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Motivation

Problem:

Black hole evaporates in a finite
boundary time.

Thermal spectrum means that
entropy rises and information is
lost.

Can we extract the information
from beyond the horizon?

Is the interior encoded in the
exterior?.

We will explore the possibility that the
tensor product factorization fails,
H ∼= Hfine ⊗Hcoarse.

?

Hfine

Hcoarse
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Motivation

It’s Equivalence principle.

X

T

Minkowski vacuum |Ω⟩ vs.
Rindler vacuum |0⟩.
Non-intertial frame 7−→
fictitious force.

|Ω⟩ ∼ e−a−1 ∑
ωk â

L†
ωk â

R†
ωk |0⟩.

X

T

Kruskal vacuum |Ω⟩ vs.
Schwarzschild vacuum |0⟩.
Intertial frame 7−→ physical
force.

|Ω⟩ ∼ e−β
∑

ωk â
L†
ωk â

R†
ωk |0⟩.
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Motivation

Information paradox = incompatibility among: [AMPS, ‘13]

Unitary black hole formation and evaporation

Validity of the effective field theory description for the asymptotic
observer

Existence of black hole microstates visible to an asymptotic observer
as states with exponentially small energy differences, thus
SBH = log(#dof)

No drama at the horizon (equivalence principle): an infalling
observer in the near horizon region sees nothing out of ordinary.

[AMPS, ‘13] suggests dropping the equivalence principle.
But then, why have a tensor product?
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Motivation

Idea: analyze systems that violate the
factorization property and have to do
something with gravity.

1 Wormholes:

BDHM dictionary (AdS/CFT).
BTZ black hole (factorizable) and JT
wormhole (non-factorizable).
Reproduce the known results from
the new paradigm.

2 Quantum mechanical model:

What can we learn about black holes
from double well potential?
Approximate factorization,
state-dependence and chaos.
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Why wormholes?

Holography: can we reach the left boundary from the right boundary
in the two-sided black hole.

From boundary to bulk: bulk reconstruction: [Hamilton, Kabat, Lifschytz,

Lowe, ’04; Penington, ’20],

1 Evolution in both boundaries related, HL ∼ HR? [Guica, Ross, ’14; Harlow,

Jafferis, ’18]

2 Wormhole state: close to the thermofield double? [Maldacena, Stanford,

Yang, ’17]

3 But is it a state in the tensor product HL ⊗HR? [Arias, Botta Cantcheff,

Silva, ’10; Harlow, Jafferis, ’18].
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BDHM dictionary

The BDHM dictionary [Banks, Douglas, Horowitz,

Martinec, ’98] is the operatorial form of
holography.

The construction here follows [Kaplan, ’16].

Global anti-de Sitter (AdS) metric

ds2 =
L2

cos2 θ

(
−dτ 2 + dθ2 + sin2 θdΩ2

d−1

)
.

Let Φ be a Klein-Gordon field satisfying
(−□+m2)Φ = 0.

The mass is parameterized as m2 = ∆(∆− d).

Two solutions: Φ ∼ src cosd−∆ θ + vev cos∆ θ.

We set src = 0 and quantize Φ.

τ

π
2

0
θ
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BDHM dictionary

The solution is

ΦAdS(τ, θ,Ω) =
∞∑
k=0

∑
ℓ

(ϕkℓαkℓ + ϕ∗kℓα
∗
kℓ) ,

where

ϕkℓ(τ, θ,Ω) = ckℓe
−iωkℓτYℓ(Ω)cos

∆θ sinℓ θ P
(ℓ+ d

2−1,∆− d
2 )

k (cos(2θ)).

These are standing waves: the frequencies are quantized:

ωkℓ = ∆+ ℓ+ 2k , k = 0, 1, 2, . . .

The coefficients are elevated to creation-annihilation operators[
α̂kℓ, α̂

†
k′ℓ′

]
= δkk′δℓℓ′ .

The vacuum state is |Ω⟩ defined by the condition α̂kℓ|Ω⟩ = 0.

