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ABSTRACT. We discuss realizations of L := —92 + V(x) as closed operators on L?]a, b[, where
V is complex, locally integrable and may have an arbitrary behavior at (finite or infinite)
endpoints a and b. The main tool of our analysis are Green’s operators, that is, various right
inverses of L.
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1. INTRODUCTION

The paper is devoted to operators of the form
L=-0?+V(x) (1.1)

on Ja,b[, where a < b, a can be —oo and b can be co. The potential V' can be complex, have
low regularity, and a rather arbitrary behavior at the boundary of the domain: we assume that
V € Li Ja,b[. We study realizations of L as closed operators on L?]a, b].

Operators of the form (1.1) are commonly called I-dimensional Schrédinger operators. The
name Sturm-Liouville operators is also used, and is probably historically better justified.

Sturm-Liouville operators is a classic subject with a lot of literature. Most of the literature
is devoted to the real case, when L can be realized as self-adjoint operator. It is, however, quite
striking that the usual theory well-known from the real (self-adjoint) case works almost equally
well in the complex case. In particular, essentially the same theory for boundary conditions and
the same formulas for Green’s operators (right inverses of (1.1)) hold as in the real case. We will
describe these topics in detail in this paper.

A large part of the literature on Sturm-Liouville operators assumes that potentials are L' near
finite endpoints. Under this condition one can impose the so called regular boundary conditions
(Dirichlet, Neumann or Robin). In this case, it is natural to use the so-called Weyl-Titchmarsh
function and the formalism of the so-called so called boundary triplets, see e.g. [2] and references
therein. We are interested in general boundary conditions, such as those considered in [4, 9, 10],
where the above approach does not directly apply. See the discussion at the end of Subsect. 4.2.

One of the motivations of the present work is the study of exactly solvable Schrédinger oper-
ators, such as those given by the Bessel equation [4, 9], or the Whittaker equation [10]. Analysis
of those operators indicates that non-real potentials are as good from the point of view of the
exact solvability as real ones. It is also natural to organize exactly solvable Schrodinger operators
in holomorphic families, whose elements are self-adjoint only in exceptional cases. Therefore, a
theory for Sturm-Liouville operators with complex potentials and general boundary conditions
provides a natural framework for the study of exactly solvable Hamiltonians.

As we mentioned above, we suppose that V & Llloc]a,b[. The theory is much easier if
V € L2 Ja, b, because one could then assume that the operator acts on C?]a,b]. Dealing with
potentials in L] . causes of a lot of trouble—this is however a rather natural assumption. We
think that handling a more general case forces us to better understand the problem. Actually,
one could consider even more singular potentials: it is easy to generalize our results to potentials
V being a Borel measures on |a, b|.

In the first, preliminary section, we study the inhomogeneous problem given by the operator
(1.1) by basic ODE methods. We introduce some distinguished Green’s operators: The two-sided
Green’s operators are related to boundary conditions on both sides. The forward and backward
Green’s operators are related to the Cauchy problem at the endpoints of the interval. These
operators belong to the most often used objects in mathematics. Usually they appear under the
guise of Green’s functions, which are the integral kernels of Green’s operators.

The remaining sections are devoted to realizations of L as closed operators on the Hilbert
space L?]a,b[. The most obvious realizations are the minimal one Ly, and the mazimal one
Lpy.x. We prove that these operators are closed and densely defined. Under the assumption
V € L. ]a,b[ the proof is qute long and technical but, in our opinion, instructive. If we assumed

loc

V € LE Ja,b], the proof would be easy.
At this point it is helpful to recall basic theory of Sturm-Liouville operators for real potentials.
One is usually interested in self-adjoint extensions of the Hermitian operator Ly,;,. They are are

situated “half-way” between L, and Ly.x. More precisely, we have 3 possibilities:

(1) Lmin = Lmax: then Ly, is already self-adjoint.
(2) The codimension of D(Lyax) in D(Lyin) is 2: if Le is a self-adjoint extension of Ly,
the inclusions D(Lyin) C D(Le) C D(Lmax) are of codimension 1.
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(3) The codimension of D(Lpax) in D(Lmin) is 4: if Le is a self-adjoint extension of Ly,
the inclusions D(Lyin) C D(Le) C D(Lmax) are of codimension 2.

Note that in the literature it is common to use the theory of deficiency indices. The cases (1),
(2), resp. (3) correspond to Ly, having the deficiency indices (0,0), (1,1) and (2,2). However,
the deficiency indices do not have a straightforward generalization to the complex case.

Let us go back to complex potentials. Note that the Hermitian conjugation of an operator A,
denoted A*, is no longer very useful. Instead, one often uses the transposition A% := A*, where
the bar denote the complex conjugation. In particular, the role of self-adjoint operators is taken
up by self-transposed operators, satisfying A# = A.

By choosing a subspace of D(Lmax) closed in the graph topology and restricting Lyax to this
subspace we can define a closed operator. Such operators will be called closed realizations of L.
We will show that in the complex case closed realizations of L possess a theory quite analogous
to that of the real case.

We are mostly interested in realizations of L whose domain contains D( Ly ). Such realizations
are defined by specifying boundary conditions. Similarly as in the real case, boundary conditions
are given by functionals on D(Lpax) that vanish on D(Lpyin). For each of endpoints, a and b,
there is a space of functionals describing boundary conditions. We call the dimension of this
space the boundary index at a, resp. b, and denote it v,(L), resp. v4(L). They can take the
values 0 or 2 only. Therefore, we have the following classification of operators L:

(1) dimD(Lmax)/D(Lmin) = 0, or Lmin - Lmax
(2) dim D(Lumax)/D(Lanin) = 2, (1.2)
(3) dim D(Lmax) /D (Lnin) = 4.

Let A € C. It is natural to consider the space of solutions of (L — A)u = 0 that are square
integrable near a, resp. b. We denote these spaces by U, (A), resp. Uy (N). In the real case we
have a relationship:

Vo(L) = 2 & dimU,(\) = 2 VA € C. (1.3)

In the complex case we can show < in (1.3). We conjecture that also = holds (Conjecture 5.9).

The most useful realizations of L are those possessing non-empty resolvent set. Not all L
possess such realizations. One can classify such L’s as follows. If L possesses a realization L,
with a non-empty resolvent set, then one of the following conditions holds:

(1) dim D(Lumax)/D(Le) = 0, 0 Linax = Ls
(2) dim D(Lumax)/D(Le) = 1, (1.4)
(3) dim D(Lyax)/D(Ls) = 2.

In the real case there is a strict correspondence between (1), (2) and (3) of (1.2) and (1), (2) and
(3) of (1.4). In the complex case this correspondence holds if Conjecture 5.9 is true. Without
Conjecture 5.9 we only have the relations

1L2)(1) & (L)),
(1.2)(2) = (1.4)(2), (1.5)
(1.2)(3) = (1.4)(2) or (3),

In cases (1) and (2) from Table (1.4) we describe all realizations with nonempty resolvent set
and their resolvents. We prove that if L, is such a realization, then we can find u € U,(\) and
v € Uy(\) with the Wronskian equal to 1, so that the integral kernel of (L, — A)~! can then be
easily expressed in terms of v and v.

The case (3) is much richer. We describe all realizations of L that are separated (given by
independent boundary conditions at a and b). If in addition they are self-transposed, then
essentialy the same formula as in (1) and (2) gives (Lo — A)~!. There are however two other
separated realizations of L, which are denoted L, and L;, with boundary conditions only at a,
resp. b. They are not self-transposed, in fact, they satisfy L# = L;. Their resolvents are given
by what we call forward and backward Green’s operators, which incidentally are cousins of the
retarded and advanced Green’s functions, well-known from the theory of the wave equation.
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In the last section we discuss potentials with a negative imaginary part. We show that under
some weak conditions they define dissipative Sturm-Liouville operators. We also describe Weyl’s
limit point—limit cricle method for such potentials. For real potentials, this method allows us to
determine the dimension of U, () for Im(A\) > 0: if @ is limit point, then dimU,(\) = 1; if a
is limit circle then dim,(\) = 2. The picture is more complicated if the potential is complex:
there are examples where the endpoint a is limit point and U, () is two-dimensional.

Sturm-Liouville operators is one of the most classic topics in mathematics. Already in the
first half of 19 century Sturm and Liouville considered second order differential operators on a
finite interval with various boundary consitions. The theory was extended to a half-line and a
line in a celebrated work by Weyl.

2nd order ODE’s and Sturm-Liouville operators are considered in many textbooks, including
Coddington-Levinson [5], Dunford-Schwartz [13, 14], Naimark [20], Pryce [21], de Alfaro-Regge
[7], Reed-Simon [22], Stone [24], Titchmarsh [26], Teschl [25]. However, in the literature complex
potentials are rarely studied in detail, and if so, then one does not pay attention to nontrivial
boundary conditions.

The present manuscript grew out of the Appendix of [4] devoted to Sturm-Liouville opera-
tors with the potential . [4] and its follow-up papers [9, 10] illustrated that Sturm-Liouville
operators with complex potentials and unusual boundary conditions appear naturally in various
situations.

We decided to make the exposition as complete and self-contained as possible, explaining
things that are perhaps obvious to experts, but often difficult to many readers. We use freely
the modern operator theory—this is not the case of a large part of literature, which often sticks
to old-fashioned terminology.

Acknowledgements. J.D. acknowledges gratefully the financial support of the National Science Center,
Poland, under the grant UMO-2014/15/B/ST1/00126.

2. Basic ODE THEORY

2.1. Notations. Recall that a < b, a can be —oo and b can be co. The notation [a, b] stands for
the interval including the enpoints a and b, while |a, b for the interval without endpoints. [a, b]
and ]a, b] have the obvious meaning.

In some cases one could use the notation involving either [a,b] or |a,b] without a change of
the meaning. For instance, LP[a,b] = LP]a,b[. For esthetic reasons, we try to use a uniform
notation—we always write LP]a, b.

In other cases, the choice of either [a,b] or ]a,b| influences the meaning of a symbol. For
instance, Cla,b] C Cla,b[. For example, f € C[—o0, b] implies that xgmoof(x) =: f(—00) exists.

fe LY la,bliff for any a < ay < by < b, we have f . € LPlay, by].

ay,01

f € LPla,b[ iff f € LP]a,b] and suppf is a compact subset of ]a,b[. The analogous meaning
has the subscript ¢ in different situations.

2.2. Absolutely continuous functions. We will denote by AC]a,b| the space of absolutely
continuous functions on Ja,b[, that is, distributions on ]a,b[ whose derivative is in L{ ]a,b].
We will denote f’ or Jf the derivative of a distribution f. We have AC]a,b[C Cla,b. If
fyg € ACla,b|, then fg € AC]a,b[ and the Leibniz rule holds:

(f9) =g+ fg. (2.1)
AC™]a, b] will denote the space of distributions whose nth derivative is in ACa, b[.

Lemma 2.1. Let f, € AC]a,b[ be a sequence such that for any a < a1 < by < b, fn = f
uniformly on [a1,b1) and f), — g in L'[a1,b1]. Then f € AC]a,b] and g = f'.
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We will denote by AC|[a, b] the space of functions on [a,b] whose (distributional) derivative is
in L'a,b[. Clearly, AC[a,b] C Cla,b]. If f € ACla,b], then

/ f'(2)dz = £(b) — f(a). (2.2)

Note that a can be —oo and b can be co.
Obviously, if f € ACJa,b] and a < a1 < by < b then f - belongs to AC[aq, b1].
ai,01
2.3. Choice of funtional-analytic setting. Throughout the section, we assume that V €
L} Ja,b] and we consider the differential expression
L:=-0*+V. (2.3)

Sometimes we restrict our operator to a smaller interval, say |c, d[, where a < ¢ < d < b. Then
(2.3) restricted to ]c, d[ is denoted L.

Eventually, we would like to study operators in L?]a, b[ associated to L, which in many respects
seems the most natural setting for Sturm-Liouville operators. There are however situations, where
it is preferable to use a different functional-analytic formalism for (2.3).

Suppose that we choose L ]a,b[ as the target space for (2.3), which seems to be a rather
general function space. Note that if f € L{? ]a, b[, the product fV is well defined and belongs to
Llloc]a b[. Moreover, this is the best we can do if V' is an arbitrary locally integrable function, i.e.
we cannot replace LS. by a larger space. Then, if we consider L{S, as the initial space for (2.3)
and we require that the target space for (2.3) is Li ]a,b[, we are forced to work with functions
f € L2 Ja, b such that Lf € L. Ja,b[. But then f” € Ll ]a,b[, and hence f € AC'a,b].

Therefore it is natural to consider (2.3) as an an operator L : AC'a,b[— Ll ]a,b[, which we
will do throughout this paper. Restrictions of L to subspaces of AC!]a,b[ which are sent into
L?)a,b[ by L are the objects of main interest in our study.

We equip Li. ]a,b[ with the topology of local uniform convergene, i.e. a sequence {f,} con-
verges to f if and only if lim Ilfn = fllz1(sy = 0 for any compact J Cla,b[. Clearly this is a

complete space. It is convenlent to think of L as an operator in L] ]a, b[ with domain AC]a, b|.
Then L is densely defined and later on we will prove that it is is closed (see Corollary 2.16).

2.4. The Cauchy problem. For g € L], ]a,b[ we consider the problem
Lf=g. (2.4)

Proposition 2.2. Let a < d < b. Then for any po, p1 there exists a unique f € ACY]a,b|
satisfying (2.4) and

f(d) =po, f'(d)=p1. (2.5)
Proof. Define the operators (4 and T, by their integral kernels
(y—2)V(y), z<y<d,
Qd(xﬂy) = (Jf - y)V(y)7 r>y> d7
0 otherwise;
(y—z), z<y<d,
Ta(z,y) =4 (@ —y), z>y>d,
0 otherwise.
The Cauchy problem can be rewritten as F(f) = f where F' is a map on Cla, b[ given by
F(f)(z) :=po +p1(z — d) + Qaf(x) + Tag(x). (2.6)

If a <a; <d< b <band we view Qg as an operator on Clay, b;] with the supremum norm,
then

d b1
1Qul < max { [ V)= anldy. [ V= bas} (27)
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If the interval [aq, b;] is finite, the operator T} is bounded from L']ay,b;[ into Clay, by].

Thus, by choosing a sufficiently small interval [a1, b1] containing d, we can make F well defined
and contractive on Cla, b1]. (F is contractive iff ||Qq]| < 1). By Banach’s Fixed Point Theorem
(or the convergence of an appropriate Neumann series) there exists f € Clay, b1] such that
f = F(f). Then note that we have

f'(2) = F(f)(z) = p1 + /

d

x

V(y)f(y)dy + /dz g(y)dy

hence f' € ACa1,b] and f € ACY[aq, by].

