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Main results

- New comprehensive dynamical mean-field theory for correlated, lattice bosons in
normal and condensate phases, exact in d — o0

Correlated lattice

Boson reservoir (BEC)

time

- Correlation might enhance BEC fraction and transition temperature
- DMFT for bose-fermi mixtures
- Real-space formulation of DMFT
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Correlated lattice fermions

H = — Z tz‘jCj;O.ng- +U Z ARz

ijo i

fermionic Hubbard model, 1963

Local Hubbard physics
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The Holy Grail for correlated electrons (fermions)

Fact: Hubbard model is not solved for arbitrary cases

Find the best comprehensive approximation

e valid for all values of parameters t, U, n = N./Ny, T, all thermodynamic phases
e thermodynamically consistent

e conserving

e possessing a small expansion (control) parameter and exact in some limit

e flexible to be applied to different systems and material specific calculations



Fermions in large dimensions
Large dimensional limit is not unique

No scaling at all:
tij = tij; U = U etc.

1
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Overscaling fermions
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bij i gll’ U=U, -etc
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Fermions in large dimensions (coordination)

Non-trivial (asymptotic) theory is well defined such that the energy density is
generically finite and non-zero

1
N; Ekzn — thg ngcja — Z Z zg / 9 zga ~ 0(1)
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Fact, since G;; is probability amplitude for hopping,
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with rescaling
tr
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sum Zj(i) is compensated and energy is finite (Metzner, Vollhardt, 1989)



Comprehensive mean-field theory for fermions

_ hopping interaction
H=H + Hy.
e comprehensive (all input parameters, temperatures, all phases, ...)

e thermodynamically consistent and conserving

e provides exact solutions in certain non-trivial limit (large d)

<H>, <}Ih0pping>7 <Hinteraction>

loc

are finite and generically non-zero, and
hopping interaction
< [H ) Hloc ] > 7& 0

to describe non-trivial competition



Non-comprehensive mean-field theory for fermions

e Distance independent hopping (van Dongen, Vollhardt 92)

H = thIchg -+ UzniTnil

1)0

e Distance independent interaction (Spalek, Wojcik 88, KB 92-94, Baskaran 91,
Kohmoto 95, Gebhard 97)

H = Z tijCIJng + U Z i1, H = Z exNke + U Z Nk Nk |
ko k

ijo ij
In both models a non-trivial competition is suppressed

< [Hhopping’ Hliélgeraction] > — 0

aIthough <H>, <]_Ihopping>7 <Hinteraction> # 0

loc



d — oo limit — Feynman diagrams simplification

One proves, term by term, that skeleton expansion for the self-energy 3J;;[G] has only
local contributions

Fourier transform is k-independent
Ea(kawn) —7d—o0 Ea(wn)

DMFT is an exact theory in infinite dimension (coordination number)
and a small control parameter is 1/d (1/z)

(Metzner, Vollhardt, 1989; Muller-Hartmann, 1989; Georges, Kotliar, 1990’;
Janis, Vollhardt 1990, ...)



DMFT for lattice fermions

Replace (map) full many-body lattice problem by a single-site coupled to dynamical
reservoir and solve such problem self-consistently

All local dynamical correlations included exactly

Space correlations neglected - mean-field approximation



DMFT - equations full glory

Local Green function
GJ(T) = _<TTCJ(T)C;(O)>SZOC

where

Sloc = — Z/deT/C* =1 )—l—U/dTnT(T)nl(T)

Weiss (mean-field) function and self-energy
gc:l(wn) - G;l(wn) + Xo(wn)

Local Green function and lattice system self-consistency

1
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DMFT - flexibility; LDA+DMFT

Multi-band systems (Anisimov et al. 97; ... Nekrasov et al. 00, ...)
H=Hrpa+ Hint — HgDA = HgDA + Hint

direct and exchange interaction

1 P
_5 Z Z Jmm’ Cz’lmacilm/_gcilm’acilm—a

1=14,l=lg mo,m’

kinetic part, determined from DFT-LDA calculation (material specific)

0 _ 0 T
Hipa = E tilm,jl’m’cfilmacﬂ’m’ff

ilm,jl'm’ o

LDA+DMFT - state of the art for realistic approach to correlated electron systems



