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• Hypergeometric type equations and functions
• Orthogonal group and Lie algebra
• Conformal invariance of ∆n

• Schrödinger group and Lie algebra—symmetries of ∆n + 2∂t
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• ∆5 and the Gegenbauer equation
• ∆2 + 2∂t and the confluent equation
• ∆1 + 2∂t and the Hermite equation.



Hypergeometric type

equations and functions



For a1, . . . , ak, c1, . . . , cm ∈ C, we define the (generalized)
hypergeometric series of type kFm:

kFm(a1, . . . , ak; c1, . . . , cm; z)

:=

∞∑
j=0

(a1)j · · · (ak)jz
j

(c1)j · · · (cm)jj!
.

Notice that
(1) if m + 1 > k, then it is convergent for z ∈ C;
(2) if m + 1 = k, then it is convergent for |z| < 1;
(3) if m+ 1 < k, then it is divergent (however sometimes we

can give a meaning to the function kFm).



The function F solves the equation

(c1 + z∂z) · · · (cm + z∂z)∂zF

(a1 + z∂z) · · · (ak + z∂z)F.

Note that this equation is of the order
max(k,m+ 1). Below we list all equations and hypergeometric
functions with equations of the order at most 2.



Hypergeometric function or the 2F1 function

F (a, b; c; z) =
∞∑
n=0

(a)n(b)n
n!(c)n

zn.

The series is convergent for |z| < 1, it extends to a multivalued
function on a covering of C\{0, 1}.
The function is a solution of the

hypergeometric equation(
z(1− z)∂2

z + (c− (a + b + 1)z)∂z − ab
)
u(z) = 0

that is analytic around 0 and equals there 1.



Confluent function or the 1F1 function

F (a; c; z) =
∞∑
n=0

(a)n
n!(c)n

zn.

The series is convergent for all z ∈ C. It defines a solution
analytic around 0 and equal there 1 of the confluent equation

(z∂2
z + (c− z)∂z − a)u(z) = 0,



The 0F1 function

F (−; c; z) = F (c; z) =
∞∑
n=0

1
n!(c)n

zn.

The series is convergent for all z ∈ C. It defines a solution
analytic around 0 and equal there 1 of the 0F1 equation (related
to the Bessel equation)

(z∂2
z + c∂z − 1)u(z) = 0.



The 2F0 function
For arg z 6= 0 we define

F (a, b;−; z) := lim
c→∞

F (a, b; c; cz).

It extends to an analytic function on the universal cover of
C\{0} with a branch point of an infinite order at 0. It has
the following asymptotic expansion:

F (a, b;−; z) ∼
∞∑
n=0

(a)n(b)n
n!

zn, | arg z − π| < π − ε.

This function has a branch point at zero. Hence it cannot be
defined with a series around zero. It solves the 2F0 equation
(related to the confluent equation)(

z2∂2
z + (−1 + (a + b + 1)z)∂z + ab

)
u(z) = 0.



Power function or the 1F0 function

F (a;−; z) = (1− z)−a =
∞∑
n=0

(a)n
n! z

n

The series is convergent for |z| < 1, it extends to a multivalued
function on a covering of C\{1}. It is a solution of

((z − 1)∂z − a)u(z) = 0.



Exponential function or the 0F0 function

F (−;−; z) = ez =
∞∑
n=0

1
n!z

n.

It solves
(∂z − 1)u(z) = 0.



Following Nikiforov–Uvarov, we adopt the following terminol-
ogy. Equations of the form(

σ(z)∂2
z + τ (z)∂z + η

)
f (z) = 0,

where σ is a polynomial of degree ≤ 2,
τ is a polynomial of degree ≤ 1,
η is a number,

will be called hypergeometric type equations, and their solutions
—hypergeometric type functions. Differential operators of the
form

σ(z)∂2
z + τ (z)∂z + η

will be called hypergeometric type operators.
Let us review basic classes of hypergeometric type equations.



(1) The 2F1 or hypergeometric equation

z(1− z)∂2
z + (c− (a + b + 1)z)∂z − ab.

(2) The 2F0 equation

z2∂2
z + (−1 + (1 + a + b)z)∂z + ab.

(3) The 1F1 or confluent equation

z∂2
z + (c− z)∂z − a.

(4) The 0F1 equation

z∂2
z + c∂z − 1.



(5) The Gegenbauer equation

(1− z2)∂2
z − (a + b + 1)z∂z − ab.

(6) The Hermite equation

∂2
z − 2z∂z − 2a.

(7) 2nd order Euler equation(
z2∂2

z + bz∂z + a
)
f (z) = 0.

(8) 1st order Euler equation for the derivative

z∂2
z + c∂z.

(9) 2nd order equation with constant coefficients

∂2
z + c∂z + a.



(5) and (6) are reflection invariant.
(7), (8) and (9) are solvable in elementary functions. There-

fore, it will not be considered in what follows.
The 2F0 and 1F1 equation are equivalent by a simple substi-

tution, therefore they can be discussed together.
Up to an affine transformation, (5) is a subclass of (1). How-

ever, it has additional properties, therefore it is useful to discuss
it separately.



Identities for hypergeometric type operators and functions have
a high degree of symmetry. Therefore, it is not surprising that
behind each of these operators there is a group-theoretical struc-
ture.
Each hypergeometric type equation can be obtained by a sep-

aration of variables of a certain 2nd order PDE with constant
coefficients. On the highest level, which we call the extended
space, the symmetries of the equation are very straightforward.
One can introduce the Lie algebra of generalized symmetries of
this PDE. In this Lie algebra we fix a certain maximal commuta-
tive algebra, which we will call the “Cartan algebra”. Operators
that are eigenvectors of the adjoint action of the “Cartan alge-
bra” will be called “root operators”. Elements of the group that
yield automorphisms leaving invariant the “Cartan algebra” will
be called “Weyl symmetries”.



The parameters of hypergeometric type equation can be inter-
preted as the eigenvalues of elements of the “Cartan algebra”.
The “root operators” and “Weyl symmetries” commute with the
underlying 2nd order operator and transform the “Cartan alge-
bra” in a simple way. Therefore, after the dimensional reduction
and a change of coordinates they lead to to certain transmu-
tation relations and discrete symmetries for the corresponding
hypergeomentric type equations.



We can distinguish 3 kinds of PDE’s with constant coeffi-
cients:

(1) The Helmholtz equation on Cn given by ∆n+1, whose Lie
algebra of symmetries is the affine orthogonal Lie algebra
Cn × so(n);

(2) The Laplace equation on Cn given by ∆n, whose Lie alge-
bra of generalized symmetries is the orthogonal Lie algebra
so(n+2). One can derive the generalized symmetries from
the Laplacian ∆n+2 on the extended space Cn+2.

(3) The heat equation onCn⊕C given by ∆n+2∂t, whose Lie
algebra of generalized symmetries is the so-called Schrödinger
Lie algebra sch(n), One can derive the generalized sym-
metries from the Laplacian ∆n+4 on the extended space
Cn+4.



Separating the variables in these equations usually leads to
differential equations with many variables. Only in a few cases
it leads to ordinary differential equations, which turn out to be
of hypergeometric type. Here is the table of these cases:

PDE
Lie

algebra
dimension of
Cartan algebra

discrete
symmetries equation

∆2 + 1 C2
o so(2) 1 Z2 0F1;

∆4 so(6) 3 cube 2F1;

∆3 so(5) 2 square Gegenbauer;

∆2 + 2∂t sch(2) 2 Z2 × Z2 1F1 or 2F0;

∆1 + ∂s sch(1) 1 Z4 Hermite.



Orthogonal group and Lie algebra



Suppose that

Rn 3 y, x 7→ 〈y|x〉 =
∑
i,j

gi,jy
ixj

is a scalar product on Rn or Cn. Define
O(n) := {α ∈ GL(n) : 〈αy|αx〉 = 〈y|x〉},

SO(n) := {α ∈ O(n) : detα = 1}.



The Lie algebra gl(n) can be represented by vector fields and
is spanned by yi∂yj .
The Lie algebra so(n), represented by vector fields on Rn, is

so(n) := {B ∈ gl(n) : B〈y|y〉 = 0}.
For i, j = 1, . . . , n, define

Bi,j :=
∑
j,k

(gj,ky
j∂yk − gi,ky

k∂yj).

{Bi,j : i < j} span so(n).



We define

the Laplacian ∆n :=
∑
i,j

gi,j∂yi∂yj,

the Casimir operator Cn :=
1

2

∑
i,j,k,l

gi,kgj,lBi,jBk,l.

The above definitions do not depend on the choice of a basis.
∆n commutes with Cn×O(n) and Cn× so(n). Cn commutes
with O(n) and so(n).
Note the identity

〈y|y〉∆n = A2
n + (n− 2)An + Cn,

where
An :=

∑
i

yi∂yi.



Suppose that 2m = n. Every scalar product of signature
(m,m) can be expressed in even split coordinates

〈y|y〉 =

m∑
i=1

2y−iyi.

Then so(Rn) has a basis consisting of

Ni := B−i,i = −y−i∂y−i + yi∂yi,

Bi,j = y−i∂yj − y−j∂yi, |i| < |j|.
The subalgebra of so(n) spanned by Ni is its Cartan algebra.
Bi,j are its root operators:

[Nk, Bi,j] = −(sgn(i)δk,|i| + sgn(j)δk,|j|)Bi,j.



We have

∆n =

m∑
i=1

2∂y−i∂yj,

Cn =
∑

1≤|i|<|j|≤m
BijB−i−j −

m∑
i=1

N2
i .



Suppose that 2m + 1 = n. Every scalar product of signature
(m,m + 1) can be expressed in odd split coordinates

〈y|y〉 = y2
0 +

m∑
i=1

2y−iyi.

Then so(n) has a basis consisting of the basis of so(2m) and

B0j = y0∂yj − y−j∂y0, |j| = 1, . . . ,m.

The additional roots satisfy

[Nk, B0,j] = −sgn(j)δk,|j|Bi,j.



We have

∆n = ∂2
y0

+

m∑
i=−1

2∂y−i∂yj,

Cn =

m∑
|i|=1

B0iB0−i

+
∑

1≤|i|<|j|≤m
BijB−i−j −

m∑
i=1

N2
i .

We will treat the split signature (m,m) and (m,m + 1) and
the split scalar product as the standard one.



Consider the split scalar product in dimension 2m. Permuta-
tions of {1, . . . ,m} ∪ {−1, . . . ,−m} that preserve the pairs
{1,−1}, . . . {−m,m} are orthogonal. They form a group, that
we will denote W (2m). It is isomorphic to Zm2 ×|Sm.
The subgroup isomorphic to Zm2 consists of elements that pre-

serve each pair (−i, i).
τiNjτ

−1
i = (−1)δijNj.

The subgroup isomorphic to Sm, permutes pairs (−i, i). For
π ∈ Sm, the corresponding permutation operator will be de-
noted σπ. It belongs to O(n) and

σπNjσ
−1
π = Nπj.



We say that a function F on Rn is harmonic if
∆nF = 0.

Let e1, . . . ek ∈ Rn satisfy
〈ei|ej〉 = 0, 1 ≤ i, j ≤ k.

In other words, assume that e1, . . . , ek span an isotropic sub-
space of Rn. Then

F (z) := f
(
〈e1|z〉, . . . , 〈ek|z〉

)
is harmonic.
For instance, consider Rn with a split scalar product (where
n is even or odd). Then for any α1, . . . , αm

Fα1,...αm := z
α1
1 · · · z

αm
m

is harmonic. Besides, it satisfies
NjFα1,...αm = αjFα1,...αm.



Suppose that for z = (x, y, z′) ∈ Rn = R2 ⊕ Rn−2

〈x, y, z′|x, y, z′〉 = x2 + y2 + 〈z′|z′〉.
Set

N1 := −i(x∂y − y∂x).

Consider a function f (x, y, z′). We introduce a wave packet
of angular momentum m ∈ Z made out of rotated f :

Fm(x, y, z′) :=

∫ 2π

0
f (cosφx− sinφy, sinφx+ cosφy)e−imφdφ

2π
,

N1Fm(x, y, z′) = mFm(x, y, z′).



Introduce complex coordinates

z±1 :=
1√
2

(x± iy).

We will write f (z−1, z1, z
′) = f (x, y, z′), Fm(z−1, z1, z

′) =
Fm(x, y, z′). The operator N1 and the metric take the familiar
form

N1 = z−1∂z−1 − z1∂z1,

〈z−1, z1, z
′|z−1, z1, z

′〉 = 2z−1z1 + 〈z′|z′〉.
We obtain

Fm(z−1, z1, z
′) :=

∫
γ
f (τ−1z−1, τz1, z

′)τ−m−1 dτ

i2π
,

N1Fm(z−1, z1, z
′) = mFm(z−1, z1, z

′).

where γ is the closed contour [0, 2π[3 φ 7→ τ (φ) = eiφ.



We again consider Rn = R2 ⊕ Rn−2, but we change the
signature of the metric. We assume that the scalar product is
given by

〈z−1, z1, z
′|z−1, z1, z

′〉 = 2z−1z1 + 〈z′|z′〉.
We start from a function f (z−1z1, z

′) that satisfies

f (τ−1z−1, τz1, z
′)τ−α

∣∣∣τ=∞

τ=0
= 0.

and we set

Fα :=
1

2πi

∫ ∞
0

f (τ−1z−1, τz1, z
′)τ−α−1dτ

=
1

2πi

∫ ∞
−∞

f (e−ψz−1, e
ψz1, z

′)e−ψαdψ.

Then
N1Fα(z−1, z1, z

′) = αFα(z−1, z1, z
′).



Assume now that z−1, z1, z
′ are complex variables and f is

holomorphic. The following result summarizes the above con-
structions:
Suppose that ]0, 1[3 s γ7→ τ (s) is a contour on the Riemann

surface of
τ 7→ f (τ−1z−1, τz1, z

′)τ−α

that satisfies

f (τ−1z−1, τz1, z
′)τ−α

∣∣∣τ (1)

τ (0)
= 0.

Then
Fα :=

∫ ∞
0

f (τ−1z−1, τz1, z
′)τ−α−1 dτ

2πi
solves

N1Fα = αFα.



Suppose that Rn is equipped with a scalar product

〈z−1, z1, z
′|z−1, z1, z

′〉n = 2z−1z1 + 〈z′|z′〉n−2.

Introduce new variables (essentially, polar coordinates for z−1, z1):

z0 :=
√

2z−1z1, u :=

√
z1

z−m
.

In the new variables,

∆n = ∂2
z0

+
1

z0
∂z0 −

1

z2
0

(u∂u)2 + ∆n−2

=
(
∂z0 +

1

2z0

)2
− 1

z2
0

(
u∂u −

1

2

)(
u∂u +

1

2

)
+ ∆n−2.



Therefore, if we set

∆n−1 := ∂2
z0

+ ∆n−2,

F±(z′, z0, u) = f±(z′, z0)u±
1
2z
−1

2
0 ,

then

N1F± = ±1

2
F±,

z
1
2
0u
∓1

2∆nF± = ∆n−1f±.

Therefore, the n−1-dimensional Laplace equation ∆n−1f = 0
is essentially equivalent to the n-dimensional Laplace equation
∆nF = 0 restricted to the eigenspace of N1 = ±1

2.



Conformal invariance of the Laplacian



We say that a manifold Y is pseudo-Riemannian if it is equipped
with a nondegenerate symmetric covariant 2-tensor

Y 3 y 7→ g(y) = [gij(y)],

called the metric tensor. We say that a transformation α is
isometric if αg = g. We say that a vector field X is Killing if
Xg = 0.



We say that the metric tensor g1 is conformally equivalent to
g if there exists a positive function m ∈ C∞+ (Y) such that

m(y)g(y) = g1(y).

