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Abstract. The paper is devoted to operators given formally by the ex-

pression

1, 1

4 (a- D)L

+(a=-7) >

This expression is homogeneous of degree minus 2. However, when we

try to realize it as a self-adjoint operator for real «, or closed operator
for complex «, we find that this homogeneity can be broken.

This leads to a definition of two holomorphic families of closed
operators on L2(R+), which we denote H,, . and HY, with m? = a,
—1 < Re(m) < 1, and where k,v € C U {oo} specify the boundary
condition at 0. We study these operators using their explicit solvability
in terms of Bessel-type functions and the Gamma function. In particular,
we show that their point spectrum has a curious shape: a string of
eigenvalues on a piece of a spiral. Their continuous spectrum is always
[0, 00[. Restricted to their continuous spectrum, we diagonalize these
operators using a generalization of the Hankel transformation. We also
study their scattering theory.

These operators are usually non-self-adjoint. Nevertheless, it is
possible to use concepts typical for the self-adjoint case to study them.
Let us also stress that —1 < Re(m) < 1 is the maximal region of param-
eters for which the operators Hp,, . can be defined within the framework
of the Hilbert space L*(R4).
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1. Introduction

The family of differential operators

1,1
02+ (o — Z)P (1.1)
is very special. They are homogeneous of degree —2. They appear in numerous
applications, e.g. as the radial part of the Laplacian in any dimension. Their
eigenfunctions can be expressed in terms of Bessel-type functions, and they
have a surprisingly long and intricate theory, see for example [8, 9, 12, 14,
25, 29].
It is natural to try to interpret (1.1) as a closed operator on L?(R.).
The most natural interpretation was given and extensively studied in [7]. Tt
involves setting & = m? and considering a family of closed operators H,,
defined for Re(m) > —1, depending on m holomorphically. In fact, the region
Re(m) > —1 can be divided into two parts. For Re(m) > 1 the operator H,,
corresponds to the closure of

1,1
—02+ (m* — Z)ﬁ (1.2)
restricted to C°(R4). For —1 < Re(m) < 1 it is necessary to specify a
boundary condition: H,, are both extensions of (1.2) with elements in their
domain behaving like cx2*™ near 0 for some ¢ € C. Note that all operators
H,, are homogeneous of degree —2.

For —1 < Re(m) < 1 more general boundary conditions can be stud-
ied. By considering elements of L?(R.) behaving like ¢(kal/2=™ 4 z1/2+m)
for some ¢ € C, one naturally obtains a two-parameter family of closed op-
erators Hy, ., with k € C U {oo}. Note that these operators are no longer
homogeneous, except for H,, o = Hp, and Hy, 0o = H_ .

A separate analysis is required for m = 0. Possible boundary conditions
for this case are c(x1/2 In(x) + 1/961/2) for some ¢ € C. They lead to a family
of closed operators that we denote by HY, where v € C U {oo}. Note that
H§® = Hy, and that this operator is the only homogeneous one amongst the
operators Hy .

The study of the two families of operators H,, , and H{ is the object
of our paper. We extensively use their explicit solvability, so that for these
operators we can give exact formulas for many constructions of operator
theory. Let us mention part of the analysis performed below.

The operators H,, have no point spectrum. However, H,, , and Hg
usually have point spectrum, which coincides with the discrete spectrum. All
the eigenvalues are simple and depend quite sensitively on the parameters.
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The number of these eigenvalues can be finite, but also infinite. Their posi-
tion form rather interesting patterns on the complex plane: typically, it is a
sequence situated along a piece of a spiral.

The continuous spectrum always coincides with the positive half-line
[0, 00[. One can express the resolvent of our operators in terms of the Mac-
Donald and modified Bessel functions K,, and I,,,. The resolvent has bound-
ary values at [0,c0[, which can be expressed in terms of the Hankel and
Bessel functions Ht and J,,. We make sense out of these boundary values
as bounded operators between appropriate weighted Hilbert spaces, a prop-
erty often called the Limiting Absorption Principle. We provide formulas for
the spectral projections onto parts of the continuous spectrum, and intro-
duce bounded invertible operators that diagonalize H,, , and H{, except for
a small set of parameters that we call exceptional. These operators can be
called generalized Hankel transformations, see also [33] for related results.
Finally, we describe the scattering theory for H,, , and H{, giving formulas
for the Moller (wave) operators and for the scattering operator.

Let us mention that most of the operators H,, , and H§ are not self-
adjoint, but that the subfamilies of self-adjoint ones are also exhibited. More
precisely, H,, . are self-adjoint for real m and x, or for purely imaginary
m and |k| = 1. Similarly, Hj are self-adjoint for real v. Thus our analysis
fits into a recent fashion of studying spectral properties of non-self-adjoint
operators. Indeed, we observe that in the non-self-adjoint cases our operators
have quite interesting discrete spectrum.

We also stress that the operators that we study are extremely natural
and appear in many situations. For example, they describe oscillations of
a conical membrane, the Aharonov-Bohm effect (7, 28], and sticky diffusion
[16]. They also play an important role in the study of the wave and Klein-
Gordon equations on anti-de Sitter spacetime, see for example [5, 15, 19] and
references therein. We are convinced that they possess many more applica-
tions we are not aware of. Indeed, since (1.2) is a homogeneous expression and
the only nonhomogeneity is due to boundary conditions, we expect that the
studied operators appear in various scaling limits, or renormalization group
analysis.

The analysis of our paper can also be considered as a large part of mod-
ern theory of the Bessel equation and the Gamma function (which belong
to the oldest objects of mathematics, going back at least to Euler in 17th
century). Indeed, many identities for Bessel-type functions and the Gamma
function have a meaning in the theory of H,, ,. and H{. Let us give some sim-
ple examples: the identity 2I'(z) = T'(2+ 1) is related to the Mgller operators
for the pair (Hy,42, Hy), and the identity I'(2)I'(1 — z) = 57— is related to
the Mgller operators for the pair (H_,,, H,,). Note that our point of view on
Bessel functions is further developed in Section 3 and in Appendix A.
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Many authors studied various classes of one-dimensional Schrodinger
operators on the half-line, also called Sturm-Liouville operators on the half-
line. Among classic works on this topic, which included complex potentials
and various boundary conditions, let us mention [11, Chap. XX] and [27].

The methods used in our paper are of course adaptations of known
approaches. Let us also note that the resolvents of H,, ., resp. H} are rank
one perturbations of the resolvents of the operators H,,, resp. Hy. Therefore
our analysis can be interpreted as an example of the theory of singular rank
one perturbation, which is a well-studied subject. Nevertheless, it seems that
a large part of our analysis of the operators H,, , and Hj, especially in the
non-self-adjoint case, is new. Let us also mention that there are still some
topics about these operators, which are open. In particular, in this paper
we do not analyze fully the ezceptional case, in which the generalized Hankel
transformation are unbounded. In this case spectral singularities appear, first
noted in a similar context in [27].

In our paper we restrict ourselves to a rather narrow, explicit and solv-
able family of operators. However, it is not easy to find papers about more
general classes of operators that cover the whole family we consider. In many
works on one-dimensional Schrodinger operators the singularity w% is ex-
cluded by restrictive assumptions. This is e.g. the case of [11, 27]. Many
papers also assume that the operator is dissipative or accretive (its numer-
ical range is contained in the upper, resp. lower complex half-plane). Our
operators are often neither dissipative nor accretive. In fact it was noted al-
ready in [7] that for Re(m) < 0 and Im(m) # 0, the numerical range of H,,
is the whole C.

A vast majority of papers about Schrodinger operators considers only
self-adjoint cases. One often assumes the essential self-adjointness on
C(Ry4). Then H,, with |m| < 1 are not seen at all. If one considers the
Friedrichs extension, only the case m > 0 is covered. If one considers both
the Friedrichs and Krein extensions, one throws away the interesting region
m? < 0. Looking at the exactly solvable potential (m? — %)I—lz and using the-
ory of the Bessel equation, we can check what are the natural assumptions
in our case. In particular, we can notice that it is natural to include non self-
adjoint cases, which interpolate in an interesting way between self-adjoint
cases, and to study a holomorphic family of closed operators depending on
two complex parameters.

With this idea in mind, let us compare our work with some of the recent
papers dealing with the operator (1.2). Note that many papers are related
to this operator, and therefore we mention only a few of them (see also
the references in these papers). First of all, let us mention [17] in which an
extensive study of Schrédinger operators of the form —d2 + V with singular
V is performed. However, when the special case of V(z) = (a — 1)% is
considered, only the parameters m > 1 are considered. In [13] the operator
(1.2) is also thoroughly analyzed in the range m € [0, 1[ but at the end of the

day only the Friedrichs self-adjoint extension is considered.
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In [2] the Friedrichs realization H,, of the operator (1.2) with m € [0, 1]
is considered and the scattering theory is developed for the pair (H,,, Hp)
with Hp the Dirichlet Laplacian on the half-line. Again, the set of m consid-
ered is rather restrictive. In addition a sentence like “for m > 1 no scattering
is possible between Hp and H,,” (see page 85 of that paper) is in contradic-
tion with the scattering theory developed in our Section 4 and even further
extended in the subsequent sections.

In the paper [24] and in the preprint [3] the Friedrichs realization of
the operator (1.2) is also considered for m > 0. In the former paper some
dispersive estimates are provided for the evolution group {e_”Hm}teR with
an emphasis in the dependence in m. In [3] a new study of the expression (1.2)
on finite intervals or on the half-line is performed with the recently introduced
approach of boundary triplets. The Krein and the Friedrichs extensions are
indeed considered on the half-line, but the parameter m is always real.

Finally, let us mention the recent paper [23] and the related subse-
quent preprint [20]. In the former one, dispersive estimates are provided for
the operator —9?2 + (m2 — i) x% + ¢(z) under some additional conditions on
the potential gq. Here, only the Friedrichs extension for m > 0 is consid-
ered. Obviously, the additional potential enlarges the set of operators under
investigation, but on the other hand only the simplest realization of these
operators is analyzed. In the preprint [20] only the initial operator (1.2) is
considered (i.e. ¢ = 0) for m €]0,1[ but a rather large family of self-adjoint
realizations of this operator is introduced. Dispersive estimates for these op-
erators are obtained, and their dependence on the boundary condition at 0
is emphasized.

The family of operators H,, with Re(m) > —1 was introduced in [7].
Thus our study of H,, , and H{ can be viewed as a continuation of [7]. It
seems, however, that some of the properties of H,,, notably about scattering
in the non-self-adjoint case, are described in our present paper for the first
time.

One could ask how complete our analysis is. In particular, it is natural to
ask whether the operators H,, can be extended holomorphically outside the
domain —1 < Re(m), and H,, . outside —1 < Re(m) < 1. Most probably,
if we stick to the framework of the Hilbert space L?(R.), the answer is
negative. A question about whether H,, can be extended holomorphically
was formulated in [7] and has not been settled rigorously yet. However, one
can extend the operators H,, , and H,, to larger domains of parameters, if
one goes beyond the framework of the Hilbert space L?(R.). This subject
will be considered in a separate paper.

2. Inverse square potential

2.1. Notation

C* denotes C\ {0}. @ means the complex conjugate of « € C. If Y is a set,
then #Y denotes the number of elements of Y. If = is a subset of R, then
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1= represents the characteristic function of E. C°(Ry) denotes the set of
smooth functions on R} :=]0, oo[ with compact support.

For an operator A, we denote by D(A) its domain and by o}, (A) the set
of its eigenvalues (its point spectrum). We also use the notation o(A) for its
spectrum and oess(A) for its essential spectrum. If z is an isolated point of
o(A), then 1) (A) denotes the Riesz projection of A onto z. Similarly, if A is
self-adjoint and = is a Borel subset of o(A), then 1z(A) denotes the spectral
projection of A onto =.

A (possibly unbounded) operator A on a Hilbert space H is invertible
(with a bounded inverse) if its null space is {0}, its range is H and A~! is
bounded. If A is a positive invertible operator on H and s > 0, then A™*H
denotes D(A®) and A*H denotes its (antilinear) dual. Thus we obtain a nested
scale of Hilbert spaces AH, s € R.

In the sequel we will usually work with the Hilbert space L?(R,) with
the generic variable denoted by z or y, and sometimes also by k. It is equipped
with the norm denoted by || - ||, the scalar product

(flg) = / " F@e(w)dz,
as well as the bilinear form
(flg) = / f(@)g(x)dz. (2.1)

If B is an operator on L?(R.), then B* denotes the usual Hermitian adjoint
of B, whereas B#* denotes the adjoint (the transpose) of B w.r.t. the (2.1).
Clearly, if B is a bounded linear operator on L?(R,) with

(BF) (k) = / " B(k.a)g(x)d,

then

(Bg) (@) = / " B jg(k)dk,
while -
(B*g)(x) = /0 Bk, z)g(k)dk.

We shall use the symbol X to denote the operator of multiplication
by the variable in Ry, i.e. (Xf)(z) = zf(z) for f € D(X) C L*(R;) and
x € R4. Note that if it is clear that the name of the variable is z, we will
also write « instead of X. We will often use the scale of Hilbert spaces based
on the operator (X) := (1 + X?2)¥/2 denoted by (X)~*L?(R,). The Sobolev
spaces ! (R,) and 71 (R, ) are the subspaces of L?(R.) defined as the
form domain of the Dirichlet and Neumann Laplacian respectively.

We will also consider the unitary group {U;},cr of dilations acting on
feL*Ry) as (U, f)(z) = e™/2f(e"x). An operator B on L*(R.) is said to
be homogeneous of degree o € R if U, D(B) C D(B) for any 7 € R and if the
equality U, BU-! = "B holds on D(B). For instance, X is an operator of
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degree 1. The generator of dilations is denoted by A, so that U, = €74, On
suitable functions f one has

Af(x) = %(arx +20:) f ().

