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1. Introduction

Consider the (formal) differential operator

Fo = =202 — (1 +a - 2)0,. (D
Kummer’s confluent function Fg o(z) = 1Fi(a;c;z) is an eigenfunction of ¥, with
eigenvalue 1“9%, where following [1H3] instead of a,c we prefer to use the
parameters

a=c-1, 6 :=—-c+2a. 2)

Besides Kummer’s function, possesses a second type of distinguished eigen-
function with eigenvalues L0ra = called Tricomi’s confluent functions, which we
denote U(a;c;z) or, in the parameters (2), Ug, o (z). Tricomi’s functions usually have
a better behaviour near infinity than Kummer’s functions.

The main topic of this paper is the computation of bilinear integrals of Tricomi
functions, more precisely, integrals of the form

/ Ug,,a(2)Ug,,a(2)e *z"dz. 3)
0

It is known that for |R(a)| < 1 can be computed explicitly, see e.g. [4].
For |R(a)| = 1, (@) is divergent — except for very specific combinations of the
parameters — because of the behaviour of the integrand near 0. However, when

one applies the so-called generalized integral, one can compute (@) for all values
of a. For @ € Z, a # 0, one needs to apply the anomalous generalized integral, and
one obtains a much more complicated expression.

For special values of the parameters, Tricomi’s functions coincide up to a
coefficient with the well-known Laguerre polynomials. Their classical definition uses
the so-called Rodrigues formula

1
L%(z) = mezz_"ﬁge_zz"“’, n € Ny, 4

and applies to all @ € C. They are, however, orthogonal with respect to the positive
definite measure du(z) = z%e ?dz on L?>[0,c0[ only if a > —1.
The orthogonality relations for Laguerre polynomials, valid for R (@) > -1,

_T(l+n+a)

/ L (2) L% (2)z%e 2dz = S )
0

n!
belong to the standard knowledge. Again, using the generalized integral, we extend
the relations (3) to all @ € C. For —a ¢ N we still have the same expression as
in (). In particular, L$ are (pseudo-)orthogonal to one another for m # n. The
situation is more complicated for —a € N, where the generalized integral becomes
anomalous.

One can derive the bilinear integrals of Laguerre polynomials from those of
Tricomi’s functions. However, we prefer a direct method, which mimics the usual
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proof of the orthogonality relations based on the Rodrigues formula and repeated
integration by parts, known from standard textbooks. Interestingly, integration by
parts works quite well also for generalized integrals. This is not obvious, so we
dedicate a subsection in Appendix [A] to the description of integration by parts in
the context of generalized integrals.

For a ¢ [—1, oo (typically real, preferably integer), Laguerre (or other orthogonal)
polynomials are of interest in several fields of mathematics, see for example [5-9].
Apparently, the value o = —1 is especially interesting in applications [10].

In a recent work [11]], some of us (with collaborators) used the generalized
integral, a concept that goes back to independent considerations of Riesz [12]] and
Hadamard [13| |14], to give a meaning to integrals over classically nonintegrable
functions. The generalized integrals of these functions appear as higher-dimensional
generalizations of Green’s functions for Laplacians perturbed by point interactions
[15], forming toy models for various facets of renormalization in quantum field
theory. The generalized integral is a linear continuation of the standard integral. It
is closely related to the extension of homogeneous distributions [16 |17] and the
so-called barred integral [18]]. We find it interesting that replacing the integral by
the generalized integral, we are able to compute bilinear integrals of the form (3)
and (§) for arbitrary complex a.

Our paper is not the first to address generalized orthogonality relations of the
classical orthogonal polynomials. There is some literature on the subject [[19-25],
where generalized orthogonality relations for some a € C with R(a) < —1 are often
described by changing the integral measure, typically allowing for distributional
measures. The generalized integral is a natural tool that allows us to treat all «
simultaneously. We have not seen such a comprehensive description in the literature.

Integrals of expressions containing confluent functions can be found in many
sources. However, most of them involve a single confluent function, such as those
in [26], where they are derived with the so-called umbral technique. Integrals of
products of two confluent functions are computed e.g. in [4]]; they are less frequent
in the literature. The identity (I23), whose proof involves a telescoping series,
belongs to a class of identities treated by umbral methods in [27].

Here is the plan of our paper. Section [2] is devoted to the confluent equation
for general parameters. First we recall its basic theory, following mostly [1 [2].
In particular, we review the definitions of four standard solutions of the confluent
equation. Three of them typically blow up at infinity, and only one of them, the
Tricomi function, can be used in bilinear (generalized) integrals of the form (3).
The main new result of this section are the expressions for these integrals for all
parameters.

