this phenomenological picture and provide explicit
formulas for the transport coefficients.

Chapman-Enskog method—The standard procedure to
justify the phenomenological picture and to turn the
hydrodynamic equations into a closed set is the Chapman-
Enskog (ChE) method. In the process it also provides a
systematic computation of the transport coefficients from
the microscopic theory. Originally it was formulated in the
context of classical kinetic theory [1,37]. Here we adapt it
to the GHD case. The ChE method assumes the time
evolution of p,, is determined by the hydrodynamic fields,
namely, p,[4, x[0q(x, )], called normal solutions. With this
assumption the GHD equations (1) can be rewritten as

ap 1
Za—gpa,ea +0:(0,0) = 5 0:(Dy0upp) + Zlpy]. (8)

As the external potential does not influence the determi-
nation of the transport coefficients we set it here to zero
[65]. In what follows it will be useful to have a compact
notation for the conservation laws. We write 9,0, =
D,[{0p}] where D,[{gs}] can be read out from Eq. (5).
With this we find the ChE equation

ap 2 1
;aigzl)a + ax(Uppp) - Tax(gpaxpp) + EI[pP]’ (9)

which is an equation for p, given the {g,} and contains
only spatial derivatives. The effective velocity and diffusion
are now determined fully from the knowledge of {¢,}. In
writing Eq. (9) we rescaled x and ¢ by hydrodynamic scales
th, Iy, introducing two small parameters dq and J7 into the
equation. They can be understood as generalizations of
Knudsen numbers, i.e., ratios of characteristic diffusion
(collision integral) length scales to /;,. In the ChE method
we treat the problem order by order in §’s writing

o0

Pp = Z 5%5%&()%”)’

m,n=0

(10)

from which follow similar expansions for P and .
Truncating the expansions of P, J leads to the closure

of (5). The resulting hydrodynamics depends on the
truncation order. At the leading order Eq. (9) gives

7z Laéo‘o)] = 0. The solution is the locally varying boosted
thermal state and this is the Euler scale hydrodynamics.
Specifically, explicit computations show that the hydro-
dynamic pressure P reduces then to the hydrostatic
pressure P00 = P(g, e) [9,56,58], and the heat current
vanish identically 7(*?) = 0. The hydrodynamic equations
at the Euler scale are

0,0 = —0,(ou), 0,(eu) = —0,(ou*+ P),

0,(¢e) = —0,(uge) — Po,u, (11)
and are fully determined from the thermodynamics of the
system encoded in the equation of state P = P(g, e). We
thus partially confirm the phenomenological picture of
Eq. (7) in which P and 7, beside the hydrostatic pressure
P, contain derivative terms which do not enter at the Euler
scale. This renders the Euler scale dynamic reversible as
can be also witnessed by the conservation of entropy.
Indeed, simple computations show that the thermodynamic
entropy density S(x,7) obeys the continuity equation
9, + 0,(vs) = 0 [58].

At the first orders in both parameters o4, 67 We recover
the full NS hydrodynamics and find explicit expressions
for the transport coefficients. As announced earlier there
are two contributions. The one from the GHD diffusion
amounts to evaluating Pg and Jo on a boosted thermal
state. The second contribution is due to the collision
integral and is more technically involved. The transport
coefficients that we find are { = {7 + (g and k = k7 + kg
with

(o = p7,DC/1 /2,
Ky = ﬂZ/iz@Cﬁz/z’

gl' = ﬁ’ IB ¢C )
Kz = 7By (12)
where B and C are kernels of the current and charge
susceptibility matrices of the integrable model [62,63],
explicitly written in the Appendix A. Additionally, f =
1/T and functions ¢, ((4) are found from the following
integral equations

F¢K,C :)(K,Cv (13)

where I = —(6Z/Jp,,)C evaluated in a thermal state, and

Xe= VBB — \/B/xrClhy + \/cp/cy — 1hy),
X = ﬁ\/QCvB(hz —Vep/ey = 1hg).

Isothermal compressibility »x; and specific heats cp, cy are
those of the unperturbed, integrable model. As we show in
[58], thermodynamic quantities are represented as explicit
functionals of the underlying thermal state with density @

(14)
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and temperature 7. Functions £,,(4) are charges constructed
with Gram-Schimdt orthonormalization of #,(1) using
hydrodynamic scalar product (g|h) = gCh. The integral
equations (13) are supplemented with additional conditions
(%:l¢peg) =0, i =0, 1, 2, which render their solutions
unique. Equations (13) naturally generalize ChE integral
equations [37] to interacting, nearly integrable models. In
the process we confirm that there are no other gradient
terms in P and J beside the two given in the phenom-
enological expression (7).

Both contributions to the transport coefficients have a
feature known from the standard kinetic theory [37,64].
Namely, they are a simple generalization of coefficients
found in a linearized hydrodynamics. Therefore, in what
follows we focus on the linearized theory, which also has
the advantage of revealing the physical ingredients and
defer the further computations within the ChE method to a
longer publication [65].

Linearized hydrodynamics—We linearize the GHD
equations (1) around the homogeneous thermal state such
that p,(x, 1, 1) = pn(4) + dpp(x. 1, 4),

1 oL
at(SPp + Athaxépp = Egmaiépp + (5) 5/)]3’ (15)
P/ th

where A is the kernel of flux Jacobian matrix [25,62].
The linearized GHD equation (15) leads to an eigenequa-
tion for perturbations of conserved charges 8q,(x, ) =
[ dAh,(2)8p,(4; x, 1), for more details see the Appendix C.
We then consider a time evolution of a single mode
5q,(x,1) ~ explikx — A(k)t]6q, (k). For small k a standard
perturbation theory methods apply and we find two sound
modes and a heat mode (thermal mode) with dispersions
[we neglect O(k?) terms]

which agree with dispersion relations of linearized NS
equations. The sound velocity is equal to thermodynamic
formula v; = 1/,/0xg, where xg is the adiabatic com-
pressibility of the integrable model calculated for the
thermal background state py,. The transport coefficients
¢ and « are given by (12) computed with the same state py,.
The details are referred to [58].

The corresponding eigenmodes are related to the hydro-
dynamic fields ¢, u and T

60 = 0\/Txrdqy, 6u=+/T/0dq,, 6T =T/\/ocydq,
(17)

where we took o(x,f) =90+ 60(x, 1), u(x,t)=
0+ 6u(x,t) and T(x,t) =T+ 6T (x,t). Therefore the
first 3 orthonormalized charges are equivalent to the

hydrodynamic degrees of freedom. Expressing heat and
sound modes in terms of dg, ou, 5T we recover precisely the
modes of NS equations [58].

Application to the Lieb-Liniger model—We now apply
the introduced formalism to a situation relevant to experi-
ments with cold atomic gases. We consider a setup of two
1D Bose gases, described by the integrable Lieb-Liniger
(LL) model [66], coupled by a long-range interaction
which breaks the integrability. The integrable part of the
Hamiltonian is H,;,, = H; + H, with

Hi= [ a0 (= 58+ 5wl Just. (9

where we work in the units 7 =m = 1 and y;(x),y] (x)
are canonical bosonic fields. The integrability breaking
coupling between the tubes is given by V, =
[ dxdyV (x = y)pi (x)pa(y), with pi(x) =y} (x)y;(x) and
V(x — y) interaction potential. In an experimental realiza-
tions with cold-atomic gases it originates from dipole-
dipole interactions and its strength is tunable [12,16].

Of special interest is the case when the two tubes are
initially in the same state. Then they stay the same
throughout the dynamics and the system can be described
by a single equation (1). The collision integral based on
form-factor approach [67—69] and the resulting relaxation
for the homogeneous initial state was studied in [30]. For
the computation of the transport coefficients we need Z
linearized around a thermal state, cf. (13). The derivation is
presented in [58]. The result for the matrix elements of I in
the basis {A;} is

2r 2
Con =2 [ @hihsgon(roi) (T, 20) ) ol 19
with the integration measure dA = p,(1)[1 — n(4)]d4, the
filling function n(4), v; = v(4;), vi» = v| — vy, and

S{h|S[hw]
(v=v1)*(v=22)*

Here 7 is the differential scattering kernel, for the LL
model z7 (41— ') = ¢/[c* + (A—A')?] and dr and Dr are
dressing operations [70], k(1) is the Dressed momentum
while S[p] = Sp|(4, 1. 4,) is

Mﬂm»:/uwwv (20)

@ » [
S = =) "B TRy Y
The timescale 7 is related to the strength of inter-tube
coupling 7! = V2m/(4h%), where V? = [ dkV?*(k)k* and
V (k) is Fourier transform of V(x).

The transport coefficients are then determined from (12)
and the numerical solution is shown in Fig. 2. We focus on
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FIG. 2. Transport coefficients in the log-log scale for the
coupled LL models as a function of intratube interaction coupling
c. In the main plot we show separate contributions to the thermal
conductivity and viscosity from integrable and nonintegrable
collisions. In the inset we show the total thermal conductivity and
viscosity for 7 = 1072. The viscosity is nonzero across different
values of temperature and couplings.

the strong coupling regime of the LL model in the
nomenclature of [71] where both interaction and thermal
fluctuations are important. We find that there are two
competing behaviors. When intratube interactions dominate
the resulting fluid has relatively small viscosity and large
thermal conductivity. Instead, when intertube interactions
dominate then both viscosity and thermal conductivity are
of the same order. In the limit of noninteracting integrable
models, ¢ = 0 or ¢~' = 0, the bulk viscosity vanishes and
thermal conductivity diverges [58] as expected from the
classical kinetic theory of weakly interacting models [59].

Outlook—In this work we have shown that the NS
equations universally arise for 1D quantum systems with
weakly broken integrability and with Galilean invariance,
assuming the GHD equation supplemented with the colli-
sion integral. We have provided explicit equations (13) for
the transport coefficients linking the effective hydrody-
namic description with the exact microscopic thermody-
namics of the integrable model. Unlike the standard
approach in the kinetic theory, we treat an important part
of the interactions nonperturbatively. One consequence of
this is a nonzero viscosity, which in the derivation of the NS
equations based on the free theory, is identically zero
[37,60]. The resulting fluid has two regimes. One domi-
nated by the integrability breaking collisions with relatively
small viscosity, and the second, dominated by the inte-
grable collisions with thermal conductivity and viscosity of
the same order.

It is well known that transport in one dimension with
conserved momentum becomes anomalous upon introduc-
ing noise to the system [72-75]. The linearized framework
with U(x) = 0 presented here together with initial results

for GHD with noise [36] open possibilities for further
explorations in this direction.

Recently, the NS equations were also found for the low
temperature dynamics of the GHD without an explicit
integrability breaking terms [76]. The effective projection
to the three lowest conserved densities is attributed there to
the low temperatures and holds at intermediate timescales.
The transport coefficients are then of the form {4 and xq
taken in the 7 — 0 limit, namely, they originate from the
integrable collisions.

Our results apply also to classical integrable Galilean-
invariant models, whose dynamics is described by (1). In
such cases collision integrals may follow from BBGKY
equations [77] or be constructed phenomenologically,
as in the relaxation time approximation [31]. The methods
introduced here can be also directly generalized to models
without the Galilean invariance, e.g., spin chains.
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Appendix A: Integral kernels—For a linear operator O
we introduce the following notation for its action on
arbitrary functions y, ¢

(Ow)() = / uO( 1w (). (A1)

yOp = / GOy (e(w).  (A2)

and use the standard notation for kernel multiplication
(©:0)(h) = [ WOG)Os(wp).  (A3)

The kernels for operators A, 5, C appearing in the main
text are as follows

A=1-=nT) (1 —nT), (A4)
B=(1-nT)"p,fo(1=Tn)™", (AS)
C=1-nT) " p,f(1=Tn)™". (A6)

where f is the statistical factor [25] (for fermionic
statistics f = 1 —n). In the definitions above Pps 1, f,v
should be viewed as diagonal kernels and we have
(Tw)(A) = [dXT(A—2)y(X). Lastly, the diffusion
kernel is

D= (1-nT) " paiDput(1 =nT), (A7)
with D(0, @) = (6 — a)w(d) — W(0, @) and
W (0. ) = p,(6)f(6) (Tdrw, a))2|v<e> Co@l. (A8)

where w(0) = [daW(a,0) and 7% (2,2') fulfills

TEQN) =T (A= X) + / AT (A= A)n(ANYTE (2.
(A9)

Appendix B: Boosted thermal states in the
thermodynamic Bethe ansatz—We discuss here the
basics of the thermodynamic Bethe ansatz (TBA)
[50,51] for a model with fermionic statistics (for generic
case see [58]) and give a precise meaning of boosted
thermal states within this framework. The result of the
TBA is that averages (of local operators or products
thereof) in the grand canonical ensemble or generalized
Gibbs ensemble are thermodynamically equal to
expectation values computed in an eigenstate with

rapidity distribution p,,. This rapidity distribution follows
from the solving the TBA equations that we now
summarize. We start with bare pseudoenergy e, which
takes the following form:

eo(d,x,1) = > fi(A)B,- (B1)

The pseudoenergy e and total density of states p. is
then determined from the generalized TBA equations

e() = ey(A) — / duT (A —u)log <1 + e—€<ﬂ)>, (B2)

pal®) =t [ TG =l (83)

Solving the first equation yields (1), which enters the
filling function

1

nd) = 1+ e®

. (B4)

and in turn allows us to solve the second equation. The
total density p,; determines then the particles’ density
according to p,(4) = n(4)pi(4).

For thermal state p,(4) with chemical potential x and
temperature 7 one has fy = —u/T, =0, p,=1/T,
P> = 0. The Galilean invariance implies that after boost-
ing by velocity u the state is a TBA state with p,(1) =
Pp(4 — u) and with Lagrange multipliers Sy = B + 3 u*f,,
P = —ups, pr = Pa, Prsr = 0.

Appendix C: Further information on the linearized
equations—We elaborate here on the computations
involving the linearized Boltzmann equation. As indicated
in the main text the structure of the resulting equations is
simpler if we work in the orthonormal basis of the
conserved charges with respect to the hydrodynamic scalar
product (g|h). Standard computations using the methods
of thermodynamic Bethe ansatz yield, see [58],

0,04, + Ay 006G, — Dnma)zcéqm = —1',6q, (Cl)
where we assume a summation over the repeated indices.
Moreover, A,,, D,. and T,, are now inter-
preted as matrix elements of operators associated with
effective velocity, diffusion, and collision integral evaluated
in the orthonormal basis. We observe that D, = D,, = 0,
which is a consequence of Markovianity of the GHD
diffusion operator [26,58], while I" in = 0 for j,n=0,1,2
which reflects the collision invariants (2). The linearized
GHD equations (C1) can be now solved perturbatively in
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gradients of 6¢,. This is the easiest to formulate by going
to the Fourier space and considering a time evolution
of a single mode 8¢, (x, 1) ~ exp[ikx — A(k)t]6g, (k). This
leads to the eigenvalue problem

(T + ikAy, + K2D,)84,, (k) = A(k)3q, (k). (C2)
with A(k) the dispersion relations for different modes.
Among them there are 3 gapless modes related to

the 3 conservation laws respected by the collision
integral. The problem can be treated analytically in

small k limit using standard perturbation theory around
the spectrum of I' operator. The three zero modes
of T" yield gapless dispersion relations (16) of heat and
sound modes. At the first order in k the only nontrivial
coefficient is sound velocity v, = (A7, + A3 )"/
which agrees with the standard thermodynamic formula
vy = 1/,/0xs, see [58]. At the second order in k after
lengthy calculation we recover subleading corrections as
in (16) with transport coefficients which are determined
from (12). These derivations are presented in [58].
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In the Supplemental Material we provide computations supporting the results presented in the main text.

In Sec. I we introduce the basic ingredients of the GHD equation: effective velocity, diffusion kernel and susceptibility
matrices along with properties of these objects relevant in the present context. In Sec. II we derive hydrodynamic
conservation laws for the three conserved charges and introduce dynamic pressure and heat current. Next, in Sec. II1
we analyze the basic properties of thermal boosted state of integrable models. We show that for such states the
heat current vanishes and dynamic pressure becomes the hydrostatic pressure. In Sec. IV we derive expressions for
thermodynamic quantities such as sound velocity and specific heats in terms of hydrodynamic matrices.

The following sections concern the linearized hydrodynamics and computation of transport coefficients. First, in
Sec. V we present a derivation of a linearized transport equation for local charge densities. In Sec. VI we linearize
Navier-Stokes equations and find the dispersion relations of heat and sound modes. We use these results in Sec. VII
where we treat the eigenproblem perturbatively and identify expressions for bulk viscosity and thermal conductivity.
Additionally, we give numerical results for the transport coefficients. Later in Sec. VIII we show that the results found
in the perturbation theory can be formulated as generalized Chapman-Enskog integral equations, which are stated in
the main text.

Finally, in Sec. IX we analyze the collision integral for two Lieb-Liniger gases coupled by the density-density
interactions.
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I. EFFECTIVE VELOCITY, DIFFUSION OPERATOR AND SUSCEPTIBILITY MATRICES

We consider a Galilean-invariant model with energy E(\) = %)\2 and momentum p(A) = A. We set the mass to

unity. As in the main text we introduce functions %;(\) = M /j! related to ultra-local charges. The effective velocity
[1] is given by v(A) = (E")¥(\)/(p')9"()\) where the dressing operation of an arbitrary function g()) is implemented
by the following integral equation

(V) = g() + / AT\ — X)n(\)g® (V). (11)

and T(A — X) is a symmetric scattering kernel, which depends on the model. For instance, in the case of Lieb-
Liniger model [2] it reads T(\) = %ﬁ, where c¢ is the coupling constant. We also defined the occupation function
n(A) = pp(A)/psot(A), where total density of states pios(A) is

Prot(\) = % + / ANTA = N)pp(N). (1.2)

It can be shown that the effective velocity fulfils the following integral equation [1]
v(A) =7%1(\) + 27r/d)\/7'()\ — XN)pp(N) (v(X) —v(N)). (1.3)

With this, it is straightforward to check the identity used in the main text

[ dwmm = [ amomo. (14)

Indeed, we have
[ ) = [ i) +25 [ VTR =Ny Nn(V) (0X) — 00) = [ AV (pplN),  (15)

where the integral [ dAdX(...) vanished due to the symmetry of the kernel 7(—X) = T ().
In addition to the Euler-scale term involving the effective velocity, there is also the diffusion term [3] 19, (D9,p;)
with (D0,pp)(0) = [ daD (6, @)d,pp(a). The diffusion kernel is

D=(1-nT) pitDpit(1 —=nT),  D(0,a) =6 — a)w(d) — W(b,a), (1.6)

and
W (0, o) = pp(8) f(6) (Tdr(H,a))2 [v(0) — v(a)], w(f) = /donV(oz,@)7 (I.7)

where f(#) denotes statistical factor [1] defined in (IV.5), which depends on the particles’ statistics. The dressed
scattering kernel fulfills

TEON) =TA=X) + / AN T (A= AN TN, X). (1.8)

Note also that our definition of ® differs from the standard one [3] by a factor of p2..(6).
From the Galilean invariance follows that diffusion kernel has left eigenvector with zero eigenvalue [3],

/ d69(6, &) = 0. (1.9)

This implies that the local density of particles is conserved by the diffusion term. Moreover from Markovianity of the
diffusion kernel, there is a corresponding right eigenvector with zero eigenvalue, namely

/ daD (0, a)(Cio) () = 0, (1.10)

where C is the charge susceptibility matrix defined as [1, 4]
C=(1=nT) ppf(1—Tn)™". (111)

We have used here the fact [1] that pot(A) = £3*(\)/(27). For later use, we also introduce here the current suscepti-
bility matrix B [1, 4]

B=(1-nT)  ppfo(l —Tn)™ (1.12)

we will discuss matriz elements of the operators B and C in more detail in Sec. IV.



II. HYDRODYNAMIC CONSERVATION LAWS

We derive here the conservation laws for the 3 hydrodynamic modes. We adopt notation from the main text for
the expectation values of charges

Gn = /d/\fin()\)pp()\). (IL.1)
We start with the GHD equation including the diffusion, force term §f = —9,U(z) and the Boltzmann scattering
integral
1
O¢pp + Oz (Vppp) + fONpp = 561 (D02pp) + Z[pp]- (IL2)

To obtain the conservation laws we multiply the GHD equation by #%;(\) and integrate over A.

e Mass conservation: for j = 0 we obtain

9(90) + 0x(g1) = 0, (I1.3)

where we used that both the diffusion and the collision term conserve the particles’ density. This equation
reflects the conservation of particles’ density. We have also used that

[ o) = [ a0, (11.4)
e Momentum conservation: for j = 1 we obtain
9{g1) + 0 (g1v) = =0 Po + fo, (IL5)
where we defined
1
Po =3 [ AduA D, 1000 (1) (IL6)

The average in the second term can be decomposed into two contributions: the convective flow and the pressure
term. To this end we define the velocity field

C2Y, (IL7)

<¢Z0>7

and introduce rapidity variable ¢ defined with respect to u, A = u 4+ €. From the definition of u it then follows

that
[ dccontur =0 (IL8)
which is easily shown by transforming back to rapidity A. We then have
(g1v) = / oM App(N) = / Ae (u + €)v(u + E)pp(u + €) = <<‘20>>2 +7P,, (1L.9)
where we defined the pressure by
Po= [ dotut Oolu+ &) = [ A= woMpp(N). (IL.10)

We will later see that for a system locally in the thermal equilibrium state this reduces to the hydrostatic
pressure P.

Summing up, the continuity equation reads

(g1) + 0x (<Z;O>>2 + P) = fo, (I1.11)

with P =P, + Po.



e Energy conservation: Finally, for j = 2 we find
Ie(q2) + 0z (g2v) = =0, (uPo + Jo) + fou, (11.12)

where we have defined
1
uPp + Jp = —3 /d)\dufig()\)@p()\,u)azpp(u). (I1.13)

The average on the left hand side of (I1.12) can be again divided into various contributions. Transforming to &
variable we have

1 1 1
(g20) = 5 / dg(u+&)*v(u+ pp(u+ &) = 5u*{g) +uPy + 5 / dég®o(u+ &)pp(u+ ). (IL.14)
The remaining integral can be still divided into two contributions according to
5 [aceotus Omu+ &) = Ju [aeemur o)+ ;5 [0t - wpmu+9) (IL.15)
2 Pr ~ 2 Pr 2 Pr ' '

The first integral, by going back to A variable, becomes

1 o B 1
3 /d§€ po(u+8) = (g2) = 5 AR (11.16)
whereas the second defines the J, contribution to the heat current
1 1
Tu= 5 [ A€+~ wpplu+ &) = 5 [ A= w0 - WY, (1.17)
The total heat current is J = J, + J». Finally we obtain
(g1)(g2) (91) >
0 + Oy + P+J )= . 11.18
o voc (G042 feu (IL.18)
Summarizing we obtain the following set of equations
_ (o) _
9(g0) +0z(1) =0,  Oi{g1) + 0 200 +P | = fo, (I11.19)
Oy(g2) + On (<¢1><¢2> Llop j) = fou. (11.20)
(90) (90)

The continuity equations written above are for moments of the particles distribution. More standard form is found
if we express them in terms of the velocity field u and internal energy field e defined by

e= EZE; — %uQ. (I1.21)
Introducing also o(z,t) = (go) we find
Or0 + 9z (ou) =0, O (ou) + 0y (gu2 + 73) = fo, (I1.22)
O <ge + ;u29> + 0y (uge + %u3g +uP + j) = fou. (11.23)
This can be still simplified using that
%& (u?0) = %uQ&E (ou) — ud, (ou® + P) + fou. (I1.24)
Substituting this into the energy conservation law we obtain the final set of equations
Oro + 0. (ou) =0, Ot (ou) + 0y (gu2 + 73’) = fo, (11.25)
0 (0€) + Oy (uge + J) + POyu = 0, (11.26)

reported in the main text.



III. THERMAL BOOSTED STATE

In this Section we study thermal boosted states. We show that a thermal boosted state characterized by chemical
potentials By, #1 and B, can be related to a thermal state with zero momentum and appropriately chosen By, fa.
Moreover, we will show that heat current 7, vanishes in such case and that the pressure P, of a thermal boosted
state is equal to the hydrostatic pressure P.

We start with the free energy density [1]

1
f= o / ANFle(M)], (ITL.1)
where function Fle()\)] depends on the particle’ statistics. For example, for fermionic case relevant for Lieb-Liniger
model [5] Fle(N\)] = —log(1 + e~¢). The pseudoenergy €(\) is determined from equation
e(A) = eo(N) + /d/\’T(A’ — AN Fle(\)], (I11.2)

where for thermal boosted state the bare pseudoenergy reads
€0(A) = BoZo(A) + Br/er(A) + BaZiz(N). (I11.3)

In a thermal state, on the other hand 8y = —u/T, f1 = 0, B2 = 1/T with p, T equal to chemical potential and
temperature, respectively (we set kg = 1).

We move now to discuss properties of a thermal boosted state, let p,(A) be its distribution function. Then its first
moment is non-zero,

w= fd)‘ App(A)
[ (V)

Define pp(A) = pp(A + u). We will show that p,()) is a thermal state and find expressions for 3y and Bs in terms of
the chemical potentials of the boosted state. This can be argued on the basis of the Galilean invariance of the theory
or computed explicitly. We follow the latter path.

Consider the total density piot(A), it obeys the integral relation (I.2). Using the definition of () it is easy to
show that the corresponding total density is given by piot(A) = prot(A + u). From this follows that the occupation
functions and dressed pseudo-energies e(\) and €(A) obey the same relation €(\) = (A 4+ u). Inspecting equation
(II1.2) we finally find that also €y(\) = €o(\ + u). Writing this relation explicitly we have

(I11.4)

1. 1
Bo+ 5822% = Bo + (A u) + 5 Ba(A + ). (ITL.5)
Matching the terms with the same power of A we find
_ 1 _
Bo=Bo+ubr+5uBs,  Bo=Pa Brt+ufs=0. (I11.6)

The third equality is always fulfilled and gives u = —/31 /0.
The last property follows from the observation that for A = u function p,(A) has the maximum. On the other hand

Opo(N) __ D<)

. II1.
1)) 1)) (L)
Function € (\) obeys a linear integral equation
) =) + [ T = (e () (1Ls)
which follows from (III.2) and the identity [1]
dF
= — I11.
n= (I11.9)

and because of its linearity it maps zero to zero hence we need to solve €j(A) = 0. Using ey(A) = Bo + S1A + %ﬂzAQ
we readily find the relation between u and the chemical potentials.



We can also show using (I.3) that the effective velocity transforms as v(A) + u = v(A + u). This has a consequence
that v(u) = u where we used that 9(0) = 0.

With these expressions we can show that the hydrodynamic pressure of a thermal boosted state reduces to the
hydrostatic pressure P, see [6] and the end of the present section. Hence the bulk viscosity vanishes is such case. We
have

Pu= [ degoie +upn(€ +u) = [A6£0©) +wml©) = [ deeo©nle) = P (IIL10)
For the heat current we have
Tu= 5 [0+~ wpu+ 6 =3 [ deo@nn©) =0, (L)
because 7(§) is an odd function while p,(€) is even.

The entropy of the boosted state is equal to the entropy of the unboosted state. Recall the formula for the entropy
density

s= [ D WglnlN), (I1L12)

where function g(n) depends on particles’ statistics [1, 3]. For the fermionic models we have g[n] = nlogn + (1 —
n)log(l —n). In general g = e(A\)n(A) — Fe(A)]. Using now the relations between the particle distribution and filling
function of the boosted and unboosted state we see that the entropies are indeed equal.

Expression for the hydrostatic pressure in terms of v()\)

Let us close this section by further validating equation (II11.10). Our aim is to show that indeed

P / AM(V)pn () (IL.13)

where p, () is thermal state, is the hydrostatic pressure as defined in thermodynamics, see eq. (IV.10) of the next
section. To this end we generalize the computations for the Lieb-Liniger model presented in [6].
We start by noting that piot(A) = 5=%§"(A) and v(X) = £{*()\)/A§"()), hence

P= % /dMn(A)fzfr(A). (I11.14)

Note that we have also shown at this point that P = z7, where 7 is the momentum current (compare with formula
for current expectation value in [1]). To get £7()\) we look at (IIL.8). For thermal state it reads

¢(N) = %ﬁ:l()\) + / ANT O = Mn(V)e (V). (IL.15)

Comparing with the definition of dressing operation (I.1) we conclude that £S*(\) = T'¢’()\). Moreover, using (I11.9)
and integrating by parts we get

T
P=— / ANF[e(N)] = —Tf (I11.16)

in agreement with (IV.10).

IV. THERMODYNAMICS AND HYDRODYNAMIC MATRICES

In this section we will relate the matrix elements of hydrodynamic matrices [4] A, B and C' to the thermodynamics of
the integrable model. This will be very helpful in linking results from linearized GHD with thermodynamic quantities,
which appear naturally in the Navier-Stokes equations.



We start by defining the free energy flux [1], in addition to the free energy density f defined in (III.1),

1 /
g= %/d)\E (AN F[e(N)], (IV.1)

where the pseudoenergy €(A) satisfies (I11.2).
For a generic GGE state, the bare pseudoenergy includes higher conserved charges [7]. The simplest choice being
the ultra-local charges ¢;,

€o(A) = Z Bjtej(N). (Iv.2)

The expectation values of the charges in the GGE state follow then from derivatives of the free energy density with
respect to the generalized temperatures. In a similar fashion, the expectation values of the currents are given by the
derivatives of the free energy flux,

_of . Og
@i = a—ﬂi, Ji= 95, (Iv.3)

The hydrodynamic matrices B and C are susceptibilities of the currents and charges

By = g2 = [ DI MAE A, =55 = [ A A, v

The matrices defined above are clearly symmetric. Above we defined

d2F/de>

f\) = TdF/de (IV.5)

which is called the statistical factor [1]. For instance, in the case of fermionic statistics one finds f(0) = 1 —n(0). We
also note that for Galilean invariant systems there is an useful relation By 9 = Cy,1.

The hydrodynamic matrices depend on the choice of the basis for the ultra-local charges. For the thermodynamics
it is natural to work with matrix elements of the ultralocal charges %, (\) as defined above. Instead, for the hydrody-
namics, it is more convenient to work with the orthonormalized basis obtained from the ultra-local charges through
the Gram-Schmidt method with the inner product (V.6). For h,(\) denoting the single-particle eigenvalues of the
resulting charges, the hydrodynamic matrices are

9ji r v 9q;

Buy==g0 = [ An ORI, Gy =g =

In the remainder of this section we will relate matrix elements of B and C to thermodynamic quantities. We focus
on the Gibbs state with a thermal €y() function,

/ A\ pp (V) FVRET (RS (N) = 6. (IV.6)

1
co(N) = —%/ﬁo()\) + 7 /2(N). (IV.7)
‘We also introduce the notation
0= o= /d)\ﬁo()\)pp()\), e=go = /d)\}%g()\)pp()\), s = /d)\ptot()\)g[n()\)], (Iv.8)

for particle, energy and entropy density, respectively. Moreover, by

s=0"1ls, e=o le, (Iv.9)

we denote entropy and energy per particle. For Gibbs state the free energy f takes the form of the grand potential
per unit length divided by temperature and can be written as

W 1 P
f=_ 2 Ce—g— —_. V.1
Tg—i—Te s T (IV.10)

With this, we compute various thermodynamic quantities. We start with the sound velocity.



A. Sound velocity

The sound velocity is related to the adiabatic compressibility sg and defined as (we work with unit mass)

opP 1 do
2 _ P _
v; = (3Q>S o sy = <8P) (IvV.11)

To compute the relevant derivative, we realize that P, p and s depend only on two thermodynamic parameters, which
specify the state: u,T. Equivalently, they depend on g, 2. We may thus write

Js Js
ds = (8%) dBo + (85 ) dps, (IV.IQ)

and similarly for dp and dP. To keep the entropy fixed dfy and dfs must be related through

(‘9652)3
dfo = _TOdBQ’ (IV.13)
<T’80)B2

W thh leads to the fOHOW lng formula
<ag) ((’)s) (89) (83)
do 960 ) 5, \082 ) 5, ~ \ 982 ) 5, \ 986 ) ,
OF ((913) (65) (8[3) (85) '
085 ) g, \ 08 ) g, ~ \o82 ) 5, \ 950 ) 4,

The derivatives of the entropy can be computed from the expression for free energy (IV.10). The entropy per particle
equals to

(IV.14)

_ Boo+ Poe —f

) V.15
. (IV.15)
and the two required derivatives are
<58> _ Coo(Bae — f2) - C2,06297 (35) _ Cao(Bae - f2) —Capfao (IV.16)
9Bo 0 2Je) 0
We use now the relation z; = P, valid for Galilean-invariant models, see (I11.14). Together with P = —Tf = —f/(s
they yield
opr 0 ( oP ) Boe —f
b0 <5ﬂo> B ¢ o 52 53 (IV.17)
which gives
0s 1 Js 1
<aﬂo> = 1. CooBa ~CooBro). ((%) = 7, CooBar ~CaaBro). (1v.13)
We now go back to (IV.14) and (IV.11) to find the final expression for the adiabatic compressibilty
Ca,2Co0 — C3
> , IV.19
S =T B2 Con T B21Co0 — 251 0B2aCa (IV.19)
from which the final expression for the sound velocity follows
1 B?,Can+B3,C 28B4 0B21C
v, = 1,0 2,2 2,1 0,0 — 1,0°2,1%2,0 (IV.QO)

Bio Ca.2C00 — C3

We have analytically confirmed that this general formula reduces to known formulas for free fermions vFermi =

;TZEZL;Ti where f,(z) are Fermi functions and for hard-rods [8] v}IF = /3T/(1 — ag)?, where a is rod’s length.

For the Lieb-Liniger model we confirmed with derivatives computed numerically from TBA.



B. Specific heats, isothermal compressibility and additional identities

We calculate in a similar fashion several more thermodynamic quantities, which are useful for purposes of this work.
Isothermal compressibility: The isothermal compressibility is defined as

1/ 0o
=== V.21
o % <8P>T’ (V.21

and standard manipulations give

()
1\%0 )5, 1Cop

o = — = -7 Iv.22
"o (Bl) 0Bio ( )
o) pa
Specific heat at constant volume: The definition is
Oe 1 [/ e
(=) =2 (=) . v.2
v (GT)Q 0 (GT)Q ( 3)
Expressing dT with dfy and dfB> we obtain
_ (@) (@) T (ﬁ) (@)
oy = 1 9Bo ) g, \9B2 ) g 9P2 ) g, \ 9o / g, 7 (1V.24)
T (@)
0 52
which can now be expressed with the hydrodynamic matrices as
1 C22Co,0 — C3
oy = = 2200 7720 (IV.25)

T  CooBiyo

Specific heat at constant pressure: The definition is

Js
cp=T <8T>P' (IV.26)

Proceeding in an analogous way as in the previous cases we find

_ 1 B%,ocm + 857160,0 — 2B 9B2,1C2 0
T B}, '

(IV.27)

cp

As a check for our expressions, we also observe that the two compressibilities and two specific heats are not independent
from each other. Instead, they obey the thermodynamic identity
c
rns — l%T. (IV.QS)
cp
One can easily verify that this identity holds for the expressions given in (IV.19), (IV.22), (IV.25) and (IV.27).
Expressions for the matrix elements of A: The sound velocity may be rewritten with A matrix elements in
GS-orthonormalized basis. These matrix elements are defined in (V.14) and appear explicitly in the equation (VII.2),
from which dispersion relations are determined. It is thus useful to write thermodynamic quantities in terms of A
matrix in this basis

B, 1 B2,1Co,0 — B1,0C2,0 T (0P 1
Ao=4]>— = , Asq = = S = <> = ——+ep/ey — 1. (IV.29)
Coo  voxr \/00,05’1,0(@,2(30,0 —C30) gtev \OT/,  Vorr

Above we have used a general thermodynamic identity [9]

QI
35

),

)

T (

2(

(IV.30)

Cp —Cy =

Y
I8
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In the perturbation theory, we will find that speed of sound becomes

vs =/ A} o+ Ad L, (IV.31)

which agrees with (IV.20). Moreover, we observe that

A3, 1 1 cp
1 o)== 1V.32
A%,O er <CV Cp) cy ( )
Additional identities: For analysis of the structure of heat and sound modes the following identities are useful
oP 1 62 1600 *Bl QCQQ 1 oP CQQ
o\ _ 1 P21t 042, - P-T(Z= = =2 IV.33
<6T> 0 T2 CO,O ’ o et 8T 0 CO,O ( )

They can be derived with the methods presented above. Lastly, let us comment that the method presented in this
section gives thermodynamic quantities as explicit functionals (that is, combinations of matrix elements of hydrody-
namic matrices) of the thermal rapidity distribution p,(A). This representation is convenient and may be useful for
applications which go beyond the scope of this work.

V. DERIVATION OF THE LINEARIZED EQUATION FOR CHARGE PERTURBATIONS

We again invoke the GHD equation supplemented with the collision integral term, this time with U(z) = 0,

1
Ocpp + 0z (Vppp) = 581 (D ,0zp0p) + Z]pp)- (V.1)

Our aim here is to first linearize this equation and then rewrite it as a continuity equation for the densities of local
charges. To this end we linearize it around a stationary uniform thermal state p(x,t) = pen+0pp(x,t) getting equation

1 0z
01y + 0, (1 = nT) (1 = nT)opy) = y0d2omy + (5-) by (v2)
P/ th

The second term in the equation above (linearized expression for effective velocity term) was derived in [4].

Motivated by the structure of I' matrix that we consider (see Sec. IX), we wish to change the degrees of freedom
from a perturbation of quasiparticle distribution to a perturbation of the bare pseudoenergy €y. To establish a relation
between them, we start with

Pp = NPtot, dpp = dnpiot + 1 Prot- (V.3)

The perturbation occupation function may be related to the perturbation of pseudoenergy via (II1.9), hence én =
— fnde. Moreover from (I.2) we have dpior = Tdp, and from (I11.2) we get de = (1 — Tn) 'dey. Combining, we find
the following relation

Spp=—(1—nT)  p,foe=—(1—nT) 'ppf(1 —Tn) e = —Cdeo. (V.4)

where the charge susceptibility C operator was introduced in (I.11) and the operator (1 — 7n)~! implements the
dressing (I.1). Function deg(\) can be expanded as

Seo(A) = Y (hm|d€0)n (M), (V.5)

m

where h,,()) form an orthonormal set of functions with respect to the hydrodynamic scalar product (:|-), see also [1],

(hlg) = / () FOVRS (A)g (V). (V.6)

In practice, h,, are constructed by the Gram-Schmidt orthonormalization of the ultra-local charges with single particle
eigenvalue %,,(A) = A™/m!. The most important first three functions are

W) = o), )= ), )= [t (A0 - Z0). (VD
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The expansion coefficients are directly related to the change in the expectation value of the m-th conserved charge,
(hm|deo) = —qm, where

Sgm = / AN i (N6 (V). (V.8)
This relation follows from the following identity [1] (here dot-product is h-g = [ dAR(A)g(N))
(1—=nT)'ng-h=g-n(1—Tn)"'h=g-nh', (V.9)
which follows from the symmetry of the kernel 7. With the help of this identity we find

O0m = — /d)\ BN (1 = nT) ' pp f(1 — Tn) ey
=~ [ SO (N) = (o), (V.10)
where we used in the second step with h = hy,, and g = p, f6€d* /n. This allows us to write

5pp = (1 - nT)_lppf(l - Tn)_l th&bm (V.ll)

Functions h,, allow us to reformulate the GHD equations as equations for the charge perturbations. We multiply the
GHD equation (V.2) by hy()), plug (V.11) and integrate over A taking advantage of the orthonormality of functions
h,,. Moreover, we introduce I' operator

5T 5T
r=2%__%¢ 12
d€g dpp (V-12)
The result is
at(SQn + Z Anm8m5Qm = Z Dnmag%(SQm - Zrnm&bna (V.13)
with
A = Bu = / A pp (N FONDRE (RS (), (V.14)
1 — ~ — r
Dy = 5 / AN dp hE(N) ot VD (A, 12) prot (1) pp (1) f () hE (1), (V.15)
Lo = [ AXaen OO ) 1), (V.16)

Furthermore, we can take into account that I" operator hides the Dressing operation [10-12]. The Dressing operation
is defined through (where F'(u|)) is backflow function),

£ ) = £O) = [ dunF G0 F (1), (v.17)
such that the collision integral is (note that operator F effectively implements Dressing)
INOWHES /dz/ dv' FO\, v)To (v, V' )F(u, V'), F(\v) =0(A—v) 4+ dx(n(N)F(\v)), (V.18)

where Ty is the kernel of linearized bare collision integral. This Dressing operation may be shifted to A, ()) so finally
we get

Lo = [ AAd B2 VL0 12 (1) (V.19)

Let us comment on general properties of the matrix elements listed above. Matrix elements A,,,,, are non-zero where
n, m are of different parity, instead I',,,,, and D, are non-zero only when n, m have the same parity. We also have
I'pm = 0 for n,m = 0,1, 2, which reflects the 3 collision invariants, whereas Dy, = Dy, o = 0 which follows from the
Markovianity of the diffusion kernel discussed in Section I.

For the spectrum of I' operator we assume that it is non-negative and gapped. The eigenvectors correspond to
either even or odd functions of rapidities. We confirm these properties for the collision integral analyzed in Sec. IX.
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VI. LINEARIZED NAVIER-STOKES EQUATIONS AND TRANSPORT COEFFICIENTS

We linearize the Navier-Stokes equations, which can be understood as (I1.25) with the phenomenological expressions
P =P — (Oyu, J = —k0,T, (VL1)

for the dynamic pressure and heat current. In this section, we do not specify { and . Our aim is to focus on general
structure of N-S equations and find relation between the spectrum of the hydrodynamic modes and the transport
coefficients.

We start by introducing the temperature field to the Navier-Stokes equations. For this, we note the following
general thermodynamic equality, which can be derived from basic principles [9]

1 1 (P T [(OP
0 =—be—— |5 -5 | %= do. VI.2
L L (QQ > (aT)Q) 0 (V1.2
One-dimensional version of Navier-Stokes equations [13, 14] for the fields g(z,t), u(z,t) and T'(z,t) reads then
Or0 = —0.(ou),
1 P 1 P
Oyu = —ud,u — — (8) Oz0 — — <6> 0. T + g@iu,
o\do)r o\oT/, 0 (V1.3)
T (0P
T = ——— (> ot — udT + 02T + —S (8,u)?,
ocy \0T' ), ocy ocy

where k, ( are thermal conductivity and bulk viscosity, respectively. Linearizing around a homogenous thermal state

oz, t) = o+ do(z,t), u(z,t) = 0+ du(z,t), T(x,t) =T+ 6T (z,t), (VI1.4)
one gets
0ydo = — 00, 0u,
Opbu = 1 (8P> 000 — 1 <8P> 00T + Qaﬁau,
o\ 90 /)r o\oT/, 0 (VL5)
0,67 = — - (‘”’) 0pbu+ —— 26T
ocy \ 0T 0

Moving to the k-space and anticipating the time-dependence as
So(x,t) = / dke™ =M 50(k), Su(z,t) = / dkeRe =M gy (k), 0T (x,t) = / dke™ e =MST(K), (VL.6)

we get an eigenproblem with non-Hermitian matrix. As the matrix is non-Hermitean the left- and right-eigenvectors
are different. This problem be cured by changing the variables as

do=+/To/(OP/Do)r 66 = o\/T 37 00, du =+/T/oda, 0T =T/ ocy 6T. (VLT)

In these variables, the relevant matrix becomes symmetric. Explicitly, when looking for eigenvalues A we will deal
with

. 1
—A z\/QTTk 0
det | ik —A+ Sk iy (57),k | =0 (VL8)
. T (9P K 1.2
0 1 ey (87T)9 k —A + Ek

We use now the general thermodynamic identities (IV.28), (IV.30) and £& (%—};)T = 02 [9] and find the following

dispersion relations

As(k) = Fivek + L [ (1 - 1) K+ g] E 4+ 0,  Aw(k) = %kQ + O(K®). (V1.9)

20 cy cp ocp
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These dispersion relations correspond to two sound modes and one heat mode, respectively. We observe that in the
case of vanishing bulk viscosity ¢ = 0, the ratio of the quadratic coeflicients is (c¢p/cy —1)/2 and therefore is universal.
Depends only on the thermodynamics of the underlying gas but not on the integrability breaking terms. Vanishing
bulk viscosity is an expected result for an ideal gas perturbed with weak interactions [13]. We will see that in our
setup the bulk viscosity vanishes in the Tonks-Girardeau (¢ — o0) and in ¢ — 0 limits, see Sec. VIIL.

In addition to the eigenvalues, we can find eigenvectors. In the limit of & — 0 we have

1 Cy . - Cp — Cy =~ Cp —Cy .. CV 5
0+(k—0)=— —d0p%46 —0T Otn(k = 0) = —/——9 —0T. VI.10
+(k=0) \/§<\/ch T ) k= 0) Ve 0TV (VL10)

The general structure revealed in this section will be our reference point for perturbative treatment of (V.13). It will
allow us to identify Navier-Stokes hydrodynamics appearing in GHD equation supplemented with a collision term.

VII. PERTURBATION THEORY

As discussed in the main text the linearized problem (V.13) is solved by Fourier transform followed by perturbative
solution in k. The dynamics of a single mode is

8qn (. 1) ~ eRo ARt 5q (k). (VIL1)
Substituting this expression to the linearized GHD equations we obtain the following spectral problem
(T + ik Apm + k* Dy ) 8qm (k) = A(k)Sqm (K), (VIL2)

where summation over the repeated indices is assumed. We approach the problem perturbatively assuming that k is
small. The spectrum consists then of gapped and gapless modes. The value of the gap is determined by the smallest
non-zero eigenvalue of I'. The gapped modes decay in time and become irrelevant at sufficiently large time scales.
On the other hand, there are also gapless modes that are related to the collision invariants of I'. In the logic of the
perturbation theory in k£ the spectrum of the gapless modes has then the following structure

A(k) = ak + wk? + O(K?), (VIL3)

and importantly the linear coefficients depend only on A and therefore are universal, whereas the second order
coefficients depend on both the collision integral and the GHD diffusion. The dependence on I' enters through the
second-order perturbation theory from coupling of the zero-modes with the dispersive ones. On the other hand, the
dependence on D, comes directly from the first order perturbation theory because of the k2 factor standing in front
of it.

For the purpose of perturbation theory calculations it is convenient to introduce bra-ket notation such that I',,,,, =
(hn|T|hm) and similarly for the other operators. More concretely,

(o) = [ 9. K1 = [ AAKCDSO. (VIL4)
with matrix elements understood in this notation as
1
Apm = (hp|Alhpm) = (hp| AC ), Dy, = (hp|D|hm) = §<hn|©C|hm>, Tom = (hn|T)hm). (VIL5)

Where A = (1 —nT) tv(1 —nT) [1, 4] and operators C,® are discussed in Sec. I. Operator T is discussed in Sec. V
with a concrete example in IX. Moreover, for the basis h, introduced in Sec. V, the orthonormality condition is
(hn|Clhm) = 6nm.

With this notation, |h,;) with ¢ = 0,1, 2 are eigenstates of I' with zero eigenvalues. We denote by |gg) the eigenstates
with non-zero eigenvalue vz # 0, I'|gg) = vslgs). Whenever summation over § appears, it means summation over
eigenvectors with non-zero eigenvalue. On the other hand, index « always corresponds to thermal and sound modes.

A. Perturbation theory at order k

At this order we can neglect the GHD diffusion. The linear part of the dispersion relation of the hydrodynamic
modes is then found by solving the eigenproblem in the degenerate zero subspace of the collision integral. The problem
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reduces to diagonalizing the following matrix

0 Ao 0
Z‘k'AAtrunc =ik AI,O 0 A2,1 . (VIIG)
0 Ayi 0

We find in total three modes with eigenvalues Ay = +ivsk (sound modes), and Ay, = 0 (heat mode). The sound
velocity given by the following formula, in agreement with thermodynamic sound velocity, see Sec. IV,

vy =/ AT o+ A3, = 1/\/oxs, (VILY)

and associated eigenvectors are (normalization factor is N = /1 + (A21/41,0)?)

1 AlO 1 AlO
|he) = f/\/( o>iN|h1>+|hz>>, |hth>=N<—|ho> )) (VILS8)

Therefore, in the first order of the perturbation theory, the degeneracy has been completely lifted. It is worth
emphasising here that the found eigenvalues (yielding the speed of sound) are not eigenvalues of the full matrix A.
These are eigenvalues of matrix Agune truncated to subspace of charges qg, q1, g2 conserved by the perturbation T.
Observe that eigenvectors (VIL.8) may be written entirely in terms of the specific heats, using the relations between
hydrodynamic matrices and thermodynamics derived in Sec. IV,

1 Ccy Cp —Cy Cp —Cy cy
s = 5 (/20 2 )+ [ L) ). e == [ b [ (v

This result can be compared with known formulas for the modes in the classical three-dimensional ideal gas. For the
ideal gas cp/cy = 5/3 and our formulas above reproduce results for sound and heat modes, when these values are
substituted, see [13]. Furthermore using (VIL.9), we also find useful relations for the sound modes in terms of the

heat mode
Cp —Cy cp 1
ht) =4/ —|hwn —|ho) £ —=1h1), II.1
) = 4 L3 ) + [ 5 o) & o ) (VIL10)

and heat mode in terms of ultra-local basis functions

1 B
) = — e <|ﬁ2> 2.1 |fio>> (VIL11)
oT?cp

Gapless modes are equal to the modes of Navier-Stokes equations

We complete considerations at this level of perturbation theory by noting that the found heat and sound modes
coincide with the modes of Navier-Stokes equations (VI.10). For the purpose of this part, the bra-ket notation (which
simplifies perturbation theory calculations) is not the most convenient. We therefore explicitly write sound and heat

modes as
—c
0qr = — (1 [ — 5q0 +dq1 + \/ 51]2) dqn = \/ Y5 \/ 5Q2 (VIL12)

Already here we can see that these are exactly the modes of Navier-Stokes equation (VI.10), after the following
identification is made

5qo =068,  Oqu =00,  Oqy =0T. (VIL.13)

We can also observe the truncated matrix (VIL.6) expressed with thermodynamic quantities (IV.29) coincides with
the relevant matrix (VI.8) for linearized Navier-Stokes equations, when terms of order k% are neglected (these terms
do not influence the eigenvectors in k — 0 limit)

0 1 0
ikApwune = ik | Tamr 0 7 (57), | - (VIL14)

o VA, o



15

The relation (VII.13) can also be justified from the very definition of the charges go, q1,¢2. To show this, we start
with perturbations to ultra-local charges d¢g, d¢1,0¢2, see (V.7) and find

C2,2Co,0 — C3 C
dg0 = \/Co00q0, g1 =1/C116q1,  bg2=| Tz’%% + éo dqo. (VIL15)
: 0,0

Perturbations of ultra-local charges can be easily connected to perturbations of the fields dp, du, de via relations (I1.7)
and (II.21)

1 1
do = dgo ou = 56{;1 de = 55{;2 — %5{}0. (VIL.16)

Lastly, to go to dg, du, 0T we need (VI.2). Combining all three transformations together with thermodynamic formulas
from Sec.IV (in particular, (IV.33)), we find

| (oP\~*
do=14/To ((‘3@) dqo = o/ T »e1 0qo, du=+/T/00q, 0T =T/ ocy 0qa. (VIL.17)
T

These relations are obviously equivalent to (VII.13). Summing up, we have shown that perturbations of charges
dqo, 9q1, 02 are equal to perturbations of rescaled hydrodynamic fields.

B. Perturbation theory at order k?

We move now to calculations at the k2 order. As already seen in (VI.9), at this level we should expect transport
coefficients (, k appearing in corrections to the heat and sound modes. The perturbation theory will provide us with
explicit expressions for transport coefficients.

The corrections of the order k? have two origins. There are second-order corrections coming from the coupling
between the hydrodynamic modes and dispersive modes through the collision integral; we denote them w<!. There
are also corrections coming from the GHD diffusion denoted wdiff, Here a = =+, th specifies one of the hydrodynamic
modes. Thus, the general structure is

Aun(k) = (Wip" + i) K + O(k?), (VIL18)
Ax (k) = £ivsk + (Wi 4wl k2 + O(K®). '
The corrections due to the diffusion take a simple form. They are given by the first order perturbation theory in the
diffusion operator wdf = (h,|D|h,). Because the diffusion operator is zero between eigenstates of different parity
and |ho) is its zero eigenvector (both left and right) there are only 2 non-zero matrix elements D;; and Dy,. In
terms of them we find

diff _ ¢V

wih = —— Do,
cp
1 P (VIL19)
M _Zp 4PV,
Wy s 11 + 5 op 2,2
Using the decomposition (VII.10) we also find
. cp — ¢ . 1
Wit = 22—V diff L Z Dy . (VIL.20)
26\/ 2

The second-order correction to the eigenvalues of the hydrodynamic modes come from the standard formula from
the perturbation theory

o = 3 <ha|A‘9ﬂz<95 Alhe) i, (VIL21)
B
B

where the sum does not include the kernel of operator I'. Inspecting the formula we find wf“ = w!. This follows
from the fact, that I operator has eigenfunctions which are either symmetric or antisymmetric functions of rapidities.
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Figure 1: We present numerical solutions of (VIL.2) for the coupled Lieb-Liniger model analyzed in the main text.
The presented results are for T =2, n =1, c =2 and 7 = 0.01. Left: small-k part of the spectrum of dispersion
relations. For sufficiently small k, numerical results (points) agree with universal Navier-Stokes dispersion
relations (VI.9) with transport coefficients (VII.23) (lines). At larger momenta we see deviations caused by the
higher order corrections in k. We have multiplied the real parts of the dispersions by factor 5 to make them of the
same order as the imaginary parts. Right: a numerical solution requires truncating the infinite system of equations
to a finite one. Truncating to first 12 (squares), 18 (diamonds) and 24 (solid lines) charges yields results which differ
on a scale below the resolution of the plot.