The following holomorphic functions are understood as their principal
branches, that is, their domain is C\] — o0, 0] and on ]0, oo they coincide with
their usual definitions from real analysis: In(z), v/z, 2%, arg(z) := Im(In(z)).
Ln(z) will denote the multivalued logarithm. This means, if wq satisfies e =
z, then Ln(z) is the set wy + 27iZ.

The Wronskian W(f, g) of two continuously differentiable functions f, g
on R is given by the expression

Wa(f,9) =W (f,9)(x) == f(2)g'(z) — f'()g(). (2.2)
2.2. Maximal and minimal homogenous Schrodinger operators

For any o € C we consider the differential expression

1,1

a2
acting on distributions on R, and denote by L™ and L™* the correspond-
ing minimal and maximal operators associated with it in L?(R,), see [7,

Sec. 4 & App. A] for details. We simply recall from this reference that
D(Lg™) ={f € L*(Ry) | Laf € L*(R4)}

and that D(LM") is the closure of the restriction of L, to C°(R.). Clearly,
both L™ and L™#* are homogeneous of degree —2. Note that from now
on we shall simply say homogeneous, without specifying the degree —2. In
addition, the following relation holds:
(Lglin)* _ Lglax'

Let us recall some additional results which have been obtained in [7,
Sec. 4]. For that purpose, we say that f € D(L™m) around 0, (or, by an
abuse of notation, f(z) € D(L2™") around 0) if there exists ¢ € C£°([0, oo])
with ¢ = 1 around 0 such that f¢ € D(L™™"). In addition, it turns out that
it is useful to introduce a parameter m € C such that o = m?2, even though
there are two m corresponding to a single o # 0. In other words, we shall
consider from now on the operator

1,1
— 2 2
With this notation, if |[Re(m)| > 1 then L™ = L™3*, while if [Re(m)| < 1
then L™ C L™3* and D(L™P) is a closed subspace of codimension 2 of
D(L5*). More precisely, if [Re(m)| < 1 and if f € D(L"5*), then there exist
a,b € C such that:
f(x) — azt/?7™ — bt/ € D(L™I) around 0 if m # 0,

f(x) = az'/? In(x) — bz'/? € D(LP™) around 0.
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In addition, the behavior of any function g € D(Ln“}bign) is known, namely
g€ A} (R,) and as x — 0:

g(z) = 0(1‘3/2) and ¢'(z) = 0(x1/2) if m#0,
g(z) = 0(x3/2 In(z)) and ¢'(z) = o(:vl/2 In(z)) if m=0.

2.3. Two families of Schrédinger operators with inverse square potentials

Let us first recall from [7, Def. 4.1] that for any m € C with Re(m) > —1 the
operator H,, has been defined as the restriction of L°3* to the domain

D(H,,) = {f € D(L5*) | for some c € C,
f(x) — cxt/?™ ¢ D(L™) around 0}.

m2
It is then proved in this reference that { i, }re(m)>—1 is a holomorphic family
of closed homogeneous operators in L?(R4). In addition, if Re(m) > 1, then

__ 7rmin __ ymax
H,, = L™ = 3%,

For this reason, we shall concentrate on the case —1 < Re(m) < 1, considering
a larger family of operators.

For [Re(m)| < 1 and for any xk € CU{cco} we define a family of operators
H,, . :

D(Hp,) = {f € D(L5) | for some c € C, (2.3)
f(z) — c(/@xl/zfm + :cl/2+m) € D(L3) around 0}, & # oo
D(Hm,) = {f € D(L}5*) | for some c € C, (2.4)

f(x) — cx'/27™ € D(L™P) around 0}.

For m = 0, we introduce an additional family of operators Hy with
veCU{oo}:

D(HY) = {f € D(LF™) | for some c € C, (2.5)
f(z) - c(ml/2 In(z) + Varl/Q) € D(LY™) around 0}, v # 00;
D(Hg®) = {f € D(L§}**) | for some c € C, (2.6)

f(x) — caz'/? e D(LP™) around 0}.
The following properties of these families of operators are immediate:
Lemma 2.1. (i) For any |Re(m)| <1 and any k € CU {0},
Hoppo = H_pp 1. (2.7)
(ii) The operator Hy ,, does not depend on k, and all these operators coincide
with HS®.

As a consequence of (ii), all the results about the case m = 0 will be
formulated in terms of the family Hj.

Let us now derive two simple results for this family of operators. The
first one is related to the action of the dilation group, while the second is
dealing with the Hermitian conjugation.
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Proposition 2.2. For any m with |[Re(m)| < 1 and any k,v € CU {0}, we
have

UTH’I’I’LJiUfT = e_QTHm,e*%'mlm
U HYU_, = e " H{T,
with the convention that aco = oo for any a € C\ {0} and co + 7 = oo for
any 7 € C. In particular,
(i) Amongst the family of operators H,, . with m # 0, only
H,,o=H, and Hyoo =H_p,
are homogeneous,
(ii) Amongst the family HY, only
H® = H,
is homogeneous.
Proof. If f € D(Hp, ), then U, f € D(H,, c~2m~,). Thus, the only domains
which are left invariant are D(H,,,0) and D(H,,, o). Since L5* is homoge-
neous, the same applies for H,, o and Hy, co-

If f € D(HY), then U, f € D(H{ ™). Thus, only D(H§®) is left invariant,
and consequently only Hg® is homogeneous. O

Proposition 2.3. For any m € C with |Re(m)| < 1 and for any k,v € CU{o0},
one has

(Himx)" = Hmx and (H))* = HY (2.8)
with the convention that 0 = oco.
Proof. Recall from [7, App. A] that for any f € D(L]'5*) and g € D(L25),
the functions f, f’, g, g" are continuous on R, , and that the equality

(L3 flg) — (fIL5E"g) = —Wo(f. 9)
holds with Wy(f,g) = lin}) W.(f,g) and W, defined in (2.2). In particular, if
z—

f € D(Hp, ), one infers that

(Hm,xflg) = (fILm5*g) = Wo(f, 9)-

Thus, g € D((Hmﬁ)*) if and only if Wy(f,g) = 0, and then (H,,.)*g =
L235%g. Then, by taking into account the explicit description of D(H,, ),
straightforward computations show that Wy(f,g) = 0 if and only if g €
D(Hsm ). One then deduces that (Hy, x)* = Hm -

A similar computation leads to the equality (HY)* = H{. O

Corollary 2.4. (i) The operator H,, . is self-adjoint for m €] — 1,1] and
k € RU{oo}, and for m € iR and || = 1.
(ii) The operator HY is self-adjoint for v € RU {oo}.
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Proof. For the operators H,, , one simply has to take formula (2.8) into
account for the first case, and the same formula together with (2.7) in the
second case. Finally for the operators HY, taking formula (2.8) into account
leads directly to the result. O

Remark 2.5. By blowing up around m = 0, it is possible to make one single
holomorphic function out of H,, ,, and Hy . In fact, we can extend the function
H{ by setting

v o.__
Hy = H, onr, m#0,

vm—+

Then HY, is holomorphic for 1 < Re(m) < 1, v € CU {oo} and covers all
values of Hy, .. To see the holomorphy at m =0 (at least at the level of the
boundary conditions) note that for |m| very small one has

1
ka2 g s (1 - g) (x1/2 In(z) + 7m(1+—,€/{) x1/2>,

which is c(azl/2 In(z) + Vﬂ?l/z) for k= I;:Z;%

3. Bessel-type equations and functions

In this section we establish the link between our initial operator (1.1) and
different forms of the Bessel equation. By considering the dependence of the
space dimension in these equations, one is naturally led to introduce a new
basic family of Bessel-type functions.

Let us recall that the Laplace operator in d dimensions and in spherical
coordinates is given by

d—1 1
_Ad = —33 - Tar - ﬁASd—l,

where 7 is the radial coordinate and Aga-1 is the Laplace-Beltrami operator
on the sphere S¢~1. For simplicity, we also use in this section the notation
r for the corresponding operator of multiplication by the radial coordinate.
Eigenvalues of —Aga-1 for d =2,3,... are

(l+d—2), 1€{0,1,2,...}, (3.1)

where [ corresponds to the order of spherical harmonics.

Note that in the special case d = 2, one has Ag1 = 85) and the angular
momentum operator —id, has eigenvalues m € Z. As a consequence (3.1) can
also be written as

m?, meZ.

For d = 1 the sphere reduces to a pair of points and Ago corresponds to the
0-operator. It has the eigenvalue 0 of multiplicity 2, and this corresponds to
the values [ =0 and [ =1 in (3.1).
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Thus, if one sets m := 1 + % — 1 then the radial part of the Laplacian
takes the following form in any dimension

d—1 1
— 2_7 — JR—
0: " or+1(l+d—2) .
d—1 d 2\ 1
_ 201 2 _ (@ 2
=—0; " 8,«+(m (2 1) )7"2 (3.2)

with an appropriately restricted range of m. In what follows we will call (3.2)
the Bessel operator of dimension d, allowing then the parameter m to take
arbitrary complex values. In particular, the Bessel operator of dimension 2 is

1 m?
—0? — 20, + —, 3.3
POt (3.3)

while the Bessel operator of dimension 1 is
1\ 1
2 2

— - - . 4
oy + (m 4> 2 (3.4)

Operators (3.2) are related to one another for different d by a sim-
ple similarity transformation. Indeed, by a short computation performed on
C° (R, ) one easily observes that the following equality holds:

SOt e (- G- )

It is then a matter of taste, convenience and historical circumstances whether
the operator (3.3) or (3.4) is taken as the basic one. In the literature, at least
since the times of Bessel, it seems that (3.3) has a distinguished status. We
prefer (3.4), at least in the context of this paper, since our initial operator
(1.1) has a form similar to (3.4).

A simple scaling argument shows that the eigenvalue problem for (3.3)
can be reduced to one of the following two equations:

1 2
the modified Bessel equation (83 + ;8,« - 77:—2 - 1) v=0, (3.5)

1 2
the (standard) Bessel equation (33 + ;3,« - % + 1) v=0. (3.6)

Certain distinguished solutions of (3.5) are

the modified Bessel function I,(2),
the MacDonald function K..(z),
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and of (3.6) are

the Bessel function Im (%),

the Hankel function of the 1st kind H(z) = HWV(2),
the Hankel function of the 2nd kind H(z) = H?(z),
the Neumann function Yo (2).

We call them jointly the Bessel family. They are probably the best known and
the most widely used special functions in mathematics and its applications
[1, 4, 18, 34].

Remark 3.1. The notation Hf#), H,(,?) for the two kinds of Hankel functions
is more common in the literature. We use the notation H,,, H,. , which is
much more convenient.

Instead of (3.5) and (3.6) we will prefer to consider their analogs for

dimension 1, namely
1y 1
2 2 -
(@ - (m - 1) 2 1) v =0, (3.7)

(83 ~ (m? - %)%2 + 1) v=0. (3.8)

We will also introduce new special functions that solve (3.7)

the modified Bessel function for dim. 1 T (1) := 7Im(r),
) ) 2r
the MacDonald function for dim. 1 K (r) =] — K (r),
7r
and new special functions that solve (3.8)
the Bessel function for dim. 1 TIm(r) == 7T?T(]m(r),
the Hankel function of the 1st kind for dim. 1 Hi(r) = %H;t(r)
the Hankel function of the 2nd kind for dim. 1 H,(r) = %Hﬂz(r)7
, , e

the Neumann function for dim. 1 Vm(r) := 7Ym(r).

Jointly, they will be called the Bessel family for dimension 1. Accord-
ingly, the Bessel family should be called the Bessel family for dimension 2. As
we shall show later on, the Bessel family for dimension 1 contains a number
of standard elementary functions: the exponential function, the trigonometric
sine and cosine functions, and the hyperbolic sine and cosine functions.

Obviously, properties of the Bessel family for dimension 1 can easily be
deduced from the corresponding properties of the Bessel family for dimension
2, and the other way round. Most properties seem to have a simpler form in
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the case of dimension 1 than in the case of dimension 2. There are some
exceptions, mostly involving integer values of m which play a distinguished
role in dimension 2 and, more generally, in even dimensions. We collect basic
properties of the Bessel family for dimension 1 in Appendix A.

Let us note that in the literature one sometimes introduces the modified
and standard Bessel equations for all dimensions d > 2, as well as the corre-
sponding functions, see for example [26]. In particular, there exists a standard
notation for the functions of the Bessel family for dimension 3: .., ki, Jm,
ht and ¥,,. In our opinion, however, this introduces too many unnecessary
special functions: the main issue is whether the dimension is even or odd.
One could argue that the Bessel family for dimension 2, that is I,,,, K., Jm,
HE and Y,,, is better adapted for all even dimensions and integer values of
m, whereas the Bessel family for dimension 1, that is Z,,,, Ky, Jm, Hi and
Vm, is better adapted for odd dimensions, as well as for general values of m.

4. The homogeneous case

In this section we consider the homogeneous operators H,,. Part of the follow-
ing results were proved in [7], but we add some new material. In particular,
some statements and proofs in [7] were restricted to the self-adjoint case. We
extend them to all Re(m) > —1. In addition we shall now express everything
in terms of the Bessel family for dimension 1 instead of the Bessel family for
dimension 2.

4.1. Resolvent

In [7, Sec. 4.2] the resolvent of H,, is constructed. For completeness we recall
its construction below:

Theorem 4.1. For any m € C with Re(m) > —1 the spectrum of Hy, is [0, 0o].
In addition, for k € C with Re(k) > 0 the resolvent

Ry (—k?) i= (Hy + K*)7!

has the kernel

4.1
- (41)
Sketch of proof provided in [7]. Tt is first checked that the kernel provided by
(4.1) defines a bounded operator which we denote by R,,(—k?). Then it is
verified that

: _ L [Ton(kx) K (ky)  if 0 <z <y,
Bun(=K*2,y) = {Im(ky) Km(kz) if0<y<a.

(L + B2) Run(~K2) ) (2, ) = 8 — ).

