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New results

• New way of rescaling hopping to obtain non-trivial d→ ∞ limt including BEC
condensate and normal bosons

• New DMFT equations for Bose-Hubbard model

Simp =

β∫

0

β∫

0

dτdτ ′b̄†(τ) Ĝ−1(τ − τ ′) b̄(τ) − 2t∗
β∫

0

dτφ̄†(τ)b̄(τ) +
U

2

β∫

0

n(τ)(n(τ) − 1)

Ĝ−1(iωn) = Ĝ−1(iωn) + Σ̂(iωn) =

(
iωn − µ 0

0 −iωn − µ

)
− ∆̂(iωn)

Ĝ(iωn) =

∫
dεN0(ε)

[ (
iωn − µ− ε 0

0 −iωn − µ− ε

)−1

− Σ̂(iωn)

]−1

∂τ φ̄(τ) −
β∫

0

dτ ′∆̂(τ − τ ′)φ̄(τ ′) − 2t∗φ̄(τ) + U |φ̄(τ)|2φ̄(τ) = µφ̄(τ)



Outline

1. Non-text book remarks on Bose-Einstein Condensation (BEC)

2. Bose-Hubbard model on the lattice and d→ ∞ limit
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Short-history: Bose-Einstein distribution

• M. Planck 1900 - introduces distingushable quanta of energy and gets BE function

ε̄(ω) =
∞∑

n=0

~ωne
~ω

kBT n
=

~ω

e
~ω

kBT − 1
.

• L. Natanson 1911 - introduces concept of indistingushable photon quanta and by
combinatorial way gets BE distribution function

nε =
1

e
ε

kBT − 1
,

in On the statistical theory of Radiation, Bulletin de l’Académie des Sciences de
Cracovie (A), 134 (1911); German translation in Phys. Z. 12, 659 (1911).

• S.N. Bose 1924 - independently gets BE distribution function, paper rejected from
Phil. Mag. and after translation by Einstein published in Z. Phys. 26, 178 (1924).



W ladys law Natanson, 1864-1937

Teoria promieniowania (Theory of radiation) - 1912



Short-history: Bose-Einstein condensation (BEC)

A. Einstein 1925 - considers conserved bosons (µ defined) and observes that

N =

∞∫

0

dε
N0(ε)

e
ε−µ
kBT − 1

is *only* correct for N ≤ Nc = ζ(3/2)(2π~
2/mkBT )3/2 in d = 3,

cf. Berl. Ber. 22, 261 (1924), ibid. 23, 3 and 18 (1925).

2π~√
2mkBT

= λdB > a0 =

(
N

V

)−1
d

Bose-Einstein Condensation: for conserved bosons above Nc (below Tc) the lowest
energy state is occupied by macroscopicaly large number of bosons. Then µ = 0 and
the state εk=0 must be treated separately

N = Nc +

∞∫

0

dε
N0(ε)

e
ε

kBT − 1
,



Short-history: types of BEC

H.B.G. Casimir 1968 - notes that the distribution strongly depends on the boundary
condition; three different types of BEC:

• Type I: single state macroscopically occupied

lim
V →∞

n0

V
= O(1),

others O(1/V )

• Type II: infinite states in a band BV macroscopically occupied

lim
V →∞

nk

V
= O(1),

where k ∈ BV , others O(1/V )

• Type III: (non-extensive occupation) none state macroscopically occupied but

lim
V →∞

∑

k∈BV

nk

V
= O(1),

others O(1/V ), c.f. Physica 110A, 550 (1982).



Short-history: general BEC as ODLRO

O. Penrose 1951, O. Penrose and L. Onsager 1956
Off-Diagonal Long Range Order (ODLRO) as a general definition of BEC for
interacting bosons in any ensamble, external potential, etc.

one-particle reduced density matrix

ρ(r, r′; t) ≡ N
∑

s

ps

∫
dr2...drNΨ∗

s(rr2..rN ; t)Ψs(r
′r2...rN ; t) = 〈ψ†(rt)ψ(r′t)〉

spectral decomposition (diagonalization)

ρ(r, r′; t) =
∑

α

nα(t)χ∗
α(rt)χα(r′t)

BEC occurs when there exists one-particle state(s) α = 0 for which n0 = Nc ∼ O(N)



