13.1 Off-shell amplitudes

int ([L’) (Ob_
tained either in the framework of relativistic quantum mechanics of particles by using

the prescriptions of Chapters 7 and 8 or by performing the transition to the interaction
picture on the quantum Hamiltonian of a system of interacting relativistic fields expressed
in terms of physically normalized field operators ¢, - see Section 11.10) by adding to it
terms of the form — >, Ji(x)O}(z):

Suppose we formally modify a given interaction picture Hamiltonian density H{

Hine(2) = Hiye s (0) = Hip(@) = Y Ji(2)Of(x) (13.1)
k

where Ji(x) are some arbitrary c-number functions,? which we will call ezternal sources,
and Of(x) are the operators constructed out of the free field operators introduced in
Chapter 8 and their derivatives. In what follows Lorentz group representation indices [;
of the operators O, are also meant to denote the type of the operator: O, can for instance
stand for ¢ and Oy, for v, etc. The time dependence of Of(x) is therefore dictated by
HQZ

O} (t,x) = e O,,(0, x) e~ 0!, (13.2)

All the Feynman rules resulting from H{ () follow from H{, ;(x) as well, but there

are also additional rules like the ones shown in Figure 13.1, since the terms Ji(x)Ok(x)
in (13.1) are now treated as ordinary interaction vertices.®> These rules dictate that in a
new vertex to which an internal line (or multiple internal lines) of the diagram is (are)
attached, the source Ji(z) is integrated with the “free” end(s) of the propagator(s). For
example, if the dashed line shown in Figure 13.1a, comes from an ordinary vertex at y,
the expression associated with this part of the Feynman diagram is [ d*ziJ(z)iAF (xz —y)
(the line coming into the vertex 13.1a can also correspond directly to an initial or a final
state particle or can come from another new vertex).

With the additional Feynman rules S-matrix elements can still be computed as pre-
viously but become dependent on the arbitrary functions Jy(x):

Sga — Sﬁa[J] . (133)

2If the operator Of(z) is fermionic, i.e. constructed out of an odd number of half-integer spin particle
operators, then Ji(z) assume values which are not c-numbers but rather Grassman variables &, i.e.
anticommuting numbers &;§; = —¢;&;. In addition, & are assumed to anticommute also with fermionic
field operators, so that the new terms added to H{,(z) effectively commute under the chronological
ordering in the formula (7.63).

3If the operators O,ﬁ(:v) involve time derivatives, it is understood that they are coupled to the sources
together with appropriate noncovariant terms, so that noncovariant terms in propagators connecting the
vertices arising from O} (x) are canceled. This means that in both sides of the formula (13.6) derivatives
on the operators O,é(:z:) should be effectively treated as standing outside the T-product.
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rules: i [d'z J(x) i [de Ja(z) i [d'z J(x)

Figure 13.1: Additional Feynman rules: a) O'(z) = ¢(z), b) OL(z) = ¥L(x), ¢) O'(z) =
! (2)a (@) a(@).

Therefore Sg,[J] can be functionally differentiated with respect to Ji(x) and derivatives
of Spa[J] with respect to the sources Jj, taken at J; = 0 define the amplitudes which we
will call the Green’s functions. The theorem which we now prove can be written as follows

1 r 5TSBQ[Jk] _ H . - N .
<;) 0y (1) .. 0, (20) | 5,20 = (B_|T[Of(x1) ... Of (x,)]|ay) - (13.4)

That is, the r-th functional derivative of Sg,[Ji| taken at vanishing external sources gives
the matrix element between the in and out states |ay) and |3_) of the chronologically
ordered product of the Heisenberg picture operators O (z) defined by

Off (z) = ™ 0y(0,x) e (13.5)

where H = Hy + Viiw = Hy + [ d®x Hin(0,x) is the complete Hamiltonian and Hiy
involves all the terms necessary to satisfy the assumptions on which the calculation of
the S-matrix elements is based (see Sections 9.7 and 11.10). Performing the functional
differentiations in (13.4) we get the theorem in the form

(Bo|T|Of (x1) ... O] () exp (—l/ d'z Hifm(af))} lovo)
= (B_|T[O/ (1) ... O (z,)]|oy) . (13.6)

with no reference to auxiliary external sources Ji(z) whatsoever. In this form it applies
also to fermionic operators O;(x). The theorem thus states that Green’s functions ob-
tained with the help of the recipe given above are equal to matrix elements between the
in and out states of the Heisenberg picture operators O which, because the recipe is
up to now formulated within the assumptions of Section 7.3, have to be interpreted as
being constructed out of physically renormalized canonical field operators ¢, and their
derivatives (that is Og(0,x) in (13.2) are constructed out of ¢, and their derivatives
taken at ¢ = 0). This means that if one wants to compute (with the scheme developed up
to now) e.g. the Green’s function (6_|T [pu(x1) ... (x,)]|as) of the canonical (bare)
field operators one has, before going over to the interaction picture, to write it first as
Z2(B_|T [@pn(21) - - - pn(2n)] |y ) with the appropriate Z factors (which ought to be
fixed order by order computed separately by computing the relevant two-point Green’s
functions) and compute (B_|T [ppn(z1) - .. @pn(xn)] |ay) using (13.6).
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The proof of the theorem goes as follows. Consider the left hand side of (13.6):

S 0 [t AITI0L ) - O WitV ) (13

N=0 N! o0 o0

and assume that x(l] > .. > 932. Performing the integrals one has to sum over different

0

orderings of the times 71, ..., v with respect to 29, ..., 2. We consider therefore

partitions of the times 7, ..., 7y into r + 1 clusters, such that

0 0 0
TOly s TONg = L] 2 Tily -3 TIN, = Ly 2> oo 2 Xp 2 Tplye vy TeN,

r —

2. (7;) commute under the
chronological ordering, it does not matter which of the 7’s belong to which partitions. All
that matter is how many 7’s there are in the k-th cluster. Thus, (13.7) can be rewritten
in the form

— (=) N
Z N! Z m5N7N0+---+Nr

and sum over all possible such partitions. Since the operators V;!

N=0 No,...,Ny
+oo :(:(1) :c?.
X d’TQl...d’TQNO/ dTll...dTlNl.../ dTrl---dTrNr
z) zJ —o0

X (Bo| T [Vint (T01) - - - Vint (Tong )] Oy (1) T [Vine (111) - - - Vint (71, )] Opy (2) - .
o Op (@) TVine(731) - - - Vine(7ov,)] o) -

The factor N!/Ny!...N,! accounts for the number of ways the N 7’s can be distributed
among 7 + 1 clusters containing Ny, Vi, ..., N, time variables. 0y ny+..+n, ensures that
there are only N 7’s. However, since

()Y N! L A e G
DRI i AL Phs A RD i AN

N=0 " No,...,N, No=0 N=0

we get in this way that the left hand side of (13.6) equals to
(BolUs (00, 29) 0, (1)U (2}, 25) Oy, (w2) . . . Of (2,)Us (a7, —o00) o) ,
where U (t',t) is the interaction picture evolution operator (7.26)

U](t,, t) _ ez’Hgt’e—iH(t’—t)e—iHot
— (=) [* v
-y / dﬁ.../ dry T[ViL(r) .. Vil (7w)]
N=0 T ¢

Recalling now the relation (7.39)

lay) = tlgcnoo eHte=Hot| o) = tEJFmOO Ur(0,t)|ag) , (13.8)
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and taking into account (13.2) and (13.5) we obtain the right hand side of (13.6). From
the proof it is clear that the assumed ordering 29 > ... > 20 is by no means special, and
the same steps can be performed for any other ordering of 20, ..., 2% with the same result.

The Green’s functions (13.6) have been introduced above using the interaction picture
formulation of quantum field theory which up to now was based on the assumptions of
Section 7.3 which enforce using physically normalized field operators only (i.e. the On-
Shell renormalization scheme). It should be clear, however, that these objects can be
defined without any reference to this picture as they involve only matrix elements of
Heisenberg picture operators O (x) between true eigenstates of the full Hamiltonian. In
fact, vacuum Green’s functions of the form

Gy (@1, @) = QI T[O (21) ... OF ()] | (13.9)

are the quantum field theory most basic objects: their definition requires only the existence
of the ground state |€2), which any physically sensible system should possess, but makes
otherwise no a priori assumptions about the spectrum of the Hamiltonian. In particular,
neither the kind of particles in terms of which the in and out states are interpreted,
nor even the mere possibility of interpretation in terms of particles of the Hamiltonian
eigenvectors, is presupposed here. As a matter of facts, vacuum Green’s functions (13.9)
carry themselves the full information about the spectrum of the Hamiltonian and allow
to determine also the S matrix elements (if the Hamiltonian does posses particle-like in
and out states).