Note that action of A on |hg) gives a mode proportional to |hi) (this can be verified directly at the level of

matrix elements (V.14)) and therefore the middle term from the decomposition (VII.10) does not contribute to w$°!!

because (gg|h1) = 0 from the definition of |gg). In the expression for w$!! there appear also mixed terms of the form
(hen|Algs)(gs|Alh1). Such terms vanish because A is non-zero only for states of different parity. This allows us to

write

- 1 Alhy))?
wp = LN S, et =Y <<gﬂ%| ) (VIL22)
B

C. Transport coefficients

We can finally read off the transport coefficients by comparing spectra (V1.9) of the linearized Navier-Stokes with
the results of the perturbation theory. We find

coll coll CCOH _ gwioll

K = ocpwiyy .

o diff ocyDas, Cdiﬁ‘ — oDy, (VIIL.23)
with k = Hcoll + Hdiﬂ and C — Ccoll + Cdiff.

We confirm these formulas on Fig.1, which presents small-k part of the spectrum found in numerical diagonalization
of (VIL.2). Our results agree with numerics in the samll-k regime, as expected. The dispersion relations for larger
number of modes and for higher values of k are presented in Fig.2. For small £ the spectrum consists of Navier-Stokes
modes and gapped modes. For high enough k, the spectrum is those of unperturbed GHD. This corresponds to
operator I' being negligible in the eigenproblem (VII.2), as compared to A and D. In between, there is a region which
cannot be described neither by Navier-Stokes hydrodynamics, nor the pure diffusive GHD. Therefore, by numerically
solving (VIIL.2) we are able to quantatively capture the crossover from Navier-Stokes hydrodynamics to GHD.

Equations (VII.23) together with (VIL.22) provide also an efficient way to evaluate the transport coefficients nu-
merically. The procedure is the following. For a given thermal equilibrum state, we construct an orthonormal basis
{|hi)} using the hydrodynamic scalar product (f|g). This allows us to compute the matrix elements A, I'nm and
Dy, The matrix I'y,, can be now diagonalized numerically. We obtain the spectrum 7z but also expressions for

lgs) in terms of linear combinations of |h;)’s. This allows us to evaluate the matrix elements (gg|A|h,) and weoll.
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GHD

ReA(k)

Navier-Stokes

10 10 10 10 10° 10 10°

Figure 2: The real part of the dispersion relations for the lowest lying modes from the exact numerical solution
of (VIL.2). At small momenta, the spectrum is characterized by the 3 gapless modes (the orange curve is doubly
degenerate) of the Navier-Stokes regime whereas at (relatively) large momenta by the modes of the GHD. The
dashed lines are the gapless modes of the GHD without the integrability breaking terms. The joining and splitting
of the modes defines an intermediate regime (shaded) where the dynamics cannot be reduced to either Navier-Stokes
or unperturbed GHD.

The remaining ingredient is the heat capacity cp which can be computed from the hydrodynamic matrices B and C
according to (IV.27). The numerical solution requires truncating the infinite basis to a finite one. In Fig. 1 we show
that it is sufficient to take around 20 basis functions.

Let us note that contributions k% and ¢4 can be also written as matrix elements in the ultra-local basis, as in
the main text. Using relations (V.7), properties of the diffusion kernel and adopting notation of matrix elements of
diffusion operator (V.14) as in the main text we find that indeed

1

. 1 .
diff __ diff _
K = TTQ fig@Cﬁg, C oT

51 DCHh;. (VIL24)

Importantly £3f, ¢4 > 0, due to the positivity of operator ®C [3]. Moreover, it is easy to observe that w§°!, wfﬁ“ >0
and hence x°!, ¢! > 0. We thus conclude that transport coefficients found by us are non-negative, which assures
that entropy production in the Navier-Stokes dynamics is positive [13].

In the next section we will confirm that x°!! and ¢! found in the second-order perturbation theory (VIL.23) can
be written as generalized Chapman-Enskog expressions given in the main text.

VIII. INTEGRAL EQUATIONS FOR x*! AND ¢*" TRANSPORT COEFFICIENTS

Expressions for the collisional transport coefficients involve sums over all non-zero eigenstates of the I" operator.
In the following, we will show how they can be rewritten as integral equations, which are identical to the integral
equations found in the Chapman-Enskog procedure. We start with the thermal conductivity related to wfﬁ“. As

mentioned earlier for any 8 we have (hg|A|gg) = 0. Using explicit form (VIL.11) of |h) in ultra-local basis we find

1
hin| A = ——(/i5|A , VIIIL.1
(hn|Algs) gT2cP< 2|4lgs) ( )
and thus we have
1 A A
weoll 2%2' l9s) (95l ‘hth>. (VIIL2)

th —
V QT2CP B VB

For the heat mode the sum can be easily extended to the whole space by noting that A|hg,) is orthogonal to the
kernel of I'. For |hg), |ha) it is clear from symmetry properties of A. For |hy) we can show (hq|A|hyn) = 0, which be
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seen from explicit computation using (VII.11). This allows us to write

coll

1
wilh = 1im 72<7%2|AP;1A|hth>, (VIIL3)

e—0 QT cp

where we used the completeness of the basis which implies that

: L L
;%Z\gm Fo— gm\ = gl_{r(l) T = =lmI'_ (VIIL4)

e—0

where m extends now over all the eigenstates. Now, we can formally introduce vector |¢,) such that,

Tl Alhg) =

T m 1
C Wl = T (o] Al VIIL5
Tt Wi = o alAle) (VIILS)
To find |¢,) we can go to quasiparticle representation. We look for a function 7, (A\) which fulfills the following integral
equation

et = (1 —nT) " pp 1, (VIIL6)

with function 7, (\) related to heat mode and given by

dr

1) = YEL ) = VIV (k[ Yho) ). (VL)

For € # 0, the operator I, is invertible and the solution to (VIIL.6) is unique. However, we would like to explicitly
take the limit e — 0, which will invalidate uniqueness of the solution. This is clear from the existence of collision
invariants of I' - for any particular solution ¢, to the equation (VIIL.6) with € = 0 the function

2
O+ itk (VIILS)
i=0
is an another solution (coefficients a; are arbitrary). Therefore, before we set € = 0, let us multiply (VIIL.6) with
collision invariants #;(\) where ¢ = 0, 1,2 and integrate over dA. This leads to the conditions

(%i|Clow) = (%ildx) =0, (VIIL9)

which we keep after taking ¢ — 0. The conditions above make the solution unique by fixing the constants a; in the
general solution.
In the main text we shorten the notation introducing x,, = (1 — n7) ™! p, fn., which explicitly reads

_ @B(@ — \JerJoy —Thy). (VIIL10)

The integral equation can be then written as I'¢, = Y, as in the main text. Finally, thermal conductivity x" is

given by
ke = [ A, () FOVUAT )6 () = 4286, (VITL11)

We focus now on ¢<°!'. We proceed similarly, with the exception that now (gs|A|h1) # 0, therefore we have to
properly regularize matrix elements before we introduce representation of inverse I'. We start with expression
(93| A[h1), (VIIL12)
which enters the sum for ¢!, We can add to it two zero terms, namely:
(98| A[h1) + algslho) + b{ga|ha). (VIIL13)

We want a,b to be such that the vector |wi) = A|h1) + alho) + blhe) is orthogonal to |hg), |h1),|he). We find
a=—A;0,b=—As:. Thus, we write (we have used here that |h1) = 1/v/0T|%41), see (V.7) and Sec.IV)

coll __
WS \/?T lin (/21| AT ). (VIIL14)
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As previously, we introduce a vector |¢,) such that I wi) = \/T/o|¢¢). In quasiparticle representation finding such
vector corresponds to solving the following integral equation

Pebe = (1= nT) " pyfr, (VIIL15)
with function (we have used here (IV.29))
0 dr 1 cr—ov, \"
ne(A) = \/; v(A)RTT(N) — Vo <h0 + th2> ()\)] . (VIII.16)

Similarly as for thermal conductivity we set ¢ — 0 by imposing additional conditions (%;|¢¢) = 0, ¢ = 0,1,2. We
shorten the notation and introduce x¢ = (1 — nT) "' pp f1e, which explicitly reads

C(ho + ep/ey — 1 ha). (VIIIL.17)

4
X¢ = thl \/7

The integral equation is then I'¢; = x¢ and the bulk viscosity ¢*°! finally is

¢ = [ NS W) = 2B (VIL18)

In this way, we have shown that results from perturbation theory can be reformulated as generalized Chapman-Enskog
integral equations, given in the main text. One of the advantages of integral equation approach is simple analysis of
the non-interacting limit of the underlying integrable model. This is done in the next section.

Non-interacting limit of transport coefficients

In this section we look more closely on the limit of non-interacting integrable model with trivial dressings. Transport
coefficients (VII.23) have contributions from collision integral and from diffusion operator. In the non-interacting limit,
diffusion operator vanishes together with the associated contributions to the transport coefficients. We thus turn to
contributions from collision integral, which in principle may be non-zero even in the limit of free integrable model.
Obviously, we still consider non-zero integrability breaking term 7.

In the case of trivial dressings, the following symmetries appear on the level of hydrodynamic matrices

By o = 2C3 0, Ba1 = 2Cs 2. (VIIL.19)

Let us look how these affect expressions for 7, ¢(A) given by (VIILT), (VIIL16). It is convenient to represent these
functions in the ultra-local basis first, we find

1) =30 (230 = A3 ) (VIIL20)

82,162,0 - BI,OCQ,2
2
C2,2C0,0 - CQ’O

nc(A) =% (v(/\)fég“(/\) + AN — B21Co0 - Bl,oc?%gw) , (VIIL21)

2
CQ,2CO,O - 6270

where we have expressed thermodynamic quantities with hydrodynamic matrices, see Sec. IV. Moreover, we have
represented GS-orthonormalized vectors (V.7) with ultra-local counterparts. Let us consider a limit, where dressing
can be neglected and hence v(\) = %4 (\). Taking into account also the symmetries (VIII.19), we observe

e(\) = %}%1()\) (fig()\) - mm(A)) , (VIIL22)
n¢(A) = 0. (VIIL.23)

The rate on which n¢()\) approaches zero with vanishing coupling depends on the model. This might be important
in cases where I' vanishes in the free limit as well. When 7 (\) approaches zero faster than I with the interaction
coupling, the bulk viscosity tends to 0. This is the case for collision integral studied by us. On the other hand, as
7, (\) remains finite in the non-interacting limit, the I" operator, which vanishes in the free limit leads then to infinite
thermal conductivity. This is a known result for non-interacting gas [13] and we observe it also for collision integral
considered by us (see Fig. 2 in the main text).



20
IX. COLLISION INTEGRAL FOR THE COUPLED LIEB-LINIGER MODELS

In this supplementary material we derive the linearized collision integral for the two coupled Lieb-Liniger models.
The tubes are coupled with intertube interaction potential Vipter(x —y) = Vo V(2 — y). The resulting collision integral
has all the necessary properties which, we have assumed about the I' operator and will allow us to illustrate our
general formalism in an experimentally relevant situation.

Generally speaking there are two contributions to the collision integral Z. The direct contributions comes from the
very scattering events caused by the perturbing potential. But there is also an indirect contribution, that arises because
a modification to the distribution of rapidities in one place (in the rapidity space) reshuffles rapidities elsewhere due
to the interaction present in the Lieb-Liniger model. The two contributions together appear as a dressing of the bare
scattering integral Zg

Zlpp.1; pp.2l(N) :To_l/duF(/\7M)Io[pp,hppa](u), (IX.1)

2
where F is backflow operator introduced in (V.18) and timescale 75! = 16Ep/(hn?) X V2o = 2 where Ep is

Fermi energy of a single tube and 7inter = Vomn/(oh?) where o is the density of the gas [11].

As discussed in [11, 15] in the homogeneous case when two tubes are in the same state the leading contribution
to the collision integral comes from processes of type (1,2) and (2,1). These are processes in which 1 particle-
hole pair is created in the first tube and 2 particle-hole pair is created in the second tube or wice verse, Z[p,] =
T [p,] + TGV [py] + (...), where (...) stands for processes of higher order in momentum transferred between the
tubes.

The bare collision integral for these processes is [11, 15]

2m)? -
Tl = [ dpnadhesdpn adinadpadhe (5= pra) + 50\~ pra) + 53 = pa)) V2 (ka1 1))

| Fapn(P1, ht) [ Fiph (P2, ha) 2 8 (kopn (P1, 1) + kipn (P2, ha)) 8 (waph (P1, 1) + wiph (P2, ha)) x (IX.2)
(Jth(p1>h1) leh(p27h2) - (h A p))7

where V (k) is Fourier transform of the interaction potential with V (k) = V(—k), Fnpn(p,h) are density operator
form factors and

n n

knph (P 1) = Y (k(pi) — k(hi)),  wapn(p,h) =D (w(pi) — w(hy)) .- (IX.3)

i=1 =1

where k(\) = £P*(\) and w(A\) = AP*()\). Finally, J factors are

anh(p, h) = H pp(hz)ph(pz) (IX4)

We linearize now the collision integral around a thermal state. Any thermal state is a stationary state fulfilling the
condition

Joph (P1,11) Jiph (P2, o) — Joph (hi, p1) Jiph(he, p2) =0, (IX.5)

on a 4-dimensional manifold given by waph(P1, 1) +wipn (P2, ha) = 0 and kapn(p1, hi) + k1ph (P2, he) = 0. To expand
the collision integral around the thermal state it is useful to switch from the distribution functions to the pseudoenergy
€(A) for which we have

ptOt()‘) Ptot ()\)

pp(A) = 1t e’ pn(A) = Tte<™ (IX.6)
The ratio of the J-factors has then a simple form
J: ,hy) J ,h
200 (P 1) uph(P2 02) o (1) — e ) + e(pr.0) — e(hi) + elpr) — ela)) (1X.7)

Joph (1, p1) Jiph(he, p2)

and the argument of the exponential vanishes for thermal states for which e(A) = Saw(\) + Bo.
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To linearize the collision integral we consider a deviation from the thermal state ¢ — € + de and look at Z[e + de].
To understand the structure of Z[e 4+ de] we analyze first € + de. From (I11.8) we conclude that

() = ()T (M), (IX.8)
Using now the relation [12] between large and small dressing operations (fP*)'(\) = (f)¥(\) and integrating we find
e(N) = (e0)P"(\) + const (IX.9)

The same reasoning can be applied to the perturbed state, we get
€(A) + de(N\) + O((Je0)?) = (eo + Jeg)P"HoPT(N) + const, (IX.10)

where by Dr + §Dr we denoted Dressing implemented by the state with occupation function n + dn. The expression
above may be expanded according to

€(A) 4 Je(N) = P TOPT(N) 4 (8e0) P TOPT  const = ePTTOPT(N) + (6¢0)PT(N) + const + O((d¢p)?). (IX.11)

With this, we evaluate Z[e 4 d¢]. The result is

Tolp] = Lolpm](de0)™" + O((6¢)*), (IX.12)
where
Lo (A, ) :@/dp171dh171dp172dh1,2dp2dh2 G(p1,hi, p2, ha)x
(5@ —p11) = 8N = hiy) 4+ 6(A — pra) — (A — hya) + (A — p2) — S\ — hg)) X (IX.13)
(5(,“ —p11) —0(u—hia) +6(p—p12) —6(p—hi2) +6(p—p2) — o(n — h2))»
with

G(p1,h1,p2, ho) =V (kapn(P1, h1)) [Fapn (1, ) 2| Fipn (P2, h2)[2Japn (1, 1) Jiph (P2, ha) x
5(k29h(p17 hy) + klph(pZa hZ)) 6(w2ph(p17 hy)+ w1ph(p2, hz))- (IX.14)

Note that G(p1,h1,p2,he) = G(hi, p1, ha, p2), namely function G is ph-symmetric. This implies that operator Iy is
symmetric, To(A, u) = To(p, A) leading to Ty = Ty It is also easy to observe that T'y,, > 0, hence T is positive
semi-definite.

What is more, I’y has an additional symmetry. By performing change of variables in the integrals (changing sign
in each one) we get I'g(A, ) = T'o(—A, —p). This property leads to certain selection rules once we consider the action
of ' in the basis of ultra-local conserved charges.

The linearized collision integral has also three left eigenvectors with zero eigenvalues [15]. They reflect the fact that
the total number of particles, the total momentum and the total energy are conserved by the perturbation,

/dm(?f(/\)ro(x,u) = /d)\ﬁ?r()\)l“o()\,u) = /dm?(/\)ro(x,u) =0, (IX.15)

where to derive the last two properties we used conservation laws under the integral.
We consider now matrix elements of I' in the basis of the ultra-local conserved charges. The matrix elements are
defined according to eq. (V.14),

Lo =757 [ AN RS Lo )2 (0. (IX.16)

From the construction of our basis (see Sec.V), functions h,, are either symmetric or antisymmetric (and dressings do
not change this property). This implies that I',,, = 0 whenever functions h,, and h,, have different parity. According
to the above discussion on the zero eigenvectors we also have I'y,,,, = 0 for n = 0,1,2. Moreover, it is straightforward
to observe that I'),,,, = 0 for m =0, 1,2 as well.
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Small momentum limit

The matrix elements I',,,, read explicitly

_ 27)2
Tpm =75+ X % /dp1,1dh1,1dpl,zdh1,2dp2dh2 G(p1,hi,p2, hy)x
(RE"(p1,1) = R (haa) + B (p1.2) = BE" (1 2) + B2" (p2) = hE*(h2) ) x (1X.17)
(PRE (1) = AR (a1) + REX(p1,2) = BB () + BEX (p2) = B2 (h2) )

We will find now a much simpler expression for them in the small momentum limit. To this end we express the
integrand in terms of center of mass rapidities and the momentum transferred between the tubes.

First, we change the integration variables to the center-of-mass rapidities. These are defined through A = (p+h)/2
and oo = p—h for each particle-hole excitation. The Jacobian of the transformation from (p, h) to (A, ) is 1 hence this
amounts to simply replacing the integration measure by dX; 1dA; 2dA2day 1day 2das. We then assume that the main
contribution to the integral comes from the small momentum excitations. Therefore, the integrand can be expanded
in small a’s. Specifically, the energy-momentum constraints become

k/()\171)0[171 + k'(/\l,g)am + k/()\z)ag = 07 (IX18a)
w/()\l’l)OZLl + w/()\lyg)()él’g + w/()\Q)OéQ =0. (IX18b)
Solving them for o1 ; and aq 2 gives
_ k?/()\g) 1)()\2) — ’U()\l 2) _ k/(>\2) ’U()\Q) — 1)()\1 1)
] = —a —, Q12 = —« . 1X.19
L 2 ]{/()\1’1) 1}()\171) - ’U()\l’g) 1.2 2 k’l()\lyg) ’U()\Lg) — U()\l,l) ( )

We can now use the following property of d-functions

e SIS Ol

where (Z,9) is a zero of (f(z,y),g(z,y)). This gives for the d-functions implementing the conservation of energy-
momentum the following expression

d(ary —ar1)0(ar 2 — ay2)
(A1 )k (A2)[v(Aa) —v(A2)]

After these preparational steps we evaluate the integrals over o ; and ;2 with the help of the Dirac J-functions.
This yields

8 (kopn(P1,h1) + kipn (P2, h2)) 8 (wopn(P1, i) + wipn(p2, he)) = W (IX.21)

(27)? G(p1,h1,p2, hs) "
K (A,0)k (M 2)[v(A1,1) — v(A12)]

(R Q)@ + (R (Ar2)ane + (1) (Ae)az) x (1x.22)

(R )@+ (BREY ( 2)ane + (AR (Aa)az )

-1
Ly =75 X

/d)\le)\Lgd)\QdOéQ

The second step is to evaluate the integral over ao which is proportional to the momentum transferred between
the tubes. To this end we observe that the combinations of functions appearing in the last two lines of I';,,, can be
rewritten according to

k' (\
ar1e(M1) +a2e(A2) + agp(Aa) = ol sk (r2) Slel, (IX.23)

>\1,1) - U(>\1,2)
where we introduced symbol S[p] defined by

. 80/()\1,1)

¢'(M,2)
[90] - k/()\l,l)

E'(M,2)

¢ (A2)
k' (Az2)

(v(A1,2) —v(A2)) + (v(A2) —v(A11)) + (v(A1,1) = v(A12)). (IX.24)
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We note that S[y] is zero whenever any two of the 3 variables A; 1, A1 2 or Ay are equal. Moreover, it also vanishes
identically for constant ¢ or ¢(A\) = k(A),w(X), and these functions naturally correspond to the collision invariants.
In the limit of small momentum transfer between the tubes we can also simplify function G. The density factors
and the form-factors are independent of v in this limit. The density factors are Jp,pn(p, ) = Jrpn(A, X), while the
form-factors yield [16-18]

Fipn(p2, he) = K (X2), (IX.25)
27Tk27—dr(/\171, )\1,2) (U(/\l,l) — U()\LQ))Z
K/ (A1) (A12) a0 100 2 (v(A2) = v(A12))(v(A2) = v(A1,1))

with k = k' (A11)@11 + k' (A1 2)@1 2. Here, T is the dressed integral kernel defined in (I.8). With this we find

Fopn(p1,hy) = = 27T (M\1,1, M 2) (IX.26)

27)4 -
an 27'0_1 X % /d)\le)\LQd)\Qdag V2 (k‘l()\g)ag) Jgph(Al,Al) leh(/\g, )\g)X
I1X.27
azk' M) * T (A1, A1 2)? (A1) — v(A1,2)] S[RP|S[RDY] ( )
k' (A,1)k (A1,2) (v(A2) —v(M1,2))2(v(A2) —v(A11))? " "
The integral over as can be now performed. The result is the following
472 / dr 2
Ty = 7570 % (2m)*V /d>\1,1d>\1,2d/\2k (A2)T ()\1,17)\1,2) sz1/1(>\17>\1) Jiph(A2, A2))
8 k ()‘1,1)1/”‘ <)‘1,2) (IXQS)

[v(A1,1) = v(A12)]
(v(A2) = v(A1,2))2(v(A2) —v(A1,1))2

where V2 = i dkV? (k) k2. It is convenient to rewrite I'y,,, in the following form, which appears in the main text

Slhy 1Sy,

2
T = 22 /dAld)\g T (A, A2)? |0 (M) = 0(A2)|gnm (Ars Ao), (IX.29)

_ V2
where 771 = Jmte™ and V2

2 e = VEV?2, moreover

S[hyrIS (]
(v—01)2(v —v9)?’

where the measure is dA = 2mp, (A)pn(A)/E (M)A = pp(A) fF(A)dA.

The apparent poles in I'y,,,, at A1; = A and A1 2 = X are regularized by the expressions in the brackets which vanish
in those limits. The double limit when all the A’s are equal is additionally regularized (and vanishes) because of the
factor |v(A1,1) — v(A1,2)] in the numerator.

Explicitly, we check (we shorten the notation and introduce ¢ = ¢'/k’, moreover v = v(\) and v; = v()\;), similarly
for @)

Gnm(Ai, A2) = / A (K (V)2 (IX.30)

Po(v —v1) + @(v1 — v2)
Vo — VU

lim Sly]

Va—V Uy — U

= @1+ lim
V2V
— @1 — o lim 27% 4 i 2092 (IX.31)
v2—v Vg — VU VoV Vg —
=01 —¢— (Ul - U)(ﬁ/.
The other apparent pole at v = vy is regularized in the same way. This a consequence of symmetry of S under a

cyclic transformation of variables, S[p](A, A1, A2) = S[p](A2, A\, A1) = S[p](A2, A, A1).

Finally, we also write down expression in large ¢ expansion, where the collision integral simplifies

2m)2 4
Tom :( ’r) g/d)\l’ld)\l,gd)\gpp()\l,l)ph()\l,l)pp()\l,Q)ph()\1,2)pp()‘2)ph()‘2)|)‘1’1 7)\1,2|><
1 1 1 1
h (A1) ~———+h (M o)——— —h. ()
( n( 1,1))\2 v + A ( 1,2)>\1’2 W n(A2) <>\2 T + Mo )\2> ) X (IX.32)

1 1 1 1
Ry (A1) + Al (A2) s — Al (A ( + ) '
< ( 1'1)>\2 — A1 ( 1’2))\1,2 — A2 (A2) A2 = A1 A — Ao
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2.3 Article III: Chapman-Enskog theory and crossover between diffusion and
superdiffusion for nearly-integrable quantum gases

e M. Lebek, M. Panfil “Chapman-Enskog theory and crossover between diffusion and su-
perdiffusion for nearly-integrable quantum gases”, SciPost Phys. 18, 186 (2025)

More than one hundred years ago, Sydney Chapman and David Enskog developed a theoretical
framework to derive the NS equations. Nowadays, this method is known as the Chapman-Enskog
expansion. Unlike the approach of Resibois described in Article II, it allows for the derivation of
the fully nonlinear hydrodynamic equations. In addition to that, it is capable of incorporating
an external potential into the dynamics. Such external potentials are ubiquitous in experiments
with ultracold atoms.

a) b) A=Hy+0
. Chapman-Enskog expansion ) .
Nonlinear GHD- Nonlinear Navier- non-
B 2 GHD NS KPZ
Boltzmann eq. Tre] Stokes egs.
="« l
Thyd 0 ~ A0 ~172 ~a

Figure 14: Panel a): the central result of the paper: derivation of the full nonlinear NS hydro-
dynamics from nonlinear GHD-Boltzmann equation. Panel b): three hydrodynamic regimes in
nearly-integrable gases.

The key observation of the method lies in the identification of small parameters in the GHD-
Boltzmann equation, see Fig. 14(a). One of these is typically known as the Knudsen number ¢. It
should be understood as the ratio of the microscopic relaxation timescale 7 (typical timescale
over which the system relaxes to local thermal equilibrium) and the hydrodynamic timescale
Thyd at which we probe the system and at which hydrodynamics is expected to occur. This
observation is combined with the reduction of degrees of freedom from an infinite number to
three hydrodynamic fields. Such a reduction is effectively possible thanks to the smallness of the
Knudsen number.

The main contribution of the article is a systematic generalization of the ChE procedure to the
GHD-Boltzmann equation. For this, an additional Knudsen number, d5, had to be introduced,
which can be understood as a ratio of the characteristic microscopic length scale I related to the
diffusion operator ® to the hydrodynamic length scale l,yq. In our derivation, we recover exactly
the same integral equations for transport coefficients as in Article II, thus finding an equivalence
between the generalizations of the methods of Resibois and ChE. We also show how an external
potential can be included in the emerging NS equations.

The second part of the article addresses slightly different issues. We concentrate there on
the topic of transport in 1D gases and the anomalies therein, taking the derived nonlinear NS
equations as the starting point. From there, we follow the standard procedure and add noise
to the currents, which represent the degrees of freedom discarded in the ChE procedure. The
fluctuating, nonlinear NS theory is analyzed using approximate methods to handle nonlinear
stochastic partial differential equations. We follow the foundational paper [132].

The following picture emerges from this analysis. The transport in 1D non-integrable gases
can be understood in terms of three normal modes: two sound peaks and a heat peak. Firstly,
we note that in nearly-integrable regime, the transport coefficients (and thus, the diffusion
constants governing spreading the of the sound and heat modes) are parametrically large in the
integrability-breaking parameter \ and scale as D ~ A~2. The key contribution of the second part
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is the analysis of the impact of such large (for weak integrability breaking) diffusion constants
on the equations governing the transport. The result is that the anomalies in transport happen
at very large spatiotemporal scales. Thus, nearly-integrable gases display three hydrodynamic
regimes, see Fig. 14(b).

Candidate’s contribution: 1 proposed the idea of generalizing the ChE theory for nearly-
integrable systems. I performed a significant part of the analytical calculations. Furthermore, I
initiated the analysis of the crossover between conventional and anomalous hydrodynamics. I
provided analytical arguments supporting its existence and conducted the numerical simulations.
I contributed to writing the manuscript.
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Abstract

Integrable systems feature an infinite number of conserved charges and on hydrody-
namic scales are described by generalised hydrodynamics (GHD). This description breaks
down when the integrability is weakly broken and sufficiently large space-time-scales
are probed. The emergent hydrodynamics depends then on the charges conserved by
the perturbation. We focus on nearly-integrable Galilean-invariant systems with con-
served particle number, momentum and energy. Basing on the Boltzmann approach to
integrability-breaking we describe dynamics of the system with GHD equation supple-
mented with a collision term. The limit of large space-time-scales is addressed using
Chapman-Enskog expansion adapted to the GHD equation. For length scales larger than
~ A72, where A is integrability-breaking parameter, we recover Navier-Stokes equations
and find transport coefficients: viscosity and thermal conductivity. At even larger length
scales, this description crosses over to Kardar-Parisi-Zhang universality class, character-
istic to generic non-integrable one-dimensional fluids. Employing nonlinear fluctuating
hydrodynamics we estimate this crossover length scale as ~ 174,
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1 Introduction

Hydrodynamics is a universal theory of many-body systems out of equilibrium emerging at
large space-time scales. It applies both to quantum and classical degrees of freedom and was
proven extremely useful in systems as diverse as classical and quantum fluids [1-4], biolog-
ical systems [5], relativistic matter [6], quantum circuits [7, 8] and electrically conducting
fluids [9]. Within hydrodynamic approach, an enormous number of microscopic degrees of
freedom is reduced to effective hydrodynamic fields, which follow the continuity equations
written for densities of conserved quantities of the system.

From the perspective of the long history of hydrodynamics, the system which attracted the
most attention was three-dimensional classical fluid (or gas), omnipresent in natural sciences.
Basing on phenomenological arguments, it was established long time age that such system
can be well described by the famous Navier-Stokes (NS) equations [2,3]. NS equations take
a universal form and non-universal details of the specific fluid are fixed by transport coeffi-
cients. In the context of NS equations, these are of two types: the first is fixed solely by the
thermodynamics of the fluid, whereas the second is related to dissipative effects and requires
knowledge about the microscopic dynamics of the particles. Dissipative coefficients of the
three-dimensional fluid are shear and bulk viscosities and thermal conductivity. An extremely
important challenge related to the NS theory is microscopic derivation of these quantities.

The microscopic explanation of NS equations was provided by the kinetic theory, with
the Boltzmann equation as the central object of the framework. The first method which suc-
cessfully connected collisional dynamics of Boltzmann equation to NS hydrodynamics was
formulated by S. Chapman and D. Enskog over one hundred years ago. It has uncovered not
only the universal NS equations by the means of suitable perturbative expansion but also pro-
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vided quantative predictions for dissipative transport coefficients in terms of explicit integral
equations, known today as Chapman-Enskog (ChE) integral equations.

Experimental [10-20] and theoretical progress [21-27] of the recent years gave rise to
a large interest in dynamics of one-dimensional quantum integrable systems, such as spin
chains or interacting bosonic and fermionic gases. Despite interactions between particles,
integrable models possess an infinite number of conserved charges, displaying significantly
different hydrodynamic behavior as compared to non-integrable counterparts. The relevant
theory, which takes an infinite number of conservation laws into account, was developed in
2016 [28,29] and is known under the name of generalized hydrodynamics (GHD) [30-32]. It
was tested in cold-atomic experiments [ 16,33] and nowadays GHD is the standard framework
to tackle out-of-equilibrium dynamics of integrable systems.

Shortly after its formulation, the theory was extended in various directions. Notably, it was
generalized to the case of external fields coupled to the charge densities [34,35] including per-
haps the most important case of external potential coupled to density of particles. Moreover,
the GHD theory was later extended to include the effects of diffusive broadening of quasipar-
ticles due to interactions [36-38]. For the comprehensive review of recent advances in GHD
theory, see the series of articles [39-46] with an introduction given in [47].

Integrable systems are fine-tuned models and are never exactly realized in experiments.
Thus, it is important to study the effects of weak integrability-breaking [12, 39, 48-61],
such as additional weak interactions between particles [62-65], which make the model non-
integrable. In the context of large space-time-scale dynamics, these can be treated as correc-
tions to the GHD dynamics of the underlying integrable model. It is established now that under
effects of weak integrability-breaking the relevant equation for dynamics of quasiparticles is
GHD equation supplemented with Boltzmann-like collision term [39,49, 63, 66], to which we
will refer as GHD-Boltzmann equation. This feature renders the setup similar to the dynamics
of classical Boltzmann equation, studied since a very long time.

The aim of the first part of this paper is to leverage this similarity and to adapt the ideas
of Chapman and Enskog to a new physical context of Galilean-invariant nearly integrable
quantum gases. In particular, as announced in a shorter paper [51], we derive the trans-
port coeficients for such class of systems in terms of generalized ChE equations. Although
GHD-Boltzmann equation differs from the standard Boltzmann counterpart by the presence
of nonlinear effective velocity in the streaming term and by diffusion of quasiparticles, we
show that a (generalized) ChE approach is capable of deriving the NS hydrodynamics from it,
including the dissipative transport coefficients.

The results presented here parallel our developments reported in [51] where transport co-
efficients where derived from a linearized GHD-Boltzmann equation. Here, by generalizing the
ChE method, we compute the transport coefficients beyond the linear approximation. Yet both
approaches predict the same expressions for the transport coefficients, a feature recognized
already in the classical kinetic theory [67] but a priori not guaranteed.

In the second part of our work, we address the important issue of the stability of NS equa-
tions due to interactions between hydrodynamic modes. Building on results of the first part,
we employ the nonlinear fluctuating hydrodynamics (NLFH) to analyze the crossover between
diffusive NS hydrodynamics and Kardar-Parisi-Zhang (KPZ) superdiffusion, which is expected
to occur in generic non-integrable one-dimensional fluids [68-71] at largest length and time
scales. Moreover, we estimate length scales on which different hydrodynamic descriptions
(GHD, NS, KPZ) are valid.

The paper is organized as follows. Section 2 introduces the main ingredients of the frame-
work that we use. These include Thermodynamic Bethe Ansatz (TBA), GHD-Boltzmann equa-
tion, collision integrals stemming from integrability-breaking, the role of Galilean invariance
and length-scales relevant for the problem. In the following Section 3, we recall the ChE
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theory for the classical Boltzmann equation. These first two sections serves as a basis for Sec-
tion 4 in which we adapt the ChE method to the nearly integrable quantum gases described
by the GHD-Boltzmann kinetic equation. In Section 5 we study equations of NLFH to analyze
the crossover between NS diffusive and KPZ superdiffusive behavior of two-point functions.
The paper finishes with conclusions presented in Sec. 6. Some additional formulas and short
supplementary derivations are relegated to Appendices A and B.

2 Preliminaries

In this section we introduce the main objects used to derive the NS equations for nearly-
integrable systems. We start with a short description of one-dimensional NS equations in 2.1.
Next, we discuss the thermodynamics of quantum integrable models within the framework
of the Thermodynamic Bethe Ansatz (TBA) and different representations of GHD-Boltzmann
equation in 2.2. Consequences of Galilean invariance on the TBA quantities are derived in 2.3.
After that in 2.4, we move to the discussion of the most important properties of collision inte-
gral in systems with conserved particle number, momentum and energy. In 2.5 we then derive
mesoscopic conservation laws: the starting point for ChE expansion, which will be motivated
by identification of small parameters in 2.6, which discussess the relevant lengthscales for our
problem.

2.1 Navier-Stokes equations

The NS equations are continuity equations for conserved densities and associated currents.
In (1 + 1) dimensions these are particle density ¢y(= o), momentum density ¢, and energy
density ¢,. Here and in the following, we suppress the dependence on the space-time coordi-
nates (x, t) unless its presence is required for the clarity. In the hydrodynamic treatment it is
customary to use velocity u and internal energy e instead of ¢, and ¢,. Furthermore, the in-
ternal energy density e is often replaced by local temperature T on the basis of the assumption
of local thermal equilibrium. We will refer to the sets {p,u, e} or {o,u, T} as hydrodynamic
fields.

The NS equations for the hydrodynamic fields, in the presence of the external potential
U(x) confining the particles, are [1-3]

30 =—03(ou), d.(ou)=-3(ou®+P)—(3.U)p,

1
o,(pe) =—0,(upe+J)—Po,u. L

The equations, beside the hydrodynamic fields, involve also hydrodynamic pressure P and
heat current 7. In the phenomenological picture they take the following form

P=P—-l3u, J=-xo,T. 2

Here, we expressed the heat current 7 through a gradient of the temperature to conform
with the standard formulation. The two transport coefficients are viscosity ¢ and thermal
conductivity k, and the two relations in (2) are respectively the Newton’s law for a viscous fluid
(with shear viscosity absent in one spatial dimension) and the Fourier’s law for the heat current.
P denotes here the standard thermodynamic pressure. The abovementioned thermodynamic
relation between e and T fields which together with (2) allows to close the equations is [2]

1 1(P T (0P
dT =—de——| ——— | — d 3
9% ‘ Cy (QZ Qz(aT)e) e ®

where cy is the specific heat at constant volume.

4
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The NS equations (1) describe a Galilean invariant fluid. The density o and temperature
T are invariant (scalars) under Galilean boost, whereas velocity and internal energy transform
in the standard way. Another invariants are pressure and transport coefficients. This implies
that pressure P = P(p, T) and transport coefficients depend only on the local density and
temperature of the fluid { = {(p, T), k = x(p, T).

The central result of this work is derivation of the NS equations for nearly-integrable quan-
tum gases described with a particle number, momentum and energy conserving Hamiltonian
of the form

H=Hy+AV, A<1, )

where Hj is an interacting integrable Hamiltonian and V is the integrability-breaking term.
Using a generalization of ChE method we recover exactly (1) with thermodynamic quantities
such as specific heats and pressure dictated by the thermodynamics of the integrable model
and with the explicit expressions for the two transport coefficients.

The transport coefficients that we find are sums of two contributions { = {7 + {5 and
K = K7 + Kp. The contributions {4, kp originate from collisions of quasiparticles of the inte-
grable model. They are an effect of interactions present in H, and are straightforwardly com-
puted from the methods of integrability.! On the other hand, {7,k are related to Boltzmann
collision integral Z which represents the effects of integrability-breaking due to V. Similarly
as in the classical kinetic theory, computation of {7, k7 requires solution of integral equations.
Expressions for transport coefficients were reported in [51] and we present their derivation in
the ChE formalism in Sec. 4. In the classical kinetic theory there is only one type of contribu-
tions to the transport coefficients originating from the collision integral Z since H, represents
then a non-interacting system.

Finally, we mention an alternative representation of the NS equations in terms of the local
conserved densities {¢g,¢1,¢5}. These are related to the hydrodynamic fields through the
following relations

g 9: N
e=g90, u=-—, e=T2_—%. ©)
70 20  2g;

The NS equations (1) for the conserved densities are then
Grg0+0x1 =0,

2
q
at{}l + ax (_1 + P) = _(axU){}O 5 6)
70

By qy + 0, (‘h% +Ap j) = —(3,U)g;.
90 90

The two formulations of the NS equations will be useful in what follows.

2.2 Thermodynamic Bethe Ansatz and GHD-Boltzmann equation

In this section, we introduce the central object of our study — the GHD-Boltzmann equation.
Together with it we introduce the main ingredients of the TBA. As we focus on Galilean invari-
ant systems, the bare energy reads E(1) = A2/2 and bare momentum is p(1) = A. We set the
particle mass to unity m = 1.

The GHD equation, like a standard kinetic equation, is an equation for a (quasi-)particles’
distribution p,(4; x,t). The integrable structure provides a number of alternative represen-
tations of the state of the system. The two additional useful representations are through the

!They are thermal matrix elements of the GHD diffusion operator ©.
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local values of conserved charges {¢,(x, t)} and local (generalized) temperatures {f3,(x,t)}.
The values of the former are given by

gn(x, ) = J dA 7%, (M)pp(A; x, t), (7

where #,(A) is the single-particle contribution to the charge density ¢,(x, t). For a Galilean-
invariant theory the ultra-local charges are given by choosing

A,(A)=A"/n!, (8)

and charges are cumulants of the quasiparticles’ distribution.

The second representation of the state is through the generalized temperatures and re-
quires introducing the generalized TBA which we now quickly recall in the standard version
applicable to homogeneous systems [72-75]. The initial object is the pseudoenergy ¢, which
takes the following form

eoM) = D (M), )
The local distribution of quasiparticles is then determined from the generalized TBA equations
e(A) = Eo(l)+JduT(l—M)F[6(M)], (10
1
Po(A) = -+ J du T (A — pIn(u)pod(u), (11)

where 7 (A) is the model-dependent scattering kernel. For instance, for the Lieb-Liniger model
[76,77] with coupling c it reads T(1) = < ——+. Function F[e(u)] is related to the free energy

T 242"
density f = % f dAF[e(A)] and depends on the statistics of particles [31]. For models with
fermionic statistic of quasi-particles (as the Lieb-Linger model) it reads F[e] = —log(1 + 7€),
for bosonic F[e] = log(1 —e™¢) and for classical particles F[e] = —e™ €. Solving the first
equation yields e(A) which enters the filling function
o= (12)
de )

and in turn specifies the second equation. We note here that for the fermionic statistics
n(A) =1/(1+eM). The total density p,,, determines then the particles’ density according to
Pp(k) = n(A)por(A)-

Generalization to the non-homogeneous systems relies on assumption that locally the state
of the system is described by the TBA with generalized temperatures varying in space. Namely
the pseudoenergy (9) is promoted to

eo(hx, ) = D fin(MBy(x, 1), (13)

and the outcome of the TBA is space-time dependent p,(A4, x, t).
We move now to the GHD-Boltzmann equation for nearly integrable systems. It reads [35,
39,50]

1
3:pp + Oy (vpp) = (0,U)pp + Eé’x (Daxpp) +Z[pp], (14)

with effective velocity v, an external potential U, the diffusion kernel © and the Boltzmann col-
lision integral Z[p,,]. The effective velocity for Galilean-invariant models fulfills the following
integral equation [28,31]

v(A) = A,(A)+ 21 f dVT(A—=A)p,(A) (v(A)—v(R)) . (15)

6
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Before we describe the diffusion kernel ©, we introduce some notation. For an arbitrary op-
erator O we introduce the following notation for its action on arbitrary functions v, ¢

(OY)(A) = f duO@, Wy (), YOy = J dAduOA, Wy (A)e (), (16)

and use the standard notation for kernel multiplication

(0102)(1) .u') = f dVOl(A, V)OZ(V) .u‘) . (17)

The diffusion kernel is then (below p,,, and n should be understood as diagonal kernels) [37]
D=1-nT) 'pDpt(1—nT), D(0,a)=5(0—a)w(0)—W(6,a), (18)

and
W(0,a)=p,(0)f(0) (T8, a))2 v(0)—v(a)|l, w(B)= f daW(a, 6), (19)

where f(6) denotes statistical factor [31]

d?F/de?

SO =="4Fjac

(20)

€(0)

which depends on the particles’ statistics (it reads f = 1 —n for fermions, f = 1+ n for bosons
and f =1 for classical particles). The dressed scattering kernel fulfills

TEALA) =T(A—A)+ J dAT(A—2A")n(A")TE, 1), 1)

and in addition to that we define dressing of an arbitrary function g(A) as solution to the
integral equation

gV =g+ f dAVT(A—A)n(A)gdr (), (22)

which implies that g = (1 —7Tn)'g.

The effective velocity and the diffusion operator depend on the state p,. This renders
the GHD-Boltzmann equations non-linear even in the absence of the collision integral. The
diffusion term leads to the entropy production [37] and in the interplay with the external
potential leads to a stationary thermal state even in the absence of the collision term [78]. For
now, we set U = 0 and discuss the effect of the external potential in Section 4.4.

In what follows, we will present a slightly different parametrization of the GHD-Boltzmann
equation (14). We start with the relation between the generalized temperatures and conserved
charges and associated currents, which are described by the hydrodynamic matrices

9%a 9za
TPy Chy, By =—

where 7, is the expectation value of the conserved current operator 7, evaluated on the
generalized TBA state [28],

Cab =

= ﬁalgﬁ/b B (23)

Jalx,0) = J MgV x, Opy(As %, 1), (24)

7
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The kernels of the two operators introduced above are

C=1-nT) 'pf1=Tn)™", B=QQ-nT) " pfv(1—Tn)". (25)

In the passing we note that hydrodynamic matrices (23) are symmetric. Moreover, the matrix
C defines a hydrodynamic inner product, which we will use throughout the paper

(flg)=fCg. (26)

After introducing the required ingredients we can now rewrite the GHD-Boltzmann equations.
First, from the TBA equations it follows that [31,51]
pp d(vpy)
9 Bq 9 Bq

These relations allow us to transform the GHD equations to equations for the generalized
temperatures

=—Ch,, —B#, . 27)

Can@uly + Bapely = 50 (DC)ap 8By) — A TT{B 1. (8)

We can also transform them into the continuity equations for the charges. The first two terms
transform easily using again the hydrodynamic matrices,

aL’@a = _Cabatﬁb > axoZ.a = _Babaxﬂb . (29)

The diffusive term of the GHD equation requires expressing the change to 3, due to a change
to the conserved charges. Assuming the susceptibility matrix C,;, is invertible we have

Ba=—.Caldrqp, (30)
b

and
. 1
at@a"_axaza = Eax (Qabax{}b)'i'ﬁ”az[{{}b}]- (31)

The three representations of the GHD-Boltzmann equation given in egs. (14), (28) and (31)
will be important for the discussion ahead.

2.3 Galilean invariance and thermal boosted state

We discuss now the role of the Galilean invariance. Specifically, we introduce the thermal
boosted states and the transformations of the hydrodynamic matrices under the Galilean boost.

Consider a homogeneous state of the system described by distribution p,, which as a whole
moves with velocity u # 0, where

L _ [ pp(D)
J daro(pp(M)

This state can be understood as a Galilean boost of the state with zero total momentum and
with distribution function p,(4) such that p,(1) = p,(A —u). If one distribution is a solution
to the TBA equations so is the other one and the corresponding bare pseudo-energies obey
the same type of relation €3(A) = €y(A —u). This relation is a consequence of the kernel
T(A—u) being a difference operator (which itself is required by the Galilean invariance). The
transformation under the Galilean boost can be realized by introducing a boost operator b,
such that p, = b;l ppby with by =1and b_, = bljl. In the rapidity variable the operators are
represented by b, = exp(ud, ).

(32)



Sci| SciPost Phys. 18, 186 (2025)

As discussed above, the TBA offers 3 equivalent characterizations of the GGE states one of
which is the distribution function p,. Another one is provided by the generalized temperatures.
The transformation laws for the generalized temperatures can be read off from the equality
between the bare pseudo-energies €y(1) = €y(A —u). Expanding both sides of the equality in
generalized temperatures we obtain

D BatiaW) =D Putia(A—u). (33)

Functions 7%,(A —u) expand in #4,(A),

fr(A—u) =) gap(—u)ip(A), (34)
b

where we introduced a transformation matrix g,;(—u) whose structure is a consequence of
the monomial form of functions %,(A) defined in (8). From this it follows that

o= By&pa(—11). (35)
b

The transformation matrix g(u) is a representation of the boost operator b, in the space of
functions %, determining the local conserved charges. The matrix is lower triangular because
/4(A —u) expands into %, (A) with b < a. We also have

g0=1, gtw=g(-uw. (36)

In principle, g(u) is an infinite-dimensional matrix, but because of its triangular structure it can
be truncated at a chosen order. For example, in the subspace of 3 lowest conserved charges,
which will be relevant in deriving the NS equations, the matrix is

1
u

gu)= , (37)

S = O
— O O

12
2u

and its action in this subspace is closed and is invertible.
The expectation values of the conserved charges transform in the similar way as %4,

7a= 8. (38)
b

where ¢, and ¢, are values before and after the boost respectively. We also note that the
effective velocity transforms as
v(A) =V (A—u)+u. (39)

For the analysis of the transport coefficients the transformation properties of the hydrody-
namic matrices are important. First we note that, at the level of operators, we have

C(u,A)=b'Clu, A)b,,  B(u,A)= Db, B(u, A)b, +ub,'C(u, b, (40)
with the operators acting now on both variables, b, ~ %% ® e“%, This implies that

Cap = 2 . 8ac(WCeq(g7 (W)ap = (g()Cg™ (W), »
cd (41)

Bep = (gw)Bg" (W), +u(gw)Cs’ W), -
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Furthermore and independently of the boost, C,o = B,;. This follows from the fact [31] that
v(A) = ﬁ‘fr(l)/ﬁgr(l) and from definitions (25) of C, B kernels.

Among all the states described by the generalized TBA a special role is played by thermal
states and boosted thermal states. The former are described by non-zero f, and 3, with all
other chemical potentials zero. Boosting the thermal state by u the generalized temperatures
become

Bo = Po + %szgz ) B1=—ups, Bo=Ps. (42)

This implies that (inverse) temperature is an invariant of the thermal state under the Galilean
boost. Another invariant is the particle’s density ¢. Therefore, a triple (¢, ¢1, f2) provides
a convenient parametrization of thermal boosted states. It transforms minimally under the
Galilean boost by u to (g, g1 +u, B5).

The particles distribution for a thermal state is an even function, p,(1) = p,(—A). A
consequence of this is a checker-board structure of the hydrodynamic matrices. In the subspace
of the 3 first conserved charges

) Coo 0 Cop . 0 By 0
Cap=[0 Cuu O], By=(Bun 0 Bp|. (43)

We observe that C,; is invertible as detC = C;7(CyoCas — Coz) = T*o*cyxy, where xy is
isothermal compressibility of the integrable model and cy, is specific heat at constant volume.
Thermodynamic stability conditions guarantee that ¢, x; > 0, hence detC > 0. Above we
have used formulas for thermodynamic quantities expressed with matrix elements of C, 5,
given in Appendix A.1. The hydrodynamic matrices for thermal boosted states follow then
from transformations (41).

2.4 Collision integral

In this section we look more closely at the collision integral Z[p,] and discuss the most im-
portant properties of it. The collision integrals considered by us originate from integrability-
breaking. In Ref. [35, 63] it was shown how such terms arise due to perturbative treatment
at the level of Fermi’s Golden Rule (FGR). However, the ChE method does not depend on the
precise form of the collision integral. Instead, it relies on two general and physically motivated
properties that we now discuss. We refer to [51] for an example of a collision integral in the
system of two coupled Lieb-Liniger models. It can be explicitly checked that collision integrals
derived in [35,63] have the properties listed below.

First of all, a characteristic feature of the collision integral Z[p,, ] is a set of collision invari-
ants, namely quantities conserved by it. The natural choice for the collision invariants are the
particle number, momentum and energy and such choice yields the NS equations. For collision
integral 7 respecting these three conservation laws we have

)@azzfdeﬁa(G)I[pp](Q):O, a=0,1,2. (44)

Another choice, for example, is to respect only the particle number, the resulting hydrody-
namic equations are the non-linear diffusion equations. We will investigate such situation in
a future work.

The second important feature of the collision integral are the stationary states p;t fulfilling

Tlp}1=0. (45)

10
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We will generally assume that the stationary states are TBA boosted thermal states described
in the section above. This can be shown for classical Boltzmann collision kernel [2]. Moreover,
in Ref. [35] it was demonstrated for collision integrals constructed from FGR that indeed the
stationary states are TBA boosted thermal states with pseudoenergies of the form

€o(0) =—Bu+ v7%1(0) + /4(0). (46)

However, collision integrals might also posses non-thermal stationary states as discussed, for
example, in [65]. Such situations are also beyond the scope of the present work.
In our calculations we will be mostly interested in the operator

67
opp
The conservation of energy, momentum and particle number by the collision integral implies

that I has three zero eigenvectors

I'= 47)

J A (AT(A,u) =0, a=0,1,2. (48)

In our work, we also assume that I beside these three zero eigenvalues, the rest of the spectrum
is positive and gapped, with a gap v > 0 providing a characteristic time-scale for thermalization
in the system. These assumptions were confirmed in a concrete example of coupled Lieb-
Liniger models investigated in [51].

2.5 Mesoscopic conservation laws

In this section we make the first steps towards recovering hydrodynamic equations from GHD-
Boltzmann equation (14). We start by writing the equations for the dynamics of the first three
charges. Existence of three collision invariants leads to three mesoscopic conservation laws,
c.f. (31),

. 1
at@a + axaza = Eax (Cgabaxﬁb) 5 a=0,1,2, (49)

with 7,(x, t) defined in (24).