We say that a manifold Y is equipped with a conformal struc-
ture, if it is equipped with an equivalence class of conformally
equivalent metric tensors.
We say that a transformation α is conformal if it preserves

the conformal class. We say that a vector field X is conformal
Killing if

Xg = Mg.



Consider a pseudo-Euclidean vector space (Rn+2, g) of signa-
ture (q + 1, p + 1).

V := {z ∈ Rn+2 : 〈z|z〉 = 0, z 6= 0}.
is the null quadric. Obviously, O(n+ 2) and so(n+ 2) preserve
V .
R× also preserves on V . Let Y := V/R× be the projective

null quadric. We obtain a line bundle

V 7→ Y
with the base Y and the fiber R×.



Let Yi be an open subset of Y and Vi the corresponding open
subset of V . Let

Yi 3 y 7→ γi(y) ∈ Vi
be a section of this bundle. Let gγi be the metric tensor g
restricted to γi(Yi) transported to Yi. Then gγi is a metric
tensor on Yi of signature (q, p).
The metrics gγ1 and gγ2 on Y1∩Y2 are conformally equivalent.
Thus Y is equipped with a conformal structure.



We have representations

so(n + 2) 3 B 7→ B�

O(n + 2) 3 α 7→ α�

in conformal Killing vector fields/conformal transformations on
Y .



Consider a pseudo-Euclidean space (Rn+2, gn+2) of signature
(q+1, p+1), with the square of a vector (y, r−, r+) ∈ Rn+2 =
Rn ⊕ R2 defined as

〈y, r−, r+|y, r−, r+〉n+2 := 〈y|y〉n + 2r+r−.

Thus the pseudo-Euclidean space (Rn, gn) of signature (q, p)
is embedded in the pseudo-Euclidean space (Rn+2, gn+2)
Recall that V , resp. Y are the null quadric, resp. the projective

null quadric in Rn+2. Set

V0 := {(y, r−, r+) ∈ V : r− 6= 0}, Y0 := V0/R×.
Y0 is dense and open in Y .



We have a bijection and a section

Y0 3 R×

 y
1

−〈y|y〉n2

↔ y∈

Rn

7→

 y
1

−〈y|y〉n2

 ∈ V0.

We have thus embedded Rn as a dense open subset of the
manifold Y .



Consider a Euclidean space (Rn+1, gn+1). Let us embed it in
(Rn+2, gn+2), so that for (y, r) ∈ Rn+1 ⊕ R = Rn+2

〈y, r|y, r〉n+2 = 〈y|y〉n+1 − r2.

Clearly, the signature of Rn+2 is (n + 1, n).
We have a bijection and a section

Y 3 R×
[
y
1

]
↔ y∈

Sn

7→
[
y
1

]
∈ V .

Thus Sn can be identified with Y .



Consider now the space Rn+2 of signature (q + 1, p + 1), so
that for (~t, ~x) = (t0, . . . , tq, x0, . . . , xp)

〈~t, ~x|~t, ~x〉 := −t20 − · · · − t
2
q + x2

0 + · · · + x2
p.

We have a double covering and a section

R×(~ρ, ~ω) ∈ Y ↔ (~ρ, ~ω)∈

Sq×Sp

7→ (~ρ, ~ω) ∈ V .

We have thus identified V with Sq×Sp/Z2. Its metric tensor is
minus the standard metric tensor on Sq plus the standard metric
tensor on Sp. Its signature is (q, p).



Let us describe the projective quadric in the lowest dimensions,
where everything is very explicit. We start with dimension n =
1.
Consider R1+2 with the scalar product

〈z|z〉 = z2
0 + 2z−1z1.

We have
Y1 ' S1 ' R ∪ {∞} = P 1R.

The Lie algebra so(3) is spanned by

B0,1, B0,−1, N1.

The Casimir operator is

C3 = 2B0,1B0,−1 −N2
1 + N1

= 2B0,−1B0,1 −N2
1 −N1.



Consider dimension 2. Equip R2+2 with the scalar product

〈z|z〉 = 2z−1z1 + 2z−2z2.

We have
Y2 ' S1 × S1.

The Lie algebra so(4) is spanned by

N1, N2, B1,2, B1,−2, B−1,2, B−1,−2.

Its Casimir operator is

C4 = 2B1,2B−1,−2 + 2B1,−2B−1,2 −N2
1 −N

2
2 − 2N1.



so(4) decomposes into a direct sum of two copies of so(3):
so(4) = so+(3)⊕ so−(3),

where so+(3), resp. so−(3) are spanned by
B1,2, B−1,−2, N1 + N2; resp. B1,−2, B−1,2, N1 −N2.

The corresponding Casimir operators are

C+
3 = 2B1,2B−1,−2 −

1

2
(N1 + N2)2 + N1 + N2

= 2B−1,−2B1,2 −
1

2
(N1 + N2)2 −N1 −N2,

C−3 = 2B1,−2B−1,2 −
1

2
(N1 −N2)2 + N1 −N2

= 2B−1,2B1,−2 −
1

2
(N1 −N2)2 −N1 + N2.

Thus
C4 = C+

3 + C−3 .



Inside the associative algebra of differential operators on R4

we have the identity
C+

3 = C−3
Therefore, represented in the algebra of differential operators

C4 = 4B1,2B−1,−2 − (N1 + N2)2 + 2N1 + 2N2

= 4B−1,−2B1,2 − (N1 + N2)2 − 2N1 − 2N2

= 4B1,−2B−1,2 − (N1 −N2)2 + 2N1 − 2N2

= 4B−1,2B1,−2 − (N1 −N2)2 − 2N1 + 2N2.



Let η ∈ C. We define Λη(V) to be the set of smooth functions
on V homogeneous of degree η, that is satisfying

f (ty) = tηf (y), t 6= 0, y ∈ V .
Clearly, B ∈ so(n+ 2), resp. α ∈ O(n+ 2) preserve Λη(V).

We will denote by B�,η, resp. α�,η the restriction of B, resp.
α to Λη(V). Thus we have representations

so(n + 2) 3 B 7→ B�,η,
O(n + 2) 3 α 7→ α�,η.



Let Y0 ⊂ Y be open and V0 := R×Y0.
Let γ be a section based on Y0. We then have an obvious

map ψγ,η : Λη(V0)→ C∞(Y0):(
ψγ,ηk

)
(y) := k

(
γ(y)

)
, y ∈ Y0.

ψγ,η is bijective and we can introduce its inverse, denoted
φγ,η: (

φγ,ηf
)(
sγ(y)

)
= sηf (y), s ∈ C×, y ∈ Y0.



We can transport so(Rn+2) and O(Rn+2) on Y0:

Bγ,η := ψγ,ηBφγ,η,

αγ,η := ψγ,ηαφγ,η.

We thus obtain representations

so(n + 2) 3 B 7→ Bγ,η,

O(n + 2) 3 α 7→ αγ,η.



The following theorem apparently goes back to Dirac. We
find it curious because it allows in some situations to restrict a
second order differential operator to a submanifold.
Theorem. Let Ω ⊂ Rn+2 be an open conical set. Let
K ∈ C∞(Ω) be homogeneous of degree 1− n

2 such that

K
∣∣∣
V∩Ω

= 0.

Then
∆n+2K

∣∣∣
V∩Ω

= 0.



Let k ∈ Λ1−n2 (V). Let Ω be a conical neighborhood of V ,
K ∈ C∞(Ω) be homogeneous of degree 1− n

2 and

k = K
∣∣∣
V
.

(We can always find such Ω and K). We set

∆�n+2k := ∆n+2K
∣∣∣
V
.

By the previous theorem the above definition does not depend
on the choice of Ω and K and ∆n+2K is homogeneous of
degree −1− n

2 . We have thus defined a map

∆�n+2 : Λ1−n2 (V)→ Λ−1−n2 (V).



Obviously,

B∆n+2 = ∆n+2B, B ∈ so(Rn+2),

α∆n+2 = ∆n+2α, α ∈ O(Rn+2).

Restricting this to Λ1−n2 (V) we obtain

B�,−1−n2 ∆�n+2 = ∆�n+2B
�,1−n2 , B ∈ so(Rn+2),

α�,−1−n2 ∆�n+2 = ∆�n+2α
�,1−n2 , α ∈ O(Rn+2).



In the first proof of Dirac’s Theorem, we use the decompo-
sition Rn+2 = Rn ⊕ R2. We denote the square of a vector,
the Laplacian, the Casimir, resp. the generator of dilations on
Rn+2 by Rn+2, ∆n+2, Cn+2, resp. An+2. Similarly, we de-
note the square of a vector, the Laplacian, the Casimir, resp.
the generator of dilations on Rn by Rn, ∆n, Cn resp. An. We
will also write

Nm+1 := r+∂r+ − r−∂r−.



We have

Rn+2 = Rn + 2r+r−,
∆n+2 = ∆n + 2∂r+∂r−,

An+2 = An + r+∂r+ + r−∂r−.

Using the identities

Rn∆n =
(
An − 1 +

n

2

)2
−
(n

2
− 1
)2

+ Cn,

4r+r−∂r+∂r− = (r+∂r+ + r−∂r−)2 −N2
m+1,

we obtain



Rn∆n+2 = Rn∆n +
(
Rn+2 − 2r+r−

)
2∂r+∂r−

= Cn +
(
An − 1 +

n

2

)2
−
(n

2
− 1
)2

+Rn+22∂r+∂r− − (r+∂r+ + r−∂r−)2 + N2
m+1

= Rn+22∂r+∂r−

+
(
An − 1 +

n

2
− r+∂r+ − r−∂r−

)(
An+2 − 1 +

n

2

)
−
(n

2
− 1
)2

+ Cn + N2
m+1.



All operators in the last line can be restricted to V . The
operator An+2− 1 + n

2 vanishes on functions in Λ1−n2 (Ω). The
operator Rn+22∂r+∂r− is zero when restricted to V .
Corollary

Rn∆�n+2 = −
(n

2
− 1
)2

+ Cn + N2
m+1.



In the second proof of Dirac’s Theorem we use the decompo-
sition Rn+2 = Rn+1 ⊕ R. We denote the square of a vector,
the Laplacian, the Casimir, resp. the generator of dilations on
Rn+1 by Rn+1, ∆n+1, Cn+1, resp. An+1. We have

Rn+1 = Rn + r2,

An+2 = An+1 + r∂r,

∆n+2 = ∆n+1 + ∂2
r .



We use the following identity

Rn+1∆n+2 = Rn+1∆n+1 +
(
Rn+2 − r2)∂2

r

= Cn+1 +
(
An+1 +

n− 1

2

)2
−
(n− 1

2

)2

+Rn+2∂
2
r −

(
r∂r −

1

2

)2
+
(1

2

)2

= Rn+2∂
2
r +

(
An+1 +

n

2
− r∂r

)(
An+2 +

n

2
− 1
)

−
(n

2
− 1
)n

2
+ Cn+1.

Corollary.

Rn+1∆�n+2 = −
(n

2
− 1
)n

2
+ Cn+1.



Below we sum up information about conformal symmetries on
the level of the extended space Rn+2 and the space Rn. We
will use the subscript fl, for flat.
We will use the split coordinates,

〈z|z〉 =
∑
j

z−jzj, z ∈ Rn+2

〈y|y〉 =
∑
j

y−jyj, y ∈ Rn.

As a rule, if an operator does not depend on η, we will omit η.



Cartan algebra of so(n + 2)

Cartan operators of so(Rn), i = 1, . . . ,m:

Ni = −z−i∂z−i + zi∂zi,

Nfl
i = −y−i∂y−i + yi∂yi.

Generator of dilations:

Nm+1 = −z−m−1∂z−m−1 + zm+1∂zm+1,

N
fl,η
m+1 =

∑
i

yi∂yi − η = An − η.



Root operators
Roots of so(Rn), |i| < |j|

Bi,j = z−i∂zj − z−j∂zi,
Bfl
i,j = y−i∂yj − y−j∂yi.

Generators of translations, |j| ≤ n,

Bm+1,j = z−m−1∂zj − z−j∂zm+1,

Bfl
m+1,j = ∂yj.

Generators of special conformal transformations, |j| ≤ n:

B−m−1,j = zm+1∂zj − z−j∂z−m−1,

B
fl,η
−m−1,j = −1

2
〈y|y〉∂yj + y−j

∑
i∈In

yi∂yi − ηy−j.



Weyl symmetries.
We will write K for a function on Rn+2 and f for a function
on Rn.
Reflection:

τ0K(z0, . . . ) = K(−z0, . . . ),

τfl
0 f (y0, . . . ) = f (−y0, . . . ).

Flips, j = 1, . . . ,m:

τjK(. . . , z−j, zj, . . . ) = K(. . . , zj, z−j, . . . ),

τfl
j f (. . . , y−j, yj, . . . ) = f (. . . yj, y−j, . . . ).

Inversion:

τm+1K(. . . , z−m−1, zm+1) = K(. . . , zm+1, z−m−1),

τ
fl,η
m+1f (y) =

(〈y|y〉
2

)η
f
(
− 2y

〈y|y〉

)
.



Permutations, π ∈ Sm:

σπK(. . . , z−j, zj, . . . ) = K(. . . , z−πj, zπj, . . . ),

σfl
πf (. . . , y−j, yj, . . . ) = f (. . . y−πj, yπj, . . . ).



Special conformal transformations, j = 1, . . . ,m:

σ(j,m+1)K(. . . , z−j, zj, . . . , z−m−1, zm+1)

= K(. . . , z−m−1, zm+1, . . . , z−j, zj),

σ
fl,η
(j,m+1)

f (y−1, y1, . . . , y−j, yj, . . . )

= y
η
−jf

(y−1

y−j
,
y1

y−j
, . . . ,

1

y−j
,−〈y|y〉

2y−j
. . .
)
.

Laplacian

∆n+2 =
∑
i

∂zi∂z−i,

∆fl
n+2 =

∑
i

∂yi∂y−i = ∆n.



We have the representations

so(n + 2) 3 B 7→ Bfl,η,

O(n + 2) 3 α 7→ αfl,η

They yield a generalized symmetry:

Bfl,−2−n
2 ∆n = ∆nB

fl,2−n2 , B ∈ so(n + 2),

αfl,−2−n
2 ∆n = ∆nα

fl,2−n2 , α ∈ O(n + 2).



Laplacian in 4 dimensions

and the hypergeometric equation



We consider the extended space R6 with the split coordinates

z−1, z1, z−2, z2, z−3, z3

and the scalar product given by

〈z|z〉 = 2z−1z1 + 2z−2z2 + 2z−3z3.

Lie algebra so(6). Cartan algebra:

N1 = −z−1∂z−1 + z1∂z1,

N2 = −z−2∂z−2 + z2∂z2,

N3 = −z−3∂z−3 + z3∂z3.



Root operators:
B−2,−1 = z2∂z−1 − z1∂z−2,

B2,1 = z−2∂z1 − z−1∂z2,

B2,−1 = z−2∂z−1 − z1∂z2,

B−2,1 = z2∂z1 − z−1∂z−2;

B−3,−2 = z3∂z−2 − z2∂z−3,

B3,2 = z−3∂z2 − z−2∂z3,

B3,−2 = z−3∂z−2 − z2∂z3,

B−3,2 = z3∂z2 − z−2∂z−3;

B−3,−1 = z3∂z−1 − z1∂z−3,

B3,1 = z−3∂z1 − z−1∂z3,

B3,−1 = z−3∂z−1 − z1∂z3,

B−3,1 = z3∂z1 − z−1∂z−3.



Weyl symmetries.

