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 ���	����	�� �������� ������ ���������� x =
(x1, . . . , xN )� ����� xi = θ + wi ��� wi ∼ N (0, σ2)
�� � �������
 ���	����	�� ������ �������� ��	� ����
0 ��� ������
� σ2� �� � �����	 xi ∼ N (θ, σ2)� ����
�����
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� �� 
�� ���	� 	�� ����	 ���������	
 �� �������
�� ����������	 ����	� x ��

pθ(x) = pθ(x1) · · · · · pθ(xN ), �!�"�
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pθ(xi) =
1√
2πσ2

e
− (xi−θ)2

2σ2 . �!�#�

������ �� ������� �  ���� ��$���
� �� ����	��
(x1, . . . , xN )� %��	 ���� �� 	�� ��	���� ��
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Δ2θ̃ =

∫
�x

(
θ̃(x)− θ

)2
pθ(x). $���%
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〈θ̃〉 =
∫

�x θ̃(x)pθ(x) = θ, $���%
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〈θ̃〉θ=θ0 =

∫
�x θ̃(x)pθ0(x) = θ0, �&�'�

�〈θ̃〉
�θ

∣∣∣∣∣
θ=θ0

=

∫
�x θ̃(x)

�pθ0(x)

�θ

∣∣∣∣
θ=θ0

= 1,
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θ = θ0�
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 θ̃(x) =
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i xi/N �� �������	� ���
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Δ2θ̃ =

〈(
1

N

∑
i

xi − θ

)2〉
=

σ2

N
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Δ2θ̃ ≥ 1

F
, F =

∫
�x

ṗθ(x)
2

pθ(x)
, �&���

����� ṗθ(x) = �pθ(x)
�θ  �
� F �	 ��

�� ���

������ ��	
���
�
� �.#�� .�� 	���
����! �� 
��

�����
 �� ��"� ���
���� θ0 ���� θ�

������ #� ������∫
	x θ̃(x)ṗθ(x) = 1, ���$
∫

	x ṗθ(x) = 0, ���%&
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Δ2θ̃ · F =

∫
	x pθ(x)

(
θ̃(x)− θ

)2
·
∫

	x
ṗθ(x)

2

pθ(x)
=

∫
	x
[√

pθ(x)
(
θ̃(x)− θ

)]2
·
∫

	x

(
ṗθ(x)√
pθ(x)

)2
���≥

(∫
	x
(
θ̃(x)− θ

)
ṗθ(x)

)2

= 1, ���%%
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F =
〈(

�

�θ log pθ(x)
)2〉

= −
〈

�
2

�θ2
log pθ(x)

〉
.

�&�1��
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 +�� .# �	 ������"� ���

������� ��	��������
	� ,�� p
(12)
θ (x1, x2) =

p
(1)
θ (x1)p

(1)
θ (x2) ���
 F (12) = F (1) + F (2)�
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Δ2θ̃ ≥ 1

NF
, "#�$%&
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� F (N) = NF � ����� F �� ��� �� ���
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� pθ(x) = 1√
2πσ2

e−(x−θ)2/2σ2
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F = 1/σ2� !���� �� ���
��

Δ2θ̃ ≥ σ2

N
�"�#"
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λ(θ)
√

pθ(x)(θ̃(x)− θ) =
ṗθ(x)√
pθ(x)

"#�$,&

�� ��
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�

�θ
log pθ(x) = λ(θ)

(
˜θ(x)− θ

)
, "#�$-&

����� λ(θ) �� 
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�� �
������� .�� �
�

����/ ��� ��� 
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�� 0
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���� �������� �������� �� ��� θ̃(x) =
∑

i xi/N �
λ(θ) = N/σ2�
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Cij =

∫
�x pθ(x)

(
θ̃i(x)− θi

)(
θ̃j(x)− θj

)
.
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C ≥ F−1, Fij =

∫
�x

∂ipθ(x)∂jpθ(x)

pθ(x)
,
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wTCw·vTFv =

∫
	x
∑
ij

wipθ(x)(θ̃i(x)−θ)(θ̃j(x)−θ)wj

·
∫

	x′
∑
i′j′

vi′
∂i′pθ(x

′)∂j′pθ(x
′)

pθ(x′)
vj′ =

∫
	x
∑
i

wi

√
pθ(x)(θ̃i(x)−θ)

∑
j

√
pθ(x)(θ̃j(x)−θ)wj ·

∫
	x′

∑
i′

vi′
∂i′pθ(x

′)√
pθ(x′)

∑
j′

∂j′pθ(x
′)√

pθ(x′)
vj′

���≥
[∫

	x

(∑
i

wi(θ̃i(x)− θ)

)(∑
i′

vi′∂i′pθ(x)

)]2
=

(wT v)2, �"�*#
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w = Fv� �� ����

vTFCFv · vTFv ≥ (vTFv)2, ��	
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vTFCFv ≥ vTFv. ��	
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F
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F−1ei
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