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(
σ(z)∂2

z + τ (z)∂z + η
)
F (z) = 0

is called a hypergeometric type equation if η ∈ C and σ(z), τ (z)

are polynomials with

degσ ≤ 2, degτ ≤ 1.

It is given by the hypergeometric type operator

C(z, ∂z) := σ(z)∂2
z + τ (z)∂z + η



Below we list normal forms of all nontrivial classes of hypergeo-

metric type operators.

The hypergeometric operator z(1−z)∂2
z +
(
c− (a+b+1)z

)
∂z−ab.

The Gegenbauer operator (1− z2)∂2
z − (a + b + 1)z∂z − ab.

The confluent operator z∂2
z + (c− z)∂z − a.

The Hermite operator ∂2
z − 2z∂z − 2a.

The 0F1 operator (related to the Bessel operator) z∂2
z + c∂z − 1.



We will see that all hypergeometric type equations can be obtained

by separating the variables of a certain 2nd order PDE’s with constant

coefficients. Every such a PDE has a Lie algebra and a Lie group of

generalized symmetries.

1. The orthogonal Lie algebra so(Cn+2) describes generalized sym-

metries of the Laplace equation ∆Cnf = 0.

2. The Schrödinger Lie algebra sch(Cn−2) = C2⊗Cn−2o
(
sl(C2)⊕so(Cn−2)

)
generalized symmetries of the heat equation

(
∆Cn−2 + ∂t

)
f = 0.

3. The affine orthogonal Lie algebra Cn−1oso(Cn−1) describes sym-

metries of the Helmholtz equation
(
∆Cn−1 − 1

)
f = 0.



All the equations from the above list can be derived by an appro-

priate reduction from the Laplace equation in n + 2 dimensions

∆Cn+2K = 0.

On the (n + 2)-dimensional level the corresponding symmetries are

very straightforward. In particular, all the corresponding symmetries

sit in the conformal symmetries of Cn:

sch(Cn−2) ⊂ so(Cn+2),

Cn−1 o so(Cn−1) ⊂ so(Cn+1) ⊂ so(Cn+2)



In the Lie algebra of generalized symmetries we fix a certain max-

imal commutative algebra, which we will call the “Cartan algebra”.

The eigenvalues of the “Cartan algebra” correspond to parameters

of the equation.

Operators whose adjoint action is diagonal in the “Cartan alge-

bra” will be called “root operators”. Root operators correspond to

commutation relations of the equation.

In the Lie group of generelized symmetries we will distinguish a

discrete subgroup, which leaves invariant the “Cartan algebra”. It

will be called the group of “Weyl symmetries”. Weyl symmetries

correspond to discrete symmetries of the equation.



PDE
Lie

algebra

discrete

symmetries
equation

number of

parameters

number of

basic com. rel.

∆C4 so(C6) cube hypergeometric 3 12;

∆C3 so(C5) square Gegenbauer 2 8;

∆C2 + ∂t sch(C2) Z2 × Z2 confluent 2 6;

∆C + ∂t sch(C1) Z4 Hermite 1 4;

∆C2 − 1 C2 o so(C2) Z2 0F1 1 2.



Thus to derive the hypergeometric and confluent equation together

with all its symmetries one should start with

∆C6K = 0.

To derive the Gegenbauer, Hermite and 0F1 equation together with

all its symmetries it is enough to start with

∆C5K = 0.

It is easy to reduce the Laplace equation from 6 to 5 dimensions.

Thus the Laplace equation in 6 dimensions is the mother of all hy-

pergeometric type equations.



Every hypergeometric type operator can be written as

C(z, ∂z) = ρ−1(z)∂zρ(z)∂z + η,

which defines a function ρ(z) called the weight. The operator

Cbal(z, ∂z) := ρ(z)
1
2C(z, ∂z)ρ(z)−

1
2 ,

will be called the balanced form of C.



On the following slides we list all normal forms of hypergeometric

type equations both in the standard form and in the balanced form.

We also present two classes of identities whose group-theoretical

derivation we would like to present: commutation relations and dis-

crete symmetries.

We will always use special parameters. The special parameters and

the balanced form will help us to visualize the symmetries.