Thus for every d €]a,b] we can find an open interval containing d on which there exists a
unique solution to the Cauchy problem. We can cover |a, b[ with intervals ]a;, b;[ containing d;
with the analogous property. This allows us to extend the solution with initial conditions at any
d €]a, b[ to the whole ]a, b]. O

2.5. Regular and semiregular endpoints. Sturm-Liouville operators possess the simplest
theory when —oo < a < b < oo and V € L'a,b[. Then we say that L is a regular operator.
Most of the classical Sturm-Liouville theory is devoted to such operators. More generally, the
following standard terminology will be convenient.

Definition 2.3. The end point a is called regular, or L is called regular at a, if a is finite and
fad |V (2)|de < 0o if a < d < b. Similarly for b. Hence L is regular if both endpoints are regular.

Sturm-Liouville operators satisfying the following conditions are also relatively well behaved:

Definition 2.4. The end point a is called semiregular if a is finite and ff(w —a)|V(x)|dr < oo
if a < d <b. Similarly for b.

Proposition 2.5. Let g € L']a,d]
(1) Let a be a reqular endpoint. Let po, p1 be given. Then there exists a unique f € AC*[a, b
satisfying (2./) and
f@) =po Fla)=p1 (28)
(2) Let a be a semiregular endpoint. Then all solutions f of (2.4) have a limit at a.
Proof. (1) is proven as Prop. 2.2, choosing d = a.
To prove (2) we put d inside ]a,b[, demanding in addition that fad V(y)ly —aldy < 1. This
guarantees that the operator Qg is contractive on Cla, d]. (]

An example of a potential with a finite point which is not semiregular is V' (z) = -5 on ]0, oo[.
For its theory see [4, 9].

2.6. Wronskian.

Definition 2.6. The Wronskian of two derivable functions u,v is W(u,v) = wv’ — u'v. We set

W (u,v;x) = Wy(u,v) = u(z)v' (z) — v’ (x)v(z). (2.9)
Proposition 2.7. Let u,v € AC]a,b[. Then the Lagrange identity holds:
0. W (u,v;x) = —(Lu)(z)v(x) + u(z)(Lv)(z). (2.10)

Consequently, if Lu = Lv = 0, then W (u,v) is a constant function.

Proof. Since u,u’,v,v" € AC]a,b[, the Wronskian can be differentiated and a simple computation
yields (2.10). O

The set of solutions in AC]a, b[ of the homogeneous equation Lf = 0 is a two dimensional
complex space Ker L and the map W : Ker L x Ker L — C is bilinear and antisymmetric. Two
solutions u, v € Ker L are linearly independent if and only if W (u,v) # 0. If ug = auy + vy, vy =
~u1 + dvy then

W (ug,v2) = W(auy, 0vy) + W(Bvi,yur) = (ad — By)W(uy,v1).
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hence if W(uy,v1) =1 then W(us,v2) = 1 if and only if ad — Sy = 1, and in this case a simple
computation gives

uz(2)v2(y) — uz(y)v2(z) = wa(z)vi(y) —wi(y)vi(z), =,y €la,bl. (2.11)

Thus the function
G (2, y) = u(x)v(y) — u(y)o(z) (2.12)
is independent of the choice of the solutions u, v of the homogeneous equation Lf = 0 if they

satisfy W (u,v) = 1. (2.12) can be interpreted as the integral kernel of an operator G, : Ll]a, b[—
ACYa, b, and will be called the canonical bisolution of L. It satisfies

LG, =0, G,L=0, Gg(z,y)=-Gs(y,x). (2.13)

2.7. Green’s operators. The expression “Green’s function” is commonly used to denote the
integral kernel of a right inverse of a differential operator, usually of a second order. We will use
the expression “Green’s operator” for a right inverse of L.

Definition 2.8. An operator G, : Lt]a,b[— ACY]a,b| is called a Green’s operator of L if
LGog =g, g€ Li]CL,b[ (214)

Note that we do not require that G,L = 1. Note also that G, is not Green’s operator—it is
a bisolution. However, it is so closely related to various Green’s operators that we use the same
letter G to denote it.

There are many Green’s operators. If G4 is a Green’s operator, u,v are two solutions of the

homogeneous equation, and ¢, € L{< Ja, b[ are arbitrary, then

Ge + |u)(o] + v){¥]

is also a Green’s operator. Recall that if E| F' are vector spaces, g belongs to the dual of E, and
f € F, then |f)(g| is the linear map E — F defined by e — g(e) f.

Let us define some distinguished Green’s operators. Let u,v be two solutions of the homoge-
neous equation such that

W(v,u) = 1.
We easily check that the operators G ., G, and G} defined below are Green’s operators in the
sense of Def. 2.8:

Definition 2.9. Green’s operator associated to u at a and v at b, denoted G, ., is defined by its
integral kernel

Lo (a2 <
Gl {v(m)u(:u), r>y

Operators of the form G, , will be sometimes called two-sided Green’s operators.

Definition 2.10. Forward Green’s operator G_, has the integral kernel

0, z <y,

v(@)u(y) —u(@)v(y), =>y. (2.15)

G, (xay) = {
Definition 2.11. Backward Green’s operator G has the integral kernel

Ge(z,y) = {g(x)v(y) —v(z)u(y), i i Z

By the comment after (2.11), the operators G_, and G are independent of the choice of
u,v. For a < by < b, G_, maps Ll]by, b into functions that are zero on ]a,b;]. Similarly, for
a < ay < b, G, maps Ll]a,a[ into functions that are zero on Jas, b].
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Note also some formulas for differences of two kinds of Green’s operators:

Gup — G- = |u)(v|, (2.16)
Guw — G = [v)(ul, (2.17)
G — G = |o){u| — |u){v| = G, (2.18)
Gup = Guy oy = [u) (0] = [ua)(va], (2.19)

The following definition introduces another class of Green’s operators in the sense of Def. 2.8,
which are generalizations of forward and backward Green’s operators.

Definition 2.12. Green’s operator associated to d €la, b[ is defined by the integral kernel
u(z)v(y) —v(@uly), = <y<d,
Galz,y) == S v(z)u(y) —uw(z)v(y), = >y>d,
0, otherwise.

As in the case of G_, and G, these operators are independent of the choice of u,v. Note
that if @ < a1 < d < by < b, then G4 maps Ll]a,ai[ on functions that are zero on [ay,b[, and
L!]by,b] on functions that are zero on ]a, by].

The proof of Prop. 2.2 suggests how to construct G4 without knowing v, v using the operators
Qg and Ty defined there. We have, at least formally,

Gi=(1-Qa)'Ta. (2:20)
If we choose a < a1 < d < b; < b with a finite [a,b] and

d b1
max{/ V(@)@ — a1)|dz, / V(@) — bz} <1 (2.21)
al d
then (2.20) is given by a convergent Neumann series in the sense of an operator from L']ay,b;[
to C[al, bl]

Remark 2.13. The I-dimensional Schrodinger equation can be interpreted as the Klein Gordon
equation on a 140 dimensional spacetime (no spacial dimensions, only time). The operators G,
G_, and G have important generalizations to globally hyperbolic spacetimes of any dimension—
they are then usually called the Pauli-Jordan, retarded, resp. advanced propagator, see e.g. [11].

2.8. Some estimates. The following elementary estimates will be useful later on.

Lemma 2.14. Let J be an open interval of length v < oo and f € LY(J) with f” € L*(J). Then
f and f' are continuous functions on the closure of J and if a is an end point of J then

F@)] + v (a) < C /J (W @)] + v f (@)

where C' is a real number independent of f and J.

) da, (2.22)

Proof. By a scaling argument we may assume v = 1. It suffices to assume that f is a distribution
on R such that f” = 0 outside J. Let 6 : R — R be of class C*> outside of 0 and such that
(z) =0if 2 <0,0(x) =2if0<x<1/2, 0(x) =0if x > 1. Define n by §” = 6 — n where
4 is the Dirac measure at the origin. Clearly 7 is of class C*° with support in [1/2,1]. For any
distribution f we have

f=6xf=0"xf+nxf=0xf"+n*f hencealso f' =60 xf"+n xf.

This clearly implies (2.22) for v = 1 and a the right end point of J. O
Lemma 2.15. Assume that { := sup, [, |V(z)|dz < oo where J runs over all the intervals
J Cla,b] of length < 1. Then there are numbers C,vy > 0 such that

£l zoe () + VI N poe(ry < CVILF I Lay + Cv I il (2.23)

for all f € L Ja,b[, all v < vy, and all intervals J Cla,b| of length v.

loc
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Proof. Note that for a continuous f we have f” € L{ _if and only Lf € L{ _ and then f’ is

loc

absolutely continuous. We take 19 < 1 and strictly less than half the length of Ja,b[. If v < vy,
then (2.22) gives for = such that |z, z + v[Cla, b[:

T+v
F@l+vlf @) < ¢ / (WILA|+ IV f] + v )]) dy
< C||V|Lf| + V_1|f|||L1(w,I+l/) + Cgl/”f”L“(z,a:«H/)
< CV|ILfllprry + Cv N f ey + Cv| £ ey

If  €la,b] and |z, z + v[ ¢ ]a,b] then |z — v,z[Cla, b] and we have an estimate as above with
]z, x + v] replaced by ]z — v, z[. Hence

[ fllzoe oy + N F ey < CYILF Ly + CvH flliry + Cv|l fllpos (-

If vy is such that Clyy < 1 we get the required estimate. O

Recall (see page 6) that Llloc]a, bl is equipped with the topology of local uniform convergence
and that we think of L as an operator in L ]a,b[ with domain AC']a,b[. The next result says
that this operator is closed.

Corollary 2.16. Let {f,} be a sequence in AC)a,b| such that the sequences {f.} and {Lf,}
are Cauchy in L Ja,bl. Then the limits f := lim f, and g := lim Lf, exist in L ]a,b] and
n—oo n—oo

we have f € ACYa,b| and Lf = g.
Proof. The estimate (2.23) implies that on every compact interval J we have uniform convergence
of f, to f (and also of f], to f’). Therefore, an‘J — Vf|J in L'(J) for any such J. Hence,

—f" = Lf, — Vf, converges in L'(J) to g — V f. Therefore, by Lemma 2.1, —f"" = g — V f. We
know that g — V f € L] ]a,b[, hence f € ACa,b|. O

loc

3. Basic L? THEORY

3.1. Bilinear scalar product. We consider the Hilbert space L?]a, b[ with the scalar product

b
(flg) = / F@g(x)dz. (3.1)

In addition, it is also equipped with the bilinear form

b
(flg) = / f(@)g(x)dz. (3.2)

Thus we use round brackets for the sesquilinear scalar product and angular brackets for the
closely related bilinear form. Note that in some sense the latter plays a more important role in
our paper (and in similar exactly solvable problems) than the former. See e.g. [8, 10], where the
same notation is used.

L?)a, b] has also a natural complex conjugation. Clearly, (f|g) = (f|g). If B is an operator,
then B denotes the complex conjugation of B

Bf := BY. (3.3)
B* denotes the usual Hermitian adjoint of B, whereas B# = B* denotes the transpose of B, that

is, its adjoint w.r.t. the (3.2).
Clearly, if B is a bounded linear operator with

b
(Bf)(x) = / B, y)f(y)dy,
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then
bi
(B*f)(:v):/ By, =) f(y)dy, (3.4)
b
(B#f)($)=/ B(y,»)f(y)dy, (3.5)
b
(BN = | B (36)

An operator B is self-adjoint if B = B*. We will say that it is self-transposed if B# = B. It is
useful to note that a holomorphic function of a self-transposed operator is self-transposed.
If G C L%a,b], we will write

Gt == {f € L?a,b[| (flg) =0, g € G}, (3.7)
GreP = {f € L%a,b[ | (flg) =0, g€ G} = G*. (3.8)

3.2. The maximal and minimal operator. As before, we assume that V € L] ]a,b].

Definition 3.1. The maximal operator L.y is defined by
D(Lmax) = { f € L*|a,b|n AC"]a,b[ | Lf € L?]a,b[}, (3.9)
Liaxf = Lf, [ € D(Lmax)- (3.10)
We equip D(Lmax) with the graph norm
A = 117+ LA
Remark 3.2. Note that L?)a,b[C L ]a,b|. Therefore, as explained in Subsect. 2.3, f € LS Ja,b|

loc loc
and Lf € L?|a,b| implies f € ACa,b]. Therefore, in (3.9) we can replace AC*)a,b] with
L2 Ja,b] (or Cla,b], or Cla,b]).

Recall that AC!]a,b[ are once absolutely differentiable functions of compact support.
Definition 3.3. We set
D(L.) := ACa,b[ND(Lax)-
Let L. be the restriction of Limax to D(Lc). Finally, Ly, is defined as the closure of L.

The next theorem is the main result of this subsection:

Theorem 3.4. The operators Lyin, Lmax have the following properties.
(1) The operators Lyax and Ly, are closed, densely defined and Ly C Lmax-
(2) L¥, = Ly and L, = Lyay.

min

(8) Suppose that f1, fo € D(Lmax). Then there exist
W(f1, fo;a) == é{% W(f1, fo; d), (3.11)
W(f1, f2;0) == gg}) W (f1, f2;d), (3.12)

and the so-called Green’s identity (the integrated form of the Lagrange identity) holds:

(Lmaxf1lf2) = (filLmaxf2) = W(f1, f2;0) = W(f1, f2; a). (3.13)

(4) We set Wa(f1, f2) = W(f1, fa;d) for any d € [a,b] and f1, fo € D(Lmax). Then for any
d € [a,b] the map W4 : D(Lmax) X D(Lmax) — C is a continuous bilinear antisymmetric
form, in particular

(Waf1, f2)| < Call frlll f2llz- (3.14)
(5) D(Lmin) coincides with

{f € D(Lmax) | W(f,g;a) =0 and W(f,g;b) =0 for all g € D(Lpax)}- (3.15)
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One of the things we will need to prove is the density of D(L.) in L?]a,b[. This is easy if
V € L2 Ja,b] (see Prop. 3.11), but with our assumptions on the potential the proof is not so
trivial, because the idea of approximating an f € L?(I) with smooth functions does not work:

D(Lmax) may not contain any “nice” function, as the example described below shows.

Example 3.5. Let V(z) = > _ c,|x — 0| ~}/? where o runs over the set of rational numbers and
¢o € R satisfy ¢, > 0 and Y. ¢, < co. Then V € L. (R) but V is not square integrable on any

loc
nonempty open set. Hence there is no C? nonzero function in the domain of L in L?(R).

Before proving Thm 3.4, we first state an immediate consequence of Lemma 2.15:

Lemma 3.6. (1) Let J be a finite interval whose closure is contained in |a,b[. Then

11,11 < Coll £l (3.16)

17151 < Call fllz- (3.17)
(2) Let x € C*®]a,b[ with ' € C)a,b[. Then

Ixfllz < Cllf ]z (3.18)

As in the previous section, we fix u,v € AC!]a, b[ that span Ker L and satisfy W (v,u) = 1.

Our proof of Thm 3.4 uses ideas from [24, Theorem 10.11] and [20, Sect. 17.4] and is based
on an abstract result described in Lemma A.1. The following lemma contains the key arguments
of the proof of (1) and (2) of Thm 3.4:

Lemma 3.7. If L is a regular operator (cf. Definition 2.3) then

(1) Ker Ly = Ker L.

