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Abstract

Hypergeometric class equations are given by second order differential operators in one variable
whose coefficient at the second derivative is a polynomial of degree < 2, at the first derivative of degree
< 1 and the free term is a number. Their solutions, called hypergeometric class functions, include the
Gauss hypergeometric function and its various limiting cases. The paper presents a unified approach
to these functions. The main structure behind this approach is a family of complex 4-dimensional
Lie algebras, originally due to Willard Miller. Hypergeometric class functions can be interpreted as
eigenfunctions of the quadratic Casimir operator in a representation of Miller’s Lie algebra given by
differential operators in three complex variables. One obtains a unified treatment of various properties
of hypergeometric class functions such as recurrence relations, discrete symmetries, power series
expansions, integral representations, generating functions and orthogonality of polynomial solutions.
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Introduction

This paper is devoted to the family of equations of the form

(a(z)@f +7(2)0, + 77) f(z)=0, (1.1)



where o(z), 7(z), n are polynomials with
dego < 2, degr <1, degn=0. (1.2)

Their solutions include some of the most useful special functions with many applications in physics and
mathematics.

In the literature one can find several names for this family. In this paper, we will use the name
hypergeometric class equations for equations of the form (1.1) satisfying (1.2).!

Let us start with a short review of basic nontrivial types of hypergeometric class equations. We will
always assume that ¢ # 0. Every class will be simplified by dividing by a constant and an affine change
of the complex variable z.

(1) The 2F; or Gauss hypergeometric equation

(2(1 = 2)02 + (c— (a+ b+ 1)2)d. — ab) f(z) = 0.

(2) The 2F, equation
(2202 + (—14 (1 + a+b)2)0. + ab) f(z) = 0.

(3) The {F; or Kummer’s confluent equation
(202 + (¢ — 2)0. — a) f(z) = 0.
(4) The (F; equation, closely related to the Bessel equation,
(202 +cd, —1)f(z) = 0.

(5) The Hermite equation
(02 — 220, — 2a) f(z) = 0.

In our work we collect various results about hypergeometric class equations that can be stated and
proven in a unified way, with as few restrictions on o, 7, n as possible. We believe that such an approach
has a considerable pedagogical and theoretical value. The pedagogical advantage of the unified approach
is obvious: it reduces the need for repetitive arguments. From the theoretical point of view, in this
way we easily see the coalescence of various types. The properties of hypergeometric class equations
that we describe depend analytically on the the coefficients o, 7,77. These properties include a pair of
recurrence relations, a discrete symmetry, integral representations, power expansions around singular
points, generating functions, the Rodriguez formulas for polynomials and their orthogonality.

The unified approach has its limitations. There are some properties that are not easy to formulate in
a unified way. For instance, only one pair of recurrence relations depends analytically on the coefficients.
If we restrict ourselves to specific types, then we often find a bigger number of recurrence relations (eg.
at least 12 in the case of the Gauss hypergeometric equation). Another family of important properties
not included in our presentation are quadratic identities, which link various types of hypergeometric class
functions. Thus this work should be compared to other studies of hypergeometric class equations, such
as [Del], where specific types are described one by one.

The central structure behind the properties described in this paper is a certain family of Lie alge-
bras mq, g, described in Section 2, which we propose to call Miller’s Lie algebra, since it was probably

'In the book by Nikiforov-Uvarov [NU], and also in [Del, De2], this family is called equations of the hypergeometric
type. However, Slavianov-Lay’s book [SL] suggests to use the term “type” for smaller families, such as the families (1)—(5)
listed below. [DIL] calls this family the grounded Riemann class. The name Riemann class, following the suggestions of
Slavianov-Lay, is reserved in [DIL] for a somewhat wider family, where n(z) is allowed to be a rational function such that
no is a polynomial of degree < 2. See Appendix B for more comments.



first introduced by Willard Miller in [M1]. Miller’s Lie algebra is defined as the span of four elements
N, A, , A_, 1 satisfying the commutation relations

[N7 A+] = A+7
[Nv A—] = _A—7 (13)
[A,, A_] = 2aN + g1,

where «, 8 are complex parameters.

Let o be a polynomial of degree < 2 (as in (1.1)) and x a polynomial of degree < 1. Miller’s Lie
algebra with a = "7” and B = k’ can be represented by the following 1st order differential operators
acting on C3:

N = t@t - 583,

Ay =10, + 0/ (2)0s, (1.4)

A_ =350, +0'(2)0 + ”tz).

The operators (1.4) can be restricted to functions on the quadric
o(z) —ts=0. (1.5)

Miller’s Lie algebra m, g commutes with
1
Capi=5(A- AL+ ALA) +aN? + BN, (1.6)

which will be called the Casimir operator of Miller’s Lie algebra. In the representation (1.4), the operator
(1.6) restricted to the quadric 1.5 and to the eigenspace N = 0 is a 2nd order differential operator in z,
which we denote H(o, k). Its eigenvalue equation

(H(o,k)+w)f=0 (1.7)

is precisely the hypergeometric class equation (1.1), where

!
7(2) = k(2) + o' (2), n= % +w. (1.8)

The operators A, and A_ can be treated as “root operators” wrt the “Cartan algebra” spanned
by N. They lead to recurrence relations for ladders of solutions. The involution of the quadric (1.5)
(t,s,2) — (s,t,2) generates a “Weyl symmetry” of Miller’s Lie algebra. It leads to a discrete symmetry
of hypergeometric class equations.

We devote Section 3 to the properties of hypergeometric class equations and functions which follow
directly from the action of root operators and Weyl symmetry of Miller’s Lie algebra: the basic recurrence
relations and the basic symmetry. Thanks to the recurrence relations, once we know a solution of a certain
hypergeometric class equation, we know its solutions for a whole ladder of parameters labelled by n € Z.

Certain ladders are special. One of them contains solutions which can be expressed in terms of
elementary functions. We call it the Chebyshev ladder, because it contains the well-known Chebyshev
polynomials. It is described in Subsection 3.6. See also [DGR] Subsec. 3.3 and 4.5, [Poole], Sec. 31.

Another ladder of solutions consists of polynomials. In the convention that we adopted, this ladder
is descending—its elements are zero for n > 0. We devote to this ladder the whole Section 7. The basic
symmetry produces from the polynomial ladder an ascending ladder, which needs no separate discussion.

For the Hermite equation the polynomial o does not have a zero. For other types, that is for equations
reducible to the o Fy, 1F1, oFy and oF} types, o has at least one zero. We devote Section 4 to these



equations, where without loss of generality we assume ¢(0) = 0. We can then write a formal power series
F(o, k,w; z) which solves the equation

(H(o,k) +w)F =0, (1.9)

normalized to be 1 at zero. This power series is convergent if ¢/(0) # 0, that is for o Fy, 1 Fy, and oFj.
If 0/(0) = 0, that is for oFp, it either terminates and is a polynomial, or is divergent. Nevertheless,
even in the divergent case this series is asymptotic to a well-defined function 5 Fy, which we separately
discuss in Appendix A. Thus we obtain a unification of 4 types of hypergeometric functions in a single
function F (o, k,w; z), which we call the unified hypergeometric function. It depends meromorphically on
5 complex parameters (two parameters for o, two for x and one for w).

If o(0) = 0 and o’(0) # 0, it is natural to assume ¢'(0) = 1 and to normalize the unified hyper-
:’((%)) '
normalization. Thus we obtain the Olver normalized unified hypergeometric function F (o, k,w; z), which
depends analytically on 4 complex parameters (one parameter for o, two for x and one for w).

If 6(0) = 0 and ¢’(0) # 0, the hypergeometric class has an additional discrete symmetry, which we call
the power symmetry. This transformation involves gauging with the function 2™, that is, (-) — ™ (-)z~™.
(In the literature this transformation is sometimes called an F-homotopy.)

If 0(0) = 0, and ¢” # 0 or " # 0, that is for the o F1, 1 F1 and 3 Fy equations, we have yet another
discrete symmetry, which we call the inversion symmetry. For the o F; equation it involves the change
of the variable z — % and the transformed equation is still of the form 5F;. In the confluent cases it
interchanges the 1 F; and 5 Fj equations, and it involves z — f%. It is however not defined for the ¢F}
equation.

In Section 5 we describe a unified approach to representations of hypergeometric class functions in
terms of integrals of elementary functions. The 5 Fy, 1 F, o Fy and Hermite functions can be represented
as Fuler integrals, that is,

This is sometimes called Olver’s

geometric function by dividing it by T'(m + 1), where m =

[ p)s =2 as, (1.10)

where p is an elementary function, n € C and -y is an appropriate contour. 1 Fy, o F; and Hermite functions
possess representations in the form of the Laplace integral

/q(s)ezsds, (1.11)

where ¢ is an elementary function and ~ is an appropriate contour.

As we mentioned above, some ladders of solutions of hypergeometric class equations consist of polyno-
mials. These polynomials include the famous classical orthogonal polynomials (sometimes called the very
classical orthogonal polynomials). They allow for a very elegant unified treatment, which includes not only
recurrence relations, but also generating functions, the famous Rodrigues formula and the orthogonality
relations. All of this is briefly described in Section 7.

As we mentioned above, if 0(0) = 0 and ¢’(0) # 0, that is in the cases equivalent to types 2 Fy, 1F1,
and o F7, we have the power symmetry. Because of that, these equations have two linearly independent
solutions with a distinct behavior at zero: the unified hypergeometric function, which is analytic at
;’((%)) :
for m € Z, when both solutions are proportional to one another. This case is called degenerate and
is discussed in Section 8. The Olver normalizzed unified hypergeometric function in this case has an
additional integral representation and an elegant generating function.

The present work should be used only as an “invitation” to hypergeometric class functions. It leaves
out many of their properties, which are difficult to describe in a unified way. For instance, as we men-
tioned above, various types of hypergeometric class functions possess additional recurrence relations and

zero, and another solution behaving as ~ z™, where m = The linear independence breaks down



additional symmetries. However only those derived directly from Miller’s Lie algebra can be described in
a fully unified fashion.

Almost all our discussion is algebraic, without functional analysis. We are aware that it is natural to
view hypergeometric class operators as closed (or self-adjoint) Sturm-Liouville operators on appropriate
weighted L? spaces. It would be also interesting to consider representations of Miller’s Lie algebra in
Hilbert spaces. This would, however, require breaking our discussion into separate types. The only place
where we use some elements of functional analysis is Section 7 about classical orthogonal polynomials.
We show how to view them as eigenfunctions of certain self-adjoint Sturm-Liouville operators on weighted
L? spaces with appropriate boundary conditions—this can be done in a rather unified fashion.

The literature on hypergeometric class equations is very large. Usually, each type is considered
separately, without an attempt of a unified treatment. Let us list some of the more famous treatises
about these equations: [EMOT, Ho, MOS, MF, R, Wa, WW]

Under the name “equations of the hypergeometric type” they were considered in a unified way in the
book by Nikiforov—Uvarov [NU]. This book was one of the two main inspirations for our article. A part
of the material of our work is adapted from [NU], notably the material of Subsections 3.5, 5.1, 7.2, 7.6.

We use also ideas of Miller, notably in Section 2. As we mentioned above, Miller’s Lie algebra was
defined in [M1]. Miller was an early champion of the use of Lie algebras in the theory of special functions.
To my knowledge, he was the first to note that various types of hypergeometric class admit a larger
symmetry algebra. This topic was further developed in [De2].

