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We discuss self-adjoint operators given formally by expressions quadratic in bosonic
creation and annihilation operators. We give conditions when they can be defined
as self-adjoint operators, possibly after an infinite renormalization. We also dis-
cuss explicit formulas for their infimum. Our main motivation comes from local
quantum field theory, which furnishes interesting examples of bosonic quadratic
Hamiltonians that require an infinite renormalization. Published by AIP Publishing.
https://doi.org/10.1063/1.5017931

. INTRODUCTION

Quantum bosonic quadratic Hamiltonians or bosonic Bogoliubov Hamiltonians are formally
given by expressions of the form

A=Y hyaja; + % D g + % D g+, (1.1)
where h = [h;;] is a Hermitian matrix, g = [g;;] is a symmetric matrix, c is an arbitrary real number
(possibly, infinite), and &7, &; are the usual bosonic creation/annihilation operators. They are often used
in quantum field theory (QFT) to describe free theories interacting with a given external classical
field.!! They are responsible for the Casimir effect.!! Bogoliubov applied them to the theory of
interacting Bose gas,® which justifies the name Bogoliubov Hamiltonians.

Bogoliubov Hamiltonians that are bounded from below are especially useful. Their infimum
E :=inf H is often interesting physically.

Bogoliubov Hamiltonians have a surprisingly rich mathematical theory. In infinite dimensions,
this theory sometimes involves interesting pathologies. For instance, H is often ill defined, but one
can define its “infimum” E. In some situations, one needs to perform an infinite renormalization
in order to define A or at least to compute E. This is typical for Bogoliubov Hamiltonians that
are motivated by relativistic quantum field theory.® Another example of interesting mathematics
related to Bogoliubov Hamiltonians can be found in a recent paper,'> which contains a beautiful
proof of diagonalizability of normally ordered Bogoliubov Hamiltonians under essentially optimal
conditions.

Our paper is devoted to a systematic theory of bosonic Bogoliubov Hamiltonians in an abstract
setting. We do not restrict ourselves to the normally ordered case [with ¢ = 0 in (1.1)]. We start from
a more general definition saying that a Bogoliubov Hamiltonian is the self-adjoint generator of a
one-parameter unitary group on a bosonic Fock space that implements a symplectic group. There are
interesting and physically important examples where the normally ordered Bogoliubov Hamiltonian
is ill defined, whereas renormalized ones exist.®

The family of Bogoliubov Hamiltonians given by fixing # and g and varying c € R in (1.1) can
be understood as various quantizations of a single classical quadratic Hamiltonian

* 1 * % 1 —
H= Z hia;a; + 3 Zgijai a; + 3 Zgljaiaj, (1.2)
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where a;,a; are classical (commuting) variables. ¢, which appears in (1.1), can be understood as
the ambiguity of quantization due to noncommutativity of @; and d;. The most popular choice is
probably ¢ = 0, corresponding to the normally (Wick) ordered Hamiltonian. It will be denoted by
H". The choice ¢ = % > hii, which we call the Weyl Bogoliubov Hamiltonian and denote H", has its
advantages as well. In some situations, however, one needs to consider other quantizations, where
the constant ¢ may turn out to be infinite and can be viewed as a renormalization counterterm. One
particular possibility, which we call the second order renormalized quantization and denote H>™",
plays an important role in quantum field theory in 1 + 3 dimensions. In the language of Feynman
diagrams, H?"" corresponds to discarding loops of order 2 or less.
We will use the following notation for the infimum of the three main Bogoliubov Hamiltonians
that we discuss:
EY :=inf AY, E":=inf A", E*°":=inf A>"°". (1.3)

In physics, the infimum of the Hamiltonian appears under various names, e.g., vacuum energy, Casimir
energy, vacuum polarization, and effective potential. Physicists often compute the vacuum energy
without worrying whether the corresponding quantum Hamiltonian is well defined as a self-adjoint
operator. Following this philosophy, we may consider E" or E>" under conditions that are more
general than the conditions for the existence of the corresponding Hamiltonians.

A. Comparison with literature

It is not always very easy to read the literature on Bogoliubov Hamiltonians and to com-
pare statements in various papers. Their authors often use different conventions, terminology, and
notations.

Most of these issues disappear when one fixes a basis in the 1-particle space, identifying it with
C™. Then a Bogoliubov Hamiltonian is determined by two matrices, & = [h;] and g = [g;;], and
possibly a number c; see (1.1).

When we want to use a basis independent language, replacing C™ by an abstract Hilbert
space W, it is clear how to interpret A—it is a self-adjoint operator on W. It is less obvious how
to interpret g. One possibility is to view g as a symmetric tensor, that is, an element of ®@2W.
Often, however, it is preferable to view g as an operator from C™ to C". These two C" should
be however viewed as two distinct spaces—one is the complex conjugate of the other; see, e.g.,
Ref. 8. The notion of a complex conjugate space is somewhat subtle and has a few equivalent,
but superficially distinct, interpretations; see Subsection 1 of the Appendix. Various authors prefer
distinct interpretations; see, e.g., the footnote Ref. 6 in Appendix A of Ref. 12. (Strictly speak-
ing, this footnote refers to the fermionic case; however, the fermionic and bosonic cases are quite
analogous.)

When we consider an infinite dimensional space, there are additional problems: various operators
are often unbounded, are not trace class, or simply do not exist.?

Because of these two kinds of problems, our paper is divided into two parts. In the first part, we
assume that the 1-particle space is finite dimensional and has a fixed orthonormal basis. All operators
are represented by matrices. We do not worry about conceptual subtleties related to antilinear maps
and the complex conjugate space. Infinite renormalization is not needed and all formulas are valid
with no technical restrictions.

In the second part, the 1-particle space is an abstract space YV of any dimension. We follow
mostly the conceptual framework of Ref. 7. We distinguish between W and its complex conjugate
W. We need to give technical conditions guaranteeing that various concepts and formulas survive
into infinite dimensions.

Throughout this paper it is assumed that the reader is familiar with mathematical formal-
ism of 2nd quantization. Properties of the metaplectic representation in the Fock space play an
important role, such as the Shale theorem and formulas for the Bogoliubov implementers (2.17)
and (2.18). These formulas were known to Friedrichs'® and analysed later by Ruijsenaars'®!7 and
Berezin.” We treat Ref. 7 as the basic reference on this subject, where, in particular, various ques-
tions related to the unboundedness of bosonic creation and annihilation operators are discussed in
detail.
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A major part of Sec. II is well known. Theorem 2.3 about diagonalizability of a quadratic
Hamiltonian by a positive symplectic transformation is implicitly contained in Ref. 7 [see Theorem
11.20 (3) together with Theorem 18.5 (3)]. We come back to this issue in Sec. III, where an arbitrary
dimension introduces additional technical issues. Note that a similar fact proven in Ref. 15 does not
provide a construction of a distinguished diagonalizing operator.

The basic formula for the infimum of a quadratic Hamiltonian comes from Ref. 6. However,
some of the formulas for the infimum of the normally ordered Hamiltonians, such as (2.73)—(2.75),
seem to be new. In finite dimensions, they are not so interesting; however, they become quite useful
in infinite dimensions.

It seems that the construction of the renormalized Hamiltonians described in Subsections II L
and IT M has never been presented in the literature in the abstract setting. Their importance is evident
in concrete situations of quantum field theory described in Ref. 8. We give a brief discussion of the
examples from QFT at the end of the Introduction.

Quadratic Hamiltonians in infinite dimensions is a rather technical topic of operator the-
ory. Therefore, we prefer to give a self-contained treatment of this subject. Many results and
definitions that we present are new; however, at some places we recall proofs contained in the
literature.

Note that it would be awkward and restrictive to define Bogoliubov Hamiltonians in the infi-
nite dimensional context by an expression of form (1.1). Instead, we define them as self-adjoint
generators of one parameter unitary groups implementing Bogoliubov transformations. (In the
bosonic context, the term “Bogoliubov transformations” is usually meant to denote “symplec-
tic transformations.”) The abstract approach makes it sometimes difficult to define some objects
since we cannot refer to a formula of form (1.1). Fortunately, it is obvious how to define the
Weyl Bogoliubov Hamiltonian—as the generator of a group inside the metaplectic group. It
is less obvious how to define normally ordered Hamiltonians. The definition that we propose
in Subsection III G seems to be new—in particular, it is more general than the definition of
Ref. 6.

Subsections III G and III H give criteria for the existence of various quantizations. In these
subsections, there is no assumption on the positivity of /4. On the other hand, most results require the
boundedness of g. Some results in this part of the paper come from Refs. 2 and 6. However, Theorem
3.18 (1), which gives a convenient criterion for the implementability of classical dynamics, seems to
be new. It is useful in the context of examples from QFT discussed below.

In Subsections IIT I-III N, we adopt a different set of assumptions. In particular, we assume that
is positive and g is form bounded with respect to 4 with bound less than 1. This condition guarantees
the positivity and diagonalizability of classical Hamiltonians.

Diagonalization of Bogoliubov Hamiltonians on the quantum level was considered already by
Berezin® and then by Bach and Bru.! In a recent paper,'> Napiérkowski, Nam, and Solovej gave a
new beautiful proof of diagonalizability. In our paper, we repeat some of the arguments of Ref. 15,
describing their result in Theorem 3.21, giving essentially optimal conditions for diagonalization.
In distinction to Ref. 15, we show that there exists a distinguished positive symplectic operator
diagonalizing a given Bogoliubov Hamiltonian.

In Theorem 3.23, we also describe a construction of normally ordered Bogoliubov Hamiltonians
based on the form techniques (involving the so-called Kato, Lions, Lax, Milgram and Nelson (KLMN)
theorem) presented in Ref. 15. This is an important improvement (even if it sounds technical) as
compared to the results of Ref. 6, which were restricted to operator-type perturbations.

These theorems are complemented with new results. In Theorem 3.24, we show that the dynamics
generated by the normally ordered Hamiltonian implements the corresponding classical dynamics.
On a formal level, this theorem seems obvious; nevertheless, due to the unboundedness of various
operators, it needs a careful proof. Another new result, easy in finite dimensions and rather technical
in the general case, is the formula for the ground state energy described in Theorem 3.29. We also
discuss a criterion for the existence of the Weyl Bogoliubov Hamiltonians in Theorem 3.31 and for
the existence of the renormalized ground state energy in Theorem 3.32.

Let us mention some topics that are left out of our paper. We do not discuss time-dependent
Bogoliubov Hamiltonians and the implementability and the phase of the corresponding scattering
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operator. This is interesting, especially in the context of charged relativistic fields in an external
electromagnetic potential. An infinite renormalization is needed in order to define the vacuum
energy. This topic on a partly heuristic level is discussed in Ref. 8. Its fermionic counterpart (a
Dirac particle in an external electromagnetic potential) is better known in the literature; see, e.g.,
Ref. 9.

B. Applications to QFT

Let us first discuss the question of naturalness of the definition of various kinds of Bogoliubov
Hamiltonians.

The Weyl Hamiltonian HY is the most natural. In fact, it is invariant with respect to symplectic
transformations; see (2.31). Unfortunately, it is often ill defined.

The normally ordered Hamiltonian A" is naturally defined given a Fock representation. In partic-
ular, this is the case when we have a distinguished positive classical quadratic Hamiltonian which is
treated as the “free” one. Then there exists a unique Fock representation where the free Hamiltonian
can be quantized without any double creation/annihilation operators. It is usually quantized in the
normally ordered form. We will denote it by I:I(‘)l.

Suppose that we are interested in the “full” Hamiltonian, which is quadratic but more complicated
than the free one and involves an interaction with external fields. We can then ask whether the
corresponding classical Hamiltonian can be quantized. The most straightforward procedure seems to
involve the normally ordered full quantum Hamiltonian H™. The corresponding ground state energy
then formally equals the difference of the “free Weyl ground state energy” and the “full Weyl ground
state energy” (in typical situations both infinite).

It sometimes happens that A" is ill defined as well. Then we can try to subtract from H™ another
counterterm. In typical examples from QFT in 1 + 3 dimensions, it is enough to subtract the sec-
ond order term in the perturbative expansion, obtaining finite E>". Sometimes, but not always, this
makes H?*" well defined as well. This subtraction procedure in an abstract setting is explained in
Subsections II L and II M. Below we briefly describe two examples from QFT where such a
renormalization works. These examples are discussed in more detail in Ref. 8.

Consider the neutral massive scalar quantum field $(¥). Its conjugate field is denoted #(¥) with
the usual equal time commutation relations

(), ()} = [#(F), #F)] =0,
(), 2F)] =i6 (X — 3). (1.4)

The free Hamiltonian is defined in the standard way,
U B DO PR [ SO SR B DY P g
A= .(En @) + E(aqﬁ(x)) +om' (x)).dx, (1.5)

where the double dots denote the normal ordering.