Before proving in Sections 13.2 and 13.4 the assertions made above, we want to for-
mulate the perturbative expansion for computing the vacuum Green’s functions (13.9).
This reduces to noticing, that while the derivation of the formula (13.6) with arbitrary in
and out states |, ) and (f_| relies on the one-to-one correspondence (13.8), which in turn
requires a special splitting of H into Hy and Vi, (or in the language of fields, working with
physically renormalized operators and physical mass parameters in Hy), for the vacuum
Green’s functions (13.9) the formula (13.6) remains formally valid even if the splitting of
H into Hy and Vi is arbitrary (if one works with arbitrarily renormalized operators and
arbitrary mass parameter in Hy) and even if the spectra of H and Hy are different, i.e.
when the eigenvectors |ag) of Hy constructed using the creation and annihilation operators
in terms of which is expressed the operator VL (¢) are not in the one-to-one correspon-
dence with the true in and out eigenstates of H (this is true even if the H spectrum is not
interpretable in terms of particles; the only assumption needed is that the true ground
state |©2) belongs to the discrete part of the H spectrum). Justification of this statement
is most straightforwardly obtained using the path integral formulation (Section 16.3) of
the perturbative expansion for Green’s functions (13.9) which turns out to be identical
with the one obtained from the formula (13.6), but does not rely on the one-to-one cor-
respondence of the |ag) and the in and out states. In the operator formalism developed
up to this point the formula (13.6) with |Q2) replacing the states |ay) and |5_) has been
demonstrated in Section 5.7. It directly relies of the Gell-Mann - Low construction given
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in Section 1.2 of the lowest energy eigenvector of H and is therefore subject to the same
restrictions: the splitting of the complete Hamiltonian into Hy and the interaction must
be such that the ground state |2) of H can be reached from the ground state |€2g) of Hy
adiabatically. This in particular means (especially in cases in which systems exhibit spon-
taneous - parametrical or genuinely dynamical - breaking of some symmetries) that the
classical theory of fields must be quantized using the appropriately chosen field variables
(to realize the canonical commutation relations in the right Fock space); in the case of
the approach of Chapters 7-9 performing an appropriate Bogolyubov-type transformation
may be necessary before setting the perturbative expansion.

With this justification, the vacuum Green’s functions (13.9) can be computed per-
turbatively from the formula (13.6) without imposing too strict restrictions (except for
those explained above) on the actual splitting of H into Hy and Vi (because vacuum
Green’s functions do not have on-shell external lines the question of canceling corrections
to them does not appear). This means that (in the language of fields) the theory can
be quantized in almost arbitrarily chosen variables @, II (see the discussion around the
formula (11.440)). The interaction picture free field operators can be then introduced as
in (11.445), so that they (in most cases) diagonalize H, (11.443) obtained for arbitrarily
split bare (Lagrangian) mass parameters (masses of free particles which are represented
by the Hy eigenvectors are then not equal to the physical masses of particles the states
of which are repressented by the in and out eigenvectors of H). To evaluate perturba-
tively the formula (13.9), the operators Of () in it, which can be arbitrarily renormalized
canonical (interacting) field operators or even composite operators like (¢*)(x), (¢9,9)(x),

())(z), ete. constructed out of arbitrarily renormalized elementary field operators and
their derivatives, have of course to be expressed through the elementary field operators
renormalized in the same way as the operators ¢y in Hy (11.443) which in turn, upon
transition to the interaction picture and on account of the formula (13.6) for vacuum
matrix elements, are expressed through the free field (interaction picture) operators. E.g.
if Of () are built out of the bare canonical operators ¢z and the perturbative expansion
is set by replacing by the ¢; the renormalized canonical operators ¢, one has to write

Of! () = Oulpn (), 0) = Oi(Z"? (), 0) = OUZ' 1 (), 0), (13.10)

iHot —iHot

where pr(z) = '@, (0,%x) e . In Section 13.4 we will show how the more general
Green’s functions (13.6) and in particular S-matrix elements can be obtained from the
appropriate vacuum Green’s functions (13.9).

The practical prescription for computing the Green’s function (13.9) within the per-
turbative expansion is then given by the Wick’s theorem discussed in Section 5.9 which
allows to reduce the right had sides of the expressions like

=) (_J\Zf)' /d4y1 : .-/d4yN<QO|T[90iI1($1) @i (e Han (1) - Han (y)] 190
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to unrestricted integrals of products of elementary contractions

(i, (i) er, (1)) = (Ql T [, (1) 7, (20)] Q) (13.11)

which are just the appropriate free field propagators (9.32), (9.33), (9.60), (9.65) or (9.68)
for different kinds of interaction picture operators. The resulting expansion can be repre-
sented in the form of Feynman diagrams and is equivalent to the previously formulated
technique for calculating amplitudes by drawing all possible Feynman diagrams with a
fixed number of external vertices corresponding to the operators ¢;, (z5) and ascribing to
each element of a diagram an appropriate analytical expression. The only difference with
the rules formulated in Section 9 there are no integrations over the positions of vertices
corresponding to the operators ¢;, () and that no coupling factors are associated with
these vertices. If the operators ;, (x)) are elementary one usually calls the lines ending
in the corresponding vertices external lines.

Taking the Green’s functions (13.9) for the basis of the quantum field theory is very
important conceptually (it allows to get rid of the restrictive assumptions of Section 7)
but is also convenient from the practical point of view. Firstly, within the perturbative
expansion, using the Green’s functions approach allows for a flexible formulation of the
renormalization programme (see Chapter 14). One can then work with arbitrarily normal-
ized field operators and with parameters which are not necessarily directly identified with
observables (observables are then computed as functions of these parameters). This, in
turn, enables one to formulate the powerful renormalization group methods (see Chapter
18). Secondly, the most effective methods for investigating the structure of quantum field
theory models without assuming the validity of the perturbative expansion are provided
by the path integral approach based on functional integrals (Chapter 16). These meth-
ods give most easily just the vacuum Green’s functions (13.9). As in the path integral
formulation of quantum field theory one deals with ordinary functions, rather than with
operators acting in an unknown Hilbert space, lattice methods can be employed to com-
pute vacuum Green’s functions numerically and to extract information about the field
theory structure nonperturbatively.?

13.2 Poles of the Green’s functions

As already said, the full information about predictions of a given field theory can in
principle be obtained from its vacuum Green’s functions. We will now argue that if the
field theory Hamiltonian does have a particle-like spectrum, Green’s functions have simple

4In practice, the results which are obtained to date in the most interesting case of quantum chromo-
dynamics with the help of numerical lattice computations are limited to static properties (like masses,
charge distributions, etc.) of hadrons and to matrix elements between one particle states and the vacuum
or other one particle states of some operators which are relevant for transitions induced by the weak
interactions.
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poles corresponding to these physical particles. The results of this section will be used in
Section 13.4 to obtain the S-matrix.

Consider the connected® Green’s function®

ng)(Qm s ,Ch) = /d4l’n Ce /d4x1 e_iqn'xn L e—ith'm
X (QT[On(@n) - .. O1(z1)]|2con, (13.12)

in which O;(z;) are some Heisenberg picture field operators (since in this section all
operators will be taken in the Heisenberg picture, we suppress the subscript H as well as
possible indices related to their Lorentz transformation properties). As explained in the
preceding section, O;(x) are not necessarily elementary fields operators of the theory -

they may also be composite operators like 1)1/ or ﬁiAZTi‘}wj in gauge theories, etc. We are

interested in simple poles of Gg")(qn, ..., qp) treated as a function of a sum p of a subset
of its four-momenta:
p=(@+. +¢)=—(¢n1+. ...+ ), 1<r<n-1. (13.13)

We will argue that simple poles are located at p* = m2, where m2, is the mass squared
(the eigenvalue of the P,P" operator) of a physical one-particle state |p,o) (the full
Hamiltonian H eigenstate) which has a nonvanishing scalar products (in the Hilbert space)
with the state-vectors

OI+1($7«+1) e OIL(%)\W )
Or(xy) ... 01(21)|) . (13.14)

More precisely, we will show, that in the vicinity of the pole ng) (Gns - --,q1) behaves as

1
ng) (qn> s aq1) ~

— (20)*W (g, + ...
p2_ml2)h_|_z~0(7r) (G + .. +@1)

X ZA(qnv'”7qT+1|pU)A(pa|qr7"'7q1>7 (1315>

where’

(27T)46(4)(QH +.oF dr+1 + p)A(QTH s aQT+1|pU) = /d4$n s ~/d4xr+1

In the language of Feynman graphs, i.e. within the perturbative expansion, connected part of a
Green’s function is given by diagrams that do not contain disconnected pieces. More generally, the Fourier
transform Gg") (Gn,---,q1) of a connected Green’s function is proportional to the single delta function
expressing the overall conservation of the four-momentum. A connected n-point Green’s function can be
also defined recursively starting from the 1-point one, see Section 17.1, without any reference to diagrams.

6 As the consideration of this and the next sections do not rely on the perturbative expansion, we will
assume that the in and out vacuum states, as well as the in and out one-particle states, coincide. Hence
we omit the subscripts + and —. In the perturbative expansion these states differ by a phase factor given
by disconnected vacuum graphs which are simply omitted.