There are many works that contain elements of a unified theory of hypergeometric class equations,
the idea of recurrence relations and factorizations. Among early ones let us mention the classic work of
Infeld and Hull [TH] and of Truesdell [Tr]. Later treatments include [CKS, SHD].

More complete analysis of various types hypergeometric class equations, including the Lie-algebraic
interpretation of their recurrence relations and discrete symmetries, can be found in the literature, notably
in the works of Miller, and also in [Del, De2].

The family of hypergeometric class polynomials that form an orthogonal basis in an appropriate
weighted Hilbert space consists essentially of Jacobi, Laguerre and Hermite polynomials, often called
classical orthogonal polynomials. Tt has an especially large literature, e.g. [NU, R]. In the more recent
literature the name “classical orthogonal polynomials” is sometimes given to a broader family, given by
the so-called Askey scheme. Some authors proposed to use the name very classical orthogonal polynomials
for the family consisting of Jacobi, Laguerre and Hermite polynomials.

2 Miller’s Lie algebra

In this section we introduce a certain two-parameter family of 4-dimensional Lie algebras, which to our
knowledge was first introduced by Willard Miller. We will call it Miller’s Lie algebra and denote by mq, g
with o, 8 € C. We will also describe its Casimir operator C, g, that is, a quadratic expression in elements
of mq, g, which in any representation commutes with the whole Lie algebra. In other words, C, s belongs
to the center of the enveloping algebra of mq 3. We will also describe a family of representations of m, g
by 1st order differential operators on certain 2nd degree surfaces in C3.

In appropriate coordinates the eigenvalue equation for the Casimir operator equation will have the
form of a hypergeometric class equation. A number of properties of hypergeometric class equations
will have a simple interpretation in terms of properties of Miller’s Lie algebra. They include the basic
symmetry, basic factorizations and basic recurrence relations. They will be described in the next section.

2.1 Three low-dimensional Lie algebras

Let us first introduce three low-dimensional complex Lie algebras.



1. sl(2,C). It is spanned by N, Ay, A_ satisfying the commutation relations

[N,Ay] = +Ay,
(2.1)
[AJ,_, A_] == 2N
The operator
C:=A_A, + N(N+1) (2.2)
=A;A_+N(N-1) (2.3)
:%(A_A+ + AL A )+ N? (2.4)

commutes with all elements of si(2,C). It is often called the Casimir (operator).

Here is a typical representation of sl(2,C):
N =20, — y0Oy, (2.5)
Ay =20y, A_:=y0,.

2. The so-called complex oscillator Lie algebra, denoted osc(C). It is spanned by N, A,  A_, 1 satis-

fying the commutation relations
[N, Ay] = £A4,

Ay, A =1, (2.7)
[, Ay] = [1,N] = 0.

The following operator commutes with osc(C), and will be called the Casimir of osc(C):

C:=A_A +N+1 (2.8)
=A;A_+N-1 (2.9)

1
=5(A-Ay + A A )+ N. (2.10)

Here is a typical representation of osc(C):

—_

N := 5(—ai + 2?), (2.11)
Ag = %(quaz). (2.12)

Note that N is the quantum harmonic oscillator, which justifies the name of this Lie algebra.

3. The Lie algebra of Euclidean movements of the plane, denoted C? x so(2,C). It is spanned by
N, A, A_ satisfying the commutation relations

[N, As] = £AL,

A =0 (2.13)

The following operator commutes with C? x so(2, C), and will be called the Casimir of C% x so(2,C):

C:=A_A; (2.14)

Here is a typical representation of C? x so(2, C):
N =20y — YO, (2.15)
Ay =0, £i0,. (2.16)

Thus N is the generator of rotations of the plane and Ay generate translations.



2.2 The family of Lie algebras introduced by W. Miller

The three Lie algebras introduced in the previous subsection can be joined in a single family depending
on two complex parameters «, . This family will be denoted by mq g. It was introduced by Willard
Miller in [M1]. We will call it Miller’s Lie algebra.
Mq,p is defined as the complex Lie algebra spanned by N, A;, A_, 1 satisfying the commutation
relations
[N7 A:I:] = :l:A:t7
[Ay, A_] =2aN + 51, (2.17)
(I, As] = [1,N] =0.

It is easy to see that

ma.p =~ sl(2,C) & C, a #0; (2.18)
Ma.p =~ 0s¢(C), a=0, f#0; (2.19)
Ma.p =~ C?xs0(2,C) © C, a=0, B=0. (2.20)

Define the linear map € : mq g — Ma,—g by
e(N):=—N, e(Ay) =45, ¢(1):=1 (2.21)

Then ¢ is an isomorphism. The identity automorphism together with € form a group isomorphic to Z,
which will be called the Weyl group of mq g.
Similarly, for n € C, the linear map 7, : Mmq,g — Mqa,g—2nq given by

Tn(N):=N+nl, m(A4x):=As, m,(1):=1, (2.22)

is an isomorphism.

2.3 Casimir

Consider a representation of mq g on a vector space Z. Following Miller [M1], introduce the following
operator C, called the Casimir of m, g:

Cop=C:=A_A; +aN(N +1)+B(N + 1) (2.23)
=A4A_ +aN(N -1)+B(N - 1) (2.24)
:%(A_A+ + Ay A) +aN?+ BN. (2.25)

As Miller noted, C commutes with the whole Lie algebra:
NC=CN, ALC=CAL. (2.26)

Extend the isomorphisms e and 7, defined in (2.21) and (2.22) to the algebra of operators on Z.
Then

€(Ca,p) = Ca,—3, (2.27)

Tn(Ca.5) = Ca,gt2na + (an® + Bn) 1. (2.28)

’



2.4 Ladders

By a two-sided ladder we mean a subset of C of the form ng + Z, where ng € C. A subset of the form
ng + Ng or ng — Ny will be called a one-sided ladder (ascending or descending). A subset of the form
{no,no +1,...,n9 +n} for some n € Ny will be called a finite ladder.

It is easy to see that if the representation of m, g on Z is irreducible and N possesses an eigenvalue,
then the spectrum of N is a ladder. In fact this follows from

Nv=nv = NAyv=(n+1l)Aiv. (2.29)

For n € C we define
zZr={veZz.: Nv =nv}. (2.30)

1
Let C™, resp. Ali"‘, be the operator C, resp. AL, restricted to Z". (2.26) can be rewritten as
1 1
AlFEen = enE AT (2.31)

An irreducible representation with a one-sided or finite ladder with the lowest, resp. highest element
0 will be called a lowest, resp. heighest weight representation. It follows from (2.23), resp. (2.24) that

0 = g for highest weight representations, (2.32)
c’ = —g for lowest weight representations. (2.33)

2.5 Representation by 1st order differential operators

Let o be a polynomial of degree < 2 and & of degree < 1. Consider C? with elements denoted by (t, s, 2).

Define the operators
N := tat - 535,

Ay =10, + 0'(2)0s, (2.34)
A_ =350, +0'(2)0 + @
A4, A_, N, 1 span a Lie algebra with commutation relations
[Na A+] = A+a
[NJA_l=—-A_, (2.35)
[Ay,A_]=0"N+ 'l

Thus it is a representation of Miller’s Lie algebra mq, s with
a=—, [B=kx. (2.36)

The operators (2.34) commute with the multiplication by o(z) — ts. Therefore, we can restrict them
to analytic functions on €2, the universal cover of the manifold

{(s,t,2) €C® : o(z) —ts=0, t #£0, s #0}. (2.37)

Let A(€2) denote the space of analytic functions on Q. The Lie algebra mq, g represented by (2.35) acting
on A(Q) will be denoted m(c, k).



By (2.25), the Casimir of m(c, k) is following differential operator on A(Q):
C= std?+0'(2)(s0s + t0; + 1)0, + K(2)0,
+ 20 ((t0y)? + (505)% — 260,59, + 18y + 59s) (2.38)
O, 50, + 2OTC 5p, 4w (10, — 50, + §).

Clearly, C commutes with m(o, ).
Introduce new coordinates on C3:

v=o(z)—ts, w=t, Z=z. (2.39)
The inverse transformation is
t=w s = 2@ z=23
’ w0

We have
az = 62 + 0/(2)81)7 at = aw - Sa’tﬂ as = —ta'u

Clearly, (2.37) is v = 0. Therefore the operators (2.34) in new coordinates, after restricting to the
surface (2.37) (and dropping “checks”), are

N = wdy,
Ay =wo,, (2.40)
A_ =1 (0(2)0. + o' (2)wdy + K(2)) .
The Casimir operator is
C =A A+ ZN(N+1)+#(N+13)
= 0(2)02 + (k(2) + 0’ (2) (WO, + 1))0, + %”waw(waw +1) + K (wdy + 3).
Consistently with (2.30), for n € C let

Zr={ge AQY) : Ng=ng}.

1
As in the previous subsection, C™, resp. Ali 2 denote the operator C, resp. A restricted to Z™. Clearly,
in the coordinates (2.39)

Zr={w"F(z) : FeA©)},

where © is the universal covering of C\{zeros of c}.
We have

"

C" 4w :=0(2)0% + (k(2) + ' (2)(n +1))9, + %n(n +1)+K(n+3)+w (2.41)

N
[N

AT_:_JF =0, A" ?:=0(2)0. +k(2) +no'(2).

2.6 Implementation of isomorphisms

Let us go back to C? in the coordinates s,t,z. An implementation of the isomorphism 7, defined in
(2.22) is simple:
Tng(s) =t~ - ™ (2.42)

10



Let us now describe an implementation of the isomorphism . Let p(z) solve
(0(2)0 — K(2))p(2) =0, (2.43)
(which defines p(z) up to a coefficient). We introduce the following transformation on A(€2):
Ty(t,s, z) = p(2)g(s,t, z).

Theorem 2.1

TNT ' =—N, (2.44)
TA T '=A_, (2.45)
TA_ T '=A,. (2.46)

TCT ! =C. (2.47)

where on the left we have the operators from m(o, k) and on the right from m(o, —k).

Proof. (2.44) is immediate.
Consider g¢(t, s, z) € A(Q2). Then

T lg(t,s,2) =p~'(2)g(t,s,2),
AT g(ts,2) = (tp~1(2)0: — 55tp71(2) + 0/ (2)p ™ (2)05)g(s, 1, )
= (tp~1(2)0. — "2 p~1(2) + o' (2)p~ (2):)g(s, 1, 2)

TAT g(t,5.2) = (s — "2 + o/ (2)0))g(t, 5. 2).

This proves (2.45). The proof of (2.46) is similar.
To show (2.47) we use the second line of (2.38), (2.44), (2.45) and (2.46). ad

In the coordinates (2.39) the symmetry equals

Tg(w,z) = p(z)g( w 72) :
Let T™ be T restricted to Z™. Clearly,
crTn =T (2.48)
We easily see that in the coordinates (2.39), for all F' € A(Q),

T"F(z) = p(2)o™(2)F(2).

3 Basic properties of hypergeometric class equations

In this section we introduce hypergeometric class equations. They will be presented as the eigenvalue
equation of a certain second order differential operator H(o, k). We discuss a number of properties of
these equations that can be described in a unified way: the basic symmetry, basic factorization and basic
recurrence relations.