(2) Ran Lyyax = L?]a, b[.

(3) (ch|g> = <f‘Lmaxg>f VS D(LC); g€ D(Lmax)'
(4) Ran L. = L2)a,b[N (Ker L)PeP.

(5) (Ran L.)Pe'P = Ker L.

(6) D(L.) is dense in L*]a,b|.

Proof. Clearly, Ker L = Span(u,v) C AC'[a,b] C L?]a,b[. Therefore, Ker L C D(Lyay). This
proves (1).

Recall that in (2.15) we defined the forward Green’s operator G_,. Under the assumptions of
the present lemma, it maps L?]a, b[ into AC*[a,b]. Therefore, for any g € L?]a,b|, o, 8 € C,

f=au+tpv+Goyg

belongs to AC'[a,b] and verifies Lf = g. Therefore, f € D(Lyax). Hence Lyay is surjective.
This proves (2).

To obtain (3) we integrate twice by parts. This is allowed by (2.1) and (2.2), since f,g €
AC*[a, b].

It is obvious that Ran L. C L?]a,b[. Ran L. C (Ker Lyax )PP follows from (3).

Let us prove the converse inclusions. Let g € L2]a,b[N (Ker L)P°™P. Set f := G_g. Clearly,
Lf = g. Using f; gu = f; gv = 0 we see that f has compact support. Hence f € D(L.). This
proves (4).

L?)a,b| is dense in L?]a,b[ and (Ker L)P°'P has a finite codimension. Therefore, by Lemma
A.2, L?]a,b[N (Ker L)P°P is dense in Ker L. This implies (5).

By applying Lemma A.1 with T := L.y and S := L., we obtain (6). O
Proof of Thm 3.4. It follows from Lemma 3.7 (6) that D(L.) is dense in L?]a,b[. We have
L# D Lyax (3.19)

by integration by parts, as in the proof of (3), Lemma 3.7.
Suppose that h, k € L?]a, b[ such that
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In other words, h € D(L.) and L¥h = k. Choose d €]a,b[. We set hy := Ggk, where Gy is
defined in Def. 2.12. Clearly, Lhy = k. For f € D(L.), set g := L.f. We can assume that
suppf C [a1,b1] for a < a; < by <b. Now

(glha) = (Leflha) = (f|Lha) = (f|k) = (Lef|h) = (g]h).
By Lemma 3.7 (4) applied to [aq.b1],
h = hg + au+ v (3.21)

on [ay, b1]. But since a1, b; were arbitrary under the condition a < a; < by < b, (3.21) holds on
la,b]. Hence Lh = k. Therefore, h € D(Lax) and Lyaxh = k. This proves that

Lc# C Lmax- (3.22)

From (3.19) and (3.22) we see that L¥ = L.y In particular, L. is closed and L. is closable.
We have

Linin = L¥# = L (3.23)

max"*

This ends the proof of (1) and (2).
For f,g € D(Lmax) and a < a1 < by < b we have

b1 b1
/ (Lf(@)g(x) — f(x)Lg())dz = / (f(@)d' @) — f'()g(x)) dz (3.24)

ay

=W(f,g;a1) — W(f,g;b1).

The lhs of (3.24) clearly converges as a; \, a. Therefore, the limit (3.11) exists. Similarly, by
taking by b we show that the limit (3.12) exists. Taking both limits we obtain (3.13). This
proves (3).
If d €]a,b[, then (3.14) is an immediate consequence of (3.16) and (3.17). We can rewrite
(3.24) as
d

W(f,g;a) = —/ (L) (@)g(x) — f()Lg(x))dz + W ([, g:d). (3.25)
Now both terms on the right of (3.25) can be estimated by C||f||z|lgllz. This shows (3.14) for
d = a. The proof for d = b is analogous.

Let L,, be L restricted to (3.15). By (3.14), (3.15) is a closed subspace of D(Lmyax). Hence,
L, is closed. Obviously, L. C L. By (3.13), L, C L¥,.. By (2), we know that L¥ = Lyi,.

But Ly, is the closure of L.. Hence Ly, = Lyi,. This proves (5). O

Remark 3.8. Here is an alternative, more direct proof of the closedness of Ly .x. Let f, €

D(Lmax) be a Cauchy sequence wrt the graph norm. This means that f, and Lf,, are Cauchy

sequences wrt L2]a,b[. Let f := lim f,, g:= lim Lf,. Let J be an arbitrary sufficiently small
n—oo n—oo

closed interval in ]a, b[. We have
||fn_meL1(J) < v ‘J|||fn_meL2(J)a (326)
ILfn = Lfmllry < VITNLSn = Lmllz2g)- (3.27)

Hence f,, satisfies the conditions of Cor. 2.16. Hence f € AC'a,b] and ¢ = Lf. Hence
f € D(Lmax) and it is the limit of f,, in the sense of the graph norm. Therefore, D(Lypayx) is
complete. Hence Ly,.x and Ly, are closed.

3.3. Smooth functions in the domain of L,,x. We point out a certain pathology of the
operators Ly ax and Ly, if V is only locally integrable.

Lemma 3.9. (1) The imaginary part of V is locally square integrable if and only if D(L.)
is stable under conjugation and in this case D(Luyin) and D(Lmax) are also stable under
conjugation.
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(2) If the imaginary part of V' is not square integrable on any open set, then for f € D(Lmax)
we have f € D(Lyax) only if f =0 ; in particular, D(Lmax) does not contain any nonzero
real function.

Proof. (1): Write Lf = —f"+ Vi f+iVaf if V.=V +iVa with Vi, V5 real. Then if Vo € LE Ja, b
and f € AC}a,b[ we have Vo f € L?|a,b[so —f"+V f € L%]a,b[if and only if — "' +V, f € L?]a,b|
hence —f +Vif € L?)a, b so we get —F'4+vVTe L?)a, b[, thus D(L.) is stable under conjugation.
The corresponding assertion concerning D(Lpyi,) follows by taking the completion, and that
concerning D(Lyax) follows by taking the transposition.

Reciprocally, assume that D(L.) is stable under conjugation and let o €]a, b[. Then there is
f € D(L.) such that f(x¢) # 0 and we may assume that its real part g = (f + f)/2 does not
vanish on a neighbourhood of zg. Then g € D(L.) hence —g” +V1g+iVag € L?]a, b and so must
be the imaginary part of this function hence V5 is square integrable on a neighbourhood of x.

(2): Assume now that V4 is not square integrable on any open set. If f € AC! is real then
—f"+Vf e L?if and only if —f" + Vif € L? and Vof € L? and if f # 0 then the second
condition implies f = 0. Finally, if f € D(Luyax) and f € D(Lpyax) then the functions f + f and
f — f will be zero by (1). O

Remark 3.10. If L := —9% + V then L*. = Lyax, where L*. is the Hermitian adjoint of
Luin, and clearly D(Lyax) = {f | f € D(Lmax)}. Thus if the imaginary part of V is not square
integrable on any open set then D(Lyin) N D(LE;,) = {0}. On the other hand, if the imaginary
part of V is locally square integrable, then D(Lyin) C D(L

min)‘

If V € L2, many things simplify:

loc

Proposition 3.11. IfV € L2 Ja,b[ then C>]a,b| is a dense subspace of D(Lmin)-

loc
Proof. Clearly C°]a,b[C D(L.). Let f € C¢]a,b[. Then Lf € L?]a,b] if and only if f” € L?]a, b].
Fix some § € C*(R) with [# = 1 and let 6, (z) := nf(nz) with n > 1. Then for n large
fn 1= 0p x f € C®la,b] and has support in a fixed small neighbourhood of suppf. Moreover,
fn — f in Clla,b], in particular f, — f uniformly with supports in a fixed compact, which
clearly implies V f,, — V f in L?]a,b[. Moreover f/ — f" in L?]a,b]. O

3.4. Closed operators contained in Ly,.x. If D(L,) is a subspace of D(Lyax) closed in the
|| - ||z norm, then the operator

D(Le)

is closed and contained in L,.x. We can call such an operator Lo a closed realization of L.
We will be mostly interested in operators Lo that satisfy

D(Lunin) C P(Ls) C D(Limax) (3.29)

so that
Lmin C Lo C Lmax' (330)

They are automatically densely defined.
One can easily check if a realization of L contains Ly, with help of the following criterion:

Proposition 3.12. Suppose that Le is a closed densely defined operator contained in Lyax. Then
LY is contained in Lax if and only if Lyin C Le. In particular, if LY = Lo, then Lyin C L.

Proof. Since L, is densely defined, the operator L¥ is well defined and clearly Ly, C Lo is
equivalent to L¥ c Lﬁin = Lmax- O
The most obvious examples of such operators are given by one-sided boundary conditions:

Definition 3.13. Set
D(La) = {f € D(Lumax) | W(f,9:0) =0 for all g € D(Lua)}. (3.31)
D(Ly) i= {f € D(Lunax) | W(f,g58) =0 for all g € D(Lunar)}- (3.32)
Let Ly, resp. Ly be Lyax restricted to D(L,), resp. D(Ly).
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Proposition 3.14. L, and Ly are closed and densely defined operators satisfying
L# =Ly, L =L, (3.33)
Lmin C La C Lmaxa Lmin - Lb C Lmax- (334)

4. BOUNDARY CONDITIONS
4.1. Regular endpoints.

Proposition 4.1. If L is regular at a then any function f € D(Lmax) extends to a function
of class C on the left closed interval [a,b], hence f(a) and f'(a) are well defined, and for
fy9 € D(Lax) we have Wo(f,g) = f(a)g'(a) — f'(a)g(a). Similarly if L is reqular at b. Thus if
L is reqular then D(Lyax) C Cla,b] and Green’s identity (3.13) has the classical form

(Lmaxf1lf2) = (filLmaxf2) = (F1(0) f3(b) = f1(0)f2(0)) = (fi(a) f2(a) = fi(a)f2(a)).

Thus if L is a regular operator then we have four continuous linear functionals on f € D(Lyax)
fo f@), £ fla), (4.1)

for f0), fr 10, (4.2)

which give a convenient description of the closed operators Lo such that Ly, C Le C Lyax. In

particular, D(Lyy) is the intersection of the kernels of (4.1) and (4.2), D(L,,) is the intersection
of the kernels of (4.1) and D(Ly) is the intersection of the kernels of (4.2).

4.2. Boundary functionals. It is possible to extend the strategy described above to the case
of an arbitrary L by using an abstract version of the notion of boundary value of a function. We
shall do it in this section.

The abstract theory of boundary value functionals goes back to J. W. Calkin’s thesis [6] who
used it for the classification of the self-adjoint extensions of symmetric operators. The theory
was adapted to symmetric differential operators of any order by Naimark [20] and to operators
with complex coefficients of class C* by Dunford and Schwarz in [13, ch. XIII]. In this section
we shall use this technique in the case of second order operators with potentials which are only
locally integrable: this loss of regularity is a problem for some arguments in [13].

Recall that D(Lmax) is equipped with the Hilbert space structure associated to the norm

I £l = v/IIfII2 + [[Lf]|?. Following [13, §XXX.2], we introduce the following notions.

Definition 4.2. A boundary functional for L is any linear continuous form on D(Lmax) which
vanishes on D(Luyin). A boundary functional at a is a boundary functional ¢ such that ¢(f) =0
for all f € D(Lax) with f(x) = 0 near a; boundary functionals at b are defined similarly. B(L)
is the set of boundary functionals for L and B,(L),By(L) the subsets of boundary functionals at
a and b.

B(L) is a closed linear subspace of the topological dual D(Lmax)" of D(Lmax) and By (L), By (L)
are closed linear subspaces of B(L). By using a partition of unity on ]a, b[ it is easy to prove that
B(L) = Bu(L) & By(L), (4.3)
a topological direct sum.
Definition 4.3. We define
the boundary index for L at a, v,(L) := dim B,(L),
the boundary index for L at b, (L) := dim B, (L),
and the total boundary index for L, wv(L):=dimB(L) = v,(L) + vp(L).
By definition, the subspace B(L) C D(Lyax)’ is the polar set of the closed subspace D(Lypin)
of D(Lmax). Hence it is canonically identified with the dual space of D(Lmax)/DP(Lmin):

/

B(L) = (D(Lmax)/P(Lmin)) - (4.4)
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Clearly one may also define B, (L) as the set of continuous linear forms on D(Lyax) which vanish
on the closed subspace D(L,), and similarly for B,(L). Thus

/
Ba(L) = (D(Lmax)/D(La)) . (45)
Definition 4.4. For each f € D(Lmax) and x € [a,b], we introduce the functional

fo: D(Lunax) = € defined by fi(g) = Walf,9). (4.6)
By Theorem 3./ it is a well defined linear continuous form on D(Lmax)-

Remember that if z €]a, b[, then we can write

fx(9) = f(2)g'(x) — f'(x)g(x) = Wa(f,9) Vg€ C'la,b]. (4.7)

If £ = a, in general we cannot write (4.7) (unless a is regular). However we know that for all
x € [a,b] (4.6) depends weakly continuously on z. Thus in general

w— lim f, = fa. (4.8)
r—a

It is easy to see that f; € B,, cf. (3.31) for example. We shall prove below that any boundary
value functional at the endpoint a is of this form.

Theorem 4.5. (i) f > fa is a linear surjective map D(Lmax) — Ba(L).

(il) Wa(f,9) =0 for all f,g € D(Lmax) if and only if B,(L) = {0}.

(iil) Wa(f,g) # 0 if and only if the functionals fus Ga are linearly independent.
(iv) If Wo(f,g) # 0 then {fa,§a} is a basis in By(L); then Vh € D(Lmax) we have

ha = Walg, h) fo + Walh, f)a  with c=—1/Wa(f,q). (4.9)

Proof. Let W, be the set of linear forms of the form f,, this is a vector subspace of B, (L) and
we shall prove later that W, = B,(L). For the moment, note that W, separates the points of
Yo := D(Lmax)/D(Ly), i.e. we have W, (f,g) = 0 for all f if and only if g € D(L,), cf. (3.15) and
(3.31). On the other hand, (4.5) implies that B,(L) = {0} is equivalent to D(Lmax) = D(Lq)
which in turn is equivalent to W,(f,g) =0 for all f,g € D(Lmax) by (3.31). This proves (ii).

For the rest of the proof we need Kodaira’s identity [21, pp. 151-152], namely: if f, g, h, k are
C! functions on ]a, b then

W (£, )W (h, k) + W (g, YW (f, k) + W(h, /)W (g, k) = 0, (4.10)

with the usual definition W (f,g) = f¢' — f’g. The relation obviously holds pointwise on ]a, b].
If f,g9,h,k € D(Lmax), then the relation extends to [a,b], in particular

W (f, g)Wa(h, k) + Wol(g, )Wo(f, k) + Wa(h, f)Wa(g, k) =0, (4.11)

and similarly at b. This implies (4.9) if W, (f,g) # 0 from which it follows that {f,, 7.} is a basis
in the vector space W, in particular W, has dimension 2. But W, C Y, separates the points of
Y, hence W, = V!, = B, (L) which proves the surjectivity of the map f — f(a). This proves (i)
and (iv) completely and also one implication in (iii). It remains to prove that f,, §, are linearly
dependent if W, (f,g) = 0.

