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Abstract
We present a unified and concise exposition of key topics in the mathematical theory
of open quantum systems, developed within the framework of operator algebras. The
manuscript consolidates and extends a series of invited articles originally prepared for
the Modern Encyclopedia of Mathematical Physics, combining foundational material
with modern perspectives on non-equilibrium quantum statistical mechanics. After
introducing the C*- and W*-algebraic formulation of quantum mechanics, the paper
reviews quantum dynamical systems, KMS states, and Tomita-Takesaki modular the-
ory, as well as CCR and CAR algebras for bosonic and fermionic systems. Particular
emphasis is placed on infinite systems, non-equilibrium steady states, entropy produc-
tion, and linear response theory. The later sections develop a systematic treatment of
small systems coupled to reservoirs, open lattice quantum spin systems, culminating
in a detailed discussion of competing notions of quantum entropy production. The pre-
sentation highlights structural insights, conceptual clarity, and connections between
equilibrium and non-equilibrium phenomena, providing a self-contained reference for
researchers and graduate students in mathematical physics.
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1 Introduction

At the turn of the 21st century, there was a revival of C*-algebraic methods in the
study of equilibrium and non-equilibrium quantum statistical mechanics, a develop-
ment to which the authors contributed. This contribution was acknowledged in 2006
through an invitation to take part in the ambitiously conceived Modern Encyclopedia
of Mathematical Physics. (Fig. 1).

The topics, titles, and length of invited articles were specified by the Editors of the
Encyclopedia. Our articles were completed in the summer of 2007.

Unfortunately, the Encyclopedia’s publication was repeatedly delayed and the
project was eventually discontinued, so our articles never appeared in print.

On the occasion of the thematic program Quantum Mathematics @ Polimi held
at the Politecnico di Milano in Spring 2025, in which the authors took part, we have
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Fig. 1 The cover of
Encyclopedia from Springer
2011 web page

decided to consolidate these contributions into a single, unified publication. The arti-
cles in Parts I-IV appear largely in their original form, as we have deliberately limited
revisions and references to work published after 2007. Parts V–VIII extend and mod-
ernize our Encyclopedia article on Quantum non-equilibrium statistical mechanics.

The notation is not uniform across sections, and some themes are repeated, as in the
original articles. TheParts I-IV correspond to individual articles and are self-contained.
Parts V–VIII are interconnected and should be read together.

We hope these concise treatments of important topics in modern mathematical
physics will prove useful to readers.

Part I

Elements of operator algebras

2 The C∗-algebra Approach

2.1 Why Operator Algebras?

A quantum mechanical description of a system involving only a finite number of
particles or degrees of freedom is given by a Hilbert space H and a Hamiltonian
H , a selfadjoint operator on H . Such systems will be called finite. States of those
systems are described by unit vectors ψ ∈ H or more generally statistical mix-
tures, i.e., density matrices. Physical quantities, or observables, are described by all
selfadjoint operators on H . Their time evolution is governed by its Hamiltonian.
In the Schrödinger picture, the state evolves according to the Schrödinger equation
i∂tψt = Hψt while observables are time-independent. In the equivalent Heisen-
berg picture, the state is time-independent and observables evolve according to the
Heisenberg equation ∂t At = i[H , At ]. As a consequence of the tight relation between
Hamiltonian and dynamics, the spectrum sp(H) of H contains a lot of information
about the physics of the system.

From a mathematical perspective, constructing H and H for a given physical
system can often be presented as a problem in representation theory. In the case of
a non-relativistic system of N point-like particles in Euclidean space R3, the cor-
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respondence between the classical and quantum description is based on canonical
quantization. This procedure provides a representation of the positions Q1, . . . , Q3N
and conjugate canonical momenta P1, . . . , P3N by selfadjoint operators satisfying the
canonical commutation relations (CCR)

i[Pi , Q j ] = δi j , i[Pi , Pj ] = 0, i[Qi , Q j ] = 0. (2.1)

If the particles have spin, thenH has to carry N representations of the Lie algebra of
SU (2), the quantum mechanical rotation group. If the particles are indistinguishable,
then Pauli’s principle imposes a definite covariance (as prescribed by the spin-statistics
theorem) with respect to the natural action of the symmetric group SN onH .

It is a deep fact that for finite systems representations of the CCR are unique, up
to unitary transformations and mostly irrelevant multiplicities. This is the content of
the celebrated Stone-von Neumann theorem (see [118] for a review).

When dealing with systems with an infinite number of particles or degrees of
freedom – quantum fields or quantum statistical mechanics in the thermodynamic
limit – we are faced with a radically different situation. The breakdown of Stone-von
Neumann theorem implies the existence of a large number of unitarily inequivalent
irreducible representations of the CCR. This phenomenon is not a special feature of
CCR. The following example shows that it occurs also for representations of the group
SU (2); see [137] for a related discussion.

Consider an infinite chain of quantum spins with s = 1/2. To each site x ∈ Z we
associate observables σ (1)x , σ (2)x , σ (3)x , which satisfy the SU (2) commutation relations

[σ ( j)x , σ (k)y ] = 2iδxyε jklσ
(l)
x . (2.2)

The Hamiltonian is formally given by H = J
∑

x∈Z σ
(3)
x , so that

i[H , σ ( j)x ] = −2Jε3 jkσ (k)x . (2.3)

Set hx = C2 for any x ∈ Z. The naive candidate for the Hilbert space of the system
is the maximal tensor product of all the spaces hx , which we will denote ⊗x∈Zhx . It
is defined as the completion of the pre-Hilbert space spanned by vectors of the form
⊗x∈Zϕx , where each ϕx is a unit vector in hx . The inner product between two such
vectors is defined by

(⊗x∈Zψx | ⊗x∈Z ϕx ) =
∏

x∈Z
(ψx |ϕx ), (2.4)

whenever the infinite product on the right-hand side of (2.4) is absolutely convergent.
Otherwise, the inner product is set to be zero. The space⊗x∈Zhx was first considered
by von Neumann in [102] (he called it the complete direct product of the family
(hx )x∈Z). This space is much too big for most applications. In particular, it is not
separable, i.e., it does not have a countable orthonormal basis1.

1 Except for recent developments in quantumgravity,most Hilbert spaces of quantumphysics are separable.
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Let us describe another candidate for the notion of the infinite tensor product, which
is more useful in quantum physics. For all x ∈ Z fix an orthonormal basis {χ−x , χ+x }
of hx . To each finite subset X ⊂ Z associate the vector

eX =
(
⊗

x∈X
χ+x

)
⊗

⎛

⎝
⊗

x∈Z\X
χ−x

⎞

⎠ .

According to (2.4) one has (eX |eY ) = δXY . Thus, finite linear combinations of the
vectors eX form a pre-Hilbert space. The Hilbert spaceH obtained by completion is
separable since {eX | X ⊂ Z, |X | <∞} is a countable orthonormal basis.

A pair (h, χ), where h is a Hilbert space and χ ∈ h a unit vector, is often called a
grounded Hilbert space. The above construction is a special case of the tensor product
of grounded Hilbert spaces, namelyH = ⊗x∈Z(hx , χ−x ). The interested reader may
consult [35] for the general construction.

Remark that the maximal tensor product ⊗x∈Zhx naturally splits into the direct
sum of sectors, where each sector has the form ⊗x∈Z(hx , χ−x ) for a certain sequence
of unit vectors χ−x ∈ hx .

If J > 0, then the ground state of the chain has all spins pointing down in the
direction 3. If we interpret χ±x as the eigenstates of the spin at x in direction 3 with
eigenvalue ±1/2, the vector e∅ clearly describes this ground state. The vector eX
describes a local excitation of the chain, the spins at x ∈ X pointing up in direc-
tion 3. This immediately leads to the following representation of the commutation
relations (2.2) onH :

σ (1)+x eX = eX�x , σ (2)+x eX = isX (x)eX�x , σ (3)+x eX = sX (x)eX ,

where

X � x =
{
X \ {x} if x ∈ X ,
X ∪ {x} if x /∈ X ,

sX (x) =
{+1 if x ∈ X ,
−1 if x /∈ X .

We obtain a different representation of the commutation relations (2.2) on the same
spaceH if we think of χ±x as the eigenstates of the spin in direction 3 with eigenvalue
∓1/2, namely

σ (1)−x = σ (1)+x , σ (2)−x = −σ (2)+x , σ (3)−x = −σ (3)+x .

Note that although σ (3)+x e∅ = −e∅ for all x ∈ Z, one easily checks that there is
no unit vector 	 ∈ H such that σ (3)−x 	 = −	 for all x ∈ Z. Thus, in the second
representation of the system the ground state does not belong toH . In particular, there
is no unitary operatorU onH such thatUσ (3)−x U∗ = σ

(3)+
x – the two representations

are inequivalent. Since
eY =

∏

x∈X
Y

σ (1)±x eX ,

the two representations are also irreducible.
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Expressing the formal Hamiltonian H in the two representations leads to

HeX = J
∑

x∈X
±eX + J

∑

x /∈X
∓eX =

(

±2J |X | ∓ J
∑

x∈Z
1

)

eX .

Discarding a constant – the infinite energy of the state e∅ – we may thus set

H±eX = ±2J |X |eX ,

which defines two selfadjoint operators onH . The physical meaning of H± is clear:
it describes the energy of the system relative to the infinite energy of the state e∅. One
easily verifies that

i[H±, σ ( j)±x ] = −2Jε3 jkσ (k)±x ,

i.e., that the commutation relations (2.3) are satisfied. Note, however, that the spectra
of the two Hamiltonians are quite different,

sp(H±) = ±2JN.

This is not surprising, since H± measures the energy relative to two distinct reference
states: one of them has all spins up while the other has all spins down.

In conclusion, there are many ways to represent the algebraic structure induced by
commutation relations (2.2) and (2.3) in aHilbert space. To select such a representation
one needs to specify a reference state. In equilibrium statisticalmechanics this fact does
not lead to difficulties since it is always possible to define thermodynamic quantities
(free energy, pressure, ...) as limits of quantities related to finite systems. The situation
is different in non-equilibrium statistical mechanics where dynamics plays a much
more important role. To give amathematically precise sense to non-equilibrium steady
states, for example, requires a consideration of infinite systems from the outset; see
Section 11.

In the algebraic approach to quantum mechanics the central object is the alge-
braic structure – in the above example, Relations (2.2) and (2.3). Hilbert spaces and
Hamiltonians only appear when this structure gets represented by linear operators.
Such representations are induced by the states of the system, usually via the Gelfand-
Naimark-Segal construction; see Section 2. States with different physical properties
(e.g. different particle or energy density) lead to inequivalent representations and hence
the Hamiltonians describing their dynamics may have different spectral properties.

The mathematical framework of algebraic approach to quantum mechanics is the
theory of operator algebras. C∗-algebras, von Neumann algebras, and W ∗-algebras
are the most commonly used types of operator algebras in this context. There is a
huge literature devoted to this subject. The reader may consult [45, 46, 89, 128, 133,
135] for mathematical introductions and [33–35, 41, 67, 126, 129] for applications to
quantum physics and statistical mechanics.
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2.2 Examples of C∗-algebras

To illustrate the algebraic approach, we consider a few systems for whichC∗-algebras
provide a natural framework. See also Section 6. We shall be only concerned with
operator algebras here. We refer to Section 3 for examples of dynamics on these
algebras.

2.2.1 Lattice spin systems

To describe a quantum spin system on an infinite lattice � (for example, � = Zd with
d ≥ 1), let h be the finite dimensional Hilbert space of a single spin, and hx a copy
of h associated to each x ∈ �. For finite subsets � ⊂ � we set h� ≡ ⊗x∈�hx , and
define the local C∗-algebras as

A� ≡ B(h�).

If� ⊂ �′, the natural isometric injection A �→ A⊗ Ih�′\� allows one to identify A�

with a subalgebra of A�′ . With this identification, we may define

‖A‖ = ‖A‖A�
if A ∈ A�,

unambiguously for all A ∈ Aloc ≡ ∪�⊂�A�, the union being over finite subsets of �.
This defines a C∗-norm on the ∗-algebraAloc. Denote byA = A(�, h) the C∗-algebra
obtained as norm completion of Aloc. We can identify each local algebra A� with the
corresponding subalgebra of A, hence

A =
(
⋃

�⊂�
A�

)cpl

, (2.5)

where each A� is a full matrix algebra, and cpl denotes the completion. C∗-algebras
of this type are called uniformly hyperfinite (UHF) or Glimm algebras.

2.2.2 CAR algebras

Let h be the Hilbert space of a single fermion (typically h = L2(Rd) ⊗ Cn , but
other geometries and additional internal degrees of freedom may lead to different
single particle Hilbert spaces). A system of such fermions is described by the second
quantization formalism. Denote by �a(h) the fermionic (or anti-symmetric) Fock
space over h. The fermion creation/annihilation operators a∗( f ), a( f ) are bounded
operators on �a(h) satisfying the canonical anti-commutation relations (CAR)

[a( f ), a∗(g)]+ = ( f |g)1, [a( f ), a(g)]+ = 0, (2.6)

for all f , g ∈ h. A convenient choice of observables is given by polynomials in a, a∗,
that is, finite linear combinations of monomials

a#( f1) · · · a#( fn),
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where each a# stands for either a or a∗ and the f j are elements of h or more generally
of some subspace h0 ⊂ h. This set is clearly a unital ∗-algebra. Its norm closure is a
C∗-subalgebra ofB(�a(h)). It turns out that this algebra is completely characterized
by h0 and the CAR (2.6).

Theorem 2.1 Let h0 be a pre-Hilbert space. Up to ∗-isomorphisms, there exists a
unique unital C∗-algebra CAR(h0) satisfying the following two properties:

1. There exists an anti-linear map a : h0 → CAR(h0) such that the CAR (2.6) hold
for any f , g ∈ h0.

2. The set of monomials {a#( f1) · · · a#( fn) | f1, . . . , fn ∈ h0} is total in the algebra
CAR(h0).

Remarks 1. For f �= 0, Equ. (2.6) yields that a( f ) �= 0 and that (a∗( f )a( f ))2 =
‖ f ‖2a∗( f )a( f ). Thus

‖a( f )‖ = ‖ f ‖ (2.7)

holds for any f ∈ h0. In particular, the map a is continuous, extends to the completion
h of h0, and CAR(h) = CAR(h0).

2. By condition (ii), the algebra CAR(h) is separable if and only if the Hilbert space
h is.
3.An antilinear map f �→ b( f ) from h toB(H ) satisfying (2.6) extends to a faithful
representation of CAR(h) in the Hilbert space H .

Set φ( f ) := 1
2

(
a∗( f ) + a( f )

)
. A direct consequence of this theorem is the fol-

lowing

Corollary 2.2 Let h1, h2 be two Hilbert spaces. Assume that R : h1 → h2 is a bounded
invertible real linear map such that

Re( f |g) = Re(R f |Rg). (2.8)

Then there exists a unique ∗-isomorphism γ : CAR(h1)→ CAR(h2) such that

γ (φ( f )) = φ(R f ).

γ is called the Bogoliubov transformation associated to R.
Equivalently, if we decompose R into its linear and antilinear part2

R = P + Q, P := 1

2
(R − iRi), Q := 1

2
(R + iRi), (2.9)

then (2.12) can be written as

P∗P + Q∗Q = 1h1 , PP∗ + QQ∗ = 1h2 ,

P∗Q + Q∗P = 0 , PQ∗ + QP∗ = 0.

2 Here, i denotes multiplication by the imaginary unit.
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Moreover,
γ (a( f )) = a(P f )+ a∗(Q f ).

γ is called the Bogoliubov isomorphism induced by R. In the special case of a complex
linear R, when R = U is unitary, γ is called the gauge-invariant or particle preserving
Bogoliubov transformation.

When dealing with compound Fermi systems the following result is often useful.

Theorem 2.3 (Exponential law for fermions) Let h1, h2 be two Hilbert spaces. There
is a unique unitary operator U : �a(h1 ⊕ h2)→ �a(h1)⊗ �a(h2) such that

U� = �⊗�, Ua( f1 ⊕ f2)U
∗ = a( f1)⊗ 1+ (−1)N ⊗ a( f2),

where � denotes the Fock vacuum vector and N = d�(I ) the number operator.

Note that N ∈ CAR(h1) if and only if h1 is finite dimensional. Thus, CAR(h1⊕h2)
is ∗-isomorphic to the C∗-tensor product CAR(h1)⊗ CAR(h2) if and only if at least
one of the spaces h1, h2 is finite dimensional.

2.2.3 CCR algebras

Systems of bosons are described in an analogous way by creation/annihilation opera-
tors a∗( f ) and a( f ) on the bosonic (or symmetric) Fock space �s(h). These operators
satisfy the canonical commutation relations

[a( f ), a∗(g)] = ( f |g), [a( f ), a(g)] = 0, (2.10)

for f , g ∈ h. However, dealing with bosonic systems is more delicate since the
operators a∗( f ) and a( f ) are unbounded. This follows readily from the algebraic
structure described by the CCR. Indeed, suppose that a( f ) is bounded. Then, since
a∗( f )a( f ) is positive, it follows from the CCR that ‖a( f )a∗( f )‖ = ‖a∗( f )a( f )‖+
‖ f ‖2, which contradicts the fact that ‖a( f )a∗( f )‖ = ‖a∗( f )a( f )‖ = ‖a( f )‖2.

Thus it is not a priori clear how the CCR should be interpreted without referring to
some domain D ⊂ �s(h) on which they are supposed to hold. The operator

1√
2

(
a∗( f )+ a( f )

)

is essentially selfadjoint on the dense subspace �s,fin(h) of finite particle vectors of
�s(h). Its selfadjoint closure is called Segal field operator and denoted by φ( f ). Segal
field operators satisfy the commutation relations [φ( f ), φ(g)] = i Im( f |g)which are
formally equivalent to (2.10). The unitary operators

W ( f ) = eiφ( f )

are called Weyl operators. They satisfy the Weyl relations

W ( f )W (g) = e−i Im( f ,g)/2W ( f + g). (2.11)
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Finite linear combinations of Weyl operators build a ∗-algebra. Its closure is a C∗-
algebra which is completely characterized by the Weyl relations (2.11).

Theorem 2.4 Let h0 be a pre-Hilbert space. Up to ∗-isomorphisms, there exists a
unique unital C∗-algebra CCR(h0) with the following properties:

1. There is a map f �→ W ( f ) from h0 to CCR(h0) such that

W (− f ) = W ( f )∗, W (0) �= 0,

and the Weyl relations (2.11) are satisfied for all f , g ∈ h0.
2. The set {W ( f ) | f ∈ h0} is total in CCR(h0).
Remarks 1. It follows from (2.11) and conditions (i)-(ii) that W (0) = 1 and that
W ( f )∗ = W ( f )−1, i.e., that W ( f ) is unitary. Moreover, if f �= g, then ‖W ( f ) −
W (g)‖ = 2.
2. Unlike in the CAR-case, if h0 �= h1, then CCR(h0) �= CCR(h1). Moreover,
CCR(h0) is not separable if h0 �= {0}.
3. A map f �→ Wπ ( f ) from h0 to the unitary operators on H satisfying the Weyl
relations (2.11) extends to a representation (H , π) of CCR(h0).

Bogoliubov isomorphisms between CCR algebras are defined in a similar way as
in the CAR case.

Corollary 2.5 Let h1, h2 be two pre-Hilbert spaces and R : h1 → h2 an invertible
real-linear map such that

Im(R f |Rg) = Im( f |g) (2.12)

Then there is a unique ∗-isomorphism γ : CCR(h1)→ CCR(h2) such that
γ (W ( f )) = W (R f ). γ is called the Bogoliubov transformation associated to R.

Equivalently, if we decompose R into the linear and antilinear part

R = P + Q, P := 1

2
(R − iRi), Q := 1

2
(R + iRi), (2.13)

then (2.12) can be written as

P∗P − Q∗Q = 1h1 , PP∗ − QQ∗ = 1h2 ,

P∗Q − Q∗P = 0, PQ∗ − QP∗ = 0.

Moreover, (in a representation where we can define creation and annihilation oper-
ators, so that we can extend the Bogoliubov isomorphism to affiliated unbounded
operators)

γ (a( f )) = a(P f )+ a∗(Q f ).

In the special case of a complex linear R, when R = U is unitary, γ is called the
gauge-invariant or particle preserving Bogoliubov transformation.

An exponential law similar to Theorem 2.3 holds for bosons.
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Theorem 2.6 (Exponential law for bosons) Let h1, h2 be two Hilbert spaces. There is
a unique unitary operator U : �s(h1 ⊕ h2)→ �s(h1)⊗ �s(h2) such that

U� = �⊗�, UW ( f1 ⊕ f2)U
∗ = W ( f1)⊗W ( f2),

where � denotes the Fock vacuum vector. Moreover, CCR(h1 ⊕ h2) is ∗-isomorphic
to the C∗-tensor product CCR(h1)⊗ CCR(h2).

3

In practice the C∗-algebra CCR(h0) of Theorem 2.4 is not very convenient and one
often prefers to work with von Neumann algebras when dealing with bosons. Let
(H , π) be a representation of CCR(h0). The von Neumann algebra onH generated
by {π(A) | A ∈ CCR(h0)} is given by the bicommutant

Mπ (h0) = π(CCR(h0))
′′.

It is the enveloping von Neumann algebra of the representation π , see Section 6 for
an example.

2.2.4 Quasi-local structure ofA(0, h) and of CAR(h)

As already mentioned, in most physical applications the single-fermion Hilbert space
is h = L2(Rd) ⊗ Cn or some straightforward variant of it. To each bounded open
subset � ⊂ Rd a local Hilbert space h� = L2(�) ⊗ Cn . The canonical isometric
injections h� ↪→ h yield injections CAR(h�) ↪→ CAR(h), allowing us to identify
the local algebra CAR(h�) with a C

∗-subalgebra of CAR(h). It follows immediately
from remark 1 that

CAR(h) =
⎛

⎝
⋃

�⊂Rd

CAR(h�)

⎞

⎠

cl

,

to be compared with Equ. (2.5). Note, however, that while � ∩ �′ = ∅ implies
[A�,A�′ ] = {0}, the CAR algebras of disjoint subsets do not commute. This is of
course due to the fact that a( f ) and a(g) anticommute. Let θ be the ∗-automorphism
defined by θ(a( f )) = −a( f ) and denote by

CAR±(h) = {A ∈ CAR(h) | θ(A) = ±A},

the even and odd parts of CAR(h) with respect to θ . Alternatively, these sets are the
closed linear spans of monomials of even and odd degree in the a#. Then one has
CAR(h�) = CAR+(h�)⊕ CAR−(h�), and one easily checks that

[CAR±(h�),CAR±(h�′)] = {0}, [CAR±(h�),CAR∓(h�′)]+ = {0}.

From a physical point of view, observables localized in disjoint regions of space should
be simultaneously measurable. Hence physical observables of a fermionic system

3 Since CCR algebras are nuclear C∗-algebras, their C∗-tensor product is unique.
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should be elements of the even subalgebra CAR+(h). In fact, the stronger require-
ment of gauge-invariance further reduces the observable algebra to the subalgebra of
CAR+(h) generated by monomials in the a# containing the same number of a and
a∗; see Section 7 for a discussion of this point. In both the UHF-algebra A and the
CAR-algebra CAR(h), the family of local subalgebras define the so-called quasi-local
structure. We refer the reader to [34, Section 2.6] for a general discussion.

2.3 States and the GNS Construction

Let O be a C∗-algebra. A linear functional ϕ on O is positive if ϕ(A∗A) ≥ 0 for all
A ∈ O . A positive linear functional is automatically bounded, i.e., is an element of
the dual O#. It is called a state if ‖ϕ‖ = 1. If O has a unit 1 then ‖ϕ‖ = ϕ(1) for any
positive linear functional ϕ.

A representation of O on a Hilbert space H is a ∗-morphism π : O → B(H ).
Given such a representation and aunit vector� ∈H , the formulaϕ(A) = (�|π(A)�)
defines a state on O . The GNS construction shows that any state on O is of this form.

Theorem 2.7 Let ω be a state on the C∗-algebra O . Then there exist a Hilbert space
Hω, a representation πω of O inHω and a unit vector �ω ∈Hω such that

1. ω(A) = (�ω|πω(A)�ω) for all A ∈ O .
2. πω(O)�ω is dense inHω.

The triple (Hω, πω,�ω) is unique up to unitary equivalence. It is called the GNS
representation or the cyclic representation of O induced by the state ω.

An important object associated with the GNS representation is the enveloping
von Neumann algebra: The σ -weak closure Oω of πω(O) in B(Hω). By von Neu-
mann’s bicommutant theorem, it is given by the bicommutant

Oω = πω(O)
′′.

We note that if O is itself a von Neumann or a W ∗-algebra and ω is σ -weakly contin-
uous (i.e., a normal state) then πω is σ -weakly continuous and Oω = πω(O).

Two statesω, ν onO are quasi-equivalent if there exists a ∗-isomorphismφ : Oω →
Oν such that πν = φ ◦ πω.

The folium of a state ω is the set Nω of all states of the form ν(A) = tr(ρπω(A))
for some density matrix ρ on Hω. A state ν ∈ Nω is said to be ω-normal. Thus,
ω-normal states on O are characterized by the fact that they extend to normal states
on the enveloping von Neumann algebra Oω.

Theorem 2.8 The following propositions are equivalent.

1. μ and ν are quasi-equivalent.
2. μ and ν have the same folium.
3. There exist Hilbert spaces Kμ and Kν and a unitary map V : Hμ ⊗ Kμ →

Hν ⊗Kν such that
πν ⊗ 1 = V (πμ ⊗ 1)V ∗.

The reader should consult [34] for a more detailed discussion.
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3 QuantumDynamical Systems

In the most common approach to quantum physics, observables are described by
bounded operators on a Hilbert space. This formalism is usually sufficient at zero
temperature. To describe quantum systems in the thermodynamic limit at positive
temperatures, or more generally, at positive densities, it is convenient to use a more
sophisticated formalismwhere observables are described by elements of someoperator
algebra, see Sections 2 and 6. In this algebraic approach, quantum dynamics in the
Heisenberg picture is given by a one-parameter group of automorphisms of the algebra
of observables. In analogywith the theory of classical dynamical systems, such a group
defines a quantum dynamical system. There are two main versions of the algebraic
approach, which differ in the topological properties of the algebra and of the dynamical
group: the C∗- and the W ∗-approach.

3.1 C∗-dynamical Systems

Definition 3.1 A C∗-dynamics on a C∗-algebra O is a strongly continuous one-
parameter group R � t → τ t of ∗-automorphisms of O . A C∗-dynamical system
is a pair (O, τ ), where O is a C∗-algebra and τ a C∗-dynamics on O .

The strong continuity of τ means that the map t �→ τ t (A) is norm-continuous for
any A ∈ O . From the general theory of strongly continuous groups on a Banach space,
a C∗-dynamics τ admits a densely defined, closed infinitesimal generator δ such that

δ(A) = lim
t→0

τ t (A)− A

t
(3.1)

for A ∈ Dom(δ). In particular, if O has a unit 1, then 1 ∈ Dom(δ) and δ(1) = 0. It
follows immediately that δ is a ∗-derivation, i.e., that
1. Dom(δ) is a ∗-algebra.
2. δ(AB) = δ(A)B + Aδ(B) for all A, B ∈ Dom(δ).
3. δ(A∗) = δ(A)∗ for all A ∈ Dom(δ).

Generators of C∗-dynamics are characterized by the following simple adaptation of
the Hille-Yosida Theorem, see [34, Section 3.2]).

Theorem 3.2 Let O be a C∗-algebra. A norm densely defined and closed operator δ
on O generates a C∗-dynamics if and only if

1. δ is a ∗-derivation.
2. Ran(Id + λδ) = O for all λ ∈ R.
3. ‖A + λδ(A)‖ ≥ ‖A‖ for all λ ∈ R and A ∈ Dom(δ).

Example 1 Let H be a Hilbert space and H a bounded selfadjoint operator on H .
Then τ t (A) = eit H Ae−it H is aC∗-dynamics onB(H ). Its generator δ(A) = i[H , A]
is bounded.Note that boundedness of H is required for the strong continuity of t → τ t .
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Example 2 The following is based on the material of Section 2.2.2. Let h be a Hilbert
space and h a selfadjoint operator on h. The group of gauge invariant Bogoliubov
automorphisms of the C∗-algebra CAR(h) defined by τ t (a( f )) = a(eith f ) is a C∗-
dynamics. This is a consequence of the strong continuity of the unitary group t �→ eith

and of the norm continuity of themap f �→ a( f ) from h to CAR(h). The ∗-subalgebra
generated by {a( f ) | f ∈ Dom(h)} is contained in the domain of the generator δ of τ
and δ(a( f )) = a(ih f ).

3.2 W∗-dynamical Systems

In some cases, such as systems of bosons, the C∗-approach is not adequate and one
has to use the W ∗ setting.

Definition 3.3 Let M be a von Neumann algebra or a W ∗-algebra. A W ∗-dynamics
on M is a σ -weakly continuous group R � t �→ τ t of ∗-automorphisms of M. A
W ∗-dynamical system is a pair (M, τ ), where M is a von Neumann algebra and τ a
W ∗-dynamics on M.