The (standard) hypergeometric operator

Fα,β,µ(w, ∂w) = w(1− w)∂2
w +

(
(1 + α)(1− w)− (1 + β)w

)
∂w

+
1

4
µ2 − 1

4
(α + β + 1)2.

The balanced hypergeometric operator

Fbal
α,β,µ(w, ∂w) := w

α
2 (1− w)

β
2Fα,β,µ(w, ∂w)w−

α
2 (1− w)−

β
2

= ∂ww(1− w)∂w −
α2

4w
− β2

4(1− w)
+
µ2 − 1

4
.



Discrete symmetries, known as Kummer’s table:

F bal
α, β, µ(w, ∂w) does not change if we flip the signs of α, β, µ.

Besides, the following operators coincide with F bal
α, β, µ(w, ∂w):



w = z : F bal
α, β, µ(z, ∂z),

w = 1− z : F bal
β, α, µ(z, ∂z),

w =
1

z
: z

1
2 (−z)F bal

µ, β, α(z, ∂z) z
−1

2 ,

w = 1− 1

z
: z

1
2 (−z)F bal

µ, α, β(z, ∂z) z
−1

2 ,

w =
1

1− z
: (1− z)

1
2 (z − 1)F bal

β, µ, α(z, ∂z) (1− z)−
1
2 ,

w =
z

z − 1
: (1− z)

1
2 (z − 1)F bal

α, µ, β(z, ∂z) (1− z)−
1
2 .



Commutation relations.√
w(1− w)

(
∂w −

α

2w
+

β

2(1− w)

)
F bal
α, β, µ(w, ∂w)

= F bal
α+1, β+1, µ(w, ∂w)

√
w(1− w)

(
∂w −

α

2w
+

β

2(1− w)

)
,√

w(1− w)

(
∂w +

α

2w
− β

2(1− w)

)
F bal
α, β, µ(w, ∂w)

= F bal
α−1, β−1, µ(w, ∂w)

√
w(1− w)

(
∂w +

α

2w
− β

2(1− w)

)
,√

w(1− w)

(
∂w −

α

2w
− β

2(1− w)

)
F bal
α, β, µ(w, ∂w)

= F bal
α+1, β−1, µ(w, ∂w)

√
w(1− w)

(
∂w −

α

2w
− β

2(1− w)

)
,√

w(1− w)

(
∂w +

α

2w
+

β

2(1− w)

)
F bal
α, β, µ(w, ∂w)

= F bal
α−1, β+1, µ(w, ∂w)

√
w(1− w)

(
∂w +

α

2w
+

β

2(1− w)

)
,



√
w

(
2(1− w) ∂w −

α

w
− µ− 3

)
F bal
α, β, µ(w, ∂w)

= F bal
α+1, β, µ+1(w, ∂w)

√
w

(
2(1− w) ∂w −

α

w
− µ− 1

)
,

√
w

(
2(1− w) ∂w +

α

w
+ µ− 3

)
F bal
α, β, µ(w, ∂w)

= F bal
α−1, β, µ−1(w, ∂w)

√
w

(
2(1− w) ∂w +

α

w
+ µ− 1

)
,

√
w

(
2(1− w) ∂w −

α

w
+ µ− 3

)
F bal
α, β, µ(w, ∂w)

= F bal
α+1, β, µ−1(w, ∂w)

√
w

(
2(1− w) ∂w −

α

w
+ µ− 1

)
,

√
w

(
2(1− w) ∂w +

α

w
− µ− 3

)
F bal
α, β, µ(w, ∂w)

= F bal
α−1, β, µ+1(w, ∂w)

√
w

(
2(1− w) ∂w +

α

w
− µ− 1

)
,



√
1− w

(
−2w ∂w −

β

1− w
− µ− 3

)
F bal
α, β, µ(w, ∂w)

= F bal
α, β+1, µ+1(w, ∂w)

√
1− w

(
−2w ∂w −

β

1− w
− µ− 1

)
,

√
1− w

(
−2w ∂w +

β

1− w
+ µ− 3

)
F bal
α, β, µ(w, ∂w)

= F bal
α, β−1, µ−1(w, ∂w)

√
1− w

(
−2w ∂w +

β

1− w
+ µ− 1

)
,

√
1− w

(
−2w ∂w −

β

1− w
+ µ− 3

)
F bal
α, β, µ(w, ∂w)

= F bal
α, β+1, µ−1(w, ∂w)

√
1− w

(
−2w ∂w −

β

1− w
+ µ− 1

)
,

√
1− w

(
−2w ∂w +

β

1− w
− µ− 3

)
F bal
α, β, µ(w, ∂w)

= F bal
α, β−1, µ+1(w, ∂w)

√
1− w

(
−2w ∂w +

β

1− w
− µ− 1

)
.



