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Abstract

For a class of negative slowly decaying potentials, including V (x) := —y|x|™* with 0 < u < 2, we
study the quantum mechanical scattering theory in the low-energy regime. Using appropriate modifiers of
the Isozaki—Kitada type we show that scattering theory is well behaved on the whole continuous spectrum
of the Hamiltonian, including the energy 0. We show that the modified scattering matrices S(1) are well-
defined and strongly continuous down to the zero energy threshold. Similarly, we prove that the modified
wave matrices and generalized eigenfunctions are norm continuous down to the zero energy if we use
appropriate weighted spaces. These results are used to derive (oscillatory) asymptotics of the standard
short-range and Dollard type S-matrices for the subclasses of potentials where both kinds of S-matrices
are defined. For potentials whose leading part is —y |x| ™" we show that the location of singularities of the
kernel of S()\) experiences an abrupt change from passing from positive energies A to the limiting energy
A = 0. This change corresponds to the behaviour of the classical orbits. Under stronger conditions one can
extract the leading term of the asymptotics of the kernel of S()) at its singularities.
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1. Introduction and results

Scattering theory of 2-body systems, both classical and quantum, both short- and long-range,
is nowadays a well understood subject [4,13,15,18,19,31,32]. In particular, for large natural
classes of potentials we know a lot about the properties of wave and scattering matrices at posi-
tive energies. Zero — the only threshold energy — in most works on the subject is avoided, since
scattering at zero energy is much more difficult to describe and strongly depends on the choice
of the potential.

In this paper we consider a class of potentials that have an especially well behaved, nontrivial
and interesting low energy scattering theory. Precise conditions used in our paper are described
in Section 2. Roughly speaking, the potentials that we consider have a dominant negative radial
term Vi (x) similar to —y|x|™* with y > 0 and 0 < u < 2, plus a faster decaying perturbation.

Similar classes of potentials appeared in the literature already in [10]. A systematic study
of such 2-body systems at low energies was undertaken in [8], where a complete expansion of
the resolvent at the zero-energy threshold was obtained, and in [6], where classical low-energy
scattering theory was developed. This paper can be viewed as a continuation of [6,8].

In this paper we show that quantum scattering theory for such potentials is well behaved down
to the energy zero. In particular, we study appropriately defined modified wave and scattering
matrices for a fixed energy. We show that they have limits at zero energy. Our results were partly
announced in [5].

Let us mention also our recent paper [7], where some closely related results about the zero-
energy scattering matrix are proven for a class of radial potentials. [7] and this paper can be
viewed as companion papers, even though they can be read independently.

For positive energies most (but probably not all) of our results are contained in the literature,
scattered in many sources [13,15,18,19,31,32]. Almost all our material about the zero energy
case is new.

In the introduction we will first review scattering for positive energies for a rather general
class of potentials. Then we will describe a simplified version of the main results of our paper,
which concerns scattering at low energies for a more restrictive class of potentials.

1.1. Classical orbits at positive energies

For the presentation of known results about positive energies we assume that the potentials
satisfy the following condition:



J. Derezinski, E. Skibsted / Journal of Functional Analysis 257 (2009) 1828-1920 1831

Condition 1.1. V = V| + V3 is a sum of real measurable functions on R such that V; is smooth
and for some u > 0,

VI(x)=0(jx|7*71*), ol >0, (L.1)

V3 is compactly supported and V3(Ho+ 1)~! is a compact operator on the Hilbert space L?(R?).
Here Hy := 2~ p? with p := —i V,.. The Hamiltonian H = Hy+ V does not have positive eigen-
values.

Let us first consider the classical Hamiltonian /1 (x, &) := %é 2 4 Vi(x) on the phase space
R? x R4, using ho(x, &) := %S 2 as the free Hamiltonian. (The analysis of the classical case is

needed in the quantum case.) One can prove that for any & € R¢, & 0, and x in an appropriate
outgoing/incoming region the following problem admits a solution (strictly speaking, meaning
one solution for t — 400 and one for t — —o0):

V() ==VVi(y@)),
y(£1) =x, (1.2)
& =1im; . £o0 Y (2).

One obtains a family y*(z, x, ) of solutions smoothly depending on parameters. All (positive
energy) scattering orbits, i.e. orbits satisfying lim;_, + o | y(¢)| = 00, are of this form (the energy
isA= %5 2). Using these solutions, in an appropriate incoming/outgoing region one can construct
a solution ¢ (x, £) to the eikonal equation

1 1
S (Ved (6. 9) + Vi) = 2¢7 (1.3)

satisfying V,¢* (x, £) = y(£1, x, £).
1.2. Wave and scattering matrices at positive energies

Let us turn to the quantum case. Following Isozaki—Kitada, see [18,19,25,31], one can use the
functions ¢+ (x, £) in the quantum case to construct appropriate modifiers, which can be taken
to be

JEF() = n) f T OTIEY g ( £) f(y) dy dE. (1.4)

Here a™ (x, £) is an appropriate cut-off supported in the domain of the definition of ¢, equal to
one in the incoming/outgoing region. Then one constructs modified wave operators

WEf = lim e'fy¥e Mo f  feC (RY\({0}), (1.5)

t—+00

and the modified scattering operator

S=WT*wW~. (1.6)
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We remark that W are isometric with range given by the projection onto the continuous spec-
trum of H

1e(H)L*(R?) = 11,000 (H)L*(RY).

(Whence S is unitary.)

Throughout our paper the modified wave operators W and the modified scattering opera-
tors S defined using certain well chosen modifiers will be the main object of study. In what
follows we will call them simply wave and scattering operators, dropping the word modified.

The free Hamiltonian Hj can be diagonalized by the direct integral

o0

Hozf@Lz(Sd_l)dA, (1.7)
0
Fo) f(w) = 204214 f(V2rw),  feL*(RY). (1.8)

Here f refers to the d-dimensional Fourier transform. The operator Fy(X) can be interpreted
as a bounded operator from the weighted space L%$(RY) := (x)SL2(RY), s > %, to L2(S471.
One can ask whether the wave and scattering operators can be restricted to a fixed energy A.

This question is conceptually simpler in the case of the scattering operator S. Due to the
intertwining property, W* Hy = HW¥ it satisfies S Hy = HyS, so abstract theory guarantees the
existence of a decomposition

S~ f eS(A)da,
10,00[

where S(A) are unitary operators on L2(59~1) defined for almost all 1. One can prove that, under
Condition 1.1, S(1) can be chosen to be a strongly continuous function (which fixes uniquely
S(A) for all A € ]0, oo[). S(A) is called the scattering matrix at the energy A.

The case of wave operators is somewhat more complicated. By the intertwining property it
is natural to use the direct integral decomposition (1.7) only from the right and the question is
whether we can give a rigorous meaning to W+ Fo(1)*. Again, under Condition 1.1 one can show
that there exists a unique strongly continuous function 10, oo[ 3 A — W (1) with values in the
space of bounded operators from L2(S971) to L>~5(R?) with s > £ such that for f € LS (R?)

WEf= / WE)For) f da.
10,00[
The operator WE (1) is called the wave matrix at energy . One can also extend the domain

of WE(%) so that it can act on the delta-function at w € S¢~!, denoted §,,. Now w*(w, A) :=
W=()8,, is an element of L ~P (R%) for p> %. It satisfies

(—%A+V(x)—k>wi(w,k):0. (1.9)
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It behaves in the outgoing/incoming region as a plane wave. It will be called the generalized
eigenfunction of H at energy A and at asymptotic normalized velocity w; this terminology is
justified in Section 1.5.

1.3. Short-range wave and scattering operators

Let us recall that in the short-range case, that is i > 1, the standard definitions of wave and
scattering operators are

WEf .= t_l)igooei’He_i’HOf, (1.10)

Ssri= WI*W . (1.11)

We will call WsjrE and S the standard short-range wave and scattering operators. They differ from
W= and S by a momentum-dependent phase factor:

+ + iyE
WE = wEel Vs ) (1.12)

S = e—iW;F(P) Ssrei Ve () (1.13)

Note that WSjIF and Sy, are canonically defined given the potential V, whereas W, S are not.
They depend on the phase functions ¢, which are non-canonical. Nevertheless, we will see
that W and S have better properties in the low energy regime than WsjrE and S;.

1.4. Dollard wave and scattering operators

Similarly, in the case pu > % one can use the so-called Dollard construction:

Wierf = lim e Ugor (1) £, (1.14)
Ugor (1) := e o 0?24V EP spizro) &5 Ry < (1.15)
Sdol 1= W3 W . (1.16)
Analogously, we have
WE = WE e Vaa(P), (1.17)
S = e Vi) selVaa P (1.18)

Dollard wave and scattering operators are non-canonical (they depend on Rg). Again, W+
and S have better properties in the low energy regime than de[01 and Sqo1-
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1.5. Asymptotic normalized velocity operator

We mentioned above that the main objects of our study, W+ and S are non-canonical, given
the potential V. This does not mean that they have no physical content. The operator W= is an
element of the family of incoming/outgoing wave operators, and S is an element of the family
of scattering operators, which are canonically defined. In this subsection we briefly describe
a possible definition of these families, following essentially [3,4].

Suppose that V satisfies (1.1) (or even much weaker conditions). Then it can be shown that
there exists the following operator:

' o X
vEi=s— lim +e''fge M1 (H), i=-—.
t—+o00 x|

(1.19)

vT can be called the asymptotic normalized velocity operator. It is a vector of commuting self-

adjoint operators (on the space 1.(H YL2(RY)) satisfying
(V) =1.(H),  [v5, H]=0. (1.20)

We say that W= is an outgoing/incoming wave operator associated with H if it is isometric and
satisfies

WEHy=HW?, WEp=vEWT, (1.21)

where p = & € Sa a Visasca ering operator iff it is o € 10orm V V- Oor some wave
here p = £.. We say that S ttering operator iff it is of the form W *W~ f

Ipl”
operators W¥.

Note that if Wli and Wzi are two wave operators associated with a given H, then there exists
a function ¥* such that

Wit = Wikl V™), (1.22)

Therefore, scattering cross sections |S(1)(w, @’ )2, which are usually considered to be the only
measurable quantities in scattering theory, are insensitive to the choice of a scattering operator.

It is easy to show that W, W§, Wil are all wave operators in the sense of the above defini-
tion. Likewise, S, S, Sdo1 are all scattering operators in the sense of the above definition.

Clearly, the standard short-range wave and scattering operators WS:rt, Ssr are canonically dis-
tinguished. However their definition is possible only if u > 1. In the long-range case, u < 1,
apparently there are no distinguished wave and scattering operators. Therefore in the long-range
case the families of wave and scattering operators as defined above seem to be the natural basic
objects of scattering theory.

Nevertheless, as we will show in our paper, the operators W, § that we consider are useful
also in the short-range case, even though they are non-canonical.

Let us remark in parenthesis that in the case of scattering on [0, oo, every unitary operator
commuting with Hy is a scattering operator according to our definition. Therefore, our definition
of a scattering operator is not very interesting in this case. On R?, however, the families of wave
operators and scattering operators defined above constitute nontrivial and interesting families of

operators.
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1.6. Low-energy asymptotics of classical orbits

In the remaining part of the introduction we consider a more restricted class of potentials. To
simplify the presentation, in this introduction let us assume that the potential takes the form

V(x)=—ylx|™* + O(]x|7*7°), (1.23)

where pn € 10,2[ and y,e > 0. For derivatives, assume that PV + y|x|™H) =
O (|x|~#—<~IAly. Compactly supported singularities can be included.

Let us note in parenthesis that in all our results, even though we suppose that the dominant part
of the potential is radial, we allow for a non-radial perturbation. This lack of radial symmetry
requires additional technical complications as compared with the radial case in some of our
arguments, especially in [6]. We are convinced, however, that our results are interesting also in
the purely radial case.

For potentials satisfying (1.23) we would like to extend the results described in Section 1.1
down to the energy A = 0. To this end we change variables to “blow up” the discontinuity at
A = 0. This amounts to looking at £ = v/2Aw as depending on two independent variables A > 0
and w € S9~1. It is proven in [6] that for any w € S¢~!, A € [0, oo[ and x from an appropriate
outgoing/incoming region there exists a solution of the problem

§(t) = —VV (1)),
A=10F+ V@),
y(£D =x,
w==%1lim; s 400 y(1)/y(0)].

(1.24)

One obtains a family y* (¢, x, w, A) of solutions smoothly depending on parameters. All scatter-
ing orbits are of this form. Using these solutions one can construct a solution ¢ (x, @, 1) to the
eikonal equation

%(qubi(x,a),)\))z—l— V(x)=A (1.25)

satisfying Vx¢i(x, w,A) =y(£l,x,w, 7).
1.7. Low-energy asymptotics of wave and scattering matrices

In the quantum case, we can use the new functions qbi(x, w, A) in the modifiers J +. which
lead to the definitions of the wave operators W and the scattering operator S. We can also
improve on the choice of the symbols a™ (x, £) by assuming that in the incoming/outgoing region
they satisfy the appropriate transport equations.

The first main new result of our paper concerns wave operators and their corresponding wave
matrices and is expressed in Theorems 6.5, 6.6 and Corollary 6.7. Its simplified version can be
stated as follows:

Theorem 1.2. There exists the norm limit of wave matrices at zero energy:

WE(0) = lim W ()
ANO

in the sense of operators in B(L*>(S9™), L>75(R%)), where s > % + %.
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The operator W¥(0) can be called the wave matrix at zero energy. We can introduce
wE(w,0) := WF(0)8,, called the generalized eigenfunction of H at zero energy and fixed
asymptotic normalized velocity w. It belongs to the weighted space L>~7(R?) where p >
% + % — ‘%‘. We shall also show weighted L?-bounds on its w-derivatives.

It is interesting to note that the behaviour of the generalized eigenfunction w™ (w, 0) depends
strongly on the dimension. In dimension 1 it is unbounded, in dimension 2 it is almost bounded
and in dimension greater than 2 it decays at infinity (without being square integrable).

The next main result of our paper concerns scattering matrices. It is given in Theorem 7.2. Its

simplified version reads:

Theorem 1.3. There exists the strong limit of scattering matrices at zero energy

S(0) =s-lim S(A)
ANO

in the space B(L2(S9~YY). This limit S(0) is unitary on L%(s4—1.

We remark that neither W()A) nor S(A) are smooth in A > 0 at the threshold 0, which can
seem somewhat surprising given the fact that the boundary value of the resolvent R(A +10) =
(H — > —i0)~! (interpreted as acting between appropriate weighted spaces) has this property
(see [2] for explicit expansions in the purely Coulombic case).

1.8. Geometric approach to scattering theory

There exists an alternative approach to scattering theory, based on the study of generalized
eigenfunctions. It allows us to characterize scattering matrices by the spatial asymptotics of gen-
eralized eigenfunctions. It was used in particular in Vasy [26] or [27, Remark 19.12]. We shall
study this approach, including the case of the zero energy, in Section 8.3.

1.9. Low energy asymptotics of short-range and Dollard operators

Let us stress again that the existence of the limits of wave and scattering matrices at zero
energy is made possible not only by appropriate assumptions on the potentials, but also by the use
of appropriate modifiers. Wave matrices WsjrE (1) defined by the standard short-range procedure,
as well as the Dollard modified wave operators ij)l (1), do not have this property. They differ
from our W* () by a momentum dependent phase factor that has an oscillatory behaviour as
A N\ 0. In particular,

WEG) = WEG) exp(i0(AIH)), 1<p<2; (1.26a)
WE ) =WEQexp(O(A " 2InA)), p=1; (1.26b)
WE () = WEG) exp(i 0(127 7)), % <p<l. (1.26¢)

By Theorem 1.2, we can replace W) with W*(0) in (1.26a), (1.26b) and (1.26¢). Thus
study of W gives asymptotics of more conventional kinds of wave operators: Wsjf and Wcil.
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We remark that scattering theory for slowly decaying potentials at low energies in the 1-
dimensional setting was studied in [28] (for both negative and positive potentials). In particular,
an oscillatory behaviour similar to (1.26a) was proved in dimension 1 in [28]. Thus applied to
radially symmetric potentials our results concerning the low energy asymptotics of wave matrices
have an overlap with [28]. The asymptotics (1.26b) and (1.26c) seem to be new.

1.10. Location of singularities of the zero energy scattering matrix

A recurrent idea of scattering theory is the parallel behaviour of classical and quantum sys-
tems. One of its manifestations is the relationship between scattering orbits at a given energy and
the location of singularities of the scattering matrix.

In the case of positive energies the relationship is simple and well-known. To describe it note
that scattering orbits of positive energy have the deflection angle that goes to zero when the
distance of the orbit to the center goes to infinity. In the quantum case this corresponds to the fact
that the integral kernel of scattering matrices S(1)(w, @) at positive energies A are smooth for
 # ' and has a singularity at v = o'.

This picture changes at the zero energy. For potentials considered in our paper, the deflec-
tion angle of zero-energy orbits does not go to zero for orbits far from the center. The angle of
deflection is small for small © and goes to infinity as p approaches 2.

For the strictly homogeneous potential, V (r) = —yr~*, one can solve the equations of motion
at zero energy. The (non-collision) zero-energy orbits are given by the implicit equation (in polar
coordinates)

—1+4
t 2
sin(l = ﬁ)e(z)z (Q> , (1.27)

see [6, Example 4.3]. Whence the deflection angle of such trajectories equals — % In particular,
for attractive Coulomb potentials it equals —, which corresponds to the well-known fact that in
this case zero-energy orbits are parabolas (see [23, p. 126] for example).

One of the main results of our paper is a quantum analogue of this fact:

Theorem 1.4. The integral kernel of the zero-energy scattering matrix S(0)(w, @) is smooth
away from w, @ satisfying w - @' = cos ZM_HM-

We note that for the attractive Coulomb potential this result can be proven using known for-
mulas (which can be found e.g. in [30]). In fact, in this case one can compute that S(0) =¢e'“P,
where (P1)(w) = t(—w), as well as the following asymptotics

Sdol()“) — ei)n_l/Z{Cl lnA+C2+0(A0)} (P + 0(}\0)) (1 28)

Note that Theorem 1.4 implies that the scattering cross section at zero energy |S(0)(w, @’ )2

. . !/ MU
can have a singularity only at w - " = cos e

1.11. Kernel of S(0) as an explicit oscillatory integral

s ., - . T
Inthecase V = —y x| *+ O(|x| —1=3 ), € > 0, it is possible to represent the distributional
kernel of the scattering matrix S(0) (modulo a smoothing term) in terms of a fairly explicit
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oscillatory integral. This provides an alternative way to prove Theorem 1.4 on the location of
singularities of the scattering matrix — given the stronger conditions on the potential (we remark
that our proof of Theorem 1.4 is rather abstract, see Section 1.13).

Let us remark that in [7], which can be viewed as a companion paper to this one, we present an
independent study of the zero-energy scattering matrix for the class of radial potentials satisfying

123
V=—yr#*40 (r_l_ 27°), € > 0. Using the 1-dimensional WKB-method, [7] gives an explicit
formula for S(0), up to a compact term.

1.12. Generalized eigenfunctions
A solution of the equation
(—A4+ V@) —2)u=0 (1.29)

in (J, L%~ (R?) will be called a generalized eigenfunction with energy A. One of our results
says that each generalized eigenfunction with positive or zero energy is of the form W*(1)t,
where 7 is a distribution on the sphere S~

Such generalized eigenfunctions are never square-integrable. A rough method to describe their
behaviour for large x is to use weighted spaces L>*(R?) with appropriate s. A more precise
description is provided by the so-called Besov spaces. One of our results says that the range
of (incoming and outgoing) wave matrices can be described precisely by an appropriate Besov
space. One can also describe quite precisely their spatial asymptotics. In the case of zero energy,
these results are new.

1.13. Propagation of singularities for zero-energy generalized eigenfunctions

It is well known that some of the properties of solutions of PDE’s of the form P(x, D)u =0
can be explained by the behaviour of classical Hamiltonian dynamics given by the principal
symbol of P. One of the best known expressions of this idea is Hormander’s theorem about
propagation of singularities.

Similar ideas are true in the case of Schrodinger operators. This is well understood for positive
energies. In the case of zero energy a similar analysis is possible. It has an especially clean
formulation if we assume that the potential is V (x) = —y|x|™#. Under this condition, the set of
orbits of the classical system given by h(x, §) is invariant with respect to an appropriate scaling.
This allows us to reduce the phase space.

In the quantum case, we introduce an appropriate concept of a wave front set adapted to the
solutions to (1.29), different from Hormander’s. One of our main results describes a possible
location of this special wave front set for solutions to (1.29) for A = 0 — the statement is very
similar to the statement of the original Hormander’s theorem:; it is used in a proof of Theorem 1.4.

1.14. Sommerfeld radiation condition

Another of our main results is a version of the Sommerfeld radiation condition for zero ener-
gies. It says that given v in a certain weighted space a solution u of the equation (H — A)u = v
satisfying appropriate outgoing/incoming phase space localization is always of the form u =
R(A £i0)v.
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This somewhat technical result has a number of interesting applications. In particular, we use
it in our proof that S(0) can be expressed in terms of an oscillatory integral, and also in the
description of the asymptotics of generalized eigenfunctions at large distances.

1.15. Organization of the paper

The paper is organized as follows: In Section 2 we impose conditions on the potential. In
the case we allow the potential to have a non-spherically symmetric term we shall need certain
regularity properties of the leading spherically symmetric term. These properties are stated in
Condition 2.2; they are fulfilled for the example (1.23) discussed above.

In Section 3 we describe and extend some of results from our previous papers. In particular,
we recall the construction of scattering phases in [6] (given there under the same conditions). We
describe and to some extend the study of the properties of these objects.

In Section 4 we recall various microlocal resolvent estimates from [8] (slightly extended). We
also introduce the concept of the scattering wave front set adapted to energy zero. We give its
applications, in particular a result about the Sommerfeld radiation condition at zero energy.

In Section 5 we describe the modifiers used in our paper. They are given by a WKB-type
ansatz, which involves solving transport equations.

In Section 6 we introduce wave operators and wave matrices. We describe their low-energy
asymptotics.

In Section 7 we introduce scattering operators and matrices. We analyse their low-energy
asymptotics.

In Section 8 we study properties of generalized eigenfunctions for non-negative energies.

In Section 9 we restrict our attention to potentials of the form (1.23). We show the classical
rule, w - @' = cos ﬁn, for the location of zero-energy singularities (cf. Theorem 1.4). We also
show a “propagation of scattering singularities result”, see Proposition 9.1, on generalized zero-
energy eigenfunctions. Under stronger conditions than (1.23) we represent the kernel of S(0) as
an explicit oscillatory integral.

In Appendix A we present, in an abstract setting, various elements of stationary scattering
theory used in our paper.

2. Conditions

We shall consider a classical Hamiltonian 4 = %5 21+ V onR? x R? where V satisfies Con-
dition 2.1 (in classical mechanics we can take V3 = 0) and possibly Condition 2.2 (both stated
below). Throughout the paper we shall use the non-standard notation (x) for x € R¢ to denote
a function (x) = f(r); r = |x|, where here f € C*°([0, oo[) is taken convex, and obeys f = %
forr < % and f = r for r > 1. We shall often use the notation £ = x/r for vectors x € R? \ {0}.
Let L2 = L25 (Ri) = (x)_st(Rff) for any s € R (the corresponding norm will be denoted
by || - IIs). Introduce also L>~%®(= L>~®°(R?)) = | J, g L** and L>* = (,.g L**. The no-
tation F'(s > €) denotes a smooth increasing function = 1 for s > %e and =0 for s < %e;
F(-<e€):=1— F(- > ¢€). The symbol g will be used extensively; it stands for the function

g(r) =+/21 —2Vi(r) (for Vi obeying Condition 2.1 and A € [0, oo[).

