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Friction, dissipation ... every day experience
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Friction dissipates energy

electric resistance
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Transport - generically non-equilibrium phenomenon!



Drude semi-classical approach to transport

E=pj<j=0cE
linear response approach: p-resistivity and o-conductivity

Ohm’s law
V=Rl I=GV

R-resistance and (G-conductance

Ohmic conductors
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Drude semi-classical approach to transport

relaxation time - average time 7
between to successive collisions
that change momentum p
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i A —p due to collisions, il A eEE between collisions
dt T dt

Since j = env at steady state we get p = —“3-and o = ”ij.

Resistance - amount of momentum change during collisions
(momentum relaxation).



Relaxation processes

e elastic scattering - momentum relaxes, single-particle energy conserved (1)

¢ inelastic scattering - momentum and single particle energy relaxes (7g),
incoherent transport, phase of the wave function changed

e dephasing process - a change of the phase without change of energy
considerably (7,)

All these relaxation processes lead to approaching a local equilibrium of the
system.

Typical theoretical approaches describing transport: semi-classical Drude model,
Kubo formalism, Boltzmann kinetic equation, Landauer approach,...



Nanosystems

Nanoscale dimension 1nm = 10~ ?m at least in one direction

If I = 1uA and S = 1042 then j = I/A = 10°A/cm?!

nanotubes/nanowires molecular wires/quantum dots

Landauer quantum scattering theory takes into account quantum effects in
this transport.
Quantum of conductance:
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Landauer approach - Approximation 1

]:Itot — I:]s ® ibattery + iS ® ]:Ibattery + IA{int

104 Landaver approach

V = HPL—HR

The closed system, battery and electrode-junction-electrode structure, is
replaced by open system, electrode-junction-electrode structure dynamically
coupled to two reservoirs at different chemical potentials.



Landauer approach - Approximation 2

Lindblad type evolution
d

aﬁs (t) = Lps(t)

with initial condition ps(t = to).

Assume that the ideal steady-state (time independent) solution exists p3° that at
every instant of time

A A

(I)g = Tr (ﬁs(t)f> — Tr (ﬁ§8f> = (I) = constant.

The problem is ideally stationary but p3° is practically not obtainable.



Landauer approach - Approximation 3

We are going to work with ; only.
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We replace dynamical coupling with reservoirs with scattering boundary
conditions at infinity. The system is closed but infinite.



Landauer approach - Approximation 3

Time dependent Schrodinger equation
oW (1)) = H|W (D)
ot -
with eigen-problems
Vg o) = Bi|¥g, o) and Hy|Up,) = E|¥g, ).

General stationary solution of time dependent Schrodinger equation:

V(O) = Y cral¥ra)e 150+ S [ dBep Vg ae i
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Landauer approach - Approx. 2 & 3 - consequences

Approx. 2 - lost information on the history of the system.

No dynamical information on current density (clearly present in the real system)
can be obtained after the static approximation is made. Capturing of the
non-linear dynamical effects is impossible.

Approx. 3 - the amount of correlations lost in the process of going from a
non-equlibrium mixed state to a pure stationary state

Brot(t) — ps(t) — p2* — H

cannot be determined even in principle.

Other methods, like Kubo formalism, let this perturbatively, at least in principle.



Landauer approach - Approximation 4

True many-body Hamiltonian of the system is replaced by some type of
mean-field single-particle models

H,=H™ +V

E.g.,

Hartree model

2 /
H, = —h—VQ + e / n(r) dr’ + Vi (1)

2m r — r/|
or density-functional model

ﬁsz——v2+e / Viee(r) + Ve (1)

v — r’\

or single-particle model
2

h
A= ——V2 +
2mv * t()

as we will do.



Landauer approach - Approximation 5

Definition:

A channel - a set of quantum numbers { E, o} that describes a scattering
solution.

Approximation 5: We neglect correlations between different channels.

Off-diagonal elements of the density matrix connecting {E, «} and {E’, o'} are
exactly zero. The system evolved into a totally incoherent (independent) set of
single-particle channels. This decoherence time must be extremely short.

How are these independent channels populated?



Landauer approach - Approximation 5

The answer is not obvious:

“cool electron” é

“hot electron” \[\N\j\—»
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"Hot electrons” with larger velocity component along the current flow will have
less time to relax to local equilibrium energy-momentum distribution then "cold

electrons” with smaller velocity component along the current flow.

In principle, they are described by different distribution functions! However, ....



