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| will describe arguments indicating that homogeneous
interacting quantum gas, both Bosonic and Fermionic,
may have energy—momentum spectrum with an interest-
ing shape. This can be used to explain physical phenom-
ena: superfluidity and supeconductivity at zero temper-
ature. Some of the arguments that | will describe are
heuristic and go back to old ideas of Bogoliubov and
Bardeen-Cooper-Schrieffer. There will be also, however,

some rigous recent results.
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1 HOMOGENEOUS BOSE GAS



n identical bosonic particles are described by the Hilbert space
Hoo= L((RY)") = @ULA(RY),

the Schrodinger Hamiltonian

ZA+)\ Z V(x; —x5)

1<i<y<n

n

and the momentum P, := — ) i0... We have P, H, = H,F,,
i=1

which expresses the translational invariance of our system.

The potential V is a real function on R? that decays at infinity and

satisfies V' (x) = V(—x).



We enclose these particles in a box of size L with fixed density
p = 7z and n large. Instead of the more physical Dirichlet boundary
condtions, to keep translational invariance we impose the periodic
boundary conditions, replacing the original V' by the periodized
potential

Vi) = S Vi(x+ Ln) = % S ()
nezd pe(2r/L)Z4
well defined on the torus [~L/2, L/2[?. (Note that above we used

the Poisson summation formula).



The original Hilbert space is replaced by

HE = L2((L/2.Lf2[)") = @ (L(=L/2, L/2").

We have a new Hamiltonian

ZALH Z Vi

1<i<y<n

n
and a new momentum P = — " i0y .
i=1
Because of the periodic boundary conditions we still have

PLAHL = HEPL In the sequel we drop the superscript L.



We prefer to work in the momentum representation, where the
Hilbert space is H,, = lsz((%”Zd)n), the Hamiltonian and the mo-

mentum are

H, = Zzpz|p)i(p!z'
Y V- D),

1<i<j<n p/+k'=k+p
n

P, = > plp)ipl:

=1 p



Consider all n at once by introducing the Bosonic Fock space

Wi B M= (P 2)

The Hamiltonian and the momentum in second quantized notation

are

H = Zpaap

2 57d Z V(k)ay, kg aqap,

p,q.k

P = najo P, = Zpa;ap.
p



Above we use the standard formalism of second quantization in-
volving the creation and annihilation operators a;, a,, satisfying the

canonical commutation relations

k-

)

[CLp, ak] — [CL;, alt] = O? [apa alt] - 6p

Note in particular that we have the number operator

. k
N = E Q-
p



2 EXCITATION SPECTRUM AND CRITICAL VELOCITY



Thus homogeneous Bose gas is described by a family of commut-
ing self-adjoint operators (H, P), where P = (Py,..., P;). We

can define its energy-momentum spectrum

(

R xR L=oo,
spec (H, P) C

R x 279 L < .
\



By general arguments the momentum of the ground state is zero.
Let E' denote the ground state energy of H. The excitation spec-

trum can be defined as

spec (H — E, P)\{(0,0)},



Note that

® H(k), L<oo.

2w r7d
\keLZ

We are especially interested in the infimum of the excitation spec-

trum

e(k) := infspec (H(k) — E), k#0,

e(0) := inf (spec (H(0) — E)\{0}).



Introduce the critical velocity and the energy gap

k
Cop = infﬂ

k|
Eoap = Inf (spec (H — E)\{0}) = infe(k).

In the limit L — oo, we can also try to define the phonon velocity

ek
Cob = I T

We will argue that Bose gas with repulsive interaction in ther-
modynamic limit has positive critical velocity, well defined positive

phonon velocity and a zero energy gap.



3 LANDAU’S ARGUMENT FOR SUPERFLUIDITY



Suppose that our system is described with (H, P) with critical
velocity c... We add to H a perturbation u travelling at a speed
W

.d .

We go to the moving frame:

UM (a1, ... xp) = Yz — wt, ...,z — Wt).



We obtain a Schrodinger equation with a time-independent Hamil-

tonian

d n
0y = (H —wP Ay u(azg) g
1=1

Let W,, be the ground state of H. Is it stable against a travelling
perturbation? We need to consider the tilted Hamiltonian H —wP.

If |w| < ce, then H — wP > E and Uy, is still a ground state
of H —wP. So Uy, is stable.

If |w| > cep, then H — wP is unbounded from below. So Wy, is

not stable any more.