Condition 2.1. The function V can be written as a sum of three real-valued measurable functions,
V = Vi + Vo 4+ V3, such that, for some u € 10, 2[, we have:
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(1) Vi 1s a smooth negative function that only depends on the radial variable r in the region
r > 1 (thatis Vi(x) = Vi(r) for r > 1). There exists €; > 0 such that

Vi) < —eir ™", r>1.
(2) Forall y € (NU {0})? there exists C y > 0 such that

)Y v < 6.
(3) There exists €; > 0 such that

rVin) < —Q—-énVi(r), r=1. 2.1
(4) V, = Vh(x) is smooth and there exists €3 > 0 such that for all y € (NU {O})d
ety vy (o] < ¢,

(5) V3 = V3(x) is compactly supported.

The following condition will be needed only in the case V, # 0:

Condition 2.2. Let V; be given as in Condition 2.1 and o := ﬁ There exists €; >
max(0, I —a(u + 2¢€>)) such that
r 2
1
limsupr_IVf(r)<f(—2V1(p))_7 dp> <47 (1-¢}), (2.2)
r—00
1
r 2
1
lim sup v{/(r)( / (=2Vi(p)) 2 dp) <47 1(1-8). (2.3)
r—0o0
1

We notice that (2.1) and (2.2) tend to be somewhat strong conditions for u &~ 2. On the other
hand Conditions 2.1 and 2.2 hold for all €5 > 0 for the particular example V| (r) = —yr~* (with
€1=vy,€=2—pandsome €] <1 —aw).

In quantum mechanics we consider H = Hy 4+ V, Hy = %pz, p=—V,on H= LZ(]Rd),
and we need the following additional condition. Clearly Condition 2.3(1) assures that H is self-
adjoint. For an elaboration of Condition 2.3(2), see [8]; it guarantees that zero is not an eigenvalue
of H. Condition 2.3(3) is included here only for convenience of presentation; with the other
conditions there are no small positive eigenvalues, cf. [8].

Condition 2.3. In addition to Condition 2.1
(1) Va(Hy+1 lisa compact operator on L2(RY).

(2) H satisfies the unique continuation property at infinity.
(3) H does not have positive eigenvalues.
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3. Classical orbits

In this section we recall and extend the results of [6] about low energy classical orbits that we
will need in our paper.

3.1. Scattering orbits at positive energies

We introduce for R > 1 and o > 0
I, @={yerR!|y-0>0 -0yl Iy >R}y wes'™,
i, ={0.0eR!x $47 | y e g ().

Lemma 3.1. Suppose that Vi satisfies (1.1). Let o € )0, 2[. Then there exists a decreasing func-
tion 10, 00[ A — Ro(X) such that for all |&| > ~/2A and x € FI};(A) (&) there exists a unique

solution y(t) =y (t, x, &) of the problem (1.2) such that y(t) € Flg;()\)’a(é)fort > 1. If we set

Fr(x,6):=y"(1,x,8),
then rot, F™(x, &) =0.

For any & # 0 we let A = 2712 o =§ and R = Ro(A). For (x, w) € F;’G we choose a path
(0,113l y() € F;U(a)) such that y(0) = Rw and y (1) = x. We set

1
¢ (x,8) = / Fr(y(1), v2hw) - %dl ++/2XR.

0

Note that ¢ (x, &) does not depend on the choice of the path y. For instance, we can take the
interval joining these two points and then

1
ot (x,&) = (x — Rw) - / FT(I(x — Rw) + Ro, v2)0) dl + V2R, (3.1)
0

Another possible choice is the radial interval from Rw to |x|w and then the arc towards x:

x|

¢+(x,§)=fF+(lw,\/ﬁw)-wdl

R
arccos w-x d
+ f F (1 v /2000) - |x|% do + V20R, 3.2)
(07
0
X—w w-X

where v, := cosaw + sin« =,
1—(w-%)2
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The phase function constructed above essentially coincides with the Isozaki Kitada (outgoing)
phase function, cf. [16], [18, Definition 2.3] or [4, Proposition 2.8.2]. In particular, for any & # 0,
there are bounds

O (¢ (x. &) —& - x)=0(Ix|>"")  for |x| > o0, §>max(l1 —pu,0). (3.3)
These bounds are not uniform in & # 0, they are however uniform on compact subsets of R?\ {0}.
3.2. Scattering orbits at low energies

Let us now recall some results about scattering orbits taken from [6].

We assume Conditions 2.1 and 2.2 (only Condition 2.1 if V> = 0). The fact that our Con-
dition 2.1 includes a possibly singular potential V3 is irrelevant for this subsection since by
assumption this term is compactly supported. More precisely we just need to make sure that the
Rp > 1 in Lemma 3.2 stated below is taken so large that V3(x) = 0 for |x| > Ry, then [6] applies.
Lemma 3.2. There exist Ry > 1 and o¢ > 0 such that for all R > Ry and for all positive
o < og the problem (1.24) is solved for all data (x,w) € F;G and A > 0 by a unique func-

tion y¥(t,x,w, ), t > 1, such that y*(¢t,x,w, ) € FIQLU (w) for all t > 1. Define a vector field
Ft(x,w,\) on FI;;’UO(a)) by

Ftx,o, )=yttt =1;x,0,1). (3.4)
Then
rot, F™(x, w, 1) =0.
Note that under the assumptions of Lemma 3.2, we can suppose that Ry(A), introduced in

Lemma 3.1, equals Ry for all A > 0. We can define ¢t (x,w, 1) on (x,w, L) € F;’U x [0, ool.
For further reference let us record the analogues of (3.1) and (3.2):

1
ot (x,w,A) = (x — Row) - / F*(I(x — Row) + Row, , 1) dl + ~/2ARy,
0

|x] arccos w-% 4
¢+(x,w,)»):/F+(la),a),)\)‘a)dl—l— / F+(|x|va,w,k)-%da+x/2ARo.
Ry 0

We will add the subscript “sph” to all objects where V is replaced by the (spherically sym-
metric) potential Vj. The following result is proven in [6]:

Proposition 3.3. There exists € = €(u, €1, €2) > 0 and uniform bounds

FH(x) = Flp(x) = 0(1x|7/77°). (3.52)
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In particular, for constants C, ¢ > 0 independent of x, w and A

Fre  Fap®

< Clx| ¢, (3.5b)
FE@)  [F(ol
and
F*(x) :
E>1-C=%-w)—Clx|¢, (3.5¢)
|F+(x)]
Ft(x) y
A<l —c(l—%-w)+Clx|™, (3.5d)
|F+(x)]
Fr oo Cl—%-w)—Clx|¢ (3.5¢)
— e w>1- —Xx-w)—Clx]|”¢. .
| FT(x)]

More generally (with the same € > 0), for all multiindices § and y there are uniform bounds

0,07 F(0) = ()"0 (g (1)), (3.50)
05,07 (F*(x) = Fhy (1) = (x) <" 0 (g (1x1)). (3.52)

The vector field FT(x, w, ), as well as all derivatives 82)8;/ FT, are jointly continuous in the
variables (x,w) € I” IQL and A > 0.

0,00

The problem (1.24) in the case of + — —o0 can also be solved. We introduce for R > 1 and
>0

Te @ ={yeR! |y 0<(@ =Dyl Iy >R}, wes™
Tpo={0,0) R x 5T [y e I (@)}
Mimicking the previous procedure, starting from the mixed problem (1.24) in the case

of t - —oo, we can similarly construct a solution ¢~ (x, w, A) to the eikonal equation in some
Iy . (w). This amounts to setting

¢~ (o)==, —0. 1), x €Ty (@) =T% , (~o). (3.6)
3.3. Radially symmetric potentials

In this subsection we assume that V, = 0, which means that the potential is spherically sym-
metric. More precisely, we assume that for r > Ry

01V ()| < cpr ™" 7H, V)< —cr ™™, ¢>0, rV'(r)+2V(r) <0.

Note that motion in such a potential is confined to a 2-dimensional plane. In the case of the
trajectory y' (¢, x, w, A), it is the plane spanned by @ and X. It is also convenient to introduce
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the vectors x1 := % and ot = , where w - X = cos ;. Therefore, we can re-

strict temporarily our attention to a 2-dimensional system. We will use the polar coordinates
(r cos@, rsin@). Note that the energy A and the angular momentum L are preserved quantities.
Therefore, the Newton equations (for outgoing orbits) can be reduced to

(3.7)

6= Lr_z,
F=y2A—=2V(r)— L2r2.
Lemma 3.4. For some 6y > 0, for all r1 > Ry, |01| < 6g and A > 0 we can find a solution of (3.7)
satisfying
r(l) =ry, r(1) >0, tlim 0(t) =0, o(1) =0;.
—00
There exists a function (r1,01, L) — L(r1,01, ) € R specifying the total angular momentum

of the solution y*(t,x,w, ™). This function L is an odd function in 6,. We have the following
estimates:

romL?=0(r{"g(r)?), n,m=0; (3.82)
1
L _
9% g = o(ri"g(r1)), n,m=0. (3.8b)

This allows us to compute the initial velocity of the trajectory:

L
r

The function ¢ equals, with » = |x| and cosf =X - w,

r 6
T (x,w, 1) = 2ARy + / V2L =2V dr’ + / L(r,6',2)de’. (3.9)
Ro 0
Therefore, using also that V0 = —wt,
Voo™ =—L(r, 0, )ot. (3.10)
This gives the following estimates (in any dimension):
Lemma 3.5. There exist constants C, ¢ > 0 such that
|2 Fr(x) —g(lx])| < Ccd - % w)g(Ix]), (3.11a)
|FT(x) =% - FT ()| < CV1 -2 - wg(lx]), (3.11b)
Vo ™| = eVl =2 - wg(Ix])lx], (3.11c)

3l = ()" o(g(Ix1)). (3.11d)
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We calculate for A > 0:
Vs Ft = (Q20) 2V Fr + (2020, F @,
V,Ft = LogL(2A =2V (r) + Lzr_z)_%r_zwj‘ Q%+ dpLr ot @xt — % WXt
HhFT =20 —2V(r) - Lzr_z)_% (1= Lo Lr™%)% — Lr'xt,
Specifying to x parallel to @ and noting that L(x, x, 1) = 0, we obtain

VeFt =020, (2 —2V(Ix1)) P2 @ % — @02 1x) oL xt @ xt

=022 —2v(x))) r e s
o0

+ (ZK)_1/2|x|_1(/

x|

-1
r2n—2v(r) dr) L ext, (3.12)

cf. [6, (4.5)].
In an arbitrary dimension, the formula is the same except that the second term is repeated
d — 1 times on the diagonal. Therefore,

det(Ve Vg™ (x, v202)) 2 = @)@ g ()12 (7 () T2, (3.13)
where we have introduced the notation
00 —1
h(r) = ( /r/_zg(r/)_l dﬂ) . (3.14)
Note the (uniform) bounds

crg(r) < h(r) < Crg(r). (3.15)

Whence, combining (3.13) and (3.15),

c(20) DA g (1) @=D/2  det(Ve V, ™ (x, V217)) /2

< CQA)FD/Ag(r)d=2/2, (3.16)

4. Boundary values of the resolvent

In this section we impose Conditions 2.1 and 2.3. We shall recall (and extend) some resolvent
estimates of [8]. They are important tools used throughout our paper.

In Section 4.2 we will also introduce the notion of the scattering wave front set, which is well
adapted to scattering theory at various energies. We will return to this concept in particular in
Section 9, where we will prove a theorem about propagation of singularities for potentials with



1846 J. Derezinski, E. Skibsted / Journal of Functional Analysis 257 (2009) 1828-1920

a homogeneous principal part. A somewhat cruder version of this theorem is given already in
Section 4.2 (valid, however, for a more general class of potentials).
In Section 4.4 we prove a version of the Sommerfeld radiation condition for the zero energy.

4.1. Low energy resolvent estimates

Let ¢ be a function on the phase space R? x R?. The left and right Kohn—Nirenberg quanti-
zation of the symbol ¢ are the operators Op!(c) and Op"(c) acting as

(0p'(0) f) (x) = (27) /2 / e e(x, £) £ (8) dé,
(0P () f) (x) = (20) / / SOE ey, £) £ (y) dy de,

respectively. Notice that Op1 (¢)* = Op'(c). In Proposition 4.1 stated below we use for conve-
nience both of these quantizations, although they can be used interchangeably. Alternatively
one can use Weyl quantization denoted by Op¥(c), cf. [8]. We will often use the following
(A-dependent) symbols:

£2 & X
= bx,E)= iy
2(Ix])2 8= W

It is convenient to introduce the following symbol class: Let ¢ € S(m, gu2), guxr =
()c)_2 dx2+ g‘2 dsz and m = m; = m, (x, &) be a uniform weight function [12]. Here A € [0, A¢]
(for an arbitrarily fixed Ag > 0) is considered as a parameter; the function m obeys bounds uni-
form in this parameter (see [8, Lemma 4.3(i1)] for details). For a uniform weight function m,
the symbol class Sunif(m, g,,2) 18 defined to be the set of parameter-dependent smooth symbols
¢ = Cy ) satisfying

a(x,&) 4.1)

18307 8F 0 1. (x, £)| < Cs. . pmi (x, £) (x) 1V IP, (4.2)
We notice that the “Planck constant” for this class is (x)~!g~!. The corresponding class of
quantizations is denoted by Wynir(m, g,,1) (it does not depend on whether left or right quan-
tization is used). Finally we remark that the quantizations appearing in Proposition 4.1 stated
below belong to Wynif(1, g,,,2), and hence they are bounded uniformly in A (these symbols are
independent of w).

We can obtain the following estimates by mimicking the proof of [8, Theorem 4.1] (first for the
smooth case V3 = 0, and then the general case by a resolvent equation, see [8, Subsection 5.1];
here the unique continuation assumption Condition 2.3(2) comes into play). In particular, Propo-
sition 4.1(1) follows from [8, Corollary 3.5] and a resolvent identity (cf. [8, (5.12)]). Similarly
Proposition 4.1(ii) follows from [8, Lemma 4.5] and the proof of [8, Lemma 4.6] (notice that
it suffices to show the bounds (4.3b) and (4.3c) for ¢+ = 0 due to this proof), while Propo-
sition 4.1(ii1) follows from [8, Lemma 4.9] and the same minor modification of the proof of
[8, Lemma 4.6]. As for the continuity statement at the end of the proposition we refer the reader
to the end of this subsection.

The notation R (A + 10) refers to the limit of the resolvent R(A +i€) as € — 07 in the sense
of a form on the Schwartz space S (R?), cf. Remark 4.2(2).
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Proposition 4.1.  Fix any Ay > 0. The following conclusions, (1)—(v), hold uniformly in A €
[0, 2ol

(1) Forall § > % there exists C > 0 such that

| ¢x)™ 59T R(L +10)g7 ( )70 < (4.3a)

(i1) There exzsts Co > 1 such that if x4 € C*°(R), supp(x+) C 1Co, oo and x/. € CZ°(R), then
forall § > Z and all s, t > 0 there exists C > 0 such that

[(()8)° () g2 Op' (x4 (@) R(A +10)g2 (x) " ((x)g) *| <€, (4.3b)
[((0)8) ™ ()" P2 RO A10) Op' (1 (@) g2 (1) P ((x)g)'| < €. (430)
(iii) Let 5 > 0 and x_ € CX°(R). Suppose %—, ¥+ € C®(R) satisfy
supsupp i— < 1 — &, infsupp 4+ > & — 1.

Then for all 5 > % and all s,t > 0 there exists C > 0 such that

| ((x)8)" (x) g2 Op! (x_ (@) F—(B)) R +10)g? (x) " ((x)g) *| <C.  (4.3d)

- — 1
[(x)g) ™ (x) "2 g2 RG.+i0) Op (x—(@) %+ () 82 (x) ° ((x)g)°| < €. (43e)
(iv) Suppose x1,x%2 eC P(R), x— and x4 satisfy the assumptions from (3) and in addition
sup supp x— < infsupp x+.

Then for all s > 0 there exists C > 0 such that
[ ) Op! (x L@ - () RG: +10) Op* (x2 (@) 1+ (B)) (x)* | < €. (4.3
(v) Suppose xy is given as in (2), some functions X+, X—, X— are given as in (3) and suppose

dist(supp x—, supp x+) > 0.
Then for all s > 0 there exists C > 0 such that
| (x)* Op' (x4-(@)) R(L +i0) Op* (x— (@) X+ (1)) {x)° | < C. (4.3g)
| (x)* Op' (X~ (@)X~ (B)) R(. +10) Op" (x+ (@) (x)*| < C. (4.3h)

All the forms appearing in (1)—(v) are continuous in X = 0. In fact the families of correspond-
ing operators are continuous BB (L2(R?Y)-valued functions.



1848 J. Derezinski, E. Skibsted / Journal of Functional Analysis 257 (2009) 1828-1920

Remarks 4.2.

(1) Although this will not be needed we have in fact (2) with Co = 1; see Corollary 4.4 for
a related result.

(2) The paper [8] contains a stronger version of the so-called limiting absorption principle than
can be read from Proposition 4.1(i): For all § > % there exists C > 0 such that

sup () PgTRO 4TI <C M =10, 0] x 10, 11,
At+ieeM

and the B(L?(R?)-valued function (x)_‘s_% R(¢)(x) -7 is uniformly Hélder continuous in
¢ € M. The (well-known) positive energy analogue of this assertion states that for any posi-
tive A; < Ao the B(L?(R?)-valued function (x)~° R(Z) (x)7%is uniformly Holder continuous
in¢ €M\ {Re¢ < At}; see (4) for a related remark.

(3) The paper [8] also contains an extension of Proposition 4.1 to powers of the resolvent, how-
ever this will not be useful in the forthcoming sections; see Example 7.5 for a discussion.
This is related to the fact that our classical constructions are not smooth in A at zero energy,
cf. [6, Remarks 4.7(1)]. The collection of all estimates in Proposition 4.1 (more precisely
a collection of similar estimates with a complex spectral parameter) yields similar estimates
for powers of the resolvent by a completely algebraic reasoning, cf. [8, Appendix A].

(4) Assume that the potential satisfies Condition 1.1. Then all the bounds of Proposition 4.1
remain true uniformly in A € [A1, Ag] for any positive A; < Ao provided we replace

2

a—a:=——, b—b:=
2\

X

. and g— 1. 4.4)
(x)

Sl
>

(Under the stronger Conditions 2.1 and 2.3 the validity of this modification is a direct con-
sequence of the bounds of Proposition 4.1.) Also in this case the families of associated
operators are norm continuous (now in A > 0 only).

Proof of continuity statements in Proposition 4.1. Due to Remark 4.2(2) and the calculus of
pseudodifferential operators all appearing forms in Proposition 4.1 are continuous in A > 0.
Norm continuity of the corresponding operator-valued functions also follows from Re-
mark 4.2(2). This can be seen as follows for Bs(A) := (x)_(sg%R(A + iO)g% (x)™0 (appearing
in (1)):
Pick §’ € ]%, [, insert for (small) ¥ > O the identity / = F(k|x| < 1) + F(x|x| > 1) on both
sides of Bs(A) and expand (into three terms). This yields

| Bs () — F(ielx] < 1)Bs(W) F(iclx] < 1) | < Ci®=% || By () .

Due to Proposition 4.1(i) the right-hand side is O («° _‘3/) uniformly A > 0. On the other hand
due to Remark 4.2(2) (and the calculus of pseudodifferential operators) for fixed x > O the
B(L%(R?))-valued function F(k|x| < 1)Bs(-)F(x|x| < 1) is continuous. Hence Bs(-) is a uni-
form limit of continuous functions and therefore indeed continuous.

The other operator-valued functions can be dealt with in the same fashion. O
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4.2. Scattering wave front set

The remaining subsections of Section 4 are devoted to a number of somewhat technical es-
timates on solutions to the equation (H — A)u = v for a fixed A > 0. Although they are proved
under Conditions 2.1 and 2.3 we remark that there are similar estimates under Condition 1.1 for
a fixed A > 0. The reader may skip this material on the first reading.

Throughout the remaining part of this section we use the notation (§); = (1 + |& 1%)1/2 and
X=>0+|x)Y2 for&, x e Re.

With reference to the symbol class Synit(m, g,,2) from Section 4.1 clearly hy,hy €
Sunit(m, gyi,5.) With hy := %52 + Vi, hy = %52 +Vi+Vyand m = gz(é/g)%. In the remain-
ing part of Section 4 we shall however only need a reminiscence of this symbol class given by
disregarding the uniformity in A > 0. Whence we shall consider symbols ¢ € S(m, g, ) mean-
ing, by definition, that

870l c(x.8)| < Cypm(x, &) (x) Vg7l 4.5)

The corresponding class of standard Weyl quantizations Op™ (c) is denoted by ¥ (m, g,,,5.).
It is convenient to introduce the following constants:

§ — , forA=0,
50 = (1 + 2)/2’ 51 = -7 §H = M. Tor (4.6)
1/2, 1, 0, forA>0.

If € > 0, then (x)™*°7€¢ will be a typical weight that appears in resolvent estimates. (Notice

that in the uniform estimates of Proposition 4.1 the corresponding weight is g% (x)_%_e.) The
weight (x)™°! plays the role of the “Planck constant” for the class ¥ (m, g, ). Finally, (x)™*
will appear in the “elliptic regularity estimate” of Proposition 4.3. Clearly so > s> and s; > 0.
Let us decompose the normalized momentum & /g as follows:
i><i )5. 4.7)
{(x) [\ (x)

§
8
Notice that b was already defined in Section 4.1, besides for r = |x| > 1, b? + % = a with

—=bi+5, b::i~g and E::(l—
g
a also defined in Section 4.1. Moreover for » > 1 we have the identification b = x - EeR

g ) (x)
g

and ¢ = (I — |)€)()€|)§ € T;‘(Sd_l) with £ = x/r € =1, which obviously constitute canonical

coordinates for “the phase space” T* := T*(5¢71) x R = §9~! x R?. This partly motivates the
following definition:

The wave front set W F;.(u) of a distribution u € L?>~% is the subset of T* given by the
condition

z1 = (w1, ¢1,b1) = (w1, biw1 +¢1) = (w1,m) ¢ WF,.(u) <

3 neighbourhoods Ny, 3 i, Ny, 2 01 Ve, € CEWNw,), xn, € CXN,)):
Op™ (xz, F(r > 2))u € L**  where xz, (x, &) = Xw, (%) xn, (bF + ). (4.8)
Notice that this quantization is defined by the substitution bx + ¢ — &/g, cf. (4.7). Keep in mind

that the whole concept depends on the given energy A € [0, oo[ in consideration (through g,
which enters in the definition of » and c¢).
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The above notion of wave front set is of course adapted to the problem in hand. The classical
definition is taylored to measure decay in momentum space; see for example [14, Chapter VIII].
Our definition concerns decay in position space, and thus it is more related to the wave front set
introduced in [21, Section 7] (dubbed there as “the scattering wave front set”).

Obviously

2, —
uel™ = WF (u)=40.

C
Conversely (by a compactness argument), if for some x € C° (RY)
u—O0p™(x(§/g))u € L*", (4.9)

then

WFS.(u)=0¥ = uelL*.

C

Proposition 4.3. Let A > 0 and sy be defined in (4.6). Let u € L3~ y e L2t gpd
(H — A)u = v. Then the estimates (4.9) and

WFSu) C{zeT"|b* +&* =1} (4.10)
hold.