BEC and ODLRO on the lattice

Wannier representation ψ(r) =
∑

i biwi(r), where [bi, b
†
j] = δij,

H =
∑

ij

tijb
†
ibj

one-particle density matrix is Hermitian ρ∗ij = ρji

ρij = ρ(Ri, Rj) = 〈b†ibj〉 = Ncχ
∗
0(Ri)χ0(Rj)︸ ︷︷ ︸

BEC

+
∑

α6=0

nαχ
∗
α(Ri)χα(Rj)

︸ ︷︷ ︸
normal part

Lattice Fourier transform: χk(Ri) = 1√
NL
eikRi, bi = 1√

NL

∑
k e

−ikRibk, nk = 〈b†kbk〉

ρij =
1

NL

∑

k

nke
ik(Ri−Rj) =

Nc

NL︸︷︷︸
BEC

+
1

NL

∑

k 6=0

nke
ik(Ri−Rj)

︸ ︷︷ ︸
normal part



BEC and ODLRO on the lattice

ρij =
Nc

NL︸︷︷︸
BEC part

+
1

NL

∑

k 6=0

nke
ik(Ri−Rj)

︸ ︷︷ ︸
normal part

−→︸︷︷︸
|Ri−Rj|→∞

Nc

NL
= nc

• BEC part exhibilts long-range order, does not depend on |Ri −Rj|

• normal part vanishes due to destructive interference between different waves

in the presence of BEC both contributions to the density matrix
behave differently with respect to |Ri −Rj|



BEC on the lattice in d→ ∞ limit

W. Metzner and D. Vollhardt 1989 - rescaling of hopping amplitudes for fermions

• quantum tij =
t∗ij

(2d)
||Ri−Rj||

2

leads to finite kinetic energy Ekin when d→ ∞

• classical tij =
t∗ij

d
||Ri−Rj || leads to Ekin → 0 when d→ ∞

• nothing tij = t∗ij leads to Ekin → ∞ when d→ ∞

Check bosons:

Ekin =
∑

ij

tijρij =

NL∑

i=1

2d∑

j︸︷︷︸
∼d

tnn=t∗
d︷︸︸︷

tnn
ij

Nc

NL︸︷︷︸
ODLRO

+...+
1

NL

NL∑

i

2d∑

j︸︷︷︸
∼2d

tnn= t∗√
2d︷︸︸︷

tnn
ij

∑

k 6=0

nke
ik(Ri−Rj)

︸ ︷︷ ︸
∼ 1√

2d

+...

=⇒ Two different rescaling are needed when BEC is present



BEC on the lattice in d→ ∞ limit

We propose:

1. rescaling is made inside an effective potential (energy, action, Lagrangian,
Hamiltonian, etc.) but not at the level of a bare Hamiltonian operator

• normal parts are rescaled as tij =
t∗ij

(2d)
||Ri−Rj||

2

- quantum rescaling

• BEC parts are rescaled as tij =
t∗ij

(d)
||Ri−Rj || - classical rescaling

2. limit d→ ∞ taken afterwards in this effective potential

such procedure gives consistent derivation of DMFT equations as exact ones in
d→ ∞ limit for boson models with local interactions



Bose-Hubbard model

Bose-Hubbard Hamiltonian

H = −
∑

ij

tijb
†
ibj +

U

2

∑

i

ni(ni − 1)

partition function

Z =

∫ ∏

i

D[b∗i , bi]e
−S[b∗i ,bi]

averages

〈Â〉 =

∫ ∏
iD[b∗i , bi]A[b∗i , bi]e

−S[b∗i ,bi]

∫ ∏
iD[b∗i , bi]e

−S[b∗i ,bi]

action

S[b∗i , bi] =

β∫

0

dτ




∑

i

b∗i (τ)(∂τ − µ)bi(τ) −
∑

ij

tijb
∗
i (τ)bj(τ) +

U

2

∑

i

ni(τ)[ni(τ) − 1]







Bose-Hubbard model in d→ ∞ limit

A. Georges and G. Kotliar 1992 - cavity method, integrate out all sites i 6= 0

Z =

∫
D[b∗0, b0]e

−S0[b
∗
0,b0]