Hilbert space HAdS is spanned by α̂†
k1ℓ1

. . . α̂†
knℓn

|Ω⟩.
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BDHM dictionary

At the boundary

O(τ,Ω) =
∞∑
k=0

∑
ℓ

(
α̂kℓφkℓ + α̂†

kℓφ
∗
kℓ

)
,

where

φkℓ(τ,Ω) = lim
θ→π

2

F−∆(θ)ϕkℓ = c̃kℓe
−iωkℓτYℓ(Ω).

Check: Euclidean operators

OEu(t,Ω) = e−∆tO(τ = −it,Ω),

produce the generalized free field correlators,
e.g.,

⟨Ω|OEu(z , z̄)OEu(0)|Ω⟩ = 1

L

1

|z |2∆
.
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Two boundaries

Hilbert space: HL,

Boundary modes:
φL
k = limL ϕk ,

Operators: OL =∑
k(φ

L
k α̂

L
k + φL∗

k α̂
L†
k )

Φ̂ =
∑

k(ϕk âk+ϕ
∗
k â

†
k)

Hilbert space: HR ,

Boundary modes:
φR
k = limR ϕk ,

Operators: OR =∑
k(φ

R
k α̂

R
k + φR∗

k α̂R†
k )

One can map some combinations of the bulk operators âk , â
†
k to

α̂L,R
k , α̂L,R†

k .

The constructed boundary Hilbert spaces depend on the bulk region
considered.

Reeh-Schlieder property for AdS holds [Morrison, ’14; Banerjee, Bryan,

Papadodimas, Raju, ’16].
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BTZ black hole

The BTZ black hole

ds2 = −(ρ2 − ρ2h)dt
2 +

L2dρ2

ρ2 − ρ2h
+ ρ2dφ2,

General solution:

ϕωn(t, ρ, φ) = cBTZωn e−iωt+inφRωn(ρ),

Field decomposition in all wedges:

Φ̂BTZ =

∫ ∞

0

dω

2π

∞∑
n=−∞

(
ϕL∗ωnâ

L
ωn + ϕRωnâ

R
ωn + h.c .

)
In Schwarzschild modes ϕL,Rωn the split of the Hilbert space is explicit:

H ∼= HL ⊗HR , |0⟩ = |0⟩L ⊗ |0⟩R ,

with HL spanned by âL†ωn and HR spanned by âR†
ωn.
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BTZ black hole

What if we used Kruskal modes?

χR
ωn =

ϕRωn + e
−πωL

ρh ϕLωn√
1− e

− 2πωL
ρh

, χL
ωn =

ϕLωn + e
−πωL

ρh ϕRωn√
1− e

− 2πωL
ρh

.

The action of the corresponding creation-annihilation operators
b̂L,R†
ωn , b̂L,Rωn is not limited to a single boundary,

lim
R

Φ̂ωn(t, φ) = lim
R
χL∗
ωnb̂

L
ωn + lim

R
χR
ωnb̂

R
ωn + lim

R
χL
ωnb̂

L†
ωn + lim

R
χR∗
ωn b̂

R†
ωn

The Hilbert spaces spanned by b̂L†ωn and b̂R†
ωn are not boundary

Hilbert spaces.
But the full Hilbert space still splits, up to the Bogoliubov
transformation, SHΩ

∼= H ∼= HL ⊗HR , where S implements

âRωn =
b̂Rωn + e

−πωL
ρh b̂L†ωn√

1− e
− 2πωL

ρh

, âLωn =
b̂Lωn + e

−πωL
ρh b̂R†

ωn√
1− e

− 2πωL
ρh

.

Kruskal vacuum |Ω⟩ is the thermofield double. It satisfies
b̂L,Rωn |Ω⟩ = 0.
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BTZ black hole

1 Universality: the boundary Hilbert spaces are the same as if the bulk
was replaced by empty AdS.

2 Decoupling: the action of the boundary operator is limited to the
corresponding boundary.

Conclusions:

HL,R spanned by âL,R†
ωn are boundary Hilbert spaces, those spanned

by b̂L,R†
ωn are not.

The split does not depend on quantization choice, but it is more
explicit is some.

If the Hilbert space splits, there exist complex bulk modes vanishing
on all boundaries but one.
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AdS2 wormhole

Motivation: Jackiw-Teitelboim gravity [Arias,

Botta Cantcheff, Silva, ’10; Harlow, Jafferis, ’18].