Next one has R,,(—k?)f € D(H,,) for any f € C°(R,). Thus the previous
equality can be reinterpreted as (H,, + k?)R,,(—k?) = 1. In addition, since

H} = Hp and R, (—k?)* = Rﬁ(—ﬁ) one then infers that

R (—k2)(Hy + k) = ((Hm+E2)Rm(—E2))* — 1
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Therefore, —k? belongs to the resolvent set of H,, and R,,(—k?) is the resol-
vent of H,,. O

For |Re(m)| < 1, we also introduce the operator P,,(—k?) defined by its
kernel

P (—k*2,y) :z@lem(kx)lCm(ky) if m#0, (4.2)

Po(—k% 2,y) i=mk Ko(kx) Ko (ky). (4.3)

By the bounds (A.7) and (A.8), the function x — K,,(kz) is square inte-
grable. Taking also (A.16), (A.17) into account one easily infers that the
operator P,,(—k?) is a rank one projection. It is orthogonal if & and m? are
real. By taking the equality /C,, = K_,,, and (A.4) into account, one can also
deduce the following relation for |[Re(m)| < 1:

m
R_p(—k*) — Ry (—K?) = ﬁpm(—lﬁ). (4.4)

4.2. Boundary value of the resolvent and spectral density

In this section we show that a Limiting Absorption Principle holds for the

operators H,,. We also compute the kernels of the boundary values of the

resolvent and of the spectral density.

Theorem 4.2. Let m € C with Re(m) > —1, and let k > 0. Then the bound-
ary values of the resolvent

R (E* £10) := lim R, (k? + ie)
e\ O

exist in the sense of operators from (X) *L*(Ry) to (X)*L*(Ry) for any

5> %, uniformly in k on each compact subset of Ry.. They have the kernels

i [Ta(ke)HE(Ry) i 0<a<y,

2 N _
R (k* £10;2,y) = £ {jm(k:y) HE(kr)  if 0<y<ua (4.5)

The above theorem describes a property that, at least in the context
of self-adjoint Schrédinger operators, is often called the Limiting Absorption
Principle. Its proof will be based on an explicit estimate of the resolvent
kernel:

Proposition 4.3. Let us consider Re(k) > 0. Then for Re(m) > 0 with m # 0
one has

2
Ron(—k:2,9)] < %;ef‘e@)'w min(L, |ok)¥ min(L, [y}, (46)

for =1 < Re(m) < 0 with m # 0 one has

02
R (—k2; 2, y)| <~ e~ Re®le=vl pin (1, k[ )R+ min(1, [yk|)Re)+3,

||
(4.7)
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while in the special case m = 0 one has

2
|Ro(—k%; 2,y) sf;;je-w'f—y' min(1, |zk|)* min(1, [yk|)*

x (1+ | In(min(1, [kz|))|) (1 + | In(min(1, [ky]))]). (4.8)
The constants Cy, and Cy are independent of x,y and k.

Proof. The proof is based on the following estimates on the Bessel and Mac-
Donald functions. For € > 0 and |arg z| < m — ¢ one has

G (2)] < Crpe 3 min(1, |2|)~IRe(WIE2 -y £,

KCo(2)] < Coe R min(1,2]) % (1 + | In(min(1, |2]))]), (4.9)

and
| (2)] < CroeReE) min(1, [z])Re0m)+3 m # 0,
Zo(2)] < Coe!®®) min(1, |2])2.

By using Re(k) > 0 and for m # 0, observe first that for 0 < x < y we
obtain

| R (=K 2, y)|
Ch. aRe(k Re(k R 1 R 1
< ﬁe”’ e(k)e=Re(k) mpin (1, |ka])Re™F2 min(1, |ky|) ~IRe(™I+2,
while for 0 < y < = we have
|Rm(—k2;x,y)|
02

< |7n‘zeyRe(k)e—acRe(k) min(1, |kx|)—|Re(m)|+% min(1, |ky|)Re(m)+% ]
If Re(m) > 0 one observes then that % < 1 in the first case, while

% < 1 in the second case. This directly leads to (4.6). On the other hand for

Re(m) < 0, one has —|Re(m)| = Re(m), from which one infers (4.7). Finally,
the special case m = 0 is obtained by a straightforward computation. O

Proof of Theorem 4.2. Define the operator R,,(k? +i0) by its kernel (4.5).
We will show that

(X)) Ry (K? £ie)(X) ™%, (4.10)
whose kernel is
(2)7* R (W % i5 2, y) ), (4.11)

is a Hilbert-Schmidt operator and converges as € \, 0 in the Hilbert-Schmidt
norm to

(X) "Ry (k* £i0)(X) %, (4.12)
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Consider first the (slightly more difficult) case —1 < Re(m) < 0 with
m # 0. By the estimate (4.7) the expression (4.11) can be bounded by

|i’|eRe(\/k2:Fie)|xy <l‘>7s <y>fs min(l, |kaRe(m)+% min(l, ‘ykDRe(m)Jr%

<<

~ |k
where C'is a constant independent of x, y and k. Note that in the computation
the inequality Re(v/ —k? F ie) > 0 has been used, and that such an inequality
holds by our choice of the principal branch of the square root. One clearly
infers that (4.13) belongs to L? (R, x R.) and dominates (4.11). Since (4.11)
converges pointwise to

()7 R (k? £ 10; 2, 9) (y) ™, (4.14)

one concludes by the Lebesgue Dominated Convergence Theorem that (4.11)
converges in L?(Ry x R, ) to (4.14). This is equivalent to the convergence of
(4.10) to (4.12) in the Hilbert-Schmidt norm. Note finally that the uniform
convergence in k on each compact subset of Ry can be checked directly on
the above expressions.

For Re(m) > 0 with m # 0, the same proof holds with the estimate (4.6)
instead of (4.7). Finally for m = 0, the result can be obtained by using (4.8),
and by observing that the factor with the logarithm is also square integrable
near the origin. (I

()" (y) ™" min(L, |ok]) 02 min(1, [yk]) "2, (4.13)

Based on the previous theorem one can directly deduce the following
statement.

Proposition 4.4. There exists the spectral density
o1 . .
P (k) = lim o (Rm(k2 +i€) — R (k% — i€)
1 2, . 2 .
=5 (B (k? +10) = B (K = 10) )

understood in the sense of operators from (X) *L*(R.) to (X)*L*(Ry) for
any s > % The kernel of this operator is provided for x,y € Ry by

T (kz) T (ky)
m ]{,‘2; P = .
pm (k% 2, y) -
4.3. Hankel transformation

This section is mostly inspired from Sections 5 and 6 of [7], from which most

of the statements are borrowed. We refer to this reference for more details, or

to the subsequent sections of the present paper for a more general approach.
For any m € C with Re(m) > —1 let us set

Fm  Co(Ry) — LA(Ry)
with .
(Faf)(a)i= [ Fule)f)dy
0
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and

Fm(x,y) = \/zjm(xy). (4.15)

We also define the unitary and self-adjoint transformation J : L*(R;) —
L?(R,) by the formula

(Jf)(z) = %f(é) (4.16)

for any f € L?*(R;) and = € R,. Finally, we recall that A denotes the
generator of dilations.

Proposition 4.5. For any m € C with Re(m) > —1 the map %, continuously
extends to a bounded invertible operator on L?(R.) satisfying Ff = Fp, =
Z-L. In addition, the following equalities hold

Fn = JEm(A) = Ep(—A)J, (4.17)

with
F( m+21+it )

Ep(t) =M@t 22 o
(=)

(4.18)
Proof. Let us start by proving the first equality in (4.17). For that purpose,
consider the operator J.%,, : C.(R;) — L*(R;) whose kernel is given by

—it it
21 m(y) - 2 ) <1> Y_at, (419
T x 21 /Ty J_oo T(2=2EL) \ 2 it
where (A.23) has been used for the second equality. By taking into account
the explicit formula for the kernel of an operator 1(A), as recalled for example
in [7, Lem. 6.4], one infers that the r.h.s. of (4.19) corresponds to the kernel
of an operator ¥ (A) with ¢ provided by the expression (4.18). Then, from
the density of C.(R,) in L?(R) and since the map ¢ +— Z,,(t) is bounded,
one obtains that J.%,, extends continuously to the bounded operator Z,,(A).
Since J is unitary and self-adjoint, one directly deduces the first equality in
(4.17).

The second equality in (4.17) is a straightforward consequence of the
equality

1 1 +oo F(m+§t+1)

JeiTAJ — efi‘rA
which is easily checked. The equality .#2 = 1 can now be deduced from the
equalities (4.17). As a consequence .Z,,! = %,,, and this provides a direct
proof of the boundedness of the inverse of .%#,,. The equality F#? = .%,, is
finally a direct consequence of the expression (4.15) for the kernel of .%,,. O

The map %, will be called the Hankel transformation of order m. It
provides a kind of diagonalization of the operator H,,, as shown in the next
statement.

Proposition 4.6. For any m € C with Re(m) > —1 and for any k € C with
Re(k) > 0 the following equality holds:

(Hp + k) = Zp (X2 K21 72
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Proof. The kernel of the operator on the r.h.s. is given by the expression
1
Jm X2 k'z ! FF / m m — 5 dp.
(Fm (X2 + ) F0) (2,y) = Ton(10) T (UP) oy P
v (A.19), it coincides with the kernel of R,,(—k?) provided in (4.1). O

Proposition 4.6 is convenient technically, because it contains only
bounded operators. One can rewrite it by using unbounded operators as
follows:

Theorem 4.7. The operator H,, is similar to a self-adjoint operator. More
precisely, the following equalities hold:

H, = FZ.,X*Z%.  and H, =

[1]

m(—A)X2E,,(A).
4.4. Spectral projections

For any 0 < a < b let us now consider the operator

Vb Vb
Loy (o) = / o (2)d(k2) = 2 /f o ()R,

which is defined as a bounded operator from (X) *L?(R,) to (X)*L?(R,)
for any s > % The kernel of this operator is given for x,y € R4 by the
expression

Dia 5 (Hm) (2, ) / T (k) T (ky) dk (4.20)

Clearly, by Stone’s formula, for real m > —1, the above operator extends
to the self-adjoint operator H,, onto the interval [a,b]. For complex m, H,,
is not self-adjoint, hence strictly speaking Stone’s formula is not available.
However, H,, is similar to a self-adjoint operator, hence the properties of
14,4 (H,y) are almost the same as in the self-adjoint case.

Proposition 4.8. For any 0 < a < b and any m € C with Re(m) > —1 one
has
ﬂ[a,b] (Hm) =Tm ]l[a,b] (XQ)yfl (4-21)

in %(LQ(R+)). In addition, g (Hyp) is a projection.

Proof. Let us first compute the r.h.s. of (4.21). For that purpose recall that
Ft = P, and then one gets for any f € C.(Ry) and z € R

NG
(Zin Vo) (X?) Z1f) (2) = \F/ T (k) (1 f) (k) dk

/ j/m / T (ky) f dy)dk

- /ﬁ Ton )T () ) £ () s,

where Fubini’s theorem has been applied for the last equality. By comparing
the last expression with (4.20) one directly infers the equality (4.21). Note
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that since the r.h.s. of (4.21) defines a bounded operator on L?(R,), this
equality provides a natural continuous extension of 1[4 ) (H,,) as a bounded
operator on L?(R.). Finally, since .%,, satisfies .Z*.%,, = 1, one directly
infers that 1}, ) (Hm) is a projection. O
4.5. Mgller operators and scattering operator

In this section we describe the scattering theory for the operators H,,. Note
that we also treat non-self-adjoint operators, and therefore we cannot always
invoke standard results.

Let us start by introducing the incoming and outgoing Hankel transfor-
mations of order m defined by

FF =eTitmg, (4.22)

Their kernel is provided by the expressions

T (x,y) = eiigm\/zjm(fvy)
and the following relations trivially hold:
(FR) " =T =T
Now, for any m, m’ € C with Re(m), Re(m’) > —1, we define
Wt =T Fr. (4.23)
Some easy properties of these operators are gathered in the next statement.

Proposition 4.9. W=, are bounded invertible operators satisfying

m,m
Wit W =1,

m,m

+ F#
Wi W =1,
+x F
o = Wm,’m,
+ +
WE Hp = HoWE .

Formally, the kernel of an,m/ is given by

ix "2 o0
Wi)m, (z,y) = iz (m—m ); / TIm(kx) T (ky) dk.
0

On the other hand, by using the expression derived in Section 4.3 one also
gets

F(m+127iA)F(m +21+iA)

W:I: +iZ (m—m')

m,m/’ e

(4.24)

T A
D(=E ) P (e )
Note also that the equality (Wf,fm/
tering operator is defined by

Sm7m/ = Wéffn/ W,r;,m/,

and for the operators considered above, one simply gets

)~! = WT#  holds. Therefore, the scat-

m,m’

Smr = €m0,
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Let us now make a link with the traditional approach of scattering the-
ory. By Proposition 4.6 and the boundedness of the Hankel transformations,
the operators H,, generate a bounded one-parameter group by the formula:

oltHm _ ymeitXZ T

.
Therefore, we can try to apply time-dependent scattering theory, even though
the operators H,, may be non-self-adjoint. (We refer to [10, 21, 32] for ad-
ditional information on scattering theory in the non-self-adjoint setting). In

the next statement we show that er . coincide with the Mgller operators
for the pair (H,,, Hp/).

Theorem 4.10. For any m,m’ € C with Re(m),Re(m’) > —1 one has

. itH,, —itH,, _ 1/t
sfthm e!tme m = Wm,m/.
—+oo

In the following proof, C'([—o0, 0c]) denotes the set of continuous func-
tions on R having a limit at +0o and a limit at —oo.

