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Rules for tutorials

In every week a randomly selected group of students
is supposed to prepare a solution to the given problem.
A random person from each group will be request to
present the solution on-line and me and the rest of
you can discuss it and comment. After a satisfactory
presentation this group will be given one point (plus,
+), which will count in a total classification.

The list of students with their numbers is here. Ar-
ranging a work in a given group, please contact each
other by yourself. Student’s e-mails you can find from
Department’s WWW page. Perhaps you can make a
dedicated group on Facebook or Messenger.

On Mondays and Wednesdays around 12:00 (mid-
day) you can contact me on Zoom to consult your pro-
blem. Please earlier arrange this meeting by e-mail. In
case of short questions, just write e-mails.

Understanding all problems occurring with on-line
teaching, I ask you to contact me as much as you need.
I will be happy to help you and assist you to master
the topics of this course. Be also creative by yourself.
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1 Week I, 15-21/10/2020

1.1 Tutorial

1. What are dimensions of bra and ket objects? - Fol-

lowing the paper arXiv:2008.03187 we perform a
dimensional analysis of |U), |7, |p), and |n) vec-
tors. We discuss basic principles and definitions in
quantum mechanics.

. Harmonic oscillator, algebraic solution - We solve
a quantum harmonic oscillator in one dimension
by introducing creation and annihilation operators
and using their commutation algebra we find alge-
braically the spectrum of this problem.

2 Week II, 22-28/10/2020

2.1 Tutorial

1. Spin singlet - Consider two spins 1/2 in a singlet

state
_ 1

V2

a) What is probability to measure a spin +//2 on
the subsystem A if no measurement was performed
on the subsystem B?

b) If the measurement on the spin B was +7/2
what is a result of the subsequent measurement
on A?

[Solution will be prepared and presented by stu-
dents 9-16.]
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. Chain of atoms - A system is made on N lattice
sites (ions) distributed uniformly around a circle.
This is a simple model of one dimensional crystal.
An electron can be localized around one of the site
having the energy Ejy and can hop between nearest
neighbor sites with the probability amplitude W.
The Hamiltonian of the system is

N N
H =Y Eoln){n|+ Y W(ln){n+1|+|n+1){n|),

n=1 n=1

where {|n)} is a complete and orthonormal base
andn =1,2,..., N. Assuming a periodic boundary
condition, i.e. |[N) = |1) find the spectrum of the
Hamiltonian.

Hint: Introduce an operator A = 25:1 [n)(n +
1] and its hermitian conjugation and express the
Hamiltonian by them. Note that ATA = 1 and
check how they act on a state |n). Write down the
operator A as a matrix in the base {|n)}. Find the
spectrum of A.

[Solution will be prepared and presented by stu-
dents 1-8.]

. Factorization method - Following Infeld and Hull
method (see L. Infeld and T.E. Hull Rev. Mod.
Phys 23, 21 (1951) and H.C. Ohanian, Principles

of quantum mechanics) we discuss the way how to
factorize a solvable Hamiltonian and how to find
its spectrum in an algebraic manner. We introduce
a set of ladder operators 7j; and real constants F;
such that

i+ B =H
Ay + Bja = ii) + B

where 7 =1,2,3... and H is the Hamiltonian of the
system, which discrete spectrum we are looking
for.

Theorem: Suppose that these equations are satis-
fied and that #; has an eigenvector |£;) with eige-
nvalue zero, i.e. 7|€;) = 0. Then, a) the constants
Ej; is the jth eigenvalue of H (arrange is ascen-
ding order), b) the corresponding eigenvector (up
to normalization) is

By = iibih...nl_11€).

Prove this theorem. Hints: Introduce an operator
A= ﬁ;ﬁj + E; and show that

Ajy1 =iyl + By,
Ajiriy = ;A

Aji} = Az
Since H = A, show that H|E;) = E;|E;). Chec-
king the difference F; 1 —F; show that £} < Fy <
FE5 < .... Finally, show that if F is an eigenvalue

then it must be one of E; or must be above some
maximal (bound) Emax,

[Solution will be prepared and presented by stu-
dents 17-25.

. Algebraic solution of the infinite quantum well -

Using a factorization method find eigenvalues and
eigenfunctions of a quantum particle in one dimen-
sional infinite quantum well. Hint: make an Ansatz

iy = A (p+if ().
[Solution: depending on time, I will present the
solution or ask you to do this in the week II1.]

3  Week III, 29/10-04/11/2020

3.1 Tutorial

1. (Anti)Symmetrization operator as a projector -

Show that (anti)symmetrization operator
. . 1 P -
7)}3’1:'\11(7"17 ceey ’I"N) = ﬁ Z C ‘If(Tpl g eeey TPN>7
TP

where ( = =+ for bosons and fermions, respectively,
is a projection operator.

[Solution will be prepared and presented by stu-
dents 1, 5, 14, 19, 22, 25.]



2. Interacting two bosons in a harmonic potential -

4

Two identical bosons moving in one dimension
in a harmonic potential U(z) = imw?az? inte-
ract with each other by the potential V (z1,z2) =
aexp(—B(x1 — x2)?), where « is a real constant
and [ is a real and positive constant. Find the
ground state energy in the first order perturbation

theory.

