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equations with constant coefficients. More precisely, properties of the hypergeo-
metric and Gegenbauer equation can be derived from generalized symmetries of
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Hermite equation can be derived from generalized symmetries of the heat equa-
tion in 2, resp. 1 dimension. Finally, the theory of the 1 F} equation (equivalent
to the Bessel equation) follows from the symmetries of the Helmholtz equation
in 2 dimensions. All these symmetries become very simple when viewed on the
level of the 6- or 5-dimensional ambient space.

Crucial role is played by the Lie algebra of generalized symmetries of these 2nd
order PDE’s, its Cartan algebra, the set of roots and the Weyl group. Standard
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1 Introduction

These lecture notes are devoted to the properties of the following equations:

the Gauss hypergeometric equation, called also the 2 F1 equation,
(w(l — )2 + (e — (a+ b+ 1)w)dy, — ab)F(w) =0 (1.1)
the Gegenbauer equation
((1 — w?)d2 — (a+b+ 1)wdy — ab)F(w) —0; (1.2)
Kummer’s confluent equation, called also the 1 F} equation,
(wafv + (- w)y — a)F(w) =0 (1.3)
the Hermite equation
(83) — 2wy, — Qa)F(w) = 0; (1.4)

and the oFy equation (equivalent to the better known Bessel equation, see eg.
[De])
(w2 + e~ 1) F(w) = 0. (1.5)

Here, w is a complex variable, 0,, is the differentiation with respect to w, and
a, b, c are arbitrary complex parameters.

These equations are typical representatives of the so-called hypergeometric
class equations [NU]. (Nikiforov and Uvarov call them hypergeometric type equa-
tions; following [SL], we prefer in this context to use the word class, reserving
type for narrower families of equations). We refer the reader to Sect. 2, where we
discuss the terminology concerning hypergeometric class equations and functions
that we use.

The equations (1.1)—(1.5) and their solutions belong to the most natural
objects of mathematics and often appear in applications [Fli, MF, WW].

The aim of these notes is to elucidate the mathematical structure of a large
class of identities satisfied by hypergeometric class equations and functions. We
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believe that our approach brings order and transparency to this subject, usually
considered to be complicated and messy.

We will restrict ourselves to generic parameters a,b, c. We will not discuss
special properties of two distingushed classes of parameters, when additional
identities are true:

(1) the polynomial case (which corresponds to negative integer values of a);
(2) the degenerate case (which corresponds to integer values of ¢).

The notes are to a large extent based on [De] and [DeMaj], with some

additions and improvements.

1.1 From 2nd order PDE’s with constant coefficients to
hypergeometric class equations

In our approach, each of the equations (1.1)—(1.5) is derived from a certain
complex 2nd order PDE with constant coefficients. The identities satisfied by
this PDE and their solutions are very straightforward—they look obvious and
symmetric. After an appropriate change of variables, we derive (1.1)—(1.5) and
identities satisfied by their solutions. They look much more complicated and
messy.

We will argue that the main source of these identities are generalized sym-
metries of the parent PDE. Let us briefly recall this concept.

Suppose that we are given an equation

Kf =0, (1.6)

where K is a linear differential operator. Let g be a Lie algebra and G a group
equipped with pairs of representations

g > B+ B’ B¥, (1.72a)

G3am o, a”, (1.7b)

where (1.7a) has its values in 1st order differential operators and (1.7b) in point

transformations with multipliers. We say that (1.7a) and (1.7b) are generalized

symmetries of (1.6) if
B°K = KB#, (1.8a)
resp. 'K = Ko, (1.8b)

Note that (1.8a), resp. (1.8b) imply that B# and a# preserve the space of
solutions of (1.6).
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We will omit the word “generalized” if B# = B” and o® = o#.

We can distinguish 3 kinds of PDE’s with constant coefficients in complex
domain. Below we list these PDE’s, together with the Lie algebra and group of
their generalized symmetries:

(1) The Laplace equation on C"

Anf=0, n>2. (1.9)

The orthogonal Lie algebra and group in n+2 dimensions, denoted
so(n+2,C), resp. O(n+2,C), both acting conformally in n dimensions.
(For n = 1,2 there are additional conformal symmetries).

(2) The heat equation on C*~2 @ C:

(Ap_s +295)f = 0. (1.10)

The Schrédinger Lie algebra and group in n—2 dimensions, denoted
sch(n—2,C), resp. Sch(n—2,C).
(3) The Helmholtz equation on C*~1,

(Ap_1—1)f =0. (1.11)

The affine orthogonal Lie algebra and group in n—1 dimensions, denoted
aso(n—1,C), resp. AO(n—1,C).
(The reason for the strange choice of dimensions in (1.10) and (1.11) will be
explained later).

The basic idea of our approach is as follows. Let us start from the equation
(1.6), where K is appropriately chosen from among (1.9), (1.10) and (1.11). In the
Lie algebra of its generalized symmetries we fix a certain maximal commutative
algebra, which we will call the “Cartan algebra”. Operators that are eigenvectors
of the adjoint action of the “Cartan algebra” will be called “root operators”.

In the group of generalized symmetries we fix a subgroup, which we call the
“Weyl group”. It is chosen in such a way, that its adjoint action fixes the “Cartan
algebra”.

Note that in some cases the Lie algebra of symmetries is simple, and then
the names Cartan algebra, root operators amd Weyl symmetries correspond to
the standard names. In other cases the Lie algebra is not semisimple, and then
the names are less standard — this is the reason for the quotation marks that we
use above. In the sequel we drop the quotation marks.

Let us fix a basis of the Cartan algebra Nip,..., Ng. Suppose that the
dimension of the underlying space is by 1 greater than the dimension of the
Cartan algebra. Then we introduce new variables, say w,uq, ..., u such that
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Substituting a function of the form
f=ul" - ulrF(w), (1.12)
to the equation (1.6), and using
N;u% = ou®i (1.13)

we obtain the equation
Far,..,a =0, (1.14)

which coincides with one of the equations (1.1)—(1.5). The eigenvalues of the
Cartan operators become the parameters of this equation.

Root operators shift the Cartan elements, typically by 1 or —1 (like the well-
known creation and annihilation operators). Therefore, root operators inserted
into the relations (1.8a) lead to transmutation relations for (1.1)—(1.5).

Similarly, elements of the Weyl group permute Cartan elements or change
their signs. Therefore, Weyl symmetries inserted into (1.8b) leads to discrete
symmetries of (1.1)-(1.5).

Of course, one can apply (1.8b) to elements of G other than Weyl symmetries,
obtaining interesting integral and addition identities for hypergeometric class
functions. They are, however, outside of the scope of these notes.

There are five 2nd order PDE with constant coefficients where we can perform
this procedure. They are all listed in the following table:

Lie dimension of discrete .
PDE . equation
algebra Cartan algebra symmetries

Ay so(6,C) 3 cube oFy;

Ag so(5,C) 2 square Gegenbauer;
Ao + 20, SCh(Q,(C) 2 Zio X Lo 1Fy or o Fp;
A1 +20; sch(1,C) 1 Zy Hermite;

AQ —1 aso(2, (C) 1 ZQ 0F1.

Note that some other 2nd order PDE’s have too few variables to be in the
above list: this is the case of A1 and Ag. Others have too many variables: one can
try to perform the above procedure, however it leads to a differential equation in
more than one variable.
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1.2 Conformal invariance of the Laplace equation

The key tool of our approach is the conformal invariance of the Laplace equation.
Let us sketch a derivation of this invariance. For simplicity we restrict our
attention to the complex case, for which we do not need to distinguish between
various signatures of the metric tensor.

In order to derive the conformal invariance of the Laplacian on C", or on
other complex manifolds with maximal conformal symmetry, it is convenient to
start from the so-called ambient space C"2, where the actions of so(n+2,C)
and O(n+2,C) are obvious. In the next step these actions are restricted to the
null quadric, and finally to the projective null quadric. Thus the dimension of
the manifold goes down from n+2 to n. The null quadric can be viewed as a line
bundle over the projective null quadric. By choosing an appropriate section we
can identify the projective null quadric, or at least its open dense subset, with
the flat space C™ or some other complex manifolds with a complex Riemannian
structure, e.g. the product of two spheres. The Lie algebra so(n+2,C) and the
group O(n+2,C) act conformally on these manifolds.

What is more interesting, the above construction leads to a definition of an
invariantly defined operator, which we denote A®, transforming functions on the
null quadric homogeneous of degree 1 — & onto functions homogeneous of degree
—1— 5. After fixing a section, this operator can be identified with the conformal
Laplacian on the corresponding complex Riemannian manifold of dimension n. For
instance, one obtains the Laplacian A,, on C™. The representations of so(n+2, C)
and O(n+2,C) on the level of the ambient space were true symmetries of A, 4.
After the reduction to n dimensions, they become generalized symmetries of the
conformal Laplacian.

The fact that conformal transformations of the Euclidean space are general-
ized symmetries of the Laplace equation was apparently known already to Lord
Kelvin. Its explanation in terms of the null quadric first appeared in [Boc], and
is discussed e.g. in [CGT]. The reduction of A, 42 to A, mentioned above, is
based on a beautiful idea of Dirac in [Dir], which was later rediscovered e.g. in
[HH, FG]—see a discussion by Eastwood [East].

The construction indicated above gives a rather special class of (pseudo-)Rie-
mannian manifolds—those having a conformal group of maximal dimension,
see e.g. [EMN]. However, conformal invariance can be generalized to arbitrary
(pseudo-)Riemannian manifolds. In fact, the Laplace-Beltrami operator plus
an appropriate multiple of the scalar curvature, sometimes called the Yamabe
Laplacian, is invariant in a generalized sense with respect to conformal maps, see
e.g. [Tay, Or].
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1.3 The Schrodinger Lie algebra and Lie algebra as
generalized symmetries of the Heat equation

The heat equation (1.10) possesses a large Lie algebra and group of generalized
symmetries, which in the complex case, as we already indicated, we denote
by sch(n—2,C) and Sch(n—2,C). Apparently, they were known already to Lie
[L]. They were rediscovered (in the essentially equivalent context of the free
Schrodinger equation) by Schrodinger [Sch]. They were then studied e.g. in
[Ha, Ni].

By adding an additional variable, one can consider the heat equation as
the Laplace equation acting on functions with an exponential dependence on
one of the variables. This allows us to express generalized symmetries of (1.10)
by generalized symmetries of (1.9). They can be identified as a subalgebra of
so(n+2,C), resp. a subgroup of O(n+2,C) consisting of elements commuting
with a certain distinguished element of so(n+2, C).

1.4 Affine orthogonal group and algebra as symmetries of
the Helmholtz equation

Recall that the affine orthogonal group AO(n—1, C) is generated by rotations and
translations of C* 1. It is obvious that elements of AO(n—1,C) commute with
the Helmholtz operator A,,—1 — 1. The same is true concerning the affine orthog-
onal Lie algebra aso(n—1,C). Therefore, they are symmetries of the Helmholtz
equation (1.11).

The Helmholtz equation is conceptually simpler than that of the Laplace
and heat equation, because all generalized symmetries are true symmetries.

Note that one can embed the symmetries of the Helmholtz equation in
conformal symmetries of the Laplace equation, similarly as was done with the
heat equation. In fact, aso(n—1, C) is a subalgebra of so(n+2, C), and AO(n—1,C)
is a subgroup of O(n+2,C).

1.5 Factorization relations

Another important class of identities satisfied by hypergeometric class operators
are factorizations [IH]. They come in pairs. They are identities of the form

Fi1= A_.A+ +c1, (1.15&)
Fo= AL A+, (1.15b)
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where A4, A_ are 1st order differential operators, c1, ca are numbers and Fi,
Fo are operators coming from (1.1)—(1.5) with slightly shifted parameters.

The number of such factorizations is the same as the number of roots of the
Lie algebra of generalized symmetries. They can be derived from certain identities
in the enveloping algebra. They are closely related to the Casimir operators of
its subalgebras.

Factorizations imply transmutation relations. In fact, it is easy to see that
(1.15b) and (1.15a) imply

A_Fo = (F1+e2—c1)A, (1.16a)
ALFL = (Fa+e1—c2)Ag. (1.16b)

Note that (1.16a) implies that the operator .A_ maps the kernel of F» to
the kernel of F1 + ¢2 — ¢;1. Similarly, (1.16b) implies that the operator A} maps
the kernel of F; to the kernel of F5 + ¢1 — ¢o. The above construction is usually
called the Darbouz transformation.

1.6 Standard solutions of hypergeometric class equations

So far we discussed only identities satisfied by the operators corresponding to
the equations (1.1)—(1.5). The approach discussed in these notes is also helpful
in deriving and classifying the identities for their solutions.

The equations (1.1)—(1.5) have at least 1 and at most 3 singular points
on the Riemann sphere. One can typically find two solutions with a simple
behavior at each of these points. We call them standard solutions. (If it is a
regular—singular point, then the solutions are given by convergent power series,
otherwise we have to use other methods to define them). The discrete symmetries
map standard solutions on standard solutions. The best known example of
this method of generating solutions is Kummer’s table [Ku], which lists various
possible expressions for solutions of the hypergeometric equation.

1.7 Recurrence relations of hypergeometric class functions
All transmutation relations have the form

AF = FaA, (1.17)

where A is a first order differential operator and Fi, F2 is a pair of hypergeometric
class operators of the same type. Typically, some parameters of Fo differ from the
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corresponding parameters of F; by +1. Clearly, if a function Fj solves F1 F} = 0,
then AFj solves Fo AF; = 0.

It turns out that if £y is a standard solution of Fi, then AF} is proportional
to one of standard solutions of F», say F». Thus we obtain an identity

.AFl ZCLFQ, (1.18)

called a recurrence relation, or a contiguity relation.
The recurrence relation (1.18) is fixed by the transmutation relation (1.17)
except for the coefficient a. In practice it is not difficult to determine a.

1.8 From wave packets to integral representations

Hypergeometric class functions possess integral representations, where integrands
are elementary functions. We show that integral representations come from
certain natural solutions of the parent 2nd order PDE, which at the same time
are eigenfunctions of Cartan operators. It will be convenient to have a name for
this kind of solutions—we will call them wave packets.

Let us describe how to construct wave packets for the Laplace equation. It
is easy to see that each function depending only on variables from an isotropic
subspace is harmonic, that is, satisfies the Laplace equation. By assuming that
the function is homogeneous in appropriate variables we can make sure that it is
an eigenfunction of Cartan operators.

Unfortunately, the above class of functions is too narrow for our purposes.
There is still another construction that can be applied: we can rotate a function
and integrate it (“smear it out”) with respect to a weight. This procedure does
not destroy the harmonicity. By choosing the weight appropriately, we can
make sure that the resulting wave packet is an eigenfunction of Cartan perators.
(The “smearing out” is essentially a generalization of the Fourier (or Mellin)
transformation to the complex domain.)

After substituting special coordinates to a wave packet, we obtain a function
of the form (1.12) with F solving (1.14), and having the form of an integral of
an elementary function.

Wave packets for the heat and Helmholtz equation can be derived from wave
packets for the Laplace equation.
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1.9 Plan of the lecture notes

In Sect. 2 we give a concise introduction to hypergeometric class equations
and functions. One can view this section as an extension of the introduction,
concentrated on the terminology and classification of equations and functions we
consider in these notes.

The remaining sections can be divided into two categories. The first category
consists of Sects 3, 4 and 7. They have a general character and are devoted
to basic geometric analysis in any dimension. The most important one among
them is Sect. 4, devoted to the conformal invariance of the Laplace equation.
Of comparable importance is Sect. 7, where the Schrodinger Lie algebra and
group are introduced. In Subsect. 3.10—3.13 we explain how to construct “wave
packets”. No special functions appear in Sects 3, 4 and 7. They can be read
independently of the rest of the notes.

The second category consists of Sects 5, 6, 8, 9 and 10. They are devoted to a
detailed analysis of equations (1.1), (1.2), (1.3), (1.4), resp. (1.5). Typically, each
section starts with the ambient space corresponding to the 2nd order PDE from
the left column of the table in Subsect. 1.1. In the ambient space these symmetries
are very easy to describe. Then we reduce the dimension and introduce special
coordinates, which leads to the equation in the right column of the table.

We made serious efforts to make Sects 5, 6, 8, 9 and 10 as parallel as possible.
there is a one to one correspondence between subsections in all these 5 sections.
We try to use a uniform terminology and analogous conventions. This makes our
text somewhat repetitive—we believe that this is helpful to the reader. Note also
that these sections are to a large extent independent of one another.

We use various (minor but helpful) ideas to make our presentation as short
and transparent as possible. One of them is the use of two kinds of parameters.
The parameters that appear in (1.1), (1.2), (1.3), (1.4), and (1.5), denoted
a,b,c, are called classical parameters. They are convenient when one defines
1 Fm functions by power series. However, in most of our text we prefer to use a
different set of parameters, denoted by Greek letters a, 3, i1, 8, A. They are much
more convenient when we describe symmetries.

Another helpful idea is a consistent use of split coordinates in C™ or R™. In
these coordinates root operators and Weyl symmetries have an especially simple
form.

The notes are full of long lists of identities. We are convinced that most of
them are easy to understand and appreciate without much effort. Typically, they
are highly symmetric and parallel to one another.

We hesitated whether to use the complex or real setting for these notes. The
complex setting was e.g. in [DeMaj]. It offers undoubtedly some simplifications:
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there is no need to consider various signatures of the scalar product. However, the
complex setting can also be problematic: analytic functions are often multivalued,
which causes issues with some global constructions. Therefore, in these notes,
except for the introduction, we use the real setting as the basic one. At the same
time we keep in mind that all our formulas have obvious analytic continuations
to appropriate complex domains.

In most of our notes, we do not make explicit the signature of the scalar
product in our notation for Lie algebras and groups. E.g. by writing so(n) we
mean so(g, p) for some n = g+ p or so(n,C). Specifying each time the signature
would be overly pedantic, especially since we usually want to complexify all
objects, so that the signature loses its importance.

1.10 Comparison with literature

The literature about hypergeometric class functions is enormous—after all it
is one of the oldest subjects of mathematics. Let us mention e.g. the books
[BE, SL, AAR, EMOT, Ho, MOS, NIST, R, WW].

The relationship of special functions to Lie groups and algebras was noticed
long time ago. For instance, the papers by Weisner [Wel, We2] from the 50’s
describe Lie algebras associated with Bessel and Hermite functions.

The idea of studying hypergeometric class equations with help of Lie algebras
was developed further by Miller. His early book [M1] considers mostly small
Lie algebras/Lie groups, typically sl(2,C)/SL(2,C) and their contractions, and
applies them to obtain various identities about hypergeometric class functions.
These Lie algebras have 1-dimensional Cartan algebras and a single pair of
roots. This kind of analysis is able to explain only a single pair of transmutation
relations for each equation. To explain bigger families of transmutation relations
one needs larger Lie algebras.

A Lie algebra strictly larger than sl(2,C) is so(4,C). There exists a large
literature on the relation of the hypergeometric equation with so(4,C) and its
real forms, see eg. [KM, KMR]. This Lie algebra is however still too small to
account for all symmetries of the hypergeometric equation—its Cartan algebra
is only 2-dimensional, whereas the equation has three parameters.

An explanation of symmetries of the Gegenbauer equation in terms of so(5, C)
and of the hypergeometric equation in terms of so(6, C) ~ sl(4, C) was first given
by Miller, see [M4], and especially [M5].

Miller and Kalnins wrote a series of papers where they studied the symmetry
approach to separation of variables for various 2nd order partial differential
equations, such as the Laplace and wave equation, see eg. [KM1]. A large part
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of this research is summed up in the book by Miller [M3]. As an important
consequence of this study, one obtains detailed information about symmetries of
hypergeometric class equations.

The main tool that we use to describe properties of hypergeometric class
functions are generalized symmetries of 2nd order linear PDE’s. Their theory is
described in another book by Miller [M2], and further developed in [M3].

A topic that is extensively treated in the literature on the relation of special
functions to group theory, such as [V, Wa, M1, VK], is derivation of various
addition formulas. Addition formulas say that a certain special function can be
written as a sum, often infinite, of some related functions. As we mentioned
above, they are outside of the scope of this text—we concentrate on the simplest
identities.

The relationship of Kummer’s table with the group of symmetries of a cube
(which is the Weyl group of so(6, C)) was discussed in [LSV]. A recent paper,
where symmetries of the hypergeometric equation play an important role is [Kol.

The use of transmutation relations as a tool to derive recurrence relations
for hypergeometric class functions is well known and can be found eg. in the
book by Nikiforov-Uvarov [NU], in the books by Miller [M1] or in older works
such as [Tr, Wel, We2].

There exist various generalizations of hypergeometric class functions. Let
us mention the class of A-hypergeometric functions, which provides a natural
generalization of the usual hypergeometric function to many-variable situations
[Be, Bod]. Saito [Sa] considers generalized symmetries in the framework of A-
hypergeometric functions.

Another direction of generalizations of hypergeometric functions is the family
of Gel’fand-Kapranov-Zelevinsky hypergeometric functions [G, GKZ]. Similar
constructions were explored by Aomoto and others [A, AK, M-H]. The main idea
is to generalize integral representations of hypergeometric functions, rather than
hypergeometric equations. There exist also interesting confluent versions of these
functions [KHT].

A systematic presentation and derivation of symmetries of hypergeometric
class equations and functions from 2nd order PDE’s with constant coefficients was
given in [De] and [DeMaj]. These papers consistently use Lie-algebraic parameters,
describe transmutation relations, discrete symmetries and factorizations. [De]
describes integral representations and recurrence relations. [DeMaj] concentrates
on the study of hypergeometric class operators, leaving out the properties of
hypergeometric class functions.

These lecture notes are to a large extent based on [De] and [DeMaj]. There
are some corrections and minor changes of conventions. There are also some
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additions. A systematic derivation of all integral representations from “wave
packets” in higher dimensions seems to be new.

There are a number of topics related to the hypergeometric class equation
that we do not touch. Let us mention the question whether hypergeometric
functions can be expressed in terms of algebraic functions. This topic, in the
context of A-hypergeometric functions was considered eg. in the interesting
papers [Be, Bod].

We stick to a rather limited class of equations and functions (1.1)—(1.5). They
have a surprisingly rich structure, which often seems to be lost in more general
classes. Nevertheless, it is natural to ask how far one can generalize the ideas of
these notes to other equations and functions, such as higher hypergeometric func-
tions, multivariable hypergeometric functions, Heun functions, ¢g-hypergeometric
functions, Painlevé equations.

Acknowledgments. The support of the National Science Center under the grant
UMO-2014/15/B/ST1/00126 is gratefully acknowledged. The author thanks
P. Majewski for collaboration at [DeMaj]. He is also grateful to A. Latosinski,
T. Koornwinder, M. Eastwood, S.-Y. Matsubara-Heo and Y. Haraoka for useful
remarks.

2 Hypergeometric class equations

In this short section we fix our terminology concerning hypergeometric class
equations and functions.

2.1 Remarks on notation

We use 9,, for the operator of differentiation in the variable w. We will understand
that the operator 9,, acts on the whole expression on its right:

0w f(w)g(w) = 0w (f(w)g(w)). (2.1)

If we want to restrict the action of 0,, to the term immediately to the right, we
will write f(w),q, or simply f/(w).

We use lhs and rhs as the abbreviations for the left hand side and right hand
side.
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2.2 Generalized hypergeometric series

For a € C and n € N we define the Pochhammer symbol
(a); == ala+1)--(a+j - 1.

For a1,...,ar € C, ¢1,...,¢cm € C\{0,—1,-2,...}, we define the pFp,
generalized hypergeometric series, or for brevity the  F,, series:

- (a1); - (ag)ju’
cFm(ar,...,ag;c1,. .. cmiw) = e e (2.2)
" jz;o (c1)j -+ (em);3!

By the d’Alembert criterion,
(1) if m+1 > k, the series (2.2) is convergent for w € C;
(2) if m + 1 =k, the series (2.2) is convergent for |w| < 1;
(3) if m 4+ 1 < k, the series (2.2) is divergent, however sometimes a certain
function can be naturally associated with (2.2).
The corresponding analytic function will be called the . F, function.
The zeroth order term of the series (2.2) is 1. A different normalization of
(2.2) is often useful:

k}Fm(alv'"7ak;cl7"'7cm;w)
F ;Cly .- jw) =
k ’m(ala , Ak C1, ,Cm,’lU) F(cl)F(cm)
= Tler+5) - Flem +5)7!
In (2.3) we do not have to restrict the values of ¢1,...,¢m € C.

2.3 Generalized hypergeometric equations

Theorem 2.1. The F,, function (2.2) solves the dfferential equation
(c1 +w0y) -+ (em + WOy)OwF (a1, ... ak;¢1,. .., Cm;Ww)

(2.4)
= (a1 +wdy) - (ag +wdy)F(a1,...,ag;¢1,. .., Cm;w).

Proof. We check that both the left and right hand side of (2.4) are equal to
a1 apF(ar +1,... a0+ 1;¢1, ..., emsw).
O

We will call (2.4) the F,, equation. It has the order max(k, m + 1). Below we
list all , F}, functions with equations of the order at most 2.
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— The 2F; function or the Gauss hypergeometric function

nl(c)n

Fla,b;cw) = Y (@n®)n, n
n=0

The series is convergent for |w| < 1, and it extends to a multivalued function
on a covering of C\{0, 1}. It is a solution of the Gauss hypergeometric equation
or the o F1 equation

(w(l —w)02 + (¢ — (a4 b+ 1)w)dy — ab) flw)=0.

— The 1 F; function or Kummer’s confluent function

Fla;qw) =Y. (@a_yym

s nl(c)n

The series is convergent for all w € C. It is a solution of Kummer’s confluent
equation or the 1 F1 equation

(w@fv + (¢ — w)Oy — a)f(w) =0.
— The (Fy function

F(—cw) = F(ew) = ZO e "

The series is convergent for all w € C. It is a solution of the o F; equation
(related to the Bessel equation)
(w(’?ﬁ, + Oy — 1) f(w) =0.

— The 3 Fy function
For argw # 0 we define

F(a,b; —;w) := lim F(a,b;c;cw).

c—00

It extends to an analytic function on the universal cover of C\{0} with a
branch point of an infinite order at 0. It has the following divergent but
asymptotic expansion:

o (@)n(b)
F(a,b;—;w) ~ E n' “w", largw — 7| <7 —€, €>0.
n!
n=0

It is a solution of the 2 Fy equation
(w2612v +(-1+(a+b+1)w)dy + ab) flw)=0.