" Alternative definition of A(qy,...,q-11|po) reads

AlGn, .- gry1|lpo) = /d4yn,1 ... /d4yr+1
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e WnTn o1 Tt (QUT[On(xy) - .. Opp1(2r41)]|PO) con

(13.16)
2m)*6W (g + ...+ @ — p) AP, - - q1) /d“xr : /d4x1
et eI pa| T[Ou(2,) . .. O1(21)]|)con -
In other words, in the vicinity of the pole G™(q,,...,q) can be written in the form

d*k
ng)(qna SR ql) %/‘W Z(27T)45(4)(qn T TG T+ k>A(qn7 SRR qr+1‘k0-)

l

4¢(4
XkQ_mIQ)h_I_ZO (27T> 6()(qr++q1_k)A(kO"q7«,,ql),

which, compared with the Feynman rules, looks (see Figure 13.2) as if there was a con-
tribution of a propagator of a particle of mass my, connecting, as an internal line, two
multi-leg vertices (with the appropriate momentum space delta functions). However, the
point is that the particle associated with the pole may not correspond to any of the ele-
mentary fields out of which the Hamiltonian is built and need not have its counterpart in
the spectrum of Hy. Note also, that even if the particle can be associated with an elemen-
tary field operator in the original Lagrangian, the mass myy, of this particle determined
by poles of Green’s functions may not be identical with the bare mass parameter m of
this field in the original Lagrangian nor with the mass parameters in H.

The proof is as follows. Among all orderings of 2, ..., 2% contributing to the multiple
integral in (13.12) there are n!/r!(n — r)! orderings such that

0

nyc

0 0 0
x Ty > Ty ooy Ty

Assuming that the complete set of the full Hamlltonlan eigenstates contains one-particle
states, the contribution of these orderings to GV (qn, ..., q1) definded in (13.12) is

/d%n . /d4x1 et T @ (min(a), ..., 2, ) — max(al,. .., 7))

e Mn-1Yn-1 oIt Yria (QIT[0r(0)0n-1(Yn-1) - - - Ors1(Yr+1)]|PT)con -

To demonstrate the equivalence with the definition given in the text we introduce y,—1 = xp_1 —
ny - Yrbl = Tpy1 — T, and write the right hand side of (13.16) in the form

/d4xn /d4yn 1. /d4yT+1 e~ Hant +ari1+p)Tn

xe Mn=1yn=1 o=Vl (QIT[0,,(0)0n—1(Yn-1) - - - Or11(Yrs1)]|PO)con -
We have used here the fact that O;(z;) = P 0;(0) e~*P% and that

T[O"(‘T") e 'OT+1 ($T+1)] = eiﬁ.znT [On(o) . 'Or+1 (yr-l-l)]eiip.zn 5

as can be seen by writing down T [0, (2,,)On—1(n-1) ... Ort1(2r+1)] as the sum of different orderings
of the operators multiplied by the appropriate @ functions. Taking the integral over d*z, yields then the
alternative definition. A(po|gqy,...,q1) can be written similarly.
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Figure 13.2: Factorization of a pole of a Green’s function.

x / Ty Y - A(QT[On (@) - - Orgr (2141)] KO con
X (ka|T[Op(z,) ... O1(21)]|2)con + remainder .

The “remainder” stands for other terms arising as a result of inserting the unit operator
in the form

i:\Q)(Q\+/dFkZ\ko—)(ko—\+...

between the first r and the last n — r operators Oy () as well as for terms arising from
other orderings of 29, ..., 2%, One can now write the operators O,(z,) and O,(z,) using
the relation

which follow from the assumed translational invariance. This allows us to introduce the
new variables

Y = Ty — Xy if 7::1,...,7"—1,
Yi = Tj — T, and 1=r+1,...,n—1,
min(z), ..., 20, ;) — max(x),...,z))
= x(r]z —SL’? +min(07y2—17"’7y9+1> o max(07y9—17"’7y?)

and, representing the Heaviside step function ©(7) as

o(r) i/+oodw o (13.17)
T)=— '
21 ) _ w+1i0’
write
. +(X)
() _ v dw /
GO (g - 1) 2W/_Oo o [m
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/d4In /d4yn—1 s d4y7’+1 /d4xr /d4yr—l s /d4yl

6—i(qn+---+qr+1)~xn 6—ik-xn e—i(qr-+---+q1)~:cr- e+ik'xr'

x exp (—iw |29 — 2 + min(0,y0_,,...,y0,,) — max(0,y7_1, ..., y})])

xe tn=ryn=1 o=t 1Yt (QIT]0,(0)On-1(Yn-1) - - - O g1 (r11)] KT ) con
X (ka|T 1O-(0)Or—1(yr—1) . . . O1(11)]|Q)con € Ir=1¥r=1 e DM

+ remainder,

where the factors e~ et in the third line arose from the action of e=**n and

eiPer on |ko) and (ko|, respectively (see the footnote, two pages back). Performing the
integrals over x, and x, one finds

i [T dw
G (G, ... qu) = P / 0 /dFk ZA(qn, ooy i1 |ko) Alko|gr, . qn)

x(2m) 6 (qn + . + Qi1 +K) 5(g) + -+ @4y + B+ w)
X(27T)45(3)(Q7‘+...+(11 —k)5(q$+...+q? — By —w)

X exp (_Zw [mln(07 y?z—l? ) y?—i—l) o maX(O, y?—b cet 7y?)])
+remainder,

where Fy = ,/k? + mgh. Neither the “remainder” nor the exponent contribute at the

pole.® The exponent can be therefore approximated by 1. The integrals over k and w can
be then done with the result

?

7Q1):
24/p? +m2, (po — 4/ P? +ml2)h+z'0)

X(Qﬂ-)46(4) (qn +... (J1) Z A(qn7 ceey qr+1‘p0-)"4(p0"q7“7 teey ql)

+ the remainder. (13.18)

G (g, ...

where p = q, + ...+ q and p” = ¢ + ... + ¢}. Since for p° ~ ,/p? +m?, one has
2,/p? +m§h ~ p’ + ,/p? —I—mf)h this is just the result (13.15). By appealing to the
Feynman rules it can also be expected that in (13.18) each of the factors A in the product
A(Gn, - -y @r11|Po) APy, - . ., q1) contains the appropriate “wave” function u(p, o) and
u*(p, o) of the on-shell particle (or the functions v*(p, o) and v(p, o) if in the formalism
this particle is treated as an antiparticle), which in the perturbative expansion come from

the free field operators (8.2). These, when summed over the spin states o for p? = mf)h,
should reproduce the numerator of the Feynman propagator.

8If exp(—iw|...]) is expanded as 1 — iw[...] + ... only the first term will remain singular.
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13.3 Two-point functions: the Kallen-Lehman representation

Let us now consider the connected two-point Green’s function?

G2 (p1,p2) = / diryd iy TP e P2 (O T(Oy, (1) Of ()] ) con
(13.19)

of an operator O;(z) and its Hermitian conjugate (I is the index which under changes
of the inertial frame transforms as some regular representation of the Lorentz group).
According to the analysis of the preceding section, for p? ~ mgh where myy, is the mass

of a physical particle Gl(fl); (p1,p2) takes the form

i
i, (1 p2) = (27) 0D (p1 — p2) D (Q104, (0)|P10) ——5———(p10]O}, (0)[2) . (13.20)
> p1 — myy, +10
Poincaré covariance implies that
(Q|Oy(x)[p10) = 28 w(p1,0) e, (13.21)

with the functions u;(p1, o) appropriate for this particle (or v (p1, o) if the particle is taken
for an antiparticle) and some factor Z(lj/ 2 specific for the operator O;(z) and depending on
the dynamics generated by the Hamiltonian H. Of course, if the particle corresponding to
the pole has its canonical field and O;(x) is just the corresponding physically normalized
(in the sense specified in Section 11.10) field operator ¢; ,, of this particle, then Z; Y2
(possibly up to an irrelevant phase factor). It follows that in the vicinity of the pole the
two-point function has the form

G1112 (p1,p2) = (27)45(4 (p1 — p2) G11l2 (p1)

1 2
~ (27?)45(4) (p1 — p2) > o

_—, HOZuh p,0)uy,(pr,o),  (13.22)
p

(from now on we denote with a tilde Green’s functions with the overall delta function
removed) i.e. it has the form of the free field propagator (notice that the sum over spin
projections o of the particle “wave functions” wuy, (p1, o)uj,(p1,0), or v} (P1,0)v,(P1,0)
for an antiparticle, reproduces the numerator of the propagator) with an extra factor Zo.

On the other hand, for a two-point Green’s function of an operator O; and its Hermitian
conjugate (which may be identical to O itself) it is possible to derive an exact expression.
We discuss it taking as O; the canonical (bare, i.e. the one corresponding to the canonically
normalized kinetic term in the Lagrangian) field operator ¢y (x) transforming as a Lorentz
scalar. Consider first the matrix element

(Qen ()9} (y)IQ) = /dv =P Qo (0) )] (13.23)

9As in the preceding section we suppress the subscript H on Heisenberg picture operators O.
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where we have used ¢y (z) = €%y (0)e P, and Pr|y) = phly) (if the Hamiltonian
spectrum is particle-like, the states |y) can be the in or the out basis of states). We now
introduce the spectral density p(p?)