This set of three equations is not closed. The equations depend on the full information of
the state of the system, not only on the first three charge densities. Otherwise, these equations
are similar to the NS equations in a proper representation. The ChE method allows us to
effectively integrate out the information about the evolution of the other charges which are
not conserved by the collision term. Because of that, they are decaying and lead to appearance
of additional (beside the contribution from the GHD diffusion) dissipative terms.

It is helpful to write equations (49) more explicitly. First, we use the Markovianity property
of the diffusion operator. It implies that %, = 0 for Galilean-invariant systems [36] and the
density obeys a conservation laws without diffusive terms,

90+ 0x20=0, 20=91- (50)
The other two continuity equations are

0rg1+0x21=—0xPo,

. (51)
Oy g2+ 0y fo=—0x(UPy +Ts),
where we defined
1
1
uP’D + ji) = _5 f dld‘u‘ ﬁ/2(k)©(l: .u)axpp(‘u‘) = _ﬁZanpp/z; (53)
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anticipating the structure of the expressions.

The currents 7, involve two types of contributions. The first one depends only on the
hydrodynamic fields, the second requires knowledge of the full rapidity distribution p, via
contributions to hydrodynamic pressure P, and heat current 7,. The result is

. f} .
H=224P,, =L up, 47, (54)

90 90

where we defined the contributions to pressure and heat current
P, = f A (A —wv(Mpp(A), (55)

Ty =73 f dE&*(v(u+&)—wpp(u+&) = f dAA —u)(v(A) —wWp,(A).  (56)
The resulting equations are now

0rq0+0yq1 =0,

42
1 —

3ppy + Oy (%qz +u77+.,’7) =
70

They take a form of the NS equations (1) with P =P, + Py and J = J, + Jp. Anticipating
our findings, the ChE method approximates expressions for P and J such that they depend
only on the hydrodynamic fields through Newton’s and Fourier’s laws (2), thus closing the set
of equations.

2.6 Relevant lengthscales

In the GHD-Boltzmann equation we have (at least) 3 relevant scales in the system. There is a
microscopic length-scale 14, (given by the scattering shift of the integrable theory), there is a
hydrodynamic length-scale I, at which p,, varies in space and there is time-scale 77 specyfing
the rate of the integrability-breaking collisions. Introducing the latter into the GHD equations
we obtain (below we defined 7 = %f)

1
Orpp + Ok (vpp) — 8 (D0, pp) = — [pp] (58)

with the following dimensions

1
m2/s’
We introduce also (v), a typical velocity of quasiparticles which is a characterstic of the
state. Then l; = (v)77 is a distance travelled by a quasiparticle between the non-integrable

collisions. We can now rewrite the GHD equations in a dimensionless form. To this end, we
write

[pp]=[Z]1= [1z]=s, [I=m/fs, [D]=m?/s. (59

v - D
=0, D=0, (60)
(v) Wlo
which defines the dimensionless effective velocity and diffusion operator. Then, in the reduced
variables t = t/1}, and ¥ = x/I;,, we find

<t

. 17 - Th =~
Bipp -+ 0x(Fpp) = 5 220 (Ddepy) = Loy ). (61)
A
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The two ratios appearing in the equation can be reinterpreted through length-scales. Intro-
ducing parameters which can be identified as generalizations of Knudsen numbers [2] from
standard kinetic theory

T l T [

_2_2 5I=_I=_I, (62)
T Iy

the GHD-Boltzmann equation becomes

. 1 ~ 1 .
O pp + 0x(Vpp) — 559@(@5’2%) = 5—II[PP] . (63)

We note that in order to be in the hydrodynamic regime we require 65 < 1 and in order to treat
the collision integral as a perturbation we need also 67 < 1. The second condition guarantees
that collisions occur in effectively homogeneous background and system thermalizes locally.
Lastly, it is useful to realize that almost identical set of mesoscopic conservation laws as
(57) can be derived in the rescaled units. What happens is that we recover the same equations
with a single difference that parameter 65 appears explicitly in expressions for Py and 75

P@ :_5®ﬁ1©8xpp/2> llpg+j® =—5©ﬁiz®3xpp/2. (64)

In what follows we work with the rescaled units (but without using the tilde symbol explicitly)
which introduces small parameters 65, 67. After truncating expansion at a given order, as a
last step we will restore the original units, thus eliminating the generalized Knudsen numbers
from the equations.

3 Chapman-Enskog theory for the Boltzmann equation

ChE expansion [2-4] was the first theory, which successfully connected microscopic dynamics
of Boltzmann equation to the equations of hydrodynamics. It was developed by S. Chapman
and D. Enskog more than one hundred years ago. Originally formulated for three-dimensional
classical gas, it has uncovered not only the universal NS equations but also provided quantative
predicitions for transport coefficients in terms of explicit integral equations. In this section we
write a summary of this classic result. It provides context for the generalization of the method
to quantum integrable theories developed in the next section.
We start with the Boltzmann equation written as

Op +vorp =Iglp], (65)

where p(x, v) is one-particle distribution function on a phase space and I3[ o ] is the Boltzmann
collision integral, a nonlinear functional of the p distribution. For the sake of this discussion,
we do not discuss the of the operator Iz and consider one-dimensional system. The main idea
behind ChE expansion is based on two important observations about the Boltzmann equation:

* The only stationary states of collision integral Iz[ p] are space-varying boosted thermal
states. For classical gas these are given by boosted Maxwell-Boltzmann distributions

_ o) _(v—u()y?
Pon (6, V) = mexp( 2700 ) (66)

where p(x),u(x), T(x) are density, velocity and temperature of the gas at the point
x, respectively. We have set m = 1 and kg = 1. The process of relaxation from a
generic state towards local boosted thermal states happens on a characteristic relaxation
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time-scale 7, , which depends on the interaction potential between particles encoded in
collision integral Iz[ p] and on the state itself.

We emphasize here that in general the states (66) are stationary states of collision in-
tegral term only and some dynamics is generated by the streaming term vd, p. Global
equilibrium states of (65) correspond to boosted thermal states with hydrodynamic fields
uniform in space p(x),u(x), T(x) = const, for which the streaming term vanishes as
well.

* Collision integral conserves density of particles, momentum and energy. This is equiv-
alent to the existence of three collision invariants %Z,(v) = 1, Z,(v) = v, %,(v) = %vZ,

such that
Jdvﬁa(v)IB[p](v)ZO, a=0,1,2. (67)

Naturally, collision invariants can be directly related to hydrodynamic fields p(x), u(x),
e(x), which are given by

(%) () 1 &
Q(X):<ﬁ ); U(X):_, C(X):_——U(X) 5 (68)
’ (%o) (o) 2
where (-) denotes average over velocities with respect to p. What is more, the tempera-
ture field is simply given by e(x) = %T(x), assuming that the system is in local thermo-
dynamic equilibrium. We collectively denote the hydrodynamic fields as {o,(x,t)}.

The observations listed above point towards the existence of two characteristic timescales
in the system. Starting from an initial distribution, on a timescale given by 7, the system
will locally thermalize, such that it can be described by hydrodynamic fields po(x),u(x) and
T(x). On a longer, hydrodynamic timescale 7}, the streaming term will be dominant and these
fields will evolve according to the standard equations of hydrodynamics. In order to see their
structure explicitly, we multiply the Boltzmann equation with collision invariants and integrate
over dv, similarly as in Sec. 2.5. We recover three equations which read

dr0 +0,(ou) =0,
d.(pw) + 9, (pu*+P) =0, (69)
o, (pe)+ 0, (upe+J)+Po,u=0,

with dynamical pressure and heat current
P= f dv(v—uw)vp(»), (70)

J= %f dv(v—u)’p(v). (71D

The hydrodynamic equations presented above are not closed as the dynamical pressure and
heat current depend on the whole distribution p, not only on its first three moments (or equiv-
alently, on hydrodynamic fields). The closure of equation will be the central point of the ChE
expansion procedure, which we now discuss.

The two observations about Boltzmann equation listed before can be turned into pertur-
bative expansion. To formally motivate it, we start with estimating the order of terms in (65).
We assume that the state varies at a hydrodynamic length-scale [}, and the particles have some
characteristic velocity ¥. Then the hydrodynamic timescale associated to the streaming term
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is T, = l;,/V. In the dimensionless units X = x /I, t = t/1},, ¥ = v/ and explicitly extracting
the timescale from collision term Iz = %I 5 we can write Boltzmann equation as
B

1.
dp +vo:p = <Izlp], (72)

where 6 = 7, /7y, defines the so-called Knudsen number [2]. We wish to address hydrody-
namic limit of slow (in comparison to microscopic scales) space and time variation, hence
Knudsen number is considered to be small 6 < 1. The form of Boltzmann equation (72)
suggests perturbative solution in 6 and indeed, in the ChE method we essentially assume that

p(x,v;t)= p(o)(x,v; t) (1 —Z 5"p(”)(x,v; t)) . (73)

n=1

However, the expansion cannot be considered to be fully systematic as it is supplemented by
additional assumptions which we will discuss now. Before that and in what follows we drop
tildes from the notation.

Firstly, the crucial aspect of the method is the assumption about the time evolution of dis-
tribution p. We assume that it depends on time through three time-dependent hydrodynamic
fields collectively denoted {p,(x,t)},

p(x,v;t) = p(x,v[{ga(x, 0)}). (74

Moreover, there is an assumption about expansion which can be formulated as the following
conditions

(fog) = J dv %,(pO(x,v), 0=Jdvp<°>(x,v)fia(v)p(”(x,v)=(ﬁa|p<“)), (75)

for n = 1, which means that the averages of collision invariants (and in consequence, hydro-
dynamic fields) are given solely by the zeroth order contribution to the distribution p®. In
other words, we essentially assume that the hydrodynamic fields are not expanded in 6 and
corrections {p(")}nzl are orthogonal to collision invariants (in the sense of the hydrodynamic
inner product (:|-), see (26), note that for classical particles C = p). However, we crucially
assume that dynamical pressure and heat current (70) do admit expansion in 6

p=>8"P0,  g=>5"7", (76)
n=0 n=0
Expanding now the problem to different orders in 6 yields hydrodynamic equations at different
scales.
3.1 Euler scale
We proceed now to (72) and plug the expansion (73). At zero-th order in & we find
Ip@]=0. (77)

From the properties of the scattering integral this equation implies that the distribution is
locally thermal
pO0x,v; t) = ppn(x, vHea (O] (78)

With this solution, we may evaluate

’P(O):P:QT, j(O)ZO, (79)
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where by P we have denoted the hydrostatic pressure of ideal gas. Moreover, at this order of
expansion the hydrodynamic equations take the form of Euler equations

atQ = _ax(Qu);
atuz—u(’}xu—zaxg—axT, (80)
e

0;T =—=2To,u—ud,T,

which do not lead to entropy production in the system [3]. We point out that these are Euler
equations with thermodynamics of ideal gas, even though interactions encoded in Boltzmann
term were necessary for their emergence.

3.2 Navier-Stokes scale
We go now to the first order in 6. We find an equation
8.0 00x,v; t) + v, p O (x,v; 1) = [TpM(x, v; 1), (81)

where Ty =—(615/6p)|,0 p©. More explicitly we have

3 ap©®
2. 3’; 60+ Y. I U R CREP (82)

a a a a

o©
where derivatives aa_o can be explicitly computed. Moreover, the operator G(")({Qb}) de-
fines the dynamics of hydrodynarmc field p, at n-th order in 6 (dependence on & enters via
hydrodynamic pressure and heat current)

oo
dia= Y 5"G({op}). (83)
n=0
The expressions for Gc(lo)({g »}) can be simply read off from (80). After short calculation we

get
0) ux)—v (3 _ v —u(x)? — 1)
pl° (x,v)( T2 (ZT(X) 2 o.T | =[TzpW(x,v). (84)

We evaluate this equation at v = £ + u. In the relative £ variable, the equation can be ex-
pressed with local unboosted thermal state 59(&) = p(®(& + u) (corresponding to the same
hydrodynamic fields p(x), T (x) but with u(x) = 0) and pM(&) = p(M(& + u). We then find

) £ (& 3 .
p“’)(&)ﬁ (5 — ET) 8, T =[I3p1(8). (85)

Transformation between Egs. (84) and (85) is in fact a Galilean boost and illustrates Galilean
invariance of the theory and as a result of the transport coefficients.
Assuming that 5(V(&) = ¢ ()3, T, we find that function ¢ (&) fulfills an integral equation

B T0rY — _ oS (&3
[Tz l(E)=x(8), x(&)=p (5)5 -5 31 (86)

with additional conditions (75)

(Aglp)=0, a=0,1,2. (87)
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We note that the function ¢ (&) is antisymmetric (this follows from antisymmetry of ¥ (£) and
properties of I;) and compute corrections to hydrodynamic pressure and heat current finding

PO =0, gW =—% f dgp V()& $(£)a, T, (88)

recovering Newton’s and Fourier’s laws (2) with

n=0, k= % J dgp D (9)E3H(8). (89)

We have thus found NS equations with vanishing bulk viscosity. This is a known result for a
weakly perturbed ideal gas [2,3]. In order to evaluate thermal conductivity x one has to find
¢ (&) which involves solving the integral equation (86).

The expansion in 6 can be carried out to higher orders which leads to so-called Burnett
hydrodynamic equations [2]. We close our discussion at the first order and point out that
the found expressions for transport coefficients (89) can be understood as special cases of the
general formulas (143) (or (A.18)) derived by us in this work. One can recover them by plug-
ging non-interacting limits of hydrodynamic matrices, diffusion operator and thermodynamic
quantities computed for ideal gas.

4 Chapman-Enskog theory for the GHD-Boltzmann equation

We apply now the ChE method to the GHD-Boltzmann equation. The procedure parallels the
classical method presented in the previous section, which can be summarized as a two-step
scheme:

1. Write suitable expansion of the state p,, in parameters which are small in hydrodynamic
limit. Assume that time dependence of the state is given by the time-dependence of the
conserved hydrodynamic fields, which are not expanded in the small parameter of the
theory. Expand GHD-Boltzmann equation and solve it order-by order finding corrections
to the stationary state obtained at the leading order.

2. Evaluate corresponding corrections to the hydrodynamic pressure P and heat current
J. These after plugging into (57), yield hydrodynamic equations at subsequent orders
(Euler scale, Navier-Stokes scale and so on) and provide expressions for transport coef-
ficients.

However, there are two main differences with respect to the previous section: a) the thermody-
namics of the underlying theory is not of a free system, b) there are two expansion parameters.
In the general discussion presented in this section the second point will be especially impor-
tant. More precisely as we will see the presence of the two expansion parameters leads to
two types of contributions to the transport coefficients. Instead, the thermodynamics of the
system will be important for the properties of the transport coefficients. Ultimately, it is the
thermodynamics that is responsible for non-zero bulk viscosity unlike in the ideal gas. This we
discuss in further sections.

4.1 General structure

Recall that the central assumption of the ChE method is that the time dependence of p,, enters
through the values of hydrodynamic fields, which we again collectively denote as {p,(x, t)}.
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This then leads to the NS equations formulated in terms of these fields. However, equiva-
lently we can assume that the time dependence of p,, is governed by the expectation values
of the conserved charges {¢,(x,t)}. The resulting NS equations will be then automatically
formulated in terms of them, or by using charge and current susceptibility matrices in terms
of the corresponding chemical potentials. We will mainly use the second option as it provides
a more symmetric presentation of the problem but occasionally we will also display results for
the hydrodynamic fields as they are more standard.
We choose local conserved charges to control the time-dependence of py,

Pp(A;x,t) = pp(A, x[{gq(x, t)}), (90)
with p, (A, x[{g4(x, t)}) called normal solutions. Their time evolution is given by
ap ap
Spp= D, 3 0ga= 2, 7 Gullgs]), 1)
a=0,1,2 Y 7a a=0,1,2 ¢ %a

where we defined (below a,b=0,1,2)

Go({gp}) = =0 sa{gp}) + 57@3xfdlﬁa(l) (D8pp) (x, Al g}, (92)

in accordance with the time evolution of the conserved charges (31). G,({¢}}) are nonlinear
functionals of p, and determine the dynamics of the hydrodynamic fields

Oca = Ga{gp})- (93)

The GHD-Boltzmann equation for the normal solutions becomes

dp 8 1
Z _pGa(Qb) + ax (Vpp) = 793)( (anpp) + _I[pp] . (94)

a=0,1,2 99a o1

This is an ordinary differential equation in x in which time t plays a role of a parameter. We
assume that the normal solutions can be expanded as follows

oo o0
pp=D, >, 5n5mplmm, (95)
n=0m=0
where pl()”’m) = pr()“’m)(x,/ll{ q(x,t,A)}). To make closer connection with the standard ex-

pansion we reparametrize the corrections as

pl()n,m) — 0.0 egn,m) ’ (96)

where C(®9 is the kernel C evaluated on p(®?). The reason for such change is the following.
We would like to think of small corrections as perturbations to the bare pseudoenergy of the
state, a quantity which has a natural expansion in ultra-local basis. Note that in the classical
case the corrections are in fact of the form —p®p™  n > 1 which agree with our definition
after realizing that for classical non-interacting gas C(%) = p(®. In what follows, we will drop
the superscript from matrix C.

A crucial point of the method is that we do not expand ¢, in 5,67. This implies that

local values of the conserved charges are determined solely from pr()0,0)’

Falx, ) = f A %,(M)p{O(x, Ales))
97)
0= f dA A, (CeS™ ) (x, Ay} = (AgleS™™),  (n,m) # (0,0).
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Which once again means that corrections ef)n’m) are orthogonal to collision invariants in the

sense of hydrodynamic scalar product. These equations form constraints (constitutive condi-
tions) on the expansion of the normal solutions. The evolution operator for hydrodynamic
fields is expanded as well

Go{gp) =D, > 6087 G ™ ({g}). (98)

n=0m=0

The first equation (level 1 ChE approximation) in the hierarchy is
I[pPM] =0, (99)

which implies that pI(JO’O) is a stationary state of the collision integral, i.e. thermal boosted
state. The next ones, at level 2, are

(0,0)
Jo}
=0, > 260y +2,(O0p0) =1l (100
a=0,1,2 a
we defined here T' = —ZC where Z( is the functional derivative of I[pp] evaluated at

Pp = plgo’o). The first equation is solved by any function from the kernel of operator I'. Its
kernel contains collision invariants /%, with a = 0, 1, 2 and therefore any solution is of the form
e(()l’o) = Zizo cq(x,t)%,(A). However, according to the constitutive conditions (97) only the

leading term in the ChE expansion contributes to the hydrodynamic fields. This enforces that

e(()l’o) = 0. Alternatively, equation Fegl’o) = 0 can be understood as coming from expanding
I[P —55cel ] =0. (101)

On the other hand, this equation itself just states that the combination p©® — 5®CEE)1’O) isa

p
stationary state. Hence, choosing egl’o) # 0 has an effect of shifting the stationary, thermal

boosted state and therefore is redundant. The role of the constitutive conditions is to remove
this redundancy.

The second equation of the ChE hierarchy at level 2 given in (100) determines e(()o’l). Note
that it does not involve explicitly the diffusion term of the GHD and is structurally similar to
the standard ChE equation at level 2, c.f. (82).

As mentioned earlier, hydrodynamic equations at subsequent orders follow from evalu-
ating corrections to pressure P and heat current 7. The same equations in {¢g, ¢, ¢} or
{Bo, B1, B2} variables follow now from evaluating G,({¢5}) on the series expansion of p,,.
To discuss a general structure of the resulting equations it is useful to decompose G, in two
contributions differing in the scaling parameters,

Gon({gp}) =— f A2, (W8, (v, (x, Al{gp 1)) = D D 65887 G ({4 ]),

n=0m=0

5 o (102)
Gan(lgsh) =22 f dA 743, (DBpp(x, Al g 1) = D D 5562 G ({0}
n=1m=0
The hydrodynamic equations, up to and including the first order terms, are then
8iga = GOV PP+ 645G 3 [pL]+ 5,60V, (103)

~~ ~~

Euler NS
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where in the brackets [-] we have indicated dependence on correction to the state (95).
In the following sections we will derive the Euler and NS hydrodynamics equations from the
ChE equation. The two relevant functions are plgo 0) and 6(0’1) because e(1?) = 0. Therefore, to

simplify the notation, we write pf(,o) = pI()O’O), egl) = (O D and G(O) G(0 9. The ChE equations

are then
(O]

%,
I[p©@)=0, >’ ; GO(g4) + 8, (vOp®@) =Tell. (104)
a=0,1,2 a
It is worth emphasising again that the GHD diffusion enters these equations only through
G,({#p}). In the following two sections we discuss the equations (104) and (103) at the
Euler and at the NS scales respectively.

There is also an alternative route to the NS equations which capitalizes on the knowledge
of their form. Therefore, instead of computing G, and rediscovering the NS equations, we can
directly compute the hydrodynamic pressure P and heat current 7. Both quantities have an
expansion in 6’s

’P:ii 5%571117)(n,m), jzii 5%5% j(n’m), (105)

n=0m=0 n=0m=0
and knowing the expansion of the normal solutions they can be evaluated order by order.
This offers a shortcut in deriving the hydrodynamics and occasionally we will take advan-
tage of it. Note however, that obtaining the hydrodynamics by computing G, is more system-
atic as it does not anticipate the structure of the resulting equations. The later, in the present
context, is dictated by the Galilean invariance. This is specific to continuum non-relativistic
systems and does not hold for example in the spin chains systems or relativistic theories.

4.2 Euler scale

Consider first of the equations in (104). This equation implies that pI()O) is a stationary state
of the collision integral. Because the collision integral acts only on the rapidity dependence
of pr()o), the parameters of the stationary state may vary in space and time. This implies that
a stationary state of the collision integral is a boosted thermal state that can be characterized
by 3 generalized temperatures {f, 3, B2} or equivalently by hydrodynamic fields {o,u, T}.
With this, we can evaluate dynamic pressure and heat current at the leading order

rP(0,0) — 731()0,0) =p , j(0,0) — jv(0,0) — 0’ (106)

where P is the thermodynamic pressure from TBA. Computations involve some operations on
TBA objects and are demonstrated in Supplemental Material of [51]. We note that once again
that diffusion contributions do not enter at zeroth order due to 64 prefactor in (64). Plugging
this into (57) we recover the standard Euler hydrodynamics

do=-3(ow, dalow=—03 (o> +P), d(0e)=-2,(oue)~Pdu. (107)

We note now that the same equations can be derived in {f, 1, B>} variables by finding oper-
ators Gg({qb}) and expressing them in these variables using (27),

GOz} = a8, (V™) = Buy2 By, (108)

where we used eq. (27). This leads to the following representation of the Euler scale equations

2
> (Cap@iBp+ Bapd:Bp) =0,  a=0,1,2, (109)

which will be useful in the next section. We note that these equations have appeared previously
in [79].
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4.3 Navier-Stokes scale

At the NS scale the hydrodynamic equations receive two types of corrections. The first one is
due to the GHD diffusion and follow from evaluating the diffusion operator on the stationary
state p{®). The second type of corrections come from the collision integral and require solving
the second ChE equation. We start with the former. In terms of the corrections to pressure and
heat current we have

Py =—#,9C8,p0 /2, uPY? + IS = 4,908, /2, (110)

moreover, contributions to G, at this level are

1
1,0
G\ = 5 (£.20,0). (111)
In both cases we evaluate the coefficients by transferring the spatial derivative from the distri-
bution to the generalized temperatures using (27)

2
0.0\ = —CbZ/ibax/sb. (112)
=0

This reduces the problem to determining #,9C/%; which in principle leads to 9 coefficients.
However, the diffusion operator has left zero eigenvector %, and right zero eigenvector C%.
This simplifies the problem from determining 9 to 4 coefficients. Furthermore, from the
Galilean invariance it follows that in fact there are only 2 independent coefficients. To demon-
strate this we use the boost operators to write

%aDChy = figb ' DCb, Aoy, (113)
from which we find
ﬁq@Cﬁl = )‘?7,13_36}%1 5 ﬁq@C}‘iz = uﬁ1©6ﬁ1 5 (114)
%y ®Chq = ukh,9Ch,, %y ®Cliy = iy®Cliy +u?/10Clq,

which indeed involve only 2 independent coefficients %,9C /%, and %,9C %, which depend on

the local density p(x, t) and local temperature T(x, t) characterizing the local thermal state

p.

For the dynamic pressure and the heat current we get
PO = roou, I8V = k08T, (115)
with the corresponding transport coefficients
(o =4 19Ch/(2T), Ko = A0CHh,/(2T?). (116)

Moreover, expressing the G operators through the two independent coefficients %#,9C /% and
ﬁz@Cﬁz, we find

1,0
Gon [pP1=0,

1 - -
U] = 50 (419C: Br00) 117)
1o 1 .
GI o0 = =20, (h20Ch20.8) + 50, (inDCA1BrBu)
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In writing this expressions we have used that (it follows from (42))

Ox 31 + udy By = —fB0,u, (118)

which points to using u = —f3;/f35 as a hydrodynamic field instead of f3;.

The knowledge of G(1 0 [p©] allows us to write down the equations for the hydrodynamic
fields which beside the Euler scale include also the effect of the GHD diffusion. As we shall
see, the structure of the contributions to Ggg )[ pl()o)] and Ggg[ 0 ] is the same. Therefore, we
will discuss the resulting equations after computing the contribution from the collision term.
This requires solving the ChE equation which we discuss next.

We turn now our attention to the second equation of (104) which determines egl) and in
: Dr (1
turn determines G((I’V)[ ]. The equation is
0p + 0, (vOp @) =Tel", (119)
and
GeM1=8, (4,8e") . (120)

Recall that since péo) is a thermal boosted state it is completely characterized by fields {og}
or equivalently by the three chemical potentials 8, with a = 0,1,2. Equation (119) deter-
mines the correction to pseudoenergy e(l) which additionally has to fulfill the constitutive

relations (97) which can be written as
0=#,Ce", a=0,1,2. (121)

We observe that the constitutive relation itself is enough to conclude that G(()lg [egl)] = 0. In-
deed, we have

GO =8, (4oBe”) =8, (#.cel”) =0. (122)

Together with the first formula in (117) this implies that there is no diffusion of the density as
expected in a single component fluid.

We now go back to the full problem (119) and start by expressing the left hand side by the
derivatives of the chemical potentials

2
3tp§0) + 8x(v(0)pé0)) = _Z (C#40, By + BApd.Bsy) , (123)
b=0

where we used (27). The chemical potentials evolve now according to the Euler scale equa-
tions (109).

The Euler scale hydrodynamics is a truncation of this set to 3 equations for a = 0,1, 2.
Therefore, this expression in general is non-zero and gives rise to finite eg ). Denote by CFUl
and B™! reductions of the susceptibility matrices C,;, and B, to a subspace of a,b = 0, 1,2

The Euler scale hydrodynamics (109) gives

2

OPa=— ANIS, By, (124)

b=0

where AP = (CEUI) BEul (invertibility of CEul js demonstrated in Sec. 2.3) and

2
atpr()O) + ax(v(O)pl(DO)) — bZO (5chﬁ CﬁbAEUI) axﬁc ) (125)
,C=

22



Sci| SciPost Phys. 18, 186 (2025)

1)
[0

This gives then the following equation for €

2
> (8pcBtic—ChyAR) 8, =Tel". (126)
b,c=0

The rapidity variable on the left hand side appears only in the terms in front of the spatial
derivative. Therefore, the space-time and rapidity dependence factorize and the solution has
to be of the following form

2
e (Asx, ) == > w (M3, Be(x, ). (127)
c=0
Substituting this expression to equation (126) we find that functions w, obey
2
Tw,=Bh.— » CA AR, ¢=0,1,2. (128)
b=0

Additionally, function egl) obeys the constitutive relations (121) which translate into the fol-
lowing conditions on functions w.,

% Cw,=0, a,c=0,1,2. (129)

Equations (128) and (129) are the final equations determining the structure of egl). They
depend on the local local thermal boosted state pg’)(l; x,t). This in turn is characterized by
the density p, temperature T and boost u. From the Galilean invariance of the theory it follows
that the collision integral is an invariant object. Therefore, by going to the reference frame in
which fluid-cell at position (x, t) is at rest the equations are invariant,

2
P, =Bh.— Y CA AR, 4,0, =0, a,c=0,1,2, (130)
b=0
where all the formulas are now evaluated for a thermal state with density o and temperature T.
The transformation rules for I' and w, are I' = b_'Tb, and w. = b 'w,(g" (u))4. with a
summation over d implied. The details are presented in Appendix A.2.
In a thermal state matrix A= has only four non-zero matrix-elements, c.f. (43),

812602_5016—'22

0 AM 0 O T Guln 0

AEul __ AEul AEul | _ @ @

A = Alo ‘(E)ul ./412 =la, O_ ) R (131)
0 ./421 0 0 B15C00—B01Co2 0

CooC22—Cg
This simplifies the structure of the equations (130). Writing them explicitly we find
TWo=Brh,—Cr A, a=0,2, (132)
Ty =By —C(fig AN + 5, AR . (133)
Recall again that in the Galilean invariant systems 5%, = C/%. This implies that B,; = C;; and
A]{:SI = 1. In the consequence wy = 0. This reduces the problem to solving for two unknown

functions. Notice also that w is an even function of the rapidity while w, is odd.
Boosting the state in general mixes different contributions according to

2
we=b1 > Wyg(t). (134)
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Thanks to the triangular structure of the transformation matrix and w, = 0, the result is simple

Wqo = 0, wp = b;lﬁ/l B Wy = b;l (V_Vz + qu) , (135)
or more explicitly
wo(A)=0, wi(A)=wi(A—u), wo(A) = (Wy(A —u) +uw (A —u)) . (136)

We evaluate now the Gglg operators. As mentioned earlier G(()lg = 0. The other two evaluate
as follows

G = —(#,Bw,0, By + %, Bwy8,85) ,  GY) =—(AaBw,8, By + 2 Bwy3,8,) . (137)

We write now

hBw, = %,b 1 (B+uC)bw, = /.b, ' Bb,w,, (138)
where we used the constitutive relations. More explicitly, we find
ﬁlel = ﬁléwl 5 ﬁlBW2 = uﬁlgﬂll 5 (139)
ﬁZBWl = uﬁléﬁ/l s ﬁZBWZ = ﬁzéWz + uzﬁlgﬂ/l N

which is of the same structure as (114) and therefore the G operators takes also form analogous
to (117).
This allows us to write the NS equations in {f, 31, B} variables

2
1
> (Cadibs + Bt + 50 (D0B)) =0, a=012,  (40)
b=0

where the diffusion coefficients are DNS = DC + D! with
(DC)gp = %,DChy, DN =24,Bw,, (141)

expressed through in total 4 transport coefficients 4,9C%, %-0C /i, /i1 8wy and %,Bw,. In
the Galilean invariant systems D, = D5 = 0.
Instead, computing corrections to pressure (55) and heat current (56) we find

PMO =0, IO =—ks0,T, (142)

with ) )
{7 =7 Bw, /T,  kp=7hyBwy/T?. (143)

The Eq. (140) can be recast into the more canonical form (57). In order to do so, we apply
(29) to the first two terms and rewrite transport coefficients DNS using (114) and (139). As a
result we recover exactly (57) with P and .7 found in this section.

Finally, let us summarize the main results of the method. As described above, we have
found four non-trivial transport coefficients DN which enter the NS equations written for the
dynamics of {f, B1,82}. At the same time, we have recovered Newton’s and Fourier laws,
which appear when NS equations are expressed with hydrodynamic fields. Contributions to
transport coefficients are computed straightforwardly from (116). On the other hand, contri-
butions to the transport coefficients from the collision integral (143) are found from solution
of integral equations (132). Note that these equations are slightly different than the equations
given in the main text of [51]. The difference lies in using the orthonormal (with respect to
hydrodynamic inner product (26)) basis {h,,},cy in our earlier work as opposed to the ultralo-
cal basis {/,},ey in the present paper. The equivalence between the two representations is
demonstrated in Appendix A.3.
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4.4 External potential

We generalize now our results to systems with external potential U(x) that couples to the
density of particles. The GHD-Boltzman equation is

1
O pp + Ox (vpp) = Eax (anpp) +Zlppl + (6,U) 00y - (144)

Following the same procedure as before, we start by deriving the mesoscopic conservation
laws. They take the expected form, see eq. (6),

Org0+ 991 =0,

2
91 _
at{}1+ax(¢o+73)_ (axU)‘}O, (145)

By s+ 0y (‘h% +uP + .7) —— (@) g1,
70
with P and J of the same form as discussed in Section 2.5.

The external potential in principle introduces a new length-scale to the problem. However,
at the level of the conservation laws its effect enters only through the hydrodynamic fields.
Because of that it can be treated exactly within the ChE method which we now demonstrate.

The GHD equation for the normal solutions takes the following form

%,
> aZp Galgp)+ 0, (vop) = %?& (D8,pp) + ZLpp] —§32p0p (146)
a=0,1,2~ 7a

where §f = -0, U. Solution to this equation is a particle distribution function pghE determined
by the local values of the 3 conserved charges. From the point of view of the GGE this state
can be described by the 3 lowest chemical potentials. We emphasize that the state is not a
boosted thermal state and hence the higher chemical potentials are not zero. However, they
are not free parameters either, they are functions of the 3 lowest chemical potentials by the
virtue of eq. (146).

Because of these relations, the susceptibility matrix of state described by pghE does not
take the usual form. Indeed, the standard susceptibility matrix assumes that all the chemical
potentials are free parameters. We define the ChE susceptibility matrix (a,b =0, 1,2)

chE _ 9
T (147)
where ¢, are now values of conserved charges in state pghE. As with the GGE susceptibility
matrix, we can use the ChE susceptibility matrix to evaluate various expressions. For example,

orpg™ = —CM A By, (148)

with the summation over the 3 independent chemical potentials. In a similar fashion we can
evaluate the additional contribution to G, from the external potential

ff dA ﬁa(x)alpp(x’ )"l{@b}) = _fﬁaCChEﬁgﬁb . (149)

Collecting then the terms proportional to f in eq. (146) we find

2 app
— —L2 A, +1|CMEs 150
f(;) 35 6o (150)
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where used the expression for derivative of the particle distribution with respect to the rapidity
introduced above. On the other hand, assuming that the ChE susceptibility matrix is invertible,
we have

2pp 9P 9B _
— = =—CEN . (CEPEY (151)
994 ; P 994 Z
and therefore )
d
Zﬁf;a =—1. (152)
=994

Hence, the part proportional to f drops from the equations for the normal solutions. Therefore,
the external potential does not modify the transport coefficients of the NS equations.

5 Crossover between NS diffusion and KPZ superdiffusion

So far, we have shown the emergence of NS equations in nearly integrable quantum gases de-
scribed by the Hamiltonian (4). However, transport in one-dimensional momentum conserving
fluids is expected to be anomalous at the largest space-time scales [68-71], in contrast to diffu-
sion predicted by NS hydrodynamics. Moreover, the so-called long-time tails [80] in autocor-
relation functions are expected to occur, leading to the divergence of Green-Kubo formulas for
transport coefficients, again as opposed to finite values found by us. On the other hand, there
are numerical and analytical evidences that at intermediate space-time scale conventional NS
hydrodynamics prevails [81-85]. In particular in [82], a classical system admitting a collision
integral description was considered. At large length scales, anomalous transport was found,
whereas for smaller scales the diffusive behavior with diffusion constants predicted by kinetic
theory was confirmed.

In this section, we will address these issues. In particular, we will look at the behavior of
the system across different length scales and uncover that while hydrodynamics indeed be-
come anomalous at the largest length scales, there is a clear regime, where the NS description
(with finite transport coefficients) is the correct hydrodynamic theory of the system. Existence
of such a regime is essentially due to the fact, that we are close to the integrable model, which
results in large transport coefficients, allowing diffusive terms to compete with anomalous con-
tributions at finite, but small inverse length scales k. The general picture, which emerges from
our analysis is presented in Fig.1. We will present the estimation of different crossover regions
in what follows. To start our analysis, let us estimate on which characteristic length scale the
NS equations are expected to emerge. The collision integral for a nearly integrable system
follows from Fermi’s Golden Rule and scales with the small integrability-breaking parameter
A as

I~A%, (153)

leading to the scaling of the characteristic length scale [ discussed in Sec. 2.6 as I; ~ A72. The
crossover from GHD to NS happens around the point, when the Knudsen number 67 = l7/1
becomes of order one. This leads to crossover length scale

* —2
s/ ~ A2 (154)

The same estimate can be inferred from the analysis of linearized Boltzmann equation done
in our other work [51]. There, we found three gapless modes (two sound modes denoted by
o = £1 and the heat mode denoted by 0) with dispersion relations that at small k behave as
Im(w, o(k)) = D, ok?, where the diffusion constants are

Dy=—, D,= i[(l—i);wg} (155)
ecp 20
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0 ~ A0 ~ A7 ~at

Figure 1: Hydrodynamic universality classes of the nearly integrable system across
different length scales [. For 0 < I < I, where I, ~ A° is the microscopic length scale
of integrable Hamiltonian Hy, the hydrodynamics is not applicable and system be-
haves in non-universal way. At length scales o < 1 < I{q /GHD? where [{ /GHD ™ A2

the gas can be effectively described by GHD. For [{ Joip < | < Ly, /NS’ where
l*

Kpz/NS ~ A% the gas is in NS hydrodynamic regime with transport coefficients com-
puted in present work. Finally, at the largest length scales [, s < [ the system
is characterized by KPZ anomalous transport, as expected for generic non-integrable

one-dimensional fluids with momentum conservation.

where cp is specific heat at constant pressure. As mentioned earlier both viscosity and thermal
conductivity have two contributions

K=Kgp+Kg, {=Clp+(7. (156)

It is clear that transport coefficients stemming from © do not depend on integrability-breaking
parameter A, as visible from (116). On the other hand, the contributions from 7 scale as A2, as
can be examined from (143) and (132). Therefore, for A small, contributions from Z dominate
over D contributions leading to an overall scaling of diffusion constants

Doy ~ A2 (157)

We emphasize here that this scaling will be crucial also for the analysis of crossover between
NS diffusion and KPZ superdiffusion.

The NS description breaks down, when imaginary part of frequencies become comparable
to the gap y of linearized Boltzmann kernel, proportional to A? as the kernel itself. A com-
parison Im(w, o(k)) = D(,’ok2 ~ y gives the same crossover length scale (154) as the simple
argument with Knudsen number. At smaller length scales, the GHD theory applies [51]. Ob-
viously, it inevitably has to break down to non-universal dynamics around [ ~ [, where [ is
microscopic length scale of integrable Hamiltonian H,.

Having established that NS equations occur for [ > [{¢ /GHp We address the issue of KPZ
anomalous transport emerging at the largest scales. Our point of interest will be the behavior
of two-point functions of hydrodynamic fields close to the stationary, thermal state. The stan-
dard theory for such purpose in the context of one-dimensional non-integrable systems is the
NLFH [71], to which we now turn.

5.1 Nonlinear fluctuating hydrodynamics for one-dimensional fluids

The framework of Ref. [71] is developed in the specific context of anharmonic chains. How-
ever, as noted in appendix of that work, the same theory can be equally well applied to one-
dimensional fluids with conserved particle number, momentum and energy. The symmetries of
those inter-mode couplings, which lead to long-lived perturbations are exactly the same [70].
We adapt the notation of [71] with only slight differences.
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We start with NS equations written in the form (6) and with no external potential U(x) = 0.
We consider small deviations from equilibrium as

QO(X: t)_>40+540(x5 t); 41(-)(: t)_)0+5¢1(x: t): QZ(X) t)_)—¢2+6¢2(x) t): (158)

and expand the NS currents

‘NS _

GZO =71,
{}2
. 1
J¥S=;+P—§3x(fh/%), (159)
0
. N9 G 7
AN =224 Zlp 213 (¢1/90)— K3, T,

90 90 90

keeping terms linear and quadratic in deviations 6¢ as well as linear in derivatives. Deriva-
tive J, T can be expressed with derivatives of charges via relations (3) and (5). The general
structure of the resulting hydrodynamic balance equations is

1 - -
3t5¢a + 3x (Aaﬁ5¢ﬁ + EHgY5¢/55¢Y —Daﬁ3x5¢/5 +Baﬁ gﬁ) = 0, (160)
aJ'NS aZJ-NS -
withA,g = ﬁ, Hgy = Wé"%, and matrix D involves terms with transport coefficients ¢, k.

We have also added noise term B representing fluctuations of the currents satisfying

(ga(x) t)) = O: (50((-)() t)gﬂ (X/, t/)) = 5(1/55(-)( —X/)5(t - t/) . (161)

Moreover, we have

<5¢a(x> t)) = O, (50(1(.)(, t)5¢[5 (xla t)) = Caﬁ5(x —X/) 5 (162)

where C,g = C,p is the susceptibility matrix, which fulfills AC = CAT. The strength of the
noise is fixed by fluctuation-dissipation relation DC +cDT = BBT. Equation (160) forms a
starting point for the theory of NLFH. We will now recall main results of [ 71] for the correlation
functions in that theory, which will allow us to understand the crossover between the NS and
KPZ regimes.

We start with finding the normal modes (two sound modes denoted o = +1 and heat mode
denoted by 0) by diagonalizing the matrix A, with transformation R such that RCRT =1 and
RAR™! = diag(—c, 0,c), where c is sound velocity. Writing the equation in the normal mode
basis q_5 = R64 we arrive at

Bifa+ O (Cabu+ Gl bpd, —Dupdrbp +Baplp) =0, (163)

with ¢, € {—c, 0, c} and where matrices G, D, B follow from rotations of corresponding matrices
H,D,B with R. We are interested in two-point correlations of the fields ¢,

fa(x> t) = <¢a(x: t)¢a(0’ O)) > fa(x: O) = 5()(), (164)

and analyze mode-coupling equations [71] giving approximate dynamics of f,(x, t)
t
O fa(x, £) = (—caOx + Dad2)folx, £) + f ds f dyfalx =y, t =)0 Maq(y,s),  (165)
0

where D, = D,, and memory kernel reads

Maa(x,6) =2 > (G 2 f(x,)f,(x,1). (166)

By=0,%1
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It is expected that the sound modes will move with velocity ¢ and therefore, after a sufficiently
large time fg(x, t)f,(x,t) ~ 0 for B # y. Therefore, in this diagonal approximation

Moqa(x,t) m ME =2 > (G )%f,(x,0)?. (167)
y=0,%+1

In general, for one-dimensional fluids G couplings have the following symmetries, which will

be important for the structure of mode-coupling equations

— 0 _ 0 _ 0 — —
G;;Y - G?ﬁ ’ GOO - O’ GO'O' - _G—o'—o- ;é 0) Ggﬂ - _G—g—ﬁ ;é 0- (168)

We stress that G couplings follow from thermodynamics given by TBA and thus, do not depend
on integrability-breaking parameter A, as predicted by ChE. With this, we move to the analysis
of sound-sound correlation functions through mode-coupling equation.

5.2 Sound-sound correlation function

Due to the fact that peak travels with c, the only term kept in memory kernel corresponds to
the same sound mode - for others, the overlap faanaa is small. Hence, only one coupling is
relevant and we have

Ocfo(x,t) = (=505 + Dy 02) fo (x, t)+2(Gfm)2f dSJ dyfo(x—y, t—S)ayzfa(y,S)Z- (169)
0

We go to Fourier space in position f,(x,t) = f dkel*> f(,(k, t), remove the ballistic part of the
evolution by replacing f, (k, t) — e~k f_(k, t) and find

8, fs(k, t) = —k> (Dgfa(k,t)w(c;go)zj dsfo(k,t —s) J dqfa(q,s)fg(k—q,s)). (170)
0

To make some progress with this equation we consider solutions in the scaling form
folk,t) = po(Agk™ 1), (171)
where
e NS diffusion is v, =2, p,(w) =e ™ and A, = D, ~ O(1™2),
* KPZ superdiffusion is v, = 3/2, p, (W) = fy(w) and A, = ZﬁGgU ~0(1).

Here fmc is solution to fixed-point equation (178), which turns out to be close to KPZ scaling
function [71]. Introducing new integration variables u = A k”s and then r = u(q/k)”> we
arrive at the following expression (scaling variable is w = A k" t)

2(G2_)?

kv”Aap;(W)==—k2[Dapaﬁv)+ k*”“J~ dup™ " py(w—u)
0

oo

. (172)
x J drr % po(rpo (u(1=(r/m)!*)™) }

First, let us see what happens when the diffusive scaling function is assumed. We plug the
corresponding values of v, and A, getting

(G, ) "
kZDap;(W)::_kz[Dapa(W)+'_j§L_k_1J‘ dup™2py(w—p)
0

o

(173)
X.J'drr_%pa(rn%f(M(l-—(r/u)”z)z)]-
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Figure 2: Dynamics of sound-sound correlation function fa(k, t). The initial state is
a bimodal Gaussian distribution with variance defining characteristic inverse length
scale of the state k. ~ 1/3. In the equation (170), we rescaled k by k. and time
by (kCDsz )~! finding a single parameter a = 2(G7 0)2/ (DCZ, k.) controlling the relative
strength of diffusive and mode-coupling terms in (170). Upper panel: correlator
plotted versus anomalous scaling variable k%2t, lower panel: the same data against
diffusive scaling variable k2t. For smaller a, we recover diffusive behavior and good
collapse to k?t variable, whereas for large a, where mode-coupling term dominates,
we recover anomalous scaling as predicted by our analysis.

We see that due to large diffusion constant (D, ~ A~2), at finite, but small k the first term on
RHS may dominate the mode-coupling contribution (recall that G coupling do not depend on
A). The characteristic value of k, for which this happens may be found by comparing the two
terms. This corresponds to D, &~ 1/(D,k) leading to an estimate

k~ A%, (174)

Above this characteristic value of k, diffusion dominates and mode interactions can be ne-
glected. In this regime we recover standard equation for diffusion, here written in scaling
variable w

p,(w) =—p,(w). (175)

Similar analysis may be performed assuming the superdiffusive form of the scaling function.

Let us estimate when the purely diffusive behavior will break down to superdiffusion. We plug
the corresponding values of v, and A, getting

2GY v

k*224/2GS pl (w) = —kz[Dgpg(w)B—jgk—l/zf dup™p,(w—u)

0

(176)
x f drr=8pe(rp (n(1=(r/w??)"") ] .
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Again we can estimate the crossover k, below which we can drop the first term with diffusion as

D, ~ kY2, 177)

leading again to k ~ A* consistently with the previous analysis. Below these values of k,
mode-coupling dominates. Neglecting now the diffusive term, we find the following equation

1 (" 1
Pow)=—=¢ J dupPp,(w—p) | drr=3p,(r)p, (u (1- (r/u)2/3)3/2) , (178)
0

which gives a scaling function, which turns out to be close to KPZ scaling function [71].

In summary, we have found that above inverse length scales k ~ A%, the diffusion domi-
nates over the mode-coupling term and sound-sound correlators are described by the standard
diffusion equation with diffusion constant determined by transport coefficients found in this
work (155). Therefore, we estimate the crossover length scale above which KPZ superdiffusion
emerges as

l*
KPZ/NS

~24 (179)
In principle, there are additional terms in mode-coupling equation, but they have a subleading
role. We present a short analysis in Appendix B.1.

The conclusions from analytical analysis of mode-coupling equations can be supported by
numerical solutions. In Fig. 2 we present dynamics of sound-sound correlation function for
different values of parameter a = 2(Ggg)2 / (Dczrkc), where k. is characteristic inverse length-
scale of initial state. For sufficiently small a, we observe diffusive behavior, whereas for large
a we find the collapse using scaling variable k3/2t.

In a similar fashion, one can analyze equation for heat-heat correlations, we shortly discuss
that in Appendix B.2. One finds then, the mode-coupling terms are relevant only at even larger
scales ~ A%, Thus, we keep length scale ~ A™* as a scale for the crossover between the NS
and KPZ regimes.

5.3 Additional remarks

Let us conclude these results with a few more comments. The NLFH predicts long-time tails in
current-current correlation functions [86]. Thus, transport coefficients given by Green-Kubo
relations are infinite as the formulas involve integration from t = 0 to t = o0 probing all the
scales in the system. However, the bare transport coefficients [87], which enter the equations
of NLFH via diffusion matrix D are finite and have to be finite in order to recover the KPZ
superdiffusion [70]. Our work provides microscopic formulas for them as derived from ChE
theory applied to the GHD-Boltzmann equation. Even though the formulas for correlators
in KPZ regime do not depend on them, they are crucial for the NS dynamics in intermedi-
ate length scales (which in practice may be very large). Interestingly, as the KPZ correlation
functions depend only on thermodynamic quantities fixed by TBA, namely G couplings and
sound velocity, at the largest scale the dynamics of the system does not depend on the details
of integrability-breaking perturbation.

It is also worth mentioning that Refs. [83-85] studying 1D nearly integrable systems found
a normal transport across a large window of system sizes. This is in agreement with conclu-
sions of our work, which is based on NLFH. The general picture of nearly-integrable dynamics
are quasiparticles with parametrically (in integrability-breaking parameter A) long relaxation
times. From kinetic theory point of view this naturally leads to large bare transport coeffi-
cients, proportional to thermalization time. We emphasize that their large values are the only
ingredients needed to arrive at our conclusions using NLFH. Thus, these observations point
towards a more general implications of our analysis.
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Lastly, we note that our framework incorporates external trapping, which breaks the mo-
mentum conservation. In such scenario, the transport is expected to be diffusive with finite
thermal conductivity [88-91].

6 Conclusions and discussion

In this work, we have addressed a problem of non-equilibrium dynamics of nearly integrable
quantum gases starting with the description of the system at the level of the generalized hydro-
dynamics. We have shown that, in the presence of integrability-breaking collision integral the
problem can be studied by adopting the methods of kinetic theory. This allowed us to derive
the NS equations, valid at large space-time-scales, together with the exact expressions for the
transport coefficients.

The computations presented here complement findings of [51] where the NS equations
were derived for a linearized theory and applied to a concrete setup of coupled Lieb-Liniger
gases. Here instead, the full non-linear problem was analyzed by generalizing the ChE method
known from the kinetic theory of dilute gases. Interestingly, we find that the transport coef-
ficients in both approaches, linearized and ChE, yield the same expressions for the transport
coefficients. We stress that derivation of the full, nonlinear hydrodynamics is of key impor-
tance to the study of crossover between NS diffusion and KPZ superdiffusion in our system.
The theory of NLFH, on which our analysis is based, requires nonlinear contributions to the
currents, which were absent in derivation presented in [51]. In addition to that, the ChE
framework allowed us to incorporate the effects of external potential into the NS equations.

The resulting transport coefficients have two contributions reflecting the two types of inter-
actions present in the system. There is an integrable interaction captured by the diffusion term
of the unperturbed generalized hydrodynamics, and there is an integrability-breaking interac-
tion described by the collision integral. Importantly, both contributions are non-perturbative
in the strength of the integrable interactions and are valid beyond the dilute limit. As already
pointed out in [51], the viscosity is generally non-zero. This should be contrasted with the
kinetic theory of dilute gases which predicts always zero viscosity for 1d fluids.

One interesting direction in which the result of present work could be extended is the
following. We could envision supplementing the NS equations by a dynamic equation for the
slowest decaying mode [82]. This would extend the resulting description towards shorter
timescales when more information on the integrable structure is relevant for the dynamics.

In the low temperature regime, the conventional hydrodynamics may emerge from GHD
without integrability-breaking. In particular, the Euler-scale GHD becomes equivalent to con-
ventional Euler hydrodynamics at zero temperature [79]. When the diffusive effects are in-
corporated into the GHD, the effective low-temperature description at early times is the NS
hydrodynamics [92]. One then finds transport coefficients given by the contributions from
integrable interactions x5, {5 solely.

Conventional hydrodynamics in one-dimensional momentum-conserving systems is known
to be unstable at the largest space-time scales due to mode interactions [68-71]. The transport
universality class changes then from diffusive to anomalous, KPZ class. The relevant theory
of anomalous transport in such systems in the NLFH [71], which starts with 1D NS equations
supplemented with noise terms. At the largest space-time scales, KPZ behavior of two-point
functions is recovered.

We addressed this issue in Sec. 5, where we have shown the mode interactions are rele-
vant only at the largest length scales ~ A™*, where A is the integrability-breaking parameter.
At smaller scales, the leading effects are captured by NS hydrodynamics with finite transport
coefficients determined by us in this work. More precisely, we have found that nearly inte-
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grable quantum gases are characterized by three different hydrodynamic regimes: GHD at the
smallest (but still macroscopic) length scales, NS in the intermediate regime, and KPZ at the
largest scales. The superdiffusive correlation functions in the KPZ regime are determined by
the couplings fixed with the thermodynamics given by TBA and do not depend on the details
of integrability-breaking perturbation.