By a simple transformation described in Subsect. 8.10 it is equivalent to the
1F1 equation.
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— The 1 Fy function or the power function

o0
Fla;—w) = (1—w) = = 3 Wewn
It solves
(w—1)0y — a) f(w) = 0.
— The gFjy function or the exponential function
[ee]
F(——w)=e¥ =Y Luwm
n=0

It solves

(D0 — 1) f(w) = 0.

2.4 Hypergeometric class equations

Following [NU], equations of the form

(0 ()03, + 7(w)duw + 1) f(w) =0, (2.5)
where
o is a polynomial of degree < 2, (2.6a)
T is a polynomial of degree <1, (2.6b)
7 is a number, (2.6¢)

will be called hypergeometric class equations. Solutions of (2.5) will go under the
name of hypergeometric class functions. Operators o(w)92 + 7(w)dy, + 1 with
o, 7, satisfying (2.6) will be called hypergeometric class operators.

Let us review basic classes of hypergeometric class equations. We will always
assume that o(w) # 0. Every class will be simplified by dividing by a constant
and, except for (2.14), by an affine change of the complex variable w.

The 2 F; or Gauss hypergeometric equation
(w1 —w)0% + (¢ — (a+ b+ 1)w)dy, — ab) f(w) = 0. (2.7)
The 5 Fy equation
(w?0% + (=1 + (1 + a+ b)w)dy + ab) f(w) =0. (2.8)
The ;71 or Kummer’s confluent equation

(wd2 + (¢ — w)dy — a) f(w) = 0. (2.9)
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The ¢F; equation
(wd2 + Oy — 1) f(w) = 0. (2.10)

The Hermite equation
(02 — 2wy, — 2a) f(w) = 0. (2.11)
2nd order Euler equation
(w?02 + bwdy, + a) f(w) = 0. (2.12)
1st order Euler equation for the derivative
(wd2 + cdy) f(w) = 0. (2.13)
2nd order equation with constant coefficients
(92 + Oy + a) f(w) = 0. (2.14)

Note that the equations (2.12), (2.13) and (2.14) are elementary. The remain-
ing ones (2.7), (2.8), (2.9), (2.10) and (2.11) are the subject of these lecture notes.
This is why they are contained in the list (1.1)—(1.5) given at the beginning of
these notes. (Actually, (2.8) is not explicitly mentioned in this list, however it is
equivalent to (2.9), so that these two equations are treated together). This list
contains also

The Gegenbauer equation
(1= w92 — (a+ b+ 1)wdy — ab) f(w) =0, (2.15)

which can be reduced to a subclass of 9 F; equations by a simple affine trans-
formation. Its distinguishing property is the invariance with respect to the
reflection. The Gegenbauer equation has special properties, which justify its
separate treatment.

3 (Pseudo-)Euclidean spaces

In this section we introduce basic terminology and notation related to Lie
algebras and groups acting on functions on R™ or, more generally, on manifolds.
Lie algebras will be usually represented as 1st order differential operators. Lie
groups will typically act as point transformations times multipliers.
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We will discuss various operators related to (pseudo-)orthogonal Lie algebras
and groups. In particular, we will introduce a convenient notation to describe
their Cartan algebras, root operators and Weyl groups. We will also discuss
briefly the Laplacian and the Casimir operator.

We will show how to some special classes of harmonic functions—solutions of
the Laplace equation. Of particular importance will be solutions that at the same
time are eigenfunctions of the Cartan algebra. This construction will involve a
contour integral, which can be viewed as a modification of the Fourier or Mellin
transformation. These solutions will be informally called wave packets.

Finally, in the last subsection we will show how to construct a harmonic

function in n—1 dimension from a harmonic function in n dimensions.

3.1 Basic notation

We will write R* for R\{0}, R4 for ]0,c0[ and R_ for ] — oo, 0[. We write C*
for C\{0}.

We will treat R™ as a (real) subspace of C™. If possible, we will often extend
functions from real domains to holomorphic functions on complex domains.

In the following two subsections, €2, Q1,{)s are open subsets of R", or more
generally, manifolds.

Often it is advantageous to consider a similar formalism where 2,7, Qo are
open subsets of C", or more generally, complex manifolds. We will usually stick
to the terminology typical for the real case. The reader can easily translate it to
the complex picture, if needed.

3.2 Point transformations with multipliers

Let @ : Q1 — Q9 be a diffeomorphism. The transport of functions by the
map o will be also denoted by a.! More precisely, for f € C>°(€Q;) we define
af € C®(Qg) by

(@f)(y) = fla™ (y)

If m € C*°(Qy), then we have a map ma : C*®°(£21) — C*°(Q2) given by

(maf)(y) = m(y)f(e ' (y)). (3.1)

1 An alternative notation used often in mathematical literature for the transport by « is
. or (a*)7L.
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Transformations of the form (3.1) will be called point transformations with a
multiplier.

Clearly, transformations of the form (3.1) with Q = Q; = Q3 and m every-
where nonzero form a group.

3.3 1st order differential operators

A vector field X on Q will be identified with the differential operator

Xf(y)=>_ X'y fy), feC>),

where X? € C*(Q), i = 1,...,n. More generally, we will often use 1st order
differential operators

(X +M)[f(y) = Z X' ()i f(y) + M(y)f (), (3.2)

where M € C*°(Q). Clearly, the set of operators of the form (3.2) is a Lie algebra.
Let a : Q1 — Q9 be a diffeomorphism. If X is a vector field on 7, then
a(X) is the vector field on Q9 defined as

a(X) :=aXa™t,

3.4 Affine linear transformations

The general linear group is denoted GL(R™). It has a natural extension
AGL(R") := R™ x GL(R™) called the affine general linear group. (w,q) €
AGL(R"™) acts on R™ by

R" 3 y— w+ay € R™.

The permutation group S,, can be naturally identified with a subgroup of
GL(R"™). If w € S,,, then

—1

(my) =y™
On the level of functions, we have
Wf(ylw--:yn) =fly™,...,y™).

The Lie algebra gl(R™) represented by vector fields on R™ is spanned by
yi 8,’, 3 -
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The Lie algebra agl(R™) := R"™ x gl(R"™) is spanned by gl(R™) and by 0y,.
A special element of gl(R™) is the generator of dilations, known also as the
FEuler vector field,

Ap = Y0, (3.3)
=1

We will often use the complex versions of the above groups, with R replaced
with C. We will write GL(n) and gl(n), where the choice of the field follows from
the context.

3.5 (Pseudo-)orthogonal group

A pseudo-FEuclidean space is R™ equipped with a symmetric nondegenerate n x n
matrix g = [gi;]. g defines the scalar product of vectors x,y € R™ and the square
of a vector z € R":

(zly) := ingij% (z|r) = Zﬂﬂigiﬁj-
ij ij

The matrix [¢"/] will denote the inverse of [g;;].
We will denote by S"~1(R) the sphere in R"™ of squared radius R € R:

S""NR) :={y €R™ : (yly) = R}. (3.4)

We will write S*~1 := S"~1(1).

Actually, S*! is the usual sphere only for the Euclidean signature. For
non-Euclidean spaces it is a hyperboloid. Usually we will keep a uniform notation
for all signatures. Occasionally, if we want to stress that S*~! has a specific
signature, it will be denoted ST"P~!, where the signature of the ambient space is

(¢,p) (see (3.7)).

We also introduce the null quadric
yr=l.=sm=10)\{0}. (3.5)

The (pseudo-)orthogonal and the special (pseudo-)orthogonal group of g is
defined as

o
=
S
~—

I

{a € GL(n) : (aylax) = (ylz), y,z € R"},
{a €0(g) : deta=1}.

n

o
—~
s}
~

Il

We also have the affine (special) orthogonal group AO(g) = R™ X %o(g),
ASO(g) := R™ x SO(g).
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It is easy to see that the pseudo-orthogonal Lie algebra, represented by vector
fields on R™, can be defined by

so(g) :=={B € gl(n) : B(yly) = 0}.
Fori,j =1,...,n, define
Bij = (giry*0y — gjny*0,:).
k

{B;; : i< j} is a basis of so(g). Clearly, B;; = —Bj; and B;; = 0.

The affine pseudo-orthogonal Lie algebra aso(g) := R™ X so(g) is spanned by
0y and so(g).

We will often use the complex versions of the above groups and Lie algebras.
In the real formalism we have to distinguish between various signatures of g—in

the complex formalism there is only one signature and we can drop the prefix
pseudo.

3.6 Invariant operators

Consider a pseudo-Euclidean space R™. We define the Laplacian and the Casimir

operator
n
An = Z g”ﬁyi@yj,
i,j=1
1 n
ik 7l
Cn = 2 Z g'" 9" B;jByy.
i,7,k,l=1

The above definitions do not depend on the choice of a basis. A,, commutes with
AO(g) and aso(g). C, commutes with O(g) and so(g).
Note the identity
ylnA, = A2+ (n—2)A, +Cp, (3.6)

where A,, is defined in (3.3).

3.7 Orthonormal coordinates

Suppose that ¢ + p = n. Every scalar product of signature (¢, p) can be brought

to the form
q+p

q
W) ==> vi+ > v (3.7)
1=1

Jj=q+1
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so(g) has a basis consisting of

Bij = —yi0y, + y;0y,, 1<i<j<gq (3.8a)
Bij = yi0y; + y;j0y, 1<i<q, q<j<mn; (3.8b)
Bij = yi0y; — ¥y, g<i<j<n. (3.8¢)

The Laplacian and the Casimir operator are

Ap== > 02+ > 02, (3.9)

1<i<q q<j<n
_ 2 2 2
Cn = E Bij + E Bij - E Bij. (3.10)
1<i<j<gq g<i<j<n 1<i<q
q<j<n

We will rarely use orthonormal coordinates.

In the context of the signature (¢, p) the standard notation for the orthogoanl
groups/Lie algebras is O(q, p), AO(q,p), so(g,p), aso(g, p). We will however often
use the notation O(n), AO(n), so(n), aso(n), without specifying the signature of
the quadratic form, and even allowing for an arbitrary choice of the field (R or
C).

3.8 Split coordinates

Suppose that 2m = n. (m,m) will be called the split signature. If the scalar
product has such a signature, we can find coordinates such that

(ly) = 2y-iys. (3.11)
=1

We will say that (3.11) is a scalar product in split coordinates.
so(2m) has a basis consisting of

N;:=B_;; = —y,iay_i + yiayi, j=1...,m, (3128,)
Bij = y-iOy; —y—jOy,, 1<|i| <[j| <m. (3.12b)

The subalgebra of so(2m) spanned by (3.12a) is maximal commutative. It is
called the Cartan algebra of so(2m). (3.12b) are its root operators. They satisfy

[Ng, Bij] = —(sgn(i)dg, )i + sgn(j)ox, ) Bij-



©Group-theoretical origin of symmetries of hypergeometric class equations and functions =—— 23

The Laplacian and the Casimir operator are

Aoy =Y 20, ,0y,, (3.13)
i=1

Com= D, BiyBij—) N (3.14)
1<il<|j|<m i=1

Suppose now that 2m + 1 = n. In this case, (m,m+ 1) will be called the split
signature. Every scalar product of such signature can be brought to the form

m
(ly) = v5 + Y 2y-ivi- (3.15)
i=1

We will say that (3.15) is a scalar product in split coordinates.
s0(2m + 1) has then a basis consisting of the above described basis of so(2m)
and

Boj = yoayj 7y—ja’y07 |.]‘ =1,...,m. (3'16)
The additional roots satisfy
[Nk, Boj] = —sgn(j)ox, |1 Boj- (3.17)

The subalgebra spanned by (3.12a) is still maximal commutative in so(2m + 1).
It is called a Cartan algebra of so(2m + 1).

We have
m
Domyr =05+ 20, .0y, (3.18)
m = m
Com+1 = Z ByiBo—; + Z BijB_i_j — 2:]\/;2 (3.19)
li|=1 1<[i<[|j|<m i=1

In the real case we will most often consider the split signature, both in even
and odd dimensions. In both real and complex cases we will usually prefer split
coordinates. We will often write (3.11) and (3.15) in the form

Wly) = > y-ivs (3.20)

li|l<m

where it is understood that ¢ € {—m,...,—1,1,...,m} in the even case and
i€{-m,...,—1,0,1,...,m} in the odd case.
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3.9 Weyl group

In this subsection we introduce a certain finite subgroup of O(n), which will be
called the Weyl group. We will also introduce a notation for elements of these
groups. The reader is referred to Subsects 5.1 and 6.1, for examples of application
of this notation. We will assume that the signature is split and split coordinates
have been chosen.

Consider first dimension 2m. Permutations of {—1,...,—m} U{L,...,m}
that preserve the pairs {—1,1},...{—m,m} define elements of O(2m). They
form a group, that we will call denote Dy,. It is isomorphic to Z5* X Sy,. It is
the Weyl group of O(2m).

The flip interchanging —i, 7 will be denoted 7;. The flips 7;, withi =1,...,m,
generate a subgroup of D, isomorphic to Z3*.

To every w € S, there corresponds an element of D,, denoted o, that
permutes pairs (—i,i). We have

Uwf(yflayla-”ayfnnym) = f(yfﬂ'nyﬂn'"’yfﬂ'm?y‘ﬂ'm)' (3'21)
Let € = (e1,...,6m) and €1,...,6, € {1,—1}. We will write err as the
shorthand for €171, ..., €, mTm. We will use the notation
Oen i= Op H Ty (3.22)
Ej:—l
We have
Ueﬂ'Bija-e_T(l = BEq;‘ITi,Gj‘ITj; O’Eﬂ'Njge_ﬂ'l = 6jN7rj~

Using R?™+1 = R @ R?™, we embed D,, in O(2m + 1). We also introduce
70 € O(2m + 1) given by

TOf(yO,y—hyh - 'ay—m7yﬂ’L) = f(_yan—layl7 cee ,y—m7ym)- (323)

Clearly, 790 commutes with D,,,. The group By, is defined as the group generated
by Dy, and 7g. It is isomorphic to Zo X Z5* X Sp,. It is the Weyl group of
O(2m +1).

We set

Texr “— T00er-

We have

s S P Pl QU
TETI'BOJTgﬂ' - BO,ejTrj7 TETI'BZ]TEﬂ' *Beiﬂ'i,ejﬂ'ja TGT(N]Teﬂ' 7€]N7Tj‘
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3.10 Harmonic functions

Suppose that R™ is equipped with a scalar product. We say that a function F
on R™ is harmonic if
AnF =0. (3.24)

Proposition 3.1. Let eq,...ex € R™ satisfy
(eilej) =0, 1<id,j<k.

In other words, assume that eq, ..., e span an isotropic subspace of R™. Let f
be a function of k variables. Then

F(z) = f((ex

Z), ..., ek

is harmonic.

For instance, consider R™ with a split scalar product, where n = 2m or n = 2m+1.
Then any function f(yi,...,ym) is harmonic, for instance

Faypam =Y Y™ (3.25)
which in addition satisfies
NjFalw--am, = ajFalw--am,' (326)

Harmonic functions satisfying in addition the eigenvalue equations (3.26)
will play an important role in our approach. Unfortunately, functions of the form
(3.25) constitute a rather narrow class. We need more general harmonic functions,
which we will call wave packets. They are obtained by smearing a rotated (3.25)
with an appropriate weight, so that it is an eigenfunction of Cartan operators.
This construction will be explained in the Subsect. 3.11-3.13. It is essentially
a version of the Fourier (or Mellin) transformation, possibly with a deformed
complex contour of integration.

Note that the aim of Subsects 3.11 and 3.12 is to provide motivation, based
on the concept of the Fourier transformation, for Subsect. 3.13, which contains
the construction that will be used in what follows.

3.11 Eigenfunctions of angular momentum |

Suppose that R™ = R? @ R"~2, where we write z = (x,y, z’) € R" and

(,y,2 |z, y,2") = 2 + y* + (Z/]¢).
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Set
Ny == —i(20y — y0Oy).

Let m € Z. Consider a function f(z,y,z’). Then

2m

1 )
Fo(z,y,2) = o /f(cos b — sin ¢y, sin ¢z + cos ¢y, 2’ )e " MPdp,  (3.27)
T
0
satisfies N1 Fy(z,9,2") = mEy,(z,y, 7). (3.28)

Note that if f is harmonic, then so is F},,. This construction is essentially the
Fourier transformation.
Introduce complex coordinates

241 1= %(m +iy). (3.29)

We will write f(z_1,21,2") = f(z,y,2"), Fn(2-1,21,2") = F(z,y,2"). The oper-
ator N7 takes the familiar form

Ny = 72’_13,271 + Zlazl, (3.30)
and the metric becomes
(2-1,21,2 |21, 21, 2"y = 22121 + (¢|2). (3.31)

Then (3.27) and (3.28) can be rewritten as

1
F(z-1,71,7) = T/f(7_12_1,7'2’17ZI)T_m_ldT, (3.32)
i
b
N1Fp(2-1,21,2") = mFy(2_1,21,2"), (3.33)

where 7 is the closed contour [0,27[> ¢ +— 7 = €?.

3.12 Eigenfunctions of angular momentum II

We again consider R” = R? @ R”~2, but we change the signature of the metric.
We assume that the scalar product is given by

(z-1,21,2 221, 21, 2') = 22121 + (Z|2). (3.34)

We start from a function f(z_1, 21,2’). We would like to construct an eigenfunc-
tion of Ny with a generic eigenvalue o, and not only with an integer eigenvalues
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s (3.32). To do this we repeat a similar procedure as in the previous subsection.
Now, however, we need to integrate over a half-line, so we need conditions at the
ends: we assume that

fer Yz y 1z, 2 )17 =0. (3.35)
7=0
We set
o]
1
: /f L 1,721, 2 )7 N (3.36)
~ omi
0
Then, with N given by (3.30),
N1Fy(z-1,21,2") = aFa(2_1, 21, 7). (3.37)
Indeed,
Or f(r7 2 1,721, 2 ) 77
:—ozf(Tflz 17721, ')Tfafl
— 720 f(r e, T, )T 2O f (T e, T, 2 )T

:( —a—2z.10, , + zlazl)f(T_lz_l,Tzl, 2yrmoL,

Hence

oo

0= 21 dro, f(17 2 1,721,2)77% = (—a+ Ni)F,. (3.38)
i
0

Note that F, is the Mellin transform of 7 +— f(r7'z_1,721,2'). If f is
harmonic, then so is Fj,.

3.13 Eigenfunctions of angular momentum IlI

Assume now that z_1, 21, 2 are complex variables and f is holomorphic. Then
we can formulate a result that includes (3.28) and (3.37), allowing for a greater
flexibility of the choice of the contour of integration:

Proposition 3.2. Suppose that 0,1[3 s > 7(s) is a contour on the Riemann
surface of
T f(r7 2y, T2, )T
that satisfies
fr ey, 721,277 = 0. (3.39)
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Then
27T1/f Ly 1,TZ21, 2 ) —o—lqr

solves
N1 F, = oF,.

(3.40)

Proof. We repeat the arguments of the previous subsection, where we replace

[0, oo with . O

3.14 Dimensional reduction

In this subsection we describe how to construct harmonic functions in n — 1

dimensions out of a harmonic function in n dimensions.

Suppose that R" is equipped with the scalar product

(=1, 21,2221, 21, 2" ) = 222121 + (2|2 Yn—2.

As usual, we write

Ni=—2_10,_, + 210,,,
Ay =20, 0., + An_s.

Introduce new variables and the Laplacian in n—1 dimensions.

21
20 =+\/22_121, uU:= T
-1
92
An—l = 820 + An—Q
In the new variables,

Nl = u(’)u,

1
=02 + - azo — ?(uau)i’ +An_a.
0

Consequently,

2

1 _1 1 1 1
25 Anzy * = 7272(]\]-1 - *) <N1 + 5) +Ap—1.
0

Therefore, if we set

1
Fi(ZO,U,Z/):’LL §ZO f:t(ZO,Z/),

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)
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then
1
N Fy = :|:§Fi, (3.49)

1
BuTIALFL = Ay fy (3.50)

Hence, the n—1-dimensional Laplace equation A,,_1 f = 0 is essentially equivalent
to the n-dimensional Laplace equation A, F' = 0 restricted to the eigenspace of
Ny =+1.

4 Conformal invariance of the Laplacian

Conformal manifolds are manifolds equipped with a conformal stucture—a pseudo-
Euclidean metric defined up to a positive multiplier. Conformal transformations
are transformations that preserve the conformal structure.

The main objects of this section are projective null quadrics. They possess
a natural conformal structure with an exceptionally large group of conformal
transformations. In fact, on the n + 2 dimensional pseudo-Euclidean ambient
space we have the obvious action of the pseudo-orthogonal Lie algebra and group.
This action is inherited by the n + 1 dimensional null quadric V, and then by
its n-dimensional projectivization ). One can view ) as the base of the line
bundle ¥V — Y. By choosing a section v of this bundle we can equip ) with a
pseudo-Riemannian structure. Choosing various sections defines metrics that
differ only by a positive multiple—thus ) has a natural conformal structure. If
the signature of the ambient space is (¢ + 1,p + 1), then the signature of Y is
(¢,p)-

We discuss a few examples of pseudo-Riemannian manifolds conformally
equivalent to ) or to its open dense subset. The main example is the flat pseudo-
Euclidean space. Another example is the product of two spheres S? x SP, which
is conformally equivalent to the entire ) of signature (g, p).

Especially simple and important are the low dimensional cases: in 1 dimension
Y ~ S! and in 2 dimensions Y ~ S! x S!. One should however remark that
the dimensions 1 and 2 are somewhat special— in these dimensions the full
conformal Lie algebra is infinite dimensional, and the above construction gives
only its subalgebra.

Conformal transformations are generalized symmetries of the Laplacian. One
can see this with help of a beautiful argument that goes back to Dirac. Its
first step is the construction of a certain geometrically defined operator denoted
A3 5, that transforms functions on V homogeneous of degree 1 — % into functions
homogeneous of degree —1 — 5. After fixing a section +y of the line bundle V — Y,
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we can identify the somewhat abstract operator AS 1o With a concrete operator
R

AV

Laplace-Beltrami operator for the corresponding pseudo-Riemannian structure.

5 acting on fuctions on v(Y). This operator turns out to be the Yamabe

On the n + 2-dimensional ambient space the Laplacian A, 2 obviously
commutes with the pseudo-orthogonal Lie algebra and group. On the level of
~(Y) this commutation becomes a transmutation of AZH_Q with two different
representations—one corresponding to the degree 1 — %, the other corresponding
to the degree —1 — 3.

At the end of this section we consider in more detail the conformal action
of the pseudo-orthogonal Lie algebra and group corresponding to the degree of
homogeneity 1 on the flat pseudo-Euclidean space. In particular, we compute
the representations for all elements of the pseudo-orthogonal Lie algebra. For the
pseudo-orthogonal group, we compute the representations of Weyl symmetries.

4.1 Pseudo-Riemannian manifolds

We say that a manifold Y is pseudo-Riemannian if it is equipped with a nonde-
generate symmetric covariant 2-tensor

Yoy gy) = lgii(y)],

called the metric tensor. For any vector field Y it defines a function g(Y,Y) €
c=() o
Y3y=g(Y,Y)(y) = gi; )Y ()Y (y)-

Let « be a diffeomorphism of ). As is well known, the tensor g can be
transported by «. More precisely, a*(g) is defined by

a(9) (YY) = g(a(Y), oY),

where Y is an arbitrary vector field. We say that « is isometric if a*g = g.
Let X be a vector field. The Lie derivative in the direction of X can be
applied to the tensor g. More precisely, £xg¢ is defined by

(Lxg)(Y)Y) = g([X,Y],Y) +g(Y,[X,Y]).

We say that a vector field X is Killing if Lxg = 0.
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4.2 Conformal manifolds

We say that the metric tensor g; is conformally equivalent to g if there exists a
positive function m € C°°()) such that

m(y)g(y) = g1(y)-

Clearly, the conformal equivalence is an equivalence relation in the set of metric
tensors. We say that a manifold ) is equipped with a conformal structure, if it is
equipped with an equivalence class of conformally equivalent metric tensors.

We say that a diffeomorphism « is conformal if for some metric tensor g
in the conformal class of ), a*g is conformally equivalent to g. Clearly, this is
equivalent to saying that for all g in the conformal class of ), a*g is conformally
equivalent to g.

We say that a vector field X is conformal Killing if for any metric tensors
from the conformal class of ) there exists a smooth function M € C°°(Y) such
that

Lxg=Mg. (4.1)

Clearly, if (4.1) is true for one metric tensor ¢ from the conformal class of Y, it
is true for all metric tensors conformally equivalent to g.

4.3 Projective null quadric

Consider a pseudo-Euclidean vector space (R"12, g) of signature (¢ +1,p + 1),
which we will call the ambient space. Recall that

Yrrl— (2 e R™2 ¢ (z]2) =0, z#0}.

is the null quadric. For simplicity, we will often write V for Y71,

The scaling, that is the action of R*, preserves V. Let ) := V/R* be the
projective null quadric. We obtain a line bundle V — ) with the base ) and the
fiber R*.

Let ); be an open subset of ) and V; be the corresponding open subset of
V. Let

Vi3 yrily) € Vi

be a section of the bundle V; — ), that is a smooth map satisfying y = R*~;(y).
Let g+, be the metric tensor g restricted to ;(Y;) transported to ;.
It is easy to prove the following fact:
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Proposition 4.1. Let v;, i = 1,2, be sections of V; — V;. Then g,, are metrics
on Y; of signature (q,p). The metrics gy, and g, restricted to Y1 N Vo are
conformally equivalent.

Prop. 4.1 equips Y with a conformal structure.

Choosing a section in the bundle V — ) endows ) with the structure of a
pseudo-Riemannian manifold. For some special sections we obtain in particular
various symmetric spaces together with an explicit description of their conformal
structure. In following subsections we present a few examples of this construction.

Instead of ) one can consider ) := V/R,. We obtain a bundle V — y
with fibre R4, which has similar properties as the bundle V — Y. It is a double
covering of ), which means that we have a canonical 2 — 1 surjection Y.

