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� Øm��ÌP�]Ä ØlÃgÏóÃÅ×]�S����� ÛâÎ3�qË��SÄÆ���]ãÅÃtàS���gÏ Ú Û�Ï��Íí�àS�æÛ;ÃÅíPà]�É�ÍÄÆ�*ÙmÇ'Û;ÃÅÈPÎ]ÃÅ���gàÿáØ�ÈPÎ]�SÎÓàS���gÏ��dä��æ���æ�(�zÐ6ãÅÙmÈSÚ6Û �gÎS���ÍàSÎS�Í�����]Ä-Û Î3�qË��SÄÆ���gàÿá�Ãg��äæ�SãcÏÉÃÅíPà]� Ú�Î3�qËO2ÄdÙqË��=ÌP�æåÆÊ ËP�vÒ Ûâ�É�Í�mÃÅÄ�Ã9Ê ãÅ�SÃÍÄ��ÑÇ"ÈP��� ¿ � Ç �gÄ�ÌP�]��ÌP�æ�&ãÅ�SÃÍÄ��ÑÇ"ÈP���Ë��SÌ�Ç*à]ÎSåSí�àS�1.ÆÐ6ÎÑ�cÒ���ËP�ÍÒÍÃÆíPàS�æÌÑÏÉ�'Ëâ�6�ÍÙ�Ò�� Ã�à]�É��Ï��Íàÿá¨Ä��ûÇ"�SÈ��É�ÍäÁ���gàÿá Ú6� Ç"Ã�Ë��'ËàSÎSå]íPà]�/.Æ���ûË�ÌçÇÿ�ÍÈ�ÌPÎ). ¿� �gÈ"�Í×]ÃÅ���/ØlÃhÛ �g×S� Ë[ØlÃÅãÅä1.Í� Úqàÿá�Ãgî�ÇPÈPÙ��m��Ã�ÌP��åVÎ�����Ä ���æ�VÎSãÅÃg��Î]��îvÚû�����Ë��SÌ�Ç�Î]è���Ç�ØlÃqÛ ÌPÎS�]à¼á����æ� ãgÏóÃÅÌ�ÎSÃÅ�Y� ¿*Â �SÃÅÄÆ�]ÇPÈP�æåAÇ"È"�vÒ�ÇPÙûË��ÓÌP�æåÓÈP�ÍàSÎ]�'ËVËP�vÒÍÃ
§ �6�ÍÙmÒÍå�à]Î]�gÌ�Çx.SÿÚvà]ÎSåSí�î;Ä��ûÇ"�SÄ��vÇ �gÒg� ¿ ��ÌPÒq�ÍÎSÙûË���ÌP�æå�Ø�ÈPÎÑ�AÇ �gÄ����âÈ � ×]����à]�Ä��æåS��ÎÑ�9Û �g���m�3�Íäæ��Î]ÃqÛ �v���gÄ�� ÃÍè����]ÒYÇÿ�ÍÄÆ� ãÅ�]ÃÅÄÆ�]Ç"È���� | P ØmÈPÃÅÌçÇÿ�ÆÇPÃ��UÏóÙ�ãÍÃÅíPîèl�SÎ Ì�ÎS�]ÈPÃÅÒÍÃÅí�àS�¨SÿÚUÛâã=ÃÅÒ�ÈP�]íPäæ�S����� � Ù�Ò�äæ�����]Ì"�t}���à]�É�gÏó�ÍÄ��zÈ�ÎS�Sà]Î]��Ûâ��Ì�Ç �gÄ�� ¿
& �v×S�m� ÌPÎ]�gÙ�È��SÒnÚVàSÎÑ���6�ÍÈç�cÌ�ÃqÛ �v�6� ÃcÏ � ÛâÒ����]Ä¤Ø�È�ÃÅÌ�Ç"� ¹ º Øl�]Ûâ�8. ãÅÈ�Ùo2èlÃÅíPî ¿/ß ÎS�]àSÎÑ��Û��æÌ�Ç ��ÌPÎ]�gÙ�È��SÒ Ä��mÚlØlÃÅÎ3��Ç �gÄ1ÚUÌPÒvÃÅì�àSÎ]ÃÅ�8.=�UÏóÙ�ãÍÃÅíPîvÚ ãÍ�m�Ø�ÈPÃÅÌçÇÿ�=Û �cÌçÇ"åSØmÙûËK.Íà3�&Û	Ç Ûâ���]ÈP��Î]�S�����Íàÿá ãÅ�SÃÍÄ��ÑÇ"ÈP�æ�6Ë��]Ì�Ç/ÃgàSÎÑ��Ûâ��íPà]���d�����v2ÌPÒÍÃÅì�à]ÎSÃÍ�6� ¿ L ä��/��äÉ�dÐ6ÎÑ�gÒû��Ç"�]���ÍÈ�ãÅÙ�ÄÆ�S�YÇ*���æ� Ë��]Ì�Ç�×S�Í���Y�cÄ��ÍÈ�ãÅÙ�ÄÆ�S�72Ç"�SÄ ¿k© �SèY� ÃÅØ��æÌ"�ÍîÆÙ�×Ñ��Ç"�]àSÎS���æ��ÃÍÇÿ�Íà]Î3�qËK.Íà).1È�ÎS�]àSÎÑ�gÛâ��ÌçÇ"ÃÅí�îÍÚV�æ���3�vä��æÎ3�và'Ë��Ç"ÈPÎ]�Sè6� à]Î]�g���æî�ÎS�hÛâÌ�ÎS�ÍÚâÛ-Òû�Í×]���'Ë��6�ÍÙ�à]��Ø�È�Î]�gÈPÃg���m��à]ÎS�'Ë]Úâ���æ�¨Ç �cäæÒÍÃ�ÛÐ6Î]�gàS� ¿ªp �æÎ]�gÒ È"�Íà]ÎS� ËùÎ3�vØ���Çÿ��z ë ÎÑ� È��gÌ�ÙûËK.Íà�ÇPÈ � Ë�Ò.vÇ � ýc+lúqºr��ýY¶�¸7«a®)�t¬½ úq¸c®]½�¬ �(Ä��æ�SÈ�Îj.Íà�Ò.vÇ ��Ûâ�æ�SÈ�ÎSàÿá�ÃcÏÉÒÍÃqÛ$� ýt+núqºr�¨ög+n½$��º6ö[·a¶�¸Ñþ èlåS�mÎS���]Äù���ÃÅÌ�Ç"�hÛ$�Íä��aÛ �c�m��Òû�qËK.Íà).9ÎãÅ�SÃÍÄ��ÑÇ"ÈP�æ�jÌ�Ù�ÄÆå
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Î ýc+núqºr�`¹ ·a¶�¸Ñþ3®)�Å» ¹èUÏóå]���SÄM ×]� Ç"�ÍÒ���ÌçÇ"ÃÍÇP������èlå]��ÎS�æ� ������Ä��æ�Säæ�*ÛR.vÇPØ�ä��ÁÛ$ÃÅíPà]�AÌ�Ç"�ÍÈPÃÍ×]��Ç"���Ç'Û � ÈPàÑ��ãÅ�SÃÅÄÆ�]ÇPÈP�æ� ¿�Ö ÈPÎ]�SÎ �UÏÉÙ�ãÅ�æ�¨Ì�ÇPÙ�ä��]àS��� ���æ�9Û �ÅÃÅè�È"�v×3�Í�mÃ`ÌPÃÍè����¨×]�Ä�ÃÅãgÏóÃÅèY��èY�cîA�����ÍàSÎ]�'Ë ¿!- ÃÍ×S�6�dÌ���å�Ë��S�m�6�ÍÒ�ÇPÈPÃgàÿá�åA��Î]�æÛâ�æîÍÚm×]�AàS�É��Ï��ùÄ��2
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Àj� �YX�Z#[YZ��]\_^¯®�ba°±�O²��!³´\I��µ�°Y\
ÇP�SÈ��É�Íäæ���ÍÚmÈ��3�Íäæ���AÌPÎS��Ù�ÈPÒ�� àSÎÑ�9äæ��Ì�Ç Û �ÅÚmØlÃg��ä��]ãY�qËK.dØ�ÈP�hÛâÙ9Û �g��Ù�Ä��Í���]Ä Ù ÚÛ �gØ�ÈP�ÍàSÃhÛ �Í�m�SÄ Ù1Ì"�ÍÄ¦.dä�ÃÍãÅ��ÒJ. ¿� �æÌ�ÇPÃgàS���vÚjØ�È�Î]��Û$ÃcÏó�Í����Ç Ûâ���]ÈP��Î]�S���æ��Ã�Ì�Ù�Ä��æ��Ò.ûÇ � Û Û ÇPÈ � Ë�Ò.Íà]���vÚ�m���ÓÄÆÃÅ×]�Óè��gîÓÛ �gÛâ�æ�S�mÎS��ÃÍ����P ÎÓ���æàSÎS�]ãÅÃlS ¿�0 ÃqÛ � � Û �gÄ��ÍãY��Ãg�mÛ;ÃcÏ��v���É�Ì���å ��ÃCØl�ÑÛâ���æÒ � Û | �vÒgÌóË�ÃÅÄ��vÇ � Û/ÚYØlÃÅÌ�ÇPÙ�äÉ�ûÇ � Û�}aãÅ�SÃÍÄ��ÑÇ"ÈP�æ�pÚÅà]Î]�gäæ��Û�Ï��ÍÌ���Ãl2í�àS�jØ�ÈPÎÑ�hË�ÄÆÃhÛ �Í���gàÿá èl�SÎd�mÃqÛ$Ãg��Ù ¿CÖ �]Ûâ���æÒg�aÇ"� Î]ÃÅÌ�Ç"�gÏÉ� Ì�m�ÃÅÈPÄ ÙUÏÉÃqÛ$�Í������CØlÃg��ÌçÇÿ�hÛâ�æ��ÃÅèmÌP�SÈçÛ �Íà Ë��lÈPÎ]�Sà]Î]��Ûâ��Ì�ÇPÃÅíPà]� ¿!� ÒÍÃÍÈPÃCÇ"�ÍÒnÚ�Ç"ÃC���æàâ��Î]�æÛâ���]ãÅÃ×]�C�mÃÅè�ÈPÎ]�CÃÅØm��ÌPÙqËK.dÎ3�Íàÿá�ÃhÛ �Í���æ�/ÈPÎ]�SàSÎÑ��Û��æÌ�Ç �càÿá�à]�É�gÏ·¶

- �vÇP�SÄ��vÇ'�gÒ.àSÎÑ�gÌ�Ç{.AË��]Ì�Ç*Ì"�vÄ�ÃØ�ÈPÃhÛ �Í��Î]�S���æ�C��ÃqÛ;Ãg��Ù1Ãg�¨Û Ä����ÍÈPåÃgà]Î]��Ûâ��ÌçÇ'�gàÿáÆ�ÍÒ�Ì�Ë�ÃÅÄ��vÇ � Û_¸ ��Ã�ÒÍÃÍ��Ò�ÈP�]ÇP���SãÍÃ�ÚYÄÆ����� Ë[ÃgàSÎÑ��Ûâ��Ì�ÇP�SãÍÃ�Ç'Ûâ�æ�SÈ�2�mÎS�S�m�É� ¿
- �vÇP�SÄ��vÇ'�gÒ.àSÎÑ�cÌçÇ{.AË��SÌçÇ�Çÿ�ÍÒ�×S�/Û �gÄù�cí�äÉ�v�����/ÎSèm��ÃÅÈ � Û �ÍÒ�Ì�Ë�ÃÅÄ��vÇ � Û�æ�����gàÿá ���æ× � Ù�Ò�ä��æ���SÌP�&�jè��Í�6�Í�m���ùÇ Ûâ�æ�SÈP�mÎS�Sì ��ÃÓËP�ÍÒ��æà¼á�èY��ÃÍ���dØmÈPÃqÛ$�2�mÎS�yÏ��ÅÚ�èl�SÎ�ÇPÈPÃÅÌ�Ò��lÃ/Ç"ÃCàSÎ]���Ì�ÇP����� Ë��âãÅ��Î]���]íSÚ3ËP�ÍÒ��æí�íçÛâ�É�vÇ�ÈPÎ]�Sà]Î]��ÃÍØ���Ìç��Û �2�Y�gà¼á�Çÿ�vÒ.�ãÅ�]ÃÅÄÆ�]ÇPÈP�/. ¿ �*�vÇ"ÃÅÄÆ�É�vÌ�Ç�Ì�Ç Ûâ���]ÈP��Î]�S���æ�ÍÚ(×S�ùãÅ�SÃÍÄ��ÑÇ"ÈP��� � Ù�Ò�ä��¨2�m�SÌ"�*ÃÅØ��æÌPÙûË���Î3�Íàÿá�ÃhÛ �Í���æ�;àS���gÏ ú�Y¸gýc�Å» ü�¶y®]°¼» ý� Î;���ÍÌPÎ]�SãÅÃ�ÃÍÇ"Ãgà]ÎS�S�m�É� Ê�/Ûâ�æåSàâÇ'�gÄ ÌP�ÍÄù�gÄ ÃÅØ���Ì�ÙûË����n�6�ÍÌ�ÎS��ÃvÇ"Ãgà]ÎS�S�m���ÍÚg�6�vÌPÎj.ÓØ�È�ÎS�]Ì�Ç"È�ÎS�]ì�Ê | Î�mÃÅÒ�Ï��Í���mÃÅíPà]�/.dÇ �gÄ¢ä��]Ø�ÌPÎ).Æ�æÄ à]�É�gÏÉÃè�äæ��×]ÌPÎ]�/���m�3�gÏÉÙ Ú6�dÛâ�æåSà/�æÄ ÌPÎ]�gÙ�È��SÒà]���]ì�ÌPÎÑ���/ÒgÈ�ÃÅØ�Òû�CÄ����æ�'Ë�Ì�ÎS�'Ë�í�ÈP�]������àÑ��}ÑÚhË��SÌçÇ$Ì�Ç Ûâ�æ�SÈP�mÎS�S�m���SÄ �6�Íä��]×j.và]�gÄ�mÃÐ6Î]�gÒ��¹¶
GÅ�ÍÒ*Û Ì�ÇPÃÅÌPÙ��mÒgÙÓ��ÃâÒû�v×S���]ãÅÃ�Ø�È"�3Û � Ð6Î]�gÒ�� ÚqÇÿ�vÒ��Å��ÃâãÅ�SÃÍÄ��ÑÇ"ÈP�æ�v�SÙ�Ò�ä��¨2�m�SÌPÃhÛ$� Ë]Ú������$ÄÆÃÅ×S�6��ÎS�vÇ"ÈP�ÍàS�æî Î]��ÈPÃhÛ$�]ãÅÃ/Ò�È���Ç �gà]�gÎSÄdÙ ¿ �*�Íä��]×]�ùÙmàSÎSà]�æÛâ�æ�ÎS�ÍØ���Ç"�Íî%z!GÅ�ÍÒ���Ë��SÌçÇ Î3�ÍÒ�ÈP�]Ì Ì�Ç"ÃÍÌPÃhÛ �Íä��mÃÅíPà]�UÇ"� Ë;Ç"�SÃÍÈP���/M&��ËP�vÒg�æà¼á�Û �vÈPÙ��o2Òq�ÍàÿáÄÆÃÅ×]�$ÌP��å$ÙqËP�hÛâ���æî$Î3�Íàÿá�ÃhÛ �Í���æ� Ø�È�ÎS�]��ÄÆ��ÃÍÇ � Ût�æ�����$���æ×;Û �g���æÒû�qËK.ÍàS�Î$Ë�� Ë Ç'Ûâ�æ�SÈ���ÎS�]ìNM
� �ÍÄÆÃ�ØlÃÅÌ�Ç"�hÛâ�æ�S���æ�$ÌPØmÈ"�hÛ � ÄÆÃÅ×]�;Û �g�6�Íî ÌP�æå$Î3�ÍÌ�Òû�ÍÒ�ÙûËK.Íà]�%¶ ò ��Ø�È�Î]�t2Ò�Ïó�Í�1ãcÏóÙmØlÃÍÇ'�&ÙmÎS�6�qË��SÄù�&ãÅ�m�&Ò�ÇPÃÅí�ÒYÛ$�SÌçÇ"��ÃÍ�gÙûË��/Ç'Ûâ�æ�SÈP�mÎS�]�����CÄ��vÇP�SÄ��2Ç �gÒ�� Ú(Çÿ�ÍÒ�����ËP�vÒ �cº/�c»�é�¿ùÂ �SÃÅÄÆ�]ÇPÈP�æåùÙ�Û$�Í×3�&ÌP�æå ØlÃqÛâÌPÎ]�Sàÿá������ÎS�&àSÎ]åSí�îÄ��vÇP�SÄ��vÇ'�gÒ�� Ú Ûâ��å]à�ËP�ÍÒ�×S�ÆíPÄÆ���SÄù��ØY�gÇ"�Íî ¿ ���3ËP�Íí����yÏÉ�SÄ¨Ú[×]��ãÅ�]ÃÅÄ��ÑÇ"È���åÄÆÃÅ×]�6�*Ç"ÈP�ÍÒYÇ"ÃhÛ �Íî[ËP�vÒC�6�ÍÙ�ÒÍå �SÒ�Ì�Øl�SÈ��gÄ��]��Ç"�Íä��r.A�mÃÍÇ'�gà]Îj.Íà).Aà]�É�gÏ�ÈPÎ]�Sà]Î]�t2Ûâ�æÌ�Ç �gà¼á Ú(ãÅ�m�g×�Ë��'Ë*ØlÃg��ÌçÇÿ�hÛ � | ÛLãÅ�]ÃÅÄÆ�]Ç"È���� �SÙmÒgäæ�����]ÌPÃhÛ$�'Ëx}âÛâÎS�æå]Ç"�ùÌx.�Î
¼O½g¾À¿ÂÁR¾Ã¿ÅÄÅÆÈÇ�¿8É¹Ê�ËlÌAÍAÎjÏJÐÑÌWÒ(ÓW¿�ÔnÁR¿OÉÈÕ¹¾À¾vÔ	Ò(Ö%Ô	ÒJÆÅÉ¹ÌxÍ�×xÌvØÀ¿NÖJÕ¹Ù�Î)ÉÈÔ	Ç�Ù�Á!Î�ÉÈÊiÍAÎjÚJÕ·ÌvËJ¿Ò	Í�ÌRÌWÏjÆÑÄ�ÔWÁ�ÌvÉ~ÎnÛ
• Ü ÕÈÙÝ¿�Ù�Ò	Í#Ì¡ÖJÊJËJÏ)É�ÎuÖJÕ¹Ù�¿KÇ¹ÞJÔ	ÒJÙ�¾jÄ�¿ÝÒ	ËÌRÖJÕ¹ÔnÆÅÉ¹ÌÛ
•
½�ÌgÖ%ÐÑÌWÆÈÙÝÇOÙÝÎjß�ËJ¾À¿W×KÖÕÈÙÝ¿�ÙÂÖJÊJËJÏ)É�ËJ¾À¿ÂØÀ¿�àKáWÇ�Î�ËlÌgÖJÕ¹ÔnÆÅÉÈ¿�ÄO×xÁRÔWàÝËÌgÖJÕÈÙÝ¿�ÖJÕ¹ÔxÍ#ÌWÒ	ÙÝ¾ÀâÒJÔWÏÐ¨ÌnÒ	ËJ¾À¿ãÄ�¿ÝÒJËá¡ÖÕÈÔ)Æ�É·áäËJ¾Ã¿�Á�Ì{ÄÅáWÇÝáäÙ(Ë¾Àá¡ÖÊJËJÏ)ÉÈå{Í´ÍgÆÈÖ%åWØÀË)Î	Ç¹Þ7Û
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ÃÅè�ÌP�]È�Û �và'Ë�� ¿a- ÃÅ×]�SÄù�`Ûâ��å]à&Ç"ÈP�ÍÒYÇ"ÃqÛ$�Íî9ãÅ�]ÃÅÄ��ÑÇ"È���åCËP�ÍÒ àSÎ]åSíPî1���ÍÙ�Ò�� ÃØ�ÈPÎÑ�cÈ�Ãg��ÎS�æ�ÍÚ�àSÎ]åSí�î9Ð6Î]�gÒ�� ¿ L Ç'Ûâ�æ�SÈ���ÎS�]���É� Ð6Î]�gÒ�� Ú ËP�ÍÒ&Ë�Ù�×=ÛâÌ�ØlÃÅÄ��æ�6�2ä���í�Äù�ÅÚaÛ �gÄ��ÍãY�qËK. à]ÎSÙûË���ÃÍíPàS�pÚVÛ �gÄ��ÍãY�qËK.1Û$�]È���Ð6Òû�và'Ë�� �;ÒÍÃÅ��m�È�ÃÅ��Ç"�Íà'Ë��;ÎàSÃÅÈP�ÍÎCÌPÙ�ècÇ"�Säæ����� Ë�ÌPÎÑ�cÄÆ� ØlÃÅÄÆ�É�ÍÈP�ÍÄ� Ø�È�Î]�9àSÃÅÈP�ÍÎ/Ç"Ã��æ���Y�càÿá1Û$�ÍÈ�ÇPÃÅíPà]�É�ÍàÿáÃÅè�ÌP�]È�Û$ÃhÛ �Í�Y�gà¼á�Ûâ�æ�Sä�ÒÍÃÍíPà]� ÚYèY� Û È"�vÎS��� ØlÃÍÇ"È�ÎS�]è��dÎSÃÅÌçÇÿ�ÍîâÎS�ÍÄÆ���S�m��ÃÅ�Y�gÄ���6��æ�����ÍÚ�ä��]Ø�ÌPÎ]�ÍÚ6��ÃÅÒ�Ï��v������� Ë�ÌPÎ]� ¿Ö ���]È�ÛâÌPÎÑ�gÄ1ÚûÒYÇ � È���Ç"�ÍÒ. ØlÃvÇ"ÈPÎ]�SèlåVÛ;�SÈ���Ð6Òq�Íà'Ë��YãÅ�SÃÅÄÆ�ÑÇ"ÈP�æ�vÌPÃÍè����wÙ�í�Ûâ���2��ÃÅÄÆ�yÏnè��6Ï Â �ÍÙ�ÌPÌ ¿ � ���SäæÒ���ÄLÛ �cÌ��yÏÉÒg�æ�SÄ ÎSÄÆ���SÈ�Î]�6ÏUÃÅ��Ì�Ù�ÄÆå�Ò.vÇ � Û Ç"È � ËO2Ò.vÇ"�CÃ/Ûâ�æ�SÈ�ÎSàÿá�ÃcÏÉÒû�Íàÿá�Ù�ÄÆ�æ�SÌPÎ]àSÎ]ÃÅ���gàÿá��6�AÇ"È�ÎS�SàÿáÆÛâÎSã � È�Î3�và¼á�Ãg��ä��]ãcÏÉ�gàÿáÃ/Ûâ���Säæ�âÒ��æä�ÃÅÄÆ�ÑÇ"È � Û ¿ � ãÅÈP�Í���æà3�ÍàÿáÆ��ÃÍÒ6Ïó�Í���mÃÅíPà]�lØlÃÅÄÆ�É�vÈ � ÛF��ÃÅÌçÇÿ�gÏlÛ �t2����Ò�ÎSãÅÃg�m��� ÎÛ �ÍÈçÇ"ÃÅíPà]�/.
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B
Ä��¨ÛâÌ�Ø � ÏóÈ�ÎSå]���8.
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y′ = 0, x′ = c

x = a, y = b
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√
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√
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√
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x
ÚÍÛâÌPØ � ÏÉÈPÎSå]���6�mÚà¼á6�vÈ"�ÍÒYÇ"�]È��gÎ]ÙûËK.Íà3��ÃÅÒ�ÈP�Sí�ä�ÃÅ�m�ùØlÃgÏóÃÅ×]�S���æ�ÍÚlÄ�ÃÍ×S�ÓèY�gîùÈ � ×]�6����äÉ�ÆÈ � ×]���gà¼áÛ �cèlÃÍÈ � Û Ø�Ùm��ÒYÇ"Ù1Ãg�����æ�SÌ����S�m�É��z
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GÍ�S���]� ��Ç"�S�`ÌP�ÍÄ Ø�Ùm��ÒYÇ Ö Û Ç'�gÄ ÌP�ÍÄù�gÄ ØlÃgÏóÃÅ×]�S���æÙ`Ä��9ÛâÌPØ � Ïæ2È�ÎSå]���8.
x′
ÚÅãÅ�c�ùØlÃgà]Îj.vÇP�SÒÓÙ�Ò�Ï��Í��Ù Û �gè�ÈP�Íî Û�Ø�Ù���ÒvàS��� O′ �gÛâÌPØ � ÏÉÈPÎSå]���8.

x = x′ + a
Ú�ãÅ�m�=ØlÃgàSÎj.ûÇ"�SÒ=Ù�Ò�Ï��Í��Ù¨Î]Ûâ�1.ÍÎ3�vî/Î/Ø�Ù���ÒYÇP�SÄ O ¿���ÆÇ �gÄ�Ä ¿ ��� ¿ ØlÃÍä��SãÅ�ÛâÎSãÅäæåS�m��ÃÅíPîùØlÃcÏÉÃÅ×S�]����� ¿ �*�æ�CÛâ���Í��ÃÍÄ�ÃÆèl�SÎv2ÛâÎ]ãÅä�å]�����æ�ÍÚUÇPÎS� ¿ èl�SÎ Ù�ÛâÎ]ãÅä�å]�������]������ÇP�SãÅÃ=àSÃ=ÌP�æåùØ�ÈPÎÑ�hË�ÄÆ��� ËP�ÍÒÍÃ=Ø�Ù��mÒYÇÃg�m�����]ÌP���]���É�cÚ�ËP�ÍÒq� äæ��àSÎ]è6� ÃÍØ���Ì�ÙûË��wØUÃgÏóÃÅ×]�S���æ�VÒÍÃÍ��Ò�ÈP�]ÇP���SãÍÃ*ØmÙ���ÒYÇ"Ù ¿(- ÃÅ×]�ÇPÃÓè��gî*�

x
�
x′
¿ ��ÎSãÍä�åS�m�SÄ O ØlÃcÏóÃÅ×]�S���æ��ÃÅØ��æÌPÙûË��âÛ$�ÍÈ�ÇPÃÅíPî

x
Ú�ÛâÎSãÍä�å]���SÄ

O′ Û �ÍÈçÇ"ÃÅí�î/ÛâÌ�Ø � ÏóÈ�ÎSå]�����'ËâÛ �g��ÃÅÌ�� x′ ¿� ���]ä�ÃÅÎ]�6�Íà]ÎS��ÃÅí�îCÇ"�Æ�����/Ø�È�ÎS�SÌ�ÎSÒû�v��Î3��Û�Ù���ÎS�æ�Säæ�S���æÙ¨Ãg��ØlÃqÛâ�æ�S��Î]�[�6��æ��ÇP�SÈP�]ÌPÙûËK.vàS� Ø���Çÿ�Í�m�É��Ð6ÎÑ�cà]ÎS��� ¿ Â �c� ÃÅØmÈ � àSÎ ØmÙ���ÒYÇ"Ù
P1

Ä��ÍÄù�¨��È�Ù�ãÅ�ØmÙ���ÒYÇ3Ú[��Ø ¿
P2
ÚzÇPÃ¨Ãg��äæ�SãcÏÉÃÅíPî

d
ÄÆ��åS�mÎ]�����æÄ��pÚ(èlåS�8.và3�&Û �ÍÈ�ÇPÃÅíPà]�/.&èl�]ÎW2ÛâÎ]ãÅä�å]���8.AÈ � ×]���æà]�ùÛâÌ�Ø � ÏóÈ�ÎSåS�m���gà¼á Úc���æ� ÎS�Íä��]×]� Ãg�dÇ"�]ãÅÃ$ËP�ÍÒ��æ�SãÅÃAØ�Ù��mÒ�ÇPÙÃg�m�����]ÌP���]���É� Ù�×Ñ�3Ë��SÄù�Âz

d = |x1 − x2| = |(x′1 + a)− (x′2 + a)| = |x′1 − x′2|
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®�b1�Uba�N·ä"���µedfZ�çH��hi[_²��,"$�]\_^s��d¯X��YX�[_²�µ�"�� ÝYñ
µ1º�¦�ö[¸ ýY¶yº��¹+¯®]üý+�ÿ�+zö[·[¸¥¤�ü��(ô�óy±gö ¸c¹ ög+gü�+�óp· ¸,ôN+ ¶p· ¸�úûýÿþSºªó�û·[¸,ôN+�6[½���º6ö�6 +zö[·a¶�¸g®3¶y¸g·[¶yºm¤;²�+lú6[®)�YºF®3¶�±�þS¸gö[·�+l®]°hº�þ3·[¶y¸ ²�+ óy¶p·[¶y¶²aúJ+l®]°h¸ÑþÍ÷Â �m�gè��ÆÎS�ÍØ���Çÿ�vî��mäÉ�Íà]ÎS�]ãÅÃCÇÿ�ÍÒ*Ë��SÌçÇ3Ú�Ç"ÈPÎ]�Sè6�ÓèY�ÆÃg��ØlÃhÛâ���S�mÎS�æ�Sî*Ì�ÎSà]ÎS�W2ÈPÎS�vÚ�×]�������*Ûâ���Í��ÃÅÄÆÃ ¿�� Ç Ûâ���]ÈP��Î]�S�m����ÃùÛâ���]àSÎ]���gÄ ÈPÙ�àÿágÙÓË��S�m��ÃÅÌ�Ç"�ûË��Y�gÄàS�É��Ï�� ÌçÛ$ÃÅèlÃg�m���SãÅÃ | ÛâÎSãÅäæåS���]Ä �æ�����gàÿá à]�É�gÏ*ÌçÛ$ÃÅèlÃg�m���gà¼áN}�Ë��]Ì�ÇÆÛâ����Ã2ÌPÒ����]ÄLÎ$ÃÅè�Ì��SÈ�Û$�Íà'Ë��cí�Ûâ���vÇÿ�*ÈPÎ]�Sà]Î]��Ûâ��Ì�ÇP�SãÅÃAÒYÇ � È��ÓØ�È�Î]�3Ë�Ä ÙûË��SÄù�C��Ã*Ûâ�É�2��ÃÅÄÆÃÅíPà]�gËP�ÍÒÍÃym�Ùm���6�ÍÄÆ�S�YÇÿ�Íäæ�8. ÎS�ÍÌ"�v��åAÐ6Î]�gÒ�� Ú�Î]Û �v�8.Î3�vÌ"�Í�8.dèl�SÎÑÛ�Ï��Í�o2��ÃÅíPà]� ¿�ò �ÍÌ"�v��å9Ç"å9ÌÝm�ÃÅÈ�ÄdÙlÏóÃqÛ$�gÏ Â �Íäæ�æäæ�]Ù�ÌPÎ ¿ �*�ÑÛ Ç"ÃÅ�FØ�ÈPÎÑ�hËK.�Ï�ËK.=ËP�vÒÍÃØ����]È�ÛâÌPÎ).FÎ Î3�ÍÌP�Í� ÎSèmÙ���ÃqÛ$�Í��� Ë1Ø�ÈPÎ]�SÎ�ÌP�æ�Sè��æ� ÇP�SÃÅÈ����AÈ�Ù�àÿágÙ �/ÌP��Ï ¿ �Î]Ûâ�1.ÍÎSÒ�Ù Î¨Ç �gÄ�Ë��SÌçÇ�ÃÅ�6� ØlÃhÛâÌPÎ]�Sàÿá������ Î]�6�Í�6�=ËP�ÍÒÍÃ�Ø����]È�ÛâÌPÎS��Î3�ÍÌP�Í�6��m�g�6�ÍÄÆ��Ò��A�*�ÑÛ Ç"ÃÅ��� ¿
-´� Ûâ�YÌP�æå�ØlÃÍØ�Ù�äÉ�vÈP���æ�w×S�(ËP�ÍÒû�ví ÈPÎ]�Sà]Î�Ç"ÃgàSÎÑ�AÌP�æå(P�ÌP��Ï�. èl�SÎÑÛ�Ï��v��ÙoSÿÚ	P ÌP��Ï�.�����]ÈPà'Ë��¨S ¿ - ��ÄÆÃ&×S�ÆÌ¼ÏóÃhÛ$Ã5P Ì��yÏ��JS èY��Û �9Ç"Ù Ù�×Ñ��Û �Í���Æ��ÃÅÒ�Ï��Í�m����� Ûâè�ÈP�ÑÛË��SãÅÃÆÎ]�6�ÍàSÎ]�S�m��Ù1Û Ð6ÎÑ�gàS� ¸Åí ÚnÒYÇ � ÈP�C�m���]�UÏóÙ�ãÍÃÆØlÃÅÎS���ÍÄù�ÅÚ6ØlÃqÛâ�æ�S��Î]�S���æ�/Ç"ÃÇ"È"�m������=Ãg��Î]Ûâ�æ�SÈ�àS�æ�S��ä�����ÌçÇ"ÃÍÇPå&ÈPÎS�]àSÎÑ� ¿Fß Ù�àÿá�Ë��S���mÃÅÌ�Ç"�ûË��Y� | àS���gÏ���Ì�Û;Ãl2èlÃg�����SãÍÃU}A���æ�dÛ �gÄ��vãY�mÚ[ØlÃ¨Ø�ÈPÃÍÌ�Ç"Ù(Úa×S�Í����� ËCØ�È�Î]�gàSÎÑ�c��� ¿k� ÒÍÃÍÈPÃ1èY�6Ï;ÛÄ�ÃÅÄÆ�]��àS�æ�&ÈPÃÍÎSØlÃgàSÎ]åSà]�É� ÃÅèmÌP�SÈçÛ �Íà Ë�� Ú;èlåS��Î]���9ÇPÈ�Û �gÏ�Û ���Sà]ÎS���æ�¨Ø � Ò�� �����ØlÃvËP�3Ûâ�nÌP�æå�Ø�ÈPÎÑ�cà]Î]�g�6� | ËP�ÍÒ����]í�àS�É��ÏóÃU}jÒ�Ç � È"�CÎS�ÍàSÎ]�����âÇ"�S��ÌçÇÿ�Í��ÎSÄÆ���]���É�vî ¿
- ÃÅ×]�6�AÎ3�vÌ�Çÿ�v�6�hÛâ���Íî ÌP��å ��ä��Íà]ÎS�SãÍÃAÇ"�ÍÒû����ÃÅí�îâØmÈPÃÅÌçÇÿ�AÎS�ÍÌ"�v�6�mÚY���æ� Î3�2Ûâ���]È"�qËK.Íà3�9Ø�ÈPÎ]�Sà]���S×�×3�v�����gàÿá`ÌPÒÍÃÅÄÆØ�ä��æÒÍÃqÛ$�Í���gàÿá ÎS�Íä��]×S�mÃÅíPà]��àSÎ]� ØlÃûË�åSîÄ��vÇP�SÄ��vÇ �gàSÎS�Y�gà¼á(ÚwÄ Ù�ÌP���gÏ��&Ç"�ÍÒ �lÏóÙ�ãÅÃ1àSÎ]�SÒû�vî=�6�1Ì�Û;�=Ãg�mÒgÈç�gàS���jM �*�Ø�ÈPÎ]�SÌPÎ]ÒÍÃg��ÎS����ÌçÇÿ�gÏÉÃÓÇ"Ã�Úg×]�*Û Û$�ÍÈPÙm��Òû�Íàÿá&�6�vÇPÙ�È"�vä����gàÿá��6� ò �æ�SÄÆ�pÚYØ�ÈPÎ]�S�ØlÃvËP�3Ûâ���]�����]Ä Ì���åwÛâÌPØ � ÏÉàSÎ]�SÌP���'Ë Ç"�]à¼ám����Ò��Y�ÅÄ�ÃÅ×]ä��ÁÛ$ÃÍíPàS�vÛâÈ�åSàSÎ�äæÃÍÇ"Ù�Û & Ã2ÌPÄÆÃÅÌSÚg���æ�SÎÑÛ �cÒ�äæ�*ÇPÈPÙ����mÃùè��6ÏóÃÓÙ�Î]�gÌPÒq�Íî�Ì���ÇPÙ6�Íà'Ë�åvÚmèY�ÆàS���gÏóÃCÈ�ÎS�Sà]Î]��Ûâ��Ì�ÇP�Ãg����ÎS���gÏ��gÛ$�gÏóÃÛ �gÌ�Çÿ�vÈPàSÎS�qËK.ÍàSÃ�ÌÑÏ��vèlÃ�ÎÓ�æ�����gÄÆ�zàS���gÏó�ÍÄ��yÚmÇÿ�vÒ&è��9È�Ù�à¼á1ÃÒ�Ç � È��gÄ Ä � Ûâ�aÎ3�ÍÌP�Í�6�=èl�SÎ]Û�Ïó�Í����ÃÍíPàS�VÄÆ�É��ÏwÈ�ÎS�Sà]Î]��Ûâ��íPà]���dÄ��æ�'Ë�Ì�àS� ¿ GÅ�vÒÎ3�ÍØl�ÑÛâ�����ÃÅèmÈPÎS�dÈ�ÃÅÎSÙmÄ��æ�Sà]���ÍÚUÃÅØlÃÅÈ��¨Ç"Ãgà]ÎS�S�m�É�m�Ù�È�Ä��Í�mÒg�aÌx.�Çÿ�ÍÒ¨��Ù�×S�vÚ×S�/ãÅ�m�=Ç �gä�ÒÍÃdÛ �gØ�ÈPÎ).ÍàÓÒÍÃÍ���É�cÚ�Ì�Ç"�ûË��/ÃÅ������æ�SÄ��Íä(�6�ûÇ'�gàÿá�Ä����ÍÌ�Ç ¿Ö ÃÅÎ]ÃÅÈ��ÆèY�6ÏÉ�ÆÌ�Ç"�Íä���Ø�È�ÎS�]àS�æÛ�Î3�ÍÌP�Í��Î]���*èl�SÎÑÛ�Ï��Í�m��ÃÅíPà]� ¿�� Î]Û ¿ P�ÎS��È�ÃqÛ �ÈPÃÅÎ]Ù�Ä S;Ä � Ûâ��Ï Úv×S�$Û�Ï��Íí������ �mÎS���gÏ��Í�m��� | ÒÍÃÅ�m�É�t}mË��SÌ�ÇV���æ�SÎ]èlåS����� ��ä��*Ç"ÈçÛ �2���É�=ÈPÙ�àÿágÙ ¿�ò Ø�Ù���ÒYÇ"Ù Ûâ�æ��ÎS�]���É�&ÎS�ÍÌ"�Í�c� èl�]Î]Û�Ï��v����ÃÅí�àS� Ú[ÒÍÃÍì�ÎS�Íä��]�mÛâ������SÙmÇPÈ"�Íäæ��Î]ÙûË��ÍÚcÒÍÃÅÄÆØl�]��ÌPÙûË��vÚ6Ãg�m��ÎS���gÏÉ��Û �v������ØlÃÅäæ�SãY�qËK.Íà]���6�ùÇ"�ÍÈPà]��Ù ¿�& Ã2���É�ÓÃgà]Î]��Ûâ��í�àS�æ��Ûâ���6�vîÍÚm�ÓÇ"�ÍÈPà]���VË��SÌçÇ ��ÃÅí�îA�ÍèmÌ�Ç"ÈP�ÍÒÍà]�3Ë��Y�cÄ ØlÃûË�å]àS���]Ä Ê

¼Åï��èÄ�ÿ�Ù�ÎjÏjÊ�Ö%ÔvÉ¹Ô	ÇOÙÝË)ÎjÁfÁRå{ÍA¾lÆÅ¾ÀÿAÉÈ¿�àS�~ÆÈ¾õÐÑÌ(ÍãÔWØÀ¾��·×)ÇOÙ�ÎY��ÆÈ¾õÐÑÌ(ÌWÕÈÓnÊJÁR¿�Ë)ÉÈå{ÍO�·×vÁR¾ÀÁRÔàÝ¿RÉ·ÌvÏjà�¿�¾NÉ¹Ê Æ·Ð¨ÔxÍ�Ô{�~ÆÈ¾õÐÑÌ��RËJ¾À¿�ÔJÒ	Ö%ÔxÍA¾òÌWÒÌIÆÈ¾ÀØÃ¿�Í¨§Ù�Î	Ç�¿WÛ 	 åWàn×7ÉÈÕ¹Ù�¿�ÚÌYÆÈ¾Àÿ�ÙRÉ�ÎjÁÖ%ÔnÓWÔ	Ò	ÙÝ¾ÀâWÛ



Ý%� �YX�Z#[YZ��]\_^¯®�ba°±�O²��!³´\I��µ�°Y\
�m���AÄ��cÚ�Ä � Ûâ�1.Íà�×3�vÈ�Ç"ÃÅèmä��ÁÛâ���vÚmÌçÛ$ÃûË��SãÅÃÆÒÍÃÅ����� ¿Â �vä��æäÁ�SÙ�Ì�ÎAèY�6ÏaØm���SÈçÛâÌPÎÑ�cÄ¨Ú�Ò�Ç � È��=Î]ÈPÃÅÎ]Ù�ÄÆ�É�gÏ | è��Í�6�qËK.Íà�ÇPÃgàSÎ]�S���æ�/Ì���åÒ�Ù�ä(àSÃÅÈP�ÍÎ�Ì�Çÿ�vÈ"�Í���m���'Ë�Û �cÒÍÃÍ�6�Í�Y�càÿá ÚnØlÃdàSÃÍÈ"�ÍÎ�ãcÏó�Í��ÌPÎÑ�gÄ ØlÃg�UÏóÃÅ×]Ù9�(ÃÍèo2Ì��SÈçÛâÙûËK.Íà Ì¼Ï��Íèm�8.ÍàS�$�Wm��SÒYÇ �ùá6�vÄ�ÃhÛ �Í�����t} ×S�;ãÅ�m�gè��CÇ"�ÍÈPà]����Ù�ÌPÙ��r.Íî Î]Ù�Øl�ûÏæ2�m���ÍÚUà]�É�gÏó�ÆÇ"Ãgà]Î]�6Ï��cèY��ÌP�æåùèl�]Î ÒÍÃÅì�àS�mÚ � Ç"Ã=Î]� ÌçÇÿ�gÏ~.�Ø�ÈPå]��ÒÍÃÅí�àS�1.=ØlÃ=ä��æ���æ�ØmÈPÃÅÌçÇ"�'Ë ¿�ë �É�gÏó�ÆÛ ÈPÙ�àÿágÙ���ÃÅØ��æ�SÈ�Ã�ØlÃg� ÛâØUÏÉ��Û;�SÄ��æ�����gàÿá�àS���gÏwá��ÍÄ ÙûËK.mÚØmÈPÎ]�gÌ�Ø����]ÌPÎ3�qËK.mÚnÎS�ÍÒ�ÈPå]à3�qËK. ¿

- �qËK.Íà ��� ÙYÛ �Í��Î]��Î3�vÌ"�Í��å èl�SÎÑÛ�Ï��Í�m��ÃÅíPà]� ÚâØlÃqÛâ�æ�SÄù�t×S� ÈPÃÅÎ]Ä��Í�æÇP�Ì���äæ����Ò��äP ØlÃg�cÇ"ÈPÎÑ�gÄdÙqËK.ÍàS� ËP�ÍÎ]��åWS9ØlÃvËP�vÎS� � Û��6� ò �æ�SÄÆ�pÚ�ÌÑÏÉÙ�×j. Ç �gä�ÒÍÃ ØUÃÇPÃ èY� ÎSÈ��SÒÍÃÅÄÆØl�S��Ì�ÃqÛ$�ÍîÍÚ$ÎS���]ÙmÇ"ÈP�Íä��æÎSÃhÛ �Íî&��Î]�É�gÏó�Í������ÈPÃÅÎ]Ä��Í�ÁÇ'�gàÿátÃÅØlÃl2È � Û ¿ | � �É�Í�mÃÅÄ�ÃÆØlÃhÛâÌPÎ]�Sàÿá������ÍÚ(×S�ù��Ä�è6�vÈP��Î]��� Ë*ÃÅØlÏÉ��Û$ÃhÛ � Ò�ÌPÎÑÇÿ�gÏ�ÇAÌP�2ÄÆÃgàÿá�Ãg��Ù Ú Ç'�gÄ Ä��m���'Ë�Ì�ÎS�ÆÎ]Ù�×Ñ�cà]����Ø6�Íäæ�æÛ � ¿ }t� ÈP�]ÎSÙ�äÁÇÿ�Íà]���ÃdËP�Í�8.và]�gÄË��]����ÃÅÌçÇÿ�qË����æ�ÍÚÍÎ;Û�Ï~.ÍàSÎ]ÃÅ���gÄLÌP��äæ����Ò��æ�]Ä�ÌP�ÍÄÆÃgà¼á�Ãg�mÎS���vÚÍà]Î]�ÓØlÃgàS�1.�ãÅÙ ÚvÄ�Ã2×]�SÄù� Äù�cí�ä��]îdÈP�ÍàSÎ]�'Ë�ËP�ÍÒ1Ã&à]���]ä��ùÌ�Û$ÃÍèlÃg�����gÄ¨Ú �m��× à]���]ä��ù�6�ÍØlå]��Î3�Í�Y�gÄ´¶
0 äÉ�vÇP�SãÅÃ�àS���gÏÉÃ�ØlÃÅÈPÙmÌPÎ3�qËK.Íà]�ùÌP��å Ë��S����ÃÍÌ�Çÿ�qË����æ� | ÛâÎ]ãÅä�å]���SÄ-Ù�Ò�Ï��v��Ù������]È�2à ËP�Íä��m�SãÅÃt}ÑÚlÌ"�vÄ�Ã/Ë��]Ì�Ç�í�Û ���]ÇP���gÄ ÙmÒ6Ïó�Í���]Ä������]ÈPà'ËP�vä����gÄ ¿ GÍ�SíPäæ�[àS�É��ÏóÃÆÇ"Ã�m���/Ë��]Ì�Ç �]Ûâ�æ���S�YÇ"���æ�=ÌçÛ$ÃÅèlÃg���m�ÍÚVÇPÃ�Ìx.Í�mÎj.Íà=ØlÃÆË��]ãÅÃ�ÈPÙ�àÿá�Ù1Ë��S����ÃÍÌ�Çÿ�qËO2�Y�gÄ1ÚÅÄ Ù�Ì���Äù�CÙ�Î]�6�ÍîÍÚY×]� ��Î]�É�gÏó�Í������ÛâÌ�ÎS�SäæÒ���� �6��Ç"Ã�àS���gÏóÃ�ÌP�æå$ÛâÎS�ûË��]Ä��m���Î]��ÃÅÌ�Îj. ¿

� àSÎ]��Ûâ�æíPàS�æ�Æá6�ÍÄ ÙqËK.Íà]��ØlÃgàS�1.�ã9àSÎÑ� Ì�Ç"�ÍÈ�ÇPÙûËK.Íà]��ÌP�ÍÄÆÃÅä�ÃÍÇ�Ìx.ùËP�ÍÌ�ÒgÈP�2Û �gÄ�Î3�vØ�ÈPÎ]�Sà]ÎS�S���æ�SÄ�Ç"�ÍÒ����]ãÅÃ=Ù�Ò�Ï��Í�mÙ ¿ � á6�ÍÄ ÙûËK.ÍàÑ�gÄ ØlÃgàS�1.�ãÅÙ�àS�É��Ï��
P��6�ÓÒYÇ � ÈP�����æà*���æ�*��Î]�É�gÏó�SÿÚ�ÒYÇ � ÈP��Ì�ØlÃÅÒÍÃûË������*ÌPØlÃgà]Î]��Û �gÏ����6�ÓØ � Ïóà]��Ø � Ò��ØlÃgà]�/.�ã�Ë��]à¼á��gÏnË��S����ÃÍÌ�Çÿ�qË����æ�ÍÚnÎS�ÍàSÎÑ�c���ûËK. P�ÌPÎS�Íä��]îWS/ãÅ�c�9ãÍÛ �gÏ�Ç"ÃhÛâ�����/Ä��J2Ì�Î]�g���æÌ�Çÿ��Û�Ï�.Íà]Î]�ùá6�vÄ Ù�ä�à]� ¿wò �vàSÎ]�g�6��ÌP�æå$ÈPÙ�àÿá ÛâÎ]ãÅäæåS���]Ä	Ø � ÏÉ�SÒnÚÍÛ �Íäæ��Î]Òg�Ì�Ø6�Í�6�qËK.mÚ�ä�Ù��mÎS�����6�Íè�� ËP�qËK. ÌPÃÅè��æ�/ãÍÙ�Î]� ¿Ö �ÍÄÆ��åÑÇÿ�qËK.Íà�ÃÎS�ÍÌ"�Í�mÎS���Aèl�]Î]Û�Ï��v����ÃÅí�àS�zÛ �3ËK.vÇ"ÒÍÃhÛ$Ã&Ïó�vÇ'Û;ÃdÇ"ÃdÎSÈ�ÃÅÎSÙo2ÄÆ���]î ¿�� Ù�×�Ø�È�ÎS�]��Û�Ï~.ÍàSÎ]�S���æ�SÄ á6�vÄdÙmä�à � Û ��Û$�ÍãÅÃÅ�Æ��Û �Íäæ��Î]Òû�AØlÃÅÈPÙmÌPÎ3��ÏÉ�Ì���å�Ë��S�m�6�ÍÒÍÃhÛ$Ã ¿ � �Íä��æÎSÒq�mÚ ÃÍÌÑÏóÃÍ����åÑÇÿ�&Ø�ÈPÎ]�S����ÎS���gÏ��v�����]Ä Ûâ�É�ûÇ"ÈPÙ à3��ÏÉ�gÄÛ$�ÍãÅÃÅ���]Ä Û ÒYÇ � Èç�gÄ ÌP�æåAÎ]�6�qË���ÙûË��vÚ�Û;åS��È�ÃqÛ ��Ï��*Ë��S�m��ÃÅÌ�Ç"�qË������vÚ�èl�]Î/×S�Í�o2�m�'Ë�Ø�ÈPÎÑ�gàSÎ]�g���ÅÚzÒ�Ç � È"��è��dËK.���Ã=ÇP�SãÅÃ=ÎSÄ Ù�Ì�Î3�gÏó� | ÛL�����S�Íä���� Ë*Î]ãÅÃg��Î]���ùÎÎS�ÍÌ"�v�8.¨èl�SÎÑÛ�Ï��v����ÃÅí�àS�~} ¿ �`�vãÅÃÅ� Û$å]��ÈPÃhÛ �gÏ Ë��]����ÃÅÌçÇÿ�qË������vÚ[èlÃ¨ä�ÃÍÒÍÃÅÄ�Ã2Ç ��Û �mÚYÒÍÃÍÄ�Øl�]��ÌPÙûËK.và ÃÅØ � ÈjØlÃqÛâ�æ�]Ç"È�Î3���gÇÿ�ÍÈ�àS�æ�$Ò � Ï ÚÅàSÎÑ�g���yÏó��Î �m���SãÍÃ�àS�É��ÏóÃÎS�Íàÿá�ÃqÛâÙqËK.ÍàS�*Ì���åjËP�vÒ àS���gÏóÃAÌ�Û$ÃÅèlÃg�m��� ¿ L äæ�â�6�vãÅä�� Û �vãÅÃÅ�ÆÎ]Û$�Íä������ ¿ � �2äæ��Î]Òû�dÊ ���ÍÈ"�ÍÎ]���AÊ �m���ÓÄ��ÆØlÃqÛ$Ãg�mÙ�Î]Û$�Íä��m�É�Íîl¶�� Ë��'Ë*Ìç��Ç"Ù6�Íà Ë�� ÚlÛ�Ë�� ËÌK.ÍÌP�æ�S��ÎÑÇ'Ûâ�æ�Æ���æàÌP�æå�Ë��]ÌPÎ]àSÎS�������Î]ÄÆ���S�m�yÏóÃ ¿Ö È�ÎS�]ÌPÙ�Û �1ÌP�æådÛâ��åSàÈP�S�Íä����æ�ÛâÎ]ãÅä�å]���]Ä Ø � ÏóÒ�� | ÃgàSÎÑ�gÛ ��íPà]���ùÛâè�È��]ÛLÛâÌPÎ]åS��ÃÍè��cäæÌPÒ����]Ä Ù�Çÿ�vÈPàS�æÙN} ¿ GÍ�Sí�ä��ÇPÃ¨Ø � ÏóÒû�9�6�Í� ãcÏóÃhÛR.9Ø6�ÍÌP�Í×S�]È"�¨ÌP�æ�S��Î).ÍàS�]ãÅÃ¨Ç'�6ÏÉ�SÄ ��Ã¨Ò����]ÈPÙ���Ò�Ù&ËP�ÍÎS�m�ÍÚÛ$�Íä��æÎSÒû�¨Ì�Î]�gè�ÒÍÃ���ÃÍÇPÈPÎ]����Ã íPà]�É�Í�Y�ÅÚjÒYÇ � ÈP�¨Û ��Ç'Û$ÃÍÈPÎ]�ÍÚVØ�ÈPÎ]�SÎ�Ì�ÛR. Ì�Ø�ÈPåv2
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s = 5t