AdS2 spacetime

ds2 =
L2

cos2 θ

(
−dτ 2 + dθ2

)
has 2 asymptotic boundaries at θ = ±π

2 .

The bulk field satisfies[
− ∂2

∂τ 2
+

∂2

∂θ2
− ∆(∆− 1)

cos2 θ

]
X (τ, θ) = 0.

Field decomposition reads

X (τ, θ) =
∞∑
n=0

[anϕn + a∗nϕ
∗
n] .

τ

−π
2

π
2

0

θ



Motivations Wormholes QM model Summary

AdS2 wormhole

Take ∆ = 1. The solutions are

χ0
m(τ, θ) =

1√
πm

e−imτ sin
[
m
(
θ − π

2

)]
, n + 1 = m = 1, 2, 3 . . .

At the two boundaries:

ΠR(τ) = ∂θX (τ, π2 ) = 2
∞∑

m=1

√
m

π
[Re am cos(mτ) + Im am sin(mτ)] ,

ΠL(τ) = ∂θX (τ,−π
2 ) = 2

∞∑
m=1

(−1)m
√

m

π
[Re am cos(mτ) + Im am sin(mτ)] .

At the right boundary χn ∼ cos θφn, so we identify ân = âRn .

At the right boundary χn ∼ cos θ(−1)nφn, so we identify
ân = (−1)nâLn.
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AdS2 wormhole

The Hilbert space H does not split. In fact
H = HL = HR .

Left and right operators satisfy

âLn = (−1)nâRn = P̂âRn P̂ = eiπH âRn e
−iπH .

Hamiltonians are all equal, HL = HR = H.

Correct corrrelators, [Maldacena, Qi, ’18]

⟨Ω|X̂R(τ)X̂R(τ
′)|Ω⟩ = Γ(∆)

22∆+1
√
πΓ(∆ + 1

2 )

e−iπ∆

sin2∆
(
τ−τ ′−iϵ

2

) ,
⟨Ω|X̂L(τ)X̂R(τ

′)|Ω⟩ = Γ(∆)

22∆+1
√
πΓ(∆ + 1

2 )

1

cos2∆
(
τ−τ ′−iϵ

2

) .
Similar conclusions: [Arias, Botta Cantcheff, Silva, ’10].

τ

−π
2

π
2

0

θ
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GJW wormhole

In [Gao, Jafferis, Wall, ‘17] a wormhole has been opened by coupling CFTs
living on two boundaries of a BTZ black hole:

S = SL + SR +

∫
d2x h(t, x)OL(−t, x)OR(t, x).

Violation of the averaged null energy
condition (ANEC) is a prerequisite,∫ ∞

−∞
Tµνk

µkνdλ < 0.

Negative energy can be provided by the
non-local coupling the boundary theories.

V U

tRtL
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Effective interaction

What if we pretended to work on the tensor product HL ⊗HR?

Let

α̂n = α̂R
n + (−1)nα̂L

n, β̂n = α̂R
n − (−1)nα̂L

n.

We need

β̂n|ψ⟩ = β̂†
n |ψ⟩ = 0 for all n = 0, 1, 2, . . .

and the Hamiltonian

Hα =
∞∑
n=0

(∆ + n)α̂†
nα̂n.

Thus, formally,

Hint =
∞∑
n=0

(∆ + n)(−1)n
[
α̂L†
n α̂

R
n + α̂R†

n α̂L
n

]
=

∞∑
n=0

(∆ + n)
[
e−i∆πα̂L†

n (τ + π)α̂R
n (τ) + ei∆πα̂R†

n (τ)α̂L
n(τ + π)

]
.
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Summary

The Hilbert space of excitations over the wormhole does not
factorize into the tensor product of boundary Hilbert spaces.

This results in the operatorial relation between boundary operators,
e.g., âRn = (−1)nâLn and HL = HR .

The interaction is an avatar of the description of the system on the
tensor product.

The interaction Hamiltonian is that of ‘infinite squeezing’.

Thermal partition function does not factorize,
Tr e−βH ̸= Tr e−β(HL+HR ).
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Firewalls

Pick a single mode n: âL,Rn 7→ âL,R .

Firewalls: Among 3 number operators
NL = â†LâL,NR = â†R âR ,NA = â†â only 2 can be small.