Let 7 be a section of V — Y. Every y € Y equals R*~(y), and hence it is
the disjoint union of 74 := Ry~(y) and §_ := R_~(y). Clearly {§;,7_} C Y is
the preimage of y under the canonical covering. Let us set

¥(G+) =), A(G-) = —(y). (4.2)

Then # is a section of the bundle V — Y. With help of 4 we can equip Y with a
metric g5. Obviously, if V' is equipped with the metric g,, the canonical surjection
37 — ) is isometric.

We would like to treat ) as the principal object, since it has a direct
generalization to the complex case. However, for some purposes Yis preferable.

4.4 Projective null quadric as a compactification of a
pseudo-Euclidean space

Consider a pseudo-Euclidean space (R™, g,,) of signature (¢, p) embedded in the
pseudo-Euclidean space (R"*2, g,, 1 2) of signature (g4 1,p+ 1). We assume that
the square of a vector (z/,z_,z;) € R"*2 = R" ¢ R? is

(' 2 2p |2 2 20 dnae = (|2 + 2202

Set
Voi={(',2—,24) €V :+ 2_ #0}, Vo :=Vo/R*.

Yo is dense and open in Y.
We have a bijection and a section

Yy Yy
Vo 3 R* 1 ooy 1 € V. (4.3)
_ Wy m _ WYy
2 Rn 2
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Thus R"” is identified with )y. The metric on )y given by the above section
coincides with the original metric on R™. We have thus embedded R™ with its
conformal structure as a dense open subset of ).

4.5 Projective null quadric as a sphere/compactification of
a hyperboloid

Consider a Euclidean space (R"*l, gn+1) embedded in a pseudo-Euclidean space

R™*2 g,42) of signature (1,n + 1). We assume that the square of a vector
In+ g

(2',20) ER*"TL O R =R"+2 is

(2, 2012 20)mt2 = (2|2 ) g1 — 25

Recall that
S" = {we R (ww) =1}

is the unit sphere of dimension n.
We have a bijection and a section

Y5 R* H oy e H ev. (4.4)
174
sn

Thus S is identified with )). The metric on ) given by the above section coincides
with the usual metric on S”.

Y is in this case simply the disjoint sum of two copies of S™.

The above construction can be repeated with minor changes for a general
signature. Indeed, let the signature of (R™*! g,.1) be (g,p + 1), so that the
signature of (R"*2, g,.2) is (¢ +1,p+ 1). Set

Vo:={(z,20) €V : 20 #0}, Yo:=Vy/R*.
We have then the bijection and section

w

Yo > R* [1

} w — ﬁ] € V. (4.5)
Sa.p

Note that now instead of the unit Euclidean sphere we have the unit hyperboloid
of signature (g, p), which has been identified with }p, a dense open subset of V.
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4.6 Projective null quadric as the Cartesian product of
spheres

Consider now the space R"*2 of signature (¢ + 1,p + 1). The square of a vector
(t, %) = (to, ... ytq, 0, - .., Tp) is defined as
(G T) = —t5 — - — 2+ 2+ + 2 (4.6)
Note that S x SP is contained in V. It is easy to see that the map

YoR*(p,&) «u(p, &) € ST xSP C V. (4.7)

is a double covering. Indeed, we easily see that the map is onto and
R (P, &) = R* (=p, —d).
Thus
V~SIxSP)Zy, Y ~STxSP.

The map (4.7) can be interpreted as a section of ¥ — Y. The corresponding
metric tensor on ) is minus the standard metric tensor on S? plus the standard
metric tensor on SP. Its signature is (g, p).

Again, similarly as in the previous subsection, the above construction can
be generalized. Indeed, replace (4.6) with

S 2 2 2 2
< 7.73|t,1‘> i ”'7t<h +tQ1+1 +”'+tfh+l)1
2 2 2 2
Tro Ty T T Tt
We then obtain a map
Yo3RX(p,d) «u (p, @) € SP19t x S%=2:P2 C V. (4.8)

Unlike (4.7), the map (4.8) is in general not onto—it doubly covers only an open
dense subset of V.

4.7 Dimension n =1

Consider now the dimension n = 1 in more detail. The ambient space is R3 with
the split scalar product
(z|2) = 22 + 22_1241.

The 1-dimensional projective quadric is isomorphic to S! or, what is the
same, the 1-dimensional projective space:

V!~ St ~RU {0} = PIR.
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Indeed, it is easy to see that

¢ :RU{oco} = P!

defined by
1 2 X
o(s) = (5,1,—55 )R , SER;
¢(c0) = (1,0,0)R*

is a homeomorphism.
The group O(1,2) acts on PR by homographies (M&bius transformations).
The Lie algebra so(1,2) is spanned by

By,1, Bo,—1, Ni,

with the commutation relations

[Bo,1,Bo,—1] = Ni,
[Bo,1,N1] = Boz,
[Bo,—-1,N1] = —By,—1.

Appying (3.19) with m = 1 we obtain its Casimir operator:

C3 = 2Byp1By_1-Ni— N (4.9a)
= 2307_130,1 — N12 + N. (49]:))

4.8 Dimension n = 2

Consider finally the dimension n = 2 in the signature (1,1). The ambient space
is R* with the split scalar product

(z|2) = 221241 + 22_9249.

The 2-dimensional projective quadric is isomorphic to the product of two
circles:
V? ~ PR x PIR.
Indeed, define
o (Ru{oo}) X (RU{OO}) — )?

35
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by
o(t,s) = (—ts,1,t,8)R*, (4.10a)
¢(c0,s) = (-5,0,1,0)R", (4.10D)
¢(t,00) = (-t,0,0,1)R”, (4.10¢)
p(co,00) = (—1,0,0,0)R>, (4.10d)

where t, s € R. We easily check that ¢ is a homeomorphism. In fact, rewriting
(4.10a) as

1 s
tv = 7771:7)]RX
ots) = (=517
1
CEENE
S S
1 11
- (ui e
ts st

we see the continuity of ¢ at (4.10b), (4.10c), resp. (4.10d).
The Lie algebra so(2,2) is spanned by

N1, N2, B12, By, 2, B_12, B_1 2.
Appying (3.19) with m = 2 we obtain its Casimir operator:
Cy = 231723_1,_2 + 2317_23_172 — N12 - N22 — 2N7.

As is well known, so(2,2) decomposes into a direct sum of two copies of
so(1,2). Concretely,

50(2,2) =s0"(1,2) ®so(1,2),
where sot(1,2), resp. so~ (1,2), both isomorphic to so(1,2), are spanned by
By, B_1,—2, N1+ N2; rtesp. Bi_2, B_12, N1 — Na.

They have the commutation relations

{31,2 371,72} N1+ Ny [31,72 371,2} N1 — N
v2©ov2 b2 v2 vl 2
[N1+N2 371,72} _B_1,9 {leNz Bf1,2} _ B_jp
2 V2l v 2 el Ve
[N1+N2 Bl,2]:_B1,2. {leNz B1,72} :_231,72
2 V2 V2 2 V2 V2
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The corresponding Casimir operators are

C3

Cs

Thus

1

1 1
Bi2B_1,_o — Z(Nl + N2)2 — =Ny — =Ny

2 2

1 1 1
B_1,_2B12— Z(Nl + No)2 4+ =Ny 4 =Ny,

2 2

1 1 1
By, _2B_12— 1 5 3

1

1 1
B_12B1,_2— Z(Nl — N2)?2 + §N1 — =Nos.

2

Cy =2C5 +2C5 .

(N1 = Na)? = SNi + SNy

In the enveloping algebra of so(2,2) the operators Cgr and C3 are distinct.
They satisfy o(C_) = C4 for a € 0(2,2)\SO(2,2), for instance for o = 7,

i=1,2.

However, inside the associative algebra of differential operators on R* we

have the identity

which implies

inside this algebra.

we have

Cy

Bi12B_1,_9 —B_12B1,_2 = NNy + Ny,

Cy =C35

Therefore, represented in the algebra of differential operators

4B19B_1,—2 — (N1 + N2)? — 2N7 — 2N,
4B_1 _9B1a — (N1 + N2)? +2N; + 2N,
4B1,_2B_15 — (N1 — N2)? — 2Ny + 2N,
4B_12B1,—2 — (N )

No 2 + 2N7 — 2Ns.

(4.11a
(4.11b
(4.11c

)
)
)
(4.11d)

4.9 Conformal invariance of the projective null quadric

Obviously, O(n + 2) and so(n + 2) preserve V. They commute with the scaling
(the action of R*). Therefore, we obtain the action on Y = V/R*, which we

denote as follows:

soln+2)>B — B°
On+2)3a — a°

(4.12a)
(4.12b)

37
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Clearly, the vector fields B¢ are conformal Killing and the diffeomorphisms o
are conformal.

Let 17 € C. We define A’} (V) to be the set of smooth functions on V (positively)
homogeneous of degree 7, that is, satisfying

flty) =t"f(y), t>0, yeV.

Clearly, B € so(n + 2) and o € O(n + 2) preserve Al (V). We will de-
note by B®", resp. a®" the restriction of B, resp. o to AL (V). Thus we have
representations

so(n+2)>B +— B (4.13a)
On+2)3a — a®", (4.13b)

acting on AL ()).

Clearly, A9 (V) can be identified with C'°°()). Moreover, (4.12a), resp. (4.12b)
coincide with (4.13a), resp. (4.13b) for n = 0.

If 7 € Z one can use another concept of homogeneity. We define A"”(V) to be
the set of smooth functions on V satisfying

fity)=t"f(y), t#0, yeV.

The properties of A" (V) are similar to A"l (V), except that A%(V) can be identified
with C()).

4.10 Laplacian on homogeneous functions

The following theorem according to Eastwood [East] goes back to Dirac [Dir].
We find it curious because it allows in some situations to restrict a second order
differential operator to a submanifold.

Theorem 4.2. Let Q C R"2 be an open conical set. Let K € C*() be

homogeneous of degree 1 — 5 such that

K

vna

Then
A K( —0.
2 N
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Before we give two proofs of this theorem, let us describe some of its consequences.
Let k € Ai_f (V). We can always find €, a conical neighborhood of V, and
K € A(Q) homogeneous of degree 1 — % such that

k:K‘ .
%

Note that A, 2K is homogeneous of degree —1 — 5. We set
AS ok = An+2K‘V. (4.14)

By Theorem 4.2, the above definition (4.14) does not depend on the choice of Q
and K. We have thus defined a map

n
-1-z

AS o A 7( )= AL 2 (V). (4.15)
Obviously,
BA,+2 = A,i2B, Beso(n+?2), (4.16a)
alApt2 = Apioa, a€0(n+2). (4.16b)
Restricting (4.16) to Aiig (V) we obtain
B® 1*£A°+2 = A%, ,B>72 Beso(n+2), (4.17a)
a®TITEAS L, = A% et %, a e O(n+2). (4.17b)

1st proof of Thm 4.2. We use the decomposition R*+2 = R" @ R2 described
in Subsect. 4.4, with the distinguished coordinates denoted z_, z+. We denote
the square of a vector, the Laplacian, the Casimir, resp. the generator of dilations
on R™2 by R, 12, Anya, Cruyo, resp. A, . Similarly, we denote the square of
a vector, the Laplacian, the Casimir, resp. the generator of dilations on R™ by
Ry, Ap, Cy, resp. A,. We will also write

Nm+1 = z+82+ - Z_azi.
We have

Ryto =Ry + 2242,
An-i—2 = n + 28 8 -
An+2 =A,+ Z+8z+ + 2.0,
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The following identity is a consequence of (3.6):

RnAn+2 = R,A,+ (Rn+2 - 2Z+Z_)23Z+827
n\ 2 n 2
- e (am1e )= ()
Cn + ( *3 2
+Rp220,, 0, — (2405, +2-0, )> + N2 4
= Rn+22az+az,
+<An 14 g — 20, — z,az_) (An+2 14 g)
n 2 9
—(5—1) +Cn+ N2 (4.18)

2, . .
(% — 1) is a scalar. C, and N,,QH_1 are polynomials in elements of so(n + 2),
which are tangent to V. Therefore, all operators in the last line of (4.18) can be
restricted to V. The operator A2 — 1+ § vanishes on functions in A1+75 (Q).
The operator R, 220, 0,_ is zero when restricted to V (because R,,12 vanishes
on V).

Therefore, if K is homogeneous of degree 1 — Z

5 vanishing on V), then
Ry Ap42K vanishes on V. We are free to choose different coordinates which
give different R,,’s. Therefore we can conclude that A, 42K vanishes on V. O

Corollary 4.3. Using the operator AS, ,,, we can write

2 _n _n
R,AS,, = —(%—1) Ot TE (NS (4.19)

2nd proof of Thm 4.2. We use the decomposition R"*2 = R*+! @ R with the
distinguished variable denoted by zg, as in Subsect. 4.5. We denote the square of
a vector, the Laplacian, the Casimir, resp. the generator of dilations on R**1 by
Rut1, Ant1, Cpgi, resp. Apy1. We have

Ryyo = Rpg1 + Z(Q);
Anpt2 = Any1 + 200z,
An+2 = An+l + 830-
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We have the following identity

Rn+1An+2 = Rn+1An+1 + (Rn+2 - 2’8)830
n—1\2 n—1\2
- C"+1+(A"+1+ 2 ) _( 2 )
) 1\2 /132
szt = (0= 3) + ()
n n
= Rupad? + (Anﬂ +3- zanO) (An+2 +3- 1)
n n
—(5 - 1)5 ¥ Cosi. (4.20)
Then we argue similarly as in the 1st proof. O
Corollary 4.4. Using the operator A, ,, we can write
n n -2
Rnp1l5y, = —<§ - 1) 3 +Cr (4.21)

4.11 Fixing a section

For nonzero 7, in order to identify functions from AZ(V) with functions on ) we
need to fix a section of the line bundle YV — Y. Let us describe this in detail.

Let Vp be an open homogeneous subset of V and Yo =V /R4. Consider a
section v : Yy — Vy. We then have the obvious identification 47" : A:’_ Vo) —
C>®(Yp): for k € AL (Vo) we set

(W) (y) == k(1(9)), y € . (4.22)

The map 77 is bijective and we can introduce its inverse, denoted ¢7:",
defined for any f € C>()y) by

() (s7(v)) = s"f(y), s€Ry, ye . (4.23)

Let B € so(n+2) and @ € O(n + 2). As usual, B and « are interpreted as
transformations acting on functions on R"*2. Both B and a preserve AZ(VO).
Therefore, we can define

BT = o TNBETN. (4.24a)
P, (4.24b)

Q
2
3
|

B is a 1st order differential operator on Y. o maps C'> ()70 N (a®) =1 (D))
onto C° (570 n ao(j)())).
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It is easy to see that for any B € so(n + 2) and a € O(n + 2) there exist
Mg € C‘X’()N)O) and mgy € C*® (370 n 040()70)) such that

B*"f(y) = B°f(y) +nMp(y)f(y), (4.25a)
a®f(y) =m(y)a® f(y). (4.25b)

We define also
Ay =T TEAD e TR (4.26)

This is a second order differential operator on )70. It satisfies

BYTITEAYL, = A)L,BYTE Beso(n+2), (4.27a)
QPTITEAYN L, = AL,aPTE aeO(n+2). (4.27b)

Note that for even n the numbers +1 — & are integers. Therefore, AFI=3 (V)
are well defined. In the above construction, we can then use ) instead of its
double cover ). We also do not have problems in the complex case.

For odd n the numbers +£1 — 5 are not integers, and so AFI=5 (V) are ill

defined. Therefore, we have to use Aili% (V) and Y.

4.12 Conformal invariance of the flat Laplacian

In this subsection we illustrate the somewhat abstract theory of the previous
subsections with the example of the flat section described in (4.3). Recall that
the flat section identifies an open subset of )} with R™. Therefore we obtain an
action of so(n + 2) and O(n +2) on R™. As a result we will obtain the invariance
of the Laplacian on the flat pseudo-Euclidean space with respect to conformal
transformations. The results of this subsection will be needed for our discussion
of symmetries of the heat equation.
We will use the notation of (4.24a) and (4.24b), where instead of v we write
“f1”, for the flat section. We will describe conformal symmetries on two levels:
(a) the ambient space R"*2
(b) the space R™.
We will use the split coordinates, that is, z € R**2 and y € R™ have the
square

(z]z) = Z Z_jZj, (4.28a)

ljl<m+1

> vy (4.28b)

l7l<m

/\
<
<
N
|
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As a rule, if a given operator does not depend on 7, we omit the subscript 7.
Derivation of all the following identities will be sketched in Subsect. 4.13.

Cartan algebra of so(n + 2)

Cartan operators of so(n), i =1,...,m:
Ni = _Zfiaz_,; + 218277 (429&)
NE =y i (4.290)

Generator of dilations:

Nm+1 = _Z—m—laz_m_l + Zm+lazm+17 (430&)
fl,
ij—l = Z yzam -n = Ap—1. (4.30b)
[i|<m

Root operators

Roots of so(n), |i| < |j] < m:

Bij = 2.0 —2-;0;, (4.31a)
Bl = y-iby, —y—;Oy. (4.31b)

Generators of translations, |j] < m:

Buy1j = 2-m-10z; — 250, .4, (4.32a)
Bl ., = 0. (4.32b)
Generators of special conformal transformations, |j| < m:
Bom-1j = 2m410z; —2-30._, _,, (4.33a)
Bt = —%(ylwé‘yj +yg Y yidy, —ny—j- (4.33b)

[i|<m

Weyl symmetries
We will write K for a function on R™*2 and f for a function on R™. We only
give some typical elements that generate the whole Weyl group.

Reflection in the Oth coordinate (for odd n):

70K (20,...) = K(—20,...), (4.34a)
70 (o, - = f(=yo,--.). (4.34D)
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Flips, j=1,...,m

TjK(. . .,Z,j,Zj7 .. .,Z,m,1,2m+1)

= K( ey Ry Ry .7z,m,1,zm+1),
fl

Inversion:

Tm+1K(. s Z—m—1, Zm+1) = K( ey zm+1,z_m_1),

o) = (-4 1 (- 25,

yly)
Permutations, w € S,,:

O'ﬂ—K(. ey By Ry e .,z_m_l,zm+1)

= K( R PR SR -az—m—172m+1)7

0—7ﬂrf(7y7]7yj7): f("'yfﬂ'jvyﬂjw" .

Special conformal transformations, 7 =1,...,m:
U(j7m+1)K(Z,17 BlyeeeyZejsRgyeeesB—m—1, Zm+1)
= K(Z_l, Zlyer oy Z=—m—12m—+1s--+r2—7, Zj)7

ﬂ7
U(J'Zn+1)f(y—1,y1, e Y—fs Yjr )
= 77 f(y 1 y1 1 _<y|y>
—J

y] =y ”'7y7j 2?,/7]"”

Laplacian

An-‘,—2 = Z 821'82,17
Ji]<m+1

Ay = > 0,0, = A
li|[<m

We have the representations on functions on R"™:
so(n+2)>B ~ B
On+2)3a — ol

They yield generalized symmetries:

—2—-n

B A,

. =2=n
a Tz A,

And T ae O(n+2).

ij(...,y_j7yj,...):f(...yj,y_j,...).

AnBﬂ’Q, B € so(n+2),

(4.35a)
(4.35b)

(4.36a)

(4.36D)

(4.37a)
(4.37b)

(4.38a)

(4.38D)

(4.39)

(4.39D)

(4.40a)
(4.40D)

(4.41a)
(4.41Db)
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4.13 Computations

Below we sketch explicit computations that lead to the formulas on from the
previous subsection. Consider R™ x R* x R (defined by z_,,—1 # 0), which is
an open dense subset of R?T2. Clearly, Vg is contained in R™ x R* x R.

We will write A7(R™ x R* x R) for the space of functions homogeneous of
degree n on R™ x R* x R.

Instead of using the maps ¢ and 47, as in (4.23) and (4.22), we will prefer
O C°(R™) — AT(R"™ x RX x R) and U7 : AT(R? x RX x R) — O (R")
defined below.

For K € A7(R" x R* x R), we define UK € C°(R") by

(W) () = K (w1, —%) y €R™.

Let f € C*°(R"™). Then there exists a unique function in A" (]R" x R* x R)
that extends f and does not depend on z,,11. It is given by

(q:.ﬂﬁ?f) (szfmfl,Zerl) = sz—lf( z

), z € R".

Z—m—1
The map U7 is a left inverse of ®7:
fl,n g A
glagfin =

where ¢ denotes the identity. Clearly,

ofnfl = ¢S
v ?

0

gy — wﬂ,n (K

W)

Moreover, functions in A7(R™ x R* xR) restricted to Vg are in A”(Vy). Therefore,
B = whnpethi B e so(R™?),
= et o e O(R"T2).
(Note that a, B preserve A7(R™ x R* x R)). Note also that
Al = 0A, Lefn = A

In practice, the above idea can be implemented by the following change of
coordinates on R™*2:

yiim =2, i < m,

R .= Z ZiZ—4,
[i|<m+1

P=2z2-m-1-
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The inverse transformation is

zi = pyi, |i] < m,

Zmi1 = 3(E=p 3 yiy-i),
li<m

Z—m—-1=2PD
The derivatives are equal to

821‘ = Z:I ayl + 2z_;0R, |Z| <m,

m—1

azm+1 = 22—m—18R7

8Z—m—1 = 81” - Z:mfl Z Zla% + 22m+1aR-
li|<m
Note that these coordinates are defined on R™ x R* x R. The set V) is given
by the condition R = 0. The flat section is given by p = 1.
For a function y — f(y) we have

(@%7f) (y, R,p) = p" f(y).
For a function (y, R, p) — K(y, R, p) we have

(1K) (y) = K(y,1,0).
Note also that on A7(R™ x R* x R) we have

pap + 2R0R = 1.

5 Laplacian in 4 dimensions and the
hypergeometric equation

The goal of this section is to derive the 9 F; equation together with its symmetries
from the Laplacian in 4 dimensions, or actually from the Laplacian in 6 dimensions,
if one takes into account the ambient space. Let us describe the main steps of
this derivation:

(1) We start from the 4 4+ 2 = 6 dimensional ambient space, with the obvious
representations of so(6) and O(6), and the Laplacian Ag.

(2) As explained in Subsect. 4.9, we introduce the representations so(6) > B
B> and O(6) 3 a — «*". Besides, as explained in Subsect. 4.10, we obtain
the reduced Laplacian Ag. The most relevant values of 1 are 1 — % =-1
and —1 — % = —3, which yield generalized symmetries of Ag.
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(3) We fix a section v of the null quadric. It allows us to construct the represen-
tations BY", a7 and the operator A, acting on a 4 dimensional manifold
whose pseudo-Riemannian structure depends on .

(4) We choose coordinates w, u1, ua, us, so that the Cartan operators are ex-
pressed in terms of uy, uz, uz. We compute Ag, B7" and o in the new
coordinates.

(5) We make an ansatz that diagonalizes the Cartan operators, whose eigenval-
ues, denoted by «, 3, u, become parameters. Ag, BY" and «”" involve
now only the single variable w. A/ turns out to be the o F; hypergeometric
operator. The generalized symmetries of Al yield transmutation relations
and discrete symmetries of the 97 operator.

Step 1 is described in Subsect. 5.1.

We have a considerable freedom in the choice of the section v of Step 3. For
instance, it can be the flat section, which we described in Subsects 4.4 and 4.12.
However, to simplify computations we prefer to choose a different section, which
we call the spherical section. (Both approaches are described in [DeMaj]).

We perform Steps 2, 3 and 4 at once. They are described jointly in Subsect.
5.2. We choose coordinates w,r,p, u1,u2,us in 6 dimensions, so that the null
quadric, the spherical section and the homogeneity of functions are expressed
in a simple way. In these coordinates, after the reductions of Steps 2 and 3, the
variables r, p disappear. We are left with the variables w, u1, ug, us, and we are
ready for Step 5.

Step 5 is described in Subsects 5.3 and 5.4.

Subsects 5.5 and 5.6 are devoted to factorizations of the o F; operator. Again,
we see that the additional dimensions make all the formulas more symmetric.
The role of factorizations is explained in Subsect. 1.5.

Subsects 5.4 and 5.6 contain long lists of identities for the hypergeometric
operator. We think that it is easy to appreciate and understand them at a glance,
without studying them line by line. Actually, the analogous lists of identities in
the next sections, corresponding to other types of equations, are shorter but in a
sense more complicated, because they correspond to “less symmetric” groups.

All the material so far has been devoted to the o F; operator and its multidi-
mensional “parents”. Starting with Subsect. 5.7 we discuss the 9 F} function and,
more generally, distinguished solutions of the o F; equation. The symmetries of
the oF7 operator are helpful in deriving and organizing the identities concerning
these solutions.

Subsects 5.10, 5.11, 5.12 are devoted to integral representations of solutions
of the 9 F1 equation. In particular, Subsect. 5.10 shows that these representation
are disguised “wave packets” solving the Laplace equation and diagonalizing
Cartan operators.
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In Subsect. 5.13 we derive connection formulas, where we use the pairs of
solutions with a simple behavior at 0 and at co as two bases of solutions. The
connection formulas follow easily from integral representations. These identities
look symmetric when expressed in terms of the Lie-algebraic parameters.

5.1 s0(6) in 6 dimensions

We consider R® with the split coordinates
Z_1,21,2—9,22,2_3, 23 (5.1)
and the scalar product given by
(z]2) = 22121 + 22929 + 22_323. (5.2)

The Lie algebra so(6) acts naturally on R®. Below we describe its natural
basis. Then we consider its Weyl group, Ds, acting on functions on RS. For
brevity, we list only elements from its subgroup D3 N SO(6). Finally, we write
down the Laplacian.

