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1 Introduction

This paper is devoted to 1-dimensional Schrodinger operators with Coulomb and centrifugal po-
tentials. These operators are given by the differential expressions

Lo i=—0%+ (a- i)x% _8 (1.1)
The parameters a and g are allowed to be complex valued. We shall study realizations of Lg , as
closed operators on L?(R ), and consider general boundary conditions.

The operator given in (1.1) is one of the most famous and useful exactly solvable models of
Quantum Mechanics. It describes the radial part of the Hydrogen Hamiltonian. In the mathematical
literature, this operator goes back to Whittaker, who studied its eigenvalue equation in [32]. For
this reason, we call (1.1) the Whittaker operator.

This paper is a continuation of a series of papers [2,6,7] devoted to an analysis of exactly
solvable 1-dimensional Schrodinger operators. We follow the same philosophy as in [6]. We start
from a formal differential expression depending on complex parameters. Then we look for closed
realizations of this operator on L2(R+). We do not restrict ourselves to self-adjoint realizations —
we look for realizations that are well-posed, that is, possess non-empty resolvent sets. This implies
that they satisfy an appropriate boundary condition at 0, depending on an additional complex
parameter. We organize those operators in holomorphic families.

Before describing the holomorphic families introduced in this paper, let us recall the main
constructions from the previous papers of this series. In [2,6] we considered the operator

Lo = 0%+ (a - i)xi? (1.2)

As is known, it is useful to set @ = m?. In [2] the following holomorphic family of closed realizations
of (1.2) was introduced:

Hp, with —1 < Re(m),
defined by L,,» with boundary conditions ~ g2 tm,

It was proved that for Re(m) > 1 the operator Hy, is the only closed realization of L,,2. In the region
—1 < Re(m) < 1 there exist realizations of L,,» with mixed boundary conditions. As described in
[6], it is natural to organize them into two holomorphic families:

Hpm,e, with —1<Re(m)<1, m#0, k€ CU{o0},
defined by L,,,> with boundary conditions ~ 2™ g /m%_m,
and
Hy, with v € Cu {oo},
defined by Lo with boundary conditions ~ @2 (v+In(z)).

Note that related investigations about these operators have also been performed in [30,31].
In [7] and in the present paper we study closed realizations of the differential operator (1.1) on
L*(Ry). Again, it is useful to set o = m?. In [7] we introduced the family

Hg ., with e C, —1 < Re(m),

defined by Lg ,,,> with boundary conditions ~ gz tm (1 -3 +62m x)
It was noted in this reference that this family is holomorphic except for a singularity at (8,m) =
(0, f%), which corresponds to the Neumann Laplacian.
For Re(m) > 1 the operator Hg ,, is also the only closed realization of Lg ,,,2. In the region —1 <
Re(m) < 1 there exist other closed realizations of Lg ,,2. The boundary conditions corresponding
to Hg ,, are distinguished—we will call them pure. The goal of the present paper is to describe the
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most general well-posed realizations of Lg ,,2, with all possible boundary conditions, including the
mized ones.

We shall show that it is natural to organize all well-posed realizations of Lg ,,> for —1 < Re(m) <
1 in three holomorphic families: The generic family

Hg ., with BeC, —1 <Re(m) <1, m¢ { — %,0, %}, Kk € CU{oo},
defined by Lg ,,» with boundary conditions

-~ l+m( _ B ) l—m( . B )
xr? 1 1+2maz + ka2 1 1_2mx ,

the family for m =0

Hp o, with 8eC, v e Cu{oo},
defined by Lg o with boundary conditions ~ z? (v+In(z)),

and the family for m = %

Hlﬁl,%v with 8 € C, v € CU {0}

defined by Lﬂ,% with boundary conditions ~ 1 — Sz ln(z) + vz.

The above holomorphic families include all possible well-posed realizations of Lg .2 in the region
[Re(m)| < 1 with one exception: the special case (8,m,x) = (07 —%,O) which corresponds to the
Neumann Laplacian H_1 = H_%p =H 1000 and which is already covered by the families Hy, and
Humr.

After having introduced these families and describing a few general results, we provide the
spectral analysis of these operators and give the formulas for their resolvents. We also describe
the eigenprojections onto eigenfunctions of these operators. They can be organized into a single
family of bounded 1-dimensional projections Pg,,(\) such that LG Ps . (N) = APg m()). Here
Lgﬁi‘,’l‘ denotes the maximal operator which is introduced in Section 2.3.

There exists a vast literature devoted to Schrodinger operators with Coulomb potentials, in-
cluding various boundary conditions. Let us mention, for instance, an interesting dispute in Journal
of Physics A [10,21,22] about self-adjoint extensions of the 1-dimensional Schrodinger operator on
the real line with a Coulomb potential (without the centrifugal term). Papers [11,20,23] discuss
generalized Nevanlinna functions naturally appearing in the context of such operators, especially
in the range of parameters |[Re(m)| > 1. See also [4,9,12,13,14,15,16,17,18,24,25,26,27,28] and
references therein. However, essentially all these references are devoted to real parameters 8, m and
self-adjoint realizations of Whittaker operators. The philosophy of using holomorphic families of
closed operators, which we believe should be one of the standard approaches to the study of special
functions, seems to be confined to the series of paper [2,6,7], which we discussed above.

The main reason why we are able to analyze the operator (1.1) so precisely is the fact that it is
closely related to an exactly solvable equation, the so-called Whittaker equation

1y 1 1

Its solutions are called Whittaker functions, which can be expressed in terms of Kummer’s confluent
functions. The theory of the Whittaker equation is the second subject of the paper. It is extensively
developed in a large appendix to this paper. It can be viewed as an extension of the theory of Bessel
and Whittaker equation presented in [6,7]. We discuss in detail various special cases: the degenerate,
the Laguerre and the doubly degenerate cases. Besides the well-known Whittaker functions Zg ,,, and
K5, m, described for example in [7], we introduce a new kind of Whittaker functions, denoted Xg ,, .
It is needed to fully describe the doubly degenerate case.

The Whittaker equation and its close cousin, the confluent equation, are discussed in many
standard monographs, including [1,3,29]. Nevertheless, it seems that our treatment contains a
number of facts about the Whittaker equation, which could not be found in the literature. For
example, we have never seen a satisfactory detailed treatment of the doubly degenerate case. The

1
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function Ajg ,, seems to be our invention. Without this function it would be difficult to analyze the
doubly degenerate case. Figures 1 and 2, which illustrate the intricate structure of the degenerate,
Laguerre and doubly degenerate cases, apparently appear for the first time in the literature. Another
result that seems to be new is a set of explicit formulas for integrals involving products of solutions
of the Whittaker equation. These formulas are related to the eigenprojections of the Whittaker
operator.

2 The Whittaker operator

In this section we define the main objects of our paper: the Whittaker operators Hg p, ., Hg 1 and
’2
H} , on the Hilbert space L*(]0, ocl).

2.1 Notations

We shall use the notations Ry =]0,00[, N = {0,1,2,...} and N* = {1,2,...}. Likewise, we set
C* =C\ {0} and R* =R\ {0}. We will often consider functions on the Riemann sphere C U {oo}
with the convention § = oo, = = 0. Besides, aco = oo for any a € C\ {0} and oo + 7 = cc.

The Hilbert space L?(R.) is endowed with the scalar product

(hn|ha) = /Ooomhg(x)dm.

We will also use the bilinear form defined by
o0
(h1|h2>:/ hi () ho () da.
0

The Hermitian conjugate of an operator A is denoted by A*. Its transpose is denoted by A% . If
A is bounded, then A* and A# are defined by the relations

(h1|Ahg) = (A*hi|h2),
(h1]|Ahg) = (A hi|ho).

The definition of A* has the well-known generalization to the unbounded case. The definition of
A? in the unbounded case is analogous.

The following holomorphic functions are understood as their principal branches, that is, their
domain is C\] — c0,0] and on ]0, co[ they coincide with their usual definitions from real analysis:
In(z), v/z, 2*. We set arg(z) := Im(In(2)). Sometimes it will be convenient to include in the domain
of our functions two copies of | — oo, 0], describing the limits from the upper and lower half-plane.
They correspond to the limiting cases arg(z) = +.

The Wronskian of two continuously differentiable functions f and g on Ry is denoted by #(f, g;-)
and is defined for z € Ry by

Y (f.g:2) = f(2)g (x) - ['(2)g(=). (2.1)

2.2 Zero-energy eigenfunctions of the Whittaker operator

In order to study the realizations of the Whittaker operator Lg , one first needs to find out what
are the possible boundary conditions at zero. The general theory of 1-dimensional Schrodinger
operators says that there are two possibilities:

(i) there is a 1-parameter family of boundary conditions at zero,
(ii) there is no need to fix a boundary condition at zero.

One can show that (i)< (1) and (ii)«<(ii’), where
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i’) for any A € C the space of solutions of (Lg , — A\)f = 0 which are square integrable around zero
B,
is 2-dimensional,
ii’) for any X € C the space of solutions of (Lg , — A)f = 0 which are square integrable around zero
B,
is at most 1-dimensional.

We refer to [5] and references therein for more details.
In the above criterion one can choose a convenient A. In our case the simplest choice corresponds
to A = 0. Therefore, we first discuss solutions of the zero eigenvalue Whittaker equation

(—8§+(m27%)%f§)f:0 (2.2)

for m and B in C. As analyzed in more details in Section B.7, solutions of (2.2) can be constructed
from solutions of the Bessel equation. More precisely, for 8 # 0, let us define the following function
for z € Ry

) _ I'(1+2m)

where 7, is defined in Section B.6. For 5 = 0 we set

ﬂiiimx1/4j2m (2 ,Bx),

jom(z) = sy
Then, the equation (2.2) is solved by the functions jg ,, see [7, Sec. 2.8] and Section B.7. For
2m & Z, jgm and jg _,, span the space of solutions of (2.2). They are square integrable around
zero if and only if |Re(m)| < 1.

We still need to consider the special cases m € { — %,0, %} In fact, we shall not consider
separately m = —3 because Equation (2.2) with m = —3 coincides with the case m = 3. As
companions to jg o and jg 1 for 8 # 0 we introduce

ale) = et/ [vavo(2v/Ew) - SO LD 7,0, /B |

ys.4 (@) = Bia 4] = VEdn (24/Be) + W%jl (2v/62)],

where v is Euler’s constant and Y, is defined in Section B.6. For 8 = 0 we set

yo,0(x) := ? In(z) and yo,%(m) = 1.

Then jgo,ys,0 and jﬁ,%,yﬁé span the space of solutions of (2.2) for m = 0 and for m = %

respectively. Indeed, a short computation leads to
Y (jso,yp0ix) =1 and W (jg1,yg1;7) = —1.

Since the solutions jg o,ys,0 and jﬁ,%:%,% are also square integrable around zero, for any m € C
with [Re(m)| < 1 the space of solutions of Lg ,f = 0 is 2-dimensional.

Let us describe the asymptotics of these solutions near zero. The following results can be com-
puted based on the expressions provided in the appendix of [6]. For any m € C with —2m ¢ N* one
has

jg.m(x) = p2 ™ (1 — 7 _mex + O(IQ)). (2.3)

In the exceptional cases one has
j570(:v) — g2 (1 — ﬁx) + O(x%),
- _ B 3
jﬁyé(:v) = x(l - 517) +0(z7),
together with
yg,0(z) = w7 In(z)(1 - Bz) + 2,8:03 + O(:r% |In(z)]),
Yp,1 (z) =1-Bzln(z) + O(x2| In(z)]).
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2.3 Maximal and minimal operators

For any « and 8 € C we consider the differential expression
Lg o= —8323 + (a — 1) 1 p

acting on distributions on R4. The corresponding maximal and minimal operators in L?(R,) are
denoted by Lj'3* and L' in"see [7, Sec. 3.2] for the details. The domain of L% is given by

DLEE) = {f € L’(Ry) | Ly.af € L(R4) .

while L' is the closure of the restriction of Lg o to C¢°(]0,00[), the set of smooth functions with

min

compact supports in R. The operators L3} and Lg'%* are closed and we have
(L59)" = r5e and  (LRR)" = LRE
We say that f € D(Lg‘g‘) around 0, (or, by an abuse of notation, f(z) € D(me) around 0)

if there exists ¢ € C&°([0,00[) with ¢ = 1 around 0 such that f¢ € D(Lj"). The following result
follows from the theory of one-dimensional Schrodinger operators.

Proposition 2.1. Let a,3,m € C.

(i) If f € D(Lﬁm"&x) then f and f' are continuous functions on Ry and converge to O at infinity.
(i) If f € D(me) then near 0 one has:
() f(z) = o(2?|In(@)]) and f'(z) = o(?|In(x)]) i a =0,
(b) f(z)= o(ac%) and f'(z) = o(ac%) if a # 0.
(ii.a) If |Re(m)| < 1 with m ¢ { - %,0, %}, then for any f € D( gj%(z) there exists a unique pair a,b € C
such that _
f—ajgm—0jg—m € D(Lj m2) around 0.
(ii.b) If f € D(LFG), then there exists a unique pair a,b € C such that

f—ajgo—byso € D(LEY) around 0.
(iii.c) If f € D(LY .1 ), then there exists a unique pair a,b € C such that

f- ajg 1 —byg 1 € D(Lgﬁ?) around 0.
(iv) If [Re(m)| < 1, then
D(Lghme) = {f € DLESR) | #(£,9:0) =0 for all g € D(LF%) }
{feD(Lgl'f;;;z) | f(2) = o(zHIR(MIY peqr 0}.
(v) If [Re(m)| =1, then D(Lj'mz) = D(LE5%:).

