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Holomorphic Family of Dirac-Coulomb
Hamiltonians in Arbitrary Dimension

Jan Derezinski® and Blazej Ruba

Abstract. We study massless one-dimensional Dirac-Coulomb Hamiltoni-

_Atw
ans, that is, operators on the half-line of the form D, » := 81 _ ;21;] .

We describe their closed realizations in the sense of the Hilbert sf)ace
L* (R, (CQ)7 allowing for complex values of the parameters A, w. In phys-
ical situations, A is proportional to the electric charge and w is related to
the angular momentum. We focus on realizations of D,, x» homogeneous of
degree —1. They can be organized in a single holomorphic family of closed
operators parametrized by a certain two-dimensional complex manifold.
We describe the spectrum and the numerical range of these realizations.
We give an explicit formula for the integral kernel of their resolvent in
terms of Whittaker functions. We also describe their stationary scattering
theory, providing formulas for a natural pair of diagonalizing operators
and for the scattering operator. We describe the point spectrum of their
nonhomogeneous realizations. It is well-known that D,, » arise after sep-
aration of variables of the Dirac-Coulomb operator in dimension 3. We
give a simple argument why this is still true in any dimension. Further-
more, we explain the relationship of spherically symmetric Dirac oper-
ators with the Dirac operator on the sphere and its eigenproblem. Our
work is mainly motivated by a large literature devoted to distinguished
self-adjoint realizations of Dirac-Coulomb Hamiltonians. We show that
these realizations arise naturally if the holomorphy is taken as the guid-
ing principle. Furthermore, they are infrared attractive fixed points of
the scaling action. Beside applications in relativistic quantum mechan-
ics, Dirac—Coulomb Hamiltonians are argued to provide a natural setting
for the study of Whittaker (or, equivalently, confluent hypergeometric)
functions.
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1. Introduction

The main topic of this paper is the one-dimensional massless Dirac Hamilton-
ian with a two-parameter perturbation proportional to the Coulomb potential

=5 o } . (1.1)

— x
b= [ S
We allow the parameters w, A to be complex. We will describe realizations of
(1.1) as closed operators on L*(R,, C?). We will call (1.1) the one-dimensional
Dirac—Coulomb Hamiltonian or operator (omitting usually the adjective one-
dimensional, or shortening it to 1d).

The formal operator D, » is homogeneous of degree —1. Among its var-
ious closed realizations we will be especially interested in homogeneous ones,
i.e., those whose domain is invariant with respect to scaling transformations.

Our main motivation to study D, » comes from the 3d Dirac-Coulomb
Hamiltonian

& A
Zajijrﬁmf - (1.2)

j=1

acting on four component spinor functions on R3. Here m € R is the mass
parameter, A € R is related to the charge of nucleus and p; := —id,;. As is
well known, after separation of variables in (1.2) with m = 0 one obtains (1.1).
Possible values of w are +1,+2,.... They are related to the angular momen-
tum. Similar separation is possible also in other dimensions, albeit leading to
different values of w. We remark that the mass term is bounded and hence
does not change the domain. Therefore, the analysis of the m = 0 case yields
the description of closed realizations of the massive Dirac—Coulomb operator.

The second source of interest in D,  is the expectation that models with
scaling symmetry describe the behavior of much more complicated systems in
certain limiting cases.

There exists another important motivation for the study of Dirac—Coul-
omb Hamiltonians. Objects related to (1.1), such as its eigenfunctions and
Green’s kernels can be expressed in terms of Whittaker functions (or, equiv-
alently, confluent functions). Whittaker functions are eigenfunctions of the
Whittaker operator

— _ 92 1
Lpo = —0%+ (a ) - (1.3)
The Dirac—Coulomb Hamiltonian may be viewed as a good way to organize
our knowledge about Whittaker functions, one of the most important families
of special functions in mathematics. Curiously, it seem more suitable for this
goal than the Whittaker operator itself. Indeed, the homogeneity of the Dirac—
Coulomb operator leads to several identities which have no counterparts in the
case of the Whittaker operator (e.g., the scattering theory described in Sect. 6
with [13] and [10]).

Let us briefly describe the content of our paper. The most obvious closed

min

realizations of D,  are the minimal and maximal realizations, denoted D[}
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and D5, Both are homogeneous of degree —1. They depend holomorphically

on parameters w, A, except for [Revw? — A\?| = %, where a kind of a “phase
transition” occurs. One of the signs of this phase transition is the following:
For |[Revw? — \2| > %, we have Dg“f = DY, so that in this parameter range
there is only one closed realization of D,, ». However, for |[Revw? — \2| < %,
the domain of Du‘ff/{l has codimension 2 as a subspace of the domain of DZAr.
This means that for fixed (w,A) in this region there exists a one-parameter
family of closed realizations of D,, » strictly between the minimal and maximal
realization.
In operator theory (and other domains of mathematics) it is useful to
organize objects in holomorphic families [14,29]. Therefore, we ask whether
u‘f‘ff = D3¢ can be analytically continued beyond the region [Revw? — \?| >
%. The answer is positive, but the domain of this continuation is a complex
manifold which is not simply an open subset of the “(w, A)-plane” C2. To define
this manifold we start with the following subset of C3:

1
{(w,)\,u) | 1 = w? — N, u>—§}. (1.4)

Then we “blow up” the singularity (w, A, 1) = (0,0,0). The resulting complex
two-dimensional manifold is denoted M _ 1 There exists a natural projection
Mo — C?. The preimage of (w,\) € C? has one element if [Rev/w? — \2| >
3, two elements if |[Revw? — A?| < 3, and (w,\) # (0,0) and infinitely many
elements if w = A = 0. This last preimage, called the zero fiber, is isomorphic
to the Riemann sphere CP!, for which we use homogeneous coordinates [a:b].
Away from the zero fiber, points of M,% may be labeled by triples (w, A, p).

The main result of our paper is the construction of a holomorphic family
of closed operators /\/L% > p — D), consisting of homogeneous Dirac-Coulomb

Hamiltonians. If p € M _ 1 lies over (w, A), then we have inclusions
Dom( g“;) C Dom(D,,) C Dom(DZAY). (1.5)

If [Revw? — A2| > £, both inclusions in (1.5) are equalities. On the other hand,
for |[Revw? — A2| <  both inclusions are proper and elements of the domain
of Dom(D,) are distinguished by the following behavior near zero:

o {“} ~ {“’A} (1.6)
w4+ |w+A w—\| —p
Note that the two functions in (1.6), when both well defined, are proportional
to one another.

We describe various properties of D),: we find its point spectrum, essential
spectrum, numerical range, discuss conditions for (maximal) dissipativity. We
construct explicitly the resolvent. Some spectral properties, including their
point spectra, of nonhomogeneous realizations of D,,  are also discussed.

Whenever D, is self-adjoint, its spectrum is absolutely continuous, simple
and coincides with R. In non-self-adjoint cases, the essential spectrum is still
R, but on certain exceptional subsets of the parameter space there is also
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point spectrum {Im(k) > 0} or {Im(k) < 0}. Away from exceptional sets D,
possesses non-square-integrable eigenfunctions, which can be called distorted
waves. They can be normalized in two ways: as incoming and outgoing distorted
waves. They define the integral kernels of a pair of operators T that, at least
formally, diagonalize D,. More precisely, on a dense domain U * intertwine D,
with the operator of the multiplication by the independent variable k € R. Up
to a trivial factor, U* can be interpreted as the wave (Mgller) operators. The
operators U+ and U~ are related to one another by the identity SU™ := U,
which defines the scattering operator S. Thus, we are able to describe rather
completely the stationary scattering theory of homogeneous Dirac-Coulomb
Hamiltonians.

For self-adjoint D), the operators U* are unitary. If X is real, they are
still bounded and invertible, even if D), are not self-adjoint. We show that ¢/ +
can be written (up to a trivial factor) as Z% (sgn(k), A), where A is the dilation
generator and sgn(k) is the sign of the spectral parameter. We express =% in
terms of the hypergeometric function. We prove that they behave as s/™ )|
for s — co. In particular, this shows that &* are bounded only for real \.

The Coulomb potential is long-range. Therefore, we cannot use the stan-
dard formalism of scattering theory. In our paper we restrict ourselves to the
stationary formalism, where the long-range character of the perturbation is
taken into account by using appropriately modified plane waves.

Operators D, with p in the zero fiber can be fully analyzed by elemen-
tary means. All operators strictly between Dg}é“ and Dg’§™ are homogeneous
and are specified by boundary conditions at zero of the form f(0) € C [(Ij
for [a:b] € CP!. Operator corresponding to boundary condition [a:b] will be
denoted Di,.p)- Other cases in which operators D,, are particularly simple are
discussed in “Appendix A”.

The operator Dmij\‘ is Hermitian (symmetric with respect to the scalar
product (|-)) if and only if w, A € R. Below we state our main results about
self-adjoint realizations of D, » in the form of two propositions. They are
immediate consequences of the results of Sects. 4, 5. We present also the phase
diagram of operators D,  on Fig. 1 and the parameter space of homogeneous
self-adjoint Dirac—Coulomb Hamiltonians on Fig. 2.

Let H'(R) be the first Sobolev space on R and H{ (R, ) be the closure
of C° in HY(R,).

Proposition 1. Let w, A € R. The Hermitian operator Dg‘f}\‘ has the following
properties.

1. If% < w? — N2, it is self-adjoint and Dg"if =D, \vor—xz
2. Ifw? =\ < i, it has deficiency indices (1,1). Hence, there exists a circle

of self-adjoint extensions.

Proposition 2. la. If § < w? — A2, we have Dom(D2Y) = Hg (R, C?).
1b. If § = w? — A%, we have Hj(Ry,C?) C Dom(DZ'Y).
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FIGURE 1. Phase diagram of operators D,,  for (w,\) € R%
It is partitioned into five subsets corresponding to five possible
behaviors, see Propositions 1 and 2 and Fig. 3. We label re-
gions as follows. Color green and letter A refer to w? — \? > i
(we do not give a separate name to the boundary of this re-
gion, although it is also somewhat special). Color blue and
letter B refer to the subset 0 < w? — A\? < 1. Black lines
and letter C' refer to the lines w = +\, except for the special
point (w, A) = (0,0), which is marked with a fat red dot and
letter D. Yellow color and letter E are used for the region
w? — A2 < 0. In addition we present lines corresponding to
the lowest angular momentum values for dimensions d = 0,
d=1,d =2 and d = 3. Here we disregard the possible sign
of w, which is irrelevant due to symmetry w — —w

2a. If 0 < w? — N2 < i, exactly two self-adjoint extensions of Dﬁij\‘ are ho-

mogeneous, namely D, | jze—xz and D, \ _ jze—x=. The former is dis-
tinguished among all self-adjoint extensions by

oo T 2
/0 <|f( )| + |f(x)||f/($)|) dr < oo for f € Dom(D,, \ jzz—z), (1.7)

X
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FIGURE 2. Parameter space of homogeneous self-adjoint
Dirac—Coulomb Hamiltonians projected onto axes w, A, u. Re-
gions colored yellow, blue and red are described by inequalities
> %7 0<p< % and —% < p < 0, respectively. The fat dot
at the origin represents a circle contained in the zero fiber Z,
so the whole parameter space is topologically a cylinder

i.e., elements of its domain have finite expectation values of kinetic and
potential energy.

2b. If |A] = |w| # 0, ezactly one self-adjoint extension of Dﬁij\‘ is homoge-
neous, namely Dy, x 0. It has the property Hi (R4, C?) € Dom(Dy x0) S
HY (R, C?).

2¢c. If A =w =0, all self-adjoint extensions of Dg"l)r\‘ are homogeneous. They
have the form Dy with [a : b] € RP!.

2d. If |\ > |w|, none of self-adjoint extensions of Dg‘f;\‘ is homogeneous.

Now let w, A be real and suppose that w? — A\* < 1. Let 7+ U, denote
the scaling transformation. The parameter space of self-adjoint extensions is a
circle. It admits an action of the scaling group given by

Dw U, DU (1.8)

The fixed points of this action are the homogeneous self-adjoint extensions.
Main properties of this action are illustrated by Fig. 3.

As we present in “Appendix B”, d-dimensional Dirac—Coulomb Hamil-
tonians can be reduced to the radial operator (1.1). Combined with the anal-
ysis presented above, one obtains rather complete information about self-
adjointness and homogeneity properties of these operators. Here we point out
only a few facts concerning these extensions on the lowest angular momentum
sector.

e dimension 1 There exist no homogeneous self-adjoint realizations for any

A # 0.

e dimension 2 The operator defined on smooth spinor-valued functions
with compact support not containing zero is not essentially self-adjoint
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FiGURE 3. Visualization of the action of the scaling group
on self-adjoint extensions of D"} in four regions covering the

set of w, A satisfying w? — A% < i. Fat dots are the fixed
points, while arrowheads indicate the direction of the flow as
T increases, see (1.8). In the first region there are two fixed
points, attractive and repulsive, corresponding to a positive
and negative u, respectively. As w? — \? decreases to zero, the
two fixed points merge to one degenerate fixed point, except
for the point w = A = 0 at which the scaling action becomes
trivial. As w? — A? decreases below zero, the scaling action
becomes periodic with period \/%

for any A # 0. For |A| < 1 there exist homogeneous self-adjoint exten-
sions of Drnln These homogeneous extensions can be organized into two
continuous families. The (more physical) family is defined on [—1,1]. At
the endpoints A = +1 it meets the other family, which is defined on
[—1,0[U]0, 1].

° dimension d>3: The operator defined as above is essentially self-adjoint

if A2 < d 2) If d dd=2) X2 it is not essentially self-adjoint. How-

ever, for )\2 < % there exists homogeneous self-adjoint extensions

of Dmln They can be organized into two families depending continu-

. o (d—1)? (d—1)>
ously on A. The more physical family is defined on [, =F*].

The second family meets the first at the endpoints and is defined on
= (d11)2 - d(d;Q) (U] d(d;Z) 7 (d;l)z !

In all cases in which there exist no homogeneous self-adjoint extensions, the
defect indices are nevertheless equal and hence there exist nonhomogeneous
self-adjoint extensions.

Analysis of self-adjoint realizations of the three-dimensional Dirac—Coul-
omb Hamiltonian has a long and rich history in the mathematical literature.
There even exists a recent review paper devoted to this subject [21]. Let us
explain the main points of this history, referring the reader to [21] for more
details.

A direct application of the Kato-Rellich theorem yields the essential self-
adjointness of the (massive, 3d) Dirac-Coulomb Hamiltonian only for || < 3.
This proof is due to Kato [28,29]. The essential self-adjointness up to the

V3

boundary of the “regular region” |\| < 5 was proven independently by
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Gustaffson-Rejto [26,34] and Schmincke [36]. They needed to use slightly more
refined arguments going beyond to the basic Kato-Rellich theorem. The “dis-
tinguished self-adjoint extension” in the region § < |A] < 1 was described
in several equivalent ways, mostly involving the characterization of the do-
main, by Schmincke, Wiist, Klaus, Nenciu and others [5,6,22,31,33,37,42,43].
The characterization of distinguished self-adjoint extensions based on holo-
morphic families of operators was first proposed by Kato in [30]. Esteban
and Loss [18] characterized the distinguished self-adjoint realization at the
boundary of the “transitory region”, that is for |A\| = 1, by using the so-called
Hardy-Dirac inequalities. Self-adjoint realizations in the “supercritical region”
|A| > 1 were first studied by Hogreve in [27], and then (with some corrections)
n [22]. The authors of [22] analyze also the second distinguished branch of
self-adjoint extensions in the critical region, which they call “mirror distin-
guished”. [5,6] include in their analysis a term proportional to - 3c;x;, which
they call “anomalous magnetic”.

Our treatment of Dirac—-Coulomb Hamiltonians is quite different from
the above references. We use exact solvability to describe rather completely
their resolvent, domain and (stationary) scattering theory. We do not add
the mass term, which helps with exact solvability and makes possible to use
the homogeneity as a good criterion for distinguished realizations. Another
concept which we use is that of a holomorphic family of operators, which we
view as an important criterion for distinguishing a realization. The mass term
is bounded, so it does not affect the basic picture of distinguished realizations.
Our analysis includes realizations which are not necessarily self-adjoint, but
turn out to be self-transposed with respect to a natural complex bilinear form.
Our description of various closed realizations of Dirac—Coulomb Hamiltonians
is quite straightforward and involves only elementary functions. We use neither
the von Neumann nor the Krein—Vishik theory of self-adjoint extensions, which
lead to a rather complicated description of the domains of closed description
involving Whittaker functions, see [22,23].

Our analysis of Dirac-Coulomb Hamiltonians can be viewed as a con-
tinuation of a series of papers about holomorphic families of certain one-
dimensional Hamiltonians: Bessel operators [3,12] and Whittaker operators
[10,13].

Let us mention some more papers, where Dirac—-Coulomb operators play
an important role.

First, there exist a number of papers [7,16,24,39] devoted to the time
dependent approach to scattering theory for self-adjoint Dirac Hamiltonians
on R? with long range potentials.

There also exists a large and interesting literature devoted to eigenvalues
inside a spectral gap of a self-adjoint operator, with massive Dirac-Coulomb
Hamiltonians as prime examples [18,19,23,35]. Massless Dirac—Coulomb
Hamiltonians do not have a gap, and eigenvalues are possible only in non-
self-adjoint nonhomogeneous cases. Nevertheless, we believe that methods of
our paper are relevant for the eigenvalue problem in the massive self-adjoint
case.
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For a study of one-dimensional Dirac operators with locally integrable
complex potentials, see [2].

Finally, let us mention another interesting related topic, where the ques-
tion of distinguished self-adjoint realizations arises: 2-body Dirac-Coulomb
Hamiltonians. Their mathematical study was undertaken in [8]. Even though
the physical significance of these Hamiltonians is not very clear, they are widely
used in quantum chemistry.

Let us briefly describe the organization of our paper. Its main part,
that is Sects. 2-8 describes realizations of 1d Dirac—Coulomb Hamiltonians
on L?(R,C?) focusing on the homogeneous ones. Besides, our paper contains
four appendices, which can be read independently.

“Appendix A” first discusses some general concepts related to 1d Dirac
operators. Then two special classes of 1d Dirac—Coulomb Hamiltonians are
analyzed in detail.

Essentially all papers that we mentioned in our bibliographical sketch
treat the three-dimensional case. It was pointed out in [25] that a general
d-dimensional spherically symmetric Dirac Hamiltonian can be reduced to a
one-dimensional one. We describe this reduction in detail in “Appendix B”.
We also analyze its various group-theoretical and differential-geometric as-
pects, including the relation to Dirac operators on spheres and the famous
Lichnerowicz formula. Spectra of the latter are computed in two independent
ways and a construction of eigenvectors is presented.

The short “Appendix C” is devoted to the Mellin transformation.

Finally, in “Appendix D” we collect properties of various special func-
tions, mostly, Whittaker functions, which are used in our paper. We mostly
follow the conventions of [10,13].

1.1. Remarks About Notation

Symbol (+|-) is used for standard scalar products on L? spaces, linear in the
second argument, while (-|-) is used for the analogous bilinear forms in which
complex conjugation is omitted:

(flg) = / f(2)Tg(z)dz. (19)

Transpose (denoted by the superscript T) of a densely defined operator is
defined in terms of (-|-) in the same way as the adjoint (denoted by x) is
defined in terms of the scalar product. We use superscript perp for orthogonal
complement with respect to (:|-) and L for orthogonal complement with respect
to (+|). Overline always denotes complex conjugation; for example, we have
X1 = XPperp for a subspace X.

We will write Ry =]0,00[, C+ = {z € C| £Im(z) > 0}, N={0,1,...}.
Omission of zero will be denoted by x, e.g., R* = R\{0}. Indicator function
of a subset S C R will be denoted by 1g. We label elements of the Riemann
sphere CP! using homogeneous coordinates, i.e., [a : b] € CP! is the complex
line spanned by (a,b) € C*\{0}.
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Operators of multiplication of a function in L?(R,,C") and L?(R,C") by
its argument will be denoted by X and K, respectively. Dilation group action
on L?*(R;,C") is defined by U, f(x) = e f(e"x). We denote its self-adjoint
generator by A, so that U, = ¢™. Operator O is said to be homogeneous of
degree v if U,OU! = e”7O. Inversion operator J is defined by (Jf)(z) =
17 (L). It is unitary and satisfies J? =1, JAJ ™! = —A.

Complex power functions z — z® are holomorphic and defined on C\] —
00, 0]. Domains of holomorphy of special functions used in the text are specified
in “Appendix D”.

