Decorrelation of quantum states

afirst step towards the quantum cocktail party
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Decorrelation

how to remove correlations while preserving local properties?
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Decorrelatingoperation TrgpaB Trapas

Isdecorrelation possible for a given set of states?
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Personal motivation

cloning, estimation and therole of correlations



Universal cloning
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Asymptoticcloningis state estimation
D.Bruss, A. Ekert, C. Macchiavello, PRL 81,2598 (1997)
J. Bae, A. Acin, quant-ph/0603078 (2006)



Canclones bedecorrelated?
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Correlationsinfluence estimation fidelitites — . on decorrelation



Official motivation

the quantum cocktail party



Glassical cocktail party

(t) W(t)
signal1 signal 2

x(t) y(t)
mixed mixed
signals signals

x(t) = Cr1p(t) + Cra9(t)
y(t) = Ca1(t) + Cat(1)

How to decorrelate signals without knowing C;; ?
e.g.Independent componentanalysis (IGA)



What can bedecorrelated?



No-decorrelation theorem

Thereis no operation that decorrelates all states
D. R. Terno PRA 59, 3320 (1999)

Let p'y 5, p'i g be bipartite states such that:
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Let us assume that A decorrelates both states:
Apap) = Pa®pp.  ApaB) = P4 ® PB.
However, 1t will not decorrelate their convex combination

"

pas =ppap+ (1 —p)pp:
since from linearity of A we get

A(pap) = pAPap) + (1 = p)A(plip) = PPy ® pip + (1 — p)ply @ p

Thisisnotaproduct state!




Yes-decorrelation theorem

Thereis an operation that decorrelates agiven state

A(paB) = pa @ pB

Discard the state PA5 and prepare the state p4 ® p5




Interesting cases

setsof density matrices, whereno elementisaconvexcombination of
the others, e.g. orbits of unitaryrepresentations

Different signals ('"'quantum cocktail party'")
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signalsencoded on correlated systems decorrelated signals

Identical signals (decorrelating clones)
AUEM pp UTEM) = (UpUT)®M
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systems uncorrelated systems

Govariance condition
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Govariant operations

Ghoi-Jamiotkowskiisomorphism
A : L(H™) — L(HO") - arbitrary CP map

Ry e L (Hout ® Hin) - positive operator

1to1relation
Ry = A® T (0)(T]), where [¥) = ——L__ 3" [i) ® |i)

A(p) = TI"Hin (]LHout & pT RA)

Trace preservation condition
Trogout (Rp) = Loyin.
Govariance condition
VoeaA (VypVl) = WoA(p)W] < > Vgea[Ra, Wy @ V5]=0

g




Two qubits

Permutational invariant state of two qubits

singlet subspace
PAB =

poo| O 0 0
O | p11 pl2 P13
0 | p12 p22 P33
O | p13 p23 P33

triplet subspace



Two qubits

Permutational invariant state of two qubits

singlet subspace poo O 0 0
_ O pz O 0
pan = 0 0 pa2 0 triplet subspace
0 0 0 ps3

PA:PB:%(H+T0z)a r = p33 — P11

Decorrelation cOhdlthAn/\ allow additional noise after
Apap) = 1o vel 2N decorrelation
Alpas) = 5(1 +70.) ® 5 (1 + 7o)
1/4(1 — #2) 0 0 0
B 0 1/4(1 — 7)2 0 0
B 0 0 1/4(1 —72) 0

0 0 0 1/4(1 + 7)?



Two qubits

different signals
Govariance condition
ANUA @ UppapUl @ UL) =Ua @ UgA(pap)Ul @ UL,
A: L(HR @ HE) — L(HY" @ HY™)

[RAayA(@U%@{Jz@UEJ]:O R/\Eﬁ(HOAUt@H%ut @Hiﬁl@?—(%})

H?ql”: ®H(})3ut H£®H§

Thanks to the equivalence of conjugated representation of SU(2)

RA — ]]_Hout ® C RA ]]_Hout ® OT’ Where C — (Zo-y)®2
[RA,Ua®@Up ®@Ua ® Ul =0

A(paB) = Tragin (Lggout @ (Cph zCT) Ry)



Two qubits

different signals

Structure of the decorrelating operation

[RA,Ua®@Up ®Us ®@Up] =0
after changing the order of subspaces

HY @ HE® @ HIY @ HF® = HY™ @ HIY @ HE™® @ HE.