Lie algebra so(6). Cartan algebra

Ny =—2_10, , + 210, (5.3a)
Ny = —2_90,_, + 220,,, (5.3b)
N3 = —2_30, , + 230,,. (5.3¢)
Root operators
B_g _1 =220, , —210;_,, (5.4a)
By =2_20;, —2-10,,, (5.4Db)
By 1 =2_90,_, — 210,,, (5.4c)
B_91 =220, —2-10;_,; (5.4d)
B_3,_0 =230, , —220,_,, (5.4e)
B3 o =2_30,, — 2-20,,, (5.4f)
B3 _9 =2_30, , — 220, (5.4g)
B_39 =230, —2-20,_,; (5.4h)
B_3_1 =230, , —210;_,, (5.41)
B3 =2-30; —2-10z, (5.4)
B3 _1 =2_30,_, — 210, (5.4k)
)

B,3’1 = 23821 - 271(9273. (5.41
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Weyl symmetries

0'123KZ 1,%1,%2-2,%2,2-3,%3
o-12-3K
o1-2-3K

o_1-23K(2-1,21,2-2,22,2_3,23

0213KZ 1,%1,%2-2,%22,2-3,%3

0-21-3

o2-1-3K

0_2-13K(2-1,21,2-2,22,2_3,23

0321 K (2-1,21,2-2,22,2-3, 23
o-32-1K
032 1K (2

0_3-21K(2-1,21,2_2,22,2_3,23

o312K(2-1,21,2-2,22,2-3, 23
o-31-2K
03-1-2K(2-

0_3-12K(2-1,21,2_2,22,2_3,23

0'231K(Z 1,%1,2—-2,%22,2-3,%3

)
072371[((2717 Z1,R7—2,R2,2-3, % 3)
oo_3_1K(2_1,21,2-92,%2,%_3,23)

)

g_2— 31K(Z 1,%1,%2-2,%2,2-3,%3

132K (221,21, 2-2, 22, 2-3, 23) =K (21,21, 2-3, 23, 22, 22),
0-13—2K
o1-3-2K

g_1— 32KZ 1,R1,2—-2,%2,%— 3,23) K(Zl,Z 1,%3,2-3,2-2,%22

Laplacian

1,%1,2-2,%22,%-3,%3

1,21, 2-2,%22,%2-3,%3

=K

=K
=K

) =K (2-3,23,2-2,22,2-1,21),
1,R%1,2—-2,22,2-3, % 3) IK(Z Z_3,2-2,22,%1,2—-1
1,21,2—2,22,2-3, % 3) K(Z yR3,R2,2—-2,21,2—1

) =K (23,2-3,22,2-2,2-1,21);

) )
1,21, 2-2,22,2-3,23) =K (23, 23,21, 21, 22, 2-2),
z3) )
) )

1,%1,%2—-2,%2,%— 3723) K(Zlaz 1,2—-3,%3,%2,%2-2

1,21, =2, 22,23, 23) =K (2_1, 21, 23,23, 22, %

Ag =20, 0., +20._,0., +20._,0-,.

=K(2_3,23,21,2-1,%2, %

Z—15%1, 2_2,2272_3723),

) =K(

1,21,%-2, %2, 2-3,23) =K (21,2-1,2-2, 22, 23,2-3),
23) (2—1,21,29,2-2,23,2_3),
) =K(

Z1,%2-1, 22,2_272_3,2«'3);

) =K(2_2,22,2_1, 21,23, 23),
1,21, 22, 22, 2-3, 23) =K (22, 22, 21, 21, 23, 2-3),
1,21,2-2,22,2-3,23) =K (22,22, 21, 21, 23, 2-3),

) =K(29,2_9,21,2_1,%_3,23);

)

)

)
)
)
)

=K(2_3,23,2-1,21,%-2, 22),

—2

)

K (z3,2_3,21,2-1,2-2, 22);
K(z_ 2,22,2-3,23,2—1, Zl),

(

K(Z Z-2,2-3,23,%1,%— 1),

K(z-2,22,23,2-3,21,2-1),
(

KZ27Z 2,%3,72-3,%— 1721)

)

—2

)

)
)
)
)-
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5.2 s0(6) on the spherical section

In this subsection we perform Steps 2, 3 and 4 described in the introduction to
this section. Recall that in Step 2 we use the null quadric

Vo= {z € ]RG\{O} : 22121+ 22929 + 22_323 = 0}.

Then, in Step 3, we fix a section of the null quadric. We choose the section given
by the equations
4=2 (27121 + 27222) = —22z3z_3.
We will call it the spherical section, because it coincides with S3(4) x S*(—4).
The superscript used for this section will be “sph” for spherical.
In Step 4 we introduce the coordinates

Z_1%21
r=1+/2(2-121 + 2-222) , W= ———/, 5.7a
V2(zo1zm 222) it et (5.7a)
Uy = —Zl s U = — 2 ) (57b)
V2121 + 2-222 V2121 + 2-9222

p=+/—2232_3, Uz = 4 /—;—33. (5.7¢)

with the inverse transformation

Tw uT
Z-1 = s zZ1 = —, (5.8&)
V2uq V2
r(1 —w) UgT
2= "W 2g = 20 5.8b
>~ s = (>:50)
P = s (5.8¢)

Z_3 = — z3 .

V2uy’ V2

The null quadric in these coordinates is given by 72 = p?. We will restrict
ourselves to the sheet r = p. The generator of dilations is

Ag =10, +p6p.

The spherical section is given by the condition r2 = 4.

All the objects of the previous subsection will be now presented in the above
coordinates after the reduction to the spherical section. This reduction allows us
to eliminate the variables r,p. We omit the superscript 1, whenever there is no
dependence on this parameter.

Lie algebra so(6). Cartan operators:
leph = Uuj 8u1 5
N;ph = U9 E)uz ,

sph
N3p ZU3au3.
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Roots:
Bs_p;_l = u1u28w7
1
B = ——— (1 — w)wdyy + (1 — w)u1 By, — wuzdy,)
’ ui1uU2
S U
B = 2L (1 — w)By — udu,)
, U
U
B = 2 (wdy + u18y,) ;
, U1
1
Bs_p;v”2_7u2u?, w0y + § (u18u1 + UQaU2 + U38u3 — 77)) R
i 1 w—1
B;?th @ w(w_l)aw_'_( 2 )(U18u1 +u2auQ —’U,38u3—7’])+U28u?> 5

2
(w=1)
2

1
<waw + = (ulaul + u2au2 - U38ug - 7])) )

(w1 0y, +u20y, +u36u3_77)+u26u2> ;

. 1
Bgl)f’iulﬂ = —1 ((w —1)0y + §(u18u1 + U0y, — u30y; — n)) ;

U w
Bs_p;’ln:f (w(wfl)anri (ulaul Fu20y, +u30y, 777) 7u18m> .

Weyl symmetries

sph,
O—ig?y nf(w,’u,l,’U,Q,’u,g) :f (w,U1,’U,2,’U,3),
h, w 1
Us—plZZS (w>u17u2:u3) :f <w7 u717u27 ’U,3> )

1—w 1
sph,n —
01-2-3 (w,ul,u2,u3) *f <w7u17 Uz 7’[1,73 s

sph,7 _ w l-w )
0-_1_23 (w,’u,l,’U,Q,Ug) _f (’LU, ;17 U ,u3 |
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T
O3B w1, 13) = (1 — w, g, uz),
1
Sp2hln3 (’Z,U U17U27’U/3 (1 wa u17u3> )
sph,n w 1
o5 7 s flw,ur,ug,uz) =f (1 — u— 173 ,
h w
S_p2 77713 (U} U]_7’U,27’U,3 f (1 ) Ul )
> ’f] U Ul
T f(w, ur, uz, uz) = f( \/7 \/7 \/7>
sph,n 77
o5 fw, vy, ug,u3) = f( \/7“3 \/Tu )
h
Uls’;anl (waulﬂu%uiﬁ) nf( \/— \/—u2 )
sph, 'r] 1 (w — 1 w1
O’b_pgl_ngl (w;ul7u27u3) f( \/7713 \/7712 m)
h, n 1 us3 uy U
312" f(w, w1, uz, uz)=(Vw—1) " f <1—w’ Vw—1 yw—1’ \/wl) 7
h, —\7 1 1 ul w—1
7sit (w7U1’U27ug):< W—l) f<1—w7 w—Tug’ Vw—1" uz )7
1 U w w—1
h n 3
PRaf g us)=(Veel) f(lw’m’mul’ uz )
s 1 1 w u9g
o-g_p;];le (w7u17u27u3)_(\/w1)nf<

B f (w,u, up, uz) =(vV=w)”
‘7?21137% (w, w1, u2,u3) :(M)n
T (w, w2, ug) =(v=w)”
O'Sp2h77731 (w, u1, ug, us) :(H)n

1-w’ Vw—Tluz’ vw—1lu; vw—1

(w—ly(w—l)y u3 7@
w TV —wue V=w w
(
(

us3 U1

f

~

V—w

ui

~

)
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h, n w ul u3 U2
15 f(w,ur, uz, uz) =(Vw—1)" f (w—17 \/w—l’ Vw—1’ \/w—l) 7

. w u3 w—1
o5 fw, vy, uz,u3) = f<w 1’ ﬁm Vu—1" ug )’
o 77 w 1 w—1
01_3_ 9, (w’u17u27u3) f w— 1 \/7 ﬁu3 u9 ’
oSPhT " = . =
o P fw, v, ug, uz)= f(w 1’ \/w Tur  Vw—Tug w— 1>

Laplacian

APY = w(1—w)d2 — (14 w1y (w — 1) + (1 + uzduy )w) D
1 1
— Z(ulaul + UQauz + 1)2 + Z(u?,au?’)Q. (5.9)

Let us give the computations that yield (5.9). Using

0, = % ( — 1By, — UpBuy + 70y +2(1 — w)aw),

8., = fl ((1 — )10y — Gusduy + 510+ w(1 = )y )
8, , = % ( 1y — UpBuy + 7Oy — 2w8w),

0z, = % ((102;1)1113”1 + (w+1) U200y, + u ; w)rar +w(w — 1)8w)7
0.s = - (wsdus — 10y,

9., = \/iimg (usus + ),

we compute the Laplacian in coordinates (5.7):
1
D= (4w = w)d = 4((1+ wdu,)(w = 1) + (1 + 120, )w) 0
~ (w10, + 2By + 12+ (10,)2 + 200, +1)
1
+ 5 ((00)* - 09,)?). (5.10)
Next we note that

1 1
o) ((r@T)Q + 219, — (p0y)* + 1) =3 (r@r —pop + 1) (T@,« + 0y + 1). (5.11)
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Using p? = r? and r0, + pd, = —1, we see that (5.11) is zero on functions of
degree —1. Thus we obtain
4
2§ = = (w1 = w)02 — (1 +w1du,)(w = 1) + (1 + 420, )w) Do
1 1
— 4 10y +usdu + D + Z(ugaus)?). (5.12)
To convert Ag into the Azph, we simply remove the prefactor %.
5.3 Hypergeometric equation
Let us make the ansatz
flug,ug,us, w) = u‘fugugF(w) (5.13)
Clearly,
NSPR o — o, (5.14a)
NP = B, (5.14D)
NP = uf, (5.14c)
up Cuy Pug AT = Fap(w, 00)F(w), (5.14d)
where
Fo,8,u(w,0n) =w(l — w)@?u - ((1 +a)(w—-1)+ 1+ B)w)@w
1 1
—Z(a+ﬁ+1)2+1u2, (5.15)

which is the o F; hypergeometric operator in the Lie-algebraic parameters.
Traditionally, the hypergeometric equation is given by the operator

Fla,b;c;w, ) := w(l — w)d2 + (c —(a+b+ 1)w)8w — ab, (5.16)
where a, b, c € C will be called the classical parameters. Here is the relationship
between the Lie-algebraic and classical parameters:

a:=c—1, f:=a+b—c, wi=a—"b; (5.17a)

. l1+a+8+p b l+a+8—p

B 2 T 2 '

Note that the Lie-algebraic parameters «, 3, u are differences of the indices

c=1+a. (5.17b)

of the singular points 0, 1, co. For many purposes, they are more convenient than
the traditional parameters a, b, c. They are used e.g. in Subsect. 2.7.2 of [BE],
where they are called A, v, u. In the standard notation for Jacobi Polynomials
Py B , the parameters «, 3 correspond to our a, 8 (where the singular points have
been moved from 0,1 to —1,1).
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5.4 Transmutation relations and discrete symmetries

By (4.17), we have the following generalized symmetries
BT3NP — ASPh psph. 1 B e g6(6), (5.18a)

asph,f?)AZPh _ Azph()ﬁph’il, a € 0(6) (518b)

Applying (5.18a) to the roots of so(6) we obtain the transmutation relations for
the hypergeometric operator:

OwFo,B,p
= Fat1,64+1,10w;
(w(l —w)dy + (1 —w)a — wﬁ)}'a,g,u
= a_l,ﬁ_lyﬂ(w(l —w)0y + (1 —w)a — wﬁ),
((1 —w)0w — 5)}—a,ﬁ>u
= Fat1,8-1,u((1 — w)dw — B),
(WO + ) Fo 8,

= Fa-1,5+1,0(wy + a);

1
(wu + 5+ B+ p+ 1)) wFap
1
= wfa,5+1,u+1 (waw + E(a + ﬁ +p+ 1))7
1
(w(w—l)@w+§(w—l)(a+5—ﬂ+1)_ﬁ) wFap.p
1
= wFa g1t (ww=1)0,+5 (w=1)(a+B—p+1)-5).
1
(w8w+§(a+ﬁf,u+1))w]:a”3,#
1
= U}]:a’/j+1“u,1 (w@w—l-i(a-i-ﬁ—u-i-l),
1
(w(w_1)aw_§(1—w)(a+ﬂ+u+1)+6)wfa,@,u

=wFa,8-1,u+1 (w(w—l)ﬁw—%(l—w)(a—t—ﬁ—l—/ﬁ—l)—}—B);
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((w 1)y + ;

(a+B+p+1)(1 - w)Fas
=(l-w a+1ﬁu+1( 1oy + 5 (a+6+u+1)
(w100t (ot Bpt 1) ba) (=) Fap

— (1= ) Far 1<w(w )00+ = w(a+ﬁ u+l)+a)
((w—1)6w+;(a+6 u+1))(1 w)F B
= (1= W) Faprppi ((w—1)0 + = (a+ﬁ p+1),

(w(wfl)aw+1

- (a+b’+u+1>fa)<1 W) Fa

=1 —w)Fa- 1’5H+1<w(w 1)0w+= w(a+ﬁ+u+l) )

Applying (5.18b) to the Weyl group D3 we obtain the discrete symmetries
of the hypergeometric operator. We describe them below, restricting ourselves to
D3N SO(G)

All the operators below equal Fy, g ,,(w, 0y) for the corresponding w:

w=0v: Fo,8,u(0,00),

w=1-wv: FB,0,u(V, 0p),
(0 =170 Fopau®d) (v-1)%v)%
(v=17"% Fg—a-u©,0) (-1
(=)™ Fopa—ul

wodn, G CoRama) (0=
(<o) 5 0= ) () F ppale,d) (o) T 1),
(T @-)7 () Fupma®8) (o) T (0 - 1)
—v) 7 (0 Fops—alv:0y)  (m0)T T
w=tt s (o) (0 Fuap,0) (o) T
(o) 0= )T (COFpap(0,8) ()T 01,
()R- () Fap(0,0) ()T w1,
(—v) 7= (=) F—pa,—p,0) (-v) 2 i
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w=rl: (=1 (=D Fpa(0,8,)  (v—1) 7T
(—0) P -1 - F o al,00)  (—0)P-1) T
(vfl)wﬁ;wrl (v=1)Fp,—p,—a(v,0y) (v— 1)M
(—0) P -1 - Fppalv,80)  (—0) (01T
W=7 (v-1) atftutl (v—l)]—"a%g(v,av) (v— 1)7M1
(o)~ (=1 (0-1)F g _pp(0,0,) (—v)*(v—1)""F
(=) (0=1)Fa o p(0,0,)  (0—1) =7
(—0) (=1 (0—1)Feap_p(0,0y)  (—0)2(v—1) =TT

5.5 Factorizations of the Laplacian

In the Lie algebra so(6) represented on RS we have 3 distinguished Lie subalgebras
isomorphic to so(4):

s012(4), so23(4), soi3(4), (5.19)
where we use a hopefully obvious notation. By (4.11), the corresponding Casimir
operators are

Ci2 = 4B12B_1 5 — (N;+ Np+1)? (5.20a)
= 4B_ 1 _9B12 — (Ni + Ny —1)? (5.20b)
= 4By _3B_ 12— (N; — Ny +1)? (5.20c)
= 4B 19B; 5 — (N; — Ny —1)? (5.20d)

Co3 = 4By3B_ 5 _3— (No+ N3+ 1) (5.20¢)
= 4B 5 3By — (No+ N3 —1)?2 +1 (5.20f)
= 4By 3B 93— (Ny— N3+ 1) (5.20g)
= 4B _53By _3— (N2 — N3 —1)? +1 (5.20h)

Ci3 = 4B13B_1,_3— (N;+ N3+ 1) (5.20i)
= 4B_y _3B13— (N1 + N3 —1)2 (5.20)
= 4By _3B_13— (N1 — N3 +1)? (5.20k)
= 4B 13B; _3— (N; — N3 — 1) + 1. (5.201)

Of course, for any 1 we can append the superscript " to all the operators in
(5.20).
After the reduction described in (4.19), we obtain the identities
(22121 4 22_222) A = =1+ C 1+ (NSTH2, (5.21a)
(22920 + 22_323) A = =1+ C55 " + (NP H2, (5.21b)

(2z_121 +22_323)Af = -1+ Ci{l (Ng™H2, (5.21c)



58 —— J. Derezinski e

We insert (5.20) with superscript >~ to (5.21), obtaining

(22:_12:1 + 2Z_222)Ag

—4By 3B _1_5 — (Ny + Ny + N3 + 1)(Ny + Ny — N3 + 1) (5.22a)
—4B_1_3B1 5 — (N1 + Ny + N3 — 1)(Ny + Ny — N3 — 1) (5.22b)
—4By,_3B_15— (Ny — Ny + N3+ 1)(Ny — Ny — N3 + 1) (5.22¢)
—4B_13B1_5— (N1 — Ny + N3 — 1)(N1 — Ny — N3 — 1); (5.22d)
(22_929 + 22_323)A§
—4By3B_5 53— (N1 + No+ N3 +1)(—Ny + Na + N3 + 1) (5.22¢)
—4B_5_3Bs3 — (Ny + Ny + N3 — 1)(—=Ny + Ny + N3 — 1) (5.22f)
=4By _3B_93— (N1 + N2 — N3+ 1)(—Ny + Na — N3 + 1) (5.22g)
=4B_93Bg _3— (N1 + Na — N3 — 1)(—=Ny + No — N3 — 1); (5.22h)
(22_121 + 22_323)A§
—4By 3B_1_3— (N1 + Ny + N3 + 1)(Ny — Ny + N3 + 1) (5.221)
—4B_y _3B13— (Ny+ Ny + Ny — 1)(Ny — Ny + N3 — 1) (5.22)
—4By _3B_15— (N + Ny — N3+ 1)(N; — Ny — N3 + 1) (5.22K)
—4B_13B1_5— (N1 + Na — N3 — 1)(Ny — Ny — N3 — 1); (5.221)

where for typographical reasons we omitted the superscript ©~! at all the
operators B and N.
If we use the coordinates (5.7) and the spherical section, then we have to
rewrite (5.22) by making the replacements

22121 +2z_92z9 = 1, (5.23a)
22_929 +22z_323 — —w, (5.23b)
2z 121 +2z_323 & w— 1, (5.23¢)

as well as replacing the superscript © with PP,
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5.6 Factorizations of the hypergeometric operator

The factorizations of Azph described in Subsect. 5.5 yield the following factoriza-
tions of the hypergeometric operator:

]:a,B,u
:(w(l — )y + (14 )1 —w) — (1 + ﬁ)w))aw

(a+B+p+1)(a+B-—p+1)

w(l —w)dy + (a(l —w) — Bw))

:E)w

(@+B+pu—1(a+p—p—1)

== N e =

:(waw +a+ 1) ((1 —w)0y — 5)
~ =G apt Do)
:((1 — 0)3 — f — 1) (waw +a>

—fla—Bru—1a=5-p-1)

wFa,8,u

:(waw—l—%(a-i-ﬁ—l-u—l)) (w(l—w)@w—l—%(1—w)(a+5—u+1)—6>
—%(a+5+ﬂ—1)(a—ﬁ—u+1)

:(w(lfw)8w+%(17w)(a+ﬁ*u+1)fﬁfl) <w6w+%(a+ﬁ+u+1))
~ (@t B+t ) (a-B-u-1)

:(waﬁ%(awwq)) (w(lfw)8w+%(lfw)(a+ﬂ+u+l)fﬂ>

~ (@t B-p=1)(a-B+ut1)

:(w(1_w)aw+%(1_w)(a+ﬁ+ﬂ+1)—5—1) (w@w+%(a+6—u+1))

~ (atB—pt 1) (o f+u-1);
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(w=1)Fa,8,u

:(w(w—l)aw—&-%w(a-i-ﬁ—,u-i-l)—a—l) ((w—1)8w+%(a+ﬁ+u+1)>
—%(a+5+u+1)(a—ﬁ+u+1)

:<(w71)8w+%(a+ﬁ+ufl)) (w(w—l)@er%w(aJrﬁ*,qul)—a)
~ (@t Bu-1)(a-F+u-1)

:(w(w_1)aw+3w(a+5+u+1)—a—1) ((w—1)5w+%(a+ﬁ—u+1)>

2
~ (et B-pt ) (- f-wt1)
:((w—l)aw—i-%(a—}—ﬁ—,u—l)) (w(w_1)aw+%w(a+ﬂ+u+1)_a)

~(atpp=T)(a—B—p-1).

5.7 The ;F| hypergeometric function

0 is a regular singular point of the o F; hypergeometric equation. Its indices are 0
and 1 —c. For ¢ #20,—1,—2,... the Frobenius method yields the unique solution
of the hypergeometric equation equal to 1 at 0, given by the series

oo

(b J
abcwzz J)Jw

(c);

J=0

convergent for |w| < 1. The function extends to the whole complex plane cut at
[1,00[ and is called the hypergeometric function. Sometimes it is more convenient
to consider the function

F(a,b,c,w) ZOO (a);(b); w
defined for all a, b, c € C. Another useful function proportional to F' is

oo

F'(a,b;c;w) := M Fl(a,b;c;w) = ZFb+j) (c b)(a)jwij
Jj=

I'(c) Lle+j) it
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We will usually prefer to parametrize all varieties of the hypergeometric

function with the Lie-algebraic parameters:

Fopuw) = F(1+a—;ﬂ+u71+0H2_6_M;1+a;w),
oy (w) — F(1+a—§2—ﬁ+u’1+a—;5—u;1+a;w)
= ﬁFa,Bw(w),
() Fl(l—i-a—i?-ﬂ—i-u’1+a—|2—5—u;1+a;w)
_ F(1+a42rﬁ7u>r(1+oz;ﬁ+u - (w)
T(a+1) B

5.8 Standard solutions

The hypergeometric equation has 3 singular points. With each of them we can
associate two solutions with a simple behavior. Therefore, we obtain 6 standard

solutions.

Applying the discrete symmetries from D3 N SO(6) to the hypergeometric

function, we obtain 24 expressions for solutions of the hypergeometric equation,

which go under the name of Kummer’s table. Some of them coincide as functions,

so that we obtain 6 standard solutions, each expressed in 4 ways:

Solution ~ 1 at 0:  F, g, (w)
=(1- w)_ﬁFa,fﬁﬁy(w)
—l—a—B+p w
=1 —-w)” 2 Fa,—m—ﬁ(ﬁ)
—1-a-p-p w
=(1-w)” 2 Fa,u,/a(m);

Solution ~ w™* at 0: w™“F_q, g, (w)

=w~ (1 - w)_ﬂF_a)_g,N(w

:u)_a(l B w) —l4a—B+p

=w~*(1 —w) —Hhes b

)

w

T Feapup(—)

w—1
w

Ffa,uﬁﬂ(iﬁ

w—1
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Solution ~ 1 at 1:  Fg o ,(1 —w)
:wiaFﬁyfa’,#(l —w)

—l-a—B+p -1
=wT 7 Fp o a(l-wT)
—l-a-fg-p

=w 2 ngu’a(l—wfl);

Solution ~ (1 —w) # at 1: (1 — w)_BF_57a7_M(l —w)
=w~ (1 - w)fBF,B’,a’#(l —w)

—w T (L= w) P g, o(1—w )
:w—l—a2+ﬁ+u (1 . w)iﬁFfﬁ,—H,a(l _ wil);
Solution ~ w™® at co:  (—w) — e F,pa(w™)
—l—at+B— _ _
=(-w)" 7 (1w PF, g 0w
—(1— —1—02—11—“F 1_ 1
=(1—w) pa,p((1—w)™7)
_ —l4+a—8—
:(_w) a(l_w) 2 uFu,—a,—ﬂ((l_w) 1)7
Solution ~ w™? at co:  (—w) e Fp—alw™)

—l-a+Btp
2

(1 —w) PPy palw™)

(

(

—(l—w) T F 0 s(1—w)h)
(

—lta—B4u

—w) (L —w) T T Py ap((l-w)Th).

5.9 Recurrence relations

To each root of so(6) there corresponds a recurrence relation:

_ 14at-pHp B

awFiy,ﬂ,u(w) - f a+1,/3+1,/_t(w):
1—a—p+
~(w(1-w)du-+a(l-w) = Buw)Fy 5 ,(w) = —=EF, 1 5, (w),

1+a—LB—
(1= )~ B 5, (0) = TR ),

l1-a+p—p
(0B + )P 5, () = IR ()
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l+a+8+un 14+a+B+p
(100 4 P 0 = R )

1+a+ﬁ u 1+a—pB—pu

—(w(w—l) Ow+p+——Fr— ) 0,8, (W fFI B—1,u—1(w),
1+a+ﬁ M 1—a+B8—p

(waw"" ) aﬁp, fFI B+1,u— 1( )
1+a+ﬁ+u l—a—p+p

<w(w1)3w+ﬁ+ )Fag# = a,8—1u+1(W);

1+oc—|—,3+uF

1+a+ﬂ+
((w - 1)810 = ) a+1,3, ,u+1( )

) ,ﬁ#
( (0 — 1) — 1+Oz+5 Hw> Faﬂ,u M 1 (w),

) (ylﬂ/tl
((w_Ua 1+a+5 l+a+pB—p

1+a+B+u 1—a—B+p
(w<w—1>aw—a+2w) () = TG (),

1+a—p—p
fFa—i-l,Bu 1(w),

The recurrence relations are essentially fixed by the transmutation relations. The
only missing piece of information is the coefficient on the right hand side, which
can be derived by analyzing the behavior of both sides around zero. Another
way to obtain these coefficients is to use the integral representations described in
the following subsections.