Bose gas travelling slower than critical velocity

energy




Bose gas travelling faster than critical velocity

energy

\/"\/\ k



4 QUADRATIC HAMILTONIANS



In many situations we try to describe physical particles in terms of

quasiparticles. This roughly means that the Hamiltonian and total

momentum are
H = / w(k)agaydk,
Rd

P = / kaf;akdk
Rd

for a function w called the elementary excitation spectrum or the
dispersion relation. The excitation spectrum of such a system can-
not have an arbitrary shape. In particular, its infimum must be

subadditive—it equals the subadditive hull of w.



We say that a function R? 3 k ~ ¢(k) € R is subadditive iff
e(ki + ko) <elky) +elka), ki ky € R

Let R? 5 k — w(k) € R be another function. We define the

subbadditive hull of w to be
e(k) .= inf{wk)+ - -+wk,) : ki+-+k, =k, n=1,2,...}.

Clearly, the subadditive hull is always subadditive.



Proposition Let f be an increasing concave function with f(0) > 0.
Then f(|k|) is subadditive.

Proposition Let £y be subadditive and ¢y < w. Let £ be the sub-
additive hull of w. Then gy < €.

Proposition Suppose that w satisfies

w(k)
K

inf = Cor > 0,

Let £ be the subadditive hull of w. Then ¢ also satisfies

ell) _
K

inf Cer-



Excitation spectrum of free Bose gas
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Hypothethic excitation spectrum of

interacting Bose gas with no “rotons”

energy




Hypothethic excitation spectrum of

interacting Bose gas with “rotons”

energy
A




5 BOGOLIUBOV’S ARGUMENT



We consider Bose gas with repulsive potential, more precisely,
V>0 V>0

We expect that most particles will be spread evenly over the whole
box staying in the zeroth mode, so that N ~ N := ajag. (The

Bose statistics does not prohibit to occupy the same state).



Following the arguments of N. N. Bogoliubov from 1947, we
drop all terms in the Hamiltonian involving more than two cre-

ation/annihilation operators of a nonzero mode. We obtain

\ .

————ayahapay + Z (k2 +- Noﬁ (V(k) + V(O)))af;ak

k40
A o~
+ Z —V(k) (aga(’-‘jaka_k + af:aikao@o) .

214
k40



Using p = Ld’ we obtain
AV (0
H ~ ; >p(N—1)+HBOg+R,
Hpog = Z (k* -+ )\pf/(k))aﬁak
k=0
1 ) * %
+§ Z AV (k) (afa” + axa_y),
k=£0
)\V
R = 0 )(N No)(N — Ny — 1)

Z ( agay — N)axa_x + aya” (apag — N))
1£0



We look for a Bogoliubov transformation, a linear transformation

of creation /annihilation operators
~ *
ap = Cpap + spa’,,  pF# 0,

preserving the commutation relations, that diagonalizes the quadratic

Hamiltonian Hp,:

Hpoy = Epog+ Y w(p)ajap,
p70
PBog — Zp&;&pa
p70



This is realized by ¢, = cosh 3, s, = sinh 3,, where

DI+ AoV (p) = ply/ Il + 220V (p)
AV (p)

tanh(3,) =

I

with the Bogoliubov energy

1
B = —5 3 (104 207 0) — oy o + 207 9))

p70

and the Bogoliubov dispersion relation

w(p) = Ipl\/lpl2 +2XpV (p).



The Bogoliubov dispersion relation depends on A and p = 5
only through \p. It is therefore natural to set A :== p~!, which we
will do in what follows. Thus the initial Hamiltonian becomes

H = €B H, Zp a,ay + ZV ONIRONRNON

pqa

The Bogoliubov Hamiltonian depends on L only through the
. . . 2
choice of the lattice spacing =
We expect that the low energy part of the excitation spectra of
H,, and Hp,, are close to one another for large n, hoping that then

n — ng — 0. We expect some kind of uniformity wrt L.



Note that formally we can even take the limit L. — oo obtaining

Hpog — Epog = (QW)d/w(p)a apdp,

P = (2m)¢ / pasaydp.



(For finite L) set

exp(gg a,a’ ., —a,pa_p)).

Then U is unitary and

a, = U"ayU,
a, = U'a,U,
Hpog = Epog +U” Z w(p)ayapU,

p70

P = U*Zpa;apU.
p#0



The excitation spectrum of Hp,, is given by

spec (HBOg — Egog, P)\{(0,0)}

1=1
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6 RIGOROUS RESULTS ON EXCITATION SPECTRUM
OF INTERACTING BOSONS

Jan Derezinski and Marcin Napidérkowski: On the excitation spectrum of interacting bosons

in the infinite-volume mean-field limit, Annales Henri Poincare, DOI: 10.1007/s00023-013-0302-4



Our main result says that for large n and not too large L the low
energy part of the excitation spectrum of H,, is well approximated
by the low energy part of the excitation spectrum of Hp,.