Proof. The statements (i)—(#i) and (v) are a reformulation of [7, Prop. 3.1] with the current no-
tations. Only (iv) requires elaboration. The first equality in (iv) follows from [5, Thm. 3.4], given
that #/(f,g;00) = 0 for all f,g € D(LF5:) by (i).

The inclusion D(Lrﬁn’i;;?) C{feDLEye) | f@) = o(a:%HRe(m)l) near 0} is a consequence of

(#4). To prove the converse inclusion, let f € D(Lg').). Assuming for instance that m ¢ {-3%,0,3}

and applying (74i.a), one can write

f¢= a.jﬂ,mC =+ bj[i’,—mg + fmin,
for some ¢ € CCOO([O,OOD such that ¢ = 1 around 0, a,b € C and fpin € D( g“f?;z) From (2.3)
and (i1), we deduce that if f(z) = o(:r%"'lp‘e(m)‘) near 0 then, necessarily, a = b = 0. Hence we
have proved that {f € D(L§m) | f(z) = 0($%+‘Re(m)‘) near 0} C D(meg) in the case where

En ¢ § — 3.0, 3 }. The same argument applies if m = +% or m = 0, using (iii.b) or (iii.c) instead of
111.a). O
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2.4 Families of Whittaker operators

We can now provide the definition of three families of Whittaker operators. The first family covers
the generic case. The Whittaker operator Hg ,, , is defined for any 8 € C, for any m € C with
[Re(m)| <1and m ¢ { — %,0,3}, and for any x € CU {oo}:

D(Hg m,x) = {f € D(L§52) | for some ¢ € C,
f=c(igm+ris,—m) € D(Lg‘ffgz) around 0}, K # 00,
D(Hg m,00) = {f € D(Lgy2) | for some c € C,
f—cig—m€ D(L?ﬁg) around 0}.
The second family corresponds to m = 0:

D1 0) = {f € D(LEF) | for some c € C,
f- C(yB,o + VjB,(J) € D(LEB“) around 0}7 veC,
D(HF) = {1 € D(LEF) | for some c € C,
f—cigo € D(Lfgn,ion) around O}.
Finally, in the special case m = % we have the third family:
D(HE,%) = {f € D(Lg‘f?) | for some c € C,
f- c(yg,% + l/jﬁé) € D(L?E‘) around O}, veC,
D(HE?%) = {f € D(Lglgx) | for some c € C,
f—cig1Le D(Lg‘gl) around 0}.

Remark 2.2. Observe that the above boundary conditions could be described with the help of simpler
functions. For example, in the above definitions we can replace

Jam@) with ¥ (1- P ) if —1 < Re(m) <0,
Jam(x) with zFt™ if 0<Re(m)<1,

yg,o(x) with z? In(z)(1 - Bz) + 2537%,
ygy%(x) with 1 — Bz In(z).

Note that this can be seen directly, without passing through Bessel functions. We describe this approach
below, and refer to [5] for the general theory.

The idea is to look for elements of D(L3%) with a nontrivial behavior near 0. First we consider the
general case and observe that

Lﬁvmzxé-‘rm = 7ﬂx7%+m’ (24)
2
l—4—771( _ ﬂ )_ :3 Tim
Lg 22 1 Tram®) =11 T (2.5)

Clearly, the function in the r.h.s. of (2.4) is in L* near O for Re(m) > 0 but not for Re(m) < 0. On

the other hand, the r.h.s. of (2.5) is in L? near O for Re(m) > —1. Thus, for m # i%, we obtain two
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max

elements of the boundary space D(Lj%2)/D(Lj in ). For m # 0 these elements are linearly independent
since

lim W((x%“”@ __#
N0 142m

= lim 7//<(m2+m,x%_m

—
—
|
—
|
N
3
8
~—
8
~—

N0
= —2m.

It remains to find a second element of D( gl?::z when m = 0 or when m = é (as already mentioned
we disregard m = —f) Firstly, we try to find the simplest possible elements ofD(Lmax) with a logarithmic
behavior near 0. We add more and more terms:

Lgoln(z)z® = —Ba 2 In(z), (2.6)
Lgo ln(:v)a:% (1-pBz)= 28177 + %22 In(z), (2.7)
Lyo(In(z)a? (1 — Bz) + 2827 ) = %2 (In(x) — 2). (2.8)

For B # 0, the r.h.s. of (2.6) and of (2.7) are not in L? near 0. However the r.h.s. of (2.8) is in L?
near 0. We have thus obtained two elements of ’D(Lmax)/’D(me which are linearly independent since

li{ﬂ)?/(zé(l — Bz), (ln(m)x%(l — Bx) + 2ﬁx%);z> =1.

x

Finally, let us look for the simplest possible elements of D(Lrﬂnaf‘) with a logarithmic behavior near 0:
1

Lg1l=—pfa” (2.9)
LBV%(l—,Bxln z)) = In(z (2.10)

For B # 0, the r.h.s. of (2.9) is not in L? near 0, but the r.h.s. of (2.10) is in L* near 0. We have thus
obtained two elements of D(Lgﬁx)/D(Lg“f) which are linearly independent since
1 ¥

}:i\an(a:, (1- ﬂxln(x));x) =-1L

The three families Hg ,, ., H ,Z 1 and Hp o cover all possible well-posed extensions of Lg ,,,> with
52 ’ ’

|Re(m)| < 1. As already mentioned, we do not introduce a special family for m = —3, since it is

covered by the family corresponding to m = % For convenience, we also extend the definition of
the first family to the exceptional cases by setting for 8 € C and any x € CU {o0}

Hg ::Hgf’%, Hﬂ,07K::H§?0, and Hﬁvéﬁ::HE?%'

An invariance property follows directly from the definition:
Proposition 2.3. For any 8 € C, |[Re(m)| <1 and k € CU {co} the following relation holds
Hgm = Hp,—m 1

It is also convenient to introduce another two-parameter family of operators, which cover only
special boundary conditions, which we call pure:

Hﬁ,m = Hﬁ,m,o = Hﬁ,—m,o@ (211)
With this notation, for any 3 € C, one has

HB 1

1
’ 2

:HE?%7 HB’() :_[‘137007 and H[g’% :Hg?%
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Remark 2.4. The family Hg ,, is essentially identical to the family denoted by the same symbol in-
troduced and studied in [7]. The only difference with that reference is that the operator corresponding to
(8,m) = (0, f%) was left undefined in [7]. This point corresponds to a singularity, neverthelss in the
current paper we have decided to set HO,—% = Ho,%~

Here is a comparison of the above families with the families Hm x, Hj introduced in [6] when
B = 0. In the first column we put one of the newly introduced family, in the second column we put
the families from [6,7].

HO,m,N = Hmk |Re(m)| <1l,mé¢g { — %,%}, K € (CU{OO},
Hgo = Hp v e Cu{oo},
H(’)’,%:H_%ﬂ,:H%’% v e CU{oo}.

For completeness, let us also mention two special operators which are included in these families (for
clarity, the indices are emphasized). The Dirichlet Laplacian on Ry is given by

—_— —_— =) —_— —_—
HB:O,m:—% — Hp=0,m=3 = 0,2 = Hm:%,m:O - Hm:—%,m:oo

while the Neumann Laplacian is given by

0 _ _
Hﬁ:O,m:% - Hm:fé,n:O - Hm:%,/{:oo'

Note that the former operator was also described in [6] by Hm:% while the latter operator was
described by H -1
We now gather some easy properties of the operators Hg ,, -

Proposition 2.5. For m € C with |[Re(m)| < 1 one has

(H/&mﬁ)* = H_,m,k (H,B,m,m)# = Hgmx k€ CU{oo},
(HE,O)* = H[laz,o (HE,O)# = Hlé,oa v e CU{oo},
(H5.) =H5,  (Hy.)" =Y, v € CU{oo}.

Proof. Let us prove the first statement, the other ones can be obtained similarly. Recall from
Proposition 2.1 (see also [2, Prop. A.2]) that for any f € D(Lj72) and g € D(Lﬂ@f;;), the functions

f,f,9,4 are continuous on R;. In addition, the Wronskian of f and g, as introduced in (2.1),
possesses a limit at zero, and we have the equality

(Lgm2flg) — (FILE29) = =7 (f,9;0).
In particular, if f € D(Hg ;) one infers that
(Hﬁ,m,nf|g) = (fngl,?%(zg) - W(f7g;0)'

Thus, g € D((Hg,m,)*) if and only if #/(f, g;0) = 0, and then (Hg ,, ,.)*g = Lg‘%’;g. By taking into
account the explicit description of D(Hpg , «), straightforward computations show that #/(f, g;0) =
0 if and only if g € D(Hpz , ). One then deduces that (Hg . x)* = Hj 7 - The property for the

transpose of Hg p, .. can be proved similarly. O

By combining Propositions 2.3 and 2.5 one easily deduces the following characterization of
self-adjoint operators contained in our families:

Corollary 2.6. The operator Hg p, . is self-adjoint if and only if one of the following sets of conditions
is satisfied:

(i) BER, me]—1,1] and k € RU {oo},
(i) B € R, m € iR* and |x| = 1.

The operators Hj o and Hg 1 are self-adjoint if and only if B € R and v € RU {co}.
: i



10 Jan Derezinski et al.

Let us finally mention some equalities about the action of the dilation group. For that purpose,
we recall that the unitary group {Us },er of dilations acts on f € L*(Ry.) as (Urf)(x) = ™/ f(eTx).
The proof of the following lemma consists in an easy computation.

Proposition 2.7. For m € C with |[Re(m)| < 1 one has

U”'Hﬂ,m,nUf'r — eiQTHe‘fﬁ,m,e*ZT""R ke Cu {oo}’
UrHp oU-7 = e_QTHCVTJrﬁTO v € CU{oo},
UrHg \U-r = e_QTH::/(;;BT) v e CU {oo}.

with the conventions aco = oo for any a € C\ {0} and co + 17 = co.

3 Spectral theory

In this section we investigate the spectral properties of the Whittaker operators.

3.1 Point spectrum

The point spectrum is obtained by looking at general solutions of the equation
Lﬁ,mzf = _sz

for k € C with Re(k) > 0, and by considering only the solutions which are in the domain of the
operators Hg y, ., HE’%, or H§,0°

In the following statement, I" stands for the usual gamma function, ¢ is the digamma function
defined by v¥(z) = I''(2)/I'(z) and v = —(1). Since the special case f = 0 has already been
considered in [6], we assume that 8 # 0 in the following statement, and recall in Theorem 3.4 the
results obtained for 8 = 0. It is also useful to note that the condition 8 ¢ [0, co[ guarantees that
either +Im(y/B) > 0 or —Im(+/B) > 0, due to our definition of the square root.

Theorem 3.1. 1. Let # € C*, |[Re(m)| < 1 withm & { — 5,0,3}, and let k € CU {oo}. Then the
operator Hg y, ., possesses an eigenvalue X € C in the following cases:

(i) A= k2, Re(k) >0, & +m— 1 ¢ N and

_oiv—am T@m) (5 —m—4)
r = (2k) e TN Te— (3.1)

(i) A= p?, 0 < p < +Im(B) and

(1i)) =0, 8 & [0,00[, and
__ Tem)
- r(=2m)(=p)*m”
2. Let B€ C* andv € CU{oo}. Then Hg 1 possesses an eigenvalue X\ in the following cases:
)
(i) x=—k% Re(k) >0, & ¢ N and

K

V= —ﬂ <*¢(1 — 7]{) + *Qﬂ( — Tk) +2'7_ 1 +1H(2k)> s
(i) A= ,u2, 0 < p < +Im(B), and

v=-8 <%¢(1¢i%) + %w(ﬂ%) +2y - 1+ln(2u)$ig) ,
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(111) A =0, £Im(y/B) > 0, and
v=—B(In(B) +2y—1Fin).

3. Let 3€C* andv e CU {oo} Then Hg,o possesses an eigenvalue X in the following cases:
(i) A= —k?, Re(k) >0, 2 £ —1¢Nand

v= d;(% - 2%) + 27 + In(2k),

(i) A= p?, 0 < pu< +Im(B), and

_ 1 _.p T
1/—1/)(5 ¥lﬂ) Fiz + 2y + In(2p),

(iii) A =0, £Im(+/B) > 0, and
v =1In(B) + 2y + 2In(2) Fir.

Proof. We start with the special case A = —k? = 0. The two solutions of the equation Lgm2f=0
are provided by the functions

T hg:’m(:r) = x1/47-[§tm (2\/@), (3.2)

with # the Hankel function for dimension 1, see [6, App. A.5]. We then infer from [6, App. A.5]
that for any z with —7 < arg(z) <, one has as z — 0

[SIE

+i

3\5

=¥ % (In ( )+ Fig )+O(\z|gln(|z|)) if m=0,
3

HE(2) = (g) L2 (ln( J+r-3 ;ig)(g)z +O0(l212 In(lz]))  ifm=1,

q:isin\(/fm) (3)° (F(km) (3) " - fﬁ::@ (5)" ) +O0(|2|F IRty if 1 ¢ 2.

For |Re(m)| < 1, this implies that the two functions hgm belong to L?(R4) near 0. On the other
hand, for large z and |arg(Fiz)| < m — &, € > 0, one has

HiE (2) = FET2™=5m (14 012 71).
Since |arg(2y/Bz)| < 7/2, it follows that
W (@) = /A CVIEmITIN (14 0(af 1)),

Hence if Im(y/B) = 0, then h?m do not belong to L? near infinity, while if £Im(,/B) > 0, then hgm
belongs to L? near infinity, and hfm does not. For +Im(y/B) > 0, we thus have that h;m € L*(Ry)
and hence, since in addition Lg > hf_im = 0, we deduce that him € D(LE?,’;). It only remains to
check in which domain of the operators Hg , ., HE 1, 0r Hb’ o does hg?m belong to. By Proposition
i) ) )

2.1, it suffices to determine the asymptotic expansion near 0 of hétm up to remainder terms of order
o(x%'HRe(m)]). This can easily be obtained from the expansion provided above, and yields to the
statements 1.(74), 2.(4i7) and 3.(744).