The continuity condition on the group τ means that, for any A ∈ M, the map
t �→ τ t (A) is continuous in the σ -weak topology of M. The generator δ of a W ∗-
dynamics τ on a von Neumann algebraM is defined by Equ. (3.1), as in the C∗-case,
except that the limit is nowunderstood in theσ -weak topology. It is aσ -weakly densely
defined and closed ∗-derivation onM such that1 ∈ Dom(δ) and δ(1) = 0. Generators
of W ∗-dynamics are characterized by the following analog of Theorem 3.2, see [34,
Section 5.2].

Theorem 3.4 Let M be a von Neumann algebra. A σ -weakly densely defined and
closed operator δ on M generates a W ∗-dynamics if and only if

1. δ is a ∗-derivation and 1 ∈ Dom(δ).
2. Ran(Id + λδ) =M for all λ ∈ R.
3. ‖A + λδ(A)‖ ≥ ‖A‖ for all λ ∈ R and A ∈ Dom(δ).

Example 3 LetH be aHilbert space and H a selfadjoint operator onH . Then τ t (A) =
eit H Ae−it H is a W ∗-dynamics on B(H ).

Example 4 The following is based on the material of Section 2.2.3. Let h be a Hilbert
space and h a selfadjoint operator on h. Denote by h0 a subspace of h invariant
under the unitary group eith . The following formula defines a group of gauge-invariant
automorphisms of the C∗-algebra CCR(h0):

τ t (W ( f )) = W (eith f ).

Except in trivial cases, this group fails to be a C∗-dynamics because ‖τ t (W ( f )) −
W ( f )‖ = 2 for all t ∈ R and f ∈ h0 such that eith f �= f .

Denote by M the von Neumann algebra acting on the bosonic Fock space �s(h)
and generated by the Weyl operators {W ( f ) | f ∈ h0}. Then τ has an extension toM
given by
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τ t (A) = eitd�(h)Ae−itd�(h).

It defines a W ∗-dynamics on M.

3.3 Invariant States and Liouvilleans

In this and the following sections we use freely the notation introduced in Section 2.3.
We shall say that (O, τ ) is a quantum dynamical system if it is either a C∗- or a
W ∗-dynamical system.

Definition 3.5 Let (O, τ ) be a quantum dynamical system. A state ω on O is τ -
invariant if ω ◦ τ t = ω holds for all t ∈ R.

As in the theory of classical dynamical systems, invariant states (and more specifi-
cally normal invariant states in the W ∗-case) play an important role in the analysis of
quantum dynamical systems. As an illustration, we explore the GNS representation
induced by an invariant state.

Let ω be an invariant state of the quantum dynamical system (O, τ ) and
(Hω, πω,�ω) the GNS representation ofO induced byω. The uniqueness of the GNS
representation implies that there exists a unique one-parameter group t �→ Uω(t) of
unitary operators on Hω such that

πω(τ
t (A)) = Uω(t)πω(A)Uω(t)

∗, Uω(t)�ω = �ω,

for any t ∈ R and A ∈ O . Assuming ω to be normal in theW ∗-case, it is easy to show
that the group Uω is strongly continuous. Hence, by Stone’s theorem, there exists a
unique selfadjoint operator Lω such that

eit Lωπω(A)e
−it Lω = πω(τ

t (A)), Lω�ω = 0.

The operator Lω is sometimes called the ω-Liouvillean of (O, τ ). Important informa-
tion about the dynamics of the system can be deduced from its spectral properties, see
Sections 5, 9 and 18.

Next we note that
ω̃(A) = (�ω|A�ω), A ∈ Oω,

defines a normal extension of the state ω to the enveloping von Neumann algebra Oω:
ω = ω̃ ◦ πω. Similarly,

τ̃ t (A) = eit Lω Ae−it Lω

defines aW ∗-dynamics onOω such that τ̃ t ◦πω = πω◦τ t . Thus, the GNS construction
maps aC∗-dynamical system (O, τ )with invariant stateω into aW ∗-dynamical system
(Oω, τ̃ ) with normal invariant state ω̃.

The above construction can be performed under weaker continuity conditions than
the strong/σ -weak continuity used here; see [111] for a more general definition of
quantum dynamical systems.
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3.4 Perturbation Theory

Let (O, τ ) be a C∗-dynamical system and V ∈ O a selfadjoint element. If δ denotes
the generator of τ , then

δV = δ + i[V , · ]
is well defined on the domain Dom(δ) and generates a perturbed dynamics τ tV = etδV

on O . One says that τV is a local perturbation of τ . Such local perturbations play an
important role in the theory of C∗-dynamical systems.

Iterating the integral equation (Duhamel formula)

τ tV (A) = τ t (A)+
∫ t

0
τ t−s(i[V , τ sV (A)]) ds

leads to the Araki-Dyson expansion

τ tV (A) = τ t (A)+
∞∑

n=1

∫ t

0
dt1

∫ t1

0
dt2 · · ·

∫ tn−1

0
dtn i[τ tn (V ), i[· · · , i[τ t1(V ), τ t (A)] · · · ]],

which is norm convergent for any t ∈ R and A ∈ O . Another useful representa-
tion of the locally perturbed dynamics is given by the interaction picture τ tV (A) =
�t
V τ

t (A)�t∗
V . The operator �t

V is the solution of the Cauchy problem

∂t�
t
V = i�t

V τ
t (V ), �0

V = 1.

It follows that �t
V ∈ O is unitary and has the norm convergent Dyson expansion

�t
V = 1+

∞∑

n=1
in
∫ t

0
dt1

∫ t1

0
dt2 · · ·

∫ tn−1

0
dtn τ

tn (V ) · · · τ t1(V ),

which satisfies the cocycle relation

�t+s
V = �t

V τ
t (�s

V ) = τ tV (�
s
V )�

t
V .

Local perturbations ofW ∗-dynamical systems can be handled in a similar way, replac-
ing the norm topology with the σ -weak topology and interpreting all integrals in the
weak-∗ sense.

If ω is an invariant state for the unperturbed dynamical system (O, τ ) (supposed
to be normal in the W ∗-case) then, in the induced GNS representation and with the
notation of the previous subsection, the perturbed dynamics is implemented by the
unitary group generated by Lω + Q where Q = πω(V ),

πω(τ
t
V (A)) = eit(Lω+Q)πω(A)e

−it(Lω+Q).
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Note that the perturbed unitary group is related to the cocycle �V through the inter-
action picture formula

eit(Lω+Q) = �̃t
V eit Lω ,

�̃t
V = πω(�

t
V ) = 1+

∞∑

n=1
in
∫ t

0
dt1

∫ t1

0
dt2 · · ·

∫ tn−1

0
dtn τ̃

tn (Q) · · · τ̃ t1(Q).

Consequently, the perturbed dynamics extends to a W ∗-dynamics

τ̃ tV (A) = eit(Lω+Q)Ae−it(Lω+Q) = �̃t
V τ̃

t (A)�̃t∗
V ,

on the enveloping von Neumann algebra Oω. In the W ∗-case this formula is the start-
ing point for an extension of perturbation theory to unbounded perturbations. If Q is a
selfadjoint operator onHω affiliated to Oω = πω(O) and such that Lω + Q is essen-
tially selfadjoint on Dom(Lω) ∩ Dom(Q), then the unitary group eit(Lω+Q) defines
a W ∗-dynamics on Oω. This extension of perturbation theory has been developed
in [48].

Except for its important role inAraki’s perturbation theory ofKMS-states discussed
in Section 4, the operator Lω+Q is of little value in the study of dynamical properties
of τV . This is due to the fact that it is not adapted to the structure of the enveloping
von Neumann algebraOω. The standard Liouvillean, introduced in Section 5, corrects
this problem.

If t �→ V (t) = V (t)∗ ∈ O is continuous, then equation ∂tτ
s→t
V (A) =

τ s→t
V (δV (t)(A)) together with the condition τ s→s

V = Id defines a two-parameter family
of ∗-automorphisms of O such that τ s→t

V ◦ τ t→r
V = τ s→r

V . Perturbation theory can be
developed as in the time-independent case starting from the integral equation

τ s→t
V (A) = τ t−s(A)+

∫ t

s
τ s→u
V

(
i[V (u), τ t−u(A)]) du.

4 KMS–States

The KMS condition plays a fundamental role in quantum statistical mechanics where
it provides a general abstract definition of equilibrium state. It is also deeply rooted
in the mathematical structure of von Neumann algebras, see Section 5. Consequently,
there is an enormous literature on the subject and the following section only provides
a crude and condensed introduction. We refer the reader to [33, Chapters 5.3+5.4]
and [67, Chapter 5] for a more elaborate introduction. We also recommend reading
the pioneering article [69].
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4.1 Motivation and Definition

Consider a quantum system with finite dimensional Hilbert spaceH (e.g. an N -level
atom). Such a system is described by a C∗-dynamical system (B(H ), τ ) where

τ t (A) = eit H Ae−it H ,

and H = H∗ denotes the Hamiltonian. For any β ∈ R this system has a unique
thermal equilibrium state ωβ at inverse temperature β given by the Gibbs-Boltzmann
prescription

ωβ(A) = tr(e−βH A)

tr(e−βH )
.

Note that the equilibrium correlation function

Fβ(A, B; t) = ωβ(Aτ
t (B)) (4.1)

is an entire function of t . The cyclicity of the trace yields the identity

tr(e−βH Aτ t (B)) = tr(e−βH Aeit H Be−it H ) = tr(e−i(t−iβ)H Aeit H B).

Analytic continuation from t ∈ R to t ∈ R+ iβ further gives

tr(e−βH Aτ t+iβ(B)) = tr(e−it H Aei(t+iβ)H B) = tr(e−βH τ t (B)A),

from which we conclude that

Fβ(A, B; t + iβ) = ωβ(τ
t (B)A). (4.2)

Relations (4.1) and (4.2) relate the values of the analytic function Fβ(A, B; z) on the
boundary of the strip

Sβ = {z ∈ C | 0 < Im(z signβ) < |β|}

to the state ωβ . They are called Kubo-Martin-Schwinger (KMS) boundary conditions.
It is a simple exercise in linear algebra to show that theGibbs stateωβ is the only state on
B(H ) satisfying theKMSboundary conditions (4.1) and (4.2) for all A, B ∈ B(H ).
This fact motivates the following general definition.

Definition 4.1 Let (O, τ ) be aC∗- orW ∗-dynamical system. A stateω onO , assumed
to be normal in the W ∗-case, is (τ, β)-KMS for some β ∈ R if the following holds:
for any A, B ∈ O there exists a function z �→ Fβ(A, B; z) analytic in the strip Sβ ,
continuous on its closure, and satisfying theKubo-Martin-Schwinger conditions (4.1)–
(4.2) on its boundary.
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Remarks 1. KMS states for negative temperatures rarely have a physical meaning.
However, for historical reasons, they are widely used in the mathematical literature.
For example, any modular state on a von Neumann algebra is a KMS state at inverse
temperature β = −1 for its modular group, see Section 5.
2. In the special case β = 0 the KMS conditions degenerate to ω(AB) = ω(BA). In
mathematics such states are called tracial. Physicists sometimes refer to these infinite-
temperature equilibrium states as stochastic.
3. If ω is (τ, β)-KMS, then it is also (τ γ t , β/γ )-KMS. Note however that there is
no simple connection between KMS states at different temperatures for the same
dynamics τ t .
4. Ifω is a β-KMS state for theC∗-dynamical system (O, τ ), then its normal extension
ω̃ to the enveloping von Neumann algebra Oω is a β-KMS state for the induced W ∗-
dynamical system (Oω, τ̃ ) defined in Section 3.2.

4.2 Characterizations

Let (O, τ ) be a C∗- or W ∗-dynamical system. An element A ∈ O is called τ -analytic
if the function t �→ τ t (A) extends to an entire function onC. The setOτ of τ -analytic
elements is a dense ∗-subalgebra of O in the appropriate topology (uniform topology
in the C∗-case, σ -weak topology in the W ∗-case). If ω is a (τ, β)-KMS state and
A, B ∈ Oτ , then the function Fβ(A, B; · ) of Definition 4.1 is given by Fβ(A, B; z) =
ω(Aτ z(B)). In particular one has ω(Aτ iβ(B)) = ω(BA). The following theorem
shows that this property characterizes KMS states.

Theorem 4.2 Let (O, τ ) be a C∗- or W ∗-dynamical system. A state ω on O , assumed
to be normal in the W ∗-case, is a (τ, β)-KMS state for some β ∈ R if and only if the
following holds. There exists a dense, τ -invariant ∗-subalgebraM ⊂ O of τ -analytic
elements such that ω(Aτ iβ(B)) = ω(BA) for all A, B ∈M .

A fundamental property of KMS states – namely the invariance under time evolution
– is a simple corollary of Theorem 4.2.

Theorem 4.3 If ω is a (τ, β)-KMS state then it is τ -invariant, i.e., ω ◦ τ t = ω holds
for all t ∈ R.

Remarkably, Definition 4.1 which involves global properties of the dynamics τ can
be rephrased in terms of its infinitesimal generator. To formulate this result let us set

s(x, y) =
⎧
⎨

⎩

x(log x − log y) x, y > 0,
0 x = 0, y ≥ 0,
+∞ x > 0, y = 0.

Theorem 4.4 (Araki [12]) Let (O, τ ) be a C∗-dynamical system and denote by δ the
infinitesimal generator of τ . A state ω is (τ, β)-KMS if and only if it is τ -invariant and
satisfies the so-called differential β-KMS condition
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− iβω(A∗δ(A)) ≥ s(ω(A∗A), ω(AA∗)) (4.3)

for all A ∈ Dom(δ).

KMS states satisfy various correlation inequalities of the type (4.3), and some of
themcompletely characterize them, see [33, 59]. Theyplay an important role in proving
other characterizations of KMS states: Araki’s Gibbs condition (a quantum substitute
for the DLR equation) and the variational principle for lattice spin systems [33, Chap-
ter 6.2] and lattice fermions [4]; see also Section 20.

4.3 Perturbation Theory

As thermodynamic equilibrium states, KMS states enjoy several stability properties.
Herewediscuss only one of them: structural stabilitywith respect to local perturbations
of the dynamics. For additional information, the reader may consult [33, Section 5.4].

Let (O, τ ) be a C∗- or W ∗-dynamical system and ω a (τ, β)-KMS state. Con-
sider the local perturbation τV of τ by a selfadjoint element V ∈ O . In the GNS
representation (Hω, πω,�ω) the perturbed dynamics is unitarily implemented by

πω(τ
t
V (A)) = eit(Lω+Q)πω(A)e

−it(Lω+Q),

where Lω is the ω-Liouvillean and Q = πω(V ).

Theorem 4.5 (Araki [9]) The cyclic vector �ω belongs to the domain of e−β(Lω+Q)/2

and

ωV (A) = (	V |πω(A)	V ), 	V = e−β(Lω+Q)/2�ω

‖e−β(Lω+Q)/2�ω‖ ,

is a (τV , β)-KMS state. The GNS representation ofO induced byωV is (Hω, πω,	V ).
Moreover, the map ω �→ ωV is a bijection between the set of (τ, β)-KMS states and
the set of (τV , β)-KMS states.

In the W ∗-case, Araki’s theorem extends to perturbed dynamics generated by
unbounded perturbations Q affiliated to πω(O), see [48].

5 Tomita–Takesaki Theory

5.1 Modular States

Let M be a von Neumann algebra acting on a Hilbert space H . Its commutant

M′ = {A ∈ B(H ) | AB = BA for all B ∈M}

is also a von Neumann algebra. Von Neumann’s bicommutant theorem states that
M′′ =M.
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Definition 5.1 A vector 	 ∈H is cyclic for M if the subspace M	 is dense in H .
It is separating for M if A	 = 0 for some A ∈M implies A = 0. It is modular if it
is both cyclic and separating forM.

A vector	 ∈H is separating forM if and only if the corresponding normal state
ω	(A) = (	|A	) is faithful.

The support sω of a normal state ω on M is the smallest orthogonal projection
P ∈M such that ω(P) = 1. It follows that ω(A∗A) = 0 if and only if Asω = 0. In
particular, ω is faithful if and only if sω = 1.

Lemma 5.2 The support of the vector state ω	 is the orthogonal projection on the
closure of M′	. Consequently, a vector 	 ∈H is separating forM if and only if it
is cyclic forM′.

Remark SinceM′′ =M, it follows that	 is cyclic forM if and only if it is separating
forM′.

Let O be a C∗-algebra and ω a state on O . Denote by (Hω, πω,�ω) the GNS
representation of O induced by ω.

Definition 5.3 The state ω is modular if the vector �ω is modular for the enveloping
von Neumann algebra Oω = πω(O)′′.

We warn the reader that this definition of a modular state is more general than the
one we will adopt in Section 19.

Note that the state ω is modular if and only if the vector state induced by �ω is
faithful onOω. This does not imply, nor is it implied by the faithfulness ofω. However,
if O is a von Neumann algebra, then a faithful normal state ω is modular.

The following result links modular theory with the theory of KMS states. It is often
useful in applications to statistical mechanics.

Theorem 5.4 Let (O, τ ) be a C∗- or W ∗-dynamical system. Then every (τ, β)-KMS
state for β ∈ R is modular.

5.2 Modular Structure

Let 	 be a modular vector for M. Since 	 is separating forM, the map

A	 �→ A∗	,

defines an anti-linear involution S0 ofM	. Inspection of the graph of S0 and the fact
that 	 is cyclic for M′ show that S0 is closable and that its closure S is involutive.
Since 	 is cyclic forM, S is densely defined and hence has a densely defined adjoint
S∗ = S∗0 . Define the selfadjoint operator
 = S∗S and write the polar decomposition
of S as S = J
1/2. Since S is injective and has dense range J is anti-unitary. From1 =
S2 = J
1/2 J
1/2 we conclude that J
1/2 = 
−1/2 J ∗. It follows that J 2
1/2 =
J
−1/2 J ∗ and the uniqueness of the polar decomposition yields J 2 = 1, i.e., J = J ∗.
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Definition 5.5 The positive selfadjoint operator 
 is the modular operator and the
anti-unitary involution J the modular conjugation of the pair (M, 	).

The fundamental algebraic properties of the modular operator and conjugation are
the content of Tomita-Takesaki’s theorem:

Theorem 5.6 Let 	 be a modular vector for a von Neumann algebra M. If 
 and J
are the corresponding modular operator and modular conjugation, then the following
hold:

1. JMJ =M′.
2. For any t ∈ R one has 
itM
−it =M.

Since S is an unbounded operator, the proof of this theorem is technically involved.
It was first published in [134]; a more concise exposition can be found in [34]. For a
technically simpler proof see [114].

Definition 5.7 The group of ∗-automorphisms of M defined by σ t (A) = 
it A
−it
is the modular group of the pair (M, 	).

More generally, ifω is a faithful normal state on the vonNeumann algebraM and

the modular operator of (M,�ω) then σ t

ω(A) = π−1ω (
itπω(A)
−it ) is the modular
group of ω.

The main property of the modular group is the following result due to Takesaki
which can be seen as a reverse of Theorem 5.4.

Theorem 5.8 Let ω be a faithful normal state on the von Neumann algebra M. Then
ω is a KMS state for the modular group σω at inverse temperature β = −1. Moreover,
the modular group is the only dynamics onM for which ω has this property.

The modular conjugation allows us to construct another central object of modular
theory.

Definition 5.9 The natural cone associated to the pair (M, 	) is the closed subset of
H defined by

H+ = {AJ AJ	 | A ∈M}cl.
The most important properties of the natural cone are the following.

Theorem 5.10 The natural cone H+ is self-dual, i.e.,

H+ = Ĥ+ := {� ∈H | (� |�) ≥ 0 for all � ∈H+}.

In particular, H+ is convex. Moreover, the following hold:

1. J� = � for all � ∈H+.
2. AJ AH+ ⊂H+ for all A ∈M.
3. J AJ = A∗ for all A ∈M ∩M′.
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5.3 Standard Representation

Definition 5.11 A quadruple (H , π, J ,H+) is a standard representation of the W ∗-
algebra M if π :M→ B(H ) is a representation of M, J an antiunitary involution
onH and H+ a self-dual cone in H satisfying the following conditions:

1. Jπ(M)J = π(M)′;
2. Jπ(A)J = π(A)∗ for all A ∈M ∩M′;
3. J	 = 	 for all 	 ∈H+;
4. π(A)Jπ(A)H+ ⊂H+ for all A ∈M.

One of the key results in the theory of W ∗-algebras is the following.

Theorem 5.12 Any W ∗-algebra M has a faithful standard representation. Moreover,
this representation is unique, up to unitary equivalence.

If the von Neumann algebra M is such that any family of mutually orthogonal
projections is at most countably infinite, then it has a faithful normal state ω, and it
follows from Theorem 5.10 that the corresponding GNS representation is standard.
This applies, in particular, to many von Neumann algebras arising in physical appli-
cations. See [34, Proposition 2.5.6], and [133] for the general case.

The standard representation has two properties which are of crucial importance in
the study of quantum dynamical systems. The first one concerns normal states.

Theorem 5.13 Let (H , π, J ,H+) be a standard representation of M. Any normal
state ω on M has a unique vector representative �ω ∈ H+ such that ω(A) =
(�ω|π(A)�ω). Moreover,

‖�ω −�ν‖ ≤ ‖ω − ν‖ ≤ ‖�ω −�ν‖ ‖�ω +�ν‖

holds for all normal states ω, ν. Thus, there is a homeomorphic correspon-
dence between normal states and unit vectors of H+. Finally, (π(M)�ω)

cl =
J
(
π(M)′�ω

)cl
, and in particular

ω is faithful⇔ �ω is separating for π(M)⇔ �ω is cyclic for π(M).

The second property concerns the unitary implementation of ∗-automorphisms of M
in a standard representation (H , π, J ,H+). Denote byAut(M) the topological group
of ∗-automorphisms of M with the topology of pointwise σ -weak convergence. Let
U be the set of unitaries of H satisfying Uπ(M)U∗ = π(M) and UH+ ⊂ H+.
Equipped with the strong operator topology, U is a topological group and τU (A) =
π−1(Uπ(A)U∗) defines a continuous morphism U → Aut(M).

Theorem 5.14 The map U �→ τU is a topological isomorphism. Moreover, for any
U ∈ U and any normal state ω onM, one has

1. JU J = U.
2. Uπ(M)′U∗ = π(M)′.
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3. U∗�ω = �ω◦τU .

In particular, if (M, τ ) is a W ∗-dynamical system, then there exists a unique self-
adjoint operator L on H such that π(τ t (A)) = eit Lπ(A)e−it L and eit LH+ ⊂H+.

Definition 5.15 The generator L is called the standard Liouvillean of the dynamical
system (M, τ ).

The standard Liouvillean is uniquely defined up to unitary equivalence. If ω is a
modular τ -invariant state, then the induced GNS representation is standard, and theω-
Liouvillean of Section 3.3 coincides with the standard Liouvillean. This is in particular
the case if ω is a KMS state for τ .

Spectral properties of the standard Liouvillean are intimately related to those of the
corresponding dynamical system. As an illustration, the following result is a direct
consequence of Theorem 5.13; see Section 9 for additional information.

Theorem 5.16 Let L be the standard Liouvillean of a W ∗-dynamical system (M, τ ).

1. L has no eigenvalues if and only if there is no normal τ -invariant state on M.
2. Ker(L) is one-dimensional if and only if there is a unique normal τ -invariant state

ω on M. In this case �ω is the unique unit vector in Ker(L) ∩H+.

5.4 The Finite Dimensional Case

It is instructive to work out the standard representation of a finite dimensional von
Neumann algebraM ⊂ B(CN ). This case is particularly simple sinceB(CN ) is itself
a Hilbert space for the inner product (X |Y ) = tr(X∗Y ). One hasB(CN ) =M⊕M⊥
and the predual M∗ can be identified with M. Since any A ∈ M can be written as a
linear combination of 4 non-negative elements ofM, it is easy to see that there exists
a basis ρ1, . . . , ρn of M such that ρ j ≥ 0 and tr ρ j = 1. It follows that

ω = 1

n

n∑

j=1
ρ j

defines a faithful state on M. Consider H = M as a Hilbert space (a subspace of
B(CN )). Then� = ω1/2 is a unit vector inH . Moreover, the map π :M→ B(H )

defined by π(A)X = AX is a ∗-morphism such that ω(A) = (�|π(A)�). Denote
by P the orthogonal projection on (Ker ω)⊥. Clearly P ∈ M and, since ρ j ≥ 0,
one has Ker ω ⊂ ∩ j Ker ρ j and Ker ω ⊂ Ker A for all A ∈ M. It follows that
Ran A ⊂ Ran P and hence A = PA for all A ∈ M. Since the last identity is
equivalent to A∗ = A∗P , we conclude that A = AP = PA = PAP for all A ∈M,
i.e., that P is the unit of M. Since there exists T ∈ M such that Tω1/2 = P we can
writeπ(XT )� = X and conclude thatπ(M)� =H .We have shown that (H , π,�)

is the GNS representation of M induced by ω. Note that since ω is a normal faithful
state, this representation is itself faithful.
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The formulas J X = X∗ and 
1/2X = ω1/2XT define an anti-unitary involution
and a positive selfadjoint operator on H such that

J
1/2π(A)� = π(A)∗�.

Thus, J and 
 are the modular conjugation and the modular operator of the pair
(π(M),�).

Elements of the natural cone are given by π(A)Jπ(A)� = Aω1/2A∗, from which
we can conclude that

H+ = {A ∈M | A ≥ 0},
and one easily checks the validity of Theorem 5.10.

Let C be an element of π(M)′. For all A ∈M and X ∈H one has

C(AX) = C(π(A)X) = π(A)(C(X)) = AC(X).

Setting X = P , the unit of M, and B = C(P) ∈ M, we get C(A) = AB. We
conclude that π(M)′ consists of the linear maps X �→ XB with B ∈ M. Thus,
Jπ(M)J = π(M)′ and we have obtained the standard representation of the finite
dimensional von Neumann algebra M.

Any normal state ν on M is given by ν(A) = tr(ρA) for a density matrix ρ ∈
M. It follows that ν �→ �ν = ρ1/2 ∈ H+ is the homeomorphism described in
Theorem 5.13.

Part II

CCR and CAR algebras

6 Free Bose and Fermi Gases – The Algebraic Approach

We will describe the algebraic approach to free Bose and Fermi gases, which allows
us to discuss these systems in the thermodynamic limit at a positive temperature, or
more generally, at a positive density. We will use the terminology of Section 2.

First we will follow the W ∗-approach, working in a concrete Hilbert space. More
precisely, we will describe Araki-Woods representations of the CCR and Araki-Wyss
representations of the CAR, often used to describe free Bose and Fermi gases at a
positive density. Then we will describe the C∗-algebraic approach to Bose and Fermi
gases, which has a number of conceptual advantages. Unfortunately, as we shall see,
the C∗-algebraic approach is somewhat problematic in the bosonic case.

For an in-depth treatment of the material of this chapter, see [44].
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6.1 Araki-Woods and Araki-Wyss Operators

We fix a nonnegative function ξ �→ γ (ξ) and define

ρ(ξ) := (γ (ξ)−1 ∓ 1)−1, (6.1)

where theminus sign corresponds to the bosonic case and the plus sign to the fermionic
case. The function γ , or equivalently, ρ will parametrize a certain class of representa-
tions of the canonical commutation relations (CCR) and canonical anticommutation
relations (CAR). As we shall see, ρ(ξ) has the physical interpretation of the density
of the mode ξ .

We consider the bosonic/fermionic Fock space�s/a
(
L2(�)⊕ L2(�)

)
, inwhich the

one-particle space has been “doubled” to account for both “excitations”, correspond-
ing to the “left space”, as well as “holes”, corresponding to the “right space”. The
creation/annihilation operators corresponding to the left/right space are distinguished
by the subscript l/r. The subscript s/a indicates that we consider the bosonic/fermionic
Fock space.

Define

a∗γ,l(ξ) := (1± ρ(ξ))
1
2 a∗l (ξ)+ ρ(ξ)

1
2 ar(ξ),

aγ,l(ξ) := (1± ρ(ξ))
1
2 al(ξ)+ ρ(ξ)

1
2 a∗r (ξ),

(6.2)

where the plus corresponds to the bosonic case and minus to the fermionic case. In the
bosonic case, (6.2) are called the (left) Araki-Woods creation/annihilation operators.
They satisfy the usual CCR. In the fermionic case, (6.2) are called the (left) Araki-Wyss
creation/annihilation operators. They satisfy the usual CAR.

Let � denote the vacuum vector for �s/a
(
L2(�)⊕ L2(�)

)
. Then (� | · �) is an

example of a quasifree state. Its 2-point function is

(� | a∗γ,l(ξ)aγ,l(ξ ′)�) = δ(ξ, ξ ′)ρ(ξ),

where δ(ξ, ξ ′) denotes the delta function. This justifies the name “the density of the
mode ξ” for ρ(ξ); see [16, 33, 41].