We prove this but with different notations which allow us to use what we have already shown.
Let f such that f,; # 0. Then f(a) is part of a basis in W, = B,(L), hence there is g such that
{fa, 3.} is a basis in By(L). Then W,(f,g) # 0 and we have (4.9). Thus if W, (h, f) = 0 then

—

hy = cWal(g, h)f;, SO Ea, fa are linearly dependent. O
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The space B, is naturally a symplectic space. In fact, if B, is nontrivial, then we can find k, h
with W, (k, h) # 0. By the Kodaira identity,

~Walf, k)Walg, h) +Wo(f, h)Wal(g, k)

Wa(fvg): Wa(h,k‘)
_ —fa(k)ga(h) = fa(h)Fa(k)
= W k) . (4.12)
Thus if we set for ¢, € B, with f(; = ¢, o =,
0a(®, ) = Wal(f.9), (4.13)

then o, is a well defined symplectic form on B,. Moreover, f — f; maps the form W, onto o,.
If 04(4,%) = 1, then by the Kodaira identity

W (h, k) = ¢(h)yp(k) — ¢ (h)o(k). (4.14)
In the literature boundary functionals are usually described using the notion of boundary

triplet. Let us make a comment on this concept. Suppose, for definiteness, that v, = v, = 2.
Choose bases

®a, Va, of By and ¢y, Yy of By (4.15)
such that o4 (¢a, V) = ob(Pp, ¥p) = 1. We have the maps
D(Lmax) 3 f = &(f) := (¢a(f), #(f)) € C* (4.16)
D(Liax) 3 f = ¥(f) == (¢a(f)"¢}b(f)) eC% (4.17)
Then we can rewrite Green’s formula (3.13) as
(Lmaxflg) = (f|Lmaxg) = ($()l6(9)) — (b()|(9))- (4.18)

The triplet (C?, ¢, 1)) is often called in the literature a boundary triplet, see e.g. [2] and references
therein. It can be used to characterize operators in between L, and Lyax-

Thus a boundary triplet is essentially a choice of a basis (4.15) in the space of boundary
functionals. Such a choice is often natural: in particular this is the case of regular boundary
conditions, see (4.1), (4.2). In our paper we consider rather general potentials for which there
may be no natural choice for (4.15). Therefore, we do not use the boundary triplet formalism.

4.3. Classification of endpoints and of realizations of L. The next fact is a consequence
of Theorem 4.5. One may think of the assertion “v,(L) can only take the values 0 or 2” as a
version of Weyl’s dichotomy, cf. §5.2.

Theorem 4.6. v,(L) can be 0 or 2: we have vo(L) =0 W, =0 and v,(L) =2 & W, # 0.
Similarly for vy(L), hence v(L) € {0,2,4}.

Remark 4.7. According to the terminology in [13], we might say that L has no boundary values
at a if v, (L) = 0 and that L has two boundary values at a if v,(L) = 2.

Example 4.8. If L is regular at the endpoint a then v,(L) = 2. It is clear that f — f(a) and
f+ f'(a) are linearly independent and Theorem 4.6 implies that they form a basis in B, (L).

Example 4.9. If L is semiregular at a then we also have v,(L) = 2. However, in general we
have only one naturally distinguished boundary functional: f +— f(a).

As a consequence of Theorem 4.6 we get the following classification of Sturm-Liouville opera-
tors in terms of the boundary functionals.

(1) vo(L) = vp(L) = 0. This is equivalent to Lyin = Ly = Ly = Liax-

(2) vo(L) =0, vp(L) = 2, Then D(Lyin) is a subspace of codimension 2 in D(Lyay). This is
equivalent to L, = Lyax, and to Ly = Lp.

(3) vo(L) =2, vp(L) = 0. Then D(Ly,in) is a subspace of codimension 2 in D(Lyay). This is
equivalent to Ly = Lyax, and to Lyin = Lq.

(4) vo(L) = (L) = 2. Then D(Lpyin) is a subspace of codimension 4 in D(Lyax)-
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In case (2) the operators Le with Lyin © Le & Lmax are defined by nonzero boundary value
functionals ¢ at a: D(Le) = {f € D(Lmax) | ¢(f) = 0}. Similarly in case (3).

Consider now the case (4). The domain of nontrivial realizations L, could be then of codi-
mension 1,2, or 3 in D(Lpax). We will see that realizations of codimension 2 are the most
important.

Each realization of L extending L, is defined by a subspace Co C B, D Bp.

D(L') = {f € D(Lmax) | qj)(f) =0, ¢€ Co} (419)

The space C, is called the space of boundary conditions for Lo. The dimension of C, coincides
with the codimension of D(L,) in D(Lmax)-

Definition 4.10. We say that the boundary conditions Co are separated if
Co =CeNB, @ Co N By, (4.20)
For instance, L, and L; are given by separated boundary conditions By, resp. Bp.

Definition 4.11. Let ¢ € B, and v € By, such that ¢ # 0 if B, # {0} and similarly for 1. Then
the realization of L with the boundary condition Cp ® Cyp will be denoted Ly .

Clearly, Lgy has separated boundary conditions, more explicitly Lgy is the restriction of
Liax to D(Lgy) = {f € D(Lmax) | ¢(f) = ¥(f) = 0}. Ly depends only on the complex lines
determined by ¢ and ¢ and if ¢, 1 # 0 then the relations ¢(f) = ¥ (f) = 0 can be stated as:

there are complex numbers ¢, (f), ¢y (f) such that f(; = co(f)¢ and f_l; = cp(f).
If for example B, = {0} then we set Ly = Ly and there is no boundary condition at b, so

D(Ly) = {f € D(Linax) | (f) = 0} = {f € D(Lumax) | Ie(f) such that f, = c(f)o}.

4.4. Properties of boundary functionals. The next proposition is a version of [13, XIII.2.27]
in our context.

Proposition 4.12. If ¢ € B,(L) then there are continuous functions «, 3 :]a,b[— C such that
6(F) = lm (a(@)f(@) + B@)f (@) VS € D).

Reciprocally, if o, 8 are complex functions on ]a, b and lim, ., (a(z)f(z) + B(z) f'(z)) =: ¢(f)
exists Vf € D(Lmax), then ¢ € B, (L).

Proof. The first assertion follows from Theorem 4.5-(i) and relations (4.8), (4.7) while the second
one is a consequence of Banach-Steinhaus theorem. ([l

Recall that for d € [a, b] the symbol L®? denotes the operator —9% + V' on the interval ]a, d[.
Lemma 4.13. Let d €]a,b]. Then
dim B, (L) = dim B, (L™?). (4.21)

Proof. Since d is a regular endpoint for L¢, the maximal operator L%¢,  associated to L®% has

the property D(L%% ) € C']a,d]. Thus the restriction map R : f f|]a gl is a surjective map

max

D(Liax) — D(L% ) such that RD(L,) = D(L%?). If ¢ is a boundary value functional at a for

L%? then clearly ¢ o R is a boundary value functional at a for L%? and the map ¢ — ¢o R is a
bijective map B, (L) — B,(L*?). O

We note that the space B(L) and its subspaces B, (L), By(L) depend on L only through the
domains D(Lyax) and D(Lyin). So in order to compute them one can sometimes change the
potential and consider an operator LY := —92? + U instead of L := —9? + V. This is especially
useful if U is real: for example, U could be the real part of V, if its imaginary part is bounded.
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Proposition 4.14. Let U :]a,b[— C measurable such that (U — V)f|| < «||Lfll + BIf| for
some real numbers a, 3 with a < 1 and all f € D(Lmax). Then D(Lmax) = D(LY,.) and
D(Lyin) = D(LY, ). Hence B(L) = B(LY) and
vo(L) = vo(LY), (L) = v(LY). (4.22)
Proof. We have
A= a)ILfl = BIFI < NILYfIF < @+ ) LFI + BI£]

so the norms || - || and || - ||pv are equivalent. Then we use (4.4). O

4.5. Infinite endpoints. Suppose now that our interval is right-infinite. We will show that
if the potential stays bounded in average at infinity, then all elements of the maximal domain
converge to zero at oo together with their derivative, which obviously implies that their Wronskian
converges to zero.

Proposition 4.15. Suppose that b = co and

c+1
lim sup/ [V (z)|dz < oco. (4.23)
c—00 c
Then
f €D(Lmax) = lim f(z) =0, lim f'(z)=0. (4.24)
Hence v, = 0.
Of course, an analogous statement is true for a = —oo on left-infinite intervals.

Proof of Prop. 4.15. Let v < vy and let J,, := [a + nv,a + (n + 1)v]. Then, using first (2.23)
and then the Schwarz inequality, we obtain

£l ) + VI Loy < CUl L,y + Call il
< CWVVILf |20y + Cov flizea) T 0.

This implies (4.24). O

5. SOLUTIONS SQUARE INTEGRABLE NEAR ENDPOINTS

5.1. Spaces U,(\) and U,(A). In the real case one can compute the boundary indices with help
of eigenfunctions of the operator L which are square integrable around a given endpoint. The
space of such eigenfunctions is interesting in its own right, and we devote this section to the
study of its properties.

Definition 5.1. If X € C then U, ()\) is the set of f € AC]a,b[ such that (L —\)f =0 and f is
L? on]a,d[ for some, hence for all d such that a < d < b. Similarly we define Uy(\).

Proposition 5.2. If a is a semiregular endpoint for L, then dimU,(\) = 2 for all X € C.
Besides, if a is regular, we can choose u,v € Ker(L — \) such that

Similarly for b.

Proof. We apply Prop. 2.5. O
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5.2. Two-dimensional U, (). The next proposition contains the main technical fact about the
dimensions of the U, ().

Proposition 5.3. Assume that all the solutions of Lf = 0 are square integrable near a. If
f € CYa,b] and |Lf| < B|f| for some B > 0, then f is square integrable near a. In particular,
if U € L™]a,b] then all the solutions of (L + U)f = 0 are square integrable near a.

Proof. We may clearly assume that b is a regular endpoint and f € Clla,b]. Let Gj be the
right-sided Green’s operator of L (Definition 2.11). If Lf = g, then L(f — Gpg) = 0. Therefore

b
f(z) = au(z) + Bu(z) +/ (u(@)o(y) — v(z)u(y))g(y)dy, (5-3)
for some «, 8. Set A := /|a|? +|8]? and u(z) := v/|u(z)|?® + |v(z)|?. Then
b b
£ < Auta) + a(e) [ )o@y < n@)(4+ B [ w5 w)ldy),

and the Gronwall Lemma applied to |f|/u imples
b

£ < Auta)exp (B [ w2(w)dy). (54)

T

Clearly the right hand side of (5.4) is square integrable. |
The above proposition has the following important consequence.

Proposition 5.4. If dimU,(A\) = 2 for some A € C then dimU, () = 2 for all X € C. Besides,
if this is the case, then v,(L) = 2.

5.3. The kernel of L,,... Let us describe the relationship between the dimension of the kernel
of Limax — A and the dimensions of spaces U, (A) and Up(A).
The first proposition is a corrolary of Prop. 5.4:

Proposition 5.5. The following statements are equivalent:
(1) dimKer(Lmax — A) = 2 for some X\ € C.
(2) dimKer(Lpax — A) =2 for all A € C.
(3) dimU,(A,) = dimUyp(Ap) = 2 for some Ay, Ay € C.
(4) dimU,(N) = dimUp(A) =2 for all X € C.

Besides, if this is the case, then v,(L) = vp(L) = 2.

The next two propositions are essentially obvious:

Proposition 5.6. Let A € C. We have dim Ker(Lyax —A) = 1 if and only if one of the following
statements s true:

(1) dimU,(N\) = dimU,(A) =1 and Uy, (A) = Up(N).

(2) dimU,(N) =2 and dimUy(N) = 1.

(3) dimU,(A) =1 and dimUy(N) = 2.

Proposition 5.7. Let A € C and U,(N\) # {0}, Up(N) # {0}. Then dimKer(Lyax — A) = 0 if
and only if dimU,(N) = dimU,(A) =1 and Uy (N) # Up(N).

5.4. Conjecture. If V is real then there is a well known and simple relation between v, (L)
and the dimension of the spaces U, (A), cf. Proposition 5.13. This is quite a convenient way of
computing v,(L). In this subsection we explore what can be said on this question for arbitrary
complex potentials. The difficulty is related to the fact that in the complex case there is no simple
relation between the (geometric) limit point/circle method and the dimension of the spaces Uy, (),
see Subsect. 7.5.

The following relationship is easy to see:

Proposition 5.8. For any A € C we have dimU,(\) =2 = v,(L) = 2.
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Proof. Indeed, we may choose two solutions u, v of the equation (L—\) f = 0 such that W (u, )
1. Hence if all the solutions of (L — A)f = 0 are square integrable near a, then W, (u,v) =
Thus W, # 0, or v,(L) = 2.

Now we state a conjecture which, if true, allows us to compute v,(L) by estimating the
behaviour near a of the solutions of Lu = Au for certain complex A.

I:I*‘II

Conjecture 5.9. If v,(L) = 2 then dimU,(N) = 2 for some complex X.
If the conjecture is true, we have in fact much more:

Lemma 5.10. The conjecture 5.9 is equivalent to each of the following statements:
ve(L) =0 < dimU,(A\) <1VAeC, (5.5)
vo(L) =2 < dimU,(A\) =2 VA e C. (5.6)

Proof. By Proposition 5.4 one may replace in (5.5) and (5.6) YA by 3\, in particular the state-
ments (5.5) and (5.6) are equivalent. Hence, by Prop. 5.8 the conjecture is equivalent to (5.6). O

The Conjecture 5.9 can be restated as a boundary value problem. Below, by “f is square
integrable near a” we mean fj |f|? < oo for some a < d < b.

Lemma 5.11. The Conjecture 5.9 is equivalent to the following property: if vo(L) = 2 and
é,v € B,(L) are linearly independent, then Yo, B € C there is a unique f € ACYa,b| such that
f is square integrable near a, Lf =0, and ¢(f) = a, (f) = B.

Proof. Assume that the conjecture is true and v,(L) = 2. Then there are u,v € U, (0) such that
W (u,v) = 1. Then, due to Theorem 4.5, the boundary value functionals @(a),¥(a) € B,(L) are
linearly independent. It is clear that it suffices to prove the property stated in the lemma for a
unique couple ¢, and we may take ¢ = 4, and ¥ = ¥,. Then we have to find a solution f of
Lf = 0such that W(u, f) = aand W(v, f) = . Since W (u, cu+dv) = d and W (v, cu+dv) = —

hence it suffices to take f = —fu+ awv. This f is uniquely defined because u, v is a basis in U, (0)
hence any element of this space can be written as f = cu + dv with a unique couple of numbers
¢,d. Reciprocally, if v,(L) = 2 and the property stated in the lemma is true, then the map
(o, B) — f € U, (0) is bijective, hence dim U, (0) = 2. O

5.5. Von Neumann decomposition. Von Neumann’s theory for the classification of self-
adjoint extensions of a Hermitian operators is well known, cf. [24, 13]. In the present subsection
we will investigate how to adapt it to our situation.