Let us now prove the statements 1.(i4), 2.(i7) and 3.(ii). We consider the equation Lg ,,,2 f = p°f
for some p > 0. Two linearly independent solutions are provided by the functions x — ’Hiﬂ m(2,ux)

200
introduced in [7, Sec. 2.7], see also (A.29). From the asymptotic expansion near infinity given by

P del . B .
HE (2u) = eFE(E M) T (2ua)H o e (14 0(x™)), (3.3)
200
one infers that at most one of these functions is in L2 near infinity, depending on the sign of
Im(B). More precisely, for Im(3) > 0, the map = — ?—lz m(Qua:) belongs to L? near infinity if
200

1 < Im(B) and does not belong to L? near infinity otherwise. Under the same condition Im(3) > 0,
the map = — H 7, m(2,um) never belongs to L? near infinity. Conversely, for Im(3) < 0, the map

2
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z—=H, m(2,ux) belongs to L? near infinity if 4 < —Im(8) and does not belong to L? near infinity
200
otherwise. Under the same condition Im(8) < 0, the map z +— H ¥ m(2ux) never belongs to L? near
250
infinity. Finally, for Im(8) = 0, none of these functions belongs to L? near infinity.
For the asymptotic expansion near 0, the information on HF m provided in [7, Eq. (2.31)] is
not sufficient. However, the appendix of the current paper contains all the necessary information
on these special functions. By taking into account the Taylor expansion of Zs ,,, near 0 provided in

(A.3) and the equality I'(a)I'(1 — a) = one infers that for |[Re(m)| <1and m & { — 3,0,3}

51n(7'r(y)
one has i
Z§+m 1 2
Tsm(2) = F(1+2m)( - T O )) (3.4)
and
+ _ . Fimm F(me) l_;’_m( o 1 )
Hsm(2) =Fie 7F(%—m¢i5)zz e o

. I'(2m) ;_m(_ § ) 3
T v mr0) L= g=gm2) tol=):

For 2m € Z one has to consider the expression for Ks,1 and Kso provided in (A.18) and (A.19)
respectively. Then, by considering the Taylor expansion near 0 of these functions one gets

K51 (2) :ml_ 5+ (1 )zln(z)
+F(1 )( »(1—8) + ¢( 5)+27—1)z+0( ?), (3.5)
Ks0(z) = ﬁ [+ In(e) + <¢(§ ~5) +27) 5t n(z)
fé(w(%ﬂs)juzyfz)z%} +o(22). (3.6)
From Equation (A.29) one finally deduces the relations
Hyy () =7 ir(11q:15) - r(qlcia)zm(z)

1 1 . 1 . LT 3
. 1 1 1 . T 1 3 3
Hf;t,o(z) :i1m[22 In(z) + (1/!(5 ¢16) Fig +2’7>22 — 0z ln(z)} +0(z2).
2

To show 1.(ii) we consider the function = ~ ’H+ (2,ux) if Im(B8) > 0 and =z — H 2, (2,ua:)

if Im(ﬁ) < O and check for which k these functlons belong to D(Hg mu). For |Re(m)| < 1 and
m & { , 2} one has

Fiem _ L(=2m) o iym(y B
F(%_m:':i%)( ) ( 1+2m$)

r(2m) 25m (] 23
F(%-f—m:y:i%)@u ) (

=F ic(j@m + /ijﬁ,—m(x)) + O<x%)

(2,ux) Fie

2#

Fi

: . oFimm _ I'(=2m)
with c:=e F(l—mxl—)( u) and
1 : B
wim L TOM o) hom _ ginm g, -am T(2m) [(3 -mFiz;)
cr(y+mwig) L(=2m) (3 +m=ig,)
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Note that the conditions +Im(3) > 0, [Re(m)| < 1, and p < £Im(B) imply that :I:i% +m-1¢N
The proof of 2.(iz) and 3.(4i) can be obtained similarly once the following expressions are taken
into account:

+ 2 1
H5 , (2ue) =5 ————
2002 B r(Fis,)

(1 - Bzln(z))

_ F(i’:ﬁ)[;w(l;ii) + %ap(m%) 2y~ 1+ In(2u) ¢ig}x+o(ﬁ),

. 2)2 1
He O(Z,u:r) =+ 1% (z2 In(z)
2p F(§$lﬁ)

+ [zp(% ¥ 1%) Fig +27+ 1n(2u))x% _ Bzd ln(x)} +0(z).

We shall now turn to the generic case (statements 1.(7), 2.(i) and 3.(7)), namely the equation
Lgmef = —k*f for some k € C with Re(k) > 0. In the non-degenerate case, solutions of this
equation are provided by the functions

2%hz). (3.7)

a:»—)IC%m(ka) and xHI%,im(

We refer again to the appendix for an introduction to these functions. The behavior for large z of
the function K ,,(z) has been provided in (A.7), from which one infers that the first function in
(3.7) is always in L? near infinity. On the other hand, since for |arg(z)| < T one has

Lsem(2) = 2% (1+0(:7"))

1
F(%:ﬁ:m—é)

it follows that the remaining two functions in (3.7) do not belong to L? near infinity as long as

% Fm— % ¢ N. Still in the non-degenerate case and when the condition % +m — % € N holds, it

follows from relation (A.8) that the functions £ s (2k-) and Z5 _ _(2k-) are linearly dependent,
2k 2k

but still I%,m(2k~) does not belong to L? near infinity. Similarly, when % -—m — % € N it is the

function Zs _ (2k-) which does not belong to L? near infinity.
2k

Let us now turn to the degenerate case, when m € { - %,0, %} In this situation the two

functions Zs ,,, and Zs _,,, are no longer independent, as a consequence of (A.4). In the non-doubly
degenerate case (see the appendix for more details), which means for (%,m) Z (Z,:I:%) or for
(%, m) o4 (Z + %, 0), the above arguments can be mimicked, and one gets that only the function
K s ,m(2k') belongs to L? near infinity. In the doubly degenerate case, the function X5 m, introduced
inZIEA.Q), has to be used. This function is independent of the function Ks,,, as shown in (A.24).
However, this function explodes exponentially near infinity, which means that X i 7m(2k~) does not
belong to L? near infinity. Once again, only the function K%_m(2k~) plays a role.

As a consequence of these observations, it will be sufficient to concentrate on the function
K 5 ,.(2k-) and to check for which s or v does this function belong to the domain of the operators
2k

Hg e HE 1, 0r HE o respectively. For the behavior of this function near 0 one infers from (A.6)
i) )
and (3.4) that form ¢ { — 3,0, 3

Ts (2kx) s  (2kz)
Klﬁ m(2kx) = _ s lzk ;M ﬂ _ 21k7 m ,8
7 sin(27m) r(t-m-=2)y rit+m-25)
—(pyrrm LEI (B
r(5—m— ) +am
1 I'(2m) 1, B
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Similarly, it follows from (A.18) and (A.19) that

1 2% 2% 1 By 1 8
Ky k) == 5= (1= Aein(o) + =55 [ov(1- gp) + 59 (- 35)
+29— 1+ In(2k)|o + o(a?), (3.8)
Ky o(2ka) = — % (= ) inGa) + (9(5 — o) + 27+ In(2h))
* r'(3 - %)
76(w<§ - 2%) +2y -2+ In(2k) 2] +o(z?). (3.9)
The statements 1.(z), 2.(¢), and 3.(:) follow then straightforwardly. O

Remark 3.2. A special feature of positive eigenvalues described in Theorem 3.1 is that the corresponding
etgenfunctions have an inverse polynomial decay at infinity, and not an exponential decay at infinity, as it
is often expected. This property can be directly inferred from the asymptotic expansion provided in (3.3).

Remark 3.3. Self-adjoint operators that are included in the families Hg n, ., HE 1 and HE o do not
i) )

have eigenvalues in ]0,00[. Indeed, in Theorem 3.1 a necessary condition for the emistence of strictly

positive eigenvalues is that Im(B) # 0. This automatically prevents these operators to be self-adjoint, as
a consequence of Corollary 2.6.

For completeness let us recall the results already obtained in [6, Sec. 5] for 3 = 0.

Theorem 3.4. (i) If |Re(m)| <1, m ¢ { — %,0, %} and k € CU {oo}, the eigenvalues of the operator
Ho,m.x are of the form —k? with Re(k) > 0, where

- <g) o FF((—WZ) ’

(i) If v € CU {oo}, the eigenvalues of the operator Hy 1 are of the form —k? with Re(k) > 0, where
12
v=—k,
(iii) If v € CU{oo}, the eigenvalues of the operator Hi o are of the form —k? with Re(k) > 0, where

l/:"}/+1n(§).

Remark 3.5. Note that Theorem 3.4 can be derived from Theorem 3.1. Indeed, for m ¢ { - %, 0, %} we
infer from the Legendre duplication formula

F(z)F(% +2) = 2R T(22),

that
(o) 2 L@m) T(5 =m = %)‘ _ (@)—m [(m)
T(=2m) (L 4 m— £)ls=0  \2)  T(m)
For m = 2, we first note that F( ) = /7 and F( — %) = —2y/m. Then we use the relations (1 + z) =

¥(2) + L and (1) = —, and infer that

By, 1 ( B _ (=
im0 (gu (1 g) + g0(- )+t men) = (5) 7
Finally for m = 0, from the equality w(%) = —21In(2) — v one gets

w(% £§>+27+1n(2k)‘ o =7+1n(§).

ey

non

l\Dh—A

As a consequence of the expressions provided in Theorem 3.1, the discreteness of the spectra of
all operators can be inferred in C \ [0, col.
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3.2 Green’s functions

Let us now turn our attention to the continuous spectrum. We shall first look for an expression
for Green’s function. We will use the well-known theory of 1-dimensional Schrédinger operators, as
presented for example in the appendix of [2] or in [5]. We begin by recalling a result on which we
shall rely.

Let AC(R4) denote the set of absolutely continuous functions from Ry to C, that is functions
whose distributional derivative belongs to L (R ). Let also AC*(R4) be the set of functions from
Ry to C whose distributional derivatives belong to AC(R4). If V € L (R4), it is not difficult to
check that the operator —d2 + V can be interpreted as a linear map from AC*(Ry) to L (Ry).
The maximal operator associated to —92 + V is then defined as

D) i={f € L’(Ry) 0 AC'(R4) | (- 82 +V)f € L2(Ry) }
L™ f = (-9 +V)f, feDL™).

The minimal operator L™ g the closure of L™
Note that LM% = (L™in)#,

As before, we say that a function f : R4 — C belongs to L? around 0 (respectively around
oo) if there exists ¢ € C°([0,00[) with ¢ = 1 around 0 such that f¢ € L3(Ry) (respectively
FA=¢) € L2(R4)).

The following statement contains several results proved in [5].

restricted to compactly supported functions.

Proposition 3.6. Let V € L, (R). Let k € C and suppose that u(k,-),v(k,-) € AC*(R4) solve
(=02 4+ V)u(k, ) = —ku(k,-),
(=92 +V)u(k,) = —k>v(k, ).

Assume that u(k,-), v(k,-) are linearly independent and that u(k,-) € L* around 0, v(k,-) € L? around
oco. Let # (k) :=# (u(k,-),v(k,-);x) be the Wronskian of these two solutions. Set

2. 1 u(k,z)v(k,y) forO0<z <y,
R(=k"52,y) = (k) {u(k,y)v(k,x) forO<y<u,

and assume that R(ka;:c,y) is the integral kernel of a bounded operator R(fk:z). Then there exists a
unique closed realization H of —82 4V with the boundary condition at 0 given by u(k,-) and at oo given
by v(k,-) in the sense that

D(H) = {f € D(L™), f — u(k,-) € D(L™") around 0},
= {f € D(L™), f —v(k,-) € D(Lmin) around oo},
Hf =(-0:4V)f, feDH).
Moreover —k? belongs to the resolvent set of H and R(—k?) = (H + k?)™1.

By using such a statement, it has been proved in [7] that, for k¥ € C such that Re(k) > 0 and
S 1 _m ¢N, we have that —k? ¢ o(Hg,,) and Rg,,(—k?) := (k> + Hg,,,) " has the integral
kernel

Rp (K5 2,y)

:Lr(l—l-m—ﬁ) I%7m(2k$)/C%7m(2ky) for 0 <z <y,
2k \2 k) Zs , (2ky)K s , (2kx) for 0 <y <z
2k 2k’

Let us now describe the integral kernel of the resolvent of all operators under investigation.
We recall that our parameters are § € C, k € CU {oo}, v € CU {0}, and m € C satisfying
-1 <Re(m) < 1.

Theorem 3.7. Let k € C with Re(k) > 0. We have the following properties.
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(i) For k # oo andm&{—%ﬁ,%} set

- (2k)~™
Wﬁm(k) = F(% +m— %)F(l = 2m),
Wg,m (k) = 18,m (k) +Kv5—m(k)  w (3.10)

KY8,—m (k) sin(27m)’

If v8,m(k) + Ky, —m(k) # 0, then —k% ¢ o(Hg m,k) and the integral kernel of R,B,m,,{(—kQ) —
(H,B,m,m + kf2)_1 18 given by

R (k5 2,y)
. 1
'YB,m(k‘) + H'Y,B,fm(k)
r e BB -m- b
kag,m’,ﬂ(k)

(Yo (0) B (~1%32,9) + 195, () Ry (—%32,9) )

= Rﬁvm(—kz; z,y) + )K%,m@ky)K%’m(ka). (3.11)

If k=00 and £ +m— 3% ¢N, then —k* ¢ 0(Hp n.o0) and Ry oo(—k2) = Rg_pm(—k?).
(i) Forv# oo, m =3 and% Z N* set

wh 3 (k) = f%w(l b ) ,%M, p ) 2y —In(2k)+1- 2.