In our paper we will often use the concept of a holomorphic map with
values in closed operators, which we now briefly recall [14,29]. We will give two
equivalent definitions of this concept: the first is “more elegant”, the second
“more practical”. To formulate the first definition note that the Grassman-
nian (the set of closed subspaces) Grass(X) of a Hilbert space X carries the
structure of a complex Banach manifold [17].

Consider Hilbert spaces X5, X3 be Hilbert spaces and a complex manifold
M. We say that a function M > p — T, of closed operators Xy — X3 is
holomorphic if and only if p — graph(7},) € Grass(Xz x X3) is a holomorphic
map.

Equivalently, M > p +— T, is holomorphic if for every py € M there
exists a neighborhood My of pg in M, a Hilbert space X; and a holomorphic
family My > p — S, of bounded injective operators S, : X; — Xz such
that Ran(S,) = Dom(T},) and T},5, form a holomorphic family of bounded
operators.

2. Blown-Up Quadric

Formal Dirac—Coulomb Hamiltonians depend on parameters (w, A) € C2. In or-
der to specify their realizations as closed homogeneous operators, it is necessary
to choose a square root of w?—\2. For this reason homogeneous Dirac-Coulomb
Hamiltonians are parametrized by points of a certain complex manifold. This
section is devoted to its definition and basic properties.

Let us first introduce a certain null quadric in C3:

M7= {(w, A 1) € CFw? = A2 4 12 (2.1)

By the holomorphic implicit function theorem, MP* is a complex two-dimens-
ional submanifold of C? away from the singular point (0,0,0) (also denoted 0
for brevity).

We consider also the so-called blowup of MP™ at the singular point,
defined by

M{(w,)\,u,[a:b])EC3xCIP1 [w:Aw’jA] m - [8” (2.2)

Fibers of the projection map M — CP! are described by triples (w, \, ) € C3
subject to two linearly independent linear equations, whose coefficients are
holomorphic functions on local coordinate patches of CP'. Therefore, M is a
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holomorphic line bundle over CP', embedded in the trivial bundle C* x CP!.
In particular it is a two-dimensional complex manifold.

Equation [w : A w ﬁ )\] [Z} = [8} has a solution different than (a,b) =
(0,0) if and only if the quadratic equation defining MP*® is satisfied. Thus,
there is a projection map M — MP™. Its restriction to the preimage of
MP\{0} is an isomorphism and will be treated as an identification. The
preimage of zero, called the zero fiber and denoted Z, is an isomorphic copy
of CP!.

We will often use the short notation p = (w, A, i, [a : b]) for elements of
M. If p ¢ Z, then [a : b] is uniquely determined by (w, A, 1) and we abbreviate
p = (w, A\, ). In turn for p in the zero fiber we write p = [a : b].

We will now describe useful coordinate systems on M. The coordinates

z= %, w4+ A (2.3)
are valid on {b # 0} — the open subset of M which is the complement of
{b = 0} = {(wv —w, 0, [1 : O])}WEC' (24)

More precisely, the following map is an isomorphism of complex manifolds:

w 2%) (w — 22
C29(w+>\,z)H<( +)\)2(1+ ),( +)\)2(1 ),—(w+)\)z,[z:1])

e {b+0}. (2.5)

We note that

- A
_r (2.6)
w+ A I
whenever the denominators are nonzero.
Analogously, on {a # 0}, the complement of

{a =0} = {(w,w,0,[0: 1)) }uec, (2.7)

we use the coordinates z7! and w — \.
Sets {a # 0}, {b # 0} cover the whole M. On their intersection we have

w—A=(w+ )2 (2.8)

We note that the locus {\ = 0} is the union of three Riemann surfaces:
{A=0}=Z2U{a=0b}U{a=—b}. (2.9)

It is singular at the intersection points:
{1:1]}=2Z2n{a=0b}, {[1:-1]}=Z2n{a=—b}. (2.10)

On the other hand, the level sets {A = Ag} with Ay # 0 are nonsingular.
Similarly, we have

{(t=0}=2U{a=0}U{b=0} (2.11)
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Remark 3. Consider the tautological line bundle N' — CP', i.e., the space of
pairs ((a/,),[a : b]) € C? x CP' such that (a’,V') € [a : b]. Setting z := %7 we
obtain two charts (b, 2) and (a’,z71), which cover N. The clutching formula
for N is @’ = V/z, which can be compared with the clutching formula (2.8) for
M. Thus, we see that as a holomorphic vector bundle M is isomorphic to the

tensor square of N.

Later we will encounter the meromorphic functions on M

+i
NE=_ %=1 2.12
P T(1 4 pFiN) (2.12)
We define the exceptional sets as their zero loci:
e =N =0y = &,
n=0
50i ={pe M]a=Fib} ={pe M|z=7Fi},
EF ={pe M|uFirx=-n}, n=12,.... (2.13)

Away from Z, the condition p € 53: is equivalent to pFiA = 0. Thus, for p ¢ Z
we have p € £% if and only if uFi\ € —N. Moreover,

Efnz=£nz={7i:1]}. (2.14)

In particular Z N ET NE~ = (. Clearly, the sets £F, n = 0,1,2,..., are
connected components of £*. Each £F is isomorphic to C. Indeed, 535 is a
fiber of M — CP! and £F with n > 1 is globally parametrized by w.

Lemma 4. £TNE™ is a countably infinite discrete subset of M on which 2u +
1 € —N. In particular p < —%.

Proof. Suppose that p € M is such that p +iX = —n, p — i\ = —m with
n,m € N. Then

m-—-mn m-+n

(w, A, ) = (:I:nm7 5T g ), (n,m) € N*\{(0,0)}, (2.15)

from which the discreteness and countability of £ N E~ is clear. If both n,m
are zero, then ;4 = A = 0 and hence also w = 0. In this case we have p €
ZNETNE™ = P—contradiction. Thus, at least one of n, m is nonzero, and
we have 2u+ 1 =1—n—m € —N. Conversely, if (n,m) € N? is different than
(0,0), then (2.15) defines one or two (if nm # 0) points of £ NE™, so this set
is infinite. 0

We define the principal scattering amplitude as the ratio

S7£7271F(1+u—i)\)7(w7)\+iu)1“(1+,ufi/\) (2.16)
PUNS T 2+iD(l4p+id) (= A—iwTQ+p+ir) 7

It satisfies .S? =S, L. hence, it has a unit modulus for p = p. Furthermore,
ETNET = {5, =0}, EN\E™ ={S, = 0},
E-NET = {8, indeterminate}. (2.17)
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We introduce an involution on M by

T(w, A\, p, [a : b)) = (w, A\, =1, [—a : b]). (2.18)

3. Eigenfunctions and Green’s Kernels

3.1. Zero Energy

The 1d Dirac—Coulomb Hamiltonian with parameters w, A € C is given by the
expression

(3.1)

_Aw
Dw,)\ = |: 8;8 _)\(‘%Ew:| .

xr
When we consider (3.1) as acting on distributions on Ry, we will call it the
formal operator. In what follows we will define various realizations of this
operator, with domain and range contained in L?(R,,C?), preferably closed.
They will have additional indices.
First consider its eigenequation for eigenvalue zero

Dyaé = 0. (3.2)

The space of distributions on Ry solving (3.2) will be denoted Ker(D,, »). The
following lemma shows that Ker(D,, ) consists of smooth solutions.

Lemma 5. Let [ be a distributional solution on Ry of the equation f'(x) =
M(z)f(x) for some M € C>*°(Ry,End(C™)). Then f is a smooth function.

Proof. Fix zg € Ry and € € |0, % [. We choose x2 € C2°(R4) equal to 1 on
[xo — 2€, 29 + 2¢] and x1 € C°(R,) supported in [zg — 2¢, 29 + 2¢] and equal
to 1 on [xg — €,x0 + €. Clearly x2x1 = x1 and x2x; = xi. Put f; = x; f for
Jj = 1,2. Since f, is compactly supported, it belongs to H*(R;,C") for some
s € R. We have f1 = x1f2, so also f1 € H*(R;,C"). Now evaluate

f1=x0f+xaf =xexXif +xexaM f = (X +xaM) fo. (3.3)

Since x| +x1M € C°(R, ), this implies that f; € H*1 (R, C"). Next we may
repeat this argument with § playing the role of new €, x; as the new x2 and
arbitrarily chosen new ;. Then the new fj isin H*+2(R,C"). Proceeding like
this inductively we conclude that for every s € R there exists x € C(Ry)
equal to 1 on a neighborhood of xg such that x f belongs to H*(R,,C™).
Taking s > % + k we conclude from Sobolev embeddings that f is of class C*
on a neighborhood of z(, perhaps after modifying it on a set of measure zero.
Since this is true for every k£ € N and every g € Ry, f is smooth. O

For p € M, we introduce two types of solutions of (3.2):

)= [ = 1] (340

7ﬁm:warﬂ:ﬂ{ll (3.4b)

- -1
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They are nowhere vanishing meromorphic functions of p for every z:
M3p— n;(x) has a pole on {b = 0},
M>3p— n;l;(f) has a pole on {a = 0}.

On {a # 0} N {b # 0} we have n} =z~ '/
There exist also exceptional solutions, defined only for p = 0:

91 (2) = —In(z) [;L] 4 H L w—A=0; (3.50)

9 (2) = — In(x) [25"] 4 m . witA=0. (3.5b)
The nullspace of D,, , that is, Ker(D,, ») has the following bases:
p#0: (nL,A,W UL,,\,—M) and (ni,x,w Wi,,\,—u)v

w=A#0: (UL,w,Oa 192)’
w==A#0:  (nb_ue L)
@n=00: @ o=
The canonical bisolution of D,, y (A.5) at k = 0 takes the form
LG -G G) )
BN IR OO (OO}
3.2. Nonzero Energy

Now consider the eigenequation for the eigenvalue k € C*:
(Dur = k)f = 0. (3.7)
Acting on (3.7) with D, _» + k we obtain

82 w—)\Z_M_kQ o.)2>\
w+A v 2 | w —/\2 2)\k 2 f(z)=0. (3.8)
=0 R4 e R

0 w—2A
. . o 112 — 2 _ )2 : ; ‘q
At first we focus on the case pu* = w?® — A\* #£ 0, in which L} A0 } is a

diagonalizable matrix. Decomposing f(z) in its eigenbasis

f@)= £ |+ 1w 2] (39)

we find that functions fyi (z) satisfy the Whittaker equations

(_82+(ui;>2—i_m

2 T

— k2> fx(z)=0. (3.10)

This second-order differential equation is satisfied by the Whittaker functions
(D.15) and (D.18):

f:t (I) = Ci,lz—i/\,ui% (21]{:1‘) + Ci72]c_i)\,“j:% (Qikx). (311)
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For generic values of parameters, the four functions appearing in (3.11)
are linearly independent and thus (3.11) is the general solution of (3.8). In-
spection of its expansion for x — 0 reveals that (again, for generic parameters)
it is annihilated by D, » — k if and only if

iwe_ 1 =cqq, weo o= (A+in)et 2. (3.12)

Remark 6. Equation (3.7) simplifies for 4 = 0, but instead of treating it sep-
arately we will construct solutions valid on the whole M by analytic contin-
uation. For similar reasons we disregard non-generic cases mentioned above
Equation (3.12).

Let us introduce a family of solutions of the eigenequation (3.7) defined
for k € C\[0,ioc0]:

()= LOERTID) [ gy [© A
&, (ko) = 2w — N+ 1) (lwIi)\’M+é(21kzx) { B }

+ Ty, (2k2) Fﬂ:pA}) , (3.13a)

w ’C—i)\,,u—i-% (2ikx) [ — A

plw — A —ip) [ z ]
A+ 1)K iy s (2ika) [y A

plw — A —ip) {—u}

As an alternative to the presented derivation, one may check directly that they

satisfy (3.7) using recursion relations from “Appendix D.4”.
The second family, defined for k € C\[0, —ioco[, is obtained by reflection:

Cp_ (k’ .13) =

(3.13b)

& (ko) = & (K, ), G (k,x) = G (k). (3.14)
Explicit expressions in terms of Whittaker functions take the form
D(14 p—1N)
+ _
T 9iky) |4~ A T 9iky) |4~ A
X | —lw i)\,;ht%(_ ikx) i + iA,,ufé(_ ikx) —u )
(3.15a)
w iy 41 (—2ikz _
(ko) = ety (Z2K) {“’ A}
wlw — X +1ip) H
A —ip)yy 1 (=2ikz _
+( 1)Kix i ( ) [w )\] (3.15)
plw — A +1ip) —H

Lemma 7. Let us fix k, x. 5;{(k,x) and &, (k,z) are meromorphic functions of
p € M, nonsingular away from £ and £, respectively. (;(k,x) and ¢, (k,z)
are holomorphic functions on the whole M. Furthermore, ng() satisfy C;: =

Cf(p), where T was defined in (2.18), and are nonzero functions for every p €
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Proof. Tt is sufficient to prove the claim for the family with superscript mi-
nus. Meromorphic dependence on p is clear. Definitions of §, and (, can be
manipulated to the form

1 -
f;(k,l‘) = iI—i)\,u—&-%(Qikx)i_ l: Zl:|

Np
y Doy (k) =T (k) 1 [z] , (3.16a)
1 Ny U1
C;(kﬂt)=:K3ixu+é(mkx>{{
e+ /\;(z +i) ;CMﬂzikw);’cm,w;(mkx) m (3.16b)

— K—ik,u—% (21kl‘) |:i:|

(W + AN (=2 + 1) (K_iy g k) — Ky uq1 (2ik)) {_Z}

24 1
(3.16¢)
Functions p — Lo BRD AT i gy C1R2) and
"
K_iy o1 2ikx)=K_ . 1(2ikz) . .
= i m Aty have removable singularities at u = 0, as

seen from identities (D.17), (D.19a). Therefore, ¢, (k, ) is regular for z # ooc.
If in addition p ¢ €7, then also (N, )~' and hence &, is nonsingular.

Z} = (w=A)(1+iz71) Lfl} in (3.16a). Then

;
it is clear that ¢, (k,z) is nonsingular for z = co.

Next write (w4 A)(z +1)

Moreover, = = I'(1 + p +1i\)(1 —iz7")~" is nonsingular for z = oo if

p & &, - Hence, & (k,z) is nonsingular for z = oo if p ¢ £7.

The statement about the symmetry g — —p follows from the comparison
of (3.16a) and (3.16¢). The last claim follows from (3.19) below. O

. &£ (k) .
Remark 8. Proof of Lemma 7 shows that functions Ty are singular on
(w=AFipeE (ko) .
T aFin)

holomorphic everywhere on M; however, it vanishes on Z U {a = 0}.

subsets of M smaller than £, namely on Soi. Moreover,

Near the origin, f;t has the leading term proportional to (kz)", except
for2p+1¢€ —N:

1 (F2ika)" [z
S0~ N T |

If k € C4, it grows exponentially at infinity:

] + O((kz)»t1) (3.17)

& (k@) ~ %ejFim(;Qikx)jFi)‘ {1] + O(eTik () TA-T), (3.18)

Fi



364 J. Derezinski, B. Ruba Ann. Henri Poincaré

Under the same assumption, C;,t is exponentially decaying:

CE(k, @) ~ e (F2ikz) = ﬁl] + O(eFh (k)= 1), (3.19)
Behavior of this function near the origin is much more complicated, see (D.24).
Here we note only that for Re(y) > 0 one has

+

¢ (k@) ~ NTPF(Q,LL + 1) (F2ika) ~* [Z__ll} + o((kx) ™). (3.20)

For k € C\iR both families of solutions are defined. The following lemma
provides relations between them. It is convenient to introduce e = sgn(Re(k)),
which distinguishes connected components of C\iR.

Lemma 9. For every k € C\iR we have

& (kyx) = e k™S, & (k, ), (3.21a)
—ERTA )

& (k@) = = (G (k,2) — ™S, GF (k, @), (3.21D)
—Ekﬂ')\ .

& (k) = & S (581G (k@) = G (k). (3.21¢)

(o (k,x) = F2ie™ T (k@) + =0 (S) T (K, 2). (3.21d)

Proof. Equation (3.21a) follows immediately from (D.16a). To derive (3.21b),
we express .f;t and Cpi in terms of trigonometric Whittaker functions and use
the connection formula (D.33). Then (3.21c) is obtained by reflection or by
combining with (3.21a). Equation (3.21d) is obtained from (3.21b) and (3.21c)
by inverting and multiplying 2 x 2 matrices. O

Lemma 10. fpi and §f(p), two eigenvectors of the monodromy, can be used to
express C;—L :

2mw f;t(kaﬂf) - é—i(p)(kvx)
T(1 + pFiNT(1 — pFid) sin(2mp) '

The analytic continuation of Cpi along a loop winding around the origin coun-
terclockwise gives

4w
D(1 4+ pFiN)D(1 — pFrid)

Proof. Relation (3.22) may be derived from (D.18). Then (3.23) follows imme-

G (€7k,x) = PTG (k) — € (k,x).  (3.23)

diately. O
Lemma 11. The following relations hold:
det [ (k, x) GF(k,2)] =1, (3.24a)
det [¢f (k, @) ¢ (K, )] = —2ie™*™, (3.24b)

In particular, §;t(k, -),C;E(k, -) form a basis of solutions of (3.7) for p ¢ £*
and k ¢ [0, Fioo[, while ¢ (k,-) and (, (k,-) form a basis whenever k ¢ iR.
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Proof. Equation (3.7) may be rewritten in the form f'(z) = M (x)f(x), where
M(x) is a traceless matrix. Therefore, for any two solutions f,g the deter-
minant det [f(z) g(z)] is independent of z. To calculate it for f = & (k,-),
g = C;t(k, -), we use their asymptotic forms for £ — 0. By holomorphy, it is

sufficient to carry out the computation for Re(y) > 0. Then we may use (3.17)
and (3.20). To obtain (3.24b), we combine (3.21b) with (3.24a). O

We remark that restrictions on k£ in Lemma 11 may be omitted if the
functions £ and ¢F are analytically continued in suitable way.

Lemma 12. The following relation holds for p € £*:

CE(k, x) = F2ieTmWFN(S,)FLeE (k, 2). (3.25)
In particular (Sp)ﬂfpi(k:, ) is nonsingular on £*.
Proof. 1t is sufficient to consider the lower sign. If p € £7, then either 1 +
u+1iX € =N or z = i (and hence p + iA = 0). In the former case we use
(D.21) for both terms in (3.13b). In the latter case (D.21) may be used only

for the second term, but the first term in both (3.13a) and (3.13b) vanishes.
This establishes (3.25). O

The following function will be called the two-sided Green’s kernel. 1t is
defined if k € Cx and p ¢ £F:

GH (ks y) = —1r, (y — 2)& (b, 2)¢ (k,y) "
— 1, (z = )¢ (k, )&, (k)" (3.26)
It is a holomorphic function of p € M\E* satisfying

G;q(k:; x,y) = G;q(k:; y,m)T and Gk, z,y) = G?(k:; z,y). (3.27)

Later on, with some restrictions on parameters, it will be interpreted as the
resolvent of certain closed realizations of D).

4. Minimal and Maximal Operators

We consider the operator

_Mw _p
Dw,)\ = |: 8z )\Iwil .

x

(4.1)

on distributions on Ry =]0, co[ valued in C2. We will construct out of it several
densely defined operators on L?(R,,C?).

Firstly, we let DJ'§ be the restriction of Dy, x to C° = C*(Ry,C?),
called the preminimal realization of Dy, ». We have DP'S C DP'{", so DY'Y" is
densely defined. Thus, D'} is closable. Its closure will be denoted by DIy
Next, D3 is defined as the restriction of D, x to Dom(DJ%¥Y) = {f €
L*(Ry,C?)[ Dy af € L*(Ry,C?)}. Tt is easy to check that DI C DIA* =
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Dpre* Furthermore, Dp ¢ = Dpri and analogously for Dm“1 and DJ*. As
A g y
a consequence
mmT max maxT __ min
D W, Dw,)\ - Hw,\ (42)
pre min max
Operators Dy, D%)\ and DZA* are all homogeneous of order —1.

We choose p € C satisfying pu? = w? — A\2. Note that in general y is not
uniquely determined by w, A\. For the moment it does not matter which one
we take.

Theorem 13. 1. If |Re(p)| > 3, then

Dom(DS%*) = Dom(D2Y). (4.3)
2. If |[Re(p)| < %, then
dim Dom(D2%%°)/Dom(D253) = 2. (4.4)
Besides, if x € C°([0,00[) equals 1 near 0, then
Dom(D3%Y) = Dom( mm) +{fx|f € Ker(D,)} (4.5)

We will prove the above theorem in the next section. Now we would like
to discuss its consequences. If [Re(u)| < 3, we are especially interested in
operators D¢,  satisfying

D ¢ D2, ¢ Dma (46)

By the above theorem, they are in 1—1 correspondence with rays in Ker(D,, »).

