HOMOGENEOUS SCHRODINGER OPERATORS ON HALF-LINE
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ABSTRACT. The differential expression Ly, = —92 + (m? — 1/4)z~2 defines a self-adjoint operator H,, on
L2(0, c0) in a natural way when m? > 1. We study the dependence of H, on the parameter m, show that it has
a unique holomorphic extension to the half-plane Re m > —1, and analyze spectral and scattering properties of
this family of operators.

1. INTRODUCTION

For m > 1 real, the differential operator L,, = —92 + (m? — 1/4)x~2 with domain C>® = C2°(0, )
is essentially self-adjoint and we denote by H,, its closure. Let U, be the group of dilations on L2, that is
(U, f)(x) = e™/2f(e"x). Then H,y, is clearly homogeneous of degree —2, i.e. U, H,,U-' = e~ ?"H,,. The
following theorem summarizes the main results of our paper.

Theorem 1.1. There is a unique holomorphic family { H,, }Re m>—1 such that H,, coincides with the previ-
ously defined operator if m > 1. The operators H,,, are homogeneous of degree —2 and satisfy H}, = H,.
In particular, H,, is self-adjoint if m is real. The spectrum and the essential spectrum of H,, are equal to
[0, oo for each m with Rem > —1. On the other hand, for non real m the numerical range of H,, depends
on m as follows:

i) If0 < argm < /2, then Num(H,,) = {z |0 < argz < 2argm},
i) If —/2 < argm < 0, then Num(H,,,) = {z | 2argm < argz < 0},
iii) If m/2 < |arg m| <, then Num(H,,) = C.

IfRem > —1, Rek > —land X\ ¢ [0, 00|, then (H,, — \)~! — (Hy, — \)~! is a compact operator.

In the above theorem arg ( is defined for ¢ € C\]—o00,0] by —7 < arg { < 7. We note that if 0 < m < 1 the
operator L, is not essentially self-adjoint. If 0 < m < 1 this operator has exactly two distinct homogeneous
extensions which are precisely the operators H,, and H_,, defined in the theorem: they are the Friedrichs
and Krein extension of L,, respectively. Theorem 1.1 thus shows that we can pass holomorphically from one
extension to the other. Note also that Ly has exactly one homogeneous extension, the operator Hy which is
at the same time the Friedrichs and the Krein extension of Ly. We obtain these results via a rather complete
analysis of the extensions (not necessarily self-adjoint) of the operator L,,, for complex m.

We are not aware of a similar analysis of the holomorphic family {H,, }rem>—1 in the literature. Most of
the literature seems to restrict itself to the case of real m and self-adjoint H,,,. A detailed study of the case
m > 0 can be found in [1]. The fact that in this case the operator H,, is the Friedrichs extension of L., is of
course well known. However, even the analysis of the case —1 < m < 0 seems to have been neglected in the
literature.

We note that similar results concerning the holomorphic dependence in the parameter o of the operator
H, = (—A + 1)'/2 — a/|x| have been obtained in [3] by different techniques.

Besides the results described in Theorem 1.1, we prove a number of other properties of the Hamiltonians
H,,. Among other things, we treat the spectral and scattering theory of the operators H,, for real m, see
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Sections 5 and 6: we obtain explicit formulas for their spectral representation and the corresponding wave
and scattering operators.

Concerning scattering theory, we shall prove that the wave operators Qi . for the pair (H,,, H},) exist for
any real m, k > —1. Since both H,,, and H}, are homogeneous of the same degree, an easy abstract argument
shows that Qik = 9?; «(D), where D is the generator of the dilation group and Q;E’k are functions of
modulus one, cf. Proposi’tion 2.9. We explicitly compute these functions in Section 6 and obtain

F( k+12+iD )F( m+12—iD)

Qik:e:ti(mfk)ﬂ/2 — 2~
m, F( +271 )F(m+2+1 )

Essentially identical formulas in the closely related context of the Aharonov-Bohm Hamiltonians were ob-
tained independently by Pankrashkin and Richard in a recent paper [4] .

The scattering theory for H,,, suggests a question, which we were not able to answer. We pose this question
as an interesting open problem in Remark 6.5: can the holomorphic family {Re (m) > —1} > m — H,,
be extended to the whole complex plane? To understand why it is not easy to answer this question let us
mention that for Re (m) > —1, the resolvent set is non-empty, being equal to C\[0, co[. Therefore, to
prove that {Re (m) > —1} > m — H,, is a holomorphic family, it suffices to show that its resolvent is
holomorphic. However, one can show that if an extension of this family to C exists, then for {m | Rem =
—1,-2,..., Imm # 0} the operator H,, will have an empty resolvent set. Therefore, on this set we cannot
use the resolvent of H,,.

Let us describe the organization of the paper. In Section 2 we recall some facts concerning holomorphic
families of closed operators and make some general remarks on homogeneous operators and their scattering
theory in an abstract setting. Section 3 is devoted to a detailed study of the first order homogeneous differen-
tial operators. We obtain there several results, which are then used in Section 4 containing our main results.
In Section 5 we give explicitly the spectral representation of H,, for real m and in Section 6 we treat their
scattering theory. In the first appendix we recall some technical results on second order differential operators.
Finally, as an application of Theorem 1.1, in the second appendix we consider the Aharonov-Bohm Hamil-
tonian M depending on the magnetic flux A and describe various holomorphic homogeneous rotationally
symmetric extensions of the family A\ — M. For a recent review on Aharonov-Bohm Hamiltonians we refer
to [4] and references therein.

To sum up, we believe that the operators H,, are interesting for many reasons.

e They have several interesting physical applications, eg. they appear in the decomposition of the
Aharonov-Bohm Hamiltonian.

e They have rather subtle and rich properties, illustrating various concepts of the operator theory in
Hilbert spaces (eg. the Friedrichs and Krein extensions, holomorphic families of closed operators).
Surprisingly rich is also the theory of the first order homogeneous operators A, that we develop in
Sect. 3, which is closely related to the theory of H,,.

e Essentially all basic objects related to H,,, such as their resolvents, spectral projections, wave and
scattering operators, can be explicitly computed.

e A number of nontrivial identities involving special functions find an appealing operator-theoretical
interpretation in terms of the operators H,,. Eg. the Barnes identity (6.4) leads to the formula
for wave operators. Let us mention also the Weber-Schatheitlin identity [8], which can be used to
describe the distributional kernel of powers of H,,.
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2. PRELIMINARIES

2.1. Notation. For an operator A we denote by D(A) its domain, sp(A) its spectrum, and rs(A) its resolvent
set. We denote by Num(A) the (closure of the) numerical range of an operator A, that is

Num(A) :={(f, Af) | f € D(A), |f] = 1}.
If H is a self-adjoint operator H then Q(H ) will denote its form domain: Q(H) = D(|H|'/?).

We set R, = |0, co[. We denote by 1, the characteristic function of the subset R of R.

We write L? for the Hilbert space L?(R, ). We abbreviate C° = C*(R,), H' = H'(R,) and H} =
H}(R,). Note that H! and H} are the form domains of the Neumann and Dirichlet Laplacian respectively
onR . If —oo < a < b < oo we set L?(a,b) = L*(]a, b]) and similarly for C°(a, b), etc.

Capital letters decorated with a tilde will denote operators acting on distributions. For instance, let Q and P

be the position and momentum operators on R, , so that (Q f)(z) = zf(x) and (Pf)(x) = —id, f (), acting

in the sense of distributions on R ;. The operator () restricted to an appropriate domain becomes a self-adjoint
operator on L2, and then it will be denoted ). The operator P has two natural restrictions to closed operators
on L2, Py, with domain H} and its extension P,y with domain H'. We have (Ppin)* = Prax-

The differential operator D := %(f’@ + QP) = PQ + i/2, when considered as an operator in L? with
domain C2°, is essentially self-adjoint and its closure D has domain equal to {f € L? | PQf € L*}. The
unitary group generated by D is the group of dilations on L2, that is (™ f)(z) = e™/2 f(ez).

We recall the simplest version of the Hardy estimate.
Proposition 2.1. For any f € H{,

1Pasnf 1 = 51011
Hence, if f € H' then Q= f € L2 ifand only if f € HL.

Proof. For any a € R, as a quadratic form on Cg° we have
0<(P+iaQ " (P +iaQ ') = P? +ia[P,Q Y|+ a*>Q %2 = P2 + a(a — 1)Q 2.

Since a(a — 1) attains its minimum for @ = 3, one gets || Pf|| > 1|Q!f| for f € C°. By the dominated
convergence theorem and Fatou lemma this inequality will remain true for any f € Hg. O

2.2. Holomorphic families of closed operators. In this subsection we recall the definition of a holomorphic
family of closed operators. We refer the reader to [2, Ch. 7] for details.

The definition (or actually a number of equivalent definitions) of a holomorphic family of bounded operators
is quite obvious and does not need to be recalled. In the case of unbounded operators the situation is more
subtle.

Suppose that © is an open subset of C, H is a Banach space, and © > z — H(z) is a function whose values
are closed operators on H. We say that this is a holomorphic family of closed operators if for each zy € ©
there exists a neighborhood © of zj, a Banach space K and a holomorphic family of bounded injective
operators ©¢ > z — A(z) € B(K,H) such that Ran A(z) = D(H(z)) and

©¢ 3 z+— H(z)A(z) € B(K,H)
is a holomorphic family of bounded operators.

We have the following practical criterion:
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Theorem 2.2. Suppose that { H(z)}.co is a function whose values are closed operators on H. Suppose in
addition that for any z € O the resolvent set of H(z) is nonempty. Then z — H(z) is a holomorphic family
of closed operators if and only if for any zy € O there exists A € C and a neighborhood ©q of zy such that
A €rs(H(z)) for z € ©gand z — (H(z) — \)~t € B(H) is holomorphic on ©.

The above theorem indicates that it is more difficult to study holomorphic families of closed operators that
for some values of the complex parameter have an empty resolvent set.

To prove the analyticity of the resolvent, the following elementary result is also useful

Proposition 2.3. Assume A\ € rs(H(z)) for z € ©q. If there exists a dense set of vectors D such that
z = (f,(H(z) — A\)~Yg) is holomorphic on O for any f,g € D and if = — (H(z) — \)~' € B(H) is
locally bounded on ©y, then it is holomorphic on ©y.

2.3. Homogeneous operators. Some of the properties of homogeneous Schrodinger operators follow by
general arguments that do not depend on their precise structure. In this and the next subsections we collect
such arguments. These two subsections can be skipped, since all the results that are given here will be proven
independently.

Let U, be a strongly continuous one-parameter group of unitary operators on a Hilbert space H. Let .S be an
operator on H and v a non zero real number. We say that S is homogeneous (of degree v) if U, SU-! = e*7 S
for all real 7. More explicitly this means U, D(S) C D(S) and U,SU-'f = e*7Sf for all f € D(S) and
all 7. In particular, we get U, D(S) = D(5).

We are really interested only in the case H = L? and U, = e'"P the dilation group but it is convenient to
state some general facts in an abstract setting. Then, since we assumed v # 0, there is no loss of generality if

we consider only the case v = 1 (the general case is reduced to this one by working with the group U ,,).

Let T' be a homogeneous operator. If 7" is closable and densely defined then 7™* is homogeneous too. If
S C T then S is homogeneous if and only if its domain is stable under the operators U..

Let S be a homogeneous closed hermitian (densely defined) operator. We are interested in finding homoge-
neous self-adjoint extensions H of S. Since a self-adjoint extension satisfies S C H C S* we see that we
need to find subspaces £ with D(S) C £ C D(S*) such that U,E C & for all 7. Such subspaces will be
called homogeneous.

Set (S*f,g) — (f,S*g) =:1{f, g}. Then {f, g} is a hermitian continuous sesquilinear form on D(S*) which
is zero on D(S) and a closed subspace D(S) C € C D(S*) is the domain of a closed hermitian extension of
S'if and only if { f, g} = O for f, g € £. Such subspaces will be called hermitian. Note the following obvious
fact: for f € D(S*) we have {f, g} = 0 for any g € D(S*) if and only if f € D(S5).

If T is a homogeneous operator and A € C is an eigenvalue of 7', then e” ) is also an eigenvalue of 7" for any
real 7. In particular, a homogeneous self-adjoint operator cannot have non-zero eigenvalues and its spectrum
is R, or Ry, or =R, or {0}. (Note that, since U. is a strongly continuous one-parameter group, the least
closed subspace which contains an eigenvector and is stable under all the U.- and all functions of the operator
is separable).

The following result, due to von Neumann, is easy to prove:

Proposition 2.4. Let S be a positive hermitian operator with deficiency indices (n,n) for some finite n > 1.
Then for each A < 0 there is a unique self-adjoint extension T of S such that X is an eigenvalue of multiplicity
n of Tx. Moreover, the negative spectrum of T is equal to {\}. In particular, if S is homogeneous, then T)
is not homogeneous, so S has non-homogeneous self-adjoint extensions.