6.2 The Commutant of the Algebra of the Bose/Fermi Gas

LetMAW
γ,l be the W ∗-algebra inB(�s/a(L2(�)⊕ L2(�))) generated by smeared-out

bosonic/fermionic operators introduced in the previous section (in the bosonic case in
addition we need to take bounded functions of these operators). Note that MAW

γ,l can
be a rather nontrivial W ∗-algebra – typically it is of type III.

For nonzero ρ the state (� | · �) on the algebra MAW
γ,l is faithful. Therefore,

we can apply Tomita-Takesaki theory, see Section 5, obtaining in particular the so-
called modular conjugation Js/a, which is an antiunitary operator on �s/a(L2(�⊕�))
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satisfying

J 2s/a = 1, Js/a� = �, Js/aM
AW
γ,l Js/a =

(
MAW

γ,l

)′
,

where
(
MAW

γ,l

)′
denotes the commutant ofMAW

γ,l . Let ε be the antiunitary operator on

L2(�)⊕ L2(�) defined by
ε( f1, f2) := ( f̄2, f̄1).

Then, in the bosonic case, Js = �(ε). In the fermionic case, Ja = �(ε)(−1)N (N−1)/2.
Here �(ε) denotes the second quantization of the operator ε and N is the number
operator.

Later on wewill need the Araki-Woods/Araki-Wyss creation and annihilation oper-
ators transformed by Js/a (which will be called the “right” operators, as opposed to
the “left” operators introduced above). The right Araki-Woods creation/annihilation
operators are given by

a∗γ,r(ξ) := Jsa
∗
γ,l(ξ)Js = ρ(ξ)

1
2 a∗l (ξ)+ (1+ ρ(ξ))

1
2 ar(ξ),

aγ,r(ξ) := Jsaγ,l(ξ)Js = ρ(ξ)
1
2 al(ξ)+ (1+ ρ(ξ))

1
2 a∗r (ξ).

The right Araki-Wyss creation/annihilation operators are given by

a∗γ,r(ξ) := Jaa
∗
γ,l(ξ)Ja = ρ(ξ)

1
2 a∗l (ξ)(−1)N − (1− ρ(ξ))

1
2 ar(ξ)(−1)N ,

aγ,r(ξ) := Jaaγ,l(ξ)Ja = −ρ(ξ) 12 al(ξ)(−1)N + (1− ρ(ξ))
1
2 a∗r (ξ)(−1)N .

Note that the left and the right operators commute with one another.

6.3 Quasi-free Dynamics

Consider Bose or Fermi gas with the 1-particle space L2(�) and the 1-particle exci-
tation spectrum ω(ξ). One usually assumes that ω is positive.

At zero temperature, the Hilbert space of the system is �s/a(L2(�)), and its Hamil-
tonian is

H =
∫

ω(ξ)a∗(ξ)a(ξ)dξ.

Although an advanced algebraic language in this case is not necessary, it is often
convenient to introduce the W ∗-dynamical system

(
B(�s/a(L2(�))), eit H · e−it H ).

Clearly,

eit Ha∗(ξ)e−it H = eitω(ξ)a∗(ξ), eit Ha(ξ)e−it H = e−itω(ξ)a(ξ). (6.3)

We now consider the Bose/Fermi gas at a positive density described by γ . Its
observables are elements of MAW

γ,l . Its dynamics is given by τt (A) = eit L Ae−it L ,
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where the Liouvillean L is given by

L :=
∫

ω(ξ)a∗l (ξ)al(ξ)dξ −
∫

ω(ξ)a∗r (ξ)ar(ξ)dξ,

see Section 2. Note that

τt (a
∗
γ,l(ξ)) = eitω(ξ)a∗γ,l(ξ), τt (aγ,l(ξ)) = e−itω(ξ)aγ,l(ξ),

and so the dynamics τ t acts on left creation/annihilation operators in the same way as
the zero-temperature dynamics in (6.3). However

τt (a
∗
γ,r(ξ)) = e−itω(ξ)a∗γ,r(ξ), τt (aγ,r(ξ)) = eitω(ξ)aγ,r(ξ),

indicates that the “particles” created by a∗γ,r(ξ) behave like a “hole”. We emphasize

that the W ∗-dynamical systems
(
MAW

γ,l , τ
)
for distinct γ are often non-equivalent.

The state (� | · �) is β-KMS for the dynamics τ iff γ (ξ) = e−βω(ξ). In the
bosonic case the density is then given by the Planck law: ρ(ξ) = (eβω(ξ) − 1)−1. In
the fermionic case we obtain the Fermi-Dirac law: ρ(ξ) = (eβω(ξ) + 1)−1.

6.4 C∗-algebraic Approach to the CAR

The CAR algebra over L2(�), sometimes denoted CAR(L2(�)), is defined as the
C∗-algebra generated by the elements {a( f ) f ∈ L2(�)} satisfying

[a( f1), a( f2)]+ = 0, [a( f1), a∗( f2)]+ = 2Re( f1| f2)1.

One can show that for an infinite dimensional separable space L2(�) this algebra
is isomorphic to the uniformly hyperfinite algebra UHF(2∞). In the case of a finite
dimension, this algebra coincides with the complex Clifford algebra. a( f ) and a∗( f )
are called (abstract) annihilation and creation operators of f .

If eitω is a unitary group on L2(�), then τt (a( f )) := a(et iω f ) extends to a unique
C∗-dynamics on CAR(L2(�)). Such dynamics are often called gauge-invariant quasi-
free dynamics.

Let ρ, γ be as in (6.1). Then there exists a unique state ψγ on CAR(L2(�)) such
that

ψγ

(
a∗( f1) · · · a∗( fn)a(gm) · · · a(g1)

)

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∑

σ∈Sn

n∏

j=1
sign(σ )

∫

f̄ j (ξ)ρ(ξ)gσ( j)(ξ)dξ, if n = m;

0 otherwise,
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where Sn denotes the set of permutations of {1, . . . , n} and sign(σ ) is the signature of
σ ∈ Sn .

Let a∗γ,l(ξ), aγ,l(ξ) be the Araki-Wyss representation of the CAR. Then

πγ (a( f )) :=
∫

aγ,l(ξ) f̄ (ξ)dξ

extends uniquely to a representation of CAR(L2(�)) in �a(L2(�)⊕ L2(�)), which
is a GNS representation generated by the state ψγ .

6.5 C∗-algebraic Approach to the CCR

In the bosonic case, several algebras could be referred to as CCR(L2(�)). The choice
made by most authors is the C∗-algebra generated by {W ( f ) | f ∈ L2(�)} satisfying
the relations

W ( f )∗ = W (− f ), W ( f1)W ( f2) = e−
i
2 Im( f1| f2)W ( f1 + f2).

We will denote it CCR(L2(�)).W ( f )’s are called Weyl operators, and this algebra is
sometimes called the Weyl CCR algebra. An important result about this algebra was
obtained by J. Slawny [33]. This is the reason for another name for CCR(L2(�)), the
Slawny CCR algebra.

If eitω is a unitary group on L2(�), then τt (W ( f )) := W (eitω f ) extends to a unique
1-parameter groupof∗-automorphismsofCCR(L2(�)), often called agauge-invariant
quasi-free dynamics.Note that t �→ τt is not continuous, hence it is not aC∗-dynamics.
This is a signature of the difficulties theC∗-algebraic approach encounters in the CCR
case.

Let ρ, γ be as in (6.1). Then

ψγ (W ( f )) := exp

(

−1

4

∫

| f (ξ)|2ρ(ξ)dξ
)

extends by linearity to a state on CCR(L2(�)).
Let a∗γ,l(ξ), aγ,l(ξ) be the Araki-Woods creation/annihilation operators. Then

πγ (W ( f )) := exp

(
i√
2

∫ (
f (ξ)a∗γ,l(ξ)+ f̄ (ξ)aγ,l(ξ)

)
dξ

)

extends to a representation of CCR(L2(�)) in �s(L2(�)⊕ L2(�)), which is a GNS
representation induced by the state ψγ .



  116 Page 30 of 110 J. Derezi ´ nski, V. Jakšić, C.-A. Pillet

7 Araki-Wyss Representation

7.1 Non-interacting Fermions

A system of non-interacting fermions is specified by a one-particle Hilbert space h
and a one-particle Hamiltonian h, a selfadjoint operator on h. Within the C∗-algebraic
approach, observables of this system are elements of the C∗-algebra of Canonical
Anticommutation Relations CAR(h). Their time evolution is given by the group of
Bogoliubov automorphisms

τ t (a( f )) = a(eith f )

associated to h. Thus, the dynamics of the system is described by the C∗-dynamical
system (CAR(h), τ ). Taking gauge-invariance into account, we should in fact restrict
the algebra to its gauge-invariant part CAR0(h), see Section 8.1. It is often more
convenient to retain the full CAR algebra and consider only gauge-invariant states.

7.2 Gauge-invariant Quasi-free States

In the Fock representation the dynamical group τ as well as the gauge group ϑ are
unitarily implemented by the second quantized Hamiltonian H = d�(h) and the
number operator N = d�(1),

πF (τ
t (A)) = eit HπF (A)e

−it H , πF (ϑ
ϕ(A)) = eiϕNπF (A)e

−iϕN .

TheHamiltonian h of a single fermion confined in a finite volume� ⊂ Rd typically
has purely discrete spectrum and e−βh is trace class for any β > 0. Using the identity

det(1+ A) = tr(�(A)), (7.1)

we conclude that tr(e−β(H−μN )) = det(1 + e−β(h−μ)) for any β > 0 and μ ∈ R.
Hence e−β(H−μN ) is also trace class and theGibbs grand canonical ensemble at inverse
temperature β and chemical potential μ is a gauge-invariant Fock state with density
matrix

ρβμ = e−β(H−μN )

tr(e−β(H−μN ))
.

It is the unique β-KMS state on CAR(h) for the dynamics t �→ τ t ◦ϑ−μt . Using again
identity (7.1), a simple calculation shows that the characteristic function of this state
(see Section 8.2) is given by

Eβμ(u) = det(1+ (u − 1) fβμ(h)), (7.2)

where

fβμ(ε) = 1

1+ eβ(ε−μ)

is the Fermi-Dirac distribution function.
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Since u − 1 is finite rank, the characteristic function (7.2) still makes sense in the
infinite volume limit, despite the fact that the Boltzmann weight e−β(H−μN ) is no
longer trace class in this limit. One can show directly that (7.2) is the characteristic
function of the unique β-KMS state for the group t �→ τ t ◦ϑ−μt . Its restriction to the
gauge-invariant sub-algebra CAR0(h) is therefore a (τ, β)-KMS state.

More generally, one has the following result.

Theorem 7.1 Let T be a selfadjoint operator on the Hilbert space h satisfying 0 ≤
T ≤ 1. Then

E(u) = det(1+ (u − 1)T )

is the characteristic function of a gauge-invariant state ωT on CAR(h). ωT is called
the gauge-invariant quasi-free state generated by T . Equivalent ways to characterize
this state are:

1. For all f1, . . . , fn ∈ h and g1, . . . , gm ∈ h one has

ωT (a
∗( f1) · · · a∗( fn)a(gm) · · · a(g1)) = δnm det{(gi |T f j )}.

2. For f ∈ h set ϕ( f ) = 2−1/2(a( f )+ a∗( f )). The Wick theorem

ωT (ϕ( f1) · · ·ϕ( f2n+1)) = 0,

ωT (ϕ( f1) · · ·ϕ( f2n)) =
∑

π∈Pn

sign(π)
n∏

j=1
ωT

(
ϕ( fπ(2 j−1))ϕ( fπ(2 j))

)
,

holds. In the last expression, the sum runs over the setPn of pairings, i.e., permu-
tations π of {1, . . . , 2n} such that π(2 j−1) < π(2 j) and π(2 j−1) < π(2 j+1).
Moreover, sign(π) denotes the signature of π ∈Pn.

The state ωT also has an information-theoretic characterization: it has maximal
entropy among all the gauge-invariant states ν such that ν(a∗( f )a(g)) = (g|T f ) in
the following sense. For a finite dimensional subspace k ⊂ h define the entropy

S(ν|k) = − tr(ρ log ρ)

where ρ is the density matrix of the restriction of ν to the finite dimensional algebra
CAR(k). Then

S(ωT |k) = max
ν∈ET

S(ν|k),
where ET denotes the set of gauge-invariant states ν such that ν(a∗( f )a(g)) =
(g|T f ). This follows from a simple adaptation of the proof of [94, Proposition 1a].

We refer the reader to [8, 33] for more information on quasi-free states on CAR(h).

7.3 Araki-Wyss Representation

Let ωT be the gauge-invariant quasi-free state on CAR(h) generated by T . The asso-
ciated GNS representation, which we denote by (HT , πT ,�T ), was first constructed
by Araki and Wyss in [17]. It can be described as follows:
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1. HT = �a(h1⊕h2) ⊂ �a(h⊕h)where h1 = (Ran(1−T ))cl and h2 = (Ran T )cl.
2. �T = �, the Fock vacuum vector.
3. The ∗-morphism πT is given by

πT (a( f )) = a
(√

1− T f ⊕ 0
)
+ a∗

(
0⊕√T f

)
,

where · denotes an arbitrary complex conjugation on h.

Using the exponential law for fermions U : �a(h1 ⊕ h2)→ �a(h1)⊗ �a(h2), an
equivalent representation with cyclic vectorU�T = �⊗� is obtained. It is explicitly
given by

UπT (a( f ))U
∗ = a

(√
1− T f

)
⊗ 1+�⊗ a∗

(√
T f

)
,

where � = �(−1) = (−1)N . In the limiting cases T = 0 and T = 1, which
correspond to the vacuum state vac and to the filled Fermi sea full, the Araki-Wyss
representation degenerates to the Fock and anti-Fock representations πF and πAF .

The reader should consult [8, 41] for an introduction to quasi-free representations
of CAR(h).

7.4 Enveloping von Neumann Algebra

The following theorem summarizes some interesting features of the enveloping von
Neumann algebra

MT = πT (CAR(h))
′′

of a gauge-invariant quasi-free state ωT .

Theorem 7.2 1. ωT is primary, i.e., its enveloping vonNeumannalgebra is a factor.
MT is of type

I if either h is finite dimensional or h is infinite dimensional and T = 0 or
T = 1.

I I if h is infinite dimensional and T = 1/2.
I I Iλ if h is infinite dimensional and T = (1+ λ±1)−1 for some λ ∈]0, 1[.
I I I1 if the continuous spectrum of T is not empty.

2. ωT is modular, i.e., the cyclic vector �T is separating for MT , if and only if
Ker T = Ker(1− T ) = {0}.

3. ωT and ωS are quasi-equivalent if and only if the operators T 1/2 − S1/2 and
(1− T )1/2 − (1− S)1/2 are Hilbert-Schmidt.

If Ker T = Ker(1− T ) = {0}, then modular theory applies toMT , see Section 5.
OnHT there exist an anti-unitary involution J (themodular conjugation) and a positive
operator 
 (the modular operator) such that

J
1/2A�T = A∗�T
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for all A ∈MT . These operators are explicitly given by

J = (−1)N (N−1)/2�( j), 
 = �(es ⊕ e−s),

where j : f ⊕ g �→ g ⊕ f and s = log T (1− T )−1.

8 Fock and Non-Fock States on CAR-algebras

In the formalism of second quantization a system of fermions is described by creation
and annihilation operators a∗( f ), a( f ) on the antisymmetric Fock space �a(h) over
the one-particle Hilbert space h. For systems confined in a finite volume, this Hilbert
space description is sufficient and states of finite positive density can be represented
by density matrices acting on �a(h). The situation changes when one takes the ther-
modynamic (infinite volume) limit. In this case, there is no density matrix in Fock
space describing a positive density state of an infinitely extended fermionic system.
A more sophisticated description is therefore required, see Section 2.

8.1 Gauge Invariant States on CAR(h)

Global U (1)-gauge symmetry is a fundamental property of quantum mechanics. Its
implementation on CAR(h) is given by the gauge group R � ϕ �→ ϑϕ , the group of
Bogoliubov automorphisms defined by

ϑϕ(a∗( f )) = a∗(eiϕ f ) = eiϕa∗( f ), ϑϕ(a( f )) = a(eiϕ f ) = e−iϕa( f ).

As a Banach space, CAR(h) has a direct sum decomposition into charge sectors

CAR(h) =
⊕

n∈Z
CARn(h),

where CARn(h) is the closed linear span of monomials of the form

a∗( f1) · · · a∗( f j )a(gk) · · · a(g1)

with j − k = n. In terms of the gauge-group, one has

CARn(h) = {A ∈ CAR(h) |ϑϕ(A) = einϕ A}.

If A ∈ CARn(h) and B ∈ CARm(h), then AB ∈ CARn+m(h) and A∗ ∈ CAR−n(h).
In particular, the zero charge sector CAR0(h) is a C∗-subalgebra generated by 1 and
elements of the form a∗( f )a(g). Physical observables of a fermionic system are gauge
invariant and hence elements of CAR0(h).
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A state ω on CAR(h) is gauge-invariant if ω ◦ ϑϕ = ω for all ϕ ∈ R. A state ω0
on CAR0(h) has a unique extension to a gauge-invariant state ω on CAR(h) given by

ω

(
⊕

n

An

)

= ω0(A0).

Thus, a gauge-invariant state on CAR(h) is completely determined by its restriction to
the gauge-invariant sub-algebra CAR0(h). When dealing with fermionic systems, it is
often convenient to work on the full algebra CAR(h) and restrict the gauge-invariant
states.

8.2 Characteristic Functions

Denote by U the group of unitaries u on h such that u − 1 is finite-rank. For each
u ∈ U there exist a finite-rank selfadjoint operator k such that

k =
n∑

j=1
κ j f j ( f j | · ), u = eik . (8.1)

Moreover, the unitary

U (u) = ei
∑

j κ j a
∗( f j )a( f j ) ∈ CAR(h),

only depends on u, not on the particular choice of the representation (8.1). The Araki-
Wyss characteristic function of a gauge-invariant state ω on CAR(h) is defined as

E : U → C

u �→ ω(U (u)).

It satisfies

1. For any u1, . . . , uN ∈ U and z1, . . . , zN ∈ C,

N∑

j,k=1
E(u∗j uk)z̄ j zk ≥ 0.

2. For any u, v ∈ U , f ∈ h and λ ∈ R

E(ueiλ( f | · ) f v)− E(uv)

eiλ‖ f ‖2 − 1
,

is independent of λ.

Reciprocally, any function E : U → C satisfying the above two conditions is the
characteristic function of a unique gauge-invariant state ω on CAR(h), see [17].
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8.3 Vacuum State and Fock Representation

The vacuum state vac( · ) on CAR(h) describes the system in absence of any fermion.
If {ei | i ∈ I } denotes an arbitrary orthonormal basis of h, then ni = a∗(ei )a(ei ) is
the number of fermions in the state ei , and we have vac(

∏
i∈J ni ) = 0 for any finite

J ⊂ I (note that [ni , n j ] = 0). It follows immediately that the characteristic function
of the vacuum state is Evac(u) = 1.

The GNS representation associated to the vacuum state is the Fock representation
(HF , πF ,�F ) where HF = �a(h) is the fermionic Fock space over h, πF (a( f )) =
aF ( f ) is the annihilation operator on �a(h), and �F is the Fock vacuum vector. For
fi , g j ∈ h one has

vac(a(g1) · · · a(gm)a∗( fn) · · · a∗( f1))
= (a∗F (gm) · · · a∗F (g1)�F |a∗F ( fn) · · · a∗F ( f1)�F ) = δnm det

{
(gi | f j )

}
.

Special features of the Fock representation are:

1. πF (CAR(h)) is irreducible, i.e., any bounded operator on �a(h) commuting with
all a#F( f ) is a multiple of the identity. Equivalently, the enveloping von Neumann
algebra πF (CAR(h))′′ is the C∗-algebra of all bounded operators on �a(h).

2. The second quantization �(U ) of a unitary operator U on h provides a unitary
implementation of the associated Bogoliubov automorphism γ (a( f )) = a(U f ),

πF (γ (a( f ))) = �(U )πF (a( f ))�(U )
∗.

In particular, the gauge group ϑ t is implemented by a strongly continuous unitary
group whose generator N = d�(1) is the number operator.

A Fock state on CAR(h) is a state ω which is normal with respect to the vacuum
state vac. Such a state is therefore defined by ω(A) = tr(ρπF (A)) where ρ is a
density matrix on �a(h). The GNS representation of a Fock state ω is a direct sum of
Fock representations, i.e., there exists a Hilbert space K such that Hω =HF ⊗K
and πω(A) = πF (A)⊗ 1. Typical examples of Fock states are finite volume, grand-
canonical Gibbs ensembles

ρ = e−β(H�−μN�)

tr(e−β(H�−μN�))
,

for Fermi gases with stable interactions, see [33]. Thermodynamic limits of such states
yield non-Fock states with finite density. It is usually impossible to describe explicitly
the GNS representations of these infinite volume KMS states. Notable exceptions are
the ideal Fermi gases which lead to the Araki-Wyss representations.

Since there exists a selfadjoint (and hence densely defined) number operator N =
d�(1) on the Fock space HF , Fock states describe systems with a finite number of
fermions. A number operator can be tentatively defined in the GNS representation
of any state ω as follows. For any finite J ⊂ I denote by nJ the quadratic form
associated to the operator

∑
i∈J πω(ni ). For 	 ∈ Hω set nω(	) = supJ n J (	). It
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can be shown that nω is a closed, non-negative quadratic form on the domain Dω =
{	 ∈ Hω | nω(	) < ∞}. If this domain is dense, then nω is the quadratic form of a
selfadjoint number operator Nω, and the state ω is a Fock state, see [33, Section 5.2.3]
for details.

8.4 Anti-Fock Representation

A state full( · ) describing a completely filled Fermi sea must satisfy, for any orthonor-
mal basis {ei | i ∈ I } and any finite J ⊂ I , full(

∏
i∈J (1−ni )) = 0. It can be obtained

using the particle-hole duality. Denote by · an arbitrary complex conjugation on h
and define the ∗-automorphism α by α(a( f )) = a∗( f̄ ). Since 1−ni = a(ei )a∗(ei ) =
α(a∗(ēi )a(ēi )), we can set full = vac ◦ α. It follows that

vac(a( f̄1) · · · a( f̄n)a∗(ḡm) · · · a∗(ḡ1)) = δnm det
{
(gi | f j )

}
.

For u ∈ U one has
α(U (u)) = det(u)U (ū),

and so the characteristic function of the filled Fermi sea is Efull(u) = det(u). The
corresponding GNS representation is the anti-Fock representation (HF , πAF ,�F )

where πAF = πF ◦ α.
If h is finite dimensional, then the states vac and full are mutually normal, and

the Fock and anti-Fock representations are equivalent. By fixing an orthonormal basis
{e1, . . . , en} and setting aJ =∏

i∈J a(ei ), the unitary operator defined byU A∗J�F =
A∗I\J�F intertwinesπF andπAF . If h is infinite dimensional these two representations
are inequivalent and full is not a Fock state.

8.5 Jordan-Wigner Representation

The equivalence of the Fock and anti-Fock representations of CAR algebras over finite
dimensional spaces is a consequence of a more general fact which we discuss briefly
in this last section. We refer the reader to [41] for a more detailed discussion.

If h is finite dimensional, then CAR(h) is ∗-isomorphic to the full matrix algebra
Mat(2dim h). An explicit representation is provided by the Jordan-Wigner transforma-
tion described below. Since it maps fermions into quantum spins, this transformation
is useful in many applications to statistical mechanics.

Let {e1, . . . , en} be an orthonormal basis of h and denote by σ (1), σ (2), σ (3) the
usual Pauli matrices. On the n-fold tensor productH = C2⊗· · ·⊗C2 � C2n define

σ
(α)
k = 1⊗ · · · ⊗ σ (α) · · · ⊗ 1,

where σ (α) acts on the k-th copy ofC2. Clearly, this operators generate the full matrix
algebra B(H ) � Mat(2n). One easily checks that the operators

ak = σ
(3)
1 · · · σ (3)k−1(σ

(1)
k − iσ (2)k )/2,
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satisfy [ak, al ]+ = 0 and [ak, a∗l ]+ = δk,l . The Jordan-Wigner representation of
CAR(h) is defined by

aJW

(
∑

k

zkek

)

=
∑

k

z̄kak .

The inversion formulas

σ
(3)
k = 2a∗k ak−1, σ

(1)
k = σ

(3)
1 · · · σ (3)k−1(ak+a∗k ), σ

(2)
k = iσ (3)1 · · · σ (3)k−1(ak−a∗k ),

show that CAR(h) is isomorphic to Mat(2n). For fermionic systems, the Jor-
dan–Wigner representation plays the same distinguished role as the Schrödinger
representation in the CCR context: when dim h < ∞, all irreducible representations
of CAR(h) are unitarily equivalent to it.

Part III

Non-equilibrium systems

9 Quantum Koopmanism

The Koopman-von Neumann spectral approach to ergodic theory is a powerful tool
in the study of statistical properties of dynamical systems. Its extension to quantum
dynamical systems – the spectral theory of Liouvilleans – is at the center of many
recent results in quantum statistical mechanics, see Section 11 and [29, 47, 55, 84].

Let (O, τ ) be a C∗- or W ∗-dynamical system equipped with a τ -invariant state ω,
assumed to be normal in the W ∗-case. By the GNS-representation (Hω, πω,�ω),
to the triple (O, τ, ω) we associate (Oω, τ̃ , ω̃), a W ∗-dynamical system on the
enveloping von Neumann algebra Oω = πω(O)′′ with a normal invariant state
ω̃(A) = (�ω|A�ω). The W ∗-dynamics τ̃ is given by

τ̃ t (A) = eit Lω Ae−it Lω ,

where Lω is the ω-Liouvillean, see Section 3.3.
We shall say that (πω,Oω,Hω, Lω,�ω) is the normal form of (O, τ, ω).

9.1 Ergodic Properties of QuantumDynamical Systems

Let M be a von Neumann algebra acting on a Hilbert space H . The support sω of a
normal state ω onM is the smallest orthogonal projection P ∈M such thatω(P) = 1.
A normal state ω is faithful if and only if sω = 1. It is easy to see that the support of
the state ω(A) = (�|A�) is the orthogonal projection on the closure of the subspace
M′�.

Notation. We write ν � ω whenever ν is a ω-normal state such that sν ≤ sω.

Remark If M is Abelian, then any ω-normal state ν satisfies ν � ω. This explains
why the support condition is absent in the classical ergodic theory (the reader may
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consult [111] for a detailed discussion of this point). In most applications to statistical
mechanics, ω is faithful, and any ω-normal state ν satisfies ν � ω.

Definition 9.1 Let (M, τ ) be aW ∗-dynamical system andω a normal τ -invariant state.

1. (M, τ, ω) is ergodic if

lim
T→∞

1

T

∫ T

0
ω(Asωτ

t (B)) dt = ω(A)ω(B),

holds for any A, B ∈M.
2. (M, τ, ω) is weakly mixing if

lim
T→∞

1

T

∫ T

0

∣
∣ω(Asωτ

t (B))− ω(A)ω(B)
∣
∣ dt = 0,

holds for all A, B ∈M.
3. (M, τ, ω) is mixing or returns to equilibrium if

lim
t→∞ω(Asωτ

t (B)) = ω(A)ω(B),

for any A, B ∈M
4. If ω is an invariant state of the C∗-dynamical system (O, τ ), we say that (O, τ, ω)

is ergodic (resp. mixing, weakly mixing) if (Oω, τ̃ , ω̃) is ergodic (resp. mixing,
weakly mixing).

Clearly, we have the implication (3)⇒(2)⇒ (1).

Remark Ergodicity (1) is equivalent to the statement that

lim
T→∞

1

T

∫ T

0
ν(τ t (A)) dt = ω(A),

holds for all A ∈ M and all states ν � ω. The mixing property (3) is equivalent to
the statement that

lim
t→∞ ν(τ t (A)) = ω(A),

holds for all A ∈M and all states ν � ω, see [84, 117].

9.2 Spectral Characterization of Ergodic Properties

We refer to [111] for proofs of the results in this section.
The following theorem is the quantum version of the well-known Koopman-von

Neumann spectral characterizations, [1, 88, 101].

Theorem 9.2 Let (O, τ )beaC∗- orW ∗-dynamical systemequippedwith a τ -invariant
state ω, assumed to be normal in the W ∗-case. Denote by (πω,Oω,Hω, Lω,�ω) its
normal form, and by Kω the closure of πω(O)′�ω.
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1. The subspaceKω reduces the operator Lω. Denote by Lω the restriction Lω
∣
∣
Kω

.
2. (O, τ, ω) is ergodic if and only if Ker(Lω) is one-dimensional.
3. (O, τ, ω) is weakly mixing if and only if 0 is the only eigenvalue ofLω andKer(Lω)

is one dimensional.
4. (O, τ, ω) is mixing if and only if

w− lim
t→∞ eitLω = �ω(�ω| · ).

5. If the spectrum of Lω on {�ω}⊥ is purely absolutely continuous, then (O, τ, ω) is
mixing.

Note that Kω is the range of the support of ω̃, that is, Kω = πω̃Hω. Thus, if ω̃ is
faithful, then Lω = Lω.

Like the classical Koopman operator, the reduced Liouvillean Lω of an ergodic
quantum dynamical system exhibits several special spectral properties.

