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Abstract

One can argue that on flat space R? the Weyl quantization is the most
natural choice and that it has the best properties (e.g. symplectic covari-
ance, real symbols correspond to Hermitian operators). On a generic man-
ifold, there is no distinguished quantization, and a quantization is typically
defined chart-wise. Here we introduce a quantization that, we believe, has
the best properties for studying natural operators on pseudo-Riemannian
manifolds. It is a generalization of the Weyl quantization — we call it the
balanced geodesic Weyl quantization. Among other things, we prove that
it maps square integrable symbols to Hilbert-Schmidt operators, and that
even (resp. odd) polynomials are mapped to even (resp. odd) differential
operators. We also present a formula for the corresponding star product
and give its asymptotic expansion up to the 4th order in Planck’s constant.

1 Introduction

Quantization means representing operators by their classical symbols, that is,
functions on phase space. This concept first appeared in quantum physics in
the early 20th century. Only later this idea was adopted in pure mathemat-
ics. Mathematicians, in particular, introduced the so-called pseudodifferential
operators, defined as quantizations of certain symbol classes. Pseudodifferential
calculus is nowadays a major tool in partial differential equations.
Pseudodifferential calculus is useful both on R? and on manifolds. In the
case of R, one can use its special structure to define several distinguished quan-
tizations. One of them is the Weyl or Weyl-Wigner quantization. One can argue
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that it is the most natural quantization and that it has the best properties. Let
us list some of its advantages:

1. The Weyl quantization is invariant with respect to the group of linear
symplectic transformations of the phase space T*R?% = R? @ R?.

2. Real symbols correspond to Hermitian operators.

3. Error terms in various formulas have a smaller order in A if we use the
Weyl quantization than if we use other kinds of quantizations.

4. The Weyl quantization of even, resp. odd polynomials is an even, resp. odd
differential operator.

5. The Weyl quantization is proportional to a unitary operator if symbols are
equipped with the natural scalar product and operators are equipped with
the Hilbert—Schmidt scalar product.

In order to define a quantization on a generic manifold M, one typically
covers it by local charts, and then uses the formalism from the flat case within
each chart. This construction obviously depends on coordinates and thus there
is no distinguished quantization on a generic manifold. In particular, considering
the natural symplectic structure of the cotangent bundle T* M, quantizations are
symplectically invariant only on the level of the so-called principal symbol. This
is not a problem for many applications of pseudodifferential calculus, which are
quite rough and qualitative. In such applications it is even not very important
which kind of quantization one uses. In more quantitative applications it is more
important to choose a good quantization, which usually means a version of the
Weyl quantization.

Suppose in addition that M is pseudo-Riemannian. One can try to use its
structure to define a quantization that depends only on the geometry of M. In
order to discuss various possibilities, let us first assume that M is geodesically
simple, that is, each pair of points x,y € M can be joined by exactly one geodesic.

Here is one possible proposal of a geometric! generalization of the Weyl quan-
tization: given a function T*M 3 (z,p) — b(z,p), we define its naive geodesic
Weyl quantization to be the operator with the integral kernel, which for x,y € M

is defined as d
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where z is the middle point of the geodesic joining x and y, u is the tangent
vector at z such that = exp,(—3u) and y = exp,(3u), and we integrate over the
variable p in the cotangent space T¥M. The quantization Op, ;e is geometric
(does not depend on coordinates) and it reduces to the Weyl quantization if
M = R?. However, there exist better definitions, as we argue below.

In our paper we propose to multiply the right-hand side of (1.1) by

, (1.2)

LGeometric in the sense of relying on the pseudo-Riemannian geometry of the manifold.



the product of the appropriate roots of the determinants of the metric at x, y
and z. With this factor we obtain an integral kernel which is a half-density in
both x and y. Then we multiply it by the biscalar
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the square root of the so-called Van Vieck-Morette determinant.” We obtain
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which we call the balanced geodesic Weyl quantization of the symbol b. This
quantization belongs to a family of quantizations considered in [13], although
for scalar functions instead of half-densities.

Note that the Van Vleck—Morette determinant is a biscalar, and therefore
Op(b)(z,y) is a half-density in both x and y, which is appropriate for the inte-
gral kernel of an operator acting on smooth, compactly supported half-densities
on M. Moreover, the balanced geodesic Weyl quantization has a remarkable
property: it satisfies

Op()(z.1) = o)

|
1
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Tr(Op(a)* Op(b)) = J a(z,p)b(z,p) dz

s @y’ (1.5)

This is the analog of property (5) from the list of advantages of the Weyl quan-
tization in the flat case. Actually, the balanced geodesic Weyl quantization has
all the advantages from that list except for (1).

It is easy to see that a quantization which reduces to the Weyl quantization
in the flat case and satisfies (1.5) is essentially unique and is given by (1.4).

In general pseudo-Riemannian manifolds there can be many geodesics joining
pairs of points. However, there always exists a certain neighborhood 2 of the
diagonal such that each pair (z,y) € Q is joined by a distinguished geodesic.
Therefore, on a general pseudo-Riemannian manifold the definition (1.4) (and
also (1.1)) makes sense only inside 2. To make it global, one can insert a smooth
cutoff supported in €2, equal to 1 in a neighborhood of the diagonal. This is not
a serious drawback, since in practice pseudodifferential calculus is mostly used
to study properties of operators close to the diagonal. Note also that this cutoff
does not affect Op(a) if a is a polynomial in the momenta, since the kernel of
Op(a) is then supported inside the diagonal.

We are convinced that our quantization is a good tool for studying natural
operators on M, such as the Laplace—Beltrami operator A in the Riemannian
case and the d’Alembert (wave) operator [] in the Lorentzian case. In our
future papers we plan to describe applications of this quantization to computing
singularities at the diagonal of the kernel of the heat semigroup e™®, Green’s
operator (A + m2)_1, the proper time dynamics eiTD, the Feynman propagator
(0 —i0)~1, ete.

2The (complicated) story of the Van Vleck-Morette determinant can be found in an inter-
esting article [7], where it is argued that its correct name should be the Morette—van Hove
determinant. We, however, use the name that seems to be established in the differential geom-
etry community.



Besides the geodesic Weyl quantization, we introduce also a whole family of
quantizations parametrized by 7 € [0,1]. The Weyl quantization corresponds
to 7 = % All of them satisfy obvious analogs of the identity (1.5). One can
argue that the cases 7 = 0 and 7 = 1 are also of practical interest. However,
the case 7 = % typically leads to the most symmetric algebraic expressions.
As mentioned above, the main application of our pseudodifferential calculus is
to obtain asymptotic expansions of integral kernels B(x,y) around the diagonal
x = 1y. The geodesic Weyl quantization gives such expansions around the middle
point of the geodesic joining « and y. If we use the 7 = 0 quantization, then the
expansion uses x as the central point, which is less symmetric and involves less
cancellations.

For many authors the philosophy of quantization is quite different from ours.
Some authors study quantization as an end in itself. Others are interested only in
applications which are quite robust and to a large extent insensitive of the choice
of the quantization. Such applications include propagation of singularities, ellip-
tic regularity, computation of the index of various operators. Other applications,
such as spectral asymptotics, are more demanding in the choice of quantization.
Our aim is to have an efficient tool for computing the asymptotics of various
operators, giving an expansion which is as simple as possible. We have already
checked this when computing the Feynman propagator on a Lorentzian mani-
fold. We started from the naive geodesic Weyl quantization, and we discovered
empirically that inserting the prefactors (1.2) and (1.3) decreases substantially
proliferation of various error terms.

Our original motivation for introducing the balanced geodesic Weyl quanti-
zation comes from quantum field theory on curved spacetimes. One would like
to define renormalized Wick powers of fields and its derivatives using a scheme
that depends only on the local geometry. On a (flat) Minkowski space, renor-
malization is usually done in the momentum representation. There are in fact
several (essentially equivalent) schemes for renormalization that use momentum
representation. It is usually stated that on curved spaces the momentum repre-
sentation is not available, and one has to use the position representation, which
is much more complicated. The main tool for renormalization is then the asymp-
totics around the diagonal of the Feynman propagator, or what is equivalent,
of the so-called Hadamard state defining the two point function. The use of a
quantization allows us to use the momentum representation for renormalization
on curved spacetimes. In our opinion, the balanced geodesic Weyl quantization
will lead to the simplest computations in this context.

Quantization and pseudodifferential calculus is an old subject with an inter-
esting history and large literature. The Weyl quantization was first proposed
by Weyl in 1927 [36]. Wigner was the first who considered its inverse, called
sometimes the Wigner function or the Wigner transform [38]. The star product
(the product of two operators on the level of symbols) and the identity (1.5)
were first described by Moyal [23].

Pseudodifferential calculus became popular after the paper by Kohn—Niren-
berg [18]. Kohn-Nirenberg used the 7 = 1 quantization. The usefulness of the
Weyl quantization in PDE’s was stressed by Hormander [16, 17]. Weyl quanti-
zation is also discussed e.g. in [10, 33].

Several quantizations on manifolds were considered before in the literature.



Working either with the Levi-Civita connection on a Riemannian manifold, with
an arbitrary connection, or with the so-called linearization introduced in [4, 5],
most works attempt to generalize the 7 = 0 or 7 = 1 quantization, see e.g. [4, 5,
14, 37], the more recent works [6, 27, 28, 30-32] and the references therein. An
extensive introduction to early results on this topic can be found in [14]. Besides
addressing the intricacies of defining a quantization on a manifold (e.g. caustics
of geodesics), some of these works discuss symbol classes, the star product, heat
kernel and resolvent computations (although only to low order).

A generalization of the Weyl quantization to manifolds with a connection was
advocated by Safarov [21, 30] and is essentially equivalent to what we call the
naive geodesic Weyl quantization. Similar definitions can be found also in other
places in the literature, e.g. [24]. More recently, Levy [19] considered a similar
generalization for manifolds with linearization. Like in our manuscript, these
papers consider the whole class of 7-quantizations on manifolds. They, however,
do not use the geometric factor involving the Van-Vleck—Morette determinant,
which as we argued above, improves the properties of a quantization.