Proof. It suffices to take D(T)) = D(S) + Ker(S* — ). O
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Recall that the Friedrichs and Krein extensions of a positive hermitian operator .S are positive self-adjoint
extensions F' and K of S uniquely defined by the following property: any positive self-adjoint extension H
of S satisfies K < H < F (in the sense of quadratic forms). Then a self-adjoint operator H is a positive
self-adjoint extension of S if and only if K < H < F.

Proposition 2.5. If S is as in Proposition 2.4 and if the Friedrichs and Krein extensions of S coincide, then
any other self-adjoint extension of S has a strictly negative eigenvalue.

Proof. Indeed, such an extension will not be positive and its strictly negative spectrum consists of eigenvalues
of finite multiplicity. O

It is clear that any homogeneous positive hermitian operator has homogeneous self-adjoint extensions.

Proposition 2.6. If S is a homogeneous positive hermitian operator then the Friedrichs and Krein extensions
of S are homogeneous.

Proof. For any 7' we set T, = e~ "U,TU . Thus homogeneity means T,, = T. Then from S C T C S*
we get S C T, C S*. Clearly, F; is a self-adjoint operator and is a positive extension of .S, hence F; < F.
Then we also have F_. < F or eTU,TFU:T1 < Fhence F < F,ie. F = F,. Similarly K = K. O

2.4. Scattering theory for homogeneous operators. In this subsection we continue with the abstract frame-
work of Subsection 2.3.

We shall consider couples of self-adjoint operators (A, H) such that H is homogeneous with respect to the
unitary group U, = e'™4 generated by A, i.e. U,HU ! = e"H for all real 7. We the say that H is a
homogeneous Hamiltonian (with respect to A). This can be formally written as [1A, H] = H. It is clear that
H is homogeneous if and only if U, ¢(H)U-* = ¢(e™ H) holds for all real 7 and all bounded Borel functions
¢ : o(H) — C. Also, it suffices that this be satisfied for only one function ¢ which generates the algebra of
bounded Borel functions on the spectrum of H, for example for just one continuous injective function. If we
set V,, = el?H then another way of writing the homogeneity condition is UV, = V.U, for all real 7, 0.

We shall call (A, H) a homogeneous Hamiltonian couple. We say that this couple is irreducible if there are
no nontrivial closed subspaces of H invariant under A and H, or if the von Neumann algebra generated by A
and H is B(H). A direct sum (in a natural sense) of homogeneous couples is clearly a homogeneous couple.
Below H > 0 means that H is positive and injective and similarly for H < 0.

Proposition 2.7. A homogeneous Hamiltonian couple (A, H ) is unitarily equivalent to a direct sum of copies
of homogeneous couples of the form (P,e?) or (P, —e®) or (A, 0) with Ay an arbitrary self-adjoint opera-
tor. If H > 0 then only couples of the first form appear in the direct sum. A homogeneous Hamiltonian couple
is irreducible if and only if it is unitarily equivalent to one of the couples (P, e?) or (P, —e®) on L*(R), or to
some (A, 0) with Ay a real number considered as operator on the Hilbert space C. A homogeneous couple
is irreducible if and only if one of the operators A or H has simple spectrum (i.e. the von Neumann algebra
generated by it is maximal abelian), and in this case both operators have simple spectrum.

Proof. By taking above ¢ equal to the characteristic function of the set R, then —R, and finally {0}, we
see that the closed subspaces H, H_, Hy defined by H > 0, H < 0, H = 0 respectively are stable under
U.. So we have a direct sum decomposition H = H & H_ & Ho which is left invariant by A and H. Hence
A=A, & A_ P Ay and similarly for H, the operator H being homogeneous with respect to A, and so
on. Since Hy = 0 the operator Ay can be arbitrary. The reduction to 7 _ is similar to the reduction to H., it
suffices to replace H_ by —H_.

Thus in order to understand the structure of an arbitrary homogeneous Hamiltonian H it suffices to consider
the case when H > 0. If we set S = In H then by taking ¢ = In above we get U, SU-! = 7 + S for all real
7. Hence the couple (A, S) satisfies the canonical commutation relations, and so we may us the Stone-von
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Neumann theorem: 7 is a direct sum of subspaces invariant under A and .S and the restriction of this couple
to each subspace is unitarily equivalent to the couple (P, Q) acting in L?(R). Since H = e° we see that the
restriction of (A, H) is unitarily equivalent to the couple (P, e?) acting in L2(R). O

Remark 2.8. Thus an irreducible homogeneous couple with H > 0 is unitarily equivalent to the couple
(P,e?) on H = L?(R). A change of variables gives also the unitary equivalence with the couple (D, Q)
acting in L?(R ), where D = (PQ + QP)/2.

In the next proposition we fix a self-adjoint operator A with simple spectrum on a Hilbert space H and
assume that there is a homogeneous operator H with H > 0. Then the spectrum of A is purely absolutely
continuous and equal to the whole real line by the preceding results. Moreover, the spectrum of H is simple,
purely absolutely continuous and equal to R ;. Homogeneity refers always to A.

Proposition 2.9. Assume that H,, Hy are homogeneous hamiltonians such that Hy, > 0. Then there is a Borel
function § : R — C with |0(x)| = 1 for all x such that Hy = 0(A)H,0(A)~. If 0 is a second function with
the same properties, then there is \ € C such that |\| = 1 and 0'(x) = M\0(x) almost everywhere. If the wave
operator Q0 = s—limy_, | o, e*72e ™11 exists, then there is a function 0 as above such that Q0 = 0(A) and
this function is uniquely determined almost everywhere. If the wave operator Q_ = s— lim,_, _ , e!tf2e~itH1
also exists then there is a uniquely determined complex number & such that EQ_ = Q. In particular, the
scattering matrix given by S = Q* Q. = £ is independent of the energy.

Proof. As explained above the couples (A, H;) and (A, H) are unitarily equivalent, hence there is a unitary
operator V on H such that VAV ~! = Aand VH,V~! = H,. The spectrum of A is simple and V' commutes
with A so there is a function € as in the statement of the proposition such that V' = 0(A). If W is another
unitary operator with the same properties as V' then WV ~! commutes with A and H». From the irreducibility
of (A, Hy) it follows that WV ~! is a complex number of modulus one. Uniqueness almost everywhere is a
consequence of the fact that the spectrum of A is purely absolutely continuous and equal to R.

Assume that ), exists. If we denote 0 = e~ " then
eltngfltHl UT — eltHz UTeflatHl _ UTelatHzefthl ,

hence Q,.U, = U,Q, for all real 7. So the isometric operator €2 belongs to the commutant {A}’, but
{A}” is a maximal abelian algebra by hypothesis, so equal to {A}’. Hence 2, must be a function 6(A)
of A, in particular it must be a normal operator, hence unitary. Now we repeat the arguments above. Since
the spectrum of A is equal to R and is purely absolutely continuous, we see that |#(z)| = 1 and is uniquely
determined almost everywhere. Similarly, if _ exists, then it is a unitary operator in {A}"”. Thus S =
0* Q is a unitary operator in {A}”, but also has the property H1.S = SH;. Since the couple (A4, Hy) is
irreducible, we see that .S must be a number. d

3. HOMOGENEOUS FIRST ORDER OPERATORS
In this section we prove some technical results on homogeneous first order differential operators which,
besides their own interest, will be needed later on.
For each complex number «, let Ava be the differential expression

- 5. A . .Q . _

Ay =P +iaQ ' = —-id, +i— = —iz“0,2~ %, (3.1)

x

acting on distributions on R, where 2% := e®!°8% with logxz € R. Its restriction to C2° is a closable
operator in L? whose closure will be denoted A™™®. This is the minimal operator associated to A,. The

maximal operator A™ associated to A, is defined as the restriction of A, to D(A™) := {f € L? |
Aof € L2}

The following properties of the operators A™™ and A™#* are easy to check:
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(i) Apin C A,
(i) (Amin)* = Amax gpd (Amax)* = Amin,
(iii) A™" and A™2* are homogeneous of degree —1.

A more detailed description of the domains of the operators A™" and A™? is the subject of the next proposi-
tion. We fix £ € C°([0, +oo[) such that §(z) = 1 forx < land {(x) = Oforz > 2 and set &, (z) = x*&(x).

Proposition 3.1. (i) We have A™™ = A if and only if [Re a| > 1/2.
(ii) IfRea # 1/2, then D(A™™) = HJ.
(iii) If Rea = 1/2, then H} C H} + C¢, € D(A™M) and H} is a core for AN = Amax,
(iv) If [Rea| < 1/2, then D(A™*) = H} + C&,. In particular; if |Re | < 1/2 and |Re 3| < 1/2 then
D(AD™) 2 D(A3™),

To prove these facts we first need to discuss the resolvent families. Let C;. = {\ € C | £Im A > 0}. The
holomorphy of families of unbounded operators is discussed in Subsect. 2.2.

Proposition 3.2. (1) Let Rea > —1/2. Then

(i) rs(Amax) = C_.

(ii) IfTm X < 0, then the resolvent (A™® — X\)~1 is an integral operator with kernel

x

Y

(iii) The map o — AR?* js holomorphic in the region Rea > —1/2.

(iv) Each complex \ with Im \ > 0 is a simple eigenvalue of AL with ¢
tion.

(A4 = ) o) = —ie2e (D) - a) (32)

e as associated eigenfunc-

(2) Let Reaw < 1/2. Then

(i) rs(AMM) = C,.
(ii) IfIm X > O then the resolvent (A™™ — X)~1 is an integral operator with kernel

xT

(A7 =) ) =i
Yy

) Ly (z - y). (3.3)

(iii) The map o — A™" is holomorphic in the region Rea < 1/2.
(iv) The operator A™™ has no eigenvalues.

In some cases A" and A% are generators of semigroups. We define the generator of a semigroup {T: }+>0
such that formally T; = 4. Note that in (3.5) the function f is extended to R by the rule f(y) = 0ify < 0.
Proposition 3.3. IfRea > 0, then iA™* js the generator of a C°-semigroup of contractions

(4= f) (@) = e (@ + D)z +1), 20, (3:4)
whereas if Re e < 0, the operator —iA™" is the generator of a C°-semigroup of contractions

(e 4" f)(z) = 2%(x — )" “f(z — ), t>0. 3.5)
The operators iA™2* for —1/2 < Rea < 0 and —iA™" for 0 < Rea < 1/2 are not generators of
CO-semigroups of bounded operators.
The remaining part of this section is devoted to the proof of these three propositions. We begin with a
preliminary fact.

Lemma 3.4. If R and S are closed operators such that 0 € vs(R), then the operator RS defined on the
domain D(RS) :={f € D(S) | Sf € D(R)} is closed.
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Proof. Let u,, € D(RS) such that u,, — w and RSu, — v. Then u,, € D(S) and Su,, € D(R), so that
Su,, = R~1RSu,, — R~ v, because R~! is continuous. Since S is closed, we thus get that u € D(S) and
Su = R~'v. Hence Su € D(R), i.e. u € D(RS), and v = RSu. O

Note that the Hardy estimate (Proposition 2.1) gives || Ao f|| < (1 + 2|a|)||Pf| for all f € H}. Since C2°
is dense in H}, we get Hi C D(AM) for any . Our next purpose is to show that D(A™®) = H} if
Re a # 1/2, which is part (ii) of Proposition 3.1.

Lemma 3.5. [fRea # 1/2, then D(A™") = H_.

Proof. We set 3 = i(1/2 — a) and observe that it suffices to prove that the restriction of A, to H{ is a closed
operator in L2 if Im 3 # 0. For this we shall use Lemma 3.4 with R = D — 3 and S equal to the self-adjoint
operator associated to Q! in L2, Then it suffices to show that A, | H} = RS.

The equality A, = (ZND — B3)Qt, where D= (PQ + QP)/2 is the extension to distributions of D, holds
on the space of all distributions on R, so we only have to check that the domain of the product RS is equal
to Hi (because (3 is not in the spectrum of the self-adjoint operator D). As discussed before, if f € H} then
Q7 'feL?sofeD(S),and PQQ~'f =Pf e L? soSf € D(D). Thus H} C D(RS). Reciprocally,
if f € D(RS)then f € L2, Q f € L2 and DQ™'f € L2 But DQ ' f € L? is equivalent to Pf € L2,
so f € H'. Since Q71 f € L? we get f € H{. O

Our next step is the proof of part (1) of Proposition 3.2. Assume Rea > f%. The last assertion of part (1)
of Proposition 3.2 is obvious, so sp(AX™#*) contains the closure of the upper half plane. We now show that if
Im A < 0 then X € rs(A™2¥) and the resolvent (A™8* — \)~! is an integral operator with kernel as in (3.2).
The differential equation (A, — A)f = g is equivalent to %(z*”‘e*imf(x)) = iz7% M g(x). Assume
g € L?(0,00). We look for a solution f € L?(0, 00) of the previous equation. Since Im (\) < 0, the function
™%~ A%g(z) is square integrable at infinity. We thus can define an operator R™* on L? by

(Rzg)a) =i [ (L) g

Y
x
i.e. R0'®* is the integral operator with kernel given by (3.2).