DMFT scheme

Sioc - local interactions U or J from a model TB or a microscopic LDA Hamiltonian

A A A A

G=>[(w+ml—-H =]~

HO is a model TB or a microscopic LDA Hamiltonian



BOSONS



Short-history: Bose-Einstein distribution

e M. Planck 1900 - introduces distingushable quanta of energy and gets BE function

i} - i, hiw
€(w) = hwnekBT " =
hw
n=0 ekBT — 1

e L. Natanson 1911 - introduces concept of indistingushable photon quanta and by
combinatorial way gets BE distribution function

1

€
ekBT — 1

Ne = ’

in On the statistical theory of Radiation, Bulletin de |I'Académie des Sciences de
Cracovie (A), 134 (1911); German translation in Phys. Z. 12, 659 (1911).

e S.N. Bose 1924 - independently gets BE distribution function, paper rejected from
Phil. Mag. and after translation by Einstein published in Z. Phys. 26, 178 (1924).



). Spatek — Statystyka Natansona-Bosego-Einsteina? Krytyczne tak

[) Vi1, Natamson.

(1) S =1eT

zatem istolnie, jak powinnismy byli olrzymaé, wielkosé {R T jest drednig ki-
netyezng energiq ki gazu doskonalego o temp . Por.§ 82

§ 52 Teorya Plencks, Druge aldwne tuierdzenie, Prayjmujemy teraz
rowngnle (8) § 49-go, czyli twierdzenie Boltzmanna, Zamiast znaky %
wstawiamy wartod najwighszy, kiérg oslaga wielkod¢, dana praez formuly (5)
§ 89-go. Ze wagledu na rdwnania (7) i (8) § 88-go oraz (6) § 43go otrzyma-
jemy, co nastgpuje:

) S=k|Nlog N— Nlog N, — s log &+ const,
gdzie stal dedatkowa nie powinna zalesed od n.

Wadr (1) jest ogtlny, Praejdimy teras do nwaania dwoch preypadkdw
szezegdinych, o kidrych mowilidmy w artykulach 46 § 47, Przypiicmy po
pietwsze, 2¢ ) § 46:go jest bardzo malym, sacznie od jednosci imnigj-
szym utamkiem, Z § 47-go wiadomo, 2e popehnimy bardzo maly blad, je-
2eli polozymy wtym razie,

@ seplyi Neepig:
7. powytszego rownania (1) wyprowadzamy poddwezas:
() S=Kifn-+N)log{n-+ )~ nlogn— Nlog Ni+const.
Wedlug (8) § 48-g0 mamy jednakse, w stanie rownowagi
28 . 8
Z (3} £4) wypada natychmlast:

E 1
@ 0=~ m=amm:

gdzie o jest podstawy logurytmaw naturalnych, Z tego sdwnania (5), ktére
nazywamy drigien gidienen iem Tearyi, ot y nieh for-
mukg promieniowania, odkrytq preez Plancka,

Przypominamy obecuie 7 §47-go, e, jeteli € fest mala, warlodé (z) fety
pomigdry Gwczesnq o oraz Q. Zatem, ateby uzyskat rownanie (5} Plancka,
nusielismy prayjué za (z) jego dolng granice, Jeteli do réwnania (1) wsta-
wimy zamisst (r) jego gorng granice, t J- Jeteli zatogymy

Ponadto, liczba rozkladdw wspélnyeh dla N ato-
miw (standw) oraz n kwantdw (fotondw), gdy fotony
s nierozeognialne, jest dana wzorem

N1
Vo= a1 !

Rys. 2. Strona monografii [] 2 jawnym
niem na rozklad statystyeany
by fotondw n o energii ¢
fu pray N dostepnych stanach {funk-
cja wykladnicza ma fu symbol &), Za-
uwaztity takze wzor (3) na entropie bo-
zondw 0 zadanej energil hw (wynik dla
calkowitej entropii jest podany jako
waor (32) w obecnym artvkule),

»

S N=N, (16)

i=0

»

YiNj=n {17)

