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These lecture notes are devoted to various algebraic constructions, especially those useful in
Quantum Physics.

1 Introduction—examples of algebras

Let K be a field. In practice, we will restrict ourselves to K = C or K =R. Ny :={0,1,2,...}.

Let us describe several algebras that appear in quantum physics. All of this section will
contain the unit and will be over K. The unit will be denoted 1, and for any element A of the
algebra will satisfy

1A = Al = A. (1.1)
Example 1.1 Algebra generated by x1,...,x, statisfying
TiTj = TjT4- (12)
It is the algebra of polynomials in variables x1, ..., z,. The standard notation: K[z, ..., z,]. It
has the basis
eyt my,...,my € No. (1.3)

The differentiation wrt z;, denoted 9,, is the unique linear operator satisfying

0y FG = (0, F)G + FO,,G,

We have
) 1
Opx™ -y = mya(™ -] (1.6)

Example 1.2 Algebra over C generated by x',... 2", p1,...,pn satisfying
r'z; — 2t = pipj — pipi = 0, (1.7)
z'p; — pjat = 15;-]1 (1.8)
It goes sometimes under the name of the Weyl algebra (but this is ambiguous). Other possible

names are the Heisenberg algebra or the CCR algebra.
Its basis is

(zhym ... (JU”)”“pl{“‘1 coophn, mi, k; € Np. (1.9)

Standard representation on C[z', ..., 2"]:
#% := multiplication by z°, (1.10)

. 1
pi = ;811-. (1.11)



Example 1.3 Algebra generated by 01, .. .0, satisfying

0;0; +0;0; = 0. (1.12)

It is called the Grassman algebra or the algebra of polynomials in anticommuting variables.
Another name is the exterior algebra. Sometimes it is denoted K[61,...,0,]. Its basis is

07 --- 05, e; € {0,1}. (1.13)

Elements which are linear compbinations of ((1.13)) with €1+ - -+e¢, even/odd are called even/odd.
Elements which are either even or odd are called pure. If F is a pure element, then sgn(F') := 1
if F'is even and sgn(F') := —1if F is odd.

— 1
We have two kinds of differentiation: the left differentiation dy, = 0 and the right differen-
— —1
tiation 09, = 0 They are defined by

—J 7] .

06;,=00;,= (52]-, (1.14)
—J —J —J
0 FG= (0 F)G+sgn(F)F(0 G), (1.15)
«—J «—J «—J
0 FG =sgn(G)(0 F)G+ F(0 G). (1.16)

—J J
Thus after acting with 0 , resp. 9 on 6'--- 65 we obtain 0 if ; is not present and the same
expression with #; omitted multiplied by (—1)®F " +%-1 resp. (—1)%+1F+en,

7,
We will treat 9 as the standard differentiation, denoting it often by 0.
Example 1.4 The algebra generated by o . ..oy satisfying
Qi + o0 = 26” (117)

It is called the Clifford algebra. For K = R it will be denoted CIT(nCI*(R"). For K = C it
is sometimes called the CAR algebra.
Here is a basis of C1T(n)
ajt --ap, e; € {0,1}. (1.18)

n

We will discuss this algebra further in more detail.

Example 1.5 Algebra generated by 1, ...,x, (with no relations).
It is called the free algebra with the generators x1,...,x,. Its basis are the expressions
Ty = Ly, k=0,1,..., il,...’ikE{l,...,k}. (1.19)

The product is just the concatenation of these expressions.



2 Quaternions

2.1 Definitions

The algebra over R with a basis 1,1, j, k satisfying the relations
2=?=k>=-1, ij=k, jk=i, ki=j, (2.1)

is called the algebra quaternions and denoted H. Note that the following identities follow from

(2-1):
ii=—k, kj=-i, ik=—j, (2.2)

H is endowed with x acting as
1"=1, i*=-i, j*=-j, k¥ =—-k.

* is an involution, that is ™ = x, (xy)* = y*2*, z,y € H. x € H is called Hermitian, resp.
anti-Hermitian if z = ¥, resp. x = —x*.
For x € H we set

1
Rex := §(x+x*), |z := Va*e.

(Note that, ze x*z = za* is always positive real).
If v = 1 + @i + ;) + 2k, where z1, x5, xj, 7k € R, then

Rezx = z1, |x\:\/ﬂc%+x12+sz+mﬁ

Note that | - | is a norm on H. If ,y € H, then |zy| = |z||y|.
H is equipped with the quaternionic scalar product x*y and the real scalar product

(xly) == Rex™y = x1y1 + xiyi + 25y + 2y, «,y € H.

All non-zero elements of H are invertible (just as in a field). Such algebras are called division
algebras.

An element = € H is called unitary if *x = 1. Equivalently, x is unitary if |z| = 1. Every
non-zero quaternion can be uniquely written as z = |z|u, where w is unitary. Every unitary u
can be written as

u = cos 0 + ysinf = exp(fy), (2.3)

where y? = —1. From this it is easy to show that unitary quaternions form a group isomorphic
to SU(2), see also (22.9).

Isomorphisms of H preserve the scalar product (-|-). They also preserve the 3-dimensional
subspace of anti-Hermitian quaternions. This group is isomorphic to SO(3). Every isomorphism
of H has the form

H> 2 uru! € H, (2.4)

where u is a unitary anti-Hermitian quaternion.



2.2 Embedding complex numbers in quaternions

It is easy to see that there exists a unique continuous injective homomorphism R — H. Its image
is the center of the algebra H, which can be identified with R.

There exist many continuous injective homomorphisms C — H. To fix it one has to fix an
element of H whose square is —1. Let us call it i.

Quaternions can be defined as an algebra over C spanned by 1, j, satisfying the relations

zj =jz. (2.5)

This fixes a homomorphism C — H. H is then a vector space over C of dimension 2. We have

=z + xii + xj] + axk = (21 + xii) 1 + (25 + 2d)j. (2.6)
The map
1
Haxrﬁi(x—ixi)ec (2.7)
is a projection.
Set .
(zly) := 5 (ya” —iya™) (2.8)
By ([2.7)), the values of this scalar product are in C. (2.8 is sesquilinear, because
1 s
(alzy) = Fleya” —ieya’) = 2(zly),
1
(aly) = f(a'z—iga'H) = (2ly)3, 2 €C,

Thus (2.8]) is a complex sesquilinear scalar product on H, so that H becomes a 2-dimensional
complex Hilbert space. 1,j is an example of an orthonormal basis in H wrt (2.8)).

2.3 Matrix representation of quaternions

Quaternions can be represented by Pauli matrices multiplied by i:

w(1):[(1) (1’] w(i):“ fl] w(j):[_ol (1)] W(k):[? (1)] (2.9)

This yields a representation of quaternions acting on the Hilbert space C?
7 :H — B(C?). (2.10)

In this representation
m(z*) = n(x)*, |z|? = detn(x). (2.11)
m(H) ={\U : UeU(2), Xe€]l0,00][}.

Another useful relation within this representation is

7(H) = {A € B(C?) : A=nx())Ar()""}, (2.12)



where A denotes the usual complex conjugation of the matrix A. Indeed,

(1) =7(1), =) =-n(), 7@G) =n(), =k =-n(k). (2.13)

Replacing |) by Wr(-)W ! for some invertible W, we replace 7(j) by R := Wﬂ'(j)Wﬁl

Note that

RR = —1. (2.14)

3 Algebras

3.1 Definitions

Let K be a field. Let 2 be a vector space over K. We say that 2 is an algebra over K if it is
equipped with an operation
AxA>(A,B)—~ AB e

satisfying

AB+C)=AB+ AC, (B+C)A=BA+CA,
(aB)(AB) = (aA)(BB), A B,Ce?, afek (3.1)
If in addition
A(BC) = (AB)C,

we say that it is an associative algebra. (In practice by an algebra we will usually mean an
associative algebra).

We say that 2 is commutative if A, B € 2 implies AB = BA.

The center of an algebra 2l equals

3(A)={AeA : AB=BA, Bec}.

Let 2, B be algebras. A map ¢ : A — B is called a homomorphism if it is linear and preserves
the multiplication, ie.

(1) ¢(AA) = Agp(A);
(2) ¢o(A+ B) = ¢(A) + ¢(B);
(3) ¢(AB) = ¢(A)(B).
The set of all automorphisms of A is denoted Aut(2l).
We say that 1 € 2 is a unit if
1A = Al = A, Ael (3.2)

An algebra is called unital if it possesses a unit.



3.2 Subalgebras

Fix an algebra 2. B C 2 is called a subalgebra of 24 if it is a vector subspace of % and A, B €
B = AB € 8. Obviously, a subalgebra is an algebra.

If a family %6, C 2l consists of subalgebras, then N,B, is also a subalgebra. Therefore, for
any subset B C 2 there exists the smallest subalgebra containing 8. It is denoted Alg(8) and
called the subalgebra generated by B.

Let V be a vector space over K. Clearly, the set of linear transformations in V, denoted L(V),
is an (associative) algebra.

Subalgebras of L(V) are called concrete algebras.

A homomorphism of an algebra 2 into L(V) is called a representation of 2 on V.

3.3 x-algebras

We say that an algebra 2 over C (more rarely over R) is a *-algebra if it is equipped with an

antilinear map 2A 5 A — A* € A such that (AB)* = B*A*, A** = A and A # 0 implies A*A # 0.
If H is a Hilbert space, then B(H) equipped with the Hermitian conjugation is a x-algebra
If A, 9B are x-algebras, then a homomorphism 7 : 2 — B satisfying w(A*) = w(A)* is called

a x-homomorphism.

3.4 Ideals

B is an ideal of an algebra 2, if it is a linear subspace of A and A € A, B € B = AB,BA € ‘B.
We say that an ideal 95 is proper if 8 # 2. We say that an ideal B is nontrivial if 28 # 2
and B # {0}.

Theorem 3.1 The kernel of a homomorphism is an ideal. If B is an ideal of A, then A/B has
a natural structure of an algebra. The map

AS A A+BcA/B

is a surjective homomorphism whose kernel is B. If A — € is a different surjective homorphism
whose kernel is also equal B, then € ~ A/B.

Saying that
b o Y
B-A-=9H
is an exact sequence we mean that Kery) = Rang.
In particular,

05382 a%8 50 (3.3)
means that ¢ is injective, ¢ is surjective and Keriyy = Ran¢. Then ¢ generates an isomorphism
of A/p(B) with $. (3.3) is called then a short exact sequence We say that 2 is an extension of
B by 9.

Theorem 3.2 (1) If 9, B are ideals, then so is H+B and HNB = -B.

(2) If ¢ : A — B is a surjective homorphism between algebras, then € — ¢(&) defines a bijection
between ideals of A containing Kere and ideals of B.



3.5 Quaternionic vector spaces

We say that (V,+,0) is a quaternionic vector space if it is an abelian group equipped with the
operations
HxV> (zv)—aveV, VxH>(vzx)—ovre),

such that
(x+yw=av+yo, (zyhv=a(y), z,y€cH, ve.

o(@ +y) = vx+vy, vley) = (va)y, a,ycH ve.

For example, H" are quaternionic vector spaces. Quaternionic vector spaces isomorphic to H"
are said to be of quaternionic dimension n.

Transformations H-linear from the left/right on a quaternionic vector space have an obvious
definition. The set of H-linear transformations from the right from V to W is denoted L(V, W).
As usual, L(V) := L(V, V).

Elements of L(H™, H™) can be obviously represented with matrices m x n of quaternionic
elements.

If we fix the embedding , then quaternionic vector spaces can be reinterpreted as complex
vector spaces, and quaternionic Hilbert spaces as complex Hilbert spaces. If V is a quaternionic
vector space, then V¢ denotes V understood as a complex space. It is called a complex form of
the space V.

3.6 Real and complex simple algebras

An algebra over K that does not contain nontrivial ideals and is different from K with the zero
product is called a simple algebra.

It is well known by the Wederburn Theorem that one can classify all finite dimensional
algebras over C and R. The complex case is especially easy:

Theorem 3.3 Let 2 be a complex finite dimensional simple algebra. Then there exists n € N
such that 2 is isomorphic to L(C™).

The corresponding real classification is slightly more complicated:

Theorem 3.4 Let 2 be a real finite dimensional simple algebra. Then thgere exists n € N such
that 2 is isomorphic to L(C"™), L(R™) or L(H").

Note that L(R™) can be embedded in L(C"):
LR") ={Ae L(C") : A=A4}.
L(H") can be embedded in L?(C? @ C"):
L(H") ={A€ L(C*®C") : RA= AR},

where R = 7(j) ® 1.
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3.7 Algebras generated by relations

Suppose that {e; : i € I} is a set. It is obvious what is the unital algebra generated by {e;}icr
is a set. Let us denote it Free{e; : i € I}. Suppose that R C Free{e; : ¢ € I'}. Let Ideal(R)
be the ideal generated by R. Then Free{e;, : i € I'}/Ideal(R) is called the algebra generated by
{e; : i € I} with relations R. We had a few examples oof this construction in the introduction.

4 Second quantization

In this chapter we describe the terminology and notation of multilinear algebra. We will concen-
trate on the infinite dimensional case, where it is often natural to use the structure of Hilbert
spaces. We will introduce Fock spaces and various classes of operators acting on them. In quan-
tum physics the passage from a dynamics on one-particle spaces to a dynamics on Fock spaces
is often called second quantization — hence the name of the chapter.

We will consider two setups: that of vector spaces and that of Hilbert spaces. If X)) are
vector spaces, then L(X,)) will denote the set of linear operators from X to Y. If X, are
Hilbert spaces, then B(X,)) will denote the set of bounded operators fro X' to ).

4.1 Vector and Hilbert spaces

Let V be a vector space. A set {e; : ¢ € I} C V is called linearly independent if for any finite
subset {e;,,...,e;, } C{e; : i €1}

crei + e, =0 = = =c, =0, (4.1)

{e; : i € I} is a Hamel basis (or simply a basis) of V if it is a maximal linearly independent
set. It means that it is linearly independent and if we add any v € V to {e; : ¢ € I} C V then
it is not linearly independent any more. Note that every v € V can be written as a finite linear
combination v = ), _; Aje; in a unique way.

Let V be a vector space over C or R equipped with a scalar product (v|w) (positive, nonde-
generate, sesquilinear form). It defines a metric on V by

lv —wl| =/ (v—wlv—w). (4.2)

We say that V, (-|-) is a Hilbert space if V is complete.

If V,(:]") is not necessarily complete, then we can always complete it, that is find a larger
complete space VP, (-|-) in which V is embedded as a dense subspace. VP! is uniquely defined
and is called the completion of V.

For instance, if we take C.(R), C(R) or S(R) with the usual scalar product (flg) =
[ f(x)g(x)dz, then its completion is L*(R).

If V is a Hilbert space, then {e; : i € I} is called an orthonormal basis (o.n.b.) if it is
a maximal orthonormal set. Note that every v € V can be written as a linear combination
v =35 Ni€i, where Y, [Ai]? < oo, in a unique way

Note that in a finite dimensional Hilbert space every orthonormal basis is a basis. This is
not true in infinite dimensional Hilbert spaces.

11



4.2 Direct sum

Let (V;)ier be a family of vector spaces. The algebraic direct sum of V; will be denoted

It consists of sequences (v;);er, which are zero for all but a finite number of elements.
If (Vi)ier is a family of Hilbert spaces, then % V; has a natural scalar product.
el

(vier) = Y (wilo). (44)

el

((yi)iel

The direct sum of V; in the sense of Hilbert spaces is defined as
X cpl
eV = <§9 Vi> .
el i€l
If I is finite, then @19 Vi= DYV
i€l el
Let (V;), W), i € I, be families of vector spaces. If a; € L(V;, W;), i € I, then their direct
sum is denoted @ a; and belongs to L (% Vi, & WZ> It is defined as
i€l el 1€l
( [ ai)(vi)iel = (avi)ier (4.5)
i€l
Let Vi, W;, @ € I be families of Hilbert spaces, and a; € B(V;, W;) with sup;c; [|ai]| < oo.
Then the operator @ a; is bounded. Its extension in B | & V;, @ Wl> will be denoted by the

icl iel el
same symbol.

4.3 Tensor product

Let V, W be vector spaces. The algebraic tensor product of ¥V and VW will be denoted VeHW.
Here is one of its definitions

Let Z be the space of finite linear combinations of vectors (v,w), v € V, w € W. In Z we
define the subspace Zy spanned by

(Av,w) — A(v, w), (v, \w) — A(v, w),

(Ul =+ UQ,UJ) - (U17w) - (Ug,w), (U,’Ull + U)Q) - (vawl) - (vva)'
We set VW := Z/Zy. fv eV, weW, we define v @ w := (v,w) + 2.

Remark 4.1 Note that (v, w) above is just a symbol and not an element of V & W. Elements
of the space Z have the form

Z An (Uny wp). (4.6)
j=1

12



In particular, in general

(v1, w1) + (v2,wa) # (v1 + v2, w1 + w2), (4.7)
AMv,w) & (Av, Aw). (4.8)

V<aXl> W is a vector space and ® is an operation satisfying

M) @w=Ww, v& A\w)=ew,
(M+1)@w=1Quw+vrw, v&w +w)=vRw +v& w,.

Vectors of the form v®w are called simple tensors. Not all elements of V& W are simple tensors,
but they span VEW.
If {ei}icr and {f;} ey are bases of V, resp. W, then {e; ® f;}; jierxs is a basis of V&l)W,
Note that we can identify

[ee]
a

al
(6190 VO™ ~ Free{e; : i€ I}. (4.9)

n=
If YV, W are Hilbert spaces, then V&W has a unique scalar product such that
(v1 ® wilvy ® wa) = (v1|ve)(wi|we), wvi,v2 €V, w1, we €W.