Note that we cannot make L go to infinity arbitrarily fast as
n — o0. In particular, when we want to use arguments based on

the weak coupling, we should assume A= 0= % — Q.



Before we describe our result let us introduce some notation.
Let A be a bounded from below self-adjoint operator with only

discrete spectrum. We define

SB(A) == (ay, as, . ..),

where a1, as, ... are the eigenvalues of A in the increasing order.

If dimH = n, then we set a,,.1 = ay49 = -+ = 0.



Excitation energies of the n-body Hamiltonian.

If p € ZZN\{0}, set

(Kx(0), K2(D),...) =8B (Hu(p) — Ey).

The lowest eigenvalue of H,,(0) — E,, is 0 by general arguments.

Set

(0, K1(0), K2(0),...) == 5B (H,(0) — E,).



Bogoliubov excitation energies.

If p € ZZN\{0}, set

(K]130g<p)7 K]%og(p>7 <. ) = @(HBog(I» T EBog)-

The lowest eigenvalue of Hpue(0) — Epog is obviously 0. Set

(07 K]}D)oga))? K]%)og(o)v s ) = @(HBog«)) o EBog)-



Besides the assumptions on V' that we already mentioned
V>0, V>0
we add technical assumptions

/V(x)dx < 00,

AN

Vip) <Cl+|p)™*, p>d.



Upper bound. Let ¢ > 0. Then there exists C' such that if

L?7+2 < cn, then

E, > ~0(0)(n — 1) + Epey — Cn Y2L2H3,

DO | —

If in addition K/(p) < enL =972, then

| 1. -
B+ K;(p) 2 50(0)(n = 1) + Eog + Koy (p)

Y2 d/ees (K%(P) 1 Ld)3/2.



Lower bound. Let ¢ > 0. Then there exists ¢; > 0 and C such

that if L2 < en, L™ < ¢in, then

E, < =0(0)(n — 1) + Epeg + Cn~/2L*3/2

[\DI»—k

If in addition K7

Bog( ) < enL™%2 and K

Bog( ) < cinL?, then

1 |
51}(0)(71 — 1) + Epog + Ki, (D)

—|—C’n_1/2Ld/2+3<K]]30g

E,+ K}(p) <

( >+Ld_1)3/2.



Special case of this theorem with L = 1 was proven by R. Seiringer.
Mimicking his proof gives big error terms for large L: they are of
the order n='/2exp(L%?). To get better error estimates we need

to use additional ideas.



Basic tools of the proof:

Consequence of the min-max principle:
A < B implies 5p(A) < 55(B).
Rayleigh-Ritz principle:

B(4) < FB(PeAP ).



It is impossible to apply the Raileigh-Ritz principle directly, be-
cause the physical Hamiltonian H,, acts on the physical space H,,

and the Bogoliubov Hamiltonian Hp,, acts on the Fock space

Hio = T (z?(zf”zd\{()})).

These spaces are incomparable — neither is contained in the other.
Introduce the operator of the number of particles outside of the

zeroth mode

> *
N .—E apap.

p70
We want to use the fact that on low energy states N~ is small.



The exponential property of Fock spaces says
FS<Zl D ZQ> ~ Fs(Zl) X FS<ZQ>

We have
2 (zizd) ~Ca P (QIZd\{O})
L o L
Thus H ~ I'y(C)®Hpog. Embed the space of zero modes I's(C) =

[°({0,1,...}) in a larger space [*(Z). Thus we obtain the extended

Hilbert space

Hext — l2<Z) X %Bog



The operator N extends to an operator N§*. Similarly, N ex-

tends to N®*' = N§* 4+ N~. The space H sits in H™:

H = ]1[0’00[<N§xt>%ext’

Hn — ﬂn<NeXt)]1[07OO[<N§X'G)H€X'C.
For any value of n there is a copy of Hp,y in H™":

HBog ~ H%Xt — ﬂn(NeXt)HeXt.



We have also a unitary operator
Ulng) @ UV~ =|ng—1) @ U~
We now define for p # 0 the following operator on H:
b, = a,U".

Operators b, and b; satisfy the same CCR as a;, and aj.