The operator H(o, k) is essentially the Casimir C of Miller’s Lie algebra at N = 0, and all its properties
discussed in this section follow from the properties of Miller’s Lie algebra analyzed in the previous section.
However, this section can be read independently.

11



3.1 Remark about notation

Let a,b, ¢ be complex functions. Instead of saying that we consider the equation

(a(2)02 + ()0 + e(2)) f(2) =0, (3.1)
we will usually say that the equation is given by the operator
A= a(2)0% + b(2)0, + ¢(2) (3.2)

Instead of A, we will sometimes use the notation A(z, 0,) to indicate the variable that is used in the
given operator. This is useful when we consider a change of variables.

3.2 Parametrization of hypergeometric class operators

As was described in the introduction, the main topic of the paper are equations given by operators of the
form

0(2)0? +7(2)0, +, (3.3)

where o, 7,1 satisfy the conditions (1.2). However, the parametrization of these equations with o, 7,7 is
not always convenient. We will usually prefer to use a different parametrization, described below.
Let 0(z), x(z),w be polynomials with

dego <2, degk <1, degw =0 (in other words w € C). (3.4)
Let us define the differential operator
H(o, k) = 0(2)02 + (o' (2) + K(2)) 9. + 1K (3.5)
= 0.0(2)0. + 1(0.6(2) + k(2)0.).
Clearly, the class of operators (3.3) coincides with the class of operators
H(o, k) +w (3.6)

Note that H (o, ) coincides with C°, the Casimir operator for Miller’s Lie algebra restricted to the
subspace N = 0, expressed in the variable z, see (2.41).

3.3 Basic symmetry

Recall from (3.16) that p(z) is defined as a solution of

(0(2)8: — £(2))p(2) = 0. (3.7)

We have the identity
H(o, k) = p~ 1 (2)0:0(2)p(2)0. + LK. (3.8)
The following theorem describes a certain symmetry of the entire family of hypergeometric class
equations. We will call it the basic symmetry.

Theorem 3.1 We have
p(2)H (o, k)p~1(2) = H(o, —K). (3.9)

Hence,

(H(o,k)4w)F =0 = (H(o,—kK)+w)pF = 0. (3.10)
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Proof. Using o(2)0.p~1(2) = —k(2)p~1(z), we obtain

p(2)H (0, k)p~ (2) = 0:0(2)p(2)0=p" (2) + %H' (3.11)
= 0(2)0% + (0'(2) — K(2))0, — %n' = H(o, —K). (3.12)
0O

Applying twice the basic symmetry we get the identity. Hence we obtain a group of symmetries of
the hypergeometric class isomorphic to Z.

Note that the basic symmetry of Theorem 3.1 corresponds to the symmetry e of Miller’s Lie algebra,
see (2.21) and Theorem 2.1.

3.4 Basic pair of factorizations

It is often useful to represent a 2nd order operator as a product of two 1st order operators plus a constant.
In this section we describe a pair of such factorizations of hypergeometric class operators, which can be
easily formulated in a unified way. It is convenient to formulate them for a family indexed by n € C.
These factorizations lead to recurrence relations for hypergeometric class functions.

Fix o, a polynomial of degree < 2, k¢, a polynomial of degree < 1 and wy € C. We set

kn(2) =no’(2) + Ko(2), (3.13)
1
Wn, ::nz% + nKgj + wo- (3.14)

Note that H(o, k) + wy, coincides with C™ + wp, where C™ is the Casimir for o, kg restricted to N = n,
see (2.41).

Theorem 3.2 (1) Factorization properties
(o, kn) +wp = (a(z)az + Hnﬂ(z))az 4+ 1)% + (n+ L)r) + wo

= 0.(0(2)0: + Ka(2)) + n(n = )% + (0 — st + wo.

(2) Transmutation properties
0= (M(oy k) +wn) = (H(oskns1) +wnt1)0,

(a(z)az + Kunﬂ(z)) (7—[ (0, Kins1) + wnﬂ) - (’H(a, ) + wn) (a(z)az + nnﬂ(z)).
(3) Recurrence relations
(H(a, i) + wn)F —0 N (’H(a, Kni1) + wnH)aZF —0,

(H(a, Fnt1) + wn+1)F =0 = (7—[(0, Fin) + wn) (U(z)az + /in+1(z))F =0.

The argument used in the proof of the implication (1)=(2) is typical for the so-called supersymmetric
quantum mechanics and is described in the following lemma:

13



ntl a1
Lemma 3.3 Suppose that for n € C, A++2 ,AZ 2

, H™ are operators and Nntl Ore numbers satisfying

nt+dl n-1
HY = ATEATE

_A”—%A"‘*‘%

= A + + nnJr% .
Then . .
AR = Hr AT,

AL — qgrn g1

Proof of Theorem 3.2 (1) follows by a direct computation. (1) implies (2) by Lemma 3.3 if we set

AT 0, AT = 0(2)0. + ka(2),

Moty = n(n+ 1)"7” + (n+ 3K +w,
H™ .= H(0o, kn) + Wn.

(3.15)
(2) easily implies (3).

3.5 Ladders of solutions
Let kp,w, be as in (3.13) and (3.14). Let po solve (3.8) for oy, Ko, that is,

(00(2)8z — mo(z))po(z) =0. (3.16)
Suppose we have a solution

(7—[(0, ko) + wo)f =0.

(3.17)
Then from f we can construct a two-sided ladder of solutions. More precisely, for any n € Ny
H(o, kn) +w, annihilates 07 f, 3.18)
H(o,k_n) +w_, annihilates " py 07 pof. (3.19)
To see (3.19), we note that
0(2)0: + ki—j(2) = 0 (2)" po(2) T 0lo(2) 7 po(2), 3.20)
hence (0(2)0; + k_n(2)) -+ (0(2)0: + K(2)) = a(2)"po(2) 7107 po(2). 3.21)
Consider now special cases wg = 41%6
H(o, ko) — %6 =0(2)02 + (0/(2) + ko(2))0:, (3.22)
H(o, ko) + %6 =0(2)0% + (U’(z) + fio(z))az + K- (3.23)
They have elementary solutions:

/

H(o, ko) — % annihilates 1, (3.24)
Ko - -1

H(o, ko) + > annihilates p, .

(3.25)
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(3.24) is obvious. To see (3.25) we differentiate
(0(2)0: + o(2))py ' () = 0,

obtaining
0= (0(2)02 + (' (2) + K0 (2))0: + Kg)pg ' (2) (3.26)

Alternatively, we can derive (3.25) from (3.24) by the basic symmetry (3.10). Indeed, (3.24) and (3.10)
imply that H (o, —ko) — %6 annihilates pg. Then we switch the sign of kg, which corresponds to replacing
po with py L
The special solutions (3.24) and (3.25) lead to a pair of one-sided ladders: for any n € Ny
1"
H(o,—no’ + ko) — (n+ 3)K + nQ% annihilates 0" py 197 po (3.27)

1

H(o,no' + ko) + (n+ 3)kg + n2% annihilates  97py " (3.28)

(3.27) consists of polynomials, which we will analyze in more detail in Section 7. The ladder (3.28)
consists of functions of the form py lo="P,, where P, := " po02py ! are polynomials.

3.6 Chebyshev ladder

Let us fix o, as usual a polynomial of degree < 2, and w € C. The equations given by the following two
operators can be easily solved in elementary functions:

/

7—[(07—%) +w+ UZH =/0(2)0.\/0(2)0, +w (3.29)

/
=0(2)82 + 2 éz) 9. +w, (3.30)
0_/ O.//
#(, 5) tw+ T = 0./0(2)0.\/0(2) +w (3.31)
/! "
= 0(2)02 + 3”2(2)@ + % tw. (3.32)
In fact, set
 de
oo = [ . (3.33)
0 Vo(z)
. . od
which solves the equation cTZ = \/ﬁ Then
0,/ "
H (m —5) twt annihilates (A sin (wy(z)) + B cos (wy(z))), (3.34)
O_/ 0.// 1
— — ihilat ——— | Asi B . .
7-[(0, 5 ) tw+t annihilates \/@( sin (wy(z)) + B cos (wy(z))) (3.35)

We can embed the parameters of (3.29) and (3.31) into a single ladder as follows. We set ko = 0 and

"
wp = w+%-, so that
"

1
Em =m0, Wm=w+ (m2+1)%. (3.36)
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then

(3.29) = 'H(U, ﬁ_%) + woi, (3.37)
(3.31) = H(o,ky) +wy. (3.38)
By using the recurrence relations (3.18) and (3.19) we obtain elementary solutions for
1 2~
H(0o, k) + Wi = 0(2)02 + (m + 1)0'(2)0, + (m + §> 5 tw (3.39)

WithmGZ—l—%.

Remark 3.4 Chebyshev ladders are very special, since k is determined by o. The only two nontrivial
hypergeometric types where they appear are oFy and Fy. However, they are quite important. One can
note that Bessel functions of half-integer parameters are elementary functions because they correspond to
the Chebyshev ladder of the Fy type.

4 Singular point

Throughout this section we assume that

a(0) = 0. (4.1)
We will discuss solutions of hypergeometric class equations given by power series around 0. We will also
describe some symmetries which exist if (4.1) holds.

4.1 Solutions around a singular point

(4.1) usually means that 0 is a singular point of the equation (3.6). In fact, rewriting the equation (3.6)

as (2) w B
= ot )f@) =0 (4.2)

o(z)
we see that ;8 or ﬁ will usually have a singularity at 0. Straightforward calculations (known under
the name of the Frobenius method [WW]) lead then to the following result

b

(0(2)02 + 7()0. +w) f() = (82 +

Theorem 4.1 There exists a unique formal power series F(z) solving
(H(o, K) + w)F(z) =0, F(0)=1. (4.3)

It is equal to

© M w+ G+ D +iG+1)%

F(o,k,w;z) = Z ]_On(,l & 2). G+ D)
7=, (5(0) + (4 + 1)o’(0))n!

n=0

If '(0) = 0 and ¢” # 0, then o(z) has a double root at zero and then the series (4.4) either terminates
and defines a polynomial, or is divergent. However, it is always asymptotic to one of the solutions of (3.6)
defined on C\[0, 00| (see Section 6.3 and Appendix A). In all other cases the series (4.4) has a nonzero
radius of convergence. The function F(o, k,w; z) given by (4.4) will be called the unified hypergeometric
function. It depends meromorphically on ¢’(0), 0", k, w.