Section 3| is devoted to Laguerre polynomials. Again, we start with a concise
exposition of their theory. Then we compute their bilinear integrals. We use two
methods. Our first method is based on integration by parts, which interestingly
works well also in the case of generalized integrals. Then we give an alternative
derivation: we show how bilinear integrals of Laguerre polynomials can be obtained
as special cases of bilinear integrals of Tricomi functions obtained in Section [2}
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In Appendix [A] we give a resumé of properties of generalized integrals based
mostly on [11]. The appendix contains also a new fact not discussed in [11]]: the
integration by parts property of generalized integrals. Appendix [B| contains proofs
of two identities for the digamma functions and the Pochhammer symbols needed
in our analysis.

2. Confluent equation

In this section we start with an overview of the confluent hypergeometric equation
and its standard solutions. All the identities of this section until Subsection 2.7] can
be found in one form or another in standard sources, such as [28]]. Nevertheless,
we believe that our presentation, influenced by [1H3], is quite different from the
usual one. We stress that the confluent equation has two different but equivalent
forms: it can be understood as an eigenvalue equation of the ;F; operator and
of the ,Fy operator (28). These two forms are related to the so-called Lie-algebraic
parameters (20), which are helpful in organizing the properties of the confluent
equation.

For convenience, and as we employ them heavily, we recall the definition of the
Pochhammer symbol and the harmonic numbers

k-1

(a)p=a(a+1)..(a+n-1), Hi(a)= Z

J=0

1
a+j’

(6)

which admit a useful extension to complex parameters in terms of the Gamma and
Digamma functions,

(), = 0+

T(a H (a) =y¢(a+z)-y¥(a), z€C\(-a—-Np). @)
(a)

2.1. Hypergeometric |F; function

(Kummer’s) confluent function, also called the hypergeometric |F| function, is
defined by the following series convergent in C,

(o8]

Filaen = WL (8)

T
=0 (¢)n n!

It is a confluent form of the ,F; function

1Fi(a;c;2) = Jim 5 Fy (a, b;c; g) 9)
which satisfies the confluent quation

(20 + (¢ = 2)8. —a)1 Fi(a;¢;2) = 0 (10)
and the Ist Kummer identity

1Fi(a;c;z) = e*1Fi(c —a;c;—2). (11)
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It is often preferable to replace it by the so-called Olver’s normalized |F) function

1F1(a;C;Z)=i (@) 7"

Fi(a;c;2) = —. 12
Fi(a;e:2) I'(c) o I'(c +n)n! (12)
Here are its integral representations: for all parameters
1 .
— / t e (t — z) " %dt = 1F(a;c;2), (13)
27i
1-00,(0,2)*,—o00]
for R(a) >0, R(c—-a) >0,
1 z
— 17t = 1) dr =1F (a; ¢; 2), 14
T(@)T(c - a) / err(t-1) 1F1(a; ¢32) (19
[1,+00]
and for R(c—a) >0 and a ¢ N,
F(] _a) z —c —a-1
—_— —1)" (-t + 1) dt=,F(a;c;2). 15
rrnmn il BEACINC SR Fi(azc:2) (15)
[1,0+,1]

The meaning of the contours in and is the following. In (13), we start at

—oo, go around both O and z in the positive sense and go back to —co. Similarly,

in (15), we start from 1, go around O in the positive sense and go back to 1.
For integer m we have expressions in terms of elementary functions:

1-c

Z

\Fi(c+m;c;z) = © oMz mes, (16)
Zlic m_c—14+m ,z
1F1(C+m;C;Z)=m5ZZ e-. 17
Here, to define 9" for negative m we use
Z
97'f(2) = gen /O f(dy, (18)

provided that (I8) is nonanomalous and that the function is integrable in the
generalized sense often enough.

2.2. Hypergeometric ,F, function

The following function arises as a result of a different confluence of singularities
of the hypergeometric function. It is defined for w € C\[0, +oo[ by

2Fo(a, by = w) = lim 2 Fi(a, by c; cw),

where |argc —n| < m—€, € > 0. It extends to an analytic function on the universal
cover of C\{0} with a branch point of an infinite order at 0. It has the following
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asymptotic expansion,
zﬂxmbraw)~za

n=0

(@)n(b)n

w", |largw —n| < m—e.
n!
It satisfies the equation

(w32 + (=1 + (1 + a+b)w)d, + ab),Fy(a, b;—;w) = 0, (19)

which we will call the ,Fy equation.
We have an integral representation for R(a) > 0,

‘1 (o]
/ e_tltb_a_l(t - w)_bdt =F(a,b;—w), wé¢][0,00],
['(a) Jo
and for a ¢ N,
I'(1-
% e_%tb_“_l(t—w)_bdt:F(a,b;—;w), w ¢ [0,o00].
7

[0,w*,0]