A possible direction for future work is the comparison of the results from GHD-Boltzmann
equation against NS hydrodynamics with transport coefficients computed in this work. As the
numerical solution of GHD-Boltzmann equation suffers from costly computation of Boltzmann
integrals, it seems natural to consider the so-called relaxation time approximation to collision
integral. In Ref. [52] such equation was solved showing signatures of diffusive spreading
characteristic to the NS dynamics. We also note that NS equations were proven useful in
description of dynamics of 1d gases as recently demonstrated in Refs. [93, 94] comparing
numerical simulations of blast waves initial conditions with NS hydrodynamics.

In this work, we have focused on a theory with Galilean invariance which determines the
structure of the resulting hydrodynamic equations to be of the NS form. However, the devel-
oped methods are applicable to other systems described by the generalized hydrodynamics.
The most natural and important are integrable spin chains whose non-equilibrium dynamics
can be efficiently studied with tensor networks methods.
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A Chapman-Enskog theory: Additional formulas and results

A.1 Thermodynamics with hydrodynamic matrices

Starting from GHD-Boltzmann equation we naturally encounter matrix elements of C, I3 matri-
ces evaluated in thermal states. To recast the equations which follow from ChE expansion into
universal NS form it is useful to connect these quantities to thermodynamics of the system. The
calculations are presented in Supplemental Material of [51]. Here, we list the most relevant
expressions which are formulas for adiabatic compressibility xg, isothermal compressibility
xr, sound velocity ¢ and specific heats at constant volume ¢, and pressure cp:

1,0 Co.2Co0—C2
x5=—(—9) L. A1)
e \ 9P J; Bl,OC2,2 +Bz,1co,o—231,032,1cz,0
1,3 C
xT=—(—Q) =100 A.2)
e op T © Bl,O
1 Biocz,z+B§,1Co,0—281,052,1cz,0 (A.3)
c= , .
Bl,O C2’2C0’0 - C%,O
%5 2Co.0 — C2
v = (ﬁ) of Ly (A4)
e\oT/)o T Copbyy
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( Js ) 1 Bioc_z,z + 33,16_0,0 —2B10B2,1Ca
cp=| == = — =3
oT)p T 81,0

B3,1Co,0 = B1,0C20

Vepley —1= , Bio=pT. (A.6)

3 5 5 52
B o Cz,zco,o—cz,o

) (A.5)

A.2 Galilean invariance of the Chapman-Enskog equations

In this Appendix, we demonstrate that the ChE equations are invariant under the Galilean
boost. The equations, including the constitutive relations, are

2
Tw,=Bh.— > CAyAR,  f,Cw.=0, a,c=0,1,2. (A7)
b=0

To prove the invariance we start with the transformation rules of the (3 x 3)-dimensional
hydrodynamic matrices at the Euler scale,

CBY = g(u)C™gT (1), BE = g(w)B g T (1) + ug(u)Ctg T (u), (A.8)
from which follows . 1
(CEul) = ¢T(~u) (CEul) g(—u), (A.9)
and
AR — o T () AR T (1) 4. (A.10)

This allows us to rewrite the right hand side as

2 2
Bhi,— Y Chy AR = b1 (Bbufzc —> Cb, 7y (gT(—u)AEulgT(u))bc) . (A.11)
b=0

b=0

We can now use that b, Y., %,(g” (—u))p. = %, and b, %. = Y., g.,(W)%}, to obtain

2 2 2
Bhi.— Y Chy AR = b 1> (Bﬁb -> c'ﬁd(/lE“l)db) (g"w),, - (A.12)
b=0 b=0 d=0
Defining T' = b 'T'b, and w, = b, 'w,(g" (u))4. we find
2
i, =Bh.— Y Chy AN, #,00w.=0, a,c=0,12, (A.13)
b=0

as reported in (130).

A.3 Equations for transport coefficients in the orthonormal basis

In this Appendix, we show explicitly that integral equations (132) are the same as equations
presented in our earlier work [51], where a basis orthonormal with respect to the hydrody-
namic inner product with matrix C, (h,|h,,) = &, was used.

Transport coefficients {7, k7 are determined from formulas (143) with functions wy, w,
determined from integral equations (132). The orthonormal basis {h,,},cy is constructed using
Gram-Schmidt procedure on the ultralocal basis {/%,},cy. The first three elements are

C C
ho= ——ty,  hy= iy, hy=r|—=2" [ 4,- 2% ). a1
0 — /29 = 5 0
Cop Ci1 Co,2C0,0 — Cz,o Coo
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Rewriting equations (132) and using thermodynamic expression from Appendix A.1 we find

T'wy = \/QTBhl — 4/ T/xTC_(hO +4/cp/cy —1hy), (A.15)

T'wy = T4/c,0B(hy —/cp/cy —1hy), (A.16)
defining now
be=w1/T,  ¢o=ws/T?, (A.17)

we recover the equations given in the main text of [51]

P, = v/BoBhy—v/B/xrClhg + v/cp/cy —1hy), (A.18)

T¢, = BvecyB(hy—+/cp/cy —1hg), (A.19)
and with the same transport coefficients. Indeed, expressions (143) become then
(r=7r1Bor,  K1=7B,, (A.20)

asin [51].

B Mode-coupling equations: Additional results

B.1 Analysis of the subleading mode-coupling terms

In this part we investigate subleading corrections to sound-sound mode-coupling equation
which stem from additional interactions. Before, we were considering memory kernel in the
form

M (x, ) = 2(G1)*f1(x, )f1(x, ), (B.1)

now, we include more terms, i.e.

My (x, £) = 2[ (G121, Dfi (6, 0) + (Gl fole, Do, )+ (GLy_ ) fa (e, 01 (o, 8]

(B.2)
Let us look on the mode-coupling equation in Fourier space
9 fr(k, t) = (—ike —k*Dy)f(k, t)
t
=2k | dsfi(k, e —9)| (G1)* | dgafi(g,9)f1(k—g,s)
0 (B.3)
+ (G50)2J dqfo(q,9)fo(k—q,8) +(GL,_,)? f dqf 4(q,8)f 4 (k— q,s)] :
We write the phases explicitly replacing
Al = e ® e fik ), falk ) — e fik 0, (B.4)
and get
t
O f1(k, t) =—k2[D1f1(k, t)+2f dsfy(k,t—s)
0
x ((GL)Z f dgfi(q,)f1(k—q,8) + (Ggo)*e™ (B.5)

x J dqfo(g,s)folk —gq,s) + (G, _,)2e?kes f dqfl(q,s)fl(k—q,s))].
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The idea here is to assume diffusive scaling of heat-heat and sound-sound correlators and
estimate, under this assumption, the role of additional interactions. Thus we write

fo(k; t)=go ((Dof)l/zk) s f1(k, t)=pi(Dk*t) =g, ((Dl t)l/zk) s (B.6)

where, for convenience we introduced two representations of the same function through
pi(w)=e"" and go;(w) = e™". In RHS of (B.5) we have three mode coupling terms and we
already analyzed the first one in Sec. 5.2. For the second one we introduce w = D; k?t change
variables as § = ks and then r = (Dy5)"/2k~1/2q getting

2(G—0)2 ﬁcls-f (w—D;k3) | drgo(r)go((Des)2k% 1) (B.7)
Dé/zkl/z . ﬁP1 1 8ol )&o\ Lo . .

We note now that due to our assumption k < A2 we also have Dy 1k < 1. This allows to
extend the integration to 0o and drop k-dependent terms in arguments of p; and g, getting

1

2(Ggo)* [° o
f ds—Jdrgo(r)go( r)p1(w) := N 1/2131( w), (B.8)
0

1/2
D, k1/2

where 6(1)0 = const. Similar analysis may be performed for the third term, one finds

2(Gi1_1)2 d 621cs q @1 bo
Dll/zkl/2 $ N rg1(r)gi(—=r)p1(w) := Tkuzpl(w) (B.9)

thus we can write the full mode-coupling equation as

1 2 w
K*Dyp(w) = —k*D, [pl(w) + k) j dup™py (w— M)f drr=2p,(r)py (M (1- (r/.u)l/z)z)
0
o ¢l
D, Dl/zk_l/zpl( w)+ 3/2 1/21’1( )i|

(B.10)
We clearly see, that for inverse length scales much bigger than ~ A* (which means Dg’lk >1)
both the second term and also the two additional ones are negligible comparing to the first
one, which gives standard diffusion. Actually, the two additional terms become comparable to
diffusion at inverse lengths scales ~ A° and thus are subleading corrections.

B.2 Heat-heat correlation function

The heat-heat correlator is characterized by a different exponent and is described by Levy—%
distribution, instead of KPZ scaling function. This is essentially due to the fact that for heat
mode self-coupling is absent as Ggo =0 [71] and one has to look for subleading terms in the
memory kernel. Including the coupling to the sound-modes gives

3, fo(x, t) = Dyd2fo(x, t)+2Z(G° )Zf dsJdyfo(x—y,t—s)ayzfa(y,s)z. (B.11)
0

We start with the relevant equation in Fourier space. It reads (we write phase factors e*s

explicitly)

3, folk, t) = —k? (Dofo(k, t)+4(G°_)? f ds cos(kes) fo(k, t —s)J dqfy(q,s)fo(k— q,s))
0
(B.12)

36



Sci| SciPost Phys. 18, 186 (2025)

Once again we try with solution in scaling form

A

folk, ) = po(Aok™t), (B.13)
where
e NS diffusion is vy = 2, po(w) =™ and Ay = Dy ~ O(172),
. Levy-% superdiffusion is v, = 5/3, po(w) = e ™ and Ay = AI(;eVy ~0(1).

Following similar calculation to the one presented for the case of sound-sound correlator and
in [71] we find that there again is a crossover between normal diffusion and superdiffusion.
This time however, we find that it happens at even larger scales

h —6
e s~ AS (B.14)
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2.4 Article IV: Crossover from generalized to conventional hydrodynamsics in
nearly-integrable systems under relaxation time approrimation

e S. Santra, M. Lebek, M. Panfil “Crossover from generalized to conventional hydrodynamics
in nearly-integrable systems under relaxation time approximation”,
arXiv:2603.02158 (under review in Physical Review E)

While many works on the emergence of hydrodynamics address asymptotically large space-time
scales, these in many cases can be out of reach of experimental setups. In our context, when
the integrability is weakly broken, the deviations from the purely integrable dynamics (given
by GHD) could be visible on space and time scales that are large in the sense of experimental
capabilities.

This motivates the study not only of the asymptotic regime, in which the NS equations
(and anomalous transport) emerge, but also of the whole crossover between generalized and
conventional hydrodynamics. The present article is dedicated to such an investigation.

To tackle this problem, we consider a simplified version of the collision integral in the form
of the relaxation time approximation, a standard approximation known from the kinetic theory,
see Fig. 15(a). The collision kernel in such an approximation features a single characteristic
relaxation time scale, on which the state relaxes exponentially to a local thermal equilibrium.
Furthermore, thanks to the simplicity of the collision integral, the transport coefficients can be
explicitly computed.

a) Relaxation time approximation b)  GHD-Boltzmann equation
t

I[pp] = thldhzdh:;dpzdp:sw(. . .). ..

| .

o= Py’

TRTA l

Ixralpp) =

Figure 15: Panel a): We consider a simplified version of the collision integral by employing the
relaxation time approximation. Panel b): In this work we study different space-time regimes of
the GHD-Boltzmann equation. At sufficiently large times ¢ > t. and length scales [ > I, the NS
hydrodynamics applies, whereas at small scales the correct description is provided by the GHD.
In grey regions, none of these descriptions applies and one has to solve the full GHD-Boltzmann
equation.

The crossover between different hydrodynamic regimes is analyzed through the numerical
solution of the GHD-Boltzmann equation and a comparison with GHD and NS hydrodynamics.
We pinpoint the relevant crossover length and time scales and confirm that at relatively short
times (and length scales) the correct description is provided by GHD, whereas on larger scales,
the NS equations become the correct theory, see Fig.15(b). We also examine hydrodynamic
correlation functions, where the same scenario takes place.

Candidate’s contribution: I led the theoretical analysis presented in Sec.4 (GHD-NS crossover).
I also performed the numerical and analytical computations for the hydrodynamic correlation
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Upon breaking the integrability, the equations of generalized hydrodynamics (GHD) are supple-
mented by a Boltzmann collision term. Such terms are typically complicated and stem from a
perturbative treatment of integrability-breaking terms in the hamiltonian. In our work, we study
a simplified version of the collision operator in a form of relaxation time approximation familiar
from kinetic theory. We explicitly compute transport coefficients which characterize the Navier-
Stokes (NS) hydrodynamic regime emerging at large space-time scales. We also thoroughly study
the crossover between GHD and NS hydrodynamic descriptions, identifying relevant characteristic
space-time scales for the transition. In particular, we show how the emergence of NS hydrodynam-
ics is visible in dynamics of conserved and non-conserved charge densities, and in hydrodynamic

two-point functions.

I. INTRODUCTION

Understanding the out-of-equilibrium behavior of in-
teracting many-body quantum systems remains one of
the most profound and active areas of research in theo-
retical physics. Generic isolated systems are expected to
thermalize under non-equilibrium dynamics [1-4]. How-
ever, certain class of complex systems have been identi-
fied that appear to avoid thermalization even after long
times due to their integrable structure. To describe the
hydrodynamics of such systems, a theoretical framework
known as generalized hydrodynamics (GHD) has been
developed [5-10]. It captures the essential characteristics
of integrable dynamics, namely the existence of infinitely
many conservation laws and the presence of stable, bal-
listically propagating quasiparticles. This framework has
been successful in explaining various phenomena, such
as the lack of thermalization observed in the well-known
Newton’s cradle experiment [11, 12], the derivation of
exact expressions for Drude weights [13-16] and the ac-
curate description of anomalous transport in strongly in-
teracting spin chains [17-22], to name a few. Recent
developments [11, 12, 23-28] in cold atomic systems, par-
ticularly in controlling and manipulating the interactions
have fuelled the progress of GHD which by now has
undergone several numerical and experimental verifica-
tions [29-37].

Integrable systems are fine-tuned and not exactly re-
alized in experiments. Therefore, it is important to
study nearly integrable systems where the integrability
is weakly broken due to, for instance, additional inter-
actions present among the particles. In such scenario a
system is described by a Hamiltonian consisting of an in-
tegrable part, Hop and a weak non-integrable perturbation
AV, where A is a small parameter controlling the strength
of the integrability breaking. If the perturbation V de-

* saikat.santra@fuw.edu.pl

T maciej.lebek@fuw.edu.pl

scribes an additional, long-range interactions between the
particles and thus destroys all but three of the conserved
quantities of the underlying integrable model, it has been
shown that such systems eventually thermalize at times
t ~ O[(aX)™?] [38] where a is the parameter controlling
strength of integrable interactions. At large space-time
scales, the effect of integrability breaking can be incor-
porated as corrections to the original GHD of the un-
derlying integrable model [26, 27, 39-48]. Specifically, in
the weak integrability breaking regime, the quasiparti-
cle distribution pp(A, z,t) evolves according to the GHD
equation modified with a collision integral Z[p,], given
by [40, 43]

1
Oipp + 0z (vpp) = §8m (D02pp) + Zlppl, (1)

where v is the effective velocity and ® represents the
diffusion kernel [5, 7]. Evaluating the collision integral
Z[pp] involves, either applying Fermi’s Golden Rule to the
matrix elements of the integrability-breaking term [40,
43] or using the gBBGKY hierarchy [38].

In this work, rather than computing the collision in-
tegral directly from a given integrability breaking per-
turbation of the system’s Hamiltonian, we adopt an ap-
proximate form under the relaxation time approximation
(RTA), as introduced in the GHD context in [44]:

P = pp
-

(2)

The fundamental assumption of RTA is that the quasi-
particle distribution relaxes over a single characteristic
timescale 7. Remarkably, this assumption has been found
to work well in reproducing the numerical time evolution
in nearly-integrable XXZ model [44].

Moreover, the RTA preserves the standard (conven-
tional) conservation laws, making it particularly well-
suited for studying hydrodynamic behavior. Conse-
quently, one can argue that the RTA is capable of captur-
ing the essential features of the crossover from general-
ized to conventional hydrodynamics—one of the central
phenomena explored in this work.

Irralpp] =



It is expected that at short timescales (¢t < 7), the
effect of the collision integral on the dynamics is negli-
gible and the system evolves according to GHD. In con-
trast, at long timescales (¢t > 7), the dynamics is com-
pletely described by conventional hydrodynamics where
only the conserved quantities respected by the collision
integral play a role. If the collision integral destroys all
conserved quantities except for the particle number, mo-
mentum and energy, the long-time dynamics is governed
by the universal Navier-Stokes (NS) equations which are
nothing but the continuity equations for the density, mo-
mentum and the energy fields [49-53].

In this work we present a detailed analysis of the
crossover between the GHD and the conventional hy-
drodynamics for nearly integrable quantum gases within
the RTA. We start with evaluating the transport coef-
ficients for the Navier-Stokes equations. This amounts
to solving certain integral equations that depend on the
collision integral. For the RTA collision integral, as we
show, they admit analytical solutions and are expressed
in terms of the Drude weights and other thermodynamic
quantities computed for integrable theory. This is dis-
cussed in Section III and provides us with precise pre-
dictions of the conventional hydrodynamics. In the fol-
lowing Section IV, we consider the full GHD dynamics
and show that the conventional hydrodynamics emerges
at late times and identify relevant space and time scales
for the crossover. Here, we focus on a linear regime
where initially homogeneous system is perturbed locally
in space. This gives us an analytical control on the dy-
namics from which the emergence of the conventional hy-
drodynamics can be derived and understood. This allows
us also to identify the relevant degrees of freedom which
separate into the three standard conservation laws and
the decaying modes. In the final Section V, we apply
our framework to study of the hydrodynamic correlation
functions, in which a similar crossover between and GHD
and conventional hydrodynamics is identified. Some of
the technical detail of our work are to be found in the
Appendices.

II. PRELIMINARIES

We provide here a short overview of GHD and intro-
duce ingredients needed in the later parts. Nearly inte-
grable systems under the RTA can be described by GHD-
Boltzmann equation of the form [40, 43, 47|

1
Otpp + Ox (Vppp) = 581 (D02pp) + Irralpp]- (3)

The subscript p in the effective velocity v, and the diffu-
sion kernel ©, indicates that both are functionals of the
quasiparticle distribution pp, (A, x,t) and therefore depend
on space and time. However, for notational simplicity, we
have omitted the subscript p in (1) and will continue to
do so hereafter. We consider Galilean-invariant models
of particles with unit mass. While in this work we focus

on particles with fermionic statistics having in mind the
Lieb-Liniger model, all the results can be easily general-
ized to arbitrary statistics by the means of changing sta-
tistical factor defined below and adjusting the expression
for the free energy in terms of p,. For such generaliza-
tion, we refer to [8]. In what follows we introduce the
necessary ingredients of Thermodynamic Bethe Ansatz
(TBA) and GHD, which are needed to understand the
structure of GHD-Boltzmann equation.

Setting the right-hand side of (3) to zero corresponds
to Euler GHD which is time-reversible and describes
purely ballistic transport. For a quasiparticle with rapid-
ity A, the effective velocity v(\, z, t) refers to its group ve-
locity, renormalized due to interactions with other quasi-
particles inside the local state at position z and time t.
It can be obtained by solving the following linear integral
equation [6, 8]:

o(\) = A+ 27r/d)\’7'()\ — M)pe(N) (X)) — v(N)]. (4)

The two-body scattering kernel T (A — X') in (4) encodes
the scattering shift due to a collision between two quasi-
particles with rapidity A and X'. The function 7 ()\) ex-
plicitly depends on the underlying microscopic interac-
tions and is therefore model-dependent. In the case of the
Lieb-Liniger model, 7 takes a particularly simple form,

1 2c

7-()\) :%Cz+>\27

(5)
where ¢ denotes the strength of the d-function interaction
potential [54, 55].

In addition to the Euler-scale GHD, a diffusion term
appears in the large scale dynamics of interacting inte-
grable systems [7, 56, 57]. In such systems, diffusion
originates from scatterings among quasiparticles, a fea-
ture absent in non-interacting integrable systems [58].
This diffusion term provides subleading corrections to
the Euler-scale GHD and is responsible for positive en-
tropy production as well as diffusive relaxation mech-
anisms [7, 59]. The diffusion operator in (3) acts as
0y [D0ypp) (0) = [ dady [D(, )0y pp(c)] and the diffu-

sion kernel ® is given by

D=(1-72T)" piotDpioi(1 = 2T), (6)
with D(\, ) = 6\ — p)w(X) — W(X\, p). In our nota-
tion, 72(\) denotes the occupation function which is re-
lated to the rapidity distribution p,(A) through p,(A) =

72(A) prot(N), where piot is the total density of states. It
satisfies the following integral equation [8]

PN = 5+ / VT = N)e(N)prar(N). (7)

The two auxiliary functions appearing in D are

W 1) = ppN)FITO P l(N) = v, (8)



and w(p) = [dAW (A, p). The dressing operation ap-
plied to any function g(\) is defined as

) = g(N) + / VT = M) (V)g™ (V). (9)

At this point, let us comment on the recent refine-
ments [60] in the theory of GHD at the diffusive scale.
The picture of a single equation with diffusion kernel (6)
is not correct in the presence of long-range correla-
tions [61]. Such correlations are dynamically generated in
inhomogenous interacting integrable systems and one has
to solve a system of two equations (for one- and two-point
function) in order to properly describe the dynamics. In
our case, we will always work in the linear regime, where
the single equation with diffusion kernel ® is valid [61].

Lastly, we discus the Boltzmann kernel in RTA. The
specific form of the collision integral (2) ensures that the
system locally thermalizes to the Gibbs state over relax-
ation timescale 7. The state pi' in (2) is a nonlinear
functional of p,, determined by requiring that its con-
served charges

(1) = /dAﬁn(A)p;h[pp(A,x,t)], n=0,1,2, (10)

locally coincide with those of the state p,. By

Zin(X) = A" /nl, n €N, (11)
we denote single particle eigenvalues of the witralocal
charges. In order to define thermal states we introduce
more objects of TBA. In general, pseudoenergy e(\) ful-
fills the following integral equation

) = co(\) — /dXT()\ ~ \)log (1 + e—€<*’>) . (12)
where the bare pseudoenergy is given by

e0(N) = Bufin(N). (13)

A thermal boosted state is characterized by the first three
chemical potentials, By, 51 and (s while the remaining
(n > 3) are zero. From the pseudoenergy we can get
the occupation function as 7(\) = 1/(1 + e¢V)), which
is then used to solve the integral equation (7) for piot.
Once pi*(X) is known, the expectation values of the con-
served charges ¢ (z,t) can be computed using (10). For
a state defined by the distribution p,, the corresponding
local thermal state is specified by the chemical poten-
tials 8o, /1 and B2 which are adjusted so that the charges
¢8(z,t) coincide with ¢, (z,t) obtained from p,.

How the variation in chemical potentials changes the
charges is encoded in the charge-susceptibility matrix C,
with kernel given as [8, 13]

C=Q1-2nT) " 'ppf(1—7T). (14)

Its matrix elements, in the basis of the ultralocal charges,
are given by
6¢m dr dr
Conn = — 56, = dApp(A) f(A) 73y (A) 737 (A). (15)
We will also use the bra—ket notation for the matrix ele-
ments which makes the basis apparent,

Conn = (%m|C|7n). (16)

This is useful for introducing the hydrodynamic scalar
product (flg) = (f|Clg) and the special basis {h,}
of orthonormal charges which diagonalize the hydrody-
namic scalar product (hm,|hn) = 0mn. They are con-
structed via the Gram-Schmidt (GS) orthonormaliza-
tion of the ultralocal charges {#4,(\)}. Similar to the
charge-susceptibility matrix C, one can define an anal-
ogous matrix B that characterizes the response of the
associated currents {7y, } to changes in the chemical po-
tentials {8, }. The matrix B is given by

B=1-»T) 'ppfo(l—2»T), (17)

with elements in the basis of ultralocal charges

B = =25 = [ A0 F )N WA (). (19
n

Finally, we are interested in the linearized GHD dynam-

ics where p, = pi + 6p,. Here pl is a homogeneous

thermal state and ép, is a small perturbation of quasi-

particle density on top of it. Linearizing Eq. (1) about

the thermal state p;h, one gets

1 6L
5t5pp + Athaxépp = §®th8§5pp + (5‘[)> 510];)’ (19)
P/ th

where the operator A = (1 — 2T) tv,(1 — ~T) [13]
and the subscript ‘th’ indicates that these quantities are
evaluated in the homogenous thermal state p'f)h. It is
convenient to express the resulting dynamics in terms

of perturbations to the orthonormal charges, d¢,(z,t) =
J dARy (N)opp(A, x,t). The equations are [52]

at6Qn + Z Anmaz(s%n = Z ,Dnmai(sqm - Z an&Zm-

(20)
The matrices A, D and I' have the following elements,
A = / Aoy () F DL (AR (), (21)
1 -
Dum =5 [ DO (VD A1), (22
X Prot (10)pp (1) f (1) s (1) (23)
P = / AN (DO 1) (1), (24)

where the collisional operator I' is obtained from the
functional derivative of the collision integral with respect
to the quasiparticle density and takes the form

I=—-—2C. (25)



As a last ingredient we introduce Drude weights which
measures the ballistic, dissipationless part of transport
in a system [13]. The matrix elements are given by (note
that these are matrix elements in orthonormal basis)

Dy = / Doy () FPVEE VRSN, (26)

We now turn to the analysis of transport coefficients in
nearly integrable systems within the RTA.

III. NAVIER-STOKES EQUATIONS AND
TRANSPORT COEFFICIENTS

The first three conserved charges (n = 0,1,2) in the
Galilean invariant model correspond to particle number,
momentum and energy. If the collision integral respects
these three conservation laws i.e.,

/ AN (NI(pp) =0,  n=0,1,2,  (27)

and breaks all the other then at large space-time scales
the dynamics can be described by the Navier-Stokes
equations [49-53],

Oo = —0.(ou), Oi(ou) = =0, (ou® + P),

di(0e) = —0a(uge + J) — Pdyu. (28)

The hydrodynamic fields are related to the local densities
through the following relations [52]:

2
g1 G2 V4

0 = @o, uUu=—), €= — = 12' (29)
20 90 29§

The dynamic pressure P and heat current J are de-
termined by the Newton’s law for a viscous fluid (with
shear viscosity absent in one spatial dimension) and the
Fourier’s law for the heat current:

P =P — (0, J = —r0,T. (30)
Here, P denotes the standard thermodynamic pressure,
T the local temperature and the two transport coeffi-
cients are viscosity ¢ and thermal conductivity «. They
receive additive contributions which can be identified as
one coming from the GHD diffusion, hence due to in-
tegrable interactions, and the other from the collision
integral, hence due to integrability breaking interactions,

(=0 + (1,

In Ref. [52], the contributions {p and ko, which arise
from the GHD diffusion and are independent of the de-
tails of the collision integral, have been thoroughly inves-
tigated. They have the following forms

K= Kp + KT. (31)

1

~ 573 (#2[0CI22). (32)

1
(o = ﬁ<ﬁl|gc|ﬁl>; KD

On the other hand, the contributions x7 and (7 are due to
the collision integral and depend on their precise struc-
ture. They capture dissipative effects of quasiparticle
scattering and are given by

(z = (#1|Blgc),  rz = (%2|Blox). (33)

The functions ¢¢ and ¢, are determined by integral equa-
tions involving the linearized collision operator

F|¢C,n> = |77C,n>v (34)

together with the relations (h,|C|¢¢ ) = 0forn =0,1,2.

The source terms 7 ,, are given by [52]

1 cp—c
¢ =4/ % |:Bh1 - \/ﬁc (h() + PCVVhZ):| , (35)

e =V§va<h2— CPC_V"’Vho). (36)

Here, s represents the isothermal compressibility of the
system while the specific heats at constant volume and
constant pressure are denoted by ¢y and cp, respectively.
All thermodynamic quantities are computed for the in-
tegrable model using TBA. The I" operator can be diag-
onalised (it is real and symmetric), I'|7a) = Ya|Va) and
the solution to the equation (34) is

lben) = D 75 (98lmc.)|98)- (37)

Y870

As we shown in Appendix A, it is the orthonormal ba-
sis {h,,} that diagonalizes the RTA T' operator. Conse-
quently, it has three zero eigenvalues, corresponding to
the three collision invariants, while all the other eigenval-
ues are equal 771, a feature specific to the RTA collision
integral. This gives

bew) =7 D (hnlnc.e)lhn), (38)

n#£0,1,2

with the relations (h,|C|¢¢ ) = 0 for n =0, 1,2 fulfilled.
The formulas for the transport coefficients are then

=7 Y (A1|Blhn){hnlnc), (39)
n#0,1,2

k=7 Y (A2|Blhn){hnns). (40)
n#0,1,2

After straightforward algebraic manipulations, shown in
Appendix B, these expressions can be simplified to

(= Qwa°117 KT = chthCﬁH7 (41)
with

coll __ 2 2 coll _ 2
wi” = D1 — Ajg — Afy, wiy = Dz — Ajy. (42)
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FIG. 1. Contributions to the transport coefficients as a function of the interaction strength c for several values of temperature
T. The contributions {p and ko are computed using (32) while the contributions {z and xz are obtained from (41). Irrespective
of the temperature T, all coefficients except k7 show non-monotonic behavior as a function of c. Starting near zero for small c,
they attain a maximum value at a finite value of ¢ and eventually vanish at very large c¢. With increasing temperature 7', the
positions of these maxima shift toward larger values of ¢. In contrast, the xkz displays monotonic behavior with respect to ¢, it
begins at a finite value at ¢ — 0, increases monotonically with ¢ and asymptotically approaches another finite value at ¢ — oc.
For reference, a dashed line corresponding to classical free particles, given by the formula kz = %QTT, which is derived from
simple adaptation of (42) is shown in the last panel for the temperature T'= 10. For better visibility, we refrain from plotting
the data for kz at temperature 7' = 50. In all figures, the density o is set to 1.

Note that, the matrix elements A1 and Aj5 in (42) are
explicitly known in terms of the thermodynamic param-
eters of the system [52]:

1 1

Cp —Cy
. Ap = W —. 43
VA% 2 \exT 97 ( )

In Fig. 1, we plot the ® and Z components of the thermal
conductivity and the viscosity separately as a function of
the interaction strength c¢. Apart from the xz, all other
contributions exhibit non-monotonic behaviour as a func-
tion of ¢: approaching zero in the limit ¢ — 0, they reach
a maximum at some finite value of ¢ and then vanish at
¢ — 00. The limiting values of the ® components are al-
ready known, since at the two special limits (¢ — 0 and
¢ — o0) the system becomes non-interacting and there-
fore there are no diffusive corrections to the GHD equa-
tion [7]. The fact that the coeflicient (7 also vanishes in
these two limits is shown explicitly in Appendix. C. Sev-
eral curves are shown corresponding to different system
temperature. In the strongly interacting regime i.e, when
¢ > 1, the transport coefficient increases with increas-
ing temperature. For smaller ¢, quantum effects become
significant, and the temperature dependence is reversed.
The k7, on the other hand, behaves differently: it starts
from a finite value at ¢ — 0, increases monotonically
with ¢, and asymptotically approaches another value at
¢ — oo. Irrespective of the value of ¢, its numerical value
increases with increasing temperature.

AlO =

In summary, we have obtained the expressions (32)
and (41) for the transport coefficients ¢ and k in terms
of the known thermodynamic matrices such as ©, D and
A. We have illustrated their behavior in Fig. 1. In the
next section, we discuss the crossover from GHD to NS
dynamics.

IV. GHD-NS CROSSOVER

In this section, we investigate how different quan-
tities—both conserved and non-conserved evolve in a
nearly integrable systems within the RTA framework.
Specifically, we consider the following scenario: a small
amount of charge, such as particles or energy, is deposited
at a specific location and we observe how it spreads across
the system over time. Since transport phenomena are
typically described by small deviations from local equi-
librium, it is sufficient to consider linear perturbations
around a homogeneous thermal background. This ap-
proximation allows for a systematic study of how local
disturbances propagate and relax over time.

We begin by discussing the space-time evolution of
the conserved charges as governed by the NS equations.
Subsequently, we address both the conserved and non-
conserved charges using the GHD-Boltzmann equation.

To set up the stage, we start with recalling the basic
facts about Navier-Stokes equations in the linear regime,
which will serve us as a reference point in the study of
GHD-Boltzmann dynamics.

A. Navier-Stokes hydrodynamics in linear regime

In what follows it will be convenient to change the
degrees of freedom in NS equations (28) using the ther-

modynamic identity [62]
oP
P-T|—
(57),

Our motivation here is to solve NS equations in the lin-
ear regime by considering perturbations around homoge-

6T:i567 !

do. (44)
cy Cv O

2




neous thermal state. The relevant equations are [50]
900 = —00z0u,

1 /0P 1 /0P C a2
Obu=——|— ] 0z00—— | == | 0.0T + 209:du,
! 0 (39>T T <3T)g 0
0,67 = — L <‘9_P> Do + —— 20T, (45)
ocy \0T' /), ocy

They can be solved with Fourier-Laplace transform
So(w,t) = / Ak TN W5 0), (46)

and similarly for du,dT, which turns them into k-
dependent 3 x 3 eigenproblem. To make the associated
matrix symmetric, it is convenient to change the degrees
of freedom to dqo, dq1, dga defined as follows [52]

50 = ov/Toerdqo, 6u=Tobq, 6T = -
ocy

5QQ.
(47)
The eigenvalue problem then reads

MOS (k)3Gm (k) = ANS(k)3Gn(K), n=0,1,2, (48)

with summation over m = 0,1,2 is implied and with
MNS (k) given by
1
0 z\/QTTk 0
; . [T (oP
MY (k) = [ ik ok iy ger (57) F
- /T opP K
0 (3 —920V (W)Qk QC—VkQ
(49)

Let us denote by RNS(k) the matrix which diagonalizes
the problem: (RNS)=1(k)MNS(k)RNS(k) = ANS(k). We
find two sound modes and a heat mode, with dispersion
relations for small k given by

1 1 1
AYS(k) = + ivgk + % [(E - ;> K+ (} k2 + O(k%),
AN (k) =——k? + O(K?),
ocp
(50)
where v denotes the speed of sound and can be derived
from the thermodynamics of the system [50, 52]. The

corresponding eigenstates (sound modes and heat mode)
are encoded in the matrix RNS(k) in k — 0 limit:

1 Jev 1 /ep=cv
\/§ cp cp
RNS<k) — _ /CPC—PCV O /2_;
1 Jev 1 fcp—cv
Vv2\/ cp cp

Lastly, let us write the explicit dynamics of the fields §¢,, .
It is given by the following expression

~ _ __ANS .
8k, t) = > (RNS) 1 (k)e™ e B RYS (k)ddy (k. 0),

a,p

(51)

(52)
where the index ¢ runs over the eigenmmodes o =
4+, —, th, while the indices n and p run over 0,1, 2, la-
belling the charge perturbations.

GHD

-
o

FIG. 2. Panel (a): real part of the spectrum of matrix M (k)
as a function of k. We consider interaction coupling ¢ = 2,
temperature 7' = 4.36 and density ¢ = 1 with RTA timescale
7 = 1. For small momenta k < k. we observe gapless modes
(in fact there are three such modes, the sound modes have
degenerate ReA(k)) and gapped ones with a gap 7. At
larger momenta k > k. we find the modes of GHD. Panels
(b)-(d): absolute value of rotation matrix R(k) in three dif-
ferent regimes. For k£ = 0 we have M = I" and the operator is
diagonal. For k finite, but much smaller than k. we observe
a NS sector for the first three charges. The coefficients are
those of standard sound and heat modes. For k > k. the
modes of the systems are GHD modes, which are not simply
related to the basis {h,}. This is reflected in featureless R
matrix.

B. GHD-Boltzmann equation in linear regime

We now turn to the linearized GHD-Boltzmann equa-
tion (20). It can be simplified using Fourier-Laplace
transform, similarly to (46). This transforms Eq. (20)
into k-dependent eigenvalue problem

A(k)8Gn (k) = Mo (k)6Gm (), (53)

where the matrix elements of M (k) are given by
M (k) = (Tnm + ikApm + E*Dp) . (54)

Let R(k) denote the matrix which diagonalizes the
matrix M(k) such that R™1(k)M(k)R(k) = A(k)
with A(k) = diag (A1(k),A2(k),...). The dynamics of
charges, in complete analogy to (52), is then given by

SGn(k,t) = > Ry (k)e W R (k)66 (K, 0),  (55)
m,p



where m,p = 0,1,2,... run over all charges (both
conserved or non-conserved). The solution (55) repre-
sents the exact dynamics in linearized regime of GHD-
Boltzmann equation. It involves the data from eigen-
value problem (53) in the form of eigenvalues A(k) to-
gether with the rotation matrix R(k) and the initial state
3Gy (k,0). In what follows we will show how the proper-
ties of these objects can be used to understand and char-
acterize the GHD-NS crossover, controlled by the (in-
verse) spatial scale k and time ¢. Even though the picture
found by us is simpler in RTA, the intuitions presented
here should hold for more general form of collision inte-
gral Z[pp]. Indeed, all the qualitative features mentioned
above were also found in the analysis for FGR collision
integral describing coupled Lieb-Liniger models [52].
Firstly, it is shown in Appendix A that within the RTA,
the orthonormalized charge basis {h,(\)} diagonalizes
the matrix I'. The matrix element I',,,, appearing in
Eq. (24) simplifies to
P {0,1 n=0,1,2

n#0,1,2. (56)

T

Let us now analyze the eigenvalues of (54). For generic k
it is not possible to find the spectrum analytically. How-
ever, for small k the operator ikA,., + k>D,,, can be
treated as a perturbation to I',,, given by (56). In that
regime of particular interest are corrections to the three
zero modes, which for finite, but small k& become the
modes of NS hydrodynamics. Indeed, computing cor-
rections up to the second order in k one finds eigenvalues
exactly given by (50), meaning that Ag(k) =~ ANS(k),
and Ay (k) ~ AN, (k) [52]. In the found expressions,
the transport coefficients take exactly the form given by
(32).

In the opposite limit of relatively large k, it is I';,.,, that
becomes a negligible correction to ikA,;, + k*Dp,m and
thus we recover the GHD spectrum. This simple analysis
is the basic intuition behind explanation of the GHD-NS
Crossover.

An exemplary plot of real part of the eigenvalues is
presented in Fig. 2(a). We clearly see these two dis-
tinct regimes. For very small momenta, there are gapless
modes (which we identify as the NS normal modes) and
the rest is clearly gapped. At larger k, we again no-
tice modes with quadratic dispersions, this time given by
GHD diffusion matrix.

Accordingly, we propose here the following criterion for
the GHD-NS crossover. The crossover occurs when the
NS dispersion relations (50) hit the line set by the RTA
gap 7~ L. This leads to the following formula

k. = min (917’)71/2, (gthT)il/z} ) (57)

where @y, = 35 |\ov — o5

Fig. 2(a), we see that this way of defining k. qualita-
tively reproduces the crossover point found in numeri-
cal diagonalization of M (k). The crossover happens also

2o and D4 = L{(L,L)&er, In

in the structure of normal modes, which is contained in
the matrix R(k). This is shown in Figs. 2(b)-(d). In
particular note the structure in the k¥ < k. regime in
Fig. 2(c), where three conserved modes clearly decouple
from higher charges.

C. Dynamics of small perturbations

Let us now introduce the initial state into the discus-
sion and analyze the main features of the dynamics given
by (55). The vector Ry, (k)ddy(k,0), which enters the
expression is a decomposition of the initial state in the
eigenbasis of M(k). As we shall see, the emergence of the
Navier-Stokes equations is driven by an interplay of two
mechanisms. The first one is a homogenisation, namely
the decay in time of large momentum modes with k > k..
This occurs in the dynamics of all the charges. The sec-
ond mechanism, that we call thermalisation, is a decay
of charges broken by the collision integral and is impor-
tant for the dynamics of the small momentum modes.
To simplify the picture, we will first look at the dynam-
ics of initial states which are localized in the momentum
space such that {0g,(k,0)}pen = 0 for |k| of order k. and
larger. After that we will look into dynamics of a generic
initial state.

1. Initial states with kini < ke

For such large scale states we are deep on the left of
crossover point in Fig. 2(a) and the spectrum consists of
three NS gapless modes, the rest is gapped. Crucially,
the sum over p can be truncated due to the structure of
matrix visible in Fig. 2(c), namely

Roy(k < k) ~ 0, (58)

forc =+,—,thand p > 2or o > 2 and p < 2. We also
observe that these matrix elements of R matrix coincide
with those of RNS. The decoupling in R matrix moti-
vates studying the cases of conserved n = 0, 1,2 and non-
conserved n > 2 charge cases separately. For n = 0,1,2
we have

8 (k,t) ~ > (RS (R)e 2" (RS (k)dg, (K, 0).
o,p
(59)
Note that (59) is nothing else but the NS dynamics (52).
Therefore, it is clear that we recover NS hydrodynamics
in GHD-Boltzmann equation.
Next, we consider the n > 2 case. There we find just
the exponentially decaying dynamics

8dn>2(k,t) = e 173G, (k, 0). (60)

It is interesting to observe that in the kj,; < k. regime
the conserved and non-conserved charges decouple and
one does not have to be in the regime ¢t > 7 in order
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FIG. 3. Dynamics of the density, velocity and energy fields starting from an initial perturbation in the dp and de fields around
a homogeneous thermal state (gth =, ut =0,T" = T). The perturbation is evolved using the linearized NS equations, (45),
with the transport coefficients ¢ and s computed from (31). These results are shown in the main plots as solid circles labeled
“NS” at different times during the evolution. They are then compared with the corresponding fields obtained by solving the
linearized GHD-Boltzmann equation, (20), shown as solid lines labeled “GHD-B.”. The agreement between the two at late
times confirms that the large-scale space-time behavior of the conserved fields is accurately captured by the NS dynamics
with correctly computed transport coefficients. The parameters used here are: ¢ = 2.0 and 7 = 2.0, p = 1.0, T = 1.36. In
this setup, the crossover momentum k. obtained from (57) is approximately 0.57, while the characteristic momentum of initial
perturbation is kini &~ 0.25 (upper panels) and kin; ~ 1.9 (lower panels). In the top row, where kini < k., the original dynamics
(GHD-Boltzmann) match NS results even at short times ¢ ~ 7. In contrast, in the bottom row, where kini > ke, it takes longer
time (t ~ 107) for the dynamics to converge to the corresponding NS fields. In the insets of the lower panels, we compare our
GHD-Boltzmann data with the pure GHD results [i.e., without the collision term in (1)], shown as void circles labeled “GHD”.
At very short times, t ~ 7, the two results match, indicating that the effect of collision integral has not yet become significant.
As time increases further, deviations between the two start to appear and at very large time NS dynamics start to appear

which is shown in the main plots.

to see that the conserved fields with n = 0, 1,2 obey NS
hydrodynamics. This is demonstrated in the upper row
of Fig. 3. Note however, that only at such times the
perturbations of the higher charges has decayed and the
state is fully characterized by the NS degrees of freedom.

2.  Generic initial states

‘We now move to the discussion of more general states,
which are not necessarily localized in the region |k| < k.
and involve higher Fourier components. The components
with k > k. decay on timescales given by GHD disper-
sion relations. Even though such modes are typically
thought of as long-lived, we have to be aware that this is
the statement for asymptotically small k. The timescales
related with decay of k > k. GHD modes are still faster

than 7, see Fig 2(a). Thus at ¢ > 7 all Fourier com-
ponents with k& > k. decay. This puts us back into the
setting analyzed in previous section and we still get the
NS dynamics (59) for conserved fields with n = 0,1,2.
The modes with n > 2 obviously decay to 0.

The dynamics (59) is thus the universal fate of any
initial state in the GHD-Boltzmann framework. The NS
hydrodynamization, that is the emergence of NS hydro-
dynamics happens due to the decay of higher charges as
well as higher Fourier components. Eventually, at infinite
time only £ = 0 component remains and system becomes
homogenous, as expected from hydrodynamics. This pic-
ture is confirmed numerically in Fig. 3, where we compare
the corresponding fields obtained numerically by evolv-
ing the linearized GHD-Boltzmann equation (19) and the
linearized NS equations (45). All coefficients entering
the NS equations are evaluated from the thermodynam-



ics and collisional matrices as given by (31). We find
excellent agreement between them for times ¢ > 7. On
the other hand, for small times, the dynamics is well cap-
tured by GHD, see insets in the bottom row of Fig. 3.

V. HYDRODYNAMIC CORRELATION
FUNCTIONS

In this section, we supplement the discussion of the
dynamics by considering the problem of hydrodynamic
correlation functions [63]. The central object of interest
is the connected correlator of local charges

501,02(1‘,75) = <01(wat)02(0’0)>0’ (61)

where 01 o are densities of some local charges O; 2. The
initial value of correlation is given by So, 0,(2,0) =
3(x)(fo,1C| fo,), see (62) for definition of f,, ,. The corre-
lator of local fields can be accessed through the standard
reasoning of linear response and in our setup we will build
on the solution (55) in order to get it. For convenience,
let us consider the following expectation value

dﬂ==/dkﬂth@%M (62)

with f,(A\) giving the associated single particle eigen-
value. We assume that this quantity can be represented
in the orthonormalized basis meaning that

Fo) =D (Bl fo)hn(N) = afha(),  (63)

n

then the correlator (61) can be expressed as

Soro (1) = Y aftaf2Sy, o (x,1). (64)
]
In what follows, we will assume that the hydrodynamic
state is described by space-dependent local GGE with
density matrix given by

PGGE(t) X e_fdy Zn Bﬂ(yvt)Qn(y’t). (65)

For such states, the hydrodynamic correlation function
can be computed as [8, 64]
0gi(x,t)
Sy o (2, t) = ——"~. 66

qi,9; (:67 ) 6,6](070) ( )
To evaluate this, we can use the expression for charge
dynamics given by (55). Using the definition of suscepti-
bility matrix and the fact the we work in the basis, which
is orthonormal with respect to inner produced induced by
it, we get the following

thqj (z,t) = /dk etk ZR;%(k)eiAm(k)tij(k).

(67)
Correlator Sy, 4;(x,t) is the simplest to analyze and at
the same time in principle gives access to an arbitrary
correlator of local fields as given in (61). Let us analyze
different regimes of such object in what follows.
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FIG. 4. Dynamics of correlation functions of conserved (left
column) and non-conserved (right column) charges in GHD-
Boltzmann equation. At late times, the density-density corre-
lator exhibits NS behavior (69) with two sound modes propa-
gating with sound velocity vs and heat mode in the center. On
the other hand, correlator of non-conserved charge Sq, 0 (2, t)
decays in time. At early times the dynamics in both cases is
well described by the GHD without the collision term.

A. Regime t < 7: generalized hydrodynamics

For small times ¢t < 7, we expect to recover the known
GHD results [64]. It can be recovered by setting I, = 0
in the M,,;,,(k) matrix. However, we will use a more
convenient formula for GHD correlator at the Euler scale,
which reads

SGHD,E(x’t) _ /d)\ﬁ[x _ v(,\)t}pp()\)f()\)h?r()\)h;.ir(k).

4i,45

(68)
In principle, one can compute also the GHD correlation
function on diffusive scale. However, it provides only a
subleading corrections while introducing technical prob-
lems related to computing the exponential of diffusion
operator ®. In Fig. 4 we see that indeed in the small time
regime the dynamics given by GHD-Boltzmann equa-
tion (67) is correctly described by correlations as pre-
dicted by GHD. At such short timescales, effects of in-
tegrability breaking are still not visible, therefore there
are no qualitative differences between correlators involv-
ing conserved (non-conserved) charges. The difference is



visible at late times, to which we now turn.

B. Regime t > 7: conventional fluctuating
hydrodynamics

At late times the integral in (67) is dominated by con-
tributions from small ¥ modes. Thus the R matrix struc-
ture makes all the correlators involving non-conserved
charge decay exponentially with the rate set by 7. This
is demonstrated in the second column of Fig. 4. On the
other hand, in the case where both charges belong to con-
served subspace, the correlator features long-lived behav-
ior. In fact, it approaches the well-known correlator of
conventional fluid predicted by fluctuating hydrodynam-
ics. There the hydrodynamic fields are random Gaussian
variables with mean fixed by the deterministic dynamics
and the variance controlled by the fluctuation-dissipation
relation. Since dissipative processes are controlled by the
transport coefficients, they set also the strength of the
fluctuations. Thus, the transport coefficient are required
to actually set up the fluctuating hydrodynamics. For
the full exposition see [65, 66] or [53]. Here we write for
reference the (normalized) density-density correlator

1 o?

cp —¢C =2
SNS (I’,t): P \4 e w4

40,90 cp /47T9tht
c 1 (z—vgt)? —(ztvst)? (69)
\4 e APt 4 o aDxf )

2cp \/An Dyt
NS

Obviously a similar expressions can be obtained for S

fori,j =0,1,2. In Fig. 4 we show that indeed Sy, 4, (, 1)
becomes S35, (x,t) at times ¢ >> 7, in the agreement
with the general picture that NS hydrodynamics should
be recovered at late times.

As discussed in [53], the diffusive form of correlators,
such as (69), breaks down at the largest scales. This
is the prediction of nonlinear fluctuating hydrodynam-
ics, which incorporates nonlinear terms in the currents
of NS equations and emphasizes their impact on correla-
tion functions, which becomes dominant on large scales.
In the present context, the nonlinearities become relevant
at times of order O(72/Tiic), where Tiic is characteristic
microscopic timescale of integrable system. Since GHD
Boltzmann equation implicitly assumes 7 > ;. in order
for quasiparticle description to hold, there is a paramet-
rically large window, on which linear fluctuating hydro-
dynamics is expected to provide the correct description.

VI. CONCLUSIONS

In this work, we have addressed two aspects of hydro-
dynamics under weak integrability breaking. Firstly, we
have presented a computation of transport coefficients:
viscosity and thermal conductivity in relaxation time
approximation for collision integral. Such approxima-
tion is motivated by the typically complicated structure
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of collision integrals stemming from FGR or gBBGKY.
The complexity of such collision terms is due to the fact
that three particle collisions are the leading thermaliza-
tion processes in 1D Galilean systems, as opposed to
two-particle scatterings in higher dimensions. Moreover,
when the collision integral is not known, RTA can still
be useful with timescale 7 treated as a phenomenological
parameter. The transport coefficients obtained within
the RTA can be expressed entirely in terms of the TBA
thermodynamics and the Drude weights of the underly-
ing integrable model.

Secondly, we took a close look at the crossover be-
tween GHD of infinite conserved charges and NS theory
with particle number, momentum and energy being the
only conserved quantities. The control parameters of this
crossover are space and time scales, which we identified
in this work as k. defined in (57) and characteristic RTA
timescale 7. In the case of RTA, 7~ ! equals the gap of
Trra- The explicit solution of dynamics in the linear
regime allowed us to understand the behavior of charge
densities. Depending on whether the considered charge
is conserved by the perturbation or not, we observed a
different dynamics. In the late time regime ¢ > 7 the
conserved charge densities obey NS dynamics and non-
conserved quantities decay exponentially, irrespectively
of the initial state. We also characterized the influence
of initial state on the dynamics and described the pro-
cess of homogenisation understood here as a decay of the
modes, which are not governed by NS hydrodynamics.

Lastly, we looked at hydrodynamic two-point functions
of charge densities. For small times, GHD behavior was
found, whereas in the late time regime for conserved
charges we found results consistent with linear fluctuat-
ing hydrodynamics build upon the NS equations. On the
other hand, correlators involving non-conserved charges
decay exponentially on timescale set by 7. We also com-
mented on the role of current nonlinearities for the cor-
relation functions of conserved quantities. The effect of
such terms is expelled to large space-time scales due to
the proximity to integrable model assumed in this work.

Generalizing our RTA computations to other sets of
conserved charges is a natural direction for future re-
search. This was done already for the case of Galilean-
invariant system with only particle number conservation
in [67]. Thanks to its simplicity, the RTA collision inte-
gral can be also useful to study dynamics in non-linear
Boltzmann equation, possibly with noise. Such studies
could be useful to quantify the role of nonlinearities on
various observables at the largest space-time scales.
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Appendix A: Computation of the matrix elements
an

In this section, within the relaxation time approxima-
tion, we present the computation of the eigenvalues and
the corresponding eigenstates of the operator I' appear-
ing in (25) with elements given in (24). We first compute
the functional derivative of the collision integral [given
by (2)] with respect to the rapidity distribution,

0Zrralppl() _ 1 9™
Tom) T<‘“ & appm))' )

To compute the functional derivative of the thermal dis-
tribution p;h, we decompose it through variations of the
charges:

OGm
oo 9B dgm Spp(p)’
N—— N ——
~Cln(N) —Crk fom(p)

PN & (N 6B,
pp(n) B Z

m,n=|

(A2)

where the derivatives are known (as indicated by the un-
derbraces), see [53]. Using this result, (A2) simplifies

0Zrralppl(N)
pp(p

)
1
; Z (Cﬁn

m,n=0
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The orthonormal charges are defined with respect to the
hydrodynamic scalar product involving C. This implies

> Al =3 hn(Nhm(p). (A3)
m,n=0 m=0

Thus, in the bra—ket notation the I" operator in (25) can

be written as
hm|> C. (A4)

1

L 3 et
m=0,1,2

It is clearly diagonal in the orthonormal basis with eigen-

value 0 for n = 0,1, 2 and eigenvalue 7~ for n > 2.