2k 2k B
Ifwg 1 (k) #0, then —k* ¢ O'(HE 1) and the integral kernel ofRE 1 (=K% = (Hg 2 +k2) 7 s given
5 )3 3 12
by
Rg7%(—k2,$7y)
r(- )00 4)
_ 2. 2k 2k
—Rﬂ,é( k% z,y) + 2k R K%’%(Qkx)lC%’%(Qky), (3.12)
’2

If v =00 and 2% ¢ N*, then —k? ¢ O'(Hgol) and R?l(—kQ) = Ry 1 (—k?).
'3 ) )
(i3) For v # oo, m =0 and%—%&N set
wg (k) := 1/1(1 - ﬁ) + 2v 4+ In(2k) — v.
A0 2 2k
If w§ o(k) # 0, then k2 ¢ o(Hf ) and the integral kernel of ngo(—kQ) = (Hg o+ k%)~ s given
by

RY o(—K*; 2, y)

r(i_ 258 2
= RB,O(—]CZ; z,y) + W’Ci7o(2kx)lci7o(2ky). (3.13)

Ifv =00 and & — 5 &N, then —k* ¢ o(HZ,) and RFo(—k?) = Rgo(—k?).

For the proof of this theorem, we shall mainly rely on a similar statement which was proved in
[7, Sec. 3.4]. The context was less general, but some of the estimates turn out to be still useful.

Proof of Theorem 3.7.. The proof consists in checking that all conditions of Proposition 3.6 are
satisfied.

For (i) we need to show that the integral kernel RB’m’H(—k%x,y) defines a bounded operator
on L?(R4). This follows from (3.11), because all numerical factors are harmless and because by [7,
Thm. 3.5 Rg ;m(—k* 2, y) and Rp _,,(—k?;2,y) are the kernels defining bounded operators.
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Moreover, we can write

1
R k>
6,m,n( o y) 2k ('713 m(k) + kB, m(k»
(% 5 om o (2kz) + n%I%ﬁm(ka))lC%m@ky) for 0 <z <y, 510
X 1
k 1
(P T (2hy) + ks T, (2ky))K s, (2ha)  for 0 <y <.

Since K s (2k-) belongs to L?(R.), this solution is L? around oco. For the other solution, one
2k
verifies by (3.4) that

(2k)™

m 8 _m(2k:x)

(2k)"™
e _2m)1%7m(2k1‘)+ﬁ

T+ 253?1)“5(1 —2m) [x%+m(1 1 +52m””) + ot (1 - ﬁx)}

+ O(.TQ |Re(m)\)

Therefore, this function belongs to L? around 0 and satisfies the same boundary condition at 0
as jg.m, + Kjg,—m- By Proposition 3.6, this proves (i) when k # oo. Note that in the special case
K = 00, it is enough to observe that Hg ,,, oo = Hg,_m o and to apply the previous result.

To prove (ii), consider first v # oo and % ¢ N*. It has been proved in [7, Thm. 3.5] that
the first kernel of (3.12) defines a bounded operator. The second kernel corresponds to a constant
multiplied by a rank one operator defined by the function K%’m@k-) € L*(R4) and therefore this

operator is also bounded. Next we write

— 31) 3.15
B (3.15)

B
Rﬁ(kmy) F( 2zk)F(

| =

ol

(2kx))/c£ (2ky) for 0 <z <y,
2k

(2kz) + K 5
2k

=
W=

(2kz) for0<y<ua.

L @ky)+K s (Qky))IC 2

1
’2

lll k
wﬁ#(ﬁ)zﬁ 1 (2kx) + K 5 1 (2kz)
F<_ﬁ) 2k’ 2 2k’ 2

1 3
:7(1—ﬂxln(x)+ux)+o( 2)
r(t-4)

which belongs to L? around 0 and corresponds to the boundary condition defining HY ,
12
The proof of (4i) is analogous. We use first (3.13) for the boundedness. Then we rewrite Green’s
function as
r(i- £
Rjo(—Fa,y) = 522
A0 2kw o (k)

(k)
(%Ia o(2kz) + K 5 O(Qkx)) 2 o(2ky) for0<z <y,

3«

(3.16)

wh o (k)
(#Iﬁ o(2ky) + K o O(Qk;y)) o(2kz)  for 0 <y <.
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We check that

o(k)

%o

Wl —

k
= (17),8(33%(1 — Bz) In(z) + 2,8m% + V:v%(l — ,Bm)) + O(x%|ln(x)|),
r(z - 4)
by (3.4) and (3.9), see also (A.19).
Strictly speaking, the formulas of Thm 3.7 are not valid in doubly degenerate points, when the

functions Kg ,, and Zg ,,, are proportional to one another, and the operator Hg ,, has an eigenvalue.
To obtain well defined formulas one needs to use the function Xjg ,, defined in (A.9), as described

O

in the following proposition:
Proposition 3.8. Let k € C with Re(k) > 0. We have the following properties.

(#’) For m = %, v # oo and % € N*, set

€ 1 (k) = 7w(1+ ﬁ)+ w<6)+27+1n(2k)71+%.

Then —k? ¢ U(Hg 1) and the integral kernel of RE 1 (—k2) is given by
3 ]

RB7 ( kQ'QZ,y)

((4)%2( (Qkx)+&/c (Qkx)) (2ky), for0<az<
1 i3 TG+ 5) 403 oy Y v
2k 1) X5 (2K S4B k)KL (2 0

— 2k _—

(D% xg 4 @0+ 5P s 2K g Ghe). for0 <y <a

(i’) Form =0, v # oo, and % — % €N, set

&po(k) = *ZZ)(% + %) — 2y — In(2k) + v.

Then —k? ¢ o(Hj o) and the integral kernel of RE’O(—k‘Q) s given by

R o(—k*; 2, y)
k
. (( )F+ix, 0(2m)+Mic O(Qkx))m o(2ky),  for0 <z <y,

_1 % r(3+4)?
2k Ay &5 o (k) )
(0 ia, (k) + Tk g o(2K))K g o(2ke), for0<y <.

Proof. (ii') is proved similarly as (ii) of Theorem 3.7, by using for m = %, v # co and % € N* that

&5,1 (k)

(—1)#% X5 , (2ka) + K5 1 (2kz)
—1)2 1 T 2 1 T
ok F(Z)r(+f) =

1)t
:%(1—ﬁxlnx+um+o(w)).
r(1+ 57)

This follows from (A.24), (A.20), and (3.5).
(i1 is proved similarly as (iii) of Theorem 3.7. In particular, using (A.24), (A.21), and (3.6)

one verifies that
v
k
7515*0( 6) Ks o(2k)
rG+ g2 #°

B _1 (Qk)% 1 3
=(-1)2F P (1 - Bz)In(z) + 28z + v(1 — Bz)) + o(z2).
F(j"'%) ( ) ( )

(-1 3, (2ha) +
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3.3 Holomorphic families of closed operators

In this section we show that the families of operators introduced before are holomorphic for suitable
values of the parameters. A general definition of a holomorphic family of closed operators can be found
in [19], see also [8]. Actually, we will not need its most general definition. For us it is enough to
recall this concept in the special case where the operators possess a nonempty resolvent set.

Let H be a complex Banach space. Let {H(z)},co be a family of closed operators on H with
nonempty resolvent set, where @ is an open subset of ce. {H(z)},co is called holomorphic on ©
if for any zg € O, there exist A € C and a neighborhood @y C © of zg such that, for all z € ©g, A
belongs to the resolvent set of H(z) and the map 6y > z ~— (H(z) — \)~' € B(#) is holomorphic
on Op. Note that if ©g 3z — (H(z) — A\) "' € B(H) is locally bounded on ©p and if there exists a
dense subset D C H such that, for all f,g € D, the map Qg 3 z — (f|(H(z) — A) " !g) is holomorphic
on Op, then Og 3 z — (H(z) — )~ € B(#) is holomorphic on @g. Besides, by Hartog’s theorem,
z+ (f|(H(z) — A)"'g) is holomorphic if and only if it is separately analytic in each variable.

This definition naturally generalizes to families of operators defined on (C U {oc})? instead of
C?, recalling that a map ¢ : CU {o0} — C is called holomorphic in a neighborhood of oo if the map
1 : C — C, defined by 9(z) = ¢(1/2) if z # 0 and (0) = ¢(o0), is holomorphic in a neighborhood
of 0.

Recall that the family Hg,, has been defined on C x {m € C | Re(m) > —1} in [7], see also
(2.11). However, it is not holomorphic on the whole domain. The following has been proved in [7].

Theorem 3.9. The family of closed operators (8, m) — Hg ., is holomorphic on
C x {m € C|Re(m) > -1}\{(0,-3)}.
Howewver, it cannot be extended by continuity to include the point (0, f%)

Let us sketch what happens at (0, —%) Recall that in [2,6] a holomorphic family {m e C|
Re(m) > —1} > m — Hy, has been introduced, and satisfies Hy, = Ho,m for m # —%. Note also
that for any 8 we have Hg 1 =Hpg 1. It then turns out that

%: lim H07m,

lim H _;:H;;éH_
p—0 P72 2

where these limits have to be understood as weak resolvent limits. Note that in the sequel and in
particular in (3.19), (3.20), and (3.21), the limits should be understood in such a sense.

Let us consider now the families of operators involving mixed boundary conditions. To this end,
it will be convenient to introduce the notation

II:={meC|-1<Re(m) <1}

Recall that (8,m,x) — {Hgm } has been defined on C x II x (C U {oo}). However, it is not
holomorphic on this whole set:

Theorem 3.10. (i) The family of closed operators {Hg p, .} is holomorphic on C x IT x ((C U {oo})
except for
(0,—3)x(CuU{oc}) U (0,3)x(CU{oo}) U Cx(0,-1). (3.17)
(i) The family of closed operators {H o} is holomorphic on C x ((C U {oo})
(#i) The family of closed operators {HE ;} 18 holomorphic on C x ((C U {oo})
'3

Proof. For shortness, let us set

nﬁ,m,n(k) = Wﬁ,m(k) + K'Yﬁ,fm(k)' (318)

This expression appears in the numerator of (3.10) and plays an important role in the expression
(3.14) for the resolvent of Hg ,, ..

(i) Let (Bo, mo, ko) belong to the domain C x IT x (CU{cc}). First assume that mo ¢ { — 3,0, 5}
and that ko € C. Let k € C with Re(k) > 0 such that ng, .k, (k) # 0, where ng , (k) is
defined in (3.18). By continuity of the map (8,m,k) — ngm_.(k), there exists a neighborhood g
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of (Bo,mo, ko) such that for all (8,m,x) in this neighborhood, we have ng , (k) # 0. Hence, by
Theorem 3.7, we infer that —k* ¢ o(Hg,m ), and the resolvent (Hg ,, . + k*)~" € B(L*(R4)) is
the operator whose kernel is given by (3.14). It then easily follows from the analyticity properties
of the maps (8, m, k) — I%im@lm) and (8,m, k) — ’C%7m(2k$) (for fixed z > 0 and k) that, for

all f,g € L2(Ry), the map (8, m, k) — (fFI(Hgm,r + k?*)~1g) is holomorphic on Uy. Hence {Hg,m x}
is holomorphic on Up.

If mo ¢ { — %,O, %} and kp = oo, the statement directly follows from the equality Hg ,, oo =
Hp oo

Suppose now that mg = 0 and that kg € C\ {—1}. We extend by continuity the definition of
n8,m,x(k) in (3.18) for m = 0 by setting

1+«
-4

We also choose k € C with Re(k) > 0 such that g—,‘i — % ¢ N. This latter requirement implies that
NBo,mo,ko (k) 7 0, and by continuity of the map (8,m, k) — ng m «(k), there exists a neighborhood
Up of (Bo,0, ko) such that for all (8,m,x) in this neighborhood, 7g , (k) # 0. In particular, by
Theorem 3.7, one verifies that, for all f,g € L?(R4), the map (8, m,x) (fI(Hg,mx + k?)71g) is
well-defined and holomorphic on Uy provided that (3.14) is extended to UoN{(8,0,x) | 8 € C,k € C}
by

77,6’,0,1@(’“) =

N

(L _ B8y [Ts (2kz)Ks ((2ky) for0<z<y,
R (—k2;2,y) = ( %) 25> 25
3,0,k s &y 2%
Zs ((2ky)K s ((2kz) for0<y<uz.