Lemma 3.6. R™** is a bounded operator in L?.
Proof. For shortness, we write R for R3'®*. In the sequel we denote A = p + iv and @ = Re . By our

assumptions, we have v < 0 and a > —1/2. If a > 0 then the proof of the lemma is particularly easy,
because

S eS] 0
/ |R(:1:,y)|dy — mae—z/x/ y—aeuydy < e—uz/ evydy — —V_l,
0 T T

and similarly [° |R(z,y)|dz < —v~!. Then the boundedness of R follows from the Schur criterion. To
treat the case —1/2 < a < 0 we split the integral operator R in two parts Ry and R, with kernels

Ro(l‘,y) = H]O,l[(x)R(xvy)a Rl(xay) = ]1[1,00[(3;)]%('177y)

We shall prove that R; is bounded and Ry is Hilbert-Schmidt. For R; we use again the Schur criterion. If
x < 1,then [ |Ryi(x,y)|dy = 0 while if # > 1 then

o0 o0
/ |R1(x,y)|dy = w“e_”‘”/ Yy~ “e"Vdy.
0 x

We then integrate by parts twice to get

oo _ a ala+1) o v [ by —ae
/ |Ry(z,y)|dy = —v~ 1 — P + (T)x e / ey~ 2dy. (3.6)
0 T
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Then, using a > —1/2, we estimate
o0 oo 1
a,—ve vy 7a72d < 70 7a72d _
re /w ey yim/x Y Y 7(a+1)m’
which, together with (3.6), proves that sup,~; [ |R1(z,y)|dy < 4oc. Similarly [ |Ry(z,y)|dz = 0 if
y<1l,andfory > 1

oo Yy
/ |Ri(z,y)|dr = y’“e“y/ rhe” " dy
1

0
is estimated similarly. We now prove that the operator Ry is Hilbert-Schmidt. We have

[eS) oo 1 00
/ dz dy|Ro(z,y))*> = [ dx xzae%”z/ dyy=2%e?Y.
0 0 e

0

Since a and v are strictly negative, the integral fooo y~2%e?¥¥dy converges. Hence

[e%s) oo 1
| e [ ayiRaeP <0 [ e teaa,
0 0 0

which is convergent because a > —1/2. O

So we proved that for Im () < 0 the operator R defines a bounded operator on L? such that (A, —A\)Rg = g
forall g € L% Hence, R : L? — D(A™*¥) and (A" — \)R = 1e.

Reciprocally, let f € D(AD2¥) and set g := (A"* — \)f € L2. The preceeding argument shows that
(ARax — X\)(f — Rg) = 0. But AR®* — X is injective. Indeed, if (A™** — \)h = 0, then there exists C' € C
such that h(z) = Cx®e*** which is not in L? near infinity unless C' = 0 (recall that Im \ < 0).

We have therefore proven that each A € C_ belongs to the resolvent set of A% and that (A2#* —)\)~! = R,
If we fix such a A and look at R = R(«) as an operator valued function of « defined for Re « > —1/2, then
from the preceding estimates on the kernel of R it follows that | R(«)]| is a locally bounded function of «.
On the other hand, it is clear that if f,g € CS°, then o — (f, R(cv)g) is a holomorphic function. Thus,
by Proposition 2.3, o +— (A22% — X)~! is holomorphic on Re > —1/2. This finishes the proof of point
(1) of Proposition 3.2. The second part of the proposition follows from the first part by using the relation
Aglin — (Al’il%x)*

We now complete the proof of Proposition 3.1 and consider first the most difficult case when Re (o) = 1/2.
The function &, is of class C*° on R, is equal to zero on x > 2, we have £, € L? and gafa =0onx < 1.
Hence &, € D(AR2¥). On the other hand £/, ¢ L? (it is not square integrable at the origin) so &, ¢ H{.

Lemma 3.7. Let Re (o) > 1/2. Then &, € D(A™™®).
Proof. The case Rea > 1/2 is obvious since &, € H}. Now for Rea = 1/2 we prove that &, belongs to
the closure of H¢ in D(A™2*) which is precisely D(A™M). For 0 < £ < 1/2 we define &, - as

Zx> if x<e,

Sae (@) { fea(x) if z>e.

For 2 < ¢ one has &, _(z) = @z Hence £, . € L? so that £, . € Hj. Moreover [|£a,c — &ollr2 — 0 as
€ — 0. We then have

. _iga i x <€,
Aafa,s(x)—{ 08 if e<zx<1

while Ay&q o (2) = Anla(x) if 2 > 1. Therefore

€

~ T
”Aaga’EHZL? = /
0

and A & (2) =0 ifz <1,

a2

~ 1 ~
dz + ||Aa§aH%2 = 9 + ”AagaH%?'




10 LAURENT BRUNEAU, JAN DEREZINSKI, AND VLADIMIR GEORGESCU
Thus &, . — &, in L2, &, € HY C D(A™2X), and there is C' > 0 such that ||ga£a,s||L2 < (C for any ¢.
Since AM* is closed, this proves that £, belongs to the closure of Hi in D(AD*), j.e. £, € D(ADn).
Lemma 3.8. Let Re (a) > 1/2. Then D(ARIM) = D(Amax),
Fix A € C such that Im (\) < 0, e.g. A = —i, and let R = (A% +i)~!. R is continuous from L?
onto D(AX*), hence R(C°) is dense in D(AR?*). Letnow g € C° and 0 < ¢ < d < oo such that
supp g C [¢, d]. Then for any x < c,
d
f(x) = (Rg)(x) = —ix“em/ y e g(y)dy
~ COz%+4Cz*(e” —1) ~ Caz™+ Da*T!

as x — 0. Hence f € C&, + H{}. Therefore R(C2°) C C&, + Hi C D(A™). Since R(CS°) is dense in
D(AMaX) the same is true for D(ADM). But A™ is a closed operator, and so D(AMM) = D(AMax), O

Lemma 3.9. [fRea = 1/2, then C¢,, + H{ # D(AR™).

Proof. Let R be as above and let g(y) = y~ | In(y)[~" X, 1((y) where v > 1/2. Then g € L2, hence
Rg € D(AM2*). On the other hand, for z < 1/2 we have

% efy
Rg(z) = —ix("ew/ ——dy ~ Cz®|In(z)|*
) IO e
as  — 0. In particular, if v < 1, then Rg ¢ C¢, + H&. O

All the assertions related to the case Re o = 1/2 of Proposition 3.1 have been proved. Since

Amin _ gmax _, gmin _ gmax 37)
holds for any «, we get AR = AMaX and so D(AM%) = H{ if Reaw = —1/2. We now turn to the

case |Re ()| > 1/2 and show D(AM**) = D(AMM) = HI. Due to (3.7) it suffices to consider the case
Rea > 1/2, which is precisely the statements of Lemmas 3.5 and 3.8. Now we prove (iv) of Proposition 3.1.

Lemma 3.10. If |Rea| < 1/2, then C&,, + HE = D(Amax),

Proof. Clearly, £, ¢ H}. We easily show that £, € D(ARax).
Once again, let R = (A®2* +i)~! and let f € D(A™*). There exists g € L? such that f = Rg, or

oo

f(z) = —ixo‘ew/ e Yy~ %g(y)dy.

X

We show that f € C&,, + H_. Clearly, only the behaviour at the origin matters. For z < 1 decompose f as

x

fz) = —ixaex/ e’yy""g(y)dyﬂtix“ez/ e Yy g(y)dy =: fo(z) + fi(=).
0 0
Note that the first integral makes sense because |Re (a)| < 1/2, so e ¥y~ is square integrable. Clearly
fo(z) = Cz%e” = Ca™ + Cax®(e” — 1) € C&, + Hy
near the origin. We then prove that f; € H} near the origin. By construction, (4, +1i)f; = g € L?, soif we
prove that @' f; is in L? near the origin, we will get f; € H! near the origin, and hence f; € H{ near the
origin.
For any 0 < = < 1 we can estimate (with a = Re « as before)

1

1 x - «a +o0o
)= 3| [ (2) swa] < [T e G8)
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For any ¢ > 1 let 7; be the map in L? defined by (7¢g)(z) = g(x/t), and let T = [ t*~?7,dt. We have
|7¢l[r2—r2 = V/t hence T is a bounded operator on L? with | T|| < [ t2=3/2dt which converges since

a < 1/2. Together with (3.8), this proves that < f, () is square integrable on ]0, 1[. This completes the proof
of Proposition 3.1.

It remains to prove Proposition 3.3. Since this is just a computation, we shall only sketch the argument.
Note that it suffices to consider the case of A2, because then we get the result concerning A" by taking
adjoints. Let us denote Aj"™* = Ppax, S0 Pmax 1S the restriction to the Sobolev space H L of the operator P.
It is well-known and easy to check that P, is the generator of the contraction semigroup (e*Fmax f)(x) =
f(x+1t)fort > 0and f € L. Now if we write (3.1) as A, = Q*PQ~“, then (3.4) is formally obvious,
because it is equivalent to
QHAT™ — QaeitPmax )=

For a rigorous justification, we note that the right hand side here or in (3.4) clearly defines a Cy-semigroup
of contractions if (and only if) Re o > 0, and then a straightforward computation shows that its generator is
AL'®*_ One may note that CS° + C¢,, is a core for A** for all such a.

4. HOMOGENEOUS SECOND ORDER OPERATORS

4.1. Formal operators. For an arbitrary complex number m we introduce the differential expression

- - - 2-1/4
L =P2+ (m2—1/4)Q 2= -0 + % @.1)
X

acting on distributions on R,.. Let L™ and L™ be the minimal and maximal operators associated to it in
L? (see Appendix A). It is clear that they are homogeneous operators (of degree —2, we shall not specify this
anymore). The operator L™ is hermitian if and only if m? is a real number, i.e. m is either real or purely

imaginary, and then (L™")* = LM% [n general we have
(Lﬁin)* _ L%ax'

Note that (4.1) does not make any difference between m and —m. We will however see that m, not m2, is
the natural parameter. In particular this will be clear in the construction of other L? realizations of L,,, i.e.
operators H such that L' C H C L.

Observe also that one can factorize I:m as

L INT 1 L
im:<13+1m52) (P+im52):‘41*n+ A, (4.2)

SIS
Nl=

where A;:_1 +1
a difference between m and —m, since im does not depend on the sign of m, whereas the factorizations
corresponding to m and —m are different. These factorizations provide one of the methods to distinguish
between the various homogeneous extensions of Lﬂi“. However, as we have seen in the previous section,

one has to be careful in the choice of the realization of A, 1.

is the formal adjoint of the differential expression ﬁm 41 The above expression makes a priori

4.2. Homogeneous holomorphic family. If m is a complex number we set

(m(x) =22 ifm £ 0 and  (o(z) = Gro(e) = Va, (o) = Vana. 4.3)

The notation is chosen in such a way that for any m the functions (., are linearly independent solutions of
the equation L,,u = 0. Note that (4, are both square integrable at the origin if and only if |Rem/| < 1.

We also choose £ € C'°(Ry ) such that £ = 1 on [0, 1] and 0 on [2, 0.
Definition 4.1. For Re (m) > —1, we define H,, to be the operator L™** restricted to D(L™™) 4+ C&(p.
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Clearly, H,,, does not depend on the choice of £. Our first result concerning the family of operators H,, is its
analyticity with respect to the parameter m.

Theorem 4.2. {H,, }Rem>—1 is a holomorphic family of operators. More precisely, the number —1 belongs
to the resolvent set of H,, for any such m and m v~ (H,, + 1)~ € B(L?) is a holomorpic map.

Before we prove the above theorem, let us analyze the eigenvalue problem for Ly,. The latter is closely
related to Bessel’s equation. In the sequel, J,,, will denote the Bessel functions of the first kind, i.e.

(1) (w/2)
I () == —_— 4.4
(z) go JIT(G+m+1) “@4)
and [, and K,, the modified Bessel functions [6]
7 Lm(x) — In(2)
2 sin(mm) '
Lemma 4.3. For any m such that Re (m) > —1, the functions \/x1,,(x), /K, (x) form a basis of solutions
of the differential equation —02u + (m? — %) 5u = —u such that \/z1,,,(x) € L*(]0,1[) and \/z K., () €
L3(]1, +00|). Besides, the Wronskian of these two solutions equals 1.

Im(!E) _ i_me(ifL'), Km(l’) — (45)

Proof. If we introduce w(z) = z~/2v(x), then v satisfies L,,v = —v iff w satisfies

22w () + zw(z) — (22 + m?)w = 0,

which is modified Bessel’s differential equation. Linearly independent solutions of this equation are (I,,,, K,y ).
Therefore, a basis of solution for the equation L,,u = —u is (v I (z), Ve K (2)) =: (ug, Uoo)-

One has I}, () K () — I (2) K], () = —% (see [6]), and hence W = ujuoe — ugt!

oo

I (x) ~ m (i)m as x — 0 [6]. Therefore, uo(x) is square integrable near the origin iff Re (m) > —1.