Appendix B: Simplification of transport coefficients

In this section, we show how we get (41) from (39)
and (40) of the main text. Here, we present the inter-
mediate steps only for (7. The corresponding steps for
the k7 proceed in the same manner. Note that the sum

11

in (39) runs over all basis states except 0,1,2. It can

therefore be expressed as
(z = T(#|B (Z () (| = |hn><hn|> Imc),
n n=0,1,2

=7(A1BC ne) =7 Y (A1|Blhn) (halnc). (B1)
n=0,1,2

In going from the first line to the second line of (B1), we
have used the resolution of the identity

1=>"|hg)(hglC.

B

(B2)

Using the relation between the ultralocal charge basis
/%1 and the corresponding orthonormal charge basis hq,
namely %41(\) = Ci1hi(\) = /Tohi(A) [52], we can
rewrite (B1) as

(z=7VTo | ( (M’c ey = Y <h1|B|hn><hn|n<>>.

(B3)

From the expression of 7 in (36) and using the fact that
(hm|Blhy) is nonzero only when m and n are of different
parities, we simplify (B3) to

=10 (<h1|5013|h1> - <h13hn><hn5h1>> :

n=0,2
=70 ((h1|D|h1) — (h1|Blho)? — (h1|B|h2)?)
_ QTUJCOH (B4)

Note, the Drude weight is defined as D = BC~'B and
the w$°! is given by (42).

coll

Appendix C: Limiting values of wy

It is important to emphasize that the Lieb-Liniger
model in the ¢ — 0 limit maps to free bosons while in the
¢ — oo limit it maps to free fermions. In this section, we
explicitly show that w$°!! as given in (42) vanishes both
in the ¢ = 0 and ¢ — oo limit. Note that (42) can also

be written as
WEOH =T [Du - UE] ) (C1)

since v2 = A%, + A3, where v, denotes the speed of sound
and can be expressed in terms of the known matrices:

vy = \/1 B3(Ca2 + 183,Coo — 2310320(321. (€2)

Bio C22Co0 — C3,

The matrix elements B,,, and C,,, can be found from
(15) and (18), respectively. The matrix element D;; in
(C1) denotes the momentum-momentum Drude weight
given in (26). Now, we show that Dy is exactly equal to
v2 both in the ¢ — 0 and ¢ — oo limits. We start with
the ¢ — oo limit.



1. c¢— oo limit

The scattering kernel, 7 in (5) vanishes in the ¢ — o
limit. Consequently, any dressed function g*()\) in (9),
can be replaced by their original counterparts g(A). As
a result all the matrix elements B,,, and D,,, can be
expressed in terms of the charge-susceptibility matrix C:

C
Blo = 2620, 821 = 2622 and D11 = 22.
Cao

(C3)
We compute v2 from (C2) using the relations in (C3)

2 _ 1 4630622 + 4652600 - 8630022 . Coo
s 2(/'20 CQQCOO - Cg() CZO

v

Therefore, the collisional component of the viscosity van-
ishes exactly in the limit ¢ — oo.

2. ¢ — 0 limit

In the ¢ — 0 limit, the scattering kernel, T (A — X’)
in (5) approximates the delta function 6(A — A’). As a
result, (9) is simplified to

g (A) = gL =2 N)] " (C5)

12

The integral equation for the pseudoenergy e(A) in (12)
changes to an algebraic equation:

2

A
) =5 —pu—log(l+e™ W), (C6)
from which € can be solved as
e(N) =log (¥ —1). (C7)

The charge susceptibility matrix elements [in (15)] can
then be written as

Coum = / AApp (N (N AN/ (1= (V). (C8)

The statistical factor [1 — 7())] can be related to the
bosonic occupation function 72,(\) as

1
eN) 11 1+ 724(N)

1—7n(\)=1- (C9)

with 7,(\) = 1/(e€(A\) — 1). Thus the matrix elements
Cimn in (C8) changes to

Crnn = /d)\pp()\)[l + 726(AN)] o (A) 2 (N). (C10)
As a result, the statistical factor f(\) in (15), (18) and
(26) is replaced by [1 + 74(A\)] and all the calculations
in the ¢ — 0 limit resemble that of the ¢ — oo limit.
We recover the relation: v? = Dj; and the collisional

contribution w{°!! vanishes in the limit ¢ — 0 as well.
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2.5 Article V: Generalised BBGKY hierarchy for near-integrable dynamics

e L. Biagetti, M. Lebek, M. Panfil, J. De Nardis “Generalised Bogoliubov-Born-Green-
Kirkwood-Yvon hierarchy for near-integrable dynamics”, (accepted in Physical Review
X)

The exact dynamics of an interacting system of particles can be written as an infinite hierarchy
of dynamical equations. These equations dictate the evolution of correlation functions in phase
space. The dynamics of the single-particle function p(x, ) is coupled to the two-particle function
g (z1,071; x2,02), which in turn is coupled to the three-particle function, etc. Such a hierarchy
of equations is known as Born-Bogoliubov-Green-Kirkwood-Yvon (BBGKY) hierarchy. It is a
fundamental tool used in kinetic theory, for instance, for the derivation of collision operators such
as the Landau or Boltzmann kinetic equations. In case of these collision operators, the hierarchy
can be truncated due to the weakness of the interaction or in the low-density limit, respectively.

In this work, we took up the challenge of deriving a BBGKY-like framework (dubbed
GBBGKY) for nearly-integrable systems. Our aim was to provide a hierarchy for the dynamics of
the correlation functions that requires neither weakness of interaction (as the interactions of the
integrable part of Hamiltonian can be arbitrarily strong) nor a low-density limit, to be truncated.
Instead, the small parameter occurring in our hierarchy is the inverse of the interaction range £~

Correlation

[
| build-up

/ Boltzmann
1 / regime

5 >> lmlC Tpre ~ 5_1

Ly ¢
-3
T ~ &

Figure 16: Panel a): the main assumption behind the GBBGKY - the separation of length
scales between the microscopic correlation length [, and the range of the long-range interaction
potential £. Panel b): two phases of a typical thermalization dynamics.

Unlike the original framework, GBBGKY is not a fully microscopic theory and includes
assumptions typically present in hydrodynamic theories. It relies heavily on the separation of
length scales: the range of the long-range potential £ is assumed to be much larger than the
microscopic correlation length [ of the unperturbed integrable Hamiltonian, see Fig. 16(a).
Thus, the aforementioned truncation with respect to £~! can be regarded as similar in spirit to
the truncation of gradient expansions.

In our approach, the dynamics coming from the (in principle) strongly correlated, integrable
Hamiltonian is treated non-perturbatively in the interaction coupling, albeit perturbatively in
the length scale at which we are looking at the system. At large length scales, such dynamics can
be treated with the apparatus of the TBA and GHD. The main achievement of the present work
is to incorporate the effects of long-range interactions acting on such large scales and show, that
these can be captured through a generalization of the BBGKY hierarchy.

Upon truncation, the derived hierarchy can be solved numerically. Furthermore, a simplification
occurs at later times, when the hierarchy can be integrated into a single collision operator. The
derivation of such an operator constitutes one of the main results of the paper. We show that it

159
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naturally corresponds to a three-particle collision process in which particles interact both with
the integrable part of interaction potential and the long-range coupling that breaks integrability.
We prove that the collision integral exactly matches the FGR result, when specialized to the LL
model.

Furthermore, the hierarchy is benchmarked against numerical simulations of a classical nearly-
integrable model, namely, the long-range interacting hard rod gas. We find a perfect agreement
and observe two characteristic regimes of the dynamics, see Fig. 16(b). In the phase I, the
correlations evolve rapidly and the dynamics cannot be reduced to a collision operator and the
equations of the (truncated) hierarchy have to be solved. In phase II, which we refer to as the
kinetic regime, the evolution is well captured by the collision integral.

Our framework is used to compare against the experimental data of [70]. We specialize the
results for the collision integral to nearly-integrable Lieb-Liniger models and compute from it
the thermalization rate as a function of the magnetic field angle Opp;. We find a reasonable
agreement between our theory and experiments.

Candidate’s contribution: 1 participated in the derivation of the hierarchy and in the com-
putations using the correlated fluid cell ensemble. I led the derivation of the collision operator
from the hierarchy. I performed the analysis of the experimental setup, computed the relaxation
timescales and prepared Fig. 8. I contributed to writing the manuscript.
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We study quantum and classical many-body Hamiltonian systems that combine integrable contact
interactions with generic long-range two-body potentials. We show that the dynamics of local
observables can be cast into a generalized Bogoliubov—Born-Green—Kirkwood—Yvon (gBBGKY)
hierarchy formulated in terms of the quasiparticle densities of the underlying integrable model and
their correlations. Starting from an ansatz for the state at time ¢, which we call the correlated
fluid-cell ensemble, we derive this hierarchy and prove that it reproduces exactly the time evolution of
one- and multi-point correlation functions in perturbed integrable models, at all times. We validate
these predictions against microscopic molecular-dynamics simulations, finding perfect agreement.

At late times, the one-particle distribution relaxes via a Boltzmann-type scattering integral
encoding the interplay between integrable contact processes and long-range collisions, whereas
higher-point correlations remain strongly non-thermal on thermalization time scales, indicative of a
form of incomplete or generalised thermalisation. Focusing on long-range dipolar quantum gases,
where the relevant matrix elements can be obtained explicitly, we show that our collision integral
reduces exactly to the Fermi golden rule result and provide a complete theoretical account of the
experimental observations of Tang et al. (Phys. Rev. X 8, 021030 (2018)). More broadly, our
framework extends the BBGKY program to regimes with strong local interactions, and applies to
a wide class of experimentally relevant systems, from one-dimensional dipolar cold-atom gases to

Lennard—Jones molecular fluids.
I. INTRODUCTION

The study of non-equilibrium many-body physics con-
tinues to reveal ever more intricate phenomena arising
from complex interactions. Classical theories of chaos,
turbulence, and active dynamics remain vibrant research
areas, and in recent years, quantum many-body systems
have also entered the non-equilibrium arena [1-4]. In low
spatial dimensions, integrable models—distinguished by
their stable quasiparticles—form a key class of dynamical
systems. These quasiparticles govern transport properties,
entanglement spreading [5-7], anomalous scrambling [8, 9],
extended coherence times [10-12], and exotic hydrody-
namic behavior [13-26]. Typical examples of interacting
integrable systems include bosons, spins, or fermions with
two-body contact interactions, such as the Lieb—Liniger
gas [27, 28] and the Fermi-Hubbard chain [29]. This nat-
urally raises the question: how do quasiparticles and the
overall dynamics evolve when the Hamiltonian includes
additional, longer-range interactions? Integrability break-
ing has attracted considerable interest [30-55], prompted
by experiments [56-59] that report anomalously slow ther-
malization in quasi-one-dimensional settings, a challenge
shared across molecular dynamics, plasma physics, and
astrophysics [60-76].

Significant progress has been achieved for systems
whose unperturbed integrable limit is free—where matrix
elements of local operators are typically known, allowing
a Boltzmann scattering approach via Fermi’s golden rule.
However, for genuinely interacting integrable models, ma-
trix elements depend nontrivially on both the state and
the model, and existing methods accurately capture only
late-time behavior, leaving short-time dynamics—often

of primary experimental interest—largely unexplored.

Despite advances in specific contexts [47, 48, 77], a
general framework is still lacking to compute the dynamics
of any integrable model perturbed by weak two-body or
higher-order potentials. Developing such a framework
would be both theoretically valuable and directly relevant
to cold-atom experiments [58], where the precise form of
interparticle potentials can be uncertain.

In kinetic-theory texts, the Bogoli-
ubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy
is a classic tool [78-84], typically applied to free particles
with weak or long-range interactions (as in plasma and
astrophysical systems), truncating at two- or three-point
correlations to describe thermalization and dissipation.
Yet, to date, BBGKY framework has not been extended
to unperturbed Hamiltonians that are interacting
integrable models with well-defined quasiparticles.

Here, we generalize the BBGKY hierarchy to cases
where the unperturbed (classical or quantum) theory
features arbitrarily strong integrable contact interactions.
Specifically, we consider a hard-core repulsion V"' (r) of
radius a supplemented by a long-range field ¢(r), leading
to the two-body potential (see Fig. 1)

Ur) = V" (r) + V(r), V(r)="¢er/€), (1)

where Vp > 0 (< 0) describes repulsive (attractive) long-
range interactions acting over the scale . Notable exam-
ples include atomic dipolar systems [23, 58, 85-94], whose
Hamiltonian in terms of the bosonic field i(z) can be



written as
i = [ do (5 -100@ + alvta)l* ~ ulv(a) )
4 / dady V(z — 2')(@) 2|y () 2, (2)

in which a local contact interaction is again supplemented
by a long-range component. Our approach provides a
fully predictive theory for generic near-integrable dynam-
ics in both classical and quantum regimes, encompassing
bosonic, fermionic, and spin-chain models. In particular,
it unifies the description of prethermalization and full
thermalization dynamics. As a byproduct, we re-derive
the conventional BBGKY hierarchy using an alternative
correlated fluid-cell ensemble picture, showing that the
hydrodynamic-like assumption underlying BBGKY natu-
rally emerges from this viewpoint.

II. BACKGROUND AND SUMMARY OF THE
RESULTS

Integrable systems are characterized by stable quasi-
particle excitations which, similarly to free systems, pro-
vide a complete description of local properties. In par-
ticular, a generic thermodynamic state is specified by
the quasiparticle momentum distribution, or one-particle
(quasi)momenta distribution, denoted by pg(z), where we
use 0 as a generic parametrization of the quasiparticle
momenta k(6). Under the unperturbed time evolution,
the spatial integral of py(x) is conserved.

Such systems arise in both classical and quantum
physics [20, 95-104], typically in 1+ 1 dimensions, where,
in certain cases, scattering processes factorize. Generic
perturbations, such as couplings between different one-
dimensional channels or the addition of long-range interac-
tions, break integrability. In this situation quasiparticles
become unstable, and most distributions py(z) are no
longer stationary. Under weak integrability breaking, typ-
ically only thermal distributions remain stationary, as
first recognized by Boltzmann.

The evolution from a generic out-of-equilibrium quasi-
particle distribution toward a thermal state is the sub-
ject of prethermalization and kinetic theory. These
frameworks have applications ranging from high-energy
collisions and plasma physics to, more recently, quan-
tum many-body dynamics in ultracold atomic systems
[56, 58, 105-110]. A common approach models this evo-
lution through a collision integral derived from Fermi’s
golden rule [30, 47, 48, 111], the perturbation induces tran-
sitions between quasiparticle states with rates determined
by the corresponding matrix elements, or by classical
cross sections. This approximation, however, neglects
correlations that build up dynamically, and the computa-
tion of the relevant matrix elements is generally difficult.
The BBGKY hierarchy provides a more comprehensive
framework, as it allows one to track correlations up to
arbitrary order. It also enables a systematic derivation of

™
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Figure 1. Schematic evolution of (a) BBGKY and (b) gB-
BGKY for the two-point functions ¢(®, the two insets show,
respectively, (c) the long-range potential for free particles and
(d) the combination of long-range and short-range interac-
tions in the interacting integrable case. In (a), two particles
drawn from the momentum distribution p(0) scatter via V (r)
and become correlated on the time scale £2/V§, this is the
prethermalisation stage where correlations build up but no
extensive mixing occurs, they then scatter again and generate
three-point correlations g(3), which control the thermalisation
stage on time scales (£/V)*. In (b), with integrable local
interactions in homogeneous systems, the two-point correla-
tion is generated by the large-scale interaction V(r), while
the three-point function is produced by a different and faster
mechanism. Particles propagate and scatter through local in-
teractions, shown as red circles, providing an effective diffusive
bath for the two-point functions, and leading to the thermal-
isation of one and two-point functions, namely generalised
thermalisation, on time scales £3/(Voa)?.

the collision integral without requiring explicit knowledge
of all transition amplitudes, and it goes beyond the late-
time approximation inherent in the Boltzmann approach
[112, 113].

Concretely, we consider a model of particles in the
continuum, the extension to lattice systems is immediate,
with Hamiltonian, quantum or classical,

. . 1
H=HM+ 3 /dx d2’ V(x — ') Go(z) Go(z"), (3)

where §o(x) is the local particle density operator, and
H™ is an integrable Hamiltonian containing standard
kinetic terms together with an integrable interaction V;“t.
For example, in the Lieb-Liniger model, as in (2), the
integrable interaction is V"' (z — ') = c§(z — 2'), with
¢ =0 and ¢ — oo corresponding to free and hard-core
bosons, effectively free fermions, respectively. We denote
by a the strength of the integrable interaction. In the
limit a — 0, the integrable potential vanishes and the
model reduces to free particle propagation,

. Frint _ ryfree _ ((jl (x))Q
(}gr%)Ha =H —/d:c o (4)
with ¢ (z) the local momentum density. The integrable

Hamiltonian H™ possesses an extensive family of con-
served charges ¢;(z), with ¢ € N, and go(x) = Go(z). The



gBBGKY theory describes the time evolution of the ex-
pectation values of these densities and of their connected
correlations.

To describe the system at finite macroscopic time ¢, we
introduce the following ansatz. The state is given by the
correlated fluid cells ensemble, which can be formulated
either as a density matrix or as a phase-space density,
for a precise definition see Eq. (14). This state can be
viewed as an embedding of a generalized Gibbs ensemble,
p o exp(—>_,; [ dz 8" (z)q;(x)), determined by a set of
generalized temperatures 3°(z) associated with the lo-
cal conserved quantities ¢;(x). The correlated fluid cells
ensemble additionally involves higher-rank Lagrange pa-
rameters BE:L)”” (z1,...,Ty), which encode information
about long-range correlations in the system. When these
higher-order terms are nonzero, the state is not simply a
product of independent local stationary GGE cells. It is
instead a collection of correlated fluid cells.

The reason to expect this form is as follows. The hy-
drodynamic postulates assert that, for macroscopic times
t >> Tmic, much larger than the microscopic time Ty, a
generic interacting system relaxes locally giving rise to
quasiparticle description. Fast degrees of freedom associ-
ated with non-conserved modes decay, and the evolution
becomes confined to a reduced manifold of states. Since
the slow modes are precisely the conserved densities and
their products, we include them here in full generality.

A similar logic can be applied to standard BBGKY hi-
erarchy. The only difference lies in the fact that 7, — 0
as there is no transient phase needed for local relaxation
to GGE and emergence of quasiparticles. Thus, in the
usual setting, where one starts from states without corre-
lations, there is little practical need to make the structure
of (14) explicit. Our formulation therefore generalizes
BBGKY to situations in which the stationary states of
the unperturbed Hamiltonian already displays nontrivial
local correlations (in contrast to H®, where local correla-
tions are absent and the hierarchy simplifies substantially).
We will thus refer to the conventional hierarchy as the
standard BBGKY, and to the present extension as the
generalized BBGKY (gBBGKY).

In principle, the full hierarchy of multi-point correla-
tions encodes complete information about the state, but,
to obtain a tractable description, it must be truncated at
some finite order. Truncating the hierarchy at the level
of three-point functions yields the explicit evolution equa-
tions in Egs. (32)—(34). Equivalently, these equations can
be rewritten in terms of quasiparticle densities py(z,t)
and their correlations by the replacement i — 6 and by
identifying the local densities, or operator or phase-space
densities, as (g;(x,t)) — pp(x,t), which also recovers stan-
dard textbook results in the limit a — 0.

In this work we show that the presence of local interac-
tions strongly affects the hierarchy. The main new feature
is the emergence of delta-function jumps in the evolution
equations for multi-point correlations, which appear as
discontinuities in spatial derivatives at coinciding points.
These jumps encode ballistic, non-linear, namely interact-

Figure 2. Schematic representation of the correlated fluid cells
ensemble of Eq. (14). Fluid cells of size £ can be correlated
over long distances by the external potential V, or by the
interplay of contact interactions and ballistic dynamics in the
system.

ing, modes, and they persist even when integrability is
weakly broken, since ballistic transport remains relevant
at intermediate times, thereby driving the evolution of
lower-order correlations. This has important physical
consequences, see Fig. 1. For a = 0, correlations are
generated solely by scattering mediated by the perturbing
potential V(x). In one dimension, two-body scattering
alone cannot thermalize the system, so three-point corre-
lations must be retained, leading to thermalization times
scaling as V074, a phenomenon known as kinetic blocking.
For a # 0, local integrable interactions allow quasiparti-
cles to scatter via V' and then interact again locally with
a ballistically propagating particle. These processes gen-
erate three-point functions with coincident-point jumps,
which in turn induce dissipative, diffusive contributions
to the dynamics of the two-point correlations, and lead
to effective thermalisation. As a result, thermalization of
one and two-point functions, which we refer to as incom-
plete or generalised thermalisation, is reached at times
of order (aVp)~2. Higher-point functions, such as three-
point functions, remain far from thermal on these time
scales, preserving remarkable long-range correlations, as a
direct consequence of the interplay between local contact
interactions and long-range interactions. Recent prelim-
inary experiments [58] have observed this scaling, and
our gBBGKY framework places it on firmer theoretical
ground. Moreover, we show that truncation at third order
reproduces the dynamics of one and two-point functions
very precisely and at all times, as we demonstrate by
comparison with exact numerical simulations.

Organisation of the paper

The paper is organized as follows. In Section IIT we
derive the gBBGKY hierarchy, an infinite set of coupled
equations for correlation functions of charges and currents.
We then show how to truncate this hierarchy consistently,
obtaining a closed set of equations for connected charge
correlators. This requires neglecting correlations beyond
a given order, and assuming a separation of scales be-
tween local integrable interactions and the long-range
integrability-breaking potential. We also show that the
generalized hierarchy reduces to the standard one when



the integrable interactions vanish. The resulting equa-
tions are later solved numerically and validated against
numerical simulations.

To clarify the mechanisms behind, generalised, ther-
malization, in Section IV we derive a kinetic equation,
dubbed the generalized Landau equation, from which
the thermalization time scale quoted above follows. This
derivation assumes a separation of time scales between
the fast dynamics of correlations and the slow evolution
of the one-body function.

In the next two sections we apply the gBBGKY and
generalized Landau equations to two systems. First, in
Section V the predictions of the preceding sections are
tested against exact numerical simulations for classical
hard rods, hard spheres, with long-range interactions,
showing perfect agreement. Second, in Section VI we
apply the framework to dipolar cold-atomic gases trapped
in an array of quasi-one-dimensional tubes. This requires
an extension of the methods to multicomponent systems.
It also provides an opportunity to compare the generalized
Landau equation, derived here under explicit assumptions,
with a heuristic approach where the scattering integral
is obtained from Fermi’s golden rule. We find exact
agreement between the two approaches in the regime
where both apply.

In the final Section VII, we summarize our findings
and outline future directions. More technical aspects
are relegated to the appendices. In the accompanying
Supplementary Materials we provide derivations of the
generalised Landau equation and of the gBBGKY hierar-
chy for multicomponent systems.

III. THE gBBGKY HIERARCHY

We start by introducing the notation needed to set
up the, generalised, BBGKY hierarchy. We first work
with densities of conserved quantities, and later move
to particles or quasiparticle occupation functions, as is
customary in standard formulations of BBGKY.

We denote by §;(z) the density of the conserved charge
Qi, which commutes with the integrable Hamiltonian,
[H' int Ql] = 0, noting that a suitable gauge must be cho-
sen since these densities are defined up to a total deriva-
tive. The first standard conserved quantities are particle
number ()9 = IV, momentum ¢; = P, and unperturbed
energy (Qo = H to which we refer as the kinetic energy
of quasiparticles. Throughout the derivation we focus on
the quantum formulation, yet all steps can be translated
straightforwardly to classical models by replacing the com-

mutator with the Poisson bracket, i[-,-] — {-,-}. We will
often refer to the case of free classical particles, where
the equations are simplest and essentially all steps are
exact, and we also assume Galilean invariance, although
violations can be incorporated without difficulty. We set
h = 1 and start from the Heisenberg equation for the
charge densities,

0vg; = i[H, ). (5)

We decompose the commutator and introduce currents jl
and generalized currents j; 1, defined by

HP Q)+ 00s =0, i[QuG] + 0:Jix =0, (6)
where the density does not generate any dynamics, 3'071' =
0. To simplify the Heisenberg equation, we use locality of
the charges,

i[gi(2), do(")] = jio()d' (x —a’). (7)

Using this relation for commutators between local charges,
the quantum generalisation of the classical Liouville equa-
tion reads [114, 115]

. 1 )
Oty 00) + 0 i () = 5 [ doaV w1 — sz} ()

X | do(x2) iy 0(x1) + 51‘1,0(901)‘?0(962)} :

Similar equations to (8) can be written for multi-point
operators involving arbitrary products of charge densities.
Taking expectation values then generates the hierarchy
of dynamical equations

01(qi, (71) - - - @i, (T0)) =

=l 0) o)t ) = S [
k=1 k=1

V' (@k = y)(gi, (%1) - - 0 (Y)Jip.0(@k) - - - ¢, (T0)).
(9)
To isolate the relevant parts of correlators we move
to connected correlation functions. For n = 2 we set
(0102)¢ := (0102) — (01){02), whereas for n = 3 we define

(010203) := (010203) — (0102)(03)—

(0103)°(02) — (0203)°(01) — (o1} on} oz}, )

and for n > 3 we proceed analogously. The first three
layers of the hierarchy can then be written as

01(iy (1)) + Ouy (Jiy (21)) = —/dmvl(wl — x2)(fiy 0(71)){(q0(22)) — /d@V'(ﬂCl — x2)(Jiy 0(71)q0(22))",  (11)



0(@iy (21)qi5 (2)) + [0z, iy (1) 43, (22)) ] (1,0) =

=- [/dwsvl(xl — 23) ((Jir.0(€1)) (@i (£2) g0 (£3))° + (ir.0(21) s (£2)) (g0 (23)) + <ji170(x1)Qi2($2)qo(w3)>c)j|

(1,2)’

0(@ir (21) iz (£2) 435 (%3)) + [0z, (i (1) i (€2) i (£3)) ] (12.5) =

- [/dil(Il - x4)((jil,0($1)><qz'z (22)dis (73)q0(24)) + (Gir,0(¥1)Gi5 (T2) @i (23)) (g0 (24)) +

+ (Ji1,0(%1) i (22)) “(is (23) 90 (24)) € + (Jir,0(21)Gis (¥3)) “(@iz (22) g0 (24)) + (Fir,0(21)Gis (¥2) s (933)(10(564»0)} )

Here the symbol [.. ], . ;.) denotes the sum of the ex-
pression inside the square brackets over all cyclic permu-
tations of the indices (i1, ...,%n).

When the integrable model reduces to a free theory,
this hierarchy is equivalent to the standard BBGKY hier-
archy, as discussed later in Section ITTE. A key difference
is that the present formulation is expressed in terms of
correlations of conserved charges and currents, whereas
the standard BBGKY hierarchy is usually written directly
for quasiparticle distributions. Nevertheless, the familiar
structures are readily recognized. Truncating the hierar-
chy at the level of expectation values, namely setting the
two-point functions to zero, yields the Vlasov equation
[116-118]. Retaining two-body correlations instead leads,
at large times, to either the Landau or the Boltzmann
equation, depending on the truncation procedure. Here
we keep three layers of the hierarchy because, due to ki-
netic blocking, the first two layers are not sufficient to go
beyond the mean-field regime [68, 69]. Finally, as in the
standard BBGKY case [78], the hierarchy can be repre-
sented diagrammatically. In Fig. 3 we show the diagrams
corresponding to the first three layers written above.

The hierarchy of equations (11), (12) and (13) is not
closed. First, as in the standard BBGKY hierarchy, the
equation for an n-point function involves the (n+ 1)-point
function. Closing the system therefore requires assuming
that connected correlation functions beyond a given order
are negligible. Second, the hierarchy contains correla-
tors involving currents, of the form (... ¢;jrq ...)¢ and
(---Gi9Jk,04 ---)¢. To obtain a consistent truncation
scheme, these correlators must be expressed in terms of
correlators involving charge densities only. In a hierarchy
built on a non-interacting theory, current operators are
linear functionals of the charge densities, so this step is
straightforward. In the present setting, it requires identi-
fying the relevant structure of correlations in integrable
theories.

To achieve this, two ingredients are needed, the ensem-
ble with respect to which expectation values are computed,
and the associated fluid-cell averaging procedure. These
steps are discussed in full generality below, and later
specialized to homogeneous systems.

Before proceeding, we summarize the assumptions made
throughout the manuscript:

(12)
(1,2,3)
(13)
[
a) b) 3 3
2 1.4 LT Vs

Figure 3. Diagrams representing the right-hand sides of the
hierarchy equations (11), (12) and (13). Dashed lines repre-
sent the current operator j;, 0(z1), while solid lines represent
charge operators g¢;, (zx), with k indicated by the number
above the line. Vertical lines represent connected correlations
between operators. Each diagram contains a single vertex
associated with the potential V (z — ), which couples a cur-
rent to an additional operator ¢o. To translate a diagram
into an expression, one takes products of connected correla-
tion functions according to the vertical lines, multiplies by
V(21 — Tm+1), where m + 1 labels the extra charge operator,
and integrates over x,,+1. To draw diagrams at the m-th level,
one considers one dashed line from which an extra solid line
emanates, together with m — 1 additional solid lines, and then
enumerates all possible connections, or partitions, between the
m 4+ 1 lines. The case with no connections is excluded, as it
corresponds to the disconnected part of the correlator.

e At large space-time distances the connected correla-
tors scale as (q;, (1) ... qi, (,))¢ ~ 1/~ where
£ is the characteristic range of the long-range poten-
tial, and is much larger than the range a of the in-
tegrable interaction. This is discussed in Sec. IIT A.

e The state of the system is described by the corre-
lated fluid cells ensemble (14). It encodes the expec-
tation values of local charge densities and the corre-
lations between them, as discussed in Sec. IIT A. Us-
ing this ensemble one also obtains equations for cor-
relation functions involving currents, see Sec. I1I B.

e The resulting partial differential equations, obtained
by imposing the previous points in Egs. (11), (12)
and (13), are expanded at large £, up to and includ-
ing order £73, yielding the final hierarchy reported
in Sec. ITIC.



A. The correlated fluid cells ensemble

To truncate the hierarchy and obtain a closed descrip-
tion of the system at time ¢, correlations must be retained
only up to a chosen maximal order. This mirrors standard
hydrodynamics, where a mesoscopic length ¢ separates
microscopic fluctuations from macroscopic, observable
fields. In the homogeneous setting considered here, the
natural choice for this scale is the interaction length &
of the potential. Although additional length scales may
emerge in inhomogeneous systems, we assume that, in
the present case, £ is the only relevant spatial scale.

We postulate that, at macroscopic times, the system
relaxes to the state described by the correlated fluid cells
density matrix

p= exp( — /dxlﬁél)(m)%‘(m) (14)
/dfﬁf%(h,w)5%(561)5%(932)
T1#£T2

_ / dfﬂz%’k(xl,:Eg,1‘3)5%(I1)5Qj($2)5(]k($3)
T1 AT FT3FT]

+>

In the following, the ensemble average (...) is always
taken with respect to density matrix (14). The first term
corresponds to a family of local GGE states, one for each
uncorrelated fluid cell at position x. Accordingly, we
denote by (...); the average with respect to the zeroth
order of the correlated fluid cells ensemble, namely the
local GGE average given by eq. (14) with f(,51) = 0.
In (14) we also introduced fluctuations around the local
GGE, éq;(z) = ¢i(2) — {¢:(@))1.

For the states defined by (14), the entropy is maximized
independently in each cell, with additional constraints
imposed by conservation laws. Setting all higher terms
to zero amounts to neglecting nonlocal constraints, which
implies that only short-range, thermal-like correlations
are retained, decaying on distances much smaller than the
scale £. As in the standard BBGKY hierarchy, the goal is
instead to keep higher-order correlations in the description
of the state. The state (14) therefore maximizes the
entropy under constraints given not only by fixed one-
point functions, but also by correlations of arbitrary order.
As we will show in this section, the nonlocal generalized
temperatures BE’;’)""Z" (z1,...,2,) are directly related to
the connected n-point functions (g;, (1) - - - ¢;, ()¢, and,
in particular, they display the same scaling with the length
scale &.

For generic states, computing expectation values with
respect to ensemble (14) is a difficult task, and, in close
analogy with (g)BBGKY, it calls for a perturbative
scheme. Here a natural truncation arises from the as-
sumed separation of length scales. A key hypothesis for
hydrodynamic states is that connected correlation func-

tions satisfy a large-deviation scaling

1
gnfl’

which also implies 581)1” (T1,...,2,) ~ &L Equiv-
alently, as the order n increases, the magnitude of the
connected correlator decreases by a factor 1/¢ for each
additional field. This ensures that higher-order correla-
tions become progressively smaller and can be neglected
beyond a finite truncation order. This scaling is central
for defining a controlled truncation scheme, both for the
gBBGKY hierarchy and for the correlated fluid cells den-
sity matrix. Under the scaling (15), the density matrix
(14) can be evaluated perturbatively in the parameter
€1, As an example, we compute the two-point function
using the state (14), expanded to first order in €71,

<Ch'1 (1) qi, (azn)>0 ~ (15)

(@i, (%144, (22)) = (@i, (1), (22)) T+ (16)
/dxsdmﬂgﬁm (23, 24)(0qi5 (23)0Gi, (24) iy (1), (22))1

T3F£Ty

+0(£72).

Using the cumulant expansion for four-point functions
and the locality of the GGE we obtain

(¢ir (21) iy (22))° = 6(21 — 22)Ciy iy + (17)
+ 2ﬂzgsl4 (1’1, x2)ci1,isci27i4 + 0(572) s

where we used (g;, (1)qi, (z2))§ = d(z1 — x2)C}, 4,, and
where Cj, ;, denotes the local charge-charge susceptibility
matrix. From (17) we define the long-range charge-charge

correlation 91(12)12 (21, x2) through

91(12)12 (z1,22) = 2ﬁ§§;“(x1, 2)Ciy s Cig iy +O(€72), (18)
so that

(@i, (1), (2))° = 8(w1 = 22)Ciy iy (1) + 917, (21, 32) -

(19)
Similarly, as shown in Appendix A, for the three-point
function we find

(i, Gini5)¢ = 0(21 — 22)0(x1 — 23)Ciy iy s (z1)+

+[0(z1 — ﬂfz)Cil,iZ,jcj’kgz(fL (z1,23)](1,2,3) (20)
+ gl(i)iz,is (.231, Z2s $3) )
with

(3) _
Gi1ioyis (71,72, 73) =

= 36€§)J2’Js (y7 yl)ch \J1 Ciz,jzcig,js + 0(573) ) (21)

and where Cj, i, i, is the local GGE three-point function,
and C%J is the inverse covariance matrix, C; j;C* = §; .
We emphasize that the matrices Cj, ;, and Cj, ;,,, are
known functions of the expectation values of the conserved



charge densities (g;)1. It is also important to note that the
functions ¢ (z1,z2), ¢ (x1, 22, x3), and higher orders,
as well as the generalized temperatures 3(,), are smooth
everywhere except at coinciding points, x; = x;, where
discontinuities may appear but no divergences occur. For
this reason, to avoid ill-defined expressions, in Eq. (14)
the integrals are defined over configurations with non-
coinciding points.

B. The expression for the currents in the ensemble

Importantly, once the state (14) is assumed, the av-
erages of all local, or quasi-local, observables can be
expressed through cumulant expansions in the charge
densities.

In this section we use the state (14) to derive the cu-
mulant expansion for the average current

(Jir (x1)) = (Gay (21))1+ (22)

b [ drado g (oo, 0) g ()i ) ()
ToFT3

+0(7?).

We now observe that, due to the locality of the GGE
average, one has

(@i, (72)qi5 (23) i, (71))] = 0, (23)
for : (Jzg — x1| + |z3 — 21| > €)

where € denotes a typical microscopic length scale of the
model. Since the generalized temperature B) is in general
discontinuous at coinciding points, due to fast microscopic-
scale fluctuations encoded in the local GGE, this contribu-
tion must be treated with care. Condition (23) effectively
localizes the integral on the r.h.s. of Eq. (22) to a neigh-
borhood of size € around the discontinuity. Within this
region, the correlation function decomposes into its local
parity-time (P7T) symmetric and antisymmetric compo-
nents, 68312 = ﬂéé;;ym + Bgsfzmi.(}rucially, because the
microscopic jump is inherently antisymmetric, the singu-
larity is entirely confined to 52;;’;1&. This implies that
the symmetric component, defined locally as

Bl 6,2 = 2,8) = 3 [Ba (w20
o

remains smooth even as € — 0. Since charge and current
density operators are PT-symmetric [119], they couple
exclusively to this smooth symmetric part in Eq. (22).
Consequently, the integral projects out the singular anti-
symmetric term, rendering the limit ¢ — 0 regular

(Jir (#1)) = (i, (1)1 +

+ B3 @ 77)

g, t+€)+

—e,x+et—e)|, (24)

& <J@1 (x1>>1

+0(¢7%). (25)
08308

This calculation follows analogously for the ensemble aver-
age of any PT-symmetric observable. Also, we used that
in a local GGE correlation functions of local densities can
be obtained by differentiation with respect to 3(;). Ap-
plying (18) and the definition of the inverse susceptibility
matrix, we obtain

(Jir (1)) = (Giy (T1))1+
1
2

Gn @) @)sym
6<Qi2>1(5<%3>lgi27i3 (xl ’1‘1 ) + O(g ) ’ (26)

In analogy, we define

+

2
91(2)23( -1i_71‘1 ) +gz(2)13( Ty 71"1’_)
2

(2),sym
912713

('rl vxl ) ) (27)
where we dropped the splitting in time, since the cor-
relation functions are always smooth for any t. Finally,
introducing the notation

io i 8% (ji
gizis = 2 Vull 28
i Saahdlann %)
we obtain the double-projection formula
(Jir (1)) = (Jiy (w1))1+
1 sym
+ G HE R wf ay) 07 (29)

Similarly, for the current-charge correlator we find

<jz‘(1171)%‘($2)>c = A (qi(z1)qj(22))°+
S HP ™t o ) + O(€79), (30)

where we used the chain rule to introduce the flux Jaco-
bian A¥ = §(j;)1/0(qx)1, and where g,(c l) Sym(xi",xf,xg)
is defined in analogy with (27). This blmpliﬁcation is
crucial, as it allows one to express the full hierarchy in
terms of few-point charge correlators. We also note that
the generalized currents j; o appearing on the right-hand
side of Eq. (11), (12) and (13) are linear in the charge
density, therefore the cumulant expansion truncates after
the first term,

(Jir,08is - )¢ =AY, olantiy - ) (31)

with Ak 0= 0(Ji,,001/0{qx)1 -

C. The gBBGKY hierarchy

In this section we make use of the assumptions
and results introduced in Sec III A in order to write
Egs. (11),(12) and (13) as a hierarchy of equations for
the smooth few point functions g( n) i~ The formulas
(19) and (20), a direct consequence of taking expectation
values within the ensemble (14), reveal that the correla-
tors, and thus the hierarchy, feature singular terms. Thus,



to understand the dynamics it is crucial to plug these
expressions into the hierarchy alongside with the expres-
sion for the correlation functions containing the currents.
To simplify the equations, we restrict to a homogeneous

setting, where the one-point functions are space indepen-
dent, and two-point functions depend only on the relative
distances. The equations (11),(12) and (13) reduce then
to the following first layers of the gBBGKY hierarchy

Or(qi,) = /deV (z1 — 22) A7, og;c 2 (@1, @), (32)

0,92, (w1, 5) + [a Al gjw(xl,xg)—l- Lo, Hkg@)ym

(

1 ’II’M)LLQ) -

- {V/(xl —22)Al o (<%>Ci2,o + gj( ;3($17$2)Ck’mcm,i2,o) /dst (21— 23)A 4 (<%>912 o(72,73) + 9(722, ) }(172)

— 3(a —xQ)/d:EgV(xl —a3)[ = Civia g O AL + (4]

3
tgz(l?12 i (T1,T2,73) + {3 Al gj 12 is

= {_ 3y — m)(Agck,@,mcm»” i ia O™ AR, + H;T’”cm,iz)azlgggs(xl,xg)]

where, for brevity, in Eq. (34) we truncated higher-order
terms in both parameters Vy and 1/£. Let us comment
on the structure of this complex hierarchy of equations.
Firstly, in homogeneous systems the evolution equation
for the density, eq. (32), does not contain the Vlasov term
and therefore all its dynamics is given by the evolution of
the two-point functions, Eq. (33). Here, on the LHS are
the kinetic term describing the ballistic transport of two-
point function and its diffusive corrections. On the RHS
we observe that the singular contribution to the two-point
function creates a contact forcing proportional to Vp /€.
Finally, the dynamics of the three-point function is written
in (34) up to order O(V;/§). Again, its LHS include the
kinetic terms for the ballistic transport of correlations,
while the RHS behave as singular forcing, which is given
the integrable dynamics, i.e. by the integrable contact
interactions. In Appendix E more details are given in
order to derive Eq. (32),(33) and (34). Finally, we observe
that the assumption of large hydrodynamic length scale &
is sufficient to have a well-defined truncation scheme for
the hierarchy.

D. The hierarchy for the (quasi)particle occupations
and correlations

In this section we express the hierarchy in terms of
quasiparticles of the Hamiltonian H"*. In particular, for
integrable systems, the quasiparticles are characterized
by Bethe rapidities ¢, whose distribution function in the
fluid cell (z,t) is denoted by pg(z,t) (in the rest of the
text, we use Greek indices for rapidities, while Latin

11,0% 22

o8, + 81, A%, ) CipmC™ | g2y (w1, 05).
(33)

k (2)

(x1,$2,$3)+ a H-L gj 12(I17x2)gk Ld(x17x3):| =

(1,2,3) (34)

O(V02£27 V0€—3) B
(1,2,3)

ones for charge labels). The rapidities are related to
the quasiparticles momentum through kg = k(6). The
density pg(z,t) is defined through its relation with the
hydrodynamic variables

(@)@, t) = / a6 po (2, 1)h:(0) (35)

where h;(0) is the single-particle eigenvalue of the charge
Q;. With a complete set of charges, it is possible to invert
this expression, having a bijection between the quasipar-
ticle density pp(x,t) and the expectation values of the
charge density (g;). Hence, it is possible to recast the
infinite tower of hydrodynamic equations for the conser-
vation of charges, labelled by the integer i, to the single
evolution of pg(z,t). We now define the dressing operator
acting on a test function h(0)

dr—((1—Tn)"th, (36)

where the action of a linear operator is defined as (A -

0) = [dy A(6,7)h(y) = AJh., assuming the Einstein
convention for the integration over repeated indexes. In
particular T' = Tj ., is the scattering shift of the model
(which vanishes in the limit of zero contract interactions
a — 0), being independent on the state. The filling
function defines the occupation of rapidities respect to
the total density of states p* = (k')4" /27 and it is given
by n = 2mp/(k")¥. Moreover, we shall make extensive use
of compact matrix notation, for example by introducing
the rotation matrix

R91792 = [1 - Tn}91,92 = 591792 - T91,92n925 (37)



which implements the dressing operation as h9" = R~ - h.

Crucially, it is also possible to express the density of
currents, as

Gile)) = [ Q0 pa()ei @hi(0) + 001/, (39)
with the effective velocity vgff = (k) (0)/(h})%(0),
where for Galilean particles with unit mass ho(0) = 62/2

and hi(f) = 6. Similarly, we can define quasiparticle
expression for few point functions as

(€, - ai,) = / ﬁ [dgk hik(ak)} (P, ---pe,) -
k=1

Another important object is the flux Jacobian, that in
quasiparticles reads

(39)

Al = / dfy d6 hi(61) Ry vSTRY 4 b7 (62),  (40)

where h’ is defined as the inverse of hj, such that

hj(0)hi(0") = dge. For completeness we also recall
AY = 9’; fYHR o With R® = 1 —nT. In a similar

manner we compute the second derivative of current as

HI*

K3

:/d@dadﬁhi(H)Hg"th(a)hk(ﬁ)’ (41)

where we defined (from below onwards we shall use the

eff eff
notation vy, , = vj;" —v5)

dr
T’YvH Rt

(ONet v,

Hgﬁ = [Re_jyvﬂ,'y (42)

8liwn
Analogously to what was done in the previous section,
we consider the connected few point correlators and sepa-

rately recognize the GGE contribution from the regular
long range part. For the two-point function we have

2
Py (21)pa (22))° = 8(21 = 22)Cly 0, + G 9, (€1, 22),
(43)
where Cy, 9, = Ro_lt;yp'y f.YR;}b is the susceptibility ma-
trix in quasiparticle representation, and gf()??% (z1,x2) 18

Orpe, = /dﬂﬂz dfy V' (1 — 332)3019992 (z1,22) ,

2
3tg§1?92(131,552 + {8951 Aglg'y 02 $17a;2))

1
+ iaxl (

the non-singular contribution. Also, the generic symbol
fo={1,1—ngy, 1+ ny, ne_l} denotes the statistical factor
(classical, fermionic, bosonic and wave statistics, respec-
tively). Analogously, for the three-point functions, we
can write

(0o, (1) pa, (x2)pos (23))° =
= 6(x1 — 22)d(w1 — 23)Ch, 95,0,

) (44)

(2)
+ 5(431*I2)C"9717929%93(11?1;333 G2

3
+ 951)92 05 (xla x2, .’L'g,) )

where Cy, ¢, 6, is the local three-point function in a GGE.
We also introduce the tensor given by the functional
derivative of the susceptibility respect to the local density

[ — 0Co, 0,
01,02 — (5p9
3

%fﬁpﬁ + fapaTg,r

«

= Ry |0a,800.05 fo — SapEna Rl g,

R!
+ T, b0

Ry 02 (45)

with e = {0, —1, 1} respectively for classical, Fermi-Dirac
or Bose-Einstein statistics and we also introduce the tensor
giving the kinetic term of the three-point correlations

0; ¢t dr Pyfy t
M9f,92 [R91 ILR92 v T# Y pt Uy Rﬂ»ezs] (61,62) (46)
m

which is proportional to the strength of the local interac-
tions a (see Appendix E A for a complete derivation).

With this, we can write down the first three layers in
the quasiparticle representation:

(47)

3 _
Hy g3 ol or )]

(1,2) -

[V’ T1 — To /d93 891 (p91092’93 + Cgmf?sgé?’y(xl’ :Eg))

+ /dl"3 dfs V' (x1 — x3)0p, (P91992 0, (T2, 3) + 95(;1)92 0, (71, 22, 13))}

(48)

(1,2)

+6(21 — 22) / dzzdfs V' (21 — 23) ( = C4,,0,0v + (00, + 592)0%,92)% 8, (T1,23) |



3
8t96(;1?92793(551,3327$3) [C%lAglg,ygz S(»”10171’2,91/‘3)}(123)

Let us comment on the kinetic terms for the two- and
three-point functions in Eq. (48) and (49). The first terms
with the matrix A) = [R™1v*® R]7 represent convective
spreading with velocities associated to the different quasi-
particles. While in an interacting model this matrix is
non-diagonal (due to mode mixing), we shall see in the
next section that the latter simply reduces to a diagonal
matrix containing the velocities v**(#) as eigenvalues in
the limit @ — 0. The second term in eq. (48) is instead
non-zero only in interacting systems. The latter can be
seen as an effective diffusion induced by the motion of the
three-point functions for the two-point functions. Indeed,
its form becomes more familiar in the small times limit,
i.e. for states close to the local GGE. In this limit, we
can indeed show the relation (see [120] for a complete
derivation)

v, (B)sym, + —
tll,%lJrH g’Y’I‘92 (-'L'l,.%’l,l'g,t)

= 07, 0,9, (21, 22),

(50)
where D} is indeed the diffusion matrix [119, 121, 122] as-
sociated with the local equilibrium state around which we
are linearising. As the system evolves, the validity of this
relation gets worse, due to the build-up of nontrivial long-
range three-point correlations, yet this contribution is
fundamental to thermalization of the two-point functions
and, consequently, of the 1-point functions as we shall see
in the next sections. In the limit @ — 0 this contribution
vanishes, as there is indeed no internal (convective) dif-
fusion ® ~ a?, as also confirmed by the analysis in the
next section IIT E.

E. Recovering the standard BBGKY hierarchy in
the limit a — 0

The standard BBGKY hierarchy is recovered in the
limit of non-interacting unperturbed systems, i.e. H" —
Hfree Tt is important here to stress that the gBBGKY
formalism is valid both for classical and quantum systems
and difference between the two scenarios is fully incorpo-
rated into the statistical factor f = f(n). Here, in order
to compare with standard textbook expressions [78], we
specialize to the classical case and set f = 1.

The limit H int _, fyfree corresponds to zero scattering
shift T"— 0. We now carefully analyze the effect of this
limit on the objects defined in Section III D. Firstly, we
observe that this limit trivialize the dressing operator
as Ry ¢r — 09,6/, and hence h¥ — h. As a consequence,
the effective velocity reduces to the particle’s velocity

' — vb* = 0. In a similar way the flux Jacobian be-

comes A — v§"dp . Since non-interacting particles don’t

= [ = 22)085, 5,00, 9%, (01, 25)
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O(Ve€?, Vot ™).

(1,2,3)
(49)
\
exhibit non-trivial correlations, we also have
Co,.00 = 06, 0,00, » Co® g, = 06,.0,00, .65 - (51)

As a consequence we observe that the delta contribution
appearing in Eq (48) is vanishing, being proportional to

/dv [06,.6,00, O — (Do, + Do,)0,,0,00, .1y = 0. (52)

We also observe that, in this limit, we have H — 0 and
M — 0, both being proportional to T. We also stress
that any higher-order hydrodynamic correction in the
cumulant expansion is vanishing since non-interacting
particles simply spread ballistically. Hence, in the non-
interacting limit 7' — 0, Eq. (47), (48) and (49) reduce
to

Ohpe, / Az d0y V' (2)00,0,, (1), (53)
e 5 (obra® _
t991,02($17$2) + |0z, (U91991792($179€2)) w.2)
= |:V/($1 - .%'2)891 (pelpez + gé??(%)"_
+ / dos d3 V' (21 — xg)aglpglgéz?% (xo,x3)+
+ / dzsdfs V' (z1 — 563)3019&??92,93 (x1, z2, 953)} w2’
(54)
atg((;??oz,ag (z1,22,23)+
+ 1 (’U91991792 eg(ml,l‘g,ig)) (1,2,3) +...=0,

that perfectly coincide with the first equations of cele-
brated BBGKY hierarchy for a homogeneous system. It
is also easy to prove that this equivalence is valid for any
level of the hierarchy and that can be extended also in
inhomogeneous settings. It is important to stress that,
through the gBBGKY formalism, we provided a new alter-
native derivation of BBGKY in terms of correlated fluid
cells that doesn’t require to use the full system phase
space distribution function.

IV. THE GENERALISED LANDAU EQUATION
AND LATE-TIME DYNAMICS

The gBBGKY equations presented above are clearly
complicated to analyze and to fully numerically simu-
late. However, to extract the thermalisation dynamics,



some approximations can be performed, leading to what
is known as Landau equation, namely the Boltzmann
equation in the limit of small momentum exchange, also
known as the grazing collisions limit.

We shall perform a macroscopic rescaling of space z —
&x and time t — £t, and importantly, in what follows
we will assume that the long-range coupling is weak by
treating V as a small parameter. Thus, scattering integral
description have a narrower range of applicability than
the hierarchy, which assumes only large £&. However, as
we show in Sec. V, the scattering integral turns out to
be quantitatively predictive also for quite large values of
Vo, provided that V;/€ < 1. Nevertheless, this approach
is sufficient to understand the main mechanisms behind
the thermalisation of the system.

We start the derivation by considering the gBBGKY hi-
erarchy written in terms of quasiparticles occupations and
correlations, as introduced in Sec. IITD. More precisely,
in this section, we explicitly make use of homogeneity
by expressing correlations as uniquely functions of rela-
tive distance. Hence for the two-point function we have

gél)ez (r1,29) = gé,1 9,(# = w1 — x2) and for the three-

point function 951?92,93 (z1,22,23) = 95??92,93(272/)7 with
z=x1 — 22 and 2’ = 9 — 3.