Ül� �YX�Z#[YZ��]\_^¯®�ba°±�O²��!³´\I��µ�°Y\
Û�ÒYÇ � Èç�cÄ

s
ÇPÃÓØ�È�ÎS�]è���Çÿ�Ó��È�ÃÅãY�mÚ

t
àSÎ3�vÌ;ØlÃÅÒû�vÎ]��Û �Í�Y��Ø�È�ÎS�]Î*ÎS�]ãY�ÍÈ�Ãg��äæ�W2ãgÏÉ�dÃ

s
Ãg�ÆÄ��æ�'Ë�ÌPàS�/ãÍ��ÎS�æ�âÈPÃÅÎ]ØlÃgàSÎSå]ä�í�Ä �dÃÅè�Ì��SÈçÛ �Íà Ë�å�È�Ù�àÿágÙ | Û�Òû�Í×]�m�gÄÈP�ÍÎS�æ�dà¼ámÃg��ÎS�VÃ¨ÄÆ���'Ë�Ì�àS�dÃg� ÒYÇ � È��SãÍÃ¨Î3�qË�åSäæ��í�Ä �1ÌP��ådØlÃÅÄÆ�É�ÍÈ��SÄ ØmÈPåS�mÒÍÃl2í�àS�/} ¿

� �vÒû��ØlÃÅÌçÇÿ�Íî;ÃÅØ���Ì�ÙùÈPÙ�àÿágÙ ���æ�;è��6Ïó�Íè��CÛ �gãÅÃg�m�6� ¿Vò �gÏ � ×SÄù�/èlÃhÛâ���]Ä1Ú×]�âàÿá�àS�]Ä � Ù�Ì�Ç"�Íä��æî ãÅ�mÎS��� èlåS��Î]���]Ä �ùÛ�Ç'�gÄ¯ÈPÙ�àÿágÙÆØlÃ/ÒYÛ �Í�mÈ"�Í��Ì����vÚ�àSÎ]�gäæ�ØlÃ ÀqÜ 2 Ç"Ù1ÄÆ����ÙmÇÿ�và¼á ¿âÂ �m�9ØlÃg��Ì�Ç"�hÛâ�æÄù��P ÎCÈPÃÍÎSØlåS�mÙoSÓä��æàSÎ]èlå ÀqÜ ��Ã�ØlÃl2Û �g×]ÌPÎS�SãÅÃ&ÛâÎSÃÍÈPÙ�Û �hË��mÎS�æ�d�6�vÄ ñÍÜc¿ L ä��ùØmÈPÎS�]àS�æ�S× ÀhÜ Ä��æ�gÙmÇ*ÇPÃ&�Í× Ô%�c�Ì��SÒ�Ù���� ¿�Ö Ãg��Ì�Ç"�hÛâ���ûËK.và
t = 900

��ÃÍÌ�Çÿ�v�����]Äù�
s = 4500

¿ L Ç"Ã/ÃÅãÅÈPÃÍÄ��6�È � ×S�m��à3� ¿� Î � È/Ð6Î]�gàSÎ]���ÅÚjÇÿ�ÍÒ��(ËP�ÍÒ
s = 5t

ÚaÎ3�3Ûâ���]È"�qËK.Íà]�Û���'ÜÝ���]Ü1�$��Ì�Ã��dÌPÒû�vÎ]�t2Û$�gÏóèY� �6�ÍÌ��6��ØlÃcÏóÙmãÅ�æÛ$�Í�����ÓÌ���åùÎ3�3ÛâÌPÎ]�ÍÚzèl�SÎ Û �3ËK.vÇPÒ�Ù �jØmÈPÎS�]Î ÛâÌPÎÑ�gÌ�ÇÝ2Ò��æà¼á=Ç'�gÄÆ�(Ì"�ÍÄù�gÄÆ��Ë��]����ÃÅÌçÇ"Òû�vÄ��pÚcÛ Ç'�gÄ8Û �cØ��Í��Ò�Ù1Ãg��äæ�SãgÏóÃÅí�àS�(�(àSÎS�ÍÌPÙ ¿ë ámÃgàS�É�v×&�8.Í×]�S���æ�9��Ã ÙûË��]����ÃÍä���à]�S����� ÈPÃÅÎ]Ä��Í�ÁÇ'�gàÿá Ä����ÍÈâË��]Ì�ÇÌ�Çÿ��Ï�.�ÇP�S�o2�m�S��à ËK./�6Ò�Ù�Ølà � Û��mÐ6ÎÑ�gÒ � Û�������×Ñ�c�m���SÈ � Û/ÚY�6�Í�mÄ��æ�SÈ����ùÈ��gãÅÃÍÈ��gÎSÄ¯ÛFÇ �gÄÛâÎ]ãÅä�å]��Î]��� è��6ÏÉè����m���SÈ�ÃÅÎ]ÇPÈPÃÅØm��� ¿ �*�hÛ$�ÑÇAÛLÈ"�ÍÄ��Íàÿá�ÇPÎ]Û ¿ ÄÆ��å]��Î]�g�6�vÈPÃl2�mÃqÛ$�]ãÅÃ1Ì��gÌ�Ç"�]Ä Ù9Ë��S����ÃÍÌ�Ç"�]Ò � �ÿÚzÛ$ÃÅäæ��Ã¨Ù�×]��Û �vî�ÃÅèlÃÅÒÆË��S���mÃÅÌ�ÇP�SÒ ØlÃg�o2ÌçÇÿ�3Û$ÃqÛ �gàÿá Ê �æàÿá Ûâ���]ä�ÃÅÒ�È�ÃÍÇ"��ÃÍíPàS�[�aØlÃg�cÛâ���SäæÃÅÒ�ÈPÃvÇ"��ÃÅí�àS� ¿ L Ûâ��å]àùÙ�×]�t2Û$�ÍÄù�ùÄÆ�ÑÇ"È � Û�ÃÅÒ�ÈP�]íPä��ûËK.và Ø�È�åS��ÒÍÃÍíPîâÌ�Ø�ÈP�æ��Ç"�]È"�cÚÅàSÎ]�ùØ��yÏÉÒ��gÇ"�S�m��ÌPÃhÛ$�'Ë]ÚY�Íä��Ò��æä�ÃÅÄÆ�ÑÇ"È � Û ãÅ�m�Ë��S��Î]���]Äù��ÌP�ÍÄÆÃgà¼ámÃg���SÄ ¿ùÖ Ãg�mÃÅè����æ�d���vÇ"Ù�ÈP�Íä��m��Ë��SÌçÇ ¸ ÀÙm×]��Û �Í���æ�C� ÌP�SÒ�Ù��m� �zãÅÃg�mÎS���9��ÃdÛ �gÈ"�Í×S�Í���É�dÃÅÒ�ÈP�]ÌPÙ1àSÎS�ÍÌPÙ ¿ò ÇP�SãÅÃ�ØlÃhÛ$Ãg��Ù Ûâ���]ä�ÒÍÃÅí�î=Ð�Î]�gàSÎ]�6�=Ë��]Ì�ÇàSÎÑ�gÄ�í Ûâ��å]àS�'Ë ���æ×=ä��æàSÎ]è8.mÚÇ"�ÍÒ�ËP�ÍÒ�ÃÅÒ�ÈP�]íPä��ûËK.ùËK.¨Ä��ûÇ"�SÄ��vÇ �gà]� ¿F� ��äæ�SãgÏóÃÅí�î Ü Ä ÌPÒ�Ï��v�6�1ÌP�æå Ê ËP�ÍÒÛâ�æ��ÎS�æÄù�9Ê Îd�mÛ � àÿá��]ä��SÄÆ�S�YÇ � Û±zAä��æàSÎ]è�� Ü �mÞ3��Î1Ïg�LÇ��?���óÚ(Û¯Ç �gÄ�Ø�È�Î]�t2Ò�Ïó�Í��ÎS�æ� Ê ÄÆ�]ÇPÈ"� ¿$� å*Ì"�ÍÄ¦.CÃg��äæ�SãcÏÉÃÅíPî�ÄÆÃÅ×S�]Äù�Ø�È�ÎS�S�mÌ�Çÿ�3Ûâ��îVËP�ÍÒÍÃ Ül�c�à]Ä1ÚgäæÙ�è Ü*�%�c� ÄÆÄ �æÇP� ¿Vò Ä����Í���Á�jË��S�m��ÃÅÌ�ÇPÒg�lÄ Ù�ÌP�6Ç"ÃhÛ �ÍÈPÎÑ�gÌPÎ]�gî�ÎSÄÆ�É�v�6�ÄÆ��ÃÅ×).ÍàS� Ë�ËK.�ä��æàSÎSèY� ¿ ��Ç"�]�m� Î3�vÄ����Í�6��Ë��SÌçÇAÙ�Ø�ÈP�hÛâ���æÃÅ�6�mÚ(��ÃÅØ��æÌ���Û �v�6�Ûâ�æ�SäæÒÍÃÅíPîAÌP��åA�����AÎ]Ä��æ�S������z Ü Ä »¯Ü%�c� à]Ä ¿� Î]ÃÅÈç�=Ð6Î]�gà]ÎS���ÓÎS�hÛâ�æ�SÈP�ûËK. ������Ç'�gä�ÒÍÃäæ��à]ÎSèY�=ÃÅØm��ÌPÙqËK.ÍàS��ÇP�AÛâ�æ�Sä�ÒÍÃÍíPàS�Û �6�Í�Y�gà¼á9Ë��]����ÃÅÌçÇ"Òû�và¼á Új�Íä�� Çÿ�ÍÒ�×]���wÇ"��Ë��]����ÃÅÌçÇ"Ò�� ¿ � �6�ÍäæÌPÎÑ�cÄ�àS�/.�ãÍÙäæ�æÇP�SÈ"�
t
·[¶y¸¬ÿV±gö���¶�¸ ®Sº6¹Çß óy¶pý%�(ÿ©ß ÚzÇÿ�vÒÆËP�ÍÒ�ä��æàSÎ]è���ÈPÃÅÎ]Ù�Ä��æ�'ËK.&Ä��vÇP�W2Ä��vÇ �gà]�ÍÚjä��Sà]Î�ä��æàSÎ]è8.¨Ù�Î]Ù�Øl�ûÏÉ����ÃÍ�8.1�6�ÍÎÑÛR.Ë��]����ÃÅÌçÇ"�]Ò ¿ �*�æ��ØlÃÍÎ]Û$ÃÍä���Äù�Ì�ÃÅè��æ�*Ø���ÌP�Íî

t = 5
| Ãù��äæ�

t
Ä��CÈP�]Ø�ÈP�]ÎS�]��Ç"ÃhÛ �Íî�àSÎS�ÍÌ{} ¿ä- ÃÍ×S�]Ä �Æ�6�ÍØ��æÌ"�vî

¼mÂÄÃn¿ÝÆ�É$ËÌvÉÈÊJÕ·ÌvØÀËJ¿!Ö%ÔnÆ]Ð¨ÊJÓW¾ÀÍ�ÌvË¾Ã¿!ÆÈ¾Àÿ!¾8ÆÅ¿ÝÏ)ÊËÒJÌvÁR¾�¾�ÓnÔ	Ò	Ù�¾ÀËÌWÁ¡¾1×cÆÈÏWÔWÕ¹ÔRÉ·ÌvÏj¾À¿gÄ�¿ÝÒ	ùËJÔnÆÅÉÈÏj¾jÆ¹á�Í ÊJàÝÎjÇ�¾ÃÊ7Û�½g¾À¿oÄ�¿ÝÆ�É8ËÌ{É¹ÔWÁR¾ÀÌnÆ�É�ÙÝÌ�ÚlÌvÕ·Ò	Ù�Ô�ËÌvÉÈÊJÕ·ÌvØÀËJ¿n×xà�¿�ÓWÔ	ÒJÙ�¾ÀËÌ�Ò	Ù�¾À¿�ØÀ¾	ÆÈ¾ÃÿËÌ#8#ºnøWø�ÆÅ¿ÝÏjÊJËÒtÛ§Ò7Ô$Ë¾Ã¿ÝÍ�á{É¹ÖJØÃ¾ÀÍA¾À¿#ÌvÕ·Ç·ÞÌv¾òÇOÙÝËÌ�ÆÈÖJÊñ¹ÇO¾ÀÙ�ËÌ$ÒJÌxÍAË)Î	Ç·ÞäÏ)ÊØ É¹ÊJÕÝ×nÇOÔ$ËÌ{Ä~ùÁ¡Ë¾Ã¿ÅÄ#ÚÌWÚJ¾ÀØÃÔnóÆÅÏj¾À¿�ÄOÛ Ü Õ¹åWÚjÎuÕ¹ÌnÇ~Ä�ÔWËlÌvØÀ¾ÃÙKÌWÇ~Ä�¾tÖ%Ô	Ò	Ù�¾òÌ)Ð¨Ê_Ò	ÔnÚ)ÎuÔWÖlÌvÕÈÉÈ¿�ÓnÔäËlÌ¡Ö%Ô	ÒÆ�É·ÌKÍA¾À¿Ò	Ù�¾À¿ÝÆÈ¾Ãÿ�ÉÈËJ¿ÅÄ�ØÀ¾òÇOÙ�¿ÝËJ¾òÌ�ÄÅÌvÏ�Ò	ÔvÉ·áWÒIÆÅ¾Àÿ(ËJ¾À¿�Ö%ÔxÍA¾ÀÔ	ÒlÐ¨ÎWÛ



®�bÓÒtba�!�uhi[_°�X� mÔ�¸��i�IZäµ������O�ä��Z#�!²u�O� ÜcÀ
t = 10

Ì ¿ÆÖ Ãg��ÃÅèm����� Û �c�m��Ò�ÃÅèmä���à]Î3�Í�m�É����ÈPÃÍãÅ�wÄ Ù�ÌP�wè��gîà��Î�ÜÄ�$á.Ê���â����©ÐÍÚz������Aäæ��àSÎ]è8. ¿i- ÃÅ×]�/ÇPÃÆèY�cî Ü%� Ä¨Ú��Íä��A�m��� Ü%� ¶Ö Ã Ç"Ã�èY��ÛâÌçÇÿ�3Ûâ���S�m����Ûâ���]ä�ÒÍÃÍíPàS�;à]Î3�ÍÌ�Ùt�6��ÏóÃ Ûâ�æ�SäæÒÍÃÅíPî���È�ÃÅãÅ�pÚj�6�ÍÌ�ÎÛâÎ � È Û ÈPÃÅÎ]Ø6�vÇ"Èç��Û �Í���gÄ�Ø�È�Î]�gÒ�Ï��v��ÎS�æ�CÄ Ù�ÌP� è��gîlz
s = 5

:
H tÖ Ãg��ÌçÇÿ�hÛ ���S�m��� Ôc�c� ÌVÛ�Ä��æ�'Ë�ÌPà]�

t
ØlÃÅÎÑÛ$ÃÅäæ��P�ÌPÒ�È � àS�æîWS Ø�È�ÎS�]Î*ÌP�]Ò�Ù����m�Æ�ØlÃÛ �gÒÍÃÅ�6�Í�m��Ù1ÄÆ��ÃÅ×]�S�m�É�

5× 900 �mÃÅÌ�Ç"�Í�����]Äù� é�Ü%�c� Ä ¿�Â �m�ÓË��]���6�ÍÒØlÃg��Ì�Ç"�hÛâ��Äù�
t = 15

ÄÆ��� Úm��ÃÅÌçÇÿ�Í�m���]Ä �
75
: H × ÄÆ���&� Ûâ���mÎS��Äù��Û �gÈ"�Íð]���æ�×S�*Ç"ÃâË��]ÌPÎ]àSÎS��������ÒÍÃÅ���æ�Sà�ÃÍè�ä��æàSÎ]�Sì ¿(0 ÃÅØ��æ�SÈPÃùÎS�ÍÌ�ÇPåSØ�ÙqËK.Íà�Ë��]����ÃÅÌçÇ"ÒÍå�ÄÆ���Û äæ��à]ÎS���æÒ�Ù=Ø�È�ÎS�]Î ïc� Ì Ù�ÎÑ�gÌPÒû�ÍÄù��Ä�ÃÍ×Sä��ÁÛ;ÃÅíPî*ÈP�]��Ù�ÒÍà Ë��gË��S���mÃÅÌ�ÇP�SÒ�à]Î3�ÍÌ�Ù Ú�Íä��ÆÇ"ÃhÛ �ÍÈ�Î]�gÌPÎÑ�cî&ÇP�SÄ Ù`èlåS��Î]���=ØlÃÅÄÆ��ÃÅ×]�S���æ��Ø��æ�SÈ�ÛâÌ�ÎS�]ãÅÃ È��SÎ]Ù�äæÇ"�vÇ"Ù ñÅÜØ�ÈPÎ]�SÎCäæ��àSÎ]èlå ïc� Ú�à]ÃÆØlÃÅ��ÃqÛ �����A�6�Ø�ÈP�hÛâ���lÏóÃhÛ �=Û �g���æÒ é�Ü%�%� Ä ¿

ö Û�ÛâÌ�Ø � Ïóà]Î]�g������Ò Ü Ä � Ì&Î �6�vÌPÎS�]ãÅÃFØ�È�Î]�gÒ�Ï��Í�mÙtË��SÌçÇ1ØmÈPåS�mÒÍÃÅíPà]�/. ¿Ö È�åS��ÒÍÃÍíPî Ë��]Ì�Ç[Ûâ���]ä�ÒÍÃÍíPàS�1.�����1Ïg�.Æ��1Ï�Ð[Ê�ä��æàSÎ]è����wÇPÃqÛ �vÈPÎ]�gÌ�Î]�CÙUÏ��vÄ��]Ò�ÛÒ�Ç � ÈP�]ãÅÃ äæ��à]ÎS���æÒ�Ù/Ë��]Ì�Ç[Ë��S���mÃÅÌ�ÇPÒû� Ãg��äæ�SãcÏÉÃÅíPà]� ÚYÛ ÄÆ�É�v��ÃqÛâ�m��Ò�ÙAË��S���mÃÅÌ�ÇPÒû�àSÎ3�vÌPÙ ¿ � ÎS���ÍàSÎS�qËK.Íà Ø�ÈPå]��ÒÍÃÅí�î�ä��ÁÇ"�SÈK.
v
�6�ÍØ��æÌPÎS�]Äù��ÃÅã � ä��8. Î3�vä��S×]��ÃÅí�îØ�ÈPÎ]�Sè���ÇP�'Ë���È�ÃÅãÅ� Ãg�¨à]Î3�ÍÌ�Ù¨Û ÈPÙmà¼á�ÙdË��S�m��ÃÅÌ�Ç"�qË����gÄ¢Û ØlÃÅÌ�Ç"�ÍàS�Èz

s = vtÂ �m�dàÿá�àS�]Äù�ÃÅÒ�ÈP�]íPäæ��î Ø�ÈPå]��ÒÍÃÅí�î*ÒÍÃÅ��Ò�ÈP�ÑÇ"���]ãÅÃùÈ�Ù�àÿágÙ�ÄÆÃÅ×S�]Äù� Ø�ÈPÎ]�W2ÒgÌ�Î]Ç"�gÏóà]��î�ØlÃhÛ �g×SÌ�Î]��ÛâÎ � È&�mÃ ØlÃÅÌ�Ç"�ÍàS�Èz
v = s/t

Ø�È�ÎS�SÒÍÃÍ�gÙûËK.và ÌP�æå���×Ø�ÈPå]��ÒÍÃÅíPî/Ç"Ã��äæÃÅÈ"�vÎ�Ø�È�ÎS�]è���Ç"� Ë���ÈPÃÍãÅ� �zà]Î3�ÍÌ�Ù1ÇPÈ�Û �v���É� ÈPÙ�àÿágÙ ¿� Ç �gÄ-Ø�ÈPÃÅÌçÇ'�gÄ-Ø�ÈPÎÑ�cØ��Í��Ò�Ù�ÈPÙ�àÿágÙÆË��]����ÃÅÌçÇÿ�qË����SãÍÃ�Û �vÈ�Ç"Ã�ÎÑÛâÈ � à]��îÙ�Û �vãÅå;�6�wË��]���8.*ÃÍÒÍÃÅä��æàSÎ]��ÃÅíPî ¿(� Ç � ×��mäÉ�âÃÅè�äæ��à]ÎS�]���É� Ø�ÈPå]��ÒÍÃÅí�àS�cÈPÙmà¼á�Ùù�����Ë��SÌ�Ç/ÒÍÃÅ�m���Sà]ÎS�6�&ÎS�6�qË�ÃÅÄÆÃÅí�îã�"�.Ê��äÞ*ØmÈPÎS�]è���ÇP�'Ë/��È�ÃÅãÅ�j�«�"�.Êä���.ÆK�?���$á��CàSÎS�ÍÌPÙÇ"È�Û$�Í���É� ÈPÙ�àÿágÙ ¿ � �cÌçÇÿ�ÍÈ�àSÎÑ�/Û �gè�È"�Íî ËP�ÍÒ��æí(Ê?�6�hÛ;�]ÇaÒ�È � Ç"Ò��ÍÊþm�ÈP�ÍãÅÄÆ�S�YÇÃg��àS�æ��Òû��ØlÃAÒYÇ � È��gÄ¯Ãg��èY��Û �AÌP�æå ÈPÙ�àÿá�mØlÃg�mÎS���]ä��æî;�UÏóÙ�ãÍÃÅíPîÑ���$á��;Ãg��à]����Òq�Ø�ÈPÎ]�SÎ$È � ×S���æàSå�ÛâÌPÒû�vÎ3�Íì ÎS�]ãY�ÍÈ � Û ÎS�6�qË���ÙqËK.Íà]�gàÿádÌ���å��6�*ÒÍÃÍì�à3�và¼á Ãg��à]����Òq�ãÅ�m�&à]�É�gÏÉÃÄÆ� ËP� ÒÍÃÅäæ�'Ë���ÃÒq�Í×S�m�&Î/����àÿá ¿ë á�Ãgà]�É�Í× ÄÆÃÅ×S� ÌP�æå`Ç"Ã�Û �g�6�hÛ$�ÍîtÛ ��Û �Í×S�Í�����]Ä ÃÍÇ Û �vÈ�Ç �càÿáL��ÈPÎÑÛâ�ÌPØ�ÈP�hÛâ��ð]Äù�1×S�CÇÿ�ÍÒÓË��SÌçÇ��æÌ�Ç"ÃvÇ"���æ� ¿âÖ Ù��mÒ�Ç�Û �gè�ÈP�Í���dËP�vÒÍÃ�ØlÃgàSÎ).vÇ"�]Ò¨Ãg�o2àS���mÒû�ùÒÍÃÅ��ÇPÈPÃÅäæ���SãÍÃ Ä��CÛâÌPØ � ÏÉÈPÎSå]���8.
s1
�YË��SÌçÇ ÄÆ� ËP�Í�Y�dÛ àÿáYÛâ��ä��

t1
¿�Ö Ãl2��ÃÅè����æ�¨ÒvÃÅ�����]à¨Ä���ÛâÌPØ � ÏÉÈPÎSå]���8.

s2
� Ä�� ËP�Í���9Ë��SÌ�ÇÆÛ�àÿáYÛâ��ä��

t2
¿�0 äÉ�Òû�Í×]���SãÅÃÆÎAÇ'�gàÿá1Ø�Ù��mÒ�Ç � Û Ä��vÄù�ãz

s1 = vt1, s2 = vt2



ÜÍ� �YX�Z#[YZ��]\_^¯®�ba°±�O²��!³´\I��µ�°Y\
� ��� Ë�Ä ÙûËK.ÍàAÌ�ÇPÈPÃÅ�6�vÄ��(��ÃÅÌ�Ç"�qË��SÄù�Âz

s2 − s1 = v(t2 − t1)
Ú�àSÎÑ�gä��¹z

v =
s2 − s1
t2 − t1ßu� ×S���æà3�

s2− s1
Ä�ÃÍ×S��è��gî�Û �gäæ��à]ÎSÃÅ�6�ùãÅ�c��ÎS���Í����Ë��SÌ�Ç �

s1
�
s2
Ú��Íä��ÄÆÃÅ×]� Ç"�]×âè��gî Û �cÎ]�6�Íà]ÎSÃÅ�6�/ÛâØ�È�ÃÅÌ�Ç�ÛFÇP�SÈ��S���æ�âèl�]Î��æ��m�ÃÅÈ�Ä��và'Ë��cãÅ�mÎS��� è��6ÏØmÈ"�hÛâ�mÎS�æÛ �tØlÃgà]Îj.vÇP�SÒ Û;åS��È � ÛâÒ��¹¶ Ö Ãg�mÃÅè����æ�¨Î¨à]Î3�ÍÌ��SÄ ¿ � ÎS�6�vàSÎ3�vÄù�ÇP��È�ËÄÌ��WË
�LÇ����vÚUËP�ÍÒ=Ë����6�ÍÎÑ��Û �ÍÄù�ÅÚVÌ��gÄ èlÃÅäÉ�vÄ��

∆s
�
∆t

¿ ë ÎS�ÍÌ"�vÄ��;Î3�2ÄÆ�É�vÌ�Ç äæ�æÇP�SÈ��ÆãÅÈP�]à¼Ò���� Ë Ì�ÇPÃÅÌPÙûË��AÌP�æåAÄ��gÏ~.ùä��æÇP�SÈ�åCÏ��Íà]��ì�Ì�Ò.dÃg�mØlÃqÛâ���Í�6�qËK.Íàj.ãÍÈP�Sà]Ò����'ËC���SäæàS���vÚw�¨Ûâ��å]à
d
¿pø �Íà]��ì�Ì�Òg�æ��ÌÑÏÉÃqÛ$Ã®Î�� åÑ�EË��EÏuÌ��ÍÚ[È � ×]����àS�mÚnË��]Ì�Çð]È � �UÏÉ�SÄ ÃqÛ$�]ãÅÃdÃÅÎS���ÍàSÎ]�S����� ¿�Ö È�Î]�gÈPÃÍÌ�Ç �&Ìx.ùÇ"Ã Ø�ÈPÎ]�SàS�æ�S×AÈ � ×S���æàS��Û �vÈ�Ç"Ã2í�àS� Û �mÛ � à¼á1ÒÍÃÅäæ�'Ë��Y�gà¼ákmy�ÍÎ3�Íàÿá¨ÈPÙmà¼á�Ù ¿

GÅ�ÍÒ�ÒÍÃÅäæÛâ�æ�SÒ���Î]�æÛâ���AÌP�æå�Ç"ÃdÄÆÃÅ×S��Û �g�6�hÛ$�ÍîÍÚ6��ÃdÛ �gÎ]�6�ÍàSÎ]�S���É�ØmÈPåS�72ÒÍÃÍíPàS�UÌP�ÍÄÆÃgà¼á�Ãg�mÙ ÚgÇP�SÃÅÈ��]Ç �gàSÎS�m����è��æÃÅÈx.ÍàvÚ�Û �gÌçÇÿ�ÍÈ�àSÎ]�6ÏóÃÍè���ÎSÄÆ���]ÈPÎÑ�gî�à]Î3�vÌË��]ãÅÃ`Ø�ÈPÎ]�'ËP�vÎS��Ù ØmÈPÎS�]Î�Ãg��à]�����]Ò À Ä�Ä ¿ Â �m�gèY� ÃÅÒû�vÎ3�gÏAÌP�æå ÃÅ��È � Ûâ�Y�
25µ

ÌSÚ(à]Î]�gä�� �ÅÜ ÄÆ��Ò�È�ÃÅÌP�]ÒgÙm��� Ú(ÄÆÃÅãÅäæ�æèY�gíPÄù��Ï��vÇ Û$Ã�Û �gä��æàSÎ]�gî/Ê ÛL��ÃÅÈO2Ä��Íäæ���gàÿá/�mäÉ�[ËP�vÎS�m��ÌP�ÍÄÆÃgà¼á�Ãg�m�SÄtË��]����ÃÅÌçÇ"Òû�và¼á�Ê ×S�wÇ"Ãâ�Í× À3éÅé ÒgÄ � ãÍÃg��Î ¿
0 äÉ��Ù�ãÅÈ�Ù���ÇPÃqÛ$�Í���É�*Ç �gà¼áÃgàSÎÑ��Ûâ��ÌçÇ"ÃÅí�àS�6ØmÈPÎ]��ÇPÃgàSÎSÄù�d�v���SãÅ�mÃÍÇ"å ÃAÒ����v2È�ÃqÛ$àÑ��ÎS�vÇ"È�Î]�gÄ��v���gÄ ØmÈPÎS�]Î�ØUÃÍä��æà'ËP�Í�YÇÿ�9ÎS� ØmÈPÎS�]Ò�ÈPÃgàSÎ]�S��������ÃÅÎÑÛ$ÃÅäæÃÅ��� ËØmÈPåS�mÒÍÃÅíPà]�¹z
2 Ö Ï��Íà]� Ö �Í�¨Ä��v���6�vÇ ¿ GÍ�]à¼á6��Ï Ö �v� Àh�%� Ò���äæÃÅÄÆ�]ÇPÈ � Û �6�dãÅÃg��Î]����å ¿
2 L äæ�S× Ö �Í�m����� Ï��v��ÎSÃ�ÚC��ÃÅØ��æ�SÈ�Ã Ý Ä��æ�gÙmÇ � ÇP�SÄ Ù Û �3Ë��Sàÿá6�gÏó�]Ä Î�mÃÅÄ Ù ÚûËP�ÍÒJ.ÎS� � Û ãÅÃg��Î]���må ¿
2R�*�æ�/Ç'Ûâ�æ�SÈP�mÎSåÓ×S� Ö �Í�Ë��]à¼á6��ÏwãÅÃg��Î]����åvÚU�Íäæ� ËP�Í�r.ÍàCÇ"�ÍÒ&Ì"�ÍÄÆÃ��6�vä��'Ë]ÚØmÈPÎS�]ÎCãÅÃg��Î]����å�È�ËÄÌ��äÞ3����æ��.ÊµÃ�� Ö �v� Àh�%� Ò�Ä ¿
2�GÅ�Í�8.Íà Çÿ�vÒùÌ"�vÄ�ÃmÚÅÇPÈ"�vÐUÏóè��gÄ¯Ò���äæÃÅÄÆ�]ÇPÈj�6�vä��'Ëj�6��Û �gÄ��ÍÈ�ÎSÃÅ�8.AØ�ä��Í×]åÍÚÇ �gä�ÒÍÃ ñ Ò�Ä Ãg�/ÄÆÃûË��SãÅÃ ��ÃÅÄ Ù Úh�6�ÍØl�ÑÛâ��Ã����æ�VØmÈPÎS� Ë��Sàÿá6�gÏÉè��gÄ��mÎS��í Àq�%� Ò�ÄF¶
GÍ�SÌçÇwÃgàSÎÑ��Ûâ��Ì�ÇP�ÍÚÅ×]�$È"�v�6�ÍÈ�ÃqÛ ��ÒÍÃÅ�YÇ"ÈPÃÍäÉ�âØ�ÈPå]��ÒÍÃÅíPà]�mÌP�ÍÄÆÃgà¼á�Ãg� � Û`Û �t2Ä��ÍãY�Cè6�ÍÈP�mÎSÃdÒ�È � Ç"Ò����]ãÅÃ àSÎS�ÍÌPÙ&ØlÃÅÄ����ÍÈPÙ(Úc�ÓÛâ��å]à��UàSÎS�ÍÌPÙ=Ç"È�Û$�Í���É��m�È"�vãl2ÄÆ�S�YÇ"Ù�ÈPÙ�àÿágÙ(Úc�����]ÎSèlåS�m���SãÅÃùÎ3�Íäæ�S�mÛ �����6�CÃg��è���à]���â��ÄÆØ�Ù�äæÌPÙÆÈP�Í�6�ÍÈ�ÃqÛ;�SãÅÃÊ Û Ç'�gÄ¢à]Î3�ÍÌ����/Ì"�vÄ�Ãgàÿá � �¨�m���AØ�ÈPÎ]�'Ë��]��ÎS�æ�C�6�3Û$�]Ç�ÄÆ��äæ�æÄ�]ÇPÈ"��¶
GÍ�Sí�ä��UàÿáYÛâ��ä�å*ØlÃÍÄ �gí�ä��]îÍÚgÇ"ÃÆÏ��ûÇ'Û$Ãù��ÃûË�íPî���ÃÓÛâ����ÃÍÌPÒ�Ù Úm×S����ä��ÓØlÃÅÄÆ�É�J2È � Û-��ÃÅÒÍÃÍ����Û �Í�Y�gà¼á �6� è6�ÍÈ���ÎSÃ`Ò�È � Ç"Ò���Ä Ãg��à]����Ò�Ù Ú ÎSÙ�Øl�qÏó���æ���m���1Ä��Î]�6�Íà]ÎS�S�m�É�mÚ(à]Î]� ÈPÙmà¼á�ØmÈPÎS�]��ØUÃÍÄ����ÍÈP�]Ä�è��6ÏUË��S���mÃÅÌ�Ç"�ûË��Y�ÅÚ(àSÎ]� �m��� ¿_H �mÚ���hÛ$�ÑÇÓÛ àSÎS�ÍÌP�æ�ÆÈ"�Í�6�vÈPÃqÛ;�SãÅÃ5P èUÏ��gÌPÒ�ÙoSÆÒ����]ÈPÃhÛ$à3�¨Ä � ãcÏ�Ú ÎS�ÍÙ�Û �v×]��ÛâÌPÎ]�ÒÍÃÍ��Ç"È�ÃÅä�å���È�ÃÅãÅÃhÛR.mÚûÇ"È�Î]�gÄ��vîzË�Ù�×;��ÃÅãÅå;����á��ÍÄ Ù�ä�à]ÙÓÎ;�6�Í��Î]���'ËK.cÚÍ×]�$Î]��ÃcÏ��ÃÍè�ÈPÃÅ�m��îAÌ���åAØ�ÈPÎ]�S�1Ä��Í���6�vÇP�SÄ ¿



®�bÓÒtba�!�uhi[_°�X� mÔ�¸��i�IZäµ������O�ä��Z#�!²u�O� ÜÍÝ
Ö ÈPå]��ÒÍÃÅíPî Ë��SÌ�ÇâÛ�Ïó�ÍÌP��ÃÍíPà]�/.ÈPÙmà¼á�Ù¨Û�Ë��]���Y�cÄ¢ÒÍÃÅ��Ò�ÈP�ÑÇ"���gÄ�Ø�Ù���ÒÍà]��� ¿

GÍ�SÌ�Ç&ÇPÃ ÃgàSÎÑ�gÛâ�æÌ�ÇP�ÍÚ�ãÅ�c� Ãg��àSÎÑ�gÇPÙûË��SÄù� ËK.`�6�`Ì�Î]�gè�ÒÍÃÅíPàS�æÃÅÄÆ���]ÈPÎSÙ ¿ �Ç"È"�vÒÍàS���dÈPÃÅÎ]ØlåS��ÎS�Í���É�9ÌP�ÍÄ�Ãgàÿá�Ãg�mÙ Ú[à]Î]��Û¯Ç"ÈP�ÍÒÍàS�æ�á6�ÍÄÆÃqÛ$�Í���É�cÚzÌçÇ"ÈPÎS�gÏ12Òû�ÌPÎ]�gè�ÒÍÃÍíPàS��ÃÅÄÆ���]ÈPÎS�Øl�ûÏÉÎS���æ�/ØlÃÇÿ�ÍÈPà]Î]�=ÛâÌPÒq�ÍÎSÙûËK.vàCÛ Òû�v×S��� Ë�ÒÍÃÅäæ�'Ë���� Ëà¼áYÛâ��äæ�(�����r. Û �vÈ�Ç"ÃÍíPî ¿�ß �Í�6�vÈ Î]Ä��æ�SÈ�Î]��Ç"å�Û �ÍÈçÇ"ÃÅíPîvÚ6ÒYÇ � ÈK.�ÍÒ�Ù�È"�ûÇâØlÃÅÒû�2ÎSÙûË��/ÌPÎÑ�cèmÒÍÃÅíPàS��ÃÍÄ��æ�SÈPÎvÚ�ãÅ�m�&�æÄ�Ø�Ùmä�Ì ÈP�Í�6�ÍÈ�ÃqÛ �=Ãg��è�� ËP�dÌ���åAÃc�9Òû�ÍÈ�ÃÅÌP�]ÈP��� ¿Ö ÈPÃÅèmä��SÄ Ø�È�åS��ÒÍÃÍíPàS�gÛ`ÈPÙ�àÿágÙù���æ�'Ë��]����ÃÅÌçÇÿ�qË����gÄ��UÏóÙ�ãÍÃ*ÌPØ�ÈP�hÛâ���gÏcÒ�ÏóÃl2ØlÃÍÇ'�Cè6�v�6�ÍàSÎ]ÃÅÄ ¿ � Ï��Íí�àS�æÛâ�æ�;ÎSÈ�ÃÅÎSÙmÄ����gÏmãÅÃ��mÃÅØ����]ÈPÃI�*�]Û ÇPÃÅ�#¶ � Ç Û$ÃÅÈPÎÑ�6ÏÃÅ�tÛâÈ�åSà]Î1�mÃqÛ � ��Î]�É�gÏâÄ��ûÇ"�SÄ��vÇ �gÒg�pÚ�ÎÑÛ �Í�Y�t��Î]��Ì��É�qË ÈP�ÍàÿágÙ���Ò��æ�SÄ�È � ×W2����à]ÎSÒÍÃhÛ �cÄ ¿�Ö ÃÍÎS�6�Íà]���AãÍÃ�mÃÅÒ�Ï��Í�m����� Ë$Û �6�ÍäæÌPÎ]�gàÿá¨äÉ�ûÇÿ�Íàÿá&���ÍÙ�Ò�� ÚcÇ"ÙmÇ"�qËÎ3�ÍØlÃÅÎ]�6�ÍÄù�ùÌ���å Î �6�qË�Ø�ÈPÃÍÌ�Ç"Ì�Îj.A�æ���j.*Ç"�]ãÅÃAÈ"�ÍàÿágÙm��Ò�Ù Ú�Ù�ÄÆÃÅ×Säæ�ÁÛâ���qËK.Íà).*è6�2�6�Í���æ�AÈPÙ�àÿágÙ1Î]Ä��æ�S�m���SãÅÃ ¿ß ÃÅÎSØ6�ûÇ"È���Û$�Íä��æíPÄù� ØlÃqÛ �g×S� ËÓÈ�Ù�àÿá Û ÒYÇ � È��gÄ Ãg�mä��SãgÏóÃÅí�îÈPÃÍÌÑÏ��9È � ÛR2��ÃÅÄÆ���]ÈP���æ��Î=Ù�ØUÏ���Û$�SÄ�àSÎS�ÍÌPÙ�z
s = vt

¿ �*�qË�Ø�ÈPÃÅÌçÇ"Ì�Îj.���Ã�ØlÃÅÄù�gíPäæ�S�����Î3�Íäæ�S×]��ÃÅíPà]�/.Ó���m�8.Ó���æ×*Ç"�ùÎS�hÛâ�æ�SÈP�ûËK.và3�ÓØ����]È�ÛâÌ�Îj.ùØlÃÍÇ"å]ãÅå�àSÎS�ÍÌPÙ
t
Ë��]Ì�Ç Î3�2ä��S×]��ÃÅí�î�Ãg����È�Ù�ãÅ�æ�'ËVØlÃÍÇPåSãÅ�6à]Î3�ÍÌ�Ù ¿!� Î]�6�Íà]Î3�qËK.Íà�ÄÆÃÅ×Säæ�ÁÛ �ùÛâÌPØ � ÏóàSÎÑ�g������ÒØ�ÈPÃÅØlÃÍÈPà'Ë�ÃÍ�6�Íäæ��ÃÅíPà]� ä��ÁÇ"�SÈK.

b
Î]è6�Í�6�qË�Äù�=ÈPÙmà¼á9Û ÒYÇ � È��gÄ´z

s = bt2

GÅ�ÍÒ=Î]ÃÅè6�Íà]Î]�gÄù�ÅÚvË��SÌ�ÇâÇ"Ãè6�vÈP��Î]Ã�ØlÃÍÌPØlÃÅäæ�æÇ ��Ø�ÈPÎÑ�cØ��Í���]Ò ¿
0 Î]���Sä1.Íàd��ÈPÃÍãÅåØ�È�ÎS�SèY��Ç{.¨Ä��æåS��ÎÑ��à¼áYÛâ��ä��ÍÄ��

t
�
t + ∆t

Ú Ø�È�ÎS�SÎÆà]Î3�ÍÌËP�ÍÒ���Ù�ØUÏÉ�g�8.�Ï Ú ÃÅè�äæ��à]ÎSÄù�ÅÚ$à]Ã`Ù�ÎÑ�gÌPÒû�`ÃÅè�Ì��SÈçÛ �vÇ"ÃÍÈ�Ä��æ�SÈ�Îj.ÍàÑ��ØmÈPåS�mÒÍÃÅíPî ¿
� èmÌP�SÈçÛ �vÇPÃÅÈù������Ä Ù�ÌP��Ûâ���]��ÎS�æ�SîvÚVà]Î]� È�Ù�àÿá1Ë��SÌçÇ*Ë��]����ÃÍÌ�Çÿ�qË����ÍÚVàSÎÑ� ���æ� ¿
0 ÏóÙ�ãÍÃÅíPî*Ãg��à]����Òû�CØ�È�ÎS�SèY��Ç"�]ãÅÃ Ä��æåS��ÎÑ�àÿá�Ûâ�æäÉ�ÍÄÆ�

t
�
t+∆t

Ë��SÌçÇ$È � ×]����à).Ãg��ä��]ãcÏóÃÍíPàS�
s2
Ø�ÈPÎ]�SèY�gÇP�'ËV��ÃAÄÆÃÅÄ��]��ÇPÙ

t+∆t
�mÄ��m��� Ë�ÌPÎS� Ëj��ÈPÃÅãÍ�

s1
Ø�ÈPÎ]�W2è���Ç"� ËA�mÃ&à¼áYÛâ��äæ�

t
¿�0 äÉ��ÈPÙ�àÿá�Ù ÎS�Íàÿá�Ãg��Î).ÍàS�]ãÅÃ¨Î]ãÅÃg�����æ� Î á���ØlÃÍÇP�]Ç �gàSÎS�r.Î3�Íäæ�S×]��ÃÅíPà]�/.�z

s = bt2
Ä��ÍÄù�Âz
s2 = b(t+∆t)2, s1 = bt2� ä�ÃÅÈP�ÍÎAØmÈPÎS�]è���Ç"� Ë���ÈPÃÍãÅ�
∆s = s2 − s1

�zà]Î3�ÍÌ�Ù
∆t

Û �g��ÃÅÌP�Èz
∆s

∆t
=
s2 − s1
∆t

=
b(t+∆t)2 − bt2

∆t
= b
2t∆t+ (∆t)2

∆t
= 2bt+ b∆t

� �g����Ò�ÃÅÌçÇÿ�vÇP�Sà]ÎS���æ�&Ä�� �mÛ ��ÌPÒ�Ï��Í�m����Ò��¹zÆØ��æ�SÈ�ÛâÌ�Î]�
2bt

�m���SÎS�Íäæ�S×S�Y�Ãg� �lÏóÙ�ãÍÃÅíPà]�[Ø�È�ÎS�]��ÎS���gÏóÙ¨Û�ÒYÇ � Èç�cÄ���ÃÅÒÍÃÍ����Û �Í�Y�dË��]Ì�Ç�ØlÃÍÄ����ÍÈSÚ���Ë��S�m�t2������Ãg��àÿá�Ûâ�æä��6ØlÃgàSÎ).vÇ"ÒÍÃhÛ$� Ë]Úm�n��È�Ù�ãÅ�¹z
b∆t

¿ GÍ�Sí�ä��nØ�ÈPÎ]�S��Î]�É��Ï(Û �gè�ÈP�Í���Æ��Ã



Üûé �YX�Z#[YZ��]\_^¯®�ba°±�O²��!³´\I��µ�°Y\
ØlÃÍÄ����ÍÈPÙ�Ë��SÌçÇ è6�ÍÈP�mÎSÃ Ò�È � Ç"Ò�� Ú�Ç"�]�=��ÈPÙ�ãÍ�Uà]ÎûÏóÃÍ�CË��SÌ�Ç è��ÍÈP��Î]Ã Ä��gÏÉ� ¿ ñ�Î]�t2Ì�Òû�Í�Y�=Û �g���æÒ�ÌPØmÈPÃqÛ$�Í��Î]�zÌP�æå�Û Ø�È"�ÍÒYÇ �gàS�/��Ã Û �vÈ�Ç"ÃÍíPàS�

2bt
¿ GÍ�SÌçÇ Ç"ÃdÃqÛ$�ØmÈPåS�mÒÍÃÅíPî àÿá�Ûâ�æä�ÃhÛ �ÆØlÃÅÒû�ÍÎÑ��Û �Í�6��Ø�ÈPÎ]�SÎùÌPÎÑ�gè�ÒÍÃÅíPàS��ÃÍÄ��æ�SÈ�ÎÓÌ"�ÍÄÆÃgàÿá�Ãg��Ù ÚÛ�Ïó�ÍíP�m���AÛ à¼áYÛâ��äæ�

t
¿

GÍ�Sí�ä��YØlÃÅÄÆ�É�vÈ ��ÃÅÒÍÃÍ�6�ÍÄù���6�â��ÃÅí�î��UÏóÙmãÅ��Ä Ãg��àS�æ��Ò�Ù Úv���âÒ�Ç � È��gÄ àS�É��ÏóÃÇ �gä�ÒÍÃ��6��Ì"�ÍÄù�gÄLØlÃgà]Îj.vÇPÒ�ÙÄ��*Ø�ÈPå]��ÒÍÃÅí�î
2bt

ÚÅ��ØlÃÍÇP�SÄLÌç�cÌçÇ"�SÄ��vÇ �gàSÎ]�����à]ÃÅÈ"�vÎ Ûâ�æåSÒ�ÌPÎ).mÚ �mÃÅÌ�Ç"�Í�����]Äù�1ÃgàSÎ]��Ûâ�æíPàS�æ� Ûâ��å]àS�'Ë]Ú(Û �c�m��Ò ØlÃÍíPÈP�]�����wÄ��æåW2�mÎ]��ØlÃgà]Îj.vÇPÒÍÃqÛR. Ø�È�åS��ÒÍÃÍíPàS�1. �6�qË�ÄÆ����� Ë�ÌPÎ).mÚm�ùÒvÃÅì�àSÃhÛR.mÚmÒYÇ � ÈP�ÓÛ àSÎS�ÍÌP�æ�
t+∆t

Ú�ÃÅÌ��/.�ãÅ���æ��Ë�Ù�×AÛ �vÈ�Ç"ÃÍíPî
2b(t+∆t)

¿
� Ç Ûâ���SÈ���Î3�vÄù� Ûâ�æåSàvÚ ×]�ØmÈPåS�mÒÍÃÅíPà]�/.9àÿáYÛâ��ä�ÃhÛR.mÚ(Û�Ïó�ÍíPà]�æÛ¡.&��äÉ�=à]Î3�vÌPÙ

t
ÚÍË��SÌçÇ

v(t) = 2bt
¿ Ö ÃûËP�hÛâ�É�qËK.ÍàS�ÌP�æåC�mÛ � Ë�Òû�ÛâØ�ÈPÃhÛ �Í��ÎS�������]àSÃ�ÎS�ÍÄ��æ�W2Ì�Î3�Í�m�É� ¿ GÍ�]íPä��mÛFÛ �gÈP�Í×S�]����ÙÆ�6�A��È�ÃÅãÅå ÛâÌPØ � ÏóàSÎÑ�g������Ò Ø�ÈPÎÑ�

b
Ë��SÌ�Ç À ÚÅÇ"ÃAÛÛ �gÈP�Í×S�]����Ù�6�AØ�È�åS��ÒÍÃÍíPîâÄ��ÍÄù�CàSÎ]�g���m��Ò �c¿�- ÃÅ×]�SÄù��Ë��]���6�ÍÒnÚSËP�vÒù���ÍÈ"�2Î]�������æ�SÌ�Ø�ÈP�]à]�gÎSÃhÛ �Í�8.ùàSÃÓ��ÃÓÒÍÃÅ��Ò�ÈP�ÑÇ"��� Ë;Û$�ÍÈ�ÇPÃÅíPà]� Ú�Ûâ�æ�SäæÒÍÃÅíPî
b
ÃÅÎS�6�vàSÎÑ�cîËP�vÒÍÃ

a/2
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ÚÍ�g��Î]���Sä1.Íà���ÈPÃÅãÍåØmÈPÎS�]Î à]Î3�vÌ�ØlÃvÇ"ÈPÎ]�Sè��Y���6�=Ë��SãÅÃ Ø�ÈPÎ]�SèY�cà]���vÚ Û �gÎS�6�vàSÎ3�vä��æíPÄù� Û��æÌ�Ç"Ãgà]���ØmÈPåS�mÒÍÃÅíPî í�ÈP�]�����/. �mäÉ� ÇP�SãÅÃ Ãc�màS�æ��Òû� ¿ � Ä ÒgÈ � Ç"Ì�Î]��è6�v�6�Í����Ãg�màS���m�SÒnÚÇ �gÄ¢è�ä��æ×SÌ�Î3�*Ë��SÌçÇâÛ �ÍÈ�ÇPÃÅíPî/íPÈ��S���m�É�dÛ$�ÍÈ�ÇPÃÅíPà]� àÿá�Ûâ�æä�ÃhÛ$�'Ë ¿
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1

2
at
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v �BG = 2v0 + at

2
=
v0 + (v0 + at)
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v0 + v /
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GÅ�ÍÒ�ÎS�¨àÿá�Ûâ��äæåÎSÈ�ÃÅÎSÙmÄ��æ�SÄù� Çÿ�ÍÒq�¨Î3�vÌ"�Í�6�¨���]Ä�ÃÍÒ�È"�Íà Ë���ØlÃÅÎÑÛ �Íä��mÚ ÛÒq�Í×S�m�gÄ�ÈP�ÍÎS�æ��ÙUÏ��vÇ Ûâ�É�cÚjÇ'Û;ÃÅÈPÎ]�S���æ�=��ÃqÛ �gàÿátÇP�SÃÅÈ����pÚjàSÎ]� m�ÃÅÈPÄ ÙUÏÉÃqÛ$�Í������mÃqÛ �gàÿá�ÎS�ÍÌ"�v� ¿ L äæ� �aÛ	Ãg�����æ�SÌ����]����Ù���Ã&Ì�Çÿ�vÈ��gàÿá Ç"�]ÃÅÈP�æ� ÚUÎ]�6�Íä��]ÎS�æÃÅ���gàÿá��� ��È�Ãg��ÎS� ãÅ�S�m�É�Íäæ���SãÅÃ Ãg��ãY�Í�m����å]àS�É�cÚ èl�]Î�Ù�ÛâÎ]ãÅäæåS�������Í����� Ç"�'Ë�ÎS�ÍÌP�Í�m�ÅÚ�mäÉ��Ù�àSÎ).Íà]�SãÅÃ&ÌP��åù�mÎS��Ì��É�qËâÇ �càÿá�Ç"�SÃÍÈP��� | àÿá�Ãg��ÎS�aÇPÙ��aÃ�ÇP�SÃÅÈ���åý�*�ÑÛ Ç"ÃÅ�6�=�ÃùÇP�SÃÅÈ���å - � × Û$�]ä�ä��t}�Û �gØ�È�ÃqÛ$�Í��ÎS�]������Ë��'Ë$Î*Ç"� Ë$Ø�È�ÃÅÌ�ÇP�'Ë$ÎS�ÍÌ"�v�m��ØlÃqÛâ�æ����ÃèY�gî9è��ÍÈP��Î]Ã �æ��Ç"�]ÈP�]ÌPÙûËK.Íà]� ¿ ñAÏ��ûÇ'Ûâ��� Î3�ÍØ��ÍÄ��æå]Ç"�Í���æ�ÍÚwÙlÏ��vÇ Ûâ�É� ÌçÇ"ÃÅÌ�ÃqÛ �2�m����V�6�qË��ÆØlÃgà]ÎSÙ�à]���vÚa×S�Æ�6�ÍØmÈ"�hÛâ�må�äæ�SØ��æ�'Ë�ÈPÃÅÎ]Ù�ÄÆ���SÄù� ��äÉ�vàSÎ]�SãÅÃ¨í�Ûâ���vÇ
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x
�ÛâÌPÒû�vÎ3�Í���æ�9ÎS�]ãY�ÍÈP�

t
ÙmÒ6Ïó�Í��Ù Ê �6�vÎ]Ûâ� Ë�Ä ��ãÅÃ

U
Ê �mäÉ��ÎS���ÍÈPÎ]�S������ÃÒ�Ç � È��gÄ�Ûâ�É�Í�mÃÅÄÆÃ ×]�¨ÎS�ÍÌPÎqÏóÃ Û¢ØlÃÍè�ä��æ×SÙtÎ]�SãY�vÈ"� Ã ÛâÌ�Ø � ÏóÈ�ÎSåS�m���'Ë

x′
ÎÙ�Ò�Ï��Í��Ù

U ′ ÚvãÅ�c�/ØlÃÍÒû�ÍÎÑ�gÛ$�gÏ�ÃÍ�Óà]Î3�ÍÌ t′ ¿wò �gÏÉÃÅ×]�S���æ��Ã�Ù�ÌçÇÿ�3Ûâ���]����ÙC�6�âÎ]�SÈPÃÎS�SãÅ�ÍÈ � Û Û`ØlÃgàSÎ).vÇ"Òq�ÍàÿáùÙ�Ò�Ï��v� � Û
U
�
U ′ ÃÍÎS�6�vàSÎ3�cÚv×S��ãÍ�m� x′ = 0, t′ = 0Û Ç"�S�c�

x = 0, t = 0
| � �6�dÃg�mÛâÈ � Ç{} ¿

� À �2 À
� À � 2 À ñ õ

ñ

ò �ÍÒ�Ï��v�6�ÍÄù��×S��ÙmÒ6Ïó�Í�m� Ìx.¨Û$��ÛâÎ]ãÅä�å]�����gÄ È�Ù�àÿágÙ | Ë��]����ÃÅÌçÇÿ�qË����gÄ}Î ØmÈPåS�mÒÍÃÅíPà]�/.
V
¿ � �gè��æ�SÈ"�qËK.ÍàÓÃÅÈP�æ�S�YÇÿ�Íà Ë�åùÃÍÌP�6ËP�ÍÒ9�6��Èç�cÌ�Ù���Ò�Ù Ù�ÎÑ�cÌ�Ò�Ù�2Ë��SÄù�1Ç"Ã�Ú ×S�d�wÎS�]ãY�ÍÈç��ÙmÒ6Ïó�Í��Ù

U ′ ØlÃÅÈPÙ�Ì�Î3�qËK.&ÌP��å | Òû�v×S�m��}�ÎdØ�ÈPå]��ÒÍÃÅí�àS�1.
V
ÛâÎSãÍä�åS�m�SÄ

U
Ú �jÎ]�SãY�ÍÈç��Î Ù�Ò�Ï��Í�mÙ

U
ØlÃÅÈ�Ù�ÌPÎS�ûËK.=ÌP�æådÎ Ø�ÈPå]��ÒÍÃÅí�àS�1.