=0

Nastepnie wprowadzamy prawdopodobienstwo P

obsadzenia roawatanego rozdzialu energii. W tym celu

Symbol Uy, omacza tu sume liezh konfiguracii rog-
mieszezen atoméw & n folonami oraz n fotondw po-

definiujemy wielkoéé

miedzy atomami. Zauwazmy od razu, e wzir POWYE- I Ninl{N - 1)l

-1
»
szy ma taka samy pastaé jak wzor (8), lees tam za- T Uz mAN-1) (H N.!) : (18)

miast calkowitej liczby atoméw mamy liczbe standw g;

=0

o danej energii =;. Podobna uwaga dotyeay ny, zatem Prawdopodobiefistwo to opisuje typows konfiguracje

ohecnie n musi odgrywaé rolg dredni

2j liczhy fotondw 2 n fotonami w ukladzie. Oslaga ono wartosé maksy-

wukladzie (czy ted waitodei najbardziej prawdopodob-  malng pray zadanych n oraz N, gdy floczyn [E M
uej). Widac teraz, dlaczego obecne podejécie jest po-  prayjmuje wartodé minimalng. Stad tez caly problem
dejsciem globaluym, w ktérym zadane sa dwie liczby: sprowadaa sig do znalezienia warnnkowego minimum

POSTEPY FIZYKI TOM 56 ZESZYT 4 ROK 2005
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Teoria promieniowania (Theory of radiation) - 1912



Short-history: Bose-Einstein condensation (BEC)

A. Einstein 1925 - considers conserved bosons (u defined) and observes that

oo

N:/de ]YB(E)

€

kT
3 eB 1

is *only* correct for N < N, = ((3/2)(2nh? /mkgT)?/? in d = 3,
cf. Berl. Ber. 22, 261 (1924), ibid. 23, 3 and 18 (1925).

S

27h N (N) -
p— an = _
2mkpgT o ! Vv

Bose-Einstein Condensation: for conserved bosons above N, (below T.) the lowest
energy state is occupied by macroscopicaly large number of bosons. Then 1 =0 and
the state ex—g must be treated separately

I N
N:NC+/d€ 60(6) ,
eFsT — 1

0



Short-history: general BEC as ODLRO

O. Penrose 1951, O. Penrose and L. Onsager 1956
Off-Diagonal Long Range Order (ODLRO) as a general definition of BEC for
interacting bosons in any ensamble, external potential, etc.

one-particle reduced density matrix
p(r,r';t) NZpS/d?"g...drN\I!;"(rrg..rN;t)\Ifs(r’rg...rN;t) = (YT (rt)(r't))

spectral decomposition (diagonalization)

p(r,r'st) = > na(t)xa(rt)Xa(r't)

BEC occurs when there exists one-particle state(s) a = 0 for which ng = N, ~ O(N)



Short history: True experiments with BEC

Magneto-optical traps with cold alkaline atoms with Bose statistics
(“Li, 22Na, 4K, °2Cr, 8°Rb, ®"Rb, 133Cs and 174Yb)

M.H. Anderson, J.R. Ensher, M.R. Matthews, C.E. Wieman, and E.A. Cornell, 1995



Short history: Superfluid-Mott transition

a Optical lattice

PGS

b Re

a Superfluid - =
3 ¢ W Wy o oo

Superfluid-Mott insulator transition, Greiner, Mandel, Esslinger, Hansch, Bloch, 2002



Correlated bosons on optical lattices  Gersch, Knoliman, 1963
Fisher et al., 1989

_ Scalettar, Kampf, et al., 1995
bosonic Hubbard model Jacksch, 1998 g

%] )

t
: local (on-site) correlations in time
t
< / Fiw= U 3U 6U 3U
/\ / +\\\In * \\‘ In
/ \/ /“\ | l
“. * & +~\ Out
\ I / N o o ° '
a U -

TIME f

,2) = 1i,3) = [i,4) — [i,3)

integer occupation of single site changes in time



Standard approximations

e Bose-Einstein condensation treated by Bogoliubov method b; = (b;) + b; where
(b;) = ¢; € C classical variable (Bogoliubov 1947)

e Weak coupling - mean-field (expansion) in U, valid for small U, average on-site
density, local correlations in time neglected (Ooste, Stoof, et al., 2000)

e Strong coupling - mean-field (expansion) in ¢, valid for small ¢ (Freericks, Monien,
1994; Kampf, Scalettar, 1995)