Theorem 9.3 Assume, in addition to the hypotheses of the previous theorem, that
(O, τ, ω) is ergodic. Then the following hold:

1. The point spectrum of Lω is a subgroup ! of the additive group R.
2. The eigenvalues of Lω are simple.
3. The spectrum of Lω is invariant under translations in!, that is, spec(Lω)+! =

spec(Lω).
4. If 	 is a normalized eigenvector of Lω, then (	|πω(A)	) = ω(A) for all A ∈ O .
5. If ω is a (τ, β)-KMS state then ! = {0} and the system is weakly mixing.

10 Nonequilibrium Steady States

Equilibrium states lie at the heart of equilibrium statistical mechanics. Much of the
success of this theory stems from the fact that these states can be constructed and char-
acterized without explicit reference to the underlying dynamics. This is remarkable,
given that the very notion of an equilibrium state–and the traditional justification of
the theory following Boltzmann–ultimately relies on the dynamics.

Nonequilibrium statistical mechanics has a fundamentally different status. It is
conceptually and technically more demanding, since a detailed understanding of the
dynamics is required even to capture the most elementary nonequilibrium properties
of a system. Among the vast manifold of nonequilibrium states, the simplest are the
steady states that arise when the system is subjected to weak, stationary external
forces. Such forcing may be implemented by an external field or by maintaining a
gradient of intensive thermodynamic parameters across the system–for instance, a
constant temperature drop. Despite significant progress in recent years, a coherent and
comprehensive theory of steady states remains out of reach, if such a theory exists at
all.
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10.1 Phenomenological Theory and Linear Response

To appreciate recent rigorous results in the field, a basic knowledge of nonequilibrium
thermodynamics is required. This section is a condensed introduction to the phe-
nomenological theory of nonequilibrium steady states (NESS). The interested reader
should consult [64] or [36] for detailed expositions.

Consider bringing into contact two systems S1, S2, each of which is in thermal
equilibrium. Denote by

Sα(Aα1, Aα2, . . .)

the entropy of Sα as a function of its extensive thermodynamic parameters. The
combined systemS1+S2, being otherwise isolated, has the values of A j = A1 j+A2 j
fixed, and the entropy of the joint system is given by S =∑

α Sα(Aα1, Aα2, . . .). The
conditions for joint thermal equilibrium are thus

X j = ∂S

∂A1 j
= ∂S1

∂A1 j
− ∂S2
∂A2 j

= I1 j − I2 j = 0,

where Iα j denotes the intensive thermodynamic parameter conjugate to Aα j . If the
combined system is not in thermal equilibrium, then the X j �= 0 act as thermodynamic
forces. Their effect is to generate fluxes of the extensive quantities; these fluxes are
given by

� j = dA1 j

dt
.

The rate of entropy production is then

dS

dt
=
∑

j

∂S

∂A1 j

dA1 j

dt
=
∑

j

X j� j . (10.1)

Near equilibrium, the forces X j are weak, and the first-order perturbation theory in
these forces – also called linear response theory – becomes a good approximation.
Writing the fluxes as

� j =
∑

k

Lk j Xk + higher order terms (10.2)

defines the kinetic or transport coefficients Lk j . The matrix L = (Lkj ) is called the
Onsager matrix. It depends only on the intensive parameters I1 j . One of the most
basic problems of nonequilibrium statistical mechanics is the calculation of Onsager’s
matrix starting from a microscopic description of the system.

In linear response theory the entropy production rate becomes

dS

dt
�
∑

k

Lk j Xk X j .
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The second law of thermodynamics implies that the symmetric part of L is positive.
Moreover, if the systems are time-reversal invariant, then the Onsager reciprocity
relations

Lkj = L jk,

hold, i.e., thematrix L is symmetric. If the systems are not time reversal invariant, these
relations have to be appropriately modified. For example, if an external magnetic field
B is applied, then the matrix L depends parametrically on B, and the Onsager-Casimir
relations

Lkj (B) = L jk(−B),

hold.

Remarks 1.Applying the above discussion to small volume elements of amacroscopic
body, it is possible to obtain a phenomenological description of the local structure of
a nonequilibrium state under the so-called local thermodynamic equilibrium (LTE)
hypothesis. The reader should consult the above mentioned references for details.
2. Some variational characterizations of NESS have been proposed, most notably the
principle of minimal entropy production. However, the status of such principles is still
controversial, and their validity seems to be only approximate and limited to some
special systems. See [100] for more information on this topic.

10.2 Microscopic Theory

Amicroscopic theory ofNESSmust be based on the asymptotic analysis of the dynam-
ics which describes the evolution of the system. A non-isolated system is driven out
of equilibrium by forces exerted upon it by its environment. Under appropriate con-
ditions the system eventually settles in a steady state. Denote by 〈 · 〉0 the initial state,
in the sense of statistical mechanics, of the system and its environment. If t �→ 〈 · 〉t
denotes the evolution of this state, then the limit

〈 · 〉+ = lim
t→∞〈 · 〉t ,

or more generally

〈 · 〉+ = lim
t→∞

1

t

∫ t

0
〈 · 〉s ds,

defines a stationary state.
On physical grounds, one expects more – namely, that the limiting state 〈 · 〉+ is

insensitive to local perturbations of the initial state 〈 · 〉0. To elaborate this essential
point, let us consider a smooth dynamical system on a compact phase space X ⊂ Rn .
A physically natural statistics of the configurations of the system is provided by the
normalized Lebesgue measure dx on X : initial configurations sampled according to
dx can be considered typical. This choice is independent of the dynamics, and any
distribution ρ(x)dx with strictly positive density ρ would serve the same purpose.
Accordingly, we expect that all these initial states lead to the same limiting state
〈 · 〉+. For systems with infinitely many degrees of freedom, no analogue of Lebesgue
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measure exists, so a reference state is required to sample initial configurations. The
purpose of this state is to specify the thermodynamic state of the system. Suppose,
for example, that the system is driven out of equilibrium by several infinite reservoirs.
Specifying an equilibrium state (a Gibbs measure or a KMS state) for each reservoir
sets the temperature and other relevant thermodynamic parameters of each reservoir.
States with different thermodynamic parameters are mutually singular and will lead
to different NESS. Local perturbations of these equilibrium states will relax to equi-
librium under the reservoir dynamics. Therefore, as in the finite dimensional case,
we expect the limiting state 〈 · 〉+ to be insensitive to such local perturbations. In the
language of C∗-dynamical systems, the NESS should only depend on the folium of
the initial state.

The minimal goal of a microscopic theory of NESS is a mathematical deriva-
tion of the main results of linear response theory: Onsager reciprocity relations and
fluctuation-dissipation relations (e.g. the Green-Kubo formula for the kinetic coef-
ficients Lkj ); see Section 13. A more ambitious program is to explore the largely
unknown domain of far from equilibrium steady-state thermodynamics. Setting aside
the obvious distinction between classical and quantum systems, recent progress in
these directions can be grouped into two categories, depending on the chosen descrip-
tion of the microscopic dynamics: Hamiltonian or Markovian. The Hamiltonian
description is, of course, the more fundamental, as microscopic dynamics is inher-
ently Hamiltonian. However, the facts that

• various routes (scaling limits, coarse graining, restriction to specific degrees of
freedom, etc…) lead from Hamiltonian dynamics to Markov processes;

• Hamiltonian dynamics is muchmore difficult to control thanMarkovian evolution;

explain why most of the available results belong to the second category. In fact, the
Markovian time evolution was already at the heart of the pioneering works of Onsager
and his followers, see [64].

A large body ofworks have been devoted to the study of interacting particle systems,
see [28, 87]. We do not consider such models here, and instead focus on a small
mechanical systemS with finitelymany degrees of freedom, driven out of equilibrium
by external forcing.

In the framework of classical mechanics, two approaches are possible. In what
we will call the canonical approach, the system S interacts with infinitely extended
reservoirs R1, R2 …Apart from its physical appeal, the advantage of the canonical
approach is that it allows for a Hamiltonian description of the coupled system S +
R1 + · · · . A mathematical disadvantage is the necessity to deal with infinitely many
degrees of freedom. As a result, only very simple reservoirs (e.g., ideal gases or free
fields) are considered. These simple systems also act as almost ideal reservoirs in the
sense that, at least in the dimension larger than two, the local properties of their internal
state do not change too much as a result of the coupling to the system. Moreover, it is
possible to design the coupling of these reservoirs to the system in such a way that the
dynamics ofS becomes essentially Markovian, see [52]. This is a significant feature,
one that is seldom realized in other approaches. We refer to [115] for an introduction
to recent results in the canonical approach to classical NESS.
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It is important to realize that, in the canonical approach, the reservoirs serve two
complementary purposes. First, they have a chaotic internal dynamics. The forces they
exert on the systemS act as a source of randomness. Under the action of these forces,
the dynamics of S becomes itself chaotic. Second, the dynamics of the reservoir is
dissipative: Any local perturbation gets carried away to spatial infinity. This allows the
system S to relax from large fluctuations in its internal state by transferring energy,
momentum, …to the reservoirs.

In the microcanonical approach the same effects of the environment on the motion
of the system are obtained in a different way. Fluctuations of the system S are gen-
erated by a non-conservative external force. Under the action of this force the system
would constantly heat-up. To avoid this effect and allow the system to settle in a sta-
tionary state, a dissipative force is added – a so-called thermostat. A popular example
is the Gaussian thermostat which keeps the energy (or the kinetic energy) of S con-
stant. The advantage of the microcanonical approach is that it leads to a dynamical
system on a finite dimensional compact manifold (a surface of constant energy ofS ).
In particular, numerical experiments are much easier to perform on such a system
than on the infinite dimensional systems obtained in the canonical approach. This fact
has recently led to the numerical discovery of an unexpected fluctuation relation in
far from equilibrium NESS [51]. This relation has been turned into a mathematical
statement by combining the microcanonical approach with an axiomatic setup – the so
called chaotic hypothesis [61]. We refer to [50, 127] for detailed introductions to this
approach. A proof of the fluctuation relation for the canonical NESS of an anharmonic
chain of oscillators has also been obtained in [120]. More recently the fluctuation rela-
tion has been observed in real experiments in various systems of very different nature,
confirming its apparent universality.

Equivalence of the equilibrium ensembles (microcanonical, canonical, grand-
canonical,…) is a cornerstone of equilibrium statistical mechanics. It is conjectured
that a similar equivalence holds for NESS. In the thermodynamic limit, i.e., as the size
ofS becomes large, one expects that the statistical properties of macroscopic observ-
ables in aNESS do not depend on the construction of theNESS.Microcanonical NESS
with different kinds of thermostats, as well as canonical NESS with different kinds of
reservoirs, should yield the same statistics. To our knowledge the only available result
in this direction is [121].

Due to the intrinsic Hamiltonian nature of quantum mechanics the canonical
approach is the only way to define and study the NESS of a quantum system (at least
within a purely quantum description). We refer to Section 11 for a detailed discussion
of quantum NESS.

11 NESS in Quantum Statistical Mechanics

In this section we describe the construction of canonical non-equilibrium steady
states (NESS) for a small quantum system S coupled to several extended reser-
voirs R1,…,RM ; see Section 10. We shall work in the framework of C∗-dynamical
systems, and denote byO0 the C∗-algebra ofS , which we assume to be finite dimen-
sional. Each reservoirR j is described by a C∗-algebraO j . For simplicity, we assume
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that the algebra of the joint system S + R1 + · · · + RM is the C∗-tensor product
O = OS ⊗ OR = ⊗0≤a≤MOa . The following is easily adapted to more general
cases, e.g., fermionic algebras.

For 0 ≤ a ≤ M , let (Oa, τa) be the C∗-dynamical system describing the isolated
subsystem a. The dynamics of the decoupled joint system is τ = ⊗0≤a≤Mτa . The
dynamics τV of the coupled joint system is a local perturbation of τ induced by

V =
∑

1≤ j≤M

Vj , Vj = V ∗j ∈ O0 ⊗ O j ,

where Vj is the interaction between S and R j , see Section 3.

Definition 11.1 Let ω be a state on O . We say that ω+ is a NESS of τV associated to
the reference state ω if there exists a net tα →∞ such that

ω+(A) = lim
α

1

tα

∫ tα

0
ω ◦ τ tV (A) dt,

for all A ∈ O . We denote by !+(τV , ω) the set of these NESS.

If the algebra O is separable, the net can be replaced by a sequence.
A few remarks are in order:

1. By definition, the elements of !+(τV , ω) are τV -invariant states on O . Moreover,
if ω is such a state, then !+(τV , ω) = {ω}.

2. The limit ω+ may turn out to be a KMS state for τV . This occurs trivially if ω is
such a state, but is also expected when ω is (normal relative to) a KMS state for
the decoupled dynamics τ . This is return to equilibrium, see Definition 9.1(3). In
this case ω+, will be ω-normal. Consequently, in this special case the terminology
NESS may be misleading, as the state actually corresponds to an equilibrium
situation. In genuine nonequilibrium cases ω+ is expected to be singular with
respect to ω.

3. Entropy production plays a central role in nonequilibrium statistical mechanics.
We refer to Section 12 for a discussion of related properties of NESS. Let us simply
mention here that NESS have a non-negative entropy production rate.

4. Since the set of all states on O is weak-∗ compact, !+(τV , ω) is nonempty.
5. If the perturbationV is time-dependent, then natural nonequilibrium states (NNES)

are defined in a similar way as limit points

ωt+(A) = lim
α

1

tα

∫ t

−tα
ω ◦ τ s→t

V (A) ds.

They satisfy ωt+ ◦ τ t→r
V = ωr+, see [122].

As stressed in Section 10, a NESS should be insensitive to local perturbations of
the initial stateω. The following result shows that this is indeed the case under a rather
weak ergodic hypothesis (see also [80]).
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Theorem 11.2 ([14]) Assume that ω is a factor state on O and that, for any ω-normal
state η,

lim
t→∞

1

t

∫ t

0
η([τ sV (A), B]) ds = 0

holds for all A, B in a dense subset of O (weak asymptotic Abelianness in mean).
Then !+(τV , η) = !+(τV , ω) holds for all ω-normal states η.

In typical applications the reference state ω is specified by the requirement that its
restrictions to the subalgebrasOa are βa-KMS states4 for the corresponding dynamics
τa . This means that ω is a KMS state at inverse temperature −1 for the dynamics
σ t
ω = ⊗aτ

−βa t
a . In particular, ω is modular and σω is its modular group, see Section 5.

The group σω plays an important and somewhat unexpected role in the mathematical
theory of linear response, see Section 13.

Accordingly, we shall assume in the remaining part of this paragraph that ω is
modular, and we denote by (Hω, πω,�ω) the corresponding GNS representation
of O . The enveloping von Neumann algebra πω(O)′′ is in standard form, and we
denote by J the modular conjugation. If L is the standard Liouvillean of τ , then
LV = L+πω(V )+ Jπω(V )J is the standard Liouvillean of τV . The spectral analysis
of LV yields interesting information on the structure of !+(τV , ω), see [14].

Theorem 11.3 Assume that the state ω is modular.

1. If Ker LV = {0}, then there is no ω-normal τV -invariant state. In particular, any
NESS in !+(τV , ω) is purely ω-singular.

2. If the assumptions of Theorem 11.2 hold and ifKer LV �= {0}, thenKer LV is one-
dimensional and there exists a unique ω-normal τV -invariant state ωV . Moreover,
!+(τV , ω) = {ωV }.
As already mentioned, case (i) in the above theorem is the expected behavior out

of equilibrium while case (ii) describes a typical equilibrium situation.
To our knowledge, there are two approaches to the construction of NESS which we

now describe.

11.1 The Scattering Approach

The first approach was proposed by Ruelle in [122] and relies on the scattering theory
of C∗-dynamical systems, see [116]. We also refer to [56, 78] for related works.

The scattering approach assumes the existence of the strong limit

αV = s− lim
t→∞ τ−t ◦ τ tV . (11.1)

This limit defines an isometric∗-endomorphismofO such thatαV ◦τ tV = τ t◦αV , often
called Møller morphism. αV is injective but its rangeO+, a τ -invariantC∗-subalgebra
of O , can be strictly smaller than O . One immediately obtains

4 chemical potentials can also be prescribed by an appropriate definition of τ
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Proposition 11.4 Assume that the Møller morphism (11.1) exists and that ω is τ -
invariant. Then, for all A ∈ O ,

lim
t→∞ω ◦ τ tV (A) = ω+(A),

where ω+ = ω ◦ αV . In particular, one has !+(τV , ω) = {ω+}.
If the previous proposition applies, then αV provides an isomorphism between the

the coupled dynamical system (O, τV , ω+) and the decoupled one (O+, τ |O+ , ω|O+).
Ergodic properties of the latter are therefore inherited by the former. The following
proposition is a simple consequence of this fact, see [14].

Proposition 11.5 Assume that the assumptions of Proposition 11.4 hold.

1. If ω|O+ is ergodic for τ |O+ , then !+(τV , η) = {ω+} for any ω-normal state η.
2. If ω|O+ is mixing for τ |O+ , then

lim
t→∞ η ◦ τ tV (A) = ω+(A)

holds for all A ∈ O and any ω-normal state η.

For a finite system coupled to infinite reservoirs, we expect thatO+ = OR , and that
the coupled system out of equilibrium inherits the ergodic properties of the reservoirs.

At present the only known technique to study C∗-scattering is the basic Cook’s
method, which requires rather restrictive assumptions. We refer to [15, 56, 78, 122]
for more details and examples. The Hilbert-space techniques, which we will describe
in the next subsection, are often a more flexible alternative.

11.2 The Liouvillean Approach

This alternative to the scattering approach has been proposed in [81], where the NESS
of a N -level quantum system coupled to ideal Fermi reservoirs is constructed. For this
kind of systems it has not yet been possible to obtain the propagation estimates needed
to construct the Møller morphism. In fact it is not clear that the scattering approach
applies in this case.

In the Liouvillean approach, NESS are related to resonances of a new kind of
generator of the dynamics in the GNS representation called the C-Liouvillean. The
main advantage of this method is that the required analysis can be performed in a
Hilbert space setting. The technical difficulties are related to the fact that the C-
Liouvillean is not selfadjoint on the GNS Hilbert space. Here we describe only the
strategy and refer the reader to [81] for details of the implementation.

We assume that ω is modular and work directly in the GNS representation
(Hω, πω,�ω), identifying O with πω(O). Recall that σω is the modular group of
ω, J is the modular conjugation, and L , LV are the standard Liouvilleans of τ , τV .
Denote by 
ω the modular operator.
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Definition 11.6 If t �→ σ t
ω(V ) is analytic in the strip {z ∈ C | | Im z| < 1/2} and

bounded continuous in its closure then the C-Liouvillean of τV is the closed operator
defined on the domain of L by

KV = L + V − Jσ−i/2ω (V )J .

Since Jσ−i/2ω (V )J ∈ πω(O)′, one easily checks that eit KV Ae−it KV = τ tV (A).
Moreover, since L�ω = 0, it follows from modular theory that

KV�ω = V�ω − J
1/2
ω V
−1/2ω J�ω = V�ω − J
1/2

ω V�ω = (V − V ∗)�ω = 0.

Hence ω ◦ τ tV (A) = (�ω|eit KV A�ω) = (e−it K ∗V�ω|A�ω) where K ∗V = L + V −
Jσ i/2

ω (V )J .
Suppose that there exists a triplet of rigged Hilbert spaces K ⊂Hω ⊂ K ′ and a

dense subalgebra Õ ⊂ O such that Õ�ω ⊂ K and

w∗−lim
t→∞

1

t

∫ t

0
e−isK ∗V�ω ds = 	 ∈ K ′

holds inK ′. Then the functional Õ � A �→ (	|A�ω) extends by continuity to a state
ω+ on O and we can conclude that !+(τV , ω) = {ω+}. Note that if 	 ∈ Hω then
ω+ is ω-normal. Thus, we expect that 	 /∈Hω in genuine nonequilibrium situations.
Under appropriate conditions, one can show that	 is a zero-resonance vector of K ∗V ,
i.e., that there exists an extension of K ∗V to K ′ for which 	 is a zero eigenvector.
In [81], and more recently in [99], spectral deformation techniques have been used to
gain perturbative control on the resonances of K ∗V . This yields a convergent expansion
for the NESS ω+ in powers of the coupling V which, to lowest order, coincide with
the weak coupling (van Hove) limit studied in [130]. It also gives the convergence
ν ◦ τ tV (A)→ ω+(A) for all ω-normal states ν and all A ∈ O with a precise estimates
on the exponential rate of convergence for dense sets of such ν and A.

12 Entropy Production

Entropy, as defined by Clausius, is the cornerstone of equilibrium thermodynamics.
Its statistical interpretation by Boltzmann is the key to our microscopic understanding
of equilibrium.

A notion of entropy production (rate) has emerged from recent developments in
classical and quantum statistical mechanics of nonequilibrium steady states. Taking
this notion seriously, it does not seempossible to define the entropy of a nonequilibrium
steady state [125]. As argued in [60], if such an entropy exists, then it is most likely to
take the value −∞, because a system in such a state loses entropy at a constant rate.

The purpose of this section is to introduce the notion of entropy production for
nonequilibrium steady states of a small quantum system in contact with thermal
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reservoirs. Throughout, we shall freely use the concepts and notation introduced in
Section 11.

12.1 Relative Entropy

The relative entropy of two density matrices ρ and ρ′ is defined, in analogy with the
relative entropy of two probability measures, by

Ent(ρ′|ρ) = tr(ρ′(log ρ − log ρ′)).

It has been generalized by Araki to arbitrary states on a von Neumann algebra [10, 11].
To describe the general definition, we need to introduce the notion of relative modular
operator.

LetM be a von Neumann algebra acting on a Hilbert spaceH and let 	,� ∈H
be two unit vectors. Denote by s	 the support of the state ψ(A) = (	|A	), i.e., the
orthogonal projection on the closure ofM′	 (see Section 5). Denote by s′	 the support
of the state on M′ defined by ψ ′(B) = (	|B	), B ∈ M′, which coincides with the
orthogonal projection onto the closure of M	. Since A, B ∈ M and A	 = B	
imply As	 = Bs	 , formula

A	 �→ s	 A∗�
defines a closable antilinear operator on M	, which is a dense subspace of s′	H .
The operator has values in s	H . Denote by S�|	 its closure. The selfadjoint operator

�|	 = S∗�|	 S�|	 is called the relative modular operator of the pair (�,	).

Definition 12.1 Letω be amodular state on theC∗-algebraO . Denote by (H , π,	ω)

the induced GNS representation and by H+ its natural cone. For any ω-normal state
ν on O , let 	ν be its unique vector representative in H+ (see Theorem 5.13). The
entropy of a state ν relative to ω is defined by

Ent(ν|ω) =
{
(	ν | log
	ω|	ν	ν), if ν is ω-normal,

−∞ otherwise.

Remarks 1. We have restricted the above definition to modular ω for simplicity. To
obtain a completely general definition, it suffices to pass to a standard representation
of the enveloping von Neumann algebra Oω if sν ≤ sω, and to set Ent(ν|ω) = −∞
otherwise.
2.We use the notation Ent( · | · ) of [33, 108] which differs by sign and by the ordering
of the arguments from the original notation in [10, 11].

The most important properties of relative entropy for our purposes are

1. Ent(ν|ω) ≤ 0, with equality if and only if ν = ω.
2. For any C ∈ R the set of states {ν | Ent(ν|ω) ≥ C} is a weak-∗ compact subset

of the folium Nω.
3. Ent(ν ◦ τ |ω ◦ τ) = Ent(ν|ω) for any τ ∈ Aut(M).

The reader should consult [108] for a more exhaustive list and a detailed discussion.
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12.2 The Entropy Balance Equation

The change in relative entropy due to the action of an inner ∗-automorphism is given
by the following result.

Theorem 12.2 ([82]) Let ω be a modular state on the C∗-algebraO . Denote by δω the
infinitesimal generator of its modular group on the enveloping algebra of O . For any
unitary U ∈ O , set τU (A) = U∗AU. Then

Ent(ν ◦ τU |ω) = Ent(ν|ω)− i ν
(
U∗δω(U )

)

for any state ν on O and any unitary U ∈ Dom(δω).

Using Property (iii) of the relative entropy, a direct application of this theorem to
local perturbations of quantum dynamical systems (see Section 3.4) yields

Corollary 12.3 Let (O, τ ) be a C∗- or W ∗-dynamical system equipped with a modular
invariant state ω. Denote by δω the generator of the modular group of ω. For any local
perturbation τV induced by V = V ∗ ∈ Dom(δω) one has

Ent(ν ◦ τ tV |ω) = Ent(ν|ω)−
∫ t

0
ν ◦ τ sV (δω(V )) ds. (12.1)

Remark In the case of a time-dependent local perturbation V (t) such that t �→ V (t)
and t �→ δω(V (t)) are continuous in the natural topology of O , Theorem 12.2 yields

Ent(ν ◦ τ s→t
V |ω) = Ent(ν|ω)−

∫ t

s
ν ◦ τ s→u

V (δω(V (u))) ds.

To our knowledge, this formula was first obtained in [105] for a (τ, β)-KMS state ω.
In this special case δω = −βδ where δ is the infinitesimal generator of τ .

Assume that ω+ ∈ !+(τV , ω), i.e., that ω+ is an NESS of the perturbed dynamics
(see Section 11). Then there exists a net tα →∞ such that

ω+(A) = lim
α

1

tα

∫ tα

0
ω ◦ τ sV (A) ds.

The entropy balance formula (12.1) and Property (i) of the relative entropy yield

0 ≤ − lim
α

Ent(ω ◦ τ tαV |ω)
tα

= ω+(δω(V )),

from which, given the following definition, the next proposition follows.

Definition 12.4 1. We define the entropy production observable of the local pertur-
bation V relative to the reference state ω by σ(ω, V ) = δω(V ).
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2. The entropy production rate of a NESS ω+ ∈ !+(τV , ω) is Ep(ω+) =
ω+(σ (ω, V )).

Proposition 12.5 The entropy production rate of a NESS is non-negative.

For quantum spin systems, our definition formally agrees with Ruelle’s pro-
posal [123, 124]. It is also closely related to the definition of entropy production
used in [130].

12.3 Thermodynamic Interpretation

Let us consider the case of a small system S , with a finite dimensional algebra O0,
coupled to several infinitely extended reservoirsR1, . . . ,RM . We freely the notation
of Section 11.

Denote by δa the generator of τ ta = τ t |Oa for 0 ≤ a ≤ M . SinceO0 is finite dimen-
sional, one has δ0 = i[HS , · ] for some Hamiltonian HS . Observables describing
the energy fluxes out of the reservoirs can be obtained in the following way. The total
energy of the system is the sum of the energy of each reservoir, of the energy HS of
the small system, and of the interaction energy V . Since the total energy is conserved,
the rate at which the energy of the reservoirs decreases under the coupled dynamics is

d

dt
τ tV (HS + V ) = τ tV

⎛

⎝
∑

1≤ j≤M

δ j (HS + V )+ i[HS + V , HS + V ]
⎞

⎠

= τ tV

⎛

⎝
∑

1≤ j≤M

δ j (V )

⎞

⎠ .

Noting that δ j (V ) = δ j (Vj ) ∈ O0⊗O j , we can identify� j = δ j (V )with the energy
flux out of reservoir R j .

Suppose now that each reservoir R j is initially at thermal equilibrium at inverse
temperature β j , the systemS being in an arbitrary τ0-invariant faithful state. From the
observation in the paragraph following Theorem 11.2, we conclude that the generator
of the modular group of the initial state ω takes the form

δω = −
∑

1≤ j≤M

β jδ j + i[K , · ],

for some K ∈ O0 such that δa(K ) = 0 for 0 ≤ a ≤ M . It follows that the entropy
production observable is

σ(ω, V ) = −
∑

1≤ j≤M

β jδ j (V )+ i[K , V ] = −
∑

1≤ j≤M

β j� j − δV (K ),

where δV =∑
a δa + i[V , · ] is the generator of τV . It is important to realize that the

second term in the right-hand side of this identity is a total derivative. Consequently,
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its contribution to entropy production remains uniformly bounded in time

∫ t

0
τ sV (σ (ω, V )) ds = −

∑

1≤ j≤M

β j

∫ t

0
τ sV (� j ) ds +

(
τ tV (K )− K

)
.

In particular, since ω+ ∈ !+(τV , ω) is τV -invariant, this boundary term does not
contribute to the entropy production rate of the NESS, and we can write

Ep(ω+) = −
∑

1≤ j≤M

β j ω+(� j ),

which is the familiar phenomenological expression (10.1). A similar interpretation is
possible in the case of time-dependent perturbations, see [105].

For classical, thermostated systems used in the construction of microcanonical
NESS, entropy production is usually defined as the local rate of phase space contraction
α (see [60]). If φt denotes the phase space flow andμ the reference measure (typically
Lebesgue’s measure), then

μt ( f ) = μ( f ◦ φt ) = μ( f e
∫ t
0 α◦φ−s ds).

A simple calculation shows that, if ν is absolutely continuous with respect to μ, then

Ent(νt |μ) = Ent(ν|μ)−
∫ t

0
ν(α ◦ φs) ds.