More generally, suppose u € L>~°, g~ v e L>S and (H — X)u = v. Then the following
estimates hold:

Foralle >0: gOp“(F(b*+¢&*—1>¢€))ue L™, (4.11a)
Foralle >0, gOp"((/g)1F(b*+&* —1>¢))ue L™, (4.11b)
Foralle >0: gOp“(F(1 —b*—¢c*>¢€))ue L™, (4.11c)
WFS(gu) S {z e T* | b* +&* =1}. (4.11d)

Proof. Obviously (4.11b) is stronger than (4.11a). Notice also that (4.11a) in some sense is
stronger than Proposition 4.1(ii) (involves weaker weights). It is also obvious that (4.11d) is
a consequence of (4.11b) and (4.11c¢).

The proof of (4.11b) given below is somewhat similar to the proof of the analogue of Propo-
sition 4.1(ii) given in [8]. For convenience we have divided the proof into four steps. For the
calculus of pseudodifferential operators, used tacitly below, we refer to [14, Theorems 18.5.4,
18.6.3, 18.6.8] (the reader might find it more convenient to consult [8] for an elaboration).

The bounds (4.11c) can be proved by mimicking Steps III and IV below. We note that the
complication due to high energies, cf. Step II below, is absent. For this reason (4.11c) is somewhat
easier to establish than (4.11b) and we shall leave the details of proof to the reader.

Step 1. At various points in the proof of (4.11b) we need to control the possibly existing local
singularities of the potential V3. This is done in terms of the following elementary bounds:

Ty = (x) g 'Va(H — ) lg 7 )T € B(L?), 1,1 €R; (4.12a)

T =) g ' Vs(14+p?) g ()" € B(L?), 1./ €R; (4.12b)
Tr:=(x) (1+p*)gH -1 "¢ (x) " e B(L?), teR. (4.12¢)
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Step 11. Suppose gu € L*' for some fixed ¢ < s. We shall prove that then Agu € L>' for all
Ae lI/((f;‘/g)l, gu,»), more precisely, that

forall A€ W ((5/8)1. gus): IlAgul < C(llgull; +|g~ v],)- (4.13)

For any such an operator A and any m € R, we decompose
(x)' A =B, (x) Op™((£/¢)7) + (4.14)

where By, € ¥(1, gu.) and Ry € W ((6/8)7(x) ™™, gu.1)-
Now, cf. [8, proof of Lemma 4.5],

P ((6/8)1) =8 P~ +0p"(an) =2¢7 (H — 1)g ™" + Op"(a2) — 287 V;
a=1-|Vg 'P+47A¢72,  m=ai+1-2g2VreS(1,g.0).  (415)

We substitute (4.15) in (4.14), expand into altogether four terms and apply the resulting sum
to the state gu. The contribution from the first term of (4.15) is estimated as

| Buix)2¢™ (H — 1g~ (gw)| < Ci| g7 "v], < Caf g "v],.

N

Similarly, the contribution from the second term of (4.15) is estimated as

| B (x)" Op™ (a2)gu| < Cligull:.

As for the third term of (4.15) we use (4.12a) with t = ¢’ to bound

2| Bun(x) g Vagu || <21 Bull| Ti(x) g (H — iu

<Ci(lgvll + | —gul,) < C2(llgull + g~ "v],)-

To treat the contribution from the second term of (4.14) we note that

W ((E/8)T )™, gun) S ((E) T, gun)-

Whence, using (4.12¢) and choosing m =2 — ¢,

IRmgull < Ct||T2(x) g(H —iyu| < C2(llgulls + | g7 v],)-

We conclude (4.13).

Step III. Suppose gu € L*>' for some fixed t <s. Fix s’ € |t,t +1 — M/Z ] with 5" < 's. We shall
show that (4.11a) holds with s replaced by s’. We set F, := F(b* 4+ —1>¢).

_2=n
2

We need a regularization in x-space given in terms of ¢, = X , where for x € 10, 1] we let

X, = (1+xx?)?, (4.16)



1852 J. Derezinski, E. Skibsted / Journal of Functional Analysis 257 (2009) 1828-1920

Mimicking [8, proof of Lemma 4.5], for R > 1 large enough we clearly have

3 <2h2 —2A

F?F(r> R)?><=Re 2 )FfF(r > R)%.
€ g

Let

D=0p"@), d={/g)7" ' =n""E/e) e )

Pc=0p"(pe),  pe= Q3<§ Re(hp— 1) — g% ). qe=(x)"Fete F(r > R).
Since 0 < p, € S(h™2d 72, gu.5)
D*P.D>—-C
uniformly in k. Since 0 <d € S(d, g,.,5.), we can forany m € R find ¢, € S, 8u,») such that
DE, —IeW((x)™, gu); E,, =O0p¥(en).
Consequently, we have the uniform bound
Pe2 —CELEn+Rp,  Rn€W((E/2)7% ()™ ™", gu0),

and therefore by choosing m = s’ — r and by using (4.13) that the expectation

(Pe)u = —C(llgulle + |g~ 0] ,)%. (4.17)

On the other hand, for any 6 €]0, 1{

(Pedu <C(lgulls + g™ 0],)" = 1 =800 )eus Qe =0p"(ge).  (4.18)

Here we use that

Op” (g2 Re(hy — 1)) =Re((Qcg)* Qg™ ' (H — V3 — 1)) + Ry,

Re €W ((6/8)30%(x)% g%, gus) C W ((€/8)3(x) ¥ 8%, 8,

and the fact that R, is bounded in « € ]0, 1] in the class W((S/g)%(x)”gz, 8u,»). Notice that

2
|s’

and that the contributions from V3 and the term R, can be treated by (4.12a) and (4.13), respec-
tively.

o <811Qcgul*+Cslg™ v

6
—[Re((Qeg)* Qg™ (H = 1)), < CllQucgul |~ "]
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Now, combining (4.17) and (4.18) we conclude that

10cgul® < C(lgull + g v].)?

uniformly in « € ]0, 1]. Letting « — 0 completes Step III.

Step IV. Note that (4.11b) is equivalent to the following, seemingly stronger statement:
Foralle >0, AeW((£/g)}, 8u) implies AgOp™(Foue L*. (4.19)

We will show (4.19) by induction.

By assumption, gu € L>' for a sufficiently small # < s and consequently, due to Step II,
it follows that Agu € L>! for all A € d/((é/g)%, gu,»)- Consider for all k € N the following
claim given in terms of #; := min(s, f + (1 — w/2)(k — 1)):

The bound/localization (4.11b) holds for all € > 0 and all A € ¥ ((§/ g)%, 8u,») provided
u — ue :=Op"(F¢2)u and s is replaced by #;. (Notice that this implies in particular that the
state guse € L>% and, since € > 0 is arbitrary, that gu. € L>.)

We have seen that this claim holds for £ = 1. So suppose k£ > 1 and that the claim is true
for k — k — 1. To show the claim for k, we can assume that #;_; < s. First, we notice that
Ve := (H — M)u, obeys the condition g 've € L>% due to the induction hypothesis, (4.13),
(4.12a) and (4.12b). Notice at this point that

[H — V5 — 1, 0p™(Fep2)] € W (g2(5/8)30, g00)

and that in fact (for any m € R)

[H — V3= 2,0p"(Fep2)] = gAg Op™ (Fe4) + R,
Aew((E/T) > gus), RueW((E/8)T0) ™™, gus)-

Now, by Step III, (4.11a) applies to u — u., t — s;—1 and with s replaced by s’ = #;. Next, by
applying Step II to the state u — it := Op" (F)u. (note that as above g~ (H — M)t € L>%),
we conclude that indeed the bound (4.11b) holds with u — u. and s replaced by #;. The induction
is complete.

Finally we obtain, using the above claim, that the bound (4.11b) holds without changing u
and with s replaced by #. Since clearly 7 = s for k sufficiently large, (4.11b) follows. O

The following corollary follows immediately from Proposition 4.3. At a fixed energy, it
strengthens Proposition 4.1(i1).

Corollary 4.4. Let x € C°(R), x = 1 around 1. Then for any s > so we have (with A > 0, and sg
and sy as given in (4.6))

[ ()2 opW((a2 +1)(1 = x(@))R(A£i0)(x)~*| < C. (4.20)

The following proposition is similar to Proposition 9.1 stated later, although the flavour is
somewhat “global”. These results (as well as their proofs) are modifications of [12, Proposi-
tion 3.5.1] (and its proof), see also [21] and [11]. The condition (4.21) is similar to (4.11b); it
implies that W F, (1) C {b? 4+ &% < 1} and hence that W F;.(u) is compact.
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Proposition 4.5. Let & > 0 and sy be defined in (4.6). Suppose u,v € L>~®°, (H — Mu = v,
seR kel]-1,1[ and {b =k} N WF;,(u) = . Suppose the following condition:

Forall§ >0, Op“((¢/g)iF(b*+¢*—1>8))ue L™’ (4.21)

Define
kT = sup{ k| {b ek, kl1} N WFLw) =0}, (4.22)
k™ =inflk <k|{belk K]} NWFLu)=0}. (4.23)

Then

t<1 = [b=kT)nWFL20w) #0, (4.24)
k™>—1 = {b=k JNWEF*0@w)#£0. (4.25)
Proof. We shall only deal with the case of superscript “+4”; the case of “—” is similar. For

convenience we shall assume that e, < 2 — p and divide the proof into two steps.

Step I. We will first show the following weaker statement: Suppose u € L>57/2 y e L25+2%
and (H — A)u = v (in this case (4.21) follows from Proposition 4.3). Then

kT >1. (4.26)

Suppose on the contrary that k¥ < 1. By a compactness argument we can then find a point
in W F;,(u) of the form z; = (w1, ¢1, k™). For € > 0 chosen small enough (less than (k* — k) /2
sufﬁces here)

[belkt =26,k [} NWFEL(w) = (4.27)

We can assume that J := ]k — 2¢, k™ + €[ € ]—1, 1[. Pick a non-positive f € C2°(J) with
f'>0o0n[kT —¢, 00 and f(k*) <0, and consider for K > 0 and k € 0, 1] the symbol

be =X%a,,  ae=X'X;?F(r>2)exp(—Kb)f()F(b* +¢* <3);  (4.28)

here X, is defined by (4.16).
We compute the Poisson bracket

VikP=1) x-VV,

[\

(hy, by = & +
r 8 8(x)
= (1 =rVig )@ +rV{g 2 (B + 8 = 1)+ 0(r)) (4.29)
= 2((1=rVig?)(1 =) + 87222 = 1)+ O (). (4.30)
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We expand the right-hand side of (4.30) into three terms and notice that due to (2.1) the first
term has the following positive lower bound on supp b, :

>t c:%(l—sup{t”tesuppf}).
r

First we fix K: A part of the Poisson bracket with b2 is
o, X220z} = Sy, py2zoxe, 4.31)
where Y, = Y, (r) is uniformly bounded in x. We pick K > 0 such that for all «

,
2Kc > Y| +2=-X"2°  on suppby.
8

From (4.30), (4.31) and the properties of K and f, we conclude the following bound at
{f'() =0}

{hz, b,%} < —2a,% +g % (hy — )»)aKO(rS) + O(rzs)(Fz)/(b2 +e? < 3) 4+ 0(,,23—62)'

To use this bound effectively, we introduce a partition of unity: Let f1, f> € C2°(J) be chosen
such that supp f1 C 1k —2¢, k[, supp f> C kT — €, k* + e[ and f2+ f7 =1 on supp f. We
multiply both sides by f22 (=1- flz) and obtain after a rearrangement

{ho, b2} < =242 + g7 (hy — Maedy

+ K1 fEF (b + & <3)(0)* — Ko (F?) (> + & < 3)(x)® + K3(x)* 2,
de € S((x)*, gu,0): (4.32)

here K1, K, K3 > 0 are independent of «, and the symbols d, are bounded in « in the indicated
class.

We introduce A, = Op¥(ay), Bx = Op™ (b,) and the regularization ug = F(|x|/R < 1)u in
terms of a parameter R > 1. First we compute

(i[H, BY]), = lim (i[H, B7]), =—2Imv, Bju). (4.33)

R— 00 UR

Using (4.33) and the calculus, cf. [14, Theorems 18.5.4, 18.6.3, 18.6.8], we estimate

1
(i[H. B,f]m < Crllvlls42s (1Acull + ulls—ey2) < EIIAKMII2 + Ca. (4.34)

On the other hand, using (4.21), (4.27) and (4.32), we infer that
(i[H — Vs, BZ]), = lim (i[H — V3, BY])

R—o0

< 20l Acull® + G| (H = Vs = Du| . I Acull + Ca,

URr
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and whence, using (4.12a) to bound [|(H — V3 — Mullspu < C(|v]ls4p + ||u||s_62/2), that

(i[H — V3, BY]), < —%llAKullz + Cs. (4.35)
Clearly another application of (4.12a) yields
(i[vs, BZ]), < Ce. (4.36)
Combining (4.34)—(4.36) yields
| Acull® < C7=C2+ Cs + Ce,
which in combination with the property that f (k™) < 0 in turn gives a uniform bound
| X2 0p" (xo, F(r > 2)u|? < Cs; (4.37)

here x, signifies any phase-space localization factor of the form entering in (4.8) supported in
a sufficiently small neighbourhood of the point z; = (w1, ¢1, k™).

We let « — 0 in (4.37) and infer that z; ¢ W Fy.(u), which is a contradiction; whence (4.26)
1s proven.

Step II. We need to remove the conditions of Step I, u € L>*~/2 and v € L>512%_ This will be
accomplished by an iteration and modification of the procedure of Step I.

Pick #; € R such that v € L%%. Pick t+ < s such that u € L?!' and define s, =
min(s, t + me;/2) for m € N. Let correspondingly &, be given by (4.22) with s — s,,. Clearly

m=2,3,... (4.38)

If ue L?>»=/2 and v € L>n*+2% then (4.24) with k* — &k} and s — s, follows from
Step 1. Although we shall not verify these conditions we remark that a suitable micro-local mod-
ification will come into play in an inductive procedure, see (4.41) and (4.43) below. We shall
indeed (inductively) show (4.24) with k* — k' and s — s, i.e. that

k<1 = b=k nWFnT20w) £g. (4.39)
Notice that (4.24) follows by using (4.39) for an m taken so large that s,, = s.
Let us consider the start of induction given by m = 1. In this case obviously u € L?*n—2/2,
Suppose on the contrary that (4.39) is false. Then we consider the following case:

ki <1 and {b=k},b*+3* <6}NWFT20 ) =0. (4.40)

We let € > 0, J and f be chosen as in Step I with kT — k. Let f € C®(Jkt — 3¢, kT 4 2¢])

with £ =1 on J. It follows from (4.40), possibly by taking € > 0 smaller than needed in Step I,
that

Lve L* 20, [ =0p"(f(b)F(b*+* <6)). (4.41)
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Next, we introduce the symbol b, by (4.28) (with s — s,,) and proceed as in Step 1. As
for the bounds (4.34), we can replace v by I.v up to addition of a term of the form
C (||v||[21 + |lu ||fm —e) /2). Similarly we can verify (4.35) and (4.36) (using conveniently (4.12b)).
So again we obtain (4.37) (with s — s,,), and therefore a contradiction as in Step I. We have
shown (4.39) form = 1.

Now suppose m > 2 and that (4.39) is verified for m — 1. We need to show the statement for
the given m. Due to (4.38) and the induction hypothesis, we can assume that

ki <kt (4.42)

Again we argue by contradiction assuming (4.40). We proceed as above noticing that it follows
from (4.42) that in addition to (4.41) we have

Tou € L>m1: (4.43)

at this point we possibly need choosing € > 0 even smaller (viz. € < (k;g_1 —k;1)/2). By replac-
ing v by Icv and u by I.u at various points in the procedure of Step I (using (4.41) and (4.43),
respectively) we obtain again a contradiction. Whence (4.39) follows. O

Corollary 4.6. Let s € R, u € L>~°, v € L?>5t2% (H —MNu =, ke ]—1,1[ and {b =k} N
WF;.(u) =0. Then

C

WE () C{b=1}U{b=—1}. (4.44)

C

Proof. The condition (4.21) is guaranteed by Proposition 4.3. Then we apply Proposi-
tion4.5. O

4.3. Wave front set bounds of the boundary value of the resolvent

Proposition 4.1 implies that the symbol R(A £10) in many cases can be treated as an operator,
although initially it is defined in terms of a quadratic form. Notice that Remark 4.2(2) in one
situation gives a slightly different and direct interpretation of R(A £10) (as a limit of operators
and hence avoiding quadratic forms). It will however be convenient to investigate possible other
interpretations of states R(A £ 10)v (for which in particular Remark 4.2(2) does not apply) and
study associated wave front set bounds. The case of R(A —10) is similar to that of R(A 410) and
will not be elaborated regarding proofs.

For sufficiently decaying states v we have (using in (ii) the slightly abused notation a :=
b2 + &2 for generic points z = (w, ¢, b) = (w, bw 4 ¢) € T*):

Proposition 4.7. Let s > so and v € L>*. Then the following is true:
(1) Foranyt > sy,

R(L£i0)v = 113% R(LLie)v existsin L>".
€

(i) WFL(R(A£i0)v) € {a=1}.

(ii1) For any € > 0,

WF207¢(R(. £10)v) C {b = %1}, (4.45)
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Proof. Re (i). This statement follows from Remark 4.2(2); notice that the notation for the limit
conforms with Proposition 4.1(1).

Re (ii). We have (H — A)u = v. Therefore (ii) follows from Proposition 4.3 (alternatively by
using Corollary 4.4).

Re (iii). Let x— € C2°(R) such that x_ is zero around 1. Let x € C2°(R). Then by Proposi-
tion 4.1(ii1), for any € > 0

OpW()( (a)x— (b))R(A +i0) e 25— 2s0—€ -
Based completely on Proposition 4.1 one can give a meaning to R(A £ 10)v also for some

states v with a slower decay provided they have an appropriate phase space localization. (In the
statement below Cy > 1 is given in agreement with Proposition 4.1(ii).)

Proposition 4.8. Let s < so and v € L>*. Suppose that for some t > so and k € 1—1, 1]
(ork e [—1,1])
WFL(wN{b<k,a<2Co}=0 (or WF (v)N{b>k,a<2Co}=0). (4.46)

C C

(1) For any € > 0 there exists

RO +i0)v=1lim R(A+i0)v, (R —i0)v:=lim R(A —i0)v,) in L¥$~207¢,
KN\ kN0

where v, (x) := F(k|x| < 1)v(x).
(i) WFS2(R(A+10)v) C{a=1} (WFL2(R(A—i0)v) C {a=1}).
(i11) For any € > 0,
WE.20¢(RO.4+10)w) N{b <k, a< Co} =9
(WF.7207¢(R(L —i0)v) N {b >k, a < Co} =9). (4.47)
Proof. Re (i). Let x € C2°(]—00,2Cpl), x = 1 around [0, Cp]. Let x— € C*°(R) be chosen such

that x_ =1 around ]—o0, —1] and x_ =01in [(k — 1)/2, oo[. Then by the condition (4.46) and
the calculus of pseudodifferential operators

Op™ (x (@) x— (b)) v, —> Op™ (x (@ x—(B))v in L>" as k \,0.
Whence by Proposition 4.1(i), for any € > 0,

up = 1@) R(A+i0)Op™ (x (@) x—(b))ve exists in L*507¢,
K

By Proposition 4.1(ii) we have

uy = ﬁ{% R(A+10)0p™ (1 — x(a))ve exists in L= 7207,
K
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By Proposition 4.1(iii) we have

usz = 11{% R(A+10)0p%(x(a)(1 — x—(b)))vc exists in L2572%0—€
K

But s — 2s¢9 < —s¢. Hence

RO +1i0)v := h\mo RO +10)ve = u) + up + uz € L>$72%07¢,
K

Re (ii). This statement is proven as (ii) of the previous proposition.

Re (iii). Let x!, x% € CX(] — 00,2Cy)), x> =1 around [0, max(supsuppxl, Co)]. Let
x! € C°(]—o0, k[) and x2 € C®(R) such that x2 = 1 around ]—oo,supsupp x'] and
supp x2 C]—o00, k[. Then by the condition (4.46)

Op" (x*(@xZ(B))v e L.
Whence, by Proposition 4.1(1), noting that ¢ > 50, we obtain
R(.+10)0p™ (x*(a)x2(b))v € L>7507¢

and

WFLT507¢(R(A +10) Op™¥ (x 2 (@) x2 (b))v) C {b = 1}. (4.48)
By Proposition 4.1(iv),

Op" (x ' (@xL(®) RO +10) Op™ (x*(@)(1 = x2()))v € L>, (4.49)

and by Proposition 4.1(v),

0p” (x ' (@) xL(®))R(A +i0)Op¥ (1 — x*(a))v € L**. (4.50)
Now (4.48)—(4.50) yields

Op™ (x' @xL ) R(G +i0)v € L> 707,
which implies (4.47). O
We have yet another interpretation very similar to Proposition 4.7(i):

Proposition 4.9. Fix real-valued x € C°(R) and x € C*°(R) such that infsupp x > —1

(or supsupp x < 1). Let A :=Op™ (x(a)x (b)). Suppose v € L% for some s < so.
For any € > O there exists

R(+i0)Av=Hm RO + 1) Av in L3 20—¢
K

(or R(A—10)Av = 1i\mO R(A —1k)Av in L27S—2so—€).
K

Moreover this limit agrees with the interpretation of Proposition 4.8(1).
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Proof. We need to invoke an extended version of the bound (4.3e), see [8, Lemma 4.10]. First
notice that the symbols g, and hence also a and b, obviously depend on A. Let { = A + 1« and
define g;, a; and b; by replacing A by |¢| in the definition of g in Section 2.1 and of a and b
in (4.1), respectively. Now we have the following extension of the bound (4.3e):

For all § > % and all s, r > 0, there exists C > 0 such that for all ¥ € ]0, 1]

[ ((x)ge) ™" ()08 RO OPY (x-(ag) x+ (be)) g (x)' ~° ((x)ge)'| < €. (4.51)

Although this will not be needed, the bound (4.51) is in fact locally uniform in A > 0.

We pick in (4.51) the functions y_ and x4+ in agreement with Proposition 4.1(iii) such that
in addition x_ = 1 around [0, sup supp x] and x4 = 1 around [min(0, infsupp x ), oo[. Using the
bounds g < g¢, ar < a and |b;| < |b| we then obtain that for any m € R

(Op™ (x—(ag) x+(br)) = 1)A € ¥ ((X)™, guu,1)- (4.52)

By combining Remark 4.2(2), (4.51) (withs =0,7 =50 —s + 5 and § = % + 5) and (4.52) we
obtain the uniform bound: For all « € ]0, 1]

| ()22 R(¢) AgZ (x)' 7P| < C. (4.53)

Obviously we obtain from (4.53) and a density argument that indeed there exists the limit

u:=lim R(A +1k)Av in L>S7207€,
kN0

Since u = R(A 4+ i0)Av for v € L>* we are done (by using density and interchanging lim-
its). O

4.4. Sommerfeld radiation condition

In this subsection we describe a version of the Sommerfeld radiation condition close in spirit
to [13, Theorem 30.2.7], [17] and [21].

We introduce for s > 0 Besov spaces B; and corresponding duals B as in [1] (see
[13, Section 14.1] for details about these spaces). They consist of local L? functions with a cer-
tain (norm) expression being finite.