0(°)p(p*) Z/dw(ﬁ‘)(pv—p) (2m)* [(Qlor ()M (13.24)

which if the operator O(x) is a Lorentz scalar as in (13.24), can, by Poincaré covariance,
depend only on p? and vanishes for p? < 0 and p° < 0 (we assume that the Hamiltonian
H has a ground state corresponding to p% > 0, so that all other H eigenstates |y) have
p2 >0 and pJ > 0). With the help of the spectral density the matrix element (13.23) can
be rewritten as

d'p
(27)?

e’} d4p ]
- 2002y [P 22y p(p0) o= ip(@—)
/0 dp” p(p )/(%)4 2mo(p® —p)0(p") e

= /Ooodu2 p(i*) Az =y 1), (13.25)

(s ()6l ()] = / &P @0 60 p(p?)

where A, (x —y; pi?) is the function defined in Section 8.2 except that now also its depen-
dence on the mass parameter ;2 is explicitly indicated. Similarly,

Uohwoutie) = [ TdR 52 Ay — a4?),

0
with an, a priori, different spectral function 5(u2) determined by |(Q|¢%,(0)]7)[2. However,
local causality requires'® that the commutator [}, (y), ¢ (z)] vanishes when (z — y)? <
0. This is ensured if p(u?) = p(p?) (recall that A, (y — ;%) = Ay (x — y;u?) for
(x—y)? < 0). Similar representation can be written down also for vacuum matrix element
<Q|Ol1(a7)0j2 (y)|?) of arbitrary operators O;(z). It then follows that the connected two-
point function (13.19) has the Kdllen-Lehman spectral representation:

Gﬁz)(x—y)I/ dp® p(p?) iA (@ — y; 1) (13.26)

0
or, in the momentum space,

GO (p? :/wd 2 () — 13.27

¢ (p7) i up(u)pz_ﬂzﬂ.o, (13.27)

which follows from adding the two matrix elements considered above with the appropriate
theta functions according to the definition of the chronological product of two operators.

10Ty Chapter 8 this condition was imposed on the free field (interaction picture) operators. It should,
however, be satisfied by all local Heisenberg picture operators.
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From this representation it follows that the two-point function, i.e. the full propagator,
cannot vanish for p*> — oo faster than 1/p?. On this basis one can argue that Lagrangians
containing terms quadratic in fields and more than two derivatives must be interpreted as
effective Lagrangians, arising from integrating out some high energy degrees of freedom
(heavy particles, strings or anything else), valid only for processes with particle energies
not exceeding a certain cut-off scale. Otherwise the asymptotic vanishing of a propagator
faster than 1/p? would conflict with basic principles of quantum mechanics.

The spectral representation allows to constrain the Z factor of the canonical (bare)
Heisenberg field operator ¢ the canonical momentum ITy () of which following from the
first of the equations (11.133) is Iy (z) = ¢}, (z). Differentiating the equality

(o), D = [ i plu) [Au (o = yis) = Aoty =]
with respect to ° and setting 2° = y° one gets

(o), S0 = [ o) 5 x - 3).
upon using the relation

7
Do A (; Nz)‘xozo 5 5@ (x).

Since [pp(t,x), Hy(t,y)] = [ou(t,x), ¢4 (y,t)] = i6® (x —y) (cf. (11.132)), it follows
that

/ood,ﬁp(,ﬁ) =1. (13.28)

0

Furthermore, if there is a one-particle state |k) such that (Q|¢z(0)|k) = Z'/2, it produces

a simple pole in the Fourier transform of G (x —y). Indeed, comparing (13.27) with
(13.20) we see that the contribution of such a one-particle state to (13.24) must give

p(p?) = Z6(u* —m3y) +o(p?), (13.29)
so that!!
1=2Z2 +/ dp? o (u?) . (13.30)
0

~ 1 Considering the two-point Green’s function of arbitrarily renormalized elementary field operators
on = Z Y2¢y one would work with the spectral function p(u?) satisfying (in agreement with the

canonical commutation rule [¢z, Hy] = Z[¢w, ¢fy] = id) the relation
2= 2+ [ dia®),
0

with £ = Z71Z being the residuum at p? = m2;, of the two-point Green’s function of the o field

operators and ¢ = Z 1o, Of course, if ¢p is renormalized in the physical way (see Section 11.10) then

Z =1, which means that the factor Z of the canonical field equals the Z renormalization factor of the
physically renormalized operator.
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Figure 13.3: Graphical representation of the connected two-point function G (p) in terms
of one particle irreducible (1PI) self energy insertions —i%(p) introduced in Section 9.7.

Since o (%) > 0, it follows that 0 < Z < 1. Let us also remark that if the spectrum of the
Hamiltonian H is not particle-like, the spectral functions of operators of such a theory do
not contain isolated delta-like contributions of the form (13.29). Similar exact results can
also be derived for spectral functions of other canonical (bare) operators transforming as
more complicated representations under changes of the Lorentz frame.

In the perturbative expansion full connected two-point Green’s functions G (p) of
canonical or renormalized canonical field operators, represented in Figure 13.3 by the open
circle, are given by infinite sums of Feynman diagrams which can be organized in subsets
(also consisting of infinitely many graphs) corresponding to one-particle irreducible (1PI)
self-energy insertions —iX(p) (1PI two-point Green’s functions with removed external
simple propagators). These are represented in Figure 13.3 by the black blobs, connected
by simple (i.e. free field) propagators. By definition the 1PI Green’s functions are the sums
of Feynman graphs which cannot be decomposed into two disconnected parts by cutting
just one line of the graph. By summing the resulting geometric series (see (13.52) for an
example) such a two-point Green’s function can be brought into the form [C;‘((f) (p)]~' =
[éﬁfﬁe(p)]—l + 4% (p) (this will be shown more rigorously in in Chapter 17). For example,
the two-point Green’s function of a scalar field operators can be written in the form

?

(2 (1) —

where m is the mass parameter in the free Hamiltonian H,.

From this representation of the two-point Green’s functions in terms of the 1PI self-
energy insertions ¥(p) it should be clear that if the interaction is adjusted (either by adding
appropriate interactions like (9.103) - in the approach based on quantum mechanics of
relativistic particles - or by working with physically normalized canonical field operator
¢ (x) = @pu(z) and appropriately splitting m? into m?, + dm? - in the approach based
on classical field quantization) so that!? that the first two terms of the Taylor expansion
of X(p) around the value p* = m2; = m?* (where m?* enters Hy) vanish (as was required

in Section 9.7) the complete two-point connected function G (p) has, for p* ~ mgh =

m?, the form of the free field propagator with Z = 1 which ensures that the relation

12This is of course possible only if G& (p) has a simple pole at a real value of p2.
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between the free particle states |ag) and the in and out states is given by (7.39), i.e. the
rescaled (renormalized) elementary field operator ¢y is the “physical” one, i.e. it is just
the one denoted ), in Section 11.10. But as we have argued, working with physically
renormalized operators ¢, is not mandatory: perturbative expansion of vacuum Green’s
function is valid with arbitrary operators (and almost arbitrary splitting of the total
Hamiltonian between Hy and Vi, subject only to the conditions under which the Gell-
Mann - Low construction is valid) and S-matrix elements can be extracted from vacuum
Green’s functions of arbitrary operators with the help of the LSZ prescription which we
formulate in the next section.

Two-point vacuum Green’s functions (13.19) of other local composite operators O;(z)
and the corresponding factors Zp can be defined analogously as those of elementary
operators. The factors Zp can be also computed using the perturbation expansion. The
only difference compared to the two-point Green’s functions of (renormalized) elementary
field operators is that the factors Zp of composite operators differ usually from unity
already in the lowest (zero-th in the coupling constants) order. It may also happen that
the two-point Green’s function of a given operator O;(x) does not have a one particle
pole, that is, Zp = 0, (at least in the perturbation expansion).

13.4 The LSZ reduction

We now show how S-matrix elements can be extracted from vacuum Green’s functions
(13.9). The prescription in principle does not require introducing free particle states
|ag) nor the free field operators. Moreover, Green’s functions of arbitrary operators,
elementary or composite, can be used for this purpose equally well.

The basic tool is the Lehman-Symanzik-Zimmermann (LSZ) asymptotic condition
which in the usual formulation states that if a local operator O;(z) has the matrix element
between the vacuum and a one-particle state |p, o) given by (13.21), then in the limit
1Y — —oo(+00)

O(z) — 252 o) () (13.31)

where ¢" ™ () is the in (out) field operator transforming under changes of inertial frames
in the same way as does O;(x) and constructed out of the in or out creation and annihi-
lation operators of the particle represented by the H eigenvector |p, o) (as discussed in
Section 8.7).

The limit (13.31) cannot be a strong operator limit. For example, if O;(z) is the canon-
ical Heisenberg picture field operator ¢y (x) so that I15(x) = ¢y(z), then at any instant
[on(t,x), ¢u(t,y)] =i0® (x —y), which, if (13.31) with Z # 1 were treated as a strong
operator limit, would conflict with the relation [p™°"(¢,x), ™ (¢,y)] = i6®) (x —y)
trivially satisfied by the opertators ©™°%. The limit (13.31) holds only between normal-
izable in (out) states [da g(a)|as) and for operators O;(x) appropriately smoothed and
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localized in space with normalizable functions of x. It expresses the crucial property of
a local quantum field theory that if an operator O;(t) = [d*x f(x) O,(t,x), localized in
space with the help of a normalizable function f(x), acts on a state representing particles
which (in the limit t+ — —oo0 or t — 0o) are also localized and well separated in space,'
it annihilates the particle corresponding to it only if the latter is localized within the op-
erator’s support (or creates the corresponding antiparticle localized within the operator’s
support) and in the limit 2° — —o0o(400) it does it just as if there were no other particles
(because other particles are then spatially well apart). Hence, under these conditions a
matrix element of such an operator between in (out) states representing localized particles
factorizes in the limit ° — —oo(+00) into its matrix element between the vacuum and
the (localized) one-particle state times the scalar product of the “remainder” (see (13.34)
for an example). Taking into account (13.21) it follows that the action of such an operator
O, on localized states is, up to the Zé/ 2 factor, the same as the action of the (localized)
in or out field operators (with the same Lorentz transformation properties as O;) which
create and destroy individual particles independently of the presence of other particles.