Proof. Consider first the equality

. . ] y2
elthe itH,,, :jmeltX yyﬁg\m’e itX g\::/

and observe that

F( m+127iA )F( m +21+iA)

- F(m+;+iA)F(m’+217iA) :

By considering then the asymptotic behavior of the I'-function, as presented
for example in [1, Eq. 6.1.37] or in Lemma A.2, one infers that the map

t= Ep(—t)Em ()
belongs to C'([—o0, oc]) and that
Zon (F00) B (£00) = FiE(m=m), (4.25)
One infers then by Lemma B.1 that

x2 2 i ’
s— lim eltX y#ﬂm/e—nﬁX — eili(m—m )7
t—doo m

from which one deduces that

. . cm
g— . hI:El elthe—lth/ — ymej:l 5 (m—m )y:);/
L— 100
= FEFTF. 0

4.6. Some special cases

In some special situations the scattering theory for H,, is very explicit. The
Gamma function is not even used in these special cases. Some of them are
provided in this section.
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Proposition 4.11. The following identities hold:

cos (3(m+iA))  cos (5(m —i4))
Lgfm = fm = m»
7 cos (3(m —iA))  cos (5(m+iA))

eiﬂA + e:l:iTrm eIﬂ'A + e:tiﬂ'm

F ¥ — F
y*m _ym etmA + eFimm - eFmA + eFimm y"”

W:I: 7e:i:7rA + e:Fi7rm 196
—m,m 7ei7rA + eLimrm’ ( : )

S—m,'m :el27rm 1.

Proof. By using the identity

F(Z+ %)F<_ et %) - cos7(r7rz)’

one infers that

_ _ cos (Z(m + it)

E_n(t) = :,,Jt)%.
cos (5 (m —it))

All the mentioned equalities can then be easily deduced. O

Proposition 4.12. The following identities hold:

> - m+1+iA m+1-iA
Fm+2 _J’mm—kl—iA_m—|—1—i-iAgrm7

sem+14+iA  m+1-iA

FE =z = ,
m+2 "m+1—-iA m+1+i4A° "
m+1—1iA
Wk, =
mE2m Ty 114147
Sm+2,m =1

Proof. By using the identity I'(z 4+ 1) = 2I'(z) one infers that

m+1+it
Em2(t) = EZn ) ————,
rat) = Zn (O
from which all the equalities can be easily deduced. ([

4.7. Dirichlet and Neumann Laplacians on the half-line

The simplest cases of operators H,, are obtained for m = i%. They corre-
spond to the Neumann and the Dirichlet boundary conditions. We denote
them with the usual notation, i.e.

HN Z:H7%7 HD =H

1
o

and recall some of their properties.
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On L%(R,) we define the cosine and sine transformation:

ﬁN f \/> / cos(xy) f(y) dy,
yD f \/> / sin(ay) f(y) dy.

Note that the transformations %y and %p are involutive, real and unitary,
and that they correspond to the Hankel transforms, namely

F

=, Fy=Tp.

1
3
In addition, it is well-known, and also a consequence of our previous compu-
tations, that these transformations diagonalize Hy and Hp:

FnHy P = X2, Fp Hp Fp = X2,

Let us also recall the resolvents of these operators, their boundary values
and their spectral densities:

1
RN(—kz;x,y) = —(efk‘zfyl + efk(Ier)),

2k
i {cos(k:x) ethy if 0 <z <y

2 450 =4 ;
Rx(k ﬁ:lO,%y)—ik cos(ky)etF* if 0 <y <z’

1
pr(K?;a,y) = —- cos(kx) cos(ky),
7k
and

RD(ikz; 'Ivy) = (e*kﬂ*y‘ - e*k(1+y))7

1
2k

1 i +iky . <
RD(iniO;x,y):k{SIH(kx)e if 0<ax<y

sin(ky)e®* if 0<y<a’
1

pp (k% z,y) = s sin(kx) sin(ky).
7r

The incoming and outgoing Hankel transforms in this case differ from
the regular ones by a phase factor closely related to the Maslov correction,
famous in the late 70’s (see e.g. the introduction to [6]). According to our
definition given in (4.22) one has

FF =T Py, FE =eTi . (4.27)

Proposition 4.13. The wave operators for the pair (HN7 HD) are given by

Wi, =eTi2 Iy Fp (4.28)
=+ tanh(7A) Ficosh(rA) . (4.29)

Its kernel is e
Wi (z,y) = :F%/O cos(ky) sin(kx)dk. (4.30)

The corresponding scattering operator is simply given by Sxp = —1.
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Proof. The equality (4.28) directly follows from Proposition 4.11 together
with the explicit formula (4.27). The kernel (4.30) is then a direct consequence
of (4.28).

For (4.29), recall that W&, = W*, |, and from (4.26) one infers that

)

M
M

W, =

_ - -1
Tia AT +tanh(wA) Ficosh(mA)™,

where some identities involving the hyperbolic functions have been used. [

Note that with a different approach the expressions of Proposition 4.13
were already obtained in [31, Sec. 2].

5. Point spectrum

In this section we return to the study of the operators H,,, and H{, and
describe their point spectra.

5.1. Eigenvalues

In the first statement, we fix z € C and then look for operators from our
families which have the eigenvalue z. Obviously, since most of the operators
are not self-adjoint, we consider arbitrary complex eigenvalues. Recall also
that the notations z — In(z) and z — z™ are used for the principal branch
of both functions, with domain C\] — oo, 0]. Recall that v denotes Euler’s
constant.

Proposition 5.1. Let m € C* with [Re(m)| < 1 and let k,v € CU{oo}. Then
one has

(i) z € op(Hm,i) if and only if z € C\ [0, 00[ and

LGOI
= Ty (5.1)

(i) z € op(HY) if and only if z € C\ [0,00] and

1
v=r+ 51n(—z/4).

Before providing the proof of this proposition, we deduce from it the
main result about the point spectrum for our operators. For that purpose let
us also introduce for m # 0 the new parameter
L'(=m)

L(m) -

s(m,k) =¢:=kK (5.2)

Theorem 5.2. Let m € C with |Re(m)| < 1.
(i) Form # 0 and k € C*, one has

p(H) = { —de v |we %Ln(g) and — 7 < Im(w) < 7r}. (5.3)
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(ii) For any v € C, op(HY) is nonempty if and only if =5 < Im(v) < 7,
and then
op(HY) ={ - 4e2(”_“’)}.
(ili) op(Hm,0) = op(Hm,oo) = op(H§®) =0 .
Proof. Ouly (i) needs a comment because multivalued functions can be tricky.
We can rewrite (5.1) as

(—z/4)"™ =q.
This is equivalent to
-1
In(—z/4) € ELn(g), (5.4)

where on the right of (5.4) we have the set of values of the multivalued
logarithm. Finally, one deduces from the above inclusion that

1
—z/4=e"", we —Ln(s), —7m<Im(w) <,
m
which corresponds to (5.3). O

Let us stress that op(H,y, ) depends in a complicated way on the pa-
rameters m and k. There exists a complicated pattern of phase transitions,
when some eigenvalues “disappear”. This happens if

™ e Im(%Ln(g)), or —TmE€ Im(%Ln(g)). (5.5)

A pair (m, k) satisfying (5.5) will be called exceptional.
Similarly, for the family of operators H§ we shall say that v is excep-
tional if

Im(v) = —g, or Im(v) = (5.6)

ol

Below we provide a characterization of #op,(Hp, k), i.e. of the number
of eigenvalues of Hp, ..

Proposition 5.3. Let m = m, +im; € C* with |m,| < 1.
(i) Let m, =0.
(a) If U=l e — 7 7[, then #op(Hin k) = 0.
(b) If U= ) — 7 7], then #op(Hom,) = 0. o
(ii) If my #0 and if N €{0,1,2,...} satisfies N < mln':T <N +1, then
#op(Hm,x) € {N,N +1}.

Proof. The case (i) can easily be deduced from (5.3). For (ii), let m = m, +
im; € C* and @ = «; + ia; € Ln(s). Then one has

Im(%(a + 2mj)) -

oMy — army 2w imy

(5.7)

m 4+ m? m2 +m?’
If m, > 0, the condition —m <(5.7)< 7 is equivalent to
aymi  m?+ m? < m? + m?

o
0<j+——
I+ 2w 2mmy 2m, my
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2 2
Tf;us Zve can apply Lemma 5.4 below with g := % and 7y 1= §i — g
mg:;m‘ and infer the statement (ii). If m, < 0 one obtains
2 2 2 2
O<]+&7 QyrMy 7mr +mi <7mr+mi
2w 2mmy, 2m, My
and the same argument leads to the expected result. O

In the following lemma [3] denotes the integral part of 8 € R and
{8} :=p—-15].

Lemma 5.4. Let § >0 and v € R. If B € Z, then

B—1 if yeZ,

#{J’GZ0<7+J'<6}={5 ——

while if B € Z, then

18] if ve€Zor{B}<{v}

#IELI0<y+j<p}= ‘
[B]+1 if 0<{v}<{B}
Proof. For 8 € Z the following j are suitable:

j=—v+1,...,—y+p-1, if yeZ,
j=—N,..,—-+B-1, if y€Z.

For 8 ¢ Z the following j are suitable:

j=—7v+1,...,—y+18], if v€Z,
i==D0b.=bl+Bl -1 if {8} < {7},
i==D0l. =+ B, it 0<{y} <{B}. =

5.2. Proof of Proposition 5.1

In this section, we prove Proposition 5.1 about the location of possible eigen-
values. First of all, instead of looking for solution of the equation L,,2 f = zf,
it will be convenient to write z = —k? with k € C and Re(k) > 0. Then, recall
that for k£ # 0 two linearly independent solutions of the differential equation
(acting on distributions)

Ly f =—Kf (5.8)

are provided by x — Z,,(kz) and x — K,,(kz). On the other hand, in the
special case k = 0 the equation L,,2 f = 0 corresponds to Fuler’s equation,
and its solutions consist in elementary functions. In fact, we shall treat sep-
arately the three cases Re(k) > 0, Re(k) = 0 but k # 0, and the special case
k=0.
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5.2.1. Re(k) > 0. We first concentrate on the case k € C with Re(k) > 0.
Since |arg(kx)| < 7, the function x — Z,,(kx) exponentially increases for
large . One deduces that for any m it cannot be in L*(R;). On the other
hand, by (A.7) and (A.8) the function x — K,,(kz) is square integrable. As
a consequence, it remains to determine for which pairs (m, ) it belongs to
D(Hy,i), or for which v it belongs to D(HY).

For |Re(m)| < 1 with m # 0, consider the equality (A.4) and the power
expansion of Z,,, provided in (A.1). For = €]0, 1] one obtains

Ko (ki) = N3 1 (Il:ﬁ—km) (%1)1/27771 7 (k$)1/2+m) b )
r

sin(mm) T(1 4+ m) —m) 2
_D(=m) p\1/24m (M) g\ —2m 1/2—m 1/24+m
with f € D(Lﬁg’“) around 0, by [7, Prop. 4.12]. Thus, one infers from this

computation that the function z — K, (kz) belongs to D(H,, ) if and only
if

I'(m)
['(=m)
Equivalently, —k? is an eigenvalue of H,, , if and only if the equality (5.9)
holds. Note that H,, ~ has no eigenvalue.
In the special case m = 0, by (A.6) observe that

\/j?(ln(x) +1In (%) +7) + fr(x)

R =

(k/2)=2™, (5.9)

K:()(kai) = —

with fx € D(LE™) around 0, by [7, Prop. 4.12]. One infers from this com-
putation that the function x — Ky(kz) does not belong to D(Hy,,), for any
k € CU{oo}. On the other hand, this function belongs to D(H}) if and only
if

v =+ In(k/2). (5.10)

Equivalently, —k? is never an eigenvalue of Hy ,, but —k? is an eigenvalue of
Hy if and only if the equality (5.10) holds.

5.2.2. k € iR*. Let us set kK = ip with g € R*. Our aim is to show that
—k% > 0 can never be an eigenvalue of H,, , or of HY. For that purpose,
consider the two linearly independent solutions of L,,>f = p?f provided by
x + HE (uz). By the asymptotics (A.14) it appears that no non-trivial linear
combination of these functions is square integrable at infinity. As expected,
we have thus shown that if & € iR*, no solution of the equation (5.8) is in
L2(Ry).

5.2.3. £k = 0. When k = 0, the problem consists first in finding solutions to
the homogeneous equation L,,> f = 0 with f € D(L»5*). Basic solutions for
this equations for m # 0 are the functions fi with fi(z) = z=™*t1/2 In
the special case m = 0, a second solution for this equation is provided by the
function fo with fo(z) = 2/ In(z). However, none of these functions belongs
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to L?(R, ), which means that 0 is never an eigenvalue for the operators H,,
or Hj.

Proof of Proposition 5.1. It has been shown above that —k? is an eigenvalue
of some of the operators H,, , or Hy if Re(k) > 0 and if (5.9) or (5.10) hold.
The first statement of the proposition corresponds to reformulation of (5.9)
with z = —k?, while the second statement corresponds to (5.10) also with
z=—k2. (]
5.3. The self-adjoint case

Let us summarize the content of the first part of this section for self-adjoint
operators H,, , or Hj. The following statement is a reformulation of Corol-
lary 2.4 and of Theorem 5.2.

Theorem 5.5. (i) If m €] — 1,1[\{0}, then H,, . is self-adjoint if and only
if K € RU {0}, and then
['(—m)\~—1/m
op(Hp k) = { — 4(f<; () ) } for k €] — o0, 0],
op(Hpmx) =0  fork €0, 00].
(ii) If m =im; € iR\ {0}, then Hipm, x is self-adjoint if and only if |k| = 1,

and then
T'(—im;) .
arg (K, ) T 27)
0 (Hims ) = { — dexp (— ( — ) ) |j e Z}.

(ili) HY is self-adjoint if and only if v € RU {o0}, and then
op(HY) ={ - 462(1/77)} forv eR,
op(Hy®) = 0.
Remark 5.6. Let us emphasize that none of the pairs (m, k) corresponding to

a self-adjoint operator H,, .. is an exceptional pair. Sitmilarly, the parameter
v corresponding to a self-adjoint operator H§ is never exceptional.

6. Continuous spectrum of H,, ,

In this section we extend the results obtained in Section 4 to the families of
operators H,, .