The (standard) Gegenbauer operator

Sα,λ(w, ∂w) := (1− w2)∂2
w − 2(1 + α)w∂w + λ2 −

(
α +

1

2

)2

.

The balanced Gegenbauer operator

Sbal
α,λ(w, ∂w) := (w2 − 1)

α
2Sα,λ(w, ∂w)(w2 − 1)−

α
2

= ∂w(1− w2)∂w −
α2

1− w2
+ λ2 − 1

4
.



Discrete symmetries. S bal
α, λ(w, ∂w) does not change if we flip the

signs of α, λ. Besides, the following operators coincide with S bal
α, λ(w, ∂w):

w = z : S bal
α, λ(z, ∂z),

w =
z√
z2 − 1

: (z2 − 1)
1
4 (z2 − 1)S bal

λ, α(z, ∂z) (z2 − 1)−
1
4 .



Commutation relations.√
1− w2

(
−5

2
− w ∂w −

α

1− w2
− λ
)
S bal
α, λ(w, ∂w)

= S bal
α+1, λ+1(w, ∂w)

√
1− w2

(
−1

2
− w ∂w −

α

1− w2
− λ
)
,√

1− w2

(
−5

2
− w ∂w +

α

1− w2
+ λ

)
S bal
α, λ(w, ∂w)

= S bal
α−1, λ−1(w, ∂w)

√
1− w2

(
−1

2
− w ∂w +

α

1− w2
+ λ

)
,√

1− w2

(
−5

2
− w ∂w −

α

1− w2
+ λ

)
S bal
α, λ(w, ∂w)

= S bal
α+1, λ−1(w, ∂w)

√
1− w2

(
−1

2
− w ∂w −

α

1− w2
+ λ

)
,√

1− w2

(
−5

2
− w ∂w +

α

1− w2
− λ
)
S bal
α, λ(w, ∂w)

= S bal
α−1, λ+1(w, ∂w)

√
1− w2

(
−1

2
− w ∂w +

α

1− w2
− λ
)
,



w

(
−5

2
+

1− w2

w
∂w − λ

)
S bal
α, λ(w, ∂w)

= S bal
α, λ+1(w, ∂w)w

(
−1

2
+

1− w2

w
∂w − λ

)
,

w

(
−5

2
+

1− w2

w
∂w + λ

)
S bal
α, λ(w, ∂w)

= S bal
α, λ−1(w, ∂w)w

(
−1

2
+

1− w2

w
∂w + λ

)
,

√
1− w2

(
∂w +

w

1− w2
α

)
S bal
α, λ(w, ∂w)

= S bal
α+1, λ(w, ∂w)

√
1− w2

(
∂w +

w

1− w2
α

)
.√

1− w2

(
∂w −

w

1− w2
α

)
S bal
α, λ(w, ∂w)

= S bal
α+1, λ(w, ∂w)

√
1− w2

(
∂w −

w

1− w2
α

)
.



The (standard) confluent operator

Fθ,α(w, ∂w) = w∂2
w + (1 + α− w)∂w −

1

2
(1 + θ + α).

The balanced confluent operator

Fbal
θ,α(w, ∂w) = w

α
2 e−

w
2Fθ,α(w, ∂w)w−

α
2 e

w
2

= ∂ww∂w −
w

4
− θ

2
− α2

4w
.



Discrete symmetries. Fbal
θ,α(w, ∂w) does not change if we flip the

sign of α. Besides, the following operators coincide withFbal
θ,α(w, ∂w):

w = z : Fbal
θ,α(z, ∂z),

w = −z : Fbal
−θ,α(z, ∂z).



Commutation relations.