σ123K(z−1, z1, z−2, z2, z−3, z3) =K(z−1, z1, z−2, z2, z−3, z3),

σ−12−3K(z−1, z1, z−2, z2, z−3, z3) =K(z1, z−1, z−2, z2, z3, z−3),

σ1−2−3K(z−1, z1, z−2, z2, z−3, z3) =K(z−1, z1, z2, z−2, z−3, z3),

σ−1−23K(z−1, z1, z−2, z2, z−3, z3) =K(z−1, z1, z−2, z2, z3, z−3);

σ213K(z−1, z1, z−2, z2, z−3, z3) =K(z−2, z2, z−1, z1, z−3, z3),

σ−21−3K(z−1, z1, z−2, z2, z−3, z3) =K(z2, z−2, z−1, z1, z3, z−3),

σ2−1−3K(z−1, z1, z−2, z2, z−3, z3) =K(z−2, z2, z1, z−1, z3, z−3),

σ−2−13K(z−1, z1, z−2, z2, z−3, z3) =K(z2, z−2, z1, z−1, z−3, z3),

σ321K(z−1, z1, z−2, z2, z−3, z3) =K(z−3, z3, z−2, z2, z−1, z1),

σ−32−1K(z−1, z1, z−2, z2, z−3, z3) =K(z3, z−3, z−2, z2, z1, z−1),

σ3−2−1K(z−1, z1, z−2, z2, z−3, z3) =K(z−3, z3, z2, z−2, z1, z−1),

σ−3−21K(z−1, z1, z−2, z2, z−3, z3) =K(z3, z−3, z2, z−2, z−1, z1),



σ312K(z−1, z1, z−2, z2, z−3, z3) =K(z−3, z3, z−1, z1, z−2, z2),

σ−31−2K(z−1, z1, z−2, z2, z−3, z3) =K(z3, z−3, z−1, z1, z2, z−2),

σ3−1−2K(z−1, z1, z−2, z2, z−3, z3) =K(z−3, z3, z1, z−1, z2, z−2),

σ−3−12K(z−1, z1, z−2, z2, z−3, z3) =K(z3, z−3, z1, z−1, z−2, z2),

σ231K(z−1, z1, z−2, z2, z−3, z3) =K(z−2, z2, z−3, z3, z−1, z1),

σ−23−1K(z−1, z1, z−2, z2, z−3, z3) =K(z2, z−2, z−3, z3, z1, z−1),

σ2−3−1K(z−1, z1, z−2, z2, z−3, z3) =K(z−2, z2, z3, z−3, z1, z−1),

σ−2−31K(z−1, z1, z−2, z2, z−3, z3) =K(z2, z−2, z3, z−3, z−1, z1),

σ132K(z−1, z1, z−2, z2, z−3, z3) =K(z−1, z1, z−3, z3, z−2, z2),

σ−13−2K(z−1, z1, z−2, z2, z−3, z3) =K(z1, z−1, z−3, z3, z2, z−2),

σ1−3−2K(z−1, z1, z−2, z2, z−3, z3) =K(z−1, z1, z3, z−3, z2, z−2),

σ−1−32K(z−1, z1, z−2, z2, z−3, z3) =K(z1, z−1, z3, z−3, z−2, z2).



Laplacian.

∆6 = 2∂z−1∂z1 + 2∂z−2∂z2 + 2∂z−3∂z3.

We have

B∆6 = ∆6B, B ∈ so(6),

α∆6 = ∆6α, α ∈ O(6).



Consider the section of the null quadric

V5 := {z ∈ R6 : 2z−1z1+2z−2z2+2z−3z3 = 0}\{(0, 0, 0, 0, 0, 0)}
given by equations

4 = 2 (z−1z1 + z−2z2) = −2z3z−3.

We will call it the spherical section, because it coincides with
S3(4)× S1(−4).



Let us use the coordinates

r =
√

2 (z−1z1 + z−2z2) , w =
z−1z1

z−1z1 + z−2z2

u1 =
z1√

z−1z1 + z−2z2
, u2 =

z2√
z−1z1 + z−2z2

,

p =
√
−2z3z−3 u3 =

√
− z3

z−3
.

The null quadric in these coordinates is given by r2 = p2. We
will restrict ourselves to the sheet r = p. The generator of
dilations is

A6 = r ∂r + p ∂p.

The spherical section is given by the condition r2 = 4.



Lie algebra so(6). Cartan operators:

N
sph
1 = u1 ∂u1 ,

N
sph
2 = u2 ∂u2 ,

N
sph
3 = u3 ∂u3 .

Roots:
Bsph
−2,−1 = u1u2∂w,

Bsph
2,1 =

1

u1u2

(
(1− w)w∂w + (1− w)N sph

1 − wN sph
2

)
,

Bsph
2,−1 =

u1
u2

(
(1− w)∂w −N sph

2

)
,

Bsph
−2,1 =

u2
u1

(
w∂w +N sph

1

)
,



Bsph,η
−3,−2 = u2u3

(
w∂w +

1

2

(
N sph

1 +N sph
2 +N sph

3 − η
))

,

Bsph,η
3,2 =

1

u2u3

(
w(w − 1)∂w +

(w − 1)

2
(N sph

1 +N sph
2 −N sph

3 − η) +N sph
2

)
,

Bsph,η
3,−2 =

u2
u3

(
w∂w +

1

2

(
N sph

1 +N sph
2 −N sph

3 − η
))

,

Bsph,η
−3,2 =

u3
u2

(
w(w − 1)∂w +

(w − 1)

2
(N sph

1 +N sph
2 +N sph

3 − η) +N sph
2

)
,

Bsph,η
−3,−1 = u1u3

(
(w − 1)∂w +

1

2

(
N sph

1 +N sph
2 +N sph

3 − η
))

,

Bsph,η
3,1 =

1

u1u3

(
w(w − 1)∂w +

w

2

(
N sph

1 +N sph
2 −N sph

3 − η
)
−N sph

1

)
,

Bsph,η
3,−1 =

u1
u3

(
(w − 1)∂w +

1

2

(
N sph

1 +N sph
2 −N sph

3 − η
))

,

Bsph,η
−3,1 =

u3
u1

(
w(w − 1)∂w +

w

2

(
N sph

1 +N sph
2 +N sph

3 − η
)
−N sph

1

)
.



Weyl symmetries.
σsph,η123 f(w, u1, u2, u3) = f (w, u1, u2, u3) ,

σsph,η−12−3f(w, u1, u2, u3) = f

(
w,

w

u1
, u2,

1

u3

)
,

σsph,η1−2−3f(w, u1, u2, u3) = f

(
w, u1,

1− w
u2

,
1

u3

)
,

σsph,η−1−23f(w, u1, u2, u3) = f

(
w,

w

u1
,
1− w
u2

, u3

)
;

σsph,η213 f(w, u1, u2, u3) = f (1− w, u2, u1, u3) ,

σsph,η−21−3f(w, u1, u2, u3) = f

(
1− w, 1− w

u2
, u1,

1

u3

)
,

σsph,η2−1−3f(w, u1, u2, u3) = f

(
1− w, u2,

w

u1
,

1

u3

)
,

σsph,η−2−13f(w, u1, u2, u3) = f

(
1− w, 1− w

u2
,
w

u1
, u3

)
;

σsph,η321 f(w, u1, u2, u3) =
(√
−w
)η
f

(
1

w
,
u3√
−w

,
u2√
−w

,
u1√
−w

)
,

σsph,η−32−1f(w, u1, u2, u3) =
(√
−w
)η
f

(
1

w
,

√
−w
wu3

,
u2√
−w

,

√
−w
u1

)
,

σsph,η3−2−1f(w, u1, u2, u3) =
(√
−w
)η
f

(
1

w
,
u3√
−w

,
(w − 1)

√
−w

wu2
,

√
−w
u1

)
,

σsph,η−3−21f(w, u1, u2, u3) =
(√
−w
)η
f

(
1

w
,

√
−w
wu3

,
(w − 1)

√
−w

wu2
,
u1√
−w

)
;



sph,η
312 f(w, u1, u2, u3) =

(√
w − 1

)η
f

(
1

1− w
,

u3√
w − 1

,
u1√
w − 1

,
u2√
w − 1

)
,

σsph,η−31−2f(w, u1, u2, u3) =
(√

w − 1
)η
f

(
1

1− w
,

√
w − 1

(w − 1)u3
,

u1√
w − 1

,

√
w − 1

u2

)
,

σsph,η3−1−2f(w, u1, u2, u3) =
(√

w − 1
)η
f

(
1

1− w
,

u3√
w − 1

,
w
√
w − 1

(w − 1)u1
,

√
w − 1

u2

)
,

σsph,η−3−12f(w, u1, u2, u3) =
(√

w − 1
)η
f

(
1

1− w
,

√
w − 1

(w − 1)u3
,
w
√
w − 1

(w − 1)u1
,

u2√
w − 1

)
;

σsph,η231 f(w, u1, u2, u3) =
(√
−w
)η
f

(
w − 1

w
,
u2√
−w

,
u3√
−w

,
u1√
−w

)
,

σsph,η−23−1f(w, u1, u2, u3) =
(√
−w
)η
f

(
w − 1

w
,
(w − 1)

√
−w

wu2
,
u3√
−w

,

√
−w
u1

)
,

σsph,η2−3−1f(w, u1, u2, u3) =
(√
−w
)η
f

(
w − 1

w
,
u2√
−w

,

√
−w
wu3

,

√
−w
u1

)
,

σsph,η−2−31f(w, u1, u2, u3) =
(√
−w
)η
f

(
w − 1

w
,
(w − 1)

√
−w

wu2
,

√
−w
wu3

,
u1√
−w

)
;

σsph,η132 f(w, u1, u2, u3) =
(√

w − 1
)η
f

(
w

w − 1
,

u1√
w − 1

,
u3√
w − 1

,
u2√
w − 1

)
,

σsph,η−13−2f(w, u1, u2, u3) =
(√

w − 1
)η
f

(
w

w − 1
,
w
√
w − 1

(w − 1)u1
,

u3√
w − 1

,

√
w − 1

u2

)
,

σsph,η1−3−2f(w, u1, u2, u3) =
(√

w − 1
)η
f

(
w

w − 1
,

u1√
w − 1

,

√
w − 1

(1− w)u3
,

√
w − 1

u2

)
,

σsph,η−1−32f(w, u1, u2, u3) =
(√

w − 1
)η
f

(
w

w − 1
,
w
√
w − 1

(w − 1)u1
,

√
w − 1

(1− w)u3
,

u2√
w − 1

)
.



Laplacian:
After the change of coordinates we obtain

∆6 =
1

r2

(
4w(1− w)∂2

w − 4
(
(1 + N1)(w − 1)+(1 + N2)w

)
∂w

− (N1 + N2 + 1)2 + (r∂r)
2 + 2r∂r

)
+

1

p2

(
(N3)2 − (p∂p)

2
)
.

Next we use p2 = r2 and r∂r + p∂p = −1 to obtain

∆�6 =
1

r2

(
4w(1− w)∂2

w − 4
(
(1 + N�1 )(w − 1)+(1 + N�2 )w

)
∂w

− (N�1 + N�2 + 1)2 + (N�3 )2



Finally, we restrict to the spherical section, which amounts to
setting r2 = 4:

∆
sph
6 = w(1−w)∂2

w−
(
(1+N

sph
1 )(w−1)+(1+N

sph
2 )w

)
∂w

− 1

4
(N

sph
1 +N

sph
2 + 1)2 +

1

4
(N

sph
3 )2.

We have the generalized symmetries

Bsph,−3∆
sph
6 = ∆

sph
6 Bsph,−1, B ∈ so(6),

αsph,−3∆
sph
6 = ∆

sph
6 αsph,−1, α ∈ O(6).



Let us make an ansatz

f (u1, u2, u3, w) = uα1u
β
2u

µ
3F (w).

Clearly,

N
sph
1 f = αf, N

sph
2 f = βf, N

sph
3 f = µf.

Therefore, on functions of this form we have

∆
sph
6 uα1u

β
2u

µ
3F (w) = uα1u

β
2u

µ
3Fα,β,µ(w, ∂w)F (w),

where

Fα,β,µ(w, ∂w) :=w(1− w)∂2
w −

(
(1 + α)(w − 1) + (1 + β)w

)
∂w

− 1

4
(α + β + 1)2 +

1

4
µ2

is the well-known 2F1 hypergeometric operator



The root operators of so(6) lead to the following transmutation
relations:

∂zFα,β,µ
= Fα+1,β+1,µ∂z,

(z(1− z)∂z + (1− z)α− zβ)Fα,β,µ
= Fα−1,β−1,µ(z(1− z)∂z + (1− z)α− zβ),

((1− z)∂z − β)Fα,β,µ
= Fα+1,β−1,µ((1− z)∂z − β),

(z∂z + α)Fα,β,µ
= Fα−1,β+1,µ(z∂z + α);



(
z∂z +

1

2
(α + β + µ+ 1)

)
zFα,β,µ

= zFα,β+1,µ+1

(
z∂z +

1

2
(α + β + µ+ 1)

)
,

[1ex]
(
z(1−z)∂z+

1

2
(1−z)(α+β−µ+1)−β

)
zFα,β,µ

= zFα,β−1,µ−1
(
z(1−z)∂z+

1

2
(1−z)(α+β−µ+1)−β

)
,(

z∂z+
1

2
(α+β−µ+1)

)
zFα,β,µ

= zFα,β+1,µ−1

(
z∂z+

1

2
(α+β−µ+1

)
,(

z(z−1)∂z−
1

2
(1−z)(α+β+µ+1)+β

)
zFα,β,µ

= zFα,β−1,µ+1

(
z(z−1)∂z−

1

2
(1−z)(α+β+µ+1)+β

)
;(

(z − 1)∂z +
1

2
(α + β + µ+ 1)

)
(1− z)Fα,β,µ

= (1− z)Fα+1,β,µ+1

(
(z − 1)∂z +

1

2
(α + β + µ+ 1

)
,(

z(1−z)∂z−
1

2
z(α+β−µ+1)+α

)
(1− z)Fα,β,µ

= (1− z)Fα−1,β,µ−1
(
z(1−z)∂z−

1

2
z(α+β−µ+1)+α

)
,(

(z − 1)∂z +
1

2
(α + β − µ+ 1)

)
(1− z)Fα,β,µ

= (1− z)Fα+1,β,µ−1

(
(z − 1)∂z +

1

2
(α + β − µ+ 1)

)
,(

z(z−1)∂z+
1

2
z(α+β+µ+1)− α

)
(1− z)Fα,β,µ

= (1− z)Fα−1,β,µ+1

(
z(z−1)∂z+

1

2
z(α+β+µ+1)−α

)
.