∫ ∏

i 6=0

D[b∗i , bi]e
−S[0][b∗i ,bi] e−∆S[b∗i ,bi,b

∗
0,b0]︸ ︷︷ ︸

cummulant expansion

S0[b
∗
0, b0] =

β∫

0

dτ

(
b∗0(τ)(∂τ − µ)b0(τ) +

U

2
n0(τ)[n0(τ) − 1]

)

S[0][b∗i , bi] =

β∫

0

dτ




∑

i 6=0

b∗i (τ)(∂τ − µ)bi(τ) −
∑

ij 6=0

tijb
∗
i (τ)bj(τ) +

U

2

∑

i 6=0

ni(τ)[ni(τ) − 1]





∆S[b∗i , bi, b
∗
0, b0] = −

β∫

0

dτ
∑

i 6=0

[ti0b
∗
i (τ)b0(τ) + t0ib

∗
0(τ)bi(τ)] ≡

β∫

0

dτ∆S(τ)



Bose-Hubbard model in d→ ∞ limit

Z =

∫
D[b∗0, b0]e

−S0[b
∗
0,b0]ZS[0][1−

β∫

0

dτ〈∆S(τ)〉dis
S[0]+

1

2!

β∫

0

dτ1dτ2〈∆S(τ1)∆S(τ2)〉dis
S[0]+...]

ZS[0] =

∫ ∏

i 6=0

D[b∗i , bi]e
−S[0][b∗i ,bi]

Z

ZS[0]

=

∫
D[b∗0, b0]e

−Seff [b∗0,b0]

Seff[b∗0, b0] =

β∫

0

dτ

(
b∗0(τ)(∂τ − µ)b0(τ) +

U

2
n0(τ)[n0(τ) − 1]

)
+

∞∑

n=1

∑

i1...jn

∫
dτi1...dτjnb

(∗)
0 (τi1)...b

(∗)
0 (τjn)ti10...t0jnĜ

[0]con
i1...jn

(τi1...τjn)

Theorem
In d→ ∞ limit when new rescaling applied only terms with n = 1 and 2 appear



Bose-Hubbard model in d→ ∞ limit
n = 1 term 〈∆S(τ)〉:

∼
∑

i(0)︸︷︷︸
∼d

β∫

0

dτ ti0︸︷︷︸
t=t∗

d classical rescalling

≡φi(τ) order parameter, connected︷ ︸︸ ︷
〈b∗i (τ)〉S[0]︸ ︷︷ ︸

ODLRO

b0(τ) + h.c. [∼ O(1)]

n = 2 term 〈∆S(τ)∆S(τ ′)〉, e.g. i 6= j:

∼
∑

ij(0)

ti0t0jb̄0(τ)
†Ĝ[0]dis

ij (τ−τ ′)b̄0(τ ′) =
∑

ij(0)︸︷︷︸
∼d2

ti0t0j︸ ︷︷ ︸
t∗√

d
t∗√

d

b̄†0(τ)
ˆ̃G

[0]con
ij (τ − τ ′)︸ ︷︷ ︸

1

(
√

d)
2

b̄0(τ
′)+ [∼ O(1)]

+
∑

ij(0)︸︷︷︸
∼d2

ti0t0j︸ ︷︷ ︸
t∗
d

t∗
d

b̄†0(τ)

disconnected︷ ︸︸ ︷
Φ†

i(τ)Φj(τ
′)︸ ︷︷ ︸

ODLRO

b̄0(τ
′) [∼ O(1)]

where b̄ = (b, b∗), Φ = (φ, φ∗), ˆ̃G =

(
G̃11 G̃12

G̃21 G̃22

)
and Ĝdis = ˆ̃Gcon + Φ∗Φ



Bose-Hubbard model in d→ ∞ limit
n = 3 term 〈∆S(τ)∆S(τ ′)∆S(τ ′′)〉, e.g. i 6= j 6= k:

∼
∑

ijk(0)︸ ︷︷ ︸
∼d3

ti0tj0tk0︸ ︷︷ ︸
t∗
d

t∗
d

t∗
d

disconnected︷ ︸︸ ︷
Φi(τ)Φj(τ

′)Φk(τ
′′)︸ ︷︷ ︸

ODLRO

⊗
b̄0(τ)b̄0(τ

′)b̄0(τ
′′) + [∼ O(1)]

