
Problem 3.1

Prove that the Wightman function ∆+(x,m) defined by the integral

∆+(x,m) =

∫

dΓk e
−ik·x ≡

∫

d3k

(2π)32E(k, m)
e−ikµx

µ

,

in which E(k, m) =
√
k2 +m2 is, for x2 < 0, an even function of xµ. Explain also why

the same argument does not ensure vanishing for (x− y)2 < 0 of the commutator of the
(interaction picture) field operators Ai(x) and Aj(y) constructed out of the creation and
annihilation operators of a massless spin 1 particle (having two helicity states); only its
vanishing for x0 = y0 is secured.
Hint: Use the Lorentz invariance of the integral defining ∆+(x) ≡ ∆+(x,m).

Problem 3.2

The functions ul(p, σ) and vl(p, σ) corresponding to definite spin projections on the z-
axis in the rest frame of a massive spin s particle, which enter the free field (interaction
picture) operators

φ
(+)
l (x) =

∫

dΓp

∑

σ

ul(p, σ) e
−ip·x a(p, σ) ,

φ
(−)
l (x) =

∫

dΓp

∑

σ

vl(p, σ) e
+ip·x a†(p, σ) ,

(the indices l transform according to some regular representation Dlk(Λ) of the Lorentz
group) and appear in Feynman rules for initial and and final state of the particle, are
given in the general case by the formulae

ul(p, σ) =
∑

k

Dlk(Lp)uk(0, σ) ,

vl(p, σ) =
∑

k

Dlk(Lp) vk(0, σ) ,

in which Lp is the standard Lorentz transformation (see Problem 2.18). Using the results
of Problem 2.25 give the analogous general formulae for the functions ul(p, λ) and vl(p, λ)
corresponding to a massive particle of definite helicity (spin projection onto the particle’s
momentum).

Problem 3.3

Construct explicitly the “wave functions” ul(p, σ) and vl(p, σ) entering the (free) field
operator V µ(x) transforming as a Lorentz vector and constructed out of the creation and
annihilation operators of a massive spin 1 particle with definite spin projection σ onto
the z-axis (in the particle’s rest frame). Construct also explicitly the functions ul(p, λ)
and vl(p, λ) corresponding to a definite helicity λ of such a particle. (All these ul and vl
functions corresponding to massive spin 1 particles are usually denoted ǫµ and ǫµ∗). Show
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that the field operator V µ(x) written in terms of the creation and annihilation operators
corresponding to definite helicities also satisfies the relations

PV µ(x)P−1 = −η∗P µ
ν V

ν(P ·x) and T V µ(x)T −1 = −ζ∗T µ
ν V

ν(T ·x) .

Problem 3.4

Using the explicit zero momentum forms of the u and v functions (spinors) corresponding
to a mass m spin 1/2 particle (fermion) with the spin projection σ onto the z-axis show
that

ū(p, σ) · u(p, σ′) = 2mδσσ′ ,

v̄(p, σ) · v(p, σ′) = −2mδσσ′ ,

ū(p, σ) · v(p, σ′) = v̄(p, σ′) · u(p, σ′) = 0 ,

and that (Ep =
√

p2 +m2)

u†(p, σ) · u(p, σ′) = 2Ep δσσ′ ,

v†(p, σ) · v(p, σ′) = 2Ep δσσ′ ,

u†(p, σ) · v(−p, σ′) = v†(−p, σ) · u(p, σ′) = 0 .

Consider both, Dirac and chiral (Weyl) representations. Prove similar relations satisfied
by the helicity spinors u(p, λ) and v(p, λ) constructed in Problem 3.2.

Problem 3.5

Construct explicitly the spinors u(p, σ = ±1
2
) and v(p, σ = ±1

2
) corresponding to mass

m spin 1/2 fermions using the appropriate Lorentz transformation. Give the formulae in
both, Dirac and Weyl (chiral), representations of the gamma matrices. Check that up to
a phase factor ( 6p ≡ pµγ

µ)

u(p, σ) =
6p+m

√

2m(Ep +m)
u(0, σ) ,

v(p, σ) =
6p−m

√

2m(Ep +m)
v(0, σ) .