More precisely, let f € Ker(D, x), f # 0. Define Dﬁ,x as the restriction
of DY* to

Dom(D£ ) = Dom( o) + Cfx (4.7)
Then Df; y is independent of the choice of x and satisfies

Dmin ¢ pf ¢ DI, (4.8

w,\ =

~—

Every D¢, , satisfying (4.6) is of the form DW,A for some f and we have DU{J\ =
Df’)_’ y if and only if f and g are proportional to each other.

We will now investigate the domain of the minimal operator. Note that
if we know the domain of Dﬁij\ﬂ then the domain of DY is also known from
Theorem 13. From now on we do not use this result until its proof is presented.

The following two facts are well-known:

Lemma 14. Hardy’s inequality: If f € HL(R,), then
/ [ @)I7 )‘ dx<4/ |f(x)]? de. (4.9)
0

Lemma 15. If R, S are closed operators such that R has bounded inverse, then
RS is closed.

The above two lemmas are used in the following characterization of the
minimal domain:
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Proposition 16. H}(R,,C?) C Dom(Dgti/{l), with an equality if |Re(p)| # 3.

Proof. The inclusion follows from Hardy’s inequality. To prove the second part

of the statement, we use Lemma 15. Consider R = A — M, x, S = 22, where

M,y = [i)\ 2 iw _1)\1_ lw} R is a bounded perturbation of A, so Dom(R) =
- 2

Dom(A) and R is closed, while S is self-adjoint on the domain Dom(S) =

{f e L?(Ry,C?)|Lf(z) € L*(R4,C?)}. One checks that RS = D,
Next we show that Dom(RS) = H} (R, C?).

If f 6 Dom(RS), then z — M belongs to Dom(A). Since 20, f(x) =
f'(x) — L2 this entails that f' € 2. Thus, f € HY(R,,C2) N Dom(S) -
H} (R+,(C2) Conversely, if f € H}(R,,C?), then f € Dom(S) by Hardy’s
inequality, while the last computation implies that Sf € Dom(A). Thus, f €
Dom(RS).

We have shown that Dom(RS) = H0 (R4, C?), which is dense in Dom
(Dmm) with the graph topology. Thus, Dm‘)‘} is the closure of RS. We have to
check that R has bounded inverse.

If n # 0, then M,  is a diagonalizable matrix with eigenvalues c1 = % +
ig, which have nonzero imaginary part if |Re(p)| # % Therefore, the operator

A — M, is similar to A — {Cg CO ] , which clearly is boundedly invertible. If

p =0, then N,y = M, — 5 is a nilpotent matrix, N2, = 0. Therefore,

(A= Myp) ™t = (A=) 4 (A=) IN,\(A— )L, 0

Corollary 17. Dg“)‘} and D3 are holomorphic families of closed operators for

|Re()| # 3.

Proof. Away from the set [Re(y)] = 3, the operators Diii){‘ have a constant
domain. By Hardy’s inequality, D, xf is a holomorphic family of elements of
L?(Ry,C?) for any f € Hj(Ry,C?). Hence, D2} form a holomorphic family
of bounded operators H} (R, ,C?) — L?(R,,C?). The claim for D7Ex follows
by taking adjoints (see, e.g., Theorem 3.42 in [14]). O
We denote by o,(B) the point spectrum of an operator B, that is
op(B) :={k € C| dim(Ker(B — k) > 1}. (4.10)
If dim(Ker(B — k)) = 1, we say that k is a nondegenerate eigenvalue.
In the following proposition we give a complete description of the point
spectrum of the maximal and minimal operator. With no loss of generality,

we assume that Re(u) > —2. Note that the definition of £F is not symmetric
with respect to p — —pu!

Proposition 18. One of the following mutually exclusive statements is true:
1. Re(u) > % and (w, A, p) € EX. Then

op(DIX) = op(DZR) = Cx.
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2. Re(p) > % and (w, A\, pu) € EYUE. Then
Up( gl,}\x) = Up( gl,l;\l) =0.

3. Re(p) < 3 and |Im(\)| < . Then

Up( gl,}\x) =C\R, Up( gl,lf) =0.
4. Re(p) < % and |Im(\)| > . Then

op(DEX) =C*, op(DZR) =0

ax

Besides, all eigenvalues of D3 and D™ are nondegenerate.

Proof. The four possibilities listed above are clearly mutually exclusive and
cover all cases. Indeed, case p € ET N E™ is ruled out by Lemma 4.

By Lemma 5, every f € Ker(DJ5*—k) is a smooth function satisfying the
differential equation (D, x» —k)f = 0, in which derivatives may be understood
in the classical sense. Space of solutions of this equation is two-dimensional.

By discussion in Sect. 3, there exist no nonzero solutions in L?(R,C?)
for k = 0. In the remainder of the proof we restrict attention to k& # 0.

First suppose that Re(u) > 5. If p ¢ Y UE™, then & (as well as &)
is the unique up to scalars solution square integrable in a neighborhood of
zero, since other solutions have leading term proportional to x~#. It is not in
L*(R.,C?). Now let p € £F. If £Im(k) < 0, we can argue in the same way
using function {F. In the case k € C. solution §;E is square integrable, whereas
solutions not proportional to it grow exponentially at infinity. If Re(u) > %,
then we have also C;t € HY(R.,C?) C Dom(Dglf/{l).

If Re(p) = 3, then ¢F ¢ Hj (R4, C?). We will now show that nevertheless
¢ e Dom(D2). We define ¢ (k,2) = min{a*, 1}¢F (k, z) for € > 0. Then

pi € HY(R,,C?) C Dom(fofj}). We will show that C;'fé converges to C;,t in the

graph topology of Dom(D2%Y) as € — 0. Indeed, convergence in L*(R, C?) is
clear. Furthermore,

ERGEba) = Kb + e [ G, ()

where 1o 1] is the characteristic function of [0, 1]. The first term converges to
k;C;t = DJ5r pi. We show that the second term converges to zero by estimating

[e) 1 + k 2
/ dx:ez/ 7&0( )l x> ldz
0 0

2

€ Ljg,y(z)z " [(1) _01] C;E(k,fﬂ)

T
+ k 2 1 + k 2
<& sup W / petdr = & sup 12 EDE )
y€[0,1] Yy 0 y€[0,1] Yy

Now suppose that |Re(u)| < 3. Then all solutions are square integrable
in a neighborhood of the origin, but they do not belong to Hg(Ry,C?) =
Dom(Dﬂif). If k € C4, then (f is square integrable and solutions not propor-
tional to it grow at infinity.
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It only remains to consider the case of nonzero k € R. There exist
solutions with leading terms for z — oo proportional to e~ **(kz)~* and
¥ (k)X If [Im(A)| > 1, then one of these two is square integrable. O

We note that Proposition 18 partially describes also ranges of Dg‘f;\l and
DZAY, since

Ran( f;“f — k)PP = Ker(DJA* — k), (4.13)

Ran(DJ5* — k)PP = Ker( Lm/{‘ — k), (4.14)

Corollary 19. Operators D™ and DZSY have empty resolvent sets if | Re(u)| <
1

R

5. Homogeneous Realizations and the Resolvent

5.1. Definition and Basic Properties

We consider the following open subset of M:
1
M_i = {p € M | Re(p) > —2}. (5.1)

As before, choose x € C(Ry) equal to 1 near 0. If p = (w, A\, pu,[a : ]) €
M_ 1, we define D, to be the restriction of DJ3* to

1
§7

Dom(D,,) := Dom(D2}) + Czt m X. (5.2)

a
b

Re(p) > —3. If Re(p) > 3, then it belongs to Dom(Df}j\l)7 so we have D, =
Dmin,

This definition is correct because z* [ } X is an element of Dom(DJ5") for

Theorem 20. Let p € M,%. Then the operator D, does not depend on the
choice of x, is closed, self-transposed and

(D,) R forpg EYUET,
J pr—
P CLUR forpe&*,
o (D) = 0 forpgETUE,
PRPI 1 Cy forp e EE.

If £Im(k) > 0 and p € EF, then the integral kernel G5 (k; @, y) introduced in
(3.26) defines a bounded operator G5*(k) and

G2(k) = (D — k). (5.4)

For k € C4, the map M_%\Ei 5 p— (Dp — k)~ is a holomorphic family of
bounded operators.
Therefore, M _

(5.3)

13pr D, is a holomorphic family of closed operators.
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Proof. 1t is sufficient to consider the case Im(k) < 0. Let p ¢ £~. We prove
the boundedness separately for the integral operators with kernels G';f‘(k) re-
stricted to four regions forming a partition of Ry x R4 (up to an inconsequen-
tial overlap on a set of measure zero). Throughout the proof we use notation
r< = min{z,y}, > = max{z,y}. Symbols ¢,,c, will be used for positive
constants which are locally bounded functions of p.

First we consider the region z,y < |k|~!. Inspecting the asymptotics
of Whittaker functions for small argument we conclude that |G (k;z,y)| <
cp (|| )R (|k|zs )~ Re, Using this inequality and elementary integrals,
we estimate

P 1 1

ﬁlﬁL?Re(u) I+ Re(p) — [Re(p)|’ (5.5)

/ 1G5 (ks 2, y)Pddy <
[o0.1k1=1]

Therefore, the Hilbert—Schmidt norm of the corresponding operator is bounded

by i
[

Next, in the region y < |k|™" < 2 we have |G}'(k)| < cp(|kly)Retw
(|k|z)m N e= Ikl Thys,

|G (k; %, y)[*dady
[k ~,00{x [0, k-]

c —2Imoly 2 Tm(X) 2R,
gﬁ/ e 2 TR M2 Im()2Re(n) qp ! (5.6)
[1,00[x [0,1]

which is a convergent integral depending continuously on A, . Again, the cor-

responding operator is Hilbert—Schmidt with locally bounded norm. By the
symmetry property (3.27) the same is true for the region x < |k|7 < y.

. zIm(k)
Finally for z,y > |k|~! we have IG5 (ks )| < cpe’“m(k)‘(%*k) -
T<

Hence,

/ 1G5 (ks 2, )| dy

k|1
T —Im(X) oo Im(X)
[Tm(k)[(y—2) Y ~[Im(k)|(y—=) Y
<cp (/kl e TGy dy—l—/m e xlm(/\)dy> . (5.7)

Im(X) . .
If Im(\) < 0, then % < 1 under these integrals, so elementary calculation
gives

o 2¢
> . < P
[ty < e (58)

Next we consider the case Im(A) > 0. Integration by parts in the first term of
(5.7) gives
—Im(X) 1

S - Y du <
/kle 2= Y= (k)|
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m) [ e 2

Tm (k)| S ym)+

dy. (5.9)

The integrand of this integral is maximized at one of the two endpoints, so

x Im(X) JIm (k)| (|]€|{B)Im()‘>+1 1
(k)| (y—a) T { =kl (k]z) ™ }/
e dy < max{e I , dy
/“‘“| i Im()x)+1 T T k|~

< max {e17‘Im(k>|z(|k|w)lm(>‘)+1,1}. (5.10)

Optimizing with respect to z we conclude that

z Tm(\) Im(X)+1
(B |(y—2) T dy < Im(A) +1 1 511
/lk\ 1 m()\)+1 Y S max {e ( |Im(k)| 5 . ( . )

In the second integral in (5.7), we integrate by parts n > Im(\) times:

o Im(X) —J
—[tmk)|(y—2) Y 4, ¢
/x e - ZImn dy = Zu Tyt
Im(A\)—n

e [T - Y
+Im(k)|n/y e 2oy Y
(5.12)

where ¢; := Im(\)(Im()\) — 1) - - - (Im(X\) — j + 1). Next we estimate y™* =" <
N =n and 27 < |k|” under the remaining integral. Then simple calculation

gives

k)| (y—2) |k|J
/me . m(x) Z )atL” (5.13)

The same estimates are true for f\kl‘l |G (k; o, y)|de. The claim follows by
Schur’s criterion. This proves the boundedness of G2*(k).

Equation (3.27) implies that (whenever G(k) is defined) we have (f|G};
(k)g) = (G3(k) flg) for f,g € C*(Ry,C?). By continuity, the same is true for
all f,g € L*(Ry,C?). Thus, G5'(k) is self-transposed.

Next we check that (f|D,g) = (D, flg) for f,g € Dom(D,). To this end,
we evaluate

(1ND) ~ Dfla) =3 [~ 4 (@ oge) de. G)

If either f or g is in C2°(R,,C?), the right-hand side is zero. By continuity
with respect to the graph norm, the same is true for all f,g € Dom(Dﬁi/{l).
Since o9 is a skew-symmetric matrix, the right-hand side vanishes also for f, g

Z} Thus, D, is self-transposed.

Let f € L?(Ry,C?). We pick a sequence f; € C(Ry,C?) such that
Ji — f. Then G5(k) f; — G}'(k)f and

DpGY (k) fi = fi + kG (k) fs — [+ kG5 (k) f. (5.15)

proportional to yx* [
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Since D, is closed, this implies that f € Dom(D,) and D G‘x’( W=f+
l{:G;f‘(k)f. Therefore, we have Ran(G3*(k)) C Dom(D,,) and (D), — k)G5 (k) =
For any f € L*(Ry,C?) and g € Dom(D,) we have
(fIG (k)(Dy — k)g) = (GF (k) f1(Dp — k)g)
= ((Dp — k)G (k) flg) = (flg)- (5.16)
Since f was arbitrary, G} (k)(D, — k)g = g. Thus, k ¢ o(D,) and G}(k) =

(Dp— k)71,
To show that (D, — k)~! is unbounded for k € R*, we fix € > 0 and
consider the function

fe(x) = e, (K, ).
Then f. € Dom(D,) and |(D, — k) f.(z)| = €| fe(z)], so ”(Dﬁ_w = €. Hence,

fell
k € o(D,). Since o(D,) is closed, R C o(D)).
Finally, let p € £*, k € C1. Then C;E(k, -) belongs to Ker(D, — k). O

Corollary 21. We have D, = Dy. In particular Dy, is self-adjoint if p = p.
We are now ready to prove Theorem 13.

Proof of Theorem 13. We choose some k in the resolvent set of D,,.

If [Re(p)| > 1, then Dg“/{l = Dy, so it suffices to show that D, = D'3*.
Indeed, D, — k is surjectlve so the ranges of D), — k and DJ5* — k coincide.
By Proposition 18 also kernels are equal.

Next we consider the case |Re(u)| < 3.

We easily check that ya* [Z] ¢ Hi(R,,C?), which by Proposition 16 for

|Re(u)| < % coincides with Dom(D2'}). Hence, Dom(D2) is a codimension
one subspace of Dom(D),).

Next, D) — k and DJ5* — k have the same range-the whole Hilbert
space. Be51des dim Ker(DJ§* — k) = 1 by Proposition 18. Hence, Dom(D),) is
a codimension one subspace of Dom (D). O

Proposition 22. Family D, has the following symmetries

UlDw,)\,;L,[a:b]o-l = _Dw,f)\,,u,[b:a]a (5173)
O'QDw,)\,p,,[a:b]o'Q = wa,)\,u,[fb:a]a (517b)
0—3Dw,)\,u,[a:b]o—3 = 7D—w,—k,[—a:b]a (517C)

where o; are the Pauli matrices.

Proof. Matrix multiplication gives
O'lDw,)\Ul = _Dw,—)\a O'QDw,/\O'Q = D—w,)\a
03D, z03 = —D_,, _x. (5.18)

Using (5.2) one checks that the domains of operators on the left and right-hand
side of (5.17) agree. O
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5.2. Essential Spectrum
Proposition 23. Let p,p’ € M_1 and k & o(D,) U o(Dy). Then G3(k) —
G(k) is a Hilbert-Schmidt operator.

Proof. The proof of Theorem 20 shows that it suffices to show that the integral
operator with kernel G3'(k) — G%/(k) restricted to the region z,y > [k|7" is
Hilbert—Schmidt. Furthermore, we may assume that Im(k) < 0. Using formulas
(3.18) and (3.19), we obtain the following asymptotic expansion for z,y — oo:

1M 1 L\
e - ~ 2 ik(z—y)
&, (ko) @ ¢, (k,y) 5 L] ® [_J (y) e . (5.19)
It follows that we have

|G (ks x,y) — Gl (ks 2, )|

ix ix
T< T<
T> L>

< co—m(k)|(@>—z2) , (5.20)

with some constant ¢ independent of x,y. Therefore,

I / (G5 (ks 2, y) — G5 (ks 2, )| *dady
[Ik|~1,00]2

o oo —iX —ix 2
< 262/ / e~ 21m(=)(z—y) (”3> — <I)
k=1t Jy Y Yy

Next we change variables to y,t with x = ty. This gives

I< /OO /OO y672\1m(k)|(t71)y|t7i/\ o t*iA"Qdydt
1 |k|—1

% |kl 4+ 2[Im(k)[(t —1) _pumGi gy iy iyve
= e Tk T — T |Adt, 5.22
;- Simgepieie 7 | | >:22)
where we have computed an elementary integral over y. The remaining inte-

grand is bounded for ¢ — 1 and decays exponentially for ¢ — oo. Therefore,
the integral converges. 0

dzdy. (5.21)

Resolvents of operators D), for distinct p € ./\/l_% are close to each other
in the sense specified by Proposition 23. Therefore, it is useful to know that
for some p their integral kernels are particularly simple. These are provided in
the “Appendix A.3”.

By the essential spectrum (resp. essential spectrum of index zero) of a
closed operator R, we mean the set gegs(R) (resp. gesso(R)) of all k € C such
that R—k is not a Fredholm operator (resp. Fredholm operator of index zero).
Clearly O'ess(R) C Oess,0 (R)

Lemma 24. Let R, S be closed operators such that there exists kg in the inter-
section of resolvent sets of R and S such that (R — ko)™t — (S — ko)™ is a
compact operator. Then oess(R) = 0ess(S) and 0ess 0(R) = Tess,0(S).



374 J. Derezinski, B. Ruba Ann. Henri Poincaré

Proof. By assumption, (S — ko)~ and (R — ko)~ ! have the same essential
spectra. The spectral mapping theorem proven in [4] gives

Oess(S) = {k € C|3q € 0ess((S — ko) ™Y) (k — ko)g = 1}
={k€C|3q € 0ess((R—Fko)™") (k—ko)g=1} = 0ess(R).  (5.23)
The same argument works also for geges 0. [l

Corollary 25. For any p € M—§ we have Tess(Dp) = Tess 0(Dp) = R.

Proof. There exists p such that o(D,) = R. By Lemma 24, it is sufficient to
prove our statement for such p. Clearly, oess(Dp) C 0ess,0(Dp) C 0(D,) = R.
If k € R, then D, — k is injective and its range is dense, hence not closed, for
otherwise (D, — k)~! would be bounded. O

Corollary 26. Let w,\ be such that |Rev/w? — X2| < 1. Then Oess(DIR) =
Oess(DR) = R. If k € C\R, then Dg‘f;\‘ — k and DY — k are Fredholm
operators with indices —1 and +1, respectively. If D is an operator satisfying
ij‘f/{‘ C D C DJ5Y, then Oess(D) = ess0(D) =R.

Proof. Follows from Theorem 13 and Corollary 25. O

5.3. Limiting Absorption Principle

Let s € R. The Hilbert space L2(Ry,C?) is defined as the completion of
C2° (R, C?) with respect to the norm induced by the scalar product (f|g)s =
JoS (1 + 2?)* f(x)g(x)dz. For any ¢ € R we have a unitary operator (X) :
L2(R,,C?) — L2 ,(Ry,C?) given by ((X)'f)(z) = (1 + z?)2 f(x), alterna-
tively regarded as an (unbounded for ¢ > 0) positive operator on L?(R,C?).

Proposition 27. Letp € ./\/L%\Ei, k € R*. The limit G5 (k+10) :zlilrg GH(k+

i€) exists as a compact operator L2(R,,C?) — L2 _(Ry,C?) for any s >
Im(A)| + & and depends continuously on p, k.

If Re(u) > 0, then R* may be replaced by R in the above statement and
G5(£10) has the kernel

e (3 f 2

+%1R+ (z —y) (%)“ [_zl _Zl_l} . (5.24)

If Re(p) <0, then |G (k)| p(2.2 ) = O(|k|*W)) for k — 0.
Therefore, in both cases we have ||G5(- £ 0)| p(12 12 ) € Li,.(R).

Proof. Tt is sufficient to cover the case of k approaching the real axis from be-
low. Asymptotics of G™(k; x,y) are such that (1+2%)~2(1+y?)" 2G5 (k; z,y)
is an L?(R%, End(C?)) function. Dominated convergence theorem implies that
it depends continuously (in the L? sense) on p, k, including the boundary set
Im(k) = 0. Therefore, (X)™*G3(k)(X)~* is a continuous family of Hilbert—

Schmidt (and hence compact) operators on L*(Ry,C?), so G5(k) defines an
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operator L2(R,,C?) — L2 (R,,C?) which may be written as a composition
of two unitaries and a compact operator.