VÛâÎSãÅäæåS���]Ä Ù�Ò�Ï��v��Ù
U ′ ¿wò �vÙ�Û �Í×]Äù�ÅÚq×S�VÇ"� Ø�ÈPå]��ÒÍÃÅíPî�ÛâÎ]ãÅä�å]���6�jË��]Ì�Ç[à]�Sàÿá8.à¼á6�vÈ"�ÍÒYÇ"�]È��gÎ]ÙûËK.Íîj.1ÃÅè6�&Ç"�ÆÙ�Ò�Ï��v�m� Û ��àÿá ÛâÎS�qË��SÄÆ���'Ë/ÈP�Sä��Íà'Ë�� ¿ �*�æ��Ë��SÌ�ÇÃÅ�6�1àS�]àÿá8.�ØlÃ Ø�ÈPÃÍÌ�Ç"Ù`ÒYÇ � ÈP�]ãÅÃÅíùÎ�����àÿá ¿ ñ������]Ä�ÃÍ×Sä�� Ûâ���&Ç"Ã ÎÑÛ �cà]Î3�qË�����6�ÍÈ��gÌ�ÃqÛ �v�����$ÌçÇ"ÈPÎS�gÏóÒ��gÛ$�]ÒYÇ"ÃÅÈP�

V
�g��Ãgà]ÎS�]Ø����]����� Ë�� Ëa��Ã�ÒYÇ � È��SãÅÃÍíjÎ$Ù�Ò�Ï��2� � Û±¶ ë á��gè6�cÚc×S�*ÌP�ÍÄÆ�6ÙmÇ"ÃÅ×]Ì"�ÍÄÆ��äæ�æèY�gíPÄù� ÌP�æå�ÎwË��S���Y�gÄ Î�Ç �gàÿá=ÙmÒ6Ïó�Í� � Û�(Î3�Íà]ÎSå]ä�� Ãd�m��Ä Û�Ï��Íí�������Äù�gíPäæ�Sî�ËP�ÍÒÍÃdÃd�����]ÈPÙ�àÿá�ÃÍÄ �gÄ ¿ ��Ç"�]�m��Û$�SÒYÇPÃÅÈØ�ÈPå]��ÒÍÃÅíPà]���6�Íäæ�S×S�gÏóÃÍè���Ø�ÈPÎÑ�cØm��Ì"�vî Ç"�SÄ Ù��mÈPÙ�ãÅ�æ�SÄ Ù ¿ ë Î3�ÍÌ��SÄ Çÿ�ÍÒ�èlåv2��ÎS�æ�SÄù�dÈ�ÃÅè��æî ¿wÖ�� Ò��nÄÆÃÅ×S�6�AÃg�mÛâä��]Òû�ÍÄù�*Ë��]���6�ÍÒ Ç"�ÍÒ��6Û �gè � È]ÚcèY��6�3Û$�ÑÇØlÃÅÎSÃÅÈç�&���æ�/���ÍÈPÙ�Ì�Î3��ÏÉ�&Ø�È"�3Ûâ��ÎS�ÁÛ$�'Ë Ì��gÄÆ�]Ç"È���� ÃÅèmÙ¨Ù�Ò�Ï��Í� � Û ¿� àÿá�Ûâ��äæ�

t = 0
Ø�ÈPÎ]�SÎ ØlÃgà]Îj.vÇP�SÒ Ù�Ò�Ï��Í��Ù

U
Ø�È�ÎS�]äÉ�vÇPÙûË���Î]�SãY�vÈ&ÃÛâÌPØ � ÏÉÈPÎSå]����� Ë

x′ = 0
Ú[Ë��SãÍÃ�ÈPÙ�àÿá Î1Ø�ÈPå]��ÒÍÃÅí�àS�/.

V
ÃÍØ���Ì�ÙûË��¨È � Ûâ�6�Í���æ�ÈPÙ�àÿágÙ�Ë��]����ÃÅÌçÇÿ�qË����SãÍÃrz

x = V t
¿tò �]ãY�ÍÈ Ã�ÛâÌ�Ø � ÏóÈ�ÎSå]�����'Ë

x′ = 1
Ë��SÌ�ÇãÅ��ÎS�æ�SíwØlÃÅÎ3��ØlÃgàSÎ).vÇ"Ò��æ�SÄ¨ÚÅÎ Ø�Ùm��ÒYÇ"ÙÛâ�æ��ÎS�]���É�

U
ÚY�6��äæ�]Û$ÃAÃg�dØlÃgàSÎ).vÇ"Ò�ÙÙ�Ò�Ï��Í��Ù(Ú�Ç"ÃCÎS�6�vàSÎ]�ÇP�S��ÎS�]ãY�ÍÈ�Ù�Ò�Ï��Í��Ù

U
Ú�Ò�Ç � È��dØlÃÅÒû�ÍÎ]ÙûËK.Íà*�ÍÒ�Ù�ÈP�vÇ;Î]�SÈPÃÄ�� ËP�Í���9Ë��]Ì�Ç�Ø�È�ÎS�]Î1�����]ãÅÃ�Ú����æ�9ä��]×]�`Û¢ØlÃgàSÎ).vÇ"Ò�Ù Ú � Ä���ËP�ÍÒ.víÛâÌPØ � Ïæ2ÈPÎSå]���8. ÙûË��]Ä��r. ¿ ���vÎ]Ûâ� Ë�Äù� Ç"å=ÛâÌPØ � ÏÉÈPÎSå]���8. äæ�æÇP�SÈK. −d ¿tò �]ãY�ÍÈ �mÛ$�



ï%� �YX�Z#[YZ��]\_^¯®�ba°±�O²��!³´\I��µ�°Y\
ÈP�ÍÎ]� Ãg��ä��]ãÅä�� Ë�ÌPÎÑ��Û

U ′ èlå]��ÎS�æ�&ÇP�S×&�mÛ ��È"�vÎ]�`Ãg�mä��SãÍä��'Ë�Ì�Î]��Û à¼áYÛâ��äæ� �Û Ù�Ò�Ï��v��ÎS�æ�
U
Ú��æÇP� ¿ � ã � äæ�����vÚ�ØlÃgÏóÃÅ×]�S���æ�9ØlÃgà]Îj.vÇPÒÍÃqÛ;�1Î]�SãY�vÈ"�

x′
Û �t2�mÃÅÌP� −dx′ ¿=ß Ù�àÿá ÎÆØ�ÈPå]��ÒÍÃÅí�àS�/.

V
Çÿ�ÍÒ��æ�SãÅÃ¨àS���gÏ��&ÄdÙmÌP�VÛâ�æåSàÆÌPØl�ûÏÉ���É�vîÈ � Ûâ�6�v�����lz

x = −dx′ + V tò �ÍÌ"�v�6�Ó���]ÄÆÃÅÒ�È"�Íà Ë��lÄ � Ûâ�n�6�ÍÄ Ç"�SÈP�ÍÎÍÚg×S��Î]�SãY�vÈ��ÆÙ�Ò�Ï��Í�mÙ
U
Ìx.ÓÃÅØ��¨2ÌP�Í���AÛ Ù�Ò�Ï��v��ÎS�æ�

U ′ Çÿ�ÍÒ��æÄ Ì"�vÄù�cÄ È � Ûâ�6�Í���æ�SÄFz
x′ = −dx+ V t′Â �m�gè��gí�Ä �ÓÎS�6�vä���ÛâÌPØ � ÏóàSÎÑ�g������Ò

d
�gÌPØlÃÅÌ � è*Ë��SãÅÃ�Î3�Íäæ�S×]��ÃÅíPà]�mÃg�

V
ÚÍàSÎÑ�cäæ�

d(V )
ÚaÄÆÃÅãÅä��Áè��gí�Ä ��È�ÃÅÎ]Ûâ�1.ÍÎ3�vîÆÙ�Ò�Ï��Í� Ç'�gàÿá �mÛ � àÿá È � Ûâ���Íì�ÛâÎ]ãÅä�å]���SÄ

x
�
t
�(Ç"Ãè��6ÏóèY�9ÎÑÛâ�/.ÍÎ]�SÒ=�6�ÒYÇ � È��gÄ Çÿ�ÍÒ�è6�ÍÈ���ÎSÃÆ�6�vÄ¢ÎS�gÏó�]×]� ¿

� ���'Ë�Ä ÙûËK.vàAØUÃhÛ �g×SÌ�ÎS�ÓÈ � Ûâ�6�Í�����dÌ�ÇPÈPÃÅ���ÍÄ��(� Ø�ÈPÎ]�S��ÃÍÌPÎj.vàÓàSÎ]åSí�îCÛ �t2ÈP�ÍÎ � Û ���ä��ÑÛR.dÌ�Ç"È�ÃÅ��å/��ÃÅÌçÇÿ�qË��SÄù�Âz
(x− x′)(1− d(V )) = V (t− t′)

GÅ�ÍÒ����;Ûâ�m��ÃÅÌ�Òg�cÄÆÃÅ×S�6��Û �gÌP�gÙmîâÎ$ØUÃhÛ �g×SÌ�ÎS�SãÅÃ/È � Ûâ�6�Í�m�É�tM Ö ÃAØ��æ�SÈçÛR2Ì�ÎS�vÚ�ãÅ�m�
V = 0

ÚÅØ�ÈP�hÛ$��Ì�Ç"È�ÃÅ�6��È � Ûâ�6�Í�m�É��Î]����Òq�mÚÅ�m�6��ÇPÃAèY�ùä��ÑÛ ��ÌçÇ"ÈPÃÍ�6�èY�6Ï��ÆÌçÇÿ�Íäæ�/È � Ûâ�6� � ÚnÄ ÙmÌP�zè��gî
d = 1

¿ ò �vÇP�SÄ
d(0) = 1

¿$ë Î]�&Û Ä����ÍÈPåÛâÎ]ÈPÃÅÌçÇ"Ù¨Ø�ÈPå]��ÒÍÃÅíPà]�zÛ �ÍÈçÇ"ÃÅí�î
d(V )

ØlÃÅÎSÃÍÌ�Çÿ�qË��AÌ�Çÿ�vä�� À Ú�àSÎÑ�&ÎSÄÆ���]���É�ùÌ���å	M
� ÇPÃ�Ë��]Ì�Ç�Ø���Çÿ�v�����l¶��á��æÌ�ÇPÃÅÈP�æ�ÍÐ6Î]�gÒ��c�6�qË�è6�ÍÈ���ÎS�æ�'Ëz��È"�ÍÄ��vÇ �gàSÎ]���gÄ ÄÆÃÅÄÆ�S��ÇP�SÄ èY�6ÏóÃ*Ãg�o2Ò�Èç�cà]���vÚ�×]�

d 6= 1 ÚmÄÆ�æÄÆÃÓ×]��Ø�È�ÎS�SÎ�Ûâ�æ�Säæ�*Ì�Ç"Ùmä��Sà]�UÙ�Ø�È"�3Ûâ�É�v��ÃùÎ�Ì�Ù�ÒÍàS�]ÌP�SÄÐ�Î]�gÒÍåÓÌx.v��Îj.Íà/×S�$Ë��S���6�vÒ
d = 1

Ê ��ä�� ÛâÌPÎÑ�gÌ�Ç"Òg�æà¼á1Ø�ÈPå]��ÒÍÃÅí�àS� ¿
� ��Ò�È��gàS�æ�$ÇPÃ�ÄÆÃÅ×S���*ØlÃÅÈ � Ûâ�6�Íî$Î$Ãg��Ò�È��gà]���]Ä | ãÅ�SÃÍãÅÈ"�vÐ�àSÎS�Y�gÄ�M&ãÅ�SÃ2ÄÆ�]ÇPÈ��gàSÎ]���gÄM}Ó×S� Ãg�cÛâÈPÃÍÇP��ÃÅíPî Ø�ÈPÃÍÄ��æ�S����� ò �æ�SÄÆ�g���æ�[Ë��]Ì�ÇVÎS�]ÈPÃ | ËP�ÍÒC��äÉ�ò �æ�SÄÆ��ØUÏ��vÌPÒ���� Ëx}ÑÚwäæ�Sà]Î=È � ×S����Ãg�`Î]�SÈP� ¿�Ö ÃÅ���æ�]Û$�Í×�Ç"� Ãg�mÛâÈ�ÃÍÇ"��ÃÍíPîCË��]Ì�Çè��ÍÈP��Î]Ã�Ä���Ï��mÚ���äÉ� Ð6ãÅÙ�È&Ì�Ç"ÃÍÌPÙ���ÒÍÃhÛ$ÃF�����ÑÛâ���SäæÒ���àÿá èlÏ�.Í� ÇP�SÃÅÈ���� ò ���]Ä��ØlÏ��ÍÌ�Òg�æ�'Ë èY�nÏa�m���SÎS�ÍÙYÛ �Í×3�vä��Y� ¿� ���]ä�ÒÍÃÅí�î

d(V )
È � ×S�m��Ì���å Ãg� À Û Ì�ØlÃÅÌ � è Î]�6�Íà]Îj.ÍàÑ����ÃÅØm���SÈ�Ã`��ä��è��ÍÈP��Î]ÃF�mÙ�×]�gàÿá Ø�ÈPå]��ÒÍÃÅí�àS� ¿ 0 äÉ� Ø�ÈPå]��ÒÍÃÅí�àS�CØlÃgà]�/.�ãÅÙ

d
È � ×S�m�AÌP��å�Ãg�Ë��]�m�g��Ò��m��ÃÅØ��æ�SÈ�Ã��6�*Ø���åÑÇ"�6�vÌ�Ç �cÄ Ä��æ�'Ë�Ì�àSÙùØlÃ�Ø�ÈPÎ]�SàS�æ��Ò�Ù ¿ ����à;�mÎS�æÛâ�m�SãÅÃmÚ×]�CäæÙ���Î]���A�UÏÉÙ�ãÅÃ×]�gä��(Û ØmÈPÎS�]ÒÍÃÅ�6�v����Ù¨��×

d = 1
¿ò È � Ûâ�6�v���É� ØlÃhÛâÌ�Ç"�gÏó�]ãÅÃØ�È�ÎS�SÎ/Ãg�qË�åSà]���A���ÍÌPÎÑ�gà¼á1�mÛ � à¼á9ØUÃg�mÌ�Çÿ�3Û$Ãl2Û �gàÿá Î3�vä��]×S��ÃÅí�àS��ÃÍØ���Ì�ÙûËK.ÍàÑ�càÿá�Ë��]����ÃÅÌçÇÿ�qË����FÈPÙ�àÿá�Î]�SãY�ÍÈ � Û¯Ë��S����� Ë�ÈPÃl2�mÎS���Y��ÛâÎ]ãÅä�å]���SÄ ��È�Ù�ãÅ��� Ë]Ú Ãg��à]Î]��ÇPÙûË��SÄù� ×]�
d = 1

ØlÃgà]�/.�ãY� Î3� Ì�ÃÅè8.



®�b�ñjbëZ�\Y�o\I[�\e[_�!³�X�°���\�"äêJ�vbÂ�i��Z#�i°*��Z!�r\I^!"(�i²��]\�b ïÅÔ
t = t′

�$����Ãg�mÛâÈ � Ç ¿ � Ø�ÈPÎÑ�cèmä���×]�S���æÙ`Î3�Í�m���]��è�ÙûËK.ÍàÑ�gÄ�Ãg�mÌ�Ç"å]Ø�Ì�Ç Û$Ã
dÃg�ÆË��]�m�g��Ò��j�6�vä��S×Ñ�9Ç"�]×ùÎ3�v�����]��è6�ÍîÓÈ � ×]���æàS�CÛâÌPÒû�vÎ3�Íì�Î]�SãY�vÈ � Û ¿ � Ç'�gÄØ�ÈPÎÑ�cèmä���×]�S�m��Ù�à]Î3�ÍÌ Ë��]Ì�Ç �vè�ÌPÃÅäæÙmÇ"�Y�ÅÚgÈ � ×]����àS�Óà]Î3�ÍÌ�Ù&ÎS���ÍÈPÎ]�Sì&ÃÍÒ�ÈP�Sí�ä�ÃÅ���CÛ�mÛ � àÿá1Ù�Ò�Ï��Í���Íàÿá¨Û �gà¼á�Ãg�mÎS� Ç"�ÍÒû�dÌ"�ÍÄ�� ¿

p �æÎ]�gÒû��Ø�È�Î]�3Ë�Ä ÙûËK.ÍàS��Ø�ÈPÎÑ�cèmä���×]�S���æ�
d = 1

���ÍÎ]��Û � ÌP�æå=Ð6Î]�gÒJ. ���æ�W2ÈP�Sä��vÇ �gÛ ��Ì�Ç �gàSÎ]�8. | �����]ÎSèY�gÇ Ì�ÎSà]ÎSå]í"äæ�æÛâ�æ�	}��Íä�èlÃÓØ�ÈPÎ]�S�m�S���mÌ�Ç"�]����ÃhÛâÌPÒJ.mÚ6�ÍäæèlÃãY�Íäæ��äÁ�SÙ�Ì�ÎSÃhÛR.mÚU�ÍäæèlÃ�����ÙcÇ"ÃÅ��ÃhÛâÌPÒ. ¿ � �3ËP�ÍíP������ÃÅ�6��í�Ûâ�æ�]ÇP�����ÓÌ�ÎS�SÈ��Sã&Î ËP�2Ûâ��ÌPÒ��vÌ�Ç"È�ÃÅ��ÃÅÄÆ��à]ÎS�Y�gà¼á Ú$Ç"�]à¼á��m��àSÎ]���gàÿámø�Î3�3Û$Ãg��ÎS�*�mäÉ� Î'ËP�3Ûâ��Ì�Ò��vÇ"ÃÅÄÆÃl2Û �càÿá ÚÍËK.Í��È�ÃqÛ �gàÿá ÚnÄ��ÍãÅ�m�]Ç �gàSÎS�Y�gà¼á(ÚlÃÅØmÇ �gàSÎ]���gà¼á ¿� �6�ÍäæÌPÎÑ�cÄ¢àS�/.�ãÍÙ¨�6�qËçÛâ��å]àS�'ËâÙYÛ �ÍãÅ�zèlåS��Î]���]Ä �&ØlÃÅí�Ûâ�æåSàS�ÍîÓØmÈPÎ]�gè�äæ�Ñ2×S�S�m��Ù¨ãÅ�Íä��æäÁ�SÙ�Ì�ÎSÃqÛ;�SÄ Ù ¿Vßu� Ûâ��ÃÅíPî
d = 1

ØlÃgàS�1.�ãY� ÎS�ÌPÃÍè8.mÚûËP�ÍÒ�Ûâ���mÎS���v2ä���í�Äù�Âz
t = t′

x = −x′ + V t′� Ç �cÄ Ä�ÃÍÄ��]��àS�æ�ÓÛ �gãÅÃg�����æ�'Ë�Ë��]Ì�ÇAÛ	Ù�Ò�Ï��Í�mÎS���
U ′ ÎSÄÆ���]���æîùÃÅÈP�æ�S�o2Çÿ�Íà Ë�ådÃÅÌP�pÚzà]Ã¨ØlÃgà]�/.�ãY��Î3�&ÌPÃÅèr.9Î]Ä����Í��å Î]�6�ÍÒ�Ù Û¯ØlÃqÛ �g×SÌ�Î]�cÄ�ÛâÎ]ÃÅÈPÎ]� ¿

0 äÉ�dÌç�gÇPÙ6�Íà Ë��mËP�ÍÒ��6�Èç�cÌ�Ù���Ò�Ù#z

� À �2 À
2 � 2 À � À ñ õ

ñ

Ä��ÍÄù�ÆÛ Ø�È�Î]�gè�ä��æ×S�]����Ù9Ø�È�ÎS�]���S�æ��Ì�ÇP�S���mÃqÛâÌPÒ��æÄ´z
t = t′

x = x′ + V t′Ö ÃqÛ �g×SÌ�ÎS�ÓÎ]Ûâ�/.vÎSÒ��z��ÃÅÌPÎ).Æ���ÍÎ]Û$åAÇ"È"�Í�mÌÝm�ÃÅÈ�Ä��và'Ë�� Â �vä��æäæ�]Ù�ÌPÎS� ¿
GÍ�Sí�ä��jàS���gÏóÃ=ØlÃÅÈ�Ù�ÌPÎS�9Ì���å ÎdØ�È�åS��ÒÍÃÍíPàS�1.

v′
Û	Ù�Ò�Ï��Í��Î]���

U ′ ÚzàSÎÑ�gä��wãÍ�m�Î3�Íàÿá�Ãg��Î]�
x′ = v′t′

Ú6ØlÃg�mÌ�Çÿ�3Ûâ���]�����A��ÃÛâÎ]ÃÅÈPÙ9Ç"È"�v��ÌÝm�ÃÅÈ�Ä��và'Ë�� Â �Íäæ�æäæ�]Ù�ÌPÎS��6�qË��
x = v′t′ + V t′ = (v′ + V )t

¿�� ��à]Î]��Ç"ÙqË��SÄù��Î¨ØlÃhÛ �g×SÌPÎ]�SãÅÃ ×S�Ø�ÈPå]��ÒÍÃÅíPî�Ç"�]ãÅÃ àS���gÏ��9ÛâÎSãÍä�å]���SÄ
U
| ÛâÌPØ � ÏÉàSÎÑ�c�m�6�æÒ�Ø�È�ÃÅØlÃÅÈPà Ë�ÃÅ�6�vä���ÃÅí�àS�Ä��æåS��ÎÑ�
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t2 − x2/c2 = t′2 − x′2/c2
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V = x/t
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x′ = 0

��K��¬n�'UGBA>$B^>-�4�7?"�:�)u^�7?"�R.D�G���!($9DT��7?"�HB8ÄD�GB7?"\$B"�HB!#n�+
t′
!

89+`$B"�HB85:�!#D�GÄD�89"%$IF(GB7?"�-�!235F(G9+LHB89+>/L^�8B),"%$�Kwqb)uDo$&'U7�!#"�HB!#n�+>)uD�-?DT]�D
)uD�:<+�$B"%$I+LH9!v-�7ED>HBAvKS�6H98�D?35![Do$B^>-�'(+�),!2"�7�:�!#"�)()(!2/LD�:@D�:{4§Q

t′2 − 0 = t2 − x2/c2 = t2(1− V 2/c2)
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v − V
N¬{�a_T+kMa�¢�Y�Z�P[ZKNQ\�V�\�V|j�J

V
j�P�V�\�a_¢³Y�Z�PSZKNr\

V = v − V
�ÕN¯Ya�\OT+bK�rw�PSLONr\SÝ
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V = v−V
1−vV/c2 
 è�ãiä��ýlð�êcãiþpõ³ÿ�î^æ8äSýMñUãiþ�õ�æ¬ñ"ï�ñOþ[íüö²æ��ñUÿ�ìlíëú)æ8çmõUð�ú�öÓø�úcò�ï�ãtñOìMñ��Qæålþ��ñUãiçcíëú5æ��Uçcþ³ñ�ålþ��ñUã�ï�õUð���æªý�õUð�åtò�ç�ñ|ò�íëêIçfýlð�êcãiþ�õ³ÿ�÷�í�� −V 
 ñæªï±äSöyålþ��ñUãiçcíëú5æ¬ñOè�õUì}ö>ñ�ýlð�êcãiþ�õ³ÿgî

v � ����õUçcæ8í��OçcåUø��U÷�ãlõ³ò�ïgñ��ø�ú�ö�ä��
V = v/(1 +

√

1− v2/c2)
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1 + 1
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V
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m = 1
�

mv +m× 0
m+m

=
V
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M
� 5 ¢³Y�Z�PpsZKNQ\xjK�QP

M
V�\+]�w9TUP[w_\OW"Ý

m+m =M × 1
L NrLOT+ZKNQo}�r\+YI\+viJ�b�e~PSWXopPNMPORQTS�V�bKR�a_¢³Y�Z�PS��]_Nr`��QNrLOT+ZKNQoSJ³Y�N!{Ka_P³Y�\OviJ�{!J[sW^ZKJSROJiZ�\OviJ}{Ka�TO\OTuw_JX]_PSWXJ

M

mv +m× 0 =MV
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V
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v
LOTO�S]�w_otN¬{KNQ\+a�Y�]�TO\�Vr6 {Ka_`+jKoSJi�_L+N��

v′1
V_P[op�®JiZKP®W^P�YÓbKoKe~PSjKTONr\

U ′
�8{Ka_`+jKoSJi��LON+sJ6 {Ka_`+jKoSJi��LON��

v′2
V_PSop�L+TU�S]gw�opP¥jKa�bKvlP�W^PFY bKoKe�PSjKT+NQ\

U ′
�0P�{Ka�`OjKoSJi��LON

V
6 {Ka�`OjKoSJi��LONQ�

V ′V_P[op�«{!J�e~�SLOT+JiZK\�LONQPMe�PCW^PpV_�qY�w�kMW bKoKe�PSj�TONQ\[�fjKP«{!Ji{Ka_P³Y�ZK\�a_¢�YfZ�PpsZ�NQ\I{!JiT�Y5PS�QPpV_�[LO\I{Ka�PUY�NQj!e~J�Y�J|{Ka_T+\+Y�NrjKTONr\O�IYfkMZKNQo>TOjK\+a_TO\+ZKN�P�YnopPSR+j�kMWb�o�e~PSjKT+NQ\
U ′
�
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U
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V = V ′ + U, v = v′1 + U, 0 = v′2 + U

5 ¢�Y�ZKPSZKN�P�Z�PS]_T+\u{Ka_T�kUV�W�b�V_���K{!J}j�JioSJiZ�PSZ�NQb&w�kMLcH"{!JMjK]�w�P³Y�NQ\+ ��K{!Ji]�w�PS�ZKPS]�w_`O{KbpV_�[LU��Ý
m+m =M,

ZKNQ\xhlk¸e�JXLOJXT+W^Nr\OZKNr�Sß
m(v′1 + U) +m(v′2 + U) =M(V ′ + U)Ø TONQ`+otN¸{KNQ\+a�Y�]_T+\OW�b^a�¢�Y�Z�PSZ�NQb��iY�]_T�k�]�w_oMNr\�LOT�e~JiZlk}TUP[�Q\OR+ZK\9JMj

U
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mv′1 +mv′2 =MV ′
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x j�P�V_�SL9Y�\�¨�\OoSL+NQ\
v/4

�8ÒÙY�Nr`OL�L+T+w�\+a�k){!J�e~�SL+TOJiZK\�Y5PSvSJiZtkXW)P�V_�>{Ka_`+j�soSJi�_�>a�¢�Y�ZK�Jy{z�|}{Ka�`OjKoSJS�_LON�{KNQ\+a�YIJ[w�ZK\�V+Ý
v/4 = V

�
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mv + (3m)× 0
m+ (3m)

=
V
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m+ (3m) =M
��jK�QP��QNrLOT+ZKNQoS¢³YÙW�bK]_N�hlk��xwcPSo)]�PSWXJKÝ
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m1 +m2 =M
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m1v
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��Içcíëúcò�í��Oï�þSí�ï±ä'�ò�íëêc÷�ä|ðgñOçcä|æ8íëê�þiò�ç�ñ�õ[ãuýlð�êcãiþpõ³ÿ�÷�í�ñOï�õUöæ��æ«æ�èpñOçcíëúæCï�ú�öxý�ú�ðgñ��ï�ålð�çmú�ý�õUþpõOøôõ�æ0ú�ø\� 0 íëò�çm÷�ç/�U÷cú�ò�þ[ålï�þSí!ï�ú�øýlð�êcãiþpõ³ÿ�÷�í 
 ï�õ%æ��ñUÿ�ìlíëúè³ð�õUç�ñ|û�õUö�û[ä}ñOï�õUöuõ�æ0ú�ø�
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¦ JMjKj�TON�Pte�ktY5PSZ�NQb¡j�YI¢MLcH§TOjK\+a_TUP�V_�SL�kMLmH�]_Nr`®LONQPMexZKNr\¥TOWXNQ\OZ�N�P�V_�SL�k�LcH]_NQ`>Y ]gYI\�V�hKbKjKJ³Y�NQ\%{!JMjKLOTOPS]|T+jK\Oa�TO\+ZKN�P���\+¨�\+olw�\OW�JMjKjKT+N�PMeQkMYIPSZKNQP|V�\O]�w{Ka_T+\OZKNr\O]_Nr\OZ�NQ\u{!\�Y�ZK\OvSJ){!`+jKb�TIV�\Oj�ZK\OvSJ^L+N�PMe~P�jKJ}jKa_bKvSNQ\+viJK�^IÞNr�Q\|{!`+jV�\OjKZK\+viJ>LONQPMe�P|TOW^PS�Q\�V�\S�iJuw�k��r\�]_PSW^Juj�a_bKviNr\OviJ|Y�TOa_JS�_ZKNr\S�¬£¤JfV�\+]�wNQ]gw�JSw�PopPSR+jK\OviJx{�a�P³YIP|TOPSLcHKJ�YIPSZKN�P��¯¦ JMjKjKTONQPMe�ktYIPSZKNQb�a_JSTOLONQ�tviZKNr`+w�kMW.YnLOTUP�s]_NQ\[�0j�e~b�viJK�0L+T+k«Z�PUYI\�w�]�wcP[�Q\}w�a�YIPpV_�[L+kMW��¤w�\OZ�NQjK\+Ztw�kMLOTOZlk�L+J®j�J¥YIPSagsw�Ji��LON�N�{�a_TO\+LONzY�ZK\OvSJXT+Z�PSotb"j�Ji{�e�ktYÙJMjKhtktY5P�]_Nr`�YÙopPSR+j�kMWÐ{Ka�TO\+jKTONQPS�Q\LOTUP[]_b��®à�Ztw_\Oa_\+]_bpV_�[L]_Nr`)TOPSLmH�J�Y5P[ZKNQ\+WÐV�\OjKZK\+viJ®LON�Pte�P�W�bK]�NQW�kCT+h�PSj�PS�
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JMjL+TO\+viJ}TUP[�Q\OR�k^w�\+ZF]�w_a_bKWXNQ\+ {!`+jKb��KNQ�rJi�_��{!`OjKbFjKJMLcHKJMjKTO�SLOP}j�J�LON�Pte�PYÔ{Ka_T+\O�rNQLOT+\OZ�NQbFZ�P�V�\Oj�Z��}]_\+oMb�ZKjK`S�
. Jia_T�kM]�wcP�V_�SL�T�{!Ji]�w�PSLON!{!`+jKb&W^JiR+Z�Puw�`�]_T�kMhKoSJi�_�V�\OviJ%jKJi{�eQkMYfbjKJL+N�PMe~P�YfkMa_PSTONr�u{Ka_T+\OT>W^PS]_`xNÕ{Ka�T+kM]_{�NQ\O]�TO\OZKNr\SÝ

p2 − p1
t2 − t1

=
mv2 −mv1
t2 − t1

= m
v2 − v1
t2 − t1

= ma

¶ YÔ�KT+kMLO\æ�ôjKJioKe~PSjKZK\�V��c�KZKNr\OvlPS�rNr�r\+bK]_T+J�Y�\�V5w�PSo)htk%V�bKRuZKNr\xhtk�e~Jt·m�
3�\�Yfw�JiZ&TUPSblY5PSR�k�e���bKTOZKPpV_�[L�w�J�{�a_T+kM{Kb�]_TOLOTUPS�rZKNQ\�TUP�L+\OLcHK`xPShK]�Ji�Qb�w�sZ�NQ\9b�ZKNrY�\Oa_]_PS�QZK���tRO\9Y¡Y�Nr\O�rbX]�ktw�b�P[L�V_PSLcH&JMjKj�TONQPMe�ktY5PSZ�N�PuL+N�PMeô�lwcPu]_T�k�hMsoSJS�_�q{Ka_T+\O{!e�ktY�bÙ{!`+jKb���j�P�V�\®]_Nr`¥YfkMa�P[TONQ�[�9Y�\Oj�e�bKvªwcP[oMNr\�V+��L+T+k¡NrZKZK\�V¨�JSa_W�b�e�kS�K{!JS{Ka_T+\OT>{!J�e�JiRO\+ZKN�P�N�\�YI\OZlw�b�PS�rZKNr\u{Ka�`OjKoSJi��LON�JMjKjKT+N�PMe�bpV_�SL�k�LcHL+N�PMeô� Ø TONr]_NQPpV>YfNQ\OW�kS�8R+\JS{KNQ]�JMjKj�TON�Pte�ktY5PSZ�N�P¥TOP®{!JiWXJMLU�"wcPSotNQ\�V>¨�JiagsW�b�eQk>Z�NQ\�TOP³Y�]�TO\¤V�\O]�w0W^JiR+�QNzYfkS�SPS�r\�{�a�P³Y�jK��w�\+R�V�\O]gwU�iR+\ITUPSota�\O]¬T�V_P³Y�Nr]_o¸�vSjKTONr\xw�PSotNQ\|¨�Jia�W�b!e�k)j�P�V_�}]�NQ`xTOZ�P[�Q\OÏ+�uNÕTUP[]�w�JS]_J³Y5PS�5V�\O]gw9Ji�QhKa�T+kMWXN��Ñ8a_T+kM{Kb��_�OW�kxRO\8TOZ�PSW�k�wcP[op�5¨�Jia�W�b�e~`0jK��PIJiota_\O���QJSZK\OviJ�L+N�Pte�PINibKWXNQ\+W�kJShK�QNrLOT+kM�[�KYI\+j�e~bKvX¨�JSa_W�b�e�k

F (x, v)
��]�T+kMhKoSJi����jKJi{�eQktY�b¥{!`+jKb�jK��P�opP[R�sj�\OviJ}{!J�e�JiRO\+ZKN�P�JS{KNQ]_PSZK\+viJ�Y�]_{!¢�e�a_TO`+jKZ��

x
N�{Ka_T�kopP[ROjK\�Vf{Ka_`+jKoSJi�_L+N

v
�¶ G5PMe~JS�_��a�JiT+YIPSRUP[ XW^JSv�e�P[htk%htkM��JMj}a�PST+b}Y�\Oolw�JSa_J�YIP��MPS�Q\5j���P|{Ka�Ji]�w_JSw�ka�JihKNrW�kXw�J�w�kM�roSJ}Y�V�\OjKZlk�WáYfkMW^NQPSa_T+\S� ·�S\O���QN�w�PSo¸�Kw�J}WXJiROZKP}ZKPS{KNQ]_PS�xa_¢�YfZ�PSZKNr\SÝ

a =
F (x, v)

mT�Y5PSZK\>a�¢�Y�ZKPSZKNQ\+W 3�\+Yfw_JiZ�P��GIJ^YfkMZKNQo�P)T>w�PSotNQ\+viJ^a_¢³Y�Z�PSZ�N�P w �S\+�_�QN�{!JiW�kM�_�rNQW�k&J^oMa�¢Sw�otNrW�JMj�s]gw�`+{KNQ\&L+TUPS]�b��8w�J«e�P[w�YIJ®WXJiROZ�P�{Ka_T+\+Y�NQj�TONr\O�S��V_PSotNQ\)h!`+jKTONr\{!JMe~JiR+\OZKNr\S�N�V_PSopP¥h!`+jKTONr\&{Ka�`OjKoSJi���LONQPMe�P"{!J®bK{�e�ktY�Nr\)w_\OviJ®JMj�]�w�`+{Kb�V�\O�_�rN�T+Z�PSW�k{!JML+TU�[w_oSJ�Y�\%{!J�e�JiRO\+ZKNQ\xNÕ{!JML+TU�[w_oSJ�YI�X{Ka_`+jKoSJi���S�� jK\���ZKNrL�V�NÕ{Ka�`OjKo[Ji�_L+N¤W^PSW�k){Ka�TO\OL+NQ\+RSÝ x(t+∆t)−x(t)
∆t

= v
�K]�wc�[j�Ý

x(t+∆t) = x(t) + v∆t£0P[o&]�PSWXJ}TujK\���ZKNQL�V�NÕ{Ka�T+kM]_{KNr\O]�TO\OZKNQP}YfkMZKNQo�P�Ý
v(t+∆t) = v(t) + a∆t = v(t) +

F (x, v)

m
∆tµ�oSJia�J8V�bKRTOZ�P[W�kx{Ka_`+jKoSJi���INt{!JMe~JiR+\OZKNr\�YªZ�J�YI\�V¤{!¢iÏ+ZKNQ\�V�]_T+\�V¤LcHtY�NQ�rN��w_JAWXJiROZKP«{!JSw�a�P[olw�J�YIPS��w�`¥LcHtY�Nr�Q`

t + ∆t
TOZK¢³Y3V_PSoSJA{!JML+TU�[w_oSJ�YI�ANP[Z�PS�QJSviNrLOT+ZKNQ\�Yfk�T+Z�PSL+T+k��%{!J�e�JiRO\+ZKNQ\xNÕ{Ka�`OjKoSJS�_�>YÔLcHtY�Nr�QN

t+ 2∆t
�
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F
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F
T+Y�NQ\x]_NQ`|w�a_PSj�kML+kUV�ZKNr\>]�N©e~���� Z�PSZ�\�V�\O]�w�]�¨�Jia�W�b�e~J³Y5PSZKNr\|b�R+ktw�\u{Ka_T+\OT L PS{K�QPSLO\76 P���R+\uvij�kMhtk&TOZ�PS�Y�]_T+kM]�w_oMNr\I¨�Jia_W�b�eQkujK�QP�]�N©e�NtY�]_T�k�]�w_oMNr\5{!J�e~JSRO\+ZKN�P9NM{Ka_`+jKoSJi�_L+N�Y�{!\+Y�ZK\�VLmHlY�NQ�rN��KY�]�T+kM]�w�otNQLcHqLOTO�S]gw�\OoF¦«]_T+\OLcHK��Y9NQP[wcP��!w�J^WXJiROZKPXhtk"{Ka�TO\�Y�NQjKT+NQ\+�V_PSo®h!`Oj�TONQ\}YfkMvS���Sj�Pte¦«]_T+\OLcHK��Y9NQP[w>Y3jKJ�YIJS�QZK\�VxLmHlY�NQ�rN¬Y3{Ka�T+kM]_T�e~Ji��LON¶ P�wcPSotRO\IV_PSo^YfkMvi���SjKPMe�Yyj�J�YIJS�QZK\�VfLcHtY�Nr�QN�YÔ{Ka_T+\O]�Tpe�Ji�_LON�·��
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• 8 b�QTb n b kfe�p>g �³b n	h	j ¢ � S

• 8 b�QTb n b n	e M j:�÷m b � �TS ¶ a�¢�Y�ZKJ³Y5PSR+ZKJi��LONb�o�e~PSjK¢³Y3NQZK\+a_L�V_PS�QZlkMLmH��T+YIPSZ�P�w�a�P[j�kML+kUV�ZKNQ\uTOPS]�PSjK�}Y�T+vi�r`OjKZKJS�_LON�·
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∆t

®W£�¥�«¸{«·*¸æ´�§2Ä#Ç�²³ñ»º�Ç�«�Ê�A�¼`º�¸{«·�¨�·�²³£/¯<´{¬'Á2£\¥-°/¸T§ÈÁ2¯<«°�ö]¾7°\º³·*¾7°\º�§�Ç�«B:1º³·*£�²�«.°²³ñ\¥�¸'°�C^²³ñ/¶<¸{«.ª�¯*Ç/£\¥�§2ª³Ã7=�¬�¼�º�°»µ.°\¨�Â�ª�§ º�°»Ç�«¹·�¼`®W£T¼`£�´T§f®W£�¼`º�ø*®W£\¥-°/¸{«°'À�´�§#´Wö�Â/Á�¼�®W£\¥�£»ÉÁ{£�¥-°/¸T§!º³°/Ç\Â^¾!·�º³£2Á{Â�¬'ª*¯*§�¸{«.Ä	º³°/Ç7¾7°Tö½§T¾�¨`°»Ç!º�§�µÇ/£^º³£R¨�·<¼`º�¥�§T¾7°/Å�°»¸'·/Ê ô ¥�«·*µ¬¥�§�®'°�Á2Ç\°�ª³Ã"D º�§�µ¹Ç/£7º³°»Ç�«¾!«E¯<°\¨�¾!«¹·<¾^§È¼�«øf¥�º�·`¨�Ç2¼�«Â/¶<ª�·ED º³·#¥q¼�¯*§2¼�º³Ç�«¹·fÇ/£�µ¹·`¨�¸{·Ç�²³£/Ç�«÷Á{°\¨`Â¦¼�«¹øÈ¬\¨`Â/Ä^¨�·CÁ2¸T§�¾Þ®{²³£�¼`º~§�¾ ¥�¯<£/²³·*¾ ¥�§�²�°»¶C°�¨`Â�ª�§�¾ò®W£�ö½£/¶<·*¸{«·Vª*«°�ö½°�¥Á{£�¥�£�µ¹¸'·�¨÷ª³Ã�¥�«¹µ«�®{²³¯*·*¯-¨�·<Å/£!®W£�ö½£/¶*·<¸{«·�«�®{²³ø<Á2Ç/£T©�ÄR¥�ª�ÃT¥�«µ¹«�®W£2ª*¯<Â»º�Ç/£\¥�·�¨�Ê
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yi�9Ñ8��PSZ�\+w�kota��[RU�}{!JXJia�hKNrw�PSLcHF\O�rNQ{�w�kMLOT+ZtkMLmH��
x �9Ñ8a_`+jKoSJi�_�qTXV_P[op��{Ka_JiWXNr\O �{K�QPSZK\+w�k´TOPSW^NQP[wcP�{!JS�Q\¥{!J³Y�NQ\+a_T+LmHKZ�NV�\O]gw9]�wcPMe~P��
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T 2 = Kr3
��vijKT+NQ\

K
{!\+Y�Z�Pq]�wcPte�P��Y�]_{!¢S�QZ�P}j���P�Y�]�T+kM]�w�otNQLcH¥{K�QPSZK\�wU�

O
 1

O
 2

A

B

O A + A O = O B + B O
 1       2   1       2

5 kM]_b�ZK\Oo ü ��ySÝqu��rNQ{K]_P
�ú�è³ålézñOð�ìtú�þ�õ'QõuõUè³é��UãtñOìtú�ìlíëúfìMñ�æ8ýlð�õ³ò�ï 
 ñOéüû�õxð�çcåt÷mñ+ø��U÷cú�÷�íëú�ÑìMñ%ý��ñUò�çm÷�çcä[çcìtê|ýlð�çcäXð����cì[äSö õ[ã^çmú�ðgñ%æ8ç�ñ+ø�ú�öxì[ä[öÖò�þSð�êc÷cú_ìtí åý��ñUò�çm÷�çcäSçcì[äfþpõ'�ñ8í�ý��ñUò�çm÷�çcäSçcì[äfìMñ8þSï��Uð*�8ð�çcålï�åUøôú�ö�ä 
 ýlð�ç�ä+øôö�å>�ø�ú&ý�õ�æ�ò�çmúc÷*)lìlíëúFçcìMñOì[äAþSò�çcïgñ{rïXú_éüíüýtò�ä{�ÞýpñOþAæ8ä[ìtí þ³ñ®çFõUþSð�úC�ÿ�éëú�ìlízñ 
 ò<�^ú�éüí ýMò�äFû�ñOð�ãiçmõ&ÿ�÷�íëÿ�ìlíëê�ï�ú 
 ñOéëú�ò<�}í¬ïgñOþ[íëú 
 ÷cõ)ûMñOð�ãiçmõýlð�çcäSý�õUöxíüìMñ+ø��uõUþSð*��è��Rî�ð�ûlíüï±ä�ýlézñOìtú�ïò*�|ö>ñ{Qõxçmãlú_ó~õUð�öuõ�æ¬ñOìtú 
ãiézñOï�ú�è�õwv�õUý�ú�ð�ìlíüþAålçcìMñmæ¬ñ{Iø�ú&ç�ñ®õUþSð�ê�è³í 
 ÷*)tõ[îFöxízñ{�çï�ä[öý�ú�æ8ìtúxï�ð�åtãiìtõ³ÿ�÷�í��êÌÕíëò�çmú�ö�ä)õ�ï±äSö3ìMñ�þpõ�Ñt÷�åý�õ[ãið�êc÷�çcìlíüþUñ 
 æÐ çcålý�ú/rìlíëú�ìlíüå��ExÕéüíüýtò�ê�öuõ��cìMñxï�ú��9õUýlíëògñUî8ø�ñOþpõ|öxíëú�ø�ò�÷cúfè�úcõUöuúC�ï�ð�äi÷�çcìtúýlålìlþ[ï���æ 
 þ[ï��Uð�äi÷*)%ò�ålö>ñ9õ[ãiéëú�è�Qõ³ÿ�÷�íKõ[ã%ãiæ��[÷*)%åtò�ïgñOéëõT�ì[äi÷*)�ýlålìlþSï���æqø�úcò�ï�ò�ïgñ{�ñ��Qð�äSò�ålìtú�þ � �
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Ì�õUçcæ¬ñOézñqï�õ®ìMñOð�äiò�õ�æ¬ñUîFú�éüíüýtò�êç�ñ¥ý�õUöuõ[÷»�Cò�çcì[ålð�þ³ñ¥í�ãiæ��[÷*)ò�çcýléüí éëú�þ�æ8ûlíüï±äi÷*)®æ.ò�ï��'³�J,Fä[ð����cìlíëõUìtú�ýlålìlþSï±ä"ìMñOçcäSæ¬ñ+ø��)ò�íëêõUè³ìlíëò�þUñOöxí�� , ýlð�çcäSýMñUãiþ[å�ýlézñOìtú�ïAì�Qõ�Ñt÷cú)éüú��cäCæ�ø�úcãiì[ä[ö çï±äi÷*)}õUè³ìlíëò�þ¤�
�Iézñ|ìMñUò�çcäi÷*)}÷cú�é½��æ�æ8äiò�ïgñOð�÷�çcä�ýlð�çcäSûléüí1�mú�ìlíëú�ð�åt÷*)[å}þpõ'Qõ�æ0ú�è�õ��

u oKe�P[j�µ¸e~JiZ�\OLOT+Ztk¥w_J)Y�NQ`+LO\�V�ZKNrR�j�Y5P&L+N�Pte�P���Ò��r\�Z�P)]_T+LOTO`+�_LONQ\�Yfkls]gw�`+{KbpV�\�JSvia_JiWXZ�PXj�kM]_{Ka�Ji{!Jia�L�V_P&W^Nr`OjKT�k�W^PS]_�µ�e~Ji KLOPP^W)PS]_�)o�PSROjK\�VTF{K�QPSZK\�w u o�e~PSjKb��´Ñ¯JST+Y5P[��Pqw_J�TFjKJihKagkMW {Ka�T+kMhK�rNQRO\+ZKNQ\+W×TOPSZKNr\OjKh�P[�Y�{!e�ktYn{K�QPSZK\�w0ZKP�a_bKLcH}µ�e~Ji KLOP��iP�wcPSotR+\ITUP[ZKNQ\+jKh�PS�Y�{�eQktYnZ�P�a�bKLmH�{K��P�sZ�\+w�k�{�JSTOJi]gwcPMeQkMLmHq{���PSZK\�w u oKe~PSjKb®N¤btY�TOvS�Q`+jKZKNQ�>w�kM�roSJ^Y�{�e�ktY�µ¸e~JS KLUP��Ñ8a�T+kMhK�QNrRO\+ZKNQ\5Y¡olw�¢Sa�kMW�Y¡bKoKe�P[jKTONr\�µ¸e~JS KLUP ¶ NQZK\+a_L�V_PS�QZlkMW&·¯{!JSa_bK]�TUP>]�NQ`{!JpV�\Oj�k�Z�LOTOP�{K�QPSZK\�wcPuh!`+j��SLOP%{!JMj|V�\OviJuYfk�e��[LOTOZlkMW jKT+N�PMe~PSZKNr\OW§V�\+]�w�Z�P{!JML+TU�[w_\OoT+bK{!\pe�ZKNr\uYfkM]�w�PSa_L+TUP�V_�SL+\S�
I|hK�QNrLOT+kM�rNr�_W�kX{!Ji{�a_TO\+jKZKNrJK��YÙa_JiT+jKTONQPS�Q\ . NrZK\+W)P[w�kMopP���{Ka�T+kM]_{KNr\O]�TO\�sZ�NQ\>LONQPMe�P�Y.a_b�LmHtb®{!J^Jiota_`+vib�Ý

a = 4π2

T 2 r
�9µMoSJia_T�k�]gwcP�V�W�k"T%JihK]�\OagY5PSL�V�N

. \+{K�Q\+a�P}Y�N��SRO�SLO\�V9LOTOPS]�JihKNr\OvSb¥T%{�a_JiWXNQ\+ZKNQ\+W"Ý
T 2 = Kr3

NÕY�]�w�P³Y�W�kw_`�Y5P[a�w�JS�_�
T 2

j�JYfkMa�P[RO\+ZKN�PZ�P&{Ka�T+kM]_{�NQ\O]�TO\OZKNr\�Y�a_bKLcHMbC{!JJiota_`OvSb��Ø Ji]�wcP�V�\+W�k�Ý
a =