Problem 3.6

Construct explicitly the spinors u(p, λ = ±1
2
), and v(p, λ = ±1

2
), corresponding to mass

m spin 1/2 fermions of definite helicity, using the appropriate Lorentz transformation
(Problem 3.2). Give the formulae in both, Dirac and Weyl (chiral), representations of the
gamma matrices.

Problem 3.7

Consider the field operator ψ(x) = κ+ψ
(+)(x) + κ−ψ

(−)(x) associated with a spin 1/2
fermion which is not ascribed any conserved charges (it is the so-called Majorana fermion
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which is its own antiparticle) with

ψ(+)(x) =

∫

dΓp

∑

σ

u(p, σ) e−ip·x b(p, σ) ,

ψ(−)(x) =

∫

dΓp

∑

σ

v(p, σ) e+ip·x b†(p, σ) .

Show that the local causality requires such particles to be fermions i.e. that it is the
anticommutators: {ψ(x), ψ†(y)}, {ψ(x), ψ(y)} and {ψ†(x), ψ†(y)} which can be made
to vanish for (x − y)2 < 0, provided |κ+| = |κ−| and bu = −bv (recall that bu = ±1 and
bv = ±1 are the eigenvalues of the β = γ0 matrix on the spinors u(0, σ) and v(0, σ),
respectively). Show that the intrinsic parity of such a Majorana fermion must be ±i.

Problem 3.8

Show that the operators

ψα(x) (C
−1)αβ ψβ(x) , and ψ̄α(x)Cαβ ψ̄β(x) ,

constructed out of the Majorana spinor field operators constructed in Problem 3.7 asso-
ciated with a neutral massive spin 1

2
particle are Lorentz scalars.

Problem 3.9

Let us introduce the Feynman’s notation: 6a ≡ γµaµ, where aµ is an arbitrary four-vector.
Using the trace property tr(AB)=tr(BA) and the defining relation {γµ, γν} = 2gµν show
that the following relations hold:

tr( 6a) = 0 ,

tr( 6a 6b) = 4aµb
µ ,

tr( 6a1 6a2 · · · 6a2k+1) = 0 ,

tr( 6a 6b 6c 6d) = 4 [(a·b)(c·d) + (a·d)(c·b)− (a·c)(b·d)] ,
tr(γ5) = 0 ,

tr( 6a γ5) = 0 ,

tr( 6a 6b γ5) = 0 ,

tr( 6a 6b 6c γ5) = 0 ,

tr( 6a 6b 6c 6d γ5) = −4i ǫµνλρaµbνcλdρ .

The conventions are: ǫ0123 = −1 and γ5 ≡ iγ0γ1γ2γ3 = −(i/4!) ǫµνλρ γ
µγνγλγρ.

Problem 3.10

Show that

ū(p2, σ2) [(p2 + p1)
µP+ iσµν(p2 − p1)νP]u(p1, σ1)

= ū(p2, σ2) (m2γ
µP+m1Pγ

µ) u(p1, σ1) ,
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where p21 = p22 = m2
2, σ

µν = (i/2)[γµ, γν ] and P can be I, γ5 or one of the projectors PL,
PR defined as

PL =
1

2
(I − γ5) , PR =

1

2
(I + γ5) .

Use these results to obtain the standard Gordon’s identity

ū(p2, σ2)γ
µu(p1, σ1) = ū(p2, σ2)

[

(p2 + p1)
µ

2m
+

i

2m
σµν(p2 − p1)ν

]

u(p1, σ1) ,

in which p21 = m2, p22 = m2.
Hint: Use the fact that

ū2A( 6p1 −m1)u1 + ū2 ( 6p2 −m2)Bu1 = 0 + 0 = 0 ,

for any two matrices A and B in the spinor space.