The second part follows from the asymptotics of f;,t and Cpi functions for
small arguments and the dominated convergence theorem. O

5.4. Generalized Eigenvectors

Point spectrum of D), when present, possesses quite counter-intuitive proper-
ties. Note that in this subsection an important role is played by the bilinear
product (-|-).

Proposition 28. Let n,m € N. If f € Ker((D, — k)"), g € Ker((D, — k")™),
then (flg) = 0.

Proof. Assume at first that k&’ # k. We induct on m. If m = 1, then

0= {(Dy K" flg) =3 (’;) (K — k)" (|(Dy — K)g)

§=0
= (k' = k)"(flg)- (5.25)

Cancelling (k' — k)™ we obtain the induction base. Assume that the claim is
true for m and let g € Ker((D, — k’)™*1). By a similar calculation

n

0= (5)W =KD, - KYig) = (k- KU fla). 626)
§=0
where the last equality follows from (D, — k’)7g € Ker((D,, — k')™) for j > 1
and the induction hypothesis. This completes the proof for k # &'

So far we used only the self-transposedness of D,,. Next we will also use

its homogeneity.
Let k' = k. Then for any 7 € R* we have U.g € Ker((D, — k”)™) for
some k' # k. Hence, (f|U,g) = 0. Now take 7 — 0. O

Proposition 29. If p € £* and k € Cy, then for every n € N we have
dim(Ker((D, — k)™)) = n.

Proof. We proceed by induction on n. Case n = 0 is trivial and n = 1 is
already established. By the inductive hypothesis, there exists f € Ker((D, —
k)")\Ker((D, — k)"~1), unique up to elements of Ker((D, — k)"~ ') and mul-
tiplication by nonzero scalars. Then f € Ker(D, — k)P*"? by Proposition 28.
On the other hand, Ker(D,, — k)PP = (Ran(D,, — k)P°?)**"* = Ran(D, — k).
Here the last equality holds because D, — k has closed range, see Corollary 25.
Thus, there exists g € Dom(D,, — k), unique up to elements of Ker(D, — k),
such that (D, —k)g = f. Clearly, g € Ker((D,—k)"*1)\Ker((D,—k)™) and we
have a vector space decomposition Ker((D, — k)"1) = Cg @ Ker((D, — k)™)

O

Question 1. Let p € E*, k € Cy. We denote the L? closure of U Ker((D, —

k)™) by Ny(k). By Lemma 28 we have N, (k) C N, (k)P<P. In “AppendzxA 37
we have verified that in the case w = 0 subspace Ny(k) does not depend on
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the choice of k € C1 and Ny(k) = Np(k)P"P (equivalently, N, (k) & N, (k) =
L*(R4,C?)). We leave open the question whether these assertions remain true

for w # 0.

6. Diagonalization

Let k € R*. Recall that £, = sgn(Re(k)). On the real line, it is convenient
to rewrite the formulas for ¢+ and ¢* (3.13, 3.15) in terms of trigonometric
Whittaker functions (D.28, D.31):

jTers

6 () = S (s @) [

p

S AWCTRIH (6.1a)

i:tsk/t

+
CP (k,z) = erdputs

<j:isk(z +HOHES L (2lk) [z__ﬂ

+FEFVHESE L (2lk|7) LEID . (6.1b)

ERA I3

For p near 0 it is convenient instead of (6.1a) to use a version of (3.16a):
i:FEkM 1
o CRAVC e
jsk)\,p,fé(2|k|x) + Ek)‘jekx\,pﬁr% (2|k|l‘) z
+ . ] (6.2)

The leading terms of & and ¢ for large kx are

_EE-NA 1 1
€ ikx i —igpm ikx i
6 o)~ S5 (@)™ | L]+ (s B @ | L)),
(6.3a)
. ESRTA ikxz i 1
CE(k,z) ~ Fie 7 ke (2[k|z)* Lﬂ]' (6.3b)

Because of the long-range nature of the perturbation and of the presence
of spin degrees of freedom, it is not obvious what should be chosen as the def-
inition of the outgoing and incoming waves. Let us call it (k, z) the outgoing
wave and —i{~ (k, z) the incoming wave. Then the ratio of the outgoing wave
and the incoming wave in £ (k,z) is e ***S, and can be called the (full)
scattering amplitude at energy k.

Proposition 30. Let p € M_%\(5+ UET), k €RX, s> [Im(\)| + 5. Then the
spectral density

I, (k) := (27i) =" (G5 (k + i0) — G3'(k — 40)) (6.4)
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is well defined as a compact operator L2(Ry,C?) — L2 (R4, C?) and has the
integral kernel

6kWA Ekﬂk
L (kiz,y) = ——¢F (k,0)g (k,y) " = ——¢; (k,0)g (k)" (65)

As k — 0, it admits the expansion
I, (k) = & E[PIL) + O([k |24+, (6.6)

where the remainder is estimated in the B(LZ,L*,) norm and II) has the
integral kernel

(dxy)H [zQ z] 6.7)

7l(2u+ 12Ny N, [ 2 1]
Proof. The first statement follows from Proposition 27. By (3.27), it is suffi-
cient to prove (6.5) for x < y. Plugging (3.21a) into (3.26), we find

Gk +10;2,y) — G (k —i0; 2, y)
- — —iegm T
= gp (k’,l?) (Cp (k7y) —e °F #SPC;F(]{;Z/)) . (68)
Plugging in (3.21b) we obtain (6.5).

The last part of the statement follows from asymptotics of £ functions
for small arguments and the dominated convergence theorem. O

0 —
Hp(xvy) -

We refer to “Appendix C” for definitions used in the lemma below. Note
also the identity &F(k, x) = &F (ex, |k|), which allows us to restrict our atten-
tion to f;t (ek, z). The following fact follows immediately from Lemma 73 and
(6.2).

Lemma 31. f;t(ak,x), p & EF, is a tempered distribution in x € Ry, in the
sense explained in “Appendixz C”. Its Mellin transform is

(o]
Eg(shs) ::/ e_oxa:_%_isfpi(sk,x)dx
0

. 1
— fFeen—3—ptisgu—1p ( +p— z's) ~x
2 Ny

1
X <2akw(2 +pu— zs) oF 1 (14 pu+ deg A, 2

i — is; 24+ 22 + 0) [_11

+ ioFy (4 deg ), § + p — is; 23 2 + 40) m > (6.9)

18 analytic in s and bounded by c;t(l + 32)%‘””(”' locally uniformly in p.

We define Z/l;t’pre, p € M\ET, as the integral operator O (R, ,C?) —
C*(R) with the kernel

e%ekﬂA

Nz

U (k,x) = & (k,o)" (6.10)
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By construction, the kernel of the spectral density operator factors as
I, (k:2,y) = Uy (k,2) U, (k,y) = Uy (k,2) U (ky). (6.10)
We note also the relations
Ul (k,x) = e ™S U (kx), Uy (kx) =U (k) (6.12)
and the intertwining property
Uy DL f) (k) = kU P f)(K),  f e CF(Ry,C?).  (6.13)

Recall from Sect. 1.1 that J is the inversion and A is the generator of
dilations, and K is the multiplication operator on L?(R) by the variable k € R.

Below we will consider level sets {A = A\g} C M. Recall from the discus-
sion around equation (2.9) that it is a submanifold for Ay # 0, but for \y =0
it is the union of three submanifolds singular along the intersection. We will
say that a function on the locus {\ = 0} is holomorphic if its restriction to
each of the three components is holomorphic.

Proposition 32. Z/lpi’pre are densely defined closable operators L?(R,,C?) —
L?(R) with the closures given by

G%Ekﬂ-)‘

e
Hence, Uz (14 A%) =11l s bounded. In particular U are bounded if X € R.
If Ao € R, they form a holomorphic family of operators on the level set {\ =
Ao F\EE.

Furthermore, Z/l;[* = Z/{;T.

Uy f(k) = =, Tew AJF(K),  keR. (6.14)

Proof. The first part follows from Lemma 31 and discussion in “Appendix C”.
Now fix A\ € R and consider p in a component S of the level set {\ = A\ }\ET.
If f e Cx®R),ge C*R;,C?), then (f|Z/{;tg) is a holomorphic function of
p € S. Since C° spaces are dense in L? and Z/{pi are bounded locally uniformly
in p, Z/{;t is a holomorphic operator-valued function. The last claim follows
from the formula (6.12). O

In a sense, operators Z/l;t diagonalize D,, for p € M_%\S * If p =P, then
D, are self-adjoint and Z/{;[ are unitary. If we assume only that A is real, then
Z/lpi are still bounded with bounded inverses, so they are almost as good as in
the self-adjoint case. This will be made precise below.

Proposition 33. If p = P, then for any bounded interval [a,b] C R and f,g €
Ccoo (R+7 (Cz)

(9110 (D / / / I, (ks 2, y) f(y) dydedk. (6.15)

Besides, Z/{pjE s a unitary operator and

Dy = Uy KUY (6.16)
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Proof. Since the point spectrum of D, is trivial for p = p, Stone’s formula
gives

1
Ligp(D = lim — (G (k + i€ T,
(91L1a,p) (Dp) f) im o= /[mb}xRig(x) (G5(k +i€; 2, y)
=Gk — ez, y)) f(y)dydadk. (6.17)

It follows from the asymptotics of functions f;t and ¢, that on [a, b] x supp(f) x
supp(g) we have |G3(k + i z,y)| < c|k|Ret=IRet)] with ¢ independent of
k. This function is integrable, because Re(u) — |Re(u)| > —1. Therefore, by
the dominated convergence theorem, the limit ¢ | 0 may be taken under the
integral. This proves (6.15).

Let us prove the unitarity of 4. Let f € C2°(Ry, C?) and let [a,b] be a
bounded interval. Then

/ab |U;tf(k)|2d/g_/0°° /ab/ooof(x)*Hp(k;x,y)f(y)dydkdx

_ / @) (Lo (Do) @)z = (f Ly (D) F),  (6.18)

where in the first step we used the definition of L{f, conjugation formula (6.12)
and the factorization (6.11). The order of integrals is immaterial, because the
integrand is compactly supported and its only possible singularity (at k& = 0,
if 0 € [a,b]) is integrable. In the second step we used Proposition 33. Taking
the limit b — 0o, a — —o0 we find

| s = 1) (6.19)

Hence, Z/{;,t is an isometry. Equation (6.18) implies that
Lja,0)(Dp) = Uy gy (KU (6.20)
It remains to show that Z/{;—LUEE* = 1. The proof of this fact follows closely
the proof of (3.37) of Theorem 3.16 in [13]. O
Proposition 34. If p € ./\/L%\(E“‘ UE™) is such that X € R, then (UF)™' =
UTT and
D, =UF'KUF. (6.21a)
In particular D, is similar to a self-adjoint operator.
Proof. We fix \g € R. Then Z/IEEU; T 1 and U;tTU;F — 1 form holomorphic
families of bounded operators on (one-dimensional) {A = X\g}\(ETUE™). They
vanish on the set of real points, which has an accumulation point in each

component of the domain. Thus, they vanish everywhere.
Now take k € C\R. Arguing as in the previous paragraph, we obtain

UFHK —k)'UE = (D, — k)71, (6.22)
from which (6.21a) follows immediately. O
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Question 2. If A € R, then D, is similar to a self-adjoint operator. Hence, it
enjoys a very good functional calculus—for any bounded Borel function f the
operator f(D,) is well defined and bounded.

If A ¢ R this is probably no longer true, because the diagonalizing opera-
tors Z/{Ifc are unbounded. However, they are unbounded in a controlled manner:
they are continuous on the domain of some power of the dilation operator.
One may hope that this is sufficient to allow for a rich functional calculus for
Dirac—Coulomb Hamiltonians. We pose an open problem: for a given Im()\),
characterize functions that allow for a functional calculus for D,,. In particular,
one could ask when iD,, generates a C° semigroup of bounded operators.

7. Numerical Range and Dissipative Properties

In this section we give a complete analysis of the numerical range of various
realizations of 1d Dirac—Coulomb Hamiltonians studied in this paper.

Proposition 35. One of the following mutually exclusive statements is true:

1. w and X are real. Then Num(D'\) = R.

2. [Im(w)| < [Im(N)]. Then Num(DZ'Y) :re(C_Sgn(Im(/\)).

3. [Im(w)| = [Im(N)| # 0. Then Num(D') = C_gn(rm(x)) U {0}
4. [Im(w)| > [Im(N)|. Then Num(D['Y) = C.

The same is true with D] replaced by Dgf; throughout.

Proof. Integrating by parts we find that for f = [?} € O (R4, C?) we have
2
A@PE

T

Im(f|Dyaf) = —Im(X + w) /OC>C
—Im(\ —w) /000 de. (7.1)

In the four cases listed in the proposition we have: both terms are zero in
Case 1., both terms are nonzero (except for f = 0) and have the same sign as
—Im(A) in Case 2., one term is zero and the other has the same sign as —Im(\)
in Case 3. and the two terms have opposite signs in the last case. Therefore,
inclusions of numerical ranges in the specified sets are clear, except for the
third case. Then in order for Im(f|D,, » f) to vanish, one of the two f; has to
be zero. It is easy to check that this implies (f|Dy xf) =0 (but not f = 0).
We have to show that the obtained inclusions are saturated. The homo-
geneity of D} implies that Num(D}'Y) is a convex cone. Thus, to establish
the result in Case 1. it is sufficient to show that both signs of (fIDuf) are
possible. We choose a nonzero ¢ € C°(R,,C?) with lellge = 1 and put

-t
fri(z) = L;’f;,x(x —)t)] for t > 0. Then || f+ 4|/z2 = 1 and

(FailDorfir) = %2 / ¢ (@) Pda
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- [ O ale@F + (- @)l @) da. (7.2)
0

The first term is nonzero, has sign + and does not depend on ¢, while the other

converges to zero for t — co. Therefore, =(fx (|Dyafri) > cx > 0 for large

enough t.

Next we suppose that [Im(w)| < [Im(A)| # 0. It is sufficient to show
that C_ is included in the numerical range for Im()\) < 0. Arguing as be-
low (7.2), we deduce that there exist constants tg > 0 and cy > 0 such
that £Re (fe¢|Dwafere) > cx for t > to. Let § = Im (fx | Dwrftbo)-
Then 6 > 0. The function ¢ — Im (fi /Dy rfx,) is continuous and con-
verges to zero for t — oo, so for every e €]0,0] there exists ¢ > ty such
that Im (f4 ¢|Dwafr:) = € By convexity of numerical ranges this implies
[—c_ +i€, ¢y +1€e] € Num(D,, »). Homogeneity implies that for every s > 0 we
have [—“=* +1is, =% +is| C Num(D,, ). Every k with Im(k) = s is in this
interval for small enough e.

Similar argument shows that in Case 4. there exist ¢+ > 0 and § > 0
such that for every € €]0, d] there exist g+ . € C2°(R4, C?) with ||+ |2 =1,
+Re(gt | Dwag,e) > ca and [Im(g+ /Dy rgx,e)| < €. On the other hand for
nonzero f € C°(Ry,C?) with f; = 0 or fo = 0, we have that (f|D, A\ f) is
proportional to w — A or —w — A, respectively, with a positive proportionality
constant. Using homogeneity we can even construct functions f with the pro-
portionality constant equal to 1 and || f|| = 1. Next we observe that if € is taken
to be sufficiently small, the convex hull of (g4 ¢|Dwag+.e)s (9= ,elDwrg—.e),
w — A and —w — A contains zero in its interior. Therefore, the smallest convex
cone containing it is the whole C.

To prove the last statement, first note that Num(Du‘ﬁif) is contained in
the closure of Num(D['}). Therefore, in Cases 1. and 4. there is nothing to
prove. We consider Case 2. We have to show that if g € Dom(Dﬁif) is such
that Im(g|Dy, 1g) = 0, then g = 0. We choose € > 0 and f € C2°(R,, C?) such
that || f — g||Dom(DLn’a§) < €. Then

Im(f|Dyxf) = Im ((g|DIR(f — 9))
+(f —9IDI%g) + (f —gIDIR(f —9))),  (7.3)

so [Im(f|Dux f)] < 2€[|9llpom(pmiy) + €. On the other hand for any ¢ > 0, we
have 7

m t m(\ — t
(1P =PI i )P 4 BROZ 7o) P

> RO (g, 0)ar - 2clgl?)

1 Im = )] ( / g2(o) P — 2e||g||2) . (7.4)

t
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Comparing the two derived inequalities and taking ¢ — 0 we find that

t t
| @z = [ lga(o)Pas =0 (7.5)

0 0
Since t was arbitrary, g = 0. Case 3. may be handled analogously. O

It is convenient to describe the numerical ranges of operators D,, in terms
of [a : b]. It can be related to parameters w, A, i by recalling that [a : ] = [—p
wHAifw+A#0and [a:b] =[w—A: —p]if w— A # 0. No such expression
exists on the zero fiber. We will also choose a representative (a,b) € [a : b].
We note that the condition Im(ba) = 0 is equivalent to the existence of a
real representative (a,b), which is also equivalent to the statement that [a : ]
belongs to the real projective line RP'. If [a : b] ¢ RP!, then sgn(Im(ba)) =

sgn (Im (%))
Proposition 36. The numerical range of D, may be characterized as follows.
1. Ifw,A € R and [a : b] ¢ RP', then Num(D,) =R U (Cflm(ga)'
2. If Re(n) = 0 and Im(ba)Im()\) < 0, then Num(D,) = C.
3. If Re() < 0 and [a : b] ¢ RPY, then Num(D,) = C.
4. In every other case Num(D,) = Num(Dgl’if).
Proof. If p = P, then D, is self-adjoint, so Num(D,) C R = Num(Dg"ij\’) C
Num(Dp). If [Im(w)| > [Im(X)], then C = Num(DZ1) C Num(D,).

Let n(x) = o [2} and consider f = Bj € (R4, C?) + span{xn}.
Then
o0 d S
(71D, f) =1 [ L (R@@)

L

T

By construction, there exist zg > 0 and ¢ 67(C such that for z < zg we
have f(z) = en(z), and hence, fo(z)f1(x) = Im(ba)x?R®) . If Re(u) > 0 or
Im(ba) = 0 (which is equivalent to [a : b] € RP* C CP!), then fo(x)fi(x) van-

ishes for « sufficiently large and for # — 0. Therefore, [ <1 (fg(x)fl (m)) dz =

0 and the proof goes as for Proposition 35.
We consider the case Re() = 0 and Im(ba) # 0. Then

Im(f|D,f) = —|c[*Im(ba)
_ Im/m A+ w)lfi@)PP + (A - w)lfz(w)lzdx.
0

- (7.7)

If w,\ € R, then Im(f|D,f) = —|¢[*Im(ba) and we have R = Num(D2'}) C
Num(D,), so Num(D,) = {k € C|Im(ba)Im(k) < 0}. In the case [Im(w)| <
[Im(\)| # O there are two possibilities. If Tm(ba)Im()\) > 0, then all terms
in (7.7) have the same sign and one has Num(D,) = Num(fo/{‘). Otherwise
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Num(D,) = C. Indeed, consider f = % with shrinking support of xy > 0.
A simple calculation shows that for these functions the integrand in (7.7)
vanishes, while the first term grows without bound.

Next, we suppose that Re(y) < 0, Im(ba) # 0. Put f = ¢n with ¢ €
C*°([0,00[,R) vanishing exponentially at infinity. Then f € Dom(D,) and

D)) = ') (| to). s,

(71Dof) = 2itmGa) [ pla)e!(0)a™ W (7.8)

If ¢ # 0 vanishes at zero, the integral is positive, as can be seen by integrating
by parts:

o0 1 0
/ o) ()22ReW) 4 — ,/ i((p(x)Q)xQRe(ﬂ)dgs
0 2 0 dx

= —Re(u)/ o(x)2®eW=1dg > 0. (7.9)
0

On the other hand, for ¢(z) = e~ > the integral is negative:

/om pl)¢! ()2 dz = —%

< 0. (7.10)
By Proposition 35 and the fact that Num(D,) is a convex cone, we have
Num(D,) = C. O

We adopt the convention saying that operators with the numerical range
contained in the closed upper half-plane are called dissipative. Dissipative op-
erators which are not properly contained in another dissipative operator are
said to be maximally dissipative. This condition is equivalent to the inclusion
of the spectrum in the closed upper half plane. Maximally dissipative opera-
tors may also be characterized as operators D such that iD is the generator of
a semigroup of contractions.

Corollary 37. +D,, is a dissipative operator if and only if one of the following
(mutually exclusive) statements holds:

w, A € R and FIm(ba) > 0.