5.10 Wave packets in 6 dimensions

We start with the following easy fact:

Lemma 5.1. For any 7, the following function is harmonic on RS:
(21 =77 2.0)% (20 + 7712_1)5+”z§ (5.24)
Proof. Set e; :=(1,0,0,—771), e := (0,771,1,0). Then

(e1ler) = (e2]e2) = (ezle1) = 0.

Hence, (5.24) is harmonic by Prop. 3.1. O
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Let us make a wave packet out of (5.24), which is an eigenfunction of the Cartan
operators:
Ko guw(2-1,21, 22,22, 23, 23)
d
= /(Z1 R D) A C R R PR Lo S ey (5.25)

2mi
S

Proposition 5.2. Let the contour ]0,1[3 s = 7(s) satisfy

O

(21 — T*1Z_2)a+u(22 + T*lz_l)ﬂJrl/Tufl o —0. (5.26)
Then Kq gy, is harmonic and
NiKoppp = aKop v, (5.27a)
NoKo g v = BKa g, (5.27b)
N3Ka g = 1Kappu- (5.27¢)

Proof. K, g, is harmonic by Lemma 5.1. Writing

d
Koguv(z) = /(7’2’1 — 2 9)* (20 + 7712_1)5+”z§‘77')71—7 (5.28a)

2mi
v
d
= /(zl — 7 e ) (72 + 271)’@"'”257_5_12—;, (5.28b)
2l

we see that (5.27a) and (5.27b) follow from assumption (5.26) by Prop. 3.2.
(5.27¢) is obvious. O

Proposition 5.3. If in addition to (5.26) we assume that

T(1)
(21— 77 20) W (2 + 7 ey PV © 0, (5.29)
(0



©Group-theoretical origin of symmetries of hypergeometric class equations and functions =—— 65

and that we are allowed to differentiate under the integral sign, we obtain the
recurrence relations

B_12Kapguw = B+V)Kat1,6-1,u0 (5.30a)
By 2Kaguy =—(a+v)Ko_1841,u0 (5.30b)
BiaKapuw =V+1D)Ka_18-1,40+1 (5.30¢)
B oKapguy=—(a+B+v+1)Kay1 511,001 (5.30d)
Bi_3Ko gy =—(a+v)Ka-18u+10, (5.30e)
B_13Kapguw=—(B+v)Kay1,8ut1,0-1, (5.30f)
By 3Kopguw=—(B+v)Kap—1,ut1,0 (5.30g)
B 3Kapuy =@+ 1)Ko pt1pt1,0-1- (5.30h)

Proof. Relations (5.30a), (5.30b), (5.30e), (5.30f), (5.30g) and (5.30h) are
elementary. They follow by simple differentiation under the integral sign and do
not need assumptions (5.29) and (5.26).

Relations (5.30c) and (5.30d) require assumption (5.26) and follow by the follow-
ing computations:

Bia(z1 — 77 2 0) ¥ (zg + 77 2P v (5.31)
=0,-1(21 — 7 Y2 0) ¥V (zg + 77 ta )PV L

+W+1)(z1 — 7 i)V (2 + 7 2PV,

B_1_o(t21 — 2_2)* " (729 + 271)*3'“’7_0‘_6_”_1 (5.32)

a+u( /:H—uT—a—B—z/—l

=—0.;(121 — 2_9) Tzo 4+ 2-1)

—(a+B+v+1)(T21 — 2_2)2T (129 4 2 )TV BV =2,

where in (5.32) we used yet another representation:

dr

. 5.33
2mi ( )

Kopuv(z) = /(Tzl — 2 9)* V(120 + 2_1)B+”zgr_("_ﬁ_”_1

~y

If in addition

—a—f-—p—1
5 )

then (5.25) is homogeneous of degree —1, so that we can reduce it to 4 dimensions.

Let us substitute the coordinates (5.7), and then set 7 =

s=t—w:

s
uru2’

KQ,B,H,I/(ula uz2,u3,T,p, ’LU) = Q%U?ugugriﬂilpﬂF(w)a (534)
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F(w) — /(S 14 w)“*ﬁ%*l (S n w) —a+ﬁ2—u—1 87(¥7EZ+“71 ds
Y
- /(t )T T - w) T (5.35)
Y

On the spherical section we can remove r and p. Therefore, the function F' given
by (5.35) satisfies the hypergeometric equation:

Foupu(w,0y)F(w) = 0. (5.36)

From (5.30) we can also easily obtain the recurrence relations for F'. Note that
in this list the recurrence relations corresponding to B 3, B_1,3, B2 3 and B_3 3
are missing. However, they can be obtained after the reduction to 4 dimensions
by an application of the factorization formulas.

5.11 Integral representations

Below we independently prove (5.36), without going through the additional
variables. We will use the classical parameters.

Theorem 5.4. Let [0,1] 3 7 2 t(7) satisfy

et (1 - pebe—wyet| " <o
£(0)

Then
F(a,b;c;w, Oy) /t‘l*c(l — )¢t —w)~edt = 0. (5.37)
¥

Proof. We check that for any contour ~y

Ihs of (5.37) = —a/dt Ot~ T (1 =)0t —w) T
Y

O

Analogous (and nonequivalent) integral representations can be obtained by
interchanging a and b in Theorem 5.4.
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The hypergeometric function with the type I normalization has the integral
representation

/t‘H(t — 1)Lt —w)Tedt (5.38)
1
= F'(a,b;¢;w), Re(c—0b)>0, Reb>0, w¢]l, o0l

Indeed, by Theorem 5.4 the left hand side of (5.38) is annihilated by the hyper-

geometric operator (5.16). Besides, by Euler’s identity it equals % at 0.

So does the right hand side. Therefore, (5.38) follows by the uniqueness of the
solution by the Frobenius method.

5.12 Integral representations of standard solutions

The integrand of (5.37) has four singularities: {0, 1, 00, w}. It is natural to chose
~ as the interval joining a pair of singularities. This choice leads to 6 standard
solutions with the I-type normalization:

~1latO0: |

~w %at 0: |
~1latl: [0,00];

~(1-—w)Pat1: |

~w™®at oo |

[

~w™? at oo:

Below we give explicit formulas. To highlight their symmetry, we use Lie-algebraic
parameters.

Re(1+ «) > |Re(B — )] : (5.39)

[ee]
/t—l—a;raw (t — 1)—1+a2—/a+u (t — w)—l—a;ﬁ—udt
1
=F, p,w), w¢ll,o0f;
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Re(1 —a) > |Re(8 — p)| : (5.40)

w

—l—atB4pu —14a-38 —l—a—B—
/1572+ AT T (w— )T dt
0

=w "FL, 5 _,(w), w ¢—00,0]U[l, 00,

0
/ (=) T @ o T ) T
w

= (-w) " FL 5 p(w), w0,00(;

Re(1+ ) > |Re(a — )] (5.41)
0
/ =) “l-atptu (1-1) “ltaftu (w—1) “l—a—p-u a

= F,IB,a,M(l - w)’ w Q/} - 0070];
Re(1 - B) > |Re(a+ p)| : (5.42)

1
/t—l—a2+ﬁ+u (1-1) “lto—pip (t—w) —i-a—fou a
w

=(1- w)_ﬁFI_&a’_#(l —w), w¢g]—o00,0]UJ[L,00]

w

—1—atBtp —1ta—B4u “1-—a—-B—p
/t 1-atsty (t—1) Lta—pty (w—1) lmacBon 4
1

= (w— 1)75F1_57a)_u(1 —w), w¢g]—o0,1];

Re(1 — u) > [Re(a + B)| : (5.43)
0o
/t—l—a2+/f+u(t B 1)—1+a2—ﬁ+u (t = w) —1—a2—ﬁ—udt
w
e I_ng_a(w*l)7 w &) — o0, 1],

w
/ (=) “l-adptu (1—1) ~lto—pip (w— 1) Strs S dt
—o0

—l-a—f+tp 4
2

= (—’UJ) —,U,,B,—a(w_l)v w g]0,00],
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Re(1+ p) > |Re(a— 9)| : (5.44)

1
/t—l—a;rﬁ—u (1-1) “lta—ftu (t - w) —l-a—p-u a
0

= (—UJ) 2 M,B,a(wil)? w ¢ [0,00[7

1
/{17“2“37“ T e T e oL}
0

—l—a—B—pn _
=w 2 1B (W H, w00, 1]

5.13 Connection formulas

Generically, each pair of standard solution is a basis of solutions to the hypergeo-

[

metric equation. For instance, we can use the pair of solutions ~ 1 and ~ w™% at

b as another basis. We also assume

0 as one basis, and the pair ~ w™® and ~ w™
that w ¢ [0, cof.

Introduce the matrix

| I F(1+agﬁ—u51}(1+a;ff—u) F(1+u42rﬁ+u)lr(l+u;l3+u)
) —1 1
T(=eoP=n)r(I=e3P=r) T(1=o;0tk)r(1=oirft)
Then
Fopu(w)
(5.45)
(=w)"*F—q,5,—p(w)

—1l—a—B— _
(—w) 2 #F#,ﬁ,a(w D)
A Bu
" —l-a=B+p _
(-w)= = Foup-alw™)
Note that in the Lie-algebraic parameters the matrix A, g, has a very

symmetric form. Here are some of its properties:

0 1 0 1 _1
AO‘#ﬁvN = AO‘;*BW« == |:1 0:| A*anﬂxfﬂ [1 0:| = Alhﬁ%’é’ (546)
sin(mar)
det A, = - . 5.47
€ Bau SiIl(Tr,U,) ( )

Relation (5.45) can be derived from the integral representations. Indeed,
consider Imw < 0. Take the branches of the powers of —t and 1 — ¢ and w — ¢
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continued from the left clockwise onto the upper halfplane. Then (under some
conditions on «, 3, 1) we can write

0 1 ~+ o0
</ + / +/ ><—f>1“2*’3“<1—t>”“2““<w—t>“‘2““dt=0-
— 00 0 1

We obtain

iﬂ”a(_w)glf‘**ﬁ LY (w—l) -iﬂuﬂg LY

Botp(l—w) —e SR — e o, (W) = 0.

Using

i)[,[m(w):F<1+0z—12—/8—u)r<1+a;ﬁ—|—u) o (10),

we express everything in terms of F. We eliminate Fg , ,(1-w) = Fg o _,(1—w).
We find
—l—a—fB— _
__mw) e “Fupalw™)
Sil’l(ﬂ'ﬂ)r <1+Ot42’ﬁ*l$> T (1+a55*l“)
—1-a—B+ _
r(—w)” > Foupalw?)

sin(7p)T ( 1+a;ﬁ+”) T ( 1+a;ﬁ+“>

Fapgu(w) =

_|_

which is the first line of (5.45). A similar argument, starting with the integral
fi)oo + fow + fJOO, yields the second line of (5.45).

6 Laplacian in 3 dimensions and the
Gegenbauer equation

The Gegenbauer equation is equivalent to a subclass of the o7 equation. Never-
theless, not all its symmetries are directly inherited from the symmetries of the
oF1 equation. Therefore it deserves a separate treatment, which is given in this
section. We start from the Laplacian in 5 dimensions, pass through 3 dimensions,
and eventually we derive the Gegenbauer equation.

This section is to a large extent parallel to the previous one, devoted to the
2F1 equation. The number of symmetries, parameters, etc. is now smaller than
in the previous section, since we are in lower dimensions. Nevertheless, some
things are here more complicated and less symmetric. This is related to the fact
that the number of dimensions is odd, which corresponds to a less symmetric
orthogonal group and Lie algebra.
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Let us describe the main steps of our derivation of the Gegenbauer equation,
even though they are almost the same as for the 2 F; equation.

(1) We start from the 3 4+ 2 = 5 dimensional ambient space, with the obvious
representation of so(5) and O(5), and the Laplacian As.

(2) We go to the representations so(5) 3 B+ B®" and O(5) 3 o +— a®" and
to the reduced Laplacian Ag. The most relevant values of n are 1 — % = f%
and —1 — % = —%.

(3) We fix a section v of the null quadric, obtaining the representations BY""
and o7, as well as the operator A}, acting on an appropriate pseudo-
Riemannian 3 dimensional manifold.

(4) We choose coordinates w, ug, us, so that the Cartan elements can be ex-
pressed in terms of uo, uz. We compute B7", o7 and Ag in the new
coordinates.

(5) We make an ansatz that diagonalizes the Cartan elements. The eigenvalues,
denoted by «, A, become parameters. BY", 7" and A involve now only
the single variable w. AJ turns out to be the Gegenbauer operator. We
obtain its transmutation relations and discrete symmetries.

Again, we choose a special section which makes computations relatively
easy. We perform Steps 2, 3 and 4 at once, by choosing convenient coordinates
w, T, p,uz,us3 in 5 dimensions. After the reductions of Steps 2 and 3, we are left
with the variables w, us,us, and we can perform Step 5.

The remaining material of this section is parallel to the analogous material of
the previous section except for Subsect. 6.4, which describes a quadratic relation
reducing the Gegenbauer equation to the o7 equation. We describe a derivation
of this relation starting from the level of the ambient space.

6.1 so(5) in 5 dimensions

We consider R® with the coordinates
20,2-2, 22,23, 23 (6.1)
and the scalar product given by
(2]2) = 22 + 22_929 + 22_323. (6.2)

Note that we omit the indices —1, 1; this makes it easier to compare R> with RS.

The Lie algebra so(5) acts naturally on R®. Below we describe its natural
basis. Then we consider the Weyl group By acting on functions on R®. For brevity,
we list only elements from its subgroup B2 N SO(5). Finally, we write down the
Laplacian.
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Lie algebra so(5). Cartan algebra

N2 - _27262_2 + Z28227
N3 = —2_30, 4+ 230,,.

Root operators

By,—2 = 200, _,

3072 = 2’0822 — Z_

By,—3 = 200, _,

- ZZazm
26207

- 2382:0 9

Boz = 2002, — 2-30:,;

B_3,_o=230,_,

Bs o = 2_30,,

B3 _o=12_30,._

- 2282_3 5
- 272623 )

2 Z28237

87372 = 23822 - 27262_3.

Weyl symmetries

093K (20, 2-2,22,2_3, 23)
23K (20, 22, 22, 2-3,23)
023K (20,22, 22,2-3,23)
T_93K (20, 2—2, 22, 2—3, 23)

032K (20, 22, 22, 23, 23)
132K (20, 22, 22,23, 23)
0_3_2K(20,2_2,22,2_3,23)
)

T_32K (20, 2-2,%2,2-3, 23

Laplacian
As =02 +20._,0.

=K (20, 2-2, 22,23, 23),
=K (—20,2-2,%2,%3,%-3),
=K (20, 22,22, 23, 2-3),

=K(—20, 22, 2-2,%-3,23);

K(Z(),Z_3723,Z_2, Z2)7
=K (—z0, 2-3, 23, 22, 2—2),

=K (20, 23,23, 22, 2—2),

K(*ZO723,Z_3, 3—2722)'

L+ 20, ,0.,.

6.2 so(5) on the spherical section

In this subsection we perform Steps 2, 3 and 4, as described in the introduction

to this section. Recall that Step 2 involves restricting to the null quadric

Y= {zeR5 : 2422

220 +22_323 = 0}.
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To perform Step 3 we need to fix a section of this quadric. We choose the section
given by the equations

1= zg + 22 929 = —22z32_3.

We will call it the spherical section, because it is S2(1) x S'(—1). The superscript
used for this section will be “sph” for spherical.
We introduce the coordinates w, r, p, us, us:

r= \/2(2) +2z_929 , (6.7a)

w— “ hy— V22 (6.7b)

\/27_929 + zg '
p=+/—2z32_3, ug = | | ——> . (6.7¢)

Z_3
Here is the inverse transformation:
r(1—w?) ugT
zZo = wr, Z_g = ———F, 29 = —, 6.8a
Vus V2 (682
U,
zZ_3=— b z3 = p73 (68b)

V2uz’ V2
Similarly as in the previous section, the null quadric in these coordinates is
given by r2 = p2. We choose the sheet r = p. The generator of dilations is
As =70 +pO0p.
The spherical section is given by the condition r? = 1.

Lie algebra so(5). Cartan operators

sph
N2 = Uy 3u2 ,

sph
ng :7.L36u3.

Roots

sph u2
BO,—2 - 778“”

V2

) 1
BRI — (w2—18 + 2wus0 ),
0,2 \/iUg ( ) w 20y,

U
e ((wz — 1)8u + Wiipdy, + Wuzdy, — wn),

V2
Bsphm — 1

0,3 \/§U3

((1 - w2)8w — WU0y, + Wugly, + wn);
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Bip;TQ = % (—w0y — 20y, — uzdus +1),
1

B§p2h’" =3 (w(l — w0y — (1 4+ w)ugdy, + (w? — 1)uzdy, + (w? — 1)77) ,

’ UuU2U3
BPhy 2“2 (w0 + 2By — U3y — 1)

; us

U

BS_P;é" - ﬁ (w(w —1)0p + (14w )U28u2 + (w? — Dusdy, + (1 — )77) .

Weyl symmetries

h
oon " f(w, ug,ug) =f(w, ug, us),

w, uz, )

h
TQSpgnf(wau2au3 f

)
)

h
705" fw, uz, uz) =f

(-
o f(w, uz, ug) f(uu
(-

oo f(w,uz, ug) =(w? — 1) f

TSP (w, ug, ug) =(w? —1)2 f

sph
O-q_pg_,ng (’LU,’U/27U3) :('LU2 - l)

h —w -1 U9
Ti%Q’nf(wvu%u?)) :(w2 - 1)

Laplacian

i 15 2
AP —(1 — w?)2 — 2(1 4 u2dy, )wdy, — (u26u2 + 5) + (u30u,)>.
Let us sketch the computations that lead to (6.9). Using

1
0z = - (wr@r — wWu0y, + (1 — w2)8w),

(&5)
N
M
|

u2
—2 — \/§T (r@, - u28u2 - wa’w)7
_ 1
N \/irug

us
_3 = pr (u38u3 _pap)7

1
B V2pus

((1 — w?) 70 + (1 4+ w?)ugdy, + (w? — l)waw)7

(ugaug + pa,,).
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we change the variables in the Laplacian:

1
A5 =5 (1= w)02 = 21 + w20, )0y — (usu,)? = w200
+(rdy)” + r&r) EL ( — (p9p)* + (u33u3)2). (6.9)
P2
Now,
9 72 9 1 1
(r o) +T8T—F(p8p) = r@T—p8p+§ rar+p8p+§
r2 9 1
Therefore, using r? = p?, rd, + pd, = —%, we obtain
Ag = T’iz ((1 - w2)28120 — 2(1 + U28u2)waw
1
— (updu, + 5)2 + (U36u3)2). (6.10)

To obtain the Laplacian at the spherical section we drop T%

6.3 The Gegenbauer operator

Let us make the ansatz

f(uz,uz, w) = uSuj S(w). (6.11)

Clearly,
NP o= af, (6.12a)
NPhF = A, (6.12b)
uyCuz AP = Sy (w, 8,)S(w), (6.12¢)

where
2y 42 2 12

San(w,dy) = (1—w?)2 —2(1+ a)wdyy + A2 — (a n 5) (6.13)

is the Gegenbauer operator. Here is another parametrization of the Gegenbauer
operator, which we call classical:

S(a,b;w, y) := (1 — w?)02 — (a+ b+ 1)wdy, — ab. (6.14)
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Here is the relationship between the classical and Lie-algebraic parameters:

a+b—1 b—a

a=—, A= 5 (6.15a)
1 1

a=g+a-X b=5+a+A (6.15b)

The Gegenbauer operator is the o F; operator with its finite singular points
moved to —1 and 1, which in addition is reflection invariant. Because of the
reflection invariance, the third classical parameter can be obtained from the first

%b"'l. Therefore, we use only a,b € C as the (classical) parameters of

two: ¢ =
the Gegenbauer equation.
We can reduce the Gegenbauer equation to the o F; equation by two affine

transformations. They move the singular points from —1, 1 to 0, 1 or 1, O:

S(a,b;w, Oy) :]:(a,b;%b"‘l;uav), (6.16)

where
v:1—7w7 w=1-=2v, (6.17a)
or v = HTU], w=—1+42v. (6.17b)

In the Lie-algebraic parameters

Sa,)\(w, aw) = ]:a,a,Q)\("% 811) (6.18)

6.4 Quadratic transformation

Let us go back to 6 dimensions and the Laplacian
Ag =20, 0, +20, ,0,, +20, ,0.,. (6.19)

Let us use the reduction described in Subsect. 3.14. Introduce new variables

20 :=\/22_121, u:= iy (6.20)

Z-1
In the new variables,
N1 =udy, (6.21)
1\2 1 1 1
8o = (00 + 55) — (0= 3) (w04 3)
6 a°+2z0 2 u0, 5 u0, +2

+20; 5,0z, +20._,0.;. (6.22)
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Therefore,

(uzo)%Ag(uzo)_%

1

SN <N1 - 1) + A, (6.23a)
<0
1

(u=20)% Ag(u~120) "% = —— Ny (N1 + 1) + A (6.23b)
20

Compare the coordinates the coordinates (5.7) for 6 dimensions and (6.7) for
5 dimensions. The coordinates p, us are the same. Taking into account zp :=
\/2z_1z1, the coordinates r, ug also coincide. This is not the case of w, so let us
rename w from (6.7) as v. We then have w = v2. We also have

uzg = \/521 = uyr, 1flzo = \/52_1 = rwufl.
Hence on functions that do not depend on u we obtain
1 1 1 =1
r2ui Agr~ Zuy > = As, (6.24a)
1

_1 1
r%ul 2’UA§7"7%U12 vl = As. (6.24b)

This implies that a quadratic substitution transforms the 97 operator with
a= i% into the Gegenbauer operator. Explicitly, if

w=1v2%  v=

then in the classical parameters

a b1
S(a,b;v,0,) f4.7-'(§,§,§,w,8w), (6.25a)
1 1
v_lS(a,b;v,Bv)v=4f(a+ ,bi;iw,aw), (6.25b)
2 2 2
and in the Lie-algebraic parameters

Sa,)\(vaav) = 4]:,%7,15)\(1%610), (626d)

v o (v, 0p)v = AF 1 o2 (w, ). (6.26b)

6.5 Transmutation relations and discrete symmetries

We have the following generalized symmetries:

BPRTSARPE — APhpshos B e go(5); (6.272)
asph,—gA;ph - A;phasph,f%’ a e 0(5). (6.27b)
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Equality (6.27a) applied to the roots of so(5) yield the following transmutation

relations:

Ow

= Sot1x

(1 — w?)dy — 20w)

= Sa-1

(1 = w?)0yw — (@ + A+ $)w)
= (1-uw?)Sar+1

(1= w0y — (a0 — A+ %)w)
= (1- w2)Sa,>\—1

(Wl +a— A+ 1)
W2Sat1,0-1
~(a-A+bu?)
w2 Sa—1 241
(Wl + e — A+ 3)
w23a+1,x+1
—(a+A+3)w?)

2
W Sa—1,A-1

(w(1—w?)0p—a—A+

[ o= |

(w(1=w?)dy —a+A+

[ o= |

Sa, A

Ow,

Sax

(1 — w?)dy — 20w),

(1 —w?)San

(1 = w?)0w — (a+ A+ $w),
(1 —w?)Sax

(1= w0 — (@ = A+ F)w);

w28a7>\

(Wdy + = A+ 3),

wQSayA
(w(1,w2)3w,a,>\+%,(a,>\+%)w2)7
wQSa’A

(WO + . — A+ 1),

w28a7>\
(w(1—w?)0p—a+A+5—(a+A+3)w?).

Next we describe discrete symmetries of the Gegenbauer operator, which

follow from Relation (6.27b) applied to Weyl symmetries. All the operators below

equal S x(w,0y) for the appropriate w:

w==v:
w=*v: (v?2 —1)—@
w=—% . (- 1)é(a+x+%)
(v?-1)2
w = +v . (’U2 _ 1)%(&—)\-&-%)
(v?*-1)2

Sa, (0, 0v),

S o za(v,0y) (02 —1)%,
Sxta(0,8,) (12 —1)z(-a=A=3)
S azalv,dy) (02 —1)2(-otA=3),

Note that we use + to describe two symmetries at once. Therefore, the above

list has all 2 x 4 = 8 symmetries corresponding to the lists of Weyl symmetries

(6.5).
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6.6 Factorizations of the Laplacian

In the Lie algebra so(5) represented on R we have 3 distinguished Lie subalgebras:
two isomorphic to so(3) and one isomorphic to so(4):

SO02 (3), 8003(3), S023 (4), (628)

where we use an obvious notation. By (4.9) and (4.11), the corresponding Casimir
operators are

1\2 1

Co2 = 2Bg,—2Bp2 — (N2 — 5) + 1 (6.29a)
1\2 1

= 2Bo2Bo,—2 — (Nz + 5) + 1 (62912))
1\2 1

Co3 = 2By,—3B0,3 — (Ng — 5) + 1 (6.29¢)
1\2 1

= 2B 3Bo,—3 — (N3 + 5) 1 (6.29d)

Coz = 432733_2,_3 — (N2 + N3 + 1)2 +1 (6296)

=4B_ 5 3Ba3— (Na+ N3 —1)% +1 (6.29¢)

=4By _3B_o3 — (N2 — N3 + 1)2 +1 (6.29g)

= 4B_27332,_3 — (N2 — N3 — 1)2 + 1. (629h)

After the reduction described in (4.21) and (4.19), we obtain the identities

1 _1 _1
(28 +22_029)AS = -1 +Coy T+ (Ny T 2)2 (6.30a)
1 _1 _1
(25 +22-323)A8 = — +Coy T+ (Ny " 2)2 (6.30Db)
3 _1
(22222 +22-323) A5 = = + Coy 2. (6.30c)
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Inserting (6.29) into (6.30), we obtain
(zg +22_929)Af

1 1
=2Bo, 2By 2 — (Nz + N3 — 5) (Nz — N3 — 5)

=2Bo2Bg,—2 — (Nz + N3 + %) (Ng — N3 + %),
(22 +22_323)AS

=2By,_3Bo,3 — <N2 + N3 — %) ( — Na + N3 — %)

=2By,3Bo,-3 — (Nz + N3 + %) ( — Ny + N3 + %),

(22’,22}2 + 227323)Ag

3 1

=4B3B 23— (Na+ Ny +5 ) (N2 + Ny + )
3 1

:4B—27_3B2’3 o (N2 + N3 B 5) (N2 + Ny = 5)
3 1

—4By_3B_gs (N2 B 7) (N2 i 5)
1

3
=4B_93By _3 — (Nz — N3 — 5) (Nz — N3 — *)7

where all the B and N operators need to have the superscript =3,
If we use the spherical section, we need to make the replacements

z§+2z7222 — 1,
22422 323 — w1,

2
22 929 +2z_323 — —w”,

and replace the superscript © with SPP.