[Ra,UaQ@Us®@Ug @Ug] =0

- - (@) o )
RjA = Z ai,jPA ®PBJ

positive coefficiew ,\
e projection on the singlet (i=0),

triplet (i=1) subspace of +9"* @ H}
trace preservation condition

ago + 9a11 + 6ag; = 4 2parameters



Two qubits

different signals

Solution for the decorrelation problem

1 1
Alpag) = 5(]1 +70,) ® 5(]1 + 70,)

trivial solution (complete mixing) always exists 7 = 0

non-trivial solutions existsonly for states with poo = p22
PAB = %(]1@]1+7"(0z®]1—|—]1®0z) — Ao, ®0,)

condition that @i; > 0, puts constraint on maximall achievable 7



Decorrelable states of two qubits

different signals

pAB:%(]1@]14—7’(@@]1—#]1@0,2)—A0z®0z)
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Maximall achievable

| ratio 7 /r
|

=05

\ parabolla )\ = —r2

coresponds to product states

-1 205 0 0.5 1
r

States with A\ = 0 arenotdecorrelable



Two qubits

identical signals

Govariance condition (weaker)
AMU@UpapUT@UT) =UQUA(pap)UT @ UT

Ry, UQU @U®U]=0
S—— S——
HOU@HG  HiEHE
additionally permutation covariance
1 7+l

- 1 1 -
Hout ® Hout o 131 R H%ut — (@]H?ut) R (Fe% H}n) Z EB HJ
j: -

J.1=0 J=|j—1]

1 7+l
=X @ b
7,0=0 J=|j y N

" . S J
positive coefficients projectionon 71;

trace preservation condition 4 parameter S

J 2J41 _ _
_Z Z siismt — L, for 1=0,1 almost all states are decorelable




e.g. Statefrom symetric subspace

SVIm 1 - , 14+ A
Pig = 1 11+ r(o.R1+1Ro0,)+ 5

(x ®Oz+0,R0y) — Ao ® {:r:)

1 F

0.5}

1 Maximall achievable

| ratio 7*/r
1

I

05t

ﬂ states obtainable by cloningof
-1 0.5 0 0.5 i one qubit - not decorrelable
' (generalizes to N qubits)

sym

arbitrary state: pap = plY™ ) (V7| + (1 —p)pip



N qubits

efficient numerical procedure

1 1
ApaB) = 5(]1 +70,) ® 5(]1 + 70,)

Different signals Identical signals
Forgiven 7 : Forgiven 7 :
linear equations for l/inear equations for
O(N)positive parameters O(N"3) positive parameters

Linear programming




Two-mode gaussian states

Zero mean gaussian states

pap = = [d'ze 37 MeD(z), D(z) = Da(z1 + iz2) ® Dp(zs + iz4)

T

correlation matrix displacement operators
Signals =displacements
Da(a) ® Dg(B)papDly(a) ® D(B),

Govariance condition
A[Da(e) ® Dp(B)panDli () ® Dh(8)] =

= Da(a) @ Dp(B)A(pap) DYy (e) @ DL(B)

in short
A [D(y)paD'(y)] = D(y)A(pas)D'(y)



Decorrelation is easy

Govariant gaussian channel

Gpap) = Gg¢ [d'ze %TfZD( 2)pD1(2)

postive definite matrix

Output stateis a gaussian

M =M+ 3G 1%

/'

new correlation matrix old correlation matrix

B Ty 0 _ 0 —2
Z3_(0 —ay)’ UU_(?J 0)'



Decorrelation is easy

Govariant gaussian channel

G(pap) = Gos [d'ze” %T;*“D( 2)pD'(2)

postive definite matrix

Output stateis a gaussian

M =M+ 3G 1%

/ / T \W V
(55) (&6) (F9)

todecorrelate, take V = —0,Co, ,and W, Z highenoughtomakeG—! > 0

Decorrelation easy - orbits of covariance group small



Example: Mixed EPR states

M =M+XG 1'%

1+ 2n 0 2m 0 Single mode states
A — 0 1+ 2n 0 —2m are termal states with
- 2m 0 1+ 2n 0 n photons
0 —2m 0 14 2n
2m + € 0 2m 0
-1 _ 0 2m + € 0 —2m
2m 0 2m + € 0
0 —2m 0 2m + €
Single mode states are
M' = (1+2n+2m+ €)1 termal states withn+m

photons



Decorrelation vs. Gocktail party

signalsare encoded
on correlated state

Ug ® UBPABUA % UT

signals get correlated
via unknown interaction

£ (UAl0) (01U} ® U 0) (0]U})

N

/

obtain uncorrelated signals

Reference:

G. M. D'Ariano, RDD, P. Perinotti, M. Sacchi, quant-ph/0609020 (2006)




