Problem 3.1
Prove that the Wightman function A, (z, m) defined by the integral

3
Ay (z,m) = /dFk e kT = / 'k e~ thue”
(2m)32E (k, m)

in which E(k,m) = vk2+m? is, for 22 < 0, an even function of z*. Explain also why
the same argument does not ensure vanishing for (z — y)? < 0 of the commutator of the
(interaction picture) field operators A’(x) and A’(y) constructed out of the creation and
annihilation operators of a massless spin 1 particle (having two helicity states); only its
vanishing for 2° = y° is secured.

Hint: Use the Lorentz invariance of the integral defining A, (x) = A, (z,m).

Problem 3.2

The functions u;(p, o) and v(p, o) corresponding to definite spin projections on the z-
axis in the rest frame of a massive spin s particle, which enter the free field (interaction
picture) operators

o) = [ar, Y ulp.0) e a(p.o).
o) = [dry S ulp.0) et dl (o).

(the indices [ transform according to some regular representation Dy (A) of the Lorentz
group) and appear in Feynman rules for initial and and final state of the particle, are
given in the general case by the formulae

in which L, is the standard Lorentz transformation (see Problem 2.18). Using the results
of Problem 2.25 give the analogous general formulae for the functions u;(p, A) and v;(p, A)
corresponding to a massive particle of definite helicity (spin projection onto the particle’s
momentum).

Problem 3.3

Construct explicitly the “wave functions” u;(p, o) and v;(p, o) entering the (free) field
operator V#(x) transforming as a Lorentz vector and constructed out of the creation and
annihilation operators of a massive spin 1 particle with definite spin projection o onto
the z-axis (in the particle’s rest frame). Construct also explicitly the functions u;(p, \)
and v;(p, A) corresponding to a definite helicity A of such a particle. (All these u; and v,
functions corresponding to massive spin 1 particles are usually denoted " and €**). Show
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that the field operator V#(z) written in terms of the creation and annihilation operators
corresponding to definite helicities also satisfies the relations

PVH ()P = —*PL VY(P-2) and TVH2)T '=-CTH V(T ).

Problem 3.4

Using the explicit zero momentum forms of the u and v functions (spinors) corresponding
to a mass m spin 1/2 particle (fermion) with the spin projection ¢ onto the z-axis show
that

u(p,o) - u(p,o’) = 2mdyy,
o(p,o) - v(p,0’) = —2m sy ,
u(p,o) - v(p,o’) =v(p,0’) - u(p,0’) =0,

Consider both, Dirac and chiral (Weyl) representations. Prove similar relations satisfied
by the helicity spinors u(p, A) and v(p, A) constructed in Problem 3.2.

Problem 3.5

Construct explicitly the spinors u(p,o = j:%) and v(p,o = j:%) corresponding to mass
m spin 1/2 fermions using the appropriate Lorentz transformation. Give the formulae in
both, Dirac and Weyl (chiral), representations of the gamma matrices. Check that up to

a phase factor (¥ = p,7*)

u(p,o) = pim u(0,0)
’ V2m(Ey +m)

__ ¢-m
U(p> U) - Qm(Ep ¥ m) 'U(Oa U)

Problem 3.6

Construct explicitly the spinors u(p, A = j:%), and v(p, A = j:%), corresponding to mass
m spin 1/2 fermions of definite helicity, using the appropriate Lorentz transformation
(Problem 3.2). Give the formulae in both, Dirac and Weyl (chiral), representations of the
gamma matrices.

Problem 3.7
Consider the field operator ¥(z) = k1) (z) + k_1)7)(z) associated with a spin 1/2
fermion which is not ascribed any conserved charges (it is the so-called Majorana fermion
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which is its own antiparticle) with
0@ = [, Y ulp.o)e 7 bip.0).
VO = [, olp o) b (o).

Show that the local causality requires such particles to be fermions i.e. that it is the

anticommutators: {¢(x), ¥(y)}, {¢(x), ¥(y)} and {T(x), ¥T(y)} which can be made
to vanish for (z — y)? < 0, provided |k,| = |s_| and b, = —b, (recall that b, = +1 and

b, = +1 are the eigenvalues of the 8 = +° matrix on the spinors «(0,0) and v(0, ),
respectively). Show that the intrinsic parity of such a Majorana fermion must be =i.

Problem 3.8
Show that the operators

Va(x) (C Nagts(x), and  ha(x) Capihp(x),

constructed out of the Majorana spinor field operators constructed in Problem 3.7 asso-
ciated with a neutral massive spin % particle are Lorentz scalars.

Problem 3.9

Let us introduce the Feynman’s notation: ¢ = v*a,,, where a, is an arbitrary four-vector.
Using the trace property tr(AB)=tr(BA) and the defining relation {v#,~v"} = 2¢" show
that the following relations hold:

tr(d ¥) = 4a,b",
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tr(g ) =0,
tr(d ¥ ") =0,
tr(d J ¢7°) =0,
tr(d W f d v°) = —4i e“”’\paubycAdP.
The conventions are: €go3 = —1 and 7° = iv%9'y2y3 = —(i/4!) €,urp V77

Problem 3.10
Show that

w(p2, 02) [(p2 + p1)"P + ic" (pa — p1), Pl u(p1, 01)
= u(pa, 02) (M2Y'P + miPy*) u(p1, 01),
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where p} = p3 =m3, o" = (i/2)[y*, 7*] and P can be I, 7° or one of the projectors Py,
Pp defined as

1 1
PL=§(I—V5)7 PR:§(I+75)-

Use these results to obtain the standard Gordon’s identity

p2tpl)tt 1,
) MﬂL—U” (p2 — p1)v|u(p1,01),

_ " _ -
U(P2,<72)7 U(Pl,Ul) U(P2,02 om om

in which p? = m?, p3 = m?2.