4π2

T 2
r =

4π2

Kr3
r =

4π2/K

r2Ñ8a_T+kM]�{KNQ\+]_TO\OZKNQP�{K��PSZ�\+w¯]���YfNQ`OL�JMj�Y�a�JSw�ZKNr\�{Ka�Ji{!Jia�L�V�JiZKPS�QZK\jKJ�olY5P�sj�a�P[w_b�NQLcH"JMjK�Q\+v�e~JS�_LON�JMj®µ¸e~JS KLUP�� Ø JS{�e�ktY.{!`Oj�b��!LOT�kM�QN�]�N©e~P}jKT+N�PMe~PpV_�[LUPZKP9{K�QPSZK\�w�`�TO\]�w_a_JiZlk%µ¸e�Ji KLUP��[a�¢�Y�Z�P�NQ�QJML+T+kMZKJ³Y�Nl{Ka_T�kM]_{KNr\O]_T+\OZKN�P9NlW)P[]�k{���PSZK\�w�k>V�\+]�wUÝ
F =

4π2

K
m

r2I|jKjKTONQPMe�ktYIPSZKNQ\!V�\+]�w�{Ka_JML+\O]_\+WÔY�TUP�V�\OWXZtkMW"�¯Ñ¯`Oj>bKT�kM]_otNrY5P[Ztkx{Ka_T+\OT{���PSZK\�w�`¬V�\O]�wITUP[a�PST+\OWÖ{!`OjK\+WÖw�a_PSLOJiZlkMW {�a_TO\+Txµ¸e~JS KLO\[�^t�JiROZKP%w_\OR�{!J[sY�Nr\OjKT+NQ\+�S��RO\qµ¸e~Ji �LO\®T�kM]_otbpV�\C{!`+j J�wcPSotNr\�V^]_PSWX\�VXY5PSagw�Ji��LON±�fw�kM�QoSJAJ{�a_TO\+LONzY�ZtkMW T+Z�PSotb��V3�P^{!J�YfkMRO]�TU�)Y5PSagw�Ji����]�N©eQk"WXJiR+Z�P}Y�NQ`OL%{KP[w�a_T+\O�V_P[o¥Z�P]�N©e�`�jKT+N�PMe~PpV_�[LU�)Z�P"µ¸e~JS KLO\�TO\}]gw�a�JiZtk®{K�QPSZK\+w�k ¶ otNQ\+a_bKZKotb�N¯wcPSoZ�NQ\¥TUPST+Z�PSL+TUPSW�kS��{�P[W^Nr`+wcP�V_�SL"RO\®]_N©e~P�LONQ�tviZKNr\�{K��PSZ�\+w�`¥jKJnµ�e~Ji KLOP���Pµ�e~Ji KL+\|j�J�{K��P[ZK\+w�k�·��8Ñ¯J�Y�NrZKZ�P�hlkM��Y�NQ`+L�wcP�]�N©e~P>wcPSotR+\|{Ka�Ji{!Jia_L�V�JiZ�PS�rZ�Pj�J^W^PS]�k"µ¸e�Ji KLOP��¦�PSa�w_JXY�Nr`OLuTUPS{KNr]�PS�[Ý
4π2/K = GM

��vijKT+NQ\
M
V�\+]�wW^PS]_�Xµ¸e~Ji �LUP���P

G
{!\+Y�Z��XZ�J�Y5�}]gwcPMe~��� u T�kM]_otbpV�\OW�k!Ý

F =
GMm

r2
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G
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TUPS�r\OR+ZKJi�_L+N�JMj^{Ka_`+jKoSJi�_L+N�N¸op�[w�P>YfkMa_T+b�w�b���t�PpV_�[L�a_JiT�Y�N��[TUPSZlkX{Ka�JihK�r\OWYfk�T+Z�PSL+TO\OZKNQP}a_bKLcHMb��pV_PSo^YÙw�kMWá{Ka_T�kMo�e~PSjKT+NQ\S��hKPSa_jKT+J&e�P[w�YIJ}JMj�{!J�Y�Nr\�sjKTONr\O�uZ�P�Yf]_T+kM]�w_oMNQ\>{!JMjKJih�ZK\>{lktwcPSZ�N�P��¦ LO\O�rb«Ji{KNQ]�b�w�JSa_b���YfkMTOZ�P[LOTUP[W�k

t
Y TUPS�r\OR+ZKJi��LONJMj

x
N�{!JMj�]�wcP�sY�N�PSW�k)jKJ}YfkMa_PSRO\+ZKN�P}Z�P

y
JSw_a_T�k�W�bpV_�[LSÝ

y =
vy
vx
x− g

2v2x
x2

� Z�PSLONr\Xota_T�kMYI�®Ji{�NQ]�P[Z��Fw�k�WÚa�¢�Y�Z�P[ZKNQ\+WÚT^�r\OoSL�V�NW^P[w�\+W)Ppw�kMotN�6 w�J{�PSa�P[h!Ji��P���GITO`+]�w�JXY�NQj�TONQW�kuV_��YÙw�\O�r\+Y�NrT�V�N�YÔW^NrvlPUY�opPSLcHFTuoSJia�w_¢�Yu�
3�Nr\+w_a_bKjKZ�J�JShK�QNrLOT�k��"TOPS]_Nr`Ov«a_T+b�w�b��5W^Nr\�V�]�LO\"vijKT+NQ\FY�]�{!¢�e~a�TO`Oj�Z�P

y]�wcP�V�\%]�NQ`>{!JiZKJ³Y�ZKNQ\>TO\+a_\OW"�9Ñ8a�T+kMa_¢³Y�ZMbpV_�[L
y
T%{!J³Yfk�R+]_TO\OvSJ&Y�T+Jia_b¥jKJTO\Oa_P^J�j�LOT�kMw_bpV�\OW�k�j�Y5P^{KNQ\+a�Y�N�P[]�w�otN±Ý

x = 0
N
x = 2vxvy/g

�9Ñ8NQ\+a�Y�]�T+kJMjK{!J�Y�NQPSj�P�WXNQ\�V�]_LObYfkMa_T+b�w�b��!j�a_bKviN�W^Nr\�V�]�LObFbK{�PSj�oMb��à�Ztw_\Oa�\O]_b�V_�SLO\uWXJiRO\|hlk��x{lkMw�PSZKNr\xJ�op�pw�{!JMj%V_PSotNQW Z�PS�r\OR�k)YfkMa�TObKL+NQ�LON�Pte~JK�Shtk�j�kM]�{!JiZMbpV_�[L9]gwcPMe~�|YIPSa�w�JS�_L+N��|{Ka_`+jKoSJi��LON √
v2x + v2y

¶ £�Y�Nr\Oa_j�TO\�sZKNQ\uÑ8Nrw�PSviJia_PS]�Pi·���bKT�kM]_opPS�NM�b � Q � M�b ��h:��p b�Q�S �t� �I|TOZ�P[LOT+W�k^olY5P[jKa�P[w�k^]_oKe�PSj�J�YfkMLmHF{Ka�`OjKoSJS�_L+N��QNzw�\Oa_PSWXN
a
N
b
� � Y5Ppsa_bKZKoS¢³YÙTUPSj�P[ZKN�P%YfkMZKNropP���RO\xNrLmH&]_bKW^P9V�\+]�wfZ�PSa_T+bKL+JiZ�P�T|vi¢Sa�ki�0¦«kMh!¢iaop�[w�P���w�JFYfkMh!¢ia>{!JiW^Nr`OjKT�kqa_¢SROZlk�W�a�JiTOjKT+NQ\+�Q\+ZKNQ\+W²w_\OviJ"LOJ�W^PSW�k¥jKJj�kM]_{!JiT�k�L�V�N!{!JiWXNr`OjKT�k

a
N
b
�lw�PSo�htk�NQLcHXNQ�rJMLOT�kMZXhtk�e�WXJiR+�QNzY�Nr\5Z�P�VgY�NQ`+ols]_T+k ¶ Yfk��rNQL+TOJiZlkqTUP[]_NQ`+v�V�\O]gw>Y�{Ka�Ji]�w%{Ka�Ji{!Jia�L�V�JiZ�P[�QZlk®jKJ √

ab
·���¦§NQ`+ols]_TOJS�_�X]_T+oSJi�rZtkMLcH�TOPSj�PS CZ�PFWXNQZ�NQW�bKWF���rbKhCW^PSot]_NrW�b�W j�P�V�\�]_NQ`�]�{Ka_J[sY5PSjKT+NQ�ujKJ�w�\+viJX{Ka�JihK�r\OW�b���S\OvSJ�a�JiT+YfN��STOPSZKNQ\�V�\+]�w}e~P[w�YI\}jKJ"bKT+kM]_o�PSZKN�P��¯jKJ"T+a_JiT+bKWXNQ\OZ�N�P&N8jKJTUPS{�P[W^Nr`+w�PSZKNQP�� . Jia�T+kM]�w�P�V_�SLuT|Y�TOJSa_¢�YÔ]_ota�¢MLOJiZlkMLmH�Z�P�olY5PSjKa_P[w9]�bKW�kNÕa�¢iROZKNrL+k&W)P[W�k!Ý

4ab = (a+ b)2 − (a− b)2Üxj�k�]_bKW^PIV�\+]�w�bK]gwcPS�rJiZ�P��lZ�PxY5P[a�w�JS�_�9Nr�QJMLOT�kMZMbXZ�P[j�PS�KY�{�eQktY5P%a_¢SR�sZKNQLOP��)Ò��Q\}LOT�e~JiZ«T^a_¢SROZKNrLU�Fw�kM�QoSJ�T+W^Z�NQ\�V�]�TUPFYfkMZKNro¸�¯Y�NQ`+L^W^PSot]_NrW�bKWZKNQ\+JMjKWXNQ\OZ�ZKNQ\�Ji]_NQ�tvlPSZK\|h!`OjKT+NQ\xYfw�\+j�ki�¸vij�ka_¢iR+ZKNrLUP�w�kMLcH��QNrLOT+hFTOZ�NQopP��
� ;'}2�/_~��5�� _~F�?2ZCXN}�G�5 F1_³ZCXU��?�5���4�;WF�?'G-H��J��5��õ_³H4?2�/_`�2B�;WG-H���H\��4æB21�}

F1_³ZCXU�N}�4�Hæ���o9�D'=fG-H��¦«a�PSLOP�V_�SL�jKJuZ�PS]_T+\OviJ>{Ka_T�k�oKe~PSjKb^YfNQjKT+NQW�ki�iRO\�W)P[oM]gkMW)PS�rZtk�TUPS]�NQ`+vYfk�]gwc�t{KN�{Ka�T+k
vx = vy

�úI|TOZ�PSL+TUP�w_JK�0R+\)op�pw%Yfk�a�TOb�w_bª{!J�Y�NrZKNQ\+Z«YfklsZKJi]_Nr�
45◦

��t¥P[oM]gkMW)P[�QZtkATOPS]_Nr`Ov
d = 2vxvy/g = 2v

2
x/g = v2/g

�AÒJSw�JqYfkMvi���[j�w�Jia�¢�YáL+N�PMefYfkMa_TOb�LOJiZlk�LcH¡TF{Ka_`+jKoSJi��LON��
30
W ] jK�QP®w�a�TO\OLcHa_¢iR+ZtkMLcH¥o��[w�¢³Yu�KwcPSotNQLcH��KRO\[Ý

vx = 2vy
�
vx = vy

�
vx = 0.5vy

�
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� Q�S � � � � S@Q p �{O � p�h	e QTb¤� eE� S�� �
� ZKPSZtk�{!J�Y�]�TO\OLcHKZKNQ\�V�\+]�w�a�kM]_bKZ�\OoxT8ot]�N��SR+oMN�39\+Yfw�JSZ�P�Nr�QbK]gw�a�bpV_�SL+k�bKWXNQ\+]_T�sL+TO\+ZKNQ\"jKJ³YIJi�QZ�\OviJ�L+N�PMe~PCT+NQ\+W^]�oMNr\OvSJ�Z�PCJia_hKNrLONr\Y�JioSJ�e�JiTONr\OWX]_otNQ\�V+� �{�bKZKolw�b)Y�NrjKTO\+ZKNQP>JMLO\+Ztk}w�a_b�jKZKJi��LON¸w�\+LmHKZ�NQL+TOZtkMLcH&Y a_\OPS�QNrTUPSL�V�NKw_\OvSJ�TOPpsjKPSZKN�P ¶ {Ka_T+\OT+YfkMLONr`OROJSZtkMLmHªjKJi{KNr\Oa�J"Y y viºi¹ aO� ·´NQZlw�\Oa�\O]�bpV_�SLO\xV�\+]�w�JShK�QNësL+TO\+ZKNQ\u{Ka_`+jKoSJi��LON¤{!JpV_PST+jKb"htkWX¢iv�e�JSZF¨©PSolw�kML+TOZKNr\>ota��[R+kM�>{!JXJiota_`+vib��

� \®Y�T+vi�Q`+jKb�Z�PªJi{!¢iaFP[w_W^JS]�¨�\Oagki��{Ka_P³Y�jKT+NrYfk ]_P[w�\+�QNzwcPAW�b�]_N|JihKNr\OvlP[�JSa_hKNzw�`uJMjK�Q\+v�e���JMj¥{!J³Y�NQ\+a_T+LmHKZ�N � Nr\OWXN�LOJ^Z�P�V�W^Z�NQ\�VfJ^{�PSa�`O]_\�w�oMNr�QJSW^\msw_a_¢³Yu��vijKTONr\�Ji{!¢ia�V�\+]�w�V�b�R�YfkM]�wcP[a_L+TUP�V_�SLOJFW^PMeQki�ê3�PUYI\+w x s>s���LOT�k ü s>sotNr�QJiWX\�w�a_¢³YÛw�J�jKJi����ZKNr\+Y�Nr\O�Q\¥Y²{�JSa_¢³Y�Z�PSZKNrb�TC{�a_JiWXNQ\+ZKNr\OW � Nr\OWXN±�{�a_T+kUV�WXN V�W�k^R+\u]_N�e�P�via_P³Y�NzwcPSL�V�NtV�\+]�wfwcPSWÓZ�PSj�P[��a_¢³Y�Z�P
mg
�¬¦ {!JMj�Jih�sZlkMW jKbKLcHMbª{�a_JiWXNQ\+ «w_\�V%JSa_hKNzw�kC{Ka�T+kMa_¢³Y�Z�PSW�k«j�J®{Ka�JiWXNQ\OZ�N�P � Nr\OWXN±�

. JSa_T+kM]gwcP�V_�SLxTO\uT+Z�PS�r\OTONrJiZK\+viJ�YIL+TO\O��ZKNQ\�VfYfkMa�PSR+\OZKNQP}Z�P�{Ka_T�k�]�{KNQ\+]_T+\OZKNQ\j�Ji�_a�J�j�oSJ�YI\>W^PSW�k)jK�QP�w�\�Vf]�ktw�b�P[L�V�N±Ý

v2/RZ = g,
L+T+kM�QN

v =
√

RZg =
√
10× 6400000

W ] = 8 otW]
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� �SL+TOZtkA{!`+jnj�YI¢MLcHnJMjKjKT+N�Pte~bpV_�SL�kMLmHªLON�Pte¯V�\O]�w�]�wcPte�ki��I|TOZ�P[LOTOPpV_�[Lw�\OZ"]�w�PMe�k&{!`Oj��rNrw_\Oa_� ~P

W^PSW�k!Ý
Â�� «¹·<¾!«°ê«r�f¼`«ø*¶<§�ª!¼³ÂêÁ2£{Á{°\º³Ç/£�¥-£È®W£2Á�Á2¯*«.°Tö�°»¸'«¹·<¾)��ö1£�C'ª*°{Ê � °/¼�¯*·7£/´{µ«.ª�¯*·<¸{«.°¯C°»¸{«·<Á2´'¬\¨`Â/ª*·fº�·<¸�Á�°/ÇTº	¸{«·^´Wø<Á{Â+¥�«¹øCª#Á2£�Ç'ö½°�Á2¸{·/ÀW°»µ·#¥�²³¯*·<ª*¯*§�¥�«.¼�º³£�©³ª�«�¥�¯<°\¨�·*¾!¸T§

� º³°/¸{«·<ªh� � «·*¾!«'«7�f¼�«¹ø<¶*§2ª*°�«�«ª�Ã7¥q¼`®Wñ�µ¹¸�§^£�´{«·*Åf¥�£/Ç/ñ2ö���ö1£�C'ª*°f¼³Â ¥ Á2¬'¶*§�¾�¼`º�£�®{¸{«¬¸'«¹·<¯<°»µ·*¶<¸{·/À2¥�«ø<ª ¸{«· ´WøCÁ2¯*«·�º³£!¯�ö½· ®{²³¯*§�´{µ«¶*·*¸'«¹·�Ê



vS» ¼x½�¾�¿x¾�À�Á�Â�ÃMÄ�¾�ÁxÅ�Á�¿�Æ´¿�Æ¬Ç�Á|È�À�ÉxÀmÄ¤Ê9¼�Á�ËqÀOÌ�Á>Í�Î�Á

m1
~r1(t+∆t)− ~r1(t)

∆t
+m2

~r2(t+∆t)− ~r2(t)

∆t
= ~P

t�ZKJiRO�SLf]�w_a_JiZKPSW^N�{�a_TO\+T�{�a_T+kMa�Ji]�w�LOTOPS]_b��tjKT+NQ\O�Q�SLI{Ka_T+\OTf]_b�W^`5W)P[]¬N{�a_TO\+ZKJi]�TU�SL�YfkMa�PST�k)JMjKZKJi]�TU�SL+\|]_Nr`�j�J�L+TUPS]�bY�LOT+\O�_ZKNr\�V�]�TO\OviJ�Z�P�{�a�P³Y�Jj�Ji]�w�PpV�\+W�k�Ý

m1~r1(t+∆t) +m2~r2(t+∆t)

m1 +m2
=
m1~r1(t) +m2~r2(t)

m1 +m2
+

~P

m1 +m2
∆t

Ñ8bKZKolw9YfkMTOZ�PSL+TOJiZlkFYI\+otw_Jia_\+W
~R(t) =

m1~r1(t) +m2~r2(t)

m1 +m2ZKPST+ktY5P^]_Nr`��/9�?N1'}'_³H/� �K;'��}p��¦�kMoSJia_T�k�]gw�bpV_�SL%w_J^JiT+Z�PSLOT+\OZKNr\%{Ka�TO\O{�NQ]_bMsV�\+W�kZKPS]_TuJi]�w�P[w�Z�NÕa_\+TObK�zwcPpw�YÔ{!Ji]�w�PSLON±Ý
~R(t+∆t) = ~R(t) +

~P

m1 +m2
∆t

� \uY�T+vi�Q`+jKb�Z�PX]gwcPMe�Ji�_� ~P �¸Ji]gwcP[w_ZKNQ\xa_¢�Y�ZKPSZKNQ\xYfkMa_PSRUP}¨©PSolw8V�\+jKZKJ[s]gwcP�V�ZK\OvSJ�{Ka�T+kMa_Ji]gw�b&Y�\Oolw�Jia_P ~R T�{Ka�`OjKoSJM�+N��
V =

~P
m1+m2

�#IxT+Z�PSL+TUP�V_�SL]�bKWX`�W^PS]��rNrw�\+a��
M
W^JSRO\+W�kFw_\OR�Z�PS{�NQ]�P[�SÝ ~P = M~V
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{
gt+

1

2
g2t2 + v

{
gt− 1

2
g2t2 =

1

2
v2{

IáNr�Q\�bKh!`OjKT+NQ\XY L+TUPS]�NQ\Xa_bKLcHMb«Y�NQ\+�QoSJS�_LON
v2/2

�¯J"w�k��r\X{Ka�T+kMh!`OjKT+NQ\Y�Nr\O�roSJi�_L+N
gh
��Üxj�k&TOPSLOT�k�ZKPX]_NQ`xa�bKLmH"JMj�Y�a�JSw�ZlkZ�P[]�w�`+{KbpV�\>{�a_TO\+WXN�PSZ�PYÙj�a_bKvl��]�w�a�JiZK`[�8¦§NQ\+�QoSJS�_LON�{!J�YfkMRO]�TO\>W^P�V_��L+\OLcHtk&{!JiTOZ�P[ZK\�VIYÙ]�TOoSJS�Q\{!JMjK]gwcPUYIJ�Y�\�V+�!P�wcPSotRO\uTOZ�P[ZK\�V�TuR�k�L+N�P}L+JMjKTONr\OZKZ�\OviJ��¸\+ZK\Oa�viNQN±�#IxL+T+ktY�Nës��LONr\S�lvSj�k�j�Y�NQ\ILO\OvMe�k��Q\OLO�|JSh!Jio%]_Nr\OhKNr\ ¶ TO�r\O{KNrJiZK\[�iL+T+k�ZKNr\³·¤T5{Ka_`+jKoSJi�_L+N��Z�{���yUWoz[]+�!W^P�V_�X\+ZK\Oa�viNQN�j�Y5P^a�PST�kFY�NQ`+LO\�V�ZKNQR>vij�k�hlk�T>wc�X{Ka_`+jKoSJi�_L+N���r\OL+N�PMe~P�V�\+jKZ�PXL+\OvMe�P�� Ø �QP[w�\+viJX{!JSTOZ�P[ZK\>{Ka_T+\Oj¥LcHlY�NQ����{Ka_P³Y�J^TOPSLmH�J�Y5P�sZ�N�P�WXZKJiR�kMW�k&]gw�a_JSZ�PSWXN�{Ka�TO\OT

m
N�jKJi{KNr\Oa_J�Z�PST+ktYIPSW�k{u#3"u 5 ÜxàY¼�Ý

mv2

2
+mgh =

LOJiZ�]�w�½¾u�Z�\Oa_vSN�P
Ñ8NQ\OagY�]_T�k®LOT�e~JiZqZ�PST�kMYIPSW�k¥\OZK\+a_viNQ�)otNQZK\�w�kMLOT+Z����Õj�a_bKviN¯{!JSw�\+ZKL�V_P[�zsZK��� � PSLcHK`OLOPSW�kªGIT�ktw�\O�rZKNQo�P®jKJq]_{Ka_P³Y�j�TO\OZ�N�P���R+\&YÓa�TObKL+NQ\&bKoSJS�_ZtkMW¶ wcPSW²olY5PSjKa_P[w%{Ka�`OjKoSJS�_LONT+viJMjKZKNr\}T}w�Yu�)Ñ8NzwcPSvSJia�PS]_P%V�\O]gw%]_b�W)�FolY5P�sj�a�P[w_¢�Y {Ka�`OjKoSJS�_LON0Jih�b®a_bKLcHK¢³YÞ]_oKe�P[jKJ�YfkMLcH¸·8V�\O]�w|NrjK\OZlw�kML+TOZKNr\S�êt�NQWXJ



ÃMÄüÃtÄ¤£Ç"£�¼uÊfÀ�Á y2s¤y
RO\|{!J�e�JiRO\+ZKNQ\�V�\+]�wf]�LmHKPSa�PSolw_\Oa�kMT+J�Y5PSZ�\uj�Y�NQ\+W^P%Y�]�{!¢�e~a�TO`Oj�ZtkMW^N±Ý

x
N
y
�\OZK\+a_viNQP�{�J[w�\+ZKL�V_PS�rZ�P�V�\O]gw�TOPS�Q\+ROZKP�w�kM�roSJXJMjFYfkM]�JioSJi�_L+N

y
��5PSjKPSZKNr\�{�a�PUY5P%TUPSLcHKJ³Y5PSZ�N�P��tY w�kMW YfkM{�PSjKotb\OZ�\Oa_vSNQN±�tvij�kXW^PSW�k{!\pe~Z�\qa�JiT+Y�NQ�STUP[ZKNQ\�a_¢�Y�ZKPSZKNQPY3�\�Yfw�JiZKP��9W^JSRO\¥htkM�qL+NQ\+opPUYIJi]�w_op��� IY�NQ\+�Q\�bKR�ktw�\+LOTOZKNr\�V�]�TO\xV�\O]�w g S eEn	p S e £ ��RO\�w�PSotNQ\�{Ka_P³YIJFJih!J�Y�NQ�ST+bpV�\�TUPpsZKNQW�]_Nr`�a_¢�Y�ZKPSZKN�Pxa_JST+Y�N��[TUPMe�JK� � a_¢iR+ZtkMLcH){!J�Y�JMjK¢�Y¡a_JiT�Y�N��STOPSZKNr\�a�¢�Y5sZ�PSZKNQP�3�\�Yfw�JiZKPqN�YfkMTOZ�P[LOTO\OZKNr\Fj�JioKe�PSjKZ�\{!J�e�JiRO\+ZKN�P�YÓo�PSROjK\�V�{�a_T+kls]_Tpe�\�V0LcHtYfNQ�QNtW^JSRO\�htkM�Iw_a_bKjKZ�\S�iLOT�k%Y�a�`OLOT5ZKNr\OWXJiR+�QNzYI\[�[{Ka_P³YIJ|TOPSLcHKJ�YIPpsZKN�Pr6�V�\O���QNpV�\+]�w 6 {!JiT�Y5PS�QP|YfkMLONQ�tvlPS��Z�NQ\Oolw_¢ia_\f{Ka_T�kMZ�P�V�W^ZKNr\�V0Y�ZKNrJi]_otNh!\OT>���Q\+jKTO\+ZKN�P�a_bKLcHMb"YÔLUPte�kMWÐ{Ka_T+\OjKT+N�PS�r\xLOTUP[]_b��¦ {KNr\OagY�]_TO\�V8oSJi�r\�V�ZKJS�_LON�a_JiT�Y5PSR�k�W�k�{�a_T+kM{�P[jK\Oo�wcP[oMN�V_PSo%T5a_T+bKLOJiZK�{KN©e�op�XY {!JihK�QNrROb � NQ\+W^N±�Kw©V+��vij�k�V�\OjKZ�J&T�JMjKjKT+N�PMe�bpV_�SLO\�V9{�PSa�k"LONQPMe¸V�\O]�wZKNQ\+]�e�kMLcH�PSZ�NQ\>jKbKR+J)W^PS]gktY�ZKNQ\�V�]_TO\>JMj�jKa_b�viNQ\+viJXNÕW^JSRO\uhtkM�%bKT+Z�PSZK\>TUP]_{!JMLOT�ktY5PpV_�[LO\>Yyb�o�e~PSjKT+NQ\uNrZK\Oa�L�V_PS�rZtkMW"�Ñ8a_T�k³V�WXN V�W�kS�STOvSJMjKZKNQ\IT5TUPS]_PSj��|jK\+w_\Oa�W^NrZKNQT+W�b��[RO\fZKP|LON�Pte~J�JxW)P[]_NQ\

m
jKT+N�PMe~P ¶ j�TON�Pte�P�V_�l·¸V_PSotNr\O�NrZKZK\9L+N�PMe�JK�lN¸R+\�{Ka_T+\Oo�PST�{!`+jKb ¶ ]_N�e�Pi·¬TUP[�Q\OR�kJMj®{!J�e~JSRO\+ZKN�P^L+N�PMe~P^N¤JMj®{Ka�`OjKoSJS�_LON±�±t¥PSW�kFY�NQ`+L�a_¢³Y�Z�PSZKNr\�39\+Yfw_JiZ�P�Ý

ma = F
�ª�S\+]�wX{Ka�T+kM]_{�NQ\O]�TO\OZKNr\S�ÕV�\+]�w}{Ka_T�k�a�Ji]�w}{Ka_`+jKoSJi�_L+N�� Ixh��QNQL+TOW�k{Ka_T�k�a�Ji]�wX\OZK\+a_viNrN5otNQZK\�w�kML+TOZK\�V+��wcPSoFV_PSoFV_�qTOj�\+��ZKNrJ�YIPS�QNr�_W�k�jK�QPq{�a_T+kls{�PSjKotb¥]�TOL+TO\+vi¢i�QZ�\OviJ^{Ka_T+\Oj�LmHlY�NQ�Q���pV_PSotNÕYfkM]�w��t{KN�Yy{!\+Y�ZlkMW�ota_¢[w�otNQW{Ka_T+\OjKT+N�PS�r\
∆t
�

m(v + a∆t)2/2−mv2/2 = mva∆t+ma2(∆t)2/2�iPSo)YI\>Y�]�T+kM]�w�otNQLcH¥w�\+viJXw�kM{Kb¥a�JiT+YIPSRUPSZ�N�PSLcH��¸{!JiZ�NQ\+YIPSR>{Ka�TO\Oj�TONQPMe
∆t
V�\O]gw¤W^PMe�kS�pPIY�a�PST+NQ\¬{!JSw�a�TO\+htkxWXJiR+\8htkM�8YfkMhKa_PSZtk�V�\O]�TOL+TO\W^Z�NQ\�V�]�T+kS�Yfk�a_PST+kqTUP³YfNQ\Oa_PpV_�[LO\}Nr�QJML+T+kMZCj�YI¢MLcH«W^PMe�kMLcHCY�Nr\O�QoSJS�_LON¬]��F{!JiWXN V_P[�rZKNz\W)PMe�\ Å �Ñ8a_T�k�a�Ji]�wx\OZK\+a_viNrN¯otNQZK\�w�kMLOT+ZK\�VV�\O]gw|Yfk�]gwcPSa�LOTOPpV_�[LOJFjKJioKe~PSjKZKNr\ ¶ P^Y]_\OZ�]_NQ\Fa�PSLcHMbKZ�oMb´a_¢SROZKNrLOTOoSJ³YI\+viJ«TOb�{!\pe~Z�NQ\FjKJioKe�PSj�ZKNQ\U·�Ji{�NQ]�P[Ztk�w�kM�QoSJ{KNQ\+a�Y�]_T�kMW�L+Tpe~JSZK\OW�{!J|{Ka�PUYI\�V¬]gw�a�JiZKNQ\�Ji]�w�P[w�ZKNr\OvSJ�Y�T+Jia_b�� � PS]gw�`+{KbpV_�SL

ma
]_N�e���W^PSW�k!Ý

∆E otNQZ = Fv∆t = F∆xvij�kMR
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F∆x = E {!JSw (x)− E {!JSw (x+∆x) = −∆E {!J[w
Yfw_\Oj�kS��Y�]�wcPUY�N�P�V_�SL�{!J³YfkMRO]_T+\x{Ka_T+\OjK]gwcP³YfNQ\OZ�NQ\�{Ka_PSL+kXjKJ�{!Ji{Ka_T+\Oj�ZKNQ\+viJY�T+Jia_b"jKJi]gwcPSZKNr\OW�k!Ý
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Ñ8a_TO\+jK]�w�P³Y�Nr\OZKNr\{Ka�P[L+k�]_N©eQk«Y {!Ji]�w�PSLONIa_¢SROZKNrL+k�\+ZK\Oa�viNQN�{!JSw�\+ZKL�V_P[�zsZlkMLmHyTUPS�r\OROZlkMLmHyJMjy{!JMe~JiR+\OZKNQPqV�\+]�w®ZKNr\OWXJiR+�QNzYI\Cvij�k�]_N�e�PnTUP[�Q\OR�k�J�j{�a_`Oj�oSJi�_L+N�� 39NQ\h!`OjKT+NQ\Y�NQ`+L"{�a�P³YIP�TOPSLcHKJ�YIPSZKNQPC\OZK\+a_viNrNfWX\OLcH�PSZ�NQLOTmsZ�\�VxvSj�k¥YfkM]�w_`O{KbpV_�FJi{!Jia�kS�õI|{!Jia�k¥]��TOPS�Q\+ROZK\�JMjC{Ka�`OjKoSJS�_LON8h!JFjKTONQPpse~PpV_�"TUPUY�]_T+\{Ka�TO\OL+NrYÖa_bKLcHKJ�YfN��®µ�N�e�P"TUPS�r\OR+Z�P�w�kM�QoSJ¥JMjA{!JMe~JiR+\OZKNQP�W)Pw_`)Y|e~PS]_Z�Ji�_�[��RO\&h!`+j��SL)wcP[op�¥]�P[W)�"Y {KbKZKoSL+NQ\&{�a_TO\+Tolw_¢ia�k«LONQPMe~J�V�bKRa_PST"{Ka_T+\OLcHKJMjKT+N©e�JK�IYfkMoSJiZMb�V�\¥{Ka_T�kn{!JiZKJ³Y�ZtkMW {Ka_T+\�V��_L+NQb´Y�JMj�Y�a�JSwc�]gw�a_JSZK`u{Ka_PSLO`x{Ka_T+\OL+NrY�ZK\+viJXTOZ�P[oMb"L+JXTOP}{�NQ\OagY�]_T�k�WÐa�P[TO\OWáN�w_J}bKWXJiR�s�rNrY�NQPC{�a_T+ktY�a�¢�L+\OZKNr\¥Y5P[a�w�JS�_LON9\OZK\+a_viNrN9otNQZ�\+w�k�L+TOZK\�V+�.µ�N�e�PCwcP[a_L+N�P�{Ka�T+ka�bKLcHMb�{!J³Y�a_JSw_ZtkMWÐTOWXNQ\+ZKN�P�T+Z�PSo&N�TUPUY�]_TO\uYfk�oSJSZMbpV�\>{Ka�PSL+`ubpV�\OWXZ����� PSbtYIPSROW�kS�¤RO\|V�\+RO\O�rN8{Ka�PSL+`XZ�PFW)PMeQkMW�JMjKL+NQZKotb«WXJiR+\OW�kqTOPS{KNr]�PS�V_P[oSJ^a�¢iROZ�NQL+`uYfkMa�P[RO\O ¥JMjKZ�Ji]_TO�SL+kMLcH®]_Nr`ujKJXoSJi KLO¢³Y.JMjKL+NQZKo�P��Kw�JX]_b�W)P{�a�PSL^ZKP"Y�NQ\+�Qb�{Ka_T�k��r\OvlP�V_�SL�kMLmHAJMj�LONrZKopPSLcH��0]�{Ka_J³Y5PSjKT+N�]_Nr`XjKJ¥a_¢SROZKNrL+k

� �q����j n�g¡Ä �'� YfkMa�P[RO\O �JMjKZKJi]�TU�SL�k�LcH«]_Nr`�jKJF{!JMLOTO�[w�otb�N¬oSJi �LUPFLOPMe~\�Vj�a_JiviN±��u8ZK\+a_viNr\�{!JSw_\OZKL�V_PS�QZK\�{KbKZKolw�¢³Y�{!JS�_a_\+jKZKNrLmHqYfkM]gwc�t{KNQ�)YÞwcPSotNr\�V]�bKWXNQ\xj�YIPXa_PST+ki6 a_PSTuTu{��QbK]�\OW"�Ka�PSTxT>WXNrZMbK]�\OW"�



ÃMÄüÃtÄ¤£Ç"£�¼uÊfÀ�Á y2s ü
¦ {Ka_T�kM{�PSjKotbA]_N�e�kq]�w�PMe~\�VuJ"Y�NQ\+�QoSJS�_LON −mg W)P[W�k®jK��PF{�a�PSL�kqw�\�V]_N©eQk!Ý
(x2−x1)(−mg) = mgx1−mgx2

�lY�Nr`OL�\+ZK\Oa�viN�Px{!JSw_\OZKL�V_PS�QZKP�V�\O]�wa_TO\+LOT�ktY9Nr�_LONr\
mgx

¶ J�NQ�r\8Y�]�{�¢Me~a_T+`Oj�Z��|j�J�vi¢iagkuZ�PST�Y5PS�
x
·m� � PSbtYIPSROW�kS�RO\IYnjK\���ZKNrL�V�N�\OZK\+a_vSNQN�{!JSw_\OZKL�V_PS�rZK\�V¯oSJi�r\�V�ZKJS�_�5{�bKZKolw�¢³YnYfkM]�w�`+{KbpV_�SLOP|Y{Ka_T+\O]_b�ZKNQ`+LONrb^V�\O]gw|JMj�Y�a_J[w�Z�P^ZKNQR>w�P)olw_¢ia�PXYfkM]�w�`+{KbpV�\�Y a_¢iR+ZKNQL�k"\OZK\+agsviNQN¬{!JSw_\OZKL�V_PS�QZlkMLmH�� Ø TONr`OotN�w_\OW�b��¤{!J"{Ka_T+\OZKNr\O]�NQ\OZ�NQb«{�a�PSL�kqYfkMa�PSR+JiZK\�Va_¢iR+ZKNQLO�¥\OZK\+a_viNrN�{!JSw_\OZKL�V_PS�QZlk�LcHªZ�P¥�Q\+YI�®]gw�a�JiZK`&jKJi]gwcP�V�\OW�k�Y {Ka�PUY�NQ\TUPSLcHKJ³Y5PSZKNQP}]�bKW^`xY5k�a_PSRO\+ ��!P}ZKNr\xa_¢iR+ZKNQL+`S�� PSblY5PSR+W�k�wcP[oMR+\S�fRO\¥]�oSJia_J�W^JSROZ�P�Z�PS{�NQ]�P[�

(x2 − x1)(−mg) =
mgx1 −mgx2

��w_JWXJiROZ�P^w�\+R�Z�PS{�NQ]�P[�SÝ
(x2 − x1)(−mg) = (mgx1 +

C)−(mgx2+C)
�ivij�kMRf]gwcPMe~P

C
]�NQ`I]_ota_¢MLON±� 3�J³Y5P|\+ZK\Oa�viN�P�{!JSw_\OZKL�V_PS�QZKP

mgx+ C
V�\+]�w�Y�Nr`Oot]_TOPXJ

C
°KWXNQWXJ%w�J�YfkM�rNQLOT+JiZ�P�TxZKNr\�V5{�a�PSLOP}WXNQ`+jKT+kj�YIJiW^P{KbKZKolwcP[W^N�V�\+]�wuwcPSopP]�PSW^P���Pw�kM�Qo[JFw�JF{Ka�PSolw�kMLOTOZ�NQ\|V�\O]gw%Z�P[W{!JSw�a�TO\Oh�ZK\S�8¦�kMh!¢iaIwcP[oMNr\�V+��P�Z�NQ\�NrZKZK\�V�]�wcPte~\�V+��JiTOZKPSLOTOP�Yfk�h!¢Sa5W^Nr\�V�]_LOPJMjAolw�¢ia�\OviJ®�rNQL+T+kMW�kCY5k�oSJSZ�PSZ��®{Ka_PSLO`[�¥¦ {Ka_T�kM{�PSjKotb�]�N©e�k�L+NQ`+ROoSJi��LONN9\OZK\+a_viNrN

mgh
JSTOZ�PSL+TUP«w_J«Yfk�h!¢Sa&{!JSTONQJSW�bnJMjKZKNQ\+]_Nr\OZKNQP�JMj�otw_¢ia_\+viJ�QNQL+T+kMW�k^YfkM]_JioSJi���S�

u8ZK\Oa�viN�P«{!JSw�\+ZKL�V_P[�QZ�P«{!J[V_PUY�N©e~P«]_Nr`}V_PSoSJ�Y�NQ\+�QoSJS�_�¥olw�¢ia�\�V)T+W^NQPSZ�PW^Nr`OjKT�k�{KbKZKolwcP[W^N¯]��S]�NQ\Oj�ZKNQWXN¤a_¢�Y�ZKP>V�\O]�wx{Ka�P[L+k¥]_N�e�kS�>Ñ8a_T+\O{KNr]_bpV_�SL�w�`jK\+��Z�NQL�V�`>ZKNr\OL+JXNrZ�PSLOT+\�VfW^PSW�k!Ý

F = −
E {!JSw (x+∆x)− E {!JSw (x)

∆x

3�P[{!JSw�kMo�PSW�k%T+Z�PSZlk�V�bKRITIa�JiT+YIPSRUP[ �Z�PSj�{Ka_`+jKoSJi�_L+N���N�{Ka�T+kM]_{�NQ\+]_TO\�sZKNQ\+W�Nr�QJia_PSTx{�a_T+kMa�Ji]�w_b¥Y5P[a�w�JS�_LON�{Ka_T+\OT%{Ka_T�kMa_Ji]gw�TOWXNQ\+ZKZK\�V�Z�NQ\OTOPS�r\OROZ�\�V¶ jK�QPXhKPSa_jKT+J)W^PMe�kMLcH�{Ka_T�k�a�Ji]�w_¢�Y�·m� Ø JSw�kMLmH�LOTUP[]�wc�XT+W^Nr\OZKZ��}htk�e¬L+TUPS]+�w�\Oa_PST�V�\O]�w}w�JCY�]�{!¢�e~a�TO`Oj�Z�P�� Ø ��PqW)P[w_\OW^P[w�k�otN5ZKNr\FW^P®w�JCY�Nr`Oot]_T+\OviJTOZ�PSL+TO\+ZKN�P��@I|h��QNQL+TO\+ZKN�P�{�a_TO\+hKNQ\+vlP�V_�}NrjK\OZlw�kML+TOZKNr\S�
I|{Ka_¢ML+T�{!JSTOZ�PSZ�\�V\OZ�\Oa_vSNQN�{�J[w�\+ZKL�V_PS�rZK\�V�{�a_Ji{!Jia�L�V�JiZKPS�QZK\�V8jKJ%{KNQ\+a�Y5s]_TO\�Vu{!JSw_`OviN¬{!J�e�JiRO\+ZKNQP��ÕJi{KNr]_bpV_�[LO\�Vx{Ka_PSLO`�]_N©eQk®]gwcPMe�\�V+�ÕY��KT+kMLO\}Y�NQ\+�QotNQ\TOZ�PSL+TO\+ZKNQ\xW^P�V_��V�\+]_TOL+TO\uj�Y�Nr\ ¶ ]_T+LOT+\Ovi¢S�QZKNr\|Z�P�{!JiTONrJiWXNr\�]_TOo[J�e�k�·I\OZK\+agsviNQ\x{!J[w�\OZ�L�V_PS�rZK\SÝ�V�\OjKZ�P}{Ka�Ji{!Jia�L�V�JiZ�P[�QZ�P�jKJXjKa�bKviNr\�V5{!JSw�`+viNÕ{!JMe~JiR+\OZKNQP��jKa_bKviP�JMj�Y�a�JSw�ZKNr\�{Ka_Ji{!JSa_L�V�JSZ�PS�QZKP%j�J�{!J�e~JiR+\OZ�N�P�� � hKPSj�P�V�W�k}{Ka�PSL+`V_P�soMNrLcH"TOWXNQ\OZ�ZtkMLcH�]�N©e¤Ji{�NQ]_b�V_��w�\uj�Y�Nr\x¨�bKZKo[L�V�\S�
E {!JSw = C/r, F = −C/(r +∆r)− C/r

∆r
=

C

r(r +∆r)



y�sW| ¼x½�¾�¿x¾�À�Á�Â�ÃMÄ�¾�ÁxÅ�Á�¿�Æ´¿�Æ¬Ç�Á|È�À�ÉxÀmÄ¤Ê9¼�Á�ËqÀOÌ�Á>Í�Î�Á
£¯PSo)JShK�QNrLOTOJSZ�P�]_N�e�P9V�\+]�w�]_N�e�����a_\+jKZKN����K]_N�e~`�YÙ{KbKZKoSL+NQ\xjKJi]�w�PSZKNr\OW�k)oKe~PpsjK�SLfY¡oSJi �LOJ³Yfk�W3YfkMZKNroMb

∆r = 0
�¯¦ w�\Oj�k}]_N�e�P|]�wcP�V�\�]_Nr`�a�¢�Y�Z�P

C/r2
�

I|]gwcP[w_\OLOT+ZKNQ\[Ý
Æ S �`e C/r2 j�nqdfj�g S�b n b eEh	e�m�� S`b dfj � eEh � �Tb ��h b C/rØ ��P�\+ZK\Oa�viNQN�{!JSw_\OZKL�V_PS�rZK\�VfolY5P[jKa�P[w_J�YI\�V+Ý
E {!JSw = kx2/2 F = −k(x+∆x)

2 − kx2

2∆x
= −kx− k∆x/2

àwcP�]_N�e�P9V�\O]�w9]_N�e����_a_\+jKZKNQ����µ�N�e~`x�rJiopP[�QZ���j�Ji]�w�PSZKNr\OW�k&oKe�P[j��SL
∆x = 0

�
Æ S �`e −kx j�nqdfj�g S`b n b eEh	e�m�� S`b dfj � e�h � �Tb �`h b kx2/2

�Ñ¯JSw�\+ZKL�V_Pte¬]_N�e�kFJMj�Y�a�JSw�Z�NQ\>{Ka�Ji{!Jia_L�V�JiZ�PS�rZK\�V�jKJ)olY5P[jKa�Ppw�b®JMj��Q\OvMe~J[s��LON�W^P%TUPS]gw�Ji]�J�YIPSZKNQ\�jKJ�]_N�eÕvSa�PUY�NrwcP[L�V�N!N�j�J�]�N©e�\O�r\Oolw�agkMLOT+ZtkMLmH ¶ jKTONQPMe�P�sV_�[L+kMLmHXWXNQ`+jKT+k�ZKPMe�PSj�J�Y5P[ZtkMW^N�]�o�e~PSjKZKNropPSWXN�W)Ppw�\+a_NQN�·m�¤£¤a_bKj�ZKJuY�{Ka�Ji]�w{�a_TO\+LO\+ZKNQ�5V�\+viJ}YIPSROZ�Ji�_�[�
ì[ý[äSïgñ+øôö�ä)õ�ï�õ 
 ø�ñOþ2�%ýlð�êcãiþpõ³ÿ�î|ï�ð�çmú�ûMñ�ìMñUãtñUî|ìMñ�ý�õ�æ8íëú�ð�çm÷*)lìlíÎ�íëú�öxí¤�Qéüålû�íüìlìtú�è�õ�õUûlíëú�þSï�å9ãiçcízñ{�ñ+ø��U÷cú�è�õ�ò�í�(�¬ýlð�çcäS÷�í���èpñOìlízñ8çcè�õT�ãiìE�fç�ýlðgñmæ0ú�öÙè³ðgñmæ8íüïgñU÷�øôí � ÷�ízñ{rå 
 û[ä�öuõUè�Qõ�õUìtõ�õ[ãlãtñOéüíëî�ò�íëê8ìMñìlíëúcõUè³ðgñOìlíë÷�çmõ³ìE��õpãléüú�è�Qõ³ÿgî2��, ýlð�çcäSýMñUãiþ[å�ýlð�çcäi÷�í���èpñOìlízñ"ò�í��ñãiçcízñ{�ñuýlð�çmúc÷�íüæ8ìlíëú�ìlí1�9ýlð�õUöxíëú�Ñ 
 ò�ïgñ{�ñ C = −GMm

ø�úcò�ï�æ8íëêc÷åUø�ú�öxìMñ>�°Ç��U÷�çcìMñ"ú�ìtú�ð�è³ízñ�ò�þ��ñUãMñFò�íëê}ìMñý�õ[÷�ç/�Oï�þSå«ç^ãlõ[ãtñOï��ìlíëú�è�õ�ò�þ��ñUãiìlíüþUñ9ú�ìtú�ð�è³íüí�þ[íüìtú�ï±äi÷�çcìtú�ø�í�åUøôú�öxìtú�è�õ�ý�õUï�ú�ìt÷�ø�ñOéüìtú�ø\�
, öxízñOð�ê�æ8çcìtõ³ò�çmú�ìlízñ^å³øôú�öxì[ä�ò�þ��ñUãiìlíüþ�ò�ïgñ+ø�ú�ò�íëê�÷cõUðgñOç�ûléüí1���ò�çcäqçmú�ð�å é ý�õ[÷�ç/�Oï�þpõ�æ¬ñ¥æ¬ñOð�ï�õ³ÿ�î&ú�ìtú�ð�è³íüífò�ïgñ+ø�ú^ò�íëê��<Èëæ3ìlíëúC�ò�þ�õ�Ñt÷�çmõUìtõ³ÿ�÷�íÊÉ � ð���æ8ìMñuøôå��%ï±äSéüþ�õ)ú�ìtú�ð�è³íüí0þSíüìtú�ï±äS÷�çcìtú�ø\� í éëú>ïgñø�úcò�ï>çmñ�æ�ò�çmú}ìlíëú�åUø�ú�öxìMñ>� ,ìlíëõ³ògú�þ¤�aF0äqãlõUï�ð�çmúcî^ãlõFìlíëúcò�þpõ�Ñ>�÷�çmõUìtõ³ÿg÷_í 
 ÷�ízñ{Qõ�ö�åtò�í�öxíëúcî�ú�ìtú�ð�è³íëêI÷mñ{rþpõ�æ8íüï*�9ìlíëú�åUø�ú�öxìE� 
 ÷�çcä[éüíþSíüìtú�ï±äi÷�çcìE��æ8íëê�þiò�ç/��õ[ã�æ8ñOð�ï�õ³ÿ�÷�í�û�ú�çcæ8çcè³éüêcãiìMú�ø8ú�ìtú�ð�è³íüí�ý�õUï�ú�ì>�÷�ø�ñOéüìtú�ø��

mv2/2 ≥ GmM/R

Ì�ð�êcãiþ�õ³ÿ�î0ãtñOìMñ�ý�õ�æ8äW�mò�çcäSönæ8çmõUð�ú�ö�çmú¤çcìMñOþSíëú�ö´ð���æ8ìtõ³ÿg÷�í[ìtõ³ò�íìMñOçcæ0ê{Ë X�VUÌÍJ�cbÎ"O�X&Ï ËNÐ �NÑ�\�J Ð �NM�dµJW\fÒ][ºcbÎ �úý�úcò�ïxõUì�ñ)ãlõUþ��ñUãiìlíëú�õ÷�çcäSìlìlíüþ √
2
æ8íëê�þiò�ç�ñFõ[ãCýlð�êcãiþpõ³ÿ�÷�íìlíëú�çcû�êcãiìtú�ø%ãlõFålï�ð�çcä[ö>ñ��ìlízñ)÷�ízñ{�ñ)ìMñ)õUð�ûlíë÷�íüú�þpõ'Qõ�æ0ú�ø�õ)ýlð�õUöxíëú�ìlíüå

