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1 Quantum speedmeter
2 Optical cavity: Hamilitonian approach
3 Optical spring
4 Ground state optical cooling
5 Quantumnes of mechanical objects

Will not be considered:
• Filter cavities
• Hybrid systems
• Non-stationary optomechanics
• Non-Gaussian optomechanics
• . . .
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Quantum speedemter

V.B.Braginsky, F.Ya.Khalili, Phys. Lett. A 147, 251 (1990)
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Position meter

Â(t)

B̂(t)
x̂

m
B = A , b̂c(t) = âc(t) , b̂s(t) = âs(t) + 2kpAx̂(t)

SQL!

Speed meter

Â(t) B̂(t)

Time delay τ

m

x

B = A , b̂c(t) = âc(t)

b̂s(t) = âs(t) + 2kpA[x̂(t − τ) − x(t)]

≈ âs(t) − 2kpAτv̂(t)

v̂(t) =
dx̂(t)

dt
⇔ v̂(Ω) = −iΩx̂(Ω)

Homodyne detector: i ∝ b̂c(t) cos ζ + b̂s(t) sin ζ = âc(t) cos ζ + [âs(t) − 2kpAτv̂(t)] sin ζ
= −2kpAτ sin ζ[v̂fl(t) + v̂(t)]

The measurement noise: v̂fl(t) =
dx̂fl(t)

dt
= −

1
2kpAτ

[âc(t) cot ζ + âs(t)]

The back action force: F̂fl(t) = 2~kpA[âc(t + τ) − âc(t)] ≈ 2~kpAτ
dâc(t)

dt
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Â(t)

B̂(t)
x̂

m
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Â(t)

B̂(t)
x̂

m
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Â(t) B̂(t)

Time delay τ

m

x

B = A , b̂c(t) = âc(t)
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v̂(t) =
dx̂(t)

dt
⇔ v̂(Ω) = −iΩx̂(Ω)

Homodyne detector: i ∝ b̂c(t) cos ζ + b̂s(t) sin ζ = âc(t) cos ζ + [âs(t) − 2kpAτv̂(t)] sin ζ
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Speed meter

Â(t) B̂(t)

Time delay τ

m

x
v̂fl(t) =

dx̂fl(t)
dt
= −

1
2kpAτ

[âc(t) cot ζ + âs(t)]

F̂fl(t) =
dp̂fl(t)

dt
, p̂fl(t) = 2~kpAτâc(t)

Fourier picture :

x̂fl(Ω) =
v̂fl(Ω)
−iΩ

, v̂fl(Ω) = −
1

2kpAτ
[âc(Ω) cot ζ + âs(Ω)]

F̂fl(Ω) = −iΩp̂fl(Ω) , p̂fl(Ω) = 2~kpAτâc(Ω)

Quantum noise spectral densities :

Sx(Ω) =
Sv

Ω2 =
~c2

16ωpI0Ω2τ2 sin2 ζ
, SF(Ω) = Ω

2Sp =
4~ωpI0Ω2τ2

c2
, SxF = −Svp =

~

2
cot φ

Sx(Ω)SF(Ω) − S2xF = SvSp − S2vp =
~2

4

12 / 88



Speed meter
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4

Sum quantum noise optimization :
[
x̂sum(Ω) = x̂fl(Ω) + χ(Ω)F̂fl(Ω)

]
Ssum(Ω) = Sx(Ω) +

2SxF

−mΩ2 +
SF(Ω)

m2Ω4 =
1
Ω2

(
Sv +

2Svp

m
+

Sp

m2

)
︸                 ︷︷                 ︸

DC!

=
1
Ω2

(
~2/4 + S2vp

Sp
+
2Svp

m
+

Sp

m2

)

Svp = −
Sp

m
⇒ Ssum(Ω) =

~2

4Ω2Sp
→ 0 if Sp ∝ I0 →∞
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[âc(t) cot ζ + âs(t)]
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Quantum noise spectral densities :

Sx(Ω) =
Sv

Ω2 =
~c2

16ωpI0Ω2τ2 sin2 ζ
, SF(Ω) = Ω

2Sp =
4~ωpI0Ω2τ2

c2
, SxF = −Svp =

~

2
cot ζ

Sx(Ω)SF(Ω) − S2xF = SvSp − S2vp =
~2

4
Sum quantum noise optimization :

[
x̂sum(Ω) = x̂fl(Ω) + χ(Ω)F̂fl(Ω)

]
Ssum(Ω) = Sx(Ω) +

2SxF

−mΩ2 +
SF(Ω)

m2Ω4 =
1
Ω2

(
Sv +

2Svp

m
+

Sp

m2

)
︸                 ︷︷                 ︸

DC!