6.1. Resolvent

In this section we consider m € C* with |Re(m)| < 1, K € CU {oo}, and
x € R. Let us also fix k € C with —k* ¢ 0(H,,.), and as before we impose
Re(k) > 0. Note that we have directly imposed that k ¢ iR since later on we
shall show that [0,00[C o(Hpy, k). Our aim is to compute the integral kernel
of the resolvent of H,, .

R w(—k?) i= (Hp o + k)7L
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First of all, recall from Section 5 that the map x — IC,, (kz) is a solution
of the equation
(L2 +k*)f =0 (6.1)
and belongs to L?(Ry). Similarly, both functions = + Z,,(kx) and z +
Z_n(kx) satisfy the equation (6.1), but only a certain linear combination
belongs to D(H,,,,) around 0.
Recall now the parameter that we have introduced in (5.2), namely
(-
_ LEm)
I(m)
For (4)?™¢ # 1, by taking (A.2) into account, one infers that the map
Tou(ha) = (5T (ko)
1—(§)>m
satisfies (2.3) or (2.4) around 0, and hence belongs to D(H,, ) around 0.
Obviously, it also solves (6.1). Furthermore, by using the formulas of Section
A3, the Wronskian of (6.2) and z — K, (kx) equals k
From the general theory of Sturm-Liouville operators, as recalled for
example in [7, Prop. A.1], the kernel of the operator (H,, ,+k*)~! is provided
for ¢(£)?™ # 1 by the expression

Rm,ﬁ(_k2§$ay)
1 (Z (k) — o(5)2mT_, (k) K (ky) i 0 <z <y,

; (6.2)

FI=S0) | (Zulhy) — o T (i) Klha) 60 <y <

Let us still provide a relation between R, . (—k?) and R,,(—k?). Indeed,
by the definition (6.2), and by taking the equalities H,, o = H,, and Hy, 0o =
H_,, into account, one gets

o () = 1 (B~ (9 R (K) 69
k\2m
= R () = B Pk, (64)
2

where P,,(—k?) is the projection defined in (4.2), see also (4.4).

Let us finally observe that for fixed « the condition c(g)Qm = 1 defines a
discrete set which corresponds to the eigenvalues of H,, , by Proposition 5.1.
On the other hand, since R, (—k?) is a rank one perturbation of R,,(—k?),
one infers that [0, co[ belongs to the spectrum of H,, ., as already mentioned
at the beginning of this section.

6.2. Boundary value of the resolvent and spectral density

Since [0, 00[ belongs to the spectrum of H,, ., it is natural to mimic the
computations performed in Section 4.2 for H,,. Recall that an exceptional
pair (m, k) has been defined in (5.5).

Theorem 6.1. Let m € C* with |[Re(m)| < 1, let kK € CU{o0}, and let k > 0.
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(i) If (m,k) is not an exceptional pair, then the boundary values of the
resolvent

R o (K* £i0) := 11\% R (K* £ i€) (6.5)

exist in the sense of operators from (X) " *L*(Ry) to (X)*L?(R,) for
any s > %, uniformly in k on each compact subset of Ry. The kernel of
Ry (k% £1i0) is given for 0 < x <y by

Ron o (K* £10;2,9)
+i

- z) — (k)™ - +
= R0 sermn () (T lha) = o(5)*" T ) ) i (k)

and the same expression with the role of x and y exchanged for 0 <y <
x.

(ii) If (m, k) is an exceptional pair, the same statement holds for k uniformly
on each compact subset of

{keRy | (5)" ™ 21}, (6.6)

Proof. By taking the equality (6.3) into account one infers that the limiting
absorption principle (6.5) can be deduced from Theorem 4.2 for R,, and for
R_,,. The local uniformity in & is also consequence of these estimates and of
the explicit formula for the pre-factors appearing in (6.3), as long as the first
factor has no singularity.

For the kernel one directly gets for 0 < z <y that

Ry, (K? £10;2,y)
1
- serim (5)°

e (5)"

1 — e ()™
B +i
k(1= eimm (5)"")

where (A.12) and (4.5) have been taken into account. Note that for 0 < y < x
one gets the same expression with the role of x and y exchanged. O

R_p(K? £i0; 2, y)

(Funlhw) = <(5)*" T (k) ) i (k).

Based on the previous result, the corresponding spectral density can now
be defined for any m € C* with |Re(m)| < 1. More precisely, for any k > 0
if (m, k) is not an exceptional pair, or for k belonging to (6.6) if (m, ) is an
exceptional pair, let us set
1
P (K2) 1= 5 (B (K 4+ 10) = R (k2 = 10) ),

"~ 2mi

which is bounded from (X) *L*(R;) to (X)*L*(R,) for any s > 3.
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Proposition 6.2. The kernel of the spectral density is given by the following
formula:

pm%(kQ;.T,y)
_ (Inln) = (5" T () ) (T (k) 5 (5)*" T ()
7rk<51n (mm) + (cos(wm) — C(g)Qm)2> .

Proof. For the kernel of this operator, observe that for 0 < z < y one has

27k pm (K% 2,y)
1 2m
= - ™ jm(kx) -< & j—m(kl") ’H;rn(ky)
l_ge—lwm<§)2 ( (2) )

(T ) = 6(5)"" T () ) i )

(k) ) (Ton (k) — 5 (5)*" T - (k)
(1 -2 cos(ﬁm)(g) —|—§2( ) ) .

Then, by using a simple trigonometric equality for the denominator, and
since the role of z and y can be exchanged, one directly obtains the desired
expression for any z,y € R;. O

6.3. Generalized Hankel transform

We would like to generalize the definition of the Hankel transformations of
Section 4.3 and to show their relations with the operators H,, , The main
idea is to factorize the spectral density, but let us stress that this factorization
is not unique.

One possibility, which works well for m and & real, is as follows. For any
m € R* with |m| < 1 and any x € RU {co} one could set

Fonw: Ce(Ry) — LA(Ry)
with
(Jm Kf / ffmf-c x y ( )d%

s o) ST )"
v \/7\/5111 + (cos(mm) — g(%)Qm)2

For real m, k, the denominator is the square root of a positive number, which
has a clear meaning. For general m,x we need to choose the branch of the
square root, which is ambiguous.

and
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Another option, which we will prefer since it has always a unique defi-
nition, is to define the incoming and outgoing Hankel transformations F
given by the kernels

FF(xy) = e¥ig7n\/§jm($y) - <.77m(xy)(%)2m
m,k s = - |

Lo semmn ()™

Note that the denominator of this kernel has a singularity if (m, k) is an
exceptional pair. For simplicity, we shall not consider this situation anymore
in the sequel. Thus, if (m, ) is not an exceptional pair, the following equalities
can easily be obtained:

eIi%m

Fhw=(Fm = Fm(¥)) (6.7)

1- <e¢i’fm(§)2m .

Let us now show that these transformations provide a kind of diagonal-
ization of the operator H,, ,. The statements and the proofs are divided into
several shorter statements.

Lemma 6.3. For any m € C* with |[Re(m)| < 1 and any k € CU {oo} with
(m, k) not an exceptional pair, the operators F % . extend continuously to the
following operators:

K

(Bm(—A) — (X))
Sm\— — = _ml\— 1_ §e:':i7rm(2X)_2m
12 e:Fi%m (68)
= J(Em(A) = E_,(A)(ZX)™
(Em(4) (4)(%) )1ge$im(§)2m

where 2., and Z_,, have been defined in (4.18).

Proof. The proof simply consists in using the equalities obtained in Proposi-
tion 4.5 and in a short computation based on the definition of J, see equation
(4.16). O

Let us still provide the expressions for the adjoint of these operators,
namely %, 7% are equal to the operators
e$igm
1— ge¥i7rm(2X)72m

— e¥i%m - X 2m,:
N 1— ge$iwm(§)2m (H'm(_A) o §(5) H—TI’L(_‘A))J-

(Zn(4) = s(2X)72"2 (1))
(6.9)

Additional information on the operators ﬁnfﬁ are provided in the next state-
ment.

Lemma 6.4. For any m € C* with |[Re(m)| < 1 and k € CU{o0} with (m, k)
not an exceptional pair, the following equalities hold:

T# gF _
F T =1
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Proof. The proof consists simply in considering the terms (6.8) and (6.9) and
in checking that their product (for the correct sign) is equal to 1. Indeed,
observe first that on C.(R4) the following equalities hold:

(Zn(4) = s@X) 22 0(4)) (Em(~4) = E-m(-A)2X)72")
=1+¢%(2X)™*
—(2X)2E(A)Z(—A) + E(A)Z - (—A)(2X)72").
If one then shows that
(2X) 722 (A (—A) + Ep(A)E_,, (—A)(2X) 2
= 2cos(mm)(2X) "™, (6.10)

the statement of the lemma directly follow by using the full expressions pro-
vided in (6.8) and (6.9).

For the proof of (6.10) that recall {U,},cgr corresponds to the dilation
group, namely U, = e as introduced in Section 2.1. Then for any f €
C.(R;) and z € Ry one has

((2X)72"U,(2X)*" f) (2) = e 2™ (U X7 ) ()
— o—2mn(2),7/2 (X2™ f)(e"x)
_ om2mIn() g/22m (TR f (o7 )
= 27 (eI £) ()
= (e ir(A- 12m)f>(x
One infers from this computation that the Lh.s. of (6.10) is equal to
(E,m(A —12m)E (— A +i2m) + Em(A)E,m(_A)) (2x)~2m
Finally, by taking into account the explicit formula (4.18) for Z,, and the
equality T'(2)['(1 — 2) = one gets (with ¢ instead of A)

sm(ﬂ'z)
E_n(t —12m)E,, (=t +i2m) + =, (6) 2, (—1)

_ m-+1-+it —m-+1—it 1 1

- F( 2 )F( 2 ) (F(731n~2¢»17it)1—‘(37n+21+it) + F('m+217it)1—w( —7n.<§1+it) )

- sinl(a) (sin(a —28) + sin(a + 28))

with a := W(i_m'gl_it)

directly to the equality

and 8 := w7 . Some trigonometric identities lead then

m(sm(a —2B) + sin(a + 28)) = 2cos(28) = 2 cos(mm),

as expected. O

Let us now set
I, (Hpm ) = Ft , Fit (6.11)



34 J. Dereziniski and S. Richard

and observe that this is again a projection. In the self-adjoint case this op-
erator corresponds to the usual projection onto the continuous spectrum of
H,, .. One can then prove the analogue of Proposition 4.6.

Proposition 6.5. Let m € C* with |Re(m)| < 1 and k € CU {oo} with
(m, k) not an exceptional pair. Then for any k € C with Re(k) > 0 and
—k* & 0p(Hp.) the following equalities hold:

Rm’n(_kQ)]lRJr (Hm,n) = yrim()@ + kQ)_lyr:Eﬁ; = HR+ (Hm,n)Rm,ﬁ(_k2)~

Proof. We will use the following convenient expression for #F#% and two
formulas for the resolvent:
e:Fi%m

gﬂrii N 1-— geiiﬂm(g)Zm <jm B g(%) mgz_?ﬂ)’ (6.12)
Ry (= k%) = Ry (—K2) — i " P (—k?), (6.13)
m,K — {im 1— §( )2m k2 .
1 m
Rm,n(*kz) = R—m(*kQ) - W 2 P, (- k2) (6.14)

By multiplying (6.13) and (6.14) from the left by %, and .%_,, respectively
we obtain

(§)*m

T R (=) =(X2 + k%) 17, — —2.___ " g p
w(—k7) =( ) (B 2 (—k?),
1 m
T R o (k) =(X? + k) Ty — ————— S T P (— ).
w(—k7) =( ) (B 2 (—k%)

By combining then the above two identities, and by taking (6.12) into ac-
count, we get

ynftRm n(_k2) (X2 + k2) 1 O“:F#
e:|:12m
(1= cemmn(3)) (1= ohm)

mg 2m
o (5" Fn = (3)"" T ) Pl ).

By taking the equality (A.18) into account, one can deduce that for any
z >0 and m € C with |Re(m)| < 1 one has

/ Ko (2= 22) Ton () = 22 / Kom(z—12) T m(z)dz.  (6.15)
0 0
We infer then from this equality that

k me o X me 9

(5) Fn P (—k2) = (2) T P (—K2), (6.16)

and as a direct consequence,

T # Ry o (—k?) = (X? + B*) L F % (6.17)
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This equality corresponds to one of the identities of our theorem, the proof
of the other identity being analogous. (I

6.4. Spectral projections

We first describe the spectral projections corresponding to eigenvalues of
Hm,m

Proposition 6.6. For any —k* € o,(H,, ;) one has
I_j2y(Hmx) = Pn(—k?).

Proof. Let y be a contour encircling —k2 in the complex plane, with no other
eigenvalue inside v and with no intersection with [0, 00[. We use (6.4), and

then compute the residue of the resolvent at z = —k?:
1
1. Hyw)=—7— R d
(=2} (Hm ) ori /. r(2)dz
(_Z)m,
]- 2m
_ ,7/ <27mﬂp7n(z)
2miJy 1 - §( 2)
(=)™
S 22m
= _—,Zm*Pm(Z)
E=sGH) 7 e
= P, (—k?). O

Let us now assume that (m, k) is not an exceptional pair. As in Section
4.4, we can consider for any 0 < a < b < oo the operator

NG
L) (Hom,) ;:2/ P (k) dE, (6.18)

NG

which is bounded from (X)*L?*(R;) to (X)*L?(R) for any s > 1. Its kernel
is given for z,y € Ry by the expression

Ny 5y (Homw) (2, 9) (6.19)
o (Fon (k) = 5(5)"" Tom () (Fon() —cg’;)zmj_mwy))
va W(SinZ(ﬂ'm) + (cos(rm) —<(%) m) )

dk.

Proposition 6.7. For any 0 < a < b, any m € C* with |[Re(m)| < 1, and any
k € CU {oo} with (m, k) not an exceptional pair one has

Vo) (Hme) = Fib oy (X2) F 7 (6.20)

m,K
mn %(LQ(R+)). In addition, g p)(Hpm,x) is a projection.