Suppose that the mass squared is perturbed by a Schwartz function «(¥). One can check that the
normally ordered full Hamiltonian does not exist. However, the 2nd order renormalized Hamiltonian
is well defined. Formally, it can be written as

R 1 1 . 1 .
HPren = / :(Efﬂ(f) + 5(a¢(55))2 + 5(m2 + k(B)F(F)):d¥ - B, (1.6)

where the infinite counterterm E, is the contribution of a loop diagram with 2 vertices; see
Subsection II M.

(1.6) is well defined, but physically somewhat artificial. To obtain a physically more satisfactory
Hamiltonian, one needs to perform an additional finite subtraction, adding E;e“ to (1.6), the renor-
malized value of E,. The renormalization can be performed with the help of any method described
in textbooks of QFT, e.g., by the Pauli-Villars method, by dispersion relations, or by dimensional
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regularization. All these methods are equivalent and one obtains a renormalized Hamiltonian with
only local counterterms, which formally can be written as

. 1 1, ~n 1 .
Hren = / ;(E#(f) + z(ac;s(;?))z + E(m2 + K(f))qsz(f)):dz— c / |k(®)|>d%, 1.7)

where C is infinite. This example is discussed in detail in Chap. III, Subsection C14 of Ref. 8.

The next example is more singular. Consider the charged massive scalar quantum field (%),
with /*(¥) denoting its Hermitian adjoint. The conjugate field will be denoted 7(¥) so that we have
the commutation relations

[0G). 66| =0 @). 1G] = 7@, )] =0, (1.8)
[0G).7" )] =18 @. 7)) =16 - 3). (1.9)

The free Hamiltonian is of course
= / (@A) + 3G @Y E) + m* @ E)):d¥.

Suppose now that we consider an external stationary electromagnetic potential, described by,
say, Schwartz functions (AO,A). A candidate for the full Hamiltonian is

e — / dx (7* @A) + iedo@) (F" (B - 7" @ ()

+(0; — 1A ()0 +ieADWE) + m* P @)
—Ey - E, (1.10)

where Ey and E; are infinite counterterms that come from the expansion described in (2.101)
(E1 =0 by the Furry theorem). Again, physically one prefers to add E;*" to (1.10), the renormalized
value of E; so that all counterterms are local. One obtains the renormalized Hamiltonian formally
written as

e = / d¥ (7" (DA +iedo® (F* @A) - 7" @F @)
+(9; — ieA; (BN (R)(0; +ieA@DNF () + m* @) ()

—Ey-C / (8,A, () — B,A, () (" A (R) — 0" AH(R)) R, (1.11)

where C is infinite. This example is worked out in detail in Chap. VI, Subsection B17 of Ref. 8.

Unfortunately, the classical dynamics is implementable only if the vector potential A vanishes
everywhere. Therefore, both A2 and ™" are well defined only in this case. However, the infimum
of (1.11) is a well-defined gauge-invariant number also for nonzero A

Note that both Hamiltonians (1.7) and (1.11) can be derived from local Lagrangians. Therefore,
even if the models based on these Hamiltonians do not satisfy Haag-Kastler axioms in the strict sense
(because of the absence of translation invariance), they belong to local quantum field theory: they
lead to nets satisfying the Einstein causality, and they have bounded from below Hamiltonians. At the
same time, all of them require an infinite renormalization, typical for computations in perturbative
quantum field theory.

Examples (1.7) and (1.11) are especially interesting in the context of more complicated interacting
quantum field theories, where, typically, «, respectively, A, are promoted to the role of quantum fields.
Then EF™" can be interpreted as the value of certain renormalized diagrams involving the field b,
respectively, ¥, in a loop and &, respectively, A, in an external line. In particular, EX" of the second
example is usually called the vacuum polarization (in scalar QED).
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Il. FINITE DIMENSIONS: BASIS DEPENDENT FORMALISM

Let us first describe the basic theory of bosonic quadratic Hamiltonians in finite dimensions,
assuming that the one-particle space is C". Seemingly, our formulas will depend on the choice of the
canonical basis in C™. In reality, after an appropriate interpretation, they are basis independent. This
interpretation will be given in Sec. III, when we discuss an arbitrary dimension.

Operators on C™ will be identified with matrices. If & = [A;] is a matrix, then A, A, and K will
denote its complex conjugate, Hermitian conjugate, and transpose, respectively.

A. Creation/annihilation operators

We consider the bosonic Fock space I';(C™). a;, &; are the standard annihilation and creation
operators on I's(C™). @ is the Hermitian conjugate of d;,
[ai,a;] =[ai,a;]1=0,
[a, &j’.‘] =0y.
(We denote creation/annihilation operators with hats because we want to distinguish them from their
classical analogs.)
We use the more or less standard notation for operators on Fock spaces. In particular, we use the

standard notations I'(-) and dI'(-), which will be recalled in Subsection III B. If w = [w;] € C™, then
the corresponding creation/annihilation operators are

Fw)y=) wai,  aw)= ) Wi 2.1)

If g =[g;;] is a symmetric m X m matrix, then the corresponding double creation/annihilation operators
are

a'(9)= Y gy, ale)= ), gy

B. Classical phase space

To specify a linear combination of operators d; and &;‘, we need to choose a vector (w,w’)
eC"o C",
dw,w’) = Z arw; + Z ajw;. (2.2)
i i
(2.2) is self-adjoint if and only if w =w’. Therefore, it is natural to introduce the doubled space
C™ @ C™ equipped with the complex conjugation

w w’
J[ , :[_}. (2.3)
w w
Vectors left invariant by J have the form
w
[_}, weC™. 2.4)
w

They form a 2m-dimensional real subspace of C" & C™, which can be identified with R?™. [In what
follows, when we speak of R>™ we usually mean the space of vectors of the form (2.4).]

Operators on C" @ C™ that commute with J, or equivalently preserve R?™, have the form
P 4q
q9 p

R= 2.5)

and will be called J-real. Note that if we know the restriction of R to (2.4), then we can uniquely
extend it to a (complex linear) operator on C" & C™.
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The operator
1T 0
S= [0 1 ] 2.6)
determines the commutation relations

[¢3(w1 L wy), (ws, wﬁ)] = (wi|wa) = (wilwy) = ((wr, w)|S(w2, w3)). .7

Instead of quantum operators a; and d;, one can also consider classical (commuting) variables
a;j, a;,i=1,...,m, such that a; is the complex conjugate of @; and the following Poisson bracket
relations hold:

{ai, aj} ={a;, a;} =0,

{ai, ai}=-i5;. (2.8)
Setting
dw,w’) = Z alw; + Z aw!, 2.9)
we can rewrite (2.8) as
{pwr.w])", $wa, wh)} = =iCwyw) + i(w]lwy) = =i((wr, WIS, ). (2.10)
In particular, ¢(w, w) are real, and (2.10) can be rewritten as
{p(wi,w1)", p(wz, W)} =2Im(wi |w) = Im((w1, W1)IS(w2, W2)). (2.11)

Thus S determines a symplectic structure on R*" (and sometimes S itself is called, incorrectly, a
symplectic form).
C. Symplectic transformations

In this subsection, we recall some basic facts concerning the symplectic and metaplectic groups.
We follow mostly Ref. 7.
We say that an operator R on C" @& C™ is symplectic if it is J-real and preserves S,

R*SR=S. (2.12)

We denote by Sp(R>™) the group of all symplectic transformations.
Note that if R is symplectic, then so is R*. In fact, iS is symplectic, and

R*=iSR™'(i8)7". (2.13)
The operator
R= 1_7 C_] (2.14)
p

satisfies (2.12) if and only if
p'p-4d'g=1, p'q-4"p=0,
pp"—aq" =1, pq" —qp*=0.
Note that
pp =1, p'p>1.
Hence p‘1 is well defined, and we can set
di = q"(p" ", (2.15)
d> = gp . (2.16)

We have d’f =d; and d» =d§.
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D. Metaplectic transformations

Let U be a unitary operator on I';(C™). Let R be a symplectic transformation written as (2.14).
We say that U implements R if

Ufl: U* = &;pji + ajc_]ﬁ,
U(Al,'U* = &;qﬁ + @,‘ﬁﬁ.
U will be called a (Bogoliubov) implementer of R. Every symplectic transformation has an imple-

menter, unique up to a phase factor. One can distinguish some canonical choices: the natural
implementer U and a pair of metaplectic implementers +Ug*",
1 1A 1A
Upt = |detpp| e 24 @ ((p*)~")e24@), (2.17)
1 1

+URS = i(detp*)‘fe_fa*(dZ)F((P*)_l)e%a(dl)~ (2.18)

See, e.g., Theorem 11.33 and Definition 11.36 of Ref. 7.

It is easy to see that the set of Bogoliubov implementers is a group. It is sometimes called the
c-metaplectic group Mp®(R*™).

It is a little less obvious, but also true, that the set of metaplectic Bogoliubov implementers is a
subgroup of Mp¢(R>™). It is called the metaplectic group Mp(R>™).

We have a homomorphism Mp“(R*™) 3 U + R € Sp(R*™), where U implements R.

Various homomorphisms related to the metaplectic group can be described by the following
diagram:

1 1 1
! ! !
1-» Z, - Ul -U1)-1
l ! l
1 — Mp(R¥™) — Mp*(R*") — U(1) — 1. (2.19)
l ! !
1 SpR*™) - SpR™) — 1
l )
1 1

E. Positive symplectic transformations
Positive symplectic transformations are especially important. They satisfy
p=p*, p>0, g=4". (2.20)
For positive transformations, d; equals d», and it will be simply denoted by d. We have
d=q(p"".
The natural implementer coincides in this case with one of the metaplectic implementers

1

Upt = (detp)_%e_2”*(d)l"(p_l)e%”(d).

Positive symplectic transformations have special properties. In particular, one can diagonalize
them in an explicit way. We will need this later on.

Proposition 2.1. Assume that R is positive symplectic and Ker(p — 1) = {0}.Then q is invertible
so that we can define u = qlgl™" with |q| := \/q*q. Besides,

L
V2

1 —u]
(2.21)

w1

is unitary and diagonalizes R,
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R=M M. (2.22)

Proof. We have the polar decomposition g = ulgl. u is a unitary operator and we have |q| = u|q|u*

Now (2.22) follows using upu* = p, |q| =+/p* — 1, and /T + |¢]> =D. m]

F. Classical quadratic Hamiltonians

It is easy to analyze generators of 1-parameter symplectic groups. In fact, e® € Sp(R>™) for any
t e R if and only if BS is J-real and self-adjoint. All such operators can be written as

h -g
B= 21, 2.23
{g —h} 229

where h and g are m x m matrices satisfying 4 = h* and g = g*. Note that iB is J-real, and
SB=BS. (2.24)

With every such operator B, we associate another operator Ag by

AB =BS=

8

R (2.25)
g h

As we noted above, A is self-adjoint and J-real. The corresponding classical quadratic Hamiltonian
is the expression

. 1 R A
Hp = Z hja’a; + 3 Z gija; a; + 5 Z 8ijaiqj, (2.26)

which can be viewed as a quadratic function on the classical phase space. Moreover,

w1
w’

1

=B [ w,] : (2.27)

w

{Hp, p(w, w")} = —ig(wy, wy), [

Clearly, for any symplectic R,
Agpr-1 =RABR". (2.28)

In what follows, we will often abuse the terminology: Ap will also be called a classical Hamil-
tonian just as Hg. B will be called a symplectic generator. Besides, we will often drop the subscript
B from Hpg and Ag.

G. Quantum quadratic Hamiltonians

Let B be a symplectic generator of form (2.23).
By a quantization of Hp (2.26), we will mean an operator on I';(C™) of the form

i) PPN 1 Ak oA K 1 — A A
Hp = Z hiata; + 3 Zg,-jai a+5 Zgija,-aj +c, (2.29)

where c is an arbitrary real constant. By an abuse of terminology, we will usually say that (2.29) is a
quantization of B (2.25). We will often drop the subscript B from H%,, and ¢ will be replaced by other
superscripts corresponding to some special choices.
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Two quantizations of B are especially useful: the Weyl (or symmetric) quantization 1:1};“ and the
normally ordered (or Wick) quantization AP,

7 1 Ak A 1 A A% 1 Ak AR 1 — A A
Hy = 3 Z hijata; + 3 Z hia;a; + 3 Z 8id;d; + 5 Z g;idj,
a PPN 1 PP 1 — A A

Hg = Z hijai a; + 5 Z 8ija; aj + 5 Zgijaiaj.