+Im(N\) <0, [Im(w)| < [Im(X)] and Re(p) > 0. ~

+Im(A) <0, [Im(w)] < [Im(A)|, Re(p) =0 and +Im(ba) < 0.

+Im(\) <0, |Im(w)| < [Im(N)|, Re(p) < 0 and Im(ba) = 0.
Furthermore, if these conditions are satisfied then +D,, is maximally dissipa-
tive.

Corollary 38. Letw, \ be such that :l:Df}f/{1 is dissipative, i.e., |[Im(w)| < |Im()\)],
+Im(\) < 0. There exists p € M_1 such that Dg“)’} C Dy and £D,, is maxi-

mally dissipative. In particular j:Dg‘f;\‘ admits a mazximally dissipative exten-
sion which is homogeneous and contained in £D]5T.
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Proof. We present the proof for the upper sign. The other part of the statement
then follows by taking complex conjugates. If w, A € R, it is possible to choose p
with FIm(ba) > 0. Now let Im(\) < 0, [Im(w)| < [Im(N)]. If w? — A% ¢] — 00, 0],
we can choose p with Re(p) > 0.

Next suppose that w? —\? < 0. If the inequality is strict, then there exist
two possible choices of u differing by a sign, so the condition Im(ba) < 0 is
satisfied for at least one choice. If w? — A2 = 0, then either w + X or w — A
vanishes. We may assume that it is not true that both vanish, because this is
covered by the case w, A € R. Then [a:b] =[0:1] or [a:b] =[1:0]. O

8. Mixed Boundary Conditions

In this section we discuss operators Df; , introduced around equation (4.8).
Hence, w, A are restricted to the region |Revw? — A\?| < %

Proposition 39. Di)\ 1s closed, self-transposed and O-ess(D({ljy)\) = 063370(D£7)\)
=R.

Proof. The self-transposedness follows from [11, Proposition 3.21]. The state-
ment about the essential spectrum follows from Corollary 26. U

Operators Di’ » can be organized in a holomorphic family as follows. Let
. 1
M = {(w,)\, [a: b]) € C* x CP! |Rev/w? — \2| < 2} . (8.1)

We define Dg"ij\"[a:b] to be Di"“)’f’[“:b], where f,, x [q:p) 18 @ (unique up to a multi-
plicative constant) solution of Dy, x fu 1 [a:t) = 0 Whose value at 2 = 1 belongs
to the ray [a : b] in C2.

Proposition 40. D;’”f (a:b] form a holomorphic family of operators on M™®,

One has D:’j?_[a:b} =Dre @) 50 Dfﬁ[a:b] is self-adjoint if and only if w, \ €
R, [a: b] € RP".

Proof. Only the holomorphy of Dg"i/’\"[ ab] requires some justification. Define

Tw,)\,[a:b] : H& (]R-‘rv (Cz) ®C> (gv t) =g+ tX.fw,/\,[a:b]v (82)

where x € CZ°([Ry, 00[) is equal to 1 near 0. It is easy to check that T, x [4:5]
form a holomorphic family of bounded injective operators with Ran(7, x jq.5))

= Dom(Dg‘ij\‘ [a:b]) such that D™¥ [a:b]va\»[a:b] form a holomorphic family of
bounded operators. O

Next we describe the point spectra of nonhomogeneous operators Df) A
For this purpose it is not very convenient to use the parametrization by poirits
of Mmix,

Below we treat the logarithm, denoted Ln, as a set-valued function, more
precisely,

Ln(z) :={u | z =¢€"}. (8.3)
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Proposition 41. Consider the point spectrum of Df: \ for various w, A, f. All
eigenvalues are non-degenerate and zero is never an 7eigenvalue. Fork # 0, we
split the discussion into several cases. We say that a pair (k, %) is admissible
if either k € R*, [Im(\)| > 3 and = = sgn(Im()\)) or k € C\R and + =
sgn(Im(k)).
1. Case u # 0. We select select a square Toot j = v/w? — A2, or equivalently,
we fixp € M,% lying over w, X. All nonhomogeneous realizations of D, x
correspond to

fz) = [“’_M’\] o+ K {‘” ; A} z (8.4)

with k € C*. Let

w T'@2u+1) T'(1— pFiN)
AFip T(=2p + 1) D(1 + pFid)
Away from p = 0, ¢, + is a holomorphic function of w, A, u valued in
CU{oc}. k is an eigenvalue if and only if k(F2ik)** = ¢, + and (k,+£) is
admissible. Df} » has no eigenvalues in Cy if ¢, + € {0,00}. Away from
these loci, eigenvalues in Cy vary continuously with parameters, possibly
(dis)appearing on the real azis. They form a discrete subset of a half-line
if p € R, of a circle if p € R and of a logarithmic spiral otherwise. If

u & 1R, the set of eigenvalues is finite. More precisely, it is given by the
union of the following two sets:

Cp,:t = (8.5)

1 1 m T 1
— 4w i — < = .
{k :|:2e | we QMLD(Cp’i)’ 5 < Im(w) < 5 }, [Tm(N)] < 5 (8.6)
1 1 T T 1
_4tw T <= ~. (8.
{k j:2e | we QMLH(Cpi)’ 5 < Im(w) < 5 }, [ Im(\)| > 5 (8.7)

2. Case p =0, (w,\) # (0,0). All nonhomogeneous realizations of Dy, x are
parametrized by v € C and

f(z) = H —2X\(In(e*2) +v) m for w=\#0, (8.8)

) = m +2A(In(e¥z) + 1) H for w=—\#£0. (8.9)

In both cases k is an eigenvalue if and only if In(F2ik) +(1FiN) F5 = v
and (k,£) is admissible. There is at most one eigenvalue in C4 and at
most one eigenvalue in C_. The eigenvalue in Cy. exists if and only if
+i\ € N and Re (exp (V — z/1(1$i)\)¥§)) > 0.

3. Casew=X=0, f(x)= E] . k is an eigenvalue if and only if k € R and
k = isgn(Im(k)).

Proof. An eigenvector of D, » square integrable away from the origin is neces-
sarily of the form Cpi(k, -) with an admissible (k, £). It belongs to the domain
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of Df: , if its asymptotic form for 2 — 0, obtained from (D.24), is proportional
to f. This yields conditions described in 1.-3.
Function cp i is meromorphic. In the region |[Re(u)| < % functions

el +°;$i b and (1 uIl b do not simultaneously vanish anywhere, Whlle %
is holomorphic and nowhere vanishing. Hence, ¢, + is not of the indeterminate
form % anywhere. U

Let us note that eigenfunctions corresponding to real eigenvalues (which
exist only for [Im(\)| > 1) decay at infinity only as fast as 2~ ™I not
exponentially.

Consider a homogeneous operator D,, with p € &+ and its deformations
Dt

. With f parametrized by x so that Di’)\ = D, for kK =0. Then for k =0
the point spectrum of DLA is C4, but for every k # 0 it is disjoint from C_.
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A One-Dimensional Dirac Operators

A.1 General Formalism

By a 1d Dirac operator on the halfline we will mean a differential operator of
the form
_ |a(z) =0,
el )
where a, b are smooth functions on Ry =]0, co[. In this subsection we treat it
as a formal operator acting, say, on the space of distributions on R valued in
C?. We first describe a few integral kernels closely related to D.
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Let k € C and
_ &k 93)} _ |:§T(k7 l’)}
§(k,x) = [ﬁl(k,ff) ) C(k,z) = ¢ (k, ) (A.2)
be a pair of linearly independent solutions of the Dirac equation:
(D = k)§(k,-) = (D = k)¢C(k,-) =0. (A.3)
Let

d(k,z) = det [¢(k, 2), C(k, )] = det [2 E: g g((]f Zj’))] (A.4)

Then d(k,z) does not depend on z, so that one can write d(k) instead. We
define

G (ksw,y) = d(k) 7€k, 2)C(k,y) " — d(k) 7 C(k, 2)€(k, )"
) & (K

=1 |§1 (ks 2)Cr (ks y) &4 (ks )€ (R y)
= dh)™ [@(k ) (k) € (k) (k >]
N - CT(]f,l‘)ET(k’ ) (7m)§l(k’y)
[ S eten] - e
Note that G (k, z,y) is uniquely defined by
(D= K)G™(kz,y) =0, G~ (kiz,z) = [_01 (1)] . (A.6)

We will call it the canonical bisolution.
We also have the forward and backward Green’s operators given by the kernels

G (kz,y) = —G7 (ks z,y) e, (y — o). (A.7b)
They are uniquely defined by

(D—k)G (kyz,y) =0(z —y) [(1) ﬂ , x<y=G (z,y)=0; (A.8a)

(D~ k)G (k;z,y) = 6(z — ) [(1) ﬂ L 2>y=G (r,5)=0. (A.8b)

Note that G™,G~,G™ do not depend on the choice of &, (.
Using the eigensolutions &, ¢, we can introduce yet another important integral
kernel:

b7, -1 & (k@) G (R y) & (R 2)C (R, y) .
Gt = a0 DG 6 ) -
_ -1 CT(k’x)gT(kvy) CT(k,l‘)fl(/ﬂ,y) T —
(k) [<l<k,x>&<k7y> <l<k,a:>a<k,y>} Iz, (@ —y). (A9)

It is also Green’s kernel, because it satisfies

(D= )G (k; 2, y) = 6(z — ) P 0] . (A.10)
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G™(k;z,y) depends on the choice of the pair of one-dimensional subspaces
C&(k,-), CL(k,-) of Ker(D — k). The resolvents of various closed realizations
of D are often of this form.

Two classes of 1d Dirac operators have special properties. The case a(z) = b(z)
can be fully diagonalized:

5 il =l 5 L] e [13] e

We will analyze 1d Dirac—Coulomb operators of this form in Sect. 8.
The case a(x) = —b(z) can be brought to an antidiagonal form, used in super-
symimetry:

a(r) =0, | _ 1 [1-1 0 —0y —a(x)| 1 111 (A.12)
O0r —a(z)] 2|1 1] |0 —alx) 0 V2 |11 ‘
We will analyze 1d Dirac-Coulomb operators of this form in Sect. 8.

A.2 Homogeneous First-Order Scalar Operators

Let o € C. In this subsection we discuss the differential operator
Ay =202~ = 9, — & (A.13)
x

acting on scalar functions. It will be a building block of some special 1d Dirac—
Coulomb operators considered in subsections 8 and 8.

Let us briefly recall basic results about realizations of A, as a closed operator in
L?(R ) following [3]. Proofs of all statements stated in this subsection without
justification can be found therein. (In [3] a different convention was used:
Ay = —i0, + 2. Thus, A2V =iA%9)

We let A% be the closure (in the sense of operators on L?(R.)) of the re-
striction of A, to C°(R4) and AR the restriction of A, to Dom(AR?*) =
{f € L*(Ry)| Aaf € L3(R)}. Operators A™® and —A™2% are adjoint to each
other.

Proposition 42. We have AZ™ = A™** if and only if |Re(e)| > 1. If |[Re(a)| <
5, then Dom(AZ™) = Dom(AZ™) + Cxa®, where x € C*®(Ry) and x =1
near 0. If Re(o) # %, then Dom(AX™) = H} (R.).

Closed realizations of A, are of two types, described in the following pair of
propositions.

Proposition 43. Let Re(a) > —1,
o(—iAD*) = RUC, and one has

(A = i) () = = [ e (g)af(wdy, Im(k) < 0. (A.14)

2. If k€ Cy and n > 1, then Ker((AR™* — ik)™) is the space of functions
of the form x*e*®q(z) with q polynomial of degree at most n — 1. In

particular U Ker ((Am® — ik)") is dense in L*(R.).
3. If ke Cy, then AR — ik is a Fredholm operator of index 1.
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Proposition 44. Let Re(a) < 3.
1. o(—iA™") = RUC_ and one has

min_l‘ — ) = mei (z—y) E " m . .
Az — i) ) = [ (y) Fw)dy,  Im(k) > 0. (A.15)

2. A™N has no eigenvectors.
3. If k € C_, then A™™ — ik is a Fredholm operator of index —1.

Proof of Propositions 43 and 44. Statements 1. are proven in [3].
2. requires justification only for the first part in the first proposition. We
factorize

xaeikwq(x) _ l’i Im(a)ei Re(k)x (I,Re(a)eflm(k)wq(m)) ) (A].G)

Functions in the parenthesis form a dense set, because for any real numbers
¢ >0, § > —1 functions e_%ng%ﬁ)(cx), with L%ﬁ) Laguerre polynomials,
form an orthogonal basis (see, e.g., [38]). Clearly density is unaffected by the
prefactor, which amounts to the action of a certain unitary operator on L2.
Let us show 3. We consider first the case [Re(a)| < 3. Then we have explicit
inverses modulo rank one operators.

If Tm(k) > 0, then A™" — ik is invertible and its inverse is a right inverse for
AP —ik. Thus, AD?* — ik is surjective. We already know that its kernel is
one-dimensional.

If Im(k) < 0, then (Ama* —ik)~1: L?(R,) — Dom(A®¥) is continuous. The
range of A — ik is the preimage of Dom(A™™") which is a closed subspace
of Dom(AM?¥) of codimension one. Hence, Ran(A™" —ik) is a closed subspace
of L?(R) of codimension one.

To extended the result beyond the strip |[Re(a)] < 1, note that (A —
k)1 — (Ag1ir1 —ik)~! (resp. (Amax — jk)~1 — (A — ik)~1) has a square-
integrable integral kernel for Re(a), Re(8) < % and k€ C,. (resp. Re(a), Re(f3)
> f% and k € C_). Therefore, it is a Hilbert—Schmidt operator, in particular
compact. By Corollary 25, the essential spectrum of A™" and A™2* does not
depend on a. From the case [Re(a)| < 3 we know that it is R. The statement
about the value of the index is clear. U

Proposition 45. AM% js the generator of a C°-semigroup if and only if Re(a) >
0. If this condition is satisfied, it generates the semigroup of contractions
(S ) () = 2%(z + )" flz + 1), t >0, (A.17)
—Amn s the generator of a C°-semigroup if and only if Re(a) < 0. If this
condition is satisfied, it generated a semigroup of contractions
(e A" ) (z) = 2% — 1) f(x—1t), t>0. (A.18)
Here we put f(x —t) =0 if c —t <O0.
If |Re(a)| < L, the operators —A®®* and A™™ are not generators of C°-

27
Semigroups.
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Proof. We present a proof of the statements concerning AX**. The others can
be proven analogously. It is elementary to check that for Re(a) > 0 the right-
hand side of (A.17) defines a C°-semigroup of contractions with the generator
A% .. If Re(a) < 0, we consider the same expression for f € C(]1,00]).
Then for ¢ < 1 it is the unique solution of the Cauchy problem % fo = AN S
fo = f. However, there exists no constant ¢ such that || f|| < ¢||f| for every
t €10,1] and f. Thus, A™** is not a generator. If [Re(a)| < 3, then o(—AX*x)
is the right closed complex half-plane, so —A2'** is not a generator. O

A.3 Dirac—Coulomb Hamiltonians with w = 0

Dirac—Coulomb Hamiltonians with w = 0 can be reduced to operators A,
studied in Sect. 8. Therefore, they can be analyzed using elementary functions
only.

Let us set W := -} [} i] Using (A.11) we obtain for all A

7
min __ _iA?)l\in 0 —1 max __ _iA]iﬂ)l\ax 0 —1
pigy =w |7 Wt o= w [T

(A.19)
Consider now the homogeneous holomorphic family. Note first that w = 0
implies 1 = £iX. We set Dy := Dy 4ix,(zi:1]- Note that (0,\, =i\, [Fi: 1]) €
E*. We have:

_jAmax 1
D =W [ “%ﬂ . A?f.ig] W= Re(i\) > —5 (A.20a)
_ —iAR" 0 _ . 1
Dy zw[ OM iAmia;] w1 Re(—i\) > —5 (A.20b)
0 —i

Below o5 is the Pauli matrix [ ] . Matrices HE% are its spectral projections.

i0

Proposition 46. We have o(DY) =RUC, and

1
(Df — k)t = (i — ) L2
. Amin -1 L -0
whereas o(Dy ) =RUC_ and
; 1
(Dy =) = (i — )
- Amax -1 1- 02
—(—iAT + k) 5 Im(k) > 0. (A.22)
Proof. Follows from identities (A.20b) and Proposition 43, 44. O

Proposition 47. Df\c — k with k € C are Fredholm of index 0.

Proof. Indeed, by Propositions 43 and 44 they are direct sums of two Fredholm
operators with indices 1 and —1. O
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Proposition 48. Let k € Co. Then |J Ker((Df —k)™) is a dense subspace of
n=0

e |7

Proposition 49. iD;\r is the generator of a C°-semigroup if and only if Im(\) <

0. Then it generates the semigroup of contractions

(D} — gan 1t o 4;02 petamil _202, t>0. (A.23)
—iDy is the generator of a C°-semigroup if and only if Im(\) > 0. Then it
generates the semigroup of contractions

- _amin 1 + 09 max 1 — 09
oDy — g tAR 7_’_6“&,“7’

Operators —Z'DA+ and iDy are not generators of C°-semigroups.

t>0. (A.24)

A.4 Hankel Transformation

The following proposition is proven, e.g., in [3].

Proposition 50. Let Re(m) > —1. We define

(F2f) (@) = /OOOJmuy)mf(y)dy, fECR®R,),  (A25)

where J,, is the Bessel function. Then FP™ extends to a bounded operator
Fo on L2(Ry), known as the Hankel transformation. F,, is a self-transposed
involution, unitary if m is real.

Recall from Sect. 1.1 that the operator X is defined by
(Xf)(x) =af(z),  Dom(X)={feL*Ry)|zf(z) € L*(Ry)}.

Proposition 51. If Re(«) > —%, one has

For 1 ATNF o1 = =X, For i AMRF o1 = X, (A.26)
Proof. Using the identity
d
xfmﬁxmjm(z) = Jm-1(2), (A.27)
one checks that
(FP", Aaf)(w) = ~(F2, f)(z) (A.28)

for f € C°(R4). If [Re()| < %, (A.28) may be checked to hold also for f(z) =
x(x)x®. Taking closures we obtain Fog 1 AG™ C =XF, 1,50 F o 1 AQ™F, 1
C —X. Since F, ;1 AZ™F, 1 is a closed operator and C2°(R4.) is a dense sub-
space of Dom(X) with respect to the graph topology, the opposite inclusion
will be established by demonstrating that C2°(Ry) C Dom(F, ;1 AZ™F, _1).

a—3
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Let f € C>(Ry). It is clear that F,_1f is a smooth function. Using the
identity (z% — ydiy) VZYJIm(zy) = 0, we find

d _1 d f(y)
1 Fa—sf)2) =~ /0 VYT (o) g = = dy. (A.29)

Since dd—y%y) is in L2(R,), we get that %(fa_%f) (x) is square-integrable over

[1,00[. Next we use the series expansion of .J,, to find that for small

_ by
20730 (e + 3)
Hence, 7, _1f € Dom(Ag3™), so f € Dom(AZ*™F,_1) = Dom(F, 1 AG™
F, 7%). We proved the first equality in (A.26). The other one may be obtained

[e3

by taking the transpose. O

(Fae1 /)(®) + O(z*th). (A.30)

Following [12] (see also [3]), we consider the formal differential operator
m? — 1
22

L2 = —02 + (A.31)

We let L™ be the closure of its restriction to C°(R4) and L™2* be the
restriction to Dom(L™3*) = {f € L*(R})| L2 f € L*(Ry)}. If Re(m) > —1,
operator H,, is defined as the restriction of L,,> to Dom(LEZ“) + (Cxx“”%,
where Yy is a smooth function equal to one in a neighborhood of zero. We remark
that H 1 and H7% are the Dirichlet Laplacian and the Neumann Laplacian,
respectively. Furthermore, H,, can be diagonalized as follows:

Hy = Fn X2 Fp. (A.32)

A.5 Dirac—Coulomb Hamiltonians with A = 0

Dirac—Coulomb Hamiltonians with A = 0 can be analyzed without Whittaker
functions, just with Bessel functions.