2.3. Equivalence between the |F; and ,F, equations
It is easy to derive the following identity,

(—w)* (w3 + (=1 + (1 +a+b)w)d, +ab)(-w) ™ = z07+(1+a—-b-2)d; —a,
where z = —w™', w=—z"'. Hence the »,Fy equation is equivalent to the F; equation
with the following relation between the parameters

c=14+a-0b, b=1+a-c.
Because of this equivalence, Tricomi’s confluent function
Ua,c,z) =7 %Fy(a,1+a-c;—; —zfl)

is one of solutions of the |F| equation,

2.4. Confluent equation in Lie-algebraic parameters

Instead of the classical parameters we usually prefer the Lie-algebraic parameters
0, a:

a=c—-1=a->b, 0:=-c+2a=-1+a+b; 20)
a=(l+a+6)/2, b=(1-a+6)/2, c=1+a.
Here are the |F| and ,Fy equations in the Lie-algebraic parameters:
1
(zc?z2+(1+a—z)62—5(1+9+0{))f(z):0, (21)

2 2
(w253,+(- 1 +(2+0)w)6w+(#) - (%) )f(w) =0. (22)
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We introduce the |F| operator and the ,Fy operator:

Folz,d;) = ~202 — (1 +a - 2)0, (23)
= -7 %%,7'*"e %, (24)
Fo(z,0) = —w?02 — (= 1+ (2+8)w)d, (25)
= —w % G o, (26)

The |F; equation and the ,Fj equation can be interpreted as the eigenequation of
the corresponding operators:

(_Ta(z’ 61) - %(1 +60+ G’))f(Z) = 09 (27)
2 2
(o (122 -2 Jrw=o -

We will treat the ;F; confluent equation as the principal one.
Here are Kummer’s and Tricomi’s confluent functions in the Lie-algebraic pa-
rameters:

l+a+6
Foa(2) = 1P (=5 1+ a32), 29)
l+a+6 1
Fy .o ::F(—;l ;):—Fa , 30
0,a(z) = 1F1 > +tasz et ® (2) (30)
l+a+6 ~l-a- l+a+6 1-—a+6
Upalz) = U[————i1+asz| =27 3 2k : =27, 3D
2 2 2
We have four standard solutions of the ;F; equation:
FH,(I(Z) = EZF_H,Q(—Z), ~1 at 0; (32)
7 Fg,_o(2) =2 Y F_g —ao(-2), ~z7 % at 0O (33)
Ug,a(2) =2 "Us,-a(2), ~z ¢ at +oo; (34)
e*U_g,a(=2) = (-2)"“€*U-q,-a(-2), ~ (=)’ et at —co. (35)

2.5. Connection formulae

The space of solutions of the confluent equation is 2-dimensional. Therefore, the
Tricomi function for @ ¢ Z can be expressed in terms of Kummer’s functions via
the following connection formulae, whose derivation can be found in [28] and [2]:

_ T FH,Q(Z) Z_QFH,—(I(Z)
UH,Q(Z) - sinﬂa/(_ r (1+92—(z) + r (1+02+(1) )’ (36)
: Ca (| Feud () Fea(d)
e“U_g,o(-2) = sinn'cy( r (l_g_“) + = (1_§+Q) ) (37)
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2.6. Degenerate case

The case of integer « is called degenerate. For @« = m € Z we have the identity

1-m+6
(%) Fom(z) =27"Fg,-m(2). (38)
We also have additional integral representations:
1 t Z - -m-—1
o e'[1-- t dt:F—l+2a—m,m(Z)’ (39)
2mi t
[(z,0)*]
1
— / e (1 =)~ dt = 27" F_2aem,-m(2). (40)
2mi

[(0.1)*]
There are also corresponding generating functions

(1 - —) Zt F_ 1+2a—- mm(Z) (41)

mez

e (1=7"= 3" "7"F t2aim,-m(2): (42)

mezZ

The Tricomi function for @« =m € Z has a logarithmic singularity,

U@,m(z) =

_1\m+l m k=1)! 1+m+9
((1+)9 m)(Z( l)k l( )( k)' ) kZ_k

1+m+9

Z(m+ ).),(M) (”””6 j)—w(j+1)—w<j+m+1))zf). 43)

2.7. Relationship to the modified Bessel equation

The confluent equation for 6 = 0 is equivalent to the modified Bessel equation
(hence also to the Bessel equation),

V2

: 1
2277 e 2202 + (1+2v —2)0, — = =,
p

2
z=2r, a=2v. (44)

z 1
—v|z7Ver =3+ -0, — 1 -
r

The standard solutions of the confluent equation can be expressed in terms of
standard solutions of the modified Bessel equation, that is, the modified Bessel
function and the Macdonald function:
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1 r\" _ 1 rQv+1)(r\” _
I, =—|= " F -2 1;2r| = ——=| = "Foo, (2r), (4
(") F(v+l)(2) ¢ 1(”2 v r) T +1) (2) e Kooy (2r), (45)
@ . (1 1 1\ .
K, (r) = %€ 2F0(§+V,5—V,—, zr)—\/;@r)e Uo oy (2r). (46)