=
1
Ω2

(
~2/4 + S2vp

Sp
+
2Svp

m
+

Sp

m2

)

Svp = −
Sp

m
⇒ Ssum(Ω) =

~2

4Ω2Sp

→ 0 if Sp ∝ I0 →∞

19 / 88



Speed meter
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T 6= 0

âin(t)
âout(t)

â

x̂

m

F̂B.A.

Cavity
mode

Continuum

[â, â†] = 1

[âin(ω), â†in(ω
′)] = 2πδ(ω − ω′)

[âout(ω), â†out(ω
′)] = 2πδ(ω − ω′)

Adding the continuum, by hand
dâ(t)

dt
+ (γ − iδ)â(t) = igx̂(t) +

√
2γ âin(t)

âout(t) =
√
2γ â(t) − âin(t)

F̂B.A.(t) = ~g[â(t) + â†(t)]

Single mirror

b̂c = âc , b̂s = âs + 2kpAx̂ , F̂fl = 2~kpAâc
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âout(t) =
√
2γ â(t) − âin(t)

F̂B.A.(t) = ~g[â(t) + â†(t)]

Single mirror

b̂c = âc , b̂s = âs + 2kpAx̂ , F̂fl = 2~kpAâc

Closed cavity, T = 0 (for a while)

Ĥ = ~[(ωo − Gx̂)â†â + A∗eiωptâ + Aeiωptâ†] + Ĥm

e.g. G = ωo/L

Rotating wave approximation: â := âe−iωpt ⇒

Ĥ = ~[−(δ + Gx̂)â†â + A∗â + Aâ†] + Ĥm

δ = ωp − ωo

Linearization:
â := α + â , Imα = 0 , α = A/δ � 1 ⇒

Ĥ = −~[δâ†â + g(â + â†)x̂] + Ĥm , g = Gα
Equations of motion:
dâ(t)

dt
− iδâ(t) = igx̂(t) ,

dp̂(t)
dt
≡ F̂B.A.(t) = ~g[â(t) + â†(t)]
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′)] = 2πδ(ω − ω′)

Adding the continuum, by hand
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28 / 88



T 6= 0
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[âout(ω), â†out(ω
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− iδâ(t) = igx̂(t) ,

dp̂(t)
dt
≡ F̂B.A.(t) = ~g[â(t) + â†(t)]
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Fourier picture(
âc
out(Ω)

âs
out(Ω)

)
= R(Ω)

(
âs
in(Ω)

âc
in(Ω)

)
+G(Ω)x̂(Ω)

F̂B.A.(Ω) = F̂fl(Ω) − K(Ω)x̂(Ω)

F̂fl(Ω) = FT(Ω)

(
âs
in(Ω)

âc
in(Ω)

)

R(Ω) : a sophisticated 2×2 matrix
G(Ω), F(Ω) : sophisticated 2-comp. vectors

K(Ω) =
2~g2δ = 2ωoEδ/L2

(γ − iΩ)2 + δ2
: optical spring
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′)] = 2πδ(ω − ω′)
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+ (γ − iδ)â(t) = igx̂(t) +

√
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b̂c = âc , b̂s = âs + 2kpAx̂ , F̂fl = 2~kpAâc
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Is it quantum?

I.Wilson-Rae et al, Phys.Rev.Lett 99, 093901 (2007)
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Radiation pressure force in a detuned cavity
F
(x
)
=
E(
x
)/
L

ωp − ωo(x) = δ + ωox/L

ωp − ωo = δ > 0

K = −dF
dx

> 0

ωp − ωo = δ < 0

K = −dF
dx

< 0

E(x) =
γ2

γ2 + (δ + ωox/L)2
× E0

K = −
dF(x)

dx
= −

1
L

dE(x)
dx

���
x=0
=

2ωoE

L2
δ

γ2 + δ2

The signs rule:

Right slope: δ = ωp − ωo > 0 ⇒ K > 0 , H < 0
Left slope: δ = ωp − ωo < 0 ⇒ K < 0 , H > 0

Optical field follows the mechanical
motion with delay τ∗ ∼ γ−1:

F ≈ −Kx(t − τ∗) ≈ −Kx(t) + Kτ∗
dx(t)
dt

≈ −Kx(t) − H
dx(t)
dt

⇒

optical damping: H ∼ −Kτ∗

Exact equations:

K(Ω) =
2ωoEδ/L2

(γ − iΩ)2 + δ2
= K0(Ω) − iΩH(Ω)

K0(Ω) =
2ωoEδ/L2

|(γ − iΩ)2 + δ2 |2
[
γ2 + δ2 −Ω2]

H(Ω) = −
4ωoEγδ/L2

|(γ − iΩ)2 + δ2 |2

40 / 88



Radiation pressure force in a detuned cavity
F
(x
)
=
E(
x
)/
L

ωp − ωo(x) = δ + ωox/L

ωp − ωo = δ > 0

K = −dF
dx

> 0

ωp − ωo = δ < 0

K = −dF
dx

< 0

E(x) =
γ2

γ2 + (δ + ωox/L)2
× E0

K = −
dF(x)

dx
= −

1
L

dE(x)
dx

���
x=0
=

2ωoE

L2
δ

γ2 + δ2

The signs rule:

Right slope: δ = ωp − ωo > 0 ⇒ K > 0 , H < 0
Left slope: δ = ωp − ωo < 0 ⇒ K < 0 , H > 0

Optical field follows the mechanical
motion with delay τ∗ ∼ γ−1:

F ≈ −Kx(t − τ∗) ≈ −Kx(t) + Kτ∗
dx(t)
dt

≈ −Kx(t) − H
dx(t)
dt

⇒

optical damping: H ∼ −Kτ∗

Exact equations:

K(Ω) =
2ωoEδ/L2

(γ − iΩ)2 + δ2
= K0(Ω) − iΩH(Ω)

K0(Ω) =
2ωoEδ/L2

|(γ − iΩ)2 + δ2 |2
[
γ2 + δ2 −Ω2]

H(Ω) = −
4ωoEγδ/L2

|(γ − iΩ)2 + δ2 |2

41 / 88



Radiation pressure force in a detuned cavity
F
(x
)
=
E(
x
)/
L

ωp − ωo(x) = δ + ωox/L

ωp − ωo = δ > 0

K = −dF
dx

> 0

ωp − ωo = δ < 0

K = −dF
dx

< 0

E(x) =
γ2

γ2 + (δ + ωox/L)2
× E0

K = −
dF(x)

dx
= −

1
L

dE(x)
dx

���
x=0
=

2ωoE

L2
δ

γ2 + δ2

The signs rule:

Right slope: δ = ωp − ωo > 0 ⇒ K > 0 , H < 0
Left slope: δ = ωp − ωo < 0 ⇒ K < 0 , H > 0

Optical field follows the mechanical
motion with delay τ∗ ∼ γ−1:

F ≈ −Kx(t − τ∗) ≈ −Kx(t) + Kτ∗
dx(t)
dt

≈ −Kx(t) − H
dx(t)
dt

⇒

optical damping: H ∼ −Kτ∗

Exact equations:

K(Ω) =
2ωoEδ/L2

(γ − iΩ)2 + δ2
= K0(Ω) − iΩH(Ω)

K0(Ω) =
2ωoEδ/L2

|(γ − iΩ)2 + δ2 |2
[
γ2 + δ2 −Ω2]

H(Ω) = −
4ωoEγδ/L2

|(γ − iΩ)2 + δ2 |2

42 / 88



Radiation pressure force in a detuned cavity
F
(x
)
=
E(
x
)/
L

ωp − ωo(x) = δ + ωox/L

ωp − ωo = δ > 0

K = −dF
dx

> 0

ωp − ωo = δ < 0

K = −dF
dx

< 0

E(x) =
γ2

γ2 + (δ + ωox/L)2
× E0

K = −
dF(x)

dx
= −

1
L

dE(x)
dx

���
x=0
=

2ωoE

L2
δ

γ2 + δ2

The signs rule:

Right slope: δ = ωp − ωo > 0 ⇒ K > 0 , H < 0
Left slope: δ = ωp − ωo < 0 ⇒ K < 0 , H > 0

Optical field follows the mechanical
motion with delay τ∗ ∼ γ−1:

F ≈ −Kx(t − τ∗) ≈ −Kx(t) + Kτ∗
dx(t)
dt

≈ −Kx(t) − H
dx(t)
dt

⇒

optical damping: H ∼ −Kτ∗

Exact equations:

K(Ω) =
2ωoEδ/L2

(γ − iΩ)2 + δ2
= K0(Ω) − iΩH(Ω)

K0(Ω) =
2ωoEδ/L2

|(γ − iΩ)2 + δ2 |2
[
γ2 + δ2 −Ω2]

H(Ω) = −
4ωoEγδ/L2

|(γ − iΩ)2 + δ2 |2

43 / 88



Radiation pressure force in a detuned cavity
F
(x
)
=
E(
x
)/
L

ωp − ωo(x) = δ + ωox/L

ωp − ωo = δ > 0

K = −dF
dx

> 0

ωp − ωo = δ < 0

K = −dF
dx

< 0

E(x) =
γ2

γ2 + (δ + ωox/L)2
× E0

K = −
dF(x)

dx
= −

1
L

dE(x)
dx

���
x=0
=

2ωoE

L2
δ

γ2 + δ2

The signs rule:

Right slope: δ = ωp − ωo > 0 ⇒ K > 0 , H < 0
Left slope: δ = ωp − ωo < 0 ⇒ K < 0 , H > 0

Optical field follows the mechanical
motion with delay τ∗ ∼ γ−1:

F ≈ −Kx(t − τ∗) ≈ −Kx(t) + Kτ∗
dx(t)
dt

≈ −Kx(t) − H
dx(t)
dt
⇒

optical damping: H ∼ −Kτ∗

Exact equations:

K(Ω) =
2ωoEδ/L2

(γ − iΩ)2 + δ2
= K0(Ω) − iΩH(Ω)

K0(Ω) =
2ωoEδ/L2

|(γ − iΩ)2 + δ2 |2
[
γ2 + δ2 −Ω2]

H(Ω) = −
4ωoEγδ/L2

|(γ − iΩ)2 + δ2 |2

44 / 88



Radiation pressure force in a detuned cavity
F
(x
)
=
E(
x
)/
L

ωp − ωo(x) = δ + ωox/L

ωp − ωo = δ > 0

K = −dF
dx

> 0

ωp − ωo = δ < 0

K = −dF
dx

< 0

E(x) =
γ2

γ2 + (δ + ωox/L)2
× E0

K = −
dF(x)

dx
= −

1
L

dE(x)
dx

���
x=0
=

2ωoE

L2
δ

γ2 + δ2

The signs rule:

Right slope: δ = ωp − ωo > 0 ⇒ K > 0 , H < 0
Left slope: δ = ωp − ωo < 0 ⇒ K < 0 , H > 0

Optical field follows the mechanical
motion with delay τ∗ ∼ γ−1:

F ≈ −Kx(t − τ∗) ≈ −Kx(t) + Kτ∗
dx(t)
dt

≈ −Kx(t) − H
dx(t)
dt
⇒

optical damping: H ∼ −Kτ∗

Exact equations:

K(Ω) =
2ωoEδ/L2

(γ − iΩ)2 + δ2
= K0(Ω) − iΩH(Ω)

K0(Ω) =
2ωoEδ/L2

|(γ − iΩ)2 + δ2 |2
[
γ2 + δ2 −Ω2]

H(Ω) = −
4ωoEγδ/L2

|(γ − iΩ)2 + δ2 |2

45 / 88



Radiation pressure force in a detuned cavity
F
(x
)
=
E(
x
)/
L

ωp − ωo(x) = δ + ωox/L

ωp − ωo = δ > 0

K = −dF
dx

> 0

ωp − ωo = δ < 0

K = −dF
dx

< 0

E(x) =
γ2

γ2 + (δ + ωox/L)2
× E0

K = −
dF(x)

dx
= −

1
L

dE(x)
dx

���
x=0
=

2ωoE

L2
δ

γ2 + δ2

The signs rule:

Right slope: δ = ωp − ωo > 0 ⇒ K > 0 , H < 0
Left slope: δ = ωp − ωo < 0 ⇒ K < 0 , H > 0

Optical field follows the mechanical
motion with delay τ∗ ∼ γ−1:

F ≈ −Kx(t − τ∗) ≈ −Kx(t) + Kτ∗
dx(t)
dt

≈ −Kx(t) − H
dx(t)
dt
⇒

optical damping: H ∼ −Kτ∗

Exact equations:

K(Ω) =
2ωoEδ/L2

(γ − iΩ)2 + δ2
= K0(Ω) − iΩH(Ω)