∑

ijk(0)︸ ︷︷ ︸
∼d3

ti0tj0tk0︸ ︷︷ ︸
t∗
d

t∗√
d

t∗√
d

disconnected︷ ︸︸ ︷
Φi(τ)︸ ︷︷ ︸
ODLRO

ˆ̃G
[0]con
jk (τ ′ − τ ′′)

︸ ︷︷ ︸
1

(
√

d)2

⊗
b̄0(τ)b̄0(τ

′)b̄0(τ
′′) + [∼ O(1)]

∑

ijk(0)︸ ︷︷ ︸
∼d3

ti0tj0tk0︸ ︷︷ ︸
t∗√

d
t∗√

d
t∗√

d

ˆ̃G
[0]con
ijk (τ, τ ′, τ ′′)

︸ ︷︷ ︸
1

(
√

d)4

⊗
b̄0(τ)b̄0(τ

′)b̄0(τ
′′) [∼ O

(
1√
d

)
]

and for each n separately ...



Bose-Hubbard model in d→ ∞ limit, DMFT

Effective local action:

Simp =

β∫

0

β∫

0

dτdτ ′b̄†(τ) Ĝ−1(τ − τ ′) b̄(τ) − 2t∗
β∫

0

dτφ̄†(τ)b̄(τ) +
U

2

β∫

0

n(τ)(n(τ) − 1)

where

Ĝ−1(τ − τ ′) = δ(τ − τ ′)

(
∂τ − µ 0

0 ∂τ − µ

)
+

1

2

∑

i,j 6=0

t∗i0t
∗
j0

ˆ̃G
[0]con
ij (τ − τ ′)

Ĝ−1(iωn) = Ĝ−1(iωn) + Σ̂(iωn) =

(
iωn − µ 0

0 −iωn − µ

)
− ∆̂(iωn)

k-integrated Dyson equation

Ĝ(iωn) =

∫
dεN0(ε)

[ (
iωn − µ− ε 0

0 −iωn − µ− ε

)−1

− Σ̂(iωn)

]−1



Bose-Hubbard model,
DMFT and Gross-Pitaevskii equation

classical (ODLRO) φ̄(τ) fields not yet determined
use classical Euler-Lagrange equations with translaional invariance

δSimp[b0, b
∗
0]

δb0(τ)
|b̄0(τ)=φ̄(τ) = 0

Gross-Pitaevskii equations for DMFT

∂τ φ̄(τ) −
β∫

0

dτ ′∆̂(τ − τ ′)φ̄(τ ′) − 2t∗φ̄(τ) + U |φ̄(τ)|2φ̄(τ) = µφ̄(τ)



DMFT equations for Bose-Hubbard model

i) Action

Simp =

β∫

0

β∫

0

dτdτ ′b̄†(τ) Ĝ−1(τ − τ ′) b̄(τ) − 2t∗
β∫

0

dτφ̄†(τ)b̄(τ) +
U

2

β∫

0

n(τ)(n(τ) − 1)

Ĝ−1(iωn) = Ĝ−1(iωn) + Σ̂(iωn) =

(
iωn − µ 0

0 −iωn − µ

)
− ∆̂(iωn)

ii) Integrated Dyson (lattice self-consistency) equation

Ĝ(iωn) =

∫
dεN0(ε)

[ (
iωn − µ− ε 0

0 −iωn − µ− ε

)−1

− Σ̂(iωn)

]−1

iii) Generalized Gross-Pitaevskii equation

∂τ φ̄(τ) −
β∫

0

dτ ′∆̂(τ − τ ′)φ̄(τ ′) − 2t∗φ̄(τ) + U |φ̄(τ)|2φ̄(τ) = µφ̄(τ)



Outlook

• checked - all known limits (Bogoliubov, Hartree-Fock-Bogoliubov, Popov) satisfied

• obtained theory: consistent, conserving, exact in d or z → ∞ limit, valid for all U ,
T , n, arbitrary lattice (tree) =⇒ the mean-field theory

• useful impurity solver (???): should satisfy Hugenholtz-Pines theorem 1959 -
gapless spectrum in BEC phase, i.e.

µ = Σ11(ω = 0) − Σ12(ω = 0)

• Hamiltonian representation: generalized single impurity Anderson model with
nonconserving particle number

• many things to do .... collaboration wanted