Recall that k,, and w, were defined in (3.13) and (3.14). The basic pair of recurrence relations is as
follows:

(—2)" (4.4)

_wn + %KZ;L F
tin+1(0)
(0(2)0: + knt1(2)) F(0, Knt1,wni152) = Kn41(0)F (0, Ko, wi; 2). (4.6)

0, F (0, kn,wn;2) = (0, Bnt1,Wnt1; %), (4.5)
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4.2 Olver’s normalization

x(0)
a’(0)

Assume now ¢’(0) # 0. We set m :=
that ¢/(0) = 1. Thus

Without sacrificing the generality we can suppose additionally

11
o(z)=z+ 722, k(z) =m+ Kz (4.7)
0 is a regular singular point and 0, —m are its indices, see [WW] or Appendix B.
In this case often instead of the function (4.4) it is more convenient to use the function

F(o,k,w;2) _ i 20w+ G+ 3+ +1)%)

F 12) 1=
i v ey T(m+n+ 1)l

(—2)". (4.8)

n=0

Note that F is holomorphic in ¢”,k,w. Dividing by I'(1 + m), as in (4.8), is sometimes called Olver’s
normalization, since it was made popular by Frank Olver’s textbook [O12]. Here is the basic pair of
recurrence relations for the Olver normalized unified hypergeometric function:

1
0, F (0, kn,wn;2) = —(wn + iﬁ’n)F(o, Fntl, Wntl; 2)s (4.9)
(0(2)0; 4 nt1(2)) F(0, Bnt1, Wny1;2) = F(o, Kn,y wh; 2). (4.10)

4.3 Power symmetry

We keep the assumptions of Subsection 4.2. Let us introduce a certain transformation of the parameters.
We keep o the same, and the transformed s and w are

k°(2) == —m+ (k' —mo")z, w®:i=w—mx + mz%. (4.11)
Consequently, m°® = —m.
Theorem 4.2
2™ (H(U K)+ w)z_m =H(o, k) + w° (4.12)
Proof. Using
2 1
20,z =0, — T, 27T =02 — 7m82 + m(n;;_ ) (4.13)
we compute
2™ (’H(U, K) + w) 2™ (4.14)
1 !
=™ ((z + %22)83 + (1+m+(o" +£)2)0. + % + w)z‘m (4.15)
O_/I O_/I
:(z + 322)83 + (1 —m+ ((1—m)o” + n')z)@z + Tm(m 1) —K(m-3) 4w (4.16)
=H(o, K°) + w°. (4.17)

Note that k°° = k and w®° = w. Thus we obtain a Zy symmetry of the hypergeometric class. It is
different from the basic symmetry of Thm 3.1.

As a consequence of (4.12), both F(o, k,w; z) and z~™F(0, k°,w®; z) are annihilated by H(o, k) + w.
If m € Z they form a basis of solutions of the corresponding equation. The situation for m € Z will be
discussed in Section 8 about the degenerate case.
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4.4 Inversion symmetry

We still assume ¢(0) = 0. Besides, we suppose that
o"#0 or K #0. (4.18)
Suppose that ¢ € C solves the equation
1"
%42 + (0" + k)¢ + g +w=0. (4.19)

Note that (4.18) guarantees that (4.19) has a solution. Set

1

b = %w — o' (0)w?, (4.20)
K2 = (K(0) +2(¢ + 1)o’(0))w — o” (1 +¢) — K/, (4.21)
W =~ (0)(1+ €)% — K(0)(C + 1), (1.22)
Theorem 4.3 Consider the substitution w = —%. Then we have
— ¢t ('H(a, K;2,0,) + w) 26 =H(0?, k25w, D) + w? (4.23)
Hence
H(o,k) +w  annihilates 2z SF(o®, k™, w™;—271). (4.24)

Proof. Indeed, using 8, = w?3,, and 92 = w'd? + 2w3d,,, we obtain
—z (’H(J, K;z,0;) + w) (4.25)
!

=o(—w Hw?d? + (20(—w*1)w2 + o' (—w Hw + n(—wil)w)aw + (% + w)wil. (4.26)

2
Then we use wSO,w S = Oy — % and wf(?fuwfc =02 — %31,, + % to obtain

w (4.26)w™¢ (4.27)
:(%ﬂw - a’(O)wz)ag, + ((H(O) +2¢0’(0))w — %ﬂ — (" — ﬂ’)@w (4.28)
— 0 (0)(C+¢2) = r(0)C + (5 +w+ (2 + ) +#CJu (4.29)
=02 (w)D2 + (02 (w) + K® (w)) Dy + ”7 +wh, (4.30)
O

Note that 022 = o, k22 = k, w22 = w. Hence the inversion symmetry generates a group isomorphic
to Zy acting on the hypergeometric class.

Remark 4.4 [t is easy to see that the substitution z > i also generates a symmetry of hypergeometric
class equations. This follows immediately from Theorem 4.3 and the trivial fact that z — —z leads to a
symmetry of the hypergeometric class as well.
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5 Integral representations

Hypergeometric class functions possess useful integral representations. Most of them have the form
of an Euler transform of an elementary function. In Subsection 5.1 we will show how to derive these
representations in a unified way. Note that typically for a given equation one can choose various contours

of integration, obtaining various solutions.

Some important integral represenations have a different form—they can be viewed as Laplace trans-

forms of certain elementary functions. They will be described in Subsection 5.2.

In this section we will often deal with multivalued functions s +— f(s) defined on a certain Riemann
surface. These functions are analytically continued along a certain curve = contained in this Riemann

surface. We will use the notation .

f(s)] = F(s1) = f(s0),

s0

where s; and sg are the endpoints of the curve ~.
As usual, we fix o, ko, and for n € C, as in (3.13), we set

kn(2) :=no'(2) + Kko(2).

In this section wg = %6, so that according to (3.14),

5.1 Euler transforms
As usual, we assume that
(0(2)02 — Ko(2))po(z) = 0.
Theorem 5.1 Let n € C. Suppose that the curve [0,1] 3 7% s(7) satisfies

s(1)

o()s =22 )]

and

fn(2) = /(8 —2) " pg (s)ds
¥
is well-defined. Then f, is annihillated by

H(o, kn) + wn,

"

=0(2)0% + (ko(2) + (n +1)0”(2))0, + Kp(n + 1) + %n(n +1).

Besides, if fni+1 is also well-defined, then
azfn(z) - (n + 1)fn+1(z)a

1"

(010, + ka6 sa(2) = = (o + G0 ) fulo)
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Proof. For simplicity, we will assume that both f, and f,; are well defined. (5.8) is obvious. Let us

prove (5.9). Using the Taylor expansion of the polynomials ¢(z) and (z) we obtain
(#(2)0- + ro(2) + (0 +1)"(2)) fusa (2)
=n+2) [ (o) + ) =) + T 5 s = 2 pols) s
/ (k0(s) + (2 = )&’ + (n+ o' (s) + (n+ 1)(z — 5)o0” ) (s — 2) " Zpols) "

= ( % + /16) [{(s —2) " tpo(s)ds

—|—/(3Sa (s—2)~ ”72p0(3)71)ds

+ [(s—2z)""2 (s)apo(s)_l + /io(s)po(s)_l)ds.

(5.16) vanishes because of (5.4). (5.17) is zero by (5.3).

It is sometimes useful to consider differently normalized Euler integrals:

= f"(z) — 1 —n—1_—1
) = FE s = T / (s — 2" o (s)ds

Then the recurrence relations (5.8) and (5.9) are modified:

azfn(z) = n+1( )
(0(2)0: + kns1(2) Eaga () = —(n+1) (5 + 5'n) fa(2),

5.2 Laplace integrals

Suppose that ¢’ = 0. We still assume (5.2), which now can be rewritten as
wp = (n+ 1)K}

Let

(o(=0)s + ro(=0,) ) o(s) =

which defines up to a coefficient an elementary function dq.

Theorem 5.2 Assume that [0,1] 3 7 > s(7) satisfies

(Sn+20_/ + Sn+1:‘<dl)(50(8)esz )

and the following integral exists:
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Then gy, is annihillated by
H(o, kn) + wn (5.24)
=0(2)02 + (0/(2)(n + 1) + k0(2))0. + (n + 1)K, (5.25)
Besides, if also gny1 is well defined, then

(000 + 11 ()1 (2) = — (1 + g (2): (5.27)

Proof. For simplicity, we will assume that both g, and g,+1 are well defined, and we will prove the
recurrence relations, which directly imply (5.25).
(5.26) is obvious. Let us show (5.27):

(0(2)0: + (n +1)0" + ko (2))gn+1 (5.28)
_ / (080 ()™ 22 + 0 (0)d0 ()™ + (n + 1) (5)5"+ ) e**ds (5.29)

2!
+[Y (5650(3)5”“,2 + K0(0)50<S>8n+1>ezsd8 (5.30)
_ / s, (030 (5)™ 26" + o (s)s™ ") (5.31)

v
+ / ( —a's84(s) — a'0(s) — kpdy(s) + a(0)sdo(s) + mo(O)éo(s))s”Hezsds (5.32)

v

—(n+ 1) / 5o (s)s™e*ds, (5.33)
Now (5.31) vanishes because of (5.22) and (5.32) due to (5.21). O

Sometimes it will be more convenient to present the integral represention (5.23) in a different form,

with the variable s replaced with ¢ = %:

gn(2) = / So(t~Ht et dt. (5.34)

where the contour 7 is obtaned by the change of variable and reversing the orientation.

6 Applications case by case

Hypergeometric class operators can be divided into several types. By an affine transformation z — az+b
and division by a constant, an operator of each type can be reduced to its normal form. There are 5
nontrivial types, with normal forms listed in the introduction. For instance, if ¢ has two distinct roots,
then the equation belongs to the o F; type, if it has a double root, it belongs to the o Fj type, etc. The
hypergometric class contains also 4 “trivial types”, which can be solved in an elementary way. All these
9 types are listed in the table in Appendix B.

Strictly speaking, this table is devoted to types of the Riemann class, which is larger than the hy-
pergeometric class. Therefore, this table contains 10 types. It includes one additional type: the Airy
operator, which cannot be reduced to the hypergeometric class. However, all the 9 other types of the
Riemann class are represented in the hypergeometric class.
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In this section we describe the properties of all five nontrivial types of the hypergeometric class that
are direct consequences of the unified theory, discussed in the previous sections. We try to follow the
same pattern. Here is the list of items that we will give for each hypergeometric type, if available:

e Operator that generates the equation, that is H(o, k) + w, expressed in the traditional form.
e Parameters o(z), k(z),w; see (3.4) and (3.5).

o Weight p(z), see (3.16) or (3.7).

e Basic symmetry, see (3.9).

e Power symmetry (if available), see (4.12).

e Inversion symmetry (if available), see (4.24).

e Theorem about integral representations, see Theorems 5.1 and 5.2.

e Standard solution annihillated by H(o, k) +w (typically a special case of the unified hypergeometric
function (4.4), but for the Hermite equation we need to make an exception).

e Olver normalized standard solution (if available), see (4.8).

e Basic pair of recurrence relations for standard solutions, see (4.5)-(4.6) or (4.9)-(4.10).

e Integral representations of standard solution (obtained by an application of Theorems 5.1 or 5.2).
e Chebyshev solutions (if available), see Subsection 3.6.

We will often use the Pochhammer symbol
(a)j :==ala+1)---(a+j—1), aeC, jeN,. (6.1)
6.1 The >F| equation
oF) operator:
Fla,bjc) == 2(1—2)07 + (c— (a+b+1)z)9. — ab. (6.2)
Parameters:

o(z2)=2(1-2), K()=c—1-(a+b-1)z, w=—(a—

N|—
~—
—
>
\
N|—=
~—
\
N

Weight:

p(z) — Zcfl(z _ 1)a+b7c.

Basic symmetry:

27Nz = 1) Fa, b 0)2 (2 — 1) = F(1—b,1 —a;2 — ¢).