Comparison with (12.1) shows perfect agreement with Definition 12.4 (see [110] for
a completely parallel treatment of the classical and quantum cases).

12.4 Strict Positivity of Entropy Production

We have seen that Ep(ω+) ≥ 0 for a NESS ω+. One expects more, namely Ep(ω+) >
0. Strict positivity of entropy production is a delicate dynamical problem. It is related
to the singularity of the NESS with respect to the reference state, as indicated by the
following result.

Theorem 12.6 ([80]) If ω+ ∈ !+(τV , ω) is ω-normal, then Ep(ω+) = 0. Moreover,
if

sup
t>0

∣
∣
∣
∣

∫ t

0

{
ω ◦ τ sV (σ (ω, V ))− ω+(σ (ω, V ))

}
ds

∣
∣
∣
∣ <∞,

then Ep(ω+) = 0 implies that ω+ is ω-normal.

Strict positivity of entropy production has been proved in a number of models. We
refer to the original articles [13, 56, 81, 130]. The strict positivity of entropy production
for generic perturbations has been studied in [83].
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13 Linear Response Theory

Linear response theory is a special instance of first-order perturbation theory. Its pur-
pose is to describe the response of mechanical system to external forces in the regime
of weak forcing. Of particular interest is the response of systems that are driven out of
some dynamical equilibrium by non-conservativemechanical forces or thermal forces,
such as temperature or density gradients. This article is a short introduction to some
mathematical results in quantum mechanical linear response theory. We refer to [90]
for an introduction to the physical aspects of the subject.

13.1 Finite Time Linear Response

The first problem of linear response theory is the determination of the response of the
system to the action of driving forces over a finite interval of time. We shall consider
separately the simple case of mechanical forcing and the more delicate thermal drives.

The unperturbed system is a C∗- or W ∗-dynamical system (O, τ ) equipped with
a modular invariant state ω. We denote by δ the generator of the dynamics τ , by σ
the modular group of ω, and by ζ the generator of σ . Oself further denotes the set of
selfadjoint elements of O . We note that the important role of the modular structure in
linear response theory was already apparent in [104].

Sinceω is (σ,−1)-KMS, for any A, B ∈ O there exists a function z �→ F(A, B; z)
which is analytic in the strip {z ∈ C | −1 < Im z < 0}, bounded and continuous on its
closure, and such that F(A, B; θ) = ω(Aσθ (B)) and F(A, B; θ − i) = ω(σ θ (B)A)
for θ ∈ R. With a slight abuse of the notation, we denote F(A, B; z) by either
ω(Aσ z(B)) or ω(σ−z(A)B) for −1 ≤ Im z ≤ 0. In particular, the canonical correla-
tion of A, B ∈ O is defined by

〈A|B〉ω =
∫ 1

0
ω(Aσ−iθω (B)) dθ =

∫ 1

0
F(A, B;−iθ) dθ.

One easily checks that it defines an inner product on the real vector space Oself ,
see [104].

13.1.1 Mechanical drive

Let τ s→t
V be the dynamics on O generated by δ + i[V (t), · ], i.e., the solution of

∂tτ
s→t
V (A) = τ s→t

V (δ(A)+ i[V (t), A]),
∂sτ

s→t
V (A) = δ(τ s→t

V (A))+ i[V (s), τ s→t
V (A)],

which satisfies τ t→t
V (A) = A. Suppose that t �→ V (t) belongs to C(R,Oself).

Standard time-dependent perturbation theory yields (see Section 3)

τ s→t
V (A) = τ t−s(A)+

∫ t

s
i[τ u−s(V (u)), τ t−u(A)] du + higher order terms.
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Using the invariance of ω under τ and the identity ω ◦ τ u−s = ω, the first-order term
can be rewritten as

(
ω)s→t (A) =
∫ t

s
ω
(
i[V (u), τ t−u(A)]) du,

which motivates the definition of the response function K :

(
ω)s→t =
∫ t

s
K (t − u)V (u) du.

The operator-valued response function K (u) : O → O#, where O# denotes the dual
of O , is defined by

(K (u)V )(A) = ω(i[V , τ u(A)]), (13.1)

for u ≥ 0; K (u) = 0 for u < 0 (causality).
Note that if ω is mixing for (O, τ ), then limt→∞(
ω)s→t (X) = 0 for any

V ∈ C(R,Oself) of compact support and any X ∈ O , i.e., the system recovers
from infinitesimal localized perturbations. We refer to [139] for further connections
between the mixing property and linear response theory.

For V ∈ Dom(ζ ), the KMS property implies that Equ. (13.1) can be rewritten as

(K (u)V )(A) = 〈τ u(A)|ζ(V )〉ω.

Here ζ denotes the generator of the modular group of ω. This is a typical fluctuation-
dissipation relation: the response function K on the left-hand side describes
dissipation, while the correlation function on the right-hand side measures fluctua-
tions.

For later reference, let us consider the special case where ω is (τ, β)-KMS and
V (t) = −∑ j X j (t)A j . Here the operators A j ∈ Oself∩Dom(δ)describe the coupling
of the system to external fields, and the functions X j are the time-dependent field
strengths. One has ζ = −βδ and the observable � j = δ(A j ) describes the flux
conjugate to A j . The linear response is given by the finite time Green-Kubo formula

(
ω)s→t (A) =
∑

j

β

∫ t

s
〈τ t−u(A)|� j 〉ω X j (u) du. (13.2)

13.1.2 Thermal drive

To discuss thermal forcing, we need more structure. We consider the setting of Sec-
tion 11: a small system S , described by (O0, τ0), coupled to infinite reservoirs
R1, . . . ,RM described by (O j , τ j ), 1 ≤ j ≤ M . The algebra factorizes accordingly
O = ⊗0≤a≤MOa , and the dynamics of the decoupled system is τdec = ⊗0≤a≤Mτa =
etδdec . We denote by δa the generator of τa so that δdec =∑

a δa .
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The dynamics τ of the coupled system is defined as the local perturbation of τdec
by the coupling V = ∑

1≤ j≤M Vj , where Vj ∈ O0 ⊗ O j . Its generator is δ =
δdec + i[V , · ].

For simplicity, we shall only consider the case where the fiducial state ω is (τ, β)-
KMS, so that the generator of itsmodular group is ζ = −βδ.We study small departures
from this state resulting from imposed temperature gradients. Our discussion can
easily be generalized to include other thermodynamic forces, such as inhomogeneous
electro-chemical potentials.

To start, we assume the following.

(H1) There exists a unique (τ0, β)-KMS state ω. For all sufficiently small
X = (X1, . . . , XM ) ∈ RM , there exist unique states ω j,X j , for 1 ≤ j ≤ M ,
such that ω j,X j is (τ j , β − X j )-KMS.

We set ωdec,X := ω0 ⊗ ⊗
1≤ j≤M

ω j,X j .

In such a state each reservoir R j is in equilibrium at inverse temperature β j =
β − X j . The X j ’s are the thermodynamic forces which drive the system out of equi-
librium, see Section 11. The conjugate fluxes are the energy currents � j = δ j (V ),
see Section 12. To ensure that they are well-defined, we assume

(H2) V ∈ Dom(δ j ) for 1 ≤ j ≤ M .

It follows from Araki’s perturbation theory, Theorem 4.4, that ω(0)X=0 (which is the
unique (τdec, β)-KMS state) and ω are mutually normal. We note, however, that since
ω
(0)
X=0 �= ω, expanding ω

(0)
X ◦ τ t (A) − ω(A) around X = 0 generates a spurious

zeroth-order term. To avoid this problem, we shall construct a family of states ωX

which, on the one hand, has the same thermodynamic properties as ω(0)X , and on the
other hand satisfies ωX=0 = ω.

By definition, the modular group of ω(0)X is generated by−βδdec+∑1≤ j≤M X jδ j .
Denote by σX the group of ∗-automorphisms generated by

ζX = −βδdec +
∑

1≤ j≤M

X jδ j − iβ[V , · ] = ζ +
M∑

j=1
X jδ j .

Araki’s perturbation theory implies that there exists a unique (σX ,−1)-KMS state
ωX such that ω(0)X and ωX are mutually normal. Thus, these two states have the same
thermodynamic properties, and since ζX=0 = ζ , one also has ωX=0 = ω.

We say that A ∈ O is centered if ωX (A) = 0 for all sufficiently small X ∈ Rn .

Theorem 13.1 ([75]) Under the Hypothesis (H1) and (H2), the function X �→ ωX ◦
τ t (A) is differentiable at X = 0 for any centered observable A ∈ O , and the finite
time Green-Kubo formula

∂X jωX ◦ τ t (A)|X=0 =
∫ t

0
〈τ s(A)|� j 〉ω ds, (13.3)

holds.
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Remarks 1. Formula (13.3) is limited to centered observables because, at the current
level of generality, we do not have control of ωX (A) as X → 0. If A ∈ O is such
that X �→ ωX (A) is differentiable at X = 0, then the above formula still holds
after addition of the static contribution ∂XkωX (A)|X=0 to its right-hand side. We note,
however, that for infinite systems the states ωX for distinct values of X are usually
mutually singular. The differentiability of ωX (A) is therefore a delicate question, and
is not expected to hold for general observables A.
2.One can prove that the energy fluxes� j , and more generally the fluxes conjugate to
intensive thermodynamic parameters, are centered. We refer to [75] for more details.

13.2 The Long Time Problem

The hard problem of linear response theory concerns the validity of the linear response
formulas derived in the previous section in the long-time limit. This issue has been
widely discussed in the physics literature. The most famous objection to the validity of
linear responsewas raised byvanKampen in [86].His argument is based on the fact that
the microscopic dynamics of a large system with many degrees of freedom is strongly
chaotic. He argued that the time scale over which a perturbative calculation remains
valid may be very short, and concluded that finite-time linear response may therefore
be physically irrelevant on macroscopic time scales. Discussions of van Kampen’s
objection can be found in [90], and the interested reader may also consult [93].

A mathematical idealization reduces the long time problem to the interchange of
two limits: the zero forcing limit involved in the derivation of the finite time linear
response formulas and the infinite time limit. To illustrate this point, let us continue
the discussion of Section 13.1.2 which led to formula (13.3), under the following
assumption:

(H3) For all sufficiently small X ∈ RM there exists aNESSωX+, see Section 11,
such that,

lim
t→∞ωX ◦ τ t (A) = ωX+(A) (13.4)

for any A ∈ O .

We note that under normal circumstances one expects more, namely that

lim
t→∞ η ◦ τ t (A) = ωX+(A)

holds for any A ∈ O and any ωX -normal (or equivalently ω(0)X -normal) state η.
We shall say that an observable A ∈ O is regular if the function X �→ ωX+(A) is

differentiable at X = 0 and

∂XkωX+(A)|X=0 = lim
t→∞ ∂XkωX ◦ τ t (A)|X=0.
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If A is a regular centered observable, then Equ. (13.4) and Formula (13.3) yield the
Green-Kubo formula

∂X jωX+(A)|X=0 =
∫ ∞

0
〈τ s(A)|� j 〉ω ds. (13.5)

In particular, if the fluxes �k are regular, then the transport coefficients (recall Sec-
tion 10), defined by

ωX+(�k) =
∑

1≤ j≤M

L jk X j + o(X),

are given by the formula

L jk =
∫ ∞

0
〈τ s(�k)|� j 〉ω ds.

To justify the exchange of limits for a sufficiently large set of centered observables
A ∈ O , and in particular for the flux observables, is a delicate problem requiring a
fairly good control on the dynamics of the system. This was recently achieved for
two classes of systems: N -levels systems coupled to free Fermi reservoirs in [77]
and locally interacting Fermi gases in [78]. In the first case the NESS was previously
constructed in [81] using the Liouvillean approach, see Section 11. In the second
case, the NESS is obtained following Ruelle’s scattering approach. In both cases, the
interchange of limits is validated via the following simple consequence of Vitali’s
theorem.

Proposition 13.2 Suppose that (H1) and (H3) hold and let A ∈ O . Assume that for
some ε > 0 and any t ≥ 0, the function X �→ ωX ◦ τ t (A) has an analytic extension
to the open polydisk Dε = {X ∈ CM | max j |X j | < ε}. If

sup
X∈Dε ,t≥0

|ωX ◦ τ t (A)| <∞

holds, then A is regular.

It is evident, though sometimes overlooked, that the long-time problem cannot be
solved merely by proving that a finite-time linear response formula remains mean-
ingful in the long-time limit. Suppose, for example, that the system (O, τ ) is
L1-asymptotically Abelian, namely that

∫ ∞

0
‖[A, τ t (B)]‖ dt <∞, (13.6)

holds for a dense set of A, B inO . It follows that the linear response to the perturbation
V (t) = −∑ j X j (t)A j such that x =∑

j supt |X j (t)| <∞,

(
ω)t (A) = lim
s→−∞(
ω)

s→t (A) =
∑

j

∫ ∞

0
ω(i[A j , τ

u(A)])X j (t − u) du, (13.7)
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where the integrals are absolutely convergent.5 This, however, does not mean that (i)
the natural nonequilibrium state

ωV
t (A) = lim

s→−∞ω ◦ τ s→t
V (A)

exists, and (ii) that
ωV
t (A)− ω(A) = (
ω)t (A)+ o(X).

In fact both (i) and (ii) require a precise control of the perturbed dynamics τV whereas
Equ. (13.7) only involves the unperturbed τ . If (i) and (ii) hold, and ifω is (τ, β)-KMS,
then, by Equ. (13.2), the infinite time Green-Kubo formula

(
ω)t (A) =
∑

j

β

∫ ∞

0
〈τ s(A)|� j 〉ω X j (t − s) ds,

holds.

13.3 Time-Reversal Invariance and Onsager Reciprocity Relations

A time-reversal of (O, τ ) is an involutive antilinear ∗-automorphism � of O such
that τ t ◦ � = � ◦ τ−t for any t ∈ R. A state ν on O is time-reversal invariant
if ν ◦ �(A) = ν(A∗) for all A ∈ O . An observable A ∈ Oself is even/odd under
time-reversal if �(A) = ±A.

The following proposition is a simple consequence of the KMS condition, see [75].

Proposition 13.3 Assume that (O, τ ) is equipped with a time-reversal �. Let ω be a
time-reversal invariant, mixing, (τ, β)-KMS state. If A, B ∈ Oself are both even or
odd under time-reversal, then

∫ t

0
〈τ s(A)|B〉ω ds = 1

2

∫ t

−t
ω(Aτ s(B)) ds + o(1)

in the limit t →∞.

Remark If ω is the unique (τ, β)-KMS state, then it is automatically time-reversal
invariant.

To apply this proposition to the Green-Kubo formula (13.5) we assume:

(H4) (O, τ ) is equippedwith a time-reversal� andω is a time-reversal invariant,
mixing (τ, β)-KMS state. Moreover, the couplings Vj are even under time-
reversal.

5 We assume that (13.6) holds for A j ’s and A.
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Corollary 13.4 Under Hypothesis (H1), (H2), (H3) and (H4), the Green-Kubo for-
mula (13.5) can be written as

∂X jωX+(A)|X=0 = 1

2

∫ ∞

−∞
ω(Aτ s(� j )) ds

for regular, centered observables A ∈ Oself that are odd under time-reversal. In
particular, if the fluxes �k are regular, then the transport coefficients are given by

L jk = 1

2

∫ ∞

−∞
ω(�kτ

s(� j )) ds. (13.8)

If ω is a mixing (τ, β)-KMS state, then the stability condition

lim
T→∞

∫ T

−T
ω([A, τ t (B)]) dt = 0

holds for any A, B ∈ O , see [33, Section 5.4.2]. An important consequence of this
fact and Equ. (13.8) is

Corollary 13.5 Under the assumptions of Corollary 13.4 the transport coefficients
satisfy the Onsager reciprocity relations

L jk = Lkj .

Part IV

Small systems coupled to reservoirs

14 Coupling to Reservoirs

In this article we introduce classes of models used to describe a (typically small)
quantum system interacting with a large external system, often called a “reservoir” or
a “heat bath”.

A typical small system that we have in mind is a “quantum dot” – an atom or
a molecule. We will often restrict ourselves to finitely many eigenstates of such a
"quantum dot". Mathematically, it is described by a Hilbert space K , often assumed
to be finite dimensional.

We will assume that the reservoir is as simple as possible – in practice it means that
it is a free Bose or Fermi gas.

Wewill refrain frompresenting detailed physical examples of systems considered in
our article – they are easy to provide.Wewill only describe their general mathematical
structure.
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14.1 Models of a Small Quantum System Coupled to a Reservoir

In the bosonic case we consider the Hilbert space K ⊗�s(L2(�)), where L2(�)

describes the 1-particle space and�s(L2(�)) is the corresponding bosonic Fock space.
a∗(ξ), a(ξ) will denote the creation/annihilation operators satisfying the usual com-
mutation relations. They are, strictly speaking, operator-valued distrubitions, which
become (unbounded) operators when smeared with appropriate test functions.

A typical Hamiltonian describing the interaction of a small system with a bosonic
reservoir has the form

H = K⊗1+ 1⊗
∫

ω(ξ)a∗(ξ)a(ξ)dξ +
∫

v(ξ)⊗a∗(ξ)dξ +
∫

v(ξ)∗⊗a(ξ)dξ.
(14.1)

Hereω is the 1-particle excitation spectrum, K is the Hamiltonian of the small system,
and the function ξ �→ v(ξ) describes the coupling of the bosons with the small system.

One of the most popular choices is K = C2, K = σ3, v(ξ) = σ1 f (ξ) for some
function f , where σ3, σ1 are the usual Pauli matrices. With this choice, H is called
the spin-boson Hamiltonian.

One often adds a perturbation to H quadratic in the creation/annihilation opera-
tors. Adding higher powers may make the definition of H as a selfadjoint operator
problematic.

Motivated by [57], we shall call Pauli-Fierz operators the operators of the
form (14.1); see e.g. [47], Note, however, that this terminology is not universally
accepted. Other names found in the literature to denote (14.1) or similar classes of
operators include the generalized spin-boson Hamiltonian, the Nelson Hamiltonian,
the Fröhlich Hamiltonian, and the polaron Hamiltonian.

A natural example of an operator similar to H (with quadratic terms in the pertur-
bation) is the Hamiltonian of non-relativistic QED, which some authors also call the
Pauli-FierzHamiltonian [131]. This usage differs slightly from themeaning above. The
QED in the dipole approximation is also of the form (14.1) (without quadratic terms
in the perturbation). In this case the bosonic reservoir describes photons, ω(ξ) = |ξ |
and L2(�) is the space of divergence-free vector fields on R3. Hence one can take
� = R× {1, 2}, where {1, 2} labels two photon polarizations.

Operators of the form (14.1) are also used to describe interaction of a small system
with lattice vibrations of a crystal lattice; in this case the bosonic reservoir consists of
phonons.

If the reservoir is fermionic, then the Hilbert space of the composite system is
K ⊗�a(L2(�)), where �a(L2(�)) is the corresponding fermionic Fock space over
the 1-particle space L2(�). We denote the fermionic creation/annihilation operators
by a∗(ξ), a(ξ) as well.

A typical Hamiltonian describing a small system interacting with a fermionic reser-
voir considered in the literature has the form
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H := K⊗1+ 1⊗
∫

ω(ξ)a∗(ξ)a(ξ)dξ

+ λ
∑

n,m

∫

vn,m(ξ1, . . . , ξn, ξ
′
m, . . . , ξ

′
1)⊗a∗(ξ1) · · · a∗(ξn)a(ξ ′m) · · ·

a(ξ ′1)dξ1 · · · dξndξ ′m · · · dξ ′1.

In physicallymotivatedmodels the interaction typically contains only termswith n+m
even.

A typical example of fermionic reservoir ismetal containing conductance electrons.
Often one assumes that the small system is also described by a bosonic or fermionic

Fock space and all the terms in the Hamiltonian are quadratic. In this case eit H can be
described in terms of the corresponding 1-particle dynamics, which greatly simplifies
analysis.

15 Coupling to Reservoirs of a Positive Density

Consider a small quantum system interacting with a bosonic or fermionic reservoir
of the form described in Section 14. Its Hilbert space is6 K ⊗�s/a(L2(�)), and its
Hamiltonian in the bosonic case has the form

H := K⊗1+ 1⊗
∫

ω(ξ)a∗(ξ)a(ξ)dξ +
∫

v(ξ)⊗a∗(ξ)dξ +
∫

v(ξ)∗⊗a(ξ)dξ.
(15.1)

In the fermionic case

H := K⊗1+ 1⊗
∫

ω(ξ)a∗(ξ)a(ξ)dξ

+
∑

n,m

∫

vn,m(ξ1, . . . , ξn, ξ
′
m, . . . , ξ

′
1)⊗a∗(ξ1) · · · a∗(ξn)a(ξ ′m)

· · · a(ξ ′1)dξ1 · · · dξndξ ′m · · · dξ ′1,

(15.2)

where in physically motivated models the interaction contains only terms with n +m
even.

If the function ω(ξ) is positive, we say that the reservoir is at zero temperature (or
at zero density). We will explain how to modify the Hamiltonians (15.1) and (15.2)
when the reservoir is at a positive temperature, or, more generally, at a positive density.

We shall adopt theW ∗-algebraic framework here (although, at least in the fermionic
case, one could also use the C∗-algebraic framework).

6 The subscript s/a refers to the bosonic/fermionic Fock space.
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15.1 The Semi-Standard Representation

Wewill use the formalismofAraki-Woods representations of theCCRandAraki-Wyss
representations of the CAR described in more detail in Section 6. Fixing a nonnegative
function ξ �→ γ (ξ), let us define

ρ(ξ) := (γ (ξ)−1 ∓ 1)−1,

where theminus sign corresponds to the bosonic case and the plus sign to the fermionic
case.We consider the bosonic/fermionic Fock space�s/a

(
L2(�)⊕ L2(�)

)
. Consider

the “left creation/annihilation operators corresponding to γ ”, a∗γ,l(ξ), aγ,l(ξ).
The algebra of observables of the coupled system is defined as the W ∗-algebra

Mγ ⊂ B(K ⊗�s/a(L2(�)⊕ L2(�)) generated by the operators of the small system
B(K ) ⊗ 1 and by the reservoir creation/annihilation operators a∗γ,l(ξ), aγ,l(ξ). On
K ⊗ �s(L2(�)⊕ L2(�)) we define the operator

Lsemi
γ := K⊗1+ 1⊗

∫

ω(ξ)
(
a∗l (ξ)al(ξ)− a∗r (ξ)ar(ξ)

)
dξ

+
∫ (

v(ξ)⊗a∗γ,l(ξ)+ v(ξ)∗⊗aγ,l(ξ)
)
dξ, (15.3)

which is the analog of (15.1) for general γ . OnK ⊗ �a(L2(�)⊕ L2(�)) we define

Lsemi
γ := K⊗1+ 1⊗

∫

ω(ξ)
(
a∗l (ξ)al(ξ)− a∗r (ξ)ar(ξ)

)
dξ

+
∑

n,m

∫

vn,m(ξ1, . . . , ξn, ξ1, . . . , ξ
′
m)⊗a∗γ,l(ξ1) · · · a∗γ,l(ξn)aγ,l(ξ ′m)

· · · aγ,l(ξ ′1)dξ1 · · · dξndξ ′m · · · dξ ′1,

(15.4)

which is the analog of (15.2) for general γ . Lsemi
γ is sometimes called the semi-

Liouvillean. Let
τγ,t (A) := eit L

semi
γ Ae−it L

semi
γ .

It is easy to show that τγ,t preserves the algebraMγ , and we obtain a W ∗-dynamical
system (Mγ , τγ ).

The special case γ = 0 corresponds to the zero temperature state of the reservoir.
In this case, the W ∗-dynamical system (Mγ , τγ ) is equivalent to the system

(
B(K ⊗ �s/a(L

2(�))), eit H ( · )e−it H
)
.
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If γ (ξ) = e−βω(ξ), then we say that the reservoir is thermal. In this case, the state
ψ on the algebra Mγ defined by

ψ(A⊗B) = tr
(
Ae−βK

)

tr
(
e−βK

) (�|B�), A ∈ B(K ), B ∈ B(�s/a(L
2(�)⊕L2(�))),

is β-KMS for the dynamics τ with no interaction term.

15.2 The Standard Representation

Recall from Section 2 that everyW ∗ algebra has a distinguished representation called
the standard representation. In such a representation every W ∗-dynamics has a dis-
tinguished unitary implementation generated by a selfadjoint operator called the
Liouvillean.

The standard representation of M acts as

π :Mγ → B
(
K ⊗ ¯K ⊗�s/a(L

2(�)⊕ L2(�))
)
,

where an element of Mγ is tensor multiplied by the identity on ¯K (the complex
conjugate of K ). The Liouvillean corresponding to (15.3) is the selfadjoint operator
onK ⊗ ¯K ⊗ �s(L2(�)⊕ L2(�)) defined by

Lγ :=K ⊗ 1⊗ 1− 1⊗ K ⊗ 1+ 1⊗ 1⊗
∫

ω(ξ)
(
a∗l (ξ)al(ξ)− a∗r (ξ)ar(ξ)

)
dξ

+
∫ (

v(ξ)⊗ 1⊗ a∗γ,l(ξ)+ v(ξ)∗ ⊗ 1⊗ aγ,r(ξ)
)
dξ

−
∫ (

1⊗ v̄(ξ)⊗ a∗γ,l(ξ)+ 1⊗ v̄(ξ)∗⊗aγ,r(ξ)
)
dξ. (15.5)

The Liouvillean corresponding to (15.4) is the selfadjoint operator on K ⊗K ⊗
�a(L2(�)⊕ L2(�)) defined by

Lγ := K ⊗ 1⊗ 1− 1⊗ K ⊗ 1+ 1⊗ 1⊗
∫

ω(ξ)
(
a∗l (ξ)al(ξ)− a∗r (ξ)ar(ξ)

)
dξ

+
∑

n,m

∫

vn,m(ξ1, . . . , ξn, ξ1, . . . , ξ
′
m)⊗ 1⊗ a∗γ,l(ξ1) · · · a∗γ,l(ξn)aγ,l(ξ ′m)

· · · aγ,l(ξ ′1)dξ1 · · · dξndξ ′m · · · dξ ′1
−
∑

n,m

∫

1⊗ v̄n,m(ξ1, . . . , ξn, ξ1, . . . , ξ
′
m)⊗ a∗γ,r(ξ1) · · · a∗γ,r(ξn)aγ,r(ξ ′m)

· · · aγ,r(ξ ′1)dξ1 · · · dξndξ ′m · · · dξ ′1. (15.6)

Abovewe used the “right creation/annihilation operators corresponding to γ ”, denoted
by a∗γ,r(ξ), aγ,r(ξ) and described in Section 6.
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Note that the Liouvillean Lγ and the semi-Liouvillean Lsemi
γ describe the same

dynamics, but in different representations. This is expressed by

π
(
eit L

semi
γ Ae−it L

semi
γ

)
= eit Lγ π(A)e−it Lγ , A ∈Mγ .

Note also that the operators (15.3), (15.5), as well as (15.4), (15.6), are special cases
of operators of the form (15.1) and (15.2), where we allow the 1-particle excitation
spectrum to have negative values.

15.3 Composite Reservoirs

Sometimes one considers two (or more) reservoirs, R1 and R2, interacting with a
single small system. This can be taken into account by assuming that � is the union
of two disjoint sets �1 and �2 describing the 1-particle spaces of R1 and R2. Then
the composite reservoir is the tensor product of the reservoirR1 and the reservoirR2,
since, using the exponential property of Fock spaces, we have the natural identification

�s/a(L
2(�1 ∪�2)) � �s/a(L

2(�1)⊕L2(�2)) � �s/a(L
2(�1))⊗�s/a(L

2(�2)).

Physically, an especially important case arises when the reservoirs R1 and R2 are
thermal but correspond to two distinct inverse temperatures.

16 Completely Positive Markov Semigroups

LetB(K ) denote the algebra of bounded operators on a Hilbert spaceK , which we
interpret as the algebra of observables of the small quantum system. We say that a
transformation � onB(K ) is positive if the image of a positive operator is positive.
We say that � is completely positive if its extension to n × n matrices with entries in
B(K ) is positive for any n. We say it is Markov if it preserves the identity operator.

One can also consider the transformation �# acting on B1(K ) – the trace class
operators on K – defined by

tr (ρ�(A)) = tr (�#(ρ)A) , A ∈ B(K ), ρ ∈ B1(K ),

so that � is the adjoint of �#. Clearly, � is Markov iff�# preserves the trace (in this
case �# preserves the set of density matrices).

Both � and �# can be used to describe dynamics of a quantum system. One says
that � describes it in the Heisenberg picture and �# in the Schrödinger picture.

Let t �→ etM be a completely positive Markov semigroup on B(K ). It is well-
known that M can be written in the so-called Lindblad form:

M(A) = i[ϒ, A] − 1

2

n∑

i=1
[W ∗

i Wi , A]+ +
n∑

i=1
W ∗

i AWi , (16.1)
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where ϒ is a selfadjoint operator and Wi , i = 1, . . . , n is a family of operators, see,
e.g., [3]. We also have the corresponding semigroup in the Schrödinger picture etM# .
Its generator has the form

M#(ρ) = −i[ϒ, ρ] − 1

2

n∑

i=1
[W ∗

i Wi , ρ]+ +
n∑

i=1
WiρW

∗
i .