Proof. Let us recall that the L.h.s. has been defined in (6.18), and check that
the r.h.s. corresponds to this expression. Indeed for any f € C.(R;) and
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x € Ry one has
(FE Ay (X)) F 7% )( )
izm Tm( s(%) m g m (k) .
e \/>/ 1 —geimm(g)Qm (yi,ﬁf)(k)dk
_2 /ﬁ (Jmm) — o(5)" T (k)

o N 1_geiiﬂm(§)2m

L (8" T wlhy) [ w)ar
l—ge

:F“Tm(g)Zm.

:/0 ]l[a,b]( m,n)(xay)f( )dyv

where the kernel 1, 4)(Hpm, ) (%, y) has been defined in (6.19). Note that since
the r.h.s. of (6.20) defines a bounded operator on L?(R, ), this equality pro-
vides a natural continuous extension of 1, j(Hy, ) as a bounded operator
on L?(R.). Finally, by Lemma 6.4 one readily infers that i, p)(Hop ) is a
projection. O

Note that the equality
I=(Hp,) = F5 . 12(X?) Z57 (6.21)

m,k =

extends (6.20) to any Borel subset Z of R, . In particular, g, (H,, ) obtained
with this definition corresponds to the one already introduced i in (6.11).

6.5. Mgller operators and scattering operator

In this section we extend the results obtained for the Mgller and the scatter-
ing operators to the larger family of operators H,, .. For that purpose, we
consider pairs (m, k) and (m’, k") which are not exceptional. The easiest way
to introduce the wave operators for the pair (Hp, x, Hpm/ /) is to define them

using the Hankel transformations:
w =T Tt (6.22)

m/-c'm h}

These definitions immediately imply the following identities:

Proposition 6.8. The following identities hold:

F# +
Wm rym/ Kk’ Wm wym/ k! ]1R+ (Hm/,K,/)7 (623)

+ TF# —
Wm wym/ Kk’ Wm rym! k" T ]IR+ (Hm#’v)?

+#
Wmnm//{’ *Wm Nt N
+ +
Wm Kym/!, /»{’Hm/,fi’ H Wm Kym/ K

By (6.23), W, %, . can be treated as an inverse of wt

m,k;m’ m,k;m’ K"

fore, we define the scattering operator as

Smnm N/:_W " W

m,k;m’ k' mok;m/ kK

There-
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Clearly, the scattering operator can be expressed in terms of the Hankel
transform:
Sm”ﬁmlyﬁ/ = yr—rt/,rc’ ‘7557;?‘2 J?’;,K ‘9_/77-;’%/{’ .
In order to analyze the scattering operator it is convenient to introduce
the operators
GF = FIETT

e (6.24)
Proposition 6.9. The following equalities hold:

+irm ( % )2

7

Proof. The proof consists in a simple computation, starting from the expres-
sions (6.8) and (6.9) and taking the equality (6.10) into account. O

1—ce
1-— ge:Fm'm(

F _  Fimm
gm K

Let us stress that G7, . are simply functions of X. Finally, by using the
Hankel transformations, one can obtain a diagonal representation of scatter-
ing operators. These operators are expressed in terms of the operators (6.24),
namely

—# T+ — + +# -
FT Sm’,ﬁ;m/’,ﬂf tjml’nl = gm,ngm’,n’ = y m Kym/ k' y

m’,k

In the non-exceptional case, the operator Hm,€ generates a bounded
one-parameter group, at least on the range of the projection llg, (H, x), by
the formula

eitH’"’”]lR+ (Hm,n) — ]lR+ (Hm’,i)eitH’””" — yniz,neitxzfnff{. (6.25)

In this context we can then show that an’mm,,n, correspond to the Mgller
operators as usually defined in the time-dependent scattering theory.

Proposition 6.10. For any m,m’ € C with |Re(m)| < 1 and |[Re(m’)| < 1,
and for any k, k" € CU{oc} such that (m, k) and (m’, k") are not exceptional
pairs, the Mgller operators exist and coincide with the operators defined in

(6.22):

itH —itH,,r .1 +
i e 0 (B ) = Wi

Proof. By (6.25) we have

itHp  —itH
]IR+( m,ﬁ)e e m’v’“"']l]R+(Hm/7K,)
+ itx? + —itXx?
= FL N g gt X g

Let us then observe that
¢g':F# ¢g-:l:

m’ K’

— eFiEm = X\2mo
B 1-— geq:iﬂm(%)%n (Hm(_A) N §(§) H_m(_A))

% (Em’ (A) — glEfm/ (A)(g)Qm/) 1

(6.26)




38 J. Dereziniski and S. Richard

By using (4.25) and Lemma B.1 one infers that
s— lim X (Em(—A) - g(g)ma_m(_A))
< (B (A) = 2o () ($)* )
(e#75m — o) emim ) (7t - cetin (5)7)
= B0 (1= e (377 (1 - CeE T (5)7 ).

This together with (6.26) yields

= lim o FTLT e =1 (6.27)
which directly implies the statement. O

7. Continuous spectrum of H

In this section we mimic the computations and results of the previous section
analyzing the family of operators H{.

7.1. Resolvent

From now on we consider v € CU {oc} and z € R;. Let us also fix k € C
with Re(k) > 0, and —k? ¢ o(HY). Our first aim is to compute the integral
kernel of the resolvent of Hf

Ry (—k?) := (Hy + k*)~*.
For that purpose, recall first that the map x — Ko(kz) satisfies (6.1)
and belongs to L?(R; ). We then consider the map
]C()(kx),

™
2(y+In(%) —v)
and infer from (A.2) and (A.8) that this map and the map x — Zy(kz) satisfy
the equation (6.1) as well as the equation (2.5) or (2.6) around 0. In addition,
their Wronskian is equal to k.

From the general theory of Sturm-Liouville operators, as recalled for
example in [7, Prop. A.1], one deduces that the kernel of R¥(—k?) is given
by the expression

(Io(lc:r) b Ko(kx)) Ko(ky) if0<z <y,

R (K252, ) = + 2(oint)-v)
o E ) (Zo(k T Kolky)) Kok if0 <y <.
(Zolhw) + Sy Kokw) ) Ka(he) - 0 <y <z

Let us also observe that the following relation holds:
1

2k2(y + In(£) — )

where Py(—k?) is the projection defined in (4.3). Hence RY(—k?) is well-
defined except for v = W—Hn(g). This restriction corresponds to the eigenvalue

Ry (—k*) = Ro(—k*) + Py(—k?), (7.1)
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of HY, as already mentioned in Proposition 5.1. Note also that since R (—k?)
is a rank one perturbation of Ro(—k?), one again infers that [0, o[ belongs
to the spectrum of HY. This justifies a posteriori our choice for Re(k) > 0.

7.2. Boundary value of the resolvent and spectral density

Since [0, co[ belongs to the spectrum of H{ it is natural to mimic the com-
putations performed in Section 4.2. Note that it will be convenient to use
the function ), as introduced in Section A.6. Note also that since the spe-
cial case v = oo has already been treated in Section 4, when considering the
operator Hy, we shall not consider it again.

Proposition 7.1. Let v € C, and let k > 0.

(i) Ifv is not an exceptional value, then the boundary values of the resolvent

R (k* £i0) := 11\(1% Ry (k* £ ie)

exist in the sense of operators from (X) " *L*(Ry) to (X)*L?*(R,) for
any s > %, uniformly in k on each compact subset of Ry. The kernel of
RY(k? £1i0) is given for 0 < x <y by

Ry (K £i0;2,y)
+i

= 2T o (I () — ) k) = §0(ka) )5 (),

and the same expression with the role of x and y exchanged for 0 < y <
x.

(ii) If v is an exceptional value, then the same statement holds for k uni-
formly on each compact subset of R, \ {2eRe() =7},

Proof. The starting point for the proof of this statement is formula (7.1). In
addition, since the first term on the r.h.s. of this equality has already been
treated in Section 4.2, we shall concentrate on the second term only. For that
purpose and as in the proof of Theorem 4.2 we consider for s > % and z,y >0
the expression

(@) Ko (vV/—k2 F iex) Ko (VK2 T iey) (y) . (7.2)

By the estimate provided in (4.9) one easily infers that this kernel belongs to
L?(R; x R, ). In addition, since this kernel converges pointwise to

+i(x) T HE (k) HE (ky) (y)~*

one concludes by the Lebesgue Dominated Convergence Theorem that this
convergence also holds in L?(Ry x R, ), which is equivalent to a convergence
in the Hilbert-Schmidt norm. Note that the uniform convergence in k& on
compact subsets of R} can be directly checked, as well as the convergence of
the prefactors, as long as this factor has no singularity.
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For the computation of the kernel of RY(k? 4-i0) one has for 0 <z <y

R (K £i0;2,y)
Vs

2k(fy +1In (%k) — 1/)

HE (k) ) 15 (ky)

= Ro(k* +£i0;2,y) — Hy (kx)Hy (ky)

(VB

= () i

+i -
=kh+h49_W$i9((+h%a—wm%%m—§MMm0H§wm,

)

as expected. For 0 < y < z the same expression can be obtained, with the
role of z and y exchanged. O

Based on the previous result, the corresponding spectral density can
now be computed, namely if v is not exceptional for any k£ > 0 and for any
5 > % one has

L(Rg(kuio) ng(k2710)> € B((X)"LA(R,), (X) L*(Ry)).

v k’2 =
po( ) i

If v is exceptional, the same formulas hold once a suitable restriction on k
has been imposed. In the sequel, this restriction will be made tacitly.

Proposition 7.2. The kernel of the spectral density is given by the following
formula:

Py (K 2,y)
_ (v + 1n(§ —v)Jo(kx) — 5Vo(kx)) ((v + n(§) — v)To(ky) — 5Vo(ky))
mk((v +In(%) —v)2 + (%)?) '

Proof. For 0 < z <y one has

2rkpl (k% 2, y)
1

Tyt (k) -

— (0 +1n (%) = 1) Folka) = 5I(ke) ) P (ky)

WIS

iz () =) Folke) — §20(ka) ) ()

w%%w 5Vo(ka)) (( +1n(3) — ) Fo(ky) — 5Vo(ky))

vV —

1

T m() =,
E) k
2 2

36+ In(§) —v —1) (- n()) — v +3)

_ ((’Y + In(

Since the role of z and y can be exchanged, one directly gets the statement.
O
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7.3. Generalized Hankel transform

Let us now define the incoming and outgoing Hankel transformations F§+
given by the kernels

FYF (2,y) = \/E(jo(xy)i +ln(;)72r—u$i H?f(my))

jus
2

_ \/5< (v +In(8) —v)Jo(zy) — 5o (:Ey)> 3)

’y+ln(§)fui|217

Note that we have written two expressions since they will be both useful later
on. Note also since the denominator has a singularity if v is exceptional, we
shall ignore this special case in the sequel.

In order to have a better picture of the maps .#; T we recall that Mellin-
Barnes representation of ’HO has been provided in (A.25). Based on this
formula, the following statement can be proved. Note that C},(R) denotes the
set of continuous and bounded functions on R.

Lemma 7.3. The map 5" : Co(Ry) — L*(Ry) with kernel

HGE (2, y) = \/Zﬁét(wy)

continuously extends to a bounded operator of the form JEaE (A) =E5(-A)J
with

1 . : x
E(j)i(t) = ;F(%)Zelln@)teIft (7.4)
and EX € Cy(R).

Proof. The operator J#5" : C.(Ry) — L*(Ry) has kernel

+<>o —it
\/5 1 Hg:( ) / 1+1t 1111(2) e:F tY a—
T T 2772 /T it

By using [7, Lem. 6.4] one infers that this kernel corresponds to the kernel of
the operator defined by ZF(A), see also the proof of Proposition 4.5.

Clearly, the map t — %F(%)zei n(2)te¥ 3t is continuous and locally
bounded. In order to show that it is bounded, let us estimate its asymptotic
values as t — +o00. By a consequence of Lemma A.2 one gets

‘ll—x(%)2eiln(2)te¢%t _

—l‘t|e¢%t(1 T O(t_1)>.

One then infers that Zf € C,(R), as expected. It also means that =3 (A)
extends continuously to a bounded operator in L?(R,). O

Based on the previous result one directly infers the following statement:



42 J. Dereziniski and S. Richard

Lemma 7.4. For any v € C with v not exceptional the operator F{T extends
continuously to the following operator:

J(EO(A) + 5 (4) 'y . )

with Zg defined in (4.18) and Z= defined in (7.4).
Let us still provide the expression for the adjoint of this operator, namely

=5(-4))J

iT(

3
v+ In(5) —vFig

- J(EO(A) +

(FeF)* = (So(-4) +
iﬂ (7.6)
2 =+
=5 (A )
—In(2X) — v FiZ 0 (4)
In order to derive alternative formulas for these operators, let us first recall
the equality

i —i i
D(H4)T(54) :ma vt € R, (7.7)
2

and prove the following statement.

Lemma 7.5. The map % : C.(Ry) — L?(Ry) with kernel

D (x,y) \[yoxy

continuously extends to the bounded operator iJ=o(A) tanh (gA)

Proof. From the equality Yy = :Fi(Ha[ — Jo) one infers that
% = :Fi(c%’f)i - Fy) = :FiJ(Eg(A) —Z0(4))

with

-4+ 11n(2)t1—‘(1+it) 1 1+4it 1—-it\ F5t

=5 (1) — Zo(t) = O s (AT (ST (1R T~ 1)

(%%)
1 . sinh (ﬂt)
== — T2t 1) =FE 2
o) (cosh (gt) e 1) =0 cosh (%t) ’

which directly leads to the statement. (I

Corollary 7.6. For any v € C not exceptional the following alternative de-
scription of F§T and (F{T)* hold:

1
gV¥ _ 7 X\ _ .z T
Fo f</0(7+ln(2) v 12tanh(2A)>7+ln(§)—V¥i§ (7.8)
and
1
T = +In (%) — v +i% tanh (24)) Fo. (7.9
(Ze™) v—i—ln(%)_y:’:i%(’y n(5) —v+iftanh (3 )) 0- (7.9)



Inverse Square Potentials 43

Proof. The statement follows directly from the definition (7.3), the previous
result and the equality tanh(—t) = — tanh(¢) for any ¢ € R. O

We can now derive additional properties of the operator % vt

Lemma 7.7. For any v € C not exceptional the equalities (ﬁﬁji)#ﬁé’; =1
hold.