2.8. Bilinear integrals

Let us start with the usual bilinear integrals of Tricomi’s functions. The following
identities are known, and can be found e.g. in [4]] (where instead of Kummer’s
and Tricomi’s confluent functions the equivalent Whittaker functions of the first and
second kind are used). Since our paper contains many comparably long formulae,
it is convenient to introduce the notation

f.y)x(x o y) = flxy) £ f(y,x) (47)
for some expression f(x,y).
TueoreMm 1. For |R(a)| < 1, the following identities hold:

/ Ue],H(Z)UOZ,a(Z)e_ZZadZ
0
2 ( 1
1+ -a 1+0+a
P(=3=)r(=5+)

B (61 — 6,) sinra - (61 & 92))’ 0, # 6, (48)

and 1+0+a 1+0-a
® . Y (55) v (559)
Ug.o(z)?e %77z = — : 49
/O 6,1(Z) e "7 az smrroz( r(l+6§+(x)1—~(1+92—(t> ( )
In the special case a =0, we have
1+0 1+6;
= - 2 v(FH)-v(=)
U U “dz = , 01 #06,, 50
/0 0.0(2)Ue, 0(z)e”*dz 0 =0 () () 1 # 02 (50)
and 0o ' 1+_9)
/ Ugo(2)’e *dz = ——2—. (51)
0 r(%?)
Proof: By and (24), we have
6,-0 0
12 2/0 Ug,,a(2)Ug,,a(2)e *2"dz
= / ((62Z1+067262U91’U(Z))ng’a(Z) - U01,a(Z)aZZHaeiZaZUHZ,a(Z))dz
0
=lim(z"" ™ (Ugy.a(2)0:Us.a(2))): (52)

where the left-right derivative is defined by fdg = fdg — (0f)g. Then, using
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|R ()| < 1, the connection formula (36) and =~ =T'(1+z)['(1-z), we obtain (@8).
The formulae ®9), (50) and (5I) are obtained by applying the rule of de 1"Hopital.
O

The formulae (@8) and (@9) remain true for @ € C\Z if the integral is replaced
by the generalized integral. For o € Z, the generalized integral is anomalous. It can
be computed via dimensional regulatization.

THEOREM 2. Let a € Z. Then, the following identities hold:

gen/ Ue,,a(Z)Uez,a(Z)e_zZ“dz
0

(e (w(“Tl”)w(“@;“) . 92))

T 0,-6, F(1+912—|(1|)F(1+922+\(1|) = (6

|a|-1
(-D® O (1+6,—|a|\ (3+62—|a
+ 1+61+| a| 1+0,+| | Z 2 2 +k
r( 2 )T 2 ) = k la|-1-k

1 1+60, - 1 3+6,—
x (—w<|a| S —wk+ 1)+ EHk(IT'“') - 5H|a|_1_k(+'0" N k));
(53)

gen/ Ug.o(2)*e ?2%z
0

_ (-1)@ 1+0+]al\>  (1+6-]af 2+ (1+0+a
- or(Ltgte)p(ld-a) "\ T2 "\ 2 A

2 2
la|-1
146 O +uk+1
+w( * a) Z Y (e |1+9 )laT"l'(kJr )). (54)

Proof: The generalized integral (53) can be computed by dimensional regularization
as outlined in Appendix [A] to which we refer the reader for details on the general
scheme. By (34), the integrand is symmetric under @ < —a. Hence, it is sufficient
to determine the generalized integral for —a € N.

Actually, it is convenient to pull out a prefactor and determine the generalized
integral over the auxiliary function

1460, —«a r 1+6, -«
2 2

fla,2) = F( )U(Jl,a(Z)UHQ,(x(Z)e_ZZa- (55)

By (#8)

2 (F(l+9§ a) F(l+021—a) (56)

/ f(a' Z)dZ (6, — 6,) sin wa (1+92+a) - I—~(1+9]+") )

2

2
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For m € N, one then finds for the finite part (cf. Appendix [A)

(57)

fp/ooof(a,z)dz i

=D (1460, -m 1+6;+m 1+6,—m
e e I e N

Let us write

Flan2) = z“(r(“gT““)Ual,a(z))(F(HGT”“)U@,Q&)(Z). (59)

Recalling that @ < 0 one sees that negative powers in (59) come from one source:
the two terms in the brackets can be rewritten using the connection formulae (36])
and . This yields a sum of four terms, but three of them have at least a power
z~%. The only term which contains a singularity at z =0 is the product of