Ideas very close to those of our paper were discussed by Fulling [13], who
analyzed the effect of various powers of the Van Vleck-Morette determinant on
the quantization. Fulling, in particular, remarked that the square root of this
determinant may be viewed as the distinguished choice. He also noticed the term
%R, which appears when one tries to define the Laplace—Beltrami or d’Alembert
operator using the Weyl-type quantization involving the Van Vleck—Morette
determinant. There is one difference between our approach and Fulling’s: he
used scalars, whereas we use half-densities — of course, this is a minor difference,
since it is easy to pass from one framework to the other. We go much further
than Fulling in the analysis of the balanced geodesic Weyl quantization: we
prove the identity (1.5), which we view as a key advantage of this quantization,
and we analyze the corresponding star product.

Giintiirk in his PhD thesis [15] attempted to develop a Weyl calculus on Rie-
mannian manifolds, including the star product. His approach, however, involved
some constructions depending on coordinates, hence it was not fully geometric.

As we stressed above, the balanced geodesic Weyl quantization is geomet-
ric — by this we mean that it essentially depends only on the geometry of a
pseudo-Riemannian manifold M. However, one should mention that the name
geometric quantization has already a well-established meaning, which involves a
somewhat different setting. The usual starting point of geometric quantization
is a symplectic or, more generally, a Poisson manifold. Then one tries to define a
noncommutative associative algebra which is a deformation of the commutative
algebra of functions on this manifold. This deformation is often performed only
on the level of formal power series in a small parameter, usually called Planck’s
constant ii. The resulting construction goes under the name of (formal) deforma-
tion quantization. See e.g. [1, 12, 39] for an overview on geometric quantization
and [22] for its relation to deformation quantization.

In our construction the symplectic manfold is always the cotangent bundle
to a pseudo-Riemannian manifold T* M. We obtain a certain unique realization
of deformation quantization — a formal power series in A that gives an associative
product on functions on T*M.

The plan of the paper is as follows: In Sect. 2 we introduce notation for



various objects of differential geometry of pseudo-Riemannian manifolds, which
we will use when presenting our results. In Sect. 3 we define a family of quan-
tizations depending on a 7 € [0,1]. The most important is the geodesic Weyl
quantization, which corresponds to 7 = % We discuss its basic properties.
Among these properties the most demanding technically is the formula for the
star product. We give its expansion up to the terms of the 4th order. In Sect. 4
we explain the methods for the derivation of the expansion of the star prod-
uct. This is the most technical part of our paper. The methods that we use
are essentially known from the works of Synge [34], DeWitt [11] (see also [8]),
Avramidi [2, 3] and others.

There are several systems of notation in differential geometry. We will use
more than one. For the presentation of our results, we use mostly a coordinate-
free and index-free notation, which is rather concise and transparent. It works
especially well around the diagonal and is convenient for presentation of the
results of our work. However, to compute quantities it is preferable to use other
notations, which typically involve coordinates and indices.

2 Elements of differential geometry

2.1 Basic notation

Let M be a connected manifold. The tangent and cotangent space at x € M
are denoted T,M and T:M, respectively. TP9M will denote the space of p-
contravariant and g-covariant tensors at .

Often we will use a coordinate dependent notation, which involves indices,
denoted by Greek letters. Sometimes we will also use multiindices, which will
be indicated by boldface letters. For instance, @ = a1,...,a, and |a = n.
Thus T € T2 M after fixing a system of coordinates can be written as TS with
laf = ¢, [B] = p.

From now on we assume that M is a (pseudo-)Riemannian manifold M with
the metric tensor g. For any z € M let U, < T,M be the set of vectors u
such that the inextendible geodesic 7, (7) starting at = with initial velocity w is
defined at least for 7 € [0, 1]. The exponential map is then defined as

Uz 3 u— exp,(u) = vy, (1) € M.
For brevity we will often write
T+ u:=exp,(u), x—u:=exp,(—u).

We say that M is geodesically complete if for any x € M we have U, = T, M.

2.2 Bitensors

Given two points x,y € M, a bitensor is an element T' € Tg’qM®T§;SM for some
D,q,t,s. A bitensor field is a function M x M 3 (z,y) — T'(z,y) such that T'(z, y)
is a bitensor. In other words, a bitensor field T is a section of the exterior tensor
product bundle TPYM [x] T:*M. Below will generally not distinguish between
bitensors and bitensor fields in notation, and call both simply ‘bitensors’



If we use coordinate notation, we distinguish indices belonging to the second
point by primes. For example, Tf Z,’ (x,y) is a |B|-contravariant, |c|-covariant
tensor at z and |v|-contravariant, |p|-covariant tensor at y. Note that in the
context of bitensors the prime is not a part of the name of the corresponding
indices, and only the indication to which point they belong.

As another example, consider a bitensor 7},,/(x,y) and two vector fields v#
and w*. Then

f(xa y) = Tul/’ ([E, y)vﬂ(x)wl’(y)
is a biscalar, i.e. a scalar in x and y.

If no ambiguity arises, we will often omit the dependence on z, y.
For the coincidence limit y — x we use Synge’s bracket notation

[T](x) = lim T(z.y).

whenever the limit exists and is independent of the path y — .

2.3 Parallel transport and covariant derivative

The metric defines the parallel transport along an arbitrary curve. We will most
often use the parallel transport along geodesics. Given u € T, M and a tensor
T e T24M, denote by

[r]* e T M (2.1)

T+u

the tensor T parallel transported from x to the point z + u along the unique
geodesic given by u.
Let S € T?? M. The tensor S backward parallel transported to x is the

r+u

unique [S], € TRYM such that

In coordinates, the backward parallel transport on vectors is defined by the
bitensor g(x, x+u)” s at « and x+wu, and on covectors by its inverse g(x, a;—i—u)l,/‘/.

More precisely, for a tensor Sy, € Th{,, M we have

9(@,z +u)* g,z +u)g” Y = ([S],)5,
where
g(a:,x + u)a,u' = g(.’II,CL’ + u)al,u,'l o g(.fl?',l‘ + u)ap,u;p p= ’a|7
gz, x+u)g” =gz, z+u)s" gz, z+u)g,"s, q=|Bl
We have the identities
9% (@, @ + u)gg" (@, x + u) = 55,
9(x)apg(z, z + u)aulg(x, T+ u)ﬁ,,/ = g(x 4+ u)uw- (2.2)

The latter identity means that the metric is covariantly constant.
Let M 5z — T(x) € Th*M be a tensor field, i.e. a tensor-valued function.
The covariant derivative of T in direction u is defined as

w-VT(z) = lim > (T(2) — [T(x + rw)].,)

-0 T



d
- T@+ ol

or, in coordinates,
V15 =1Tg, = 0,5 + I’Z‘},Tga”'a" I I‘Z‘;Tgl"'arfllf
B FZﬁl Vaﬁ?uﬁs T FZﬁsTé’tl“‘ﬁs—ll/7

where Ff‘w are the Christoffel symbols.

We can also take covariant derivatives of bitensors. For that case, note that
derivatives with respect to the two base points commute with each other. That
is (suppressing all other indices), every bitensor field (z,y) — T'(x,y) satisfies
the identity T%lW/ = T;,,/,u.

An important result concerning the covariant derivative of bitensors and their
coincidence limit is Synge’s rule. It states:

[T = [Tp] + [Tye]- (2.4)

We refer to Chap. 1.4.2 of the excellent review article [29] for a proof.

2.4 Horizontal and vertical derivatives

Let T*M 3 (x,p) — S(z,p) € T*M be a tensor-valued function on the cotan-
gent bundle. The horizontal derivative of S in direction v is defined as

u-VS(z,p) = }1_1}1% % (S(x,p) — [[S($ + Tu, [[p]]m)]]m)

d u
= E[[S(x + Tu, [p]” )ﬂm

=0
or, in coordinates,
VuSg = 5§, = 0.55 + Fprung + ToLGHa2er oL T gatar=t?
; op, B pr B
o F,Zﬁl 3/32'"63 - F/l;/i’ssgl"'ﬁsfw‘

Note that the horizontal derivative can be viewed as a natural generalization
of the covariant derivative. Therefore, it is natural to denote it by the same
symbols — it will not lead to ambiguous expressions.

The wvertical derivative of S at z in direction ¢ € TiM is defined as

1
q-0pS(w,p) = lim —(S(z,p) = S(z,p +79))

d
= Es(xap + TQ)’T:O7

or, in coordinates,

0 qa
8pusg = %Sﬂ

Note that the vertical derivatives commutes with the horizontal derivative.



2.5 Geodesically convex neighbourhood of the diagonal

Clearly, every pair of points of M is joined by at least one geodesic, but generally
no unique geodesic exists. We will say that M is geodesically simple if every pair
of points is joined by a unique geodesic 7, .

Unfortunately, many interesting connected geodesically complete manifolds
are not geodesically simple. However, in the general case we have a weaker
property, which we describe below.

Let Diag := {(z,z) | z € M} denote the diagonal. There exists a neighbour-
hood 2 ¢ M x M of Diag with the property: for all (z,y) € 2 there is a unique
geodesic [0,1] 2 7 — v;,(7) € M joining = and y, and

Ve y ([0, 1]) X 72 ([0,1]) < Q.

Such a neighbourhood will be called a geodesically convex neighbourhood of the
diagonal.
For (z,y) € 2, we introduce the suggestive notation

(y —x) = expgl(y) e T, M, (2.7)

which is the tangent to the distinguished geodesic joining x and y. Note that
(y — x) is a bitensor. More precisely, it is a vector in x and a scalar in y.
We have

T+ T(Y =) = Yay(7)
Parallel transporting (y — z), we define for 7 € [0, 1]

(—a)r =y =)™ € Topr(yeayM

as a short-hand. Clearly (y —x) = (y — x)p and

(y—z)r=0-7)" y—2), z=z+7(y—2x)
for 7 # 1. Furthermore, note the coincidence limit

y —x)*

= §H 2.
- o, (23)

r=y

which follows directly from (2.7).