= 1. Moreover,

On the other hand, K, V356 ¥ asx — 00, so that us, is always square integrable near co. a

Note that v/z1,,(x) belongs to the domain of H,, for all Re (m) > —1. Therefore, the candidate for the
inverse of the operator H,,, + 1 has kernel (cf. Proposition A.1)

o @ Ea(y) i 2 <,
Gim( ,y){ VYL () Ko () if x> .

We still need to prove that G,,, is bounded, which will be proven in the next lemma.

Lemma 4.4. The map m +— G, is a holomorphic family of bounded operators and it does not have a
holomorphic extension to a larger subset of the complex plane.

Proof. We prove that G,,, is locally bounded and that m — {f, G,,g) is analytic for f, g in a dense set of L?,
so that the result follows from Proposition 2.3.

The modified Bessel functions depend analytically in m. Therefore, the Green function G,,(x,y) is an
analytic function of the parameter m, and it is easy to see that for any f,g € C2°(]0,4o00[), the quantity
(fs(Hp+1)"tg) = [ f(z ) (y)dzdy is analytic in m. Since C2°(]0, +o0[) is dense in L?(0, +00),
it remains to prove that (H + 1) is locally bounded in m.

We shall split this resolvent as G,, = G,,,” + G,,)* + G~ + G}5.T, where G=* is the operator that has
kernel G- * (2, y) with

G, (z,y) = G(,9)ho1(x) o),
Gt y) = G, y) o1 (2) 1 sy
G (z,y) G (2, Y) N1 oo () Do 11 ()
Ghi(xy) = Gla,y)ly eor(x)lp
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We control the norm of GL* using Schur’s Theorem (see [7]), whereas for the other terms, we estimate the
L? norm of the kernel. (This means in particular that G,,,~, G, * and G~ are actually Hilbert-Schmidt).

For that purpose, we use the explicit expression given in Lemma 4.3 together with the following estimates on
the modified Bessel functions (see e.g. [6]):

e asx — 0,
1 T\ m
Re (I'(m) (%)m) if Rem =0, m#0,
Ko (2) —ln(%)—v if m=0, “7
m\T ~ m .
Lm) (2) if Rem >0,
LCm) (%)m if Rem < 0.
® asx — 00,
1
In(z) ~ 27rxem’ (4.8)
T
K,(z) ~ %e . 4.9)

The various constants which appear in (4.6)-(4.9) are locally bounded in m, except I'(m) as m goes to zero,
so that we may estimate the G- * (., i) by

Go(@y)l < CalD(m)| (a2 2 oy o () (4.10)

IN

+x1/2+1/y1/2—\u| ]10<z<y<1 (QL', y)) 9
G (2,y)]

m Orneixyy+1/2ﬂ]l,oc[(x)ﬂ]oxl](y)’
G (@)l < Cna™ 2™ g 1y (2) Iy oo ),
|G7J7r1+(xay)| < Cmeilwiylﬂ]l,oo[(x)]l]l,oo[(y);

where v = Re (m) and C,,, are constants which depend on m but are locally bounded in m. The only problem
is when m = 0, where we shall replace (4.10) by

G~ (2.9)] £ C (2 m@) Bocycaci(@y) + 2 M) Dococycr(@,y)) . @ID)
Note also that the constant appearing in (4.10) blows up as m goes to zero due to the factor |T'(m)|.

Straightforward computations lead to the following bounds:

- CoulT(m)|
2 m
||G7n ||L2 = (U+1)(4+2V—2|V‘>7 m#07
C
—2 < m
HGm ||L2 = 4(1+V)’
C
+—112 < m
HGm ||L2 = 4(1—|—V)’
||G;+HL50(L?1!) < 20,
HG7+77,+||LZ°(L}E) < 20n.

This proves that G, G, and G\~ are Hilbert-Schmidt operators whose norm is locally bounded in m
(except maybe for ;,,~ near 0). Using Schur’s Theorem G\ is bounded with ||G;L 1| < 2C(m).
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It remains to prove that G, is locally bounded around 0. To this end we use |K,,(2)| < C’%
estimate the Hilbert-Schmidt norm, where we set v := Re m:

L C _
/ G (@, y)Pdady < o / wyle™ Py — P
O<z<y<l Im| O<z<y<l

A S S T C’
m2 \4v+2 4 2v+4) Aw+1)w+2)

As a conclusion, G, is locally bounded in m for all m such that Re (m) > —1.

and

We finally prove that GG,,, does not extend to a holomorphic family of bounded operators beyond the axis
Rem = —1. Fix g € C2°(]0, oc[). The function m — G,,g with values in L2 (]0, oo[) is entire analytic.
If G, could be extended to a holomorphic family of bounded operators, when applied to the function g this
extension should coincide with G,,,g. For z below the support of g we clearly have

(Gmg) () = VELn(2) / VIEm (0)9(0)dy = Couv/Z L (2)
0
which is not in L? if Rem < —1. O

This proves that for Re (m) > —1 the number —1 belongs to the resolvent set of H,,, we have G, =
(H,, +1)~, and H,, is a holomorphic family of operators, cf. Proposition 2.3. This proves Theorem 4.2.

The next theorem gives more properties of the operators H,,. The main technical point is that the differences
of the resolvents R,/ (\) — R, (\) are compact operators, where we set R,,,(\) = (H,,, — A\)~! for ) in the
resolvent set of H,,,. For the proof we need the following facts.

Lemma 4.5. Let € be an open connected complex set, X a Banach space, Y a closed linear subspace of X,
and F : Q — X a holomorphic map. If F(z) € Y for z € w, where w C 2 has an accumulation point in €,
then F(z) € Y for z € Q.

Proof. All the derivatives of F' at an accumulation point of w in §2 can be computed in terms of F'|,,, hence
belong to the closed subspace generated by the F'(z) with z € w. o

Lemma 4.6. Let S, T be two closed operators on a Banach space H and let K(\) = (S —\)~t — (T —\)~L.
If K(\) is compact for some A € rs(S) Nrs(T') then K(\) is compact for all A € rs(S) Nrs(T).

Proof. We denote S) = (S—X)"tand Sy, = (S—X)(S—u) ! and use similar notation when S is replaced
by T. Then Sy = 5,5, hence K (X) = K (1) Sy + T (Sux —Tpn). If K () is compact then the first term
on the right hand side is compact. For the second term we note that

Sun—Tin = Syt = Tk = (14 (= NS0 " = (4 (0= V)™ = (1= NS K (1) T,

and the last expression is a compact operator. O

Theorem 4.7. For any Re (m) > —1 we have sp(H,,) = Ry, and if X € C\Ry then Ry, (X) — Ry /2(N) is
a compact operator. If Ry, (\; x,y) is the integral kernel of the operator R,,()), then for Rek > 0 we have

2. oy & VI (k) Kn(ky) if 2 <y,
B (=% 2,9) = { VYL (ky) K (kx) if > y. (4.12)

Proof. We first show that G;,, — Gy /2 is compact for all m. From Lemma 4.5 it follows that it suffices to
prove this for 0 < m < 1/2 (take X the space of bounded operators, Y the subspace of compact operators,
w =]0,1/2[and = {z € C,Rez > —1}). In this case H,, is a positive operator and we have H,, =
H, 5 + V in the form sense, where V (z) = axz™? with a = m? — 1/4, hence —1/4 < a < 0. The Hardy
estimate (Proposition 2.1) implies £V < 4|a|H; /2, and 4[a| < 1, so if we set S = (Hy o + A)~/? with
A > 0 we get

+SVS < Ala|Hyjo(Hyjo +A) " < dla| < 1.
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Thus ||SV S| < 1. From H,, + A = S71(1 + SVS)S~! we obtain

(Hm+ X" =8(1+8VS) 'S = (Hipp+ N2+ ) (-1)"S(SVS)" ' sV s?
n>0
where the series is norm convergent. Hence R,,(—\) — Ry/2(—A) is compact if SV 52 is compact (recall
that we assume 0 < m < 1/2).

We now prove that SV.5? is a compact operator. Note that S* = (H; ;5 + A)~* and H /5 is the Dirichlet
Laplacian, so that S?L? = H} N H? and SL? = H}. Thus we have to show that V when viewed as operator
H} N H?> — H~'is compact. Clearly this operator is continuous, in fact V is continuous as operator
H} — H~'. Moreover, H? is the subspace of H} N H? defined by f/(0) = 0, hence is a closed subspace
of codimension one of Hi N H?. Thus it suffices to prove that V : H2 — H~! is compact. Let § be a C°
function which is equal to one for x < 1 and equal to zero for z > 2. Clearly (1 — §)V is a compact operator
HZ — L2, and so it suffices to prove that 0V : HZ — H~! is compact. Again it is clear that ¢ : L? — H 1
is compact, so it suffices to show that V' : Hg — L2 is continuous. If f € Cg°, then
1

V@) =2V [ ISy =) [ - of

0
So if ¢ = sup,, |22V (z)|, then

1 1
- 4c
ol <e [ a-nlf e =e [ a- o= S,
0 0
hence V : H§ — L? is continuous.

Thus we proved that R, (—1)— Ry 2(—1) is a compact operator if Re (m) > —1. From Lemma 4.6 it follows
that R,,,(A) — Ry/2(\) is compact if A is in the resolvent set of H,,, and of H /o. We have sp(H;/2) = R
and we now show that sp(H,,) = R. Clearly the operator G/, is self-adjoint, its spectrum is the interval
[0, 1], and we have G, = G'1 /2 + K for some compact operator K. Thus if z ¢ [0, 1], we have

G —2= (G2 —2) [1 + (G1/2 —z)_lK} = (Gi2 —2)[1 + K(2)]

where K (-) is a holomorphic compact operator valued function on C \ [0, 1] such that ||K(z)|| — 0 as
z — oo. From the analytic Fredholm alternative it follows that there is a discrete subset N of C \ [0, 1] such
that 1 + K (2) is a bijective map L? — L?if z ¢ [0,1] U N. Thus G,, — z is a bijective map in L? if
z ¢ N UJ0,1]. The function z — A = z~! — 1 is a homeomorphism of C \ {0} onto C \ {—1} which sends
]0, 1] onto R, , hence the image of N through it is a set M whose accumulation points belong to R, U {—1}.
IfA¢g R, U{-1}U M, then

(/\ + 1)_1 - (Hm + 1)_1 = (/\ + 1)_1(Hm - )‘)(Hm + 1)_1

and the left hand side is a bijection in L2, hence H,, — A is a bijective map D(H,,) — L?. So ) belongs to
the resolvent set of H,,. Thus the spectrum of H,, is included in R, U{—1}U M. B_ut H,, is homogeneous,
so sp(H,,) must be a union of half-lines. Since it is not empty, it has to be equal to R ;.

The explicit form of the kernel of R,,,(\) given in (4.12) can be proven by a minor variation of the arguments
of the proof of Theorem 4.2 based on more refined estimates for the modified Bessel functions. Since we
shall not need this formula, we do not give the details. d

Remark 4.8. We describe here in more abstract terms the main fact behind the preceding proof. Let Hy be
a self-adjoint operator on a Hilbert space H with form domain X = D(|Hy|'/?) and let V be a continuous
symmetric sesquilinear form on C. If V, when viewed as operator K — ¥, is compact, then it is easy to
prove that the form sum H = Hy+ V is well defined, and that (H —2) = — (Ho —2) ! is a compact operator
on H (in fact, also as operator IC* — ). This compactness condition on V is never satisfied if Hy and V' are
homogeneous of the same orders, so this criterion is useless in our context. But our argument requires only
that V' be compact as operator D(Hy) — K*, and this property holds in the case of interest here.
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4.3. Domain of the minimal and maximal operator. In this subsection we analyze the operators L™ and
Lyax,

Proposition 4.9. If [Rem| < 1, then L™ C LM gnd D(L™™) is a closed subspace of codimension two
of D(LImx).

Proof. In this case, we have two solutions of L,,u = 0 that are in L? around 0. Hence, the result follows
from Proposition A.5. i

Proposition 4.10. If [Rem| > 1, then L™® = LM Hence, for Re (m) > 1, H,, = LMt = [max,

Proof. We use the notation of the proof of Lemma 4.3. We know that the operator G,,, is continuous in
L2, that the functions ug and 1., are uniquely defined modulo constant factors, and there are no solutions
in L? of the equation (L,, + 1)u = 0. Lemma A.1 says that (L,, + 1)G,,g = g for all g € L2, hence
(Lmax 4+ 1)G,,, = 1 on L2, In particular, G,, : L? — D(L™*) is continuous. More explicitly, we have

<Gmmuﬁ=lmu)/mumunmwdy+uwmﬂﬂfunwg@m@

Now we shall use the following easily proven fact.

