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New results

e New way of rescaling hopping to obtain non-trivial d — oo limt including BEC
condensate and normal bosons

e New DMFT equations for Bose-Hubbard model

g
deT/ET(T) QA_l(T — 7)) b(T) = 2t* / dTgET(T)E(T) +

n
3
3
I
"t
O\Q

Giliw,) = /deNO(e) [ ( i~ B 6 0 - )1 ~ (i) ]

—iw,, —

dr' AT — 7)p(7') = 26* (1) + U|p(7)2p(7) = (1)

2
§\|
ay
I
O\Q



Outline

1. Non-text book remarks on Bose-Einstein Condensation (BEC)
2. Bose-Hubbard model on the lattice and d — oo limit
3. Cavity method and DMFT equations

4. Discussion and conclusions
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Short-history: Bose-Einstein distribution

e M. Planck 1900 - introduces distingushable quanta of energy and gets BE function
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e L. Natanson 1911 - introduces concept of indistingushable photon quanta and by
combinatorial way gets BE distribution function
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in On the statistical theory of Radiation, Bulletin de I'Académie des Sciences de
Cracovie (A), 134 (1911); German translation in Phys. Z. 12, 659 (1911).

e S.N. Bose 1924 - independently gets BE distribution function, paper rejected from
Phil. Mag. and after translation by Einstein published in Z. Phys. 26, 178 (1924).



). Spatek — Statystyka Natansona-Bosego-Einsteina? Krytyczne tak

[) Vi, Natanson.

) T =157

zatem istotnie, jak powinnismy byli olrzymaé, wielkosé 1R T jest Srednig ki-
netyezny energiq ki gazu dosk 250 O tempy T, Por. § 32

§ 52 Teorya Plencks, Drugle aléwne toierduenie. Prayjmujemy teraz
rdwnanie (8) § 49-go, cayli twierdzenie Boltzmanna, Zamiast zmaku %
wstawiamy wartod¢ najwighszy, kiérg oslaga wielkod¢, dana praez formuly (5)
§ 89-go. Ze wagledu na rdwnania (7) i (8) § 88-go oraz (6) § 43go otrzyma-
Jemy, ¢o nastgpuje:

) S=k|Nlog N— Nlog N, — s log &+ const,

gdzie stal dedatkowa nie powinna zaleded od n.

Weaor (1) jest ogtlny. Praejdémy teras do uwazania dwdch preypadkéw
szcaegllnyeh, o Kidrych mowilismy w arlykulach 46 {47, Praypustony po
pietwsze, 2e ) § 46:go jest bardzo malym, sacznie od jednosci mniej-
szym utamkiem, Z § 47-g0 wiadomo, e popetnimy bardzo maly biag, je-
2eli polozymy wtym razie,

@ seplyi Neepig:
7. powytszego rownania (1) wyprowadzamy poddwezas:

B)  S=Fkffn+N)log {1l N)— nlog n— Nlog N{ - const.
Wedlug (8) § 48-g0 mamy jednakse, w stanie rownowagi
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Z (3} £4) wypada natychmlast:
& O=£"'a%=-ml-1'

gdzie o jest podstawy logurytmaw naturalnych, Z tego sbwnania (5), ktére
nazywamy drigien gidienemn iem Tearyi, ot y nieh for-
mukg promieniowania, odkrytq preez Plancka,

Przypominamy obecuie 7 §47-go, e, jeteli € fest mala, warlosé (z) fety
pomigdry dwezesnq o oraz Q. Zatem, ateby uzyskad réwnanie (5} Plancka,
ntusielismy prayjué za (z) jego dolng granice, Jeteli do réwnania (1) wsta-
wimy zamisst (r) jego gorng granice, t J- Jeteli zatogymy

Ponadto, liczba rozkladdw wspélnyeh dla N ato-
miw (standw) oraz n kwantdw (fotondw), gdy fotony
s nierozrognialne, jest dana wzorem