1√
w

(
w ∂w +

α

2
+
w

2

)
F bal
θ, α(w, ∂w)

= F bal
θ+1, α−1(w, ∂w)

1√
w

(
w ∂w +

α

2
+
w

2

)
,

1√
w

(
w ∂w −

α

2
+
w

2

)
F bal
θ, α(w, ∂w)

= F bal
θ+1, α+1(w, ∂w)

1√
w

(
w ∂w −

α

2
+
w

2

)
,

1√
w

(
w ∂w +

α

2
− w

2

)
F bal
θ, α(w, ∂w)

= F bal
θ−1, α−1(w, ∂w)

1√
w

(
w ∂w +

α

2
− w

2

)
,

1√
w

(
w ∂w −

α

2
− w

2

)
F bal
θ, α(w, ∂w)

= F bal
θ−1, α+1(w, ∂w)

1√
w

(
w ∂w −

α

2
− w

2

)
,



(
−w ∂w −

θ

2
− w

2
− 3

2

)
F bal
θ, α(w, ∂w)

= F bal
θ+2, α(w, ∂w)

(
−w ∂w −

θ

2
− w

2
− 1

2

)
,(

w ∂w −
θ

2
− w

2
+

3

2

)
F bal
θ, α(w, ∂w)

= F bal
θ−2, α(w, ∂w)

(
w ∂w −

θ

2
− w

2
+

1

2

)
.



The (standard) Hermite operator

Sλ(w, ∂w) = ∂2
w − 2w∂w − 2λ− 1.

The balanced Hermite operator

Sbal
λ (w, ∂w) := e−

w2

2 Sλ(w, ∂w)e
w2

2

= ∂2
w − w2 − 2λ.



Discrete symmetries. The following operators coincide with S bal
λ (w, ∂w):

w = z : Sbal
λ (z, ∂z),

w = iz : − Sbal
−λ(z, ∂z),

w = −z : Sbal
λ (z, ∂z),

w = −iz : − Sbal
−λ(z, ∂z).



Commutation relations.(
∂w + w

)
S bal
λ (w, ∂w)

= S bal
λ+1(w, ∂w)

(
∂w + w

)
,(

∂w − w
)
S bal
λ (w, ∂w)

= S bal
λ−1(w, ∂w)

(
∂w − w

)
,

(
−w ∂w − λ− w2 − 5

2

)
S bal
λ (w, ∂w)

= S bal
λ+2(w, ∂w)

(
−w ∂w − λ− w2 − 1

2

)
,(

w ∂w − λ− w2 + 5
2

)
S bal
λ (w, ∂w)

= S bal
λ−2(w, ∂w)

(
w ∂w − λ− w2 + 1

2

)
.



The (standard) 0F1 operator

Fα(w, ∂w) := w∂2
w + (α + 1)∂w − 1.

The balanced 0F1 operator

Fbal
α (w, ∂w) := w

α
2Fα(w, ∂w)w−

α
2

= ∂ww∂w − 1− α2

4w
.



Discrete symmetries. Fα(w, ∂w) does not change if we flip the sign

of α.

Commutation relations.

1√
w

(
w ∂w −

α

2

)
F bal
α (w, ∂w) = F bal

α+1(w, ∂w)
1√
w

(
w ∂w −

α

2

)
,

1√
w

(
w ∂w +

α

2

)
F bal
α (w, ∂w) = F bal

α−1(w, ∂w)
1√
w

(
w ∂w +

α

2

)
.



Symmetries of PDE’s

Let C be a linear differential operator on a complex manifold U .

Let α be a biholomorphic transformation on U . Then α acts on

analytic functions on U by

αf (u) := f (α−1(u)).

We say that it is a symmetry of C iff

αC = Cα.



One can also consider a pair of actions of α that involve multipliers

α]f (u) := m](u)f (α−1(u)),

α[f (u) := m[(u)f (α−1(u)).

We say that a pair (α], α[) is a generalized symmetry of C if

α[C = Cα].

Clearly, CF = 0 implies Cα]F = 0. Generalized symmetries form a

group.



Let A be a holomorphic vector field on U . A acts on analytic

functions on U :

Af (u) := Ai(u)∂if (u).

We say that it is an infinitesimal symmetry of C iff

AC = CA.



One can also consider a pair of actions of A that involve 0th order

terms:

A]f (u) := Ai(u)∂if (u) + M ](u)f (u),

A[f (u) := Ai(u)∂if (u) + M [(u)f (u).

