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Homogeneous Schrodinger operators, called also

Bessel operators, are given by

1 1
Hm:—6§;+(—z+m2)?

with the boundary condition ~ S near 0. They are
very common in applications and have quite sophisti-
cated properties.

| will describe one application: representations of the Lie
group SL(2,R) and its universal covering.



Instead of an introduction, let me describe one important
situation where Bessel operators appear.

Consider the Laplacian in d dimensions in spherical co-

ordinates:

d—1
T

On spherical harmonics of order 7 it becomes

d—1 (0 +d— 2
_p_dzl, Atd=2)
T 7“2

Ng=—07 —
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Oy — —=Neag_1.
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For all d and 7 it is simply transformed to the Bessel op-
erator with m .= /¢ + % — 1.
d—1 — 2
T%_%( — 5’% — O + ae+d ))r_%+

T 7“2

DO —
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:—ar+(m —Z)p,

Thus the Bessel operator for integer and half-integer val-

ues of m describes the radial part of the Laplacian in all
dimensions.



Let a € C. Consider the formal expression
Lo = —02 + (—iJra)%,

We would like to interpret it as

a closed (unbounded) operator on L]0, ool.

Two naive interpretations of L:

e The minimal operator L2'™": We start from L, on C2°]0, oo,

and then we take its closure.

e The maximal operator L.**: We consider the domain

consisting of all f € L?[0, cof such that L, f € L]0, oo].

Clearly, L™ C L2'**.



Let |
A= z(aj&c + 0y,
be the generator of dilations. Clearly,

(a4 f)(2) = Vaf(az), a>0.
We say that B is homogeneous of degree v if
d4Ba 4 = o B.

Clearly, L, is homogeneous of degree —2.



We will see that it is often natural to write o« = m?, m € C.

Notice that

1

stm
Lmsz = (.

Let £ be a compactly supported cutoff equal 1 around 0.
Note that z2+™¢ belongs to Dom L™ iff —1 < Rem.
m

Therefore, if |[Re (m)| < 1, then

1 1
p2TME g3 € DomZ 5",



Theorem 1. * For 1 < Rem, LTH};iQH = L%%X.

e fFor —1 < Rem < 1, ngn C Lgax, and the codimension of

their domains is 2.
o ([Immyx — L. Hence, for o € R, LI s Hermitian.

o LV and L™ are homogeneous of degree —2.



Let Re (m) > —1. We define the operator H,, to be the
restriction of L%%X to

- 1
Dom L5 + Ca2 e,
Clearly,
»For 1 <Rem, L™} = Hp, = LM5X.
eFor —1 < Rem < 1, L™ C H,, C L™& and the codi-
m m
mension of the domains is 1.



Theorem 2.
* H' = Hpm. Hence, for m €| — 1,00|, Hy, is self-adjoint.
e H,, is homogeneous of degree —?2.
*sp Hy, = [0, 00].
{Rem > —1} > m — Hy, is a holomorphic family of

closed operators.

For real m this theorem is classic. It was extended to
complex m by L. Bruneau, J. D., V. Georgescu.



We can explicitly compute the integral kernels of various
functions of H,,. For instance,

9 :IJQ—I—Q
e~ 2Hm m(x,y) = \/ I (xy) 2 Ret > 0;

it :le
et 2Hm (g y) = eFi2im+1) \/ jm :By , £Imt > 0.




One can also compute the kernel of the resolvent, which
we also write in two equivalent ways:

1 (2.9) 1 | Zi(kx) K (ky) 0 <2 <y,
€, — 7 .
(Hp+ 627 7 % k) Ko (k) 0 <y <

1 (2.y) = ii Tm(kx) Ht (ky) if 0 <z <y,
(Hpy — k%) k| Imlky) Mo (kx) if 0 <y <z,

Rek > 0;

+Im k > 0.




Here we use various kinds of Bessel family functions for
dimension 1:

the modified Bessel function 7,,(z) = %Zlm(z),

: 2
the MacDonald function C,,(z) := —ZKm(z),

s

. e

the Bessel function Jp,(z) := 7Jm(z),
the Hankel function of the 1st kind H.' (z) = %ZHﬁg(z),
the Hankel function of the 2nd kind H,,,(z) := W—ZH,;%(Z).