To see this it is enough to choose 0.n.b’s {e;}icr and {f;}jecs in V, resp. W. Then every element

of V&W can be written as an (infinite) linear combination of e; ® f; and we can use them as
an orthonormal set defining this scalar product.
We set
VW = (VEW)®P,

and call it the tensor product of V and W in the sense of Hilbert spaces. If {e;}icr and {f;}jecs
are o.n.b’s of V, resp. W, then {e; ® f;}(; j)erxs is an om.b. of V@ W,

If one of the spaces V or W is finite dimensional, then VEW =V W.

Proposition 4.2 Let Vi, Vo, Wi, Wy be vector spaces. If a € L(V1,Vs) and b € L(Wy, Ws), then
there exists a unique operator a @ b € L(V; & Wi, Vs ) W) such that on simple tensors we have

(a®b)(y®w) = (ay) @ (bw). (4.10)
It is called the tensor product of a and b.

Proof. Choose bases (€;)icr in V1 and (f;);jes in Wi. Define a® b on the basis (e; ® f;) (i jjerxs
by

(a®b)e; ® f; = (ae;) @ (bfj). (4.11)
Then we check that thus defined operator satisfies (4.10)). It is unique, because simple tensors
span the whole tensor product. O

13



Proposition 4.3 If Vi, Vo, Wi, Wy are Hilbert spaces and a € B(V1,Va), b € B(Wy, W), then
a ® b is bounded. Hence it extends uniquely to an operator in B(V1 @ Wi, Vo @ Wa), denoted by
the same symbol.

Proof. To prove the bouPdedness ofa®b=a®1 1Q®Hb, it is sufficient to consider the operator
a® 1 from Vi ®W to Va® W. Let e1,€2,... and f1, fo... be orthonormal bases in Vi, W resp.
Consider a vector ) ¢;je; ® fj.

2
HCL@]IZCZ']'Q@JCJ'H = ZHZCUCLQ‘
i j i
2 2 2 2
= Yl Yl = Dl Y ey
J ? J ?

2
= HaHzH Zczjei X f]H .
ij

2

4.4 Fock spaces

Let YV be a vector space. Let S,, denote the permutation group of n elements and o € S,,.

Proposition 4.4 There exists a unique operator ©(c) on %é"y such that
Q@)Y @ @ Yn = Yog-1(1) @+ @ Yo1(n)- (4.12)
Proof. Choose a basis {e;}icr of . We define O(o) on the corresponding basis of By

@(U)ei1®”'®ein —e ®...®ei07l(n).

lo=1(1)

Then we extend by linearity O(c) to the whole (%)n Y. It is easy to see that the operator defined
in this way satisfies (4.12]). The uniqueness is obvious. O

We can check that

al

Sp20—0(0)e L(® V) (4.13)

is a group representation.
al . . . .
We say that a tensor ¥ € ® Y is symmetric, resp. antisymmetric if

©(c)¥ =V, resp. O(0)¥ =sgn(o)V. (4.14)

We define the symmetrization/antisymmetrization projections

1 1
e = ] Z O(0), Oy := ] Z sgnoBO(o).

" 0ESy, T 0ES,

They project onto symmetric/antisymmetric tensors.
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We will often write s/a to denote either s or a.
If Y is a Hilbert space, then ©(o) is unitary and O /o ATC orthogonal projections.
Let Y be a vector space. The algebraic n-particle bosonic/fermionic space is defined as

al al

®s/ay = 9g/a® V.

The algebraic bosonic/fermionic Fock space or the symmetric/antisymmetric tensor algebra is

[ee]
al alm

al
Fs/a(y) = @0®s/ay'

The vacuum vectoris Q:=1 € ®§/ay =C.

If YV is a Hilbert space, then the n-particle bosonic/fermionic space is defined as
®g/ay = Gg/a Q" V.

The bosonic/fermionic Fock space is

L) = & el

4.5 Creation/annihilation operators
For z € Y we define the creation operator

a*(2)W = @g/j\/n +1:00, Veal,),

and the annihilation operator a(z) := (a*(z))". (We often omit the hat). We have

[a(2), a(w)]5 =[a”(2), " (w)]5 = 0, (4.15)
[a(2), o™ (w)]z = (z]w). (4.16)

We will sometimes write (z| and |z) for the following operators

V3uv (zlv:=(zlv) € C, (4.17)
CoA=Az) =X zeV. (4.18)
Then on ®g/ay we have
a*(z) = @:/ngl\/n +1]2) @ 1@, (4.19)
a(z) = vn(z] @ 1~D2, (4.20)

Above we used the compact notation for creation/annihilation operators popular among math-
ematicians. Physicists commonly prefer the traditional notation, which is longer and less canon-
ical.
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One version of the traditional notation uses a fixed basis {e;};c; of Z and set af := a*(e;),
a; = a(e;). Then if z =), z;e;, we write

a*(z) = Z ziay, a(z)= Zfiai, (4.21)
[CLZ', a?]; = 51']', [ai, aj]¢ =0. (422)

If ® € (aé:/a Z, then it can be represented by a symmetric/antisymmetric matrix ®;, ;.. The
annihliation operator acts on ® as

(@i ®)jyoojnr = VPijy s (4.23)

Alternatively, one often identifies Z with, say, L?(R?, d¢). If z equals a function Z 3 £ +— z(&),
then

a*(z) = /z(g)azdf, a(z) = /z(ﬁ)agdf.
Note that formally
[a(€),a*(&)]x =06 = &), [a(€),a(€)]F = 0. (4.24)

The space ®g/ .2 can then be identified with the space of symmetric/antisymmetric square

integrable functions L?(R"?), and then
(a({)‘I’) (§/17 e 767/7,—1) - \/ﬁ¢'(§7 517 <o 752—1)' (425)

4.6 Integral kernel of an operator

Every linear operator A on C" can be represented by a matrix [Af .

One would like to generalize this concept to infinite dimensional spaces (say, Hilbert spaces)
and continuous variables instead of a discrete variables i,j. Suppose that a given vector space
is represented, say, as L?(RY), or more generally, L?(X) where X is a certain space with a
measure. One often uses the representation of an operator A in terms of its integral kernel
RY x R? > (z,y) = A(z,y), so that

AV (z) = / Al )W (y)dy.

Note that strictly speaking A(-,-) does not have to be a function. E.g. in the case X = R?
it could be a distribution, hence one often says the distributional kernel instead of the integral
kernel. (Note that we use the integral notation for distributions, thus writing for a test function
® [ F(x)®(x)dz often means F(P).)

Sometimes A(-,-) is ill-defined anyway. At least formally, we have

AB(z,y) = /A(x,z)B(z,y)dz,

A*(z,y) = Ay, x).
Here is a situation where there is a good mathematical theory of integral/distributional
kernels:
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Theorem 4.5 (The Schwartz kernel theorem) B is a continuous linear transformation from
S(RY) to S'(RY) iff there exists a distribution B(-,-) € 8'(RY ® RY) such that

(U|B®) = /q/(x)B(x,y)@(y)dxdy, U, P e S(RY).

Note that < is obvious. The distribution B(-,-) € S’(R? @ R?) is called the distributional kernel
of the transformation B. All bounded operators on L?(R%) satisfy the Schwartz kernel theorem.
Examples:

(1) e”#¥ is the kernel of the Fourier transformation
(2) 6(z —y) is the kernel of identity.
(3) 0z6(x — y) is the kernel of 0,.

4.7 Position and momentum representation

The standard definition of the Fourier transform of V is

V(p) = / Y (2)de, V() = (271r)d / ¥ (p)dp. (4.26)
One uses the unitary Fourier transform
1 : 1 .
Ff(p) = e f(g)de,  F! = = [ &P f(p)dp. 4.27
)= [ 0= [eriwan. @)

to pass from the position to momentum representation. Thus if we have an operator K with
integral kernel K (', x) in the position representation, then its kernel in the momentum repre-
sentation is

]. sl 3
K(p',p) = @n)? /emp PR (2, x)da’dx. (4.28)
For instance, the 1-body potential V (z) acting on L?(R%) has the integral kernels
§(x' — z)V(x) in the position representation (4.29)
vV -
Vi —p) in the momentum representation (4.30)
(2m)¢

A 2-body potential V(x1 — x2) acting on L?(R??) has the integral kernels

§(x) — 21)0(xh, — 29)V (21 — 22) in the position representation (4.31)
V(-

=6(p} +py—p1 — pQ)(](.g)dpl) in the momentum representation (4.32)
™

In fact, (4.32) equals

1 H 1 7 ! o/
(2m)2 //el(xlpﬁx?p?_xlpl_”":27’2)6(33’1 —21)0(2h — 29)V (21 — 20)da)dabdz1ds. (4.33)
7r
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If we replace R? with [0, L]? with periodic boundary conditions, then the momentum space
is Q%Zd. The standard definition of the Fourier transform of V is

V(p) = / Y )z, V(z) = % S V(). (4.34)
p
The unitary Fourier transform is
Fiw) =y [ e, F ) = Ll S f(p) (4.35)
2 2 P

4.8 Second quantization of operators

For a contraction ¢ on Z the operator ¢®" commutes with ©(c), o € S,,. Therefore, it preserves

s/aZ- We define the operator ['(q) on I'y/,(Z) by

(2) o2 q q o2

I'(q) is called the second quantization of q.
Similarly, for an operator h on Z the operator h@1™D® 4 ... 4 1(=D@ @ preserves ®", Z

s/a<"
We define the operator dI'(h) by
dr(h) —he1D2 L. 412 g .
®g/az ®g/a2
dI'(h) is called the (infinitesimal) second quantization of h.
Note the identities
L(e") =& '™  D(g)(r) =T(gr), [dD(h),dT (k)] = dT'([h, k]),
D(q)dl(h)T(q ") = dl(ghg ™). (4.36)

Let {e; | ¢ € I} be an orthonormal basis of Z. Write a; := a(e;). Let h be an operator on Z
given by the matrix [h;;]. Then

dr(h) = hijatay. (4.37)
ij
Let us prove it in the bosonic case. Let ® € I'?(Z).
afa;® = nO”e;) @ 1" V2 (¢;| @ 1 V2p (4.38)
= nO”e;)(ej| @ 1" V9 (4.39)
1

_ N e (n—1)® -1

= 5D > O(0)|ei)(ejl @ 1 O(o)"'® (4.40)
O'ESn
= 1F D) (e @ 1M, (4.41)
k=1
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More generally, if the integral kernel of an operator h is h(x,y), then
dr(h) = / h(z,y)ata,dady. (4.42)
For instance, if  is the multiplication operator by h(¢), then dI'(h) = [ h(§)agagdg.

4.9 Symmetric/antisymmetric tensor product

Let U € ®F, Z, ® ¢ ®Z/aZ. We set

s/a
+
U @/ © := @g'/aq\I/ ® . (4.43)
Note that
2R Qz2=2Q¢ - Qs 2. (4.44)
If there are n terms, it is often written as 2"®. In the antisymmetric case one usually prefers
|
ree PG o g (4.45)
plq!

The operations ®g, ®,, A are associative. We have

YA ANYp = Z Sgn(a)ya(l) Q- ® Yo(n)s (446)
0ESh
1
Y1 @a Baln = Z SEN(0)Yo(1) @+ @ Yo(n)- (4.47)
O'ESTL

Let {e;}ier be a linearly ordered orthonormal basis in Z. Then

Vnlej, @a - ®aei, i1 <o <ip, (4.48)
forms an o.n.b of ®}(2).
|
\/%efkl Rs o @s€im kAt k=1, (4.49)
Tk,
forms an o.n.b of T (Z).
If dim Z = d, then
(d+n—1)! . d!
d vz d = 4.5
s d—Dm %= g (4.50)

4.10 Exponential law

Let Z,W be Hilbert spaces. We can treat them as subspaces of Z ® W. Let & € ®Z/aZ,
v e ®;’/LaW. We can identify & ® ¥ with

(n+m)!
nlm!

Ub® VU = PRy ¥ EQST(ZBW). (4.51)

s/a
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Theorem 4.6 The map (4.51)) extends to a unitary map
U: I‘s/au(Z) ® Ps/a(W) - 1—\s/a(Z @ W)

It satisfies

UQ®Q=1Q,
dl'(h & g)U = U(dr(h)®11+]1®dr( ),
L(p® q)U =UT(p) ® UL'(q),
a(zow)U =U(a*(z) @1+ 1® a*(w)),
a(zdw)U =U(a(z) @ 1+ 1@ a(w)), in the bosonic case,
a*(z@w)U =U(a*(z) @ 1+ (-1)N ® a*(2)),
a(z®w)U =Ula(z) ® 1+ (-1)N ®a(z)), in the fermionic case.

Proof. Let us prove the unitarity of this map in the symmetric case:

P V=———
s n+m Z @ Q)@\I]
O'ESn+m
nlm)
= O(o)d ® V.
el > (o)

[0]€Sntm /Sn X Sm

(4.60)

(4.61)

The terms on the right are mutually orthogonal. The maps ©(o) are unitary. The number of

cosets in Sy ym/Sn X S 18 (”+m) . Therefore the square norm of ([£.60) is

n!m/!

P ® V|
e LT

4.11 Wick symbol

Suppose we fix a basis {e(i) : i € I} in the space Z. Recall that
e(i) ® - ®@e(ig), i1,...,0 €1
is a basis of %k Z. Every linear map b : %lék Z — (%m Z can be represented by a matrix
b(ila"’im;i;w'” ,2"1)7

Thus if ® € @™ Z to ¥ € @*Z, then

(ROT) = "> @i, - 1)b(i1, -y By -5 85) Ui, -+, 81).

(Note that we invert the order of 4,,,...,4;—this is just a convention).
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We can restrict (| - ) to & € ®S/aZ to ¥ € ®S/aZ. Then (4.65) will depend only on the

symmetrization/antisymmetrization of b, that is
b/ = 07,00}, (4.66)

Thus to describe operators from ®§/aZ to ®;’}aZ it is enough to consider matrices symmet-
ric/antisymmetric separately wrt the first m and the last k arguments.

In this subsection we will put “hats” on the creation/annihillation operators. The symbols
a*(i), a(i) without hats will be reserved for classical variables, which in the bosonic case commute
and in the fermionic anticommute, that is

[a* (@), a* ()5 = [a(i), a(j)]5 = [ad),a” (j)]+ = 0. (4.67)

As usual, by a (commuting/anticommuting) polynomial in the variables a},a; we mean a linear
combination of the following expressions

=3 S b,y - )@ (1) - @ (i )aldy) - - a(d) (4.68)

where b are symmetric/antisymmetric separately wrt the first m and the last k arguments. In
the symmetric case this can be interpreted as a usual polynomial In the antisymmetric case it is
an element of the Grassmann algebra.

The Wick quantization of b(a*,a) is defined as

b(a®,a) = Y -0 blit, iy ig, e 8)a% (i) - @ (im)aliy) - a(i).  (4.69)

(Actually, by (4.66)), in (4.68) and (4.69)) we can consider b which is not symmetric/antisymmetric.)
Here is an equivalent definition of b(a*,a): Its only nonzero matrix elements are between

dc ®§/J;mZ, v e ®§/J;kZ, and equal

(®[b(a*,a)T) = \/(m+i)! (k+p) (®]b @ 15PW). (4.70)

To see this it is enough to check

(@[a*(ir) - @ (im)a(i}) - (i) ¥) (471)
=((im) - (i) la(i}) - (i) ) (4.72)
(4.73)
(4.74)

=V(m+p)-(p+1)k+p)(p+1)
XY Y @iy ity 1) Uiy B s 1)

Essentially every operator on a Fock space can be written as a linear combination of (4.69)).
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4.12 Wick symbol and coherent states

In the bosonic case, we have the identities

=0 O+ (1)e1" B=00) — (4 + (u]p), (4.75)
o=@ O)F(0) ()68 O=a0) _ () 4 (u]B). (4.76)

We also introduce the coherent state corresponding to b € Z:
O = @ (0)=alb). (4.77)

Note that a(v)Q, = (v|b)Q. We have the identity

(le(a”, a)) =c(b",b). (4.78)
5 Clifford algebras
5.1 Clifford algebras
Let ¢1, ..., ¢, satisfy the relations
(93, &3]+ = 2651 (5.1)

The associative algebra over R generated by 1, ¢1, ..., ¢, satisfying these relations is called the
(real) Clifford algebra with positive signature C1T(R™) = CIT(n).
Let 71, ..., 7n satisfy the relations

i) = —26,1. (5.2)

The associative algebra over R generated by 1,71, ..., v, satisfying these relations is called the
(real) Clifford algebra with negative signature C1~(R™) = C1™(n).

The associative algebra over C generated by 1, ¢1,..., ¢, and satisfying (5.1)) is called the

complex Clifford algebra and will be denoted by C1(C™). Clearly, it is isomorphic to the algebra
over C generated by 1,71,..., 7, satisfying (5.2)), where the isomorphism is given by

Both CIT(R") and C1™(R") are real subalgebras of C1(C") = Cl(n,C). In what follows we
will treat CIT(R™) and CI1(C") as basic objects, because C1~(R") can be obtained by ([5.3)).
More generally, we can consider Clifford algebras Cl(g, p) of an arbitrary signature, generated

by i,
-2, i=5=1,...q;
0, 1 J.
More abstractly, let V be a vector space over a field K equipped with a bilinear form (v|w),

v,w € V. Then we define Cl(V) as the associative algebra generated by ¢(v), v € V, with
relations

v+ w) = dv) + d(w), (M) = Ap(v), [(v), (w)]y = 2{v|w)1. (5.5)
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Setting

$(v) =Y vigi, v=(v,...,v), V=R", (5.6)
=1

(vjw) = £ v, (5.7)
=1
we obtain Cl%(n).

5.2 Even Clifford algebras

The map ¢; — —¢; (or equivalently ; — —v;) extends uniquely to an automorphism of a Clifford
algebra denoted «. Elements fixed by this automorphism are called even. The subalgebra of even
elements of C1(C") is denoted Clo(C™). Elements that flip the sign under « are called odd. The
set of odd elements is denoted Cl;(C™).

If we view C1T(R™) and C1™(R") as subalgebras of C1(C"), then the set of even elements in
both algebras coincides. We will denote it by Clo(R™) (without indicating the sign +).