Here are the consequence of the Weyl symmetries:
All the operators below equal Fα,β,µ(w, ∂w) for the corre-

sponding w:
w = z :

Fα,β,µ(z, ∂z),
(−z)−α(z − 1)−β F−α,−β,µ(z, ∂z) (−z)α(z − 1)β

(z − 1)−β Fα,−β,−µ(z, ∂z) (z − 1)β,
(−z)−α F−α,β,−µ(z, ∂z) (−z)α;

w = 1− z :
Fβ,α,µ(z, ∂z),

(z − 1)−α(−z)−β F−β,−α,µ(z, ∂z) (z − 1)α(−z)β,
(z − 1)−α Fβ,−α,−µ(z, ∂z) (z − 1)α,

(−z)−β F−β,α,−µ(z, ∂z) (−z)β;
w = 1

z :

(−z)
1
2 (α+β+µ+1) (−z)Fµ,β,α(z, ∂z) (−z)

1
2 (−α−β−µ−1),

(−z)
1
2 (α+β−µ+1)(z − 1)−β (−z)F−µ,−β,α(z, ∂z) (−z)

1
2 (−α−β+µ−1)(z − 1)β,

(−z)
1
2 (α+β+µ+1)(z − 1)−β (−z)Fµ,−β,−α(z, ∂z) (−z)

1
2 (−α−β−µ−1)(z − 1)β,

(−z)
1
2 (α+β−µ+1) (−z)F−µ,β,−α(z, ∂z) (−z)

1
2 (−α−β+µ−1);



w = z−1
z :

(−z)
1
2 (α+β+µ+1) (−z)Fµ,α,β(z, ∂z) (−z)

1
2 (−α−β−µ−1),

(−z)
1
2 (α+β−µ+1)(z − 1)−α (−z)F−µ,−α,β(z, ∂z) (−z)

1
2 (−α−β+µ−1)(z − 1)α,

(−z)
1
2 (α+β+µ+1)(z − 1)−α (−z)Fµ,−α,−β(z, ∂z) (−z)

1
2 (−α−β−µ−1)(z − 1)α,

(−z)
1
2 (α+β−µ+1) (−z)F−µ,α,−β(z, ∂z) (−z)

1
2 (−α−β+µ−1);

w = 1
1−z :

(z − 1)
1
2 (α+β+µ+1) (z − 1)Fβ,µ,α(z, ∂z) (z − 1)

1
2 (−α−β−µ−1),

(−z)−β(z − 1)
1
2 (α+β−µ+1) (z − 1)F−β,−µ,α(z, ∂z) (−z)β(z − 1)

1
2 (−α−β+µ−1),

(z − 1)
1
2 (α+β−µ+1) (z − 1)Fβ,−µ,−α(z, ∂z) (z − 1)

1
2 (−α−β+µ−1),

(−z)−β(z − 1)
1
2 (α+β+µ+1) (z − 1)F−β,µ,−α(z, ∂z) (−z)β(z − 1)

1
2 (−α−β−µ−1);

w = z
z−1 :

(z − 1)
1
2 (α+β+µ+1) (z − 1)Fα,µ,β(z, ∂z) (z − 1)

1
2 (−α−β−µ−1),

(−z)−α(z − 1)
1
2 (α+β−µ+1) (z − 1)F−α,−µ,β(z, ∂z) (−z)α(z − 1)

1
2 (−α−β+µ−1),

(z − 1)
1
2 (α+β−µ+1) (z − 1)Fα,−µ,−β(z, ∂z) (z − 1)

1
2 (−α−β+µ−1),

(−z)−α(z − 1)
1
2 (α+β+µ+1) (z − 1)F−α,µ,−β(z, ∂z) (−z)α(z − 1)

1
2 (−α−β−µ−1).



The following analysis will lead to factorizations of the hyper-
geometric equation.
In the Lie algebra so(6) represented on R6 we have 3 dis-

tinguished Lie subalgebras isomorphic to so(4): in an obvious
notation,

so12(4), so23(4), so13(4).



The corresponding Casimir operators are
C12 = 4B1,2B−1,−2 − (N1 + N2 + 1)2 + 1

= 4B−1,−2B1,2 − (N1 + N2 − 1)2 + 1

= 4B1,−2B−1,2 − (N1 −N2 + 1)2 + 1

= 4B−1,2B1,−2 − (N1 −N2 − 1)2 + 1;

C23 = 4B2,3B−2,−3 − (N2 + N3 + 1)2 + 1

= 4B−2,−3B2,3 − (N2 + N3 − 1)2 + 1

= 4B2,−3B−2,3 − (N2 −N3 + 1)2 + 1

= 4B−2,3B2,−3 − (N2 −N3 − 1)2 + 1,

C13 = 4B1,3B−1,−3 − (N1 + N3 + 1)2 + 1

= 4B−1,−3B1,3 − (N1 + N3 − 1)2 + 1

= 4B1,−3B−1,3 − (N1 −N3 + 1)2 + 1

= 4B−1,3B1,−3 − (N1 −N3 − 1)2 + 1.



Of course, for any η we can append the superscript �,η to all
the operators above.
After the reduction, we obtain the identities

(2z−1z1 + 2z−2z2)∆�6 = −1 + C�,−1
12 + (N

�,−1
3 )2,

(2z−2z2 + 2z−3z3)∆�6 = −1 + C�,−1
23 + (N

�,−1
1 )2,

(2z−1z1 + 2z−3z3)∆�6 = −1 + C�,−1
13 + (N

�,−1
2 )2.



We obtain
(2z−1z1 + 2z−2z2)∆�6

= 4B1,2B−1,−2 − (N1 + N2 + N3 + 1)(N1 + N2 −N3 + 1)

= 4B−1,−2B1,2 − (N1 + N2 + N3 − 1)(N1 + N2 −N3 − 1)

= 4B1,−2B−1,2 − (N1 −N2 + N3 + 1)(N1 −N2 −N3 + 1)

= 4B−1,2B1,−2 − (N1 −N2 + N3 − 1)(N1 −N2 −N3 − 1);

(2z−2z2 + 2z−3z3)∆�6
= 4B2,3B−2,−3 − (N1 + N2 + N3 + 1)(−N1 + N2 + N3 + 1)

= 4B−2,−3B2,3 − (N1 + N2 + N3 − 1)(−N1 + N2 + N3 − 1)

= 4B2,−3B−2,3 − (N1 + N2 −N3 + 1)(−N1 + N2 −N3 + 1)

= 4B−2,3B2,−3 − (N1 + N2 −N3 − 1)(−N1 + N2 −N3 − 1);

(2z−1z1 + 2z−3z3)∆�6
= 4B1,3B−1,−3 − (N1 + N2 + N3 + 1)(N1 −N2 + N3 + 1)

= 4B−1,−3B1,3 − (N1 + N2 + N3 − 1)(N1 −N2 + N3 − 1)

= 4B1,−3B−1,3 − (N1 + N2 −N3 + 1)(N1 −N2 −N3 + 1)

= 4B−1,3B1,−3 − (N1 + N2 −N3 − 1)(N1 −N2 −N3 − 1),



where all the operators B and N need to be equipped with the
superscript �,−1.
If we use the spherical section, we can rewrite this by making

the replacements

2z−1z1 + 2z−2z2→ 1,

2z−2z2 + 2z−3z3→ −w,
2z−1z1 + 2z−3z3→ w − 1,

as well as replacing the superscript � with sph.



The hypergeometric operator can be factorized in several ways:

Fα,β,µ =
(
z(1− z)∂z +

(
(1 + α)(1− z)− (1 + β)z

))
∂z

−1

4
(α + β + µ+ 1)(α + β − µ+ 1),

= ∂z

(
z(1− z)∂z +

(
α(1− z)− βz

))
−1

4
(α + β + µ− 1)(α + β − µ− 1),

=
(
z∂z + α + 1

)(
(1− z)∂z − β

)
−1

4
(α− β + µ+ 1)(α− β − µ+ 1),

=
(

(1− z)∂z − β − 1
)(
z∂z + α

)
−1

4
(α− β + µ− 1)(α− β − µ− 1);



zFα,β,µ =
(
z∂z +

1

2
(α + β + µ− 1)

)(
z(1− z)∂z +

1

2
(1− z)(α + β − µ+ 1)− β

)
−1

4
(α + β + µ− 1)(α− β − µ+ 1),

=
(
z(1− z)∂z +

1

2
(1− z)(α + β − µ+ 1)− β − 1

)(
z∂z +

1

2
(α + β + µ+ 1)

)
−1

4
(α + β + µ+ 1)(α− β − µ− 1),

=
(
z∂z +

1

2
(α + β − µ− 1)

)(
z(1− z)∂z +

1

2
(1− z)(α + β + µ+ 1)− β

)
−1

4
(α + β − µ− 1)(α− β + µ+ 1),

=
(
z(1− z)∂z +

1

2
(1− z)(α + β + µ+ 1)− β − 1

)(
z∂z +

1

2
(α + β − µ+ 1)

)
−1

4
(α + β − µ+ 1)(α− β + µ− 1);



(z − 1)Fα,β,µ =
(
z(z − 1)∂z +

1

2
z(α + β − µ+ 1)− α− 1

)(
(z − 1)∂z +

1

2
(α + β + µ+ 1)

)
−1

4
(α + β + µ+ 1)(α− β + µ+ 1),

=
(

(z − 1)∂z +
1

2
(α + β + µ− 1)

)(
z(z − 1)∂z +

1

2
z(α + β − µ+ 1)− α

)
−1

4
(α + β + µ− 1)(α− β + µ− 1),

=
(
z(z − 1)∂z +

1

2
z(α + β + µ+ 1)− α− 1

)(
(z − 1)∂z +

1

2
(α + β − µ+ 1)

)
−1

4
(α + β − µ+ 1)(α− β − µ+ 1),

=
(

(z − 1)∂z +
1

2
(α + β − µ− 1)

)(
z(z − 1)∂z +

1

2
z(α + β + µ+ 1)− α

)
−1

4
(α + β − µ− 1)(α− β − µ− 1).



Traditionally, the hypergeometric equation is given by the op-
erator

F(a, b; c; z, ∂z) := z(1− z)∂2
z +

(
c− (a + b + 1)z

)
∂z − ab,

where a, b, c ∈ C.
Here is the relationship between the classical parameters a, b, c

and α, β, µ ∈ C, which we will call Lie-algebraic:
α := c− 1, β := a + b− c, µ := a− b;

a = 1+α+β+µ
2 , b = 1+α+β−µ

2 , c = 1 + α.



0 is a regular singular point of the hypergeometric equation. Its
indices are 0 and 1− c. The Frobenius method implies that, for
c 6= 0,−1,−2, . . . , the unique solution of the hypergeometric
equation equal to 1 at 0 is given by the series

F (a, b; c; z) =

∞∑
j=0

(a)j(b)j
(c)j

zj

j!
,

convergent for |z| < 1. The function extends to the whole
complex plane cut at [1,∞[ and is called the hypergeometric
function.



Sometimes it is more convenient to consider the function

F(a, b; c; z) :=
F (a, b, c, z)

Γ(c)
=

∞∑
j=0

(a)j(b)j
Γ(c + j)

zj

j!

defined for all a, b, c ∈ C. Another useful function proportional
to 2F1 is

FI(a, b; c; z) :=
Γ(a)Γ(c− a)

Γ(c)
F (a, b; c; z)

=

∞∑
j=0

Γ(a + j)Γ(c− a)(b)j
Γ(c + j)

zj

j!
.



We will often use the Lie-algebraic parameters instead of the
classical parameters:

Fα,β,µ(z) = F
(1 + α + β + µ

2
,
1 + α + β − µ

2
; 1 + α; z

)
,

Fα,β,µ(z) = F
(1 + α + β + µ

2
,
1 + α + β − µ

2
; 1 + α; z

)
=

1

Γ(α + 1)
Fα,β,µ(z),

FI
α,β,µ(z) = FI

(1 + α + β + µ

2
,
1 + α + β − µ

2
; 1 + α; z

)
=

Γ
(1+α+β+µ

2

)
Γ
(1+α−β−µ

2

)
Γ(α + 1)

Fα,β,µ(z).



Kummer’s table of standard solutions:

Solution ∼ 1 at 0: Fα,β,µ(z)

=(1− z)−βFα,−β,−µ(z)

=(1− z)
−1−α−β+µ

2 Fα,−µ,−β(
z

z − 1
)

=(1− z)
−1−α−β−µ

2 Fα,µ,β(
z

z − 1
);

Solution ∼ z−α at 0: z−αF−α,β,−µ(z)

=z−α(1− z)−βF−α,−β,µ(z)

=z−α(1− z)
−1+α−β+µ

2 F−α,−µ,β(
z

z − 1
)

=z−α(1− z)
−1+α−β−µ

2 F−α,µ,−β(
z

z − 1
);



Solution ∼ 1 at 1: Fβ,α,µ(1− z)

=z−αFβ,−α,−µ(1− z)

=z
−1−α−β+µ

2 Fβ,−µ,−α(1− z−1)

=z
−1−α−β−µ

2 Fβ,µ,α(1− z−1);
Solution ∼ (1− z)−β at 1: (1− z)−βF−β,α,−µ(1− z)

=z−α(1− z)−βF−β,−α,µ(1− z)

=z
−1−α+β−µ

2 (1− z)−βF−β,µ,−α(1− z−1)

=z
−1−α+β+µ

2 (1− z)−βF−β,−µ,α(1− z−1);

Solution ∼ z−a at ∞: (−z)
−1−α−β−µ

2 Fµ,β,α(z−1)

=(−z)
−1−α+β−µ

2 (1− z)−βFµ,−β,−α(z−1)

=(1− z)
−1−α−β−µ

2 Fµ,α,β((1− z)−1)

=(−z)−α(1− z)
−1+α−β−µ

2 Fµ,−α,−β((1− z)−1);

Solution ∼ z−b at ∞: (−z)
−1−α−β+µ

2 F−µ,β,−α(z−1)

=(−z)
−1−α+β+µ

2 (1− z)−βF−µ,−β,α(z−1)

=(1− z)
−1−α−β+µ

2 F−µ,α,−β((1− z)−1)

=(−z)−α(1− z)
−1+α−β+µ

2 F−µ,−α,β((1− z)−1).



The recurrence relations follow easily from factorizations, or the integral representation.

∂zF
I

α,β,µ(z) =
1+α+β+µ

2
FI

α+1,β+1,µ(z),

(z(1−z)∂z+α(1−z)−βz)FI

α,β,µ(z) =
−1+α+β−µ

2
FI

α−1,β−1,µ(z),

((1− z)∂z − β)FI

α,β,µ(z) =
1+α−β−µ

2
FI

α+1,β−1,µ(z),

(z∂z + α)FI

α,β,µ(z) =
−1+α−β+µ

2
FI

α−1,β+1,µ(z),



(
z∂z +

1 + α + β + µ

2

)
FI

α,β,µ(z) =
1 + α + β + µ

2
FI

α,β+1,µ+1(z),

(
z(z−1)∂z+β+

1+α+β−µ
2

(z−1)

)
FI

α,β,µ(z) =
−1− α + β + µ

2
FI

α,β−1,µ−1(z),(
z∂z +

1 + α + β − µ
2

)
FI

α,β,µ(z) =
−1 + α−β+µ

2
FI

α,β+1,µ−1(z),

(
z(z−1)∂z+β+

1+α+β+µ

2
(z−1)

)
FI

α,β,µ(z) =
1− α− β + µ

2
FI

α,β−1,µ+1(z),

(
(z − 1)∂z +

1 + α + β + µ

2

)
FI

α,β,µ(z) =
1+α+β+µ

2
FI

α+1,β,µ+1(z),

(
z(z − 1)∂z−α+

1+α+β−µ
2

z

)
FI

α,β,µ(z) =
1−α+β−µ

2
FI

α−1,β,µ−1(z),(
(z − 1)∂z +

1 + α + β − µ
2

)
FI

α,β,µ(z) =
1+α−β−µ

2
FI

α+1,β,µ−1(z),

(
z(z − 1)∂z−α+

1+α+β+µ

2
z

)
FI

α,β,µ(z) =
1−α−β+µ

2
FI

α−1,β,µ+1(z).



Clearly, the following function is harmonic

K := zα1 z
β
2 z

µ
3 ,

and solves

N1K = αK, N2K = βK, N3K = µK.

However, in order to do the reduction we need

α + β + µ = −1,

which is two restrictive.
The following function is also harmonic:

K := (z1 − τ−1z−2)α(z2 + τ−1z−1)βz
µ
3 .

However it solves only

N3K = µK,

and is not an eigenvector of N1 or N2.



Let the contour ]0, 1[3 s 7→ τ (s) satisfy

(z1 − τ−1z−2)α+ν(z2 + τ−1z−1)α2+ντν
∣∣∣τ (1)

τ (0)
= 0,

(z1 − τ−1z−2)α+ν(z2 + τ−1z−1)α2+ντν−1
∣∣∣τ (1)

τ (0)
= 0.

Set

Kα,α2,α3,ν(z−1, z1, z−2, z2, z−3, z3)

=

∫
γ
(z1 − τ−1z−2)α+ν(z2 + τ−1z−1)β+νz

µ
3 τ

ν−1 dτ

2πi
.