We say that a pair (A], A[) is a generalized infinitesimal symmetry

of C if

A[C = CA].

Clearly, CF = 0 implies CA]F = 0. Infinitesimal generalized

symmetries form a Lie algebra.



Generalized symmetries of 2nd order PDE’s

PDE infinitesimal symmetries

Laplace ∆Cn so(Cn+2) conformal transformations (n > 2)

Heat ∆Cn + ∂t sch(n) = C2⊗Cn o
(
sl(C2)⊕so(n)

)
found by Schrödinger

Helmholz ∆Cn − 1 aso(n) = Cn o so(n) affine orthogonal transformations



Conformal invariance

Consider Cn+2 equipped with a bilinear nondegenerate form 〈·|·〉.
Choose coordinates on Cn+2 such that the scalar product has a

“split” form:

z = (z−1, z1, . . . , z−m−1, zm+1),

〈z|z〉 = 2z−1z1 + · · · + z−m−1zm+1, n = 2m,

z = (z0, z−1, z1, . . . , z−m−1, zm+1),

〈z|z〉 = z2
0 + 2z−1z1 + · · · + z−m−1zm+1, n = 2m + 1.

O(Cn+2) and so(Cn+2) act on functions on Cn+2 in the obvious way.



To a function f (. . . , y−m, ym) on Cn we associate the function on

Cn+2

Φηf := zηm+1f (. . . , z−mzm+1
, zm
zm+1

).

To a function K(. . . , z−m, zm, z−m−1, zm+1) on Cn+2 we associate

the function on Cn

ΨK := f
(
. . . , y−m, ym,−(· · · + y−mym), 1

)
.



We have

id = Ψ ◦ Φη.

For any η we have representations on functions on Cn:

Afl,η = ΨAΦη, A ∈ so(Cn+2),

αfl,η = ΨαΦη, α ∈ O(Cn+2).



We have the identity

∆Cn = Ψ∆Cn+2Φ
2−n

2 .

Therefore, for this special value of η we have a generalized symmetry

of the Laplace equation:

∆CnA
fl,−n−2

2 = Afl,−n+2
2 ∆Cn, A ∈ so(Cn+2),

∆Cnα
fl,−n−2

2 = αfl,−n+2
2 ∆Cn, α ∈ O(Cn+2).

Note that it is important to consider the Laplacian ∆Cn+2 on func-

tions homogeneous of degree −n−2
2 .



Geometric description: Introduce the null quadric in Cn+2

V := {z ∈ Cn+2 : 〈z|z〉 = 0, z 6= 0}

and the corresponding projective quadric

Y := V/C×.

O(Cn+2) acts naturally on Cn+2, hence also on Y .

We have a map of an open dense subset of Y :

Cn 3 y 7→
(
y,−1

2
〈y|y〉, 1

)
× C× ∈ Y ,

Such maps endow Y with a conformal structure, which is preserved

by O(Cn+2).



On Cn (which can be viewed as an open dense subset of Y) we

have the Laplacian ∆Cn and a bilinear metric g. The action of

α ∈ O(Cn+2), resp. A ∈ so(Cn+2) on Cn will be denoted αfl, resp.

Afl. This action is conformal, in other words, for some function φ,

αflg = e2φg, Aflg = 2φg.

Identifying Y with Cn, we obtain

αfl,η = eηφαfl, Afl,η = Afl + ηφ



Set t = y−m, so that ∆Cn = ∆Cn−2 + 2∂t∂ym. On functions of the

form

f (. . . , ym−1, t, r) = eymh(. . . , ym−1, t). (5)

the Laplace equation becomes the heat equation:

(2∂t + ∆Cn−2)h(. . . , ym−1, t) = 0.

The Schrödinger group Sch(Cn−2) consists of transformations α ∈
O(Cn+2) such that αfl preserves the ansatz (5).

The Schrödinger Lie algebra sch(Cn−2) consists of transformations

A ∈ so(Cn+2) such that Afl preserves the ansatz (5).



For a function h(. . . , ym−1, t) on Cn−2×C we define the function

on Cn−2 × C2

θh(. . . , ym−1, y−m, ym) := h(. . . , ym−1, y−m)eym.