K0(Ω) =
2ωoEδ/L2

|(γ − iΩ)2 + δ2 |2
[
γ2 + δ2 −Ω2]

H(Ω) = −
4ωoEγδ/L2

|(γ − iΩ)2 + δ2 |2
46 / 88



Modification of the probe dynamics

Sh
SQL(Ω) ∝ ~|χ

−1
dressed(Ω)| χ−1dressed(Ω) = χ−1(Ω) + K(Ω)

S.Danilishin and F.Khalili, Living Reviews in Relativity 15, 5 (2012)

47 / 88



Modification of the probe dynamics

Sh
SQL(Ω) ∝ ~|χ

−1
dressed(Ω)| χ−1dressed(Ω) = χ−1(Ω) + K(Ω)

S.Danilishin and F.Khalili, Living Reviews in Relativity 15, 5 (2012) 48 / 88



1 Quantum speedmeter

2 Optical cavity: Hamilitonian approach

3 Optical spring

4 Ground state optical cooling

5 Quantumnes of mechanical objects

49 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

50 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB

=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

51 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

52 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

53 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2)

⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

54 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

55 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

56 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

57 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

58 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

59 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

60 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

61 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

62 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm

63 / 88



Fluctuation-Dissipation Theorem

Object Heatbath Θ

Dissipation: H

Fluctuations: F̂B.A.

SFDT = 2ΘH

Θ =
~|Ω|

2
coth
~|Ω|

2κB
=

{
~|Ω|/2 κBT � ~|Ω|
κBT κBT � ~|Ω|

Two heatbaths

ObjectHeatbath Θ1 Heatbath Θ2
H1 H2

2κBΘ1H1 + 2κBΘ2H2 = 2κBΘeff(H1 + H2) ⇒

Θeff =
Θ1H1 + Θ2H2

H1 + H2

H2 � H1, Θ2 � Θ1 ⇒

Θeff ≈ Θ1
H1
H2
+ Θ2 � Θ1

Optical spring

T ∼
~ωo

κB
∼ 104K?

δ < 0 ⇒ HR.P.(Ω) =
4~g2γ |δ |

|(γ − iΩ)2 + δ2 |2

SF(Ω) =
2~2g2γ(γ2 + δ2 +Ω2)

|(γ − iΩ)2 + δ2 |2

ΘR.P.(Ω) =
SF(Ω)

2H(Ω)
=
~

2|δ |
(γ2 + δ2 +Ω2)

|δ | =

√
Ω2 + γ2 ⇒ ΘR.P.(Ω) = ~

√
γ2 +Ω2

|Ω| � γ ⇒ ΘR.P.(Ω) = ~

(
|Ω| +

γ2

2|Ω|

)
≈ ~|Ω| : vacuum noise!

Maximum of HR.P. : Ω ≈ δ ≈ Ωm
64 / 88



Experiment

Photonic ⊗ phononic crystal:

5 μm

a

1 μm

1 μm

b d

c

10

10-1

e

-10 0

J. Chan et al, Nature 478, 89 (2011)
65 / 88



Experiment

DCRF

Taper

Cryostat

Laser

EOM

RF S.G.

RSA

D1

D2

EDFA

WM

VOA

FPC

FPC

lock-in

device

1

23

LF

J. Chan et al, Nature 478, 89 (2011)
66 / 88



Experiment

a

γ/
2π

 (k
H

z)

1 10 100 1000

102

101

103

104

nc

N
orm

. Re�. 

(∆sl−ωm)/2π (MHz)

15 MHz

-30 -15 0 15 30

0.5

0

1

∆γ
i/2

π 
(k

H
z)

1 10 100 1000
nc

20

25

30

T b
 (K

)

10

20

30

40

102

101

100

10-1

c

d

e

0

35

Se
ns

iti
vi

ty
 (q

ua
nt

a)

103

b

100

1 10 100 1000
nc

1

10

0.1
n

× 10-35

PS
D

 (m
2 /H

z)

(ω − ωm)/2π (MHz)

n = 0.85

-10 0 10
2.92

2.94

2.96

2.98

3.00

n = 78.0
× 10-31

PS
D

 (m
2 /H

z)

-200 -100 0 100 200
(ω − ωm)/2π (kHz)

1.45

1.50

1.55

1.60

1.65

J. Chan et al, Nature 478, 89 (2011) 67 / 88



1 Quantum speedmeter

2 Optical cavity: Hamilitonian approach

3 Optical spring

4 Ground state optical cooling

5 Quantumnes of mechanical objects

68 / 88



Detection of a classical force

DE-quantization of the signal

The Hamiltonian: Ĥ = Ĥprobe − kx̂ŷsignal + Ĥy

ŷsignal := 〈ŷsignal〉 + ŷsignal ⇒

Ĥ = Ĥprobe − kx̂(〈ŷsignal〉 + ŷsignal) + Ĥy

Weak coupling, strong signal:
k→ 0 , 〈y〉 → ∞ ⇒

Ĥ = Ĥprobe − Fsignalx̂ + . . .