2.6 Synge’s world function

Synge’s world function Q 3 (x,y) — o(z,y) is defined as half the squared
geodesic distance between x and y. That is, using the notation of (2.7),

o(w,9) = 3~ )~ D)a = 5@~ )@ ~ Y (29)

It is an example of a biscalar.
In the covariant derivatives of o, the semicolon ; will usually be omitted.
Thus for any multiindices «, 8, u, v
O-BV/ BV’

! — O e
s ap



We have
o(x,y) = —(y —x)"
Introduce the transport operators D = oV, and D’ := ot V,s. The defini-
tion (2.9) of Synge’s world function immediately implies

(D—2)0 =0, (D —2)o=0. (2.10)
Differentiating (2.10) once, we obtain

(D—1)o* =0, (D—1)o"=0,

, (2.11)
(D' — 1ot =0, (D' —1)o" =0,

which are useful identities for the calculation of the coincidence limits of deriva-
tives of the world function, see Subsect. 4.1.

2.7 Bitensor of parallel transport

Another example of a bitensor is the bitensor of the parallel transport, g*,/, which
transports T, M onto T,M along the geodesics v, .. In the notation of (2.1),
for a vector field v,

g(z,y)" 0" (y) = ([[vﬂ(y—z))u(x)'

Note that in Subsect. 2.3 we considered a similar object g,”(x,z + u), except
that there it was viewed as a function of x € M, v € T, M, and now it is viewed
as a function of (x,y) € Q.

Equivalently, the bitensor g#, is defined by the transport equations

Dyt =0 ="D'g", (2.12)

with the initial condition [gH,/] = 0¥,.

2.8 Van Vleck—Morette determinant

If T e TL M, we will write |T| for |det T'|. Note that |T| is well defined inde-
pendently of coordinates.

If S e T92M or S € T29M, we will use the same notation |S| for the absolute
value of the determinant. |S| may now depend on the coordinates, but it can
be still a useful object. For instance, the metric g(x) belongs to T%2, however
|g(x)| will play a considerable role in our analysis.

Let T*, (z,y) be a bitensor, contravariant in x and covariant in y. Then it
is easy to see that

D=

l9(z)]
T(x,y)|——
el ol

does not depend on coordinates, and hence is a biscalar. For instance, by (2.2),

D=

g () 20 (213)

10



For (z,y) € , the matrix

y —x)*

— ok, 2.14
oy oty (x,y) (2.14)

is a bitensor, contravariant in x and covariant in y. Note that the derivatives
on the right-hand side of (2.14) can be applied in any order, and instead of the
covariant derivatives we can use the usual derivatives.

The Van Vieck—Morette determinant is defined as

y — )
y

|9()]
l9(y)|

NI=[ =

Aey) = |

By the discussion above, its definition does not depend on the choice of coordi-
nates. For coinciding points, we have A(z,x) =1 by (2.8).

Theorem 2.1. A is continuous on Q and A(z,y) = Ay, x).
Besides, for any T € [0,1], we have

o) = oy — ), |g(x+7(y—x))\% N
A(z,y) ’ % P (2.15a)
o — y)r|l9(y + 7(x —y)|?
- 1 (2.15b)
’ ox lg(x)]2

Proof. We use the symmetry of the world-function and then we raise and lower
the indices:

!

oz, )ty = oy, x)"
= o (y, )" g gaw ()" ().
Therefore,

lg(x)]
lg(y)|’

«

o (z, )" | = |o(y, 2) 5]

which shows the symmetry of A(zx,y).
We have (y — 2), = [(y — 2)]"“™). Therefore,

6(ya—yx)T _ Ha(ya; x)ﬂﬂy—r)’

where we only parallel transport the part of the bitensor at x, that is,

oy —x)" B Ay — x)*
ayyl - g a(.T + T(y .I), fL') ayy/

Using (2.13), we obtain for the determinant

N

lg(z +7(y —2))|
1
l9()[2

Now (2.15a) and (2.15b) follow. O

‘ oy — x)r
y

_ ‘8(?; — )
y

11



The Van Vleck—Morette determinant enters in the expression for the Jacobian
of a certain useful change of coordinates:

Proposition 2.2. Set z; =z +7(y — ), and ur = (y — z)-. Then

0(zr, ur) l9(@)12l9(y)|>
—— = Alx,y) . 2.16
S rn U v (210
Proof. We have
zrsur)|  |0(zr,ur) | |0(@,ur)| |02 Jur (2.17)
oz, y) o(x,ur) || (z,y) | |0z lur|| Oy la| ’
Now, by (2.15),
dur l9(v)|2
= A(z,y (2.18
1T |
Clearly,
0627 _ Ig(ff)lzl_ (2.19)
T (a2
Inserting (2.18) and (2.19) into (2.17) we obtain (2.16). O

The Jacobian (2.16) will play an important role in our construction. For
brevity we therefore define the geometric factor (z; = x 4+ 7(xz — y) as before)

Alw,y)? lg(@)|]g(y)|T
lg(zr)|

TT(xv y) =

M=

which will appear in several of our proofs.

3 Quantization

3.1 Quantization on a flat space

In this subsection we collect well-known facts concerning the quantization on
a flat space, which we would like to generalize to curved (pseudo-)Riemannian
manifolds.

Consider the vector space X = R%, with X# denoting the space dual to X.
By the Schwartz Kernel Theorem, continuous operators B : S(X) — S'(X)
are defined by their kernels B(-,-) € S’(X x X). An operator B on L?(X) is
Hilbert-Schmidt if and only if its kernel satisfies B(-,:) € L*(X x X). The
Hilbert—Schmidt scalar product satisfies the identity

Tr(A*B) = J A(z,y)B(x,y)dz dy.
XxX
Let us fix a positive number A called Planck’s constant. The parameter h
conveniently keeps track of the “order of semiclassical approximation”.
Let b € S'(X x X*). For any 7 € R, we associate with b the operator
Op,(b) : S(X) — S'(X), given by the kernel

12



and called the 7-quantization of the symbol b.

The most natural quantization corresponds to 7 = % and is called the Weyl
quantization of the symbol b. Instead of Op1(b) we will simply write Op(b).

The quantizations corresponding to 7 = 0 and 7 = 1 are also useful. They
are sometimes called the x,p and the p,x quantizations. In a part of the PDE
literature the x,p quantization is treated as the standard one. Quantizations
corresponding to 7 different from 0, %, 1 are of purely academic interest.

If A, B are Hilbert—Schmidt operators on L*(M) such that A = Op,(a,) and
B = Op_(b;), then

dp
Tr(A*B :J ar(z,p)br(z,p)dz .
(A*B) s (2,0)br(2,p) ()’

Suppose that the operators Op(a) and Op(b) can be composed. Then one
defines the star product or the Moyal product a * b by

Op(a « b) = Op(a) Op(b).
Using the identity
exp(0, - A2,) f(2)

— () E (et A) [ exp(~3a )+ A7 @ - ) o) dy

n

(3.1)

for an invertible n x n matrix A with Re A > 0, which holds for f € S(R™) but
can also be understood in larger generality, one obtains two formulas for the star
product:

(CL N b)(z,p) _ f e2i(u1~p2h—u2~p1) a(z Fupp+ pl)
XXXXX#XX# (3 2&)
dp1 dp2 '
x b(z + uz, p + p2) duy dus (e
= exp(%h(am ’ am - au2 ) aPl))
(3.2)

x a(z +u1,p+ p1)b(z + ug,p + p2)

u1=u2=0"
p1=p2=0

3.2 Operators on a manifold

In this subsection the (pseudo-)Riemannian structure of M is irrelevant.
If B is an operator C (M) — D'(M), then its kernel is the distribution in
D'(M x M), denoted B(-,-), such that

<mm=hwmwmm@mm f.g€ CZ(M).

For instance, the kernel of the identity is given by the delta distribution.

We will treat elements of C° (M) not as scalar functions, but as half-densities.
With this convention, the kernel of an operator is a half-density on M x M. Note
that with our conventions we need not specify a density with respect to which
we integrate.

13



If two operators A, B can be composed, then we have

AB(z,y) = JM A(z,z)B(z,y) dz.

Clearly, the space of square-integrable half-densities on M forms a Hilbert
space which will be denoted L?(M). It is well known that an operator B on
L?(M) is Hilbert-Schmidt if and only if its kernel satisfies

B(-,-) € L*(M x M).

If two operators A, B are Hilbert—Schmidt, the Hilbert—Schmidt scalar product
is given by

Tr(A*B) = JM MA(x,y)B(a:,y) dz dy. (3.3)

3.3 Balanced geodesic quantization

Consider a smooth function
T*M 5 (2,p) = b(z,p). (3.4)

Note that T*M possesses a natural density, independent of the (pseudo-)Rie-
mannian structure. Hence b can be interpreted as we like — as a scalar, density
or, which is the most relevant interpretation for us, as a half-density.

Assume first that M is geodesically simple. Let 7 € R. We associate
with (3.4) an operator with the kernel

_iurp dp

Op,(b)(z,y) = b(zr,ple” 7 @rh)

Az, y)2|g(x)|1]g(y)|1 f (3.5)

I
9(2-)[? TZ, M

where z; = x +7(y —x) € M and u, = (y —x); € T, M. We call Op_(b) the
geodesic T-quantization of the symbol b.

If M is not geodesically simple, then the definition (3.5) needs to be modi-
fied. Recall that € is a geodesically convex neighbourhood of Diag. Choose €21,
another geodesically convex neighbourhood of Diag such that the closure of €
is contained in €. Fix a function xy € C*°(M x M) such that x = 1 on ©; and
supp x < 2. Then instead of (3.5) we set

7 I I s
Op,(b)(z,y) = x(:v,y)A(x’y) |g($)|; l9()l J b(zr,p)e” F 7
l9(z)]2 T M (2mh)
(3.6)
where 2z, =z + 7(y —x) € M and u, = (y —x); € T,, M. We call Op_(b) the
geodesic T-quantization of the symbol b.
Most of the time we will use 7 = %, which is the analog of the Weyl quan-

tization, and then we will write simply Op(b) instead of Op1 (b). Op(b) will be
2

called the balanced geodesic Weyl quantization of the symbol b.