For this recall that the differential operator associated to the complex conjugate V is denoted
L = —0?+ V. The maximal and minimal operators associated to L are denoted Liax and Lyin.
If J is the operator of complex conjugation, we clearly have Limayx = J LmaxJ and Lmin = JLminJ,
in particular

D(Liax) = {f | f € D(Limax)}, and Ker(L —%) = JKer(L —2z), VzeC.

Thus D(Luax) N D(Liax) could be {0}, cf. Lemma 3.9. Finally, L* . = Lyax hence

min

(Ran Lmin)L = Ker Lyax. (5.7)
Lemma 5.12. There is a canonical linear isomorphism
B(L) ~ {f € D(Limax) | Lf € D(Lmax) and LLf + f = 0}. (5.8)
Proof. The space D(Lax) has a natural Hilbert space structure inherited from its graph which
is a closed subspace of L?]a,b[ ®L?]a,b[, namely

(flo)r = (flg) + (Lf|Lg) = (Flg) + (LfILg) = (flg) + (L f|Lg) (5.9)
with the notations (3.1) and (3.2). It follows that the bilinear form

()L D(Linax) X D(Lmax) = C  given by (flg)r == (flg)r = (flg) + (fulLg)  (5.10)
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allows us to identify the topological dual of D(Lyayx) With D(Liayx) as follows: if we denote (f|-)1,
the continuous linear form g — (f|g)r, then the map f — (f| >L is a linear bijective map of
D(Liax) onto the topological dual D(Lyay)’. Since (f|f)r = ||f]|2, this map is also isometric.
This identification D(Lpax)’ = D(Lmayx) forces us to set

B(L) = {f € D(Lmax) | {flg)2 =0 ¥g € D(Lumin)}- (5.11)
More explicitly the condition on f is (f|g) + (Lf|Lg) = 0 if g € D(Lyin) and this is equivalent
to Lf € D(Lmax) and LLf = —f. O

Formally LLf + f = 0 is a fourth order differential equation but, since V is only locally L!,
with very singular coefficients. We may, however, write it as a second order system of equations
as follows: if we set f1 = f and fo = Lf; then Lfs 4+ f; = 0 hence

L -1\ (fi)_ (0
1 )\r) " \o)
Thus by using the C2-valued function F = (g) € D(Lax) © D(Lmax) and the matrix valued

potential W = ( 1 ;/1> we see that LLf + f = 0 may be written

—F"+WF=0. (5.12)

The operator & = —9% + W = (I —Ll) acts in L%)a, b[®L?]a,b[ and (5.12) means F € Ker .Z.
With the help of this formalism we now prove, in the case of real potentials, a stronger version

of Conjecture 5.9.

Proposition 5.13. If V is a real function, then:
(1) vo(L) =0 & dimlU,(\) =1 VA e C\R;
(2) vo(L) =2 & dimU,(N\) =2V eC .

Proof. We give a complete proof. The von Neumann’s formalism is particularly efficient for real
potentials. Indeed, if V is real then L = L, L, is Hermitian, and Ly.x = L. . Then

B(L) ~ {u € D(Lmax) | Lt € D(Lax) and L2, u+u = 0}. (5.13)

But we have
Ker(L2,, +1) = Ker(Lpax — i) + Ker(Lyax + 1). (5.14)

max

Indeed, the inclusion D is obvious. To prove the inclusion C we use
(L +1) = (L —i)(L+1) = (L +i)(L —1).

Thus if f € Ker(L2,, +1) and fi = (L £1)f then f = (fy — f_)/2i and (L Ti)f+ = 0, or
fx € Ker(Lmax F1), hence (5.14) is proved. So under the identification (5.13) we have

B(L) ~ Ker(Lpax — i) + Ker(Lmax + 1). (5.15)

The last sum is obviously algebraically direct but also orthogonal for the scalar product (5.9)
hence, due to (5.11), we have an orthogonal direct sum decomposition

D(Limax) = D(Lmin) ® B(L) = D(Lmin) ® Ker(Liax — 1) ® Ker(Lax + 1) (5.16)

The map f ~ f is a real linear isomorphism of Ker(Lyax — i) onto Ker(Lyayx + i) hence these
spaces have equal dimension < 2 and so dim B(L) = 2dim Ker(Ly,.x — 1) € {0,2,4}. Of course,
we have already proved this in a much simpler way, but (5.16) will be useful below.

From (4.21) it follows that we may assume that b is a regular endpoint. Then dim B(L) =
dim B, (L) 4+ 2 due to (4.3). Then Theorem 4.6 gives W, = 0 <& dimB(L) = 2 and W, #
0 < dimB,(L) = 4. Then the preceding discussion gives W, = 0 < dim Ker(Lyax Fi) = 1 and
W, =2 < dimKer(LyaxFi) = 2. If W, = 0 then one may deduce that dim Ker(Lyax—A) = 1 for
any A € C\ R by an easy analytic continuation argument (see any text on symmetric operators).
Proposition 5.3 (or 5.4) implies then that W, # 0 if and only if for any A € C all the solutions
of Lf = A\f are square integrable near a. O
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Corollary 5.14. If the imaginary part of V is bounded then Conjecture 5.9 is true, i.e

(1) vo(L) =0 VA € C at least one solution of Lf = Af is not square integrable near a;
(2) vo(L) =2 < VA € C all the solutions of Lf = Af are square integrable near a.

Proof. We will prove that v,(L) = 2 = dimU,(A) = 2 for any A € C. Let Vg and ¥ be the
real and imaginary part of V and Lgr = —9? + Vg. From Proposition 4.14 we get v,(Lg) = 2.
Hence by Proposition 5.13 all the solutions of Ly f = Af are square integrable near a. Finally,
Proposition 5.3 implies that the solutions of Lf = Af are square integrable near a. ([

6. SPECTRUM AND GREEN’S OPERATORS

6.1. General L? Green’s operators. In this section we investigate Green’s operators that are
bounded on L?]a,b[. Clearly, such Green’s operators are inverses of closed realizations of L on
L?)a,b[. Their existence means that zero belongs to the resolvent set of this realization. By
replacing L with L — z we can this way study spectral properties of realizations of L.

Definition 6.1. We say that G, is an L? Green’s operator of L if it is a bounded operator on
L?a,b] such that Ran G4 C D(Lmax) and

LinaxGe = 1. (6.1)

Proposition 6.2. The following conditions are equivalent:

(1) L has an L? Green’s operator,

(2) Limax : D(Limax) — L%a, b| is surjective,

(3) Lumin : D(Luin) — L?]a, b[ is injective and has closed range.

If these conditions are satisfied then L?> Green’s operators are in bijective correspondence with
closed subspaces L of D(Lmax) such that D(Lmax) = L ® Ker Linax (topological direct sum).

Proof. If G4 is an L? Green’s operator for L then L.y is surjective due to (6.1). Reciprocally,
assume L,y is surjective. Since Ker Lyax is a finite dimensional subspace of D(Lyax), there
is a closed subspace £ of D(Lpax) such that D(Lyax) = £ @ Ker Lyyax. Then Ly = Lmax|£
is a bijective map £ — L?]a,b[ and G4 := L;! is an L? Green’s operator for L. This proves
(1) & (2). To prove the equivalence with (3), we use the closed range theorem (see Theorem
A.3) after identifying the dual (not the anti-dual) space of L?]a,b[ with itself with the help of
(3.2). Thus Lpyax has closed range if and only if Lflax = Lpuin has closed range and Ker Ly

is the orthogonal of Ran Ly ax, S0 Lyax is surjective if and only if L, is injective with closed
range. (]

Observe that under the conditions of Proposition 6.2 we have (with the notation of (3.8))
Ran Ly = (Ker Linax)?®®  and  Ker Lyax = (Ran Ly )PP, (6.2)
Proposition 6.3. If G, is an L? Green’s operator of L and K : L?]a,b|— Ker Ly is a linear

continuous map, then Go + K is also an L? Green’s operator. If G1,Go are two L?> Green’s
operators of L, then there are 3 possibilities:

(1) dimKer Ly = 0. Then G = Ga, so there is at most one L? Green operator.
(2) dimKer Ly = 1. Then if u € L?|a,b| is a nonzero solution of Lg = 0,

Gi1— Gy = |u)(¢|, for some ¢ € L*a,b|.
(3) dimKer Lyax = 2. Then if u,v are linearly independent solutions in L?]a,b| of Lg = 0,
Gr — G = [u(6] + [0} (], for some 6, € L%]a, b

Proof. We have Ly (G1—G2) = 0 on L?]a,b] and Ker Ly = Ker LN L?]a,b[. But dim Ker L =
2, therefore dim Ker L., can be 0, 1 or 2. O

Proposition 6.4. Let G4 be an L? Green’s operator. Then
(1) Ker G, = {0}.
(2) G, is bounded from L*|a,b[ to D(Lmax)-
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(8) Po := GoLmax s a bounded projection on the space D(Lmax) such that
Ran P, = RanG,, Ker P, = Ker Ly ax-

(4) Ran G, is closed in D(Lpax)-
(5) D(Lmax) = Ran G¢ ® Ker Lyax where @ means the topological direct sum.

Proof. (1) is obvious and
1GeflIZ = [ LmaxGe fI* + G fII” < (1 + GolP)II £1I? (6.3)
implies (2). Since Lmax : D(Lmax) — L?]a, b] is bounded, P, is bounded on D(Ly.x). Then
P.2 = Go(LmaXGQ)Lmax = GoLmax = Po

hence P, is a projection.
It is obvious that Ran P, C RanG,. If g € L?]a, b| then

G.g = GoLmaxGog = P.G.g.

Hence Ran G, C Ran P,. This shows that Ran G4 = Ran P, = L (cf. Proposition 6.2).
It is obvious that Ker L.« C Ker P,. If 0 = P, f, then

0= Lmaxpof = (LmaxGo)Lmaxf = Lmaxf-
Hence Ker P, C Ker Ly,ax. This shows that Ker Py, = Ker Ly ax.
Thus we have shown (3), which implies immediately (4) and (5). O

Proposition 6.5. Suppose that G4 is a bounded everywhere defined operator on L*|a,b[ and
D C L?a,b] a dense subspace such that GeD C D(Lmax) and

LmaxGog =g, g¢€ D. (64)
Then Go is an L? Green’s operator of L.
Proof. Let f € L?a,b] and (f,) C D such that f, — f. Then Gof, — G.f and
n—oo n—oo
LioxGefn = fn = f. By the closedness of Liyax, Gef € D(Lmax) and LyaxGef = f. O

Let Go be a Green’s operator in the sense of Definition 2.8. Clearly, L?]a,b| is contained
in Ll]a,b]. Besides, L?]a,b[ is dense in L?]a,b]. Therefore, if the restriction of G to L?]a,b]
is bounded, then it has a unique extension to a bounded operator on L?]a,b[. This extension,
which by Prop. 6.5 is an L? Green’s operator, will be denoted by the same symbol G,.

Definition 6.6. Let G, be an L? Green’s operator of L. Then we define Lo to be the restriction
of Limax to

D(L,) := Ran G, (6.5)

Observe that D(L,) is the subspace denoted £ in the proof of Proposition 6.2. Since this
subspace is closed in D(Lyax), we have:

Proposition 6.7. L, is a closed operator such that LeGe = 1 on L?|a,b] and GeLes = 1 on
D(L,). Thus 0 belongs to the resolvent set of Le and Ly! = G,. Besides,

D(Lmax) = D(La) @ Ker Liay. (6.6)

Thus, for every L? Green’s operator G, its inverse is a closed operator Lo contained in L.
Obviously, if Ker Lyay # 0, its domain is not dense in D(Lyax). But it is often dense in L?]a, b[.
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6.2. L? Green’s operators whose inverses contain L,,;,. We are mostly interested in closed
operators that lie between L, and Lyax. Such operators are automatically densely defined.
The corresponding Green’s operators are characterized in the following proposition:

Proposition 6.8. Let G, be an L? Green’s operator and L, its inverse. Then Ly, C Le if and
only if G¥ is an L? Green’s operator.

Proof. Recall that Ly.x = Lr#nin. Thus Ly C Le if and only if

Luin C Lo C LY, . (6.7)
Applying the transposition reverses the inclusion. Therefore,
L¥, O L¥ D Lonin. (6.8)
But
Ge=L', GE=(LNH*=IH™ (6.9)
Therefore, G¥ is the L? Green’s operator associated with L¥. This proves =. Clearly, the above
argument can be reversed. O

Proposition 6.9. If L has an L?> Green’s operator then it has self-transposed L? Green’s opera-
tors. If G4 is a self-transposed L? Green’s operator of L and G4 = L7, then Ly, C Le = Lz,

Proof. If L has an L? Green’s operator then Ly, is injective (see Proposition 6.2) and this is
equivalent to D(Lyin) N Ker Lyax = 0. Since D(Lmyin) is of finite codimension in D(Lyax), from
the last assertion of Proposition 6.2 it follows that there are L? Green’s operators with D(Lmin) C
L = D(L,). Then a self-transposed L? Green’s operator exists, for example (G, + G#)/Q. By
the Proposition 6.8, all self-transposed L? Green’s operators are such that Ly, C Le = L¥. o

The following proposition should be compared with Prop. 6.3.

Proposition 6.10. If L.« has an L? Green’s operator, then there are 3 possibilities:

(1) dimKer Lyax = 0. Then the L? Green’s operator is unique, self-transposed, and its
inverse 18 Lyax = Lmin-

(2) dimKer Lyya.x = 1. Then all L? Green’s operators whose inverses contain Ly, are self-
transposed. If G1,Gs are two such Green’s operators and u € Ker L.y s nonzero, then

G1 — G = alu)(ul,  for some a € C.

(8) dimKer Lyyax = 2. Then if G1,G4 are two L? Green’s operators whose inverses contain
Lin and u1,us € Ker Liyax are linearly independent, then

Gy — Gy = Zaij\uiﬂuﬂ for some matriz  [o;].
0,J

Proof. If dimKer Ly,.x = 0 and there is a Green operator then this operator is unique by (1) of
Proposition 6.3 and its range is equal to D(Lmyayx) by (5) of Proposition 6.4. Thus Ge = L},
and Lyax = Lmin by Proposition 6.2, for example. Then

GZ# = (Ll’:lix)# = (Lﬁax)_l = (Lmin)_l - Go (610)

which finishes the proof of assertion (1).