The following is the relation between these two quantizations:
P |
Hy =Hp + zTrh. (2.30)

Note a special relationship of the Weyl quantization to the metaplectic group (defined in Sub-

section II C): for any B, eitﬁg belongs to Mp(Rzm); see, e.g., Theorem 11.34 of Ref. 7. Besides, if R
is symplectic and Uy is its implementer, then

UrH{ Uy =HY, . (2.31)

H. Diagonalization of quadratic Hamiltonians

In this subsection, we show that if Ag > 0, then Ap can be diagonalized. By this, we mean that
we can find a symplectic transformation R that kills off-diagonal terms of Ap,

hgg

Ap=R R, (2.32)

for some hqg. Of course, hyg has to be positive.
Clearly, this is equivalent to diagonalizing B, that is, to killing its off-diagonal terms,

[ 0]
B=R R (2.33)

~hag

On the quantum level, this is equivalent to finding a unitary operator U that removes dou-
ble annihilators and double creators. The free constant then equals the infimum of the quantum
Hamiltonian,

U*H"YU =dT(hgy) + EY,
U*H"U =dT (hgg) + E".

As a preparation for a construction of a diagonalizing operator, let us prove the following

1, t>0,
proposition. In this proposition, we will use the function sgnf:=4 0, =0,
-1, t<0.

Proposition 2.2. Suppose that Ag > 0.

(1) The operator B has only real nonzero eigenvalues. Therefore, sgn can be interpreted as a
holomorphic function on a neighborhood of spB, and we can define sgn(B) by the standard
holomorphic functional calculus.

(2) A symplectic transformation R diagonalizes B if and only if

sgn(B)=RSR™". (2.34)

Proof. Tt is useful to endow the space C" & C™ with the scalar product given by the positive
operator SAS. More precisely, if v = (v1, v2), w = (wy, wy) € C" & C", we set
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(Wlw)en = (0 SASw) = (01 [hw1) = (v1]gwa) — (v2|gw1) + (w2 lhwy). (2.35)

(2.35) is sometimes called the energy scalar product.
Note that we also have the original scalar product

lw) = (1|wy) + (v2|w2),

which is used for a basic notation such as the Hermitian adjoints.
First note that B is self-adjoint in the energy scalar product and has a zero null space. Indeed

(v|Bw)en = (V|SASASw)
= (ASv|SASw) = (Bv|w)en,
(Bv|Bv)en = (V|SASASASY) >0, v+#0.

This shows (1).
Now let R be symplectic. Set

Bag:=R7'BR, Aq4q:=BagS=R'AR"".

Then, by functional calculus,

sgn(B) = Rsgn(Byg)R™". (2.36)
R diagonalizes A if and only if
A hag 0 B hag 0 (2.37)
L0 hgel TET 0 kg '

A is strictly positive, hence are Agg and hge. Therefore,
sgn(Bqg) =S. (2.38)

Together with (2.36), this implies (2.34).
Conversely, suppose that (2.34) holds. Together with (2.36), this implies (2.38). Hence Byg is
diagonal. O

It is possible to find a distinguished positive symplectic transformation R diagonalizing B.

Theorem 2.3. Suppose that Ag > 0.

(1) 1sgn(B) is symplectic.

(2) Rg :=sgn(B)S is symplectic and has positive eigenvalues.

(3) Using holomorphic calculus and the principal square root (which for positive arguments has
positive values), define

(2.39)

Then R is positive symplectic and diagonalizes B.
(4) The following is an alternative formula for Ry, where the square root can be interpreted in
terms of functional calculus for self-adjoint operators:

_1 1 1 _1
Ro=SA," (A2SARSA;)?A}%S. (2.40)

Proof. B satisfies (2.24). Hence for any function f holomorphic on the spectrum of B,

SF(B)S™ =f(B*). (2.41)
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In particular,
Ssgn(B)S~! = sgn(B*). (2.42)

But sgn is real; hence sgn(B*) = sgn(B)*. Besides, away from 0, we have sgn(t) = sgn(t)‘l. Hence,
sgn(B) = sgn(B)‘l. Therefore, (2.42) can be rewritten as

Ssgn(B)S~! =sgn(B)*!. (2.43)
Hence,
(isgn(B))"Sisgn(B)=S. (2.44)
This means that i sgn(B) preserves S. Besides,
isenB= (- (iB?)(iB)™! (2.45)

is also J-real. Thus we have shown that i sgn(B) is symplectic.
—iS is also symplectic. Therefore, so is Ry = (i sgn(B)) (—iS).

Now,
Ry = (B)?B"'S (2.46)
= (ASAS)1SA”'S (2.47)
— SA"T(A3SASAT)IASS. (2.48)

Therefore, (2.40) is true and Ry is a positive self-adjoint operator for the original scalar product.
Hence it has positive eigenvalues.
Ro =R, and Ry is symplectic. Hence,
SRoS™' =R;".
Hence for any Borel function f,
Sf(R))S™ =f(Ry).

Choosing f to be the (positive) square root, we obtain

1 1
I
SRS =R,

1
Thus R:= R is symplectic, positive, and self-adjoint for the original scalar product.
Now

sgn(B)=R>S =RSR™".

Hence (2.34) is true. |

|. Positive Weyl Bogoliubov Hamiltonians

Theorem 2.4. (1) IfAp > 0, then the Weyl quantization of Bis positive. Hence all quantizations
of B are bounded from below.
(2) If B possesses a quantization that is bounded from below, then Ap > 0.

Proof. (1) Let A > 0. Then there exists a symplectic transformation R and a decomposition
C"=C™ @ C"™™ gsuch that RAR* decomposes into the direct sum of the following two terms:

hy 0
£ onC™" e C™,
0 hag

111 1
_ on (Cm—ml o) Cm—ml ,
1 1
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where hqg > 0 and can be assumed to be diagonal. This is a well-known fact proven, e.g., in Refs.
13 and 7. It is a very special case of a more general and more complicated classification of quadratic
forms on a symplectic space called Williamson’s theorem, proven, e.g., in Refs. 19 and 14. If we
strengthen the assumption and demand that 4 > 0, it follows also from the diagonalizability of A
(Theorem 2.3). Thus, after an application of the transformation R, and a diagonalization of hqg, the
classical Hamiltonian becomes

mj m 1
Hppp-1 = Z hqg iia; a; + Z E(af +a;)’. (2.49)
i=1 m1+]

After application of an implementer of R, the quantum Weyl Hamiltonian becomes

AN o 1 JUUREUREE
Urfly Up =Y =" 3 a5 + ia) + > 5@ + ). (2.50)
i=1

my+1

Thus I:Ig is positive.
(2) Consider the family of coherent vectors

Q, =Wy oy e, (2.51)

Note that

effl*(w)+ﬁ(u;)&ﬁ<e&*(u1)fa(w) =4+ wi effz*(w)+&(w)aiefz*(w)7&(w) — &i +w; (2 52)
i i ’ : :

Obviously, if one of the quantizations of B is bounded from below, then so are all of them. Let
I:Ig be bounded from below by —c. Then, using (2.52), we obtain

—c < (QulHRQY) (2.53)
- (Q|e—@*<w)+ﬁ<w)nga*(w>—&<W>Q) (2.54)
_ 1 __ 1 _
= Zhijwiwj+52gijwiwj+ EZg,»jw,-wj. (2.55)
Thus the classical Hamiltonian is a quadratic polynomial and is bounded from below. But if a quadratic
polynomial is bounded from below, then it is non-negative. O

Note that by the above theorem, every B satisfying Ag > 0, besides ﬁl‘; and I:Ig, possesses another
natural quantization: the zero infimum quantization ﬁ]é fixed by the condition

inf A7 =0. (2.56)

The infimum of the Weyl Bogoliubov Hamiltonians can be computed from several formulas
described in the following theorem borrowed from Refs. 6 and 7:

Theorem 2.5. Assume that Ag > 0. Then

o1
EY:=inf B} = ZTr\/BZ (2.57)
. 713
1 [n?—gg —hg+gh
N (2.58)
4 |gh—-hg h -gg

1
ZTr\/A%SASA% (2.59)

1 B2 dr
=-Tr | ———— —. 2.60
4 r/(32+T2) n (2.60)
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Proof. Let R be as in the proof of Theorem 2.4. Clearly,

inf(aia; + a;a;) = 1, (2.61)
inf(a; +a;)* = 0. (2.62)
Hence, by (2.50),
e E i iy e ] _1
inf Ay =inf UpHy U =inf Ay = 5 > hagii = 5 Tihag (2.63)
1 1 1
_ 2 _ -1 _
= JTryB3, = ZTﬂe\/ﬁR = ZTrx/E. (2.64)
This gives (2.57), which implies (2.58) and (2.59).
(2.60) follows by an application of identity (AS). O

J. Infimum of normally ordered Hamiltonians

As usual, we have

h -g h O
B=|_ _|, By=|_ , (2.65)
g -h g 0
h g h 0O
Ap=A=|_ _|, Ag= —1. (2.66)
g h 0 h
It is convenient to set
-8
G =B-By=|_ }, (2.67)
g 0
h og
Ay =Ao+0GS=| _ _ |, (2.68)
og h
h -og
By =Bp+0G=| _ _ 1], oceR. (2.69)
og —h

The following are a few formulas for the infimum of the normally ordered Hamiltonian.

Theorem 2.6. Assume that Ag > 0. Then

. 1
Eji=inf A} = E} - >Teh (2.70)
1
= ZTr(\/E - JB) 2.71)
_ 1
1 W —-gg —hg+gh|> [h O
_ Ll © I R (2.72)
gh—-hg h —gg 0 &
1 /! B,
_1 / T2 G @.73)
1 /! 1 I
=3 / doTrAZ (A2 SA,SAZY ZA2GS (2.74)
0
1 /! dr 1 1
== [ do [ Za-o)T SG SG. 275
4/0 ‘T/ T 5 A v s (2.75)

Proof. (2.70)—(2.72) follow immediately from Theorem 2.5 and (2.30).
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Starting from (2.71), let us prove (2.73),

1
ZTr(\/E - B
1 B2 B . d
1 / Tv( S )&
4 B +t1? Bi+72 7
_ / 1 )Tsz
- B2 + 72 B2 +72) r
1 / / 1 3dr
4 do 32 +72 7
1 1 1
- [ do [T B,G + GB
4 / o / rB ( (r) 2 412
/ / 2dT
(32 + ‘1'2)2 n
- / doTr By G
4 0 ,B2

where at the end we used identity (A6).
(2.73) together with identity (2.46) = (2.48) implies (2.74).
Now, starting from (2.73), we prove (2.75),

/ /—Tr32 +T2

%/0 d“/i_TTr((B(,lJrir) +(B(,l—ir))G
41_‘/1 do-/d—TTrﬁG

411/ d"/ d‘“/dT ; (Bmlm)

2dr
m

1
"/(1_0)(1”/ "B +inC By +1T)G

In (2.86) = (2.87), we used

d 1 1 G 1
doy (By, +it)  (By, +i1) (B, +i7)’

K. Loop expansion

Suppose now that

hy 0
By= _
0 —ho

T 1 1
2 ad-mde [ ET SG SG
4 /0( ) (’/ T Ay +itS)” (A, +i1S)

(2.76)

2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)

a “free” symplectic generator. We assume that iy > 0. Note that we allow hg to be different

from h.
We set
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hy O
Ao =ByS = 1, (2.91)
0 ho
., |P-h-gg —hg+gh
Vi=B>-B = T, (2.92)
gh—-hg h —hy—
(2.60) can be rewritten as
1 By dr 1 1 1 dr
EY=-T 0 _— 4+-T /—V— 2
4 r/32+r27r 1 B B(2)+TZT n
k k
1 1 1 k ,d
:Z —T ( ) ( ) TZ—T
: 4 BZ+72 B2+712% B2472 n
=0 0 0
=ZL/"
=0
where
1 B dr 1 1
Ly = -T — = =Tr|By| = = Trhy, 2.93
0 4r/32+727r 3 TrlBol = 3 Trho (2.93)
(—1y*! 1y ,dr
L = T Vv T°— 2.94
T4 B} + 12 Bg+72) m (299
(~1y*! 1 \jdr |
= T —, =1,2,.... 2.95
4 2 B5+72) 7 (299)

The lastidentity for L; follows by a cyclic relocation of operators under the trace and by an application
of integration by parts.
We can further simplify the formula for L,

1 1 dr 1 1
=T —  — = TV———T W — h? - go)h!. 2.96
LT Y g Y g A (220

The constant L; arises in the diagrammatic expansion as the evaluation of the loop with j vertices.
To obtain this, introduce the “time variable” ¢ and the “Feynman propagator”

Clearly, 7 can be interpreted as the “energy variable” and

1
32 > / G(1)e'" dr.
+

Therefore,

1
L = Z/dtj_l ---/dtlTrVG(tj —t)VG(t — 1) - VG(tji-1 — 1)) (2.97)

T_IEO ﬁZ/ dt]/ dg_y - / doyTrVG(t — t)VG(t — 1) - - VG(ti1 — 1). (2.98)

L. Renormalization |

Note that in general V (2.92) contains terms of the 1st and 2nd order. Explicitly, let A be a
“coupling constant.” Let h = hy + Ah; and replace g with Ag (to keep track of the order of perturbation).
Then V = AV, + 12V, where
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hohy + hihg  —hog + gh
1':[ _0 1 _1_0 __og _8_0 ’ (2.99)
gho —hog  hohy + hohy
W —gg*  —hg+gh
Vy=| _ (2.100)
ghi—mg h -gg
We can expand EV with respect to the coupling constant A,
szz/l”En. (2.101)
n=0
We have
1
L() = E() = ETrho. (2.102)

However, in general, L, of higher orders differ from A"E,,.
There are situations when it is useful to introduce the nth order renormalized vacuum energy

n )
Eren . pw _ Z /lej — Z /lej (2.103)
=0

Jj=n+1

and the nth order renormalized Hamiltonian
n .
A" =" - ) VE; (2.104)
j=0

so that E"™" = inf H"*"_The numbers AYE,,..., A"E, can be called counterterms.