2k 2k

Note that this corresponds to the integral kernel of (Hg g o+k*) ™" = (H§?0+k2)_1. This shows that
{Hg m,r} is holomorphic on Uy (provided that Up is chosen small enough so that (5,0, —1) & Up).
If mp =0 and ko = oo, the argument is similar once it is observed that

(Hpo,00 +5°) 7" = (Hgo + k)"l = (Hp o0+ k)"

It remains to consider the cases mg = i% and fo # 0. Assume for instance that mo = —3,
Bo # 0, and ko € C. We extend by continuity the definition of 1g , (k) in (3.18) for m = —1 by

setting

We also choose k € C with Re(k) > 0 such that g—,‘; ¢ N. Then we have nﬁnﬁ%ym(k) # 0, and
by continuity of (8,m,x) ~ ng .. (k) there exists a neighborhood Uy of (Bo,—%,k0) such that
n8,m.x (k) # 0 for all (8,m, k) in Up. By Theorem 3.7, one then verifies that for all f,g € L3(R,),
the map (8,m, k) = (f|(Hg.m.x + k*) 'g) is well-defined and holomorphic on Uy provided that
(3.14) is extended to Up N {(6, —%,n) |BeC ke (C} by

1
) (2k)Z,

2kng 1 (k) (2k)2Ts _ 4 (2ky)K
2

1 R
2 2k

(2ky) for 0 <z <y,

[o

20

(2kz)K 5.
2k

B
N[=
=

R,B,—%,r;(_kz;x7y) =
(2kz) for0<y<um,

1
2

(2ky) for 0 <z <y,

W=

¥l
2k C

(2ky)K 5
2k

%
1—1(17275]6) 1%7%(2kx)/C
2k K

Is (2kz) for0<y<z.
2k

1 1
2 2

Note that this corresponds to the integral kernel of (HB 10 + k2)71 — ( EO; + k2)*1, This shows
=T 1
that {Hg y, } is holomorphic on Up. The argument easily adapts to the case mo = % and SBp # 0.
As before, if mg = :I:%7 Bo # 0, and ko = oo, the statement follows from the equalities

1

(Hp 100+ )= (Hg+ KT = (Hg 10+ k)7
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The second part of the statement (z) follows directly from [7, Thm. 3.5]. To prove (ii) and (4iz),
the argument is analogous and simpler: it suffices to use the formulas (3.15) to prove (i) and (3.16)
to prove (ii7). O

The following statement shows that the domains of holomorphy obtained in Theorem 3.10 are
maximal for m € II. In particular, we will prove that (3.17) are sets of non-removable singularities
of the family (8,m, k) — {Hg m r}-

Proposition 3.11. (i) For any fized k € C*, the family of closed operators (8,m) — Hg p, . defined
on C x IT\ {(0,—3),(0,3)} cannot be extended by continuity at (0,—%) and (0,3). If & = 0, the
family (8,m) — Hg p, o defined on C x IT \ {(0, f%)} cannot be extended by continuity at (0, f%),
and for k = oo the family (8,m) + Hpg oo defined on C x IT\ {(0,3)} cannot be extended by
continuity at (0, %).

(it) For any fizred B € C, the family (m,K) — Hg p, .. defined on II x (C U {oo}) \ {(0,—1)} cannot be
extended by continuity at (0,—1).

Proof. (i) Let us first consider 8 = 0. Recall that in [6] the family of closed operators IT x (CU{oo})
(m, k) — Hm,x has been introduced, and that this family is holomorphic on IT x (CU {co}) \ {0} x
(CU {oo}). Here is its relationship to the families from the present article:

Hom,x if m ¢ {—%,%
—1

HTTL,K = 667% if m = %
Let us now focus on m = f% and on m = % We have for any x € CU {o0}
_ . _ oo
Hg 1 =Hp 1, =Hp1=Hgs.
Therefore, for x # 0,
—1
. Y Rl
6113%) HB,%,K = Hoé * Hoé = ninjl% Ho,m,x- (3.19)
Similarly, for k # oo,
. 00 k1
glg%)H 1k =Hg1 # Hyi = mli)ni% Ho,m,x- (3.20)

This proves (i) when & ¢ {0,c0}. The proof in these special cases is similar.
(#4) Let us first consider a fixed parameter 8 € C and m = 0. By definition we have

HB,O,/{ = HB,O = HE?O’

independently of xk € C U {o0}. We now consider a fixed parameter 8 € C and x = —1. Choosing
k € C with Re(k) > 0 such that T/Bk — 3 &N, it follows from (3.14) that for any m # 0 in a complex
neighborhood of 0, the integral kernel of the resolvent of Hg ,,, _; is given by

1
Rgm_1(—K )= —
ﬁ,m, 1( y) 2k77ﬁ7m,—1(k)

2k)~™ 2k)™
(%I%m@km) - %1%7_m(2kx))K%7m(2ky) for 0 < 2 <y,

2k)”™ 2k)™

where g, _1(k) is defined in (3.18). One then infers that

1 (2k)~™ (2k)™ )
= 7 2kz) — —? T 2k
98.k.2(m) M6m—1(k) (m o) L m PR = A oy T —m (2h0)
1
L(‘Téﬂn _ xéfm)
Tr'(A—2m)I'(1+2m) 2 _|Re(m)|
@k R +O(a? ), =0

r(i4+m—L)ra—2m) I(2—m—LZ)ra+2m)
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By using this expression, one can verify that the map m — gg ,(m), defined in a punctured
complex neighborhood of 0, can be analytically extended at 0 with
1
2k):r(L - 2
gpaa(®=—— VLG a0y ont) 2o
In(2k) + (5 — 4) +2v

Thus, the family of operators {ﬁg,m_l} defined by

- [ Hgn oy ifm #0
Hpm—1 = {Hg,O if m =0,

is holomorphic for m € II. It thus follows that

lim Hgox=HEo# Hpo= lim Hgm 1, (3.21)

r——1

which concludes the proof. O

3.4 Blowing up the singularities at m = 0 and at m = i%

As presented above, the boundary conditions for m = 0 and m = :I:% are described by separate
holomorphic families of operators Hj ; and HE,% . One can however view these exceptional families as
limiting cases of the generic family Hg ,, ... What is more, after an appropriate change of parameters
near the points m = 0 and m = :I:% one can holomorphically pass from the generic family to the
exceptional families. Such a procedure is referred to as blowing up a singularity.

More precisely, let us define two new families of operators:

0 - 1

Héo)’y — {Hﬁ’mﬁ, m # 0, K = k! )(m7 v) = T (I+2my)’ (3.22)
,m HY m = 0:
8,00 ’

H ) m;,glj m:m(%)(ﬁ,m,u) = %,

PN b 2 (- amen+v) (3.23)
B,m HY _ 1
’%, m = bR

Thus H{')" includes both HY o and Hy ., and H}?)" includes both H} , and Hy .
Theorem 3.12. (i) The family {Hé%’f} is holomorphic on C x IT X ((C U {oo}) except for
(0,~3)x(CU{o0}) U (0, 1)%(CU foo}).
(ii) The family {Hé%”} is holomorphic on C x IT x (C U {oc}) except for
(0,—3)x(Cu{oo}) U {(8,0,~1-8) | BeC}.

Proof. For any fixed m € II, Theorem 3.10 shows that (3,v) — H/(gozy’ly is holomorphic on C x (C U
{oo}) if m # £4 and on (C\ {0}) x (CU{oo}) if m = 1. Likewise, (8,v) — Hé%;l’u is holomorphic in
Cx(Cu{oco})ifm & {—3%,0}, on Cx (CuU{oo})\{B,1-3| B € C} if m = 0, and on (C\{0}) x (CU{o0})
if m = —1. It remains to study holomorphy in m for fixed (8,v).

Recall that in Theorem 3.7 we introduced the functions wg . (k), wj o(k), and wy 1 (k). Let us

now define two more functions

w(o)’u(k) = wg,m, (k) m # 0, k= k0 (m,v),
B,m WE,O(k)v m = 0:

. r=rE(B,mv),

(%);V(k) = {wﬁ,m,n(k)a m 7é

“p.m (), m=
2

NI D=
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Clearly, by Theorem 3.7 one has

RGN (=K 2,y)

' +m-2\r(t —m-— B
— Ry(—Rizy) + LG l Gom=at) e, (ry, | (2ke)
2w (k) 2% 2T
and
R (Zk22,y)
5m ) 7y
B 1 B
+ I'(s —m—4¢
Ry (K + LM TG e, o)
2w (2" (k) 2
ﬁm
Let us show that, for fixed (8,v) such that ﬁ — % €N, the map
1
2kl )”(k:)

is holomorphic for m near 0. It is clearly holomorphic in a punctured neighborhood of 0. Hence it
suffices to show that it is continuous at m = 0. Recall from (3.10) that
(2k) 72" (L —m — Z)r(1+2m) .
wo.m (k) = (1 I(; 2) )= . (3.25)
KO(L+m— D)1 -2m) sin(2mm)

Then, by inserting x = x(9) (m,v) for m # 0 into (3.25) we obtain
r(3+m—2)r@—2m)— (2k)2™r(L —m— 2)r+2m)

(0)7V k —
wﬁ,m( ) ( +m— 2516) (1 — 2m) sin(27m)
(2k)—2mp(7 —m— ﬂ)F(l + 2m)2mm
r(i+m- ﬁ) (1 — 2m)sin(27m)
1 B
o )
= Wiy (k).

Thus (3.24) is holomorphic for m near 0.
Similarly, let us show that, for fixed (3,v) such that % ¢ N, the map

1 B
( +m— 2k(>1;( —m- Qk) (3.26)
, (k)

1

is holomorphic for m near 3. By inserting x = k(2)(B,m,v) for m # L 5 into (3.25) we obtain

No )_WF( +m— B2 - 2m) + B(2k) T2 (L —m — B (1 + 2m)
Bim AH T (3 +m— £)r(2-2m)sin(2rm)
(2k) 72" (3 —m— £\ (1 + 2m)n(2m — 1)

I(3+m- ;%)F(2—2m)sin(27rm)
= —lw<1—ﬁ)—1¢(—£)—2'y—ln(2k:)+1—z
f B

2k 2

which proves that (3.26) is holomorphic for m near 3.
The remaining restrictions on the domain of holomorphy are inferred directly from Theorem

3.10. O
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3.5 Eigenprojections

Let us now describe a family of projections {Pg ,,())} which is closely related to the Whittaker
operator. We will define it by specifying its integral kernel.
We first introduce a holomorphic function for m ¢ {—%, 0, %} by

m(2m+ v +m = 5) -~ e -m - 4))

sin(27wm)

(577”7 k) = §ﬁ7m(k) =

One easily observes that (g, (k) = (g,_m(k). We can extend this function continuously to m €

{-30,3} by
G0l =1+ 20/ (5 27),
0 =630 —(14 2w (- )+ 2 (- ).

We now consider X € C\[0, o[, and as usual we write A = —k* with Re(k) > 0. We then define
the integral kernel Pg ,,(A; z,y):

Co,—

fr(+m = £)r(h—m— &)
Cﬁ,m(k)

Pg (=K% 2,y) i= Ks ,2ke)Ks . (2ky). (3.27)

The definition (3.27) naturally extends to A €]0, o[, where we distinguish between points coming
from the upper and lower half-plane by writing A+i0 = —(Fix)? with x > 0. Thus, let us set k = Fiu
and
7r(2m + i%w( +mF 12#) F 12#1&(7 —mF 1%))

sin(27m)

C,B,m(:,:i/-") =

which can be naturally extended to m € {—%,0,%} by

i : (1.
Cp.o(Fin) =1 il%d, (2= l%)

Cp,— 1 (Fip) = (g 1 (Fip) := — (1 + 14%1#’(4[ 1%) + 14%¢ (1 F 1%))

For k = Fip we can then rewrite (3.27) as

+imm

G T G T ) s et (o)
m

P, 2 +i0; =
5,m(ﬂ 1 73373/) C,B,m(:Fi,u) 5m £z,

sin(2mm)

Finally, to handle A = 0 we shall use the function mAmI—1) extended to {f%, 0, %} by

sin(2mm) sin(2mm)
i Sl AV - _9 e ST - _r
m(4m? — 1) lm=0 m and m(4m?2 — 1) lm=+1 i
We set, for +Im(y/B) > 0,
sin(27m)

Pam(050,y) o= 357 5 TAl SRS (B0 i (250 (B) M (24/B).

The integral kernel Pg ,,,(—k*;z,y) defines an operator-valued map (8, m,k) — Pg,,(—k?) de-
scribed in the following proposition.
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Proposition 3.13. On the set

Cx IT x {k € C| Re(k) > 0}
U{(B,m,Fip) |BeC,me I, 0< pu< +Im(B)} (3.28)
U{(8,m,0) | BeC, me I, 0< +Im(\/8)},

the function (B, m,k) — Pg m(—k?) has values in bounded projections. Moreover, it is continuous on

C x II x {k € C| Re(k) > 0}

U{(8,m,Fiu) | B€C,me I, 0 < p< £Im(B)}, (3.29)
and holomorphic on C x IT x {Re(k) > 0}. It satisfies
Py (=k*) = Pg (=K%, (3.30)
Py (—k*)* = Py (—K7), (3.31)
Pﬁ,m(*kQ)* = PB,m(*kﬁ)» (3.32)

for all (B,m, k) in the set (3.28).

Proof. The fact that Pg,m(—sz) are rank-one projections follows directly from their expressions
together with Corollaries A.3 and A.5 and Proposition B.5. Continuity on the domain (3.29) and
holomorphy on C x IT x {Re(k) > 0}, as well as the relations (3.30)—(3.32), follow again from the
expressions involved in the definitions of ngm(ka). O

We recall from Proposition 2.5 that the operators Hg ,, 4, H’é o and HE 1 are self-transposed.
; .4

Moreover, it follows from Theorem 3.1 and its proof that all eigenvalues of these operators are
simple. If X is a simple eigenvalue of a self-transposed operator H associated to an eigenvector u
such that (u|u) = 1, we define the self-transposed eigenprojection associated to A as

P = (u]-)u.

In the case where ) is in addition an isolated point of the spectrum, it is then easy to see that the
self-transposed eigenprojection P coincides with the usual Riesz projection corresponding to .

Theorem 3.14. Let 8 € C, m € IT \ { — %,0,%}, k € CU{oo} and v € CU {oo}. Let A € C be an
eigenvalue of Hg m r, HE 0 or HE 1 respectively. Then the self-transposed eigenprojection is Pg m(\) for
5 ) )

the corresponding value of m.

Proof. We prove the theorem in the case where A = —k? with Re(k) > 0 and m ¢ {- 1,0, %} The
other cases are similar.