If dimKer Liy.x = 1 then Proposition 6.9 shows that L has a self-transposed L? Green’s
operator G7. Then, by (2) of Proposition 6.3, if G is another L? Green’s operator, we have
Gy — Gy = |u){(¢| for some ¢ € L2]a, b[ hence we also have Gy — G = |¢)(ul. If the inverse of G,
contains Ly, then by Proposition 6.8 G;ﬁ is a Green’s operator of L, hence Lyax(G1 — G;’E) =0,
which clearly is equivalent to Ly ax¢ = 0. Since dim Ker L.« = 1 we get ¢ = au for some A € C
and then Gy = G — aju)(u| so that Gy is self-transposed.

Finally, let us assume dim Ker L,,,x = 2 and let Gy, G2 be Green’s operators whose inverses
contain L. Then G¥ G¥ are also Green’s operators, due to Proposition 6.8. By (3) of
Proposition 6.3 we get G1 — Ga = |u1){¢1] + |uz2)(p2| for some ¢1,¢p2 € L?|a,b[. This implies
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G¥ —G¥ = |¢1)(ur|+|¢2) (uz| and since the range of the operator G —G¥ must also be included
in Ker Liyax we get ¢ (up|v) + ¢o(uz|v) € Ker Liyay for all v € L?]a,b|. Since uy,us are linearly
independent, there are vectors vy, ve such that (u;|v;) = J;; hence ¢1, p2 € Ker Lyax. O

In the next proposition we describe the integral kernel of an L? Green’s operator G, whose
inverse contains Luyi,. Recall that for any = €]a, b] we denote by L%®, resp. L*? the restriction
of L to L*]a, z[, resp. L?]x,b[. We also can define L%2, and L%?  etc. Note that = is a regular

point of both L*® and L®® (V is integrable on a neighbourhood of x).

Proposition 6.11. Let G, be an L? Green’s operator for L such that GZ¥ is also an L? Green’s
operator for L. Then G, is an integral operator whose integral kernel

Ja,b[x]a,b[> (z,y) = Ga(z,y) €C
18 a function separately continuous in x and y which has the following properties:

(1) for each a < x < b the function Ge(z,-) restricted to ]a,x[, resp. |x,b| belongs to D(LHE,),

max

resp. D(L%L) and satisfies LGo(w,-) = 0 outside x. Besides, Go(x,-) and its derivative have

max

limits at x from the left and the right satisfying
Go(z,x —0) — Go(z,2+0) =0,
2Ge(x,x —0) — 2Ge(x, 2z +0) = 1;
(2) for each a < y < b the function Ge(-,y) restricted to |a,y[, resp. ly,b| belongs to D(L%Y, ),

max

resp. D(LYL ) and satisfies LGo(-,y) = 0 outside y. Besides, Go(-,y) and its derivative have

max

limits at y from the left and the right satisfying

G.(y — O,y) - Go(y+07y) = 07
0nGe(y—0,y) —01Ga(y+0,y) =1;

Proof. We shall use ideas from the proof of Lemma 4 p. 1315 in [13]. G, is a continuous linear
map G : L?]a, b[— D(Lmax) and for each z €]a, b] we have a continuous linear form e, : f ~ f(z)
on D(Lyax), hence we get a continuous linear form e, o G, : L?]a, b[— C. Thus for each z €]a, b]
there exists a unique ¢, € L?]a, b[ such that

b
(Gof)(z) = / 6. W)y, ¥ € L?a,b].

We get a map ¢ :|a,b[— L?]a,b[ which is continuous, and even locally Lipschitz, because if
J Cla,b[ is compact and z,y € J then

=[(Gef)(@) = (Go )W) < (G f)'[lLee (] =yl

S CGeflD(Lman | =yl < Coll flllz =yl
hence ||¢p, — ¢y || < Calz — y|. By taking f = Lag, g € D(L,), we get

b
/ (62(2) — by (2)) f(2)dlz

b
o(z) = / 62(1)(Lag) (4)dy. (6.11)

Set ¢2 := %ha o and @b = ¢’f|]m - (0-11) can be rewritten as

x b
g(x) = / ¢5(y)(Leg)(y)dy + / o2(y)(Leg) (y)dy. (6.12)

Since G¥ is also an L2 Green’s operator, we have Ly, C Le¢ C Lyax. Assuming that g € D(Lmyin)
and ¢g(y) = 0 in a neighborhood of z, we can rewrite (6.12) as

x b
0= / 02(y) (LE59)(y)dy + / 68 () (L%59) (y)dy. (6.13)
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Such functions g are dense in D(L:) & D(L%? ). Therefore, ¢ belongs to D(L%E) and ¢b

min min max

belongs to D(L%2.). Since x is a regular end of both intervals ]a, x| and ]z, b the function ¢, and

its derivative ¢/, extend to continuous functions on ]a,x] and [x,b]. However, these extensions
are not necessarily continuous on Ja,b[, i.e. we must distinguish the left and right limits at x,
denoted ¢, (z +0) and ¢/ (z £ 0).

We now take g € D(Lyip) in (6.11). By taking into account (5) of Theorem 3.4 and what we
proved above we have W (¢, g;a) = 0 and W (¢, g;b) = 0. Denote ¢2 and ¢° the restrictions of
¢ to the intervals Ja, z[ and ]z,b[. Then by using Green’s identity on |a, z[ and |z, b[ in (6.12)
we get

g(z) = ~W(g5, g;x) + W(3, g 7).

We may compute the last two terms explicitly because x is a regular end of both intervals:
W(¢5, g:) = ¢o(x = 0)g'(2) — @3, (2 — 0)g(x),
W (6}, g:2) = ¢u(z +0)g' (x) — & (x + 0)g().
Thus we get
9(x) = (ol +0) = ¢o(x — 0))g'(2) + (¢;(x = 0) = ¢}, (x + 0))g(=).

The values g(z) and ¢'(x) may be specified in an arbitrary way under the condition g € D(Lyin)
so we get ¢z(x + 0) — (@ — 0) = 0 and ¢, (x — 0) — ¢, (x +0) = 1. Thus ¢, must be a
continuous function which is continuously derivable outside x and its derivative has a jump
¢ (x+0) — ¢, (x—0)=—1at .

Thus G, is an integral operator with kernel Go(z,y) = ¢.(y). But G¥ is also an L? Green’s
operator and clearly G¥ has kernel G (z,y) = ¢y(x). Repeating the above arguments applied
to GZ we obtain the remaining statements of the proposition. O

Let us describe one consequence of the above proposition, where we use the notation of Defi-
nition 5.1:
Proposition 6.12. If there exists a realization of L such that A € C is in its resolvent set, then

dimU, () > 1 and dimU,(\) > 1.

Proof. Suppose that L possesses a realization and A € C is contained in its resolvent set. This
means that L — )\ possesses an L? Green’s operator G,. By Proposition 6.9 it can be chosen to sat-
isfy Go = G . Then Proposition 6.11 implies that for any 2 €]a, b] the function G, (z,-) € L2]a, b]
satisfies LGo(z,) = 0 on Ja,z[ and |z,b[. And we have Go(z, -)|]a’$[ # 0 and G,(z, -)|]$’b[ #£0
due to (6.11) for example. O

6.3. Forward and backward Green’s operators. Let us study the L? theory of the forward
Green’s operator G_,. Recall that if u,v span Ker L with W (v,u) = 1, then G_, is given by

Gogla) = v(a) [ uglw)dy -~ u(e) [ o)au)dy. (6.14)
Of course, similar results are valid for the backward operator G ..

Proposition 6.13. Assume dimKer L.« = 2. Then

(1) G_, is Hilbert-Schmidt. In particular, it is an L? Green’s operator of L.

(2) Let L, be the operator defined in Def. 5.13. L, has an empty spectrum and (L, — \) ™1
is compact for avery X\ € C. We have L' = G_,.

(8) Every f € D(Lmax) has a unique decomposition as

f=au+pv+ fo, fo€G_L*a,bl (6.15)
(4) We can also define G with analogous properties. We have
G, =G, L;'=G.. (6.16)
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Proof. By hypothesis, u,v € L?]a,b[. The Hilbert-Schmidt norm of G_, is clearly bounded by
V2|Jull2||v|l2. Then by Proposition 6.7 zero belongs to the resolvent set of L,, L;' = G, and

D(Lmax) = D(La) @ Ker Lmaxa (617)

which can be restated as the decomposition (6.15). If A € C and V is replaced by V — X then

the new G_, will be the resolvent at A of L,, which proves the second assertion in (2). Finally,

(6.16) is proved by a simple computation. O
There is also a one-sided version of Prop. 6.13:

Proposition 6.14. Assume that dimU,(0) = 2. Then G_, extends as a map from L*]a,b| to
Clla, b| satisfying the bounds
Gog(@)] < (ju@)llolls + @)l gl (618)

9.6 9(@)] < (I @)[[[o]le + [/ @) el ) gl (6.19)

where ||g||. = (f; |g(y)|2dy)§. If x € C®[a,b], x =1 around a, then every f € D(Lmax) has
a unique decomposition as
f=axu+pBxv+ fa, fo€D(Ls). (6.20)

Proof. Let a < d < b. Then we can restrict our problem to a, d[. Now dim,(0) = dimUy(0) = 2.
Therefore, we can apply Prop. 6.13, using the fact that G_, restricted to L?]a, d| is an L? Green’s
operator of L%, O

Note that in Prop. 6.14 we do not claim that G_, is the inverse of L,, nor that it is bounded.

Proposition 6.15. G_, is bounded if and only if dimKer Ly,.x = 2 (so that the assumptions of
Prop. 6.13 are valid).

Proof. Let G_, be bounded. Then so is G# = G._. Let us recall the identity (2.18):
G — G = |v){ul — Ju){v]. (6.21)
But the boundedness of the ths of (6.21) implies v,u € L?]a, b]. O

6.4. Green’s operators with two-sided boundary conditions. In this subsection we study
Green’s operators having two-sided boundary conditions. Suppose that u,v € Ker(L) are linearly
independent. Without a loss of generality we can suppose that W (v,u) = 1. Recall that the
two-sided Green’s operator G, was defined in Def. 2.9:

Gupg(z) = /I

Let us start with the following simple fact:

b T
w(@)o(y)g(y)dy + / o(a)u(y)g(y)dy.

Proposition 6.16. Let G, be bounded on L*|a,bl. Then u € U,(0) and v € Uy(0).

Proof. Let a < d < b. If G, is bounded, then so is ), q(%)Gu v i (), where 2 denotes the
operator of multiplication by the variable in ]a,b[. But its integral kernel is

(@) Ng,q (2)v(y) Da,) (y)

where = and y denote the variables in ]a, b[. This is a rank one operator with the norm

d 1 b 1
(/ juf? () (/d o (z)dz)”. 0

Motivated partly by the above proposition, until the end of this subsection we assume that
u € Uy (0) and v € Uy, (0).
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Recall from Def. 4.11 that if ¢ € B, and ¥ € B, be are nonzero functionals, then we define
L. as the operator satisfying Ly  C Lmax and

D(Lg,p) = {f € D(Lmax) | ¢(f) =(f) =0}
Let us assume that the functionals ¢, have the form
¢ =1tla, P =7p. (6.22)
with the notation introduced in Def. 4.4. If (6.22) holds, we will often write L, , instead of L .
Proposition 6.17. Let x € C™]a,b[ such that x =1 close to a and x = 0 close to b. Then,

D(Ly,w) = D(Lmin) + Span{xu, (1 — x)v), (6.23)
LE, = Ly, (6.24)
GuwL?)a,b] € D(Ly.w), (6.25)
Gu.vL?la,b] € AC]a,b]. (6.26)

Moreover, Gy, ., is bounded if and only if there exists c > 0 such that

[Luwfll = cllfIl,  f € D(Luw)- (6.27)
If this is the case, then G, is an L? Green’s operator related to Ly as in Def. 6.0 and Prop.
6.7. In particular, 0 belongs to the resolvent set of Ly, we have Gy, = L, L Gf:v = Gy and

D(Lyy) = GuyL?a,bl. (6.28)

Proof. (6.23) is immendiate. The relation (6.24) follows from Green’s identity (3.13). Then it is
easy to see that
Gu,wL?a,b[C D(Lc) + Span{xu, (1 — x)v},
which implies (6.25).
Let g € La, b[ For a < x < b we compute:

b T
0.Guugle) = /(@) [ ooy +'(z) [ u(w)ow)dy. (629
Now, z — u'(x),v'(x), fmb v(y)g(y)dy, f; u(y)g(y)dy belong to AC]a,b[. Hence (6.29) belongs to
AC]a,b[. Therefore, (6.26) is true. Next, let

[ =fet+axu+p(1- X)’U, fe € D(Lc)' (6'30)
We compute, integrating by parts,

GuLuf(x / ((= 82+ V(®)Guolz. ) F(y)dy (6.31)
(Guv (¥) = 0yGun(@,9)f(y)) (6.32)

—hm( w () = 0yGu(z,9)f () (6-33)

f(@) +o(@)W(u, f;0) —u(z)W(v, f;0) = f(2). (6.34)

Moreover, functions of the form (6.30) are dense in D(L,, ). Therefore, if G,,,, is bounded, then
(6.34) extends to

Gu,vLu,vf = fa f € D(Lu,v) (635)
Hence ||f|| = |GupLupfll < |Guwlll|Luw f]| which gives (6.27).

Assume that G, , is bounded in the sense of L?]a,b[. By Prop. 6.5, G, is an L? Green’s
operator. By Prop. 6.4, it is also bounded from LZ?]a,b[ to D(Lmyax). Therefore (6.25) extends
then to

GuvL?)a,b[C D(Ly ), (6.36)
so that
LuwGuvg =g, g€ La,bl. (6.37)
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By (6.35) and (6.37), Gy, is a (bounded) inverse of L, ,, so that (6.27) and (6.28) are true.
Now assume that (6.27) holds. By (6.25), we then have

9=LuoGuvg, g€ LZabl. (6.38)
Hence,

l9ll = 1 LuwGuwgll = cl|Gugll (6.39)
on L2]a,b[, which is dense in L?]a, b. Therefore, G, ,, is bounded. O

6.5. Classification of realizations possessing non-empty resolvent set. In applications
operators possessing non-empty resolvent set are by far the most useful. The following theorem
describes a classification of realizations of L with this property. We will denote by rs(A) the
resolvent set of an operator A.

Theorem 6.18. Suppose that Le is a realization of L with a non-empty resolvent set. Then
exactly one of the following statements is true.
(1) Le = Liax-
Then also Lyin = Le, so that L possesses a unique realization. We have v(L) =0
If A € rs(Ls), then dimKer(Lpax — A) = 0, dimU,(A) = dimUy(A) = 1 and Uy (N) #
Up(N). If u € Uy(N) and v € Up(N) with W(v,u) =1, then

(Le = N7t = G

Lo is self-transposed and has separated boundary conditions.

(2) The inclusion D(Le) C D(Lmax) is of codimension 1.
Then the inclusion D(Lmin) C D(Ls) is of codimension 1 or 3 (1 if Congjecture 5.9 holds).
We have v(L) = 2 or 4 (2 if Conjecture 5.9 holds).

