FROM HEUN CLASS TO PAINLEVE

JAN DEREZINSKI

Department of Mathematical Methods in Physics

FACULTY OF
-PHYSICS

% UNIVERSITY
OF WARSAW



1. Introduction.

2. Example of a unified treatment — hypergeometric polynomials
3. Types of singularities of linear differential equations.

4. From 10 types of Heun class to 10 types of Painlevé.

5. From Heun class to Painlevé — an attempt of a unified treatment.



Introduction.

Heun class equations is an important class of linear differential equations.
Painlevé equations is a celebrated class of well-behaved non-linear differ-
ential equations.
| will discuss a unified derivation of various types of Painlevé quations
from various types of Heun class equations. My talk is based on
J. Derezinski, A. Ishkhanyan, A. Latosinski "From Heun class equations to
Painlevé equations”, SIGMA 17 (2021), 056.
Inspired by
S. Y. Slavyanov, W. Lay, "Special Functions. A Unified Theory Based on
Singularities”; Oxford, 2000,
Y. Ohyama, S. Okumura, "A coalescent diagram of the Painlevé equations

from the viewpoint of isomonodromic deformations”, J. Phys. A 39 (2006).



The Heun class and Painlevé equations, just as many other classes of
equations are divided into several types. Among these types one is generic
(the standard Heun and the VI Painlevé), and other types are obtained by
confluence.

It is known that each type of Painlevé can be derived from one of the
types of Heun class. In the literature, this derivation is described separately
for each type. | will present a derivation which to a large extent is unified.

Such a unified derivation has obvious advantages from the pedagogical

point of view. It also automatically describes the coalescence of various

types.



The idea to present classes of special functions in a unified way is bor-
rowed from a well-known book by Nikiforov—Uvarov on hypergeometric class
equations. It is especially successful in the description of hypergeometric
polynomials, which comprise all classical orthogonal polynomials (Hermite,
Laguerre and Jacobi). In the next two slides | sketch the theory of hy-
pergeometric polynomials, to illustrate how a unified treatment of a class
consisting of several types can work. (These slides are beside the main topic

of my talk).



Unified theory of hypergeometric polynomials (following Nikiforov-Uvarov).

Fix polynomials o, k such that dego < 2, degr < 1. Let p be the
weight solving

0(2)0:p(2) = K(2)p(2).  (¥)

More generally, for § € C set ks := Kk + d0’(2) and ps(z) = p(2)o(2)°,
which also solves (*). Then we have

Rodriguez formula
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Bessel'  o(z) = 2%, k(z)=—-1+0z p(z)=ec* 2, no orthogonality;
1
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Jacobi: o

— 2, k(z)=a(l—2) + B(1 +2),
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Sigularities of 2nd order differential equations (following Slavyanov-Lay).

Consider (02 + p(2)0; +q(2)) u(z) = 0. (*x)

Suppose that zp € C is a singularity of p or g:

plz)= > plz—2)"  pm#0:

k=—m
q(z) = Z ar(z — Zo)k, q—¢ # 0.
k=—/

We say that z; is Fuchsian or regular-singular it m <1 and £ < 2. Other-
wise, we define the rank of the singularity 2
/
rk(2) ::max{m, 5},
which is an integer or half-integer: Trasforming z — % we obtain the

corresponding definitions for a singularity at oo.



Consider a singularity at 25 = 0. As we learn in standard courses, if 0 is

Fuchsian, generically solutions of (*%) can be written as a convergent series

o
2P E ujzj.
J=0

Let the rank at 0 be m. If m is an integer > 1, we can find formal solutions

in the form of a (usually divergent) series

0
W_m+1 __ — '
exp( w2 1)2“’0 g w2
J=0

m — 1

If m is a half-integer > % we also have similar formal solutions, where the

sums go in steps of %:

oo

Wom+1 _ 1 ;

exp( w2 2)zw0 g w2
m — 1 2

7=0

These series are often asymptotic to true solutions.