Our quantization depends on a Planck constant h > 0. This is however
a minor thing: if we set h = 1, we can easily put it back in all formulas, by
dividing all momenta except those appearing in the arguments of symbols by
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h (i.e. replacing p by A~1p). Therefore, for simplicity, in all proofs we will set
h = 1. However, in the statements of various properties, we will keep h explicit.

Conversely, suppose that we are given a kernel B(x,y) supported in ;. Note
that then we can drop x from (3.6) and its 7-symbol is

1

VA 2 iu-

bo(er) o= | WEIE  pe e e, (37)
T.-M A(x7>y7)2|9(x7)’4’g(yT)’4

where z, = z — Tu and y, = z + (1 — 7)u.
Using (2.18), this can be reexpressed as

L gyl
(z Alxr,y)2 ——+
n-], 9(zr)

for 7 # 1, where u, = (1 —7)"'(2 —y) and 2, = 2z — Tu, or

=

B(ar,y)e T dy

,MH

1
b-(2,p) = JM A(xvyf)% o@* B($ay7')elu;p

for 7 # 0, where u; = —771(2 — ) and y, = 2z + (1 — 7).
Proposition 3.1. Eq. (3.7) is the inverse to (3.6).

Proof. On the one hand, if b(z, p) is a symbol with 7-quantization Op,(b)(x,y),

f T (2,y)! Op, (b) (2, y)e™” du
<M

dg
(2m)d

where x = z —7tu and y = 2+ (1 — 7)u. On the other hand, if B(z,y) is a kernel
and b, (z,p) is its symbol given by (3.7),

b(z, q)ei”'(pfq) du = b(z,p),

JTZMXT;“M

i dp
TT , bT , iu-p
@) [, e
Yo [ ) B
YT ’ ’ (2m)d
= B(z,y),
where u = (y — ), 2’ =z —71vand ¢y =z + (1 — 7)v. O

Remark 3.2. The drawback of (3.6) is the fact that Op,(b) depends on the
cutoff x. It is possible to modify this definition so that it is purely geometric
and this cutoff is not needed. In fact, recall that given z € M and uw € T,M
there exist —o0 < t_ < t; < 400 such that [t_,ti[ 5t — exp,(tu) € M is an
inextendible geodesics. We set

iu-p dp

OpT,globaﬂ(b) (:L', Z/) = 2
(z,u)el+(z,y)
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where
L (x,y) = {(z,u) e TM | exp,(—Tu) = :L',esz((l — T)U) = y}
If M is geodesically simple, so that we can take x = 1, then

Op,(b) = Op; global (b)-

If not, they may be different, and besides Op, gio1a1(b) does not depend on the
cutoff x. However, since we are mostly interested in properties of operators
around the diagonal, we keep the definition (3.6).

3.4 Properties

The properties of the quantization (3.6) are similar to the usual semiclassical
Weyl quantization, well known from numerous textbooks on microlocal analysis.
As an illustration we prove the following proposition:

Proposition 3.3. Suppose that for any compact K < M, the symbol b satisfies

sup <p>|a|*m\6ngb(z,p)| < (3.8)
(2,p)ET*M,2ze K
for some m = 0 and arbitrary multiindices o, 8. Then Op_(b)(x,y) is smooth
outside of the diagonal (viz., it is the kernel of a pseudodifferential operator).
Besides, together with all derivatives, it is O(h®) outside of the diagonal.

Proof. The function (z,y) — (2;(2,y),ur(z,y)) is smooth. So are the cut-
off function and the geometric prefactor. Therefore, it is enough to study the
smoothness of the function

iu- d
(o) o [bep)e' T

—~

for large |a|. Now,

: e wp dp
Vi (—10u),u Jb(z,p)e z Gy

a, twe dp
= fvab(z,p)ap p7e h W

iup o dp
= Je " PyOp Vﬂb(Z,p)Pﬂw- (3.9)
For large enough || the integrand of (3.9) is integrable. This shows the smooth-

ness outside of the diagonal. Besides, (3.9) is then O(iN~181=4). This shows that
it is O(h™). O

Note that (3.8) is the most typical condition used in pseudodifferential cal-
culus. In particular, it is purely geometric (it does not depend on the choice of
coordinates).

(3.6) depends on the choice of the cutoff function x, however its dependence
is mild, as illustrated by the following proposition.

Proposition 3.4. Suppose that x1, x2 are two cutoffs of the type described
above and Op;, Opy be the quantizations corresponding to x1, x2. Let b satisfy
the condition (3.8). Then Op;(b)(x,y) — Opy(b)(z,y) is smooth, and together
with all its derivatives it is O(h®).

Proof. We repeat the arguments of Prop. 3.3. O
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3.5 Hilbert—Schmidt scalar product

Proposition 3.5. Suppose that A, B are Hilbert-Schmidt operators on L?(M),
whose kernels are supported in 1. Let A = Op,(a;) and B = Op.(b;). Then

Tr(A*B) = f

T*M

af(z,p)bf(z,p)( dp (3.10)

27h)d dz

Proof. Inserting (3.6) in (3.3), we find

TI'(A*B) = J\ TT(JJ, y)QWbT(ZTv q)
T¥MxT¥MxMxM

dp dg

iUT'(p_q)
e (2m)? (27)"

dz dy.

Changing integration variables from (z,y) to (zr,u;), see (2.16), and dropping
the subscript 7 gives

oo dp  dg
R.H.S. = J ar(z, p)bs(z, q)eP=9) dudz
THMxT*MxT, Mx M (2:p)br(2,0) (2m)d (2m)d
- dp
= +(2,0)b7 (2, q) 75— dz. [
|, wEmagsg i

Thus all quantizations that we defined are unitary (up to a natural coeffi-
cient), which, as we believe, is a strong argument in favor of them.

One can expect that the formula (3.10) holds for a large class of operators
such that A*B is trace class, even if A and B are not Hilbert—Schmidt. For
example, denote by f(z) the operator of multiplication by a complex function
M s z — f(z). Note that Op,(f) = f(z). Therefore, we obtain the formula

Te(f(@) Op, (1) = [ | F0)b(ep) s 0 (3.11)

Note that the integral kernel of the operator f(z) is supported exactly at the
diagonal, therefore in the identity (3.11) there is no dependence on the cutoff x.

3.6 Translating between different quantizations

Suppose we are given a symbol for the geodesic T7-quantization and wish to find a
corresponding symbol for the 7/-quantization. An asymptotic formula is given by
the following proposition (see also [30], where an analogous formula is derived):

Proposition 3.6. Let 7,7 € R and consider symbols b;, b, such that
Op, (b1) ~ Opy(br).
Then
b-(2,p) ~ exp(—ik(t' — 7)3p - V)b (2, p)

=S T Cing, V)b,
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Proof. Let ue T,M, pe T*M and ¢’ € T,/ M with
2=z 4 (7 —7)u.
Then, setting

o = [u] T e T, M,
q= [[q/ﬂ (r"—=7)u € TjM?

we calculate

1
= /
b, (2, p) :f |g(z)‘21 j bT,(Zcq/)ei(u-pfu/-q’) dg — du
T |g(2/)|2 S (2m)
’_ . _ dq
_ bT/ Z,, q (r'—=7)u em-(p q) du
JTZMXT;“M = ld] ) (2m)d
. 1 d
~ iu(p—q) A || ay p, 761 d
e 7 — )%y - (2,q U
[N |a\'( JENabe (5 0 iy

d
) P=D) (7 — eI b (2, ¢
-] e ol an( )7 = D) Vabr (2,0) 5

_ o - @ml‘,( i(7' = 72 - V) %lby (2, 0)
V)b (2, p)-

3.7 Quantization of polynomial symbols

dgq
(2m)d

In this section, we consider the quantization of symbols, which are polynomial
in the momenta. Note that for polynomial symbols the integral kernel of their
quantization is supported on the diagonal, therefore there are no problems with

multiple geodesics between two points.

As usual, boldface Greek letters denote multiindices. We sum over repeated

multiindices and write po = pa, * * Pay, -
Proposition 3.7. Consider the polynomial symbol
a(z,p) = a®(2)pa;
where a®(z) are symmetric tensors. Then
Op, (a) = phIHlzle+vlq _ 7)lB+9]
< g1~ (<ihV)aa™ P10 59| 2 (<iRV)glg| T,
with

)
=y

Evs = (—1)N(=iV) (—iV)5A (2, y) 2

where the prime indicates (covariant) differentiation with respect to y.

Proof. We calculate

(FlOop,tam) = [ T oty ) pah(y)
-
x Yr(z,y)e P de dy (jf)d

18

(3.13)

(3.14)



[ TEm @b+ (- )
MxT,MxTZM

_ . d
xTr(z =72+ (1 —7)u) e 4z du #
_ f Fe—rw)a®(@)h(z + (1 1))
MxT,MxT¥M
x Tr(z—7u,z+ (1 — T)u)fl(iﬁu) e P dzdu _dp_
’ “ (2m)d

_ f P(—i0,) Tz~ Tu)a(2)h(z + (1 — 7))
MxT ., MxT¥M
X Tr(z—Tu,z+ (1— T)u)_l dzdu (;f)d

- f (—i0u) o f (z = Tu)a®(2)h(z + (1 — T)u)
M

x Tr(z—7u,z+ (1 —T)u)_l dz

u=0
After an integration by parts, this implies (3.14). O
For the balanced geodesic Weyl quantization, (3.14) simplifies and we find:

Proposition 3.8. Consider a polynomial symbol (3.13), as in Prop. 3.7. Then
_1 1 _1
Op(a) = 2714 PN |72 (—ihV)aa® PH7E, |g|2 (—iRV) glg| 3

with
&y = D (~ 1) (i) o (~iV) g A (2, ) 2| (3.15)

a+f=v =y

Moreover, if a is an even polynomial, Op(a) has only even degree derivatives,
and if a is an odd polynomial, Op(a) has only odd degree derivatives.