Bose-Einstein condensate — Mott insulator transition
U~t

intermediate coupling problem
Comprehensive mean-field theory needed

Like DMFT for fermions: exact and non-trivial in d — oo limit



Quantum lattice bosons in d — oo limit
W. Metzner and D. Vollhardt 1989 - rescaling of hopping amplitudes for fermions

*
poo 1l
t |[|R;—R;l|

(2d)

Not sufficient for bosons because of BEC:

for NNi,57 t=

SR
SH

One-particle density matrix at ||R; — R;|| — oo

N, 1 T N
pij = (bb;) = N +N_anez’“(Rz k) — © =n,
<F L =0 |Ri—Rj||—o0 L

BEC part ~~ -~
normal part

e BEC part — constant

e normal part — vanishes

The two contributions to the density matrix behave differently



Quantum lattice bosons in d — oo limit

e No scaling:

NLLEkm = 00
e Fractional scaling:
NLLEkm = 00
in the BEC phase
e [nteger scaling:
NLLEM”’ =0

in the normal phase

No way to construct comprehensive mean-field theory
in the bare Hamiltonian operator formalism



BEC and normal bosons on the lattice in d — oo limit

1. Rescaling is made inside a thermodynamical potential (action, Lagrangian) but
not at the level of the Hamiltonian operator
t : :
e normal parts: ¢;; = ||Ré_Rj|| - fractional rescaling
(2d) 2
(2a) TR T51]

o BEC parts: t;; = - integer rescaling

2. Limit d — oo taken afterwards in this effective potential

Only this procedure gives consistent derivation of B-DMFT equations as
exact ones in d — oo limit for boson models with local interactions



Bosonic-Dynamical Mean-Field Theory (B-DMFT)

e Exact mapping of the lattice bosons in infinite dimension onto a single site
e Single site coupled to two reservoirs: normal bosons and bosons in the condensate

e Reservoirs properties are determined self-consistently, local correlations kept

Correlated lattice

/Ojons/// S
St N N\ N/

Boson reservoir (BEC)

time



B-DMFT application to bosonic Hubbard model

(i) Lattice self-consistency equation (exact in d — o0)

. —1
G an deNO [ ( 1Wn ‘I‘O,U'_E oy —(I)_M_E ) —i(zwn) ]

AN J—

(ii) Local impurity  G(7) = [ D[b*,b] b(7)b*(0) e~ rec

Correlated lattice

@ ﬁ ? Sloc: f() f() deT/bT( )é\ (T_T/) E(T)—i_

Boson reservoir (BEC) K foﬁ dTéT (7‘)6(7‘) —+ % fOB n(T) (TL(T) — 1)
Q\_l(iwn) =G Liw,) + i(zwn) = ( iwn0+ H —iw0+ y ) - ﬁ(zwn)

(iii) Condensate wave function

— [ D[b*,b] b(r) e~ Stec



B-DMFT in well-known limits

Bosonic Hubbard Model (t.,U)

ij?

4 & ™\ -
= G t = S
L (2Y) ' ZR
s=1/2 for normal bosons
s=1 for condensed bosons d = oo
N, =0
d—o N, > ©
N, > o
v y

Beliaev-Popov |, U <t

e PR B_D M F‘I‘

i Keep only diagrams
6 of 1. orderin U

A=0 Boson mean-field

immabic ] theory of Fisher et al.

normal bosons)

Hartree-Fock-
Bogoliubov
approximation

i Normal diagrams =0

v

Bogoliubov .29 5] Free bosons Immobile bosons
mean-field theory

A




B-DMFT Generalized Gross-Pitaevskii equation

Condensate wave function

dr’ [All(T — e (r") + A (r — T’)(I)*<7'/>}

)
ﬂ
I
=
|
X
|
=
by
2
N
&
2
_|_
O\Q

Generalized Gross-Pitaevski equation includes retardation effects due to normal
bosons



B-DMFT application to bosonic Falicov-Kimball
model

Binary mixture of itinerant (b) and localized (f) bosons on the lattice
H = Ztij b;-rbj + €f Z f;rfZ + Ubf anmﬁ —+ Uff anmﬂ
ij i i i