Then we have

∆6Kα,β,µ,ν = 0,

N1Kα,β,µ,ν = αKα,β,µ,ν,

N2Kα,β,µ,ν = βKα,β,µ,ν,

N3Kα,β,µ,ν = µKα,β,µ,ν,

B−12Kα,β,µ,ν = (β + ν)Kα+1,β−1,µ,ν,

B1−2Kα,β,µ,ν = −(α + ν)Kα−1,β+1,µ,ν,

B12Kα,β,µ,ν = (ν − 1)Kα−1,β−1,µ,ν+1,

B−1−2Kα,β,µ,ν = −(α + β + ν + 1)Kα+1,β+1,µ,ν−1,

B1−3Kα,β,µ,ν = −(α + ν)Kα−1,β,µ+1,ν,

B−1−3Kα,β,µ,ν = −(β + ν)Kα+1,β,µ+1,,ν−1.



To see that K is an eigenvector of N1 and N2, we write

Kα,β,µ,ν(z)

=

∫
γ
(τz1 − z−2)α+ν(z2 + τ−1z−1)β+ντ−α−1 dτ

2πi

=

∫
γ
(z1 − τ−1z−2)α+ν(τz2 + z−1)β+ντ−β−1 dτ

2πi
,



If in addition
ν =
−α− β − µ− 1

2
,

thenK is homogeneous of degree−1, so that the Laplacian can
be reduced to 4 dimensions. Let us substitute the coordinates
w, r, p, u1, u2, u3, and then set τ = t−w

u1u2

K(u1, u2, u3, r, p, w) = 2−
µ
2+1

2uα1u
β
2u

µ
3r
−µ−1pµF (w),

where F (w) =

∫
γ
(t− 1)

α−β−µ−1
2 t

−α+β−µ−1
2 (t− w)

−α−β+µ−1
2 dt.

Therefore, the function F satisfies the hypergeometric equation

Fα,β,µF = 0.



Of course, we can prove that representation without going to
extra dimensions:
Theorem. Let [0, 1] 3 t 7→ γ(t) satisfy

tb−c+1(1− t)c−a(t− z)−b−1
∣∣∣γ(1)

γ(0)
= 0.

Then

F(a, b; c; z, ∂z)

∫
γ
tb−c(1− t)c−a−1(t− z)−bdt = 0.

Proof. We check that for any contour γ the abbove expression
is

−b
∫
γ

(
∂tt

b−c+1(1− t)c−a(t− z)−b−1
)

dt.

2



The hypergeometric function with the type I normalization has
the integral representation∫ ∞

1
tb−c(t− 1)c−a−1(t− z)−bdt

= FI(a, b; c; z), Re(c− a) > 0, Rea > 0, z 6∈ [1,∞[.

Indeed, the left hand side is annihilated by the hypergeometric
operator. Besides, by Euler’s identity it equals Γ(a)Γ(c−a)

Γ(c)
at 0.

So does the right hand side. Then we apply the uniqueness of
the solution by the Frobenius method.



The integrand has four singularities: {0, 1,∞, z}. It is natu-
ral to chose γ as the interval joining a pair of singularities. This
choice leads to 6 standard solutions with the I-type normaliza-
tion.

Solution ∼ 1 at 0: [1,∞];

Solution ∼ z−α at 0: [0, z];

Solution ∼ 1 at 1: [0,∞];

Solution ∼ (1− z)−β at 1: [1, z];

Solution ∼ z−a at ∞: [z,∞];

Solution ∼ z−b at ∞: [0, 1].



Laplacian in 3 dimensions

and the Gegenbauer equation



We consider R5 with the coordinates

z0, z−2, z2, z−3, z3

and the scalar product given by

〈z|z〉 = z2
0 + 2z−2z2 + 2z−3z3.

Note that we omit the indices −1, 1; this makes it easier to
compare R5 with R6.
Lie algebra so(5). Cartan algebra:

N2 = −z−2∂z−2 + z2∂z2,

N3 = −z−3∂z−3 + z3∂z3.



Root operators:

B0,−2 = z0∂z−2 − z2∂z0,

B0,2 = z0∂z2 − z−2∂z0,

B0,−3 = z0∂z−3 − z3∂z0,

B0,3 = z0∂z3 − z−3∂z0;

B−3,−2 = z3∂z−2 − z2∂z−3,

B3,2 = z−3∂z2 − z−2∂z3,

B3,−2 = z−3∂z−2 − z2∂z3,

B−3,2 = z3∂z2 − z−2∂z−3;



Weyl symmetries.

σ23K(z0, z−2, z2, z−3, z3) =K(z0, z−2, z2, z3, z−3),

τ2−3K(z0, z−2, z2, z−3, z3) =K(−z0, z−2, z2, z3, z−3),

σ−2−3K(z0, z−2, z2, z−3, z3) =K(z0, z2, z−2, z−3, z3),

τ−23K(z0, z−2, z2, z−3, z3) =K(−z0, z2, z−2, z3, z−3),

σ32K(z0, z−2, z2, z−3, z3) =K(z0, z−3, z3, z2, z−2),

τ3−2K(z0, z−2, z2, z−3, z3) =K(−z0, z−3, z3, z2, z−2),

σ−3−2K(z0, z−2, z2, z−3, z3) =K(z0, z3, z−3, z−2, z2),

τ−32K(z0, z−2, z2, z−3, z3) =K(−z0, z3, z−3, z2, z−2)



Laplacian:

∆5 = ∂2
z0

+ 2∂z−2∂z2 + 2∂z−3∂z3.

It satisfies

B∆5 = ∆5B, B ∈ so(5);

α∆5 = ∆5α, α ∈ O(5).



We consider the section of the quadric

V4 := {z ∈ R5 : z2
0 + 2z−2z2 + 2z−3z3 = 0}

given by equations

1 = z2
0 + 2z−2z2 = −2z3z−3.

We will call it the spherical section, because it is S2(1) ×
S1(−1). The superscript used for this section will be “sph”
for spherical.
Introduce the following coordinates in R5:

r =
√
z2

0 + 2z−2z2 , p =
√
−2z3z−3 ,

w =
z0√

2z−2z2 + z2
0

, u2 =

√
2z2√

z2
0 + 2z−2z2

u3 =

√
−z−3

z3
.



Similarly as in the previous section, the null quadric in these
coordinates is given by r2 = p2. We choose the sheet r = p.
The generator of dilations is

A5 = r ∂r + p ∂p.

The spherical section is given by the condition r2 = 1.
Lie algebra so(5). Cartan operators:

N
sph
2 = u2 ∂u2 ,

N
sph
3 = u3 ∂u3 .



Roots:
Bsph

0,−2 = − u2√
2
∂w,

Bsph
0,2 =

1√
2u2

(
(w2 − 1)∂w + 2wu2∂u2

)
,

Bsph,η
0,−3 =

u3√
2

(
(w2 − 1)∂w + wu2∂u2 + wu3∂u3 − wη

)
,

Bsph,η
0,−3 =

1√
2u3

(
(1− w2)∂w − wu2∂u2 + wu3∂u3 + wη

)
,

Bsph,η
−3,−2 =

u2u3
2

(−w∂w − u2∂u2 − u3∂u3 − η) ,

Bsph,η
3,2 =

1

2u2u3

(
w(1− w2)∂w − (1 + w2)u2∂u2 + (w2 − 1)u3∂u3 + (w2 − 1)η

)
,

Bsph,η
3,−2 =

u2
2u3

(w∂w + u2∂u2 − u3∂u3 − η) ,

Bsph,η
−3,2 =

u3
2u2

(
w(w2 − 1)∂w + (1 + w2)u2∂u2 + (w2 − 1)u3∂u3 + (1− w2)η

)
.



The Laplacian

∆
sph
5 = (1−w2)∂w−2(1+u2∂u2)w∂w−

(
u2∂u2+

1

2

)2
+(u3∂u3)2.

It satisfies

Bsph,−3∆
sph
5 = ∆

sph
5 Bsph,−1, B ∈ so(5);

αsph,−3∆
sph
5 = ∆

sph
5 αsph,−1, α ∈ O(5).



Let us change the variables in the Laplacian:

∆5 =
1

r2

(
(1− w2)∂2

w − 2(1 + u2∂u2)w∂w

− (u2∂u2)2 − u2∂u2 + (r∂r)
2 + r∂r

)
+

1

p2

(
− (p∂p)

2 + (u3∂u3)2
)
.

Using r2 = p2, r∂r + p∂p = −1
2 we obtain

∆�5 =
1

r2

(
(1−w2)2∂2

w−2(1+u2∂u2)w∂w−
(
u2∂u2+

1

2

)2
+(u3∂u3)2

)
.

To obtain the Laplacian at the spherical section we drop 1
r2.



Let us make an ansatz

f (u2, u3, w) = uα2u
λ
3F (w).

Clearly,

N
sph
2 f = αf,

N
sph
3 f = λf.

Therefore, on functions of this form, we have

∆
sph
5 uα2u

λ
3F (w) = uα2u

λ
3Sα,λ(w, ∂w)F (w),

where

Sα,λ(z, ∂z) := (1− z2)∂2
z − 2(1 + α)z∂z + λ2 −

(
α +

1

2

)2
.

Here is another parametrization of the Gegenbauer operator,
which we call classical:

S(a, b; z, ∂z) := (1− z2)∂2
z − (a + b + 1)z∂z − ab.



Here is the relationship between the traditional and Lie-algebraic
parameters:

α := a+b−1
2 , λ := b−a

2 ,

a = 1
2 + α− λ, b = 1

2 + α + λ.



The Gegenbauer equation is equivalent to certain subclasses
of the hypergeometric equation by a number of different substi-
tutions.
Therefore, we can reduce the Gegenbauer equation to the

hypergeometric equation by two affine transformations. They
move the singular points from −1, 1 to 0, 1 or 1, 0:

S(a, b; z, ∂z) = F(a, b; a+b+1
2 ;u, ∂u),

where
u = 1−z

2 , z = 1− 2u,

or u = 1+z
2 , z = −1 + 2u.

In the Lie-algebraic parameters

Sα,λ(z, ∂z) = Fα,α,2λ(u, ∂u).



Another pair of substitutions is a consequence of the reflection
invariance of the Gegenbauer equation:

S(a, b; z, ∂z) = 4F(a2,
b
2; 1

2;w, ∂w),

z−1S(a, b; z, ∂z)z = 4F(a+1
2 , b+1

2 ; 3
2;w, ∂w),

where
w = z2, z =

√
w.

In the Lie-algebraic parameters

Sα,λ(z, ∂z) = F−1
2,α,λ

(w, ∂w), (0.7)

z−1Sα,λ(z, ∂z)z = F1
2,α,λ

(w, ∂w). (0.8)



Transmutation relations
∂z Sα,λ

= Sα+1,λ ∂z,

((1− z2)∂z − 2αz) Sα,λ
= Sα−1,λ ((1− z2)∂z − 2αz),

((1− z2)∂z − (α + λ+ 1
2)z) (1− z2)Sα,λ

= (1− z2)Sα,λ+1 ((1− z2)∂z − (α + λ+ 1
2)z),

((1− z2)∂z − (α− λ+ 1
2)z) (1− z2)Sα,λ

= (1− z2)Sα,λ−1 ((1− z2)∂z − (α− λ+ 1
2)z);

(z∂z + α− λ+ 1
2) z2Sα,λ

= z2Sα+1,λ−1 (z∂z + α− λ+ 1
2),

(z(1−z2)∂z−α+λ+1
2−(α+λ+1

2)z2) z2Sα,λ
= z2Sα−1,λ+1 (z(1−z2)∂z−α+λ+1

2−(α+λ+1
2)z2),

(z∂z + α + λ+ 1
2) z2Sα,λ

= z2Sα+1,λ+1 (z∂z + α + λ+ 1
2),

(z(1−z2)∂z−α−λ+1
2−(α−λ+1

2)z2) z2Sα,λ
= z2Sα−1,λ−1 (z(1−z2)∂z−α−λ+1

2−(α−λ+1
2)z2).



Discrete symmetries
The operators below equal Sα,λ(w, ∂w) for an appropriate w:

w = ±z :
Sα,±λ,

w = ±z :

(z2 − 1)−α S−α,±λ (z2 − 1)α,

w = ±z
(z2−1)

1
2

:

(z2 − 1)
1
2(α+λ+5

2) Sλ,±α (z2 − 1)
1
2(−α−λ−1

2),

w = ±z
(z2−1)

1
2

:

(z2 − 1)
1
2(α−λ+5

2) S−λ,±α (z2 − 1)
1
2(−α+λ−1

2).



Let us now discuss factorizations on the level of the Laplacian.
In the Lie algebra so(5) with the coordinates z0, z−2, z2, z−3, z3
we have 3 distinguished Lie subalgebras: two isomorphic to so(3)
and one isomorphic to so(4). In an obvious notation,

so02(3), so03(3), so23(4).



The corresponding Casimir operators are

C02 = 2B0,−2B0,2 −
(
N2 +

1

2

)2
+

1

4

= 2B0,2B0,−2 −
(
N2 −

1

2

)2
+

1

4
;

C03 = 2B0,−3B0,3 −
(
N3 +

1

2

)2
+

1

4

= 2B0,3B0,−3 −
(
N3 −

1

2

)2
+

1

4
C23 = 4B2,3B−2,−3 − (N2 + N3 + 1)2 + 1

= 4B−2,−3B2,3 − (N2 + N3 − 1)2 + 1

= 4B2,−3B−2,3 − (N2 −N3 + 1)2 + 1

= 4B−2,3B2,−3 − (N2 −N3 − 1)2 + 1.



After the reduction, we obtain the identities

(z2
0 + 2z−2z2)∆�5 = −1

4
+ C�,−

1
2

02 + (N
�,−1

2
3 )2,

(z2
0 + 2z−3z3)∆�5 = −1

4
+ C�,−

1
2

03 + (N
�,−1

2
2 )2,

(2z−2z2 + 2z−3z3)∆�5 = −3

4
+ C�,−

1
2

23 .



We obtain
(z20 + 2z−2z2)∆

�
5 = 2B0,−2B0,2 −

(
N2 +N3 +

1

2

)(
N2 −N3 +

1

2

)
= 2B0,2B0,−2 −

(
N2 +N3 −

1

2

)(
N2 −N3 −

1

2

)
,

(z20 + 2z−3z3)∆
�
5 = 2B0,−3B0,3 −

(
N2 +N3 +

1

2

)(
−N2 +N3 +

1

2

)
= 2B0,3B0,−3 −

(
N2 +N3 −

1

2

)(
−N2 +N3 −

1

2

)
,

(2z−2z2 + 2z−3z3)∆
�
5 = 4B2,3B−2,−3 −

(
N2 +N3 +

3

2

)(
N2 +N3 +

1

2

)
= 4B−2,−3B2,3 −

(
N2 +N3 −

3

2

)(
N2 +N3 −

1

2

)
= 4B2,−3B−2,3 −

(
N2 −N3 +

3

2

)(
N2 −N3 +

1

2

)
= 4B−2,3B2,−3 −

(
N2 −N3 −

3

2

)(
N2 −N3 −

1

2

)
,

where all the B and N operators need to have the superscript
�,−1

2.



If we use the spherical section, we need to make the replace-
ments

z2
0 + 2z−2z2 → 1

z2
0 + 2z−3z3 → w2 − 1,

2z−2z2 + 2z−3z3 → −w2,

and to replace the superscript � with sph.