Throughout this subsection we shall actually only use the duals B}, for which we can take the
norm squared to be

||u||%* :=sup R~ / lu|? dx.
N
R>1
|x|<R

An equivalent norm is given by the square root of the expression

lu|? dx + sup R™% f u)? dx.
R>1
lx|<1 R/2<|x|<R

In particular we see that for all s, s > 0 the map X s'=s . B — B}, is bicontinuous.
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The subspace B, C B; is specified by the additional condition

Jim R / lu)?dx =0,
— 00
|x|<R

or equivalently,

lim R™% / lu)? dx = 0.
R—o0
R/2<|x|<R

There are inclusions

L> ™ CBfySBic(L>. (4.54)

s'>s

We introduce a notion of scattering wave front set of a distribution u € L?~ relative to the
Besov space B;‘"O, s > 0, say, denoted by W F (B;O, u). It is the complement within T* given by
replacing WF,*(u) - WF (Bs*,0= u) and L% — B;O in (4.8) (here (4.8) is considered with
s — —s). Obviously (4.54) implies the inclusions

WES ) D WF (B g u) D WE (u); s >s. (4.55)

Proposition 4.10. Suppose v € L%% for some s(/) > 5o (here so is given in (4.6)). Then the
equation (H — \)u = v has a unique solution u € L*>~° obeying one of the following con-
ditions:

(i) WF™(u) € {b> —1},
(i) WF(B} 5 u) S {b> O},

This solution is given by u = R(A + 10)v € L*—s for all s > so and WF'(u) C
{b=1}

Similarly, under the same condition on v, the equation (H — A)u = v has a unique solution
u € L>~% obeying one of the following conditions:

(i) WFu) C{b<1},
(i) WF(B 5 u) S {b <O}

and this solution is given by u = R(A — 10)v € L% for all s > sg and WFg ' (u) C
{b=-—1}.

Proof. We shall only consider the first mentioned cases (i) or (ii) (they will be treated in parallel);
the other cases can be treated similarly. By Proposition 4.7, the function u = u := R(A +10)v
is a solution to (H — A)u = v enjoying the stated properties (including (i) and (ii)). Suppose
in the sequel that u € L>~! for some ¢ > 5o, (H — M)u = v and WFg °(u) C {b > —1} or
WF(Bs*O,o’ u) C {b > 0}. It remains to be shown that u = u.
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Step 1. We shall show that u € L>~* for all s > so. By Proposition 4.3,
WEO ) C {p* +e* =1}, (4.56)
AOp™(F(h*+&*>3))ue L™ forall Ae¥((£/g)], gu.r)- (4.57)
It follows from (4.55), Propositions 4.3 and 4.5 and a compactness argument that
WFE_ (u) C{b=1} foralls > so. (4.58)

Pick a real-valued decreasing ¥ € C2°([0, 00)) such that ¥ (r) = 1 in a small neighbourhood
of Oand ¥/'(r) =—1if 1/2<r <1.Let yg(x) =¥ (|x|/R); R > 1. We also introduce

6 = max(t — sg, 2t — 250 + u — 2),
and check that
S+so=t, so+8/2+1—pu/2>t and so+3/2<t.
By undoing the commutator we have on one hand that
(i[H, X°yg]), = —2Im{v, X *yrgu), (4.59)
yielding the estimate
(G[H. X)), | < Cullvllg Ml —s—y; < Callvlly Hull ¢ = O(R). (4.60)
On the other hand
i[H, X °yr] =Re(g(x)hs.r Op" ());
his, R () = —8X 2Py p(x) + X (Ix[R) ¥/ (1xI/R),
yielding by using (4.57), (4.58) and the calculus (cf. [14, Theorems 18.5.4, 18.6.3, 18.6.8])
(i[H, X °yr]) =Re(g(x)hs,r Op™ (bF (b > 1/2)F (b*> + &> <6))) + O(R),
which in turn (by the same arguments) implies that
(i[H. X °yr]), < —04"Yglx)X > °yg) + O(R). (4.61)
By combining (4.60) and (4.61) we obtain
()X > 0yg), <C, (4.62)

for some constant C which is independent of R > 1. Whence, letting R — oo we see that
uel> ;1 =504 8/2.
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More generally, we define for k € N
tr =50 + 21 max(tx—1 — S0, 2tx—1 — 250 + L — 2), to:=t,

and iterate the above procedure. We conclude that u € L> %, and hence that indeed u € L>~*
for all 5 > s¢.

Step 1I. Due to Step I, it suffices to show that # = 0 is the only solution to the equation
(H — A)u = 0 subject to the conditions u € L>~* forall s > so and either W Fo ™ (u) C {b > —1}
or WF (B* 0 u) C {b > 0}. In the following Steps III and IV we consider this problem.

Step 111. We shall show that u € B* . Under condition (i) the bound (4.58) holds for s = 59
(by Proposition 4.5) which implies that

There exists € > 0 such that WF(BS 0-u) S {b> €}

Under condition (ii), we have the same conclusion due to (4.56) and a compactness argument.
Next, we apply the same scheme as in Step I, now with § = 0 and using a factor of F (b > €)
instead of a factor of F'(b > 1/2). This leads to

R™Yg(x)1xI7'¥/(1-1/R)), = o(R°).

and hence u € B;" 0

Step IV. We shall show that u = 0. For convenience we assume that €; < 2 — p. First, letting
s € ]so — €2/2, so[ be given arbitrarily, our goal is to show that u € L%~ For that consider for
k €1]0,1/2]

X —S
be = X%ay; a = <X—> X OF(—=b > 1/2)F(b* +¢* <3). (4.63)
K

Here we use the regularization factor of (4.16). We calculate the Poisson bracket

2s0—2s8 2s0—25—1
{hz, (i) ’ }:(1 —K)(2s0—2s)(x)X_1XK_3<£) ’ gb.

Xy X
Obviously this is negative on the support of b, with the (uniform) upper bounds

—871(250 -2 2502 —2<(£)_S _So)z
0—25)((x)X g) X, ¥ X

X —S 2
g—cX;2<<X—> XK_SO) , ¢>0.
K

Similarly, by (4.29),

{ha, F2(—=b > 1/2)}

=—2(F) (b > 1/2)(1 = rV{g )@ + (rV]g 2)g 22 =) + 0(r™®)),
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where we expand the right-hand side into a sum of three terms and note that the first term is
non-positive.

We introduce the quantizations A, = Op"(a,) and B, = Op" (b, ), and the states ug(x) =
Yr(x)u(x), R > 1. By Step 111,

lim (i[H, BZ]) =0. (4.64)

R— 00 UR
On the other hand, due to the above considerations the expectation of i[H, B,%] in ug tends to

be negative. Keeping the precise upper bounds in mind, we can let R — oo (using the calculus,
(4.12a), to deal with a contribution from V3 and (4.64)) obtaining

| Acul* (= tim e x7 acur]?) <c.

where the constants ¢ (the one given above) and C are positive and independent of x. Whence,
letting « — 0, we conclude that

Op" (F(—=b > 1/2)F(b* +&* <3))u e L* . (4.65)

Upon replacing the factor F(—b > 1/2) in (4.63) by F (b > 1/2), we can argue similarly and
obtain

Op"(F(b>1/2)F(b* +¢&* <3))ue L>*. (4.66)

In combination with Proposition 4.5, the bounds (4.65) and (4.66) and the fact that (4.56)

holds with so replaced by s (note this is trivial since, by assumption, now v = 0) yield that
uel>S.

Next, the above procedure can be iterated: Assuming that u € L%~ for all s > f; :=

so — kep /2 (for some k € N), the procedure leads to u € L%~ for all s > tx+1. Consequently,
ueL?>S forall s € R. In particular u € L2, and therefore u =0. 0O

S. Fourier integral operators

In this section we construct and study certain modifiers in the form of Fourier integral opera-
tors; they will enter in the construction of wave operators in Section 6.

5.1. The WKB-ansatz

Assume first that Condition 1.1 holds. Fix oq € ]0, 2[. Recall from Lemma 3.1 that there exists
a decreasing function ]0, co[ 5 A — Rg(X) such that on the set

{(.6) eRTx RIN(O) [x €I o) 4 )]

we can construct a solution ¢ of the eikonal equation satisfying the (non-uniform in energy)
bounds (3.3).
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We fix 0 < 0 < o’ < 0g. Next we introduce smoothed out characteristic functions

) 1, forr >2, 5.1)
r)= .
X1 0, forr <1,
and
1, forl>1—-o0
Hh=1" - ’ 5.2
o0 {0, for! <1—o'. 62
Define

ag (x,&) = xa (& - &)1 (Ix1/Ro(1€*/2)).

The basic idea of Isozaki—Kitada is to use the modifier given by a Fourier integral operator J(;L
on L2(R4) of the form

(o f)(x) = @)~ / el Ot (x, £) (&) de, (5.3)
where
f&) :=@n)~? / e 8 f(x)dx

denotes the (unitary) Fourier transform of f.

If we assume that the potentials satisfy Conditions 2.1 and 2.2, then we can assume that the
function Ro(A) is the constant R given by Lemma 3.2. Thus in this case the solution ¢ (x, w, 1)
of the eikonal equation is defined in I" 1;; o5 X [0, oo (here og is also given by Lemma 3.2;
possibly it is much smaller than 2), and the amplitude ag is simply given by

ag (x,8) = x2(& - ) x1 (Ix1/Ro)-
5.2. The improved WKB-ansatz

The modifier JOJr (and its incoming counterpart, say J, ) is sufficient only for the most basic
purposes, such as the existence of the outgoing (incoming) wave operator. To study finer prop-
erties of wave operators it is useful to use a more refined construction suggested by the WKB
method.

This more refined construction is possible and useful already under Condition 1.1. However,
for simplicity of presentation, in the remaining part of the section we will assume that the poten-
tials satisfy the more restrictive Conditions 2.1 and 2.2. These conditions allow us to extend this
and related constructions (see Section 5.5) down to (and including) A = 0. Therefore, it will be
convenient to switch between the two notations ¢ (x, £) and ™ (x, @, A). This will be done tac-
itly in the following, and in fact, we shall often slightly abuse notation by writing (x, £) € I'y.

Ro,00
instead of (x, w, A) € I'y

Ro.00 X [0, oof.
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The WKB method suggests to approximate the wave operator by a Fourier integral opera-
tor J* on LZ(R?) of the form

(I F)(x) = @m) 4 / SOt (x £) (&) de. (5.4)

where the symbol a™ (x, &) is supported in FI;B o0 and constructed by an iterative procedure to

make the difference T+ :=i(HJ — J T Hy) small in an outgoing region Flj’ , for some R > Ry,
o < 0p. We have

(T f)x) = @r)~ /2 / OBt (x £) £ () dE, (5.5)
where
| .
Y (x, &) = ((wﬂx, £))-Vy+ E(quﬁ(x, s>))a+<x, £) — %Axaﬂx, £). (5.6

As it is well known from the WKB method, it is possible to improve on the ansatz by putting
(here we need & # 0)

a*t(x, ) = (det Ve Vot (x, £)) 2T (x, ), (5.7)
1t (x, ) = (det Ve Vot (x, £))/*r T (x, £). (5.8)
We have
1
((quﬁ*(x, £) Vet 5 (s (. s)))(det VeVept(x, 6)7 =0,
and therefore
rt(x, €)= (Ve T (x,8)) - VibT (x,8)
— (det Ve VT (x, 5))_]/2%Ax (det VeV ™ (x, £)) b (x, £).
It is useful to introduce
cHx.8) =In(det Ve Vip (. )% £ #0. (5.9)

Note that it satisfies the equation

1
(Ve (x,8)) - Vil T (2, 6) + EAx(b(x’g):O- (5.10)
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Proposition 5.1. For (x, &) e I” R o §70,

e}

1
(. 8) = E/Ayw(yw;x,sxs)dr. (5.11)

1

Proof. Both ¢ (x, &) and the right-hand side of (5.11) satisfy the first order Eq. (5.10). Both
go to zero as |x| — oo. In particular, they go to zero along the characteristics t — y* (¢, x, £).
Therefore, they coincide. O

Lemma 5.2. There exist the uniform limits
S AV (ot +
}{I(l)awax (67 (x,8) = ¢ (. 8)).
Besides, we have uniform estimates with € given as in Proposition 3.3

0507 (¢ (x, ) — ¢ (x, ) = O(IxI77179), 18]+ Iy[ > 0.

Proof. Below div and V will always involve the derivatives with respect to the first argument.
We compute:

(div FH(y" (), &) — div Fly (v (), §)) d

| =

I CRIEYANERIE

[\)IH

!
0 1
f /deF+ F(0,8) - (0 = i) dl
1 0

o0

1
+ / E(divF+(y;1;h(r),s) div Fp (Vs (1), §)) dr
1

=1+1,

where y;" (1) = Iyt (1) + (1 — l)yjph(t).
Now [ can be estimated (cf. (3.5f) and [6, (6.43)]) by

c / eyt ar < e / 2ty
|x]
=0 (IxI7*) = 0 (1x]7). (5.12)
Here « =2/(2 4+ ) and € > 0 is specified in [6, Subsection 6.1]. We used that

d|y+| > ¢ (|y

- + + o
u -8 ), \y |>ct , ¢>0.
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Splitting the time-integral as || 1T° dr + /. TOOO dr, the argument above yields (uniform) smallness of
the second term (provided T is chosen big). As for the contribution from the first term, we can
apply the dominated convergence theorem; whence we obtain the existence of lim;~ o /.

Next 83) 37 I is a sum integrals of terms of the following form:

R AR Lok 1 yl+8;11+ oV div F (v, &) - 9592 (v (1) — v, ),

where §1 +---+ 68, +v+a =48 and y; +-- -+ y,, + B = y. This can be estimated (cf. (3.5f) and
[6, (4.41) and (6.43)]) by

Clel Iy * (v [)ree.

We argue as above to obtain uniform bounds on 83) 8) I, as well as the existence of limy\ 0 83) arr.
Now /1 is bounded (cf. (3.5g)) by

c\ / e has [l bt o).

x|
Then we apply the dominated convergence theorem as above, and we obtain the existence of

lim;\ o /1.
82 dY II is a sum of integrals of terms of the form

op 0y yt ok ytay. oy (div (v, ) —div Fl (67, 8)),

where 61 + ---+ 6, +v =48 and y; + --- + ¥, = y. This can be estimated (cf. (3.5g) and
[6, (4.41) and (6.43)]) by

Clel™ I+ g (1)),
Then we can argue as above. 0O
Define
cHx, o, 1) =t (x, V2h0) — In2u) @D/,
Proposition 5.3.

(1) There exist (uniform) estimates

£ @ w0 —ng(1x) 7 < (5.14a)
3oyt (x,w, 1) =0(xI7"),  for |8 +yl=>1. (5.14b)
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(11) There exist (uniform) estimates
(20)@=D/493 57 (det Ve VT (x, £)) /> = g(1x1) "2 0 (jx|77)),
for 8]+ 1y1=0. (5.14c)
(111) There exist the locally uniform limits
397t (x, w,0) := %%828;2+(x, w, X).

Proof. Let us first prove the estimates (5.14b) for [6] =0, |y| > 1 in the spherically symmetric
case. 87 {S;h(x, &) is an integral of terms of the form

o' y---ay" ydy div Fl (v (1), §),

where y1 + -+ v, = y. Using 37 yT = O(Ix|" " "lg(IxDg(|yT ™), cf. [6, Proposition 4.9],
these integrals are bounded by

o0
C1 [ Hmg(al) g () |
1

o0

<Ca [ g () () | | = 0017,

x|
Thus
oY ¢ fn (e &)= 0(1x|7"),  for [y > 1.

Clearly we can argue as above for |§| > 0 as well. If |y| =0, we can use the formula (valid due
to spherical symmetry)

é‘s—gh(x’ Rﬁg’:) = é‘s—i;;h(Rn_lx’ 5)’

for any d-dimensional rotation R,,. Clearly this converts w-derivatives to x-derivatives, and con-
sequently we have shown (5.14b) in the general case.

Taking into account Lemma 5.2 we obtain the estimates (5.14b) in the general case (when V
is not necessarily radial).

We have

0
L (. ©) =Es+ph(x,ﬁ£)+/vw<§s;h(x,«/ﬁw(l)) Cw (1 dl,
0

where [0, 0] 21— w(l) is the arc joining X and w and wt(l) is the tangent vector. Using (3.16)
and (5.14b) with |§| =1, |y| = 0 and Lemma 5.2 we obtain (5.14a).
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The above arguments in conjunction with the proof of Lemma 5.2 can be used to prove that
there exist the limits

;igbaia%é*(x,w,x), 18]+ Iyl = 1.

We know from the explicit formula (3.13) that lim;~ o g:;gh (x, x, 1) exists locally uniformly

in x. Hence so does limy\ o E+(x, w, A) locally uniformly in (x,w) € I'.
As for the bounds (5.14c¢), we use (5.14a) and (5.14b). O

5.3. Solving transport equations
Introduce the operator

M = (det Ve V™ (x, 5))_1/2%Ax (det VeV, (x, £)) "/

~ 1 ~
_ e—;+<x,s>§Axec+<x,s>

= (B 29T (8 Vi B8 () + Vil (0,60,

Notice that due to Proposition 5.3 this operator is well defined at A = 0 (more precisely, for
(x,w,1) € F;gﬁo x {O}).
We define inductively for (x, &) € FIQL, 00"

by (x.6) =1

b (x.§) :=/Mb,,t(y(t,x,g,z),g)dr.
1

Proposition 5.4. There exist the following (uniform) estimates:

Y bl (x, &) = O(|x|~mA=HD=IV], (5.152)
9287 Mb} (x, &) = O(|x| 2 mI=#/2=I¥l) (5.15b)

Proof. For a given m, (5.15a) easily implies (5.15b).
Integrating 83)8}/ Mb,, (x, &) we can bound 828}{19,,1“ (x,&) by

o0 0
/|y+\_2_m(l_“/2)_”’|dt <C /‘y+|—2—m(1—u/2)—|y|g(‘y+|)—1 d|y+\

! x|
0
< Cz/|y+|—2—m(1—u/2)—lyl+u/2 d|y+‘ — 0(|x|—(m+1)(1—/L/2)—|)/|>.
|x]

This shows the induction step. O
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We set

b (x, &)= xa@® - )b (x,6),  bT(x, &) =) bl x,E)xi(Ix1/Rm)

m=0

for an appropriately chosen sequence R,, — oo (this is an example of the so-called Borel con-
struction, cf. [13, Proposition 18.1.3]). There are (uniform) bounds

207 bT (x, &) = O(Ix|” D).
We introduce

rf (e, §) = (Vep" (. 6) - Vi + M)b™ (x,6),
rf(x, 8) = 02} - ) (Vi (x,&) - Vi + M)b (x, 6),
raa (6, 8) =T (x, &) —rpf(x, 6). (5.16)
(The subscript pr stands for the propagation and bd stands for the boundary.)
Proposition 5.5. There exist (uniform) bounds
8507 rk(x,£) = O(Ix| ™),
and r;El (x, &) is supported away from I" I;; o and
0, 0% 1o (x, §) = O (g (Ix1) 1|~ 7171).

5.4. Constructions in incoming region

Using the phase function ¢~ = ¢~ (x,w,A) given in (3.6) we can construct a symbol
a” =et b~ witht™ = ef_(rF; + 7pg)s Tor = O(|x|7%°) and the symbol ryy = O(g(IxD]xI™H
vanishing on a given Iy . C I'p 00 and obeying appropriate analogues of the conditions of the

previous subsection.
Similar to (5.4) we consider the Fourier integral operator J~ on L?(R%) given by

™)) = (27) 4 f OO (x, £) (8 de. (5.17)

5.5. Fourier integral operators at fixed energies

For all 7 € L2(S9~!) we introduce
(JEMT)(x) = (2n)—d/2/ew’i(xswv“ai(x,w,x)r(a}) do, (5.18)

(TEM)T)(x) = (2n)_d/2fei‘z’i(x’w’)‘)fi(x,a),k)t(w) do, (5.19)
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where

a*(x, o, 1) = 209D (x, V20w),
fi(x, w, ) = (2)»)(d_2)/4ti(x, v2kw).

The functions @+ and 7* are continuous in (x,w, ) € R x §9=1 x [0, 00). This fact will
be very important in the forthcoming sections. Due to these properties we can define J* (1)
and T*(A) at A =0 by the expressions (5.18) and (5.19), respectively. We can split T+ =
Tbia1 (A) + T; (1) in agreement with the decomposition (5.16) (cf. (5.8)).

Throughout this subsection € signifies the € > 0 appearing in Proposition 3.3 (it is tacitly
assumed that € < 1 — /2)). For the problems at hand we can use coordinates for w € gd-1
sufficiently close to the dth standard vector ey € R? specified as follows (using a partition of
unity in the x-variable and a rotation of coordinates this is without loss of generality):

w=w| +wgeq: wi=+1—w?, o, R |w,]|is small (5.20)

Proposition 5.6. There exist a (large) R > Ry and a (small) o € 10, 00] such that for all
|x| > R there exists a unique o € S~ satisfying w - £ > 1 — & (alternatively: x € F;(} (w))

and 3,9 (x, w, X) = 0. We introduce the notation a)CJ;t = a)gl;t(x, A) for this vector. It is smooth
in x and we have

8y (a)+ J?) = 0(|x|_g_|y|).

crt

Let
P(x, 1) =0T (x, wfy(x, 1), 1). (5.21)
This function solves the eikonal equation

(0:p (x, 1))’ /2 4+ V(x) = .

In the spherically symmetric case we have a):rrt =X and

|x|

Psph (x, A) = V2ARo + f V20 =2V (r)dr. (5.22)
Ry

The proposition is obvious in the case V> = 0, cf. (3.9). The general case follows by an appli-
cation of the fixed point theorem, cf. the proof of the similar statement [15, Lemma 4.1]. At this
point one needs some control of the Hessian; we refer the reader to the proof of Theorem 5.7.

Of course, there is an analogue of Proposition 5.6 in the — case; we then need to replace ¢
with ¢, and £ with —%. We obtain w_,(x, 1) = —w (x, 1). Note the identity

G(x,2) = —¢~ (x, W (x, 1), 1).
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Theorem 5.7. Let t € C®(S9~1). Then

—1

(JEWT) () = Q) 2eF T g1 (AT (PN (k1) + 0(rF)). (5.23)
Moreover (5.23) is uniform in (£, 1) € 971 x [0, co[. The same asymptotics holds for
+¢7 1% pJE)T().

Proof. We invoke the method of stationary phase (with a parameter given by the expression
h = h(r) of (3.14)), cf. [14, Theorem 7.7.6] or [15, Theorem 4.3]. For simplicity we consider
only the + case and we abbreviate w¢ = a);rrt This method yields (up to a minor point that is
resolved below) that

(7 007) () = @)~ Fe 17 det(926™ (v, wer, 1)/27) |2

d

x el 0D (G (x ) wery, 1) T (@ert) + & 520(r‘5)). (5.24)

Let us consider the Hessian. We first compute it in the case V, = 0 choosing coordinates such
that X = e; and using (5.20):

O, b (@ = %) = =84, Dy, (0 = 3),

and using the fact that

e, 8);¢S";h(w =3)=hl, (5.25)

cf. the computation (3.12) (here I refers to the form on TSS;;) X TSf)_l given by the Euclidean
metric), we obtain that

Bf)l(b;;h(a) =%)=—hl. (5.26)

In particular the critical point is non-degenerate in this case.

Since wc 1s a critical point, the second derivative has an invariant geometric meaning. There-
fore, we can drop the reference to the special coordinates | and we can write simply 83) for 802) N
in the left-hand side of (5.26). The formula (5.26) is then valid for all £ € S¢~!.

The general case is similar. In particular, after applying Proposition 3.3 and (5.26), we obtain

|det(32 (x, e, 1)) | = h 71 (14 O (r79)). (5.27)

We conclude by combining (3.13), Lemma 5.2, Proposition 5.3, (5.27) and the construction
of the symbol a* that (5.24) and indeed also (5.23) hold.
The second part of the theorem follows similarly. O

6. Wave matrices
In this section we study (modified) wave matrices. We prove that they have a limit at zero en-

ergy, in the sense of maps into an appropriate weighted space. This implies asymptotic oscillatory
formulas for the standard short-range and Dollard scattering matrices.
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6.1. Wave operators

The following theorem is essentially well known (follows from (3.3)). It describes a construc-
tion of modified wave operators similar to that of Isozaki—Kitada [18,19]. Notice, however, that
the original construction involved energies strictly bounded away from zero. Notice also that the
construction of J¥ in Section 5, although given under Conditions 2.1 and 2.2, in fact can be done
under Condition 1.1 as well.