Completely positive Markov semigroups are often used in physics as approximate
dynamics of a system weakly interacting with environment; Section 16.2.

16.1 Detailed Balance Condition

We say that a density matrix ρ is invariant under etM iff etM#ρ = ρ for any t > 0,
or equivalently, M#(ρ) = 0. It is easy to see that for a finite dimensional K such an
invariant density matrix always exists.

In the literature there exist a number of definitions of theDetailedBalanceCondition
for quantum systems that slightly differ from one another. One of them goes as follows.
Let ρ be a nondegenerate density matrix. Introduce the following inner product on the
operators on K :

(A|B)ρ := tr
(
ρ

1
2 A∗ρ

1
2 B
)
. (16.2)

Let etM be a completely positive Markov semigroup. We will say that M satisfies
the Detailed Balance Condition for ρ iff ρ is invariant under etM and there exists a
selfadjoint operatorϒ such that M− i[ϒ, · ] is selfadjoint for the inner product (16.2).

In another version of the Detailed Balance Condition one uses the inner product

tr(ρA∗B) (16.3)

instead of (16.2), see [42, 130] and references therein.

16.2 Weak Coupling Limit for the Reduced Dynamics

Consider a quantum Hamiltonian

Hλ := K⊗1+1⊗
∫

ω(ξ)a∗(ξ)a(ξ)dξ +λ

∫

v(ξ)⊗a∗(ξ)dξ +λ

∫

v(ξ)∗⊗a(ξ)dξ
(16.4)

on a Hilbert spaceK ⊗�s(L2(�)). One could consider also fermionic reservoirs, see
Section 14 for a discussion of the notation and motivation.

Suppose that we are interested in the measurements performed only at the small
system. Such measurements are described by A ⊗ 1, where A ∈ B(K ).

Let � denote the vacuum vector. We assume that the initial state of the reservoir is
given by the state (� | · �), and the state of the small system is given by a density
matrix ρ ∈ B1(K ). Then the expectation value of the measurement of the observable
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A⊗1 at time t is equal to

tr
(
ρ ⊗ |�)(�|)(eit Hλ(A ⊗ 1)e−it Hλ

)
.

These expectation values can be encoded in the following family of completely positive
Markov maps:

B(K ) � A �→ I ∗K eit Hλ(A⊗1)e−it Hλ IK ∈ B(K ),

where IK denotes the isometric embedding ofK intoK ⊗�. The following remark-
able fact can be proven.

Theorem 16.1 Assume some relatively mild conditions on the interaction. Then there
exists a completely positive Markov semigroup etM onB(K ) such that

etM (A) = lim
λ→0

e−i
t
λ2

K I ∗K ei
t
λ2

Hλ(A ⊗ 1)e−i
t
λ2

Hλ IK ei
t
λ2

K
. (16.5)

The semigroup etM commutes with the free dynamics of the small system eit K · e−it K .
If the reservoir is at the inverse temperature β (see Section 15), then M satisfies the
Detailed Balance Condition for e−βK / tr e−βK (the Gibbs state of the small system),
both in the sense of (16.2) and (16.3).

The above theorem is due to E. B. Davies. It indicates that for small λ one can
approximate the dynamics reduced to the small system with a completely positive
Markov semigroup.

The limit considered in (16.5) goes under the name of the weak coupling limit or
van Hove limit. The latter name is unfortunately ambiguous – it is used in statistical
physics with a different meaning.

See [130] for use of Davies generator in context of non-equilibrium open quantum
systems.

16.3 Quantum Langevin Dynamics

Suppose that etM is a completely positive Markov semigroup on B(K ) with the
generator M written in the Lindblad form (16.1). Introduce the Hilbert space Z =
K ⊗ �s(C

n ⊗ L2(R)) and the operator

Z := ϒ ⊗1+
n∑

j=1
1⊗

∫

ξa∗j (ξ)a j (ξ)dξ +
n∑

j=1

∫ (
Wj ⊗ a∗j (ξ)+W ∗

j ⊗ a j (ξ)
)
dξ.

(16.6)
Strictly speaking, (16.6) is only a formal expression whose precise meaning as a
selfadjoint operator on Z can be given using an appropriate regularization and a
limiting procedure. Then one can show that

I ∗K eit Z (A ⊗ 1)e−it Z IK = etM (A), (16.7)
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I ∗K eit Z IK = eit�, (16.8)

where � = ϒ + i
2

∑n
j=1 W ∗

j W j and where IK denotes the isometric embedding of
K onto K ⊗� ⊂ Z .

Relation (16.8) means that eit Z is a unitary dilation of the semigroup eit� . More
interestingly, (16.7) means that the Heisenberg dynamics given by eit Z reduced to the
small system coincides with etM .

The unitary dynamics generated by Z is called a quantum Langevin dynamics or
quantum stochastic dynamics for the semigroup etM . Its construction was first given
by Hudson and Parthasarathy. They used a quantum version of the so-called stochastic
calculus; see [53] and references therein.

There exist versions of the weak coupling limit not just for the reduced dynamics,
but also for the dynamics of the full system. They say that in an appropriate version
of the weak coupling limit, but without reducing the dynamics to the small system,
the dynamics generated by a Hamiltonian of the form (16.4) converges to a quantum
Langevin dynamics. First results of this type, under the name of the stochastic limit,
are due to Accardi, Frigerio and Lu; there exists also a somewhat different approach
under the name of extended weak coupling limit; see [40] and references therein.

17 Scattering Theory for a Small System Interacting with Quantum
Fields

The aim of scattering theory is to describe a complicated dynamics by a simpler one.
In its most basic form, applicable for example to one- and two-body Schrödinger
Hamiltonians, one starts from a pair of dynamics: the “full” one e−it H and the “free”
one e−it H0 . One then defines wave operators and scattering operators. See [119, 142].

Scattering theory for small quantum systems interacting with quantum fields uses a
different formalism.One starts from a “full” dynamics e−it H and then seeks to describe
its asymptotic behavior in terms of a simpler dynamics, which must be constructed.

A typical example of a Hamiltonian for which one can try to develop scattering
theory is

H := K⊗1+ 1⊗
∫

ω(ξ)a∗(ξ)a(ξ)dξ +
∫

v(ξ)⊗a∗(ξ)dξ +
∫

v(ξ)∗⊗a(ξ)dξ
(17.1)

on B(K )⊗�s(L2(Rd)). (One could consider also similar fermionic systems). We
stress that the free dynamics is not given a priori given. In particular, the dynamics
generated by the first two terms of the right hand side of (17.1) should not be viewed
as the free dynamics in the sense of scattering theory. Therefore one needs a different
formalism.

Let us describe a version of scattering theory for theHamiltonian H given by (17.1),
which is adapted to the casewhen the small system iswell localized in space (confined).
In our presentationwe followmostly [43]. Note that this formalism of scattering theory
is quite different from that used in the case of e.g. Schrödinger operators – it is much
closer to the LSZ formalism or the Haag-Ruelle theory used in quantum field theory.
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We first construct the so-called incoming/outgoing creation/annihilation operators.
In the fermionic case they are given as

∫

f (ξ)a±∗(ξ)dξ := s− lim
t→±∞ eit H

∫

e−itω(ξ) f (ξ)a∗(ξ)dξ e−it H , (17.2)

∫

f̄ (ξ)a±(ξ)dξ := s− lim
t→±∞ eit H

∫

eitω(ξ) f̄ (ξ)a(ξ)dξ e−it H , (17.3)

where s − lim denotes the strong limit. In the bosonic case the definition is similar
except that we need to take bounded functions of (17.2) and (17.3).

The incoming/outgoing creation/annihilation operators exist under quite weak
assumptions and their existence can be usually proven by a version of theCookmethod.
They satisfy the usual commutation/anticommutation relations.

To proceed further one introduces the space of asymptotic Fock vacua K ±, con-
sisting of vectors annihilated by the asymptotic annihilation operators a±(ξ). One can
show that bound states of H belong to bothK ±. Then one introduces wave operators
W± – isometric operators from the asymptotic space K ± ⊗ �s/a(L2(�)) into the
physical space K ⊗ �s/a(L2(�)), defined by the relations

W±a(ξ) = a±(ξ)W±, W±a∗(ξ) = a±∗(ξ)W±, W±	 ⊗� = 	, 	 ∈ K ±.

(�, as usual, denotes the vacuumvector). Finally, one introduces the scattering operator
S = W+∗W−, which can be used to compute scattering cross-sections.

Here is an example of a rigorous result about scattering theory in the above formal-
ism, see [43] and references therein:

Theorem 17.1 Assume that the 1-particle excitation spectrum is positive and has a
mass gap, e.g. ω(ξ) = √

m2 + ξ2, m > 0 (and some additional minor technical
assumptions). Then

1. the wave operators W± are unitary;
2. the spaces of asymptotic vacua K ± coincide with the space spanned by eigen-

vectors of H.

If the above formalism is applicable and Theorem 17.1 holds, then we have a clear
physical picture of the dynamics eit H for large times: all vectors can be understood
as linear combinations of bound states of H accompanied by “asymptotic bosons”
whose 1-particle excitation spectrum coincides with that of “free bosons”. Note that
Theorem 17.1 can be viewed as the analog of asymptotic completeness from scattering
theory of N -particle Schrödinger operators.

Scattering in the absence of the energy gap in the excitation spectrum remains
poorly understood. Even less understood is scattering theory for Hamiltonians similar
to (17.1) with a translation symmetry [54].
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18 Spectral Analysis of Small Quantum Systems Interacting with a
Reservoir

In Quantum Optics one often uses various approximate Hamiltonians to describe
interaction of photons with nonrelativistic matter. Here is an example:

H := (p − α3/2A(αx))2 − z

4π |x | +
∑

ε

∫

|ξ |a∗ε (ξ)aε(ξ)dξ (18.1)

H acts on L2(R3)⊗�s(L2(R3×{1, 2}). It describes a single electron in the potential
of a nucleus interacting with photons through the minimal coupling. Note that p is
the momentum operator, ε describes two polarizations of the photon, α is the fine
structure constant, z is the charge of the “nucleus”, and A is the quantized electromag-
netic potential defined with the help of appropriately cut-off photonic creation and
annihilation operators a∗ε (ξ), aε(ξ).

Various Hamiltonians similar to (18.1) are used in the literature. For instance, one
can argue that the term quadratic in electromagnetic potentials can be eliminated with
the help of the so-called Pauli-Fierz transformation [47]. This leads to the following
class of Hamiltonians, which we will consider in this section:

H := K⊗1+1⊗
∫

ω(ξ)a∗(ξ)a(ξ)dξ+λ
∫

v(ξ)⊗a∗(ξ)dξ+λ
∫

v(ξ)∗⊗a(ξ)dξ

(18.2)
H acts onB(K )⊗�s(L2(Rd)), where we will assume thatK is finite-dimensional.
�s(L2(Rd)) denotes the bosonic Fock space over L2(Rd). Hamiltonians of this form
go under various names: generalized spin-boson Hamiltonians, Pauli-Fierz Hamilto-
nians, etc.

One can also consider small systems interacting with fermionic reservoirs, see
Section 14. Similar mathematical methods work for them.

18.1 Absolute Continuity of Spectrum

It is easy to analyze the spectrum of the operators (18.2) for λ = 0. In typical situations
the spectrum is absolutely continuous apart from some point spectrum coming from
the eigenvalues of K . The non-trivial case λ �= 0 is much more difficult to study.

There are a number of results saying that for nonzero λmost of the spectrum of H is
absolutely continuous as well. Two basic methods are used to prove this: the analytic
deformation method and the method of positive commutators, often also called the
Mourre method. Both methods were originally discovered in the context of N -body
Schrödinger operators, but they can be adapted to the operators considered in this
article. Note that both methods not only prove the absolute continuity of the spectrum
but also yield important information on the resolvent. The former method implies that
the resolvent can be analytically continued across the spectrum. The latter method
yields the existence of boundary values of the resolvent at the spectrum, as a quadratic
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form between appropriate weighted spaces. (The last statement goes under the name
of Limiting Absorption Principle).

In both methods an important ingredient is the choice of the so-called conjugate
operator. In the literature, there are two main choices for the conjugate operator. The
first choice, introduced in [84], involves the second quantization of the generator of
translation in the spectral variable. It is used mostly when the spectrum covers the
whole real line and we can “glue” the negative and positive frequencies (the so-called
Jakšić–Pillet gluing), see also [47]. The second choice is the second quantization of
the generator of dilations, used e.g. in [29, 30].

18.2 Point Spectrum and the Fermi Golden Rule

There exist also results about the point spectrum of perturbed operators.
Consider the operator (18.2). Let us assume that k is an eigenvalue of K , and hence

an eigenvalue of H for λ = 0. We attempt to compute the shift of this eigenvalue
using the perturbation theory. For simplicity we assume that k is a non-degenerate
eigenvalue of K . The term linear in λ vanishes. The second-order contribution to the
eigenvalue shift is ∫

|v(ξ)|2(k + i0− ω(ξ))−1dξ. (18.3)

The imaginary part of (18.3) equals −iπ |v(k)|2. If this quantity is non-zero, then it
clearly it cannot arise in the perturbation expansion of an eigenvalue of a selfadjoint
operator.

The formula (18.3) is an instance of the so-called Fermi Golden Rule. It can be
readily generalized to the case where k is a degenerate eigenvalue. In that situation, the
scalar expression (18.3) is replaced by the so-called level shift operator. Heuristically,
it is easy to see that, for small but nonzeroλ, the number of eigenvalues of the perturbed
operator in a neighborhood of a given unperturbed eigenvalue should be less than the
dimension of the kernel of the level shift operator.

In many situations this heuristic picture can be made rigorous. More precisely,
one can often show that there exists λ0 > 0 such that, for 0 < |λ| < λ0, the above
expectations are indeed fulfilled.

When the interaction is sufficiently analytic, one can study resonances, that is,
eigenvalues of suitably analytically deformed operators. At positive temperatures,
resonances can be introduced using the Jakšić–Pillet gluing construction together
with analyticity with respect to translations [84]. At arbitrary temperature, one may
attempt to define resonances using dilation analyticity. With this approach, resonances
are not isolated eigenvalues of the deformed operator; rather, they are located at the
tips of cuspidal regions of its spectrum. Such resonances have been analyzed using an
iterative method based on the renormalization group in [29, 30].

Especially satisfactory results are available in the case of the ground state. Under
quite general conditions, and for arbitrary values of the coupling constant, one can
show that the Hamiltonian (18.2) or (18.1) has an eigenvalue at the bottom of its
spectrum [62, 63].
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18.3 Return to Equilibrium

Assume that the 1-particle excitation spectrum of the bosonic reservoir is given by
ω(ξ) = |ξ |, and fix a non-negative function γ . Consider the W ∗-dynamical system
(Mγ , τγ ) introduced in Section 15. We would like to analyze its normal stationary
states.

The stationary states of the decoupled system (the case λ = 0) are easy to analyze:
they are all described by density matrices of the small system that commute with K ,
tensored with the vacuum state of the reservoir. We expect that, upon switching on
the perturbation, most of these states disappear, since they correspond to embedded
eigenvalues of the generator of the dynamics. Only the KMS state is stable.

This expectation can be turned into two rigorous theorems, that we describe below.
We start with a theorem describing the thermal case:

Theorem 18.1 Assume that the reservoir is thermal at inverse temperature β. Suppose
that the interaction is sufficiently regular and effective (effective means that it couples
the reservoir to the small system sufficiently well). Then there exists λ0 > 0 such that
for 0 < |λ| ≤ λ0 the system (Mγ , τγ ) has a unique normal stationary state ψ . This
state is β-KMS for τγ . It satisfies the property of return to equilibrium: for any normal
state φ and A ∈Mγ

lim|t |→∞φ
(
τγ,t (A)

) = ψ(A).

In the nonthermal case, by analogous methods one can prove

Theorem 18.2 Assume that the reservoir consists of two parts, which are thermal at
distinct temperatures. Suppose that the interaction is sufficiently regular and effective.
Then there exists λ0 > 0 such that for 0 < |λ| ≤ λ0 the system (Mγ , τγ ) has no
normal stationary states.

In order to prove these theorems it is convenient to use the so-called Liouvillean,
which is a certain naturally defined selfadjoint operator implementing the dynamics
τγ in the so-called standard representation of the W ∗-algebra Mγ , see Section 2.

Note that for λ = 0, the Liouvillean has a degenerate eigenvalue at 0 and it has
non-zero eigenvalues corresponding to differences of the eigenvalues of K – the so-
called Bohr frequencies of the small system. To prove Theorem 18.1 one needs to
show that for small nonzero λ the spectral properties of the Liouvillean change: it has
a one-dimensional kernel and its spectrum away from zero is absolutely continuous.

This is achieved in two steps. The theory of KMS states, mentioned in Section 2,
shows that the dimension of the kernel of the Liouvillean is at least one. Then one
studies spectral properties of the Liouvillean, as sketched in Sections 18.1 and 18.2.
In particular, an argument based on the Fermi Golden Rule shows that the remaining
eigenvectors of the Liouvillean do not survive when we switch on the perturbation,
and the dimension of the kernel of the Liouvillean is at most 1. There are several
methods of a proof of this theorem that work under various assumptions – the original
one goes back to [84]. See also [29, 47].
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Part V

Equilibrium quantum statistical mechanics Starting with the seminal work [69],
the mathematical theory of equilibrium quantum statistical mechanics based on the
KMS-condition has developed rapidly in the 1970s, resulting in a structure of rare
unity and beauty. The summary of these developments can be found in the two vol-
umes [33, 34]; see also the monographs [67, 71, 129, 137] and references therein. In
parallel to the classical equilibrium theory of lattice spin systems based on the DLR
equation, developed roughly at the same time, lattice quantum spin systems are the
main paradigm of the quantum theory based on the KMS-condition7.

19 General Setting

We start with the setting of a quantum system with finite-dimensional Hilbert space
K . We will refer to such quantum systems as finite quantum systems. OK denotes
the C∗-algebra of all linear maps A : K → K andSK ⊂ OK the set of all density
matrices on K . 1 denotes the identity in OK . The observables of the system are
identified with the elements ofOK and its physical states with elements ofSK , with
the usual duality ν(A) = tr(νA), ν ∈ SK , A ∈ OK . The number ν(A) is interpreted
as the expectation value of the observable A if the system is in the state ν. A state
ν is called faithful if ν > 0. The dynamics is described by the system Hamiltonian
H = H∗ ∈ OK and the induced group τ = {τ t | t ∈ R} of ∗-automorphisms ofOK ,
defined by

τ t (A) = eit H Ae−it H .

We will sometimes write At for τ t (A) and call the map A �→ At the dynamics
in Heisenberg picture. In the dual Schrödinger picture, the states evolve in time as
ν → νt , where

νt = e−it Hνeit H .

Obviously, νt (A) = ν(At ). The time-correlations are quantified by the function

Fν,A,B(t) = ν(ABt ).

A triple (OK , τ, ω), where ω is the initial (reference) state of the system, is called
a finite quantum dynamical system. This system is said to be in thermal equilibrium
at inverse temperature β ∈ R if its reference state is the Gibbs canonical ensemble

ωβ = e−βH/ tr(e−βH ). (19.1)

The Gibbs ensemble (19.1) is the unique state in SK satisfying the:

7 The equilibrium theory of quantum lattice spin systems is easily adapted to lattice fermions although a
pedagogical exposition of this adaptation is lacking in the literature. A parallel exposition of the spin and
fermion case, together with some far reaching generalizations, can be found in [4].
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Finite KMS-condition. The time-correlation functions Fν,A,B have the property

Fν,A,B(t + iβ) = Fν,B,A(t)

for all A, B ∈ OK and t ∈ R.

Another fundamental characterization of the state (19.1) is given by the following
result.

Finite Gibbs Variational Principle. Set P(β) = log tr(e−βH ) and denote by S(ν) =
− tr(ν log ν) the von Neumann entropy of ν ∈ SK . Then, for any ν ∈ SK ,

S(ν)− βν(H) ≤ P(β),

with equality iff ν = ωβ .

The relative entropy of two states ν, ρ ∈ SK is defined by8

Ent(ν|ρ) = tr(ν(log ρ − log ν)). (19.2)

Its basic property is that Ent(ν|ρ) ≤ 0 with equality iff ν = ρ. One computes

Ent(ν|ωβ) = S(ν)− βν(H)− P(β),

and so the finite Gibbs variational principle is an immediate consequence of the above
property of relative entropy.

In the full generality of algebraic quantum statistical mechanics, observables of a
quantum system are described by elements of a C∗-algebra O with unit 1. For a large
part of the general theory, no other structure is imposed on O . The set of selfadjoint
elements in O is denoted by Osa. Let O∗ be the dual of O and SO the set of positive
normalized elements in O∗. We equip O∗ with the weak∗-topology, with respect to
which SO is a compact, convex subset of O∗. The physical states are described by
elements of SO . If the system is in a state ν, then the number ν(A) is interpreted as
the expectation value of the observable A.

The notion of Hamiltonian is lost, and the dynamics in the Heisenberg picture
is, from the outset, described by a strongly continuous9 group τ = {τ t | t ∈ R} of
∗-automorphisms of O . The group τ is called C∗-dynamics and the pair (O, τ ) a C∗-
dynamical system. Its dual action τ ∗ preservesSO and describes the dynamics in the
Schrödinger picture. We write At for τ t (A) and νt for τ t∗(ν) = ν ◦ τ t . The function
Fν,A,B(t) is defined in the same way as in the finite case.

A state ν is called τ -invariant (or stationary) if νt = ν for all t . The set of all
τ -invariant states is denoted by Sτ and is always non-empty. A triple (O, τ, ω),
whereω is the initial (reference) state of the system, is called aC∗-quantum dynamical
system.

8 This relative entropy is finite iff Ker ρ ⊆ Ker ν, otherwise it takes the value −∞.
9 limt→0 ‖τ t (A)− A‖ = 0 for all A ∈ O
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A state ω ∈ Sτ is called ergodic if

lim
T→∞

1

2T

∫ T

−T
ω(B∗At B)dt = ω(A)ω(B∗B)

holds for all A, B ∈ O . Upon passing to the GNS representation, it becomes clear that
this definition is a special case of the one presented in Section 9.1.

Time-reversal plays an important role in statistical mechanics. An anti-linear invo-
lutive ∗-automorphism � of O is a time-reversal of the C∗-dynamical system (O, τ )
if

� ◦ τ t = τ−t ◦�
for all t ∈ R. A state ω is called time-reversal invariant if ω(�(A)) = ω(A∗) for all
A ∈ O . In the sequel we abbreviate time-reversal invariance by TRI.

Since the notion of Hamiltonian is lost, so is the notion of the Gibbs canonical
ensemble (19.1). The KMS-condition, however, survives and extends to the general
setting as:

KMS-condition. ν ∈ SO is a (τ, β)-KMS state if, for all A, B ∈ O , the function
R � t �→ Fν,A,B(t) has an analytic extension to the strip 0 < sign(β) Im z < |β|
that is bounded and continuous on its closure and satisfies the KMS-boundary
condition

Fν,A,B(t + iβ) = Fν,B,A(t)

for all t ∈ R.

We denote by S(τ,β) the set of all (τ, β)-KMS states. At the current level of gen-
erality this set might be empty. One always has S(τ,β) ⊂ Sτ . A quantum dynamical
system (O, τ, ω) is said to be in thermal equilibrium at inverse temperature β ∈ R
(or just thermal) if ω is a (τ, β)-KMS state.

A state ν is called modular if there exists C∗-dynamics ςν on O such that ν is
(ςν,−1)-KMS state. ςν is called modular dynamics of ν and is unique if it exists.
We denote by δν the generator of ςν with the convention ς t

ν = etδν . If ν is a (τ, β)-
KMS state and β �= 0, then ς t

ν = τ−βt , or equivalently, δν = −βδ where δ is the
generator of τ . The modular dynamics plays an important role in non-equilibrium
statistical mechanics. In the equilibrium setting of quantum spin systems, its a priori
existence allows for the formulation of the Gibbs condition as characterization of
thermal equilibrium; we will briefly discuss this topic in the next section.

Given (O, τ ), the two basic questions of equilibrium statistical mechanics are:

(QI) Describe the properties of KMS-states and the structure of the setsS(τ,β).

(QII) Elucidate the dynamical, and in particular the ergodic, properties of ther-
mal quantum dynamical systems.

Note that (QI) and (QII) have trivial answers in the finite setting:S(τ,β) is always a
singleton and no thermal system is ergodic if dim(K ) > 1. It is precisely this triviality
that forces consideration of infinitely extended systems from the outset in the study
of (QI) and (QII).
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From a general perspective, substantial progress has been made on (QI) and (QII)
in the 1970s. The volumes [33, 34] are devoted to presenting these developments.
The link between KMS-condition and Tomita-Takesaki’s modular theory has played
a central role in this progress. However, from the standpoint of concrete physically
relevantmodels, advancement has beenmuch slower, and comparatively little is known
at a mathematically rigorous level.

The original definition of relative entropy of a pair (ν, ρ) of states on O goes back
to Araki and is based on modular theory. This definition was discussed in Section 12.1
and we will review it again in Section 25. The relative entropy is also characterized
by the Pusz-Woronowicz-Kosaki variational formula

Ent(ν|ρ) = inf
∫ ∞

0

[
1

t
ν(x∗(t)x(t))+ ρ(y∗(t)y(t))− 1

1+ t

]
dt

t
, (19.3)

where y(t) = 1−x(t) and the infimum is taken over all countably valued step functions
[0,∞[� t �→ x(t) ∈ O vanishing in a neighborhood of zero; see [108, Section 5].
Its basic property is Ent(ν|ρ) ≤ 0 with equality iff ν = ρ. In the finite case (19.3)
reduces to (19.2). The relative entropy plays a very important role in both equilibrium
and non-equilibrium quantum statistical mechanics. In the equilibrium case and in the
context of quantum lattice spin systems, relative entropy – through its relation with
the specific entropy – plays a central role in the derivation of the Gibbs variational
principle. This topic is discussed in detail in Section 6.2.3 of [33].

We conclude this section with three general remarks.
Modular theory and the closely related Araki’s perturbation theory of KMS-

structure play a central role in both equilibrium and non-equilibrium quantum
statistical mechanics. A basic introduction to this subject can be found in [33, 34]; see
also [48] and references therein for modern expositions. A pedagogical introduction
to the modular theory in the context of finite quantum systems can be found in [72]

W ∗-dynamical systems play a distinguished role in modular theory. A W ∗-
dynamical system is a pair (M, τ ) where M is a W ∗-algebra and τ = {τ t | t ∈ R} is
a pointwise σ -weakly continuous group of ∗-automorphisms onM. We shall refer to
such τ asW ∗-dynamics. A triple (M, τ, ω), whereω is a normal state onM, is called a
W ∗-dynamical system. In the general development of non-equilibrium quantum statis-
tical mechanics, the C∗-quantum dynamical systems are preferred starting point since
the central notion of non-equilibrium steady states cannot be naturally defined in the
W ∗-setting. In this context, the W ∗-systems and modular structure emerge through
the GNS-representation ofO associated to the reference stateω. This being said, there
are important physical models that can be only described byW ∗-dynamical system; a
well-known example are Pauli-Fierz systemswith bosonic reservoirs. It is most natural
to develop the non-equilibrium statisticalmechanics of such systems on a case-by-case
basis.

The thermodynamic (often abbreviated TD) limit plays a distinguished role in sta-
tistical mechanics. It realizes infinitely extended systems through a limiting procedure
involving only finite quantum system and is central for the identification of physically
relevant objects in the extended setting. The precise way the TD limit is taken depends
on the structure of the specific physical model under consideration, and often a num-
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ber of different approximation routes are possible. This topic is well-understood and
discussed on many places in the literature; see [33, 34, 126] and [72] for a pedagogical
introduction to the topic. Since the early days it is well-known that the modular struc-
ture is stable under TD limit [2]; this fact plays an important role in the foundations
of quantum statistical mechanics. The customary route in discussions of the structural
theory is the following:
Step 1. A physical notion, introduced in the context of finite quantum systems, is
expressed in a modular form, and through this form is directly extended, by definition,
to a general C∗ orW ∗-dynamical system. One basic example of such procedure is the
introduction of the KMS-condition as characterization of thermal equilibrium states.
Step 2. In concrete physical models the definitions of Step 1 are justified by the TD
limit.

Step 2 has been extensively studied in the early days of quantum statistical mechan-
ics, and the wealth of obtained results make its implementation in modern literature
most often a routine exercise. For this reason, this step is often skipped. There are rare
exceptions to this rule, one of which emerged in the study of entropy production of
open quantum systems [23, 25].

20 Lattice Quantum Spin Systems

We follow [33]; see also [71, 126, 129].
C∗-algebra. The lattice G is taken to be a countably infinite set. At this stage, no
additional structure on G is assumed. The collection of all finite subsets of G is
denoted byGfin. If (�α) is a net inGfin,�α →∞means that�α eventually contains
any finite subset of G.

