
ANALIZA II
10 marca 2014

Semestr letni

Sumy szeregów

Ćwiczenie 1. Zamieniaja̧c na szereg potȩgowy obliczyć sumy szregów

(a)
∞∑
n=1

1

4n2 − 1
; (b)

∞∑
n=1

2−n

n(n+ 1)
; (c)

∞∑
n=1

(−2)−n

n(n+ 1)
;

(d)
∞∑
n=1

1

n(2n+ 1)
; (e)

∞∑
n=0

2−n

2n+ 1
; (f)

∞∑
n=0

(−3)−n

2n+ 1
;

(g)
∞∑
n=0

(n+ 2)

n(n+ 1)2n
; (h)

∞∑
n=0

2n2 − 5n− 1

2n
; (i)

∞∑
n=0

15n2 − 4n+ 1

2n
;

(j)
∞∑
n=0

(−1)n

(3n+ 1)(3n+ 2)
; (k)

∞∑
n=0

(−1)n(2n+ 1)

(3n+ 1)(3n+ 2)
; (l)

∞∑
n=0

1

(2n+ 1)(3n+ 2)
;

(m)
∞∑
n=0

(−1)n

(2n+ 1)(3n+ 2)
.

Rozwia̧zanie:

(a)
1

2
, (b) 1− log 2, (c) 1− 3 log

3

2
,

(d) 2(1− log 2), (e)
√

2arc sh1, (f)
π

2
√

3
,

(g) 1, (h) 0, (i) 84,

(j)
2

3
log 2, (k)

2π

9
√

3
, (l)

π

2
√

3
+ 2 log 2− 3

2
log 3,

(m)

(
1

2
− 1√

3

)
π + log 2.

Bardziej szczegó lowo, obliczmy
∞∑
n=1

2−n

n(n+ 1)
.
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Aby to zrobić, zdefiniujemy

g(x) =
∞∑
n=1

xn

n(n+ 1)
.

Widać, że

g

(
1

2

)
=
∞∑
n=1

2−n

n(n+ 1)
.

Mamy, że

g(x) =
1

x

∞∑
n=1

xn+1

n(n+ 1)
.

Zdefiniujemy

h(x) =
∞∑
n=1

xn+1

n(n+ 1)
⇒ h′′(x) =

∞∑
n=1

xn−1 =
∞∑
n=0

xn =
1

1− x
.

Ca lkuja̧c,

h′(x) = h′(0) +

∫ x

0

1

1− x
= − log(1− x)′

i

h(x) = h(0) +

∫ x

0

[− log(1− x)]dx = x+ (1− x) log(1− x).

Z tego wynika, że

∞∑
n=1

2n

n(n+ 1)
= g

(
1

2

)
= 2h (1/2) = 1 + log(1/2) = 1− log 2.

Jednoczesnie, widać, że

∞∑
n=1

(−2)−n

n(n+ 1)
= g

(
−1

2

)
= −2h(−1/2) = −2

(
−1

2
+

3

2
log

3

2

)
= 1− 3 log

3

2
.

Obliczmy teraz
∞∑
n=0

2−n

2n+ 1
.
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Aby to zrobić, obliczmy

g(x) =
∞∑
n=0

x2n

2n+ 1
.

Widać, że

g

(
1√
2

)
=
∞∑
n=0

2−n

2n+ 1
.

Mamy, że

g(x) =
1

x

∞∑
n=0

x2n+1

2n+ 1
→ g(x) =

1

x
h(x), h(x) =

∞∑
n=0

x2n+1

2n+ 1
.

Mamy, że

h′(x) =
∞∑
n=0

x2n =
1

1− x2
⇒ h(x) =

1

2
log

1 + x

1− x
.

Wiȩc,

g

(
1√
2

)
=

1√
2

log

(
1 +
√

2√
2− 1

)
=

1√
2

log(3 + 2
√

2) =

1√
2

log(1 +
√

2)2 =
√

2arc sh(1).

Proszȩ pamiȩtać, że
arc sh(y) = log(y +

√
y2 + 1).

�
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