Let us repeat Bogoliubov's heuristic argument:

H

2

12

L - % % % %
+ Z ﬁV(p) (aoaoapa_p + aoaoapa_p)
p7#0

+22Nv (¢N0 Ny — )bpb_p+b;bip\/N0<No—1))
p#0

@(N — 1)+ Z (p2 + V(p))b;bp

p7#0




In the actual proof we use an estimating Hamiltonian on H,,

H,. = ;V(O)(n—l +Z !p|2+V( ))asay,

p7#0

1 ’ P * ok
to Z V(p) (aoaoapa_p + apa_paoao)

. /(0 y
__Z V V ) CLCLpN>—|—V(O>N>

o 2n
LT (V) + V(0))alapNo + +(1 + € )=V (O)LIN(N* — 1)
n pp 2n,

p7#0

H,>H,_., 0<e<l; H,<H,, 0<e



Extended estimating Hamiltonian on H¢*

AN

HE = VO = 1)+ (IbP + V(p)biby

p#0
Next 1)N8Xt
+5 ZV ( - byb + i)
p#O ) A
1 ) V(O) * > V(O) >
p#0
€ A * ex
=2 (V) + V(0) bbpNG™
p#0
1
+(1+ e H=—=V(0)L'N> (N~ —1).

2n

HeXt preserves H,, and restricted to H,, coincides with H,, .



A 1 N
> (b + V©))biby + 5 D Vo) (byby + bib, ).
p70 p#£0

ext L ext :
preserves H X', lts restriction to H;* will be denoted Hpyg .

Clearly, Hpog p is unitarily equivalent to Hp,,.



1
2
1
2

V( )(’FL — 1) -+ HBogn - RTLG?

Z ( < Next 1> N(()ext
7§ n

) Uiy NG + (1 + €

— 1) bpb—p + hc)

—1)iV(0)LdN>(N> —1).

2n



Proof of lower bound. We use the inclusion H,, C H™. For

brevity set

15 == Njo,u(Hp — En).
For 0 < e <1,
1" f,1" > 17 (%V(O)(n — 1) + Hpogn + Rn,e) 1"
Hence,

B(0H,I) >

V(0)(n = 1) + 5B ( Hpos ) — 1 Boll

DO | —



Proof of upper bound. Let G € C*([0,00]), G > 0,

(
1, ifsecl0,i]
G(s) = ¢ ’

0, ifsell, ool
\

For brevity, we set ]IEOg = 1o, (HBogn — £Bog)- We define
Z, = (1B¢G(N™ /n)*15°%) " 215 G(N™ /).

7, is a partial isometry with initial space Ran(G(N~ /n)12°¢) ¢ H

and final space Ran(1°°%) ¢ HE.



Ran]lEOg > .

SpH, < ﬁ(z;z,ﬂnz;zﬁ

) — @ <ZﬁHnZZ
RanZ}

Z.H, 7" < Z.H, 7"
1 -
= SV(O)(n — DI 4 Hyg 12
+Z5(Hpog — Epog) Z: — (Hpog — Epog) 12

+Z Ry 2



Therefore,

s (ZHp e Z7)
= SVO)(n 1) + 5 (Hpop 1)
2 K

=+ Zm<HBog — EjBog)Z;< - (HBog T EBOgﬂlE()g

5B ()

IA

+||Zx R 2




7 FINITE VOLUME EFFECTS



For w € 27 we define the boost operator in the direction of w:
T P

U(w) := exp (i i XZ‘W).

We easily compute

U*(w)P"U(w) = P"+wn,

() (H7 = (P2 ) U) = B = (PP

n n

Hence

2 2
b + nw) = spec H(p) — P
n n

spec H(p + nw) —




Excitation spectrum of free Bose gas

in finite volume
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Excitation spectrum of interacting Bose gas

in finite volume

& (k)
A
."m'% T
¢ -~ . »
] .
] ] ’ : ] >
_2mn 2nn k




In dimension d = 1 in the limit L — oo we have

e(k + 2mp) = e(k), because

(H"" — EY® = 0,

(P"" —k)®

|
[=

with U = U(%ﬁ) implies

1
(H"" — EYUD = Z(Zﬂk +21°p)UD — 0,

(P —k = 27p)Ud = 0.



Excitation spectrum of 1-dimensional
interacting Bose gas

e (k)
A




In Landau’s argument we gave the following picture of the tilted

Hamiltonian:

energy

In finite volume it is incorrect.



Travelling Bose gas in finite volume

energy
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Define the global critical velocity

EL’”(k)
= inf
K k|

L.n
cr

C

If lw| < ¢k, then the ground state of H*" remains the ground

cr !
state of the “tilted Hamiltonian”, hence it is stable.

For the free Bose gas we have 2" = 7> 0. In general, cbin < T
Hence the global critical velocity is very small and vanishes in the

thermodynamic limit.



Define the restricted critical velocity below the momentum R as

Ln k
cé}’% = inf {6 \k(| ) k#£0, |kl< R} .

