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Schroedinger operator with 1/x? potential

Consider a formal differential expression:
o , 1\ 1
Lo =g+ (m=3)
When does it define
m a self-adjoint operator?

m a closed operator?

We have corresponding minimal and maximal operators on domains:

Dom(Ln2) = {f € L*[0,00[: L,2f € L?[0,00[}

m2

Dom (L™ = (€£°]0, oo]).

m2

Properties
m homogeneous of degree -2
max

min
Bl CLp

n (L77)" = L0 = LMY is Hermitian for m* € R.
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Schroedinger operator with 1/x? potential

Notice that formally
L.x2t" =0
Suppose:
m Rem > —1: x%ﬁx%mszzRem
m £ - smooth cutoff function with compact support

then .
x2*tM¢ € Dom(L5).

Definition
For Rem > —1, define operator Hn, as a restriction of L73* to domain:

Dom(L7¥) U Cx2*Me.

m sp Hn = [0, 00[
m H,, = H — H, is self-adjoint for m € R

® m— Hp, is a 1-parameter holomorphic family of closed operators.
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Schroedinger operator with 1/x? potential

1 < Rem:

min max
Hn=L2 =1L

—1<Rem< 1: '
L™ C Hy C LTS

and the codimension of the domain is 1.

Imm
T m +— Hy, — holomorphic family
of closed operators
-1 0 1 2 3 4 Re m
self-adjoint
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Schroedinger operator with 1/x? potential

Hm generates a holomorphic 1-parameter semigroup:

1ty 2 (xy) _ 24y
2" (xy) =) —In| — 2, Ret >0
e (x,y) g . )e e
" n 2 212
e (x, ) = e EY, [ 21, ()T +imt >0

Kernel of the resolvent:

1 1 {l,,,(kx)K,,,(ky) 0<x<y

Tk Un(ky)Km(kx) 0 <y < x

m(X,_y) P 5 Rek>0
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Universal cover of SL(2,R)

SL(2,R) has subgroups:
so@) = {us= | %4, 0] se-mr)

AN(2,]R)—{t:— [a (1)] :neR, a>0}

n a
KAN decomposition:
SL(2,R) = SO(2) x AN(2,R).
Lets define a group: N
SL(2,R) =R x AN(2,R)
and maps:
7:SL(2,R) 5 (¢, t) — ugt € SL(2,R)
¢:SL(2,R) 3> (¢,t) — ¢ € R
gl:(Z,]R) is the universal cover of SL(2,R):
T §(2,R) — SL(2,R) is a surjective homomorphism
m SL(2,R) is a simply connected Lie group.
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Universal cover of SL(2,R)