[Solution will be prepared and presented by stu-
dents 2, 4, 9, 13, 18, 20, 26.]

Two interacting electrons in a quantum well - Two
electrons of mass m and spins 1/2 are in moving in
one dimensional infinite quantum well. They inte-
ract with each other with a spin independent po-
tential V(21 —x3). Treating this potential as a per-
turbation describe the three lowest energy states
in terms of one particle states of the quantum well
and the spins of particles. Determine in the first
order of perturbation the ground state energy and
the energy of the first two excited states. Hints:
results express in integral forms.

[Solution will be prepared and presented by stu-
dents 6, 8, 10, 12, 15, 24, 27.]

Week IV, 04-11/11/2020

4.1 Tutorial

1.

One and two particle density matrices - A many
body wave function of electrons contains a huge
number of information which is wholly almost irre-
levant. Therefore, it is advantageous to introduce
a one particle density matrix and a two particle
density matrix as follows
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and their spinless forms

V(L) =Y Ye(Floy, o),
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Express the total energy of the system in a given

state
E= Z/dn...dmxp*ﬁ\p,

spin

where
. B2 N
= —5-Vi+U(m)) + V (7,7,
;( 5 (73)) ;l (7%, 75)

by these density matrices.

[Solution will be prepared and presented by stu-
dents 2, 6, 11, 18, 22, 24.]

. Normalization of symmetric states - Show that for

a symmetric state |aq, ..., an} the scalar product
is
{a),..y|ar,...,an} =¢F I_I(n(x!)7
«@

where (o, ..., &y) is a permutation of (aq, ..., an)
and this scalar product is zero otherwise. n, is a
number of particles in the one-particle state a.

[Solution will be prepared and presented by stu-
dents 3, 9, 17, 20, 23, 26, 27.]

. Bosons in a boxr - Three spinless bosons are in

a one-dimensional box of length L with periodic
boundary conditions. The one-particle base is
{lk)}, where & = 2mn/L (n = 0,%£1,42,.))
and the corresponding wave functions are
Yr(z) = (z|k) = exp(ikz)/v/L. The three bo-
sons are in one-particle states with &y = 0 and
kg = k3 = 27T/L

a) Express explicitly the states |ki, ko, ko} and
|k, ko, ka).

b) Compute
<k17 k?a k2|k17 k?a k2>
¢) How does the operator a; with a given k act
on a state |ky, ko, ko}?

d) Compute aa;|ki, ko, ko), for i = ky and ks.

{k1, ko, kalky, ko, ko } and

[Solution will be prepared and presented by stu-
dents 4, 7, 14, 16, 19, 21, 28]

5 Week V, 12-18/11/2020
5.1 Tutorial

There is no tutorial meeting, official change in the sche-
dule.

6 Week VI, 19—25/11/2020
6.1 Tutorial

1. Fermions in a box - Three electrons with spin /2

are in a one-dimensional box of length L with pe-
riodic boundary conditions. The one-particle base
is {|k)}, where &k = 27n/L (n = 0,%+1,42,..)
and the corresponding wave functions are 15 (x) =
(z|k) = exp(ikz)/v/L. Consider a state |¢) =
|1, g, s}, where the electrons are in one-particle
states aq = (0,1), a2 = (0, |), and ag = (27/L, 1),
where we write a; = (k;, 0;). Find results of acting
on state [¢) with the following operators:



o o o

S— S~—

Q> ISk

v O O [\J‘l‘h‘m_!‘
PR ey B
> - —

A
=

NIRASH
> o

A Lo
f) GJQTTr’l.
[Solution will be prepared and presented by stu-
dents 1, 5, 8, 10, 12, 13, 15, 25.]

2. Second quantized operators - Express in second qu-
antization formalizm the following operators for
N-electron system:

e The spin operator S = Zil 6, [Solution

will be prepared and presented by students
3,7, 11, 16, 17, 27, 28]

e The kinetic energy 7' = Zf\il ;i (in posi-
tion representation) [Solution will be prepa-
red and presented by students 4, 6, 14, 18,
22, 23, 24.]

e The particle density operator #a(r) =
Zﬁ\;l d(r—r;) (in momentum representation)
[Solution will be prepared and presented by
students 2, 9, 19, 20 21, 26. |

3. Quantization of vibrating string - Quantize a one
dimensional string that can vibrate. Compare this
with a quantized one dimensional chain of atoms.
[Presented by KB.]

7 Week VII, 26/11-02/12/2020
7.1 Tutorial

1. Quantization of vibrating string - Quantize a one
dimensional string that can vibrate. Compare this
with a quantized one dimensional chain of atoms.
[Presented by KB.|

8 Week VIII, 03—09/12/2020
8.1 Tutorial

1. Gas of ideal fermions - Discuss properties of the
ground state of a gas of ideal fermions. [Presented
by KB,

2. Pauli paramagnetism -Discuss the ground state of
ideal fermions of spin one-half in a uniform ma-
gnetic field. Find the Pauli magnetic susceptibility.
[Presented by KB.|

9 Week IX, 10—16/12/2020
9.1 Tutorial

1. Casimir effect - Discuss the Casimir problem of
two parallel metalic plates in the electromagne-
tic field. Find the force between these two plates.
[Presented by KB.]
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