We have an isomorphism

Y CI7 (R 1) — Cly(R™), (5.8)
V() =¢j¢n, j=1,...,n—1 (5.9)
In fact,
[ (75), ()] = =285 1.
Similarly,
Cl(C™) ~ Cly(C™).
5.3 DBases
The set .
bir Giy = 1 ; sgn(0)di, ) iy 01 < < i (5.10)
ook

is a basis of C1*(n). Hence C1™(n), as well as C1~(n) have a real dimension 2". Cl(n,C) has a
complex dimension 2". Clearly,

a(¢i1 T ¢lk) = (_1)k¢i1 t ¢zk (5.11)

One can introduce an identification of the Grassmann algebra and the Clifford algebra. It is
the linear map defined by

Op : Cl¢, ..., ¢n] — Cl(n,C), (5.12)
Op(iy - i) == D> bingy + bigyyr 11 <oe < (5.13)
ocESk

Clearly, Op is not a homomorphism. It plays a role of quantization for fermionic systems.
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5.4 Involution

The algebras ClT(n) are equipped with the involution, which is a linear map defined by
or =¢i, (AB)" = DB*A", (5.14)

and called the (Clifford) conjugation. Another acceptable notation for the conjugation on CI7 (n)
is AT = A* and another name is the (Clifford) transposition.
In the algebras C17(n) there is an analogous involution defined by

vi=—v, (AB)"=B"A", (5.15)

Note that on Cl7(2) ~ C, the transposition coincides with the complex conjugation, and on
Cl7(3) ~ H it coincides with the quaternionic conjugation.

In Cl(n,C) we have two natural maps that extend : one by linearity, and then we
denote it by AT and call the (Clifford) transposition, the other one by antilinearity, and then we
denote it by A*. Thus the action on basis elements is

(30p(8n+64)) = (1) T 206+ 61,), (5.16)
(AOp(@i -+ +64)) = (1) 20D (61, -+ 63,). (5.17)

Cl(n,C) equipped with the antilinear involution A — A* is a *-algebra, called the CAR
algebra, denoted CAR(n) = CAR(R™). It depends on the choice of the real subspace R" inside
cn.

The transposition on Cl(n,C) does not depend on the choice of a real subspace of C".

The unitary group of C1¥(n) is defined as

U(ClE(n)) := {U € CI¥(n) | U*U = 1}. (5.18)

(The notation O(C1*(n)) = U(CI*(n)) and the name orthogonal group is also possible.)
In the complex case we have two distinct groups: orthogonal and unitary:

U(CAR(n)) :=={U € CAR(n) | U*U = 1}, (5.19)
O(Cl(n,C)) :={U € Cl(n,C) | UTU = 1}. (5.20)

5.5 Volume element

Sometimes, the following element of C17(R") is called the volume element:

W= @1 On.
Clearly, C1T(R") is generated by ¢1,..., ¢, 1,w. We have

W? = (1), wei = —(~1)"gw.
In CI™(R"™) instead we may prefer to use

i"w =71
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If n is even, then w (as well as iw) implements the authomorphism «:
wAw™! = a(4), AecClCM). (5.21)
If n is odd w (or iw commutes with C1(C").

5.6 The Jordan-Wigner construction

If k <m and A € L(®*C?), then we identify A with A ® 1®Mm~%) ¢ [(g"C?).

Recall that o1, 09,03 denote the standard Pauli matrices. Note that 1,01,09,03 = io109
span L(C?). Hence 01,09 generate L(C?).

Let n = 2m. Consider the space ®™C?. Introduce the operators

p(1) := o1, p(¢2) : = o2,

p(P2m—1) == ag?(m*” ® o1, p(P2m) = ag?(mfl) ® o9.

Theorem 5.1 p extends uniquely to a homomorphism

p: Cl(2m) — L(@™C?). (5.22)

We have
plw) = "o, (5.23)
p(d1- - bondor) =" 1 @ 01, p(d1- - Pandorya) = IF1%F ® 0. (5.24)

(5.22) is an isomorphism.

Proof. It is easy to check that p(¢1),..., p(¢2m) satisfy the Clifford relations. Hence the map
p extends to a homorphism.
By (5.24), the image of p contains 1% ® L(C?). Hence it contains the whole L(®™C?). O

Theorem 5.2 Forn = 2m+1 there exist two homorphisms extending p : C1(2n,C) — L(®™C?):

pt :Cl(2n +1,C) — L(®™C?), (5.25)
pi(Soms1) : = +o5 Y. (5.26)

The map
Cl2m+1) 3 A (p4(A), p—(A)) € L(®™C?) @ L(™C?) (5.27)

s an isomorphism of algebras.

Proof. First we check that pi(¢1),...,pr(Pam+1) satisfy the Clifford relations. Hence ([5.26))
defines two homorphisms p4.
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Let us prove that (5.26) is onto. Let A, B) € L(®m(C2)~@ L(®™C?). The maps p are onto,
hence we will find A4, A_ € Cl(2m, C) such that p(A4) = Ay, p(A-) = A_. Next we put

Ti= (—i)mqbl cee ¢2m¢2m+1 S Cl(2m + 1, (C)

Then © commutes with C1(C?*™*1) and p(7) = +1. Therefore, for A € Cl(2m,C),

o (ALY — (g (L)) — )

2 2
Pi(A(]l;FW)) = Pi(A)Pﬂ:((]l:;W)> = 0.
Hence,
P+ (A+(]1+27r) + A—(]l;ﬂ) = p(Az) = As. (5.28)

which proves that (5.26|) is onto. O

5.7 Fock representations of Clifford algebras

In this subsection we describe a representation of Clifford algebras seemingly different from the
Jordan-Wigner contruction. Eventually, it will turn out to be essentially the same representation
in disguise.
Consider the Fock space I'y(C™) with the standard creation and annihilation operators a,
a; satisfying
la1, aj]+ = [af,a§]+ =0, [%a;h = 41
Consider Cl(2m,C) with generators ¢1, ..., ¢2,. We define

p(poic1) i=af +a;,  pldy) =i (af —a;), i=1,...,m. (5.29)
Clearly, the above operators satisfy Clifford relations and are self-adjoint. Hence p extends

uniquely to a #-isomorphism p : C1(2m,C) — L(Ta((Cm)).
We have also the number operator

m
N = Zafai
i=1
and the parity operator
()N = (~)Zeie = [ (=14 = [ (1 - 2afa,).
i=1

Now
DYl = (DYl =0, (DY) =1

Hence setting
pi(dams1) = £(=1)V, (5.30)
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we extend p to two isomorphisms py : Cl(2m + 1,C) — L(Fa(Cm)).
Cl(2m + 1,C) can be also represented on I'y(C™ 1), if we set

p(Brms1) = @1 + . (5.31)

Now p is not irreducible: p(Cl(2m + 1,C)) commutes with
(@1 + Gmpr)(—1) 251 %%, (5.32)

p is a direct sum of the representations p; and p_.
Note that the above constructions are fully equivalent to the Jordan-Wigner construction.
In fact, first let us check it for C1(3,C). We identify I',(C) with C? by

T B A

« |01 e L U N _ |10
a—i—a—al—[l 0}, i (a a)—ag—L 0}, (-1) —03—[0 _1].
Thus the Jordan-Wigner consstruction and the Fock representation coincide for n = 1,2, 3.
Consider now n = 2m. We have C™ ~ @7, C. Hence, by the exponential property of Fock
spaces,
[, (C™) ~ @™T,(C) = @™C2. (5.33)

and we easily check that under this identification p of the Jordan-Wigner representation and of
the Fock represention coincide.

5.8 Form of Clifford algebras

Remember that the standard notation for the space of linear maps on space V is L(V). If ¥V = K"
where K = R, C, H, then L(V) can be identified with n x n matrices with entries in K. Below we
will often use an alternative notation K(n) for L(K").

The following table describes the form of various Clifford algebras in tems of R(2), C(2™)
and H(2™). Note that the validity of the column Cl(n,C) was proven in Theorems [5.1| and
It implies the column Cly(n,C). Both have an obvious period 2.

The real columns have a period 8, which involves multiplying the arguments of the entries
by 2% = 16. Clearly, the column Cl~(n) implies the column Clg(n).

n  CIT(R")  CI"(R")  Cly(R") cl(cn) Clo(C")

0 R R C

1 RoR C, R CocC C

2 R(2) H C C(2) CaC

3 C©2) H & H, i C2)@aC@2) T2

4 H2) H(2) H & H C4) C@R)aC©)
5 H(2)@H2)  CA) H(2) CA)eCH)  CA)

6  H(4) R(8) C(4) CB)  CH)a®CH)
7 C@8)  RE)GRE) RE)  CE@CE)  C@®)

8§  R(16) R(16) RE)@®R(8)  C(16)  C(8) @ C()
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Consider a few first entries from the column Cl1™(n):

Cl (1)=C: i:=;
CI'(2)=H: i:=m, j=m
CIr@)=HoH: 1i):=7, i) =22 1 -1):=m72s;
ar@w-ue: |j e=n 5]
k 0 0 —1
[0 k]:73’ L 0}‘:74

Next, C1*(n):

—i 0
0:| = ¢17 |:.]
-k 1
0 ] = ¢3, [O

Let us now describe the relationship between Cl(2m) and Cl(2m + 1). w always belongs to
the center of CIT(R?*™+1) and iw belongs to the center of C1~ (R?™+1),
We have w? = (—1)™, (iw)? = (~1)™*!. Hence we have the isomorphisms

BJ:| = ¢27

_OJ = Q4

m=0 mod (2), CI"(R?™)& CIF(R2™) 3 (A1, Ag) =~ A, 4+ 5 Y Ay € CIF(RP™H),
m=2 mod (2), CCIT(R®™) > (A; +1i4s) = A1 +wAy € CIT(R*"F1).
m=0 mod (2), CCI™(R?™) 5 (A1 +14s) + Ap +iwdsy € CI7(R¥™T),
1+ 1-i
m=2 mod (2), CI"(R*)&ClI"(R*™)> (A, 42) — Ly 21wA2 € CI7(R*™1).

Note also that the complexification of R is C and of H is C(2).

5.9 Charge conjugation

Consider the Jordan-Wigner representation of Cl(n,C), p for n = 2m or py for n =2m+1. We
drop p, p+ from the notation. We have ¢; = ¢, for odd ¢, including ¢2y,+1, and for ¢, = —¢; for
even i. Consider first n = 2m. Set

Ny =1"Pady -

Then 14 and n_ are real. Besides,

m(m+1)
2

)

= (-1)
77+¢i (_1)ma77+7

N+ P2m+1 = (—1)" P2m1114,

om,  N- = G103 Pam—1,
m(m—1)
=1
n-¢i=—(=1)"¢in. i=1,2,...,2m;

N—p2m+1 = (—1)" Pom417—.
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Hence for A € Cl(n,C)
n=0 mod (8), T]_2|r = =1, A= 77+Z77;1 a(A) =n_An~"
n=1 mod (8), ni =1, A=n An
n=2 mod (8), —ni=n>=1, a(A)=nAnyt A=n_An~h
= mod (8), — 773_ =1, a(A) =y An s
=4 mod (8), —ni =-nt =1, A =nyAn; a(A) =n_An~1
n=>5 mod (8), — ni =1, A=mniAn
=6 mod (8), 12 =-n>=1, a(A) =n Ayt A=n_AnZY
=7 mod (8), 77_2|r =1, a(A) =ny Ani s

6 Matrix Lie groups

6.1 Quaternionic determinant

Identify H ~ C2 by v = x+jy, =,y € C, so that jz = Tj, jy = —yj. Similarly, if V € L(H"), then
V = X +jY with jX = Xj, jY = —Yj, where X,Y € L(C"). Writing

m(j) = []?n _Oﬂ"} =: Jn (6.1)
we can represent V as
(V) = Bf _)ﬂ € L(C™). (6.2)
Thus
m(L(H")) = {V € L(C*™) | J,V =V J,}. (6.3)

In what follows we will often identify L(H") with a subspace of L(C?") through (6.2), dropping
TT.

It is well-known that L(R™) and L(C™) are equipped with the homomorphism into R, resp.
C called the determinant. Matrices with nonzero determinant are invertible.

If V e L(H"), then its quaternionic determinant is defined as

det V :=det n(V),

where on the right we use the usual determinant (in the sense of a complex matrix) and the
embedding 7 defined in , and earlier in . Note that det VW = det V det W. det V does
not depend on the embedding of C in H and always has a real value > 0. det V' is nonzero if V
is invertible

We also have the quaternionic trace

Te(V) := Tem(V) = 2Re(Tr(X)). (6.4)

Clearly, the quaternionic trace is always real and det(e") = eTr(V),
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6.2 Classical matrix Lie groups

Let K=R,C, H. We define

GL(K") = {V € L(K") | detV #0,}, (6.5)
SL(K") = {V € L(K") | detV =1, }.

By a classical matrix Lie group we mean a subgroup of GL(K").
We now define several series of such subgroups defined as the sets elements of GL(K")
preserving a certain 2-argument form (bilinear or sesquilinear).

K" x K" 5 (v,w) — B(v,w). (6.7)
That is, the general form of these groups are
Gp(K"):={V € GL(K") | B(Vv,Vw) = B(v,w), wv,weK"}. (6.8)
Their Lie algebras are
gp(K") :={V € gl(K") | B(Vv,w) + B(v,Vw) =0 v,we K"} (6.9)

Especially important series are the following three, which consist of compact groups:

O(R") =0(n): viwy+ - v Wy,
u(cr) =U(n): Trwy+ - Tpwny,
Sp(H™) =Sp(n): viwy+ v wpy.

Here are all series of classical matrix Lie groups:

O(R®?) =0(q,;p):  —v1wy — -+ = VgWq + Vg1 Wqy1 + - - VpWn,
Sp(R?") = Sp(n,R) 1 viwpy1 + -+ 4+ VpWap — Vppr1wi + -+ + Up 1wy,
U(C*P) =U(g,p): —Tiwr — -+ — VqWq + Vg1Wg+1 + -+ - + VgpWytp,
oiecn) =0(n,C): viwi+ - vywy,

Sp(C?") =Sp(n,C): viwpy1 + - + VW — Vpp1wi + -+ -+ Vpp1wy,
SpHIT) = Spla.p): — v — e — U+ Ut Ui
O(H") =0%(n): ovijw + - v5jwy,.

Note that Sp(n,R), resp. Sp(n,C) is sometimes also denoted Sp(2n,R), resp. Sp(2n,C) (which
incidentally shows the superiority of the notation Sp(R?"), resp. Sp(C?"), which is unambiguos).
Clearly
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We have
V € Sp(R*™), Sp(C*™), Sp(HIP) or O(H") = detV =1;

V e O(R?P) or O(C") = detV € {1,—1};
VeU(C?) = detV € {z €C| |z| =1}.

We set

SO(R??) := O(R%?) N SL(RT'P),
SO(C™) := O(C™) N SL(C™),
SU(C™) := O(C™) N SL(C™).

Let us make some remarks concerning the quaternionic groups identified as subgroups of
complex groups. Clearly,

GL(H") = {V € GL(C*) | J,A= AJ,}, (6.10)
SL(H") = {V € SL(C*) | J,A = AJ,}. (6.11)

Writing v; = z; +jy; € H, i = 1,2, z;,y; € C, note that

vivy = T122 + Y1y2 + j(T1Y2 — y122) (6.12)
vijve = —T1Y2 + 122 + j(2172 + Y1y2). (6.13)

Therefore, writing vi; = x1; + jyu; € H" vo; = xo; + jyo; € H™, we can rewrite the forms defining
Sp(H™), resp. O(H") as

T11we1 + -+ TinZon +Y11y21 + -+ Y1p¥2n (6.14)

+j (a:11y21 T+ TinY2n — Y11721 — 0 — yln$2n), (6.15)

resp. —Z11Y21 — - TinY2n T Y1221 + -+ Y1pT2n (6.16)
+j(z11221 + - 4 Tipton + Y11y + - + Yinon).- (6.17)

Now Sp(H"), resp. O(H") can be defined as the set of V € GL(C?") preserving separately the
form (6.14)) and resp. (6.16) and (6.17)). Note that we do not need to check the conditions
(6.3). Thus, we obtain (using a simple change of variabkes in the case of O(H"))

Sp(H™) = SU(C*") N Sp(C*"), (6.18)
O(H") ~ SU(C™") N O(C™). (6.19)

Similarly,
Sp(H®P) ~ SU(C?*%?P) N Sp(C*"). (6.20)
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6.3 Reflections
Let v € R™. The reflection wrt v is the map R, € L(R")

Y
Ryy:=vy 2(’0]1})'

Clearly, R2 = 1i R, € O(R")\SO(R™).

Theorem 6.1 Reflections generate O(R™). The set of even products of reflections coincides with
SO(R™).

Proof. Consider first O(R?) and the rotation

Ay = [cosqb —sinqb] (6.21)

sing cos¢

Take a pair of normalized vectors v1,vo with angle % Then it is easy to see that Ay = Ry, Ry, .

Let A € O(R™). After complexification, we can use the spectral theorem, which yields that
in an appropriate basis A is the direct sum of matrices of the form (6.21) and of 1 and —1. O

For v € R", define

$(v) == vigi, V()= vini:

A %

It is an element o C1*(R"), resp. C1~(R"). Clearly,

and

(£0()oy) (£ ¢(0)" = —d(Ruy), (6.22)
(£7())7@) (£7(v)" = =7(Ruy). (6.23)

6.4 Pin and Spin groups

Let Pin™(n) = Pin™(R™) be the group of U € U(CI*(R")) satisfying
{Up(v)U* : veR"} ={o(v) : veR"}

Analogously, let Pin™(n) = Pin~ (R") be the group of U € U(Cl™(R")) satisfying
{Uy(0)U* : veR"} ={y(v) : veR"}.

We set
Spin(R"™) = Spin(n) := Pin™(n) N Clp(n) = Pin~(n) N Cly(n). (6.24)
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Theorem 6.2 1. Pin™(n) is generated by ¢(v), (v|v) =1, and Pin~(n) generated by v(v),
(vjv) = 1.