Hint: Use the fact that
s A(pr — my)ur + Uz (Yo — m2)Bu; =0+0=0,

for any two matrices A and B in the spinor space.

Problem 3.11
Express e""*?7y, through the gamma matrices (without the epsilon tensor). Find also a
corresponding representation of e**~,~,. Use the second result to prove that

oY’ @ 0,7 =0 @0,
O-Hu,y5 ® O = ot ® Upy”)/s,
i.e. that (Uuu’yg’)aﬁ(()’“y”ys)a/ﬁ/ = (J“”)aﬁ(aw,)afﬁr, ete.

Problem 3.12
Show that if the algebra of the gamma matrices formally corresponds to d-dimensional
space-time, hold the following relations

Y. =d,

Vhdy=02-d 4,

VAP y=4ab +(d—4) 4V,

VAP iy =-2¢Yd+(4—-d) dld,
VAdYddv=2ddYi+2¢Ydd+(d—4)dyéd.

Problem 3.13
Derive the general formula allowing to decompose products of four spinors uq, s, us, Uy
of the generic form

['&41—"&3] [ﬂgf"ul] s
in which I' and I” are two arbitrary matrices, into the sum of products
[’&41—‘MU1} [ﬂgFNu;),} s
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where I'” form a complete basis of matrices in the spinor space. Write down explicitly
rearrangements of the five basic structures

[tgus] [Uaus], [@yy"us] [Uay,ua] [Uy0™ us] [0, u1]
(@ us) [way,y w] (147 us] [ty us] -
Hint: Take for the basis I'™ the following sixteen linearly independent matrices
Ap V.5 - 5

Lo o™y it

Problem 3.14
Using the general formulae derived in Problem 3.13 write down the Fierz rearrangements
of the following structures:

[y P rus)[tgy, Pru] (4" P pus][toy, P ru] [P pug) [tiay, P rual,
and
[y P pus)[uaP puq], (4P rus][uP gpuq] , (4P rus][uaP ruq] .

Write down also the corresponding identities for the corresponding spinor matrices (i.e.
the same identities but written without spinors). Using these result express the prod-
uct [ay0"usl[tgo,, Prui] through (440" us][te0,, Prus| and [usPru|[uePrus] (and the
product [uso" us|[te0,, P ruql).

Problem 3.15
Check that if A, transforms as X/, = M_?)\g under Lorentz (or, more precisely, SL(2,C))
transformations, then A* = €* 5 transforms with the matrix M7~ i.e. X* = (M=), )",

Similarly, show that if Y/, = (M*)f)‘(s then Y* = x; &% transforms as Y& = (MT_l)dB ¥,
Use the convention
612:_621:_1’ €12:_€21217

€19 = —€91 = —1, €iy = —€4 = 1.

Problem 3.16
Prove by direct calculation the following identities

(6")3 ()7 = 20787,
(Uu)aﬁ (O’N)'\/c'r = _2 6‘3C'Y€Bc'7' )

(0") 5 = €54 (6") €55 ,

(") = &7 (o) 5 €.
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Show then that if A and y are two anticommuting two-component spinors (field operators
or Grassmann variables) and A and y are their conjugates, then

XO'A = =)Aoy,
(xa"\)' = (Ao"X) .

Finally check if T} are some Hermitian matrices (e.g. matrix generators of an internal

symmetry group),

)‘(ﬁ“Ti‘;)\j = >\Z‘O'“(—Ta*>ij)_(j .

Problem 3.17
Check that the matrices M and (MT)~!

M=o (~g ot - ieh)).

(MH)™" = exp (—% o (" + ii’“)) ,

of the two inequivalent SL(2,C') representations of the lowest dimension can be written
in the following covariant forms

i1
M = exp (—5 Wy iag‘w) ,
_ l 1_,.
(M") ™ = exp <_§WW iagm) ;

where
)

(ha)d” = S0 = a"5"),

P _ -
(Ugiz)ag = §(U”UV - UVU“)QB-

Find how the parameters i’ and ' are related to the parameters w,,,. Considering infinites-
imal transformations, check by explicit calculation that for w,, related to the Lorentz
transformation A by A*, = §* + w” the following relations (expressing the “canonical”
twofold covering of the Lorentz group by SL(2C'))

M(V,o" )M ="V,
(MY (Vg )M =5V,

where V" = A* V¥ which equivalently can be written in the form

A, Mo M' = o* |
A (M) e M = ot
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are satisfied.! These relations imply that if V# is a Lorentz four-vector and A and Y
transform as (3,0) and (0, 5) representations of SL(2, C'), the quantities

VH(AouX) , and VH(XGuA)
transform as scalars.

Problem 3.18
Check the following identities

tr(o_ua_uo_)\aﬁ) —9 (guug)\n + gu/igu)\ . gu)\gun) + 92 6;11/)% 7
2 — 9"

tr(a-ﬂo.ua.)\o.n) — (guug)\n + g;mgu)\ un) — 9 E;w)\n’
and
2 (gﬂ)\gun o g/mgu)\) — 9 e;w)\n ’
tr (55;2 55\52) =2 (9“/\9wC - g““g”) + 24 MR

tr (Ugiz 05\52)

(ohy, and 4., are defined in Problem 3.17) and
ohg o 4+ oG ot = 2 (g’“‘a)‘ + g™t — g“)‘a“) ,
g'o e + 5’0 e" = 2 (g"5N + g5t — g"e") |
and, finally, that

ohgto? — oGttt = 2" Mo, ,

ghote — drotat = —2i NG,

(Recall that we use €123 = +1).

16For infinitesimal parameters w,,, there is no ambiguity related to the fact the both M and —M satisfy
the same “canonical” definition.
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