Local conservation law [n¢;, H] = 0 hence ny; = 0, 1,2, ... classical variable

B-DMFT: local action Gaussian and analytically integrable




Enhancement of T3z~ due to interaction

Hard-core f-bosons Us¢ = 00; ny =0,1; 0 <ny <1; d= 3 - SC lattice

1 — U _=0
03F A | B bf
- — — U _=04
L ) nf_ 2 8 08} bf
Q B ﬁ § B Ubf:0'8
oM B [} =
5" 02f ! £ 06} — UpLd
\O B nf_ % |
|_% B G 04—
< 01 — i R
B 8021
1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 i 1 1 1 1 I 1 1 1 [
(0lC 0
0 1 2 3 4 0 0.2 0.4
Interaction, Ubf Temperature, T

U _=0
bf 0.4 0.8

=
ol N
T ]
@]

Ap(w) = —ImGyp(w) /7

o
Ul

Spectral function, A, (w)
|_\

o
T

_ _ A
iy = PO + [ dw Al i)

Normal part decreases when U increases for constant p and T



Exact limit: enhancement of Tz~ due to interaction

Hard-core f-bosons Uy¢ = 0o; ny = 0,1; 0 < ny <1; d = oo - Bethe lattice

1 -
oo A i o 3 bf_(? 4
i _ c L U =0
, 05| e 1n=02 508 o
o o | *g - Ubf_0'8
S 04 m n=05 =06 — U_=15
— - — ) bf
903 n=0.8 B B
- = = 04
< 021 S L
01| 802
[/ I 1 1 1 1 - L1 I 1 1 I 1
0¥ ' 0
0

0 0.1 0.2 0.3
Temperature, T

Ap(w) = —ImGyp(w) /7

o
o5
N L

_ _ A
iy = P PO + [ dw Al i)

Normal part decreases when U increases for constant p and T



BOSONS and FERMIONS



Bose-Fermi mixtures (°’Rb-"K)
on a lattice with a trap

H = Zti’jb;‘rbﬁz G?n%% > ni(ng—1) +Zt{jf§fj+z eln] +Us; annf
) 2 1) 1 7




DMFT for bose-fermi mixtures

BF-DMFT equations:

dr'b] (T)AY (1 — /)by (1)

St~

B 5
S,l% — /dTb,:-[O(T) (0705 — (pup — €’ )1) b, (7) —I—/dT
0 0

g
wo [t () - 1) + LS bl
0 0 JF10
g g g
St = [ drfi (1) (0r =y +el)) Fi(r) + [ dr [ dr' fi (1) AL (7 = 7)) fio(7)
[ i o) ! /



Lattice self-consistency (Dyson) equations
ij(iun) = |(ivnos + ol — >0 (iv,))0i5 — tfjl] -

—1
G (iw,) = [(iwn +pp — 2 (iwp))dis — t{j}

-




Integrating out fermions
Z%SC _ / D[b]e—S;OO[b]—HnDet[Mf’o}

M lnm

(0 =ty + €y + Upgnl (7)0, 0 + AL (7 = )]

nm

. Up
= [—zwn — o+ ezfo — Azfo(wn)} Onm + _fni?o(wn — W)

VB



Effective interaction between bosons

= L
In Det[M?] = Trin[M?°) = Trln[—(G7) '+ M?] = Trin[— Z E r[GS MD™
1
ng Wn) =
0( ) an—i_uf_E{o_A{ (Wn)
Effective bosonic action
2
St Sty D5 Gl o = 0 = 2 3k fon) ot v
20 20 2 g \" ) g \T T T g n



Summary and Outlook

e Formulated Bosonic Dynamical Mean-Field Theory (B-DMFT)

— comprehensive mean-field theory
— conserving and thermodynamically consistent
— exact in d — oo limit due to new rescaling

Correlated lattice
bosons

e B-DMFT equations for bosonic Hubbard model

e B-DMFT solution for bosonic Falicov-Kimball model

Boson reservoir (BEC)

— Enhancement of T’ g due to correlations time
— Mixture of ®"Rb (f-bosons) and “Li (b-bosons) may have larger Tz ¢ on
optical lattices

e Spinor bosons, bose-fermi mixture within B-DMFT or density like LRO easy to
include within B-DMFT

e Bosonic impurity solver wanted!