This leads to factorizations of the Gegenbauer operator:
Sα,λ =

(
(1− z2)∂z − 2(1 + α)z

)
∂z

+
(
α + λ+

1

2

)(
− α + λ− 1

2

)
= ∂z

(
(1− z2)∂z − 2αz

)
+
(
α + λ− 1

2

)(
− α + λ+

1

2

)
,

(1− z2)Sα,λ =
(

(1− z2)∂z +
(
α− λ+

3

2

)
z
)(

(1− z2)∂z +
(
α + λ+

1

2

)
z
)

−
(
α + λ+

1

2

)(
α− λ+

3

2

)
=
(

(1− z2)∂z +
(
α + λ+

3

2

)
z
)(

(1− z2)∂z +
(
α− λ+

1

2

)
z
)

−
(
α− λ+

1

2

)(
α + λ+

3

2

)
;



z2Sα,λ =
(
z(1− z2)∂z − α− λ−

3

2
+
(
− α + λ− 1

2

)
z2
)(
z∂z + α + λ+

1

2

)
+
(
α + λ+

1

2

)(
α + λ+

3

2

)
=
(
z∂z + α + λ− 3

2

)(
z(1− z2)∂z − α− λ+

1

2
+
(
− α + λ− 1

2

)
z2
)

+
(
α + λ− 1

2

)(
α + λ− 3

2

)
=
(
z(1− z2)∂z − α + λ− 3

2
+
(
− α− λ− 1

2

)
z2
)(
z∂z + α− λ+

1

2

)
+
(
α− λ+

1

2

)(
α− λ+

3

2

)
=
(
z∂z + α− λ− 3

2

)(
z(1− z2)∂z − α + λ+

1

2
+
(
− α− λ− 1

2

)
z2
)

+
(
α− λ− 1

2

)(
α− λ− 3

2

)
.



As usual, by standard solutions we mean solutions with a sim-
ple behavior around singular points. The singular points of the
Gegenbauer equation are at {1,−1,∞}. The discussion of the
point −1 can be easily reduced to that of 1. Therefore, it is
enough to discuss 2× 2 solutions corresponding to two indices
at 1 and ∞.
All of the standard solutions can be expressed in terms of the

function

Sα,λ(z) = S(a, b; z) := F
(
a, b;

a + b + 1

2
;
1− z

2

)
= F

(a
2
,
b

2
;
a + b + 1

2
; 1− z2

)
.

On the next slide we give the 4 standard solutions. We consis-
tently use the Lie-algebraic parameters.



Solution ∼ 1 at 1: Sα,λ(z) : =Fα,α,2λ

(1− z
2

)
=Fα,− 1

2 ,λ
(1− z2),

Solution ∼ 1

2α(1− z)α
at 1:

1

2α(1− z2)α
S−α,−λ(z) =2−α(1− z)−αF−α,α,−2λ

(1− z
2

)
=(1− z2)−αF−α,− 1

2 ,−λ
(1− z2)

Solution ∼ z−a at ∞: (z2 − 1)
−1−2α+2λ

4 S−λ,−α

( z√
z2 − 1

)
=(1 + z)−

1
2−α+λF−2λ,α,−α

( 2

1 + z

)
=z−

1
2−α+λF−λ,α, 12 (z

−2),

Solution ∼ z−b at ∞: (z2 − 1)
−1−2α−2λ

4 Sλ,α

( z√
z2 − 1

)
=(1 + z)−

1
2−α−λF2λ,α,α

( 2

1 + z

)
=z−

1
2−α−λFλ,α, 12 (z

−2).



Sometimes it is convenient to use the following normalization:

Sα,λ(z) :=
1

Γ(α + 1)
Sα,λ(z)

=
1

Γ(a+b+1
2 )

F
(
a, b;

a + b + 1

2
;
1− z

2

)
= Fα,α,2λ

(1− z
2

)
.

It will be used in the recurrence relations, which we give on the
next slide.



∂zSα,λ(z) = −1

2

(1

2
+ α− λ

)(1

2
+ α + λ

)
Sα+1,λ(z),(

(1− z2)∂z − 2αz
)
Sα,λ(z) = −2Sα−1,λ(z),(

(1− z2)∂z −
(1

2
+ α + λ

)
z

)
Sα,λ(z) = −

(1

2
+ α + λ

)
Sα,λ+1(z),(

(1− z2)∂z −
(1

2
+ α− λ

)
z

)
Sα,λ(z) = −

(1

2
+ α− λ

)
Sα,λ−1(z),

(
z∂z +

1

2
+ α− λ

)
Sα,λ(z) =

1

2

(1

2
+ α− λ

)(3

2
+ α− λ

)
Sα+1,λ−1(z),(

z(1−z2)∂z+
(1

2
−α+λ

)
(1−z2)−2αz2

)
Sα,λ(z) = −2Sα−1,λ+1(z),

(
z∂z +

1

2
+ α + λ

)
Sα,λ(z) =

1

2

(1

2
+ α + λ

)(3

2
+ α + λ

)
Sα+1,λ+1(z),(

z(1−z2)∂z+
(1

2
−α−λ

)
(1−z2)−2αz2

)
Sα,λ(z) = −2Sα−1,λ−1(z).



The function

Gα,µ(z0, z−2, z2, z−3, z3)

:=

∫
zα2
(√

2z0 − τ−1z−3 + τz3
)−α−1

2τ−µ−1dτ

satisfies

∆5Gα,µ = 0,

N2Gα,µ = αGα,µ,

N3Gα,µ = µGα,µ,

and is homogeneous of degree −1
2. Therefore, its conformal

reduction satisfies the Gegenbauer equation.



Let us express it in the coordinates w, r, p, u2, u3

Gα,µ(w, r, p, u2, u3)

=(
√

2)α+1
2uα2u

µ
3r
−1

2

∫ (
2wσ + (1 + σ2)

p

r

)−α−1
2
σα−µ−

1
2dσ.

We have two kinds of interal representations of the Gegenbauer
equation, described in the next slide. a) is the approach to in-
tegral representations inherited from the hypergeometric equa-
tion. b) is the approach suggested by the above wave packet in
5 dimensions.



a) Let [0, 1] 3 t 7→ γ(t) satisfy

(t2 − 1)
b−a+1

2 (t− z)−b−1
∣∣∣γ(1)

γ(0)
= 0.

Then

S(a, b; z, ∂z)

∫
γ
(t2 − 1)

b−a−1
2 (t− z)−bdt = 0.

b) Let [0, 1] 3 t 7→ γ(t) satisfy

(t2 + 2tz + 1)
−b−a

2 +1tb−2
∣∣∣γ(1)

γ(0)
= 0.

Then

S(a, b; z, ∂z)

∫
γ
(t2 + 2tz + 1)

−b−a
2 tb−1dt = 0.



The Schrödinger Lie algebra

and Symmetries of the Heat Equation



We consider again the spaceRn+2 with the split scalar product
given by

〈z|z〉 =
∑
i

z−izi, z ∈ Rn+2,

and the Laplacian

∆n+2 =
∑
i

∂z−i∂zi.

A special role will be played by the operator

Bm+1,m = z−m−1∂zm − z−m∂zm+1 ∈ so(n + 2).

We define the Schrödinger Lie algebra

sch(n− 2) := {B ∈ so(n + 2) : [B,Bm+1,m] = 0}.
We also have the Schrödinger group

Sch(n− 2) := {α ∈ O(n + 2) : αBm+1,m = Bm+1,mα}.



Recall that

Nm = −z−m∂z−m + zm∂zm,

Nm+1 = −z−m−1∂z−m−1 + zm+1∂zm+1.

Define
M := −Nm + Nm+1.

Note that M belongs to sch(n− 2) and commutes with
so(n− 2), which is naturally embedded in sch(n− 2).



sch(n− 2) is spanned by the following operators:
(1)Bm+1,m, which spans the center of sch(n− 2).
(2)Bm,j, Bm+1,j, j = 1, . . . ,m−1, which have the follow-

ing nonzero commutator:

[Bm,j, Bm+1,−j] = Bm+1,m.

(3)Bm+1,−m, B−m−1,m,M , which have the usual commu-
tation relations of sl(2) ' so(3):

[Bm+1,−m, B−m−1,m] = M,

[M,Bm+1,−m] = −Bm+1,m,

[M,B−m−1,m] = B−m−1,m.

(4)Bi,j, |i| < |j| ≤ m− 1, Ni, i = 1, . . . ,m− 1, with the
usual commutation relations of so(n− 2).



The span of (2) can be identified with Rn−2 ⊕ Rn−2 '
R2⊗Rn−2, which has a natural structure of a symplectic space.
The span of (1) and (2) is the central extension of the abelian
algebra R2 ⊗ Rn−2. Such a Lie algebra is usually called the
Heisenberg Lie algebra over R2 ⊗ Rn−2 and can be denoted
by

heis(2(n− 2)) = R o (R2 ⊗ Rn−2).

sl(2) acts in the obvious way on R2 and so(n − 2) acts on
Rn−2. Thus sl(2)⊕ so(n− 2) acts on R2 ⊗ Rn−2. Thus

sch(n− 2) ' Ro(R2 ⊗ Rn−2) o (sl(2)⊕ so(n− 2)) .



Note, in particular, that neither sch(n − 2) nor SSch(n − 2)
are semisimple.
The subalgebra spanned by

the usual Cartan algebra of so(n− 2), M and B−m−1,m
is a maximal commutative subalgebra of sch(n− 2). It will be
called the “Cartan algebra” of sch(n− 2).



Let us introduce κ ∈ SO(n + 2):

κ(. . . , z−m, zm, z−m−1, zm+1) :

=(. . . , z−m−1, zm+1,−z−m,−zm).

Note that κ4 = ι and κ ∈ SSch(n − 2). On the level of
functions

κK(. . . , z−m, zm, z−m−1, zm+1) :

=K(. . . ,−z−m−1,−zm+1, z−m, zm).

The subgroup of Sch(n− 2) generated by
W (n− 2) ⊂ O(n− 2) and κ will be called the group of Weyl
symmetries of sch(n− 2).



Recall that we have the representations

so(n + 2) 3 B 7→ Bfl,η,

O(n + 2) 3 α 7→ αfl,η,

and the generalized symmetry

Bfl,−2−n
2 ∆n = ∆nB

fl,2−n2 , B ∈ so(n + 2),

αfl,−2−n
2 ∆n = ∆nα

fl,2−n2 , α ∈ O(n + 2).



We consider now the space Rn−2 ⊕ R with the generic vari-
ables (y, t) = (. . . , ym−1, t). Note that t should be understood
as a new name for y−m, and we keep the old names for the first
n− 2 coordinates.
We define the map θ : C∞(Rn−2 ⊕ R) → C∞(Rn) by

setting for h

(θh)(. . . , ym−1, y−m, ym) := h(. . . , ym−1, y−m)eym.

We also define ζ : C∞(Rn) → C∞(Rn−2 ⊕ R), which to f
associates

(ζf )(. . . , ym−1, t) := f (. . . , ym−1, t, 0).

Clearly, ζ is a left inverse of θ:

ζ ◦ θ = ι.

Therefore, θ ◦ ζ = ι is true on the range of θ.



The heat operator in n−2 spatial dimensions can be obtained
from the Laplacian in n dimension:

Ln−2 := ∆n−2 + 2∂t = ζ∆nθ.

For B ∈ sch(n− 2) ⊂ so(n + 2) we define

Bsch,η := ζBfl,ηθ,

and for α ∈ Sch(n− 2) ⊂ O(n + 2),

αsch,η := ζαfl,ηθ.

It is easy to see that sch(n− 2), Sch(n− 2) and ∆n preserve
the range of θ.



For any η, we have representations

sch(n− 2) 3 B 7→ Bsch,η,

Sch(n− 2) 3 α 7→ αsch,η

is a representations.
We also have a generalized symmetry

Bsch,−2−n
2 Ln−2 = Ln−2B

sch,2−n2 , B ∈ sch(n− 2),

αsch,−2−n
2 Ln−2 = Ln−2α

sch,2−n2 , α ∈ Sch(n− 2).



Let us sum up information about Schrödinger symmetries on
3 levels:

z ∈ Rn+2, 〈z|z〉n+2 =
∑
j

z−jzj,

y ∈ Rn, 〈y|y〉n =
∑
j

y−jyj,

(y, t) ∈ Rn−2 ⊕ R, 〈y|y〉n−2 =
∑
j

y−jyj.



Cartan algebra of sch(n− 2). Central element:

Bm+1,m = z−m−1∂zm − z−m∂zm+1,

Bfl
m+1,m = ∂ym,

Bsch
m+1,m = 1.

Cartan algebra of so(n− 2), j = 1, . . . ,m− 1:

Nj = −z−j∂z−j + zj∂zj,

Nfl
j = −y−j∂y−j + yj∂yj,

N sch
j = −y−j∂y−j + yj∂yj.



Generator of scaling:

M = z−m∂z−m − zm∂zm − z−m−1∂z−m−1 + zm+1∂zm+1,

Mfl,η =
∑
j

yj∂yj + 2y−m∂y−m − η,

M sch,η =
∑
j

yj∂yj + 2t∂t − η.

Root operators of sch(n−2). Roots of so(n−2), |i| < |j|:
Bi,j = z−i∂zj − z−j∂zi,
Bfl
i,j = y−i∂yj − y−j∂yi,

Bsch
i,j = y−i∂yj − y−j∂yi.



Space translations, |j| ≤ n− 2:

Bm+1,j = z−m−1∂zj − z−j∂zm+1,

Bfl
m+1,j = ∂yj,

Bsch
m+1,j = ∂yj.

Time translation:

Bm+1,−m = z−m−1∂z−m − zm∂zm+1,

Bfl
m+1,−m = ∂y−m,

Bsch
m+1,−m = ∂t.



Additional roots, j ∈ In−2:

Bm,j = z−m∂zj − z−j∂zm,
Bfl
m,j = y−m∂yj − y−j∂ym,

Bsch
m,j = t∂yj − y−j.

B−m−1,m = zm+1∂zm − z−m∂z−m−1,

B
fl,η
−m−1,m = y−m

(∑
j

yj∂yj + y−m∂y−m−η
)
−
∑
j

y−jyj
2

∂ym,

B
sch,η
−m−1,m = t

(∑
j

yj∂yj + t∂t − η
)
−
∑
j

y−jyj
2



Weyl symmetries. Reflection:

τ0K(z0, . . . ) = K(−z0, . . . ),

τfl
0 f (y0, . . . ) = f (−y0, . . . ),

τ sch
0 h(y0, . . . ) = h(−y0, . . . ).

Flips, j = 1, . . . ,m− 1:

τjK(. . . , z−j, zj, . . . ) = K(. . . , zj, z−j, . . . ),

τfl
j f (. . . , y−j, yj, . . . ) = f (. . . , yj, y−j, . . . ),

τ sch
j h(. . . , y−j, yj, . . . ) = h(. . . , yj, y−j, . . . ).

Permutations, π ∈ Sm−1:

σπK(. . . , z−m+1, zm−1, . . . ) = K(. . . , z−πm−1, zπm−1, . . . ),

σfl
πf (. . . , y−m+1, ym−1, . . . ) = f (. . . , y−πm−1, yπm−1, . . . ),

σsch
π h(. . . , y−m+1, ym−1, t) = h(. . . , y−πm−1, yπm−1, t).



Special transformation κ:

κK(. . . , z−m, zm, z−m−1, zm+1)

= K(. . . ,−z−m−1,−zm+1, z−m, zm),

κfl,ηf (. . . , ym−1, y−m, ym)

= y
η
−mf

(
. . . ,

ym−1
y−m ,−

1
y−m,

1
2y−m

∑
j y−jyj

)
,

κsch,ηh(. . . , ym−1, t)

= tη exp
(

1
2t

∑
j y−jyj

)
h(. . . ,

ym−1
t ,−1

t).



Laplacian/Laplacian/Heat operator

∆n+2 =
∑
|j|≤n+2

∂z−j∂zj,

∆n =
∑
|j|≤n

∂y−j∂yj,

Ln−2 =
∑
|j|≤n−2

∂y−j∂yj + 2∂t.



It is easy to see that

K(. . . , z−m, zm, z−m−1, zm+1)

:=z
α1
1 · · · z

αm−1
m−1 exp

(
− zm+1

z−m

)
,

solves

∆n+2K = 0,

Bm+1,mK = K,

NiK = αiK, i = 1, . . . ,m− 1.