If X € rs(Ls), then dimKer(Lmax — A) = 1, dimU,(A) = 2 and dimU(N) = 1,
or dimU,(\) = 1 and dimUy(A) = 2. We can find u € Uy (N\) and v € Uy(\) with
W(v,u) =1 such that

(Le = N7t = Gy
Lo is self-transposed and has separated boundary conditions.
(3) The inclusion D(Le) C D(Lmax) is of codimension 2.
Then the inclusion D(Lmin) C D(Ls) is of codimension 2. We have v(L) = 4.

The spectrum of Le is discrete and its resolvents are Hilbert-Schmidt. For any A € C
we have dimKer(Lpax — A) = 2, dimU,(A) = 2 and dimU,(N) = 2.

If in addition Le is separated and self-transposed, and X\ € rs(Ls), then we can find
u € Uy (A) and v € Uy(X) with W (v,u) =1 such that

(Lo — \) 7' = G

If, instead, Lo is separated and mot self-transposed, then it has empty spectrum and one
of the following possibilities hold:
(i) Le = L, and (Le — \)™! is given by the forward Green’s operator.
(ii) Le = Ly and (Le — \)~! is given by the backward Green’s operator.
We have L¥ = Ly, and both (i) and (ii) are described in Prop. 6.1/.

6.6. Existence of realizations with non-empty resolvent set. C\R is contained in the
resolvent set of all self-adjoint operators. The following proposition gives a generalization of this
fact.

Proposition 6.19. Let Vi and Vi be the real and imaginary part of V. Let |Vi||oo =: 8 < o0.
Then
{AeC||ImA| > 5} (6.40)

is contained in the resolvent set of some realizations of L. All realizations of L possess only
disrete spectrum in (6.40).
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Proof. Let Ly := —02 + Vg. By Theorem 3.4, LR, min is densely defined and Lﬁ,mm = LR max DO
LR min- By the reality of Vg, LR min = Lﬁ,min' Therefore, Lﬁ,min D Lr,min- This means

that LR min is Hermitian (symmetric). Let us now apply the well-known theory of self-adjoint
extensions of Hermitian operators. Let di := Ker (L i, F 1) be the deficiency indices (see
the proof of Proposition 5.13). Using the fact that Lg min is real we conclude that dy = d_.
Therefore, Ly min possesses at least one self-adjoint extension, which we denote Ly .. By the
self-adjointness of Lg o we have |[(Lg,e—A) || < |[ImA|7! for all A\ € R > 0. Set Lo := Lg_ o +iV}.

Clearly,

Lmax D) Lo D) Lmin- (641)
For [Im A| > 8, X belongs to the resolvent set of L, and its resolvent is given by
(Le = A)7' = (Lpe = A) " (14 iVi(Lre — A7) 7 O

Note that the above proposition can be improved to cover some singularities of V1. In fact, if
there are numbers «, 5 with 0 < o < 1 such that

IVifII? < o (ILro fIP + 21 £11%),  Vf € D(Lr.a),
then still
IVi(Lre =AM Sa <,
and the conclusion of Prop. 6.19 holds.

6.7. “Pathological” spectral properties. We construct now Sturm-Liouville operators whose
realizations have an empty resolvent set. Such operators seem to be rather pathological and not
very interesting for applications.

Proposition 6.20. There is V € L]0, 00[ such that if L = —0% +V then any operator Le on

loc

L?]0, 0o with Liyin C Le C Limax has empty resolvent set, hence o(Le) = C.

Proof. Let I, =|n? — n,n? + n[ with n > 1 integer. Then I,, is an open interval of length
|I,| = 2n and I,,41 starts with the point n? + n which is the end point of I,. Thus U,I, is a
disjoint union equal to ]0,00[\{n?+n | n > 1}. Let P be the set prime numbers P = {2,3,5,...}
and for each prime p denote J, = Up>1l,x. We get a family of open subsets .J, of ]0, oo[ which
are pairwise disjoint and each of them contains intervals of length as large as we wish. Now
let p — ¢, be a bijective map from P to the set of complex rational numbers and let us define
a function V' :]0,00[— C by the following rules: if z € J, for some prime p then V(z) = ¢,
and V(z) =0 if z ¢ U,J,. Then V is a locally bounded function whose range contains all the
complex rational numbers. We set L = —9? + V(z) and we prove that the spectrum of any L,
with Lyin C Le C Liax is equal to C. Since the spectrum is closed, it suffices to show that any
complex rational number ¢ belongs to the spectrum of any Le. If not, there is a number a > 0
such that ||(Le — ¢)¢|| > «||@|| for any ¢ € D(L,). If r is a (large) positive number then there is
an open interval I of length > r such that V(z) = c on I. Let ¢ € C°(I) such that ¢(z) =1
for « at distance > 1 from the boundary of I and with |¢”| < 8 with a constant § independent
of r (take r > 3 for example). Then ¢ € D(Lin) and (L — ¢)p = —¢" + Vi — cp = —¢"” hence
9" || = ||(Le — )| > a|®]| so al|¢|| < 28 which is impossible because the left hand side is of
order y/r. One may choose V of class C*° by a simple modification of this construction. O

7. POTENTIALS WITH A NEGATIVE IMAGINARY PART
7.1. Dissipative operators. Recall that an operator A is called dissipative if
Im(f|Af) <0, feD(4A), (7.1)

that is, if its numerical range is contained in {\ € C | Im A < 0}. It is called mazimal dissipative if
in addition its spectrum is contained in {A € C | Im A < 0}. The following criterion is well-known.

Proposition 7.1. Assume A is closed, densely defined and dissipative. Then A is mazimal
dissipative if and only if —A* is dissipative and then —A* is maximal dissipative.
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Proof. Note first that A is dissipative if and only if ||[(A — i) f|| > Al f]] Vf € D(A) and VA >
0. Indeed, if A is dissipative then ||Af —iXf|? = [[Af|I* + A2 f]> — 2AIm(f|ASf) > N2||f|?
and reciprocally, if [|[(A — i) f|| > M| f]| YA > 0 then [|Af]|> — 2AIm(f|]Af) > 0 by the same
computation hence by making A — oo we see that A is dissipative.

Note one more fact: if A is dissipative then by (7.1) the operator A — u is dissipative for any
real p hence we get |[(A — p —iX)f|| > M| f]] Vf € D(A) and VA > 0 and Vu € R. Thus if A is
dissipative then [|[(A — 2)f|| > Im z|| f]| Vf € D(A) and Vz € C with Im z > 0.

A dissipative A is maximal dissipative if and only if A— z is surjective for some z with Im z > 0.
Indeed, then z belongs to the resolvent set of A and ||R|| <1/Imzif R=(A—2)"!. Soif( € C

A—C=A—-z4+2—-(=[1+(z—R|(A—-=2)

and ||(z — ()R] <|¢—z|/Imz. Thus if | — 2| < Im z the operator A — ¢ will be a bijective map
D(A) — L2, so ¢ belongs to the resolvent set of A. It is now geometrically obvious that any ¢ in
the open upper half plane belongs to the resolvent set of A, so A is maximal dissipative.

If A is closed and dissipative and if Im z > 0 then clearly A— z is injective with closed range. If
A is also densely defined then A* is a closed densely defined operator and from (A—2)* = A* -2
and Theorem A.3 we get that A* — Z is surjective. Thus if —A* is also dissipative then it will
be maximal dissipative and again Theorem A.3 implies the surjectivity of A — z so the maximal
dissipativity of A. O

Remark 7.2. The relation D(A) N D(A*) = {0} is not exceptional in our context. Indeed,
consider an operator L = —92 + V so that InV < 0 and Ly = Lmax. By Remark 3.10
the operator L = —90? + V also has the property Lmin = Lmax. Then A = L, is a closed
densely defined dissipative operator and A* = —L%*. = —Ly., hence —A* is also dissipative
so A is maximal dissipative. If Im V' is not square integrable on any non empty open set then
D(A)ND(A*) = {0} by Lemma 3.9 or Remark 3.10.

7.2. Dissipative Sturm-Liouville operators. Recall that the complex conjugate B of an
operator B, its hermitian adjoint B*, and its transpose B, are related by B* = B# (cf. §3.1).
Thus if L is the differential expression L = —9% + V then L is the differential expression L =
—0? +V and for its minimal and maximal realization Ly, and Ly.x we have

D(Lmin) ={f | f € D(Lmin)} and D(Lmax) = {f | f € D(Lmax)}
hence Tuin = Lo and Lmax = Lmax. Then LY = L%, = Toox = Liax and L,y = Luin.
Proposition 7.3. The operator Ly, is dissipative if and only if ImV < 0.
Proof. If f € D(Lpax) then

b B _
(L f) = / Ff— 1y + Vit

ai
b1 —b ay

b1
= lim <f(al)f’(a1)—f(bl)f'(b1)+/ (f'2+V|f|2)>
hence

by
10| L) = Jim, ( [ IS+ ) ) - 1m<f<b1>f’<b1>>> ()

bi—b \7 1
Thus Im(f|Linf) = f:ll Im(V)|f|? for f € D(L.) which clearly implies the proposition. O
Since L., = Liax the operator L, will not be maximal dissipative in general (unless

Liin = Lmax). In the rest of this subsection and in the next one we study the dissipativity of
the realisations of L introduced in Definition 4.11.

Let us point out a certain difficulty which appears in this context. If Ly, C Lo C Liyax then
L¥.. C L: C L¥,, hence Ly, C L C Lpax. But we may have D(Lyax) N D(Liax) = {0}

max min
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(Lemma 3.9) hence we could have D(Le) ND(L}) = {0} which is annoying when trying to prove
the dissipativity of a restriction of Lyay. Indeed, although W,(f, f) = 2iIm(f(z)f'(z)), we
cannot use in (7.2) the existence of the limits (3.11) and (3.12) because in general f & D(Lax)-
Of course, if for example a is a regular end then f, f’ extend to continuous functions on [a, b[ so
there is no problem in taking the limit as a; — @ in each term in the right hand side of (7.2)
and if b is also regular then we get the simple expression

b
Im(f|Lmax[) =/ (V)| f[* +Tm(f(a) f'(a)) — Im(f(b) S (b))-

Then the dissipativity of some realization L, means

b
Im(?(a)f’(a))—Im(?(b)f’(b))S/ Im(=V)[f|* V[ € D(La)

so we clearly have Im(V') < 0. If L, is defined by separated boundary conditions then this implies

b
Im(f(a) f'(a)) < / Im(—V)|f|> Vf € D(L,) which is zero near b

from which we easily get Im(f(a)f’(a)) < 0 for all f € D(L,) and similarly at b. Thus

L, dissipative = Im(V) <0 and Im(f(a)f'(a)) <0, Im(f(b)f (b)) > 0Vf € D(Ls).

We will complete this argument in §7.3 and here we treat the general case under a certain
simplifying hypothesis. Note first the following sesquilinear version of Green’s identity (3.13).

Lemma 7.4. Suppose that f, f,g € D(Lmax). Then Im(V)f € L?]a,b] and
b

(Lmaxf|g) - (f|Lmaxg) = _21/ Im(V)?g + Wb(?vg) - Wa(?v g) (73)
Proof. The left hand side of (7.3) is
(Lmaxflg) — <?|Lmaxg> = (Lmaxflg) — <Lmax?|g> (7.4)
+ <Lmax?|g> - <?|Lmax9>- (7.5)
Then we apply Lmax — Lmax = —21Im(V) to (7.4) and Green’s identity (3.13) to (7.5). O

We consider now the realizations of L introduced in Definition 4.11. Fix o € B, and 8 € B, and
let Log be the restriction of Lyax to the domain D(Lag) = {f € D(Lmax) | a(f) = B(f) = 0}.
Note that if for example o # 0 then the relation a(f) = 0 is equivalent to: there is a complex
number ¢(f) such that f, = ¢(f)o. We will assume that o # 0 if B, # {0} and similarly for
B # 0 if By # {0}. If for example B, = {0} then we set L, = Lo (no boundary condition at b).

We will first compute the hermitian adjoint of L,g. This result is also a consequence of
Proposition 6.17, but a direct proof is easy and instructive. We need the following notion.

The conjugate of o € B(L) is the boundary functional @ € B(L) given by

a(f) = a(/f)- (7.6)

Clearly o — @ is a bijective anti-linear map B(L) — B(L) which sends B, (L) into B,(L) and
By (L) into By(L). Then if g € D(Lmax) is a representative of a € B,, so that

a(f) =Walg, f), [ € D(Lmax), (7.7)
then

a(f) =Wa(@, f), [ €D(Lmax)- (7.8)
Recall that B, and By are equipped with symplectic forms o, and oy, see (4.13).

Proposition 7.5. L} 5 = Iaﬁ-
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Proof. We consider only the case o # 0 # 3. By interchanging L and L in L%, = Lyax we get
L:n = Luax hence Ly, = L} .« Then from Ly C Log C Lmax We get Linin C L*B C Limax
hence we have f € D(L}5) if and only if f € D(Lmax) and (f|Lg) = (Lflg) Vg € D(Lap). This
may be written (f|Lg) = (Lf|g) Vg € D(Lag) and since f € D(Lmax) = f € D(Lmax) the
Green’s identity (3.13) gives

(Lflg) = (fILg) = Wi(f.9) = Wa(f,9) Vg € D(Lap).
Thus f € D(L;) if and only if f € D(Liax) and Wi (f,g) = Wa(f,g) for all g € D(L,p) and
this is clearly equivalent to W, (f,g) = 0 and W, (f,g) = 0 for all g € D(L,p).
Hence f € D(Luyax) and W, (f,g) = 0 for all g € D(Lpax) such that a(g) = 0. From Theorem

4.5 it follows that there is g € D(Lmax) such that g, = « and this implies a(g) = 0. Then
Wa(g, f) = 0, which means a(f) = 0 or @(f) = 0. Similarly 3(f) = 0. O

For the rest of the argument we need the equality of the domains D(Lyay) = D(Lmax) wWhich,
by Lemma 3.9, is equivalent to ImV € L2 Ja,b[. Then we have B(L) = B(L) hence a +— @ is
a conjugation in B(L) which leaves invariant the subspaces B, (L) and By(L). In particular, the
number o, (@, «) is well defined for any o € B, (L).

Lemma 7.6. IfImV € L% Ja,b] and a € B, then the number o,(@, «) is purely imaginary and
%oa(a,a) >0 %Wa(f, £) > 09F € D(Lonas) with a(f) =0,
Proof. Let g € D(Lmax) be a representative of «, so that (7.7) and (7.8) are true. Then
7a(@ ) = Wa(g, 9) = lim (9(0)g'(c) =7 (e)g(0)),
which proves that o,(@, «) is purely imaginary. Now, by the Kodaira identity

Wa(§7g)Wa(?7 f) = |Wa(g7f)‘2 - |Wa(§7f)|2'
But a(f) = 0 means W, (g, f) = 0. Therefore, o,(a, a)W,(f, f) <O0. O

Theorem 7.7. If ImV € L2 Ja,b[ we have

loc
1 1 -
L is dissipative <= ImV <0, iaa(a, «) <0, and Eab(ﬂ”ﬁ) > 0. (7.9)
And then Lqg is mazimal dissipative.