Furthermore, we perform a decomposition of the two-
point function ¢(? into leading and subleading contribu-
tions in the 1/£ expansion, namely

2 2 2),2
gél?ez( ) = I3 él)alg( )+ = Ik él)eg(z) (56)

We also explicitly factorize the scaling parameter of the
three-point functions using ¢® — ¢ /¢2. Now, using
the definition of the interaction potential (1), the 1/
dependence is fully explicit. Plugging the decomposition
into equation (48) for the two-point function and requiring
equality both at the order 1/¢ and 1/£2 produces two
equations:

Ui )+ 0. (4,001 ()~ A ai2 ) =

(57)
VOQO/(Z) /d’y (691p91 C’Y,92 - 8921092091,7) )

2),2 2),2 2),2
g () + 0 (A4,9507 (2) — A g2 (2)) =

_ ;a (H’Yl»’)’zg(S)ﬁym ( +7 Z) _ Hg;ﬁzg@) ,Sym ( ’O+)) )

Y1,72,02 01,71,72

(58)
These equations are the effective evolution laws for ¢(2)!
and ¢®-2. We can already observe that, meanwhile g(2)-!
is rapidly evolving due to the coupling with the density,
the subleading correction g2 slowly builds up forced by
the three-point function. We start with considering four
equations (47), (57), (58) and (49). The goal is to reduce
them to a single equation for quasiparticle distribution
po- We will follow a procedure in spirit similar to classic
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derivations of Boltzmann scattering kernel from BBGKY
hierarchy [68, 69]. The central idea here is the separation
of timescales over which different correlations relax. For
instance, one-point function is expected to relax on much
longer time scale than two-point function. Schematically,
the derivation will proceed as follows:
1. Integrate (57) in time expressing gé??élz(z,t) as ex-
plicit functional of py(7) for all earlier times 7 < ¢.

2. Plug the result of previous step into (49) and again
integrate in time expressing gé?)ez 0, (%5 2’ t) as func-
tional of pg (7).

3. Use this result to compute g( )92 05 (%5 2',t), plug

into equation (58) and integrate in time expressing

g((i) i(z’t) as functional of pg(7).

4. Plug this result into (47) and perform approxima-

tions related to separation of timescales which finally
yield generalized Landau kinetic equation.

We elaborate on the derivation in what follows. We
assume that at ¢t = 0 the state is GGE state with ¢(™ =0
for n > 2. This assumption is not necessary as the system
will eventually forget about the initial correlations, but
simplifies the calculation which anyway leads to universal,
late-time physics.

The first step consists of considering (57) and viewing it
as a linear equation (we assume here that Aj is constant

operator) for g( )1 . (2) with a p - dependent source term
on RHS given by

éf?@i[ ](Z) ‘/090 Z)/d’}/ 891p91 ¥,02 — 892p92091ﬂ’)

(59)
Thus, (57) can formally be solved using Green’s function
method (for details see Appendix E B), which gives

B - ¢ dk
e = Bole il [Lar [ fa o)

ik(z+2z —v T t 2),1 /
e fk2 )Rf1m1 52,77287(71)712[/)](2 b= T)'
In this way we have expressed g( )1 ,(2:1) with pg at all
carlier times. The structure of a hnear equation with
p-dependent source term turns out to be typical in this
derivation and we encounter it also in the second step,
which amounts to plugging (60) into the equation (49).
The linear equation features a source term on the RHS
which reads
3 2),1
851000, 0120 2) = ()M, 5,0:93%5 (2 + )+
2),1 2),1
= 0(=')Mg, 4,0:95 5 (2) + (=) M5, g,0r g ) (24 2')
(61)

Using a similar technique as used to get (60) we explic-
itly find the functional 901 0,.0,1P(2, 2 1). In the third



step we compute gé?)ézy o, [0], and plug it to equation (58).

Once again, this equation is integrated in time yielding

gé??élz [p](2,t). In the last step we insert the expressions for
(2),1 (2),2

9o, 0,1P1(2,t) and gy [p](2,t) into the equation for pg,
which now becomes closed as all the higher correlations
have been eliminated through time integration. We find
that the equation has two contributions

Dupo = %z@%l[mw) " 5%1@%1(0). (62)

Restoring the microscopic time variable, the two terms
are, respectively, proportional to VZ/¢2 and a?VE/¢3. In
sections IV A and IV B we derive them and show that
Z(®:1 is vanishing, proving that the leading thermalization
rate is a?V@ /€3,

AN

YA

Ty — T2

Figure 4. Schematic representation of the two thermalisation
mechanisms leading to the two terms in eq. (66). On the
left is represented the dynamics giving the self + cross term:
two correlated particles at a distance £ experience fluctuations
due to convective waves carried by the other quasiparticles,
giving cross diffusion, and they also scatter among each other,
giving a self-diffusion to the two-point functions. On the right,
the dynamics giving the cross term: two correlated particles
never interact with contact interactions; therefore, they only
experience the convective density waves through the system,
giving standard diffusion to the two-point functions.

A. Kinetic blocking at times £2/V

We start by considering the first term which reads

L)) = / dzd0,Vog' ()00, 9D (0] (), (63)

with g‘g?:éi [p](z) given by (60). We perform an approx-

imation which amounts to replacing pg(z,t — 7) with
po(z,t) under the integral and extending the integra-
tion range in time to infinity. Next, we use an identity
[o° dre’™ = 76(x) + iP(L), where P denotes principal
value. The term with principal value vanishes due to the
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symmetry of the integrand, the term with delta function
yields (we also use [ dfR, f/ = 2mpl)

dk . _
IO [p)(61) = / o, |RIVE 9% (k) B0, By, 95, 0(v,25) %

RchmeYz,nz /d’y3(aﬂ1p’71073»772 - 8772p77207]1,’73)7

(64)
where ¢(k) = [ dxe?*®p(x). Crucially, the Dirac delta
condition v, , = 0 implies ;1 = 72 and hence, the inte-
gral vanishes identically

3 [p)(61) = 0. (65)

This is a feature of 1D systems known under the name
of kinetic blocking. It is strictly related to the nature
of two-particle scattering in 1D, which can only induce
momentum exchanges between particles. The kinetic
blocking can be avoided in systems with non-monotonous
effective velocity, for instance in lattice. Then, so called
Umklapp scatterings allow the system to thermalize due
to two-body collisions [38, 39]. For the present discus-
sion, however, we focus on systems with monotonous
effective velocity. Another scenario involves systems of
coupled 1D gases, as described in Section VI. If 1D gases
have different densities or different strengths of integrable
interactions, this opens a channel for scattering that redis-
tribute the momenta, albeit not very effectively, leading
only to prethermal stationary states [123]. Hence, here, in
order to capture the thermalization phenomena we have to
include higher-order terms, which describe three-particle
scatterings. These processes are encoded in Z(?):2[p](4),
which we now analyze.

B. (generalised) Thermalization at times £*/(Vja)?

The derivation of Z(2)2 proceeds as sketched above and
the approximations made along the way are of the same
form as in derivation of Z(®-!, Namely, every time we
time-integrate the equation for correlation function, we
replace pg, (z,t — 7) with pg, (z,t) under the integral and
extend integration range in time to infinity. In order to
obtain the collision term, three such integrations have
to performed leading to much more complex collision
term as compared to (64). The details of this quite long
calculation are exposed in [120]. Here we present the final
result. We simplify the notation Z = 72 and find two
type of terms

T — TCross + Iself’ (66)

Both terms are given by Z¢ = 891R;1tﬂl'8‘('y), where

a € {cross, self} and using the notation vy, g, = vgf — vgff,

we have
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2
Cross -~ p /U"r v k)
Zialon) = 2 [ aneh) [ dezdegl( R O B LTS BTG B LS B R
V63,02 Vg, 04 v91,9sv92 01

t Tdr
Iself[ ](91) _ 271_‘/0 ‘/(:192(103\/(:1]{:]{280(1{:)p9d 91 o v02,91 |:¢7 <'U92,91 k’) @ 03,01 —

with the B tensor given by

U93,92

Bo, 0,05 = RY, 1 Ononpos fo, 00, fo

(61,02,6)
(69)

It can be shown that the derived collision integral has all
the expected features: thermal states are stationary states,
it conserves particle number, momentum and energy and
satisfies H-theorem with positive entropy increase.

Restoring the microscopic times in the kinetic equation
(62) and using that 79" ~ a, we can finally observe that
the scattering integral given by Eq (67) and Eq (68) pre-
dict a thermalization rate proportional to (V,/€)? a?/€.
The scaling can be understood as following: two factors of
Vo/€ are necessary to form correlated two-point functions
on large scales, then, two local scatterings with other
particles carry a?, and the spatial inhomogeneity of the
two-point functions, inducing its convective diffusion in
space, carry another factor 1/£. See also in Fig. 1: par-
ticles correlate due to the long-range potential and then
diffuse in the convective flow carried by the sea of ballistic
particles. This picture may look counter-intuitive, as, due
to integrability breaking, one would naively expect the
ballistic channels to decay at large times. However, this
is not the case, as higher-order correlations preserve the
ballistic structure to much longer times than &3, giving
an effective bath of convective particles inducing density
waves which is the main and only mechanism for particle
diffusion in interacting integrable models, see for example
[121, 124-129].

The reason for distinguishing the two terms is moti-
vated by two different dynamical mechanisms, see Fig. 4
related to convective diffusion. The first term, the cross

1

9Dy 0 (22 1> € (Vga)™2) =

= [§R91t,71 RO;WR;;% - [sgn(z) + sgn(vy, 4,)] R
Y1,72

|:§R91t-,’)'1 R92t,’)’2 R;;WS Ui [Sgn(Z' + Z/) + Sgn(v'yl,'y;; )]
V1,73

|:§R91t-,’)’1 R92t,72 R;;% ,Ui [Sgn(zl) + Sgn(v’vzﬁs )] R
V2,73

where the symbol 0; means that the derivative is per-

¢ t t 2,1 [ VUyays
V1,41 R’Yz qu g z

xR R Rl

t
V1M1

R, R, . ME 0195 <z+

pt91 |U91,93|U93,92

dr
T92,93
k 891»927937
V9,65 V65,0, |

V0,03

~ [ Vo,y,0
_ 2%0 ( 2,V1
V3,02

01,03

(68)

term, originates from the diffusion of the two-point corre-
lations where the two correlated particles never interact
via contact interaction. This can be the case when for
example two quasi-one dimensional systems interact with
a long-range potential that only acts between the two
different tubes. The second term, the self term, originates
from the self-induced diffusion of the two-particles that
can also interact via contact interaction: namely one of
the two particles acts as a convective density wave for the
other and vice-versa. As shown in [120], this scattering
term is absent when the long-range interaction acts only
between different tubes, but is present when it acts also
on the same tube. In the situation where the long-range
potential acts across different tubes and on the same one,
the scattering integral from eq. (66) should include also
the cross terms due to other tubes. We will discuss such
scenarios in Section VI when we apply this formalism to
experimental setups with dipolar quantum gases.

It is important to stress that, even if one-point functions
thermalize on time scales of order ¢3/(Vya)?, higher-point
functions remain far from thermal, which is why we have
dubbed this process generalized thermalization, in contrast
with standard thermalization. In particular, three-point
functions exhibit long-range correlations that do not decay
on these time scales and arise entirely from local integrable
interactions, mirroring the behavior of two-point functions
in fully integrable dynamics [126]. In order to derive the
collision integral, in [120] we derive an explicit expression
for the dynamics of the three-point functions given by eq.
(49); here we report its large-time limit, namely in the
regime where time is of the order £3(Vya) =2

z/>}+

(2),1 V3572
Ay 98,2 ( z+
Uy1,vs

)

formed on the spatial argument of the function, the sym-

RENE] #1,#2 ﬁ ns

U172

U’Y17’Y2

V1M1 VY2427 Y3, 43 #17#3

z')}—l—

(70)

v’h/‘/s

’U’Y2,"/1

V2,027 Y3437 T 2,43

Vyg,v3




bol Mgf’g2 ~ a is defined in eq. (46) and the two-point

functions gg) éi (z) are given by their asymptotic value

in time. Given that the latter decays rapidly in z, the
expression above shows that there exist distinct direc-
tions in the (z,2’) plane, e.g., along lines 2z’ ~ Z:i—:z z
from the first term, along which long-range three-point
correlations persist well beyond the thermalization time
scales. Therefore, at times of order £2/(Vpa)?, thermaliza-
tion is incomplete (generalized), and the deviation from a
standard thermal state can be diagnosed by higher-point
functions.

C. Thermalization dynamics in the limit a — 0.

In the limit @ — 0, the generalized Landau equation,
i.e., the contributions (67) and (68), vanishes, as it is
proportional to a?. As noted above, the thermalization
mechanism encoded by the generalized Landau equation
is present only for perturbed interacting integrable models.
In the case a = 0, thermalization is driven solely by the
long-range interaction. A kinetic equation for weak long-
range potentials in this regime was derived in [68, 69].
Using the same approximations introduced in Sec. IV, the
standard BBGKY equations governing thermalization,
analogous to (57) and (58), read:

09525 (w1, 9) + [0 (01)00, 9575 (1, )] 1,) =
= [‘/090,('%.1 - 1’2)691[)91[)92](1’2) ’ (71)

8tgé?é22 (z1,22) + [vbr(91)3zlgg?éi (1, 22)](1,2) =

- [/d93 das Vo' (21 — 5’33)8919((9??92,93 (1, 22, 3) 12

(72)

Similarly, the leading equation for the evolution of ¢(*)
contains a forcing term proportional to the potential. As a
consequence, the four nested equations for p, g(2)*1, 9(2)’2,
and ¢, which must be integrated to derive the scatter-
ing integral, have the interaction potential on the right
hand side, yielding a thermalization rate proportional
to (Vo)*/&4, as also demonstrated numerically in Fig. 7.
In this case the picture is simpler, see Fig. 4, the ther-
malization rate is set first by the formation of two-point
functions, namely (V5/€)?, and then by the formation of
three-point functions, necessary for thermalisation, giving
this way another factor of (V;/£)? and contributing to
the final thermalization rate (V;/¢)%.

V. HARD SPHERES WITH LONG-RANGE
INTERACTIONS

In order to numerically verify the gBBGKY hierarchy
of equations, we apply it to a gas of classical impenetra-
ble hard spheres (Tonks gas) with diameter a [130-133],
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interacting with the long-range potential of Eq. (1). In
particular, we consider the potential

Vo 1

Ve = e

(73)

which mimics the dipolar interactions emerging in one-
dimensional cold atoms, as we shall see in the next section,
as well as standard Lennard-Jones interacting potentials
[60-64] (especially in the case of Vy < 0). Hard spheres
(or rods) gas in one dimension is integrable in the absence
of other interactions, namely in the limit V5 = 0, with a
well-known hydrodynamic description [133—-136] which
share the same structure as quantum integrable systems,
modulus changing the statistical factor [137], related to
quasiparticles’ statistics f = 1, and constant scattering
shift Ty 9o = —a/(2m). We focus on a homogeneous sys-
tem with constant density of particles, and we compare
gBBGKY prediction with exact microscopic simulations.
We initialize the time-evolution from a finite temper-
ature states in which half of the particles is boosted
with velocity 0y and half with velocity —6y, pg.e, =
) e=B0-090)" )7 and with gé??gz (t=0)=0. The
state is stationary under the unperturbed Hamiltonian
HM but it evolves non-trivially as long as V; is finite.
As a probe of thermalisation dynamics, we compute the
kurtosis of the (normalised) quasiparticle distribution and
the two-point correlations. The kurtosis is expected to be
zero in the thermal state, where quasiparticle distribution
is Gaussian.
Solving the set of gBBGKY equations (47), (48) and
(49) is numerically too expensive in terms of computa-
tional time and memory usage. In fact, it requires to
save and perform operations on the three-point function
92??92,03 (x1 — x9, 2 — x3), being, even in a homogeneous
system, a five order tensor. In order to reduce the com-
plexity of the numerical computation we separately solve
the dynamics at small and large times. For small times
t < tr, we solve the gBBGKY hierarchy (47) and (48) by
replacing the contribution proportional to H in (48) with
the known Kubo diffusion term (explicitly known for inte-
grable systems), as given by Eq. (50), and neglecting the
remaining contribution from g(S). For large times t > tr,,
we evolve the system by solving the Landau equation (66),
using as initial state the gBBGKY solution obtained at
time t = t;. See Appendix C for additional informations
about the numerical solution of gBBGKY hierarchy.
In Fig. 6 we show how gBBGKY reproduces the full
molecular dynamics, predicting the evolution of Kurto-
sis as well as the evolution of two-point function. We
can observe two regimes in the quasiparticle evolution:
a fast evolution at short times ¢ < tr, driven by the
change in the interaction energy due to the build-up of
the density-density correlations in the system and the
kinetic regime t > t, where the system slowly evolves
toward the thermal state. In this regime, the kinetic
energy is mostly constant and the dynamics is well de-
scribed by the Landau equation, which well describes the
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Figure 5. Examples of microscopic trajectories of hard spheres
with long-range interaction given by the potential (73), both
with a = 0 (free particles) and finite @ = 1. In the latter case
we can notice in the trajectories with finite V4 the interplay
of local scatterings and long-range interaction.

(generalized) thermalisation with rate (aVp)?/£2 | see Fig.
7, as predicted in the previous section.

We can observe the striking difference between the dy-
namics of point particles a = 0 and the ones with finite a
already from a single trajectory snapshot, see Fig. 5: the
dynamics with a = 0 and V} finite is given by smoothly
long-range interacting particles, while the one with fi-
nite a is given both by long-range interactions and local
scatterings, even at long times, where the thermalisation
mechanisms start to kick in. The difference between these
two cases is also highlighted in Fig. 6(a), where we show
how the solution gBBGKY with a = 0 (dashed lines), i.e.
BBGKY, is far from the hard spheres molecular dynamics
from any arbitrary macroscopic small time. Interestingly,
the short-time dynamics with a = 0 appears to be faster,
compared to the interacting case with a = 1, namely in
the presence of contact interaction the system appears
to be jammed. However the scaling of the thermalisa-
tion, long-times, rates in the two cases shows the opposite
behavior: V!/&* in the free case and (aVp)?/€3, result-
ing in a much faster (generalized) thermalisation in the
interacting case a > 0.

VI. APPLICATION TO DIPOLAR
ONE-DIMENSIONAL QUANTUM GASES

Integrability breaking due to additional long-range in-
teractions arises naturally in quantum gases of atoms or
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molecules with large magnetic moments [85]. In these
systems, the basic Hamiltonian is given by Eq. (2). When
confined to one dimension, the van der Waals interaction
can be modeled effectively by a contact potential [138],
and the gas is described by the integrable Lieb—Liniger
(LL) Hamiltonian [27, 28]:

HLL———ZE)Q—{—CZM@ z;),  (74)

1<J

where m is the mass of the bosons and ¢ the interaction
strength.

If the atoms carry a nonzero magnetic moment, they
also interact via a dipolar potential, which decays more
slowly in space and must be treated separately. In the ge-
ometry considered by us (see Fig. 8), dipolar interactions
couple both the atoms inside a tube (intratube interac-
tions) as well as atoms in neighbouring tubes (intertube
interactions). We discuss first the intratube potential.
Upon integrating out the two “frozen” transverse degrees
of freedom, the effective one-dimensional dipolar coupling
becomes [139, 140]

VBBi(2) = V(Boon) [ohn(w) = §6(w)], w=-=, (75)

n

where [} = \/h/(mw, ) is the transverse oscillator length.
The prefactor is

uoluz 1-— 3COS eDDI

V{foor) = =7 13 ’

(76)

and the dimensionless shape function is
obR(u) = =2u| + V27 (1+u?) e /2 exfe(|ul /v2) . (77)

Here p is the dipole moment, and fppr is the angle be-
tween the dipoles (aligned by an external field) and the
tube axis; by tuning fppi, one effectively controls the
strength of the dipolar interaction.

Following Ref. [58], we consider '®?Dy atoms (u =
9.93up) loaded into a two-dimensional lattice of one-
dimensional tubes (lattice spacing a; = 370nm), each
with average density p = 0.8 um~! (see sketch in Fig. 8).
Transversal confinement is provided by harmonic trap
with oscillator length /| = 57nm. In addition to intratube
dipolar interactions, atoms in different tubes (7, j) interact
with ones in the tube (0,0) via

pop® 1= 3(7 - B)?
4w r3 ’

Vil (z) =

inter (78)
where 7 = (z, ia;, ja;) and B = (cosOppr, 0, sinfppr)
denotes the magnetic field direction.

At t = 0, a Bragg pulse splits the atoms into two
momentum components +2hkp, with kp = 27/ and
A = T741nm. The gas then prethermalizes to a state
described by a reference density pryit(0) (Fig. 8), which
closely matches the experimental observations at the end
of the first stage of the dynamics.
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Figure 6. Numerical results for long-range interacting hard spheres (HR) with a = 1, £ = 20 and ¢ = 1/(1 + |z|?), starting from
the two boosted thermal states pg,;9, with § = 2.5, 8 =1, p = 0.2. The system is homogeneous on a ring. In all the figures, the
dots represent the molecular dynamics of the system, while the solid line represent the gBBGKY prediction. Figure (a) shows
the dynamics of kurtosis of rapidity distribution, for £ = 20 and with Vo = {1,2,...,6}, as function of the rescaled time t/¢.
The numerical solution of gBBGKY hierarchy is detailed in Appendix C. In particular, for ¢ < ¢;, the solid line represents the
solution of the two coupled equations (111) and (112), while for ¢ > ¢, it shows the solution of generalised Landau equation (66).
We observe a convincing agreement between molecular dynamics and theoretical predictions for all the values of integrability
breaking potential V. The additional dashed lines represent solutions of the standard BBGKY hierarchy, i.e. gBBGKY with
a = 0, truncated to two first levels. As expected, this purely perturbative theory doesn’t predict the correct system’s evolution.
Similarly, Fig. (d) shows the dynamics of Kinetic Energy [ df pe6?/2. Fig. (b) shows the evolutions of distribution of rapidity
po for different times. Fig. (c, e, f) represent the evolution two-point correlation function [ d6: df; 6765 99?),92 respectively with
a=1{0,1,2}. As expected, the gBBGKY is not only able to predict the evolution of both one and two-point functions.

Although the dipolar potential decays as V3B () ~  for the quasiparticle interaction [19, 141]
73 at large distances, it also contains a short-range
component. To separate the integrable hard-core part
from the genuine long-range contribution, we note that

the LL coupling ¢ has two parts: the van der Waals term

2(¢/m) (81)

WO =0) = -7

Estimating 6 — 0’ ~ hkp/m (reflecting the initial momen-

2h2 tum spread) and comparing with the dipolar length scales
Cvdw = _malD , aip = —435nm, (79) yields
i l
and a dlpolar term gintra = ?J_ = 0817 ginter = % =5.28. (82)
4V (6
cpp1(fppr) = % . (80)  Thus, intratube dipolar interactions can be absorbed into

Hence ¢(6ppi) = cvaw + copi(fpor)-

To estimate the effect of the long-range potential we
invoke the characteristic distance £. In the LL model the
scattering shift defines an effective hard-sphere diameter

the contact coupling, while intertube interactions act as
a truly long-range perturbation. This is consistent with
the modeling of recent experimental results in [23, 94]
where the authors show that intratube dipolar effects
mostly renormalize the coupling ¢ at equilibrium [23] and
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Figure 7. Numerical confirmation of the predicted thermaliza-
tion rate oc a?Vi /€%, when a # 0 and o Vit/€*, when a = 0.
The two plots show the kurtosis of pg for different values of Vo,
&, in the case a =1 (top) and a = 0 (bottom), respectively as
function of the rescaled times t = ta®V§/€* and t = tVy' /¢,
The dynamics firstly undergoes a fast small time evolution
and then, for ¢ > 1, the late time thermalization dynamics.
We show that, under this appropriate time scaling, at late
time the dynamics induced by different potentials parameters
perfectly collapse, confirming that the thermalization rate is
o a®VE /€3 for a # 0 and o Vg /&* for a = 0. More precisely,
in this figure we introduce a constant offset parameter that
takes into account the differences in the small time behav-
ior, in order to renormalize the starting point for the late
time dynamics. The black curve represents the solution of
gBBGKY for £ = 14, Vp = 7, being in good agreement with
the numerical simulation.

during dynamics, slightly in contrast with the original
interpretation in [58]. Moreover, we observe that summing
the contributions to the Landau collision integral from
tubes with indices —2 < i,j < 2 (we assume that each
tube is in the same state) suffices to capture the relaxation
rate, since more distant tubes have negligible effect.

To model the two-stage dynamics observed under the
Bragg-split protocol (cf. the hard-rod gas), we adapt our
theory to the experimental parameters. The key observ-
able in [58] is the thermalization rate as a function of éppy.
We consider a measure of distance to (generalized) ther-
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malization DT(t) very similar to the one studied in [58].
We fit a Gaussian distribution gy (t) to the state pq(t) at
each time ¢, then DT(¢) is computed as

DT(t) = / a8(po(t) — po(1))?. (83)

measuring the distance of the state at time ¢ from a
Gaussian distribution. After the first phase of dynamics,
an exponential decay is observed, with

logDT(t) = —t/ttherm + - - - - (84)

We compute tiperm from the expression of the Landau
collision integral, giving a very good agreement with the
experimental rates, see Fig. 8, providing this way a first
direct application of gBBGKY to an experimental setting.
We should stress that in our approach, we track the
Gaussianity of the rapidity distribution pg, whereas in [58]
the momentum distribution is measured. However, these
two are expected to be close due to high temperature
of the state. This is especially clear in the final state
pth, see inset of Fig. 8 which is very well approximated
by a Gaussian, just like final momentum distributions
measured in [58].

What is more, our result can also be used to deduct
important aspects of the thermalization rates. Indeed, a
more conventional theoretical approach would linearize
the collision integral around the thermal distribution pg
and study spectrum of the linearized collision operator.
Equivalently, one can track perturbations in the conserved
charges d¢y,:

0:(6q;) = —T] (645) . (85)

where matrix I" is symmetric, positive semidefinite, and
has three zero modes (particle number, momentum, en-
ergy). See [120] for the explicit expression and the deriva-
tion of matrix I'. The first nonzero eigenvalue ~g,, sets
tiherm = ’yg;}). However, this approach predicts thermal-
ization times of order 102 s—far longer than experimen-
tally accessible—as it captures the slowest decaying mode,
whereas the current-state of the art experiments can only
probe the fastest relaxation channels.

A. Fermi’s Golden rule approach and check of the
generalised Landau equation

The advantage of restricting to this case of perturbed
Lieb-Liniger gas also offer us the possibility of giving a
non-trivial check of the generalised Landau equation (66)
and therefore or our gBBGKY via a different approach.
Indeed, the dynamics of a quantum nearly integrable
systems can be also addressed with the Fermi’s Golden
Rule (FGR), which can be used to write the Boltzmann
equation [47, 48, 142]. In this section, we give a short
review of these results and compare them to generalized
Landau equation obtained from our hierarchy.
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Figure 8. Thermalization rate (blue solid line) as defined
n (84) for the experimental parameters of [58], obtained
from gBBGKY, together with shaded area indicating uncer-
tainty resulting from 13% density variation in the experiment.
The bottom right inset shows the geometry of the quasi-one-
dimensional tubes loaded with dipolar atoms. The top left
inset shows the initial state pmis (solid line) compared with
the experimentally measured initial state (dots) (determined
from the data presented in Figs.2(c), 2(d) and 2(e) of [58])
together with the final, thermal state pyn (dashed line).

The FGR approach relies heavily on the knowledge of
form factors, which are the matrix elements of the perturb-
ing operator computed for integrable theory. In the case
of integrability breaking perturbation in the form of addi-
tional long-range interactions, the relevant form factors
are one- and two-point functions of the density operator.
In general, these objects are not known, however in the
limit of small excitations between the states, there are
exact results in the LL model [143-147]. As we will see,
the small excitation limit will be automatically guaran-
teed by the long-range limit of the integrability-breaking
potential, rendering FGR Boltzmann kernel computable
in the regime of interest of the present work.

_Once again we assume that the Hamiltonian is H =
Hyyp, +V where V = [ dad(z) is the perturbation:

@) =5 [aVie - i@nw. 60

The LL model has fermionic statistics and we define
density of holes p" = p* — p. In homogeneous system, the
dynamics is given by Boltzmann-like equation [47, 48]

dipo = Tp)(0) =

(87)
/ dpdh Fo p B(p — h)[ppon — piop))

with p"(p) = [Lep pps p(0) = IT)cn pn and the measure
involving different particle-hole (particle-hole) scattering
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processes reads

0o N
1
h = E — Il ;dh;.
dpd 2 (12 11 dp;dh; (88)

Apart from the density factors there are two ingredients
in (87). Firstly, function B(p — h) is related to particle-
hole form-factors of the perturbing operator (p|v|p; p, h)
[148]

B(p — h) = (2m)*8(k)é () (plvlp: p, h)[%. (89)

Assuming particle-hole symmetry we have B(p — h) =
B(h — p). The Dressed energy and momentum are

k’g =0 - /d/L?’LuFH,g,

92
g = 3 - /dﬂﬂ n/LEL,Ga

where F), ¢ is the backflow function [149] of the un-
derlying integrable model. Explicitly, the terms inside
Dirac delta functions are then k = - kp, — >, cp, ks
€ = Zpep €p — D _nen Eh- For later use, we note that
K, = 2mpl and vy = &) /k}. The second ingredient in
(87) is the backflow effect implemented by the term Fg
which reads

Fop =Y Fop, Fop=00p+0 (noFop). (91)

pEP

(90)

The main practical difficulty for evaluating the collision
term is the resulting infinite sum over different numbers
of particle-hole excitations. Indeed, writing the sum in
integration measure explicitly, we have

[e.°]

I[p)(6) = Fo, 3 ™ [0l (v), (92)

m=1

where we have factored out the dressing operator ' defin-

ing bare collision integrals Iém). Due to this structure,
an additional small parameter is needed to effectively
truncate the sum. Such situation will happen in our
case of long-range interactions, where the potential allows
only for small momentum transfer, which is equivalent
to considering £ as a large parameter. This allows us to
truncate the sum to the leading term, which corresponds
to 3-particle-hole (m = 3) excitations. The m = 2 term
is zero, due to the kinetic blocking effect described in
Sec. IV A.

From now on, we will assume that all transferred mo-
menta p; — h; are small (this approximation is discussed in
the Supplementary Materials [120]). We therefore intro-
duce new variables \; = (p; +h;)/2 and ¢; = k(p;) — k(h;)
and obtain m = 3 collision integral in the form

1 1

%%mw:§@$%/ﬁm3mmx

. 3o (93)
<Z %315(9 - Ai)) (; Gy ) ;

i
!
i=1 i




with integration measure dAdq = H?Zl dA;dg; px, fx,
where for fermionic statistics f = 1 —n. Moreover, in that
limit the back-flow operator becomes Fy ), = ﬁ@gR;j\
and implements the usual dressing procedure. To move
forward, we have to analyze now m = 3 form factors of the
density-density operator. Consider form-factor of bi-local
operator (p|go(x)Go(0)|p; p, h). We plug the resolution of
the identity between the two operators to obtain

(pldo(x)Go(0)|p;p, h) =
> {pldo(@)|p; ) (p; ldo(0)]p; p, ).

(a4

(94)

The leading contribution to the composite form-factor
comes then from bipartite partitions of the 3-particle-
hole excitation (p,h). More explicitly, for (p,h) =
(p1, p2, p3, h1, ha, h3) there are 6 relevant partitions. Three
of them are 1-particle-hole excitations: & = (p1,h1), @ =
(p2, h2) and & = (ps3, h3). The other three are 2-particle-
hole excitations e = (p1, p2, h1, ha), @ = (p2, ps, ha, h3)
and o = (p1, p3, h1, h3). Using reparametrization invari-
ance of the thermodynamic form-factors [150], a property
that an excitation common to the bra and ket can be ab-
sorbed into the thermodynamic state p, the contributions
from 1-particle-hole and 2-particle-hole excitations are
pairwise identical up to the x-dependent term. The ex-
pressions for the form-factors (assuming small momentum
transfer) are [143, 145]

(pldo(0)|p; p1, h1) = K, (95)

~ r q1 + q2)2
(pldo(0)|p; p1, P2, ha, ha) = 27TT>(\11,>\2((IT ;

(96)
and lead to six relevant contributions that can be written
as follows

0 A r ¢+ q2)?
(plolp: p, h) = (27)? (V<q3>Tfm <>) |
(1,2,3)
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(97)
The factor B appearing in the collision integral is then

2
( dr ! ‘7( ) q% )
T B
Az Mg VA3 4192/ (1,2,3)

(98)
where we defined 6(¢) = d(q1 + ¢2 + g3), 6(vg) =
8(v1q1 + v2qa + v3¢3) and used that V (k) = V(—k). Cru-
cially, expanding the square we find two types of con-
tributions, which correspond one-to-one to the two con-
tributions in eq. (66). The cross ones are proportional
to (V(g;))?, whereas the self terms involve V(q;)V (gjzi)
factors. The collision integral has consequently two con-
tributions, which turn out to be exactly equal to the
two contributions of eq. (67) and (68), therefore giving
an independent, and mathematically higly non-trivial,
verification of the gBBGKY approach.

B(A,q) = (2m)*6(q)(vq)
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VII. CONCLUSIONS

In this work, we have extended the celebrated BBGKY
hierarchy to systems with integrable contact interactions.
We derived the hierarchy from a correlated fluid-cell en-
semble, which enables accurate characterization of multi-
point correlations both in the standard BBGKY frame-
work (where the unperturbed Hamiltonian is free) and in
more general settings.

For classical hard spheres with long-range interactions,
we tested our theory against molecular-dynamics simu-
lations and observed excellent agreement, even at rel-
atively strong coupling. For quantum gases described
by the Lieb—Liniger model with long-range interactions,
we showed that the generalized Landau equation aligns
with the Fermi golden rule approach, providing a rigorous
validation of both our theory and the thermalization hy-
pothesis. Finally, we established a theoretical foundation
for the experimental results of Ref. [58], demonstrating
that dynamics in these quasi-one-dimensional systems are
encompassed by gBBGKY hierarchy. The latter, in the
presence of strong contact interactions, accurately cap-
tures short-time dynamics during the prethermal regime,
driven by the rapid build-up of correlations that our for-
malism tracks precisely. Conventional kinetic equations
fail to describe this transient phase, which is often the only
accessible regime in experiments and simulations. Thus,
the gBBGKY provides both a conceptual framework and
quantitative predictions for prethermal behavior.

At late times, gBBGKY overcomes the well-known
kinetic blocking in one dimension. For perturbed free sys-
tems, thermalization is driven by three-body scatterings
generated by the external potential V', yielding a rate that
scales as Vj!. By contrast, with contact interactions, the
combined effect of long-range interactions and convective
diffusion among particles produces a thermalization rate
of order (Va)2. Importantly, such thermalization is not
complete (generalized thermalisation) as only one- and
two-point functions reach their canonical thermal values.
Higher-order correlations remain far from thermal over
the same window of times and retain their integrable
structure, leading to finite long-range correlations that
would be absent in a thermal Gibbs ensemble but which
are instead correctly captured by the correlated fluid-cell
ensemble.

Our method is broadly applicable: its central ingredient
is a thermodynamic description of the unperturbed inte-
grable model, yielding a universal framework for diverse
classical and quantum systems. Unlike approaches based
on Fermi’s golden rule and explicit matrix elements, the
gBBGKY hierarchy enables direct access to the Boltz-
mann scattering integrals and the time evolution of multi-
point correlations in a wide range of perturbed integrable
models. It can be applied to lattice systems—such as
long-range spin chains and fermionic models [90, 151—
154]—inspired by recent experiments. Additionally, it
opens a path to connect kinetic theories of interacting
waves (via wave turbulence)[59, 155] with general non-



linear wave systems [156-158]. We expect that the gB-
BGKY hierarchy will be an important tool in further
studies of thermalization and prethermalization across
a wide range of physical settings, from low-dimensional
cold-atom experiments to complex condensed-matter and
optical systems with tunable interactions.
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APPENDIX

A. CORRELATION FUNCTIONS IN THE
CORRELATED FLUID CELL ENSEMBLE

In this appendix we will derive the formulas for correla-
tion functions in the ensemble (14). We will also connect
the various ingredients of these correlators to Lagrange
multipliers of the ensemble. The main idea behind this
calculation consists on expanding the measure (14) in 1/
(according to (15)) in order to compute the corrections to
the local GGE prediction. Firstly, we consider the equal
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time two-point function

(@:(@)q; (@) = 8(x — &) Cogt
vy / dydy’ 85 (5. ') Gan ()51 )s(2)a; ()1
(99)

In order to write the correlator in a cumulant expansion,
we now use the relation

(6adb cd) = (abed)® 4 (ac)(bd)+

+ (ad)“(bc)® + (acd)®(6b) + (bed)“(da), (100)

where we observe that (d¢;) = 0 and that (abed)® is higher
order in ¢!, Hence, Eq. (99) reduces to

=6(z—2")Ci j+
+ [ dydy 8l ) )i ta)as ()5

= 8z —a/)Cij + By (w,27)Ci ()T ()

= 6(z — 2')Cij + g\ (z,2") (101)
where in the last line we identified gfj)(x,x’) =

Bé’i(z, 2")Ci k(2)Cy (') + O(£72). Also, in the last two
lines, we explicitly computed the correlation functions on
the local GGE.

We now compute the three-point function using
the same technique

(ai(x)q;(2")an(x"))" = 0(x — 2")o(x — 2")Ci j x(2) + %/dy dy’ 815" (4 ¥ ) 0am (y)dan (y') ai(x)q; (2" )qi (z"))1

]‘ / N om,n / 1 / 1 / "
+§/dydy dy” B (.9, 1" ) 6am ()36 (y)0ap (y") @i () g5 (2" ) qr(2”))1

— 5@ = @)3(w — ")Cr (@) + 00 = 2" )B" (,0) Con,i (@) Cr ()]

+ BIP (,) Gl (@) C () Cl (2

(102)
(i.3.)

= 8w = 2)3(x = ")Cr (@) + [8a = 2")gl%) (@, )CW @) Coin )|+ g (w0l ")

1,9

In particular, in the last line we defined gl(dj) plx a2, 2") =

Bisy W, ¥)Cim (2)Cjin (27) Cr p(@”), and where we used

the formula for ¢(® derived in Eq. (101). Finally, we
observe that the last line coincides with Eq. (20).

(4,4,k)

B. gBBGKY HIERARCHY AND GENERALISED
LANDAU EQUATION FOR LONG-RANGE
INTERACTING HARD SPHERES

In this section we explicitly write the main hydrody-
namic functions for the hard spheres model that permits
to explicitly write the gBBGKY hierarchy and the gen-
eralised Landau equation in this simpler case. The hard
spheres gas is a classical system of billiard balls with
radius a and unitary mass. The rapidities of the particles



in the system are defined as the set of particles velocities.
The scattering shift is simply Ty, 9, = —a/2m. Hence, the
rotation matrix is given by Ry, g, = d9,.0, + a/271g, ng,,
giving p* = (1 + ap)/27 and ng = 27pg/(1 — ap), being
p = J df pg. Since in this model the rotation matrix can
be explicitly inverted, the dressing operator can be com-
puted explicitly Re_llﬂ2 = 0p,,6, — alg, ps,, as well as the
effective velocity

veﬂ _ 91 — afd92 (92p92.
01 1—ap

(103)

The susceptibility matrix for this system is given by

C'91702 = 501,6’2P01 + aﬁ(aﬁ - 2)p91p92' (104)

Hence, we can also compute its functional derivative with
respect to the density

0 2
093,02 = 691193692793 + a”pe, pe, 193+

+ a’(aﬁ - 2)p92691,03 + a(a’ﬁ - 2)1001692,93 . (105)

This tensor is entering in the gBBGKY hierarchy as

[ 003G, 0,082, o1.02) = (0 = a2, (o1,m2) -

—2a(1 — ap)pe, /dvgé§?02($1,x2) . (106)

The flux Jacobian Agf can be easily computed using the
explicit relations for the dressing operator, the rotation
matrix and the effective velocity. We also define D as the
linear response diffusion matrix of the system, that for
hard spheres reads

sz =a*(1 —ap) [591,92 /d93 P05 |V0,.051 = P, Ve, 0, |

(107)

Finally, we can explicitly write the generalised Landau

equation for the hard spheres model. For simplicity, we

write it considering systems with vanishing total momen-
tum fd92 O2p0, =0

1

ross 1 — %
T5ross = %az(l — ap)3/dkk2(V(k))2

x/d9 40 ( |vhre, | |[vhre, | )
2 3 -
vgzr@3(vglr02)2 Ugfﬁg(vg;(?l)Q

X Bgf,oz,os ) (108)

se 1 —\ & 9 T
3 = gaz(l —ap)? / df3 doy / dkk?V (v, k)

br br br 2
. v, v . v V)
(V) T o,y () o)
V40, (%102)
X 63192»93 )
(109)
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where we defined the bare velocity difference as vglr’az =
61 — 05 and where

br — ,,br
891,92,03 = Vg,0, a91 P61P65 0,

+ Vg, P9, 095 P0: Po; + VB 0,00, P05 Do, P9, (110)

C. ADDITIONAL DETAILS ON THE
NUMERICAL SOLUTION OF gBBGKY
HIERARCHY

In this section, we detail the numerical methods
used to produce the results shown in Fig. 6. Let us
start from the microscopic simulation of hard spheres
system with long-range interactions. The molecular
dynamics is solved using the algorithm introduced in
[159], combining symplectic integration of equation of
motion and the explicit solution of hard core collisions.
More precisely, we proceeded setting a time interval Atg
for the symplectic integrator and computing the minimal
time before the first hard core interaction in the system
Aty ~ ming{(x;41 — 2;)/(0i41 — 0;)}. At any time, if
Atg > Atyg, we perform the symplectic integration
of equation of motion using an explicit Runge-Kutta
method of order 8 implemented by the DOP853 method
in scipy.integrate.solve_ivp function with time
step Atg. If, instead, Atg < Atp,, we perform the
symplectic integration with time step At,g, and then
we explicitly compute the hard core collision between
the two colliding rods, i.e. exchanging the colliding rods’
velocities. In particular, we choose Atg = 5 x 1073, This
value guarantees the correct convergence of the numerical
method for the set of parameters considered in the
simulations. The results are averaged over Ngymy, = 1000
initial configurations. The initial state is a GGE state,
see [141] for a detailed explanation.

We now discuss the solution of gBBGKY equa-
tions. In the results shown in Fig. 6, we split the
dynamics in two stages, solving the system separately for
t <tr and t > t;. For the small time dynamics t < tr,
we solved the following two gBBGKY equations for a
hard spheres system (see Appendix B for the explicit
functions)

1
Opo, = g/dxg Ao V' (21 — Ig)@glgg?gz (z1,22), (111)



3tgg?92 (z1,22)+ (112)
2
[8111401% 62 (z1,22) — *am elgﬁ,gz} (1.2) =
— /d93 O, {/dxgvl(ajl — {L‘3)pglgé§?93 (z2,x3)
+ V'(x1 — x2) (P91092,03 + 032,0395()?%(331»332))} 02

+0(x1 — x2) /dxg d6s V' (21 — x3)( — 03179287
+ (D0, + 00,)CF, 4, )90, (@1, 33)

using a 4—th order Runge-Kutta method with time inter-
val = 0.02. In particular, we used a grid of 100 points in
space and rapidity in the intervals, with —10 < z < 10
and —7 < 0 < 7. The space interval has been chosen large
enough to have vanishing correlations at the boundaries
at any time, in order to avoid spurious reflective effects
in the dynamics of g(?). For ¢t > t1,, we instead solved the
generalised Landau equation. The precise value of ¢, has
been considered as a "fitting” parameter, hence fixed in

Oulai, (21)) + O, (A (ar(20)) + Hff Qmatar)) =

019y (w1, w2) + 00, A, g2 (01,2) +

1
539011‘.[] kg](Bk) 2s;/m
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the interval £ < t;, < €2, in order to accurately reproduce
the molecular dynamics results.

For the data presented in Fig. 8 we use grid of 150 points
in rapidity space with —4.4hks/m < 0 < 4.4hky/m. The
initial state presented in inset of Fig. 8 is then evolved
for a short time evolved using expression for inter-tube
collision integral provided in SM. From that dynamics,
we extract the rate of decay of log DT

D. gBBGKY HIERARCHY FOR
INHOMOGENEOUS SYSTEMS

In this section we write the first equations of gBBGKY
hierarchy for inhomogeneous systems. The derivation
follows exactly the same procedure introduced in Sec.
III. For brevity reasons, we show here only the first two
equations of the hierarchy. higher-order equations can
be derived using the same technique. We first consider
the set of generic equations (11) and (12). Hence, the
next steps are to use the cumulant expansion for charge-
currents correlators (see Sec. IIIB) and to factorize the
singular component of few point functions (see Sec. IITA).
After these steps, the equations read

/dsz (w1 — 22) AT o ((ar(21)){q0(x2)) +91(c )(@1,22)),
(113)

(1‘-1"_,11_,132)}(1,2) =

= =01 = 22) (05,237 V5O O, (1)) — [V (@1 = @2) 4L, o ({5(@0)Cra0 + 933 (@1, 22)CF " Crniy0) +

+ [ dnaVi (o = o) 4o (5 e)ohn,ma) + lan(aagf (or,m) +95%0)]

—6(71 — 22) /dx?’ V' (xy — x3) { — Cliy iy jCVF AT ) + (

with j; = j; — Alg;. In the last equation, we can observe
few important differences with respect to the homogeneous
case. Firstly, the dynamical equation for density (113)
gets more involved, since now it non-trivial flow of parti-
cles are also allowed. It is important to observe that the
first term on RHS is a generalization to the celebrated
Vlasov forcing term. We also observe that Eq. (113) is
coupled to two-point function also through the second
term in currents cumulant expansion, in the exact way as
for purely integrable evolution, see the recent results in
[126]. The equation for two-point function (114), has an
additional non-trivial contribution proportional to a Dirac
delta function, originating from the complex propagation
of initial local fluctuations, also already introduced in
[126].

(114)

Azl 0652 + 521 A;cz,()) ijk,mcm,n} g’EIQ,())(xl7 r3).

E. EXTRA DETAILS ON THE DERIVATION OF
THE GBBGKY HIERARCHY

In this section we detail the main steps needed in or-
der to derive Eq. (32), (33) and (34) from the hierarchy
Eq. (11), (12) and (13) written in terms of complete cor-
relation functions. Firstly, we specialize these equations
to homogeneous systems, hence Eq. (32) gets particularly
simple for ¢; being independent on the space coordinate.
In addition, the disconnected forcing term is vanishing
because of the symmetry of the potential. Similarly, the
singular contribution to two-point function is not enter-
ing in the equation since ¢'(0) = 0. Eq. (33) describe
the evolution of regular connected two-point function.
This equation is derived from (12) by performing three
main steps: expanding currents through hydrodynamic



projections, subtract disconnected component and finally
separate singular and regular part of correlators. The
most involved part of the calculation is related to the
calculation of singular terms in RHS, i.e. proportional
to the Dirac delta. Hence in this section we describe the
main steps of their derivation. Firsly, we compute the
contributions coming from the delta part in LHS of (12)

5(I1 — zg)GtCihiz + [6951(5(5[71 — xz)AgIC-7i2] =

= 5(%1 — .1‘2) /dl‘g V/(J?l — LEg)X

x Ciy i jCTF AR Ogn 2 (x1,x3), (115)

where we used 6C;, ;,/(qr)1 = Ci, i, ;C** and where we
used Eq. (32). The additional singular contribution to the
RHS of (12) comes from the singular part of the three-
point function (j; o(z)g;(y)qo)° for coinciding x, y. All the
remaining delta contributions from RHS are integrated,
i.e. appear as regular terms. We now focus on Eq. (34).
The procedure to derive this equation follows the same
logic as Eq. (33), but here we simply stop at the leading
order terms in O(Vp, 1/€). Firstly, we observe that in the
case of three-point function the hydrodynamic projection
formula is more involved already for Euler scales as, for
any local observable 6, we have [160]

(o(x)g;(y)a(2))° = m
6%(o(x))1 oo e
b S bl @k @)

More precisely, in this equation, the regular part of second
term on RHS appears as higher-order in V;, with respect
to the regular part of the first one, hence we did not
explicitly include in Eq. (34). Then, we proceed sepa-
rating the singular part from it. In doing that we used
the following simplifications coming from homogeneity:
0Ci ik ~ O(VE), 0,C; 1 = 0.

(qi(%)q; (y)ar(2))+

(116)

A. Derivation of the equation for the three-point
functions

In this section we derive the RHS of Eq (49). As
a starting point, we consider the RHS of Eq. (34). In
particular, it turns out to be writable in a more convenient
way as

A;”Cmd,pcp’q - C@j,mcm,pAg -+ Him,qcmd =
_ 00 0 gm0 {6<Qi>1}6<jp>1+
5{qm)1 0(qq)r 87 Map)1 L B9 16{gq)
(i {gmh

6{gm)10(gq)1 6P
_ %G 0B 6 [N%’)l} §(Jp)1
68167 6(ag)r  Oap)r L 087 16{gq)1

=(4iq;Jp)CP" = (4iqjqm) C™P AL = (qiq;3, )1CT?,
(117)
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where we used that AC = C A
ji — Alg;. Hence, as shown in [141], in quasiparticle
picture it turns out to be equal to

Here we defined j; =

(2iqjJ, )1CP = /d91 do, hi(al)hj(ez)Mgf,92hq(93) )

(118)
with the M tensor defined in (46).

B. Solutions with Green’s function method

The aim of this appendix is to justify the solution
(60), which is crucial for derivation of generalized Landau
kinetic equation. Our starting point is the following
equation (we suppress upper indices for lighter notation)

= S5,.0,10)(2).