(1)

fu pray N dostepnych stanach {funk-
cja wykladnicza ma fu symbol &), Za-
uwaztity takze wzor (3) na entropie bo-
zondw 0 zadanej energil hw (wynik dla
calkowitej entropii jest podany jako
waor (32) w obecnym artvkule),
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Nastepnie wprowadeamy prawdopodobienstwo P

obsadzenia roawatanego rozdzialu energii. W tym celu

Symbol Uy, omacza tu sume liezh konfiguracii roz-
mieszezen atoméw z n folonami oraz n fotondw po-

definiujemy wielkoéé

migdzy atomarmi. Zauwazmy od razu, de waor POWYE- I Ninl{N - 1)l

=1
"
say ma taka samg postaé jak weér (8), lecs tam zu- U EN=I (H N.!) ]

miast calkowite] liczby atomdw mamy liczbe standw i

i=0

o danej energii =;. Podobna uwaga dotyeay ny, zatem Prawdopodobiefistwo to opisuje typows konfiguracje

ohecnie n musi odgrywaé rolg dredni

:j liczhy fotondw 2 n fotonami w ukladzie. Oslaga ono wartosé maksy-

wukladzie (czy ted wartodei najbardziej prawdopodob-  malng pray zadanych n oraz N, gdy lloczyn [E M
uej). Widac teraz, dlaczego obecne podejdcie jest po-  prayjmuje wartodé minimalng. Stad tez caly problem
dejiciem globaluym, w ktérym zadane sa dwie liczby:  sprowadzn sie do znalezienia warunkowego minimum
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Short-history: Bose-Einstein condensation (BEC)

A. Einstein 1925 - considers conserved bosons (u defined) and observes that
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is *only* correct for N < N, = ((3/2)(2xh?/mkpT)3/? in d = 3,
cf. Berl. Ber. 22, 261 (1924), ibid. 23, 3 and 18 (1925).
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Bose-Einstein Condensation: for conserved bosons above N, (below T,) the lowest
energy state is occupied by macroscopicaly large number of bosons. Then © = 0 and
the state ex—g must be treated separately
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Short-history: types of BEC

H.B.G. Casimir 1968 - notes that the distribution strongly depends on the boundary
condition; three different types of BEC:

e Type |: single state macroscopically occupied

others O(1/V)

e [ype ll: infinite states in a band By macroscopically occupied

. ong
pm 3= 0),

where k € By, others O(1/V)

e Type lll: (non-extensive occupation) none state macroscopically occupied but

. ng
Jm 2 = 0,
kEBV

others O(1/V'), c.f. Physica 110A, 550 (1982).



Short-history: general BEC as ODLRO

O. Penrose 1951, O. Penrose and L. Onsager 1956
Off-Diagonal Long Range Order (ODLRO) as a general definition of BEC for
interacting bosons in any ensamble, external potential, etc.

one-particle reduced density matrix
p(r,r';t) NZpS/drg...drN\I!:(rrg..rN;t)\I!S(r'rg...rN;t) = (YT (rt)(r't))

spectral decomposition (diagonalization)

p(r,r’st) = > na(t)xa(rt)Xa(r't)

BEC occurs when there exists one-particle state(s) o = 0 for which ng = N, ~ O(N)



BEC and ODLRO on the lattice

Wannier representation ¢ (r) = ) . b;w;(r), where [b;, bT] 0ij,

H =) t;blb;
iJ

one-particle density matrix is Hermitian p7; = p;;

pij = p(Ri, R;) = (blb;) = Nox§(R

)+ ) naxi(R

04750
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normal part
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BEC
Lattice Fourier transform: x(R;) = ——e™*%i, b, =
vV NL
pij = Z ny, ezk(R —Rj) _
BRC ™

~
normal part
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BEC and ODLRO on the lattice

N. 1 R R N,
Pij = T N, Z nge F ) e = N

N ~" N
<~ L k20 |R;—Rj|—o00 L
BEC part ~~ -~

normal part
e BEC part exhibilts long-range order, does not depend on |R; — R;|

e normal part vanishes due to destructive interference between different waves

in the presence of BEC both contributions to the density matrix
behave differently with respect to |R; — R,|



BEC on the lattice in d — oo limit

W. Metzner and D. Vollhardt 1989 - rescaling of hopping amplitudes for fermions

*k

tr . .
e quantum ¢;; = IIJ%—RJ-H leads to finite kinetic energy Eiy;n, when d — o0

(2d)

] .