Give up the Equivalence principle: the near horizon region is not
vacuum. In a generic microstate |Ψ⟩ the infalling observer sees the
firewall,

⟨Ψ|NA|Ψ⟩ ∼ N ≫ 1.

State Dependence, [Papadodimas, Raju ‘13 ]: The notion of particles for
the infalling observer is microstate-dependent. Tells us something
about the structure of the Hilbert space describing quantum
fluctuations.

According to [Marolf, Polchinski, ’15] state dependence violates rules of
quantum mechanics (Born rule).
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Double well potential

What if we replace âL = âR by âL = âR + c1?

Minima at xL,R = 1
2ω

√
λ
.

One can think λ = 1
N2 ,

At maximum V∗ = 1
32λ ,

We set ω = 1.

Field operators satisfy x̂R − x̂L = N1.

Define a decoupling limit as λ→ 0.
Physically, the system can be thought
of two decoupled harmonic oscillators,
described by a tensor product Hilbert
space.

V (x) =
1

32λ
−1

4
ω2x2+

λ

2
ω4x4

I II III IV V

-x1-x2 0 x1 x2
1

2 λ
- 1

2 λ

x

E

V
*

V(x)
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Toy model interpretation

I II III IV V

-x1-x2 0 x1 x2
1

2 λ
- 1

2 λ

x

E

V
*

V(x)

Asymptotic regions

BH microstates

Excitations on top of
|0k⟩R |0−k⟩L
Decoupling

Two minima

Lowest energy states

Excitations of two HO of
frequency k

λ→ 0
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Energy levels

Energy eigenstates of a given ± parity, HΨ±
n = E±

n Ψ±
n .

-10 -5 0 5 10
x
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-10 -5 5 10
x

-10

-5

5

10

Energy differences are non-perturbatively small

∆En = E−
n − E+

n = e−
1
6λPn(λ

−1/2) = o(λ∞).

When n ∼ 1/λ ∼ N2, ∆EN ∼ NN2

e−N2

: non-perturbative effects
become dominant.
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Microstates

States Ψ±
n are indistinguishable to

a single asymptotic observer within
the perturbation thoery. We have
microstates:

M = {α+Ψ
+
0 +α−Ψ

−
0 : α± ∈ C}.

Each µ ∈ M is a perturbative
vacuum.

We have semi-classical degeneracy
and hence entropy,

SB = log dimHfine = log 2.

-10 -5 5 10
x

-10

-5

5

10
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Excitations

HO normalized eigenfunctions,

φn(x) =
1

π1/4
√
2nn!

Hn(x)e
− x2

2 ,

Define

|nR⟩ : φR
n (x) = φn(x − xR),

|nL⟩ : φL
n(x) = (ΘφR

n )(x) = φn(x − xL).

I II III IV V

-x1-x2 0 x1 x2
1

2 λ
- 1

2 λ

x

E

V
*

V(x)

Assign creation and annihilation operators aL, a
+
L , aR , a

+
R .

Total Hilbert space H is isomorphic to each Fock space FL and FR

separately,
H ∼= FR

∼= FL ;

There is no tensor product.
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Consequences

Naive number operators for left/right asymptotic observers

NL = H
(0)
L = a+L aL, NR = H

(0)
R = a+R aR

are weird

⟨φL
0|NL|φL

0⟩ = ⟨φR
0 |NR |φR

0 ⟩ = 0 ,

⟨φL
0|NR |φL

0⟩ = ⟨φR
0 |NL|φR

0 ⟩ =
1

2
N2

and diverge in the decoupling limit N → ∞.

For the right observer,
semiclassical left states are
highly excited

⟨φL
0|φR

n ⟩ =
(−1)ne−

1
4λ

√
2nλnn!

50 100 150 200
n

0.05

0.10

0.15

0.20

(-1)n φL
0 φR

n
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Defining effective theory

There is no state where NL, NR and NA = NL + NR are all small: a
firewall?

No, aR , a
+
R are non-local, ie., they do something horrible to φL

n.

We cannot define

âRφ
R
n

?
=

√
nφR

n−1, âRφ
L
n

?
= 0,

â+Rφ
R
n

?
=

√
n + 1φR

n+1, â+Rφ
L
n

?
= 0

because the set {φL
n, φ

R
n } is overcomplete [Jafferis ‘17].