We expect that for repulsive potentials

Ln n

P _
CI',R’ ﬁ_p7

C = lim ¢
cr, it L—o0

exists and, in dimension d > 2, we have ¢, = h]gn inf c@rR > ().
—00 ’

This may imply the metastability against travelling perturbations

travelling at a speed smaller than ¢Z..



8 GRAND-CANONICAL APPROACH



Consider the symmetric Fock space I's (L*([L/2, L/2]%)) and the
(canonical) Hamiltonian H with A = 1. For a chemical potential

1 > 0, we define the grand-canonical Hamiltonian

H, = H—uN
= Z(pQ — p)ayap

2LdZV Ay O Qg

p,q.k



If £, is the ground state energy of I, then it is realized in the

sector n satisfying
oE, = —n.

In what follows we drop the subscript L.



For a € C, we define the displacement or Weyl operator of the
zeroth mode: W, = e @100 et ), = W, be the corre-
sponding coherent vector. Note that P{), = 0. The expectation

of the Hamiltonian in €2, is

V(0
(QulHO) = —pilaf? + LYot

/L

It is minimized for a = eiTm, where 7 is an arbitrary phase.




We apply the Bogoliubov translation to the zero mode of H by

W (ar). This means making the substitution

ap = ag + a, ay = a; + @,

i, k0.

S|
S

|

S|
4

S|
= %
|

Note that

~ k ~ %k ko
e = WiaW,, & =W aW,,

and thus the operators with and without tildes satisfy the same

commutation relations. We drop the tildes.



Translated Hamiltonian

_gd M
2V (0)
1 .
+ K+ V (k)= a.a
> (54 Vgl ) o
+ZV(k) H (e ™ aka_x + €*Taga’ )

_”ak Oy ¢! Tayap )

P
T

AN

2Ld aklak2ak3ak4.
ki1+ko=ks+ky




If we (temporarily) replace the potential V' (x) with AV (x), where
A is a (small) positive constant, the translated Hamiltonian can be

rewritten as

H = \"'H_ |+ Hy+ \FAH% 1 \H,.

Thus the 3rd and 4th terms are in some sense small, which sug-

gests dropping them.



Thus

M . o
H~ L' 1 yea’ + e Tay)? + Hpog,
2V (0) p(e"ag 0) Bog
where
1 - [
Hpoy = Z (—k2 + V(k)= )akak
o V(0)
+ Z V (k) A (e ™ aka_x + €*aga’ )



Then we proceed as before with the Bogoliubov energy

1 V(p) V(p)
E oo -— — 2 + U= — 2 + 2U———
Bog 5 p%éoﬁ p| qu) Ipl\/lp MV(O>

and the Bogoliubov dispersion relation

V(p)
V(0)

w(p) = Ipl\/lpl2 +2p



Note that the grand-canonical Hamiltonian H, is invariant wrt
the U(1) symmetry ™. The parameter o has an arbitrary phase.
Thus we broke the symmetry when translating the Hamiltonian.

The zero mode is not a harmonic oscillator — it has continuous

spectrum and it can be interpreted as a kind of a Goldstone mode.



9 IMPROVING BOGOLIUBOV APPROXIMATION



Let « € C and Q%Zd S k> 6 € C be a sequence with 0, = 0_.
Set

Uy = H e—%ﬁkal’za*_kn%@kaka_k
k

Recall that W, := e~ %1% Then Uap = UgW, is the general

form of a Bogoliubov transformation commuting with momentum.



Let () denote the vacuum vector. W,y = U () is the general
form of a squeezed vector of zero momentum. We are looking for
a, 0 such that

(Voo HVap) (%)
attains the minimum. (%) is equal to
(QUagHU ).

Therefore, to find (x) it is enough to compute the Bogoliubov-
rotated Hamiltonian Ua,gHU;ﬁ and transform it to the Wick or-

dered form.



This can be done by noting that

* % * — N
UaparUsy = cxay — Sxax + 00 kY,

% *
UagarxUsy = cxax — sxa’y + 00 kY,

where

0
¢, = cosh O], sk = —@ sinh |0y|.

and inserting this into H.



This is usually presented in a different but equivalent way: one

introduces

. TTX x . TTH %
bk — U&yeakU@,Q, bk — U&’eakUaﬁ,
and one inserts

CLf; = Ckbf; — SKb_y + (5071{@, ax = by — Skb*_k + 5071{&,

into the expression for the Hamiltonian.



H = B+ Cbj + Cby

1 * 1% 1 a) *
+ 5 zk: O(k)bb" | + 5 zk: O(k)bib_x + zk: D(k)byb

+ terms higher order in b's.