Landauer approach - Approximation 5

...we assume that all electrons approaching from the left reservoir
(right-movers) are populated with a local equilibrium distribution with a given
chemical potential of the left reservoir

1
fL(E) — eﬁ(E—ML) + 17

and similarly for left-movers

1
Tr(E) = eB(E—pRr) 11

Hence

P = L) (Vo] + ) [VR) fr(Vr|
L R



Landauer approach - Summary

Cartoon of the system described within Landauer approach:
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Particles are injected at infinities with two different local equilibrium distributions.
The (macroscopic-averaged) local electrochemical potential x(x) varies along
the whole structure.



Landauer approach - Summary

In Landauer approach the biased V' = (up — ur)/e is not a perturbation to the
system Hamiltonian. The biased here is a boundary condition on the system,
where wave-packet with given momenta carry the current across the

nano-junction. There is a finite probability that due to scattering the electron is

transmitted in a given direction or reflected.

reflection transmission
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local resistivity dipoles

Due to back reflection the local accumulation of charges appear. It happens on
the screening length distance ~ 14 (metals) - 1004 (semiconductors) or more in
systems with reduced dimensions. Local resistivity dipoles are formed and

some momentum is lost — resistance.



Scattering boundary conditions

A K2 N A h2 A
lim Hy=——V?+Vi(r))=H; and lim Hy=——V?+Vg(r,) = Hp
T—— 00 2m Tr—+00 2m
E, (k)

Separable problem in x and y-z directions with asymptotic solutions

Yak(r) : (r1)e™® with E,(k) + i
« — — U \T « — Ca
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for either H; or Hp.



Transmission and reflection probabilities

We look for general solution of H., i.e.

(_h_2v2 4 V(r)) U, (r) = B0 (r)

2m

merging with asymptotic solutions with H;, and Hz. From Approx. 5, there are
right and left moving states. An initial right moving state ;. (r) with

2.2 ~
Ei(k;) =€ + ""%i is scattered by the full Hy, such that

2m

N
Ui (x) = ) Tigbpr,(r) at z— +o0
f=1

and
NL

\Ij?—,i;fz(r) — ¢sz(1‘) + ZRifwfkf(r) at r — —oo.
f=1



Transmission and reflection probabilities

Current across the surface S perpendicular to x-direction

eh N . N N N )
3 [ dvd (W60, (1) — W ()0, (1))

S

I(E;) =

Deep in the left lead it is

NL

IL(E;) = +Z|sz\ Ir(E Zlef\ ¢ (E

1 (Ez) (1 - ZCRZJC(EZ)) y where
f=1

Ri¢(E;) = |R ]2||If((EZ)>|| is a reflection probability,
I(E;) = 2% and I1(E;) =

mLg-®




Transmission and reflection probabilities
Similarly

Z T;¢(E;), where

Tir(E;) = |Tiy |2||If<( )l is transmission probability.

In ideal steady state (Approx. 2) two currents I (E;) = Ir(FE;). Hence

NL

NC
ZTif —|—ZRf—1fOI' wzk()
f=1

By symmetry L < R:
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NC
ZTif +ZRf—1f01’ Vik,(T) €
F=1

By symmetry t «+» —t (TRS) we get similar conservation laws with : «+ f.



Total current

From Approx. 5, the total current is a sum of currents from all channels with
given occupations

+00
5557) = & _
I=ehr (p1) = = [ dBUL(E) - Fn(ENT(E),
where . .
T(E)=Tgrr(F)=Trr(FE) — flux conservation
and
Nt N
Trr(E) =) Y Tif(E)
i=1 f=1
NI NE

Trr(E) =) ) Tif(E)

i=1 f=1
are total transmission coefficients.



Conductance from transmission

Zero-bias limit yuy, — ur — 0, where uy, = ep + e and ugr = ep — ¢, where e — 0,

0T (E
T(epte)=T(ep) £ a(E )\GFE + ...
Ofr(E
fL(E) = fr(E) — fg}(@ )|uR(NL — pR) +
we obtain at kg1 — 0
2e?
Two probe conductance ,
dl  2e
G=aqv =3 Tler)

At resonance T(E) — 1 very sharply — quantization of conductance.



Experimental verification of quantized conductance
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Quantum point contact on a 2d electron gas. Wees et al. 1988.



Message to take home

In Landauer approach the external perturbation is replaced by boundary
conditions and the scattering solution is obtained for quantum system. It is well
suit approach to nano-scale systems and truly quantum effects are observable.

Multi-probe experiments, weak localization, universal quantum fluctuations,
Aharonov-Bohm effect, and many other phenomena are described by Landauer
theory.
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