Problems in Quantum Field Theory of Fundamental Interactions II.

Problem II.1
Show that the function A, (z,m) defined by the integral

3
Ay (r,m) = /dF e T = / 'k et
(2m)32E(k, m)

in which E(k,m) = vk? + m? is, for 22 < 0, an even function of x*.
Hint: Use the Lorentz invariance of the integral defining A (z) = A, (z,m).

Problem II.2

The functions u;(p, o) and v;(p, o) corresponding to definite spin projections on the
z-axis in the rest frame of a massive particle which enter the free field (interaction
picture) operators

o) = [dry S upo)e afp.a).
V) = / 0Ty S u(p, o) 7% ai(p, ),

(whose indices [ transform according to some regular representation D (A) of the
Lorentz group) and appear in Feynman rules for initial and and final state of the
particle are given in the general case by the formulae

Zle uk 0 0')
Zle ’Uk 0 0')

in which L, is the standard Lorentz transformation. Using the results of Problem
[.21 give the analogous general formulae for functions u;(p, A) and v;(p, A) corre-
sponding to a massive particle of definite helicity (spin projection onto their mo-
mentum).

Problem II.3

Construct explicitly the “wave functions” u;(p, o) and v;(p, o) corresponding to a
definite spin projection o onto the z-axis (in the particle’s rest frame) for a massive
spin 1 particle described by a (free) field operator V#(z) transforming as a Lorentz
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vector. Construct also the functions u;(p, \) and v;(p, A) corresponding to a definite
helicity A. (For spin 1 particles all these u; and v; functions are commonly denoted
e’ and €"*). Decomposing the free field operator V#(z) in the helicity basis show

also that PV#(z)P~! = —n*P* V¥(P-z) and TVH(z)T ' = —C*T* V¥(T-x).

Problem I1.4

Using the explicit zero momentum forms of the u and v functions (spinors) corre-
sponding to massive spin 1/2 particles with the spin projection o onto the z-axis
show that

and that

Consider both, Dirac and chiral (Weyl) representations. Prove similar relations for
the helicity spinors u(p, A) and v(p, A).

Problem I1.5
Construct explicitly the spinors u(p,o = :i:%), and v(p,o = i%) using the appro-
priate Lorentz transformation. Give the formulae for both, Dirac and Weyl (chiral),

representations of the gamma matrices. Check that up to a phase factor

p+m

u(p, o) = mu(oaa),
o(pro) = —L="0,0).

V2m(E +m)

Problem 11.6

Construct explicitly the spinors u(p, A = :i:%), and v(p, A = :i:%), corresponding to
fermions of definite helicity, using the appropriate Lorentz transformation. Give the
formulae for both, Dirac and Weyl (chiral), representations of the gamma matrices.



Problem II.7
Consider the field operator 1 (x) = k4™ (z) + k_17)(z) of a spin 1/2 Majorana
particle (which is its own antiparticle) with

@) = [, S u(p.o)e 77 bip.o),
0O = [, Y o(p.) "7V (p.o).

Show that the local causality requires such particles to be fermions i.e. that it is

the anticommutators: {¢(z), ¥ (y)}, {(z), ¥(y)} and {¢T(z), ¥'(y)} which can
be made to vanish for (z — y)? < 0, provided |xy| = |xk_| and b, = —b, (recall

that b, = 1 and b, = %1 are the eigenvalues of the 8 = 4 matrix on the spinors
u(0,0) and v(0,0), respectively). Show that the intrinsic parity of a Majorana
fermion must be +i.

Problem 1I1.8
Show that the operators

Vo(2) (C Nagp(x), and  a(x) Copibp(a),

constructed out of the Majorana spinor field operators associated with a neutral
massive spin % particle are Lorentz scalars.