A solution: truncate the basis at finite n ≤ N, [Papadodimas, Raju ‘13].

Better solution: orthogonalize {φL
n, φ

R
n }n.
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Effective theory

Symmetric and antisymmetric combinations of all energy eigenstates,

ΨL
n =

1√
2
(Ψ+

n −Ψ−
n ), ΨR

n =
1√
2
(Ψ+

n +Ψ−
n )

span two Hilbert subspaces (perturbative Hilbert spaces)

HL = span{ΨL
n}n, HR = span{ΨR

n }n.

⟨ΨL
m|ΨR

n ⟩ = 0

H = HL ⊕HR , HL ⊥ HR , ΘHL = HR , ΘHR = HL.

Projected operators : âL = PLaLPL, âR = PRaRPR .

Number operators are

N̂L = â+L âL, N̂R = â+R âR , N̂A = N̂L + N̂R .
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Consequences

Every state φR
n can be approximated by a perturbative state up to

non-perturbative effects, φR
n /∈ HR but ∥PRφ

R
n ∥ = 1− o(λ∞).

Hatted operators are non-local up to non-perturbative effects,
[âR , â

+
R ] ̸= 1, but [âR , â

+
R ] = 1 + o(λ∞), [Kabat Lifshitz ‘14, Raju ‘17,

Anninos, Monten ‘19]

No firewall: number operators N̂L,R,A are non-perturbatively close to
NL,R,A, but are well-behaved:

⟨µ|N̂L,R,A|µ⟩ = O(
√
λ), for generic µ ∈ M.

The Hilbert space factorizes into the tensor product H ∼ HL ⊗HR

only approximately at low energies. Effective operators are
microstate-dependent.

Only some states in FL ⊗FR are physical.

Effective theory breaks for energies ∼ V∗ ∼ N2 or times t ∼ 1/E ,
[Raju ‘17]
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Hawking radiation as tunneling

BH evaporation as tunneling:
[Parhik, Wilczek ‘99, Gaddam,

Papadoulaki, Betzios ‘16].

Tunneling rate in WKB:
Γ = e−2Λ,
Λ =

∫ x1
−x1

√
2(V (x)− E )dx ,

At E ∼ V∗ with δ = V∗ − E
the potential can be
approximated by the inverted
harmonic oscillator.

One finds

Λ(λ, δ) =
√
2πδ+3

√
2πλδ2+O(δ3),

which means that in our
model ω ∼

√
λδ,

M ∼ 1/
√
λ = N.

I II III IV V

-x1-x2 0 x1 x2
1

2 λ
- 1

2 λ

x

E

V
*

V(x)

-5 0 5
x

-1

0

1

2
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Chaotic evolution

-5 0 5
x

0.1

0.2

0.3

0.4

0.5
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V/5 & |ψ|^2
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V/10 & |ψ|^2

Classical particle with E ≪ V∗ stays on a closed orbit.
The period diverges logarithmically when E → V∗:

Ttrapped =
√
2 log

(
2

λδ

)
+ O(λ),

Close to the tip: x(t) = x0 cosh(νt) + v0/ν sinh(νt). Hence

δx(t) ∼ eνt(δx0 + δv0/ν).

This is by definition chaotic behavior with the Lapunov exponent
ν = ω/

√
2 = 1/

√
2.
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Summary

Quantum mechanical system of the double well potential exhibits
characteristic behavior associated with a pair of entangled modes in the
quantum black holes:

The Hilbert space does not factorize into the tensor product
FL ⊗FR . Instead H ∼= HL ⊕HR .

One can define natural creation-annihilation and firewall-free number
operators, which agree with naive ones up to non-perturbative
effects. The new operators remain local, up to non-perturbative
terms.

The factorization into the tensor product is approximate at low
energies up to non-perturbative effects.

A choice of non-perturbative vacuum leads to state-dependence.

Hawking radiation has a natural interpretation as tunneling.
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Summary

Ideas presented:

Weirdness of black holes can be realized in simple toy models.

The split of the Hilbert space into the tensor product of the
boundary spaces is questionable.

Interactions between boundaries of a wormhole can be seen as the
avatar of the non-trivial tensor structure.

Possibility of building new models quantum black holes?
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Summary

Thank you!
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