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SL(2,R)

Group: matrix multiplication

SL(2,R) = {g € Mpx2(R) : detg =1}

Surface in R*

811 812 4
det =1 , 812, 821, eR
[gﬂ g22] (&11, 812, 821, £22)

811822 — 812821 = 1



SL(2,R) as a group

v

If g, h € SL(2,R), then detgh = detgdeth =1,
gh € SL(2,R).
If g, h, k € SL(2,R) then ghk = g(hk) = (gh)k

v

v

Neutral element of the group is 1 = [é (1)]

1

v

Inverse element g~
det(g 'g) = det(1)
det(g 1) det(g) = det(1)

det(g_l) =1



SL(2,R) as a surface

The determinant condition can be also viewed as a definition of a
3-surface in R* > (g11, 812, 821, &22)-

detg =1 <= g11822 — g12821 = 1.

Equation of this surface can be rewritten as

2 2 2 2
811 +82\ (81— 82\ (81218 (828 _y
2 2 2 2 ’

which is an equation of a 3-hyperbola in R%,
or a unit sphere in R?2.




1-hyperbola
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Figure: 1-hyperbola in R?



2—hyperb0|as

Two 2-hyperbolas in R3
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2-hyperbola




2-hyperbola



2-hyperbola geodesics: elliptic
Xay?-22=1

E DA



2-hyperbola geodesics: elliptic
Xry?-2=1




2-hyperbola geodesics: elliptic




2-hyperbola geodesics: elliptic




2-hyperbola geodesics: parabolic
Xry?-2=1




2-hyperbola geodesics: hyperbolic
Xry?-2=1




2-hyperbola geodesics: hyperbolic
Xry?-2=1




2-hyperbola geodesics: hyperbolic
Xry?-2=1




2-hyperbola elements: Ell

£ DA



2-hyperbola elements: Ell, Par™
RayP=Fet

2

u = = £ DA



2-hyperbola elements: Ell, Par™, Par~
eI




2-hyperbola elements: Ell, Par™, Par—, Hyp™
XryP-2=1

E DA



2-hyperbola elements: Ell, Par™, Par~, Hyp™, Hyp™
R

2

S| [=1] = E E 9Oace



s[(2, R)



s[(2,R) - the Lie algebra of the SL(2,R) group

Tangent space at the group identity

sI(2,R) = TySL(2,R)



sl(2,R) - the Lie algebra of the SL(2,R) group

X esl(2,R)and t € R

exp(tX) = 1+ tX + &L 4

detexp(tX) =1
14+ tXi1 tX1o

2y
det o1 14 tXJ +0(t)=1
d
(1 + l'Xll)(]. + tXQQ) + O(t2) =1 —
dt t=0

X114+ X2 =0



s[(2,R) - the Lie algebra of the SL(2,R) group

SI(2,R) = {X € Maxo(R) : Tr X = 0}

X1 X
X =
{le —Xn]

X11,X12, X21 € R



Scalar product in My, (R)

A B e MZXQ(R), then
(A,B) = 1TrAB
> symmetric
1 1
(A, B) = ETrAB = ETrBA = (B, A)

» non-degenerate

Vg 0= (A, B)
0=TrAB
0 = a11b11 + a12b21 + a21b12 + ax2b22
= A=0



Basis of the s[(2,R) algebra

The Pauli matrices

o 1 o1 1o
270 1 00 T ool T |0 -1

all belong to the sl(2,R) algebra.
They form an orthogonal basis of the algebra

(i02,i00) = =1, (o1,01) =1, (03,03) =1

(i02,01) =0, (io2,03) =0, (01,03)=0



Basis of the s[(2,R) algebra

The previously introduced parametrisation of X € s[(2,R)

X1 X ]

X = Xo(X11, X12, X21) = [le — X1

in the new basis
X = X(t,s,w) = tioy + so1 + wos,

becomes
X11:W, X12:S—|—t, Xo1=s—t
_ X2 — Xo1 _ Xi2 + Xo1

t P
2 0 T T o

w = X11.



Classification of elements of the s[(2,R) algebra

X € sl(2,R)

X = X(t,s,w) = tioy + so1 + wos
(X, X) = (X(s, t,w), X(s, t,w))
=—t?+s24+ w2

This scalar product has a signature (—, +,+) - Minkowski space.