(~D* (A=) T (—a - k)
Fo,a(2) = Z C (60)
sinra k!
k=0
and
- 00 1 92 (l’) kr( — - k) o
o —Fa(-2) = kZ (61)
Therefore, if p < |a| = —a, the coefficient of f(a,z) at z*P is
( )_zpl (—DF(ZF)  (FF2) ,T(—a = T (—a = p + k) o
Jola L K (p — k) ©2)
(=P (FFE) (K - p+ k), T(—a = k)T (—a = p+ k)
-, T =B . (63)
k=0 PR
where we used (z)x = (=1)¥(1 =z —k); in the last step. Finally, we use
gen [ pema =t [ fladd] - ufu@) (64)
0 0 a=—-m a=-m

We next prove (54). Applying the rule of de I'Hopital to the first line of the
right-hand side of (53) we obtain

(- (l//(1+9+|a/|)2_w(1+9—|0/|)2+¢,,(1+0+a)+w,(1+0—a))
2T (L5t (252) 2 2 2 2 )
(65)
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Next we use

140—1lal\ (3+6-|al (=51
(Lot (sxoie ) L <66)
2 K 2 lal-1-k  —5— +k
to transform the last two lines of the right-hand side of (53) into
|a]-1
(=D* 1 (
= —y(laf = k) =y (k+1)
F(1+92+a)1—~(1+6)2 a) prd 1+6)2—|a| +k
1 1+6— | 1 3+6— |
+§Hk(T) EHlal_]_k(T-'-k . (67)
To simplify this sum, we use the following identity that can be proven inductively,
m—1
Hi(z 1, ,
> K(2) 5 (H1,(2) + Hy(2)°). (68)
= z+k

Namely, using (68) we obtain

|§1 Hk(1+92—\a|) _Hlal—lfk(3+62_|al +k)
1+0—|a|
Lo-lal 4 g

k=0 2
_'“"1(2Hk<—“";'“'>—mﬂ—“%“') -
e ]+02—|a| +k (]+92—|(z| +k)2
1+6-|a 1+6 -\ 1+6 -]\’ 146 - |a
o R e I e e I e
=0. (69)

O

Note that for special choices of the parameters 6, 6,, 6, the right-hand sides of

@3), @9), G0), G1), (33) and (34) may contain terms of the form O divided by O.

These special choices of parameters include the case when the Tricomi functions
reduce to (multiples of) Laguerre polynomials. We therefore treat this case separately
in the following section. We will show that the singularities are merely apparent
and that the right-hand sides of the mentioned equations also make sense for the
described special choice of parameters.

3. Laguerre polynomials
3.1. Basic properties

We start with a concise overview of basic properties of Laguerre polynomials.
They can be found in various sources such as [1, [28]].
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The Laguerre polynomials are traditionally defined by a Rodrigues-type formula

1
L3(2) i = etz ogne g (70)

=(- 1) Z( k!( n_)r;()k!z ) 1)

which is meaningful for all complex @ € C. For real @« > —1, the Laguerre
polynomials are one of the sets of classical orthogonal polynomials. Their natural
interval is [0,oc0[ and the weight is w(z) = e %z%.

Up to a normalization, Laguerre polynomials are special cases of confluent
functions

1+a),
L,‘f(Z)=( @) F(-n;1+a;z) (72)
n!
I'l+a+n
= %F—I—Q—Zn,a(Z) (73)
= (HZ‘) 2Fy(—n,—a —n;——z71) 74
1 n
= ( ) U_i—a- 2n, a/(Z) (75)
n!
Their generating functions are:
e (1 +1)7 = Z "LO(z), (76)
n=0
(1= ler=/=0 = 3" 1L (2), (77)
n=0
They have the integral representation
1
Ly (2) = — / e F(1+ ey, (78)
27i
[0*]
The value at 0 and behaviour at oo:
1), . Lo -
Loy =9y, L@ (ED7 (79)
n! z—o0 7N n!

For @ € N with a < n, we have [29]

(n)

L,"(z) =

Note that in this case, L, "‘(z) has a zero of order « at the origin.

(—2)Ly_,(2), a€eN, a<n. (80)

n—-a
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3.2. Bilinear integrals
The bilinear identity for standard integrals, which for real @ > —1 expresses the
orthogonality relations, is well known.
THEOREM 3. Let R(a) > —1. Then
® I'l+n+a
/ Ly (z)L,(z2)z%e *dz = %6,",". (81)
0 !

Proof: For completeness we sketch the proof. Assume without loss of generality
that m > n. Applying the Rodrigues formula for L$, and then integrating m
times by parts and using R(@) > —1, one obtains

/ Lﬁ,’l(z)L;’(z)z"e‘zdz:‘/ (0,e7%™ )L (z)dz (82)
0 0
1 [
= ( ? / e "IN Ly (z)dz. (83)
m: 0

Because m > n, we find 9"L;;(z) = (=1)"0,,,, with the Kronecker delta on the
right-hand side. Then the remaining integral is nothing but the integral representation
of T'(1+n+a). O

If we replace the integral on the left-hand side of (8I) with the generalized
integral, formula remains valid if @ € C\ —-N, because then the generalized
integral is nonanomalous and can be computed by analytic continuation.