Proof. The second part of the proposition follows from

(~IV)a (—IV)pA ) 2| = (<iV)5(—iV) oAz, ) 2
=y =y
due to the symmetry of the Van Vleck—-Morette determinant A(z,y) = A(y, x).
Indeed, for odd ||, either || or |B| is odd and thus the sum (3.15) consists of
terms of the form

N

0= (—1)|a|(_iV)a(—iV’)ﬂA(m’,y)_
+ (~1)PI(iV) (V) A () F 0

a=y
Consider the example of a quadratic symbol a(z,p) = a"”(2)pup,. Then
1 _1 1 1
7 Op,(a) = —|g| "7 (7*V,V.,a"|g|2 + 27(1 — 7)V ,a"|g|2V,,

2 vy % -1 1 v
+ (1 —7)%a|g|2V, V)91 + 50" Ry,
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Figure 1: The geodesic triangle in the proof of Thm. 3.9. z, 21,20 are the
middle-points of the three geodesics between the points x,y,Z spanning the
triangle. w is the tangent to the geodesic from z to y; W is the tangent to the
geodesic from z to Z; v; and vy are the tangents to the geodesics from z to z1
resp. zo. u1 and ug are the parallel transports of the tangents to the geodesics
from zy resp. z1 to Z along v resp. vo. In the flat case, u; = v;.

where we used the fact that

[SIE
N

VuA(z,y)~ =0, V,V,A(z,y)~ =——R,.

=y =y 6
Suppose that a*¥ = g"” is the inverse metric. Since the metric is covariantly
constant, we obtain
1
h2
independently of 7. In four dimensions this is the conformally invariant Laplace—
Beltrami operator (or its pseudo-Riemannian generalization).

1 1
Op,(a) = lg| ™5 (~iV,)g" |9l (<iV)lg| & + GR = —g"V,. Vi + £ R

3.8 Balanced geodesic star product

In this section, we consider only the balanced geodesic Weyl quantization. We
define the balanced geodesic star product by the identity

Op(a * b) = Op(a) Op(b).

Let us first describe an explicit formula for the star product, which general-
izes (3.2) from the flat case. For simplicity, we assume that we can take y = 1.

Theorem 3.9. The balanced geodesic star product is given by the formulas

(axb)(z,p)

- f a(z +vi, [p +p1]™)b(z + va, [p + p2] )
T, MxT, MxT¥MxT*M
pi(ws — ) dor d (3.16a)
i(w+ug—ug)p i(uy-po—ug-p
« Az, u1, us)e jake Alwrzoww) oo du2%,
~ exp(%h(&u1 “Opy — Ouy - 8p1))A(z,u1,u2)e i
(3.16b)

xale + o1, [p+ pil")bz + v [+ 2l ™).,
p1=p2=0
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where

1 1
Y TA(s — SEA 1
Az, iy, up) o= 2 o(w, W) |A(z —w,z + W)z 1(z—l—w,z—i—w)2 (3.17)
O(ur,u2) | A(z —w,z +w)2A(z, 2 + D)
and the vectors uq,us,v1,ve, w,Ww € T, M satisfy the relations
z—w=(z+wv1)— [u]™, (3.18a)
z+w=(z+wv)— [u1]"?, (3.18Db)
z+w=(z+wv1)+ [u]™ = (z +v2) + [us]™. (3.18c¢)
The schematic arrangement of these vectors can be seen in Fig. 1.
Proof. Let C(z,y) be the integral kernel of Op(a * b). Clearly,
Clay) = | Opla)e.2) Op(b) 2. 1)d. (319)

Let z be the middle point between x and y. Let w,@w € T, M be defined by
rT=z—w, Yy=z4+w, 2zZ=2z4+w.
Then we can rewrite (3.19) as
Cz —w,z 4+ w)
_ f Op(a)(z — w, 2) Op(b)(3, = + w) 3
M
= f Yo(z, 2 + )2 Op(a)(z — w, z + ) Op(b)(z + W, z + w) dib.
T.M
The star product of the symbols can then be found by applying (3.7):

(a * b)(z7p) = 2df T%(Z - 'LU,Z + w)_lc(z J— w’z + w)eZiIU'p dw
T.M

:2dJ Ti(z—w, z+w) o(z, 2+ w) 2
T.MxT.M 2 (3.20)

x Op(a)(z — w, z + @) Op(b) (2 + @, z + w)e*™P dw dib.

Consider next the vectors ui, ug,vi,ve € T, M defined in (3.18). z +v; is the
middle point between z — w and z + w, and z + ve is the middle point between
z 4w and z + w. Therefore,

Op(a)(z —w,z + W)

=Y1(z—w,z+w) f a(z + v1, [[qﬂ]”l)e—m“?'ql(wqiﬂ}:l
’ T M (2r)

1
1 . q
:T1(z—w,z+u~;)|g(z+vll)|2f G(Z+U1,[[ql]]vl)efmu?ql&d?
i lg(=)[2 JTim (27)
Op(b)(z + 0,z + w)
1
= Tl(z+w,z+1[;)|g(z+v21)|2f b(z+v2,[[q2}]”2)e21“1"12di2d‘
: lg(2)|2 T*M (2)
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Changing the integration variables in (3.20) from w, @ to uj,u2, and inserting
the formulas for Op(a), Op(b), we obtain

(3.20) = 2dj

0
TZMXTZM‘ (u1, uz)
x Op(a)(z —w,z + W) Op(b)(z + W, z + w)e* P duy dus

(’w,’LZ)) 2

Ti(z—w,z+w) Yoz, 2 + W)~

1
2

_ f az + v1, [qa]")b(z + va, [g2]*2)
T MxT.MxT*MxT*M
x A(z, u1, u2)62i(w~p+u1-q2—u2-q1) duy dus dq12((iiq2
T
- J a(z + vy, [p + p1]")b(z + va, [p + p2]?)
T-MxT,MxT¥MxT*M
. . dp;d
x A2, u, ug)eH T —u2) P22 p1) gy duy p;-de27
with A as defined in (3.17).
This yields (3.16a). Using (3.1), we obtain (3.16b). O

Remark 3.10. A similar formula can be given also for T # % For this purpose,
make in (3.17) the substitutions

z—w— z—=21w, z4+we—z+2(1-"1)w, (3.21)
and replace (3.18) by

z—21w = (z +v1) — 27[uz]"",
2+2(1—7)w = (2 + vg) — 2(1 — 7)[w]*,
z4+w=(z+wv1)+2(1 —7)[ue]™ = (2 4+ v2) + 27[u1]"*.

Unlike in the flat case, all derivatives in (3.16b) remain also for T =0 and T =1
because of the non-trivial geometric factor A(z,uq,us)exp(2i(w + uy + uz) - p)
and the dependence of vi and vo on both u; and us. Note, however, that vi = 0
for =0 and vo =0 for T = 1.

3.9 Asymptotic expansion of the geodesic star product

The geodesic star product can be expanded as a sum

axb=>Y h"(axb), + O(h™) (3.22)

according to the order of Planck’s constant. Note that each n-th term contains
exactly n position derivatives, with Riemann tensors counting as two deriva-
tives. It also contains exactly n momentum derivatives, with multiplication by p
counting as —1 derivatives. The asymptotic expansion does not depend on the
cutoff x.

Due to the length of the expressions involved, we shall adopt the following no-
tation for the derivatives of the symbols: lower indices always denote horizontal
derivatives

Gapan = Vo, Va, @,
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and upper indices always denote vertical derivatives
Qp-On Qn aq
a =0p op™ta.

Since we only consider scalar symbols, no ambiguity arises. Recall also that
horizontal and vertical derivatives commute so that their relative position is
irrelevant.

In this notation, the five lowest order summands in (3.22) are

(a*b)o = ab,
(a % B)1 = 5(aab" — a%ba),
((1 * b)2 - _é(aoﬂazbala2 - 2&3?(33; + aalaQbaloﬂ) + %Ralaza‘mbal
- iRB(nazagp,B (aazbo‘lo‘?» 4 aa1a3b042)7
(a * b)3 = _ﬁ(amagangrxzas — Sczgfmbgéag + 3a3?a3bg;a3 _ aalagagbala2a3)

i Q91,0103 Qo3 1.0 i 5 a1a3 .00 @21.0103
+ 51 Raras (ad2b —a®?*3p21) — =R’ a0y (ag b™? — a®?b; )

_ i pB _,Q1azpooog Q200 00y ala3og o Q204103

TRA O11012(131713( Ui ag2b +a bo: + a1yl )
i azpaiae o2 pQas

+ 75 Raasas (a b a b )

a1o304 bag _ aaz ba1a3a4)
)

+ ﬁRBmaQas;tMpﬁ (a
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1 a1a2a3Q « a1aQ Q304 1,001 Q¢
(a*b)4:@(aa1a2a3a4bl234—4614 pa102as 4 G304 oA

ajagas oy ajazYazoy
_ A,020304 701 arasasay
4ao<1 ba2a3a4 +a b011012043044)
1 a2 o130 Q204 1 (3 Q20304 pOX]
— 96 Raras (aa3a4b — 2a,2Mb " +a ba3a4)
1 pp a1azponay arazogpas aopa1o3ay Qo 10103
+ 55 R 01008 (aﬁa4 b —ag ba: — aa3bs + ™™, )
1 pB a1a3 20405 a2 paiazogos alazas ooy
+ 192 R arazasPp (%4asb + Gojasb = 20,7 b;;
_ Q205 1,001 X304 10304005 1,002 Q20405 X1 (3
2a,? ba5 +a baw5 +a baws)

1 azporaaoy Q3o Q1o o3y a0y 043)
96Ra1a2;a3(aa4b —a™Mb Y — agl*?b +a be?