From the proof of Theorem 3.1, we know that if X is an eigenvalue of Hg ,, ,, then a correspond-
ing eigenstate is given by x K%’m(%x). Corollary A.3 shows that

2 B (L BN _Bo(L_ . B
<’C%’m(2k')m%*m(zk'»:sm(;m) m+:}uz(l2++m ;k) lgkw(2 " &)
2 m*ﬁ)r(i —m— 3

This proves that Pg,m(—kQ) is the self-transposed eigenprojection corresponding to A, as claimed.
O

The point k = 0 is rather special for the family Pﬁ,m(—k2), as shown in next proposition.

Proposition 3.15. Let m € II and 3 € C such that £Im(+/B) > 0. Then the map k +— Ppg ,(—k?) is
not continuous at k = 0.
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Proof. We consider the case where m ¢ {—3,0, 3}. The other cases are similar.
First, we claim that for all continuous and compactly supported function f,

Jim (f1Pg.m (—K%)F) = (| Psm (0)),

where k € C is chosen such that Re(k) > 0 and =+ ( arg(8) —arg(k)) €]e, 7 —¢[ with £ > 0. To shorten
the expressions below, we set in this proof

r(i+m-4 3-m
%mw@wzxi(zwzmﬁ(ﬂ) K g (k).

and .
9B,m,0 (;E) = (/BZE)Z'H%”(Q\/@)

We show that gg ,, 1 is uniformly bounded, for k satisfying the conditions above, by a locally
integrable function. From the definition (A.3) of Z3 ,,, and proceeding as in the proof of Proposition
B.2, we obtain that, for k € C such that Re(k) > 0, |k| < 1, and +(arg(8) — arg(k)) €]e, 7 — [ with
>0,

3 m m —kx ﬁ) z)7
’(%) ' m(%x)‘_‘ payitret ZF1+2m+]) (2];'!)j’

1 al
< |Bglzt™ —_
< |B] jzz(:)|r(1+2m+j)|
for some constant ¢ > 0 depending on 8 and m but independent of k and z. Using that

Gpmp(w) = VT (ﬂ)ém(—WIg (2ka) + T, _,(2ka)),

sin(2mm) \ 2k (L —m-— 2%) 25 26
together with Lemma B.3, one then deduces that

|98,m.k ()| < c1e®

for some positive constants ci1, co independent of k& and z.
The previous bound together with the dominated convergence theorem and Proposition B.2
show that

%iﬂ) {g98,m.kf) = (98,molf);

for all continuous and compactly supported function f, and for k satisfying the conditions exhibited
above. We then have that

(F1Pg.m(=k*) )
ksin(27rm)F< +m — 2ﬁk)F(%_m_%)
wmt ok +m— %) - %

_ ksin(27wm) r(s m—%)( )Zm 1<g/3mk|f>
2m 4 gp(3 +m = g) = gpv(z —m = 55) Dz +m = g5) V2

_ 2k2sin(27rm) F(%*m*;%) ﬁ

B4 ()7 (~1 +4m?) + o(1)] T (%m,%)(%) (gpmslf)

35 Sln(zﬂ—m) ﬂ:lTer
o mmr D (g8 molf)’

= <f‘P5,m(0)f>a

where we used Lemma B.7 in the third equality.
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Now, we claim that Pg,m(—k@) is not continuous at £ = 0 for the strong operator topology.
Indeed, using that P@m(—kz) is a self-transposed projection, we infer that, for f continuous and
compactly supported,

(P, (—k) = Pg 1 (0)) f1(Pgm(—k>) — Pg 1 (0)) f)
= (Pgm(=E*)F1f) + (Pg,m (0) f1f) — 2(Pg 1 (0) f|Pg,m (—E>) f).

A similar computation as above gives

<P5,m(0)f|Pﬂ,m(_k2)f>

_ 3Bsin(2rm) 2k? sin(2mm) r(i-m-4) (ﬁ)m
meFITm (dm? — 1) B[4 (%) (<1 + 4m?) +o(1)] I'(§ +m — g) \2k
X <f‘gﬁ,m,k><gﬁ,m,k gﬁ,m,O)(Qﬁ,m,O f>

— 0,

k—0

since %il%(glg,m,ﬂgﬂ’my()) = 0 by Remark B.6, while the other terms converge. Therefore,
—

((P.m(=k*) = P.m (0)) f|(Pg.m(=k*) = Pg.m(0))f) o 2Pam(0)f1f) #0,

for suitably chosen compactly supported functions f. This proves that Pﬁ’m(—kZ) is not continuous
at £ =0. |

A The Whittaker equation

A.1 General theory
In this section we collect basic information about the Whittaker equation. This should be considered as a supple-

ment to [7, Sec. 2].
The Whittaker equation is represented by the equation

<Lﬁ7m2+i)f::(—83+(m2—1)i—§+1)f=0. (A.1)

‘We observe that the equation does not change when we replace m with —m. It has also another symmetry:

(Lgm2 + %)f(z) =0 = (Logme+ i)f(—z) =o. (A.2)

Solutions of (A.1) are provided by the functions z + Zg 4, (2) which are defined by

%1F1(%+m:|:,8;1+2m;iz)

Tgm(z) = 23+ MeT

I'(1+42m)
oo (1 k
=23 tmeFE S (3 +mFH), (£2) , (A.3)
= T +2m+k) K

where (a)g :=ala+1)---(a+ k —1) and (a)o = 1 are the usual Pochhammer’s symbols and 1 F; is Kummer’s
confluent hypergeometric function. For Re(m) > f% and Re(m FB+ %) > 0 the function Zg ,, has also an
integral representation given by

Z2tm

I(3+m+8)I(

1
Ig,m(z) = FRa—— /0 eiz(s*é)smqﬁ*%(l — s)miﬁ*% ds.
2

Based on (A.3) one easily gets

sin(27m)

W (Zs,m>Lp,—m;x) = (A.4)

T
as well as the following identity
Ig,m(z) = e¥i”(%+m>I,5ym (eii"z). (A.5)
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Another solution of (A.1) is provided by the function z — Kg n,(2). For m & %Z it can be defined by the

following relation:
™ IB m Iﬂ —m )
K = — : + : . A6
Aym sin(27m) ( F(%—m—ﬂ) F(%—i—m—ﬁ) (4.6)

For the remaining m we can extend the definition of K3 ,, by continuity, see Subsect. A.3. Note that Kg _,, =
K g,m, and that the function g ,,, can also be expressed in terms of the function 2 Fp, namely:

Kgm(z) =2 20Fp (2 +m—B,1 —m - g;— —=71).

An alternative definition of Kg ,,, can be provided by an integral representation valid for Re( —BFm+ %) >0
and Re(z) > 0:

1 2

22TMe™ 2

Kgm(z) = —4———

T r(z-sFm) Jo

Note that the function Kg,,, decays exponentially for large Re(z), more precisely, if € > 0 and |arg(z)| < %ﬂ' —¢,

then one has

R 1 1
e~ #5722 AT (1 4 g) T2 BTy,

Kpm(z) =2°e™3 (14+0(z71)). (A7)
By using the relation (A.6) one also obtains that
1
W (Lo Kopomi @) = ——p————. (A.8)
o Ko ®) = ()

We would like to treat Zg ., Zg,—m and Kg ,, as the principal solutions of the Whittaker equation (A.1).
There are however cases for which this is not sufficient. Therefore, we introduce below a fourth solution, which
we denote by Xz ,,. To the best of our knowledge, this function has never appeared elsewhere in the literature.

The function Kg p, is distinguished by the fact that it decays exponentially, while the solutions Zg 4, (z)
explode exponentially, see [7, Eq. (2.14) & (2.22)]. This is also the case for the analytic continuations of K_g .,
by the angles +m, which by the symmetry (A.2) are also solutions of (A.1). It will be convenient to introduce a
name for a solution constructed from these two analytic continuations. There is some arbitrariness for this choice,
but we have decided on:

Xg.m(2) == %(e_i"(%*'m)lC_,g’m (ei"z) + ei"(%"'m)lC_&m (efi”z)). (A.9)

As a consequence of this definition and of (A.5) one gets the relations

X (2) = —— 7r ( Zg,m(2) B cos(27rm)137,m(z))7 (A.10)
’ sin(27m) F(%ferB) F(%+m+6)
and
e:':i”<%+m)lc_5 m(eiiwz) = Xgm(2) F s, —m(z) .
’ ’ I'(3+m+B)
In addition, by using the equalities
cos (m(m — f)) = cos (2rm — m(m + 3))
= cos(2mm) cos (w(m + B)) + sin(2rm) sin (r(m + B)), (A.11)
one infers from (A.6) and (A.10) that
cos(2mm)Kg m, Xg,m
r(t+m+p) riE+m-p)
= m (cos (m(m — B)) — cos(2mm) cos (m(m + ﬂ)))l’g’m
= sin (r(m + B))Zs,m,
which finally leads to the relation
1 cos(2mm 1
T = et T (L s w50~ T Ty ) -

By taking formulas (A.6), (A.10), and (A.11) into account, one infers that the Wronskian is provided by
W(Kﬁ,mv XB,m; I) = —sin (ﬂ-(m + B))
Hence for m + 8 € Z the solutions Kg ,,, and X3 ,,, are proportional to one another. In fact, for such 8, m, we have
1
r'(z—m-8)
1
F(E —m+p)

Note that this corresponds to the lines m + 8 = n € Z. However in our applications, we need X3 ,,, on the lines

Xp.m(2) = Kg,m(2)-

m+ 8 — % =n € Z, where Kg ,,, and X ,,, are linearly independent.
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A.2 The Laguerre cases

Let us now consider two special cases, namely when —% —m+ B :=n € N and when —% —m—pB:=n€cN. In
the former case, observe that the Wronskian of Zg ,,, and Kg ,, vanishes, see (A.8). It means that in such a case
these two functions are proportional to one another. In order to deal with this situation we define, for p € C and

n € N, the Laguerre polynomials by the formulas

() = 27 d" ot
L) = = g (777)
72”: p+k+1n k(=2)"
= — k)Ik!
+
( ) 1F1( n;p+1;2)
n!
1
= D oy Ro(=n, —p — my—5 =571,
n!
Then, by setting 2m = p, we get
1+p z
nlz72 e 2 ()
I =—— L7
F4nt T A +p+n)

Note that this solution can also be expressed in terms of the Kg ,,, function, namely

Kisp, p=(—1)nlz e 5LP). (A.13)

— - tn, 5

We shall call this situation the decaying Laguerre case. In this case the relation (A.12) reduces to

—1)"
Tigp S » (A.14)

(71)44—1
_— —_—YX .
245 D(l4+p+6) =+6% + cos(mp)I'(—£) 24 g

In the special case —% —m — B :=n € N a similar analysis with p = 2m leads to

14p 2
nlz72 e2 _(p)
T3 ()= Fprm i )
and to
XﬁHTpinqg(z) = oFitE" K1+p .2 (eimz) = (- 1)"n'z o3 L(p)( z). (A.15)

We shall call this situation the ezploding Laguerre case. In this case the relation (A.12) reduces to

="
T = X s A.16
1+p P F(1+p+n) _%_n% ( )

A.3 The degenerate case

In this section we consider the special case m € %Z, which will be called the degenerate case, see Figure 1. In this
situation the Wronskian of Zg ,, and Zg _,, vanishes, see (A.4). More precisely, for any p € N one has the identity

Zoy=(-0- p;gl)pfﬂ,%

or equivalently,
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Based on this equality and by a limiting procedure, one can provide an expression for the functions ICB% (see

[7, Thm. 2.2]), namely

(=1)PIn(2) T, g (2)

Kﬁ,g(z) =

1—
r(=*-8)
(—1pttemiatE" 55 =),
1—
r(5*-6) = @tk (A.17)
x (W2 = B+k) — b+ 1+k) —w(1+k))
(1 e” = 5 (42 = 8)_, (-1 - 1)z
r(5e = (»—9)! 7
where 1) is the digamma function defined by ¥(z) = F( ) Note that the equality (or definition) (a); = F}'l(:)])
has also been used for arbitrary j € Z. For our applications the most important functions correspond to m = %
and m = 0:
In(2)Z, 1(2) -z
B3 e 2
— A.18
ch & (1),
1-— k 2+k)—yv(1+k
PR X Gk (6(1-B+E) —w+k) —p(1+k),
In(z)Zg,0(2)
Kpol2) =~ —7 d (A.19)
(z-5)
—z 0o 1 Ltk
e 2 (5 —B), %2 1
— 5 — k) —2¢(1+k)).
S s )

Let us still provide the expression for the function Xﬁ,g' Starting from its definition in (A.9) and by using

the expansion (A.17) as well as the identity provided in

(A.5) one gets

MGG CENTC
A G
(~)rtles i (152 +6), (-)*sF
r(‘2+8 &= (p+k)'k!
X (¢(1+7p +k) - (p+1+k)fw(1+k)>
(—1)ptled "5 2o (HE+8) (i — 1)z
- (32 +) ; (=3
In particular, the expansions for m = % and m = 0 will be useful:
X,1(2)=— ; ! ——z1n(z) (A.20)
239 Tar s T TH ‘
+%( w(1+8) + ¢(5)+2'y—1)z+o(z)
X5.0(2) = (f 5[0 -89mG) + (v +9) +20) (A.21)
2

-8(v(5
Note also that the following identity holds:

s

X5 _p

as a consequence of (A.9).

—i—ﬁ) + 2y — 2>z] —i—o(z%).

— (—1\P
_( 1) Xﬁy%v
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Fig. 1: The vertical lines correspond to the degenerate cases, the lines with slope 1 to the decaying
Laguerre case, the lines with slope —1 with the exploding Laguerre case.