Clearly we have bound
E < (Vop|HVY, ) = B,
Vectors W, g := U(’;ﬁal’iQ have momentum Kk, that means
(P—k)Uugx =0.

We can use VU, g to obtain a variational upper bound for the infi-

mum of energy-momentum spectrum:

E + €<k> < (qja,ﬁ,k‘H\Ija,H,lJ =B + D<k>



Recall that we look for the infimum of (U, |HV,4) = B,

Computing the derivatives with respect to o and & we obtain
C = CoaaB — 808@3

so that the condition

entails C' = 0.



Computing the derivatives with respect to s and s we obtain

5i]” i
O(k) = —2Ck + — (3ng — C—@SkB
k

Ck

Thus 05, B = 05, B = 0 entails O(k) = 0.



Instead of sy, cy, it iIs more convenient to use functions

Sk = QSka,
2 2
Cx = ¢ + |sk]”.
We will keep a@ = |c|e” instead of i as the parameter of the

theory. We can later on express 1 in terms of o

+VM o V(K=
o= Ld |oz|2+z C’k/—l)—eQZ ()Skz,

_\@P+§1J%P




We obtain a fixed point equation

D) = /2~ loul?

)
ok
Ck — Dk7
k2 Vik
fki = §—|—|Oé|2 ( >
v(k" — k) — V(k’)
+Z o7 (Ok,—1)+zk;
V(k) V(K —Kk)
.o 2 121
gi - = |Oé| € F—Z oV Sk"

k/

V(K)
2L

elQT Sk’ ,



In the limit L — oo one should take a@ = \/LT%, where K has
the interpretation of the density of the condensate. Then one could
expect that Sy will converge to a function depending on k € R? in
a reasonable class and we can replace % ; by @ | dk.

In particular,

V(0) ,x— V(K= VO [~ —
D(0) = \ T ;Fsk — \/ o) / V (k) Sydk.




Thus we expect that D(0) > 0, which would mean that we have
an energy gap in this approximation. It is believed that this is
an artefact of the approach and that the true excitation spectrum
of the Bose gas has no energy gap. Thus while we improved the

approximation quantitatively, we made it worse qualitatively.



10 HOMOGENEOUS FERMI GAS



We consider fermions with spin % described by the Hilbert space
H, = ! (L*(RY,C?) .

We use the chemical potential from the beginning and we do not

to assume the locality of interaction, so that the Hamiltonian is

n

Hy==> (Ai—p)+XA Y v

i=1 1<i<j<n



The interaction will be given by a 2-body operator

(VD)) ip(x1,X2) = // (x1, X2, X3, X4) Py, 4, (X4, X3)

—U X17 X2, X4, X3>(I)21 19 (X37 X4)) dXSdX47

where ¢ € ®% (L*(R? C?)). We will assume that v is Hermitian,

real and translation invariant:



U(X1,X2,X3,X4> = ’U(X27X17X4,X3)
= U(X4,X3,X2,X1) = V(X1 +V, X2 + Y, X3 +V,Xa + V)
— (27T>_4d / eiklxl+ik2X2_ik3X3_ik4X4q(kl, k27 kg) k4>

x5(ky + ko — kg — ky)dkydkodksdky,

where ¢ is a function defined on the subspace k; + ko = k3 + ky.



An example of interaction is a 2-body potential V' (x) such that

V(x) = V(—x), which corresponds to

U<X17 X2, X3, X4 V X1 o X2>5<X1 o X4>5<X2 o X3>7

Q<k17 k27 k37 k4 / k4 - p)5<k2 - k3 + p)



Similarly, as before, we periodize the interaction

UL<X17 X2, X3, X4)

= E U(Xl +n1L,xXo + 0oL, X3 + n3L, X4)
nl,nz,ngEZd
. E : ik1-xq+i1koxo —ikaxa—ikyx
— e 1°41 242 343 4 4q(k17k27k3’k4>7
[3d
k1+ko=ks+ky

where k; € Q%Zd.



The Hamiltonian

HE" = Z (—Af—,u)—k Z ’UZ-L]-

1<i<n 1<i<j<n
acts on H"L = @ (L*([—L/2,L/2]?,C?)). We drop the super-
script L.
It is convenient to put all the n-particle spaces into a single Fock
space

5 W =T (I(L/2 L2, C)

and rewrite the Hamiltonian and momentum in the language of 2nd

quantization:



H = & H"

n=0
= 3 [ alas - waads

L s o
2 aXl,ilan,igv X17X27X37X4 a’Xg,ZQCLX4,21

11,12
dX1 dXQngdX4,
00

P = P" = —i/a;';ivxaxyidx.
0 ,

n—



In the momentum representation,

H = ZZ _Makzaki

S S
2Ld E E Q(kh k27 k37 k4)akLhak277i2ak3,i2ak4,i17

11,12 k1+ko=ksz+ky

*
1 k

H# will denote the operator H restricted to the subspace (—1)" =

+1.