Consider now an S-matrix element corresponding to a transition from an in state of r
particles [(p101, ..., Pr0,)+) to an out state of n —r particles |(p), 0., 4,...,P,0,)-) and
a connected Green’s function G&")(qn, ..., q1) (13.12) with the operators O; chosen so that
to each particle in the in state there corresponds one operator having nonvanishing matrix
element (py, 0i|Ox|€2) and to each particle in the out state corresponds one operator O,
such that (Q|Oy|p},0%) # 0. Applying to such a Green’s function the theorem (13.15)
with r = 1, p = p; = ¢ (assuming without loss of generality that it is the operator
O; that corresponds to the first particle of momentum p; in the in state) we obtain for
p% ~ mﬁh,l

G (qn, @) = (27) 6 (gu + ...+ 2 + p1)
3" Algn, -, @2l Pr0) X ———y (pron |01 (0)[Q) . (13.32)

p; — mghi + 10

It is straightforward to apply the theorem (13.15) once again to the factor A(gy, - - -, g2|P101)
given by (13.16), this time assuming that the operator O,, corresponds to the particle of

momentum pj, in the out state. For g, = —p],, with p? &~ m?,  this gives

G (Gn, - 1) = 2m)* 6N (=pl, + Gnr + ...+ @2+ 1)
; ;
X E E Ap.ol gn_1, -,
o p2—m?  +10 (P [dn—1 2lpion) Pt —may 1 + 0

! o1 ph,n 1

n

X (Q|0,(0)|py,0;,) % (P101]01(0)|Q) | (13.33)
where
) D (—pl 4 Gur -+ G2+ 1) ADLOL Gt - G2 P10Y)

13The assumption that the particles can be separated in space is in fact equivalent to the assumption
that the considered Hamiltonian H possesses the spectrum interpretable in terms of particles that is,
that its in and out eigenvectors transform under changes of inertial frames as collections of free particles.
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X (Pon| T [On-1(zn-1) . .. Oa(22)][P107) -

Suppose now it is the operator Oy that corresponds to a particle of momentum ps in
the in state. We consider the contribution to the multiple integral above of the ordering
20 ..., 23 > 2 and insert the complete set of the in state-vectors between O, and the
other operators. This gives (among others) a term'*

/d4xn_1 . /d4x2 e n1tnt om0 Q (min(a)_y, ..., 29) — a3)

/ 0Ty, / 0Ty 3 (DL T (O (1) - - Os)]|(kudry, o) )

01,02

X ((k161, koG2) 1 |Oa(x2)|(p101)+) + remainder.

After changing the integration variables to y,_1 = T,_1—3, ..., Ys = Ty—x3, representing
the theta function by the integral (13.17) and performing the integral over x3 this is

+oo dw ()0 0 ; ;
d4yn 1. d Yy — —Zwmln(yn,17~~,y470) e‘“]nflynfl . e‘“14y4
27T w 10

/dFk1 /dFk2 Z PLon | T[On-1(Yn-1) - .. O3(0)]|(k161, ka2d2) )

01,02
x(2m)*6®) (—pl, + dpor + ... + a3 + ko + k)
X6(—Ep + 401+ ...+ 45+ By, + By, +w)

/d4x ™3 (61, KaGa )+ |Oa(22) | p1o1) €2 + remainder.

If A(p,0,|¢n-1, -, q2|P101) has for g, = py with p3 = m2 , a one-particle pole, this pole
must be due to the 25 — —oo lower limit of the integral over dz§ (this integral is obviously
cut-off from the other side by the theta function). Therefore, near the pole, the matrix
element of Oy(x2) factorizes on account of the LSZ asymptotic condition (13.31):

((k161, ka02)+[O2(22)[(PrO1)+) —
((k161)+|(P1o1)+) x ((ko02)+|O2(x2)|C2) - (13.34)

Incidentally, the same factorization has the effect that the other terms resulting from
inserting the complete set of in states between Oy(x2) and the remaining operators vanish
at the pole just by the orthogonality of |(pioy)+) with respect to all other in states with
the number of particles different then one.

14f the particles with momenta k; and ks are identical the integrals over dl'k, dI'y, have to be divided
by the factor 2! - see (7.4) but there will be then also two terms in the formula (13.34).
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Representing then O (x5) in the form e7#20,(0)e~*£*2 allows to perform the integra-
tion over dz,. This produces a pole for k2 ~ mghz in the same way as in (13.18) so that
one gets

G (g, ) = ) (P, + qur+ . a2 +D) YD

!

ol 0201
1 1
2 A(pInUMQn—la “+, q3|P202, P101)
P = mf)h,n ps— mghg Pt - mf)h,1
X (Q]0,(0)[pr,0,) X (P202|02(0)|2) x (p101]01(0)[9) (13.35)

with A(pl,ol|qn—1, - -, q3|P202, P101) being the matrix element of the T-product of the re-
maining operators between the in state |(p1o1, p202)+) and the out state (p/ o/, |. Similarly,
“reducing” operators corresponding to particles in the out state we insert the complete
sets of out states because the poles arise then from the limit x? — 400 (r < j <n)andin
this limit the condition (13.31) allows to find the matrix elements of the operators O;(z;)
between the out states. At the last step of the procedure one is left with the matrix
element

/ 2z et (o, . )_|0@)|(Prow, - )a)

To exhibit the pole, the integral over dz° has to be split by inserting 1 = ©(z°) + O(—x°).
If the operator O is to be associated with a particle in the in state it is ©(—x°) which
produces the pole and one inserts the complete set of in states between ((pl o/, ...)_| and
the operator O the matrix elements of which between the in states can, on account of the
condition (13.31), be computed.

After “reducing” all the operators and using the formula (13.21) we obtain'®

ng)(_p/na sy _p;+1>pr s apl) ~ (271-)45(4)(_}7; e T p;“ +pr + ... +p1)
n - S1/2
125
<1 |2 oo ul®). o)) (13.36)
j=r+1| o} p; ~ Mph,; +1i0 Y
r ’iZl/2
* Oy, . /A
X u*(pg, o — | (=0)A(p;,0,,-..,P101),
IH Zk (pk k) pi _ mghk +40 ( ) (p P1 1)
where (—i)A(ploL,...,p101) is related to the connected part of the S-matrix element as
in (7.81):
<(p;LO-;L> R p;«+10;+1)—|(p10'1, cet prar)+>con (1337)

= 2m) 0 (—p, + ... =Py o+ p1) (=) ADO, . PI01)

I5Tf some of the particles in the in (out) state are treated as antiparticles then the corresponding u*
(u) functions should be replaced by v (v*).
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The formula (13.36) gives the required relation between the momentum space connected
Green’s function G (Gn, - - -, q1) and the S-matrix elements that can be extracted from it.
It is important that this relation is exact, i.e. does not rely on the perturbative expansion
nor on the assumptions of Section 7.3. In particular, since the operators O; do not need
to be the elementary field operators, (13.36) allows to find the S-matrix also (at least in
principle) in theories in which particles in terms of which the asymptotic states (the in
and out eigenstates of the full Hamiltonian) are interpreted are not the “quanta” of the
elementary fields used to build the Hamiltonians H and H,.

Extraction of S-matrix elements with the help of the LSZ procedure from vacuum
Green’s functions computed perturbatively does not require in principle that the free
particle states |ag) created by the interaction picture operators are related to the in
and out states |ax) by (7.39) nor that the mass parameters of Hy be equal to masses
of physical particles in the in and out states but in practice, setting the perturbative
expansion, one makes a simplifying assumption that all true in and out states |ax) do
have their counterparts (as far as their quantum numbers and Lorentz transformation
properties are concerned) in the |ag) states because one assumes that the all one-particle
poles factorized in the LSZ procedure from n-point Green’s functions are only those
poles which are found in two-point Green’s functions of the elementary (however suitably
rescaled) operators of the considered theory.'® With this (weak) assumption it is of course
most convenient to use for the operators O;(z) just the elementary operators of the theory,
the canonical ones ¢z (z) or arbitrarily rescaled (renormalized) ones ¢y (x) = Z72¢y(z),
but it is also possible to chose composite operators. (For example, in the ¢* theory it is
possible to use the operator ¢%;). Below we will analyze the LSZ prescription within the
perturbative approach working with the elementary field operators. (Similar steps should,
of course be performes if composite operators are used). It will turn out that in this case
the prescription reduces to a small modification of the Feynman rules for external lines
formulated in Section 9.4. The required modification can be obtained as follows.