Let us set U := - [1 _1]. Using (A.12) we obtain for all w

V211
DRy =U [ Agi? *%51 m} Ut DIy =U { Arggx Aogax} Ul (A.33)
Using Proposition 42 we rewrite the operators D' := D, 0,40 [x1:1] a8
pt—u [ Aggy _Aoglax} U, Re(w) > —%; (A.34a)
D =U [ Aggx _%gﬁn} U™l —Re(w) > f%. (A.34b)

Proposition 52. Introduce

1 |:f:|:w:|:§+‘7::|:w$é ‘Fﬂ:w:i:%f}—:twié

W= =
Y 2 [Frott—Frogt Froxi T+Frorl

} ,  ERe(w) > —%. (A.35)
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Then W'E are involutions and we have the following diagonalizations

FX 0

£ ==
D =W, [0 +X

] WE. (A.36)

Proof. We insert (A.26) into (A.34):

F . .1 0 0 X|[F,.. O
I+ _ w3 w3 -1
Dy _U[ 0 F ] [X OH 0 F I]U » (A.372)

w—73 w—73
F w1 0 0 —X]|[Fowoz O
I— w w —1
] e TR L IS WU PR,
2 2
Then we use
0 £X| 4 |FX 0
855 <o [ 8o a8
O
Corollary 53. We have
H, . 0
+\2 _ w+3 -1
(D7) —U[ 2 Hw_J U, (A.39a)
H 1 0
1—\2 _ —w—3 —1
(D7) =U [ 0 2 H—w+J U—. (A.39D)

Remark 54. At least formally, operators D/, Xy (declared to be odd) and
(D!'F)%, X2, A (declared to be even) furnish a representation of the Lie super-
algebra osp(1]2). We leave a detailed description of this representation for a
future study.

B Dirac Hamiltonian in d Dimensions

Separation of variables of a spherically symmetric Dirac Hamiltonian in dimen-
sion 3 is described in many texts and belongs to the standard curriculum of
relativistic quantum mechanics [15, p. 267]. Of course, it is even more straight-
forward to solve a rotationally symmetric Dirac Hamiltonian in dimension 2.
However, to our knowledge, the first treatment in any dimension is due to Gu,
Ma and Dong [25].

In this appendix we show that a spherically symmetric Dirac Hamiltonian in
an arbitrary dimension can be reduced to 1 dimension. Unlike in [25], we arrive
at the radial Dirac equation by relatively simple algebraic computations which
do not involve a detailed analysis of representations of the Lie algebra so(d).
The main role in this separation is played by a certain operator s that com-
mutes with the Dirac operator. This operator in dimension 3 goes back to
Dirac himself. It seems that for the first time it has been generalized to other
dimensions in [25]. We analyze this operator in detail.

Recall that operators belonging to the center of the enveloping algebra of so(d)
are called Casimir operators of so(d). One of them, built in a standard way as a
bilinear form in the generators, will be called the square of angular momentum
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or simply the quadratic Casimir (even though it is not the only Casimir bilinear
in generators: these form a vector space generically of dimension 1, and of
dimension 2 if d = 4). k does not coincide with the quadratic Casimir. One
can ask whether k is also a Casimir operator. We will analyze this question
in detail. It turns out that the answer is positive in even, and negative in odd
dimensions.

B.1 Laplacian in d Dimensions

Spherical coordinates can be interpreted as a map

RN{0} 3 2 — (r, &) € Ry xS, (B.1a)
&= |%|7 r=|z| (B.1Db)
It induces a unitary map
L*(RY) — LRy, r4 ) @ LA(S471). (B.2)
We also have the obvious map
L*Ry,r )5 frors f e L2(Ry). (B.3)
The product of (B.3) and (B.2) will be denoted
U:L*R?Y — L*(Ry) ® L*(S771). (B.4)
The momentum is defined as
p; = —i0;.
We also introduce the radial momentum
R := ﬁp%—pﬁ = E;p—id2|x|1. (B.5)
Here is the radial momentum and its square in spherical coordinates:
R=—-i9, — id;rl, (B.6a)
_ N
R = 9 %ar + (i - (%) ) %2 (B.6b)
After applying U we obtain
URU™! = —i0,.
In the standard way we introduce the angular momentum and its square:
Lij == xipj — xjpi, (B.7a)
L?:=>Y "L (B.7h)
i<j

They furnish the standard representation of the Lie algebra so(d) on S?~1:
[Lij, o) = =102 + 1025, (B.8a)
[Lij, pi] = —10;1pi + 10irpj, (B.8b)
[Lija Lkl} = =ik L — i6uLjk + 0Ly + 165 Lik. (B.8c)
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The angular momentum squared L? is the quadratic Casimir operator of so(d).
The representation (B.7a) is decomposed into subspaces of spherical harmonics
of the order ¢. The representation of so(d) of this type will be called spherical
of degree £. On this representation we have

d—2\2 d—2\2
2 _ oy — _
L2 =t +d—2) = (C+ . )= ( . ) (B.9)
The Laplacian on R? in the spherical coordinates is
d—1 L?
—A=-0 - ( )ar + =2, (B.10a)
T T
1 d—2\2\ 1
_ P2 _ = _
—R+ -1+ (+55)) % (B.10b)
Sandwiching it with U we obtain
U(AU = -2 ¢ (—1+ (e+ u)Q)l (B.11)
" 4 2 r2’ ’

Remark 55. Discussion above is valid even for d = 1, with S° := {£1}. This
case is peculiar in that the only allowed values of £ are 0 and 1, corresponding
to even and odd functions. d = 2 is also special: ¢ takes arbitrary integer
values, while for d > 3 one has ¢ > 0.

B.2 Dirac Operator in d Dimensions

Let a;, i = 1,...,d and B be the Clifford matrices acting irreducibly in a
finite-dimensional space K. They satisfy the Clifford relations

[ai,ajbr = 204, [, B+ = 0, 62 =1. (B.12)

We recall that dim(K) = 2L%*) and that for even d one has 8 = +i? Hle ;.
The two sign choices give non-isomorphic representations of the Clifford al-
gebra. By averaging arguments, L admits a positive definite Hermitian form
such that 8 and «; are unitary and hence Hermitian. This form is unique up
to positive scalars; we fix one once and for all.

Using the Einstein summation convention unless there is a summation sign,
we introduce the following operators on L?(R%) @ K:

D := o;p;, (B.13a)
. d—1
T .= ﬂzaiajLij + (B.13b)
1<)
T
S =" B.13c
o (B15e)
k:=pT =T0. (B.13d)
Proposition 56. We have
SD =R+ |—Z|T, DS=R- ‘—ZlT, (B.14a)
x x
SR = RS, ST =-T8, (B.14b)

SB = -85 3D = —DB, (B.14c)
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DT = -TD, Dk = kD. (B.14d)
Proof. Let us prove the first identity of (B.14d). We have
[aiajLijvakpk]+
= [, | Lijpr + oo [Lij, prl 4 (B.15)
Using
QiR = Qoo + 25j;€ai — 26:’]’04]@7 (B.lﬁa)
Qi = Qoo + 26jkozi — 25ik0¢j7 (B.lﬁb)
we obtain
3agoiai[Lij, prl+
= apia;[Lij, prl+ + jarai[Lii, il + aiojor][Ljk, pil+
= apia; ([Lij, pl+ + [Lii, 5]+ + [Ljks pil+)
+ 20[Lji, pjl+ — 20i[Lij, pjle — 20i[Lij, pil+
= 6041'[Ljiupj}+ == —Giajpj(d - 1) — ].QOZZLUPJ (Bl?)
Moreover,
[0, ] Lijpr = 2(060j, — dietj) Lijpi
Now the sum of §(B.17) and §(B.18) is (d — 1)a;p;. O
B.3 Decomposition into Incoming and Outgoing Dirac Waves
Let
1
be the spectral projections of S onto £1. Define
Ha =T (L*(RY) @ K), so that L2 (R @K =H, dH_. (B.19)
For an operator B on L?(R?) ® K let us write
Biy =T BI.,  Biy=ILBIl,. (B.20)
Clearly,
1 0] _[Riy O
S = {0 A r- [ : R__], (B.21a)
[0 B4] [0 Ty
5_{5_+ al T_{T_+ : ] (B.21D)
D= R++ ‘%‘T+7- K — |:B+7T7+ 0 :| _ |:T+7ﬁ7+ 0 )
— Ty —Ro | 0 ByTi_ 0 T B

(B.21c)



Vol. 25 (2024) Holomorphic Family of Dirac—-Coulomb 397

D commutes with the self-adjoint operator k. We can therefore reduce our-
selves to the eigenspace of k with eigenvalue w € R, denoted H,, (see Sect. 8
for a description of these eigenspaces). We can write

Ryt ﬁ@ﬁ
1w /B_J’_ 7R__

el

D= . (B.22)

Using spherical coordinates, we can identify L?(R?) @ K with L*(Ry,r4 1) ®
L%(S%1) ® K. Applying (B.3) and treating S as identifications, we can
rewrite the above equation as

D= [_167‘ ] . (B.23)

iw
-
P r

The d-dimensional Dirac Hamiltonian can be reduced to 1 dimension (with
2 x 2 matrix structure) if it is perturbed by four kinds of radial terms: the
electric potential V(r), the mass m(r) (called also the Lorentz scalar), the
radial vector potential A(r) and the anomalous (Pauli) coupling to the electric
field E(r). The reduction (B.23) leads to

A T D) i
Dvﬁm7A,E — D+V(7") +m(r)5+ (T?'da xT +1 (T)fa €T

= [T i Al 4 mte) 3]
—% 4 n(r) +1E(r) 10, + V(r) — A(r)

We prefer another form, related by a similarity transformation:

(B.24)

B D 11— =2+ E(r) + V(r) =0, —iA(r) — m(r)

V2 i -1 TYmAE S 1] T |0, +iA(r) —m(r) £ — E(r)+ V(r)
(B.25)

Form=A=F=0and V = f%, this is the one-dimensional Dirac operator

studied in our paper.

We remark that the radial electromagnetic potential A(r) is necessarily pure
gauge. Indeed, it enters the Dirac operator only in the combination 9, +1A(r),
which may be written as e7'*("9,e!*(") for a function ¢(r) such that ¢'(r) =
A(r). Coupling E(r) arises if the Dirac Lagrangian is extended by the Pauli
term, proportional to E%’y”v” wp with a purely electric and radial field
strength tensor F'.

B.4 Composite Angular Momentum
Introduce the spin operators

i

045 = —5[041',0[]']. (B26)
305 yield a representation of so(d) on the spin space K:
1
baij,ak} = —ifjra; +idin0y, (B.27a)
1 1 1 1 o1 o1
baz‘j, 50%1} = _15jk§(7il - 15¢550jk + 15ik50jz + 15jl§0'ik- (B.27b)
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Irreducible representations of s0(d) contained in IC will be called spinor repre-
sentations. Their quadratic Casimir is given by

o? 1 5 d(d—-1)

Tom =

If d is even, then there are two inequivalent spinor representations. They cor-
respond to the eigenspaces of 3 with eigenvalues +1.

If d is odd, then K is also a direct sum of two spinor representations; however,
they are equivalent to one another. The decomposition of I into irreducible
components exists but is clearly non-unique. One possible choice corresponds
to the eigenvalues +1 of g.

We also have the composite representation of so(d) given by

1
Clearly,
[Jij, Jkl] = *iéjkl]il — iéilek + idiijl + i(SﬂJik, (B.30a)
[J,x-a]l=[],p-a] =[J,p*] =[], 2% = 0. (B.30b)

The quadratic Casimir of this representation, also called the square of the total
angular momentum, is
2

P = T =1t Lo+ UZ’ (B.31a)
1<J
where Lo = ZLijaij. (B.31b)
1<j

Proposition 57. We have the following relation:

(d—1)(d-2)

K= J* + e (B.32)
Proof. Directly from the definition we have
2 (d—1)°
R® = T + (d — 1)L0’ + Z LiijlUijUkl- (B33)
i<j
k<1
To simplify the last term, we write
1 1
Oij0Kl = 5[01‘]‘,0';91] + §[Uz‘j70kl]+- (B.34)
A simple expression for the first term is given by (B.27b). The second one is
1 i
5[0’@', Ukl]+ = —Q[0 Ry + 25[[k6l]]] (B35)
in which [- - -] denotes skew-symmetrization of the enclosed indices. In order to

prove this formula, first note that both sides are skew-symmetric with respect
to the transposition of 7 and j or k and [, so we may assume that i # j and
k # 1. We have three cases. If sets A = {i,j} and B = {k,[} are disjoint,
then all o matrices involved anticommute and hence both sides are equal to
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—oyajopag. If AN B has one element, one checks that both sides vanish.
Finally, if A = B then both sides are equal to +1, the sign depending on the
order of indices.

Now plug (B.34) and (B.34) into (B.33). The term with ajajaxay drops out
after summing over indices because Lj;; Li;) = 0. In the term with (B.27b) we
can replace L;;Ly; by %[Lij, L], by skew-symmetry with respect to ij < kl.
After simplifications with (B.28) and (B.31a) we obtain the claim. O

Recall that on H, the operator s acts as multiplication by w. We will now
characterize H,, more closely.

Proposition 58. Let w be such that H,, # {0}. Then there exist { and subspaces
We, Wy_1 C L2(R?) spherical of degree £ resp. £ — 1 such that

Ho, C WeWi—1) @ K, (B.36a)
| = €+ ?, (B.36h)
2
- 1
T2 =+ d—3)+ dQTfHG. (B.36¢)

Proof. Exceptional cases d = 1,2 are easy to analyze separately: one has k = 0
in the former case and kK = £Lq5 + %ﬂ (with the sign depending on the choice
of Clifford matrices) in the latter. From now on we assume that d > 3. We
note that (B.32) and J2 > 0 imply that w # 0.
k commutes with 3, hence also with Lo. Therefore, we can decompose H,,
with respect to the eigenvalues of Lo. From (B.13b) we obtain

d—1

which has on H,, two distinct eigenvalues
d—1
+w-— —5 (B.38)
Both sings are realized because D anticommutes with 3 and preserves H,,.
Clearly L? = J? — Lo — %2 has on H,, two distinct eigenvalues corresponding
to (B.38). As seen from (B.9), the representation of orbital angular momentum
is uniquely determined by L?. Therefore, for some ¢, ,¢_ € N, £, > {_,

Ho € We, @We_) @ K. (B.39)
Comparing the identities
d—1 d(d—-1
T2 = le(le +d = 2)Flw| - —— + ( S ), (B.40)
J? =w? - W’ (B.41)

we obtain the equation

ol £1) = (0 + T00) (e +232), (B.42)
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whose solutions take the form ¢, + 9453 € {|w|, —|w| — 1}, £_ + &2 € {|w| —
1, —|w|}. In both cases the second solution has to be discarded because ¢4 +
4=3 > 0. Hence, (B.36b) holds and ¢_ = ¢, — 1. Then (B.36¢) is obtain by
feeding (B.36Db) into (B.32).

We remark that the sign of w cannot be obtained from the above calculation.
Indeed, the spectrum of x on L?(RY) ® K is always invariant with respect to
w — —w. If d is odd, then H;l:l aj commutes with L and «;, but anticommutes
with # and hence with k. If d is even, then k anticommutes with the parity
operator

fzy, ... xq) — Barf(—z1,...,24), feL*R4K). (B.43)

However, this operation does not preserve the type of angular momentum
representation. Indeed, it anticommutes with § and hence exchanges the two
spinor representations.

B.5 Analysis in Various Dimensions

Let us review the lowest dimensions.

d = 1. There is no angular momentum and one has w = 0.

d = 2. Unitary irreducible representations of s0(2) are enumerated by spin
values m € R. The corresponding quadratic Casimir is equal to m?. There are
two types Ko 1 of spinor representations, corresponding to m = :l:%. Spherical
representations correspond to £ € Z.

One convenient choice of Clifford representation is given by Pauli matrices:
a1 = 01, Qg = 09, 3 = £o3. Then k = +.J and hence

Ho = (We@/C,%) 53] (We71®/C%). (B.44)

with w = +(¢ — ) € Z + 3. Sign in the relation between w and total angular
momentum depends on the choice of sign in 3, but after fixing Clifford matrices
it is one-to-one.

d = 3. Unitary irreducible representations of s0(3) are parametrized by spin
j € %N or the quadratic Casimir j(j + 1). All spinor representations have
the spin % The representation on H,, has spin ¢ — % We have w = +{ €
{£1,42,...}, i.e., two distinct values of w correspond to the same total spin.
d = 4. We have s0(4) ~ s0(3) @ s0(3). More explicitly,

1 1
JE = 5 (£J12 + Jaa), JE =

1
§(Z|ZJ13 +Ja2), Jif = 5(:‘:&4 + Ja3)

(B.45)

span two algebras isomorphic to s0(3) and commuting with one another. Let
(J*)? be the corresponding quadratic Casimirs. We have

J2=2(JT)2 +2(J7)2 (B.46)

Thus, irreducible representations of so(4) are parametrized by pairs of spins
(j%.77) € (3N)? with the quadratic Casimir 27 (j* 4+ 1) + 27 (j~ + 1). We
have also the obvious analogs of (B.45) and (B.46) for L;; and 1o;.
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Representations of s0(4) on spherical harmonics satisfy
LioL3s + L1zLag + L1sLog = 0. (B.47)

Therefore, (L*)? = (L™)?. Hence, a spherical representation of degree ¢ cor-
responds to the pair of spins (g, g) with the quadratic Casimir ¢(¢ + 2) =
2% (% + 1) + 2% <§ + 1). Spinor representations of so(4) are of types (3,0) and
(0, %), distinguished by the eigenvalue of ajasazay. They satisfy

:I:)2

3
1030y O'Z-i = :Foii7 (o = q:§a1a2a3a4. (B.48)

Furthermore, we have 8 = tajasagay, with the sign in this relation distin-
guishing Clifford representation. Using these relations we derive

k=F2(JT)? +£2(J7)2 (B.49)

From spherical representations and spinor representation it is possible to build
total angular momentum representations of two types: (%, %) and (%, g)
They have the same quadratic Casimir

J2=0(l+1)— % (B.50)

but can be distinguished by w:

w:$<€+;> and wz:l:(ﬁ—l—;). (B.51)

The inclusion (B.36a) may now be stated more precisely:

H, = (2,6;1> C<€g1,€;1)®(%,0) D (g,g)@@(o,%), for +w <0

(B.52a)

s (1) (5 5 e(0 1) (6 e(ho) b 2o

(B.52b)

As in dimension 2, the relation between the total angular momentum represen-
tation and w, taking valued in {j:%, :i:g, ...}, is one-to-one after fixing Clifford
matrices.

For general dimensions we label irreducible representations as in [20, Section
19).

d = 2n+1, n > 2. Irreducible representations are in 1—1 correspondence with
labels (a1, ..., a,) € N™. Spherical harmonics of degree ¢ have type (¢,0,...),

while spinor representations have type (0,...,1). Their tensor product decom-
poses as
,...,0020,....,)=0,.... )L —-1,...,1), 0> 1. (B.53)

Thus, the only possible types of H, are (¢ — 1,...,1). This representation
occurs as a subrepresentation only in two tensor products:

(t,....00(0,....,1), ({—1,...,00%(0,...,1). (B.54)
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We have |w| = ¢+n—1; thus, w takes values {£n, =(n+1), ...}, with opposite
w corresponding to the same total angular momentum. In particular it is not
possible to express s as a polynomial in J;;.

d = 2n, n > 3. Types of irreducible representations are parametrized by
(a1,...,ay,) € N™ (th degree spherical harmonics are of type (¢,0,...). Spinor
representations are of two types: (0,...,1,0). and (0,...,0,1). We have tensor
products decompositions (¢ > 1):

,...,00®(0,...,1,0)=(¢,...,1,0)® (£ —1,...,0,1), (B.55a)
(t,....0)®(0,...,0,1) = (£,...,0,1)® (£ —1,...,1,0). (B.55b)

It follows that H, must be of the type (( —1,...,0,1) or (¢{ —1,...,1,0).
These two representations have the same quadratic Casimir; however, they
are exchanged by the parity operator (B.43). Hence, they can be distinguished
by the sign of the following Casimir element, defined as the nth wedge power
of the 2-form J:

N\ 7= L gir.vian Jivig = Jigy iy - (B.56)

12n—112n

Here € is the Levi-Civita symbol.

We will show that (B.56) is actually proportional to k. Using the fact that
skew-symmetrization of the product of two or more L;; vanishes and Clifford
relations, we derive

/\ an_f) ((=9)"au -~ azn) (L0+2n2_ 1). (B.57)

A Clifford representation is determined up to isomorphism by specifying the
sign in the relation 8 = £(—i)"aq - - - a,. Then we have

/\J = 22n 22) : (B.58)

As in lower even dimensions, for fixed Clifford matrices angular momentum

types are in one-to-one correspondence with the values w € {+ (n— %),

+(n+3),...}.

B.6 Dirac Operators on Manifolds

The operator k, which is central to the separation of variables of the radi-
ally symmetric Dirac equation, is closely related to the Dirac equation on the
sphere. We would like to give a short discussion of this topic.