Problem II1.9 Let us introduce the Feynman’s notation: 4 = v*a,, where qa,, is
an arbitrary four-vector. Using the trace property tr(AB)=tr(BA) and the defining
relation {y*, 7"} = 2¢"” show that the following relations hold:

tr(d ¥) = 4a,b",
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The conventions are: €yja3 = —1 and 7° = iy0y1293 = —(i/4!) €.rp Y777

Problem I1.10
Show that
u(p2, 02) [(p2 + p1)"'P + i (pa — p1),Plu(p1, 01)
= u(p2, 02) (M2Y"'P + m1Py*) u(ps,01) ,

where p? = p3 = m3, 0" = (i/2)[y*, 7*] and P can be 1, v° or one of the projectors
P, Py defined as

1 1
PL:§(1—75), PR=§(1+75)-
Use these results to obtain the standard Gordon’s identity
_ _ petp)t o,
u(pz2, 02)7"u(p1, 01) = u(p2, 02) % + o " (p2 = p1)v |u(P1,01),

in which p? = m?, p3 = m?%.

Hint: Use the fact that
U A(P1 — my) uy + Uz (Yo —ma)Bu; =0+0=0,
for any two matrices A and B in the spinor space.

Problem II.11
Express e’“”\p% through the gamma matrices (without the epsilon tensor). Find also
a corresponding representation of €#**y,7,. Use the second result to prove that

0-#1/,7/5 ® Uuu’y5 = oM ® T
O-W/fyfj ® Opy = o ® Uuu757
i.e. that (0"7°) (0w )arsr = (0" )ag(0w)arpr, ete.

Problem I1.12
Show that in d dimensions

Vo =d,

W= 2-d)d,

AP =4a b +(d=4)dY,

AP = 24P A+ (A-d) d Y,
VAYedy=2ddY¢+2¢Ydd+(d-4)dydsd.
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Problem I1.13 (Fierz rearrangement)
Derive the general formula allowing to decompose products of four spinors u;, us,
ug, Uy of the generic form

[ﬂ4FU3] [ﬂgF’ul] s
in which I and IV are two arbitrary matrices, into the sum of products
[ﬂ4FMU1] [QTLQFNU3:| s

where I'” form a complete basis of matrices in the spinor space. Write down ex-
plicitly rearrangements of the five basic structures
[tqus] [aua] | 4y us] [tayuua] (40" us] [U20,ua]
[@7“7%3] [712%75“1} ; [@75103} [%751&1] :
Hint: Take for the basis I'M the following sixteen linearly independent matrices
Ap v.b - 5

LA o™ ™y iy

Problem 11.14

Using the general formulae derived in Problem I1.13 write down the Fierz rearrange-
ments of the following structures:

[Usy" P Lus][tgy, P rui], U4y " P rus|[tiay, P ruil Uy P pus] (e, P rua],
and

(4P pus)[uaP puq], (4P pus|[uP guq] [@4P rus][uaP ruq] .

Write down also the corresponding identities for matrix elements (i.e. the identities
written without spinors). Using these result express [u40" us|[ti20,, P ru;] through
(40" uq][U20,, P rus] and [usP puq][uoP rus) (and similarly [wsous)[te0,, P rud]).

Problem 1I1.15
Check that if A\, transforms as X\, = M_?\s under Lorentz (or, more precisely,
SL(2,C)) transformations, then \* = ¢*?\; transforms with the matrix M7~1, i.e.

N = (M=) \0. Similarly,.show that if y, = (M*)C'YB?_CB then X* = x4 gha
transforms as y'* = (M T*1)‘5‘8 ¥?. Use the convention
12 21 gii _ _gii -1

€19 — —€91 = —1, gii = _géi =1.



Problem II.16
Prove by direct calculation the following identities

(0")a5 (6,)"7 = 2850,
(0")ap (Ou)s = —2€ar€4;
(05 = €56 (6" €50,
()% = 7 (o1 5%
Show then that for two anticommuting spinors (field operators or Grassmann vari-
ables)

Yo*N = —A\o*y,
(xo" M) = (Ac"x),
and finally that
X0 TN = Mo (=T )i X5
where T7; are some Hermitian matrices (e.g. generators of an internal symmetry
group).