_ ?&Rﬁamaag;m (2ag1a3a4ba2 + ag2a4b0£10¢3 _ 5ag1a3baza4
_ 2(1%2[)041043&4 + Qaa2b§1a3a4 _ 5aa2a4bgla3 + aa1a3bg2a4
a3 (0%
— 2q&13 4b52)

1 pB Q130 005 Q2 PQ1OB04Qs5 O] 3405 O
%R ala2a3;064pﬁ (aas b aa5b a ba5

QoQ5 1,01 (304
+a ba5 )
1 Q204 1
+ @RM%R%MCL 204 phHras
1 Q1305 100 oA 1.0 LR
_mRQIOéQRﬁa?,az;ag)pﬁ(a 1a3as oo | 02040103 5)

042044ba10¢3 + aa1a3baza4 4 aOé3b011012014

1 B
- TSBR&MR azozoy (a
+ aa1a2a4ba3)
— oo R 01 Y as Riogyon (28a%29304h%1 | 14¢%102p03% _ 3101030204
+ 14q@1@apa2a3 4 98,1 ba2a3a4)
1 12305 1,0 [N R e g X DYe
+ 576035a17a237a3a4a5p/3(7a 1020305 [ 04 __ 1] X1O3Q5 0204
_ Qo3 Lo Q1o 1030 Q3o .00 o0y
44a b + Ta b + Ta b
_ alogpagosas Qo0 1.0 3 Qs Q41,00 o3
44q b 11la b + 7a4b
+ 11152Rﬂa1a2a3R7a4a5a6pﬁpy (aa1a3a4a6baza5 + Qqerasaspazasas
+ aagasbalagcmag)
e I Y e I PAES R Loy

1
1990 L aziazou (a
+ 2aala3ba2c‘f4 _ 9aa1a2ba3a4 _ gaa3a4bala2 + 2aa2a4bala3

+ 2aa2ba1a3a4 + aagba1a2a4 + aa4ba1a2a3)
1 130405 10D 27,001 304005
+—1920Rﬂa1a2a3;a4asp5(3a b*? + 3a“%b
4 qQ20a0s 103 | 01Q3p000aQs | 713 peods 7a6¥2a5b0é10¢3044)

3.10 Analysis of the expansion of the star product

In this subsection we analyze terms that appear in the expansion of the star
product. The term that appears at A", that is (axb),(z, p) is a linear combination
with numerical coefficients of terms of the form

(H Rﬂ-jpj%’/j (Z)>p’l7a§11 (Z, p)bgg (Z7p)7
7=1

where we use the same notation for the derivatives of the symbols a and b as in
the previous subsection.
We have |p;| = 3, m; are single indices, i = 1,...s. The following identities
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are always satisfied:

r=|B1| +[Bs] — |n
S

r=2s+ Z Vil + |aa| + |l
i=1

Observe that the first identity can be read off immediately from (3.16b) and
then the second follows by the fact that all indices must be contracted.
These terms can be divided into two kinds:

1. Terms that have the same form as the terms appearing in the star product
on a flat space. They satisfy

S
In| =s= Z il =0, |Bi]=loal, [Bs| = |aul.
j=1

2. Terms that contain the curvature tensor and its covariant derivatives. They

satisfy
s = max(1, |n),
|B1] = max(1,|n| + |az|),
|B2] = max(1,|n| + |axl).

For the star product of several symbols we also can write

(a1 %+ % ap)(z,p) = Y (a1 %+ x an)e(z,p) + O(h”),
r=0

where (a * - -+ * ap),(z,p) is a linear combination with numerical coefficients of
terms of the form

s
(TT Ry (=) onf, (5,0) -+ anll, (2 ).
j=1
The identities and bounds for n = 2 generalize to this case:
s n n
r=2s+ > il + Y. eyl = Y1851 — I,
i=1 j=1 J=1
s = [n].

4 Calculation of the star product

In this section we explain the methods that we used to obtain the expansion of
the star product. We also give various intermediate results.

25



4.1 Coincidence limits of Synge’s world function

In our calculations we will need a certain family of coincidence limits of covariant
derivatives of the Synge’s function. More precisely, we will need

[ (@ry8)] = [0 (0tar) (880 )5 (4.1)

where parentheses around indices indicate symmetrization.
For notational simplicity, below we shall use the same index repeatedly to
indicate symmetrization, e.g.,

1
5 (RualﬁaQ + RMO&QBOH ) .

R'uaﬁa = 9

This notation is very convenient for the compact representation of tensorial
expressions with multiple overlapping symmetries.

With the help of the tensor algebra package zAct for Mathematica [20, 25],
we obtained the following coincidence limits:

[o"arg] =0
[0" o] = §R apa
[0 arppr] = =5 R gagp
[C’Ma’a’a’ﬁ’] = %Ruaﬁa;a
[0 warps] = §R apass — 5B papia
[0 wppp] = —5R" sap;s
[0F wararars] = 2R agaaa + £ R ava R apa
[o" wararp ] = 15 R apaspa — 15 R Bapiaa

+ 15R a0l gag + 5 R arp R apa — 58" 310 R 0o
(0" warpap] = =15 saias + 1R apasss
+ 5B 88 R apa + 158" 510 R pap — 15 R ayp R pas
(0" wpppe] = —3R"sagi8s — 15" 8781 ap.
To simplify the resulting expressions, several identities such as the Bianchi iden-
tities were applied automatically via the zAct Mathematica package.

Let us describe the methods we used to obtain compute (4.1), and more
generally, how one can compute the quantities

[0as-anp)-61,)- (4.2)
As a first step we note that the following coincidence limits are immediate:
o] =0, [0.]=0, [ow]=I[0u]=9gu- (4.3)

By raising indices, it follows from (4.3)
[Uuu] = 5#1/
and thus, applying Synge’s rule (2.4),

[oH,] = —0*,.
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Proposition 4.1. Forn > 1,

[O-“(lll'"lln)] =0, [U#(Viml/;l)] = 0.

Proof. Since the proof of both identities proceeds analogously, we only prove
the first identity. We apply n symmetrized covariant derivatives to one of the
identities of (2.11)

(0%
ot o — ot =0,
obtaining
— gH 4O w a 7 a _ GH
0=0"0"1wn) T 0 010 vory) + + 0 a0 O (11w -

Then we take the coincidence limit and apply (4.3):

0= (wa[aa(zq---un)] + [U#a(m][aal/z---lln)]
+ -+ [Uua(zqmun_l]‘saun — [J”(Vl‘..,,n)]
— [O‘M(Vl...yn)] + [U“a(yl][gayz...yn)]

. N (4.4)
+eet [U a(v1~~~yn,2][0 un,lun)]'
Specializing to n = 2, this yields
[O'M(Vlllz)] =0.
The result for n > 2 is then obtained from (4.4) by induction. O

Next note that to compute (4.2) it is enough to do it first for all primed or
all unprimed indices:

[oa;an] = [Ua’lu-a’n]' (4.5)
Indeed, by Synge’s rule (2.4),

[a1-anpy-8y in = [ar-anus) -] + [Taransy-ppuws

so it is easy to add or remove primes.

Note that 0q,...q, is not symmetric with respect to permutation of indices
except for the first two since covariant derivatives do not in general commute.
For instance, we have

OaBy = Oayp + O'Mngau. (46)

For more complicated cases, we have the following lemma.

Lemma 4.2. leta=o1 o and v = vy -+ -Vy,. Then

Oafyy = Oaypy + 77
where - - - indicates terms with o’s having at most n + m indices.

Proof. We have

n
Tapfy = Oayp + 2 Ta(ip) Brypais (4.7)
j=1

where a(i, 1) is the multiindex coinciding with « except that on the ith place
there is p instead of «;. This proves the lemma for m = 0.
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Then we apply the covariant derivatives V,, ---V,, to both sides of (4.7).
We obtain

n
Oapyw = Tanpy + ), (Oalim Rysa,’) - (4.8)
j=1

Clearly, after applying the Leibniz rule, the second term on the right of (4.8)
will not contain ¢’s with more than n + m indices. O

Let us now describe a recursive procedure to compute (4.5) relying on one
of the identities (2.11), viz.,
Ooy = Oy 0.

Applying n — 1 covariant derivatives, this yields

Oa = (U,Bmaﬁ);agman

with @ = a; - - - ay,. Therefore, by the Leibniz rule and Lemma (4.2),

n
Oo = agaaﬁ + 2 Ua(i,g)UBai +oee, (4.9)
=1

where, as above, a(i, 3) is the multiindex coinciding with « except that on the
1th place there is 8 instead of «;, and - -- indicates terms where no factor of o
has more than n — 2 indices. Then we take the concidence limit and use the
basic coincidence limits (4.3) to obtain

[0al =0+ m[oa] +[ -],

where [-- -] indicates the coincidence limit of the --- terms in (4.9). Since [- -]
contains no factor of ¢ with more than n — 2 indices, this gives the desired
recursion.

4.2 Covariant Taylor expansion

Let M 22 — T(xz) € TRYM be a tensor field. Note also the following important
fact:

n
drm

Therefore, a (covariant) Taylor expansion for T is given by

[T + )l _

= (V)" T(a),

[T(z +w)], ~ exp(u- V)T(z) = ¥ %(u V)T (), (4.10)

n

where it is necessary to first parallel transport T'(z+u) to z. Let us rewrite (4.10)
in coordinates:

/ / 1
gz, + u)gs? (x, @ + w) T (x4 u) ~ Z WT;p(:U)up,
= lpl!

where uf = P - 4P, We remark that formulas for remainder term are anal-
ogous to the usual Taylor expansion.
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We will be especially interested in expansions of bitensors around the diag-
onal. Let (z,y) — T'(x,y) be a bitensor. Then (4.10) can be rewritten as

1

n!

[T(z,x +w)], ~ [exp(u- V)T)(z) = Y, —[(u-V')"T](2),

n
where V' denotes covariant differentiation with respect to the second argument.
In coordinates, this can also be written as
g7y (z,z + u)g,;‘s/ (x,z + u)ng/ (x,x +u) ~ Z mlu[ng;p,](x)up.
p

A particularly efficient approach to calculating coefficients of covariant ex-
pansions of many important bitensors is Avramidi’s method [2, 3, 9], especially
the semi-recursive variant presented in [26]. Avramidi’s method relies on deriv-
ing recursion relations for the coefficients from certain transport equations (such
as (2.11)) for the bitensor. We refer to [26] for a full explanation and several
examples.

The Taylor expansion for tensor fields (4.10) generalizes to tensor-valued
functions on the cotangent bundle via the horizontal derivative.

[S(x + u, [p]")], ~ exp(u- V)S(z,p) = ¥ %(u VS(z,p). (411)

n

4.3 Geodesic triangle

Consider three points x,y, z in a geodesically convex neighbourhood of the diag-
onal. By connecting these three points by the distinguished geodesics between
them, we obtain a geodesic triangle.

We define the following vectors:

(y —x) e Tu M,
(z—x)e Ty M,
u = (z—y) e T,M,
u = [u'], € T, M.