6With loop corrections included, some of the two-point Green’s functions of elementary field operators
can have poles only for complex values of ¢2. Such poles, which manifest themselves phenomenologically
as unstable particles, do not, strictly speaking, correspond to any particles in the asymptotic states.
Thus, even in the perturbative expansion, not all elementary field operators building the Hamiltonian
generate the true asymptotic one-particle states. On the other hand, even perturbatively computed
Green’s functions Gg") for n > 4 can exhibit poles, either for complex or for real values of p? = (p; +
...+ ps)?, where py,...,p, is some subset of the external four-momenta, which are not found in two-
point Green’s functions of the elementary field operators. Such poles correspond respectively to unstable
and stable bound states. For instance four-point (and higher) Green’s functions computed in quantum
electrodynamics of electrons and muons should have poles at complex values of p? = (p; + p2)? (where
p1 and po are the four-momenta brought in by the appropriate two elementary operators) corresponding
to the unstable e et or u~ ™ bound states and poles at real values of p? = (p; + p2)? corresponding to
the stable e~ ™ and e™ ™ bound states. These, in principle, do have the corresponding asymptotic in
and out states. In practice it is technically difficult to extract S-matrix elements corresponding to these
asymptotic states using the perturbative expansion, because the corresponding poles appear only after
an infinite subset of Feynman diagrams is resummed and finding the S-matrix element corresponding to,
say, electron (elastic or inelastic) scattering on the muonic atom would require investigating the six-point
Green’s function.
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As will be demonstrated rigorously using the functional methods (path integral formu-
lation of quantum field theory) in Chapter 17, for n > 2 any connected n-point Green’s
function G (Gn, - -, q1) of the elementary!” (however rescaled) field operators q?) o can be
written in such a way that on each of its external legs the full propagator G ( 1) - the
(Fourier transform of the) two-point function of by and qb - correspondmg to this line
is factorized out.'®* More generally, any connected n-point function Gl (qn, ..., q1) with
n > 2 can be represented as a sum of block diagrams composed from 1PI Green’s functions
iDL with 2 < r < n, connected by the full propagators G (the n-point function is then
represented as a sum of tree diagrams whose vertices are given by the 1PI functions iT'(")
and internal lines are the full propagators é?)). Moreover, from the derivation presented
in Chapter 17 it will be clear that this representation of vacuum Green’s function is valid
also outside the perturbative expansion.

Con81der now one of the external lines, say the first one, of a connected n-point Green’s
function G (qn, ..., q1). Factorizing out the full propagator G¢ (ql) corresponding to it
and using the formulae (13.20), (13.21) with O; = ¢ and g ~ p; where p} = m2, one

can write Gg")(qn, ...,q1) in the form®

ng) (qTH coc 7q1) 27T 46(4 Z qZ 2 (qn7 AR ql) (1338)

u(p1,01) @ u*(p1,01)
N( 1+ q; . M(QHa--'>pl)>
> ; yeiere,
where Ne(gn, ..., p1) denotes the rest of the (connected) diagram (we suppress all Lorentz
indices on the functions u(p, o), amplitudes, etc.) and Z = Z;_. Similar factors can be

isolated on other external lines of Gg")(qn, ...,q1) (we continue to denote N.(pl,,...,p1)
the remaining part of Gg")(—p’n, D)

LS
r+ 1 > j > n one can therefore give two different expressions for Gg")(qn, ...,q1): one
with the factors as displayed in (13.38) for each external line and with N.(pl,...,p1)
being the sum of Feynman diagrams without propagators on external lines (i.e. without

any corrections to these lines), and another one given by (13.36). Comparing them, we

In the limits ¢ — py, where pj = m2 , 1 >k >r, and ¢; — —pj;, with p} =

"The same applies also to composite operators.
18We assume here for simplicity that the fields do not mix, i.e. that the mixed two-point functions

Gg] = <Q|T[¢H( )ngT( )]|Q) with i # j all vanish (because of a mismatch of quantum numbers of ¢
and (bJH ). The LSZ prescriptions remains valid also if the fields can mix (there are several operatorquJH (x)

with the same quantum numbers); in such a case anyone of the fields éf () can be used in Green’s
functions to extract S-matrix elements with the considered particle in the asymptotic state.

197f in the position space this two-point function is <Q|T[(l~5TH (2)pm (21)]|Q) with z; being the argument
of G (Tn,...,21), the factor u(pi,o1) ® u*(p1,01) should be replaced by v*(p1,01) ® v(p1,01).
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get the final result

—iA(pL,o ... PYO, PnOn, .., P1o1) = 22 2,;11/22,;,1/2 o 2,;11/2 (13.39)
X Z Z lzl,...,l’pln,...,ll(p;m cee ,Pl)uf;n(P;mUn) oouy(Pr,01) -
Unsenly Iyl

where the momenta of the external lines are put on their respective mass-shells (we have
restored the Lorentz indices). Thus, the prescription for calculating the S matrix elements
reads: compute the sum of all Feynman diagrams contributing to connected Green’s func-
tions Gﬁ"’(qn, ..., q1) but without diagrams contributing to full propagators on external
lines and take the momenta on external lines on their respective mass-shells. Instead
of the external lines propagators insert the appropriate wave functions wu,(p;,o;) and

uZ‘;(p;», o’;) (or, for antiparticles, v (p;, ;) and ul;(p;-, 0’)) and include for each external

line an appropriate factor 2,;2-1/ > The necessary factors Z; should in turn be extracted

by computing the full propagators, i.e. the connected Green’s functions G%? (p;) of the

operators ¢ as in (13.20) and investigating their behavior near the poles at p? ~ mfmr

Of course, working in the On-Shell scheme, i.e. using the physically (re)normalized
elementary field operators qg = ¢pn = Z Y2¢y and the physical masses myy, included in
Hp one has Z =1 (and Z = Z where Z are the factors corresponding to the bare canon-
ical field operators ¢y ) and one recovers the rules of Section 9.4 with the prescriptions
for treating external lines (corresponding to particles in the initial or final states) formu-
lated in Sections 9.7 and 11.10. However, with the rules for obtaining S-matrix elements
established above one can work with arbitrarily rescaled elementary field operators ¢y (x)
and with arbitrary mass parametrs included in Hp; moreover it is also possible to replace
the elementary operators like ¢ () by composite operators:?° as long as one includes for
external lines the appropriate Z1/2 factors of the employed operators (determined as in
Section 13.3) and expresses the final results in terms of physical masses (determined by
positions of the Green’s function’s poles) the physical predictions will be the same.

13.5 Simple examples

We shall now illustrate the LSZ reduction on the simplest examples. Consider first the
¢* theory with the Lagrangian density specified by (11.479) and (11.478) and quantized
using the canonical field ¢ as the dynamical variable. The corresponding Heisenberg
picture operator will be the canonical (bare) one, py(x). Taking as the interaction term
only the quartic term (so that the mass squared parameter in Hy will be the original,

20Tn principle such operators must be used if a physical particle in the initial or final state is composite.
For instance, to obtain S-matrix elements corresponding to strong interactiosn of hadrons one should
consider in QCD Green’s functions of composite operators which are singlets w.r.t. the color SU(3)
group and having appropriate flavour quantum numbers.
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Figure 13.4: Four-point amplitudes: a) in the ¢* theory; the arrows show the flow of the
four-momenta as defined by the Fourier transform (13.40), b) in the Fermi theory of weak
interactions (the arrows show the flow of the four-momenta defined by (13.47) and of the
fermion number).

“bare” parameter M?) one arrives in the interaction picture at H . (z) = (\/4)¢}(z).
The theory cast in the interaction picture will be therefore equivalent to the theory of
interacting spin 0 particles which can be constructed directly in the approach of Chapter
9 with the simplest interaction term Vi, (t) = (A/4!) [d®x ¢} (t,x). Direct computation
of S-matrix elements would therefore lead to a catastrophe due to singularities related
to external lines. Nothing however prevents computing the Green’s function represented
graphically in Figure 13.4a of four canonical field operators ¢g. It is formally given by

(we omit I on the interaction picture operators)

G (@, 21) = (T [ (xa)pn (w3)on (x2) o (21)]| Q)

= (%)4&7(@) 54 570 (ol T exp (_Z/ & [% #i(e) = J(I)w(x)] ) £l

= QT [elaelaelaeto) o iy, [dre(@) 100,

J=0

As will be clear (see Chapter 17), the four-point Green’s function can be split into the
disconnected and connected parts (much in the same way as were split S-matrix elements
in Section 7.8. The lowest order contribution to the connected part reads

G£4)(SL’4, e ,.flfl) = —Z)\/d4$ ZAF(SL’ - LIZ‘l) ZAF(LIZ' - IL’Q) ZAF(SL’ — LIZ‘3) ZAF(LIZ' — IL’4)

d*q dq o
:/(27r)4"'/(27r)46+q4 4 et 1G£4)(q4,...,q1), (13.40)

and its Fourier transform is

L (13.41)

GY(q,... = —i\(2m)46™ !
o Qs qr) iA (2) (@t +a) @ —M?2+i0 ¢ — M2+40

Thus, in this order, the poles of the Green’s function Gg4)(q4, ...,q1) are located at ¢? =
M?, so that in this order the parameter M? is to be identified with the physical mass
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squared. This is consistent with position of the pole of the Fourier transform of the lowest
order approximation to the the two-point function G® (z — y)

/d4x PN |T[pw(2)pr(0)]2) = /d4:)3 e”* [iA" (z) + higher orders]

- m + higher orders, (13.42)
(the free propagator iAf(z — y) is given by (9.32)). It is also clear that, as advo-
cated, four two-point functions can be factorized out of the connected Green’s function
Gt (q4,-..,q1). From the two-point function we learn however, that to this order the fac-
tor Z of the canonical (bare) field operator ¢y (z) equals unity, because the the residuum
of the simple pole at p*> = M? is just i. From (13.39) it follows, therefore, that to this
order the element of the S-matrix corresponding to the elastic 2 — 2 scattering of the
spinless particles of mass M having the initial and final four-momenta k; = (Ey,, k1),
ke = (Ex,, ko) and p; = (Ep,,p1), P2 = (Ep,,p2) is (because the u functions of spin-
less particles are equal 1) directly obtained by stripping off from G£4)(q4, ..., qp) the four
propagators and by substituting for (or, more precisely, by analytically continuing) the
four four-momenta ¢, ..., gy (to) the values

=k, @k, @Gg—=-p, @ P (13.43)
This gives the lowest order scattering amplitude —iA(p2, p2, ko, k1) = —i, as previously.