Before we discuss the case of a sphere, in this subsection we give a short intro-
duction to Dirac operators on Riemannian manifolds. We take Clifford module
bundles as central objects. A popular alternative is based on the concept of a
spin structure. Spinor bundles are then constructed by the associated bundle
construction, see [32, p. 7-44, 77-135] for an exposition. A comparison between
the two approaches is presented in [41].
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Given a Euclidean vector space E with the scalar product of u,v € E denoted
u - v, we let CI(F) be the corresponding Clifford algebra, that is the quotient
of the tensor algebra of E by the ideal generated by elements of the form
u®u—u-u. Then R and E are naturally embedded in CI(E) (in concrete
matrix realizations of C1(E) the latter embedding is realized by contraction of
vectors with o matrices such as (B.12)). In this subsection we identify elements
of E with their images in CI(E).

The automorphism « of CI(E) characterized by the equation o(u) = —u for
u € E is called the main automorphism or the parity. Elements of Cl(F)
fixed (negated) by « are said to be even (odd). The transposition is the anti-
automorphism of Cl(E) characterized by (u; ... u,)T = uy, ... uy forus, ..., u, €
E.

The spin group Spin(E) is the group of even invertible elements g € Cl(E)
such that

gug~! € E for every u € E, gtg=1. (B.59)

If g € Spin(E), then the endomorphism u +— gug~' of E belongs to the special
orthogonal group SO(E). Thus, we have a homomorphism Spin(E) — SO(FE).
This homomorphism is surjective with kernel {£1}. Since this is a central
subgroup of CI(E), the adjoint action of Spin(FE) on CI(E) descends to an
action of SO(F) on CI(E). The Lie algebra spin(E) of Spin(F) is the subspace
of CI(E) spanned by elements of the form [uy,us] with ui,us € E. We have
an isomorphism spin(E) = so(FE), which takes [u1, us] to the endomorphism

us — [[u1, us), us] = 4uq (ug - uz) — dus(uq - us). (B.60)

Therefore, A € s0(F) is mapped to
1
gz:[ei,ej](ei 'A@j), (B61)
ij

where e; form an orthonormal basis of E.

Every Cl(E)-module V is a direct sum of irreducible modules. Let V be an
irreducible complex representation. The even subalgebra of CI(E) (and in par-
ticular the spin group Spin(FE)) is represented faithfully on V. There exists
a positive-definite Hermitian form (:|-) on M, called a spinor scalar product,
such that (11]ciha) = (¢T1]1ha) for ¢ € CI(E) and 91,15 € V. It is unique up
to positive scalars. Furthermore, there exists an antilinear operator © on V,
called a spinor conjugation, such that

Oc0-1_1°¢ if n # 3 mod 4,
) ale) if n =3 mod 4,

1 if 1,2
o2 _ { if n€{0,1,2,7} mod 8, (B.62)

-1 if n € {3,4,5,6} mod 8.
© is unique up to a phase factor.

Now let M be a Riemannian manifold with tangent bundle 7'M and the Levi—
Civita connection V. For every « € M consider the Clifford algebra C1(T,M).
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Together these Clifford algebras form a bundle CI(T'M) of Clifford algebras
over M. If M is oriented, we can locally choose positively oriented orthonormal
framings {e;}¢_, and put
voly = e1---eq. (B.63)

The right-hand side does not depend on the choice of framing; hence, it defines
a global section of CI(T'M).
The Levi—Civita connection extends uniquely to a connection on C1(T'M) sat-
isfying the Leibniz rule:

V(cico) = (Ver)ea + c1Ves (B.64)

for sections ¢y, co of CI(T'M). This connection commutes with the main auto-
morphism and the transposition. If defined, voly; is covariantly constant.

A vector bundle ¥ whose fiber X, is a representation of Cl(T,M) (with the
module structure smoothly varying with x) is called a Clifford module bundle.
A connection V on ¥ will be called Clifford covariant if it satisfies

Viey) = (Ve)yp + cVi. (B.65)

If in addition for every x € M and every null-homotopic loop v based at x
the holonomy endomorphism holy , € GL(X;) is an element of Spin(T, M),
we call V a locally spin connection. If this is true for all loops, we say that V is
a spin connection. A Clifford module bundle equipped with a spin connection
will be called a spinor bundle.

Lemma 59. IfV is a spin connection, then the holonomy endomorphism hols, -
€ Spin(T, M) lifts the holonomy holrar,, € SO(T, M) of the Levi-Civita con-
nection.

Proof. By the Clifford covariance (B.65), for any ¢ € CI(T, M) we have
holci(rar,(€)hols 44 = hols  (c1)) = holx ¢ holg},yholgﬁw. (B.66)
Thus,
holcy(rar),4(¢) = holy ,cholg . (B.67)
As ¢ we can choose u € T, M C CI(T, M) and rewrite (B.67) as
holyas 4 = holy yuholg” .

O

From now on we assume that M is orientable. As a consequence, the holonomies
of the Levi-Civita connection are always contained in SO(T,M). (On non-
orientable manifolds they may be contained in O(T,M))

The following lemma allows us to conveniently check whether a given connec-
tion is spin [41].

Lemma 60. Let X be a bundle of irreducible Clifford modules with a Clifford
covariant connection V. Then V is a spin connection if and only if there exist
a spinor scalar product (-|) and a spinor conjugation © on 3 such that

VOy = 6V, d(1lb2) = (Vb1 |2) + (1| Vha). (B.68)
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Proof. =. We focus on one connected component My of M and choose a point
z therein. Then we choose a spinor scalar product (+|-) and a spinor conjugation
O in ¥,. By assumption, they are invariant under holy, ., for every loop based
at . Now parallel transport (-]-) and © to all other fibers over M. Invariance
under holonomies implies that the result is independent of the choice of paths,
smooth and covariantly constant, hence satisfies (B.68).

<. Let v be a loop based at = and let ¢ € CI(T, M). Let g € Spin(T, M) be a
lift of holras, € SO(T,M). Arguing as in the proof of Lemma 59, we see that
hols ¢ holil,y = geg'. By irreducibility of ¥, this implies that holy , = zg
for some z € C. Since both holy, , and g preserve the scalar product, |z| = 1.
Since both commute with ©, z € R. Thus, holy , coincides with g or —g and
hence belongs to Spin(T,M). O

Lemma 61. Every spinor bundle is a direct sum of spinor bundles whose fibers
are irreducible Clifford modules.

Proof. Analogous to the proof of = in Lemma 60. g

Recall that for a vector bundle ¥ with a connection V, the expression
QU,V) :=VyVyv - VvVu — Viuv..- (B.69)

defines an End(X)-valued 2-form, called the curvature of V. Here [, ]pic is

the Lie bracket of vector fields U, V. If ¥ = TM and V is the Levi-Civita
connection, then € is denoted by R and called the Riemann tensor. One checks

that R(U, V)|, is an element of so(7,M).
Lemma 62. If V is a spin connection, then its curvature takes the form
1
U, V) = ¢ ;(ei -R(U,V)ej)ei, ¢]. (B.70)

A partial converse holds: every Clifford covariant connection with curvature
given by the formula above is a locally spin connection.

Proof. The curvature may be extracted from holonomies along infinitesimal
parallelograms. Therefore, by Lemma 59, the curvature of V at z is an element
of spin(T, M), coinciding with R(U, V) taken in the representation (B.61).
Now we prove the converse. If v is any path from y to x and holy, €
Hom(X,,,) is the corresponding parallel transport, then by the Clifford co-
variance

_ 1
h01277Q(U,V)h012717 =3 Z(ei - R(U, V)e;)holras ~(e;), holrar(€;)]
.3
€ spin(T, M). (B.71)
Let 7y, be a family of loops [0, 1] — M based at z.. For t € [0, 1] let ! := Ysljo,4-
Then

., d oo Os(t) Oys(t
holz}%gholz,% = /0 holz}ﬁQ( 76 8( )7 vat()

It follows that for a null-homotopic loop v based at 2 we have that hols - €
Spin(T, M). O

) hols; edt.  (B.72)
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Next we define the Dirac operator on sections of a spinor bundle . Let us
choose a locally defined orthonormal framing {e;} of TM. Now put

Dp=—i» eV, (B.73)

Here the multiplication by e; is the Clifford multiplication (e; being regarded
as a section of CI(T'M)). Tt is not difficult to check that Dy does not depend
on the choice of framing, so local expressions on the right-hand side of (B.73)
can be glued to obtain a globally defined differential operator.

If ¥ is a spinor bundle over an oriented Riemannian manifold M, there exist
two distinguished second-order differential operators acting on sections of X:
the square of the Dirac operator D? and the Bochner Laplacian. To describe
the latter, let (-]-) be a spinor scalar product. It yields a scalar product on
T*M®X.. Now the Bochner Laplacian, at least formally, is (minus) the operator
associated to the quadratic form

(W Ag) = /N (V)| V() ) da (B.74)

Equivalently, the Bochner Laplacian can be defined without invoking the scalar
product by

A=) (Ve Ve, = Vv, ) (B.75)
Note that the Bochner Laplacian uses the covariant Hessian
Hess(U,V) = VuVv — Vyyv, (B.76)
which is bilinear over C*°(M) and satisfies
Hess(U, V) — Hess(V,U) = Q(U, V). (B.77)

(B.77) follows from the torsion-freeness of the Levi-Civita connection, that is
VuV = VyU - [U, V], = 0. (B.78)
In the following proposition we recall the celebrated Lichnerowicz formula:

Proposition 63. The square of the Dirac operator and the Bochner Laplacian
are related by

1
D? = —A+ ZSC’ (B.79)
where Sc is the scalar curvature.

Proof. Let Hess® be the symmetric part of the Hessian. We choose an orthonor-
mal framing {e;}. Then

(iD)* = eiVe,e;Ve, =D (€ie;Ve, Ve, +€i(Ve,;)Ve,)
i i

= Z eiej (Hess(e;, e;) + Vve,iej) + Z ei(Ve, ) Ve,

.9 5]
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. 1

= Zeiej (Hessb(ei, e;) + éﬁ(ei, ej)>
,J
+ Z (eiejvv%ej + ei(Veiej)Vej)
.9
1
=A+ 7 Z [€is€5l[en, em] (en - R(ei,€5)em) . (B.80)
1,7,m,m

Below we will show that the last two terms in the third line cancel. The last
term in the fourth line may be shown to be equal to —1Sc = —1% D ij €
R(e;, e5)e; using Clifford relations and symmetries of the Riemann tensor.

Connection coefficients are defined by the formula

Ve,e5 = Zcijk€k~ (B.81)
k

V..(ej-er) = 0 and metric compatibility of the connection give ¢; i+ cir; = 0.
We have

Z (ejVVEiej + (Veiej)vej) = Zcijk (ejVek + ekVeJ) . (BSQ)
J 3.k

Now switch the roles of 7,k in the second term to see that (B.82) vanishes.

g

Now suppose that N is an orientable submanifold of M of codimension 1. We
will now describe spinor bundles on in the spirit of [40]. Then there exists a
smooth field of unit normal vectors v. We have the following relation between
the Levi-Civita connection on M and on N:

VIV =VHIV — (VIV - v)y =VHV + (V-V¥u)y, (B.83)

where U,V are tangent to N. That is, VﬁV is the projection of V{\J/[V onto
TN.
(B.83) can be rewritten as follows:

1 1
VoV =VyV + 3V (VHV)V+V(Vv)) = ViV + i[uv%{y, V).

where now V, v and V{‘j—f v are treated as sections of the Clifford bundle
CI(T'M). This is immediately generalized to general Clifford fields

1
vy =v¥ + 5[z/v{‘f v, ] (B.84)

Now assume that ¥ is a Clifford module bundle over M with a Clifford
covariant connection VM. The restriction of ¥ to N, denoted £%, is a bundle
of Clifford modules. (B.84) motivates defining the following connection on %V:

1
vy =v¥ + iyv%fu. (B.85)
By construction, V¥ is Clifford covariant.

Lemma 64. If XM is a spinor bundle, so is L.
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Proof. By Lemma 61 we may assume that ¥ is a bundle of irreducible Clif-
ford modules. If d := dim(M) is even, then ©VV splits into eigenbundles of
voly, which are bundles of irreducible Clifford modules. If d is odd, XV is
irreducible.

Now choose a spinor scalar product (-|-) and a spinor conjugation © on %M.
Let O = ©M if d € {1,2} mod 4 and ©F = vOM if d € {0,3} mod 4, in
both cases restricted to ¥V. The restriction of (-|-) to £ and ©% are a spinor
scalar product and a spinor conjugation satisfying (B.68). If d is even, this is
still true if we further restrict to eigenbundles of voly. The result follows from
Lemma 60. O

Assume now that we have a covariantly constant section 8 of End(X) satisfying
(3% = 1 and anticommuting with TM C CI(T'M). Let us consider the operator
I' = —ifv acting on sections of XV, It satisfies I'> = 1 and commutes with
all sections of C1(T'N). Hence, its eigenbundles XY for eigenvalues £1 are also
Clifford module bundles over N. Using (B.85) one checks that I' commutes
also with the covariant differentiation, so X% inherit the spin connection.

Operator voly; commutes with covariant differentiation and anticommutes
with T'; hence, it takes sections of ¥¥ to sections of Eg. If d is odd, voly,
commutes with Clifford fields and hence defines an isomorphism of spinor
bundles Ef =~ YN If d is even, Zf and 2V are non-isomorphic as Clifford

module bundles. In this case, we can take (3 := +i%vol m and T coincides up
to phase with the CI(T'N) section voly.
If ¥ is irreducible for CI(TM) and 3, by dimensional consideration, $Y are
bundles of irreducible Clifford modules.

B.7 Dirac Operators on Spheres

Now let, us consider the sphere S?~! of radius 1 (thus we put |z| = 1 below). We
will apply the formalism of the previous section with M := R? and N := S¢~1.
For brevity, we will write S for S¥~1. We will use the notation of Sects. 8 and 8,
such as S, R, T and k.

The normal vector v is identified with S. The Levi—Civita connection on S is

VgV =0uV+(U-V)z (B.86)

d
for vector fields U, V tangent to the sphere. Here 0y = Y U,;0;. Consider the

i=1
vector space K from previous subsections. S x K is a Clifford module bundle
with connection

1
VY =0u + 55U (B.87)
Proposition 65. The connection (B.87) is a spin connection with curvature
1
Q(U,V) = Z[U’V]' (B.88)

If d = 2, the holonomy of V along S' is equal to —1.
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Proof. All but the last statement follow from Lemma 64. (B.88) may also be
obtained from a simple direct computation. Now let d = 2. We parametrize S!
as x = (cos(a),sin(a)). Then (B.87) takes the form

oY 1
V%¢ = 870[ + §VOIR2’¢. (B89)
It follows that solutions of the parallel transport equation V 2 1 = 0 satisfy
P(2m) = —1(0). O

Eigenbundles KL C SXK of I' = —i3S to eigenvalues +1 are irreducible spinor

bundles, isomorphic if d is odd and non-isomorphic otherwise.

Choose a local orthonormal framing {e; ;1:—11 of T'S. Denote the Dirac operator

on S by Ds and on R? by D. Using (B.87) we manipulate its definition to the
form

DS = —iZeiVeia/) = —iZeiﬁeiw — %ZeZSezw

d—
2

Next let {e;}%_; be the canonical basis of R%. Multiplying the above by S from
the left we find

SDS =SD—-R= —iZ:ﬂieiejaj — SR
.

- 7% Z ([ei, e5] + [es, €]+ 2:0;) — R =iT. (B.91)

— D+iSo+i1% L5y = D— SR. (B.90)

Hence, we have
Dg =1ST. (B.92)
Let us note that this is exactly the off-diagonal term of D with respect to
decomposition into eigenspaces of S. Next observe that
k =TDg = Dsl. (B.93)

It follows that on sections of K, operator x acts as £Ds.
We also remark that if 1 is a K-valued polynomial homogeneous of degree ¢
annihillated by D, then (SFi)¢ is an eigenvector of Dg to eigenvalue +(¢ +
9=1). Indeed,

. d—1
Dsyp = -SSRy =i (E + 2) S, (B.94)
which implies

Ds(S=Fi)yp = (=SFi) Dsyp

=i <z + d;) (—S¥i)Stp = + (e + d?) (S¥i)y.  (B.95)

By the relation between Ds and k, this calculation reproduces the spectrum
of k found in Proposition 58.
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We claim that a complete set of eigenfunctions of Dg is obtained by the con-
struction above, similarly as spherical harmonics are obtained by restricting
scalar-valued homogeneous harmonic polynomials, e.g., [1, p. 73-81]. This may
be seen from the Stone-Weierstrass theorem and the following lemma. Besides
this application, the lemma elucidates the decomposition of spaces of spinor-
valued polynomials into irreducible representations of Spin(R¢) and relates
eigenvectors of Dg (and hence also of k) to harmonic polynomials.
Consistently with our notation, in the following lemma z denotes the element
of the Clifford algebra x = ), x;e;, whereas z; are real numbers. 27 is the j-th
power of z.

Lemma 66. Let IC; be the space of K-valued polynomials homogeneous of degree
¢ and let K9 be the kernel of D acting in K;. Then

Ke = ’Cg Sz K. (B.96)

In particular we have a vector space decomposition

14
Ke=EPa'Ky;. (B.97)
§=0
Moreover, dim(K9) = (d+§72) dim(K), and (clearly) dim(Ky) = (d%*l) dim(K).
Let 'H; be the space of scalar-valued harmonic polynomials homogeneous of
degree £. Then
D:H, @K — Kj_, (B.98)

18 a surjection with kernel IC?. In particular there is an exact sequence
o Hp oK B H oK D H 0K — ... (B.99)

Proof. Let {e;}{_; be an orthonormal basis of R%. A general element of Ky has
the form
d
P = Z Tiy o Tiy Wiy g (B.100)
i1 yeeyie=1
with coeflicients v;, . ,, fully symmetric. Acting with D we find that Dy = 0
if and only if

Wiig..ip = Z€1€j¢ji2...i@~ (B.101)
i#1
It is easy to see that this system of equation may be uniquely solved once
i, ..., is fixed for all indices 41, . . ., i, different than 1. The formula for dim(lC?)
follows.
Using the above result it is easy to check that
dim(K,) = dim(KY) + dim(z - Kp_1). (B.102)

Hence, (B.96) will follow once we establish that lC? Nz- Koy ={0}.



Vol. 25 (2024) Holomorphic Family of Dirac—-Coulomb 411

We proceed by induction. There is nothing to prove for £ = 0. Suppose that
(B.96) holds for ¢ < ¢’. Then also (B.97) holds for £ < ¢'. Let us put £ = ¢/ +1
and let 1 € K Nz - K,—1. By the induction hypothesis we have

4
P =Y aly; (B.103)
j=1

with ¢; € IC;—;. Now let us observe that
[iD, %) = 2, hence [iD, z?*] = 2ka? 1, (B.104a)
[iD,z]y =2 Z x;0; + d, hence[iD, 22* 1], = 22F(2 inai +d+ 2k).
i i (B.104b)
Thus, since 1 is annihilated by D and ), ;0;¢; = (¢ — j)1;, we obtain

0=iDy = Y jal '+ Y (C+d—1)a? 1y, (B.105)

j even j odd

By induction hypothesis, 27~14; and xj,_lef belong to subspaces of p_1
with trivial intersection if j # j’. Therefore, each term in the above sum has
to vanish separately. Since operators /! are injective, all 1; vanish. Thus,
¥ = 0.

For the last part, note that H, ® K is the space of harmonic K-valued poly-
nomials homogeneous of degree ¢. It is annihilated by D?, so D maps it
into K¢ ;. Statement about the kernel is obvious. Then dim(H, ® K) =
dim(K9) + dim(K9_,) follows from the well-known formula

dim(H,) = <d N ﬁ a 1) — (d ;f; 3) . (B.106)

This implies the surjectivity. O

As for any oriented Riemannian manifold, two natural second-order operators
act on sections of spinor bundles: the square of the Dirac operator Dé and the
Bochner Laplacian Ag. In the case of spheres we have an additional natural
second-order operator: the square of the total angular momentum J2. It turns
out that for d > 3 the operator J? is distinct from both D? and —Ag. More
precisely, we have

D2 = —As+ W, (B.107)
DZ=J+ %(d_z). (B.108)

(B.107) is the Lichnerowicz formula for the spheres (indeed, the scalar curva-
ture of S is (d — 1)(d — 2)). Moreover, D3 = x*. Hence, (B.108) is essentially
the formula (B.32). Thus, as we were surprised to find out, (B.32) is distinct
from the Lichnerowicz formula.
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C Mellin Transformation

For a Schwartz function b on R we define its Fourier transform by

(Fb) (k) = / h b(t)e i dt. (C.1)

— 0o
It is extended to the space of Schwartz distributions in the usual way. Restric-
tion of \/%S to L?(R) is a unitary operator.
An isomorphism ¢ : C®(R) — C>®(R,) is defined by (uf)(z) = z 2
f(In(z)). Dualizing, we extend it to an isomorphism between spaces of distri-
butions on R and on R, . Restriction of ¢ to L?(R) is a unitary operator onto
L?(Ry). By Schwartz class functions and tempered distributions on Ry we shall
mean smooth functions (respectively distributions) on Ry which correspond
through ¢ to Schwartz class functions (respectively tempered distributions) on
R.
Mellin transform is defined as the composition 9t = F¢~!. It is an isomorphism
between spaces of tempered distributions on Ry and on R. If f € C(R4),
then

Mf)(k) = [ flz)z~ 2 *da. (C.2)
0
Recall that A, J and K are defined in Sect. 1.1. We note the following identities:

MJf(k) = Mf(—k), (C.3a)
A= KM, (C.3b)

The following lemma will be used in Proposition 73. The Mellin transformation
plays here a secondary role.