6.7 Factorizations of the Gegenbauer equation

(6.31a)

(6.31b)

(6.31c)

(6.31d)

(6.31¢)
(6.31f)
(6.31g)

(6.31h)

(6.32a)
(6.32b)
(6.32¢)

The factorizations of A;ph of Subsect. 6.6 yield the following factorizations of

the Gegenbauer operator:
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Sa,x =0y ((1 —w?)dy — 2aw>

1 1
+(a+)\—§)<—a+>\+§>

:((1 —w?)dy —2(1 + a)w) Ow

1 1
+(a+)\+§)<—a+>\—§),

(1—w?)Sq,x Z((l —w?)dy — (a e %)w) ((1 — w8y, — (a — A+ %)w)

+(a+)\—%><a—/\+%)
:<(1—w2)8w— (a—A—%)w) ((1—w2)3w— (a—|—/\+%)w>
+(a+>\+%>(af)\f%),

w25a,,\=(w(1_w2)aw_04—/\—g+(—oz-i-/\—%)wz)(waw-&—a—}—)\—i—%)

1 3
+(a+)\+§)(a+/\+§)

:(wanraJr)\fg)(w(lwa)awfaf)\Jr%Jr(7a+)\77)w2)

1 3
1

:(w(l—wz)aw—a—i-/\—g—l—(—a—/\—§)w2)(w8w+a—)\+%)

+(a—)\+%)(a—)\+g)

6.8 Standard solutions

As usual, by standard solutions we mean solutions with a simple behavior around
singular points. The singular points of the Gegenbauer equation are {1, —1, 00}.
The discussion of the point —1 can be easily reduced to that of 1. Therefore, it is
enough to discuss 2 x 2 = 4 solutions corresponding to two indices at 1 and oco.
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The standard solutions can be expressed in terms of the function

San(w) = S(a,brw) = P (o, UL LT

. (aba+b+1 9
7F(2,2, il w). (6.33)

Here are the 4 standard solutions. We consistently use the Lie-algebraic

parameters.
~1atl: Sa(w)
1—w
:Fa,a,Qk( 2 ) :F(,h_%a)\(]' - w2)7
1 2\—«
~ at 1: (1 —w?)"*S_q,—r(w)

29(1 — w)®
—97%(1 — w)"°F L=y __y2)ep 1— w?
2701 — )0, 22 (W), (),

—1—2a w
~wtat oo (-7 (o)
w* — 1

1
=(1 757Q+AF, _ (7
( +w) 22X, —a 1 +w

~w™? at oo: (w? —1) —= S,\,OC(L)
w?—1

6.9 Recurrence relations

We will use the following normalization to express recurrence relations:

Sur(w) = ﬁ&'&,)\(w)

1
= 7F(a, by ———;
L) 2 2

1—w
= Fa,a,2/\( D) ) (634)

a+b+1_17w)
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To each root of so(5) there corresponds a recurrence relation:
1/1
wsw“”) =—3(z e (g rar)senat),

— 2aw) Sax(w) =—2S4_1 1 (w),

1
(7 + o+ /\) Sar+1(w),

2 2

1

(5+a=A)Sar(w)

“ta—A\
+« w 5

(1 —w? (1+a+x)w>sw(w)——
(L)) Susto
1/1

)
(=
(
(0
<wa tZta- A) Sa(®) = 5 (5 ta- )\) (g ta— )\) Sasi1(w),
(1
(

Wy + = +a+A>S Aw) = ;(2+ +>\)( +oe+/\)Sa+1,,\+1(w),

(w(l—wQ)aw—i-(;—a—)\)(l—wz)—2aw2> Sax(w) =—2S4_1 x—1(w).

6.10 Wave packets in 5 dimensions

We easily check the following lemma:

Lemma 6.1. For any 7, the function zg‘(\/izo — 77 s+ TZg)U is harmonic.
Let us make a wave packet from the above functions.

Proposition 6.2. Let the contour 0,1[ s = 7(s) satisfy

(1)

(\/izo —r g+ TZg)VT_A =0. (6.35)

7(0)
Then the function

K(X’V,,\(Zo, 2_9,29,7_3,23) 1= /Zg (\/§Zo - T_lzf?, + TZ3)VT_/\_1dT
8l

is harmonic and

NQKQ,V,A = aKa,u,A; (636&)
N3Koc,u,)\ = )\Ka,z/,)\- (636]3)
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Proof. (6.36a) is obvious. To obtain (6.36b) we use Prop. 3.2. O

If in addition
v=—a— =
2 )
then K, , x is homogeneous of degree —%. Therefore, we can reduce it to dimen-
sion 3. Let us express it in the coordinates w, r, p, ug, us:

us a— % “a—1
K(w,r,p,u2,u3) = | u§r® (wrf—‘— Tp ) T dr
(0,7, 12, u3) / 2 TU3\f V2

a1
= (\/§)O‘+%u%u§r*% / (2w0 +(1+ 02)2) Pov A2,
r
where we set ¢ := us7. Noting that on the spherical section p = r, we see that
Cal
S(w) = / (2wo + 1+ 0?) YTEIgeAadg (6.37)

satisfies the Gegenbauer equation.

6.11 Integral representations

In this subsection we describe two kinds of integral representations for solutions to
the Gegenbauer equation. The first is essentially inherited from the 97 equation.
The second was derived using additional variables in the previous subsection.
Here we give independent derivations. We will use classical parameters.

Theorem 6.3. a) Let [0,1] 3 7 5 t(7) satisfy

i 1(1)
2 1) —w) =0
N O
Then
S(a, b;w, dy) /(t2 S (- w) bt = 0. (6.38)

b) Let [0,1] 3 7 = t(7) satisfy
t(1)
(2 + 2tw + 1)~ +1p=2|
£(0)

Then

S(a,b;w,dy) /(t2 +2tw + 1) =0. (6.39)

Y
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Proof. For any contour v we have

Ihs of (6.38) = a/dt&t(tz 1) (- w) 0,
ol
lhs of (6.39) = /dt Bt + 2w + 1) "z 12,
vy

O

Note that in the above theorem we can interchange a and b. Thus we obtain four
kinds of integral representations.

6.12 Integral representations of the standard solutions

As described in Thm 6.3, we have two types of integral representations of solutions
of Gegenbauer equations: a) and b). It is natural to use singular points of the
integrands as the endpoints of the contours of integration. For the representations
of type a) we have singular points at oo, —1, 1, w. For representations of type
b) singular points are at oo, 0 and the two roots of 2 + 2tw + 1 = 0. Choosing
an appropriate contour we obtain all standard solutions with both types of
representations with some special normalizations. It is convenient to introduce

special notation for these normalizations:

F(W)F(ﬂ)

g
aa(w) = 27T Tt 2 Saa(w) (6.40)
_ 2_bF(b)P(a—g+1)F< b~a+b+1'1_w)
D(etbl) Ty T
= 2—%—04—)\]512470‘,2)\(1 _2w)7
F(1+2a—2A)F(1+2a+2)\)
Ioi,)\(w) = 2F(20{+1) 2 Sa,)\(w) (641)
B F(a)F(b)F< b'a—|—b+1'1—w)
T Tt Mo T )
F(1+22a)
an(w) = ﬁmsa)\(w) (6.42)
I(H2e) a+b+1 1—w
- ﬁr(a+1)F(a’b’ 2 2 )

85



~

86 —— J. Derezinski

In the following table we list all standard solutions together with the contours

of integration and the corresponding normalizations.

a) b)
~ 1 at 1: ] - 00771}7 [0700[7
I; II;
1 ]—1,], [—iV1-w? — w,ivV1—w?—w],
sa——a at 1:
2% (1—w) I; 0;
—a ]7171]a [Vw27 711),0[7
~ W at oo:
0; I
b ]w,oo], ]—OO,—\/UJ2—1—’U]L
~w at oo: 1I: I
; .

Here are representations of type a):

1 1
§>Re)\>—§—Rea.
-1

/ (2 —1)" 2 Mw—t) 2T

— 00

=Saa(w), w ¢ —oo,—1];

1 1
§>Re)\>f§+Rea.

1
/(1 —13)TE N w — )T ET A

=(1—w?) "8, _x\(w), w¢—o0,~1]U[L,o0;

—a,—

— (1) (L), w 0, 1];
( ) -\« m g] }

(6.43)

(6.44)

(6.45)
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1
Re\ + 3> |Rea] : (6.46)
(oo}
/(t2 —1)TE N —w) "I
_ 2 —1-2a-2X ¢ ( w )
=(w” -1 1 — ), w¢|—o00,1].
( ) A, m ¢] }

Next we list representations of type b):

1
Rea + 3> [ReA| : (6.47)

(12 4 2tw + 1)~ 2¢ 2t Ay

=Saa(w) w g —oo0,—1];

1
3> Rea : (6.48)

ivV1—w2—w

(12 4 2tw + 1)~ 3 (=) 2T Aqy
—iv1—w?—w
=i(l—w?)7*8%, _\(w), w¢] oo, ~1]U[L00f;

1 1
—ReX + 3 > —Rea > —3 (6.49)

0
/ (12 4 2tw + 1)~ 2 (—t) 2t Aqy
1

1 1
ReX + 5> —Rea > —3 (6.50)
/ (2 + 2tw + 1)@~ (—) "2y

= (w?—1)"iE ey (7“;"_ 1), w @] — 00, 1].
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7 The Schrodinger Lie algebra and the heat
equation

By the heat equation on R™ @ R we mean the equation given by the heat operator
L, = A, + 20;. (7.1)

This operator has a large family of generalized symmetries, the so-called
Schridinger Lie algebra and group. They can be derived from conformal symme-
tries of the Laplace equation. In this section we describe this derivation.

In order to be consistent with Sect. 4, it is convenient to consider L, _o
instead of L,,. Then the starting point, just as in Sect. 4, is the n + 2-dimensional
ambient space. The Schrodinger Lie algebra and group are naturally contained
in the pseudo-orhogonal Lie algebra and group for n + 2 dimensions. Then, as
described in Sect. 4.12, we descend to the (flat) n dimensional space and the
corresponding Laplacian A,,. We assume that our functions depend on y,, only
through the factor e¥=. The variable y_,, is renamed to t (the “time”). The
Schrodinger Lie algebra and group respects functions of that form. The Laplacian
A, on such fuctions becomes the heat operator £,,_o. From the generalized
symmetries of A,, we obtain generalized symmetries of £,,_o.

7.1 sch(n—2) as a subalgebra of so(n+2)
We consider again the space R**2 with the split scalar product. A special role
will be played by the operator

Bimtim = 2—m-10z,, — 2—m0z,,,, €s0(n+2).

We define the Schrodinger Lie algebra and the Schrédinger group as the commu-
tants (centralizers) of this element:

sch(n —2) :={B €so(n+2) : [B, Bmt1,m| =0}, (7.2a)
Sch(n —2) :={a € O(n+2) : aBmi1,m = Bm+t1,ma}. (7.2b)

7.2 Structure of sch(n—2)

Let us describe the structure of sch(n—2).
We will use our usual notation for elements of so(n+2) and O(n+2). In
particular,

N =—2-m0:_,, + 2m0z,, Nmy1=—2-m-10:_,,_; +2m+102, .,
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Define
M :=—Np + Nyt (7.3)

Note that M belongs to sch(n—2) and commutes with so(n—2), which is naturally
embedded in sch(n—2).
The Lie algebra sch(n—2) is spanned by the following operators:
(1) Bp+1,m, which spans the center of sch(n—2).
(2) Bm,j» Bm+1,5, 1jl =1,...,m — 1, which have the following nonzero com-
mutator:
[Bm,ijerl,*j] = Bm+1,m- (7-4)
(3) Bm+1,—m» B—m—1,m, M, which have the usual commutation relations of
s1(2) ~ so(3):

[Bm—&-l,—m» B—m—l,m} = M, (753)
[M7 Berl,fm} = _23m+1,7m7 (75b)
[M, B—m—l,m} = QB—m—Lm' (7.5C)

(4) Bij, li| <|jl<m—1, N, i =1,...,m— 1, with the usual commutation
relations of so(n—2).

The span of (2) can be identified with R"~2 @ R"~2? ~ R? @ R"~2, which
has a natural structure of a symplectic space. The span of (1) and (2) is the
central extension of the abelian algebra R? @ R"~2 by (7.4). Such a Lie algebra
is usually called the Heisenberg Lie algebra over R? @ R™2 and can be denoted
by

heis(2(n—2)) = R x (RZ2 @ R"2). (7.6)

Lie algebras sl(2) and so(n—2) act in the obvious way on R?, resp. R" 2.

Thus s1(2) @ so(n — 2) acts on R? @ R"~2. Thus

sch(n—2) =~ Rx(RZ@R"72) x (s1(2) ®so(n—2)). (7.7)

Note, in particular, that sch(n—2) is not semisimple.

The subalgebra spanned by the usual Cartan algebra of so(n—2), M and
B_p,—1,m is a maximal commutative subalgebra of sch(n—2). It will be called
the Cartan algebra of sch(n—2).

Let us introduce k£ € SO(n+2):

(o Zemy Zms Zeme1s Zm41) = (-« s Z—m—1, Zm+1, —Z—ms —2Zm)- (7.8)
Note that k* = 1 and x € Sch(n — 2). On the level of functions
EEK (oo 2mmy Zmy Zeme1, Zmt1) = Kooy —2Zm—1, —Zm+1, 2—m, 2m)- (7.9)

The subgroup of Sch(n—2) generated by the Weyl group of O(n—2) and &
will be called the Weyl group of sch(n—2).
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7.3 sch(n+2) in n dimensions

Recall from Subsect. 4.12 that using the decomposition R*t2 = R™ @ R? we
obtain the representations
so(n+2) 3B ~— B, (7.10a)
O(n+2)sa — ofm (7.10b)

acting on functions on R™. The Laplacian A, 42 becomes the Laplacian A,, and
it satisfies the generalized symmetry

Bﬂ7 _22_” A, = AnBﬂv%7 Be so(n+2), (7.11&)
o TEEA, = AL, a € O(nt2). (7.11b)

The operator By, +1,m becomes
B —0,.. (7.12)

m+1,m

Therefore, all elements of sch(n—2) in the representation (7.10a) and all elements
of Sch(n—2) in the representation (7.10b) have the form

B = ¢+ Do, , (7.13a)
aﬂﬂ?f(. s Yems Ym) = ﬁf( s Yemy Ym (- y—m))v (7.13b)

where C, D, 3, d, do not involve the variable y,.

7.4 sch(n—2) in (n — 2) + 1 dimensions

We consider now the space R"2 @ R with the generic variables (y,t) =
(--+,Ym—1,t). Note that ¢ should be understood as the new name for y_,,, and
we keep the old names for the first n—2 coordinates.

We define the map 6 : C°(R"~2 @ R) — C°°(R") by setting

(OR) (s Ym—1:Y=msYm) = h(. ., Ym—1,Y—m)e’™. (7.14)
We also define ¢ : C*°(R") — C*°(R"2 @ R)
CHC - ym—1,) = f(-- Ym—1,1,0). (7.15)

Clearly, ¢ is a left inverse of 6:

(o =1 (7.16)

Therefore, 6 o ( = ¢ is true on the range of 6.
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The heat operator in n — 2 spatial dimensions can be obtained from the
Laplacian in n dimension:

Ln—9:=Ap_o+20; = (A,0. (7.17)
For B € sch(n —2) C so(n + 2) and o € Sch(n —2) C O(n + 2) we define

B .— ¢gihg, (7.18a)

s = catlng, (7.18b)

It is easy to see, using (7.13), that sch(n—2), Sch(n—2) and A,, preserve the
range of §. Therefore, for any 1 we obtain representations

sch(n —2) 3B~ B, (7.19a)

Sch(n—2)3a ~ o5 (7.19b)

acting on functions on R*“2 g R. By (7.11), we also have generalized symmetries:

—2—-n 2—n

BT L, 5 = L, 92B*™7T | B&sch(n—2), (7.20a)
SNTEEL = Laa"MTF aeSch(n—2).  (7.20b)

7.5 Schrodinger symmetries in coordinates

In this subsection we sum up information about Schrodinger symmetries on 3
levels described in the previous subsections.
We start with generic names of the variables and the corresponding squares:

z € R"-&-Q’ (z]2)pto = Z Z_;zj, (7.21a)
l7]<m+1
yERY, (= D vy (7.21h)
jgI<m
) ER"ZOR, (Ylyna= Y. v,y (7.21¢)
il <m—1

Cartan algebra of sch(n—2). Central element

Brnyim = 2-m-10z, —2-m0z,, s (7.22a)
Bfin-‘rlnn = 8yma (722b)
B, = L (7.22¢)
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Cartan algebra of so(n—2), j=1,...,m —1,

N; = 7,2_]'(927]‘ + Zjazj,
fl
Nj = Y30y Y0y,
Nyt = g0y, + Y50y,
Generator of scaling
M = Z—maz_m_zmazm_Z—m—laz_m_1+zm+1azm,+1a
fl
MET = Z YiOy; +2y-m0y_,, =1,
l7l<m—1
wh =Yy, s
l7l<m—1

Root operators of sch(n—2). Roots of so(n—2), |i| < |j| <m —1,

Bij = 2-i0;, — 20,
A _
Bij = Y-iOy, =Yy,
h
Bij' = y-i0y; —y—j0y.

Space translations, [j| <m — 1,

Bm+1,j = Z—m—laZj - Z—jaz,n,+17
f _
By = Oy,
sch _
Briry = Oy
Time translation
Berl,fm = meflaz,m - Zm62m+17
fl —
Bm—i—l,—m - ayfwm
sch _
Bm+1,7m - at-

Additional roots, |j| < m — 1,

By, = Z,mazj — 250,
fl

B = Y-mOy, —y—;0y,.,

By = t0y —y—j

(7.23a)
(7.23b)
(7.23¢)

(7.24a)
(7.24D)

(7.24¢)

(7.25a)
(7.25b)
(7.25¢)

(7.268)
(7.26b)
(7.26¢)

(7.27a)
(7.27b)
(7.27¢)

(7.28a)
(7.28b)
(7.28c¢)
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B_m—1m = Zm+10s, — %m0z ,, 1, (7.29a)

BgﬂlfLm = y—m( Z yjayj +y—may_m_77)
lil<m—1

1
-3 >y 0y, (7.29b)

l7|<m—1

B = 10 Y 50y, + 100 =)

;
l7l<m—1

1
~3 > vy (7.29¢)

l7|<m—1

Weyl symmetries. We present a representative selection of elements of the
Weyl group of Sch(n—2). We will write K for a function on R™+2, f for a function
on R”, h for a function on R*2 @ R in the coordinates ( s Ym—1, t).

Reflection (for odd n)
TOK(Z(]? sy ey Bmmy Zmy F—m—1; Zm+1)
= K(—20y- s 2—m) Zms Z—m—1, Zm+1), (7.30a)

TOﬂf(y()v tet 7y7m7ym)

= f(=Y0s -+, Y—m> Ym), (7.30b)
75 h(yo, ..., t) = h(—yo, . .. ,1). (7.30c)
Flips, j=1,...,m —1,
TiK (. 22§ %, Z—m, Zmy F—m—1, Zm1)
= K( R IR 2y ERRER) z—mazﬂ’L7z—77L—lazm+l)a (7313)

T]ﬂf(. c Y= Yoo s Y—m Ym)
:f('"ayjay—jv"'ay—M7ym)v (731b)
T;Chh(. Y=y Yjsee s ) =R Y5 Y=g, ). (7.31c)

Permutations, = € S,,—1,

OnK (o Zomd1s Zm—1, Z—ms Zms Z—m—1s Zm+1)
=K(ooyZom, 15 Zm 1 Z—ms Zms Z—m—1 Zm+1), (7.32a)

aﬁf(. s Y—mt1s Ym—15Y—m> Ym)
= [l Ymmm1s Yrors Y=m> Ym),  (7.32b)

TSP h( Y ema 1 Ym—1,1)
=h(. s Yemm 1 Ymm 1) (7.320)
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Special transformation

KK( sy Am—1,%—msZm; Z—m—172m+1)

= K( sy Am—1, "Z—m—1; "Zm+1;Z—m; Zm)7 (7'338‘)
"iﬂm.f(”'7ym—lay—7R7ym)
Ym—1 1 1
:yimf(..., - > yijj), (7.33D)
Y—m Y—m 2y—m .
[71<m

KB 1, )

1 Ym—1 1
— = " -
t exp(Qt y,Jyj)h(..., et t)' (7.33¢)

l7|<m—1

Square of k

2
K K( <y Zm—1,%—m, vazfmflyzm+1)

=K 2Zma1y—Z—ms —Zms —Z—m—1, —Zm+1), (7.34a)
K2 F( s Yme1s Yo Ym)

= flor s =Ym—1,Y=m> Ym), (7.34b)

(K5BM2h (. yme1,t) = Ao —Ymo1,1). (7.34c)

Laplacian/Laplacian / Heat operator

Appz = Y 0.0, (7.35a)
l7]<m+1

Ap = 9y 0y, (7.35b)
lj1<m

Loo = Y 0y ,0,+20. (7.35¢)
jjl<m—1

7.6 Special solutions of the heat equation

Let us describe how to obtain solutions of the heat equation from solutions of
the Laplace equation.
Consider first a function on the level of R™*2
_n z Zom— zZ.
K(z):zing( Lo 1>exp(— m+1>, (7.36)

Zem Zem Zem

where g is a harmonic function on R”~2. It is easy to see that K is harmonic
and satisfies

Bmi1mK =K. (7.37)
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Besides, K is homogeneous of degree 1 — 4. Therefore, we can descend on
the level of dimension n, obtaining the function

k(y):yl_;@%g(ﬂ,nqm)mp( Z Yoith 4 m>‘ (7.38)

Y—m Y—m | <m—1
It is harmonic and satisfies

k= k. (7.39)

m+1 m

Descending on the level of R*~2 @ R we obtain

h(y,t):tk%g<y—1,...7ym 1)exp( S & Zy’) (7.40)

t
[i|[<m—1

which solves the heat equation:

Lyp_2h=0. (7.41)

7.7 Wave packets for the heat equation

Let us use the coordinates (y,t) € R”~2 @ R. Recall that

MR = N g0, + 20, — . (7.42)
ljl<m—1

The following proposition is proven by analogous arguments as Prop. 3.2. It
allows us to form wave packets that are eigenfunctions of M:

Proposition 7.1. Suppose that ]0,1[> s y 7(8) is a contour satisfying

7(1)

G =0. (7.43)

7(0)

Set
= /f(Ty, )iV, (7.44)

Then
MSNh, = (v —n)h,,. (7.45)
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8 Heat equation in 2 dimensions and the
confluent equation

The goal of this section is to derive the 1 1 equation together with its symmetries
from the heat equation in 2 dimensions, which in turn comes from the Laplace
equation in 6 and 4 dimensions. Let us describe the main steps of this derivation:
(1) We start from the Schrodinger Lie algebra sch(2) and group Sch(2) con-
sidered as a subalgebra of so(6), resp. a subgroup of O(6), acting in 6
dimensions. The main initial operator is the Laplacian Ag.
(2) We descend onto 4 dimensions. The 6-dimensional Laplacian Ag becomes
the 4-dimensional Laplacian Ag.
(3) We assume that the variable yo appears only in the exponential €¥2 and the
variable y_o is renamed ¢. The Laplacian A4 becomes the heat operator Lo.
The representations B5M and o™ preserve our class of functions. With
n = —1 and n = —3 they are generalized symmetries of the heat operator.
(4) We choose coordinates w, s, u1, so that the Cartan operators are expressed
in terms of s, u1. We compute Lo, B5M7 and o™ in the new coordinates.
(5) We make an ansatz that diagonalizes the Cartan operators, whose eigenval-
ues, denoted by —6 and «, become parameters. The operators Lg, B,

and as°h

"1 involve now only the single variable w. The operator %ﬁz be-
comes the 1 F7 operator. Generalized symmetries of Lo yield transmutation
relations and discrete symmetries of the 157 operator.

The first part of this section is devoted to a description of the above steps,
except for Step 2, discussed in detail in Sect. 7.

The remaining part of this section is devoted to the theory of the 1/
equation and its solutions. Its organization is parallel to that of Sect. 5 on the
2 F1 equation. The main additional complication is the fact that besides the 1 F;
equation and the 1 F} function, it is useful to discuss the closely related 2Fg
equation and the o Fpy function. In fact, some of the standard solutions of the 1.1
equation are expressed in terms of the 1 F; function, others in terms of the o Fj

function.