Classification of elements of the s[(2,R) algebra

X € sl(2,R)

par={X #0: (X, X) =0}
ell = {X : (X, X) < 0}
hyp = {X : (X, X) > 0}

examples

A+:[O 1},A_:[0 0} AT =A% =0

00
n-|

4 v-|

O NI

Tr0=0

Tr N2 =

N|=



Classification of elements of the algebra

-+ +wP=0




Classification of elements of the algebra
-P+s°+0WP=0

Ap=X(3,1.0)

NI—=




Classification of elements of the algebra
—P+s*+wP=0

A—:X(_%7%70) w




Classification of elements of the algebra
N = X(0,0,1)

—F+s°+wP=0




SL(2, R)



Classification of elements of the SL(2,R) group

g € SL(2,R)

Part = {g #1:Trg =2}
Parm ={g# —-1:Trg= -2}

Ell={g:—2<Trg <2}

Hyp™ = {g:Trg > 2}
Hyp™ = {g : Trg < -2}



1 parameter groups in SL(2,R)

X € sl(2,R)
TER

2
exp(TX)E]I—I—TX—{—%XQ—i—...



1 parameter groups in SL(2,R): par elements

o If X € par then X?> =0
TeR

exp(7X) =1+ 7X
Tr(exp(7X)) =Tr(1 +7X) =2
exp(7X) € Par™



1 parameter groups in SL(2,R): hyp elements
o If X € hyp then X2 =\1,A >0
T E R+

7X)?
(2!) + ...

(T\f)z]u...

= cosh(VAT)1 + MX

VA

exp(7X)=1+7X +

=1+4+7X+

Tr(exp(7X)) = Tr (COSh(\FAT)]l + SInh(\/\?T)X>
= 2cosh(VA7)

2cosh(V/AT) > 2
exp(7X) € Hyp™



1 parameter groups in SL(2,R): ell elements
o If X € ell then X? = —A\1,A >0

TeERY
exp(7X)=1+7X+ (75)2 +...
=1+7X+ (f7)21+
= cos(ﬁr)]l + o (\\%XT) X
Tr(exp(7X)) = Tr (cos(ﬁr)]l + il (\\27—) X)
= 2cos(ﬁ7)

—-2< 2cos<\f)\7') <2
exp(tX) € EllU{1, -1}



1 parameter groups in SL(2,R): overview

X € 5l(2,R) can be expressed in the basis of Pauli matrices

X = X(t,s,w) = tioy + so1 + wos

_ 42 2 2
X2(s, t, w) = %1
A=t 4%+ w?
1+ 7X(t,s,w), A=0,
- sinh(7v/A)
eXp(TX(t, S, W)) - COSh(T\/X)]l + ﬁ X(tv S, W)7 >\ > 07

cos (Tv—A)1 + %X(t,s, w), A<DO0.



1 parameter groups in SL(2,R)

(t,s,w) = (0,1,0), X(0,1,0) =07 > A=1

exp(7X(0,1,0)) = cosh71 + sinh7oy

examples x € R} and 7 = Inx,
1 1 _1

exp(InxX(0,1,0)) = 5 [ﬁ* ; {} .
X X

The cases (0, «, 3), are very similar.



1 parameter groups in SL(2,R): (0,1,0) direction

exp(say)



1 parameter groups in SL(2,R): (0,1,0) direction

-In(x) 0 In(x) S
P ® ® '
et o b et explsay)
2| 1 x+1; 2 x—1; x+1;



1 parameter groups in SL(2,R)
(t,s,w) = (1,0,0), X(1,0,0) = iocp = A = —1

exp(7X(1,0,0)) = cos 71 + sin Tio,

Periodic function, period T = 27, depends on « in X(«,0,0).
examples:

m 1
T=——=—1+—7io
N RV A
T
T== =i
2 7
T=7m1m——1
keZ



1 parameter groups in SL(2,R): (1,0,0) direction

exp(tioy) A t




1 parameter groups in SL(2,R): (fL,0,0) direction

105

SF



1 parameter groups in SL(2,R): (1,0,0) direction

exp(tios) A t

I & 25T
K 7T
. JT
102 ¢ —
2




1 parameter groups in SL(2,R)

(t’sv W) = (a,B,O),
X(Ck,ﬁ, 0) = Oéi0'2 + 60—1

A= —a?+ 2

example

11 1.
exp<7'X(2,2,O)> = ]l—|—7-§ (icg +o01) =1+ 7A4



1 parameter groups in SL(2,R)
expltioy) A t

exp(sas)