Proof. The proof consists in computing the product of the terms (7.5) and
(7.6) (with the correct sign) and in checking that this product is equal to 1.
For that purpose, one first observes that for any ¢ € R one has

Eo(—1)Z0(t) = 1. (7.10)

By taking (7.7) into account, one also observes that

So(—t)ZE () = ZF (=t)Eo(t) = COS;EW) (7.11)
and that )
Ef (-t)E5 (1) = (Co:’;”» : (7.12)

Then, by a few algebraic manipulations, one easily reduces the statement
to the following equality in the form sense on C.(R):

2
1 etz eT3A eTTA
s — — In(X)| - ———+ | ——— | =0. 7.13
:F7r llcosh (gA) a( )] cosh (gA) 2 <cosh (%A) ( )
In order to check this equality, let us recall that the equality [iA4,In(X)] =1
holds, once suitably defined. One then infers that

L e?? In(X)
:Fﬂ' 1cosh(gA)7 .

1 (1 FLA s 1. F5A s
=—— > (set2%cosh (ZA) £ 7e:F2 sinh (ZA )
cosh (gA)Q 2 (2 ) 2 (2 )

oFEA (e¥34)?

(7.14)

N|—=

" cosh (%A) cosh (gA)27

where the equalities cosh(y) = W and sinh(y) = # have been used
for the last equality. This final expression leads directly to the equality (7.13).
O

Once again it is natural to set
le, (Hy) = F¢5 (FF)*
which is again a projection.

Proposition 7.8. Let v € C be not exceptional. Then, for any k € C with
Re(k) > 0 and —k* & o,(HY) the following equalities hold:

Ry (—k) e, (HY) = F* (X2 + k)71 (FT)* = e, (HY) R (k).
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Proof. Let us first prove that
(ZoT)* Ry (—k?) — (X* + k)71 (FT)* =0 (7.15)

which implies the second equality of the statement. By taking into account
the expression for (ZJT)# provided in (7.9) together with the equality (7.1)
one observes that the Lh.s. of (7.15) is equal to

1 X ﬂ
fy+1n<)2<)V:Fig{(’Y—i-ln(z)—u—i—ltanh EA))yoRo

_(X2+k2)—1(,y—|—ln(§)—y—&—igtanh TA) ﬂo}

) 7““(5—1/;175 {ig[tanh(’éfl) (X2 4+ k2) 1] %
1 . . W 2
+ 2k2(’y+ln(§) —v) (’Y-I-ln (?) — v +1ij tanh (fA))yopo(—k )}

By a few algebraic computations, one then observes that the term inside the
curly bracket would be equal to 0 if

mk*[itanh (3 A), (X* + k*)7" = —FoPo(—k*) % (7.16)

and
(1n (£) +13 tanh (34) ) FoRo(~k).Fo = 0. (7.17)

From now on, let us compute some kernels, by always considering x,y €
R . Since by (A.18) fooo Jo(zxy)Ko(ky)dy = f@, one first infers that the
kernel of the operator .%o Py(—k?).% is given by

1 1

2k gk
On the other hand, the kernel of tanh (5 A) is given by (see for example the
proof of [31, Lem. 9.2])

. 2 1 .
itanh (2A)(z,y) = _WPV(I — y)(‘ry) vz,

Yy x

FoPo(—k) Fo(a,y) = 2k*(xy)"/?

(7.18)

where Pv denotes the principal value distribution. One then infers the fol-
lowing kernel

wk? [itanh (ZA), (X2 + k%)~ (2, y)

1 1 1
_ o2 —1/2 _
2k PV(Z - g)(xy) (y2 e )
1 1
= —2k*(zy)'/? - 7.19
(zy) y2 + k2 22 + k2 (7.19)
By comparing (7.18) with (7.19) one directly gets (7.16).
In order to check (7.17) let us first deduce from (7.18) that
1 1
X 2 _ 912 1/2

(10 () ZoRo(—k*) 70 ) (@) = 282 In (£) (2) /2 — e T
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On the other hand, since

/<1>yd_ (O
22 —y?/y?+1 y_2(x2+1) |22 — 92| )’

one can easily compute the kernel —i7 tanh (gA) FoPy(—k?)Zo and observe
that it corresponds to the expression obtained in (7.20). This finishes the
proof of the equality (7.17). O

7.4. Spectral projections

Let us start again with a result about the spectral projection corresponding to
the eigenvalues of Hj. The proof of the following statement can be mimicked
from the proof of Proposition 6.6.

Proposition 7.9. For any —k* € o,(HY) one has
Ly_j2y (HY) = Po(—k?).

As in Section 4.4 or 6.4, we can also consider for any 0 < a < b the
operator
Vb
Loy (HE) =2 | p0° b,
which is bounded from (X)~*L?(R;) to (X)*L?(Ry) for any s > 1. Its kernel
is given for x,y € Ry by the expression

Ui, (H) (2, y) (7.21)
_2/\/5 ((rHIn(E) 1) To (k2) — 5 Vo (ko)) ((+HIn(E)—) To (ky)— F Vo (ky) ) dk
va w((r+In(E)—)2+(3)?) '

One can now obtain a result similar to the one contained in Proposition
6.7.

Proposition 7.10. For any 0 < a < b and any v € CU {oco} not exceptional
one has

Lo b (Hy) = F5™ N ) (X3) (F5F)* (7.22)
in B(L*(Ry)). In addition, 1, 4j(HY) is a projection.

Proof. The proof can be mimicked from the one of Proposition 6.7. The new
necessary information are the kernel of 1, ;) (Hg)(x,y), which is provided in
(7.21), and the equality recalled in (7.3). O

Finally, observe that the equality
1=(Hy) = 5~ 1=(X?) (F57)*

extends (7.22) to any Borel subset = of R.
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7.5. Mgller operators and scattering operator
In this section we extend the results obtained for the Mgller and the scattering
operators to the family of operators H{. As before, we shall consider any
v € C which is not an exceptional value.
For the pair (HY, H') using the Hankel transformations we define
Wy = FE (FY T (7.23)

Note that the Mgller operators for any pairs (HY, Hpm,i) Or (Hp i, HY) could
be defined similarly, but the corresponding expressions can also be directly
obtained by using the chain rule. For that reason, we shall not analyze them
separately.

Based on these definitions and on the results obtained so far one easily
infers some identities:

Proposition 7.11. The following identities hold:
v\ # v+ /
(Wo;o :F) Wo;o = HR+ (Hg )7 (7-24)
W(;:;Ql/’;:l: (Wou;;oy’§¥)# _ ]I]R+ (H(I)/),
'k # "
(Wag ™)™ = W™,
Wi = W
By (7.24), (Wé:;oyl;_)# can be treated as an inverse of Wé:;()yl;+. Therefore,
we define the scattering operator as
' s =\ # v’ —
Sy = )W

Clearly, the scattering operator can be expressed in terms of the Hankel
transform: ,
Soo = F5 (I I (T
In order to analyze the scattering operator it is convenient to introduce

the operators
GoT = (FJT)* Z5T. (7.25)

Proposition 7.12. The following equalities hold:
VF _ v+ (5) _Vii%_
0 v+In(5) —vFij

Proof. Starting with (7.5) and (7.6), and by taking successively the equalities
(7.10), (7.11) and (7.7) into account, one infers that

(FZYFVEFYF = J<]1:|: i3 il
0 0 vy —In(2X) — v Fif cosh (3 A)
N etzA ig
cosh (2A4) v —In(2X) —v Fi%
iz | iz

+ S — 2 =)
v —In(2X) — v FiF cosh? (3A) v — In(2X) —v Fij

jus
2
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By observing then that

i
In(2X) — v Fi5 cosh (5 A)
:FzA 1%
~ cosh ($4) v - In(2X) — v FiZ
™ 1 efad 1
™ i 1 X} :
+ —In(2X) —vFij {lcosh(gA) n( )’}/—hl(QX)—l/:Fl%

and by using (7.14) together with some algebraic manipulations, one directly
infers that

WIS

) B 'y—ln(2X)—1/iigJ

FrF)E ZvF = J(1+2
(F0)" o J( v —In(2X) -vFif

—In (2X ) —vFig
The statement follows then by the definition of J. O

Let us stress once again that G§ T are simply functions of X. Finally, by
using the Hankel transformations, one can obtain a diagonal representation of
scattering operators. These operators are expressed in terms of the operators
(7.25), namely

(F5 ) Ses Fo T =05 G = (F s A

In the non-exceptional case, the operator H{; generates a bounded one-
parameter group, at least on the range of the projection Ig, (H{), by the
formula

M8 N, (HY) = T (HY)eS o= X (7).

We finally show that VVOV;;O”/;jE correspond to the Mgller operators as usually
defined by the time-dependent scattering theory.

Proposition 7.13. For any v,v’ € C not exceptional the Mgller operators exist
and coincide with the operators defined in (7.23):

_ HYeitHE o—itHf g = viv's£

s t_lgrinoo]lR( 0)e OHR( Hy ) =Woo ™

Proof. The proof is parallel to the proof of Proposition 6.10. One first ob-
serves that

FLFV Y E = (29(—A) + 5 =E(—A

(F) 7 = (Bl ) & et o S )
i

Eo(A) F =T (A 2 .

X( O( ):F O( )’7+1n(§)71//:|:ig)

By using the explicit expression for the products of =y and E(? as given
n (7.10), (7.11) and (7.12), one then infers that for the four maps ¢ —
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So(—t)Z0(t), t — ag:(_t)sog), t — Zo(—t)EJ () and t — Eg(—t)=](¢)
belong to C([—o0, o)) with

Eo(—00)Zg(00) =1 and Ep(c0)Zg(—o0) =1,
Ef(—00)Z0(00) =2 and  Z{ (00)Zp(—00) = 0,
o (—00)Ep(00) =0 and ZEj (00)Ep(—o0) =2,
Ed(—00)Z5 () =4 and Zf(00)Z, (—00) =0

Based on these observations one directly deduces from Lemma B.1 that

. 2 ’ . 2
s— lim X7 (FUF)F Y T X

t—too
. iZ
=s— lim e (E —A)+ 2 = —A)
AT B T S Y
iZ 2
x (Z0(A) T =F 2 JoiX
( o(A) F =4 ( )fy—&—ln(%)—y’ilg

=1

The remaining argument is similar to the one of the proof of Proposition
6.10. 0

Appendix A. Bessel family for dimension 1

In this section, we gather several properties of the Bessel family for dimension
1. If no additional restriction is imposed, the parameter m is an arbitrary el-
ement of C, but a special attention is often required when m € {..., -2, —1}.
All the described properties follow from the theory of the usual Bessel family
of dimension 2 described in literature. However, in general, we outline an
independent derivation.

A.1. The function Z,,

The modified Bessel function for dimension 1, denoted Z,,, is defined by
an everywhere convergent power series or by the so-called Schlafli integral
representation:

00 ﬁ z 2n+m+3
In(z) = Z:;) TL'F((T:L)-FH-F].) (A1)

= \/\/23 /7r e*°%(%) cos(me) dep
™ Jo

VZ / ™ o~z cosh(8)-mp
— sin(mm e 7cos mod for Re(z) >0
= singem) | 5 for Re(:)
Note that since z — 1/I'(z) is an entire function, the first expression is
meaningful even for m € {..., -2, —1}. Clearly, the function Z,, is is analytic
on C\] — 00, 0], and it is analytic on C for m € Z + 1.
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The function Z,, has the following asymptotics for z near 0:

L) = gy (5) + OCalmmE), (A2)

On the other hand, for m € Z we have

Z_m(2) =Zn(2) e*°%(9) cos(me) dg.

\/ﬂ

For any m, the analytic continuation around 0 by the angle +m multiplies
L., by a phase factor, namely

T (e5172) = DT, (o),

The value Z,,,(z) is real for z > 0 and for m € R, and more generally one has

There also exists a generating function, namely for any ¢ € C* and any
z € C\] —00,0] :

\/gexp(;(t—i—t_l)) - i M0 (2)

m=—0oQ

A.2. The function /C,,

The MacDonald function for dimension 1, denoted /C,,, can be defined for
Re(z) > 0 by the integral representation

Kin(2) := exp —7(3—|—s )) s ds. (A.3)

v

It extends by analytic continuation onto a larger domain with a possible
branch point at 0. Outside of the basic region Re(z) > 0 one can obtain other
integral formulas by an appropriate deformation of the contour of integration
n (A.3), see for example [34, Sec. 6.22].

For m ¢ 7Z the functions Z,, and K, are connected by the equality

Kn(2) =~ (Ton(2) — Tn(2)). (A4)

sin(mm)

For m € Z, the relation (A.4) can be extended by I'Hopital’s rule:

Kum(2) = (i (dIn(z) nm) . (A.5)

T dn
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n—1
By setting h(n) := + and h(1) = 0 the equality (A.5) leads for m € to
k=1
m—+1 2 Z
Kon(2) = (-1 = (10 (3) +7) Zu(2)

1 (m —k —1)! f2\2k—m+3
T ;(_M r(3)

(1) X h(k+1) + h(m+k+1) f2\2k+m+3
Nl kl(m + k)! (5)

where + is the Euler’s constant. Note that only the first and the third terms
are present in the special case m = 0.