Fsignal = k〈ysignal〉
(the GW detectors case)

x̂fl, F̂fl: optical operators in disguise!

DE-quantization of the probe
Fsignal

D

Probe

x̂

F̂fl Meter

x̃

Data
processing

F̃

Dx̂(t) = Fsignal(t) + F̂fl(t) , e.g. D = d2

dt2
+Ω2

m

x̂(t) = x̂0(t) + D−1[Fsignal(t) + F̂fl(t)]
x̂0(t) : the eigen motion, Dx̂0(t) ≡ 0

The meter output signal: x̃(t) = x̂(t) + x̂fl(t)

= x̂0(t) + D−1[Fsignal(t) + F̂fl(t)] + x̂fl(t)
Data procesing: F̃(t) = Dx̃(t)
= Fsignal(t) + F̂fl(t) + Dx̂fl(t)

All mechanical operators are gone!
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Ĥ = Ĥprobe − kx̂(〈ŷsignal〉 + ŷsignal) + Ĥy

Weak coupling, strong signal:
k→ 0 , 〈y〉 → ∞ ⇒
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Ĥ = Ĥprobe − Fsignalx̂ + . . .

Fsignal = k〈ysignal〉
(the GW detectors case)

x̂fl, F̂fl: optical operators in disguise!

DE-quantization of the probe
Fsignal

D

Probe

x̂

F̂fl Meter

x̃

Data
processing

F̃

Dx̂(t) = Fsignal(t) + F̂fl(t) , e.g. D = d2

dt2
+Ω2

m

x̂(t) = x̂0(t) + D−1[Fsignal(t) + F̂fl(t)]
x̂0(t) : the eigen motion, Dx̂0(t) ≡ 0

The meter output signal: x̃(t) = x̂(t) + x̂fl(t)

= x̂0(t) + D−1[Fsignal(t) + F̂fl(t)] + x̂fl(t)
Data procesing: F̃(t) = Dx̃(t)
= Fsignal(t) + F̂fl(t) + Dx̂fl(t)

All mechanical operators are gone!

73 / 88



Detection of a classical force

DE-quantization of the signal
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Weak coupling, strong signal:
k→ 0 , 〈y〉 → ∞ ⇒
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THE REALLY QUANTUM optomechanics

The general idea:
• insert a really quantum (non-Gaussian)
state into a mechanical object;
• wait as long as possible;
• extract the quantum state back;
• verify that it is intact.

Possible applications:
• Tests of applicability of quantum physics
to macroscopic objects (many-worlds?)
• Quantum repeaters (?)
• ???

SiN membranes:
Q ∼ 109 ⇒ τ∗ = Q/Ωm → 103 s

τdecoh =
~Q
κB
≈

7ms
T[K]

All quantum states are quantum, but some
quantum states are more quantum than others.

P(α) < 0 W(x,p) < 0 RQS∗

Coherent – – –
Squeezed + – ?

non-Gaussian + + +
*Really Quantum State

“An always positive Wigner function can serve as
the hidden-variable probability distribution with
respect to measurements corresponding to any
linear combination of x and p”.

J. S. Bell, Speakable and Unspeakable in Quantum
Mechanics, Cambridge Univ. Press, Cambridge, 1987

S. L. Braunstein, P. van Loock, RMP 77, 513 (2005)
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Non-Gaussian optomechanics

|0〉 |1〉
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Non-Gaussian optomechanics

F.Khalili et al, Phys. Rev. Lett. 105, 070403 (2010)
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“Toward quantum superposition of living organisms”

O.Romero-Isart et al, New J. Phys. 12 033015 (2010)
88 / 88


	Quantum speedmeter
	Optical cavity: Hamilitonian approach
	Optical spring
	Ground state optical cooling
	Quantumnes of mechanical objects