Question 1. The RHS is well defined (and even analytic)
for all m. The LHS is well defined only for Re (m) > —1.
Does the RHS define anything useful when the LHS is ill
defined?



m-+1-+i1t
= __ iln(2)¢ ¢ D (™
Set “m(t) € F(m+21 1t>
_ 1 2
l

Using the operators

we have

m == HAK'Z,,(A).
=m(A)is bounded and invertible for all m such that Re m #
—1,—3,.... Therefore, the RHS defines a closed opera-
tor for all such m.

=m(A) is unitary for all m € R. Therefore, for m € R, the
RHS is well-defined and self-adjoint.



Question 2. LHS is defined only in the grey region. RHS
Is defined everywhere except for the red lines. What is
the meaning of the RHS when the LHS is ill defined?
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Let £ be a compactly supported cutoff equal 1 around 0.
Letn =1,2,... and —1 — 2n < Re(m) < 1 — 2n. Define
., to be L?(R,) enlarged by adding the n-dimensional
space

1 1 _ 1 _
Span($2+m, L $2+m+2n 47 x2+m+2n 25)

H,, with the boundary condition ~ 2™ is a well-defined
closed operator on Hy, and the distributional kernel of
e2Hm is given by the usual formula.

This answers Question 1.



Actually, if Re(m) < 1 — 2n, then 27t 2=2 s square
integrable near infinity. Therefore, it is not necessary to
put £&. For —1 — 2n < Re(m) < 1 — 2n (in the nth zone
between vertical red lines)

1 1 _ 1 _
Span(x2+m, L $2+m+2n 4’ x2+m+2n 2)

IS a distinguished subspace of H,, mapped by the oper-
ator H,, into itself. Therefore, the operator H,, induces
an operator H,, on

1 1 1
Hm/Span(:E?er) L ajg—l-m-l—Qn—Zl, xg-l—m—i—Qn—Q) ~ L2<R+>.

This answers Question 2.



For Re(m) < —1, m # —1,-3,..., the space H,, is
equipped with a natural bilinear form

(flg)m = /OOO z2mH (:E_Qm_lf(x)g(w))daz.

(Here z°*1 is an irregular distribution!) (-|-),, is com-
patible with the usual scalar product:

(Flgym = (flg), f.g9 € L*(Ry) C Hp.
The operator H,, is self-transposed wrt (-|-).,:
S Hmg)m = (Hm f|g)m
_ / 2 (2 f () (D 2g () dar
0




One can also define realizations of

1 1
ngz—a§+(—1+m2)p

with mixed boundary conditions ~ ﬁ*m + m%_m. They

were studied by many people, including S. Richard and
me, but | will not speak about them today, because they
are not homogeneous.

Instead, | will describe another class of related interest-
Ing operators, which | learned from a paper by

K. Andrzejewski. Similar operators (in a more compli-
cated setup) can be also found in papers by A. Vasy.



Let us double the Hilbert space and consider
L*(Ry) ® L*(R4).

The first component will be denoted by 7T and the sec-

ond by f+. Let w € C. Consider the operator
1 1 1 1
2 2 2 2
HY = _af”+(_1+m )ﬁ P —(—QE—F (—Z—Fm )ﬁ)
with the boundary condition

1 1_ 1 1 1
T arz?™pa 2™, Y~ aqwr?™pa_w g2

Then for —1 < Re (m) < 1 the operator H, is closed and
one can compute eltfm.



Let us now change the subject and recall some facts
about the Lie algebra of real traceless 2 x 2 matrices
sl(2,IR). It is spanned by

11 0] 01 00
N = - ;AL = A=
210 —1 _O O_ _1 O_

satisfying the commutation relations

[Na A+] — A—l—v [N7 A—} — _A—a [A+7 A—] = 2N.



Now
]

i i
AT = _H N =__4A A"=__K
R 27 - 2

satisfy the same commutation relations

[N, AT = AT [N™ A™] = —A™, [AT, AT = 2N™.