Proof. We consider only the case o # 0, 5 # 0. Lemma 7.4 gives

b
0(f L) = [ (V)P4 GWalFo) = GWT ) V€ DlLnw)  (110)

and this implies that L.z is dissipative if and only if

1 = 1 = ’ )
WalF.0) = 5 Wo(F.f) < [ Bn(=V)IfP VF € D(Lap). (7.11)

If L,p is dissipative, by taking f € D(LC) in (7.11) we get Im( V) > 0. Then by choosing
f € D(Lag) equal to zero near b we get Wo(f, f) < f Im(—V)|f|?. If we fix such an f and
replace it in this estimate by f6 where 6 € C°°( ) with0 < 6 < 1 and #(x) = 1 on a neighborhood
of a the we get 5 1 Wo(f, f) < f Im(—V)|f60|?. Since the right hand side here can be made as
small as we wish by takmg 0 equal to zero for x > d > a with d close to a, we see that we must
have 4 5 Wa( f, f) <0 and this clearly implies the same inequality for any f € D(Lyp). Then we
get 210a(0z, a) <0 by Lemma 7.6. We similarly prove 2101,(5,5) > 0.

We proved the implication = in (7.9) and < is clear by (7.11). It remains to show the
maximal dissipativity assertion. Due to Propositions 7.1 and 7.5 it suffices to prove that the
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operator —L* —L_ a7 is dissipative. Observe first that the relation D(Zmax) = D(Lmax)
implies D(L,, ) D(Ly3)- Then (7.10) gives

In(f] — Tanf) = / VIR = Wl )+ G Wo(F f) ¥ € D) (T12)

hence instead of (7.11) we get the condition

LG+ 2w < [ v i e
g Wall D)+ 5 WF D < [ (VIR VF € Dllgs).

As above we get %Wa(f, f) >0 and %Wb(f, f) <O0forany f € D(Laﬁ)- Thus, if f € D(Lmax)

and @(f) = 0 then W,(f,f) > 0 and by Lemma 7.6 this means 4o04(a,@) > 0 which is

equivalent to %oa(a, a) < 0. Similarly we get %Ub(ﬁ, B) > 0 and the last two conditions are
satisfied by the assumptions in the right hand side of (7.9). Hence —L7,; is dissipative. O

7.3. Regular boundary conditions. Suppose that the operator L has a regular left endpoint
at a. As we noted several times, for regular boundary conditions B, can be identified with C2.
Indeed,

a(f) = aof'(a) — a1 f(a),
is a general form of a boundary functional, with a = (ag, ;) € C? and f € D(Lmax)-

The space B, is equipped with the symplectic form o,, which coincides with the usual (two-
dimensional) vector product:

oa(a, B) = apfi — a1 = a x f.
Thus, if we write f, = (f(a), f'(a)), an alternative notation for a(f) is

a(f):axf_;.

Note that there is no guarantee that D(Lyin) and D(Lyax) are invariant wrt the complex
conjugation. However the space B, ~ C? is equipped with the obvious complex conjugation:

alf) =aof'(a) —arf(a) =a x f.

Lemma 7.8. (1) a x =0 if and only if the vectors a, B are collinear.

(2)ax a€iR and @ x a = 0 if and only if a is proportional to a real vector.
(3) @ x a)(B x B) = |a x BI? — [a x B

Proof. (1): If agfh = a1fBo and 8 # 0 then S, = 0 = o = 0 and if Sy # 0 # (1 then
ao/Bo=ai/B1. (2): f @ x a =0 we get @ = c2a for some complex ¢ with |c| = 1 which implies
(ca)* = ca. (3) follows by the Kodaira identity. O

Here is a version of Lemma 7.4 for the regular case.

Lemma 7.9. Let V € L'a,b[. Suppose that f,g € D(Lmax)-

b
(Lmaxf1g) = (f|Lmaxg) = *21/ Im(V)) fg+ Wi (f,9) — Wa(f. 9) (7.13)

Next we have a version of Thm 7.7 for the regular case. Fix nonzero vectors «, 8 and define
Lqp by imposing the boundary conditions at a and b:

fla)ar — fl(a)ao =0,  f(b)B1 — f'(b)Bo = 0.
In this context it is quite easy to prove that L7 ; = zaﬁ

Theorem 7.10. Suppose that a,b are finite and V € L'a,b[. Then Log is dissipative if and
only if ImV < 0 and Im(apa1) < 0, Im(B,B1) > 0. And in this case Lo is maximal dissipative.
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Proof. The proof is similar to that of Theorem 7.7, but much simpler. We use Lemma 7.9
instead of Lemma 7.4 and get the same relation (7.11) as necessary and sufficient condition for
dissipativity. Then we use

1 1
iaa(a7 OZ) = 5
and a similar relation for 3. Finally, when checking the dissipativity of —L7 5, note that this

(o1 —a1ay) = Im(@paq)

operator is associated to the differential expression 92—V, which explains a difference of sign. [

7.4. Weyl circle in the regular case. In this subsection we fix a regular operator L and
prove Theorem 7.11, which will be needed in the next subsection §7.5. We will use an argument
essentially due to H. Weyl in the real case, cf. [5, 20, 21] for example. Potentials with semi-
bounded imaginary part were first treated in [23], see [3] for more recent results.

Let us denote U = Im(A — V') and

b
(Flo)o = / FaU. (7.14)

We set || f||Z = (f|f)v and note that if U > 0 then (-|-)y is a positive hermitian form and we
denote || - || is the corresponding seminorm. Now if f,g € D(Lmax) and Lf = Af, Lg = Ag for
some complex number A then (7.3) can be rewritten as

21(flg)u = Wa(f,9) — Wu(f. 9)- (7.15)

Theorem 7.11. Assume that ImV < 0 and ImA > 0. Let u,v be solutions of the equation
Lf = \f with real boundary condition at a and satisfying W(v,u) = 1. If w is a solution of
Lf = \f with a real boundary condition at b, then there is a unique m € C such that w = mu+v;
this number is on the circle

b
/ |mu +v]?Tm(\ — V) = Imm, (7.16)
a
which has
i/2 — Wy(u 1
center ¢ = i/ (Z‘U)U = .b(u’;}) and radius r = ———. (7.17)
[[ull?; 2il|ullzy 2||ullg;

Conversely, let m be a complex number on the circle (7.16), and define w by w = mu+v. Then
w has a real boundary condition at b and W(w,u) = 1.

Proof. From Lemma 7.8 (2) and the reality of the boundary conditions at a we get

W, (u,u) =0, W,(v,v)=0. (7.18)
This implies
i i
ety = SWo(@w), - lvllEr = 5 Wo(@,0), (7.19)
due to (7.15). And if w is as in the first part of the theorem then the same argument gives
1 _
wl||? = ZWa(w,w) (7.20)

Since u, v are linearly independent solutions of Lf = Af, if w is another solution then we have
w = mu + nv for uniquely determined complex numbers m,n. Since W(v,u) = 1 we see that
n=1.
Now fix w = mu 4 v. Using (7.18) and W, (u,v) = —1, we get

W(W,w)q = |m|* Wy (@, u) + mW, (T, v) + mW,(T,u) + W, (7,v) = 2iImm. (7.21)

From (7.20) and (7.21) we get
|w||Z = Imm. (7.22)

From this relation we get

Imm = |[mu + vlf; = [mf*||ullf; + 2Re (T(ulv)v) + [[v]l7 (7.23)
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and since Imm = 2 Re(1/2) we may rewrite this as

mJullf — 2Re (M (i/2 = (ulv)o)) + [|v][§ = 0. (7.24)
Clearly, ||w||y > 0 hence Imm > 0 by (7.22) so (7.24) may be rewritten
. 2 _ 2
Im|? — 2 Re <ml/ (Z“’)U) + ”””g —0. (7.25)
[l [l

If c € C and d € R then |m|? — 2Re(mc) + d = |m — ¢|*> — (|¢|> — d). Hence there is m such that
|m|? —2Re(mc) +d = 0 if and only if d < |c|?, and then |m|? — 2 Re(mc) +d = 0 is the equation
of a circle with center ¢ and radius /|c[? — d. Thus (7.25) is the equation of the circle with

i/2 — /2 _ 2 2 2
center ¢ = 71/ (1;|U)U and square of radius 72 = [/ (uv)u] I G 11Nz
[ullZ: [[ullz
From (7.15) we get 2i(u|v)y = W,(u,v) — Wy(u,v) = —1 — Wy(u,v), hence i/2 — (ulv)y =

Wy (@, v)/2i. Then (7.19) implies
1 _ _
el l[vllE = =7 Wo (@ w)Wa (3, v),
hence
[1/2 = (ulv)u? = [ulf vl = (IWe (@, 0)* + Wi(T@, u) Wy (T, v)) /4.
But by the Kodaira identity W (w, u)W;(0,v) = 1 — |[Wy (%, v)|?, hence we get
[1/2 = (ulv)ul? = l[ullZ|lv]E = 1/4
so (7.25) is just the circle described by (7.17).
To prove the reciprocal part of the theorem, consider a point m on this circle and let w = mu+

v. Clearly Lw = Aw and W (w, u) = 1 and the computation (7.21) gives us W, (w,w) = 2iImm.
We also have (7.23) because this just says that m is on the circle (7.17). Thus we have

|lw||f = Imm = W,(w,w)/2i

and then (7.15) implies W3 (w, w) = 0. Therefore, by Lemma 7.15 w has a real boundary condition
at b. This proves the final assertion of the theorem. ([

7.5. Limit point/circle. In this section we assume that V € L{ Ja,b[ and ImV < 0. This

loc
class of potentials has first been considered in [23]; see [3] for more general conditions. We also

assume that a is a regular endpoint for L. If not, the analysis should be done separately on
intervals [a, a1[ and ]b1, b[ and one gets similar results on each of these intervals. What follows is
an immediate consequence of Theorem 7.11.

Fix a number A with Im A > 0. Let u, v be solutions of Lf = Af on ]a, b[ with real boundary
conditions at a and such that W (v, u) = 1.

Definition 7.12. Then for any d €]a, b[ we define

d
the Weyl circle 6y := {m eC| / lmu + v)* Tm(A — V) = Imm}7
L
the open Weyl disk % := {m eC| / |mu + v Tm(\ — V) < Imm}7

d
the closed Weyl disk %y := {m eC| / [mu + v)* Tm(\ — V) < Imm} = €5 U%a.

Thus the Weyl circle is given by the condition (7.16) with b replaced by d. Since the left hand
side of (7.16) growth like |m|? when m — oo, it follows that € is inside ¢ . If d; < d then

d2 dl
/ |mu + v Tm(\ = V) SImm:>/ |mu + v[*Tm(\ — V) < Imm
a a

hence €7, C € strictly if d1 < da <.
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Definition 7.13. We set
¢ =)

d<b
@, = the boundary of €, .

It follows that either 6, = ¢} is a point, or €} is a disk and %}, is a circle of radius > 0.

Definition 7.14. We say that b is limit point if 6} is a point. We say that b is limit circle if
@ is a circle of a positive radius.

Lemma 7.15. Let m € €. Then
b
/ lw* Tm(A — V') < Im(m). (7.26)

If b is limit point then f: [ul?Tm(\ — V) = 0.

Proof. For any d €]a, b, we have 6, C €. Therefore,
d
/ lw|* Tm(A — V) < Im(m). (7.27)

Then we take the limit d  b. If b is limit point then the radius of the Weyl circle %, tends to
zero as d — b hence limg_,; fad |ul?Tm(XA — V') = oo by the last relation in (7.17). O

The above lemma implies immediately the following theorem:

Theorem 7.16. If b is limit circle, then all solutions of (L — \)f — 0 satisfy
b
/ |w?Im(A — V) is bounded. (7.28)

If b is limit point, then there exists only one (modulo a complex factor) solution of (L —X)f =0
satisfying (7.28).

Note that Im(A — V) > Im A > 0. Therefore, (7.28) implies the square integrability of w.
Thus, for the potentials with a negative imaginary part instead of Weyl’s dichotomy we have
three possibilities (we think of solutions modulo a complex factor):

(1) limit point case, only one solution satisfies (7.28), only one solution is square integrable;
(2) limit point case, only one solution satisfies (7.28), all solutions are square integrable;
3) limit circle, all solutions satisfy (7.28), and hence all solutions are square integrable.

y g

We emphasize that the limit point/circle terminology is interpreted here in the geometric sense
described above (based on Theorem 7.11). If V is real then one can say without ambiguity that L
is limit point at b if for any A there is at most one solution of Lf = Af which is square integrable
near b: indeed, this is equivalent to the geometric meaning of the terminology. But this is not
the case if V' is complex.

Thus the complex case differs from the real one in an important aspect: if V' is real, then the
case (2) is absent and we have the usual Weyl’s dichotomy.

There exist examples of (2) in the literature. In the limit point case, it is possible that we
have only one nonzero solution satisfying (7.28), whereas all solutions are square integrable with
respect to the Lebesque measure. Indeed, Sims [23, p. 257] has shown that this happens in simple
examples like V(z) = 2% — 3iz?/2 on |1, 00[. See also the discussion in [3].

We also note that if V' is real then for any non-real A there is at least one nonzero solution
of Lf = Af which is square integrable near b. But it does not seem to be known whether
for arbitrary complex V' there is A such that Lf = Af has a nonzero solution which is square
integrable near b.
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APPENDIX A. ABSTRACT LEMMAS

Lemma A.1. Let S,T be linear operators on a Hilbert space H such that:
(1) (Sflg) = (fITg) for all f € D(S) and g € D(T),

(2) T is surjective,

(3) (RanS)*+ C KerT.

Then S is densely defined.

Proof. We must show:

(fln) =0, Vf € D(S) = h=0.
Since T is surjective, there is g € D(T') such that h = T'g and then we get 0 = (f|h) = (f|Tg) =
(Sflg) by (1) for all f € D(S). Thus g € (RanS)* and (3) gives Tg = 0 hence h = 0. O

Lemma A.2. Let H be a Hilbert space and KC a closed subspace of finite codimension. If Z is a
dense subspace of H, then Z NI is dense in K.

Proof. The lemma is obvious if the codimension is 1. Then we apply induction. (I
We also recall the closed range theorem [27, Sect. VIL5] in the form used in §6.1.

Theorem A.3. Let H be a Banach space and H' its topological dual. If T is a closed densely
defined operator in H and T" is its dual operator acting in H' [27, Sect. VII.1], then the following
assertions are equivalent:

(1) RanT is closed in X, (2) RanT’ is closed in X',

(3) RanT = (Ker T")P*'? = {u € H | (ulu') = 0 Vo' € KerT'},

(4) RanT’ = (Ker T)P'? = {v/ € H' | (u|u') =0 Yu € Ker T'}.
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