Power symmetry:
2T F(a,bi0)z T = Fb+1—cat+1—62—o0)

Inversion symmetry:

(—2)"F(a,b;¢;2,0.)(—2) " = Fla,a — c+ 150 — b+ 1;w,0y,), w=z"%
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Theorem 6.1 (about integral representations) Let [0,1] 3 7+ (1) satisfy
(1)
=0.

tb—c+1 1—¢ c—a t— 2 —b—l‘ _
e R I

Then
F(a,b;c)  annihilates / tb*C(l _ t)cf“*l(t _ z)*bdt.
¥

Proof. We check that

Fla,bye)t?=¢(1 =) Mt — 2) 70 = =09y t" T (1 — ) *(t — 2) "1

oFy function: For |z| < 1 defined by the following power series, then analytically extended:

F(a,b;c;2) = Z(azz)(j))]jj', |z| < 1.

=0

Olver normalized 5 F] function:

F(a,bic; 2) F(a,b,c,z) i (a)j(b)? P

Integral representation:
o0
/ thme(t — 1)L (t — 2)7dt
1

= TI'(a)I'(c—a)F(a,b;c;2), Re(c—a)>0, Rea >0, z¢&]I[l, 00

Basic pair of recurrence relations:

0.F(a,b;c;z) = abF(a+ 1,0+ 1;¢+ 1; 2),

(z(l —2)0.4 (c—(a+b+ 1)z)>F(a+ 1L,b+ 1;¢+ 1;2) = F(a, b ¢; 2).

Chebyshev solutions for £k =0,1,...:

_ a2 34k i1 = 7\ A Wiz 7\ A

F(1+k+A,1+k—A;§+k;1 w):(l L A Clt el M Cl A el ) Y
2 2 2 /m(—2)F N

F(—kJr)\,—k—)\;l—k;l U)):. 2 35(w+1\/ w?)” = (w—iv1—w?) .
2 2 lﬁ(A — k)2k+1 vV 1-— w2

6.2 The |F| equation
1F} operator

Fla;e) == 20% + (¢ — 2)0. — a.
Parameters

0(2)227 5(2)20—1—27 w:_a+%.

Weight:
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Theorem 6.2 (about integral representations) 1. Let [0,1] 3 7+ t(1) satisfy

£(1)

ta—c+1et (t _ Z)—a—l
t(0)

Then
Fla;e)  annthilates /t‘“cet(t — ).
v

2. Let [0,1] > 7% t(7) satisfy
#(1)
=0.

eit (1 —t)e )

Then
F(a;e)  annihilates /e%t_“(l _pyemelg,
Y

Proof.
F(a,c) ta—cet(t —z) 0= _aatta—c+1et(t . z)_a_l?

Fla,c)ett (1 —t)" %t = —grett (1 —t)°

Basic symmetry:
2Tle T Flaye;2,0.)2 7% = F(1 —a;2 — c;w, Dy), w= —2.

Power symmetry:
2T (@02 = Fl+a—¢2—c).

Inversion symmetry:

2T F(a;6,2,0.)27% = Fla,1 +a — ¢; —;w, dy), w=—z"1

(Thus the 1 F; equation is equivalent to the o Fy equation.)
1 F; function:

Basic pair of recurrence relations:
0.F(a;c;z) = aF(a+ 1;¢+ 1; 2),
(0. +c—2))F(a+1;¢c+ 1;2) =F(a; ¢ 2).

Integral representations: for all parameters

— / t*Cet(t —2)"%dt = F(a;c;2);

for Rea > 0, Re(c—a) >0

/ eit™¢(t— 1)t = T(a)l(c—a)F(a;c;2).

[1,400]
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6.3 The >F, equation
The F; operator:

Fla,b;—) = 2207 4+ (-1 + (1 + a + b)2)d. + ab, (6.17)
Parameters:
o(z)=2% kK(z)=-1+(@+b-1)z w=(a-L)(b-1)+1
Weight: 1
p(z) = 2~ 1Hatbet,

Basic symmetry:
z_1+“+be%}"(a, b; —; z,@z)zl_a_be_% =F(1-b1—a;—;w,04), w=—2z.
Inversion symmetry:
2T F(a,b; —2,0.)27% = —F(a;1 +a — bjw, 0y,), w=—z".
(Thus the 2 Fy equation is equivalent to the 1 F; equation.)

Theorem 6.3 (about integral representations) Let [0,1] 3 7+ t(7) satisfy

t(1)
=0.

—L b—a—1 —b—1
e tt t—z
( ) t(0)

Then
F(a,b;—)  annihilates /e Feba Lt — 2)~bdt. (6.18)
8!

A second integral representation is obtained if we interchange a and b.
Proof. We check that

Fla,b;—)e #0741t — 2)70 = —pde 1104 (£ — 2) 0L (6.19)

oFp function: It is defined for z € C\[0, +o0],
F(a,b;—;z) :== lim F(a,b;c;cz),
c— 00
where |argc| > ¢, € > 0. It extends to an analytic function on the universal cover of C\{0} with a branch

point of an infinite order at 0. It is annihilated by F(a, b; —).
Asymptotic expansion:

12, |argz| > e.
7=0
Basic pair of recurrence relations:
0.F(a,b;—;2) =abF(a+ 1,0+ 1;—; 2) (6.20)
(z2az +(—1+(1+a+ b)z)))F(a F1,b4 15 —52) = Fla, by —; 2). (6.21)

Integral representation for Rea > 0:

/000 T b 1( z)” bqt = [(a)F(a,b;—;2), z¢&]0,00].
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The function 9Fp is in our opinion insufficiently known. Therefore, we devote Appendix A to a
derivation of some of its properties.

Note that the equivalence of 5 Fjy and 1 F} equations is helpful in deriving properties of Subsection 6.2
from Subsection 6.3. For instance, the integral representation (6.18) can be deduced from the integral
representation (6.12) and the inversion symmetry. However, the relationship between some of the proper-
ties is not so straightforward. For instance, the basic recurrence relations for 5 Fjy equations do not follow
directly from the basic recurrence relations for the 1 F; equations. Besides o Fj equation does not possess
the power symmetry, even though the 1 F} equation has it. Instead, the o Fjy equation is symmetric with
respect to the parameter interchange a <> b.

6.4 The (F; equation

oF1 operator:
Fle;2,0,) := 20% 4+ c0, — 1.

Parameters:
Weight:

Basic symmetry = power symmetry:
2T F ()t = F(2 - c). (6.22)

Theorem 6.4 (about integral representations) Suppose that [0,1] 3t — () satisfies

P ¢
eett™ ¢ =0.
7(0)
Then
Fle;2,0.)  annihilates /ete%t_cdt. (6.23)
2l
Proof. We check that
Fle)eleit ™ = —eleit™ . (6.24)
O
oF1 function
F(e;2) = —
; (c); J!
Olver normalized (F function:
F(c;2) = 1 2
F(c;z) := = ——
@) =g = 2T 7
Basic pair of recurrence relations:
0.F(c;z) =F(c+ 1;2), (6.25)
(0, + )F(c+1;2) = F(a; ¢; 2). (6.26)
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Integral representation for all parameters:

t Z1—c
tt7°dt = F(c;2), Rez>0.
51 e'e (¢;2) ez

= 00,0+, — oo

Chebyshev solutions for £k =0,1,2,...:

22k sinh 2
F(3 +k;z2) = —8575111 vz

6.27
ﬁ \/g ) ( )
T+k sh 2
F(L—kz) = —oF™ vz (6.28)
N
6.5 Hermite equation
Hermite operator:
S(a) := 9% — 220, — 2a. (6.29)
Parameters:
o(z)=1, k(z)=-2z, w=-2a+1.
Weight:
2
p(z)=e"*.
Basic symmetry:
e_ZQS(a; z, a,z)ez2 =-8(1 —a;w,dy), w = Fiz.
Theorem 6.5 (about integral representations) 1. Let [0,1] 3 ¢ — ~(t) satisfy
+2 a1 (1)
e (t—=z =
( ) 7(0)
Then
S(a) annihilates /et2 (t — 2)~dt. (6.30)
y
2. Let [0,1] >t — ~(t) satisfy
2 9t (1)
e =l =0.
7(0)
Then
S(a) annihilates /efttz”ta*ldt. (6.31)
¥
Proof. We check that
S(a)e’’ (t—2)"%= —adwe! (t —z)~o"1,
S(a) et —2ztpa—1 _ —20,0~t"—2#ta,
O
Hermite function:
1
S(a;z) = z_aF(%, a—;— i—; —z_2>. (6.32)
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Basic pair of recurrence relations:

0.5(a;2) = —aS(a + 1;2), (6.33)
(0. —22)S(a+1;2) = S(a; 2). (6.34)

Integral representation for z €] — 00, 0]. For 0 < Rea:
/e_tz_%zta_ldt = 27T(a)S(a;2);
0

and for all parameters:

—i / F(z—t) At = VaS(a;2).

]—ico,z~ ,ico[

6.6 Lie algebras of symmetries type by type

Miller’s Lie algebra is responsible only for one pair of recurrence relations of hypergeometric class func-
tions. Some of types from the hypergeometric class possess larger sets of recurrence relations, which were
described e.g. in [Del, De2]. These recurrence relations can be interpreted in terms of roots of larger Lie
algebras of symmetries, described e.g. in [De2].

Miller’s Lie algebra possesses a Weyl group isomorphic to Zy. Some types of hypergeometric class
equations possess larger groups of discrete symmetries.

In the following table we list all nontrivial types of hypergeometric class equations. We include the
Gegenbauer equation

(1= w22 =201+ a)wdy, + N = (a+ 1)) flw) =0, (6.35)

treating it as a seperate type. Strictly speaking, the Gegenbauer type is contained in the 5 F; type. In
fact, the transformation w +— I_T“’ transforms the Gegenbauer equation into a special case of the o F}
equation. The Gegenbauer equation has the special property of the mirror symmetry w — —w. In the
remaining part of this paper there is no need to consider it separately, however it has special symmetry
properties.

The second and third column are based on Section 2 of this paper. In particular, the second column
can be compared with (2.18)—-(2.20).

The fourth and fifth column are based on [De2]. They describe a more complete Lie algebra of

symmetries and the corresponding group of discrete symmetries.

Equation Miller’s Lie algebra  surface Lie algebra [De2] Discrete symmetries [De2]
o FY si(2,C) e C sphere s0(6,C) symmetries of cube

1F1 0s¢(C) paraboloid  sch(2,C) Zo X 7o

2 Fy sl(2,C)a C null quadric  sch(2,C) Zo X Lo

oF1 C%2 % 50(2,C)®C  paraboloid  C2 x s0(2,C) Zs

Gegenbauer si(2,C)® C sphere so(5,C) symmetries of square
Hermite osc(C) cylinder sch(1,C) Zy.
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Above, sch(n,C) denotes the complex Schrodinger Lie algebra, the Lie algebra of generalized symme-
tries of the heat equation in dimension n—see e.g. [De2].

The group from the fifth column always contains various symmetries described in our paper. First of
all, all types possess the basic symmetry, which is the generator of the Weyl group of Miller’s Lie algebra.
Some of the types possess additional symmetries.

The power symmetry is a property of the 5 Fy, 1 F} and F} equation. For the Fj equation it coincides
with the basic symmetry.

The inversion symmetry is a feature of the o F} equation, and connects the 1 F; equation with the 5 Fj
equation.

The o Fy and 2 Fj equations are invariant wrt swapping a and b.

The Gegenbauer and Hermite equation are invariant wrt the symmetry z — —z.

The Lie algebra of the fourth column always contains the corresponding Miller’s Lie algebra (possibly,
without the trivial term @®C). By applying discrete symmetries from the fifth column to Miller’s Lie
algebra, we can enlarge Miller’s Lie algebra to a subalgebra of the Lie algebra from the fourth column.