The single spin Hilbert space is finite dimensional and is denoted by h. To each
x ∈ G we associate a copy hx of h, and to each � ∈ Gfin the Hilbert space

K� =
⊗

x∈�
hx .

In the sequel, O� stands for OK�
. The C∗-algebra O� describes observables of spins

located at the points in�. For� ⊂ �′ one naturally identifiesO�with aC∗-subalgebra
of O�′ . The algebra of local observables is

Oloc =
⋃

�∈Gfin

O�.

Finally, the G-lattice spin system C∗-algebraOG is the completion of the ∗-algebra of
local observables. The algebra OG is unital, simple, and separable. For any G0 ⊂ G
one has the natural identification OG = OG0 ⊗ OGc

0
. Whenever G is understood, we

write O for OG .
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Dynamics. An interaction is a map � : Gfin → Osa such that �(X) ∈ OX . For
� ∈ Gfin, the local Hamiltonians are defined by

H�(�) =
∑

X⊂�
�(X).

They generate the local C∗-dynamics τ�,� on O , given by

τ t�,�(A) = eit H�(�)Ae−it H�(�).

To extend τ�,� to a C∗-dynamics on O in the limit � → ∞, one needs a suitable
regularity assumption. We choose the following one10

(SR) For some λ > 0,

‖�‖λ :=
∑

n≥0
eλn

⎛

⎜
⎜
⎝sup

x∈G

∑

x∈X
|X |=n+1

‖�(X)‖

⎞

⎟
⎟
⎠ <∞.

Theorem 20.1 Suppose that (SR) holds. Then:

1. For all A ∈ O , the limit
τ t�(A) := lim

�→∞ τ t�,�(A)

exists and is uniform for t in compacts sets.
2. τ� = {τ t� | t ∈ R} is a C∗-dynamics on O . We denote by δ� its generator.
3. Oloc ⊂ Dom(δ�), and for A ∈ O�,

δ�(A) = i
∑

X∩� �=∅
[�(X), A].

Moreover, Oloc is a core for δ�.
4. For A ∈ Oloc and n ≥ 1,

‖δn�(A)‖ ≤
2nn!
λn

eλ|�|‖�‖nλ‖A‖,

where |�| denotes the cardinality of �. In particular, for all A ∈ Oloc, the map

R � t �→ τ t�(A) ∈ O

has an analytic extension to the strip | Im z| < λ
2‖�‖−1λ .

10 See Theorem 6.2.4 in [33].
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For the proof, we refer the reader to [126, Lemma 7.6.1 and Theorem 7.6.2] and [33,
Theorem 6.2.4].

Until the end of this section we assume that (SR) holds.
KMS-states. Let β > 0 be the inverse temperature. For � ∈ Gfin, the local Gibbs
state is defined by

ω�,β = e−βH�(�)/ tr(e−βH�(�)). (20.1)

Using the identification O = O� ⊗ O�c , one extends ω�,β (in an arbitrary way)
to a state on O . Denoting this extension by the same letter, it is a basic result that
any weak∗-limit point of the net (ωβ(�))�∈Gfin as � → ∞ is a (τ�, β)-KMS state
on O . The (τ�, β)-KMS states that arise in this way are called thermodynamic-limit
point β-KMS states.11 This construction, in particular, shows that the set S(τ�,β) is
non-empty.

If it happens that S(τ�,β) is a singleton, then all the nets (ωβ(�))�∈Gfin converge,
as�→∞, to the unique (τ�, β)-KMS state. This is known to be the case in the high-
temperature regime, i.e., for β‖�‖λ small enough. For concrete estimates, see [33,
Proposition 6.2.45], or [58] for more recent results.

IfS(τ�,β) is not a singleton, one needs to take into account boundary conditions to
reach all KMS-states by thermodynamic limit. That is our next topic.
Araki-Gibbs Condition. For any � ∈ Gfin, the so called surface energies

W�(�) :=
∑

X∩� �=∅
X∩�c �=∅

�(X)

are in Osa. Let β > 0 and V� = βW�(�). Suppose that ω is a modular state on O
and let δω be the generator of its modular C∗-dynamics ςω, ς t

ω = etδω . Consider the
perturbed dynamics ςω,V� generated by δω+i[V�, · ], and letωV� be the (ςω,V�,−1)-
KMSstate associated toω byAraki’s perturbation theory.We say thatω satisfies (β,�)
Gibbs condition if, for all� ∈ Gfin, the restriction ofωV� toO� is given by (20.1). The
Gibbs condition is the quantum counterpart of the DLR equation in the equilibrium
theory of classical spin systems. For the proofs, see [33, Proposition 6.2.17].

Theorem 20.2 Suppose that ω is a modular state on O and β > 0. The following
statements are equivalent.

1. ω is a (τ�, β)-KMS state.
2. ω satisfies the (β,�) Gibbs condition.

Gibbs Variational Principle.We will discuss the Gibbs variational principle only in
the translation invariant setting; for a general lattice theory see [33, Section 6.2.3].
Suppose that G = Zd , and let ϕ = {ϕx | x ∈ Zd} ⊂ Aut(O) denote the natural action
of the translation group Zd on O . We denote bySI the set of all translation-invariant
(that is, ϕ-invariant) states on O . For any ν ∈ SI, the limit

s(ν) = lim
�→∞

S(ν�)

|�|
11 We follow the terminology introduced in [33, Section 6.2.2.].
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exists, where ν� denotes the restriction of ν to O� and S(ν�) is its von Neumann
entropy. s(ν) is the specific entropy of the state ν. The entropy map SI � ν �→ s(ν)
is affine, upper-semicontinuous, and takes values in [0, log dim h]. An interaction �
is translation invariant if

ϕx (�(X)) = �(X + x)

holds for all finite subsets X ⊂ Zd and all x ∈ Zd . For translation invariant interac-
tions,

‖�‖λ =
∑

X�0
eλ(|X |−1)‖�(X)‖.

In what follows we fix a translation invariant� satisfying ‖�‖λ <∞ for some λ > 0.
The specific energy observable of � is

E� =
∑

X�0

�(X)

|X | ,

and for any ω ∈ SI,

lim
�→∞

1

|�|ω(H�(�)) = ω(E�).

Finally, the finite limit

P(�) = lim
�→∞

1

|�| log tr
(
e−H�(�)

)

exists and is called the pressure of �. The next theorem is known as the Gibbs varia-
tional principle.

Theorem 20.3 For any β > 0,

P(β�) = sup
ν∈SI

(s(ν)− βν(E�)).

Moreover,
Seq(β�) = {ν ∈ SI | P(β�) = s(ν)− βν(E�)}

is a non-empty convex compact subset of SI. The elements of Seq(β�) are called
equilibrium states for interaction � at inverse temperature β.

Finally, equilibrium states and KMS states are related by

Theorem 20.4 For any β > 0 the following statements are equivalent.

1. ω ∈ Seq(β�).
2. ω is a translation invariant (τ�, β)-KMS state.

For further discussion of Theorems 20.3 and 2, we refer the reader to [33, Proposition
6.2.39 and Theorem 6.2.40], and [33, Theorem 6.2.42].
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Part VI

Non-equilibrium Quantum Statistical Mechanics The works [79, 110, 122, 123]12

initiated modern developments in non-equilibrium quantum statistical mechanics by
introducing the notions of entropy production observable and non-equilibrium steady
states (NESS). The concept of quantum entropy production observable goes back
at least to [112],13 and was re-introduced independently in the literature several
times since; see [105–107]. The concept of NESS in the quantum setting was novel
and motivated by developments in classical non-equilibrium statistical mechanics;
see [127]. The introduction of the quantum entropy production observable in conjunc-
tionwithNESS has spurred rapid developments in non-equilibriumquantum statistical
mechanics–both in structural theory and in the study of concrete models–that continue
to this day. For a non-exhaustive list of references, we refer the reader to [23].

21 General Setting

We follow [79]. Let (O, τ, ω) be a C∗-quantum dynamical system whose reference
state ω is not τ -invariant. The NESS of (O, τ, ω) are the limit points of the net

{
1

T

∫ T

0
ω ◦ τ tdt

}

T>0

as T ↑ ∞. The set Sτ+(ω) of NESS is non-empty and its elements are τ -invariant.
To introduce the entropy production observable, we assume that the state ω is

modular. Recall that δω denotes the generator of the modular dynamics ςω. We further
assume that the generator δ of τ has the form

δ = δfr + i[V , · ],
whereV ∈ Osa and δfr generates a "free"C∗-dynamics τfr forwhichω ∈ Sτfr . Lacking
a better terminology, we shall say that such a system (O, τ, ω) is locally perturbed
(abbreviated LP). If V ∈ Dom(δω), the entropy production observable of a LP system
is defined by

σ := δω(V ).

When we wish to indicate the dependence of τ and σ on V we will write τV , σV .
The starting point of the theory is the entropy balance equation

Ent(ωt |ω) = −
∫ t

0
ωs(σ )ds. (21.1)

Since the relative entropy is non-positive, it follows that

ω+(σ ) ≥ 0

12 The work [66], although focused on the concrete exactly solvable non-equilibrium XY -spin chain,
foreshadowed these developments.
13 See the Remark on page 281 of this paper. Another pioneering work on the subject is [130].



  116 Page 80 of 110 J. Derezi ´ nski, V. Jakšić, C.-A. Pillet

for any NESS ω+ ∈ Sτ+(ω).
The two basic questions of non-equilibrium quantum statistical mechanics are:

(QIII) Describe the structure of the setSτ+ and the properties of its elements.

(QIV) Elucidate dynamical mechanisms that ensure ω+(σ ) > 0 for all ω+ ∈
Sτ+.

There are two general approaches to (QIII). The first is the C∗-scattering method
that goes back to Robinson [116] and in the context of NESS was further developed
by Ruelle [122]; see also [14]. In this method the goal is to prove that for A ∈ O the
limit

γ+(A) := lim
t→∞ τ−tfr ◦ τ t (A)

exists. In this case γ+ ∈ Aut(O), limt→∞ ωt = ω+ = ω ◦ γ+, and Sτ+ = {ω+}.
A sufficient condition that ensures the existence of the Møller morphism γ+ is that
there exists a dense subset A ⊂ O such that for all A ∈ A ,

∫ ∞

0
‖[τ t (A), V ]‖dt <∞.

Conditions of this type are called L1-asymptotic Abelianness and have been exten-
sively used in the literature; see [33]. For some physically important models where
this condition has been verified, see [31, 56, 78].

The second general approach to (QIII)was developed in [81] based on the spectral
theory of quantum transfer operators. It is a quantum extension of Ruelle transfer oper-
ator method; see [18]. For a pedagogical introduction to quantum transfer operators
in finite quantum system setting, see [72]. For modern developments, see [24].

Regarding (QIV), we refer the reader to [14, 80] and references therein. Both
questions (QIII) and (QIV) remain poorly understood and much work remains to be
done.

A special class of LP systems, the so-called open quantum systems, play a privileged
role in the study of non-equilibrium quantum statistical mechanics and we proceed to
describe them.

Consider finitely many, say M , thermal reservoirs R j described by C∗-quantum
dynamical systems (O j , τ j , ω j ). We denote by δ j the generator of τ j . The reservoir
R j is assumed to be in thermal equilibrium at inverse temperature β j > 0, that is,
we assume that ω j is a (τ j , β j )-KMS state on O j . In the absence of interaction,
the combined reservoir system R = R1 + · · · + RM is described by the quantum
dynamical system (OR , τR , ωR), where14

OR := O1 ⊗ · · · ⊗ OM ,

τfr := τ1 ⊗ · · · ⊗ τM ,

ωR := ω1 ⊗ · · · ⊗ ωM .

14 Whenever the meaning is clear within the context, we write A for A ⊗ 1 and 1 ⊗ A, δ j for δ j ⊗ Id,
Id ⊗ δ j , etc.
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There are two ways to couple the reservoirs. In the first case of directly coupled
reservoirs, τfr = τR , the interaction is described by V ∈ OR,sa, and the interacting
dynamics τ is generated by δ = δR + i[V , · ].

The reservoirs can be also coupled through a finite quantum systemS with Hilbert
space KS . Let (OS , τS , ωS ) be a finite-dimensional quantum system dynamical
describing S 15, where we assume that ωS > 0. The generator of τS is δS =
i[HS , · ], where HS is the Hamiltonian ofS . In the absence of interaction, the joint
system S +R is described by the C∗-quantum dynamical system (O, τfr, ω) where

O = OS ⊗ OR , τfr = τS ⊗ τR , ω = ωS ⊗ ωR .

The interaction of S with R j is described by a selfadjoint Vj ∈ OS ⊗ O j , and
the full interaction by V := ∑

j V j . The interacting dynamics τ is generated by
δ := δfr + i[V , · ]. We assume that Vj ∈ Dom(δ j ) for all j , which ensures that the
entropy production observable is well-defined.

In what follows, we will always take

ωS = 1/ dimKS (21.2)

for the reference state of S . This choice is made for convenience. It is easy to show
that none of the asymptotic results of this paper depend on the choice of ωS as long
as ωS is faithful. With the choice (21.2),

σ = −
∑

β jJ j ,

where the observableJ j := δ j (Vj ) describes the energy flux out of the j-th reservoir.
The above description of open quantum system needs to be adapted in the case of

fermionic systems. The modifications are straightforward; see [14, 78].

22 Open Lattice Quantum Spin Systems

We follow [123], and consider the lattice quantum spin system of Section 20, the
interaction � satisfying Assumption (SR). We further assume:

(a) For some finite M ,

G = S ∪
⎛

⎝
M⋃

j=1
R j

⎞

⎠

where S is a finite set and each R j is an infinite set. The sets S, R1, . . . , RM are
assumed to be disjoint.

15 We abbreviate OKS
by OS
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We adapt the notation of Section 20 to that of Section 21 by setting OR j = OR j for
j ∈ {1, . . . ,M}, OS = OS , and KS := ⊗x∈Shx . One then has the decomposition

O = OS ⊗ OR = OS ⊗ OR1 ⊗ · · · ⊗ ORM .

In the framework of Section 21, the subsystems described by the subalgebras OR j

act as reservoirs, and the next assumption forbids direct coupling between these reser-
voirs.

(b) For any X ∈ Gfin, if X ∩ Ri �= ∅, X ∩ R j �= ∅ for some i �= j , then
�(X) = 0.

Wedenote byG j,fin the collectionof all finite subsets of R j , andby� j the restriction
of � to G j,fin. τR j denotes the C∗-dynamics on OR j generated by � j and δR j its
generator. The coupling of the finite subsystemS with the j-th reservoir is given by

Vj :=
∑

X∩S �=∅,X∩R j �=∅
�(X),

and we set V :=∑
j V j . The "free" C∗-dynamics τfr on O is generated by

δfr = δS +
∑

j

δR j ,

where δS = i[HS(�), · ]. The fully coupled dynamics τ = τ� on O is generated by

δ� = δfr + i[V , · ].

The model is completed by a choice of (τR j , β j )-KMS state ωβ j on OR j for j =
1, . . . ,M , and by taking16

ω = ωS ⊗ ωβ1 ⊗ · · · ⊗ ωβM

for the reference state of (O, τ ). (O, τ, ω) is an example of open quantum system
discussed in Section 21.

Assumption (SR) ensures that

∑

j

∑

Y

∑

X∩S �=∅,X∩R j �=∅
‖[�(Y ),�(X)]‖ <∞.

Since δω = −∑ j β jδR j , we deduce that V ∈ Dom(δω), the entropy production
observable being given by

σ = δω(V ) =
∑

j

∑

Y⊂R j

∑

X∩S �=∅,X∩R j �=∅
−iβ j [�(Y ),�(X)].

16 ωS is given by (21.2).
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We now turn to the discussion of the thermodynamic limit of open lattice quantum
spin systems. One starts with � ∈ Gfin of the form

� = S ∪
⎛

⎝
M⋃

j=1
� j

⎞

⎠ ,

where � j ∈ G j,fin, and

O� = OS ⊗ O�1 ⊗ · · · ⊗ O�M .

The finite volume dynamics τ� is generated by the Hamiltonian

H�(�) = Hfr,� + V�,

where
Hfr,� := HS(�)+

∑

j

H� j (� j ), V� :=
∑

j

V j,�,

with
Vj,� :=

∑

X⊆S∪� j
X∩S �=∅,X∩� j �=∅

�(X).

The finite volume reference state has a product structure

ω� = ωS ⊗ ω�1 ⊗ · · · ⊗ ω�M , (22.1)

where
ω� j = e−β j H� j (� j )/ tr(e−β j H� j (� j )). (22.2)

The first basic question regarding the thermodynamic limit in the present setting
concerns the entropy production observable. In a finite volume�, the entropy produc-
tion observable is given by

σ� = −i
∑

j

β j [H� j (� j ), Vj,�] = i
∑

j

β j [H�(�), H� j (� j )]. (22.3)

The finite volume entropy balance equation takes the form

Ent(ω� ◦ τ t�|ω�) = −
∫ t

0
ω�(τ

s
�(σ�))ds,

and of course has an elementary proof.

Theorem 22.1 1. lim�→∞ σ� = σ .
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2. Suppose that each ωβ j is a thermodynamic-limit point β j -KMS state on OR j . Let

�α = S ∪
⎛

⎝
M⋃

j=1
� j,α

⎞

⎠ ,

be a net in Gfin such that for each j ,

lim
� j,α→∞

ω� j,α = ωβ j .

Then

Ent(ω ◦ τ t |ω) = lim
�α→∞

Ent(ω�α ◦ τ t�α
|ω�α)

= − lim
�α→∞

∫ t

0
ω�α(τ

s
�α
(σ�α ))ds

= −
∫ t

0
ω(τ s(σ ))ds.

In [123], Ruelle considered a somewhat more general setting by allowing for suit-
able "boundary terms" in (22.2). The reason for introducing these "boundary terms"
is to reach a broader class of reservoir KMS-states than the "free boundary condi-
tion" (22.2) allows. To address this issuemore generally, one can start with an arbitrary
(τR j , β j )-KMS state ωβ j on OR j , set ω� j = ωβ j �O� j

, and take (22.1) defined with
these new ω� j . The entropy production observable σ� remains defined by (22.3). In
this case, the total entropy production over the time-interval [0, t],

−
∫ t

0
ω�(τ

s
�(σ�))ds,

cannot be directly linked to the relative entropy and does not need to be non-negative.
However, since

− lim
�

∫ s

0
ω�(τ

t
�(σ�))dt = −

∫ s

0
ωt (σ )dt = Ent(ωs |ω),

the basic properties of entropy production are restored in the thermodynamic limit.
For further discussion of this topic, we refer the reader to [25, Section 3.4].

23 Equilibrium Versus Non-Equilibrium

There are good reasons why our understanding of equilibrium quantum statisti-
cal mechanics vastly surpasses its non-equilibrium counterpart. Perhaps the most
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important reasons concern the role of dynamics, the variational principle, and the
thermodynamic limit. Although thermal equilibrium states have dynamical charac-
terization in terms of the KMS-condition, in the concrete setting of lattice spin or
fermionic systems the KMS condition is equivalent to the Gibbs variational principle
andGibbs condition. The latter two, in conjunctionwith thermodynamic limit, provide
powerful tools in the study of the question (QI) and sharply separate it from the much
less understood question (QII). There is no such separation in the non-equilibrium
case, and a detailed understanding of the dynamics is central to both (QIII) and (QIV).

Another important reason concerns the relation of (QIV) with the singularity of
NESS. If ω+ = ωn+ωs is the decomposition of a NESS into its ω-normal part ωn and
its ω-singular part ωs, then ωn(σ ) = 0, and so ω+(σ ) > 0 iff ωs(σ ) > 0. Moreover,
if the following boundedness condition holds,

sup
T>0

∣
∣
∣
∣

∫ T

0
(ω(τ t (σ ))− ω+(σ ))dt

∣
∣
∣
∣ <∞,

then ω+(σ ) > 0 iff ωs �= 0; see [81, Theorem 1.1]. Although physically natural, the
fact that the entropy production of NESS is carried by its singular part makes its study
particularly delicate. This emergence of singularity is specific to non-equilibrium: if
ω is a (τfr, β)-KMS state, then the NESS is unique and ω-normal. These points are
discussed in detail in [14, 80].

All the reasons discussed above are common to the classical and quantum case,
underscoring that the conceptual difficulty of non-equilibrium statistical mechanics is
not a specifically quantum phenomenon.

Part VII

Quantum phase space contraction In open (classical or quantum) systems entropy
production is directly related to the heat generation. The phase-space contraction
reflects the loss of microscopic information as the system evolves, in the large-time
limit, to a singular NESS. These two notions are closely related. Much of this section
follows [24].

24 Classical Setting

We consider a classical dynamical system (X , φ)whereX is a compact metric space
and φ = {φt | t ∈ R} is a group of homeomorphisms of X such that the map

R×X � (t, x) �→ φt (x) ∈X

is continuous. We denote byC(X ) the vector space of all continuous complex-valued
functions onX and equip it with the sup norm ‖ f ‖∞ := supx∈X | f (x)|. The observ-
ables are functions f ∈ C(X ) and they evolve in time as f �→ ft := f ◦ φt . The
states are Borel probability measures on X and we write ν( f ) = ∫

X f dν. They
evolve in time as ν �→ νt := ν ◦ φ−t . A state ν is φ-invariant if νt = ν for all t . The
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classical relative entropy of two states ν and ρ is defined by

Ent(ν|ρ) =
∫

X
log

dρ

dν
dν

if ρ � ν, and is set to−∞ otherwise. Its basic property is Ent(ν|ρ) ≤ 0 with equality
iff ν = ρ.

A time-reversal of (X , φ) is an involutive homeomorphism ϑ : X → X such
that

ϑ ◦ φt = φ−t ◦ ϑ
for all t ∈ R. A state ν is called time-reversal invariant (TRI) if ν ◦ ϑ = ν.

The starting point is a classical dynamical system (X , φ, ω), assuming that the
initial (reference) state ω is not φ-invariant. The system is TRI if ω is TRI for some
time-reversal of (X , φ).

We set the regularity assumptions. First, throughout this section we assume

(C1) For all t ∈ R the measures ω and ωt are equivalent,i.e., have the same sets
of measure zero.

Let


ωt |ω :=
dωt

dω
, &ωt |ω := log
ωt |ω.

(C2) &ωt |ω ∈ C(X ) for all t ∈ R.

We set
ct := &ωt |ω ◦ φt ,

and denote by Qt the law of ct w.r.t. ω. For α ∈ C, let

Ft (α) :=
∫

R
e−αsdQt (s).

(C3) The map
R � t �→ &ωt |ω ∈ C(X )

is differentiable at t = 0.

The entropy production observable, or the phase space contraction rate, is defined by

σ = d

dt
&ωt |ω

∣
∣
t=0 =

d

dt
ct
∣
∣
t=0.

Proposition 24.1 Suppose that (C1)–(C2) hold.

1. For all t, s ∈ R,


ωt+s |ω = 
ωs |ω ◦ φ−t
ωt |ω

&ωt+s |ω = &ωs |ω ◦ φ−t + &ωt |ω,
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ct+s = cs + ct ◦ φs .

2. Ent(ωt |ω) = −ω(ct ).
In the remaining statements we assume that (C3) also holds.

3.

&ωt |ω =
∫ t

0
σ−sds, ct =

∫ t

0
σsds,

and

Ent(ωt |ω) = −
∫ t

0
ωs(σ )ds.

4. ω(σ) = 0.

In the remaining statements we assume that, in addition, (X , φ, ω) is TRI with time-
reversal ϑ .

5. ct ◦ ϑ = c−t and σ ◦ ϑ = −σ .
6. For all t ∈ R and α ∈ C,

Ft (α) = Ft (1− ᾱ).

7. Let r : R→ R be the reflection r(s) = −s and Qt = Qt ◦ r. Then, for any t ∈ R,
the measures Qt and Qt are equivalent, and

dQt

dQt
(s) = e−s . (24.1)

The NESS of (X , φ, ω) are defined as the weak-limit points of the net

{
1

T

∫ T

0
ωtdt | T > 0

}

T>0
.

The set of NESS is non-empty and any NESS is φ-invariant. Moreover, for any NESS
ω+ one has

ω+(σ ) ≥ 0.

The two basic questions (QIII) and (QIV) of Section 21 have the same formulation
in the classical case. In fact, the classical case can be directly embedded in the quantum
case by considering commutative C∗-dynamical systems, see [24].

25 GNS-representation andModular Structure

Some of the material below has been already discussed; see in particular Sections 5
and 12.

We denote by (Hω, πω,�ω) the GNS-representation of O associated to ω and by
Mω = πω(O)′′ the enveloping von Neumann algebra of bounded operators on Hω.
We drop subscript ω when no confusion is possible. Since the state ω is assumed to
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be modular, the vector � is separating for M,17 and in particular ‖π(A)‖ = ‖A‖ for
all A ∈ O . Whenever the meaning is clear from the context, we will denote π(A) by
A.

N denotes the set of all normal states on M, i.e., the states described by density
matrices on H . Obviously elements of N also define states on O . Any state on O
that arises in this way is called ω-normal. Again, whenever the meaning is clear from
the context, we will denote such states by the same letter. In particular, the vector state
M � A �→ 〈�, A�〉 is denoted by ω.

Wewill assume that the reader is familiar with the basic notions of Tomita-Takesaki
modular theory; see Section 5 and any of the references [33, 34, 47, 67, 108, 133].
We will use the same notation and terminology as in Section 5.3. H+ and J denote
the natural cone and modular conjugation associated to the pair (M,�). The unique
vector representative of ν ∈ N in the natural cone is denoted by �ν . The modular
operator of ν ∈ N is denoted by 
ν . The relative modular operator of a pair (ν, ρ)
of normal states is denoted by 
ν|ρ . The following perturbative result [82] is behind
the entropy balance equation (21.1).

Theorem 25.1 Let ν be a modular state on O and U ∈ Dom(δν) a unitary. Consider
the state νU ( · ) = ν(U∗ · U ) and let P = −iUδν(U∗). Then

log
νU |ν = log
ν + P.

The relative entropy of a pair (ν, ρ) of normal faithful states is

Ent(ν|ρ) = 〈�ν, log
ρ|ν�ν〉.

This is the original definition of Araki [10], with the sign and ordering convention
of [33]; see also Section 12.

Since ω is ςω invariant, the family {π ◦ ς t
ω | t ∈ R} extends to a W ∗-dynamics on

M which we again denote by ςω.18 For A ∈M,

ς t
ω(A) = 
it

ωA

−it
ω .

More generally, to any faithful ν ∈ N one associates a W ∗-dynamics ςν by

ς t
ν(A) = 
it

ν A

−it
ν .

ςν is called the modular dynamics of ν, and ν is a (ςν,−1)-KMS state on M.
We make the assumption:

(St) The family {π ◦ τ t | t ∈ R} extends to a W ∗-dynamics on M which we
again denote by τ .

17 See [33, Corollary 5.3.9].
18 Pointwise σ -weakly continuous groups of ∗-automorphisms on M.
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This assumption is automatically satisfied for LP systems discussed in Section 21.
It ensures that ωt is a faithful ω-normal state on M, and that there exists a unique
selfadjoint operator L on H , called the standard Liouvillean of τ , such that for all
A ∈M and t ∈ R,

τ t (A) = eitL Ae−itL , e−itLH+ =H+.

The vector representative of ωt inH+ is e−itL�. The standard Liouvillean is a basic
example of a quantum transfer operator. Note that the standard Liouvillean of ςω is
log
ω.

The basic properties of the standard Liouvillean are summarized in:

Theorem 25.2 1. eitL J = JeitL .
2. The standard Liouvillean of an LP system is

L = Lfr + V − JV J ,

where Lfr is the standard Liouvillean of τfr.
3. ω ∈ Sτ iffL� = 0.
4. Suppose that ω ∈ Sτ . Then the quantum dynamical system (O, τ, ω) is ergodic

iff 0 is a simple eigenvalue of L .

The following well-known results identifies ergodicity with the so-called property
of return to equilibrium.

Theorem 25.3 Suppose that ω is τ -invariant. Then the quantum dynamical system
(O, τ, ω) is ergodic iff, for any ω-normal state ν and A ∈ O , one has

lim
T→∞

1

T

∫ T

0
ν(τ t (A))dt = ω(A).

To any two faithful normal states ν andρ one associates a family of unitary operators
called Connes’ cocycle

[Dν : Dρ]it := 
it
ν|ρ
−itρ , t ∈ R.

Its basic properties are summarized in:

Theorem 25.4 1. For all t ∈ R, [Dν : Dρ]it is a unitary element of M.
2. [Dν : Dρ]∗it = [Dρ : Dν]it for all t ∈ R.
3. The ςρ-cocycle relation

[Dν : Dρ]isς s
ρ([Dν : Dρ]it ) = [Dν : Dρ]i(s+t),

holds for all s, t ∈ R.
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4. The intertwining relation

[Dν : Dρ]itς t
ρ(A)[Dν : Dρ]∗it = ς t

ν(A),

holds for any A ∈M and t ∈ R.
5. If μ is another faithful normal state, then the chain rule

[Dν : Dρ]it [Dρ : Dμ]it = [Dν : Dμ]it ,

holds for any t ∈ R.