Theorem 6.1. Suppose that V satisfies Condition 1.1. Then
Wt f= im_ el H jfe=itHo f — im_ el jEe=itho fo feC.(RI\{0}). (6.1)

The “wave operator” W* extends to an isometric operator on L*(R?) satisfying HW* =
W= Hy, and its range is the absolutely continuous spectral subspaces of H. Moreover,

0= lim e yfe "o = lim e/ yjEeifof,  feC (R {0)). (6.2)

t—>Foo t—Foo

Remarks. We know that Joi Lye,00[ (Hp) and J*E e, 00[ (Hp) are bounded for any € > 0, but we do
not know if JOjE and J* are bounded (not even under Conditions 2.1 and 2.2). This is the reason
for restricting the choice of vectors in (6.1) and (6.2). An alternative, and equivalent, definition
of W as a bounded operator on L?(R?) is the following:

Wt = P\I}(l) s lim e JE e oo (Ho)e 1110,

The following general fact serves as the basic formula in stationary scattering theory, see
Appendix A for a derivation.

Lemma 6.2. Suppose there are densely defined operators JE and j”i on Lz(]lﬁd) such that
Jil]eioo[(Ho) and Til]e,oo[(Ho) are bounded for any € > 0 and that Tif —i(HJ*— JiHo)f
for any f € L*(R?) with f € C.(R?\ {0}). Suppose there exists
WEf = lim el jEe oy feC (R {0}).
t—+o0

Then we have the following formula

WEf = n\n%/(fi +iR(AFie)TF)s (1) f dr, (6.3)

where 8. ()) = RO(““ZIRO(X_“) = S((Hy— 12 +ed)\.

6.2. Wave matrices at positive energies

For any s € R we recall the definition of weighted spaces L>*(R?) := (1 + x2)~S/2L>(R?).
Let A, denote the Laplace—Beltrami operator on the sphere S~!. For n € R we define the
Sobolev spaces on the sphere L2 (S9=1y .= (1 = A,) V2L (547,
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For A > 0 we introduce Fq(A) by
Fo) f(@) = 2092 f(V2rw).

Let s > % and n > 0. Note that Fy(A) is a bounded operator in the space B(L*St(RY),
L>"(8971)) and depends continuously on A > 0. Likewise, Fo(A)* € B(L>~" (S 1),
L>757"(R%)) and it also depends continuously on A > 0. Note also that the operator

/@fo(k) da: L2 (RY) — /EBLz(Sd_l)dA (6.4)
0

is unitary; consequently the operators Fq(X) diagonalize the operator Hy. Finally,
s-lim 8 (3) = FoO)* Fo() in B(L>*(R?), L* 75 (RY)). (6.5)
€

Due to the limiting absorption principle we have the following partial analogue of (6.5) for
the full Hamiltonian, defined under Condition 1.1: Let s > % and

R(A+1i€) — R(A —1i¢€)

% ()= 21

(6.6)

Then there exists

8V (n) = s-lim 8Y (v in B(L**(RY), L* 75 (RY)). (6.7)

The operator-valued function 8V (-) is a strongly continuous function of A > 0.

If Conditions 2.1-2.3 are true then we can extend the definition of 8" (1) to include A = 0 if
we demand that s > % + £, and the corresponding operator-valued function will be a strongly
continuous (in fact, norm continuous) function of A > 0, cf. Remark 4.2(2).

In the remaining part of this section we shall assume that the positive parameter o’ in (5.2) is
sufficiently small (this requirement can be fulfilled uniformly in A > 0). Notice that the condi-
tion conforms well with Lemma 3.2; we need it at various points, see for example the proof of
Lemma 6.9.

Formally, we have J= (1) = J*Fy(A)* and TE (L) = T*Fo(1)*. This suggests that (6.3) can
be used to define wave operators at a fixed energy. This idea is used in the following theorem
(which is essentially well known).

Theorem 6.3. Suppose that the potential satisfies Condition 1.1. Let € > 0, n > 0 and A > 0.
Then

WEQR) = JT) +iRAFIOTEWN) (6.8)
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defines a bounded operator in B(L>" (8471, Lz’_%_é_” (RY)), which depends continuously
on A > 0. It depends only on the splitting of the potential V into V| and V3 (but does not depend

on the details of the construction of J*). For all fe L% Ste (Rd) and g € C.(]0, oo), we have

WEg(H) = [ g0WE R £ 0. (6.9)
0
Moreover,
WEQLWER)* =8Y (). (6.10)
We set

w (@, 1) = WE(L)8,,
where 8, denotes the delta-function at w € S~'. Then for all multiindices § the function
§971 %10, 00[ 3 (@, 1) > B wT(w, 1) € L*P(RY);  p> 18| +d/2,
LS CONLinUous.

Remark. The operator WEQ) : D'(§97 1) — L2:= is called the wave matrix at the energy A.
Its range consists of generalized eigenfunction at the energy A. The function w™(w, 1) (which
belongs to WE(A)L?> 3P (541 for p > %) is called the generalized eigenfunction at the energy
A and outgoing (or incoming) asymptotic normalized velocity .

Let us explain the steps of a proof of Theorem 6.3 (in the case of “4-"-superscript only); our
(main) results contained in Theorems 6.5 and 6.6 will be proved by a parallel procedure.
First one introduces a partition of unity of the form

I = Op'(x+(@)) 4+ Op' (x—(@) x— (b)) + Op" (x—(a) x+ (b))
=:0p'(x1) + Op'(x2) + Op'(x3)- (6.11)

Here a and b are the symbols introduced in (4.4) (rather than in (4.1) since we do not here impose
Conditions 2.1-2.3) and x4 is a real-valued function as in Proposition 4.1(i1) such that x4 () = 1
for t > 2Cp, and x— = 1 — x4+. Moreover, x—, x+ € C*®(R) are real-valued functions obeying
X—+ x+=1and

supp x+ € [1 — 20, ool. (6.13)
The number ¢ needs to be taken (small) positive depending on the parameter o of Section 5.1.
(For the proof of Theorems 6.5 and 6.6 to be elaborated on later we refer at this point to (6.38)

for the precise requirement.)
The proof of Theorem 6.3 is based on the following lemma:
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Lemma 6.4. Suppose that the potential satisfies Condition 1.1.

() For all n > 0 and € > 0, JT()\) is a continuous function in X > 0 with values in
B(LZ,—n(Sd—l), LZ,—%—G—H(Rd)).
(i) For all n € R and € > 0, Tng()») is a continuous function in A > 0 with values in

B(Lz’_”(Sd_l), L2,%—e—n(Rd)).

(ii1) For all m,n € R, Opr(X3)Tb‘E(A) is a continuous function in A > 0 with values in
BL>7"(s47h, L>" (RY).

(iv) Forall m,n € R, Terr (X) is a continuous function in X > 0 with values in B(L*7 (8§91,
L>™([R%)).

More general statements than Lemma 6.4 (i)—(iv) will be given and proven in the context of
treating small energies (see Lemma 6.8); these statements are under Conditions 2.1 and 2.2. Let
us here use (i)—(iv) in an

Outline of the proof of Theorem 6.3. The expression (6.8) is a well-defined element of
B(L*7 (8§41, LZ’_%_E_”(R‘I)) due to the positive energy version of Proposition 4.8 and
Lemma 6.4; this is for any € > 0 and n > 0. (Notice that (4.46) holds for any ¢ € R by
Lemma 6.4.) Effectively, this argument is based on the following scheme (to be used below):
We insert the right-hand side of (6.11) to the right of the resolvent in (6.8) and expand into three
terms. Whence, by using Remark 4.2(4) and Lemma 6.4, we see that W (1) is a sum of four
well-defined operators in B (L=—n(§4—1, L2 (R%Y), hence well-defined.

Next note that A — W™ (1) is norm continuous, due to the norm continuity of each of the
above mentioned four operators, which in turn may be seen by combining the continuity state-
ments of Remark 4.2(4) and Lemma 6.4.

The statement on the independence of details of construction of J* is based on the positive
energy version of Proposition 4.10; the interested reader will realize this by using arguments
from the proof of Lemma 6.10 stated later.

The formula (6.9) can be verified by combining (6.3) with arguments used above, see Ap-
pendix A for an abstract approach. The identity (6.10) is a consequence of (6.9).

Finally, due to the fact that 82)8&, € LZ’%_p(Sd_l) for p > || + % (with continuous de-
pendence of w € §4=1), we conclude that indeed af)w"'(a), 1) € L>~P(R?) with a continuous
dependence of w and A.

6.3. Wave matrices at low energies

Until the end of this section we assume that Conditions 2.1-2.3 are true. The main new re-
sult of this section is expressed in the following two theorems which concern the low-energy
behaviour of the wave matrices of Theorem 6.3:

Theorem 6.5. For s > % + &L andn >0,

WE(0) := JE(0) +iR(Fi0)T*(0) (6.14)
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defines a bounded operator in B(L> (8471, L>=s—n(=1t/2)(R4Y))_ It depends only on the split-
ting of the potential V into Vi + V> and V3 (but does not depend on the details of the construction
of JF). We have
WEO)WE(0)* =5Y(0). (6.15)
If we set
w* (@, 0) = W=(0)0,

then we obtain an element of L>~P (R?) with p > % + % — ‘%“ depending continuously on w. In

fact, more generally, 83)wi(a), 0) € L7 (R?) with p > (|8] + %)(1 — %) + % with continuous
dependence on w.

Theorem 6.6. For all e > 0 and n > 0,

(tr)g) " (x) "2 g T WEQ) (6.16)

is a continuous B(L>~" (8§41, LZ(Rd))-valuedfunction in A €0, o0f.
For all € > 0 and all multiindices 8, the function

S91 % 0, 000 5 (@, 4) 1> ((x)g) P2 E (1) E g b ad wE w, 1) € L2(RY)
LS cOntinuous.
The following corollary interprets Theorem 6.6 in terms of the usual weighted spaces:
Corollary 6.7. Let n > 0. We have

WE(0) = lim W)
A\0

in the sense of operators in B(L>~"(S¢~1), L5 (R?)), where §, > % +n+max(0, § —nk).
For all multiindices 8, the function

S % [0, 00[ 3 (@, 1) > 85 wE (w, 1) € L> 7P (RY)

is continuous, with p > % + 18] ford > 2 and p > % + |§| + max (0, (1 — 2|8|)%)ford =1.

The proof of Theorems 6.5 and 6.6 is based on the following analogue of Lemma 6.4 (for
convenience we focus as before on the case of “+”-superscript only). The symbol x3 appearing
in the statement (ii1) below is specified as before, i.e. by (6.11) and the subsequent discus-
sion.
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Lemma 6.8.

(i) Foralln >0 and e > 0,
((0)g) " ()72 g2 T+ () (6.17a)

is a continuous B(L*>7"(S971), L2(R?))-valued function in ) € [0, col.
(i) Foralln e R and e > 0,

(()g) (1) g 2T (6.17b)

is a continuous B(L*>7"(S971), L2(R%))-valued function in ) € [0, col.
(iii) Forallm,n € R,

(x)" Op" (3) T,h () (6.17¢)

is a continuous B(L>~"(§4~ 1), Lz(]Rd))-valuedfunction in A €0, oo
(iv) Forallm,n € R,

()" T (3) (6.17d)

is a continuous B(L>7"(S971), L2(R?))-valued function in ) € [0, col.

Later on we will actually need a slightly stronger bound than the one of Lemma 6.8(i) with
n = 0, which we state below (referring to notation of (4.6) and (4.54)):

Lemma 6.9. Forall t € L>(S4~ 1), It (W)t e B;“O. In fact, with a bounding constant independent
of A 20,

g2t () e B(L(s* Y, BY).

2

Proof. We need to bound the operator Pg := R™'JT(A)*gl{x<r)J (1) independently of
R>1 and A > 0. Writing Pg = R™! fOR dr fSr 0, dx with S, = {|x| = r}, it thus suffices to
bound the operator |, s, QO dx independently of r > 0 and A > 0.

Step I. Analysis of | s, Ordx. The kernel of Q; is given by

Qr(a)’ C()/) — ei(¢+(x,a)’,)»)—¢+(x,a),)\))a(x, w, (,l)/, )\‘)’
where
Cl(X, a)’ C()/’ )\') = (2”)_dg(|x|’ A)m&‘}'(x, a)/, )\‘).

For simplicity, we shall henceforth omit the superscript 4, » > 0 and A > 0 in the notation.
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Our goal is to show that |, s, Q, dx is a PsDO on L2(59~1) with symbol b(w, &', z) obeying
uniform bounds (uniform in » > 0 and A > 0)

1081952 09b| < Cp, po.al2) 7. (6.18)
Clearly this would prove the lemma.

We can use a partition of unity on $9-1 and therefore we can assume that the vectors w, @'
and % are close to the dth standard vector e; € R?. Consequently, we can use coordinates

w=w]| +wgeq, a)d:‘/l—a)i, (6.19)

xX=x| +xqe4, Xg=+/1r?— xi. (6.20)

Next we write
1
P(x,0) —p(x,0) = (0] — )2, 7=— / 8wl¢(x, s(@' — ) —i—a)) ds.
0

Step I1. We shall show that the map
SsODUsx—>Tx=zeR% lisa diffeomorphism onto its range. (6.21)

Here U is an open neighbourhood of e, containing the supports of a(-, w, @’).
To this end we investigate the bilinear form 3, d,¢ (x, ®) on T8¢~ x T4~ Note that

Ox Dy (R = w) = r~hi, (6.22)

cf. (5.25).
In the coordinates (6.19) and (6.20), the identity (6.22) reads for zsph = (Tx)sph (here we
consider the case where V, =0)

Ox;Zsph, i (@ =0/ =%) = —r'h(8;; + 0 wiw;), i, j<d—1. (6.23)
Due to (3.15), Proposition 3.3 and (6.23) we obtain the more general result
3,21 = —r 'h(8ij + 0 twiwj + 0(@) + 0(r™F)), i,j<d-L (6.24)

Here O (o”) refers to a term obeying |O(c')| < Co’, where o’ > 0 is given in (5.2) (assumed to
be small).
In particular, T is a local diffeomorphism with inverse determinant

10,217 = (=r~'h) " (0)) 2 (14 0(0") + O(r7F)). (6.25)
For a later application we note the uniform bounds

0819720218, 2i1 1 = g'~r 71 o). (6.26)

w o VX
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Also, T is injective: Suppose Tx! = T'x2, then

1
0:/8sz,-(s(x1 —x2)+x2)(x}- — Jz-)ds
0

= —r~'h((8ij + wz wiw;) + 0(") + O(r~)) (x] —x7).

Using the invertibility of the matrix 6;; + a)gzwi wj, it follows that x!l=x2.

Step III. Analysis of symbol b. Due to Step II, we can change coordinates and obtain that
f s, Qr dx is a PsDO with a symbol b = [0y z; |~1a. It remains to show (6.18). For zero indices
B1 = B> = a =0, we obtain the bound by combining Proposition 5.3 and (6.25). For derivatives,
we note the bounds

08185%20%7| < Cp, pragr' ™, (6.27)
which by a little bookkeeping yields
9818520Y x| < Cp, g1 (2) 7. (6.28)

Another bookkeeping using Proposition 5.3, (6.25) and (6.28) yields (6.18). O
Proof of Lemma 6.8. We drop the superscript “+” and the parameter A in the notation. We first
prove uniform boundedness on any compact interval [0, A1].

Re (i). We replace J = J () by J x(w), where x € C ©(59-1) with a sufficiently small sup-
port. We can assume that # is a non-negative integer. Instead of studying J (1 — A,)"*/?, it then
suffices to study Jd,, for |v| < n.

Integrating by parts, we observe that the corresponding integral kernel equals

Coy (e a(x, w)) =G, (x, »),
where a, is a linear combinations of terms of the form

Al (x,w) - fp(x,w)d0a(x, w),

with vg + v + - - - + v¢ = v. Thus, using that |82)¢| < C(x)g (cf. (3.11d)) and Proposition 5.3,
we obtain

8397 iy (x, ) = O ((x)"~ 1 g"+ 7). (6.29)
Then we follow the proof of Lemma 6.9.

Re (ii). Assume first that n > 0. Then we follow the same scheme as above. The bound on the
relevant kernel needs to be replaced by

0007 7, (x, ) = O ({x)" 1771 gm+3), (6.30)

cf. Proposition 5.5. Using (6.30) we can proceed as before.
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Assume next that n < 0. We can assume that n is a negative integer. For fixed x, we decompose
w=w| +,/1— a)if, where w | - x = 0. By (3.11c¢), we have the uniform lower bound

Vo, ¢ (x,0)| > clxlg forf-o<1-o0, (6.31)
and by (3.11d) the uniform upper bounds
|05, ¢ (x, )| < Clxlg. (6.32)

We apply the non-stationary method based on the identity

—n
(i Vo, ¢ _VM> 9T o) _ id(re)
Ve, 612

After performing —n integrations by parts, the bounds (6.31) and (6.32) yield

Txt= ) ffv(x,w)aj)lt(w)dw,

<—n

where the functions 7, also satisfy the bounds (6.30). Then we proceed as before.
Re (iii). The kernel of Op'(x3)Tpa(+) is given by the integral

/ dgel ¥ f OO (o y E)dy, (@, 1, E) = 1) (v, E)ina (3, ).
It suffices to show that
‘afag f e @0k (w, y,E)dy| < Cps uniformly in &, o and A. (6.33)

Notice that the symbol & is compactly supported in &. First we observe that (using notation of
Section 4.1)

|

k = ka),A S Sunif(g <x>_1’ gu,k)-

We can substitute k — k = F(|y| > 2R)k(w, y, &).
Next we integrate by parts, writing first

L
STV ) 600y _ @G0y
€= Vypl2 7

We need to argue that § — 9,¢ # 0 on the support of the involved symbol. For that we recall
the following elementary inequality valid for all z1, z2 € R9 and k1, k3 > 0:

|21 — 22 = min(k}/2, k2 — &3 /2) (21 1* + 12217, (6.34)
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provided one of the following three conditions holds:
22| < (1 —k1)z1l, lzil < (I —kDlz2] or zi-z2 < (1 —«2)|z1llz2].

Now, on the support of the symbol k we have (1 —o’)|y| <y -w < (1 —o0)|y|, cf. (5.2). We
use these inequalities in (3.5¢) and (3.5d), yielding

.V , A s
1—CG/—CIYI_GSlVyZE—yw;l'yél—CG-l-Clyl <
ypLy, @

which in turn (if R is taken large enough) implies that

WOy <, (6.35)

1-2Co’ <
ST W 2

We claim that there exists a small ¢’ = ¢/(o, ¢’) > 0 such that

E=Vyp (v, 0)| =161+ |Vyo (y, w)]) (6.36)

on the support of k (showing in particular that & — 9,¢ # 0).
Obviously, (6.36) follows from (6.34) with

£ V60, 0)

= d —
CEemn M T T

provided one of the above three conditions hold. If all of those conditions fail, so that intuitively
71 &~ 73, we can replace z» in (6.35) by z7 yielding

1 —3Co’ <b(x,6)<1— %0. (6.37)

Here we applied (6.34) for some k1 and k>, depending on o and o’. Now, the second inequality
of (6.37) is violated on the support of x4 (b(y, £)), provided that ¢ > 0 of (6.13) is chosen such
that

2% < %0. (6.38)

We have shown the bound (6.36) on the support of the symbol &, and therefore in particular
on the support of the relevant symbol, after performing the y-integrations by parts. The estimate
(6.33) follows.

Re (iv). First we assume that n > 0. Integrating by parts in w, as in the proof of (i), and
using Proposition 5.5, which says that #,; with all its derivatives is O ({x)~°°), we obtain that
()" Tpr(A) is in B(L*(S91), L2(R?)) for any m. The case n < 0 then follows trivially.

Let us now prove the continuity. Consider for instance (i). Let T € C*°(S d=1y and set

Tne() = ((x)g) " (x) "1 g2 I ().



1884 J. Derezinski, E. Skibsted / Journal of Functional Analysis 257 (2009) 1828-1920

Clearly, for (small) k > 0,
Jne)T = F(k|x| < 1) JpeM)T + F(klx] > 1)(x) /2Ty e p(0) 7. (6.39)

We know that J, ¢/2(A) is bounded uniformly in A. Hence the second term on the right
of (6.39) is O (k¢/?).

We know that a(x, w, 1), ¢(x,w, L) and g(x, k)il are continuous down to A = 0. The first
term on the right of (6.39) involves only variables in a compact set. Therefore it is continuous
in A. Hence J,, < (A)7 is continuous as the uniform limit of continuous functions.

By the uniform bound, which we proved before, we conclude that J, (1) is strongly contin-
wous in B(L>~" (S9N, L2(RY)).

Now

Tne) = g Tuverep(W)(1 = Ap) /41 — AL/,

where g¢/2 is strongly continuous, Jy1¢/2,¢/2(2) is strongly continuous in B(L?—"—€/2(§d-1y
L*(R%)), (1 — A,)~¢/* is a compact operator on L>"~¢/2(S9=1y and (1 — A,)¢/* is a uni-
tary element of B(L>(§¢~1), L>7"=¢/2(§¢~1)). We invoke the general fact that the product
of a strongly continuous operator-valued function and a compact operator is norm continuous.
Whence we obtain the norm continuity of J, ¢ (1) in B(L>~"(S9~1), L>(R?)).

The proof of the norm continuity of the operators in the remaining parts of the lemma is
similar. O

Outline of the proof of Theorems 6.5 and 6.6. The proof goes along the lines of the proof of
Theorem 6.3. In particular this amounts to inserting the right-hand side of (6.11) to the right of
the resolvent in (6.8) and expanding into three terms. Next, using Proposition 4.1 and Lemma 6.8,
we conclude that W (1) is well defined as a sum of four operators, say T;(2). In fact, all of the
four maps

[0,00[ 31 — ((x)g) " (x)"21€g7 Tj(») e B(L*"(s%71), L2(RY))

are continuous.

For the independence of W (1) of cutoffs, we use Propositions 4.8 and 4.10 in the same way
as in the arguments for deducing (6.40) stated below.

The formula (6.15) follows by combining (6.10), Remark 4.2(2) and the shown continuity
properties of W (1) and WH(A)*. O

Lemma 6.10. For any A >0, R(A£i0)TT()) is well defined as a map from D' (S o L2~
and

0=JE0) +iROEOTEWM). (6.40)

Proof. Note that we can extend Lemma 6.8 as follows: Let x— € C2°(R) and x— € C°(R) with
supp x— € ]—o00, 26 — 1] for some small & > 0. Then, for all m,n € R,

Op' (x- (@) X~ (1)) Tyy (), OP' (x— (@ x- (1)) I+ (3) € B(L> 7" (s 1), L>™ (R)),
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cf. (6.37) (recall the standing hypothesis of this subsection that the positive parameter ¢’ in (5.2)
is sufficiently small).
Therefore, for all T € D’(S¢~1) and s € R,

(WEL(TTMT) UWEL(JTW)T))n{b <o —1}=0. (6.41)
By the definition of T (1),
(H-—MNJTW)1t=—=iTT (M)t =—i(H—XM)RMA+i0)TT(W)7. (6.42)

Notice that due to (6.41) and Proposition 4.8(iii), the vector u = R(A+i0)T ()T is in fact
well-defined and

WE, w)yNn{b<o—1}=40. (6.43)

C

Using (6.41)—(6.43) and Proposition 4.10, we conclude that the generalized eigenfunction
satisfies

JTMW)T+iRA+10)TT ()T =0. O (6.44)

Remark. There exists an alternative time-dependent proof of Lemma 6.10 that avoids the use of
Proposition 4.10: Due to (6.2)

0= n\n% (JE+iRA£ie)TH)s. (M) fdr, feC(RY\{0}),

cf. Lemma 6.2 or Appendix A. The right-hand is given by
/(Ji +iR(£i0)T)8(2) f dA,

cf. Appendix A. Whence, by a density argument, (6.40) follows.

