
Quantum Optics 2020/2021, Problem set 9, 12.01.2021

Problem 1 Consider a two level atom (|g〉, |e〉) interacting with a single mode classical electromangetic

�eld that oscillates with frequency ω: ~E(t) = E~ek cos(ωt). In the rotating wave approximation the
Hamiltonian for this semi-classical model is given by:

H =
1

2
~νσ̂z + χ(σ̂+e

−iωt + σ̂−e
iωt)

where σz = |e〉〈e| − |g〉〈g|, σ+ = |e〉〈g|, σ− = |g〉〈e|. Parameter χ = E~ek · ~deg/2 represents the interaction
strength between the atom and the �eld, where deg is the matrix element of the dipole moment vector
between states |g〉 and |e〉.

Assuming the atom is initially in state

|ψ(0)〉 = cg(0)|g〉+ ce(0)|e〉

�nd the state of the atom |ψ(t)〉 at time t. Discuss similarity and di�erences with the fully quantum
Jaynes-Cummings model�what should be the initial state in the fully quantum Jaynes-Cummings model
to mimic the semi-classical behaviour.

Click to see the answer:

|ψ(t)〉 = cg(t)|g〉+ ce(t)|e〉

, where
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where ∆ = ν − ω, Ω =
√

∆2 + Ω2
R, ΩR = ~ek · ~dgeE/~. If we want to have analoogus behaviour in the

quantum model we have to initialize the light in the cavity in a Fock state |n〉 with so that Rabi frequencies
ΩR are the same in both models.

Problem 2 Consider the Jaynes-Cummings model of a two-level atom interacting with a single mode
quantized electromagnetic �eld, where the Hamiltonian is given by:

H =
1

2
~νσ̂z + ~ωâ†â+ ~λ(σ̂+â+ σ̂−â

†),

σz = |e〉〈e| − |g〉〈g|, σ+ = |e〉〈g|, σ− = |g〉〈e|, and λ is the interaction parameter.
Consider the following initial state of the system

|ψ(0)〉 = |e〉 ⊗ |α〉,

where |α〉 is the coherent state of light.

a) Find the form of the state at time t



b) Write an expression for the inversion parameter w(t).

c) Plot it for t ∈ [0, 2s], for exemplary parameters: λ = 50Hz, |α| = 10

d) Can you observe characteristic collapses and revivals in the plot. Can you estimate how the collapse
time Tc (the characteristic time where the �rst collapse of Rabi oscillations happen) and revival time
Tr (the time when Rabi oscillations come back...) scale as a function of system parameters.

e) Comment, whether the observed phenomena is expected to be seen in the semi-classical model where
the light is described classically.

Click to see the answer:

a) |ψ(t)〉 = e−|α|
2/2
∑

n
αn
√
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√
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√
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b) w(t) =
∑

n
e−n̄

n!
n̄n cos

[
2λ
√
n+ 1t

]
, where n̄ = |α|2.

c)

d) Since the dominant photon numbers are in the range n̄±
√
n̄, the characteristic collapse time would

correspond to the situation when they cancel out so that (Ωn̄+
√
n̄ − Ωn̄−

√
n̄)Tc ≈ 1, where Ωn =

2λ
√
n+ 1 is the Rabi frequency given n photons in the cavity. This implies Tc ∝ TR

√
n, where

TR = 2π/Ωn̄ is the Rabi period of oscillation corresponding to the mean photon number.

The revivals, on the other hand, should appear when there is again constructive interferences of
di�erent components, so that when: (Ωn̄+1 − Ωn̄)Tr = 2πm for some integer m. This implies that
Tr ∝ mn̄TR.

e) No, phenomena of collapses and revivals is inherently quantum.

Problem 3 The phenomena od strong interaction of atoms with electromagnetic �eld in the cavity can be
used to entangle the atoms themselves (Nobel Prize 2014 for Serge Haroche). Consider the following idea.
We have two atoms, with transition frequency perfectly matching the cavity frequency. Initially the cavity
is in a vacuum state. We prepare the �rst atom in the excited state |e〉 and send it into the cavity so that it
interacts via the Jaynes-Cummings Hamiltonian for some time t1 and then leaves the cavity. After this we
send another atom in state |g〉 and let it interact with the �eld inside the cavity for a time t2. After that the
second atom also leaves the cavity. Can you choose times t1 and t2 such that after this procedure the two
atoms are entangled with each other and at the same time not entangled with the state of light in the cavity.

Click to see the answer: If we choose t1 = π
4λ

the state after the �rst atom passes will be |ψ1〉 =
1√
2
(|e, 0〉+ i|g, 1〉). If we now take the second atom in state |g〉 and evolve it for time t2 = π

2λ
then the �nal

state will be 1√
2
(|e, g〉 + |g, e〉) ⊗ |0〉, where e.g. |e, g〉 denotes a state where the �rst atom is in the state

|e〉 and the second in state |g〉.