(*x) has type (mq...my,;m, 1) if its finite singular points have rank
mi,...,my, and oo has rank m,, 1. 1 will denote a Fuchsian singularity.
Example: The Riemann equations is the 2nd order equation with 3 Fuch-

sian singular points. One of them can be put at co:

2 2

(82+ZZ_Z<9Z+ZZEJZ +ZZ_ZJ ) 2) =0,  (s%%)

j=1

where by + by = 0 and 2z, 29 are distinct points in C. Its symbol is (11;1).

We multiply (x % x) by o(2) := (2 — 21)(z — 23) obtaining

(02002 + 7(2)0. +m(2) Ju(z) =0, (&)

where 7(z) is a polynomial of degree < 1 and o(2)n(z) of degree < 2.

More generally, Riemann class equations is the class containing the Rie-
mann equations and its confluent cases. They have the form (A) with
dego <2, deg7 <1 and degon < 2.



In the following table we give the classification of Riemann class equations

according to the ranks of their singularities:

o Fy hypergeometric (11;1) 2(1 —2)9% + (¢ — (a+ b+ 1)2)9, — ab;

o Fy confluent (2;1) 2202+ (—1+(a+b+1)2)0, + ab;
1 F confluent (1;2) 20°+ (c—2)0. — a;

oF1 Bessel (1;3) 202+ O, — 1,

Hermite (:3) 0% —220. — 2a;

Airy (3) 0Z+z

Euler (1;1)  20%+ co.;

1d Helmholtz (;2) 0% +1;

1d Laplace ;1) 0%

As we see, this table consists of the most useful equations of mathematical

physics.



The Heun equation is the 2nd order equation with 4 Fuchsian singular

points, one of them put at oo:

where 2?21 b;j = 0 and 21, 29, 23 are distinct points in C. We multiply this
by 0(2) := (2 — 21)(z — 23)(2 — 23) obtaining

(a<z)a§ +7(2)8, + n(z))u(z) —,

where 7(z) is a polynomial of degree < 2
and o(z)n(z) of degree < 4.



Equations are Heun class if they are obtained by confluence from the Heun

equation. They have the form
(0(2)0 + 7(2)0: + n(2))u(z) =0,

where dego < 3, degT < 2 and degon < 4.
If o has three distinct roots at 21, 29, 23, they are standard Heun equations

from the previous slide.

Heun class equations have many applications in physics: anharmonic os-
cillator, Laplace equation in various coordinates, wave equation on the Kerr

black hole, etc.



From 10 types of Heun class to 10 types of Painlevé.

(following Ohyama, Okumura)

The Painlevé equations is a famous class of nonlinear Hamiltonian differ-
ential equations with the so called Painlevé property—the absence of moving
essential and branch singularities in its solutions. Traditionally, Painlevé
equations are divided into 6 types, called Painlevé I, II, I, IV, V and VI. It
is actually natural to subdivide some of them into smaller types, obtaining
altogether 10 types.

The method of isomonodromic deformations allows us to derive Painlevé
equations from linear equations. There are several approaches. The ap-
proach that we use starts from 2nd order scalar equations. There is an

alternative approach involving 1st order systems of equations.



The first step of the derivation that we describe is a choice of a family of

Heun class equations
(0(2)0 + 7(2)0: + n(2))u(z) =0,

where o, 7,1 depend on a parameter denoted ¢ and called the time. Then
we consider the corresponding deformed Heun class equation which depends

on two additional variables, A, u:

(a(z)&f + (T(z) _ o) )82

zZ— A
+1(2) =n(\) = pPo(A) — p(r(N) = o'(V) + ZU_(AA))W) = 0.

All finite singularities of the deformed equation are the same as in the original

equation except for one additional non-logarithmic singularity (also called

an apparent singularity). A is the position of this singularity and p = 1;/((;))




We assume that there exists a family of solutions v(z,t) of the deformed

equation satisfying the conditions of constant monodromy
Ow(z,t) = a(z,t)0,v(z,t) + bz, t)v(z, 1),

for some a ,b. These conditions lead to a set of nonlinear differential equa-
tion for A, i in terms of ¢, which can be interpreted as Hamilton equations

generated by certain Painlevé Hamiltonians H (¢, A, i), that is

Gt)\ = @LH(t, )\, ,u),
8t,u = —a)\H<t, )\, ,LL)

H(t, A\, ) has always the form
H = a(t, \)p* +b(t, N+ c(t, ).