7 Hypergeometric polynomials

Polynomial solutions of hypergeometric class equations will be called hypergeometric class polynomials.
In this section we describe these solutions in detail.

We have already mentioned in (3.27) that there exist ladders of solutions of hypergeometric class
equations consisting of polynomials. Note that according to our conventions, these ladders are descending.
This is related to the usual convention for parameters of various types of hypergeometric functions: in
order to get a polynomial of degree n € Ny, the parameter a takes the value —n.

In Subsections 7.1 and 7.2 we describe the algebraic theory of hypergeometric class polynomials. They
are centered around the so-called (generalized) Rodrigues formula.

Under some conditions on ¢ and k hypergeometric class polynomials can be viewed as eigenfunctions of
a certain self-adjoint Sturm-Liouville operator acting on an appropriate weighted Hilbert space. Besides,
they form an orthogonal basis of this Hilbert space. To explain this point of view, we devote Subsections
7.3, 7.4 and 7.5 to a few general remarks about orthogonal polynomials and Sturm-Liouville operators.
In particular, we find some useful conditions for the Hermiticity of Sturm-Liouville operators. These
conditions yield the weight function p, and also specify possible endpoints of the interval ]a, b].

In the remaining subsections we return to the theory of hypergeometric class polynomials. We are
convinced that the unified approach to their theory, which we present, based partly on [NU], has a
considerable pedagogical value.

7.1 2nd order differential operators with polynomial eigenfunctions

The following well-known and easy proposition shows that hypergeometric class operators have many
polynomial eigenfunctions. Actually, it is the property that characterizes this class among all second
order differential operators.

Proposition 7.1 Let o(z), 7(2), u(z) be arbitrary functions. Let P,(z), n =0,1,2, be polynomials such
that deg P, = n and n,, € C. Suppose that

(0(2)02 +7(2)0: + p(2) +nn) Pu(2) =0, n=0,1,2.

Then o(z) is a polynomial of degree at most 2, 7(z) is a polynomial of degree at most 1 and p(z) a
polynomial of degree 0 (a complex number).
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Note that for differential operators from Prop. 7.1, by replacing p + 1, with 7,,, without limiting the
generality we can assume that p = 0.
Let us describe some other simple facts about polynomial solutions of hypergeometric class equations:

Proposition 7.2 Let dego <2, degT7 <1, n€C,

1. Suppose that P is a polynomial of degree n solving

(0(2)02 + 7(2)0. +n) P(z) = 0. (7.1)
Then
n(n—1)% +nt’ +n=0. (7.2)
2. If
0_//
K +7 #0, ke, (7.3)

then the space of polynomial solutions of (7.1) is at most 1-dimensional.

Proof. Differentiating n times (7.1) we obtain (7.2)x P(™ = 0. This implies 1.
Suppose the space of polynomial solutions of (7.1) is 2-dimensional. We can assume that the degrees
of these solutions are 0 < ny < ny. By (7.2),

"

ni(ni—l)% b 4 =0, i=1,2. (7.4)

Subtracting (7.4) for 2 and 1 and dividing by n; — no we obtain

1

(n1 +ng — 1)% +1 =0. (7.5)

Now possible values of k :=nj +ns — 1 are 0,1,2,.... This contradicts (7.3). |

7.2 Raising and lowering operators. Rodriguez formula

The following theorem shows how to construct hypergeometric class polynomials and describes some of
their properties, which are easy to describe in a unified fashion. As usual, o denotes a polynomial of
degree < 2, k a polynomial of degree < 1.

Theorem 7.3 1. Suppose that w € C and a polynomial of degree n solves

0= (’H(a, K) +w)P(z) (7.6)
= (0’(2)63 + (0'(2) + Kk(2))0, + %l + w)P(z). (7.7)
Then .
n(n-l—l)%-l—(n—i—%)/i/—i—wzo. (7.8)
2. Suppose that ,
k%—l—fi’;ﬁO, k=2,3,.... (7.9)

Then for any w € C the space of polynomial solutions of (7.6) is at most 1-dimensional.
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3. Define

Palo,m:2) = o (2)000™ (2)o(2) (7.10)
= %mpfl(z) / o™ (z+t)p(z + )t~ " dt, (7.11)
[zt]

where [2T] denotes a loop around z in the counterclockwise direction. Then P, (o, r;z) is a polyno-
mial of degree n or less, and we have

0= ('H(U, k) —n(n + 1)%” —(n+ 1),'<;')Pn(a, K %) (7.12)

1"

= (a(z)af + (o' (2) + k(2))0, — n(n + 1)% - nf@") P,(0,r;2).

Proof. 1. and 2. are just a reformulations of Proposition 2, where instead of parameters 7,1 we use

Ky W.
To show 3. we note that the integral representation (7.11) satisfies the assumptions of Theorem 5.1
about Euler transforms. This representation implies both (7.12) and (7.10). |
(7.10) is usually called the Rodriguez formula.

Consider the descending ladder starting at ko(2) := k(z), wo = f%/, that is,

K—n(2) = K(z) — no'(2), (7.13)
2O_// o,/l

w_p=—(n+ 3K +n - :—nln(n+%)—n(n+l)7. (7.14)

Proposition 7.4 The polynomials P, (0, k_n;2) satisfy the corresponding hypergeometric class equation

(7—[(0, Ken) + w_n)Pn(J, Kniz) =0, (7.15)
the recurrence relations
(0(2)0y + - (2))Pr(0, k_pn;2) = (n+ 1) Pyy1(0, k_n_1; 2), (7.16)
0. Pyi1(0,kop_1;2) = (n%ﬁ + K )pn (0, Kon; 2); (7.17)
and have a generating function
w = i t" P (0, k—n; 2). (7.18)
n=0

7.3 Orthogonal polynomials

Consider —oo < a < b < +00. Suppose that Ja,b[> © — p(x) is a positive measurable function. Define
the Hilbert space
b
L*(Ja,b[, p) := {f measurable on ]a,b] | / p(x)|f(z)[Pdz < oo}, (7.19)

b
with the scalar product  (f|g) := / f(@)g(x)p(z)de. (7.20)
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Assume in addition

b
/ p(x)|z|"dz < 0o, neN. (7.21)

Then the space of polynomials is contained in L?(]a, b[, p). Applying the Gram-Schmidt orthogonalization
to the sequence 1,z, 22, ... we can define an orthogonal family of polynomials pg, p1, p2, ... The following
simple criterion is proven e.g. in [RS2]:

Theorem 7.5 Suppose that for some € > 0

/b e“l?lp(z)de < oo. (7.22)

Then polynomials are dense in L*(]a, b, p). Therefore, the family po,p1,pa2,... is an orthogonal basis of
L?(Ja,b[, p).

7.4 Hermiticity of Sturm-Liouville operators

In most of this paper we avoid using functional analysis. However, for hypergeometric class polynomials
we will make an exception. In fact, often it is natural to view them as orthogonal bases consisting of
eigenfunctions of certain self-adjoint operators.

Let us briefly recall some elements of the theory of operators on Hilbert spaces. Let H be a Hilbert
space with the scalar product (-]-). Let A be an operator on the domain D C H. We say that A is
Hermitian on D in the sense of H if

(flAg) = (Aflg), f.g€D. (7.23)

(Unfortunately, in most of the contemporary mathematics literature, instead of Hermitian the word

symmetric is used, which is a confusing misnomer). We say that A is self-adjoint if it is Hermitian and

its spectrum is real. We say that it is essentially self-adjoint if it has a unique self-adjoint extension.
Let A be Hermitian. Suppose that f; € D, i = 1,2, and

Then it is easy to see that 7; are real, and if 7y # 79, then (f;|f;) = 0. Therefore, eigenfunctions of
Hermitian operators can be arranged into orthogonal families. If an operator is Hermitian and possesses
an orthogonal basis of eigenvectors, then it is is essentially self-adjoint on (finite) linear combinations of
its eigenvectors.

Second order differential operators on a segment of the real line are often called Sturm-Liouville
operators. Let us make some remarks about the general theory of such operators, which will be useful in
the analysis of orthogonality properties of hypegeometric class polynomials.

Consider —oo < a < b < 400. Suppose that o, p are functions on Ja, b (not necessarily polynomials).
Consider an operator of the form

A= 0(2)0% + 7(2)0, (7.25)

(Thus we consider an arbitrary Sturm-Liouville operator without the zeroth order term).
Let p satisfy

o(x)p'(x) = (7(x) = o'(z))p(2)- (7.26)
Often it is convenient to rewrite (7.25) in the form
A= p(z) 1 0pp(z)0 ()0, (7.27)

Suppose that o, 7 are real and p is positive. It is useful to interpret A as an (unbounded) operator on
the Hilbert space L?(]a,b[, p). Indeed, the following easy theorem shows that A is Hermitian on smooth
functions that vanish close to the endpoints of the interval.
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Theorem 7.6 Let
Do ={f€C>*(a,b]) : f=0 in a neighborhood of a,b}. (7.28)

Then A is Hermitian on Dy in the sense of the Hilbert space L?(]a,b], p).

7.5 Selecting endpoints for Sturm-Liouville operators

Unfortunately, the operator A is rarely essentially self-adjoint on (7.28). We will see that A is still
Hermitian on functions that do not vanish near the endpoints, if these endpoints satisfy appropriate
conditions:

Theorem 7.7 Let —oco < a <b< 400 and
o(@)p(a) = o(B)p(b) = 0.
Then A is Hermitian on the domain C?([a,b]) in the sense of the space L?(]a,b[, p).

Proof. Let g, f € C*([a,b]).

(glAf) = (2)g(2)p(x) " 0z0 () p(2)0; f (x)dz

)

9(x)0y0(x)p(x)0, f (x)dx

b
- / (0r(2))0 (2)p(2)0, f (x)da

b

b
= g e ()] + / (Oopl2)(2)9 g () f(2)da

a

b
/ () (pl(2)~10,0(2)p(2)ug(2)) f(@)dz = (Aglf).

Analogously we prove the following fact:

Theorem 7.8 Let
lim o(x)p(z)|z|” = lim o(x)p(z)z|” =0, neN.

T——00 Tr—+00

Then A is Hermitian on the domain consisting of polynomial functions in the sense of the Hilbert space
LZ(] — 90, OO[,[))

Obviously, statements similar to Theorems 7.7 and 7.8 hold if « = —oo and b is finite, or a is finite
and b = cc.

We will see later that in applications to hypergeometric class equations the conditions of Theorems
7.7 and 7.8 are often sufficient to guarantee the essential self-adjointness of the operator A on the set of
polynomials.
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7.6 Orthogonality of hypergeometric class polynomials

In some cases hypergeometric class polynomials can be interpreted as an orthogonal basis of a certain
weighted Hilbert space. They are then often called (very) classical orthogonal polynomials.

Let us fix o, k and p satisfying (3.7). Let o, k be real and p positive. Choose an interval ]a, b[, where
—00 < a < b < +o0o satisfy the conditions of Theorem 7.7 or 7.8. By these theorems, the operator

/ /

H(o, k) = o(2)02 + (k(z) + o' (2)) Dy + % = p(a) "0, p(x)o ()0 + ’% (7.29)

is Hermitian on the space of polynomials in the sense of the Hilbert space L?(]a,b[,p). Therefore,
polynomial eigenfunctions of #H(c, k) are pairwise orthogonal (at least if the corresponding eigenvalues
are distinct, which is generically the case, see (7.8)). The following theorem says more: we compute the
square norm of the polynomials obtained from the Rodriguez formula.