TueoreMm 4. Let @ € C\ —N. Then (8I) remains true if we replace the usual
integral with the generalized integral.

The case of negative integer a is more complicated. The bilinear integral reduces
to the standard integral also for negative integer @ provided that both m and n are
not less than |a|.

TueoreM 5. Let @ € —N and m,n > |a|. Then (8I) remains true (in the sense
of usual integrals),

/ L2 ()L (2)2% % dz
0

Proof: By the identity

:F(1+n+cy)(S :(n—|a|)!

m,n

Ommn- (84)

n! n!

gen / L2 (2) L8 (2)2%e 2 dz
0

_ (m—la)(n —|a])! /°°
0

L' (L ()7 e2dz
m!n! m-|a| n-lal

Z o)
_(n |@|)-6

n!

mon- (85)
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For low degree Laguerre polynomials and negative integer @ we need anomalous
integrals.

THEOREM 6. Let —a € N, m,n € Ny such that |a| > n and, without loss of
generality, m > n. Then

0 o o o -z : (_1)a+n
gen/0 Ly (z) Ly (z)z%e *dz = alal=n—Dim—n)’ n<m, (36)
o _1\a+n+l
gen/ Lo(z)*z% ?dz = ‘(#d/(lal -n). (87)
0 n!(la| —n-1)!

Proof: Let us first consider the case m > n and |a| > n. We find

(o8]

© 1
gen/ LY (z)Le(2)z% *dz = —'gen/ (0™e 2™ ) LY (2)dz. (88)
0 m: 0

We may integrate the right-hand side by parts n+1 times, each time collecting the
regular value of the remaining integrand (cf. Appendix [A] for details). Thus

1 n+l

gen‘/0 Ly(z)Ly(z)z% “dz = — Z(—l)k rvo (0™ e 2z™ )0 L2 (2)). (89)

T k=1

Inserting the series expansions

|a|-m-1 00
ke (Y e Y ) Y (el = m = i1, (90)
J=0 Jj=lal-k
P LS (e = )ik
IILE(2) = (-1) }E Tk DT o1

i=

we obtain a triple sum

gen/ Ly (z)Ly(z2)z% *dz
0

man N+l la|-m-1 © n+l—k
:%ero(( + Z )Z - 1)J(|C¥| m=J)m-k

k=1 j=0 j=lal-k i=0

(lall - n)n—k—i+1 l+k |a\+]
in—i—k+D°

The regular value evaluated at O is then the coefficient for j = |@| — k —i. One
quickly finds that only the term i = 0 is nonzero, so actually, the regular value is
the coeflicient corresponding to j = || —k and i = 0. Hence we are left with the
single sum

92)
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_ (=1ymmHalk 5 (k= m) g (le] = e

m! P (la| = k)!'(n+1-k)!

(92)

__ (=pme Z‘ (m = k)!

S oml(lal=n =D)L (n+1-k)!

—1)te
= ) ; (93)
n!(la| —n—-1)!(m—n)
where in the last step we used an identity about telescoping series recalled in
Lemma [II
Now consider m =n < |a|. We again use the Rodrigues type formula. However,

we can now only integrate by parts n times, so that a simple generalized integral
survives,

gen/ (L;f(z))zz"e_zdz
0

= %(Z(_l)krvo ((an—ke—zznﬂx)ak—ng(Z» +gen/ e_zZ'HadZ). (94)
n: P 0

The remaining generalized integral is the regularized Gamma function, which is
treated as an example in [11],
(_1)(1+n

gen/ e*ZZn+adZ -__~ 7
0 (laf =n—1)!

The sum of regular values can be written as

n la|-n-1 oo n+l—k .
(X e X ) S el

(la| =) 14n—k—i itk—|a|+j
iMn—i—k+ )" - 08

In contrast to the case m > n, now there are two terms that contribute to rvg:
(j=la|-kAi=0) and (j=|a|-n—-1Ai=n+1-k). We obtain

o (=Dme S (n-k)! -k \ _
@D_”!(|a|—n—1)!z((n+l—k)!_(n+1—k)!)_O' O7

k=1
We thus proved (36). |

We may write down a “generalized Gram matrix” G(a) whose entries are the
bilinear generalized integrals over Laguerre polynomials. We have

G(a) = diag(W),

U(la| —n), n<|a|eN. (95)

aeC\-N, (98)
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and, for @ € —N,

0 1 la| -1 la| -
0 _nlely(a) (=plel (=blel
(lal-1)!0! (Ja|-1)! (lal-1)(Ja|-1)!
1 (=plel colelydal-n (!l
(la]-1)! (la]-2)!! (la]-2) (Ja]-2)!
G(a)= :
_ (=nlal (=p 'l ¥ (1)
|| =1 (lal-D(la|-D!  (Jal-2)(|a|-2)! 0!(la|-1)!
le| - - - : : : dlag((" |a|)')
In particular, all entries of the rows and columns O,...,|@|—1 are nonzero and the

sign of the entries of these rows and columns oscillates.