11 EXCITATION SPECTRUM OF FERMI GAS



Consider first non-interacting Fermi gas in finite volume, where

for simplicity we drop the spin:
Hy = ) (K = pa*(Ka(k),
k
Py =) ka*(k)a(k).
k
We introduce new creation/annihilation operators

bl = al, b= ag, kX > p,

bi = a_y, by i=a*,, kK < pu.



Dropping the constant

E=>Y (K-

k?<p

from the Hamiltonian and setting w(k) = |k* — |, we obtain

Hi = w(k)b*(k)b(k),
Py =) kb*(k)b(k).



Performing formally the limit . — oo, we obtain

Hy = / w(k)b* (k)b(k)dk,
Py = / kb* (k)b(k)dk.



In dimension 1 its energy-momentum spectrum looks quite inter-

esting:

spec (H, P) in the non-interacting case, d = 1.



spec (H™, PT) in the non-interacting case, d = 1.



spec (H~, P7) in the non-interacting case, d = 1.



Clearly, for d > 2 the energy-momentum spectrum is rather bor-

ing:

spec (H, P), spec (H", PT), spec (H~, P™) in the

non-interacting case, d > 2.



Suppose now that the dispersion relation is slightly modified, so
that its minimum is stricly positive. For interacting Fermi gas, this
is ideed suggested by the Hartree-Fock-Bogoliubov method with
the Bardeen-Cooper-Schrieffer ansatz. Then the energy-momentum
spectrum has an energy gap and the critical velocity is strictly pos-
itivel This can be used to explain superconductivity at zero tem-

perature.



spec (H, P) in the interacting case, d = 1.



spec (H™, P™) in the interacting case, d = 1.



spec (H™, P7) in the interacting case, d = 1.



spec (H, P) in the interacting case, d > 2.



spec (H™, P*) in the interacting case, d > 2.



> P

spec (H ™, P7) in the interacting case, d > 2.



12 HFB APPROXIMATION WITH BCS ANSATZ



One can try to compute the excitation spectrum of the Fermi gas
by approximate methods. We will use the Hartree-Fock-Bogoliubov
approximation with the Bardeen-Cooper-Schrieffer ansatz. We start
with a Bogoliubov rotation. For any k this corresponds to a substi-

tution

ar = cxbf + skb_x, ax = cxbx + sib”y,



where ¢ and s, are matrices on C?

Ck

Sk

cos O

sin Qk

10
01




For a sequence Q%Zd > k — 6y with values in matrices on C?

such that 6, = 0_y, set

Uy = | | e—%ekaﬁaik—l—%ﬁﬁaka_k.

k

Uy implements Bogoliubov rotations:
Ug*akU@ — bk, UQ*GJIZUQ — bi:,

and commutes with P.



Our Hamiltonian after the Bogoliubov rotation and the Wick or-

dering becomes

H=0B

1 * 7% 1 N *
#3200ty + 5 3000+ 3 DI

k

+ terms higher order in b's.



Let () denote the vacuum vector. Consider even fermionic Gaus-
sian vectors of zero momentum of the form {2y := Uy {). We look
for {2y minimizing

($2| H ) = B.

For this it is enough to look for O(k) = 0.

(Again, we use the Beliaev Theorem, see M.Napidrkowski, J.P.Solove;

and J.D.)



If we choose the Bogoliubov transformation according to the min-

imization procedure, the Hamiltonian equals
H =B+ Z D(k)biby + terms higher order in b's
k
with

B = Z<k2 — 1) (1 — cos 26)

k

1
+ 17 Z a(k, k') sin 26, sin 260
k K/

1
37 2 A KL = con280) (1 = con2),



Here,

1
alk, k') = i(q(k, —k, =K', k) + q(—k, k, —k’,k’)),

B K) = 2q(k, K, K, k) — gk, kK, k).
In particular, in the case of local potentials we have

ol K) = 3(V(k—K) + V(i +K)),

Bk, K) = 2V(0) = V(k — K.



The condition Jy B = 0, or equivalently O(k) = 0, has many

solutions. We can have
sin 26, =0, cos26, = %1,

They correspond to Slater determinants and have a fixed number
of particles. The solution of this kind minimizing B, is called the

normal or Hartree-Fock solution.