2. If U € Spin(R™), then there exists Ry € SO(R™) such that
Up()U* = ¢(Ruy),  Urv(y)U* =~(Ruy), (6.25)
3. If U € Pint(R™)\Spin(R™), then there exists Ry € O(R™)\SO(R"™) such that

Up(y)U* = —¢(Ruy), (6.26)

Similarly, if U € Pin™ (R™)\Spin(R™), then there exists Ry € O(R™)\SO(R") such that

Ur(y)U" = —y(Ruy), (6.27)

4. The maps
Pin®(n) 3 U — Ry € O(n) (6.28)

are surjective group homomorphisms with kernel {1, —1}, satisfying
aU)d(y)U* = Ud(y)a(U*) = 6(Ruy), U € Pin*(n). (6.29)

5. We have Ry = R_y.
Riyp=1, Ry, =1 (6.30)

Proof. Let G be the group by ¢(v), (v|v) = 1. It is clearly a subgroup of Pin™(n), and we easily
check that it satisfies all properties listed in the theorem. Now suppose that Pin™(n) is larger
than G. Then the kernel of the homomorphism Pin™ — O(n) should be larger that {1, 1}.

We check that the only unitary elements of L(C?™) commuting with ¢;(v) are {cl | |¢| = 1}
and only 1 belong to CIT(2m). This yields that the kernel is {1, 1} for n = 2m.

The only unitary elements of of L(C?") @ L(C?") commuting with with ¢;(v) are {c;1 @
c21 | |e1] = |ea| = 1} and only £(1, 1) and & (1, —1) belong to C1*(2m +1). Then we use
and the fact that w is odd. O

U — Ry defines the 2-fold coverings
1 — Zs — Spin(R") — SO(R") — 1,
1 = Zy — Pint(R") — O(R") — 1.

6.5 Other Pin groups

The group Pin(q,p) = Pin(R?P) is defined as the subgroup of Cl(gq,p) generated by v(v) with
y()? =1 or v(v)? = —1. We have

1 — Zy — Spin(R?P) — SO(R?P) — 1,
1 — Zy — Pin®*(R?P) — O(RIP) — 1.
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There are also Pin*(n,C) = Pin*(C"), which are the groups generated by ¢(v) with ¢(v)? =
+1. We set Spin(n,C) = Pin*(n,C) N Cly(n,C) = Pin~ (n,C) N Cly(n,C). We have

1 — Zo — Spin(C") — SO(C") — 1,
1 — Zy — Pin™(C") — O(C") — 1.
Especially important in applications is the group
Pin(n):={cU : c€C, |c|=1, U € Pin(n)}. (6.31)
An equivalent characterization of Pin®(n): it is the set of elements U of U(CAR(R™)) such that
{Up(v)U* : veR"} ={o(v) : veR"}
We have
1 —=U(1) = Spin°(R") - SOR"™) — 1,
1—-U(1) = Pin°(R") = O(R") — 1.

6.6 Quadratic Hamiltonians

Consider Cl(n). Let H;; be a real antisymmetric matrix. The expressions
1
Op(H) = 5 Z Hijhig; (6.32)
ij

form a Lie algebra, which is isomorphic to o(n). In fact
[Op(H), Op(G)] = Op([H, G]) (6.33)

It is easy to see that Spin(n) coincides with the set of eOPU1) where H are real antisymmetric
matrices. In fact, it is enough to consider C1(2):

e'1%2 = costl + sintg1 ¢y = ¢1(costdy + sintes). (6.34)

6.7 Low-dimensional coincidences

Recall that U(Clo(R™)) denotes the set of unitary elements of Clg(R"), that is V' € Clg(n)
satisfying V*V = 1. Obviously,

Spin(R™) C U(Clp(R™)) (6.35)

Now

n Clp(R") U(Clp(R™)

1 R O(R)

2 C U(C),

3 H Sp(H) = SU(C?), (6.36)
4 HeH  Sp(H) x Sp(H) = SU(C?) x SU(C?),

5 H(2) Sp(H?),

6 C(4) U(CH),

7 R(8) O(R®).
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Proposition 6.3 Here are the (real) dimensions of the basic classical groups:

dim SO(R") = n(nz—l)’ (6.37)
dim SU(C") = (n +1)(n — 1), U(C") =n?, (6.38)
dim Sp(H") = n(2n + 1). (6.39)
Proof. Instead of the groups we will consider their Lie algebras.

o(R") = {Acgl(R") | A= —-A"}. (6.40)

Hence each element of o(R™) is determned by its strictly upper triangular part. Hence
dim so(R") = dim o(R") = n(n2—1) (6.41)

Clearly, dim su(C") = dimu(C") — 1. Now

u(C") ={Aecgl(R")| A=—-A"}. (6.42)

Hence each element of u(C") is determned by its (real) diagonal and (complex) strictly upper
triangular part. Hence

-1
dimu(R"™) = n + Q"("T) = n?, (6.43)
Finally,
sp(H™) = {Eﬁ _YY | X*=X,Y = YT} : (6.44)

The dimension of possible X is n? by what we know about u(C"). The dimension of possible Y’

is 2n + 2@ =n? + n. Hence

dim sp(H") = 2n? + n. (6.45)

Now table (6.36]) and the above proposition yield

n dim SO(n) = dim Spin(n) dim U (Cly(R™))

10 0 = dim O(1),

2 1 1 =dimU(1),

3 3 3 =dim Sp(H) = dim SU(2),

4 6 6 = dim Sp(H) x Sp(H) = dim SU(2) x SU(2),
5 10 10 = dim Sp(H?),

6 15 16 = dim U(4),

7 21 28 = dim O(8).
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Thus

Spin(R") = U(Cl(R"™)), n=1,2,3,4,5, (6.46)
Spin(R") C U(Clh(R™)), n>6. (6.47)

Actually, if we consider the Jordan-Wigner representations (in the odd case, the irreducible
ones), then ¢(v), the generators of Clifford algebras Cl(n) have determinant 1 starting from
n = 4. But they also generate the Pin group. So all elements of the Pin(n) have determinant
1 for n > 4. Therefore, for n = 6 we can write Spin(6) C SU(4). We have dim SU(4) = 15.
Hence Spin(6) = SU(4). Thus we obtain the coincidences in low dimensions:

Spin(R?) ~ SO(R?),
Spin(R3) ~ SU(C?),
Spin(RY) ~ SU(C?) x SU(C?),
Spin(R°) =~ Sp(H?),
Spin(R%) ~ SU(CY)
6.8 SL(R?) = Sp(R?)
Let
0 1
ST

Note that for A € L(R?) we have

AT JA = (det A)J,
AYJ + JA = (TrA)J.

Hence SL(R?) = Sp(R?) and sl(R?) = sp(R?). For later reference note the following identities
for 2 x 2 matrices:

%TrJATJA = —detAd, TrA=0 = JATJ=A (6.48)

6.9 SU(2)~ Spin(3)
We can show directly that SU(2) ~ Spin(3) using the Jordan-Wigner representation:

Spin(R?) = {aol + a162¢3 + asspr + azpide : af + at + a3 + a3 =1}, (6.49)
SU(2) = {aoll + ajo1 + asoo + azoz : a2 +a? + a2 +a3 =1} (6.50)
The following construction allows to see directly the 2-fold covering SU(2) — SO(3). Identify

R3 with Hermitian matrices 2 x 2 of trace 0:

Rga(x,y,z)r—)X:[ : :c—l—ly].

r—iy —=z
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Note that 1
§TI“X1X2 = T1T2 + Y1Y2 + 2122

defines the standard scalar product. Alternatively, the scalar product can be defined through
the determinant:
—det X = 22 4 ¢% + 22

For A € SU(2) we set
paX = AXA*.

Then
det p4 X = det X.

Hence p4 preserves the scalar product.
SU((2) 2 A pa € SO(3).

is a surjective homomorpism. Its kernel is {1, —1}.
For Y € su(2) we set
pyX =YX+ XY* =Y, X].

(Note that Y = —Y™).

6.10 SL(2,R) ~ Spiny(1,2)
We identify R3 with 2 x 2 matrices of trace 0:

z Tty

3 —
R® > (z,y,2) — X = Crty -z

Note that ]
§TYX1X2 = —x1T2 + Y1Y2 + 2122

Hence for R = R we obtain a pseudoscalar product of signature (1,2). Alternatively, we can use
the determinant
—det X = —2% +y? + 2%

For A € SL(2,R) we set
paX = AXA™L

Then
det pp X = det X.

Hence py preserves the (pseudo-)scalar product

SL(2,R) > A pg € SOy(1,2),
SL(2,C)> A pa € SO(3,C),

are surjective homomorphisms. Their kernel is {1, —1}.
For Y € sl(2,R),
py X :=[Y, X].
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6.11 SL(2,C) ~ Sping(1,3)
We identify R* with 2 x 2 Hermitian matrices

R49(t,x,y,z)»—>X:{ btz x+ly].

r—iy t—=z
Note that
%TrJXIJXQ = —tite + 2122 + Y1y2 + 2122,
—det X = —t* + 22 + 9% + 22

Hence we obtain a pseudoscalar product of signature (1, 3).
For A € SL(2,C) we set
paX = AXA*.

Then
det p4 X = det X.

Hence pa preserves the pseudoscalar product.
SL(2,C) > A pa € SOy(1,3).

is a surjective homorphism. Its kernel is {1, —1}.

6.12 SL(2,R) x SL(2,R) ~ Sping(2,2)
We identify R* with 2 x 2 matrices:

RY> (t,z,y,2) = X = [ btz oty }

rT—y t—=z
Note that
%TrJXlJXg = —t1to + 2179 — Y1Y2 + 2129,
—det X = —t2 + 2% — % + 22

Hence we obtain a pseudo-scalar product of signature (2, 2).
For (A, B) € SL(2,R) x SL(2,R) we set

papX = AXB™

Then
det ,O(A,B)X = det X.

Hence p(4,p) preserves the pseudoscalar product.

SL(2,R) X SL(Q,R) = (A, B) — P(A,B) S 500(2,2),
SL(2,C) x SL(2,R) > (A, B) v pa € SO(4,C),

are surjective homomorphsims with kernel {1, —1}.

38



6.13 SU(2) x SU(2) ~ Spin(4)

0 1
-1 0
nions) as follows:

Let J := [ } . Identify R* with complex matrices 2 x 2 satisfying JX = X.J (or quater-

4 | t+iz ity
R B(t,x,y,z)HX—{ix_y ‘i

Note that
1 «
det X =2 + 22 + 4% + 22,

defines the standard scalar product.
For (A, B) € SU(2) x SU(2) we set

papX = AXDB".

Then
det p(4, ;)X = det X.

Hence p(4, p) preserves the scalar product.
SU(Q) X SU(Q) > (A,B) = pP(A,B) € 50(4)

is a surjective homorphism. Its kernel is {(1, 1), — (1, 1)}.

7 Slater determinants and CAR representations

7.1 Reminder about fermionic Fock spaces

Let W be a Hilbert space. We consider the fermionic Fock space I's(WW). Recall that for € W
we have creation/annihilation operators a*(w), a(w) = (a*(w))" satisfying

la(w),a(w)]s =0, [a(w),a}(w)]s = (wlo), a(w)Q = 0. (7.51)
If e1,e9,... is a basis of W, then we often use a different notation
a; :=a(e;), a;:=a"(e;),
a(w) = Zﬁiai, a*(w) = Zwiaf,
[(Zi, aj]+ = O7 [(17;, CL;]+ = (57;7]', CLZ’Q =0. (752)

The vectors af ---aj €2, 41 < --- < i, form an orthonormal basis of I'y(W).
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7.2 Slater determinants

Let W be a Hilbert space. We consider the fermionic Fock space I'y(W).
Consider an orthogonal finite dimensional projection m on W and let ey, ..., e, be an or-
thonormal basis of 7VV. Then

1
d=a"(e1) -a*(en)=— Z SENTEH(1) @ ® €g(m) (7.53)
m' O'ESm
1
:\/m!61®a---®aem:ﬁel/\---/\em (7.54)
is a normalized vector. Such vectors are called Slater determinants. If fi, ..., fn is another basis

of mW, so that e; = Zj ¢ij fj, then
a*(e1) - a™(en) = detfcijla™(f1) -+ - a™ (fm) Q2

Thus the state
wr(A) := (P|AD)

depends only on 7.

7.3 Changing the vacuum

Consider a basis eq, es, .. and the Slater determinant made of the first m vectors:
O :=aj---afd (7.55)

It satisfies
a;®=0, i=1,...,m, a;®=0, j=m+1,..., (7.56)

A conjugation is an antilinear operator C' such that C? = 1. Let us fix a conjugation on 7
such that Ce; = e;, 1 =1,...,m. Thus

C'sw= anen — Cw = Zmei e W.
Then we can set
a(w) := a*(Crw) + a((1 — m)w), (7.57)
a(w) == a(Crw) + a*((1 — m)w). (7.58)
Then a(w), a*(w) satisfy the usual commutation relations with vacuum @
[a(w), a(w)]y =0, [a(w),aj(w')]y = (ww'),  a(w)® = 0. (7.59)

The vectors aj ---a; €2, i1 < -+ < i, form an orthonormal basis of I',(W). Thus instead the
space I'q(W) is isomorphic to the space I'(CTW & (1 — m)W).
Often one renames

Lk *
bi =ay, b:

(2

=a;, i=1,...,m, (7.60)
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so that

by i<n by i<mn,
ai=< 7 ari=4°t (7.61)
aj Jj>mn; a; j>n.

We can implement this change by a unitary transformation: Set

U I (af —as), m is even; (7.62)
O (e = a)(=1)N, mis odd. ‘

U is unitary and satisfies

Ua*(w)U* = a*(w), Ua(w)U* = a(w), UQt=a. (7.63)
In fact, using
(a* —a)a(a —a*) = —a*aa” = —a™(aa” + a*a) = —a”, (7.64)
(-1)Va;(-1)N = —a, (7.65)
we see that

Ua;U* =b;, i=1,...,m; (7.66)
Uas;U" =a;, i=m+1,... (7.67)
UQ = o. (7.68)

7.4 Free fermionic Hamiltonians

For simplicity, assume that W is finite dimensional. Consider a self-adjoint operator h on W. It
can be diagonalized, so that
h=> Xle)(eil.
i

Consider the Hamiltonian
H=dI'(h) =) \aja]. (7.69)

It is easy to see that dI'(h) possesses a unique ground state iff 0 & o(h). Indeed, let A\ < Ay <
o < A <0< Apg1 < ... Then the ground state of dI'(h) is given by

. * *
b :=al a2,

so that
HP=FE®, E=XM\+ -+ A\n.

Setting

%
bi—ai,

by = a;, 1=1,...,m, (7.70)
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the Hamiltonian H can be rewritten as

H=> " |xlbibi+ > Najai+ ) i

i<m i>m i<m

We can view this as the Hamiltonian on the Fock space I',(C7W & (1 — 7)W), and treat @ as
the new vacuum, b;, resp. b}, i = 1,...,m, as new annihilation/creation operators.

Note that strictly speaking this construction makes sense only for a finite dimensional 1j_, g (h).
However, it is often used also if this dimension is infinite. The constant E is usually dropped—it
is often in fact infinite, and we use then the renormalized Hamiltonian

Hyen =Y [Xlbibs + > Najas.

i<m i>m

Example 7.1 Consider the free Fermi gas with the chemical potential p in volume L.
H= Z (k* — p)atag.
ke2rz4d
The ground state is called the Fermi sea ch2<u a;§). It has the energy
E=)Y (k- p).
k2<u

The renormalized Hamiltonian is

Hyen =Y |k = plbibe + Y (k% — p)ajax.
k2<p k2>p

In infinite volume the Hamiltonian is

H = /(k‘2 — p)ajardk.

E is infinite and the Slater determinant is ill defined. However, we can change the representation
of CAR replacing H with

Hyen = / |]€2 - ,Uf‘b]tbkdk +/ (]'6‘2 — u)aZakdk
k2<p k2>u

Example 7.2 Let «;,,i = 1,2,3, 8 satisfy Clifford relations. Consider the Dirac Hamiltonian
h:=ap+ pm.

It is a self-adjoint operator on L?(R® @ C*). The operator h has spectrum o(h) =] — 0o, —m] U
[m,00[. In fact, one easily shows that h* = p? + m?, hence o(h*) = [m? o[, and there exists a

distinguished conjugation C, called the charge conjugation, such that ChC = —h.
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The naive quantization of h, that is dT'(h), acts on the space T’y (LQ(R3 ® (C4)). It is however
physically meaningless—it yields an operator unbounded from below. Formally, the ground state
of dT'(h) is the Slater determinant with all negative energy states present. This state is called the
Dirac sea.

In practice, we change the representation of CAR. Set

AF =Ty oo (D).

On can take
CA AR} ®CYH o ATLA R CY

as the physical one particle space.

Example 7.3 Let us continue with the previous example. Let add a scalar and magnetic poten-
tial:
h:=a(p— A(z)) + fm+ V(z).

o(h) is still unbounded from below. (One does not have ChC = —h though). Suppose that
0 & o(h). Then one can repeat the previous construction.

7.5 Representations of CAR
Let (V, (-|-)) be a real Hilbert space. Let H be a complex Hilbert space. We say that
V 30 pe(v) € B(H) (7.71)
is a representation of Canonical Anticommutation Relations (over V in H) or a CAR representa-
tion if
Pe(v)" = ¢a(v),  [Pa(v), Pa(w)]1 = 2{v|w). (7.72)

We say that it is irreducible if there are no closed subspaces in ‘H invariant wrt ¢e(v). We say
that two representations of CAR V 3 v — ¢;(v) € B(H;), i = 1,2, are equivalent if there exists
a unitary operator U : H; — Hs such that

Upr(v) = p2(v)U, veV. (7.73)

Example 7.4 If dimV is even, then all irreducible CAR representations over V are equivalent,
and given by the Jordan-Wigner (or Fock) construction. If dimV is odd, then there exist two
inequivalent irreducible CAR representations over V.