The above construction is relevant, e.g., in the theory of charged scalar fields in external electro-
magnetic potentials in 1 + 3 dimensions. In this case, E¢, E1, and E» are infinite so that one is forced
to perform the 2nd order renormalization. H2™" is usually also ill defined. However E2™*" is typically
finite. Note that we have a somewhat paradoxical situation: the Hamiltonian does not exist; however,
the “infimum of the Hamiltonian” is well defined.

Actually, physically, E2™" is still somewhat artificial. It is natural to make an additional finite
subtraction so that all counterterms are formally local; see Ref. 8. The resulting finite quantity E™"
is sometimes called the (renormalized) vacuum energy or the vacuum polarization.

M. Renormalization I

Suppose now that
W =gg, hg=gh. (2.105)

(2.105) implies V, = 0. Therefore, the loop expansion coincides with the expansion into powers of
A. Putting A = 1, we thus have

E,=L,, n=0,1,.... (2.106)
We can compute the loop with one vertex,
1 1
L] = ZTI‘(hoh] + h]ho)hal = ETI'/’!] . (2107)
Thus
1 1
Lo+Li= ETr(hO +h)= zTrh. (2.108)

Therefore, the loop expansion for the infimum of the normally ordered Hamiltonian amounts to
omitting Lo and Ly,

1 (o)
inf H" = EY — ETrh:ZLn = glren, (2.109)
n=2
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Note that L and especially Lg are often infinite. Sometimes, L, is infinite as well. Then we can
renormalize the vacuum energy even further obtaining

EX = EY —Ly— L, —L2=§:LH (2.110)
n=3
- _% /TrBészszsz (VB%iTz)QTZC;—T. @.111)
We also have the 2nd order renormalized Hamiltonian
H¥ =Y - Ly-L, - L, (2.112)
so that
E?™" = inf f?r", (2.113)

The situation described in this subsection is typical for a charged particle in an external electro-
static potential (without a vector potential), as well as for a neutral scalar particle with a mass-like
perturbation.® Under rather broad assumptions, the 2nd order renormalized Hamiltonian H2" is then
a well-defined self-adjoint operator.

Actually, as in Subsection II L, subtracting only Lo + L; + L, is somewhat artificial from
the physical point of view. To obtain physically relevant objects, one performs an additional finite
renormalization so that all counterterms are formally local, obtaining a finite renormalized vacuum
energy E™" and a well-defined renormalized Hamiltonian H™ so that E™" = inf H™". See Ref. 8 for
details.

lll. ARBITRARY DIMENSIONS: BASIS INDEPENDENT FORMALISM

In this section, we consider Bogoliubov Hamiltonians in any dimension. Unlike in Sec. II, we
will use a basis independent notation.
We will use the standard notation for the Hilbert-Schmidt and trace class norms,

liglly ==+Trg*g,  ligll; :=Tryg*g. (3.1

A. Doubled space in abstract setting

Let WWbe a Hilbert space. VW will serve as the I-particle space.

Let WV be another Hilbert space with a fixed antiunitary map y : W — W. W will be called the
complex conjugate of W. o

We will often use the doubled space WW @ W equipped with the conjugation

0 x!
x O

J= 3.2)

A J-real operator is an operator on ¥ @ W commuting with J. Bounded J-real operators have the
form
p q

R= »
X9X  XPX

: (3.3)

for some p € BOW) and g € BOW,W).
J-real operators leave invariant the real subspace of vectors

[w ],weW,
xYw

which we will denote by ). Note also that every J-real operator in BOV @& W) restricts to an operator
in B())), and conversely, each operator in B())) extends uniquely to an operator in BOV & W).

In what follows, we will usually write w for yw. We will write p and g for ypx~' and yqy. We
will write p* and ¢* for yp* x~' and y~'g*x~'. In Subsection 1 of the Appendix, we explain why it
is natural to use this simplified notation.
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To reduce the formalism of this section to that of Sec. II, it suffices to set YW= C" and replace y
with the complex conjugation.
B. Fock spaces

If D is a vector space of any dimension (with or without a Hilbert space structure), then we can
. . . . alrt . .
introduce its algebraic n-th symmetric power, denoted by ® D, and the algebraic bosonic Fock space

o0

al al  all?

Loy =8 6D,
n=|

which is the space of finite symmetric tensor products of vectors of D.” If Wis a Hilbert space, then
we prefer to use the Hilbert space versions of the above constructions. Thus ®)V will denote the n-th
symmetric tensor power of W in the sense of Hilbert spaces and, as usual, the bosonic Fock space
over the one-particle space VV is defined as

LWV = & &"W.
n=0

Q:=(1,0,---) denotes the vacuum vector and

i) = fiio QW
={(¥°,...,¥",---)eT (W) | ¥" =0 for all but a finite number of n}

is the finite particle bosonic Fock space.

Note that if D is dense in }V, then fLS(D) is dense in I'\(W).
If 4 is an operator on W, dI'(k) will denote

dl“(h)[®gw::z;:1 19 ®18h®18 81y,
j-1 nej

If g is an operator on W of norm less than 1, we define I'(g) : T, (W) — I;(W) by
TPl ern =@ ® Gl gpy-
C. Quadratic forms on Fock spaces
For any operator 4 on W such that & > c, its form domain is defined as
Dom(|h|2) = (1 + [y "2W. (3.4)

For wy, w; € Dom(|h|%), we can define (w;|hw>). Dom(|h|%) is a Hilbert space for the scalar product
(w1|(h+c+ Tw,). We say that D is a form core of h if it is a dense subspace of the form domain of 4.

Lemma 3.1. Suppose that h > 0 and D is a form core of h. Then la"]s(D) is a form core of dI'(h).

Proof. Tt is easy to see that

1 +dT(h) <T(1 + h). (3.5)
Hence,
T(1 +h) 2 TW) € (1 +dT(h) T Ty(W). (3.6)
Let ¥ € (1 +dT(h)) Ty(W). Set
W, = 10, (C(1 + 1)) P. 3.7)

By the spectral theorem and the fact that 1 + dI'(%) and I'(1 + %) commute with one another, ¥,
1
€ DomI'(1 + h)% and ¥,, » Win (1 +dI'(h)) 2T5(W). Hence
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I+ h)_%FS(W) isdense in (1 + dF(h))_%I“S(W). (3.8)
Now D is dense in (1 + h)‘%W. Hence
lals(D) is dense in T ((T + h)‘%W) =TI+ h)_%FS(W). (3.9)
Putting together (3.8) and (3.9), we obtain
aFls(D) is dense in (1 + dF(h))_%FS(W). (3.10)
But the RHS of (3.10) is the form domain of dI'(h). |

D. Creation/annihilation operators

For any w € W, d(w) and @*(w) denote the usual annihilation/creation operators,

FWY = Vn+lwe ¥, Weal!W, @3.11)
aw¥ = Von+ 1w @ 12"¥,  Pea!W, (3.12)

These operators, originally well defined on T'fi"(W), extend to closed operators on T';(WV). We set
d(w,w’):=a*(w) + a(w”). (3.13)
Note that ¢(w, w) are self-adjoint. One can also introduce the so-called Weyl operators eidw.®)

Remark 3.2. Sometimes we may want to define creation/annihilation operators for w that do not
belong to W, but are functionals, possibly unbounded, with domain D C W. Then we can still define

the annihilation operator 4(w) by formula (3.12), at least for ¥ ef"ls(D). Ifw is unbounded, then 4(w)
is not closable. Besides, (3.11), the definition of a*(w) as an operator, is incorrect. However, we can
al

interpret both 4(w) and a*(w) as quadratic forms on IA"S(D).
The following inequality is sometimes called the N -estimate:

Proposition 3.3. Let h > 0 and w € W. Then

la(w)®@I? < (wlh™ w)(@[dT (D). (3.14)
Therefore,
ldC(h) 22" )| < 1A~ 2 wll. (3.15)
Proof. Clearly,

|w) (w] < (wlh™" w)h. (3.16)

Applying dT’, we obtain
a*(w)aw) =dT (Jw)(w]) < (wlh™ w)dT(h). (3.17)
O

Let g € ®2W. We define the annihilation and creation operators associated with g as follows:

a(Q¥ = Vn+2Vn+lge, ¥, Wea!W, (3.18)
a(@¥ = n+2Vn+ 1(g @ 19"¥,  Wea!W. (3.19)

Again, these operators, originally defined on I'i"())), extend to closed operators on I's(W).



121101-21 Jan Derezinski J. Math. Phys. 58, 121101 (2017)

a2
Remark 3.4. Again, ifg does not belong to ®2W, but is a functional with the domain(x;S Dc W,
then we can define d(g)and d*(g) as quadratic forms on iis(D).

It is important to note that each g € ®*)V defines a linear Hilbert-Schmidt operator from W to
W, denoted by the same symbol g, by the identity

(w1 ® walg) = (w2lg xwr). (3.20)

This provides an isometric isomorphism of ®*W with B2(W, W)—the space of Hilbert-Schmidt
operators from Y to JV. Symmetric tensors (elements of ®2)V) are mapped onto symmetric operators
(where the symmetry of g means g = g%).

Let us state the following fact about this identification:

Proposition 3.5. Let py, p2 € BOV). Then the tensor p| ® p» g corresponds to the operator plgpg.

Proposition 3.6. Let w e W, he BOW), and g € W ® W. Then the following identities are true:
[dT(R), 2" (w)] = a"(hw), [dT(h), a(w)] = —a(hw), (3.21)
la(g), a"(w)] = 2a"(gw),  [a*(g),a(w)] = —2a(gw). (3.22)

E. Symplectic and metaplectic transformations in infinite dimensions

As in (2.6), we introduce the operator

ro 3.23
" (323)

Let R € BOV®W). As in Subsection I1 C, R is called symplectic if R*SR = S. Bounded symplectic
transformations form a group, which we denote by Sp(}).

Various properties of symplectic operators described in Subsection II C are valid in the present
setting.

Theorem 3.7. Let

r=|" 1
q P
Then the following conditions are equivalent:

e Sp(Y). (3.24)

(1) There exists a unitary U such that
va*(w)U* =a*(pw) + a(qw),
Ua(w)U" =a*(qw) + a(pw), weW. (3.25)
(2) There exists a unitary U such that

o o [w] [w
Ue‘¢(w’w)U*=el¢(w’w), RI_|=|_1, wewWw. (3.26)

w w
(3) There exists a x-automorphism ag of B(I's(W)) such that
. S, (w] [w
ag(ePWW)) = loW @) R = , weEW. (3.27)

— —

w w

Let (1), (2), and (3) be true. Then U [common for (1) and (2)] is uniquely determined up to a phase
factor. Besides, ay is uniquely defined.

If R satisfies the conditions of the above theorem, then we say that R is implementable. The
unitary U is called a (Bogoliubov) implementer of R. ag is called the Bogoliubov automorphism
associated with R.
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We leave the proof of this theorem to the reader. Let us only mention that to show (3) = (2),
we need to use Proposition A.1. To obtain the uniqueness of ag, we use the weak density of linear
combinations of Weyl operators in B(I's(W)).

Spres(Y) will denote the restricted symplectic group, which consists of R € Sp()) such that ¢ is
Hilbert-Schmidt. The importance of Spes()) is due to the Shale theorem, '8 which we quote below
in the form given in Ref. 7.

Theorem 3.8. Let R € Sp()). Then R is implementable if and only if R € Spyes()). For such R,
we can define the natural implementer of R,

U= | det pp*| 3e 24 @IT((p*) )2 ¥, (3.28)

where dy and dy are defined as in (2.15) and (2.16). All implementers of R € Spres()) coincide with
UR™ up to a phase factor.

Bogoliubov implementers form a group, which is denoted by Mp()’). We have a short exact
sequence
15 U1) > Mp*(Y) = Spres(V) — 1.

Let us mention the following criterion, which was used in Ref. 15:

Proposition 3.9. If R°R — 1 is Hilbert-Schmidt, then R € Spres()).