For the proof we refer the reader to [5].
The family ofConnes cocycles ([Dωt : Dω]α)α∈iRwill be crucial for the identifica-

tion of quantum phase space contraction in the next section. The following proposition
describes its basic property, which is the quantum counterpart of the first relation in
Theorem 24.1(i).

Proposition 25.5 For all t, s ∈ R and α ∈ iR,

[Dωt+s : Dω]α = τ−t ([Dωs : Dω]α)[Dωt : Dω]α.

In the development of non-equilibriumquantum statisticalmechanics, the following
regularity assumption plays an important role:

(Reg1) For all t ∈ R and α ∈ iR,

[Dωt : Dω]α ∈ π(O).

When (Reg1) holds, we will denote π−1([Dωt : Dω]α) by [Dωt : Dω]α . For LP
systems, (Reg1) holds if V ∈ Dom(δω).

26 Quantum Phase Space Contraction

As in the classical case, our starting point is Proposition 25.5. We make two additional
regularity assumptions:

(Reg2) For all t ∈ R the map

iR � α �→ [Dωt : Dω]α ∈ O

is differentiable at α = 0.

Let

&ωt |ω :=
d

dα
[Dωt : Dω]α

∣
∣
α=0,

and
ct := τ t (&ωt |ω).

Note that &ωt |ω, and consequently ct , are selfadjoint elements of O .
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(Reg3) The map
R � t �→ &ωt |ω ∈ O,

is differentiable at t = 0.

Let

σ = d

dt
&ωt |ω

∣
∣
t=0 =

d

dt
ct
∣
∣
t=0. (26.1)

Proposition 26.1 1. For all t, s ∈ R, one has

&ωt+s |ω = τ−t (&ωs |ω)+ &ωt |ω,

ct+s = cs + τ s(ct ).

2. For all t ∈ R, log
ωt |ω = log
ω + &ωt |ω, and for α ∈ iR,

[Dωt : Dω]α = eα(log
ω+&ωt |ω)e−α log
ω.

3. For all t ∈ R, Ent(ωt |ω) = −ω(ct ).
4. Setting σt = τ t (σ ) for t ∈ R, one has

&ωt |ω =
∫ t

0
σ−sds, ct =

∫ t

0
σsds,

and

Ent(ωt |ω) = −
∫ t

0
ωs(σ )ds. (26.2)

5. ω(σ) = 0.
6. If (O, τ, ω) is TRI with time-reversal �, then �(ct ) = c−t and �(σ) = −σ .
This proposition is the direct quantum analogue of Proposition 24.1. σ is the entropy
production observable of (O, τ, ω) and (26.2) is the entropy balance equation.

Theorem26.1 sheds light on the introduction to non-equilibriumquantum statistical
mechanics presented in Section 21 in the context of the LP systems.

Proposition 26.2 Suppose that (O, τ, ω) is an LP system and that V ∈ Dom(δω).
Then (Reg1), (Reg2) and (Reg3) hold, and σ in (26.1) is equal to δω(V ).

The two basic questions of non-equilibrium quantum statistical mechanics, (QIII)
and (QIV) formulated in Section 21, extend in the obvious way to the more general
setting considered here.

Motivated by the analogies between Theorem 24.1 and Theorem 26.1, we consider
the map

iR � α �→ [Dω−t : Dω]α ∈ O

as the quantum analogue characterization of phase space contraction for (O, τ, ω) at
time t .
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Part VIII

How should one define quantum entropy production? Entropy production quan-
tifies irreversibility and information loss and is directly linked to the Second Law
of Thermodynamics. While entropy production is a well-defined concept in classical
physics, its interpretation becomes multifaceted and subtler in the quantum domain.
In particular, multiple non-equivalent notions of entropy production arise.

27 Quantum Phase Space Contraction and Entropy Production
Observable

Themost direct approach to defining quantumentropy production proceeds by quantiz-
ing the corresponding classical entropy production observable, and has been described
in Sections 21 and 26. This route has been adopted in [79, 123] and played an important
role in the development of the subject.

The main criticism of this approach concerns the following two points:

1. The experimental status of the selfadjoint observable ct = ∫ t
0 σsds is questionable.

2. The finite time fluctuation relation, the quantum analog of (24.1), fails for ct as
an operator-valued observable. More precisely, if Qt is the spectral measure for ω
and ct , the relation

dQt

dQt
(s) = e−s .

does not hold except in special cases; see [72, Exercise 3.3].

Point (a) is connected to several perennial aspects of the so-called standard (or
orthodox) view of the conceptual foundations of quantum mechanics. There are many
excellent discussions of this view in the literature, beginning with the classical book
of von Neumann [103]. Here we limit ourselves to two further references: [67, Section
7] and [140]. Point (b), on the other hand, was emphasized forcefully in [138].

We do not think that the validity of the finite time fluctuation relation can be raised
to a fundamental principle of what is observable in quantum statistical mechanics,
and hence we do not find criticism (b) tenable. Although (a) obviously must be taken
more seriously, it is reasonable to accept that any proposal for the average entropy
production over a time interval [0, t] of (O, τ, ω) gives the same value ω(ct ), and this
is certainly true for all the known proposals. Thus, the questions (QIII) and (QIV) of
Section 21 are unaffected by (a). The entropy production observable is also a natural
starting point in the study of the linear response theory, Onsager reciprocity relations,
and near-equilibrium fluctuation-dissipation mechanism [75–78]; see also Section 12.
It is the analysis of far from equilibrium entropy production fluctuations that brings (a)
to focus.

We however emphasize that some foundational issues about the choice of entropy
production observable σ remain, even if one focuses only on the averages ω(ct ). One
of them is our next topic.
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28 Ruelle’s Decomposition of Entropy Production

Shortly after the introduction of NESS and entropy production observable in [79,
123], David Ruelle wrote an important but little known paper [124] concerning the
interpretation of the quantum entropy production. We start with a brief summary
of [124] adjusting certain points to allow for a clearer comparison with subsequent
developments.

Consider a finite open quantum system on the Hilbert spaceK = ⊗M
j=1K j , in the

directly coupled reservoir setting. With a more involved notation the arguments easily
extend to a general open quantum system. For j = 1, . . . ,M we setK\ j :=⊗

i �= j Ki .

Let19

ωt j := trK\ j ωt

be the state of the j-th reservoir at the time t and

ωdec
t :=

M⊗

j=1
ωt j .

Note that ωdec
0 = ω. Let20


S(t) := S(ωdec
t )− S(ω),

and

S(t) := −Ent(ωdec

t |ω).
Obviously, 
S(t) ≥ 0. Moreover, since S(ωdec

t ) = − tr(ωdec
t logωdec

t ) =
− tr(ωt logωdec

t ) and S(ω) = S(ωt ), one has


S(t) = − tr(ωt (logω
dec
t − logωt )) = −Ent(ωt |ωdec

t ) ≥ 0.

The starting point of [124] is the identity

∫ t

0
ωs(σ )ds = −Ent(ωt |ω) = tr(ωt (logωt − logω))

= tr(ωt (logωt − logωdec
t ))+ tr(ωt (logω

dec
t − logω)) (28.1)

= −Ent(ωt |ωdec
t )− Ent(ωdec

t |ω) = 
S(t)+
S(t),

expressing the mean entropy production over the time interval [0, t] as the sum of
mutual information 
S(t) and a relative entropy-cost 
S(t) associated with the
reduced reservoir dynamics.

19 trK \ j denotes the partial trace overK\ j .
20 We recall that S(ν) = − tr(ν log ν) denotes the von Neumann entropy of ν.
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The decomposition (28.1) remains valid for infinitely extended reservoirs and can
be justified either by a thermodynamic limit argument or directly by an application of
Corollary 5.20 and identity (5.22) of [108]

In [124], Ruelle proposes a heuristic framework in which 
S(t) is expected to
dominate (28.1). This perspective touches on foundational issues in non-equilibrium
statistical mechanics, particularly concerning the role and structure of thermal reser-
voirs in open quantum systems. Ruelle’s program remains only partially understood,
and much work remains to be done.

Finally, we note that the Ruelle program is not specific to the quantum setting; the
same analysis applies, and the same questions arise, in open classical systems, where
equally little is known.

29 Two-TimeMeasurement Entropy Production (TTMEP)

In the finite dimensional setting, the notion of two-times entropy production goes back
to [91, 136]. Our presentations follows [72].

Consider a finite quantum dynamical system (OK , τ, ω). The observable to be
measured is described by a partition of unity (Pa)a∈A on K 21 indexed by a finite
alphabet A labeling the possible outcomes of the measurement. The two-times mea-
surement protocol goes as follows. At time t = 0, when the system was in the state
ω, the first measurement is performed and the outcome a ∈ A is observed with
probability

p(a) = tr(ωPa).

After this first measurement, the system is in the reduced state

1

p(a)
PaωPa,

which evolves over the time interval [0, t]22 to
1

p(a)
e−it H PaωPae

it H .

The second measurement, at the time t , yields the outcome a′ ∈ A with probability

pt (a
′|a) = 1

p(a)
tr
(
e−it H PaωPae

it H Pa′
)
.

Finally, the probability of observing the pair (a, a′) in the two-times measurement
protocol is

pt (a, a
′) = pt (a

′|a)p(a) = tr
(
e−it H PaωPae

it H Pa′
)
.

21 The Pa are orthogonal projections such that
∑

a∈A Pa = 1.
22 We allow for t < 0.
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Startingwith the above protocol, there are two distinct routes to definemeasurement
based entropy production. We describe here the one which is the main topic of this
section. The second route involving repeated measurements is reviewed in Section 34.

Assume that ω > 0 and consider the partition of unity (Pa)a∈A that arises through
the spectral decomposition of ω,

ω =
∑

a∈A
λa Pa,

where the eigenvalues λa are assumed to be distinct. The entropy production random
variable E : A ×A → R is defined by

E (a, a′) = log λa′ − log λa,

and its probability distribution with respect to pt is denoted by Qt ,

Qt (s) =
∑

E (a,a′)=s
pt (a, a

′).

The statistics of TTMEP over the time interval [0, t] is described by Qt . For α ∈ C,
we set

Fttm
t (α) :=

∫

R
e−αsdQt (s).

We then have:

Proposition 29.1 1.

Fttm
t (α) = ω([Dω−t : Dω]α) = tr(ωα−tω1−α). (29.1)

2. ∫

R
s dQt (s) = −Ent(ωt |ω).

In particular
∫
R s dQt (s) ≥ 0 with equality iff ω = ωt .

In the remaining statements we assume that the system is TRI.

3.
Fttm
t (α) = Fttm

t (1− ᾱ).

4.
Qt (−s) = e−s Qt (s). (29.2)

The identity (29.2) is sometimes called finite time fluctuation relation.
We now turn to a general modular quantum dynamical system (O, τ, ω) satisfy-

ing (Reg1), (Reg2) and (Reg3). For t ∈ R and α ∈ iR, we set

Fttm
t (α) := ω ([Dω−t : Dω]α) .

When (O, τ, ω) is finite, this reduces to (29.1).



  116 Page 96 of 111 J. Derezi ´ nski, V. Jakšić, C.-A. Pillet

Proposition 29.2 1. There exists unique probability measure Qt onR such that

Fttm
t (α) =

∫

R
e−αsdQt (s).

2.
∫
R s dQt (s) = −Ent(ωt |ω). In particular,

∫
R s dQt (s) ≥ 0 with equality iff

ω = ωt .
3. For α ∈ iR,

Fttm
t (α) = 〈�,
α

ω−t |ω�〉.
In particular, Qt is the spectral measure of the selfadjoint operator − log
ω−t |ω
for the vector �.
In the remaining statements we assume that (O, τ, ω) is TRI.

4. The map iR � α �→ Fttm
t (α) has an analytic extension to the vertical strip 0 <

Re z < 1 that is bounded and continuous on its closure.
5. For any α satisfying 0 ≤ Re α ≤ 1,

Fttm
t (α) = Fttm

t (1− ᾱ).

6. Let r : R→ R be the reflection r(s) = −s and Qt = Qt ◦ r. Then the measures
Qt and Qt are equivalent and

dQt

dQt
(s) = e−s .

The measure Qt describes the statistics of the two-time measurement entropy pro-
duction of (O, τ, ω) over the time interval [0, t].

30 Thermodynamic Limit of TTMEP in Open Quantum Spin Systems

The general modular theoretic approach to Qt described in the previous section
requires justification of the thermodynamic limit for concrete models. In this sec-
tion we address this question in the context of open quantum lattice spin systems
introduced in Section 22. We denote by Qt,� the law of the TTMEP for (O�, τ�, ω�)

over the time interval [0, t] with ω� defined by (22.1) and (22.2). Convergence of
probability measures is understood in the weak sense.

Theorem 30.1 Suppose that each ωβ j is a thermodynamic limit point β j -KMS state
on OR j . Let

�a = S ∪
⎛

⎝
M⋃

j=1
� j,a

⎞

⎠

be a net in Gfin such that for each j ,

lim
� j,a→∞

ω� j,a = ωβ j .
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Then, for all t ∈ R,
lim

�a→∞
Qt,�a = Qt .

For the proof and additional information, see [25].

31 Ancilla State Tomography

Ancilla state tomography is a technique which extracts information on the state of a
quantum system from the outcome ofmeasurements performed on an auxiliary system,
the ancilla, coupled to the system of interest. In this section, following [24], we show
how this technique allows for an indirect measurement of the function Fttm

t .
We start with the finite system of Section 29. The state of the ancilla is described by

a spin 1/2 onC2. We denote by v± the eigenvectors of the Pauli matrix σz associated
to the eigenvalues ±1. The state of ancilla is described by a density matrix ρa such
that 〈v+, ρav−〉 �= 0. The Hilbert space of the coupled system is K̂ = K ⊗C2, and
its initial state is ω̂ = ω ⊗ ρa . We introduce the following family of Hamiltonians,
indexed by α ∈ iR,

Ĥα = e
α
2 logω⊗σz (H ⊗ 1) e−

α
2 logω⊗σz .

Setting N := |v−〉〈v+|, a computation gives

tr
(
e−it Ĥα ω̂eit Ĥα (1⊗ N )

)
= 〈v+, ρav−〉Fttm

t (α). (31.1)

The left-hand side in (31.1) is interpreted as entropic ancilla state tomography of the
finite quantum system over the interval [0, t].

In the particular case of a finite LP system where H = Hfr+V with [logω, Hfr] =
0, one has

Ĥα = H ⊗ 1+ Ŵα,

where
Ŵα = 1

2Wα ⊗ (1+ σz)+ 1
2W−α ⊗ (1− σz), (31.2)

and
Wα = ς−iα/2ω (V )− V . (31.3)

Turning to the general modular quantum dynamical system of Section 29, we now
consider a LP system satisfying V ∈ Dom(δω). Let Ô := O⊗OC2 and τ̂ t = τ t ⊗ Id.
For α ∈ iR, Ŵα and Wα are given by (31.2) and (31.3). Note that Wα ∈ Osa and
Ŵα ∈ Ôsa. Let τ̂α be the perturbation of τ̂ by Ŵα . Let N as above and ω̂ = ω ⊗ ρa .
Then, again, for all t ∈ R,

ω̂
(
τ̂ tα(1⊗ N )

) = 〈v+, ρav−〉Fttm
t (α).

We refer the reader to [37, 39, 49, 65, 74, 98, 113] for related theoretical studies in
the physics literature and to [6, 19, 20, 109] for experimental implementations.
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32 Limitations of TTMEP

The statistics of the two-timemeasurement entropy productionwas initially introduced
in the context of finite quantum systems (or, slightlymore generally, confined quantum
systems with a possibly infinite discrete energy spectra). Experimental studies have
been carried out in this same setting, often relying on ancilla state tomography. The
thermodynamic limit of these statistics is stable and preserves the connection with
modular theory and ancilla state tomography, although – to the best of our knowledge
– the statistics of the two-time measurement entropy production of infinitely extended
system has not been experimentally explored. Obviously, the ancilla state tomography
link is central to the physical relevance of the two-time measurement protocol for
large quantum systems. It tells us that if the protocol could have been implemented,
then the resulting statistics would coincide with those predicted by the ancilla-based
tomography. This is certainly satisfactory.

On theother hand, theTTMEPexhibits a surprisingdegree stability (or rigidity)with
respect to the instant of the firstmeasurement – an effect with no classical counterpart –
which has been recently investigated in [23–25, 27]. Suppose that thefirstmeasurement
of the entropy production observable is not performed at t = 0, when the systemwas in
the reference state ω from which the observable is defined, but instead at the later time
T , when the system is in the state ω ◦ τT . A second measurement is then performed
at time T + t . After passing to the thermodynamic limit, and under a general and
natural dynamical ergodicity assumption, the statistics of the TTMEP turn out to
be independent of the instant T of the first measurement. This effect arises from the
invasive decoherence induced by the first measurement, which dominates the resulting
statistics in the thermodynamic limit. This stability should be further examined both
theoretically and experimentally before drawing any final conclusions regarding the
foundational role of TTMEP in large quantum systems.

33 Bessis-Moussa-Villani Entropy Production

Tomotivate the introduction of this notion of entropy production, we return to the clas-
sical setting of Section 24. The variational formula for the classical relative entropy23

gives that for α ∈ R,

log

[∫

X
e−α

∫ t
0 σsdsdω

]

= sup
ν

[

S(ν|ω)− α

∫

X

∫ t

0
σsdsdν

]

,

where the supremum is taken over all Borel probability measures ν on X . For finite
quantum systems, one has

log tr
[
elogω−α

∫ t
0 σsds

]
= sup

ν

[

S(ν|ω)− α

∫ t

0
ν(σs)ds

]

,

23 See [108] or Theorem 2.1 in [85].
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where the supremum is taken over all density matrices ν on the system Hilbert space
K . We set

FBMV
t (α) = tr

[
elogω−α

∫ t
0 σsds

]
. (33.1)

This function has been introduced and studied in [72]. The acronym BMV in (33.1)
reflects the connection of the right-hand side with the celebrated Bessis–Moussa–
Villani conjecture [32]24, which was proved by Herbert Stahl [132] in 2013.

Theorem 33.1 Let A and B be n×n Hermitian matrices, and assume that B is positive
semidefinite. Define

[0,∞) � α �→ f (α) = tr
(
eA−αB

)
.

Then there exists a non-negative Borel measure μ on [0,∞) such that

f (α) =
∫ ∞

0
e−αs dμ(s)

for all α ≥ 0.

Stahl’s theorem gives that there exists a Borel probability measure QBMV
t on R

such that, for α ∈ C,

FBMV
t (α) =

∫

R
e−αsdQBMV

t (s). (33.2)

We will refer to QBMV
t as the statistics of the BMV entropy production over the time

interval [0, t]. Except in trivial cases, the measure QBMV
t is not atomic. We have

Proposition 33.2 1.
∫
R s dQBMV

t (s) = −Ent(ωt |ω).
In the remaining statements we assume that the finite quantum system (OK , τ, ω)

is TRI.

2. For α ∈ C,
FBMV
t (α) = FBMV

t (1− ᾱ).

3. Let r : R → R be the reflection r(s) = −s and Q
BMV
t = QBMV

t ◦ r. Then the

measures QBMV
t and Q

BMV
t are equivalent and

dQ
BMV
t

dQBMV
t

(s) = e−s .

In the general setting of a modular C∗-quantum dynamical systems satisfy-
ing (Reg1), (Reg2), and (Reg3), one has, for α ∈ R,

log ‖e 1
2 (log
ω−α

∫ t
0 σsds)�‖2 = sup

ν

[

S(ν|ω)− α

∫ t

0
ν(σs)ds

]

, (33.3)

24 See also [95].
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where the supremum is taken over all states ν on O . For finite quantum systems the
left-hand side of (33.3) is a rewriting of (33.3) in modular terms. For α ∈ R, we define

FBMV
t (α) = ‖e 1

2 (log
ω−α
∫ t
0 σsds)�‖2.

It follows from Araki’s perturbation theory of the KMS structure that FBMV
t (α) is

finite for all α ∈ R, and that the mapR � α �→ FBMV
t (α) extends to an entire analytic

function. We also have

∂

∂α
FBMV
t (α)

∣
∣
∣
∣
α=0

= Ent(ωt |ω).

In addition, if (O, τ, ω) is TRI, then for all α ∈ C,

FBMV
t (α) = FBMV

t (1− ᾱ). (33.4)

The existence of the BMV measure satisfying (33.2) is not known except for finite
quantum systems and in the thermodynamic limit setting; see the conjecture at the end
of this section.

Returning to the thermodynamic limit of non-equilibrium open quantum spin sys-
tems, we have

Theorem 33.3 Suppose that each ωβ j is a thermodynamic limit point β j -KMS state
on OR j . Let

�a = S ∪
⎛

⎝
M⋃

j=1
� j,a

⎞

⎠

be a net in Gfin such that for each j ,

lim
� j,a→∞

ω� j,a ,= ωβ j .

where ω� j,a is the same as in Theorem 22.1. Then, for all t ∈ R, the limit

QBMV
t := lim

�a→∞
QBMV

t,�a

exists and for all α ∈ R,

FBMV
t (α) =

∫

R
e−αsdQBMV

t .

The proof of this result is implicit in [25].
The BMV entropy possesses several appealing features. By Proposition 33.2(i), it

correctly predicts the entropy production of NESS, and the symmetry (33.4), with its
suitable generalization, leads to the linear response theory of NESS; see [72]. The
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function FBMV
t is entire analytic without invoking any additional regularity assump-

tions.
Many interesting questions remain open; we mention here perhaps the two most

important ones.

Question 1 For finite quantum systems, the physical status of the statistics QBMV
t is

unclear. Are these statistics experimentally accessible?

Question 2 At present, for infinitely extended systems the existence of the probabil-
ity measures QBMV

t can only be justified by thermodynamic limit arguments. These
measures would exist for any modular C∗-dynamical system (O, τ, ω) provided that
the following KMS extension of the BMV conjecture holds.

Conjecture. Let (M, τ ) be a W ∗-dynamical system on a Hilbert space H and
ω(A) = (�, A�) a faithful (τ, β)-KMS vector state on M. Let L be the
standard Liouvillean of τ , V ∈ M selfadjoint, and consider the perturbed W ∗-
dynamics on M given by

τ tV (A) = eit(L+V )Ae−it(L+V ).

Let

ωV (A) = (�V , A�V )

‖�V ‖2 , �V = e−
β
2 (L+V )�,

be the perturbed (τV , β)-KMS vector state on M. Then there exists a Borel
probability measure P on R such that for all α ∈ R,

‖�αV ‖2 =
∫

R
e−αsdP(s).

In finite dimension, the above conjecture is equivalent to the BMV conjecture
positively resolved by Stahl [132]. The Stahl method, however, is restricted to finite-
dimensional matrices, and novel ideas are needed to address the above general
conjecture.

The material discussed in this section has not previously appeared in print.

34 Entropy Production of Repeated QuantumMeasurements

Besides the dynamical system approach to classical entropy production, in which the
reference state plays an important role, an altogether different random path approach
has been developed in [92, 96, 97], that does not make use of the reference state and is
applicable to stochastic processes. Its quantum formulation in the setting of repeated
quantum measurement processes goes back to [38], and was elaborated in [21, 22].
The advent of experimental methods in cavity and circuit QED, and in particular the
experimental breakthroughs of the Haroche–Raimond and Wineland groups [68, 70,
141], make this complementary approach particularly relevant.
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LetH be a Hilbert space and letB(H ) denote the algebra of bounded operators
onH . A linear completely positive map

� : B(H )→ B(H )

is called a quantum channel. The channel � is said to be unital if it preserves the
identity operator, i.e., satisfies �(1) = 1. The predual of a quantum channel � is the
map �∗ on the trace class operators on H such that

tr(ρ�(A)) = tr(�∗(ρ)A)

for all A ∈ B(H ). If � is unital, then �∗ is trace preserving and maps density
matrices to density matrices.

Definition 34.1 Given a unital quantum channel � on a separable Hilbert space H
and a Polish space A, a (�, A)-instrument is a σ -additive map J from the Borel
σ -algebra A of A to the set of completely positive maps on B(H ) satisfying

J (A) = �.

An instrumentmodels a repeatable quantummeasurement as follows.Let the system
be in the state (density matrix) ρ at time t = 1. A measurement is performed, and
a random outcome ω1 ∈ A is observed with the law tr(J (dω1)

∗(ρ)). After the
measurement, the system state conditioned on ω1 ∈ A1 is

ρA1 =
J (A1)

∗(ρ)
tr(J (A1)∗(ρ))

.

The lawof theoutcomeω2 of the nextmeasurement at time t = 2 is tr(J (dω2)
∗(ρA1)),

and the state of the system after the second measurement conditioned on (ω1, ω2) ∈
A1 × A2 is

ρA1A2 =
J (A2)

∗(ρA1)

tr(J (A2)∗(ρA1))
.

The probability that the observed (ω1, ω2) is in A1 × A2 is

tr(J (A1)
∗(ρ)) tr(J (A2)

∗(ρA1)) = tr(J (A2)
∗ ◦J (A1)

∗(ρ))
= tr(ρJ (A1) ◦J (A2)(1)).

Continuing in thisway, one derives that, after n repeatedmeasurements, the probability
of observing a sequence of outcomes (ω1, . . . , ωn) ∈ A1 × · · · × An is given by

Pn(A1 × · · · × An) = tr
(
ρJ (A1) ◦ · · · ◦J (An)(1)

)
.

This defines a probability measure Pn on �n = An , and the unitality of J (A) = �

implies that the family (Pn)n∈N is consistent. LetP be the unique probability measure
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induced on� = AN, equipped with the usual product σ -algebraF , and the filtration
(Fn)n∈N generated by the cylinders

[A1, . . . , An] = {ω ∈ � | (ω1, . . . , ωn) ∈ A1 × · · · × An}, A1, . . . , An ∈ A .

Weassume that the state ρ is�-invariant. ThenP◦φ−1 = Pwhereφ is the left shift on
�. The dynamical system (�, φ,P) thus describes the outcomes of the repeated mea-
surement process. ThemeasureP is sometimes called the ρ-statistics of the instrument
J .

A local reversal onA is a measurable involution θ : A→ A. The associated θ -time
reversal on �n is the involution

θn(ω1, . . . , ωn) = (θ(ωn), . . . , θ(ω1)).

The family of probability measures (P̂n)n∈N defined by

P̂n = Pn ◦ θn

is also consistent. By Kolmogorov’s extension theorem, there exists a unique φ-
invariant P̂ ∈ Pφ(�) which describes the statistics of the θ -time reversal of the
dynamical system (�, φ,P).

We shall say that the pair (�,P) is θ -time-reversal invariant if P = P̂, i.e., if
Pn = P̂n for all n ∈ N.

The relative entropy of two probability measures P and Q on (�,F ), defined by

Ent(P|Q) =

⎧
⎪⎪⎨

⎪⎪⎩

∫

�

log
dP

dQ
(ω) dP(ω) if P� Q;

∞ otherwise,

is non-negative and vanishes iff P = Q. The θ -entropy production of (�, φ,P) in
the discrete-time interval �1, n� is defined by

Ep(Pn, θ) = Ent(Pn|P̂n).

The (possibly infinite) non-negative number

ep(P, θ) = lim sup
n→∞

1
n Ep(Pn, θ)

is called the θ -entropy production rate of (�, φ,P).
At the current level of generality, the θ -entropy production rate can exhibit patho-

logical behavior; see [7]. The following upper-decoupling property excludes these
pathologies, ensuring that θ -time-reversal invariance is equivalent to the vanishing of
entropy production, and in this sense is characteristic of equilibrium.
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(UD) There is a constant C > 0 such that for any n ∈ N, A ∈ Fn and B ∈ F ,

P(A ∩ φ−n(B)) ≤ C P(A)P(B).

Note that if (UD) holds for P, then it also holds for P̂. (UD) automatically holds if
dimH <∞, ρ > 0, and the set A is finite.25

The following result is an immediate extension of Theorem 2.1 and Proposition 2.2
in [21] using the Donsker–Varadhan variational formula for the relative entropy. For
details see [26, Proposition 1.3]

Proposition 34.2 Suppose that (UD) holds. Then:

1. The following (possibly infinite) limit exists:

ep(P, θ) = lim
n→∞

1
n Ep(Pn, θ).

2. Assume in addition that P is φ-ergodic. Then ep(P, θ) = 0 iff P = P̂.

This result is a starting point of [21, 22] which focus on the non-equilibrium case
ep(P, θ) > 0. In [26] the vanishing of ep(P, θ) for a suitable class of instruments is
linked to the detailed balance condition induced by the inner product (16.2).

35 Conclusion

The study of entropy production in the setting of C∗-quantum dynamical systems
has revealed a somewhat unexpected structural richness of non-equilibrium quantum
statistical mechanics. There exist several distinct notions that correctly predict the
mean entropy production of NESS and its linear response theory, while at the same
time capturing different facets of the subject. The richness of the subject is further
enhanced by the study of entropic fluctuations in the large-deviations regime and their
links to quantum fluctuation theorems [24] and to hypothesis testing of the arrow of
time [73].

In Parts V–VIII, we have touched on the complexities and subtleties that arise in
the study of quantum entropy production; much theoretical and experimental work
remains to be done to achieve a deeper understanding of this notion.
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