Example 7.5 Let V be infinite dimensional with an o.n. basis f;;, i+ = 1,2,, j = 1,2,....
Consider a space VW with basis ej, j =1,2.... We set

Gulfrs) = a5 by Gullog) = 105 — ) (.74

Then we obtain a CAR representation over V in I'y(W).

43



Example 7.6 Let us continue with the previous example. Let I C N.

(a’j_a;f)7 .] € I;

i(a;_aj)v ng

e L

Go(f1j) == aj +aj, de(fa;) = { (7.75)

Then we also obtain a CAR representation. We will say that it is a representation in Fa(CWWGB
(1—7)W), where T is the projection in W onto Span{e; | j € I}. Note that both representations
are equivalent iff ™ is finite dimensional.

7.6 CAR C*-algebra

2l is a C*-algebra if it is a Banach *algebra satisfying ||A*| = ||A| and ||A*A|| = || A]]?. wis a
state on 2 if it is a functional on A such that w(A*A) > 0 and w(ll) = 1. 7 : A — B(H) is a
x-representation if it is a *-homomorphism.

Every closed x-algebra in B(H) is a C*-algebra. Every functional of the form A — TrAp,
where Trp =1, p > 0 is a state.

Let (V, (|)) be areal Hilbert space. If V is finite dimensional, then the CAR algebra CAR())
was defined before (as the Clifford algebra CI(CV) generated by ¢(v) v € V, equipped with the
involution such that ¢(v)* = ¢(v)).

Assume now that V separable and infinite dimensional. We can associate with it the algebra

CAR(V) as follows. We choose an o.n. basis f;, i = 1,2,.... Let V,,, := Span(f1,..., fom). The
Jordan-Wigner construction yields CAR(V,,) = B(®™C?), as the algebra generated by elements
d(v), v € V. We identify

CAR(Vin) = B(®™C?) 2 A A® 1 € B(@™C?) = CAR(Vy11)- (7.76)
Thus CAR(V,,) is an ascending sequence of C*-algebras. We can define the algebra
CARy(V) = fj CAR(Vp,). (7.77)
j=1
It is a normed *-algebra. We can take its completion
CAR(V) := CARg (V)P (7.78)
It is a C*-algebra with distinguished elements ¢(v) satisfying
o) =¢),  [ov), (W)l =2(v[w),  wv,weV (7.79)

IfV > v ¢e(v) € B(H) is a CAR representation, then we have a srepresentation of the
C*algebra pe : CAR((V) — B(H) defined by

pe(6(0)) = Bu(v). (7.80)

This representation extends uniquely by continuity to a representation pe : CAR(V) — B(H).
Thus given the formalism of CAR representations is essentially equivalent to the formalism
of representations of CAR C*-algebras.

44



8 Quantum gases and the Hartree-Fock method

8.1 Particle number preserving operators

Let b: ®*Z — ®™Z. (We do not require that b preserves the symmetric/antisymmetric tensor
product). Recall that the Wick quantization of b, denoted b(a*, a), can be defined as follows. Its

only nonzero matrix elements are between ® € ®” /J;mZ ,Ueg? ZfZ ,p=0,1,... and are equal
- (m +p)!(k + p)!
(®|b(a*,a)¥) = v (Db @ 157W). (8.81)

p!

Clearly, b(a*,a) depends only on ©™ bOF, | but it is convenient to allow for b that are not

s/a” “s/a’
(anti-)symmetric.
Suppose now that k = m, that is, b : ®”} Z — ®! 2. Then the operator b(a*,a) preserves

the number of particles. For & € ®S/aZ U e ®S/a 8.81]) can be rewritten as

A% A n! ®(n—m)
@b a)) = L (@be 13" ) (8.82)

Suppose 1 < i1 < -+ -y, < n. We will write b;, . ;.. for the operator b acting on ®"Z whose

“legs” are put at the slots 1,...,%,,. For instance,
b1, m = b® 1% ™), (8.83)
Now (n#'),m, is the number of m-element subsets of {1,2,...,n}. Therefore we can rewrite

as 1
—(@[p(a",a)¥) = > (b, D). (8.84)

1< < <im<n

If in addition b = ©(c)bO(c)~! for o € S,,, then b preserves ®4/,Z and we can write
Eb( a) = Z biy....im restricted to ®g}a Z. (8.85)
1<ig < <im<n

In particular, for m = 1, we obtain the identity that we know:

b(a*,a) = Y by =dI(b). (8.86)

1<i<n

The case m = 2 is especially important in applications:

bat,a)= > by (8.87)

1<i<j<n
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8.2 N-body Schrodinger Hamiltonians

Consider the N body Schridinger Hamiltonian and the corresponding total momentum. They
are operators on ®"L?(R%) ~ L2(R")

H, Z > Vilas — xy), (8.88)

=1 1<i<j<n

n

O, (8.89)

.| =

=1
In the momentum representation

n

1 N
o, = Z Qm.plg + (27T Z 5 pz +p] b — pz)‘/z ( pz)
i=1 v 1<i<j<N

n
Pn = Zpi-
=1

Clearly, [H,, P,] = 0.
If the particles are identical, then m; are the same, which for simplicity we assume to be %,
and Vjj(z) = V(z) = V(—x). We can then restrict the Hamiltonian and total momentum to
g/aL(Rd) ~ L2 /a((Rd)N ). Then we can use the 2nd quantized formalism on the Fock space
Ls/a (LZ(Rd)). We have the position representation, with the generic variables z,y and the
momentum representation with the generic variables k, k’. We can pass from one representation

to the other by

IS9

d

a*(k)=(2m)" 2 /a*(x)e_ikmdx, a*(z) = (2m) "2 /a*(k)eikmdk:, (8.90)
a(k) = (27)% / a(z)edz, a(z) = (27) / a(k)e—*od. (8.91)

[N

Y
NI

In the 2nd quantized notation we can rewrite all this as

1
H = EB H /a;Axawdx—}— //da:dyV(x—y) a; 0y

~

. V(p
/P papdp+////5 P} + P —p1 —p2) ((2 )pl)a/ap,amapldpldpzdpldpg (8.92)

/p ayapdp + 2(27r)d///dpdqde(k)a;Jrka;_kaqap, (8.93)

o 1
P:=a P :/a;,amawdx (8.94)
i

n=0

= /pa;apdp. (8.95)
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Passing from (8.92) to (8.93]) we evaluate the delta and set p = p1, ¢ = p2, k = p| — p1.
Let us now put our system in a box of size L with periodic boundary conditions. That is,

we consider L?([0, L]%) ~ L? (%Zd) and its 2nd quantization. Again we use x,y in the position
representation with periodic boundary conditions and k, ¥’ in the momentum representation. We
can pass from one representation to the other by

ot (k) = L8 / a(z)e—*ody, o*(2) = LY a(k)el, (8.96)

k

a(k) = L% / a(z)e*@dz, a(e)=L72 Y a(k)e k. (8.97)

k

Here are the analogs of (8.93) and (|8.95|):
H = Zp a,ap + 2Ld ZZZV(I@)CL;JrkaZ_kaqap,
p q k
P = Zpapap.
p

8.3 Hartree-Fock method for atomic systems

Suppose now that V(z) = V(—x) and
1
H=- /a;Axaxd:BjL /a;W(:L‘)amd:E—l— 2//a;aZV($ — y)agaydedy. (8.98)

Let 7 be an n-dimensional projection in L?(R%). Let m(z,y) be its integral kernel and p(z) :=
m(z,x) its diagonal. Let w, be the state defined by the Slater determinant corresponding to .
The Hartree-Fock functional is defined as

Enr(m) == wr(H). (8.99)

Clearly, Egp(m) is an upper bound of the ground state energy of H. Here is an explicit formula
for the Hartree-Fock functional:

gHF /8 8 71' x y dx—i—/W (8.100)
z=y
// T—y dxdy—// z —y)|n(x, y)|*dzdy,
To see this choose f1,..., fn, an o.n. basis of Ranw. Then

—wTr(/a;Axazdm>

:/ (vmaza*(fl) T a*(fn)Q|anxa*(f1) T a*(fn)Q)dl‘

:;/waj(:c)vgcfj(x)dx = /8$8y7r(x,y)‘m: dz.

Y
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W //a*a*V T —y ayaxda:>

://dxdyV(fv—y)(awaya*(fl)'--a*(fn)Q](axaya*(fl)"‘a*(fn)Q)
=3 [ [ @y - ) (FORW L) - TR0 AW ()

7]

//d$dyVa:— <Z|f1 2)]?| £y _‘Zf’ )fily ‘)
://V(x—y)dxdy(ﬂ(m,x)ﬂ(%y) = |7 (z,9))

Suppose 7pr is a minimizer of Egr and ppr(x) := 7pr(z,x). Then we can also define the
Hartree-Fock Hamiltonian:

e = =8+ W@ + [ pue)V(z ~ p)dy = T
where Tey is a nonlocal operator with the kernel

Tex(xyy) = V(l‘ - y)ﬂ'HF(w’y)'

We will show later that myp is the projection onto n lowest levels of hyp.

8.4 Thomas-Fermi functional

A semiclassical argument implies that the first term in (8.100]), that is the kinetic energy, can be
approximated by
d _ d+2
—d 2/d dat2
(2m) L /p 4 (x)dz, (8.101)
where ¢4 is the volume of a unit ball in d dimensions. We also expect that the last term, that
is the exchange energy is relatively small. This leads to the so-called Thomas-Fermi functional,
which depends only on the density:

d—|—2

—I—/W(:I:) 2)dz + // 2 — y)p(2)p(y)dedy.

In practice the Thomas—Fermi functional is often applied to atomic systems, where d = 3, W(z) =
Z and V(x) =

III

Err(p) = (2m) 4= / P ()da

- val

8.5 Expectation values of Slater determinants

The arguments from the previous subsection about the expectation values of Slater determinants
can be generalized to a more abstract setting.
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Theorem 8.1 Let b be an operator on Q™W. Let w be a projection onto a subspace of W. Then

wr(b(a*,a)) = Z Trb7®™ O(0)sgn(o).

gESH
Proof. Suppose that w is given by aj - --a;€). It is enough to assume that
b= ’61'1) T ’eim)(ejm‘ T (ejl ‘7

corresponding to
* * * . )
b(a*,a) = aj ---a; aj, ---aj.

Now

(a]---a,Qai ---a;i aj, ---aj aj---a,Q) (8.102)
is nonzero only if 71,..., 4., are distinct,

{il,...,’im} = {jl,,]m} C {1,...,n}.
Then it is £1, where its sign is determined by the unique permutation that maps {i1, ..., im}

onto {j1,...,Jm}. Now

1="Tra®"e;,) e, ) (€] (€5,10(0).

In particular, we have the cases n =1, 2:

wy (dT(h)) = Trrh, (8.103)
wr(b(a*,a)) = Tror@r(1— 1), (8.104)

where 7 : W QW — W ® W is the transposition of the factors in the tensor product.

8.6 The Hartree-Fock method

We are now going to consider the Hartree-Fock method from a more abstract point of view. Let
h be a self-adjoint operator on W and b on W ® W. We assume that 7o = b. Consider the
particle number preserving operator

1
H =dI'(h) + ib(a*, a).

We would like to find the ground state energy of H in the n-body sector.
The Hartree-Fock functional is the expectation value of H in a Slater determinant:

1
Eur(m) == wr(H) = Trhr + 5Trb7r®7r (1—r7).
The ground state energy of H is clearly estimated from above by its Hartree-Fock energy

Eyr := inf{Exp(m) : mis an n-dimensional orthogonal projection}.
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If a minimizer of Eyp exists, we denote it by mpgr. We define the Hartree-Fock Hamiltonian
(called also the Fock Hamiltonian) by its expectation value in a trace class matrix ~:

Trhygpy := Trhy + Trbrgry (1 — 7).
Notice the absence of %
Theorem 8.2 7wyyp is a projection onto n lowest lying levels of hyp

Proof. Write the integral kernel of 7 as

n
m(z,y) = fil@) fiy),
i=1
where f1,..., fn is an orthonormal basis of Ranw. The Hartree-Fock functional can be written

as

Enp(m) = E(fr,.. fo) = > _(filhf:)

7

by e b fe ) -3 (e hlbg e 5.
ij

]
Using the method of Lagrange multipliers, Fyr is given as the infimum of
Enp(f1,. o fn) = > € ((Fil £5) — 6i),
ij

over all f; and Hermitian [e;;]. Writing f; 4 0 fi, €;; + de;; for the variations, we find

0&ur =Y _ (filhurdfi) + (0 filhur £) (8.105)

)

=Y ei(fildf;) =Y e (6filf)) (8.106)

i 4]
+ Y dei ((fil£5) — 6i5).- (8.107)
ij

Comparing the coefficients at § f; on the right of the scalar product and on the left of the scalar
product independently, we obtain

hapfi =Y €l
J
We can diagonalize the matrix [e;;] with a unitary transformation, so that €;; = 0;;¢;, and we
obtain

hur fi = € fi.

Thus the minimizing sequence fi,..., f, can consist of normalized eigenvectors of hyr.

50



Now assume that there is an eigenvector of hyrp, say g, orthogonal to fi,... f, and with an
eigenvalue § lower than one of the eigenvalues €1, ..., €,. For instance,

hHFg:Bga B<61-

Then we can consider a variation fi + df; := v/ 1 —t2f; + tg. This variation is tangent to the
constraints. The first variation is zero. We compute the second variation:

55HF(f1 + (5f1, f2, L. ,fn)

52 52 I 52 _
%ﬂEHFCSfléfl + rﬁgHF(sfl(Sfl + 2WEHF5JC15JCI
=N (fi@ fibofiodf) =Y (fi® fibéfr @ 6f1) (8.108)
] ij
+Y R @A S® f) — Y (A @b ® f) (8.109)
ij ij
+Y LA L) =D (0fi @ filbf; @ 0f1) (8.110)
j j
= (0f1lhurd fr) = £*(e1 — 5%) < 0. (8.111)

((8.108) and (8.109) are zero). O

Note that the Hartree-Fock energy is in general not equal to the sum of the lowest n eigen-
values of Hyp.

9 Squeezed states

9.1 1-mode squeezed vector
Consider I'(C).

Theorem 9.1 Let |¢| < 1. Then

s a normalized vector satisfying
(a —ca®)Q. = 0. (9.112)

Proof.

—
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Using

we obtain (9.120f). O

Theorem 9.2 Set

Then
U}OLU{1 = acosht+ a"sinht,
U;a*U7 " = a* cosht 4 asinht,
1 tanht x2 1 tanh t
U, = T2 @ I‘( ) 2
‘ vV coshte cosht ¢
Qtamht - l‘]tQ
Proof. (9.113) and (9.114)) are immediate. We next compute
d 1
Ut = (e a0l
2 1 9 sinht

——s—a + ——-Uw” — a
2 cosh? ¢ ¢ 2 cosh? ¢ ! cosh?

a2

I

sinh ¢

“- 2cosht '

Then we use the identity concerning the derivative of T'(e?) = €¢"@ contained in (9.117). O

Lemma 9.3 d
7eh(t)a*a _ h(t)eh(t)a*eh(t)a*aa.

dt
Proof.
d * . *
7eha a _ heha “a*a
dt
_ heha aa*e—ha aeha aq — heha*eha a
Od

9.2 Many-mode squeezed vector

(9.117)

(9.118)
(9.119)

Suppose ¢ is a symmetric complex matrix on C™. One can show that then there exists an
orthonormal basis such that c is diagonal where all terms on the diagonal are nonnegative.
Therefore, we have the many-mode generalizations of the results of the previous subsection to

[s(C™):
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Theorem 9.4 Let ¢ be a symmetric n x n matriz such that ||c|| < 1. Then
Qe 1= det(1 — [c]2) Tz % Q)

is a normalized vector satisfying
(ai - cija}‘)Qc =0. (9120)

where we write |c| := v/c*c.
Theorem 9.5 Let 0 be a symmetric n X n matrix. Set

Uy = e2(—tijejaj+0ia5a:)

Then
—_— inh |0
Upa;Uy " = (cosh|0]);ja; + (951n|0|| |>Zja;" (9.121)
_sinh [0]
Upa; Uy " = (cosh 6])sa% + (98“10" |)Zjaj, (9.122)
1 _(atanh|9|) ot 1 (gtanhiﬁ)”a.a/.
Uy = e 200 /45 Jl"( )e 2061 i 9.123
’ \/det cosh |0] cosh |6 ( )
UypQ) = Qtanh|9|9. (9.124)

1]

9.3 Single-mode gauge-invariant squeezed vector

Consider I's(C?). The creation/annihilation of first mode are denoted a*, a, of the second b*, b.
We assume that in our space there is a “charge operator”

Q:=a"a—b"b,
and we are interested mostly in gauge invariant states, that is satisfying @) = 0.
Theorem 9.6 Let |c| < 1. Then
Q° = (1 — |c]?)ze™ " Q)
s a normalized vector satisfying
(a —cb™)Q° =0, (9.125)
(b —ca™)Q° = 0. (9.126)
Proof.

00
ca*b* ca*b* ’C|2n(n!)2
(e ale ) = 3 = s

n=0

= (1]}
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Using

e @b geca™t —q cla*b*,a] = a + cb”,
we obtain ((9.126)). O
Remark 9.7 Clearly,

eca*b* = exp <£(CL* + b*)2 _ g(a* _ b*)2>

Hence a single mode gauge-invariant squeezed vector can be also understood as a 2-mode squeezed
state. However, it is often simple to deal with it directly.