We complete this subsection by discussing a certain refined mapping property of W*(1). Be-
sides its own interest its application (see Corollary 6.12 stated below) will be needed in Section 8.
The result is related to the fact that the continuity in A of the operators in (6.16) and (6.17a) is
proven only for n > 0 while the continuity in A of the operator in (6.17b) is valid for all n € R.

Theorem 6.11. Fix real-valued x, x— € C°(R) and x4+ € C*°(R) such that supp x— C -1, 1,

x4 € C(R) and supp x4 C 1Co, ool. Le{A = 0pY(x(a)x—(b)) and Ay := Op%(x+(a)) for
A20.ForallneR, e >0andwith A=A or A=Ay,

WiE (1) = ((x)g) " (x) 2 g AWE () (6.45)

is a continuous B(L>~" (S, L2(R%))-valued function in X € [0, oo].
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Proof. With reference (4.2) (this class of symbols is used extensively in [8])

1 1 1

B = ((x)g) " (x) "2 g2 Ag ™1 (x) 25 ((x)g)" € Wumit((x) %, g1)-

Whence, by the calculus, B(A) € B(L?*(R%)) with a bound locally independent of A > 0, and
in fact B(-) is norm continuous. By using this continuity and Theorem 6.6, we conclude that it
suffices to consider the case n < 0.

Re A = A. Since the construction of W™ (L) is independent of the (small) parameters o and
o' in (5.2), we can take them smaller (if needed) to assure that

supsupp x_ < 1 —3Co’. (6.46)

Here we refer to the left-hand side of (6.37).

Now, to show that Wn"fe (1) is an element of B(L%~"(S971), L2(R%)), we consider for A > 0
the two terms of (6.8) separately (if A =0 we use instead (6.14)): The contribution from the first
term (i.e. from J (X)) has better mapping properties than specified, cf. Lemma 6.8(iii). In fact,
using (6.46) we can mimic the proof of Lemma 6.8(iii) to handle this contribution. As for the
contribution from the second term (i.e. from i R(A —i0)7 (X)), we combine Lemma 6.8 (ii)
and (iv) and Proposition 4.1(iii).

By the same arguments, continuity in A > 0 is valid for the contribution from each of the
mentioned two terms, hence for W,;'f ().

Re A = A4. Again we consider for A > 0 the two terms of (6.8) separately (if A = 0 we use
instead (6.14)). The contribution from the first term J* (1) has again better mapping properties
than needed. More precisely, we have the following analogue of Lemma 6.8(iii):

For all m € R the family of operators (x)™ A, J* () constitutes a continuous B (L1541,
L2(R%))-valued function of A € [0, ocol.

To show this, we can again follow the proof of Lemma 6.8(iii). It suffices to show locally
uniform boundedness in the indicated topology and we may replace A; — Op'(x4(a)). The
kernel of Op" (x4 (a))J " ()) is given by the integral

/ d ¢ / GO (4 £)dy,

ko (0, &) = 1) 5 (8278 (1y1, ) )at (v, w, 1),

It suffices to show that

<€>d-‘rl

ol'0} f el @Oy . (y, S)dy‘ < Cps uniformlyin €, wand . (6.47)

For that we notice that
d_1
k= kw,A € Sunif(g 2, gu,k)-

It suffices to show (6.47) with k — k = F(|y| > 2R)k, 2 (y, £).
Next we integrate by parts, writing first

£
[ STV G ) i G0e-yE) _ i@y
€ —Vypl>
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and then we invoking the uniform bounds
CIEl =& = Vo (v, o)| = (€l + V)0 (v, 0)]), (6.48)

which are valid on the support of k (provided R is chosen sufficiently large). Clearly, we obtain
(6.47) by this procedure if £ (i.e. the number of integrations by parts) is chosen sufficiently large.

As for the contribution from the second term i R(A —i0)7 (1), we combine Lemma 6.8 (ii)
and (iv) and Proposition 4.1(ii). O

We can extend the identities (6.10) and (6.15) (which below corresponds to s = 0) as follows:

Corollary 6.12. Let x, x— € CX°(R) be given as in Theorem 6.11. Fix A > 0. Let again A=
Op" (x (a)x—(b)). For all § > % and s < 0, there exists the strong limit

. ly. w1 Loy~ 1 R |
s—h\nagZ(S6 (AMAg2 =g26" (MAg2 =g2W=(M)W—(A)"Ag?2 (6.49)
€

in B(L>* T (RY), L2573 (RY)).
Proof. It follows from Proposition 4.9 that indeed there exists the limit
B:= s-eli\nég%(sev (WAg? in B(L>T(RY), L2573 (RY)).
Let n = s/s1, where s 1s given as in (4.6). Due to Theorem 6.11
WE(G)*Ag? = (g2 AWE (M) € B(L2H (RY), L2 (5971)),
and due to Theorem 6.6
g2WER) e B(L>" (5971), L2 (RY)),
We have shown that
g2 WEQ)WEW*Ag? e B(L>H (RY), L2573 (RY)).
Since
Bv=gIWEQ)WE(W)* Ag2v forve L2,

cf. (6.10) and (6.15), we are done by a density argument. O
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6.4. Asymptotics of short-range wave matrices

Clearly, if n > 1, there exists

WEf= lim e 1Moy, (6.50)

t—+00

which is the usual definition of wave operators in the short-range case. In the case n € ]1, 2[, we
can compare our wave matrices with the wave matrices defined by (6.50).

Recall p := p/|p|.

Theorem 6.13. For u € |1, 2[, the operators

(.¢]

Vi) —1/(|p| —FH(ip, p.p?/2) - p)dl,
Ry

(.¢]

Vo (p) = —i / (Ipl+ F+(=1p, —p. p>/2) - p) di

Ro

are well-defined. If Vo = 0, then ¥ (p) = v (|p|) with

vE(pl) == [ (pl=\/p - 2m0) e
Ry

We have
WE=wtel Vs @, (6.51a)
W, =W elVa(®), (6.51b)
Whence in particular, for all A > 0,
W) = W el Ve (V22 (6.52a)
Wo () = W™ (el Vo (V2. (6.52b)

Proof. One can readily show the theorem from well-known properties of the free evolution and
the fact that

¢+(x,w,k)+f(\/2_ Fro, 0,2) - 0)dl =v2r0 - x +o(|x]°), (6.53)
Ro

which in turn follows from [6, (4.50)] and a change a contour of integration. The asymptotics is
locally uniform in (w, A) € §9-1 %10, 00[. O
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Remark 6.14. w; is indeed oscillatory. Notice that for Vi (r) = —yr~*, as A — 07, we have

v (vV21) =/(«/2_—,/2(A+yr—u))dr

V1+2ys=1)ds

tl—‘
Z T

VI+2ys=#)ds + 0(29),

MI'—‘
7;|~
O\

cf. [28, (7.11)]. See Remark 6.16 for a similar result.
6.5. Asymptotics of Dollard-type wave matrices

For pu > % and 1 + €2 > 1, the Dollard-type wave operators are given by
Wiorf = lim e Ugo1(0) f.

where

Ugol(£) = e 3 Jo 02 /2HVi6P) iz ro ) ds

We have the following analogue of Theorem 6.13.

Theorem 6.15. For % <m<2 e <land pu+ € > 1, the operators

V() =i /(Ipl CFH(ip. pop/2) - B —IpI T Vi)
Ry

o0

ii(p) = —i f (Ipl+ F*(=1p.—p. p2/2) - p— IpI " Vi) di

Ro

are well-defined. If Vo = 0, then 1#5%1(19) = wil(lpl) and

Yo (Ipl) = +i /(|p| — /P2 =2Vi() — IpI” Vi) dr
Ry

We have
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Wi = Whel Vi), (6.54a)
W =W e Vi), (6.54b)
Whence in particular, for all A > 0
Wi () = WH el Vaa V2R, (6.552)
Wi () = W™ (Ml Yan V2R, (6.55b)

Proof. First we notice that wiﬂ are well-defined due to the fact that
(FJr Sph)(la) w, ) = (1_8)

for any § < min(u + €2,2u), and hence integrable. Here FSJI;h refers to the FT for the case

V2 =0, whence F h(la) w, L) = g(l, M)w. For this estimate, we refer to [6, Remarks 6.2 2)] and
the proof of [6, Lemma 6.4]. It appears stronger at the price of not being uniform in (small) A.
There is an extension of this estimate that allows us to integrate along the line segment joining x
and Rw and taking the limit:

0w Rw
/ (F* = Fl)G 0,0 di = Jim (F* = Fl)G 0,0 - dx
=o(|x]"). (6.56)

Introduce the auxillary phases

+x-w

bt (x,0,0) =2hx -0 F (20) / Vi) di,
Ro

+oow

B0 === [ (= Vit a5

X

and corresponding modifiers

(Jgtf)(x)=(2n)‘d/2/eid’f(x’é)x(x,ié)f(g)ds; £ =20.

Here we can take the function y of the form x (x, w) = x1(|x|/R) x2(x - w) with x; and x; given
as in (5.1) and (5.2), respectively.

By the stationary phase method, [14, Theorem 7.7.6], one derives the following asymptotics
in L2(R?) for any state f with f € C®°(R4 \ {0}):

H H
Udol(t) f < JE 0 f < JE elHo f ast — +o0.
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Next we notice the following analogue of (6.53), cf. (6.56):

(0,¢]
= (x, 0, 1) + f(V¢d+O1 ~— FY) (o, f0,1) - odl
Ro

= ¢ (x. 0. 1) + o(1x]%).

Again this asymptotics is locally uniform in (w, 1) € S¢~! x 10, 00[. O

Remark 6.16. The first factor on the right-hand side of (7.11) is oscillatory. Let us state the

following asymptotics for the special case where Vi (r) = —yr~* for r > Ry:
0}

Y (V21) = /(\/2 — 200+ yrB) + @) Ty ) dr
Ro

[}

oo
— @7 H / (1—V142ys=#+ysH)ds.

|
Ro(2a)

For A N\ 0, this behaves as

1 1
(20)275Cy+ 0(372), —<p<l;

—y M) 22k 4+ 2N 2C + O0(),  p=1:

l—p
R 1_1
@020 " 1y+0(>»2 ¥),

l<pu<?2.

Here

o0
C,:= /(1 —V142ys=H +ys™H)ds,
0

00 1
Ci ::/(1 — /14 2ys7! +ys_1)ds+/(1 —y/142ys~1)ds — y InRo.
1 0

7. Scattering matrices

In this section we study (modified) scattering matrices. We prove that they have a limit at zero
energy. This implies low energy oscillatory asymptotics for the standard short-range and Dollard

scattering matrices.
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7.1. Scattering matrices at positive energies

The scattering operator commutes with Hy, which is diagonalized by the direct integral de-
composition (6.4). Because of that, the general theory of decomposable operators says that there
exists a measurable family ]0, oo[ 5 A — S(X), with S(X) unitary operators on L2(59-1) defined
for almost all A, such that

0

S:fEBS(A)dA, (7.1)
0

using the decomposition (6.4).
The following theorem is (essentially) well known:

Theorem 7.1. Assume Condition 1.1. Then

S =="2nJTW)*T~ (L) +27iTT(W)* R +10)T (1) (7.2a)
=2rWHW)*T~ (1) (7.2b)

defines a unitary operator on L*(S?~1) depending strongly continuously on ) > 0. Moreover,
(7.1) is true. Furthermore, for alln € R and € > 0,

S()\.) c B(Lz,n (Sd_] ) , Lz,n—é (Sd_] ))’
depending norm continuously on ) > 0. (Hence in particular S(A) maps C % (54=1Y jnto itself.)
For a derivation of the formula (7.2a) we refer the reader to Appendix A. For the remaining
part of the theorem we refer the reader to the proof of Theorem 7.2 stated below (one can use
Theorem 6.3 and Lemma 6.4 as substitutes for Theorem 6.6 and Lemma 6.8, respectively).

7.2. Scattering matrices at low energies

Until the end of this section we assume that Conditions 2.1-2.3 are true. The main new result
of this section is the following theorem:

Theorem 7.2. The result of Theorem 7.1 is true for all 1 € [0, oo[. Specifically, if we define

S(0)=—=27JT(0)*T~(0) +27i TTO)*R(+i0)T(0) (7.3a)
= 27 WT(0)*T(0), (7.3b)

then S(0) is unitary, s-limy~ o S(A) = S(0) in the sense of B(L*(S?~1)) and lim;~ o S(A) = S(0)
in the sense of B(L*"(S9~1), L>"=¢(S9=1)) for any n € R and € > 0.

Proof. First we notice that the expression

S ==2xWHo)*T~ () e B(L*"(s77"), L*"¢(s?" ")) forn >0,
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has a norm continuous dependence of A > 0. Indeed, fix n > 0 and € € ]0, n], and pick €1, €2 € R
such that e% <€ <e€eand e = %(e — €1). We write

WTO)*T~ ()
= (WH* g2 (x) 772 ((x)g) ") (e~ (x) ) (((x)g)" (x)2 "2 2T~ (V). (7.4)

We shall use the analogues of Lemma 6.8 (ii) and (iv) with T (L) replaced by T~ (1) (proved
in the same way). The third factor on the right of (7.4) is continuous in A with values in
B(L?>"(§4~1), L2(R?)). The second factor is continuous in A as an operator on L*(R%). The
first factor is continuous in A as an operator in B(L?(R%), L>"~¢(S?~1)) due to Theorem 6.6.
This proves the norm continuity of S(A) in B(L>"(S¢~1), LZ"=¢($9~1)) for n > 0.

Let us prove the same property for n < 0 using a slight extension of the above scheme:
Notice that the positive sign condition above entered only in the condition n — € > 0 needed
for applying Theorem 6.6. Since n < 0 we have n — € < 0 and therefore we need a substi-
tute for Theorem 6.6. This is provided by Theorem 6.11 and an analogue of Lemma 6.8 for
T~ (). In fact, choose for (small) 6 > 0 real-valued x_— € C°(R) and x4 € C*°(R) such that
supp x— C 1-1L 1, Xx—=1lin[oc — 1,1 —a], supp x4+ C ]Cp,00[ and x4+ =1 in [2Cp, oo. Let
x=1—x1, A=0p"(x(@7- (b)), A+ = Op”(x+(a)) and A = Op* (x(@)(1 — F—(b))). We
insert the identity / = A+ A4y + A

WEO*T™ (W) = ((A+ AW T~ (W) + WHR* (AT~ (). (7.5)

Due to Theorem 6.11 the above argument can be repeated for the first term on the right-hand
side, and if 0 > 0 is chosen sufficiently small we have the following analogue of Lemma 6.8
(ii1) and (iv) (here stated in combination): For all m € R the family of operators (xX)"AT~(X)
constitutes a continuous B(LZ’_" (Sd_l), Lz(Rd))-valued function of A € [0, oo[. By choosing
m > % + % and using Theorem 6.6 we conclude norm continuity of the second term of (7.5).

But from the isometricity of S we see that S(X) is isometric for almost all A as a map on
L2(89~1). Therefore, it is isometric and strongly continuous as a map on L2891 forall » > 0.

By repeating this argument for $* (not to be elaborated on) we obtain that S(1)* is isometric
and strongly continuous in A > 0 as a map on L?(S?~!). Whence S(A) is unitary as a map on
L*s7hH. o

Remark. There is an alternative and completely stationary approach to proving the unitarity of
the scattering matrices. In fact taking (7.2b) and (7.3b) as definitions the unitarity is a conse-
quence of the formula (8.11), which in turn can be verified directly along the lines of Section 8.

7.3. Asymptotics of short-range scattering matrices

In the case i € ]1, 2[ we can compare S(X) with the S-matrix S5 (A) defined similarly

o0

Sge = WSI*W, =~ / @ Ssr (1) dA.

Sr T

0

Under the condition of radial symmetry Yafaev considered in [28] the component of S (A) for
each sector of fixed angular momentum. He computed an explicit oscillatory behaviour as A — 0.
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The following result is a consequence of Theorem 6.13. In combination with Theorem 7.2, it
yields oscillatory behaviour in a more general situation than considered in [28].

Theorem 7.3. For i € 11, 2|, the operators Sg; and S are related by

Sy = e Vs (P) gei Ve (P) (7.6)
In particular, for all A > 0,
S (1) = e TV (V22 g (1)l Vi (V22 (7.7)
and if Vo =0 then
Se(h) = ¢~ R (VAVIATVIOMdr g (7.8)

7.4. Asymptotics of Dollard-type scattering matrices

For u > % and p + €3 > 1, the Dollard-type S-matrix is diagonalized as before:

@]

Sdol = Wi Wy ~ / ®Sdol (A) dA..
0

We have the following analogue of Theorem 7.3, cf. Theorem 6.15:

Theorem 7.4. For % <u <2 e <1land pu+ e > 1, the operators Sqo1 and S are related by

Saor = &1V (P) SelVaa ). (7.9)
In particular, for all A > 0,
Saor (1) = e Vaa (V2R g(1)ei Vaar (V24 (7.10)
and if Vo =0 then
S () = ¢ 2R (VP V2ETIO =@ VIO dr 6y (7.11)
Example 7.5. For the purely Coulombic case V = —yr~! in dimension d > 3 one can compute
S(0)=¢' P, ceR, (7.12)

where (P1)(w) = t(—w). This formula can be verified using (7.11) and Remark 6.16, the explicit
formula [30, (4.3)] for the Coulombic (Dollard) scattering matrix (slightly different from our
definition), asymptotics of the Gamma function (see for example the reference [3] of [30]) and,
for example, the stationary phase formula [14, Theorem 7.7.6] (alternatively one can use the
formula [30, (3.4)]). It also follows (up to a compact term) from [7], where the constant c is

— d—
computed as ¢ =44/2y Ry — 1 5=
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It follows from (7.12) that the singularities of the kernel S(0)(w, @) in this particular case
are located at {(w, @) € S47! x §971 | w = —w'}. We devote Section 9 to an extension of this
result.

We also note that for the purely Coulombic case there is in fact a complete asymptotic ex-
pansion S(A) < Z?O:o S jlj /2. Here (of course) S is given by (7.12), and one can readily check
that S # 0. In particular we see that S()) is not smooth at A = 0, cf. Remark 4.2(3). We refer
to [2] (and references cited therein) for explicit expansions of the generalized purely Coulombic
eigenfunctions at zero energy (for d = 3); those are also in v/A.

8. Generalized eigenfunctions

Throughout this section we impose Conditions 2.1-2.3. For any A > 0, we define
VM) = {ueL* | (H - Mu=0} cS'(RY).

Elements of V~°°(1) will be called generalized eigenfunctions of H at energy A. In this section
we study all generalized eigenfunctions of H.

Remark. Note that by Proposition 4.3, for any u € V™°°(1) and s € R,

WFLu) C {b* +¢* =1}. (8.1)

C

8.1. Representations of generalized eigenfunctions

In this subsection we show that all generalized eigenfunctions can be represented by their
incoming or outgoing data.

Theorem 8.1. For any A > 0 the map
WEQ) :D'(8971) = V() (S L2 ™)
is continuous and bijective.

Proof. Step I. Clearly W (1) : D’ (S9-1y > Y=2°(3) is well defined and continuous, cf. Theo-
rem 6.6.

Step 11. We show that W=(}) is onto. Let u € V~°°(}) be given. Let

1
X = x—(@)F+b) + S X+ @), (8.2)

where x4 =1 — x_ is a real-valued function as in Proposition 4.1(ii) such that x(¢) = 1 for
t >22Co, and x_, x+ € C*°(R) are real-valued functions obeying x_ + x+ =1 and

supp X— g ]_OO’ 1/2[’ (83)
supp X+ S ]—1/2, oo[. (8.4)

Now
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1613011%@ +tie)(H — ) Op'(xT)u
:Opr(Xi)uﬂ:leiigieR(A:tie)Opr(Xi)u. (8.5)
Note that lim¢ o R(A +i€) Op'(x +)u exists, due to Propositions 4.3, 4.7, and 4.9. Therefore the
second term on the right of (8.5) is zero. Therefore, we have
0=O0p"(xT)u — R(AEi0)(H — 1) Op" (xF)u. (8.6)
Adding the two equations of (8.6) yields
u =218V () (H — 1) Op" (x 1)u,
which in turn in conjunction with Proposition 4.3, (6.10), (6.15) and Corollary 6.12 yields
u=Ww=r,  t=227i WEQ)[H,Op"(xF)]u e D'(s97Y). (8.7)

Step III. We show that W* (1) is injective. For convenience we shall only treat the case of super-
script +. By (8.7) we need to show that for all 7 € D'(§4-1

T=2miWTQ)*(H — 1) 0p"(x ") WH(r. (8.8)

By continuity it suffices to verify (8.8) for 7 € C>(S?=1). This can be done as follows. Pick

non-negative f € C2°(R) with fooo f(s)ds =1, and let Fr(t) =1 — OI/R f(s)ds; R > 1. We

write the right-hand side of (8.8) as

w- lim 27i WH)*Fr((x))(H =) O0p' (x T )W* (W)t (8.9)

and pull the factor (H — A) to the left. Thus (8.9) equals

w- lim 27 R~'W*T()* £((x)/R)g Op' (bx )W T (M)t.

R— o0

If A > 0, we insert (6.8) for W (1) (if A = 0, we use instead (6.14)). By Proposition 4.1 (ii) and
(iii) and Lemma 6.8 (ii) and (iv), we can replace each factor of W (X) by a factor of JT (L),
cf. the proof of Theorem 6.11. Moreover, we can replace the factor Op"(bx ™) by the operator
g~ 1'% - p. Therefore, (8.9) becomes

w—RILmOOZnR_lJ+(A)*f((x)/R)£ cpJt 0T (8.10)
By Theorem 5.7, (8.10) equals 7. The identity (8.8) follows. O
Remarks.
(1) A somewhat similar representation formula has been derived for representing positive solu-

tions to a PDE, see for example [22]. This involves the so-called Martin boundary. In our
case, the notion analogous to the “Martin boundary” would be §9~1.
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(2) For V3 =0, we have
V0 ={ueS (RY) | (H—»u=0},

and hence the set V~°(}) is closed in S'(RY) (with respect to the weak-* topology of
S’ (RY)). Moreover, in this case W* (1) maps D’ (S¢~!) bicontinuously onto V~>°(1).

In fact, suppose u € S’ (R%) obeys (H — M)u = 0. Then for some m € N we have
(p)"2u e L*>~®. But (H — A + 1)~ (p)?" is bounded on any L?**. Whence, showing
that indeed u € V~°°(1),

My =(H —A+1)""u=H—-r+1)""(p)*"((p)"*"u) € L>~.
8.2. Scattering matrices — an alternative construction

The construction of scattering matrices given in Sections 7.1 and 7.2 involved a detailed
knowledge of appropriate operators, see the proof of Theorem 7.2. However, given the theory
of wave matrices developed in Section 8.1 and the basic formulas (6.10) and (6.15) for the spec-
tral resolution, we could have constructed the scattering matrix more easily.

Recall from Theorem 8.1 that WE()) : D/(S9~1) — L%~ is injective. Hence, W*(1)*:
L% — C%°(S§4~1) has a dense range.

For v € L2(S971) of the form = W~ (A)*v with v € L2, we define S(\)t := WT(1)*v.
By (6.10) and (6.15), we know that

W0t = [w= %] = (v, 8 ().