Problem I1.17
Check that the matrices M and (M)~

M = exp (—%okm’“ - i&’“)) |
(M) =exp (—% o (" + i&’“)) :

of the two inequivalent SL(2,C') representations of the lowest dimension can be
written in the following covariant forms

i1,
M = exp (—5 w“,, iagxz) y

_ 7 1.,
(MT) t= exXp (_ﬁwuu §ng2) )

where



Find how the parameters 7' and &' are related to the parameters w,,,. Considering
infinitesimal transformations, check by explicit calculation that for w,, related to
the Lorentz transformation A by A*, = §* +w*, the following relations (“canonical”
definitions of the twofold covering of the Lorentz group)

MV, oMY = 6"V,
(MY (Vo' )M =6"V,
where V'* = A V¥ which equivalently can be written in the form
A Mo MT = ot

A (MY M =6t
are satisfied.! These relations imply that if V# is a Lorentz four-vector and A and
Y transform as (3,0) and (0, ) representations of SL(2,C), the quantities

VH(Aoux) and VH(X0uA)

transform as scalars.

Problem II.18
Check the following identities

tr(o_ua_uo_)\a_m) —9 (guug)\n + gungu)\

_ gu)\ w@) + 92 Eul/)\/@’
tr(a_,uo_ua_)\o_li) -9 (g/.l,l/g)\li + g,u/igu)\ o g,u

g
)\gun) 9
and
tr (ohyy 05%s) = 2 (9" g™ — g g") — 2i ™",
tr (% O5%s) = 2 (9" g™ — 9" g") + 2i ™
(ohyo and a5, are defined in Problem I1.17) and
ohg o + o Gt = 2 (g““a)‘ + gt — g“)‘a””) ,
gho"t + oot = 2 (gh et + gt — g*e") |
and, finally, that
ohgtor — o gtot = 21 Mo,
gho" et — grotat = —2i " NVG, .

(Recall that we use €% = +1).

'For infinitesimal parameters wy there is no ambiguity related to the fact the both M and —M
satisfy the same “canonical” definition.



Problem 11.19

Decomposing four-component Grassman algebra valued (anticommuting) spinors/fe-
rmionic field operators 1); into two-component ones (using the appropriate represen-
tation of the gamma matrices) prove the following relations

(V17" P ribe) (Us7,P i) = (@El_WPL@/M) (?_/jswpm/}z) i i
=2 (1#711337/15) (%PL%) =2 (lespRi/ff) (%PLM)
= 2 (01 Prys) (V5P L) = 2 (UsPrii) (V5P L) |

a similar one with P, <+ Pr and

(V1P L) (V37 Pribs) = —2 (1%11331/14) (1%3PL7/12) = -2 (1%11331/14) (@PL%)
= =2 (VP RrS) (VsPrie) = —2 (V§Prys) (V5P Lys) .

in which
Ve =Cy = Cyy",

is the charge conjugated spinor. Write down explicitly the corresponding matrix
identities involving the charge conjugation matrix C'. Compare these formulae to
the ones obtained in Problem II.14.

Prove also the following relations involving the C' matrix:

(fVﬂPLC)aﬁ (C’YﬂPL>a/5/ = —2 (PR>aa/ <PL>55/ ’
(V'PRC) 5 (CV*PR)yy = =2 (P1) g (Pr)ga

and

(’}/MPLC)aﬁ (C’YMPR)alﬁl = - (’YMPL)aa’ (’YNPR)ZM' ’
(’YMPRC)O(B (C’YMPL)Q/@ = - (’YMPR)O!O/ (’Y“PL)ﬁﬁl ’

Hint: Show that if

[ A c_ | Xa
P = (x‘j‘) then ¢ = Cy%YT = (Ad).



Problem 11.20
Decomposing anticommuting four-component spinors v; into two-component (Weyl)
spinors show that

(1P L) (YsPrips) = —
(V1P Ribo) (V3P riby) = —

(1P L) (YsPribs) —
(1P rips) (YsPriby) —

(V10w P L) (D30 P L)),
(V10 Pry) (V30" P Riby)

N = o =
oo = 00| =

where o = (i/2) [y*, 7"]. Use the relations (see Problem I1.16) (0*),5(0u)pn =
—2€0ap€ 545 (51)%B(5,)P" = —2ePeP™ | etc.

Using these results prove also the following identities

1 1
(PLC)aﬁ (CPL)Q’B/ = 5 (PL)aa/ (PL)ﬁﬁ/ - g (O-ﬂ )aa/ (O-ﬂVPL)ﬁﬁ’ )
1 1
(PRC)aﬁ (CPR)O/B/ = 5 (PR)aO/ (PR)Bﬁl — g (g“”)aa, (O‘MVPR)BB, .