Integration by parts seems to be the simplest way to determine bilinear generalized
integrals of Laguerre polynomials. Alternatively, we can derive Theorems [4] [5] and [6]
from Theorem [2] using the fact that Laguerre polynomials are essentially special
cases of Tricomi functions. For Theorems [] and [3] this is easy. To derive Theorem [6]
we need to analyze certain seemingly singular expressions.

Alternative proof of Theorem [6f Let m,n € Ny and @ € Z. Let us show that

gen / Ly (2)Ly,(2)e “z%dz (99a)

0

(_1)m+n 0 e w
= Wgen ) U—l—a/—Zn,a/(Z)U—l—a—Zm,a(Z)e 7%z, m #n, (99b)
and
gen / Ly (2)%e™*2%dz (100a)
0
1 [se]

mwgn/ U-1-a-2n.a(2)’e 2%z (100b)

The generalized integrals of Tricomi functions given by Theorem [2] are seemingly
singular for the parameters in (99b) and (TI00D). However, these singularities are
merely apparent. To see this, we replace (99b) and (I00b) by the following limits:

—1)mtn 00
Il = L lim gen U—1—a—2n—25,a(Z)U—l—a—Zm—2e,(l(Z)e_ZZ(YdL m#n,
m!n!  €—0 0
(101)
— a 2 -z«
I = )2 llil})gen/o U_-1—a-2n-2¢,a(2)"€¢ *2%dz. (102)

To determine [;, we may without loss of generality assume that m > n. Note
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that
E 146 = al\ (3+6,]al
D) (e
k=0 k la|-1-k
1 1+0, - |a 1 3+6, - |a
x (—w(|a| s —w<k+1>+§Hk(IT") - EHM_]_k(ZT'Hk)) <o
(103)

for any values of the parameters because possible vanishing denominators of the
harmonic numbers are balanced by the Pochhammer symbol. Due to the I" functions
in the prefactor, see Theorem [2] this sum only contributes if —@ > m and —a > n.
In the cases where the sum does not contribute, we have

PR Gl
"7 2(m = nynim!
Y(-n—e)+y(-a—n—e) .
| TCa—n—orm—g ~mon. @20
X lim (104)
=0 |y(-n—€)+y(la| —n—e)

[y P p—— —(m o n), a<0,m2|al
Now we use
Y (2) k+1
% . =(-D"k! (105)
to obtain
0, a >0,
I = (—1)a+n (106)

, 0, m > |a|.
mn—wnl(al=n) ¢ <% m=lal

In particular, if @ <0 and both m,n > |a|, then I} =0.
Let us now assume that —a@ > m and —a > n (and still, m > n). Then

. (—1)emen (=1)"m!C(ja| = m) = (=1)"n!T(ja| - n)
b 2n!m!T (|| — m)I'(|a| — n) m-—n
la|-1
+ 3 (il =m+ k) a1k (Hic(=n) = Hig o1k (1 = m+ k)|, (107)
k=0
where
k-1 k-1
@eH(2) =) [ ] @+D. (108)

=0 1=0,1%j
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With similar manipulations as in the proof of Theorem [ and using Lemma [I] the
sum in the last line of can be simplified and we obtain the expression from
Theorem

The analysis of (102) is similar. We distinguish the three cases @ >0, (@ <0
An > |a|) and —@ > n. The sum in (54) only contributes if —a > n. To obtain
the limit, one needs to evaluate certain combinations of ¢’(z), ¥(z) and I'(z) at
negative integers. We derive the respective formulae in Lemma [2 O

A. Generalized integral
A.1. Definition

Let us recall from [11]] the definition of the generalized integral where the
integrand has a nonintegrable homogeneous singularity at 0.

DeriniTiON 1. We say that a function f on |0, co[ is integrable in the generalized
sense if it is integrable on |1,c0[ and there exists a finite set  c C and complex
coefficients (fx)req such that

RN (109)
keQ

is integrable on ]0,1[. The set of such functions is denoted . For f € F we
define

gen/()oof(r)dr =y k{f] +/01 (£ - kark)dr+/loof(r)dr. (110)

keQ\{-1} keQ

Note that the set {k € Q|R(k) < —1} and the corresponding f; are uniquely
determined by f. It is convenient to allow k with R (k) > —1. The generalized
integral of f does not depend on the choice of Q.