Y,

They define a representation of the Lie algebra s/(2,R)
in (unbounded) operators on L?(R).

sli(2,R)> X — X"



The operators iH,,, iK, iA are unbounded, so the pre-
cise meaning of their commutators is problematic. How-
ever their exponentials are bounded, and the Lie-algebraic
relations can be lifted to the level of exponentials:
JAGHm ,—1A _ S0 *Hp,

JASK —A _ Bd*K

it s _ 15 g it(14ts) .
exme=2 8 — o720+ " T w4 1) 4 >0,



The group SL(2,R) consists of real 2 x 2 matrices with
determinant 1:

by by | \
SL2,R) =<3 h=| """ | | hithoy — highgy =1 .
ho1 hog | /
It is homotopic to a circle. Its universal covering will be

denoted SL(2, R).

The representation of the Lie algebra
sl(2,R) 2 X — X™
can be integrated to a representation of the Lie group

SL(2,R) 3 h — K™ € B(L*(R4)).



For brevity let us write G = SL(2,R). Let us partition G
into 4 subsets

G = (—G+) U GoU G4 U (—Gp),
where
G+ ={heG|hipo>0}, Gy={heG|hio=0, hi1 >0}

Note that G\ (—Gy) is an open neighborhood of the iden-
tity 1.



We have

22114
h = e"11 hll , h - GO,
h—e i A T A e Gl U (=),
Knowing
t
N () = Swe ™! —y)eTE, oA(,y) = I 5<x—y>,

)
it Am €T —ix? —1
ez (1, ) —-627n+1\/ ;ﬁn y

we can guess the form of a Iocal representatlon of SL(Q, R)



h € Go;
W'z, y) = <

j 2 2
i5(m+1)sgn(hi9) — 57— (h1177+hy?)
2
: W!hlz\jm |h12! N ’

\ heGyU (—G+).

This local representation can be extended to a true rep-
resentation of S’VL(Q, R). This representation is unitary for

real m > —1. For all Re(m) > —1 it acts boundedly in
L*(R4). For all m € C it acts boundedly on #,,.



m,W 1 w

N L ag iy

1 1
AT = —SK &K
also satisfy the commutation relations of s/(2,R). For
|IRe (m)| < 1 they can be integrated to a representation
of SL(2,R) on L%(Ry) & L2(R, ). They can be integrated
to a representation of §E(2, R) for all m € C if we extend

appropriately the Hilbert space.



Representations of SL(2,R) and SA‘E(Q,R), at least uni-
tary ones, are well-known. They were classified by Bergmann
in the 40’s, and then studied by Gelfand. Let us recall
their basic theory on the level of si(2, R).

Let us first complexify si(2,R), obtaining si(2,C). Let us
choose N, A+, A_ € sl(2,C) such that iV € sl(2,R) and

[Na A—F] — A—l—a [Nv A—] — _A—v [A—i—v A—] = 2N.



Let m € C. Then the following operators yield a (com-
plex) representation of si(2,C):

1
Nm — waw,
+ 1

2



The finite dimensional representation of spin [ on

|
{wklk:—l,—l+1,...,l}, zz—%,

Is well known from the theory of angular momentum.
Right now we are not interested in these representa-
tions, because they are not dirtectly related to Bessel
operators.



We have also
the lowest weight representation, acting on

1
{wk|k:%+§+n, n:O,l,Q,...},

the highest weight representation, acting on

1
wk|k:@———n, n=0,1,2,... p.
2 2

They integrate to representations of SNL(Q,IR{). For m €
N, also of SL(2,R). In standard texts they are presented
In terms of homographies on holomorphic functions on
C... They can be also presented using the operator H,,.



For each (m,n) € C? we have a representation of s/(2, R)
on
(W' | keZ+n).

They are generically irreducible and integrate to repre-
sentations of SL(2,R). If n = 0 or ) = 4, they integrate to
representations of SL(2,R). Their standard presentation
iInvolves homographies on R.

They can be also presented using the operator /> with

olll — eiﬂ(m—|—1)<1 — e—.mmw2>
(1 _ emmw2)




Messages.

1. If the Hilbert space is too small, enlarge it.
2. Organize your objects in holomorphic families.

3. Non-self-adjoint Schrodinger operators are almost as
nice as self-adjoint ones.

4. Non-unitary representations of groups can be almost
as good as unitary ones.

Thank you for your attention.