Theorem 7.9

n "

/ab P, (o,k;2) Py (0, k;x)p(x)de = Omn H (— K —|—j%) /b o™ (z)p(z)dx. (7.30)

j=1

Proof. It is enough to assume that m < mn. Write P,(z) for P, (o, x;x).

b
/ Pou() Py (2)p() da (7.31)
b
:% Py (2)070™ (@) p(a)dz (7.32)

= /ab (8;Pm(x))cr”(a:)p(:c)dx. (7.33)

This is zero if m < n and for m = n we use

n

91 Pu(x) =[] (n’ - g%ﬂ) (7.34)

Jj=1

7.7 Review of types of hypergeometric class polynomials

In the remaining part of the section we review various types of hypergeometric class polynomials. We will
discuss only the properties that follow directly from the general theory described in previous subsections.
Here is the list of items that we will cover:

e The choice of o,k and the corresponding weight p.

e The Rodriguez formula (7.10) defining the polynomial and its expression in terms of hypergeometric
class functions.

e The degree of the polynomial, see (7.2).

e The differential equation, see (7.12).
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e The pair of recurrence relations that follow from the Rodriguez formula, see (7.16) and (7.17).
e The generating function related to the Rodriguez formula, see (7.18).

e The choice of endpoints for which the corresponding Sturm-Liouville operator is essentially self-
adjoint on the space of polynomials (if applicable), see Theorems 7.7 , 7.8 and 7.5.

e The square norm (if applicable), see Theorem 7.9.

Hypergeometric class polynomials possess various useful features that will not be listed in the following
subsections. For instance, they typically have additional recurrence relations and generating functions.
We list only those that follow directly from the general theory described above.

7.8 Jacobi polynomials

Consider «, 8 € C and
o(z)=1—-22, k(z)=a(l—2)+B(1+2), p(z)=(1-2)%1+2)". (7.35)

For n € {0,1,...} set

priw) = CDN0 () 0 - ) (1 ) (7.36)
1+a), 1-
= %2F1(—nan+&+ﬁ+l;a+l; 2%). (7.37)

Then P2 is a polynomial of degree at most n. More precisely:

1.Ifa+ B & {-2n,...,—n — 1}, then deg P*# = n. It is then up to a coefficient the unique
eigenfunction of the operator
2\ 52 B—a
H(o,k) =(1—2°)0; +(f—a—(a++2)2)0, + 5 (7.38)
which is a polynomial of degree n.
2. fa+pe{-2n,...,—n—1}, but a &€ {—n,...,—1} (or, equivalently, 8 & {—n,...,—1}), then
deg PP = —a— B —n—1.
3 Ifa+pe{-2n,...,—n—1}, but a € {—n,...,—1} (or, equivalently, 8 € {—n,...,—1}), then
PP = 0.
P;f“ﬁ satisfy the Jacobi equation, which is a slightly modified o F} equation
(1-2%2+(B—a—(a+B+2)2)ds +n(n+a+p+1)) PP (z) = 0.
Recurrence relations:
1
9, PP (z) = a+p —2i- n+ ngll,ﬁJrl’ (7.39)
1-22)0,+B—a—(a+ Bz, a—1,5—
- 5 POP(z) = (n+1)PX (@) (7.40)
Generating function:
3 PammBn ()2t = (14 4(1+2)) (1 (1 — 2))”. (7.41)
n=0
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If o, 8 > —1, then H(o, &) is self-adjoint on the space of polynomials in the sense of
L*() = 1,1, (1 — 2)*(1 + 2)?).

Jacobi polynomials are its eigenfunctions and form an orthogonal basis with the normalization

! I(14 a+n)T(1+ B+ n)20HA+1
P (@) (1 =) (1 + ) de = . 42
/4 w (@ (1 - @)%+ ) de I+2n+a+B)nl'(1+a+ B+n) (7.42)
7.9 Laguerre polynomials
Consider a € C and
o(z)=2z, k(z)=a—z pz)=e72% (7.43)
For n € N set
[e% 1 T, —oaqn, —T, n+o
Ly(x) = €7 ore *z
(1 + a)'n

= 0 11 (=n; 1+ a; ).

Then L is a polynomial of degree n. It is a unique (up to a coefficient) eigenfunction of the operator

1
H(o, k) =20 + (a +1—2)0, — 3
which is a polynomial of degree n. L¢ satisfy the Laguerre equation, which is the 1 F) equation with

modified parameters:

(7.44)

(202 + (a+1—2)0, +n) L%(z) = 0.

Recurrence relations:

(20, +a—2)LY(z) = (n+ l)Lgﬁ(x), (7.45)
0. L(x) = —L2T(x). (7.46)
Generating function:
e (141> = i t"LET(2). (7.47)
n=0

If « > —1, then H (o, x) is essentially self-adjoint on the space of polynomials in the sense of L?([0, oo[,e~*z?).
Laguerre polynomials are its eigenfunctions and form an orthonormal basis with the normalization

/ Lo (z)*x%e "dx = l+atn) n)
0 n!
7.10 Bessel polynomials
Consider 0 € C and B
o(z) =2% k(z)=—-140z, pz)=e* 2 (7.48)
Forn=0,1,... set
Bl(z):= i'z—‘)eflage—flz"“” (7.49)
n!
1
= EzFo(—n7n+0+1;—;z) (7.50)
= (—2)"L; 07 (7Y, (7.51)
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Then B? is a polynomial of degree n. It is a unique (up to a coefficient) eigenfunction of the operator

0
H(o,k) = 2202 + (=1 + (24 6)2)0. + 3 (7.52)
which is a polynomial of degree n. BY satisfy the »Fy equation with adjusted parametes:
1
(z2a§ (14 (246)2)0. = 5n(1+0+ n))Bg(z) _—
Recurrence relations:
0:By(z) = —(n+0+1)B(2),
(220, —1-02)Bi(2) = —(n+1)B23(z2).
Generating function:
2] —t _ - n nl—2n
(1+t2)? exp (1 +tz) - ;::Ot BI=2n(2). (7.53)

Bessel polynomials do not form an orthogonal basis on any interval.

7.11 Hermite polynomials

Consider )
o(2) =1, kK(z)=-22 p(z)=e". (7.54)
Forn=0,1,... set
_1)n
H,(z) = ( ') exzage_“j (7.55)
n!
2/’1

where S(a,x) is the Hermite function defined in (6.32). Then H, is a polynomial of degree n and is (up
to a multiplicative constant) the only eigenfunction of the operator

H(o, k) = 02 — 220, — 1 (7.57)
which is a polynomial of degree n. It satisfies the Hermite equation
(02 — 220, + 2n)H,(z) = 0.

Recurrence relations:

(—=0s +22)Hp(z) = (n+ 1)Hpy1 (), (7.58)
0. Hy(z) = 2H,,_1(x). (7.59)
Generating function:
St H, (x) = e (7.60)
n=0

The operator H (o, k) is essentially self-adjoint on the space of polynomials in the sense of L?(R, e*wz).
Hermite polynomials are its eigenfunctions and form an orthogonal basis with the normalization

/H 2‘””d ‘F2n.

Remark 7.10 The definition of Hermite polynomials that we gave is consistent with the generalized
Rodrigues formula (7.10). In the literature one can also find other conventions for Hermite polynomials,
e.g. Hy(z) == (71)”ex25’;‘e’12.
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8 Degenerate case

If two indices of a regular-singular (also called Fuchsian) point of a differential equation differ by an integer,
then the usual Frobenius method [WW] produces in general, up to a coefficient, only one solution. We
call this case degenerate. In this section we will be discuss the degenerate case of hypergeometric class
equations. Without limiting the generality, the regular-singular point will be 0.

8.1 Unified hypergeometric function in the degenerate case

Suppose that we are in the setting of Section 4.3. That means, o(0) = 0, ¢/(0) = 1, and we set £(0) = m.
Thus,

1"

o(z) = %22 +2, Kk(z)=m+rz w (8.1)

are the parameters of the equation we consider, see (4.7). As in (4.11), we also introduce the transformed

parameters:
1

k°(2) i= —m+ (k' —mo")z, w®i=w—mx + mQ?, m° = —m. (8.2)
We assume in addition that m is an integer. Using
1 0 m=...,—2,—1;
— b ) ) 8.3
I'(m+1) {nll,, m=0,1,..., (®:3)

we obtain

i 0775 (w0 + (F + §)n" + H520")

F(o,k,w;z) = (—2)™. (8.4)
In!
n=max{0,—m} (n T m>n
This easily implies the identity
m—1 O'N
F(o, k%W’ 2) = H (w -r(+3)+ 7j(j + 1)) (—2)"F(o,k,w; z), m € Ny. (8.5)
j=0

Therefore, for integer m the functions F(o, k,w; 2) and z~™F (o, k°, w®; ) are proportional to one another
and do not form a basis of solutions.

8.2 The power-exponential function

In order to describe the theory of the degenerate case in a unified way, it will be convenient first to
unify the power and exponential function in a single function. More precisely, let a, u € C. Consider the
function

(1+pu)®m,  p#0,

au

fla, p;u) = {
e, n=0.

It is analytic for u # —u~!. From now on we will write (1 + pu)®/* instead of f(a, u;u).
Let us list some properties of this function.

Theorem 8.1 (1) (14 pu)** is the unique solution of

(1 + pu)dy — a) f(u) =0, (8.6)
f(0)=1. (8.7)
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(2) For |u| < |u|= we have

(1+ pu)*/# = i ala—p)-(a—(n— 1)“)u”

n! ’

n=0

(3)
(1 +Mu)a1/ﬂ<1 +,uu)a2/,u — (1 +Mu)(a1+a2)/,u.