Theorem 9.8 Set
Ut — et(fa*b*Jrab)'

Then
UlaU™" = acosht + b* sinht, (9.127)
Ula*U™" = a* cosht + bsinht, (9.128)
U'bU~" = bcosht + a*sinht, (9.129)
Ub*U ™" = b* cosht + asinht, (9.130)
1 * Ik 1
Ut _ —tanhta™b P( ) tanh tba 9.131
cosht cosht /€ ’ ( )
]. * Ik
UtQ — O tanht _ COShteftanhta b Q. (9132)
Proof. We compute
Ay = (—a*b* + ba)U*
dt
1 . . sinh ¢ ‘ . sinht
— * 7k _ * b* b) _
cosh? ta U cosh? t “ cosh? ¢ (a UatbU coshtU

10 Bose gas and superfluidity

n identical bosonic particles are described by the Hilbert space, the Hamiltonian and the total
momentum

M, = L§<(Rd)"> = @"L2(RY), (10.133)
Hy:==Y Ni+X Y V(zi—y), (10.134)
i=1 1<i<j<n
Ppi=—) i0,,. (10.135)
=1
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We have
Pan = HnPna

which expresses the translational invariance of our system. The potential V is a real function on
RY that decays at infinity and satisfies V (z) = V(—z).

We enclose these particles in a box of size L with fixed density p := 77 and n large. Instead
of the more physical Dirichlet boundary conditions, to keep translational invariance we impose
the periodic boundary conditions, replacing the original V' by the periodized potential

Z V(z+ Ln) = % Z ePTV (p),

nezd pe(2m/L)Z4

well defined on the torus [~L/2, L/2[¢. (Note that above we used the Poisson summation for-
mula).

The original Hilbert space, Hamiltonian and total momentum are replaced by

HE = LZ(([—L/Q, L/z[d)”) = @M (LA([-L/2, L/2[Y), (10.136)

HL .= —ZAL+>\ > Vi@ — ), (10.137)
1<i<j<n

pPL.— _ Ziagﬁ_. (10.138)

Because of the periodic boundary conditions we still have
Plgl — glpl.

In the sequel we drop the superscript L.
We use the second quantized formalism

H = Hn ~T, (L2[0,L]d)
27r
~T (F( z7)),
H:= §)H /a Agazdr + = //dxdya — Y)ayay
- Zp a, plp T 2Ld Z V +l~ca:;—k;aqap»
P Pk

o0
P:=¢ P :/a;,axazdx
i

n=0
*
= g Payap.
p
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10.1 Bogoliubov’s approximation in the canonical formalism

We assume that the potential is repulsive, more precisely,
V>0 V>0

The Hamiltonian H commutes with N. We are interested in its low energy part for a large
number of particles N.

We expect that for low energies most particles will be spread evenly over the whole box
staying in the zeroth mode, so that N ~ Ny := a§ao. (The Bose statistics does not prohibit to
occupy the same state). Following the arguments of N. N. Bogoliubov from 1947, we drop all
terms in the Hamiltonian involving more than two creation/annihilation operators of a nonzero
mode. We obtain

AV(O) * sk 2 * A 9 *
H = W@oaoaoao + l;) (k + aoa()ﬁ(V(k) + V(O)))akak
Ao * % * %
+ Z ﬁV(k) (aoaoaka_k + aka,ka0a0>
k0
AV (0
= MO 1) 4 Hp 4 B,
where we set
‘ N
p = Ev
¥ * 1 ¥ * %k
Hpog = Z (k> + XoV (k) ajar + 5 Z MoV (k) (apa®; + aka—r),
k0 k0
AV (0)
R = - 2Ld (N—No)(N—Ng—l)
A * ok * %
+ Z @V(k) ((aoao — N)aga_y + apa® . (agap — N))
k0

We used
agagaoag = No(Ng — 1)
=N(N —1)—2Ny(N — Ny) — (N — No)(N — Ny — 1).
We argue that R is small because
agay ~ apap ~ No ~ N.

A Bogoliubov transformation, is a linear transformation of creation/annihilation operators
preserving the commutation relations. If we demand in addition that it should commute with
translations, it should have the form

ap = cpap + spa’,, (10.139)
a, = Cpay, + spa—p, pF 0, (10.140)
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where c]%—sz% = 1. We are looking for a Bogoliubov transformation that diagonalizes the quadratic
Hamiltonian Hpg. Set
A = k2 + MpV(k), By := AV (k). (10.141)
Then
1 k * Xk
Hpog = 5 Z (Ak(akak; +a*a_y) + Br(aja®, + a-kdk))
k#0
]' * *
== (Crai + Ska r)(Cha + Sya’ ;) - S2)
k#0
]' *
=3 Z ((C,% — S3)(craf + spa_p)(crag + spa*y) — S,g)
k0
1 1
where Cj := 5(\/Ak + B+ VA — By), Sy:= 5(\/141@ + By — VA, — By),
c, VP12 + 200V (p) + Ip|
cp = = ,
\/C2 — 52 2y/w(p)
S WP 2V() ol
p = = .
\/C2 — S2 2y/w(p)
Set

w(k) = CF — S = /AL — BY = Ipl\/Ip]? + 2A0V (p),

1 1 . -
Bpogi= =32 5= =52 (IP2 + AV (p) = I/ [p* + 2AﬂV(p)> :
p#0 p#0

w(p) is called the Bogoliubov dispersion relation and Epos the Bogoliubov energy. Using the
rotated creaton/annihilation operators, the Hamiltonian and total momentum can be written as

HBog = EBog + Zw<p)d;ap7

p#0
P = Zpa;dm
p7#0
We can introduce 3, by
cosh 8, = ¢y, cosh 8, = s, (10.142)

and the unitary operator

U = exp (Z % (—a;‘)a*_p + apa,p) )

p#0
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Then U implements the Bogoiubov transformation:

a, = UapU~,
a, = Ua,U",
Hpoy = Epog+U Zw(p)a;apU*,
p#0
P =U Zpa;apU*.
p#0

We have
Ip|? + AoV (p) — [p[\/IpI* + 220V (p)
AoV (p)

The ground state of the Bogoliubov Hamiltonian is a squeezed state in the non-zero mode sector:

tanh(f,) :=

)

3/37; exp (% Z tanh(ﬁp)a;a’ip) Q.

p#0

ay”
UQ =
V!

The Bogoliubov dispersion relation depends on A and p only through A\p = %.
The Bogoliubov Hamiltonian depends on L only through the choice of the lattice spacing 2%

Note that formally we can even take the limit L — co obtaining
Hoog ~ Baog = (1) [ w(p)iaydp
P = (27()_d /p&;dpdp.

We expect that the low energy part of the excitation spectra of H,, and Hpog are close to one
another for large n, hoping that then n —ng is small. We expect some kind of uniformity wrt L.

10.2 Grand-canonical approach

Suppose that H = @72 (H" is a particle-preserving Hamiltonian decomposed in n-particle sec-
tors. Let N denote the number operator. Instead of studying it inside the nth sector it is often
useful to comsider its grand-canonical vdersion, that is H, := H — puN, where p € R is the
parameter called the chemical potential. Instead of looking for the ground state of H,, it is often
more convenient to look for the ground state of H,. The following simple fact justifies partly
this approach:

Theorem 10.1 Suppose that E, is a sequence with Eg = 0 and pj := E; — Ej_1 increasing. Let

1 € [tn, ftny1]. Then
iIéf(Ek — pk) = E, — un. (10.143)
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Proof. Clearly,

k
By —pk =Y (Ej— Ej1—p). (10.144)
j=1
Now
Ej - Ej,1 — U S Ej - Ej,1 — Un S 0 for ] S T, (10145)
Ej — Ej,1 — K 2 Ej - Ej,1 — Un+1 S 0 for j Z n. (10146)

Hence the choice of k£ that minimizes (10.144]) is £k =n. O

10.3 Bogoliubov’s approximation in the grand-canonical approach

Let us present an alternative derivation of the Bogoliubov dispersion relation based on the grand-
canonical approach. For a chemical potential i > 0, we define the grand-canonical Hamiltonian

* A 9 * *
Hyi=H—pN = 3 (0" = wayay + 575 > V(k)ayp, a5 pagap.
P D,q,k

We will mostly set A = 1.
If £, is the ground state energy of H,, then it is realized in the sector n satisfying

oE, = —n.

In what follows we drop the subscript u.

For a € C, we define the displacement or Weyl operator of the zeroth mode: W, :=e
Let Qg := W, be the corresponding coherent vector. Note that P, = 0. The expectation of
the Hamiltonian in €, is

V(0)

_ 2 4

(Qa|HSa) = —plaf” + Sr7lal”
VL

VV(0)

We apply the Bogoliubov translation to the zero mode of H by W:

—aaj+aag

It is minimized for a = €'7 , where 7 is an arbitrary phase.

dk = Wa*akWom gLZ = W;GZWQ,

and thus the operators with and without tildes satisfy the same commutation relations. This
means making the substitution

We drop the tildes.
Here is the translated Hamiltonian:
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_rdi_H M2

H =
2V(0)
1
P+ VB Jeian
2 V(O)
—i27 127 % %
= ara_ +e" ' a.a_
; o -
H —ir iT k%
Z - \F oy Ok Ok + €7 agag g p)
ki A/ V(0)L d

Z Viks —k3) .

*
+ oLd Gy, Qe Ol Oy -

k1+ko=kz+ka

If we (temporarily) replace the potential V(x) with AV (z), where A is a (small) positive
constant, the translated Hamiltonian can be rewritten as

H» = )\71H_1 + Hy + AH% + AH;.

Thus the 3rd and 4th terms are in some sense small, which suggests dropping them. Thus

_Ld2‘5’< ) (e”aé}—i—e iT 0)2_,'_1{]3(%7

where

Hpoy = Z(2k2+V(k¢) o )a};ak

k70 v (0)
+Z (e Taga_y, + e aga’ ;)
k#0

Then we proceed as before obtaining the Bogoliubov dispersion relation

w(p) = Iply/Ip[* + 2#“;?;))-

and the Bogoliubov energy

_ 1 V(p) V(p)
Epog := —QE% <!pl2 + M% — Iply/Ip* + 2MV(O)>

Thus, as compared with the canonical approach, we have u in place of Ap.

Note that the grand-canonical Hamiltonian H,, is invariant wrt the U(1) symmetry e!
The parameter o has an arbitrary phase. Thus we broke the symmetry when translating the
Hamiltonian.

The zero mode is not a harmonic oscillator — it has continuous spectrum and it can be
interpreted as a kind of a Goldstone mode.

TN
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10.4 Landau’s argument for superfluidity

A translation invariant system such as homogeneous Bose gas is described by a family of commut-
ing self-adjoint operators (H, P), where P = (P,..., P;) is the momentum. If the translation
invariance is on R?, then the momentum spectrum is R?. If it is in a box of side length L with
periodic boundary conditions then e/ = 1, therefore the momentum spectrum is Z%Zd.

Thus the energy-momentum spectrum o(H, P) is

R x RY, L = oo,
]RXQT”Zd, L < .

o(H,P) C{

By general arguments the momentum of the ground state of a Bose gas is zero. Let E denote
the ground state energy of H. We define the critical velocity by

Carit :=sup{c : H > E + c|P|}.

Suppose that our n-body system is described by (H, P) with critical velocity ccrit. We add
to H a perturbation u travelling at a speed w:

d n
i—U,=(H+X) u(x;—wt))U,.
e ( ; ) !

We go to the moving frame:
U (21, .. xn) = Vy(z1 — Wi, ..., 2y — Wi).

We obtain a Schrédinger equation with a time-independent Hamiltonian

d n
i—UY = (H—wP+AY uz))Y.
ldt t ( w ;um) t

Let W, be the ground state of H. Is it stable against a travelling perturbation? We need to
consider the tilted Hamiltonian H — wP.

If |W| < Carit, then H —wP > E and Wy, is still a ground state of H — wP. So Uy, is stable.

If [w| > cerit, then H — wP is unbounded from below. So Wy, is not stable any more.

11 Fermionic Gaussian states

11.1 1-mode particle-antiparticle vector

Consider T',(C?). The creation/annihilation of first mode are denoted a*, a, of the second b*, b.
We assume that in our space there is a “charge operator”

Q :=a"a— b,

and we are interested mostly in states with @ = 0.
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Theorem 11.1 Let c € C. Then

1

0 = (1+ [e2)2e V' Q = (1 + [¢]%) 2 (2 + ca™b*Q)

is a normalized vector satisfying
(a —cb™)Q° =0,
(b+ ca™)Q° = 0.

Theorem 11.2 Set
Ut — et(—a*b*+ba)

Then

UlaU™! = acost + b*sint,

Ulta*U™t = a* cost + bsint,

UbU ! = beost — a*sint,

Uv*U ™" = b* cost — asint,
1

_ * 7%
Ut = coste™ tanta’ F(—

> etan tba7
cost

O tant — UtQ

Proof. First we derive (11.147)-(11.150). Then we compute

%Ut = (—a*b* + ba)U"
1 1 sint
- _ *b* t - tb 7( 7t b* tb) o
cotha v +cothU CH_cos27f ¢ Ulat+ U

11.2 Fermionic oscillator

Let
H = (a"+a)(b" +0).

Theorem 11.3 We have H> = -1, H* = —H

et = costl +sintH,
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In particular,

etz — +H,
Ha*H ' = —q, HaH ' = —a*,
Hy*H ' = —p, HbH ' = —b*.

12 Fermi gas and superconductivity

12.1 Fermi gas

We consider fermions with spin % described by the Hilbert space
M, = @ (L2(Rd, <c2)) .

We use the chemical potential from the beginning and we do not assume the locality of interaction,
so that the Hamiltonian is
n
Hn:_Z(Ai_N) + A Z Vij-

i=1 1<i<j<n

The interaction will be given by a 2-body operator on ®?2 (LQ(Rd, (Cz)) given by

(VD) i (T1,22) = //U(ﬂfl,332,9537$4)(I>i1,z2(l‘3,334)d$3d$4-

We will assume that v is invariant wrt the exchange of particles, Hermitian, real and translation
invariant:

v(x1, T2, 23, 24) = v(X2, T1, T4, T3)

v(x1, T2, 23, 4)

(

1
(x47 €r3, T2, .’,131)
(

v
v x1+y7x2+ya$3+ya$4+y)'

By the invariance wrt the exchange of particles v preserves ®?2 (L2(Rd,C2)). By translation
invariance, v can be written as

U(l‘l, T2, T3, IL‘4) — (27T)—4d/eik1x1+ik2x2—ik3w3—ik4x4q(k1’ k% k‘g, k,4)
X 5<k1 + ko — k3 — k‘4)dk1dk2dk3dk4,

where ¢ is a function defined on the subspace k1 + ko = k3 + k4. An example of such interaction
is a local 2-body potential V' (x) such that V(z) = V(—=z), which corresponds to

v(z1, T2, x3,24) = V(r1 — 22)d(x1 — x4)0(22 — 23),

q(k1, k2, k3, ks) = /dp‘}(pﬁ(kl — ks —p)o(ke — ks + p).
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Similarly, as before, we periodize the interaction
L
v (21, T2, T3, T4)

= Z v(z1 +n1L,x9 + no L, x3 + n3L, 24)
ni,no,ngcza
1 G
— W Z elk‘1 x1+ikoxs—iksxs lk4x4q(l€1, kZ, k3’ l{4),
k1+ko=kz+ky
where k; € Q%Zd. The Hamiltonian
L L L
D N o

1<i<n 1<i<j<n

acts on H™L = @7 (L*([-L/2,L/2]%,C?)). We drop the superscript L.
We will denote the spins by ¢ =1, ]. It is convenient to put all the n-particle spaces into a
single Fock space

3.:30 H" =Ta(L*([L/2, L/2]%,C?))

and rewrite the Hamiltonian and momentum in the language of 2nd quantization:

o
H:= nejo H" = Z/ax,i(Aw - M)aaﬁ,mdx
1

1
* *
+ 5 g axl’iam’jv(xl, T2, T3, L)z, j0z, jdridrodrsdey,
.J

o0
P:=¢ P"=-— i/a*'Va'dx.
n=0 ZZ: x,1 I,
In the momentum representation,

H = Y > (K — paj an,
7 k

71 * *
+2Ld Z Z q(kl’k27k37k4)ak1,iak2,jak3,jak4,i;
1,j ki1+ko=ks+ks

P = szazﬂ'ak’i'
k

7

We also have the generators of the spin su(2).

1 * *
Se =5 > (apyary + akyary), (12.153)
k
i * *
Sy = 9 Z(amaki — Qg Akt), (12.154)
k
1
S, = 3 Zk:(aZTakT — ag ak)). (12.155)

The Hamiltonian is invariant with respect to the spin su(2).
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13 Hartree-Fock-Bogoliubov approximation with BCS ansatz

We try to compute the excitation spectrum of the Fermi gas by approximate methods. We look
for a minimum of the energy among Gaussian states. We assume that a minimizer is invariant
wrt translations and the spin su(2). We use the Hartree-Fock-Bogoliubov approximation with
the Bardeen-Cooper-Schrieffer ansatz.

For a sequence Q%Zd 5 k +— 6, such that 6, = 0_j, set

Uy := H 030k (—af1a% i Fakakr—a® paf +aka_pt)
k
(Note the double counting for k # 0). We are looking for a minimizer of the form UpQ.
Note that Uy commutes with P and the spin su(2). Therefore, Up(Q is translation and su(2)

invariant.
We want to compute

(UgQHUHQ) = (U, HUyAY).
To do this we can use the fact that Uy implements Bogoliubov rotations:
UgaZ¢U9 = COS Gka}fﬁ + sin Hka_ki,
Ugak»rUg = CoS ekakT + sin chaikw

Upay, Up = cosOray — sinbra_gy,

Upar Ug = cos Oay — sinOxa’ 4,

After inserting this into Uy HUjy the resulting expression can be Wick ordered.
In practice, this is usually presented differently. One makes the substitution
agt = cos Obpy + sin Opb_g
ap = cos Oybyy + sin Gkbima
ay, = cos by —sin by,
ap| = COS Gkb]Q — sin Gkbim,
in the Hamiltonian. Note that
U@CLZ.TUG* = bZT7
UgakTUg = ka,
UQGZiU; = bZJ,’
Ugak¢U§ = b;ﬂ/.
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Then one Wick orders wrt the operators b*,b. Our Hamiltonian becomes
H =B+ D(k)(bypber + by bry)
k
1 * 7ok * * 1 A
+3 > O(k) (Dpab* oy + b bty + 3 > " O(k) (b—kybry + bryd_r)
k k
+ terms higher order in b’s.