(O
w

The arrangement of these vectors is schematically depicted in Fig. 2.

While w = u + v on flat spaces, due to the effects of curvature on parallel
transport this is no longer true on generic curved spaces, i.e. the triangle formed
by these vectors does not close.

We will consider two cases: First, suppose that we are given v, w, and v is
unknown. In other words,

u=[(z+w)—(z+0)],

or, in terms of the world function with y = x + v, z = x + w,

«

w' = —g(z,y)woly,2)*
We perform two covariant expansions (with base point x) to find
1
ul ~ —g(2,9) e 3, (w - V) oy, 2)"

n
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T v "y

Figure 2: A geodesic triangle spanned by three points x, ¥y, z. v is the tangent
at x to the geodesic from x to y; w is the tangent at x to the geodesic from z
to z; v’ is the tangent at y to the geodesic from y to z; u is the parallel transport
of v/ from y to z along the geodesic given by v.

c oD 9w Ve

1
o % \a!!IBI!anﬂ[(’“(a)(ﬁ’)](x)a

where we used (2.12).
Secondly, suppose that we are given u, v, and w is unknown. In other words,

w = (((m + o)+ [u]”) — a:),
or in terms of the world function with z = (z + v) + [u]",
wh = —o(x, 2).

We perform two covariant expansions (first with base point y = x 4+ v and then
with base point z) to find

1
W~ =3 V), )

~ — Z ﬁ[(v . V/)m(u . V,)nO'M](ZL‘)
| 1
= _ Z;B anuﬁ [0 (a8 (%), (4.12)

where we used (2.12).
Set
w = (u+v)+d(u,v),

where 0(u,v) specifies the geodesic defect, i.e. the failure of u,v,w to form a
triangle due to the effects of curvature. In other words,

d(u,v) = (((w +o) + [u]”) - a;) —u—v.

(0% ] = —oty, for |v| =1,
0 otherwise,

Since
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we find from (4.12)

1
S(u,v) = = )] m[(v-V’)m(u'V’)"J“] (4.13a)
m,n=1 o
1
=— Z ————u®P " oy ]- (4.13b)
(@) (B")
o lallisl!
|, |81

4.4 Expansion of the Van Vleck—Morette determinant

Following [2, 3|, we define the symmetric biscalar

1
((z,y) = log Az, y)2.
It satisfies the transport equation
1 /
D¢ = 5(4 —0%). (4.14)
For the remainder of this section, let u,v € T, M. Using Avramidi’s method |2,
3, 9, 26] applied to the transport equation (4.14), it is easy to calculate the co-
variant expansion of ((z,z + u) to high orders. Up to fourth order, it is given
by
(2,2 + u) = H5Rayast™ U + 55 Rayanias ™ u®2u
+ (ﬁRﬁm’mzR’yaBBcu + 81*0R041042;0430¢4)ua1ua2ua3ua4 +oe
(4.15)

where all tensors here and below are evaluated at z unless otherwise indicated.
For an expansion up to 11th order we refer to [9]. This calculation can be
automated with the CovariantSeries package for Mathematica [26, 35].
Applying a (covariant) Taylor expansion to the expansion above, we obtain
C(z+v,z+v+ [u])
= 5 R010ou™ U™ + 57 Raagsaq ™ u®u® + %Ralm;glualua%ﬁl
+ (TéoRﬁaryaszagBom + %Rmaz;az’,%)“aluwua?’um
+ iRalag;agﬁlualuazua:szl + %Ralaz;ﬁlﬁzualua2vﬁlv62 e
With the help of Synge’s rule, the coefficients of the covariant expansion of
¢(z —u, z + u) can be obtained from those of ((z,z + u). A helpful fact for this
calculation is the symmetry of (. Among other things, it implies that only even
order coefficients are non-vanishing. We obtain, up to fourth order,
((z—u,z +u) = Raya,u™u®
+ (%RBQIWQRVo@ga4 + %112041042;043044)u‘“u”ua?’ua4 + .-
(4.16)
Combining the latter expansion with an additional (covariant) Taylor expan-
sion, we find (again up to fourth order)
C(z+v—[u]’,z+v+[u]”)
- %Raw@ualan + %Rmaz;ﬁlualuoovﬁl (4 17)
+ (%R’BQWQQR'YO(?,BM + %Rala?;%cm)uo‘lu"@u"‘?’uo‘4

+ %Ralm;/gl@uo‘lu“%ﬁlv& 4+
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4.5 Four geodesic triangles

The vectors wuq,us, v1,ve, w,w in the proof of Thm. 3.9 form several geodesic
triangles, in particular, the four triangles shown in different colors in Fig. 1. In
formulas, we have

w = —uy + vy + 0(—uy,va), (4.18a)
—w = —ug +v1 + 0(—u2,v1), (4.18b)
W = ug + v1 + 0(uz,v1), (4.18¢)
W = uy + v2 + 0(uy, v2), (4.18d)

where we use the geodesic defect (-, -) defined in (4.13).
Define the even and odd parts of the geodesic defect as

6+ (u,v) = = (6(u,v) £ 8(—u,v)), wu,ve T, M.

N

Then, solving (4.18) for vy, ve, w, w, we find

vy = uy + 0_(uy,v2) — 64 (ug,v1),

vy = ug — 04 (uy,v2) + 6_(ug,v1),

w = —uy + uy — 0_(uy,ve) + 0_(uz,vy),
uy + ug + 0_(ug,v2) + 0_(ug,v1).

w

These equations can be solved perturbatively to obtain an expressions for vy, va, w
and @ depending only on u; and uy. Up to 5th order,
Ko B lpp AL ¥2q, 93
vy = uy + 53R q1a0a5Us Uy MUy
w _ 1 a1, a2 a3, 04 5, a1, a2 a3, 04
+ R a1a2a3;a4( U1 Ug U U™ + 57Up Uy Uy~ Uy
1 o1, a2, o3 o4 1 o1, a2, o3 o4
— {gUp Uy U UL + Uy Uy Uy Ug )
w 1,01, a2, a3, g, a5 1, o1, 2, a3, 04, Q5
+ R alazas;a4as(z4u2 Uy~ Ug ™ U™ Uy TpUr Ug Uy U U (4.19)
1, o1, a2, a3 04, 05
+ Uy Uy U Uy Uy )
7 8 5, a1, 02 a3, o4, a5 1, a1, 2, a3, &4, Qs
+ R 01 p0s R agasas (2qus u?us®ui uy® — guy ufuiuy uy
1 o1, a2, o3 Q4,05
T Uy Uy U U Uy )+
Ko B lpp 1024, 3
vy = Uy + 3R qjanas iy U Uy

o _ 1 a1, a2 a3, 04 5 a1, a2 a3, 04
+ R 041042043;014( 2l U U U™ + 5rUy Up ™ Uy~ Uy

1, a1, 02, o3, Q4 1, a1, 02, o3, 04
— gl U Ug Uy~ + 5y Uy Up Uy )
w 1,0, a2, a3, g, 5 1, a1, a2, a3, 04, Q5
+ Ry asagiasas (701 up  ui®ui*ug® — fouy uiuguy  uf (4.20)

1, o1, Q2 Q3 o4, Q5
+ {5l Uy U Uy~ Ug )

n 5] 5,a1, a2, az, a4, a5 1, a1, Qa, a3, o4, Qs
+ R¥0, o B agouas (ogut i ui®uy  uf gl U Ug Uy Uy

1 o1, 03 @3 o4 Q5
T Tals Uy U U Uy )+

32



W M Iz “ 1 o1, a2, 3 1, a1, oz, Q3
wh = —uy +uy + R a1a2a3(6u1 Uy Uy GUo U Uy )
1, a1, a2, Q3 « 1, a1, a2, a3 «
+ R oy azasiag (_6“21“12“23“24 + 5“11“22“13“14)

I _ 7 o1, 02, 3, 04, Q5 1 o1, a2, a3, 04, Q5
+ R alazas;ams( TogUo Uq U U Up” + JogUy Up Uy Uy Uy

1, 01, a2, a3, a4, Q5 7 ,Q1,Q2, Q3 Q4, Qs
T oapUp U Uy U U+ gy Uy Uy Up Uy
1 a1, a2 Q3 04, 05 1, o1, a2, Q3 04, Q5
— o5 Ut uy P uftul® — ustuf?uy uytuy®) (4.21)
I ¥o] 7,1, 02, a3, o4, a5 11 o1, a2, a3, 04, Q5
+ RMo, oy R a3a4a5(360u2 Ug™ Uy "Ug Uy 360 U2 Uy Ug " Up Uy

11, a1, a2, a3, o4, Q5 7 ,Q1,Q2, Q3 Q4, Qs
— goU1 U Up Uy Uy” + zegly Up Uy Ug Up

7 Qa1 Q2 Q3. Q4 Q5 11 , o1, a2, o3, 04, Q5
T 3o U1 UpT U U Ug 360 U1 U Uy Uy Uy

11, o1, ,002, a3, 04, Q5 7 a1, Q2 Q3 Q4 Q5
+%u2 Up“Up Uy Uy — ggUy Up Ug~Up u2)+-~

o' = uff + uhy + RA (Ruftugul® + tus?

g Qs
gUl U Uy glUa Uy Uy )

a1oQs3

o 7 o1, a2, a3, Q4, Q5 1 a1, a2, a3, o4, Qs

+ R oy onagiasos (— s Ui ?us  uy uf® + gyt uh?uituytug
1 a1, a2 a3, o4, 05 7 00,02, a3, 04, Q5
+ ool U U U U — Tl U Up U Uy

1 a1, 02, Q3 04, 05 1, o1, a2, Q3. o4, 05
+ ool Uy U Uy Uy + gl Up Uy Uy Uy )

+ R0y s B agaas (350 us?us? us uf® — gggus uf®us uitus® +
— U S + gt g
+ %u?lu?ugﬁu?‘*u? - %u?lugzu??’ug“uf%
— %ug‘lu?Qu?3ug4u?5 + W%ugluyug@u?‘*ugs) + .