Hence S(1) is indeed well-defined and isometric. But W*(1)* L% is dense in C*®°(S¢~1), and
therefore also in L2(S¢~1). Whence S(}) extends to an isometric operator on L?(54-1). Revers-
ing the role of + and —, we obtain that S(A) is actually unitary. By construction, it satisfies

SMHW- M) *=WwWt)*, 1>0. (8.11)
8.3. Geometric scattering matrices

The following type of result was proved for a class of constant coefficient Hamiltonians (with
no potential) in [1], and generalized to Schrodinger operators with long-range potentials (for
a class including the one given by Condition 1.1) at positive energies by [9]. It gives a charac-
terization of the space W*(1)L?(S?~1), which in turn yields yet another characterization of the
scattering matrix S(A).

Let so = so(A) be given as in (4.6), and introduce in terms of a dual Besov space

V7O = B NV

endowed with the topology of Bj . The statement (iv) below is given in terms of the phase
function ¢ = ¢ (x, 1) of (5.21).
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Theorem 8.2.
(i) Forall v e L*(S%71),
WESS(WEWT) S h=—-1}U{b=1}.
(i1) The operator WE) maps L?(§4-1 bijectively and bicontinuously onto V0 ().
(iii) The operator WE(L)* (defined a priori on B;"O* D By,) maps By, onto L2(S9-1y,

(iv) Forall T € L>(§¢71),

el T eTIO N T (—f) 4 eI T 00D (ST ()
(27[)%g% (r, )\)r%

WMt (x) — B* (8.12)

50,0

d—1 . < _d—1 .
e—lnTeld)(x,)»)T()E)_|_el]‘[Te—ld)(x,)»)(s(k)*.[)(_)’(?)
WF)T(x) - i = €B;, (8.13)
(2m)282(r, Mr 2

. —_ 1 2
7050y = Jim B [ [VghoumwE Gy ax. 8.14)

r<R

Proof. Re (i). Again we concentrate on the case of superscript +. Let 7 € L2(59~1) be given.
We shall use the partition (6.11), as in the proof of Theorems 6.5 and 6.6, so let ¢ > 0 be given
as before, cf. (6.12) and (6.13). As for the partition functions (8.2), we modify (8.3) and (8.4) by
replacing here X+ — X+ righ

Supp X—righ € ]—00, I — o /4], (8.15)
SUpp X+.righ € 11 — /2, ool. (8.16)

Then it follows from Propositions 4.1 and 4.3 and Lemmas 6.8 and 6.9 that
OP (xrgn) W (1) € B(L* (5. B,). 8.17)

(The fact that this bound holds for W (1) — JT (L) is indeed a consequence of Lemma 6.9 due
to interpolation, cf. [13, Theorem 14.1.4], but it can also be proved concretely along the lines of
the proofs of Lemma 6.9 and Theorem 6.11.)

Since (W (M)t,i[H, Fg Opr(eri“gh)]WJr(k)t) =0, we conclude from (4.30) and (8.17) that

sup Re(W* (1), Op™ (Frx— (@) Ziign 0)gr ~" )W (M)7) < Clie))*. (8.18)
R>1

Here we used the calculus of pseudodifferential operators, cf. [14, Theorem 18.6.8].
In combination with Propositions 4.3 and 4.5, we conclude that

(—l<b<IINWF(WT)1) =40. (8.19)

Re (ii) (Boundedness).
To proceed from here we change (8.15) and (8.16) as follows:
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Supp x—.lef € ]—00, =1+ 0 /2|, (8.20)
SUpp X+, 1ef € 1—1 46 /4, ool. (8.21)

With these cutoffs we can show analogously that

Op" () W~ (1) € B(L*($71), BY). (8.22)
Using (8.11), this leads to

Op' () W (A) € B(L*(s971), BY). (8.23)

b SO

Finally, writing (with Xmiddie ‘= 1 = Xgign — Xief)
WF () = 0" (Xign) W (1) + 0P Gtie) W () + Op" tmidaie) W (1),
we conclude from (4.54), (8.17), (8.19) and (8.23) that indeed
Wty e B(L*(s7), BY). (8.24)
Whence W (L) maps L2(54-1 continuously into V70 ().
Re (ii) (Bijectiveness). We shall show that W (1) maps L2(S9=1) onto V™50 (1). Using the
expression (8.7) for the inverse 7 € D’ (S¢~!), mimicking the first part of Step III in the proof of

Theorem 8.1 and using the Riesz’ representation theorem (see for example [33]) in conjunction
with (8.24), we obtain that indeed T € L2(S9~1). This argument also shows that

wro e BV 0, LE(s?7). (8.25)

Re (iii). The result follows from (ii) by the Banach’s closed range theorem, see [33].
Re (iv). Let

s o (x) = Q)" 2eFTT g1 (r, W) T e E N 1 (£7),
Clearly uy ; € Bjo with a continuous dependence on 7. We claim (with reference to (8.2)) that
Op (x )W (M7 —ux - € BE . (8.26)

Notice that also the first term is in B;“O with a continuous dependence on 7, cf. (8.17) and (8.19),

hence it suffices to show (8.26) for t € C*°(S9~1), in which case the asymptotics follows from
Theorem 5.7, cf. Step III of the proof of Theorem 8.1.
Now, combining (8.26) and the identity (8.11), we obtain

Op' (x )W~ (W1 — Uy 50 Op" (X IWH(MT —u_ 56+ € B - (8.27)
By (8.26) and (8.27),
W= ()T — (u—r + ut soyr), W ()T — (g r +u_ s50)%0) € By

showing (8.12) and (8.13).
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As for (8.14) we use (8.12) and (8.13); notice that the cross terms do not contribute to the
limit which can be seen by an integration by parts with respect to the variable r = | x|, invoking
Proposition 3.3. O

On the basis of Theorem 8.2, we can characterize the scattering matrix S(1) geometrically as
follows:

Corollary 8.3. For all T~ € L*(S97"), there exist a uniquely determined u € V™)) and
e L2(S9YY) such that

einﬁ;le—iqs(x,x)f—(_)e)+e—inﬂ;‘ei¢(x,x)f+(£)
u— P! %( " Z € By - (8.28)
T)282(r, M)r

We have t™ =S\t , u=W- (M)t =WTW)rt.

Proof. The existence part (with ™ = S(1)7 ™) follows from (8.12).

To show the uniqueness, suppose that u;, rl.+, i =1, 2, satisfy the requirements of (8.28) with
the same 7_. Then for the difference, u = u; — u,, we have (H — A)u =0 and WF(B;"O’O, u) C
{b = 1}. Hence by Proposition 4.10, u =0. 0O

Corollary 8.4. Let d > 2 and A > 0. Suppose (in addition to Conditions 2.1 and 2.3) that V;
and V3 are spherically symmetric and that fooo r|V3(r)|dr < oo. (Condition 2.2 is not needed
since V, can be absorbed into V). Then there exists a real-valued continuous function o;(-) such
that for all spherical harmonics Y of order | we have S(\)Y =¢e'2ot®y.

Let uj(r) denote the regular solution of the reduced Schrodinger equation on the half-line
10, oof

I+4-1*—471
1’2 ’

—u"+Viu=0, Vi(r)=2(V(r)—i)+ 1>0;

1+451

where “regular” refers to the asymptotics u(r) <r'" 2 asr — 0. Then o;(-) is uniquely deter-

mined mod 21 by the asymptotics

u(r) sm(fR VZ =V dr' + 2hRy — 2 4 oy(0))
rz (A — V(r))4r o

e B*

(8.29)

50,0°

where C = C(l, A) is a (uniquely determined ) positive constant.

Proof. Let Y be a spherical harmonic of order /. Note that its parity is (=D, ie. Y(—w) =
(—1)'Y (w). Besides, u := r_%ug(r)f(ﬁ) solves (H — A)u = 0. We apply Corollary 8.3 with
this u and with T~ =Y, so that T = el20!M™ Y Then
RS —ip( A (7)) 4 e i I aig(xh) L + (%)
— (elﬂ— igp(x,A)+iml + e—l]T +1¢>(x )L)+1201(A))Y(x)

d—3+2l

zzei”%“fflmsin(mx,)\)— n

T+ 61()»)>Y()2).

We finish the proof using (5.22). O
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Let us remark that, because of the spherical symmetry of the potential, the asymptotics (8.29)
can be improved:

(A — V(r))‘l‘ul(r) -C sin( /,/Z(A — V() dr' + y2ARo — #n + al(k)>
Ry

— 0 forr — oo. (8.30)

The equivalence of (8.29) and (8.30) follows from the 1-dimensional WKB-method described
for instance in [24] (see also [7]).

9. Homogeneous potentials — location of singularities of S(0)

In this section we impose Conditions 2.1-2.3 with d > 2 and the condition Vi (r) = —yr—*
for r > 1 and hence V(r) = —yr " + O(r#7), cf. (1.23). Throughout the section g =
gr=0)=/-2V].

Our goal is to prove a statement about the localization of the singularities of the (Schwartz)
kernel S(0)(w, @"). The purely Coulombic case for which u = 1 and d > 3 was treated explicitly
in Example 7.5. Under an additional condition we can write down a fairly explicit integral that
carries the singularities.

This section is also closely related to our recent paper [7], which is, however, restricted to
radial potentials.

9.1. Reduced classical equations

Consider the classical system given by the Hamiltonian A (x, &) = %S 2 — ylx|™* for x #0.
The equations of motion for A (x, &) are invariant with respect to the transformation

(x,&) > (Ax, A 7*2g), xreRy, (9.1)

upon rescaling of time ¢ > A1 T#/2,
Let

T* := (R \ {0}) x RY/~,

where (x1, £1) ~ (x2, &) iff there exists A > 0 such that (x;, &) = (Axa, A~*/2&,). Note that T*
can be conveniently identified with T*(S%-1) x R. We shall introduce coordinates of T* by
setting b = % - g ceRandc= (I — |£)<)e|)§ e T (597" with £ € S9!, (At this point we are
slightly abusing the notation of Section 4.2, however as noticed there the b and ¢ given by (4.7)
agree with the above definition for » > 1.) The equations of motion for the Hamiltonian % can
be reduced to T*. Introducing the “new time” 7 by g—; = g/r we have the following system of
reduced equations of motion:

=
Il

di=¢

dr ’

do=—(1-4)pe -1, 9.2)
Lp=(1-5H)2+5@*+3 - D).
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(Notice that the last equation follows from (4.29).) The maximal solution of (9.2) that passes
z=(x,b,c) € T* at T =0 is denoted by y(t, 2).
Beside (9.2), we shall consider a related dynamics given by the equations

di=c
do=—(1-4pe -3z, (9.3)
Lp=01-54).

The (maximal) solution of the system (9.3) that passes z = (X, b, ¢) € T* at T = 0 will be de-
noted by yy(t, z). Clearly the equation ¢ = 0 defines the fixed points, and the system is complete.

Notice that the surface hl_1 (0) in the coordinates (x,b,c) corresponds to the condition
b* + ¢% = 1. This surface is preserved both by the flow y and yy, and on this surface both flows
coincide.

Note that the flow y; is exactly solvable. The variable b is always increasing and k = b% + &2 is
a conserved quantity; of course the relevant value is k = 1. For non-fixed points we can compute
its dependence on the modified time

b(t) = vk tanh «/1?(1 _ %) (T — 10). (9.4)

Values k # 1 correspond in this picture to replacing the coupling constant y — ky. More
precisely, if k = b% + &2 for a solution to (9.3), we can define (1) = ry exp( for bdt’), introduce
t= [y ﬁ dt’ and check that indeed

{x(t):rﬁ, ©5)

§(t) =g(r)(bx +0),

defines a zero energy solution to Hamilton’s equations with V' — kV. The equation b = O corre-
sponds to a turning point (at which |x(¢)| has the smallest value).

Clearly, it follows from (9.4) that lim; ., b = Vk, lim; , b = —Vk. Upon writing
x(7) - x(00) = cosf(t) for some monotone continuous function 6(-), we obtain from (1.27)
that

|0 (c0) — 0(—00)| = 7. (9.6)

2—p

9.2. Propagation of singularities

We will use the scattering wave front set at zero energy, introduced in Section 4.2. The follow-
ing proposition is somewhat similar to Hormander’s theorem about propagation of singularities
adapted to scattering at the zero energy. It is a “local” version of Proposition 4.5 which takes
into account the fact that in the case of a homogeneous potential we can use the dynamics in the
reduced phase space. Again the proof is a modification of that of [12, Proposition 3.5.1], see also
[21] and [11].
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Proposition 9.1. Suppose u,v e L, Hu=v, s € R, z € T* and z ¢ W F}.(u). Define

T i=sup{t 20| (7,2) ¢ WFL(u) forall T €0, 7]},
7= inf{r <0 ! v(T,2) ¢ WES,(u) forall T € [z, O]}.
Iftt < oo, then yo(r+,z2) € WF:C+ZSO(U). Ift~ > —00, then yp(t7,2) € WFSSC+2S°(U).
Proof. The proof is similar to the one of Proposition 4.5. We shall only deal with the case of

forward flow; the case of superscript “—" is similar (actually it follows from the case of “+” by
time reversal invariance). For convenience, we shall assume that ey <2 — .

Step I. We will first show the following weaker statement: Suppose u € L>* _672, v e L2525
and Hu = v. Then

yo(t,z) ¢ WF . (u) forall r >0. 9.7)

Suppose on the contrary that (9.7) is false. Then we obtain from Proposition 4.3 that the flows
of (9.2) and (9.3), starting at z, coincide. Letting y (1) = y (1, 2), it thus needs to be shown that

tTi=sup{r 20| y(@) ¢ WF,(u) forall T € [0, 7]} = oo. (9.8)
Suppose on the contrary that T is finite. Then y (™) is not a fixed point. Consequently,
we can pick a slightly smaller T+ < ™+ and a transversal (2d — 2)-dimensional submanifold at
y (1), say M, such that with J =]—e + 7T, 7T + €[, for some small € > 0, the map
JxM>(t,m)— lI/(t,m):y(t—f+,m) eT*
is a diffeomorphism onto its range.

We pick x € C2°(M) supported in a small neighbourhood of y (7 T) such that x (y (7)) =1
and

lI/(]—é + 7T, f+] x supp x) N WF*(u) = . (9.9)
We pick a non-positive function f € C2°(J) such that /' > 0 on a neighbourhood of [T, 7T +¢)
and f(tT) <O0.
Let fx(t) =exp(—K 1) f(r) for K >0, and X, = (1 + «r>)!/? for « €10, 1]. We consider
the symbol
be =g VX200 a=X X PFr>2)(fx @x)o¥ L. (9.10)
First we fix K. A part of the Poisson bracket with b? is

{h27 g—1X2s+1XK—ez} — r—] YKbX2S+1XK_62, (911)

where Y, = Y, (r) is uniformly bounded in «. We fix K such that 2K > |Y,b| + 2 on supp b,.
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We compute

d
{hl,(fK®X)olI/_l}:§(|:EfK:|®X>olI/_l. (9.12)

From (9.11) and (9.12), and by the choice of f and K, we conclude that
{ho, b2} < =242 + O(r*~2) atP CT* (9.13)
given by
P=w({reJ| f(r)>0} xsuppx).
Introducing A, = Op%¥(a,) and B, = Op"Y (b, ), we have
(i[H, BY]), = —2Im(v, Blu), (9.14)

and we estimate the right-hand side using the calculus of pseudodifferential operators, cf.
[14, Theorems 18.5.4, 18.6.3, 18.6.8], to obtain the uniform bound

(G[H, B2]), | < Cillvllsass lActe | + C2 < | Agull? + C3. (9.15)
On the other hand, using (9.9) and (9.13), we infer that
(i[H — V3, BZ]), < =2l Acull* + Cq. (9.16)
An application of (4.12a) yields
(i[5, BE]), < Cs. (9.17)
Combining (9.15)—(9.17) yields
|Acu]l* < C6 = C3 + C4 + Cs,
which in turn gives a uniform bound
| X222 0p" (xy () Fr > D)2 < Cr. 9.18)
Here y,, .+ signifies a phase-space localization factor of the form entering in (4.8) supported in
a sufficiently small neighbourhood of the point y ().

We let k — 01in (9.18) and infer that T+ ¢ W F3,(u), which is a contradiction. We have proved
(9.8) and hence (9.7).

Step 11. To relax the assumptions on u and v used in Step I, we modify the above proof (using
localization) in an iterative procedure very similar to Step II of the proof of Proposition 4.5.

Pick ¢ < s such that u € L>' and define s, = min(s,  + me»/2) for m € N. Let correspond-
ingly 7, be given as T, upon replacing s — s,. Clearly,

<t s om=2,3,.... (9.19)
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We shall show that

m

<00 = w(nh,z) e WERTHo®). (9.20)

We are done by using (9.20) for an m taken so large that s, = s.
Let us consider the start of induction given by m = 1, in which case obviously u € L% ~€2/2,
Suppose on the contrary that (9.20) is false. Then we consider the following case:

Tf <oo and w(t,),z) ¢ WFT20 (). (9.21)

m

It follows from (9.21) and an ellipticity argument that b>+¢c2 =1 at )/0(1:,:1r ,z) (using that
yo(t,;t, 7) ¢ WFSSC’”+“(Hu)). Consequently we can henceforth use the flow of (9.2), y(r) =
y (7, ), exactly as in Step 1.

We let € > 0, J, f, fk, x and ¥ be chosen as in Step I with % — ¢} and T+ — 7.
Let f € C(1T+ — 26, ;5 + 2¢[) with f = 1 on J. Similarly, let ¥ € C2°(M) be supported in
a small neighbourhood of y (7,}") such that x (y(7,})) = 1 in a neighbourhood of supp .

It follows from (9.21), possibly by shrinking the supports of f and %, that

Iove LT, I.=0p"(F(r>2)(fx ® %) o¥ ). (9.22)

Next, we introduce the symbol b, by (9.10) (with s — s,,) and proceed as in Step 1. As for the
bounds (9.15), we can replace v by I.v up to addition of a term that is bounded uniformly in «.
Clearly, we can verify (9.16) and (9.17). So again we obtain (9.18) (with s — s,,), and therefore
a contradiction as in Step I. We have shown (9.20) for m = 1.

Now suppose m > 2 and that (9.20) is verified for m — 1. We need to show the statement for
the given m. Due to (9.19) and the induction hypothesis, we can assume that

1:,:{ < 1:,:{_1. (9.23)

Again we argue by contradiction assuming (9.21). We proceed as above noticing that it follows
from (9.23) that in addition to (9.22) we have

Teu € L>*n1, (9.24)

at this point we possibly need to shrink the supports of f and x even more (viz. taking € <
(tr;t_l — 1,7)/2). By replacing v by I.v and u by I.u at various points in the procedure of
Step I (using (9.22) and (9.24), respectively) we obtain again a contradiction. Whence (9.20)
follows. O

Remark 9.2. Suppose u € L*N ye L*"2 and Hu = v. Suppose zo ¢ W F;.(u) for some s > 1.
Fix 71 €10, oo[ and suppose that yy(t, zo) ¢ W FSF20 (v) forall 7 € [0, £+]. Write v (T, 20) =
(w1, ¢1,b1) = (w1, n1). Then there exist neighbourhoods N,,, > w; and N, 3 n; such that for
all xu, € C(N,,) and xy, € C2°(N;,) we have Op¥ (x;, F(r > 2))u € L*5. Here x., (x,&) =
Xy (X) Xy, (§/8). Notice that this conclusion is already contained in Proposition 9.1; however the
above proof yields an additional bound:

First, writing zg = (wo, no), we can pick any similarly defined localization factor, say denoted
by Xz, With x4, =1 and x,, = 1 around the points wy and ng, respectively, and such that
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OpY (xzo F(r >2))u L?S (this is by assumption). Next we pick a small neighbourhood U of
Y0([0, T71, z0) C T* and x € C2°(U) with x = 1 around this orbit segment. If U is small enough
we have (again by assumption) that Op¥ (x,, F (r > 2))v € L5t250, Xyo (X, &) 1= x(X,&/g). Now,
there are neighbourhoods NV, 3 w; and NV, > n; depending only on x;, and yx,, such that for
all xo, € CX(Ny,) and x;,, € C°(N,,) we have

|0p™ (xz) F(r > 2))u Hs
<C(|0p™ (xzo Fr > D)u| + Nullyy + [OP™ (x0 F > D) v |45, + IVll5y)
where the constant C only depends on the various localization factors.
9.3. Location of singularities of the kernel of the scattering matrix

In this subsection we describe the location of the singularities of the scattering matrix at zero
energy.

Theorem 9.3. Suppose that Vi(r) = —yr=* for r > 1. Then the kernel S(0)(w, ®') is smooth
outside the set {(w, ") | w - 0’ = cos ﬁn’}.

To analyse S(0)(w, ') we shall use the representation (7.3a), which we write (formally) as
SO)(w, ') ==27(j"(,®),v™ (-, ))+2m1(v* (-, w), R(HI0)Vv™ (-, o)),

where

JE e w) = Q)" (97aF) (x, 0, 0),

vE(x, 0) = 2m) 42 ( ) (x, , 0).

Let ¢ denote the solution of the eikonal equation for the potential V; at zero energy, cf. (3.9).

sph
It is given by
V2 - 1—p/2
P (X, @) = 1_7/”2(1”1 2 cos(1 — 1/2)6 — Ry %), (9.25)
where cosf = % - . Using x* = % and V,0 = —?, we can also compute

Fs-;h(x’ w) = vx(bs-;h(x, w)

= 2yr7*?(% cos(l — 11/2)8 + x T sin(1 — 11/2)8).
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Lemma 9.4. Forall s € R, w € S9! and multiindices §,

WES(32vE (-, w))
Fin(G, o)
=X, 6b)eT*|1-0' <+ -w<l—0, bi+c=F—""————1, (9.26)
2y)1/2
W F (35,% (., @)
. R R Sph(x +w)
Clz=&,c,bh)eT*|1—0'<+X - w, bx+c=t——+— (9.27)
Q2y)l/?
Suppose in addition that x4 € C*(R), x/. € CZ°(R) and supp x4+ C 11, oo[. Then
Op" (x+(@)) 950 (-, @), Op" (x4 (@) 3 j = (-, @) € L*. (9.28)

Proof. Only the “+” case needs to be considered (can be seen by complex conjugation). Upon
multiplying by a localization operator supported outside of the right-hand side of (9.26), we need
to demonstrate that the result is in L>*, cf. the definition (4.8). Using the right Kohn-Nirenberg
quantization (instead of the Weyl quantization) this can be done by integrating by parts in explicit
integrals, exactly as in the proofs of Lemma 6.8(iii) and Theorem 6.11. The arguments for (9.27)
and (9.28) are the same, in particular, (9.28) follows from the proof of Theorem 6.11. O

Proof of Theorem 9.3. Due to Proposition 4.8 and Lemma 9.4 we are allowed to act by R(+i0)
on 32)/v_(-, ")). In fact, for all T € C*® (597 1)

R(+i0)T~ (0)r = / R(+i0)v™ (-, o)1 (o) do'. (9.29)
§d—1
Using the representation (7.3a) interpreted as a form on C 0(§4=1) " and (9.29), we have
S (0) = S(0) as « N\ 0, where the kernel of S, (0) is the well-defined smooth expression
Sk (0)(w, @)
=27(j" (¢, o), F(k|-| < )v™ (¢, o))+ 2mi{vT (-, 0), F(k| - | < 1)R(+i0)v™ (-, &)).

It remains to be shown that S, (0)(-, -) has a limit in C*® ({w - @’ # cos %}).