It is clear that the generalized integral extends the standard integral

gen/ooof(r)dr = /Ooof(r)dr for f e L']0, col. (111)

The generalized integral is in general coordinate dependent. As was proved
in [11]], the generalized integral is invariant under scaling if and only if f_; =0, and
invariant under a large class of a change of variables if f; =0 for every negative
integer k.

Derinition 2. The generalized integral (I10) is called anomalous if there exists
n € N such that f_, # 0.

A.2. Integration by parts

DeriniTiOoN 3. We say that F € G if F is a measurable function on [0, o[,
bounded on [1,co[ and there exists a finite set ® c C and complex coefficients
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(Fi)ree and ¢ € C, such that

F(r) - ZFkrk —clnr (112)
ke®
has a limit as r — 0. For F € G we define the regular value of F at 0,
v F = lim (F(r)— > Fkrk—clnr). (113)
r\,0
ke®\{0}

Note that given F the coefficients F; for k € ® such that R(k) <0, k #0, as
well as ¢, are uniquely defined. Hence (113) depends only on F.

Prorosition 1. Let f € F and r > 0. Then

Foy=- [ sy (114
belongs to G and

gen/oof(y)dy =—rvo F. (115)
0

Proof: Tt is clear that F is bounded on [1,co[ because f € F. Let 0 <r < 1.

Then
[ roas= [ (F0) = X fir* )y e [ o

keQ
+ Z %(l—rk”)—f_llnr (116)
keQ\{-1}
=gen/ f(y)dy—/ (£ = X fir*)ay
0 0 keQ
-y S g _
r f-1Inr. (117)
keQ\{-1} k+1

The second term in (L17) goes to zero as r \, 0. After pulling the last two terms
to the left-hand side, we may thus perform the limit » N\, 0. We obtain (II3). O

CorOLLARY 1. Let f, g be measurable functions and suppose that fg’',gf € F,
and that lim,_,, f(r)g(r) =0. Then

gen / (g’ (r)dr = —gen / F(R)g(r)dr = vo(f5). (118)
0 0
Proof: Clearly, (fg)' = fg'+ f’g, hence (fg)’ € ¥. Moreover
F(rg(r) = - / (Fg)' (y)dy. (119)

Therefore, it is enough to apply (I13) to F = fg. O
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A.3. Dimensional regularization

We briefly recall from [11] how the generalized integral can be computed using
dimensional regularization.

Let N €N and let f:]0,00[x{a € C|R(a) >—-N -1} - C be a function such
that f(r,-) is holomorphic for each r, [|f(,@)|l;1}; o is bounded locally uniformly

in @, and there exist holomorphic functions fy,..., f;y of @ such that the Ll]O, 1]
norm of f(r,a)— Zf:’: o™ fu(a) is bounded locally uniformly in @. Then f(-,a)
is integrable in the generalized sense, and for —a ¢ {1,..., N} one has

gen'/O f(r,a)dr

(@) [ N -
:;a+—na;-1+/0 (f(r,a)—Zr fn(a/))dr+/1 f(r,a)dr. (120)

n=0

By Morera’s theorem, the right-hand side is, away from the poles at —1,...,—N,
a holomorphic function of @. Therefore, to obtain (I20) in the nonanomalous case
it is enough to compute (I20) in the region where the usual integral is convergent
and continue analytically.

Let m € {1,...,N}. The right-hand side of (120) has a simple pole at @ = —
with residue f,,_;(—m) (possibly zero). Its finite part is

fip gen/wf(r,a)dr = lim (gen/wf(r,a)dr— Jma Em) ) (121)
0 a——-m 0

a—-m a+m

To recover the generalized integral at @ = —m, one also needs to subract a finite
term,

gen/()oof(r, —m)dr = fp gen‘/f(r,a)dr—f,;_l(—m). (122)

a——-m

B. Two useful lemmata

We prove several identities that have been used in the computation of generalized
integrals.

LemMma 1. We have
1)
Z<a>k @+ (123
which implies for m,n € N, m > n,

n+l
Z (m—k)! =m_! 1 ‘ (124)
= (

n+l-k)! n'm-n
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Proof: The first identity follows from a standard telescoping sum argument. The
second identity follows from the first by setting a = m — n. O

LemMmA 2. For n € Ny, we have

¥’ (2) e V() -y _ .
roe_, = (n!)*, and —F(Z) . = (=1)"2nly (1 +n). (125)
Proof: Let z € C\ —Ny. It is easy to verify that for n € N, we have
W@ e @rn) S (@)
T2 - ((2)n) TG a2 +Z PP (126)

j=1
The first identity now follows from taking the limit z — —n. The proof of the
second identity works similarly. We first check that

v () -y ()? W (z+n) —¢(z+n)? Y (z+ )
RO +2;(Z)j_l—F(z+j)' (127)

The claim then follows by taking z — —n, using

_y(e) —y(e)?

1 =2y (1 12
lim == w(D) (128)
and standard identities satisfied by ¥(z). O
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