The above Hamilton equations transformed to 2nd order equations for A

are the usual presentations of Painlevé equations.



Here is the list of notrivial types of Heun class equations and the corre-

sponding types of Painleveé equations:

(1111) (standard) Heun Painleveé VI
(112) confluent Heun Painlevé nondegenerate V
(112) degenerate confluent Heun Painlevé degenerate V (=~ ndeg III')
(22) doubly confluent Heun Painlevé nondegenerate |11’
(%2) degenerate doubly confluent Heun Painlevé degenerate [l
(%%) doubly degenerate doubly confluent Heun Painlevé doubly degenerate IlI’
(13) bi-confluent Heun Painlevé IV
(12) degenerate bi-confluent Heun Painlevé 34 (~ II)
(4) tri-confluent Heun Painlevé I
() degenerate tri-confluent Heun Painlevé | .




The rank can be an integer or a half-integer. We also introduce the
rounded rank: if the rank is m or m — % where m is an integer, then we
say that its rounded rank is m. We denote this by the symbol m.

Using the rounded rank we can obtain a coarser classification:

(1111) (standard) Heun Painlevé VI

(112) confluent Heun Painlevé V

(22) doubly confluent Heun Painlevé I1I
(13) bi-confluent Heun Painlevé 1V-34

(4) tri-confluent Heun Painlevé |-l

The derivation of Painlevé VI from Heun (111;1) by this method can be
traced back to a paper by Fuchs from the early 20th century. This approach
was later generalized to other Painlevé equations by Okamoto and refined

by Ohyama-Okumura and Slavyanov-Lay.



From Heun (111;1) to Painlevé VI

2(z = 1)(z — t)0°
+((L=ro)(z—1(z—t)+ (1 —k)z(z —t) + (1 — ke)z(z — 1)) 0.
(/{0+/<a1+/1t—1) — K%)z
4
A=0:e=D) o A=A D
tt—1)(z—N)’ tt—1)(z—A)

a(z) =

tt — D) H =X\ — 1)(\ — t)?
— (koA = DA =) + K1 AN — ) + (ke — DA = 1))
+ <</€0+/-€1+/€t—1>2—"&go)(>‘_t>
. .




From Heun (21;1) to Painlevé V

2(z = 17074 (2 — x1)z(z = 1) + (1 — ko) (2 — 1)* + t2) O,
(ko +x1 —1)* = &3,

+ 7 (z —1).
(A =1)z(z—1) (A= 1)
T VLS o v

tH =(A — 120> — (koA — 1%+ (g — DAA = 1) — t\)

N ((/4:0 + x1 — 1)1— /fgo)()\ —1)




From Heun (£1;1) to degenerate Painlevé V

(2 —1)%207+ ((z — 1)z + (1 — ko)(z — 1)%) O,

t (K5 — K3)
CES) + 7 (z—1)
QDo D A1
a(z) = tz—MN) (2) = - tz—M\)

tH =X\ — 1)*u* — koA — 1)%p + ( —




From Heun (2;2) to non-degenerate Painlevé 11T’

202+ (t+ (2= x0)2 — 2%) 0. + Lo X; — 1)z
AZ A2u
a(z) = "FESYL b(z) = _t(z Y



From Heun (2;2) to degenerate Painlevé IIT’

1
2207 4 (t+ (2 — x0)2) 0. + 5%
AZ N
alz) t(z—A) (%) t(z—\)
2 2 A
HH = X+ (L= xo) A+ E)p+ 5,
From Heun (%, %) to doubly degenerate Painlevé III’
1 t
202
0%+ 220, + -z + —.
270, + 220, + 2,2 + 5>
A2 N1
p— b - —
=y T ey
t



From Heun (1;3) to Painlevé IV

2

z@?—k (1 — Ko — tz — %)@Jr%oz.
2z B 2\
a(z) = ) b(z) = )

H = 20p% — (N2 4 2L\ + 260t + O\

From Heun (1;2) to Painlevé 34

1 tz
20% + (1 — k)0, — 522 — 5
2 AL
— b = — .
(z) =~ bz =
A2 A
H =\ — kopt — =— — —.