The function K,, is analytic for C\] — c0,0] and satisfies K_,,,(z) =
K (z). We also have

+ . (A6)

ICm(Z) = /Cm(f),
and the value K, (z) is real for z > 0 and for m € R or m € iR.
The function &, has a well-defined asymptotic at infinity, namely for
any € > 0 and |arg(z)| < 7 — e

Kn(z) =e#(1+0(z|™)). (A7)

The asymptotics near 0 can be obtained from (A.4) and (A.6). We
present the asymptotics in the strip |Re(m)| < 1:

—%(ln( ) +7) +O(|2I# In(|2))) i m =0,
00 (2) 77 4 O [Remt) if 1> Re(m) > 0,
) g)m“ + O(|z|~Relm)+3) if —1 < Re(m) < 0,

S (B)F (G LT L O(|ef3) it m e iR,

Kn(2)=

\ :\

(

(A.8)
Actually, we will only need the following estimates, valid for all m: For |z| < 1
we have )
1o (2)] { Colz|Z2(1+ |In(2)]) if m =0,
TEZ Oz RemIt i m £ 0,
for some constants Cy and C,,, independent of z.
Let us also mention another relation between the functions Z,, and IC,,,
namely

A.3. Additional properties of Z,, and K,,

As already mentioned in Section 3 the functions Z,, and KC,, are solutions of
the modified Bessel equation for dimension 1:

<a§ - (m2 - i) ?12 - 1> u(z) = 0. (A.9)

They form a basis of solutions of this equation.
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For the three functions Z,,, Z_,, and K, their respective Wronskians
(2.2) can be computed and are independent of z, namely:

Wz(’CnuIm) =1,
WKy Zom) =1,
W (Z,Z_r,) = —sin(mm).
Let £, denote either the functions Z,, or the function ”*™/,,. Then
the following contiguous relations are satisfied:

2mLy (2) = 2Lpm—1(2) — 2Lm+1(2),

2md, Loy (2) = (m + %)Em,l(z) + (m - %)Emﬂ(z).

They imply the following recurrence relations :

0, (zm_%ﬁm(z)) = Zm_%ﬁm,l(z)7

(az (=m- )Z) L) = Lo (2).

Let us finally observe that for m = :I:% the functions Z,,, and C,,, coincide
with well-known elementary functions:

Kii(z)=e77,
Z_1(z) = cosh(z),
1, (z) = sinh(z).

The simplicity of these relations is one of the motivations for introducing the
Bessel family for dimension 1.

A.4. The function 7,

The Bessel function for dimension 1, denoted 7,,, is defined by the following
relations

Tm(z) = 5537 (6715 1), (A.10)
00 n 2\ 2n+m+
_ Z (=1)"v7 (3) §
—  nll(m+n+1)
1/ = (x (x x
=3 (eﬂf(er%)lCm(e*‘?z) +e‘5(m+%)lCm(elfz)> : (A.11)

This function is clearly analytic on C\] — 00, 0], and it is analytic on C for
meZ+ %
Some additional properties of this function are

Tn(e*72) = HTHD 7 (o)
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and
In(2) = Tm(2).
From the Taylor expansion, one infers that near 0 one has
_ ﬁ (Z)er% Re(m)+2
I = gy (5) +OUR)

For large z with |arg(z)| < § — € for some € > 0 one also has

1 1
— _z _z [Tm(2)] 1
TIm(z) = cos (z 27rm 47r) +e O(lz]77) .

A.5. The functions HE

m
The Hankel functions for dimension 1, denoted H, are essentially analytic
continuations of the function K,,, one for the lower part and the other one
for the upper part of the complex plane. Indeed, the following relations are
satisfied:

HE(2) = eTEMTRILC, (eFiE2)
oFig (m+3) o .
= (I,m(eIIE z) — Im(epfz)),
sin(mm)
from which one also infers that

HE (2) = ™t (). (A.12)

Some additional relations between 7,, and Hi are

1
Im(2) = ) (H:‘;z(z) + H;L(Z)) )
1. .
T-m(2) = 5 (™M HE(2) + e T H L (2)),
oy =D 7(2) + €5 T (2)

sin(wm)

The following asymptotic expansions will also be necessary: from (A.8)
one infers that for any 6, |arg(z)| < 0, as z — 0,

:I:ie:':izmiz2(ln(z)+'y:|:1 )+O(|z|%1n(|z\)) if m=0,
m m l .
HE ()= Fi \(f> (%) +3 +O(1|Z\Re(m)+2) ) if 1> Re(m) >0,
" ﬂFlexmm F(J;m) (2)™F2 4 O(|z|"Relm+3) if —1 < Re(m) <0,
2 1 2)—m Fimm 2)™m 5 . .
sln(‘irm) (5) 2 ((Fz(/llm) - = l"(lj—zrr/b)) ) +O(|Z‘2) if meiR>.

(A.13)
On the other hand, for any € > 0 the following asymptotic formulas are true
for |z| — oo with arg(z) € [¥5 — €, F5 +¢/:

M (2) = G317 (1 4 O(|2]7Y)) . (A.14)
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A.6. Function Y,

The Neumann function for dimension 1, denoted ),,, is defined by
1 .
Ym(z) = Z(’H;(Z) - H:n(z))a ’H;J'r:z =JIm £iVm.
The function Y, is especially useful for m € {0,1,2, ...}, when we have

Vn(z) == (108(5) +7) T (2)

1 S =k — 1) 2\ 2e—mt]
N kz_: k! (5)

[NCR RN

o0

h(k+1)+h(m+k+1) 2k+m+3
\FZ b* kl(m + k)! (2) ’

with the function h introduced in Section A.2.

A.7. Additional properties of 7,,,, HE and ),

As already mentioned in Section 3 the functions J,,,, ’Hf,i and ), are solutions
of the Bessel equation for dimension 1:

(ag —(m?- i) 2—12 + 1) o(z) = 0. (A.15)

In addition their respective Wronskian can be computed and are independent
of z, for example,

Wz(jma j—m) = - Sin(ﬂ-m)7
W, (M., Hik) = 2i.

Let us still observe that for m = :I:% the resulting functions coincide
with well-known elementary functions:

Ty (2) = sin(2),
T4 (2) = cos(2)

Hg(z) = eTi(e=3),
HE (2) =

A.8. Integral identities

The following indefinite integrals follow from the recurrence relations of Sec-
tion A.3:
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/yoo Ko (ax)KCpp, (bz)dx

m(llcm 1(ay) Ky (by) — %Km(ay)lCm,l(by)), Re(a +b) > 0;

/y Kon(a2)?d

m
= fglcm(ayf + ElCm(ay)lCm_l(ay) + %ICm_l(ay)2, Re(a) >0

They imply the following definite integrals:

_ 1 (a/b)™ —(b/a)™
/ Ko (ax) Ky (bx)dz = Sin(rm) \/@(a/b—b/a)7

m # 0, |[Re(m)| <1, Re(a+b) > 0,

/ Ko(az)Ko(ba)dz = im Re(a +b) > 0,
/ Km(az)?dz = ﬁ (A.16)

m #£0, [Re(m)| < 1, Re(a) > 0,
/Ooo/co(ax)de = % Re(a) > 0. (A.17)

In the same vein, let us also mention the definite integral

(a/b)™

/o Ko (ax) T (bx)dx = m,

(A.18)

see for example [18, Eq. 6.521]. We also derive an additional relation which
will be useful later on. For Bessel functions for dimension 2 this result corre-
sponds to [18, Eq. 6.541].

Proposition A.1. For any m € C with Re(m) > —1 one has

%/m T (D) Ty (yp) ! _ 1 {Im(kx) Km(ky) if0<z <y,
0

i P T E Znlky) Konlkr)  f0<y <
(A.19)
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Proof. For 0 < z < y one has by (A.10) and (A.11)
1

2 o
;/o jm(l‘p)Jm(yp)mdp
LT (g -if i3 Fyp)) — 2
_L L i) — P
_ 27 I (k) K (y)
oo 2ik
1
= %Im(kx)lCm(ky).

In the last step we used the fact that the integral over the semicircle on the
upper half plane p = Re'?, with ¢ € [0, 7], goes to zero as R — oo. Besides,
we have a single singularity of the integrand inside the contour of integration
at p = ik, which is a simple pole, whose residue has been evaluated.

A similar proof holds for 0 < y < . O

A.9. Barnes identities

Integral representations of Bessel-type functions in terms of the Gamma func-
tion are sometimes called Barnes identities from the name of their discoverer.
Before we present them, let us quote a useful result about asymptotics of the
Gamma function given in [4, Cor. 1.4.4], which is a consequence of the Stirling
formula.

Lemma A.2. Let a,b € R with a; < a < ay for two constants ay,as. Then
one has

ID(a +ib)| = vV2x[b|*~ 2 2P (1 + O(|p| 1)),

where the constant implied by the term O(| - |) depends only on ay and as.

Let m € C and ¢ € R with
Re(m)
5

The following representation is a reformulation of an identity found in [34,
Ch. VL5]:

Im(@) = 41\1/7? /7 F(mI;r(cl+;c) ey (g)m%%ﬂds’ (A-21)

c <

(A.20)

where v is a contour which asymptotically coincides with the vertical line
] — ico, +ico[ and passes on the right of —2¢. Note that by Lemma A.2

L(c+if)
P(m+1—-c—i})

< O(1+ [ elm L,

hence the condition (A.20) implies the integrability of the r.h.s. of (A.21).
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If we want that the contour is a straight vertical line, we need to assume

that ¢ € ]0, Regm) [ (which implies ¢ > 0 and Re(m) > 0), and then we can

rewrite (A.21) as

L(c+i3) ) (f)"”%‘gc_“ a. (A.22)

1t
Z“@ZEV?[M T(m+1—c—iL) \2

As shown in the proof of [7, Lem. 6.3], the validity of (A.22) can then
be extended in the sense of distribution up to Re(m) > —1 and 0 < ¢ <

Re(m) + 1. In particular, by choosing ¢ = mTH one infers that in the sense
of distributions for Re(m) > —1 we have
1 Foo p(mAtELy g —it—1
Tmn(z) = / 2 (7) dt. (A.23)
4T | T(m=Ed) \2

Let us also consider a representation of Hankel functions similar to
(A.21) and valid under the condition (A.20). The next formula follows from
[34, Sec. 6.5]:

HE (2) (A.24)
Fin(m+3)Linc o —2c—s+m+1
= %/ F(c+§>F(c—m+f)eilfs(£) “ds,
4irz N 2 2 2

where ' is a contour which asymptotically coincides with the vertical line
| — ico, +ioco[ and passes on the right of —2¢ and —2c¢+ 2m. As a consequence
of Lemma A.2 one infers that

‘F(c—!— g)F<c —m+ g)e:F%t < O(1 + |t])2eRelm) =1 =31t F 51,

which guarantees the integrability of (A.24). Here, we cannot choose v to
be a straight line. However, if we are satisfied with the interpretation of the
integral (A.24) in the sense of distributions, then under conditions 0 < ¢ and
Re(m) < ¢ a straight vertical line will work and we can rewrite (A.24) as

Hon ()
eFim(m+3)Eine  ptoo it it o\ —2c—it+m+3
= ) T (e ma 5)e () 2
ar} [m cra)plemmTg)et g
In particular, for —1 < Re(m) < 1 and by setting ¢ = % we obtain

after a few manipulations and in the sense of distributions
HE (2) (A.25)

Fitm +o0 _ : : —it—1
_ e 23 F( m+1+1t>r(m+1+1t)e¢%t(§) N
A2 J_ o 2 2 2
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Appendix B. Propagation of the generator of dilations

We derive some relations between the generator of dilations A and the mul-
tiplication operator X2. Note first that

olt In(X) el‘l’A e~ it In(X) _ elT(A—t).

Therefore In(X) and A satisfy the canonical commutation relations, which
determines their properties up to unitary equivalence. It is easy to see that
for ¢ € C'([—o0,00]) one has

eitln(X)¢(_A)e—it111(X) _ ’l/J(—A + t),
and consequently
o itIn(X), )/ _ —itln(X) _

s 75_1)1§Enooe PY(—Ae P(£00). (B.1)
The next lemma contains a similar result with the operator In(X) re-
placed by X?2. It can be obtained by an abstract argument based on Mourre
theory, see [30] for the details. We will give an alternative elementary proof.
Note that since X% = o(In(X)) with p(u) = e?* for any u € R and since

¢’ > 0, the following statement has a flavor similar to the invariance principle
in scattering theory.

Lemma B.1. For any 1 € C([—00,00]) the following equalities hold:

s— lim "X (= A)e X = yh(Loo). (B.2)

t—*too

Proof. Let us first note that it is enough to show that
w— lim e (= A)e N = (o). (B.3)
Indeed, this easily follows from the equality
(X (= A) e —g(00)) £
= (f1e"™ P (—A) e T F) + [|(£00) 12
— ((£00) fleX (= A) e TN £) — (X p(—A) e T flup(d00) £).
We now introduce the unitary transformation W : L?(R) — L?(R) by
(Wf)(z) =272 f(In(z)), VzeRy,
(W) (t) = e%g(et), vVt e R,
and check that
WIX?W =¢e?  and W 'AW =P

with @ and P the usual self-adjoint operators of position and momentum in
L?(R). Therefore, one infers that

W leltX? ¢(_A>e—itX2 W = eiteQQw(_P)e—itezQ .
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For f1, fo € L*(R) with compact support one then observes that

(fl |eit62Q’¢(—P)e_iteQ f2)
-5 / dx/ dg / dy fi(z) e (=€) @ VE eI £y (y))

2T

= L [ar [ae [y B0 e (e e+ 2525) )

2z

_ % /dx/df/dymw (—§+t62:%;) ei(:c—y)ifz(y)_ (B.4)

Clearly, for any x,y, one has

Q

2x _ 2y
e e
— >0,
r—y
and thus for y € suppf, and = € suppf; there exists a strictly positive cg

such that
e2x _ e2y

>co > 0.
r—y

Finally, one easily obtains that (B.4) converges as t — £00 to

(f1lv(x00) fa),
which shows (B.3) by a density argument. O
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