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Special class of potentials

The main topic of our work was scattering theory for a
certain special class of potentials. Scattering for this class
has a very interesting behavior at low energies. The
exact conditions defining this class are somewhat
complicated, for this talk we will adopt simpler and more

restrictive conditions:
Vel®RY), v>0,0<u<2,¢>0and

’00‘ x) + y|x|” “)’ < Cyulz|™ ol =p—e x| > 1.

Thus V(z) is a small perturbation of —v|z|™*. We do not

assume the spherical symmetry of V.



Standard class of potentials

We will compare properties of potentials from the special
class with properties of more general potentials used in
scattering theory. For simplicity, we will restrict ourselves

to the class given by the following condition:
Ve C>®RY,0<pu,

07V ()] < Colx[7, o] > 1.

Using the jargon of PDE, we will say that the potential s

a symbol.



Hamiltonians

We will consider first the classical Hamiltonian on the

phase space RY x R?

H(r.6) = o€+ Vi(a)

and then the quantum Hamiltonian on the Hilbert space
L2(RY)

1
H =D+ V()

where D = %V 1s the momentum operator.



Classical scattering in the short-range case

Let V be a symbol, i > 1. Then for any &, 2 € RY, € £ 0
from an appropriate incoming/outgoing region there

exists a unique solution of

() = —VV(y=(@1).
lim (y=(t) —t§) = =



Classical scattering in the long-range case

Let V be a symbol, 4 > 0. Then for any &,z € RY, £ £ 0
from an appropriate incoming/outgoing region, there

exists a unique solution of

() = —VV(y=(t)),
yo(0) = z,
S i =

All unbounded orbits of positive energy have this form.

(Clearly, the energy £4%(t) + V(y(t)) = 3£* is a constant

of motion).



Fikonal equation

One obtains a family y=(¢, x, &) of solutions smoothly
depending on parameters. Using these solutions, in an
appropriate incoming/outgoing region one can construct

a solution ¢=(x, &) to the eikonal equation

1 + 2 1
5 (Vasz (5’37‘5)) + V() = 55

satisfying V0= (z, &) = y=(0, , £).



Exactly solvable potential

We can find exactly the orbits for the potential —~|z|™*
at the energy 0. The motion is clearly restricted to 2
dimensions. We can use polar coordinates (r, ).

Collision orbits are
2
r(t) = ct?>+», 6 = const,

and the non-collision orbits satisty

sin(1 - £)6(t) = (@)_Hg.



Example of an orbit
12 - =18 \

10-




Blowing up zero energy

Suppose that the potential belongs to the special class.
We blow up the zero energy by replacing the variable
¢ € R* with A € [0, 00[, w € S ! such that £ = vV2\w.

For any & # 0, there exists a unique solution of

i) = —VV(y=(1)),
O VD) = A

y=(0) = =,
Jdim = (@)/[y= (1) = w.

All unbounded orbits have this form.
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Fikonal equation

One obtains a family y=(¢, z,w, \) of solutions smoothly
depending on parameters. Using these solutions, in an
appropriate incoming/outgoing region one can construct

a solution ¢=(x,w,\) to the eikonal equation

% (Vo™ (2,0, 0))° + V(z) = A

satisfying V¢ (z,w, \) = 9=(0, 2, w, \).
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Quantum scattering in the short-range case

Let V be a symbol, u > 1. Then there exists

W= :=s— lim e o
t—=o0

W= is isometric, WX Hy = HWZX. The scattering
operator Sy, := W *W_ is unitary and Ss, Hy = H(Sj;.

ST
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Quantum scattering in the long-range case I

Let V be a symbol, u > 0. Following Isozaki-Kitada, one

introduces modifiers J* with the integral kernel
JE(2,y) = (2m) / 7" (BT 0 (2, £)dE.

Here a*(x, &) is an appropriate cut-off supported in the
domain of the definition of ¢=(x, &), equal to one in the

incoming/outgoing region.
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Quantum scattering in the long-range case I1

Then one constructs modified wave operators

W= :=s— lim e'tH j*e itHo

t—+o0

W= are isometric, W*H, = HW=. The scattering
operator S := W™W ™ is unitary and SHy = H,S.