A.4 The doubly degenerate case
We shall now consider the region
{m.p)18eiz, melz, g+m+iez). (A.22)

In other words, we consider m € Z, 8 € Z + %, orm € 7Z + %, [ € Z. This situation will be called the doubly

degenerate case. We will again set m = § with p € Z. Note that for (m, ) in (A.22) we have the identity

(71),8+m+%+p (71)ﬁ+m+%
Igm = =i Kom+ o Xms A.23
ST G ama ) P TG Am—p) (A-23)
which is a special case of (A.12). In this case we also have
W (K, Xpms @) = (1) 0+ 3, (A.24)

Hence K3 ,,, and X} ,, always span the space of solutions in the doubly degenerate case.

In order to analyze the doubly degenerate case more precisely, let us divide (A.22) into 4 distinct regions (see
Figure 2).
Region I_. 3+ m € —(N+ %), —B4+me —(N+ %)
We have

Ig,m =0,
which follows for example from (A.23). By setting nq := 8 —m — % € Nand ng = -8 —m — % € N, then
Kgm = ’CH—”Jrnl p is the decaying Laguerre solution, see (A.13), and X3 ., = X7ﬂ7n2 p is the exploding
2 2 2 2

Laguerre solution, see (A.15).

Region I+.B+m€N+%, 7B+m€N+%.
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First note that (m, 8) € I_ if and only if (—m, 8) € I1. By setting n1 := ,3+m—% € Nand ng := —ﬁ—&-m—% €N,

ni—nz nitno+1l
2

one has 8 =

,m = , and the equality (A.23) can be rewritten as

_1)n2+1 (_1)n1+1

——Kpm + — G Xm-

1g,m = ny! na

Note then that Kg ., = K1-p » =Ki-p —p corresponds to the decaying Laguerre solution, while Xg ,,, =
’ 3 TnLg 7 tnem ’
X 1p . o p=(1PX¥_ 1-p_
12 2

——5E-—ny

this region, the space of solutions can also be spanned by the pair K3 ,,, and Zg ,, or by the pair Zg ,,, and X ,,.

» = (—1DPX 1, _p corresponds to the exploding Laguerre solution. In
n2, =g i T

Region II,.B—i—mG—(N—l—%), —,6’+m€N+%.

By setting n := -3 —m — % € N, then the equality (A.16) reduces to

Thus Zg,,y, is proportional to X ,,, and corresponds to the exploding Laguerre case. The second solution is Kg p,.
It decays exponentially and has a logarithmic singularity at zero, therefore we call this function the decaying
logarithmic solution.

Region II;. +meN+1, —p+me—(N+1).

By setting n := 8 —m — % € N, then the equality (A.14) reduces to

A = ——=K .
ij+n,E pTHJr'ﬂ»%

Thus Zg ,, is proportional to Kg ,,, and corresponds to the decaying Laguerre case. The second solution is Xg -
It explodes exponentially and has a logarithmic singularity at zero, therefore we call this function the exploding
logarithmic solution.

The results of this section are summarized in Figure 2.
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B Iy

° ° ° ° ° ° ° °
° ° ° ° ° 4 @ ° ° °

° ° ° ° ° ° °
° ° ° ° ° 3 e ° °

° ° ° ° ° °
° ° ° ° ° 2 e °

I ° ° ° ° ° Ly

° ° ° ° ° 1 e

[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] —1e
[ ] [ ] [ ] [ ] [ ]
(] [ ] [ ] [ ] [ ] —20 [ ]
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[ [ ] [ ] [ ] [ ] —30 [ ] [ ]
[ [ ] ° [ ] [ ] ° [ ]
[ ] L] [ ] [ ] [ ] —40 [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]

Fig. 2: Solutions for the doubly degenerate case: Region I_: the decaying Laguerre and the exploding
Laguerre solutions. Region I : any of the three solutions. Region I1: the decaying Laguerre and the
exploding logarithmic solutions. Region II_: the exploding Laguerre and the decaying logarithmic
solutions.

A.5 Recurrence relations

Solutions of the Whittaker equation satisfy interesting recurrence relations. These relations can be checked by
using the series provided in (A.3). The computations are straightforward, but rather lengthy. These relations read

(\/Eaz T _%T_zm - {)Iﬁym(z) - (f % —m— )Iml mad(2),
%er z

(vzo: + 2 ) Lo (2) =Ty ey (),

(\/Eaz + _%# - {)Zg,m(z) Tyt pm1(2)

(vzo. + *%T;m + ) (@) = (5 +m = 8) Ty s i1 o),
(20 + 8= 2)Zam(2) = (5 +m+B) Tar1m (),
(0= = 6+ 2 ) Zam(z) = (% +m = B)Ts 1,m(2):
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By using the relation between the functions Kg ,,, and the functions Zg ,, provided in (A.6), one infers from the
above relations the following ones:

(vzo: + ‘17"“ = ) Kem(2) = K g iy (2)
(vzo. + _%% + ) K m(@) = (= 5 +mAB)Ks g1 (2),
(¢wz+i%%ﬁﬂ-33n&m@y— K1 mo1(2),
(vzo: + ‘%\;Zm + LV Kam (@) = (= 5 =M+ 6)K 1 i1 (2),
(20: + 8= 2)Kpm(=) = —Kps1,.m(2),
)

Ko=) = (5 +m=6) (5 - m—8)Ks 1.m().

A.6 Integral identities

Let us start with a general fact about 1-dimensional Schrodinger operators, see for example [5, Eq. (3.24)].

Lemma A.l. Fori € {1,2}, suppose that v; € D(L’g‘ag‘) satisfies Lg ov; = A\v; for some \; € C. Then, for all
a,b €]0, o],

b
(O — Ag)/ w1 (@)va(@)de = # (v1, va; b) — W (01, v2; a), (A.25)
where W is the Wronskian introduced in (2.1).

As a consequence of this lemma one has:

Proposition A.2. Let k,p € C with Re(k) > 0 and Re(p) > 0.
(i) If -1 <Re(m) <1, m & { — %,0, %}, then

oo
2 2
(k*—p )/O K%’m@km)lc%’m@px)dm
_ ™ k;mp*m pmk,fm
s ‘4kp< 1 B\(L - BN B))'

sinrm) ¥ AT G em = )G -m—g)  TGAm- TG -m 4

(it) If m =0, then

(2 =) [ 7Ky @kl o (2pe)d
_ i G a0 — G = 5) 4 k)~ n(e)
L3 =500~ )
(iii) If m = +1, then
*p /oo %%ka)K%%@px)dx
N“’“ ) +39(—55) — 3901 - 55) — 3v(— 35) +In(k) —In(p).

r-g)r(-g)

Proof. The proof consists in an application of Lemma A.1. Consider k,p € C with Re(k) > 0, Re(p) > 0 and set
A1 = —k? and A2 = —p2. As shown in the proof of Theorem 3.1 the functions v; defined by

vi(z) = K%7m(2k1) and wv2(z) =K 1 7m(2px)

belong to D(Lg]%?) and are eigenfunctions of L ,,,> associated with the eigenvalues A;. Let us then set %/ (v1, v2;0) :=

lim # (v1,v2;x) and observe that lim % (v1,v2;2) = 0, as a consequence of Proposition 2.1. This yields directly
z\0 r—+00

(k2 — p?) /Ooo w1 (@)vz(z)de = # (v1,v23 0). (A.26)
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Let us now set
ur,+(x)=Tp  (2kz) and wug+(w)= Izﬁ L (202).
5

2k’

Then, the identity (A.6) leads to

or(z) = — " __ wt(@) uy,— ()
@)= e CFE o By T FO e B

__ T _ uzy(w) uz,—(2)
UQ(m)isin(me)( F(%,m,%) +F(;+m72ﬂp))’

and with the expansion provided in A.3 one directly infers that

W (u1,4,u2,4;0) = # (u1,—,u2,—;0) = 0,

iim, L-m .
W (ui 4, uz,—;0) = — 4mkz""p2 7_2sm(27rm)k%+mp%7m7
’ ’ (1 +2m)I(1 —2m) T
4mk%_mp%+m _ 2sin(27m) 1

W (u1,—,u2,+;0)

1
k‘i_mp§+m,

T T+ 2m)I(1 - 2m) ™

As a consequence of these equalities one gets

W (v1,v2;0)
_ ™ 2k%+mp%7m 2k%7mp%+m
~ sin(2wm) (F(% —m— (L +m— 2%) N rE+m-2)yr@iE-m- 2‘;))
This proves (z). The equalities (i7) and (ii¢) can be proved similarly by using (A.18) and (A.19). O

By using the L’Hospital’s rule one directly obtains:

Corollary A.3. Let Re(k) > 0.
(i) For -1 <Re(m) <1, m¢g{— %,0, %} one has

1 1
P P p— 2m 4 gp (3 m = 55) ~ ge¥(z —m o 5)
0 2K sin(27m) kp(%erf%)p(%,m,%
(i) For m =0,
B (1 B
[ee] 1 —+ = EN—
/ ’Cﬁ 0(2k1)2d — 2kq/} (2 gk)
o - )
(iit) For m = %,

oo 9 1
/ K s 1(2kx)*de = —
0 22

2k

A.7 The trigonometric type Whittaker equation

Along with the standard Whittaker equation (A.1), sometimes called hyperbolic type, it is natural to consider the
trigonometric type Whittaker equation

1N, ) s, N1 B 1Y,
(Lﬁymz—z)ff(—az-i-(m—4)z2—z—4 f=0. (A.27)
In [7, Sec. 2.6 & 2.7] we introduced the functions

JT3,m(2) = e:Fi%(%er)I;Fm’m (eii%z) (A.28)
and
W (0) —eP B, ()

i eFimm 75 (2 _m(z (A.29)
+ )( Tp,m(2) Jp,—m(2) )

Tsin@rm) \T' (3 —m¥iB) (L +mTip)

which solve (A.27). Note that the function ’H;m has been used in the proof of Theorem 3.1 when dealing with
positive eigenvalues of the Whittaker operators.
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A.8 Integral identities in the trigonometric case

Here are the analogues of Proposition A.2 and Corollary A.3 in the trigonometric case. The approach can be
mimicked from Section A.6 because of the identity

+ _ 249t
Lg m2 ’H%Jn(?p,x) =puHY m(2/uc)

250
valid for any p > 0.

Proposition A.4. Let p,n > 0 with p < £Im(B) and n < £Im(B).
(i) If -1 <Re(m) <1, m¢g{— %,0, %}, then

oo
(=) [T HE | Cunt | ene)ds
2p 2n°’
B TeTiTm #mn—m 77m‘ul—m
= VAapn - I

sin(27m) F(3+mFig)l(3-mFig) IG+mFig)l(3-mTFig) >

(it) If m =0, then

oo
(2 =) [T (uai  (2ne)de
20

V(3 Fig,) — (3 Figy) +In(p) —In(n)
r(3Fig)rG sig)

= V4un
(iit) If m = %, then

1
w2 2

(2#1)7{% (2nz)dx
B% (1Fig) + 3v(Fifs) - 3w (1 Fig) — 3¢ (Fig) +In(u) — In(n)

1
n’2

"
F(lq:i%)l“(l $i%)

Corollary A.5. Let 0 < p < £Im(pB).
(i) For -1 <Re(m) <1, m¢g{— %,0, %} one has

i s B 1 s B s B 1 s B
Oon: ()2 reFiTm <2mi12u¢(2 +m$1ﬁ) Figp (5 - m$12#)>
8 = .
2™

0 sin(2wm) uF(%+m$i%)F(%fm$i%)

(it) For m =0,
1 :‘:i%d}’(% :Fi%)
nl(3 Figs)?

BAPPES 2
/ s 0(2#1) de =
0 20

(iit) For m = %,

; Bt i B B i B

o - g (Figy) — ;¢ (1 Fig,)
P 2 4 2

./0 "H:% l(2,ux)2d:c: Ll L il A

2503 ,uF(:Fi%)F(l:Fi%)

B The Bessel equation
B.1 The modified Bessel equation
The modified (or hyperbolic type) Bessel equation for dimension 1
1\ 1
YY) 2 1\ L _
( az+(m 4>Z2+1)f 0, (B.1)

is up to a trivial rescaling, a special case of the Whittaker equation with 8 = 0. Its theory was discussed at length
in [6, App. A]. Nevertheless, we briefly discuss some of its elements here, explaining the parallel elements to the
theory of the Whittaker equation, as well as the differences.
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Let the modified Bessel function for dimension 1 be

o (2 2n4m+1
Im(z):Z \/7(2)
n=0

n!l'(m+n+1) (B.2)

B F(T\n/j- 1) (g)m+§°F1 (m +1h G)Q)

The equation (B.1) is invariant with respect to m — —m. At the level of the function (B.2) this property is
reflected by
I (2) = eIiﬂ%er)Im(eii”z).

For the Wronskian we have
W (Lm,L—m;z) = —sin(mm).

The function Ky, can be introduced for m ¢ Z by

Km(2) = ——— (= T (2) + T-m(2)).

sin(mm)
For m € 7Z the definition is extended by continuity. Note that the relation K, (z) = K_, (%) holds, and that
W (Km,Im;z) = 1.

To make our presentation of the hyperbolic Bessel equation as much parallel to that of the Whittaker equation
as possible, we introduce the function

X (2) = (e*iﬂ%“")ICm (ei”z) + ei”<%+m>lCm (e‘”z)).

1
2

Then the following relations hold:

X = —@ (Zm — cos(2mm)I_m),
T = m(cos@mﬂ)lﬁn — Xm). (B.3)

The precise relations between the Whittaker functions for 8 = 0 and Bessel-type functions are of the form

Zo,m(2) = F(%i—m) IM(g), (B.4)
ICO,M(Z) =Km (§>7
o= 0(3).