Let E be a normed space and let p, v be linear functionals on E such that a linear combination ap + by is
not continuous unless it is zero. Then Kery N Keri) is dense in E.

We take E = C2° equipped with the L? norm and ¢(g) =[5~ uo(2)g(z)dz, ¥(g) = [, teo(x)g(z)dx.
The linear combination ay 4+ bt) is given by a similar expressmn withu = auo + buoO as integrating functlon.
Since (f/m + 1)u = 0 we have u € L? only if u = 0. Thus Ey = Keryp N Kery is dense in E. It is clear that
GmEo C C°. Hence by continuity we get G, L? C D(L™™™), and thus (L™ + 1)G,,, = 1 on L2. On the

other hand it is easy to show that G, (L,, + 1)f = f if f € C2°, hence G, (L™™ + 1) = 1 on D(L™™).
Thus L2 + 1 : D(L™") — L2 is a bijective map. Since LM + 1 is an extension of L™ + 1 and is
injective, we must have LMi® = [max, O

If m = 1/2, then clearly D(L™") = HZ. If m # 1/2 then D(L™™) # HZ. However, the functions from
D(L™in) behave at zero as if they were in H with the exception of the case m = 0.

Proposition 4.11. Let f € D(L™").
(i) If m # 0, then f(x) = o(z>/?) and f' (zY/?) as x — 0.

() =0
(ii) If m = 0, then f(x) = o(x/?Inx) and f'(x) = o(x'/?Inx) as x — 0.
(iii) For any m, D(L™") C H{.

Proof. Since im does not make any difference between m and —m, we may assume Rem > 0.

Assume first Rem > 1. If f € D(Lmin) andg = (Lmin—i-l)f then f Gmg, and hence f = 10900 +Usogo
and f' = ufgoc — ubogo With go(z) = [ uo(y)g(y)dy and g (z) = [ oo (y)g(y)dy. The functions ug
and u, are of Bessel type and their behav1our at zero is known, see (4 7). More prec1se1y, if we set u = Rem,
then we have

wp() = O@H172), () = 0@ 112),  un(w) = O 1/2),  ul(2) = O =112).

oo

Then for z < 1 we have

|uo(7)goo (7))

IN

Caht1/2 (/: y P2 g(y)|dy + /100 Iuoo(y)g(y)ldy>

221\ /2
Cph+1/2 ((2”_2) + lJtcollL2(1,00) | 9l

IN
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which is O(z3/2). We have u.go = o(x>/?) by a simpler argument. Let F' be the Banach space consisting
of continuous functions on I =0, 1[ such that ||| p = sup,c; v~%/2|h(x)| < cc. For g € L? let Tg be the
restriction of G,,,g to I. By what we have shown we have TL? C F, hence, by the closed graph theorem,
T : L? — F is a continuous operator. With the notation of the proof of Proposition 4.10, if g € Fy, then T'g
is equal to zero near zero, so T sends the dense subspace Ej of L? into the closed subspace Fy of F consisting
of functions such that 2—3/2h(z) — 0 as  — 0. By continuity, we get TL?> C Fy, hence f(z) = o(z*/?).
A similar argument based on the representation f’ = ufgo, — ul,go gives f'(z) = o(z'/?).

We treat now the case 0 < Rem < 1. Now all the solutions of the equation L,,,u = 0 are square integrable at
the origin, hence we may use Proposition A.7 with vy proportional to (t,,. A straightforward computation
gives for m # 0

[or @) [[v-]|z + [o-(@)|l[o+ 1o < C2®2, o @)]lo- ]l + - (@)[o4]le < Ca?/?
while if m = 0 then

o4 (@) [[o- o +lo- (@) |[vs o < C2*2(|na|+1), [0 (@)][[o- o+ (@)oo < C2 /(| Inz|+1).

This finishes the proof. a

We describe now some consequences of the representations (A.5) and (A.6) in the present context. We say
that a function h is in D(L™™) near the origin if for some (hence any) function & € C2°(RR) which is one
on a neighbourhood of the origin we have ¢h € D(L™M). Assume |[Rem| < 1 and let f € D(L12¥), Then
there are constants a, b and a function fy which is in D(L™") near the origin such that
f(z) = az'/? ™ £ bat/2m 4 fo(z) ifm #£0, (4.13)
fx) = az'?nz+bx? + fo(x) ifm=0. (4.14)
These relations give by differentiation representations of f’. By Proposition 4.11, it is clear that fy decays

more rapidly at zero than the other two terms, in particular the constants a, b and the function f are uniquely
determined by f. This allows one to state assertions converse to that of Proposition 4.11, for example:

Proposition 4.12. We have the following characterization of the domain of the minimal operator:
0<Rem<pu<1l = DLEM) = {f DL f(z) = O(xu+1/2)}
= {f €D(Ly™) | f'(x) = o(z"1/?)},
0<Rem<pu<1l = DLM) = {feDLE)| f(z)=O0(x"1/?)}
= {f e D(Ly™) | f'(x) = O /*)}.

4.4. Strict extensions of L. Now we study the closed extensions of L™ for [Rem| < 1. The first result
is a particular case of Proposition A.5. We recall that by a strict extension of L™ we mean an operator H
such that L™ C H C L™Max We denote by W, (f,g) := f(z)g'(z) — f'(x)g(z) the Wronskian of two
functions f and g at point x, and take £ as in Section 3.

Proposition 4.13. Assume that |Rem| < 1. Let u be a non-zero solution of Ly,u = 0. Then Wo(u, f) =
lim, o Wy (u, f) exists for each f € D(L%2*), and the operator LY, defined as the restriction of L"** to the
set of f € D(L™2) such that Wy (u, f) = 0 is a strict extension of L™, Reciprocally, each strict extension

of L™ is of the form LY, for some non-zero solution u of Lyu = 0, which is uniquely defined modulo a
constant factor. We have D(LY)) = D(L™") + Céu.

We shall describe now the homogeneous strict extensions of L™, The case [Rem| > 1 is trivial because
Ly = L7 is homogeneous.

Proposition 4.14. If —1 < Rem < 1, then H,, is the restriction of L»** to the subspace defined by

lim 2™ +1/2 <f'(:17) - m+1/2‘/»’(:1:)) =0. (4.15)

z—0 x
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Proof. Observe that
WelGn ) = a2 (0) = (m o+ 120724 ) =02 () = P22 ) )

so the limit from the left hand side of (4.15) exists for all f € D(Lax) if [Rem| < 1. Hence, with the
notation of Proposition 4.13, we have H,,, = Lf;l“, where (,, is defined in (4.3). O

Proposition 4.15. If [Rem| < 1 and m # 0, then L™™ has exactly two homogeneous strict extensions,
namely the operators Hy,,. If m = 0 then the operator Hy is the unique homogeneous strict extension of

min
Lmin,

Proof. Thanks to Proposition 4.13 it suffices to see when the extension LY, is homogeneous. If (U; f)(x) =
et/2 f(etx), then it is clear that L¥ is homogeneous if and only if its domain is stable under the action of U;
for each real t. We have

d
Wolu Uef) = Tim (ula)e’ L feto) o/ ()2 ') )
xr— €T
= &'/? lim (e'u(z) f'(e'z) — v (z) f(e'x))
= /2 lin}) (u(e ™ z) f'(z) —e /(e "x) f(2)) .
Thus we obtain
WO (U, Utf) = 62751/1/0(17-7{11,7 f)
Let u; = e?*U_,u. From Proposition 4.13 we see that D(L,) = D(L,,) for all real ¢ if and only if u is
proportional to u for all £, which means that the function u is homogeneous. Thus it remains to see which are

the homogeneous solutions of the equation L,,,u = 0. Clearly w4, are both homogeneous and only they are
so if m # 0, and if m = 0 then only u is homogeneous. O

Proposition 4.16. For Rem > 0, we have the following alternative characterizations of the domain of H,,:
0O<pu<Rem<1l = D(H,)={feDLE>)] f(x) :O(QC—H-H/Q)}7
0<pu<Rem<1 = D(Hp,)={feDUL )| f(z)=0"+/?)}.

Proof. We use Propositions 4.11, and the representations (4.13) and (4.14). O

min

4.5. The hermitian case. We shall consider now the particular case when L™ is hermitian, i.e. m? is a
real number. Everything follows immediately from the preceding propositions and from the last assertion of
Proposition A.5. If m is real or m = ip with p real it suffices to consider the cases m > 0 and p > 0, because

Lmin — pmin
Proposition 4.17. The operator H,, = L™ is self-adjoint and homogeneous for m? > 1. When m? < 1
the operator L™ has deficiency indices (1,1) and therefore admits a one-parameter family of self-adjoint
extensions.
(1) If0 <m < land 0 < 0 < m, let ug be the function on R defined by
ug(z) = 227 cos 0 + /> ™ sin 6. (4.16)
Then each self-adjoint extension of L™™ is of the form H?, = LY for a unique 6. There are exactly

two homogeneous strict extensions, namely the self-adjoint operators H,,, = H,Z,r@/ * and H —m = HY.
(2) Ifm=0and 0 < 0 < 7, let ug be the function on R defined by

ug(z) = 22 Inz cos 6 + z'/?sin 0. 4.17)
Then each self-adjoint extension of LE™ is of the form H, g = Lg° for a unique 0. The operator L™

has exactly one homogeneous strict extension: this is the self-adjoint operator Hy = H( /2,
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(3) Let m? < 0 so that m = iy with i > 0. For 0 < 0 < 7 let ug be the function given by
ug(z) = z'/2 cos(pIn z) cos  + /2 sin(pIn z) sin 6. (4.18)

Then each self-adjoint extension of L™ is of the form HY, = L“ for a unique 0. The operator
L™ does not have homogeneous self-adjoint extensions but has two homogeneous strict extensions,
namely the operators H,, and H_,,.

We shall now study the quadratic forms associated to the self-adjoint operators H? for 0 < m < 1.

We recall that A?’/gl = Agn/az’; m if Rem >0, and A‘f’/i;_ m= Arln/azx_m if Rem > 1, see Proposition 3.1.

Let us abbreviate A, = A™™ = A™4% when the minimal and maximal realizations of A, coincide.
Recall also that for 0 < m < 1,
D( ]in/aéx—m) = H& + C&C—m.-

By Proposition 3.1, the operator Arln/azx_m is closed in L? and H is a closed subspace of its domain (for the

graph topology), because Arln/ag‘fm I HI= Arln/ig‘fm is also a closed operator. Note that for f € H{ we have

f(z) = o(y/x), because
(@) < / @)z < VELF 1200,

Thus £¢_,, ¢ H{ and the sum H} + CE£(,, is a topological direct sum in D(A’ln/a;im), Hence each f €

D(A‘ln/az"_m) can be uniquely written as a sum f = fy + c£(_,,, and the map f +— c is a continuous linear
form on D(AY)3* ). We shall denote 5, this form and observe that

st (f) = lim a2 f(2),  f € D(ATS,).
Note also that from Proposition 3.1 we get (A7, )* = A", . in particular D ((Affl/a;:m)*) = H{.
Proposition 4.18. Let0 <m < 1and0 <6 < .

(1) If0 = 10/2, then D(HE/?) is a dense subspace of H} and if f € D(HF?), then
0

(FHRP L) = | Avjaem 17 = IATE L FI1P- (4.19)
Thus Q(HZI/Q) = H}. Moreover, we have oy? = (A1/240m) A1 jogm = (Arln/igfm)*A‘f‘/i;‘fm.
(2) Assume 0 # /2. Then D(H?)) is a dense subspace ofD(Arln/az’:m), and for each f € D(HE)) we
have
(f Hp ) = |ATS o fIP + mosin(20) e (). (4.20)

Thus Q(HY,) = D(A’ln/az’im), and the right hand side of (4.20) is equal to the quadratic form of HY,.

Proof. From Proposition 4.11, the definition of H,,, and (4.16) we get

D(H?) = D(L2™) + Céuy € HE + Céup = H} + CcosOEC_m,
because £C,, € HY if m > 0. But C° C D(L2), so D(HY,) is a dense subspace of H} + C cos 0 £C_ .
Thus if 0 = /2 we get D(Hpy/?) C HY, andif 0 # 7 /2, then D(HY,) C D(AY/5,,) densely in both cases.
The relation HA‘f‘/aQX_meQ = ||A1/24m f||? for f € H{ holds, because both terms are continuous on H} by
Hardy inequality and they are equal to (f, L,, f) if f € C°.

It remains to establish (4.20). Let f = fo + cfug with fo € D(L™®) and ¢ € C. Then Arln/a;‘_ ) € L*and

Hglf:imf:/ﬁ/%m VA f € L?
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due to (4.2). Denote (-, -), the scalar product in L?(a, c0). Then (f, H? f) = lim,_.o(f, H? f), and
(foHp o = (f, =10 + (1/2 = m)QYATE  fla = (ATB [ AT f)a +if (@) AT, f(a).