R
�%�Iézñ%Î�íëú�öxí¬ï�õ

�U� 
^Ó þSö	�Oò»�
Ñ8a_T+kM{�P[jK\Oox]�N©eQk�{Ka_Ji{!JSa_L�V�JSZ�PS�rZK\�V�jKJfJMjK�Q\+v�e~JS�_LONSJMju{!\�Y�ZK\+viJ9{KbKZKolw�bZ�NQ\fJMjK{!J³Y�N�PSj�P�Y�{Ka�PUY�jKTONr\9JSoMa�\O���QJiZK\+W�bXJMjKj�TON�Pte�ktY5PSZ�NQb��iw�PSotNQ\+W�b�V_PSo



ÃMÄüÃtÄ¤£Ç"£�¼uÊfÀ�Á y2s º
via�PUY�Nrw�PSL�V_P��ÕL+T+kC\O�r\Oolw�agkMLOTOZ�Ji�_�S�¬P[�Q\�W)PJivSa_JiWXZK\�TOZKPSLOT+\OZKNr\^T}NQZKZK\+viJ{!J�YIJMj�b��GITO`+]�w_JXJMjKjKTONQPMe�ktYIPSZKNQ\|L+N�Pte ¶ h!`Oj��[LO\xYfkMZKNroMNr\OWÓjKJ�Y�Ji�QZ�NQ\�]_oSJiWX{K�rNzsoSJSY5PSZ�\�V"]gkMw_b�PSL�V�NuYI\�Y�Z��[w_a_T�w�kMLmHÙLON�Pte©·)W^PªwcP[op��Y�e�PS]�ZKJi�_�[�uR+\&V�\O]�wJMjK{tkMLcH�P�V_�SLO\Z�P¥W)Pte�kMLcHªJMjK�r\Ov�e�Ji�_L+N�PSLcHAN�]�e~PShKZKNr\)Y�a_PST&TO\)Y�TOa�Ji]�w_\OWJMjK�Q\+v�e~JS�_LON�Ji]�N��tvlP�V_�SLuT+\Oa_J)jK�QPX{!\+Y�ZK\+viJ&{!J�e~JSRO\OZ�N�P��¸{!JiTUP^olw�¢Sa�kMWÛ]_N©e~PTOWXNQ\+ZKN�P�TOZ�PSo¸��S\O]gw�w�J�V�\Oj�k�ZlkF{Ka�TO\+hKNQ\+vXJMjKjKT+N�PMeQktY5PSZKNQP�v[Y5PSa_PSZtw_bpV_�SL+k&WXJiRO�rNzYIJi���a_¢�Y�Z�J�Y5P[viNÕw_a�Y5PMe�\�V+��à�]�w�J[w�ZKNr\S�¸{�bKZKolw�Y.{!JMe~JiR+\OZKNrb

x = 0
¶ bKW)PUY�N�P[W�k]_NQ`9WXNr\Oa_T�kM��Y�]_{!¢�e�a_TO`+jKZ���JMj^{KbKZKolw_b&TOZ�NQopP[ZKN�Pu]_N�e�k�·8ZKNr\9{!JMjK�r\OvlPujKT+N�Ppse�PSZKNrb}]�N©eQk�N[V�\+�_�rNKW^NQPMe�{Ka_`+jKoSJi����{!JML+TU�[w_oSJ�Y5�uTO\+a_JK�th!`Oj�TONQ\fY�h!\OT+a_bKLcHMb��GIJ|]_NQ`ÕV�\Oj�Z�PSo>]�w�PSZKNQ\[�Svij�k±6 TI{!J³YIJMjKb�ZKNQ\+bKZKNroMZ�NQJiZK\�V¤ZKNr\OjKJSo�e~PSjKZKJS�_LON

6 bKW^Nr\O��LONrW�k�viJCw�a_JMLcHK`"Jih!Jio�w�\+viJ«{!JMe~JiR+\OZKNQPCa_¢�YfZKJ�Y5P[viN��IP[�Qh!JCTUPj�PS�Q\+oSJK��PS�Qh!J«TUP�hK�QNr]_oSJK�y�S\O���QN
x > 0

TUP[jKTONQPMe�P«]�N©e�P«bpV�\+WXZ�P�N�L+N�PMe�JTUPSL+TOZKNr\FZKPShKNr\Oa�P[�{Ka�`OjKo[Ji�_L+NfYá�r\+Y�JK�Y39NQ\�Y�NQ\+�Q\)TOj��SR�kª]�NQ`a�JiTO{!`+jKT+NQ�S�h!J´Z�NQ\OhKP³YI\+W {!JnJi]_NQ�tviZKNr`OL+NQb
x = 0

]_N©e~PªTOWXNQ\+ZKN�PATOZKPSo NxTUP[W^NQPS]�wa_JiT+{!`OjKTOPSZKNQP}TOPSLOT�kMZ�PX]_Nr`xH�PSWXJ�YIPSZKNr\S��GIN�Pte~J�h!`Oj�TONr\uJi]_L�kM�QJ³Y5PS�xY�JioS¢i�
x = 0

TuZKNr\+Y�Nr\O�rop�}P[W^{K�rNzw�b�j�����iPSou{�PSa_JSoMa�JSw�Z�NQ\�T+Y�a_PSLUP[�QNr�_W�kubtY5PSvS`S�iZ�P�ota_¢[w�otNQW JMjKL+NQZKotb�YfkMoMa�\O]jKJ�Y�Ji�QZK\�V9�rNQZKNrN�v�e~PSjKotNQ\�V+�iV�\+]�w�Y jKJi]�oSJiZ�Pte�kMW�{Ka�T+kMhK�QNrRO\+ZKNQb�NQj�\OZtw�kMLOT+ZtkT�JMjKL+NQZKotNr\OW�{Ka_Ji]gw�\�V+�u¦ w�kMW W^PMe�kMW�{Ka_T+\OjKT+N�P[�Q\�jKa�vlPS ®Y�JioS¢�e�{!J�e~JpsRO\OZ�N�P�a_¢³Y�ZKJ�YIPSviN���TUPS]gwc�t{KNr\OZKNr\|{Ka�PUY�jKT+NrYI\�VfTOPS�Q\+ROZKJS�_LON�]_N�e�k)JMj{!J�e~JSRO\�sZKN�PxTOPS�r\OROZ�Ji�_L+N��|Y�{Ka_Ji]gw�{Ka�Ji{!Jia�L�V�JiZ�P[�QZ��V�\O]gw�jKJShKa_T+\9bKTOPS]�PSj�ZKNQJiZ�\S�#I|joSJiZKota_\�w�ZK\+viJ{�a_T+kM{�P[jKotbqTUPS�r\OR+\O��h!`+jKTONr\%w�kM�QoSJXY�]_{!¢�e�LOT+kMZKZKNro�{�a_Ji{!Jia�sL�V�JiZ�P[�QZKJS�_LON
k
��µ�N©eQk�{Ka_JS{!Jia_L�V�JiZ�PS�rZK\�jKJ>YfkMLmHlk��r\OZ�N�P%JMjKvSa�ktY5P�V_�uY�NQ\O�rop�a_Ji�r`�{Ka_T�k®JS{KNQ]�NQ\�a�JiTOW^PSNzw�kMLcH®jKa_vlP[ qN¯¨©PS�±��JNQ�r\�NrLcHCPSWX{K�QNëw�bKj�k"]_�&Yfkls]�wcP[a_LOTOP�V_�SLOJXW^PMe~\[�

����g�h� ®{�"%*n@lq$&!Ô´�¶�j�!q±�´ÕpB$&!�j
5 JiT�Y5PSROPSZKNQP5{!Ji{Ka_T+\OjKZ�NQ\OvSJ�{!JMjKa_JiT+jKTONQPMe�bu{Ka�J�Y5P[jKTOJSZK\�htk�eQkx{Ka�T+k|bK{Ka_PS]_TmsLOTUP�V_�SL�kMW TUPMe�JiRO\+ZKNQb��¬R+\)ÏOa�¢Mj�e~J¥]�N©e�kCjK�QP�ZKPS]_T+\OviJ®L+N�PMe~P�V�\O]gw�ZKNr\O]_oSJS �sLOTO\+ZKNr\�W^PS]gkMY�Z�\S�5NfR+\�V�\OviJ�a_b�LmH�\OW Z�NQ\FW�bK]�NQW�k�]_NQ`FTOPpV�WXJ³Y5PS�S��¦w�kMW {Kb�ZKoSLONr\¥a_JST+Y5P[R+kMW�k´]�{Ka�PUYI`¥TOPSLmH�J�Y5P[ZKN�P�\OZK\+a_viNrN�Jivi¢i�rZKNr\�V+��vSj�kZKNQ\CWXJiROZ�P�{!JiWXNQZK�S�qbKjKTONQPMe�b�Y�\+ZK\Oa�viNQNxROPSjKZK\+viJ�T�JMjKj�TON�Pte~bpV_�SL�kMLmHLON�Pte�� 5 ¢�YfZKJMLOT+\O]_Zlk�a_bKLcH«LONQPMe{!J�Y�JMjKbpV�\[�¯R+\XTOWXN�PSZKP{!J�e�JiRO\+ZKN�PLONQPMe�PY�TOvi�r`OjK\+W bKoKe�PSj�bNrZK\Oa�L�V_PS�rZK\OvSJ>Yfk�]gw�`+{KbpV_�SLOP�Y§JihK�rNQLOTOPSZKNrb^{Ka_PSL+kXZ�PSjw�kMW�LON�Pte~\OW YfkMoSJiZlktYfP[ZK\�V%ZKNr\�V�\+]�w%NrjK\OZlw�kML+TOZ�P"TO\XT+W^NQPSZ��&{!J�e~JSRO\OZ�N�P
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Y�T+vi�Q`+jKZK\+viJFJMjqolw_¢ia_\+viJTUP[�Q\OR�k¥]_N�e�P��uÑ¯J³YIJMjKbpV�\�w_JNrR�{�a�PSL�k®ZKPSj^V�\Oj�sZlkMW3w�kM�roSJ>LONQPMe~\+W3Z�NQ\�j�Pu]�NQ`fYfkMa�PST+NQ��{Ka_T+\OT9a_¢iR+ZKNQL+`9\+ZK\+a_viNrN�{!JSw�\+ZKL�V_P[�zsZ�\�V+�

I|opPST+bpV�\|]_Nr`�RO\|oKe~JS{!JSw¤V�\O]gw�e�Ppw�YIJ�bK]_blY5PS�rZtkS��£¤a_T+\Oh�P�6 L+J�hKPSa_jKT+JNrZtw_bKNQL�k³V�Z�NQ\"T+a_JiT+bKW^NQPMe�\ 6 a_JiT�Y5PSR�kM����l � p�h�� {Ka_T�kMa_Ji]gwT+Z�PSZtkMLcH«V�bKRZKPSWÐ\+ZK\Oa�viNQN�otNQZ�\+w�k�L+TOZlkMLmH®JMj�jKTONQPMe~b�V_�SL+kMLcH�L+N�Pte��
∆E otNQZ���y +∆E oMNrZ�� x = F1∆x1 + F2∆x2µ�N©eQk«Y�TOPpV�\+W^Z�\OviJCJMjKj�TON�Pte�ktY5PSZ�N�P®W^P�V_�®{�a_TO\+LONzY�ZtkªT+Z�PSo¸��I|T+Z�PpsL+TUP�V_�SL�]�N©e�`�Z�P&{KNQ\+a�Y�]�TO\�LON�Pte~J ¶ T+\�]�w_a_JiZlk®j�a_bKviNr\OviJl·9�QNzw�\Oa_�

F
�ÕW^PSW�k!Ý

F1 = F
�
F2 = −F

NÕh�NQ��P[ZK]5\OZK\+a_viNrNMV�\O]�wOÝ
∆(E otNQZ���y + E oMNrZ�� x ) = F (∆x1 −∆x2) = F∆(x1 − x2)

u T�k�]�opPS�rNQ��W�k"{!J&{Ka�PUYI\�V�]gw�a_JSZKNQ\%NQ�rJMLOT+kMZ¥]_N�e�k ¶ TUP[�Q\OR+ZK\�V�TUPUY�]_T+\�J�j{!JMe~JiR+\OZKNQPIY�TOvi�r`OjKZ�\OviJt·�{�a_TO\+T�TOWXN�P[ZK`�� et��j � g �³b ¢ h S e {!JMe~JiR+\OZKNQPIY�TOvi�r`�sj�ZK\OviJ�Ý
(x1 − x2)

� à��QJML+T+kMZ w�\+Z�V�\+]�wFb�V�\OWXZtkMW {Ka_T�kMa_Ji]gw�\OW \OZ�\Oa_vSNQN{!J[w�\OZ�L�V_PS�rZK\�VTOPS�Q\+ROZK\�V�JMj^w_\OviJSR�{!J�e~JiR+\OZ�N�PuY�TOvS�Q`Oj�ZK\OviJ�� � {Kb�ZKolw�b)Y�Nzsj�TO\OZ�N�P^JihK�rNQL+TO\+ ¥{Ka_PSL+k�V�\O]gw�Y�]_T�kM]�w�oSJ%V�\OjKZKJ���LOT�k�ZKNQ\>a_bK]�TUP�V_�SL%�Q\+Y�\OviJL+N�PMe~P){Ka_T+\O]_b�ZK`X{Ka�PUYI\�JZK{�� x WX\+w�agk�Y�{�a�P³Y�JK�ÕL+T+kq{�a_TO\+]_bKZ�`X{Ka�PUYI\J}WX\+w_a5YÔ{Ka�PUYIJK��P�{!JSw_\OWá�Q\+Y�\uJ}WX\+w_a g ��e�g�j �8Ñ¯JiZKNr\+Y5P[RxwcP�jKa�bKvlP]�N©e~P5V�\O]gw dRm{p�e � S gih b��tY a_b�LmHtb)Y �Q\�YIJ%TOJi]gwcPSZKNr\9YfkMoSJiZKPSZ�P%w�PSopP%]_PSW^P{�a�PSLOP�V_PSo%{Ka_T�k�{Ka_T+\O]_blY5PSZ�NQbXLONQPMe�P�{Ka_P³YI\+viJu{!JiWXNQ`+jKT+koyOW3P x WÞY´{!J[s{�a_TO\+jKZKNrWÔ{Ka_T�k�{KPSjKotb��¯¦�]�T+kM]�w_oMNr\ZKPS]_T+\�{�JS{Ka_T+\OjKZ�NQ\8JihK�QNrLOT+\OZKNQPI\OZK\+a_viNrN{!J[w�\OZ�L�V_PS�rZK\�V0{!JiTOJS]�wcP�V_�|bKR+ktw_\OLOT+ZK\S�MZ�PS�r\OR+k�V�\+j�kMZKNQ\f{�a_TO\+TfYfkM]�w_`O{KbpV_�[LO\w�PSWá{!J�e~JSRO\OZ�N�P�a_JSTObKWXNQ\+�xJMjK�Q\+v�e�Ji�_L+N�Y�TOvi�r`OjKZ�\>JMjKjKT+N�PMe�bpV_�SL�k�LcH"LONQPMe��µ�PSW^P«\OZ�\Oa_vSN�P«{!JSw�\+ZKL�V_P[�QZ�PV�\O]gw&Y�]�{!¢i�QZK��jK��P�JihKb¡LONQPMe��Ô�S\O]�w)w�J\+ZK\Oa�viN�P d b m2� �¸P}ZKNr\xopPSR+jK\OviJXTuLONQPMe¤TuJS]_JihKZKP���Ò TOP[w�\+W�Ý
1

2
m1v

2
1 +

1

2
m2v

2
2 + E {!J[w (x1 − x2) =

L+JiZK]�w�½Þ\OZK\+a_viNQP�LUPMe�oSJ�Y�NzwcP
u8ZK\Oa�viN�P|LUPMe�oSJ�Y�NzwcP|bKoKe�PSj�b}Y�NQ\+�Qb�L+N�PMe¸JMj�jKTONQPMe~b�V_�SL+kMLcHX{�P[a�PSWXN ¶ V_PSoYA{Ka�T+kM{�P[jKotb�via_P³Y�NzwcPSL�V�N~·iV�\O]�w¤]_bKW^�fw�kM�rb>]_oKe�P[jKZKNQoS¢³YA\OZK\+a_viNrNlotNQZ�\+w�k�L+T�sZ�\�V+�¯Nr�Q\�L+N�PteY3bKoKe�PSj�TONQ\[�¯N¬w�kM�rb«]�oKe�PSjKZ�NQoS¢³Y \OZ�\Oa_vSNQN8{!JSw�\+ZKL�V_PS�QZK\�V+�¤NQ�r\a�¢iROZlkMLmH§{KPSa^YÛw�kMWXRO\¥bKoKe�PSjKT+NQ\[� Ø �QP�j�Y�¢MLmH LONQPMeV�\O]gw%V�\OjKZKPA{�PSa_P��j���P®w_a_T+\OLcH 6 w�a�T+kS�IPS�Q\&jK��P®LOT�w�\Oa�\OLcH¡PSR]_TO\+�_�[� Ø �QP®Y�NQ`+ot]_TO\�VX�rNQL+TOhtkJMj�jKTONQPMe~bpV_�[L+kMLcH�{Kb�ZKolw�¢�YyW^P[w�\+a_NQPS�rZlk�LcHFNr�QJi���|{�PSa�v[Y5PMeQw�J�Y�Z�NQ\xa_Ji��ZKNQ\[�



ÃMÄüÃtÄ¤£Ç"£�¼uÊfÀ�Á y2s ¹
xÕìtú�ð�è³íëêxþSíüìtú�ï±äi÷�çcìE��æ8äSè�õ[ãiìlíëú5øôúcò�ï5ýlð�çmúcãlò�ïgñmæ8íëîxæ ç�ñOéëúC�cìtõ³ÿg÷�íõ[ã�ý�êcãiå��

E þSíüì = mv2/2 = m2v2/(2m) = p2/(2m)
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 ý�õUçmõ³ò�ïgñ+ø��U÷0÷mñ{rä9÷�ç�ñUò�ú�ìtú�ð�è³í���ýMñOð�ä 
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 ÷*)tõ[î�æ0÷mñOéëú�ìlíëú�ïgñOþ³ñ�ö>ñ{�ñ>�¯â5ãiäò�íëê¦Ïcéëú 
 ï�õ^çcìMñU÷�çcä�éüå�Ïcìtõ 
 ï�ð�çcä[ö>ñ^ûlðgõ�Ñ 
 öuõ[÷�ìtõ&ç�ñOû�õUéüí8õUû�õOø³�÷�çcäSþ¤�)â5ãiäþ³ñOðgñOûlíüì�öuõ[÷�ìtõ)ãlõ^ðgñOöxíëú�ìlízñ^ãlõ[÷�íëÿ�ìlíëú�ö�ä 
 çcæ8íëê�þ��ò�ç�ñOö�ä9ú_ó~ú�þSï±ä[æ8ìlíëú0õ[ãið�çcåt÷mñOìE�Iö>ñUò�ê¯íSçcöxìlíëú�ø�ò�ç�ñOö�ä�ãlõ[ãtñOï�þpõ�æ0õýlð�çmú�þ³ñOç9ú�ìtú�ð�è³íüí��

����g�Ö� ®{�"%*n@lq$&!×�w%*� ��ØB+Pn@³r��!
u�Z�\Oa_vSN�P5{!JSw�\+ZKL�V_PS�QZ�P5JMjKj�TONQPMe�ktY5PSZ�N�P5TOPS�r\OR+k�w�kM�roSJ�JMjuJMjK�r\Ov�e�Ji�_L+N[Y�TOvS�Q`�sjKZK\�V�LONQPMe�NIYÐT�Y�N��ST+otb´Tw�kMW×ZKNr\FTOPS�r\OR+kAJMj�w_\OviJCT�V_PSotNr\OviJqbKoKe�PSj�bJMjKZKNQ\+]_Nr\OZKNQPF{Ka_J³Y5PSj�TONQW�kqNQLcH«JihK]�\Oa�YIPSL�V�`)N�Ji{KNr]O�)¦ {Ka_T+\OL+NrY�NQ\+ K]�w�Y�Nr\jKJw_\OviJK��opP[ROj�PT�\OZ�\Oa_vSNQN0otNQZ�\+w�k�L+TOZlk�LcH��¯P&w�PSotRO\�NQLcHq]_bKW^P&TUPS�r\OR+k¥JMjbKoKe�PSjKb�JMjKZKNr\O]�NQ\OZ�N�P�� ¶ 3�Nr\Oa_b�LmHKJSW)P�Y�TOvi�r`OjK\+Wdw_Jia_¢³YÓvlPte��ST+opP���V_PSotR+\h!Ji�Q\+�_ZKNr\fW^JSRO\fZ�PS]8bKviJMjKT+NQ�fvij�kS�lY�hKa_\�Y {�a_TO\+{KNQ]�JiW"�th!`+jKT+NQ\OW�k�]_Nr`fYfklsLmHlkM��PS�u{Ka�TO\+T>JiotZKJXTu{!`OjKTO�SL+\OviJ^{!JMLONQ�tvib�ß ·
� �SL+TOZ��f\OZK\+a_viNr`8otNQZ�\+w�kMLOTOZK�9JMj�jKTONQPMe~bpV_�[L+kMLcHuY�TOP�V�\OWXZKNQ\¬LONQPMetWXJiR+Z�P{Ka_T+\OjK]gwcP³Y�Nr��V_P[oSJ�]_bKWX`�L+TO`+�_LONtZKNr\OTUP[�Q\+ROZK\�VÕJMj>b�o�e~PSjKb>T8otw_¢ia_\+viJ�{Ka_J³Y5PpsjKTONrW�k�JShK]_\+a�Y5P[L�V�`9NKL+TO`O��LON¸TUPS�r\OR+ZK\�V+�tPS�Q\IY�h�PSa�jKTOJu{Ka_JS]�w�k�]_{!JS]_¢ih�� Ø J[s{KNQ\+a_J�w_J�{Ka_T+\OjK]gwcP[Y�Nr\OZKNr\x{!JiT+Y�Ji�QN�ZKPSWÓZ�PS{Ka_P³Y�jK`xTOa�JiT+bKW^Nr\O�|jK�QPSLOT+\OvSJLON�Pte�P5Tpe�JiR+JiZK\�T�L+TO`O��LONtW^JSvl�5htkM��{!JMj>{!\+Y�ZlkMW^NiY�TOvS�Q`OjKPSW^N[w�a_PSolw�J³Y5PSZK\
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w�PSo�V_PSo�{KbKZKolw�k^W^P[w_\Oa_NQPS�rZ�\S� Ø Ji{KNr\Oa�J>w�J%{�a_TO\+jK]�w�P³Y�Nr\OZKNr\�{!JiT+Y�Ji�QN�Z�PSWT+a_JiT+bKWXNQ\O�5JivSa�PSZKNrLOT+\OZKNQP���V_P[oMNr\5Z�PS]�btY5P�V_�x]_NQ`5{Ka_T�k�]gw�Ji]�J�YIPSZKNQb}WX\+w_JMj�k
39\+Yfw_JiZ�P ¶ TOPS]�PSj�kqjK\+w_\Oa_WXNQZ�NQTOZtb¸·�jKJFT+YfkMoKe�kMLmH�LONQPMeô�AI|hKNr\Oolw�kqPS]gw�a_JpsZ�JiW^NrLOT+ZK\ê6 h�PSa_j�TOJ)JMjK�r\Ov�e�\uY ]gw�Ji]�bKZKotbqjKJ^]�YfkMLcHqYfkMWXN�P[a_¢�Yu�¸JSa�PSTL+TU�S]gw�otNx\O�r\OWX\OZlwcPSa�ZK\®N|NrZKZK\®]_oKe�PSj�ZKNQotN|W^P[w�\+a_NrN�W^PpV_��]gYIJpV�\CbKZ�NrYI\+ags]_PS�QZ�\S�5{Ka�Ji]�w_\¥{Ka_P³Y5P«JMj�jKTONQPMe�ktY5P[ZKN�P�� 5 b�LmHlk´L+N�PMe�Tpe�JiROJiZlkMLmH�wcPSotNrLmHV_P[o!Ý¬{KN©e�oMN±��{!JML+N��tviN±�tw+e�JiotN�]_Nr�QZKNroS¢�Yu�MLOTO`+�_L+N�W^PS]�T+kMZ��K]gwcP[w_oMN±��{!JMLONr]_otN�PSagsw�kM�Q\+a�kUV�]_otNQ\[��olw�¢ia�\T�YfkMLOTUP�V�J³YIJCw�a_PSotbpV�\&]_NQ`^Y YfkMoKe�PSj�P[LmHnWX\OLcH�P[ZKNQotNw�PSo)V_P[oCa_b�LmHlk«{K�QPSZK\�wU�¯]_{Ka_P³Y�NQPpV_�"]�TO\+a_\Ov®NQ]gw�JSw_ZtkMLcHA{Ka�JihK�r\OWX¢�Y3T+W�bMs]�TUP�V_�SL�k�LcHCL+TO`O]gw�JjKJ)YfkUV���LON�P){!JiTOP)W^\�w�JMj�k"WX\OLcH�PSZKNrotN��!{!JiTOP)W^\�w�JMjK`j�\+w�\+a_WXNQZKNrTOW�b��
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~r1

w

£
£
£
£
£
£±

~r2
~R

~r

³³³)

³³1
m2~r

m1+m2

m2

m1

5 JiT�Y5PSROPSZKN�P�{!Ji{Ka_J³Y5PSj�TONQW�k�jK�QP¥j�Y�¢MLmHAw�kM�roSJ®LON�Pte��¯Y�]_opPST+bpV_�SLolw�¢ia�\YfkMZKNrotN�W)P�V_��T+Z�PSL+TO\OZ�NQ\xJivi¢i�rZKNr\�]me~bK]�TOZK\[�¸Z�PUYI\�w�jK��P�WXNQ�rNrPSa�jK¢�Y ]_oKe�PSjMsZ�NQoS¢�Yx��Ñ8a_T+kM{!JiWXZKN V�W�kCbKoKe�P[j � NQ\+W^NrPps . ]_Nr`+R+kML^N8Y�{Ka_J³Y5PSjKT+JiZtk«{Ka�T+kw_\�V&JSopPST�V�N|��a_JMjK\+o¡W^PS]gki� ¦ bKoKe�PSj�TONr\q�_a�JMjKopPªW^PS]�k�{!JMe~JiR+\OZKNQPAL+N�PMeYfkMa_PSRUP�V_�}]_NQ`x{Ka�TO\OTuY�\Oolw�Jia�{!J�e~JSRO\OZ�N�P�Y�T+vi�Q`+jKZK\OvSJ
~r
Y�T+Jia_\+W"Ý

~r′1 =
m2

m1 +m2
~r ~r′2 = −

m1
m1 +m2

~r
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¦�T+vi�Q`+jK\+W�jKJ�Y�Ji�QZK\+viJFNrZKZK\OvSJFbKoKe�PSjKb�JMjKZKNr\O]�NQ\+ZKN�P&�_a�JMjK\Oo®W^PS]�k®Ji{�Nzs]�PSZlkV�\+]�w�Y�\Oolw�JSa_\OW ~R

�¯Y�]�{�¢Me~a_T+`Oj�ZK\L+N�PMeY w�k�WÚbKoKe~PSjKTONr\XYfk�Z�Ji]_TO�Y�NQ`+LSÝ
~r1 = ~R +

m2
m1 +m2

~r ~r2 = ~R− m1
m1 +m2

~r

¦«{Ka_J³Y5PSj�ÏOW�kCw�\+a�PSTXj�Y�NQ\X{Ka_`+jKoSJi�_L+N�Ý
~v = ∆~r

∆t

N ~V = ∆~R
∆t

�FÑ8a_`+j�soSJi�_L+N0w_\�W)P�V_�^]gYIJpV�\�Z�PST+Yfk!Ýg¿:9�Ù�1'}�?U�UÚN9�5]Z\[P5�=	X\BWFbÙ�1WG-H³BE?ÓNG¿:9�Ù�1'}�?U�UÚ
�/9\?N1'}W;��K;'��}[�8Ñ8a�`OjKoSJi���x��a_JMjKo�P�W^PS]gkX{!JiTOZKPS�QNr�_W�k�YILOT+\O��Z�Nr\�V+��t�P�JiZKPw�`xY|e~PS]_ZKJS�_�S�¸R+\

m1~v1 +m2~v2 = ~P =M~V
�

. Jia�T+kM]�w�PpV_�[L�T�w�kMLmHCj�\+��ZKNrL�V�Ne~P[w�YIJJShK�QNrLOT+kMW�k"{Ka_`+jKoSJi��LON8NrZKj�ktY�NësjKb�PS�rZtkMLcH�L+N�PMeôÝ
~v1 = ~V +

m2
m1 +m2

~v ~v2 = ~V − m1
m1 +m2

~v

Ñ8a_T�k�]gw�`+{KbpV�\OW�kAw�\+a�PST&jKJqJihK�rNQL+TO\OZ�N�P�]_bKW�k�\OZ�\Oa_vSNQNIotNrZK\+w�kMLOTOZlkMLmH��� viJMjKZKNr\�T�w�Y�NQ\+a_jKT+\OZKNr\OW Ñ8Nrw�PSviJia_PS]�P´olY5PSjKa_P[wq{Ka_`+jKoSJi��LON±��w_J ]�bKW)PotYIPSjKa�Ppw�¢³Y3{!Ji]_T+LOT+\Ovi¢S�QZtkMLcH«Y�]_{!¢Me~a_T+`Oj�ZtkMLmH�� . NQ\+j�k®h!`Oj�TONr\OW�kq{KNr]�P[�QN
~A2
�tJi{Ka�¢MLOT�{�P[W^Nr`+wcP[ZKNQP��SRO\0V�\O]gww_J

A2
¶
A
w_JuY5P[a�w�JS�_�fYI\Oolw_Jia�Pl·m�ML+TO`+]�w�Jh!`OjKT+NQ\+W�k&oSJia_T�kM]�wcP[�QNÕTxw_\OviJ}RO\SÝ

A2 = ~A2 = A2x + A2y + A2z¦ {KNQ\+a�Y�]�TO\�V�LcHtY�Nr�QNMYfkMj�PpV�\f]_NQ`[�lRO\fLOT+\OopPuZ�P[]�j�bKROJuJihK�rNQL+TO\O �N�jKbKROJ{KNQ]_PSZKN�P���P[�Q\%w�J&w�kM�QoSJ{!JSTOJiagki� � P�V�W^N V�W%k"]�NQ`�JihK�rNQL+TO\+ZKNQ\+W�olY5PSj�a�P[w�¢³Y]_oKe�PSj�J�YfkMLcHª{Ka_`+jKoSJi�_L+NIZKP�V�\OjKZK��T^Ji]_N�6 jK��PF{!JiTOJi]gwcPMeQkMLmH�Y�]�T+kM]�w�oSJh!`OjKT+NQ\xYfkMvi���[j�PMe~J�NQjK\+Ztw�k�L+TOZKNr\SÝ
m1v

2
1,x +m2v

2
2,x = m1(Vx +

m2
M

vx)
2 +m2(Vx −

m1
M

vx)
2 =

=MV 2x +
m1m2
M

v2x¦�PSROZ�\)V�\O]�wFRO\CT+a_\+jKbKoSJ³Y5PMe�k ]_Nr`qLOT�e~JiZlk WXNQ\O]�TUPSZ�\S� Ø \OL�k�j�bpV_�SLO\TOZ�PSL+TO\+ZKNQ\qjK��P«w�\�V&a_\+jKbKoSL�V�NxLOT�e~JSZK¢�Y W^Nr\O]�TUPSZlk�LcH§TqJih�b§olY5PSj�a�P[w�¢³YW^NQPMe~J®{!JpV_P³Y�Nr\OZKNr\]_Nr`w�\+viJ�]_PSW^\+viJCNQ�rJMLOT+kMZtb
m1m2

�ª¦ {KNr\OagY�]_T+kMWLOTpe�JiZKNr\uWXNQ\O]�TUPSZlkMWÐ{KNr\Oa�Y�]�TUPXW^PS]_P}{!JMLcHKJMjKT+N�Txw�\+viJXRO\u\OZK\+a_viNQP}otNrZK\�sw�kMLOT+Z�P^V�\O]gw}{�a_Ji{!Jia�L�V�JiZKPS�QZ�P�jKJqW^PS]�kS��PS�Q\^jKa_bKviP®]�w��Sj���R+\{!J�e�JiR+\OZKNr\{KNQ\+a�Y�]_T+\�VIW^PS]�k|V�\+]�wIY§�_a_JMj�oMb&W)P[]�kX{Ka_JS{!Jia_L�V�JiZ�PS�rZK\�j�J
m2

6 N�PSZKPps�QJivSNQL+TOZKNr\jK��P�j�a_bKviNr\OvSJ�LON�Pte�P�� Ø �QP�V_P[oMNr\OvSJi�0NrZKZK\+viJ�{KbKZKolw�b�Z�P�JMjKL+NQZKotb
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e~�SLOTO�SL+kMW�W^PS]�kc6 ZK{���jK�QP��a_JMjKo�P"vS\OJiWX\+w_a�kMLOT+ZK\OvSJK�¤JShKa�PSZ�\OviJ�V_PSoSJ{!JML+TU�[w_\Oo bKoKe~PSjKb�Y�]�{!¢�e~a�TO`Oj�ZtkMLmH��È6 w�\�VY5P[ROZK\�VFY|e~PS]_ZKJS�_LONuhlk§ZKNr\hlk�e~JK�Ø Ji{KNr]_bpV_�[L)Z�NQ\+TOh!`Oj�ZK\&{!J�e�¢�Y�otNN]_bKW�bpV_�[L^{�J�Y�]�{!¢�e~a�TO`+jKZtkMLmH�j�J[s]gwcP�V�\OW�k!Ý

m1~v
2
1

2
+
m2~v

2
2

2
=
M~V 2

2
+

m1m2~v
2

2(m1 +m2)¦§Nr\O�roSJi�_�xJ}YfkMWXN�PSa�TO\xW^PS]�k!Ý
µ =

m1m2
m1 +m2ZKPST+ktY5PX]�NQ`õ�i;'�T�NXT9\H�1�5�}�?'=^;WG:�S�

I|]�wcPpw�\OL+TOZKNr\>{!\�e~Z�P}\+ZK\Oa�viN�P�bKoKe~PSjKb�JMj�jKTONQPMe~b�V_�SL+kMLcH�L+N�Pte�YfkMZKJi]�N�Ý
1

2
MV 2 +

(

1

2
µv2 + E {!JSw (~r))

£¤\+Z�jKa�bKviN�LOT�e~JiZ��8ZKNQ\+TUPS�r\OR+Ztk«JMjAbKoKe�PSj�bªJMjKZKNr\O]_Nr\OZKNQP�T)otw_¢ia_\+viJ®{Ka_JpsYIPSjKTONrW�k�JShK]_\+a�Y5PSL�V�`S��h!J>TUP[�Q\OR+Ztk�w�kM�roSJ>JMjXY�T+vi�Q`+jKZK\+viJ%{!J�e~JSRO\+ZKN�PxJMj�sj�TON�Pte~bpV_�SL�kMLmH�LON�Pte�NM]_T�k�h�oSJi�_LON�TOWXN�PSZuw�\+viJ�{!J�e~JSRO\OZ�N�P��[ZKJS]_NMZ�PST+Y�`¦H/G-H/9�~
BW_~_	=@H/=fGBÙ�4`9<XTG-H��m�ft�JiR+Z�P�V_�>w_\OR�NrZtw_\Oa_{�a_\+w_J�Y5P[��V_P[oSJ�{!\pe~ZK��\OZ�\Oa_vSNQ`�jK��PJShK]_\+a�Y5P[w_Jia�P}{!Ji]me~bKvSbpV_�SLO\+viJX]_Nr`ub�o�e~PSjK\+W��_a�JMjKopP}W)P[]�kS�GITpe�JiZ®{KNr\Oa�Y�]�T+k�W^P}Y�]_T+kM]�w_oMNQ\%Y|e�PS]�ZKJi��LON¯\OZK\+a_viNrN¤otNQZ�\+w�k�L+TOZK\�V�{!J[sV�\+j�kMZKLOT+\OviJ%{�bKZKolw�bXW)Ppw�\Oa�N�PS�zZK\OvSJK�R3�PST�ktY5Pu]_NQ`5viJ H/G-H/9�BW_`�±}'_~G-H�4Ö}�ZCXTG:�
�/9�?N1'}W;i�K;'��}p��PS�Qh!J�\OZ�\Oa_vSN���otNQZK\�w�kML+TOZ��XbKoKe�P[jKb�V_P[oSJXLUPte~Ji��LON��
Û b-� ��jEg S~�2b eEh	e�m�� S�b�O � ��b n O � S`b�� ¤ j�nRnqp S�b-��OE�Tl � � �'� � �q�`��j�p�eQ j:k l ¤ � e Q���Q�O	M�l eEh	e�m�� S�S g�e�gih	� � m{p�hqe ��S e�hqe�m�� S`S � S hqe � � � p�hqe �

� b�� j ¢ � S*�G5PMe~oSJ³Y�Nrw�P&\OZK\+a_viNQP)Y�bKoKe~PSjKTONr\�]_{!JML+T+kMZKoSJ�Yfk�W��_a_JMjKo�PFW^PS]gk¥{!J[sotagkMYIP¥]�NQ`}TX\OZK\+a_viNQ�FY�\+Y�ZK`�w�a�TOZ���� Ø ��P[w_\OviJ"\+ZK\Oa�viNr`}YI\+YfZK`+w_a_TOZ��¥ZKPpsT�ktY5PX]_Nr`xw�\+R%H/G-H/9�BW_`�õ�Y¿]?2ZCXN}�G¤}�?'=^�
u jKJ³YIJMjKZ�NQ�QNr�_W�k�w_JFw�Y�Nr\Oa�jKTO\+ZKNQ\}Z�P"vSa_bKZKL+NQ\}WX\OLcH�PSZ�NQotN#39\+Yfw�JSZ�P��j���PFbKoKe�PSjKb�j�Y�¢MLmH�{KbKZKolw�¢³YÖW)Ppw�\Oa�N�PS�zZtkMLcH���I\+T^w_a_bKj�b�W^JSROZ�P"b�jKJ[sY�JMjKZKNQ�[��RO\�V�\+]�w>JiZKJF]me~bK]�TOZK\XjK��P&jKJ³YIJi�rZK\�V|NQ�rJi�_L+N0{KbKZKolw_¢�Y3JMjKjKT+N�PMe�b�sV_�[L+kMLmH�{KPSa�PSWXN�]_N�e�PSWXN�{!JSw_\OZKL�V_PS�rZtkMW^N±�
5 JST+YI¢pV%��T+kMotNf{Ka�TO\OT&Y�]_T�kM]�w�oMNr\F�QP[wcP��¬j�JCj�TONr]_N�P�V+�¬{!JSw�Y�NQ\+a_jKT+N©e��¬RO\V�\+]�w�w_J¥{Ka�PUY�j��¥Jivi¢S�QZ���� . PSROj�k«bKoKe�P[jALON�PteIZKNQ\XYfkMa�TObKLOPpV_�[L+kFV�bKR)Z�NzsL+TO\+viJ^Tx]_Nr\OhKNr\S�KJ}jKJ³YIJi�rZtkMWá]_oKe�PSj�TONQ\[��]_{!\�e~ZKNQP}{!J³YfkMRO]_T+\>w�Y�Nr\Oa�jKTO\+ZKNQ\[�
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M
�S{!J�e�JiRO\+ZKNQb ~R �i{�a_`Oj�oSJi�_L+N

~V
�K{!`Oj�TONQ\

M~V
N�\OZK\+a_viNrNÕotNrZK\+w�kMLOT+ZK\�V

MV 2/2
�Ò��r\^{!J�YfkMRO]�T+kAa_JSTOoKe�P[jªb���Y�N�P[j�PSWXN�PFZ�PSW�w�\OR[�8R+\&{�a_T+k«JMjKjKT+N�PMeQklsY5PSZKNrbªL+N�PMe5Tpe�JiROJSZtkMLcHnW^PMe~\^]��®Z�PSj�TONr\�V�\S�8hlk�LOTO`+]�w_J�]�NQ`)TOj�PSa�TUPMe�JK�8R+\JMjKjKTONQPMeQkMYIPSZKNQ\�ZKNr\�Z�PSa_b�]_T+kq]gwcPSZtbCYI\�Y�ZK`�w�a_T+ZK\OviJK��¦�kM]�w�PSa_L+T+kC{!JS{�Ppsw�a_T+\O��V_PSo&YfkMvi���[j�PpV_�X{!J)T+jK\Oa�TO\OZ�NQb®j�Y5P)]_PSWXJMLmH�JMj�k!ß�µ�oSJia_J)WXJiRO\>]_Nr`TOWXNQ\+ZKN�PS�8\+ZK\Oa�viN�PfYI\�Y�ZK`+w_a_TOZ�P ¶ ]_ota�ktwcP�L+TO`+]�w�J�{Ka�TO\Oj�Z�P[]_T+kMWXNMJML+TUP[W^N�·��\OZK\+a_viNQP&TO\�Y�ZK`+w_a_T+Z�P"LONQPMeô��ZKPolw�¢ia�\�V|LcHKL+NQ\O�rNQhlkM�_W�k�]_NQ`�]�oMb�{KNQ�[��Z�NQ\�W^PZ�P}JivS¢i��{Ka_P³Y5P}]�NQ`xZKNQ\xT+W^Nr\OZKNQPS�S�

t�JiR+�QNzYIJi����Ji{KNQ]�bXa_bKLcHMb^LONQPMe!W)P[oMa�Ji]_oSJS{!J�YfkMLcH ¶ Tpe�JiROJSZtkMLmH^T9jKbKR+\�V�QNQL+TOhlk«P[w�JSW^¢³Y�·xw�PSo¸�8hlk�Yfk�WXNQviPS�^]_Nr`)JMjªPSZ�P[�QNrT+kqw�\+viJ®L+Jqj�TONQ\�V�\)]_Nr`T"\+ZK\Oa�viN��®YI\�Y�ZK`+w_a_T+Z��V�\O]�wXa�PSL+TO\�V�YfkUV_�[w�otNr\OW×ZKNQRa_\+vib�e~��ßÞÝ�Jia�W�b�e�k]_N©efjK��P¥LONQPMefW)P[oMa�Ji]_o[Ji{!J�YfkMLcH´W^P�V_�¥{Ka�PUY�NQ\&TOP³Y�]_T+\"LcH�PSa_PSolw�\+a}{�a_T+klshK�QNrROJiZlki�&µ��"JiZK\}w�\+R^{Ka�TO\+YIPSROZ�NQ\^jKJi�_�X]_oSJiWX{K�rNQoSJ�YIPSZK\[�&�9e~`+jK\OWÓV�\O]�w]��SjKT+NQ�XjKT+NQ]�N�P�V+��RO\^{�a_T+kMa�JMjK`)jKP"]_Nr`XJi{KNr]�PS�}W^\�w�JMj����¤olw�¢ia_PFwcPSo®��Y�Nr\+w�sZKNQ\�]_Nr`|]_{�a�P³Y�j�TON©e~P�jK�QP�LON�PteÕZKNr\OhKNr\O]�oMNrLmH���Ñ¯JSw�a�TO\+hKZK\x]���ZKJ�Y�\x{!JpV�`OLONQP�NZKJ�Y�\uW^\�w�JMj�kS��µ��}JSZK\uZ�NQ\+bK]�wcP[ZKZKNr\|w�Y�Jia_T+JiZK\uN�a�JiT+Y�N V_PSZK\[�qÝ0NQT�k�o�P�ZKNQ\V�\O]�w9Z�P[bKop�}TUPSo[Ji KLOT+JiZ����µ�{!JivS���SjKPpV_�SL�Y�]�w_\OL+T�Z�P w_J�LOJAV�bKR�TOa�JiTObKWXNr\O�QNr��W�kÙY�NQj�TONrW�kS��R+\{Ka�PUYIJ�TUPSLcHKJ³Y5PSZKNQPf\OZ�\Oa_vSNQNSY�w�\OJSa_NQNW3�\�Yfw�JiZ�P�Z�NQ\!V�\O]�w�oSJiZKNr\OL+TOZKJi��LONQ���rJ[sviNQL+TOZ����¬Üxj�kMhtku]�N©eQki�polw�¢iagk�LcH�Nr]�w�ZKNr\OZ�NQ\¬YfkMZKNQo�P9TTUPS]_PSj�kujK\�w�\Oa�W^NrZKNrTOW�b
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~a = −4π2

T 2 ~r
V�bKRWXNQ\+�QNz�_W�kS�lw�kM�Q\9RO\�Y {!Ji]�w�PSLON¸Y�\Oolw�Jia�J�YI\�V+��jK�QP5V�\OjKZ�Ji]�w�PpV�ZK\+viJ�a_bKLcHMb){�JJSoMa�`Ovib�Ý
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φ

a
 x

a

5 kM]_b�ZK\Oo%|K��yiÝ8{Ka_T�k�]�{KNQ\+]_T+\OZKNQ\uYya�bKLcHMb�{!JXJSoMa�`Ovib
5 ¢�Y�Z�P[ZKNQ\^YI\Oolw�JSa_J³YI\FJiT+Z�PSLOTOPqa_¢³Y�ZKJi�_�j���P¥JihKbAY�]_{!¢�e�a_T+`OjKZlk�LmHT�Ji]_JShKZ�P���Y�NQ`+LCY�]_{!¢�e�a_T+`OjKZ�P

x
s�J�YIP�{KbKZKolw�bÔ{!Jia�bK]_TOP�V_�SLO\+viJ�]�NQ`C{!JJiota_`OvSb��Kw�\+R>]�{!\pe~Z�N�P�w�PSotNQ\x]�P[W^\xa_¢³Y�Z�PSZKNr\SÝ

a = −4π
2

T 2
x

5 ¢�Y�Z�P[ZKNQ\�{!J�YfkMRO]�TO\V�\+]�wI{Ka_P³Y�jKT+NrY�\�ZKNQ\+TUPS�r\OR+ZKNQ\�JMjXY5PSagw�Ji�_L+N!{Ka�J[sW^Nr\OZKNQP%Jiota_`+vib��KN�ZKNQ\+TUP[�Q\OR+ZKNQ\�JMjFWXNr\�V�]_LOP�Z�P�Jiota_`+vibYÙolw�¢iagk�WáTOPSL+TU�Me]_NQ`fa_b�LmH}Y¡LcHtY�Nr�QN
t = 0

�#t¥P�V_�SLf]�YIJSh!JMjK`�YfkMh!Jia_bXw�kMLmHXj�YI¢MLcHXY�NQ\+�QoSJ[s�_LON±�ÕWXJiRO\+W�k¥]_{!\�e~ZKNr�}j�Y5PYIPSa_bKZ�oMN¬Z�P{!J�e�JiRO\+ZKNQ\�N¬{Ka�`OjKoSJS�_�X{!JML+TU�[wgsoSJ�Y5���� {�bKZKolw�b^Y�NrjKTO\+ZKN�PuZ�PS]�TO\+viJ�ot�QJMLcopPuZ�P>]_{�a_`OR�kMZKNQ\�Jiota��tv>{!J�YfkMR+]_T+kV�\O]�w�w�kM�QoSJ^LcHtYfktw�\+W W^P[w�\+W)Ppw�kML+TOZtkMW"�!PS�Q\uLmHlYfktw�\OW�h�PSa�jKTOJ)b�R+ktw�\+LOT�sZtkMW��
| O �'�4� S�b-��b dfj�n�gid � �-g�e M Q�S�� � Q d	m{� � � Q�� e � � e Q/�æS nqe�h � � � p�h��

púm{p Oq� e M h b]\ m{eEn	h S � ��m O ��� O�� eEn	h	j Q��2b�� hqet��j d#j�j��÷m{�t� O
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5 b�LmH"w�PSotN�ZKPST+ktY5PX]_NQ`A9�5]Z\[]H/� [¤;W9»�o?'G]_³ZCXTG�}�����Ñ8a_JSW^Nr\O F{!JiWXJML�sZ�NQLOT+\OviJFJiota�`Ovib�Z�P[T+ktY5PF]_NQ`c;W��¿:F1_R45@1���a_bKLcHMb�H�PSa�W^JSZKNQL+TOZK\+viJi6 h!`�sj�TONQ\+W�k"b�R+ktY5PS�rN¯JSTOZ�P[LOTO\+ZKN�P

A
���S\O]gw|JMLOT�kMY�Nr]�w_\S��R+\�W)P[oM]gkMW)PS�rZK\uYfklsLcHtkM�r\OZKNQP>JMj^{!JMe~JiR+\OZKNQPua_¢³Y�ZKJ�YIPSviN ¶ Y Jih�NQ\�]�w_a_JiZlk�·�]_�%NrjK\OZlw�kML+TOZK\�T�wc�P[W^{K�rNzw�b�j����gÝ¸PSTU�Xa_bKLcHMb ¶ �r\O{KNr\�V�WX¢�Y�Nr�u¨©PSTU�^{!JML+TU�[w_oSJ�Y5�i·8V�\+]�w|op�pw

φ0TOPSTOZKPSLOT+JiZtk�ZKP^a�kM]�bKZKotbqjK�QPXLcHtY�Nr�QNÕTO\+a_JK�5¦�PSa�w_Ji�_�>op�[wcPXZ�PXJihtY�JMjKTONr\Y�LcHtY�NQ�rN�a�JiT+{�P[w�agkMYIPSZK\�V+�fLOTOPS]�PSWXNfw�\OR�Z�P[T+ktY5P�]�NQ`F¨©PSTU��� £0P[o�a_JiT+b�sWXN�P[Z�P¨©PSTUP�a�Ji�_ZKNr\^a_¢³Y�ZKJiWXNQ\+a_ZKNr\}YÖWXN�PSa�`Xb�{�e�ktY�bªL+TUPS]�b��q�S\O���QNop�pwWXNQ\+a_T�k��|YyWXNQ\+a_T+\�e~bKoSJ³YI\�V+��w�P}a_JS]_Z��SLOP�¨©PSTUP�TUP[{KNQ]�bpV�\u]_Nr`IV_P[oSJKÝ
φ = φ0 + 2π

t

T
= φ0 + ωt

¦§Nr\O�roSJi�_�
ω
V�\O]�w�NQ�QJSa�P[TO\+WÐ{Ka_T�kMa_Ji]gw�b®o��[wcPXN�LOTOPS]_b®ZKPXw_J^{!JSw�a�TO\+hKZK\OvSJ