For a function f (. . . , ym−1, y−m, ym) on Cn−2 × C2 we define the

function on Cn−2 × C

ζf (. . . , ym−1, t) := f (. . . , ym−1, t, 0).



Clearly,

ζ ◦ θ = id,

ζ∆Cnθ = 2∂t + ∆Cn−2.

For any η we obtain representations

Asch,η = ζAfl,ηθ, A ∈ sch(Cn−2),

αsch,η = ζαfl,ηθ, α ∈ Sch(Cn−2).

For a special η we obtain a generalized symmetry

(2∂t+∆Cn−2)Asch,−n−2
2 = Asch,−n+2

2 (2∂t+∆Cn−2), A ∈ sch(Cn−2),

(2∂t+ ∆Cn−2)αsch,−n−2
2 = αsch,−n+2

2 (2∂t+ ∆Cn−2), α ∈ Sch(Cn−2).



Laplace equation in C4 – the hypergeometric equation

Extended space C6

Consider first the “extended space” C6 with scalar product defined

by

〈z|z〉 = 2z−1z1 + 2z−2z2 + 2z−3z3,

where z = (z−1, z1, z−2, z2, z−3, z3)

The Lie algebra so(C6) is spanned by

Ni = z−i∂z−i − zi∂zi, i = 1, 2, 3;

Bi,j := z−i∂zj − z−j∂zi, 1 ≤ |i| < |j| ≤ 3.



Its Weyl group is generated by permutations σ ∈ S3 and flips τi,

i = 1, 2, 3. For instance,

τ1K = K(z1, z−1, z−2, z2, z−3, z3),

σ(12)K = K(z−2, z2, z−1, z1, z−3, z3).

We have relations

[Nk, B±k,j] = ±B±k,j,

σNjσ
−1 = Nσj,

τiNiτ
−1
i = (−1)δijNi,



Choose coordinates

r =
√

2 (z−1z1 + z−2z2) ,

p =
√

2z3z−3, ,

w =
z−1z1

z−1z1 + z−2z2
,

u1 =

√
z−1

z1
,

u2 =

√
z−2

z2
,

u3 =

√
z−3

z3
.



The Cartan algebra is especially simple in these coordinates: we

use operators fromn the Cartan algebra

N sph
1 = u1 ∂u1 ,

N sph
2 = u2 ∂u2 ,

N sph
3 = u3 ∂u3 .

The null quadric in these coordinates is given by r2 + p2 = 0. The

generator of dilations is r ∂r + p ∂p.



The Laplacian is

∆C6 =
4

r2

(
1

4

(
(r ∂r)

2 + 2(r ∂r) +
r2

p2
(p ∂p)

2

)
+ ∂ww(1− w) ∂w −

(u1 ∂u1)
2

4w
− (u1 ∂u2)

2

4(1− w)
− r2

p2

(u3 ∂u3)
2

4

)
.

If we restrict to the null quadric given by r2

p2 = −1 and to functions

homogeneous of degree −n−2
2 = −1, by setting r ∂r + p ∂p = −1,

and finally fix the gauge (section of the null quadric) r2 = 4, we

obtain

∂ww(1− w) ∂w −
(N sph

1 )2

4w
− (N sph

2 )2

4(1− w)
+

(N sph
3 )2

4
− 1

4
.



On functions of the form

f (w, u1, u2, u3) = uα1u
β
2u

µ
3F (w)

we obtain the balanced hypergeometric operator

∂ww(1− w)∂w −
α2

4w
− β2

4(1− w)
+
µ2 − 1

4
.



Laplace equation in C3 – Gegenbauer equation

The “extended space” C5 has the scalar product given by

〈z|z〉 = z2
0 + 2z−2z2 + 2z−3z3,

where z = (z0, z−2, z2, z−3, z3).

The Lie algebra so(C5) is spanned by

Ni = z−i∂z−i − zi∂zi, i = 2, 3;

Bi,j := z−i∂zj − z−j∂zi, |i| < |j|, |i|, |j| ∈ {0, 2, 3}.



Here are examples of Weyl symmetries

τ0K = K(−z0, z2, z−2, z−3, z3),

τ1K = K(z0, z2, z−2, z−3, z3),

σ(12)K = K(z0, z−3, z3, z−2, z2).