\ﬂu
.. ‘// """ h ‘::]’1+1

~~~~~~~ A

“““““ T et
'_I _______ . S

Center of SL(2,R): \‘\\ /,/"'

1,:=(mn,(—-1)"1) € R x AN(2,R)
1, cover 1 and —1:
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SL(2,R) 3 1, (—1)"1 € SL(2, R).



Integrating representations of Lie algebra

G - Lie group with Lie algebra g
G - universal cover of G

Exponential maps:
exp:gBX»—>eXeG
exp:g> X +— expX € G

Theorem
Let
m:g— gl(V)

be a representation of the Lie algebra g. If G is compact, there exists exactly
one representation of G _
m™: G — GL(V)

such that
7(expX) = ™).
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Representations of §L(2,R)

We will define a "representation” of s/(2,R):
sl(2,R) 3 X " 7(X) — unbounded operator on a Hilbert space V
which integrates to a representation of jSvL(2,]R):

7:SL(2,R) > h— 7(h) € B(V)

i.e.
sI(2,R) 5 X —* 5 &xpX € SL(2,R)
m(X) — 22— | ™™ = 7 (expX)
Problems:

m 7(X) are unbounded operators

m SL(2,R) is not compact = 7 doesn't have to integrate to a
representations of SL(2,R).
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sl(2,R) standard triplet

Matrices
AL, A N € sl(2,R)
are called a standard triplet if

[A+7A*] = 2N) [N7 Aﬂ:] = :l:A:t
Introduce standard triplet in s/(2,R):

_lo 1 ~lo o |3 0
o A Y O O L
Then,
1 s 1 0 et’2 0
stAL + s_A_ __ tN
€ _{o 1} € _L_ 1]’ € _[o e 12|’

Any h e §Z(2,R) can be written using
e e A etV 1,
Therefore, representation 7(h) for h € EZ(2,]R) can be written using
S TAD g TAL) tr(N) (g
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SL(2,R) representation on L?[0, oof

Define operators on L2[0, col:

A= —é(x@x + Oxx) dilation operator
K = x?
5 > 1\ 1 .
Hp = =05 + (m — Z) = Schroedinger operator
X

Define representation 7 of s/(2,R) on L?[0, oo|

i
A — —Hp,
* 2
A i K formally satisfy the commutation
- 2 relations of s/(2,R)
i
N — —=A
2
m the Casimir operator C = %(A+A7 +A_AL) + N?
1 , 1
O=m—-=
m(C) 2m 2

= 7(g) are antihermitian = ™€) are unitary and bounded.
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SL(2,R) representation on L2[0, oo

Kernels of the three operators:

m(As) = 3Hm

. ><2 2
alted o]

e K f(x) = e 27 f(x)
e (x,y) = e 6(x - y)
m(N) = —1A
e"f(x) = e*f(e'x)

e“’”(N)(X,y) = e7%5(e7%x - y).
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SL(2,R) representation on L?[0, oof

SL(2,R) = SO(2) x AN(2,R) =] — m, 7] x AN(2,R)

We have a map
¢:SL(2,R) —] — 7, 7).

Using ¢ we can partition SL(2,R) into sectors:

Yo ={h: ¢(h)e]-m0[} ={h: ho<0}

Zo:={h : ¢(h) =0} ={h: hp=0,h1 >0} =AN(2R)
Y. :={h: ¢(h) €]0,7[} ={h: hp >0} =—Y_
Z=1{h: ¢(h) ==} ={h: ha=0h1 <0} =—AN(2R)

SL(2,R) is a disjoint sum of sectors:

SL(2,R)=Y_UZ U Y, UZ.
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SL(2,R) representation on [2[0, 0]

SL(2,R) = R x AN(2,R)
We have a map o
¢:SL(2,R) — R.
Using ¢ we can partition EI(Z,R) into sectors:

Y

n+

N

2, = {B € SL(2,R) : ¢(k) = nTr}

ml, e Z,,
m SL(2,R) is a disjoint sum of sectors:

SL(2,R) = |_| Yoy U Zn

m we can identify
SL2,R)DY_-UZUY, = Y_
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51(2,11%) representation on L2[0, oof

] For he Zo = AN(2,]R)‘

so the representation is

For h€ Y; U Y- | (h2 #0)

hpp =1 bt
A A
h=e P2 "= eMm2A+ o A

So the representation is given by

F(h) = o i (T3K) gha( i) o iz (40,

Kernel of this operator equals

~ 3 2 Xy — i (b1 +hpoy?)
T(h)(x,y) =¢'? (m+1)sgn(h12) T e 2,,12 11 2Y7)
( )( y) 7T|h12| m
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51(2,11%) representation on L2[0, oof

1 e SL(2,R)
. |1 e
=1 [o 1 ]
1=7n(1)=s— lim etz Hn
eN\.0

Therefore, kernels of these operators

I F () izm(ﬂ)ﬁi(xz”z) N 5(x — y) = 7(1)(x, y)
TE €

141 € SL(2,R)

|- Fe
ﬂil_!{'})[o —1}

These matrices correspond to operators with kernels:

eFiEmen |27 (ﬁ) oA ()