From Heun (;4) to Painlevé 11

07 — (22 +1)0. — 2o+ 1)z.

1 ¢ 1
H=—p*— (N4 pu— =Y
(g (003)
From Heun (;2) to Painlevé I

07 — 42° — 2tz




From Heun class to Painlevé — an attempt of a unified treatment

(following D., Ishkhanyan, Latosinski).

Recall that the starting point of the derivation of Painlevé equations is

the choice of a time-dependent family of Heun class equations:
(o(2,t)07 + 7(z, )0, + n(2, t))u(z) =0,

where where dego < 3, deg7™ < 2 and degon < 4. Then we need to find
the compatibility functions a,b. From them we can compute the Painlevé
Hamiltonian H(t, A, p1).

We will try to describe this derivation in a way which is as unified as
possible, using two similar ansatzes, called Case A and Case B. Together

they cover all normal forms of Heun class and Painlevé.



In Case A among other conditions we need to assume that o(s) = 0 for
some s = (), so that we can write 0(2) = (2 — s)p(z). Then for some

t — m(t)

H = m(t)((A = s)p(\)i? + (70, 1) = (A = )0/ (A) e+ n(A,1)).

In Case B among other things we suppose that deg o < 2. Then for some
t — mlt)

H = m(t) (U(AW + (70 t) — (N i+ (N, t)).

The resulting Painlevé Hamiltonians are proportional to appropriately in-

terpreted symbols of the Heun class operator:

(z = $)0.p(2)0, + (7(2,t) — (2 — 8)p'(2)) 0. + n(z, 1), Case A;
0.0(2)0. + (7(2,t) — 0(2)) 0. + n(z,t), Case B.

(Replace z and 0, with X, resp. ).



Cases A and B need to be subdivided further into subcases.
Case A is subdivided into Al, Ap and Aq.
Case B is subdivided into Bp and Bq.
They differ by the choice of the time variable t.

e Al. The variable ¢ is the position of one of Fuchsian singularities.
e Ap, Bp. The variable t is contained in 7(2).
e Aq, Bg. The variable t is contained in 7(2).

Note that Subcase Al works generically. In particular it works for the
standard Heun type (1111), leading to Painlevé VI. However, it does not
work for some other types. For instance, in most of the degenerate types

one needs to use either Subcase Aq or Subcase Bq.



In the following list we informally describe when we can apply various

subcases.
Al o(t) =0, o'(t) #0, deg(z —t)n < 2.
Ap. o(0) = o/(0) =0, 7(0) £0, on(0) = (om)(0) =0
Ag. o(0)=0'(0)=0, 7(0)=0, on(0)=0, (en)'(0) 0.
Bp. dego < 2, degT =2, degon < 2.
Bgq. dego < 2, degT <1, degon = 3.

One can derive Ap and Aq from Bp and Bq assuming ¢(0) = 0 and
making the change of variables z — 1, A\ — % = —A\p.

Z



Subcase Al.

degp <2, degop,degny <1, r,a€C;

(z — t)p(2)0:
ap(t)

+ (1= r)pl2) + 0(2)(z = 1)) 0 + —— + mo(2),

(L= RPN + (00 — IO — D)+ L ().



Subcase Ap. degp; <1, degm,degy <2

2p1(2)07 + (tpu(z) + 70(2)) 0. + viz),

p1(2)

(T()(O) + tm(O))H = A2 (A)2

+ (tp1(N) + 10(A) = I — pr(M)A )+ (A

pi(A)

Subcase Aq.degpi,degop <1, degt)y < 2

201(2)0% + 2(2)D, + — + Yol2),
z pi(z)
((0m0)'(0) + p1(0)t) H == Npi1(A\)p”

HOGO) = ) = PN+ 5+ ‘ﬁf&?




Subcase Bp.

dego <2, degmy <2, degy <2

¥(2)

0(2)07 + (to(z) + 70(2)) 0. + a(z);

2

(t% + %6/>H = (AN’ + (to(\) + 10(A) — ' (N))p + %.

Subcase Bq.
dego <2, degm <1, degiy < 3;

Yo(2)
o(z)

0(2)0° + 7(2)0. + tz +
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