(119)
We start with moving to normal modes in order to diag-
onalize A operators gg, g,(2) = R(;lt’glRét@gfl,gz (z) and
similarly for Sp, g,[p](2). We get a equation

190,05 (2) + 0:(A, 97,0, (2) — Ag, 90, +(2))

= 391,92 [p}(Z% (120)

at§01,02 (Z) + 9,0, 62991,02 (Z)

for which the Green’s function can be found with Fourier
transform and reads

Goy02(2, 2 8,1) = 6(2 + 2" — g, 0,t)0m (t — '), (121)

where 6y is Heaviside step function. Hence, we find

dk
s = [0 [(ar [ Eeoericmunre

891,92[ ](Z t_T

Lastly, we rotate back to gg, 0,(2) to obtain the final
result (60).
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In the Supplemental Material we provide additional computations supporting the results presented in the main text.
The material is presented as follows

1. DERIVATION OF THE GENERALISED LANDAU EQUATION

In this section we derive in full details the generalised Landau equation from the gBBGKY hierarchy of equations
introduced in the main text. As already introduced in the main text, we start considering the first three layers of the
hierarchy and decompose the two-point function into leading ¢(®-! and subleading ¢(2)? contribution in 1/¢. Hence,
according to this notation, we consider the following set of equations

2).2
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(1.4)
The goal of this section is to integrate this set of equations in order to derive a unique closed kinetic equation for
Oyp. In order to do that, we crucially observe that all these equations are now written in an analogous form: as a
convection equation with an external driving force. Hence, the main idea behind the derivation is to impose separation
of time scales for the evolution of p, g1, ¢2:2 and ¢(2):3. More precisely, we impose that the particle density evolve
much slower then the few point functions. In this way we can decouple the set of equations and solve them separately.
Hence, using a standard Green’s function technique, we find the following time evolution relation

gé?)elz (Z’ t) = R971t,01 92 g2 / / /d,y/dz/elk(z-i_z Tl T)Rffl m Rffz n2 VQ(,O/(Z/) [aﬂlpm C’Yﬂh - 8712 P32 Cmﬁ f—T’

(1.5)
where we defined ve, ¢, = vg — v5 and where the subscript ¢ — 7 indicates the time at which must be computed
the function inside the brackets. We now perform an approximation which amounts to replacing pg(z,t — 7) with
po(z,t) under the integral and extending the integration range in time to infinity. This simplification follows from the
assumption of separation of scales. Next, we use the identity fooo drel™ = 16(x) + i’P(%), where P denotes principal
value. The contribution coming from the Dirac delta function vanishes since the argument of the square bracket is
antisymmetric with respect to 71, 172. Hence the result reads

Tim g5 (2 8) = Vag! () Ry, Rty —— Lp R (0291 Crns = OnanaCos ) (1.6)

,Uo'l 502

where the principal value has been removed, for the function being analytic. Also, here we stress that the RHS is
evaluated at time ¢. In an analogous way, we can now proceed integrating Eq. (1.4). More precisely, we use the same
exact set of approximations in order to time integrate the evolution equation for ¢(®). In this case the result is slightly
more complicated, since this equation is characterized by three forcing terms being proportional to space Dirac delta
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where the symbol 9; means that the derivative is performed on the spacial argument of the function. Now, we make
use of the assumption of initial state null correlations, for which gg)éi (z,t <0) = 0. Hence, the time argument in the

correlation functions imposes

Z/
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Va,p

In order to use this integrated correlator into evolution equation (1.3), we need to evaluate the result (1.7) and compute
the point split symmetrization reading
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Here, we can already observe that the expression has two different kind of terms: the first one on RHS is simpler, and
will generate the cross part of Landau equation, while the second and third lines will be part of the self contributions.
Using the expression for the M tensor introduced in the main text, the effective forcing term appearing in RHS of
Eq. (1.3) reads
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In particular, we used the crucial relation
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with © being the linear response diffusion matrix in integrable systems [119, 161], see [141] for an explicit derivation.
The next step is to perform the large time limit ¢ — co and use the solution (1.6) into (1.10)
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In the last step we used the relation for susceptibility matrix
/d92 Co,.0, = 2Ry ps fopl - (1.13)
We now proceed by integrating Eq. (1.4) in time using the same Green’s function technique as used before
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where ‘Sm 772[ | is defined in (1.12), and where, we again used the time scale separation assumption as 87(71 e Pz, t—7) =~
87(7?),722[ |(z,t). Under this assumption, we can perform the time integral, finding
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The final step of the derivation consists in plugging the solution (1.15) into the quasiparticle density evolution
equation (1.1), together with the forcing tensor definition (1.12)

1 i ‘
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In the last step we also used that, as shown in the main text, the contribution from ¢(?-! in Eq. (1.1) is vanishing. In
particular, Eq. (1.18) already represent a kinetic equation, that is correctly depending only on quasiparticle occupation
function. In the next steps, we simply leverage algebraic manipulations in order to recast it in a more explicit form.
Firstly, we observe that Eq. (1.18) has two different type of contributions, that we call cross and self. Cross terms

52



involve the diffusion matrix © and are proportional to the square product Td Tdr Meanwhile, the self terms only
show product between dressed scattering shift TngTgfw. Firstly we compute the cross part the scattering integral
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We now use the explicit formula for diffusion matrix expressed in (1.11) to rewrite the term
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where we used the definition of inverse rotation matrix as RR~* = 1. The last expression can be finally expressed as
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We now compute the self contributions to the scattering integral from Eq (1.18) and (1.12)
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In order to write the former formula we used the Fourier transform property FT[f(aa:)](k) (1/|a|)FT[ (a:)}(k/a)
This expression is composed by two different types of contributions: proportional to T9 .To. e O To .T *. More
explicitly they can be written as

1 Ve.o 1
T3t = 27r/d(da/dkk2v2 5(k) P Tolr, 20 | <”< 2 k) T —2¢ < = k) T
o 0 2(k)es "< 16 7\ v, o Ps, a2 V01,0 [Vo,¢ v Vo ¢ % vg, o e,

This concludes the derivation of the generalised Landau equation.
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(1.22)

2. EFFECTIVE DIFFUSION IN THE SMALL TIME LIMIT FOR TWO-POINT FUNCTIONS

In this section we show how, in the small time limit ¢ — 07, i.e., close to a GGE state, the 1/£ correction to the
convective spreading of two-point function is diffusive. We also show that the diffusion matrix is the one associated
with the local equilibrium state around which we are linearising. For the sake of simplicity, we do this derivation in
the small V case, i.e. when the solution evolution equation for three-point function is given by (1.7), otherwise we



conjecture that the result is valid beyond this approximation. Hence, we consider the limit ¢ — 0% of the three-point
function solution (1.9)
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Here, we stress that, at t = 0T, few point correlations in the system are not identically null, yet small. Crucially,
imposing the positivity of time dependence in the argument of the two-point function in the last two lines, we observe
that they are vanishing. More precisely, considering the second line, we have z'/v,, ~, < 0. This imposes the identity
sgn(z’) + sgn(vy, v,) = 0. For analogous reasons, the third line is also vanishing. Hence, we find

(3),sym 4+ ty_ Lot et t t (2) .0t
1 901,9193 (z1, 27 ,22;07) = QRel,que)Z,w v, |R'Yl1H1R'Y27H2M511#2amlgﬁ,93 (z1,22;07), (2.2)
Y1572

where we have expressed the derivative in terms of the space coordinate. Using this result in the equation for two-point
function, we get the effective contribution

; @eym b=y ¢ ¢ pt 8 (2) ot
tgr(ller alev ngv 7,02 (a7, 21, 22;8) = _789@1H7 an le thme,uzMu17u28$196,92 (1, 22;07)

72
|’U')’17 2| (23)
8DL1© aﬁﬂlg»y 22 (1‘17 T2 0+)

where the identity used in the second line has been proven in [141].

3. GBBGKY HIERARCHY FOR A SYSTEM OF MANY TUBES

In this section we extend the gBBGKY hierarchy introduced in the main text to the physically relevant case of
a system composed by many one dimensional tubes interacting through long-range interactions. More precisely, we
consider systems of IV; tubes evolving according to the global Hamiltonian

= ;[ HM 4 Z/d:rdm Vi (@ — ) 4 (2) 68" (= )} (3.1)

t’l

where H, , is the unperturbed integrable Hamiltonian associated to the ¢-th tube, q( ) its i-th charge density, and
V(t,i) the interaction potential between ¢-th and t’-th tubes. In particular Vi(t,1) represent the intra tube interaction.
Importantly, charge density operators associated to different tubes always commute

[qz(t),(jj(t )] =0 forany t #t. (3.2)

In this section we repeat the main steps for the derivation of the hierarchy in analogy with single tube case. The first
step is to compute the quantum generalisation of the classical Liouville’s equation

. ()
24" () + 07" Z/dx Vi — 20 @) ), (33)
=1
where we have Z[H ;“,f, A(t)] = 0, ji(t). It is already interesting to observe that the evolution equation is completely
analogous to the smgle tube case. The evolution equation for the expectation value of the product of single charges
produces the hierarchical structure. For the two function it reads

Oulalt) (@1)al? (@2)) = = [0, G (@1)al?) (22) - Z / dyVy, (e =)0 @0l @ay )| o (34)

1,2
t'=1 (1,2)



It is now important to specify that, because of the interactions between different tubes, the system will develop
long-range correlations between them. Hence, in order to introduce them, we perform the average over the ensemble

N Ny
p= eXp( - /dx Bl @)t () — Y / dmzzﬁ,tz)(mhI2)5Q§tl)($1)5q§t2)($2)

t1=1 t1,ta=1 T1%T2
if same tube (35)
N
— ingik t t t
- > / dTBIY (@10, 3)00") (21)00)" (22)da(™ (w3) + . ) :
boteta=ly g 2oyt
if same tube
Here, ﬂé;lztn ) is the Lagrange multiplier associated to the n- point function between tubes t1,...,t,. In addition,

we observe that, since the tubes are spatially separated, the connected correlations between them do not exhibit
any ultralocal component proportional to delta function, thus we have to exclude from the integral only intratube
coinciding points. For example for two and three-point correlator we have
t t s t t1,t
(0t (1) (22))° = 61, 6(21 — 22) 1) (01) + (11" (w1, 72) (3.6)
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t1) (t2) (t3)\e t
<‘Z§11)q1(22)‘1§33)> = Oty 150t 50(71 — @2)6(271 — 173)01‘(1;2)1‘3 i1i2] i1isis

+ [5t17t25(x1 - ‘TQ)C'(tl)40{’5]?)91(:,;:3)](172»3) + g(tl’t%tS) . (37)

Straightforwardly, if the correlations functions are computed in the same tube, this relations coincide with the ones
already introduced in the main text. The state assumption (3.5), together with (3.3), (3.6) and (3.7) is enough to
derive the full hierarchy of equations and express it in terms of quasiparticles occupations and correlations functions.
In order to avoid confusions, we stress that in this context we changed notation: the connected regular few point
functions now, instead of an upper index showing the number of points, have a string of indexes indicating the string
of tubes connected by the function.

A. Example: Two tubes system

In this section we consider the simple case of two coupled one dimensional gases evolving through the Hamiltonian
H =[5 A0 4 / de de’ Vo) (@ — 2) ¢85 (2) 45 (2') . (3.8)

We observe that, differently from the single tube case, here the potential doesn’t have the symmetric factor 1/2 in front
since the integration in x and 2’ in not double counting particles. Also, we stress that, in this specific example, the
particles are not interacting within the same tube. The aim of this section is to write the first layers of the hierarchy
and derive the associated Landau equation. The single charge density time evolution reads

0y (@) + 0uj ") () = — / da'Vy g)(x = 2)jg (2)d” ("), (3.9)
Taking the coarse grained ensemble average, for a homogeneous system, we find
org,” (@) = - / A2’V o (& = ) AL 0 (2)ag” () (3.10)
Hence, the inter tube two-pointcorrelation evolves according to

0utar,) (wn)a) (e2)) + (00, GL )all (@2))7] | =
: (3.11)
== [ @ (o = i) e (w2} + G (e )P @]

We here observe that the dynamics of this object depends on the intra tube correlation function, that evolves according
to a similar equation that, for the sake of brevity, will not be written here. We now extract the singular part of the
connected correlations and perform the space and time rescaling with ¢, finding

8t<q§1)(w)) =— /dm’V('LQ)(;E - x')AE}())’kg,(iéz)(w,m’). (3.12)



1 ik sym —
Ougll 2 @r ) + |00, AL g2 (@1, 2) + 500, HD gl P af o )| "
= = [V oy (@1 = 22) AR + AL oD @, w) @R+ (3.13)

K , k (1,2,
- / Ay Vivay (1 = )AL (a0 (o) + AL 060 ()]

i (@, ws) + 0, AL gL 0, ADFGD 1 0, AP D =

tgi1i27l3 kiois i1iok (3 14)
= 76(I1 - $2) (Agll)’kclgi)mmc(l)ﬁmn - Ci(ll,)ig,kc(l)l'kmA%)’n + Hi(ll)’mncv(ri,)m)awl gr(Ll,i) (1’17 :Eg) +h.o.t. .

Here, we crucially observe that, differently from what found for the single tube case, the term proportional to Dirac
delta function of RHS of Eq. (3.14) is not symmetric with respect to permutation of indexes, the consequence of this
will be that absence of self contributions in the generalised Landau equation for two coupled tubes. We now proceed
writing these equations in quasiparticle picture using the same machinery introduced in the main text, finding

8tp‘(911) = /d.CL’Q d(gg ‘/(1172) (.’L‘l — xg)aglgéi’;l (.’L‘l, 1'2) (315)

1 ’ _
0oy 1) + [0 (457015 1,0) + 00, (HG 0™ o sa)| =

= [V(l1,2) (1 — 22) /d93 9, (Pé?céfég + Conlin b (9517952)) (3.16)

+ /dl"?, A3 V(| o) (21 — 23)0p, (P‘(gi)géljgi(@,xs) + géi;i’f,és (3«“1,3«”27963))} (1.2)

1,1,2 1,y (1,1,2 2)y (1,1,2 3),y (1,1,2
0ughr o0, (w1, w2, 23) + O, A gl g o2 (1, 02, w5) + Oy AR g3 (w1, w2, 33) + Oy AR 9852 (w1, w0, 25) =

=0(z — xQ)Mgl’gzaxlgi%‘;i)(xl, x3) + h.o.t.
(3.17)

We now proceed by computing the Landau equation in this specific setup. The main difference from the single tube
case is given by the time integration of three-point function, that here reads

L12)sym ot sy L))t 1 Dt p)t 084 (120 s
01,02,03 © ’Z’t)__§R91,71 02,72 |1)(1,1) R'(‘/l)uulR’(Y2)7H2Mﬁ(‘1):l‘2az/g,8,93 (=251) (3.18)
V1,72

where we introduced vglwlz) = 1)5,11) — v%). As compared to (1.9), this solution is simpler, since it only contains
contributions local in time. The late time solution for ¢(*:2):! also reads

. 1,2),1 1),—t 5(2),—t 1 1t (2).t
tllglo gélﬂi (Z’ t) = V(/1s2) (Z,)Rél)aCI Réz?@z U(l,?) Rél?"]l Réz?nz (aﬂl pslll)o’(ya)lz - 07(11?78”21)5]'22)) . (319)
C1,C2

Now, the procedure to derive a scattering integral is exactly analogous to the one introduced in Sec.1. Defining the
coupled kinetic equations as

Bips) = 9TV M, o]y | 8pF) = 9,TP [ p@)y (3.20)

we write the scattering integral as

7,V = 27r/dkk2‘7(2172)(z)><

pl(l)flsl)péz),tot |U(1,1) @) @ +2) .

1)dr\2 FH2 JH2 12,41 1),t 1 ,tot 2),t0t (2) £(2 it 2

X {/(5917#1 - ‘591’#2)(T;52).m) (p(l)tot)2 12, (12) (Rf“)m&,pg )pc P IS - pfu) pfll)fl(l'l)Rcf’] @,pg ))
H1 11,6 701,¢

pg)f}(f)p(g)tot |v(2’2) " " @ £

2)dr\2 FH2 JH2 2,1 Jt 1) (2),tot (2) £(2 Jtot 2),t 2

+ /(5(:7#1 - 5C7H2)(T;Sz?u1) (p(Q)ﬁtOt)Q (1,2) U(LQ) (Ral,n anﬂ% )p;(m) p;(n)f;(n) - Pal p91 fel R/(M)aﬁanpsl )) .
H1 01,11 701,

(3.21)
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Straightforwardly, the scattering integral Z(?) is equivalent up to exchange of tube indexes 1 +— 2. As already
mentioned, we stress that in this case there is no cross terms proportional to 7™ x T?) appear in the equation. This
crucially represent the main qualitative difference between the two tubes late time dynamics, and the single tube case.

4. LINEARIZED GENERALISED LANDAU EQUATION

In this section we consider the generalised Landau equation

dpo = Tolp] (4.1)

close to stationary, thermal state. We thus write 0;0py = (%)0 0p~. Our goal is to change the degrees of freedom
Y

from 6p to perturbations of expectation values of conserved charges d¢,, defined as g, = [ d6h,,(0)dp(0).
Firstly, we note that in general it is more natural to work with perturbations of bare pseudoenergy deq, instead §p.
We have the following relations (see SM of [77])

(Spg = 70@7(560)7 (42)
and we also introduce
0T
<5> dpy =Toy(0€0)~. (4.3)
P/ oy
In what follows we introduce hydrodynamic inner product defined as
(hlg) = hoCoo gor (4.4)
and expand
(5e0)o = Y (hmldeo) (P )o (4.5)

where h,,, form an orthonormal set with respect to (+|-), constructed with Gram-Schmidt algorithm performed on e.g.
set of ultra-local charges g,,,(6) = 6™ /m!. We note that it follows from the formulas above that d¢, = —(h,|dep). We
multiply [] by h, and integrate over df finally getting

3t5Qn = an(SQma an = (hn)GFGG/(hm)Q" (46)

In what follows we determine the matrix I'y,,,,. We start with expressions (67) and (68). As a first step, it is useful to
rewrite B factor a bit using

Rp,0vpy = —po foDaeo (4.7)

where € is the pseudoenergy of the state. This identity follows from standard TBA calculations and is derived in SM
of [77]. Tt leads to

Vg, U¢,0 V9,0
B(0,¢,0) = —pofopsfopcfe l pf Dpeo + ;t Do + ptﬁcec} : (4.8)
0 ¢

a
We note that for thermal state eg = (g9 — p). Moreover, ky = 2mp, and vg = € /kj. Thus for thermal states

B(0,¢,0) = —=21Bpg fopo forcfc [Vocvo + ve,0V0 + vo,ovc] =0 (4.9)

as expected. We thus consider € — €, + deg and linearize (to see why large Dressing appears in the expression below
see SM of [77], where similar calculation was performed)

T €)g = —2m 1% o
5 %0 dkk*V2(k dod(

lvocl  (ph)? [vg ol

ph(T)? & - fe (T¢y)? C,Ug o fope fopcfex
Vo,5V¢ 9 Po Vo,V &

(4.10)

t

Vo T v 5 T & s T
€ 0p(3e0)§" + —=2 05 (5e0) D" + 70 (3e0)P" |
p0 P& pg



where Dressing operation is defined as

f;]?r = fu - /duF}h/\nﬂf;ﬂ (411)

dk 5~
(O 5ca)s = = [ dcdo [ SERV (k)T

~ (v Pt 1 ~ (v 1
v (wk> T — 2V (“k) Tor——— | x
Voo ) Py 7 000 |Vo¢ Vo Voo |V¢o |

(4.12)
Vo¢ Dr V¢o Dr Voo Dr
pofopsfopcfc | — 00(d€0)g" + ——05(d€0)y + — Oc(de0)c” |
Py Pt I3
To simplify these expressions we use that under integral we can replace
) Iva,<2| L Ivg,clv;,c (4.13)
V9,0V g Vg oV
We get
r = / AR T2(k) / b (o) (T2 ";‘ potops Fapcdix
V9,0
(4.14)
t (h/ )dr t (h/ )dl UGO h/ dr UCe(h/ )dr (h/ ) an
Py Po g
and
et — or / dkE2V (k) / dodod(plpl Te TV (”“ k) WiécpafepofaPCfo
’ ’ Vo ) |V0,0|VZ ;00,0
(4.15)
Vo, 11 dr V¢,0 71 dr / Uo,¢ 1" U¢,0 dr 1)9 a
hy, h h h (h .
(pg()a pg() Pc()>( (i o m)o o )
5. SMALL-MOMENTUM LIMIT OF FERMI’'S GOLDEN RULE COLLISION INTEGRAL
We start with the bare collision integral focusing on the m = 3 case
21p,)6) = [ dpdbo(6,p)Bp - Wion(P)pa(h) o (Bpu(p)] (5:1)

where 6(0,p) = Z?:l 0(6 — p;) and other quantities are defined as before. We introduce A\; = (p; + h;)/2 and
gi = k(p;) — k(h;). Assuming that o; = p; — h; are small for all ¢ we can approximate ¢; = k'(\;); leading to

pi =N\ + %1(17(:)%) and h; = \; — %, from which follow the expansion of delta term

/ 2
(5(9,p)—50)\)+22k, 390 =2) +0(), (5.2)
and difference of the density factors
pu(P)pp(h) = pu(h)pp(p) = pu(h ( k, 3)) 7 (5.3)

where we have introduced pseudoenergy e(A) = log (pr(A)/pp(A)). The conservation laws inside B factors become
d(q1 + g2 + g3) for the momentum and 6 (v1¢q1 + vaga + v3qs) for the energy. From the particle-hole symmetry of form
factors the first term in (5.2) vanishes. We change integration variables getting (93).



2.6 Article VI: Burgers equation from non-thermal stationary states in nearly-
integrable gases

e P. Lisiak, M. Lebek, M. Panfil “Burgers equation from non-thermal stationary states in
nearly-integrable gases”, arXiv:2512.09726 (under review in Physical Review E)

The universality of NS hydrodynamics is closely tied to the universality stemming from ther-
modynamics through the local equilibrium assumption. It is then quite natural to ask: what
kind of hydrodynamics can we expect, if the system does not relax locally to a maximum-entropy
state? This question will be the main theme of the present article, in which we build upon the
non-thermal stationary states discovered in coupled integrable models found in Article I.

a) = b)
Density dynamics B oK Q(b) l .
To@)

% >
Q / Q(b) Hydrodynamics

at() + LI(Q)()\Q = ax(D(Q)a\Q)

\ A

Tpreth Tth

Figure 17: Panel a): the system studied. We consider the coupled integrable gases in the density
imbalance limit. We derive hydrodynamic equation for density in system tube and in the most
general case we find the nonlinear Burgers equation. Panel b): hydrodynamics is probed on top
of a prethermal state in the temporal regime Tpetn < t, < Tih.

In comparison to the Article I, even on the level of relaxation in homogeneous systems, a
more general perspective is taken. We consider two arbitrary gases, quantum or classical, weakly
coupled with interactions that conserve the particle numbers, total momentum, and energy. We
work in the imbalance limit, in which the density of the so-called system tube g is much smaller
than the density of the bath tube o), see Fig. 17(a). In such a regime, the dynamics of the
bath tube is effectively frozen. We seek the hydrodynamic description of the system tube on a
timescales, on which the prethermal state is stationary, see Fig. 17(b).

The standard hydrodynamic equation that emerges in the system tube in the case of thermal
bath is the diffusion equation. The only conserved charge in the system tube is the particle
number, thus yielding a single hydrodynamic equation. In this work, it is shown that this result
may be altered in the presence of non-thermal stationary states. We give an explicit condition
under which a convective term u(9)d,0 is brought into the diffusion equation. We also show
that when the particles feature quantum statistics, u(p) is not a constant. Thus, we arrive at
the Burgers equation. Both the convective coefficient u(p) and diffusion coefficient D(p) are
computed using a generalization of ChE method formulated for a single conserved charge.

To numerically test the predictions of the derived hydrodynamic equation, we proposed and
simulated particle models with a stochastic two-body collision mechanism. For such models, we
computed the transport coefficients analytically. We compared their molecular dynamics to the
derived hydrodynamics, finding a very good agreement. Computations of transport coefficients
were also made for the relaxation time approximation and for the coupled LL models studied in
Article 1.
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Burgers equation from non-thermal stationary states in nearly-integrable gases

Pawel Lisiak, Maciej Lebek,* and Milosz Panfil
Faculty of Physics, University of Warsaw, Pasteura 5, 02-093 Warsaw, Poland
(Dated: May 27, 2026)

When a gas of particles interacts with much a larger reservoir the density dynamics on large scales
is typically governed by diffusion. We study this paradigmatic problem for weakly coupled integrable
systems and show that this picture gets altered, when transport is investigated on top of long-lived
non-thermal states. Remarkably, for states non-invariant under parity we find Burgers equation

arising in the hydrodynamic limit.

We explicitly compute the diffusion constant and nonlinear

advective coefficient of the Burgers equation using a variant of the Chapman-Enskog theory. We
find an excellent agreement between our theory and numerical simulations of a simplified model of
stochastic two-body collisions. Our conclusions are based only on Galilean invariance, existence of
a small system-bath coupling parameter and a small momentum exchange between the system and

the bath particles during two-body scattering.

I. INTRODUCTION

The non-equilibrium dynamics of low-dimensional
quantum many-body systems attracts a lot of atten-
tion due to recent advances in experimental, numeri-
cal and analytical understanding of fundamental phe-
nomena such as thermalisation and transport [1-20]. In
one dimension, one often encounters various instances
of anomalous, or non-conventional hydrodynamics. This
happens for instance in momentum-conserving fluids or
anharmonic chains [21-24], Luttinger liquids [25, 26] and
certain integrable spin chains [27-30]. Non-conventional
transport occurs more broadly in integrable systems, due
to the presence of infinite number of conservation laws. In
the recent years, a special role in the field of 1D transport
is indeed played by the family of such models [31, 32], for
which there has been recently a lot of progress in under-
standing their equilibration and emergent hydrodynam-
ics, dubbed generalized hydrodynamics (GHD) [33-35].
The developed techniques cover also situations in which
the integrability is weakly broken [36-48].

In such case the resulting description is similar to
a kinetic theory of dilute gases [49, 50]. Namely, the
state of the system is described by a local distribution
of quasiparticles which propagate with state-dependent
effective velocities and occasionally scatter due to in-
tegrability breaking effects. Additionally, because of
the presence of interactions in integrable theory there
is a quasiparticle diffusion effect [51-55]. The scatter-
ing between the quasiparticles opens a possibility for a
thermalisation channel which otherwise is absent. An-
other thermalisation mechanism is through introducing
an external potential [56-59], but to simplify the prob-
lem we do not consider it here. The observation that
integrability breaking modifies the dynamics of quasi-
particles similarly as weak interactions alter the dynam-
ics of free particles can be exploited by bringing tools
from the kinetic theory. In particular, such approach

*
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FIG. 1. We consider dynamics of particles with density o
coupled to a much larger bath with density o® > o. Both
systems are described by integrable models and the long-range
coupling breaks the integrability. One can think about two re-
alizations of this scenario: mixed systems (a) and long-range
interacting tubes (b). Particles of the observed system fea-
ture single conservation law and we consider the problem of
hydrodynamics, which emerges on large space-time scales.

was used to study hydrodynamics of nearly-integrable
quantum systems. An example of this idea is applica-
tion of the Chapman-Enskog (ChE) theory [49] to un-
derstand the emergence of conventional hydrodynam-
ics along with computation of transport coefficients in
such systems [60, 61]. The latter was important to es-
tablish an existence of parametrically large space-time
regime [60, 62—66], where the conventional hydrodynam-
ics works before giving place for anomalous one [21-24].
This kinetic picture can be also lifted from the quasipar-
ticles distribution to their many-body correlations lead-
ing to a generalization of the famous Born-Bogoliubov-
Green-Kirkwood-Yvon (BBGKY) hierarchy [48]. The
generalized BBGKY (gBBGKY) provides a new theoret-
ical framework to understand the integrability-breaking-



induced thermalization and was proven useful in descrip-
tion of long-range interacting hard rod gas numerics as
well as experiments in 1D dipolar gases [67].

In this work we continue following that program and
consider a canonical problem of diffusion of Galilean par-
ticles. The mechanism for diffusion is provided by a long-
range coupling to a much larger bath, also assumed to
be described by a one-dimensional integrable model. As
shown in Fig. 1, one can naturally think about such sce-
nario in the geometry of mixed systems, cf. Fig. 1(a) or
in coupled 1D tubes, cf. Fig 1(b). The particles of the
smaller system, due to long-range interactions, exchange
momentum and energy with the bath and therefore the
only conserved quantity associated with them is their to-
tal number. On a phenomenological level, when the bath
state is assumed to be thermal, the continuity equation
for the particle density o(z,t), combined with the gradi-
ent expansion of the current, lead to the diffusion equa-
tion

Or0 = 0 (D(0)0:z0), (1)

with the density-dependent diffusion coefficient D(p).
The standard form of the diffusion equation is obtained
by linearising the theory with the diffusion coefficient at-
taining a constant value. In such case the diffusion co-
efficient can be also computed through the Green-Kubo
formula from the velocity autocorrelation function.

The diffusion equation can be also obtained from mi-
croscopic considerations based on the kinetic theory and
Boltzmann collision operator Z|[pp, péb)] for system-bath

interactions. Here p,(z, A, t) is one-body density function

(X labels quasimomentum) and pl(,b) denotes (thermal)
state of the bath. The density is o(z,t) = [ dX pp(z, A, t)
and under the assumption o < o(® the dynamics of the
bath is effectively frozen out. The diffusion coefficient
can be computed with the ChE method, discussed later
in the text, in Sec. IV. It is given by an integral equation
formulated in terms of the collision operator Z.

Our results generalize in various way the diffusion
equation (1). Firstly, the resulting diffusion coefficient
incorporates in non-perturbative way the interactions of
integrable theory, which extends the applicability of the
standard kinetic theory methods to strongly correlated
systems. Secondly, isolated integrable systems do not
equilibrate to thermal states due to presence of an ex-
tensive number of conservation laws. While breaking
the integrability through system-bath interactions ulti-
mately thermalizes the system, if it is sufficiently weak
it creates a time span in which the system might be in
a prethermal quasi-stationary state [12, 45, 46, 48, 68].
This leads to a new physical situation in which the par-
ticles diffuse in a non-thermal environment. Finally, if
the non-thermal state is furthermore not parity invariant
there are new terms appearing in the diffusion equation.
These together ultimately lead to the celebrated Burgers
equation (studied recently in many contexts [69-71]) in

statistics
classical quantum
state
parity-symmetric diff. eq. (1) diff. eq. (1)
parity-asymmetric diff. eq. (1) Burgers eq. (2)

TABLE I. Hydrodynamic equations for the system for differ-
ent particle statistics and properties of the stationary state.

the form

0o + 'U/(Q)amQ =0, (D(Q)am ) ) <2)

where u(p) is advective coefficient, which can be constant
or not, depending on particles’ statistics. For classical
statistics, we find that u(p) is constant, and equivalent to
a simple Galilean boost of the diffusion equation (1). The
more interesting situation happens for quantum statis-
tics, where u(p) is non-constant and we recover a gen-
uine Burgers equation. This is summarized in Tab. I.
Equation (2) for an almost homogeneous density profile,
0 =~ oo + dp, after changing the reference frame to the
one moving with u(go), simplifies to

0:60 + 600,00 = vD?d. (3)

with time rescaled by u/(99) and v = D(gp)/u’(00). This
is a standard computation within a reductive perturba-
tive method [72-74]. In the literature, it is equation (3)
that is usually called Burgers equation. Here, for simplic-
ity, we will refer to both equations (2) and (3) as Burgers
equations.

We exemplify our approach by considering three dif-
ferent physical scenarios. First, we study a system of
two coupled 1D Bose gases which mimics the experimen-
tal settings of cold atomic gases consisting of arrays of
1D systems with possibly tunable couplings [67]. It is
known that the collision integral for such systems sup-
ports athermal stationary states [68]. This provides a
concrete physical realisation for testing the ideas pre-
sented in this work. Next, we abstract from a concrete
realization by considering a generic collision integral in
the relaxation time approximation (RTA) with respect
to athermal state and with particle number being the
only conserved quantity. Within the RTA the ChE equa-
tion for the diffusion constant can be solved. This allows
us to draw general conclusions for diffusion processes in
such circumstances and show how Burgers equations arise
for athermal and parity-breaking background states. Fi-
nally, we consider a simple stochastic model of classical
or fermionic particles colliding with bath particles at con-
stant rate. This serves as a minimal model in which all
the phenomena seen in a more sophisticated situations
are present, but without technical complications. This
allows us to pinpoint the sufficient conditions required to
see the Burgers equation. At the same time, this model



can be simulated efficiently and we successfully test the
effective theory given by (2) against the molecular dy-
namics.

The paper is organized in the following way. In Sec. IT
we provide the necessary ingredients of the kinetic the-
ory of nearly-integrable system, specifically we discuss
in the details the Thermodynamic Bethe Ansatz (TBA),
the GHD equation supplemented with the Boltzmann
term and the Generalized Gibbs Ensemble (GGE) for-
mulation of the quasiparticle distribution function. In
Section III we discuss the collision integrals supporting
athermal states. In Sec. IV we use the ChE method to
derive from the GHD-Boltzmann equation the Burgers
equation. In Sec. V, we extract the characteristic relax-
ation time from the collision integral for two coupled 1D
gases which then serves as the input for the RTA. We
compute the diffusion coefficient in the latter approxi-
mation and link it with thermodynamic properties of the
gas also in athermal states. We also show how Burgers
equation arises for states without parity invariance. In
Sec. VI we demonstrate that our predictions match the
microscopic simulations of the stochastic models. We
relegated some more technical aspects of our work to the
Appendices, to which we refer when needed.

II. PRELIMINARIES

We consider a system described by the following
Hamiltonian
H= Hint + H(b) + aHperta

int

a1, (4)

where H;,; and Hl(lll’t) are some integrable Hamiltonians
modelling system and bath, respectively and aHpert is
some small integrability-breaking perturbation Hamilto-
nian (modelling system-bath interaction). The system is
assumed to be Galilean-invariant. We consider only the
case when Hpe¢ does not depend on position and time
explicitly. The dynamics of nearly-integrable models, af-
ter the initial decoherence phase, is effectively described
by kinetic theory [12, 38, 48, 55]. This kinetic theory is
formulated in terms of the space-time dependent distri-
bution function of quasiparticles p,(z, A, t) with quasi-
momentum (rapidity) A. To understand the basics of
quasiparticle description we review first the TBA and
GHD of integrable models.

A. Basics of TBA and GHD

Integrable systems are characterized by infinite num-
ber of local conserved charges Q. fulfilling [Hint, @] = 0.
Their expectation values for a state described by quasi-
particle distribution p;, are

@m:/wmm%m. (5)

For Galilean invariant models of particles with unit mass,
as is assumed here, it is convenient to choose hi(\) =
AE/k! which implies that @ are ultra-local charges.
Specifically, for total momentum hq(A) = A and for total
energy ho()\) = A\2/2. The quasiparticle picture is based
upon the assumption of relaxation to GGE [75, 76] with
the density matrix pggr x exp(— Ej B;Q;), where f;
are Lagrange multipliers.

We introduce now more ingredients of the TBA in sim-
lar way as presented in [77]. We start with free energy
density f = 5- [ dAF[e(\)], where €(A) is so-called pseu-
doenergy and function F' depends on particles’ statistics
(for fermionic particles F[e(\)] = —log(1+e~<™M)). The
pseudoenergy is determined from the following equation

e(A) = eo(A) + /d)\’T()\ — X )F[e(\)], (6)

with bare pseudoenergy given by eo(A) = >, Bih;(A).
Moreover, by 7(A — X) we denoted model-dependent
scattering kernel. The set {;},=0,1,... specifies the state.
From pseudoenergy we can compute statistical factor
f(\) = (d®F/de?)/(dF/de) and occupation function n =
dF/de defined also as n = p,/py, where py is the total
density of states. It fulfills the following integral equation

PN =+ [ INTO=N)p). (0

Next, we introduce dressing operations. The small dress-
ing is defined through integral equation

g =g+ Tn- g™ (8)

The big Dressing is the result of the action of the operator
F, gP* = Fg (¢ denotes transposition) with

FOA 1) = 6(A = 1) + 0x (n(N F(A|)) - (9)

Above we introduced backflow function F(A|u) [32], ap-
pearing naturally in studies of excitations in integrable
systems. The two dressings are related

(°) = (g (10)

For future reference we introduce Dressed momentum
k(\) = hP*()\) and energy w()\) = hPT()\). We also men-
tion useful relation that k'(\) = 2mpg(A).

We move on and discuss ingredients of GHD [77]. The
effective velocity v of quasiparticles obeys the integral
equation

v(A) = ha(A) + 2 / ANT (= N)pp (V) (V) = 0(V)) .
(11)

Alternatively, the effective velocity can be written as
v(\) = AT (N)/hd*(N). For later use it will be convenient
to introduce kernels of hydrodynamic matrices: flux Ja-
cobian

A=1-nT) w1 -nT), (12)



along with charge and current susceptibility matrix ker-
nels

C=1-nT) ' pof(1-Tn) ", (13)
B=1—-nT)  vpyf(1—Tn)"". (14)

The last ingredient is the diffusion operator, which we
denote by ©, = D,(A, u;x,t). It is state-dependent and
expressible through objects already introduced. For spe-
cific form of © and discussion of its properties we refer
to Appendix D 1.

B. GHD-Boltzmann equation

We will assume here that the dynamics of integrable
systems in the presence of integrability-breaking effects
is given by GHD-Boltzmann equation [36, 38|

1
Aipp + 0z(vp pp) = 581 (Dp02pp) + Ilpp)- (15)

where Z[pp] is the collision operator responsible for inter-
action between the observed system and the bath. We
indicated the dependence on state in effective velocity
and diffusion operator by putting p in the lower index.
Moreover, we assume that the bath system is much larger
and in consequence, does not evolve in time. Equation
(15) describes the system only and thus does not con-
serve momentum and energy. However, it does conserve
particle number, which is reflected in collision integral

/ A\ ho(A)Z[pp] = 0. (16)

We also assume that Z[p,] has a family of stationary
states pf)t parametrised by their density 0. We will give
explicit examples of collision integrals with such proper-
ties in the following section.

III. ATHERMAL STATIONARY STATES

The aim of this section is to provide a construction of
collision integrals that support athermal stationary states
and to expose relevant physics behind them. We can fo-
cus here on the homogeneous systems. The generaliza-
tion to inhomogeneous systems follows then from general
arguments of separation of scales.

Athermal states relevant to the present context were
first found in the setup of coupled Lieb-Liniger (LL)
gases [68]. In this work, thanks to the recent develop-
ment of gBBGKY [48], we present arguments which hold
for arbitrary weakly coupled integrable systems. In gB-
BGKY for coupled integrable systems we assume that
the system and bath interact through long-range density-
density interaction given by

_V

£’ <§> ’ "

V(zx)

where £ is the characteristic range of the potential, V
measures its strength and function ¢ gives the inter-
action profile. Importantly, the parameter £ should be
thought of as a large parameter in the theory in order
to provide a mechanism for truncation of the gBBGKY
hierarchy. Moreover, we will assume here that the bath
does not evolve, which can be realized for instance by a
large density imbalance between the two systems. The
aforementioned kinetic framework predicts that the dy-
namics at sufficiently late times of the system is given by
Boltzmann-like kinetic equation.

Drpp(N) = Top(N) (14 O(6)) | (18)

where collision integral Z, describes two-particle scat-
tering processes, which will be discussed in the follow-
ing. There are important corrections, written above as
O(¢71), which involve collision operators responsible for
three and more particle collisions. These processes are
relevant on timescales longer than Z,, and eventually
thermalize the system. In what follows, we neglect them
focusing on timescales relevant for Z,,. Let us also note
that the same picture emerges from Fermi’s Golden Rule
(FGR) treatment of integrability breaking as developed
in [36, 38]. There, the collision operator involve terms
with more and more particle collision processes, with the
two-particle scatterings dominating in the system-bath
setup. The exact equivalence of between FGR and gB-
BGKY was established in [48].

To understand the simplest relevant physical scenario
and minimal ingredients for athermal states let us ab-
stract from the specific form of 7y, arising from a mi-
croscopic theory. We start broadly and consider gen-
eral Master equation for two-particle scatterings between
classical system and classical bath

Tpp)(N) = / AN AN AW, Ap; X, ) x

(19)

5(1)5(w) (MNP (N) = oy (NN (V)
where conservation laws for a scattering process are im-
posed by Dirac deltas with k = k() + ky(As) — k(N) —
ky(Ap,) and w = w(X) + wy(Ap) — w(N) —wp(A;). In gen-
eral, we assume that quasiparticle with quasimomentum
A carry momentum k() and energy w(A). In our nota-
tion k, k, are momenta of system and bath particles, re-
spectively, the same goes for energies w, wp. The quantity
W(A, Xp; X', Ap) is naturally related to a rate of scattering
N4, = A+ Ap.

Importantly, we assume that dispersion relations in
both systems are not necessarily the same (meaning
wp # w and kp # k), which in the context of classical
particles can be realized for instance by different masses,
or different length of the rods (in the case of hard rod
gas). Non-equal dispersions generically prohibit [68] the
existence of athermal state and thermal states (given
by Maxwell-Boltzmann distributions) are the only fixed
points of (19).



The complementary situation of equal dispersion hap-
pens when both gases consist of identical free particles
with k(\) = A and w(A\) = A2/2. The momentum-energy
conservation laws imply then that scattering amounts
to permutation of velocities meaning that A = A} and
XA = ). We readily find the stationary state in such
case which is

s 0
O = Gl ). (20)

Obviously, if pg)) is athermal then the state above is

athermal as well. The case of two classical gases with
equal dispersions is the simplest example of dynamics
leading to non-thermal stationary state.

Remarkably, the conclusion about lack of non-thermal
fixed points in the case of non-equal dispersions changes
in the grazing limit of the equation (19), which amounts
to restricting possible scattering processes to only these,
where the momentum exchange is small. In that limit,
the collision integral acquires the form of Landau-like ki-
netic equation [49, 78]

ﬁ%JM:—m/ﬂMWM&MMM—%me

A ) [0 = B )

(21)
with W(A, \y) directly related to collision rate W. For
the precise definition of grazing limit as well as expression
for W see Appendix A.

The stationary state of (21) fulfils a set of two equa-
tions
K'(A)

€\ = mfi()\b) (22)

U()\) = Ub()\b)v
Let us emphasize that this stationary state appears even
though two-body scattering does not lead to a simple
momentum exchange. We also stress that the solution to
the equation above is athermal in the case of athermal
bath. In [68] such athermal states were found in the
setup, where both the system and bath are described by
the LL models.

In the generic interacting integrable models, the dis-
persion relation is a dynamic quantity, it depends on the
state of the system which in turn reflects e.g. the interac-
tions and the density. Therefore, two such systems that
are weakly coupled with potential that allows only for
small exchange of momentum naturally provide a physi-
cal realisation in which two body scatterings in (141)D
lead to momentum redistribution. In this case we expect
the stationary state described by (22).

Summing up, the existence of possible non-thermal
states depends on dispersion relations in both systems
and on grazing limit of collision operator, cf. Tab. II.
Lastly, let us mention, that the found stationary states
become thermal states in the case of thermal bath.

collisions  at small momenta
(grazing limit) all momenta
dispersions
same atherm. atherm.
different atherm. therm.

TABLE II. Conditions for possible existence of athermal
states in dynamics driven by two-particle scattering processes.
Athermal states are excluded only if the dispersions of the sys-
tems Hing, Hﬁft) are different, and the grazing limit of small
momentum exchange is absent.

In what follows we go beyond the case of classical par-
ticles described by (19) and present different treatments
of weakly coupled integrable systems, quantum or classi-
cal. We start with the most concrete case of coupled LL
models, which can be studied using FGR. This analysis is
later generalized to arbitrary weakly coupled integrable
models using the gBBGKY hierarchy. Lastly, we propose
a simplified model of stochastic two-body collisions which
offers particularly simple structure of collision integral,
while capturing all the relevant features of the dynamics.
It also has the advantage of efficient numerical simulation
and analytical expressions for diffusion constants.

A. Fermi’s Golden Rule

We start with the FGR treatment of nearly-integrable
quantum models. Within this approximation, the colli-
sion integral involves matrix elements of the perturbing
operator. In our case this origins from the integrability
breaking term in the Hamiltonian which we assume cou-
ples to the local particles’ density operator go(z). How-
ever, we can be slightly more general and assume that it
couples to density g;(x) of any of the conserved charges
Q; = [dwg;().

The collision integral for two-particle processes takes
then the following form

Zlpp) = Fo[pp], (23)

where the backflow operator (9) describes the response
of the whole state on the scattering process described by
the bare collision integral Zp[pp]. The latter is given by
the usual form of the Master equation,

Zolppl(N) = /du (WA, 1) pp()pn(A) — (A < )], (24)

with the transition rate w(\, u) and density of holes de-
fined as pn = py — pp. The transition rate is computed
from the FGR and involves matrix elements of the per-
turbing operator g;(x). Typically, the transition rate
obeys a detailed balance relation,

w(h, p) = e PN, 3, (25)



and in such circumstances, the stationary state of (24)
is thermal with inverse temperature 3. Lack of the de-
tailed balance relation open ways for athermal stationary
states.

To illustrate a situation in which athermal stationary
states exist we consider a two coupled 1D systems, see
Fig. 1(b), with total Hamiltonian

H = H, + Hy + V1o. (26)

We assume that H; are integrable, for example are given
by the LL model [79, 80], and Vi breaks the integrability.
In calculations, it is natural to treat system and bath
on equal footing which is reflected in a slightly different
notation than in Eq. (4). Experimentally relevant choice
of V15 is the long-range interaction potential between two
tubes that couples to local densities

V12 = /dxldxg V(x1 — acg)q,;(xl)qj(xg). (27)

In writing the perturbation term we allow for coupling
between densities of different charges. The usual density-
density interaction corresponds to ¢ = j = 0.

In the homogeneous system, the quasiparticles density
in the two tubes evolves according to the set of equations

atpg) = Il?[f)](;)l)a p](p2)]7 8tP](;,2) = :2:21 [pg), p](pl)]v (28)

with the corresponding transition rates

wia(A 1) = V2E)EN O, ) PSP (<k, —w),  (29)
war (A 1) = V2(E)FS O, ) PSS (—k, —w). (30)

Here Fi(l)()\, 1) is the one particle-hole form factor of the
operator ¢; evaluated in the first tube. The rapidity of
the particle and the hole are A\ and u respectively. With
E=k(\) —k(p) and w = w(A) — w(p) we denote mo-
mentum and energy of the particle-hole pair. V(k) is
the Fourier transform of the interaction potential from
Eq. (27). Finally, S](-2)(k,w) is the dynamic structure
factor in the second tube, namely Fourier transform of
the connected two point function <q§2)(x,t)q§2)(0)>c of
density ¢;. In principle, there are also contributions to
the transition rates that involve form-factors with larger
number of particle-hole pairs. As shown in [68] their
contribution is subleading in the momentum transferred
between the tubes and is important at larger time scales.
Importantly, the higher particle-hole processes are re-
sponsible for ultimate thermalization of the system [38].

We consider now an imbalance limit in which density
of particles in the second tube is much larger than in
the first one. In the Boltzmann picture, the evolution
proceeds as a succession of 2-body scatterings. Every
such scattering process has much larger impact on a dis-
tribution in a first tube and instead, the much denser
second tube evolves slowly. In the self-diffusion limit we

assume that it does not evolve at all and distribution pg)

is fixed. The second tube acquires then a role of a bath.
In such case the evolution in the first tube is given by
equation (24) with the transition rate

wh, 1) = VAER)ED )28 (—k, —w),  (31)

If the bath is in a thermal state then its correlation func-
tion obeys the detailed balance relation

S (k,w) = e P8 (—k, ~w). (32)

In the consequence the transition rates obey (25) since
the form-factors are particle-hole symmetric and the sta-
tionary state is thermal. Otherwise, the stationary state
of (24) is athermal.

Note also, that for illustration purposes the derivation
of the collision integral was presented in the case of two
coupled integrable models with density imbalance. How-
ever, the only information that we need of the bath is
its dynamic response function .S 2 Instead, for the de-
scription of the system, its integrability is crucial as it
provides the quasiparticle picture.

This being said, if the bath is in fact integrable, then
a form of a generalized detailed balance holds [81]

S (k,w) = e @M (g 0y, (33)

where Fo(v) = €5(N\)/k5(A) with A fixed by va()\) = v.

This leads then to the stationary state equations

a(A)
k1(A)

= Fa(v1 (). (34)

Upon substituting in this equation the expression for F»
we recover the stationary state equation as presented
in [68] or in Eq. (22) above.

Following [68] let us discuss some specific cases. First,
if we specialize to a thermal state, then €5(\) = Swh(N)
and Fo(v) = Bv. The stationary state of the system is
then thermal with the same inverse temperature 3. The
second special case is when states and Hamiltonians in
both tubes are the same. In this cases the collision inte-
gral (at the 1 particle-hole level) is exactly zero. However,
such situation cannot occur in the self-diffusion problem
since the densities, and therefore states, are different by
construction. Finally, in the Tonks-Girardau limit of the
LL model the dressing is absent. Then the effective veloc-
ities are state independent and equal to hi. The station-
arity condition simplifies to €} 5(A) = €5 o(}). Crucially,
in the Tonks-Girardeau gas the form-factors with larger
number of particle-hole excitations vanish and the ather-
mal states are stationary beyond the small momentum
approximation, due to equal dispersions in both systems.

B. Generalized BBGKY hierarchy

In this section we take a more general perspective on
the integrability breaking and employ recently developed



gBBGKY hierarchy for the dynamics of correlation func-
tions [48]. We specialize to the system described by the
Hamiltonian (26) and assume homogenous states. Impor-
tantly, the interaction potential is assumed to be long-
ranged and given by the form (17). The full hierarchy
is exposed in [48] and involves correlation functions of
all orders. To understand the appearance of athermal
states it is sufficient however to truncate the hierarchy at
the level of two-particle (system-bath) connected correla-
tion function g, x,(x1,z2). Such correlation is sufficient
to capture two-body scattering physics discussed earlier.
Obviously, there are more terms and equations in the hi-
erarchy and they describe effects ultimately leading to
thermalization. However, this will happen on a longer
timescale and we neglect these effects in present discus-
sion. On the level of hierarchy, this means that we have
to deal with three dynamical equations (for the purpose
of this section, we use the notation where index 1 refers to
the system and 2 refers to the bath and quasimomentum
dependence is indicated in lower index)

at/’(xll) = /ded)‘ZV'(lﬂl = 22)0x, xy 2o (T1, 72),

(35)
atpf\zz) = /dxld)\lvl(xl - -%'2)8)\2.9)\17)\2 (%1,%2),
01 gx, 2o (1, T2)+
Ag\ll),'yazlg%M (1‘1, xZ) + Ag\i),fyangkl,'y (:El, I2) =
V/(‘rl B xg) /dIg (aklpg\lgcfz),)@ - a)\zpkzchllzks,) ’
(36)

The hierarchy can be integrated in time, as in stan-
dard derivations of collision kernels from BBGKY hier-
archy [48, 50], leading to coupled equations of the form
of (28). In Appendix B we go through this calculation.
The resulting collision integrals take the Landau form in
the grazing limit. The explicit form is given in (B12).
The resulting collision operator, upon specifying to LL
model exactly agrees with FGR result. The athermal
states featured by it are exactly of the form (22). The
approach of gBBGKY is the most versatile as it cap-
tures both classical and quantum systems. In particular,
it allowed for derivation of collision term for long-range
interacting hard rods, successfully tested against exact
molecular dynamics in [48]. In general, when specified to
classical statistics the resulting collision integral exactly
takes the form of (22) with

WA Ay) = 27 / WKT2R) (K (37)

where V (k) denotes Fourier transform of interaction po-
tential (17). For more details see Appendix B. Note
also that both FGR and gBBGKY predict the scaling
of collision integral as o®. The characteristic relaxation
timescale is thus parametrically long in the inverse of the

integrability breaking parameter 77 ~ a 2.

C. Stochastic velocity swap models

The minimal version of two-particle scattering dynam-
ics corresponds to putting W(X, Ap; A, A)) = v = const
in (19) meaning that all possible scatterings happen at
the same rate. The collision integral simplifies then to

I=y (prf)(/\) - @(b)pp(k)) : (38)

This model can be understood as an adaptation of three-
particle collision model studied in [65, 82] to our con-
text. The proposed model can be efficiently simulated
by imposing stochastic velocity-swapping collisions be-
tween ideal classical gases describing system and bath.
Obviously, the stationary state of (38) is given by (20).

Due to classical statistics, the system displays stan-
dard diffusion equation (1) on large scales. As we would
like to see Burgers equation (2) in molecular dynamics,
we extend this model to fermions interacting with clas-
sical bath, again with a constant collision rate. Master
equations for scattering processes with Pauli blocking is

I:fy/d)\’x

(L= n))AD N pp(N) = (1= nW)A (N )pp()] -

(39)
The model features the following stationary state
(b)
s 1 pp (A
ppt )\) P ( ) (40)

S22 )+ 4

where constant A is fixed by normalization [ dApi(A) =
0. The algorithm which implements classical model as
well as Pauli principle in scatterings is presented in Ap-
pendix C. The models (38) and (39) are introduced
as benchmarks for our effective, hydrodynamic theory,
which can be efficiently simulated. In Fig. 2 we present
numerical simulations of classical version of the model in
homogenous setting, confirming the existence of ather-
mal stationary states as well as the correctness of kinetic
equation (38). The characteristic time scale for relax-
ation behaves as 77 ~ y~!. In the nearly-integrable
regime it is thus again expected to be parametrically
large.

IV. HYDRODYNAMIC EQUATION

The effective hydrodynamic equation is obtained using
the ChE method known from the kinetic theory [49]. Be-
fore going into the details of the method, let us start with
summarizing the most important results of this section.

The equation for density o(z,t) which we find on large
scales in the most general case takes the form (2). Ex-
pressions for the advective coefficient u(p), related to the
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FIG. 2. Relaxation dynamics of kinetic energy per particle
e(t) in classical stochastic velocity swap model. The molecular
simulation agrees very well with solution of kinetic equation
(38). Inset: initial and final distributions of velocities. Solid
lines are analytical distributions, in particular the microscopic
final state agrees very well with analytical prediction (20).
We consider homogenous system of N = 1600 particles with
0 =1,0® = 100 and with v = 0.001. The initial system
state is thermal with temperature 7' = 0.08, whereas the bath
system state is asymmetric Bragg-split state given by pl(ab) x
e~ AFAB)?/0% | pe=(A-AB)?/0% Gith o = 0.2, Ap = 0.4 and
b = 0.5. The results were averaged over 1000 realizations.

local center-of-mass velocity of the system, and the dif-
fusion coeflicient D(p) are

t
Ipy,

Here a(),p) is a solution to the ChE equation de-
tailed below. The parameter u(p) vanishes for parity-
symmetric stationary states p;t, leading to diffusion equa-
tion (1). For parity-asymmetric state p3', which cannot
be brought to symmetric states by Galilean boost, there
are two cases. For classical statistics of system particles,
u(p) = const and it can be removed through boost. For
quantum statistics, u(p) is density-dependent, leading to
Burgers equation.

We move now to the ChE method. In papers [60, 61]
similar computation is performed for nearly-integrable
system with total number of particles, momentum and
energy conserved. At the foundations of the ChE method
lies the separation of scales between the microscopic col-
lision integral relaxation time 77 and macroscopic relax-
ation due to 9, (vpp pp) ,02(®,0,pp) terms in the GHD
equation. The separation of scales gives us a suitable
small parameter in which various quantities can be ex-
panded. To accommodate the GHD diffusion in the (per-
turbative) ChE method we must additionally assume sep-
aration between characteristic spatial scale of the GHD

D(o) = f/d)\hla()\, o). (41)

diffusion and the characteristic spatial scale of p, [61].
More precisely, we demand

07 = (rz{v))/ty < 1,

where ¢}, is hydrodynamic length characterizing spatial
variations of p, and (v) is the characteristic velocity of
the state p,. By fmic we denoted characteristic spatial
scale of the GHD diffusion process. The introduced small
parameters d7,dp are called ChE parameters. In classi-
cal kinetic theory 7 is known as Knudsen number. For
more discussion on the second ChE parameter we refer to
[61]. Another important aspect of the ChE method is the
assumption, that time enter p, only implicitly through
the time-dependence of conserved charge, i.e.,

PNz, t) = pp (N, @, 0(x,1)) .