On a neighborhood of the origin we have
m—1/2
x

AV (@) = (@ + > (CCEl/Lm cos ) + ca'/* M sin 6 + fO(x))

<8x + m_1/2> (cx1/2+m sin @ + fo(x)) = 2mesin 2™ 2 + o(Vx)

X

by Proposition 4.11. Then by the same proposition we get
if(z) Voemf(@) = (fo(z) + Eug(z))(2mesin 0z™ 12 + o(/x))
= 2m|c|*sin6 (xl/Q_m cos 0 + z'/2+ ™ sin 9) ™2 4 o(Va)
= 2m|c|*sinfcosf + o(1).

Hence limoif(a) 1oemfla) = m|c|? sin 26. O

Proposition 4.19. Let 0 < m < 1. Then L™ is a positive hermitian operator with deficiency indices (1,1).

The operators H,, = Hf,r,,/ > and H _m = HY, are respectively the Friedrichs and the Krein extensions of
Lmin 1£0 < 0 < w/2, then HY, is a positive self-adjoint extension of L™, If m/2 < 0 < T then the
self-adjoint extension an of L™ has exactly one strictly negative eigenvalue and this eigenvalue is simple.

Proof. We have, by Hardy inequality and Proposition 4.11, L™* > m2Q~?2 as quadratic forms on Hg, so
Lmin js positive. The operators H?, have the same form domain if § # 7 /2, namely D(Arf‘/‘"‘zxim), and H7/?
has H, 6 as form domain, which is strictly smaller.

Thus to finish the proof it suffices to show the last assertion of the proposition. Recall the modified Bessel
function K, (see (4.5)). It is easy to see that u,, x := VEkxK,,(kx) solves L uy, ) = k2um7k. Using
(4.6), one gets that

7r
2sintm \I'(1 —m)

(karf2) 74102 (k274172
so that if (k/2)?m = — tan 0T'(1 +m)/T(1 — m), then w,, . € D(LY,). This proves that L2, has a negative
eigenvalue for 7/2 < § < m. It cannot have more eigenvalues, since L™ is positive and its deficiency

indices are just (1,1). O

Urm,k I'(1+m)

Remark 4.20. The fact that H..,, are the Friedrichs and the Krein extensions of L™" also follows from
Proposition 2.6, because we know that these are the only homogeneous extensions of L™,

Proposition 4.21. L™ js a positive hermitian operator with deficiency indices (1,1). Its Friedrichs and
Krein extensions coincide and are equal to Hy = HS/Q. The domain of Hy is a dense subspace of D(A; /3),
and for f € D(Hy) we have (f,Hyf) = ||A1/2f|*. Thus the quadratic form of Hy equals Al A .
If0 < 0 < 7and 0 # w/2, then the self-adjoint extension HS of L¥™ has exactly one strictly negative
eigenvalue.

Proof. Since L$™ has only one homogeneous self-adjoint extension, this follows from Proposition 2.6 and
Remark 2.5. For the assertions concerning the quadratic form, it suffices to apply Proposition 3.1. o

We can summarize our results in the following theorem:
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Theorem 4.22. Let m > —1. Then the operators H.,, are positive, self-adjoint, homogeneous of degree 2
with spH,, = R. Besides we have the following table:
m > 1: H,, = AI/2+mA1/2+m = AT/Q_mAl/Qf’ﬂN H& = Q(Hm),

__ 7min __ ymax.
H,, = Lmin — [max,

0<m<l: Hy, = AT/2+mA1/2+m = (Arln/i;_m) Arln/lg_m H& = Q<Hm);
H,, is the Friedrichs ext. ongin;
m = 0: Hy = A7 )5 A1)2, HY + C&Co dense in O(Ho),
H is the Friedrichs and Krein ext. of L™,
—-1<m<0: H,= (Aﬁn/az)im) AT H} +C&¢ = Q(H,),

H,, is the Krein ext. of L™»,

In the region —1 < m < 1 (which is the most interesting one), it is quite remarkable that for strictly positive
m one can factorize H,,, in two different ways, whereas for m < 0 only one factorization appears.

As an example, let us consider the case of the Laplacian —92, i.e. m? = 1/4. The operators H; /2 and
H_y /5 coincide with the Dirichlet and Neumann Laplacian respectively. One usually factorizes them as
Hi/2 = Py Pminand H_y /2= P . Pmax, where P, and Py, denote the usual momentum operator on
the half-line with domain H} and H'! respectively. The above analysis says that, whereas for the Neumann
Laplacian this is the only factorization of the form S*S with S homogeneous, in the case of the Dirichlet

Laplacian one can also factorize it in a rather unusual way:
H1/2 = (Rnin + iQil)* (Pmin + iQil) .
Proposition 4.23. The family H,, has the following property:

0<m<m' = H,<H,,
0<m<1 = H_, <H,.

4.6. The non hermitian case: numerical range and dissipativeness. In this section we come back to the
non hermitian case. We study the numerical range of the operators H,, in terms of the parameter m. As a
consequence we obtain dissipative properties of H.,,.

Proposition 4.24. Let m # 0.

i) If0 < argm < /2, then Num(H,,) = {# |0 < arg z < 2arg m}. Hence H,, is maximal sectorial
and iH,, is dissipative.
i) If —m/2 < argm < 0, then Num(H,,) = {z | 2argm < argz < 0}. Hence H,, is maximal
sectorial and —iH,, is dissipative.
iii) If |argm| < w/4, then —H,,, is dissipative.
iv) If T/2 < |argm| <, then Num(H,,) = C.

Remark 4.25. For m = 0 and argm = m, H,, is selfadjoint so that Num(H,,) = sp(H,,) = [0, +00].
Proof. First note that since H,, is homogeneous, if a point z is in the numerical range R z is included in the

numerical range. Thus the numerical range is a closed convex cone. Moreover, since H, = H, it suffices
to consider the case Im (m) > 0.

Let us recall that for Rem > —1 the operator H,, is defined by
Hyf = =f"+(m?* = 1/4)272f, f € D(Hy) = D(LR") + C&Cm-
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Thus C° + C&(,y, is a core for H,,. Let 0 < a < 1, ¢ € C, and f a function of class C? on R such that
f(z) = ca™t/2 for & < a and f(x) = 0 for large z. By what we just said the set of functions of this form
is a core for H,,. We set V(z) = (m? — 1/4)z~2 and note that for any f € D(H,y,)

(f. Hof) = lim / (= (FFY + 1P+ VIfP)da

b—0 b

— iy (For @+ [T (7P + VIR,

b—0

If f is of the form indicated above, we have f(b) = eb™ /2 and f'(b) = (m + 1/2)cb™ /2 for b < a,
hence f(b)f'(b) = |c|*(m + 1/2)b*Re™. To simplify notations we set m =  + iv with p, v real. Thus we
get

=1li
b—0

(f, Honf) = lim <|c|2<m+ 12+ [ NTEn Vf|2)d:c)

:y%owmﬂﬁﬂw%+/(UV+Vﬂ%m>+/ (If'1>+ VIf]*)dz.
- b a
But for b < a we have

[ 0P+ VIS ae = el [ (122 o 122
b b
= |c|2(m +1/2) /a(m +1/24+m— 1/2)$2“_1dx
b

= |c[*(m +1/2) /a(x2“)’dx = [e[*(m+1/2)(a® —b*").
b
Thus we get
(f, Hn[) = |c|*(m + 1/2)a®" +/ (17" + VIf1?)dz =: ¥(a,c, f). (4.21)

So the numerical range of H,,, coincides with the closure of the set of numbers of the form ¥(a, ¢, f) with
0 <a<1cé€C, and f afunction of class C? on & > a which vanishes for large = and such that the
derivatives f(*)(a) coincide with the corresponding derivatives of cz™ /2 at 2 = a for 0 < i < 2. The map
= [ (If'1* + V|f?)dz is continuous on H*(]a,+oc]), the functions of class C* on [a, co| vanishing
for large x are dense in this space, and the functionals f — f’(a) and f +— f”(a) are not continuous in the
H! topology. Hence we can consider in the definition of ¥(a, c, f) functions f € H*(]a,+oc[) such that
f(a) = ca™*'/? without extending the numerical range.

Letvy < %,(5< —% and R > a, and let

gmt+1/2 if r<a,
flz) =< amtt/2=vgy if a<z<R,
a2 R0 if R < .

Then one can explicitly compute
(m +1/2)a®" +/ (If' 2+ VI|fI*)dz

2p
1—2y

2 2 9 )
(m+1/2*7)2+a2#+17%32%1 (5 +m 71/477 +m 1/4)'

1—-20 1—2v
For v < 1, the argument of the first term is 2 arg(m + % — ~v) and the second term vanishes as R — +o00.
Using the fact that the numerical range is a convex cone, we thus have

(1) If > 0,then {z | 0 < argz < 2argm} C Num(H,,),
(2) If -1 < p < 0, then Num(H,,,) = C.
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It remains to prove the reverse inclusion of 1.

We first consider the case o > 0. Observe that in (4.21) a can be taken as small as we wish. Hence we can
make a — 0, and we get

() = [ (FF VIR = PR + (m* = 1/4)1Q 1
and the result follows from Proposition 2.1.
On the other hand, if i = 0, then the formula is different:
(f Honf) = (m +1/2)[e()) + |PFI? + (m* = 1/4) Q7 fI1%,

where c(f) = lim, .oz~ (™*1/2) f(z) is a continuous linear functional on D(H,,,) which is nontrivial except
in the case m = 0, cf. (4.13) and (4.14). In particular we have

Im (f, Hnf) =v <c|2a2“ + 2u/ x_2|f2dx) > 0.
Since we have established the last two identities for f in a core of H,,, they remain valid on D(H,,). O

As alast result, let us mention that the factorization obtained in Theorem 4.22 can be extended to the complex
case (see also (4.2)), and can thus be used as an alternative definition of H,,:

Proposition 4.26. For Rem > —1 we have

D(Hn) = {feD(Ams)|am e paml,
Hpf = ARTAYYS [, f € D(Hp).

Proof. Using Proposition 3.1 and 4.12 we have D(H,,) C {f EDANY) | AN f € D(A%i"f)}. One
2 2 2
then prove the reverse inclusion using Proposition 3.1 and 4.14. O

5. SPECTRAL PROJECTIONS OF H,, AND THE HANKEL TRANSFORMATION

In this section, we provide an explicit spectral representation of the operator H,, in terms of Bessel functions.

Recall that the (unmodified) Bessel equation reads

2w (z) + 2w (z) + (22 — m?)w = 0.
It is well known that the Bessel function of the first kind, J,,, and J_,, (see (4.4)), solve this equation. Other
solutions of the Bessel equations are the so-called Bessel functions of the third kind ([6]) or the Hankel

functions:

5(s) = LnCl T n(e),

+isin(mm)

(When m is an integer, one replaces the above expression by their limits). We have the relations

3 m 2. M m
Tm(z) = 57 F [ (Fiz), HE(z) = F—eF™% K,,(Fiz).
m

We know that H,,, has no point spectrum. Hence, for any a < b the Stone formula says

1t : :
Ny 5 (Hrm) = s— 12% 7 /a (Gm(A +i€) — G (X —i€)) dA. (5.1)
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Using (4.12) we can express the boundary values of the integral kernel of the resolvent at A €]0, co[ by
solutions of the standard Bessel equation:

+ 5Ty (VA2 Hi(VAy) iz <y,

Grn(A£i0;2,y) = i{r(l)Gm()\:tle;:v,y) = { :I:%\/JTme(ﬁy)Hi(ﬁx) i o>y

Now

1
Tﬂ (Gm()‘ + iO;:r,y) - Gm()‘ - 10; x,y))

LI (VD) (B (VA) + Hy(VAy)) i @<y,
LI (VAY) (HA (V) + Hy (VAy) i o>y
= %Jm(ﬁx)Jm(\fAy).

Together with (5.1), this gives an expression for the integral kernel of the spectral projection of H,,, valid,
say, as a quadratic form on C¢°(R).

Proposition 5.1. For 0 < a < b < oo, the integral kernel of 1, p)(Hy,) is

b
Ui p) (Hi ) (2, y) = / %@Jm(ﬁx)Jm(ﬁy)dA

Vb
[ a0
va

Let F,,, be the operator on L?(0, c0) given by
Fm : f(x) — / I (kx)Vikz f(x)dx. (5.2)
0

Up to an inessential factor, F,,, is the so-called Hankel transformation.

Theorem 5.2. F,, is a unitary involution on L?(0, 00) diagonalizing H,,, more precisely
FuHnFib = Q%

It satisfies Fp,e'tP = e P F, forallt € R.

Proof. Obviously, F,, is hermitian. Proposition 5.1 can be rewritten as

Tg ) (Hm) = Fon Do) (Q%) F,-

Letting @ — 0 and b — oo we obtain 1 = F,,, F,. This implies that F,,, is isometric. Using again the fact
that it is hermitian we see that it is unitary. O

6. SCATTERING THEORY OF H,,
Let us now give a short and self-contained description of the scattering theory for the operators H,, with real
m.