We descend to Rn−2 ⊕ R, and we obtain that

f (..., ym−1, t)

:=t1−
n
2−α1−···−αm−1y

α1
1 · · · y

αm−1
m−1 exp

(y−1y1 + · · · + y−mym
t

)
solves

Ln−2f = 0,

Bsch
m+1,mf = f,

N sch
i f = αif, i = 1, . . . ,m− 1.



Suppose that ]0, 1[3 s 7→ τ (s) is a contour satisfying

f (τy, τ2t)τ−ν
∣∣∣τ (1)

τ (0)
= 0.

Set
Fν(y, t) :=

∫
f (τy, τ2t)τ−1−νdτ.

Then (∑
i

y∂y + 2t∂t

)
Fν = νFν.

Recall that
M sch,η =

∑
i

y∂y + 2t∂t − η.



Heat equation in 2 dimensions

and the confluent equation



We again consider R6 with the split coordinates and the prod-
uct

〈z|z〉 = 2z−1z1 + 2z−2z2 + 2z−3z3.

We describe various object related to the Lie algebra sch(2)
treated as a subalgebra of so(6).

Lie algebra sch(2). Cartan algebra is spanned by

M = z−2∂z−2 − z2∂z2 − z−3∂z−3 + z3∂z3,

N1 = −z−1∂z−1 + z1∂z1,

B3,2 = z−3∂z2 − z−2∂z3.



Root operators:

B3,−1 = z−3∂z−1 − z1∂z3,

B2,1 = z−2∂z1 − z−1∂z2,

B3,1 = z−3∂z1 − z−1∂z3,

B2,−1 = z−2∂z−1 − z1∂z2,

B3,−2 = z−3∂z−2 − z2∂z3,

B−3,2 = z3∂z2 − z−2∂z−3.



Weyl symmetries.

ιK(z−1, z1, z−2, z2, z−3, z3) = K(z−1, z1, z−2, z2, z−3, z3),

τ1K(z−1, z1, z−2, z2, z−3, z3) = K(z1, z−1, z−2, z2, z−3, z3),

κK(z−1, z1, z−2, z2, z−3, z3) = K(z−1, z1,−z−3,−z3, z−2, z2),

τ1κK(z−1, z1, z−2, z2, z−3, z3) = K(z1, z−1,−z−3,−z3, z−2, z2).

Laplacian.

∆6 = 2∂z−1∂z1 + 2∂z−2∂z2 + 2∂z−3∂z3.



We descend on the level ofR4, with the coordinates (y−1, y1, y−2, y2)
and the scalar product given by

〈y|y〉 = 2y−1y1 + 2y−2y2.

Lie algebra sch(2). Cartan algebra:

Mfl,η = y−1∂y−1 + y1∂y1 + 2y−2∂y−2 − η,
Nfl

1 = −y−1∂y−1 + y1∂y1,

Bfl
3,2 = ∂y2.



Root operators:

Bfl
3,−1 = ∂y−1,

Bfl
2,1 = y−2∂y1 − y1∂y2,

Bfl
3,1 = ∂y1,

Bfl
2,−1 = y−2∂y−1 − y1∂y2,

Bfl
3,−2 = ∂y−2,

B
fl,η
−3,2 = y−2(y−1∂y−1 + y1∂y1 + y−2∂y−2 − η)− y−1y1∂y2.



Weyl symmetries.

ιf (y−1, y1, y−2, y2) = f (y−1, y1, y−2, y2),

τfl
1 f (y−1, y1, y−2, y2) = f (y1, y−1, y−2, y2),

κfl,ηf (y−1, y1, y−2, y2)=y
η
−2f

(y−1

y−2
,
y1

y−2
,− 1

y−2
,
y−1y1 + y−2y2

y−2

)
,

τ1κ
fl,ηf (y−1, y1, y−2, y2)=y

η
−2f

( y1

y−2
,
y−1

y−2
,− 1

y−2
,
y−1y1 + y−2y2

y−2

)
.



We apply the ansatz involving the exponential ey2. We rename
y−2 to t.
Lie algebra sch(2). Cartan algebra:

M sch,η = y−1∂y−1 + y1∂y1 + 2t∂t − η,
N sch

1 = −y−1∂y−1 + y1∂y1,

Bsch
32 = 1.



Root operators:

Bsch
3,−1 = ∂y−1,

Bsch
2,1 = t∂y1 − y−1,

Bsch
3,1 = ∂y1,

Bsch
2,−1 = t∂y−1 − y1,

Bsch
3,−2 = ∂t,

B
sch,η
−3,2 = t(y−1∂y−1 + y1∂y1 + t∂t − η)− y−1y1.



Weyl symmetries.

ιg(y−1, y1, t) = g(y−1, y1, t),

τ sch
1 h(y−1, y1, t) = h(y1, y−1, t),

κsch,ηh(y−1, y1, t) = tη exp
(y−1y1

t

)
h
(y−1

t
,
y1

t
,−1

t

)
,

τ1κ
sch,ηh(y−1, y1, t) = tη exp

(y−1y1

t

)
h
(y1

t
,
y−1

t
,−1

t

)
.



Heat operator:

L2 = 2∂y−1∂y1 + 2∂t.

It satisfies the following generalized symmetries:

Bsch,−3L2 = L2B
sch,−1, B ∈ sch(2),

αsch,−3L2 = L2α
sch,−1, α ∈ Sch(2).



We introduce new coordinates u,w, s

w =
y−1y1

t
, u =

y1√
t
, s =

√
t .

Lie algebra sch(2). Cartan algebra:

M sch,η = s ∂s − η,
N sch

1 = u ∂u,

Bsch
32 = 1.



Root operators:

Bsch
3,−1 =

u

s
∂w,

Bsch
2,1 =

s

u
(w∂w + u∂u − w),

Bsch
3,1 =

1

us
(w∂w + u∂u),

Bsch
2,−1 = su(∂w − 1),

Bsch
3,−2 =

1

s2

(
− w∂w −

1

2
u∂u +

1

2
s∂s
)
,

B
sch,η
−3,2 = s2(w∂w +

1

2
u∂u +

1

2
s∂s − w − η

)
.



Weyl symmetries.

ιh(w, u, s) = h(w, u, s),

τ sch
1 h

(
w, u, s

)
= h
(
w,
w

u
, s
)
,

κsch,ηh(w, u, s) = s2ηewh
(
− w,−iu,

i

s

)
,

τ1κ
sch,ηh(w, u, s) = s2ηewh

(
− w,−iw

u
,

i

s

)
.

Heat operator:

L2 =
2

s2

(
w∂2

w + (u∂u + 1− w)∂w +
1

2
(−u∂u + s∂s)

)
.



Let us make an ansatz

h(w, u, s) = uαs−θ−1F (w).

Clearly,
M sch,−1h = −θh, N sch

1 h = αh.

Therefore on functions of this form
s2

2
L2u

αs−θ−1F (w) = uαs−θ−1Fθ,αF (w),

where Fθ,α is the confluent operator

Fθ,α(w, ∂w) = w∂2
w + (1 + α− w)∂w −

1

2
(1 + θ + α).



We have a closely related operator

F̃θ,α(z, ∂z) = z2∂2
z + (−1 + (2 + θ)z)∂z

+
1

4
(1 + θ)2 − 1

4
α2.

If z = −w−1, then

(−z)
3+α+θ

2 F̃θ,α(z, ∂z)(−z)−
1+α+θ

2 = Fθ,α(w, ∂w).

We will treat Fθ,α(w, ∂w) as the principal operator.



We have the following transmutation relations:
∂z Fθ,α

= Fθ+1,α+1 ∂z,

(z∂z + α− z) Fθ,α
= Fθ−1,α−1 (z∂z + α− z),

(z∂z + α) Fθ,α
= Fθ+1,α−1 (z∂z + α),

(∂z − 1) Fθ,α,
= Fθ−1,α+1 (∂z − 1);(

z∂z + 1
2(θ + α + 1)

)
zFθ,α

= zFθ+2,α

(
z∂z + 1

2(θ + α + 1)
)
,(

z∂z + 1
2(−θ + α + 1)− z) zFθ,α

= zFθ−2,α

(
z∂z + 1

2(−θ + α + 1)− z
)
.



Discrete symmetries:
The following operators equal Fθ,α(w, ∂w) for the appropriate
w:

w = z :
Fθ,α(z, ∂z),

z−α Fθ,−α(z, ∂z) zα,
w = −z :

−e−z F−θ,α(z, ∂z) ez,

−e−zz−α F−θ,−α(z, ∂z) ezzα.



Note the commutation relations

[B2,−1, B3,1] = [B2,1 , B3,−1] = B3,2.

Therefore, we have two distinguished subalgebras in sch(2) iso-
morphic to the Heisenberg algebra over a 2-dimensional sym-
plectic space:

heis−(2) spanned by B2,−1, B3,1, B3,2,

heis+(2) spanned by B2,1, B3,−1, B3,2.



Let us define

C− = 2B2,−1B3,1 + M −N1 −B3,2

= 2B3,1B2,−1 + M −N1 + B3,2,

C+ = 2B2,1B3,−1 + M + N1 −B3,2

= 2B3,−1B2,1 + M + N1 + B3,2.

C+ and C− can be viewed as the Casimir operators for heis+(2)
and heis−(2) respectively. Indeed, C+, resp. C− commute with
all operators in heis+(2), resp. heis−(2).
On the level of R2⊕R, the two operators C+ and C− coincide.

Indeed, a direct calculation yields

Csch,η
+ = Csch,η

− = 2t(∂y−1∂y1 + ∂t)− η − 1.



Second, note the commutation relations

[B−3,2, B3,−2] = −N2 + N3 = M.

Therefore, we have a distinguished subalgebra in sch(2) isomor-
phic to so(3)

so23(3) spanned by B−3,2, B3,−2,M.

The Casimir operator for so23(3) is

C23 = 4B3,−2B−3,2 − (M + 1)2 + 1

= 4B−3,2B3,−2 − (M − 1)2 + 1.

We have

(2z−2z2 + 2z−3z3)∆�6 = −1 + C�,−1
23 + (N

�,−1
1 )2.



Hence,

(2z−2z2 + 2z−3z3)∆�6
=4B2,−3B−2,3 − (N1 + M + 1)(−N1 + M + 1),

=4B−2,3B2,−3 − (N1 + M − 1)(−N1 + M − 1),

where the B, N1 andM operators should be equipped with the
superscript �,−1.



Let us sum up the factorizations in the variables y−1y1, t ob-
tained with the help of the three subalgebras:

tL2 = 2B2,−1B3,1 − (−M + N1 + 1)

= 2B3,1B2,−1 − (−M + N1 − 1),

= 2B2,1B3,−1 − (−M −N1 + 1)

= 2B3,−1B2,1 − (−M −N1 − 1),

2y−1y1L2 = −4B2,−3B−2,3 − (N1 + M + 1)(N1 −M − 1),

= −4B−2,3B2,−3 − (N1 + M − 1)(N1 −M + 1),

where the B, N1 andM operators should be equipped with the
superscript sch,−1.
In the variables w, u, s, we need to make the replacements

y−1y1 → ws2, t → s2.



We obtain several ways of factorizing the 1F1 operator:

Fθ,α =
(
z∂z + 1 + α− z

)
∂z −

1

2
(θ + α + 1),

= ∂z

(
z∂z + α− z

)
− 1

2
(θ + α− 1),

=
(
z∂z + 1 + α

)(
∂z − 1

)
− 1

2
(θ − α− 1),

=
(
∂z − 1

)(
z∂z + α

)
− 1

2
(θ − α + 1);

zFθ,α =
(
z∂z +

1

2
(θ + α− 1)

)(
z∂z +

1

2
(−θ + α + 1)− z

)
−1

4
(−θ + α + 1)(θ + α− 1),

=
(
z∂z +

1

2
(−θ + α− 1)− z

)(
z∂z +

1

2
(θ + α + 1)

)
−1

4
(−θ + α− 1)(θ + α + 1).



Traditionally, the confluent or the 1F1 equation is given by the
operator

F(a; c; z, ∂z) := z∂2
z + (c− z)∂z − a.

Here is the relationship between the classical parameters pa-
rameters and the Lie-algebraic parameters α, θ:

α := c− 1, θ := −c + 2a;

a = 1+α+θ
2 c = 1 + α.



The confluent equation has a regular singular point at 0. with
indices 0, 1− c. The unique solution of the confluent equation
analytic at 0 and equal to 1 at 0 is called the 1F1 hypergeometric
function or the confluent function. It is equal to

F (a; c; z) :=

∞∑
n=0

(a)n
(c)n

zn

n!
.

It is defined for c 6= 0,−1,−2, . . . . Sometimes it is more
convenient to consider the function

F(a; c; z) :=
F (a; c; z)

Γ(c)
=

∞∑
n=0

(a)n
Γ(c + n)

zn

n!
.

Another useful function proportional to 1F1 is

FI(a; c; z) :=
Γ(a)Γ(c− a)

Γ(c)
F (a; c; z).



In the Lie-algebraic parameters:

Fθ,α(z) := F
(1 + α + θ

2
; 1 + α; z

)
,

Fθ,α(z) := F
(1 + α + θ

2
; 1 + α; z

)
=

1

Γ(α + 1)
Fθ,α(z),

FI
θ,α(z) := FI

(1 + α + θ

2
; 1 + α; z

)
=

Γ(1+α+θ
2 )Γ(1+α−θ

2 )

Γ(α + 1)
Fθ,α(z).



A traditional form of the the 2F0 equation is

F(a, b;−; z, ∂z) := z2∂2
z + (−1 + (1 + a + b)z)∂z + ab,

It does not have a regular singular point at zero. One of its
solutions is defined, for z ∈ C\[0,+∞[,

F (a, b;−; z) := lim
c→∞

F (a, b; c; cz),

where | arg c − π| < π − ε, ε > 0. It extends to an analytic
function on the universal cover of C\{0} with a branch point of
an infinite order at 0. It has the following asymptotic expansion:

F (a, b;−; z) ∼
∞∑
n=0

(a)n(b)n
n!

zn, | arg z − π| < π − ε.

Sometimes instead of 2F0 it is useful to consider the function

FI(a, b;−; z) := Γ(a)F (a, b;−; z).



When we use the Lie-algebraic parameters, we denote the 2F0
function by F̃ and F̃. The tilde is needed to avoid the confusion
with the 1F1 function:

F̃θ,α(z) := F
(1 + α + θ

2
,
1− α + θ

2
;−; z

)
,

F̃I
θ,α(z) := FI

(1 + α + θ

2
,
1− α + θ

2
;−; z

)
= Γ

(1− α + θ

2

)
F̃θ,α(z).



We have 4 standard solutions of the 1F1 equation:

Solution ∼ 1 at 0 : Fθ,α(z)

=ezF−θ,α(−z);

Solution ∼ z−α at 0 : z−αFθ,−α(z)

= z−αezF−θ,−α(−z);

Solution ∼ z−a at +∞ : z
−1−θ−α

2 F̃θ,α(−z−1)

= z
−1−θ−α

2 F̃θ,−α(−z−1)

Solution ∼ (−z)b−1ez at −∞ : ez(−z)
−1+θ−α

2 F̃−θ,α(z−1)

= ez(−z)
−1+θ−α

2 F̃−θ,−α(z−1).



Recurrence relations for the confluent function correspond to
roots of the Lie algebra sch(2):

∂zFθ,α(z) =
1 + θ + α

2
Fθ+1,α+1(z),

(z∂z + α− z)Fθ,α(z) = Fθ−1,α−1(z),

(z∂z + α)Fθ,α(z) = Fθ+1,α−1(z),

(∂z − 1)Fθ,α(z) =
−1 + θ − α

2
Fθ−1,α+1(z),

(
z∂z +

1 + θ + α

2

)
Fθ,α(z) =

1 + θ + α

2
Fθ+2,α(z),(

z∂z +
1− θ + α

2
− z
)
Fθ,α(z) =

1− θ + α

2
Fθ−2,α(z).



The following functions solve the heat equation:

t−ν−1(y−1 − 1)ν exp
((y−1 − 1)y1

t

)
,

t−ν−1(y1 − 1)ν exp
(y−1(y1 − 1)

t

)
.

