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Problem 1. Kondo singlet binding energy - To a system of N non-interacting electrons
with a dispersion relation €, we add one electron on a localized site with an energy e4. This
localized (impurity) state is coupled to the conducting electrons via a hybridization function
Vi. The symbol k represents a wave vector in d-dimensional space. When the impurity site is
occupied by two electrons with opposite spins the energy of the system increases by U > 0. This
system is described by the following single impurity Anderson Hamiltonian

H=eY dide + 3 erchcro + > (Vich,do + Vidhcro) + Unind,
o ko ko

where o =1 or | represents a spin projection and ng = dj,dg. All operators obey canonical
anticommutation relations. When U (> €4, Vi, and €f - the Fermi energy) is the highest energy
in the system a double occupancy of the impurity site is desfavorable. Instead, a second order
processes in Vi can lead to a hopping of a conducting electron on ¢4 site and back, yielding
an impurity spin’s flips. As a result a singlet bound state between an impurity electron and
conducting electrons is formed and, therefore, a local magnetic moment on the impurity site is
screened. This is known as the Kondo effect.
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In this problem find a binding energy FEjp of the Kondo singlet using the variational principle
and the following trial state

) =[a+ Y Bdlero]|FS(N +1)),
k<kp,o

where |F'S(N + 1)) is the non-interacting Fermi sea with N + 1 electrons with the Fermi wave
vector kr and a and (i are complex variational parameters. Explicitly:

1. find a normalization condition on « and S,

2. determine the energy functional E[a, ;| = (V|H|¥),

3. minimize the energy functional Fo, fxA] = Ela, 5] + A((¥|¥) — 1) with Lagrange method to
incorporate the normalization constrain and find an equation on the energy A,

4. taking a constant density of states at the Fermi level p(ep), the k-independent and real hy-
bridization function V3, = V| and using that the binding energy must be small |Ep| < €4, €p, U,
find an explicit expression for E, and show that it is negative, thereby the system energy is
lowered due to the formation of the Kondo singlet,

5. show that >, . ﬁkdlck(,]FS(N +1)) =D skp ﬁk(aqczi - dICLT)FS(N — 1)), therefore
the trial state indeed describes a singlet state in a superposition with the N + 1 particle Fermi
sea.



Solution

1. Normalization

Let |F'S(IN+1)) is a Fermi sea with N +1 electrons. If N 41 is even then all states with k£ < kg
are occupied by two electrons with opposite spins. If N + 1 is odd the the last energy state is
single occupied with spin up or down in equal probable superposition. Therefore,

(T|O) = (FS(N +1)[[a" + > Bicldolla+ > Brdbers][FS(N +1)) =
k<kp,o k<kp,o

=lo*+ > > BBUFS(N+1)e}, dodl, cwolFS(N+1)) =
N——

k<kp,0 k'<kp,o' +
506/ 7do'/dg'

=la+2 ) |67 =
k<kp

where (FS(N + 1)|el_cpo|FS(N + 1)) = 6O (kp — k) and d,d,|FS(N + 1)) = 0.

2. Energy functional

Elo, B = (UIH|W) = 2¢4 Y Bl +2 D exlal® =2 Y alBl®+4 > Y elBul’+

k<kp k<kp k<kp k<kp k'<kp

+2 Z Vkﬁka* +2 Z Vk*ﬁza

k<kp k<kp

3. Minimization

Flo, BiA = Ela, 8]+ Mo +2 > B = 1),

k<kp
oF
o =2 Z €ra+ 2 Z ViBr — Aa =0,
k<kp k<kp
oF
BIR = 2€4f8k — 2€x Sk + 4 Z €k B + Vi a — 2AB = 0.
k K <kp

Let A= \— >k <kp €k 1S the energy measured with respect to the energy of the free electron gas
we get

{ da =23 Vib
2(/\ — €4+ 6k)ﬁk = Vk*oz

From the first equation we find

Z Vi Bre-

k<k‘F

And eliminating « from the second equation we get

Multiplying both sides by Vi and taking the sum Zk<kp we obtain

S Vb= ) = P Z Vi Bre-

k<kp k' <kp A—eatep A k<kp



Canceling the same terms on both sides we finally find the equation on A

5 Vi.|?

A= .
k<kp/\_€d+6k

The graphical solution is presented in the figure
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4. Solution for binding energy

Let Vi, =V € R and we get

EF—ed—I-/N\‘

= ep(€) = =~ p(ep e=—— = plep n =
0 0 A —€q+ A

A—€qte€ —€g+¢€

Defining the binding energy Ej vi Epy = A — ¢4 we write the last equation in the form

—F
Ey+eq= ,O(EF)V2 In &

b

Next we observe that Ej, < 0 and |Ej,| < €4 together with |E,| < ep. Therefore we approximate
the last equation as

2 €F
€q~ plep)V=Iln|—
a~ pler) E,|
and find the binding energy in the explicit form
___ __1
Eb = —€fpe plep)VZ — —€pe P(EF)J’

where J = V? /¢4 is the effective exchange coupling.

5. Singlet state

Observe that for k£ > k%N_l)

JUFS(IN=1)=cf, (I—npy) [FS(N—1)) =cf corel[FS(N = 1)) = cxy| FS(N + 1))
N——
ZI*CLTCkT:CkTCLT



with k < k:l(pNH), and similarly for k > k;ﬁNfl)
AAFS(N=1) =cl.  (1—np) |FS(N—1)) = clicpyel [FS(N = 1)) = —cpy| FS(N +1))
N—_——
:l—CLleiicleLi

with k < kgyNH). Therefore,

> Buldlert + dler)[FS(N +1)) = > Bi(dlel, —dlcf)IFS(N - 1)),
k<kp k>kp

and it is indeed a singlet state.