Proof.
R |PPT 9" p'a+q'p|_[1+24"a g ‘
Pa+ar p'p+aq 2p'q  T+24q
Now
|11 - R*R||3 = 8Trq*q + 8Trq*qq*q + 8Trq " pp*q (3.29)
= 16Trqg"qq"q + 16Trq"q > 16Trg"q. (3.30)
O

Spas(Y) will denote the anomaly-free symplectic group, which consists of R € Sp()’) such that 1
— pis atrace class.’

Proposition 3.10. Spa(Y) is a subgroup of Spres(Y).

Proof. We have
¢q=p'p-1=@" -Dp+p-1. (3.31)
Therefore, ||p — 1]|; < oo implies |[|g||, < co. O

For R € Sp,s()), we can define a pair of metaplectic Bogoliubov implementers
+UT = x(det p*) e 28 @D ((p) 1) e i), (3.32)
They form a group, which we denote by Mp,¢())).” We have a short exact sequence
1 Zo = Mpx(Y) = Spar(YV) — 1.

F. Classical quadratic Hamiltonians

In this subsection, we consider strongly continuous 1-parameter groups of symplectic transfor-
mations. The following proposition describes their generators:

Proposition 3.11. Let iB be a generator of a 1-parameter group on W @ W. The following
Statements are equivalent:
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(1) B, where r € R, is a strongly continuous 1-parameter group of symplectic transformations.
(2) iBis J-real, SB* D BS.
(3) Ap :=BSisJ-real and Ay > Ap (in other words, Ap is Hermitian).

Proof. We have for w;, wy € Dom(B),
d . .
a(e”Bwl |Se”Bw2)‘t:0 = —i(Bw; |Swy) + i(w; | SBw»). (3.33)

Hence preservation of S by '8 is equivalent to (SAS)* = B*S > SB = SAS, which means that SAS is
Hermitian. This is equivalent to A being Hermitian. O

For brevity, we will say that B is a symplectic generator if iB generates a one-parameter group of
symplectic transformations. Similarly as in Sec. IIl E, A := BS will be sometimes called the classical
Hamiltonian of B, and we will often write A instead of Ap.

Note that in finite dimensions, the converse of Proposition 3.11 (3) is true: If A is Hermitian and
J-real, then B := AS is a symplectic generator. This is probably not the case in infinite dimensions.

G. Bogoliubov Hamiltonians
Let B be, as usual, a symplectic generator, and A = BS. We will write

Pt q:
q; D

eB ) (3.34)

Theorem 3.12. The following conditions are equivalent:

(1) There exists a self-adjoint operator H on Ts(W) such that eitA implements '8 for any t € R.
(2) There exists a,, a 1-parameter C-group of *-automorphisms of B(I's(W)), such that

a, (eiqﬁ(w,w)) — eié(wtywt), [f’} =B [f] , weW. (3.35)
Wy w

(3)  limy llg:ll, =0.

Let (1), (2), and (3) be true. Then a; is determined uniquely. His uniquely defined up to an
additive constant.

H will be called a quantization of B. We will also say that H is a quantum quadratic Hamiltonian,
or shorter, a Bogoliubov Hamiltonian. If the equivalent conditions of the above theorem are satisfied,
then we will say that B possesses quantizations.

Proof. (1) & (2) is a consequence of Proposition A.2. We need to show that (1), (2) & (3).

If e”B, t € R, is implementable, then ||g;|[> < oo, for all # € R.

If lir% llg:|l, =0, then ||g;|l < oo, for small enough ¢. But since Spyes()) is a group, ||¢;|l2 < oo,
-

for all r e R.
Thus, in all cases (1)—(3), we can define

Urt=U%; (3.36)
[see (3.28)]. Set
@, (C):= UM cu™, (3.37)

Clearly, t — «a; is a 1-parameter group of *-automorphisms satisfying (3.35). The proof will be
completed if we show the equivalence of the following statements:

i) te— U,nal is strongly continuous at zero;
(i) 1+ a, is a Cj-group of *-automorphisms;
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(iii) day=q,p," satisfies tim [lda, 1, = 0;
11—
(iv) lim|lgll,=0.
t—0

(i) = (ii): We easily see that if # — U™ is strongly continuous at zero and if C is a bounded operator,
then ¢ > U™ CU™" is weakly continuous at zero. This implies that t — @ is a C,-group.
(i1) = (iii): Let |Q)(Q| denote the orthogonal projection onto Q. We have

(Qle(@)Q)Q) =@ Q)P

= |detp,p;| 2 =det (1 - d3 db,)? (3.38)
1 ;
= exp (ETrlog (1 - d5,dr,)). (3.39)
In (3.38), we used the identity
P =1-d5 s, (3.40)

(i) implies that (3.39) goes to 1 for + — 0. This is equivalent to lir% Trlog(1 —d; ,d») =0, which is
= ’
equivalent to lin& Trd; zdlt =0.
t— ’

(iii) = (i): We have

Uit = | det p,pr|~ie 3¢ (@0Q, (3.41)
But ¢ el$@ @) g strongly continuous. By (3.40), 111% | det p,p;‘|‘% = 1. Besides, (iii) implies that

t—

lir% e24' (@00 = Q. Therefore, (3.41) is continuous at ¢ = 0. But the span of e®@®)Q is dense and
=
U™ is unitary. Hence U™ is strongly continuous at 7 = 0.

(iii) © (iv) follows from the identities

aq; = di,do, (1 - d3 da,)™", (3.42)
dy,dos = qig; (1 +q,q7) ™" (3.43)
O

Below we describe three distinguished quantizations.

(1) 1If the group eitd implementing e'’? is contained in Mp,s(})), then H will be called Weyl. It is
easy to see that for a given symplectic generator B, its Weyl quantization, if it exists, is unique.
We will denote it by Hy. An alternative name for Hy' is the symmetric quantization of B.

(2) We say that a quantization H of B is normally ordered if

d itH _
5 Qe Q)L:O =0. (3.44)

Again, a given symplectic generator B possesses at most one normally ordered quantization.
We will denote it by I:I‘l;. An alternative name for I:Ig is the Wick quantization of B.

(3) If B possesses a quantization, which is bounded from below, then all of its quantizations are
bounded from below. Then one can introduce the zero-infimum quantization H 1 fixed by the
condition

inf A% =0.
Let us stress that there exist B that possess quantizations, but they do not possess A, f]g, or
7z
HE.
We will usually drop the subscript B in the above symbols.
Note that whereas the definitions of H" and H” are quite obvious, it is less clear how to generalize
the concept of normally ordered Bogoliubov Hamiltonian to infinite dimensions. In the following

proposition, we formulate another condition, which could be considered as another candidate for a
definition of H".
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Proposition 3.13. Suppose that B possesses a quantization H such that Q € Dom(|H I%) (the
vacuum belongs to the form domain of H). Then B possesses the normally ordered quantization.

Proof. We easily check that

H":=H - (QHQ) (3.45)
satisfies (3.44). m|
Theorem 3.14. Consider (3.34).
(1) The condition
}i_r)%”pt =1,=0 (3.46)

is equivalent to B possessing the Weyl quantization HY. If this is the case, then
1" = (det p})2e 20 @IT ((pr) el (3.47)

where the sign of the square root is determined by continuity.

(2) Suppose that there exists a self-adjoint operator h on W such that
e—ith -1

o e = 11

0. 3.48
t—0 t ( )

Then B possesses the normally ordered quantization A" and
eitﬁl" _ (detpfeith)—%e—%&*(dz,z)r((p:)fl )e%ﬁ(dl,t)’ (3.49)

where the sign of the square root is determined by continuity. The operator h that appears in
(3.48) is uniquely defined.

(3) Suppose that the assumptions of (2) hold. In addition, assume that h in (3.48) is a trace class.
Then B possesses both normally ordered and Weyl quantizations, and

A R
A"+ S Teh=H". (3.50)

Proof. (1): }Ln(]) IT = p/ll, = 0implies that e®
Therefore, ¢ € Sp,¢() for all 1 € R.

Besides, t — ¢!/? is continuous in the topology of Sp,:()) at zero. By the group property of
Spat()), it is continuous for all 7 € R.

Hence, U™ given by (3.47) is well defined. U™ obviously is one of the metaplectic
implementers of ¢, We have

€ Spar()) atleast for small 2. But Spas()/) is a group.

(QIUM™Q) = (detp}) 72, (3.51)

which depends continuously on .

Using that Mp()) is a group and the continuity of (3.51), we see that U™ satisfies the group
property. Next, repeating the argument of the proof of Theorem 3.12, we see that U"" is continuous
on coherent vectors.

Thus U™ is a strongly continuous group of metaplectic implementers of e
the Weyl quantization.

18 Hence B possesses
Conversely, if B possesses the Weyl quantization A", then Upet = el Then (3.51) is true. But

lin(% [T = p¢ll; =0 is equivalent to the continuity of the rhs of (3.51).

t—

(2): (3.48) implies

T, = 1), =0. (3.52)

lim ||e
t—0
Therefore, the identity

4 g =pipi = 1=(pje" = e p, +e7p, — 1 (3.53)
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shows that lin(l) lg:1l, = 0. Therefore, (3.49) is well defined and depends continuously on ¢. Clearly,
—

|det p¥e|* = det pip,. (3.54)
Hence, (3.49) differs from U:j; by a phase factor. We check by direct calculation that it satisfies the
group property.°
Using (3.52) and the differentiability of the determinant in the trace norm, for small enough t we
have ' _
|det prel™ — 1] < clipje™ - 1]],. (3.55)
Hence (3.48) implies

detprei — 1
m —_—

li =0. (3.56)
t—0 1t
Therefore, using also (3.52),
det p*eit -1 1
lim (etp;e™ 2 -1 _ 0. (3.57)
t—0 1
By (3.49), .
(Qle™" Q) = (det prei™y 2. (3.58)
Hence, (3.44) is true.
Suppose that for i) and h, we have (3.48). Let w, w’ € WWbe normalized. Then

1 . . 1 . .
;|(w|e”h‘w’) _ (wlelthzw/)| < ?”elthl _ elthzu (359)
1 . .
< ;ue"’“ — el (3.60)
1 . 1 .
< ;ne"’“ =il + ~llpe —e™ |, - o. (3.61)

Hence h; = hy by Lemma A.4.
(3): Using ||A]|1 < oo, we can write

det p; = det e det e " p, = /T det e p,. (3.62)
Thus we see that both (3.47) and (3.49) are well defined and

- Prw 1 - £
eltH :ell‘zTrheltH . (363)

H. Criteria for existence of quantizations of classical Hamiltonians

In this subsection, we restrict our study to symplectic generators that are bounded perturbations
of diagonal symplectic generators.
We will always assume that / is a self-adjoint operator on )V and g = g”. Besides,

h -g h O
B=|_ _|, By:= —1 (3.64)
g -h 0 -h
A=BS=|_ _|, Ap=ByS = _ G=|_ . (3.65)
g h 0 h g 0

The following proposition is immediate:

Proposition 3.15. If g is bounded, then B is a symplectic generator. Besides, A is self-adjoint.

Proof. Clearly, By is a symplectic generator and A is self-adjoint. We can add a bounded
perturbation without destroying these properties. O

2

The following theorem is a slightly strengthened version of a criterion due to Berezin;~ see also

Ref. 6. Throughout this subsection we set
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f(t) = / elshgeishgy, (3.66)
0

Theorem 3.16. (1) Suppose that g is bounded and lir% [[f(®)l, =0. Then B possesses quantiza-
11—

tions.
(2) In addition to assumptions of (1) suppose that lirr(} llgf OIl; =0. Then B possesses the normally
=

ordered quantization.
(3) In addition to assumptions of (2) suppose that ||h||; < co. Then B possesses both the Weyl and
the normally ordered quantizations, and

N 1 N
H"+ ETrh:HW. (3.67)

Proof. (1): Using repeatedly the identity

F@1=f@)+e™f(n)el™, (3.68)
we see that |[f(¢)]|, is finite for all 7.
Set
V() = elBeiBo, (3.69)
) ] 0 _aish aish
G(r) = eBoGe B0 = o ese , (3.70)
e—lshge—mh 0
d [ 0o -f (;)}
F(f) = / G(s)ds = | ) (3.71)
0 f@@) 0
From
!
Vi) =1+i / V(5)G(s)ds (3.72)
0
and ||G(t)|| = ||G||, we obtain
IVl <ol (3.73)
Iterating (3.72) gives
!
V() =1+iF(@) - / V($)G(s)e*BoF (1 — s)e™Bods. (3.74)
0
Therefore,
!
V(@)= T < IFOIl2 + /0 IVOIIGIEE = 9)l2ds. (3.75)

But ||F(?)l]» =\/§|[f(t)||2 and |G|l = ||gll. Hence ||V (¢) — 1]| is finite and goes to zero as t — O.
Arguing as in Proposition 3.9, we obtain

16llgl5 < IV(@) = Tlla. (3.76)

Therefore, ||g(?)||, is finite and goes to zero as t — 0. This means that the assumption of Theorem
3.12 (3) is satisfied. Hence B possesses quantizations.
(2): We rewrite (3.74) as

pi — el q: + if(f)e_ith}

- , B — eiBo _ iF(r)eBo (3.77)
('_It - if(t)elth 1_71 - e_llh

!
- / V(s)G(s)e“BOF (1 — 5)el=9Po(s. (3.78)
0

Therefore, by (A9),
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2lIp; — ™|y < 1B — B0 —iF(1)elBo|, (3.79)

!
< / IVOIIGF (= s)e'*%]|,ds. (3.80)
0

Using ||IGF®)Il; =2llgf ()|, and lin(1) llgf I, =0, we see that (3.80) is o(f). Thus we obtain ||p;
11—

—el”"||; = o(t). This means that the assumption of Theorem 3.14 (2) is satisfied. Hence, B possesses
the normally ordered quantization.
(3): We apply Theorem 3.14 (3). O

The assumptions of Theorem 3.16 are not very convenient to verify. Our next aim is to formulate
criteria for the existence of quantizations, which are more convenient to check.
Define

yg=heol+leh'g, (3.81)

where we use the tensor interpretation of g and assume that g € Dom(h ® 1+ 1 ® h)~'.