Hint: To derive the first two identities start with the last term on the right and use
the summation rules for the sigma matrices derived in Problem I1.16. Notice that
for any four left-chiral Weyl spinors ¢, x, A and ¢ the following identity

(x) (Ap) + (¥e) (Ax) + (¥A) (px) = 0.
must hold.

Problem I1.21
Show that the operator (a “current”)

g () = @)y (),

is a four-vector with respect to Lorentz transformations. How does j#(x) transform
under the parity, time reversal and charge conjugation operations, i.e. to what equal
Py (x)P~L Tj*(x)T ! and Cj#(x) C~! respectively? Assume that with respect to
Lorentz, P, C and T transformations v (z) behaves as the free-field operator of a
spin 1/2 particle. Show also that if ¢)(z) is a free-field operator, j*(z) satisfies the
continuity equation (is conserved) d,j* = 0. Show (formally) that in QED j#(x) is
conserved also as a Heisenberg picture operator.



Problem 11.22
Knowing that for a massless particle

PIp, A) = my e ™| —p, —)),
TIp. A) = Ge™™ —p, ),

(X is the particle helicity) find how the free field operator A*(x) of massless spin 1
particles transforms under parity and time reversal operations. What must be the
photon intrinsic parity and charge conjugation properties if the photon interaction
Hint () = e QA*(x) j,(x), with the current j,(z) which has the transformation prop-
erties established in Problem I1.21, is to conserve parity and to be charge conjugation
invariant?

Problem II1.23
Generalize the results of Problems I1.21 and I1.22 to operators Af(x) of nonabelian
gauge theories which couple to fermions through the interaction

Hine = g Ay, 0" T 05,

where T are Hermitian generators of a compact group like SU(N) or SO(N). How
does then transform the field strength operator

Fi, = 0,A) — 0, A, — gf“bcAZA,‘j ,

in which fe¢ are the group structure constants?

Find also the P, C and T transformation properties of the additional interaction
term

Ao b b
7—[{nt = rKe" pF,ul/F)\p )

in which & is a (real) coupling constant. Although H! , is a total four-divergence and
does not affect physical predictions of Abelian gauge theories like QED, it becomes
important in nonanbelian gauge theories.?

Problem I1.24
Consider the interaction term

Hine = @ 0(c P + PR,

2The presence of such an interaction term in the Lagrangian of QCD would lead to violation
of the CP-invariance by the strong interactions; what makes the coefficient x in H{ , smaller than
~ 1077 (as required by the experimental data) is the essence of the so-called strong CP problem.
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in which ¢ and v are the field operators of a neutral spin 0 particle and of charged
spin 1/2 fermion and its antiparticle, respectively. Check that H;,, is Hermitian.
Using the transformation rules of the field operators ¢, 1 and 1 under parity, time
reversal and charge conjugation formulate conditions on the coefficient ¢ which en-
sure that P, T, C, CP, CT, PT and CPT, respectively can be? good symmetries of
the interaction. In particular, check that if the phase factors n, ¢ and ( are chosen
so that

CPT Hint(2)(CPT) ™" = Hin(—1)

(i.e. so that CPT is a good symmetry), the conditions ensuring invariance of Hiy
under CP are equivalent to those ensuring its T-invariance.

Problem 11.25
Consider the Hamiltonian term describing interactions of spin zero particles which
are not their own antiparticles with fermions and their antifermions:

Hint == gb@Z_)(cL PL + CRr PR)’(Z) + H.c.

Interaction of this form effectively model decays of neutral mesons K, K or B (BY),

FO(FS) into a pair £~¢* (see also Problem V.12). Write down the H.c. part. For-
mulate conditions on the coefficients ¢;, and cg which ensure that P, T, C, CP, CT,
PT and CPT, respectively are good symmetries of the interaction H;,;. Check that
if CPT is a good symmetry, the conditions ensuring invariance of H;,; under CP are
equivalent to those ensuring its invariance under T.