(4.22)

Note that the expansions for v; and vy can be obtained from one another by
exchanging u; and us. Moreover,

5-‘:—(“1’ UQ)M = —%R”ala2a3u?lu?3u§2
+ Rua1a2a3;a4 (iuglu?ugsu?@ - %u?lug%‘l"?’ug‘“)
+ R”a1a2a3;a4a5 (_%utll1 USQU?SU?4U?5 - %u?lu32u?3u34ug5
+ udtufugPufiug®)
+ R0 B s (FUS 080075 — g

2, a1, a3, a3, 04, Q5 1 o1, a2 a3, o4, Q5
T EUL Uy Uy Uy Uy” — Jagle Uy Up Uy Uy

7 ,0Q1, Q2 Q3 Q4 Q5
— Rgla Uy Up Uy Uy )+

_ 1 ap, a2, Qs
6—(u1,v2) = 6Rlu011042013u2 Uy~ Ug
o 1, a1, ax, a3, o4 1, a1, a2, a3, a4
+R 041042043;064( ToUp Ug Uy~ U™ + Tolp  Up Up~ Uy )

+ Rl ayoseosos (g 5 " + ghgu g
+ 4—10u§‘1u?2u§‘3ug‘4u§5)

+ R aivas B agouas (%Ou?lu??ug@ uytug® — ??Tlou?l ug*ui P uytuy®
— 1—12u?1u§“2u?3u‘f4u§5 + %ug‘lu?Qufg’u‘f“‘ug‘&"
+ 2ugtufPuPPudul® + gEustuugtuttug®) + -

and 04 (ug,v1) are obtained by exchanging u; and us.

4.6 Expansion of the geometric factor

To calculate the Jacobian determinant in the proof of Thm. 3.9, we use

(w— W) =uy + d_(u1,v2),

N[ —
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(w+ W) = ug + 0_(ug, v1).

D=

Therefore,
o(w, W) 0(0—(u1,v2), 6—(ug,v1))
6(u1,u2) 5(U1,UQ)
with v1 and v understood as functions of w1, us.
Using the series expansion of the logarithm, it holds

=291 +

I

Y
det(1+ A) ~ exp(— Z (kl)tr(Ak))
k

for a square matrix A, and thus we find (up to fourth order)

O(w, W
S| = ot exp[ Rosos (huaf? + 5 05?)
+ Rajazias (%U?IU?ZU?B - %u?lu(lmugg
+ %u?lugeu?:a + %uglu?ng:«x
+ Royagiasas (U1 urur®ur — goufuf®ug®ug?
+ %u?1ugzu?3ug4 + %u?u?zug:su(lu

1

~ 30
L 1, a1, a2, a3, o4 1, a1, a2, a3 o4
+ Ryoy R anazas (gud ug?ui®uy® + guy’ufuguit)

w v 1 o1, a2, o3, Qg 1,01, a2, a3, oy
+ Rfoyvas R a3ua4(180“1 Up U Uy ety Uy Ug T Uy

1 o1, a2 a3 og 49 o1, a2 Q3 04
T U] Uy U U TRty Uy U Uy

1 a1, 02, o3, 04

a1, g, o3, 0 1,01, a2, a3, o4
Uy~ Ug ~ U7 " Uy —l—EuQ Uy~ Ug "~ Usg )

Naturally, the result is invariant under exchange of u; and us.
Next we calculate

Az +va — [i]?, 2 + v2 + [us]*?)2

_ 1 a1, Qa2 1 a1, 02 Q3
= exp[gRa1a2U1 u” + 3 Rajasastty Uy Uy

A(z—w,erzD)%

2 pp v 1 ar, a2, a3, 04
+ (RR arvas ¥ agpas + %Ralaz;agazx)ul Uy Uy~ uy

1 a1, Q2 Q3 Q4
+ §Royassagas i uf?ugtuyt + - -

D=
|

= Az + v — [uz]™, 2 + o1 + [uz]™)3

_ 1 ay, o2 1 a, a2, a3
= eXP[ngagUz Uy® + 3 Rajanastiy g Uy

Az +w,z +0)

2 pp v 1 a1, 02, 3, 04
+ (RR arvon B agpay + %Ra1a2;a3a4)u2 Ug ™ Uy " Ug

1 a1, 2 (3 0Yg
+ Ech1a2;a3a4u2 Ug 2 U7 UY +...]’

N
Il

Az —w,z+w)” exp[— %Ralo@(uf‘l —ugt)(ug? — ug?)
B (%RMO‘WQ2RV@3#Q4 + %Rala%ascm)
x (up!t —up) (uf? —ug?)(up® — ug®)(uy — ug")
+ %RumRuazasazx (U(ln - ugl)(u?gugsu(lm - quuf@ug“‘)],
A(z,z + @)™ = exp| — §Rayas (uf +ug?) (ui? + u5?)
— 9 Rasazias (U +uz") (uf? + uz?)(uf® + uj?®)
o (ﬁR“alymR”aw% + %Rmaz;aam)
(g +ugt) (ug? +ug®) (ug® + ug®) (ug” + uy?)
Qs a3 g, a3z, Q4

- %RﬂalRualfWCXB(u?l + ugl)(ul U u?4 +ugugtuy )]
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where we used (4.15), (4.16) and (4.17) together with (4.19), (4.20), (4.21)
and (4.22).

All together, we obtain

o(w, W)
6(u1, UQ)

Az —w,z + @D)%A(z +w,z + 7]))%

Az, up,u2) = 9—d

Az —w, z + w)%A(z, zZ+ W)
= eXp[%Ra1a2u?lugg + Roqocg;ag (%u‘f‘lu‘f‘zug?’ + %Uglu?uﬁ“”)
+ Ray s (1505 02 us?uy® + mgut uf?ug®uf
g g —

1,01, a2, a3, Q4 3,1, Q2 a3, Q4
— goUl Uy Uy Uy + JoU1 Uy Uy Uy

40
3,00, 02, 03, 0y 1 o1, 02, a3, 04
T qoUy Uy U UL + Togls Ug Uy Uy

1 a1, 02, Q3 04 1 a1, a2, a3 o4

+ ol Up Uy Uy + Uy Uy Uy Uy )
s 1,01, a2, a3, g 1, a1, Qqz, 3, 04
+ Ry R 012043044(18u1 Uy Uy Uy Uy uy 2 ug P ug

18
1, o1, 02, o3, 04 1, o1, Q2 o3, 04
— qgla U Up Up" + {gly Ug U Uy )

" v 7,01, a2, a3, a4 T o1, Q2 a3, Q4
+ R0 v0s R agpas (f5u5 " up?uiui — ghut ug?us™ug

31 o1, as, a3, 04 7,01, 02, Q3 Q4
+ 1ol U Uy Uy~ — ggly Uy Uy Uy

7. Q1,02 Q3. 04
+ U Uy Uy u2)+-~].

4.7 Expansions of the remaining factors

Inserting in e2(W+u1=u2)? the expansion of w in terms of u; and us, as given
by (4.21), we obtain

‘D __ : " 1,01, 2, @3 1, a1, Qa2 Q3
= eXP[lpu(R arazag (gui Uz’ ul® — gustui?uy®)

s 1, 01,02, a3, a4 1, a1, a2, Qa3 Q4
+ R o anasion (—5u5 Ui ?ug?us + suftus?uiul)

L 7,01, a2, a3, 04, Q5 1, 01,2, a3, a4, a5
+ R oy onagiosas (—gous Ui uy  uy ul® + gruttuy?uituy g
1, 01,02, a3, 04, Q5 7,01, 02, 03, 04, O5
T oggUp U U U U gy U TUTTU Uy

1, o1, a2 @3 o4 Q5 1
T ol UpTURTU Uy

e21(w+u1 —ug)

oy, 02, 3, 04, Q5
T Uy UpT U Uy Uy )

L o] 7 o1, s, a3, a4, a5 11 o1, a3, 4, Q5
+ R s R agasas (18gua ua > ui® uy  ui® — fgguy ui?uy®uiu;
11, a1, a2, a3, a4, Q5 7 01, Q2 a3, 04, 05
= IEUL Uy Uy Uy Ug” + qagly Uy Uy Ug Up
7 01, 02, a3, 04, Q5 11 a1, a2, a3, g, Q5
— TRpU1 Uy U Uy Up” + JgaUy Uy Uy Uy Uy
11, a1, a2, a3, a4, Q5 7 ,,Q1, 02, Q3 04, Q5
T IEUS UTTUT U TU — TRy Uy Uy U Uy )—i—)]
Expanding a(z +v1, [p],,) and b(z +va, [p],,) around z (using the horizontal
derivative, see (4.11)), and replacing v; resp. vy by their expansions with respect

to u; and ug, as given by (4.19) and (4.20), we obtain

_ @ 1 a1, a2 1 o1, a2, Qa3
a(z + v, [p],,) = (a + a0uf + 3G0100UT US? + §0iaianayu] Ul us
1 a1, 2 Q3 QY
+ 24 G a0azay Uy Uy Uy Uy + - )
8 1 a1, o, a3 1 a1, 02, 03, 04
+ R’ oy anas (3085 0T u5® + 5a,g0,u5 " uf?ug>udt + - )

ﬁ ial a2, a3 a4_i a1, a2 Q3 04
+ R ajasagias | @36 (13us U1 ug ug* — grui uguf®uy

5,01, 02, 3, 04 1, o1, a2 o3, a4
+oa7le U U U — T5UT Ug Up " Uy )+>+
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1 a1, o 1 a1, a2, Q
b(z + va, [pll,) = (b + biaud + 3biaras s us® + §hiasazas s’ U5 us®

1 a1l a2 a3 g
+ ﬂb;a1a2a3a4u2 Ug *Ug " Usy _|_)

5] 1 al, a2, a3 1 a1, a2, a3, o4
+ R0y aza (3b,pul uguf® + 3b.ga,ui ug?ufPugy® + )

8 1, o1, a2, a3, as 1 o1, Q2 a3, Q4
+ R ayasasias ( b8 (5ur" ug? ui®uy — gpup’ uf?ug®us

+ %u?lug&u?g’ug“ - leuglu?ug:‘ug“) + - ) + -
where we recall that a.q, b, etc. denote the horizontal derivatives of the symbols
a and b.
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