Proposition 3.17. In the operator interpretation, y(g) corresponds to

y(g)=ilim / e~€le i geith gy (3.82)
eNO0 Jo
and satisfies
hy(g) +y(g)h=g. (3.83)

For h > 0 we can “Wick rotate” the formula (3.82) and write

¥(g)= / ¢ geMdr. (3.84)
0
Proof. By Proposition 3.5 and h=h*, we can identify the operator e_i’hge_i’ﬁ with the tensor
et @ e—ithg _ e—it(h@ﬂ +1 ®h)g' (3.85)
Clearly,
i/ e~ctemithel+len, _ (1011 10h—ie) g So(h @l+1®h'g, (3.86)
0
where we use the usual Hilbert space convergence, which proves (3.82).
Set
Ye(g) =i / e e ge Iy, (3.87)
0
We compute
ey (g)e " = i / e <0 geiNg (3.88)
t
! . L=
=i / e e e ds + ey (g). (3.89)
0

We differentiate with respect to ¢ at t = 0, obtaining

~i(hye(g) + Ye(h) = —ig + €¥e(g). (3.90)

Taking the limit as € N\, 0, we obtain (3.83).
The proof of (3.84) is almost the same as that of (3.82). O
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We will also write

-y
y(G)=| — . (3.91)
y@ 0
Note that in the operator interpretation, we have
[Bo, y(G)]=G. (3.92)

The following criterion is a consequence of Theorem 3.16.

Theorem 3.18. (1) Suppose that g is bounded and g = g| + g2, where ||g1 |2 < co and ||y(g2)ll2
< oo. Then the assumptions of Theorem 3.16 are satisfied, and hence B possesses quantizations.
(2) Suppose that ||g||» < oo. Then B possesses the normally ordered quantization.
(3) Suppose that ||h||; < oo and ||g||2 < o0. Then B possesses both the Weyl and the normally ordered
quantizations. Besides,
HY = H" + Trh. (3.93)
Proof. (1): Set
! —
fi(0) = / e gelhds. (3.94)
0

It is clear that lirr(; [lf1 (O, =0. The fact that lir% Ilf2()]l, =0 follows from
s t—

! 2
. .= d . .= . s
/ elshgzelxhds = / e elshy(gz)elshds — _ielth,y(gz)elth + 1’)’(82), (395)
0 0

where we used (3.83). Hence assumptions of Theorem 3.16 (1) are satisfied.
(2): Clearly, |lgf(®O)ll; <tl| g||§. Hence assumptions of Theorem 3.16 (2) are satisfied.
Now (3) follows immediately from Theorem 3.16 (3). |

The following is another condition that implies the assumptions of (1) of Theorem 3.18 and
hence the existence of quantizations of B:

1
Proposition 3.19. h > 0 and ||h_%gh 2 |, < oo implies ||y(g)ll2 < co.

1
Proof. h2 gh * corresponds to h:@h 2 g in the tensor interpretation. Clearly,

2heoh<h®1+1®h)>. (3.96)
Hence,
Fl'eoh' >2he1+10h) 2. (3.97)
Therefore,
1 —1 1 1 _
Ih~2gh *ll,=1h"2 @ h 2gll = V2l(h @ T+1®h) gl = V2lly(@)l,. (3.98)
O

I. Positive classical Hamiltonians and their diagonalization

The following theorem is an extension of Theorem 2.3 to arbitrary dimensions. It says that a
large class of classical Hamiltonians can be diagonalized by a positive symplectic transformation.
This theorem is implicitly contained in Ref. 7 [see Theorem 11.20 (3) together with Theorem 18.5
(3)]. Reference 15 contains also a related result about the diagonalizability of classical Hamiltonians.
It does not provide, however, a construction of a distinguished diagonalizing operator.

We will use the notation introduced in (3.64) and (3.65). We will assume that 2 > 0. It will not
be necessary to assume that g is bounded—we will assume that g = g# is a bilinear form with the

right domain Dorn|ﬁ|% and the left domain Dom|/| 3,
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Theorem 3.20. Let h be positive and

1

Ih2gh *|l=ta<1. (3.99)

1
Then A is a positive self-adjoint operator with the form domain DomA. The corresponding B is a
symplectic generator.
Besides,

Ro=SA"2(AZSASAZ)2A"ZS (3.100)
is a bounded invertible positive symplectic operator, so is
1
R=R;. (3.101)

R diagonalizes B and A, that is, for some positive self-adjoint hqg

he 0]
- —_|r (3.102)
~hag
hie O
A=r|"® _|r. (3.103)
Tigg
Moreover,
1 1
1 - a)t 1 +a)t
A= gy < LxOT (3.104)
(1+a)t (1-a)

Proof. GS is a form bounded perturbation of Ay,

1
[(v|GSv)| < a(v]Agv), veEDom(Af).

Therefore, A extends to a positive self-adjoint operator by the KLMN theorem.
A =Ag + GS satisfies

(1 -a)Ao <A <(1+a)Ay. (3.105)

Similarly, SAS = Ag + SG extends to a positive operator satisfying

(1 = a)Ag < SAS < (1 + a)A,. (3.106)
Therefore,
1 —
AZSASA? > (1 — a)AZAgA? > El +Z;A2, (3.107)
1
ASSASAT < (1 +@)ATApA? < El J_’Z;AZ. (3.108)
Hence,
Vi= Vi
DA< (A3SASATY < X9y (3.109)
Vli+a Vl-a

Thus Ry, defined by (3.100), is a well-defined bounded invertible positive operator, so is R.
Repeating the arguments of the proof of Theorem 2.3, we obtain (3.102) and (3.103). By (3.102),
we have

) ei[/’ldg O
e®=R } -1 (3.110)
0 efllhdg
(3.110) is clearly symplectic. Hence B is a symplectic generator. O

For further use, we note that we can rewrite (3.100) as follows:
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Ro=sa ([T Ty

(12 + A2SASAT) 27

As a side remark, note that # > 0 and (3.99) do not only imply A > 0, but the converse implication
is “almost true.” More precisely, set W := (Kerh)*. Then A > 0 is equivalent to the following
conditions:

1) h>=0,
(2) KergDd Wé (and hence, since g = g#, we have Rang c W),

1
3) IIh‘% gh *|l 1, in the sense of operators from W.

J. Implementable diagonalizability of positive Hamiltonians

The following theorem is due to Ref. 15. The proof that we present below follows closely that
of Ref. 15, with only minor modifications.

Theorem 3.21. In addition to the assumptions of Theorem 3.20, suppose that

__1
I 2gh ||, < co. (3.111)

Let R be the symplectic operator given by Theorem 3.20 and q be given by (3.24). Then

1 1 —1
||q||2s2mllh 2gh *ls. (3.112)

In particular, R € Spres()) and hence R is implementable.

Let us note that, by Proposition 3.19, 4 > 0 and (3.111) imply the assumptions of (1) of The-
orem 3.18 about the existence of quantizations. Therefore, we already know that the assumptions
of Theorem 3.21 imply the existence of quantizations of B. However, Theorem 3.21 implies that
these quantizations have some important additional properties: e.g., they are bounded from below
and possess a ground state.

In fact, R possesses a Bogoliubov implementer U. If hg, is given by (3.110), then

Udr (hgg)U* (3.113)
is the zero-infimum quantization of B, where obviously dI'(hqy) possesses a ground state.

Proof of Theorem 3.21. We start from estimating R*"R — 1 = R> — 1 = Ry — 1. We have

S(Ro - 1S
= AT3(AISASAT)IATI AT (AD)2A7
d A3SASA> A?
:/_TA_%( 251 : 12 2)A_%
n 2+ A2SASA> T+ A

2dr ) 1 1 _1
—/ - A2 )A~

24 AbSASAE TR HA?

2d 1 1
=/T T3 : AT (SAS ~ A)
T 124 AISASA> A
2
d
=:/T “T(r).
T

Now, for any € > 0,
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+27(7)

_1 1 1 1
= #2247 ANSAS —A)

72 4+ A1SASAZ

1 |

<el——_(SAS - A)A2
€ 7'2+A2( )

1 1
——A3(SAS — A)———
A SASA? T2+ A2
. A2SASA:
72 + A2 SASA?
=: e_lTl (1) + €T (7).

[N}
ol

+ €A™ A~

We deal with the second term

2
/T dTTQ(T)

T
:/TZdTA_ A%SIIASA% e
n 72 + AT SASA®
—AZ(AZSASAZ)IA:
=Ry.

=

Next we treat the first term

2
K::/T dTTI(T)

/s

2dr 1 1 1
= ———(SAS —A)S—S(SAS —A)———

4 7-2 +A2.
We have
2dr 1 1
TrK = | —————(SAS —A)S—S(SAS — A 3.114
r / YT )5 S ) (3.114)
1 1 1
= ETrZ(SAS —A)SZS(SAS -A) (3.115)
1 1 1
<—Tr—(SAS—A)—(SAS - A 3.116
A= ap rAO( )AO( ) ( )
1 —1
=4 Trh gh'g. 3.117
I_ap ™ 8hg (3.117)
Thus we have proved that
+2S5(Ry — 1)S < e 'K+ €SR,S, (3.118)

where K is positive operator with a trace bounded by (3.117). We rewrite (3.118) with sign + as
2-6eSRy-NS<e 'K +e. (3.119)

Let 5,(C) denote the nth singular value of an operator C, that means, the nth eigenvalue of
|C|:=VC*C in the descending order. We will write for brevity A, := s,(Igl?).
Using U defined in (2.21), we have

Ro—1=R>-1=2U [”("1'2 *lalyT + gl 0 ] U, (3.120)
0 lg1* = lg|\/1 +1qI?
Therefore,
sp(Ro = 1) =2(A, + /A + 22). (3.121)

Thus,
22— €)(Ap + A An + 2D < e 5, (K) + €. (3.122)
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Let ¢ be an arbitrary positive number. Let

An<ec. (3.123)
Clearly, (3.122) implies
22 — WA, < € L5 (K) + €. (3.124)
Taking into account (3.123), we obtain
4\//1_n§ € 1su(K) + (1 +2+/c). (3.125)

Optimizing with respect to €, we obtain

A2 < 24[s2(K)1 + 2. (3.126)

Hence,
1+2
Ay < 52(K) +4 Ve, (3.127)
Let
c< A, (3.128)
Clearly, (3.122) implies
42 - ), <€ 'su(K) + €. (3.129)
Taking into account (3.128), we obtain
1
< — su(K). 3.130
" 6(8—6(4+C_1))Sn( ) ( )
Optimizing with respect to €, we obtain
4 -1
A< 228 (K. (3.131)
16
Setting ¢ = % in (3.127) and (3.131), we obtain
1
A ES"(K) (3.132)
Hence,
1 (o]
||q||2—nZ::/l E;sn(K)——TrK (3.133)
This together with (3.117) yields (3.112). a

K. Normally ordered Hamiltonian

In this subsection, we give conditions on B that guarantee the existence of a bounded from below
normally ordered quantization. We follow Ref. 15, whose approach is based on quadratic forms.
Similar results were contained in Ref. 6. They were however weaker since only operator bounded
perturbations were used in Ref. 6.

Suppose that @, ¥ € I\(WV). Define the reduced 1-body density operator yw ¢ and the pairing
operator ay g as follows:

(wilywows) = (Pla"(wr)a(w)¥),
(o ywalw)) = (@ow|lw) @ wy) == (Pla*(w2)a"(w)¥), wi,wreW.

(Note that, as usual for similar objects, ay ¢ has two interpretations: as a symmetric operator from
Wto W or as an element of the Hilbert space ®2W. We will treat the former interpretation as the
standard one.)