Theorem 6.1. If m,k > —1 are real then the wave operators associated to the pair H,,, Hy, exist and

Qi’k = h:tm eithefitHk — e:‘:i(mfk)ﬂ'/Qf’mfk'

t—+oo

In particular the scattering operator Sy, i, for the pair (H,,, Hy,) is a scalar operator: Sy, , = el (m=k),
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Proof. Note that QF , := e (m=R)7/2 £ 7 is a unitary operator in L? such thate=#1m Q% | = O | e~itHx

for all ¢. Thus to prove the theorem it suffices to show that (Q?f1 = 1)e~Hx — ( strongly as t — =-oc.
Let 7, be the operator of multiplication by the characteristic function of the interval |0, a[ and 7,0 = 1 — 7,.
Then from Theorem 5.2 it follows easily that w,e~*7m — (0 and 7w,e~ "k — 0 strongly as ¢t — oo for
any a > 0. Thus we are reduced to proving

lim, oo SUPyool|mi (O, — De e f| =0 forall f € L2.

m.k
By using again Theorem 5.2 we get
(Qik o 1>e—itHk _ e:Fikﬂ-/Q(eiimn/Qfm . eiik‘;r/Q}—k)e—itQZ}—k’

hence it will be sufficient to show that

lim, 0 SUP_ o o || (eFHF7/ 2, — eiim”/2fm)e*itQ2g|| =0 forallge CX(Ry). (6.1)
Let us set jn, (2) = /2 Jm(x) and 7., = mn/2 + 7/4. Then (F,,h)(z) = fooo Jm(2zp)h(p)dp, and from the
asymptotics of the Bessel functions we get

V5im(y) = cos(y = 7im) + ji(y)  where jp, (y) ~ O(y™"). (6.2)

If we set g;(p) = (/2)/2e= 1" g(p) and GF = (et *™/2F, — eXim™/2F, \g, then
G (z) = / (€72 cos(ap — i) — e/ cos(wp — Tin)) i (p)dp + / (i (@p) — js(@p))g:(p)dp.

The second contribution to this expression is obviously bounded by a constant time |z|~* [ |g:(p)/p|dp, and
the L?(d) norm of this quantity over [a, co| is less than C'a~'/2 for some number C' independent of . Thus
we may forget this term in the proof of (6.1).

Finally, we consider the first contribution to G;r, for example. Since

elk:Tr/Q imm/2

COS(LE]) — Tk) —e COS(:rp — Tm) — e—ia;p+i7r/4(eik7r o eimﬂ')/2’

we get an integral of the form [ e~ ip(zptip) g(p)dp, which is rapidly decaying in 2 uniformly in ¢ > 0,
because g € C.(R) and there are no points of stationary phase. This finishes the proof of (6.1). O

Since H,, and Hj, are homogeneous of degree —2 with respect to the operator D, which has simple spectrum,
we can apply Proposition 2.9 with A = D and deduce that the wave operators are functions of D. Our next
goal is to give explicit formulas for these functions.

Let J : L2 — L2 be the unitary involution
1.1
LCRETIE)
Clearly Je'™P = 772 7 forall 7 € R, and JQ?J = Q2. In particular, the operator

Gm =T Fm (6.3)

is a unitary operator on L? which commutes with all the e!™”. Hence there exists Z,,, : R — C, |Z,,,(z)| = 1
a.e. and G, = E,,(D). Moreover, we have
fmfk:fmjjfk:g;gka
so that
. . Zk(D)
Qyin — e:l:l(m—k)‘fr/Qg;«ngk _ e:l:l(m—k?)ﬂ'/Q'—k)( ]
ok En(D)

Note that G, H,,G, = JQ*J = Q=2
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Theorem 6.2. For m > —1,
(m+1+iD)
G, —elln)D 2
m F(7rz+12—iD) ’
Therefore, for m, k > —1, the wave operators for the pair (H,,, Hy) are equal to
F( k+12+iD )F( m+12—iD )

Q:t = :tl(mfk)ﬂ'/Q _ i )
m, F(k+12ﬂD)F(m+12+lD)

For the proof we need the following representation of Bessel functions:

Lemma 6.3. For any m such that Re (m) > —1 the following identity holds in the sense of distributions:

To(@) = 1/+°° L) (f)’it*ldt.
im ) (i) (2

Proof. If Re (m) > 0 one has the following representation of the Bessel function J,, (), cf. [6, ch. VL5]:
1 c+ioco T m—2z
In(x) = — / __T® j (f) dz

27 Joioo I'(m—2z+1) \2
1 +oo I'(c+it m—2c—it
- —/ (c+i3) - (f) at, (6.4)
At J_oo T(m+1—c—ig) \2
Rem . L .
where ¢ € |0, . Note that the subintegral function is everywhere analytic except for the poles at
z =0,—1,-2,..., all of them on the left hand side of the contour. By the Stirling asymptotic formula, the

subintegral function can be estimated by |z|~1~Re™+2¢ gt infinity, hence it is integrable.

We shall extend the formula (6.4) for Rem > —1 and ¢ €]0,Re (m) + 1[. For that purpose we have to
understand it in the distributional sense, that is after smearing it with a function of x belonging to C°.

1 [ =
Let p € C and ¢(z) := E/ (g) ¢(z)dz. For Rem > 0 and 0 < ¢ < 8¢ we thus have

* e T(etiy) |
/0 Im(@)(x)dx = /700 Fm+1—c—iL) o(m — 2¢ — it)dt. (6.5)

Since ¢ € C¢°, the function ¢ is holomorphic and for any K C C compact and n € N there exists Cg p,
such that

lp(z+it)] < Cxo(t)™™, VzeK,VteR, (6.6)
where (t) = /14 t2. Likewise, the function z — 6(z) = F(mi(zl)—z) is holomorphic in the strip
0 < Re (%) < Re(m) + 1, and for any compact K C C there exists Cx > 0 such that

0(z +it)| < Cp(t)2ReG)—Re(m)=1 " v, ¢ K VWt e R. 6.7)

Combining (6.6)-(6.7), this proves that the function

Heo [(c+ik
cr— / 2) d(m — 2¢ — it)dt
D(m+1-c—i})
is holomorphic in the strip 0 < Re (¢) < Re (m) + 1. Moroever, (6.5) shows that this function is constant

equal to / Jm(z)p(x)dz for ¢ € ]0,BS™[. Hence (6.5) extends to any c such that 0 < Re(c) <
0

Re (m)+1

Re (m) + 1. In particular, if we chose ¢ = , we get for any m with Re (m) > 0

Ry Y e = A
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Using (6.6)-(6.7) once more, one gets that the right-hand side of the above identity is holomorphic for
Re(m) > —1. Since the Bessel function J,,, also depends on m in an holomorphic way, the left-hand
side is holomorphic as well, and hence (6.8) extends to any m such that Re (m) > —1, which ends the proof
of the lemma. O

The next lemma will also be needed.

Lemma 6.4. For a given distribution 1, the operator w(D) from C to (C) has integral kernel

t
27-(- /T —1t

Proof. We use the Mellin transformation M : L?(0, 00) — L?(RR). We recall the formula for M and M~

Y(D)(z,y)

(MN) = == / dz 2~ f(2)
Mg (z) = \/%/_Ocdsx_%“sg(s).

The Mellin transformation diagonalizes the operator of dilations, so that M1 (D)M ™! is the operator of
multiplication by (s). O

Proof of Theorem 6.2. Using (5.2), (6.3) and Lemma 6.3 we get that the operator G,,, has the integral kernel

oo = L m

“+00 F m+1t+1

) 1 —it —1t
= 2’”\/7 m 1t+1) <2) xﬂtdt'

(

i

Hence by Lemma 6.4, the unitary operator G,,, coincides with Z,,,(D) on Cg°, where

+1+1

) NG )
Em(t) — elln(2)t =
F( m+21 t)

Since |Z,,(t)| = 1 for m € R, the operator Z,,(D) is a unitary operator on L? which coincides with G,,, on

the dense subspace C°, and hence G,,, = Z,,(D) on L2

d

Remark 6.5. It is interesting to note that =,, (D) is a unitary operator for all real values of m and

=-1(D)Q%Z,,(D) (6.9)

is a function with values in self-adjoint operators for all real m. =,,(D) is bounded and invertible also for
all m such that Rem # —1,—2,.... Therefore, the formula (6.9) defines an operator for all {m | Rem #
—1,-2,... } UR. Clearly, for Re m > —1, this operator function coincides with the operator H,, studied in
this paper. Its spectrum is always equal to [0, oo and it is analytic in the interior of its domain.

One can then pose the following question: does this operator function extend to a holomorphic function of
closed operators (in the sense of the definition of Subsec. 2.2) on the whole complex plane?

APPENDIX A. SECOND ORDER DIFFERENTIAL OPERATORS

To make this paper self-contained we summarize in this appendix some facts on second order differential
operators. We are especially interested in the case when the potential is complex and/or singular at the origin.
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A.1. Green functions. We consider an arbitrary complex potential V' € L2 _and a complex number A. Let
L be the distribution valued operator defined on LZ _ by

L=-0?+V(x). (A.1)
We recall that the Wronskian of two functions f, g of class C* on R, is the function W ( f, g) whose value at

a point z > 0 is given by W,.(f,g) = f(x)g'(x) — f'(x)g(x). If f, g are solutions of an equation v’ = Vu
then W (f, g) is a constant which is not zero if and only if f, g are linearly independent.

We recall a standard method for constructing the Green function of a differential operator. An elementary
computation gives

Proposition A.1. Suppose that uy and u are solutions of Lu = Au, which are square integrable near 0
and oo respectively, and such that W (ueo, uo) =1 Letg € L? and deﬁne

fo = U0Geo + Usogo with g() fo ’LLO dy, goo f uOO dy

Then the function fy satisfies (L — A fo=gand f§ = u(goo — uLogo. The general solution of the equation
(L = X\)f = g can be written as f = coug + Coolioo + fo With g, coo € C. We have

wo(@)usely) i 0<z <y,
/ Glz,y)gly)dy with  Glx,y) = {uo(y)uoo(z) if 0<y<u.

A.2. Maximal and minimal operators. We denote L.,,;, and L.« the minimal and maximal operator
associated to the differential expression (A.1). More precisely, Lmayx is the restriction of L to the space
D(Lpax) = {f € L? | L f € L?} considered as operator in L2, and Ly,;, is the closure of the restriction
of Lipax to C°. Lyax is a closed operator on L?, because it is a restriction of the continuous operator
L:L2 —7D (Ry).

loc

From now on we assume that sup,-,, fbe |V (z)]dz < oo for each a > 0. Then the following is true (cf.

[5D:

Proposition A.2. If f € D(Lyax), then f and ' are continuous functions on Ry which tend to zero at
infinity. For f,g € D(Lmax),
lim W, (f,.9) = Wo(F,0) (A2)

exists and we have

A (Lmaxfg - fLmaxg)dx = _WO(fv g) (A3)

In particular, Wy is a continuous bilinear antisymmetric form on D(Ly,ax) (equipped with the graph topol-
0gy), and if one of the functions f or g belongs to D(Lin), then Wo(f,g) =0

Remark A.3. Note that the so defined Wy (f, g) depends only on the restriction of f and g to an arbitrary
neighborhood of zero. Hence if f, g are continuous square integrable functions on an interval 10, a| such
that the distributions Lf and Lg are square integrable on )0, a|, then the limit in (A.3) exists and defines

WO(fv g)

If V is a real function, the operator Ly is hermitian and L} ;|

<Lmaxf7 g> - <f7 Lmaxg> = _WO(fvg) = {fa g}
for all f,g € D(Lmax). Here {f, g} is a continuous hermitian sesquilinear form on D(Lyy,ax) which is zero
on D(Lyin). Moreover, an element f € D(Lyax) belongs to D(Ly,iyn) if and only if {f, g} = 0 for all
g € D(Lmax). A subspace & C D(Lyax) will be called hermitian if it is closed, contains D( Ly, ), and the
restriction of {-, -} to it is zero. It is clear that H is a closed hermitian extension of L, if and only if H is
the restriction of L., to a hermitian subspace.

= Lax. From (A.3) we get

Now we consider the case of complex V.
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Lemma A4. Let f € D(Lyax). Then f € D(Lwin) if and only if Wo(f, g) = 0 for all g € D(Lax)-

Proof. One implication is obvious. To prove the inverse assertion let us denote L = —32 + V acting on

continuous functions, and let Li,, Lmax be the minimal and maximal operators associated to L. Tt is trivial
to show that L} . = Lyax, hence Lo = El*nax because Ly, is closed. Thus f € L2 belongs to D(Lmin)
if and only if there is & € L? such that (L,axg, f) = (g, h) forall g € D(Liyax). But g € D(Lpay) if and
only if § € D(Lmax), s0 for f € D(Lmax) We get from (A.3)

(Lunaxgs f) = / Lgfda = / gLfdz —Wo(g. 1) = (9. Lf) — Wolg, f).