Thus in the long-range case modified wave and scattering
operators enjoy the same properties as in the short-range

case, except that their definition is non-canonical.
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Abstract definition of wave operators I

There exists the asymptotic velocity D* defined by

g(DF) :=s— lim ™ g(D)e ™ 1,(H).

t—+o0

We say that W is an outgoing/incoming wave operator

associated with H if it is isometric and satisfies
WED = D¥W=.

Operators of the form S = W~ are then called

scattering operators.
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Abstract definition of wave operators II

It VTfljE and Wf are two wave operators for a given H,
then there exist functions 1* such that

Wi = Vi v ),

Thus
Sl _ o (D 52 ip= (D)

Therefore, scattering cross-sections
S(X w, o)
) Y Y

which are usually considered to be the only measurable
quantities in scattering theory, are insensitive to the

choice of a wave operator.
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Abstract definition of wave operators

in the radial case

If the potential is radial we can restrict ourselves to
spherically symmetric wave and scattering operators. The

arbitrariness of the phase is then significantly reduced:

Wl — W2 HO))
G = Gyenm,
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Scattering matrices

FA)fw) = N f(V2aw), fe L*(RY).

identifies L*(R?) with [~ @L*(S9"')d\ and diagonalizes
H,.

S, Hy] = 0 implies the existence of a decomposition
S = / DS (N)dA,
0

where S(A\) € U(L*(S%1)) is defined for almost all .

One can show that one can choose this decomposition so
that ]0, 00[2 A — S(\) is continuous.
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Wave matrices

Let s > % One can show that there exists a unique

strongly continuous function
0, 00[> A = WH(A) € B(L*(S"), (x)"L*(R7))

such that for f € (z) 5L*(R?)

W=f = /O N WE(N)F(N) fd.
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Wave matrices at zero energy

Suppose that the potential belongs to the special class.

Theorem. There exists the wave matrices at zero energy:

W (0) = lim W)

in the sense of operators in B(L?(S%1), (x)*L*(RY)),
where s > £ + &. (Note that we had to change the
weight.)
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Wave matrices at zero energy

There also exists the scattering matrix at zero energy

S(0) = s— ;1%1) S(A).

in the sense of operators in B(L*(S%1)). S(0) is unitary.
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Low energy asymptotics of short-range wave matrices

Note that in general WX (\) do not have a limit at zero
energy. One can say that W=()\) are better behaved than
WZE(N), even if not canonical. They can be used to give
the asymptotics of W= (\):

WEON) = W) exp (iO(A%—i)) l<p<2.

This asymptotics was first obtained in the 1-dimensional

case by D. Yafaev.
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Wave equation on the sphere

Let A be the operator on L?*(S%1) such that
AY; = (l4+d/2 —1)Y;, where Y] is a spherical harmonic of

order [. Alternatively, it can be introduced as follows:

A= /L2 +(d/2 —1)2,
where

Z LZ]’ ILZ] = xiaa:j — :1338%

1<i<y<d

The natural wave equation on S¢ ! is

(5)752 _ AQ)f(t,W) = 0.
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Evolution operator of the wave equation on the sphere

Theorem €'?* belongs to the class of Fourier integral
operators of order 0 in the sense of Hormander.
Moreover, let k € Z.

1. If = 72k, then el = (—1)*,

2. If § = m(2k + 1), then ¢ = (—1)@F+Dd/2-) p.
where P is the parity.

3. If 0 €|m2k, n(2k + 1)[, then

ei(9A (W7 w/)

(2m) "% sin O (d/2) e ™2 (—w-w'+cos #—i0) Y2,
4. 1f 0 €]n(2k — 1), m2k|, then

eiGA (w’ w/)

(2m) "% sin O T'(d/2) e ™2 (—w-w'+cos +i0) Y2,
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Type of singularity of the scattering matrix

Assume that the potential belongs to the special class.

Theorem
5(0) = ee 72t 4K,

where K 1s compact.
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