It is instructive to consider also a different treatement of the same theory. If quan-
tization is performed taking as the field variable » = Z~1/2p one is led, as in Section
11.10, to the Hamiltonian density (11.440). Suppose however that one does not take for
H, the expression (11.443) but instead splits (11.440) so that the interaction term is just
—(A\/41)Z2p%. The free momentum space propagator will then take the form?!

l
Z(¢*> — M?+i0)’

with the residue Z; = Z!, and the Fourier transform of the lowest order approximation
to the Green’s function (Q|T[@(x1) ... o(x4)|2) will take the form

i 7! i 771
@Z—M2+i0 @ —M2+i0’

Gqs, . @) = =iZA 2m) 6D (@ + ... + q1) (13.44)

2IThis is obvious in the path integral formulation which will be discussed in Section 16.3. Another
argument is that the Green’s function (Q|T[ox (z)@m (y)]|Q) (in the perturbative expansion of which the
free propagator is the first term) is related to (Q|T[pm(x)em(y)]|Q2) which leads to (13.42) just by the
factor Z~1. It is however a good exercise to perform the canonical steps of Sections 11.2 and 11.9 and to
obtain this free propagator using the definition (9.32), that is as the Fourier transform of

0(z° — )3\ (@), 37 )]+ 6(4° — 2B (), &7 (@),

where @r(x) is the interaction picture operator corresponding through the adopted Hy to ¢ ().
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and the prescription (13.39) with N¢ = —iZ?\ = —1Z5 2\ will again lead to the scattering
amplitude —iA(ps, p2, Ko, k1) = —iA. We will extend this analysis up to one-loop order
after considering another example.

As the second example we consider the four-Fermi interaction of leptons (again, it
is assumed that the corresponding field theory has been quantized using the canonical
field variables and transition to the interaction picture has been performed equating the
canonical, that is bare, Heisenberg picture operators at t = 0 to the interaction picture
operators and that all terms bilinear in field operators - mass terms - have been left in
HQ)

Gr
\/’

where I'* = 4*(1 — #®), and compute in the lowest order the amplitude

Gl a2t s 2) = (T [l (o) Bl s ()0 s (22) bl (1) 1904) . (13.46)

Hy = —= (V0,0 Tw) (P Tt ) + Hee. (13.45)

shown in Figure 13.4b. In the lowest order (because all the field operators are different
this Green’s function has no disconnected part, that is G = Ggl))

GH&BO{(247 .

—Z—/d4 ZS —z)l WiS%”(x — Zg)i| [iSéVp“)(ZQ —z)l szS(“ (x — 21)

We have explicitly indicated which propagator corresponds to which particle?? (at the
price of suppressing the superscript “F”). The considered function can be written as the
Fourier transform

d*q QY1 ioron i —imra o
Gﬁwa(z%...,zl) :/(2ﬁ)14“'/(27r)446 12404 o H123:03 o 022102 o HIEL

XGR&Ba(q47 crey Q1) ) (1347)

and the lowest order contribution reads

Gaal@sr - 1) = 2m)8W (g1 — g2 + g5 — qa) (—’%)
x[ig’4+mef Q/s} {%2 A Q’1+mﬂ] .
KO Ba

(13.48)

2D 1—= I
q3 — m? % % 4 mi

The exponential factors have been written in (13.47) in such a way that the flow of the
four-momenta ¢, ..., g4 agrees with the flow of the fermion number (i.e. with the flow

22Gtrictly speaking, since as we have argued, the correspondence between elementary field operators
and (physical) particles (to which in and out H eigenstates correspond) need not be direct nor one-to-one,
one should rather speak of propagators of (interaction picture) field operators.
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of particles and not antiparticles) as shown by arrows in Figure 13.4b. The poles (at
m2, mi and zero in the respective channels) of G,(j;)ﬁa(q% ...,q) are again explicit and
their positions agree with the positions of the poles of the appropriate two-point Green’s
functions evaluated in the lowest order. These two-point Green’s functions indicate that,
to this order, the Z factors of all operators entering the Green’s function (13.46) are
equal to unity. These four two-point Green’s functions can again be neatly factorized
out of Green’s function (13.48). Therefore, in order to obtain the S-matrix element
corresponding to the muon decay p~ — e~ v, considered in Section 9.2 it is sufficient to
replace the external propagators in G,ﬁ)ﬁa(qzl, ...,q1) by the appropriate wave functions
v and v as in (13.39) and to set (in the notation defined in Figure 9.1) ¢ = (Eq,q),
G2 = (Fx,, ko), ¢3 = (—Fx,, —k1) - because the flow of physical energy and momentum
through this line is opposite to the flow of the fermion number - and ¢4 = (Ep, p). The
resulting amplitude is then, perhaps up to a sign?, identical to (9.27). Moreover, when
the four-momenta of the Green’s function are continued to the mass shells, as indicated,
that is, when ¢; is continued to ¢; = (Eq,q), the numerator ¢; + m, of the two-point
Green’s function corresponding to this line becomes equal to > u(q,0,) ® u(q,0y);
similarly, when g3 is continued to g3 = (—FEy,, —ki) the numerator g3 can be written as
> o, V(k1,01) ® v(ky,01). This is how the wave function factors present in the general
form (13.36) of Green’s functions arise.

This example shows also that the Green’s function G%)ﬁa(qzl, ...,q1) is a more general
object than the mere S-matrix element corresponding to the u~ — e”v,v, decay: S-
matrix elements of all “crossed” processes like p~e* — v, 7, or 1"V, — €7V, OF Ve, —
uhe” ete. can be also extracted from it by continuing the external momenta ¢, go, g3, g4
to different physical domains and by providing the appropriate wave functions.

In order to illustrate the considerations of the previous section in the one-loop order
we return to the ¢* theory and, in the same setting as specified at the beginning of
this section, compute the amplitude of the elastic scattering to the one-loop accuracy.
Unfortunately, the o* theory is slightly pathological - as we will see to the one-loop order
still Z =1 - but this will not a serious obstacle for illustrating the main points.

The tree level (lowest order) contribution to the connected off-shell Green’s function
G£4)(q4, @) = 2m)A8YYS @) G£4)(q4, ...,q1), represented by the diagram of Fig-
ure 13.4a, is given by (13.41). We write é£4)(q4, ..., q1) here in the form

G (qu,...,q1) = —i) x (ext. prop.). (13.49)

At the one-loop order (in the case of this Green’s function identical with the order A\?)
there are seven additional contributions to G((fl) (G, ---,q1). They are shown in Figure 13.5.

23Performing the LSZ reduction of the Green’s functions of the fermionic operators one has in principle
to keep track of the minus signs present in the definition of the chronological product of such operators.
This is however in most cases not important as the overall sign of the complete amplitude is irrelevant
for physical quantities.
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Figure 13.5: One-loop contributions to G (p1,-..,pa) in @* theory. All momenta are
incoming.

According to the Feynman rules, the first upper diagram in Figure 13.5 contributes to
G£4)(q4, ...,q1) the expression

EFMF/d%I/d%Q i i
2 2m)* ] 2m)t k2 — M? +i0 kI — M2 40

X (2m)10(ga + g3 + @2 + q1) X (27)"0(g3 + qa — k1 — k) x (ext. prop.),

(1/2 is the combinatoric factor). Therefore the contribution to é£4)(q4, ceqr) i

_Z>‘_2/ d'k ! X (ext. prop.)
2 ) @o) k2 = M2+ i0][(k + q1 + @) — M2 + 40] PP

The integral over d'k is logarithmically divergent because in the limit |k#| — oo it behaves
as [dk/k. As will be shown in the next Chapter, the divergent part of this integral is real
and independent of the external momenta ¢, qo. Therefore, we write this contribution as

)\2
—ZW [[div + f(S)] X (ext. pI'Op.), (1350)
where we have factorized 1/(4m)? typical for one-loop integrals and introduced the Man-
delstam variable s = (¢, + ¢2)%: since the integral is Lorentz invariant it can depend only
on s; similarly, the loop integrals associated with the second and third upper diagrams in
Figure 13.5 depend only on ¢t = (¢; + ¢3)? and u = (1 + q4)?, respectively.