Lemma 67. Suppose that f. is a family of tempered distributions on Ry with
parameter € €]0,1] satisfying the following conditions:

e Mf. € Llloc(R),

o there exists g € L}, .(R) such that Mf. — g pointwise for e — 0,
e there exist ¢, N > 0 independent of € such that | f.(k)| < c(1+k*)N for
almost every k.
Then there exists a tempered distribution fo on Ry such that fo — fo fore — 0
in the sense of tempered distributions. Moreover, Mfo = g.

Lemma 68. Let b be a tempered distribution whose Mellin transform is a Borel
function. Put

(B f)(x) = / T k) f(R)dk,  f e CF(RY). (C.4)

Then BP™f is in L?*(R,) and BP™ is a closable operator on L*(R.) with
closure

B = Mb(A)J. (C.5)
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D Whittaker Functions

In this appendix we review some properties of special functions used in this
paper. In particular, we discuss Whittaker functions, which play the central
role in our paper. We follow the conventions of [13] and [10].

D.1 Confluent Equation

Before discussing the Whittaker equation and its solutions, let us say a few
words about the closely related confluent equation and the hypergeometric
equation.

The confluent equation has the form

(202 + (¢ — 2)0. — a)v(2) = 0. (D.1)

Let us list three of its standard solutions:

1F1(a;¢;2) characterized by ~ 1 near 0; (D.2a)

AT F(a+1—¢2—c2) characterized by ~ z'7¢ near 0; (D.2b)
2% Fy(a,a+1—c;—;—271) characterized by ~ z7% near + oo.

(D.2¢)

We note that the function 1Fq(a;c;2z) = ﬁlFl(a;c; z) is holomorphic in

all variables. The other two solutions are defined for z ¢] — o0,0]; thus,
o Fo(a,b; —; z) is defined on C\[0, co].
We will also need the hypergeometric equation

(2(1 = 2)02 + (c— (a+ b+ 1)2)d. — ab)v(2) = 0. (D.3)

Among its 6 standard solutions, members of the famous Kummer’s table, let
us list three:

oFy(a,b;c; 2) characterized by ~ 1 near 0;
(D.4a)
A7 (a+1—ceb—c+1;2—¢2) characterized by ~ z'7¢ near 0;
(D.4b)
oFi(a,b;a+b+1—¢1—2) characterized by ~ 1 near 1.
(D.4c)

2 F (a, b; ¢; z) may be defined by a power series convergent for z in the unit disc.
It admits analytic continuation along any path in C\{1}. To make it a single-
valued function, it is customary to restrict its domain to z € C\[1, co[. Then
oF 1 (a,b;c;2) = ﬁgFl(a, b; ¢; z) is holomorphic in all variables. It satisfies

2F1(a,b;0;2) = abzeF1(a+ 1,0+ 1;2; 2), (D.5)
We have the following identities valid for z ¢] — o0, 0]:

MZ_GQF()((L, a+1—c—;—271

_ 1F1(a;¢;2) B 274 Fia+1—¢2—c¢;2) (D.6)
IF(a+1-¢) T'(a) ’ '
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Sm(ﬂc)gFl(a, bja+b+1—¢1—2)
oF1(a,b;¢; 2) _zl_chl(a—c—i—Lb—c—&— 1,2 —¢;2)
CT(a—c+DI(b—c+1) I'(a)T'(b) '
(D.7)

(D.6) can be taken as an alternative definition of 2 Fp.

Lemma 69. Let € > 0, Re(z) < 1. Then
oFi(a,b+ N c+Nz2)=(1—2)"*+00\1),
larg(\)| < 7 —¢€, [N — 0. (D.8)

Proof. Assumption about arg(\) guarantees that for |A| sufficiently large ¢ +
A ¢ —N, so the left-hand side of (D.8) is finite. We apply the Pfaff transfor-
mation:

oF1(a, b+ N e+ Xz)=(1—2)"%F (a,c —bic+ X Zl) . (D.9)
S

z
z—1

<1

The claim follows from the standard series defining o F, because

O

Lemma 70. The following asymptotic expansion holds for Re(z) < L, z ¢] —

27
00’0]7 s — *£oo:
oF1(a,b—is;c;1 — z) ~ sgn(s) - (W

ZC*a*bJriS(l _ Z)bfcntis(_is)afc
0 ) (D.10)

_|_

locally uniformly in a,b,c, z.

Proof. Using (D.7) we get
sin(m(a+b—c+1—1is))
T

_ oFi(a,b—is;a+b—c+1—1is;2)
B I(c—b+is)T'(c—a)
_Zc_a_b+ing1(c—b+is,c— a;c—a—b+1+1s;2)

oFi(a,b—is,e;1 — 2)

D.11
[(a)T'(b—1is) ( )
Then (D.8) gives for large |s|:
sin(m(a+b—c+1-— 18))2F1(a, b—is:c:2)
77
(1-2)"
Flc—b+is)I'(c—a)l(a+b—c+1—1is)
c—a—b+tis 1— b—c—is

: (1-2) (D.12)

CT(a)T(b—is)T(c—a—b+1+is)
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Using sin (m(a + b — ¢ + 1 — is)) ~ ZemlslHimsen(s)(atb=c+1) 4nd Stirling’s for-
mula

2
[(z0 +2) ~ 4/ —ﬂe_zzz"rzo, larg(z)| <7 —¢, |z2| >0  (D.13)
z

yields, after algebraic manipulations, formula (D.10). O

D.2 Hyperbolic-Type Whittaker Equation
The standard form of the Whittaker equation is
1\ 1 1

<785+(m271)?f§+1)g:0. (D.14)
In this section we briefly describe solutions of the Whittaker equation, following
mostly [10,13].
We will sometimes call (D.14) the hyperbolic-type Whittaker equation, to dis-
tinguish it from the trigonometric-type Whittaker equation, which differs by
the sign in front of i.
There are two kinds of standard solutions to the Whittaker equation.
The function Zg ,, is defined by

Ism(z) = 22 HmeF i Fy (% +mFB3; 1+ 2m; :I:z). (D.15)

The standard domain of Zg ,,, is C\] — 00, 0]. We have
I _gm(—2)= e*i“(%‘Lm)Sgn(Im(z))I@m(z) for z € C\R, (D.16a)
I5.:(2) = Zgm(2). (D.16b)

The case 2m € Z is called degenerate, and then

I5,_m(z) = ( —B—-—m+ %)Qm I3.m(2). (D.17)

The function Kg.p, is defined by

. 1 1
Ksm(2) == Zﬁe*szoG tm =G, 5 —m == *Z”)

2
T I3 m(z) s —m(Z)
= - : ’ . D.18
It satisfies
IC57—'HL(Z) = Kﬁﬂn(z), (D.lga)
Kgm(2) = Kom(2)- (D.19b)
The Wronskian of Zg ,,,(-) and Kg,m, () takes the form
1

W(Zg,m, Kg.m) = — (D.20)

r (% +m— ﬁ)
If % +m — B € —N, then the Wronskian vanishes and we have

i ( L 1
K g.m(z) =e™(3+m=B)p (2 +m+ ﬁ) Zg.m(2). (D.21)
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In this case functions in (D.21) essentially coincide with Laguerre polynomials

nlzatme¥s m
Ty (s 4mtn)m(2) = mﬁ? ) (£2). (D.22)

Asymptotics of Zg ,, for small arguments are of the form

1
z2tm B 5
T - 1-
o.m(2) ra+2mﬂi 1+2mz+0@))
ifm#—%,—l,—g,..., z— 0, (D.23)

The function Kg ,, satisfies, for z — 0,

_ i (_r(—2m) rem) - s
Ka.m(z) = 22 (F(é*mfﬁ)zm R e K m(l - 1—2mz)>

+0O(|2] 2 TR 4 O(| 2|5 ~Re(m)) for Re(m) € [0,1[, m # 0, 1
Ko.0(2) = = rcioay (n(=) +9(3 = B) +2)) + O(|z|? In(2)), form=0,8¢ L+N
Ko0(2) = (8 — HI(=1)""223 + O(|2[2), form=0,8€%+N
Kg1(2) = ritgy (= 5 +2In(2) + 2((1 = B) +2X — 1+ 55))
+0(2% In(2)), form=3,8¢N
Ko)%(z)ZIf%JrO(zz), form=1,8=0
IC[%%(Z):B!(—l)ﬁ71z+0(22), for m = %,3 € N*
Kpgm(z) = %Zéim + O(|Z|§7Re(m))7 for Re(m) > 1.
(D.24)
Here v denotes Euler’s constant and 1 is the digamma function.
Asymptotics for |z| — oo are given by (¢ > 0):
- 3
Kgm(z) =2 e™2 (1 + O(z™), larg(z)| < ™6 (D.25a)
_ﬂ z
z ez ™
Tomz)=———  (14+0(z"! , larg(z)] < = —e. D.25b
5.m(2) F(%er_ﬁ)( (z71), farg(x)] < 3 ( )

The analytic continuations of K, and more precisely the functions z — K_g ,,, (e*172),
are also solutions of the Whittaker Equation (D.14). One can define K_ g, (e 2)

as the unique holomorphic function of z € C\] — oo, 0] which coincides with
K_g,m(—%) on Cs. Then

- (_ eiiw(%-ﬁ-m)zﬁ’m(z) N eii”(é_m)fg,m(z))
Lt —m+p) L't +m+p)
(D.26)

+im _
Kopm(e™72) = sin(27m)

(Kg,m(2), K_g,m(e*'72)) are linearly independent pairs of functions. In par-
ticular, Zg (%) can be expressed in terms of these functions:

eq:iw(mfé)lcg,m(z) K7ﬁ7m(eiiﬂz)>

_  *inp
L) = (B T )
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D.3 Trigonometric-Type Whittaker Functions

It is convenient, in parallel to (D.14), to consider the trigonometric-type Whit-
taker equation
N1 g 1
2 2
-0+ m* —- )= —-—=—-= =0. D.27

( az+(m 4)z2 2 4)9(2) (D.27)
It can be easily reduced to the hyperbolic-type Whittaker equation.
The function Jg,y, is defined by the formula

jﬁﬂn(z) = e:‘:%(m+%)z¥iﬂ,m(ei%{z)- (D28)

It may also be described without invoking analytic continuations beyond the
principal branch:

im

e?(%+"L>Zi@7m(—iz), —7 <arg(z) <,

Tom(2) = { —L(%er)l_w,m(iz), -7 < arg(z) < 3. (D-29)

e ;

The two expressions agree for [arg(z)| < 5, by (D.16a). Combined with (D.16b)
this implies

T5.m(Z) = Tp.m(2)- (D.30)
We also have a pair of functions H;m defined by
H?ac,m(z) = eq:i%(%er)]C:tiﬁ,m(:Fiz) (D.31)

initially for Re(z) > 0 and extended analytically to z € C\]—o0, 0]. By (D.19b),
they satisfy

He 2 (2) = HE (). (D.32)
The following connection formula holds:
H () Hi m(2)
_ 7B B,m B,m
m(z) = — + - . D.33
Tom(2) = <F(;+m+1ﬁ) T(L+m—ip) (D-33)

For the behavior around oo, we have for z > 0, x — 00
HE (@) ~ eTEGHMT 50615 (14 02 1)), (D.34)
D.4 Recurrence Relations

Whittaker functions satisfy several recurrence relations. There are 6 basic ones,
which we quote after Appendix A5 of [10].

(V0. + ZEom_ ﬁ)zﬁ,m(@ = (=5 = m=B) Ty y sy (). (D352)

VA 2

(\f . + _é\gm + \/;)Ig,m(z) =Ty 1, 1(2), (D.35b)
(ﬁaz + _a/zm - V;)Ig,m(z) =Ty m 1 (2), (D.35¢)
(\/zaz n _5;” n V;)Iﬁ,m(z) - (% tm— 5)1&%%%(2), (D.35d)
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(zaz +8- g)zﬁ,m(z) - (% +m+ ﬂ)zﬁﬂ,m(z), (D.35¢)
(20- = B+ ) Zom(2) = (% tm = 8) Ty () (D.35)
(\/Eaz + _%/_gm - %)’C@m(z) = K1 mi2 (), (D.36a)
(vzo. + _{/Em + g)/cﬁ,m(z) - (- % et B) Ky (2)
(D.36b)
(vzo. + % ~ ) Kam(2) = Ky ey ), (D.36¢)
(V30 4 T 4 N (2) = (= § = b B) oy )
(D.36d)
(zaz - g)/cg,m(z) = Kpr1m(2), (D.36¢)
(20— 84 2 ) Kpm(2) = (% ) (% ) Ko m(2).
(D.36f)

They have an interesting algebraic interpretation—they correspond to the
roots of the Lie algebra of generalized symmetries of the heat equation in 2
dimensions, see [9] (where they are presented using confluent functions, which
as we know are equivalent to Whittaker functions).

These recurrence relations involve first-order differentiation, so it is tempting
to expect that they are closely related to the Dirac—Coulomb Hamiltonian.
It turns out, however, that the relationship is not direct. By easy algebraic
manipulations involving (D.35a)—(D.35d) and (D.36a)-(D.36d), we derive an
additional pair of recurrence relations described in the following proposition.
In some sense, (D.35) and (D.36) are “lower order” than (D.37) and (D.38).
In fact, in (D.35) and (D.36) the parameters p, 5 appear only in zeroth-order
terms, whereas in (D.37) and (D.38) the differential operator is multiplied by

.

Proposition 71.

2 2

(200 + == = B)Z5 1y (0) = Ty (@), (D.372)
2 2

(zuax - % + ﬁ)zm_%(x) — (12 = BTy s (0): (D.37b)

zuaw + — — ﬁ Kﬁ,u-&-l(aj) = —(/.L + B)Kﬁ,u—%(‘r)a (D38a)

2

( )
(202~ 25 4 )y () = (o )G () (D.38h)



Vol. 25 (2024) Holomorphic Family of Dirac—-Coulomb 419

Proof. We first rewrite (D.35a)-(D.35d) and (D.36a)—(D.36d) as follows:

(Vao. — 2~ Y7, o) = (— 0= )Ty (D30)

N
(vzo. + % + g)zﬁ it () =Ty 5 (2, (D.39b)
(\/zaz + % - %)zﬁ,w%(z) =T51 (), (D.39¢)
(Va0 Lot VT, 4 () = (0 B) Ty (0 (D.394)
(V30 = 2 = 5 Koy () = =Ky (2), (D.40a)
(ﬁaz + % + %)Kﬁwé(z) - (u n 6) Ko s u(2), (D.40D)
(\/zaz + % - g)/cﬁ,%(z) = —Kpi1u(2), (D.40¢)
(vzo. - % + %)Kﬂ,u_%(z) = (= n+8)Ksyuz) (DA0Y)
Then we compute
%( —(D-39a) + (—p+ B)(D-39) — (1 + 8)(D.39¢) + (D.39d)), (D.41)
% (1 = B)(D.39a) + (—p* + B°)(D-390) + (1* — 5%)(D.39¢) + (u + B)(D-39d)),
(D.42)
%( — (p+ B)(D.40a) + (n — B)(D.40b) + (1 + B)(D.40¢) + (1 + B)(D.40d)),
(D.43)
T2 (4= 8)(D400) + (1 = B)(D-A0B) ~ (11 = B)(D-A06) + s+ B)(D-400D).
(D.44)
O

Equations (D.37) and (D.38) are closely related to the Dirac-Coulomb Hamil-
tonian. To see this relation let us introduce w satisfying w? = pu? — 32. Then
(D.37) and (D.38) can be rewritten in the following form:

2 2
(=24 0) (Tg ey () — 9Ty (0), (D-45)
0=2u0,(Zy,,-1 () —iwlg, 1(2))
212 . .
+ ( Il + 6+ 1w> (Iﬁ’#,% (z) + lwzﬁ’#+% (m)), (D.46)

0 = 240, ((pn + BIKg -1 (@) —iwkp 1 (z))
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+ ( - 2% +8- iw) ((r+ B ey (@) +1wK5 11 (7)), (DAT)

0 =200, ((n+ B)Cs,— 1 (x) +1wKg 41 (2))
+ ( 2 + 0+ iw) ((n+ B -1 (@) —iwkp 41 (2)). (D.48)

X

The eigenvalue equations for fpi and Cj[ follow directly from these identities.

D.5 Integral Transforms

Let us compute a useful integral transform of the confluent function:

Lemma 72. Assuming Re(b) > 0 and |Re(w)| < Re(z), one has
/ 27 e Fy (a; c;wa)de = 27 °T(0)oF1 (a, b; ¢; 2~ w). (D.49)
0

Furthermore, if Re(b) > 0, Re(b+1—¢) >0, Re(z) > 0, w, 2" tw ¢] — 00, 0],
then

/ 2P re 2, Fy (a,a+1—¢—; —(wz) ") (wa) *do
0
=27 T(OTA4+b—c)oFi(a,bja+b+1—c¢1 — 27 1w). (D.50)

Proof. We expand the confluent function in a power series and integrate term
by term:

S () L S T, = T(b+n)(a), w"
dx =
[ D e = L Sy

b > (a)n(b)n fw\™
— F(b)gor(wn) (;) . (D51)
This proves the first identity under additional assumption |w| < Re(z). The
integrand can be majorized by an integrable function for |Re(w)| < Re(z).
Therefore, we can extend the identity by analytic continuation to this domain,
yielding (D.49).

Equations (D.49), (D.6) and (D.7) and analytic continuation imply (D.50).

U
The following identity, valid for v > 0, Re(e) > 0, Re(m + 1 —is) > 0, follows
from (D.49):

oo
/ eféxxféﬂsjg’m(vx)dx
0

1 —m—1+is
=yt (eii%) T(m+1—is)s
1. . v
xFi|m+-£ifm+1—-is;2m+1; —— . (D.52)
2 5 Fle
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Proposition 73. Let v > 0, Re(m) > —1. Then x — e %% Jp,,(vx) := lilrgl e~
€
Ja.m(vx) is a tempered distribution on Ry with the Mellin transform
oo
/ efozzféfisjgﬂn(vx)dx
0
_ U*%+i52m+17is(iz-)fmflJrisF(m +1—is)s

1
x Fq <m+2:|:iﬂ,m+lis;2m+1;2:|:i0), (D.53)

which is bounded by cg,y, (e~ 21T |s|ImB) 4 e= 5 sl=9)|5|=ImB)) " with cg
a locally bounded function of B, m.

Similarly, for any p (including p = 0), x — e‘Ow%(Jﬁﬁufé(vx)
+ﬁjﬂ7u+% (UJ;)) is a tempered distribution on Ry, whose Mellin transform can
be computed from (D.53) and is bounded by cg,, (e”EsIHS)|g|ImB)
+e’%(‘5|75)|s|71m(’3)), with cg,, a locally bounded function of 3, .

Proof. We use the criterion from Lemma 67. Let fe(z) = e~ g, (vz). Then
t s e2 fe(e') is smooth and vanishes exponentially for + — —oo and superex-
ponentially for ¢ — oo. In particular f. is a tempered distribution on R. Its
Mellin transform is given by the absolutely convergent integral (D.52). It is a
smooth function with smooth pointwise limit ¢ — 0. Required bounds follow
from (D.10). This completes the proof of the first part.

Next, we compute

o 1
/ efemxféflsp (‘-76,#—% ('Ul’) + 5jﬁ,u+%(vx)) dx
0
—p—L4is 1
— ot (exig) " (G ao )

1 1 v
X <2F1 (quiﬁ,JruiS;?ﬂ;.)
L 2

v
b) 1€

. 1 . v o3 . v
— i\ stp—is) g—oF1 (1+p+i0, 5+ p—is;2p+ 25 57—
2 —ie 2 = — i€

2 2

(D.54)

Expression in the last line is nonsingular for g — 0 on the account of (D.5).

Bounds on the growth at infinity are derived as in the first case. O
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