We will write
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Yo =Yoo, A0 =Xp,0-

Note that
Vg = Vow, (3.134)
1%
Z(D q)_] >0. (3.135)
Qo 1 + Yo

For further use, note that (3.135) is equivalent to

Y0 >0, vo>ao(l+y0) '@o. (3.136)

Clearly, if 4 is an operator on WWand g € ®32W, then

(@AL' (h)¥) = Trye.wh, (3.137)
(@la"(g)¥) = Trag, yg, (3.138)
(Pla(@)¥) = Trayag”. (3.139)

Note that (3.138) and (3.139) are still true if g is an unbounded functional on ®52W with domain

al 2 al
és D, provided that ¥, ® eIlS(D), where D = Domh_%, as discussed in Remark 3.4.

The following proposition provides a key estimate for the construction of normally ordered
Bogoliubov Hamiltonians:

__1 __1
Proposition 3.22. Assume that IIh_%gh < 1and Trg*h‘lg < oo, Let ||h_%gh *|| < c. Then for
O eIs(W) with ||®|| =1,

1
(la"(5)) < c(DIAT (D) + >-Tr(g"h™'g). (3.140)
C
Proof.
(@la*(9)®) = |Traogl
= [Tr(1 +70) @oh?h 2 g(1 +79)?|
1
< (Tth? ao(1 +70) ' agh?)’
1 e I\3
X (Trh 2g(1+y9)g h 2)

1

1 1\ 3 1] I R R B A
< (Teh?yoh?)® (Trh™3gg"h™} + W3 gh™* | Tehygh? )

= ((@ldr(m®)) : (Trg"h'g + I gh™* 11 (@ldT (D) :

X+ 20 <ex + 2 (3.141)
2c

valid for x, y > 0, ¢ > ¢p. O

Then we use the inequality

1
Theorem 3.23. Assume that IIh_%gh 2|l <1 and Trg*h™'g < co.Then the quadratic form
1 1
dr'(h) + 521*(g) + Ea(g) (3.142)

defined on the form domain of dI'(h) is closed and bounded from below by —%Tr(g*h‘1 8). Hence it
defines a self-adjoint operator, which we temporarily denote by C. It satisfies that

(1+dT(h) (i + C)~" (1 + dT(h))? is bounded. (3.143)
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Proof. By Proposition 3.22,

1 1
71 (@U@ (g) +a(@)®)| < c(@ldT (WD) + Z—CTrg*h‘1g||<I>||2. (3.144)

1
Setting ¢ := ||h‘%gh ’|| < 1 and using the KLMN theorem, we see that form (3.142) is closed and
bounded from below and hence defines a bounded from below self-adjoint operator C. Setting ¢ = 1,
we see that

1
—ETr(g*h_l g <C. (3.145)

(3.143) is also a consequence of the KLMN theorem. |

Theorem 3.24. The operator defined in Theorem 3.23 is the normally ordered quantization of
B. In other words, following the notation introduced in Subsection Ill G, C = Hp,.

On a formal level, the above theorem is essentially obvious. However, there are technical difficul-

__1
ties for which we will need a few technical lemmas. In these lemmas, we use 4 > 0 and IIh‘%gh Il <1.
Note that under this assumption, it belongs to the resolvent set of B for T # 0.

Lemma 3.25. For T # 0, B(t> + B)™! has a dense range.

Proof. We write
B2 +B>) '=(r+B) ' (-ir+B)"'B. (3.146)

We will show that (3.146) has a dense range when restricted to DomB.

First note that B = AS, where A is self-adjoint and S is unitary. Hence DomB = SDomA and
BDomB = ADomA. This shows that BDomB is dense.

Then we apply Lemma A.3 twice to the bounded operators with dense range (it + B)~! and (-it
+B)L. o

_1
Lemma 3.26. For T # 0, the operator A 2B(t? + B®)~! is bounded.

Proof. First note that

_1
TS +Ao) 2 GS(TS + Ag) "2 || = ||h2gh’ || < 1. (3.147)

Next we check that all the terms on the right of the following identity are bounded:

ATPBGT+B)! = (1+A7°GSAS?) (3.148)
xAO% (TS +Ag)~2 (3.149)
x (1+ (7S +Ag) 2 GS(TS + Ag)2) ! (3.150)
X (itS + Ag) 2. (3.151)

_1
[To see that (3.150) is well defined, we use (3.147).] Therefore, A 2B(it + B)~! is bounded, which

-1
obviously implies the boundedness of A, * B(t> + B>, O

Proof of Theorem 3.24. Consider w € RanB(B? +1)~!. By Lemma 3.25, such w are dense in W.

Set
wy .
= eltB
Wy

w
_] : (3.152)
w
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By Lemma 3.26, ||h‘% w;|| is uniformly bounded. Therefore, by Propostion 3.3,
(1 +dT(h)) "2 $(w,, W,)(1 +dT(h))~2 (3.153)
is uniformly bounded. Hence, by (3.143), so is
k(1) :=(C +1) e " d(w,, wy)e"C(C +1)7". (3.154)

We know that (w;, w,) € Dom(B). But this does not necessarily imply that w, € Domh. It only
implies w; € Domh?. Therefore, strictly speaking, we cannot write

d . .
aw, =ihw; —igwy, (3.155)

but only

d
ah—%w, =i~ 2 hw, — ih™2 g, (3.156)

However, using the boundedness of (i + C)™!(i + dl"(h))% and Proposition 3.3, it is sufficient to
compute

(i+O)7Ni[C, fwr, w)]G+C)! (3.157)
= (i+ 0! (& (hwy) + a(gw,) — alhwy) - @ (gwy)) (i + €)' (3.158)
=(+O0)"¢(Lw, Sw)i+ 0 (3.159)
Therefore,
%k(t) = (C+i)leiC (—i[c, (d(w,, w)))] (3.160)
+¢(Swe. L)) "CC+D)7 = 0. (3.161)

This shows that k() does not depend on ¢. Therefore,

(C+ 1)1 Ch(w, w)e CC +1)7 =(C+ D) dlw, w)(C +1)7". (3.162)

This proves that '/ implements e'’5.

Clearly, yo =0, g =0,and Q € Dom(dl“(h)%) =Dom(|C]| 5 ). Therefore,
Q|CQ)=0. (3.163)

Thus, by Proposition 3.13, the operator temporarily denoted as C is the normally ordered quantization
of B. ]

L. Infimum of normally ordered Hamiltonians

In Subsection I1 ], in the finite dimensional context, we defined El'; as the infimum of the normally
ordered Hamiltonian I:IE. In infinite dimensions, it is useful to define £ independently of whether
ﬂg exists or not.

__1
As a basic condition on the symplectic generator B, we assume that i > 0, IIh‘%gh < 1. As
in (2.68), for o € R, we set

Ay =Ap+0GS = (3.164)

h og
og h
sothat A =A;.

Out of the formulas for E" listed in (2.70)—(2.75) valid in finite dimensions, the most suitable
one for infinite dimensions seems to be (2.74), which we choose as the definition of E",

1 /! [T 1 i
By=g /0 doTrAZ(AZSA, SAZ) FAZGS, (3.165)
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provided that the above integral is well defined.
(2.75) is another formula for E™ useful in infinite dimensions:

Proposition 3.27. We have

1 /! dr 1 1
Eg :=§/Ov do—\/;(l_a—)Tr(Aa.+1TS)SG

SG. 3.166
Ay +178) ( )
More precisely, if (3.1606) is well defined as a convergent integral, then it coincides with (3.165).

Below we list a few criteria for the existence of Eg.

Theorem 3.28. (1) Let ||g|l1 < oo. Then Eg is well defined by (3.165).

(2) Let s_ < % < 84. Suppose that Trgﬁ_s_ g'h™ <ocoand Trgﬁ_s+ g"h™* < co. Then Ey is well defined
by (3.165) or (3.166).

(3) Suppose that Trgh™' g* < co. Then Ey is well defined by (3.165) or (3.166).

Proof. (1): Repeating the arguments that lead to inequality (3.109), we obtain for o € [0, 1]
V1 - 1 1 V1+
X A, <(AZSA,SAZ): < 19T 4
V1 +ao V1 —aoc
1o 1 1
Therefore, Y := A(ZT(A(ZTSA(,SA(%,)‘%Afr is uniformly bounded.
We apply inequality (A7) to the operator ¥ and X := GS. We obtain

(3.167)

1 11 1 1
"l < o / dor|TrAZ(AZSA,SAZ) 2AZGS|
0

(3.168)
1 11 1 1
<= / da||A;(A3TSA(,SAg)—%A3,||Tr\/G2 <cTrVG?
0

. (3.169)
But TrvG+* = 2Tr\/§. This proves (1).
(2): First note that for 0 < s < 1,

5 . _1 _lys
lAg (Ap +itS) 2| < 77272,

(3.170)
Indeed,
A (Ao +iT8) =AZ(Ag +178) "} X (Ag +i7S)#3, (3.171)
where the first term is bounded by 1 and the second term is bounded by T2t
Moreover,
(Ao +i7S) F GS(Ag +iS) ™} || < 14,7 GSA, || =a < 1. (3.172)
Therefore, we can write

(Ao +178)™' = (Ao +i18) 72 (1 = (Ao +iTS) 2 GS(Ag +irS)"2) " (Ag +irS) 2. (3.173)

(3.173) together with (3.170) and (3.172) yields

IAE Ay +it$) AL < (1 —a) '
Now,

(3.174)
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1 1
T GS G 3.175
| "a, +it8) > A, +itS) | (3.175)
s 52
<|Ai Ao +irs)'AZ|| TrGAF G AG? (3.176)
<(1-a) 2t TrGA G* A", (3.177)

where we first used inequality (A8) with ¥ =Z := Aé As + i‘rS)‘lAé and X = A(;%GA; %, and then
we applied (3.174). Thus

1 /! dr 1 1
E'<- | do | —(1-o)|T GS G 3.178
| |_8/0 0-/71'( o) Ay +it8) > Ay +i75) | (3.178)
1 o
< cTrGA, " G*A,™ / 772t + ¢TrGA,* G Ay / T 2dr. (3.179)
0 1
But TrGA,** GA ;™ = 2Trgh™* gh . This proves (2).
(3): Applying (A8) to
Y=Z:=(1-0(Ay+itS) 2GS(Ag +irS) 2) "', X := (Ao +irS) 2GS(Ao +irS) 2,
and using (3.173) and (3.172), we obtain
[Tr I o1 GS| (3.180)
(Ao +i75) ~ (Ag +i7S) '
= TrXYXY < ||Y||*TrXX* (3.181)
1 1 1
< STr , _G* (3.182)
(I-ca)®  A2+12)2 (AZ+72)2
1 1
< TrG G (3.183)
(1-oca)? (A% +1712)
Therefore,
1 /! dr 1 1
E'<- | do [ —(1-0o)|T GS GS 3.184
| |_8/0 O-/n( o) A, +118) > Ay +i75) | (3.184)
1! 1- d 1
< —/ o 1= [dps U o (3.185)
8Jo (l-aocy ) m  ~(AZ+7Y)
(logl-a)-a) 1 .
=—= "~ “TrG—G". 3.186
82 e (3.186)
But TrGAioG =2Trgh™'g*. This proves (3). O

Theorem 3.29. Suppose that Trgh™ g* < oo, as in Theorem 3.28 (3). Let I:Ig be defined as in
Subsection Il K. Let E} be defined as in (3.165). Then

Ejy =inf H}. (3.187)

If Wis finite dimensional, then (3.187) was proven in Theorem 2.6. In our proof, we will reduce
the full problem to this case. The proof will be divided into several steps.
Step 1. Suppose that there exists a finite dimensional Wy such that Rang ¢ Wy and h preserves W).
Then (3.187) is true.

Proof. Set W) = Wg. Note that g = g implies that W Kerg. Let hg and go denote the restric-
tions of g and & to W). Let h; denote the restriction of % to VV;. Consider the symplectic generator
on W,
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[ho —go]
By:=|_ _ 1,
g ~ho
and the corresponding normally ordered Bogoliubov Hamiltonian
. . 1., R
Hg = Hy, =dT(ho) + 5 (& (30) + a(g0)-

We will write E(')‘, respective?l?/, E", for Ego, respectively, El';.
We have the decomposition

(W) =T (W) ® I,(W).
The operator H™ can be decomposed as
A"=H} ®1+1@dl(h).
We have
inf A" =inf A} =E) = E",
where in the middle step we used the finite dimension of W.
Step 2. Suppose that g is finite dimensional and 15 5-1/(h)g = g. Then (3.187) is true.
Proof. Let € > 0. Let us set

Tlen =1 [(1+e)",(1+e)H1[ (h),

he = i 1+ ne,.
n=—oco
Note that
(1+€e) 'he <h<h,.
Hence,
dr((1 + €)'he) <dT(h) < dT(he).
Now

1= AT (14 €7 ) + 5070 +a(@) < HM AT () + 3 @9+ () = HE,

(3.188)

(3.189)

(3.190)

(3.191)

(3.192)

O

(3.193)

(3.194)

(3.195)

(3.196)

Let W, o be the smallest subspace of W containing Rang and left invariant by /.. In other words,

We o :=Span{nr. ,w : w € Rang}.