mE €
So the operators converge to

’T\I:(:H.i]_) _ e:tiﬂ(m+l)1.
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51(2,11%) representation on L2[0, oof
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1, € SL(2,R)

1, = (mn,(=1)"1) R x AN(2,R), n€Z

Center of §(2,R):
Z(SL(2,R)) ={1, : neZ}.
Then, from Schur's lemma:
%/(]ln) — el"rr n (m+1)]1.

In particular:

m m=1,3,.... 7isalso a representation of PSL(2,R) and SL(2,R)
m(1,) =1
m m=0,2,... 7is also a representation of SL(2,R)

T(1,) = (~1)"1.

We calculated 7(h) for all h e §(2,R).



sl(2,C) representation

Lets take a standard triplet in s/(2,C):
Ay, A N € sl(2,C) = Csl(2,R).
Consider space of monomials:
W'"::{Wk : k€Z+m}, m e C.
Define representation X"™ of s/(2,C) on W™:

A — A’+ = —w?d, + Iw

o 1 satisfy the commutation
A= A=0wtw relations of s/(2,C)
N — N =wd,

Spectrum of N:

N'w* = kw* = |spN) Cc Z+ m.
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sl(2,C) representation
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Theorem
Suppose
m 7 is an irreducible representation of sl(2, C)
m 7(N) has an eigenvector with eigenvalue m € C.
Then, there exists | € C s.t. the representation w is equivalent to X''™ (or one
of its subrepresentations).

Example of a standard triplet in s/(2,C):
1|1 i 1)1 —i 1|10 —i
A*_z[i 1}’ A_z[i 1]’ N‘z[i 0}

Notice: | (2iN)* = —1.

Connection between this s/(2, C) standard triplet and previous s/(2,R) standard
triplet:

i

N =3(A—A).




Representation of 1,

Fact 1

From Schur’s lemma:
7(1,) = ™" (my,

Fact 2
For X € sI(2,R) such that (2X)? = —1:

1, = exp(wnX)
The representation 7 is an exponent of representation :

T(1,) = ™),
From 1 and 2 X has to satisfy:

sp(7(X)) C i(m+Z), (2X)* = -1

Therefore
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Lowest weight representation of SL(2, R)

We can write A from s/(2,C) standard triplet using Ay, A_ from s/(2,R)
standard triplet:
N = é(A7 - A+)

Then, the operator corresponding to A\:

n(N) = %(K+Hm): %(—a§+ (mz_%)%ﬂz),

which is a Hamiltonian of a harmonic oscillator + potential 1/X2.

— m(N) is an operator with spectrum bounded from below

— 7 is equivalent to X",
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Lowest weight representation of SL(2,R) on L2[0, oo

Theorem

The representation (m,lw) of §Z(2, R) can be represented as bounded operators
on L?[0, o[ with kernels:

he Yn+% :
" q 1 2 Xy — 5= (h11x®+h2y?)
fymiw x,y) = enr(m+1)(n+%) i e~ 7 (1 22y
() 7| bz | b2
77 € Zn 5
~ . . h
P (x, y) = emn(mm—log(\h11|)/4e—'ﬁxzmhu|71X —y).

Its generators are

. ) 1
w4 = g = (- (- 3) %)
m(A_) = —éK :—éx2

m(N) = —éA = 7 (x0 + 0.x).
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Lowest and highest weight representations of §(2,R)

Lowest weight representation generators:

. ) N 1
A Ly L(_ 2 ( 2_7>7)
+ 2 2T\ )

Am,/w:_iK :_i2
- 2 2%
N — g ——l(xa + 9ix)
T2 o4 s
m,lw __ i m,lw m,iwY __ 1 2 2 1 1 2
A= Gt ) = (<0 (3 ) 5+ )
Highest weight representation generators:
Am,hw _ _LH
+ 2 m
Am,hw — LK
- 2
Nm,hw — 7LA
A

e Lz ) = (i (- 1) A4 2).

2 x?2

24/26



SL(2,R) representation on L2[0, co[®L2[0, oo|

Define a representation of s/(2,R) on L?[0, co[®L?[0, oo):

A+ — _L m D (_Hm)

2
i formally satisfy the commutation
Ao EK & (=K) relations of s/(2,R)
N — f%A PdA
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Operator Hy, @ (—Hm)
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For —1 < Rem < 1 we have operators
min min 4 (— mm) max @ (— LY.
(F*,£7) € Dom (LM & (—LM2)):
fH(x) ~ aix%“" tatx "
f7(x) ~ a;x%+m + a:x%_'",
where ai,af,a;,a: e C.
Definition

Define Hy"“~ as a restriction of L™* @ (—L75) to functions satisfying
condition:

-
ajwy = ag
atw_ =a”,

where w,w_ € CU {oo}.

H P9~ A® A, K @ (—K) generate principal and complementary series.