Problem I1.26
Do the same for the interaction

Hint — QS’(Z)Z(Q)(C% PL + Cg PR)’Q/)j(b) —+ H.c.

in which ¢ is the operator of spin 0 particles carrying a conserved charge and QZJZ-(CL),
and @Z)Z(b) with ¢ = 1,..., N are field operators of 2N species of fermions. Notice,
that @Z)Z@ and %@) must carry different charges.

3Whether they really are symmetries depends on other interaction terms involving ¢ and )
which may be present in the complete interaction Hins.

11



Problem 1I1.27
Assume the interaction of a massive neutral vector boson (spin 1 particle) with two
fermions in the general form

Hint = VM 1;1’)/“ (CL PL -+ CR PR) wz -+ H.c.

For 1); = 1, this describes the interactions of the neutral massive Z° vector boson
with fermions. For ) # 1), this can be considered an effective description of loop-
induced decays of Z° into b5 and sb (etc.) quark pairs. Write down the H.c. part
of Hin. What are the conditions on ¢, and cg ensuring that H;, respects P, C, T,
CP and CPT symmetries?

Problem I1.28
The same as in preceding Problems but for V#T # VV# and the interaction

Hing = V09" (2 Py + I Pp) w](b) + H.c.

where c’f and cg with 4,7 = 1,..., NV, are arbitrary complex matrices, and V,, carry a
conserved quantum number. Notice that similarly as in Problem I1.26 wi(“) and wfb)
must carry different quantum numbers. How does the condition for CP violation
looks like, if one of these matrices vanishes? What if, as in the interactions of the
W= vector bosons, the nonzero coupling (¢ in the W# case) is proportional to a
unitary matrix?

Problem I1.29
Consider the interaction

Hine = io" (I P+ PR ) fuw s

in which ¢; are N charged (Dirac) fermion spinor fields and f* = orAY — 0¥ A*
is the electromagnetic field strength tensor. Loop-induced interaction of this type
describes e.g. the celebrated decay of the b-quark into the s-quark and the photon
(see Problems V.32 and V.33). What condition imposes on the matrices ¢ and ¢%
hermiticity of the interaction? Write down the conditions imposed on this interaction
by P-, C-, T-, CP- and CPT-invariance. Show that CPT-invariance makes the
conditions for CP- and T-invariance equivalent to each other.

Problem I1.30
Consider the interaction

Hing = 0" 117, (cL P + crPr) ¥ + Hec.

12



generalizing the effective description of the interactions of charged 7% pions with
the fv pairs (see Problem V.13). Write down the H.c. part explicitly. Investigate
conservation of P, C', T, etc. by this interaction.

Problem II.31
Obtain the explicit form of the Feynman propagator ngﬁ(az — y) of a massive spin
1/2 particle directly from the defining formula

iSs(e = y) = 0" — ") {wlD(@), 95 ()} — 0y — 2 {57 (), v (@)}

Problem 11.32

Write down the most general, consistent with the Poincaré symmetry, form of the
matrix element of an operator J#(x) (transforming as a four-vector under proper
changes of the Lorentz frame) between two one-particle states of spinless and be-
tween two states of spin % particles. Investigate the constraints imposed on the
independent formfactors by hermiticity of the operator J#(x) and/or by the P- and
T-invariance of the underlying interaction assuming that the operator J*(z) has
well defined transformation properties under P and T. In particular, show that if
the intrinsic parities of the two particles are equal, the matrix element of an axial
vector operator A*(x) (i.e. the operator transforming under parity according to the
rule P A*(z) P~ = —P* AY(P-x)) must vanish for spinless particles but does not
need to vanish for spin 1 ones.

Problem I1.33

Using the results of Problem I1.32 discuss in detail matrix elements of the electro-
magnetic current J&,(x) between two one-particle states of the same particle taking
into account conservation of Jf,(z). Consider the cases of J&,,(x) in a theory which
(like QED+QCD) respects parity and time reversal and in a theory which (like the
Standard Theory) is not invariant with respect to P and T (and, hence, CP). Using
the formula

(P2, ool € / P () A (x)|prs 1) = AE (pa, 0slpr o)

(e > 0 is the elementary charge), which should be understood in the limit py — py,
for the correction AFE to the energy of the particle in an applied static and uniform?