8.3 Generating functions

Let us now fix o(z) = %”22 + z,as in (8.1). Let a,b, u,v € C. Consider two families of hypergeometric
class operators

" "

(%22 + z)@? + (m +1+ (%(1 +m) — pb— ua)z)az — mub — ab, (8.8)
(%22 + z)@f + (m +1+ (%”(1 +m)—pb— Vu)i;)@z — mva — ab. (8.9)

(Note that the parameters we introduced are redundant—three would suffice instead of four. However
they help us to describe the degenerate case in a symmetric and unified way).
In terms of our standard parameters, the operators (8.8) and (8.9) can be written as

H(o, Em) + Wi, (8.10)
H(o, Em) + Om, (8.11)
where
1
Em(2) :=m+ (%(m— 1) —,ub—va)z, (8.12)
1 O_//
Wip i= i(ubJrz/a)fabfmubf Z(mfl), (8.13)
1 O_//
W := i(ub—kua)—ab—mua— I(m— 1). (8.14)
Note that
Fopy = Kem, Wy = W, WOy = W_p. (8.15)

By [(a, 8)"] we will denote a counterclockwise loop around a, 8 € C. We define

_b
v

1 a vz
U, (2) = — 1 R (  Epaad -m=1q 8.16
SR I (1+5) Tt (510
- 1 M2\ T b e
b, (2) = — (1 7) 1 P 1dy, 8.17
(2) 271 Sy, ot + ” (I+wvv) vo v ( )

Theorem 8.2 1. For |zv| < |u] < |pu~!| we have

b
v

(1+ pu) & (1 + %) =3 um T (2). (8.18)

mEZ

and for |zp| < |u] < |v™!| we have

(1 + %)_%(1 too) =Y 0™, (2). (8.19)
meZ
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2. Up(z) =270 _,(2).
3. Form >0,

ma(atp)---(a+p(m—1))

\I/'rn(o) = (_1) m) ) (820)
& 0) (_Umb(bw)...(:; (m— 1)) 1)

4. The functions U, (z) and U,,(z) satisfy the following hypergeometric class differential equations:
(2(1 = pvz)02 + (m+ 1 — (u(1 +m) + av + bu)2)9d. — (mub + ab)) ¥,,,(2) = 0, (8.22)
(2(1 = pvz)02 + (m+ 1 — (u(1 +m) + av + bu)2)9d. — (mva + ab)) ¥,,(z) = 0. (8.23)

5. The functions U,,(z) and W,,(z) are proportional to the Olver normalized unified hypergeometric
function:

\Ijm(z) = (71)ma(a + N) T (a + /u‘(m - 1))F(O’, Rm, Wm; Z>; (824)
U (2) = (=1)™b(b+v) - (b4 (m — D))F(0, K, O 2); (8.25)

Proof. 1. follows immediately from the definitions (8.16), (8.17) and the Laurent expansion.
To show 2. we can rewrite (8.18) and (8.19) as

(14 pu) ™ (1 + uv)_% = Z U™, (u), (8.26)
meZ

(1 + pu) " (1 + 1/1))*% = Z ™, (uv) = Z u” ™ (uv) ™, (u). (8.27)
meZ meZ

3. follows by setting v = 0 in (8.26) and w = 0 in (8.27).
Let us show 4. We have the identity

0 = (8u0y — puvdy 0y — pbud, — avvdy — ab) (1 + pu) ¥ (1 + vv) =+ . (8.28)
Besides,
(0u0y — uvdy, 0y — pbudy, — avvd, — ab) u™V,, (uv)
=u™ (2(1 — w2)02 + (m+ 1 — (uv + (mp + a)v + bu)2)d. — (mp + a)b) ¥, (2).
Thus (8.28) together with (8.26) can be rewritten as
0= Z u™ (2(1 — pv2)d7 + (m+ 1 — (pv + (mp + a)v + bp)2)0. — (mp+ a)b) ¥, (2), (8.29)
mez

which implies (8.22).
5. follows from 3. and 4. O

In the remaining part of the section we describe separately three types of degenerate hypergeometric
class functions.
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8.4 The »F; function

For m € Z we have

(@)n(b)n o

Fa, b1+ m;z2) = nl(m + n)!

n=max(0,—m)

(a—m)m(b—m)Fla,b;1+m;2z) = 2z2""F(a—m,b—m;1 —m;2).

)

We have an integral representation and a generating function:

1 —a z\ 7P —m—1 _ . .
oR / (1—1) (1—2) 14t = (a)mF(a+m, by 1 +m; 2),
[(0.2)*]

(1- t)’“(l - ;)4’ =3 ™ (@)mF(a+mbi1+m).

mEeEZ

8.5 The ;F; function

If m € Z, we have

. . — (a)n n
Flal+mz)= >, o=es
n=max(0,—m)
(a —m)mF(a;1+m;2) =2z7"F(a—m;1 —m;z2).

We have two integral representations and the corresponding generating functions:

1 —a
oy / et(lfi) = ldt = F(a,1+m;z2),

[(z,0)*]

— ei(l—t)" % ™Mt = 2"™F(a,1—m;2),

et(lii)_a = > t"F(a;m;2)),

mEZ
et(l—t)™* = Z t"2""F(a; 1 —m; 2).
meZ
8.6 The F} function
If m € Z, then
F (2) = _
(14+m;2) = Z n!(ern)!z )

n=max(0,—m)

F(14+m;z)=2z""F(1 —m;z2).
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(8.34)

(8.35)
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We have an integral representation, called the Bessel formula, and a generating function:

1 2
o / e TiTm AL = F(1 4 m; 2), (8.38)
7r
(0]
elet = E t"F(1+m;2). (8.39)
me”L
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A Function > F

The function 5 Fj seems to be rarely discussed in the literature. For convenience of the reader in the
following theorem we state and prove basic facts about this function.

Theorem A.1 For w € C\[0, 00|, there exists the limit

F(a,b; —;w):= lm F(a,b;c;cw). (A1)

c—+oo

It defines a function analytically depending on a,b € C and w € C\[0, col.
We have the following asymptotic expansion:

F(a,b;—;w) ~ Z Mw". (A.2)

|
— nl
More precisely, for any € > 0, n, there exists ¢, such that
—~ (a);(b);
F(a,b;—;w) — Z %wﬂ < cplw™t argw| > e, Jw| < 1. (A.3)
4!

=0

Moreover, for Re(a) > 0 we have an integral representation
F(a,b; —;w) = 1 /OO e (1 — wt)~bdt. (A4)
) Uy

Proof. Assume first that Re(a) > 0. For Re(c —a) > 0 and w € C\[c™!, +00], inserting ¢t = c¢s™! and
z = cw into (6.5), we obtain

F(a,b;c;cw) = L(e)e™ ] /0C s (1 — e ls) T (1 — ws) Tds. (A.5)

Ia)'(c—a
Using lim,_, o I;((i)f;; = 1 and the Lebesgue Dominated Convergence Theorem we see that (A.5) converges

to the right hand side of (A.4). This proves that F'(a,b; —;w) is well defined for Re(a) > 0.
Now let a be arbitrary. We have

07 F(a,b;c;z) = (azz)(b%F(a+n,b+n;c+n;z). (A.6)
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Using Taylor’s formula with a remainder

< fO fM(s2)n l—s) d
R ’

we obtain
n—l
F(a,b;c;2) Z (A7)
7=0
n 1
+w/ (1—s)""'dsF(a + n,b+ n;c;ws). (A.8)

Now, choose n such that Re(a+n) > 0. Then we can apply what we proved before to show the convergence

n—1 ;
: oy N (b))
CETOO F(a,b;c;ez) = Z 5 (A.9)
7=0
"(0)a(a)n [
+w/ (1—s)""tdsF(a+n,b+n; —;ws). (A.10)
(n—=1! Jo
Clearly, (A.10) is O(w™), and n can be made arbitrarily large. O
If @ or b is a negative integer, then the series (A.2) terminates and functions o Fy(a, b; —; -) essentially
coincide with Bessel polynomials, see Subsect. 7.10. Otherwise, 3 Fp(a, b; —; ) have a logarithmic branch
point at 0.

B Riemann class

We hope that we convinced our reader that the hypergeometric class studied in this paper is a natural
family of equations. In this appendix, following [DIL], we will describe a somewhat wider family, which
appears in the literature in many sources, e.g. [SL, DIL, EEKS]. According to the terminology used in
[DIL], directly inspired by and partly borrowed from the monograph of Slavyanov-Lay [SL], this family
is called Riemann class.

Consider an equation given by the operator

2+ b(2)0, + c(2), (B.1)

where p(z), q(z) are rational functions. Let zg € C U {oo} be a singular point of (B.1).
Recall that zy € C is called regular-singular or Fuchsian if b(z) = % and ¢(z) = (2'1(53)2 with p, ¢
regular at zg. The equation

AN = 1) +p(20)A + q(20) =0 (B.2)
is called the indicial equation of zy and its roots are called indices of zg.

We say that oo is regular-singular or Fuchsian if b(z) = @ and c(z) = % with p, ¢ regular at co.

AA+1) = p(c0)A 4+ g(o0) =0 (B.3)
is called the indicial equation of oo and its roots are called indices of co.

It is easy to see that every equation having no more than 3 singular points in C U {co}, all of them
Fuchsian and at most 2 finite, is given by an operator of the form

b b
aj+( @, >8z+ L L2 4 a S+ €2 > with by +by=0, (B4)
Zz—21 Z— 2 z—z1 z—2z (2—21) (z — z2)
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where z1, 29 are distinct points in C. Following [DIL], the family of equations (B.4) is called the Riemann
type. (Another name, introduced in [SL], is Ma-type).

Each finite singularity has at least one index equal 0 if and only if ¢; = ¢ = 0. Such equations are
given by operators

b b -
5‘3 i ( ay I a2 )32 + 1 + 2 with ij —0. (B.5)
j=1

zZ— 2z Z — Z9 zZ— 2z zZ — Z9

Following [DIL], the family of equations given by (B.5) will be called the grounded Riemann type. It is
easy to see that by gauging with power functions we can always transform a Riemann type equation into
a grounded Riemann type equation.

We say that a differential equation belongs to the Riemann class (or the Ms-class) if it is given by

o T2, | EG) e
o™t o ()

where o, 7, are polynomials satisfying
c#0, dego <2, deg7<1, degé& <2 (B.7)

Thus the Riemann class comprises the Riemann type together with all its confluent cases.
We say that a differential equation belongs to the grounded Riemann class if it is given by

92+ ;8@ + 28 (B.8)

where o, 7,7 are polynomials satisfying
0#0, dego<2, degr<1, degn=0. (B.9)

Thus the grounded Riemann class besides the grounded Riemann includes all its confluent cases.
The following proposition is proven in [DIL]:

Proposition B.1 1. The Riemann type is contained in the Riemann class. An equation of the Rie-
mann class is of the Riemann type iff o possesses 2 distinct roots.

2. The grounded Riemann type is the intersection of the grounded Riemann class and Riemann type.

In this paper instead of the grounded Riemann class we use the name hypergeometric class. We use this
name mostly for brevity, besides the word “grounded” may sound bizarre to some readers. Furthermore,
we prefer to multiply these equations by o (z), so that we consider operators of the form

0(2)0? +7(2)0, +1n (B.10)

with o, 7, v satisfying (B.9).
One can ask whether the unified theory presented in this paper can be extended to operators of the
form £)
z
02 9. + == B.11
702 + 7200+ o (B.11)
where o, 7, ¢ satisfy (B.7). In other words whether the unified theory presented in this paper can be
extended to the full Riemann class. We do not know an answer to this question. However, let us remark
that we do not gain much by considering the full Riemann class instead of the grounded Riemann class.
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By a division by a constant, transformation z — az 4+ b and gauging with a power and exponential all
operators from the Riemann type can be always reduced to an o F} operator. More generally, all operators
from the Riemann class can be reduced to one of normal forms listed in [SL] or in Subsect. 3.3 of [DIL]:

the o F} operator 2(1=2)02+ (c— (a+b+1)2)0. — ab;
the o Fyy operator 2202+ (— 1+ (a+b+1)2)0. + ab;
the 1 F operator 202 + (¢ — 2)0, — a;

the ¢F} operator 202 4+ cd, — 1;

the Hermite operator 0?2 — 220, — 2a;

the Airy operator 0? + z;

the Euler operator 1 2202 + c20.;

the Euler operator II 202 + ¢d,;

the 1d Helmholtz operator 92 + 1;

the 1d Laplace operator 02.

In this list the first five are the normal forms listed in the introduction and described in Section 6.
The last four are trivial operators that can be solved in by elementary methods. They are also special
cases of the grounded Riemann class.

The Airy equation is the only type within the Riemann class which does not belong to the grounded
Riemann class and therefore is left out from the unified theory presented in this paper.
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