The contribution to é£4)(q4, ..., q1) of the first one of the four diagrams shown in the
lower part of Figure 13.5 can be written in the form

?

i)
S y ey

[—i3(q1)] % (ext. prop.),
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in which the self-energy insertion 3(p) is given by the (quadratically divergent) integral

A [ dk i
—iX(p) = —i= 13.51
i=(p) Z2/(2W)4k2—M2+z0’ (13:51)

and is, in this order in A, just the 1PI part of the one-loop contribution to G (p) (by

definition, —i¥(p) is the sum of all 1PI Feynman diagrams contributing to G¥ (p) with
simple propagators on external lines removed). It is then clear that the full propagator,
as represented in Figure 13.3 can be written (suppressing i0) in the form

o i | i
GP(p) = T + RN Ve [flz(p)] RN V) |
1 . 7 X 1
Yo Tae [—iX(p)] 2 [—iX(p)] Zoar T
1
= . 13.52
p? — M? —X(p) (1452

Tn the last line the geometric series has been resummed. For future use it is also conve-
nient to define the 1PI two-point function I'®(p) as

TP () =i (p* — M* - 2(p?)), (13.53)

so that iI'®(p) = —[é&m (p)]~'. Combining together the contributions to G, ... q)
corresponding to all diagrams shown in Figure 13.5 we get

GYqs,...,q1) = (—i\) x (ext. prop.)

2(27?)2 [B3Iaiv + f(8) + f(t) + f(u)] x (ext. prop.)
1 1

o
@ — M?+i0

E(ql)} X (ext. prop.).

Since X(p) is of order A, it is easy to see, that up to terms O(A3) the above expression for
G (q4,...,q) can be rewritten as

2

CDqa,...,qr) = —i (A + ﬁ [Blaiv + f(s) + f(t) + f(U)])

7 )

X :
@ — M? —3(qq) +i0 g2 — M? —X(q1) +i0

This formula illustrates the statement made in the paragraph preceding the one contain-
ing the formula (13.38): the Green’s function of the four (bare) operators ¢y can be
represented in the form?*

G~’£4)(Q4, ceey Q1) = if(4)(Q4> cee ,C_Il) GCZ)(%) s ég)(fh) (13-54)

*'Due to the ¢ — —¢ symmetry of the Lagrangian density (11.479) and (11.478)the three-point 1PI
function T3 vanishes.
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in which corrections to its external legs are factorized in the form of the full two-point
functions.

The position of the pole (which is to be identified with the mass squared Mgh of the
physical particle in terms of which the in and out eigenstates are interpreted) of the full
two-point function (13.52) is given by the solution of the equation

M2 — M? = S(M2, M) =0 (13.55)

in which we have explicitly indicated the dependence of ¥ also on the mass parameter M?
(the one present in Hy). To the one loop accuracy M can be replaced in X(p?, M) by My,
so that the equation (13.55) takes the form M? = M2 —% (M2, Myy). In order to find the
factor Z associated with the employed bare operators ¢, we expand the denominator in
the general form (13.52) of their two-point function (the Green’s function of the two bare
field operators g ) in the Taylor series around p* = M2,

= M= N(p%) =0+ (p* = M) = [p* = M* = 3(p)] T
p pZZMSh
= (p*— M2 [1=2(MZ)] +... (13.56)
Comparison with (13.20) shows that
1
Z= 1 — E/(M2h) ~ 1+ E/(Mth) + ... (13.57)
p

The pathology of the ¢* theory is that at one-loop order ¥(p) does not depend on p (see
(13.51)) and therefore Z = 1. This is of course no longer true in higher orders of the
perturbative expansion.

Summarizing, the amplitude of the elastic scattering in the ¢* theory is in order A2
given by

2

—iA(p}, Py, P2, P1) = —i 22 ()\ + ﬁ 1314w + f(s) + f(u) + f(t)]) . (13.58)

(we keep Z?% although it is 1 to this order) with the Mandelstamm variables given now by
s=(p1+p2)% t = (p1 — py)? and u = (p; — p})?. Tt is still infinite, but the coupling \ is
not yet related to anything physical. Removing the divergence by relating A to something
measurable will be disscussed in the next chapter.

Before we discuss renormalization, it is useful to understand the origin of the Z'/2
factors in physical amplitudes in a different way, by using the effective Lagrangian tech-
nique. This technique is widely exploited in modern approach to quantum field theory
problems. Usually it is used in the context of “integrating out” heavy degrees of freedom
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(heavy particles).?> Here we use the effective Lagrangian in a simpler context: we con-
struct Lo, so that it reproduces already at the tree-level the four-point Green’s function
G calculated in the full ¢*, theory including loop contributions. Of course, because the
full off-shell Green’s function has a complicated dependence on its external momenta, the
tree level diagrams derived from the local (i.e. having a finite number of terms constructed
from causal field operators and their derivatives of finite order) effective Lagrangian can-
not reproduce it exactly for all values of the external line momenta. Tree level diagrams
generated by the local effective Lagrangian

2 1

— AN (13.59)

1 2
—AM*p m

1
La = 5(1+02) 000" — 3

can, however, reproduce the full Green’s function G at some (arbitrarily chosen) fixed
kinematical point in the (qi,. .., q) space, in particular for p? ~ Msh and fixed values of
the Mandelstam variables sg, ty and ug. From the representation (13.54) of GW it follows
that it is sufficient to reproduce G? and '™ in this kinematical regime. Reproducing
'™ is simple: it is sufficient to replace in the Lagrangian (13.59) the coupling A\ by
—I'®(s9,t9,ug). Furthermore, treating the parts with dz and AM? — M? of L. as
interactions and using the Taylor expansion of X(p*) around p* = M2,

S(p?) = SD(Mgy) + (0" — M) X' (M) (13.60)

it is easy to see that in order to reproduce the full self energy for p? ~ Mgh already at the
tree level, that is to have

l
2 — M2’

16207 =1 (AM? = 0P)] s = =07

l
P2 — M2

it is sufficient to take dz = —X'(M7) and AM? — M? = B(Mp2,) — M3 ¥ (M2,). The
effective Lagrangian takes then the form

1 1 1
L= (1= (Mpy)) Oupd — §AM2802 + EFM)(So,to,uo) ol (13.61)
The Lagrangian has a non-canonical form because the residue of the simple tree-level

propagator derived by inverting its quadratic part is not equal to ¢. To bring it to the

25Tf the mass scale M of some particles in a quantum field theory model is much larger than the
energy scale E of light particle processes we are interested in, the low energy effective Lagrangian can
be constructed out of fields of light particles only in such a way that (using the Feynman rules derived
from it) one reproduces Green’s functions relevant for low energy processes (i.e. those with external lines
corresponding to light particles only) of the original theory up to some fixed power of the ratio E/M. For
example, the Fermi theory of weak interactions discussed in section 12 reproduces the Green’s functions
of the full electroweak theory (to be discussed later) up to E*/Mj,, where My, = 80.4 GeV is the mass
of the W+ vector bosons. Transition from the full to the effective theory is frequently referred to as
integrating out of heavy particles. The name derives from the path integral formulation of quantum field
theory in which this indeed corresponds to performing the functional integration over the fields of heavy
particles.
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canonical form it is necessary to rescale the field

1/2
o= = [1-2(M2)] e (13.62)

The kinetic term of the effective Lagrangian becomes then canonical and for the physical
mass M2, we get®
L AME AP SOME) - MBS
P 462 1—X(M2)

(13.63)

which is the same as (13.55). Moreover, after rescaling the field ¢ the interaction Hamil-
tonian becomes

1 _
i = =77 [1= 2 (M3)] 7 TO(s0, to, w0) - (13.64)

Using then the ordinary Feynman rules we obtain the connected off-shell Green’s function
GWe (qs- .. qu) (of the effective theory) for ¢? ~ M2, and (1 + ¢2)* = so, etc. at the

tree level in the form
7
qi — M2 - My,

-2

G aa. @) =i [1 =S (M2)] 7 TW (s, to, uo)

Stripping off the external propagators we obtain directly at the tree level the elastic
scattering amplitude in the form (13.58) including the correct Z2 factor (Z/2 per each
leg). This effective Lagrangian technique for properly obtaining Z factors in the physical
amplitudes is particularly useful in the case of fermionic external lines where the matrix
structure of the propagators introduces some complications.

Let us also remark, that the off-shell Green’s functions obtained from the effective
Lagrangian after rescaling the field ¢ as in (13.62) are not the same as the off-shell
Green’s functions obtained from the effective Lagrangian (13.61). Nevertheless, physical,
on-shell amplitudes are unchanged by the rescaling (13.62) which is just equivalent to
working with a differently renormalized canonical field operator. This is the special case
of a general result that the S matrix elements are not modified if one makes arbitrary
redefinitions of the Lagrangian fields (the dependence of the off-shell Green’s functions
on external momenta may be, for nonlinear redefinitions, drastically altered).

13.6 The LSZ reduction in the position space

For some applications it is useful to formulate the LSZ reduction formula for S matrix
elements directly in terms of the position space Green’s functions. Unlike the derivation

*’Note: we first expand %(p®) around unknown M7, and only at the end get the equation determining
M2
ph
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