8.1 sch(2) in 6 dimensions

We again consider R® with the coordinates (5.1) and the product given by (5.2):

(z]2) = 2z_121 + 22_029 + 22_323.
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We describe various object related to the Lie algebra sch(2) treated as a subalgebra
of so(6). We also list a few typical Weyl symmetries of Sch(2).
Lie algebra sch(2). Cartan algebra

M = 220, ,— 2205, —2-30;_, + 230, (8.1a)
Ni = —2.10, , + 2104, (8.1b)
B3y = 2.30:; —2-20,. (8.1c)
Root operators
B3 1 = 230, , — 2104, (8.2a)
By1 = 220, — 210, (8.2b)
Bs1 = 2-30, —2_104, (8.2¢)
By 1 = 290, , —210,,, (8.2d)
Bs_o = 2z_30,_,— 220, (8.2¢)
B_32 = 230z —2-20;_,. (8.2f)

Weyl symmetries

(K (2-1,21,2-2,%2,2-3,23) = K(2_1,21, -2, 22, 23, 23), (8.3a)

T1K(2-1,21,2-9,29,2_3,23) = K(21,2-1,2_2, 22, 23, 23), (8.3b)

kK (z_1,721,%2-9,22,2-3,23) = K(2_1,21,—2_3, —23,2_2, 22), (8.3¢)

TikK(2-1,21,2-9,29,2_3,23) = K(21,2-1,—2_3, —23, 2—9, 22). (8.3d)
Laplacian

Ag =20, 0, +20, ,05, +20, ,0,,. (8.4)

8.2 sch(2) in 4 dimensions

We descend on the level of R*, with the coordinates (y_1,y1,y_2,y2) and the
scalar product given by

(Wly) = 2y—1y1 + 2y—2y2.
Lie algebra sch(2). Cartan algebra

MY =y 18, + Y10y, +2y—20y_, — 1,
Nfi = 7y—1ay71 +y18y1a
fl

33,2 = 6y2-
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Root operators

Bg,—l = 8y717
By, = y 20y, —y10y,
B?f},l = 8.1/1;
Bg,q = Y—20y_, —y10y,,
B§,72 = 89—27
BY, = yoa(y-19y_, +y10y, +y-—20,_, —

Weyl symmetries

tf(Y-1,91,Y-2,42) =
L f(Y—1,y1,Y—-2,y2) =

7nf(y 1,91,Y— 27y2)_y Qf(

R F(y_1,y1,y-2,92) = 4" zf(

f(y717y17y727y2)a

FW1,9-1,9-2,92),
Y-1 Y1 _L

Y1 y1_1

y—2 y—2  y—2’

y—2 y—2  y—2’

8.3 sch(2) in 2 4+ 1 dimensions

We apply the ansatz involving the exponential e¥2. We rename y_o to t.

Lie algebra sch(2). Cartan algebra

n) — Y—1Y10y, -

Y=11 +y-2y2
Y-2

Y-191 +y-2y2
Y2 '

MM =y 10y, + 10y, + 240, —
Nt = —y 10y, + 10y,
By = L
Root operators
BSCEI = 8@;—17
BSCh = t8y1 —Y-1,
Bsch 8y1a
BbCh — t6y71 — 1,
BSCh — at7
h
Bicg”g = t(yflay_1 + y18y1 + tat - 77)

—Y-1Y1.

).
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Weyl symmetries

tg(y-1,91,) = g(y-1,91,1), (8.10a)
TfChh’(yflvylvt) = h(ylvyflvt)v (810b)
_ _ 1
WPy 1) = 1 exp (S (5 T 1), (8:10c)
_ _ 1
TlHSCh’nh(y—layht) =" eXp (%)h<ytil: %a 7;) (810d)

Heat operator
Lo =20y _,0y, + 20;. (8.11)

8.4 sch(2) in the coordinates w, s, uy

We introduce new coordinates w, s, u1

Y-14 Y1
w=—, U} =-—, s:\/i, 8.12
2wt (512)
with the reverse transformations
Y_1 - , Y1 =u1s, t=s2. (8.13)
uy
Lie algebra sch(2). Cartan algebra
M = 5, —,
NP = 038,
Bgh =
Root operators
- Ul
Byt = ~ Ow,
s
Bgf{‘ = —(wOy + u10y, — W),
ui
sch 1
B3’1 = B(waw + U18u1)7
BS?El = su1(0y — 1),
1 1 1
h
B3y = 8—2( — WOy — §u18m + 5585),

1 1
BS_C;’;? =52 (wﬁw + gulaul + 5588 —w— 77).



100 — J. Derezinski e
Weyl symmetries

Lh(wvulvs) = h‘(wﬂula 8)7
w
TlsChh(w,ul, s) = h(w7 u—l,s),

sch,nh _ 2m wh . i
K (w,uy,s) = se —w, —iu, -,

iw i
TSN h(w, g, s) = sQnewh< —w, ——, 7).

uy S

Heat operator

2 1
£ = 55 (w02 + (000, +1 = w)0y + (w0, +50)).  (B17)

8.5 Confluent operator

Let us make the ansatz

h(w, u1,s) = u1®s 0" E(w). (8.18)
Clearly,
M=l = gh, (8.19a)
NiBh = ah, (8.19b)
ufase+1§£2h = Fyo(w,0p)F(w), (8.19¢)

where we have introduced the 1 F; operator
1
Fo.o(w,0p) = wd2+ (1+a—w)dy — 5(1+9+a). (8.20)

Let us also define the closely related o Fy operator
1 1 5

Foa(w,0p) = w202+ (=1+ (2+0)w)dy + 1(1 +6)? — VGl (8.21)
It is equivalent to the 1 F; operator. In fact, if z = —w™!, then
3+a+6 ~ _14a+6
(—2) "2 Foalz,0:)(—2) T = Fpa(w, ). (8.22)

We will treat Fg o(w, 0y) as the principal operator.
Traditionally, one uses the classical parameters a, b, c:

a=c—1=a-b, 6:=-c+2a=-1+a+b; (8.23a)
1+a+6 1—a+46
Q= ——— b=

5 , — c=14a  (8.23b)
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Here are the traditional forms of the 17 and oFy operators:

Fla;c;w, 0y) = wd? +

8.6 Transmutation relations and discrete symmetries

The heat operator satisfies the following generalized symmetries:

5+ (¢ —w)0y — a, (8.24)

Fla,b = w, 0) 1= w0}, + (=14 (1 + a + b)w)du + ab. (8:25)
B3 Ly = £oB%M 1 B e sch(2), (8.26a)

a3y = Lo0*M L o e Sch(2). (8.26b)

Applying (8.26a) to the roots of sch(2) we obtain the following transmutation

relations of the confluent operator:

8’!1)
Fot1,a+1
(WO + a — w)

Fo—1,a—1
(wdy + @)
Fo+1,a-1

(Ow — 1)
Fo—1,a+1
(WO + 3(0+a+1))
wFg42.a

(w@w + %(—9 +a+1)—w)
w-}—.&fla

Fo,a

aw7

Fo.a

(WO + a — w),

}—G,a

(wOw + ),

Fo,a5

(Ow —1);

wFg,o

(WO + 3(0 4 a+ 1)),
wFg q

(WO + F(—0+ a+ 1) —w).

Applying (8.26b) to the Weyl symmetries of sch(2) yields discrete symmetries
of the confluent operator, described below.

The following operators equal Fy o (w, 0y ) for the appropriate w:

w="v
/U—Ot

w=—v —e Y
e—’U,U—Ot

Fo,0(v,0),
F97_a(v,8v) v,
F_9,a(v,0,) €
F—G,—a(vaav) e’

b
v,

The third symmetry is sometimes called the 1st Kummer transformation.
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8.7 Factorizations of of the heat operator

Special role is played by three distinguished subalgebras in sch(2): two isomorphic
to heis(2) and one isomorphic to so(3).
First note the commutation relations

[B2,—1, B3] = [Ba,1, Bs,—1] = Bs 2. (8.27)
Therefore, the following subalgebras in sch(5) are isomorphic to heis(2):

heis_(2) spanned by Bs _1, Bs 1, B3z, (8.28a)
heis; (2) spanned by Bz 1, B3 _1, Bsa. (8.28b)

Note that the flip of (1, —1), denoted 71, belongs to Sch(5) and satisfies
T1B2, 171 = Bo1, T1B31m = B3 _1, T1B3271 = B3p. (8.29)

Hence,
Tlheis_ (2)7’1 = heis+(2). (830)

Let us define

C_=2By _1B31+M+ N, — Bz (8.31a)
=2B31Bas,_1+ M+ Ny + By, (8.31b)
Cy=2B21B3_1+M—N; — B3> (8.31c)
=2Bj3_1Bs1 + M — Ny + Bs. (8.31d)

C+ and C_ can be viewed as the Casimir operators for heisy (2), resp. for
heis_(2). Indeed, C4, resp. C— commute with all operators in heis; (2), resp.
heis_ (2). We also have

7-16,71 = C+. (832)

On the level of R?2 @ R, the two operators C; and C_ coincide. Indeed, a
direct calculation yields

CEM = 3™ = 24Dy, Dy, + By) —n — 1. (8.33)
Second, note the commutation relations
[B_s,Bs,_s] = Ny — N3 = —MM. (8.34)
Therefore, the following of sch(2) is isomorphic to so(3):

8023(3) spanned by B_g,Q,BP,’_Q,M. (8.35)
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The Casimir operator for soa3(3) is

Coz = 4337_23_372 — (M — 1)2 +1 (836&)
=4B 39B3 _o— (M+1)2+1. (8.36b)

By (4.21) we have
(22_929 + 22_323) A = =1+ Cg3 " + (NP H2 (8.37)

Inserting (8.36) into (8.37) we obtain

(227222 + 22*323)A<6>
=4By _3B_o3 — (N1 + M + 1)(—]\71 + M + ].) (838&)
=4B_53B2 _3— (N1 + M — 1)(—N1 + M — 1), (8.38b)
where the B, N1 and M operators should be equipped with the superscript 1.

Let us sum up the factorizations in the variables y_jy1,t obtained with the
help of the three subalgebras:

t0y =2By_1Bsy+ M+ Ny —1 (8.392)
—92B3 By 1+ M+Ny+1 (8.39D)
—2ByiBs_1+M—N, —1 (8.39¢)
= 2By _1Bo1+ M~ Ni +1, (8.39d)

2y—1y1L2 = —4Bs 3B 23— (N1 + M +1)(N1 — M — 1) (8.39)
= —AB_53By _3— (Ny+ M —1)(Ny — M +1), (8.39f)

where the B, Ny and M operators should be equipped with the superscript
sch,—1

Indeed, to obtain (8.39a)—(8.39d) we insert (8.31) into (8.33). To obtain
(8.39¢)—(8.39f) we rewrite (8.38), multiplying it by —1.
In the variables w, u, s, we need to make the replacements
Y-1Y1 - ws?, (8.40a)

t - s2 (8.40b)

8.8 Factorizations of the confluent operator

Factorizations of Lo described in Subsect. 8.7 yield the following factorizations
of the confluent operator:
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(0 1) (wn + ) —%(9—(1—0—1)

%(970571)

]:«9,(1

- (w8w+1+oc)<(9wfl _

8w<w6w+a—w> %(6‘4—04—1)
= <w6w+1+a—w)8w—%(9+a+1),
wFoo = (wdt 3 (0+a—1)—w)(wdyt  (0+a+1))

1
—Z(—9+a—1)(9+a+1)

(w@w—ké(ﬁﬁ-a—l))(wa +2( 0+a+1)— )

—i(—@—l—a—l—l)(&—l—a— 1),

8.9 The | F} function

The 171 equation (8.24) has a regular singular point at 0. Its indices at 0 are
equal to 0, 1 — ¢. For ¢ # 0,—1,—2,..., the unique solution of the confluent
equation analytic at 0 and equal to 1 at 0 is called the 1 F} function or Kummer’s
confluent function. It is equal to

F(a;c;w) == Z %w—n

— (¢)n n!
It is defined for ¢ # 0, —1,—2,.... Sometimes it is more convenient to consider
the functions
F(a;c;w) (a)n
F(a;c;w) :=
(a;.¢;) ING) ZFC—Hl nl’
T(c—
Fl(a;c;w) := %F(a;c;w).
In the Lie-algebraic parameters:
1 0
Fyolw) = F(L;_._; 1+ a;w),
1+a+46 Fy o(w)
F = F<7; 1 ; ) ==,
Q,G(w) ) +aow F(()[+1)

1 0 [(itetfyplta=typ,
Iea(w) = FI(&,I‘FO[,M) — ( 2 ) ( 2 ) 9, ('LU)
’ 2 MNa+1)
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8.10 The ,F| function

Recall from (8.22) that in parallel with the ;77 operator it is useful to consider
the oFp operator. The 9Fy operator does not have a regular singular point
at zero, hence to construct its solutions having a simple behavior at zero we
cannot use the Frobenius method. One of such solutions is the 9 Fy function. For
w € C\[0, +o0[ it can be defined by
F(a,b; —;w) := lim F(a,b;c;cw),
c— 00
where |argec — m| < m — €, € > 0. It extends to an analytic function on the
universal cover of C\{0} with a branch point of an infinite order at 0. It has the

following asymptotic expansion:

o (@)n(b)
F(a,b;—;w) ~ E n' Tw™, largw — 7| <7 — €.
n!
n=0

Sometimes instead of o Fy it is useful to consider the function
Fi(a,b;—w) = T(a)F(a,b;—;w).

When we use the Lie-algebraic parameters, we denote the o Fy function by
F and F". The tilde is needed to avoid the confusion with the 17} functions:

~ 1 0 1—a+0

Fe,a(w) = F( +C;+ ) g—i— ,*711})7

~ 1 1 1—a+0y -
Fpo(w) = FI( +2‘+9, ;‘Jre;—;w) :I‘(i{;HL )Fg,a(w).

8.11 Standard solutions

The 1 F1 equation has two singular points. 0 is a regular singular point and with
each of its two indices we can associate the corresponding solution. co is not
a regular singular point. However we can define two solutions with a simple
behavior around oo. Therefore, we obtain 4 standard solutions.

The solutions that have a simple behavior at zero are expressed in terms
of the function Fjp . Using 4 discrete symmetries yields 4 distinct expressions.
Taking into account Kummer’s identity we obtain 2 pairs of standard solutions.

The solutions with a simple behavior at +0c are expressed in terms of Fgﬂ.
Again, 4 discrete symmetries yield 4 distinct expressions. Taking into account
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the trivial identity ]3'9,@ = F97_a we obtain 2 pairs of standard solutions.
~1latO: Fp.o(w)
:ewF—Q,a(_w)§
~w %at0: wYFy _q(w)

:w_aewF—Oﬁ—a(_w%

—1—60—a ~

~w ®at +00: w2 Fyo(—wt)
—1— 6 a ~
=w Fy, —a(—w™ )5
(—w)’te¥ at —oo e’ (—w) — R -1
~ : -0, alw™)
=" (~w) TP g a(w ),

The solution ~ w™% at 400 is often called Tricomi’s confluent function.

8.12 Recurrence relations

Recurrence relations for the confluent function correspond to roots of the Lie
algebra sch(2):

140+«
OuFoa) = 0T Ry i (w)
(waw +a— ) a(w) = FG*l,afl(w%
(WO + ) Fog o(w) = Fopq,a-1(w),
—1460—«
(0w —1)Fy a(w) = - 9 F071,¢x+1(w)>
1+60+« 1+60+«
(w@w + 2) Foolw) = ng+2)a('LU),
1- 1-
(w04 2550 ) Raal) = 5P a0

8.13 Wave packets for the heat equation in 2 dimensions

Consider the space R? @ R and the heat equation given by the operator £y =
20y_, 0y, + 20;. Recall that

Mseh =1 — Y—10y_, +y10y, +2t0; + 1,
NTCh = _yflay—l + ylayl-
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Set
Gg’a(yflv Y1, t)
= [ e - )T e (M an ()

t
J
Gg7a(y71ay17t)
1-6—a — a _ — 71
- / O P (1) g (ST Dgr (s
,\/b

(The superscripts a and b denote two kinds of wave packets, and not parameters
a, b).

Proposition 8.1. If the contours v* and +° are appropriately chosen, then

LG, =0, LG}, =0, (8.42)
MSCh’_ng’a — 79Gz,a7 MSCh7_1Gg,o¢ = 76Gg,o¢7 (843)
NG§ o = aGl MG, = aGy . (8.44)

Proof. By the analysis of Subsect. 7.6, the following functions

gy (Y—1,y1,t) == til*l’yil exp (y_t;yl), (8.45a)
y—1y1>
t

go(y—1,y1,t) == t"""VyY exp ( (8.45b)

solve the heat equation. They still solve the heat equation after translating and
rotating. Therefore,

Gg,a(yflvylvt) = /90;14»97(1 (T_l(yfl - 1)77'91,15)7'_&_1(17» (8463‘)
2
,Ya
Gholy—1,41,t) = /gb-1+29+a (rty—1, 7y — 1), t)7 " tdr (8.46b)
,Yb

also solve the heat equation. This proves (8.42).
If the contours satisfy the requirements of Prop. 3.2, then (8.46) imply (8.44).
We can rewrite (8.46) in a somewhat different way:

(8.46a) = /g‘i1+29,a (r7 Y y_1 = 1), 7y, 2 (e A (Y, (8.47a)
»ya
(8.46b) = /gl’_1+9+a (ry—1,7(y1 — 1), 72t)r%dr. (8.47b)
2

,yb
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If the contours satisfy the requirements of Prop. 7.1, then (8.47) imply (8.43). O

Now we express the above wave packets in the coordinates w, s, u1:

(8.47a) = /s—l—“a(ﬁ . 1)
TUL
—14+60+a

(8.470) = /s_l_a_o‘(ruls —1)7 2 exp (w(l —

—1+0—«a

exp (w — T—UI)T_O‘_ldT, (8.48a)
s

))r—a—ldr. (8.48D)
TULS

TUw1
s

In (8.48a) we make the substitution o := w — or 7= 2Z(w—o0) In

(8.48b) we make the substitution o := 1771131& ,0r T = 71“8(‘(77_1). We obtain
Gg,a(wv S, ul) = SilieulaFél’a(w), (8498,)
Gg,a(wv S, ul) = 5_1_9u1aF9b704(w), (849b)
where
Fyg o (w) = /Uﬁat%l (w—o0) =g e?do, (8.50a)
rya
FY () == /eXp (E)J*H(a e i (8.50Db)
’ o
.Yb

The above analysis shows that (for appropriate contours) the functions (8.50a)
and (8.50b) satisfy the confluent equation.
8.14 Integral representations

Let us prove directly that integral (8.50a) and (8.50b) solve the confluent equation.

(1)

Theorem 8.2. a) Let [0,1] 5 7~ t(7) satisfy ¢~ cHlet(t —w)= o1 =0
Then o
Fla; c;w, Oy) /ta_cet(t —w) "%t = 0. (8.51)
¥
t(1)
b) Let [0,1] 3 7 & t(7) satisfy e Tt ¢(1 — )¢ o) =0. Then
Fla;c;w, Oy) /e%t_c(l — )T ldt = 0. (8.52)

~
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Proof. We check that for any contour ~

lhs of (8.51) = _a/dtattachrlet(t —w) e,
ol
1hS Of (8‘52) = _/dt 8te%t_c(1 _ t)c_a.
Y

8.15 Integral representations of standard solutions

Using the integral representations of type a) and attaching contours to —oo, 0
and w we can obtain all standard solutions.

Similarly, using the integral representations of type b) and attaching contours
to 0 — 0, 1 and oo we can obtain all standard solutions.

Here is the list of contours:

a) b)
~1 at 0: ] — o0, (0,w)*, —oco[, [1,+o0[;
~w™® at 0: [0, w], (0—-0)";
~w™% at 4oo: ] = 0,0], ] —0,0[;
~ (—w)b~le at —co:  [w, —o0], [0, 1].

(0, w)™ means that we bypass 0 and w counterclockwise. (0 — 0)* means
that the contour departs from 0 on the negative side, encircles it and then comes
back again from the negative side.

Here are the explicit formulas for a)-type integral representations:

all 0, a: (8.53a)
L T et —w) T dt
2mi

]700,(O,w)+7oo[

- F97a(w)a
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Re(1 — a) > |Reb)| : (8.53Db)
w
/t71+297a ot (w— 1) =10z L,
0
= wiaFIO,fa(w)v w ¢] - 0070};
0
/(—t) TE Tt w) Tt
w
= (_w)iaFIO,fa(w)v w ¢ [0,00[;
Re(14+6 —a)>0: (8.53¢)
0
/ ()77 et w—t) T 7 dt
- wilfzefaﬁéﬁ(—w*l), w €] — 00,0];
xsRe(l1—0 —a) >0: (8.53d)
/(—t)i’”f""et(w —)TE
— M (—w) T Fly o (wh), w g [0,00].
We also present explicit formulas for b)-type integral representations:
Re(1 + a) > |Ref)| : (8.54a)
eftlo )T
[1,+00]
=Fp o (w);
all 0, (8.54Db)
1 w —1— a
— eftlmo - T
i
(0-0)*
=w “Fy _q(w), Rew >0;
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Re(14+60+a)>0: (8.54c¢)
0
/ et (—t) I — Tt
—wT Féﬁa(—wfl), Rew > 0;
Re(1-0+a)>0: (8.54d)
1
/e%t—l—“(l T
0
w 14— 2

(w™), Rew < 0.

8.16 Connection formulas

The two solutions with a simple behavior at infinity can be expressed as linear
combination of the solutions with a simple behavior at zero:
ea . 7Fpa(w)
w2 Fyao(—w™l) = : 8.55a
al ) sinm(—a)T (71+927a) ( )

Tw “Fy _o(w)
1+6‘+o¢) ?
2

sin ral (
7TF97a(U))
sinw(—a)T (HT_O‘)
(-0 Fo_a(w)
sin ral® (1_9%)

—14+0—a ~ _
’(—w) T 2 F_gia(w")

(8.55b)

I w ¢ [07+OO[

Note that (8.55a) uses a different domain from (8.55b). This is natural,
however it is inconvenient when we want to rewrite (8.55) in the matrix form,
because on the right hand side of (8.55a) and (8.55b) the second standard
solutions differ by a phase factor.

Let us introduce the matrix

—1 e 2¢
- F(1+92—a) F(l+9+(x)
AO,oc = . )
sin(ma) -1 Fa
—
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satisfying
iz g eiga —e_jﬂTa
B . AT F(1,g+a) F(1+8+a)
AL =0 2 2 8.56
0.0 5 ) B ; (8.56)
) R
. _imyg
ime™ 2
detAdg = ———"+—. 8.57
et 46,0 2sin(mar) ( )
Then we have for Imw > 0
u)717297a ngia(fw_l) Fe,a(w)
o =Ap.a . (8.58)
e’(—w)” 7 Fogia(w™!) (—iw) " *Fg,—q(w)

Let us show how to derive connection formulas from integral representations
of type a). We have

( / + / - / - / >t1+29aet(t—w)l2eadt

]—00,0-10]  [0—i0,w] ]—00,0+i0]  [0+i0,w]
= e el (t —w) 5= dt, w & [—00,0]; (8.59a)

]=00,(0,w) T, —o00[

( / + / ~ / - / )twct(t—w)lfadt

]—o0,w—i0]  [w—i0,0] ]—oo,w+i0]  [w+i0,0]
- et w) T d, w0, o). (8.59D)
]=00,(0,w)*,—o00]
We obtain
—1-6-a 0+«

—sin(ra)w™ 2 Féya(fwfl) + cos )wfo‘FIG’fa(w)

=mFy o(w), w & [—o00,0[; (8.60a)

Cioa - 0 —
—sin(ra)e” (—w) = Fl@’a(ufl)Jrcosu

(—w)"“Fp _o(w)
—rFoo(w), w0, +0d). (8.60D)

This implies (8.55).
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9 Heat equation in 1 dimension and the
Hermite equation

The goal of this section is to derive the Hermite equation together with its
symmetries from the heat equation in 1 dimension, which in turn comes from
the Laplace equation in 5 and 3 dimensions.

The first part of this section describes main steps of the derivation of
the Hermite equation. They are parallel to those of the derivation of the 1 F;
equation:

(1) We start from the Schrodinger Lie algebra sch(1) and group Sch(1) con-
sidered as a subalgebra of so(5), resp. a subgroup of O(5), acting in 5
dimensions. The main initial operator is the Laplacian As.

(2) We descend onto 3 dimensions. The 5-dimensional Laplacian As becomes
the 3-dimensional Laplacian As.

(3) We descend on 1 + 1 dimensions. The Laplacian Ag becomes the heat
operator £1. The representations B%™7 and o*™7 with n = f% and
n= fg are generalized symmetries of L.

(4) We choose coordinates w, s, so that the Cartan operator is expressed in
terms of s. We compute £1, B*"" and o™ in the new coordinates.

(5) We make an ansatz that diagonalizes the Cartan operator, whose eigenvalue
becomes a parameter, denoted by A. £1, B0 and o*™" involve now only
the single variable w. 2s2£; turns out to be the Hermite operator. The
generalized symmetries of £ yield transmutation relations and discrete
symmetries of the Hermite operator.

(As in the previous section, in our presentation we omit the step 2).

In the remaining part of this section we develop the theory of the Hermite
equation and its solutions. Its organization is parallel to that of all other sections
on individual equations, and especially of Sect. 6 on the Gegenbauer equation.
In particular, the Gegenbauer equation can be derived by a quadratic relation
from the 27 equation in essentially the same way as the Hermite equation can
be derived from the 17 equation.

9.1 sch(1l) in 5 dimensions

We again consider R® with the coordinates

20,%-2,%2,%7-3, %23 (9.1)
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and the scalar product given by
(2]2) = 22 + 22020 + 22_323. (9.2)

We keep the notation from so(5)—remember that sch(1) is a subalgebra of so(5).
Lie algebra sch(1). The Cartan algebra

M = 2.20, ,— 20, —2-30,_, + 230,,, (9.3a)
Bsa = 2.30,, —2_20,,. (9.3b)
Root operators
Bso = 2_30,, — 200, (9.4a)
Boo = 220 — 200, (9.4b)
Bs_9 = 2_30, , — 220.,, (9.4¢)
B_32 = 230, —2_-20, ,. (9.4d)
Weyl symmetries
(K (20,22, 22,2-3,23) = K(20,2-2, 22,2_3, 23), (9.5a)
kK (20,2-2,22,2-3,23) = K(20,—2_-3, —23, 2—2, 22), (9.5b)
k2K (20,72_9,22,7%_3,23) = K(20, —2_2, —22, —2_3, —23), (9.5¢)
k3K (20,2-9,22,7_3,23) = K(20,2_3, 23, —2_2, —22). (9.5d)
Laplacian
As =02, +20._,0., +20._,0s,. (9.6)

9.2 sch(1) in 3 dimensions

We descend on the level of R3, with the variables 4o, y—2,%2 and the scalar
product given by

(yly) = yo + 2y—2p.
Lie algebra sch(1). Cartan algebra

MY = ydy, + 2y 20y, — 1,
BYy, = 0y,
Root operators
Biy = Oy,
Blo = y-20y — Y0l
B:?,fz = ayfzv

f 1
B—,3n72 = Y-2 (yoayo + y72ay,2 - 77) - iygayz
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Weyl symmetries

Lﬂ’n.f(y(): Y-2, y2) = .f(yOa Y-2, y2)7
Yo 1 yd+2y—ay2
“iﬂ’nf(y(h Y—2, y?) = y22f<77 ) 07)7
Yy-2 Y—2 2y
2
(Hﬂm) f(yan—27y2) = (_1)nf(_y07y—2ay2)a

(“ﬂ7n)3f(y0;y—2,y2) = (*y_2)nf< — ﬂ7 7i’

vg + 2y-2y2)
Y-2 Y-2

2y—2

Laplacian
fl
AL =07 +20,_,0,,.