Problem 3.11

Express ǫµνλργρ through the gamma matrices (without the epsilon tensor). Find also a
corresponding representation of ǫµνλργλγρ. Use the second result to prove that

σµνγ5 ⊗ σµνγ
5 = σµν ⊗ σµν ,

σµνγ5 ⊗ σµν = σµν ⊗ σµνγ
5 ,

i.e. that (σµνγ5)αβ(σµνγ
5)α′β′ = (σµν)αβ(σµν)α′β′ , etc.

Problem 3.12

Show that if the algebra of the gamma matrices formally corresponds to d-dimensional
space-time, hold the following relations

γµγµ = d ,

γµ 6a γµ = (2− d) 6a ,
γµ 6a 6b γµ = 4 aµb

µ + (d− 4) 6a 6b ,
γµ 6a 6b 6c γµ = −2 6c 6b 6a+ (4− d) 6a 6b 6c ,
γµ 6a 6b 6c 6d γµ = 2 6d 6a 6b 6c + 2 6c 6b 6a 6d+ (d− 4) 6a 6b 6c 6d .

Problem 3.13

Derive the general formula allowing to decompose products of four spinors u1, ū2, u3, ū4
of the generic form

[ū4Γu3] [ū2Γ
′u1] ,

in which Γ and Γ′ are two arbitrary matrices, into the sum of products

[

ū4Γ
Mu1

] [

ū2Γ
Nu3

]

,
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where ΓM form a complete basis of matrices in the spinor space. Write down explicitly
rearrangements of the five basic structures

[ū4u3] [ū2u1] , [ū4γ
µu3] [ū2γµu1] , [ū4σ

µνu3] [ū2σµνu1] ,
[

ū4γ
µγ5u3

] [

ū2γµγ
5u1

]

,
[

ū4γ
5u3

] [

ū2γ
5u1

]

.

Hint: Take for the basis ΓM the following sixteen linearly independent matrices

1 , γµ , σλρ , γνγ5 , iγ5 .

Problem 3.14

Using the general formulae derived in Problem 3.13 write down the Fierz rearrangements
of the following structures:

[ū4γ
µPLu3][ū2γµPLu1] , [ū4γ

µPRu3][ū2γµPRu1] , [ū4γ
µPLu3][ū2γµPRu1] ,

and

[ū4PLu3][ū2PLu1] , [ū4PRu3][ū2PRu1] , [ū4PRu3][ū2PLu1] .

Write down also the corresponding identities for the corresponding spinor matrices (i.e.
the same identities but written without spinors). Using these result express the prod-
uct [ū4σ

µνu3][ū2σµνPLu1] through [ū4σ
µνu1][ū2σµνPLu3] and [ū4PLu1][ū2PLu3] (and the

product [ū4σ
µνu3][ū2σµνPRu1]).

Problem 3.15

Check that if λα transforms as λ′α = M β
α λβ under Lorentz (or, more precisely, SL(2,C))

transformations, then λα = ǫαβλβ transforms with the matrixMT−1, i.e. λ′α = (MT−1)αβλ
β.

Similarly, show that if χ̄′
α̇ = (M∗) β̇

α̇ χ̄β̇ then χ̄α̇ = χ̄β̇ ǭ
β̇α̇ transforms as χ̄′α̇ = (M †−1)α̇

β̇
χ̄β̇ .

Use the convention

ǫ12 = −ǫ21 = −1 , ǭ1̇2̇ = −ǭ2̇1̇ = 1 ,

ǫ12 = −ǫ21 = −1 , ǭ1̇2̇ = −ǭ2̇1̇ = 1 .