1 parameter groups in SL(2,R)
expltioy) A t

[+A,
K °
S
L y
20
exp(soy)
-Ie °

[+A_




1 parameter groups in SL(2,R)
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1 parameter groups in SL(2,R)

(t,s,w) = (sinf,cos¥,0),
X(sin 8, cos8,0) = sinfioy + cos oy
A= —sin?0 +cos?f if 6 €], 3 then A < 0 and

404
in(7v—A
exp(7X(sinf,cos0,0)) = cos (TV —)\)]H—Sln(:/i)\)X(sin 6,cos6,0)
is also a periodic function.
Example
_ _Tk
T = ﬁ’ keZ

exo

X(a,6,0)> — (1)1

ﬁ ﬂ
] =
>



1 parameter groups in SL(2,R): periodic Ell

. exptioz) At )

exp(sas)



1 parameter groups in SL(2,R): periodic Ell

. exptioz) At )

exp(sas)



1 parameter groups in SL(2,R): periodic Ell

. exptioz) At )

exp(sas)



1 parameter groups in SL(2,R): periodic Ell

. . exp(say)




1 parameter groups in SL(2,R): periodic Ell

/ : exp(say)







1 parameter groups in SL(2,R): general view




1 parameter groups in SL(2,R): general view



1 parameter groups in SL(2,R): general view




1 parameter groups in SL(2,R): general view




1 parameter groups in SL(2, R)

o 5 = = E DA



1 parameter groups in SL(2, R)

o 5 = = E DA



1 parameter groups in SL(2, R)

o 5 = = E DA



2-hyperbola elements: Ell, Par™, Par~, Hyp™, Hyp™
R

2

S| [=1] = E E 9Oace



How to reach —1 neighbourhood

o 5 = = E DA



The KAN decomposition of elements of the SL(2,R) group

The SL(2,R) group contains SO(2) group which consists of
matrices of the form

u. = | cos® sin
Y7 |—sinp cosp|’

The group AN(2,R) of lower triangular matrices with determinant
equal to one and positive entries on the diagonal have elements of
the following form

n =

t= [a (1)] , a>0.
The map
S0(2) x AN(2,R) > (uy, t) — tu € SL(2,R)

is a continuous bijection.



The KAN decomposition of elements of the SL(2,R) group

If g € SL(2,R), then

[gn glz] [coscp sincp] [a 0]
g = = 1]»

21 &2 —sing cosp| [n 3

where 2 > 0, €] — 7, 7| and

1
a= —
\/ g122 + g222
822 . 812
— sinp = ————
\/ g5 + 8% \/ gh + 8%

n— 811812 + &22821

\/ gh + 8%

cosp =



The KAN decomposition of elements of the SL(2,R) group

The KAN decomposition gives a map
SL(2,R) > g — ¢(g) €] — m,7].
example

@ (up ) = p1
This shows that SL(2,R) group is homotopic to a circle | — 7, ].



The KAN decomposition of elements of the SL(2,R) group

Classification of SL(2,R) elements with the KAN decomposition
YT ={g:¢(g) €0.x[}

Y ={g:pg)e]-70}=-Y"
ANt = {g: ¢p(g) =0}
AN~ = {g : p(g) =7}

Lemma

AN - AN = AN
AN .- YT =Yt
Yt AN =YT

YT YTCYTUAN-UY"™



SL(2,R)



élv_(2,R) - the universal covering group of SL(2, R)

SL(2,R) =R x AN(2,R),
Let (47, ;) € SL(2,R) then
(¢1, t1)(d2, t2) = (o, 1)

where
Upl = Uy, t1Ug, b2,

and ¢, with the use of Lemma, can be determined as follows
p1=mm, ¢2=mr = ¢=(m+m)r

o1 E]n17r,(n1+1)7r[ P2 = mw = ¢ E](n1+n2)7r, (n1+n2+1)7r[

n; will be used as subscripts for 1s from §I:(2,R).



1 parameter groups in éT_(2,R): general view
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SL(2,R) situation



1 parameter groups in éT_(2,R): general view

SL(2,R) situation



1 parameter groups in éT_(2,R): general view




1 parameter groups in §I:(2,]R): general view
I3

E DA



1 parameter groups in §I:(2,]R): general view
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1 parameter groups in §I(2,R): general view

I3
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1 parameter groups in §I(2,R): general view

DA