Note that . ,Rang = 0 for Inl large enough. Therefore, W g is finite dimensional.
Thus H¢ , satisfy the conditions of Step 1, and so

inf A?, =E",

in the obvious notation. Using Lemma 3.30, we show that
lim E¢ , =E".
e—0 .

Besides,
inf H? _ <inf H" <inf H. ,.

Step 3. Suppose that for some 6 > 0 we have 15 s-1,(h)g = g. Then (3.187) is true.

(3.197)

(3.198)

(3.199)

(3.200)

O
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Proof. We know that h~ 5 g is Hilbert-Schmidt. Finite dimensional operators are dense in Hilbert-
Schmidt operators. Therefore, given € > 0, we can find a finite dimensional g, such that g, = gﬁ,
1 [5’5—1](h)g =4, and

_1 1 — ,
It = h ¥ gelly = [ Te — Bp)h! (g — g) < €. (3.201)

Now, the Hilbert-Schmidt norm dominates the operator norm. Hence, (3.201) implies

_1
lh"2(g — gelll < €. (3.202)
As a consequence,
__1
Ih72(g — gl 2|l <ed 2. (3.203)
Therefore, by (3.203),
. .1 L L . __1
Ih™2geh *II<||h™2gh |+ k72 (g — ge)h i (3.204)
<a+esi=a. (3.205)
By choosing € small enough, we can guarantee that a; < 1.
Now
N 1
H" = (1 - v)dI['(h) + 5(&*(&) +a(ge)) (3.206)
1 Ak ~
+vdl'(h) + 3 (@ (g — ge) +a(g — ge)) (3.207)
1, .. . €2
> (1 =w)dl'(h) + E(a (ge) +a(ge)) — —, (3.208)
%
N 1
H" = (1 +v)dI'(h) + 3 (a"(ge) +a(ge)) (3.209)
L. .
—vdl'(h) + 3 (@ (g — ge) +a(g — ge)) (3.210)
1, .. . €2
<1 +»)d'(h) + E(a (ge) +a(ge)) + —. (3.211)
v
The Hamiltonians (1 + v)dI'(h) + %(&*(ge) + a(ge)) satisty the assumptions of Step 2. O

Step 4. (3.187) is true without additional assumptions.

Proof. hz g is Hilbert-Schmidt and s- (lsin%) T;5.5-1;(h)=1. Hence, for any € > 0, we can find

1 > 6 > 0 such that if we set

86 = ﬂ[&,é‘l](h)g]][d,é‘l](}_l)’ (3.212)
then
||h_%g - h_%g&H2 = \/Tr@ -gs)h (g —gs)<e. (3.213)
Note that
b esh Tl <l ek 7 =a (3.214)

Then we estimate similarly as at the end of Step 3. We argue that we need only estimates about the
Hamiltonians (1 + v)dI'(h) + %(&*(g(;) + a(gs)), which satisfy the assumptions of Step 3. O

A result about the continuity of E} with respect to i, which we needed in the above proof, is
described below.
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Lemma 3.30. Let

h -g o -g
B= 21, B'= 2 (3.215)
g —h g -h
with
1 1 .
h=2gh Il IIh2gh " <a,  Trgh™'g’, Trgh'™'g" <ar.
Then
IES — EB |l < cllh™2(h - i)'~ 3 ), (3.216)
where ¢ depends only on a and a,.
Proof.
Ep - Ey
1 dr 1 1 1
== d —(1-0)Tr————(A - A SG SG
8/0 ‘T/ 7 s o~ A0 s S i)
1! dr 1 1 1
+— d —({ -o0)T SG Al —Ag)—————SG.
8/0 ‘T/ 7T G, v T G e
Then we argue similarly as in the proof of Theorem 3.28 (3). O

M. Weyl Bogoliubov Hamiltonian

Weyl Bogoliubov Hamiltonians play a central role in the theory of Bogoliubov Hamiltonians,
providing the simplest algebraic formulas. Unfortunately, in infinite dimensions, they are usually ill

defined.
N Py I
Ey = ZTr ApSApSAL, (3.217)

If Ag > 0, then we can define
which is a nonnegative number, often infinite. Recall that in finite dimensions, it coincides with the
infimum of Hl‘,fv.

The following theorem gives (rather restrictive) conditions when we can define the Weyl
quantization in any dimension.

1
Theorem 3.31. Assume thath >0, ||h‘%gh || =:a < 1, and Trh < co. Then the following hold:
(1) Trg*h™'g < co.
(2) gl < oo

(3) By (1), we can define I:IE as in Subsection IIl K and Eg is well defined as in Subsection III L,
and by Theorem 3.29,

inf Hy = Ej. (3.218)
(4) By Theorem 3.18 (3), HIV;’ is well defined. We have

N N 1
Hp =Hp+ ETrh. (3.219)
I I
(5) AZSABSA} is a trace class so that E}) is finite. We have

1
Ey = Ej+ Trh, (3.220)

Ey =inf H}. (3.221)
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Proof. We have
11
higgth™t=h"igh Thh 'g'h7b. (:222)

1 1 —
But 42 gh *andh g*h‘% are bounded and £ is a trace class. Therefore, (3.222) is a trace class.
Hence (1) is true and

s 1 [ |
Iglly =llh2h™2gh *h*|ly < k2l llh™2gh *1llIA°1I; < allhlly (3.223)

proves (2).
We know that / is a trace class. Besides, ||g]|; < co implies ||g||» < co. Therefore, the assumptions
of Theorem 3.18 (3) are satisfied. Therefore, Hl‘;’ is well defined.

By (3.107) and (3.108),
1 3
Vatsasat cUx@?, drar (3.224)
d-a} (I-at

(S]]

But Ay is a trace class, so is the left hand side of (3.224).
By repeating the arguments of Theorem 2.6, we see that (3.220) is true. By Theorem 3.18 (3),
we have (3.219). Combining (3.218), (3.220), and (3.219), we obtain (3.221). |

N. Infimum of the 2nd order renormalized Hamiltonian

Recall that in Subsections II L and II M, we discussed the 2nd order renormalized Hamiltonians
I:II%ren and its infimum Elz;e“ in the context of finite dimensions. These objects are of course especially
interesting in infinite dimensions.

Note that it may happen that El%fe“ is well defined and I:Il%re“ is not. In this subsection, we discuss
only E2*", without asking whether 2" exists.

We will use the framework_of Subsection II M with A = 1. That means we assume that 4o > 0, &
=ho + hy, b3 = gg, and h; g = gh;. Recall that we have

g | ° (3.225)
0= — 5 .
[0 —ho
(hy 0
Ag=BoS = — | (3.226)
0 o
L o, B0
Bl=A2 = - (3.227)
L 0 hO
[ hohy + hihy  —hog + ghy
y=piopi= |00 T8 _g_o}. (3.228)
| 8ho —hog  hohy + hohy
We use (2.111) to define E3™",
1 1 1 1 2 ,dr
E¥en.—__ [T 1% 1% 2=, 3.229
4/ rB(2]+‘r2 Bz+‘r2( B(2)+72)T n ( )

provided that the above integral is well defined. Below we give a simple criterion for the well
definedness of E",

Theorem 3.32. Suppose that
1By VB || =1a1 < 1, (3.230)

and
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1 1 3dr
Ly=— | Tr(V—7c) —, 3.231
’ 4~6/ d B(2)+1-2) 7 (3.231)
1 4dr
L -— % 3.232
* 4-8 ( Bz+72) i ( )

are finite. (In the case of La, the meaning of the assumption is clear since the integrand is always
positive. This does not need to be the case of L3—here we assume that the integrand is integrable.)
Then E*™" s well defined.

Proof. Assumption (3.230) is equivalent to

a1Bj <V <aBj. (3.233)
Therefore,
B*=B}+V>(1-a)B} (3.234)
Hence, with ¢ := 1_1a1 >0,
1 1
<c . 3.235
(B2+12) " (BX+71?) (3:23)
Besides,
1 1 3dr
Er = — [ Tr(Ve) — 3.236
re ) ™ g (3:236)
1 1 2 1 1 2 ,dr
— [T 14 1% 21—, 3.237
4/ r(B(z)+72 )32_,_.,.2( B(2)+‘1'2)T n ( )
The first term is precisely L3. The second term is controlled by L4 because
1 1 2 1 1 2 ,dr
0<- [T 1% 14 2— 3.238
_4/ r(B%+T2 )BZ+T2( B(2)+72)T n ( )
c 1 2 1 1 2 ,dr
<— | Tr Vv Vv T — 3.239
4/ = e aVea) 7 (5:239)
1 4dr
= — — ) — = —cly. 3.240
4.8 ( B+ 72) T cha ( )
To pass from (3.239) to (3.240), we use identity (2.95), which involves integration by parts. m|
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APPENDIX: USEFUL STRUCTURES AND RESULTS
1. Complex conjugate space

This appendix is a side remark about complex conjugate spaces. This well known but abstract
and somewhat confusing concept appears naturally in the context of Bogoliubov Hamiltonians. We
follow Ref. 7.

__ LetWhbe aHilbert space. By definition, a space complex conjugate to VV is another Hilbert space
W equipped with a fixed anti-unitary map y : W— W.
In the literature, various authors use several concrete realizations of y and W.
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(1) We can assume that YW= and y is antiunitary on W satisfying y? = 1. Suppose that we
choose a basis fixed by y (which is always possible). Then y amounts to conjugating the
components of vectors in this basis.

(2) We can also identify W with the space of continuous linear functionals on V. We then define
X to be the Riesz isomorphism, that is,

(xzlw) = (zlw), (AD)

where (-I-) denotes the scalar product and (-I-) denotes the action of a linear functional. If we
choose an orthonormal basis in V/and the dual basis in JV, then again y amounts to conjugating
the components of vectors in this basis.

(3) Finally, one can set )= W as the real vector space, changing only the complex structure to the
opposite one and the scalar product to the complex conjugate of the original scalar product.
x is defined to be the identity operator. If we fix any basis, then similarly as before, y is
conjugating the components of vectors.

Interpretation (1) is the most naive one. It is often natural—especially if WWis L? of some measure
space. It is used, e.g., in Sec. 1 or in Ref. 12. Interpretation (2) is used in Ref. 15. Interpretation (3) is
probably the most “orthodox” option—it does not invoke anything besides the vector space structure.
In particular, it does not involve the Hilbert space structure of W.

Note that for all three interpretations, in typical bases, the action of y is equivalent to conju-
gating components of vectors. Similarly yp y~' and yqy amount to conjugating matrix elements of
p and q.

2. x-automorphisms of the algebra of bounded operators
Let H be a Hilbert space. A bijective linear map @ on B(H) is a x-automorphism if

a(BC) = a(B)a(C), a(C*)=a(C)", B,C ecBH). (A2)

Proposition A.1 (Example 3.2.14, Ref. 4). The following statements are equivalent:

(1)« is ax-automorphism of B(H).
(2) There exists a unitary U € B(H) such that

a(C)=UCU", CeB(H). (A3)
If (1) and (2) hold, then U is determined uniquely up to a phase factor.

LetR 51+ @, be a 1-parameter group of x-automorphisms of B(H). We say thatitis a Cj-group
if t = a;(C) for any C € B(H) is weakly continuous.

Proposition A.2 (Example 3.2.35, Ref. 4). The following statements are equivalent:

(1) 1t aisa Cj-group of x-automorphisms of B(H).
(2) There exists a self-adjoint H on ‘H such that

a,(C)=ece™™  CeBM). (A4)
If (1) and (2) hold, then H is defined uniquely up to an additive real constant.

3. Useful identities and inequalities

dr 1 1
/7 C2+12) o2 (AS)
2dr 1 1
/ T (CTHTP Ve (Ao

ITeXY| < ||Y || TrVXX*. (A7)
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ITIXYXZ| < VTIXYY*X*VXZZ*X* < ||Y||||Z|| TrXX*. (A8)
ai apn
llailly + llazall; < . (A9)
a1 axn ||,

4. Useful lemmas

Lemma A.3. Let C be a bounded operator on VV with a dense range. Let D be a dense subspace
of W. Then CD is dense.

Proof. Let w € W. We can find v; € W such that ||[w — Cu;|| < 5. We can find v € D such that

_ _€
[log — 2| < 3cT- Now

lw = Coll < llw = will + [[Cvy — Cozfl <e. (A10)
m

Lemma A.4. Suppose that hy and h; are self-adjoint operators on VW such that for any w, w’ € W,
1 4 .
lim = ((wle"™w’) - (wle"™w”)) =0. (A1)
t—0 1
Then h1 = hz.

Proof. Let w € Domh; and w € Domh;. Then (A11) implies
(mwlw’) = (wlhaw”). (A12)

This means that i; C h; =hyand hy Ch; = hT Hence hy = hs. |
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