Under some conditions the global minimum of B is reached by a

non-normal configuration satisfying

5(k)
V2 (k) + &2(k)

sin 291{ = —

where
1 N
o(k) = ﬁzk;a(k,k)sm%’k/,
1
£(k) = K2— pu+ oT7 > Bk, K)(1 — cos 26y0),
k/

and at least some of sin 260y are different from 0. It is sometimes

called a superconducting solution.



For a superconducting solution we get

10

= V() + 82(k
01

Thus we obtain a positive dispersion relation. One can expect that
it is strictly positive, since otherwise the two functions d and & would
have a coinciding zero, which seems unlikely. Thus we expect that

the dispersion relation D(k) has a positive energy gap.



Conditions guaranteeing that a superconducting solution mini-
mizes the energy should involve some kind of negative definiteness
of the quadratic form « — this is what we vaguely indicated by say-
ing that the interaction is attractive. Indeed, multiply the definition

of §(k) with sin 26, and sum it up over k. We then obtain



> sin® 20/32(k) + £2(k)

k

1
= ——— ) sin26a(k, k') sin 26,
d Y
2L r

The left hand side is positive. This means that the quadratic form
given by the kernel a(k, k') has to be negative at least at the vector

given by sin 26y.



13 SOME CONJECTURES



Study of quantum gases is much easier if we stay in a fixed finite
volume or consider an external confining potential. However, it
seems that thermodynamic limit, that is L. — oo leads to important

simplifications, and some properties are visible only in this limit:



e To define the physical critical velocity in dimension d > 2 one

needs to consider thermodynamic limit.

e Only in thermodynamic limit the momentum is a continuous
variable and one can ask about analytic continuation of correla-

tion functions onto the nonphysical sheet of the complex plane.

e [n thermodynamic limit one can expect a description in terms of

essentially independent quasiparticles.



In our presentation we stick to the following set-up: we fix the
interaction and we manipulate only with the coupling constant A,
the number of particles n, the chemical potential 1+ and the size of
the box L. In particular, we do not scale the potential. In the lit-
erature, both physical and mathematical, it is common to scale the
potential so that in some sense it approaches a zero range interac-
tion. There exists a number of rigorous results in this formulation,
especially about the ground state energy per volume in dimension

3.



With that set-up detailed information about the potential is not
needed. Typically the only parameter that remains relevant is the
scattering length. A similar point of view is often used in the
physics literature devoted to superfluidity and superconductivity.
In this case, for instance for bosons, one obtains a dispersion rela-

tion that depends on a single parameter and has the form w(p) =

Iplv/P? + 21



The approach that involves fixing a potential has its drawbacks
and one can criticize its physical relevance — in particular, typical
physical potentials have a hard core, so the “weak coupling ap-
proach” seems rather inappropriate. However, with this approach
one can obtain various shapes of the quasiparticle dispersion rela-

tions. In particular, they may have “rotons”.



Clearly, the limit L — oo is very difficult to control. In the
result of Derezinski-Napidrkowski, that | described, simultaneously
with increasing L one has to increase the density and decrease the

coupling constant in order to obtain a meaningful result.



Nevertheless, based on heuristic arguments, | would expect that
the excitation spectrum has a limit as L. — oo. Let me formulate
some conjectures. In all these conjectures | fix an interaction and
a chemical potential L.

Note that in these conjectures | am pretty vague about what we
mean by the convergence of a family of subsets in R X Q%Zd and
their convergence to a subset of R x R?. Intuitively, the meaning
should be clear — the precise mathematical formulation will be left

open.



Conjecture about the Bose gas in thermodynamic limit. For a large

class of repulsive interactions 1/ the following holds.

(1) There exists a function w on RY such that spec (HY, PL) as

L — oo converges to

spec (/w(p)a;apdp,/pa;apdp).

(2) w has no energy gap (its infimum is zero), it has a positive

critical velocity and a well defined positive phonon velocity.

(3) Replace V' with AV'. Then we can choose w so that for A — 0

it converges to the Bogoliubov dispersion relation.



Conjecture about the Fermi gas in thermodynamic limit. For a large

class of attractive interactions v, the following holds.

(1) There exists a function w on R? such that spec (H*, P*, (—1)V)

as [, — oo converges to

Spec (/w(p)a;apdp,/pa;apdp, <_1>N)

(2) w has an energy gap (its infimum is strictly positive) and it

has a positive critical velocity.



Note that these conjectures say that the asymptotic shape of the
excitation spectrum is rather special. In particular, the infimum of
the excitation spectrum for L — oo should converge to a subaddi-
tive function.

In the fermionic case, these conjectures involve the fermionic par-
ity. which plays an important role in fermionic systems. For ex-
amole, it is well known that nuclei have rather different properties
depending on whether they have an even or odd number of nucle-

ons.