9.3 sch(1) in 1+ 1 dimensions

— 115

We descend onto the level of R@® R, as described in Subsect. 7.4. We rename y_o

to t.
Lie algebra sch(1). Cartan algebra:

MM = yody, + 260, — n, (9.72)
Bs o = 1. (9.7b)
Root operators
B5% Dyos (9.8a)
B3% tdy, — Yo, (9.8b)
B;?E at7 (98C)
1 1
B HyoDy, + 0 — ) = S3- (9.8d)
Weyl symmetry
L:,Chﬂ?h(yo, t) = h(y()’ t)7 (99&)
2
KM (yo, t) = t7 exp(§2)h(X2, —1), (9.9D)
SC. 2
(k™) h(yo, 1) = (~1)"h(~yo,1), (9.9¢)
3 2
(=27) hyo, t) = (—1)" exp( L )h(~ 22, —1) (9.90)
Heat operator
AF! =Ly = 5+ 20;. (9.10)



116 —— J. Derezinski e

9.4 sch(1) in the coordinates w, s

Let us define new coordinates

Yo
w=—=, s=t, 9.11
oT! (9.11)
with the reverse transformation
Yo =V2sw, t=s>. (9.12)
Lie algebra sch(1). Cartan algebra
Msch,n = 5 85 —n,
Bz, = 1
Root operators
1
B;?(gl = \/55 aun
S
1
B5h, = 55 (w0 + 50s),

Weyl symmetries

SPIp(w, s) = h(w, s),
KSDIh(w, ) = sznew2h(iw, =)
() 2h(w, s) = (=1)"Th(~w, 5),
(K53 h(w, 5) = (—52)7e” h(—iw, —1)
Heat operator
1 2
L1 =55 (04 =200y +250) . (9.13)
9.5 Hermite operator
Let us set n = —% and use the ansatz

h(w,s) = s 728 (w). (9.14)
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Clearly,

Msch,—%h = —\h, (9.15)
s>‘+%282£1h = S)\(w7a'w)5(w)a (9'16)

where we have introduced the Hermite operator
Sx(w,Dy) := 02, — 2wdy, — 2\ — 1. (9.17)
We will also use an alternative notation
S(a;w,dy) := 02 — 2wdy, — 2a, (9.18)

so that
1
A=a—=, a=A+—-. (9.19)

9.6 Quadratic transformation

Let us go back to 2+1 dimensions and the heat operator

Lo =20y_,0y, + 20;. (9.20)
Let us use the reduction described in Subsect. 3.14, and then applied in Subsect.
6.4:
Yo =2y, u:= yy—ll (9.21)
In the new variables,
N1 = u0y, (9.22)
1\2 1 1 1
= —) = 5 (udu — = =)+ 20, 2
£a (8’/" * 2y0) 2 (“8“ 2) (ua“ * 2) +20; (9-23)
Therefore,
1
(uyo)%ﬁz(uﬁJO)ié = _y72N1 (Nl - 1) + Ly, (9.24a)
0
1
(ulyo)E Lo(u o) F = — 5Ny <N1 + 1) + L. (9.24b)
Yo

Compare the coordinates (8.12) for 2+1 dimensions and the coordinates (9.11)
for 14+1 dimensions. The coordinate s are the same. This is not the case of w, so
let us rename w from (9.11) as v. We then have w = v2. We also have

uYo = \/isul, 1fly0 = \/iwufls.
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Hence on functions that do not depend on u we obtain

1 1

1
s%uf/v‘gs*?ul 2 =L, (9.25a)

shulFuLys duiv ! =
1 28 2ui v = Ly. (9.25b)

Thus by a quadratic transformation we can transform the Hermite equation
into a special case of the confluent equation:

SA(U,({)U) = 4}‘)\7
0718 (v, 8y)v

w, Oy ), (9.26a)
(9.26b)

|
B
n
[N
&
)
g

where

9.7 Transmutation relations and discrete symmetries

The heat operator satisfies the generalized symmetries

B30, = £1B*M3 Besch(l); (9.27a)
M5 L = £105™73, o€ Sch(l). (9.27b)

Equation (9.27a) applied to the roots of sch(1) implies the transmutation
relations of the Hermite operator:

Ow Sy = Sit1 Ow

( - Qw) S,\ = S)\,l (6w - 2w),
(WO + At 3) w8 = wiShie (wly + A+ 1),
(Wl — A+ 3 —20w?) W3S\ = wSh_a (W0, — A+ 3 —2u?)

Relation (9.27a) applied to the Weyl symmetries of sch(1) implies the discrete
symmetries of the Hermite operator, described below.
The following operators equal Sy (w, dy,) for an appropriate w:

w=Zv: Sx(v,0y), (9.28a)
w = +iv : —exp(—v2)S_x(v,8,) exp(v?). (9.28Db)

9.8 Factorizations of the heat operator

Special role is played by two distinguished subalgebras of sch(2).
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First note the commutation relations
[B2,0, Bs,0] = B32. (9.29)

Therefore, we have the following distinguished subalgebra in sch(1) isomorphic
to heis(2):

heiSO(Q) Spanned by 3270, 3370, 3372. (9.30)

Let us define
Co=2 32703370 +2M — B372 (9.31&)
=2 B3’0B270 +2M + Bg)g. (931b)

We have the commutation relations

[Co, B2,g] = —2B2,0(B3,2 — 1),
[Co, B3,o] = 2B3,0(B3,2 — 1),
[Co, Bg,g] =0.

But B;f;l’" = 1. Therefore, on the level of R @ R the operator CSCh’" can be
treated as a kind of a Casimir operator of heisy(2): it commutes with all elements
of heisg(2). Note the identity

sch,fé
2L, =C 2. (9.32)

Second, consider B_3 2, B3 _2, M. They are contained both in sch(6) and
in sch(5). Therefore, the subalgebra soa3(3), described in Sect. 8.7 in the context
of sch(6), is also contained in sch(5). Recall that its Casimir operator is

Co3 = 4337_23_372 — (M + 1)2 +1 (9.33&)
=4B 39B3 _o— (M —1)2+1. (9.33b)

By (4.21) we have

-3 3
(22 929 + 22_323) A% = Cp} 2 — e (9.34)
Inserting (9.33) into (9.34) we obtain
(22:_222 + 22_3Z3)Ag
3 1
=48y _3B_53 — (M + 5) (M + 5), (9.35&)

1
—AB_ 3By 5 — (M - g) (M - f), (9.35b)
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where the B, N1 and M operators should be decorated with the superscript
=3

Let us sum up the factorizations in the variables yg, ¢ obtained with the help
of the two subalgebras:

2tL = 2By 0B3,0 — (—2M + 1) (936&)
= 2B3Bag — (—2M — 1), (9.36D)
3 1
2Ly = 4By _3B_g;5 — (M + 5) (M + 5) (9.36¢)
3 1
—4B_53By 5 — (M - 5) (M - 5), (9.360)

where the B, N7 and M operators should be equipped with the superscript

sch,—%

In the coordinates w, s we need to make the replacements

t = s (9.37a)
v = 2w (9.37b)
9.9 Factorizations of the Hermite operator

The factorizations of £ described in Subsect. 9.8 yield the following factorizations
of the Hermite operator:

Sy = (0w —2w)dy —21—1
= 0uw(0w —2w) —2X +1,
w2Sy = (w@w—l—)\—g)(w&u—)\—i—%—sz)—k()\—g)()\—%)
= (waw—/\—g—2w2)(w6w+/\+%)+(/\+g)(/\+%).

9.10 Standard solutions

The Hermite equation has only one singular point, co. One can define two kinds
of solutions with a simple asymptotics at co. They can be derived from the
expressions of Subsect. 8.11, using (9.26) and (9.28b)
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~w~? for w — +oo: Sy(w) = wiA*éﬁ’Ay%(fw*Q)
a a+1
:w_aF<77 ;7;711}_2)7
2" 2
N(—iw)a_le“’z for w — +ico: e“’zS_A(fiw) = (7111]))‘_%67"2]5'_)\7%(10_2)
_ .o ya—1_w? (1_0‘ 2_a, . —2)
= (- F ——w2).
(it P(A 0 2

09.11 Recurrence relations

Each of the following recurrence relations corresponds to a root of sch(1):

DuSr(w) = —(% £2) 31 (w),
(Ow —2w)Sx(w) = —285-1(w),
(w0 + 5 + N)$aw) = %(% ) (g ) Sxs2(w),
(wdu + % SA-2?) () = -25) s(w)

The first pair corresponds correspond to the celebrated annihilation and
creation operators in the theory of quantum harmonic oscillator. The second pair
are the double annihilation and creation operators.

9.12 Wave packets for the heat equation in 1 dimensions

Consider the space R & R and the heat equation given by the operator £, =
35 + 20¢. Recall that

. 1
Arseh—3 — YOy + 2t0; + 3 (9.38)
Set
_ 12
GS(y,t) == /tié exp (%)Ting)\dT, (9.39a)

o
Gl (y,t) == / e VITIT i A (9.39b)
'Yb
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Proposition 9.1. We have

£1G1>1\ _ O, LIGI;\ = O; (940&)
Msch,fé ¢)1\ _ 7)‘Gi7 MSCh,*%Gb — 7)\Gl)7\ (940b)
Proof. Set
—1)2
9" (yt) =172 exp < 5 i (9-41a)
g (y,t) 1= e VIL, (9.41b)
We have
A= / TG (ry, T ), (9.42)
Ja
G} = / T E G (ry 72t dr (9.42b)
,Yb

Clearly, g® and ¢® solve the heat equation. By (9.42b), G¢, resp. Gi are wave
packets made out of rotated g%, resp. g°. Therefore, they also solve the heat
equation.

If the contours satisfy the requirements of Prop. 7.1, then (9.42b) implies (9.40b).
O

Let us express these wave packets in the coordinates w, s:

1 2 1
GS(w,s) = /s_l ex ((w — ) )T_2+5+)‘d7', 9.43a
M(w, s) p Tors (9.43a)
Gl (w, s) = /6725“’775272771+%+)‘d7. (9.43Db)
In (9.43a) we set 0 := w— ﬁ, so that 7 = m In (9.43b) we set o := s,
so that 7 = Z. We obtain
G4 (w,s) = (V2)2 s 2 A F(w), (9.44a)
G4 (w,s) = s_%_AF)l\’(w), (9.44b)
where
Fi(w) = / e (w— o)~ 2 o, (9.45a)
ry(l
F(w) == /672‘7“’7”2071+%+/\d0. (9.45Db)
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The above analysis shows that for appropriate contours (9.45a) and (9.45b) are
solutions of the Hermite equation.
9.13 Integral representations

Below we directly describe the two kinds of integral representations of solutions,
without passing through additional variables.

t(
Theorem 9.2. a) Let [0,1] 3 7+ t(1) satisfy et’ (t —w)~e~t o =0. Then
#(0

S(a;w, dw) / el (t — w)~edt = 0. (9.46)
¥
. 2 t(1)
b) Let [0,1] > 7+ t(7) satisfy e=t ~2wte o =0. Then
t(0
S(a;w, dy) / et 2whia—lgy — g, (9.47)

Y

Proof. We check that for any contour ~

Ihs of (9.46) —a/dtatet2 (t—w)~* 1,

~

lhs of (9.47) = —Q/dtate—tz_thta’

~

We can also deduce the second representation from the first by the discrete
symmetry (9.28b). O

9.14 Integral representations of standard solutions

In type a) representations the integrand has a singular point at 0 and goes to
zero as t — +0o. We can thus use contours with such endpoints. We will see
that they give all standard solutions.

In type b) representations the integrand has a singular point at w and goes
to zero as t — *ioco. Using contours with such endpoints, we will also obtain all
standard solutions.
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a) b)
~w~% for w — +oo: [0, oo, | — ico, w™, —ico[;

~ (—iw)“_lew2 for w — +ico: ] —o00,0F, —co[, [w,icol.

It is convenient to introduce alternatively normalized solutions:

Si(w) = 2_’\_%F()\+%)S,\(w).

Here are integral representations of type a):

all A: (9.48)

fi/ etz(wft)_A_%dt: VTS (w), w ] — 00, 0];

]—ioco,w— ,ioco]

Re) < % : (9.49)
71/&2(71@ —w)) A EdE = e S (—iw), w ¢ [0, 0.

[w,ioco[

And here are integral representations of type b):

1
—5 <Reh: (9.50)
/e_tz_%wt’\_%dt = S\ (w), w ¢] — 00,0];
0
all A: (9.51)
e 2w (i A=3 qp = \fre” Sy (—iw), w ¢ [0, 0.

]—00,0F,00][

10 The Helmholtz equation in 2 dimensions
and the (F; equation

The goal of this section is to derive the g F; equation together with its symmetries
from the Helmoltz equation in 2 dimensions. The symmetries of these equations,
together with its derivation, are the simplest and the best known. In particular,
we do not need to consider generalized symmetries.

Here are the main steps from the derivation:
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(1) We start from the Helmholtz operator Ay — 1. The Lie algebra aso(2) and
group ASO(2) acting in 2 dimensions, are the obvious symmetries of this

operator.

(2) We choose coordinates w, u, so that the Cartan element is expressed in terms

of u. We compute Ay — 1 and the representations of aso(2) and ASO(2) in

the new coordinates.

(3) We make an ansatz diagonalizing the Cartan element, whose eigenvalue

« becomes a parameter. The only variable left is w. The Helmholtz oper-

ator Ag — 1 becomes the gF; operator. The symmetries of Ag — 1 yield

transmutation relations and discrete symmetries of the g JF; operator.

The remaining part of this section is to a large extent parallel to their analogs

in Sects 5, 6, 8 and 9. Essentially all subsections have their counterparts there.

The only exception is Subsect. 10.4 on the equivalence of the ¢F; equation

with a subclass of the 1 F7 equation, and its many-dimensional unravelling. This

equivalence is obtained by a quadratic transformation, which is quite different

from the quadratic transformations for the Gegenbauer and Hermite equation

considered in Subsects 6.4, resp. 9.6.

10.1 aso(2)

We consider R? with split coordinates x_, x4 and the scalar product

(x|z) = 22 _x 4.
Lie algebra aso(C?). Cartan operator
N=-2_0; +7410,,.

Root operators

Weyl symmetry

Tflz—,zq) = flag,2-).

Helmholtz operator
Ay —1=20,_ 0y, — 1.

(10.1)

(10.2)

(10.3a)
(10.3b)

(10.4)

(10.5)
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10.2 Variables w,u
We introduce the coordinates
w=—, U= Tq. (10.6)
Lie algebra aso(2). Cartan operator
N = ud,.

Root operators

”
I
|
&
&
_|_
<
£

Weyl symmetry

wf(w,u) = f(w,2)
u
Helmholtz operator
Ag — 1= w02 + (1 +udy)0y — 1. (10.7)
10.3 The (F; operator
Let us make the ansatz
fw,u) = u*F(w). (10.8)
Clearly,
Nf = af, (10.9)
u” YAy — 1) f = Fo(w, 0y)F, (10.10)
where we have introduced the gF; operator
Folw,0y) = wd2 4 (1 + )8y, — 1. (10.11)

Instead of the Lie-algebraic parameter o one could also use the classical parame-
ter c
a:=c—1, c=a+1, (10.12)

so that the o7 operator becomes

Fle;w, ) = wd2 + cdy — 1. (10.13)
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10.4 Equivalence with a subclass of the confluent equation

The oF71 equation is equivalent to a subclass of the 1 F; equation by a quadratic
transformation. This quadratic transformation is however quite different from
transformations described in Subsect. 3.14, and then applied to derive the
Gegenbauer quation and the Hermite equation. In this subsection we derive this
equivalence starting from the heat equation in 2 dimensions.

First let us recall some elements of our derivation of the 1 F; operator. As
described in Sect. 8, it was obtained from the heat operator (8.11) together with
Cartan operators (8.8a), (8.8¢c):

t t
3Lz = 5(2@ +20y,_,0y,), (10.14a)
M =y_10y_, +y10y, + 2t0; + 1, (10.14b)
N1 =—y_10y_, + 410y, . (10.14c)

(We set n = —1 and dropped the superscript SCh’_l). Recall that substituting
the coordinates (8.12)

Y-191 Y1
= == =t 10.1
w .0 w i s=t (10.15)
we obtain
t 1
§£2 = w2 + (udy + 1 — )y + 5(—u8u + s0s), (10.16a)
M = s, + 1, (10.16b)
N1 = ulﬁul. (1016(3)

After we set M = —6, N1 = a, (10.16a) becomes Fy o(w, Oy ).
Consider now

2 Y_1% Y_1%
2t e & 21f,J1 £2€ : 21t!1
Y—-1y1
2t 42
= _10y_, F Y10y, +2t0: + 1) + Qy_,0y, — 1
Y_111 (y y—1 T Y10y, t ) Y 1y y-1Y%1
2t
= M + 281‘781# —1, (10.17)
Y—-1y1
Y-yl y_1v1

e” 2 Nie 2z =Ny =21 0, +22,0,,,

where we introduced new variables

2
_ ¥ vi

=— 1z, = .
0t T ot

(10.18)
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Therefore, on the subspace M = 0 we have

212 _y—1y1 y—191
e 2t Loe 2t =Ag —1,

Y—-1y1

e~ 2 Nje 2 =2N, (10.19)

where Ay — 1 is the Helmholtz operator (10.5) and N the Cartan operator (10.2).
Remember, that in Subsect. 10.2 we express these operators in the coordinates
(10.6). To avoid a clash of symbols, we rename w from (10.6) into v:

v = y_2y+7 u=y;. (10.20)

Recall that in the v, u coordinates we have

Ag —1 =002+ (14 udy)dy — 1, (10.21a)
N = ud,, (10.21b)

so that (10.21a) on N = a becomes Fq (v, dy).
Now we can compare the coordinates w,u; and v, u

2 .2 2 2 2
. y_1y21 _ (g) o= (10.22)
16t 4 2V2 22

This leads to the so-called Kummer’s 2nd transformation, which reduces the o

equation to a special class of the confluent equation by a quadratic transformation:
_ é —w/2 w/2
Falv,00) = —e™" Fo2a(w, Ou)e"’*, (10.23)
or, in classical parameters
4 —w/2 1 w/2
F(c;v,0y) = —e ]:(c— 5;26—1;10,8“,)6 , (10.24)
w

where w = +4,/v, v = (%)2.

10.5 Transmutation relations and symmetries

The following symmetries of the Helmholtz operator are obvious:

B(As —1)= (A2 —1)B; B € aso(2); (10.25a)
alAy —1) = (A2 —1)a; «a € ASO(2). (10.25Db)
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Applying (10.25a) to the roots of aso(2) we obtain the trasmutation relations
aw -/roc - ]:-a+1 awy

(WO + @) Fa = Fa-1 (wiy+ ).
Applying (10.25b) to the Weyl symmetry of aso(2) we obtain the symmetry

w* F_q w* = Fu.
10.6 Factorizations
The factorizations
Ay —1=2B_B; -1 (10.26a)
=2B;B_ -1, (10.26b)

are completely obvious. They yield the factorizations of the ¢JF; operator:

Fo = (wiy+a+1)dy—1
= Ouw(wdy +a)—1.

10.7 The (F; function

The ¢F1 equation has a regular singular point at 0. Its indices at 0 are equal to
0,a=1—-c.

If c#0,—1,—2,..., then the only solution of the ¢F; equation ~ 1 at 0 is
called the o Fy function. It is

. )
wl
Few):= Z ©; (10.27)
j=0 "7

It is defined for ¢ # 0, —1,—2,.... Sometimes it is more convenient to consider
the function - ‘
F(e;w) 1w

F(cw) := = —_— 10.28

(e w) I(c) jgo I'(c+37) j! ( )

defined for all c.
Using (10.24), we can express the ¢F; function in terms of the confluent
function

Flew) = e—QﬂF(QCQ_I;Qc—l;z;\/E) (10.292)

= e2ﬁF(202_ ! ;2¢ — 1, 74\/5). (10.29Db)
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We will usually prefer to use the Lie-algebraic parameters:

Fo(w) = Fla+ 1w), (10.30a)
Fo(w) = F(a+1l;w). (10.30b)

10.8 Standard solutions

We have two standard solutions corresponding to two indices of the regular
singular point w = 0. Besides, using Tricomi’s function described in Subsect.

8.11, we have an additional solution with a special behavior at co:

~ 1 at 0: Fo(w) = ¢ 2V Fy g4 (4v/w)
= XV g0 ( — 4Vw);
~w™ % at 0: wTF_o(w) = w_o‘e_Q\/EF07_2a (4\/1;)

=w %V Fy g ( — 4v/w);

Note that the third standard solution is a new function closely related to
the MacDonald function. It satisfies the identity

Fo(w) = w™%F_q(w). (10.31)

Its asymptotics
-3

Fo(w) ~ exp(—Qw%)w —i (10.32)

is valid in the sector |argw| < 7/2 — € for |w| — oo.

10.9 Recurrence relations
The following recurrence relations follow from the transmutation relations
OwFa(w) = Faopi(w),

(WO +a)Fo(w) = Fqoo1(w).
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10.10 Wave packets

x — TIT |

Obviously, for any 7 the function exp (ﬁ + W) solves the Helmholtz equation.

Therefore, for appropriate contours -+,

fle_,xq) = 2%1’1 /exp (% + %)Tﬂl*ldr (10.33)
v
solves
(Ay —1)f =0, (10.34)

Nf=af. (10.35)

Substituting the coordinates w,u we obtain

w TU
w,u) = [ exp|——=+ —)T_“_ldT
fw,w) / p (m\/§ 7
¥
an—95 w —a—1
=u*2"2 [ exp (— + s)s ds, (10.36)
s
¥
where we made the substitution s = T—\/% Therefore,
w —a—1
F(w)= [ exp (— + s)s ds. (10.37)
s
y

solves the oF} equation.

10.11 Integral representations

There are three kinds of integral representations of solutions to the o F} equation.
The first is suggested by the previous subsection. Representations of the first kind
will be called Bessel-Schldfli type representations. The next two are inherited from
the confluent equation by 2nd Kummer’s identity. We will call them Poisson-type
representations.

Theorem 10.1. i) Bessel-Schlifli type representations. Suppose that
[0,1) 3t — ~(t) satisfies
¢ w7 B

eett =0
7(0)
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Then
}"(c;w,ﬁw)/ete%}t_cdt =0.
¥

ii) Poisson type a) representations. Let the contour + satisfy
(1)

(t2 _ w)fc+3/262t
7(0)

Then
F(c;w, Oy) /(t2 —w) "t /2e2tqt = 0.
¥

iii) Poisson type b) representations. Let the contour v satisfy
1
(2 - 1)”*1/%%\/5‘7( "o
7(0)

Then

Fle;w,dy) | (12 — l)c_?’/Qthﬁdt =0.

2 —

Proof. We check that for any contour ~

lhs of (10.38) = —/dt@tete%t_c.
v
This proves i).

(10.38)

(10.39)

(10.40)

To prove both Poisson type representations we use the quadratic relation (10.24).

Using the type a) representation for solutions of 17y (8.51), for appropriate

contours v and 7/, we see that

e_Qﬂ/ess_C'%(s — 4\/5)_C+%ds
v

2720+2 /e2t(t2 _ ,w)chr%dt
,-Y/
is annihilated by F(c), where we set t = § — /w. This proves ii).
Similarly, by the type b) representation for solutions of 177 (8.52),
6_2\/@/64{E8_2c+1(1 — s)c_%ds
¥
- _9—2c+2 /e2tﬂ(1 _ t2)67%dt

,Y/

is annihilated by F(c), where we set t = % — 1. This proves iii). O
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10.12 Integral representations of standard solutions

In Bessel-Schlifli type representations the integrand goes to zero as t — —oo
and t — 0 — 0 (the latter for Rew > 0). Therefore, contours ending at these
points yield solutions. We will see that in this way we can obtain all 3 standard
solutions.

We can also obtain all solutions using Poisson type representations (which are
actually special cases of representations for solutions of the confluent equation).

Bessel-Schlifli  Poisson type a)  Poisson type b)

~1 at 0: ] — 00,07, 00[ [-1,1]
~w™® at 0: o-0)* [—vw, vw)
~ e~ VEYT for w — +oo: ] — 0,0] | — o0, —1] ] — 00, —v/w]

Here are Bessel-Schlifli type representations. They are valid for all values of
o and Rew > 0:

% / elett™71dt = Fo(w), (10.41)
]=00,0%, —oo]
% / ettt = w™F_,(w), (10.42)
[(0-0)*]
0
/ ele (=) ldt = 73 F, (w). (10.43)

Next we give Poisson type representations, valid for w ¢] — oo, 0]:

Rea > fé : (10.44)
1
/(1 — 2)0 32Vt = T(a + %)\/EFa(w),
-1

1
5 > Rea : (10.45)

w

/ (w— t2)7°‘7%62tdt = 1"<fa + %)ﬁin‘F_a(w);
—Vw
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1
Rea > —5° (10.46)
~1
1 1 1\ ~
/ (12 — 1)* " ze2V¥(qt = QI‘(a + §>Fa(w)7
1
Rea < 3 (10.47)
e 1 1
/ (12 — w) @ 2e2tdt = 5F( —a+ 5)F&(w).
—o0

10.13 Connection formulas

From integral representations we easily obtain connection formulas. As the basis
we can use the solutions with a simple behavior at zero:

Falw) = —YT o)+ Y oF ().

sinm(—a) sin rov

Alternatively, we can use the basis conisting of the F' function and its clockwise
or anti-clockwise analytic continuation around 0:

1 ) _ ) _ .
Fa(w) _ 2ﬁ (ezl:lﬂ'(oz+%)Fa(w) + e:Fl'n'(a+%)Fa(e:F127rw)) ,
1 i . . . .
w_aF—a(w) = ﬁ (C¥m(a_%)Fa(w) - C¥m(a_%)Fa(C¥12ﬂ—w)> .
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