B.2 Recurrence relations

For the functions Z,, and K,,, the following recurrence relations hold:
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B.3 Integral identities

It is proved for example in [6, Sec. A.8] that for |[Re(m)| < 1, m # 0 and for Re(a 4+ b) > 0 one has

e} (a2m _ me)a%_mb%_m
K Kom (bx)dx = B.5
/0 m(a2)Km (bx)dz sin(mm)(a? — b2) (B-5)
Observe that the r.h.s. of (B.5) can be extended by continuity to a = b and m = 0 since
e (@7 = B?™)a3 b ™ 2 (In(a) — In(b))a2b?
1m = —
m—0 sin(7mm)(a? — b2) ™ a? — b2 ’
I (a®™ — b2m)a%_mb%_m m
e sin(m)(a? — b?) "~ sin(rm)a’
(a2m _ me)aéfan%fm 1
lim lim - = —,
m—0b—a sin(mm)(a? — b?) Ta
We shall need another integral identity:
Proposition B.1. For |Re(m)| < 1 and Re(a + b) > 0 one has
o0
/ 2K (az) Ko (b)dz (B.6)
0
B 4a%7mb%7m{(m — 1)(a?™F2 — p2mF2) 4 (m + 1)a2b2 (b2 —2 — a27‘n72)} B

sin(mm) (b2 — a?)3

In addition, the following limiting cases hold:

1.1 1.1
o, 8a2b2 8a2b2 (a2 + b?)
/0 2“Ko(az)Ko(bx)dx _7r(b2 e (07 — a2)p (In(b) — In(a)),

e} _ 2
/ 22 (az)2dy = 2= ™)
0

3a3 sin(mm)’

o 2
/ 22Ko(az)Ko(ax)de = ——.
0 3mwa3

Proof. Assume first that —1 < Re(m) < 0. By using twice the recurrence relations of Section B.2 one gets

1

/000 22K (az) Ko (ba)dz = *(3b+ ) /Oo TKom (az) K41 (bx)dz,

0

and
m—i—%

a

/ 2m (ax) K41 (bx)dz = — (&l—i—
0

Then, we infer that

) /Ooo Kmt1(az)Km 41 (bx)dz.

/ 22 Ko (az) Ko, (bz)da
0
1

2 ) (ab+ 2 ) Koma1(az) K1 (br)dz
b 0

m+%) (a2m+2 _ b2m+2)a7%7mb7%7m
b sin(mrm) (b2 — a?)
a2m+2 _ b2m+2 )

sin(mm) (b2 — a?)

Ba+

Bat %)(aw

+
(03
+
(0=
1

"I ITMY,H, (

1

where we have used (B.5) with m + 1 instead of m, and the fact that Ba(cf%*m) = 7m;r§a7%7m. Clearly,
a similar relation holds for a replaced by b. By computing the derivatives, one gets the expressions provided in
the statement. This proves (B.6) for —1 < Re(m) < 0. We then extend the equality to |[Re(m)| < 1 by analytic
continuation. Finally, the limiting cases are obtained by taking the limit m — 0 in the first case, the limit b — a
in the second case, and from this result the limit m — 0. Note that the same result is obtained if we take the
limits in the reverse order. O
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B.4 The degenerate case

For m € Z the following relation holds:

Assuming that m € N, we also have

k=0
and
(=)™ rz\mtd = Y(k+ 1) +p(m+k+1) r2\2k
T (5) kz:% k!(m—&-k)—:— (5)
—1)™ 2\t g (=D rz2\—2
oG j:f”]%@ v

B.5 The half-integer case

The half-integer case of the hyperbolic Bessel equation is a special case of the doubly degenerate case of the
Whittaker equation. However, it is worthwhile to discuss it separately. In particular, for n € N the function
Z_1_,, is not proportional to the function Z, _1_, which is identically 0 by (B.4).

2 T2

By analogy of the presentation of Section A.4 we can divide the half-integer case into two regions, namely
Region I_ with m € —1 — N, and Region I with m € % + N. The following schematic diagram of various
special cases for the Bessel equation is an analog of Fig. 2.

—4 -3 —2 —1 0 1 2 3 4 m
——0—o—o——0—0—0—0—0— —— —0— —O0— —o0— ——>

Fig. 3: The two regions in the half-integer case

Note that unlike for the Whittaker equation, in both regions I_ and I; the functions Z,,, Z_,, and Ky, are
well defined and distinct, and any two of them form a basis of solutions of (B.1). In this case all solutions are
elementary functions: For n € N and m = :I:(% + n) one has

Ko (34m(2) = (-1)"nl(22) e > L7172 (22),

(—1-2n)

Xi(%+n)(z) = +(—-1)"n!(22) " "e*Ly, (—22),
Iy, ,(2)= “Lesyn (C—ZLE;I‘Q")(QZ) - CZL,(JI‘Q")(_ZZ)), (B.8)
TN 2
T, (2)= %n!(2z)_" (C—ZL;*‘?") (22) + CZL;‘H”)(_zz)). (B.9)
2

Note also that (B.8) and (B.9) are special cases of (B.3), namely

_1\n+1
Ty ne) = S0 (10 (0) = 2y (),
Iy ()= (721)n (K1 n(2)+ Xy, (2).

B.6 The standard Bessel equation

The standard (or trigonometric-type) Bessel equation for dimension 1

(—8?+(m2—i)zi2—1)f:0, (B.10)



40 Jan Derezinski et al.

is up to a trivial rescaling, a special case of the trigonometric-type Whittaker equation with 8 = 0. One can
introduce the following functions which solve this equation (see [6, App. A] for more information) :

& Corvr(e

() = H TR (FT,) =
Tm(z) =e (e722) n!l'(m+n+1)

)

n=0

&I (2) = T-m(2)

sin(7m) ’

HE(2) = FiEmta)e,, (eFiZ2) =

and
cos(mm)Tm (2) — T—m(z) )

sin(7m)

Vm(z) :=

B.7 The zero eigenvalue Whittaker equation

The zero eigenvalue Whittaker equation is provided by the equation

L2 f = (—8f+<m2—1)——7)f:0. (B.11)

It is easy to see that if v solves the trigonometric Bessel equation of dimension 1 (B.1) with parameter 2m, then

the function f defined by f(z) := (Bz)%v(%/ﬁx) solves the equation (B.11).
One can also obtain solutions of (B.11) by rescaling solutions of the hyperbolic-type or trigonometric-type
Whittaker equation:

Proposition B.2. For any fized x € Ry, m € II and B € C*, one has

o Lygtm —m—1 (ﬁfls)4
Jim (ﬁ) Iy, (2ka) =8 \F Tam (2¢/Bz), (B.12)
. Lygtm m—1 (Ba)

et (%) T8 m(2ka) =B~ N = Tam(2V/ Ba). (B.13)

For any fized x € Ry, any m € II and 8 € C*, one has

NERACE LS AT e
g%¥17<%) K ,(2ka) = (82) ViHE, (21/Bx), (B.14)

(3 HAmFid)  p\iom 1

!}1310 % <ﬂ) : Hj%’m(?#@ = (Bz)1H3,,(2v/B2). (B.15)

where the first limit is taken such that +(arg(8) — arg(k)) €le, ™ — e[ with & > 0, and the second limit is taken
with p > 0 and is valid if Re(B8) > 0.

Proof. Using the definition of Pochhammer’s symbol recalled in Section A.1, one infers that

11:“10( +mF )(ﬂk) = (—BY.

In addition, for all k € C with |k| < 1, one has

‘(;erq: )(iZk ‘<c]]'

for some constant c independent of k and j. Hence, by an application of the version of the Lebesgue dominated
convergence theorem for series, one gets

s +mF (£2kx)? s
lim (2 %), - ZL
k=0 =2 I'(142m+ j)j! = I'(1+2m+j)j!

which leads directly to the equality (B.12). The equality (B.13) can then be deduced from (B.12) by using the
relation (A.28) between the functions Zg ,,, and Jg, .
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For (B.14), by using successively (A.6), (B.16), (B.12), and [6, App. A.5] one gets

LG +\7/n7; %) (ﬁ)é—mK

_ FivE B\i-my T(G+m-—gp)

= mGmm) 38) (R 8 e 20+ Ty (k)

= $1\/E im2m 6 %J'_m B %—m

‘m(—ﬁ () T+ () Ty L 2ke) o)

- T ( — T2 (30)h J0 (24/B7) + (m)ij,m(z\/g?)) +o(1)
sin(27wm)

(Bx) 43'-[ 2\/670)—&-0

where we have used that + arg ( +) €]0,7] and that | arg (— %H < m—e¢ for € > 0. The equality (B.15) can then
be deduced from (B.14) by using the relation (A.29) between the functions Kg, ,, and ’H%m. o

The following lemma plays a key role in the above proof.
Lemma B.3. Let a,b € C. For |z| = oo with |arg(z)| < m —e and € > 0 one has

lim F((Z+Z) b—a

—_—t =1. B.16
200 F(b—i—z)z ( )

Proof. Recall first the logarithmic version of Stirling formula [1, Eq. 6.1.41]:

1 1
n(I'(z)) =zln(z) —z+ = ln(27r) -3 In(z) + O(;)

This readily implies that
n(F(a+2)) —In(I(b+2))+ (b—a)ln(z) i 0.

After exponentiation it leads to the statement. a

B.8 Integrals for zero eigenvalue solutions of the Whittaker equation

Based on the results of the previous sections and on Lemma A.1, one easily gets:

Proposition B.4. Let k € C with Re(k) > 0 and let 8 € C with £Im(+v/B) > 0. If m € C with |Re(m)| < 1, one
has

/Ooo(Bz)%%écm(Q\/,@)K%’m(ka)dx
1 By—m Bym
— i (2mkp) 2 < ( (5% _ Fizam (3z) )) (B.17)

sin(27m)
Observe that the r.h.s. of (B.17) can be extended by continuity to m € {O, %} with

(BT, o =Fi \}Fz%f)é) (w(% - %) —In <ﬁ> + i7r),

11y =1 s (- )+ 2o £) - (5) £ ).

1
In the next proposition, we consider the integral of ((,BI)ZHS:m(Q\/ﬁI))z which cannot be computed by the
same means.

Proposition B.5. Let 8 € C with £Im(y/B) > 0. For all —1 < Re(m) < 1, one has

47712 _ 1)e¥i7r2m
38 sin(2mm)

(B.18)

/OOO ((Bz)iﬂgm(g\/ﬁj)ydx _ m(
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Proof. Let us consider for |[Re(m)| < 2 the integral [;° y?Kam (y)?dy. After a change of variable and by taking
into account the relation between the MacDonald function for dimension 1 and the usual MacDonald function
one infers from [33] that

o0 2
/ v am (y)?dy = §F(2 —2m)I(2+ 2m)
0

= %(1 —2m)(1+2m)I(1 — 2m)I"(2m)
4m
= m(l —4m?). (B.19)

Note that this result can also be obtained by an analytic continuation of the result obtained in B.6. By a contour
integration with a vanishing contribution at infinity, one gets that for +£Im(1/B) > 0,

/O<> ((82) 443, (2V/F)) e

0

= 1 /00 2 Bme:’:i”(2m+%)K2m (eq:i%%/ﬂz)de
0

2
e:Fi7r2m 0o

2 2
=- Y~ Kom (y)“dy.
43 0

This leads to the statement of the proposition. O

Remark B.6. Curiously, a naive computation suggests incorrectly that

/0 ((B2) 313, ( 2\/570)) dz = 0.

Indeed, form ¢ { — %,0, %} and k € C with Re(k) > 0, and such that £ (arg(8) — arg(k)) €]e, ™ — e[ with e > 0,
one has

/0 o) I HE 2\/3?)[:F1(L_2%)<%)27’”;c£ m(2k9:)j|dx (B.20)

VT 2%
.Fl+m,ﬁ B i-m
:;1%(%)2 /0 (Bx)THE ( 2\/57;)/@’ (2kz)dz

___ B <F(;+m_2ﬁk)(ﬁ) 2me:|:i7'r2m>‘

sin(27m) F(%—m—Q—) 2k

By taking a limit as k — 0, one obtains from Lemma B.3 that

1 - £ —2m :
lim M (ﬁ) e eFim2m | _ (B.21)
k=0 \ (2 —m — ﬁ) 2k

»
»

k

Although by (B.14) the term in the square braket of (B.20) converges pointwise to (,Bx)i%g:m(%/ﬁx), a limit
limg_,o and the integral in (B.20) can certainly not be exchanged, since otherwise it would lead to a contradiction.

To conclude, we give a lemma which was used in the proof of Proposition 3.15.

Lemma B.7. For |z| — co with |arg(z)| < m —¢ and € > 0 one has

—c b—c)(l—b—c
( )(2,22 )
b—c)[1 —3(b+c)+2(b% + bc+ 2 1

Y(b+2) —Y(c+2) =

24

Proof. The asymptotic expansion of the 1) function is provided in [1, Eq. 6.3.18] and reads as |z| — oo with
|arg(z)] < ™ —e and € > 0:

W(z) = In(z) — — — 1 +o(i).

2z 1222 z4
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Hence
Y(b+2) —Y(c+2)
1 1 1 1 1
=In(b - - —1 O —
U A Tronps Bl Drowrs c Rt GO T S DS s ()
b 1 1
=i (1+7) - By T 12.2(1 5 )2
z 22(1+z) 12z (1—‘,—2)
c 1
—In(1+ - o=
n(1+7)+ 22(112)  122(11 )2 ()
_ bfc+ 027b2+bfc+b7073b2+302+2b372c3 +O(i)
z 222 623 z4
which leads directly to the statement. a
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