We choose coordinates

r =
√
z2

0 + 2z−2z2 ,

p =
√

2z3z−3 ,

w =

√
z2

0

2z−2z2 + z2
0

,

u2 =

√
z−2

z2
,

u3 =

√
z−3

z3
.



Similarly as previously the null quadric in these coordinates is given

by r2 + p2 = 0 and the generator of dilations is r ∂r + p ∂p.

Cartan operators

N sph
2 = u2 ∂u2 , (6)

N sph
3 = u3 ∂u3 . (7)



The Laplacian in these coordinates is

∆C5 =
1

r2

(
(r ∂r)

2 + (r ∂r) +
r2

p2
(p ∂p)

2

+ ∂w (1− w2) ∂w −
(u2 ∂u1)

2

1− w2
− r2

p2
(u3 ∂u3)

2
)
.

If we restrict to the null quadric by setting r2

p2 = −1, to functions

homogeneous of degree −n−2
2 = −1

2 by setting r ∂r + p ∂p = −1
2,

and finally fix the gauge r2 = 1, we obtain

∂w (1− w2) ∂w −
(N sph

2 )2

1− w2
+ (N sph

3 )2 − 1

4
.



On functions of the form

f (w, u2, u3) = uα2u
λ
3F (w)

we obtain the balanced Gegenbauer operator

∂w(1− w2)∂w −
α2

1− w2
+ λ2 − 1

4



The heat equation in C2 ⊕C – the confluent equation

Extended space C6

We start from the same extended space C6, as in the case of the

hypergeometric equation. sch(2) can be defined as the commutant

of B−3,2 inside so(6).

Here is its “Cartan algebra”

N23 = z−2∂z−2 − z2∂z2 + z−3∂z−3 − z3∂z3

N1 = z−1∂z−1 − z1∂z1,

B−3,2 = z3∂z2 − z−2∂z−3.



Here are the root operators of sch(2):

B2,−1 = z−2∂z−1 − z1∂z2,

B2,1 = z−2∂z1 − z1∂z−2,

B−3,−1 = z3∂z−1 − z1∂z−3,

B−3,1 = z3∂z1 − z−1∂z−3,

B−3,−2 = z3∂z−2 − z2∂z−3,

B3,2 = z−3∂z2 − z−2∂z3.



The “Weyl group” of Sch(2) is generated by

κK = K(z−1, z1,−z3,−z−3, z2, z−2),

τ1K = K(z1, z−1, z−2, z2, z−3, z3).

We have relations

[N23, B2,±1] = B2,±1,

[N23, B−3,±1] = −B−3,±1,

[N23, B±(3,2)] = ±2B±(3,2),

[N1, Bj,±1] = ±Bj,±1,

κN23κ
−1 = −N23,

τ1N1τ
−1
1 = −N1.



Auxiliary space C4

Nfl,η
23 = y−1∂y−1 + y1∂y1 + y−2∂y−2 − η,

Nfl,η
1 = y−1∂y−1 − y1∂y1,

Bfl,η
2,−1 = y−2∂y−1 − y1∂y2,

Bfl,η
2,1 = y−2∂y1 − y1∂y−2,

Bfl,η
−3,−1 = ∂y−1, Bfl,η

−3,1 = ∂y1, Bfl,η
−3,−2 = ∂y−2,

Bfl,η
3,2 = −y−1y1∂y2 + y−2(y−1∂y−1 + y1∂y1 + (y−2)∂y−2 − η);

τfl,η
1 g = g(y1, y−1, y−2, y2),

κfl,ηg = yη2g(y1
y2
, 2y−1y1+2y−2y2

2y2
,− 1

y2
).



Heat equation on C2 ⊕ C
A vector in C2 ⊕ C will be denoted by (y−1, y1, t). The heat

operator in C2 ⊕ C is defined as

LC2 := 2∂y−1∂y1 + 2∂t.

LC2Bsch,−1 = Bsch,−3LC2, B ∈ sch(C2),

LC2αsch,−1 = αsch,−3LC2, α ∈ Sch(C2).



N sch,η
23 = y−1∂y−1 + y1∂y1 + 2t∂t − η,

N sch,η
1 = y−1∂y−1 − y1∂y1

Bsch,η
2,−1 = t∂y−1 − y1,

Bsch,η
2,1 = t∂y1 − y−1,

Bsch,η
−3,−1 = ∂y−1,

Bsch,η
−3,1 = ∂y1,

Bsch,η
−3,−2 = ∂t,

Bsch,η
3,2 = t(y−1∂y−1 + y1∂y1 + t∂t − η)− y−1y1.