In order to make eigenfunctions of M and N1, we smear them
and chose an appropriate ν:



Set

Hθ,α(y−1, y1, t)

:=

∫
τ−α−1t

θ+α−1
2 (τ−1y−1 − 1)

−θ−α−1
2 exp

((y−1 − τ )y1

t

)
dτ,

Gθ,α(y−1, y1, t)

:=

∫
τ−α−1t

θ−α−1
2 (τy1 − 1)

−θ+α−1
2 exp

(y−1(y1 − τ−1)

t

)
dτ.

Recall that

M = y−1∂y−1 + y1∂y1 + 2t∂t + 1.



We have

L2Hθ,α = 0, L2Gθ,α = 0

MHθ,α = θHθ,α, MGθ,α = θGθ,α;

N1Hθ,α = αHθ,α, N1Gθ,α = αGθ,α



Now we express the above wave packets in the coordinates
w, u, s:

Hθ,α(w, s, u)

=s−1−θuα
∫
σ
−α+θ−1

2 (w − σ)
−α−θ−1

2 eσdσ,

Gθ,α(w, s, u)

=s−1−θuα
∫

exp
(w
σ

)
σ−α−1(σ − 1)

α−θ−1
2 dσ.



We thus have two kinds of integral representations of solutions
to the 1F1 equation:

a) Let [0, 1] 3 t 7→ γ(t) satisfy

ta−c+1et(t− z)−a−1
∣∣∣γ(1)

γ(0)
= 0.

Then

F(a; c; z, ∂z)

∫
γ
ta−cet(t− z)−adt = 0.

b) Let [0, 1] 3 t 7→ γ(t) satisfy

e
z
t t−c(1− t)c−a

∣∣∣γ(1)

γ(0)
= 0.

Then

F(a; c; z, ∂z)

∫
γ

e
z
t t−c(1− t)c−a−1dt = 0.



Using the integral representations of type a) and attaching
contours to −∞, 0 and z. we can obtain all standard solutions.
The natural normalization leads to the function F
Similarly, using the integral representations of type b) and at-

taching contours to 0− 0, 1 and∞ we can obtain all standard
solutions. The natural normalization leads to the function FI.

a) b)

Solution ∼ 1 at 0 : ]−∞, (0, z)+,−∞[, [1,+∞[;

Solution ∼ z−α at 0 : [0, z] (0− 0)+;

Solution ∼ z−a at +∞ : ]−∞, 0] ]−∞, 0];

Solution ∼ (−z)b−1ez at −∞ : [z,−∞[ [0, 1].



Heat equation in 1 dimensions

and the Hermite equation



We again consider R5 with the coordinates

z0, z−2, z2, z−3, z3

and the scalar product given by

〈z|z〉 = z2
0 + 2z−2z2 + 2z−3z3.

Remember that sch(1) is a subalgebra of so(5) and we keep the
notation from so(5).
Lie algebra sch(1). The Cartan algebra is spanned by

M = z−2∂z−2 − z2∂z2 − z−3∂z−3 + z3∂z3,

B3,2 = z−3∂z2 − z−2∂z3.



Root operators:

B3,0 = z−3∂z0 − z0∂z3,

B2,0 = z−2∂z0 − z0∂z2,

B3,−2 = z−3∂z−2 − z2∂z3,

B−3,2 = z3∂z2 − z−2∂z−3.

Weyl symmetries:

ιK(z0, z−2, z2, z−3, z3) = K(z0, z−2, z2, z−3, z3),

κK(z0, z−2, z2, z−3, z3) = K(z0,−z−3,−z3, z−2, z2),

κ2K(z0, z−2, z2, z−3, z3) = K(z0,−z−2,−z2,−z−3,−z3),

κ3K(z0, z−2, z2, z−3, z3) = K(z0, z−3, z3,−z−2,−z2).

Laplacian:

∆5 = ∂2
z0

+ 2∂z−2∂z2 + 2∂z−3∂z3.



We descend on the level of R3 with the scalar product given
by

〈y|y〉 = y2
0 + 2y−2y2.

Lie algebra sch(1). Cartan algebra:

Mfl,η = y0∂y0 + 2y−2∂y−2 − η,
Bfl

3,2 = ∂y2.

Root operators:

Bfl
3,0 = ∂y0,

Bfl
2,0 = y−2∂y0 − y0∂y2,

Bfl
3,−2 = ∂y−2,

B
fl,η
−3,2 = y−2

(
y0∂y0 + y−2∂y−2 − η

)
− 1

2
y2

0∂y2.



Weyl symmetries:

ιfl,ηf (y0, y−2, y2) = f (y0, y−2, y2),

κfl,ηf (y0, y−2, y2) = y
η
−2f

( y0

y−2
,− 1

y−2
,
y2

0 + 2y−2y2

2y−2

)
,(

κfl,η)2
f (y0, y−2, y2) = (−1)ηf (−y0, y−2, y2),(

κfl,η)3
f (y0, y−2, y2) = (−y−2)ηf

(
− y0

y−2
,− 1

y−2
,
y2

0 + 2y−2y2

2y−2

)
.

Laplacian:
∆fl

5 = ∂2
y0

+ 2∂y−2∂y2.



We descend onto the level of R ⊕ R. We rename y−2 to t
and y0 to y.
Lie algebra sch(1). Cartan algebra:

M sch,η = y∂y + 2t∂t − η,
B3,2 = 1.

Root operators:

Bsch
3,0 = ∂y,

Bsch
2,0 = t∂y − y,

Bsch
3,−2 = ∂t,

B
sch,η
−3,2 = t(y∂y + t∂t − η)− 1

2
y2.



Weyl symmetry:

ιsch,ηh(y, t) = h(y, t),

κsch,ηh(y, t) = tη exp(y
2

2t)h(yt ,−
1
t),(

κsch,η)2
h(y, t) = (−1)ηh(−y, t),(

κsch,η)3
h(y, t) = (−t)η exp(y

2

2t)h(−yt ,−
1
t).



Heat operator:
L1 = ∂2

y + 2∂t.

We have the generalized symmetries:

Bsch,−5
2L1 = L1B

sch,−1
2, B ∈ sch(1);

αsch,−5
2L1 = L1α

sch,−1
2, α ∈ Sch(1).



Let us define new coordinates:

w =
y√
2 t

, s =
√
t .

Lie algebra sch(1). Cartan operators:

M sch,η = s ∂s − η,
B−3 2 = 1.



Root operators:

Bsch
3,0 =

1√
2 s

∂w,

Bsch
2,0 =

s√
2

( ∂w − 2w) ,

Bsch
3,−2 =

1

2 s2
(−w ∂w + s∂s) ,

B
sch,η
−3,2 =

s2

2

(
w ∂w + s∂s − 2η − 2w2

)
.

Weyl symmetries:

ιsch,ηh(w, s) = h(w, s),

κsch,ηh(w, s) = s2ηew
2
h(iw,− i

s),

(κsch,η)2h(w, s) = (−1)ηh(−w, s),
(κsch,η)3h(w, s) = (−s2)ηew

2
h(−iw,− i

s).



Heat operator:

L1 =
1

2s2

(
∂2
w − 2w ∂w + 2s ∂s

)
.



Let us set η = −1
2 and use the ansatz

h(w, s) = s−λ−
1
2F (w).

Clearly,

M sch,−1
2h = −λh.

On functions of this, 2s2L1 coincides with the Hermite operator

Sλ(w, ∂w) := ∂2
w − 2w∂w − 2λ− 1.

We will also use an alternative notation

S(a;w, ∂w) := ∂2
w − 2w∂w − 2a,

so that
λ = a− 1

2
, a = λ +

1

2
.



The Hermite equation is reflection invariant. By using the
quadratic transformation we can reduce it to a special case of
the confluent equation:

Sλ(z, ∂z) = 4F
λ,−1

2
(w, ∂w),

z−1Sλ(z, ∂z)z = 4F
λ,12

(w, ∂w),

where
w = z2, z =

√
w.



Transmutation relations

∂z Sλ
= Sλ+1 ∂z,

(∂z − 2z) Sλ
= Sλ−1 (∂z − 2z),

(z∂z + λ + 1
2) z2Sλ

= z2Sλ+2 (z∂z + λ + 1
2),

(z∂z − λ + 1
2 − 2z2) z2Sλ

= z2Sλ−2 (z∂z − λ + 1
2 − 2z2).



Discrete symmetries
The following operators equal Sλ(w, ∂w) for an appropriate
w:

w = ±z :
Sλ(z, ∂z),

w = ±iz :

− exp(−z2) S−λ(z, ∂z) exp(z2).



First note the commutation relations

[B2,0, B3,0] = B3,2.

Therefore, we have a distinguished subalgebra in sch(1) isomor-
phic to heis(2)

heis0(2) spanned by B2,0, B3,0, B3,2.

Let us define

C0 = 2B2,0B3,0 + 2M −B3,2

= 2B3,0B2,0 + 2M + B3,2.

C0 can be treated as the Casimir operator of heis0(2): it com-
mutes with all elements of heis0(2).
On the level of R⊕ R, we have the identity

2tL1 = C
sch,−1

2
0 .



Second, note that the triple of operators B−3,2, B3,−2, M
is contained both in sch(6) and in sch(5). Therefore. in the
context of sch(6), is also contained in sch(5). Recall that its
Casimir operator is

C23 = 4B3,−2B−3,2 − (M + 1)2 + 1

= 4B−3,2B3,−2 − (M − 1)2 + 1.



We have

(2z−2z2 + 2z−3z3)∆�5 = C
�,−1

2
23 − 3

4
.

Hence

(2z−2z2 + 2z−3z3)∆�5 =4B2,−3B−2,3

−
(
N1 + M +

3

2

)(
−N1 + M +

1

2

)
,

=4B−2,3B2,−3

−
(
N1 + M − 3

2

)(
−N1 + M − 1

2

)
,

where the B, N1 andM operators should be equipped with the
superscript �,−

1
2.



Let us sum up the factorizations in the variables y0, t obtained
with the help of the two subalgebras:

2tL1 = 2B2,0B3,0 − (−2M + 1)

= 2B3,0B2,0 − (−2M − 1),

−y2
0L1 = 4B2,−3B−2,3 −

(
N1 + M +

3

2

)(
−N1 + M +

1

2

)
,

= 4B−2,3B2,−3 −
(
N1 + M − 3

2

)(
−N1 + M − 1

2

)
,

where the B, N1 andM operators should be equipped with the
superscript sch,−1

2.
In the coordinates w, s we need to make the replacements

t → s2,

y2
0 → 2ws2.



This leads to the following factorizations of the Hermite oper-
ator:

Sλ =
(
∂z − 2z

)
∂z − 2λ− 1

= ∂z
(
∂z − 2z

)
− 2λ + 1,

z2Sλ =
(
z∂z + λ− 3

2

)(
z∂z − λ +

1

2
− 2z2

)
+
(
λ− 3

2

)(
λ− 1

2

)
=
(
z∂z − λ−

3

2
− 2z2

)(
z∂z + λ +

1

2

)
+
(
λ +

3

2

)(
λ +

1

2

)
.



The Hermite equation has only one singular point, ∞. We
will see that one can define two kinds of solutions with a simple
asymptotics at ∞.

Solution ∼ z−a for z → +∞:

Sλ(z) := z−λ−
1
2F̃−1

2,λ
(−z−2)

= z−aF
(a

2
,
a + 1

2
;−;−z−2

)
,

Solution ∼ (−iz)a−1ez
2
for z → +i∞:

ez
2
S−λ(−iz) = (−iz)λ−

1
2ez

2
F̃−1

2,−λ
(z−2).



Set

Gλ(y, t) :=

∫
(τ2t)−

1
2 exp

((y − τ−1)2

2t

)
τ−1+1

2+λdτ,

Hλ(y, t) := e−
√

2yτ−tτ2
τ−1+1

2+λdτ.

Recall that
M = y∂y + 2t∂t +

1

2
.

We have

L1Gλ = 0, L1Hλ = 0;

MGλ = −λGλ, MHλ = −λMλ.



Let us express these wave packets in the coordinates w, s:

Gλ(w, s) =

∫
s−1 exp

(
w − 1√

2τs

)2
τ−2+1

2+λdτ.

We set σ := w − 1√
2τs

, so that τ = 1
(w−σ)

√
2s
, obtaining

Gλ(w, s) = (
√

2s)−
1
2−λ

∫
eσ

2
(w − σ)−

1
2−λdσ.



Similarly,

Hλ(w, s) =

∫
e−2swτ−s2τ2

τ−1+1
2+λdτ.

We set σ := sτ , so that τ = σ
s , obtaining

Hλ(w, s) = s−
1
2−λ

∫
e−2σw−σ2

σ−1+1
2+λdσ.



Below we describe two kinds of integral representations of the
Hermite equation.

a) Let [0, 1] 3 t 7→ γ(t) satisfy

et
2
(t− z)−a−1

∣∣∣γ(1)

γ(0)
= 0.

Then
S(a; z, ∂z)

∫
γ

et
2
(t− z)−adt.

b) Let [0, 1] 3 t 7→ γ(t) satisfy

e−t
2−2ztta

∣∣∣γ(1)

γ(0)
= 0.

Then
S(a; z, ∂z)

∫
γ

e−t
2−2ztta−1dt = 0.



We can also deduce the second representation from the first by
the symmetry involving the multiplication by ez

2
and the change

of variables z 7→ iz. 2



In the first case the integrand has a singular point at 0 and
goes to zero as t→ ±∞. We can thus use a contour with such
endpoints. We will see that they give all standard solutions.
In the second case the integrand has a singular point at z and

goes to zero as t→ ±i∞. Using a contour with such endpoints
we will also obtain all standard solutions.

a) b)

Sol. ∼ z−a, z → +∞: [0,∞[ ]− i∞, z−,−i∞[

Sol. ∼ (−iz)a−1ez
2
, z → +i∞: ]−∞, 0+,−∞[ [z, i∞[



It is convenient to introduce alternatively normalized solutions:

SI
λ(z) := 2−λ−

1
2Γ
(
λ +

1

2

)
Sλ(z)

S0
λ(z) :=

√
πSλ(z).

(The normalization of S0
λ is somewhat trivial – we introduce it

to preserve the analogy with the Gegenbauer equation, which
had a less trivially normalized solution S0

α,λ.)



−1

2
< Reλ :

∞∫
0

e−t
2−2tztλ−

1
2dt = SI

λ(z), z 6∈]−∞, 0];

for all parameters:

−i

∫
]−i∞,z−,i∞[

et
2
(z − t)−λ−

1
2dt = S0

λ(z), z 6∈]−∞, 0];

for all parameters:∫
]−∞,0+,∞[

e−t
2−2tz(−it)λ−

1
2dt = ez

2
S0
−λ(−iz), z 6∈ [0,∞[;

Reλ <
1

2
:

−i

∫
[z,i∞[

et
2
(−i(t− z))−λ−

1
2dt = ez

2
SI
−λ(−iz), z 6∈ [0,∞[.



The following recurrence relations correspond to root operra-
tors:

∂zSλ(z) = −
(1

2
+ λ
)
Sλ+1(z),

(∂z − 2z)Sλ(z) = −2Sλ−1(z),

(
z∂z +

1

2
+ λ
)
Sλ(z) = −1

2

(1

2
+ λ
)(3

2
+ λ
)
Sλ+2(z),(

z∂z +
1

2
− λ− 2z2

)
Sλ(z) = −2Sλ−2(z).