Problem 3.16

Prove by direct calculation the following identities

(σµ)αβ̇ (σ̄µ)
γ̇σ = 2 δσαδ

γ̇

β̇
,

(σµ)αβ̇ (σµ)γσ̇ = −2 ǫαγ ǭβ̇σ̇ ,

(σµ)σδ̇ = ǭδ̇α̇ (σ̄
µ)α̇β ǫβσ ,

(σ̄µ)α̇β = ǫβσ (σµ)σδ̇ ǭ
δ̇α̇ .
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Show then that if λ and χ are two anticommuting two-component spinors (field operators
or Grassmann variables) and λ̄ and χ̄ are their conjugates, then

χ̄σ̄µλ = −λσµχ̄ ,

(χσµλ̄)† = (λσµχ̄) .

Finally check if T a
ij are some Hermitian matrices (e.g. matrix generators of an internal

symmetry group),

χ̄iσ̄
µT a

ijλj = λiσ
µ(−T a∗)ijχ̄j .

Problem 3.17

Check that the matrices M and (M †)−1

M ≡ exp

(

− i

2
σk(ηk − iξk)

)

,

(M †)−1 ≡ exp

(

− i

2
σk(ηk + iξk)

)

,

of the two inequivalent SL(2, C) representations of the lowest dimension can be written
in the following covariant forms

M = exp

(

− i

2
ωµν

1

2
σµν
2×2

)

,

(M †)−1 = exp

(

− i

2
ωµν

1

2
σ̄µν
2×2

)

,

where

(σµν
2×2)

β
α =

i

2
(σµσ̄ν − σν σ̄µ) β

α ,

(σ̄µν
2×2)

α̇

β̇
=
i

2
(σ̄µσν − σ̄νσµ)α̇

β̇
.

Find how the parameters ηi and ξi are related to the parameters ωµν . Considering infinites-
imal transformations, check by explicit calculation that for ωµν related to the Lorentz
transformation Λ by Λµ

ν = δµν + ωµ
ν the following relations (expressing the “canonical”

twofold covering of the Lorentz group by SL(2C))

M(Vµσ
µ)M † = σµ V ′

µ ,

(M †)−1(Vµσ̄
µ)M−1 = σ̄µ V ′

µ ,

where V ′µ = Λµ
νV

ν , which equivalently can be written in the form

Λµ
νMσνM † = σµ ,

Λµ
ν(M

†)−1σ̄νM−1 = σ̄µ ,
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are satisfied.16 These relations imply that if V µ is a Lorentz four-vector and λ and χ̄
transform as (1

2
, 0) and (0, 1

2
) representations of SL(2, C), the quantities

V µ(λσµχ̄) , and V µ(χ̄σ̄µλ) ,

transform as scalars.

Problem 3.18

Check the following identities

tr(σµσ̄νσλσ̄κ) = 2
(

gµνgλκ + gµκgνλ − gµλgνκ
)

+ 2i ǫµνλκ ,

tr(σ̄µσν σ̄λσκ) = 2
(

gµνgλκ + gµκgνλ − gµλgνκ
)

− 2i ǫµνλκ ,

and

tr
(

σµν
2×2 σ

λκ
2×2

)

= 2
(

gµλgνκ − gµκgνλ
)

− 2i ǫµνλκ ,

tr
(

σ̄µν
2×2 σ̄

λκ
2×2

)

= 2
(

gµλgνκ − gµκgνλ
)

+ 2i ǫµνλκ ,

(σµν
2×2 and σ̄µν

2×2 are defined in Problem 3.17) and

σµσ̄κσλ + σλσ̄κσµ = 2
(

gµκσλ + gλκσµ − gµλσκ
)

,

σ̄µσκσ̄λ + σ̄λσκσ̄µ = 2
(

gµκσ̄λ + gλκσ̄µ − gµλσ̄κ
)

,

and, finally, that

σµσ̄κσλ − σλσ̄κσµ = 2i ǫµκλνσν ,

σ̄µσκσ̄λ − σ̄λσκσ̄µ = −2i ǫµκλν σ̄ν .

(Recall that we use ǫ0123 = +1).

16For infinitesimal parameters ωµν there is no ambiguity related to the fact the both M and −M satisfy

the same “canonical” definition.
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