6 T�Y�NQ\u]�NQ`|YyT+Y�NQ�ST+oMb"Txw�kMWþ¿:9�Ù�1'}�?U�2Z/_`�õ}W��4�?'=^�S�Ñ8a_`Oj�oSJi�_�>Yya_bKLcHtb¥HKPSa_WXJiZKNrLOT+ZtkMWÞV�\+]�w9Y�]�{!¢�e~a�TO`+jKZ��^{Ka�`OjKoSJi��LON�Ya�bKLcHMb®{!J^Jiota_`+vib��9�S\�V9W^PSot]�kMW^PS�QZ�P�YIPSa�w_Ji�_�>YfkMZKJi]�N�Ý
v
W^P_^

= 2π
T
r =

ωA
� . Jia�T+kM]�w�PpV_�[LuTujK\+��Z�NQL�V�N�¨�bKZKoSL�V�N�w�agkMviJiZKJiWX\�w�a�kMLOT+ZtkMLcH¥W^PSW�k!Ý

x = A cos(ωt+ φ0)

v = −Aω sin(ωt+ φ0)

a = −Aω2 cos(ωt+ φ0) = −ω2x
. Jia_T�kM]�wcP�V_�SL¥T�Y�T+Jia_¢³YÛw�a�kMviJSZKJiWX\+w_a�kMLOT+ZtkMLcH§Z�P�]_NrZMb�]&N9LOJS]_NQZtbK]]�bKW�ki��W^JSRO\+W�k^{!J³YfkMRO]�T+k�WáYfkMZKNQoSJSWáZKPSj�PS�|NrZKZ���{!Ji]�w�PS�[�KjKJ�ZKNr\Oolw�¢psagkMLmH�L+\O�r¢�YÙYfkMviJMjKZKNr\�V�]�TU���

x = A cosωt cosφ0 − A sinωt sinφ0

v = −Aω sinωt cosφ0 − Aω cosωt sinφ0£¯J�Yªw�\�V0{!JS]�wcP[LONMYfkMviJMjKZKNr\�V�\O]�w¬]_{!\�e~ZKNr��Y5PSa_b�ZKotN�{!JMLOTO�[w�oSJ³YI\S� Ø �QP
t = 0

YÓopP[ROj�kMW×T)YfkMa�PSR+\O nTOJS]�wcP�V�\)w�kM�QoSJqL+Tpe�JiZ�T
cosωt

a_¢³Y�Ztk«Yj�JMj�P[w�otbFYÔw_\�VfLcHtY�NQ�rN
1
��t¥P[W�k�Ý

x0 = A cosφ0

v0 = −Aω sinφ0
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¦�]gwcPUY�N�P�V_�SL�jKJ%a_JiT�Y�N�P[TUPSZKNQPuJSvi¢i�rZK\OviJuTUP[W^NQPS]�w

A cosφ0
N
A sinφ0

JMj�s{!J�Y�Nr\OjKZKNrJ
x0
N
v0/ω

jKJS]�wcP�V�\OW�k&Ji]gwcP[w_\OLOT+ZKNr\SÝ
x = x0 cosωt+

v0
ω
sinωt

� viJMjKZ�NQ\�T�TUPS]_PSj��jK\�w�\Oa�W^NrZKNQT+W�b®a_bKLcHCTOJi]gwcPMe8Yfk�T+Z�PSL+TOJiZlki��¦§NQ\msjKTU�SLfLOJu{!JMjK]�w�P³Y�Nr�fY�WXNr\�V�]_L+\f{!J�e�JiRO\+ZKN�P|NK{Ka�`OjKoSJS�_LON¸{!JML+TU�[w_oSJ�Y�\�V�WXJ[sRO\OW�kq{Ka_T+\+Y�NrjKTONr\O�XLOJ�L+N�PMe�J"h!`+jKTONr\Xa_JihKNr��Y3jKJ�Y�Ji�QZK\�VuLcHtY�Nr�QN0Y {�a_T+kls]_Tpe�Ji�_L+N��
5 bKLcHXH�PSa�W^JSZKNQL+TOZlk�V�\O]gw�PSh�]_Ji�rb�w�ZKNr\5Z�P�VgYIPSROZKNr\�V�]�T+kMW�Y�{Ka�T+kMa_JMj�TONQ\

9�5]Z\[]H/� ?2}'9�H\�2?'=o}���� Ø ��PFZ�PS]�TO\OvSJ¥LON�Pte�PFZ�P"]�{Ka_`+R+kMZKNQ\^{Ka_T�kMa_¢�Y�ZKPSZKNQ\Jivi¢i�rZK\OvSJ®Y�]_{!¢�e�LOT�kMZKZKNQopP�{�a_Ji{!Jia�L�V�JiZKPS�QZKJS�_L+N5WXNQ`Oj�T+k�YfkMLcHtkM�r\OZKNr\OW P{Ka_T�k�]�{KNQ\+]_T+\OZKNQ\+W�Ý
4π2/T 2 = ω2

jKJ>YIPSa�w_Ji�_L+N¸w_\OviJ>Y�]�{!¢�e~L+T+kMZKZKNropP%Yfkls]�w�`+{KbpV_�SL+\�VfYya�¢�Y�Z�P[ZKNQbFj�kMZ�PSWXNQotN±Ý
k/m

{!JiT�Y5PS�QP�Z�PS{KNr]�PS�[Ý
4π2

T 2
=

k

m
= ω2

Pw�J�V�bKR�YfkMviJMjKZ�NQ\}{Ka�TO\Oj�]�wcPUY�NQ�}Y�{!Ji]�w�PSLON¬YfkMa�P[RUP�V_�SLO\�VuJiota_\+]>jKa_vlP[ {Ka_T+\OT>{�P[a�PSWX\+w_a�k&bKoKe~PSjKb�Ý
T = 2π

√

m

k� PS�r\OR+ZKJi�_�&JMjªLOTOPS]_b�Ji{KNr]�PSZ�P�¨�bKZKo[L�V_�®w�agk�vSJiZKJiWX\+w_a�kMLOT+Z��qL+Ji]_NrZMbK]¶ �Qb�h"]_NrZMb�]c·¯V�\+]�w�LcH�P[a�PSolw�\+a�kM]�w�kMLOTOZ�P)j���P�Y�NQ\+�QbFT�V_PUY�NQ]�o&Yy{Ka�T+kMa_JMj�TONQ\uNw�\OLcHKZKNrLO\[���I`+jKT+NQ\OL+NQ\uWXNQ\+�QN�Jio�PST�V�`uZKNr\Oa_PSTu]�NQ`xJ}w�kMWÐ{Ka_T+\OoSJiZKPS�S�� h�PSjKPpV�W�kFV�\+]_T+LOT+\�TOWXN�P[Ztk�\OZ�\Oa_vSNQN5{!JSw_\OZKL�V_PS�QZ�\�V�NfotNrZK\+w�kMLOT+ZK\�V�Ya_bKLcHMb�H�PSa�W^JiZ�NQLOT+ZtkMW"� Ñ¯Ji]gwcPS��\+ZK\Oa�viNQN�{!JSw_\OZKL�V_PS�rZK\�V}]_N©eQk�]_{�a_`OR�kM]�w�\�VYfk�T+Z�PSL+T+k��rNQ��W�k¡YILOT+\O�_ZKNr\�V+Ý
E {!J[w = kx2/2

�ÐÑ¯JMjK]�w�P³Y�N�P�V_�SLqY�]_{!¢MeQsa_TO`+jKZ��
x
Yfk�a_PSROJSZ��{�a_TO\+T}PS{��QNzw�bKjK`[��LOTOPS]|N¯¨©P[TO`�{!JML+TU�[w_oSJ�YI�jKJ)w�\OvSJYfk�a_PSRO\+ZKNQP��¸P}{Ka�`OjKoSJS�_�%j�J

E otNQZ = mv2/2
jKJi]gwcP�V�\OW�k!Ý

E {!J[w = kA2

2
cos2(ωt+ φ0)

E otNrZ = mA2ω2

2
sin2(ωt+ φ0)Ñ¯JiZ�NQ\+YIPSR

mω2 = k
�MY�]�{�¢Me~L+T+kMZKZKNQotN�{Ka�T+k^JihKb)\OZK\+a_viNQPSLcH&]��%a_¢�Y�Z�\]_JihKNr\S� . PSR+j�P�TxZKNQLcH&Y5PSH�P�]_Nr`|Y�w�k�LcH"]_PSW�kMLmHFvia_PSZKNrLUPSLcH�Ý¬JMjFT+\Oa_P�jKJ
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kA2/2

� � Z�PSZ�PFY|e~PS]_ZKJS�_�K��V�\Oj�kMZKotNw_a�kMviJiZ�JiWX\+w�agk�L+TOZ�\�V��c�¯JMjKT+Y�Nr\Oa�LONQ\msj���P�V_�SLUP"w�Y�Nr\Oa_j�TO\OZ�NQ\Ñ8NrwcP[viJia�P[]�P��¬{!J[w�Y�Nr\Oa_j�TUP¥w�\+TO`Jq]�w�PMe~JS�_LONI\OZK\+a_viNrNYáWXN�PSa�`&bK{!e�ktY�b´LOTOPS]_b��Þu8ZK\+a_viNQPq{Ka_T+\O�r\+Y5PC]�NQ\&w�bnJMj¥V�\Oj�ZK\�V�¨�Jia_W�kj�J}jKa_bKvSNQ\�V+�8à�Wáj�P[�Q\�VIJMjF��a_JMjKo�P��Kw�kMWáLOTO�S]�w�o�P}Y�Ji�QZ�NQ\�V�]�TUP���P�]_{Ka�`OR�k�ZKPhKPSa_jKT+NQ\�VfZ�PS{�NQ`+w�P��
ò(a` �X@q2%;+=b��2 ú;:
¦ Y�NQ\O�rb�]�ktw�b�P[L�V_PSLcHqJMjKot]_T�wcPMe�LO\+ZKN�P)]�{Ka_`+R+kM]�w�\�LONQPMe0]��^TOZKNroSJiWXJ^W)Pte~\S�w�PSoCW)PMe�\^R+\&NrLmH�{Ka�P[otw�kMLOT+ZKNQ\&Z�NQ\^TUP[btY5P[RUPSW�kS�8Z�NQ\^W)P�V_�"jK�QP�Z�PS]�NrZ�sZ�\OviJ%TOZ�P[LOTO\+ZKNQP%{!JiTUPuw�kMW"�MR+\+��{Ka�JMjKbKotbpV_�'��]_N�e�k�]_{Ka�`OR�k�]�w_\S��µ�N©eQk�ZKNQ\9]_�W^PMe�\S��ZKNr\�]��)ZKNQ\+NQ]gw�JSw_ZK\S��P)JMjKot]�T+wcPte~LO\+ZKN�P&]_���uµ�ota�P�V�ZtkMW {Ka�T+kMoKe�PSj�\OWZ�NQ\OLcHh!`+jKTONr\|WXa_¢�Y�o�P�LOJ�YI\O]�Tpe�P�Z�P�W^Ji]gwU�#t�Ji]gwf]_Nr`�bKviNQ�Me�N!Yfktw�Y5PSa_TOP]�N©e�`x]_{Ka�`OR�k�]gwc�}Y y2s>s�{Ka_JML+\OZlwcPSLcH"a_¢�Y�Z�J�Y5P[RU�SLO�}]_N�e~`xvSa�P³Y�NzwcPSL�V�N�T�V_PSop�� Nr\OWXNQP�LONQ�tviZKNr\W^a�¢�Y�oS`YnjK¢Me�� t�a_¢³Y�opP�ZKNQ\�]�{�PSj�P��i]_N�e�P9]_{Ka�`OR�k�]�w�P�V�\+]�wot�rbKLOT+J�Y5P�j���PfV�\�V�a_bKLcHMb���Ò��r\�LOT�k){!JiTUP%w�kMW"�MYfk�LcHlk��r\OZKNr\xWXJi]gw�b)Y5P[a�w�Jj�JMj�P³Y5P[�jKJ®Y�]_{!¢Me~a_T+`OjKZ�\�V}WXa_¢³Y�otN�Y�TOvi�r`OjK\+WdWXJi]�w_bªN�w�Y�Nr\Oa�jKTONr�&RO\WXa_¢³Y�opP�ZKNQ\�NrjKTONr\�{!J�{�NQ\+a�YIJSw_ZKNQ\�{Ka_Ji]gw�\�V5�rNQZKNrN¸WXJi]�w_b w I|LOT�kMY�Nr�_L+NQ\xZKNr\YIPSa�w_J�TOP³Y�a_PSLUPS��]�JihKNQ\"v�e�J�Yfk�JMjKot]_T�wcPMe�LO\+ZKNQ\+W WXJi]�w_b´{!JMj�LONr`OROPSa_\+WWXa_¢³Y�otN��i39NQ\}NrZtw�\+a_\+]_bpV�\XZ�P[]uY5PSa�w_Ji�_�}Y�]�{!¢�e~L+T+kMZKZKNQo�P¥]�{Ka_`+R+kM]�w_Ji�_LONYw�kMWáYfkM{�PSjKotb��I�S\O]�w9JiZF¨�Jia�W)P[�rZKNr\|Z�NQ\O]�oSJi KL+TO\+ZKNQ\uY�NQ\+�QotN±�Üuj�k�WXJiROZ�P¥T+a_JihKNr�)w�PSotNQ\){Ka_T�kMhK�QNrRO\+ZKNQ\[��V�\O]�w�w�J®h�PSa_j�TOJ®YfkMviJMjKZ�P]gktw�b�PSL�V_P��¤{!JiT+YIPS��P�V_�SLOPa_JiT�Y�N��STOPS��Y�Nr\O�r\}TOPSvlP[jKZKNQ\+ �h!\OT}oSJiZKNQ\+LOT+ZKJi��LONblY�TOvi�r`Oj�ZKN�PSZ�N�P"Y.V_P[oMNroSJi�zY�NQ\OoC]�{!Ji]_¢ShªYI\�Y�ZK`+w_a_TOZtkMLmH�Y|e�PS]�ZKJi�_L+N5W)P�sw_\Oa�NQN��¥£¤JXV�\O]�w�ota��tv®TUP[vlPSjKZKNr\O �Y olw�¢iagk�W WX\+LmH�P[ZKNQo�P¥oM�QPS]�kML+TOZ�P®{!J[sL+T+kMZKN�e�P)Y�NQ\+�QotNQ\�{!JS]�w�`+{tkS��V�bKR�{!Jc39\+Yfw_JiZKNr\S��Y�LOTUP[]�PSLcH�{!¢iÏ+ZKNQ\�V�]_T�k�LcH��¦�kMviJMjKZ�NQ\IV�\+]�w�w�\u]�N©e�k&ZKPST+YIPS�>]_N�e�PSWXN�]_{!JiNr]�w�Ji��LON±�� Y�a�PSLOPS�QNr�_W�k�blY5PSvi`9Y«V�\OjKZlkMW T�{!Ji{�a_TO\+jKZKNrLmH)a_JiT+jKTONQPMe~¢³Yu�MR+\�WX\�sw_JMjK`�a_¢³Y�Z�PS %3�\�Yfw�JiZ�P�WXJiR+Z�P%]�w�JS]_J�YIPS�|{Ka�T+k)]�N©e~PSLmH)]_{Ka�`OR�k�]gw�k�LcH"vij�kjKPpV�\X]_Nr`}YfkMa_¢iR+ZKNQ�XW)PS]gktY�ZK\^LON�Pte�PFN��r\OototNQ\X]�{Ka_`+R+kMZKoMN±�"Üuj�kCJS�_a_JMj�\Oo]�{Ka_`+R+kM]�w�k�w�a_T+`O]�NQ\5]_Nr`¤V_PSo>vlPS�QPSa_\�wcP��[w_a_TO\+h�P|a_JiT�Y�NQZ��[�5ZKJ³Y5���Sw�a�bKjKZKNr\�V�]_TO�W^P[w_\OW^P[w�kMoS`[� � ]�N©e�P[W^N¯]�{!JiNQ]gw�Ji��LON�V�\+]�wuTOZ�PSL+TOZKNr\}{Ka�Ji�_L+NQ\�V+� 5 JiT+LONQ�tv�e~\L+N�PMe�J�]_{Ka�`OR+kM]�w_\S��olw�¢ia�\OviJ¥jK\+¨�JSa_W^PSL�V�\^]_�¥{!JiWXN V_PS�zZKNr\}W^PMe~\iM j � e Q�S �� �q����j � j�h b�� gA� � e � nqj�n b¤� ��j�gNjYj�kRm b � bdcK�^3�PST�kMYIPSW�k&wcPSotNr\xLON�Pte�Ph�a�k�e�PSWXN¤]_T+w�ktY�ZtkMW^N±�xàfLmHKJML+N�P[R�JSvi¢i�rZ�PXw_\OJia�N�P^a�bKLmHtbqhKa�k�e�k�]_T�w�ktY�ZK\�V+�a�JiT+Y�NrZKNQ`�wcP�{Ka_T+\OTwu8bK�r\Oa_P�V_P[oSJ�TOPS]�w_Ji]_J³Y5PSZ�NQ\qWX\+w�JMj�k 3�\�Yfw�JiZ�P���w_\ORV�\+]�wIj�Ji�_�9w�a�bKjKZ�P���{�a_T+kM{�P[jKotN�]_TOL+TO\+vi¢i�rZK\�a�bKLmHtb^YIJioS¢�e�bK]�w�PS�QJSZK\�V�Ji]�N!]_�
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e�P[w�YI\jKJCJi{KNQ]�b���Pqh�P[a_jKT+JCY5P[ROZK\YÐ{�a�PSolw�kMLO\"N5{!Ji{Kb���PSa�ZK\&YÓ��T+kML+\]_TOoSJS�QZK\�V+�Üxj�k¥TUPSZKNr\Oj�htktY5PS�rZKNQ\��r\OototNQ\�LONQPMe~J&]_{�a_`OR�kM]�w�\e��[LOTU�[LO\�j�Y5P{KbKZKolw�k{Ka_T+\O]�w�P�V�\I]_NQ`a_JSTOL+N��tvlPS�[�[WX¢�Y�NrW�kxJ9wcP[oMNrW.{Ka�T+kM{�PSj�oMb9V_PSoSJ�J9YfkM]�w�`+{!J[sY5PSZKNrb�Y�NQ`+TO¢³Yu� 5 JS�Q`�wcP[oMNrLcH�Y�Nr`OT+¢�Y´{!\pe�ZKN���{Ka_T+\+Y5P[ROZKNr\�{Ka�`+w�ki�lLmH�JMLON�P[RW^JiR+\xw�JXhlkM�%NÕZKNr\Oa_JSTOL+N��tvi�rNzY5P��rNQZKo�P��Kvij�kT+\+Y�ZK`�w�a_T+ZK\�]_N�e�k&YybKoKe~PSjKTONr\{Ka_¢ih�bpV_�Xw�kM�QoSJuV_�Xa_JSTOLONQ�tvlPS�[�f¦ w_\Oj�k"ZKNQ\>W^PXa_¢iR+ZKNQL�k"WXNQ`+jKT+kF{Ka�`+w_\OW"�P�Y�NrJSw�op���rNQZKo����Ñ8a_`�w�k´LOT+k��rNQZKotN�]���ÏOa�¢�j!e~\+W ]�N©e|Z�P�LONQPMe�P�bKoKe�PSj�b���P[�Q\�ZKNr\¥WXJivl�w�\&]_N©eQk�hlk��&YfkMa�P[ROJiZK\[��V_PSo«jKJSw�kMLcHKLOTOPS]O�ÕV_PSo[Jq¨�b�ZKoSL�V�\JMjKot]_T�wcPMe�LO\OZ�N�P��h!J�w�J�JMjKot]_T�wcPMe�LO\OZ�NQ\&V�\+]�wFwcPSo�W^PMe~\[��RO\CZKNQLqJ�ZKNQW ZKNQ\®Y�Nr\OW�ki�3¦{Ka�PSolw�kMLO\L+TO`+]�w�Jq{!Ji]�w_`O{Kb�V�\OW�k«wcP[o!�¬R+\&{Ka_T�k³V�W�b�V�\OW�k«Z�P�w_\&]�N©eQk�Y�Nr`�sTO¢³Y�{!\+Y�ZK\�JiTOZKPSLOT+\OZKNQP���wcP[o�V_PSothlk���W�kXV�\�T+Z�PS�rN��!Y�]gwcP³Y�NQPSW�k�jKJa�¢�Y5sZ�PS Ca_bKLcHMb�JSh!Jio¥NrZKZtkMLcH�TOZKPSZtkMLcH«]_N�eN0jKJi{KNr]_bpV�\+W�kXV�\+]_TOL+TO\Xa_¢³Y�Z�PSZKNQPvi\OJSW^\�w�a�kML+TOZK\XYfkMZKNropP�V_�SL+\^T}NQ]�w_ZKNQ\+ZKN�P)w�k�LcH«YfNQ`OT+¢�Yu� L NQL+TOh�PFa_¢³Y�Z�PS Yfk�LcHKJMj�TONfYáoSJi �LOb�wcPSopP^V_P[o��QNrLOT+h�P®ZKNr\+Y�NQPSjKJiW�kMLcH��«¦ NQZKZlk�LcH�Yfkls{�PSjKo�PSLmH�WXJiROZ�P¥]_oSJia�T+kM]�w�PS�"TTOPS]�P[j�kATUPSLcHKJ³Y5PSZKNQP®\OZK\+a_viNrN��q¦�kM]�wcP[agsLOT+k^{Ka_T�k^w�kMW btY�T+vi�Q`+jKZKN�P[��\+ZK\Oa�viNQ\�{!J[w�\OZ�L�V_PS�rZK\�]�N©e�TO\�Y�ZK`�w�a_T+Ztk�LmH��Kh!J]_oSJi KL+TOJSZK\9]_N©eQk�Y�Nr`OT+¢�Y�ZKNr\5YfkMoSJiZtbpV_�u{Ka�P[L+k�Z�PxZKNQ\+]_oSJi �LOTO\+ZKNQ\�W^PMe�kMLcH{Ka_T+\O]_b�ZKNQ`+LONQPSLmH��rI|hKNr\uw_\>W^\�w�JMj�kTONr�QbK]gw�a_b�V�\OW�k{�a_T+kMoKe�P[j�PSWXN��¦§NQ`OL+\�V{Ka_T�k�oKe~PSjK¢³Y.{!JiTOZKPSLONr\ua_JST+Y�N��[TObpV_�[LuTOPSj�PSZKNQP��
< �gf`��� h !2i"!q±�j�-
¦AP[ROZtkMWÚN�L+NQ\Oo�P³YfkMWÚ{Ka_T�kMo�e~PSjK\+W a_b�LmHtbATXbKjKT+N�Pte~\OW�]_N©eQkC]�{!JiNQ]gw�Ji��LONY�NQ`+TO¢�YyN�]_N©eQk&via�PUY�NrwcP[L�V�NtV�\O]�w9a_bKLcH"Y5P[H�PSj�e~P��IÜxj�k&YIPSH�P�V_�SL+\>]_Nr`uLONQPMe~JN ¶ P[�Qh!Jt·9LONQPMe�J{!JMj�w_a_T+kMW�bpV_�[LO\�viJY�]�w�PMe~\�VxJMj��Q\OvMe~Ji��LON0JMjC{KbKZ�otw_b�TUPpsY�NQ\+]_TO\+ZKN�P"W)P�V_�Fa_JSTOWXN�PSagkqolw�¢Sa�kMLcHA{!JiW^NrZ��S�}Z�NQ\XWXJiROZKP 6 WX¢�Y�NrW�kJJ=^;'[¤;21¤F�HkjRXN}�ZCXTG�}����0¦ YfkMNrjK\O�rNQT+J�Y5PSZlkMWá{Ka�T+kM{�PSj�oMb�L+N�PMe~P�{KbKZ�otw_J[sYI\OvSJ}TOP³Y�Nr\O]�TOJiZK\+viJ�Z�P�ZKNr\+Y5P[ROotNQW {Ka�`OL+NQ\S��L+T+k)Z�P�ZKNr\+YIPSROotNQ\�VI�QNrZKLO\76W^¢³Y�NQW�k}J =^;'[¤;21¤F�HÈ�K;�4�H/�K;�4Ö}�ZCXTG�}'�}� � P�V�W^Nr\+W�k}]_Nr`�w�b)w�kMW jKa_bKvSNQW"��iPSoSJY�Nr\O�roSJi�_��LcH�PSa_PSolw�\+a�kMTObpV_�[LU�"LcHtY�Nr�QJ³YI\�{!JMe~JiR+\OZKNr\�WXJiROZKP&YfklshKa�PS��TOPSTOZKPSLOT+JiZtk}Z�Pua�kM]�bKZKotb)op�[w

φ
¶ T�W^NrZMbK]�\OW�jK�QPx{!J�e~JiR+\O X{!J>{Ka_T+\�sLONrYfZK\�VX]�w�a�JiZKNQ\U·��fP[�Qh!J�Y�]�{!¢�e~a�TO`Oj�Z��
x
WXNQ\+a_TOJSZ���{!JSTONQJSW^JK�IPS�rh!J«JMj�s�Q\OvMe~Ji����JMjC{�JMe~JiR+\OZKNQPZ�P�V�ZKNrRO]�TO\OvSJ"WXNQ\Oa�TOJSZ�� gKp�n ��Oq� j��÷m{�t� O�Õw_\OR}TJMjK{!J�Y�Nr\OjKZ�NQWáT+Z�PSotNQ\+W��¬¦�kMhKNr\Oa_T+\OW�k&w�`uJS]�wcPpw�ZKNQ��WXJiRO�rNzYIJi���S�



y ü | ¼x½�¾�¿x¾�À�Á�Â öMÄ�È÷£9Í ��Á�Ç�À�ÉxÁÐÍ0À�Á�Âª¾�À&£È®Å�ÉxÀ�Í �

w

φ

mg

½½=

?

A
AAU

� PSZ�PS�rNrTObpV�W%kÙ]gw�a_b�W^Nr\OZKNr\A{!`+jKbÞjKJi{!e�ktY5P�V_�SL+\�jKJ§L+N�PMe~P��dÜua_P[Y�Nzsw�PSL�V_P�jKJi]gwcPSa�LOTOP ]gw�a_b�W^Nr\O 
m~g
�%olw_¢ia�kÔjK�QP´YfkMviJMj�kyW^JSRO\+W�k�a_JiT�e~J[sR�kM�FZ�Pq]gw�a�bKW^Nr\O ª]gw�kML+TOZlk�jKJqJiota_`OvSb�N5]gw�a_b�W^Nr\O AY�T+j�e~b�RF�QNQZ�oMN±�q£¯\+Zj�a_bKviN�]gw�a�bKW^Nr\O ��uY�a�PSTATO\A]�w�a�bKW^Nr\OZ�NQ\OW jKJi]gwcPSa�LOTOPSZtkMW {Ka_T+\OTª�QNrZKoS`S�JMj�{�J³Y�NQ\+jKTONQPS�rZK\}]_�"Y3]_bKWXNQ\}TOP"{Ka_T�k�]�{KNQ\+]_T+\OZKNQ\^jKJi��a_JMjKoSJ³YI\^{KbKZKolw�b��

39NQ\}W�b�]_NQW�k�YfkM{KNQ]gkMYIPS�^JMjK{!J�Y�Nr\OjKZ�NQ\OvSJ"a_¢³Y�Z�PSZ�N�P���V�\+�_�rN8ZKNQ\�LmH�LO\OW�kT+Z�PS��YIPSa�w_Ji�_L+N¬Z�PS{KNr`OL+N�P)�rNQZKotN±� � P^w�J&w�\+ZCjKa�bKviN0]�w_a_bKWXNQ\+ ���J&Y5PSagw�Ji��LON
−mg sin s

l

�lZ�P[j�P�V�\f]�w�kMLOT+ZK\9{Ka_T�kM]_{KNr\O]�TO\OZKNQ\fY´a_bKLcHtbXJi{KNr]�PSZlkMW�Y�Nr\O�roSJ[s��LONQ�
s
��w�PSo>V_PSothtkY�]�T+kM]�w�oSJ&JMjKhlktY5PMe~J^]�NQ`xY�TOj�e�bKR%{Ka_JS]�w�\�V+�fµ�ota�P[LUP�V_�SLW^PS]�`ujKJS]�wcP�V�\OW�k!Ý

a = −g sin s
lØ ��P&jKb�R+kMLmH�YfkMLcHtkM�r\O �Y5P[H�PSj�e~P%V�\OviJa_bKLcH�WXJiROZKPT+Z�PS�r\OÏ+�}ZMb�W^\msagkMLOTOZ�NQ\S�xoMa�Jio {!J´oMa�Jiotb��xw�PSo«V_PSo¡w_J´Ji{KNr]�ktY5P[�QNQ��W�k¡{Ka_T+\OjK]gwcP³Y�NQP�V_�SLNr]�w_JSw�`�j�\+w�\+a_WXNQZKNrTOW�b®TUPUY5PSagw�\OvSJFY�WX\+w�JMj�TONQ\õ3�\�Yfw�JiZKP�� Ø ��P&W)Pte�kMLmHYfkMLcHtkM�r\O ���vij�kXj!e~bKviJS�_�ue~bKotb&N¸LONQ`+LONzY5P>]�wcP�V_�%]�NQ`9ZKNQ\+JMjKa_¢SROZKNQPS�QZ�\�{Ka�PSoisw�kMLOT+ZKNQ\fY�]�YfkMLcH^Y5PSagw�Ji��LONQPSLcH��tWXJiR+\OW�k�TUPS]gwc�t{KNr�

sin(s/l) ' s/l
�8Ñ8a_JpsYIPSjKTON�w�J}jKJXb�{Ka_Ji]�TOL+TOJiZK\+viJ)T�Y�N��[TOotb�Ý

a = −g
l
s

�S\O]gw�w_J|Y5PSa�bKZK\Oo�a_b�LmHtbXHKPSa_WXJiZKNrLOT+ZK\OviJ�� � P[w�\+WÞY5PSHKPSZKN�P�Y5PSHKPSj�e�PW^P[w_\OW^P[w�kML+TOZK\+viJ ¶ {�a_T+kqZKNQ\�Y�NQ\+�QotNQLcH�PSWX{K�rNzw�bKjKPSLcH¸·�]_�"Ji{�NQ]�P[ZK\}TUPS�r\ORmsZ�Ji�_L+N���Ý
s = A sin

(
√

g

l
t+ φ0

)
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4π2/T 2 = g/lJiota_\O]fw�\OZFYfkMZKJi]�N�Ý
T = 2π

√

l

gI|ota_\O]�J�Y�Ji�_�|a�bKLmHtb)Y5P[H�PSj�e~P%{Ka_T+\OT�j�e�bKviNQ\9�QP[wcPuhlk�e�P%{!JMjK]�w�P³Y5�%{!J[sW^NQPSa_bÙL+TUPS]�b�� Ø J¡jKTONr]_N�P�V�V�\+]_TOL+TO\ª]_{!JSw�kMopP¡]_NQ`«TO\OviPSa�k�Y5PSH�P[j�e~J³YI\S�� Y�N��ST+\OoCJiota�\O]_b�Y5PSH�P[j�e�P�T ¶ e�P[w�YIJ¥jKJS]�w�`+{KZ��¥TOWXNQ\+a_T+\OZKNrb¸·xj�e~bKvSJi�_L+N��N8{Ka�T+kM]_{KNr\O]�TO\OZKNr\OW�TONQ\+W^]�otNQW
g
{!JiT�Y5PS�QPFZ�PjKJioKe�PSj�ZK\}YfkMTOZKPSLOT+\OZKNQ\XNw�\OvSJXJi]gwcP[w_ZKNQ\+viJK�

< �gf`�h� l¸»&-¨pº¶¨$ $ »&$&�"¶¨$
3�P�]gw�Ji�r\8�Q\+R+k|oM�rJMLO\+o|J9W^PS]�NQ\

M
�polw�¢Sa�kxWXJiRO\8{!Jia�bK]_TOPS�]_Nr`8{Ka�PSolw�kMLOTOZ�NQ\h!\OT}w�PSa_L+N�P�� . �QJMLO\+o¥{!J�e��[LOTOJSZtk^V�\+]�w>ZKNQ\�Y5PSR+op�FZKNQ\+a_JiT+LONQ�tvi�rNzY5�)ZKNrw_op�TNQZKZlk�WÓot�rJMLmotNr\OWÓJ�W^PS]�NQ\

m
�#3�Nrw_opP�{Ka_T+\+Y�NQ\+]_T+JiZ�P�V�\+]�w�{Ka�TO\+Tuota�PUYI`Oj�Ï]�w�JMe~b��pV�\�VfLOT+`O���%TuLONr`OROPSa_otNQ\+W
m
T+Y�Nr]�P}{!JiZ�J�YIJ��
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M
N¯ZKNQ\�{!JST+Y5P[��PW�b«]_{�P[j�PS�S���kCw�`X¨�bKZKoSL�V�`^Yfk�{!\�e~ZKNr�S�¬]gw�¢�eIW�bK]_NQPMe�{!J¥{!J�e~JSRO\OZ�NQb�Z�PZ�NQW ot�QJMLcopPqZKNQ\+LOJC]_Nr`bKviNQ�S�K6 w_J)V�\O]�w�w�JCZKNr\+Y�NrjKJMLOT+ZK\FbKvSNQ`OL+NQ\&LcH�Ppsa_PSolw�\+a�kM]�w�k�L+TOZK\}jK��PXY�NQ`+TO¢³Yu�x¦�PSR+ZKNQ\�V�]_TOP>V�\O]�wxZ�Nrw�o�P��æI|jKjKTONQPMe�bpV�\�JiZ�PV_P[oSJi�9Z�PXLONQ`+RUP[a_\Oo

m
ZKNr\>{!JST+Y5PS�QP�V_�SL>W�b"]_{�P[j�PS�%T>{!\pe�ZtkMWÛ{Ka_T�kM]_{KNr\�s]�TO\+ZKNQ\+W

g
��3�P[T+Y�N V�W�k|w_J�Z�PS{KNr`OL+NQ\�ZKNrw_oMNl�QNzw�\Oa_�

N
� 5 ¢�Y�ZKPSZKNQ\^3�\�Yfw�JiZ�Pj���P�Y�Nr]_TO�SLO\+viJ^L+NQ`+RUPSa�opP�V�\+]�wUÝ

ma = mg −NÜuj�k{!Ji{�P[w_a_T+kMW�kZ�P}jKJ³YIJi�rZtk&¨�a_PSviWX\OZlw�ZKNzw�otN ¶ a_¢�Y�Z�NQ\ORuZ�P}TOPSviNr`�sL+NQb¸·%Z�PS{�NQ`OL+N�P®ZKPCj�YI¢MLcH´oSJS KLUPSLcHnW�b�]_TU�qhlk��w�PSotNQ\&]�PSWX\S�ª�iPSopPSoSJS�zsY�Nr\Oo"a�¢iROZ�NQLOP){!J³YIJMjKJ³Y5PMe~PShtk�ZKNr\O]�oSJi KL+TOJiZK\�{Ka_T�kM]_{KNr\O]_T+\OZKNQ\ ¶ h!J)ZKNrw_opPV�\+]�wuZKNr\O]_oSJS KLOT+\OZKNr\}�Q\+oMo�Pl·���P)w�JZKJiZ�]_\OZ�]O� � P[w�\+W N¬ZKPjKa_b�viNQW�oSJi KL+bZKPS{KNQ`+LONr\xZKNrw_oMNMV�\+]�w
N
N�w�P}]�N©e�P�a_JiT+{!`OjKTOPXot�QJMLO\+o&Z�P}]gw�Ji�r\SÝ

Ma′ = NÑ8a_T+kM]�{KNQ\+]_TO\OZKNr\�LON�Pte�PXZ�P^]�w�JS�Q\%JiT+Z�PSL+T+kM�QNr�_W�k
a′
�êt¥P[W�kFj�Y5P)a_¢³Y5sZKPSZKNQ\æ3�\�Yfw�JSZ�PXjK�QP�j�YI¢MLcH�LONQPMe��KP}ZKNr\+Y�NQPSjKJiWX\|]���w�a_T�k!Ý

a, a′, N
��Ò��Q\Y|e~PS�_Z�NQ\}Y�NQ`+T+kS�0Z�NQ\Oa�JiTOL+N��tvS�QNëYIJi���}ZKNrw_otN�JSTOZ�PSL+TUP��¯R+\^{Ka_T+\O]�bKZKNQ`+LONQP�JShKbL+N�PMe�YÙw�kMWá]�PSW�kMWáL+TUP[]_NQ\x]_��a_¢�Y�Z�\S� 5 ¢�Y�ZK\xW�bK]_TO��hlk��uN�]_T�kMhKoSJi�_LON�NYIPSa�w_Ji�_L+N�{�a_T+kM]�{KNQ\+]_TO\O ��@t¥PSW�k)w�a_T+\OL+NQ\ua�¢�Y�Z�PSZ�NQ\[Ý

a = a′£¤\+a�PST5V�b�R�e�P[w�YIJ}a_JiT�Y�N��STOPS�xZ�PS]_T+\>a_¢³Y�Z�PSZKNQP�Ý
a = a′ =

mg

M +m
, N =

Mmg

M +m¦«kMZKNro�Z�Px{Ka_T�kM]_{KNr\O]_T+\OZKNQ\�YfkMvi���[j�P|wcPSo¸�OV_PSothlk�]_N©e~P
mg

a_JiT+{!`OjKTOPMe�PW^PS]�`
M+m

�¤Ò��r\¬{Ka_T+\OLONr\OR�JShKNQ\¬W^PS]�k�{!Jia_b�]_TUP�V_�f]_Nr`¬Y�a�¢iROZlkMLmH>otNQ\Oa�bKZ�so�PSLcH�°�h!\OT�¨©P[otw�kMLOT+ZK\OvSJ�a�JiT+Y�NQ�STUP[ZKN�P��iYfk�Z�NQo}ZKNr\�hlk¸e�htk}wcPSotN!JML+T+ktY�NQ]gw�kS�
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î�ûléüíë÷�ç�ñOìlíëú¤öuõUöuú�ì[ï���æ"û�ú�çcæ��ñUãiìtõ³ÿ�÷�í[ð�õUçcö>ñOíüï±äS÷*)9ûlð�ä�[æ8äSö>ñOèpñõUýlíëò�ñOìlízñqð�õUçcþ��ñUãiå´ö>ñUò�ä�æ¬ú�æ8ìE�Oï�ð�ç"ï�ú�ø�ûlð�ä�rä�ø�ñOþpõqõUþSð�úcÿ�éëõT�ìtú�ø¯÷�í���è�Qú�ø¤ó�ålìlþp÷�ø�í�íüè³ìtõUð�åUø��U÷cú�ø¯íëò�ï�ìlíëú�ìlíëúfñOï�õUöæ��æ+� 0 ñ+ø�÷�çmêcÿ�÷�íëú�øûlð�ä��ñ�æ8ä[þpõUìMñOìMñ8øôúcò�ï¤ç�ø�úcãiìtõUéüíüï�ú�è�õ9ö>ñOï�ú�ð�ízñ{rå�íMæ8ï�úcãiäxè�êcò�ï�õ³ÿ�îïgñ)øôúcò�ï}ò�ïgñ{�ñ>� Òo��æ8í�ò�íëê&æ8ï�úcãiäAõ®öuõUöuú�ìt÷�íëúFû�ú�çcæ��ñUãiìtõ³ÿ�÷�íìlý���ø�úcãiìtõUð�õ[ãiìtú�øþSåléüí�õ>ö>ñUò�íëú
M
í�ýlð�õUöxíëú�ìlíüå

R
õUûlðgñU÷mñ+ø��U÷cú�øò�íëê}æ0õUþ'�'�õ³ò�íýlð�çmúc÷*)tõ[ãiç/�U÷cúôø%ýlð�çmú�ç)ÿ�ð�õ[ãlú�þ 
 ý�õ[ãlõUûlìlíëú^æ8ñOéü÷mñæ8çcè³éëêcãlú�ö õ³ò�íÕò�ä[öuú�ï�ð�í í��ÈÒ)õ��cìMñ�ð�õUçcæ¬ñT��ñUîxöuõUöuú�ì[ïfû�ú�çcæ��ñUãW�ìtõ³ÿg÷�íKýlð�ê�ïgñ|æ8çcè³éëêcãlú�öÞò�äSöuú�ï�ðgñOéüìtú�ø 
 ñOéüû�õ|æ¬ñOéë÷mñ�æ8çcè³éëêcãlú�öÞõ³ò�íýlð�çmúc÷*)tõ[ãiç/�U÷cúôø¯ýlð�çmú�ç5ÿ�ð�õ[ãlú�þ 
 ñOéëúýlð�õ³ò�ï�õUýMñUãEQú�ø0ãlõ�õ³ò�í�ò�ä[öuú�ï�ð�íüíæ¬ñOéë÷mñ"íüï�ý���ÌÕð�çcäqï±äi÷*)«çmñ{Qõ��mú�ìlízñU÷<)�ýlð�õUûléëú�öÓø�úcò�ï�ø�å��)÷�çcäSò�ï�õö>ñOï�ú�ö>ñOï±äi÷�çcì[ä'�oÒ)õ��cìMñ}ç�ñOý�õUöxìlíëúcî�ãtõ^÷�çmú�è�õ)ò<rå��cäFöuõUöuú�ì[ïû�ú�çcæ��ñUãiìtõ³ÿg÷�í 
 í¸ìMñUãtñOé¸è�õxé íë÷�çcäiî2�Ì�ð�çcä[è³é��Uãtñ+ø��U÷xò�íëê�ó~õUð�ö�åléëú|ãlúCètìlíüåUø��U÷cú�ø

B 
 �ñOï±æ0õ�åtò�ïgñOéüíüö�ä 
 �múç�ñUò�ï�ê�ýlåUø��U÷æ�ò�çcäiò�ï�þ[íëúõ[ãiéëú�è�Qõ³ÿ�÷�í�ýlålìlþSï���æ«æ¬ñOð�ï�õ³ÿ�÷�í���ìMñ+ø�æ8íëê�þ��ò�ç/� é õUçcìMñU÷�çcö�äIø��
R é ålçcäiò�þ³ñOö�ä�æ8äSìlíüþ�öæ��æ8ízñU÷�äxõ[ãx÷�çmú�è�õöuõUöuú�ì[ïû�ú�çcæ��ñUãiìtõ³ÿ�÷�íMøôúcò�ï¬öxìtíüú�ø�ò�çcä��

B <
N
∑

i=1

mir
2ö>ñ$� = r2ö>ñ$� N

∑

i=1

mi =MR2
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è�ãiçcíëú)ò�ålöuêXæ�ò�çcäSò�ï�þSíë÷*)«ö>ñUò 
 ö>ñUò�ê^÷mñ{rþpõ�æ8íüï*��õUçcìMñU÷�çcä[éüíëÿ�ö�äýlð�çmú�ç

M
���Iézñu÷�íëú�ìlþSíëú�è�õuýlíëú�ð�ÿg÷�íëú�ìlízñ 
 þSï��Uð�ú�è�õ>÷mñ{�ñuö>ñUògñuò�þSå>�ýlíëõUìMñIø�úcò�ï8ìMñxõUû[æ0õ[ãiçcíëú 
 æ�õ[ãiéëú�è�Qõ³ÿ�÷�í R 
 ö>ñOö�ä��

B =MR2ñOéëúIãiézñ9æ�ò�çcäiò�ï�þSíë÷*)%íüìlì[äi÷*)�ò�äSï�åMñU÷�ø�í�öuõUöuú�ì[ï¬û�êcãiçcíëúIöxìlíëú�øôò�çcä��
B = αMR2è�ãiçcíëú

α
ý�õUçmõ³ò�ïgñ+ø��U÷�äAõ³ò�ïgñOï�úc÷�çcìlíëúFãlõ®æ8ä[çcìMñU÷�çmú�ìlízñ®éüíë÷�çcû�õ�æ8äæ�ò�ý¤�'Q÷�çcäSìlìlíüþ�öxìlíëú�øôò�çcä�õ[ã|ø�úcãiìtõ³ÿ�÷�í��

0 ñOï�ålðgñOéüìE��ãið�õUè'��ãlõ�õUûléüíë÷�ç�ñOìlízñ�öuõUöuú�ì[ï���æ«û�ú�ç�æ@�ñUãiìtõ³ÿ�÷�ípøôúcò�ïï�çcæ+�ÕðgñU÷*)[ålìtú�þ�÷mñ{rþpõ�æ8ä 
 í�öuõ��cìMñ|û[ä>ï�ú�ì�ýlð�õUûléëú�ö õ[ãEQõ��cäiî5ìMñý¤��Ïcìlíëú�ø 
 ñOéëú é ï�ðgñOþ[ï�åUø��U÷uï�õ�ï�ð�õ[÷*)têfø�ñOþpõ}÷�íüú�þ³ñmæ0õ³ò�ï�þpê é ãiézñþSíüéüþ[å�ýlð�õ³ò�ï�äS÷*)¥ûlð�ä��ý�õUþ³ñT�mú�ö�ä"ú�éëú�öuú�ì[ïgñOð�ì[ä¥ò�ý�õ³ò��Uû®õUûléüíë÷�çmúC�ìlízñ 
 õUöxí ø�ñ+ø��U÷�ä�ý�õUï�ð�çmú�û�ê9÷mñ{rþpõ�æ¬ñOìlízñ>�
� b ��e �
�õUçcæ¬ñT�cö�ä"æ¬ñOéëúc÷�õXýlð�õUöxíëú�ìlíüå

R 
 æ8äSògõUþ�õ³ÿg÷_í h í¯è�êcò�ï�õ³ÿ�÷�í ρ �,FäSãiçcíëú�éüö�äqæ0ú�æ8ìE�Oï�ð�ç)ìlíëú�è�õ"öxìlíëú�ø�ò�çcäqæ¬ñOéëúc÷^õFýlð�õUöxíëú�ìlíüå
rï±æ0õUð�ç/�U÷�ð�ålð�ê2��Ò)õUöuú�ì[ï0û�ú�çcæ��ñUãiìtõ³ÿ�÷�í�÷mñ{Qú�è�õ�æ¬ñOéë÷mñ8ø�úcò�ï0ò�ålö��öuõUöuú�ì[ï�å�û�ú�çcæ��ñUãiìtõ³ÿ�÷�íöxìlíëú�ø�ò�çmú�è�õæ¬ñOéë÷mñ&í8ð�ålð�ä 
 æ8íëêc÷�öuõT�öuú�ì[ïògñOöuú�ø¬ð�ålð�ä�æ8äSìtõ³ò�í��

α(πR2hρ)R2 − α(πr2hρ)r2 = απhρ(R4 − r4)

v�õUð�çcäiò�ïgñ+ø��U÷�ç�ï�õ��mògñOöuõ³ÿ�÷�í��
R4 − r4 = (R2 − r2)(R2 + r2) 
ýlð�çmú�ýlíëò�åUø�ú�ö�ä�öuõUöuú�ì[ï�û�ú�çcæ��ñUãiìtõ³ÿg÷�í!ð�ålð�ä�æ�ý�õ³ò�ïgñU÷�í��

B
ð�ålð�ä

= α(π(R2 − r2)hρ)(R2 + r2)

í éëúIæ8íëú�éüþ�õ³ÿgîIæªìMñmæ8ízñUò�íëú2�
(π(R2 − r2)hρ)

ï�õ|ý�õ�ýlð�õ³ò�ï�å�ö>ñUò�ñð�ålð�ä'� 0 ñOçcæ8í ø�ö�ä�ø��
M
ð�ålð�ä ��Ò&ñOö�ä%æ8íëêc÷2�

B
ð�ålð�ä

= αM
ð�ålð�ä

(R2 + r2)

,Fýlðgñmæ�ãiçcíëúuìMñUãtñOé¤ìlíëúuæ8íëú�ö�ä&íüéëúuæ8ä[ìtõ³ò�í
α 
 ñOéëúxç�ñ�ï�õ�æ8íëú�ö�äíüéëú�æ8ä[ìtõ³ò�ítöuõUöuú�ì[ï¤û�ú�çcæ��ñUãiìtõ�ÿ�÷�í�ð�ålð�ä|ìlíëúcò�þpõ�Ñt÷�çmú�ìlíëú�÷�íëú�ìlþ[íëú�øãiézñuþSï��Uð�ú�ø

r = R

^Ì�õ%ýlð�õ³ò�ï�å

M
ð�ålð�ä

R2
�^Ì�õUð���æ8ì[åUø��U÷�ï�ú�ãiæ8ñæ8äSìlíüþ[í��
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M
ð�ålð�ä

R2 = αM
ð�åtð�ä

(R2 +R2)æ8íëãiçcíüö�äFìMñOï±äS÷*)löxízñUò�ï 
 �mú>ãiézñ�æ¬ñOéë÷mñXõUûlðgñU÷mñ+ø��U÷cú�è�õ)ò�íëêuæ0õUþ'�'õ³ò�í
α = 1

2

�	ÎKñOï�ú�öA�
B æ¬ñOéë÷mñ = 1

2
MR2

Ã m{� �
��õUçcæ¬ñT�cö�äfýlð�ê�ï�õUûlðgñU÷mñ+ø��U÷�ä�ò�íëê�æ0õUþ{�'tõ³ò�í[ýlð�çmúc÷*)tõ[ãiç/�U÷cú�ø!ýtð�çmú_çø�ú�è�õ"þpõUìlíëúc÷^í�ýlð�õ³ò�ï�õUýMñUãEQú�ø�ãlõ�ýlð�ê�ïgñ>� 0 íëúc÷*)AãErålè�õ³ÿ�î^ýtð�ê�ïgñæ8äSìtõ³ò�í

L 
 ñ�ö>ñUògñ|øôúcãiìtõ³ò�ï�þSí�ø�ú�è�õ}ãErålè�õ³ÿ�÷�í λ �NÎ¥ý�õ[ãlõUûlì[äi÷*)ø�ñOþ)ãiézñ�æ¬ñOéë÷mñ�ý�õ�æ0õ[ã���æ 
 ø�ú�è�õ�öuõUöuú�ì[ï�û�ú�çcæ��ñUãiìtõ³ÿ�÷�í¤öuõ��cìMñç�ñOýlíëò�ñUîfæªý�õ³ò�ïgñU÷�í��
B = α′ML2

Ì�ð�ê�ï¬ï�ú�ì�öuõ��cìMñõ�QæAö�äiÿ�éüí � ý�õ[ãiçcíëú�éüíëîfìMñ�ýlð�ê�ï¬ýlð�çcäSéëú�èpñ+ø��U÷�ä�ãlõõ³ò�í¬õ)ãErålè�õ³òg÷�í
l < L

í¬õ[ãl÷�íüìtú�þ¥õ&ãErålè�õ³ÿ�÷�í
L − l

�%Ò)õUöuú�ì[ïû�ú�çcæ��ñUãiìtõ³ÿg÷�í!ï�ú�è�õuõ³ò�ïgñOï�ìlíëú�è�õuæ8äSìtõ³ò�í��
α′LλL2 − α′lλl2 = α′λ(L− l)(L2 + Ll + l2)è�ãiçcíëú�ò�þ�õUð�çcäiò�ïgñOéüíëÿ�ö�ä�ç�æ8çmõUð�å�ìMñ¬ð����cìlíë÷cêÕï�ð�çmúc÷�íë÷*)9ý�õUï�ê�è���,ýlð�õT�æ¬ñUãiç�ñ+ø��U÷�ãlõxý�õ�æ8äW�mò�çmú�è�õxæ8çmõUð�åXö>ñUò�êfõ[ãl÷�íüìlþ³ñ>�

M õ[ãl÷�íüìlþ³ñ = λ(L− l)ãlõ³ò�ïgñ+øôú�ö�ä��
B õpãt÷_íüìlþ³ñ = α′M õ[ãl÷�íüìlþUñ (L2 + Ll + l2)âfãiä�õ[ãl÷�íüìtú�þ�ò�ïgñ+ø�ú5ò�íëêf÷cõUðgñOç�þSð��Uï�ò�çcä

(l→ L)
÷mñ{�ñ5øôú�è�õxö>ñUògñø�úcò�ï9æÔò�ïgñ{Qú�ø9õ[ãiéëú�è�Qõ³ÿ�÷�í

L 
 æ8íëêc÷>öuõUöuú�ì[ï�û�ú�çcæ��ñUãiìtõ³ÿ�÷�í 
 û�êC�ã��U÷®ãtñOì[äný�õ�æ8ä��mò�çcä[ö×æ8çmõUð�ú�ö 
 ö�åtò�í�ç�ñOðgñOçmú�ö û[äSî�ð���æ8ì[ä��
B õ[ãl÷�íüìlþ³ñ = M õ[ãl÷�íüìlþUñ L2 � F¯ä®ìlíëú�û[ä�QõFò�ýlð�çmúc÷_çcìtõ³ÿg÷�íö�åtò�íõ[÷�çcäSæ8íëÿ�÷�íëúfû[äiî2�

α′ = 1/3
í!õ³ò�ïgñOï�úc÷�çcìlíëú2�

B þpõUìlíëúc÷fýlð�ê�ïgñ = 1
3
ML2

âfãiäfõ[ãl÷�íüìtú�þ�õUûlðgñU÷mñò�íëê�æ0õUþ'�'lõ³ò�ípýlð�çmúc÷*)tõ[ãiç/�U÷cúôø!ìlíëú�ýlð�çmú�ç¯þpõT�ìlíëúc÷ 
 ñ¬ýlð�çmú�ç¯ÿ�ð�õ[ãlú�þ 
 öuõ��mú�û[äiîÕý�õUï�ðgñOþ[ï�õ�æ¬ñOì[ä¬ø�ñOþ5ãiæ¬ñ8õ[ãl÷�íüìlþSí
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õ�ö>ñUò�íëú

M/2
íÕã�rålè�õ³ÿ�÷�í

L/2
þUñT�mãiä 
 ñ�ï�õ�ò�ý�õ�æ0õ[ãiåUøôúê�múIøôú�è�õöuõUöuú�ì[ï%û�ú�çcæ��ñUãiìtõ³ÿ�÷�í�æ8äSìlíëúcò�íëú2�

2 × (1/3)(M/2)(L/2)2 =
(1/12)ML2

�
B ÿ�ð�õ[ãlú�þ�ýlð�ê�ïgñ = 1

12
ML2

� O � b
0 íüö�õUûléüíë÷�çcä[ö�ä

B
ãiézñuþSåléüí 
 çcð�õUûlíüö�äXï�õ�ãiézñ%÷�íëú�ìlþ[íëú�øý�õ�æ�QõUþSíòôó~ú�ð�äS÷�çcìtú�ø¯õ9ýlð�õUöxíëú�ìlíüå

R
� 0 ñOçcäSæ¬ñ+ø��U÷Iõ³ÿ0õUûlð�õUï�å�õ³ò�í��

Z 
 öuõT��mú�ö�ä}ãiézñuõ[ãiéëú�è�Qõ³ÿ�÷�í
ri
þUñT�mãlú�è�õ%ú�éëú�öuú�ì[ï�å&òôó~ú�ð�ä�õuæ�ò�ý¤�'rð�çmúcãW�ì[äi÷*)

x, y, z
ìMñOýlíëògñUî%ï±æ8íëú�ð�ãiçmú�ìlíëú�ÌÕíüïgñOè�õUðgñUògñ>�

r2i = x2i + y2i
�

ì[ålö>ñ}ïgñOþSíë÷*)�þSæ¬ñUãiðgñOï���æÔõ[ãiéëú�è�Qõ³ÿg÷�í0öxìtõ��mõUì[äS÷*)¥ýlð�çmú�ç�ö>ñUò�äú�éëú�öuú�ì[ï���æ®ð�õUçcûlí ø�ñò�íëê�ìMñãiæ¬ñò�þ��ñUãiìlíüþ[í��¸ç
x
�±ñOöxíSí

y
��þ³ñOöxí���ì>�õUìtú�ç�õ[÷�çcäSæ8íëò�ï±äS÷*)^ý�õ�æ0õ[ã���æ´ð���æ8ìtú�ò�õUûlíëú¦�Qý�õuå[æ8çcè³éëêcãiìlíëú�ìtíüå÷mñ{Qú�ø5ò�ó�ú�ð�ä � � & ñOþSíÕò�ñOö3ð�ú�çcåléüïgñOï9ãtñ{Qõ�û[äXý�õ[ãlò�ïgñmæ8íëú�ìlíëú

z
�`��æ 
æ8íëêc÷5ò�ålö>ñ9ç

x
�±ñOöxí�í

y
��þUñOöxíKæ8äSìtõ³ò�í Ó �X��ò�ålö�ä>ç5þ�õUö�ûlíüìMñU÷�ø��>�

x2i + y2i + z2i
�

∑

mi(x
2
i + y2i ) =

2

3

∑

mi(x
2
i + y2i + z2i )

0 ñqöuõ[÷�äªï±æ8íëú�ð�ãiçmú�ìlízñ�Ì�íüïgñOè�õUðgñUògñ«ò�ålö>ñCï�ð�çmúc÷*)´þSæ¬ñUãiðgñOï���ææ�ò�ý¤�'rð�çmêcãiì[äi÷*)Cï�õ)ý�õ)ýlð�õ³ò�ï�å®þSæ¬ñUãiðgñOïxýlð�õUöxíëú�ìlízñ
R 
 í8õ³ò�ïgñ��ï�úc÷�çcìlíëú2�

B ý�õ�æ�QõUþSí = 2
3
MR2

îIã�ï�ú�è�õ¥öuõUöuú�ì[ï�åªý�õ³ò�ï�ê�ý�õ�æ¬ñOìlíëúFãiézñ"þSåléüí¯ø�úcò�ï�ñOìMñOéëõUè³íë÷�çcìtúø�ñOþXãiézñ�æ¬ñOéë÷mñ>�r,Fýlð�õ�æ¬ñUãiç�ñ+ø��U÷|ìlíëú�çcìMñOì[ä)ìMñOðgñOçcíëú|æ�ò�ý¤�'Q÷�çcäSì>�ìlíüþ
α′′ æ8ä[ðgñT��ñOö�ä"öuõUöuú�ì[ï|û�ú�çcæ��ñUãiìtõ³ÿ�÷�í�Ð V�LZJq�9� Ë X��,���Í[ºcbÎ õýlð�õUöxíëú�ìlízñU÷*)��
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F⊥

�C�S\�V�a_PSW^Nr\OZKNr\+WÓV�\O]�w √
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√
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�¨��g�h� � -�·¹%²��+�?�$�j3n@-q³rpB$��¨l�j]k¨pdi
µ�N©eQkvSa�PUY�NrwcP[L�V�N�j�TON�Pte�P�V_��Z�P}opPSR+j�kF\O�r\OWX\OZlw9hKa�k�eQki�SV�\O]gw�NQLcH"ZKNr\O]me�kMLcH�PpsZKNQ\}jKbKROJ��cIxh��QNrLOTO\+ZKNQ\}]�bKW�kCW^JiWX\+Ztw�¢³Y�w�kMLmH�]_N�e�YfkMj�PUY5PS�)]�NQ`XWXJiRO\w�a_b�jKZK\S�¸P[�Q\|{�J}{KNr\Oa�Y�]�TO\[��YILOPS�Q\|wcP[o&Z�NQ\�V�\+]�wU��{!J�Yfw�¢Sa_\xw_a_TO\+h�P�w�J}T+a_J[shKNQ�[�
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x, y
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Y
YfkMhKNr\Oa_PSW�kC{KNQJiZ�J�YIJ"jKJ¥vi¢Sa�kS�

t�JiWX\OZlw)]�N©eQk
Fy = −mig
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�8YfkMZKJi]�N�Ý

Ni = −migxi
�P®WXJiWX\OZlw�LUPte~oSJ[sY�Nrw�k�Ý
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N LUPte~o = −Mgx ��a
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Bω∆ω = N LOPMe~o ∆φ�S\+RO\+�QN5w�\+a�PST

ω
{!J��Q\�YI\�V}]gw�a_JSZKNQ\TUP[]�wc�t{KNrW�kA{Ka�TO\+T

∆φ/∆t
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� b � b n � jYm'e b �`hqe
¦ V�\OjKZlkMWÐT|{!Ji{Ka_T+\OjKZ�NQLcH"a�JiTOjKT+N�PMe�¢�Y�hKPSj�PS�rNQ�_W�kXa�bKLcHFw_T+Yu�8Y5P[H�PSj�e~PW)P[w_\OW^P[w�kMLOTOZ�\OviJ����S\OvSJ)ZKPpV�h��QNQR+]_TO�Xa�\UPS�rNQTOPSL�V_��{Ka_PSolw�kML+TOZ�����olw_¢ia_\�V¬V�bKRZKNQ\�j�P�]_Nr`IbKjKJS]_oSJiZKPS�QNr�S�cV�\O]�w¬otbK�ropP�J�{Ka_JiWXNr\OZKNrb

R
TOP³Y�Nr\O]_T+JiZ�P�Z�P�ZKNzw�L+\JFw�PSotNQ\�V|j�e~bKvSJi�_L+N��ÕRO\}JMjK�r\OvMe~Ji�����_a�J�j�opPFotbK�QN¬JMjCJi]_N¬JihKa�JSw�bqYfkMZKJi]�N

l
��iPSotN�V�\O]gw9w_\Oa�P[TuJiota_\+]9JihKa_J[w�b wt�JiWX\OZlw^h!\OT+Y|e~PSjKZKJS�_LON9Y�TOvS�Q`Oj�\OW w�\�VXJi]_N�j�P�V�\"w�YfNQ\Oa�jKTO\+ZKNQ\¥µMw�\msNQZK\+a�P�Ý

B =Ml2 +
2

5
MR2

t�JiWX\OZlw9]�N©eQk&LONQ`+ROoSJS�_LON±Ý
N = −Mgl sinφÑ8a�PUYIJ}j�k�ZKPSWXNQotN!Yfk�a_PSRUP�{Ka�T+kM]_{�NQ\+]_TO\OZKNr\uop�pw�J³YI\x{Ka�TO\OTxNr�QJia_PST�WXJ[sW^\+Z�w�b�]_N�e�k¡NxW^JSW^\+Ztw�b§h!\+T+Y|e~PSjKZKJi��LON±� � P[o�e~PSj�P�V_�SL[��RO\«PSWX{K�rNzw�bKjKPY5PSH�P[ &V�\+]�wuZKNQ\�Y�NQ\+�QopP)N¬]�NQZMb�]xW^JiR+\�hlkM�}TUPS]gwc�t{KNrJiZtk¥op�pw�\OW Y�W^Nr\Oa_T+\e~bKoSJ³YI\�V+��jKJi]gwcP�V�\OW�k!Ý
ε = − gl

l2 + 0, 4R2
φ
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Ñ8a_T+kM]�{KNQ\+]_TO\OZKNr\ ¶ op�pw�J�Y�\³·5{Ka�Ji{!Jia�L�V�JiZKPS�QZK\V�\O]gw9jKJ�YfkMLmHlkM�Q\OZ�N�P ¶ o��psw_J�YI\+viJt·�T+\�TOZKPSotNQ\OWÛWXNQZtbK]O�¸a_bKLcHXV�\O]gw�Y�Nr`OL%H�PSa�W^JiZ�NQLOT+ZtkFT%Jiota_\+]_\OW"�olw_¢ia�k®jKJi]gwcPSZKNr\OW�k¥T�{Ka_T�k�a�¢�Y�ZKPSZKN�P&w�\+viJY�]_{!¢Me~LOT�kMZKZKNQo�P"jKJY5PSagw�Ji��LON

4π2/T 2
V_P[opP%TUP³Y�]�TO\|LmHKPSa�PSolw_\Oa�kMT+bpV�\xa�bKLmH&H�P[a_WXJiZKNQL+TOZlki�8Ñ8a_J³Y5PSj�TON!w�Jj�JKÝ

T = 2π

√

l

g
×
√

1 +
2R2

5l2I|]�wcPpw�ZKNK{KNr\Oa�YfN�PS]gw�\OofV�\O]�w�LOT�k�Z�ZKNQotNr\OW3{Ka�TO\+T¬V_P[oMN�w_a_TO\+h�Pu{!JSW^ZKJSR+kM�JSoMa�\O]�Y5PSH�P[j�e�P}W)P[w_\OW^P[w�k�L+TOZ�\OviJXJXj�e~bKvSJi�_L+N
l
��htkjKJi]�w�PS�>{Ka_P³Y�jKT+NrYfkJSoMa�\O]�YIPSH�PS ��®Ñ¯JiWXNQZKNr`OL+NQ\�w�\+viJ®{Ka�J�YIPSjKTON�e~Jihlk�jKJ®h!e~`Oj�b��®Ñ�a�T+k«{Ka_JpsWXNQ\+ZKNQb

R
j�TONr\O]_Nr`OL+NQJiota_J[w�ZKNr\�W^Z�NQ\�V�]�T+kMW JMj

l
���rNQLOT+h!J�YIP«YIPSa�w�JS�_�¥w_\�V{!JS{Ka�PUY�oMN8YfkMZKJS]_N √

1, 004 = 1, 002
�¤L+T+kM�QN#s�� x �&�^Ñ8a_T+kqYfkMT+Z�PSLOTOPSZKNrb

g
��ZKP�{�a_T+kMoKe�P[j���TUPSZ�NQ\+jKh�PSZKNr\9w_\OviJ�\�¨�\Oolw�b&jKJi{Ka�J�Y5P[jKTON�e~JihlkXjKJ%YfkMZKNrotb
9, 77

W zp]
2
��TUP[W^NQPS]�w v � U yS��GIT+kXw�J�jKb�ROJK��LOT�k)W^PMe~Jê6 W^JSROZ�P%j�k�]�otb�w�J[sYIPS�S��PS�Q\�wcP[oXL+T+k^NQZKPSLOT+\�V+��j�JihKa_T+\�V�\O]�w5b�W^Nr\O�9{!Ji�QNrLOT�k��9w�PSop�%{!Ji{Ka_P³Y�oS`[�

¦ ��j � p�e���h S e�m O �'� j M �
5 JiT�Y�N��ST�ktY5PS�QNr�_W�kFTOPSj�PSZ�NQ\%J&j�Y�¢MLmHqot�rJMLmo�PSLmH���T�olw�¢iagk�LcH^V�\Oj�\OZq�r\ORUPteZKP�]gw�Ji�r\S�KP�j�a_bKviN�T�Y�NQ]_PMe�Z�P�ZKNzw�LO\�N�viJ�L+N��tviZ��te��0¦ {!JMjKJihKZ�\�V5]�ktw_b�PSL�V�Na�JiTO]_�SjKZK\8V�\O]gwIbKR�k���hK�QJML+TOopP���a_PSj�kMopP[�QZKNr\9T+W^ZKNr\�V�]�TUP�V_�SLO\+viJ>w�PSa_L+NQ\�ZKNrw_oMN±����QJMLOT+\Oo)Y�{!e�ktY5PXZ�P�YIPSa�w_Ji�_�u{Ka_T�kM]_{KNr\O]_T+\OZKN�P}oM�rJMLmoS¢³Yu�Ñ8a_`Oj�oSJi�_�)ZKNzw�otN8a_¢³Y�Z�P�V�\O]gw�{Ka�`OjKo[Ji�_L+N�hK�QJML+TOo�P"Z�P"JihlYIJMjKT+NQ\S�KV�\O�_�rNV�\+viJ^{�a_JiWXNQ\+ �V�\+]�w

R
�¸{Ka_`+jKoSJi����op�[w_J�Y5P}YfkMZKNr\O]�NQ\SÝ

ω = v/R
��u8ZK\Oa�viN�PotNrZK\+w�kMLOTOZKP^JShKb"ot�QJMLcoS¢�YÔNÕhK�rJMLOT+opP�YfkMZKNr\O]_Nr\SÝ

E oMNrZ = 1
2
(M +m+B/R2)v2

Ñ¯J³YfwcPSa�TUP�V_�SL�h�NQ�QPSZK]}\OZ�\Oa_vSNQN�NrjK\OZlw�kML+TOZKNr\�V_PSoª{!Ji{Ka�TO\Oj�ZKNQJK�Ivij�k�ZKNrw_opP���QNrTOvlPMe~P}]_NQ`%{!J)ota�P³Y�`OjKT+N0]�w�JMe~b���j�Ji]�w�PSZKNQ\+W�k"ZKP^Y5P[a�w�JS�_��{Ka�T+kM]_{KNr\O]�TO\�sZ�N�P�Ý
a =

mg

M +m+B/R2

� j � p�eEh S eúdfjYm�ÄEgih S dfj �'� � � e �
u8ZK\+a_viNr`�otNrZK\+w�kMLOTOZK�%w�JMLOTO�SL+\�V�]�NQ`9hKa�k�eQkXJihKa_J[w�J³YI\�V�W^JiR+Z�PuYfkM�QNrLOT�k���Z�Pj�Y5PA]_{!Ji]_JShtkS� t"JiROZ�PA]�oSJia_T�k�]gwcPS�CT®b�jKJ�Y�JMjKZKNQJSZK\OviJ�YI\¥YILOT+\O�_ZKNr\�V�s]�T+kMLcH�a_JiT+jKTONQPMe~PSLmHyw�Y�NQ\+a_jKT+\OZKNQP���R+\�\+ZK\+a_viNQP¡oMNrZK\+w�kMLOT+Z�P�V�\O]gwCa_¢�Y�ZKP
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]_bKWXNQ\&\OZK\+a_viNrN5otNQZK\�w�kML+TOZK\�VXLUPte~Ji��LONfN5\+ZK\Oa�viNQN5otNrZK\+w�kMLOTOZ�\�V}YábKoKe~PSjKTONr\�_a_JMj�opPnW)P[]�ki�áÜxj�k {Ka_JSW^Nr\O §hKagk¸eQk�V�\O]gw

R
��w�JML+TO\+ZKNQ\Ch�\+T�{!Ji�_�rNQTOvSbJiTOZ�P[LOTOPXRO\

ω = v/R
� � P[w�\+Wá{!\pe~ZKPX\+ZK\Oa�viN�P�otNQZ�\+w�kMLOTOZKP�Ý

E otNQZ = Mv2

2
+
Bω2

2
=
(M +B/R2)v2

2t�JiR+Z�P%w�\OR�{!JSw�a_PSolw�J³Y5PS��w�JML+TO\+ZKNQ\�V_PSoSJ�JShKa_¢Sw�YIJSoS¢�eÕLmHlY�NQ�rJ�Y�\�V�Ji]�NJihKa_J[w�b%{Ka�TO\+LmH�JMjKTU�SL+\�V¯{Ka_T+\OT�{KbKZKolw0]�w�kMotb�T�{!JMj!e~JiR+\OW"�SP�Y�Nr`OLJMjK�r\Ov�e�\�VJMj���a_JMjKo�PqJ
R
� � viJMjKZKNr\)T&£¤Y�Nr\Oa�jKTO\+ZKNQ\+W µMw�\+NQZ�\Oa�P¥jKJi]�w�PpV�\&]�NQ`&jK�QP\OZK\+a_viNrN�otNQZK\�w�kML+TOZK\�V+Ý

(MR2 + B)ω2/2 = (M + B/R2)v2/2
��P�Y�Nr`OLY�]_T+kM]�w_oiJ)]�NQ`xTOvlP[jKTUP���S\O���QNMhKagk¸e~P�]gwcPSL+TUP�]_Nr`�TIa_¢³Y�ZKN�J�YfkM]_JSoSJi�_LON

h
NMj�e~b�viJi�_L+N

l
�iZKP�olw�¢Sa_\�VY3JMj��Q\OvMe~Ji��LON

x
JMj�{�bKZKolw�b«JMjKZ�NQ\+]_NQ\+ZKN�P&\+ZK\Oa�viNQP{!JSw�\+ZKL�V_PS�rZ�P&YfkMZKJi]�N�Ý

−Mgxh
l

�KhKNQ�QPSZK]5\+ZK\Oa�viNQN�j�P�V�\SÝ
(M +B/R2)v∆v =Mg

h

l
∆x

LOJ}{!J}TUP[]�wc�t{�NQ\+ZKNQb{Ka_`+jKoSJi��LON
v
{Ka_T+\OT

∆x/∆t
N�{!JMjKT+NQ\+�Q\OZ�NQb{Ka�TO\+T

∆xj�P�V�\SÝ
a = g

h

l

1

1 +B/(MR2)Ñ�a�T+kT+]_blY5PSZKNrb"]_Nr`xLONQPMe�P�h!\OTxwcPSa�LONQP�N�h!\OTxJihKa_J[w�b��K{�a_T+kM]�{KNQ\+]_TO\+ZKNQ\uYfklsZKJi]_N±Ý
gh/l = g sinα

��vij�TONQ\
α
V�\+]�wxo��[w�\+W Z�P[LmHlk��r\OZ�N�P���£¤JMLOT+\OZKNr\�]_{!J[sY5PS�rZKN�PqY�NQ`+L¥a_bKLcH�� Ø �QP«otbK�rN9{Ka_T�k�]�{KNQ\+]_T+\OZKNQ\¥w_JMLOTO\+ZKN�PV�\+]�w&WXZKNQ\�V�]_T+\JMj¥{Ka_T�kM]_{KNr\O]_T+\OZKN�P)T+]_blY5PSZKNQP^J)LOT�kMZKZKNQo 1

1+B/(MR2)
= 5/7

� Ø ��P}Y5P[�QLUPJALOT�k�Z�ZKNQo x z ü � Ø ��P«hKa�k�e�knYfkMjKa��SR+JiZK\�V&]_{!J³YIJi�QZ�NQ\OZ�NQ\�h!`+jKTONr\¥Y�NQ`+ois]_TO\[� Ø ��PuLONQ\+ZKotNQ\�Va�bKa�k}{Ka�T+kM]_{KNr\O]�TO\OZKNr\�w�JML+TO\OZ�N�P>T�a�¢�Y�Z�NiV�\+]�wIj�YIP%a�PST�kW^ZKNr\�V�]�TO\xJMj"{Ka_T�kM]_{KNr\O]_T+\OZKN�P}TO]_blY5PSZKNQP��
�X(�� � 2%< ª�:��Ó@qB�DFE
�¨�§����� � -�·¹%²��+,¯	Ø²±�´©¨�n�k�j]k
. w_¢iR%T�Z�PS]�ZKNr\%YfNQjKT+N�PMe¯Y.w�\O�r\+Y�NrT�V�N¤{!Ji{�NQ]_¢³Y.wcP[ZKLO\+a_\Oo"Z�P)�rJMjKTONr\S�9£¤bTUPSNrZtw_\Oa_\+]_bpV_��Z�PS]�{�NQa_b�\+w�ki� � kMR�Y�N�PSa�opP¥{Ka_PSLU��ZK¢iv�Y�{Ka_P³Y�NQP�]_NQ`XY Y�Nësa_J�YIPSZKNr\�V_PSo"Z�P�V�]_T+kMhK]�TO\�Y�{!JST+kML�V�N0T�a_JiT+]�w�P³Y�NQJSZtkMWXN¯]_T+\Oa_JSoSJFZKJivlP[W^NNYfkMLON��tvSZKNQ`�w�kMWXN{�JSTONrJiW^J�a_PSW^NrJiZKPSWXN©� u TOZ�PUY�]_T�ki�R+\>V�bKR&JS]_N��tvSZK`pe~P
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W^PSot]_NrW�bKW"���_L+N��tvlP&v[Y5PMeQw�J�Y�Z�NQ\�N¬ZKJivSN¬N¬a_PSWXNQJSZ�PuV_PSo�Z�P�V�hK�rNQRO\�V�w�b!e~J[sY�NQP����S\�V5{�a_`Oj�oSJi�_�uo��[w�J³Y5P�Y�NQa_J³Y5PSZ�N�P%vSY5PMeQw�J³Y�ZKNQ\�{Ka_T�k)w�k�W Y�T+a�PS]�w�P��£¤J}Y|e�P[�_ZKNr\IV�\O]gw�{�NQa_b�\+wU�¦ JihKby¨©PSTOPSLcH.a_bKLcHMb��>w©V+��Z�P�V�{KNQ\+a�YÚTAa_JiT+]�wcPUY�NQJSZtkMW^N>oSJi KL+T+klsZKPSW^N±��{!J[w�\OWáTujKJi]gwcP³Y�NrJiZlk�WXN�WXJiR+�QNzY�Nr\|h��QNQ]�oSJ}Ji]�NÕJih�a_JSw_b���e�kMR+Y�NQPSa_o�PW^P)bK]�w�PS�QJSZ��)YIPSa�w_Ji�_��WXJiWX\OZlw�b®h!\OT�Y|e�P[jKZKJi��LON���PS�r\�w_\�j�Y�NQ\�Y5PSagw�Ji��LON]_�¥ZKNr\+Y5�pw�{K�rNrY�Nr\Xa�¢iROZ�\S��t�JiWX\OZlw�h!\+T+Y|e~PSjKZKJS�_LON�Y ¨©PSTONr\^jKa�bKviNr\�V5V�\+]�wWXZKNr\�V�]_T�ki�� h�PSj�P�V�W�k&V_P[o�TOWXNQ\+ZKNQP�]�NQ`){�a_`Oj�oSJi�_�op�pw�J³Y5P®h�a�k�e�kS�8vij�k«jKJioSJSZ�P]�NQ`xY.Z�NQ\�Vf{Ka�TO\+W^Nr\O]_T+LOT+\OZKNr\%LOT+`O�_L+N¯W^PS]�kS�¸{�a_J�YIPSjKTU�[LO\%jKJXTOWXN�P[Ztk&W^JpsWX\OZlw�bFh�\+T+Y|e~PSjKZKJS�_LON±�Iµ�oSJSa_T+kM]gwcPSW�k&w�kM�QoSJ}Txw�\+viJ}LOJ}Y�Nr\OW�ki�KR+\>{�a�PSLOP]�N©e¤{Ka�J�YIPSjKTONÕjKJ�Y�TOa_JS]�w�b�\+ZK\Oa�viNQN�otNQZ�\+w�k�L+TOZ�\�V+�Ñ¯J&w�Jhlk¥]_{Ka_P³Y�ZKNr\�{Ka_T+\O{Ka�J�Y5P[jKTONr��w�\OZqhKNr��PSZK]�a_JSTO]�TO\Oa�T+kMW�kCP[a_vib�sWX\OZlwcPSL�V�`S��{Ka_J³Y5PSj�TU�SLO�"jKJFYfkMa�P[RO\+ZKN�PF{Ka_T�k�a�Ji]�w_b�olY5P[jKa�P[w_b�Y�Nr\O�QoSJS�_LON{�a_TO\+Txw_`�Y�NQ\+�QoSJi���

(∆w2 = 2w∆w)
��Z�P�{Ka�T+kMa_Ji]gw�NQ�rJMLOT�k�Ztbj�YI¢MLmHFa�¢iR�sZlkMLmH"Y�NQ\+�QoSJS�_LON±Ý

a
N
b
�

∆(ab) = (a+∆a)(b+∆b)− ab = a∆b+ b∆a+∆a×∆b�iPSo§Y�Nr\O�rJiota_JSw_ZKNQ\C{�JMj�oMa�\O����PS�rNQ��W�kS�x{Ka_T�kÙh�PSj�PSZ�NQbÔ{Ka�T+kMa_Ji]gw�¢³Y YWX\OLcH�PSZ�NQL+\S�9Z�NQ\+TOh!`Oj�ZtkMLmH�j�JªJiota_\+�_�Q\+ZKN�P�LcHtY�Nr�QJ³YI\�V^{Ka_`+jKoSJi��LON±��{Ka�T+kls]�{KNQ\+]_T+\OZKNQP��8Nrw_{��®Nr�QJMLOT�kMZtk«{Ka�T+kMa_JS]�w�¢³YÓZKNQ\^W�b�]_TU�¥N h S e QTlªblY�TOvi�r`Oj�sZ�N�PSZK\[� Ø ��Ppw�\OvSJ}{KNQ]�TO\+W�k�Ý
∆(ab) = a∆b+ b∆a£¤Jxh�P[a_jKT+J|Y5PSR+Z�P|a_\+vib�e�P��¬Ñ8a_T�k�a�Ji]�w8otYIPSjKa�Ppw�b�Y�NQ\+�QoSJi��LON³V�\O]�w�V�\�V0]_T+LOT+\�svS¢i�QZlk�WÓ{Ka_T�kM{�PSjKotNQ\+W��Ø J�Y�Ji�QZ�\�{Ka_T+\OWX\OhK�rJ�YIPSZKN�PXa_JSTOoKe�PSj�bqW^P[w�\+a_NrN�hKagk¸eQk¥WXJiR+Z�P^TOa�\UPS�rNzsT+J�YIPS�X{Ka�TO\+TXoSJi�Q\�V�ZK\S��L+T+kCa�¢�Y�Z�JMLOTO\+]_ZK\S�¯{Ka�TO\+W^Nr\O]_T+LOTOPSZKNr\XW^PMeQk�LcH&V�\�V¨�a_PSviWX\OZlw�¢³Y 6 {KbKZKolw_¢�YÓW^P[w�\+a_N�P[�rZtkMLcH��¥¦�kM]�w�PSa_L+T+kA]_Nr`&TOP�V_�S�&{�a_TO\msWXNQ\+]_T+LOTO\+ZKNr\OWÚV�\+jKZK\+viJªwcP[oMNr\OviJA{KbKZ�otw_b�� �S\+�_�QN�YfkMopP[RO\OW�kS��RO\^V_PSopP[�Y�Nr\O�roSJi�_�^]_Nr`){�a_T+k�w�kMW ZKNr\^TOWXNQ\+ZKNQP��¯Z�NQ\^T+W^Nr\OZKN�]_Nr`^JiZ�P�N�YÖYfkMZKNrotb{�a_TO\+W^Nr\O]�TOLOT+\O �jKJ�YIJS�QZK\�Vf�QNrLOT+htk&\+�Q\+W^\+Ztw_¢�Yu�¦«kMhKa_PSZlk´j�J�{Ka�TO\+W^Nr\O]�TOLOT+\OZ�N�P«{KbKZKolw)J«W^PS]_Nr\

m
bKL+TO\O]gw�ZKNrLOT�k´YJShKa_JML+NQ\uhKagk¸eQki�¸h!JxV�\OvSJ^JSw_JMLOT+\OZKNr\uYfktY�NQ\Oa_P^ZKPXZKNQ\+viJX]�N©e~`uj�Ji�_a_JMj�oSJ�Y5�

mω2r
��£kMW ��J[w�JMLOT+\OZ�NQ\OWõ�uWXJiRO\>htkM���QNrZKopP}a�PSjKNQPS�rZKNr\uZ�P[{KNQ`�wcP��¸b�w�a�T+klsW�ktY5P[Z�P){Ka�TO\+T�LOJi�+���Qb�h¥{Ka_T+\OT�oSJSviJi��T+Z�P�V�jKbpV_�SL+\OviJ&]�NQ`%hK�QNrRO\�V9Ji]�N��V3�JN�j�\OL+kMjKb�V�\OW�k¡]�NQ` ¶ V_P[o�Y�NQPSjKa_J�T+\®]�w�b�jKZKN~·X{�a_T+kML+N��tviZ��[�®W^PS]_`�hK�QNrRO\�V
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∆r
NlV_�>Y�Z�J�YfkMWÓ{!JMe~JiR+\OZKNrb&T+Ji]�w�P³Y�NQ�[�^t�JiWX\+ZtwIh!\OT�sY|e�PSjKZ�Ji�_L+N�TOWXNQ\+ZKN�]�NQ`x{Ka_T�kw�kMWÐJKÝ

∆B = ∆(mr2)

u a_TO�SjKT+\OZKNr\�LONQ�tviZ��SL+\ ¶ ZK{��¬WXNQ`O��ZKNQ\�e�kMR+Y�NQPSa_otN~·0YfkMoSJia_T�kM]_w_bpV_�SL�\OZK\+a_viNr`YI\+Y�Z�`+w�a�TOZ��XYfkMoSJiZ�PX{�a�PSL+`
∆L = −mω2r∆r = −1

2
ω2∆(mr2) = −1

2
ω2∆B

¶ � Z�PSo)WXNQZtbK]f]�w��Sj���RO\u{Ka�PSLOP�V�\O]�w9jKJMj�Ppw�ZKNQP���P
∆r

bpV�\OWXZK\[� ·}Ñ8a�PSLOP}w�PW�b�]_N�{!J�Y�Nr`Oot]_T�k��%\+ZK\Oa�viNQ`xotNQZK\�w�kMLOT+Z���Ý
∆(Bω2/2) = ∆L = −ω

2

2
∆B

µMw_Ji]_bpV_�[L�jKJ��Q\�YI\�V]�w�a�JiZtk}Y�TO¢SaIZ�P%{Ka_T�k�a�Ji]�w5NQ�rJMLOT�kMZMb)N!{Ka_T+\OZKJS]_TU�[LYfk�a_PST+kZ�P�V�\Oj�Z��}]�w�a�JiZK`ujKJi]gwcP�V�\OW�k!Ý
ω2

2
∆B +Bω∆ω +

ω2

2
∆B = 0

Ñ¯Jxa_\Oj�bKoSL�V�N�Yfk�a_PSTObX{�NQ\+a�Y�]_T+\OviJuN�w�a�TO\OL+NQ\+viJxNK{!Jx{!JMjKT+NQ\O�r\OZKNrb�{Ka_T+\OT
ω
�KjKJi]gwcP�V�\OW�k!Ý

0 = ω∆B +B∆ω = ∆(Bω)

ª �`j � p>�qh M j M e�h �{O kfe�p>g ��b n	hqj \ � S�S dRm{�En	��j \ � S � l¤� jEg�e � d#j Å
p�j Q/�2bE� e Q��2b�� � �:n�� h b O � �³b n � S`b-� nqp S`b-�³bE��l � �q����j Q�S�� � g�e Å
gohq� � m{p�h	eÑ¯J³Yfk�R+]_TO\%w�Y�NQ\+a_jKT+\OZKNr\>a_TO�SjKTON�{�NQa_b�\+w�\+W���PS�Q\xZKNQ\xw�kM�QoSJ���£¯PSotRO\%j�klsZ�PSWXNQop�ILONQPS]_ZlkMLmH>vSY�NQPSTOju{!JMj�YI¢pV�ZtkMLcH��[vij�k�YfkM]�w�`+{KbpV�\{Ka_T+\O{�eQkMYAW^PS]�kJMj&V�\OjKZ�\OviJ"jKJ"jKa�bKviNr\OviJ]_oKe�PSj�ZKNQopPFb�o�e~PSjKb��}£¯PSotRO\}Yfw�\+j�ki�¤vij�kqotbKa�sLOT+k}]�NQ`�{Ka�JSw�JSvSY�N�P[TOj�P��lL+T+k}via�JiW^PSj�P|vSY�N�P[TOj��0£¯PSotRO\�a�bKLmH�\OW oSJSw�P>vSj�koMa�`OL+N�JiviJSZK\OW"�Khlk]_{�PS���uYyoSJi �LOb�Z�P�LOT+w_\Oagk®e�PS{lki�à��QJML+T+kMZCW^JSW^\+Ztw_bqh!\OT�Y|e�PSj�ZKJi�_L+N�N0{Ka_`+jKoSJi�_L+N�o��[w�J³YI\�V|Z�PST�kMYIPF]_Nr`
�o?'�oH/G�4�H/� ¿�Ù�1�5�NMJiT+Z�PSLOTOP�{Ka�TO\�Y5PSR+ZKNQ\I�QNzw�\+a��

J
� u jKJ�Y�JMjKZKNQ�rNQ��W�k|Y�Nr`OL¶ jK�QP}j�Ji�_�>]_T+LOT+\Ovi¢S�QZK\+viJK�!PS�Q\xh�PSa�jKTOJXNQ]�w_JSw�Z�\OviJ}{Ka_T�kM{�PSjKotb¸·�{Ka�PUYIJXTUPpsLmHKJ³Y5PSZ�N�P�W^JSW^\+Ztw�b{!`OjKb��
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���§���h� � -#·¹%²��+°¯	Ø²±"´ ¯µ´���¶`+�´ ·¹! +º%*nº$&!#»&�"%²l#-
GIT�ktw�\O�rZKNQo^TUPS]gwcPSZ�PUY�N�P�]_Nr`xTOPS{!\+Y�ZK\[�¸LOJ�Y�]�{!¢i�QZ�\OviJ}W^P�V_��T+\u]_JSh���W^JpsWX\OZlw�]_N�e�k"N¤WXJiWX\OZlw�{!`Oj�b���RO\�V�\%{!JMjKJihKZ�NQ\%Z�P[T+ktY5P�V_���9¦ bKot]_T�wcPMeQw�J[sYIPSZK\�V|HKNr]�w_Jia�kMLOT+ZKNr\�w_\Oa_WXNQZ�Ji�rJivSNrNÕw�a_b�jKZKJjKJi{�P[w_a_T+\O��]_Nr`�TUP&jKbKR+JFoSJiZ�s]�\OolYI\OZKL�V�N±��PS�Q\�V_PSopPS�9LcHtkMh�PxV�\+]�wU�fµ�oSJia_J^NÕ]_N©e~P}N�{!`+j¥]��}YI\+otw_Jia�P[W^N±�Kw�JWXJiWX\OZlwI]_N©eQk^N�WXJiWX\OZlwI{!`OjKbF{!J³Y�NQZKZlk)]�NQ`|PSZ�PS�rJiviNrL+TOZKNr\9Y�NQ�STUP[�|T|]�N©e��N�{!`OjK\+W��à�]�w�J[wcPFW^JSW^\+Ztw�bC]�N©eQki�ÕwcPSoXV_P[o®]_Nr`}Z�PSW�JiZ�{!JpV_P³Y�N�e{Ka_T�kCJihK�rNQL+TUPpsZ�NQb«{Ka�PSL�ki�¯w�J�NQ�QJML+T+kMZ«]_N�e�kC{Ka_T+\OTuV�\�V>a_PSWXNQ`S� � PS{�NQ]�P[ZtkC{Ka�T+k�{!JiW^JML�kY�]�{!¢�e~a�TO`+jKZtkMLmHqNr�QJML+T+kMZFw�\+Z�YfkMZKJi]�N�Ý

xFy − yFx
�IÑ�a�T+kFJihKa_JML+NQ\uhKagk¸eQk{!`+jn\O�r\OWX\OZlw�b�hKagk¸eQk

mv = mωr
V�\+]�w}]�w�k�L+TOZlk�jKJCJiota_`+vibnh!`OjK�SLO\+viJw_Jia_\+W w_\OviJ§\O�Q\+WX\OZtw_b�P«V�\OviJ§a�PSWXNQ`FV�\O]�w�JMLOT�ktY�NQ��LONQ\

r
� Ò TOP[w�\+Wa_PSWXNQ` × {�`+j ½ mr2ω �¬P"{!J¥TO]�bKWXJ�Y5P[ZKNQb�Y�o�e~PSjK¢³YÖJMj«Y�]_T�k�]�w_oMNrLmHª\+�Q\msWX\OZ�w�¢�YÙYfkUV�jKT+NQ\uNQ]gw�JSw_ZKNQ\

ω
∑

mr2 = Bω
�

3�Nr\+w�a�bKjKZKJ&jKJiW�kM�_�QPS��]_NQ`[��R+\�jK�QP)jKJ�Y�Ji�QZ�\OviJ&TOh�NQJia�bq{Kb�ZKolw�¢�Yu�ÕZKNr\w�kM�QoSJ"jK�QPFhKagk¸eQkC]_T�w�ktY�ZK\�V+�¬PY�NQ`+LXvij�kq]_oKe�PSj�ZKNQotN�bKoKe�P[jKb«W)P�V_�{!`Oj�k]�otNQ\Oa�J�Y5P[ZK\&a�JiTOW^PSNrLONr\S�¤ZKNQ\+oSJiZKNr\OL+TOZKNr\){Ka�Ji]�w_Ji{�PSj��Q\^jKJ�YI\Oolw_Jia_¢³YÖYIJ[sj�TU�SL�k�LcH��t{!J[V�`+LONr\5W^JSW^\+Ztw�b�{!`+jKb}{!\pe~Z�NK]�Y�J[V_��Y5PSR+Z��xa_JS�Q`[� � jK\+��Z�NQL�V_�Z�NQ\XW)PSW�k®YI�[w�{K�rNrY�Ji�_L+N���YÖopPSR+j�kMW a�PST+NQ\XjK�QP"a_bKLcHMb�YÙV�\OjKZK\�V%{�e�P[]_T�sL+T+kMÏOZ�NQ\S�SV_P[o&j���P�{���PSZK\�w�k&ota��[RU�SL+\�VfYIJSoS¢�e¬µ¸e~JS KLUP��
J = xpy − ypx

I|hK�QNrLOTOW�kA{Ka_T�k�a�Ji]�w^w�\�V}Y�NQ\+�QoSJi��LONfYÛWXN�PSa�`FbK{!e�ktY�b¡LOTUP[]_b��Ùµ�oSJ[sa�T+kM]�w�PSW�k){Ka_T+\OjK\|Y�]�T+kM]�w_oMNQWÓT|a_\OvSb�e�k^JihK�QNrLOTOPSZKNQP>{Ka_T�k�a�Ji]�w_bFNQ�QJtLOT+kMZtb��Ñ¯JSZKNQ\�Y5PSR¥WXJiW^\+Ztw^{!`Oj�b ]_oKe�PSjKPA]�NQ`¥T¥j�Y�¢MLmH L+TO`+�_LON±�9a_PSTO\+W j�Ji]�w�PpsZ�NQ\OW�k)LOT�w�\OagkF]_oKe�P[jKZKNroMN±Ý
∆J = py∆x+ x∆py − px∆y − y∆px

. PSR+j�kT>{Ka�T+kMa_Ji]gw�¢³Y.{Ka_JS{!Jia_L�V�JiZ�PS�rZtk>V�\+]�w�jKJXL+TUPS]�b�Ý�{Ka�T+kMa_Ji]gw9Y�]_{!¢�ersa�TO`+jKZK\�VÕT¬Y�]_{!¢Me~LOT�kMZKZKNQotNQ\+Wya_¢³Y�ZtkMWÔ{Ka_`+jKoSJi�_L+N��p{Ka�T+kMa_JS]�w¤{!`+jKb>T¬Y�]_{!¢�ersL+T+kMZKZKNrotNQ\OWÐa�¢�Y�ZtkMWÐ]_Nr�Q\S� Ø P�V�\xw�JKÝ
∆J = ∆t(vxpy − pxvy + xFy − yFx)Ñ8Nr\Oa�Y�]�TO\Fj�Y5PqL+Tpe~JSZtk�YÓZ�PUY�N�P[]_NQ\)Jiota_�tv�e�kMW ZKNrLOT+kMW ]_NQ`&Z�NQ\&a�¢iROZ�N����¦�kMa�PSROP�V_�SLu{!`Oj�{�a_TO\+T>W)P[]_`xjKJi]�w�P�V�\u]_NQ`xh!J�Y�Nr\OW"Ý
vxpy − pxvy = m(vxvy − vxvy) = 0
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Ñ¯JiTOJS]�wcPte~\�j�YIPL+Tpe~JSZtk¥w_JTOZKPSZtk®ZKPSW WXJiW^\+Ztw�]_N�e�ki�%�S\OR+\O�rN¬]�N©e~P)]_otNQ\msa_J�YIPSZ�P5V�\O]gwI]�wcP[�Q\9j�J�V�\+jKZK\OvSJ�{KbKZKolw�b���NSV�\OR+\O�rN�Y�TOvi�r`OjK\+W w�\OvSJ�{�bKZKolw�bJiota_\O����PSW�k)a�PSWXNQ`[��w�J}WXJiW^\+Ztwf]_N�e�k&T+ZKNQo�P}NÕWXJiWX\OZlwf{�`+jKb�V�\+]�w9]�wcPte�kS�Ñ8a�PUYIJ9TUPSLcHKJ³Y5PSZKNQP�WXJiW^\+Ztw_bu{!`OjKb%{K�QPSZK\�w�kV�\O]gw¯ZKNr\OJML+\OZKNrJiZtkMWÔZ�Ppsa_TO`+jKTONr\OW {Ka�T+k�h�PSj�P[ZKNQb�w_Jia_¢³YÐ\O�rNQ{�w�kMLOT+ZtkMLcH�� 5 PSWXNQ`{!`+jKb�T+W^Nr\OZKNQP]_NQ`|YÙw�PSotNQWÓa_bKLcHtb�N�{Ka_P³YIJ}]�w�PMe~JS�_LON�W^JSW^\+Ztw�b{!`+jKb�jKPpV�\xjKJMj�Ppw�oSJ³YfkT+Y�NQ�STO\+o�WXNQ`+jKT+k´{�a_`Oj�oSJi�_L+N���P�{!J�e~JSRO\+ZKNQ\+W�� � Ppw�Y�Jª{!JiopP[TUPS�[��R+\®w�JY|e�PS��ZKNQ\�]�wcPMe�Ji�_��WXJiWX\OZlw�bq{!`+jKb�vSY5P[a�PSZlw�bpV�\�]gwcPMe�Ji�_��{Ka�`OjKoSJS�_L+N�{!Ji�QJpsYI\�Vf{K��PSZ�\+w�ki�¬¦ w�kMWÐLO\+�Qb"{!Ji{KP[w�a�TOW�k&Z�P}agkM]_bKZK\+o!Ý
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A
A
A
AU

O�Sµ´ � ¶6� N ��� Y ® ¶>·³³
³³
³³³1

t@@
@@I

� PSL+NQ\+ZKNQJ³Y5PSZlk}w_a_¢pV�op�[wO��J�{!JMjK]gwcP³YfNQ\
~v∆t

N¸Y�NQ\+a_TOLcHKJMe~otb&YÔµ¸e~JS KLOb��W)P�YfkM]_JioSJS�_�Ch!`+j��SLO�Aa�PSWXNQ\+ZKNQ\+W {Ka_`+jKoSJi��LON ¶ N�{!`+jKb¸·m� � P[w�\+W�V�\OvSJ{!Ji�Q\|w_J
1

2
v∆t× a_PSWXNQ` = ∆t

2m
p× a�PSWXNQ` = J

2m
∆tÑ�a�`OjKoSJS�_LONQ�x{!Ji�QJ³Y5��Z�PST�kMYIPu]�NQ`5]�w_Ji]_bKZ�\Oo�{!Ji�QP�w�a�¢[V�o��[wcP�jKJxLOTUP[]_b��0¦§NzsjKTONrW�ki�KR+\>{Ka�`OjKoSJS�_�>w�P�YfkMZKJS]_N

J/(2m)
�[V�\+]�w�Y�NQ`OLx]�wcPte�P��
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ÇÉÈ$Ê ËÍÌ�Î¥Ï,ÐÒÑ Ó¥Ô$ÕvÖ�×�Ð
ØZÙ�Ú�Û�Ú�Ü¢ÝdÚ�ÞPßáàãâ]äæåEÙ Ý�ç�è�é[ÞPê_Û�ÚãàXäæë�Ú,ì�ÝdÚ&í�Û�äæîIà.ëdè�äïìðØZÚ,ì8çaßPÝñäòÜdßPå6çóäæô
ßPè�õdÙ"ç�é{Ú�ö Ù�ë¢ç�é[÷�à$ÝdÚ{øùßPÞPúæö�ÝdÙ Ú�ÛTçaäæî�û�Ú2ëñä&èaäæõ�ßPö Ù ÷�à�Ý¢ÚüÙ¬ýdÙ ëTÚ$è�õ�ßPö Ù�÷$à�ÝdÚXþ,í�Û�äæî�û$Ú
çaßMÿ.ßPû�Ú õ¬é²ô çóäæî�Ù ÚIçaè�êdÜdÝdÚ&í å�îæßæè�ßyØ Ú$ì8çaßæÝdß*ì�Ù êdÜñä � ßMå�Ù��Iç�ß¹ë�ßæÝñäæÜ
çaè�à,é[å�çóäÉö�ä&ç ç�Ú�ÿ êbíTä ß[ÜáçaÚ$ÞPßÉ÷�à�äæå�êIçóä&î[Ù Ýdäæå�ç���ë¢Ù � è�ßæà$ìqú_Û$íÒç�é[ö�ÚEÜdßPå�à � ß
Ýdß*ì8é[÷óý]ëdè�à$Ú�ÿsé���ö Ú	� Ùüÿ Ú,çaß[Ü è�äæ÷óý[êdÝdîæßïì8é[÷�ý�
 â�ÙVäæÜ¢ßPÿ ß�àãëdèaäæî¬ç�é[î[Ùµí
û�ÚEëdÙ Ú�è6ì�å�à$Úvè�ßæà$ì�Ù��æàXäæÝ¢Ù�Ú ëdè�ßPõdö Ú�ÿ ê�çaÚ$ßPè�Ú,ç�é[÷$à�ÝdÚ$ÞPß�Û�Ú�å6çZÜdêdû$ß àXäXì�Ù�ö å�à$Ú
Ù¢ÿ ÝdÙ Ú�Û�õ�Ú$à�ë�ß���è�Ú�Ü¢ÝdÙ�Ú�ß[Ü çaÚ$ÞPß ÷�ß ÿ.ßPû�Ýdä{ì8é[ÿsé��ö�Ù ô�ëdèaä&÷�ê_Û��æ÷�Üñäæö Ú�Û�ÝñäæÜ
ç�é[ÿ àXä&Þ¬äæÜdÝ¢Ù�Ú�Ý¢Ù�Ú�ÿ�

��ßPå6çóäæÝdßïì�Ù�ö Ù���ÿséMç�ê àXäæë¢è�Ú�à$Ú�Ý¬çaß*ìqäæôå�ë�ßPå�úPõ ì8é[à$Ýñäæ÷$à�Ú�ÝdÙVä�î�å�à$çóä ���

çaú*ì ßPè�õdÙ"çÉì ë�ßPö ê å�Ù � é ß[Ü²ì�è�ßæç�Ý�é[÷óý î¬ìqäæÜdèaä_çaú*ì�íZè�úæû�Ý�é ß[Ü çaÚ$ÞPß�÷�ß
è�ê¢ç�é[Ýdß*ìÅßvå�ë�ßæç�é[î_ä�å�Ù���ì ë�ß[Üdè��$÷�à$ÝdÙ�î_ä&÷�ý��dà$é[î�Ù�Ýdä�ë�ßPà$Ù�ßPÿ.Ù Úqì8é[û$å�à$é²ÿòí
ÞPÜdà�Ù Úkë�ßæçaè�à�Ú�õ¢Ýñä�Û�Ú$å�ç;à�Ýñä*Û�ßPÿ.ß���ôüÿ ä&çaÚ$ÿÉä_ç�é[î�Ùæëdè�à�Ú$î[è�äæ÷�à�ä*Û��æ÷Xä8çaß¢í*÷�à$Ú�ÞPß
à$ì8é[÷�à�ä_Û�ßïìqßÉê¢÷�à$é[ÿsé�å�Ù�� ìÃå�à�îæßPö Ú���è�Ú$ÜdÝdÙ Ú�Û�

� ëdäæèaä&çãè�äæ÷óý[êdÝdîæßïì8éMë�ßæçaè�à�Ú$õdÝ�éMÜ¢ßçaÚ$ÞPß ÷$Ú�ö êIÛ�êdû¥ÿ äæÿsé�
���� çaß

çaè�à,é�êdû$é�ìqäæÝdÚEì�Ù Ú�ö�ßæî�è�ßæçaÝ¢Ù�Ú è�Ú�ÞPê � é�ßPõ¢ö�Ù�÷$àXäæÝ¢ÙVäsëdè�à,é[è�ßPå6çaúïì Ý
∆(w2) = 2w∆w, ∆

1

w
= −∆w

w2
, ∆ab = a∆b+ b∆a

�Zÿ.Ù Ú	��ô$ÿsé ì ë�ß[÷�à	�&çaî�ê¹êdî � äæÜ¢ê�� � ß��d÷�Ú øùçaß ÜdöVäIîæßæÝdî�è�Ú,çaÝdß���÷�Ù��
è�ú*ì�Ý¢Ù�ÚÜdßæõdè�à$Ú ÿ.úPÞ � õ�é ç�ß¹õ�é[ô �æßïì�Ù�å�àæí äæö�õ�ß Û��&Üdè�ßyä_çaßPÿ.ß*ìÅÚæí äæö õTß
��è�ß[Ü¢Ú�îòÿ äæå6éòê¢î � äæÜdê"!4Ù�Ú$ÿ Ù�ä �$# å�Ù%�$û$é[÷æíÒÙ çaë&
 þ Ù9ì�ëdè�ßïì�äæÜ�'�ÿsé¥ì ë � äæå�à �
÷�à$é�'$ÝdÙ�ÚÉè�êd÷óý�ê ì�å�ë�ú � è�à	�$ÜdÝdÚ

x, y

)( à�Ýdäæ÷�à$ÿsé à,ì8é²÷$àXä*Û�ÝdÙ Ú ß[Üdö Ú�Þ � ß���ô

ß[Ü ë�ß[÷�à*�_çaî�êãê¢î � äæÜdê ö�Ù"çaÚ�è��
r

+�üÙ çaäæÞPßæèaäæå Ýñäæå�Ýñäæêd÷$à$é � íPû�Ú

r2 = x2+y2



,.-0/
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!bä&ëdÙ�å�à�ÿséZçóäæî�û$Ú2ëdè�äïìqß�ë�ß*ì�å�à$Ú�÷óýdÝdÚ�ÞPßZ÷�Ù��æû�Ú$ÝdÙVäqì]ëTßæå�çóä&÷�ÙPìqÚ$î¬çaßPè�ß*ìqÚ�Û$í
Û�ä&î¹Üdß&ç��æÜ ÝdÙ�Úáêdû$é�ìqäæÝdÚ�Û�� ëñä&ÿ Ù%�$çaäæö Ù%��ÿsé Û�Ú$Ü¢é[ÝdÙ�Ú û�Ú ëdè�à,é[÷�Ù���Þ¬äæÝdÙ Ú
Ü¢à�ÙVä � ä�Ü¢ß���è�ß[Üdî_ä Ý

~F = −GMm

r3
~r

IZß²Üdä&çaîæßïìqÚ&íÒìÃë�ßPè�úïì�ÝñäæÝ¢Ù�êòà�Ýñä*Û�ëdè�ßPå6çaå�à*�KJùßPè�ÿL� àXäæëdÙ å�ê¥çaÚ$ÞPß.ëdèaäXì�ä¢í
ì8é[è�äæà$é Ý −~r

r

åM�ZìqÚ$è�å�ßæè�Ú�ÿ Û�Ú$ÜdÝdßPå6çaîæßïì8é²ÿ å�î�Ù�Ú$è�ßïì�äæÝ�é[ÿ ë¢è�à�Ú$÷�Ù"ì�ÝdÙ�ÚqÜdß
ë¢è�ßPÿ.Ù�Ú$ÝdÙVä ìqß[Üdà	�æ÷$Ú�ÞPßN
POáß[Ü¢éQ�ñî*äæ÷�Û�ä çóä.ÝdÙ�ÚEà�ÿ.Ù�Ú$ÝdÙ�äãß[÷�à$é�ì�Ù%��÷$Ù�Úvì�ä&è �
ç�ß���÷$Ù§í¢ëdè�à,é[ë�ßPÿ Ù Ýñä ßãî�Ù Ú�è�ê¢Ýdî�êòÙbë�ßPà,ì�äæö�ä�Ýdä�ë�ß[ÜñäæÝdÙ Ú ì�å�ë�ú � è�à	�$ÜdÝ�é[÷�ý
å�Ù � é�
R({çaßãßPÝdÚ Ý

(Fx, Fy) = GMm
(

− x

r3
,− y

r3

)

SZä&÷�ý�êdÝdÚ$î¹ë�ßPÝ¢Ù�û�å�à$é¹î�å�à,çóä � çaê ßPè�õdÙ"ç�é øùÿ ßæû�Ýñä çaß Ýñäæà,ì�äæôòì8é[ëdè�ß �
ìqäæÜdà�Ú$ÝdÙ Ú�ÿ©àvëdè�äïì Ø Ú$ì8ç�ßPÝñä ëdÙ Ú�è6ì�å�à�Ú$ÞPßÉëdèaäXì�ä # Ú$ëdö Ú�èaäPþ�Û�Ú�å6ç{å�à$÷�à$Ú �
ÞæúPö�ÝdÙ Ú�ÜdßPëñäæå�ß*ì�ä&Ý�éáÜdß çaÚ�Þæß�ä&î[ê¢èaä&ç{àXäæÞPäæÜdÝdÙ Ú�ÝdÙ�ä¢íÒëdÙ�Ú$è�ì�å�à$Ú î�è�ßPî�Ù�Ü¢ß �
ìÅß[Üdê Ý¢Ù�Ú Ýñäæå�ê�ì�ä*Û��vå�Ù%� ì å�ë�ßæå�úPõÉÝñä&çaê¢èaäæö Ý�éæí[è�ê²ç�é[Ýdßïì8éT� ÝdÙ Ú ëdè�úPõ¢ê_Û
U à,é�çaÚ�ö ÝdÙ�î�ê àXä&å�çóä&Ýñäïì�Ù�äæô�å�Ù��ZÛ�êdûãë¢è�à$é ë¢Ù�Ú�è6ì�å�à,é²ÿÀëdè�à$Ú�î�å�à$çaä � ÷$Ú�ÝdÙ�ê<
V
%

Ü¢öVäæ÷$à�Ú�Þæßãì � ä���ÝdÙ Ú çóä&î à�äæ÷�à,é[Ýñäæÿsé�W

Ø{äæë¢Ù�å�à$ÿsé Ýñäãë�ß[÷$à*�&ç�Ú�î Ý
(

1

r

)2

=
1

(r2)

!bä&ëdÙ�å�ë�ßMö�Ú$ìÅÚ�Û�å�ç�è�ßPÝdÙ Ú ä&îæ÷�Ú$Ý�çaê*Û�Úæí û$Úì�Ù�Ú$ö�îæß���ô çaä Û�Ú�å6çáî¬ìqäæÜdèaä_çaÚ�ÿ
÷$à�Ú$ÞPß���ídÜdè�êdÞPÙTû�Ú2Û�Ú�å6ç8ß[Ü¢ì�è�ßæç�Ýdß���÷�ÙX�
R( õdö Ù�÷�à$ÿsé.ëdè�à$é[è�ßPå6ç8ç�Ú�ÛÅì�Ù Ú�ö�îæß���÷�Ù
îæßæè�à$é[å6çóä*Û��æ÷ Üdö�ä]ö�Ú,ìqÚ�ÛÉå6çaè�ßæÝ�é àIëdè�à,é²è�ßPå�ç�ê�î�ìqäæÜdèaä_çaêbí ÜdöVä ëdèaäXìqÚ�ÛÉà
ë¢è�à$é[è�ßPå�çaêáß[Ü¢ì�è�ßæçaÝ¢ß���÷$Ù Ý

2
1

r
∆
(

1

r

)

=
−1
r4
∆
(

r2
)

I{öVäë¢èaäïìÅÚ�Ûãå�çaè�ßPÝ�éMÿ.ßPû$Ú�ÿséáÛ�Ú$å�à$÷�à�Ú è�äæàòå�îæßPè�à,é[å�çóä&ô àòëdè�à,é[è�ßPå6çaê
î¬ì�ä&Üdèaä&ç�ê Ý

∆(r2) = ∆(x2 + y2) = 2x∆x + 2y∆y

Y��ßæà$ì�ä&öVä�çaß

ÝdäæëdÙ�å�äæô Ý
∆
(

1

r

)

=
−1
r3
(x∆x+ y∆y)

� çaÚ�è�äæà�ßPõdö Ù�÷$à$é[ÿséÉëdè�à,é²è�ßPå�ç Ýñäæå�ç���ëdê*Û��æ÷�Ú$ÞPß.ì8é[èaäæû$Ú�ÝdÙ�ä Ý
x

r
= x

1

r
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çaèaä&î�ç�ß*ìqäæÝdÚ�Þæß Û�äæî Ù�ö ß[÷�à,é²ÝÜ¢ìÅú[÷�ý ÷�à$é[ÝdÝ¢Ù�îæúïì�
L({çaè�à,é[ÿ�ê*Û�Ú�ÿséMø>à�ì8é �
îæßPè�à,é²å6çóäæÝ¢Ù�Ú$ÿ à�Ýdäæö�Ú$à�Ù ßPÝdÚ�Þæßãëdè�à$Ú�Üá÷óý�ì�Ù öX� ëdè�à,é²è�ßPå�ç�êáß[Ü¢ì�è�ßæç�Ýdß���÷�Ù

r
þ Ý

∆
x

r
= (∆x)

1

r
− x

r3
(x∆x+ y∆y)

I{ßPëdè�ß*ì�ä&Üdà�Ú$ÝdÙ�Ú�Üdß ì�å�ë�úæö�ÝdÚ$ÞPß¥ÿ.Ù�äæÝdß*ì�Ý¢Ù�î*äÉÙ�è�Ú�Üdê¢îæ÷�Û�ä�ì�é²è�äæà�úïì ë�ß �
ÜdßPõdÝ¬é²÷óýáÜñä*Û��ãßæå�çóä_çaÚ�÷$à�ÝdÙ Ú Ý

∆
x

r
= − y

r3
(x∆y − y∆x) = − y

r3
(xvy − yvx)∆t

��ßïì8é²û$å�à�Ú�õ�é � ß{à,ì8é[÷�àXä*Û�Ýb�{ÿÉä_çaÚ�ÿ ä&ç�é[îc�¢í*çaÚ$ÞPß{è�ß[Ü¢àXä*Û�êsëdè�à$Ú�î�å�à$çóä �%�
÷�Ú	� Ù ç�ßPû�å�äæÿ.ß���÷$Ù�ÿ ßPû$Ýñä õ�éòì8é[ÿ é���öVäæôsÿ Ù ö Ù ßæÝ�é�
 â ç�Ú�ÛZÝñäæå�à$Ú�ÛZçaßPû$åaä �
ÿ ß���÷�Ùqë�ß&Û�äXì�Ù � é]å�Ù%��Ü¢ì�Ù Ú�îæßPÿ õdÙ Ýñäæ÷�Û�ÚÉì�Ù�Ú$ö�îæß���÷�Ù�å�êdÞPÚ�è�ê_Û��æ÷$Úòà�äæå�ç�ßPå�ß �
ì�äæÝdÙ Ú ìd�ñà$é[÷$Ú�
e��ßë¢Ù�Ú�è6ì�å�à$Ú

x/r3
Ù
y/r3

ç�ßëdè�äïì�Ù Ú�å�î � äæÜdßïìqÚ¥å�Ù � é
ØZÚ$ì�çaßPÝñä]øùâ é²å6çóäæè�÷�à,é ë�ßPÿ.ÝdßPû,é[ô ëdè�à�Ú$àÉå6çaßPå�ß*ì�Ýb�òå�çóä � �¬þf
g��ßáÜdè�êdÞæÙ�Ú
Ýñäïì�Ù�äæå Ý

(xvy−yvx)
í�çaßEÝdÙ�Ú$Üñäïì�Ý¢ßsë�ßæà�Ýñä&Ý�é.ÿ.ßPÿ.Ú�Ý¬çCìÅÚ�î¬çaßPè�ä¢í[ì ç�é[ÿ

ì8é²ëdäæÜdî�ê�ìqÚ$î¬çaßPè�äIë¢è���Ü¢îæß���÷$Ùh
"�æÚ$å�çsçaß ë�ß[Ü¢ìqß_Û�ßPÝñäáëdèi��Üdîæß���ô�ë�ßæö�ß*ìqä
ëdöVäæÝ¢Ú$ç�éPíñä�ì�Ù%��÷ ì�Ù Ú�ö�îæß���ô�å6çóä � ä�ì ÷�à�äæå�Ù Ú�è�êd÷óý[ê�

��ß çaß�õ�é êdà,é²å�î_äæôã÷�ß�� êdû$é�çaÚ$÷�à$ÝdÚ�ÞPßdí;ë�ßPÿ.ÝdúPû$ÿséòì�Ù���÷ ßæç�è�à$é[ÿ äæÝb�

çaßPû$åaäæÿ.ß���ô ëdè�à$Ú�à
GM

øj�[çóä � ä ÞPè�äïì�Ù"çóäæ÷�Û�ÙTÙbÿ äæåaäT� � ß��¢÷Xä¬þf
R!bäæê�ì�ä&û�ÿséæí
û�Ú −GMy/r3

ÝdÙ ÚqÛ�Ú$å�ç å�Ù � �òøùõdèaäæî�ê_Û�Ú�ÿ äæå�é ÷�Ù�ä � ä
m

þ,íñäæö�Ú ë¢è�à$é[å�ëdÙ�Ú$å�à�Ú �
ÝdÙ�Ú$ÿk
{â ë�ß � �æ÷�à$Ú�ÝdÙ ê à ëdè�à,é²è�ßPå�ç�Ú�ÿ ÷$àXäæå�ê ÜdäÉçaß ëdè�à,é[è�ßPå6ç�ëdè��$Üdîæß���÷�Ù Ý
∆vy = −GMy/(r3)∆t

ídëdè�ß*ì�ä&Üdà*�æ÷�Üdß Ý
∆(GMx/r) = (∆vy)(xvy − yvx)

�[çóä � ß���ôIì ÷�àXä&å�Ù�Ú îæßPÿ õdÙ�Ýdäæ÷�Û�Ù Ý
xvy − yvx

ë�ßæà$ì�ä&öVä�à�äæëdÙ�å�äæô Ù�ö ß[÷�à$é[Ý
ëdè�à,é²è�ßPå�ç�ê ë¢è���Ü¢îæß���÷$Ù Ùbç�Ú�Û�ì�Ù�Ú$ö�îæß���÷�Ù[Û�äæîæß.ëdè�à$é[è�ßPå6çmlon�p.q�r	sutbv ë¢è���Ü¢îæß���÷$Ù
Ùbç�Ú�ÞPßãÝñäïì�Ù�äæå�ê Ý

∆(GMx/r) = ∆[vy(xvy − yvx)]

w ß Û�Ú�å6ç ç�ß.ßã÷�ß.÷óýdß[Üdà$Ù � ß ß
S�ú*ì�Ýdß���ô�Ü¢ìÅú[÷�ýMëdè�à,é[è�ßPå6çaú*ì ßPà�Ýñä&÷�à�ä¢í2û$Ú�è�úæû�ÝdÙ ÷Xäx�y(�!`(��w � ��z

�w �:{`� 
Rw ß�Û�Ú�å6çÉÝ¢ß*ìqÚòëdèaäXìqß àXäæ÷óýdßïì�äæÝdÙ�ä�
yâ ëdè�ßæõdö�Ú$ÿ Ù Ú�è�êd÷óý�êyì
ë�ßPö�ê å�Ù � é�ß[Ü²ì�è�ßæç�Ý�é[÷�ý î�ìqäæÜdèaä_çaú*ìuß[Üdî�è�é � Û�Ú ë�ßyèaäæà ëdÙ�Ú$è�ì�å�à$é}|;ä �
ëdöVäæ÷$Úæí�ë�ß&çaÚ�ÿ õ¬é � ß]ßPÝdß�~�ß[Üdî�è�é�ì�ä&ÝdÚ���Û�Ú�å�à�÷$à�Ú ì�Ù�Ú$ö�ßPî�è�ß&çaÝdÙ Úæí9Û�äæîæß]û$Ú
ÝdÙ�Úsà�è�ßPõdÙ � ßÉà�õ�é�ç�ÝdÙ�Ú�ÛG~gî_äæè�Ù Ú�è6éQ�vÝñä&êdîæß*ìÅÚ�Û$íbçaäæî�Ù�Ú�ÛCÛ�äæîòëdè�äïì�ä à�äæ÷óýdß*ìqä �
ÝdÙVä�ë���Ü¢êbí²Ú�ÝdÚ$è�ÞPÙ Ù§í¬÷�à$é.ÿ.ßPÿ.Ú�Ý�ç�ê.ë���ÜdêÉÙÒÝdÙ�Ú õ¬é � ßsë�ßïì�å�à$Ú�÷óýdÝdÙ�Ú{à$ÝñäæÝdÚu
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â�î�è�ß[÷�à$é � ßsë�ßPÝdßïì�ÝdÙ Ú�ÜdßEÝñäæêdî�Ùdì�à$ì�Ù��æà�î�ê à�î¬ì�äæÝ�ç�ß*ì���çaÚ�ßæè�ÙX� ä&çaßPÿ ê
ìÅß[ÜdßPè�ê4íÒäæö�Ú{çaßãà�êdë�Ú � ÝdÙ ÚEß[Ü¢è���õ¢ÝñäãýdÙ�å6çaßPè�Ù�ä�


Ø{äæë¢Ù�å�à$ÿséÉì�Ù��$÷ Ý
GMx/r − vy(xvy − yvx) = Ax =

÷�ßPÝdå6ç
ÞæÜdà�Ù Ú.ì�äæè�ç�ß���ô.çaÚ�Þæß ì8é[è�äæû�Ú$ÝdÙVä²í�ì8é[à�Ýñäæ÷$à�ßPÝN� ëdè�à�Ú$àÉì�ä&è�êdÝdî�ÙÅë�ß[÷�à	�&ç �
îæßïìqÚ&íÒßPà�Ýdäæ÷�à,é²ö Ù���ÿsé

Ax



�æÚ�å6ç�Û�äæå�ÝdÚæíÅû�Úòö�Ù"çaÚ�è�äæö Ý¢Ù ÚÉçaß åaä&ÿ ßÿ ßPû$Ýñäë�ßïì8çaúPè�à$é[ôáÜdö�äIì�å�ë�ú �%�

è�à	�$ÜdÝdÚ�Û
y

íñÿ äæÿsé ì�Ù��$÷ Ý
GMy/r − vx(yvx − xvy) = Ay =

÷$ßPÝdå�ç
w Ú$èaäæàCÛ�êdû{÷�Ú$ö�Û�Ú$å�ç�õdö Ù�å�î[Ùj
�OáÝ¢ßPû$é[ÿsé ëdÙ�Ú$è�ì�å�à$Ú à{è�úïì�Ýñä�� ëdè�à�Ú$à

x
í²Ü¢è�ê �

ÞæÙ�Ú8ë¢è�à�Ú$à
y

í�Üdß[Üñä*Û�Ú$ÿ é Ù�
V
%
�àXäæê¬ì�äæû�äæÿséPí�û�Ú�ë�ß�ì8é � �æ÷�à$Ú�ÝdÙ ê.ì�å�ë�úPö ÝdÚ�Þæß
÷$à$é[ÝdÝdÙ î_ä àvëdè��$Üdîæß���÷$ÙX�Éë�ßPö ß*ì��²í�îæßPÿ õdÙ�Ýdäæ÷�Û�ä

(xvy − yvx)
ë�ß_Û�äïì�Ù�ä.å�Ù��

Û�Ú$å�à$÷�à�Úvè�äæà�
D� ì�à$ÞPö��$ÜdÝdÙ�ä_Û��æ÷ ë�ßPÝñäæÜ¢ç�ßdídû�Ú Ý
x
x

r
+ y

y

r
=
x2 + y2

r
=
r2

r
= r

ÜdßPå6çóä*Û�Ú�ÿsé ßPå�çaä&çaÚ$÷�à$ÝdÙ�Ú Ý
GMr = (xvy − yvx)

2 + xAx + yAy

â è�úïì�ÝñäæÝdÙ êÃç�é[ÿ ÝdÙ õ�éMÛ�Ú$å�à$÷�à�ÚMåM� ëdèi��Üdîæß���÷$Ù§í�äæö ÚòÛ�êdû]ç�é[ö�îæß�ì
îæßæÿ�õ¢Ù�Ýñä&÷�Û�Ùvõ���Üb�&÷�Ú�Û å6çóä � � ì ÷$àXäæå�Ù�Ú�è�êd÷�ý�ê�
 # ßPè�à$é[å�çaä*Û��æ÷�à Ý

J =
m(xvy − yvx)

ídÜdßPå6çóä*Û�Ú�ÿsé è�úïì�ÝñäæÝdÙ Ú åaäæÿ.Ú�Û8ßæè�õdÙ"ç�é Ý
GMr = J2/m2 + xAx + yAy

��ß�çaß�õ�é�ÿ.Ù Ú�ôqì�è�úïì�ÝñäæÝ¢Ù�êãåaäæÿ.Ú�ì�å�ë�ú � è�à	�$ÜdÝdÚZî*äæè�ç�Ú�à�Û�äu�då�î�Ù�Ú�ë�ß[Ü �
Ý¢ßPå�Ù ÿ éÉßPõ¢Ù�Ú å�ç�è�ßPÝ¬é�Üdß.î¬ì�äæÜ¢èaä&ç�êáÙbîæßPè�à,é²å6çóäæÿsé�à ç�ì�
R�CÙ"çóäæÞæßPèaäæå�ä Ý

G2M2(x2 + y2) = (J2/m2 + xAx + yAy)
2

â à�ÿ.Ù�Ú�Ý¢Ý�é[÷óý
x

í
y

Û�Ú�å6ç çaß è�ú*ì8ÝñäæÝdÙ Ú î¬ì�ä&Üdèaä&ç�ß*ìÅÚ�
�â à�äæö�Ú$û�Ýdß���÷�Ù
ß[Ü�ì�äæè�ê¢Ýdîæú*ì�ë�ß[÷�à	�&çaîæßïì8é[÷�ýbíPÜdÚ,çaÚ$è�ÿ.Ù�Ý[ê*Û��æ÷$é[÷óýså6çóä � Ú2ÜdöVä8ÜñäæÝdÚ�Û ßæè�õdÙ"ç�é
ì�Ù Ú�ö îæß���÷$Ù

J
í
Ax

Ù
Ay

ÿ.ßPû$Ú ç�ß.õ¬é[ôEîæß � ß¢íñÚ$ö�Ù ëdåaä¢í¢ëñäæè�äæõ�ßPö�ä¢í¢ýdÙ ë�Ú�è�õ�ßPöVä�

��äæÜñä&ÝdÙ�Ú ç�Ú�Û�î�è�à,é�ìqÚ�Û.ÿ.ßPû$Ýñä å�ßPõ¢Ù�Ú�ê � ä_ç�ì�Ù ô ì8é²õ¢Ù�Ú$èaä*Û��æ÷¥êdÿ.Ù�Ú�Ûi�$ç �

Ý¢Ù�Ú{ßPå�Ù�ÚZì�å�ë�ú � è�à���ÜdÝ¬é²÷óý�
y�Cè�à�Ú$÷�Ù�Ú$û à�Ú�� � ß��d÷�äsì ë � ä&å�à�÷$à$é�'�ÝdÙ Ú ëdöVäæÝ¢Ú$ç�éPí
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ÿ ßPû$Ýñäáß��
X

ë�ßPëdè�ß*ìqäæÜdà�Ù ô ÝdÙ�ÚK~gõ�é[ö�Ú Û�äæî��Iøù÷�ý¢ß²ô Ù2ç�ßáìqßPö Ýdß�þ�íkä&ö�Ú.Üdß
ëdêdÝdî¬çaê�ì î¬çaúæè�é[ÿ å�ç�é[÷�à$Ýñä Ü¢ß ç�ßPè�êáÛ�Ú�å6çãëdè�ßæå�çaßæëñäæÜ � ä Ü¢ßëdè�ßPÿ.Ù�Ú$ÝdÙVä
ìqß[Üdà	�æ÷�Ú$ÞPßN
:�üêdÝdî¬ç çaäæî�Ù�Ý¢Ù�ÚvÙ å�çaÝdÙ Ú�Û�Ú�ç�é[ö îæß ì8çaÚ�Ü²éPíbÞæÜ¢éá÷$ÙVä � ß è�à$êd÷�ßPÝ¢ß
ì�ëdè�ßPå6ç.Ýñä÷$Ú�Ý¬çaè�ê¢ÿ Ù�ë�ßPè�êdå�à�ä å�Ù���ßPÝdßë�ßëdè�ßPå6çaÚ�Û�
�â ë�ßæà�ßPå6çóä � é²÷óý
ëdè�à,é²ëdäæÜdî_ä&÷�ýÉëdêdÝdî¬çÅßEî¬çaúæè�é[ÿðÿ.ú*ì�Ù ÿsé�Û�Ú�å6çqäæö õ�ß�ëdêdÝ¢î�ç�Ú�ÿðÝñä*Û�ÿ ÝdÙ Ú�Û �
å�à�Ú�Û$í�äæö õ�ßãÝdä_Û6ì�Ù%��î�å�à$Ú�Û�ÜdöVä ÜñäæÝdÚ$ÞPßãçaßæè�ê¥ß[Üdö�Ú$Þ � ß���÷�Ùbß[Üò÷$Ú�Ý¬çaè�ê¢ÿk

� Ü¢éß��

x
� úïì@ëdè�à$Ú�÷óýdß[Üdà$ÙÅëdè�à$Ú�à.çóä&î�ÙCëdêdÝdî¬çXí çaßáà�äæè�úïì�Ýdß

y
ídÛ�äæîIÙ

vx
å���ì ç�é[ÿ ëdêdÝdîæ÷$Ù�ÚEè�ú*ì�Ý¢ÚEà$Ú�è�ê4íÒÙ[Û�äæîÉì8é[ÝdÙ î_äãà ì�à�ßæè�ê Ý

0 = GMy/r + vx(xvy − yvx) = Ay

ÿÉäæÿsé Û�êdû�å�çóä&ö�Ú Ý
Ay = 0

�üè�à,éïÛi�$÷�Ù Ú
Ay = 0

ÝdÙ�Ú�Û�Ú$å�çÅßPÞPè�äæÝdÙ�÷$à�Ú$ÝdÙ�Ú$ÿ@å�Ù%��Üdßvëdè�à$é[ëñäæÜdî�ê å�à�÷$à�Ú �
ÞPúPö ÝdÚ�ÞPß¢íkä�Û�Ú�Ü¢é[ÝdÙ Ú ë¢è�à$é[ë�ßPÿ.Ù�Ýdä¢í�û�ÚÉÝñäæå�à,é[ÿ���ì�ÙVä&ÜdßPÿsé[ÿuì8é[õ�ßPè�Ú$ÿáí
ß��

x
� úïì ë¢è�à�Ú$÷óýdß[Üdà�Ù ëdè�à�Ú$àx�b���fl��b��n�lov��í�ö êdõ����b�b��n�lov��T
��Cè�à$é çóä&î[Ù ÿ

ì8é²õ�ßæè�à�Úãì�å�ë�ú � è�à	�$ÜdÝ�é[÷�ý�� ßPà$Ýñäæ÷$àXä*Û��æ÷
R

ß[Ü¢ö�Ú$Þ � ß���ô�ß[Ü�� � ß��d÷�ä¥ÞæÜ¢é
y = 0

íÒäãë¢è�à�Ú$à
v

ßPà$Ýñäæ÷$àXä*Û��æ÷
vy
� Üdö�ä�å�çaä � é[÷óý

Ax

Ù
J/M

ÿ äæÿsé Ý
Ax = GM −Rv2, J/m = Rv

��ß[Üdå�çaäïì�Ù�ä_Û��&÷CÜdß è�ú*ì�Ýñä&ÝdÙVä8ßæè�õdÙ"ç�é{ëdè�à$Ú�Üvë�ß[ÜdÝdÙ Ú�å�Ù Ú�Ý¢Ù�Ú�ÿ Ü¢ß î¬ì�äæÜdè�ä&çaêbí
äãë�ß.ë�ß[Üdà$Ù�Ú$ö�Ú$ÝdÙ�ê�ëdè�à$Ú�à

GM
ÿ äæÿsé Ý

r =

(

1− Rv2

GM

)

x+R
Rv2

GM

Ø{ä8ëñä&èaäæÿ.Ú$ç�è�é
R

Ù
v

ÿ ßæû�Ýñä�ëñä&çaè�à�Ú$ôbÛ�ä&î{Ýñä8è�ÚXä&ö�ÝdÚkìqäæè�êdÝ¢î[Ù¬ë�ß[÷$à*�&ç �
îæß*ìqÚ Ýñä&ÜñäïìqäæÝdÚ ëdè�à�Ú$à�÷$à � ß*ì�Ù Ú�î_ä ë�ß&Û�ä&à�Üdßïì�Ùbî&ßPå�ÿ.Ù�÷$à�ÝdÚ$ÿ ê ì8é²å6çaè�à�Ú�ö Ù �
ì�äæÝdÚ$ÿ ê]ìÍß[Üdö Ú�Þ � ß���÷�Ù

R
à ëdè��$Üdîæß���÷�ÙX�

v
ìðî[Ù Ú�è�êdÝdî�ê ëdè�ßPå6çaßPëdäæÜ � é[ÿ

Üdß.ëdè�ßPÿ.Ù�Ú�Ý¢ÙVävìqß[Üdà	�æ÷$Ú�ÞPßdí&Û�äæîÉÝñäãå � é[ÝdÝ�é[ÿ è�é[å�ê¢Ýdî�êIØZÚ$ì8ç�ßPÝñä�

â é[ÞPß[ÜdÝdÙ ÚqÛ�Ú�å6çZßæà�Ýñä&÷�à$é[ôEîæßPÿ õdÙ�Ýdäæ÷�Ûi� å6çóä � é[÷�ý�Û�Ú$ÜdÝb�ãö�Ù"çaÚ$èM� Ý

Rv2

GM
− 1 = ε,

ì�çaÚ�Ü²é
R
Rv2

GM
= R(1 + ε)

S�ú*ì�Ýñä&ÝdÙ�Ú çaßæè�ê Û�Ú$å�ç Ý
r = −εx+R(1 + ε)
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� ì
ε
í_çaßZå � é²Ý¢Ý�évÿ.Ù�ÿ.ß���è�ú[ÜEÚ�ö Ù�ëdå6é�
 � Ü¢é�ëdèi��Üdîæß���ôqë�ß[÷�à*�_çaîæßïì�äCÛ�Ú$å�ç

è�ú*ì�Ýñä�ë¢Ù�Ú$è�ì�å�à$Ú�Û ëdèi��Üdîæß���÷�ÙüîæßPå�ÿ.Ù�÷$à�ÝdÚ�Û Ý
v2 = GM/R

úïì ÿ Ù ÿ.ß���è�ú[Ü
à$ÝdÙ�î*ä¢í4äÉè�úïì�ÝñäæÝdÙ Úså6çóä*Û�Úså�Ù%�sè�úïì�ÝñäæÝ¢Ù�Ú�ÿ©ßPî�è��$ÞPêIß ëdè�ßæÿ Ù Ú�ÝdÙ ê

R

:I{ö�ä

ë¢è���Ü¢îæß���÷$Ùqÿ.ÝdÙ Ú�Û�å�à,é[÷�ýbí�ëñäæè�äæÿ Ú,çaè
ε

Û�Ú�å6çsê_Û�Ú$ÿ Ý¬éPí�äæö�ÚãÝdÙ ÞPÜ¢é ÿ ÝdÙ Ú�Û�å�à$é
ß[Ü −1 
+�Päæî � ä&ç�ìqßZå�Ù��2ëdè�à�Ú�îæßæÝñäæô øùàXä ÷�ý¬ì�Ù�ö%�bÛ�Ú�å�à�÷$à�Ú�Ü¢ßZç�Ú�ÞPß ì�è�ú[÷�Ù ÿ é¢þ�í
ß[Ü¢ö�Ú�Þ � ß���ô8ë�ß[÷$à*�&ç�îæß*ìqä

R
Û�Ú$å�çüìyç�é[ÿ ì8é[ëñä&Üdî�ê ÿÉä&î[å6é[ÿÉäæö Ýb�{Ýñä Üñä&ÝdÚ�Û

ßæè�õdÙ ÷�Ù�Ú ß[Üdö�Ú$Þ � ß���÷$ÙX� ß[Ü ÷$Ú�Ý¬çaè�êdÿk
 U ÙVä � ß�ì8é[å�çaè�à�Ú$ö�ßPÝ¢Ú ëdè�ßæå�çaßæëñäæÜdö ÚãÜdß
ìÅÚ�î¬çaßPè�ä ìqß[Üdà	�æ÷�Ú$ÞPß]àòëdè��$Üdîæß���÷�ÙX� ÿ Ý¢Ù�Ú�Û�å�à*�ß[ÜyëdÙ�Ú$è�ì�å�à�Ú�Û ëdèi��Üdîæß���÷�Ù
îæßæå�ÿ.Ù�÷�à$ÝdÚ�Û$íüà$ÿ Ý¢Ù�Ú�Û�å�àXäáå�ì��Iß[Ü¢ö�Ú$Þ � ß���ôÉÜ¢ßI÷�Ú$Ý�çaè�êdÿ Ýñä&èaäæû�ä_Û��&÷Éå�Ù%�ÉÝñä
à$ÜdÚ�è�à�Ú$ÝdÙ�Úà ë�ß*ì�Ù�Ú$è�à$÷�ý¢ÝdÙX��÷$ÙVä � ä ëdè�à$é[÷�Ù���Þ¬ä*Û��æ÷�Ú$ÞPßdí ÞPÜ¢é çaÚ$ßPè�Ú,ç�é[÷$à�ÝdÙ Ú
Ýdä_Û�õdö Ù�û$å�à,é�ë¢êdÝdî¬çZßPè�õdÙ ç�é�Û�Ú�å�ç ÿ.ÝdÙ�Ú�Û�å�à,é�ß[ÜsÛ�Ú�ÞPßãëdè�ßæÿ Ù Ú�ÝdÙ�ä�

I{öVä.ëdèi��Üdîæß���÷�Ù ì�Ù��$î[å�à$é[÷óý÷�Ù�ä � ß.Ýñä*Û�ëdÙ Ú�è�ì à,ì�Ù��$î�å�àXäÉå�ì�� ß[Üdö�Ú$Þ � ß���ô

ß[Ü�÷�Ú$Ý�ç�è�êdÿòí2ä.Û�Ú�ÞPß Üñä&ö�å�à,é]ö�ßPåsàXäæö Ú�û,é ß[Ü çaÚ$ÞPß ÷�à,é
ε

Û�Ú$å�çãÿ.ÝdÙ Ú�Û�å�à,éPí
÷$à$é¹ì�Ù��$î[å�à$é ß[Ü

1

��4Ú�õ¬éyå�Ù%�áß]ç�é[ÿ ëdè�à$Ú�îæßPÝdäæôIë�ß[ÜdÝdßPå�Ù�ÿséMè�úïì�Ýñä �

Ý¢Ù�Ú Üdß.î¬ì�ä&Üdèaä_çaêáÙbë�ß.ëdè�à�Ú$ÝdÙ�Ú$å�Ù�Ú$ÝdÙ êò÷�à��	��÷�Ù;ì8é[èaä&à�úïì ÝñäZÛ�Ú�ÜdÝN�.å6çaè�ßPÝN�
Ü¢ßPå�çaä_Û�Ú$ÿsé Ý

(1− ε2)x2 + 2εR(1 + ε)x+ y2 = R2(1 + ε)2

� Ü²é Ú�ëdå�Ù�ö ßPÝÉßPå�Ù���ÞPÝdÙ ÚkÛ�Ú�Ü¢é[Ýdî��.ø>Ü¢è�êdÞ¬ävëdè��$Üdîæß���ô îæßPå�ÿ.Ù�÷$à�ÝñäPþ,í²è�úïì �
ÝdäæÝdÙ�Ú èaä&Ü¢é[î_äæö ÝdÙ�Ú å�Ù�� ê¢ëdèaäæå�à�÷$àXä�� Üdßæå�çóä*Û�Ú�ÿséÉà�ÝdäæÝb��à ç�Ú�ßPè�Ù�ÙTè�ú*ì8Ýñä��
î¬ì�ä&Üdèaä&ç�ß*ì8é[÷óý ëñäæè�äæõ�ßPö�� Ý

4Rx+ y2 = 4R2

I{öVäÉëdè��$Üdîæß���÷�Ùüÿ.ÝdÙ�Ú�Û�å�à$é[÷óýß[Ü Üdè�êdÞæÙ�Ú�Û{ëdè��$Üdîæß���÷�ÙüîæßPå�ÿ Ù ÷�à$ÝdÚ�Û$íbÿ Ù �
ÿ.ß���è�ú[Ü�Û�Ú�å6çsÿ.ÝdÙ�Ú�Û�å�à$éß[Ü�Û�Ú�Ü¢é[Ýdî�Ùj
��üè�à$Ú�î�å�à$çaä � ÷�ä*Û��æ÷ ë¢è�à$é ç�é[ÿ à�ä � ß �
û$Ú�ÝdÙ êIçaè�ú&Û�ÿ.Ù�äæÝáà�Ú à�ÿ.Ù�Ú$ÝdÝb�

x
ÜdßÉçaà,ì�
bë�ßæå�çóä&÷�Ù�î_ä&ÝdßPÝdÙ ÷�à$ÝdÚ�Û{Ù�Ü¢à�Ù�Ú$öX�æ÷

÷�ä � Ú�è�ú*ì�Ýñä&ÝdÙ�Ú ëdè�à�Ú�à�ì8é[è�äæà�ìqßæö�Ý¬éPíñÜ¢ßPå�çaä_Û�Ú$ÿsé Ý
(x+ εR/(1− ε))2

(R/(1− ε))2
+

y2
(√
1− ε2R/(1− ε)

)2 = 1

( Ü¥ßPî�è���ÞæêòÚ$ö�Ù�ë¢å�� è�úPû$ÝdÙ4ì ç�é[ÿ ëdè�à$Ú�Üdå6çóäïì8Ù�Ú�Ý¢Ù�ê¥ç�ßdí¢û�Ú ì�å�ë�ú � ÷$à$é[Ý �
Ý¢Ù�î�Ù{ëdè�à,é ì8é[èaäæà�äæ÷óý à

x
� Ú�ÿ Ù

y
� î�Ù�Ú$ÿ å���è�úæû�ÝdÚu
�w�ß�ëTßïìqß[Üdê*Û�ÚæíZû�Ú

ÿ.ßPû$Ýñä�ß.Ú$ö�Ù�ë¢å�Ù�Ú ÿsé���ö Ú�ôÅÛ�äæîÉßT~gå�ë � ä&å�à$÷�à�ßæÝ�é[ÿK��ßæî[èi��Þæê�

!�è�úïì�ÝñäæÝdÙ�ä ß[Üd÷�à,é�çaê_Û�Ú$ÿ é õ�Ú$à�ë�ß���è�Ú$ÜdÝdÙ�ßå�î[è�ä*Û�ÝdÚ ì�äæè6çaß���÷$Ù

x
Ù
y



� Ü¢é
x = −εR/(1− ε)

íPì8ç�Ú�Ü¢é ÷�à � ßPÝãà
x
� Ú$ÿ å�Ù%�8à$Ú�è�ê_Û�Ú�Ù¢Ú$ö�Ù ëdåaä{ß[ÜdÜñäæö�ä
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å�Ù�� ÿ äæî�å�é[ÿÉä&ö�ÝdÙ Ú ß[Üòßæå�Ù
X

ëdè�à,éïÛ�ÿ ê_Û��&÷ ì ì�Ù Ú�è�à�÷óýdß � î_äæ÷óýòì�äæè6çaß���÷$Ù Ý
y = ±R

√
1− ε2

(1− ε)

â]å�ë�ú � ÷$à$é[ÝdÝdÙ î
b = R

√
1− ε2/(1−ε) Ýñäæà,é[ìqä�å�Ù%�:���c�$�A�b�.�Hp.��l���Ú$ö�Ù ëdå�é�


� Ýñäæö ßPÞPÙ ÷�à$ÝdÙ�Ú
a = R/(1 − ε)

çaßòçaà,ì�
 ��v�¡.���¢�.�Hp.£ Ú$ö�Ù ëdå�é�
¥Ø{äòå�î�è�à,é �
û�ßïì�äæÝdÙ êòö�Ù�Ý¢Ù Ù � �&÷�à*�&÷$é[÷óý ì�Ù Ú�è�à�÷óýdß � î[ÙµídìÃëdêdÝdîæ÷$Ù�ÚÉø �

εa, 0)
íñö Ú�û,é¤��è�ß[ÜdÚ$î

Ú�ö�Ù ëdå�é�
K��ßPÝdÙ û�å�à,éè6é[å�êdÝdÚ$îë�ßPî*äæà�ê_Û�ÚãÜ¢ì�Ù�Ú�Ú�ö�Ù ëdå�é ß
ε = 1/2

øKì�Ù��$î[å�àXä
ëdè��$Üdîæß���ôXþ�Ùbß

ε = −1/2 øùÿ Ý¢Ù�Ú�Û�å�àXä�ëdèi��Üdî&ß���ôXþ�


S8é[å�êdÝ¢Ú�î - 
 , Ý I ì�Ù�Ú�ßPè�õdÙ ç�é Ü¢öVä�Ü²ìqß[÷�ýòëdè��$Üdîæß���÷$Ù ë�ß[÷$à*�&ç�îæß*ì8é[÷óý
� Ü¢é]ÿ Ù ÿ.ß���è�ú[Ü

ε
Û�Ú$å�çãê_Û�Ú$ÿ Ý¬éPíD��è�ß[ÜdÚ�î]Ú�ö Ù�ëdå6é]ö�Ú$û$é]ë�ßÜdß[Üdä&çaÝdÙ Ú�Û

å�çaè�ßPÝdÙ Ú�ßPå�Ù
x
� ú*ì�í2ä çaß ì � ä���Ý¢Ù�Ú�ßPà$Ýñäæ÷$àXä¢í2Ù�û ë¢êdÝdî¬ç.ë�ß[÷�à	�&çaîæßïì8éáÛ�Ú�å�ç

ëdêdÝdî¬çaÚ$ÿðßPè�õdÙ ç�ésÝñä*Û�Üñäæö�å�à$é[ÿ ß[ÜãçaÚ$ÞPß�ßPÞPÝdÙ å�î_ä ì î¬çaúPè6é[ÿ Û�Ú�å�ç2÷$Ú�Ý¬çaè�êdÿ
ëdè�à,é²÷$ÙX��ÞPä_Û��æ÷$Ú�

O ä&ç�Ú�ÿ ä&ç�é[÷�à�Ý¬é¥ßPëdÙ å�î�è�à,é[ì8é[÷�ýbí�õ���Üb�&÷$é[÷�ý ßPè�õdÙ çaäæÿ.Ù4÷�Ù�ä � ë�ßPè�êdå�à�ä �

Û��æ÷$é[÷óý¥å�Ù%� ë�ß[Ü ì�ë � é�ìqÚ$ÿ å�Ù � é ÞæèaäXì�Ù çóä&÷�Û�ÙµíXÛ�Ú�å6ç�çaÚ$û ÿ.ßPû$ö�Ù"ì8é.ëdè�à$éÉêdû,é �
÷�Ù�ê ä&à$é[ÿ ê¢çaêÉÙ�ß[Üdö�Ú$Þ � ß���÷�Ùµí[à�äæÿ.ÙVäæå6ç2ì�å�ë�ú � è�à���ÜdÝ¬é²÷óý¥î_äæè6çaÚ�à�Û�ä��då�î[Ù ÷óý

x
Ù

y

�OáÙ�Ú$è�à	�æ÷vä&à$é[ÿ ê¢ç ß[Üáë�ß � ßPû$Ú�ÝdÙ�äãë�ß[÷�à	�&çaîæßïìqÚ�Þæß ø Û�ä&î Ýñäãè�é[å�êdÝ¢î[êñþ,í�Ù
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îæßæè�à$é[å6çóä*Û��æ÷vàEç�Ú�ÞPß û$Ú
x = r cosφ

íÒÿ.ßPû�Ú$ÿsé�è�ú*ì�ÝdäæÝdÙ ÚEßPè�õ¢Ù ç�é�àXäæë¢Ù�åaä&ô
ì ë�ßPå�çaäæ÷�Ù Ý

r = −εr cosφ+R(1 + ε)
íñ÷$à$é[ö�Ù Ý

r =
R(1 + ε)

1 + ε cosφ
IZöVäZÿ Ù ÿ.ß���è�ß[ÜdêvÜdß[Üñä&ç�ÝdÙ�Ú$ÞPß{ÿ.ÙVäæÝ¢ß*ì�ÝdÙ î ßPå�ÙX��Þ¬ä Üdö�ä

φ = 0
å6ìqß_Û�Ú�ÿÉä&î �

å�Ù�ÿ êdÿòí²ä ß[Üdö�Ú$Þ � ß���ô
r

ÿ.Ù�Ý¢Ù�ÿsêdÿ¦
+I{ö�ä ëñä&èaäæÿ.Ú$ç�è�ê
ε < 0

ídÜ¢öVävì�äæè6çaß���÷�Ù
ä&à$é[ÿ ê¢çaê

φ = 0
Û�Ú�å6ç�ßPå�ÙX��Þ¬ä&ÝdÚ ÿ Ù ÝdÙ ÿ ê¢ÿuÿ Ù�äæÝdßïì�ÝdÙ î_ä¢í�÷�à,é²ö Ùqÿ äæî�å�Ù �

ÿ êdÿÃß[Üdö Ú�Þ � ß���÷$Ùh
§I{öVä äæà,é²ÿ ê²çaê
φ = 180◦

í&ÞPÜ¢é�÷$ßPå�Ù Ý[êdå�å6çóä*Û�Ú2å�Ù��Cè�ú*ì�Ý¬é
−1 í&Û�Ú$å�ç ÜdßPî � äæÜdÝdÙ Ú�Ýñä�ß[Ü¢ì�è�ú&ç*

�²îæßPè�ß�Û�êdû çóä&îãÜ¢ßPõdè�à$Ú{à$Ýñäæÿséãî�å�à,çóä � ç�é.Ù�ê¢å�é�çaêdßïì�äæÝdÙ Ú{ßæè�õdÙ"çXí¬ì�ä&è�çaß

ì�å�ë�ßPÿ.ÝdÙ�Ú$ô ß�ë�Ú$ì�Ý�é[÷óýáë�ß*ì�ä&û�Ý¬é²÷óýáî � ßæë�ßæçóäæ÷óý # ßPë�Ú$è�ÝdÙ î_ä Ù�Û�Ú�ÞPß ì��_ç �
ë¢ö�Ù ìÅß���÷$ÙVäæ÷óý�÷�ß.Üdßãì � äæå�Ý¢Ú�Û�Ù ÜdÚ�Ùbè�ê¢÷�ý�êáëdö�äæÝdÚ$ç8ìÅßPîæú � � � ß��d÷�ä�

��ä&çaè�à*�æ÷�Ýñä�è�úïì�ÝñäæÝ¢Ù�Ú�Ú$ö�Ù ëdå�éáì�Ù Üdà�Ù ÿ éæíbû�Ú�å�çaßæå�êdÝdÚ$î ÿ ä � Ú�Û{Üdß¥Üdê �

û$Ú�Ûqë�ú � ßPå�Ù�ì8é[ÝdßPå�Ù √
1− ε2

í²ë�ß[Üd÷$àXäæå�ÞPÜ¢é.ß[Üdö�Ú$Þ � ß���ô:� � ß��¢÷Xäsß[Üg��è�ß[Üdî_ä
Ú$ö�Ù ëdå�é�øùëTß � ßPû$ßPÝdÚ$ÞPß�ì ëdêdÝdîæ÷$Ù�Ú

x = −εa þ ì å�ç�ßPå�ê¢Ýdî�ê Üdß¥Üdêdû$Ú�Û ë�ú �%�
ßæå�ÙTÛ�Ú�å6çvÿ.ÝdÙ�Ú�Û�å�àXä�Üdßæî � äæÜdÝdÙ Úãßò÷$à$é[ÝdÝdÙ î

ε

L�Päæî�Ù�Ú�åM��çaÚ�Þæßòëdèaäæî¬ç�é[÷�à$ÝdÚ

îæßæÝdå�Ú$î�ìqÚ�Ýd÷�Û�Ú&í�ÞPÜ¢é
ε

Û�Ú$å�ç ÝdÙ�Ú,ì�Ù�Ú$ö�îc� ö�Ù ÷�à$õb�¢í¢ë�ß*ì�Ù Ú�Üdà$ÿsé � í ��, W
�üè�à$éçóä&î[Ù Ú�Û ìqäæè�ç�ß���÷$Ù�¨ ß[Üdö Ú�Þ � ß���ôL� � ß��d÷Xäòß[Ü���è�ß[Üdî_äáÚ$ö�Ù�ë¢å�éIçaß ,�©

Û�Ú$ÞPß5��è�Ú�ÜdÝ¢Ù�Ú�Û9ß[Ü¢ö�Ú�Þ � ß���÷�Ùµí*ö êdõ�Ù Ýñäæ÷$à�Ú�Û9å�ç�ßPå�ê¢ÝdÚ�î ß[Üdö Ú�Þ � ß���÷�ÙPÝñä*Û�ÿ.ÝdÙ Ú�Û�å�à$Ú�Û
Ü¢ß Ýñä*Û6ì�Ù%��î�å�à$Ú�Ûvÿ äòå�Ù�� Û�äæî ����ª,.��,.«�� í ��� 
LI{ßPî � äæÜ¢Ýdß���ô ë�ßPà$ìqäæöVä*Û��æ÷	�
ß[Ü¢î[è6é²ôáçaäæî�Ù�Úòà$ÿ Ù�äæÝ�é�ßPå�ÙX��ÞPÝdÙ%�$ç�ß Ýñä Ü � êdÞPß ëdè�à�Ú�Ü # ßæë�Ú�è�Ý¢Ù�î�Ù�Ú$ÿk
 �
Û�ä&î[Ù;ö Ù�÷$à�õ�ßïìqß Û�Ú�å�çZå�ç�ßPå�êdÝ¢Ú�îòÿ ä � Ú�Û8Üdß Üdêdû$Ú�Û ë�ú � ßæå�Ù;ëdè�à$é¥ç�Ú�Û8ì�äæè6çaß���÷�Ù
ÿ.Ù�ÿ.ß���è�ß[Üdê¢W¬( õdö Ù�÷$à�ÿsé� √

1− 1/1002 = 0, 99995 
<w ß à�Þæß � äÙ ÝdÝñä
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