By integration by parts, it follows that the first term has a limit, in fact in C*°(S¢~! x §9=1),
cf. the proof of Lemma 9.4. Whence we only look at the second term.
By Lemma 9.4 and Proposition 3.3, for all s

WS (83" (-, ) € [ #0, b2+52:1}ﬂ{z| lim_#(r) =0
T—>1T00

where y(7, 2) = (£(1), b(1), &(D) }. (9.30)

Here yy(7, z) refers to the flow defined by (9.3).
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By

By Propositions 4.8 and 9.1, for all s,

W FS (R(+i0)32,v7 (-, o))
{ /

w2120, ze WEL(35v (o))} U{c=0, b> 0}

cle| lm 2@ =-w'}ute=0, >0} 9.31)

invoking (9.6), we see that the sets on the right-hand side of (9.30) and (9.31) are disjoint

away from { - @’ # cos %}. Hence also

WFS (830" (@) NWFL(R(Hi0)% v (-, ) =4,

which implies, upon taking s = 0 and using (9.28) and a suitable partition of unity, that

(3207 (-, @,0), R(+10)8%v™ (-, o, 0))

is well defined.

loc

By the same arguments
8592, (v (-, w,0), F(k| - | < 1)R(+i0)v™ (-, &', 0))
— (30T (-, @,0), R(+i0)8° v (-, o, 0))

ally uniformly in {w - @’ # cos 2“7”}. Notice that the bound (9.28) is uniform in w; a similar

statement is valid for the bounds underlying (9.26), and we also need at this point to invoke
Remark 9.2. O

Remarks 9.5.

(1

2)

3)

The somewhat abstract procedure of the proof of Theorem 9.3 does not provide information
about the nature of the singularities at the cone w - @’ = cos ﬁﬂ'. In the study of the sin-
gularities at the diagonal of the kernel of scattering matrices for positive energies (see [19]
and [31]) it is important that the eikonal and transport equations can be solved in sufficiently
big sectors. In combination with resolvent estimates this allows one to put the singularities
in a rather explicit term similar to the first one on the right-hand side of (7.2a). A very sim-
ilar procedure can be used (at least for V, = 0) for S(0)(w, ') provided u < 1. However,
for p € [1, 2[ there is a “glueing problem” due to the fact that in order to apply resolvent
estimates in this case the constructed solutions to the eikonal equations ¢* need to be ex-
tended, viz. as to including some 6 > ﬁ Therefore, multivalued d)i are needed. We devote
Section 9.4 to a discussion of this question.

Under Condition 1.1, it follows essentially by the same method of proof that, for A > 0, the
kernel S(A)(w, @) is smooth outside the set {(w, @) | @ = w'}; for that we use (9.3) with
w = 0. See [27, Chapter 19] for a related result and procedure.

There is a discrepancy between our results and the main result of [20]. The idea of [20] is to
use a partial wave analysis to obtain an asymptotic expression of the scattering amplitude for
A — 0 (with the assumption of radial symmetry and under the short-range condition p > 1).
Unfortunately [20, (17)] is incompatible with Theorems 7.2, 7.3 and 9.3.
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9.4. Distributional kernel of S(0) as an oscillatory integral

In addition to the previous assumption Vi(r) = —yr~# for r > 1, we shall here assume that
Vo =0, see though Remark 9.6(1). We shall explain a procedure which in principle allows us
to calculate the singularities of the kernel S(0)(w, »’); a fairly explicit oscillatory integral will
be specified. Using this integral we derive below the location of the singularities of S(0) by
the method of non-stationary phase, which gives an alternative proof of Theorem 9.3 (under the
condition that V, = 0).

We shall improve on the representation (7.3a) for S(0). Notice that the functions a™ and ¢™
used up to now are supported near the forward region cosd = x - w &~ 1 only. Now we shall take
advantage of the fact that the expression (9.25) defines a solution to the eikonal equation for all
values of 6. We shall consider a cut-off at larger values of 6, in fact slightly to the left of the
critical angle 6 = (1 — /2) 7. The basic idea is similar to the one applied in the study of
the kernel of scattering matrices for positive energies, cf. Remark 9.5(1). If we can extend the
construction of the phase and amplitude as indicated above, then we can apply a “two-sided”
resolvent estimate to deal with the second term on the right-hand side of (7.3a), i.e. to show
that it contributes by a smooth kernel; in our case the appropriate “two-sided” estimate is given
by (4.3f).

Now besides the problem of extending the phase up to § = (1 — /2) "7, there is obviously
the issue of well-definedness, since 6 as a function of x is multi-valued; for the case of positive
energies this problem does not occur since the cut-off in this case occurs before the angle 6 = 7.
We have

(JT7)(x) = @n)~ /2 / (€7t (x, w, 0)7 (@) do. (9.32)
§d—1

In fact, in the present spherically symmetric case the dependence of the variables x and w is
through » = |x| and X - w only. Writing

w =cosfx +sinbw,

where @ - x =0, (9.32) can be written as

T
Qm)~? | do / (e'%d)(r, 0)T(cos % + sin6@) sin? 20 db; (9.33)
0

§d—2

for convenience we dropped the superscript. The phase ¢ is given by (9.25), and using this
expression and the orbit (1.27), we can extend the support of a by solving transport equations as
in Section 5.3; the cut-off is now taken slightly to the left of & = (1 — 11/2)~ 7. More precisely,
the cut-off is defined as follows: First pick L € N such that (1 — x©/2)L < 1 while (1 — n/2) x
(L + 1) > 1. We shall assume that the analogue of ¢’ for the construction of J—, entering in (5.2)
for the construction of J 7, is so small that

(1—u/2)(Lx +cos (1 - 0")) <. (9.34)
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Next the version of (5.2) that we need is given in terms of the o of the construction
of J~ as follows: Choose angles mL < 6y < 96 < (L + 1) such that (1 — M/Z)Q(/) < 7 and
(1 — /2)(8g + cos~ (1 — o)) > 7. Introduce a smoothed out characteristic function

1, fors <6,

and with this choice the new cut-off function takes the (essentially same) form yx = x1(r)x2(0).
The extended a has similar properties as before due to the cut-off. Whence we are lead to
consider the following modification of the expression (9.33):

0
f d&f f(r,0)T(cosOx + sin@&)‘sind_ze‘ do; f= (2ﬂ)—d/2ei¢&,
S§d—2 0

where the @-integration (due to the cut-off) effectively takes place on the interval
[0, (1 — /2)"']. The next step is to change variable, writing for 6 in intervals of the form
2k, 2k + D],

cosfx +sinfw =cosyx +sinyw; Y =60 — 2k,
while on intervals of the form ((2k + 1), 2k + 2)7],
cosOx + sinfw = cos Y X + siny (—m); v =2k +2)7 —0,

respectively; here kK € N U {0}. Whence we consider the expression

/ F(r, )t (@) do,

§d—1
where
F(roy) =) {fr ¥ +2km)+ f(r. @k + 27 — )},
k=0

and as above

w=cosyYx+sinyw witho-x=0and ¢ € [0, ],

ie. ¥y =cos7!% w.
We claim that F(r, ) is smooth in x and w. Notice that this is not an obvious fact, since
although the function ¥ = cos™! % - w is continuous, it has a cusp singularity at % - w = 1.
However, as can easily verified, 1,02 is smooth at x -w =1 and (7 — w)z issmoothat X -w = —1,
respectively. Moreover, f(r, ) and f(r,¥ + 2(k + 1)) + f(r, 2k + 2)mr — ) are in fact
smooth functions of wQ near X - w = 1, and similarly f(r, ¥ + 2kmw) + f(r, Rk +2)r — ) =
f(r,Qk+ 1)m — (r — ) + f(r, 2k + 1) 4+ (w — ¥)) is a smooth function of (7 — V)? at

x-w=-—1.
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Recall that we have the representation (7.3b)
S0)(w, @) = —27(wt (@,0),e'? T (-, o, 0)), (9.36)
where w™ (w, 0) is the generalized eigenfunction of Theorem 6.5.
Define w = w(x, w) = F(r, ) — R(—10)H F. Due to Proposition 4.10, Proposition 4.1(iii)

and Lemma 6.8(iii), this w agrees with the eigenfunction w™ (w, 0), cf. the proof of Lemma 6.10.
Therefore, our (extended) version of (7.3a) reads

SO) (0, ) = —27(F,e'? i (-, 0,0)+2n(R(-I0)HF, e’ i~ (-,0,0)). (9.37)

As indicated above, the contribution to S(0)(w, @) from the second term on the right-hand side
of (9.37) is smooth in w and &', if we use a cut-off sufficiently close (but to the left of) the critical
angle 0 = (1 — u/ 2)~lr; this is indeed accomplished by using (9.35) as cut-off function.

We conclude that the singularities of the kernel of S(0) are the same as those of the kernel of
the operator S(0) given by

(fl,E(O)r2)=—2n</F(r, Y)T1() da),f(ei‘p—f_)(.,a)’,O)tz(a)’) da)’>.
Whence (formally)
§(0)(w,w’)=—2an(r, V(e i), @, 0)dx. (9.38)

Next we introduce the variable 6’ = cos™'% - (—o') € [0, 7 /2); we can represent
¢~ (x,0,0) = —¢(r,0"), cf. (3.6). The integrand on the right-hand side of (9.38) is given as
Y teo fk, where fj has the form

e 1@ YHATI OO o (. 1 2k, 6
4 e @CCADTFSCIN o (1 2k +2)7 — 4, 0'). (9.39)

Let us argue that the integral (9.38) is well-defined in {w - @ # cos ﬁﬂ}, in agreement with
Theorem 9.3. The argument is based on the method of non-stationary phase. First we notice that
the cusp singularities at ¥ = 0 and ¥ = 7 correspond to non-stationary points. More precisely,
we can write

X :r(coswa)—l—sinw}c),

and perform the x-integration as

b 0
/-~-dx=/sind_ZIﬂd1/f / dfc/-.-rd—ldr. (9.40)
§d—2 0

0

Now on the support of g the factor cos(1 — ©/2)0" > cos®’ > 1 — o/, while the factors
cos(1 — u/2)(Y + 2km) and cos(l — w/2)((2k + 2)r — ) stay sufficiently away from —1
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(given that ¥ ~ 0 or ¥ ~ 1) to ensure that the sum of phases does not vanish; here we use (9.34).
Thus the phases of f; are nonzero near the yr-endpoints of integration, and consequently inte-
gration by parts with respect to r regularizes the integral (9.38) (upon first substituting (9.40) and
localizing near the ¥r-endpoints).

By the same reasoning as above, depending on whether L is even or odd (viz. L = 2[ or
L =2l + 1), only the integral of one term of (9.39) (and only with k = [) carries singularities.
We first look at the case for which only e (@(r Y +20m)+¢(r,0") g(r, ¥ + 2Im,0’) contributes by
singularities. Clearly, for a stationary point

cos((1 — n/2) (W + 2Im)) + cos((1 — 11/2)6") =0, (9.41)

which leads to the condition

2
cos(Y +6') = cos( JT). (9.42)
2—p
There are three cases to consider.
Case I. w = —'. In this case 8’ = ¥, so that
i(qs(r Y +2m) 4+ ¢(r,0"))
d'w b 9

= —2yr' 7 *2(sin(1 — w/2) (¥ + 2i7) +sin(1 — 1/2)y) <O. (9.43)

Whence there are no stationary points.

Case Il. w = «'. In this case 8’ = 7 — ¥ so that (9.42) reads

, 2 %
w-w =1=—cos 7 | =cos 7).
2—u 2—u

This agrees with the “rule” of Theorem 9.3.

Case Ill. w # Ca'. In dimension d > 3 the vectors X = £y /|y| where y = @' — @' - ww are the
only possible critical points of the map

S925% >0 =cos! (—(cos Yyw + sin U3) ') eR.

Consequently, for any stationary point, X must belong to the plane spanned by w and «’ (like for
d =2). Let us introduce the angle y = cos™! @ - (—«’). There are three possible relationships to
be considered (a) y = | — 0’|, (b) y =¥ + 60" and (c) y =27 — (Y +0').For (a), 0 =¥ F y
can be substituted into the sum of phases and we compute as in (9.43). Again there will not be
any stationary point. For (b) we can use (9.42) to compute

, 2 1%
®-w =—COoSy = —COos | =cos ),
2—u 2—u
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which agrees with the “rule” of Theorem 9.3. Similarly, for (c) we compute

/ / 2 2
w-w =—cosy =—cos(y +60") =—cos T ) =cos ).
2—n 2—n

Next we look at the case for which only e @-2U+Dx—)+d-00) oy 2(] + 1) — , 6')
contributes to singularities. The stationary point is given by

cos((1 — p/2)(2( + D) — ) + cos((1 — /2)0") =0, (9.44)

which leads to the condition

0') = 2
cos(yr — )_cos<2

n), (9.45)
—

Again there are three cases to consider.

Case I. w = —&'. In this case 0’ = v, so that

/ 2 Iz
w-w =—1=—cos 7 | =cos |,
2—u 2—u

which agrees with Theorem 9.3.

Case Il. w = o'. We have ' = — 1, so that
d
@(qb(r, 21+ D — ) + ¢(r,0")
=2y T2 (sin(1 — 1/2) (20 + D — ) +sin(l — u/2)(w — ¢)) > 0;  (9.46)
whence there are no stationary points.

Case Ill.  # Cw'. As in the previous “Case III”, for any stationary point the vector X must
belong to the plane spanned by @ and w’. Again we define y = cos™! @ - (—w’), and there are
three possible relationships to be considered: (a) y = | — 6’|, (b) y =¥ + 6" and (¢c) y =

27w — (Y +6’). For (a),
M )
T,
2—pu

which agrees with Theorem 9.3. For (b) and (c) we compute as in (9.46); there are no stationary
points.

2
a)-a)/:—cosy:—cos(tp—0/):—cos( n):cos(
2—pu

Remarks 9.6.

(1) For the above considerations (on the location of singularities), it is not strictly needed that
V> = 0. In fact we can include a V> as in Condition 2.1 with € > 1 — % w and solve transport
equations as before using the same phase function (the one determined by V; only).
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(2) Suppose in addition to (1) that V5 is spherically symmetric. Then the operators 7' = S(0), as
well as T = S(0), obey that R TR~! =T for all d-dimensional rotations R. This means
that the kernel T (w, ') of these operators is a function of w - @’ only. Using the sta-
tionary phase method it is feasible for ﬁ ¢ Z to write (as a possible continuation of

the above analysis) the singular part of the kernel of S(0) as a sum of terms of the form
(w-o —v=+ iO)_%a(a) - ') (at least for poly-homogeneous V»); we shall not elaborate.
Our recent paper [7] is devoted to an alternative approach that we find more elementary, and
besides, by that method we can extract the singular part in the exceptional cases ﬁ e
too.

Appendix A. Elements of abstract scattering theory

Various versions of stationary scattering theory can be found in the literature. In this appendix
we give, in an abstract setting, a self-contained presentation of its elements used in our paper. It is
a version of the standard approach contained e.g. in [29], adapted to our paper. In our stationary
formulas for the scattering operator we use in addition ideas due to Isozaki—Kitada, see the proof
of [19, Theorem 3.3].

A.1. Wave operators

Let Hy and H be two self-adjoint operators on a Hilbert space H. We assume that Hy has
only continuous spectrum. Throughout this appendix, let A,, n € N, be a sequence of compact
subsets of o (Hp) such that A, is a subset of the interior of A, 1, and such that o (Hp) \ Un Ay,
has the Lebesgue measure zero. Pick a sequence h, € C2°(A,41) with h, =1on A,. Let D :=
U, Ran 14, (Ho); it is dense in .

We will write R(¢) = (H —¢)~ ! and Ro(¢) = (Hy — ¢)~ ! for ¢ ¢ o (Hyp), and

€

W = Ho— 2+ ¢Y)

— SRy, —i€)Ry(A +i€), €>0.
T

Note that if / is an interval and f € H, then

H/ < Ro(2 —iE)Ro(k—He)fd?»H <7l (A1)
1
lim | $Ro(L —ie)Ro(A +ie) fdr=1;(Ho)f. (A2)
e\0 T

1

Theorem A.l. Suppose J* is a densely defined operator whose domain contains D such that
J,;t = J*h, (Hy) is bounded for any n, and

lim [JEe o r|> =712 feD.

t—=+00

We also suppose that there exists the wave operator

WEf:= lim e/ jte ity fep. (A.3)

t—*+o00
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Then

(i) W¥ extends to an isometric operator and WEHy = HW=.
(i) For any interval I and f € D,

Will(Ho)f:h\rg/ER()L:Fie)JiRO(A:I:ie)fdA. (A.4)
1

(iii) For any continuous function g : R — C vanishing at infinity, interval I and f € D,

WEg(Ho) 11 (Ho) f = h\%/ Eg(A)R(A Fie)JERy(A £ie)fdh. (A.5)
1

(iv) Suppose in addition that J= maps D into Dom H. Suppose that TT is a densely de-
fined operator such that TnjE := T*h,(Hy) is bounded for any n and that TT f =
i(HJ* — JXHy) f for any f € D. Then we have the following modifications of (A.4)
and (A.5):

WE1(Ho) f = li\rj(l)/(Ji+iR(Aq:ie)Ti)86(k)fdk, (A.6)
1

W*g(Ho)1;(Ho) f = lim f g (JF+iROFie)TF)s (1) f di. (A7)
1

Proof. (i) is well known.
Let us prove (ii): By (A.3),

(0,¢]
W:I:f — li{r%)Zefe_zfteii[HJie¢ilHof dt
€
0

By the vector-valued Plancherel formula, we obtain
+ . € . + .
w f=11m/—R()»$1e)J Ro(A £1€) fdr. (A.8)
e\0 T
Therefore,

W1, (Ho) f = 1imf5R(x Tie)JERy (A +ie) fdi
N0 T
1

—1im [ SRO.Fie)JERo( £ie) gy (Ho) f dA
e\0 T
1

+lim | SROFie)JERy(£ie)l;(Ho)f dh.
e\0 T
R\/
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We need to show that the last two terms vanish. The proof for both terms is identical. Consider
the last one term. Let f; € H and pick an n so that f =14, (Hp) f. Then (using (A.1) in the last
estimation)

‘ / g(fl, RO.Fie)JERy(M iie)l,(Ho)f)dx‘

R\/
4 }
€ €
<HJniH</;HR(A:tie)lezdk) (f;HRO(A:I:ie)lI(HO)fﬂzdk)
R\/ R\/
3
SCelfil; Ce:= ||J,;t\|( f gnRo(xiie)l,(Ho)fl}zdx) :
R\/

Due to (A.2), Cc — 0 as € — 0. Whence (ii) follows.

Let us prove (ii1): Let f; € ‘H and pick an n so that f =14, (Hp)f. Any continuous func-
tion g vanishing at infinity can be uniformly approximated by g,,, finite linear combinations of
characteristic functions of intervals. By (ii) and (A.1),

W*gu(Ho) 1 (Ho) f = 1{%/ ggm()»)R(?»ﬂFiG)JiRo()»ﬂ:iG)fd?»-
1

Now

‘ f%(gmo») — g fi, R Fie)JER(M iie)f)dx'

1
1

1

2 2
< HJ,fEH(/5”R(A:i:ie)f1|}2dk> (f§||Ro(kiie)fH2d)») sup |gm — g
<Cullfils Coe=[ 71 sup lgm — gl-

Since C,, — 0 we are done.
To prove (iv), we use (iii) and the identity

ROFie)JT=(JE+iROFie)TH)Ry(L Fie). O

1
n 9

Remark. In the context of our paper, we can take A, = [, n].
A.2. Scattering operator
Define the scattering operator by S := W+*W~. Clearly, HyS = SHj.
Theorem A.2. Suppose that the conditions of Theorem A.1 hold. Let the operator J~ satisfy

lim e’fj-e Mo —0,  feD. (A.9)

t——+00
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Then for all f € D

Sf:_1{1(1)2nf36(x)w+*r56(x)fdx. (A.10)
€
Proof.
el S itH y— ,—itHy _ ,—itH y—_.itHy
W™ f= t_1)1$oo(e J e e e f

=— lim [ e HT e M0 r s
t— 400
“t

o0 t
=— lime/e_“ dt/eiSHT_e_iSHdes
e\0

0 ~t

=—1lim [ e <BleisHT—e5Ho £ g5,
eN\0

Then we use the definition of S and the intertwining property of W™ * to obtain

Sf = _eh\rf}) e_€|s|eiSH°W+*T_e_iSH0fds,

Finally, we use the vector-valued Plancherel theorem. O
A.3. Method of rigged Hilbert spaces applied to wave operators

Consider a family of separable Hilbert spaces ‘H and Vs, s > %, such that Vs is densely and
continuously embedded in ‘H, and similarly, Vs is densely and continuously embedded in V; if
s > t. Let V be the space dual to Vs, so that we have nested Hilbert spaces

ViCVICHCVCV) s>t

We remark that H equipped with such a structure is sometimes called a rigged Hilbert space.
The following theorem allows us to introduce wave matrices:

Theorem A.3. Fix s >t > % Suppose that there exists for almost all A the limit

s- lim 8¢ (3) =: 80(2) € B(V:,Vy).

Suppose the conditions of Theorem A.1 and that the operators JnlL and R(A Fi e)TnlL with .. € A,
and € > 0 extend to elements of BV;", V). Suppose that for fixed n and almost everywhere in
A, there exists

ROATi0)TF :=s- lii%R(k Fie)T; e B(VS,VY).
€
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Suppose furthermore that for any n there exists €, > 0 such that

sup sup |8 () ”Vt—ﬂ/,*’ Asellf esgf |IRO-Fie)TF HV;"—W; < o0. (A.11)

AEA, €<€,

Let I be an interval with I C A,, for some n, and let f € V; be given such that f = h,(Hy) f
(in particular this means that f € DN\V;). Then (in terms of an integral of a V5 -valued function),
forall g € C(R),

Wig(Ho)II(Ho)f:/g(A)(Jf +iRAFi0TF)o(n) f da. (A.12)
1

Proof. We can replace T+ — Tni, Jt > JnlL in the integrand of (A.7). Then, by the assump-
tions, it has a pointwise limit as an element of V;. Due to (A.11), we can apply the dominated
convergence theorem. O

Remark. In the context of our paper, we take V, := L>*.
A.4. Method of rigged Hilbert spaces applied to the scattering operator
The method of rigged Hilbert spaces allows us to introduce scattering matrices:

Theorem A.4. Suppose that the conditions of Theorem A.3 hold for some s >t > % Sup-
pose (A.9). Fix r > s. Suppose that for all n € R and € > 0 the operators T, 6 (1) € B(Vy, V)
with a measurable dependence on A € R. Suppose that for fixed n and almost everywhere in Ay,
there exists the limit

s- lim 7,76 (1) =t T, 80(3) € BV V).
€—

Suppose furthermore that for any n there exists €, > 0 such that

sup sup H T, 8c() ”Vr—ﬂ/s < 00. (A.13)

reRe<e,

Let I be an interval with I C A, for some n, and let fi € DNV, and f € DNV, be given
such that f1 = 1;(Hyp) f1 and f; = h,(Hp) f2. Then

(fi.Sf) = —2n / (f1. 8000 T 800 £2) d

1

+ 27i /(fl, 8o T, *R(L+10)T, 8o (A) f2)dA.
1

Proof. Setr.(A) := We insert (A.12) with g(A) =rc(A — A1) into (A.10):

__€
T(A2+4€2)”
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(1. £ =~ lim 2 /(fh S ) WHT =6, (h) f2) iy

=— li\r‘r(l)Zn // re(h = 2D f1, 80 (LT —1T,"*R(L +10))T,, 8c(11) f2)
1

= — 11\1%2;1 /(fl, SoM) (S,  —iT, *R(A +10))T, 82¢ (M) f2)dA.
1

In the last step we interchanged integrals using (A.13) and the Fubini theorem, and we used that

/56()»1)&0» — A1) dry = b2¢(A).
Then we pass with € — 0 using (A.13) and the dominated convergence theorem. [
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