Solution to GHD-Boltzmann equation satisfying this con-
dition is called a normal solution.

bo o= bie/ln < 1, (42)

(43)

A. Evaluation of ChE procedure

We start by integrating the GHD-Boltzmann equation
over d\. As a result, we find the continuity equation for
density

Oro + 81.7/) =0, (44)
with the following particle current
Jp = /d)\ Up Pp = /d)\ hi pp, (45)

where in the second equality we used that, for a Galilean
invariant system, v, satisfies integral equation (11), sup-
plemented with a fact that 7(X) is symmetric [60]. In
obtaining (44) we also used the Markovian property of
diffusion matrix, discussed in Appendix D 1. Obviously,
at this point (44) is not closed as the current depends
on the whole distribution p,. To make some progress we
have to take advantage of smallness of ChE parameters.

To see how ChE parameters (42) appear in the GHD-
Boltzmann equation (15) we introduce dimensionless
variables [49, 60, 61] ¢ = t/m, and & = z/f;, where
7 = fn/{v) is the characteristic hydrodynamic time
scale. In the new variables equation (15) takes the form

o

where 7, = v,/(v), D, = D,/(lmic (v)) and T = 77T
are respectively velocity, diffusion operator and collision
integral in the natural units. In what follows we drop -
symbols from the notation and keep § parameters. After
truncating to a given order, we will restore the original
units. Since we assumed p;, to have the normal form (43)
we can use the particle conservation law (44) to write the
equation above without explicit time dependence:
dp

0o 1
anG + 05 (Vppp) = 78z (Dp0zpp) + Ez[pp}'

B 5 _ 1 -
Ogpp + Oz (Up Pp) = 7985 (gpafpp) + ;I['Dp]’ (46)

(47)



In the equation above we introduced function G(z, p) =
—0zJp, such that the continuity equation (44) becomes

Oro = G(z, 0). (48)

Solution of the ChE procedure will determine G(z, ) in
terms of p thus closing the equation.

Next we proceed with expansion in small ChE parame-
ters (42). According to the usual scheme, we expand the
density p, and G in the two ChE parameters [49] and
expand

o= A7 0r 5%,

4,5=0

G= Z GO 5L, (49)

4,7=0

with GG-J) = — f dA hq 8xp§,m). For notational clarity we
introduce symbol O(6™) to mean all O(d% &%) contribu-
tions such that ¢ + 7 =n, ¢ > —1, j > 0. This notation
becomes handy later.

In order to solve (47) perturbatively in ChE parame-
ters we also have to expand Z[pp], v,, and ®, in terms
of ChE parameters. Proceeding in analogy to (49) we
denote expansion coefficients as Z(7), v(©9) and D),
Since they are all functionals of p, we need to relate
each of them with p}()” ). This can be done by perform-
ing functional Taylor expansion of Z(+7) ¢(43) and D7)

0,0) . (0,0)
around py, ", since pp
in the expansion of py,.

Finally, and contrary to other quantities, we do not
expand the conserved density p. Since the only quantity
of order unity in expansion of pj, is p}(go,o)
to be consistent we require [49]

0= /dApg”O% O:/d)\pl(j’j) for i,j #0. (50)

These are the constitutive relations that uniquely deter-
(6,7)
p .

is the only factor of order unity

, for the theory

mine p

B. Euler scale

At the leading order O (07'), the GHD-Boltzmann
equation (15) simplifies to

o] = o. (51)

This condition fixes a state in each fluid cell to be sta-
tionary state of collision operator. From now on, we
will denote the stationary state pl()o,o) as ,of)t. In the
present context, we assume that the stationary states are
parametrized by their density. Therefore, equation (51)
has a family of solutions pif (A, 0) where ¢ = [ dAp?'.

To find the Euler scale equations we recall that the den-
sity o varies in space and the quasiparticle distribution
is given by p**(X, o(z,t)). We can evaluate now the lead-
ing contribution to G thus closing the continuity equa-
tion (48). We have

G(O’O) = — /d)\ h1 amp;t = —udzo, (52)

where we used the chain rule and introduced

apst
u= [ d\h;—=2. 53
/ e (53)
Changing variables to the original, dimensionful, ones we
arrive at the Euler-scale evolution equation

Ot + u(0)0z0 = 0. (54)

Let us now gain some intuition on the advective co-
efficient u. First of all, it can be shown that under the
Galilean boost with velocity w, it transforms indeed as
velocity: u — u + w (see Appendix D 3). This renders
the Euler-scale equation Galilean invariant as it should
be.

Furthermore, for parity-symmetric states (this includes
thermal states) u = 0. This follows from the observations
that the derivative can be taken in front of the integral
and that the first moment of a symmetric distribution is
0. A Galilean boost makes the first moment finite but
density independent. Therefore, for standard collision
integral with only thermal stationary term there is no
dynamics at the Euler scale. A result known from the
standard kinetic theory. However, for non-thermal sta-
tionary states u can be non-zero. This requires the sta-
tionary state to be asymmetric in A and this asymmetry
cannot be removable by a boost. Let us also note that
even though it might be not evident at the first sight,
equation (54) does have a structure of continuity equa-
tion for the particle density. This is seen most clearly
when the term u(p)0,p is rewritten as

u(0)0z0 = Oy </ d)\hlp;t(xa)\)> = 8“‘?111. (55)

C. Diffusive scale

Let us now turn to finding the first-order contribution
to (47). There will be two contributions at order §° from
the collision integral

1

)
_ st . | ,(1,0) D (0,1)
5IZ[pp] =T [pp + 5 Pp } + 0O(9), (56)

where we introduced linear operator

e 0T

= (57)

st
Pp

At the same time the GHD diffusion does not contribute
at this order. This gives then two equations

] 6pst 6 <UStpSt)
st ,(1,0) — (0,0)
Py 90 GOV — (58)
r=t. pl0 = 0. (59)



The second equation implies that p(®1) is in the kernel
of I**. This implies that p(®>Y = 0, due to constitutive
relations. We are left with the equation for p(10). We
substitute for G(®% and use the chain rule in the last
term to obtain

95 Do

st (1,0) st
e (A% —u) o Oz’

(60)

where we used that the hydrodynamic matrix A = BC~!
obeys §(vp,) = A-dp, [83]. The integral equation (60)
is simplified by the following ansatz

PO, o)) = a(), o(x))dso. (61)

The resulting equation, free of explicit space-time depen-
dence, is then

oy

I a= (A" —u) - B0 (62)

The constitutive relation (50) additionally implies

/d)\ a(), 0) =0. (63)

The resulting contribution to the hydrodynamic equa-
tion is G190 = 9, (D(0)d,0) where we defined the diffu-
sion coefficient

D(o) =~ [ dAmWalr, o). (64)

By combining the Euler scale equation with the contribu-
tion from the diffusive scale, we finally obtain the Burg-
ers (2). The diffusion coefficient D(p) is invariant under
the Galilean transformations, see Appendix D 3. Note
that there is no contribution from the diffusion present
in the GHD as G(%Y = 0. We also mention that the
diffusion coefficient in general scales as the characteris-
tic timescale of Z, namely D ~ 77. This concludes the
derivation of the hydrodynamic equation for density.

With the characteristic scaling D ~ 77 we can say
something general about the typical regimes in the de-
rived Burgers equation. For this purpose, one can define
the so-called effective Péclet number, which is the ratio
between the non-linear advective and the diffusive trans-
port rates

(65)

where (D) is a typical value of the diffusion coefficient and
Auw is a characteristic variation of advective coefficient.
Even though the diffusion is large, our hydrodynamic
equation is derived on length scales I, > 77(v), cf. (42).
Therefore, the relevant regime is the one of high Péclet
numbers, where shock formation is dominant.

10
V. APPLICATIONS

In the following section we apply the ChE formalism to
coupled Bose gases, stochastic velocity swap models and
to the so-called relaxation time approximation of collision
operator.

A. Relaxation time for two tubes system

We turn now to a more detailed picture of the collision
integral which arises in a quasi-1D systems of two 1D
gases that are coupled with a density-density interaction.
In the density imbalance limit, as discussed in Section IIT,
the collision integral Z[p;,] in the minority tube, assumed
to be tube 1, is given by the Master equation (24). The
dynamic structure factor of the bath tube is given by [38]

887 () = (2:)? [ xdupf? ()64 1)
< 12, 0) B8k = ko (O 1)0(w = wa (A, ).

In the density imbalance limit evolution of the environ-

mental tube is frozen i.e., 8tp§,2) = Igl[pg),pg)] ~ 0.

Therefore we are free to choose péz) to be any stationary
state. We will denote the state in the environmental tube

as pg)) and will refer to the particle density in the evolving

(66)

tube pl(Dl) simply as pp. Let us assume that (homogenous)
state of the system tube is close to a stationary state

P = Py + Opp, (67)
where p satisfies Zy5[p5] = 0. In such setup, evolution
of the system tube can be approximated as

9 (6pp)

ot =T 5ppa (68)

where

b
_ 0Tus[py. o]

Fst
5101) Pp :p;t

(69)

Detailed computation of I'S' is presented in the ap-
pendix E. Given that Z;5 has only one collision invari-
ant, operator I'** has exactly one left null vector, cor-
responding to the conservation of the number of par-
ticles, see (16). Denoting eigenvalues as -; we have
0= > = 72 > .... Except for the non-decaying
zeroth mode, each eigenmode of I'S* will decay with the
characteristic time 1/|v;|. The characteristic relaxation
time can be identified with a gap between zero mode and
smallest non-zero eigenvalue of I'S* [39)].

TR = 77 1. (70)

Numerical estimation of the relaxation time is discussed
in the Appendix F. This gives a conservative thermali-
sation scale and observables that do not couple to the
slowest decaying charge will thermalise at faster rate.



B. Relaxation Time Approximation

Given the complex nature of the collision integral, to be
able to say more about the evolution without restricting
to the specific system we need to make some approxima-
tion. One of the simplest approximation to apply is the
RTA [39]. It amounts to the following approximation of
collision integral

I[/’p] ~ Tlg%A (p;t [Pp] - Pp) ) (71)

where multiplication by TngA enforces relaxation at
proper time scale. We only consider the case when the re-
laxation time is independent of p. In the equation above
p;t is a stationary state towards which p;, evolves. If the
only non-trivially conserved charge is the total number
of particle then pf' is related to py, via [ dXp%' = [dA .
This relation makes p;t [pp) highly non-linear functional
of pp [39]. Our ultimate goal in this section is to compute
the diffusion coefficient (64) for the collision integral in
the relaxation time approximation. First thing to do is
to compute linearized collision integral (57):

) st
A (ppho - 1) 7 (72)

TRTA do

where 1 is the identity operator represented by the Dirac
o-function. Because of the constitutive relation (63), ac-
tion of I on a is especially simple

st .q=— a, (73)
TRTA
since
Ipy'(N)
o 2 [ duto(at) =o. (74)
0
The integral equation is now simple to solve,
apst

a = trra (A —u) - —2. 75
s (47 =) - 7" )

By direct computations one can check that the consti-
tutive relation (63) is fulfilled. The resulting diffusion
coefficient is

Do) = mons ([ amonat- 22 ). (7o

This formula can be rewritten in terms of the momentum
current

i = [ AR ) (77)

Computing the derivative of j; with respect to the den-
sity we find

Ojr A(v(\)py
D _/dAhl(A) 5

oy .

_ / AN () A
(78)
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Hence the diffusion coefficient is

i
Drra = 7 —— —u?). 79
RTA = TRTA ( 90 (79)

In a thermal state u = 0 and the momentum current is
equal to the thermodynamic pressure. The derivative of
pressure is computed at fixed temperature which relates
it to the isothermal compressibility 7 such that

T 1 oP
D%}’]I‘A = RTA7 -— =0 <> 5 (80)
T

OKT KT do

where P is the 1D pressure. The diffusion coefficient
DL, is positive since k7 > 0 reflecting the stability of
thermal equilibrium.

In the upper part of Fig. 3 we present comparison of
the diffusion coefficient computed in the RTA with the
diffusion coefficient computed using the full collision in-
tegral for the two (Lieb-Liniger) tubes system [84]. For
more detailed description of the numerical procedure we
refer to the Appendix F. For the analyzed system we
observe that RTA gives a good approximation of the dif-
fusion coefficient. In the lower panel figure 3 we present
numerically-computed v for the bath tube in an asym-
metric Bragg-split state, i.e., state of the form

P (A) o pt (A 4+ Ap) + o' (A = Ap),  (81)

where pi is a Gibbs thermal state, b € [0,1] is an asym-

metry parameter and Ap fixes the peak separation. Nu-
merically computing «’, we find that its value varies over
several orders of magnitude, depending on the environ-
mental tube’s state. We find that «’' attains the largest
values in the regime of low temperatures, with A\, being
slightly smaller than (width of p)/2, meaning that left
and right peaks minimally overlap with each other.

Let us now present a qualitative way of deriving the dif-
fusion coefficient for a classical thermal case. Suppose we
have a viscous stationary fluid. A slowly moving particle
experiences then a Stokes drag F; = —( u where u is the
particle’s velocity and ( is friction. Under such assump-
tion the total force acting on the particle is F' = F), + Fy,
where F,, = —a 0, P is a force exerted by the pressure
gradient on a particle of size (length) a. The net force F
will cause the particle to accelerate towards the terminal
velocity fixed by the condition F' = 0. Thus, assuming
the particle to reach the terminal velocity quickly, we
get a relation between velocity of the particle and the
pressure gradient

u= —@a—P. (82)
¢ Ox
Conservation of the total number of particles leads to the
continuity equation % + 02 (ou) = 0. Using the relation
between u and the pressure gradient and assuming that
each fluid cell is in a thermal state with fixed temperature
and locally varying density we obtain

%0 (moroo)

ot 0z \ ¢ o oz =0, (83)
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FIG. 3. Transport coefficients in the coupled LL models in
the Tonks-Girardeau limit. Panel (a): comparison of diffusion
coefficient stemming from RTA with non-approximated diffu-
sion for the two-tubes system in a thermal state (T" = 4.0).
In the panels (b) and (c) we show the Burgers parame-
ter v = Drra/u’ for a system in asymmetric Bragg-split
state (81). In (b) we present a system in a small temperature
(T = 1.0), with asymmetry b = 9 with the peak separation
As = 3.9 chosen in a way so that they overlap over a small
region in A. For (c), we increased the temperature (" = 10.0),
simultaneously increasing peak separation to Ag = 8.0 with
the same b = 9.

from which the diffusion coefficient can be read off. Com-
paring with the result of the ChE theory within the RTA
we find the relation between the friction and the relax-
ation time given by Tpra = % This provides a way
to estimate the relaxation time from the kinematics of a
single particle.

C. Stochastic velocity swap models

In this section we analytically compute diffusion coef-
ficient D(p) along with u(g) for the velocity swap model
of classical and fermionic particles. We can treat both
cases at the same time by introducing x which is x =0
for classical particles and xy = 1 for fermions. We begin
by introducing pseudoenergy functions

()
€ = log ,
n

First, let us find the stationary states. To this end we
write the collision integrals (38) and (39) in a convenient
form

e® = —log(n®). (84)

Tlop) (V) = / V(1 = (M)A (V) pp(N)

(85)
o« (66()\)_6(/\/)_(5(2:)()\)_e(b)()\/)) _ 1) .
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The condition fixing the stationary state gives a simple
relation between pseudo-energies

(A = e®(\) + log A, (86)

where A is some positive constant. From (84) we recover
the stationary states (40) and (20). The constant A = 5
is fixed by the condition o= [dX Jos t(\). Tt follows that

for a fixed state p , A is a function of p only and so

apb;(: -0) 6[)"6(2 4) dA . By a direct computation we get
8p5t()\ A) . .
—ar = AT AWM=t (). (87)

Similarly g—g = —A"1 (holho),,, where we defined

(01)g; = /d/\pif(k)(l —xn™ (V) dNP(N).  (88)

Therefore we get

o) ANt
8@ (h0|h0)st
It follows that for the analyzed system u is given by
(halho)
u(p) = ——20. 90
(0) (holfo).s (90)
In similar manner we find
h _ st
(o) = M e (o)

(holho)2,

Now we turn to computing the diffusion coefficient. To
do this we need to solve the linear integral equation (62).
Before proceeding let us note that for the considered sys-
tem v**(\) = X and we can identify A = X. Thus the
equation we need to solve is

5T _ (A —w)pZ (N1 — xn® ()\))

— . a = 92
Opp |p3t (holho)y 92)
We proceed by writing
0T
—| de= /d>\’1 7%t (X)) p® (X)) pp (A
5e | gl (1= xn™(X))pp” (N)pp(A) (93)

X [de(N) — de(N)],

where we used that for a stationary state equation (86)
is satisfied. From the definition (84) it follows that
dpp = —pp(1 — xn)de, which can be checked by a direct
calculation. Introducing

(holho)y, a(N)
PR A) (1 = xnt(N))

the integral equation becomes

b = — (94)

[N (00 bY) ~ b)) = ()13,
(95)
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FIG. 4. Diffusion (panels (a) and (b)) and advective (panels
(c),(d)) coefficients as a function of density g for the stochastic
velocity swap models coupled to the classical bath. The bath
is in the same state as in Fig. 5 and the collsion rate v = 0.08
is the same as well. Note that fermionic statstics make both
diffusion and advective coefficients density-dependent. This
has important consequences for the dynamics as visible in

Fig. 5(d).

To solve the equation we differentiate both sides over A

1
(ho oy /Plsgt) «

/

b'(\) = (A=u) (1 =xn*(N))", (96)

and so
A—u) (1 —xn*"(N\) - C
(®) ) s
(h0|pp /ppt)st

with C being some constant.
To fix the constant we use the relation (63), which gives

b(A) = ; (97)

(A7u|1fxn“)

st st
(A=) (1 =xn"(N) = “—omors

(ho|ﬂ§>b)/0§f)5t

Let us now verify that the obtained solution indeed solves
the integral equation. Plugging it into (95) we find that
the equation has a solution iff

b(\) = (98)

/d)\/(l - XnSt()\'))pl()b)(X) (N —u) (1 - XnSt()\')) =0.

(99)
To see why the equation above is always satisfied, note
that for a stationary state

(1= xn* (V)pP (X) = An** (X,

which follows from the definition (84) and (86). Thus the
solvability condition is equivalent to (hy — u|ho),, = 0,

(100)
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which coincides with the definition of u, hence the solu-
tion we have found is the correct solution of (95). Having
solved for b()), we compute the diffusion coefficient us-
ing (64) which, after some algebraic manipulations, gives
us

1 (o)
Po= g (holho) <ho|P§>b)//’§f)St. ton

For the classical particles y = 0 and the relation between
the bath state and a stationary state is especially simple
and given by (20). The convection velocity function ()
simplifies to

1
u = PO} /d)\)\pg’)(}\) = const, (102)

and the diffusion coefficient is

D= % /dA(A —u)?pP)(\) = const.  (103)
~y (Q(b))

Hence, performing a boost to remove the convective term,
the general Burgers-diffusion (2) equation reduces to the
ordinary linear diffusion equation

dro = DI2p. (104)
For péb) being a boosted thermal state with pseudo energy
e® = Bu® + khi(\) + B ha(N), the diffusion coefficient
reads

T

In Fig. 4 we present the transport coefficient computed
for classical and fermionic particles for the p(®) being an
asymmetric Bragg-split state.

VI. NUMERICAL SIMULATIONS

We consider now molecular dynamics of the stochastic
velocity swap models to check the hydrodynamic theory
for both classical and fermionic particles. Both cases
can be simulated efficiently and on the level of kinetic
equation description, they are given by (38) and (39).

In the simulation, particles are initialized such that the
initial distribution of velocities is given by

() o = (AFAB)?/0% | po—(A=2n)?/o*

o (106)

with ¢ = 6, Ap = 5.9 and b = 1 for symmetric states
and b = 0.3 for asymmetric states. The particles propa-
gate freely and occasionally undergo two-body collisions
with the bath. A collision amounts to velocity swap be-
tween system and a bath. When particles are classical
and collisions happen at a constant rate the correspond-
ing Master equation is precisely (38). Since the rate does
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FIG. 5. Molecular dynamics simulations for velocity swap models (7 = 0.08, ¢®® = 50.0, N = 1600) with initial states given
by (106). We observe an excellent agreement between numerical simulations (histograms) and hydrodynamic equation (2)
derived through ChE method (solid lines) for all cases. For symmetric states in bath system, cf. panels (a,b), both systems are
described by diffusion equation (1). Upon introducing the asymmetry, the classical system is described by boosted diffusion
equation, see panel (c¢). On the other hand, the fermionic model exhibits Burgers equation (2) dynamics, as visible in the
dynamically generated asymmetry in the initially Gaussian shape, cf. panel (d). Results from microscopic simulations were

averaged over 1000 realizations.

not depend on the state of the system, such collisions
can be efficiently implemented with standard Gillespie
algorithm [85]. The more complicated case is the simula-
tion of fermionic kinetic equation given by (39). There,
we partition the system into fluid cells and propose an
algorithm, which effectively incorporates the Pauli prin-
ciple into the collisions. Algorithms for both cases are
discussed in Appendix C

The results are presented in Fig. 5. A very good agree-
ment is found between molecular simulations and hydro-
dynamic equation (2). Depending on symmetry of the
state (or lack thereof) and particle statistics, we find
that numerical results excellently agree with diffusion
equation (1) and with Burgers equation (2) for fermionic
model with parity-asymmetric state.

Burgers equation in 1D is well-known for its break-
down of diffusive behavior in hydrodynamic two-point
functions of the density field [86] close to homogenous
equilibrium state. From this perspective, it is interesting
to note that (finite) diffusion constant computed from ki-
netic theory is relevant for description of the numerics in
our highly inhomogenous setting.

In the simulation, we used a Gaussian initial profile
0= ghe_(’”/l”f, with o, =~ 2.1 and I, = 400. For the
values of p attained during the simulation (Au) =~ 2 and

(D) ~ 20. The corresponding Péclet number is

Pe = 40, (107)
and signatures of shock formation are observed in the
simulation, see Fig. 5(d). Note that due to u'(g) < 0 (cf.
Fig. 4(d)), a shock is formed at the trailing edge of the
density profile.

VII. SUMMARY AND DISCUSSION

In this work, we have considered a canonical problem
of diffusion in which a minority species undergoes an ir-
reversible motion due to coupling to the majority species,
whose dynamics is not monitored and which, as is cus-
tomary to assume, is in a spatially homogenous state.
Due to the conservation of particle number of the mi-
nority species, its density obeys a continuity equation.
In the standard situation of classical particles this conti-
nuity equation leads to a (possibly non-linear) diffusion
equation. In this work we have identified the conditions
under which the density follows instead the Burgers equa-
tion.

The two sufficient conditions are: a) athermal and
parity-asymmetric state of the majority species (bath)
and b) quantum statistics of minority species (system).



We have demonstrated that these two conditions are
fulfilled for effective dynamics of nearly-integrable cou-
pled gases. In such scenario, the integrability naturally
makes athermal states possible. We have provided a ki-
netic explanation for appearance of such athermal states
through limitations of two-body scattering in 1D. In our
approach, we assume a large density imbalance between
the two gases allowing for a separation of timescales be-
tween the slow dynamics in the dense tube (bath) and
fast dynamics in the dilute tube (system). Starting from
the GHD-Boltzmann description, we have derived an ef-
fective hydrodynamic equation for the density of the sys-
tem particles (minority species). We have shown that the
resulting equations become a standard diffusion equation
when the bath is in a thermal state. Instead, for athermal
state of a bath we obtain Burgers equation. Our method
provides also expressions for transport coefficients: ad-
vective coefficient u(g) and diffusion constant D(p).

To unravel the essential ingredients leading to the
Burgers equation we have considered also a simple
stochastic model of two-particle scatterings between sys-
tem and the bath. We observed an excellent agreement
between microscopic numerical simulations and hydro-
dynamics derived from kinetic equation describing such
random scattering events.

Lastly, let us discuss the features of the hydrodynamic
density-density correlation function, which is a natural
object appearing in the literature on 1D Burgers equa-
tion [86]. This is because under the presence of ballistic
mode with a nonlinear current, the correlation function
is expected to exhibit a breakdown of diffusive behavior
at the largest scales [24]. Close to the integrability, we
generically expect large diffusion constants, which push
away the anomalous broadening to very large space-time
scales. In this sense, we expect a scenario similar to
the one analyzed in the context of Navier-Stokes equa-
tions [60]. We provide an analysis of the hydrodynamic
correlation function along the lines of [60] in the Ap-
pendix G. We also note that one has to be careful when
looking at asymptotically large scales in models with
(late-time) thermalization channels. There are three-
particle (and higher) collision processes, which provide
a mechanism for thermalization at late times, assuming
that the density of the bath is finite. This leads ulti-
mately to the breakdown of Burgers equation. We plan
to investigate the interesting problem of two-point func-
tions using the models studied here in the future.
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Appendix A: Grazing limit of the collision
integral (19)

In this Appendix we formalize the grazing limit intro-
duced in Sec. III. Our starting point is collision integral
(19). We introduce new variables under the integral

AN
2

and similarly we define a3 and ;. Note that the pa-
rameters «a, op are nothing else but changes of momenta
of system (bath) particles that take part in a collision
process X 4+ A} — A+ Ap. The collision rate becomes

[0 ap @ Qp
W % Py @y %)

¥+ 5 Y+ 5 0 D) T B
and the grazing limit is easiest to formulate when the
expression above is viewed as a function of a and «y.
We essentially assume that it is localized in the region
where both «, a; are small as compared to typical range

a=XA—N, (A1)

(A2)

of variation of states p, and p,(,b). This allows for per-
forming expansions in «,a; in other terms, that enter
the integral. For convenience, we rewrite the collision
integral into the form

Zppl(n) = /d)‘d)‘/d)‘bd)‘@‘s(ﬂ — MW, s X, A x

(k)8 (w)pp(N)pP (A)
(exp [e(A) + en(Np) — €(N) — (X)) — 1),
(A3)

For instance, the momentum conservation becomes

K (v)a + ky(y)ap =0 (A4)

and similarly for energy and expression with pseudoen-
ergies. This yields

6 (v(7) = 0y(1)) 8 (0 + a2
|l k! () K ()

We also expand 6 (u—y—%) = 0(u—)—0,0(u—v)§+- . ..
Moreover, we assume that the rate (A2) is symmetric
function of v and thus the first term in the expansion of
Dirac delta vanishes. We define
7 1 o
W) = pvarr [ day x
0 = w42
a k() a K () )
Wlvy+ - m—a7757y— 5.+
@ 2T R T 2T R )
and find that the collision integral indeed takes the
form (21) upon truncating the Dirac delta expansion af-
ter the second term.

5(k)5(w) = (A5)

(A6)

Appendix B: Derivation of collision operator from

GBBGKY hierarchy

The following section is based heavily on formalism
and notation introduced in [48], especially on the part



related to many-tube systems. Thus, for the purpose of
clearer presentation in this section we change the nota-
tion slightly. The quasimomentum dependence will be
denoted in lower index and we introduce rotation matri-
ces R =1—"Tn. We also denote Axipe = R;ltﬁyvﬂyl%t7 As
and Cy, z, = R)\1 APy AR A . The upper indices (z) de-
note tube index. To system tube we will refer to with
index (1), bath tube will be denoted with (2). Einstein
summation convention will be assumed in integration
over repeated quasimomenta. We start with the following
set of equations:

atp(l) /d.’EQd)\QV/(xl - x?)a/\1g)\1,)\2 (.%'1, 1'2)
(B1)
o p(2) /dxld)\ﬂ/'(xl — 22)O, 90, 2o (71, T2)

Ogri ns (T1, T2)+
1
‘Ag\l);yawl Gy, 22 ("Tlv 1‘2) + A)\g)'yawzghw(xl? x2) =

V(s az) [ dha (on00C, - orsct),)

(B2)
We consider homogenous system with z = 21 — 22
aipl) = / dzdXa V' (2)Dx, 9ay 20 (2)
(B3)

a p(2) /dszlv/(Z)a)\gg)q,kz (Z)

atg)q,)\z + az (Ag\ll)ﬁg’y,)\z - Ag\?,»yg)q,’y) = S)xl,)\Q (B4)

with source term

Suxn =V (z)/d)\g aMp“)c(?)ks ) 2‘0(2)C£\11)>\3)
(B5)
|

To(n) = (2 [ arV2(0) [ ar [ e o RO, (RO, [ (0000,

Where by pf\’iz) we denoted total density of states in tube 2. We proceed by using [78] fooc dre’
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To make progress with (B4) we rotate to normal modes
of GHD as

9x1,0e = (R(l)) (R(Q))/\z "/2g’71 Y29 (BG)

which leads to (below we define vy, », := vg\ll) vf\i))

OtGrine + UM 200200 00 = 5/\1,/\z~ (B7)

This equation is a linear equation with a source term,
thus it can be solved easily. The Green’s function is

iﬂ' /dk eik(z—}—z’—vkly)?t)eH(t _ tl)

(B8)
The solution is

G (2,258t =

with 6y denoting Heaviside function.
given by

g)\ly)\z(z’t) :/dzldtlg/\h)\z(zaZ/;t7t/)g)\1,A2(zlvt,)'
(B9)

¢ dk
2)\—t
memﬂwfgfw&

BV S, o)t~ 7).

(B10)
In the next step we plug this expression into (B3),
and perform the standard approximations used in such
derivations [78], related to separations of scales. In prac-
tice replace the time argument of S, ,,[p](#',t — ) with
t and extend the integration range over 7 to infinity. We
also insert momentum representations of interaction po-
tential V(z) = [ dke™V (k) and use the property that
S d)\R)w = 27rp7 After all these steps we find the colli-
sion integral

After rotating back we get

Ianalpl(zt) = (RS

eik(z+z/*v'vlwz7') (R(l))fn

a0l =Z(\1), () =0, (R, To(n)] |
(B11)
where
- an2p’72)c7(7}273) .
(B12)

= = o)+ iP(L),

where the second term is the principal value, which vanishes as the integrand is a symmetric function in k. In what
follows we also use that [48] [dA2Cx, \, = QWR;f’,yp.yf,Ypfy and ng&yppy = —pafr0xrex. We get

To(M) = —272 / dk|k|V?(k) / A28 (va 0,) (K (A2))2 S 10 0 £ ( N T R Og) N
2

In the end we find collision integral which has essentially exactly the same stationary state (22) as the one found in

the grazing limit of collision integral (19).

Appendix C: Molecular dynamics simulation
algorithm

The classical system with collision integral given
by (38) can be simulated fairly easy with a standard im-

plementation of Gillespie algorithm [85]. The fermionic



case (39) is more complicated due to Fermi exclusion
principle, which we want to somehow model using dy-
namics of classical particles. We thus wish to construct
a classical model for which the dynamics in phase-space
would be described by kinetic equation (39). Our ap-
proach will turn out to be more general and cover both
classical and fermionic case.

To account for spatial locality of the collision inte-
gral (95) we begin by dividing the system into sufficiently
small cells of equal length and consider each cell as a sep-
arate system, while allowing the particles to flow between
different cells. In the molecular dynamics simulation for
the velocity-swap models we only scatter system particles
with heat bath particles. For the classical case, we have
no restriction on the momenta of the scattered particles,
so number of such collisions in each cell per unit time
(rate) is

v N - Nbath

r= L/(Number of cells)’

(C1)

where N and Ny, are respectively number of system
particles and number of bath particles in the cell and L
is total length of the system. In the fermionic case we
need to account for the Pauli exclusion principle, which
prohibits scattering if we already have a particle with the
same (outgoing) momentum. Consequently, scattering
rate needs to be modified for fermions:

_ v N - |{Ub,i ¢ ‘/system NS {17 ---aNbath}}‘

R L/(Number of cells) ’

(C2)

where by Viystem We understand set of velocities of system
particles in the cell and vy, ; denotes velocity of i-th bath
particle in the cell. For fermions we need to be careful,
as dividing the system into cells we ran into a situation
where the ballistic propagation of a particle can cause
the exclusion principle to be violated. For the simulation
presented in this paper, we resolve this problem by arti-
ficially scattering particles violating the exclusion princi-
ple with the particles from the bath. For the parameters
used for the simulation presented in Fig. 5, the described
situation is rare and we observed that no matter how
this issue is resolved, density profiles do not change sig-
nificantly.

In the simulations shown in Fig. 5 we performed the
following variation of discrete step Monte Carlo algo-
rithm [87] with a fixed time step, which we denote At:

1. Segregate all system particles into cells of equal
size.

2. For each cell:

(a) Compute rate R.

(b) If we find exclusion principle to be violated
(due to particle streaming), we scatter dupli-
cates with the particles from the bath, so that
there are no two particles with the same ve-
locity in each cell.
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(c) Draw a random number from 0 to 1. If R- At
is greater then the drawn number, go to next
cell.

(d) Otherwise, randomly choose system particle
and bath particle in the cell and set the mo-
mentum of the system particle to the momen-
tum of the bath particle.

3. Ballistically propagate system particles by a time
At and go to the step 1.

Appendix D: Additional formulas and derivations

In this Appendix we present additional computations
showing: Markovianity of the GHD diffusion operator,
existence and uniqueness of the solution to the ChE equa-
tion and verify that parameter u transforms as a veloc-
ity while the diffusion coefficient is invariant under the
Galilean transformations.

1. Diffusion operator and its Markovianity

We recall here the result of showing the GHD diffusion
operator to be Markovian [52], namely

/d)\fgp()\,)\’) = 0. (D1)

The GHD diffusion operator is [53, 88]
D,=1-nT)  p7'D,p; (1 —nT), (D2)
D,MN) =8\ =X)w\) = W\ N), (D3)

with

W) = o)) (TN [0,(0) = v, (V)]
(D4)

and w(A) = [dNW(N,\). We note that the operator
(L —nT)~! implements dressing dr when acting to the
left,

fr=f-@-nT)"" (D5)

Relation (D1) follows from the fact that 2mpioy =
(ho)?r. This gives

1 -
%/d)@p()\,)\/) = /d)\ (@,Jpgl(l — nT)) (AN,
(D6)
and the latter integral vanishes because of the structure
of ®,(A\,N).



2. Existence and uniqueness of the diffusion
coefficient

The diffusion coefficient is expressed by the solution to
the integral equation (62). We show here that the solu-
tion to this equation exists and is unique. This follows
from the standard result in the theory of linear integral
equations which we now recall following [49].

The equation in question is a linear inhomogeneous
integral equation of the form

L-a=b. (D7)

Let us assume that L is hermitian. The solution to such
equation exists if b is orthogonal to all solutions ¢; of the
homogeneous equation

L-¢;=0. (D8)

In the present context, there is only one solution,
¢ = const, to the homogeneous equation I'S* - ¢ = 0.
It corresponds to the single conserved quantity, that is
the particle number. Therefore, we need to check that

apst
1- 4% 22—y, D9
= (D9)
where we used that
apst ag
1- _'p = — =1. DlO
90~ 0o (D10)

From the definitions of the hydrodynamic operator A and
the effective velocity we have

LA = (1), - (L= nT) =y = by (D1)

In the second equality we used that v, = (k)4 /(h})¥
and that (1—nT) removes the dressing from the function
that it acts upon. Recalling the definition (53) of u we
confirm the sought after relation. This proves that if the
operator I'** is hermitian then there is always a solution
to the equation specifying the diffusion coefficient. The
operators I'S* obtained from the Fermi’s golden rule or
from RTA are hermitian which concludes the existence
part of the proof.

The constitutive relation (63) guarantees the unique-
ness of the solution by removing from the space of solu-
tions cases that differ by the kernel of I'S'.

3. Galilean transformations

The Galilean transformations describe the effect of the
boost, by a constant velocity w, on the system. We de-
note with bar quantities referring to the system moving
with velocity w with respect to the stationary one.

The quasiparticle distribution functions of the two sys-
tems obey pp(A) = pp(A — w). The parameter v trans-
forms as velocity under the boost,

u=u+w, (D12)
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as can be directly verified from its definition (53) and the
transformation rule for the quasiparticles distributions.
In a similar fashion we find transformation rules for the
effective velocity and the flux Jacobian transform

Bo(N) = v, (A — w) +w,

_ D13

ANN) = AN —w, N —w) +w. (D13)
This implies that the solutions ChE equation (62) in
the moving and in the stationary system are related by
a(A\) = a(A — w). The diffusion coefficient in the moving
system is then

D= —/d)\ hi(N)a(\) =D — /d)\ a()). (D14)
The remaining integral is zero due to the constitutive
relation (63). This shows that the diffusion coefficient is
invariant under the Galilean transformations.

Appendix E: Linearization of the collision integral

In this section we approach computation of the lin-
earized collision integral operator I'* (69) for the two
coupled Lieb—Liniger tubes. Our derivation resembles
linearization performed in [61], although the context is
a little different. We assume the inter-tube interaction
potential (in the momentum space) to have a form

V(k) =V(k/k;), V(k)=V(=k). (E1)
Constant k, is a characteristic momentum exchanged be-
tween the tubes, which we assume to be small. It can
also be regarded as an inverse of characteristic range of
the potential. In the small momentum transfer limit,
processes involving 1 particle-hole excitation are dom-
inant and higher processes contribute at higher pow-
ers of k, [68]. While it is possible to directly compute
0Z[pp]/dpp, such path is not the easiest way to find the
linear contribution to the collision integral. The task be-
comes much easier if instead of describing the perturba-
tion with dp, we switch the description to pseudoenergy
perturbation. In the language of pseudoenergy perturba-
tion we define the linearized collision integral as

~ 0T,
st _ st 0
st = FS e s (E2)

Using the identities [61]

Spp = —C-beg,  de=(1—Tn) " e (E3)
and remembering that Zo[p] = 0, we can relate Tt to I'**
(see (69)). The presented equalities follow directly from
the definition of the pseudoenergy and the equation (6).
For arbitrary functions f and g we have

<f|f\stg> _ /d)\fDr,st 6& -gSt. (E4)

deg Pyt



Writing the matrix element we used the identity [dAf -
F-g = [d\fP" g, which follows from the definition of
the operator F [61]. Given a state in the non-evolving
tube and a particle number in the evolving tube, station-
ary state in the evolving tube is fixed with the condi-
tion (34). As discussed in the main text, to linearize col-
lision integral in the density imbalance limit we consider
a perturbation p, = p;t + 0pp, while keeping the state

in the non-evolving tube pl(,b) fixed. Combining (29) with
the dynamic structure factor (66) we write Zy in a form
convenient for linearization

Zolpyl(pr) = (20)° [ i dpo e
x G(p1, h1,p2, he) H(p1, ha,p2, ha),

where
G =V2(k(p1, 1)) pp(hn) pu(p1) o (p2)p})” ()
X |F(pr, ha) PIE® (p2, o) ?
x 8(k(p1, hn) + k) (pa, ha))
x 8(w(p1, ha) + w® (p2, ho)),
H = exp (e(pl) —e(h1) + € (py) — G(b)(hg)) -1

We perturb p,, around stationary state and linearize. It
follows that

(FIEg) = (2m)? / dps dhy dps dhy £ (py)

X GSt(ph hi,p2, h2) (gDr’St(pﬂ - gDr’St(hl)) ,

where we performed the trivial integral in A. Next step
is to change coordinates to the center of mass (CM) co-
ordinates

:pi+hi

)\i and i = Pi — h'i7 (E5)

with the Jacobian of change of variables being unity.
Working in the small momentum limit, p; is small. In
the CM variables Dressed momentum and energy are

k(p,h) = K'(Np+ 0 (1*),
w(p,h) =w'(Np+ 0O (p?).

Also, in small momentum limit form factors simplify to
F(p,h) = K'(\) + O(p?) [38]. The interaction potential
term is expanded as

V2(k(p) — k(h)) = V2 (K (M) + O (%) - (E6)
Expanding G and keeping terms up to order O(u?)
G = V2 (B (A)mn) () (M) () (A2)

< PR PD (A2) ol (Aa)

(E*) (N2)
X ﬁ(s <M2 +u1(k(b))’()\1)>
%) (vSt()\l) - v(b)()\g)) ,
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where v = w'/k’ is the effective velocity (11). Changing
variables under the Dirac delta we used that k' = 27 p; >
0. Plugging expanded G*' into (E4) we find

(1) = (2 [ s din dda V2 () ()
x (k%) (A1) (E®) (A2) g (M)t (M) o) (A2) ol (Aa)

x ‘711'5 () — o ()

< (g2 ) (P ) + i () ().

Writing the matrix element we took advantage of the
relation between dressings (10). Proceeding we note that
since A is symmetric in momenta, the term ~ fP7=t does
not contribute to the matrix element. Changing variables
u1 — p /K, after some bookkeeping we arrive at

(fIT*tg) = (2m) k7 V2|

pStpSt S r,s r.S 3
[ ANTEE O @) (1) (6P + O

where |V?| = [dz|z| V?(z) and

() () (1.
C(b)(’v) _ Pp Py (k( ))/

O] (E7)

(v(”))_l(v)

Finally we note that in the Tonks-Girardeau limit (¢ —
o0) in both tubes, the matrix element takes particularly
simple form

(1) = 2 27 [ el 119, ()

since in this limit the dressing is absent.

Appendix F: Additional numerical results and
verifications

In this section we describe numerical computations of
the diffusion coefficient for the two density-imbalanced
coupled Lieb—Liniger tubes. First, note that the only
non-trivial step needed to compute diffusion coefficient
is solving the integral equation (62). The equation is
an example of a Fredholm integral equation of the first
kind. A simple way to solve it is by choosing a basis
and restricting it to a finite dimension. Using (E3) we
rewrite (62) into equivalent form

It a = (B — uC™) - 9yc0, (F1)
where C5t-a = a. Continuing, we write « in a polynomial

basis, orthonormal with respect to hydrodynamic scalar
product

(Gl = [ IO 9. ()



The basis is constructed by performing Gram-Schmidt
orthonormalization on the ultra-local charge basis [61].
We will denote elements of the new basis as {b;}ien-
Note, that from the construction procedure follows hy ~
ho. Expanding a = o b;, multiplying from the left by
h; and integrating, we arrive at

I3t a; = Bi' — uCyt, (F3)
where Einstein’s summation convention is assumed. Ma-
trix elements are defined as

38 = (h;|Tth),

Bft = /d)‘ Vpst p15>t fSt b?mt (ageo)dnSt s (F4)

CZ-St _ /d)\ p;t fst b?r,st (ageo)dr78t7

Straightforward way to solve this set of equations is to
truncate the basis to a finite dimension. Inverting the
matrix T§f we encounter a complication. Because of the

particle conservation law (16) we have f?fj = 0. Thus the
matrix is rank deficient. From computations performed
in the section D2 follows B§' —u C§* = 0. To be able to
uniquely determine «;, one needs to use the constitutive
relation (63), which fixes ap = 0, resolving the rank de-
ficiency problem. Higher components of « are fixed by
the matrix equation

M. aq=B"—ul, (F5)

where (I:St)ij = fﬁfﬂ’j 41 is a full-rank matrix and
(ESt)Z‘ = Bf’_t,’_h (éSt)i = 1'%—1;-17 (62)1 = Q41. We have
verified that solution to (F5), upon increasing the basis
size, converges to function solving the original integral
equation.

We applied the presented method to the system of
weakly coupled Lieb—Liniger tubes. Data presented in
Fig. 3 were computed using the presented method.

We now turn to analyzing the function O,¢y for the
system of two Lieb—Liniger tubes. Suppose the environ-
mental tube is in a boosted thermal state. Pseudo energy
is then €®(\) = =B u® + kk® () + Bw®()), where
8 = 1/T and k is a potential related with the tube’s
velocity. In [68] it is shown that for the environmen-
tal tube in a boosted thermal state, the pseudoenergy
of the stationary state in the coupled tube is €'(\) =
—Bp+rEE(A)+Bw(N). Consequently, the bare pseudo
energy reads €§'(A) = B8 u+#k h1(A)+8h2(A). To compute
the bare pseudoenergy we differentiated (6) and used the
relation between dressing operations (10). We see that
the only free parameter is the chemical potential u, fix-
ing number of particles in the evolving tube. Therefore,

applying the chain rule, 0,€f = g—’;@ueﬁt = —g—‘;ﬁ. The
derivative 3—’; can be further simplified

do op3 Ot

— = A2 =— [d\C*" =% = -3 (holh

2= [ == [arer GE = —p (o),

(F6)
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where in the second equality we used (E3). Last equality
follows from the definition of the hydrodynamic scalar
product. Thus, for a system near a boosted thermal state

_
(holho)g

st
0p€p =

(F7)

For an athermal stationary state in the bath tube and fi-
nite interaction strength, the factor 9,6 has much more
complicated structure. To compute it we begin by writ-
ing €*(\) as (e**)'(\) + v, where v is a constant parame-
ter. For a fixed value of v, using (34) we are able to find
€5*(A\) by solving the non-linear integral equation. Hav-
ing solved equations for sufficiently many values of v we
are able to find p(v) and compute 9,€5 (A).

Finally, let us comment on the estimation of the relax-
ation time. As discussed in the main text it is custom-
ary to estimate relaxation time of I'** as a gap between
zero and the smallest non-zero eigenvalue, see Fig.F. To
numerically find the smallest non-zero eigenvalue of the
operator I'st, algorithm similar to the one outlined above
might be used. It is straightforward to verify that if v is
an eigenvalue of I'St, then it satisfies the equation

o= (F8)

for some vector a;. To find the gap, one can for ex-
ample perform the power iteration procedure on the I
matrix. We employed this method to find the approxi-
mation of the relaxation time presented in Fig. 3. The
presented method has its weaknesses. Firstly, while we
are able to verify that that the found eigenvalue is in-
deed an eigenvalue of the operator I'*!, by no means it
allows us to verify that it indeed is the smallest eigen-
value of the integral operator. Lastly, we observed that
the method fails to give reasonable approximation for
larger temperatures. Detailed analysis showed that for
some cases the eigenvector corresponding to the smallest
eigenvalue is converging towards some function for small
truncation dimensions. As we further increase the di-
mension, we observe that this convergence is lost before
we find satisfactory approximation of the eigenvector, an
effect similar to parameter overfitting.

Appendix G: Stochastic Burgers equation with a
large diffusion constant

In this section, we consider the stochastic version of the
derived Burgers equation, we follow [24, 60, 89]. To rep-
resent the degrees of freedom truncated in the Chapman-
Enskog method, we add a noise term to the current, such
that

Jo= ;" —D(0)dso+ € (G1)

with

(€, )82, 1)) = d(w—a)o(t—t), (§(x,1)) = 0. (G2)
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FIG. 6. The smallest non-zero eigenvalues of f‘i; as a function
of o for the system in the same state as in panel (a) in Fig. 3.

The strength of the noise is fixed by the value of equi-
librium correlations as 02 = 2Cy0 Dy, where Coo = hoChy.
We consider states close to the homogeneous state with
the density gp and write 0 = g9 + do. We keep quadratic
term in the current expansion and get (below ug = u(gp)
etc.)

D160 + 9 (updo + upd0* — Dpdpo + 0€) = 0.  (G3)

We will be interested in the correlator f(z,t) =
(do(x,t)00(0,0). The standard mode-coupling equation
for the Fourier transform f(k,t) of such correlator in the
NLFH reads [24]

00 f (k) = K (Dof<k,t>+
t (G1)
2(u)? [ asi(i =) [ dafa. )~ s>).

The RHS of (G4) involves two terms. Upon neglect-
ing the second one, we recover diffusive broadening of
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the correlator. On the other, hand, when the first one
is neglected, one finds integral equation leading to KPZ
dynamical exponent z = 3/2 and a scaling function close
to the scaling function of 1D KPZ equation [24]. To learn
more about the equation, let us postulate the solution in
the diffusive form

fk,t) = g(Dok?t),  w = Dok?t. (G5)
Plugging this into (G4) we find
/ A b —-1/2
g'(w) =—lg(w) + 7 ; dpp ™ g(w — p)x
(G6)
2
/drril/QQ(T)g <M (1 - (r/ﬂ)l/Q) > ] )
where
(u/ )2t1/2

Note that on time scales sucﬁ that A < 1, the second
term in (G6) can be neglected and the transport is diffu-
sive with g(w) = e™", as expected. The crossover time
between diffusive and anomalous transport can be deter-
mined by setting A = 1, we then get

= ,Dg .
()

We crucially note that in the regime of small integrabil-
ity breaking the diffusion constant is large and scales as
follows Dy ~ a~2. On the other hand, u, is a function
of the state only and does not depend on «. This means,
that the onset of anomalous transport takes place for
times parametrically large in the inverse of integrability
breaking

(G8)

te ~a™C (G9)

and the transport is dominated by diffusion.
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3 Summary and outlook
In this dissertation the following research hypothesis was examined:

Dynamics of nearly-integrable gases can be studied using generalizations of frame-
works developed by kinetic theory for weakly interacting models of particles.

In the course of this PhD project this hypothesis has proved to be correct in many ways
and some of its implications were successfully tested against experimental data and ab initio
numerics. Let us summarize the new features of 1D nearly-integrable gases, which were uncovered
throughout the process:

o A new mechanism for prethermalization: Slow relaxation in 1D due to kinematic constraints
in two-particle scattering was a well-known fact. It was not known, however, that the
constrained nature of such processes may lead to prethermal states in coupled systems. It
seems possible that such prethermal states escape the picture of long-lived GGE states,
which is the standard picture of prethermalization in nearly-integrable systems.

o Navier-Stokes equations from the GHD-Boltzmann equation: The standard formalisms that
are used to derive the NS equations can be adapted to the GHD-Boltzmann equation. In
such equation, quasiparticles propagate with state-dependent effective velocities and feature
additional diffusion effects as opposed to the standard Boltzmann equation. Together
with the derivation of hydrodynamics, the transport coefficients: viscosity and thermal
conductivity can be computed. The interactions encoded in the integrable Hamiltonian
lead to finite viscosity as opposed to the case of nearly-ideal gas, for which it vanishes.

o Three regimes of transport: In nearly-integrable gases, anomalous transport and breakdown
of diffusion happen on space-time scales that are parametrically large in the inverse of
the integrability breaking parameter. This opens up a window for the diffusive behavior
of hydrodynamic correlation functions. At shorter timescales, the effects of integrability
breaking are not visible and system is described by the GHD. Thus, transport in nearly-
integrable gases is characterized by three hydrodynamic regimes.

e Generalization of BBGKY hierarchy: A BBGKY-like framework can be derived to describe
dynamics of correlations in nearly-integrable gases. The hierarchy can be efficiently truncated
under the assumption of length scale separation between microscopic correlation length and
the characteristic range of long-range potential. A collision integral can be derived from it.
The predictions of the theory match experimental data for thermalization phenomena in
1D dipolar gases.

e Burgers hydrodynamics in coupled gases: For two coupled integrable gases in the system-
bath limit, a Burgers equation can be found as an effective description of density dynamics
in the system. It is driven by two mechanisms: quantum statistics of particles and athermal
nature of bath state.

The topic of nearly-integrable gases is still full of open, interesting questions. Let us finish this
dissertation with a discussion of possible extensions of this work.

Firstly, we covered mainly questions about non-equilibrium behavior of nearly-integrable
gases. However, we did not address their equilibrium properties, such as thermal correlation
functions. Here, a natural path forward would be to adapt the frameworks of Mayer expansions for
thermodynamics and equilibrium hierarchies for correlation functions [3]|. In particular, it would
be interesting to obtain a generalization of the Born-Green-Yvon equation for the equilibrium two-
point function of nearly-integrable gas. The pair distribution is a quantity directly accessible [149]
to experiments with the LL model via Bragg spectroscopy and could potentially serve the role of
yet another measure of integrability breaking in dipolar gases.
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Secondly, it would be useful to study minimal models of a nearly-integrable gases that can be
simulated efficiently. The simplest model of long-range interacting gas is perhaps the long-range
interacting hard rod model, studied numerically in Article V. While the available computational
resources were sufficient to study thermalization phenomena, the system sizes needed to study
hydrodynamic crossovers seem to be out of reach. The remedy for that could be models of hard
rods with stochastic collision processes, akin to the family of models introduced in Article VI.
Even though they are not described by GBBGKY, as there is no long-range interaction, a version
of the model with random three-particle scattering processes conserving momentum and energy
is well-described by the GHD-Boltzmann equation. Numerical simulations of such models and
comparisons with the derived NS equations are under way. Let us also note that such models are
very flexible and one could in principle investigate variants with more exotic sets of conserved
quantities. For instance, by imposing four-particle collisions, instead of three-particle collisions, it
would be possible to study systems with four conserved charges.

Lastly, the effective hydrodynamics can also be derived through ChE methods in systems with
different sets of charges. So far, we have covered the case of conserved particle number (for which
we found the Burgers equation) and the case of conserved particle number, momentum and energy
(for which we recovered the NS equations), but there are more possibilities. In particular, it would
be interesting to check if it can be extended to systems that retain an infinite number of conserved
quantities after integrability breaking such as hard rods with a backscattering mechanism [125].
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