Note that
(Q|HQ) = B.

By the Beliaev Theorem, minimizing B is equivalent to O(k) = 0.
If we choose the Bogoliubov transformation according to the minimization procedure, the

Hamiltonian equals
H=DB+ Z D(k) (bjpbrt + by bry) + terms higher order in b’s
k

with
B = Y (K — p)(1 — cos26y)
k
1 ' ‘
Tard Z a(k, k') sin 20y, sin 260},
kK
1
77 D Blk K)(1 = cos 20,) (1 — cos 201).
kk!
Here,
1
a(k7k/) = §(Q(k’_k7_k/7k/)+q(—k,k, _k/,k/))7
6(]?7]{:/) — QQ(k,k',k’,k) _Q(k/,k,kl7k),

In particular, in the case of local potentials we have
1 . .
alk, k) = (V(k —KY+V(k+ k’)),

Bk, k) = 2V(0)—V(k—kK).

The condition 9y, B = 0, or equivalently O(k) = 0, has many solutions. We can have

DO |

sin 26, = 0, cos 20, = £1,

They correspond to Slater determinants and have a fixed number of particles. The solution of

this kind minimizing B, is called a normal or Hartree-Fock solution.
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Under some conditions the global minimum of B is reached by a non-normal configuration

satisfying
e 8E) e
T Emem T Rk ek
where

1 "N
k) = w;a(k,k)sm%k/,
1
k) = K —pu+ 57 > Bk, K)(1 = cos20y),
k,l

and at least some of sin 26y are different from 0. It is sometimes called a superconducting solution.
For a superconducting solution we get

D(k) = /& (k) + 62(k).

Thus we obtain a positive dispersion relation. One can expect that it is strictly positive, since
otherwise the two functions § and & would have a coinciding zero, which seems unlikely. Thus
we expect that the dispersion relation D(k) has a positive energy gap.

Conditions guaranteeing that a superconducting solution minimizes the energy should involve
some kind of negative definiteness of the quadratic form « — this is what we vaguely indicated
by saying that the interaction is attractive. Indeed, multiply the definition of d(k) with sin 26
and sum it up over k. We then obtain

> sin® 265,1/62(k) + £2(k)
k

1
= —55d Z sin 20k, k') sin 20, .
e k!

The left hand side is positive. This means that the quadratic form given by the kernel a(k, k')
has to be negative at least at the vector given by sin 20y.

14 Basics of representations of su(n)

14.1 Contragradient representation

Let g be a Lie algebra. Consider a representation g 3 A — m(A) € L(V) on a finite dimensional
space V. The representation contragradient to 7 is defined as

78(A) = —x(A)T e LVT), (14.1)

where VT denotes the dual of V.
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Let V be in addition a Hilbert space. By saying that 7 is infinitesimally unitary we mean
that the corresponding group representation is unitary. Equivalently, 7(A) are antiself-adjoint:

m(A) = —1(A)* = —7(A4) . (14.2)

Thus for an infinitesimally unitary representation we have

78 (A) = 7 (A). (14.3)

When speaking of representations we will usually omit the symbol 7. Various representations
will be recognized by the space on which they act.

14.2  su(n) and sl(n,C)

We will mostly speak about representations of
su(n) :=={A € L(C") : A*=—-A, TrA=0}.
The complexification of su(n) is
sl(n,C):={A € L(C") : TrA =0} = su(n) + isu(n).

Every finite dimensional representation of su(3) extends to a complex representation of sl(n,C).
Conversely, for every finite dimensional complex representation of si(n,C) we can choose a scalar
product so that its restriction to su(n) is infinitesimally unitary. A representation of su(n) is
irreducible iff so is the corresponding representation of si(n,C).

Thus we can pass from representations of su(n) to complex representations of sl(n,C) and
back. It is often convenient to use the complexified version.

sl(n,C) has the obvious representation on C™. It will be called fundamental. Its contragra-
dient representation, acting on C"* will be called antifundamental. When restricted to su(n) we
can write C" instead of C"T.

14.3 Cartan algebra

Let |1),...,|n) denote the canonical basis of C". Let (1|,...,(n| denote its dual basis, which is
a basis of C"T. sl(n,C) is embedded in the obvious way in gl(n,C), which is spanned by the
operators A;; := |i)(j]. gl(n,C) has a natural scalar product

(A|B) = TrAT B, (14.4)

in which A;; is an orthonormal basis.

The set of diagonal elements of sl(n,C) is called the Cartan algebra of sl(n,C) and denoted
h. It is a maximal commutative algebra in si(n,C). It is spanned by H; ; = —Hj; = Ay — Ajj,
i # j. Note that

Hence the angle between H;; and Hyy, is 2?” H;i1,i=1,...,n—11is a (non-orthogonal) basis.
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14.4 Representation weights

Suppose 7 is a representation of the Lie algebra su(n) (or si(n,C)) on a finite dimensional space
V. Elements of V that are eigenvectors jointly of all elements of the Cartan algebra are called
weight vectors of this representation. Their eigenvalues depend linearly on §, hence they can be
interpreted as elements of hT. They are called weights. Denote by Vs the space of eigenvectors
for the weight 5 € hT. We thus have

Hv = (B|H)v, veVs, Heh.
For instance, consider the fundamental representation on C". We have
Hijli) = [i),  Hjilt) = —|i),  Hjpli) =0, i & {j,k}. (14.6)

Hence |i) is a weight vector and the corresponding weight, denoted L;, satisfies

(Li|Hij) = —(LilHji) =1, (LilHjr) =0, i ¢ {j,k}. (14.7)

Note that b is n — 1-dimensional, so L1, ..., L, have to be linearly dependent. In fact,
Li+-+L,=0. (14.8)
For the antifundamental representation weight vectors are (i|, ¢ = 1,...,n, and the corre-

sponding weight is —L;.

14.5 Representations of su(2)

It is easy to describe all representations of su(2). For every n € Ny there exists exactly one n-
dimensional representation and it acts on ®*~1C?, where C? is the fundamental representation.
The antifundamental representation is equivalent to the fundamental, because for A € sl(2,C)

b

The Cartan algebra of su(2) is Hya. su(2) is spanned by Hia, A2, Aoy satisfying
[A12, A1) = Hyg, [Hyg, A12] = 2A42, [Hia, A1) = —2A9;.

Eigenvalues of His in all representations are integers. The n-dimensional representation, called

also the spin "Tfl representation, has weights —n+1,—n+3,...,n—1, e.g.

0;
—-1,1;
—2.0,2.
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14.6 Roots

Every Lie algebra has a representation on itself
g5 A [A,] € L(g). (14.10)

This representation is called the adjoint representation. Let us describe it in the case of su(n).
su(n) is spanned by A;j, a # j and the Cartan algebra . The Cartan algebra consists of
weight vectors for the adjoint representation with weight 0. The operators A;; are called roots
operators and satisfy
[H, Aij] = aij(H)Aij, H e,

where «;; is a linear functional on b called a root. If 4, j, k are distinct, then
aii(Hig) = 2, ag(Hjr) = =1, aij(Hy) = —1.

Identifying h* with h with the help of the scalar product (14.4) we obtain the identification

a;j = (Hjj|-), because

Hence A;; are weight vectors for the adjoint representation and «;; are the corresponding weights.
A;j, Aj; and Hyj satisfy the relations sl(2, C)

[Aij, Ajil = Hij, [Hij, Ai) = 2445, [Hij, Aji] = —2A;;.

Hence eigenvalues of H;; have to be integers.

The set of elements of hT which are integer linear combinations of roots is called the root
lattice. U. Clearly, U C W.

The set of elements of hT, which on H;; have integer values, is called the weight lattice VV.
Weights of all representations belong to the weight lattice.

Let 8 € W be a weight of a certain representation. We have

AijV5 C Vﬁ+a¢j'

Clearly, the Cartan algebra preserves V3. Therefore, if a representation is irreducible and has a
weight S € W, then all other weights belong to S+ U.

14.7 Representations of su(3)

It is easy to describe all irreducble representations of si(3,C). We consider (p,q) € N2. On the
space
RPC? @ @IC3T,

we have the obvious representation

p—1 p—1
Tpq(A) =Y 19 @ A 1%P1"F @ 197 — 197 @} " 1% @ AT @ 1917 1F), (14.12)
k=0 k=0
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Its elements are tensors

Do) @ ®ip) @ (1] @+ ® (gl 772,

1 yesip

which for brevity can be written as [tj1 o

]. We can introduce the contraction
[ti17-~-7ip] — [til’“'»ipfl)k}
J1yeq J1yendq—1,k

where we use the Einstein summation convention. The contraction operator intertwines the
representation on na ®C3 ® ®IC3T with a representation on ®F 1C3 ® @I 1C3T. Its kernel is
an invariant subspace and is an irreducible representation of sl(3,C), which will be called the
representation of type (p,q). The representation contravariant to (p,q) is (¢, p).

sl(3,C) can be also represented on the antisymmetric tensor product. However, this does not
lead to additional irreducible representations. In fact, ®3C? and ®3C3T are one-dimensional,
and hence sl(3,C) acts on them trivially. Besides, the representation on ®2C3 is equivalent to
the antifundamental representation and on ®2C3T —to the fundamental one.

14.8 Fundamental and antifundamental representation of su(3)

The Cartan algebra of su(3) is spanned by Hjs = —Ho; and Hy3 = —Hs;. We also have
Hy3 = —Hsz = Ho1 + His,

(Hia|Hi2) =2, (Hi3|Hi3) = (Hia|Hi3) =1
In the fudamental representation
(Li|Hy2) =1, (L1|Hy3) = 1.
We check that L1 = 5((Hi2 + Hi3)|-). Thus we can identify

1 1
(Hi2+ Hiz), Lo = §(H23 + Hy), Lz= g(H:Sl + Hso).
Thus 1 1 1
Ly — Ly = g(Hm + Hi3) — §(H21 + Hog) = §(2H12 — H3y — Ha3) = Hys.

Clearly, Ly + Lo + L3 = 0. If we choose L1, Lo as a basis, then

Hiyy, = Li— Lo,
Hos = Lo—L3y= L+ 2L,
Hs1y = Lg—Li=-2L1— Lo.

The vectors L; span the weight lattice. Together with —L; they are situated on vertices of a
regular hexagon:
— L
Ly Ly
—L —Lo
Ls
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14.9 Triality of su(3)
The lattice WW can be partitioned into three sublattices:
Wir = {niLi+nsLly : ny+nge € 32+ k}.
Equivalently,
Wo=U, Wi =Li1+U, Wr=2L1+U.

k € Zs is called the triality of the sublattice. The weights of a representation of type (p, ¢) belong
to Wp_q4. In particular, roots have triality 0.

The center of SU(3) is {eiyﬂ : k=0,1,2} ~ Zs. Z3 has three irreducible representations,
also numbered by Zs. The triality of a given representation corresponds to the representation of
the center.

14.10 Negative and positive roots
Among root operators we distinguish negative roots:
Aia, Az, Ass

and positive roots:
Ag1, Asy, Asg.

A highest weight vector is annihilated by negative roots. Every irreducible representation has
up to a multiplier a unique highest weight vector. Let us denote it by W. Then every vector is a
linear combination of vectors of the form Bj --- B,V, where By, ... are positive roots.

Let e1, ez, e3 be a basis of C? and e!, €2, €2 its dual basis in C*T. The representation of type
(p,q) on REC? ® @IC3# has a highest weight vector ®Pe; ® ®%e® with weight pL; — qL3 =
(p+q)L1 + qLo.

14.11 Examples of weight diagrams

Fundamental representation, that is (1,0): weights {L;}, heighest weight L

1 1
1

(2,0): weights {L; + L;}, heighest weight 2L,
1 1

[=

1
(3,0): weights {L; + L; + Ly}, heighest weight 3L,
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Antifundamental representation, that is, (0,1): weights {—L;}, heighest weight — L3

1
1 1

(0,2): weights {—L; — L;}, heighest weight —2L3
1
1 1 1

(0,3): weight {—L; — L; — Ly}, heighest weight —3L3

[=

Adjoint representation, that is (1,1), acts in C3 @ C3T, weight {L; — L;j, i # j; 2 x 0},
heighest weight L1 — Ls

1 1

1 1
Representation (2, 1) has weights {2L; — L;, i # j; —2L;; 2 x L;} heighest weight 2L — L3

The set of weight and their multiplicities for any representation has to satisfy the following
properties:
(1) Tt is symmetric wrt reflections in any axis determined byej z osi zadanej przez L.

(2) Intersecting with an arbitrary line passing through the origin and orthogonal to Lj we
obtain multiplicities of a certain representation of SU(2).

(3) If the representation is irreducible, its weights are contained in one of the sublattices Wy,

Wi or Ws.
to see (1) note that B — W/Z-jAWi;1 is an isomorphism of the Lie algebra si(3,C), where

Wij = ng = App + Aij + A]z
This isomorphism exchanges H;; with —Hj; and Hy, with H .

To see (2) we note that if Hg is a weight space, then ®Hg,,, where p are certain multiples
of aj;, span a representation of si(2,C).
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The weight multiplicities (the dimensions of weight spaces) for irreducible representations
satisfy the following properties. The weights on the boundary have multiplicity 1. In every
next level they are increased by 1 unless we reach a level of the form of a triangle, when we
stop increasing the multiplicity. In particular, for representations (n,n), which have triangular
boundaries, all multiplicities ar 1.

15 Applications of su(3) to particle physics

15.1 Symmetries in quantum mechanics

Let H be a Hilbert space describing a quantum system and G > g — U(g) € U(H) a unitary
representation of a group G. Assume that A1,..., A, is a set of commuting self-adjoint observ-
ables. Let U(g), g € G, commute with Ay, ..., A,. Then eigenspaces of A1, ..., A, are invariant
wrt G.

The most common application of the group theory to quantum mechanics involves approx-
imate symmetries. Suppose that the observables A; slowly change in time. For instance, if
H = Hy+ V is an unperturbed Hamiltonian and V is in an appropriate sense small, then one of
these observables can be Hy.

A different application consists in assuming that G is a gauge group. This means that both
the Hamiltonian H and all physical observables commute with U(g), g € G.

Instead of representations of Lie groups, we will usually speak about representations of the
corresponding Lie algebras.

15.2 Conserved charges

Every elementary particle, if left alone, eventually will decay and split into photons, neutrinos,
electrons, protons and their antiparticles.
The following quantities do not depend on the decay channel: the electric charge

Q = #p + #e — #p — #e,
and the barion number
B := #p — #p.

They are always conserved.

15.3 Isospin

A proton p and a neutron n have similar masses and properties unrelated to electromagnetic
interactions. Similarly mesons 7+, 70, 7.

Let us describe Heisenbergs proposal meant to explain this: The Hamiltonian has a decom-
position

H= Hstrong + Hema

where Hgrong is describes strong interactions and is invariant wrt the isospin group SU(2),
unlike the Hamiltonian of electromagnetic interactions Hey,. Denote by Iy, I, I3 the generators
of su(2). The electromagnetic interaction commutes only with I3.

74



A proton p and a neutron n are eigenvectors of I3 in the fundamental representation of SU(2),
which has the isospin %:
1 1
Isp=—-p, Isn=—-n.
3P 217 3 B
Similarly, mesons 7 belong to the isospin 1 representation:

Iynt =7xT, I = 0, Ism~ = —7m .

More generally, it has been noticed that particles can be arranged in isospin multiplets. Inside
each isospin multiplet particles have a similar mass and some other properties, however they have
a different charge and the value of Is.

It was noticed that interactions among particles can be divided into strong, which occur very
fast and weak, which are much slower, and electromagnetc. The isospin is conserved in strong
interactions, but not in weak interactions. Here is an example of a weak interaction that violates
the isospin conservation:

+

™ —>7TO+,u++uu.

Taking into account strong interactions one can asign to each particle a value of I3.
Note that for the nucleon and pion multiplets we have the relation

1
Q=1I3+ 3B (15.1)

15.4 Strangeness

It was noticed that there exists another number which is conserved in strong interactions and in
weak interactions it changes by £1. It was called strangeness and denoted S. It was assumed
that the “standard particles” such as p,n, 7, e have a zero strangeness.

It turned out that strongly interacting particles can be grouped in larger multiplets containing
particles not only with different I35, but also S. Inside each multiplet particles the masses are
quite similar and the barion number is the same. It was noticed that these multiplets have a
symmetric form if as coordinates we use I3 and the hypercharge

Y=B+S6.
The following relation, called the Gell-Mann — Nishijima formula, generalizes ((15.1)):
1
Q = 13 + Y.
2
Hadrons with a zero barion number are called mesons. On the diagrams below the vertical

axis is parametrized by Y, and the horizontal axis by I3.
The pseudoscalar nonet consists of the octet
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and the singlet 7.
The pseudovector nonet consists of the octet

K*O K*t

K*— K*O

the singlet w’.
There are also two barion (B = 1) multiplets. The spin % octet:

n p
p o YOAY zs ¥F
= =0
The spin % decuplet:
A~ A0 AT ATT
SR— Z*O Z*+
=k E*O
O-
Finally, there are two antibarion (B = —1) multiplets consisting of antiparticles of the barion
multiplets.
15.5 Quarks

Here is how one can explain the above properties of elementary particles. Introduce 3 quarks:
u, d and s. We treat them as weight vectors for the fundamental representation of SU(3):

d U

S
We also have antiquarks, which correspond to the antifundamental representation:

5

S
al
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We assume that they have the following quantum numbers:

Q:é(Q#u—#d—#s), B= %(#u+#d+#s), S = —#s. (15.2)

Consequently

Y:B+S:%%m+#%2#m g:@—;3+$:é@m—#@ (15.3)

Then all the above described multiplets of hadrons correspond to weight diagrams of certain
irreducible representations of su(3) with triality 0. Let us try to understand why precisely these
representations show up.