τ sch,η
1 h = h(y1, y−1, t),

κsch,ηh = tη exp(y−1y1
t )h(y−1

t ,
y1
t ,−

1
t).



We introduce the coordinates

w =
y−1y1

t
,

u =

√
y−1

y1
,

s =
√
t .

We also sandwich all the operators

B̂ := e−
w
2Be

w
2 .



The Cartan algebra becomes

N̂ sch,η
23 = s ∂s − η,
N̂ sch

1 = u ∂u,

B̂sch
−3 2 = 1,

Here is the heat opeator after these transformations:

L̂C2 = e−
w
2 LC2 e

w
2 =

2

s2

(
∂ww ∂w −

w

4
−
(
N̂ sch

1

)2

4w
+

1

2
N̂ sch,−1

23

)



We make an ansatz

h(w, u, s) = uαs−θ−1F (w).

Then 2
s2L̂C2 becomes the balanced confluent operator

∂ww∂w −
w

4
− θ

2
− α2

4w
.



The heat equation in C⊕C – the Hermite equation

Extended space C5

We start from the same extended space C5 as in the case of the

Gegenbauer equation. sch(C1) has a Cartan algebra

N = z−2∂z−2 − z2∂z2 + z−3∂z−3 − z3∂z3

B−3,2 = z3∂z2 − z−2∂z−3.



and root operators

B2,0 = z−2∂z0 − z0∂z2,

B−3,0 = z3∂z0 − z0∂z−3,

B−3,−2 = z3∂z−2 − z2∂z−3,

B3,2 = z−3∂z2 − z2∂z−3.



We consider also κ ∈ Sch(C1): given by

κK = K(z0,−z2,−z−2, z1, z−1).

It generates a group isomorphic to Z4.

We have relations

[N,B1,0] = B1,0,

[N,B−2,0] = −B−2,0,

[N,B±(2,1)] = ±2B±(2,1),

κNκ−1 = −N.



Auxiliary space C3

On C3 the Lie algebra sch(C1) acts as follows:

Nfl,η
23 = y0∂y0 + 2y−2∂y−2 − η,

Bfl
−3 2 = ∂y2,

Bfl,η
2,0 = y−2∂y0 − y0∂y2,

Bfl,η
−2,0 = ∂y0,

Bfl,η
−2,−1 = ∂y−2,

Bfl,η
2,1 = y−2y0∂y0 + y2

−2∂y−2 − 1
2y

2
0∂y2 − ηy2,

κfl,ηg = yη2g(y0
y2
,
y2

0+2y−2y2

2y2
,− 1

y2
),

(κfl,η)2g = (i)ηg(−y0, y−2, y2).



Heat equation on C⊕ C
The heat operator in C⊕ C is defined as

LC := ∂2
y + 2∂t.

LCA
sch,−1

2 = Asch,−5
2LC, A ∈ sch(C),

LCα
sch,−1

2 = αsch,−5
2LC, α ∈ Sch(C).



We have
N sch,η = y∂y + 2t∂t − η,
Bsch,η

1,0 = t∂y − y,
Bsch,η
−2,0 = ∂y,

Bsch,η
−2,−1 = ∂t,

Bsch,η
2,1 = t(y∂y + t∂t − η)− y2,

κsch,ηh(y, t) = tη exp(y
2

2t)h(yt ,−
1
t),

(κsch,η)2h(y, t) = (−i)ηh(−y, t).



Space C⊕ C in special coordinates

w =
y√
2 t

,

s =
√
t .

We sandwich all operators with a Gaussian weight:

Ĉ := e−
w2

2 Ce
w2

2 .



Cartan operators.

N̂ sch,η
23 = s ∂s − η,
B̂−3 2 = 1.

L̂C =
1

2s2

(
∂2
w − w2 − 2N̂ sch,−1

2

)



We make an ansatz

h(w, s) = sλ−
1
2F (w).

2s2LC coincides on such functions with the balanced Hermite oper-

ator

∂2
w − w2 − 2λ.