4The applied electric and magnetic fields must be static and uniform in order that the one-
particle states |p, o) remain eigenstates (with shifted energy) of the full Hamiltonian. The formula
is then just the ordinary formula of quantum mechanics (applied here to non-normalizable states
|p, o)) for the first order correction induced by the perturbation Hper = € [d®x J5;(0,x) A, (x).
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external (c-number) electromagnetic field A,(x), relate the values of the formfactors
at zero momentum transfer, ¢* = (p2 — p1)* — 0, to the static (i.e. for p; — 0)
characteristics of the particle like charge, magnetic moment, etc. In particular show
that if P- and T- (i.e. CP-) invariance of the underlying dynamics is not assumed,
two additional formfactors are allowed of which one corresponds to a nonzero electric
dipole moment of the particle and the other one to its anapole moment.®

Problem 11.34

Find the most general possible form of the matrix element of the electromagnetic
current operator Jhy, () between two one-particle states of the same spin 3 Majorana
particle which is its own CPT conjugate.5

Problem 11.35

Consider the second quantized formulation of the theory of relativistic spin % parti-
cles (and their antiparticles) of mass m and electric charge @) coupled to an external
static electromagnetic field via

A

Hyen = ¢ [ 3 T (4,5,

but not interacting with one another. Expanding in powers of 1/¢ the matrix element
between the one-particle states of the Hamiltonian of this system and treating it as
the matrix element of a nonrelativistic one-particle Hamiltonian, find relativistic
corrections to the ordinary quantum mechanical Hamiltonian describing the motion
of a spin % particle in an external electromagnetic field. In particular obtain in this
way the well-known Darwin term and the spin-orbit interaction term (as well as the
first correction arising from the expansion of the relativistic kinetic energy) which
usually are derived with the help of the Foldy-Wouthuysen transformation applied

SThere is a slight conceptual difference between theories (like pure QCD) with respect to which
the current Jf,, is an “external conserved current” and theories (like Standard Theory) whose part
is QED, in which to the current J§,, couples a dynamical photon field. In the first class of theories
the current operator does not need any renormalization and the proposed reasoning is directly
applicable. In the second class of theories the operator Jf,; does renormalize and mixes under
renormalization with the operator d, f*¥. This renormalization is however to some extent trivial
and can be removed by including it in the renormalization of the electric charge which creates the
external field A#. The proposed reasoning becomes then justified as in the first class of theories.

6A C- invariant theory can have essentially neutral particles which are their own conjugates
under the C-operation. True electroweak interactions are not C-invariant but since CPT is always
a good symmetry of relativistically invariant quantum field theories, each particle state must have
its CPT partner.
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to the Dirac equation describing electron in an external (static) electromagnetic
field.

Problem 11.36

Using the relativistic corrections to the (nonrelativistic) Pauli Hamiltonian of a spin
% particle in an external electromagnetic field derived in Problem I1.35, compute the
first order relativistic corrections to the spectrum of the Hydrogen-like atom.
Hint: Derive first the Kramers recurrence relation

~S 2 ~s—1 h’2 82 —1
2E,(s + 1)(r°) + Z|Qle“ (25 + 1)(7°7) + -

—1(I+1)|s{F2) =0,

relating expectation values of the operator 7° in the unperturbed energy eigenstates
|n, 1, my) of the Hydrogen-like atom Hamiltonian

P zee P Zjgle
2m T 2m T

(@ must be negative for bound states to exist). This recurrence relation has a “hole”
which does not allow for immediate calculation of (7*) for s < —2. Find a quick

method of computing (772) and use it in the Kramers relation to obtain (#73).

Problem I1.37

Find the explicit form of the function A, (x;m) for m # 0. Using this result find
the 22 ~ 0 behaviour of the propagator iAr(x) = (Qo|T[v1(z)er(y)]|Q0) of a free
spinless particle and of the commutator [p;(x), ¢;(0)] of the interaction picture
(free) scalar field operators.

Hint: In the Fourier integral representation of Ay (x;m) substitute |k| = shé and
consult Ryzhik-Gradstein for integral and power series representations of the Bessel
functions (reproduced here in the Appendix).
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