Consider the group SU(3)q describing the flavors u, d, s, the group SU(2)spin describing the
spin and SU(3)c describing the color. Quarks can be treated as elements of C} @ C2, ® C3

spin col?

and antiquarks as elements of @3 ®@§pin ® @z’ol' The group SU(3)a X SU(2)spin X SU(3)col acts
on them.

We will ignore the position degrees of freedom of quarks, remembering only their flavor, color

and spin degrees of freedom. They are fermions, hence we will describe them by elements of the

Fock space
3 2 3 3 =2 3
Fa ((Cﬂ & (Cspin ® (Ccol S (Cﬂ ® (Cspin ® Ccol) . (154)
We will often use the exponential property of (fermionic) Fock spaces, which implies
n
RZeW) = & k2 @ T TFW. (15.5)
Thus bound states of p quarks and ¢ antiquarks are described by elements of
&% (Ch @ €2y © €y ) © @4 (Th @ Cigiy @ Ty ). (15.6)

The confinement conjecture says that in physics we have only "‘colorless"’ states, that is
states on which the color group acts trivially. If we embed ((15.6)) in the space

@ (Ch @ C2yn) @ &7 (Th @ Tagiy ) © (7 Cly ® 87T ) (15.7)

ne "

they will have the form ¥ ®®, where ®, corresponding to "‘color

Wrt Stco1(3).

degrees of freedom, is a singlet

The smallest (p,q) for which suc(3) has a singlet representation on ®”C3 | ® ®q@201 are
(1,1) (mesons), (3,0) (barions) and (0,3) (antibarions).

In particular, mesons are elements of
((C?l ® (Czpin ® Cgol) ® (@g ® @Spin ® @iol>
~ (CheTh) ® (Cohin ® @Chm) @ (Cly @ Cant)-
(Note that there is no antisymmetrization). The colorlessness condition yields

v —(1,1) +12,2) + [2,2)),

1
V3
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where 1,2,3 corresponds to the three colors and

VeCi®Cl;, ®Ch®Copm = (C30Th) ® (Chin @ Copn)-

spin spin
For the representation of SU(3)gwe have 3 ® 3 = 8 + 1. For the representation of SU(2)spin
we have 2 ® 2 = 3 4 1, which yields spin 0 and 1. Hence we obtain both meson nonets.
Here is the "‘quark content"’ of meson nonets:

ds us
du dd, v, s5 ud

su sd
Mesons of zero charge differ with their quark content. Assuming exact su(3) symmetry they are

1 _
a0 = 2(dd — i),

(255 — dd — vu),

n = (53 + dd + vu).

Il
S

Barions are elements of
®3(C ® €2y, © Cly) € &7 (Ch 0 Cy, ) © ©7Cy.
The colorlessness condition yields

U ® 11,2,3) +12,3,1) +13,1,2) — [1,3,2) — |3,2,1) — 11,3,2)).

1
7l
The color part of the vector is antisymmetric. Hence ¥ has to be an element of ®3 ((C?i ®
Cgpin), whose dimension is % = 56. The action of the group SU(3)a X SU(2)spin has inside
®3(C} @ (Cspin) a representation ®3C3 ® ®§C§pin. Its dimension is 10 x 4. What remains is the
representation of dimension 56 —40 = 16. It is equivalent to the adjoint representation of SU(3)q
times the identity on C2. Thus we have the decomposition

CleC*eC8 e C?,

The first is a sug(3) decuplet (the representation of type (3,0), that is, on ®3C3), and its

spin is % The second is an sug(3) octet (the representation of type (1,1), that is, the adjoint

representation) and its spin is %

Here is the "‘quark content"’ of the barion multiplets:
ddd ddu duu uuY
dds dus UUS

dss UuUSS

S§8S
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Here are the spin states of the the barions in the middle of the diagram, where there is the
greatest degeneracy:

S0 dtutst,
;%m¢u¢s¢+d¢u¢s¢+d¢u¢sﬂ,
Fldbulstrdtulslrdlutsd)
dlulsl

S Cdtutsl-dtulst—diuts),

L @dyulst—dtulsl—dlutsl)

S

6

L @tulst—dluts?),

S

2
1

S(dtuls)—dluts)).

5

The states of ¥*~ and X~ are obtained from ¥*0, resp 3° by replacing u with d.
All the physical representations of SU(3)g have the triality 0—this is essentially the meaning

of the "‘colorlessness"’.

16 Aplications of group theory to Standard Model and Grand
Unified Theories

16.1 Conventions

As usual, instead of representations of Lie groups, we will usually speak about representations
of the corresponding Lie algebras.
Unitary representations of u(1) are one-dimensional and are given by ¢ € R, called the charge:

u(1) ~R > 6 s %,

When we apply the tensor product, we add the charges.

An irreducible representation of su(n), so(n) are usually denoted by the number of their di-
mension. For the conjugate representation we add the bar. Thus the fundamental representation
of su(n) is denoted by n and the antifundamental by 7.

16.2 Standard Model

The Standard Model is based on the gauge group SU(3) x SU(2) x U(1).

Suppose that the (self-adjoint) generators of su(2) are denoted T4,T»,75. They are the
generators of the so-called weak isospin. The self-adjoint generator of u(1) will be denoted Y. It
is the so-called weak hypercharge, which should not be confused with the so-called hypercharge,
which has the same symbol.
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The main assumption of the Weinberg-Salam model (which is the part of the standard model
describing the weak and electromagnetic interactions) is the following: the electric charge @
comes partly from SU(2) and partly from U(1). This can be expressed as

Q=T5+Y. (16.1)

(We use the convention from the book by S.Srednicki. Often one replaces Y with 2Y, so that
one obtains @ = T3 + %, which is analogous to the Gell-Mann—Nishijima formula).

Beside the gauge bosons, which correspond the Lie algebra su(3) @ su(2) @ u(1), the La-
grangian contains charged particles corresponding to varrious irreducible representations (mul-
tiplets) of the group SU(3) @ SU(2) @ U(1). Each particle has an antiparticle posessing the
opposite chirality and charges. They can be divided as follows:

(1) A multiplet (or several multiplets) of complex scalar (Higgs) bosons needed to break the
gauge symmetry SU(2) x U(1).

(2) Several multiplets of Weyl (chiral) fermions. Every multiplet appears in 3 generations.
Fermionic multiplets can be divided in two families:

(i) Leptons, which do not take part in strong interactions, in other words are singlets wrt
SU(3).
(ii) Quarks, which are nontrivially transformed by SU(3).

(By a multiplet we mean an irreducible, usually multidimensional representation of the gauge
group.)

There exist two versions of the Standard Model: the original version, which we denote SM,
does not contain the right-handed neutrinos. In a newer version, denoted vSM, there are addi-
tional right-handed neutrinos.

We will consistently use the terminology related to the first generation.

16.3 Leptons

Leptons can be divided into electrons and neutrinos. Electrons are both left- and right-handed.
The left- and right-handed electrons have the same mass. From the point of view of electro-
magnetic and strong interactions they can be treated as Dirac fermions. They are denoted
e = (er,er), They have @ = —1. The antiparticle for the electron is called the positron and
denoted e.

Neutrinos have ) = 0. Electronic neutrinos, denoted v, or v,1,, are in SM left-chiral and
have a zero mass.

(e, ve1,) form a doublet wrt SU(2). We have

1
Tzer, = 5L T3veL = Vel

Using (16.1]), we obtain
1

~Vel-

1
Ye, = —=ep, Yvep ——
€L 9 €L, Ve L 9
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er is a singlet for SU(2). Thus Tzeg = 0 and ((16.1]) implies
YeR — —€R.-

When describing the multiplets, it is convenient to restrict oneself to left-handed multiplets.
Therefore, instead of the right-handed electron we take into account the left-handed positron. It
has @ =1 and T5 = 0. Here is its hypercharge:

Yer = eg.

In ¥SM additionally one introduces a right-handed neutrino v, g, which transforms trivially
under the gauge group. When describing multiplets we take into account its antiparticle v, R,
which is left-handed.

Summing up, we have the following multiplets of left-handed leptons:

1
L = (€L7V6,L) (1727_5)7
E = €R (1717 )
N =TeRr 1,1,0

16.4 Higgs scalar

In order to build invariant mass terms in the Lagrangian we need an additional scalar ¢, which
is a singlet for SU(3) and a doublet for SU(2). It has Q = 0 and the weak isospin —3. Hence

Y = % Therefore, its representation is

1

).

1,2
(772

16.5 Quarks

We have two quarks: u and d (recall that we consider a single generation). Proton and neutron,
for instance, are built as follows
p=uud, n =udd.

Therefore, the quarks have the following electric charge:

2 1

They are triplets wrt SU(3) — they transform according to the fundamental representation.
The antiquarks have the oposite electric charges

2 1

and transform according to the antifundamental representation.
Left-handed quarks are a doublet wrt SU(2):

1 1
Tyur, = - Tydy, = —=dp..
3UL 2UL7 3L 2 L
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Hence,
Yup = tup, Yy = od
u = — = — .
L 6 UL, L 6 L

Right-handed quarks are singlets wrt SU(2). Therefore,
Tsug =0, Tzdg =0.
Hence,

2 1
Yug = = Ydg = ——dg.
UR 3UR> R 3 R

Summing up, we have the following multiplets of left-handed quarks:

1

Q - (uLvdL) (3a 2, 6)7
— — 2
U=mugr (3717_§)7
— = — 1

16.6 Standard Model Lagrangian
The Standard Model Lagrangian is a singlet wrt the gauge group. One could distinguish the
following terms in the Lagrangian:

(1) The kinetic term for gauge fields.

(2) The kinetic terms for fermions.
(3) The kinetic term for scalar bosons.
(4)

4) The scalar boson potential (a “Mexican hat”?)-because of renormalizabilty, it should be a
polynomial of maximally degree 4. One also assumes it to be invariant wrt ¢ — —¢.

(5) Mass terms, that is 2-linear terms in fermions without derivatives. They have to be singlets
wrt the gauge group, and therefore most of them involve the scalar boson.

Let 9,1’ transform according to the fundamental representation of SU(3). All invariant real
2-linear /antilinear expressions built out of 1,9’ have the form

T
A
and their complex conjugates.

Let 1,9’ transform according to the fundamental representation of SU(2). Then invariant
two-linear /antilinear expressions built out of 1,9’ have the form

0y,
€’ Uh%a

and their complex conjugates.
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If 91, ...,y have charges y1, ..., y, wrt U(1), then ¢y - - - ), is invariant iff y; +- - - +y, = 0.
Therefore, possible non-kinetic terms in the v SM Lagrangian involving only left-handed fermions
are

6’ (6:9)° (16.2)
1, ELj, €1¢; D" Qaj, g'Uanm (16.3)
3'L;N, NCN. (16.4)

Right-handed fermions appear in expressions conjugate to (16.3) and (16.4)). « runs over the
color index, %, j runs over the indices 1,2. C' is the charge conjugation matrix. SM contains only

and (16.3).

16.7 SU(n)

SU(n) has a fundamental and antifundamental representation in C", resp. C". We will need the
following irreducible representations:

e, p= mened = @t =11
®PC", p=1,2,..., dim ®;C* = CE
|
qrn _ _ . nmrd n.
®IC", q=1,...,n—1, dim ®;C _7d!(n—d)!'

We have B
RIC" ~ @™ IC".
R2Z =020 R2Z.

We will use the following relations for any pair of spaces Z, W:
p . .
R (ZOW) ~ 8, ®] 1.2 @ IW.

16.8 Extending SU(3) ® SU(2) x U(1) to SU(5)

The following analysis is based partly on the book by Srednicki and the article by Baez-Huerta.
Set
_1
3

Let A € su(3), B € su(2) and s € R ~ u(1). Then

A 0
0 B

} + sY € su(5).
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Thus we have the inclusion su(3) @ su(2) ® u(1) C su(5), where Y is the generator of u(1).
The fundamental representation of su(5) can be decomposed as follows:

1 1
5 3,1, —= 1,2,-).
— ( ) 3) @ ( = 2)
Hence,
_ _ 1 1
5 = (3,1,0)®(1,2,—2). (16.5)
3 2
®25 = 10, the representation of su(5), can be decomposed as
9 9 1 1 1 9 1
®a5 — ®a(37 17 _7) S (37 17 _7)®(17 2? 7) D ®a(17 27 7)
3 3 2 2
_ 2 1
= (3’1’_5)@(3’2’6)69(1’1’1)’ (16.6)

where we used the property ®23 = 3 of the representation of su(3).
All left-handed multiplets of SM wrt SU(3) x SU(2) x U(1) can be found in two multiplets
wrt SU(5): (16.5) and ((16.6)):

®§5:5: D,L;
®25=10: U,Q,FE.

16.9 Fields in GUT based on SU(5)
In GUT based on SU(5), without a right-handed neutrino, beside gauge bosons parametrized by
su(5), we have the following fields:
(1) Complex scalar bosons
(1) The boson ® in the adjoint representation of SU(5), responsible for breaking SU(5)

to SU(3) x SU(2) x U(1). It couples only to gauge bosons and to ¢.

(2) The boson ¢ in the antifundamental representation of SU(5) responsible for breaking
SU((2) xU(1) to U(1).

(3) Weyl left-handed fermions (and their antiparticles):
(1) The multiplet ¢ = (L, D) = (er,v,dr) in 5 (the antifundamental representation).
(2) The multiplet x = (E,Q,U) = (ér,ur,dy,ur) in 10 (the antisymmetric representa-
tion).
Possible non-kinetic terms in the Lagrangian:
Trd?, Trd?t, (Trd)?,
5' ¢7 (6 ¢)2> 6 ' q)2¢7
W xis €Mk xam-
If we want neutrinos to have a mass, we need to add the field vy, which is a singlet for SU(5)
and the term

' VR,

84



16.10 Extending SU(3) ® SU(2) x U(1) to Spin(10)

All the left-handed multiplets of the Standard Model wrt SU(3) x SU(2) x U(1) can be found
in the following two multiplets wrt SU(5): ®25 and ®25 . To obtain antiparticles
it suffices to add ®15 and ®25. To include right-handed neutrinos and their antiparticles it
suffices to add ®25 and ®25. We obtain a space that naturally identifies with the Fock space
I'2(C%). It decomposes in two irreducible representations of Spin(10) corresponding to left- and
right-handed particles.

We consider the fermionic Fock space with the basis u,d,r, g,b. (u,d are not up and down
quarks, although they are related to them). The antiparticles of left-handed leptons are u, d, and
the righthanded down quark is 7, g, b, depending on the color. The antiparticle to the righthanded
up quark is made out of missing colors. The left-handed quarks are made of the “color” and of
u,d. The antiparticle to the righthanded positron is ud.

The righthanded neutrino is identified with the “ceiling vector”. The antiparicles are always
made out of the missing constituents.

In the following list ¢ denotes one of the colors 7, g, b, and ¢, ¢, ¢ is one of cyclic permutations
of r,g,b. We write aq - - - a,, instead of Tlmal A Aay.

LL  5R  10,L 0,R 5L 1R
vp=1 ey = ep=ud er=cccd e, =ccdcdd vg=cddud
Uy, = uf =cu wf =cdd'd v, =cdd'u
—C —C
dy=c¢ df =cd dy,=d"u dg=7"ud
uf =dd" ug = cud

16.11 Extending SU(3) ® SU(2) x U(1) to SU(2) x SU(2) x SU(4)

ne "

In the Pati-Salam Theory we assume the existence of the fourth color "‘white"’, denoted w
representing leptons. SU(4) acts in two representations: the fundamental with basis r, g, b, w
and antifundamental with basis 7, g, b, w. ¢ will denote 7, g, or b.

The “left” group SU(2) acts on C? with basis ur,, dr,. The “right” group SU(2) acts on C?
with basis ur, dg. These are “prequarks”. The notation « and d now corresponds to the “isospin".
The charge conjugation switches the “isospin” and chirality. Therefore, uy, = dg, dr, = uR.

Leptons are obtained by multiplying prequarks with w or w. Quarks are obtained by mul-
tiplying prequarks with colors. Particles (including the right neutrino) are organized into four
representations of SU(2) x SU(2) x SU(4):

(2,1,4)

(1,2,4)

v, = U, QW

VR = UR Q w

eL:dL®w eR:dR®w UR:dL®@ ﬁLZdR(X)@
uf =up,®c u§ =ur®c Eg:uL(@E ECI::uR@)é
di =d,®c ch:dR(X)C ECRZdL(X)E ui =dr®¢
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)

Let us introduce the operators of “left and right isospin”, and the “color operator™

1 1
T:%uL = UL, T??dL = —§dL; (16.7)
1 1
T?FLUR = §UR7 T:%dR = _§dR§ (16.8)
1 1
Zw = —5w, Zc = ¢ (16.9)

They can be used to express the usual weak isospin and the weak hypercharge:
T=T' Y=T%+2Z (16.10)

Thus SU(3) x SU(2) x U(1) € SU(2) x SU(2) x SU(4), where SU(3) is embedded in SU(4),
the weak SU(2) coincides with the first Pati-Salam SU(2) and U(1) is defined by Y in (16.10)).

We have the isomorphism SU(4) ~ Spin(6). We can reorganize the representation space of
SU(4) as a representation space of Spin(6) as follows:

w=rgh, w=1, F=gb, g=0br, b=ryg. (16.11)

We also have the isomorphism SU(2) x SU(2) ~ Spin(4). We can reorganize the represen-
tation of SU(2) x SU(2) as a representation of Spin(4) as follows:
(ur,dr) @ (ug,dg) ~ C*2C ©& CxC?
~ {ug) ® {di, dr) ® {ug) ~ C® C2 @ C = To(C).
using the dictionary
ur, = 1, urp = drdg.

Hence the group SU(2) x SU(2) x SU(4) can be identified with Spin(4) x Spin(6). Clearly,
Spin(4) x Spin(6)/Zsy is a subgroup of Spin(10).
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