Hence if Wy (g, f) = 0 for all g € D(Lax), then f € D(Lyin). O

We denote £ = {u | Lu = 0}, this is a two dimensional subspace of € C'(R ) and if u, v € £ then W (f, g)
is a constant which is not zero if and only if u, v are linearly independent. By the preceding comments, if
u € L and fol |u|*dz < oo then f +— Wp(u, f) defines a linear continuous form £, on D(Lyax) which
vanishes on D(L,,;y,). Let L, be the restriction of L™** to Ker ¢,,. Clearly L, is a closed operator on L?
such that Ly, C Ly C Lipax.

A.3. Extensions of L,,;,. Below by strict extension of L,;, we mean an operator 7" such that L,,;, €T C
Lyyax. We denote € a function in CS° such that £(z) = 1 forx < 1 and {(x) = 0 for z > 2.

Until the end of the subsection we assume that all the solutions of the equation Lu =0 are square integrable
at the origin.

Proposition A.5. D(L,.iy) is a closed subspace of codimension two of D(Lax) and
D(Luin) = {f € D(Lmax) | Wo(u, f) =0Vu € L} =, Kerl,. (A4)

If u # 0 then Ly, is a strict extension of Ly, and, reciprocally, each strict extension of L,y is of this form.
More explicitly, D(Ly) = D(Lmyin) + CSu. We have L, = L, if and only if v = cu with ¢ € C\ {0}. If
V is real, then the operator Ly, is hermitian, has deficiency indices (1,1), and if u € L\ {0} then L, is
hermitian (hence self-adjoint) if and only if u is real (modulo a constant factor).

Proof. We first show that ¢, = 0 if and only if v = 0. Indeed, if © # O then, the equation Lv = 0 has a
solution linearly independent from u, so that W (u,v) # 0. But there is g € D(Lax) such that g = v on a
neighborhood of zero, and then ¢,,(g) = W (u, v) # 0. This also proves the last assertion of the proposition.

Assume for the moment that (A.4) is known. If u, v are linearly independent elements of £, then they are a
basis of the vector space £, hence we have D(L,,in) = Ker £, N Ker ¢,, and so D(Lyi,) is of codimension
two in D(Lmax). Moreover, if u # 0, then D(Lyy) is of codimension one in Ker 4, we have {u €
D(Lmax) \ D(Lmin) and £u € Ker £, hence D(Ly,) = D(Lin) + Céu.

If V is real, the deficiency indices of L, are (1, 1), because D(Lyin) has codimension two in D(Lyax)-
The space Ker ¢,, is hermitian if and only if {f, f} = 0 for all f € Ker¢,. But Ker ¢,, = D(Lyin) + Cu,
so we may write f = fo + Afu, and then clearly {f, f} = {\éu, \éu} = |A[*{u,u} = —|\*Wo (@, u). So
Ker ¢, is hermitian if and only if Wy (@, u) = 0. But % and w are solutions of the same equation L f = 0, and
W (a,u) = Wy(a,u) = 0. Thus % and v must be proportional, i.e. there is a complex number ¢ such that
@ = cu. Clearly |c| = 1, so we may write ¢ = e, and then we see that the function e*u is real.

Thus it remains to prove (A.4), and for this we need some preliminary considerations which will be useful
in another context later on. Let vy € L such that W(vy,v_) = 1. If g is a function on R, such that
Jo lg?dz < oo forall a > 0, we set g+ (z) = [ v+ (y)g(y)dy. Itis easy to check that if Lf = g, then there
is a unique pair of complex numbers a such that

f=(ay +g-)v4 + (a— — g4 )v- (A5)
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and, reciprocally, if f is defined by (A.5), then Lf = g. Since g/, = v1g, we also have

fr=(ay +g- )0 +(a- — g4 vl (A.6)

Now assume i € D(Lmax) and Wy(u, h) = 0 for all u € L. This is equivalent to ¢, (h) = 0. We shall
prove that Wy(f, h) = 0 for all f € D(Lmax), and this will imply b € D(Ly,in) by Lemma A.4. If we set
v=ayvy +a_v_ and fo = g_vy — gyv_, then we get Wy (f, h) = Woy(fo, h). Then

Wo(fo, h) = Wo(g-v4 = gv—, h) = lim ((g-v4 — g+v-)(@)h' (z) = (9-v+ — g4+v-)'(2)h(2)) .
For a fixed x we rearrange the last expression as follows:
g-vih = (g-vy)'h — grv_h' + (g4v-)'h = g-Wy(vy, h) — g4 Wy (v—, h) — g vih + g\ v_h.

When x — 0 the first two terms on the right hand side clearly converge to zero. The last two become
—gv_vyh 4+ gvyv_h = 0. This finishes the proof. O

Remark A.6. If zero is a regular endpoint, i.e. fol |V (z)|dz < oo, then for each f € D(Lyax) the limits
lim,_,o f(z) = f(0) and lim,_,o f'(z) = f/(0) exist. If V' is real we easily get the classification of the
self-adjoint realizations of L in terms of boundary conditions of the form f(0)sin® — f’(0) cos = 0.

We point out now some consequences of the preceding proof. We denote ||h|, the L? norm of a function
h on the interval |0, z[. Then we get |g+(x)| < ||vi||z||glle for all x > 0, where the numbers ||vy ||, are
finite and tend to zero as x — 0. Note that in general ||v/, ||, = oo for all x for at least one of the indices =.
Anyway, we have

IN

(s @lle—lle + fo- @0 2 ) gz
| (x) — (a4v) (x) + a—vl (2))]| (Iv;(af)lllv—llx + vl (x)|||v+||x) 9]l
In other terms: if f is a solution of L f = g, then there are complex numbers a4 such that, as z — 0,
f@) = avoi (@) +av- (@) + o) (Jos @) ol + [o- @)l ]l ), (A7)

F@) = apl(@)+av’ (@) + o) (W@l lla + @) v ) (A3)

(@) — (arvs () + a_v_(2))]

IN

In the next proposition we continue to assume that all the solutions of the equation Lu = 0 are square
integrable at the origin and keep the notations introduced in the proof of Proposition A.5.

Proposition A.7. A function [ € D(Lmax) belongs to D(Lyin) if and only if f = vig_ — v_g4 with
g = Lf. Inparticular, if f € D(Lwin), then for x — 0 we have

£(@) = o)) (lo+ @) [o-lls + [o-@)lllvs ), /(@) = o) (W @ lo- Lo + [0 (@) 0] ).

Proof. We take above ¢ = Lf and we get the relations (A.5), (A.6), (A.7) and (A.8) for some uniquely
determined numbers a. If we set v = a1 vy +a_v_ and fo = vyg_ —v_g4, then f = v + fy. We know
that f € D(Lyn) if and only if Wy (u, f) = 0 for all u € L. Since v form a basis in £, it suffices in fact to
have this only for u = v4. We have Wy (v, fo) = 0 because f; = v/, g— — v’ g, so that

vifo—vifo=ve(vhig. —vlgy) —vi(vig. —v_gy) = —gx,
and g4 (x) — 0as x — 0. Hence Wy (v, f) = Wo(vs,v) + Wo(va, fo) = Wo(vs,v) = tas, and so
f € D(Lyin) ifand only if ax = 0, orifand only if f = vig_ —v_gy with g = T f. Thus, if f € D(Luyin),
then we have the relations (A.7) and (A.8) with a = 0, so we have the required asymptotic behaviours of f
and f’. O
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APPENDIX B. AHARONOV-BOHM HAMILTONIAN

Consider the Hilbert space L?(IR?). We will use simultaneously the polar coordinates, 7, ¢, which identify
this Hilbert space with L?(0, 00) ® L?(—, ) by the unitary transformation

L*(R*) > f— Uf € L*(0,00) ® L*(—,7)
given by U f(r, ¢) = /T f(r cos ¢, 7 sin ¢).
Let A € R. We consider the magnetic hamiltonian associated to the magnetic potential (m;‘ifyz, — I;:f'yQ ).
The curl of this potential equals zero away from the origin of coordinates and the corresponding Hamiltonian

(at least for real \) is called the Aharonov-Bohm Hamiltonian. More precisely, let M), denote the minimal
operator associated to the differential expression

Ay 2 Az 2
M, = — (—i@x 53 +y2) - (—z’ay +t 5 +y2> : (B.1)

a priori defined on C°(R?\{0}). Clearly, M) is a positive hermitian operator, homogeneous of degree —2.
In polar coordinates, M becomes

1 1
My = -0+ = {(i&ﬁ + )2 — 4] : (B.2)

Let L := —iz0, + iyd, be the angular momentum. L = —idy in polar coordinates. Then L commutes with

M (or equivalently, M) is rotation symmetric). L is a self-adjoint operator with the spectrum sp(L) = Z.

Therefore, we have a direct sum decomposition L?(R?) = @ ‘H; where H; is the spectral subspace of L for
IEZ

the eigenvalue /. With the help of U we can identify H; with L?(R. ).

USil’lg (BZ), one immediately gets that
UM [7* ey min. B3
A ez I+ ( )

Using general arguments, see Proposition 2.6, one easily gets that the Friedrichs and the Krein extensions of
M, denoted M{F and M XX respectively, are also homogeneous and rotation symmetric. (The reason for
the double superscript will become apparent later).

Proposition B.1. (i) If \ € Z, then M), has deficiency indices (1,1). We have MI'F' = MEX and M,
has no other homogeneous extension.
(i) If \ & Z, then M) has deficiency indices (2,2). We have M¥'F # MEX and M)y has two other
(distinct) homogeneous and rotation symmetric self-adjoint extensions M f K and M /{( F

Remark B.2. When A\ ¢ Z, M), has also many homogeneous self-adjoint extensions which are not rotation
symmetric.

Remark B.3. If V denotes the unitary operator such that V = e'% in polar coordinates, then
V*M\V = Mx41. (B.4)

Proof. Using (B.3), the deficiency indices of My are (n,n) where n = >, ,n;, and (ng,n;) are the
deficiency indices of Lj"}. By Proposition 4.17, we have n; = 0 unless |l + A| < 1, in which case n; = 1.
Thus, if A € Z, only the term with [ = — X has nonzero deficiency indices, namely n_, = 1, and if A ¢ Z,
then n; = 1 only when | = —[A] — 1 and [ = —[)A], where [)\] denotes the integer part of A. This proves the

assertions concerning the deficiency indices.

Using (B.4), we can then restrict ourselves to the case 0 < A < 1. The result follows from the analysis of
Section 4.4. If A = 0, the only term which is not self-adjoint in the decomposition of My is LE"". Using
Proposition 4.15 we see that M, has a unique homogeneous self-adjoint extension. Since Mt and MEX
are both homogeneous, they necessarily coincide.
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We then turn to the case 0 < A < 1. Only the terms L}% and L™ are not self-adjoint. Using Proposition
4.15 again, each of these term has exactly two homogeneous extensions H(y_;) and Hy) respectively,
those with a + sign corresponding to the Friedrichs extension and those with a — sign to the Krein extension.
Hence M) has 4 distinct homogeneous and rotation symmetric self-adjoint extensions. The super-indices
FF, KK, FK and KF correspond to the choice of the two extensions (the first index for the extension of

). 0
We can then apply the results of Section 4.2 to study the analiticity properties of the various homogeneous
extensions of M.

Theorem B.4. Letn € Z. Forany # € {FF, KK, FK, KF} the map In,n +1[3 A — M;\# extends to a
holomorphic family M¥ on the strip {n < Re (z) < n + 1}. Moreover,

(i) the family z — MEF can be extended to a holomorphic family on the strip {n—1 < Re (z) < n+2}.
(ii) the family z — MK can be extended to a holomorphic family on the strip {n—2 < Re (z) < n+1}.
(iii) the family z — MXY can be extended to a holomorphic family on the strip {n < Re (z) < n + 3}.

Proof. Using Proposition B.1, for any A € Jn,n + 1[, we have

M= o 2H—l—/\ S Hix—n-1)® Hi(r—n)

&  Hppa. (B.5)
I<—n— >—n+1

>

Using Theorem 4.2, the components H_;_ (for | < —n — 2) have an analytic extension to the half-plane
Re(z) < —l + 1, the components H; (for [ > —n + 1) have an analytic extension to the half-plane
Re(z) > —I — 1. Similarly, Hx_,,— (the Krein extension of i\“f‘n_l) has an extension to the half-plane

Re(2) > n, H_x4n41 to the half-plane Re (2) < n+2, Hy_,, to the half-plane Re (2) > n—1and H_j,,
to the half-plane Re (z) < n + 1. The result then easily follows. O

Remark B.5. The value at z = n of both families M5 and MF'Y coincides with the unique homogeneous
extension of M.
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