o classical t;; = ﬁ leads to Ey;, — 0 when d — o0
d'iT

e nothing t;; = t3. leads to Fy;, — 00 when d — oo
g J 1]

Check bosons:
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—> Two different rescaling are needed when BEC is present



BEC on the lattice in d — oo limit
We propose:

1. rescaling is made inside an effective potential (energy, action, Lagrangian,
Hamiltonian, etc.) but not at the level of a bare Hamiltonian operator

ty :
e normal parts are rescaled as ¢;; = @ - quantum rescaling
L J
(2d) 2
b : :
e BEC parts are rescaled as ¢;; = (d)||RZ-j_R.|| - classical rescaling
¢ J

2. limit d — oo taken afterwards in this effective potential

such procedure gives consistent derivation of DMFT equations as exact ones in
d — oo limit for boson models with local interactions



Bose-Hubbard model

Bose-Hubbard Hamiltonian

partition function

daverages
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U
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Bose-Hubbard model in d — oo limit

A. Georges and G. Kotliar 1992 - cavity method, integrate out all sites 7 # 0

/D b, bo o—S0[b3,bo] /HD , —S[O b ,b;] @—AS[bZ‘,bi,bS,bol

i#£0 cummulant expansion

B
Sult5 0] = [ ar (55(7)(0. — u)tu(r) + Salr)no(r) - 1])

B
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q i#£0 i§7#0 i£0

B
AS[B b, b bo] = — / dr S [tiobt (T)bo(7) + tosbi (7)bi(7)] = / drAS(r)

i#0 3



Bose-Hubbard model in d — oo limit
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In d — oo limit when new rescaling applied only terms with n =1 and 2 appear



Bose-Hubbard model in d — oo limit
n =1 term (AS(7)):

=¢;(7) order parameter, connected
7\

~ Z /dT - ijf(T))S[oi bo(T) + h.c. [~ O(1)]
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n =2 term (AS(7)AS(7')), e.g. © # j:
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where b = (b, b*), ® = (4, ¢*), G = ( G G ) and Gdis = Geon | g+



Bose-Hubbard model in d — oo limit
n = 3 term (AS(T)AS(T")AS(7")), e.g. 1 # j # k:
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and for each n separately ...



Bose-Hubbard model in d — o limit, DMFT

Effective local action:
g B g 7 g

Simp = drdr bJr (7‘ — 7)) b(T) — 2t dro’ (7)b(7) + = | n(T)(n(r) — 1)
/] / 2|

where
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G (iwy) = G (iwy) + S(iw,) = ( i“’”o_ w0 ) — Aliw,)

k-integrated Dyson equation

G(iwn) = /deNO(e) [ ( iwn s i v - )1 — S (iwn) ]



Bose-Hubbard model,
DMFT and Gross-Pitaevskii equation

classical (ODLRO) ¢(r) fields not yet determined
use classical Euler-Lagrange equations with translaional invariance

5Simp[b07 bg] ‘_ _ —0
Sbo(T) bo(T)=¢(7)

Gross-Pitaevskii equations for DMFT

B
5, 3(r) — / 'R (1 — )d(r) — 26°3(r) + UIST)PH(r) = ud(r)



DMFT equations for Bose-Hubbard model

i) Action

g B g g
Simp = / / drdr'b (1) G (r — 7)) b(r) — 2t* / dré' (1)b(T) +% / n(t)(n(r) — 1)

AN AN

G (iwn) = G (iwn) + S(iwn) = ( Mn()_ g —iwy, — [

ii) Integrated Dyson (lattice self-consistency) equation

G (iw,) = /deNO(e) [ ( W P i v e )1 — 3(iwy,) ]

iii) Generalized Gross-Pitaevskii equation

B
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Outlook

e checked - all known limits (Bogoliubov, Hartree-Fock-Bogoliubov, Popov) satisfied

e obtained theory: consistent, conserving, exact in d or z — oo limit, valid for all U,
T, n, arbitrary lattice (tree) = the mean-field theory

e useful impurity solver (777): should satisfy Hugenholtz-Pines theorem 1959 -
gapless spectrum in BEC phase, i.e.

= Ell(w = 0) — Elg(w = O)

e Hamiltonian representation: generalized single impurity Anderson model with
nonconserving particle number

e many things to do .... collaboration wanted



